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Abstract

Directional investment casting processes involve complex interactions of various mechanisms
of heat and mass transfer in spatially complex domains and in the presence of a change of
phase. In particular, the transfer of heat within the furnace occurs in the form of conduction,
convection and radiation. This thesis addresses the development of computational techniques
to simulate, at a macroscopic scale, such casting processes.

In this study the conservation of heat energy within the casting is assumed to be maintained by
conduction, accompanied by the release of latent heat energy during solidification. The overall
state of the radiation in the furnace chamber is analysed in terms of the absorbed, emitted
and reflected energies for each surface defining the geometry of the chamber. By applying
a diffuse~grey approximation to these energies, an expression for the net heat flux for each
surface is derived.

A Galerkin isoparametric finite element formulation using first-order hexahedral elements is
extended to numerically couple the radiant interactions. A backward-difference temporal al-
gorithm, together with a modified Newton iterative method, is used to solve the non-linear
equations at selected instants during the solidification history. A novel algorithm allows the
hitherto tight coupling of the conduction and radiation calculations to be loosened somewhat
without significant loss of accuracy. The diagonal dominance of the equations describing the
radiant interactions can then be exploited in a Gauss—Seidel relaxation solution method.

The notoriously high cost associated with cavity radiation computations is attributable to the
large size of the required view factor database. The cost is roughly proportional to the cube of
the number of surfaces representing the geometry of the furnace chamber. A primary objective
of this work is to reduce both this cost and the time spent by the analyst in setting up the
computer models. This is achieved along four fronts, namely: reducing the required number
of view factors; reducing the cost of calculating each view factor; reducing the cost associated
with each Newton iteration; and finally, making possible the specification of symmetry planes
at an abstracted level. In particular, the analyst is now able to specify symmetries between two
or more dissimilar regions and between regions having unequal mesh densities.

Results of the simulations of four investment casting processes are analysed. The accuracy
of the simulations is checked against experimentally measured thermal histories and certain
measured microstructural features. It is evident that the radiant interactions occurring outside
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the casting significantly influence the solidification behaviour within. In the particular case
of a clustered directional casting, radial thermal gradients arise not only from the rad:ant
interaction of the casting and ceramic mould surfaces with the furnace, but also from a ‘self-
interaction’ between the various surfaces. With respect to initializing the database of view
factors for the simulation of the clustered casting, application of the techniques developed
here result in a 39-fold reduction in the computational cost.
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Chapter 1

Introduction

The directional investment casting process involves complex interactions of various mecha-
nisms of heat and mass transfer in spatially complex domains and in the presence of a change
of phase. Because of these intrinsic complexities, experimental ‘trial-and-error’ methods have
traditionally been used in a foundry to eliminate defects and to improve casting quality and
reproduceability. However, as component designs have become more complicated and require-
ments on microstructural integrity have become tighter, alternative methods have been sought.
It is now with relatively recent advances in computer hardware and software technologies that
computer modelling has become one such alternative method; and it is to this alternative that
this thesis is directed.

Many of the mechanisms underlying solidification processes are now well understood. They
are usually described by balance laws which differ dramatically depending on the length and
time scales at which the subject is studied [1]. At the smallest length and time scales the study
of solidification is concerned with the thermodynamic driving forces for nucleation of solid
particles and the kinetics of the subsequent growth of the particles. Much research activity is
directed at modelling solidification at these small scales [2].

While not discounting the importance of this work, many technical challenges still exist at the
larger scales. Indeed, these technical challenges often limit the extent to which the abovemen-
tioned research work can be applied to practical industrial problems [3]. This thesis confronts
some of the challenges in modelling investment casting processes at the macroscopic scale.

In general, at the macroscopic scale the modelling problem involves a coupling of physical laws
which account for the conservation of mass, heat energy, momentum, and, in the case of the
solidification of multi~component alloys, species.

Since it is assumed that the molten metal does not convect, the conservation of mass and
momentum are trivial. The conservation of species, on the other hand, results in the formation
of a spatial zone of instability known as the mushy zone in which metal solidification takes place
as the molten metal cools {4, 5, 6]. This zone is bounded empirically by two surfaces—one at
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the solidus temperature and the other at the liquidus temperature. The spontaneous release of
heat energy of fusion occurs within the mushy zone.

The conservation of heat energy must account for the heat transfer modes of conduction and
radiation. It is assumed that conduction heat transfer takes place within the casting, and that
the numerous time—dependent three-dimensional radiant interactions take place within the
furnace cavity.

During vacuum investment casting, the transfer of heat energy between the casting and the
furnace walls is dominated by radiation. However, this radiant interaction is complex and is
therefore not easy to simulate computationally. Sources of this complexity are identified as
follows:

e Not only is radiant energy exchanged between the casting and the furnace, but also
between the various surfaces of the casting and the furnace separately. A consequence of
this self irradiation is that the thermal state at any point in the furnace therefore depends
on the thermal state globally

e In the case of directional casting, the relative motion between the casting and the furnace
means that the geometry of the radiating cavity changes with time. Hence the interac-
tions are time—dependent

e A common casting configuration is one in which individual components are arranged
cyclically around a central axis. This arrangment is known as a cluster. Despite the
possible existence of planes of geometric symmetry in the cluster, the contribution of
each component in the cluster to the overall radiant interaction cannot be neglected.
This adds significantly to the size of the computation

Addressing this radiant interaction requires a level of computing resource that is often not in
proportion with the impact of radiation on the overall problem. In many cases the required
resource is so high that either it limits the scope and size of problems that can be addressed
using computer methods [7], or it renders the models unsuitable for iterative analysis with
each simulation run taking too long.

In a review of numerical methods used to predict radiative heat transfer, Howell stressed the
need for developing more effective computational methods [8]. Howell identified the impor-
tant characteristics that should be considered in the development of any new method as being:
(1) computational efficiency, (2) accuracy, (3) ability to handle irregular three-dimensional ge-
ometries, and (4) mesh compatibility with conduction/convection analysis methods. Although
many of the current numerical techniques may contain some of these qualities, it is my view
that no existing method handles all. The primary objective of this thesis is therefore to extend
our ability to simulate ‘real-world’ investment casting processes in a manner which addresses
all these qualities.

In particular, a numerical model of the radiant interactions is developed which:
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s is both sufficiently accurate and computationally efficient
e couples very easily to current standard computer models of heat transfer

e reduces the analyst’s initial effort in setting up the models

Computer models of directional investment casting processes started appearing early in the
1980s [9]. In the same decade Giamei et al used a temperature and time dependent convec-
tion boundary condition to account for the radiant interaction [10]. In this relatively simple
approach the geometry of the furnace was not accounted for explicitly, and the models could
only be applied to castings of single components of convex shape. This approach was later
extended by Kotschy and Carter by introducing time-dependent radiation view factors into the
boundary condition [11]. Although reasonable agreement between calculated and measured
results was obtained, the treatment was still restricted to the analysis of single component
castings.

Giamei [12, 13] and Vermont [14] were among the first to recognise the importance of consid-
ering a more rigorous treatment of the radiant interaction when modelling investment casting
processes. This was later endorsed by Rappaz et al [7]. It was realised that the geometrical
definition of the models must be extended to include not only the geometry of the casting but
also that of the furnace in which the casting is confined.

Dupret et al and their predecessors achieved this inclusion quite elegantly for axisymmetric
crystal growth furnaces by applying a Galerkin discretisation to a net-radiation analysis of
the furnace cavity [15]. Using a similar approach, Hoffman et al developed a model of the
directional casting process of a single non-axisymmetric component [16, 17]. Their model,
however, did not exploit the apparent geometrical symmetries in their furnace cavity.

More recently, clusters of components have been studied [18]-[22]. In many of these stud-
ies the abovementioned large computational cost associated with the radiant interaction was
confirmed, although not comprehensively addressed. Firstly, in all the studies a net-radiation
analysis accounting for the radiant interaction within the furnace cavity was coupled to a stan-
dard finite element analysis of solidification within the casting. However, it appears that no
special treatment was given to the coupling mechanisms, and to their impact on the overall
solution accuracy. Secondly, although planes of geometrical symmetry within both the cluster
and furnace was accounted for, it was done so in a computationally intensive manner.

In this thesis the aim is to extend the current capability by paying close attention to both the
size and complexity of this computational problem. As above, a standard Galerkin isopara-
metric finite element model of conduction within the casting is coupled to a net-radiation
model applied to the furnace cavity. Specific innovations inherent in this modelling initiative
include (listed in order of importance):

e the development of a unique algorithm to couple the finite element calculations to the
radiation calculations so that the overall levels of numerical accuracy and stability of the
solutions are raised
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¢ the exploitation of planes of geometric symmetry in a manner which dramatically reduces
the required number of degrees of freedom without a significant loss of accuracy

e the simulation of the relative motion of the casting and the furnace without requiring the
view-factor database to be reconstructed at every time increment

o the development of various pre-processing algorithms to expedite the analyst’s task of
setting up the computational models

The general purpose finite element code ABAQUS is used as the finite element implicit solver.
The radiation calculations described in this thesis are coupled to finite element calculation via
recourse to ABAQUS’s DFLUX user-subroutine [23]. This exact mechanism for this coupling is
discussed in detail in §4.4 of Chapter 4.

The organization of the thesis is as follows:

In Chapter 2 directional investment casting processing is discussed. The process parameters
affecting solidification behaviour are identified. In turn, the solidification behaviour is related
to the as—cast microstructure by introducing the concepts of the thermal gradient across the
mushy zone and the solidus front velocity.

In Chapter 3 a mathematical analysis is developed to describe the conservation of heat energy
within the directional casting furnace. It is assumed that energy conservation within the casting
is maintained by heat conduction accompanied by a release of latent heat during solidification.
A radiation model is developed from first principles to describe the conservation of heat energy
at the radiating material boundaries.

A numerical solution is developed in Chapter 4. A Galerkin isoparametric finite element ap-
proximation is extended to account numerically for the radiant interactions. The techniques
which address the prohibitively large computational cost associated with computing the radiant
interactions are comprehensively described.

Aspects of the software implementation are addressed in Chapter 5, with particular emphasis
on the efficient organisation and manipulation of the various model data sets.

Finally, results of simulations of various casting processes are presented in Chapter 6. The
accuracy of the simulations is checked against experimentally measured data. The specific cost
savings that accrue in applying the specialised computational techniques are analysed.



Chapter 2

Directional Investment Casting
Technology

2.1 Introduction

Investment casting is not new. Its application can be traced back to the manufacture in China
of bronze jewellery dating from 1500 BC [24]. In the early part of this century, the method was
applied to the manufacture of gold fillings and dental inlays. By the mid-thirties the technique
was regarded as specialised with limited relevance. This situation changed during the Second
World War with the increased demand for precision components for armaments and aircraft
parts. The pace of development accelerated with the introduction of aircraft gas turbines. The
drive to increase engine efficiency through raised operating temperatures prompted the use of
investment casting in the production of the turbine blades.

Since their emergence in the 1950s, cast superalloys have found widespread use in gas turbine
engines. The steady increase in their use is largely due to the rapid pace of alloy development
by the investment casting industry, as well as to improvements in melting and casting process
design and practices [4, 25].

From the perspective of alloy development, the high strength of modern superalloys at tem-
peratures close to their incipient melting points derives partly from the existence of both the
ordered ~'~particles and various carbides residing in the y-matrix that act as barriers to de-
formation!. Also, the superalloys have high creep strength resulting from the alignment or
elimination of grain boundaries normal to the major stress axis. They have superior thermal
fatigue resistance resulting from the existence of low-modulus <001> crystallographic orienta-
tion parallel to the solidification direction.

From the perspective of process design, this high elevated-temperature capability is attributable
largely to the development of directional solidification (DS) and single~crystal (SC) technolo-

1y and +' are important metallographic phases which form during the solidification of a number of nickel-based
superalloys.
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Figure 2.1: Increase in temperature capabability in superalloys [28]

gies, which were first pioneered by Versnyder [26] and Versnyder and Shank [27] also in the
late 1950s. The chronological progress in increasing the temperature capability of the alloys is
summarised in Figure 2.1 [28], with corresponding developments in the microstructure, shown
schematically in Figure 2.2 [25].

How does DS and SC processing contribute to the superior properties of superalloys? The
formation of the ‘as—cast’ microstructure during solidification depends strongly on the manner
and rate in which the latent heat of fusion is carried away from the advancing solid-liquid
interfaces. In directional solidification, the direction of the thermal gradients in the solidifying
metal is constrained to be oriented closely with the longitudinal axis, so that the latent heat
of fusion is carried away from the interfaces mainly through the solid. The result is that all
microstructural features, such as dentrites, eutectic regions and grain boundaries will tend to
be oriented similarly. This will be discussed further in §2.2 and §2.3 in the context of directional
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casting Processing.

2.2 Directional Solidification Processing

Ceramic reftactory matenals which are used in the construction of the shell mould to contain
rhe solidifying metals were introduced in the mud-1950s. ‘Their introduction lacilitated Lhe
entry of the industry into the general commercial field because it allowed the range of cast
materials to be increased dramatically. To the original alloy steels and superalloys were added
carbon steels, ool steels, alumanium atlovs, copper allovs, magnesium alloys and more recently
titanium alloys.

The principal stagesin a typical mdustrial-type lost—wax investment casting process are shown
in Figure 2.2. An expendable wax patrern is made by injecting wax into a metal dye. The wax
patterns are then mounted onfo a runner system to form an assembly. In the next two stages
alternate layers of ceramic slurry and granular material are applied Lo the assembly until the
shell is ol he desired thickness, The primary ceramic coating 15 usually zircon-based, while
aluming—silicates are used in subsequent coatings. The wax is then removed hy autoclaving
and the mould is fired to give full strength and to remove remaining maoisture. For superalloy
applications the melting and casting is doue under vacuum to eliminate contamination of the
metal by various gases. After the casting has cooled, the ceramic shell is removed. The runner
systemn is then machined away and the casting is finished to specification.

A typical DS vacuum furnace, as shown i Figure 2.4, consists of three chambers, namely, an
induction meltdng chamber above, a graphite resistance-heating chamber, and a water-coaled
chamber below, The ceramic mould assembly resides on a water—ooled chill-plate which is

in turn supported by a ram, AL the start of the casting process the ram is pusitioned such that
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the shell mould is loacated in the heating chamber. The molten metal is then poured into the
mould, afrer which the ram is lowered at a carcfully controiled rate, moving the metal/mould

combination down into the cooled chamber.

Ctbviously the lower regions of the casting are the first ro lose heat, firstly by conducrion to the
chill-plate and secondly via radiation Lo the walis of the bottom chamber. As time progresses
mote ol the casting becomes subjected to radiation heat loss to the bottom chamber. Conse-
quently, in the presence of a positive vertical thermal gradient the lower regions ol the casting

are the first to sohdify.

In such a process the parameters that allect the solidification behavious, and consequenty, the

as—cast microstructure, are eypically:
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s the geometry of the casting and ol the furmnace
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the magnilude of the lengitudinal thermal gradient between Lhe heating and cooling
chamber

the temperature of the graphite heaters and walls of the cooling chamber

the thickness and thermal propertics of the coramic mould

the pumber and oricatation of individual components that are casl simultaneously

e tho casting withdrawul rate

The relative influenice of these paramelers on the solidification behaviour was studied in detail
by Kotschy {13, 29, 30]. As will be discussed below, with respect to as—cast microstructure, the
solidificalion bohaviour may he adequately characlerised nol by Lhe abovemontioncd process-
ing parameters, hut hy the magnitudes of the thermal gradicnts within the solidifying region
and the velocity of Lthe phase [ronws bounding the solidifying region.

The attractivoness of DS and SC processing is Lhat these inlrinsic attributes arc correlated more
closcly with the processing parameters lhan in Lhe case of cquiaxed processing. Firstly, the
thermal gradient in a solidifying region of the casting must, by defipilion, be propertional (o
the heal [lux in the same region (Equation (32.1), £3.23. I was vorilied by Kotschy that the
heat flux in turn depends, for a ziven metal, on the first six parameters above. Secondly,
the solidification velocities in a solidifying regien may be loosely correlaled wilh Lhe casting
wilhdrawal rate. Thirdly, both thermal gradienl and cooling rate dopend soongly on casting

= gl

2.3 Microstructure and Defect Formation

As was implicd above, the morphelogy of micrestrucrural foatores that form duning solidifi-
cation depends, firstly, on the influence of the thermal ficld on solute diffusion in the liguid
ahead of the solidilving inlcrlace |5, 61, and secondly, on the fact Lhal the solule concentration
influcnees the solificagon lemperature—usually lowering the solidification wemperature with
increasing solute concontration. During solidification, solute material will diffuse into the lig-
wid, resulting in a sohule concenlralion profile in the liquid i front of the solidilving interface.
The concenlralion profile results in a melting temperalure profile ahcad of the interface.

Plane-tfront solidification broaks down whenever the thermal gradient shead of the interface
drops helow a threshold value, Below this threshold, acual lemperanures in the liquid will
remain lower than the local melonyg temperatuce until Lthe solid phase begins to nueleate. The
spatial zone of constitutional instability, in which remperatures are below the local melling
remperalure, is known as the mushy zone, and it is [n Lhis zone that microstrucoural foatures
foorm which are of interest to us here.

Tt has been bo shown {4, 317 that the palure of the microstructural featuees may be classified
according (o Lhe rafio of the thermal gradient, 4, in Lthe mushy zone 1o the solidus frone velority
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Voo This is summansed schematically in Figure 2.5, Measured microsoructural marphologics
obtained with six supcralloys that were dircctonally solidified in a range of condidons with
various values of & and Ve are shown in Figure 2.6 [4]. 1n Lhis figure zones bounded by valucs
of 7/ ¥ are clearly identifiable.

Furlthermore, under eonditions of dendritc srowth it was shown by Burden and Hunt [6] that
the spacing between the primary dendrite arms may be related approximately w the funcdon
LAVaG*y1 Y, This formula was verified by Kowschy and Carter [29], Casling simularions of the
direcdonal castng of a superalioy tensile test speeimen were cotnpared against experimentally
measured resules.

With respect to the formaton of voids due Lo shrinkage during solidification, Nivama, et al [32,
33], applicd a simple Darey finid flow madel in the interdentritic regions o relate the onsct
of shrinkage in a casting 4o a critical value of (G/Ve)!?. Orher workers ciscovered similar
relationships {wirh varving degrees of empiricism} between other microstrucrural fearures and

values of €7 and Ve [34, 35, 36, 371

Equipped with these relationships, a casting modelling programime is able to provide valuable
links belween microstructure and process design. Indesd. It is now possible 1o prescribe ap-
timal parameter seitings lor a given casting geomenty such that the desired microstructure is



CHAPIFR 2, DIRECTIONAL INVESTMENT CASTING TECTINOLOGY

l1-3 | Materials

5 IN-713-C

= MAR-M-200
& IN-100

7 MAR-M-246
£ MAR-M-D0Z
| IN-738-1.C.
L=

Solidificaton rate (mss)

P

ro—"

Type of solidificalion

7 plane {ronl o $
A callular $
& dendrivic
& equinxed

1

1y i ik

Temperature gradiene (K/m)

12

Figure 2.6: Morphologies of directionally selidified superalloys mapped on a plol of logi ) versus

Ingi (7). The lines drawn berween Lhe various zones are lines of constane {7/ [4, p26]



CHAPTER 2. DIRFCTIONAL INVESTMENT CASTING TECHNOLOGY 13

abtained with a minimum number of casting defects and a mimimised casting scrap rate. This
will be demonstrated in Chaprer 6. OF course, this is all true provided thar the models which
compute these relationships are solveable in reasonable time and are sufficiently accurate.

In the next chapter a mathematical model will he developed which, in the author’s view, cap-
tures the relevant physical phenomena influencing the casting process, and which will there-
fore form the basis for the development of enmputer models which are sufficiently accyrate
and which may readily be applied to industrial casting processes.

2.4 Summary

The widespread use of cust superalloys is largely attriburable both to the rapid pace of alloy
development and to improvements in melting and easting process design and practices. With
respect to process design, the direcdonal and ‘single-crvstal investment casting processes have
contributed signifeantly.

fn this chapler the direcrional (and ‘single-crystal’) casting process was described in some
detail. Speeific processing parameters which influence the solidification
behaviour —which in turn influences che nature of the as—cast microsiructure—were identified.

Much of the charaeter of the as—casl microstructure may be related o the solification behaviour
via both Lhe thermal gradient across the mushy zone and the solidus frome veloeily, 1o partieu-
lar, the spacing hetween the primary dendrite arms and the formation of voids due to macro-
shrinkage was related to speeific funetions of Lhe gradient and the velocity. Such relatinnships
provide valuable links berween the as—cast microstructure and the process design snd prac-
Hes.



Chapter 3

Mathematical Model

3.1 Introduction

Casling 15 a multiphysics process. & complete macroscopic description of casting musl accounlt
for Lhe conservation of mass, heat energy, momentum and solute species [38, 39, 40]. To sim-
ulate the casting process, the analyst must in general address the tollowing: (1) the fluid flow
during the inigal mould flling, (2} the evolulion of lalent heat during solidificagen, (3) the
gxchange of heat energy between Lhe casting, the mould, and the surrounding environment
by radiaton and convection, (3) convection—driven mass currents originating from chermal
gradients in the liguid metal, (4} thermal impedance layers that form between neighbouring
materials after salidification, (€) macte-secgregalion, (6] Lhe formalion of as—casl micrastrue-
tural features, and (53 the fermation of macro— and micro-parosity voids in the casdng.

As a simplification, in this thesis the effects of Huid flow and convection in the liguid are ne-
zlected, Solidification during directional investment casting processing occurs relatvely slowly
and in 3 cenlrolled manner with conduction and radiation being the dominant hear wansfer

modes,

In developing the mathematical model it is assumed that, wilh rhe exceplion of the release of
latent heut of fusion, heat energy is conserved within the casting. This censervation is main-
lained by canducrien heal mansfer, The latent heat of fusion is associated with solidificaton of
the metal dusing cooling. This latent heal is assumed Lo be released evenly throughoul the tem-
perature range bounded by the solidus and liguidus temperatores. In addition, conservation at
material boundaries is maintained, firstly by radiation heat transfer between rhe casting and
Lthe furnace, and secandly, by conduction between the casting and the chill plate supporting
the casting (Figure 2,43,

Because of their profound influences on Lhe process. a therough analvsis of bath Lhe latent
heat of fusion released during solidification and the radistion at the material boundaries is
developed in this wark. in both cases the analvsis begins fram lirst principles, because doing
5o will help both to communicate adequately the simplifving assumptions which were invoked,

14
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and to pluce this macroscopic treatinent n the correct context within the temparal and spatat
scales.

The mathemalical description of conducdon heat transier lollows that of Ozisik [41], togelher
with others [or (he realment of salidification. The foundational description ol radialion Lheat
transler lotlows that of Sicgel and Flowelt [42].

3.2 Heat Balance within the Solidifying Casting

Throughout diis analysis it is assumed thar the sohidifying casting, the ceramic moutd, he chill
plate and the investnient casting furmace are comprised of homageneous, sotropic salids with
possible sources of inlernal heat gencration. This assumption 15 valid in the case of metal in-
vesimend casting processes. In directional casting processes the iquid metal is opicatly allowed
to slabilise after heing poured into the mould cavity. 'Lurbulenr and laminar fluid flow of the
molten moetal above the solidifving {ronts are therefore not considercd. Howoever, it miust be
nated that casting comprizes a complex interplay berween varows effects, and a more detailed
study ol it az smaller scales must account for this fluid flow,

3.2.1 Conduction

The transfer of hear cnergy from hoter regions in Lhe casting ro coaler regions cannoz bic
measured dircedy. But the concepl of heal still has physical meaning because it is related to
the measurable scalar quantity called remperature. Once a temperalure distibudon, £ix. £,
wilhin a body is determined ay 4 function ol position and dme, the fow of heat in the body
may he computed from taws relating hear [low 1o the temperacure gradient [41].

At the microscopic level Lhe transier takes place from more cnereetic nolecules to less ener-
getic ones. In the case ol gases Lhe more energelic molecules, heing in constant and random
mation, periodically collide with molecules of a lower enerey level and exchange kinedc en-
ergy and momentum. In liquids the maolecules are more closely spaced than in gases, bud the
malecular energy exchange process is qualilalively similar to that in gases. In electricalbly non-
conducting solids, heat is conducted hy lattice waves caused by atomic motion. [n electrically
conducling solids, the prineipul contribution to the energy transfer is that due to the motion of
froc electrons,

These underlving microscopic processes give rise al a macroscopic level to heat transtor by
conducnon, where heatis transiered from one part of a body at a higher temperazure to another
part al a lower lemporature. At 3 macroscopic level the basic law Lhat relares the heat flow and
this temperamure gradient is generally known as Fourier's law, after the French mathematical
physicist Joseph Fourier |43 (. Tor o homaogeneous, isolropic solid the law iz given in the form

"

=, )

qifix i - —k(Tx ) — (3.1)
itx
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Figure 3.1: Nomenclaoure for the derivation of the heat conduction equaticn

where the temperaturc gradicnt is a vector normal to the isothermal surface. The heat flux
vectar, T, = 4], represonts heat flow per unit time per unit area of the isothermal surtace
in the dircction of the decreasing temperature. The pasitive scalar proporlionalily constant,
E(F. x4}, 15 the thermal eonductivity and is assuined w be & characteristic of the marerial.
Since the vector qit, x, ) points in Lthe dircction of decrcasing temperarure, the minus sign is
included in (3.1) ro make the heat flow a positive quanalty.

For a small control volume. 1, as shown in Figure 3.1, the energy balance mav be stated as [41]

rale of heat cntering rate of energy rate of storage
through the bounding} + | generadon | := of energy {3.2)
surtaces of 1 in¥ n

The terms are evaluated as:

ralc of heat cntening .
through the bounding| = [ q-iadAd=- / ﬁ di (3.3a)
1 v

surfuces of 1

where 4 is the swrface area hounding the volume elenient ¥, s the oulward—dravwn normal
unit veeior to the surface dA. The minus sign is included to ensure posiove heat flow into the
volume element V. The divergence theorem is used o convert the surface intcgral e a velume
integral [44].

rate of energy

' ; ix, 1
TEMErue / FIT g i S e = J'.‘j_'—'j

Ja 3 dv (3.3h)

iny

rate of cnergy
generation | = f gl x4 dv {3
in v 3

Las
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)
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As denared, the mass density, g, the specific heat capacity, £, and the volumemic hear gen-
gration, ¢, may all depead on 7'(x. 7}, x and +. Substituting (3.3) into (3.2) yiclds the energy
conservaton equation applicable over Lhe enlice coalrol volume

S arl .
L oLl PR :
/1»' |: e + i .'r-Jr.r.t'::p a:| } ¢ (3.4}

Equation (3.4} is derived for an arbitraiily small volume element 17 in the solid. Hence Lhe
volume may be made arbirrarily small allowing the integral to be removed:
iy iy
= 3.5
Substituting g(x. ¢} rom (2.1) into {3.5), the differenoal equadion for heat conducrion for a
stationary, homegencous, isotropic solid with heat generation within the solid is

& at , @

By consttaining Lhe heal generation termn ta have a certain form, this conservation equation,
together with a set of boundary and iniral conditions (53.3 and §3.4) allows for the prediction
of the temperatuie cvolution within the casting, and heace, using (3.1], for the predicrion of
the heat flux ar all points within the body and al all Umes.

Non-lincarities may be presenl in this description i any of the quantities &, i, p,, or £, in the
above differential equation depend on temperature T, or if the boundary or initial conditions
are non-linear with respect (o temperature or geometry. A further non-linearily in the formu-
lation arises if the body is undergoing a change of phase, such as in the case of solidification.
This source of non-lineariry will be discussed in more detail below.

3.2.2 Solidification during Casting

Solidifieation imvelves the release of lamenr hear within the solidifying body at all material
poines undergoing a change of phase. n (he case ol pure substances, the solidification takes
place al a disgrete temperatare, and the solid and ligiid phases ate separated by a sharp moving
interface. In the case of mixlures and impure maledals, such as superalloys, the selidification
takes place over an exwended temperawure range, and as a result, the solid and liquid phases
are separarcd by a twio—phase moving region, commonly known as the mushy zone.

Early wark in deriving analytic solutions o problems involving a change of phase incloded
those by Lam and Clapeyron [45] in 1831 and by Stelan [46] in 1891, The fundamental nature
af this type of problem (known as a Stefan problem) is that the phase—change boundaries are
hath unknown and moving, and thae the parabolic heat conduction equation (3.8) is (o be
solved in regions whose boundarics arc also to be determined. This presents anodier source
of nun-incarty in addition to that which mav appear in specilyving the boundary and iniual
conditions of Equation (3.6).
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Figure 3.2: [a) Solidification showing interface moving in direcrion A, (b} 'Typical cemperanre discribn-
don in neighbourhood of 4 point on the solidifying tnrerface

Over the years much attention has heen given to finding analyvtic solutioms. The so—called
integral method was applied by Gosdman (47, 48] and many nthers [49]-[52] to solve one-
dimenstonal transient phase—change problems. Otlher techniques have included the use of
Green's functions [53, 34], perwurbation methods [55, 56], the embedding technique |57 |-|591,
and a variable eigenvalue approach |60]. The disadvantage of these formulations, however, is
that they do nol tend themselves well (o the quest for numerical solutions of problems in which
solidification does not take place at a unique lemperature,

In an alternative (albeir equivalent) approach, the liheration of heat during solidification is
treated as a8 moving planar heat source locared at the solid-diquid interface. The transient
rwo-domain phase-change problem is cast in the form of a single transient heat conduction
prohlem applied to a single domain which now includes bolh selid and liquid malerial [61, 62]
as shown In Figure 3.2,

The moving heat source in (3.6) Is written as g, LVe dl x — xp ), where £ (in units J/ka) is
the latenl heat of fusion per unit mass of the marerial, ¥ is the normal speed of the inter-
face, and 4 is Dirac’s distrubutional functional.! The quantity xz(x (] is sume point on the
(as yet unknown) solid-liquid surface interface A'(x.4) = (¢ such thal the vector (x xp ) i3

Hmothe early period of quanm meehanics, BAM. Divac introduced che distribution funcdonal, #0c), which an

tes own did oot huve well—efined values, bur when occurring as part of an inegrand, the value of the inzegral
rould be well defined [63, 641 1t was defined such cial |77 &lx) de — Lsothal [7 die — o) oletde = @a)
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purpendicular to the interface. Therefore from (3.6)

I T = % , ot S e
'.E ¥ (#E}‘;‘) v LV 0 x - xp “ = IG.".TLE",["E ¥oxin (3.7}
And on the interface
Tixt) = Tnett Yixt] in V st Kxt)=0 (3.8)

where T, s the melting temperature. In a variant of this single-domain approach a new
independent variable, called the enthalpy, H, is introduced as the sum of (he 'sensibie’ and rhe
latene heats per unil volume| 65, 66]. Tor Stefan problems in which he material underzocey o
discrete change of phase, the enthalpy is delined as

T
nr = Hmer]—f PaCp(TIAT | pon L S{T — Tier) {3.9a)
whre
if i «
FNE U (3.5h)
1 ifter>0

and 1. 1s some reference temperature at which the enthalpy 1s known.

Assuming Lhat there exist no other sources of hear generaton other than the release of larent
heal. the differential ¢quation of energy canservation (3.6} for a body undergoing a change of
phase may then be written as

o . ( FE(x 6N _ OH(T(x.4)
x (HT{L“J’” e ) N it

Tor a material undergoing a discreie phase change, Equation (2.10) is equivalenl o (3.7).
Because H(1') is defined as a unigue tunction of temperature

Voxin (3.10)

OH  Arror 1 il e ANGT
7| o Pl Cp — L1 — Teny) ) 59 {3.11)
and recognising that -
- llf:_. Jflx v xﬁ'” Lo I oy '-'”T =t Tmc:'ﬂ:l {-312]

it
the equivalence follows.?
This single—domain approach extends naturally w casting processes in which solidification
takes place no longer at a discrele lemperarure, Ty, .. but radher in a mushy zone bounded

by a solidus remperature, T, and liguidus temperature. 7. In the mushy zone the transition
from liquid to solid mkes place gradually, with no apparent sharp interlace,

*The =" sign must be dncluded becuuse the rate OT/0¢ (s negative as the inteebiee moves ino e cooling liguid.
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solid mushy liquid

Ts £
Figure 3.3: Typical varfation of heat capacity and enthalpy overthe mushy vone

For a material in which rhe change of phase takes place in a mushy zone, [Ts. Ty ], the enthalpy
may be defined as

A
[ .ﬁ’m(jp['_,} dr <o R

el

it's
/ i (,'p{.—_] dr

rzl

T i
HIE = & - / T ( e U1 —i—(?j[*r]l) tr P AORE et BV (313
; FT dr
f% A
/ o E:D'.'_] dr 4+ pn L + / .Ir}'i'.u(jf['__] dr
CA Y 4T
T

L

The guantity ({7 is the ‘sensible’ specific hear capacity in the interval |12, 7T | excluding the
latent heat. It will be assusimed from now on Lthat H{7s! = 0, A typical variation of the hear
capacity and the enthalpy 15 shown in Figure 3.3. The larent heat will now be assumed Lo he
released evenly throughour the mushy zone so that

dZiT) NE
— fi T Tl Thho A
T T T, o Faoes Thst T (3.14}

Application of singie—domain approaches in numerical methods has found popularity owing to
the simple representation of larent heat [67] and (o their ease of implementation in existing
software programs. However, in Lhe case of discrete phase changes, the presence of the Dirac—
dela funcoon [36] resultss in saff numerical svstems, and the presence of a discontinuity in
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HiT(x. t}] FHfix f + A
_,.-'-"""'f
Solid
e, S g - 3 i
Az 2 3 4 X
N4 A
= nodcs"/

Figure 3.4: variation of enthalpy, IIiT x, {11, where the time increment, Af, is oo large. 'The mushy
zone bypasses integraton poings 2 and 3 endrely

Lhe heat gencration term becomes difficule o follow numetically.. It requires firstly that the
d—functonal be replaced wilth some linite=valued function peaking at the melting point, Thaic
and secondly that the discretization parameters be kept small in both time and space.

If the spacing bevween two adjacent integration points (see §4.2.5), |Ax | is larger than the
width ol the mushy zone, then the interpolation (4.5] may miss the phase change over patt of
the clement (see §4.2.5). Furthermore, a phase change at a point may be missed if the distance
lravelled by the mushy zonc in one time increment, A, is greater than the width of the mushy
zone itself (Figure 3.4). This imposes a rostriction on the dme Increment as

< 1axd

¥ =

A {3.15)
The single-domain approach of {3.14) and (3.13) will be used in Chapter 4 when a finite
element solution strategy is developed. However, before this can be done it is necessary to de-
scribe the manner i which 1he solidifying casting cxchanges heat encrgy with the surrounding
fumacc.

3.3 Heat Balance at the Casting’s Bounding Surfaces

The epergy halance cquation (3.10) (or (3.6)) predicts the evolution of temperature at all
internal materdal peints. However, on its own it does not predicr condigons either at external
houndarics, such as the outer surface of the ceramic mould. or at internal boundaries, such
as berween the solidificd meowal and the ceramic shell where a thermal boundary may form as
a result of metal shrinkage during cooling. Indeed. Il extra rules applicd at such houndaries
arc not included in the mathematical model, either in Lthe form of lemperature prescriptions or
heat energy balances, then (3.10) will have infinitcly many solutions.

For the purpase of this analysis, a casiing material boundary will be defined as a surface either
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on which the temperarure evolurion is prescribed, or across which hear energy is transferred
by some mechanism other rhan by poinr conrinuous conduction.

If the temperarurc is prescribed on a boundary surface, S, then the general form is

=1(x1) ¥xonsS; (3.16)

[f the actual temperature is not kKnown on a boundary surface, Sg, then a hear energy balance
must be provided al the surface. The hear fluy in the marerial at a point on Sy is cquated with
a flux ourside the marerial in a venishing neighbourhood around the same poinr:

Jd7 ) ] 2
q.ﬁi_,w = (—A-G—x-) -0 = qpiT.x.t) ¥xon Sy (3.17)
The vector, fi, is the outward-poinring normal at the point x on 5 . The heal wansfer mecha-
nism for Lthe [lux. gp. must be known belorehand.

1l the Nux gp depends on the surface (emperarure, 7, (or worse still, on the remperature at
ather regions in the [urnace) Lhen (3.10) and (3.17) are coupled and non-linear, and a solu-
tion can therelore only be found in a self-consistent manner. Eleclromagneric radianr energy
exchange at Lhe boundary depends on the lourth power of the absolure surface temperatute,
and |s therefore non-linear.

3.3.1 Radiant Intcraction Between the Casting and the Furnace

During vacuum investmenr casting, the transter of epergy between the casting and the fumace
walls is dominared by radiation. ‘Before the molren metal is poured into the mould cavity, the
pressure in the furnace chamber is reduced in order to eliminate pessible copraminarion of the
solidifving superalloy by cortain reactive gases, This near—vacuum condition in the chamber
has rhe effect of reducing the conuiburion of convection heat transler at all surfaces wirhin the
chamber, thereby leavine radiation as (he dominanr made,

Ay deseribed in Chapter 2, the chill plate on which rhe casting rests s constrained to move
relative to the lurnace chamber. This in turn affects the radiant inreractiony that take place
in the chamber, As was discussed [0 2.2 (and with (3.17)3, it is indeed this eflect which
characrerises in pari the solidificarion behaviour in the casting.

In order to develop a reliable and predicrive computer model that may be applied o directional
investment casting processes of an industrial nature, the simulasion of these time-dependent
three-dimensional radianl inreracrions must be addressed. In addition. these simularions must
be coupled to calrulations of ome-dependent hear conduction within the casling. It is the
coupling of these two heal iransfer mechanisms, in a selution strategy rhar is readily aceessible
to the foundry engineer, that is central (o this work and w which this thesis is directed.

Sinee (3.10) and (3.17}) are now coupled and nen-linear, the pursuit of analytical solutions
has been found ta b feasible enly i siwwations in which the casting geometry Is simple {681,
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Numcrical solutions are therefore soughl, [0 this secuion the foundation is laid for the devel-
apment in Chaprer 4 of such a numerical solution using a zonal method.

In Lhe context of energy cxchange taking place within the casting lutnace, Lhe radiating body is
considered as the union of: the casting and shell combinallon; the furnace chamber walls: the
graphite furnace heating elements: and the baffle plates separating the hot and cold zones (Fig-
ure 2.4 af 52.2), 'Ihe union of the exterior surfaces of these components will be said to form a
radiating cavily.

In such a cavity three types of processes lake place simultaneously, namely: the cmission of
radiant energy from a surface clement; the absorption of part of the inddent energy emitted
from other surfaces; and the reflection of the remaining part of the incident energy. Energy
iransmirtance is neglected since all materials are assumed (o be opaque. I judge Lhis assump-
tion alser ta be valid for the shell mould which contains a porous strucrurs. Being at least %cm
thuck, any cadiation being (ransmitted at a microscale will quickly be completely ahsorbed.

the shell monld contains a porous siructure which infers radiation at the microscale leading
energy transmission by radiation through the shell.

In the next three subsections important concepls of inrcnsity, cmissive powcr, cmissivity, ab-
sorpovity and reflectivity will be discussed. The diffusc—grey approximation will be develnped
and its use will be motivated to denve a formula for the radiant contribulion to the flux, g, In
Equation (317}

The analysiz will star with fundamental guantitics of radiation ingensity which in gencral
musi depend on both the wavelength and the solid angle at which the radiation is emilted ar
recoived. Since g in (3.17) 15 assumed to depend an neilher of these two, Tshall seck to wark
ultimately with yuantities for which such dependencies arc intcgrated aut.

Throughout the analysis a prime () denotes a scalar radiant quantity whica varies with solid
angle, i.c., depends on directinn. A subscripr (A" denotes dependance on wavelength, 'lo
simplity the notalion, [vaciianal dependance on x and ! are only written explicitly from 53.3.5

anweardy.

3.3.2 Radiation from a Blackbody

In order to quantify radiant interactions in a cavity compriscd of many real surfaces, it is nec-
essary o first understand the nature of the radiation emitted from a single ideal surface —the
surface enclasing a blackbody:

A Blackbody is defined as one which perfectly absorbs the ineident radiation at all wavelengths
and at all angles of incidence [42]. As a perfect absorher ir serves as a standard referonce
against which real absorbers and emitters can be compared.

‘The speciral infensity, #),, of a blackbody iz defined as the energy leaving & black surface per
unit time per unit wavelength, 4, around A and per anit projecred surface area, d4,, nommal
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Figure 3.5 Geometric parameters nsed to chiaraclerise radiant cnergy transter inco solid angle diw

to the (4 ) directon and into a unit solid angle centered arund the directon (3,4}, This
is shiwwn schematically i Figure 3.5, Since the intensity is defined per unit projected sutface
area, d.d,, its value for a blackbody surlace does not depend on the angle, 2, at which the
Bnersy is emitted.

At the turm of the century it was shown by Max Planck [69] that for a blackbody; the spectral

intenstry; &, in & vacuum is related to the blackbody temperature and wavelength by
205

A lexplCy/AT) 1)

B (A T (3.18)

where €, and % are constants, and the temperature is measured as the absolute temperature,
The directional spectral emissive power, £, is deflined similarty 1o i%; except that the definition
is per unit surface area, d., and not per unit perpendicular surface area, dd,. By definiton
the,

ol 2 (A T eosl ) (3.14)

Clearly ¢, now depends on the angle of emission, 3, and varnies as cos(3).
‘l'o obtain the blackbody emission passing through the entire hemisphere ahove a surface, (3.1%)

is ineegrated over all solid angles, dir = sin(#)d 540, o give the hemispherical spectral emissive
power as

BT T f [ cosi ) sin{B] A8 e = wih, (4 T) (3.20)
0=0+3=4

Combining (3.1 and (3.20) gives a useful relatonship
crgl )

w

eyl AT = eap(A T for 0= 8<xw/2 (3.21)

lo find the total emissive power, v, [or a blackbody, (3.20) is integrated over all wave-
lensths, using (3.18) and as shown in Figure 3.6:

o 3 2l
. T 5 Ud}': i} r_....'? _— R
cpt T j] i /u A exp(Cu/AT) 1) ga g
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gy = o

Fiatire 3.8: Emission, ¢, including all wavelengths, into hemispherical solid angle per unit surface and
uunic time

This integral can be evaluated analytically Lo zive a surprisingly simple result, known as Lhe
Stofan—RBoltemann law:
R iy {3.23)

where o = 5.720 = 107% Wm— 2K~ is the Srelan-Bolizmann constant, The dependence of
radiation on wavelengeh has been removed from the total emissive power, ey, in (3.23).

It is appurent from reading the work of others that this law (tugorher with {3.28)) is often
incorrectly applied Lo characrerise radiation from two or moere non-black surfaces [70, 71].
This law applies strictly only to a single blackbody at temperature T, cmilling radiation Lo ifs
eNViTonmEnt at a temperature equal (o absolure zero, Thercfore, on its own it clearly cannot
be applied in this work,

3.3.3 Radiation {rom a Real Non-Blaclkbody

The ahility of a real non-blackbody to cmil radiant cnergy from its surface, and the proportion
of incident cnergy the hody can absorb both depend on [42]:

&

propetlies inlrinsic to the marcrial itself

the texture and nature of the surface

L ]

the surfare remporane

the angle ar which energy is being emited and received

the wavelengrh of ghe emiteed and received energy



CHAPLER 3. MAYHEMATICAL MODEL 26

A conveniont way of characterizing the radianl energy emited from a real nen-blackbody is
by reforring o quantities which are defined lor blackbodies, To this end a directional spectral
emissivity, ¢, is dellned as the rafio of the cmissive ability of the real surface at a tempera-
wure, 77, 1o Lhat of a blackbody at rhe same cemporature.

Consider the geomelry i the vicinivy of a surlace which is emitting radiation, as shown in
Figure 3.5. 'lhe energy emitled {rom a real surface dA at temperature 4, per unit time in
wavelengrh interval dA and within the solid angle dw must by definition be

AL (3301 =y iA 3.0, d AdA dus {3.24)

whore ¢ is termed the directional spectral emissive power for a real surface, It is conceptually
the same as that lor the surface of a blackbody excepl that it now relers 1o a real body's
radiating surlace.

Similarly, lor a blackbody the energy per unit lime leaving a black surface element d- per unit
time within d. and dow s

Al (5 B8 =i B T dadi du

sl AL T ooald) {3.23)
( _ el W-mq-' " dddads using {321))
By definilion then, the directional speciral emissivily, ¢, is
doy) L e
f_'l}'{}._? IH? il ,JI.J = d o P {._-.Ll_}-.. .'-'i‘ H. T_.I [3-2’5}

'@, (BT

Thais is the mest undamenlal emissivicy, because it includes a dependence on the wavelanglh
and direction of emirting radiation, and the temperature of the surface.

[owaever, if the material surfaces do not manifest strong dependence on either emitted wave-
length or direclion, then averaged emissivity quantities are desirable, in which one ar more of
these dependences are removed. 'L'he advantage [s that the analysis is greatly simplified. Also,
it turns our that values for averaged cmissivities are more readily obrainable experimentally.
Such averaged quantities will now be derived.

The hemispherical Lotal emissive power [or a real surlace is obtained by integrating ¢, over all

solid angzles and over all wavelengths, and using (3.26):

=
G = f f ey da duw
[ AT
Fine
':-[j f.iﬂiw A el
[ A=l

whoerg JIII‘- M de denotes integration over the hemisphere above dA.

(3277
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Mormal specteal emissiviry
1.1
silicon oxide- i
Y germanium on
y: CORRCT
5 i i
; Silicon oxide =
'.1 on aluminium

0.6]-
0.4
0.2

] |

(.2 0.4

Wavelenuth, A (rm)

Fieurse 3.7 Characteristics of two spectrally selective surfaces [42, pl49]

Yimiliar 1o Lhe definition (3.26) and using (2.23), rhe hemispherical total emissivity 15 then

defined as the ratio N
L
; e ey A dw
_HEY ./J ./::_u Ha
)

The emissivity «(4'). is usually measurod cxperimentadly.

All these quantities are Loralled in the sense that contributions Lo the emitted cocrgy arc in-
regrated over all wavelengths and averaged over all directions in the hemisphere above the
cmitting surface element. Tt the diffuse—grey assumptions {see 3.3 4} can be applicd, and if
the temperarure does not vaey dramatically from surface element to surface element within

rhe cavity, then dependence of the radiant iiteractions on wavelengrh and dircetion may be
removed in the subsequent analysis.

However, if the radiating cavity contains cither spocular surfaces, e.g., mierors, [or which the
rudiative propertics depend strongly on direcnion, or spoetral surfaces, e g, solar selective sur-
fuces (Fimure 3.7 [72, 731}, for which properties depend on wavelengrh, then specular or
spectral dependenee, must be retained ip rhe analysis.
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The absorplivity is defined as rhe fraction of radiant energy incident on the surface of a hady
that is absorbed by the body. Txperimentally it is often easier to measure the emissivity than
the absorptivity, Hence, it 13 desirable to relate the \wo quantities, so thar measured values of
emissivity will allow Lhe absorplivity values o be caleulated, Such relations will be developed
here.

If o (2, Is the energy incident on a surface element <.l from direction (3. 4] in wavelength
interval dA, and if d*¢ s thar part of the incident energy that is absorhed hy the surface,
Lthen the directional spectral shsorprivity is defined as the rato

A3 A, 8.0

i (3.29)
d*e¥ (A 3.8.T)

o [ B8 1Y =

Suppuse that the surface element d4 at lemperature T is placed in an isothermal black en-
closure also ar temperature T, Since the intensity within the black enclosure is isarropic the

following relattons must be satisfied:

d', = ol dAdidw = &), dAdidw = d*¢), (3.20)

where ¢\, is the directional spectral incident power

Furthermore, in order to maintain isotropy within the enclosure, the energy emitted by the sur-
face element must equal the energy that it absorbs. That is, 4%, = 4*Q% . Comparing (3.26)
with £3.249% it is evident then that

o MO T =i (A, 3. 8. 1) (3.31)

This law was originally proved for thermodynamic equilibrim in an isothermal enclosure, and
hence is striclly only rrue when there is no ner heat transfer to or from the surface. The validity
of this approximation is however based an experimental evidence that in mast applications ¢,
and «, are not significantly influenced by the surrounding radiation field.

The hemispherical Lotal absorptivity, «(T'), represents the fraction of energy incident an a hady
Lhat is absorhed by the body from all directions of an enclosing hemisphiere and for all wave-
lengths, as shown in Figure 3.8. The incident energy intercepted by the surface element iy
determined by integrating (3.30) over all A and all directions (3. #) of the hemisphere:

dey; = d_q/ [ ¢\, dA du (3.32)
JoadA=0

Similarly, using (3.29} and (3.31}, the total ahsorbed enerey is equal to

Ay {4 = dA f [ e, dadu (3.33)
B ]
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Figure 3.8: Tolal incident energy inlo an coclosing hemisphere

The hemispherical wotal absorptivity is then equal Lo

S ) I”[-"e"idkdm
alThe de, [ T) -/:-/}.—u A
= B
de, /. f ey, dA da
R Sl

29

{3.34}

Continuing in a similar fashion, rhe fracton of encerey incident from all solid angles aud all

wavelengrhs that is reflected inte the entite hemisphere at the surface element d4 s 1ermed

the hemispherical lowal rellectivity and may be written as

de (T
plT) = —th,_;l_ :

where di).(T) is the energy per unit time reflected by the surface element.

For an opague hody conservaron of radiant energy at a surface element implies

d*el; = d*QT) + d*Qi1)

sy that using {3 34) and (3,35}
all') +pill =1

3.3.4 The Diffuse-Grey Cavity Approximation

(3.35)

{3.306)

(3.37)

Within a cavity, the geometry of the cavity is an additional faclor influencing the narurc of

radiant interaclions. Tndeed, for cavides having complex seormetries the influetce is dominant

and it is then usually necessary w apply certain idealizations in order that the interactions may

e handled with reasonable offort,
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Inn this analysis. the rudiarion character of nop—black surfaces will be idealised in such a way
thar (3.21) will hold for rhe uveraged quuntides {3.28) and {3.24). The applicabiliry of these

ideulizations in modelling the radiation behaviour within a D8 furnace will also be discussed.,

Idealizing the Fmitred Radiation

The lirst idealizadon is concerned with radiaten that is emitted fraom a surface. 1f, 0 Equa-
tion (3.24), the dircctional spectral emission, «) . from a surface has rhe same direclional de-
pendence as that of o blackbody surface, then by adoprng the form of {3.19), ¢ musr he uble
o he written ws

e (A S 8, T) =i\ (A, T cos{ ) (3.38)

wherein the spectral intensiny, ), no longer depends on direetod. From [(3.26) and ugain (3.19),
rthe directiovnal spectral emissivily, ), then becomes
£AT)

T (3.2%
AT

LA A0, =

which is clearly independent of direction (4, €1,

The approximation €3.28) wirl (3.39) shall be ermed the dilfuse upproximation, because the
intensily, i, of rhe surface is emined ditfusely, Lo, independent of direction, just as is Lthe case
for rhe Blackbody intensity, &,

On the other hand, if ¢} hus the sume spectral dependence as that of a blackbody surface, then
it must be possible o wrile ¢, as

BN 8, 0.T) =il (A TV A(S.8,1) £3.40)

for some [unetion A(F, #, F) which docs not depend on wavelength, Substituting (2.40) and (3.19)
inro (3.26), it is clear that ¢! then becomes

B 0 (3.41)

which 15 mdependent of wavclopgth.  Following Siegel und Howell [42], the approxima-
tion (3.40) together with (3.41) shall be termed the grey approximarion.

If both the diffuse and che grey approximations are applicable simultancously, then both {3.39)
and (3.41) musr be applicable simultuneously. Le.,

"':i‘\b[}"ﬁ T eon{3) (S

The left hand side of (2.42) depends op A and T, whereus the right hand side depends on 4, #
and T This can oaly be possible for any set {45, 6.T if both sides only depend on T
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Therefore, under both the diffuse and the grey approximatgons, for any wavelensth ar direc-
ton, Lhe emitied radiation remains a fixed fracron of the radiation that would be emiued by
a blackbody surfaco at the same temperature, 4 and the directional spectral emissivity is a
function of surface temperature only, Using (3,217 and (3.22), r"A may be removed from both

[uus(ﬁ)du[ Ic,mlf_)x,T]d).

!‘j —— =T (3.43)
TiT

integrals in (3.28), to give

Ty = (7T}

Stmitarly, when the diffuse and grev appraximations are applied to the expression for absorp-
tivity in (3.34), ¢, mav be moved our of the integral, giving the impertanr resuic

Y = Ry et <) = el Ty (3.44)

Idealizing (he [acident Radiation

An allernalive idealization is concerned not with emitted radiavon, bod rather with the radi
ation that is incident on a surlace, I the incident radiation satisfies the condition that, for a
blackbody at temperature 7,

& D i 1) = B (e 1) (3.45)

for some constanl B, then using (3.21) and (3.22), it is easy to show that Lhe expression for
the absorptivity (3.24) is identical to the expression in (3.28), That is. Lthe equality (3.44) is
reproduced whenever the inadenc emissive power, ¢, has the same spectral and dircetional
furm as that which is emitted by a blackbody at a temperattire equatl Lo the surface lemperalure.

The Diffusc—Grey Approximation

The two idealizations described here will collectively be termed the diffuse—grey approxima-
tion, Under the diffuse—ygrey approximarion, the direedonal and spectral quandities ne longer
depend on dirccrion and wavelength. Iris sulficient to work with the averaged quantities, such
as (3.43% and (3.44) only.

The DS casting [uwmace (Figure 2.4} consttutes a radiadng cavity in which the diltusc—groy
approximaton may be applied. The reasons for rhis arc:

« Regions wirthin the cavity where the level of radiation is high are bounded by the graphite
resistance heaters and the ceramic mould. The radiation emited by the roush surlaces
of these two objocts has a spectral and directional characler that is similar to that of a
blackbody.

» Because the zeomerry of the cavity s wsually complex, localised stromg specrral and di-
reclional dependence anywhere [n Lhe cavity will be averaged out as it contributes to the
incidenl radiation ai any given surface element.
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Fiure 3.9: Schematic ctoss. section of a simple occluding radiating cavily

3.3.5 The Boundary Condition

‘1o account for the radiant interactions in the DS castng furnace, values for the heatflux, g, (7.x. ¢),
for all radiating surfaces, 5y, must be computed (Equatien (2.1733. 'Lhis flux is just the net
raciant heat loss rate per unil area.

AL each surface clement, dA, within the furnace a fraction of the energy incident on dA wall
he reflected. Each reflected beam wall in turn be partially absorbed and partially reflected by
the other surlace elements. Analysing the radiane cxchange by tracing the path of each beam
element would be a complicated procedure.

A simpler approach is w begin by defining the direcdonal speciral radiosity, o) (A 3. 6. T x),
as the sum of the enited and reflected onergy per unit nme, per unit wavelength interval and
ot unit ares leaving the surface element dA (Figure 3.9} in the direcdon [3.8)

The energy per unit time leaving another surface element, dA4°, directed at the surface ele-
ment d.4 must then be o dAdw"dA®. Since it is assumed that the cavity is under vacuum, this
crnergy is not atenuated as it travels o ¢A. Summing contibudons from all ¢4”, dhe energy
incident on dA per unit tinme must therefore be

atd,  qifT,x) dA j /r;;”u.,.-'r,f:r',z"._x‘hdw'd.-«rd,x (3.46)
A=lhat

By applying the diffuse—grey approximation this expression will be simplified, The 'diffuse’ part
of the approximation will be applicd first, followed by the ‘grey’ part.

Undoer the ‘diffuse’ approximation the energy leaving d.A* has the same directional character as
that of u Blackbody surface ar temperature 770 In §3.3.2 it was shown that the emitted energy
in the digection | 3. ) per unit wavelength interval, da, per unit surface arca, dA4, and per unit
time, is related to the corrosponding hemispherical energy by the sinple formula (3.21} as

vos( 5

w

enalA 3.7 = cis(A. T for 0= 3 < 7f2
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Therefore, under the diffuse approximation, ¢, musl salisfy

rosl 3]

iF

(A B8 X = g A T X =

gaal AT x7) (3.47)

where, analogous with ey, g, 15 the hemispherical spectral radiosity at the surface d4°*,

Under the ‘groy’ appreximation, analogous with (3.40), there muse oxise some funcrion of
tomperature and posivdon, g,(T, x), with which T may writc

(i':'.ali}l: 2 xl,l' a’\,.,{)-.T‘l

: ; 3.48
il 2 ol im { J

I (2.47) and (3.48), togecher with (3.18), (3.20) and (3.22), are applied o {3.46), then the
direclional and spectral dependencies of o), are exwacted Lo give

o8l du* 44
@ (T x) d4 =f PR N LR {3.49]
J'

i

From (3.49) and nveking once again the diffuse approximation ir is clear thar the quandor g,
1oy be called simply the radiosity, is the fotal radiant encrgy per unit surface area leaving the
surlace dA* and cnrering the hemisphere above dA™.

Since from Figure 3.9, du®  cos{3)d A/ |x — x” 7, the above expression may be rewritten as

AT x) dA /;]:;U(T*,x'] dF(x", x)dA (3.50)

whoTe i
vos! 5% cos{H) da

dFfx". x) = (3.51)

3
Tl — x|
is the fraction of energy perunil Lime leaving dA* thar arrives at dA. Tt will he termed a view
fuctor (or configuralion factor) to cmphasise thar for diffisse—grey cavitics this fraction depends
on geometric quantities only, namely the size of dA and its orienation wirh respect o dA™,

Trom [3.50) it is elear thal
dA diMixT, %) = dAdFIx x| {3.52)

Using this reciprocity refation in (3.49), the incident [fux for a surface element d.A at rhe point x
is derived as .
wlfis) = ] gl T x" ) dFix, x°) (3585

i
The radiosity ol the surface element is the sum of the emirted cnergy and reflected incident

energy:
Gl T.x) = o(T.x] = W{T.x) (T x) (3.54)
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Combining (3.53) with (3.54) and using (3.28) provides an integral formula for the radiosity
at any point, x, within the cavity as

qolT.x) - p{T, x]ffinfT[x‘Lx']dF{x,I'} — ae(Tx) T (x) =0 (3.35)

wiEws

Considering a virtual surface of area d.1 directly above the surface element dA(x) (Figure 3.9),
the net heat transfer at the virtual surface is

gdd = (g, — ¢} dA (3,56}

If a solution to g, can be obmined from (3.55), then using (3.54) and (2.44) gives

g(T. %) = e(T' x) [ﬂ'fq —qilT. x'_l] YxonSp (3.37)

This is ap important result in that it provides precisely the radiant heat transfer mechanism, gy,
that was sought in the natural boundary condition (3.17). The mechanism clearly depends not
only on the local condigons prevailing at the surface element d4, but also on the radiative
state of the enclosure as a whole,

The complexity inherent m madelling diffuse-grey raciant interactions is contained in (3.55).
The radiosity at any point depends integrally on the radiosiges of all other paints in the cavity.
Analyncal solutions are therefore only obtainable for the simplest cavity geometries. Thus, a
numerical solution must be sought {see Chapter 4).

3.4 Initial Casting Conditions

In addition to the requirement for the prescription of boundary cendigons, (3.6) is only able
to predict the temperature evolytion in a custing once the initdal thermal state of all materials
have been specified. Such an initial state will be specified in the form

T =Thix) VxinVandt=0 (3.54)

which will be applied eithcr separately over each spatial material domain or over the entire
domain. In the numerical models developed in this work, the inidal state is prescribed such
that the thermal state immediately after pouring is simulated.

Equations (3.6). (3.16), (3.17) and (3.58), complete the marhematical description of the heat
conduction in a homogeneous isotropic solid. This description is known as the strong form.
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3.5 Summary

In this chapler a strong form was developod o descrthe mathemarically rhe conservarion af
heat eacrgy within the Ty casting furnace. It was assumed that energy comsetvation within the

casting was maintained by heat conduction.

The effect of solidification an rhe temperature fickd was sccounted for with the release of the
latenl heat of fuston wirhin the mushy 2one. Two equivalent formulations were studied and

compared,

In the front-tracking formularion the comservation of heat energy within the mollen region of
Lhe DS castng is considered separately from that of the solidified region. The formulation lends
itsclf tor the derivation of analyic soludons. In the specific hear—based firmulations the entire
casting is considered as a single region and the solidifving fronts are not tracked explicitly. The
formulation Jends irself more to the derivation of numericat solulions,

The conservalion of energy ar radiating material boundaries was studied m detail. The de-
velopment of a diffuse—grey spproximation to radiant inleraclions within the casting furnace
macde possible the removal of dependencies on direcrional and spectral guantitics. The use of
this approximation in describing rhe radiation within the DS furnace cavity was molivated.

By analysing the inleraclions in terms of the sum of the directly emited and reflecled energies
leaving each surface clomenr within the {urnace, an expression tor the ner hear tlux ar the
marcrial boundaries was derived, This cxpression factlitates a coupling between conduction
within the casting and radiation without.



Chapter 4

Numerical Model

4.1 Introduction

A numerieal selurion to the transfer of heat enerey during vacuumm INyestinent CAstng procasses
is develaped in this chapter, An isoparametric linile element approximation of heal conduction
within the casting is developead along standard lines,

This finite element model is then exlended to account for the complex radiant interactions
thal lake place within the furnace cavity. A unigue net-radiation model applied to the furnace
cavity is coupled to the finite element model al the radialing exlerior elemental faces. Thal is,
the finite element calculation is supplied with appropriate flux boundary condifions at those
taces and ar each time mstant for which a solution is sought.

However, 3 coupling which @ implemented naively will compromise the strategsy's tumencal
accuracy and stability.  The source of inaccuracy and instability rests in part wilh the finite
element model assuming at least bilincar variarions of thormal quantites over an clement, but
with the radiation model assuming no variadom of thermal quanttes over a Tadiating facet.
A movel coupling mechanism is developed in this chapier which accounts for this discrepancy
and which 1hereby promores both accuracy and stability.

The computationg sssociated with the net-radiation model require a database of view faclors
for every point in the furnace cavity This scr of databases must, in general, be recompuated
for every point whenever the geometry of the cavity changes. Modelling these inleractions is
expensive compitationally, The emphasis in this work, therefore, has been on the development
of an efficient radiation model.

A Yreal-world’ directional casting. consisting of six compoenents arranged in a cluster and casr
together, is discussed in 6.4 of Chaprer 6 below. Simulation such a castng is complicated by:
the sheer number of finite elements and radialing facels required to represent the geomerry:
the connplexity of the radiating cavity involving, in this case, a high degree of occlusion; and,
the fact that the geometry of the cavity chanzes over timae as the cast eluster is withdrawn

a6



CHAPTER 4, NUMPFRICAL MODEL 3

from the [urnace. In rackling such numerical models, the developmenl of an efficient radiation
madel was found ra be neccssany

Tmproved efficiency was obtained along rhree fronts, namely: reducmg the number of required
vlew faclors by cxploining the presence of geomeirical synunetries; reducing the cost of cal-
culating each view factor; and, reducing the cost associated with each Newton iteralion. The
incerease n efficiencies for the case of modelling the cast cluster is discussed in 55.4,

4.2 Finite Element Approximation of Heat Conduction within the

Casting

The strong form developed in Chapter 3 will be recasl in a variatopal (or weak) form. An
approximate numerncal model will be developed hy camrying out the fallowing steps:

A varialional statement is found which weakly salisfies he sleong forn.

» The spatiol desceiption [z discretised following the standard Galerkin weighted residual
approach.

« A well-known Lrapezoidal rule is used to discretse the lemporal bebhaviour, rosuiting in a
non-linear svstem of algebraic equadons al each Lime increment. The unknowns are the
values of emperalure at a finite sot of points in the casdng.

= The equations are Hnearised and solved iteratively al each tme increment using a modi-
fied Newlon merhaod.

These steps constitute a finile element approximation. The application of Lhe finile element

mechod to heal lransfer prablems mvolving a change of phase has heen documented compre-
hensively in the literaluee [665],[741-1791 and so will not be dealt with i much detail here,

4.2.1 Variational Form

A variatonal slatement equivalent to (3.10) topether wilh £3.16), (3.17) and (3.58) may be

' fr ;
] ud—tﬂ / i ( (” ) dl’ / alg—qpr-dA 0 (4.1
{1 =T

where dA - dAf and ¢(x, {] is an arbitrary finite—valued variational ficld having € continuity

written as

in the solid volume V., Recall from 3.3 that 5, 1s that part of the bounding surface of che
casting volume ¥ on which the temperature is known and is therefore prescribed. Recall too
that 5 is the remainder of the houndary of ¥, and (s the surface on which the heat flux, qix. 1),
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is prescribed. If (4.1) is satisfied for any arbitrary ¢(x, t), then the differential equations (3.17)
and (3.10) are satisfied implicitly.

Applying Green’s Theorem! gives

oH 9¢ .oT T A —
/¢ av + axkaxdv bk dA /SRqﬁ(q—qR)-dA 4.2)

By partitioning the bounding surface integral in the third term using [, = f sr T /. s,» and ap-
plying Fourier’s law (3.1) to the resulting surface integration over Sg yields

/r;ﬁ—-—dV—%/k—(?is i‘ﬁrir—dV-%/ ¢QR-dA—/ kqﬁg-dA:O (4.3)
ox Sk Sy gx

The fourth term can be omitted by ensuring that T'(x, t) satisfies the essential boundary con-
dition (3.16) on Sj, and by restricting the choice of ¢ to functions which satisfy ¢(x,t) =
0 for x on S;. The resultant weak form is

T 0d(x,t) OT(x,t)
dV k(T,x, . dv
/ d(x + /V (T:x,1) ox Jx

¢(X, t) QR(T, X, t) -dA =0
& (4.4)

T(x,t) = Tr(x,t) for x on Sy

¢(x,t) =0 for x on Sy

Recall from (3.57) that qg(T,x,t)=qgr(T,x,t)ii is the radiant heat flux vector at the point x
on the surface Sg.

When compared to the differential form in (3.10), this weak form permits a lower order of
spatial continuity in T'(x, t) at the price of higher order spatial continuity for ¢(x,t).

4.2.2 Finite Element Approximation

In the method of weighted residuals, using linearly independent functions of position, the
temperature field is constrained to have the interpolated form?:
Nmax

T(x,t) =Y Nn(x)TY(t) (4.5)

N=1

tan alternate form of Green's Theorem states that

/f—dV-. /‘/%-udv+ [ fu.as

“Throughout the analysis a superscripted Roman numeral or a capital letter index denotes a nodal quantity
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The interpolation functions, Ny (x), are chosen to satisfy Ny (x™) = dy s so that TV (1) = T(x¥, t)
are the temperatures at the nodal positions x* .

The standard Galerkin approximation method now restricts the variational fields to have the

same form:
Ninax

x,t) & Y Ny(x)¢" (t) (4.6)

The functions ¢V () are still arbitrary. Therefore, if the interpolation functions have sufficient
continuity, then (4.4) is approximated by a system of Np., weighted integral residual state-

ments:
BH o N ON
7 ) M . BXN dv TN( )
v (4.7)
+ NMQR(T,x,t)'dA:O for.le,...,Nmax
Sr
subject to the constraint
TM(@#) =T;(xM,t)  forall M s.t. x™ on §; (4.8)

Equation (4.7) is thus a time-continuous description of a geometric approximation.

4.2.3 Temporal Discretization

Firstly, the nodal temperatures in (4.7) are approximated at any time 7 by the (as yet unknown)
quantities T.. Secondly, the following additional approximations are then made:

Nmax
T(x, )|y = Tr(x) = Y Ny(x)TN
N=1

b

H(T)| =y = H(T3)

4.9

E(T, %, 8)|,—, ~ k(T,,x,7)

QR(TTs X, T)

¥

qR(Ta X, t) | =T

The generalised trapezoidal rule is used to discretise the temporal behaviour. If a solution is
sought at the time increment ¢ + At, then the rule is of the form

ferar = fir + At((L =) fe + Vfrrat) (4.10)
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for some parameter v € [0,1] and where f(¢) is approximated as f;. The rule is known to
be stable whenever v > % regardless of the size of time increment A¢. Although the Crank-
Nicholson method (v = %) has the highest order truncation error and is therefore the most
accurate, it is on the limit of unconditional stability. It is also known to exhibit oscillatory
behaviour in early time solutions. The backward difference method (y = 1) is therefore chosen:

OH _ H(Tuar) = H(T)

ot At (4.11)

Introducing this into (4.7) gives
) _
5 [ @s) ~ B Ny v
v
N,
— 0Ny ONy
+ 5_; /Vk(TH-At’X,t’l” At)—g : "BYdVTtIXAt
N=1 (4.12)

+ NM qR(Y;H-At’ x:t + At) - dA
Sr

= RY A (Tt - - Tm) for M =1,..., Nmax

subject to
TE oy = Tr(xP,t + At)  forall Ps.t. x¥ on §; (4.13)

The problem has now been reduced to a system of non-linear algebraic equations, RM ,, =0,
for the set of unknown nodal temperatures, T} ,,, at the next time increment, ¢ + At.

4.2.4 Non-Linear Solution Scheme

The system (4.12) is solved by a modified Newton method (Algorithm 1) in which convergence
to a solution at each time increment is obtained iteratively. The method is ‘modified’ because
the rate of change of R} ., with respect to T} ,, is not formed exactly, as will be shown below.

The Jacobian matrix element, Jy v = ORM \,/8T} ,, is the rate of change of R} ,, with
respect to T}Y ,,. An approximate matrix element is

o1 dH (T A¢) / ONy ONy
Ty ~ /V TN Ne dV + [ KTasuxt+ AT ey (419

The derivation of the first term in (4.14) relied on the first approximation in (4.9) and the

chain rule
BH(Tt+At) — dH(Tt+At)

N,
athiAt dT N
The derivative dH (T} a¢)/dT is from (3.13) and (3.14) given by
AL
Pm (Gs (Tiyat) + F—;_,T) Ts < Tiyar <Tp
L —1s
dH (T4 At) _ (4.15)
—ar .

Pm Cp(Ti4at) otherwise
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Algorithm 1 Modified Newton iterative method
for each time increment At do

Make initial guesses:
for M =1,..., Nmax do
ﬂi{m =TM
for P s.t. x¥ on S; do
T ae = Tr(x",t + At)

for each Newton iteration until convergence do

Solve for the corrections AT/ 5 ,:
Ninax

Z JMNAE}XAYE = _Rt]\-{At fOI‘M == 1,. . ,Nmax
N=1
Update the nodal temperature estimates:
for M = 1,..., Npax do
T as «— Titae + AT n
for Ps.t. x on S; do
TE ae = Ti(xF 1 + At)

The term in (4.12) involving H(T;) does not contribute to the Jacobian since H(7;) does not
depend on nodal temperatures at time increment ¢ + At.

N,
. . ey 8k(T¢+At *x,1+ At) ONy ONp P .
A conductivity term, E / - Ny . dV T{, p¢» Was omitted be-
Y or ox Jx

cause the term is not sy;nmetric and the conductivity usually varies slowly with temperature
3qr(Ti+at, x, t + At)

5T - dA4, is omitted

anyway. The general prescribed flux term, / Nu Ny
Sr

because the derivatives dqgr/3T are not calculated a priori.

4.2,5 Numerical Integration using Isoparametric Elements

Solving the equations constituted by the Jacobian matrix and the residual vector requires in
general that the integrals in (4.12) and (4.14) be evaluated numerically. This is done by sam-
pling the integrands at pre-selected points, adding weight coefficients to these samples, and
then summing. A judicious choice of the interpolation functions eases this task and underpins
the concept of the finite element.
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Isoparametric Element Formulation

Until now in this analysis the only requirement for the interpolation functions, Ny (x), is that
they approximate with sufficient accuracy the temperature field according to (4.5). A further
requirement is now imposed in that a given Ny must have non-zero values in only a sirgle
volume element, V¢, of the volume V. That is
N§(x) x in V®
Ny(x) = (4.16)

0 otherwise

The volume integrals in (4.12) and (4.14) may then be partitioned as

Emax

v =3 [ GG N (0,%) 4V

(4.17)

= IG(NI{,I(x),NI{,(x),x)dV-&- G(NY,(x), N (x),x) dV +---
14 Ve

where epay is the total number of sub-regions. Most importantly, for a given (M, N) pair
only those terms in which both Njs and Ny have non-zero values are retained. As indicated
in (4.17) this would include the terms involving the sub-regions v/ and V9, say.

For each element e, eight interpolation functions are chosen to define three-dimensional first—
order hexahedral elements as:

N (x(&,n,€)) = 51+ an€)(1 +bym)(L+ ex¢) (4.18)

forxin Ve N =1,..,8; an,by,cny = -1,1; £,n,( € [-1,1].

Furthermore, in order to simplify the numerical integration, the element is rendered isopara-
metric by transforming the spatial coordinate using the same interpolation as in (4.5):

Nmax
X = Ny(&)xN forxinV
Nt (4.19)
=Y Nf(&)x’  ifxinV®

=1
Numerical Integration
By applying the following well—known formulae [74] for the mapping x:£€ — x(€):

LAE

ox 9% ¢ (4.20)

ox
dV = det (BE) dé dnd(
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where dx/0¢ is the transformation matrix of the mapping, the volume integrals in (4.17) are
transformed as

1 pl gl
[ oWt Ny 00v — [ [ [ Gaenodama @an
A Newton-Cotes scheme is chosen to evaluate the integrals numerically using integration
points located at the nodes of the elements.3

It is clear from (4.14) that this has the effect of diagonalizing the Jacobian term associated
with the enthalpy. The volume integrals are thus approximated as

2
e G(Ni(x), N§ (x),x)dV = Y Gy (=1, (-1), (-1)) (4.22)

The surface integral in (4.12) may similarly be partitioned as

’
€max

Iy=> | G(Nf(x),x)dA (4.23)

£
e =1 Sk

where now el,,, is the total number of elemental surfaces, S§, comprising Sg. The interpola-
tion functions are chosen as

NF (x(6,m)) = 7(1 -+ an€)(1 + )

so that, by applying a similar procedure as for (4.21), the surface integral is approximated as

) G'(Ngg(x),x)dA ~ Y G5((-1), (-1)9) (4.24)

Of course, the summations in (4.24) can only be carried out once numerical values for the
radiant heat ﬂux, qr(Ti+at, %, t+ At), at the surface integration points are known (see (4.12)).
In the next section a numerical model of the radiant interactions is developed which will supply
sufficiently accurate approximations to these values.

4.3 Net-Radiation Approximation at the Surface of the Casting

Numerical solution methods of cavity radiation problems are widely reported in the litera-
ture. Direct numerical methods include the Monte Carlo methods and the net-radiadon meth-
ods (also known as zone methods).

Monte Carlo methods [81] use a statistical approach to construct a radiant interaction profile
by tracing a large number of individual rays within the cavity. The methods are well adapted

3An excellent discussion on Newton~Cotes schemes can be found in [80].
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for solving problems having complexities which are geometric and specular in nature. They
are, however, computationally very intensive. Maltby and Burns [82] studied the numerical
properties of a three-dimensional Monte Carlo simulation. Haidekker et al [83] studied a
hybrid zone/Monte Carlo method, known as the Discrete Transfer Method.

In the net-radiation methods, physical heat balance principles are applied at elemental sur-
faces within the cavity [42, 15, 8]. Approximate numerical solutions are obtained by dividing
the cavity into a number of isothermal zones, and possible radiative exchanges between ev-
ery pair of zones are accounted for. The methods are generally more efficient than Monte
Carlo methods, but complex geometries can be difficult to model. Since the zones are as-
sumed to be isothermal, results may be inaccurate in regions of high temperature gradients.
Also, these isothermal approximations generally make coupling to other non-isothermal heat
transfer modes, such as conduction, difficult and inaccurate, unless special care is taken.

Commercial numerical heat transfer codes which account for non-blackbody radiation have
generally adopted the net-radiation approach. For example, the general purpose finite ele-
ment code, ABAQUS, is able to address many heat transfer problems in which radiation and
conduction are coupled at solid material boundaries [75]. While its capability can be applied
to many industrial radiating systems, I have found it insufficient for modelling complex clus-
tered investment casting processes. The primary reason is that, although cyclic symmetries
can be accounted for, they are done so in a computationally intensive manner. In what fol-
lows I introduce an alternative handling of geometric symmetries which dramatically boosts
computational performance without incurring significant loss in accuracy. '

4.3.1 Discretizing the Diffuse-Grey Furnace Cavity

We begin by assuming that the radiating cavity is diffuse-grey (§3.3.4). The cavity is discretised
using an assemblage of bilinear isothermal facets. This discretisation results in a system of
equations which vary with time and are linear with respect to the unknown radiosities (but not
with respect to temperature). The system of equations is solved for each chosen instant using
a relaxation method which best exploits the properties of the system matrix.

The system matrix is constructed from a database of view factors. A primary focus of this thesis
is to minimise the computational cost of constructing this database. This was achieved in three
different ways — the most important of which involved a novel treatment of symmetry within
the cavity. These methods are discussed in detail in this section (§4.3).

In a derivation of an approximate numerical prescription for the net heat flux, ¢(T,x), the
furnace cavity is divided into F,y bilinear facets with the n'th facet, S™, having area A", as
shown in Figure 4.1. An average temperature for facet S™ is defined by

1 PRE
T = | — " d4 .
{ Yo /A [T7()] ] (4.25)
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SO, TO

casting
component sn, ™

sznanqt?

smTm

Figure 4.1: Cross—section of a discretised diffuse—grey furnace cavity composed of Fi, facets showing
energy quantities for a typical facet

Note that 7™ is distinctly different from TV (t) which is an N’th nodal quantity (see Equa-
tion (4.5)).

With the definition of the radiosity, ¢,(7,x) on page 33, an average radiosity for facet S™ is
defined by

R - f 9(T,x)dA (4.26)
An An

noting the temperature dependence of ¢ as now being
q(? = qz;(Tla seesy TFM)

Lastly, the hemispherical total emissivity (page 27) for all points on the S™th facet is approxi-
mated as
e(T(x}),x) = e, (T") VxonS" (4.27)

The relevant set of thermal quantities for each facet is thus approximated as

{Tﬁ Q(Tﬁ X), qa(T> X), P(T: X), E(Ts X)}
~ AT, (T, TPy g (T, TFosx), 5 (T™), €n(T™)} VxonS™ (4.28)

In regions within the cavity where radiant quantities vary markedly with geometry, the density
of facets must be increased until these approximations can be applied reliably. Also, the density
of the facets may need to be increased in order to represent a geometry with sufficient accuracy.
As will be evident in this section, the restriction on the facets to be bilinear greatly simplifies
the geometric calculations.
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If (3.55) is then integrated with 74% f4m» the above approximations may then be invoked,
resulting in

q;n(Tl,...,TFmax) . Almpm(Tm) /A* qO(T,x*)/m COS(,@(X,X*))COS(,B(X*,X)) dAdA*

7 |x — x*|?
— oen(T™)[T™* = 0 (4.29)

The starred (x) quantities apply over the entire radiating cavity, A* (= A), whereas the un-
starred quantities apply over facet S™ only.

A further assumption is now made that ¢7, as defined in (4.26), reasonably approximates the
radiosity of the entire facet, S™. Under this assumption (4.29) is thus approximated by

Fruax
@ - Ammeqo [, [, S R aamaan - oenlT™t = 0 430

{x x*

where now, for each m and n, xison S™ and x* is on S™. It is further assumed that each
radiating facet is sufficiently small that the integrand in (4.30) does not vary markedly over S™.
The integrand may then be removed from the integral over $™:

/ / cos(f8 )) cos(B(x*,x)) dAmdA":zAm/ cos(B(c™, x*)) cos(B(x*,c™)) dA™

[x x"‘l2 n 7r|cm-x"‘]2

where ¢™—the centroid of S™-—and the two § angles are defined in Figure 4.2.

Finally, returning again to (3.55), it is thus evident that (3.55) is approximated by the discrete
system

Fmax
> Gun@s =o0en[T™*  m=1,..., Fna (4.31)

n=1

for the set of unknowns {¢7|n = 1... Fnax} , and where

Gmn = 0mn — Pman
/ cos(B(c™, x") cos(BX", €M) yun s (4.32)
" |Cm - x* |2 .
Fon =
0 otherwise

Allowance for Radiation to an Ambient Blackbody Environment

If the assemblage of surfaces, {S™|n = 1,..., Fnax}, does not form a closed cavity, then it may
be intended that the ‘holes’ in the cavity be sources of blackbody radiation. For example, in
many equiaxed casting procedures the molten metal is allowed to cool in an exposed ambient



CHAPTER 4. NUMERICAL MODEL 47

Figure 4.2: Nomenclature for the surface integration of the view factor Fy,p

blackbody environment. Since the blackbody holes do not reflect any incident radiation, their
radiosities must equal their hemispherical emissive powers (Equation (3.27) of §3.3.3). Equa-
tion (4.31) must then be modified to accommodate this specific radiant interaction so that in
this case

Finax
> Gmndly = oem[T™* + 0pmFina[Ta]* (4.33)

n==1

Finax

where F,, = 1— Z Fp,, and T, is the ambient blackbody temperature. The last term in (4.33)
=1
is the heat flux re?lected from the m’th facet that originated from the blackbody holes.

In the software implementation described in Chapter 5 a boolean switch is provided to allow
for this type of interaction and with which a constant blackbody temperature may be assigned.

4.3.2 Iterative Numerical Solution Scheme

The integral equation (3.55) has now been reduced to a system of discrete linear equations
for the unknowns, ¢7. A numerical scheme is sought which best exploits the properties of the
system matrix [,n — PmFmn) in (4.31), and which is able to utilise any additional information,
such as good initial estimates.

A primary feature of this matrix is its strong diagonal dominance even without the use of any
special row ordering. This dominance becomes more pronounced when either:

e the number, Fiay, of facets comprising the radiating cavity increases, or
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s the geometric complexity of the cavity increases, since many F,,, views vanish due to the
likely increased presence of occlusions (see §4.3.3).

In such circumstances relaxation methods are known to converge rapidly. In relaxation meth-
ods the system matrix is not inverted explicitly. Instead, corrections to an initial estimate are
applied iteratively.

At the start of the finite element simulation a reasonable initial estimate, ¢}" say, to the radiosity
vector in (4.31) is to neglect interactions between the radiating surfaces of the casting, so that

oen [T no blackbody radiation
g" = (4.34)
oen[T™* + 0ppFra[Ta)* blackbody radiation present

Whereas, at the start of any subsequent time increment, initial estimates are the computed
radiosities of the last finite element iteration of the previous time increment (see §4.2.4).

The Gauss-Seidel relaxation method [80] was used in this work to approximate a solution to
the radiosity vector during any finite element iteration of any time increment (Algorithm 2).
The validity of the Gauss-Seidel scheme may be verified by replacing ¢" with ¢} to arrive
at (4.33). In the simulations discussed in §6.2 and §6.4 it was found in this case that the
average number of iterations to reach convergence was equal to 2.

Algorithm 2 Gauss—Seidel iterative scheme
relError = relMaxResidual + 1

while rel Error > rel MaxResidual do
relError =0

fOl'mZ 1’--.,Fmax dO
Fmax
g5 = oem[T™]* + pm Z Frangy” + 70 m Frna[Tu)*
=

if |¢7*| > 0 then
if |(¢* — qX™)/q'| > relError then

relError = |(¢)' — q5™) /45|

" =gy

An ambient blackbody interaction will be neglected for any facet, §™, if either F,, = 0
(i.e., whenever S™ has its full complement of view factors), or the switch, v € {0,1}, has
been set to 0.

As Figure 4.1 indicates, certain facets within the cavity coincide geometrically with radiating
elemental faces of the finite element mesh, while the remaining facets define the furnace ge-
ometry. Numerical values for the average net heat flux are only needed for the set of coincident
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facets, {SP}, say. The computation of the net heat fluxes is therefore be restricted to this set
only. From (3.54) and (3.57), on these facets the flux is computed as

Z(o?) =)y #0

P

¢ = (4.35)
& (o[TP]* — o) otherwise

where from (3.53) the average incident flux over the p’th facet is approximated as

Frnax
n=1

n#Em

However, since the finite element calculations require net flux values at the integration points
rather than an average value over an elemental face, a novel technique was developed for
providing accurate estimates to the net heat flux at the integration points. This will be discussed
in §4.4.

4.3.3 The View Factor Database

The spatial discretization of the furnace cavity has allowed the sole dependence on geometry
of the infinitesimal view factor in (3.53) to be carried over to its finite counterpart, where F,,,,
depends upon the magnitude of A™ and its orientation with respect to A™.

The computation of the view factor database,

{Fpn |m,n =1,..., Fnax;n # m} is by far the most computationally expensive task in simu-
lating radiant interactions. If the properties of the view factors are not exploited, it is easy
to see that storage space must be allocated for Fipax(Fmax — 1) entries in the view factor ma-
trix {Fpp }, and the matrix must be recomputed whenever the geometry of the cavity changes.
Furthermore, the computation of the integration in (4.32) for each view factor is costly. It will
be shown in this section that the number of computations required to populate this matrix is,
in general, proportional to 1 Fnax(Fmax — 1)(Fimax — 2).

A primary initiative of this thesis is to reduce the cost associated with this matrix. This has
been achieved in a number of ways as follows:

¢ For a given number of facets, Fi,«, the number of computations was reduced by: deriving
an analytic expression for the view factor, F,,,; invoking view factor reciprocity; and, de-
veloping an efficient algorithm to address occlusion.

¢ The need to recompute the matrix at every time increment was eliminated by developing
a special algorithm for simulating casting motion relative to the furnace walls.
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o Most importantly, the overall size of the view factor matrix was dramatically reduced
through the development of a unique algorithm to exploit the existence of planes of
geometric symmetry within the furnace.

These planes of symmetry may apply to the radiating cavity as a whole (i.e., the furnace cham-
ber) or to parts of the cavity separately (such as the exterior surfaces of the ceramic mould
surrounding the solidifying metal). For example, the symmetry planes that exist in the furnace
chamber are in general different from those that exist in the casting geometry.

Geometrical Attributes of a Facet

In order to compute the view factor matrix, certain geometrical attritubes must be stored for
each facet. These attributes are: the normal vector; the centroid position; the magnitude of its
area; and the positions of the nodes. Using the nomenclature defined in Figure 4.3, they are
calculated for the p’th facet as follows:*

4 (4.37)
4 =3I - (A - [ - )
n==1

where [* = % (1a™] + [u®] + |u™*)

where it is understood that u® = ul.

Occlusion

The geometry of the exterior surfaces of the casting and the interior surfaces of the furnace (Fig-
ure 4.1) comprising the radiating cavity, is of such a nature that a typical facet cannot have a
direct ‘line of sight’ with all other facets. One or more ‘third-party’ facets may obscure the view.
By virtue of this occlusion many of the view factors must be zero.

In deriving an algorithm to account for the existence of occlusion between two facets, S™
and S", the setup shown in Figure 4.3 was considered. In the figure m = 1 and n = 2 for
sake of convenience only. The view factor, F,,,, will be deemed to vanish whenever one of the
following conditions is satisfied:

e The facet S! ‘sees’ the back of S?

“Once again, a superscript number denotes a nodal quantity.
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=13

\
a2l

Figure 4.3: Nomenclature for two facets occluded by a third facet

e S?is ‘behind’ S?!

e There exists at least one other facet obscuring S’s view of S?. If some facet can be found
such that the point, p, lies within or on the border of the facet, then an obstruction to §'’s
line of sight is found.

The algorithm that was implemented is listed in Algorithm 3. With regard to the third condi-
tion above, much of the algorithm is devoted to conditionally applying a series of tests to the
point, p, defined as the intersection of the line clc? and the plane normal to A#?. The first -est
determines whether SP could lie between S! and S2. If it does then a second test determines
whether p lies on one of the bounding line segments of S?. If not then a final test determines
whether p lies inside SP. Thus, special attention was given to minimizing the computational
cost through the selective application of these tests.

A limitation of Algorithm 3 is that, when finding an obstructing facet, it only considers the line
of sight between the two centroids, ¢! and c2. The algorithm was however found to be a good
compromise between accuracy and speed, particularly when Fiax is large.

Analytically Derived View Factor Expressions

The application of Stokes’ Theorem [44, p 62] was used in (4.32) to reduce the integraton
over an area to a single contour integration around the boundary of the area, yielding

b A—
P, = am. j{ (€ =X o dx (4.38)
27

An exact solution to (4.38) was derived (see Appendix 7) for a view to a surface, S, consisting
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Algorithm 3 Efficient computation of occlusion between radiating facets S* and 52

occl =0

{Does 8 see back of §2?}
if 1% (c? — ¢!) > 0 then
occl =1

break {from n-loop}

{Is 52 behind §'?}

ifi' - (c? — ¢') < 0 then
ocel =1
break {from n-loop}

{Check for arrangement shown in Figure 4.3}
forp=1,...,m—-1m+1,...,n—1n+1,..., Fpx and occl < 1 do
if a7 - (¢? — ¢!) = 0 then
continue {with §7*! because 57 || (¢? —¢!) }

AP
— ol 2 _ ol _n
p=c!+t{c c)wheret—ﬁ;p

{Could 87 possibly lie between S and §2?}
if0<t<1and A'-(p—-c;) > 0then

wi=d' xu* fori=1,...,4 {Utility cross-products}

{Is p on the boundary of 57?7}
fori=1,...,4and occl < 1 do

{Is p on the line segment d?}
if |wi| = ( then
if0 < ((p—e:) - (d)/]di[*) <1 then
ocel +— min(ocel + 3,1)
break {from -loop}

{Does p lie within §7?}
ifw!-w/>0 Vj=23,4then
occl = 1 {because p lies inside SP}

if occl = 0 then
F 12 =0
else
Fio = occl X (computed view factor (Equation (4.39)))
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of sides straight sides arbitrarily oriented with respect to S™:

sides
of S*

1 W di - pit! di -y
F T — n” T ————— - 0 .
mn = o ; i P [arctan( o] ) arctan( o] ] (4.39)

where d* = x**! — x* evaluated on §”, ! = x* — ¢™, and w’ = d’ x u’. Physically, the
vectors w' represent the effect that the orientation of S” relative to $™ has on the magnitude
of Fy,,. The more obliquely S™ is oriented relative to S™ the smaller will be w?, and hence,
as expected, the smaller the view factor. The factors in square brackets represent the effect of
separation between §™ and S™. The larger the separation, the closer the vector u**! will be
to p¢ in both magnitude and direction.

The algorithm that was implemented to compute the entire database of non-zero view factors
is listed in Algorithm 4.

Algorithm 4 View factor database computation with no symmetric facets
fOI'm= 1,...,Fmax— 1 dO

{forward’ views}
forn=m-+1,..., Fpax do
Compute F,,,, {using Algorithm 3 and Equation (4.39)}

{‘backward’ views}
forn=1,...,m-1do
A" ‘
Fom= Z—W;an {reciprocity}

{Normalise views}
Funax
if }° Finp > 1 then
n=1
Normalise views so that S Fex - — 1

In the implementation, in order to minimise the use of storage space, only the non-zero view
factors were stored, and the summations included the non-zero views only. The total number
of computations required to compute the database is O(Fpay’). Specifically it is proporticnal
to

Frax—1  Frax m—1 n—1 Frax
S EEELE)

m=1 n=m+1 \ p=1 p=m+l p=n+l (440)
1
= §Fmax(Fmax - 1)(Fmax - 2)

The size of the computation of the ‘backward’ views is insignificant and is therefore not in-
cluded here.
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4.3.4 Exploitation of Symmetry within the Cavity

The existence of planes of symmetry within the radiating cavity allows the radiant interaction
in certain regions of the cavity to be inferred from other regions. Although the concep: of
symmetry is intuitively obvious, careful consideration is needed in order that it be exploited in
this numerical model.

Reducing the Number of Radiosity Unknowns

Suppose that the assemblage of Fi, facets comprising the cavity may now be partitioned
into Fy; master facets and Fy slave facets, so that

Frax = P + Fg (4.41)

As indicated in Figure 4.1, the radiating cavity comprises both the bounding surface (such as
the casting furnace walls) and all interior surfaces (such as the exterior surfaces of the mculd
surrounding the solidifying metal).

A slave facet is one whose radiant behaviour may be inferred from the behaviour at one of
the master facets. Physically, this inference may usually be attributed to a slave facets being
geometrically symmetric to a master facet.

In this analysis the numbering of the facets will be ordered in such way that the set of master
facets is given by {S!,...,5}, and the set of slave facets is {SFw*1 ... §Fmax}  Also, the
slave facets of any given master facet will be numbered contiguously.

If F¢ is the number of slaves that are symmetric to the n’th master facet, §”, then by definition

Fy
Fs=) F§ (442)

The numbers F§ are not known at the start of the simulation. Indeed, for the analys: to
prescribe all the master—slave relationships at the start of simulation would be an onerous task,
especially if the geometry of the radiating cavity is large. One important objective in this work
is to assist the analyst in this regard. The master—slave relationships will therefore be derived
automatically at the start of the simulation from other data which pertain to the symmetries
provided in the model definition. This will be discussed in detail later in this section.

With (4.41) and (4.42) it is then easy to see that the summation over all facets in (431)
and (4.33) may be partitioned as:

Finax F’vt
Z Gmnqg Z Gmnqo + Z Gm(FM+n)QOM+
= n=1 n=1
Py F2 (4.43)
= Z Gmndy + ) Z Gty o™
n-'l p=1

o

master facets slave facets
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where further partitioning of the summation over the slaves was achieved using (4.42) and an
index mapping function defined as®

n-—1
Lip = Py + Z Fl+p (4.44)
g=1
But, by symmetry
gr? =q" forp=1,...,F} andn=1,..., Fy; (4.45)

If (4.45) is inserted into (4.43), the system of equations in (4.33) may be decoupled as

Fae

N Glnd? = oemlT™ + 0pmFmalTal* m=1,..., Fy

net (4.46)

g’ = radiosity of a master counterpart, m=Fy+1,..., Fnax
where now
g
G;nn = Gmn + Pm Z lenp : (4.47)

p=1

Fr1,, is the view factor from the m’th master facet to the p’th slave of the n’th master. There-
fore, even though the radiosities of the slave facets are strictly not needed, the symmetric slave
‘regions of the cavity contribute to the heat balance in the master regions. This contribution is
encapsulated in these view factors, and hence, the geometry of the symmetric regions must be
accounted for in the models.

By exploiting symmetry in this way the number of unknowns has been reduced from Fyay
to Fy¢, while the form of the equations for the unknown master radiosities has remained un-
changed. Since most DS investment casting furnaces are axisymmetric in design, and since
the components are usually cast in a clustered formation, it is often the case that Fpy < Fiay,
resulting in substantial computational cost savings at each finite element time increment.

Algorithm 4 was modified accordingly by requiring that m sum from 1 to P instead of
t0 Frmax — 1. The total number of computations required to create the database of view factors

>The integrity of this mapping function depends on contiguous numbering of the slave facets, as F + 1, P +
%oy P+ Fa, P+ F2+1,..., Py + F} + FZ,..., Fuax. The value of I, is then the global index of the p'th
slave facet of the n'th master facet.
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is now proportional to

m=1ln=m+1 \ p=1 p=m+l p=ni+l

1
] (4.48)
—

Clearly then, as the number of symmetric faces increases, the number of computations reduces
from O(Fnax’) to O(Fax?)

From (4.46) a modified Gauss-Seidel scheme may thus be written as shown in Algorithm 5.

Algorithm 5 Gauss-Seidel iterative scheme to exploit symmetry so that radiosities for only

the F3 master facets need to be computed
relError = rel Max Residual + 1

while relError > relMaxResidual do
relError =0

form=1,..., P do

Fxt Fp
% = O’Em[Tm]4 T Pm Z (an + Z lenp)qzn + 70mema{Ta]4
o
if [g7* > O then
if (g™ — ;™) /a3 > relError then
relError = |(¢0* — ¢;™)/q™|

M m

do =4y

The Master-Slave Relationship for Symmetric Facets

The exploitation of symmetry in (4.46) and Algorithm 5 is predicated on knowing Fg" — the
number of slaves for each master facet S™. For large and complex cavities containing many
~planes of symmetry, manually specifying the Fg* values and identifying which slave facets are
symmetric to which master facets would be difficult and time-consuming, and may even negate
the benefits of exploiting symmetry in the first place. To address this problem, a novel algorithm
was developed to allow the analyst to specify the master-slave symmetry relationships at a
high level without regard to relationships between individual facets. Using the interface to
the software (Chapter 5), the analyst is only required to define for each symmetry: a master
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Master Facets Slave Facets

]83

Figure 4.4: Three hypothetical master-siave set relations in a radiating cavity The numbered boses
represent facet indices. The solid lines represent linkages that are provided by the analyst.
The broken lines are possible linkages that are computed using Algorithm 6

facet set, a slave facet set, the type of symmetry, and other data specific to the symmetry
type (Chapter 5).

In order to describe the algorithm fully, the following definitions are needed:

Smax — total number of symmetries within the cavity

84 — the A’th symmetry operation

8%  — set of master facet indices for the A’th symmetry

|8%| — the number of master facets in the set 83 (449)
84, — the b'th facet index in the master set 84 '

sg* —  set of slave facet indices for the A’th symmetry

|8§] — the number of slave facets in the set 8§

84 ~ — the b'th facet index in the slave set 8§

From these definitions it is clear that the numbers F* (= ng oo , for some not necessarily
unique pair (4, b)), must be initialised by the algorithm. 8pax and the definition of each sym-
metry, 84, are specified by the analyst. This obviously includes specifying the master facet
index set, 84, for each 8#. The slave facet index set, 8§, is either supplied by the analyst
during model definition, or is generated automatically. This will be elaborated further below.

To illustrate the use of these definitions in (4.49), three symmetry set relations are shown
diagrammatically in Figure 4.4, The felationships between the master and slave facets sets, as
indicated by solid arrows, are specified by the analyst. In the figure F§ = F§ = 2, F? = F§ =
Fl=1and F} = F§ = F§ = F{ = 0.

In order to compute these values for general symmetry relations, the algorithm proceeds by
considering each slave facet, 5885, of each symmetry in turn. Using the parameters defin.ng
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the type of symmetry, $5% is transformed geometrically (to S’ 855 say) onto the A’th symmetry’s
master set, 85.. Then the master facet in 8%; which is ‘nearest’ to §' 8% is found (as SSHe
for some ¢, say) and is selected as being the master of the untransformed facet, $%%. And
the number, FS8 ﬁ"“, of slave facets of the master, 5853[0, is therefore incremented by one. The
implemented algorithm is shown in Algorithm 6.

Algorithm 6 Determination of the F§" master-slave linkages for each slave facet, as shown in

Figure 4.4
{Initialise the F§" to zero}
form=1,..., Fdo

(-
g =

{Consider each slave facet of each symmetry}
for A=1,...,8na do
forb=1,...,|84| do

Define position and orientation of 5’ 8% from $4: Sg A Ssg,
{Find master facet ‘nearest’ to $’ sg‘,,}
Amin = 0O
forc=1,...,|8%]| do
A = ‘distance’ between 5% and §5ne (Equation (4.50))
if |A] < |Amin| then
m = 84,
Apin = A

Register slave facet 538 as a slave to S™

{Increment number of facets which are slaves of master facet}
Fg' — Fg" + 1

In the algorithm the ‘distance’ between two facets is defined as a weighted sum of the distance
between the centroids and the distance between the two points located at the heads of the two
normal vectors (Figure 4.5):

A= o/ (€ — ™) + agy/[(@" + &7) — (e + am)]? (4.50)

Howevey, if the two facets point in opposite directions, so that 4™ - A < 0, then the facets
are considered far apart. The parameters «; and oy weigh the importance of position and
orientation, respectively. In the software implementation, values for the parameters were set

at oy = ag = 1.
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cln _I_ ﬁ/n
c™ + fim
C%‘:’n
cm cln — cm

transformed slave

facet
master

facet

Figure 4.5: Nomenclature for calculating the ‘distance’ between two facets

a

Figure 4.6: Rotation of a point and a vector in three dimensions

The handling of cyclic, tranlational and reflective symmetry will now be discussed. In all these
three cases (4.50) will be used as a measure of nearness.

Cyclic Symmetry

Although Algorithm 6 does not depend on the type of symmetries present within the cavity, the
most common type found within a DS casting furnace is cyclic symmetry.

A rotation in R® from an arbitrary point x’ to the point x is completely defined by: a unit
vector, , parallel to the axis of rotation; a point, b, lying anywhere on the axis; and, an angle
of rotation, 6, as shown in Figure 4.6.

Suppose, hypothetically, that the facet $'™ is known (as defined by the parameters in (4.37))%,
and that a symmetric facet, S", exists at or near the rotation of §'" about the axis. Since
the facet area, A'", is invariant under rotations, I need only determine the vector, i, and the

SDefining the rotation in a seemingly ‘backward’ fashion as rotating $'™ onto S™ is consistent with the analyst’s
intuitive idea of rotating a master facet set onto its slave set, and not the other way round. The analyst is then able
define &, b and 9 with respect to the master facet set.
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coordinates of the centroid, ¢, in order to relate S™ to S™. This will be carried out here by
developing general formulae for the rotation of an arbitrary point and vector, and then by
applying them to the centroid and normal vector.

The coordinates of the point p(x’) lying on the axis are first found as the focus of the arc swapt
through x'. An arbitrary point, y(}), lying on the axis is given by

y(A)=b+ia forAeR (4.51)

By minimizing the distance |x’ — y(})| so that

d
o - y(A)| =0 (4.52)
the coordinates of p as a function of x’ are found to be

p(x') =b+ (¥ —b)-a)a (4.53)

Defining the vector function u(x’) = p(x') — x/, the coordinates of the point x in Figure 4.6 are
then determined using the following simple identities from analytic Euclidean geometry:

) - (p(x') = x) = [u(x")|* cos(6) (dot product)
u(x’) x (p(x') - x) = [u(x')]*sin(§)a  (cross product) (4.54)
(p(x') —x)-8a=0 (vectors perpendicular)

The solution to the unknown x may be found easily as

x = p(x') — u(x’)cos(d) + (u(x') x &) sin(§) (4.55)

Interestingly, Equation (4.55) appears to be a generalization of a rotation in two dimensians.
Ifb = p(x') = (2}, p,0), &= (0,0,-1) and x' = (2,4, 0), then (4.55) and (4.53) give

Ty cos(d) sin(f) 0| |z, -2
x=[yh| — |—sin8) cos(d) 0| |y, —¢'| =p(x) ~R-u(x) (4.56)
0 0 0 1 0

which is the usual formula for two-dimensional rotations.

To rotate an arbitrary vector v/, the above analysis is applied to the points x’ and x' + v’ to give
ry ¥ PP p &

v = [p{x’ + V') — p(x')] — [u(x’ + v') — u(x')] cos(8)

(4.57)
+[(u(x’ + v') —u(x)) x &]sin(9)

Using (4.53), (4.57) simplifies to

v = v/cos(8) + (v -&)(1 - cos(9))a — (v’ x &) sin(6) (4.58)
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If the A’th symmetry is a cyclical symmetry, then Equations (4.55) and (4.58) completely defne
the mapping 84:5’ 85y S8 forb=1,..., |8¢|. Therefore, in order to determine the position
and orientation of §'%% in Algorithm 6, (4.55) and (4.58) are applied in reverse to the centroid
and normal vectors of §5%:

¢’ = p(c) — u(c)cos(—0) + (u(c) x &) sin(—0)
(4.59)
fi' = ficos(—0) + (A -a)(1— cos(—6))a — (i x &) sin(—0)

Translational Symmetry

If the DS casting furnace possesses translational symmetry then the position and orientation of
/%% are determined by

¢ =c+ (—d)a
(4.60)

i = 0

where d is the distance along direction & from a master facet set to its slave set.

Reflective Symmetry

By inspection of Figure 4.7 it is easy to see that the formulae for reflective symmetry are:
¢ =c- (2(c-Db)-a)a

A =f - (24-a)a

(4.61)

where b is any point on the plane and & is the unit vector perpendicular to the mirror plane.

4.3.5 Symmetry between dissimilar Objects

The greatest benefit to be derived through the development of Algorithm 6 is the increased
flexibility in the definition of symmetries in modelling DS casting processes. Planes of symmetry
may be defined between geometrically non-identical regions of the mesh. In particular, for a
given symmetry, the number of slave facets, |84 |, need not equal the number of master facets,
|84;|; and therefore, the facet mesh density of the set 84 could be much lower than that of &,
as shown in Figure 4.8.

By representing the slave symmetric regions of the cavity with a coarser mesh, the total number
of radiating facets, Fina«, may be substantially reduced, which, from (4.48), can result in large
computational cost savings. The simulations presented in §6.4 demonstrate the effectiveness
of this algorithm.

Careful handling of geometrical symmetries is one way in which the size of the radiant intemac-
tion computations has been reduced. However, in the case of modelling DS casting processes,
an additional way is developed here. This will be discussed now.
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Figure 4.7: Reflection of a point and a vector about a mirror plane

Figure 4.8: Symmetry between two dissimilar geometries

62
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4.3.6 Modelling the Interactions within the DS Casting Furnace

As was discussed in §2.2, directional solidification is achieved by the prescribed irradiation of
the casting and mould from the furnace heaters and walls while the supporting ram is lowered
out of the furnace at a carefully controlled rate (Figure 2.4).

In order to simulate this radiation, the set of facets representing the furnace heaters and walls
must be made to move relative to the remaining facets. Unfortunately, this incurs additional
computational cost at each time increment because the view factor database must, in general,
be recomputed whenever the geometry changes. "

Depending on the nature of these changes, it may be possible to limit the computations to a
subset of view factors. Indeed, with respect to a DS furnace cavity, the views between those
facets which are coincident with the radiating surfaces of the casting geometry will not change
with time, and therefore need not be recomputed at each time increment. However, it is
difficult to predict reliably at the start of the simulation which of the remaining views will not
change with time. For example, a view between a master facet and a symmetric slave facet
that was obscured by an intermediate facet at an early time may cease to be obscured at a later
time.

A simplification algorithm was developed in this work to eliminate this additional computa-
tional cost. It does, however, rely on being able to represent the furnace heaters and walls with
a relatively simple facet mesh, as shown in Figure 4.9. The motion of the ram and the casting
is simulated by varying the temperatures of the furnace and wall facets instead of varying the
geometry. In this way, the view factor database then needs only to be computed once at the
start of the simulation.

Initially the temperature of all except the lowest facets is set at Tj, — the constant temperature
of the furnace heaters. The lowest facets are set to T, — the constant temperature of the furnace
walls. This is equivalent to the baffle being located below the casting at an axial position, b,
say. If the ram is lowered at a rate vy (t) = vy(t)fiy, then the baffle position at any time
relative to the casting geometry in the direction (—f,,) is given by

t
b(t) = bo + /0 v (t') dt’ (4.62)

In directional casting procedures it is common to sub-divide the withdrawal stage into mpay
sub-intervals, {(t,—1,%,] |7 = 1,..., nmax}, With v, (t) = vyn for t € (t,-1,1,]. The expression
for the baffle position in (4.62) then reduces to

b(t) = bp—1 + Uy (E — tn_1) for t,_1 <t<t, (4.63)

n-—1
with b,_1 = by + Z vwilti — ti-1)-

=1
During the simulation, temperatures of the furnace facets are specified depending on the po-
sition of the facet’s centroid relative to the position of the baffle. Temperatures are reduced
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Figure 4.9: Partinl view of a typical facel mesh representing the furnace heaters and walls
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where & = ¢ [~} 15 the projection of ¢ in the direclion (—i, ), and & is the heighe of the
baffle zone, as shown Figure 4.10.

values for the following constants are to be supplied when setting up a model: Ty, T., &, fi,,
i, and Lthe sel of sampling points (L. o) v = 1o oo fmax}-

It must be noled thal this algorithm represents a specialisation applicable only to directional
casting processes in which:

e the seometry of the furnace, namely, the heaters, walls, battle plate, ceiling, and [loor
(Figure 2.4, 13 sufficiently simple that ils eflect on the transient heat fluxes can reason-
ahly be accounted for with 2 furnace mesh of the form shown @ Figine 4.9
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o the temperature of the various surfaces comprising geometry of the furnace chamber is
held constant, i.e., is independent of the temperature evolution of the exterior mould
surfaces. In the experimental programme accompanying this simulation work, measure-
ments of the furnace surface temperatures confirmed this constancy.

Refinement of the modelling of DS furnaces would require the existence of the furnace ceiling
to be accounted for as being distinct from the heating elements. It is likely that, even after a
state of thermal equilibrium in the hot zone has been reached, the temperature of the ceiling
is lower than the temperature of the heating elements. However, the results shown in §6.4
appear not to be sensitive to this lack of refinement. A comparison of computed and measured
histories at points higher up along the cast bar might have indicated otherwise.

4.3.7 Temperature—Dependent Emissivity

The dependence of emissivity on temperature is modelled by a set of piecewise continuous
sub-intervals {(Tm—1,Tn}lm = 1,... ,Mmax; Tm—1 # Tmm}. The emissivity is assumed to vary
linearly over each sub—interval so that

Tm - I T Tm-l

e(T) = i + e €
( ) Tm—Tm—l mol Tm_Tm—l )

for Tp1 < T < T (4.65)

Widl €Em = G(Tm) fOrm = 0,. « o s Mmax -

Since the radiating cavity is comprised of different material surfaces, with each material surface
having its own dependence on emissivity, a set of sampling points, {(Ts,€m) |m = 1,..., Mmax},
must be provided for each material surface.

4.4 Coupling Radiation and Conduction Calculations during Tran-
sient Analysis

The numerical model of radiant interactions described in §4.3 is independent of the finite
element model of conduction within the casting (see §4.2), except for a coupling between the
two models at the material interfaces. In order for the former to provide reliable heat flux
values as a boundary condition to the latter, the coupling must ensure that:

¢ each radiating exterior elemental face in the finite element mesh exactly coincides with
one master facet in the mesh of the radiating cavity

e thermal data at each coincident facet must be kept up to date for the duration of the
transient finite element calculations

e the radiation calculations provide reliable estimates of not only the average heat flux over
each elemental face, but also the flux at the integration points.
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4.4.1 Extrapolation to the Integration Points

The finite element model will supply the radiation model with the current temperature at an
integration point, o, of an exterior elemental face. If the face coincides with the m’th facet, §™,
then ¢™*—an approximate value for the net heat flux at the integration point—is found by
truncating a Taylor expansion about the average facet temperature, T™, as’

g T, .., T ™ AT L T

m (4.66)
%(...,T”“HT"‘,T"‘“””) AT™e

~ g™ =g, T LT T )+
where 7™ is the temperature of the o’th integration point supplied to the facet 8™ by the
finite element calculation, and AT™® = T™® — T™ is the temperature ‘correction’. The ‘cor-
rected’ quantity ¢™ is precisely that which is supplied back to the finite element calculation
as the radiation heat flux at the integration point. It is exactly the quantity required by (4.23)
and (4.12).

From (4.35), the derivative in (4.66) is

(2 [otrmt - ]+ 2 [aolzmp - ZE] gm0

aq™ dT™ \ pm Pm orm

S T (4.67)
d Hg™ .
. 16:;; [O_[Tm]fi _ q,?;"] + €m [40{T"‘]3 - ﬁﬁ] otherwise

How are 0¢[*/0T™ and 0¢"/0T™ evaluated? Recall that in Algorithm 5 (§4.3.4) an iterated
estimate for ¢ was given by:

Fv Fg
" = g€ [T™* + pm Z (an + Z sznp)qZ" + Y0P Frna[Ta)*
"Zm =

Since the radiosity, ¢, depends most strongly on 7™, the derivatives d¢}"/dT™ foralln #m
are neglected. Hence

8qm . dEm 4 q
Py Fg
d . d
+ —d;"r; (B + > Pty ) 337 + 70——(1;’;‘1 Fra[Ta*  (4.68)
n=1 p=1
nEmM

Similarly, by inspection of (4.36) it is easy to deduce that

og"
8sz =~ 0 (4.69)

7The functional notation used here follows that introduced in (4.28), and emphasises the fact that g™ depends
implicitly on the temperatures of all facets.
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Figure 4.11: Flow diagram for the finite element solver
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With (4.67), (4.68) and (4.69) inserted into (4.66), an important result is obtained in that
the radiation calculations are able to provide accurate estimates to the net heat flux at the
integration points even though the calculations themselves assume the facets to be isothermal.
Indeed, without the implementation of this algorithm, the number of iterations for each time
increment of the finite element computations was found to be high (refer to Chapter 6).

4.4.2 The Flow Diagrams

The coupling between the FE computation and the radiation computation (Algorithm 5) is
shown schematically in Figure 4.11.

The algorithm to extend the standard finite element analysis to address the radiation compu-
tations is shown diagramatically in Figure 4.12. The various algorithms discussed in §4.3 are
implemented. At the start of the simulation (Box a, Figure 4.12) the basic radiating system
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is set up (Box b), and a database of view factors is created. If the geometry of the cavity
has not changed from a previous simulation, then the database will simply be uploaded from
secondary storage (Box d). At the start of each finite element iteration (Box f) the average
thermal quantities (Equation (4.28)) of each master radiating facet which is coincident with
an elemental face will be updated using the most up-to-date values at the integration points
on the elemental face (Box j). The thermal quantities of each symmetric facet will then also
be updated by its corresponding master facet. The temperatures of the furnace facets are then
updated (Box h) according to (4.63) and (4.64). The average radiosities and net heat fluxes for
the master facets for the iteration are then computed (Box /). Regardless of whether the radia-
tion solver was entered at the start of an FE iteration, the average net heat flux is extrapolated
to the integration point (Box k) which is then submitted to the FE solver (Box /).

4.5 Summary

A numerical solution to the transfer of heat energy during vacuum investment casting process-
ing was developed in this chapter. A finite element model of conduction within the casting was
coupled to a net-radiation model applied within the furnace cavity.

A Galerkin isoparametric finite element formulation using first~order hexahedral elements was
developed. The well-known backward-difference temporal algorithm, together with a modi-
fied Newton iterative method, was used to solve the non-linear equations at selected instants
during the solidification history of a casting.

The basic finite element model was then extended to account for the radiant interactions.
Modelling these interactions is known to be notoriously expensive computationally. Special
attention was therefore given to the development of an efficient radiation model—a model
which avoids the need to compromise on numerical accuracy and stability,

In modelling the interactions, the geometry of the DS furnace was assumed to be comprised of
any number of bilinear facets, with some of these facets being exactly coincident with some of
the exterior elemental faces of the finite element mesh. By further assuming that the radiant
quantities do not vary significantly over each facet, the description of the interactions was
reduced to a system of linear equations for the unknown radiosities.

The Gauss-Seidel relaxation method is able to exploit the diagonal dominance of the resulting
system matrix. It was therefore chosen to approximate updates to the facet radiosities at the
start of each Newton iteration.

The major part of the computational cost is attributable to computing the database of view
factors. The cost is roughly proportional to the cube of the number of facets. A reduction
of this cost was achieved along three fronts, namely: reducing the number of required view
factors; reducing the cost of calculating each view factor; and, reducing the cost associated
with each Newton iteration.
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By applying a reciprocal relationship between view factors, and then by developing a novel
algorithm for exploiting symmetry within the cavity, the number of required view factors was
reduced.

The ‘symmetry algorithm’ provided flexibility in the definition of symmetries which may be
present in the model geometries. Planes of symmetry may be defined between regions of the
mesh which are geometrically non-identical. Symmetric slave regions of the geometry may
be represented with facet meshes that are coarser than the corresponding master regions. This
substantially reduces the size of the view factor database when compared with representing the
symmetric regions with identical geometries. Furthermore, the algorithm allows the analyst
to specify symmetry at a higher abstracted level without regard to the relationships between
individual facets.

The cost associated with each view factor calculation was reduced firstly by deriving an analytic
expression for the view factor itself, and secondly by developing an efficient algorithm to check
for the presence of occlusion. In the algorithm a series of ‘tests’ are conditionally applied, with
the cheapest tests applied first.

Finally, the cost associated with each Newton iteration was reduced by eliminating the need
to recompute the view factor database at the start of the iteration. This was achieved by
selectively varying the temperatures of the facets representing the furnace geometry instead of
varying the geometry itself.

An inherent source of numerical inaccuracy and instability rests with the coupling between the
finite element and radiation calculations at the exterior elemental face. The former assumes
a bilinear variation of the thermal quantities over the surface around the integration points,
while the latter assumes no variation at all. By extrapolating the computed average net heat
flux to the integration point, an accurate estimate at the integration point was computed.
This extrapolation was achieved by truncating the Taylor expansion of the heat flux about the
average facet temperature to the temperature at the integration point.



Chapter 5

Software Model

5.1 Introduction

FORTRAN is arguably still the predominant computer language used to write numerical mod-
elling programs. Extensive numerical software libraries written in FORTRAN are widely avail-
able. Indeed, many of these are freely available from the Internet [84, 85].

However, despite its popularity, standard FORTRAN has certain limitations which obfuscate cod-
ing and subsequent maintenance of the code, and which reduce the efficiency of the resulting
compiled executables. For this reason it was decided to implement the models presented in the
previous chapter using the C language.

Many of the data required to represent and compute the numerical models were structured
hierarchically using facilities provided by C. The advantages of this structured approach are:

e Code readability is enhanced
e The ability to isolate ‘bugs’ is enhanced

e Most importantly, the performance of the code may be enhanced though more efficient
computer memory management and data manipulation.

In this chapter, aspects of the software implementation which pertain to this organisation of
data will be discussed. The validity of the third point above will be demonstrated, the user
interface will be discussed.

A knowledge of C is presumed, as well as an understanding of the idea that a C pointer variable
stores a computer memory address.

5.2 Dynamic Structured Data

The most important data types will be presented in this section.

72
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5.2.1 Facets, Nodes and Views

All data pertaining to a radiating facet were encapsulated using a new C variable type called a
FACET, defined as follows:

1 typedef unsigned int POSINT; /* Positive integers %/

2 typedef double REAL; /% Real variables are stored in */

3 /* double precision #/

4 typedef struct {

5 POSINT num, /* Facet number =/

8 REAL T, emiss, /% Facet temperature and emissivity #/

7 q0, dq0.dT, d2q0.dT2, /% Average radiosity and derivatives #/

8 q, dq.dT, d2q d7T2, /* Average net heat flux and derivatives #/
9 area,

10 normall(3], centroid{3],

11 viewSum;

12 POSINT nodes; /* Humber of nodes on the facet %/

13 NODE #(#node); /% Dynamic array of pointers to NODEs #/

14 POSINT totalViews,

15 forwardViews;

16 VIEW *view; /# Dynamic array of VIEWs from this facet #/
17 POSINT symmFacets; /* Humber of symmetric slave FACETs #/

18 FACET ##*symmFacet; /% Dynamic array of pointers to FACETs %/

19 /% which are symmetric to this FACET =/
20 INTEGPOINT *»integPoint; /* Dynamic array of integration point data #*/
21 } FACET;

By dynamically allocating memory to store Fnax FACETs, the exact amount space is automati-
cally allocated for all the data. This raises to a higher level the management of the computer
memory needed to store the facet data. The m'th radiating facet, §™, then corresponds exactly
with the m’th FACET, facet [m], in the dynamic array, facet.

A given node in the facet mesh can be shared by numerous facets. This raises the problem of
duplication of nodal data across FACETs. If, in a separate structure called a NODE, each nodal
number is associated with the nodal coordinates, then this duplication is avoided. Each FACET
simply maintains a dynamic array of NODE memory addresses rather than an array of NODEs
themselves. With a NODE defined as:

22 typedef struct {

23 POSINT num; /% Node number #*/
24 REAL x[3]; /* NHodal coordinates =/
26 } NODE;

the node field in the FACET structure is the dynamic array of nodes pointers to NODEs, so that,
for example, the nodal data for the third node on the m'th facet is pointed to by’

Y1n C all arrays start with § as the first index, so that the third node as written is actually the fourth node in the
array, and the m’th facet as written is actually the (m + 1)'th facert.
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*((facet+m)->node+3)
The position vector for this node is then
(*((facet+m)->node+3))->x
The value of the second coordinate is pointed to by
(*((facet+m)->node+3) ) ->x+2
and the value itself is therefore
*((x((facet+m)->node+3))->x+2)
This expression can be written more simply in C as either
(*(facet [m] .node[3]1)) .x[2]
or
facet [m] .node [3]->x[2]

Storing pointers to NODEs on each FACET has an additional advantange. If any nodal data were
to change during a simulation, then the changes would remain local to the NODEs while still
being registered in the FACETSs.

The data for each integration point is grouped together in the INTEGPOINT structure, defired
as:

26 typedef struct {

27 POSINT num; /* Integration point number =/
28 REAL T, /* Temperature at integration point #/
29 q; /* Het heat flux at */

30 } INTEGPOINT;

A VIEW of a given facet is defined as the association of the value of a view factor and a poimter
to a FACET, where the FACET field corresponds to a second radiating facet which is visible by
the first:

31 typedef struct {

32 FACET #viewedFacet; /* Pointer to a viewed FACET %/
33 REAL value; /% View factor value #/

34 } VIEW;
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Figure 5.1: Typical relationships between the FACET, NODE and VIEW data types. The larger dots rerre-
sent pointers, and the broken lines represent the values of these pointer variables

The total number of views for each facet, ™, will be computed and stored at

facet [m] . totalViews. A dynamic array of VIEWs from facet [m] will then be allocated and
initialised using the view field of the FACET structure. From facet S™ all the data of a visidle
facet is then immediately available without making recourse to arrays of indices, as is often
done with FORTRAN. For example, the number of the ¢’th facet visible from §™ is

((facet+m)->view+q)->viewedFacet->num
or simply
facet [m] .viewlq] .viewedFacet->num
and the actual value of the view factor is
facet[m] .view{q] .value
Typical pointer-mediated relationships between the structures discussed in this section are

shown diagrammatically in Figure 5.1. All the pointer arrays are allocated and initialisecC at
the start of the simulation (Box b, Figure 4.12, §4.4.2).
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5.2.2 Symmetries

If a furnace cavity has Spax planes of geometric symmetry, then the data for these symmetries
are stored in a dynamic array of length 8y, , where each member of the array is a structure
defined as follows:

35 typedef struct {

36 char type[MAXSTRLEN], /# Cyclic, tramslational or reflective =/
37 condition[MAXSTRLEN]; /% Generated or based on proximity =/

38 FACETSET #master, /# Pointer to master FACET set */

39 #5lave; /* Pointer to slave FACET set =/

40 REAL vector[3],

41 peint[3],

42 distance,

43 angle;

44 } SYMMETRY;

A set of FACETs is defined using the following structure:

45 typedef struct {

46 char name[MAXSTRLEN]; /* Neme of FACET set =/
47 POSINT facets; /+ Number of FACETs in the set =/
48 FACET #(#facet); /% Dynamic array of pointers to FACETs #/

49 } FACETSET;

From these structured definitions, the A’th symmetry type is, for example, stored as symm[A] . type,
and the number of the b'th slave facet of the A’th symmetry is?

84, = symm[A] .slave->facet [b]->num.

At the start of the simulation the fields vector, point, distance and angle will be assigned
values that are appropriate for the symmetry type (§4.3.4). If, for a given symmetry, the
value of the condition field is equal to the string "GENERATE", then a mesh representing the
symmetric slave part will be generated automatically. The additional FACETs will be placed in a
unique FACETSET, and the slave pointer will be set equal to the address of this new FACETSET.
The master pointer will point to a FACETSET containing FACETs which correspond to radiating
facets which must have been defined by the analyst beforehand (see §5.4).

If, on the other hand, the value of condition is equal to "PROXIM", then the symmetric slave
geometry will not be generated, and both the master and slave FACETSETs must be defined
by the analyst. The condition field was introduced specifically to cater for the specification of
planes of symmetry between dissimilar geometrical objects, as discussed in §4.3.5.

Using Algorithm 6, for each FACET a dynamic array of pointers to the symmetric slave FACETs is
allocated and initialised, so that for a given radiating master facet, S™, F{'=facet [m] . synmFacets,
and the temperature of the ¢’th facet symmetric to 5™ is accessible as facet [m] . synmFacet [q] ->T.

2The facet number 8§, was defined in Equation (4.49) of §4.3.4.
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5.2.3 The DS Casting Furnace

All the variables defined in §4.3.6 that are required to simulate the motion of the ram relative
to the furnace are encapsulated in a variable conveniently known as furn which is of type
DSFURNACE. This type is defined as follows:

80 typedef struct {
51 REAL direction(3],

Withdrawal direction vector %/

52 Tcold, Thot,

B3 baffleZoneWidth;

54 POSINT baffleSamples; /% Humber of” (position,time) samples =/

55 REAL #*bafflePosn, *baffleTims;

56 POSINT facets; /+ Number of FACETs representing the furnace %/
57 FACET =(+facet); /* Dynamic array of pointers to these FACETs #/

58 } DSFURNACE;

The number of radiating facets representing the DS furnace walls is then stored as furn.facets,
and the temperature of the ¢’th facet, for example, is accessed as

furn.facet [q]->T. The motivation for implementing this structured approach for the furnace
data is the same as in the case of the definition of FACETs and NODEs above. Any changes (such
as a change in facet temperature) that may be applied to the set of facets defining the furnace
geometry will imediately be registered in the furn variable via the pointer furn.facet.

The required samples for the variation in time of the baffle position (Equation (4.63)) are

stored in the arrays furn.bafflePosnand furn.baffleTime which are both of length furn.vaffleSampl
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5.2.4 Temperature-Dependent Emissivity

To introduce temperature-dependent emissivities into the computations, as discussed in §4.3.7,
recourse is made to the FACETSET type defined above (source line 45). An instant of type
FACETSET is associated with the set of sampling points, {{(Tim,en]lm = 1,..., mmax; Tm—1 #
T}, in a new variable of type EMISSIVITY, defined as:

58 typedef struct {

60 FACETSET #facetset; /#* FACETs defining material surface */
61 REAL =T, /* Array of temperature samples #/
62 *value; /% Array of emissivity samples #/
63 POSINT samples; /* Number of samples in arrays */

64 > EMISSIVITY;

An array, to be named emiss, and of length equal to the number of different material surfaces,
is then set up with its entries each of type EMISSIVITY. The m’th sampling point for the emissiv-
ity of the &’th material surface is then stored in the array as (emiss[b] . T[m] ,emiss[b] .value[m]).

5.3 Efficient Data Manipulation

It is easy to show that, starting from the facet array, to access the value of a nodal coordinate
as facet [m] .node [3]->x[2] requires no less than 9 operations involving either addition or
pointer dereferencing. Similarly, to access the temperature of the ¢’th symmetric facet using
facet [m] . symmFacet [q]~>T requires 7 such operations.

This high overhead negatively affects the performance of the computations. However, by mak-
ing careful use of temporary local pointer variables during the computations, this overhead
may be reduced. These pointers are local’ in the sense that they have just sufficient scope to
be able, for the required duratdion, to point to variables within the organisational hierarchy.

To illustrate this, the number of computations required to update the thermal quantities of the
symmetric slave facets using data at the master facets will be considered here. The thermal
quantities are temperature, emissivity, radiosity, and the radiosity’s first and second derivatives
with respect to temperature. Without recourse to local pointers, the updating is done using a
statement of the form

facet [m] . symmFacet [ql ~>quantity = facet [m] .quantity

and the number of computations is (using (4.41) and (4.42))

Fr—1FF—1

> > 10x5=50Fs 5.1)

m=0 g=0
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In the following C code recourse is made to local pointers, so that the updating is done using a
statement of the form

symmFacet->quantity = facet->quantity

void UpdateSymmFacets( FACET #facetStart, /% Array of #/

/* master FACETs »/
POSINT masterFacets ) /+ Bumber of =/

/* master FACETs #/

FACET *facet, /* Temporary local pointer to a FACET #/
*gymmFacet, /# Temporary local pointer to a */
/# syemetric slave FACET #/
* (+pSymmFacet); /% Temporary local pointer to the address ¥/
10 /* of a symmetric slave FACET #/
11 POSINT m,q;
12
13 /=

14 #* Start at the beginning of the array
18 # of master FACETs

18 */

17 facet = facetStart;

18

19 for( m = 0; m < masterFacets; m++ )} {

20

21 /%

22 #* Start at the beginning of the array
23 # of addresses of slave FACETs

24 #/

25 pSymmFacet = facet->symmFacet;

26

27 /*

28 # Update attributes of each slave

29 */

30 for{ q = 0; q < facet->symmFacets; q++ ) {
31

32 /*

33 * Work with contents of the current
34 # glave FACET address

38 #/

36 symmFacet = #pSymmFacet;

37

38 A

39 #+ Update the slave’s attributes by
40 * dereferencing symmFacet appropriately
41 #/

42 symaFacet->T = facet->T;

43 symmFacet->emiss = facet—->emiss;

44 symmFacet->rad facet->rad;
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45 symmFacet~>dRad_dT
46 symnFacet~>d2Rad_d7T2
47

48 /%

49 # Point to the next slave FACET address
50 wf

51 pSymnFacet++;

62

53 }

54

56 /=

56 * Point to the next master FACET

57 wf

658 facet++;

58}

60

61 return;

62 ¥

facet->dRad_d4T;
facet->d2Rad_d4T2;

The required number of computations is then

Fri—1 Fgt—1
Y2+ > (1+45x4+1)+1] =3Fy +22F; (5.2)
m=0 g=0

and therefore, from (5.1) and (5.2), the use of local pointers will produce computational cost
savings whenever 3Fy; + 22Fg < 50F%, i.e., whenever Fg > %FM.

5.4 The User-Interface

The radiating cavity is completely defined in a single input file. The format of this file was
designed to closely resemble the ‘free’ format of an ABAQUS input file {23]. Third-party finite
element mesh generators which are capable of producing ABAQUS input files could then be
used with minimum effort to generate a facet mesh 3.-

The input file may by broken down into five sections. These sections will be described briefly
as follows, using extracts from an actual input file:

Global Data

i #% This line is a comment
2 *RADIATION, %RESIDUAL=0.1, CYCLES=5(C

%In fact, the commercial software MSC/ARIES was used to generate a mesh for the model of a clustered casting
simulation discussed in §6.4. The mesh for this model is shown in Figure 6.24. The automatic mesh generation
capabilities of Msc/ARrIES made it possible to specify, with minimum effort, the existence of the internal material
boundaries between the metal, the mould and the chill plate.



CHAPTER 5. SOFTWARE MODEL 81

The value of RESIDUALx 100 is equal to relMaxResidual in Algorithm 2 and Algorithm 5. The
parameter CYCLES is the maximum allowable number of iterations to reach convergence. The
code will exit with an error if more iterations are required.

Geometry Data

*NODE
i, 1.1, 2.2, 3.3
2, 4.4, 5.5, 6.8

*FACET, TYPE=DGR3D4, FSET=SHELL
1, 7,8,9,10
10 2, 8,2,6,4

13 #FACET, TYPE=DGR3D3, FSET=SHELL
14 11, 11,33,85

17 *FACET, TYPE=DGR3D4, FSET=SLAVEl
18 22, 71,81,91,101

21 *FACET, TYPE=DGR3D4, FSET=FURNACE
22 33, 72,18,92,102

Both 3-noded and 4-noded facets may be specified. In this case facets belonging to three sets
have been created, namely SHELL, SLAVE1 and FURNACE.

Thermal Properties

26 #*SIGMA

26 5.729e-12

27 *x Wem™2/K 4

28 *ABSOLUTE ZERO

29 ~273.16

30 ** so that I can work in the centigrade scale
31 =AMB TEMP

32 20.0

33 +TEMP

34 SHELL, 850.
35 FURNACE, 1460.
36 11, 906.
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ar

a8 . . .

39 *EMISSIVITY, FSET=SHELL
40 0.8 , 300.

41 0.856 , 800.

42 0.515, 1300.

43 0.45 , 2000.

44 =EMISSIVITY, FSET=FURNACE
45 0.5 , 680.

46 0.9 , 1600.

A value for the Stefan-Boltzmann constant is specified using the *SIGMA line. If a value for a
constant ambient temperature is given using the =AMB TEMP line, then the boolean switch, ~,
in Algorithm 5 (§4.3.4) will set to unity, and a view, F,,,, to the ambient environment will be
- computed. Using *TEMP initial temperatures are specified either for all facets belonging to a
facet set or for individual facets. Four sampling points (§4.3.7) were given for the emissivity of
the facets in the SHELL set, and two were given for the FURNACE facets.

Symmetry Definitions

Suppose a plane of cyclic symmetry (§4.3.4) exists between the geometries of the facet sets
SHELL and SLAVE1. If the axis of rotation, a = (0,0, 1), passes through the point b = (0,0,0),
and if SHELL and SLAVE1 are 60° apart, with SHELL as the master set, then the symmetry must
be defined as follows:

47 #SYMMETRY, TYPE=ROTATE, CONDITION=PROXIM
48 SLAVEL, SHELL, 0,0,0, 0,0,1, 60

49 #** slave, master, b, a, theta

If, on the other hand, a symmetric slave geometry has not been defined explicity, but is to be
generated automatically at an angle 120° from the SHELL, then the symmetry is defined as:

80 #*SYMMETRY, TYPE=ROTATE, CONDITION=GENERATE
51 SHELL, 0,0,0, 0,0,1, 120
62 #* master, b, a, theta

Directional Casting Specification

63 +DIRECTIONAL CASTING, FSET=FURN, DIRECTION=(0,0,1)

The facets in the FURN set comprise the DS furnace geometry. The furnace moves in the direc-
tion —i, = (0,0, 1) relative to the casting (see §4.3.6).
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54 »=INITIAL BAFFLE POSH
55 1.1

56 *BAFFLE, SPEED, INC
B7 #*% cm, seconds

58 ** 5 min hold time

59 0, 300
60 *# 0.4cm/min forever
61 . 006666666, 99999

The initial baffle position along the direction —#,, is by = 1.1cm; and two samples of the
withdrawal speed, v,,, are specified.

62 *WALL TEMP

63 20.0

64 *FURNACE TEMP
85 1460.0

86 *BAFFLE RANGE
87 6.3

88 %%

89 *END

The furnace wall and heater temperatures are given as 20 °C and 1460 °C respectively, and the
width of the baffle zone is 6.3cm.

5.5 Summary

Many of the data required to represent and compute the numerical models were structured
hierarchically. Numerous abstract data types were defined using facilities provided by the C
language in order that closely related data items may be associated in a single variable. The
defined types included:

e FACET — An encapsulation of: a facet number; basic thermal quantities, e.g., tempera-
ture and radiosity; geometric quantities, e.g., facet area and centroid; nodes; views; and
symmetric slave facets

e FACETSET — An array of facet addresses and a set name
s NODE — A node number and its coordinates

e VIEW — A viewed facet address and the view factor value
e INTEGPOINT — An integration point

e EMISSIVITY — Temperature dependent emissivity associated with a facet set
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e SYMMETRY — An association between the type of the symmetry, the real-valued data
defining it, and a master and slave facet set

e DSFURNACE — Data required to simulate directional solidification and a set of facet ad-
dresses defining the furnace geometry.

This hierarchical organisation of data enabled more efficient management of the computer
memory. This, however, may incur a higher computational cost than in the case of an unstruc-
tured organisation of data because many pointer dereferences and additions may be needed to
access a datum located at a low level in the hierarchy. To eliminate this extra cost, extensive
use was made of temporary ‘local’ pointer variables. This was illustrated by considering C code
to update the thermal quantities of the symmetric slave facets.

The format of the single input file was discussed briefly by considering extracts from an actual
source file.

In the next chapter specific examples of casting models will be presented.



Chapter 6

Results and Discussion

Four models are considered, in order of increasing geometric complexity and computational
problem size. In the first model a simple radially insulated conducting rod in considered to
be losing heat via radiation at one end to a flat plate. This model serves merely to validate
the numerical solution scheme against a radiating boundary condition which can be expressed
analytically.

The second model is of a simple hypothetical equiaxed investment casting of one and two
rectangular bars. The third model is of a directional casting of two axisymmetric objects which
were cast as single components. Finally, a model of a directional casting consisting of a cluster
of six components will be considered.

An experimental programme was carried out in tandem with the numerical modelling effort.
The vacuum investment casting facilities at the Division for Materials Science and Technology—
a division of the CSIR!—were used.

Results of both the experimential and modelling work have been recorded in a series of CSIR
reports. These reports have not been published in the public domain, but are accessible on
request to the CSIR [86]-[92].

A technological objective of the Specialty Metals Programme within the Division is to improve
the performance of Nickel-based superalloy components, such as those found in many modern
turbine jet engines. To this end, attention in the Programme is directed at casting process
design, cast component design, and superalloy design. The thrust of the work in this thesis
naturally lies in the domain of casting process design.

An essential piece of equipment in the experimental programme was the actual directional
vacuum investment casting furnace. The furnace is essentially identical to that shown in Fig-
ure 2.4 on page 9. Experimentally measured data were obtained by rigging actual casting runs
with ‘“Type R (Pt/Pt-Rh) thermocouple wiring.

'Council for Scientific and Industrial Research, South Africa

85
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T £ =L}, (A

Figure &,1: Simple longinsdinally conducting rod. insulated radially and radiating ar one end, (Narto
sale)

6.1 Simple Radially Insulated Conducting and Radiating Rod

Figure 6.1 represents a simple conduclion/radiation canliguration in which che radiant inter-
actinm can be expressed analwiically, This serves as a usehil test case against which certain
aspects of the numerical reatment of radiation in 54.3 can be compared.

Madel Description

As shonwn in Figure 6.1, a radially insulaed axisymmetric rod loses heat at one end via radiation
teor 4 flat plate whose temperamire is fixed at 7. The plate is assumed Lo be localed close encugh
against one end of the rod that the imeraction between the rod and the plate accounts for all
lhe radiation. The initat semperatire of the rod is 45, and the temperazure at o — (035 assumed
to be fixed al oy,

Equation (3.6} predicts the cvolution of the temperature fleld in the conducting rod. Assuming

thar the thermal conduclivity of the rod is consant, and applying the simple change ol variables

1 :
E':]’:\] = o e —m et
L i 1z} .f?':-u(’JJLQ

where . is the length of the rod, {3.6) may be expressed as

L 7). g
He? ¢

furdl e, aniirE {21}

subject lo the inidal condiden 4 = ¥ for + = 0. The boundary condition {3.16) at = = 0
beeomes 4 = Iy al £ = 0, while the boundary condition ate = L becomesg = g al £ = 1,
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This radiating boundary condition may be expressed in an approximate closed form. The
system of equations [4.31) for the radiosities of a set of rudiating facets compnising a radiating
cavity 15 now expressed simply as

dar, = (1 - €1)Goa = €17}

gon — (1 — €a)ttar, = o6, T}

where 4.p 18 now the radiosity of the but end of the rod at © = L, ¢ is the rods total
hemispherical emissivity at @ = L, and 15 (7] stands for T'{1, 7] —the temperature of the rod
at x = L. The corresponding quantities ¢,.. €, and T, apply 1o the llat radiating plate burted
against {bue not touching) the rod at » L. The wemperatures T; and T, are expressed in
units Kelvin,
The solution in terms of the as yet unknown temperature, Tr, is
£f +Eq —FpE ; i
LT R g e T el — )T
B (6.2)
-------- =2 g = T el —e,) T

But the radivsity of a radiating surface element is the sum of the directly emitied and the
reflecied incident energies (Equatian (3.54)):

thar, = i 2P + (1 €n b
: (5.3]

il e :{fm. —UELT;,}

where q;; 14 the total incident energy per unit surface area at . = L.

Finally, uying (6.2} and {6.3), the net radiant heat transfer per unit surface atea atx =L is

el EEDG® VoL — L
| i |
~ e+ Tle = [T}~ T3 = ey [T - T3)
i .

And the “natural” boundary condition at .- L may thuy be expressed explicitly as

ke 8L T J s
-3 220 = sea1¥6n o, 1) (6.4)
U

The presence of the fourth power in temperature in (6.4) complicates the quest for an analyt-
iral sulution to {6.1). Indeed, standard techniques. such as variable separation and integral
transforms, cannot be applied. An altermative numerical solution to (6.1) for the simple config-
uration shown in Figure 6.1 is therefore developed here, against which the numerical scheme
of Chapter 4 may be compared.
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Explicit Finite Difference Solulion

If T is an approximatian to the temperature field, T'{£%, 7), for some position £, 0 < n < N,
where ¥V — | is the number grid points spanning [0, L], then, applying the standard explicit
[imle difference forinulae [80] for all pains £° = nAL, with Af =1/Nand 1 <= < N —1,
gives

327’ e ol e

o7 o v — T 105/
Bo | =nEEBT SR 0 e

ar £y FAY S :

Obviously, (6.5) cannot be applied at the point £¥, since it would depend on a quantity T
which does not exist. So the point £ is considered specially. A backward Taylor expansion
about the point £ is

.Tr{c'\' 1 } =3 T{an n &a? T}

o aT {AL)2 -EFT 3 (6.6)

Bul {5.4) prescribes &T/0¢|¢. _, sa that
T : N—1 W AL Laeuy i . : m
L = : B 7 N s el — g (AL (6.7
ae? e [Ag) [Tfff VT ETENN- 5 [ Ly u]] 4 (AL {6.7)

Applying the approximaton T(¢%, ) &= T gives

32T 2 Tt o hr .&{ELUEE& 4 3 1 i
e 2 R e R I FESL i (6.8)
BET | g \(BE) ok L]

Thus, applying the diffusion equation at the grd points » = 0... .. N 1o the approxima-

tons (6.5) and (6.8) results in Algorithm 7.

Algorithm 7 Finite difference caleulation for the configuration shown in Figure 6.1
for n =l do
T ~Ar T T'D

T

A= Arf(Ae)P
forn=1,... . N—1doa
TH . = ATL 4 (1 — 20)T + AT

forn= XN do
T o BRGNS P R

T—

AT 21‘!. ﬂrﬁ Ler Ecll

e vl
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Fiwure 5.2: Finite element mesh of simple lomgdrudinaily conducting vad, insulared radially and radial-
ing al one end. The apparent axiad separatian between the pHlate and the bar is Helicious—
included merely to indicate the presence of the plare.

Table f.1: Thermmophysical roperties lor simple conducting radiating red

Condursivity (k) Specific heat (€3, ; Donsity (pa) | Rod Emissivity (e)  Place #missiviny {r,) |
| WK (TFa/K) (g/em®) |

02 | 5 a1 ! 3 10

Carnahan et af [80] show that discretisation error is minimised (o O[{AZ)) whenever the

normalised timestep is constrained to satsty

' -
Ay = 6 [(AL) (6.9]

Finite Element Solution

A [inite element model was sel up in which the radiation boundary condition at .« = L was
accounted for using (he netradiaton scheme described in 54.3. As shown in Figure 6.2, a uytal
of 20 radiating facets were used (o represent the radiating plate localed al . = L, The tengrh

of the rod was divided into 50 elements.

Properties

Thermophyisical properties and configuration parameters for Lhe conducting and radianing svs-
tem shown in Figure 6.1 are listed in Tables 6.1 and 6.2,

Results

Temperature profiles across the lengrh of the rod at four specilic Ume instants are shown in
Figure £.3. The profiles were computed numerically using Algorithm 7 with 31 grid points
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‘Fable £.2: Conliguration paramaters for simple conductingsradiaring rod

oo

r.Eﬁgrh nf rod, L Tilem
Diameter of rod 1.2cm
Bixed remosrature of redisting plate, T, 273K
Fizod Lemosceaiaee alc — oo, Th 17 73K
[nitial rod temperature, T, L773K
180100 T T 7
e e e L e
{7577y 4 SRS \
gl R
1700 + o T
= -
o “-\._‘% -"._ "-\
g 1650 o ~]
u 1600 iy S
E . . '._.
5 1550 ™, g
el 2
2 1500 - Y L
F1450 - N =
ar
14040 = 7
H‘-‘
1350 gl
1300 ' ' I T E.
0.04 0.06 0.08 ol

Position ()

Figure £.3: lemperature profiles across simple conducting rod al feur Lime instants, showing progres-
sion to expected sready stare linear profle {51 grid poinls)

(e ¥ = ali).
Temperature histocies at {ive equidistanl points along the leogth of the rod are shown in Fig-

wre 6.4, As with the profiles, the histories were compuled using Algorittun 7 with 51 zrid
PO,

Both the computed prafles and the historics exhibit the correct qualitative behaviour But are
they sufficiently accurate that they can be used to verify the finite clement solution? Unfortu-
nately, an analyiical solution for the emperamre evolution in the rod was not abtained in order
to answer this question unequivecally, (In (acl, an analytical solution would have obyiated the

need lor the finite difference caleulations enarely)

However, a steady state analytcal analysis is straighilorward, From (6.1} the slcady stale

temperature field, 25, is gwoverned by #47T,; /02" 0. The solution is simply

Tols)= (1+02)T fr0ss<l (6.10)

Il
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1500
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Temperamure (K)

0 1000 1250 1500 1730 2000
Time {s}

Figure 6.4: ‘lomperature hisvories ar five equidistant peinss along length of simple corducting “od.
(51 grid points)

and where, [rom (6.4), o iy the lacger rool of the {owth-order polynomial

: i :
(red=-10 = { L7 o e R {6.11)
: L":r"-—affq_.;f] L I

The targer root is o = (L2504, so thar the exact stcady state temperature at @ = L Is predicted

to he 129K,

On the other hand, Alsorithm 7 with ¥ = 40 predicted a steady srate remperaturc at o = L of
L330K. ‘The closeness of this soltition to the exacr solution provides some degree of confidence
in the results which were compuied using Algorithm 7 wilh & = 5[0

This confidence is boosted further by studying the variation of discretisation error as a function
of the number of finite difference grid points. The discretisation error at a point & = %L and
a timne 2305 is plotted in Figure 6.5, cleacly indicating that such an efror becomes of secondary
importance as & > 5L

Finally, the evolution of the relative difference bevween the finite element and the finite difter-
ence calculations at a point x = L is plotted in Figure 6.6, indicating that the relarive dif er-
cnee 1 the solutions stabiliscs at abowst 1.2%, This resuli sorves oo validage (at least for this
relatively simple conducting/radiating configuration) the coupled finite element/ner-radiation
numericial scheme described in Chapter 4.

6.2 Simple Equiaxed Investment Casting

A mesh of a hvpothetical cquiaxed casting of a rectangular bar was gencrated as shown in
Figure 6.7 (shaded region]. The objective of this model was w study the efficacy of both the
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Figure 6.5: Grid refinement study [or simple conducling rod, A relative spatial discretisation erecr i3
plotied at {x = %L,t H3e) as funenion of number of 2rid points (A7), relative Lo soluddon
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Fivure €.6: Comparison of Onile element solution with finite ditference solution. Relatrve difference
beoween finite element solution and exphicit finire difference solufion is plotted at z = EL
Belative difference is 1,29 ac steady stare (51 finite difference grid poinrs, 50 finite elements

alone rod tensrh)
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Tuble &.3: Thermophyzical propertics lor the meeal

s Condoctivity | Speeific heat | Density
| [(Wrioms 71} [ 0 (gf'n_m""‘.l

I e [ o= L |

Tultle &.4: Thernaphysical propertes for the mould

| Comluclivity Speeilic hear | Density : Fraissivire
Wiomys 2] i [ 0] [g.r’i_'m3}
| 005 12 | = Al

cavity radiation model developed in 4.3 as well as its coupling to the [inite element model
(fi4.4), ‘I'hermophysical data for the metal and the mould are listed in Tables 6.3 and 6.4,
Simulaton parameters are listed in Table 6.5.

Three simulations were performed subject to difforent radiaton boundary conditions. [n the
first simulation a single har was sssumed o lose energy w a blackbody environment via the
simple Stefan formula (3.28). In the second simulation the numnerical model developed in
Chapter 4 was invoked. Compured temperarure histories at the point marked wirh a *¥” in
Figure 6.7 are shown in Figure 6.8, 'I'he poini Y’ is located pn the mould surface of the first
Dar.

These histories verity, for a single har, the close correspondence of the numerical result with
the analytical result for this simple geometry. The time increment interval was set a ‘z%sj and
the average number of Newton jterations per increment for the linite elemenr computation was
3, Howcver, when the coupling algorithm described in $4.4 was not applied, so that the net
heat flux values al the integration poinls were assumed to cqual the average value over the
clemental face, the average number of iterations was 7.

In the third simulation a symmetric slave geomeoy {unshaded region, Figure 6.7) was gener-
ated using the *3YMMETRY opuon (source line 50, page 82). The remperature hislory al rhe
point %Y (which now is dircetly exposed to the symmeltric geometry) confirms the retardation
of the simulated cooling of che [irst bar due o the radiant interacdon between the two bars.

6.3 Single Axisymmetric Directional Castings

''he objective in the following two models was to address the complexities that arise in mod-
elling actual divccdonal castinyg processes, where such complexitics do not stem from the ra-
diant interactions. Castngs were thorefore sclected in which the radiant interactions are rela-
uvely simple.
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Table £.5: Casting parameters for hypothetical simple equiaxed casting

Initial metal terperarure TO007C
Imitial monld temperature 1O0G°C

Ambient teraperature 20°0C
Teighr of kar 10cm
L
master

)

10cm [Tt

[
{ it

/
(TR

/
[
\

/
[
\

Figure 6.7; Finire element mesh of equiaxed casting of rectangnlar bar (shaded} and facet mesh of
symmetric slave bar funshaded). The point at which temperature histories are recordec is
marked with a %’
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Temperatdre (°C)

1000
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D60

G40 o,
Single bar, —— e
Caviry radiarion
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gon | | Single bar.

4y Simple radiation
formula

Two barg\, =~ —— - ——.

300 | ' :
1 5 10 15 20 25 20)

Time (5)

Fisriare B.8: Temperatuee hislaries ac nodal painl ' in Figure 6.7
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6.3.1 Cylindrical Bar

An actual dircenional casting rig and a resulting solidified cytindrical bar is shown in Figures 6.9
and 6.10. Type R' (Pt/Pr-Rh) thermocouples were used to obtain readings at selected mtervals
along the length of the baz

Maodel Description

An idcaliscd goometry, a finite element mesh, boundary conditions, and a few dimensions are
all shown in Figure .11,

A simplificd model of the radiant interactions suitable only for castings having simple axisym-
metric geometrics was applied. In this model the net heat [ux at all poinis on the surface of
the mould was assumed o have the form

T

By ; piela )t [ i
I lien + 1feim 2,00 — 1 4' G [£7] J (6.12)

i
grlT. = &) Z L I o
e

with the coordinares defined in Tigure 6.11, and where £, fre and £, are, respectively,
the vicw factors from any point on the mould surface te the furnare heaters above the hatfle,
the furnace waltls below the baftic, and rhe horzontal mould suctace above the chill plate, The
emissivitios nf _tl*n:*. throg regions are respectively e, oo and ¢,

This formula is an approximation in the sense that it accounts for the muliiple reflections
between a facet on the mould surface and each ol the abovemenrtioned zones, but it neglocts
any interaction between the zones themsclves.

The simple radiation system must account for discrete changes in the values of the view fac-
tors, £y, 45 the baflle moves upward past the chill plate,”  With the nomenclature in Fig-
ure {111 this was achieved using Algorithm 8. The resulting vadarion of the view factors as a
funciion of posicion along the length of the bar is plotted in Figure 6,12,

Malerial Propertics and Casting Parameters

The cast metal is MAR-M200 —a nickel-base superatloy thal was commonly used in the man-
ulacture of gas rurbing rators in the eardly 70s [4, p 71 (see also Figure 2,17, s compuositian by
porecontage weight 150 5828 NI 015 €, 9.0 0, 10 Co, 50 AL 20T, 125 W 1.0 Nh, 005 Zr
.02 B, and 2.0 Hf |28(. Hafmium, in particular was introduced as a grain-boundary srrength-
ener. [ts temperature capabiliry is 1040 °C.7 Thermophysical data for the metal are listed in
Tablc 6.6.

o rhe rmumerical modei disenssed in 54,36 such diserewe changes o (e view Ao wvanies are acceunred for

Smprhie
2100 hours Lo supidre @ 140 MBa
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[urmacs
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CEramic
mold
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chill plate
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F.gqure 6.9: Photograph af indrumented DS barc casiuing rig
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Figure . L0 Photagraph ot TS cast bar

Algorithm 8 View factors for the directional casting of objects having simuels axdsymmecric
geometries

if z > z, then

Sylz, x,t) = sinl@izx, 2,4} = z — hill |
— Bt + {x—xp)?
\/;(Z ifz}__ " {.1." I;j

S.(x, z,t) =sin(@fuw, 2, 1)) =

"-."'IIIII:'Z 2 2}_:}2 T {JE = .'L'L.]Q

By = iT [ —&¢))

if #, < &. then
Fon = FIE+5)
Fng = % (& — Su)

else
doni =5 (L85
Fpa=10
else
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Table 6.6: Thermophysical properties for MAR-M200 {93, pp 248,271}

Temperature | Conductivity | Specific heat | Density | Latent heat | Solidus | Liquidus
(°Q) W/an/°C) | (/g/°C) | (g/em®) (J/8) (°0) (°C)
21 0.127 0.4 8.53 200 1295 1375
93 0.130 0.4
205 0.135 0.395
315 0.138 0.42
425 0.151 0.44
540 0.152 0.42
650 0.173 0.46
760 0.140 0.48
870 0.216 0.5
980 0.249 0.525
1090 0.297 0.565
1200 0.580 8.53
1227 0.308 8.10
1290 0.580
1327 0.326
1375 0.610
1392 0.338
1500 0.335 0.650 8.10 :

Thermophysical data for the ceramic mould material and the copper chill plate are listed in
Tables 6.7 and 6.8. The values for the conductivity and density of the mould have been reduced
by 15% to account for the presence of porosity in the mould.

The emissivity values of the mould surface and the furnace heaters and walls are recorded
in Figure 6.13; and by virtue of the diffuse-grey approximation (§3.3.4), the values for the
reflectivities are immediately available using (3.44).
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Table 6.7: Thermophysical properties for 75% Aluminium dioxide (AlL,O3) + 25% Mul-
lite (3Al,04.2510,) [94, p 31]

Temperature | Conductivity | Specific heat | Density
(°0 W/em/°Q) | (//°0) | (g/em®)
0 1.101 2.975
20 1.120
100 1.165
200 1.203
232 0.0756
300 1.254
317 0.0669
322 0.0711
400 0.0626 298
500 1.351
535 0.0558
600 1.419
601 1.343
650 0.0487
700 1.312
800 1.260
827 1.332
907 0.0417
927 1.351
1015 0.0402
1027 1.368
1127 1.384
1200 0.0399
1300 0.0383
1327 1.416
1527 1.446
1600 0.0402

Table 6.8: Thermophysical properties for Copper [93, p 395]

Conductivity | Specific heat | Density
(W/em/°C) | (/&/°C) | (g/em®)
| 346 0.38 8.94
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Figure 6.13: Emissivity of mould surface, furnace heaters and furnace walls [94]. The variation of
mould emissivity accounts for deposition of chromium on mould surface
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Table 6.9: Casting parameters for cylindrical bar

Initial metal remperature 1480°C

Initial mould temperature 1480°C

Initial chill plate temperature 20°C

Furnace heater temperature 1480°C

Furnace wall temperature 20°C

Initial vertical baffle position  1.8cm

At (min) | v, (mm/min)

Casting withdrawal sequence S 0

o) 4

The remaining casting parameters are listed in Table 6.9. The simulation begins just after the
molten metal is poured into the mould. An initial ‘resting’ period was simulated by specifying
a zero withdrawal rate for the first 5 minutes, as listed.

Results

Computed and measured temperature histories at the thermocouple locations labelled in Fig-
ure 6.11 are shown in Figure 6.14. A comparison between the computed and measured results
suggests that the numerical model simulates too great a heat loss from the casting during the
early stages of withdrawal. Therefore, to assume that the metal and mould material make
direct contact with the copper chill plate is incorrect. As the molten metal is poured into the
mould cavity it strikes the water—cooled chill plate, solidifying very rapidly in an axial zone lo-
cated just above the chill plate. As it solidifies this zone shrinks, retracting marginally from the
chill plate, thereby forming a thermal gap. This gap then persists for the duration of the casting
process, leaving radiation as the only mechanism for the transfer of heat energy between the
cast metal and the chill plate.

A ‘thermal gap’ at the interface between the metal and the chill plate and between the mould
and the chill plate was therefore introduced using the following expression for the radiant heat

flux across the gaps:
g T4

= _ i
%= 1/ega +1/egp — 1 ( gb Tga) (6.13)

The subscripts ‘e’ and ‘b’ denote the surfaces on the o’th and b’th materials, respectively. Emis-
sivity values of 0.6, 0.6, and 0.55 were used for the cast metal, the chill plate, and the mould
material, respectively.

Temperature histories were again computed, as shown in Figure 6.15. The surprisingly good
agreement between the computed and measured results at early simulation times testifies to
the significance of the thermal gaps that may exist between materials.

But what then of the presence of a thermal gap between the metal and the mould after the
metal solidifies? Numerical studies were conducted to investigate this, the results of which
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Figure 6.14: Temperature histories at thermocouple locations labelled in Figure 6.11. Existence of a
‘thermal gap’ between bar and chill plate not simulated



CHAPTER 6. RESULTS AND DISCUSSION 106

Temperature (°C)
1500

1350

1200¢-

1050~

900-

750- | computed

measured -~~~ -~ ~

60

| | } 1
0 1000 2000 3000 4000 5000
Time (8)

Figure 6.15: Temperature histories at thermocouple locations labelled in Figure 6.11. Existence of a
‘thermal gap’ between bar and chill plate modelled using Equation (6.13)

are shown in Figure 6.16. Comparison with Figure 6.15 indicate that the absence of such a
metal-mould gap in the model produced the most accurate results. This suggests that, at least
for early times after solidification, no such physical significant gap exists betweeen the metal
and the mould.

However, the thermal expansion coefficients of the metal and the mould are non-identical.
Therefore a thermal gap between the metal and the mould must indeed form at later times
after more of the metal has solidified. The existence of this gap would impede the radial flow
of heat energy from the metal to the mould, allowing the mould material to cool quicker.

To model the effect of this gap formation it must be known exactly when the gap forms and
how pronounced it is. Addressing this requires the introduction of a mechanical component
into the analysis. This is beyond the scope of this study. However, the deviation between the
computed and measured temperature histories at later times (Figure 6.15) empirically sup-
ports the explanation of the previous paragraph. Recently Lewis and Ransing [95] studied the
formation of such gaps in detail. They derived an empirical equation to describe the interfa-
cial heat transfer coefficients. An interesting possibility for future study would be to apply the
results of their work to the types of simulations described here.

Finally, as part of a parametric study, a simulation was carried out in which the effect of mul-
tiple reflections between a facet on the mould surface and the three radiating zones (Equa-
tion (6.12)) was neglected. In the simulation, the ‘effective’ emissivity in (6.12) was replaced
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Figure 6.16; Temperature histories at thermocouple locations labelled in Figure 6,11, Existence of a
‘thermal gap’ between bar and chill plate modelled using Equation (6.13). Metal/mould
gap forms at 1050°C

simply with the hemispherical emissivity of the mould surface, varying as per Figure 6.13. Two
resultant temperature histories are shown in Figure 6.17. A comparison of the histories in
Figure 6.17 with those in Figure 6.15 highlights the importance of addressing cavity radiation
effects in such casting models, even when the geometries are relatively simple.

6.3.2 Tensile Test Specimen

The standard tensile test specimen is an ideal candidate with which to study the influence of
solidification behaviour on the resultant microstructure. The geometry of a specimen is axisym-
metric and simple, so that the simplified radiation model (6.12) developed for the cylindrical
bar can be applied. The geometry does however contain sufficient variability in order that its
influence on the microstructure (see page 9) can be studied. Such a study will be carried out
in this section by considering a numerical model of the process.

Model Description

An idealised geometry and mesh are shown in Figure 6.18.
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Figure 6.17: Temperature histories at thermocouple locations labelled in Figure 6.11. Existence of a
‘thermal gap’ between bar and chill plate modelled using Equation (6.13). Multiple reflec-
tions not accounted for as per (6.12).

Material Properties and Casting Parameters

The cast metal is CMSX-6—a nickel-base superalloy that was developed specifically for the
production of single-crystal castings. The development of the single-crystal casting process
made it possible to eliminate grain-boundaries in the casting, and therefore to simplify alloy
compositions by removing or reducing the volume fraction of grain-boundary strengthening
elements [28]. The role of the helical single-crystal seeding device (commonly called the
‘pig’s tail) in the casting design (Figure 6.18) is to promote competitive growth between the
grains so that a single grain is left as the mushy zone emerges out of the seeder.

The helical geometry of the pig’s tail was not included in the finite element mesh. Because of
its relatively long and narrow dimensions, the conduction of heat down the pig’s tail to the
chill plate is proportionally low, when compared with radiation transfer to the furnace walls.

Unfortunately, not all the thermophysical data for CMSX-6 were available. However, since the
composition of CMSX-6 is similar to that of MAR-M200 the data tabulated in Table 6.6 were
used instead, with the exception of the solidus and liquidus temperatures. The solidus and
liquidus temperatures were taken to be 1288 °C and 1321 °C, respectively.

The casting parameters are those listed in Table 6.10
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Figure 6.18: Finite clement mesh and geometry of a single—rrvstal casting OF 4 rensile rest specimen

Table 6.10: Casling parametcers for tensile test specimen

Inirial meral emperature
Initial mould lemperacize
Iniial chill plate remperazure
Furpace besmer lempera wre
Furnace wall ieimperalure
Imirinl vertical bafile sosion

Casting withdovaal sesuence

152070

[520°°C

207

152070

¥ bl B

1.8¢cm

Af (min) | o [oenfni)

5 0
7 4
23 3
% o i
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Figurc 6.1%: Computed variaton of the average thermal gradient, 7, aeross the toushy cone amd solidus
tronc velocity, Vy

Resulis

As disenssed in §2.3, the nature of rhe cast microstructure is strongly influenced by che thermal
gradient, €7, across the mushy zone and the solidus fronl velocity, Vs, Compured variarions of
these quantities are plotied in Figure £.19. [tis interesting to note that although the withdrawal
rate is held approximately constant at 4mm/min, the solidus front velocily varies markedly
around the value of Lthe withdrawal rate. Consequently, the microsmucture is likely to vary
markedly zlong the length of the specimen.

The primary dendrile arm spacing (PDAS) was measured. Several sections were cut from a
casl specimen, polished and chemically etched, as shown in Figurefeff-samples. Values for the
PDAS at all the sections were then measured using a digntad image analyser Typical dendrite
structure is shown in the cross—sectional wicrograph in Figure 6.21.

Recall from 52.3 (page 11} that the PDAS may be related to €7 and Vs in the following formula:

l
PD¥AS = A W for some constant A (2.14)
T ELbE

With 4 258um|*C* em~'s™'|'!, a variation of the PTIAS along the length of the specimen
was computed {Figure 6,22}, The reasonable correlation between the computed and measured
results is significant in that it demonstrates the use of numerical models to correlate the casting
process with the resultant microstructure.
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Figure 6.20: Mounted longitudinal and oross—sections samples from g rensile rese specimen showing
mulrple grain-boundary farmation belaw rhe m's tatl (tap, feft) and simgle crystal growh
alave (right)

6.4 Clustered Directional Casting

The geometrics of the axisvimmetric castings considered above were simple enough thas radians
interactions between surface elements on the mouid surface could larecly be neslected . In this
sacrion it will hoe shown unequivocally that these interaciions cannot be nezlected if more
complex non agisynimetric seometrics are to be eomsidered.

The grometry of the mould shown in Figure 6.23 is one such zeometry. The casiing in chis case
iv a cluster ol six directionally solidificd bars arranged evelically around a central sprue.

Model Descripaon

A linite clement mesh of the casdng, as shown in Figure 6.24, was created using the commer-
cial software Msc/ARIES. The safrware has powerful automatic mesh generation capabilines,
making it possibie, for example, o specily the existence ol rhe internal marerial boundarics
between the meial, the mould and the chill plate.

Clearly, planes of cyclic symmetry are exploited in this model. By doing o the number of
clemonts was reduced from 58100 1o 9685,

A discretization of the radiating cavily was then dofined using the facet mesh shown in Fig-
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Figure 6.21: Sectional micragraph af typical dendrite soructure. Primary dendrite at *a” and secondary
dendrite arm at ‘b’ (Magnification: 50
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Figwre 6.22: Compured {Fuuation (6.14)) and measured vararion of primary dandrite arm spae-
iny {FI3AS] along lenath of tensile specimen

ure 6.25. The master facet ser (as delined in §4.3.4) is compriscd of the mdiating exter.or
clemental faces of the mould surface of the finite element mesh (Fizure 6.24) and a single
column al facets representing a section of the furnace, The remaiming symmetric parts of the
casting are represented by a coarser facet mesh, as shown, The remaining parts of the [urnace
are repiesented by 19 additonal columns of facets which are constrained to be symmetric to
the fivst colummn. The facet mesh consists of 2222 muster facets with 1605 slave facels for the
easting, and 29 master facets with 551 slave facers for the furnace.

A comparative analysis of the cost savings accrued in applyving the svmmetry algorithms of 54 3.4
i summarised in Table .11, The analysis starls with the case in which symmerry conditicns

are not applied. and in which rhe entire geometry of the radiating cavity is represented with a

fine mesh. The cost of computing the view factor database is reduced by a factor 3.25 if the

cyclic symmetry conditions arce then applied over this mesh. 1f an the other hand, part of the

geomerry is represented with a coarser facer mesh (Figure £.25), then the cost is reduced by

a factar 30, Finally, if part of the goometry is representled with a coarser facet mesh, anc it
syimnetry conditions are then applied to this coarser mesh, then the original eost is reduced by

4 fuctor 39.4.

The relative costs of updating rhermal dura of the symmelric slave facets using data at the
master facets are also lsted in 'lable 611, The use of local pointer vanables (as discussed
in 45.3) reduces this cost by approximately 2.1,
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Figure 5.23: Phatograph of ceramic monld of DS chistered bar casting
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Figure 6.25: Section of radintion cavity comprising a clustered DS bar wasting and furnace.  Master
radiating facels ate shaded <larkly. Facers of the [ith slave bar and many furnace facets

liave been removed for visual clarty
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Table 6.11: Relative costs of computing the view factor database (see §4.3.3 and §4.3.4) and of updating
symmetric thermal data (see §4.3.3). Cost reductions effected by invoking symmetry and
by using a coarse slave facet mesh are considered separatelv. In each case the number of
computations is proportional to the entries tabulated in the fourth, fifth and sixth columns
according to the cited equations

Symmetric data updates
Description Fy Fy Finax View factor Local pointers were:
database Eq, (4.48) | notused (Eq. (5.1)) used (Eq. (5.2))

Fine slave mesh

No symmetry 13912 0 13912 1.3x10% n/a n/a
Fine slave mesh

Symmetry 2251 | 11661 | 13912 4.0x 104 583050 263295
Coarse slave mesh

No symmetry 4407 0 4407 4.3x10%¢ n/a n/a
Coarse slave mesh

Symmetry 2251 | 2156 | 4407 3.3x10% 107800 54185

The master-slave symmetry linkages between the master casting facets and those of the first
adjacent symmetric bar were computed using Algorithm 6. The geometries of the remaining
four symmetric bars were then generated automatically from the first symmetric bar. In this
way all the symmetry conditions were specified simply by inserting the following lines into the
input file:

1 *SYMMETRY, TYPE=ROTATE, CONDITION=PROXIM

2 BAR2, BARL, 0.,0.,0., 0,0,1, 80.0

3  *SYMMETRY, TYPE=ROTATE, CONDITION=GENERATE
4 B&RZ, ©.,0.,0., 0,0,1, 860.0

§ BARZ, 0.,0.,0., 0,0,1, 120.0

8 BAR2, 0.,0.,0., 0,0,1, 180.0

7 BARZ2, 0.,0.,0., 0,0,1, 240.0

Material Properties and Casting Parameters

The thermophysical data are listed in Tables 6.6, 6.7, 6.8, and 6.12. The variations of emissivity
of the mould surface and the furnace heaters and walls is shown in Figure 6.13.

Results

Computed temperature histories were compared with measured histories at the four locations
shown in Figure 6.26. Inspection of the measured histories at these locations confirms the
existence of large radial thermal gradients across each bar (dotted lines in Figures 6.27, 6.28,
6.29 and 6.30). At the lower axial height (points ‘1’ and ‘2°) the measured radial gradient



CHAPTER 6. RESULTS AND DISCUSSION 118

Table 6.12: Casting parameters for clustered directional casting

Initial metal temperature 1420°C
Initial mould temperature 1420°C
Initial chill plate temperature 20°C
Furnace heater temperature, T 1460°C
Furnace wall temperature, T, 20°C
Casting withdrawal direction, fi, (0,0, 1)
Width of the baffle zone, § 6.3cm

Initial vertical baffle position, b 1.lem
At {min) | vy (mm/min)
Casting withdrawal sequence 5 0

o0 4

remains negative for first 2500s. At the higher axial height (points ‘3’ and ‘4’) the measured
radial gradient changes sign.

By analysing two sets of simulated results it will be shown here that not only does the exchange
of radiant energy between the casting and the furnace contribute to the existence of these
gradients, but also the exchange of energy between the bars and the sprue themselves.

Two numerical simulations were performed. In the first simulation, the simplified radiation
model presented earlier was applied. The expression in Equation (6.12) for the radiation heat
flux was applied only to those facets on the mould surface which face the furnace heaters and
walls directly. As before, view factors for these facets were computed using Algorithm 8. The
remaining facets on the mould surface were assumed simply not to radiate at all.

Inspection of the computed histories for this simulation (dashed lines in Figures 6.27 and 6.28)
shows a failure of the model to adequately predict the evolution of temperature at points on
the inner side of each bar, and consequently the measured radial thermal gradients were also
not predicted.

In the second simulation, the rigorous radiation model developed in Chapter 4 was applied. At
the start of the simulation the database of view factors was computed and stored on disk (see
Figure 4.12) in order for the database to be used in subsequent simulation runs. A subset of
these views is represented in Figure 6.31. In this figure the facets which are ’visible’ from a
single facet are shaded darkly.

The computed histories for this simulation (solid lines in Figures 6.29 and 6.30) show better
agreement between the measured and the simulated results when compared with the previous
simulated results. In particular, the evolution of temperature at points on the inner side of
each bar is now predicted adequately, and hence, the existence of the radial thermal gradients
is also predicted.

with the results from the two simulations taken together, it can be concluded that the accu-
racy of numerical simulations of investment castings having complex shapes depends on the
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Figure 6.26: Thermocouple locations for DS clustered bar casting

accuracy with which the radiant interactions are modelled. The analyst is therefore left with
no option but to treat such interactions rigorously, and to bear the consequences of a compu-
tational cost penalty.

Computed temperature distributions over the mould and the metal at two instants are shown
in Figures 6.32 and 6.33. The computed shape and evolution of the mushy zone over the time
interval [1300s,2500s] is shown in Figure 6.34.

Plots of this nature can provide useful information. For example, observe that the predicted
solidus isotherm slants away from the central sprue. Since the primary dendrites grow in
a direction perpendicular to the solidus isotherm, their growth is not vertical. Futhermore,
the outward slanting of the solidus isotherm means that points on the inner side of the bar
closest to the sprue are possible sites of nucleation of secondary grains. These secondary
grains are undesirable in that their presence conflicts with the desired directionality of DS cast
microstructure,

6.5 Summary

Four finite element models were considered. In the first model the cooling of a hypothetical
equiaxed investment casting of a rectangular bar was considered. For the case of this simple
geometry, the cavity radiation model developed in Chapter 4 reproduced simple blackbody
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Figure 6.27: Computed and measured temperature histories at thermocouple locations ‘1’ and 2 (c.f
Figure 6.26). The computed results were obtained using the simple axisymmetric radiation

model



CHAPTER 6. RESULTS AND DISCUSSION 121

Temperature (°C)

1500
mmeiedpmnn.,
1400~ AL I
'.,’..3‘.":”,‘\‘.,:‘}
.... v ,:-'*\
1300 |- s,
e,
.
e
e
1200 |- o,
BN s
S
Ay v
\‘(x" .,
%7s, LN u
1100 RN
A ’:\ ¥ R s
< e,
(3 -
1000 | Mgy
a5
900 I~
measured data "ttt
800 axisymmetric ~ T~~~
radiation model
700 ! | ! !
0 500 1000 1500 2000 2500
Time (5)
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model
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Figure 6.29: Computed and measured temperature histories at thermocouple locations ‘1" and 2° (c.f
Figure 6.26). The computed results were obtained using the 3-D cavity radiation
model (Chapter 4)
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Figure 6.30: Computed and measured temperature histories at thermocouple locations ‘3" and 4 (c.f
Figure 6.26). The computed results were obtained using the 3-D cavity radiation
model (Chapter 4)
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Figure 6.32: Compured remperarure disrmibutions on shell and metal surfaces 13005 sfrer pouring
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Figurce 6.34: Compured evolurion ot mushy »one aver time inkerval [1300s,2500s]
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radiation. This confirmed the importance of implementing the coupling algorithm of §4.4,
because the only possible source of large error in this model is to be found at the interface be-
tween the radiation and conduction calculations. Furthermore, the coupling algorithm effected
a reduction in the average number of Newton iterations per time increment.

Next, a numerical model of the directional solidification of a single cylindrical bar was con-
sidered. The objective was to study the complexities that arise in modelling actual directional
casting processes, where such complexities do not stem from the radiant interactions. In this
regard, good agreement between computed and measured results was obtained when the ex-
istence of a ‘thermal gap’ between the solidifying metal and the chill plate was modelled.

With respect to the analysis of a tensile test specimen which was cast as a single crystal, the
cross-sectional variation in the geometry of the specimen at different axial positions was found
to have a profound influence on the growth of the primary dendrites in the specimen. A finite
element model of the single~crystal casting of a specimen predicted, with reasonable accuracy,
the spacing between the dendrite arms. The ability of such models to correlate both cast-
ing process parameters and casting geometry with the resultant microstructure was therefore
confirmed.

Finally, a three—-dimensional model of the directional casting of a cluster of six rectangular
bars was developed. As expected, the application of a simple axisymmetric model of the radi-
ant interaction between the furnace and the mould was found to be inadequate. It was only
by application of the rigorous cavity radiation model developed in §3.3, §4.3 and §4.4 that
acceptable agreement between computed and measured temperature histories was obtained.
The latter model was able to account for not only the interaction between the mould and the
furnace surfaces, but also between the mould surfaces themselves.

The efficacy of the symmetry algorithms of §4.3.4 was discussed. The ability to represent
certain regions of the radiating cavity with a coarse mesh, and to then apply cyclical symmetry
conditions over these regions, resulted in a 39-fold reduction in the computational cost.



Chapter 7

Conclusion

The directional investment casting process involves complex interactions of various mecha-
nisms of heat and mass transfer in spatially complex domains and in the presence of a change
of phase. In particular, the transfer of heat occurs within the furnace in the form of conduction,
convection and radiation.

This transfer may be described in terms of conservation laws in which these modes are coupled.
The mathematical statement of these laws is typically too complex to facilitate the derivation of
analytical solutions. Complexities arise from the need to account both for the release of latent
heat accompanying the change of phase, and for radiant interactions which are non-local in
character.

The focus of this thesis has therefore been on the development of numerical models of the
directional investment casting process. The abovementioned complexities have been addressed
by coupling a model of the radiant interactions to a finite element model of the conduction heat
transfer.

A ‘specific heat'-based formulation was adopted to account for the change of phase during
solidification. The solid and liquid phases were not treated separately. Instead, conservation
of heat energy was prescribed over the entire region, and a moving planar heat source located
between the solidus and liquidus isotherms accounted for the liberation of latent heat.

A Galerkin isoparametric finite element formulation using first~order hexahedral elements was
applied. The well-known backward-difference temporal algorithm, together with a modified
Newton iterative method, was used to solve the non-linear equations at selected instants dur-
ing the solidification history of a casting.

In formulating a description of the radiation, a radiating cavity was defined as the union of
the exposed surfaces of: the casting and shell mould, the furnace chamber walls, the furnace
heating elements, and the baffle plates. The interactions were analysed in terms of emitted,
absorbed and reflected radiant energy components for each infinitesimal surface element.

By applying a diffuse~grey approximation to these energies, an expression for the net heat flux
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for each infinitesimal surface was derived. This expression is a function of the average radiosity
for the surface, as well as an infinite set of view factors which depend only on the magnitude of
the area of the surface and its orientation with respect to all other surfaces. Unfortunately, the
radiosity of each surface depends integrally on the radiosities of every other surface, so that
analytical solutions are generally not obtainable.

To obtain a numerical solution to the radiosities, therefore, the geometry of the furnace was
assumed to be comprised of a finite number of bilinear facets, with some of these facets being
exactly coincident with the exterior elemental faces of the finite element mesh. By further
assuming that the radiant quantities do not vary significantly over each facet, the description of
the radiant interactions was reduced to a system of linear equations for the unknown radiosities
at each increment in time. This system was solved using a Gauss—Seidel relaxation method.

The quest for computed solutions to these radiant interactions requires a level of computing
resource that is often not in proportion with the impact of the radiation on the overall problem.
A primary objective of this thesis was therefore to extend the modelling capability by develop-
ing specialised techniques to minimise both the computational cost as well as the time spent
by the analyst in setting up the models. Specific innovations included:

o the exploitation of planes of geometric symmetry which may be present in the radiating
cavity in a manner which drastically reduces the required number of degrees of freedom
without a significant loss of accuracy

e the development of an algorithm to couple the finite element calculations to the radiation
calculations

e the derivation of an analytical solution to the abovementioned view factors applicable to
the view between two bilinear facets.

o the simulation of the relative motion of the casting and the furnace without requiring the
view factor database to be reconstructed at every time increment

Four increasingly complex numerical models were studied. From the results obtained for the
model of the clustered directional casting and the axisymmetric models, it is evident that the
radiation interactions contribute critically to the solidification behaviour of the casting.

In the case of the clustered casting, the presence of radial thermal gradients across the bars
arose not only from the interaction of the casting and ceramic mould surfaces with the fur-
nace, but also from a ‘self-interaction’ between the various surfaces. It was shown that such
interactions could only be simulated correctly using a radiation model which accounted for a
contribution from each surface to the state of the radiation of the cavity as a whole.

The resulting ‘non-local’ radiation model was found to translate into a high cost penalty with
respect to the computation of the database of view factors. However, by application of al-
gorithms developed in this thesis, the computational cost was reduced by a factor 39 for the
model of the clustered casting.
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The spacing between the primary dendrite arms in the casting of a tensile test specimen was
measured. Its variation correlated with the variation in the geometry of the specimen. The
reasonable agreement between computed and measured values for this variation demonstrated
the ability of such modelling techniques to provide a link between casting process parameters,
the casting geometry and the resultant microsctructure.



Analytical View Factor Expression

The analysis begins with the surface integral formula (4.32) for the view of S™ from S™:

anz/ cos(B(c™,x*)) cos(B(x*,c™)) dA*

7 |e™ —x"‘]2

Application of Stokes’ Theorem reduces the integration to a single contour integration around
the boundary of S, yielding

1 —
ek f )
27 aan |c™ — x*|

If the facet S™ consists of sides edges, Fip,,, may be written

sides

as long as it is understood that x*dest1 = x1,

If S” is constrained to have straight edges, then for x* located on the edge xixit!, there must
exist some o € [0,1] s.t. x* = x* + a(x*T! — x*), so that F},, can be written as

¥if
1 of SF ; L (pt + dia)
Fopp = —n". E dzx/ s do
27 po o |pt+dig]
sides
1 of 5* 1 1
=—h". E d* x l/ , — do
T i=1 o |t +dia|

where d* = x*+1 — x* and i = x* — ™.
The integrand can be rearranged to give

1 e . ’ 1+f‘——i—(;§‘i ) pidi\ 2 pt - di 2 -1
mn = 57 ;221 (;?, { (dz)? (d‘)2

with @' = |d!| and ¢ = |p¢|. The integral in (1) is in a standard form, and can therefor= be
integrated easily.
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Recognizing that

(B)(d)? = (' - d')? = (u' x dY)?

and
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the solution to (1) is then

sides :
1 of § i di. i+1
Fop = - A" arctan : — arctan
o 27 T W]

with w = d* x ut.
Letting
4. #z’+1

f = arctan | e
|w?]

) and o = arctan (

i

d'-p

Jew?]

then, using standard trigonometric identities, is is easy to show that
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But, recognising that g + d* = pu**!, and with some algebraic manipulation
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