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CIIAPTER 2. DIRECI'IONAL lJWES"lMENT CASI'ING TECHNOLOGY 7 

194QO------ 1950 - --- 1<,>60 1970 
Year of iSS\le 

figure 2.2: ,,"olution of n iekel l"",e ,uperalloy microstruc[Ur~. Structurc .,hown i, hcat tf~'tcd for best 
rupture propertles, COLlljlO5itioT"L< are ge''''f,li,;ed and lypical [25] 

casting processing. 

2.2 Directional Solidification Processing 

Ceramic refractory materi~ls which ~r~ used in th~ mnstrnction of the ,hell mOllld to contain 

the solidifying meruls W~re introdllced in the mid-1950:s, Their introdllCtion facilitaled Lhe 

entry of the indllstry into the general commercial field hecause it al1ow~d the mnge of Ulst 

materials to he incre~,ed dmm~tically. To the original alloy steels and sllperalloys were added 

carhon 'teeb, tool steels, aillminilUll alloys. copper alloys, magnesium alloys a nd more recemly 

titaniLun alloys. 

The prim:ipal stages in a typical indllStrial-type lost-wax investment casting process are shown 

in Fig\lre 2.3. An expendable wax pattern is made by injecting wax into a metal dye, The wax 

patterns are then mounted onto a runner system to form an a,,,,mbly. In the n~xt two sruge, 

alternme l~yers of ceramic slurry and granlliar malerial are applied La (he assemhly \lluil the 

shell is of Lhe desired thickness, The prim~ry c~r~mic coating is usu~lly zircon-based, while 

~lumin~-,ilic~tes are llsed in sltbseqllent coatings, The wax is then removed hy a\ltoclaving 

and the mould is fired to give full strength ~nd to remove rem~ining moistlire. For sllperalloy 

applications the melting and casting is done under vacuum to eliminat~ conruminmion ofth~ 

metal by ~-ariO\ls g~ses. Arrer the casting has cooled, the ceramic shell is removed. The tllnner 

,ystem is then ma("hined away and the casting is finished to specification. 

A typical DS VaClllllTI f\lrnaCe, as shown in Figur~ 2.4, con'ists of thr~e chambers, n~me1y, ~n 

ind\lction melting chamber aooye, a graphite resistance-heating ("hamber, and a water-cooled 

chamher below, The cer31l1ic ll10uld 3sscll1bly r~,ides on a water---<:ool~d chill-plate which i, 

in turn supperted by a ram, At the start of the casting process the r~m is po,itioned '\lch thm 
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CI-IAPTTR 2. DJRECnW,'AL 1,""VHSl~\1E,'ir CASJPiG T.fCHNOLOGY 
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9 

the shell mould is localed in the he~ting Lhamber. TIle molten mdal is then poured illlO Lhe 

lllould, afrer whiLh the ram is lowered ~t ~ cucfully controlled rate, moving- the mdal/molud 

LOmbinmion down illlO the cooled chamt>.,r. 

Obviollsly the lower regions of the Lasting ar" the first [0 lose heot, fir8tly by LOnduction to the 

chill-plote and semndly via radiation LO the w~lls of the bmtom dmmbd. As time progresses 

mOre of the casting bc~omes subj<eeted til radiation heot 1088 to the bottom chamb"r. Conse­

quently; in the presence of 0 positive verti~al thermal gr~di"nt th" lower regions of the casting 

are [he fi[1;tto 8olidify. 

In wch a pmc""" the paramelers that ~ffect die solidilkmion behaviour, ~nd con,equently, the 

~,-cast micrOltr\lctUre, arc typic~lly 

• the geomdry ofthe casting ~nd of the fum~Le 

• in partic\ll~r, the diameter of the baffle 
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CHAPH,H 2. DIRECTJm,Ar. U"llrSThfE!,'J' C/1S71NG nXHNOLOCY 

• the magnilude of the longituelinal thcrmal ~rad;"lll belween the healing and cooling 

chamb€r 

• the [cmpcmture uf the ~raphile hemers and wall, of the muling ~ham]).,r 

• the thickness and thermal propertics of thc ceramic muuld 

• the nllmb€r ~nd orientation of inelivielual componelll, lhm are caSl simlllt~neollsJy 

• the ~~'tin~ withdrawal rate 

The rciative influence ofthese paramelers on Ihc wlidificatiun hehaviour wa,; ,mcli<=d in detail 

hy Kut:>eh y (11, 29, 30]. As will be discus'cd Ix: low, with resp<=Cl to as--<2ast microSlrucl ure, Ihe 

,;olidificalion behaviour may),., a<kquately chamclerised nOl by the aoovementioneel proLe"­

ing paramcter<, hut hy dle ma~nitudes of Ihe Ihermal gradients within the solidifying re~ion 

aml dle vdocity of the phase fron[S bouneling the ,olidifyin~ re~iun. 

The attractivencss uf DS and SC proces,ing is lhm lhese inlrinsic allributcs are mrrehteu mure 

closely with dle proce>sin~ paramelers Ihan in lhc "ase uf equi~xeu pm"e"ing. Firstly, the 

thermal gradienl in a solidifying region of the casting must, by definilion, be proponionallo 

the heal nux in the same re~iun (Equation (3,1), 13,2), IL was verificd by KotM:hy that the 

hem flux in turn dep<=nds, for a given metal, on the firnt six parameter, above. Seconclly, 

the wlidification velodlies in ~ ,olidifying re~iun may be loosely correIa led wilh Ibe casting 

wilhdr~waJ rmc Thirelly, both dlermal gradiem ~nd cooling rate uqx:nu strongly on ca,ting 

geometry. 

2.3 Microstructure and Defect Formation 

As was implicd ahove, dle morphology of microSlrtlcrural !"cmure, that form uurin~ solidifi­

cmion dcp::nus, nrsdy, on the intluence of Ihe Ihermal field on ",lute eliffusiun in the li'luiu 

ahead ofthe ,;olidiJ~,'ing imerfacc IS, 6i., and ,emncll y, on the fact lhal the soiLue concentration 

infillen~e, the solification lemperalLlre-usually I"'"loing the solielifi~~tion temperature with 

increasing ,;olule concentration. During solidification, soiLue material will difhlsc inw thc liq­

lliel, resulting in a ,olule concemration profile in the liquid in front of the s.olidi[ying interface, 

The concemralion profile "",ult, in a mdtin~ temperalure prome ahead of the interfa"c. 

Plane-front IOlidil1calion breaks uuwn whenever the thermal gradienl ahead of the interface 

drop' below a thre,hold value. Below this thre,holu, a~tual lemperamre, in the liquid will 

remain lower than the lo~al mclting temp<=mture Wltillhe solid phase begins to nudcate The 

spati~l ZOne of cOll>lilUlional inst.lbility, in whi~h temperature,; are below the local melLing 

temperalLlre, is knovm a, the ",,",fly ""me, and it i,; in lhis zone lhat minostrtl"J:ural feature, 

form which are of inleresl to us herc 

lt has heen Ix: shown (4, 31] lhat the nailire of the miLHJ<tru~tural feature,; may k dalSified 

according 10 the ratio uf the thcrmal gmdient, G, in the mushy zone 10 the solid ll' front vd(><:ity 
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CH,1PHJ{ 2. DIRECTIONAL r",VT(STMrNT CASTING 'lJiCHr,<'01.UGY 
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11 

l'i~lTe 2.5' SCb~~\;llic elf microstructural morpholo);i~5 ch'lllRinR with incren,inR V" for constnnt (;, E, 
aL><i If- arc respectively the >O!idus and liquidus t~mper;iluTe_' l~ltlT"jin)( t b~ m,,,hy zOTW [~j 

Vs This i, summari",d schematically in Figure 2_5, Measured microsrructur~J morphologics 

obtained with six supcralloys thot were dircctionoUy solidified in a range of conditions with 

various values of (J and 'V,' are shown in Figure 2.6 [4]. In this Jlgure zones bounded by valucs 

of CIT" are clearly identiJ1ahle, 

Furthermore, under conditions of dendritic growth it wa, shown by Burden and Hunt [6]thm 

the 'pacing between the primary dendrite mms mo}' ue rebred opprmim~tdy to the function 

1/ (V\'G') , I', This formul~ wo, verified uy Kocschy and Caner [29], Casting si mu larions of rhe 

directional casting of a supcralloy tcnsile test sp~cimen wer~ mmpar~d against ~xperimemally 

measured results_ 

With rc'peLi to the furmation of voids due to shrinkage during solidificorion, '-liy~ma, et al r~2, 

33], applied ~ <implc Dorcy flUid flow model in the interdentrilic regions to relate the onset 

of shrinkage in a casting to a critical value of (G/V,'11/2 Orher workers ciscovered similar 

relationships {with varying d~grees of empiricism} belween other microstructural fcaru res and 

values of C and \/,' [34,35,36,37). 

Equipped with these relationships, ~ casting modelling progranUlle i, able to provide valuabl~ 

links belween microstruCnlre and process design. Indeed, it is now possible to prescribe op­

timal parameter seltings for a given Vlsting gcomctry such that the desired microstruclllre is 
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log( GJ. Th. lin . , dr'''''n berwt>en the ,·."io", zone., 're lin<" elf "Cln'l.1m (;/ V" [4. p2ti] 
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obtained I"ith ~ minimum nllmber of casting defects and a minimised casting scrap fate. "lhis 

\~ill he demoIlStrmed in Chapter 6. Of course, this is ~lltrLJe provided that the models which 

cnmpure these relationships are solveable in reasonable time ~nd are sufficiently ~CCllmre 

In the next chapter a mathematical nlodel will he developed which, in rhe ~uthor's view, cop­

tures the relevant physical phenomena influencing the ca>;ting process, ~nd which will th~re­

fore form the hasis for the developn-.ent of computer model, which are sufficiently aL'2\lrate 

and which may readily he opplied to industnJi ca~ting proL""s~es. 

2,4 Summary 

The widespreJd u"" of c~,t superailoy~ b largely attributable both to the rapid pace of ~lloy 

development ~nd to improvements in melting and cas\ing process design and practices. With 

respect to proce~~ de~ign. the directional and 'single-crystar investment casting processes have 

contrihuted ';ignificantly. 

In tllis chapter the direcrional (JOO 'single-crys"lJI') casting process w~s described in some 

detail. Specific processing parJmeters which inn uenL"" the solidific~tion 

behaviour ~which in turn influenc'" the noture of the as---{:ast microslrLJa lITe-were identified. 

Much of the character of dle as-cast microstructure m~y be relJled to the ,o1ification behaviour 

via both the thermal grodient ~cros., the mushy wne and the solidllS from velocity. ln panicu­

lar, rhe spJcing between the prim~ry dendrite arms and the formmion of voids due to macro­

shrinbge wa~ rebted to specific fttrlctions of the gradient ~nd the velocity, Such relationship' 

provide valuable links between the as-c~'t microstructure and the process de,ign ~nd prac­

tice. 
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Chapter 3 

Mathematical Model 

3.1 Introduction 

Casling is a ffiultiphysics process. A complete m~croscopi( description of casting mUSl ,,((oUnl 

for the conservation of rna"', heat energy, momenrum and solute 'p"c;es [38, 39, 40"1_ To ,jm­

ulinc the casting procc", the ~nalyst m~'t in g~neral ~<.ldress the following: (1) the fluid flow 

during the initbl mould filling, (2) the evolUlion of lalem heal during solidification, (3) th~ 

e)(change of heat energy between the casting, lhe mould, and the surroundillg environmenl 

by radiation anu cOllvection, (3) convcction-drivcn m~" CUITent, origilJoting from therm,,! 

gradjems ;ulhe liquid met,,!, (4) lhcrm~l impedance lay~r.< th~t form between n~ighb<Jurjng 

material, ilfter <;()lidific~tion, (6) macro-S€cgregalioIl, (6) the formalion of as-cast microsrruc­

tural featllr~s, and (5) the forma tion of mocro- "nd micro-porosity voids in the casting. 

As a simplification, in this thesis the effeCls of fluid flow and convection in the liquid ore ne­

glected. S"lidiJlciltion during directionill inv~stment c~sting processing occurs rel~tivd y ,lowly 

and in a coni rolled manner with conduction ilnd r~dimion king th~ domin~nt heilt rriln,fcr 

mooes, 

In developing the mathematicol model it is assumed that, wilh rhe excepl iOll of the release of 

latent hem of f",ion, hem ~nergy is conserved within the casting. 'ntis conservation is main­

tained by conduction heat transfer, The lo tem heat of h~,ion i, ~''i-OCimed with solidifiCotion of 

the metal during cooling. This latem heat is assumed to be releoseU evenly throughout the tem­

per"ture ronge bounded by the ,olid\~, and liquidus temperatur~,. In ilddition, con<;ervmion m 

material boundaries is maintained, llrstly by radiation heat transfer between the casting and 

the furnoce, and secondly, by conduction betwe~n th~ cilsting and the chill p[me supporting 

the cilsting (Figure 2.4). 

!kcau"" of their profolUld influences on the process, 0 thorough analysis of both the laten, 

heat of fusion releilsed during w[idificmion ilnd th~ radi~tion ilt the m~terial boundilries i, 

developed in this work. In both cases the analysis begins from J1rsr principles, because doing 

so will help both to communic~te aJequatdy the simplifying assumptions which W~re invoked, 
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CHAPTCR 3. MATHEMATfCAf, ,'vfODEr, 15 

and to place thi, macroscopic t[<'mment in the correct cont"xr within the t"mpoml and 'pmi~l 

scales, 

The mathematical desniption of conducrion h"m trmd'er follows that of Ozisik [41], togelher 

with others for the treatment of soliJifkmion. n", foundational description of radiation heat 

transfer follows rhat of Siegel ~nd II",,,,,]] [42]. 

3.2 Heat Balance within the Solidifying Casting 

Throughout this analysis it is assumed thar the solidifying c~,ting, till> ceramic mould, the chill 

plate and the investment casting fumac" ~H' comprised of homogeneous, isotropic solids Wilh 

p<,,-,ihle sources of imernal heat gelll"~tion. Thi, ~"umption is valid in the case of metal in­

vestment casting process"s_ Tn JiH'Ction~1 ca,ting processes the liquid melal is \}lJi,ally allowed 

to slahilise after heing p<mH,J into the mould cavity. 'liJrhlllenr and laminar fluid flow of rh" 

molten m"wl abov" the solidifying fronts are therefore not consiJeH,d. H",,,,,ver, it mu,. be 

note<! thm c~,ting comprises a complex interplay \}{,rw"en variou> "ffect', "nd a mo~ detailed 

,tuJy of it a. smaller scales musr a,Wllnt for thi, tluiJ flow, 

3.2.1 Conduction 

Ule transfer of hear m"rgy from hOller regions in the casting ro cooler region' c~nno, be 

meaSllred direcrly_ But the concepl of heat still has physi,"l me~ning lwc~u", it i, rcimeJ to 

the m,,",urahle scalar quamit)' called ((>mpermuH', Once a temperatu~ distribution, :J'(x. tj, 

wilhin a body is c\erermim,d a, a function of position and tim.o, rhe fJow of heat in the body 

may h" computed from laws ~lating hear flow to the tempermun' gmdi"m [41]. 

At th" microscopic levellhe lransfer takes plan' from more "lll,rgetic molecules to less .on.or­

getic om,s_ Tn (he c~", of gases the more energelic molecules, h"ing in con,wm and r~llliom 

motion, periodkally wllide with m<,I"culc, of ~ lower en.org,' level and exchange kinetic en­

ergy and momentum. In liqllids the molecules an" m<m, cio",ly ,p~c"d thml in gase:;, but th.o 

molecular energy exchang" pro<:C'" i, qu~li laLive],' similar to that in gases. In e lenricall y non­

conducting ",lids, heat is conducted hI' lallic" ww,,, c"u,,,d by momic motion. In eleclricall,' 

conducting solids, th" princi pal contribution to the en.orgy transfer is lha t du" to the motion of 

fr"" declrons, 

nlese llllderlying microscopic pw<:c",es give rise at a manosC'Opk level to hem tr~nsfcr hy 

conducrion, wh"re heat is uansfered from on" part of " hod y ~l ~ higher .empera.ure to another 

par. al a Jov,er lemper~tun'. At ~ macroscopic level the basi, law that relares .h" h,,"t tlov, ~nd 

this temp<,rarur" graJient is gen.orally known as Fourier', l~w, ~fter .h.o r'H,nch mathematical 

ph,'Sicist Joseph Fow:i"r 1.431. for a homogeneous, isolropk solid the law is given in rhe form 

q('J',xii 
ii:J'(x,t) 

- i.(T -'-- t) iJx (3.1) 
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.\ 

v 

Figure 3.1, Nomenclature for the cieriYation of the heat concim-tion equatim 

where the lemperature gradient is a veernr norm~l to the isotherm~l surfac<=. The heat tlux 

veClOr, 'liT, x, 1.), rcpre,ents heat flow p<=r unit time per unil area of the isolhermal surface 

in the direction of the decreasing t<=mperature. The posiLive scalar proporlionalily conslanl, 

k(T x. tJ, i, the th<=rmal conductivity and is ass limed to be ~ char~"teri5tic of the matcriaL 

Since the veClor qC:.I ,x, tl paims in the direction of decreasing t<=rnp<=rmur<=, the rninu, ~ign i~ 

indllded in (3.1) to make the heat flow a positive quantilY. 

For a small LOntrol volum<=, Ii, as ,hown in Figure 3.1, (he energy balance maybe ,(aled as [41] 

[ 

rale of heal entcring ] 
through the hounding 

IUrfaces of t- [
M" "f "C."gy] [,"k "f "",,,ge] 

+ generatIOn ,= of energy 

inl" in Ii 

Th<= t<=nnl are evaluated as: 

[ 

rale of hcat entcring ] 
through lhe bounding 

,urfdCe> of Ii 
! q.fld.1=-! Uqdt-

.-t , ox 

(3.2) 

(3.3a) 

whcre A i, the surface ~r<=a oounding the volume element V, fl is the olllward-drawn normal 

unil veclor lO the ,urfacc dA. The rninu, sign is induded to emUre positive heat flow into the 

volume dern<=nt V. The divergence theorem is llSed lo convert rhe sllrface inlegral to a vol lime 

inlegral [441. 

(3.3h) 

[

M" "f mee",] 
g<=neration = 1,. g(l'. x. ti dV 

in Ii I 
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CHAPTER 3. MATHEMATICAL MODEL 

As clenorcd. rhe m"" clen,ity, Pm. the 'PI,cific he"t cap"city, Cp , ancl the volumetric he"r gl,n· 

ermion, y, may ,,11 clepend onqx, t ), x and t. SlIb<titliting 0.3) into (3.2) yid<h the enngy 

conserv"tion equation applicable over the entire conlrol volume 

l [-~~ +!I-l'mC~~'J JV () (3.4) 

Equation (3.4) is derived for an arbilrarily small volume element F in rhe solid. Hence lhe 

volume may be made arbitr"rily small "Ilowing thl' integral to be remove<!: 

(3.5) 

SllbslilUling q(x,1i from (3.1) into (3.5), rhe Jifferenti"l equation for he"t conduction for a 

,;lalionary homogeneous, isotropic ,01iJ with heat gencc"tion within the ,oliJ is 

(3.6) 

By con<training the heal generalion renn ro have a certain form, this conservmion equarion, 

together willl a set of boundary and ininal condrrions (~3.3 "ncl ~3.4) allow, for thl' pn,di[:tion 

of the temperanm, evolution within the c",ting, and hence, using (3.1), tor the prediction of 

the heat flux at "II point' I"ithin the body and al all lime,;. 

Non-lirll'aritie, may be preselll in lhis des.criplion if any of the quantities ,~._ y, Pm or C" in the 

"bove differential equalion depend on tempermure T, or if the bound" I)' or initial condition, 

are non-linear with respecr to temper"ture Or geometry. A further non-linearily in the formu­

lation ari'e' if thl:, boJy i, undergoing a change of phase, such as in the case of soliJiiication. 

TIli, ,ource of non-linearity will be discus,;ed in more Jet"il be low 

3.2.2 Solidification during Casting 

Solidification involves thl' rde""", of btl,m he"t within the solidifying body at all material 

poim, undeTgoing a change of phase. In the case of pure sub'lances, the 'olidification takes 

place al a discrete tempermure., and dle solid and liquid phase,; are separated by a ,;harp moving 

InlCrf"ce. In dle case of miXlme,; and impme malerials, 'uch as surera Iloys, the soliclification 

lakes place Ovcr"n I,xwncled temperature range, and as a re,;ult, the solid and liquid phases 

are sepmatecl by a two-phose moving region, commonly known as the mushy zone. 

Early wOlk in deriving analyric 'olurio,," [() pTOblcm' involving" change of ph""" indud€<l 

lhose byL<1m and Cl"PI,yron [45] in 1831 and by Slefan [46] in 1891. The fundamental nature 

of lhi> lype of problem (known '" a Stdan pTOblem) i, that the phao;e-change boundaries are 

borh unknown and moving, and that the parabolic heal (1)ndu('lion equation (3,6) is lO be 

,;olved in legions ",hO'lI' bounJarH:" are "1'0 to be determined. TIlis pre,ems anociler source 

of non-linl,mily in addition to lhat which may appear in speci!ying the boundary and initial 

conditions of Equation (3.6). 
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Cx) 

(h) 

Solid 
F(x, (I 

The. t) 

.-

~, 

Solid 

Liquid 
'i'(x. I) 

llllerface 
K(x,t) =0 

"---------------_x 

18 

FiguI~ 3.2: Ca) Solidific,,/ion snowing iTlterf~l" mnving in d ire.ctinn ii, (b) Typical ,empcramr~ dis"ibu­
non in n~ighbournood of" pom' on the solidifying iTlterf • .,e 

OH~r the years much allention has been given to findin~ "nalytic solutions. The so-called 

integral melhod wa, applied hy Goodm"n [47, 481 and many others [49]-[52] to solve one­

dimemion"l tran.,ient phase-change ptoblems. Olher techniques have included the use of 

Gre~n's fundions [53, S~l, perturbation methods [55, 56], the ~mheddin~ techniqu~ [57[-[591, 

and a variabk eigenvalue "pproach [60]. The disadvantage of these formulations, however, i, 
that they do nOliend lhems.elve, well lO lh~ quest for numerical.,olutions of prohlems in whi~h 

.,oliditlc"rion does not take place at a unique temperature. 

In an alternative (albei. equivalent) approach, the liher"tion of hem during solidific3tion is 

treated as 3 moving pian"r heat SOum, located at the solid-liquid inlerface. The transienl 

two-domain phase-change prohlem is ca.,r in the fonn of 3 sin~le tmn.,ient hem conduL"lion 

prohlem "pplied to a single domain which now includes bolh solid and liquid malerial [61,621 

as shown in Figure 3.2. 

T11e moving heat source in (3.6) i, written a~ {""T.F", M x - XK ), where r, (in units .l/kg) i.' 

the latent h~ar of fusion per unit maS, of the material, V,· is the normal speed of the inter­

face, and 6 is Dirac's distrubulional funClion"l.! The qu"nrity x[c(x_ tj is ,orne point on the 

(as yet unknown) solid-liquid surface interfu~e K(x.fI = Il such thalthe vector (x XI-: J is 

I In '1\e early )!Criod or quam"m mec"ani", rA.M. !lime intmdue.d ,h. dLmihution func!ion,l, .1(" j, which on 

i" mm did no< Mve ""ell-efj r",d yalucs, low ""hcn OO:,."j,,& <IS pm of an in!c&r"nd, dr . voluo of tho imO£rol 

could)", well defined [63, 64J. It wm defined ,"e1\ l:'" J~~ ;j(~ j ct.· _ I 50 .1", JX < . .)(~ - ") ~\r,.j <1,;, = ,,\a: 
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pUPI'ntlicllinr to (he inrerfare Th",d"", frum (J.6) 

v x in t (3.7) 

Anti on tll.~ imerf;ace 

Y{x,ll ~t \ ... S.I. K(x.tl =0 (3.8) 

where T, .. J, ;, tll(: meltillg lempera[\Jre. In ~ v:lriant of this sing:le-lIom~jn approach a ne'w 

independt,m v<lrio.bk called rhe enth"lpy. H. i ~ Introuliced as the sum of the 'sen'ihle' and rhl' 

l"t"nr h",,!> per lInlt volume l65, 661. ror Stdall problems in , •• hieh [he material undergu",,, 

di_crete change of phase, dw I, nth"lpy is uefined as 

lifT) i: /f(Tn"j - rT 
"' .. (,( r) tlr I p..,L SeT - Tw;ol.) 

j,-

{

r> ifJ <:: O. 
8( I) , . 

J if r2; O 

anti I;..: is some refe!t'nce n,mpemture a[ whi<"h the emh" lpy i, lm[)W!\. 

(3.9:1) 

(Hill 

~UIll;l\g tll:u thele e~ llol nu UlheT sources of he.,! generation oth", thall Ih" 1"I.:1ea5e of latent 

heal. the differential tqtl:lt 'OI\ of ener&.v CO!l$l'nallun (3.6) fur (l hotly IIntlergolng a change of 
phm .. , may then be writt en as 

U (kT . ) OT(X./)) JHiT ix.l) 
Ox' .( (x,I)_x,l Dx '"' 'm" - V >:in \ (3.10) 

for (l material undt:rgmng a tliscrele phase ,himg." Equation (3.10) Is <:!qulvalem {O (3 7). 

Recau", H{J j is defined as a un ique function of ,emperalUre 

(3.1 1) 

and recogn;,ing mo.t 

(3.12) 

.he equ,~alence follows. 2 

ThIS sioglt;----domain .tpprooch extends omwutly to cast ing processe~ in whIch ,ulidificllion 

t<,Juo.s pl(lce no Loolter ut Jl tl i>crele lemper;IlU~, r!>t<b, but ruther in ([ mushy zone hour ded 

by a 50hdu. wmp.er;\lufe. T.-', and liquidus le mperoture. T"." In the mush~ 1 .• m" th" rran ,iuotl 

from li'luid to solid rak.o:.1 plJce gmuualJy. with nn app"rent ,h<l!p imerlo.ce, 
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wlid mushy liquid 

(\ 

I \ I , 
, I I : 

./ ~ ; : 
CIT) ~ 

l'igure 3,3: Typical 'imiation of heat capacity and enthalpy oY~r th~ mudlY zone 

ttlr a material in which rhe change of phase takes place in a mushy ",ne, [Ts TLl, rhe enthalpy 

may be defined as 

T < 1'," 

HIT) (3,13) 

T::: Tr. 

The quantity CfT) i~ the 'sensibl~' ,p~cilk h~m capHcity in th~ interval [T", TI.J excluding the 

latent heat. II will be assumed from now on lhat H(T",J) ,~ 0, A typical variation of the hear 

capacity unci th~ enthalpy is shown in Figure 3.3. The Iment heat will now he assumed to he 

releas-ed evenly throughour rhe mushy lOne ,0 that 

dIrT) 
dT 

(3.14) 

Application of single-domain approaches in numerical m~thod, ha, found poplliarity owing m 

the 'imple repr~s.entation oflment heat [67] and to lheir ease of implementation in existing 

software programs, However, in the cas-e of di,crete phase chang~', the presence of th~ Dirac­

delta function [56] results in stiff numericHI systems, and the presence of a discontinuity in 
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, . 
" , 

H(T(x. t j) ---
Solid 

-.-- • 
2 J , 

" 
nodes 

U(T(x,t + -".1)) 

Liquid 

• , , 
" 

]-'igure :>.4: Variati<Hl or enthalpy, II(T~", i)\ ",her. the tim. in<cremeIll, i!.I, is roo large. The mushy 
zone bypasses iIllegrarion points 2 and 3 enrirdy 

lhe heat generation term become, difficult to follow numericillly. It require, fir,dy that the 

fi-functional be replilced Wilh some Ilnile-vallied flllICtion p€aking al tile melting point, T mo1" 

and secondly thal tile discretization p"rameten be kept ,mall in both time and 'pace. 

If the ,pacing b€lwe€n two adjacent integration points (see ~4_2_S), Ii!.x, i, larger lhan the 

widdl ol'tlle mushy zone, then the interpolation (45) may miss the phase change Oyer pilrt of 

the dement (s.ee ~4.2.5). Furthermore. a phase chan~e at a point may he missed if the distance 

lravelled by the m\lshy zone in one time increment, l'.t, is ~reater than the widdl of tile mushy 

zone itself (Figure 3.4). This imposes a resnicrion on the time increment a, 

(3.1 S) 

The sin~k-domilin approach of (3,10) and (3.13) I,vill b€ used in Chapter 4 when a finite 

element solUtion strateR{ is developed. However, befure thi, ciln be done it is necessary to de­

>erik tile manner in whidl I he solidifying castin); exchan);e, hem ener),'Y with the su rrounding 

furnace_ 

3.3 Heat Balance at the Casting's Bounding Surfaces 

Tile ener},'), balance equation (3.10) (or (3,6)) predicts the evoltuion of lemperature at ali 

internal material poims. However, on its own it does not prediL1: conditioru either at external 

IxHlOdaries, M1Ch ns the ollter sllffilce of the cernmic mOllld, or a( imernal boundaries, s\lch 

as b€lween (he solidified mewl and the cemmic shell where iI tllermal bOlUldary may furm as 

a re,ult of metal shrinkage dllring cooling_ lnde€d. if extra wks applied m s\loll boundaries 

are not included in {he mathematical model, eilher in the form 01' lemp€rature prescriptions or 

heilt energy balances, then (3.10) will have infinitely many ,olution,_ 

For the purpose of (his analysis, a caSling mmcrial boundary will be defined a, a ,urface either 
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on l'< hic h o.he temperature evolurion t$ pres(ftbed. Of across which hear elJef&)' IS transferred 
hy some mechani5III other rhan by poim t'Onn nuous nJmlunion. 

If the rem pl'raruf" is F."srrilx,,] on a b"nndllry surlan" 51. then the gcnl,ral furm i~ 

J·=·/I(x.l) v x Oll::h (3.16) 

If th~ "~tual tt'mpemture is not known all a ooundary surface, SI1, rh~n a h<:ar l'nI,rgy bulnn("e 

mUH b ~ provided al the surface. The he~r filt)f In the mar<,rial at a point on.'il' i~ (~unred •· .. itll 
a flu): ourside the matt'rial in a .. nnisning n.!!ghbGurhO<X! aro\Uld the 51Ime pomt: 

(:l 17) 

The ~e\."1"r. iI. is the outward-pointi nJ! nu'mlll 3t Ih~ poim I 011 .'iN . The heal uallsfer merha­
nisin for the !l u~. gn, mll;;t be known boefol"t!halld. 

If Ihe !lux qn dq''''''ls un Ihe .m!fac~ temperarure. T, (or "'U"I' "ill, <Jll Ih~ rettlpo!ralure a\ 
other (('gions in the furnace) lhen (3.lOl I1ml (3.17) ure nlup)ed nnd non-linear. and a solu· 
rion run therefore only be fO\lnd in a ,,·If-l'lll,iMem manner. Eleclromagnetir ra(ham energy 

I'x('hange llt lh~ boundary d~pend, on th~ fourth power of th" absohm! surfn("e tempo:rnlUfe, 

and Is thl,n,for" non-Iinenr. 

3.3.1 Radiant In tcl""uction Between the Casting and the Furnace 

Dming ~u<'Uum investmenf t'&l.ng,. tho! I,ander of energy between the nU>1ing nnd the fumoce 

waUs is dominmed by mdiallon. 6efore lhe moln:n metal is poured imo Ihe mould (,wHy, rhe 

pres.suf(' ,n the furnace {h'-UllbeI 1$ redlweJ m mOer to eltmin.l\e possible (lllntmlnan"n 01 thc 
Slllidlfywg superal loy by n"tain reocti\·~ guses. This n"ar-vanmm mndi!;l)n in th~ chamber 

has I hr.! effe<T. of reducing the (omrl hl1Tmn 'If ~"n.E,:tion hent transfer at ;Ill surfucel within lhe 
chamber, th<:rcby leaving radiaLion as lh(' dommanr moUe . 

• 'I.~ d~scrjbed ill Chapt~r 2, the , hill plat~ on which Ihe casting rests i.' ('lll~trained to move 

rdative to the l'urnnce chamhn. Th" in rurn uffe<."!.. the radiant int~nl(·lion.1 thut take pia,."" 
in tht' chamhcL .A.s ",a.1 discussed In ~2. 2 (and With n.17)), it i.1 ind~ed 1.1115 effect which 
r1um.rtt'r~s in part tltt' wliditkanun l.leha.lour in tltt' casting. 

In order 10 ue-elop 0 reliable nnd pmllini\'C "-Imputer model th.:u may be applied m dire<T.;unol 
1n~~Stlnelll casting pro<T~ uf nn indusl rial nalUfl', the simulaliun uf Ihe:.e IlIlll'-<lependem 

.hl\."C-dim~ru.iOJlol mdianL inlera,"iun~ must be addressed. In addition, th"sc <l mnlmiuilS must 
l>e coupled 10 caku l"mm~ of time-d.!pelldem heat conuunion wlihin th~ c;lsling. It is the 

COllphng of these two heal I ransf<:r mel'hanl~tn", in 0 wlmion strale8Y Ih 'lT 15 readi ly 1l'1"1's.o;ible 
to the foundry "nginc<:r, that is ~entrilllO Ihls work nnd co whidlthi, thesis is dirl'l:t~d. 

Slll C(' (~. 1 0) and (3.17) are now cotlpll!d a,ld ,lo,l- linear, the pursuit of ana l,'I(',,1 ",lutmn, 
hilS bet'n fOlll1J to lx, fea,ible only in situaliol1s in whieh dw casting geometry is s1mple [6$1. 
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Num<:ric~l S(llurion.' are therefore ,011ghl. In lhis ,enion the foundalion is laid for the devel­

opment in Ch~pter 4 of such n nllmerical ,olmion ming a wnal method. 

In Ihe context of energy exdla nge t~king plac" within the casting fllrnnce. Ih€ radialing body i, 

considered as the union of: th" casting and shell combinalion; Ih€ furnac€ chamber walls; lhe 

graphite fumnce heming elemems; and Ihe baffle plates sep~rating the hm ~nd mid wne.' (I'ig­

u"" 2.4 of;2.2). 'llie lmion of the eXlerior surfaces of these mmponenr, will Ix: ,~id to form a 

rndillling cavilY. 

In sueh a cavity three typ".' of proce,s"s lake pIaa' simllhaneousiy. namely: the emission of 

r~di~nt energy from n surface dement: the absorption of p~rt of tlx: inddent en"rgy emitted 

from olher surfaces; and the reflection of the rem~ining part of th" incid"m energy. Energy 

Iransmirtanee is neglected .,ince all materials are assllmed 10 be opaque. I jlldge Ihis assump­

tion also to be v~lid for the shell mOlild which conlains a porous strucrure. Jking ~t least ~cm 

thick. any mdimion being Iransmitted at a mi"'m,,~le will quickly "be mmpletely ab.,orbed. 

tlx: ,hell mould contains a POrollS slIllclure which infers radiation m the micr",,,ale le~ding to 

energy transmission by radialion rhrollgh tnc shell. 

In the next three subsections impoI"lam conceplS of inrensity. emissive power, emis.,ivity. ill­

""'privity and rdl€Clivily will be discussed. The diffme-grey ~ppmximation will be developed 

and ils llS€ "ill be mmivmed to derive ~ fommla for the mdiam colllriblllion \0 Ihe flux._ qn. in 

Equ~tion (3.17). 

The analy.,is will ,Inn with fundamental quantities of mdiation imen,ity whi"h in general 

must depend on both the wavelength ~nd the .,olid ~ngle ~t which the radiation is emilted or 

received. Since '/Ii in (3.17) is n,sum"d to depend on neilher of (hese rwo, I shall seek to work 

ultimatdy with tjunntiries for \"hich sllch dependencies arc integr~ted out. 

Throughout the ~nalysis n prim€ (''") denOles a scalar radi~nt qu~ntity whin varie' with solid 

angle. i.e., ckpend, on direnion. A subscript ('XJ denote, dependnna' on wavelength. 'Ib 

'implify the nO(alion, funCtional dependance on x ~nd I ~re only written "xplicidy from 13,3,5 

onw~rd.,. 

:1.3.2 Radiation from a Blackbody 

In ord"r to quantify radiant interactions in a "avity mmpl;sed of m~ny r,,~l surfm,es, it i., nee­

essa!)' \0 first underst~nd th" n~tur" of the radiation emiued from a single ideal surfaa' - (he 

HLrface "nclosing a blackbody; 

A bbckbody is defin€d as one which perfenly ~bsorb., the in(id"nt r~di~tion m all wavelengths 

and m ~n angle., of incidence [42J, As a perfeci absorber it serves as a standard reference 

ngainsl which real absorlx:rs and emitter.' ean be mmpmed. 

The spectral intensity. ;;"1,' of ~ bbddxKly is defined ns th" energy l"aving ~ black ,urface per 

unit time per unit wavel"ngth. d).. aroltnd \ and per unit proje=d sUlface area, dAp. nOlmal 
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figure 3.5: Geo~nic paraTTl~te" llsed to cl\;HaClerise radiaLll cLlerg:; transf, r imo ""lid "llgI, dv." 

to the Co',r IJ) dircnion and into a unit solid "ng'le ~entered ~round the direLtion (iJ,II). This 

is shown ,chematically in Figure 3.5. Since the intensity i, defined per unit pfGjected surface 

area, d/l,,, its value for a hbdhody 'llrface does not depend on the "ngle, p, at which the 

energy is emitted. 

At the turn of the century it w~s ,hown by Max Planck [69] that for" hla~kbOO1; the spectml 

intensity ;~b' in" v~cuum is related to the hl",kbOOytemperature ,md wavelength hy 

217, 
(3,18) 

-I" (exp(C,/n') 1) 

where C\ and C, are C{)n,mn~, ~nd the temperature is measured as the "hsolute temperature. 

The directional spenral emissive power, "~I;' is defined similarly lO i~, except th"tthe defi ninon 

is per unit ,urfa~e area, d",1, and not per unit perpendiculm mrtaLe mea, dA.,.,. By definition 

then, 
(3.19) 

Cle~r1y "A, now depends on the angle of emission, iJ, "nd v~rie, as w'ed). 

'jb obtain the hl",kbOOyemission p~ssin~ through the entire hemisphere "hove a surfa~e, (3.19) 

is integmted over all solid angles, d"" = "iT) (p) d,iJdIJ, to give the hemispheriLai spectral emissive 

power "s 

(3.20) 

Combining (3.19) "nd (3.20) give, a useful relationship 

for 11:0;8<..-/2 (3.21) 

'lb find the total emissive power, ~;(I'), for a blackbod}; (3.20) is integrated over "II w~ve­

len);ths, using (3.11l) and "5 shown in figure 3.6: 

j.~ 1" "c. c,(1') "0 d-l = , ' _,;---,----- d' 
Q 0 -I (C<PlC,/AI';, I) 

(3.22) 
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", = crT' 

FiX"'" :l.6, Em ;,;sinLl, ,. , indudiLlg all wavelength<, into hemispherical solid angle per unit ,urf,o::e and 
ULli[ time 

Thi8 integral c~n 11<= ev~luuted amllytic~lly to give a surprisingly simple reslllt, known as lhe 

Srcfon-Boltzm~nn law: 

co(TI crT' (~.2.1) 

when" (7 = '·'.729 x 10-0 Wm-·'K-·' i8 Ihe Stefan-Boltzmann constant. TI>e dependence of 

radiiltion 011 wavclcngrn has been remuved from the ton,1 emi:::sive puwer, eo, ill (3.2:11. 

It is opparent from re"ding the work of oll'l€rs thot rhis law (rogerher wirh (3.28)) is often 

incorrectly applied lO charm:terisc r~diation from two or more nOll-bbck surfaces [711, 71J. 

This I~w applie, strictly only to" single blackbody at temperatllre T, emilling radiation lO its 

environment "t ~ temperature eqltal to ahsolLlte zero. Therefore, on it' own ir deorly Lonnot 

be applied in this work. 

3.3.3 Radiation from a Real Non-Blackbody 

The ~hility of" real non-bhtckbody to emil radiant energy from ils sllff~ce, oml [he proportion 

of inddem energy the hody c~n ob,orb both depenu on [42]: 

• properties illlrimic to the materi~1 ir.>elf 

• the texlllre ami nature of the surfaLe 

• tl>e 8llr[ace temperMure 

• the ongle at which ener~y i, bein~ emitted and received 

• the w~velcllg[h of the emitted anu received energy 
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A (Onvenient way of chmacterizing the mdialll energy emilted from a real non-blnc-kt>ody is 

by rderring to quantities which are defined for bhckbodies, To this end a direnional 8pe<:n-al 

emissi',ity. '\' is defined as rhe ratio of rhe emis.,ive "hility of the re"l ,urface at" temp"ra­

LUre. T. (0 lhat of a blackbody at rhe same tempcrmure_ 

Con,ider the geomelry in the vicinilY of a Sllrfa(e which i8 emining radiation, "8 shovm in 

Figure:3.5. 'll1e energy emiued from a real sutia,e dA m temperature 'J', per unit time in 

wavelength inter/al d,\ and within the solid "ngle d" must by definition be 

d"' , "'.,,'l.O 'J" 'n 'J 0 'J"d 'd'd ,," . .. " . . , --' _, ~~'_A"" , ) ." " "'. n 24) 

where "j is termed the direnional ,pecn-al emi,sive power for a real surface. It is conceptually 

the same as tllat for the surface of a blackbody eX(epl thal it now re[er8 to a real body's 

radialing 811rface, 

Similarly. for a blackbody the energy per un;t time leaving a bla(k suda,,' elemelll d,-l pel' unil 

time ,,, .. ithin d,\ "nd ck is 

d:<Q~('\, ,3. T) = c~(,\, {J , T: d.--I d'\ d",' 

( = ~A!('\' 'J; co"U:!l dA dAd", llsing (3.21)) 

fly definilion tllen, the directional speClral emissivilY, (~. is 

c',i'\,,::i,e,Tj 

"-\,(A,p,T) 

0.25) 

(3_26) 

nus is dle most fundamelllal emissivil:;-; becallse it indudes a dependence on the wavelenglh 

and direnion o[ emilling radimion, and the temperature of the surfm:e 

1 lowever, if the material ,utiace, do not m"nifest 'trong depemknce on either emined w"w­

lenglh or direclion, then averaged emi88ivily qllantities are desirable, in which one or more of 

these dependences are removed. The a<h-anmge is that tlle analysis is greatly simplified. l\ho, 

il lLlrn8 ollr that values for aver"ged emis.si~itieo; "'" more readily obtainable experimentally. 

Such averaged quantities will now be derived. 

lhe hemisphericailOtai emissive power [or a real sllrface is obtained by illlegraling '), over all 

",lid "ngle, and over all wavelength" and using (3.26): 

(327) 

where J r r; d",-' denote, integrmion ""<Or the hemi'phere ahove d.--I, 
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l\Ul1lwl spectral emi"iviry 

l()r---=:~==~==~C'--;=;=============:-~ 
Silicon oxide­
germamum on 
copper 

0.8 t-

0.6 _ 

, , , 

Silicon oxide 
on aluminium 

" L __ -,--' __ ..L-'-:::::===5:==::c-",~ 
D.2 0.4 2 4 10 20 

Wavelcngth.). (I'm) 

Similiar to Lhe delini'ion (3.26) and using (3.23), d,e h~mispherical total emissi,ily is then 

deAneu a' the ratio 

,,(T) 
el11 == --­" c, ',1 ) 

The emi"jvit,: ,,(1'\ is usually mea8ured ~xpcTimemally. 

(3.28) 

All ,!le,e quamities are Lorall~u in rhe sense that contributions La rhe ~milled en~rgy ar~ in­

tegr"led over 311 wavelengths and aver3ged over 311 dir~crium in the hemisphere above the 

emitting surface element. If the diffuse-grey assumptions (,ee 83.3.4) can be applied. an:! if 

the lemperalUTe docs nut VHfy dramaric311y from surfatt demeIlt to surface element wilhin 

rh~ cavil,.: theu dependenc~ of the radiant interaCliono on w3vd~ngrh and diITction may be 

removed in rhe subsequent analysis. 

Howevel~ if th~ radiating cavity cont3ins eirh~r S\X'CUbT ,urf>lces, e.g., mirron, for which the 

radiative propeltie, dcpend strongly au direc:rion, or 'pcctml surfaces. e,g., solar s.elecLive sur 

faces (figure 3.7 [72, 731), for which prop"rties depend on w3'orelength, rhen ,\X'cular ur 

spectral depcndence, must be retained iu rhe an3Iysi,. 
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The ahsorpliviry is definl'd as the fraction of radiant energy incident on rh~ surface of a body 

Ih~t is ~b<orb&:l by the body. Experimentally it i, often ea,ier to measure the emissivity th~n 

the absorptivity: Hence, it is desirable to relate the lWO qttantities, so that measured values of 

emissivity will allow the absorplivity values to he calculated. Such relations will h~ developed 

her~. 

If d"Q'Ai j, the energy incident on a surface element d"i from direction (iJ.Bj in waveleagth 

interval dA, and if dOQ\" is that part of tile incident energy thm is ab<;Qrhe<l hy the surface, 

lhen the direction~l specrr~l ~hsorp(ivity i, defined~, the r~tio 

(3.29) 

Suppose thm the surface element dA. at lemperalure T is placed in an isotllermal black en­

closure also at temperature T. Since the intensity within the black enclosure is isotropic the 

following rdmions mu,t be sari,fied: 

(3.30) 

where <lA; is the directional specrr~l incident power. 

Furthermore, in order to maintain isotropy within tile end,,,u,,,, the energy emitted hy the ,ur­

fac~ ~lement must ~'lu~l the energ-ythm it ~bsorbs. Th~t is, d:<q"" = d:lQ'"". Comparing (3.26) 

with (3.29) it is evident then that 

o~(A.,i.II,T) = (~(A !H.T) (3.31) 

Tllis law w~s originally proved for thermodynamic equilibriLUll in aa isothermal enclosure, and 

hence is striclly only true when there is no net hem transfer to or from the surfac~. Th~ v~lidity 

of thi, approximation i, however based on experimental evidence thm ;n most applications (~ 

and a~ are not significantly influenced by the surrouading radiation field. 

Tile hemispherical loral absorptivity, ,,(T), represents (he fraction of energy incident on a hody 

lhat is absorhed hy the !x,dy from ~ll diTections of ~a eadosing- hemisphere and for all wave­

leng-ths, as shown in Figur~ 3.8. The incident ~nergy int~rc~pted by tile surface dement is 

det€rmined hy ;nteh'T~ting (3.30) over all A and all directions (,i. 8) of the Ilemispllere: 

(3.32) 

Similarly, using (3.29) and (3.31), the tot~l ~hs()rbed energy is equal 10 

(3.33) 
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Fi)(ll'" 3.R: Tou] if){,;rl~nl enecsy ;LHO an cLwlosiLlg hcmisphcre 

The hemispherical total absorptivity is then equallo 

CdQ"C"*(T~i oCT) = 
dQ, 

! /'''''. ,'\ ~I:., d A du..' 
, ;' \--<) 

29 

0.34) 

Continuing in a similar fashion, thc frocrion of cn~r~y incid~nt from all ,olie! "n~le, oad oil 

wovd~ngrh, that i, rdleL1:ed into the elllire hemisphere at the surface elemenl dA is lermed 

the hemi,phericallocal reileclivily and may he wrinen a, 

CT) = dQ,IT) 
p, e!Q; 

wher~ e!q,.(TI is the energy per uniltime reJlened hy the surface elem~nr. 

for an opaque hody con&ervarion of mdiant energy at a ,urface element implies 

,0 that using (3.34) ane! (3,35) 

I>U') .~ pi'li = 1 

3.3.4 The Diffuse-Grey Cavity Approximation 

(3.35) 

(3.36) 

(3 .37) 

Wirhin a cavity, the geometry of the cavity is an additional faClor influencing rhe narure of 

rae!iant imeranions. TndL'Cd. for c~viri~s hoving complex ~eometries the influence is domirunt 

and it i, rhen u,uolly necessary to apply certain idealizations in ord~r rhat the interacrion' l'lay 

be handled with reason"h]e ~ffort. 
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In lhis ilnilly-sis, rh" rudiillion ch~rucrcr of noo-hlock wrf"cc~ "ill b" ickaliscct in SllCh a way 

thar (3,31) will hold for the averoged quanrities (3.28) ilnd (3.34). Th" applicability of th,,~~ 

ideahziltiom in moJelling the rilJiiltion beh~viour within ~ DS furnoce will ~bo he discu,,,,d. 

Idealizing th" Fmitted Radiation 

The firsl ictealizmion h conc"rned wilh roctialion lhal is emillect from a surface. Jf, in Equ~­

lion (3.24), th" dir~ctionill spcctrill "mi%ion, ej, from 0 surfaC<' hilS th" sam~ dir~ClionoJ ctc 

pendence oS thilt of il blucklJ()dy surf~ce, then by adoprin~: the form of (3.19), e\ mllSt he ahle 

to he written as 

e~ 0" 8, O. T) = i\ (),. Tlc'-"l(,::-i) (3,38) 

wh"rcin th" sp~crrill intcnsity, 'i~, no longer uept'nJ, on JireL'tion. From C3.26} ~nd agilin (3. 19), 

rhe djrection~l spectral emissivilY, c\, lhen bccom~s 

,,\(),JU,1') = 
i~()'T) ---_. 
i~o(),' T) 

(3.39) 

which is clearly inctqwndcnr of direetion UJ, OJ. 

The ~pproximaLion (3.38) ';-.,irh (3.39) ~h"11 he termed the Jiffme approximiltion, because the 

inten,ily, F" of th" surfae~ i, ~mitteJ diffusely. i.e. inuepenuent of uirection, jUSl as b the cosi' 

for th" hlackhody intensity, i\,. 

Onlhe orh~r hond, if e\ has the ,;ame spectral ctepend~ncc as that ofa blockoocty wrfilcc, th"n 

it mmt be po"ible [() "Tite < a5 

e!. ()" 8, 0; T) .. i\;(),_ T) A.(8, II, 1 ') (3.40) 

for wme function.-t(,::-i, 0, T) which docs nor d~p"nu on wilvelength. Substitutin~ (3,40) and (3,19) 

into (3.26), it is clem thilt '!. lhen becom€s 

, 1 ',', A.(6,1I,1') ,).1)../ ,f,.1! =_. 
~("UJ) 

(3,41) 

which i,; independelll of wov~kngth. Following Sje~eI anJ Howell [42], the approxima­

tion (3,40) to~ether with (3,41) shall be lerm"d tlw gr"y opproximarion. 

If hoth th" diffuse ilnu the ~:rey ap prnximalion~ orc opplico hl~ 'imultiln~ousl)-; then both (3.39) 

~nct (3,41) mu~t h" ilpplieilhk simultaneously. I.e., 

i)JA.T) 
---
I~"(A, T) 

.-i(,::-I,O,T) 

cn"UJ) 
(3..12) 

The left hand side of (3.42) dcpcnds on A and T, whereas the ri~ht h~nu siue Jepend, on 6, II 

and T. This con only be possible for ~ny set lA, 8. O. T} if bolh ~ides only depcnd on T. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPTER 3, ,'rJA1HEA1A.nCAL MODEL 

Th~r~for~, und~r both the diffuse and the grey approximations, for ~ny wavden),'1:h or dir~~­

tion, the emitted radialion remains a fixed franion of rhe radiation that would be emitted by 

a blackbody surfa~e at the '~me temperatllr~, '1': ~nd the dire~tjon~1 'pectr~1 emissivity is a 

funnion of ,urf~c~ temperature only. Lsin~ (3,21) and (3.22). ,~ may be r~moved from both 

integrals in (3.28), to give 

/ wo(8) dOJ f'C<' ").I()" T) dA 
crT) = ,', (T) _ .. ,,--_, ... _ ,,-0 __ . = " (T) ", " ""T' A.', 

(3.43) 

Simibrly, when the ltiffuse and grey appIOximalions are applied to the expre,sion for ab>orp· 

tivity in (3.34),,~ may be movect our ofrhe integral, giving rhc important resulr 

"('1') = «T) 1 - peT) ,~(T) (3.44) 

i<JeaJizing (ile Incident Radiation 

.""1 alLernalive idealization is C()n~erned not with emill~d radiation, but rather with the radi 

ation that is in~ident on a surface. ]f Ihe incident radiation ,~ti.,fie' th~ condition that, for a 

bl~ckb()dy atlemperalure T, 

(3.45) 

fur .'()m~ CIlllSlalll B, Ihen using (3.21) and (3.22), it is ~asy to show thatlhe expression for 

the ~bsorptivity (3,34) is idcntical to the expre.,.,ion in (3.2il), Ihat is, the equality (3.44) is 

reproduced whenever th~ inciltem emissive power, <I"~ has the s~mc spc~tr~1 and dirc~tional 

furm ~s thm which is emjlled by a blackbody m ~ tlemperature ~quallo th~ sllIface lemperalure. 

The Diffuse-Grey Approximation 

The twO idealizations desClikd h~re will coll~ctivelybe termed the diffuse-grey apprOXlma­

tion. Lnder the diffuse-grey approximarion, the dir~(:ti()nal amt spectral quantities no longer 

depelllt on dircnioll and w~vden),'1:h_ It i, ,ulTicielll 10 work '''Iii h rhe avcraged qu antities. ,u~h 

as (3,43) ~nd (3,44) only. 

The DS casting [\lInacc (Figure 2.4) ,-"mtitutes a radiating cavily in which thc dil'fu,c-grcy 

app]'()xim~tion may be applied. The rcasons fm rhi_' ~rc' 

• Regions wirhin the cavity where the level of radiation i, high are bounded by the graphite 

resistanc~ heaters and the ceramic mould_ The r~dimion ~mitted by th~ roug-h surfaces 

of Ihese two objcct; has ~ sp",-1:ral and direclional charaCler that is similar to thm of a 

blackbody . 

• &cause the geomerr)' ()f the ~~vity is \l;ually LYJmplex, localised S!long spcnral and di­

reClional dep'-'nd~n'-.., anywh~re in lhe cavity will be avcr~gcd out ~s it C()Illribut~, to the 

incidenl radiaLion at any given '\lffac~ elem~nt. 
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Figure 3,9: s.chematie "eo" ""<'lion of a 'imple occluding radiating cavily 

3.3.5 The Boundary Condition 

To accounl for tbc radiant intcractions in the DS ",,!Sting furnace, values for the heat flux, qR (T. x. t), 

for all radiating surf~ces, 8", must be computed (Equation (3.17)). This nux is JUSt the net 

mdiant heat lOIs rate per unil area. 

Al each sllrfacc clement, dA., within the furnace a fraction of the energy incident on d ... l will 

be rdlccted. Each ",fIected beam will in turn be partiaUy absorbed and partially reflected by 

the other lurface elemcnts. Analy-sing tilC radiant exchange by tr.cing the path of e.ch be.m 

element wO\lld he a complicated procedure. 

,\, simpler approach is to begin by defining the dircctional spectral radiosiry, '1~o (A,ii, IJ T xl, 

as the sum of the emitted and reflectcd energy per unit time, per unit wavelength interval and 

per Imit arCH Ie.ving the surf.ce dement d.t (t'igure 3.9) in the direction La'.IJ) 

The energy per Imit time leaving anothcr surface element, dA-, directed at the surface ele­

ment d.1 must then be q~"d).d"i'dA·. Sincc il is assumed that thc cavity is under vacuum, this 

energy is not anenuated as it travels to d.1. Summing conrributiom from Hli dA', the energy 

incident on dA per Imit time mnsttherefore be 

dQ, 'i,(T,x)dA j' /' q\,,(JI.p-,O·,l".x-)d,,,'-d.--l-d)' 
A=U. _1 

(3.46) 

By applying the diffu"'-grey approximation this exprellion will be simplified, The 'difhlse' pHrt 

of the approximation will be applied first, followed by the 'grey' part. 

Under the 'diffu,e' approximation the energy leaying d.l' has the same dircC'lional character as 

thHt of a blackbody surfacc at tcmperature -r. In ~3.3.2 it w.s shown that the emitted energy 

in the di",ction :,".IJ) per unit wavdength interval, dJl, per unit surface arca, dA, and IlCr unil 

time, is related to the corre'ponding hcmispherical energy by the simple formula (3.21) as 

forO$d 7Cj2 
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Therefore. unckr th~ diffuse approximaliolL q~" lnllSl salisfy 

(3.47) 

"h~r~, analogom with C},,,, q}o." is the hemispherical spectral radiosity m th~ surfa,,~ dA', 

Under the 'grey' ~pproximation, alwlogollS with (3.40), there' mU5r exisr some illm,tion of 

remp"ralUr~ nnu posiLion, q,,(T, x), with which T may wril(' 

(t~,()., T,xj 
qu(r,x) 

i\,,()., T) 

or'i" 
(3.48) 

1f (3.47) and (3.48), together wirh (3.18), (3.20) and (3,22), are appli~ulO (3.46), then th~ 

direClional ~nd 'f'Cetral dcpenu~ncies of q~u nre eXlracled 10 give 

J w,(6'ld",'dA' 
q,(T,x) uA = q"Cr.x') - ' , ,.. ~' 

(3-49) 

From (3.49) ~nd invoking onCe again the dilIuse approxim~tion ir is clear Ih~r the 'lu~ntity q,,, 
to l>!= called simply the radi05ity, is the rOl~1 radiant energy per unit ,urfm,e m~a lc~ving th~ 

,urface dJl' and enrering the hemi'ph~r~ above uA'. 

Since from Figllre 3.9, do,,' """(h'jdA/ Ix - x' " th~ above ~xpression mny k rewritt~n as 

whe"" 

Yi(T,x) dA r Ilu(T',x') UI-'(x'.x)dA' j, 

C,,"(S' ) c""i.d) d.1-
,~Ix x'I' -

(3,50j 

(3.51) 

i, rhe franion of ~nergy per unil lime leaving dA' that arrives m d --1_ It will he termed ~ view 

f~ClOr (or configura lion faClor) to emphosis<: that for di ffme-gr~y "~vities this fraction uepcnu_< 

on geometric 'lu~ntiti~' only, namely the size of d.1- ~nd ilS oriemation with re5pecr ro d -1'. 

rrom (3.50) it is dear lhal 

uA' df-'(x',x) = dAdF(x,£) (3.52) 

Using rhis recip"",it)' relation in (3.4~), the incident flux for a 5l1rface elemenr dJl ~t rhe point x 

i_< u~riv~d as 

'li(l',x) = /q,,(y,x')dF(X,X<) (3.53) 

',b", 

The r~ui{)sit)' of the surfae" element is the 5l1m of the emirred energy ~~d reflected incident 

energy: 
(3.54) 
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COmbmmg (3.53) with (3.54) and USUlg (3.28) provides an integral fi:tnnula for the r.tdiosi'Y 

lit any point, x, withon the cavity as 

q~(T. xl pl,T, x) J 'ko(T(l,, ·). x' I d F(x. x ' I - (1 fer. x l 104 (>: ) = L) (3.55) 
, .... , 

COllsidering II virumlsurface of area dA dl renly above (he surf"dce element dA( >:l (Hgure 3.9), 
(he net. heU! tramfer at the vi!tual ~Ulfa ce ;5 

q dA ... (1/. - 'I;) dA (3.55) 

If a solution to q., call he oh<ailled from (3.55). then using (3.54) aoo (3A41 g(Ve5 

q(T , x) '" «1· xl ["'1 ~ - /hIT. xl] Vxon Sn 

Tlus IS an Im port-.mt result III that if provides prt'(i!ody the radiant heat transfer mechanism, qH, 

tn..1t Wa!- sought in the namral boundary cond,tlU n (3 .17). The mech~nism clellllydepends not 

only on the local conditions preVil iling at the sllrface element dA., but al so 011 rhe radiative 

state of the enclosure as a whole, 

The complexity inherent in modelling diffu5eMgrey radiant interaction ~ is cont~ine,] in (3 .55) . 

The Ta,]ios,'Y at any point depend~ integrally on tlx: T"ddiosit:ies of all other pointS In the cavIty. 

Analyrit:ll solutions are therefore only obtainable fOf (he simplest cavity geomelfie,. ThuS,"d 
numericl'l l solUlion must be sought (see Chapter 4). 

3,4 In itial Casting Conditions 

In addItion to the requi/l:mem f(M the prescription of oolmd"ry conciitions, (3.6) i~ ooly able 

to pledlct the tentperarure evolution In l'l cwsnng unce the initial thermal Slale of all mal~ri~ls 

have been sj"lI:citie<l. Such an milia] SllIle Will be sj"lI: cifie<l in the form 

Vx inV3ndt~.O (3,5:» 

which will be applied ei.h("f Sl:p.1rnrely over each spati:J1 material domain or over the .,nt,Il' 

domain. In the numerical models developed In thi' work. the initial smle is prescribed. ~och 

that , he rhermal rune irumedia!J:ly <IRe. pouring is s[muillted. 

Equaoons (3.6), (3.16), (3.17) anol (3.58), complete the mamem"dliC"dl dt:~cripljon of the heal 

condu(tJOn in 3 homogeneous iOOllOP '( $Olid. This descripllon is Imown as 'hc ~' rong form. 
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3.5 Summary 

In this chapler a srrong form was developed to d~scrih~ mathemmically the conservation of 

heat energywjthin rhe os "mting furnm:e. It wm msum~d th~t ~nergy mm~tv~tion within the 

casting w~s m~int~ined by h~~t (:Qndllction. 

'[he dfeCl of >alidi[jcarion on rh~ temp"r~ture field w~, ~"munted for ",,;th the rcleme of th~ 

lalelll h~ar of flls;on .'\lithin the mushy wne. Two ~qllivalent fOrtllUlaLions w~re Sllldied and 

compared. 

In the fl'Olll-lracking formubtion the mnser~~tion of heat en~rgy wilhin the mollen region of 

lhe DS cas ring is mn,ider,," separately from thaL of the solidified re8ion. Tile formlllaLion lends 

irscl f to th~ Jerivation of analytic >alutions. In th~ 'sp~"ifir hem'-b~seJ formubtions th~ entire 

"~,;ting is considered as a single r~gion ~nd rlw solidifying front., are not tracked explicitly rhe 

form Illalion lends irscl f more to the d~rivmion of numerical s.ollllions. 

The L'OnSetvalion of energy at radiating m~teri~1 bound~ries ,vas sludied in delaiL 'l1le de­

velopment of a diffus<,-grey ~ppl'Oxim~tion to radiant illleraClions within th~ casting furna<Y 

mack jXlssihk the r~moval of dependencies on directional ~nJ spe"tr~l qmntiti~s. The use of 

this ~pproximaLion in describing th~ mJi~tion within the os furnac~ cavily was mOlivated. 

By ~n~lysitlg the inleraclions in terms of the sum of the dir~ctly emitted and reilecled energies 

l~aving each surface ~kmenr within the fmnace. an expression for the net heat tlux at the 

mat~rial j}()undmie, was derived, This ~xpression facilirme, ~ roupling betwttn conduction 

,,~thin the c~sling and radiatjon ,,~thoUl. 
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Chapter 4 

Numerical Model 

4.1 Introduction 

A lllunerical solurion m the tmnsf"r of hem ener);y durin); Y~CuuIll in yesnnem casting processes 

IS d"vdnjX,d ill this chapter, An isaparamelric /1nile elemenl ~pploximalion of he~ l concluClion 

within the casting is developed along slanclanl jines. 

This finite element model is lhen eXlended to aCCOllnt for the compln radiant int"r~(tions 

dml lake place within til<' rumac" cavity. A unique J"'t-radiatinJl model ~pp1ied to the fum~ce 

ravi\y is coupled tG the finite element model aL the raUiaLing exle.riol elemenlai faces. Th~l is, 

th" fillite element calculalion is supplied with appropli~w fiux boundary cnndir;om m th",,, 

faces ~nd ar each lim" insnmt for whirh a solution is sought. 

However, ~ COllpling whi,h is impiemcnt"d n~ively will compromise the strategy's numerical 

aCCllracy and stability The ""urCe of inaccuracy and instability reSlS in part wilh the Hnite 

dement model assuming at least hilinc~r v~rimions of thermal 'lu~ntities over ~n dement, hut 

with the radia tion model aSSlllning no variarion of thermal quantiti,,, over a r~diating faa,!. 

A novel coupling mechanism is developed in this chapter which ~rmunts f01 this discrepancy 

and which thereby promo"" both arcuracy ~ml stability, 

The computation, ~",ociated with the net-radiation model require a do'abase of view faclors 

for every point in the fLlrnace cavity. This "" of dmaha,,,, must, in general, be I<~omputed 

for ev"ry point whenever the geometry of the nvity changes. Modelling these. interacrions is 

expensive computalionally. TIl" emphasis in this work, therefore, has been on the development 

of an dlkicnt radimion modeL 

A 'real-world' directional casting, consisting of six compone.nts arrang,,,l in a dustel and casr 

wgether, is discussed in j6.4 of Chap",r (, bdow Simulation such a casting is complicated by: 

the sjwer numb"r of finite elemems and radialing facels required ro represem the gmmelT)': 

the complexity of the radiming r~vity involving, in thIS case, a high degree of occlusion; amI, 

the fact that the geometry of rh" c.avity ch~ng"s over tim" ~s the Cast cluster is withdrawn 

36 
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from the [linlace. In tackling such numerical models. lhe developmenL of an efficient radiation 

mooel ".'as found to he Ilccc,-,aT)'. 

Tmprovee! efficiency was obtained along rhrce fronrs. nmne1y: reducing the number of required 

view faClOIB hy exploiting the pr",ell~€. of geometrical symm€.'ries; reducing Ihe co,t of cal­

culating eoch view factor; llild, reducing the LOst ~"(lCi~tcd with each .'Iewton iteration. The 

innc~se in efficiencies for lhe. case of moddling the caSt cluster is discussed in ~;6.4. 

4.2 Finite Element Approximation of Heat Conduction within the 

Casting 

The strong form developctl in Ch~pter 3 will be recaSl in a variario~al (or weaK) form. I'm 

approximme nnmerical model willl:>e. developcll by cmTying out the following steps: 

• A ,'arialional statemenr i, foune! w hi~h weak! y salisfies the slrong form. 

• The sp~ti~l description is discreli,ed following the ,tmlllard Galerkin v',eighted residual 

approach. 

• A well-known lrapezoidal rule is used to llisnetise the lemporal behaviour, resulting in a 

non-linear ,ystcm of ~lgebmiL eq llations at each lime incremcnr. The un kmrwn, ano the 

valne, of temperalure at a finitc set of points in the casting. 

• The eqllations al"€.lin€.ariscd and solved iteratively al each time. increlll<'.)1t using a J1loe!i­

fied Newlon method. 

The.S'-' srep' constitute a finile element approximmion. The ~pplicarion of the finile elemenL 

me[hotl til heallrllilsfer prohlems invo),ing a change of phase. has been d,x:umcnred comprc­

hcnsivcly in the literalllre [66J,[741-1791 and M' will not be dealt wilh in much del ail hcre, 

4.2.1 Variational Fonn 

A vmiational SlatemenL equivalcnr to (3.10) togetfl€.r wilh (3.16), (3.17) and (3.58) m~y be 

writte~ a, 

j' OTT /. 
,j)- dV + \,' at , " ,';- . 

Ux 
dA (4.1) 

where llA d_ -Iii llild d x. I) is >In ~rbitmry finite-value.d varialional field having () COIltinllity 

in rhe ,olill VOlllIl!e F. Recall from n.3 th~t S, is that pan or the bounding ,urface of [he 

casting volume V on which the te.mp€.ralUl'e i, kmrwn ml<l is therefore pl"€scribed. Recall tOO 

that !:iii is the l"€.mainder of the Ixltllldmy of ~", and is II ..... surfaC<.'. on which rhc hem flnx, qix. f), 



Univ
ers

ity
 of

  C
ap

e T
ow

n

is T'\"'~"""" t), 

+ 

+ + =0 

t) con-

t) = 

0 xon 

t) + X, t) 

+ t) X, t) . =0 

t) t) xon 

vector at X 

Nmax 

t) = 
N=l 

alternate form of Green's Theorem states that 

fOU dV ·udV+ . dS 

a sup'ers1crij:lted Roman numeral or a letter index denotes a nodal qmmti1ty 
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........ .,'-... to = , t) 

aplpr()Xllmation Ul<;;;UlV\,.l now "<>(1M",I"'1"C to 

t) ~ (t) 
N=l 

is a 

ments: 

(t) 

+ x, t) . =0 = 1, ... , 

to 

, t) s.t. on 

is a a 

t) ~ 

N=l 

x, t)lt=T ~ ,x, 

x, t) x, 

If a is 

ft+ + 
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(4.7) 

+ ,x,t+ 

+ x,t+ 

= 1, ... , 

to 

,t + s.t. on 

..... , ..... , ........ to a <;:v<:rplm =0, 
at next t+ 

is 

x,t+ 

term 

< < 
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N=l 

to not 

A was uuuu, ...... 
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elements as: 

x = 1, ... ,8; aN, 

+ 

1 = (1+ 
8 

x 

uu.vu<;;u as 

(1 + (1 + 

cN=-I,I;e,'r/,(E 1,1]. 

x= 
N=l 

8 

1=1 

x V 

if x 

+ ... 
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are 

d( (4 

A cmJsen to 
3 

a .... '.Iu',au term U"~'V"'Jl'" 

2 

i,j,k=l 

paJrntloIlea as 

= 

is 

'-,.,-'''''' .. as 

1 
= -(1 + (1 + 

4 

so is aplprCIXl1nated as 

, (-
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4. 

1 
4 
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4.1: Cross-section of a di5;cn~tili;ed 

energy quan1:1tHes a facet 

Note is als1l1nc:tly difl[efl~nt is an 

an is 

on is 

HUU ........ as 

\/xon 

set is as 

, Pn } \/x on 
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4. 

'"'''' , 

1 
-Pm 

set 

n=l 

o 

Ka.Q1.aulon to an "' ... ,U .... ,."' ........ ''' ... 'I..n.I'' ....... , 

un-

o 

is 

m= 1, ... , 
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is 

In 

case 

• 

4.2: NOInenlclal:ure 

n=l 

the surface the view 

= + 

use 

or 
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4. 

• 

= 

> 
o 

to 

+ 

Fmax 

+ 
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• 

an 
accurate to 

cost CI.;).)V .... ICl.l.O;:;U. 
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• 

a 

1 
= - + ... + 

4 
4 

I) -I I) 
n=l 

1 
1+ 1+1 I) -

2 

it is 
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4. 

4.3: Nomenclature two a third 

• is U<:;JIUlllU 

• can 

an obstruction 

Factor ExDr.~ssiollS 

p was 

over an area to a area, y 1<:;:1UJ.11;1; 

~----;,. x 

An exact to was /1""""",/1 a to a 
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=0 

1 

=1 

p = 1, ... ,m - 1, m + 1, ... , n - 1, n + 1, ... , <1 

if 

II ) } 

p= 

x i = 1, ... ,4 

if v j = 2,3,4 

u<;;;\..au,)<;;; P 

if = 0 

=0 
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sides 

Fmax 

n=l 

to 

1 
21r 

i=l 

respelr.:t to 

, Iwil 

Imlpl1erraeratea to o...U'.l1lJ'U 

3 

=1 

Fmax n-l 

+ 
m=l n=m+l p=m+l 

is 

- arctan ] 

non-zero 

+ 1 

is 1-1'\<.,.",,1-1"\0''''' not 
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now 

syJnnletnc to a master 

If is are master 

n=l 

+ 
n=l 

+ 

master facets slave facets 



Univ
ers

ity
 of

  C
ap

e T
ow

n

......... «u."' .. over 

n-l 

= + 
q=l 

= p= 1, ... , 

If is 

+ 
n=l 

a master 

now 

+Pm 

is 

to 

2, ... ,FM+ ,FM+ +l, ... ,FM+ 

slave facet of the n'th master facet. 

p=l 

was an 

+p 

n = 1, ... , 

'"" .... , .... v' ... ~ ...... '"" as 

m= 1, ... , 

m= + 1, ... , 

master. 

nH>rr1I1' r""''','nr,'' must 

of the slave 
is then the 

as FM + 1, FM + 

index of the 
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4. 

is now ...... ' ....... " ....... ", .... to 

From 

> 
=0 

m= 1, ... , 

= 

m=ln=m+l 

n-l 

+ + 1 
p=m+l 

as 

as 

5. 

+ + 
p==l 

SYllD111etric Facets 

svrnrrletrv: a master 
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4. 

4.4: Three YI-"-'Ulo<:UoI..CU master-slave set relations in a The numbered boxes 
.. ",,,,, .. ,,,c',,,"nf" facet md:lces. The the 
The broken 

In to 
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=0 

master 
=00 

vectors 

if 

are ... v •.• " .......... 

to } 

as a to 

are master 

two 
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master 

4.5: Nomenclature \..CU.\..UJlClLJ.Ul; the 'di:stancle' between two 

b 

Rotation a a vector in 

now In 

as a measure 

most common 

ror:aUCins, I 

°DI~fining the rotation in a 'backward' fashion as Sm onto sn is consistent with the __ ._' ___ L'_ 

intuitive idea of a master facet set onto its slave set, and not the other way round. The is then able 
define ii, band (J with respect to the master facet set. 
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as arc 

=b+ 

I so 

1=0 

p as a U.ll'~UU'll 

3.re 
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c' = 

dis 

b is on 

+ 
+ 

(1 

x 

c' = c + 

r<>"!".('.n a 

it is easy to see 

c' = c-

ft 

a master 

reverse to 

x 

set to set. 

are: 

to 
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4.7: """,.u",,.U\.)'" of a and a vector about a mirror 

4.8: ~VlnrrLetl':V between two dissimilar ITP'-'TTl,F'TrI 
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4. 

n-l 

= + Vwi 

i=l 

+ 

it is common to 

+ Vwn(t- <t:::; 
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furnace facen 

n,., 

bame zone b(t J 

Figure 4.10: rcmperatme variation in di,<,<:tion ~ ii ", ) at tim~ t 0" the r"eel' "'p",serHilll( ,h~ r"""lee 

heaters and wall<; 

gratlually from 1," 10 T" in an axial 'One centred at the baffle position _ r~)r a furn ace fdcet with 

c~ntroicl located at c the prescribed temperature is then 

f>iJ(t)-iJj2 

T(c_ll --l: .. ,+--l c T" -T" _ ( c-[,(t)) 
2 + --2--- ,m ',< rI : b( t ) (j/~ s c S /J{t) + J/2 (4.64) 

c<{" tl-d/2 

) 

where ~ = c, (-ii",) is the projecoion of c in the dileClion (-fl"i, and Ii is the heigh, of the 

baftle zone, as shown Figure 4. 1 0_ 

Val\l€s fOI the loll",,;ng comtants are to be supplietl when setting up a model: To, T" b.:J, fi"" 

rI. antl the SeL of sampling poin[s {(i,,, '.''',,'n) " ~ '1_ 

It mU,t be nOled thal this algorithm represents a 'pecialisation applicable only to clirectional 

ca,ting process.es in which: 

• the geometry of the furnace, namely, the heater" walls, batTIe plate, ceiling, and floor 

(l'igure 2.4), is sufficiently simple thai ils effect on the tran,ient he<lt fluxes can reason­

ably be accounted for with a furnace me,h of the form ,hown in Figme 4,9 
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III is 

measure-

ments 

= -----fm-l + -----fm <T~ 

m = 0, ... ,mmax. 

1, ... , 

COfldition to must ensure 

III 

III to 

III over 
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is 

+Pm 

nPlnp,u." most 

+ 

+ 

it is 

Em +­
Pm 

+ 

( ... , 

p=l 

onTm, 

+ 
p=l 

::::::0 

functional notation used here follows that introduced in 
lUllt'U'-.H1Y on the temperatures of all facets. 

Pm i- 0 

an Ite]:at€~a 

+ 

ni-m 

+ 

and CHljJuc.:>l:>C::' the fact that 
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t;lelmellt e 
Face f 

Net flux 

4.11: Flow ... h <"",,""'"' 

is 
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4. 

is eXl:ra1Jolated 

to 

cas;nn:~ was 

It was the:ret,ore cn()sen 

Newton 
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I 

Element e 
I Face f 

I Net heat flux 
I , 

......-_________ .rad file 

t------., ...... rvf data file 

4.12: Flow r!;<>ar"tn for the radiation 
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t-",,..·t-n,',,, was 

cm~alliesr tests 
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• is ..... .,,, ............. ... 

• more ':;H,U .. l<OUL 

as an unaerst:anellIllg 

most lTTl1"'1nrt!:lln 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

int POSINTj 

typedef struct { 

} 

POSINT num, 

REAL T, emiss. 

area, 
normal [3] , centroid [3] , 

viewSum; 

POSINT nodes; 

*(*node); 
POSINT totalViews, 

forwardViewsj 

VIEW *view; 

POSINT 

FACET 

INTEGPOINT 
FACET; 

struct { 

POSINT num; 
REAL x[3]; 

25 } NODEj 

were encapSl anewC a 

1* Positive *1 
1* Real variables are stored in *1 
1* double *1 

1* Facet number *1 
1* Facet temperature and *1 
1* and derivatives *1 
1* and derivatives *1 

1* Number of nodes on the facet *1 
1* array of to NODEs *1 

1* array of VIEWs from this facet *1 
1* Number of slave FACETs *1 
1* array of to FACETs *1 
1* which are FACET *1 
1* data *1 

exact amount 

1* Node number *1 
1* Nodal coordinates *1 

node FACET structure is to so 

so that the third node as written is the fourth node in the 
array, and the m'th facet as written is the (m + facet. 
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POSltJion vector 

as: 

26 struct { 

21 POSINT num; 

28 REAL T. 

29 q; 

30 } INTEGPOINT; 

A VIEW a is ............. , ......... 

to a FACET 

31 typedef struct { 

32 

33 

FACET *viewedFacet; 

REAL value: 

34 } VIEW; 

is 

)->x 

is INTEGPOINT 

number *1 

1* Temperature at 

1* Net heat flux at *1 

1* Pointer to a viewed FACET *1 
1* View factor value *1 

a vv., .... , •• 

is 
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5.1: 

or 

5. 

, 
\ 
\ 
I 

, , 

.... ", ...... , .. " ... .10'" between the 

-----

sent .10''"''' ..... 0.'', and the broken lines ret)reSerlt the 

( ->viewedFacet->num 

facet .view .viewedFacet->num 

is 

facet .view . value 

structures dis:cusse~d 
are aHoc,ate:d Ull ...... .,lJ..",.;;L at 
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If a 
are is a structure 

35 struct { 

36 char type I'll , translational or reflective 'III 

37 condition[MAXSTRLEN]; I'll Generated or based on 'III 

38 FACETSET *master, I'll Pointer to master FACET set 'III 

39 *slave; I'll Pointer to slave FACET set 'III 

40 REAL vector [3] , 

41 [3], 

42 distance, 

43 

44 } SYMMETRY; 

A set FACETs is structure: 

45 struct { 

46 char name[MAXSTRLEN]; I'll Name of FACET set 'III 

47 POSINT facets; I'll Number of FACETs in the set 'III 

48 FACET *(*facet); I'll array of to FACETs 'III 

49 } FACETSET; 

as 

.slave->facet ->num. 

distance 

condi tion is to "PROIIM", 

FACETs is 

s, 
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50 

51 

52 

53 

54 

55 

56 

57 

I 
I 

SYMMETRY. 
type= cyclic 

condition::: proxim 
master=-- - - - __ 
slave=o.. __ 

vector::: i 

I 
I 

q 

, \ 
..., ""1- _ __ _ 

\ , 

, 

I 
I 

\ 
\ 

---
I 

I 

I 
I 

I 

sets FACETs 

as furn 

ram 
is 

struct { 

REAL direction[3]. /* Withdrawal direction vector */ 

Tcold. Thot. 
baffleZoneWidth; 

POSINT 

REAL *bafflePosn. *baffleTime; 

POSINT facets; /* Number of FACETs 

FACET .(.facet): /. array of 

samples ./ 

l" .. '~r",s"'''t:]~n£!' the furnace */ 

these FACETs ./ 

58 } DSFURNACE; 

as furn. 

furn.bafflePosn furn.baffleTime 

are 
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recourse is 

FACETSET is Q",,",U'-J.Q",,;U 

59 

60 

61 

62 

63 

struct { 

FACETSET *facetsetj 

REAL *T, 

*value; 

POSINT 

64 } EMISSIVITY; 

It is 

as facet 

facet 

statement 

facet 

= 1, ... ,mmax; 

/* FACETs material surface */ 

/* of temperature samples */ 

/* of samples */ 

/* Number of in arrays */ 

). 

to access 

::: facet 

x5= 
m=O q=o 
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In 

statement 

1 

2 

3 

4 

void 

5 { 

6 FACET *facet. 

recourse is to 

FACET *facetStart. 

POSIN! masterFacets 

1* local 

1* local 

pOllntE~r5, 50 

1* of *1 
1* master FACETs 

1* Number of *1 
1* master FACETs 

to a FACET *1 
to a *1 7 

8 1* slave FACET *1 
9 

10 

11 POSINT m.q; 

12 

13 1* 
14 * Start at the 

16 * of master FACETs 

16 *1 
17 

18 

facet facetStart; 

1* 
1* of a 

of the array 

19 fore m = 0; m < masterFacets; m++) { 

20 

21 1* 
22 * Start at the of the array 

23 * of addresses of slave FACETs 

24 *1 
25 

26 

27 1* 
28 

29 *1 
attributes of each slave 

to the address 

slave FACET *1 

30 

31 

32 

33 

34 

36 

36 

37 

38 

39 

40 

41 

42 

43 

44 

for( q 0; q < q++ ) { 

1* 
* Work with contents of the current 

* slave FACET address 

*1 
symmFacet 

symmFacet 

facet->T; 

facet->emiss; 

facet->rad: 

!.lYle",,,,,}!; is a 

*1 

*1 

*1 
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45 

46 

47 

48 

49 

50 

51 

52 

53 } 

54 

55 /* 

5. 

facet->dRad_dT; 

facet->d2Rad_dT2; 

* Point to the next slave FACET address 

66 * Point to the next master FACET 

57 */ 
58 facet++; 

59 } 

60 

61 return; 
62 } 

cornpl11tanOlrlS is 

[2 + + 5 X 4 + 1) + 1] = 
m=O q=O 

1 ** This line is a comment 
2 *RADIATION. %RESIDUAL~O.1. CYCLES=50 

+ 

........... ,,,u. ...... ' ........ a .. cost 

the commercial software Msc/ ARIES was used to generate a mesh for the model of a clustered 
simulation discussed in The mesh for this model is shown in 6.24. The automatic mesh 
caIlab>ilities of Msc/ ARIES made it to with minimum the existence of the internal material 
boundaries between the the mould and the chill 
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an error if more lr.,·r",t-" ... n 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

*NODE 
1, 1.1, 2.2, 3.3 
2, 4.4, 5.5, 6.6 

*FACET, TYPE=DGR3D4, FSET=SHELL 

1, 7,8,9,10 
2, 8,2,6,4 

*FACET, TYPE=DGR3D3, FSET=SHELL 
11, 11,33,55 

*FACET, TYPE=DGR3D4, FSET=SLAVE1 
22, 71,81,91,101 

21 *FACET, TYPE=DGR3D4, FSET=FURNACE 
22 33, 72,18,92,102 

23 

24 

.., .. " ......... , SLA VEl 

25 *SIGMA 
26 5.72ge-12 

27 ** W/cm~2/K~4 

28 *ABSOLUTE ZERO 
29 -273.16 

30 ** so that I can work in the 
31 *AMB TEMP 
32 20.0 

33 *TEMP 
34 SHELL, 850. 

35 FURNACE, 1460. 
36 11, 905. 

In 

FURNACE . 

scale 

Clli!;UaJlL11J.H 2 5. 

case ... '-.• v ............ to sets 
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37 

38 

39 *EMISSIVITY, FSET=SHELL 
40 0.8. 300. 

41 0.85, 800. 

42 0.515, 1300. 

43 0.45, 2000. 

44 *EMISSIVITY, FSET=FURNACE 
45 0.5, 650. 

46 0.9, 1600. 

A :StE~taln-1BoJltz]nann constant is SpE~C1l1ea 

aelme~aas 

47 *SYMMETRY. TYPE=ROTATE. CONDITION=PROXIM 
48 SLAVE 1 , SHELL, 0,0,0, 0,0,1, 60 

49 ** slave, master, b, a, theta 

60 * SYMMETRY , TYPE=ROTATE, CONDITION=GENERATE 
51 SHELL, 0,0,0, 0,0,1, 120 

52 ** master, b, a, theta 

53 *DIRECTIONAL CASTING, FSET=FURN, DlRECTION=(O,O,l) 

*SIGMA If a a 

sets 

sVInrrLetJ':V must 

is to 
is as: 

FURN set moves 
0,1) to 
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54 *INITIAL BAFFLE POSN 
55 1.1 

56 *BAFFLE, SPEED, INC 
57 ** cm, seconds 
58 ** 5 min hold time 
59 0, 300 

60 ** 0.4cm/min forever 
61 .006666666, 99999 

is two 

vw , are 

62 *WALL TEMP 
63 20.0 
64 *FURNACE TEMP 
65 1460.0 
66 *BAFFLE RANGE 

67 6.3 

68 ** 
69 *END 

are as 

• FACET - An ..... ' ........ ' .. u, ...... ,'''' .. 

• FACETSET - An a set name 

• NODE - A 

• VIEW - A"'''''''''''''' 

• INTEGPOINT - An mteglratllOn 

• EMISSIVITY - a set 
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• SYMMETRY - An U"'"'V'l..JlU 

set 

• DSFURNACE - Data a set 

COlnSlaennlS! extracts an 

In next 
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were vuu:uu.:;u. runs 

Rel;eal:ch, South Africa 
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CHAPTER 6. RESUl.TS AND mSC[]SSIO! ... ' 

, 

"J"(O,t!.=l iJ 1 
" ,c _________________ , (i 

" 0 , 

, .. ~ L ,-------_ '" ,-T 
\ ' . I r'" " 

1 V 
i 

= q,. 

, 
q=() 

Figure 6.1; Simple longin~linally COt\du~ling rod. insulated mdially and radiating at one €<>d. (N"' '0 
>c;,le) 

6.1 Simple Radially Insulated Conducting and Radiating Rod 

Figure &.1 represents a simple condl1clion/radialion configura,ion in which ,he radiant inter­

motion can be expressed analytically. This ,erve, 3S a useful test case against wInch certain 

aspects of Ihe llllmerical "earment of radiation in j4.3 can be compared. 

Modd Description 

,A.s shown in Figure 6.1, a radially insulated. axisymmetric rod loses heat at One end via radiation 

to a flat plate wirose temperaIllre is fixed 3t '1~,. TIlt plate is assumed 10 be localed elme enOl1gh 

again" one end of the rod Ihat the interacrion between the rod and the plate aCCOllIllS for all 

Ihe radialion. The initial IT'.Illperatlire of the rod is '1", and ,he tempermure m ,,; _ n i, as.,umed 

to be fixedalliJ' 

Eq llUtion (3.6) predicts the evolution of the temperalure field in lite condllCting rod. Assuming 

,ha, the thermal conduclivi!y of lite rod is mnsmnt, and applying the simple change of variables , 
rrtj= .,' 

' I)>>,C"L 

where r is the kngtll oftl", rod, (3.6) may be expressed as 

irr(~. () 
iiT 

forll<~<l, andT2:0 (6.1) 

s11bjeCi 10 the initi31 ~ondition '1 = 1', for T = 0. The bo\llldmy' condition (3.16) <It '" 11 

bc~OIl"'S '1 = 1;1 al': = 0, while the boumbry condition at l' = L beoonles q = q, al ~ = 1. 
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This rmliJting: boundary condition may be expr"s>eel in ~n appm~imate clos"d form. The 

system of "'luations (4.31) for the radiosities of a,.,t of raeli~ting facets comprising a r~e1iating 

cnvity is nOW expressed simply as 

'lnl - (I - 'l.iQ", = a'd'l 
4", - (I - '"14oD = a'oT} 

where 4uI is now th" raeliosity of th" bun end of th" roel ~t J; = L, 'I is the roel's total 

h"mispheric~l emissivity at ,y = L, and '1',J,-) stands for 1'(1, T)-the temperature ofthe rod 

at", = L. 111e corresponding quantities 4"", '0 and T" apply to the flat radinting plate butted 

against (but not touching) the n><l Jt" I~, Th" t"mpermures TL anel T4 are expressed in 

units Kelvin, 

The 'olution in terms ofthe a' yet unknown temperatur", TL, i, 

'!"' "Ti'+,"(I-'L)T~' 
(6,2) 

But th" radio,ity of n mdiating surface element is the sum of the directly emitted and the 

reflected incident "n"rgie, (E'luation (3.54)), 

(6.3) 
~ q" 

where 'liL is the total incident energy per unit surface area at x = L, 

Finally, using (6.2) and (6.3), the net radiant heat transfer per unit smface area at or = L is 

,!r(TLl - 40L - qiL 

-all II IIT,'-T:)=cr'df(Tf- T;) 
1'1.+ I'u 

And the "natural' boundary condition Jt J: L may thus be e~pr"sseel explicitly as 

-!:. m'(C ,J I -_ ; afelf[l'.j({.,II,=, 
I. i)~ t_o 

(6.4) 

The presence of the fourth power in t"mperature in (6.4) complicates the quest for an annl}'t­

ical solution to (6.1). Indeed, standard techniques. Sllch as vJriable separation and integral 

transforms, cannot be appli"d, An alternative numerical solution to (6,1) for the simple config­

uration ,hown in Figure 6.1 is therefore developed here, against which the nlllnetical scheme 

of Chapter 4 may be compareel. 
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Explicit finite Difference Solulion 

If T;' i~ an appmximation to the temperature field, T ({", 1"), for some position ~n, (I ::; n ::; N, 

, .. ,h~re N - I is the number grid points spanning [0, Lj, then, applying the standard explicit 

finite difference formulae [80] for all points {n = "ll.{, with Ll.{ == 1 IN and 1 S n S N - 1, 

gives 

"'I a~2 ("" 

~I~", 
O[(ll.{)'j 

(6,5) 

Obviously, (6.5) cannot be applied at the point C', :;inee it would depend On a quantity r;"+1 
which does not exist. So the poim e' is considered specially A backward Taylor expansion 

about the point e' is 

(6.6) 

lllll (6.4) prescribes 8T18{1(" " so thor 

8"J.
T I ~ -'- [T({,'-1 ..-) _ T(e' - ) ,,2 ~ 1'll.(12 ' " 

~- c;- -' 

_ Ll.~ L<1f,ff(T'I',v.) .) I k ~..- - r:; + OlD.~1 (6.7) 

Applying the approximation T(C', 1") "" Tt gives 

"TI 2 'TN-1 
8{2 ~"" "" (Ll.{)1 ~- , 

_ TN , 

Thus, applying the diffusion equation at the grid poill[s n 

tions (6.S) and (6.8) re~ult~ in Algorithm 7. 

r.:) ] (6.8) 

O. _." IV ro the oppro1<im~-

Algorithm 7 Finite difference calculation for the configUration showr: in Fig_~ re 6.1 
forn Odo 

~)_'h =T~ 

,\ == ll.TI(D.{)2 
forn=l. .. ,.N-ldo 

T.-'-,h = Ar;,-l + (I - 2A)T,t' + .\:I;'-' 

for,,=Ndo 

r;" ll" 2AT;" I (1 2S)T;" 
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fix",e 6.2: FiLlite element mesh of simple In%~tudin;'lIy t"ndueling nl(l. in<ul.1ted r;,di;,lIy .1nd radial' 
ing at one end. The apparcTlt '~xi,,1 ,eparatinn btlwteLl lhe plate and the bu i, ii'".lidou,­

inti,x'led merely to indicate tM presellce of the pla'e. 

Table 6.10 Thcrmophy,itnl I>""nperl ie> Inr, imple conducting! radialing rOO 

.- ; 

0." 0.5 

DensilY ip"J 

Is/em') 

'" D .. i 1.1l 

C3rn3hnn el al LSOJ ohow th~t discretisalion errol is minimised (m O[P~)';') wheTlever the 

normalised limestep i, con.,train~cl to :i<ltiSj'y 

(6.9) 

Finile Element Solution 

A finite dement model wn,; sel Lip in which the r~diation boundnry conclilion nl .c = L was 

m:countecl for using the n~t·radiotioTl s.cheme cles.cribecl in \4.3. As shown in figur~ 6.2, 0 wtal 

of 20 rodi~ting facets were L1sed 10 rcpr"""nt the radioting plate iocnLed al~' = L, The lengrh 

of the rod was divided into SO elements. 

Properties 

Th~rmoph yisical propenies and con figuration potameter,; fOI the condllcling and r~diaring sys­

lem shown in Figur~ 6. 1 ~re listed in Tables 6.'1 ond 6.2. 

Results 

Temperarure profiles across Ihe lengrh of the rod at four specilk Lime inslanls are shown in 

Figure 6.3. The profile, were compuled numerically using Algorithm 7 with 51 grid poinls 



Univ
ers

ity
 of

  C
ap

e T
ow

n

CHAPJ}]? 6, jiliSliUSA.'<'DDlSCl'SSfON 

nble 6.~, Conliguration paramater.; for ,imple cond"'-'tin~/radiatillS rod 

r..ngrh of rod. I~ lOClTl 
Diomc!cr of rod I,Z,m 

I'i"d "m?"o!ul" of rodi,tin~ pl,te, T" 273K 
Fued lem;c,"",,,, 01 ~ _ ():m, To 177:JK 

ini!iol roo t<mpera!ure, ~J 177>K 

1800 I 

17S0 ~-..._< 
1700 '-

, , , , 
g 1650 , 

'600 " , 
, , 

B , , 15S0 , , , , 
0 '500 , , , , 14S0 

, , , 

'""" 5';; , , 
50s , 

,~ 135O, 250s 
, 

1300 I _._ •. L • __ 1 

0 0.02 0.04 0.0<5 0.08 0' 
Position (m) 

Figure 6.3: Temperature profile, aao," ,impl. COTldu(I'i"j( rod"l rClur lim. i"st",,", showiTlg progre<­

sian to expected "'ea<ly ,tate iiTle"r profile (51 grid poilll,) 

(i.e, S = SIl). 

Temp"rutur~ ni'tori~, at five e.qllidislanL poinls ~ions the le"gth of 'he rod ure ,nown in l'i~­

ure. 6.4. As with the profiles, tnc. histories w~re compuLed using A1goriLlull 7 with 51 Slid 

point,. 

80th tn~ computed profiles ~nd tile. histories exnibit the correct 'lu~litmive behaviour. BtU ar~ 

tlle.Y sufl"-'i~ntly ~cCurate that they can be. llse.d to veTif:; the tinitc. dement ,olution? Unfortu­

nately, an analYlic~1 solution for tile. "'.mp<'.rumre ~yolution in the rod wa, not obtaine.d in order 

to unswer this question tlIlt"<.lllivocally (In foeL, ~n analytic~l solution would have obviut<'.d the 

n~d for the. finitc. diffc.rencc. culculmions entirely) 

Howe.wx, ~ ,tc.~dy stmc. ~nulyticul unaly,;, i, stmighLfofV>'ard. From (6.·1) the sLc.ady staLe 

temperutur~ field, ].;" is governe.d hy ij"T,,/ih' O. TIle. wlution i, simply 

(6,IOj 
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1800 

1750 

1700 
r\ 

" 1630 , 1600 
E 1350 " " 
~ 1500 

0:::: 1450 

1400 

1350 

1300 
o 

, 
" " 

500 750 1000 1250 1500 1750 2000 
Time (~) 

91 

Figure 6.4: "J"cmp"n<tllre hi,rorit'S at five <'quidi,mlll poin" along length of simple !Oml<hR:tiTlg ·"d. 

(51 grid points) 

~ncl wh~re, from (6.4), " i.' th~ brg~r roOl of the fOHIi h·order polYTl0mial 

To", 
+ (;-".' 

" 
o (6.11) 

'111e tHger r[)(}t il ()' = IU,",OD, so tlmr the exact ,tc~dy 'tm~ t~mper~ture at:r = L is predicted 

to he 1:I'!9K, 

On the other hand, Algorithm 7 with ,\' = "0 predicted a ste~dy It~le rempcrJtur~ at", = [. of 

l:nnK. The closenc% of thi.' >olution to the ex~cr ~olHtion providc., som~ d~gree of L"Onfide:lce 

in thc result., which were compHled uling Algorithm 7 wilh;\' = 511. 

Thi' r:onfid~nce is bOOlred nlrthcr hy studying th~ variation of discretisation error a., ~ function 

of rhe numh~r offinit~ diik~nce grid poilltl. Th~ dL.,creti.,ation error al ~ point x = iL alld 

~ tiIll~ 2,)()s is ploned in rigure 6.5, clearly indicJting Ihat 'Hch an error becOIll~S of ~L'Dnclary 

importance~,},' :' 511. 

fim 1Iy; the evolution of t he rdmive cliffer~nc~ between rhe fillit e demcnt ~ncl the finitc dinr­

ence c.,lcuIJti(}Il' m ~ point x = ::L is ploned ill figurc 6,6. indicating that the relative direr­

em", in th~ solution> ,t."hili>c,' at about 1.2%. This resull ~crves to validmc (~t lea,t fur thi' 

relatively limple conductingiradiMing configur~ti(}n) the coupled finite element/net-r~dialion 

numerical scheme delClihcd in Chapter 4. 

6.2 Simple Equiaxed Investment Casting 

A mcsh of a hypolheticJI cquiax~d casting of a recrangulJr hJr wa> g~ncrmed ~,' ,hown in 

Figure 6.7 (sh~cl~cl region). The objective of this mood was to study the emcocy of hoth :hc 
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0.06 

" 0.05 2 
" " § 0.04 • " • • " 0.03 " , 
5 , 0.02 

• 0 

] 0.01 c 

" 0 5 10 15 20 25 30 35 4D 4S 50 
Number of Grid .fluint> 

Figure 6.5: Grid refin€mem study lor simple conducting r()(l. A relatiw 'patial discrelisalion errer i., 

plotted at (.r = !r. t 2.';0.) as fllncrion of number of grid poim, (N). ""latin lO ,olmioo 

forS~."l 

D.D14 

0.012 

" 0.01 $ 

" D.OOB 
Q 

~ 0.006 
0 

£ 0.004 

0.002 

, 
0 250 500 750 1000 1250 1500 17.'i0 2000 

Time ($) 

Fi)(l". 6.6: Comparison of rinile dc=m solution with finite diff.rence solution. &Iativc differen~ 
bem'.cn finite .l.ment solution and explicit finite difference ,olution i, plotted at % = iL. 
&lativc diff.r.nce i, 1.2% a( 'teady ,tate (5 1 finite diffe",m·e grid points. 5(1 finit •• Iem. nt, 

a~.H1X rod length) 
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Tahle I>.~: Then!lophJ~i,"1 propcrlie, for the metal 

Cooooctivity SI"',i{ic I""" Dc";il,' 

(Wicrni'C) (,I/l(i"C) (~ic-m') 

0,2 0" J a,o 

T"hle 0.4: TI\e.rmophy,ical propcrdcs for the mould 

CooouClivil,' S pccil'ic ],0,., r>.,,,,ily r':nli";'-;ry 
(Wicnli q (.'i).:i"C) (g/em': 

0,03 U TO II., 

cm,ity radiation model developed in ~4.3 ~s well a, its couplin~ to the finite element model 

(§4.4) , 'l'hennophy,ical data for the metal and the mould are li'ted in 1'~hle, 6.3 ~nd 6.4-

Simulation parameters are listed in Table 6.5. 

111ree simuimions were performed whject (0 differcnt radi~tion boundary conditions. In the 

fir,t simulation a single bar lV~s ~<sumed to lose eneq,,)' to a blackoody environm"m via lhc 

simple Stefan formula (3.28). ln the second 'imuiarion til" num"ric~i model developed in 

Chapter 4 was invoked. Computcd tcm[X'rmure histories at the poim marked with a 'Y' in 

figure 6.7 are .hown in l'i:;;ure 6.B. The poinl 'Y' i, localed em the mould surface of the first 

bar. 

Thc:;e hiswries verily, for a 'ingic h~r, the dose correspondence of thc numerical ",suit with 

the analyti'-'ll rc,ult for this simple geometry. The time increment interval was set al 2is, and 

thc ~verage number of Newron ireration:; per increment for the finite ekmcnr compUlmion waS 

3, However, when the coupling algorithm d"''''iocd in 'j4.4 was nOt applied, so that (he net 

heat flux values al th" imegrmion poinls were assumed to equal thc avera~e value aver the 

el"mcnt~l face, the average Ilumocr of it<>rmions was 7. 

In the third simulation a 'yrnmctnc siaye geometry (unshaded rcgion, figur" 6.7) wa.' gen"r­

ated u.,ing te., *SYtoIMETRY option (source linc SO, pasc 82). The temperature hi.'lory at rhe 

jXlint 'Y' (which now i.' directly e~posed to the symmetric g"omctry) confinns the retardation 

of rhc ,imuimed COOliIl~ or the fif'( har due [() ,hc mdiant interaction ben,'-een the (WO har.'. 

6.3 Single Axisymmetric Directional Castings 

'rhe objectivc in thc following n,'-o model., wa.' to address the complexities that arise in mod­

elling actual directional c~sting processes, where 'Heh compkxities do nOt Stem from the nI­

di~nt interaction,. Castings were thereforc selected in which the radiant inler~ctions arc rd~­

tively simple. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Q-IAPTER 6. RESULTS AND DISCUSSION 

Table 6.5: Casting parameters fOf hypothetical simple eqlliaxed casting 

---- j --

, 
lOcm 

Initial rue!aJ t<rui>< rarur< II)()Q ' C 
Initial moukl temperature II)()Q ' C 

Ambien!!emper,1!Ur. 20 °C 

lleigbroibor IOcm 
- -.--~. 

master 
~metal 

mould 

94 

• 

figure 6.7: Fini", element mesh of equiaxed casting of rectanzular bar (shad<'d) a"d facet mesh of 
symmetric slave bar (uruhadeci). The point" which temperature his!Oli~, are recordec is 

marked with a "(' 
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~"c'c"cpec'c"c'"c'cec(c~CCc) ______________________________ __ 
lOOOr. 

')60 

940 

')20 

Single b'""'c. --==='1 
Cavily radiatio~ 
mo(kl 
Singl~ har. 
Simple radiation 
formula 

"'O~==~~'~==-~-~-~-~-=·~------------------------"-------~ 
" " 

Time (s) 

Fi!',"ure ~.H: Tell'I",";""rC hi'lnrics ~l nodal poiL1l 'yo in l'isurc 6.7 

3C 

95 
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6.3.1 Cylindrical Bar 

An actual dircr.rion~1 ~"sring rig "nd " rc,ulting ,olidificd LylindriLal h~r i, ,hown in l'igure, (;.9 

and 6.10. Type 'R' (PtiPt-Rh) thcrmocouples were u",d to oht"in reading, "t selected intervals 

along the length of the bar. 

Model Description 

An idcilliscd gcomctry, " finitc element mesh, boundary conditions, and a few dimensions are 

all shown in Figurc ii. 11. 

A ,implificd mood of [hc r"diane interBL"tions mim hie only for Lastings having simple axi,ym­

metric geometrics Wil' "pplied. In thi,; modd the nd heat flux at all points on the surl'ace of 

the mUllld was assumed to have the form 

, 
L r:",,,(.L 
" 

n ---
Ii,,, + lid',,- z, I) -1 

[["I i ) (6,12) 

with the r.oordina[c' dcfined in Figure G.ll, and where f.: TI :, f.~., and J-:",l are, respectively, 

the view f"cwf\ from any point on dle mould surfa~e ro rhc furnar.c hcmcr' "bovc thc h~ffle, 

the furnace walls below rhe bafilc, and the huri7.0nt~1 muu Id SU rbce above the chill plate, 'llle 

emis,ivitie' of thc [hrce regiuns me respectively", c, and c .•. 

This formula is an Bppruxim"rion in the sense that it account, for the multiple refle~lions 

betwecn " facet un the mould ,mface and each 01' thc abovcmcntioned 'One', but i[ neglCLt, 

ilny interaction betwcen the zone' rhemsdvC\. 

The ,imple radimion sy,tem musr a~munl for discretc chilngcs in thc "illues uf the "iew fac­

tors, f.'m", as the bame movcs upwilrd past the chill plme,'! Widl the nomenclature in Fig­

ure ii.ll dlis was achieved using Algorirhm Il Thc resulting v"tiation ofdle "iew factors as a 

i'llnrtion of posicion illong the length of the bar is plotted in Fi8ure 6,12. 

Materiail'roperries and Casting Panuneters 

The cast mcml i, MAR-M200 -" nickel-base superalJoy thai was r.ommonly uscd in rhe miln­

lll'ael'Ure of g"S turbine rowr, in the early 70s [4, p 7] (see also l'i8ure 2.1). ilS compu,ition by 

perccntage weight is; 58.28 !'Ii, 0,15 C, 9,0 Cr, 10 Co, .'i.0 AI, 2,0 Ti, 12.5 W. 1.0 Nh, 0.05 Zr, 

0.02 S, and 2.0 Hf 121l1, Hafnium, in particular, was introduced as a grain-boundary strcngth­

ener, Its temperature ~apabilit)' is 104WC.1 Thcrmophysical d~ta for the metal are li,ted in 

'Dble 6,6, 

'To rh" 1111"",ric,i moo.i Ji",-,-""",ci in ;4,3.6 ,"eh di,(rc'Lc chaagc, il: II", \'iow 1;'('1 or ,"jll~' "r~ "COli r.Tffi for 
:lnrli,-;,I.,-, 

'100 hourS 10 mrLll!C' al 140 MPo 
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Figure 6. l0: Photogwph 01 DS cast bur 

Algorithm 8 View factors for the directional casting of objects hwing simple JxisYJIlJIlc (ric 

geometries 

J.;n1, = b (I - Se)) 

if (J, :s IJ,- then 

Fm1=l(I+So) 

Fm2=~(S,-S,) 

,", 
1';", = ~ (1 + So) 

Fm2 = 0 

else 

J.;"l = ~ (1 + So) 

Fm ,=10- S,) 

Ftl>3 = 0 
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furnace heaters 

baffle 

furnace wails 

, 
• 

,~ 
,/ 

q = hiT ill} 
h = O.02Wm 2K 

• 

99 

\ 

" 

21cm ) qR(T,x.z,l} 

i 
I 

I , , 
! , 

/ 
/ 

Fisurc 6.11, Ideali,cd gcomeu-y and finile demc"" me,h of dircnional ca"ing Df "xi,ymmeuic b"r. 
Thermocouple locations indicaTed wilh a ;0' 
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View fanor 
10~----

08 

0.6 

OA 

0.2 

--., 
I 
I 
I 
I 
I 
I 
r. 
I . 
. 0 " \ • 

" , , , 
• ....... , 

.... , 
..... , 

... .- .-

RdOlivc position 

100 

Furnace hea(ev; 

Furnu~e wall 

Mould tovering 
~hill plate 

Figure 6.12: Yiew factors for poin(5 all mould s"rla,. of dir. ctionai ,,,,tin!,, of all axi,ymm. rric bar. 

Baftl. assum. d to hav. mov.d I (kill "long kngth of b", 
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6. AND 

Table 6.6: MAR-M200 pp 

21 0.127 0.4 8.53 200 1295 1375 

93 0.130 0.4 

205 0.135 0.395 

315 0.138 0.42 

425 0.151 0.44 

540 0.152 0.42 

650 0.173 0.46 

760 0.140 0.48 

870 0.216 0.5 

980 0.249 0.525 

1090 0.297 0.565 

1200 0.580 8.53 

1227 0.308 8.10 

1290 0.580 

1327 0.326 

1375 0.610 

1392 0.338 

1500 0.335 0.650 8.10 
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6. 

Table 6.7: 75% Aluminium + 25% Mul-

0 1.101 2.975 

20 1.120 

100 1.165 

200 1.203 

232 0.0756 

300 1.254 

317 0.0669 

322 0.0711 

400 0.0626 298 

500 1.351 

535 0.0558 

600 1.419 

601 1.343 

650 0.0487 

700 1.312 

800 1.260 

827 1.332 

907 0.0417 

927 1.351 

1015 0.0402 
1027 1.368 

1127 1.384 

1200 0.0399 

1300 0.0383 

1327 1.416 

1527 1.446 

1600 0.0402 

Table 6.8: p 
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6.13: EmlSSl'Vltv furnace heaters and walls The variation of 
accounts for of hrolmium on mould surface 
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But 

Table 6.9: ......... ,. .. ,,'l'> "'<>r", ........ ,.j-",· .. " 

Initial metal temperature 
Initial mould tenlperature 

Initial chill temperature 

Furnace heater temperature 

Furnace wall temperature 

Initial vertical baffle IJVO,U,\.'U 

1480°C 

1480°C 

20°C 

1480°C 

20°C 

1.8cm 

cylmdlncal bar 
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6.14: lelmDenttu:re histories at lll\.IL\JUI.ll<: locations l<1L'<:lll<:U in 6.11. Existence a 
'thennal between bar and chill not simulated 
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6.15: ""'''''"<>Mln''' h",j-nr',,,,,,, at LU<OLU1U ... .u ... 1-'1'" locations !<U''''!JL<:;U a 
between bar and chill modelled 
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6. 

6.16: histories at thenn.oC(>Up locations labelled in 

'thermal between bar and modelled 
gap forms at 1050°C 

An ..... '-au.' ....... sz;elom.erry are in 
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6.17: 

6. 

.. .. .. 
" " " 
" " " 

" .. 
" " 

.. .. 
" " 

.. .. .. 
" " " " " . 

" 

at m!~ml0c:ouple .V'.UL.V •• " ";UJ~.""'''' 

between bar and chill 
tions not accounted as per 

aralmf~Ielrs are 

a 
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" l umina + mulli!., 

l ~ 

~ 
~ 

~ 
U 

20 em 

V, "0 

I 
)) 

I 
-.L ,~ 

I oo ppl'r 

'" 
1 

I furnace h.,,,t.,,,, 

, ... 

fllrnace walls 

Fixur~ b.llI. t'inilc demcn' mesh and geom"f} 01 a ,;ngl""""Y',at .. ",;ng of H '~I1>; t .. ,"-" ''- """" 

T:lblc 6. 10 Otsllng p"'an'etcrJt for tm51k- , es< specimen 

IMUtI ..... ,~l ,.tnp'.'~n.t'" --""W",,",~-------

I~'I"'I ",,",uld '~m( ... ' .. "'" (~20 C 
Irhtial ,'MI ;-4M~ '~m("fA'ur~ lO "C 

F .. ~ ... c Ix»:, '~'nO'C'" u'~ (SZO'C 

F",,'o..o: willi \Crn;>c,aru,~ :r;n·c 
InlrI.1 ... ,tiall.>4ltl<! ;>< .. «i ... u l.!!c,n 

j.J (min) ".Imm/n<i,,: 
s () 

r'ltln3 • ... ·1, M",wal ... ,u~n... 4 
21 3 

'x, 3.5 
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Gradi~nt G, Velocity t· 

" 

\i (xIUXllcm/s) 
i G (xlO't/cm) 

110 

===~O===~ ________ ~======::: _______ iRdativ~ position 

Figure 6.19: Cnmpmed variarion of the ",'enlgoe Ih.-TTl" I go",,1 iem, G_ ,,0=' the HI "'h y wne ;md ",lid u, 

fln\l[ v. locit)', \-~,. 

Results 

As di,;cus,;ed in 92.3, the natur~ of the Cost microstrtl(:tllre i,; ,;trongl y injluencelt by the thermal 

gradienl, G, across the mushy wne and the ,olidu,; from velocity, 'V; . Computed variations of 

the,e quantitie,; are plolled in Figure (,.19 It is int~,-,,'ting to note thot although the withdrawal 

rate h held appro]{im'll~ly '-'instant at 4null/min, the s.olidu,; frolll velocilY varies nlarkedly 

~rounJ the value of the withdrawal rar~_ Comequentl,,; th~ microstructure i, likely to vary 

markedly ~long the length of the ,;pecimen. 

Th~ primary dendrHe ann spacing (PDAS) wos meosur~[L Sever"l sections were Cut from a 

cast specimen, pnlidl~J ~nd chemically etched, a, shown in Figurei'eff:S<lmples. ""'lues for the 

PDAS at all the s.ections were then m~osured using a digital image analy,er. Iypical dendrile 

strucrure is shown in the cross-,ectional micrograph in Figure 6.2 I. 

R~c"l1 from ~2_3 (page 11) thallhe PVAS nlay be rdot~J to G ~nJ V; in the following formul", 

for '{)]ll~ '-'inStant ,1 (6.14) 

With A 2!j8I'ml"C'CIll -1 ,; -'j'--,'<, a variation of the PDAS along the length of th~ sl"'~imen 

was com pUled (Figure 6.22). 11,e r~ oson~ble ~orrehtioll between t~ compUled and nwasured 

results is signifi~~nt in thm it demoll>trates the use oi'nunlerical model, to mrrelote the cmting 

proce" with the resultant microstructure. 
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.. ¥i 

Figure 6.20: MouLHed longitudinal and ,',ross--,,,,tions sample, rrmn a ten'il~ te" 'pecimen d",,,,iTll! 

llluitip le grain-boundary form arion 1",ln", the piH', t.il (Io!" 1<11) .",d ,iTlHle cry,;i'<ll H'"wth 

above ('-igln) 

6.4 Clustered Directional Casting 

The geometri '>s of the axisymmetric castings considered above were simple enough Ihal radian I 

interactions between surface elemenlS on Ihe mould surface> could I~r:.:d y lx, ne:.:lecred _ In rhi' 

section it will lx, shown une~uivocnlly thm these inleraclions cannol be neglected if more 

complex non ,axisymmetric geometries ~re to \)(, consiclerecl. 

The ge>onl"try ofrhe moulcl ,hown in Figure 6.23 is one such geomelry. The n\5Iing in lhis case 

i, n clUSler of six directionally solidifie>d baro mrangeU cyclically mouncl a central sprue. 

Model Description 

A finire> e>kmem me,h of the cn'ting. as shown in Figure 6.24, was cfl,atec\ ming the> commer­

cial ,ofuvare MSC/ • .\",H,JES. The soth"arc h~s powerful ~utomatic me,h :.:ener~tion c~pabilitie" 

making it possible, for example, to specil', the exiSlence of the inH,rnal ma",rial houndarie>s 

between the mel aI, Ihe mould and the> chill plm". 

Clearly, planes of cyclic symme>tI)' are exploited in this nlOclel. By cloing SO the number of 

dement' wa, reduceU from 58100 to 9685. 

A di,cretization of the radialing cavilY was then dcfilWd using the> facer me>sh shown in Fig-
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Figure 6.21: s.,ctional mictog,ai>h of typioal d~ndrite sITucUlIe. Primary d~ndrit~ at '0' and secondary 

d""drit~ urn "' 'b' (Magnification: SOx) 
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;'cD~A~S~0~'m~)~======~ ______________ ~ ____ _ 
2[)(] l compllled 

me~sureet 

1~0 : 

i 

'60 

, 
HO 

, , 

-• • 

, , 

, , 

~ 
" 

, 

r' \ , ) 

, \ , . 

=:):':o=::::::::-____________ -:::::'====::: ____ ~-----': jRelaliVe position 

113 

Figure 6.22, Computed (Equal ion (6.14)) and mcasur~d va,;",ion of primary dendrite arm sp K· 

inK (mAS] along length o[tcnsi!c sp~cim~n 

me 6.25. Th~ master facet se' (as dellned in 84.3.4) is compri'~lt of the mdiating exter.or 

~l~mental faces of the mould smfare of the finite element mesh (Figure 6.241 and a sin~le 

column of facets r~pre'~nting a se~tion of the furnace. Th~ rem~inin); 'ymmetri(" pans of the 

castin); ar~ repr",emelt by a coarser facet mesh. as ,hown, The remaining parts of rhe furn[ce 

are represented by '19 addition~l columns of facets which are constrained to be ,ymmetric to 

the first rolumn, The fa~et mesh consist<; of 2222 m~,ter fa~ets Wilh 1605 siaye facers for rhe 

casting, and 29 m~ster f~cets with 551 slave facels for the f~Il1~("~. 

A comparmiv~ ~n~1 ysis of the cost savings accrued in ~pplying the symmetrf algorithm' of \4 3.4 

is summarised in Table ('.J L Th~ mmly!i! stans with the case in whirh symmerry conditilIlS 

~r~ not ~pplied, and in which rhe entire );eometry of the radiming ~avilY is represented with a 

fine mesh. The wst of computing the view factor database i, redured by ~ factor 3.2S if the 

rydi(" ,ymmetry conditions are then appli~d Over this mesh. lf on the other hand, part of th~ 

geomelTy is represented with a coarser facer mesh (Figure (,.2Si, th~n the COOt is reduced by 

~ f~ctor 30. FinaJl}; if pan of the g~ometry i, represenleet Wilh a coarser facet m"Sh, am. if 

symmetry conditions ~rc then applied to this coarser me,h, then the original COSt is reduced by 

~ f~rtor 39.4. 

The rebtive L'Osts of updating rhermal dma of the syrumelric slave facers using daw at the 

master facN' ~re ~bo Ii,teet in "ltlble 6.1 'I. Th~ use of local poi1lt,,· variables (as ltiscusoed 

in 'is,3) redu~es this Co.S[ by apprO':immcly 2.1. 
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master cilStittg f~CCM 

" sla ye casting facets 

slave furnac.! face's 

~i&~ 6.25: Se<:no" tof ",d •.• h"" C3'1\y comprisinlO;" elm''''"'''' ns br ".shng :t"d fum~. M~r 
",d,at;"ll facel.S rue shaded darkly. Ruot> of !I,,, Gflh .,Ia,,, bar and man,' furnace tactts 

ha\"~ be.!n rell\O\'ed for _lin'" c~"'ty 
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6. AND 1 

Table 6.11: Relative costs 
yllJJUlC1111~ thermal data 

to the entries LCU'W,:lLCU 

data 

FM. Fs Fmax 

Fine slave mesh 
No symmetry 13912 0 13912 1.3x n/a n/a 

Fine slave mesh 
2251 11661 13912 4.0x 583050 263295 

Coarse slave mesh 
No symmetry 4407 0 4407 4.3x n/a n/a 

Coarse slave mesh 
2251 2156 4407 3.3x 1010 107800 54185 

1 * SYMMETRY , TYPE=ROTATE, CONDITION=PROIIM 
2 BAR2, BAR1, 0. ,0. ,0., 0,0,1, 60.0 

3 * SYMMETRY , TYPE=ROTATE, CONDITION=GENERATE 
4 BAR2,O.,O.,O., 0,0,1. 60.0 

5 BAR2, O. ,D. ,0., 0,0,1, 120.0 

6 BAR2, O. ,D. ,0., 0,0,1, 180.0 

7 BAR2, O. ,D. ,0., 0,0,1, 240.0 

Parameters 
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6. 

Table 6.12: "Cl,nU"15 PClHlLAU'''''' 

Initial metal temperature 
Initial mould temperature 
Initial chill temperature 
Furnace heater temperature, Th 

Furnace wall temperature, Tc 

withdrawal Ow 

Width of the baffle zone, 0 
Initial vertical baffle bo 

At 

for clustered directional 

1420°C 

1420°C 
20°C 

1460°C 

20°C 

0, 

6.3cm 
1.1cm 

1 
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• • 2 

6.26: "l""I..UU!.),It:: locations DS cllli;terc~d bar 
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6.27: .... V,'UI-/UL";U 

model 

AND 

histories at 
rnT'I"Inl1t".rI results were obtained radi3.tion 
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1100 

o 

6.28: 

model 

histories at 
The .... v.".}' .... ,,:; .... results were obtained radiation 



Univ
ers

ity
 of

  C
ap

e T
ow

n
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6.29: '-'V'''I-''-'''';;'''' locations '1' and 2> 
the 3-D radiation 

model \ " ....... ' ....... 
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1100 

o 

6.30: rnrnn,',tprl histories at tnE~rnlocouple locations '3' and 4' 

radiation 
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Plot (a) Plot (b) 

Figure 6.31: Views ('haded fa""t') as '",en' from a single radiating facet (roloured bL'lCkI. View, com­
pUled using Algorithm 3 (§4.3.3. In Plot (aI, .he ,ingle facet j, l(>ca'ed On .he cenn-al 

sprue. For vi,ual darit); part of furnace i$ excluded in Plot (a), and furnace geometry is 

romple.e]y excluded in PlOt (bl 
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I 3 0 ~ J C , 
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a ,,,"_.o-r.,,, alPproxllmcltion to an ,,"Vlnr';::'<;!<;!l net 
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