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Abstract

This thesis investigates numerical instabilities arising from stiffness in the models of non-
rotating, spherically symmetric single neutron star systems. The work deals with two distinct
problems, each of which involves a stiff system of differential equations. In each case, we deal
with stiffness by employing an IMEX Runge-Kutta scheme as opposed to the more compu-
tationally intensive fully implicit schemes or other adaptive Runge Kutta methods that may be
impractical for partial differential equations. The first problem is focused on the mass-radius re-
lation of a neutron star under a quadratic f(R) = R+αR2 theory for various realistic equations
of state. This results in a coupled system of ODEs with stiff source terms which we discretize
using an IMEX scheme. The observed maximum masses for different values of α, were con-
sistent with the current neutron star maximum mass limit for some equations of state in both
GR and beyond. In the second problem, we compute the frequencies of radial oscillations of
neutron stars in the context of general relativity. This is achieved by linearly perturbing the
ADM equations coupled to a matter source term. We discretize the resulting coupled system of
PDEs with a third order WENO scheme in space and an IMEX scheme in time. We obtained
18 frequencies from the Fast Fourier Transform (FFT) of the evolved perturbation equations,
which were consistent with the frequencies of the neutron star’s Sturm-Liouville problem. The
efficiency of the IMEX scheme as compared to other methods such as fully implicit schemes or
adaptive methods makes it ideal for implementation in fully 3D numerical relativity codes for
modified gravity.
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Chapter 1

Introduction

There has been vast development in the field of astronomy and astrophysics in the past century
ever since the theory of a static universe was disproved. These results include the Supernovae
type Ia data [1, 2], Large scale structure surveys [3], and the cosmic microwave background
data [4] that verified an accelerating universe dominated by dark matter and dark energy. These
surveys presented data that verified cosmological models with an expanding universe described
in them. Specifically, the ΛCMD model which comes with the additional mystery of dark en-
ergy and dark matter. Intensive research has ever since been focused into investigating the
nature of the 74.2% of dark energy that is responsible for the cosmic expansion and the 21.4%
of dark matter in the universe. To this point, the list of the candidates e.g [5, 6], behind dark
matter is still being tested and they currently account for the smallest masses 10−22 eV to the
largest masses 1072 eV speculated in the universe.

The nature of dark energy on the other hand has led to research that aims to understand the
pull behind the acceleration of the universe, which in the simplest general relativity model is
attributed to the cosmological constant. When we view the universe from quantum field theory,
we get a beautiful picture that explains particle interactions and the forces that binds them. In
quantum gravity, the cosmological constant’s equivalence is associated with the lowest energy
state of a vacuum system and the theory estimates the energy to be in ∼ 102 orders of magni-
tude. Quantum field theory estimates the value of the cosmological constant to be higher than
speculated in general relativity. Hence, the long standing Einstein’s theory of general relativity
evidently has more limitations in addition to its lack of accountability for the early inflation.
This is one of the obstacles that stand in the way of having a unified theory of everything.

This point is bittersweet to researchers. As the present tools become less adequate, the search
for better tools gets intensive. This is seen with the influx of alternate theories to general rela-
tivity, that aim to explain the cosmic acceleration observed. These theories include scalar-field
theories such as Quintessense, introducing an additional potential to the Einstein’s equations;
brane-world theories where gravity is governed by super-massive gravitons; and Fourth order
gravity theories where gravity is modified by means of introducing a nonlinear Ricci scalar
function f(R) to Einstein’s Lagrangian. There is an ocean of these theories and they all present
some contending points along with their shortcomings of course. These theories need to recover
general relativity when tested in the solar system and laboratory tests for them to be validated,
see [7, 8] - and references therein - for a broader review of these alternative theories.
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Fourth order gravity theories were first introduced as a geometrical interpretation of grav-
ity, that was supposed to be an alternate to the Einstein’s theory by Weyl [9]. Although it was
refuted by Einstein at the time, it later garnered attention due to its inclusion of higher-order
curvature invariants with respect to the Ricci scalar in the Einstein-Hilbert action. The fourth
order gravity terms seemed to solve the early universe singularity problem and inflationary
epoch, which made them more desirable by researchers. Since then, there has been an incred-
ible amount of activity in researching these models, hence there currently exists more higher
order gravity theories e.g [10]. Some of these models have failed the necessary viability con-
ditions, but there are few models that are consistent with current cosmological constraints and
solar system dynamics. The two widely used models within the f(R) class of theories are, the
Hu-Sawicki model [12] which introduces broken power laws with respect to the Ricci scalar,
and the Starobinsky model [122] which introduces quadratic Ricci scalar terms.

Testing these modified gravity theories in the solar system only provides the model with con-
straints in the weak-field regime. However, the most complex and equally pertinent part is the
strong field regime. Black holes and neutron stars are some of the best laboratory tests for
strong field limits, due to their extreme gravitational nature. Hence, testing modified gravity
theories in these limits, remains the best option to constrain and possibly rule out some of the
viable models.

The drawback with testing modified gravity theories under neutron stars is that, there is no
universal equation of state (EoS) accurately describing the internal matter. During the past
decades there has been a vast number of EoS being proposed and still counting - see [13] for
a list - some of which produce results consistent with current observations. Constraining these
EoS, requires some observational data from neutron stars. Fortunately, we now live in an epoch
where neutron star’s gravitational waves are not only theorized but measured [14–16]. This
follows from one of the most celebrated events taking place at the Advanced LIGO and Virgo
institutes, where the first gravitational wave signal GW170817, from the inspiral and merger
of a binary neutron-star system [130] was detected. The more recent gravitational wave detec-
tion GW190814 by the same institutions, occurred in 2019 where a black hole was observed
to merge with a compact object [17]. The detection GW170817 shed some light on neutron
stars, where the upper bound of their maximum mass was refined to 2.3M� [18,131]. Although
the second compact object was unidentified in the GW190814 detection, its observed mass is
around 2.6M�. If it was a black hole then it must be a very small one, and if it was a neutron
star, it sets a new maximum mass limit. These gravitational wave detections have helped con-
strain the already existing modified gravity theories [19–21], and they help in constructing new
theories [22]. Further simulating the strong field regime requires efficient and accurate relativis-
tic codes. Nonlinear relativistic codes have had difficulties when extended to multi-dimensions,
ultra-relativistic regimes, or handling evolution discontinuities. Nevertheless, advancements in
supercomputer technology is making it possible to probe these fields with higher order relativis-
tic codes [23–25].

Problem Identification
Stiffness is a barrier to stable numerical evolutions of modified gravity theories. For example,
in f(R) gravity, the ADM equations for the scalar field contain terms that are proportional
to 1/f ′′. This poses a problem for the f(R) theories that are closer to GR as they satisfy
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f ′′ → 0. Leading to instabilities in the spacetime evolution of these theories. These are often
treated by using adaptive step-size Runge-Kutta methods, which are efficient and accurate for
ODEs. However, these are not practical for large scale numerical simulations, especially those
involving spatial derivatives in 3D. This behavior can be studied by understanding the model
problem

∂tu = QQQ(u) +
1

τ
RRR(u). (1.1)

which we discuss in Chapter 5. In this thesis, we focus on the following two problems that
contain stiff terms similar to the scalar field equations in f(R):

• The first part arises in the TOV equations of f(R) gravity. Non-rotating static spherically
symmetric neutron stars have been studied in the context of f(R) gravity in [125–127].
Our approach in this thesis differs from those in the literature in that we do not use adap-
tive Runge-Kutta methods. We instead employ an IMEX scheme to handle the stiffness.
This is detailed in Chapter 5.

• The second problem focuses on radial oscillations of relativistic stars. Radial oscillations
of relativistic stars have been studied widely over the years [146,152,153]. Our approach
in this thesis differs from existing approaches in that i) We solve a coupled system of
PDEs instead of the usual Sturm-Liouville form and ii) We use a third order WENO shock
capturing scheme coupled to the IMEX scheme as opposed to the Lax-Wendroff scheme
(used in [148]) and McCormac scheme (used in [149]). This is detailed in Chapter 6.

This thesis is organized as follows: In chapter 2, we briefly introduce the Einstein field
equations. Further, we review the metric f(R) gravity and its equivalence with a scalar-field
theory. In chapter 3, we recast the evolution equations of the neutron star in a 3 + 1 formalism.
Additionally, we extend the equations to the BSSN formalism and discuss the gauge conditions
that simplify the equations. We also discuss the evolution of the neutron star’s matter. In chap-
ter 4, we present the numerical methods that are relevant to the work in this thesis. We present
both low order and higher order methods, and discuss some of their efficiency and stability. In
chapter 5 we focus on neutron stars in the R − squared gravity. We evolve the modified TOV
equations under 7 different equations of state. We further provide the M − R relations for
each EoS, then discuss their gravitational mass and maximum mass for different values of α. In
chapter 6 we focus on the radial oscillations of a neutron star in general relativity with a poly-
tropic equation of state. We perturb the ADM equations and evolve the resulting linearized field
equations. Additionally, we solve the Sturm-Liouville problem which gives eigenfrequencies
to verify against.

Notations and Conventions
• We used the signature (−,+,+,+) for the metric.

• We assume geometrized units such that G=c=1.

• Primes are used to show derivatives with respect to the radial coordinate r e.g g′ with the
exception of f′, f′′ and f′′′, which denote derivatives with of the function f(R) with respect
to the Ricci scalar.
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Chapter 2

Preliminaries

2.1 Einstein’s Field Equations
The theory of general relativity explains gravitational interactions in the universe, although
with some limitations. In the following, we give a brief overview of some of the relevant
concepts of general relativity employed in this thesis. A more in-depth treatment of these topics
can be found in e.g. [28, 30]. It states that the spacetime has a 4-d metric denoted by gab,
which determines the invariant interval distance ds2 between two 4-dimensional events on the
spacetime. This line element is given by

ds2 = gabdx
adxb. (2.1)

In this spacetime we can measure how a tensor Aba changes when you parallel transport it
throughout the spacetime i.e keep it constant while transporting it along some path. This change
is measured using the covariant derivative which is

∇cA
b
a = ∂cA

b
a + ΓbdcA

d
a − ΓdacA

b
d, (2.2)

where Γabc are the Christoffel symbols that are associated with the metric gab and they determine
the change in the basis vectors and their co-vectors of the coordinate basis with respect to
parallel transport, and these functions are given by the equations

Γabc =
1

2
gad(∂bgdc + ∂cgbd − ∂dgbc), (2.3)

where gab is the inverse of the metric such that

gabg
ab = δba. (2.4)

All this ground work is valid in both curved and flat spaces, as the metric gab in flat spaces
becomes the Minkowski metric

ηab = diag(−1, 1, 1, 1). (2.5)

Now when we extend our theory into curved space, one of the key variables that explains cur-
vature in the gravitational field is the Riemann curvature tensor Ra

bcd which is given by

Ra
bcd = ∂cΓ

a
bd − ∂dΓabc + ΓaecΓ

e
bd − ΓaedΓ

e
bc, (2.6)

6



which vanishes in flat space i.e gab = ηab. One of the properties of the Riemann tensor is the
sum of cyclic permutations of its lowered version’s first three indices in that

∇aRbcde +∇bRcade +∇cRabde = 0, (2.7)

and due to the anti-symmetry of the Riemann in its first two indices i.e Rbcde = −Rcbde, we
have the Bianchi identity

∇[aRbc]de = 0. (2.8)

When we contract the Riemann tensor along the upper indice and one of the lower indices we
get a symmetric rank-2 tensor called the Ricci tensor

Rab = Rc
abc. (2.9)

The trace of the Ricci tensor is so special due to its symmetries that it is called the Ricci scalar

R = Ra
a, (2.10)

which is also sometimes referred to as the curvature scalar.

Let us consider the Bianchi identity contracted twice with the inverse of our metric as

gecgad(∇aRbcde +∇bRcade +∇cRabde) = 0, (2.11)

which after contracting along a = e we get

∇a(2Rba − gabR) = 0, (2.12)

the expression inside the parentheses is called the Einstein tensor which its symmetry is inher-
ited from that of the Ricci tensor. Which is clearly defined as

Gab = Rab −
1

2
Rgab. (2.13)

The Einstein tensor Gab is related to the Energy momentum tensor Tab via

Gab = κTab. (2.14)

In the weak-field limit the Einstein’s equations are required to reduce to the Poisson equation,
which fixes κ to be 8π in Geometrized units (G=c=1). The conservation equations take the form

∇aTab = 0. (2.15)

For a perfect-fluid the energy-momentum tensor is defined as

Tab = (ρ+ p)UaUb + pgab, (2.16)

where ρ is the matter energy density, p is the momentum density in the frame, and the four-
velocities Ua are timelike vectors. Through the comparison of the components we obtain the
Einstein Field equations

Rab −
1

2
Rgab = 8πTab. (2.17)
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2.2 Metric f(R) gravity
There is another way of deriving the field equations (2.17), where they interpreted as equations
of motion from a Lagrangian density in the gravitational field. This method was first studied in
depth in [33]. The Lagrangian density for General Relativity can be written as a function of the
Ricci scalar such that

f(R) = R. (2.18)

We can obtain the Einstein-Hilbert action S for the gravitational field, from the spacetime metric
S denoted by

S =
1

16π

∫
d4x[f(R)

√
−det(gab)] + Smatter(gab,Φ), (2.19)

in natural units and where Smatter is the action for ordinary matter fields. We vary the action with
respect to the inverse spacetime metric gab, which leads to the general field equations

f ′(R)Rab −
1

2
f(R)gab − [∇a∇b − gab�]f ′(R) = 16πTab, (2.20)

where the prime denoted the derivative of the Lagrangian density with respect to the Ricci
scalar i.e df/dR and the d’Alembertian is the usual � = ∇a∇a. it is obvious that for the case
f(R) = R, these equations reduce to the Einstein field equations (2.17) (with Λ ≈ 0). To
complete these equations the energy-momentum tensor takes the form

Tab =
−2√
−g

δSmatter

δgab
. (2.21)

Furthermore, in f(R) gravity this energy-momentum tensor still obeys the vanishing covariance
divergence ∇aT

ab = 0, as shown in [34].
Contracting the general field equations (2.20) with the inverse metric gab, we find a more

general relation between the Ricci scalar R and the trace of the energy-momentum tensor T =
gabTab where

f ′R− 2f(R) + 3�f ′(R) = 8πT, (2.22)

where in the f(R) = R case a vanishing Ricci scalar (R = 0) implied a vanishing energy-
momentum trace (T = 0), which is not the case in this modified theory of gravity.

2.2.1 Equivalence with Brans-Dicke Gravity
The Brans-Dicke (BD) theories of gravity [35] are one of the extensions of Einstein’s general
relativity, they a form of scalar-tensor theories. The metric f(R) gravity theories have been
proven to be a special case equivalence of the Brans-Dicke theories [36–39] with the Brans-
Dicke parameter ωBD = 0. This can be seen from the action (2.19) for metric f(R) gravity by
introducing a new field χ and rewrite the dynamically equivalent action in the form

S =
1

16π

∫
d4x[f(χ)

√
−det(gab)− f ′(χ)(R− χ)] + Smatter(gab,Φ). (2.23)

We obtain the dynamic equations by varying the action (2.23) with respect to the field χ, which
leads to the equation

f ′′(χ)(R− χ) = 0. (2.24)
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Therefore, the two theories are equivalent i.e R = χ, if f ′′(χ) 6= 0, which reduces (2.23) to the
metric f(R) gravity’s action. Suppose we define an auxiliary field

φ = f ′(χ), (2.25)

and then we introduce a potential function

V (φ) = χ(φ)φ− f(χ(φ)). (2.26)

The action can then be rewritten in the form

S =
1

16π

∫
d4x
√
−det(gab)[φR− V (φ)] + Smatter(gab,Φ), (2.27)

which is an action associated with a non-dynamic field φ in a Jordan frame representation,
within the context of a Brans-Dicke theory [36].
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Chapter 3

The 3+1 Formalism

3.1 The 3+1 Decomposition
We have an interest in numerically solving the Einstein field equations (2.17) to model space-
time dynamics under configurations of interest. In the previous chapter we showed an analytical
way to reduce the covariant field equations into coupled ordinary differential equations that can
be solved numerically to recover the metric of a TOV neutron star (5.1). In this chapter we
will look at other formulations that allow us to solve them in 3-dimensions and evolved them
through time to create our spacetime. To do this we will need to have initial data and some
boundary conditions of the spacetime, and use the evolution equations of the variables of the
field equations to look into the future/past of the system. Currently we have to solve ten coupled
non-linear partial differential equations, and space and time are handled similarly as coordinates
when we have the field equations in this covariant form. Solving that kind of a system numer-
ically is computational expensive but it would be better to have the problem rewritten as a
Cauchy problem, one formulation based on splitting the spacetime into a {3 + 1}-dimensional
universe, introduced by York in [41] does help us achieve this. We want to express the system
as a reduced boundary value problem by slicing the spacetime into hypersurfaces distinguished
by Σt where t is constant throughout the hypersurface, this formulation is called the ADM-
formulation named introduced by Arnowitt, Deser, and Misner in [42].

The ADM formulation has been the standard in solving the field equations. Its general
idea is that we split the field equations into spatial and temporal equations. We achieve this
by describing our spacetime with metric gab as a 1-dimensional foliation of the 3-dimensional
hypersurfaces Σt, such that the next hypersurface is denoted by Σt+dt. We make the assumption
that all the points on these hypersufaces are related to each other spatially only, and that makes
them Cauchy surfaces [43]. We consider two neighboring hypersurfaces Σt and Σt+dt as shown
in figure (3.1), on these hypersurfaces let us consider two observers situated at xi(t) on Σt, such
that for these observers on Σt+dt we would like to know:

• The proper distance dl2 between them, which can be defined with the 3− d metric on the
sheet denoted by λij , such that

dl2 = γijdx
idxj i, j = 1, 2, 3

.
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• If we suppose that one of the observers moves in a normal direction to the hypersurfaces
i.e an Eulerian observer, the proper time dτ for this observer will be defined by the lapse
function α such that

dτ = α(t, xi)dt

.

• For our non-Eulerian observer, their position on Σt+dt can be denoted by xi(t+dt) which
can be obtained from the relative velocity of the Eulerian observer βi as

xi(t+ dt) = xi(t) + βidt

.

Figure 3.1: The 3 + 1-spacetime foliation and the relation between the hypersurfaces Σt and
Σt+dt [44].

Now if we take a Lie derivative of any tensor along the vector t, we recover the ”rate of change
of the tensor” from Σt to Σt+dt [45], and we can define the ”time vector” which is tangent to
the world line of our non-Eulerian observer by the unit vector

ta = αna + βa, (3.1)

where a = 0, 1, 2, 3. This vector has the property of duality ta∇at = 1, shows us the change of
t along ta a constant value everywhere on the hypersurface Σt.The vector na is a 4 − d vector
perpendicular to the hypersurfaces which we refer to as the normal vector and it is denoted
by [46]

na =

(
1

α
,−β

i

α

)
, (3.2)

and its one-form is
na = (−α, 0i). (3.3)

Our observers could have numerous world lines between the hypersurfaces, and it shows that
they are determined by the relative velocity - which is referred to as the shift vector - βi and
the lapse function α. These are our gauge functions which we can set conditions for to describe
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the foliation of our spacetime. From the equation (3.2) we can obtain the acceleration of our
Eulerian observer as

na∇ani = ∂ilnα, (3.4)

but a certain property of the normal vector is

nbna∇anb = 0,

hence
nb∂ilnα = 0, (3.5)

would mean that for α = constant, the Eulerian observer is free falling through their normal
world line.

The spatial variables’ contravariant components can be found by lowering or raising their
indices with the spatial metric γij and its inverse γij , then we have βi = γijβ

j . In our coordi-
nate system the time vector is unit timelike vector i.e t = ∂t and we can obtain the 4-metric
components in this system, knowing that the spatial components are just equal to the metric of
the hypersurfaces, that is

gij = ∂i · ∂j, (3.6)
gij = γij. (3.7)

The temporal component of the metric is

gtt = ∂t · ∂t (3.8)
= (αna + βa) · (αna + βa), (3.9)

where we used the equation (3.1) and also recalling that the shift vector is purely spatial, this
gives us

gtt = −α2 + βi · βi. (3.10)

Then now the last remaining terms of the 4-metric

gti = ∂t · ∂i, (3.11)

which one can show that it is simply
gti = βi. (3.12)

We have now presented the decomposed version of our differential line element for the space-
time using all the aforementioned variables as

ds2 = (βiβi − α2)dt2 + 2βidtdx
i + γijdx

idxj. (3.13)

We can write our 4-metric more explicitly as

gab =

(
βiβi − α2 βi

βj γij

)
, (3.14)

and its inverse

gab =

(
−1/α2 βi/α

2

βj/α
2 γij − βiβj/α2

)
. (3.15)
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The foliation of the spacetime induces the 3 − d metric γij on the hypersurfaces, which is
defined

γab = gab + nanb, (3.16)

and its inverse can be found by contracting through both its indices using the inverse of the
4-metric such that

γcd = gacgbdγab, (3.17)
γcd = gcd + ncnd. (3.18)

One thing that is obvious but worth noting is that the spatial metric will have its projection along
the normal vanish, that is

γabn
a = 0. (3.19)

Lastly, something to mention about this variable is that its determinant is related to the 4-
metric’s determinant through the lapse function as√

−det(gab) = α
√
det(γij), (3.20)

which tells us more about the physical volume per coordinate volume.

3.2 Extrinsic Curvature
We now know more about the metric of our hypersurfaces, one other question we could ask is
regarding the change of the normal vector when parallel transported around the hypersurface
Σt knowing that we are not assuming flat 3-d spacetime on the sheets. To learn more about this
change, we would have to look at the spatial projections of this change in the normal on the
hypersurface, that is the term

γaeγ
b
d∇anb. (3.21)

Here we project with the rank-
(

1
1

)
spatial metric since it projects everything along the normal

onto the hypersurfaces defined by raising the spatial metric’s index by the 4-metric and more
explicitly as γab = δab + nanb.

This term (3.21) generally tells about the curvature of the hypersurfaces due to living in
the 4-d spacetime with metric gab, throughout t. Let us split the term into its symmetric and
anti-symmetric parts as

φab = γaeγ
b
d∇(anb), (3.22)

τab = γaeγ
b
d∇[anb], (3.23)

respectively. The negative of the symmetric term is called the extrinsic curvature of the hyper-
surface, which is denoted by

Kab =: −γaeγbd∇(anb), (3.24)

which is a purely spatial that is any projection of it along the normal vanishes i.e naKab =
nbKab = 0 and it is also a symmetric tensor i.eKab = Kba.

If we consider the difference between the changes of the spatial metric γab along the normal,
which tells us also about the way the hypersurfaces are immersed in the 4-d spacetime. This is
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the Lie derivative of the spatial metric and as it should come to no surprise from the definition
that we find the relation between it and the extrinsic curvature

Kab = −1

2
Lnγab. (3.25)

We realise from here that we can actually define the extrinsic curvature as the ”velocity” of the
spatial metric as measured by our Eulerian observer. More interestingly enough is that one can
measure the volume of the hypersurface Σt from the trace of the extrinsic curvature

K = γabKab, (3.26)
K = −Lnγ

1/2, (3.27)

which we refer to as the mean curvature. Therefore the volume of Σt is given by

Vt =
√
γd3x, (3.28)

and from this we note that the extrinsic curvature measures the fractional change in the proper
3-volume along the normal.

The Lie derivative of an arbitrary tensor Aab along a vector Xc can be written explicitly as

LXAab = Xc∇cA
a
b − T cb∇cX

a + Aab∇bX
c. (3.29)

Where in a flat spacetime the covariant derivatives reduces to partial derivatives as the symmet-
ric connections vanishes, rendering

Li = ∂i, (3.30)
Lt = ∂t, (3.31)

in these coordinates. Suppose we consider a scalar function f that is defined on the hypersurface
Σt, then with this newly defined arbitrary function we have

Lnγab =
1

f
Lfnγab. (3.32)

To make use of this property, let us suppose our scalar function here is the lapse function α then
we will have

Lnγab = − 1

2α
Lαnγab (3.33)

= − 1

2α

(
Lt − Lβββ

)
γab, (3.34)

where we used the equation (3.1) to decompose our lapse function. Now meaning that when we
return to our adapted coordinates in the hypersurface, the above equation reduces to

∂tγij − Lβββγij = −2αKij, (3.35)

which gives us an evolution equation for the spatial metric of the hypersurfaces. Defining a
three dimensional projection of the four dimensional covariant derivative onto the hypersurface
as Da =: γba∇b allows us to rewrite the evolution equation as

∂tγij = −αKij +Diβj +Djβi, (3.36)

which only depends on the extrinsic curvature and the normal vector in the hypersurface.
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3.3 Constraint Equations
At this point we realise that our spacetime foliation is determined by the pair of tensors (γij, Kij).
Before we can extend this formalism into the Einstein field equations, the spatial metric and the
extrinsic curvature need to satisfy certain constraint equations which is our intention in this
section. First let us look at a couple of projections of the 4-d Riemann tensor (4)Rabcd in our
spacetime onto the hypersurface Σt,

γsdγ
p
aγ

q
bγ

r
c

(4)Rsrqp = (3)Rabcd +KacKbd −KadKcb, (3.37)

this is called the Gauss-Codazzi equations. Suppose now we contract one index of the 4-d
Riemann tensor along the normal vector of the hypersurface, that is projecting towards the
”positive” time direction we obtain

γpaγ
q
bγ

r
cn

s(4)Rsrqp = DbKac −DaKbc. (3.38)

The spatial derivative of the extrinsic curvature in this direction is defined as

DaKbc = γpaγ
q
bγ

r
c∇pKqr, (3.39)

and the equations (3.38) are called the Codazzi-Mainardi. Lastly we take it further and project
two indices of the 4-d Riemann tensor onto the normal direction, this after some manipulation
gives us

LnKab = ndncγqaγ
r
b

(4)Rdrcq −
1

α
DaDbα−Kc

bKac, (3.40)

which is basically the evolution equation of the extrinsic curvature along the normal direction
and these are called the Ricci’s equations.

These equations will help us into writing the Einstein equation into the 3 + 1 form, looking
at the Gauss-Codazzi equations (3.37) and contracting twice gives us

γsqγpr(4)Rsqpr = R−KcdKcd +K2, (3.41)

and using the relation γab = gab + nanb this equation reduces to

(4)R + 2npnr(4)Rpr = R−KcdKcd +K2. (3.42)

On the other hand contracting the Einstein’s equations (2.13) twice along the normal direction
gives us

2npnrGpr = 2npnr(4)Rpr + (4)R, (3.43)

now our normal observer will be measuring the energy density as

ρ = nanbTab. (3.44)

Then substituting in our Einstein’s tensor and using the contracted Gauss-Codazzi equation we
obtain

R−KcdKcd +K2 = 16πnanbTab, (3.45)

this is a constraint that must be satisfied by the extrinsic curvature, it is referred to as the Hamil-
tonian constraint.
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For the next constraint, let us consider contracting the Codazzi-Mainardi equations (3.38)
over one index to obtain

DbK
b
a −DaK = −γpans(4)Rps, (3.46)

where K is the trace of the extrinsic curvature i.e the mean curvature. Once again contracting
the Einstein’s equations gives us

γpan
sGps = γpan

s(4)Rps. (3.47)

Suppose we define the momentum density measured by our Eulerian observer as

Sa = −γbancTbc, (3.48)

combining the contracted Codazzi-Mainardi equations and the momentum density gives the
Momentum constraint of our system

DbK
b
a −DaK = 8πSa. (3.49)

In our adapted coordinate system the momentum and Hamiltonian constraints we have derived
become

Dj(K
j
i −K) = 8πSi, (3.50)

R−KijKij +K2 = 16πρ. (3.51)

3.4 Evolution Equations
We need to know how the extrinsic curvature and the spatial metric change as we move from
one hypersurface to another in their normal direction i.e their time evolution. We see that we
already have the extrinsic curvature defined as the Lie derivative of the spatial metric along
the normal direction, in equation (3.25) and also we have the Lie derivative of the extrinsic
curvature along the normal direction defined in Ricci’s equation (3.40). Now we like to use
these equations to obtain the evolutions in the ta direction which is our time vector. Let us
consider the Lie derivative of the extrinsic curvature along the time vector

LtttKab = Lαn+βKab, (3.52)
= αLnKab + LβKab, (3.53)

where we used the linear dependence properties of the Lie derivative on the equation of the
vector ta on (3.1). We notice that the first term of the Lie derivative above is a product of the
lapse function and the Ricci’s equation. Now let us consider the first term of the Ricci’s equation
and use the spatial metric’s definition (3.16) such that

nanbγqaγ
r
b

(4)Rdcqr = (γdc − gdc)γqaγrb (4)Rdcqr, (3.54)
= γdcγqaγ

r
b

(4)Rdcqr − γqaγrb (4)Rdc
qr. (3.55)

If we contract the Gauss’ equation (3.37) we obtain

Rbd = γprγsdγ
q
b

(4)Rdcqr −KKbd +Kc
dKcb, (3.56)
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and the Einstein’s equations define the 4-d Ricci tensor as

(4)Rps = 8πTps +
1

2
(4)Rgps. (3.57)

Substituting the above definition of the 4-d Ricci tensor in equation (3.54) give us

nanbγqaγ
r
b

(4)Rdcqr = Rab −Kc
aKcb +KKab − 8πγqaγ

r
b (Tqr −

1

2
gqrT ). (3.58)

Let us define the spatial tress tensor measured by our Eulerian observer as

Sab = γcaγ
d
bTcd, (3.59)

and then now looking at the last product term in (3.58), we see that we have T = Tabg
ab, which

we can rewrite as
γqaγ

r
bgqrg

efTef = γab(γ
ef − nenf )Tef . (3.60)

Rewriting the projected term in terms of the spatial stress tensor we get

γqaγ
r
bgqrg

efTef = γab(S − ρ), (3.61)

where S = gabSab = Saa and ρ = nanbTab. Now we substitute the above expressions in Ricci’s
equation in (3.52) to obtain

LtttKab = −DaDbα + α(Rab − 2KacK
a
c +KKab) (3.62)

− 8πα(Sab −
1

2
γab(S − ρ)) + LβββKab, (3.63)

these are the evolution equations of the extrinsic curvature. The evolution equations of the
spatial metric can be derived by considering its Lie derivative along the time vector

Lnγab = αLnγab + Lβγab. (3.64)

Recalling that from equation (3.25) hence this can be considered as a Lie derivative along the
temporal direction such that

Ltγab = −2αKab + Lβγab, (3.65)

which is the evolution equation of the spatial metric. In our adopted coordinates these evolution
equations can be written as

LtKij = βk∂kKij +Kki∂iβ
k +Kkj∂jβ

k −DiDjα (3.66)
+ α(Rij − 2KikK

k
j +KKij) + 4πα(γij(S − ρ)− 2Sij),

Ltγij = βk∂kγij + γki∂iβ
k + γjk∂jβ

k − 2αKij (3.67)

these are Arnowitt-Desner-Misner (ADM) 3 + 1 formalism equations and together with the con-
straint equations (3.50)-(3.51), which form a Cauchy problem of the field equations in general
relativity. We have managed to reduce the complexity of solving the Einstein field equations
to solving these partial differential equations which are first order in time and second order in
space.
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3.5 Hyperbolicity and Well-Posedness
We can write the classification of the partial differential equations by considering different cases
of the general second-order equation

A∂2
au+ 2B∂a∂bu+ C∂2

bu = ρ̂, (3.68)

where A,B,C are real and smooth, and never vanish simultaneously. Hence we can obtain
the different partial differential equations based on the conditions satisfied by the variables
A,B,C [52] such that when

• AC −B2 < 0, then we recover the hyperbolic equations.

• AC − B2 = 0, this case gives us the parabolic equations through a simple coordinate
change.

• AC − B2 > 0, then we can recover the elliptic equations through a coordinate transfor-
mation that maps (a, b) to some region of the 3-d spacetime.

In the previous sections we have seen that the constraint equations take up the form of elliptic
type PDEs, the ADM evolution equations are in hyperbolic, and the gauge conditions can be
elliptic or parabolic depending on the spacetime slicing as we will see in section (3.7).

We now have the ADM evolution equations that we can use to evolve a generic spacetime
given some initial data. In addition, we can use gauge conditions to specify the lapse function
and shift vector. Although after a short moment of running the simulation, our code would
crash due to due to small constraint violating errors getting amplified during evolution. In free
evolution schemes, there is no way for the constraint to correct themselves while running the
numerical simulation as they have satisfied every hypersurface up to that point, and continuing
to do so on the current hypersurface even with the existence of the constraint violations. The
constraint equations we have are elliptic equations, and some would correct the constraint vio-
lation by finding the solutions to these constraint equations, see [47].

Although following this approach is computationally expensive and requires more advanced
techniques. The stability of these solutions is due to their well-posedness and hyperbolicity. To
solve these equations, it has been found that well-posedness is an essential property that must
be satisfied by the solutions. Alone it is not enough as some solutions are well-posed but not hy-
perbolic enough compared to others, this concept of Hyperbolicity is studied extensively in [48].

To understand these two concepts, let us consider a partial differential system of the form

∂tuuu = PPP · uuu, (3.69)

where u is an n-dimensional solution vector function of time and space, and P is an n × n
matrix with smooth spatial derivative operators as components. Given the solution at the zeroth
hypersurface uuu(0, x), the problem is to solve this system for solutions uuu(t, x) at the successive
hypersurfaces making this a Cauchy/initial value problem. Suppose we have a solution uuu(t, x)
and changing the initial data uuu(0, x) even the slightest also changes the solution on every hy-
persurface i.e the solution continually depends on the initial data. Mathematically the norm of
the solution is bounded such that

||uuu(t, x)|| ≤ keαt||uuu(0, x)||, (3.70)
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for all hypersurfaces (0 ≤ t), and the two constants k and α are independent of the initial data.
When a solution cannot increase more rapidly than exponentially like we have described above,
then the solution is called well − posed.

We look at partial differential equations in first order form that are said to be hyperbolic
such that

∂tuuu+AiAiAi∂iuuu = SSS, (3.71)

where Ai are n×n matrices, SSS = SSS(uuu) is a source vector and i = 1, 2, 3. If this system without
the source vector is found to be a well-posed system this implies that a system where the source
vector is linear in uuu is also well-posed. Therefore for the remainder of this section we assume
there are no sources and set SSS = 0. The hyperbolicity of the system is encoded into the matrix
AAA, let us assume that its components are constants and then define for an arbitrary unit vector
ni a matrix such that

PPP = AiAiAini, (3.72)

and it is known as the principal symbol or the characteristic matrix of the system. Then based
on the properties of the principal symbol, we have different notions of hyperbolicity such that
the system is

• strongly hyperbolic if the principal symbol has real eigenvalues and a complete set of
eigenvectors, for all ni.

• weakly hyperbolic if the principal symbol has real eigenvalues but not a complete set of
eigenvectors, for all ni

• symmetric hyperbolic if the principal symbol can be symmetrized independently of the ni

therefore systems that are symmetric hyperbolic are also strongly hyperbolic, but not all strongly
hyperbolic systems are also symmetric hyperbolic. There are several ways other authors intro-
duce hyperbolicity. Since our ADM equations are second order in space and first order in time,
other ways is to derive the hyperbolicity of second order systems for example [49] and [50].
This intuitively tells us that strongly hyperbolic systems are well-posed and furthermore they
have a finite speed of propagation of signals, more specifically in terms of the initial data they
posses a finite past domain dependence. The ADM formulation has been shown to be weakly
hyperbolic, which is responsible for its poor performance under numerical evolutions [43].

There are several alternate formulations of the ADM equations that lead to strongly hy-
perbolic equations that have been studied before under the initial value problem for Einstein’s
equations. One of them is known as the BSSNOK formulation which was first introduced by
Oohara, Kojima,and Nakamura in [59], then later modified by Shibata and Nakamura in [51],
it received an incredible amount of recognition from Baumgarte and Shapiro in [52] showing
how stable it was compared to others, which we refer to as BSSNOK in this thesis to honour
the original authors. Another well known and used formulation to run numerical simulations
is the Z4-formulation which develops strongly hyperbolic system of equations from a covariant
Lagrangian [53, 54]. In this thesis we will only recast the ADM equations in the BSSNOK
formulation which we discuss further in the next section. As there are more formulations, that
shows how most of these have their disadvantages which could be due to how one formula-
tion introduces new variables that require more computational power for the new variable’s
equations or introducing inaccuracy through assuming vacuum to lessen the work of taking
derivatives of the original equations while there may be matter present, refer to [55–58].
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3.6 BSSNOK Formulation
To derive the BSSNOK formulation we consider first the new variable obtained from the inverse
product of a conformal factor and the spatial metric such that

γ̄ij = ψ−4γij. (3.73)

We fix ψ such that it relates to the determinant of the spatial metric in the way

ψ4 = γ1/3 (3.74)

where γ = det(γij). This condition imposed on the conformal factor ensures that the determi-
nant of the conformal metric to be unit i.e γ̄ = 1. It is convenient however to split the extrinsic
curvature into its traceless part and trace such that

Kij = Aij −
1

3
γijK, (3.75)

and transform them individually, the re-scaled traceless extrinsic is obtained by

Āij = ψ−4Aij. (3.76)

In the literature the usually adopted form of the conformal factor is

ψ = eφ, (3.77)

since we require γ̄ = 1. An analytical solution for φ then follows as

φ =
1

12
ln|γ|. (3.78)

The conformal transformation for the spatial metric and the traceless extrinsic curvature are
then given by

γ̄ij = e−4φγij, (3.79)
Āij = e−4φAij. (3.80)

Now that we have introduced these new variables, we need to rewrite the ADM equations
in terms of these variables. Let us consider the contracted evolution equations of (3.67) which
is in terms of the determinant of the spatial metric

∂tγ = −2(αK − γ∂iβi) + βi∂iγ. (3.81)

Then we substitute the determinant of the conformally related spatial metric to find the evolution
equation of the potential as

∂tφ =
1

6
(∂iβ

i − αK) + βi∂iφ. (3.82)

Following with the contracted evolution equation of the extrinsic curvature such that

∂tK = −γij∇j∇iα + α(ĀijĀ
ij +

1

3
K2) + 4πα(ρ+ S) + βi∂iK. (3.83)
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We obtain the traceless evolution equations from subtracting the contracted equations from the
equations (3.66) and (3.67). Also since we know that the trace-free part of a tensor X in our
spacetime can be given by XTF

ij = Xij − γijX/3, at the end which gives us the evolution
equations in terms of (3.79) and (3.80) as

∂tγ̄ij = −2αĀij + βk∂kγ̄ij + γ̄ik∂jβ
k + γ̄kj∂iβ

k − 2

3
γ̄ij∂kβ

k, (3.84)

∂tĀij = e−4φ
(
− ∇̄i∇̄jα + α(Rij − 8πSij)

)TF
+ α(KĀij − 2ĀikĀ

k
j )

+βk∂kĀij + Āik∂jβ
k + Ākj∂iβ

k − 2

3
Āij∂kβ

k.
(3.85)

The superscript TF shows that the term is the trace-free part of a tensor and the extra terms in
the Lie derivatives of both the variables along the shift vector, are due to the conformally related
variables having a tensor density of weight −2/3.

In the evolution equation of Āij there is a term involving the Ricci tensor. We can split it in
terms of its dependence to the conformal factor such that

Rij = R̄ij +Rφ
ij, (3.86)

where Rφ
ij in our adapted system can be rewritten as

Rφ
ij = −2∇̄i∇̄jφ− 2γ̄ij∇̄k∇̄kφ+ 4∇̄iφ∇̄jφ− 4γ̄ij∇̄kφ∇̄kφ. (3.87)

Then the conformally related Ricci tensor is obtained by expressing the explicit form of the
Ricci tensor in terms of the spatial metric as

Rij =
1

2
γkl(∂i∂lγkj + ∂k∂jγil − ∂i∂jγkl − ∂k∂lγij)

+γkl(Γmil Γmkj − ΓmijΓmkl).
(3.88)

Which contains the second derivatives of the spatial metric which is what we are trying to
avoid from the field equations. Although before we substitute the conformally related metric
we introduce conformal connection functions [52] such that

Γ̄i ≡ γ̄jkΓ̄ijk. (3.89)

These are the connection coefficients in terms of the conformally related spatial metric γ̄ij and
in Cartesian coordinates when γ̄ = 1, they take the form

Γ̄i = −∂kγ̄ik. (3.90)

We then rewrite the Ricci tensor in terms of these conformal variables which gives us the con-
formally related Ricci tensor as

R̄ij = −1

2
γ̄lm∂l∂mγ̄ij + γ̄k(i∂j)Γ̄

k + Γ̄kΓ̄(ij)k + γ̄kl(Γ̄mil Γ̄mkj − Γ̄mij Γ̄mkl). (3.91)

We note that only the first term has second derivatives of the spatial metric. We then promote
the conformally related connection functions to new independent functions of time, from one
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hypersurface to the next such that they can then be evolved and their evolution equation is ob-
tained by interchanging the spatial derivative with the time derivative of equation (3.90) which
takes the form

∂tΓ̄
i = −∂j∂tγ̄ij. (3.92)

We can use the evolution equation of the conformally related spatial metric, to eliminate the
second order derivative on the extrinsic curvature using the momentum constraint (3.50) and
therefore the evolution equation for the conformal connection functions is obtained as

∂tΓ̄
i = −2Āij∂jα + 2α

(
Γ̄ijkĀ

kj − 2

3
γ̄ij∂jK − 8πγ̄ijSj + 6Āij∂jφ

)
+βj∂jΓ̄

i − Γ̄j∂jβ
i +

2

3
Γ̄i∂jβ

j +
1

3
γ̄li∂l∂jβ

j + γ̄lj∂j∂lβ
i.

(3.93)

To take a step back and recap what we have done in this section, we have simply reduced the
order in space to first order. From the weakly-hyperbolic ADM equations we conformally trans-
formed its variables and introduced more variables {φ,K, γ̄ij, Ā, Γ̄i} along with their evolution
equations are (3.82)−(3.85), and (3.93). This is the new system of evolution for our spacetime
which was proven empirically to be far more stable than the ADM by [52].

As we have mentioned that the ADM equations are weakly-hyperbolic, and it turns out these
BSSNOK equations are strongly-hyperbolic, this has been proven in depth by Sarbach et.
al in [60] where they developed an equivalence between this formalism and other strong-
ly/symmetric hyperbolic formalism, and they achieved this from mapping them to the Kid-
der–Scheel–Teukolsky evolution equations [61]. Furthermore we can obtain symmetric hyper-
bolic systems from these equations [60, 62].

3.7 Gauge Conditions
The field equations do not provide any evolution equations for the lapse α and shift βi, a fact
related to the coordinate freedom inherent in the theory. To close either the ADM or BSSN
system, we need a way to specify the gauge functions. The process behind choosing these con-
ditions is left to knowing what the hypersurfaces should be shaped like when evolved through
spacetime and that their spatial coordinates are physical. In [43] they provided an elaborate
outline of the desired results such that the gauge conditions should: avoid any appearance of
singularities, both coordinate and physical singularities; be easy to implement, leading to well-
behaved evolution equations; be setup such a way that we can choose a co-rotating coordinate
system to ’exploit’ the symmetry of of the system to our advantage; be in 3-covariant form to
allow them to be invariant under coordinate change.

3.7.1 Geodesic Slicing
This is the simplest gauge condition where we require that our Eulerian observer - travelling
through the unit normal vector - measures the same proper time interval travelled as the non-
Eulerian observers such that

dτ = dt.
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It follows that this leads to a constant lapse function as

α = 1. (3.94)

Additionally we require that our Eulerian observer coincide with the non-Eulerian observer
such that

xi(t+ dt) = xi(t),

and this translates to imposing a vanishing shift vector

βi = 0. (3.95)

This is considered a prescribed slicing condition. It derives its name from the free-falling Eu-
lerian observers since their lapse function is unit, that leads to a vanishing acceleration from
equation (3.4), and this turn their worldlines into timelike geodesics.

We apply this condition on the evolution equation of the trace of the extrinsic curvature in
(3.83) we find that it reduces to

∂tK = KijK
ij + 4π(ρ+ S). (3.96)

Recall that KijK
ij ≥ 0, additionally according to the strong energy conditions [64], the second

term also satisfies (ρ + S) ≥ 0. Thus the expansion of our Eulerian observer monotonically
decreases along their timelike geodesic, this implies that the trace of the extrinsic curvature
monotonically increases without any boundary from hypersurface to the next i.e hypersurfaces
warps more as we are moving along the geodesic. This gauge condition affects the spatial metric
through the contracted evolution equation (3.81) such that it reduces to

∂tlnγ
1/2 = −K. (3.97)

Since γ1/2d3x measures the coordinate volume element that is swept up by the warping hyper-
surface as it moves along the geodesic, the above equation shows that the volume decreases
monotonically. This is not a good property for the evolution, as this would result in a cone
like spacetime with a coordinate singularity. The implications of a coordinate singularity to
observers free-falling in geodesics through a non-uniform gravitational field, is that these ob-
servers could end up being pulled towards each other and occupy the same point with different
set of coordinates in our spacetime by the nature of geodesics. This makes the geodesic slicing
condition the least favorite gauge condition.

3.7.2 Maximal Slicing
As the the previous gauge condition converges to a singularity, we are compelled to further look
for a better choice keeping in mind the desired results of our foliated spacetime. We can start
by looking at how the geodesic condition failed and try to rectify that in the new condition.
That would mean that we could look at how we can impose boundaries on how much the mean
curvature K can evolve. This further translates into imposing boundaries on the coordinate vol-
ume elements of our free-falling Eulerian observers, instead of them decreasing monotonically
we could demand that they remain constant, this is implicit singularity avoidance. To build up
to this condition, let us first assume that the mean curvature is a function of both space and
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time, this makes the evolution equation (3.66) becomes an elliptic function in terms of the lapse
function such that

DiDiα = −∂tK + α(KijK
ij + 4π(ρ+ S)) + βiDiK. (3.98)

Going back to demanding the mean curvature to remain constant, and the maximal slicing
condition chooses

K = 0. (3.99)

We do not only impose this condition on the initial hypersurface but throughout all times, then
the change of the coordinate volume elements remains constant such that

∂tK = 0. (3.100)

This condition simplifies the elliptic equation for the lapse function we have encountered to
a condition for the lapse function to satisfy in on each hypersurface

DiDiα = α(KijK
ij + 4π(ρ+ S)). (3.101)

We notice how the shift vector term vanishes in our evolution equation, hence the maximal
condition additionally decouples the lapse function and shift vector conditions. The condition
derives its name from the property of ensuring that every slice in our spacetime is maximal with
a Von Neumann condition along its boundaries. This property was shown in [65] by considering
very small deformations along a vector around the coordinate volume elements vol(S) around a
portion S of an hypersurface, we know that vol(S) =

∫
S
γ1/2d3x. The variation of these volume

elements vanishes due to their dependence on the mean curvature i.e δvol(S) = 0. Although
if the signature of our spacetime metric gab were a form of Euclidean geometry, we would be
presented with hypersurfaces that deformed to their minimal slices i.e Plateau’s Problem [66].

3.7.3 Harmonic Slicing
In the previous slicing condition we had to evaluate an elliptic equation of the lapse function
at each hypersurface to foliate spacetime, this is computationally expensive and furthermore
its gets more costly in 3-d. It is possible to develop an easier to implement condition that
approximates the system to maximal slicing with hyperbolic equations and still provides a stable
spacetime. We take the approach of requiring the coordinate xa to satisfy the wave equation

�xi = 0. (3.102)

This condition simplifies the Einstein’s field equation impeccably, and presents them as a series
of nonlinear wave equations that can be proven to have maximal foliation and stability [67]. We
can expand the harmonic condition such that

gab∇a∇bx
i = 0. (3.103)

The contraction of the connection symbols with the 4-metric allows us to rewrite equation
(3.102) such that

gabΓcab = − 1

g1/2
∂b(|g|1/2gab), (3.104)
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which implies that
∂b(|g|1/2gab) = 0. (3.105)

This is the Harmonic slicing condition, and we recall that we have the explicit form of the
inverse 4-metric on (3.16) which gives the coupled, non-linear and hyperbolic equations of the
lapse function and shift vector as

(∂t − βi∂i)α = −α2K, (3.106)
(∂t − βi∂i)βj = −α2(γij∂jlnα + γjkΓijk). (3.107)

Now this condition has promoted the lapse function and shift vector to dynamic variables
that require time evolution in our spacetime, although these are hyperbolic equations which are
easier to solve compared to the elliptic equation in the last section.

3.7.4 Bona-Masso Slicing
This work on the harmonic-slicing has led to the development of the hyperbolic form of equa-
tions for the lapse function that mimicked the maximal slicing conditions and furthermore are
singularity avoiding by Bona and Masso [68] where it was proved that the harmonic slicing only
avoided the singularity up to a certain point, and it was unmatched compared to the maximal
slicing that avoided stronger singularities due to its collapsing lapse function when approaching
a singularity. The extensive work of Bona and Masso on the vacuum Einstein field equations in
the harmonic slicing gauge [69–71] has led to the development of a class of generalised slicing
conditions called the Bona-Masso family of slicing condition [72], such that the lapse function
satisfies the evolution equation

(∂t − βi∂i)α = −α2f(α)K, (3.108)

where f(α) is an arbitrary positive function of α only. We are able to recover numerous slicing
conditions from the behavior of the function f(α), such that in the case f = 0 and α = 1
we obtain the geodesic slicing condition (3.94). While the case f = 1 corresponds to the
harmonic slicing condition (3.106). Although in the case of a diverging function i.e f(α)→∞,
the condition behaves like the maximally slicing condition [63], and we recover the strong
singularity avoidance. One other interesting algebraic condition that can be recovered is the
1 + log slicing condition when f = 2/α, and with a vanishing shift vector we can integrate
equation (3.108) to obtain

α = 1 + logγ, (3.109)

by choosing the constant of integration to be unity. The 1 + log slicing condition is one of the
stable and robust algebraic conditions that has proven to be very effective when evolving black
holes in 3-d [73] and also strong gravitational fields [74].

3.8 Matter Equations
In nonvacuum relativistic spacetimes we have all kinds of matter sources that need to be con-
sidered when evolving our system. We then have to understand their equations of motion in
response to the changing geometry of spacetime. The motion of the relativistic fluid has to sat-
isfy the laws of thermodynamics in the spacetime. In addition, also most importantly the law of
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local conservation of energy-momentum (2.15) in the isolated system. Which in the covariant
form these conservation laws are

∇aT
ab = 0, (3.110)

and along with the conservation of the rest-mass

∇a(ρu
a) = 0. (3.111)

From here let us assume that our fluid has no heat conductivity and furthermore there are no
viscosity effects present between its infinitesimal elements, such a fluid is said to be a perfect
fluid. The stress-energy tensor of a perfect fluid is given by

Tab = ρ0huaub + pgab. (3.112)

As before the four velocity of the fluid elements is denoted by ua, where ρ0 and p denoted their
rest mass-energy density measured in the fluid’s rest frame and their pressure respectively. The
quantity h is the fluid’s specific enthalpy which is given by

h := 1 + ε+
p

ρ0

, (3.113)

where the quantity ε is the specific internal energy density, which gives us the total energy
density of the fluid when summed with the rest-mass energy which is obtained by

ρ = ρ0(1 + ε). (3.114)

To obtain the equations of motion now from the conservation laws, we present different
approaches that introduce different variables to cast the equations in various suited forms for
numerical integration.

3.8.1 High-Resolution Shock-Capturing Schemes
The hydrodynamic formulation will require us to first cast the covariant conservation equations
(2.15), (3.111) into a first order hyperbolic system of flux conservation equations of the form

∂tU + ∂iF i = S. (3.115)

The vector U is called the state vector of the conserved variables in the system in terms of the
primitive variables (ρ0, ε, v

i) is given [81] as

U =

D̃S̃i
τ̃

 =
√
γ

 Wρ0

α
√
γT 0

j

α2√γT 00 − D̃

 , (3.116)

where W = −naua is the Lorentz factor which satisfies

W = (1− vivi)−1/2, (3.117)

We obtain the flux vector F i as

F i =

 D̃vi

α
√
γT ij

α2√γT 0i − D̃vi

 (3.118)
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and the source vector S becomes

S =
√
γ

 0
1
2
αT ab∂igab

αT 0a∂aα− Γ0
abT

abα

 . (3.119)

The key feature that makes these equations shock-capturing is that the sources equations do
not include any gradients of the primitive variables, these equation do not break the nature of
the hyperbolic system. Now one needs to understand the characteristic fields and speeds of the
system by computing the eigenvalues and eigenvectors of the Jacobian matrix

∂F i

∂U
. (3.120)

Finally, we present the fluid’s contribution to the source terms of the system from the pro-
jections of the stress-energy tensor of the perfect fluid measured by our Eulerian observer

ρ = nanbT
ab (3.121)

= ρ0hW
2 − p, (3.122)

Si = −γianbTab (3.123)
= ρ0hWui, (3.124)

Sij = γiaγjbT
ab (3.125)

= pγij +
SiSj
ρ0hW 2

, (3.126)

S = γijSij (3.127)
= 3P + ρ0h(W 2 − 1), (3.128)

where in the Eulerian frame the Lorentz factor satisfies W = (1 + uiuj)
1/2.
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Chapter 4

Numerical Methods

In the previous chapters we have derived the evolution equations that are in partial differential
forms. Solving these equations numerically is the vast basis area of numerical relativity. These
equations are in partial differential form in terms of both space and time in most cases, and that
alone makes them more complex than ordinary differential equations to solve exactly. Further-
more, they get more challenging to solve when they have features such as higher order spatial
derivatives, non-linearities in the variables and/or discontinuities. These challenges are what
have led to the vast approximate numerical schemes that have been developed for decades to
handle all the intricate cases of partial differential equations (PDE).

The thematic problems in this thesis are hyperbolic in nature. As a result, we restrict our
treatment in this chapter to methods for hyperbolic PDEs. Therefore in this chapter, we will
discuss the introduction concepts to some widely used methods to solve PDEs, we will first
cover basic finite differencing methods and then some high order methods.

4.1 Finite-Difference Methods
In order to solve a PDE of the function u(t, xi) in our continuous spacetime, we require to know
its value for each point in space and time. This presents us with an infinite amount of values
to cover the hypersurface at all times. These are all unknown variables of the functions. The
method of finite differencing considers reducing the domain of dependence of the function to a
finite set of points in spacetime. The discretized spacetime is called a grid with discrete points
(tn, xi) - these are not to be confused with the elements vectors we have worked with thus far -
that are separated by grid spacing that can be uniform throughout the entire grid or nonuniform,
depending on the method used. The grid spacings are denoted by ∆t for two hypersurfaces and
∆x for two adjoining spatial points. To make the discretization uniform the grid spacings can
be set as constant by

xi = x0 + i∆x, (4.1)

along with the time step
tn = t0 + i∆t. (4.2)

The function has now finite discrete values on the grid and we use the grid points to denote as

uni = u(tn, xi) + error, (4.3)
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where the truncation error is introduced by the convergence of the finite difference solution to
differential equation solution. The truncation error should approach zero as the step-sizes ∆t
and ∆x approach 0, see for example [43, 82]. We suppose that the function u is sufficiently
differentiable. This then allows us to Taylor expand the function u at a point xi+1 about xi for
constant time level such that

ui+1 = u(xi + ∆x) = u(xi) + ∆x(ux)i +
(u2

x)i
2!

(∆x)2 +O(∆x3), (4.4)

where the i around the partial derivatives denotes the evaluation of the derivatives at the point
xi. With the higher order terms considered negligible then the partial derivative of the function
is obtained by

(ux)i =
ui+1 − ui

∆x
+O(∆x), (4.5)

where the linear truncation error is the result of dividing by ∆x. Similarly, a Taylor expansion
of u(x−∆x) yields

ui−1 = u(xi −∆x) = u(xi)−∆x(ux)i +
(u2

x)i
2!

(∆x)2 +O(∆x3). (4.6)

If these two equations (4.4) and (4.6) are subtracted and solved for the first order partial deriva-
tive, we then get

(ux)i =
ui+1 − ui−1

2∆x
+O(∆x2), (4.7)

noting that this representation of the first order partial derivative has a low truncation error
which is quadratic compared to the first one we derived at (4.5).

We use the same equations (4.4) and (4.6), but now we add them to obtain the representation
second-order derivative and divide by the quadratic term of the grid spacing to obtain

(u2
x)i =

ui+1 − 2ui + ui−1

(∆x)2
+O(∆x2). (4.8)

We have the finite-difference representation of the function u in the grid space along with its
first two derivatives, we can obtain higher than second-order derivatives in space and time by
carrying the similar derivation. We are now in the position to rewrite any partial derivative
problem in terms of the finite-difference derivatives and solve for the solution. The fundamental
requirement in numerical relativity when solving systems is the existence of a unique solution
of convergence and the generation of stable solutions. Although in order to be in the position
to discuss these concepts we require the notion of the norm of the finite-difference solutions in
analogous to the true solution’s. We introduce the discretized p-norm of the smooth function
u(t, xi) in the spatial region Σ as

||u||p =

(
1

(b− a)

∫
Σ

|u(t, xi)|pdxi
)1/p

. (4.9)

And we can extend this to include the time dependency of the finite difference function such
that

||u(tn)||p =

(
1

J
ΣJ
i=0|uni |p

)1/p

, (4.10)
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where J is the total number of grid points. The case when p = 2 results in the 2-norm equation
as the root mean square equation used to measure the mean of the finite difference solution
form all its discrete values on our specified grid. Then now we can look at the fundamental
requirements of the scheme. For stability we recall the well-posedness condition (3.70), and
then here the stability condition is the discrete version of it such that, the grid is considered to
be stable if we can find real constants K and σ that satisfies the bound

||u(t, ·)||q ≤ Keσt
n||u(0, ·)||q, (4.11)

which guarantees that when the grid spacings ∆x,∆t approaches zero (i.e p→ 0), the solutions
are then bounded [83] for all of tn. Although for the approximated solutions to entail the
properties of the original differential equation, the solutions are required to be consistent. For a
discretization to be consistent the error must satisfy the limit

lim
q→0
||un − u(tn, ·)||q = 0. (4.12)

With both of these notions (stability and consistency) assumed to hold our finite difference
scheme, we can further conclude that our discretization is uni converges to the true solution
u(t, xi). In appendix (B), we apply these concepts on the hyperbolic systems of PDEs we have
introduced at the beginning of this chapter introductory in depth.

4.2 Method of Lines
We present here one of the most widely used numerical method to discretize both hyperbolic and
parabolic differential equations, as it serves as an alternative to the finite-differencing schemes
we have presented and mentioned in the previous section. The previous methods treated dis-
cretizing both time and space dimensions at same level. This approach makes it harder to
achieve higher-order accuracy for time. Treating them distinctly is the basis of the method of
lines (MOL). Numerically the basic idea behind the method of lines is such that for a partial dif-
ferential equation in both time and space, one discretizes the spatial dimensions into grid points
as we have seen previously, while the time dimension is left to be continuous. This converts
the partial differential problem for u(t, x) into a semi-discrete problem of ordinary differential
equations with a continuous time for the grid functions u(t)i. We can then use any ODE solver
to integrate the resulting systems of differential equations.

We illustrate the method of lines on the following model problem

∂tu+ ∂xF (u) = S(u) +
1

τ
R(u), (4.13)

where S(u) is some source vector, and R(u) is a vector that contains the stiff terms of the sys-
tem with τ being the systems relaxation time. In the limit τ → ∞ the stiff terms vanish and
the equation (4.13) represents a hyperbolic system in conservative form. The stiff terms are
introduced into the system when it evolves over two different time-scales, which we will for-
mally introduce in the next sections. Using the finite-difference scheme to discretize our spatial
domain of dependence while leaving the time dimension continuous, promotes the system into
a semi-discrete system of ordinary differential equations such that

d

dt
ui = Q(ui) +

1

τ
R(ui). (4.14)
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With the advantage of decoupling the discretization of space and time, the method of lines aids
greatly in codes that treat different systems. For example, when simulating neutron star dynam-
ics, one needs to solve the wavelike BSSN equations coupled to the conservative hydrodynamic
equations. In the next sections we will discuss different approaches to obtain the solutions to
the semi-discrete system by the use of Runge-Kutta methods depending on whether the system
contains stiff terms or not.

4.2.1 Explicit Runge-Kutta Methods
In the absence of the stiff term 1

τ
R(u) in the system, the model problem (4.13) becomes

∂tu− ∂xF (u) = S(u). (4.15)

We introduce a spatial grid that promotes our continuous functions u(t, x) to semi-discrete
functions u(t, xi) = u(t)i = ui that are still continuous functions of time in our spatial grid.

The Method of Lines or the discretization methods discussed in section (4.1) can be used to
recast the problem (4.15) into an ordinary differential equation of the form

du

dt
= Q(u). (4.16)

The time integration can be handled via explicit Runge-Kutta methods, which were first intro-
duced as less computationally expensive generalization to the Taylor’s method to solve ODEs.
Runge introduced them in [88] and half a decade later Kutta reformulated them in [89]. A
second order Runge-Kutta method for the system (4.16) yields

un+1 = un + ∆tQ(u∗), (4.17)

u∗ = un +
∆t

2
Q(un). (4.18)

Which calculates the solutions for the next time step using the current time step to find the
intermediate values u∗ to advance the solution half a time step using the midpoint method.
These intermediate values are used to obtain the time independent sources at half a time step to
calculate the next solution and fully advance the time step.

This scheme is referred to as MOL-RK2 with a local truncation error of O(h2). The time
step still has to satisfy the Courant-Friedrichs-Lewy (CFL) condition, which is a necessary
relation of the time step to the spatial step up to a constant guaranteeing convergence [85, 86].
Although we can use a superior stable Runge-Kutta method [90] with a local truncation error
of O(h4). For example, adopting the classic fourth order accurate method, the update formula
become

un+1
i = uni +

∆t

6
(k1 + 2k2 + 2k3 + k4), (4.19)

where the intermediate stages ki are computed from (4.16) as

k1 = Q(uni ), (4.20)
k2 = Q(uni + k1∆t/2), (4.21)
k3 = Q(uni + k2∆t/2), (4.22)
k4 = Q(uni + k3∆t), (4.23)
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which we refer to as the MOL-RK4 method. This method often is preferred due to its higher
order accuracy and stability properties for non-stiff problems [91, 98].

The equations in (4.20)-(4.23) can be conveniently represented in the form of a Butcher
table. Within this representation, the RK4 method becomes

0 0 0 0 0
1
2

1
2

0 0 0
1
2

0 1
2

0 0

1 0 0 1 0
1
6

1
3

1
3

1
6

The classic RK4 method is not suited for problems with stiff terms since one is restricted to
using the smallest step size required to resolve all the scales of the problem. Most often though,
RK methods with adaptive step sizes are used in this case. For their ability to maintain the local
truncation error within bounds. Popular examples in this category are the Runge-Kutta-Fehlberg
RK45 [92], Cash-Karp [93] and Dormand-Prince DOPRI methods [94]. These methods work
by using an embedded pair of RK methods of differing order to enable error estimation and
control [95,98]. Suppose un+1 and ûn+1 are both approximation solutions obtained by RK pair
of order (m+ 1) and m respectively, then the quantity

µ ≤
(

ε∆t

|ûn+1 − un+1|

)1/n

, (4.24)

with ε > 0. is used to accept or reject the solution as follows

• if µ < 1, reject the solution and recalculate with step size µ∆t,

• if µ ≥ 1, accept the solution and update the step size to µ∆t for the next step’s solution.

4.2.2 Implicit-Explicit Runge-Kutta Methods
While adaptive methods may be optimal compared to non-adaptive RK methods, function
evaluations are wasted when steps are rejected. In addition, frequent step size adjustments
may lead to loss of smoothness in the solution [102, 105]. An alternative is fully implicit
schemes [102, 106]. However these also waste function evaluations in the solution of the re-
sulting non-linear systems.

An efficient method for problems where the stiff components are easily separated, as in
the model problem (4.13), is IMEX schemes. The explicit methods we have presented in the
previous chapter do not usually work for these kinds of systems, then it becomes economical
to use an explicit method to solve the non-stiff part and an implicit method for the stiff parts.
Although before we jump into solving, let us formally introduce the concept of stiff differential
equations. The system of ordinary differential equations of the form

du

dt
= Q̂(u), (4.25)

where Q̂ is the derivative operator containing the stiff and non-stiff terms. Stiff systems’ defini-
tion came after it was shown that the use of the explicit methods to solve the system introduced
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stability problems and the resulting system became unstable due to the inconsistency in their
step size control [99]. We formally define the stiffness of the system (4.25) by considering a
perturbed solution of the exact solution such that

u(t)→ u(t) + δu(t),

then our perturbed differential problem becomes

du

dt
+
dδu

dt
= Q̂(u+ δu), (4.26)

where the right-hand side is Taylor expanded around the exact solution of the original ODE and
we neglect the higher order terms which gives

Q̂(u+ δu) ≈ Q̂(u) +
∂Q̂

∂u
δu. (4.27)

Then when substituting (4.27) in (4.26) we obtain the differential equation of the perturbation
as

dδu

dt
=
∂Q̂

∂u
δu, (4.28)

which tells us about how the perturbations change as time moves forward. Notice that if we
keep the exact solution u(t) and the Jacobian ∂Q̂

∂u
constant, then the change in the perturbations

will depend on the eigenvalues of the Jacobian. Therefore, the problem becomes stiff if there
exists one or more eigenvalues of the Jacobian denoted as λi, whose absolute real part is very
negatively large [96] i.e

1� max{Re(λi)}
min{Re(λi)}

. (4.29)

This introduces solutions that exhibits fast and slow dynamics. The concept of stiff differential
problems appears on a range of other problems. One example is in chemical reaction systems
when a system seem to have both fast and slow reactions; or in electrical circuits where the
stiffness of the Van der Pol equation is controlled by its equation parameter; and in hyperbolic
systems showing up as diffusion terms with relaxation times, this is the problem we are inter-
ested in solving in this thesis. As we have mentioned, that solving stiff equations with explicit
methods introduces instability. This then prompts one to use implicit methods to solve them
although these come with a disadvantage of requiring more evaluations per step than explicit
methods. Other methods have been developed to solve the differential equations by employing a
simple technique that checks for stiffness in a system and when it is detected, the code switches
to an implicit method.

We now return to our model problem

∂tu = Q(u) +
1

τ
R(u), (4.30)

with τ as the stiffness parameter. We solve this system using the Implicit-Explicit Runge-Kutta
(IMEX-RK) scheme. The basis of the IMEX-RK is based on splitting the stiff and non-stiff
terms and solve them using implicit and explicit methods respectively by approximating their
integration over a discrete temporal grid using an appropriate Runge Kutta formula. When
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solving the hyperbolic system (4.30) we first use the method of separation on the system’s terms
into u = {f, g} such that f and g denotes the system’s stiff and non-stiff terms respectively,
such that our split system of differential equations is

∂tf = Qf (f, g), (4.31)
∂tg = Qg(f, g) +Rg(f, g). (4.32)

And the non-stiff operator acts on the variables independently such that Q = {Qf , Qg} and
they each act on the variables with derivatives along the stiff and non-stiff terms respectively,
and on the other hand the stiff operator only acts on the stiff terms with derivatives such that
R = {0, Rg}. Then solving this system requires an explicit method applied on the non-stiff part
(4.31) and using an implicit method to solve the stiff part (4.32).

The order conditions for an IMEX-RK scheme are determined by the accuracy of the nu-
merical solution obtained at some time step compared to the true solution evaluated at the same
time point. If the two solutions agree up a order O(∆tη+1) then the IMEX-RK scheme is said
to be of order η with σ stages for the explicit scheme, and α stage for the implicit scheme. The
IMEX-RK schemes are efficient for up to 3rd order which is considered higher order for these
methods. The inaccuracy of these methods increase as one goes further than 4th order due to
the coupling of the explicit and implicit scheme which makes them inefficient [103].

IMEX-RK schemes are further represented by the strong stability preserving (SSP) property
such that up to 3rd order they maintain the strong stability of their discrete solutions while
achieving high accuracy. Their representation is denoted by SSP (α, σ, η). The IMEX scheme
we employ in this thesis is given by the following Butcher tableau

0 0 0 0
1
2

1
2

0 0

1 1
2

1
2

0
1
3

1
3

1
3

1
4

1
4

0 0
1
4

0 1
4

0

1 1
3

1
3

1
3

1
3

1
3

1
3

denoted by SSP(3,3,2) from the explicit (left) and implicit (right) methods.

4.3 High Resolution Methods
When simulating fluid flows, there is always the potential that shocks will appear during the
evolution. These shocks in the flow usually translate as discontinuities in the flow’s solution.
Inevitably the solution develops oscillations around the discontinuity causing it to break its
local monotone property between two grid points. The scheme that leads to a general update
statement such as

un+1
j = F (unj±1, u

n
j±2, ..., u

n+m
j±1 , u

n+m
j±2 ...), (4.33)

is said to be a monotone scheme when its Jacobian satisfies

∂F

∂unj
≥ 0, (4.34)
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for all the values unj for both time and spatial grids. These schemes ensure that there is no local
extrema that occurs in the flow of the solution with some enforcing a monotonicity constraint
in the evaluation of the scheme. Furthermore a monotone scheme with

unj ≥ unj+1, (4.35)

is considered to be monotonicity preserving if it satisfies

un+1
j ≥ un+1

j+1 (4.36)

for all values of n and j. This property ensures monotonicity throughout the time levels and
avoids any change leading spurious significant increase in the solutions. These oscillations
of the solution near the discontinuity can be measured in terms of their total variation (TV)
property such that for a scheme (4.33) the magnitudes of oscillations can be inferred from

TV (un) =
+∞∑
−∞

|unj − unj−1|. (4.37)

This property is further extended to define total variation diminishing (TVD) that can be used
continuously in schemes to reduce the oscillations in the scheme by avoiding any increase in
the total variation. A scheme is said to be TVD if it continuously satisfies

TV (un+1) ≤ TV (un). (4.38)

One of the drawbacks of TVD schemes is that they reduce to first order when they encounter a
local extrema [44]. These concepts were unified by Harten [105] by showing that a monotone
scheme is also total variation diminishing. In addition, a total variation diminishing scheme is
monotonicity preserving.
The numerical methods that have pioneered treating discontinuities by building on these above
fundamental properties for the flow of the solution are at most second order, we will just give
an overview of them in this thesis. The first method is that which we have seen in the previous
chapter 4.2, introduced by von Neumann and Richtmyer [78] is the addition of an artificial-
viscosity that is meant to absorb the oscillatory effects of the discontinuity by extending them
over some grids but negligible at the smooth flow. This method is simple enough to implement
although, with the point of discontinuity extended over some grids, this method requires grid
refinement to ensure that the shocks are not missed by the method. Now modern methods em-
ploy an adaptive grid refinement technique along with the method to adjust to the structures in
the flow of the solution. This becomes more complex with more dimensions in the flow and
hence slowing down the computation.

Another relevant method in this context is Godunov’s method [106], which is part of the
upwind methods. Godunov showed that higher than second order linear schemes are not oscil-
lation free near discontinuities. Instead treated the problem as a nonlinear Riemann’s shock tube
problem since at a point of discontinuity xj , the numerical solution was in different states from
the left xj− 1

2
and right xj+ 1

2
. Therefore obtaining the solution through piercing discontinuous

numerical solutions and generating a local Riemann problems in the grid such that

u(x, 0) =

{
unj x < xj+ 1

2
,

unj+1 x > xj+ 1
2
,

(4.39)
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where the numerical values unj represent the volume average in the cell [xj+ 1
2
, xj− 1

2
]. This pro-

duces two nonlinear waves that can be rarefaction waves that propagate with a shock between
them. This has proven to be a quite efficient method to use when treating conservative problems
with discontinuities which heavily relies on the Riemann solver that governs the interaction be-
tween the two states. Riemann solver performs well near discontinuities than at the points of
smooth flow, which comes with numerical dissipation in these smooth regions and hence a finer
grid is often required.

While Godunov’s method was only limited to linear and monotonicity preserving first order
schemes, modern methods found that a higher order scheme can also be achieved by making
the scheme nonlinear. In addition, instead of considering constant left and right states for the
Riemann problem, the states are obtained by the use of reconstruction techniques to reconstruct
higher order interpolation polynomials that describe the flow of the solution inside each grid
cell based on the averages unj . Numerous methods based on Godunov’s approach have been
developed such as the MUSCL scheme by Leer [107] which achieves second order accuracy by
instead considering linear unj states, and also the PPM scheme by Colella and Woodward [108]
which is a piecewise-parabolic method that achieves second order accuracy through spatial in-
terpolation. These second order methods and more are better at treating shocks in the flow
resulting in monotonicity preserving solutions than first order schemes, although their short-
comings appear in complicated smooth solution structures [104] which can be handled better
by schemes of higher order. In the next sections, we present two of these modern methods that
are based on Godunov’s method employing reconstruction techniques in treating discontinu-
ities with no oscillations, these methods are referred to as essentially non-oscillatory (ENO)
and weighted essentially non-oscillatory (WENO) methods.

4.3.1 Finite-Difference WENO Schemes
The Weighted ENO schemes [111, 112, 114, 115] and are based on the ENO schemes we have
reviewed in the appendix (C). The ENO schemes have a criterion of choosing the stencil to
represent the fluxes in the grid where the interpolation polynomial is the most smooth. In the
WENO schemes we instead choose a convex combination of all of the stencil by assigning each
stencil a proper weight. The essentially non-oscillatory property is still maintained through
non-vanishing weights on the smooth stencils, and on the discontinuous stencils the weights are
vanishing such that there is no contribution from the convex combination.

Suppose we have k stencils which we denote

S
(`)
j = (xj−`, ..., xj−`+k−1), ` = 0, ....k − 1. (4.40)

Suppose further that associated with these stencils, are the following k interpolation polynomi-
als to the numerical fluxes

p(`)(xj+ 1
2
) ≈ F̂

(`)

j+ 1
2

. (4.41)

Then according to the WENO reconstruction, we choose the convex combination of these poly-
nomials to interpolate the numerical fluxes at the cell boundaries of F̂ (xj+ 1

2
) such that

F̂j+ 1
2

=
k−1∑
`=0

ω`p
(`)(xj+ 1

2
). (4.42)
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Where the weights ω` satisfy [114]

k−1∑
`=0

ω` = 1, and ω` ≥ 0, (4.43)

and in the smooth regions coefficients ω` are accurate up to order k − 1. We expect them to
vanish in the discontinuous regions for the corresponding stencil. Due to the ENO property in
the smooth regions of (C.10) the WENO schemes are accurate up to order 2k − 1 such that

F̂j+ 1
2

=
k−1∑
`=0

ω`p
(`)(xj+ 1

2
) +O(∆x(2k−1)). (4.44)

The weights ω` chosen in [112] as to maintain the essentially non-oscillatory property and
the order of accuracy of the convex combination in all of the stencils. They are defined such
that

ω` =
α`∑k−1
r=0 αr

, ` = 0, ....k − 1, (4.45)

where
α` =

d`
(ε+ β`)2

. (4.46)

Here ε > 0 is a small number that is included to avoid the denominator being zero and a
good choice is between 10−5 to 10−7 without having any effects on the solution [115]; The d`
are called optimal weights that are chosen to increase the order accuracy in the smooth regions
such that

ω` = d` +O(∆xk−1), ` = 0, ....k − 1, (4.47)

with
k−1∑
`

d` = 1.

Finally, the β` measures the smoothness of the fluxes in their respective stencils S(`)
j , that is the

larger this value is then the less smooth the flux is. In this thesis, we use a third order WENO
scheme [116] that is characterized by the following optimal weights

d0 =
2

3
, (4.48)

d1 =
1

3
. (4.49)

(4.50)

and the smoothness indicators

β0 = (f(ui+1)− f(ui))
2, (4.51)

β1 = (f(ui)− f(ui−1))2. (4.52)
(4.53)
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Chapter 5

Neutron Stars in f(R) Gravity

Models that aim to explain the cosmic acceleration observed from type Ia Supernovae, has
garnered so much interest in the past decades. Among the proposed models, modified gravity
constitutes a bold approach, as it aims to modify the Einstein field equations. In this thesis
we focus on the f(R) class of modified gravity theories [10, 11]. In particular, we adopt the
Starobinsky R-squared model [122], corresponding to f(R) = R + αR2. This model is con-
formally equivalent to Einstein’s theory of gravity and an additional light scalar field. The extra
scalar field in these models has been shown to induce instabilities in low curvatures in some
of the f(R) models [117, 118], and that has led to an intensive search of viable f(R) models
that are matter dominated in the early universe times and with extra corrections that explain late
time acceleration [119–121].

The Starobinsky model is one of the most viable f(R) models [124], and it is consistent
with the physical observations [123] as compared to most scalar-field theories. The study of
f(R) models under neutron stars is divided into two approaches, the first being the perturba-
tive method - where f(R) is considered a small perturbation from general relativity e.g [125]
- and the non-perturbative method - where the entire f(R) function is explicitly considered in
the modified Einstein-Hilbert action e.g [132] (and this thesis). At the moment we know about
the mass and radii of neutron stars than anything else related to its behavior at extreme condi-
tions. Hence the mass-radius (M-R) diagram obtained from solving the full TOV equations
(5.43)-(5.48) with an equation of state (EoS), is the best tool used to compare these alternate
theories against each other and find the most viable one. The measured mass of static and
spherically symmetric neutron stars was constrained by Chandrasekhar with an upper limit of
1.44M� for an EoS of degenerate matter. Although with new developments in the field consid-
ering different systems such as binary neutron stars [129] or different methods used [128], much
more heavier neutron stars have been discovered. These heavier stars may contain phenomena
that extends over general relativity, and more particularly with the 2017 gravitational detection
GW170817 of merger of a binary neutron star system [130], the current upper limit is set at
2.16+0.17

−0.15M� [131]. Keep in mind that the true mass of the neutron star still remains a mystery
as these measurements do not take into account a plethora of EoS and the interior of the neutron
star is still not entirely understood.

In this chapter, we generate the mass-radius relation for several realistic equation of states
while also varying the free parameter α. In the low values of α stiff terms emerge in the system,
the previous studies have handled this by using runge-kutta methods with adaptive step size, see
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e.g [132]. As we have mentioned in section 4.2.2, this approach leads to function evaluations
that are subsequently discarded in the hunt for the optimal step size. In this thesis, we use an
IMEX scheme as we will see, to treat these stiff terms.

5.1 Modified Equations
Let us look at one of the solutions to the field equations by R.C. Tolman [26] where a spherically
symmetrical perfect fluid with an equilibrium distribution of matter. Its metric has the form

ds2 = −e2νdt2 + e2λdr2 + r2(dθ2 + sin2 θdφ2), (5.1)

where ν = ν(r) and λ = λ(r). Of course outside this star we have a spherically symmetric
vacuum such that this metric reduces to the Swarzschild solution.

We want to define the Einstein field equations for this stellar model, we take the approach
that uses the equations (2.17). As we have introduced our energy-momentum tensor on equation
(2.16), we use this to describe the matter inside the stellar model. As we assumed perfect fluid so
that shear stress is negligible and static in that we exclude all pulsating or exploding. Therefore
that makes our 4-velocities in equation (2.16) timelike 4-vectors. In order to obtain the t element
we normalise our 4-velocities

−1 = U · U, (5.2)
= gabU

aU b, (5.3)
= gttU

tU t, (5.4)
= −e2νU tU t, (5.5)

e−ν = U t, (5.6)

which then means our 4-velocity is U= e−ν(1, 0). Now looking at equation (2.16) we can
obtain the elements of the energy-momentum tensor, also as it is symmetric it makes things
easier, from our looking at our metric also we find that

T tt = ρe−2ν , (5.7)
T rr = pe−2λ, (5.8)
T θθ = pr−2, (5.9)
T φφ = pr−2sin−2θ, (5.10)

and all the other elements are zero.

We now have the matter description for the line element (5.1), we obtain the geometrical
description by deriving the explicit components of the Einstein tensor. From the definition of the
Christoffel symbols (2.3), we substitute the nonzero components for the metric and its inverse
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to obtain the non-vanishing Christoffel symbols

Γttr = ν ′, (5.11)
Γrtt = e2(ν−λ), (5.12)
Γrrr = λ′, (5.13)
Γrθθ = −re−2λ, (5.14)
Γrφφ = −re−2λsin2θ, (5.15)

Γθrθ =
1

r
, (5.16)

Γθφφ = −sinθ cos θ, (5.17)

Γφrφ =
1

r
, (5.18)

Γφθφ =
cosθ

sin θ
. (5.19)

We substitute these Christoffel symbols into the definition of the Riemann curvature to obtain
the Ricci tensor, which is also a diagonal tensor whose non-vanishing components are given by

Rtt = e2(ν−λ)[ν ′′ + (ν ′)2 − ν ′λ′ + 2r−1ν ′], (5.20)
Rrr = −[ν ′′ + (ν ′)2 − ν ′λ′ + 2r−1λ′], (5.21)
Rθθ = 1− e−2λ[1 + r(ν ′ − λ′)], (5.22)
Rφφ = sin2θ[1− e−2λ[1 + r(ν ′ − λ′)]]. (5.23)

Contracting the diagonally symmetric Ricci scalar with the star’s metric gives us the Ricci scalar
such that

R = 2[r−2 − e−2λ(ν ′′ + (ν ′)2 − ν ′λ′ + 2r−1ν ′ − 2r−1λ′ + r−2)]. (5.24)

We then obtain the equations’ (2.17) components such that for the Gtt component we obtain

8πTtt = r−2 − e−2λ(2r−1λ′ + r−2), (5.25)

8πρe2ν = r−2 d

dr
r(1− e−2λ), (5.26)

where we divided by the gtt component of the metric. Following Cooney et. al in [125] and
Stephani in [40] we can make the define the change of variable by introducing

2m(r) = r(1− e−2λ), (5.27)

then we can rewrite our equation for the potential λ as

e2λ =

(
1− 2m

r

)−1

. (5.28)

Therefore now from equation (5.26) the first field equation has the form

dm(r)

dr
= 8πρr2. (5.29)
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Our newly introduced variable can be recovered by the means integrating from the center of the
stellar model to its surface, assuming that the initial conditions of the stellar model were smooth
i.e m(0) = 0 hence

m(r) =

∫ r

0

4πρ2dr +m(0), (5.30)

this is referred to as the mass-energy of the stellar model.

We follow a similar approach to derive the second field equation, starting from the Grr

component, which is

8πTrr = −r−2 + e−2λ(r−2 + 2r−1ν ′), (5.31)
8πpe2λ = −r−2 + e−2λ(r−2 + 2r−1ν ′), (5.32)

where we divide by the grr component of the metric. Substituting with equation (5.27) and
solve for the gradient of ν gives us

dν

dr
=
m+ 4πr3p

r(r − 2m)
. (5.33)

There are now two ODE for the metric potentials, to close this system we require a relation
of the stellar matter following the energy-momentum tensor components. We make use of the
conservation equation (2.15) to the obtain the pressure gradient required in the star to maintain
equilibrium distribution. By projecting the conservation equations along the 4-velocity of the
static stellar model, hence the pressure only depends on r and (2.15) reduces to

dp

dr
= −(ρ+ p)

dν

dr
, (5.34)

then substituting (5.33) we get our Oppenheimer-Volkoff equation of hydrostatic equilibrium as

dp

dr
= −(ρ+ p)(m+ 4πr3p)

r(r − 2m)
. (5.35)

We now have four unknown variables which are λ, ν, p, and ρ, all as functions of the radial
coordinate. We have managed to reduce the field equations 2.17 to these three ODEs. The
foundation from analysing spherically symmetric models was first calculated by R.C. Tolman
in [26] and [27], then in shortly J.R. Oppenheimer and G.M. Volkoff further extended the equa-
tions [31] in form hence are called the Tolman−Oppenheimer−V olkoff equations. What we
have done so far is to derive these equations (5.29),(5.33) and (5.35) in an attempt to solve the
Einstein Field equations (2.17). We need to integrate these equations to find the matter compo-
nents (m, p and ρ) and the source potential ν. Our model is almost complete, what’s left to solve
the above equations are the boundary conditions and the equations of state p = p(ρ) for our star.

The model so far seems to be dependent on the total energy density ρ, this determined
through a relation between p and ρ. Although one thing we need to be sure of is the dependence
of these two matter variables on thermodynamic laws (e.g temperature, entropy) that affect
the matter inside the star. The pressure p and the energy obviously depends on how many fluid
elements are in the star i.e number of baryons n. Also from thermodynamics they would depend
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on the fluid element’s temperature to determine how fast they might be interacting with each
other, we consider entropy s using the relation from their temperature such that

p = p(n, s), (5.36)
ρ = ρ(n, s). (5.37)

During the formation of the neutron star, its temperature rises rapidly and reaches 1011K mag-
nitudes, although there are lot of neutrinos are emitted and they carry most of the energy
away with them and this leaves the newly formed neutron star with much less thermal energy
T << 1011K after a few seconds [32]. We can then exclude all the thermal contributions and
set s = 0, then our thermodynamic variables take the form

p = p(n), (5.38)
ρ = ρ(n). (5.39)

We then need to determine the central density value ρc and given the EoS that relates pressure
and the energy density, then we can solve this system within the following boundary conditions.

We have to numerically integrate the stars’ field equations from the origin r = 0 i.e center
of the star, up to the surface of the star r = R, where R is the radius of the star. Inside the star
the TOV equations are valid and one can integrate from r << 1. Outside the star we know that
the geometry is described by the Schwarzchild metric [28]

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2, (5.40)

where
dΩ2 = dθ2 + sin2θdφ2.

Outside the star, ρ = 0 hence from equation (5.29) we can see that the mass is a constant value
given by

m(r) = M, r ≥ R. (5.41)

Then our metric potential is a function of the radial coordinate only, given by

λ = −1

2
ln

(
1− 2M

r

)
. (5.42)

At the surface of the star, the pressure vanishes p(R) = 0 and the mass is m(R) = M , from
matching the conditions outside and inside the star. We now have a complete stellar model
that can be solved from the centre of the spherically symmetric with equilibrium distribution
outward to the surface where the pressure vanishes and this is a consequence of the hydrostatic
equation. After initially determining the central energy density ρc and the EoS that satisfies
ρ ≥ 0 and p ≥ 0. We have managed to reduce our model from the Einstein field equations to a
one parameter system.

Now let us derive the field equations for the general f(R) Lagrangian density in (2.20) un-
der the framework of a static spherically symmetric star with the metric (5.1) and the energy-
momentum tensor is that of a perfect fluid (5.7). We have used substitution and the conservation
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equation∇aT
ab = 0 to reduce the general field equations to the following differential equations

for the two radial functions

dν

dr
= 4πζre2λp+

ζr(e2λ − 1)f ′

2r
+
ζr(f −Rf ′)e2λ

4
− ζf ′′Q, (5.43)

dλ

dr
=

4πre2λ

3f ′
(2ρ+ 3p) +

(1− e2λ)

2r
+
r(f +Rf ′)e2λ

12f ′
− rf ′′

2f ′
dν

dr
Q, (5.44)

where

ζ =

(
f ′ +

r

2
f ′′Q

)−1

and the variable Q was introduce to reduce the order of the differential equation for the Ricci
scalar as it is a dynamic variable in the f(R) theories and its DE are

dR

dr
= Q, (5.45)

dQ

dr
=

(
dλ

dr
− dν

dr
− 2

r

)
Q− f ′′′

f ′′
Q2 +

e2λ(2f −Rf ′)
3f ′′

− 8πe2λ(ρ− 3p)

3f ′′
, (5.46)

although the conservation of the energy-momentum tensor leads to the same form for differen-
tial equation for pressure as

dp

dr
= −(ρ+ p)

dν

dr
. (5.47)

We make a change of variable following (5.27) and using equation (5.44) we get the change of
the mass of our stellar model with respect to the radial coordinate

dm

dr
=
m

r
+
dλ

dr
(r − 2m). (5.48)

Substituting the Starobinsky function into the TOV equations (5.43)-(5.45), we obtain the
stars field equation in the R-squared model as

dν

dr
= 4πζre2λp+

ζ(e2λ − 1)(1 + 2αR)

2r
− ζrαr2e2λ

2− 2ζαQ
, (5.49)

dλ

dr
=

4πre2λ(2ρ+ 3p)

3(1 + 2αR)
+

(1− e2λ)

2r
+
e2λ(2R + 3αR2)

12(1 + 2αR)
− r

(1 + 2αR)

dν

dr
Q, (5.50)

dR

dr
= Q, (5.51)

dQ

dr
=

(
dλ

dr
− dν

dr
− 2

r

)
Q− Re2λ

6α
− 8πe2λ(ρ− 3p)

6α
, (5.52)

where
ζ =

1

(1 + α(2R + rQ)
. (5.53)

As we consider the neutron star’s matter source to be a perfect fluid, its hydrostatic equilibrium
(5.47) is still the same in the R-squared model

dp

dr
= −(ρ+ p)

dν

dr
. (5.54)
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The mass of the neutron star is recovered through the integration of

dm

dr
=
m

r
+
dλ

dr
(r − 2m). (5.55)

Such that m(r) is the effective mass and if the radius of the neutron star is rs the total effective
mass of the neutron star observed outside the star is denoted m(rs) = M . The field equations
of modified gravity allows for the existence of stars with high mass to radius ratios [134]. This
result can be demonstrated analytically under certain simplifying assumptions. For example, in
GR, assuming the interior of the star is made up of a constant density, incompressible fluid, one
can show that the mass to radius ratio is bounded by

2M

R
≤ 8

9
. (5.56)

This is known as the Buchdal-Bondi limit. However, in f(R) it was shown that this can be
higher [135].

In the R-squared model when α → 0, the modified Einstein-Hilbert action reduces to stan-
dard general relativity form. This effect is inherent to the f(R) system of equations, particularly
the modified TOV equations (5.49)-(5.55), such that in the limit α→ 0 solving these equations’
solution is closer to the standard general relativity instead. This limit introduces stiffness into
the last two terms of equation (5.52), which will require to be solved by an Implicit-Explicit
scheme. Before discussing the numerical method we have used, we need to touch on the bound-
ary conditions. The equations are integrated from the center of the star by imposing the initial
conditions

ρ(0) = ρc, (5.57)
m(0) = 0, (5.58)

Q = 0. (5.59)

Since ν appears only differentially in the TOV equations, it can always be rescaled by a constant
term. We therefore pick the initial condition ν(0) = 1. The only quantity left is the Ricci
scalar. We use a shooting method to pick initial conditions for R such that R = 0 at infinity.
Consequently, the boundary value problem was reduced to an initial value problem, such that a
shooting method is employed to find a root to the function

Y (R0) = X(R0, rradius)−Rbc,

where X(R0, rradius), and Rbc are the values of the Ricci scalar at the boundary as a function
of the initial condition. The root-finding methods discussed in appendix (A) were used to find
the roots of this function once an initial guess has been provided. Some of these methods are
not defined for certain values of R0 or require the knowledge of dX/dR0, which leads to ill-
behaved solutions with very slow or no convergence at the boundary. In this thesis the Ridder’s
method, which requires an interval containing the right initial guess R0, performed with much
better convergence to the boundary condition compared to the other methods.

The numerical method we used was based on an IMEX scheme code that was incorporated
in a root-finding method, for the initial values of the Ricci scalar. The IMEX scheme integrated
the field equations, from a small value of r close to zero, to avoid 1/r terms which become
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singular at r = 0. The radius of the star was taken as the last value of the radial coordinate, i.e
where the pressure vanishes. Unlike previous studies, e.g [136] where the integration is stopped
at the surface of the star, we continue the integration of ν, λ, R, and Q equations in vacuum up
to some large radius. With this approach, the solution in the exterior region of the neutron star is
not restricted to that of Schwarzschild. This is consistent with the fact that Birkhoff’s theorem
does not generally hold in modified theories of gravity [137]. If one was interested in solutions
that obey Birkhoff’s theorem, then it would be necessary impose the junction conditions [138]

[R] = 0, [∇λR] = 0, (5.60)

where [ ] denotes the discontinuity at the edge of the star. However, following [132], we do not
do that in this thesis.

5.2 Results and Discussion
We produce the M− R relation by solving the modified field equations (5.49)-(5.55) along
with the boundary conditions, and an EoS describing the behavior of the nuclear matter of the
neutron star. Since the behavior is still not well understood in the field, there has been numerous
equations of state that have been proposed and they lead to different mass-radius relations. In
this thesis we considered seven realistic equations of states, which are given in the Table 5.1,

Table 5.1: The EoS we used, which came in the form of tabulated values of density and pressure.
The EoS data files were obtained from the publicly available Lorene code [139]

EoS Ref. EoS Ref.
SLy4 [140] BALBN1H1 [143]
FPS [141] BBB2 [144]
AKMAL [142] BPAL12 [145]

We do not use analytic representations of these EoS but rather we use them in tabulated form
employing linear interpolation on a logarithmic scale. We generated the mass-radius equations
for different values of α between 0 and 100, to show the effects of the parameter on the structure
of the star.

Referring to figure (5.1), we note that for models with α ≤ 1, the masses are very close
to the general relativity model. The maximum mass for GR was recorded as 2.04M�, which
is less than the mass limit. The maximum mass for the models with α ≤ 1 also satisfies this
limit. Although when increasing the value of α, we note that the corresponding masses get to
be larger than the GR model. As seen in the left panel, the model α = 100 records the smallest
radius range of the neutron star such that the star reaches its maximum mass at a smaller radius
compared to the other models. In the right panel, the model α = 20 reaches higher masses
faster than the other models with an almost significant maximum mass point. Additionally, the
α = 100 model appears to be moving faster than all the models with respect to the central den-
sity up to the point of maximum mass. As the star continues to increase in its central density,
the change in its mass almost remains constant and above the GR model.
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Figure 5.1: Left panel: The gravitational mass of the star as a function of its radius obtained
from the Sly4 equation of state. Different values of α in f(R) = αR2 + R are represented in
dashed different colored lines, and the general relativity in the solid black line. The maximum
and minimum mass are marked with the respective markers as shown in the legend for different
α values. Right panel: The gravitational mass as a function of the central density for different
values of α.

Figure 5.2: Left panel: The gravitational mass of the star as a function of its radius obtained
from the AKMAL equation of state. Different values of α in f(R) = αR2 +R are represented
in dashed different colored lines, and the general relativity in the solid black line. The maximum
and minimum mass are marked with the respective markers as shown in the legend for different
α values. Right panel: The gravitational mass as a function of the central density for different
values of α.

The AKMAL equation of state in left panel of figure (5.2) shows a maximum mass of about
2.18M� for the GR model. The masses of models of α ≥ 5 appears to be decreasing faster
past the maximum point with respect to the radius. This can also be seen in the right panel
where the mass of the star seems to steadily increase with respect to the central density up to
the point of maximum mass, then the masses of these models decrease further than the GR and
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α ≤ 1 models for equilibrium. The model α = 20 achieve the largest maximum mass of about
2.22M� which is above the limit of [131].

In the figures (5.3) and (5.4) we see that the maximum masses for the FPS and BBB2 equa-
tions of state are about 1.96M� and 1.91M� respectively. The models with α ≥ 1 for both EoS
agree with the GR model for small radii. The BBB2 model appears to record the smallest radii
for the models α = 1 and α = 20 as compared to the other models considered. Both the FPS
and BBB2 EoS realize the largest maximum mass with the model α = 20 for values 1.48M�
and 1.99M� respectively.

The left panel of the figure (5.6) shows the masses of the star for different models, decreas-
ing slowly and followed an abrupt decrease past the 12.7km radius. The right panel exhibits
the sharp increase of the masses in the lower central densities, followed by a steady increase up
to the point of maximum mass. The model α = 100, realizes central density values are very
large with small masses compared the GR model in the higher central densities region. The
maximum mass for the GR model is 1.61M�, which is below the recorded limit.

The maximum mass obtained from the Sly4 and AKMAL EoS are consistent with the mass
limit given in ( [131]) within GR. Regardless of the EoS, the maximum mass seems to increase
with the increase of α in the case of α ≥ 20. Then after it reaches a maximum, it slightly
decreases when α > 20. This result is different from the results given in [132], where for small
values of α they recorded a maximum mass decrease down to a low point, followed by a slight
increase for large values of α.

Figure 5.3: Left panel: The gravitational mass of the star as a function of its radius obtained
from the FPS equation of state. Different values of α in f(R) = αR2 + R are represented in
dashed different colored lines, and the general relativity in the solid black line. The maximum
and minimum mass are marked with the respective markers as shown in the legend for different
α values. Right panel: The gravitational mass as a function of the central density for different
values of α.
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Figure 5.4: Left panel: The gravitational mass of the star as a function of its radius obtained
from the BBB2 equation of state. Different values of α in f(R) = αR2 + R are represented in
dashed different colored lines, and the general relativity in the solid black line. The maximum
and minimum mass are marked with the respective markers as shown in the legend for different
α values. Right panel: The gravitational mass as a function of the central density for different
values of α.

Figure 5.5: Left panel: The gravitational mass of the star as a function of its radius obtained
from the BPAL12 equation of state. Different values of α in f(R) = αR2 +R are represented in
dashed different colored lines, and the general relativity in the solid black line. The maximum
and minimum mass are marked with the respective markers as shown in the legend for different
α values. Right panel: The gravitational mass as a function of the central density for different
values of α.
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Figure 5.6: Left panel: The gravitational mass of the star as a function of its radius obtained
from the BALBN1H1 equation of state. Different values of α in f(R) = αR2 + R are repre-
sented in dashed different colored lines, and the general relativity in the solid black line. The
maximum and minimum mass are marked with the respective markers as shown in the legend
for different α values. Right panel: The gravitational mass as a function of the central density
for different values of α.
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Chapter 6

Radial Oscillations

Neutron stars are one of the representations of final state for highly dense relativistic stars. As
we do not know much about the matter configurations inside the star, their radial oscillations
allows us to learn more about their internal structure. The radial oscillations of non-rotating
symmetric relativistic stars were investigated by Chandrasekhar [146] by studying linear per-
turbations from a hydrostatic equilibrium configuration governed by the Tolman-Oppenheimer-
Volkov solutions (5.1). The main equations can be cast as an eigenvalue problem to obtain a
complete and discrete set of frequencies for the oscillations. The turning point of the star’s
stability is characterized as the point where the gravitational mass as a function of the central
energy density M(ρc) has reached its maximum. Increasing the central energy density more
than the critical energy density results in the star collapsing i.e moving from stability into an
unstable configuration. This characterizes the point of emergence of a zero-frequency oscilla-
tion [147].

Since Chandrasekhar’s work, the radial oscillations have been extensively investigated for dif-
ferent equations of states [147–149,151] (and references therein). The results are complemented
in [154] by presenting the radial oscillations with lowest frequencies for various equations of
state. Radial oscillations have since been attributed to significant events like the shuttering of a
neutron star’s crust [155], the merging of a highly eccentric binary neutron star system [156].
With all the recent developments, the stability of a non-rotating star can be analyzed by ob-
taining its fundamental frequencies, such that purely imaginary frequencies signal instability in
the radial oscillation. Furthermore, this knowledge form the base to be extended to the radial
oscillations of uniformly rotating stars [157].

Several methods have been used to compute the radial oscillation modes, see eg. [150] for a
comprehensive review. In this thesis, we employ two methods based on linear perturbation the-
ory. The first method is based on perturbing the ADM equations leading to a coupled system of
PDEs and the other method is based on perturbing the TOV equations, leading to an eigenvalue
problem that we solve via the shooting method. As we shall see, the linearized ADM equations
contain terms that get stiffer as we approach the surface of the stellar model. Previous studies
e.g. [148, 149] have dealt with this by using the Hamiltonian constraint to eliminate the stiff
terms. We do not follow this route here because i) we aim to demonstrate the feasibility of the
IMEX scheme to deal with stiffness in PDEs, and ii) using the linearized Hamiltonian constraint
is impractical (due to the number of terms involved) in theories beyond GR. We compare the
results from the IMEX scheme with those obtained by solving the eigenvalue problem via the
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shooting method.

6.1 The Perturbation Equations
We consider small perturbation around the star’s model, such that the metric of the new system
is

ḡab = gab + ĥab, (6.1)

where ĥab = δgab is the time-dependent perturbation metric and all perturbed variables are
denoted with a hat, and gab is our background metric (5.1). The lapse function in the background
spacetime is given by

α =
√
−g00 = eν . (6.2)

We assume a vanishing shift vector in the background metric, which gives us the normal vector
of the spacetime as

na = (e−v,000). (6.3)

The last ADM variable, the spatial extrinsic curvature can be obtained through the equation
(3.81). Note that the background spatial metric is independent of time, the spatial extrinsic
curvature then takes the form

Kij = 0. (6.4)

In chapter 3 we have derived the evolution and constraint equations for the background metric,
we now derive the perturbation evolution and constraint equations. By perturbing the energy-
momentum tensor, guarantees the perturbation of the of the star’s matter where the pressure
perturbation is given by

p̂ =
dp

dρ
ρ̂ = C2

s ρ̂, (6.5)

where Cs is the sound speed.

The ADM system (3.67)-(3.66) is then perturbed by substituting the perturbed variables such
that for example

Kij → Kij + δKij (6.6)

= Kij + K̂ij. (6.7)

We consider the terms higher than second order negligible, and the perturbation evolution equa-
tions after some manipulations take the form

∂tĥij = β̂k∂kγij + γki∂iβ̂
k + γjk∂jβ̂

k − 2eνK̂ij, (6.8)

∂tK̂ij = −∂i∂jα + Γkij∂kα̂ + Γ̂kij∂ke
ν + α

(
Rij + 4πγij(p− ρ)

)
(6.9)

+ eν
[
R̂ij + 4π

(
γij(p− ρ) + ρ̂(C2

s − 1)
)]
.

Similarly, the constraint equations (3.50) and (3.51) are substituted by the perturbed variables.
Then up to first order perturbations the momentum and Hamiltonian constraint equations take
the form

γjk(∂iK̂jk − ∂jK̂ki − ΓnikK̂jn + ΓnkjK̂ni) = −8π(p+ ρ)ûi, (6.10)

γijR̂ij − ĥijRij = 16πρ̂, (6.11)
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where ĥij = ḡij−γij . The perturbed system (6.8) - (6.11) form a spherically symmetric system
inherited from the background system. Therefore, the oscillations are carried only in the radial
coordinate (t, r). Spherical tensor harmonics Y a

lm allow us to decouple the coordinates in the
system. Which can be used to expand the perturbed metric hab and extrinsic curvatureKij along
with the matter variables ρ, ui as it was done in [148]. Such that the radial oscillations are en-
coded in l = 0 with no angular dependence, nor any gravitational radiation beyond the surface
of the stellar model. From here we drop the hats in the perturbation equations for readability.

6.2 The Radial Equations
The system needs to be simplified by means of setting gauge conditions for the lapse function
α and shift vector βk, we then set

α = eνS1(t, r), (6.12)
βk = re2λS2(t, r), (6.13)

for arbitrary spherical harmonics coefficients in the (t, r) plane. Along with the spatial metric’s
and extrinsic curvature’s expansions as

hij =

re2λS3(t, r) 0 0
0 r2T (t, r) 0
0 0 r2sin2θT (t, r)

 , (6.14)

Kij = −e−ν
e2λK1(t, r) 0 0

0 1
2
r2K2(t, r) 0

0 0 1
2
r2sin2θK2(t, r)

 . (6.15)

We now consider a few constraints about the spherical harmonics coefficients chosen before
substituting them. Using the gauge freedom in the shift vector, we consider a vanishing shift
and set S2(t, r) = 0. Also set an initial condition on the angular components of the spatial
matrix such that T (t, r) = 0 at t = 0. Additionally, the momentum constraint (6.10) reduces to
a simple value of K1(t, r) when we consider a vanishing extrinsic curvature’s variable K2(t, r),
such that inside the stellar model we have

K1(t, r) = 4πre2ν(p+ ρ)u = e2ν−2λ(λ′ + ν ′)u, (6.16)

where in the second equality we used 4πre2λ = λ′+ν ′. Lastly, expansion for the energy density
perturbation variable is chosen to further simplify the resulting equations, set as

H(t, r) =
C2
s

p+ ρ
ρ(t, r), (6.17)

along with the velocity’s expansion

u = −eνu(t, r). (6.18)
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We substitute the expansions and implement the gauges S2 = T = K2 = 0 to find that the
non-vanishing components of the Ricci scalar perturbations take the form

Rrr = S3(4λ′ +
1

r
) + S ′3, (6.19)

Rθθ = 3S3(
r

2
− r2λ′)e−2λ +

3

2
r2S ′3e

−2λ, (6.20)

Rφφ =
1

2
S3(r − λ′r2 + e−2λ)e−2λsin2θ +

1

2
S ′3r

2e−2λsin2θ. (6.21)

The expansions are then substituted into the evolution equations, which results in a simpler set
of evolution equations for the perturbations

∂tH = e2ν−2λ
[
C2
s∂ru+ u

(
C2
s (

2

r
− 2λ′) + ν ′(C2

s − 1)
)]
, (6.22)

∂tu = ∂rH +H(ν ′ + λ′) + S3(rν ′ +
1

2
), (6.23)

∂tS3 = 8π(p+ ρ)e2νu. (6.24)

The Hamiltonian constraint equation (6.11) reduces to the form

8πe2λH(t, r)
p+ ρ

C2
s

= ∂rS3 + 2(r−1 − λ′)S3. (6.25)

Using the momentum constraint equation (6.16), we can rewrite the evolution equations in a
conservative form such that

∂tH + ∂r(C
2
s e

2ν−2λu) = e2ν−2λ[C2
s (

2

r
− ν ′)− ν ′ + 2CsC

′
s]u, (6.26)

∂tu− ∂r(H +
r

2
S3) = −r(λ′ − ν ′)S3 + S3 − 4πre2λ(ρ+ p)(1− C2

s )
H

C2
s

, (6.27)

∂tS3 = 8π(ρ+ p)e2νu. (6.28)

To solve the conservative system of differential equations, we integrate from the center of
the stellar model to its surface. We therefore require initial and boundary conditions for the
variables H, u and S3. We require the quantities to be regular at r = 0. Due to the symmetry of
the problem, we achieve this by imposing mirror symmetric boundary conditions at the center.
At the surface of the star r = R, the Lagrangian pressure perturbation is required to vanish.
This is the perturbation that is measured by an observer comoving with the star’s fluid such that
when they are at r in the background spacetime, then they are at r + ξ(t, r) in the perturbed
spacetime. The function ξ(t, r) measures radial displacements of the star’s fluid elements such
that the Lagrangian pressure is

∆p(t, r) ≈ p̂+ p′0ξ, (6.29)

where p̂ is Eulerian pressure perturbation (6.5) and p0 is the pressure at origin. Therefore, the
observer’s change in radial displacement along their world line with respect to t, is equivalent
to the radial perturbation component of the fluid’s 4-velocity such that

∂tξ = eν−2λûr. (6.30)
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The conservation of matter along the radial displacement with respect to the 4-velocity of the
fluid, combined with the definition of adiabaticity of the fluid gives us the Lagrangian pressure
perturbation such that

∆p = −Γ1pr
−2e−ν(r2e−νξ)′. (6.31)

Introducing a renormalization variable such that

ζ = r2e−νξ, (6.32)

translates the vanishing of the Lagrangian pressure perturbation at the surface to the condition

ζ ′|r=R = 0. (6.33)

As the condition for Γ1p = 0 is only true for certain stellar bodies where this product is not
finite and nonzero at the surface [150], which we don’t consider in this thesis. Now combining
(6.30) and (6.18), the boundary condition (6.33) transforms to a condition for the 4-velocity at
the surface such that

u′(R) = 2u(R)

(
λ′(R)− 1

2
ν ′(R)− 1

R

)
. (6.34)

The value of the 4-velocity obtained from the above differential equation at the surface is used
to obtain the other two variablesH and S3. Towards the surface of the star we have thatC2

s → 0,
which makes (6.26) an ordinary differential equation for H , and the last term of (6.27) becomes
stiffer with the decreasing sound speed. The Einstein field equations derived with the renormal-
ized displacement function ζ , reduces the system to a wave equation given by

W
∂2ζ

∂t2
=

∂

∂r

(
P
∂ζ

∂r

)
+Qζ, (6.35)

where

W = (p+ ρ)r−2e2λ+ν , (6.36)
P = (p+ ρ)r−2C2

s e
λ+3ν , (6.37)

Q = (p+ ρ)r−2eλ+3ν

(
(ν ′)2 + 4 +

ν ′

r
− 8π2λp

)
. (6.38)

To obtain physical solutions for the renormalized displacement function, the wave equation is
integrated after an initial displacement is specified along with the boundary conditions

ζ(t, r = R)′ = 0. (6.39)

The fluid is assumed to be at rest at origin, and from the boundary condition (6.33) follows
(6.39).

6.3 Eigenvalue Problem
Suppose we assume that the displacement of the star’s fluid has a sinusoidal time dependence
such that

ζ(t, r) = χ(r)eiωt. (6.40)
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Substituting this form of displacement in (6.35), reduces the wave equation to a linear ordinary
differential equation for χ(r). Which is an eigenvalue problem with ω as the angular frequency
and χ(r) as the amplitude,

d

dr

(
P
dχ

dr

)
+ (Q+ ω2W )χ = 0. (6.41)

Following the boundary conditions for the amplitude to close off the system as

χ(t, r = R)′ = 0. (6.42)

The system (6.41) along with the boundary condition (6.42), form a Sturm-Liouville problem
which uniquely solves for the eigenvalues ω2 ∈ R and their corresponding eigenfunctions χ(r).
Although there are two cases here for the present harmonics based on the value of the frequency
viz.

• ω2 ≥ 0 =⇒ ω ∈ R,

• ω2 < 0 =⇒ ω ∈ Im,

which corresponds to pure oscillatory modes, and damped or exponentially growing solutions
respectively. Negative values of the frequency ω indicate instabilities in the radial oscillations
before the Schwarzschild limit is met. In the stellar model we are dealing with, the mass of the
star as a function of the central density reaches a point of maximum such that dM/dρc = 0. For
the fundamental mode, unstable radial oscillations correspond to central densities larger than
the critical density ρcrit at the maximum mass, which is dM/dρc < 0. Hence, the maximal
point of the mass marks the limit of stable radial oscillations, such that the star has to transition
into a state of gravitational collapse to maintain a larger density.

In this thesis, we are interested in obtaining the frequencies of a star whose matter is gov-
erned by a polytropic equation of state. To obtain the frequencies, we integrate the system
(6.26) - (6.28) by discretizing it with finite differencing. Then implement a third order WENO
method along with an IMEX to handle the stiff terms in the differential equation of the velocity.
We were able to recover the frequencies of the system by applying a Fourier transformation to
the numerical solutions obtained from the IMEX-WENO method.

To verify the IMEX-WENO frequencies obtained, we implement an alternate method by solving
the Sturm-Liouville equation (6.41). We first reduce its order by introducing an extra variable
such that

dχ

dr
=

η

P
, (6.43)

dη

dr
= −(ω2W +Q)χ. (6.44)

The boundary conditions at the origin are obtained through Taylor expansion of the variable
χ(r), η(r) around the origin, and χ(r) ≈ χ0r

3 + O(r3) and η(r) ≈ η0 + O(r2). Therefore,
the initial values are related through χ0 = η0/3P0. At the surface of the star, we implement a
shooting method by finding the frequency ω that corresponds to the root of the function Y (ω) =
χ(R,ω)′ − χ′bc.
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6.4 Results and Discussion
We use a polytropic EoS of the form

p = KρΓ, (6.45)

where where K = 100 is the adiabatic constant and Γ = 2 the adiabatic index. At t = 0 the
initial value for the velocity perturbation u was set to a Gaussian pulse u = Ae((r−µ)2/σ2), with
the initial amplitude A = 0.001, µ = 0, and σ = 2. The rest of the perturbation variables
were set to 0 initially. We confirmed that the initial data satisfies the Hamiltonian constraint.
The complete system is hyperbolic and in conservative form, which allowed us to discretize its
space and time by the third order WENO scheme. The discretized system was evolved using
the WENO method to obtain the numerical solution throughout time. This was then converted
from the space and time domains, to their frequency domain using the Fast Fourier Transform
(FFT) method. The Sturm-Liouville problem was also solved for its eigenvalues for verifying
the IMEX-WENO scheme.

Figure 6.1: Upper panel: The spectrum mode of the numerical solution to the perturbation
velocity in the time domain. Where ρc was set to 7.9056e14 g/cm3, leading to a stable NS
model with mass 1.4 solar mass and radius 14.15 km. Lower panel: The spectrum of the
frequencies obtain from the FFT of the above solution and the frequencies obtained from the
Sturm-Liouville problem are in circles.

The first eighteen frequencies are shown in lower panel of figure (6.1). The peaks in the
frequency domain obtained from the FFT profiles coincide with the eigenfrequencies of the
Sturm-Liouville problem, which are represented in circles. We compared the frequencies from
the two methods up the 3rd decimal place in table (6.1).
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Mode Time domain (kHz) Eigenfrequencies (kHz) Relative Error (%)
F 1.443 1.447 0.30

H1 3.955 3.955 0.00
H2 5.916 5.885 0.50
H3 7.775 7.815 0.50
H4 9.589 9.551 0.40
H5 11.379 11.384 0.10
H6 13.154 13.121 0.30
H7 14.920 14.954 0.20
H8 16.678 16.691 0.10
H9 18.433 18.428 0.02
H10 20.183 20.164 0.10

Table 6.1: The first 11 frequencies obtained from FFT of the time domain and the eigenfre-
quencies are presented in the first and second column respectively. The third column has their
respective errors.

The fundamental mode of this stellar model was found to be ω = 1.443kHz. The fact that
this value is not imaginary is indicative of the stability of this model to radial perturbations.
This is consistent with other results in the literature, [158].
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Chapter 7

Conclusion

In this thesis, we have studied two distinct problems described by systems of differential equa-
tions with stiff source terms. In Chapter 5, we studied the modified TOV equations for f(R) =
R+ αR2, with various realistic EoS. The resulting system of ODEs were found to contain stiff
terms associated with the limit α → 0. In chapter 6, we linearly perturbed the single neutron
star equilibrium system to model its radial oscillations. We then solved the entire coupled sys-
tem of partial differential equations to obtain the frequencies of the oscillations. The sound
speed in the equations as the gradient of pressure with respect to density, introduced stiffness
into the system as Cs → 0 towards the surface of the star.

The different mass-radius diagrams for these EoS indicated that the maximum masses from
the IMEX scheme were consistent with the existing literature [132, 133]. Proving that the R-
squared model is a viable model to extend general relativity for certain values of α.

The frequencies obtained from the FFT of the solution were verified with the eigenfrequen-
cies from the Sturm-Liouville problem. The IMEX scheme frequencies proved to be consistent
with the eigenfrequencies.

In the numerical relativity field, there is vast development of codes that solve problems in
cosmology and astrophysics. In this thesis, tested the implementation of IMEX schemes to deal
with stiffness, and successfully gave out accurate results for both in GR and f(R). The IMEX
scheme used in this thesis, can be used to test codes in the numerical relativity field, especially
as testbeds for hydrodynamic codes that are used to model binary star mergers or collapse
of supernovae. This thesis forms part of a larger goal to develop a high order code capable
of simulating non linear structure formation in cosmology and binary neutron star mergers in
theories beyond GR.
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Appendix A

Root-Finding Methods

In solving our field equations which we’ll derive in the next section, we combined our ODE
solver with a root finding method for the Ricci scalar function. Here we briefly present an
overview of some of these methods, an interested reader can consult most introductory numeri-
cal relativity textbooks like [84, 102] which cover these methods in depths. We suppose for an
arbitrary real function f(x), we are looking for critical points xcrit that solve the problem

f(x) = 0, (A.1)

as some functions are difficult to solve analytically. The first root finding method we consider
the bisection method, which is a two-point method such that two starting guesses xi and xj . A
logical step in this method is that it requires the values f(xi) and f(xj), to have opposite signs
such that

f(xi)f(xj) ≤ 0.

The update step is calculated from the midpoint of the previous two guesses as

xk =
xi + xj

2
.

In the case that xk is not the root then based on the sign of f(xk), the next guess is calculated
by assigning xk to xi or xj if sign(f(xk)) = sign(f(xi)) or sign(f(xk)) = sign(f(xj)) re-
spectively. It is advisable that there an additional tolerance requirement on |f(xk)| proximity to
the origin. As the update step may jump over the root after only coming close to it even though
this method always converges to the root but may do so slowly.

A similar method that uses the same logical step is the regular falsi method, although its
update step is more intricate. When calculating the next guess, it also considers the values of
the function at the initial two guesses xi and xj such that if f(xi)f(xj) ≤ 0, then next root
guess is obtained as

xk = xi − f(xi)
(xj − xi)

f(xj)− f(xi)
.

Similarly to the bisection method, the sign of f(xk) determines the role of xk in the next it-
eration, suppose xk is not the root. This method can be set iterate until a certain tolerance is
reached. Its convergence is far better than that of the bisection method, but its speed is depen-
dant on the gradient of the considered function.
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The secant method uses the update step to the regular falsi method, although it does not
take the sign of the functions into consideration when updating. Given two starting points xi
and xi−1, the secant method calculates the next guess using the formula

xi+1 = xi−1 − f(xi−1)
(xi − xi−1)

f(xi)− f(xi−1)
,

and the iteration is repeated for a finite number of times, unless the there is a tolerance on
|f(xk)| set.

The last but not least root finding method, is sort of a combination of all the above mentioned
methods and it is called Ridder’s method. Given two starting points xi and xj whose function
values have opposite signs in [xi,xj], the Ridder’s method considers the midpoint between these
points

xk =
xi + xj

2
,

such that with the knowledge of f(xk) we can calculate the next guess using the formula

x` = xk + (xk − xi)
(f(xi)− f(xj))f(xk)√
f(xk)2 − f(xi)f(xj)

. (A.2)

The sign of f(x`) determines the region where root is located, and the method is repeated for
the region [xi,x`] if f(x`) > 0 or [x`,xj] if f(x`) < 0. The Ridders method has much better
convergence compared to the other methods we have mentioned.

71



Appendix B

Hyperbolic Partial Differential Equations

We have encountered more hyperbolic first equations so far like the ADM or hydrodynamic
equations, hence in this section we will consider the first order hyperbolic equations which are
the scalar form of (3.71) given by the 1-d advection equation

∂tu+ vux = 0, (B.1)

where v is the constant velocity of our ”fluid-wave” and [84] we already know that the general
solution that satisfies this equation has the form

u(t, x) = u(x− vt). (B.2)

We continue to discretize our spacetime into a grid of points of uniform grid spacing both
for time and space using (4.1) and (4.2) to denote these points and levels. Then we use the
centered differencing method to represent the spatial derivative such that

(ux)
n
i =

uni+1 − uni−1

2∆x
+O(∆x2) (B.3)

where uni = u(tn, xi). For the representation of the time derivative, we use a one-sided
forward-time differencing similar to (4.4) which gives us the first-order form

(∂tu)ni =
un+1 − unj

∆t
+O(∆t). (B.4)

Then substituting into the differential equation (B.1) and using the advantage of the forward-
time scheme we solve for the next time level to find

un+1
i = uni −

v

2

∆t

∆x
(uni+1 − uni−1). (B.5)

This scheme is called the forward-time centered-space (FTCS) which is first-order in time and
second-order in space and it is an example of an explicit scheme due to its advantage of using
known quantities of the current time level n to obtain information about the next time level.

We need to know the stability properties of this presented scheme and to do so we employ
the method called the von Neumann stability analysis. It is an efficient method at assessing the
stability of the finite-difference schemes of the form

uuun+1 = AAAuuun, (B.6)
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where AAA is just an update as depicted and we assume the existence of a complete set of its
eigenvectors such that the solution uuun can be written as a linear combination of them. Where
the equations are Fourier transformed and the transformed version of the update matrix is called
the amplification matrix ÂAA, such that the von Neumann stability condition requires the spectral
radius of ÂAA be less than or equal to 1. That is requiring that if we write the Fourier version of
the solution as the summation of its eigenmodes such that

uuun =
∑
k

ξneikx, (B.7)

the amplification factor ξ(k) has to satisfy

|ξ|2 = ξ∗ξ ≤ 1, (B.8)

as it is a complex number dependant the real spatial wave number k. Although the von Neu-
mann stability analysis is a local [44] method in the sense that we can assume that any variation
around the elements of the update matrix is so slow throughout the evolution such that it is negli-
gible, and additionally it assumes periodic boundary conditions to neglect any boundary effects.

Going back to the von Neumann stability analysis we use the eigenmode expansion (B.7)
and absorb the initial spatial exponent into the amplification factor such that we substitute

unm = ξneik(m∆x), (B.9)

into (B.5), then we use the identity (eiy − e−iy) = i2 sin y to simplify the equation further
to get the amplification factor as

ξ(k) = 1− iv
2

∆t

∆x
sin(k∆x), (B.10)

with the square modulus of the above equation has

|ξ|2 = 1 + v2

(
∆t

∆x

)2

sin2(k∆x). (B.11)

The modulus violates the von Neumann criterion (B.8) for all values of k and we note that this is
true for any value of ∆x and ∆t meaning that the FTCS scheme is unconditionally unstable and
we cannot use it for the wave equation evolution, additionally the initial assumption about the
velocity to be constant does not help. Although according to Lax and Friedrichs one can instead
use the 2-norm of the finite-difference solution, which is basically the average of solution in the
grid such that

uni =
uni+1 + uni−1

2
+O(∆x2), (B.12)

and this substitution gives us the Lax-Friedrichs scheme as

un+1
i =

1

2
(uni+1 + uni−1)− v

2

∆t

∆x
(uni+1 − uni−1). (B.13)

For which we perform the von Neumann stability analysis by substituting (B.9) and solve for
the square modulus of the amplification factor similar to the FCTS to obtain

|ξ|2 = cos2(k∆x) +

(
v

2

∆t

∆x

)2

sin2(k∆x), (B.14)
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which satisfies the von Neumann criterion given that

∆t ≤ ∆x

|v|
, (B.15)

and this inequality that relates the time step ∆t to the spatial separation ∆x is known as the
Courant-Friedrichs-Lewy (CFL) condition which was suggested a little before its time [85] and
also revisited after the first generation of digital computers in [86]. The CFL condition en-
sures that when employing explicit, one-leveled schemes like the FTCS (B.5) or Lax-Friedrichs
(B.13) schemes, the set of points that uni depends on (domain of dependence) must never be
larger than the set of points that determine uni (numerical domain of dependence). Note that the
inequality holds for the propagation speed of our wave such that it never surpass the numerical
speed ∆x/∆t to maintain stability. Then given that the time step ∆t is chosen to be sufficiently
smaller than the spatial grid time, this makes the Lax-Friedrichs scheme conditionally stable.

We have to turn the instability of the FTCS scheme to a conditionally stable scheme by
using the local average solution (B.12), although something something fundamental occurred
and we note it by comparing the FTCS and Lax-Friedrichs schemes such that we rewrite them
in the forms

un+1
i − uni

∆t
= −v

(
uni+1 − uni−1

2∆x

)
, (B.16)

and
un+1 − uni

∆t
= −v

(
uni+1 − uni−1

2∆x

)
+

(∆x)2

2∆t

(
uni+1 − 2uni + uni−1

(∆x)2

)
, (B.17)

respectively, and we notice that the second term on the right of the Lax-Friedrichs form (B.17)
is a centered-difference of a second derivative, which makes (B.17) the finite-difference repre-
sentation for the partial differential equation

∂tu+ v∂x = Du2
x, (B.18)

where D is the spatial covariant derivative in 1-d, and the term on the right is called a diffusion
term. Which is the term that was effectively added to the differential equation and resulted in
a stable numerical scheme equivalent to the Lax-Friedrichs scheme. Obtaining this centered-
difference term, we divided by ∆x2 such that the term is O(∆x), and therefore we guaranteed
that in the continuum limit of ∆x → 0, the term goes to zero and we recover the true solution
of the differential equation which is what makes the term purely numerical as compared to the
artificial dissipation we have encountered in the previous chapter.

Considering the length scale Ls of our grid, we are interested in a large domain of de-
pendence such that any scheme we choose is accurate for the scales that we are interested in
k∆x � 1. In these said scales, the FTCS and Lax-Friedrichs schemes seem to have ξ(k) v 1
which them both equally accurate, and respectively unstable and stable. Although for short
scales such as k∆x v π

2
, we note that from the description of the eigenmodes (B.9) the un-

stable scheme (FTCS) will blow up and overshadow the true solutions, and the Lax-Scheme
scheme will only be inaccurate due to disappearing wavelengths. This is called anomalous dis-
persion which is not really a problem it gets resolved with many grid points.
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The presence of the diffusion term can be used when high frequency errors are worrisome
in a particular scheme, if it is of higher order (∂mx , m ≥ 4) then it can damp outs the high fre-
quency errors [83] in the scheme to destabilize integration of the differential equation. Kreiss
and Oliger’s work [87] is one example of this where they introduced a dissipation operator such
that the diffusion term is multiplied by a ’dissipation coefficient’ of small magnitude with the
intent of regulating the dissipation operator on hyperbolic systems.

We have presented two one-level, explicit schemes that are both first order accurate in time,
there are other finite-differencing schemes, one that improves on the CFL condition of the Lax-
Friedrichs scheme by instead using a second-order temporal discretization called the leapfrog
scheme, or the Crank-Nicholson scheme that is second-order in both time and space and also
an explicit two-level scheme. The interested reader can refer to some numerical texts as they
present them with such depth [44, 52].
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Appendix C

Finite-Difference ENO Schemes

The work of essentially non-oscillatory schemes was pioneered by Harten et al in [110] which
are based on reconstructing the numerical solution from interpolation polynomials and adaptive
stencils. In section (4.1) we presented finite difference methods for hyperbolic PDEs. These
schemes do not perform well when encountering discontinuities in the grid, resulting in oscil-
lations around the discontinuity. ENO methods are uniformly higher order methods that handle
discontinuities without any oscillations around the discontinuity. To illustrate the method, we
consider the model problem (4.13) and, for simplicity, we omit the source terms

d

dt
u = ∂xF (u). (C.1)

To obtain its spatially discretized finite-difference form while leaving the time dimension con-
tinuous, we assume a uniform grid with spacing ∆x and that we can obtain a function h(x) such
that

F (u) =
1

∆x

∫ x+ ∆x
2

x−∆x
2

h(ξ)dξ, (C.2)

which would imply that

∂xF (u) =
1

∆x

[
h

(
x+

∆x

2

)
− h
(
x− ∆x

2

)]
. (C.3)

Hence then at our grid points xi we set

F̂j± 1
2

= h(xj± 1
2
) +O(∆xk), (C.4)

which then approximates the spatial derivative of the physical fluxes up the k−th order accuracy
such that the fully spatially discretized system is written as

d

dt
uj =

1

∆x
(F̂j+ 1

2
− F̂j− 1

2
), (C.5)

where the numerical flux functions F̂j± 1
2

are a higher order approximation to the primitives (i.e
anti-derivatives) functions h(x). The numerical fluxes still have an implicit continuous depen-
dence on time since the left-hand side is a full derivative of time.
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We define an interval for the cells such that Ii = [xi− 1
2
, xi+ 1

2
], and we can use a union of

these intervals to define a stencil Sj for the j−th cell as a portion of the grid such that

Sj =

j+r⋃
i=j−`

Ii, (C.6)

with r and ` cells to the right and left. The numerical flux functions in eq. (C.4) are approxi-
mated as point functions whose cell average gives us the approximate physical fluxes, although
we require a point-wise representation of the numerical fluxes functions. We follow the recon-
struction technique in [110] to obtain this representation. We first suppose a primitive function
of h(x) such that

H(x) =

∫ x

−∞
h(ξ)dξ, (C.7)

which in terms of the physical fluxes definition (C.2) at point xi+ 1
2
, this primitive function can

be rewritten as a summation of integrals over the cells Ii such that

H(xi+ 1
2
) =

i∑
j=−∞

∫ x
j− 1

2

x
j− 1

2

h(ξ)dξ. (C.8)

Clearly the primitive function H(x) is a summation of the pointwise values of the physical flux
functions F (xj) = Fi due to (C.2) such that

H(xi+ 1
2
) = ∆x

i∑
j=−∞

Fi. (C.9)

Now the only quantity we require are the point values of the primitive function at the boundaries
of the cells h(xi+ 1

2
) which we can obtain by finding a unique polynomial Pi(x) of degree at

most k that interpolates the primitive function H(xi+ 1
2
) in the stencil Sj with k points, such

that the derivative of this polynomial pi(x) is a (k− 1)-th order polynomial that interpolates the
numerical fluxes by satisfying at the cell boundaries

p(xi+ 1
2
) = F̂ (xi+ 1

2
) +O(∆xk). (C.10)

The ENO reconstruction method has resulted in a sequence of (k− 1)-th order polynomials
that interpolate the physical fluxes in the stencils Sj . So far we have based it on a fixed stencil
such that shift to the left by ` applies to of the cells in the stencil. For piecewise smooth functions
that do have discontinuities, using the fixed stencil leads to oscillatory effects of the physical
fluxes around the discontinuities. As the stencil will contain points where (C.10) is not well
defined. The ENO method employs an adaptive stencil that avoids the points of discontinuity
in the stencil. Harten et al [110] suggested the interpolation function takes the form of the
Lagrange interpolation function Pi(x) at k + 1 points such that

Pi(x) =
k∑
i=0

aiH[xj−r− 1
2
, ..., xj−r+i− 1

2
], (C.11)

where

ai =
i−1∏
n=0

(x− xj−r+m− 1
2
), (C.12)
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and the j−th divided difference of the primitive function H(x) are given by

H[xj−r− 1
2
, ..., xj−r+i− 1

2
] =

H[xj−r+ 1
2
, ..., xj−r+i− 1

2
]−H[xj−r− 1

2
, ..., xj−r+i− 3

2
]

xj−r+i− 1
2
− xj−r− 1

2

. (C.13)

Then the derivative of this function gives us the (k − 1)-th interpolation function of the
physical fluxes

pi(x) =
k∑
i=1

aiH[xj−r− 1
2
, ..., xj−r+i− 1

2
], (C.14)

where now the constants are given by

ai =
i−1∏

n=0,n 6=i

(x− xj−r+n− 1
2
). (C.15)

The next step is to cautiously build a stencil Sj such that the function H(x) is smoothest in
it compared to other possible stencils that may contain discontinuities. One does this by looking
left and right of the j − th cell starting with the stencil

Ŝj = Ij, (C.16)

assuming that H(x) is smooth in this stencil, then its divided difference H[xi− 1
2
, xi+ 1

2
] form

must be relatively smaller in this stencil. Then from here we can either add the left point xj− 3
2

or the right point xj+ 3
2

in order to grow our stencil, which is simply having to choose between
the two divided difference formsH[xj− 3

2
, xi+ 1

2
] andH[xx

i− 1
2
,x

j+ 3
2

] to include in the interpolation
function (C.11). The pivotal point of the ENO method suggests that the criterion that must be
met is that the next point to be included must have a smaller absolute divided difference such
that if

|H[xj− 3
2
, xi+ 1

2
]| < |H[xx

i− 1
2
,x

j+ 3
2

]|, (C.17)

then the next point to include is xj− 3
2
, this results in the stencil

Ŝj =

j+1/2⋃
i=j−3/2

Ii. (C.18)

This process is then done repeatedly for each and every point to be included, avoiding the
discontinuous points in the grid up to the k points resulting in the stencil

Sj =

j+r⋃
i=j−`

Ŝi, (C.19)

with the interpolation function (C.11) whose derivative pi(x) interpolates the physical fluxes in
the same stencil up to (k−1) order of accuracy. The function pi(x) contains the least oscillatory
effects around the discontinuity due its coefficients being very small, and then this implies that
the ENO method does not allow any local extrema in the function such that pi(x) is monotone
in the cells with discontinuous points.
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