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Abstract

Numerical relativity has become an essential tool for studying highly dynamic and strong-field
regimes of general relativity, enabling the simulation of compact object mergers, gravitational col-
lapse, and other nonlinear phenomena. At the same time, perturbation theory provides a powerful
analytical framework for understanding small deviations from equilibrium configurations, offering
insights into gravitational wave emission, stability, and fundamental mode structures of relativistic
systems. Despite their complementary strengths, numerical relativity and perturbation theory are
often treated as distinct approaches, with limited interaction between them. Bridging this gap is
crucial for improving our ability to extract physical information from numerical simulations and for
validating approximations used in perturbative studies. In this work, we study two key problems
on quasinormal modes of compact objects, as a case study in unifying numerical relativity with

perturbation theory.

We discuss a new approach for analyzing linearized perturbations of a Schwarzschild black hole using
the characteristic formulation of numerical relativity, focusing on the computation of quasinormal
modes (QNMs). Unlike traditional methods based on the Regge-Wheeler and Zerilli equations, this
approach focuses on deriving the master equation governing gravitational perturbations within the
characteristic formulation of numerical relativity. We analyze the singular points of this equation,
and we derive series solutions with coefficients determined by three-term recurrence relations. These
allow for the application of Leaver’s continued fraction method, leading to the standard Schwarzschild

quasinormal modes (QNMs).

In addition, we investigate linearized ADM perturbations on a Tolman-Oppenheimer-Volkoff (TOV)
background solution to study radial perturbations. Within this framework, the perturbation
equations take the form of three coupled partial differential equations, in contrast to the usual
Sturm-Lioville problem that arises in the traditional approach. Using the Weighted Essentially
Non-Oscillatory (WENO) finite difference method, we analyze three models derived from a polytropic
equation of state: one stable, one marginally stable near the onset of instability, and one unstable.
Our results consistent with those derived from standard methods, confirming the expected stability

characteristics of these models.
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Chapter 1

Introduction

Numerical relativity has emerged as a critical field within gravitational physics, providing tools
to solve Einstein’s field equations in cases where analytical solutions are not feasible [35]. These
equations describe the fundamental relationship between spacetime geometry and the distribution of
matter and energy, but their inherent nonlinearity and complexity necessitate numerical approaches
for many realistic astrophysical phenomena [67]. Among the key areas of interest in numerical
relativity are neutron stars and black holes, both of which serve as laboratories for testing the

predictions of general relativity and understanding the physics of strong gravitational fields.

This work investigates two key problems in numerical relativity, the radial oscillations of rela-
tivistic stars via the ADM formalism and the QNMs of Schwarzschild black holes. The TOV
equations are used as a background solution to the ADM perturbations, providing 3 Models of
neutron stars necessary for studying their stability [35, 67, 4, 21, 15]. The study of black holes
and neutron stars has gained significant importance, especially with the detection of gravitational
waves by LIGO and Virgo [3, 2]. Quasinormal modes (QNMs) of black holes characterize the
ringdown phase of black hole mergers, while QNMs of neutron stars can reveal insights into their
internal structure and equation of state. Numerical relativity plays a crucial role in modeling these
phenomena, allowing for precise waveform predictions that can be compared with observational

data from observatories like LIGO and Virgo.

Like most other fields, numerical relativity faces its own challenges such as maintaining numerical
stability during evolution, handling black hole singularities, minimizing the computational costs of
3D simulations, and ensuring that the Hamiltonian and Momentum constraints are preserved at

each hypersurface. While full numerical simulations are essential for modeling mergers, perturbation



theory is also critical in providing analytical insights into the late-time behavior of compact objects,
such as quasinormal modes of black hole and quasinormal modes of neutron stars. Bridging numerical
relativity and perturbation theory is crucial for improving accuracy and efficiency, leading to a

deeper understanding of general relativity.

Before, we focus on two of the most widely studied problems in the field (Chapter 5, Chap-
ter 6), we will outline few key Chapters. Preliminaries Chapter 2 reviews fundamental concepts in
general relativity required for the thesis. It introduces notations, conventions, and key equations,
including the Einstein field equations 2.16. The Schwarzschild solution is presented and discussed
as a background for later studies. Chapter 3 discusses numerical relativity formalisms used in the
development of numerical codes. The ADM formulation 3.1 is introduced, along with its decompo-
sition of spacetime into hypersurfaces. Gauge conditions are discussed, including geodesic slicing
3.2.1, maximal slicing 3.2.2, and Bona-Masso slicing 3.2.4. The BSSN formulation (see Section
3.3) is presented as an improvement over ADM for numerical stability. Finally, the characteristic
formulation 3.4 is introduced, which decomposes spacetime using null hypersurfaces and leads to
the Bondi-Sachs metric. Chapter 4 describe the structure of static, spherically symmetric neutron
stars in general relativity. The derivation of the TOV equations 4.41 is presented, along with the
role of the equation of state (EOS) 4.42 in modeling neutron star matter.

On the main chapters, the first Chapter 5 examines radial perturbations of neutron stars by
linearizing the ADM equations and imposing boundary conditions. Numerical methods are used to
evolve the resulting perturbation equations to compute eigenfrequencies and analyze their dependence
on the equation of state (EOS). The second Chapter 6 explores the QNMs of Schwarzschild black
holes. The master equation governing gravitational perturbations is derived using the characteristic
formulation of numerical relativity. Leaver’s continued fraction method is used to compute QNM
frequencies, extracting the fundamental oscillation and damping rates. The algebraically special

mode is also examined within the Bondi-Sachs framework.



Chapter 2

Preliminaries

2.1 Notations and Conventions

e We use the signature (—, +, +,+) for the metric.

e We employ geometrized units such that G = ¢ = 1.

e In situations where ambiguities may arise, we designate (Y A,y for 4-dimensional tensors and

(S)Aab for 3-dimensional tensors

Commonly used Acronyms:

ADM
BSSN
EFE
PDE
EOS
ODE
QNM
TOV
BBH

Arnowitt-Deser-Misner
Baumgarte-Shapiro-Shibata-Nakamura
Einstein Field Equation

Partial Differential Equation

Equation of State

Ordinary Differential Equation
Quasinormal Mode
Tolman-Oppenheimer-Volkoff

Binary Black Hole

Tensor symmetries:

1
Slap) = §(Sab — Sha)

1
Sab)y = §(Sab + Spa)



2.2 Einstein Field Equations

The Einstein Field Equations (EFE), is a set of ten nonlinear partial differential equations that
form the core of Einstein’s General Theory of Relativity [103, , 17]. Published by Einstein
in 1915, these equations relate the geometry of spacetime to the distribution of matter within it
[105, 20, , 17]. In this chapter, we provide a brief summary of some key concepts in general
relativity that are utilized in this thesis. For two events in 4 dimensional spacetime the invariant

interval ds? between them is represented by the line element [102, 35, 46, 72]
ds® = gupda®da®, (2.3)

where g, is the 4-dimensional metric tensor. In this spacetime, we can observe how a tensor DA
behaves when it is parallel transported along a path. This process involves comparing the tensor’s
components at different points in a way that accounts for the curvature of spacetime. To formalize

this comparison, we introduce the concept of the covariant derivative,
V. T% = 0.T% + Y1, 7% — B1, 177, (2.4)

Here, T, are the Christoffel symbols related to the metric gq;. They describe how the basis

vectors and their corresponding co-vectors change under parallel transport [35]. They are defined in
terms of the metric by,
1
(4)Fbac = §gbd(acgda + 0ugde — OdYac), (2'5)

where g% is the inverse metric such that
9°ab = 6. (2.6)
For the flat spacetime the metric g4, is given by the Minkowski metric
Nap = diag(—1,1,1,1), (2.7)

In curved spacetime, a crucial variable that describes curvature in the gravitational field is the

Riemann curvature tensor (Y R%,.4, which is defined by [20]

DRy = DT % — 9,91, + W, 1oy, — Wpa (e, (2.8)



In flat space, where the metric tensor g, equals the Minkowski metric 745, the Riemann tensor
(Y) R%,.4 vanishes. A notable property of the Riemann tensor is that the cyclic sum of its last three
lowered indices equals zero,

@ Rapea + Y Raave + Y Racar = 0. (2.9)
There is also a symmetry in the interchange of pairs of indices [20)]

“) Rabcd = - “) Rbacdv “) Rabcd = - “) Rabdm “) Rabcd = @) Rcdab' (2 10)

and the Bianchi identity
Vie™ Rygae = 0. (2.11)

Then Ricci tensor is defined by taking the trace of the Riemann tensor

DR, = DR, (2.12)

due to the symmetries of the Riemann tensor, 2.11 is the only independent contraction. The Ricci

scalar is the defined by taking the trace of the Ricci tensor,
@R =M®WRa,, (2.13)

Consider the Bianchi identity 2.10 contracted with the inverse metric g and ¢g®?, as well as applying

the anti-symmetry of the Riemann tensor on (4)Rabde as
gecgad <va(4) Rbcde + vla(ll)l%c;a,de + VC(Ll)]%rzbde) = 07 (214)

gives the equation

Ve (2(4)Rba _ gab(4)R> —0. (2.15)

The term within the parentheses is referred to as the Einstein tensor defined as [11]

1
Gab = (4)Rab - §gab(4)R> (216)

and its symmetry arises from the symmetry of the Ricci tensor. The Einstein field equations relate

the geometry of spacetime to the matter distribution through the equation,

Gap = KTy, (2.17)



where Gy is given by 2.15, Ty is the energy momentum tensor, and k=8 is a constant whose value
is determined by the requirement that, in the weak field limit, Einstein’s equations must simplify to
the Poisson equation, which determines that x is 87 in geometrized units. The local conservation

equation of the energy-momentum tensor is expressed as,
Ve = 0. (2.18)
For a perfect-fluid the energy-momentum tensor is defined as

Tap = (p + P)tauy + PYab- (2.19)

In this context, p represents the matter energy density, p denotes pressure, and the four-velocities

u® are timelike vectors. So the final form of the Einstein field equations is,
Gap = 811 yp. (2.20)

Another approach to deriving the Einstein field equations involves the use of the Einstein-Hilbert
action, which is the most commonly employed method in modern treatments of general relativity.
The Einstein-Hilbert action is a variational principle that expresses the action for gravity in terms

of the metric tensor gab and the Ricci scalar R, given by,

_ 1 4
S = 167rG’/\/ gRd x. (2.21)

Applying the principle of least action to this action, one derives the equations of motion, which lead
directly to the Einstein field equations
Gap = KT . (2.22)

This approach not only provides a clear derivation of the field equations but also connects them to
the fundamental principles of variational mechanics. In addition, this approach is indispensable in
modified gravity theories, as it allows for the systematic derivation of field equations even when the
gravitational action is extended or modified to include additional terms or alternative formulations

of gravity [104, 50, 17]



2.3 Schwarzschild Solution

One of the most important solutions of the field equations is the Schwarzschild solution. It is a
fundamental result in general relativity, describing the spacetime geometry surrounding a static,
spherically symmetric, non-rotating object. It is derived by solving Einstein’s field equations under
the assumption of vacuum and spherical symmetry. The Schwarzschild metric, represented in
spherical coordinates (t,7,0, ¢), is formulated as

ds® = — <1 — 21”) dt* + <1 — 21”) - dr? + r2d6? + r?sin? 0 dg*. (2.23)
This solution is valid in the exterior region of any spherically symmetric spacetime, including those
containing matter. Therefore, it applies to the vacuum exterior of static or spherically symmetric
collapsing stars. According to Birkhoft’s theorem, any spherically symmetric solution to the vacuum
Einstein field equations is both static and asymptotically flat. Consequently, the Schwarzschild
metric describes the gravitational field outside any spherically symmetric, non-rotating mass (such

as a star or black hole), regardless of its internal structure.

Using the transformation law
, oxt dx¥

Gap =~ mﬁmguw (2.24)

the Schwarzschild metric can be expressed in different coordinate systems, depending on the specific
problem being addressed. Other forms of the Schwarzschild metric, such as the isotropic radial
coordinates, are particularly useful in numerical computations [21]. The Schwarzschild metric in its

isotropic form is given by

1— M/27\> M\*
ds? = — <1+M;2:> dt* + (1 + 2r> [dF? + 7 (d6® + sin® 0 d¢?) ] , (2.25)

where the relationship between areal and isotropic radius is

r:F(l—l—;\i)Q. (2.26)

In outgoing Eddington-Finkelstein coordinates, the Schwarzschild metric is transformed by replacing

the Schwarzschild time coordinate ¢ with the null coordinate u, defined as
u=t+r, (2.27)

10



where r, is the tortoise coordinate

re=r+2Mn —1‘. (2.28)

’ T
2M
The metric in outgoing Eddington-Finkelstein coordinates becomes

2M
ds* = — (1 - > du® + 2dudr + r? (df? + sin® 0 d¢*) . (2.29)

r

This form eliminates the coordinate singularity at » = 2M and is well-defined across the event
horizon. Outgoing null geodesics follow constant u, making the metric particularly convenient for
analyzing the causal structure and outgoing radiation in black hole spacetimes. Additionally, it is
frequently used in characteristic formulations of general relativity [6]. This metric form serves as

the background solution utilized in the QNM Chapter 6.

11



Chapter 3

3+1 and 24+1+1 Formulations

This chapter provides a concise introduction to the significant formalisms that have been developed
over the years to address numerical difficulties in the field of numerical relativity. This introduction
commences by discussing the initial formalism that employs the 34+1 decomposition of spacetime,

followed by a concise reference to other formalisms [69, 37, 32, 37, 89].

3.1 ADM Formulation

3.1.1 Foliation of spacetime

The 3+1 formulation is a framework within numerical relativity that divides spacetime into non-
intersecting space-like hypersurfaces. This approach allows for the formulation of Einstein’s equations
as a Cauchy problem with constraints that must be satisfied at each hypersurface [57, 20, 69, 32, 4].
Spacetime is a 4-dimensional manifold (M, gq5) where each event is characterized by a coordinate
system, consisting of 1 dimension of time and 3 dimensions of space. To conduct physical simulations
and take advantage of the simplicity of implementing numerical algorithms for hyperbolic partial
differential equations, it is possible to divide spacetime into separate components of time and
space [35, 21, 69, 8]. This concept involves dividing spacetime into a series of non-intersecting

hypersurfaces 3 3.1.

12



t+dt
Vit

Figure 3.1: Representation of the geometric decomposition of spacetime, illustrating the evolution of
a spatial hypersurface ¥; to ;1 4. The lapse function o governs the orthogonal separation between
hypersurfaces, while the shift vector 3 accounts for the spatial displacement of coordinates. The
combined motion results in the displacement from z%(t) to x’(t + dt).

Each hypersurface ¥; is defined by a scalar function ¢. The initial hypersurface ¥y is associated
with the initial data, which serves as the starting point for the spacetime. The unit normal vector
n?, resulting from the spacetime foliation, is orthogonal to each hypersurface and is related to the
gradient of ¢, as [06, 20]

n® = —ag®V,t. (3.1)

The symbol «, referred to as the lapse function, is used to normalize the gradient. This function
quantifies the proper time of an orthogonal observer between two consecutive hypersurfaces. In

order to normalise the vector mentioned above 3.1, it needs to be adjusted in a manner that satisfies

the criterion n*n, = —1 for timelike four vectors. This condition can be achieved using the following
calculations:
nng = <agabvat> ( agabvbt>
= a?g®(V,t)(Vpt) = —1. (3.2)

The expression for o can be determined as.
a = (—g™(Vat)(Vt)) V2 (3.3)

However, a challenge arises when constructing the normal vector and its one-form because they do
not indicate the direction of the temporal derivatives. Therefore, it becomes necessary to build
a new vector that will have a normalization constant of one when combined with the one-form.

Subsequently, we can employ the function ¢ discussed previously to establish the coordinate system.

13



Within this system, the congruent time lines that intersect the hypersurfaces ; are characterised
by the vector field [21, 1]
t* = an® 4 p°. (3.4)

In this manner, a new variable, the shift vector is introduced. The shift vector, denoted as 3¢, is a
spatial vector. It is used to quantify the displacement of the worldline followed by an observer between
two adjacent hypersurfaces, relative to the unit normal vector n®. The concept of orthogonality
arises from tensor algebra and the presence of the metric tensor gq, [21, 4, 35]. In this context, the
condition @- b = 0 indicates that the two vectors are orthogonal to each other. This implies that it
is possible to define a projection operator that is orthogonal to a specific unit vector, denoted as .

The projection operator can be expressed as follows,
P = 6% — v%u. (3.5)

Based on the information provided above, we can derive the spatial projection operator for the unit

timelike vector as follows,
P% =~% = ¢% + nnp = 6% + nny,. (3.6)
A projection operator along the timelike direction can also be defined as
N% = —n%ny = 6% — 4%, (3.7)
These two projection operators are orthogonal to each other, i.e

VNP = (6% 4+ nnp)(—nPn,)
= —5%n’n. — n®nynn,
= —n%n.+nn,

YNt = 0. (3.8)

This implies that the spacetime metric g4 gives rise to a spatial metric denoted by ~45. By employing

the projection operator, we get the spatial metric as

Yab = GadV
= Gaad% + gaanny

Yab =  Yab + NaNp, (3.9)

14



and the inverse of the spatial metric is

,Yab — gacgbd,ycd — gab + nanb. (310)

Within this formalism, a general line element is expressed as |

) ) P ]
ds® = —a2dt® + i (da’ + Bidt)(da? + B dt). (3.11)

The spatial metric 74, quantifies the distances within each individual hypersurface in our foliated
spacetime, in contrast to the spacetime metric g,, which quantifies distances in the entirety of
spacetime. Having established the definitions of spatial and time projection operators, we now
possess the means to break down 4-dimensional tensors into distinct spatial components. An

arbitrary rank-2 tensor T,;, can be decomposed into solely spatial components as
L Top = Yoy Tea, (3.12)

where the equation represents the pure spatial projection, denoted by the symbol L [4, 21]. This
choice is made for convenience in order to eliminate the need for complex projections. For every
vector u?, it is possible to divide it into components that are purely spatial and components that

are timelike,

ut = (5gub — ('Yab + Nab)ub — ’Yabub . nanbub

= 1 v*—nnyul. (3.13)

A spacetime metric on a specific manifold permits the establishment of a distinct covariant derivative.
The 3-dimensional covariant derivative is a function that takes spatial tensors as input and produces
spatial tensors as output. The spatial covariant derivative, denoted as D,, is obtained by projecting

all indices of the 4-dimensional covariant derivative onto a hypersurface 3.
DT = vyt VaT§. (3.14)

By definition, D,T is a spatial tensor that is consistent with the spatial metric 7,p, meaning that

Dg7vpe = 0. The connection coefficient can also be defined in this context as

1
@ra,, = §7ad(ac'7db + O Yde — OdVoe)- (3.15)

15



Similarly we define the 3-dimensional Riemann tensor as

DoDyV, — DyDo Ve = P RS, Vy. (3.16)

cba

This is defined for every spatial component, but index d leaves out the time component to be defined
again as (3)R§band = 0. The contraction of the Riemann tensor (3)Rgdb gives the 3-dimensional Ricci
tensor (3)Rab, and Ricci scalar ® R = (3)Rawab . However, this only describes the intrinsic curvature
of each hypersurface but does not provide information about how each hypersurface ¥; is mapped
into (M, gap). To obtain this information, another tensor is introduced, known as the extrinsic

curvature tensor, which is given by

Kap = =775 Vena. (3.17)

The tensor is symmetric on the indices a and b, and it is purely spatial, as the contraction of the
tensor and the unit normal vector result in n® K, = —'yfﬁg %Vc(ndna) = 0. Expanding the above

equation 3.17 using the spatial projection operator and the identity n? 7. nq = 0 gives
Kay = — (05 + nanc)(égl + nbnd) Ven, =—(05 + nanc)c;g VeNd = — Va T — Nayp,

this can be reformulated as [110]

1
Koy = _iﬁn')’ab‘ (318)

The operator £,, represents the Lie derivative in the direction of the normal vector n®. The extrinsic
curvature tensor measures the normal vector changes from point to point on a given hypersurface,
while also measuring the rate at which the hypersurface deforms when it is carried along the normal
vector, this gives an understanding of how curvature is measured as one moves from one hypersurface

to the other. Finally we introduce the extrinsic curvature scalar,
K =~v"Kg,. (3.19)

The quantity K represents change of the 3D volume along the normal vector n® as one moves from
a hypersurface X; to the next ;1. With this we have all the 3-dimensional tensors that describe
our hypersurface 3; as {7ab,(3)Fdab,(3)Rabced,Kab,K }, and the covariant derivative D, certifies the
spatial metric D;v4,, = 0. To complete the mathematical background for 341 decomposition, we
present the Gauss, Godazzi and Ricci relations, as they will enable us to write down the field

equations in terms of 3 + 1 quantities.

16



3.1.2 The equations of Gauss, Codazzi and Ricci

The primary objective is to break down the Einstein’s field equations 2.19 in terms of 3+1 quantities.

For this purpose, we start with the Riemann tensor and expressed it as

(4)Rabcd = gpagqbchgde) qurs
= (770 = nan?) (V7 — npn?) (v ¢ — nen”)(v7a — ndns)(4) Rpgrs

= ’Ypa’}/qb'yrc')/de) qurs - 7pa7qb7rcndns(4) qurs + 7pa’7qbncnrndns(4) qurs +0. (3-20)

The first term in the equation is solely related to spatial factors, while in the second term one index
is normally projected. The third term contains two normal indices, and due to symmetry, the fourth
term is zero. This is because of the projection of (4) Ryqrs with the normal index. these establish the
relationship between the 4-dimensional Riemann tensor and the 3-dimensional quantities Rgped, K qp-
For a 3-dimensional hypersurface, the first derivative of an arbitrary vector V% on a given purely

spatial hypersurface ¥y (n,V®* = 0) is expressed as,

DV' = 7%ar’qVeVe
= a(gPa + nPng) V. Ve
= aVeg’ V4 1 an’ngVeV?
= Y%V VP =’ ViVeng
= 7%VVP =PV, Veng

DVl = 46, V.Vb + Ky nbve. (3.21)
Taking an additional derivative of Equation 3.21 yields,

Do DyVe = AEyiniNVp VoV — KapypndV V' — KGKy, VP. (3.22)

T

17



This equation establishes the relationship between the 3-dimensional hypersurface and the

4-dimensional spacetime. Consequently, the 3-dimensional hypersurface can be expressed as,

RV, = 2D,DyVe,
= €PNV VgV — KV V" — K Ky, V'
— 2Py DRIV, — KtV V" — KKy, V'Y,
RicbaV? = YYD RV — 2K (o K gaVe. (3.23)

Since the extrinsic curvature K, is symmetric, the term —2K| ‘n4 V" vanishes. For any given
[ab] VP Vp g

spatial vector V¢ we rewrite the above to get the following
Rabcd + Kachd - Kachb = 75'713'72'75(4) qurs- (3'24)

The spatial projection of the 4-dimensional Riemann tensor yields a 3-dimensional intrinsic Riemann
tensor and an extrinsic curvature, as expected in this type of decomposition. This relationship is

known as the Gauss equation 3.24.

Next, we consider one normal and 3 spatial projection of the 4-dimensional Riemann tensor,
Voven* ™ Rpgrs = DyKae — Dok (3.25)

The equation 3.25 is known as the Codazzi equation. After considering two normal projections and

spatial projections, we obtain the following result,
1
L, K. = ndnc'yg'yg(4)Rdqu — EDana — Kj Kge. (3.26)

The equation being referred to 3.26 is known as the Ricci equation. By applying contraction to the
first two equations, namely the Gauss equation 3.24 and the Codazzi equation 3.25 and utilising
the spatial metric v*¢, we may simplify the equations further. We begin by contracting the Gauss
relation,

Rpq + KKpg — KGKgp = 'ypr’ygfyfl(4)qurs. (3.27)

We have contracted the extrinsic curvature with the metric to obtain the trace of the extrinsic

curvature, denoted as K = v?K,, = K, &. Subsequently, we have contracted the results with the

18



metric 7%, to obtain

R+K?—KapK® = (¢" +n"n")(g% +nn®) Rygrs
= " YR+ 20P0" DR,
= WR4 2P0 (G, + % gV R)
= 20Pn"G),

R+ K?—KuK® = 167nPn" Ty, (3.28)

Using the field equations 2.19, we substitute the Einstein tensor with the energy-momentum tensor
T,p- Similarly, other objects, such as the stress-energy tensor, can be decomposed into their

respective components, which are given by
p= Tprnpnra Sa = _Tprnp’YTW Sap = Tpr")/pa’y?nbv S = ’YabSab- (329)

The quantity p denotes the energy density observed by an observer moving orthogonally to the
hypersurface, while S, represents the corresponding momentum density measured by the same
observer. Sy, is the spatial stress tensor, which describes how stresses (forces per unit area) act on
the hypersurface. S is the trace of the spatial stress tensor, obtained by contracting S,; with the

spatial metric ¥%°. Thus, 3.28 becomes
R+ K? — Ky K% = 167p. (3.30)

The above equation 3.30 is referred to as the Hamiltonian constraint. Similarly, by contracting the

Codazzi equation 3.25, we get the outcome of the momentum constraint,
DyKb — DK = 878,,. (3.31)
Then finally, using the Ricci equation 3.26, we obtain
1 . 1
L, K= —aDanOz + Rop — QKQCKZ, + KK, — 87T(Sab — ?yab(S — p)) (3.32)

This equation is important for studying the time evolution since it involves the time derivative

along the normal vector. The observer moving along the tangent coordinate t® is referred to as a
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coordinate observer. These observers will adhere to the time evolution equation,

LtKab = aLnKab+LBKab7

1
LiKay = —DoDya+ a(Roy —2K4K;) — 8mar <Sab — §7ab(5 — p)> + LgKa,  (3.33)

and also the time evolution of the spatial metric
Livab = —2aKap + LYab- (3.34)

The coordinates for the metric so far are completely generic, which means the choice of coordinates
has to be made for the evolution of these equations. From these derivations, we obtain two sets of

equations: the constraint equations and the evolution equations.

Constraint equations

The constraint equations 3.30, 3.31 are given by [60, 21]

R+ K? — K;;KV = 167p, (3.35)
D;K! — D;K = 8xS;. (3.36)

FEvolution equations

The two evolutions equation also given as

Oyyij = —2aKi + D+ D;p;, (3.37)
1
atKij = a(Rij — QI(HCI(]I-g + KKZ']') - DiDjOé — 871'0&(51']' - 5’7@'(5 - p)) + ﬁkakKZ]
+ K0 8% + Ky,;0;8%. (3.38)

The contraction of the extrinsic curvature and the spatial metric yields,

O Iny'/? = —aK + D; 8, (3.39)
0K = —7D;Dja + a(Ki; K7 +dn(p+ 8)) + FD; K, (3.40)

which is often useful when choosing a slicing condition. To solve these evolution equations, one must
select an appropriate shift vector and lapse function to ensure that the equations form a closed

system.
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3.2 Gauge Conditions

Prior to commencing the numerical implementation of the above evolution equations, it is necessary
to select the gauge conditions. In the context of general relativity, there is no inherent preference
for one set of coordinates over another. However, we must select specific gauge variables, a and
B, which correspond to choosing a coordinate system. These variables determine the manner in
which spacetime is foliated into distinct slices. These functions are utilised to progress the field
data from one hypersurface at time ¢ to the subsequent hypersurface at time ¢ + 6t. Although we
have the freedom to select our lapse function and shift vector, this is not a trivial task. In general,
having a geometric understanding and physical insight into the problem we aim to model is crucial
in selecting an appropriate coordinate system. Ideally, the gauge conditions should prevent the
appearance of singularities, whether they are related to coordinates or physical properties. Failure
to address these problems can cause numerical simulations to become unstable, leading to code
crashes due to numerical overflow or underflow. When selecting a suitable coordinate system, we
must consider two factors: picking a time coordinate and selecting spatial coordinates. A time
coordinate choice, often referred to as time slicing, is responsible for determining the configuration
of hypersurfaces ¥ that collectively encompass the entire spacetime. The lapse function, in turn,
governs the evolution of the shape of these slices ¥ over time, along the normal vector n® that
connects one hypersurface to the next. On the other hand, the shift vector 3? is used to assign
labels to spatial positions relative to the normal observer n® on the adjacent hypersurfaces. Put
simply, the shift vector allows for the selection of spatial coordinates. In the following, we present

some common gauge choices [7, 4, 21].

3.2.1 Geodesic Slicing

We begin with the most basic gauge choice, geodesic slicing, which allows us to freely select the

shift vector and lapse function as [21],
a=1, g =0. (3.41)

Since coordinate observers move with four-velocities u® = t* = e‘(l and are equivalent to normal

0)
observers, meaning u® = n?, the shift vector simplifies to 8 = 0, resulting in a = 1 throughout the
evolution. Therefore, the coordinate time intervals are equivalent to the proper time intervals, and

as a result, both observers experience an acceleration that is determined by,
ap = Dplna = 0. (3.42)
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This gauge will result in any motion that is in close proximity to a black hole ultimately settling
within the singularity of the black hole. For a simulation of a single black hole of mass M the

singularity is reached at time 7 = ¢t = w M. This is the point at which numerical simulations code fail.

To understand this problem, it is helpful to consider the equation governing the change of the trace

of the extrinsic curvature in 3.33. Under the geodesic gauge, we get [21]
WK = KiK' + 47 (p+ S) > 0. (3.43)

Given that the term K;; K J is non-negative and the strong energy condition ensures p + S >
0, the expansion of an Eulerian observer decreases monotonically along their timelike geodesic.
Consequently, the trace of the extrinsic curvature continuously increases without limit from one
hypersurface to the next, indicating greater warping of hypersurfaces as we progress along the
geodesic. This gauge condition impacts the spatial metric by affecting the contracted evolution

equation 3.39, ultimately leading to a reduction,
9, In~y"? = —K. (3.44)

This indicates that our chosen gauge is not always effective, highlighting the need for a more suitable

gauge condition.

3.2.2 Maximal slicing

Maximal slicing is advantageous compared to geodesic slicing, particularly in the numerical simulation
of black holes. This is because maximal slicing permits longer time evolution than geodesic slicing,
which is limited to t = #M. A commonly used approach for the slicing condition is to select a

constant value for K in both space and time i.e
K =0=0/K. (3.45)

Then plugging this back into the evolution equation 3.40 for the extrinsic curvature results into an

Elliptic equation for the lapse,
D?a =a (K K" +4r (p+9)). (3.46)
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The purpose of this is to prevent K from deviating from its original value as a result of numerical
inaccuracies during the process of evolution [0, 5]. The maximal slicing gauge offers geometric
advantages compared to certain gauge choices. Furthermore, it is specifically designed to prevent
the appearance of singularities. However, the process necessitates the computational determination
of the lapse via a numerical solution of an Elliptic Partial Differential Equation (PDE) as it
progresses. This computational process is considered undesirable due to the potential dominance
of the computational effort by the solution of equation 3.46, particularly in the context of 3D

simulations.

3.2.3 Harmonic coordinates

By contracting the 4-dimensional Christoffel connection coefficients, we obtain the following result,

1
172

e = APy, = ——9y(|g|"9™). (3.47)

lg]

Gauge conditions are determined by equating quantities (T2 to a predefined function H?,
e = ge, (3.48)

The function H® has the flexibility to take on any value, including the possibility of being defined

as zero. This property is particularly useful when considering harmonic coordinates defined as,
e = 0. (3.49)

Using the inverse metric 3.10 to insert into 3.47 then we end up with the coupled, non-linear

hyperbolic equations of the lapse function and shift vector as [110]

(0 — F9))a = —a’K, (3.50)
0 — B19;)8" = —a*(790;Ina+~94T0)). (3.51)

Currently, this condition has made the lapse function and shift vector into dynamic variables that
necessitate temporal evolution in spacetime. These evolution equations are hyperbolic in nature,

which are comparatively simpler to solve than the elliptic equation discussed in section 3.2.2.
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3.2.4 Bona-Masso Slicing

Harmonic-slicing has resulted in other hyperbolic forms of the equations for the lapse function. These
equations imitate the conditions of maximal slicing and also prevent the appearance of singularities,
as demonstrated by Bona and Masso [25]. Their study showed that while harmonic slicing can
avoid singularities to a certain extent, it is inferior to maximal slicing in terms of avoiding stronger
singularities. This is because the lapse function of harmonic slicing collapses when approaching
a singularity. Bona and Masso have conducted extensive research on the vacuum Einstein field
equations in the harmonic slicing gauge. This research has resulted in a group of generalised slicing
conditions known as the Bona-Masso family of slicing conditions. These conditions ensure that the

lapse function satisfies the evolution equation [26],
(at — 6281) o= —oz2f(oz)K, (3.52)

where f(«) is any positive function of a. By analysing the behaviour of the function f(«), we can
derive many slicing conditions. Specifically, when f = 0 and a = 1, we obtain the geodesic slicing
condition 3.41 The case when f = 1 corresponds to the harmonic slicing condition 3.50. When
dealing with a diverging function, such as f(a) — oo, the condition acts similarly to the maximally
slicing condition, resulting in the avoidance of strong singularities. Another intriguing algebraic
condition that may be derived is the 1 4 log slicing condition, which occurs when f = 2/a. By

setting the shift vector to zero, we can do integration on equation 3.52 to obtain the result [9]
a =1+ logy, (3.53)

by selecting the constant of integration to be equal to one. The 1 + log slicing condition is a reliable
and stable algebraic condition that has demonstrated great effectiveness in the evolution of black

holes in three dimensions and in strong gravitational fields in general [26, 19].

3.3 BSSN formulation

In practice, the ADM evolution equations have been found to exhibit numerical instabilities. The
instability and lack of uniqueness in the system’s solutions can be attributed to the presence of
mixed second-order derivatives of the 3-spatial metric in the Ricci tensor [34, 21]. For hyperbolic
PDEs, strong hyperbolicity is necessary for stable numerical evolutions. The BSSN formalism
guarantees strong hyperbolicity by eliminating the mixed second derivatives in the Ricci tensor. In

the BSSN version of the 3 + 1 equations, the spatial metric 7;; is separated into a conformal metric
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%ij with a conformal factor 1 = e? as [(1]

4¢

Vi =€ Vij- (3.54)

The conformal factor is chosen to satisfy
1
Yt = e = det (viz)® = ’y%, (3.55)
such that det(7;;) = 1. In addition, we decompose the extrinsic curvature into its constituent parts:

the trace K and the trace-free component A;;.

1
Aij = Kij — 375K, (3.56)

and subject the trace-free component to a conformal transformation, akin to the procedure employed
with the metric 3.54.
Aij = 674¢Aij. (357)

The indices of /L-j are raised and lowered using the conformal metric 7;;, resulting in Ald = 40 A1

Through this process, we arrive at the following set of BSSN evolved variables.

Fig = € Py (3.58)

K = 49K (3.59)

Aij = 6_4¢A2‘j (360)
1

¢ = Invy = 3 In~. (3.61)

Expressed in terms of these variables 3.58, the Hamiltonian constraint 3.30 takes the form [109]

e>?

Meanwhile, the momentum constraint 3.31 becomes
L - 92 .. ,
0=M' =D, (&Mﬂ) — DK — 8", (3.63)
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The equation governing the evolution of ~;;, labelled as 3.39, can be divided into two separate

equations.

1 ) 1 )
Op = —gaK+ [0+ 208", (3.64)

- - - - - 2
OFij = —2ady+ BFOAij + 7ik0; B + Ak 0;8" — g%jakﬂk, (3.65)
while the evolution equation 3.38 for Kj;; splits into the two equations

g I | .
oK = —’y”DjDiOé + <AijA” + 3K2> + 471'0(({) + S) + 8O, K (366)
8,5141']‘ = 6_4¢ (— (DiDjOé)TF + « (Rz;F — STI'SZF)> + o (KAU — 21‘17;[;1[])
. ~ . 9
+8% 01 Aij + Ai0;8° + Ay 0,6" — gAz'jakﬂk, (3.67)
where T'F' in the last equation denotes the trace-free portion of the 3-dimensional second rank

tensor, which is represented by

RZY;F = Rij — ’yin/3. (3.68)
Ricci tensor R;; can be written in two parts,
Rij = Ry + RY);. (3.69)

The equation for the part of R;; involving the logarithm of the conformal factor Rf’j is determined
by,
RY, = ~2D;D;¢ — 29;; DDy + 4Dis Dj — 43 Dlp Dy (3.70)

To express the conformal part Rij, we must first define the conformal connection functions,[/]
i = 39k, = — 9,7, (3.71)

The conformal connection function I' aids in removing mixed derivatives from the evolution
equations. Here, we consider the Christoffel symbols associated with the metric 7;;. In Cartesian
coordinates, where 4 = 1, this condition holds. Using this, we can express the conformal Ricci
tensor Rij in terms of these conformal connection functions I' as follows,

- 1 i ~ _ - - ol sl L -
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It is beneficial for maintaining numerical stability to evolve the T as independent variables through-
out. The evolution equation can be derived directly from definition 3.71 and the evolution equation
for the conformal 3-metric 3.65, by explicitly expressing the terms using Lie-derivatives. The T are

now regarded as independent functions that obey their own evolution equations
~. o . . 2 =~ .
Tl = —9;(20c A — 24m(i9,,, 37 4 glﬂalﬁl + Blopyid). (3.73)

Lastly, we need the Momentum constraint 3.31 to eliminate the divergence of the extrinsic curvature.

This provides the evolution equation,

. . N - .y Lo .

O = —2419;a + 2a(I'%, A — 3770 — 8777 S; + 6A19;0) + F1O;T — D106
(3.74)

2. 1 ) . )

+3170;87 + ga“alajﬁﬂ +440;0,8".

Therefore, we have a system of evolution equations with the set of 17 independent variables
{¢,7i;, K, A~ij, FNZ-}, which are second order in space and first order in time. The BSSN system has

been shown to lead to more stable evolutions when compared with the ADM system [21, 4, 35].

3.4 Characteristic formalism

The characteristic evolution system is one of the approaches used to solve the Einstein field
equations. Unlike the traditional 3+1 decomposition methods, such as ADM and BSSN, which
foliate 4-dimensional spacetime into 3-dimensional spatial hypersurfaces evolving along a timelike
direction, this formalism instead foliates spacetime using null hypersurfaces characterized by constant
retarded time u = r — ¢. Since these null hypersurfaces correspond to the characteristic structure of
the Einstein equations, this approach is often referred to as the characteristic initial value problem
[28]. A key advantage of this formulation is its ability to reduce the number of variables and
simplify the system of equations. This formalism is based on the work by Bondi [28, 27] in studying
gravitational radiation within the nonlinear regime. Over time, it has become an essential tool
for analyzing gravitational waves numerically [55]. In fact, characteristic evolution methods were
among the first to achieve long-term stable simulations of moving black holes in three dimensions
[55]. One significant strength of this formalism is its ability to compactify the radial coordinate
while maintaining numerical stability. This feature enables precise studies of gravitational waves at
future null infinity, where their properties can be clearly defined [107]. Despite its strengths, the
method has a notable limitation, the potential formation of coordinate singularities. These arise due

to the focusing of null rays, particularly in regions of strong gravitational fields [74]. However, at
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large distances from the source, extending to future null infinity, this approach provides an accurate
description of the gravitational wave zone. When combined with other techniques, such as Cauchy
evolution, it allows for the modeling of the entire spacetime of systems with intense gravitational

fields, including binary black hole mergers [107, 19, 5, 55].

3.4.1 Bondi-Sachs metric

The Bondi-Sachs formalism relies on a specific type of metric tensor to represent the geometry

of spacetime. This metric is formulated using the Bondi-Sachs coordinate system, defined as
A).

v

¥ = (ryu,x To solve the Einstein equations along characteristic lines, a well-structured

coordinate system is essential. The Bondi coordinates [28, 71] consist of angular components z*
(where A = 1,2), a radial coordinate x! = 7, and a retarded time coordinate 2° = u = r — t. These
coordinates ensure that hypersurfaces of constant u are null, meaning that u parametrizes a family

of outgoing null hypersurfaces originating from a world-tube I" [71].
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Timelike world tube I'

------------- N

Figure 3.2: Tlustration of a timelike world tube I' surrounded by null hypersurfaces. The null
hypersurfaces are depicted as slanted lines radiating outward, intersecting at constant u levels.
These surfaces highlight the propagation of light rays in spacetime geometry, with r representing
the radial coordinate.

The Bondi-Sachs metric tensor for a spacetime (M, g) in these coordinates becomes [108, 34,

i ]7

ds? = — <€25‘: — r2hABUAUB>du2 — 26?8 dudr — 2r’h agUBdudz® + r’*hapda?da®, (3.75)

where hp with h4Bh 0 = 54¢, satisfies the determinant condition

det(hap) = det(qap), (3.76)
with g4p the unit 2-sphere metric [108]. The variables V' and § are functions of (7, u, a:A), and U4
represents a shift vector [108, 33]. From the above metric the non-zero contravariant components
can be computed as

e —28V A 28774 ru 28  AB _ -2, AB
gt = —, ¢ =—ePU? gV =-—-e" g7 =rh"". (3.77)

r
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3.4.2 2+1 decomposition of the metric

The construction of Bondi coordinates is based on out-going null hypersurfaces u = const, that

means the normal co-vector k, = —d,u satisfies ¢**0,udpu = 0 which implies that

g =0. (3.78)
The future-pointing vector k% = —g®dyu are tangent to the null rays. Then the two angular coordi-
nates 24 are given as constants along the null rays which then means k?9,24 = —g®(9,u)Ouz? = 0
implying

g4 =0. (3.79)

The z! = r is chosen to be a surface area coordinate and it varies along the null rays, such that
det[gan) = r'q, (3.80)

where g(24) is given to be the determinate of the unit sphere metric gap with the given angular
coordinates z4, hap is the symmetric 2-tensor, which represents the conformal geometry of the
2-surfaces which we get by setting dr = du = 0, and these foliate the world-tube I', and they also
represent the angular part of the spacetime metric given by the gap = r2hap, which is derived
from the intrinsic metric of » = const surfaces,that we get by setting dr = 0 in with 3.76. This 2+ 1

decomposition allows for the construction of the Bondi-Sachs metric in the form [28]
’yijdyidyj = —ew;dzﬂ +72hap (dyA — UAdu) (dyB — UBdu) , (3.81)

where 3 is scalar and measures the expansion e’ the light cone between the world-tube and the
asymptotic light cone, V is the same measure as the Newtonian potential and U4 is the shift
vector and the square of the lapse function is given as @ By making use of the condition
det(hap) = det(gap) enables the 2-symmetric tensor to be fixed, such that the are only two
independent components that give us two degrees of freedom which are the radiative degrees of the

gravitational field equation.

3.4.3 The Einstein field equations in characteristic formulation

Using the Bondi-Sachs metric we have the following reduced Einstein field equations in vacuum

R. = 0 to hypersurface equations and evolution equations.
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Hypersurface equations

We have the four hypersurface equations which are given by, R, R4 and hABR 45, written as

1
B = ErhAC hWBPhap vhopr (3.82a)

(e napU”,) =2r* (1728.4) , ~ r*hPDehag, (3.82b)

T

2¢"PV, = R—2D*DaB — 2D*BDAB +r %2’ Dy (r*U*) |

1 (3.82¢)
— 5l P hapURU" ;.

All these equations involve the metric components of only the u = const, hypersurfaces.

Evolution equations

Then we have the evolution equations which contain the derivative of u for the null data, these
are derived from the trace-free part of the angular components of the Einstein field equations

miAmBaG AB, where the 2-symmetric tensor hAB = omAmB),

This gives the evolution equations [1006, ],

2
. — =’ DaDge? + rhacDp(US)
T

mAmPB <(7’hAB,u) . %(TV}IAB,T)

3
— %6_26hAchBDU$U$ +2DAUp + ghAB,TDcUC (3'83)

+ TUCDC (hAB,r) + ThAD,rhCD (DBUC — DCUB)) = 0.

The four hypersurface equations R,,R,4, h*® Rap and the evolution equations which are the main
construction of Bondi are called the main equations and together with the components R, or R,

give a complete set of the vacuum Einstein equations.

Conservation conditions

When the evolution and constraint equations are satisfied we get the trivial equation that is split
from R, as

R, =0, (3.84)



which is automatically satisfied if one applies the Bianchi identities to the main equations. In

addition, the supplementary equations
R",=0, R'4=0 (3.85)

are satisfied on a complete outgoing null cone if they hold on a single spherical cross-section. Bondi’s
derivation identifies these equations as conservation laws for energy and angular momentum by

supposing the sphere to be at infinity. We may summarise this using the constraint equations.
R'o=0, or Ry,=0. (3.86)

In principle, the evolution equations 3.83 can be discretized and evolved numerically. However, it is
customary to rewrite the field equations in terms of spin-weighted fields to reduce their complexity

by re-expressing the angular components of some tensor variables.

3.4.4 Spin-weighted formalism

In the spin-weighted formalism, the unit sphere metric g4p is represented as a dyadic product

4AB = 4(AqB), (3.87)

where, the dyad ¢4 is a complex basis 2-vector, where we use an overbar i.e g4 to denote complex

conjugation, and the dyad satisfies
¢"q4=0, ¢'qa=2, and qa=qand”. (3.88)

It is important to note that these basis vectors are not unique and can vary by a phase transformation.
For any given ¢4, an alternative basis 4 = €’®q4 can be constructed, where « is a real phase. Using
the dyad vectors ¢, rank-n tensor fields T, 4,...4, on the sphere can be effectively represented as
scalar fields.

The spin-weight s of these scalar fields is determined by the rank-n of the tensor field and is given by
s = 2m — n, where m is the number of ¢* factors and n — m is the number of ¢* factors present in

the expression 3.89, such that the scalars transform as 7' — €’**T. So then the three spin-weighted
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scalars with respective spin weights +2, —2 and 0 are,
L 4B 71l ap A_B
J=5q"q¢"hag, J=5-q"q"hap and K =_-q¢"q" hasg, (3.90)

and contain all the degrees of freedom of the 2—tensor h4p. According to 3.90, the decomposition

of hap is presented in an irreducible form as
2hap = Jqagp + J3ads + K (9435 + dagn) (3.91)
the inverse 2—metric h4P is given by
IMAB = _J P — IR + K (quB i quB) ‘ (3.92)
Furthermore, the determinant condition 3.76 implies the relationship.
K*=1+JJ. (3.93)

The scalar K provides no extra information, and h4p is uniquely defined by J for any Bondi-Sachs

metric. Similarly, U4 and Q4 are decomposed into spin-weighted fields,
U=U% U=U% Q=Q% Q=Q"'u. (3.94)

With respective spins of +1, —1, +1, and —1. In this spin-weighted formalism, the scalars 3, V,
and R are spin-0 fields.
3.4.5 Simplification of the Einstein field equations in Bondi-Sachs metric

Once we have recast these tensor quantities in terms of the spin-weighted fields and their derivative

then we have the following hypersurface equations

Br = Ng, (3.95)
o= r2ePQ+ Ny, (3.96)
(r*Q), = —r*(8J +0K), +2r'0 (r?8)  + No, (3.97)
W, = ée%R —1-e00e” + %r‘Q (r* (8U +0U)) , + Nw, (3.98)
where
Q=q"Qa=r"e"¢ hapU”, (3.99)
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is the new variable that obeys
(*Q) , = 2r* (r*q"B.a) , — r*¢"h" Dchap,. (3.100)

The Ricci scalar in equation 3.98 is given as,

_ 1 _ 1 _
R = 2K — 00K + 5(62J +0%T) + 150 (0707 = 8J07). (3.101)
The evolution equations are also given as follows,
2(rJ) y — <T*1V(TJ)7T) = —r~ ' (r*0U) .t 2r~1efo2ef — (r='w) .J+ Ny (3.102)

The variables Ng, Ny, Ng, Nw and N in the above equations represent the nonlinear aspherical
terms [23, 74], and the form of these expressions is given in more details here defined in tensor form

and covariant derivatives [23, 74, 27].

The constraint equations

The constraint equations for the spin-weighted version are obtained through the expansion of Ry,
in terms of the metric and its derivatives, with the components of the metric and its derivatives
expressed in terms of spin-weighted fields J, K, W, 3, U. Through the contraction of the two angular

components of Ry, gives the three constraint equations
Roo,  Roi,  ¢*Roa. (3.103)

Just like with the Cauchy problem, these equations can be used to monitor the numerical evolution
accuracy of the hypersurface equations and evolution equations, this is achieved by inserting the
J, K, W, 3,U into the constraint equations, if they are satisfied then that means Ry, = 0 up to some

error.
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Chapter 4

Tolman-Oppenheimer-Volkoff (TOV)

equations

4.1 Overview

In this chapter we present the solution for the static, spherically symmetric metric that will be
utilized as the background solution to the linearized ADM equations in Chapter 5. This background

spacetime metric is given as, [30, 21]
ds? = =’ at? + A dr? 4 r2d0? + r? sin® 0dg>. (4.1)

In order to obtain the TOV equations and determine the functions v(r) and A(r) from the given
metric gqp in the line element in Eq 4.1, it is necessary to utilize the complete Einstein field equations
along with the Bianchi identities. This is because we are seeking solutions that are not vacuum,
meaning that the energy-momentum tensor is non-zero [32]. Therefore, we shall utilize the complete

Einstein field equations [$2, 36, 21].
1
Gap = (4)Rab — 5(4)Rgab = 81Ty, (4.2)

where W R,;, and R are the Ricci tensor and Ricci scalar, respectively. gqp is the metric tensor with

components

Jab = diag(—eQV(r), e 1) p2 p2 gin? 0) (4.3)
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and T, is the energy-momentum tensor. The Bianchi identities V,G% = 0 implies conservation of

energy-momentum i.e

VG =0 = Vv, 7%, (4.4)

4.2 Derivation of the TOV equations

In presenting the derivation of the TOV equations, we will primarily quote the final expressions for
the quantities under consideration, with the detailed steps provided in Appendix A. We start by
calculating the Christoffel symbols from 4.3. Due to its symmetries, the Christoffel symbols have
40 independent components. For the line element 4.1, several of these components vanish. The

non-zero Christoffel symbols,

Iy, = 0w, (4.5)

F"tnt = eQ(V(T)fA(T))aTV7 (46)

I, = 0O\, (4.7)
1

e, = = 4.

r0 r’ ( 8)

b = —re_%(T), (4.9)
1

re, = = (4.10)

bp = T sin? e A" (4.11)

FZM = —sin®#cosb, (4.12)

6
e - 87 4.13
09 sin ¢ (4.13)
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From the Christoffel symbols we can compute the components of the Riemann tensor 2.7.
Substituting the Christoffel symbols obtained in Eqs. 4.5-4.13, the non-zero Riemann tensor

components are determined to be

Rip = &0 [0+ 00) —000,3] (1.14)
1

Rf@t = ;62(’/_”3,,1/, (415)
1 0

Ry, = — Vo, (4.16)

R, = 0.w0.\—0*\— (00?7, (4.17)
1

RY, = 0, (4.18)
1

Ry = 0\, (4.19)

Ry = —re 20, (4.20)

Ry, = (1—(”). (4.21)

Due to the symmetries of the Ricci tensor, Ry, has only 10 independent components in 4 dimensions.
Furthermore, since the metric is diagonal, all off-diagonal components of R, vanish. The components
Ry, Ryr, Rgg, and Ryg can be obtained from the non-zero Riemann tensor components 4.14-4.21 as

R, = R ;. Using the above expressions, we obtain

Ry = &= [a,%y + () — aruaru} + %&wwary, (4.22)
Ro = OwdoA— 0% — (90)° + %m, (4.23)
Ryy = {6*2* [ (DA — 8 \) — 1] + 1} sin? 6, (4.24)
Ryy = sin®0Rgy. (4.25)

Calculating the Ricci scalar R = g% Ry, from the Ricci tensor components above gives the expression
—2) | 52 2 2 1 2)
R = 2e Opv + (0rv)” = OpvOr A + = (Opv — OpA) + — <1 —e > . (4.26)
r r

The Einstein tensor components from 4.2 are constructed using the above Ricci tensor components
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and Ricci scalar as

1
Goo = 12 2020 + (0p1)? — DI\ + ;(8TI/ — OpN)], (4.27)
Gop = e Psin?(0)[rov — O\ + 72020 + r2(9,v)% — 120,09, \], (4.28)
2 1 2\
Gmn = ;87*V + 7"72(1 —e ), (429)
1
Gy = 7262( N8, r — (1 — V). (4.30)

We need to define the energy-momentum tensor for a perfect fluid, [77, ]

Tap = (€ + p)uativ + PYab- (4.31)

The energy density € and pressure (p) are both dependent on the radial coordinate r and g, is the

spacetime metric. The components of the energy-momentum tensor are determined by

T, = diag(e*e, e p, r2p, r’psin? 6). (4.32)

We have utilised the four-velocity vector u® with g*®uqu, = —1. The four-velocity vector has the
components,

uq = (€7,0,0,0). (4.33)

The 06 and ¢¢ components of the field equations do not yield any new information. As a result, we
restrict to the tt and rr components. By utilising these components and the energy momentum

tensor, we get the expression for the rr component of the field equations

1
—26_2A (27"&&/ +1-— e”‘) = 87p. (4.34)
r

For the tt component we have
1
—26_2A (27”&)\ -1+ 62’\) = 8e. (4.35)
r

One can define a new function m(r) as

e = 2mn) (4.36)

r
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Then, the integral of the ¢t equation gives
R
M(r) = 47T/ e(r)ridr, (4.37)
0

so that M is the total mass of the star and m(r) is the mass inside a radius. With the above

definition, an alternate form for metric 4.1.

2m(r)

-1
ds* = —e?dt* + <1 - > dr® + 1r2d6? + r? sin? 9d¢°. (4.38)
The condition for hydrostatic equilibrium is derived from the conservation of the stress-energy tensor

2.17 which gives,
dp (€ +p)(m(r) + 4mr3p)

=— . 4.39
dr r(r —2m(r)) (4.39)

Utilising the rr component, the equation for % can be expressed as,
dv _ (4pr3 + m(r)) (4.40)

dr (r —2m(r))

Then the mass function 4.36 used in the ¢t component of the Einstein tensor, along with equations

4.40 and 4.39, form the Tolmann-Oppenheimer-Volkov (TOV) equations [90, 21],

dp _ (e+p)(m(r) +4nr’p)

r r(r —2m(r)) ' (4.41a)
dv (4mpr® +m(r))

ar— (r—2m(r) (4.41b)
dm

o= 4rre. (4.41¢)

4.3 Equation of state

For a general equation of state there are no analytic solutions for the TOV equations. Nevertheless,
one can find an analytic solution when the assumption of constant density star is made. Equilibrium
requirements places a restriction on M/R. There are a number of realistic equations of state used in
the literature [12] than the one used here. In this work, we use the most commonly used equation of
state. This equation of state provides a straightforward relationship between pressure and density,
offering a simplicity often absent in more complex equations of state. Moreover, it serves as a
reasonable approximation for cold equations of state. Compared to more realistic EOSs, such
as tabulated nuclear EOSs, the polytropic form significantly reduces computational complexity,

enabling studies like those presented in this Chapter and Chapter 5 without the challenges typically
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associated with tabulated EOSs. The polytropic equation is given as, [70].

€= (ﬁ)l/r Kp' (4.42)

K r-1
Since we are evolving pressure, 4.41a then the value of the EOS 4.42 is calculated and substituted
in equations 4.41c and 4.41a. At the star’s center, the initial conditions are defined as P(0) = P,
and M (0) = 0, where P. represents the central pressure and M (0) denotes the mass at » = 0. The
pressure becomes zero at the surface of the star to define the boundary condition » = R, and so

given the central density of a neutron star we can uniquely determine the mass M and radius R.

4.4 Numerical results

The TOV equations can be used to find the interior properties of a neutron star, such as mass,
densities and their relationships for » < R where R is the surface of the star. Because of Birkhoff’s
theorem[!], for values of r greater than R, the Schwarzschild metric is the appropriate vacuum

solution. The radius R represents the boundary separating the interior of the star from the exterior.

At the centre of the star, where r = 0, the TOV equations cannot be specified because 4.41c
is not regular at r = 0. In the code, the solution is found by setting the initial value of r to an
extremely small value, specifically » = 1072, Upon reaching the star’s surface, we proceeded to
restrict the metric to a Schwarzschild metric in order to seamlessly connect the internal solution

with the outer. Thus, the metric functions are given by the Schwarzschild solution,

m(R) = M, (4.43a)
p(R) =0, (4.43D)
V(R) = ém (1 - 2"23)), (4.43¢)
AR) = f% In (1 _ 2”@). (4.43d)

The conditions above 4.43 are satisfied automatically except the equation 4.43c. The value of v was

set to be equal to v = 1 initially.

At the end of the integration v adjusted separately from the rest of the values by imposing

the condition that at the surface of the star v must be consistent with eq. 4.43c. Numerically, this
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is accomplished as follows,

C= Vanalytical (R) — Vnumerical (R) ( at r = R), (444&)

Vnumerical (T") = Vnumerical (1) + C loop this through all values of r. (4.44Db)

This treatment for v is consistent since v only appears as a derivative in the TOV equations, so it

can be specified up to a constant.

The TOV equations were solved using the code for three initial densities (see Table 4.1), for Model 1
we have the central density p. = 5.87 x 10~*km~2 which corresponds to the mass M = 1.4M and
the radius R = 14.15km. Model 2 has the central density of p. = 1.373795 x 10~*km~2, and Model
3 has the central density of p. = 4.232772 x 10~3km 2, these models use the polytropic equation of
state with K = 217.858 and I' = 2. Model 1 represents a stable configuration, Model 2 is stable,
but very close to the unstable branch, and Model 3 is unstable. In the figure 4.1a, 4.1b, 4.1c, 4.1d
below we show the results for Model 1, for pressure p, mass m and energy density p as well the

speed of sound ¢4 as a function of radius r and x, where x is transformation of the r—coordinate

% = ¢ and ¢; is the speed of sound. The general definition for the speed of sound is,
dp
2
2= 4.45
= o (1.45)

whose expression for the polytropic equation of state is given by

r
Co = | ——. (4.46)
p+p

This solution gives the background solution that is used to solve the radial perturbation of the
ADM equations in the chapter 5. The data generated as a function of the radius r is used to solve
the Sturm-Liouville problem to get the eigenfrequencies, while the x coordinate generated data is
used to find solutions to the three partial differential equations for h, s and u (see chapter 5 for

details on the linearized equations).

41



2.0

151

0 2 4 6 8 10 12 14
spatial coordinate [km]
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(c) Figure showing the energy density as the func-
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(b) Figure showing pressure p as the function of
radius 7 and z for the Model 1
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(d) Figure showing the speed of sound as the
function of both radius r and x for Model 1

The transformation from radius r to z plays a crucial in the convergence of the numerical

solutions for the perturbed equations. It can be noted that the pressure and density approach zero

as one approaches the surface of the star which creates problems in the calculation of the speed

of sound 4.1d. These quantities appear in the denominator of the linearized equations hence the

transformation is essential to avoid division by zero. The numerical results of solving the TOV

equations for the 3 models above is

Polytropic stellar models (I = 2, x = 217.858 km?)

Model  p. [1/km?]

M [Ms] Rkm] M/R

1 5.87-10~%
2 1.37-1073
3 4.23-1073

14.15 0.15
11.47 0.21
8.30 0.25

Table 4.1: List of the used polytropic stellar models and their physical parameters.



Chapter 5

Radial Oscillations of Neutron Stars:

ADM Linear perturbations

5.1 Overview

Radial oscillations of neutron stars were first analyzed within the framework of General Relativity by
Chandrasekhar [3%], who developed his approach by directly perturbing the Tolman—Oppenheimer—Volkoff

(TOV) equations 4.41. This method formulated the problem as a Sturm-Liouville eigenvalue equa-

tion and was subsequently adopted by several others [36, 11, 52]. An alternative approach employs
a numerical relativity formulation (ADM) [36, 95]. The perturbation of the metric tensor expressed
as,

Jab = Jab + dgab- (5.1)

The symbol gu;, denotes the background metric, while §g,, denotes a small perturbation on the
background metric. Indices for both the background and first order quantities are raised and lowered
using the inverse of the zeroth order metric g*. We ignore products that involve more than one
first-order quantity because they introduce higher-order terms. In radial perturbations, we require
the perturbation variables to retain the spherical symmetry of the spacetime, such that dg,;, is a
function only of r and t. This differs from the more general non-radial perturbation where dg,;
depends on (t,7,0, «), thus introducing angular dependence which breaks spherical symmetry. In
this work, we focus on the most basic type of oscillation mode known as radial modes. These modes
are considered simple because they do not interact with gravitational waves, making the equations

involved in their study straightforward to handle.

From the perturbation of the metric, one can write down perturbations of the Christoffel symbols
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and perturbations of the Ricci tensor. This will allow us to write down the ADM equations in terms
of the perturbed metric. Components of the background metric g, can be read from the TOV
metric 4.1 as

Gap = diag(—e?, e r? r?sin® 0). (5.2)

Recall that from the 341 formalism (see chapter 3, eq. 3.11), the general form of the line element is

given by [99, 86, 4, 21],
ds® = —(a® — BB")dt* + 2Bsdtda’ + ~ijdatda’ . (5.3)

By comparing this with the line element of a spherically symmetric spacetime 4.1, we can write

down the following zeroth order quantities for the ADM variables.

a=+/—goo = €, (5.4a)
gt =0, (5.4b)
vij = diag(e**, 7%, r? sin?(9)). (5.4c)

Because 5.4c has no time dependence, the extrinsic curvature given as
K;; =0, (5.5)

where we have used equation 3.37 to express Kj;; in terms of time derivatives of the metric. In
equations 5.4-5.5 « represents the lapse function, ¥ represents the shift vector, 7ij represents
the 3-metric, and K;; represents the extrinsic curvature. The shift vector (% vanishes along with

the extrinsic curvature of all the hypersurfaces of constant time ¢ since the background metric is static.

Now, we proceed to derive the evolution and constraint equations for the perturbations. Per-
turbing the energy-momentum tensor ensures the perturbation of the star’s matter, with the

pressure perturbation being determined by

dp = d—pée = 11,56 = c2de. (5.6)
de €

The variable ¢, represents the speed at which sound propagates in a fluid. By considering k;; = 0 K;;
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and h;; = dg;j, we can linearize the ADM system (Eqgs 3.37, 3.38) [92]

Ochij = BFOkvij + i0; B + i 0i8* — 2¢¥kij, (5.7)
8t]€ij = —61'8]'04 + Fkijéka + 5Fki]’6key + « [Ri]‘ + 471’(]? —6)’}’1‘3']
+e” [6Rij + 4m ((p — €)hyj + be (¢2 —1)v;5)]. (5.8)

Where 5Fkij is the perturbation of the Christoffel symbols, given in terms of the perturbed metric as
1
(5Fk1‘j = i’ykl(ajhli -+ &»hlj — 6lhij), (5.9)

and Fkij represent the background spatial Christoffel symbols. From this, we may determine the

Ricci tensor perturbations, [92]

OR;; =0T%5p — 6T

(5.10)
=0k 0T";; — ;0T — 6TF kT 4 6T T g =0T T, — ST T,
Similarly, the Hamiltonian 3.35 and Momentum constraint 3.36 are linearlized to [92, 18]
Yij0R;; — h" R;j = 16mde, (5.11)
ik (ai/-cjk — Ok — Tl + Flikkﬂ) = —8n(p+ €)du. (5.12)

The evolution equations for du; and de may be derived from the linearized energy momentum

conservation equations 67 ab;b.

Throughout this study, we use the polytropic equation of state 4.42. In our case, we only need
to consider the resolution within the star’s interior, for radial oscillations, the boundary of the
numerical grid is placed at the edge of the star, so there is no need to consider the exterior. In the

following, we will present the evolution equations that we use for the radial modes.

5.2 Linear perturbations of ADM equations

In order to establish the evolution equations, we employ the 3+1 formalism, which is the prevailing
paradigm for numerical relativity. Below is the procedure for obtaining the evolution equations
through the 3+1 decomposition. As previously mentioned, we are specifically examining radial
oscillations which correspond to the [ = 0 mode. This means that our spherical harmonic, denoted

as Yyo, is simply equal to 1/y/47. This value highlights that there are no angular dependencies, as
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the derivatives of Yo with respect to # and ¢ will be zero. Since Yy is a scalar, we can incorporate
it into the perturbation variables, which are functions of ¢ and r only. Following [26], the first order

expansion of these variables along with the extrinsic curvature are given by

a=e"Si(t,r), (5.13a)

By = re* Sa(t, 1), (5.13b)

h;; = diag (TEQ)\Sg(t, r), 2T (t,r), r*sin® 0T (t, r)) , (5.13c)
1 1

kij = —e Vdiag <62AK1 (t,r), §7~2K2(t, ), 572 sin? eKQ(t,r)> ) (5.13d)

The prefactors in the variables are conveniently chosen to yield a simpler, more tractable set of

equations. The components of the perturbed Christoffel symbols up to the first order are

ST,y = %Sg + %T@T»Sg, (5.14)
ST g9 = re~2* (r53 . garT) , (5.15)
0T gy = re ™2 sin?(0) (rSy — T - g@rT) , (5.16)
o1,y = %&T, (5.17)

= o6T%,, (5.18)
oT?, s = %&T, (5.19)

= 0T% . (5.20)

Plugging in the expressions for the Christoffel symbols to find the Ricci tensor components results in

6R'r'r - _8rrT + <8r>\ - 3) arT + % + 87“537 (521)

0Rgy = —%e_”‘ [’I“QOWT + (41" - TQOT)\) HT+2(1—ro\NT+ (27“2&)\ — 37“) Sy — 7"25’3] , (5.22)

SRy = sin?(0)5 Rep. (5.23)

Next, we proceed to define the matter perturbations, which consist of velocity perturbations in the

r direction and the energy density perturbation de. These perturbations are expressed as
oe = p(t,r), (5.24a)

ou, = —e’ul(t,r). (5.24b)
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Plugging back the perturbation of the extrinsic curvature metric 5.13c and perturbations 5.13d of

the spatial 3-metric into the perturbed ADM equations 5.7, 5.8 we get the following four evolution

equations
053 053 ;1 K
T
%t = 25 + Ko, (5.25b)
0K QW—9\ o*T  0%5; 2 N\ 0T , AN 051
hunial RN, 4 Z - 2= Z_ il 20w — bt
ot c 8r2+8r2 r A 5‘r+(y X) or
1, 0S5 , 3, e -2
_(z 1) == _2
(QTV + ) or + (/\ 21/ + r 53
+ dme* (1 - c3) p, (5.25¢)
o ¢ 8r2+ Y /\+r 8r+7’87’ or
e 3
+2—T + <2X -2/ — ) 53]
r r
+8me® (1—¢c2) p, (5.25d)

along with the Hamiltonian and the momentum constraints respectively given as

o*T 3\ 0T e*_ 39S 1
22 r_ 2 _ 3 Ly
8me™p = 52 + <)\ r> o 2 T+ 5 +2<T )\>Sg, (5.26)
K 1 2
8m(p + €)e*u = _88 2 4 (V’ - > Ko+ -Kj. (5.27)
T T T

Before we can explore numerical solutions, we need to specify the gauge conditions, which entails
selecting the lapse function and shift vector. The shift vector is selected as Sa(t,r) = 0. Furthermore,
we select the value of T" to be T'(t,r) = 0 at the initial hypersurface ¢ = 0. After substituting these

values into the evolution equations 5.25, we obtain the simplified equations.

0Ss 2

W = ;Kl, (528&)

oT

5 = Ko, (5.28b)
0K, oo | 0251 ;o 051 1, 0853
il Z 29 — =z 1) =2

a ¢ o H =X G g ) G,

1 3 / 62)\ —2 2v 2
+(N - ¥ + S3| +4me™ (1 —¢) p, (5.28c¢)

0Ky Loy 2081 0S3 3 v
= 22 [r@r -+ (2X . 7a> Sg} + 8me* (1 —¢c2) p, (5.28d)
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the Hamiltonian constraint reduces to

1
8me?p = %Sf +2 <T - /\’> Ss. (5.29)

Note that although we have chosen T'(r, t) = 0 initially, we still have an evolution equation for T'(r,t)

5.28b. To eliminate this equation, we will utilise the final remaining gauge flexibility of the lapse

function. This is accomplished by solving the Hamiltonian constraint 5.29 for % and substituting

the result into equation 5.28d, leading to,

0K> _ 2u-2) 205, ! 1 2v 2
W =€ ;W 2V + ; S3 871'6 Csp. (530)

The idea above is equivalent to choosing the radial gauge [17, 56] hence
T(0,r) = S2(0,r) = K2(0,7) = 0. (5.31)

Next, the lapse function S is selected in such a way that the right-hand side of equation 5.30 is

equal to zero. This leads to the equation for S;

a5 1
(977‘1 = <r1/ + 2> Sz 4 dmre**c2p. (5.32)
This process is equivalent to choosing the polar slicing? [56]. The above set of equations 5.28 can

be supplemented by the conservation law D, TH*” = 0. It is convenient to recast the energy density

perturbation in terms of a new variable
2

H(t,r) = Z%p(t,r). (5.33)

This definition, along with the conservation equations leads to the system

OH 9, 9y 20U | 9, o) [ 2 Foy 2 / 2

5 = ¢ €y +e |2 =N+ " V| u—c Ky, (5.34)
ou OH 05

% o + o (5.35)

'For the radial gauge, the radial coordinate r is chosen in such a way that the proper area of spheres of constant r
is always 4772, meaning the metric is such that T = 0.
2Polar slicing: Obtained by the requirement that the trace of the extrinsic curvature is zero,

trK =K', oK%+ K% =0.
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It is important to observe that in the aforementioned form of the matter equations (equations 5.34
and 5.35), we have already implemented the requirements 7' = So = K3 = 0. Furthermore, in

equation 5.34, we can eliminate K; by using the Momentum constraint eqn. 5.27 as,
Ky = 4mre? (p+ e)u = 2V + 1/ )u. (5.36)

Lastly, we can eliminate S7 from 5.35 by using 5.32. With these steps, we now have a closed system

of equations,

87H _ 2u—2X 2@ 2 o / 2 o
5 = © [cs o + |V =2+ . v ul, (5.37a)
du_OH (0

5 = g T (/N H A+ <m + 2) Ss, (5.37b)
8;;3 = 87(p + €)e* u, (5.37¢)

with H and Ss satisfying the hamiltonian constraint 5.29

ptGH—aSi”H(i—X) Ss. (5.38)

8re! =
2 or

c

5.3 Initial and Boundary conditions

As initial data, we use a Gausian pulse for u, with H and S3 initially set to zero,

2
u(r,0) = Aexp <T;M> ] , (5.39)
H(r,0) =0, (5.40)
S3(r,0) = 0. (5.41)

Another, equally valid option is to initialise S3(r, 0) with a Gaussian profile, then use the Hamiltonian
constraint Eq 5.38 to obtain H(r,0), with the variables u(r,0) independently set. The constants
and o control the shape and position of the profile relative to the origin, and have no impact on the
numerical solutions. On the other hand, the amplitude A is important and controls the linearity of

the perturbations. In this work, we use A = 0.001.

To be able to find a physical solution for the set of partial differential equations 5.37, bound-

ary conditions are imposed at the origin of the neutron star and at the surface. First it is needed
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that at the origin the perturbation variables are regular [$0]

H(t,r) = H(t) + O(r?), (5.42)
u(t,r) = ud(t)r + O(r?), (5.43)
Sa(t,r) = Sa(t)r + O(r?). (5.44)

At the stellar surface it is required that the Lagrangian pressure perturbation Ap vanishes [38, 72].
This condition involves the concept of radial displacement, £(¢, ), which represents the displacement
of a fluid element from its equilibrium position as a function of both time and position. For the

radial case, the connection between £ and du, is expressed as follows,

o8

5 = e’ Psu,. (5.45)

The normalised displacement is then defined as,
¢ :=rle Ve, (5.46)

The Lagrangian pressure perturbation can finally be written as

r?Ap = —(p + e)cze”gg. (5.47)
T

Eq 5.47 is satisfied whenever c2(p + €) = 0 or (%) = 0. If (p + €)c? does not become zero at the

surface, which is true for most cold EOS such as the polytropic model considered here, then

.
52 (1) = 0. (5.48)

In order to apply this boundary condition to our system of evolution equations 5.37, we need to

convert it into a condition for u. This may be achieved by using Eq 5.24b in Eq 5.49 to find,

% = _62(1/_)\)“(1:, T). (549)
Therefore,
aC / 2 —V&g / 9 —y 2(1/_)\) / 9 y_o /
0= ()= (PG = (e )= oo
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Therefore, at the boundary r = R, we have
u'(R) = <2)\'(R) —V(R) — > u(R). (5.51)

For the variables H, we note that, at the boundary, Eq 3.18 reduces to an ODE since ¢2 = 0, and
since there are no S3 spatial derivatives in the system 5.37, boundary conditions for S3 are not

needed. However, for consistency in the code, we set S3(R) = 0 at the boundary.

5.4 Comparison with the Eigenvalue problem

The standard eigenvalue problem is often formulated in terms of a Sturm-Liouville equation [(3]

d d
0= o (Pdif> +(Q + W) x, (5.52)
where
W = (p+ e r 2, (5.53)
P = (p+e)cer?, (5.54)
/
Q= (p+e) ((1/)2 + 4’/7 - 87Te2’\p> r2, (5.55)

The variable x(r) is related to the displacement via

C(t,r) = e™ix(r). (5.56)

To numerically solve the eigenvalue problem 5.52, we express it as a system of two first-order

equations with y and n := Py’ [13].

dx _n

D1 (5.57a)
d
di; — — (W +Q) x. (5.57b)

To compute the eigenvalues, we integrate Eq 5.57 from the origin » = 0 to the stellar surface at
r = R, ensuring the boundary condition x'(R) = 0 is met. This process is done via the shooting

method (see section 5.5.2).
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5.5 Numerical methods

5.5.1 WENO Finite Differencing

We use finite difference WENO scheme for the spatial derivatives in 5.37. WENO schemes are
a class of high-order accurate numerical methods designed to solve hyperbolic partial differential
equations (PDEs) and other convection-dominated problems [94, , 16, 441]. These schemes are
particularly effective in handling problems with both strong discontinuities and complex smooth
solution structures. The key benefit of WENO schemes is their capacity to provide high-order
accuracy in smooth areas while ensuring stability, non-oscillatory behavior, and sharp transitions at

discontinuities.

Finite Difference WENO Formulation

Consider the scalar conservation law

ou N Of(u)

ot Ox

—0, (5.58)

where u(z,t) is the conserved quantity, and f(u) is the flux. The goal is to approximate the spatial
derivative %. The domain is discretized using uniform grid points x; = i{Ax, with spacing Axz. The

flux is split into positive and negative components [93],
flu)=fT(u) + f(u),

where fT(u) and f~(u) satisfy,

oft of~
—_ > — < 0.
ou 20, ou <0

This ensures upwind-biased discretization for stability.

WENO Reconstruction

To approximate the flux derivative % at a point z;, the WENO scheme reconstructs the flux f; /o

at the midpoints between grid points using weighted stencils. For a fifth-order WENO scheme, three

overlapping stencils are used,
So ={zi—2,zi-1,2:i}, St =A{xi—1, 7, zit1}, S2 = {xi Tiy1, Tiva}
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On each stencil S, a third-order polynomial pg(x) is constructed to approximate the flux,
pr(z) = combination of grid values in Sy.

The smoothness of each stencil is measured using smoothness indicators Sy [93, 59, 91],
2 Tit1/2 [ HT 2
_ 2r—1 [ pr()
r=1 Ti—1/2
Larger (i values indicate more oscillatory stencils. The nonlinear weights wy, are computed as,

ay, dy,

W = =, op=-—s,
: Zmam ’ (€+Bk’)2

where dj, are the linear weights for optimal accuracy, e prevents division by zero (e ~ 107°) [93].

The flux at the midpoint is obtained by combining the candidate fluxes:
2
fivrje =Y wifr
k=0

Final Derivative Approximation

Once fiy1/2 and f;_; /5 are reconstructed, the flux derivative is approximated as,

of | _ firye = ficipe

oz lz; Az (5-59)

5.5.2 Shooting Method

As mentioned in section 5.4, we use the shooting method to solve the system 5.57. The shooting
method is a numerical approach used to solve boundary value problems (BVPs) for ordinary
differential equations (ODEs) [30, 78]. It involves converting the BVP into an initial value problem
(IVP) and iteratively adjusting initial conditions to satisfy the boundary conditions at the other
end of the interval. Given the ODE,

y'(x) = f(z,y,y), a<az<b, (5.60)

with boundary conditions,

yla) = o, y(b) =5, (5.61)



it can be converted into an IVP by assuming an initial guess for y'(a), the derivative at the starting
point. The ODE is then solved as an IVP using the guessed initial conditions y(a) = a and
y'(a) = guess. After solving the IVP, the boundary condition at x = b is checked by comparing the
computed value y(b) with the required boundary condition 3. The guess for 3/(a) is adjusted using
numerical root-finding methods, such as the bisection method, Newton-Raphson method, or secant
method [97, 14], to minimize the difference |y(b) — |. Iterations are stopped when |y(b) — 3] is
within a specified tolerance. For the system 5.37, we use the shooting method in conjunction with

a 4th-order Runge-Kutta method for solving the IVP and the bisection method for root-finding

[51, 12].

5.6 Numerical Results

In Chapter 4, we introduced three models (see Table 4.1), as well as the polytropic equation of state.
The background data obtained from integrating the TOV equations in Chapter 4 is used as input to
solve both the Sturm-Liouville eigenvalue problem 5.57 and the system of equations 5.37. For Model
1 and 2, we expect a periodic time evolution with the signal being the superposition of multiple
eigenmodes. On the other hand model 3 is unstable against radial collapse, hence exponential

growth is expected.
Figure 5.1 depicts the results for the Model 1 time evolution and Fourier transformation. Ta-

ble 5.1 contains the first 5 modes obtained from the Sturm-Liouville problem (frequency domain)

compared with the frequencies obtained from the linearized ADM equations (time domain),

Table 5.1: Time and Frequency Domain Data

Normal mode | Time Domain | Frequency Domain

F 1.44260 1.44326
H1 3.95684 3.95480
H2 5.93526 5.91594
H3 7.79003 7.77513
H4 9.60358 9.58933
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Figure 5.1: The time evolution and power spectrum of h for stellar model 1 and a central density
of pe = 5.87 x 10~*km 2, where the power spectrum has clearly defined eigenmodes with the black
dots obtained from solving equation 5.57.

When solving the PDE system 5.37, at each point in time, we compute the integral

1 R

via numerical quadrature. The top panel of figure 5.1 shows the time evolution of h. The signal
demonstrates a periodic pattern, indicating the dominance of characteristic oscillation modes in
the system. The bottom panel represents the Fourier transform of the time-evolved data. Sharp
peaks corresponding to discrete eigenfrequencies are clearly visible, which align with the expected
eigenmodes derived from the Sturm-Liouville formulation 5.57. As expected, the results from the
perturbed ADM system are consistent with those obtained from the Sturm-Liouville equation,

showcasing its effectiveness in capturing the discrete eigenmodes and their dynamic evolution.
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Figure 5.2: The time evolution and power spectrum of h for stellar model 2 and a central density
of pe = 1.37 x 10~3km 2, where the power spectrum has clearly defined eigenmodes with the black
dots obtained from solving equation 5.57.

Then, we consider Model 2 and plot the time evolution of A in the figure below 5.2, and we can
see that both models 1 and 2 are similar as we see that the top panel of figure 5.2 shows the time
evolution of the system’s 5.37 central observable with the signal demonstrating a periodic pattern.
However the bottom panel for the power spectrum of the time-evolved data, obtained via Fourier
transform for Model 2 shows lower peaks for higher overtones compared to the eigenfrequencies
found in the Sturm-Liouville problem, and the fundamental frequency is gradually approaching zero.
From the power spectrum, once can deduce that the fundamental mode is around v1 = 0.54kHz. In
general, one requires longer integration time to be able to resolve smaller frequncies. On the other
hand, one needs higher spatial resolution to be able to resolve the larger frequencies. This presents
a trade-off: because of the CFL stability condition, the time step is set proportional to the spatial
step (we use dt = 0.25dx). It becomes computationally costly to perform long term evolutions with

a small step size.
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Figure 5.3: The time evolution and power spectrum of h for stellar model 3 and a central density
of pe = 4.23 x 10~3km 2, where the power spectrum has clearly defined eigenmodes with the black

dots obtained from solving equation 5.57.

Finally, Figure 5.3 illustrates that Model 3 is unstable, causing the neutron star to collapse into
a black hole. In general, as the central density of a model increases, the star approaches its stability
limit [24, |]. The frequency of the lowest mode begins to fall toward zero. The presence of a
zero-frequency eigenmode defines the stability limit. At this point, the total mass M as a function

of central density reaches a local maximum [95].
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Chapter 6

Quasinormal modes of a Schwarszchild

black hole

In this chapter, we study the QNMs of a Schwarzschild black hole, a topic that originated with the
work of Regge and Wheeler [33], who first analyzed the stability of the Schwarzschild singularity. It
was then further developed by Vishveshwara [101] who first identified the characteristic ring down in
the gravitational wave signal from a perturbed black hole. These results indicate that the damping
time-scale nd ringing frequency form a characteristic signature of a black hole, uniquely determined
by its mass, charge, and angular momentum. This is consistent with the NoHair Conjecture, which
asserts that all black hole properties are fully described by these three parameters, with no additional
distinguishing features [102, 58, 31, 51]. The characteristic oscillations of the black holes were termed
QNMs and the frequencies associated with them are called the quasinormal frequencies. Over the
years, much effort has focused on developing numerical and analytical approaches to compute QN
frequencies. The beginning of this work was looking at the non-spherical metric perturbations of the
Schwarzschild solution. Throughout the 1970s a number of studies were carried out and this period
would usher in some of the greatest contributions to the area of perturbed spherical and rotating
black holes. Among the contributions to the study of quasinormal modes and their analysis, as
identified by Press [79] and Chandrasekhar [10], was Zerilli’s work on even-parity perturbations [111].
Additionally, Moncrief introduced a gauge-invariant formulation for describing metric perturbations
[73]. In this work, we revisit the computation of quasinormal modes Schwarzschild black hole using

the characteristic formalism of numerical relativity. This formalism is reviewed in 3.4.
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6.1 Linearized field equations

The starting point in deriving the master equation governing linear gravitational perturbations in
the characteristic formalism is to write the Bondi-Sachs metric (Eq 3.75) in linearized form, where
the spacetime is almost Schwarzschild. In outgoing null coordinates, the background metric

2M
ds® = — (1 - > du® — 2 du dr + r’qap dz? dz”, (6.1)

r

is the Eddington-Finkelstein form of the Schwarzschild metric 2.28. The line element (Eq 6.1)
correspond to the Bondi-Sachs metric with U =0 = J = § and W = —2M. Then the following

quantities and their derivatives are designate as first order,
J,J,U,U,w, B = 0e), (6.2)

where W = —2M + w. Applying this linearization procedure to equations 3.95-3.98, we discard
terms that are second order O(e?) or higher which leads to setting the non-linear quantities

Ng = Ny = Ng = Ny = N;j = 0. This leads to the linearized equations

B,=0, (6.3)
30U o + 472U, + 1707 + 408 — 2rdB,. = 0, (6.4)
_ 1 _ . 1 _
43 — 2006 + 5 (0% +9°J) + 5.7 [r*(00U +8U)] , — 2w, =0, (6.5)
oM
20 (rJ) wr — 20°8 4 270U + 120U . — 2(r — M)J . — 12 (1 — T) Jpr =0, (6.6)

Because we are dealing with the vacuum case the following are the constraint equations in this

instance

) ) ) -
- (r(r — 2M)uw, + 00w + 2(r — 2M)30F — Mr(30 + 3U)

—Ar(r —2M)B., — 7’3(50 + 5U)7u + 2rw,u> =0, (6.7)

4%2 <2rw7w + 4908 — (20U + TQE_SU),,") =0, (6.8)

1 _ _
s <2r3w7r — 20w + 2r2(r — 2M)(4U - + U 1) + 4r°U + r? (80U — 0°U)

+2r28.J  — 201U 4 — 47«265#) = 0. (6.9)
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For the purposes of our applications, we do not need the expressions for the constraint equations;

we provide them here for completeness.

6.2 Eigenfunction decomposition and Spin weighted harmonics

The metric quantities (Eqs 6.2) can be expressed as eigenfunctions of the & and d operators, which
is more convenient. Without loss of generality, we assume that the linearized variables can be

expressed as

B = Bo(r)Re (™) Zim, (6.10a)
w = wo(r) Re (€™™) Zgm, (6.10b)
U = Up(r) Re (e"™) 0Zp,, (6.10c)
J = Jo(r) Re (e™") 0 Zuy,. (6.10d)

In our equations 6.10, equation 6.11 is used, and we have used the convention that whenever s =0
we omit the subscript, i.e. ¢Zp, = Zpy,. As basis functions, it is convenient to use the spin-weighted
harmonics ;Zy,, rather than the usual ;Yy,,, in order to avoid mode couplings in terms involving 0
and 0, particularly from terms such as (52J +0%J ) ,(0U +0U) and similar. These basis functions
are given as

(=)™ Yo + Yo _]  form <0

<l

sZEm = Snm form=20 (611)
1

2 (=)™ Yon + sYr —pn]  for m >0

The Yy, are the standard spin-weighted spherical harmonics [54, 71]

— 5!
Eﬁ_{_ 23;553/@% for s >0
Yim = (6.12)
l—s)!
(—1)® §€+ 23'5_51/4,” for s <0
{ !
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The following properties are useful in handling the angular derivatives in the field equations [70],

0(sYem) = /(€ = 8)(€ + 5+ 1)s41 Yo, (6.13)

0(sYom) = =/ (£ +5)(0 — s+ 1)51Yom, (6.14)

00(sYem) = 00(sYem) (6.15)
=—l—=95)l+s+1)sYon,

0 (Yim) = [(£ = $)(£ + 5+ D]ss2Vom, (6.16)

3 (Yim) = [(+ 8)(£ — 5+ D]s—2Vom, (6.17)

0%0°(sYom) = 0°0°(sYem) (6.18)

=Ul—-—s—1D{Ul—-s5)l+s+1)(l+s+2)sYs.

6.3 Master equation

With the ansatz in Eqgs 6.10, the linearized equations are now ODEs in r

/6,7" = 07 (619)

13U o + 472U +17(0+2)(6 = 1)J . + 48 — 2rB, = 0, (6.20)
1

4B+ 2+ 1B+ L =D)L+ 1) +2)] - [re(e+1)U] | — 2w, =0, (6.21)

20 (1) wr — 28 + 20U + 172U, — 2(r — M)J, — r? <1 — 2an> Jr = 0. (6.22)

For convenience we will introduce a complex frequency variable p = iv and will also drop the zero
subscripts on Egs 6.10 as well, and from these we can then write down the master equation for the

variable J which was first introduced in [23] as

3 (r — 2M)J yppr — 22 (pr2 — 4y + 5M) Jgpr =1 [14pr2 —12r =4+ 1)r + 4M] I rr ( )
6.23

—2[pr* =L+ 1)r—2M] J, =0.
In [23] the investigation was only for £ = 2 case and the independent variable was x = 1/r
variable. To simplify the analysis of the Master equation we introduce a new auxilliary variable
J =1r3(rJ(r) ) as a transformation, to reduce the fourth order Ordinary differential (ODE) 6.23

given above into the second order ODE
r?(r —2M) Ty —2r (pr* + 17 —5M) T — [20r + (* +£—2) r + 16M]| J = 0. (6.24)
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With this simplification we can now focus on the regular singular points, one at » = 0 and the other
at r = 2M, and the irregular singular point at r = co. For the regular singular point at r = 0, the
master equation solution 6.24 when expressed around this singular point, in the form

lim J = ", (6.25)

r—0
then the exponents assume the two values k1 = 4 and ko = 2. For the second regular singular point
at r = 2M, the solution to the master equation 6.24 around this point takes the form

TEIZHMJ = (r—2M)*, (6.26)

where the exponents s; in this form take the values s; = 0 and so = 4pM — 2. From our sign
conventions used in this work, so = 4pM — 2 is the outgoing solution and s; = 0 is a static solution.
At r = 0o we have an irregular singular point. The asymptotic solutions of the master equation
6.24 become

j:% and J = p3taeM2er, (6.27)

Recall that frequency v is complex with the imaginary part responsible for the growth and decay of
the perturbation field J. For negative imaginary parts of the complex frequency, the mode will
decay and thus the black hole is stable under perturbation. Again with our sign conventions the

3+4pM€2pr

solution J =r serves as the outgoing mode.

6.3.1 Quasinormal modes

Now we turn our attention to the black hole Quasinormal modes which are typically defined as
solutions to the master equation with purely ingoing boundary conditions at the horizon and purely
outgoing wave conditions at infinity. For our purpose, we will be imposing the purely outgoing
condition at infinity. However for the boundary condition at the horizon, our only requirement is
that there is no information leak within this point'. Based on the behavior of modes outlined in

Eqgs 6.26 and 6.27, our boundary conditions can be specified as

g =2 (r—2M)° and J 22 pAeMASL2er (6.28)

!This treatment at the horizon is necessary since there are no ingoing modes within this formalism; the traditional
boundary condition of ingoing at the horizon and outgoing at infinity is not possible
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This behavior can be achieved by seeking power series solutions of the form

o0 _ 2M n
T = rieM+3,2p(r—2M) Z an (T . ) . (6.29)
n=0

Using the Power series 6.29 in the master equation 6.24 results in the three term recurrence relation

which determines the expansion coeffients a,,

aoa1 + Boap = 0 (6.30)

ntnt1 + Bnan + Ynan-1 =0 forn=1,2,--- (6.31)

where the functions a,,, b, and =, are given by

an = —n?+ (4Mp —4)n+4Mp — 3 (6.32)
B =202 — (16Mp — 2)n + 32M?p* —8Mp — 3+ ((L + 1) (6.33)
Yo = —n? + (8Mp + 2)n — 16 M?p*> — 8Mp (6.34)

The recurrence relations above can be used to derive an infinite continued fraction equation for the

QNM eigenfrequencies
Qo7 a172 @273

Br1— Ba— B3—

However this same equation can be inverted an arbitrary number of times with the nth inversion

0=/%— (6.35)

given by [65]

B8, — Hn—17n Xn—-2Tn-1  Q0V1| _ AnVntl Ant17n+2 Ant27nt3 (6.36)

Bni— PBua—  —Bol Buti— Buta— Burz—

The form 6.35 and 6.36 are equivalent for n > 0, but for practical computation, the form 6.36 will

be used instead, where the nth overtone is computed as the root of the nth inversion.

6.3.2 Algebraically special mode

As highlighted in [39], algebraically special perturbations are those that excite gravitational waves
that are either purely ingoing or purely outgoing. The Bondi-Sachs formalism is well suited to
tackle these kinds of modes. In the following, we consider the purely outgoing modes in the master

equation 6.24. In this case, we impose the following boundary conditions
J I (oM M=2 and g T2 pAeMAS 2 (6.37)
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The appropriate series, satisfying these conditions at the boundary, can be constructed in the form

> —2M\"
J=(r— 2M)4”M_2r5 e2p(r—2M) Z G, (r . > ) (6.38)
n=0

Now, after substituting 6.38 into the master equation 6.24, the sequence of expansion coefficients a,,

is determined by the three term recurrence relation

agay + Poag = 0, (6.39&)
Qnpi1 + Bpan + Ynan-1 = 0 n=12--- (6.39b)
with
anp = —(n+1)(n—1+4pM), (6.40)
Bn = 20 —6n+14+L(0+1), (6.41)
YT = —(n—2)(n—4). (6.42)

The root equation determining v takes the same form as 6.36. Numerical results for n =1 and n = 3

2Mv (n=1) 2Mv (n = 3)

3.56 x 1072° — 44 1.69 x 10735 4 44
—1.55 x 10722 —20i  —2.79 x 10733 + 20¢
—4.20 x 1072 — 604 6.23 x 107*® + 60:
—2.06 x 10722 —140i  1.00 x 1073® + 140:
—6.41 x 1072 —280i —5.47 x 10732 + 280i

ST W N >

Table 6.1: Eigenfrequencies determined from Eqs 6.39a, for the cases n = 1 and n = 3.

are given in Table 6.1. There are other roots corresponding to other n values. Nevertheless, the
roots corresponding to n = 1 and n = 3 are noteworthy; they converge to a high degree of accuracy,
suggesting that they may in fact be exact solutions. This is indeed the case, as can be verified as
follows. One can impose conditions under which the infinite series 6.38 terminates, resulting in a
finite number of equations for the a; coefficients, see e.g. [68]. From the structure of the recurrence
relations 6.39, this will be so if both v,4+1 = 0 and a,1+1 = 0 for some n. If this holds, then a, =0

for all n > m. Now, solving v,4+1 = 0 leads to

Yt1=—(n—1)(n—3) =0, (6.43)

with the solutions n = 1 and n = 3. If in addition we impose a,11 = 0, we have the following cases
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e Casen=1

Imposing the condition as = 0 in 6.39 results in

apal + Poag = 0, (6.44a)
prar +map = 0. (6.44b)

This 6.44 can be simplified to
agy1 = Bopb (6.45)

which is equivalent to the solution

G 1)5(1@2;4 D(e+2) (6.46)

e Casen =3

Imposing a,+1 = 0 leads to a4 = 0, and the truncated recurrence relations become

apar + Boag = 0, (6.47a)
arag + frar + mao = 0, (6.47Db)
azaz + faaz + a1 = 0, (6.47¢)
Bsaz +yza2 = 0. (6.47d)

In this case, the coefficients a; (i = 1,2,3) can be computed explicitly from Eqs 6.47a-6.47c

_ _bo A
al o0 ap , (6 8)
a1 O a1

as = P@&%_@%+W%%“ (6.50)
a9 X1 O a9 (X1 a9 X

One can then solve 6.47d

Q2 1 (g a2 a2

[_525150_52714_7250}%4_{&50 71]73:0, (6.51)

which yields
=1+ 1) (L +2)
p= 1901 . (6.52)
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Taken together, Eqs 6.46 and 6.52, give the algebraically special mode as,

=D+ +2)
OMy = +i o . (6.53)

6.4 Lentz Algorithm for Continued Fractions

Lentz algorithm is a robust numerical technique for evaluating continued fractions. It provides a

systematic approach to compute continued fractions of the form:

f(@) =bo+ “ (6.54)

a2

b +
as

bg+ ...

by +

The most preferred form of the above is given as the following,

ap a2 a3z a4 as

= by +
J@) = b+ g et bt ot

(6.55)

where a,, and b,, are the coefficients of the fraction and these themselves can be functions of x. This
algorithm is especially useful in applications involving special functions or iterative processes and
often converges much more rapidly than power series expansion. In detail, the modified Lentz’s

algorithm is,

e Set fo = bg; if bg = 0, set fy = tiny.

e Set Cy = fo.
e Set Dy = 0.
e For j =1,2,...

Set Dj = bj + aij_l.
If Dj = O, set Dj = tiny.

@
Set Cj = bj + Cjil .
If Cj = O, set Cj = tiny.
Set, Dj = DL

J
Set Aj = Cij.

Set fj = fjflAj.
If [Aj — 1| < eps, then exit.
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Here, eps denotes the floating-point precision, for example, 10~ or 107, The tiny parameter
should be smaller than typical values of eps|b;|, such as 1073, The algorithm above assumes that

the continued fraction evaluation can be stopped when |f; — f;—1| becomes sufficiently small.

6.5 Numerical results

The continued fraction equations 6.36 is computed via Lentz’ algorithm (see section 6.4). This
presents us with a standard root finding problem for each multipole number £. Moreover, for each
£, the continued fraction equation has an infinite number of roots which are characterized by the
overtone number n. The root finding methods employed here require initial guesses for each n.
When n > 2, we set the guess for p via linear extrapolation from the previous roots. For n = 1 and
n = 2, we initially do not have any data to extrapolate from. For that case, the initial guess is
obtained via an expansion for the frequency in inverse powers of L = ¢+ 1/2. In the notation of
[13], this gives p as

—ipm = w(_nl)L + w(()n) + wgn)Lfl + wén)lfz +--- (6.56)

(n)

The expressions of the w, ~ are given in [13],

m_ 1
=—, 6.57
. (6:57)
(n)  —tlN
= , 6.58
- - (6.58)
(n) 1 [B BNZ 115
_ P_ _ 6.59
Ve {3 36 432]° (6.59)
ny  —iN 235N? 1415
m _ @[5 _ }, (6.60)
V27T |9 3888 15552
m 1 B*  204N? +211 ,  854160N* — 1664760N? — 776939
3 = = |—5o + + , (6.61)
V2T | 27 3888 40310784
() iN [B?  1100N? —2719 11273136N* — 527538002 + 66480535
V21 |27 46656 2902376448

where N = n + 1/2. In principle, one could do away with the extrapolation step by using an
asymptotic expansion for the modes py, as initial guesses. For the Schwarszchild case, the asymptotic
expression is known to be [15]

(+5—(n+ )i

—ippn = . 6.63

However, since we are interested in further applying this technique to other scenarios where simple

asymptotic expansions may not be readily available, we restrict our approach here to using linear

extrapolation for the initial guesses.
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Figure 6.1: The first 60 Schwarzschild quasinormal frequencies for £ = 2 and ¢ = 3. The algebraically
special modes have black outlines over them.

In Fig 6.1, we plot the first 60 modes for £ = 2 and £ = 3. In each case, the results are consistent
with the standard quasinormal modes of the Schwarszchild black hole. The real part (Re(2Mv)) of
the frequencies increases with increasing values of ¢, indicating higher oscillation frequencies. The
imaginary part (Im(2Mwv)) is negative, consistent with decaying oscillations, and becomes more
negative with higher overtones, reflecting faster damping for these modes. Modes with { = 3 have
higher oscillation frequencies (Re(2Mv)) compared to [ = 2 for corresponding overtones. Similarly,
[ = 3 modes show slightly faster damping, as indicated by their more negative Im(2Mv) values.
Lower overtones (smaller absolute Im(2Mv)) dominate the gravitational wave signals as they decay
more slowly and persist longer. Higher overtones cluster toward the higher end of the imaginary axis,
indicating their short-lived contribution to black hole spectrum. These results are consistent when

compared against the standard quasinormal modes of the Schwarzschild black hole [22, 62, 64, 75].
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Figure 6.2: : First 10 Schwarzschild quasinormal frequencies for ¢ = 2 through ¢ = 12. The dashed
lines connect different overtones of the modes corresponding to the same value of ¢

We computed the eigenfrequencies of Schwarzschild black hole quasinormal modes (QNMs) for

angular momentum quantum numbers | = 2 to [ = 12. The results are illustrated in Figure 6.2.
For [ = 2, the mode exhibits the lowest frequency and slowest decay, making it the most prominent

in astrophysical observations of gravitational wave signals. Modes with [ > 2 contribute less
significantly due to their rapid decay, with eigenfrequencies clustering further from the origin. These

results are consistent with theoretical expectations for black hole QNMs, confirming the dependence
of oscillation frequency and damping on angular momentum.
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Chapter 7

Conclusions and Future Work

This thesis investigates the bridge between perturbation theory and numerical relativity by studying
the stability of neutron stars, their radial oscillations, and the quasinormal modes (QNMs) of
Schwarzschild black holes. The results provide valuable insights into how perturbative methods and
full numerical simulations can complement each other, particularly within formalisms such as the

ADM decomposition (Section 3.1) and the characteristic formulation (Section 3.4).

The numerical solution of the TOV equations 4.41 established the mass-radius relationship for
neutron stars, revealing the transition between stable and unstable configurations based on the
fundamental mode frequency. The study of radial oscillations using the linearized ADM formulation
Eq 5.37 demonstrated that stable neutron stars exhibit periodic oscillations (see Figures 5.1 and
5.2), while unstable stars undergo exponential growth in perturbations, leading to collapse (see
Figure 5.3). This stability transition is evident in the vanishing of the fundamental mode frequency,
consistent with expectations from perturbation theory and confirmed by both time-domain and

frequency-domain methods.

The characteristic formulation of numerical relativity was employed to compute the QNM spectrum
of Schwarzschild black holes (Chapter 6, Eq 6.24), reproducing known frequencies (see Figures 6.1
and 6.2). This approach naturally imposes outgoing boundary conditions at future null infinity
(Section 6.3.1), making it particularly well-suited for extracting QNM frequencies with high preci-
sion. The computation of Schwarzschild QNMs using the characteristic formulation successfully
reproduced known mode frequencies, demonstrating the utility of this approach in perturbation

studies.
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The consistency of quasinormal mode results for black holes and neutron stars with those in
literature reinforces the effectiveness of these formulations in compact object studies and demon-
strates that it is possible to use numerical relativity to study perturbation theory, providing a
bridge between analytical and computational methods. This work highlights the significance of the
ADM and characteristic formulations in studying compact objects and their ability to be applied to

perturbation theory, while limited to non-rotating and spherically symmetric configurations.

Future work should explore neutron stars in modified gravity theories like f(R) gravity [19, 10, 13].
Investigating alternative gauge conditions can improve the numerical performance of ADM-based
radial oscillation studies, particularly near instability thresholds [96]. Further work on radial
oscillations in f(R) gravity and boson stars can refine our understanding of compact object stability
[53, 80, 45]. Additionally, the new approach on quasinormal modes (QNMs) computation of black
holes can be extended to Schwarzschild black holes in f(R) gravity, charged black holes, and
Kerr black holes, as well as N-dimensional black holes, to deepen insights into gravitational wave

astronomy and strong-field gravity.
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Appendix A

Einstein Field equations components
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A.3
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A.4 Ricci Scalar
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