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Abstract

Singular perturbation methods are used to obtain amplitude equations for the paramet-
rically driven damped linear and nonlinear oscillator, the linear and nonlinear Klein-Gordon
equations in the small-amplitude limit in various frequency regimes.

In the case of the parametrically driven linear oscillator, we apply the Lindstedt-
Poincaré method and the multiple-scales technique to obtain the amplitude equation for
the driving frequencies wy, & 2wo,wo, (2/3)wo and (1/2)woe. The Lindstedt-Poincaré method
is modified to cater for solutions with slowly varying amplitudes; its predictions coincide
with those obtained by the multiple-scales technique. The scaling exponent for the damping
coefficient and the correct time scale for the parametric resonance are obtained.

We further employ the multiple-scales technique to derive the amplitude equation for
the parametrically driven pendulum for the driving frequencies wy, & 2w, wo, (2/3)ws, (1/2)wo
and 4wg. We obtain the correct scaling exponent for the amplitude of the solution in each
of these frequency regimes.

Proceeding to the damped linear Klein-Gordon equation, we identify the adequate set of
“slow variables” induced by the parametric pumping. We obtain the amplitude equations and
find the onset of the parametric instability in each of the four cases: wy, & 2wp,wo, (2/3)wo
and (1/2)wo. This onset is shown to coincide with the lower bound of the instability window
of the linear oscillator.

The discussion of the parametrically driven damped sine-Gordon equation focuses on
its breather and radiation wave solutions. We obtain the amplitude equations (which are
a family of nonlinear Schrédinger equations) for both of these. The driving frequencies
considered are wyr & 2wy, wo, (2/3)wy, (1/2)we and 4wy.

We found that the same driving frequency wy, can excite radiation waves with different
carrier frequencies, Oy = (N/2)wgy,, and wavenumbers: ky = /Q% — w2. Analysing exist-
ence and stability of solutions to the corresponding amplitude equations, we determine the
correct scaling for the amplitude of radiation waves in each of these cases.
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Chapter 1

Introduction

1.1 Nonlinear evolution equations and solitons

For a long time, it has been accepted that a wide variety of physical problems could be
modelled by linear equations. Nonlinear effects were neglected with the assumption that
only small variations to the solution could arise if nonlinearity is taken into consideration.
This assumption holds for small amplitude solutions. When the amplitude is large, however,
nonlinear effects cannot be ignored. Nonlinearity is a fascinating aspect of nature the im-
portance of which has been appreciated when considering large- amplitude waves observed in
various fields such as hydrodynamics, solid-state physics, nonlinear optics, and so on. This
gave rise to the development of what is nowadays known as theory of nonlinear waves.

In the course of the development of nonlinear wave theory several nonlinear equations
which model a wide range of physical phenomena were identified. Such equations include
the Korteweg-de Vries, Boussinesq, Kadomtsev-Petviashvili, modified Korteweg-de-Vries,
nonlinear Schrodinger and derivative nonlinear Schrodinger, sine- and sinh-Gordon equation,
p*-theory and so on. Amongst these there are equations that are universal in that they may
be encountered, just like the d’Alembert linear wave equation, in diverse problems. Examples
of such equations are the Korteweg-de-Vries (KdV), the nonlinear Schrédinger (NLS), and
the sine-Gordon (SG) equation.

This dissertation is concerned with various questions relating to the parametrically
driven, damped SG equation. In order to place this work into perspective, we will begin
by reviewing some topics pertaining to nonlinear partial differential equations. First, we
will illustrate how the KdV, NLS and SG equations arise; next we will discuss features of
solutions to these equations, in particular, soliton solutions, kinks and breathers, and the
effects of dissipation and driving on these solutions. With this background in place, the aims
of the dissertation can then be outlined in some detail. This will be done in Section 1.2.



1.1.1 Some nonlinear evolution equations of physical signific-
ance.

KdV Equation. The Korteweg-de-Vries equation,
Up + Uzzr + uuz = 0, (1.1)

is typically a useful approximation for systems with weak nonlinearity and weak dispersion. It
is encountered in the modelling of electrical transmission lines [25], anharmonic lattices [79],
plasma (as a model equation for magnetohydrodynamic waves) [57], longitudinal dispersive
waves in elastic rods [69], pressure waves in liquid-gas bubble mixtures [82], and so on.

Let us illustrate how this equation arises in the description of weakly nonlinear weakly
dispersive waves. A broad class of wave processes is modelled by the d’Alembert equation,

d)tt - ng)zz = 0, (12)

which describes the propagation of waves travelling with a constant velocity cg. There
are several assumptions that are made in deriving this equation: there is no dissipation,
nonlinearity is negligible and there is no dispersion. Let us now introduce nonlinearity and
dispersion. The general solution of equation (1.2) has the form of two waves travelling in
opposite directions,

b = (e — cot) + a(z + cot). (1.3)

For very large times, these waves can be treated independently of each other even if small
nonlinearity and dispersion are taken into consideration. (We assume that the dispersive
broadening of these waves occurs slower than the rate at which the distance between them
increases.) Each of these waves satisfies a first order equation. The wave ¥(z — cot), in
particular, satisfies

Pi + copz = 0. (1.4)
Let us find corrections to this equation due to dispersion and nonlinearity.

We start with the dispersion law for linear waves:
w = kc(k).

As k — 0 the phase velocity ¢ — ¢p. In the absence of dissipation, ¢(k) can be expanded as
a power series in k%. Thus w can be represented as a function of k with real coefficients. For
first corrections,

w = cok — Bk3,
where 3 is a constant. This dispersion relation implies that we have to add the third order
derivative term to (1.4):

d)t + CO’L/)I‘ + ﬁ¢zzz =0. (15)

The correction due to nonlinearity is accounted for with the use of conservation laws.
Let, for instance,

d)t + Nz = 0, (1.6)



where 1) is the conserved density and 7 is the corresponding flux. From the comparison of
(1.5) and (1.6), we have that in an approximation linear in %

0%
n=cop+ B FR
In the next approximation, we have to include a term containing the second power of 1:
o? a o,
— i W 1.7

where a =const. Substituting (1.7) in (1.6) we obtain

Y + copz + ,Blybr:z:z: + ad”)br = 0. (18)

By change of variables
f =z - Cot, ¢ = éua
o

the equation (1.8) becomes
U + Ugge + Ulg = 0, (19)

the KdV equation.
NLS Equation. The nonlinear Schrédinger equation,

ihe + Yoo + 2090*Y = 0, (1.10)

describes the evolution of small-amplitude pulses in weakly nonlinear strongly dispersive
systems. In contrast to the KdV, the NLS equation governs the evolution of an envelope
of weakly nonlinear waves and admits standing wave solutions. It occurs in a large class
of physical contexts including plasma physics [46], nonlinear optics [10], solid-state physics
(where it describes the dynamics of quasi-one-dimensional ferromagnets with easy axis an-
isotropy [33], and that of strong phonon beams [77]), hydrodynamics [16], and in various
other fields.

How does this equation arise in the wave theory? Consider a wave which consists
of a sinusoidal carrier wave of a constant frequency wy and a wavenumber kg, modulated
by a waveform 9. We assume that this wave envelope varies slowly in time and space as
compared to the variations of the carrier wave:

b = tho(X, T)e(“ot—Fo=) (1.11)

where X = ez, T = et with ¢ <« 1 represent the “slow” space and time variables. As the
envelope of the wavepacket is slowly varying, it contains a large number of crests of the
carrier wave and the amplitude distribution is concentrated in wave numbers close to the
value k = ko. Under these conditions the dispersion law w = w(k) can be expanded in a
Taylor series about the wavenumber kg of the sinusoidal carrier wave:

w = w(ko) + calk — ko) + B(k — ko).



Thus

. 10 10
ith = woyp + co( =5 = ko)¢+ﬂ(;5;—ko)2¢- (1.12)
Substituting (1.11) in (1.12), then we have
O . Bbo, o
(G 9, = Pz (1.13)

The nonlinearity is exhibited in the form of the dependence of w on |ig]. For first
corrections we have

w = wp + alhol’. (1.14)
Combining (1.13) and (1.14) we obtain

. [ 0o 0o\ %o
Z (W + CO%—) =—h 0zx?

+ altpol*bo. (1.15)

This equation describes the propagation of a wave packet with the group velocity ¢, and is
known as the nonlinear Schrédinger equation.

SG Equation. The sine-Gordon equation,
Ugr — Uy = SIN U, (1.16)

describes systems with structural periodicities, e.g. when u is an angular variable. It is
encountered in the theory of Josephson junctions [60, 72], spin excitations in liquid 3He,
resonant optical pulses {31], chains of pendula connected by a spring [72], and so on. This
equation also arises in the theory of charge-density-waves, and describes the dynamics of
quasi-one-dimensional ferromagnets with easy-plane anisotropy and that of ferroelectric sys-
tems [25].

It is worth illustrating how this equation arises in the theory of Josephson junctions
[72], for example. The Josephson-junction transmission line consists of two superconductor
strips separated by an oxide layer which is thin enough to permit coupling of the supercon-
ducting wave functions. The two superconductors can be described by wave functions for
the superconducting state of the form

Y1 =(p1)%* and oy = (pg)'/%e™,

where p; and p; are the electronic charge densities. The Josephson current is related to the
difference ¢ = @1 — 3, between the two phases of the wave functions on the two sides of the
oxide layer. In particular, the Josephson current per unit area is

I =Iysing (1.17)
where ¢ is associated with the applied voltage by

dp 2e



Note that equation (1.17) describes the internal periodic structure of the Josephson junction.
If we take the magnetic flux to be
¢ = / vdt,

I = Iysin(27®/ ®o) (1.19)

equation (1.17) can be rewritten as

where ®¢ = %/2e is the flux quantum. From equations (1.17), (1.18) and (1.19) the partial
differential equations for the shunt voltage, v, and the surface current, ¢, on the transmission
line can be written, by applying Kirchhoff’s laws, as:

ov ot

= =-Lz, (1.20)
di Ov )
—6—(; = —C (—6—{ - Jo s1ngo) , (121)
and
Jdp 2e

where L is the inductance, C the shunt capacitance, and Jy the maximum Josephson current
density per unit length. Combining equations (1.20), (1.21), and (1.22) we obtain a single
partial differential equation for the phase angle difference ¢:

0% 0%  2eJdoL
R T

If we measure distance in units of the Josephson length

sin ¢. (1.23)

I = (h/2eJoL)Y?,

and time in units of

T = (hC/QCJ()),

the sine-Gordon equation (1.23) reduces to the normalised form,
Pz — Pi = sin .

The equations discussed above are of importance to mathematicians since their solu-
tions can be found exactly by the inverse scattering method. Such equations are completely
integrable. Through the inverse scattering method, it is possible to find all the remarkable
properties possessed by these equations such as the existence of stable N-soliton solutions,
infinite number of conservation laws, large time asymptotics, Lie-Backlund symmetries, and
so on. If one wishes to find only some of these properties, this method can be laborious.
There are, however, other methods that can be used in that regard such as the Backlund
transformations, Hirota bilinear method and so on. There is also a wide variety of non-
integrable equations that are of no lesser importance. They appear in many fields such
as superfluids, solid state, high-energy and nuclear physics, nonlinear optics, and so on.

)



These equations include the so-called ¢* theory; the double sine-Gordon and the driven
sine-Gordon; Maxwell-Bloch equations, the higher order NLS equations,

i + Yoo + 9|7 =0, n>2

to name but a few. Although they cannot be solved by the inverse scattering transform,
large classes of solutions of these equations may be found through other methods, for instance
perturbatively [30, 56] and numerically.

1.1.2 Behaviour of solutions.

In both integrable and nonintegrable systems, there may occur waves that are character-
ised by a balance between nonlinearity and dispersion. In general, as a wave propagates,
nonlinearity tends to steepen and break it which often leads to formation of discontinuities
and shock waves. On the other hand, dispersion spreads out the wave because different
Fourier components of any initial condition will propagate at different velocities and hence
any profile will spread. Zabusky and Kruskal [87] studied numerically the KdV equation and
noted that initially the nonlinearity uu, dominates over dispersion u,,, thereby resulting in
the steepening of the wave in the region where u(z,t) has a negative slope. After u(z,t) has
steepened sufficiently, the dispersion u,,, comes into play and prevents the formation of a
discontinuity. Instead, short wavelength ripples develop on the front. The amplitudes of the
ripple oscillations grow and finally each oscillation achieves an almost steady amplitude. In
systems which are slightly nonlinear, the competition between these two effects of steepening
and spreading may lead to a balance that gives rise to a steady-state pulse. This pulse is
called a solitary wave.

Solitons. In completely integrable systems these solitary waves emerge from a collision
without change of form or speed. (There is only a phase shift, or time delay). This particle-
like behaviour prompted Zabusky and Kruskal [87] to coin the term soliton for a solitary
wave which preserves its shape and speed in a collision with another solitary wave. Like
the solitary wave of the KdV equation, the solitary waves of the SG and NLS equations are
also solitons. On the contrary, in nonintegrable systems collisions are not elastic. Solitary
waves may destroy each other, form bound states, or simply emit radiation in the form of
small-amplitude dispersive linear waves.

The soliton solution of the KdV equation (1.1) has the form
u = 3vsech? [\/TE(Q: - vt)] .

It represents a disturbance that moves in the positive z direction at a constant velocity v.
The velocity of this solitary wave is proportional to its amplitude and so larger-amplitude
pulses travel faster than smaller ones.

The soliton solution of the NLS equation reads

u = Asech[A(z — vt)]exp [zg-(:z: — gt) + iA2t].
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In contrast to the KdV soliton, the velocity v of the NLS soliton is independent of the
amplitude A. Any initial condition of the KdV and NLS equations evolves into a sequence
of solitons and an oscillatory tail decaying as 1/+/%.

Kinks and Breathers. The sine-Gordon equation exhibits two fundamental types of
soliton solutions, the kink and breather. The kink solution has the form

z —uvt
us = 4tan”! |exp | +——
* [ ? ( V- v)] ’
where v is its velocity. If we choose the upper sign, u increases monotonically from 0 to 2=
as z changes from —oo to +c0. The negative sign corresponds to a negative sense of rotation

and the pulse is referred to as an antikink. An important property of the kink is that it has
nonzero topological charge. The topological charge is defined by

n= %/uzdm.

The topological charge of an arbitrary configuration is therefore

1

= —[u(00) — u(~c)]

n

which is the difference between the number of kinks and the number of antikinks in this
configuration. It is clearly integer-valued.

The energy of the kink is

EK=8/V1—’U2.

Notice that Ex does not vanish when v — 0. Consequently, a finite amount of energy is
necessary to excite even a stationary kink.

If a kink and an antikink travelling with the same velocities undergo a collision, they
may pass through each other as described by the doublet solution

sinh(vt/v/1 — v?) ]
vcosh(z/v1—v?)]’

where v is an arbitrary parameter. As time increases, the doublet solution separates into the
antikink travelling to the left with velocity (—v) and the kink travelling to the right with
velocity (+v). The doublet wave form resulting from the collision between two kinks (or two
antikinks) travelling with equal velocities has the form

vsinh(z/v1 — v?)
cosh (vt/+/1 —v?)]
The energy of each of the solutions (1.24) and (1.25) is the sum of energies of the two

individual kinks comprising the doublets. In general, there exist N-kink solutions of the SG
equation [1].

(1.24)

up = 4tan~! [

up = 4tan™! [ (1.25)



The other fundamental type of a soliton solution is the breather. It is localised in space

and oscillates in time:
tan v sin [(cos v)t]

-1
up = 4tan [ cosh [(sinv)z] |’
Unlike the kink, it is a nontopological solution (n = 0) and its amplitude oscillates between
4y and (—4v). This solution may be considered as a bound state of a kink and antikink.
However, the breather cannot dissociate into a kink and antikink as t — +o00. Its rest energy
is given by
Eg =16sinv

and varies from 16, the rest energy of two kinks, down to zero as v tends to zero. Con-
sequently, even small amounts of energy are sufficient to excite the breather. The breather
frequency equals cos v and is always less than unity. When the frequency of the internal
oscillations tends to 1 (the value of the natural frequency of the system), the breather’s
amplitude tends to zero and the breather approaches a small-amplitude linear wave.

Let us show that slowly varying amplitude of the small-amplitude breather of the sine-
Gordon equation satisfies the NLS equation. In the small-amplitude limit the SG equation
(1.16) can be approximated by

1

Upp — Upg + U — 6u3 = 0. (1.26)

We then assume that -
u =eZeiu;, ekl
1=0
and that .
u=p(X,T)e™ + c.c. (1.27)

where X = ez, T = et and c.c. denotes complex conjugate. The amplitude function ¥ (ez, €t)
is constant with respect to rapid variations in z and t of the carrier wave. Inserting eq. (1.27)
into (1.26) and neglecting the third harmonic, we obtain at a first approximation a nonlinear
dispersion relation

1
Q2 =1- §€2|’(/)|2,

and the NLS equation for the envelope v:
) 1
21 — Yxx — ‘2‘|¢l2¢ =0.

The concept of solitary wave retains its relevance in nonintegrable systems. In contrast
to completely integrable systems where solitons are always stable, nonintegrable systems ad-
mit solitary waves which can be both stable and unstable with respect to small perturbations.
If the solitary wave is stable, small perturbations die off as t — oco. If solitary waves are
unstable their amplitudes may grow infinitely, the phenomenon called collapse. In other
instances, unstable solitary waves may disperse into linear waves. As far as stable solit-
ary waves are concerned, during collisions they may pass through or bounce off each other



(with the emission of radiation), destroy each other [44], or form breather-like bound states
(38, 39, 40].

The result of a collision may depend on the initial velocities of the stable solitary waves.
If velocities of colliding waves are high, the waves typically pass through each other, or get
reflected, without being destroyed. Their energies, amplitudes and velocities decrease after
collision due to the emission radiation. When the velocities are small, the two solitary waves
may be bound together in a breather-like state. Campbell et al [38] have shown that for
particular nonintegrable systems such as the o*-theory, there can be however more than
one range of initial velocities for which solitary waves form bound states. They have also
observed that there is a sequence of regions of intermediate initial velocities in which a
creation of bound-states and repulsion alternate — they referred to these regions as reflection
windows. Due to inelastic collisions in nonintegrable systems solitary waves are not genuine
solitons [85]. However, in recent literature, especially physics literature, no distinction is
made between a solitary wave and a soliton. It has become common to use the term soliton
for any solitary wave solution. Accordingly, we shall not make such a distinction in what
follows.

Solitons are important structures in nonlinear evolution equations. In completely in-
tegrable systems, every localised initial condition breaks up asymptotically into a set of
solitons, propagating with constant velocities, accompanied by the background radiation
that typically dies off as 1/+/%. Since collisions of solitons of completely integrable systems
are elastic, the number of solitons remains constant. Hence the evolution of any initial data
in these systems reduces asymptotically to soliton dynamics. The existence of stable solitons
in nonintegrable systems is even more significant. In this case collisions are no longer elastic
but produce the background radiation. This radiation can, however, be absorbed by other
solitons. This leads to a loss of “mass” by some solitons in the system. The implication of
this behaviour for systems in a bounded region, where solitons are confined to keep on col-
liding, is that after some time only one stable soliton survives [44]. In this case one may say
that stable solitons behave as statistical attractors. In general, solitons represent structures
that serve as footholds for the nonlinear analysis even in the presence of chaotic phenomena
that may be caused by some perturbations.

Effects of dissipation. Let us first consider a situation when dissipation appears as
a perturbation to completely integrable system. If one wishes that nonlinear structures such
as solitons exist over long periods of time (for example, if one wants to use solitons in optical
transmission lines) it is necessary that dissipative factors be small. When the energy of the
soliton is dissipated, the soliton’s amplitude decreases and its width increases. Damping
may appear in different forms depending on the underlying physics.

In the case of the sine-Gordon equation, the damping may occur as the first time
derivative:

Pt — Pzz + wcz) sin P = _R((P)
where R(y¢) = Ap¢, or Apzze (A > 0). In some instances, a combination of these may be
encountered. For example, in the theory of Josephson junctions, the damping Ap; accounts

for the dissipation due to tunnelling of normal electrons across the dielectric barrier, while
the damping Ap..: accounts for the losses due to the current along the barrier. Damping, in



this case, slows down kinks and breathers. In the case of the breather, the internal breathing
will tend to slow down and energy will be dissipated until the breather decays into linear
waves. As for the kinks and antikinks, as the energy decreases the velocities also decrease.
In this case the kink and antikink may be bound together into a breather.

Damping in the NLS equation may appear in different forms as well. Consider

e + Yoo + 2|9[* = —R(). (1.28)

Dissipation may arise, for example, in one of the following forms or a combination of these:
R(¥) = 179, R = iy¥zz1, R = iyyp|¥|?, and so on. (Here v is a damping coefficient.) Let us
now consider the damped NLS equation with the dissipation term R(v) = iyy. This type
of damping is encountered in optics where the fiber loss acts as a dissipating factor. If v is
small, the one-soliton solution can be obtained through perturbation methods [30, 56}:

Y(z,t) = A(t)sech[A(t)z] exp [iw(¢)] + O(7), (1.29)
where
A(t) = Ao exp (—2+t) (1.30)
and
w(t) = wo[l — exp (—44t)]. (1.31)

According to (1.30), the soliton’s amplitude decreases as exp (—24t), while the width in-
creases as exp (2vt). (Consequently, the soliton propagates by retaining the property that
the amplitude times width remains constant.) The energy of the soliton also decreases as
exp (—2+vt). On the other hand, if v is large, no soliton can be formed at all. The initial
condition will rapidly decay to zero.

External and Parametric Pumping. In order to compensate for energy losses the
energy should be pumped into the system. This can be done in different ways. The simplest
example of a damped driven system is a playground swing. In this case there are two ways of
pumping-in the energy. First, somebody from the outside may push the swing periodically.
This situation is described by the equation

i+ 2v% +wlsinz = f cos (t,

where v is the damping coefficient and f the amplitude of the external force. The driving
term appears as an inhomogeneity in the equation. This type of a driver is called ezternal
driver.

Alternatively, a person on the swing may amplify his swaying motion by lowering the
centre of gravity of his body as the swing descends and raising it as it ascends. In this case
the pumping appears as a time-dependent coefficient:

% +2v% + wi(l — e cos Q) sinz = 0.

This type of pumping is called parametric driving. When both dissipative and driving terms
appear in a system, there is a competition between the pumping and dissipation. A steady-
state or periodic solution may result if these two perturbing factors balance each other.

10



In both the external and parametric driving, resonance may occur between the natural
frequency wp of the system and the frequency (2 of the driving term. In the case of the
ezternal driving, the resonance occuring for {2 ~ wy is called the principal resonance. When
the system is nonlinear, a resonance may also occur between the main harmonic and higher
harmonics of the nonlinear term; this is referred to as subharmonic resonance. Parametric
resonance occurs when the frequency wp is a rational multiple of €2 and is strongest when
the frequency of the driver is close to twice the natural frequency of the system (principal
resonance). In the absence of dissipative factors, the amplitude of oscillation will grow
indefinitely as ¢t — oo.

Damped Driven PDEs. In partial differential equations the situation is even more
interesting. In this case there are four factors that interplay: dispersion, nonlinearity, damp-
ing and driving.

External Driving. Let us first consider the case of external excitation in soliton
theory, and describe what effect does the resonance between the natural frequency of the
system and the driving frequency have on the soliton solution. Consider for example, the
externally driven, damped sine-Gordon equation:

Ut — Ugr + wg sinu = —Au; + Fcos (it (1.32)

where wy is the natural frequency of the system, A the damping coefficient, F' the amplitude
and ) the frequency of the driver. The sine-Gordon equation exhibits two fundamental
soliton solutions but it is relatively easier to excite the breather compared to the kink since
the former does not have the excitation threshold. The energy of the quiescent breather
is zero whereas the energy of the quiescent kink equals 8. For this reason, we shall only
consider the excitation of the breathers here. In small-amplitude limit the breather of the
externally driven SG equation has been shown to satisfy the NLS equation [74, 76] of the
form

1 + Yo + 210)%Y = —ihe™ — iy, (1.33)
This correspondence takes place for small A and F; one also assumes that Q =~ wq.

Kaup and Newell [56] have discovered an important property of breathers in perturbed
systems. They have shown that the driving frequency can resonate with the frequency of the
breather’s oscillations and as a result of this the breather can phase-lock to the frequency
of the driver. This phenomenon of phase locking may be observed provided the difference
between the forcing frequency and the natural frequency of the breather is small [56]. The
phase-locked breathers can occur in a broad variety of damped driven near-integrable systems

[56].

The spatial and temporal structure of the phase-locked breathers and other solutions
arising in damped driven partial differential equations strongly depend on the interplay
between the driver’s amplitude F', frequency €, and the damping coefficient A. The sine-
Gordon equation (1.32) has been discussed by Taki et al [76], Spatschek et al [74], Bishop et
al [35], McLaughlin et al [78] and Abdullaev [28]. Taki et al [76] considered eq. (1.32) on a
relatively large spatial interval, L = 80, and for § very close to wq: 2 = 0.98 (the nonlinear
Schrédinger regime.) Keeping A fixed (A = 0.004), they varied F. For F < 0.0032, only the
flat solution (uz; = 0) exists. When F' = 0.0032, the phase-locked breather appears. In the
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Poincaré map defined by the period of the driver, this solution corresponds to a fixed point.
When F is further increased, the fixed point becomes unstable and a limit cycle appears
instead. On further increasing F, a sequence of period-doubling bifurcations occurs: the
limit cycle bifurcates into a period-2 solution, then the period-2 solution becomes unstable
and is replaced by a period-4 solution, and so on. This sequence terminates when a chaotic
attractor appears. For larger values of F' it was found that a chaotic attractor disappears
(the so-called crisis) and the limit cycle reappears.

For a different range of control parameters in eq. (1.32) Bishop et al [35] reported the
quasi-periodic transition to chaos. The difference has been attributed to the fact that the
values of the driver’s strength and dissipation coefficient examined in [76] and [35], differ by
order of magnitude.

The period-doubling scenario occurs also in the case of externally driven NLS equa-
tion eq.(1.33). This has been discussed by Nozaki and Bekki [66, 67, 68] who used (1.33)
as a model for a uniform plasma driven by an rf-field. They have demonstrated that for
small damping and small driver’s amplitude, only a flat solution exists. As the strength of
the driver increases, the phase-locked soliton appears as a fixed point in the corresponding
Poincaré map. When the strength increases further, a sequence of bifurcations is observed
due to couplings of the soliton and the long-wavelength radiation and eventually the soliton
becomes temporally chaotic [74].

Parametric Driving. Numerous experiments were conducted in systems which are
parametrically driven (e.g. Ciliberto & Gollub [42], Ezerskii et al [45], Funakoshi & Inoue
(48], Guthart & Wu [49], Wang & Wei [80], Wu et al [83]). The basic theory of parametrically
driven systems was developed by Miles [64, 65] and Larraza & Putterman [61]. Miles [65]
investigated the resonance that may occur in the nonlinear Faraday system and Ciliberto and
Gollub studied mode coupling in Faraday resonance. Wu et al [83] and Wang and Wei [80]
were motivated by Miles’ work and conducted experiments in a water tank. They observed a
hydrodynamic soliton in a system driven at a frequency close to twice the natural frequency
of the system. Miles [64] in turn, established that the soliton observed by Wu et al satisfies
the parametrically driven nonlinear Schrédinger equation with weak damping

e + Yoz + 2P|*Y = he™p —~ ivy. (1.34)

The same equation was derived by Barashenkov et al [33] for the easy plane ferromagnet
with an rf magnetic field in the easy plane. In the context of magnetic systems we should
also mention the work of Bishop and Wysin [84] and Yamazaki and Mino [86] who performed
numerical simulations of parametrically driven ferromagnets.

Barashenkov et al [33] considered the parametrically driven, damped SG equation
Uy — Uzp + DF(E) sinu = —Auy, (1.35)

where
G2 (t) = wd(1 — F cos Qt).

This equation describes, for example, a chain of pendula connected by springs and driven
by vertical oscillations of the bar. Also, it arises in the theory of magnetism [63] and

12



describes amplitude modulated Josephson junctions {73]. A number of parametrically driven
systems that are encountered in other fields, are discussed by Kivshar and Malomed [29] and

Abdullaev [28].

The authors of [33] assumed that (a) F' and A are small; (b) the driving frequency Q
is close to twice the natural frequency wg of the system; and finally, (c) solution is small
in amplitude. They demonstrated that under these conditions, eq. (1.35) can be reduced
to the parametrically driven damped NLS equation (1.34) where h is the amplitude of the
driver, and 7 is the damping coefficient. In other words, similarly to to the externally driven
case, the small amplitude breather of the parametrically driven SG equation corresponds to
the NLS soliton.

In equation (1.34) the parameters h and ~ are not necessarily small. Barashenkov et
al [33] have found exact soliton solutions for arbitrary values of h and 7:

Yi(z,t) = Apexpli(t — 04)]sech(Asz), (1.36)
where Ay > 0 and

Ai =1+ (R? - 72)1/2, 204 = arcsin(v/h),
AZ =1— (R —41)Y?  20_ = 7 — arcsin(y/h). (1.37)

As follows from (1.37) both %4 and ¥_ exist only above the threshold & = 4. The soliton
¥_ was found to be unstable for any h and v [33]. Consequently, the authors of [33] have
focused their attention on the stable soliton, 3.

Barashenkov et al have described the stability diagram of this stable soliton in the
(h,v)-plane (fig.1). As we already mentioned, the soliton 4 exists above the line h = ~.
Below this line no localised solutions exist and the only attractor is the trivial solution 3 = 0
(zero attractor). Above the line A > (1 4+ 42)'/2, the zero solution and, therefore, soliton is
unstable with respect to the excitations of continuous spectrum waves. Above the curve 1
the soliton 1, is unstable with respect to a local mode.

Bondila et al [37] studied the parametrically driven NLS equation (1.34) using nu-
merical methods. These authors analysed attractors in the (h,+)-plane above the Hopf
bifurcation curve (i.e. in the region where the soliton %, is unstable). They have uncovered
the following attractors in that region (see the figure below). Above the line 1, in the domain
marked by open circles, the nontrivial attractor is temporally periodic. Attractors resulting
from the subsequent period-doubling (2-periodic, 4-periodic, 8- and higher periodic, and,
finally, complex cycles and strange attractors) occupy a narrow band of boxes, diamonds
and white blobs. Next, above the curve 2 only the zero attractor exists. The latter re-
gion is marked by empty triangles. Thus the final stage of the soliton’s instability following
period-doubling sequence is its decay to zero.

Crossing the bifurcation line 3, the limit cycle is replaced by the spatio-temporal chaos.
As opposed to the period-doubling scenario, there are no intermediate attractors here. This
transition to chaos is called quasi-periodic route The line 4 is the interface between the
spatio-temporal chaos and the region of the zero attractor. The lines 2, 3 and 4 meet at a
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critical point 7. = 0.25, h. = 0.81 which separates the period-doubling and quasiperiodic

routes. (see the figure 1 below?).
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Fig. 1

We have already mentioned that there is a correspondence between the sine-Gordon
and the NLS equations. In view of this it can be inferred that all the features observed for
the parametrically driven damped NLS equation may be encountered in the analysis of the
parametrically driven sine-Gordon equation.

1.2 Aims and scope of this work

Suppose we are considering one of the physical systems modelled by the damped sine-Gordon
equation, for instance, a ferromagnet, or the long Josephson junction, or simply a chain of
pendula connected by springs. Should we want to observe nondecaying spatio-temporal
structures in this system, it would be necessary to compensate dissipative losses by pumping
energy into the system by, for example, periodically changing the parameters of the system.

'This diagram is reproduced with permission from the authors of [37]
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In the case of an easy-plane ferromagnet, this is accomplished by exposing the pattern to the
microwave radiation at a properly chosen angle with respect to the crystal axes [33]. In the
case of the chain of pendula one moves the bar periodically in the vertical direction. There
are natural realisations of the parametric driving in the Josephson junction setting as well
(73]. In all these cases the arising sine-Gordon equation looks the same:

V1t — Pzz + W02 () sin = — Ay, (1.38)

where

Wol(t) = wi(1 — 2F cos Ot),
wo is a natural frequency of the system which is entirely determined by its physical charac-
teristics, ) is the frequency of the driver, 2F is the driver’s strength (assumed small), and
) is the dissipation coefficient (also assumed small).

In this dissertation we address the following questions:

1. What kind of nonlinear localised structures should we expect to occur in this system?

2. What will be their characteristic amplitudes and, therefore, how difficult will be their
detection?

3. What other kinds of structures will be generated in the system, and how will their
magnitudes compare to those of localised objects?

4. How can all these structures be described quantitatively?

As we will see, the answers heavily depend on the interplay between wg, ! and other para-
meters in equation (1.38). In the case ) ~ 2w, (principal resonance), Barashenkov et al [33]
showed that the parametrically drive sine-Gordon equation admits a stable localised solution
in the form of the breather with slowly varying amplitude, whose evolution is described by
the NLS equation. The above authors also studied localised solutions to NLS and construc-
ted the stability chart of the soliton. Subsequently, Bondila et al [37] have observed a variety
of localised attractors in the instability region and described transitions to spatio-temporal
chaos. However, what happens in other frequency regimes of the parametrically driven sine-
Gordon system (for example, when = (p/q)wo) remained an open question. In this thesis
we attempt to answer this question.

The structure of the dissertation is as follows:

In Chapter 2 we review singular perturbation methods, for which some will be sub-
sequently used to reduce the equations of the linear and nonlinear oscillator, the linear and
nonlinear Klein-Gordon equations to the corresponding amplitude equations. The meth-
ods discussed include the Lindstedt method [11, 12, 21], the Krylov-Bogoliubov-Mitropolsky
(KBM) approach [5, 11, 20], and multiple-scale formalism [11, 12, 21, 23].

In Chapter 3, we modify the Lindstedt-Poincaré method and apply it to the para-
metrically driven linear oscillator equation in the small amplitude limit for frequencies
war & 2wp,wo, (2/3)we and (2/4)wg. We obtain the amplitude equation of the main har-
monic of the parametrically driven oscillator equation and stability of the trivial solution
analysed in each of these frequency regimes.
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In Chapter 4 we apply the multiple-scales technique to the parametrically driven linear
oscillator equation and compare results with those obtained through the Lindstedt-Poincaré
method and in literature.

In Chapter 5 we continue with the multiple scales and apply it to the parametrically
driven pendulum. The amplitude equation corresponding to the equation of the paramet-
rically driven pendulum is obtained and the correct scaling for the solution obtained for the

frequencies wqr & 2wp,wo, (2/3)wo, (2/4)wo and 4wp.

In Chapter 6, the amplitude equation corresponding to the parametrically driven,
damped linear Klein-Gordon equation in various frequency regimes is obtained for the cases
Wiy & 2wo,wo, (2/3)we and (2/4)ws. We identify the correct set of “slow variables” intro-
duced by the multiple scales technique. The parametric instability windows are obtained in
each of the frequency regimes.

In Chapter 7, we add sinusoidal nonlinearity to the parametrically driven, damped
Klein-Gordon equation, so that we consider the sine-Gordon equation in the following fre-
quency regimes: wg. = 2wo,wo, (2/3)wo, (2/4)woe and 4wy. The sine-Gordon equation is
reduced to a family of NLS equations by means of the multiple-scales technique under the
assumption that the amplitude of the breather solution of the SG equation is small, and the
damping coefficient and the driver’s amplitude are also small.

In Chapter 8 we investigate the radiation waves which may constitute the background
to the breather solution of the SG equation, in the same frequency regimes as the breather.
We obtain the amplitude equations corresponding to the parametrically driven sine-Gordon
equation and determine the correct scaling of the amplitude of the solution. Linear stability
of the trivial solution is analysed and the existence of nonlinear solutions investigated.

Chapter 9 summarises the results obtained and outlines further research directions.
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Chapter 2

Singular Perturbation Methods

2.1 Introduction

In chapter 1 we assumed that the parametrically driven damped sine-Gordon equation (1.38)
has small driver’s amplitude and small damping coefficient. Denoting & the smallness para-
meter, equation (1.38) may be rewritten in the form

Ptt — Pzz + Cbg(t) sin Y= —6/\0(Pt, (21)

where

G2(t) = wi(1 — 2eFy cos Nt).
When £=0, equation (2.1) has exact solution in the form of a kink or a breather. On the
other hand, if € is nonzero, eq. (2.1) does not have exact solutions and we have to resort to
approximate or numerical methods.

In this chapter we introduce a collection of methods that yield approximate solutions for
a large class of ordinary and partial differential equations. Generally speaking, these methods
are used when a small parameter occurs in the equation. According to Poincaré [18, 19], if
coefficients of an ordinary differential equation are analytic functions of €, the solution will
also be an analytic function of €. Then the solution can be sought as a series in powers of ¢.
This technique generally referred to as the perturbation method, was originally developed
for the theory of nonlinear oscillations and subsequently generalised for partial differential
equations. Since the case of ordinary differential equations is conceptually simpler, we will
illustrate perturbation methods by means of an example from the theory of oscillations. (In
subsequent sections we will demonstrate how these methods can be generalised for partial
differential equations.) Here we mainly follow Nayfeh [22], Jeffrey & Kawahara [11], and
Jordan & Smith (12].

We consider the differential equation of the form
4+ u+eF(u,u) =0, (2.2)

where ¢ i1s a small parameter and F is assumed to be an analytic nonlinear function of u and
u. When € = 0, the solution is periodic. When ¢ # 0, we assume that periodic solution still
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exists and can be looked for as
u = ug(t) + eus(t) + e®ua(t) + -+ + e un(t) + - - - (2.3)

where the coefficients at powers of € are functions of the independent variable ¢. Substituting
the expansion (2.3) in (2.2) and equating coefficients at the same powers of ¢, leads, in
general, to an infinite system of inhomogeneous equations that can be solved by standard
methods. If the series (2.3) approaches the solution of the original equation as € — 0, the
approximation is said to be asymptotic. If the series converges, the perturbation method is
called regular; otherwise it is said to be singular.

To illustrate this set of ideas and to motivate the necessity of singular perturbation
methods, we consider a simple example, the undamped Duffing equation:

i+u+eu’ =0, (2.4)

where ¢ (0 < € << 1) is a dimensionless quantity which measures the strength of the
nonlinearity, and dots represent differentiation with respect to time, t¢.

We look for a solution in the form of a power series in &:
u(t;€) = uo(t) + eur(t) + 2ug(t) + - - -. (2.5)

Substituting this in equation (2.4) we obtain, by collecting terms of the same order of e:

e dptu=0, (2.6)
61 . 11.1 + Uy = ——ug, (27)
€2y + up = —3ulu,, (2.8)

and so on. The solution of eq. (2.6) is
Ug = Ap COS (t + ﬂo), (29)

where ap and fy are arbitrary constants to be determined by initial conditions. (Here we
shall not impose any initial conditions since we are concerned only with general properties
of solutions.) Equation (2.7) then becomes

Uy + up = af cos®(t + fo). (2.10)

The general solution of this inhomogeneous equation consists of the sum of a homogeneous
solution and a particular nonhomogeneous solution. To determine a particular solution one
expands the inhomogeneity in simple harmonics:

, 3 1
Uy +up = —Zag cos (¢t + fo) — Zag cos (3t + 350). (2.11)

The general solution is then found to be

3 s, . 1
uy =aycos(t+ fFy) — -8—agt sin (t + Bo) + g—éag cos (3t + 38o). (2.12)
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Since the term ajcos (t + B1) can be included eventually in the zeroth-order solution, we
can put, without loss of generality, a; = 0. Alternatively, one can ignore the homogeneous
solutions in all of u,, for n > 1, until the last step. Then, considering the constants of
integration in zo in powers of e. The latter alternative is preferable since there is less
algebraic manipulations and in many instances, we are only concerned with steady-state

responses [23].

Thus, the zeroth-order approximation to the solution u is
up = ag cos (t + Bo),
and the first order correction is

U =€ {—gagt sin (t + Bo) + 3i2a3 cos (3t + 3ﬂ0)} .

We note that this correction is small, as it is supposed to be, only when et < 1. When et > 1,
the “small correction” term becomes larger than the main term. Hence the straightforward
expansion is only valid for times ¢t < €~!. This means that such expansions are nonuniform
and break down for large times. The reason for the breakdown is the presence of the un-
bounded term ¢sin (¢t + (o) which causes the expansion (2.3) to be divergent. Such terms are
usually referred to as secular terms. In order to obtain uniformly valid approximate solu-
tions, the straightforward perturbation procedure should be replaced by more sophisticated
techniques, the so-called singular perturbation methods.

We shall illustrate these methods by means of a differential equation containing a small
parameter in front of nonlinear term, namely the Duffing equation (2.4). As we shall see, this
example is in many respects, the simplest. We shall describe techniques such as the multiple-
scale formalism {8, 9, 11, 12, 21, 23], the Lindstedt-Poincaré method {11, 12, 19, 21, 23], and
the Krylov-Bogoliubov-Mitropolsky (KBM) approach [5, 11, 19, 20].

2.2 The Lindstedt-Poincaré technique

The breakdown of the straightforward expansion is, in particular, due to its failure to account
for the fact that in nonlinear systems the frequency depends on the amplitude. To account
for this, Lindstedt explicitly exhibited the frequency w of the assumed oscillating solution
in the equation. (This idea goes back to Stokes). Lindstedt introduced the transformation
T = wt where

w=1+ew +e*w, +--- (2.13)
The Duffing equation (2.4) then becomes

W +u+eu® =0, (2.14)

where the prime indicates the derivative with respect to 7. The approximate solution is still
sought as a power series in &:

u = uo(7) +euy (1) + elug(7) + - - - (2.15)
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Later, it was proved by Poincaré that this expansion is asymptotic and uniformly valid.
The first term in the expansion for w is the natural frequency wo (unity in this case since
the ¢ = 0 solution has frequency 1). The dependence of 7 on ¢ has to be determined from
the conditions for nonsecularity. Substituting the above two expansions into eq. (2.14) and
equating coefficients of same powers of ¢ we obtain

e uf+up=0, (2.16)

el uf +uy = —~ud - 2wiug. (2.17)

The general solution of equation (2.16) is ug = acos(r + ), and (2.17) becomes

ui + up = (2wia — %ae’) cos (1 + ) — iag’ cos [3(7 + B)]. (2.18)

The first term on the right-hand side leads to a secular term, and must be suppressed in
order that the expansion be uniform.

In contrast to the straightforward expansion where the secular term cannot be removed
unless a = 0 (i.e. trivial solution for u), in the case at hand we still have the freedom of
choosing the parameter w;. We choose it in such a way that the secular term is absent:

3

2wia — Za?’ = 0.

3

Disregarding the trivial case a = 0, we find that wy; = 2a® and so

up = -31—2a3 cos (31 + 30).

Finally, the solution of equation (2.14) is

u = acos [(1 + %eaz)t + ﬂ] + %ef cos [3(1 + geaz)t + 3ﬂ] + O(e?). (2.19)

This expansion is uniform to first order.

The main advantage of the Lindstedt method is that it is very simple and straight-
forward to apply. It allows one to obtain uniformly valid expansions for periodic solutions.
(The higher-order approximations may be cumbersome, but in general these are not difficult
to obtain.) The scope of applications of this method is, however, limited. Since we assumed
in the derivation that each u;(t) is periodic, the Lindstedt method will only generate periodic
solutions, and will not give us any information about how quickly the system settles down to
these nonlinear oscillations neither will it be used to describe resonantly growing solutions.

2.3 The Krylov-Bogoliubov—Mitropolsky method

The solution of the unperturbed problem (e = 0) in (2.4) is purely harmonic, eq. (2.9).
However, in the case ¢ # 0, there occurs a systematic change in the amplitude of the
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oscillation owing to the nonlinear “perturbing force”. When ¢ is small, the amplitude and
phase can be assumed to be slowly varying functions of time. That is, da/dt = O(¢) and
dB/dt = O(e). The key idea of this method may then be forrnulated as the following
systematic perturbation scheme.

The perturbed solution is sought as

o0
u=acosf+ Y e'uu(a,f), 6=t+3, (2.20)
n=1
where u;,uq,us,..., are assumed to be periodic functions of §. Here slow variations of

the amplitude and phase are taken into account by introducing the following differential
equations:

4= i e An(a), (2.21)
=1+ i €"0,(a), (2.22)

where overdot represents differentiation with respect to . The problem is to determine the
functions u,, A, and O, in such a way that equation (2.4) is satisfied. By the chain rule we

have
d .0 ;0
T =dn-tls (2.23)
and L R R Y]
whence ia
i = 52A17‘1—1 + 0(e%) (2.25)
and 4O
g = ei’Al—d-a— + O(3). (2.26)

Thus the concept of a slow variation of both amplitude and phase is taken into consideration
in a systematic way. Let ug = acosf. Then

g = —acosf — 2e(A, sind + Oracosf) — £?0,(2A4; sin 6 + O,a cos §) + O(e®).  (2.27)
Also,

. 0y d
i = G rreo iteer | (D20 4 900) . fu L o0l o). 2

062 00? da Oa  da 00 1 fa?
Substituting eqs. (2.20) to (2.28) into the Duffing equation (2.4) we obtain, at el:
s Ay sin 8 3 L2
392 +u; = 2A,sin0 + (20,a — e cosh — 74 cos 36. (2.29)
This equation provides the nonsecular periodic solution for u;,
1
Uy = 55(1 cos 36, (2.30)
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if the nonsecularity conditions are satisfied, namely, A; = 0 and ©; = %aQ. Here, as in the
previous section, we have assumed that the first harmonic is not present in the expression
for u;. (In other*words, we have selected the amplitude a of the lowest order solution as the
full amplitude of the first fundamental harmonic mode of oscillation.)

Substituting the above nonsecularity conditions into equations (2.21) and (2.22) leads

to
é=0+0(c? (2.31)
and 3
=1+ gea2 + O(&?). (2.32)

Equation (2.32) implies that
3
0= (1 + -8-sa2)t + ﬂo + 0(82).

Since, on the other hand, § =t + 3, we have

B = %€a2t + Bo, (2.33)
whence
3_ 2 1 3 3_ . 2
u=acos|(l+ gca )t + ,30] + 359" cos {3 [(1 + 3¢9 )t + ,60]} + O(e?), (2.34)

in the first order of approximation.

In this method conditions for nonsecularity give rise to small corrections to the amp-
litude and phase. If there are periodic solutions, the method allows us to determine them.
In addition, it describes the transient regime as the system settles down to these periodic
solutions through the variations in phase and amplitude. The disadvantage of this method
is that higher-order calculations are extremely long and cumbersome, and, in general, the
amount of effort required to calculate higher-order terms is not justified by the small amount
of additional information obtained.

2.4 The multiple-scale formalism

If we consider solution (2.19) obtained by the Lindstedt technique,

1
u=acos(t+ f+ geazt) + 3—2€a3 cos (3t + 358 + geazt) +---

we note that u contains two different time scales, ¢t and et. Consequently, when constructing
solutions it is natural to introduce the dependence on slow variables et, €%, 3¢, - - - in addition
to the dependence on t. We write

u(t,s) = U(To,Tl,Tg,...;E)
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where T,, = €™t. Thus instead of considering u as a function of ¢, we think of it as a function
of Tp,T1, T3, . ... Using the chain rule, we have
d 0 0

)
— e — —— 2—— « a0
- an T fer T T

N » L 8 &
2 2+2€ +e€ (23T08T2+3T12 + -

= 2
a2~ are VT2 Y 9Toms
and so on. In terms of the new variables, the Duffing equation (2.4) becomes
O*u du 2 0%u 0%u 3
—_— 2 . = 0. 2.35
ate T ¥ oTer; ¢ ( aTeT, Tarz) t Tt e (2.35)

Hence the original ordinary differential equation has been replaced by a partial differential
equation.

We now seek a solution to eq. (2.35) in the form

u = UO(T(), Tl, TQ, . ) + Eul(To, Tl, Tg, . ) +.... (236)
Substituting (2.36) in equation (2.35) and comparing coefficients at same powers of ¢ we
obtain o
U
e 9T + ug = 0, | (2.37)
0*uy 0%ug
b = —2——= —ul. 2.38
T amE T T Thmem ° (2:38)
The general solution of equation (2.37) can be written as
Ug = G(TI, T2, .. ) COSs [Tg + ﬂ(Tl, TQ, . )} (239)

Similarly to the KBM method, ¢ and 3 are no longer constants but functions of slow times
T1,T3,.... The dependence of a and  on Ty, 71%,.. ., is not known at this level of approxim-

ation; it is determined at subsequent levels by eliminating secular terms. Substituting ue in
(2.38) we obtain

ny_l_ +u = -9 62 [ (T + ] 3 3 T
9T _— 3TT, acos (To + f)] — a®cos” (Tp + )
_ 0 8 3,
= 23T1 sin(To + B) + [2a3T1 ~ 70 ] cos (To + B) —
- iaS cos (3T + 33). (2.40)

In order to get a uniform expansion, the resonant terms must be eliminated. This is accom-
plished by setting each of the coefficients of sin (T + £) and cos (Tp + 5) equal to zero:

Ja o 3,

. =% a1 3%
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that is, a = a(7T%,T5,...) and B = gale-}—ﬂo(Tz, T3, ...) where fy is a constant of integration.
These results coincide with those obtained by the KBM method in section 2.3. A particular
solution for u; is

u = %as cos (3T, + 30), (2.41)
and so
3_ 2 1 3 3_ 2
u = acos [(1 + gce 3t + ﬂo] + 354 oS [3 (1 + e ) t+ 3ﬁo} + .- (2.42)

In the method of multiple-scales the conditions for nonsecularity are given by partial
differential equations with respect to slow variables, whereas in the KBM method these
conditions were given by ordinary differential equations with respect to t. Changing the
original ODE to a system of PDE’s allows enough generality in the form of the solution to
obtain a uniform approximation, that is, to make (un/u,-1) bounded for all Ty, T}, T3,. ...
The disadvantage of this method is that even to obtain first-order results, one usually has
to solve a number of PDE’s. At higher-order approximations the computations can become
quite cumbersome.

2.5 Discussion

The essence of the Lindstedt method is to transform the independent variable ¢ to 7 = wt and
expand w as a series in the small parameter ¢: w = wy+€w; +- - -. This transformation allows
us to avoid the occurence of secular terms by adjusting w;’s. By expanding w in terms of ¢,
the solution u will contain terms et,e?t,.... Thus the slow scales are introduced implicitly.
Similarly to the Lindstedt method, the Krylov-Bogoliubov-Mitropolsky method introduces
the slow scales implicitly through the e-expansion of temporal derivatives of amplitude and
phase. The multiple-scales technique, on the other hand, takes into account existence of
processes with different time scales by ezplicitly introducing T, 11,73, . . ..

Whereas the Lindstedt method assumes that the solution is periodic by explicitly
introducing the frequency of oscillations, the KBM method and the multiple-scales techniques
do not assume any periodicity. The KBM approach and the multiple-scales techniques are
therefore more general than the Lindstedt method.

We have demonstrated that for the first order approximation to the Duffing equation,
the three methods give equivalent results. Amongst these methods, the Lindstedt method
is the simplest and the most straightforward to apply. However, it is inapplicable to solu-
tions other than periodic ones. On the contrary, the KBM method and the multiple-scales
technique can describe resonant growth of amplitudes, various transient regimes and other
nonstationary effects. The major drawback of these methods is that higher-order calcula-
tions are extremely lengthy and cumbersome and, in general, the amount of effort required
to calculate higher order terms is not justified by the small amount of additional information
obtained.

In this work we shall employ only two of these methods, the Lindstedt- Poincaré method
and the multiple-scales technique in order to reduce the parametrically driven damped linear

24



oscillator equations to the corresponding amplitude equations. In both cases we assume that
the amplitude is slowly varying. Although as we have just mentioned, the Lindstedt-Poincaré
method is inapplicable to variable amplitude systems, we will modify it by introducing a
feature from the multiple-scales techniques: we will assume that the amplitude is a function
of two different scales - fast scale ¢, and slow scale T' = €t. The reason why we opt to modify
the Lindstedt method is that we wish to rederive the results by means of Lindstedt-Poincaré
and compare to those obtained by the multiple-scales technique.

We will, however, mostly use the multiple-scales technique in order to reduce the
parametrically driven damped linear and nonlinear oscillators, and the linear and nonlinear
Klein-Gordon equations to the corresponding amplitude equations.
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Chapter 3

The parametrically driven, damped
linear oscillator: Lindstedt-Poincaré
method.

In the previous chapter we presented different techniques of finding secular-free expansions
of solutions of ordinary differential equations, exemplified by the Duffing equation. In this
chapter, we study an equation of the linear oscillator perturbed by a small driving term
which appears as a time-dependent coefficient. We expect that there will be a resonance
between the natural frequency of the oscillator and the frequency of the driver. This means
that the amplitude will vary with time. The aim of this chapter is to show how the Lindstedt-
Poincaré method can lead us into determining the range of the driving frequencies for which
the parametric resonance will occur. However, in the previous discussions we mentioned that
the Lindstedt-Poincaré method is inadequate for the treatment of solutions with varying
amplitude. We shall therefore show how this technique can be modified to meet the present
needs. The results obtained using this method will later be compared to those obtained
using the multiple-scales formalism.

The equation of the parametrically driven, damped linear oscillator reads:
2
@i + 2Xps + Wl [1 ~ 2F€? cos (NQtH ¢ =0. (3.1)

Here 2¢? F, and %Q are, respectively, the driver’s amplitude and frequency. NV is a positive
integer and €? a small parameter ensuring that the driver’s strength is small. (The reason for
using €? instead of ¢ will become clear in chapter 5.) Equation (3.1) is known as the damped
Mathieu equation and has been extensively studied [9, 12, 21, 23, 89]. We, however, revisit
it here to lay the foundation for the subsequent analysis of the nonlinear oscillator, and the
sine-Gordon equation. Another reason for this revision is that in refs. [9, 12, 21, 23, 89],
the driver’s frequency is considered as fixed while the natural frequency is varied. On the
contrary, our formulation of the problem is such that the natural frequency wy is fixed but
the driver is variable. (The results of the two approaches can, of course, be recalculated to
one another.)

Since the driver causes the amplitude of the oscillations to vary, Lindstedt’s method
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in its standard form is inapplicable in these cases. We shall therefore modify it by including
one more time scale. We first rewrite (3.1) in the form

2
on+ Q% = (QF —wl)p + 2w Fye® cos (—N—Qt)cp — 2)p;. (3.2)

In so doing we ensure that the left-hand side is of the same form as the undriven, undamped
equation, ¢y + wiyp = 0, with we — Q. This is necessary to determine the terms that may
resonate with the solution of the undriven equation.

We then make a transformation 7 = Qt so that eq. (3.2) becomes

w2 2
Grr+ @ = (1 - ?ﬁ) + 202 Fye? cos (N ) — 2XQ¢;. (3.3)
Wl
Letting u? —9—25 , and expanding the detuning and the damping term in powers of u:
w?
l—ﬁ-—al,u + agpt + asp® + - (3.4)
AQ = p?),, (3.5)

we arrive at the equation of the form
2
0rr+p = (a1p?+ agu* 4+ )p + 2u*Fp cos (j—V—T)LP — 2u% Ao, (3.6)
We will look for solution ¢ of eq. (3.6) as a power series:

@ = o+ Pl + ptor + -0, (3.7)

Notice that we have expressed the detuning and the damping term in powers of u? since the
perturbing parameter enters the system as p?. It will become clear later that this choice
leads to sensible conclusions. To simplify the calculations, we first consider the undamped
case.

3.1 The driving frequency ~ 2wy.

We start with the case of the principal resonance:
rr + 0 = (c1p® + agp® + azp® + - ) + 2uFy cos (27) . (3.8)

In this case N = 1, that is, the driving frequency is close to twice the natural frequency of
the system. Using the expansions (3.7) and comparing coeflicients of the same power of ,
we obtain at u° the equation
dztpo
dr?

+(P0—-0
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whose general solution is . ’
o = aoevr + (—loe—vr

Since equation (3.8) is driven, we expect its solution to grow. However, the method of

Lindstedt does not apply when the amplitude is varying. Let us try to accomodate the

variation of the amplitude by allowing ao to change slowly with time: ag = ao(T'), where

T = u’r.

At the order u? we have

d28‘90 da’ 2T =2
o +py = -—2zd—T~e + ajape’” + Fo(e™ 4+ e * g
dag
= ( 2zﬁ + ajag + Foao) e’ + Foaoe®™ + c.c. (3.9)

For nonsecularity we require that the coefficient of e'” be equal to zero:

dag
- 2ZE—T— + 14qg + Foao = 0. (310)

This equation describes the evolution of the amplitude of the main harmonic ¢o. The leading
approximation to the solution of (3.8) is thereby completely determined.

Stability analysis. We consider the equation of the main harmonic eq. (3.10)

dag
—212? + ajag + Foag =0,

and differentiate it with respect to 7" to get

.d2ao dao d&o
2vgme =gy g

Using eq.(3.10) to eliminate dag/dT', we arrive at

d%aq 2
4d (F al)ao,

whose solution is given by ag = e*T. Parametric resonance occurs when s > 0, i.e.,
|a1| < Fo,

or, equivalently,
—Fy< a) < Fo. (311)

2 w?
Recalling that 1 — %— = aqp? 4+ O(p*), and p? 925 we have the condition for instability

(parametric resonance) in the form

wg(l — SzFo) < Qz < wg(l + €2F0). (312)
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3.2 The driving frequency ~ wy.

We proceed to equation (3.1) with N = 2:
Prr + 0 = (o + opp + aap’® + -+ )p + 2u* Fy cos (1)p, (3.13)

and assume the expansion (3.7). Comparing equations at same power of x4 we obtain at u°,

d*po
dr?

+‘PO=O,

whence _ _
Yo = aoe" + &oe_".

Here ag is assumed to be a function of “the slow time” T' = u"r where r is an even integer

to be determined. Apriori it is not obvious what r should be equal to. We shall therefore

examine several possibilities.

Let » = 2. At the order u? we then obtain

42 dag o
d;io + o = —212‘,2,96" + a1p0 + Fo(e'™ + 7)o
-dao T 2ir
= (—2131—; + alao)e + Fo(aoe + ao) + c.c. (314)
The condition for the absence of secular terms is that
.da
- 271—? + ayap =0, (3.15)

which is undriven. Hence the choice r = 2 does not lead to the parametric resonance.
Let r = 4. At the order u? we get

d*p:
dr?

+o1 = arpo+ Fo(e + e )po
= aaoe’” + Fo(aoe® + ag) + c.c. (3.16)

The nonsecularity condition is simply @; = 0. The solution of (3.16) is then given by
Y1 = a5 + b + c.c.,

where
1

a; = —§F0(10, b1 == Foao.

Next, at the order u* we have

d2 -da ir ir —-iT
df; = —222',2,96 + azpo + Fo(e™ + e )y
d - : .
= —QZﬂ + aqag + Fo(al + b1 + b]) e'” + Foale3" + c.c. (317)

daT
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Setting to zero coeflicients of secular terms and substituting @, and b, we obtain

dao 2

~22 4 (an

iT + a2+ 3

This is a parametrically driven equation; we shall now show that it exhibits parametric
resonance. Thus when the driving frequency is ~ wp (and not ~ 2wyp), the amplitude of the
oscillation will grow much slower than in the case of the principal resonance: T' = p*r (and

Fg) a0+ F2do = 0. (3.18)

not p?t).
Stability. Proceeding as before we find by differentiating eq. (3.18), the equation

d 2 _,5\?
4d—;‘122 = Fgao - (ag + §F02> aop,

whose solution is given by ag = e*T where

Resonance occurs when

2
[62)) + §F02 < F02
Equivalently, ;
1
- §F02 < Oy < §F02 (319)
we we .
Recalling that 1 — Q—g = ayu* + O(®) (since oy = 0) and x* = mez, we have the region of
instability as
5 w? 1 w?
2 0 472 2 2 0 452
Wy <1 - §-Q-2‘€ F0> < < Wy <1 + 5@6 F0>
Since w?/0? = O(1), this can be simplified to
5 1
i (1 ~ R 0(56)) <O <} (1 + el FE 0(56)) . (3.20)

Outside this region there is no parametric resonance.

3.3 The driving frequency ~ %—wo.

In this section we shall determine the scaling exponent, r, for the “slow time” T = u"r
when the system is driven at the frequency ~ %wo. We shall first find the scaling for the
driving frequency %wo and then generalise our conclusion to arbitrary N. In addition, we
will analyse the behaviour of the solution of the system driven at a frequency ~ %wo.

Thus, we consider the equation
2
0rr + @ = (ap® + oot + azp® + -+ ) + 2u* Fy cos (-3-T)Lp. (3.21)
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Substituting (3.7) into (3.21), we obtain at the order u°:

d2(p0
dr?

+800=0)

whence
iT —- —iT
@o = ape + age

with ag = ao(T'), where T = u"7, and r is an even integer to be determined. In order that the
equation of the main harmonic be driven, we must have the first derivative term appearing at
the same order of u as the complex conjugate term. (The latter is the driver.) Consequently,
to determine r we should identify the order of x at which the complex conjugate term

appears.

At the order u? we have

d? ) .
d;le to1 = a1800+F0(6(2/3)”+C_(2/3)”)§00
= aaee’” + Fo(aoei(1+2/3)f + aoei(l—z/a)f) + c.c., (3.22)
where c.c denotes complex conjugate. The nonsecularity condition yields e = 0, and a
particular solution is given by
o1 = a e IFT L p =237 oo
where
a-———g—Fa b—gFa (3.23)
1= ~gtoa, b1 = glodo. .
At the order u* we have
d? : :
d;i‘z top = a2g00+Fo(e(2/3)"+e_(z/s)")cpo
= [azao+ Fo(ar + by)]e™ + Fo(a e/ OH437 4 p =437y 4 . (3.24)
To suppress the secular terms we require
Qaoagp + Fo(a1 + bl) = 0. (325)
Invoking (3.23), this simply yields
9
Qo = _EFOZ'
A particular solution of (3.24) is then given by
7 = a2ei(1+4/3)‘r n b2ei(1—4/3)‘r + cc.,
where 2
9x9 9
0 = o, b= (g) Flao. (3.26)
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Notice that we still have not obtained the equation for the amplitude of the main harmonic;
thus we have to go to higher orders. At the order u® we have

d2(‘03

dr? +@3 = aypr+ aspo + Fo(e7 4 e~ @iny,,

= (a3a0 + FOBQ)G‘.T + (a2a1 + Foaz)ci(1+2/3)7 +
+ (a2b + Fobg)ei(1-2/3)r + Foape'1+6/37 4 o (3.27)

For nonsecularity we require that
Q3ago + Fo(_lg = 0. (328)

Substituting (3.26) into (3.28), we obtain

9 2
Q3ap + (§> Fg(—lo = (. (329)

Equation (3.29) includes the desired complex conjugate quantity which originates from the
term bye'1 =837 = pre™' of (3.27). That is,

or bg exp {z (1 — m%) ‘r} = byexp (—iT) where m = 3.

As we have already mentioned, equation (3.25) simply defines as. If we let r = 4 and

d
added the term -—21'71%9 at the order p*, equation (3.25) would become
,dao 9
—2i— + ;o + ¢ 2ag = 0, (3.30)

which is an undriven equation (no parametric resonance).

If we, instead, assume that r = 6, that is, T = u®r, then the equation governing the
main harmonic will be eq.(3.29):

d 2
- 27,-('1-%% + Q3dq + (%) Fgao = 0. (331)
This equation is driven. Assuming that ag = ¢°T we get
1[79\*
§? = I [(g) F§ - a3] : (3.32)

which can be positive if a3 is not too large (parametric resonance). Thus, the idea that we
should choose r in such a way that the term —2idao/dT appear at the same order of y as
do, remains productive for general N. If we consider the driving frequency ~ %wq and write
r = 2m, the complex conjugate term will appear when

exp (iT7) X exp {i (—N TN ) ‘r} = exp (—iT),



i.e.

1 —2- 3 2 = -1
N N N L
m times

That is, 1 —

We close this section by writing out the condition for parametric resonance in (3.31).
According to eq. (3.32), exponentially growing solutions exist if

9\2 9\ 2
-(5) B<a<(3) &

N —1, whence m = N. Thus the scaling law is T = p?Vv

or equivalently

9 Wl 9\? wi
2 0 4F2—(—) 0 6 3
“’0[ 1602° 5/ ot
2

Since 1 — =2 = O(e*) (for @; = 0) and therefore w?/0? = 1 + O(e*), we have, finally:

02
UJ2 1_2_54F2__ <g)2 6F3 l—i 4F2+ (g)zeﬁFS
0 16 "% \8 16 8 o)

There is no parametric resonance outside this region.

9 w? 9\ ? wi
2 1 — 0 412 (_) Wo 613
< <wo[ Tk e Fy + 5) it e Fy

2
< <uwd

3.4 The driving frequency ~ %wo.

Finally we shall show how the general recipe designed in section (3.3) will work when applied

to the case of the driving frequency ~ %woz

2
Grr + @ = (1p® + cou* + azp® + -+ ) + 2u* Fy cos (ZT)(p. (3.33)

Proceeding as usual, we find that

o = aoe” + (—106—”

According to the scaling law derived in section (3.3), we should assume ag = ao(u®7). At
the order u? we obtain
d*p
dr?

+ V1 = o 4+ F0(62/4i‘r + 6_2/4i1)(,00
= aage’” + Fo(aoe"““/“)f + aoei(1“2/4)7) + c.c. (3.34)

whose solution is given by

1 = alei(1+2/4)‘r + blei(1—2/4)‘r + cc.,
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where L .
a; = ’-‘gFot?o, by = §Foao-

(The nonsecularity condition is a; = 0.) At the order u*, we have

d*pq

702 +2 = aypg+ Fo(e®T 4 e~ (/imy

= [agao + Fo(al + bl)]eif + Fo(alei(l+4/4)f + bl ei(1'2/4)7 + c.c. (335)

This time the condition for nonsecularity is

8
Qay = —-1—5-F02a0, (3.36)

and the solution reads
g = azei(1+4/4)‘r + bgei(1—4/4)T + C.C.’.

where 4 s
ag) = EFgao, bg = §F02a0.
Next, at the order u® the perturbation expansion yields:

d*p3

72 + @3 = oapp1 + azpo + Fo(e(2/4)i‘r+ e—-(2/4)i*r)902

= a3aoe"f + (a2a1 + Foag)ei(l+2/4)f + '
4+ [ogby + Fo(by + b)) 4 Foa,e’+8/97 4 ¢ e, (3.37)

whose solution is

03 = asei(1+6/4)‘r+ bsei(1—6/4)‘r + cse{(1+2/4)‘r+ c.c.,

with
4 x4 112 4\? 208
= — F3 == Fa_ (—) F3 = — F3 .
%= "o w15 0% B = 3o gplett3) fodn G=—Emrgfod
If we proceed to higher order terms, we find that at p8,
d2 -da ‘T iT - iT
d;; +ps = -22;,?1,96' + 40 + apy + Fo(e¥DT 4 e~ (/9in)
.da - .
= ——22-(—12—1,9 + aqao + Fo(bs + 63)} e'" + [azas + Fo(az + ¢3)] X
x et/ o (a2b2 + Fobs)ei(1"4/4)7 + Foase’(HH8/97 L ¢ o, (3.38)

This time, the suppression of secular terms yields a first order differential equation in ag
which involves complex conjugates:

d T
- 222%19' + a4ao + Fo(bg + C3) = 0. (339)
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Substituting for known variables b3 and c¢5 results in

d 928 4\?
~ g+ vt + e Ra + (5) Fiwa=o0 (3.40)

This is a parametrically driven equation.

To determine the range of resonance, we proceed in the same way as in the previous
section. Parametric resonance occurs if
4 2

928 .
%x%&

o4 +

Equivalently,
2[ 8 w2 4. 5968 w§

T 502 0O T Tsxa502° O

8 w? 6032 w?
_ 8 2 2 0 4 2 0 8 4
1502 10 T 7545 08° F”} < i <w [1 hot ]

Recalling that

2 4
wg , 8 awg 4
1 _.Q—2+I.-5_FO_Q_4_€ —0,
we arrive at the resonance range
8 6928 8 5072
217 _ % ap2 8 4 2 2| _ 8 ap2 8F4].
“’0[1 15¢ fo 75><45‘€F°]<Q <“’°[1 15° ot kst o

3.5 Effects of damping.
We now consider the effects of damping by studying the equation

2
@rrt+ o = (eap®+agp® +---) + 2u*Fp cos (N) T —
— 2u%) (3.41)

We assume that the damping is weak enough to allow the parametric resonance to occur.
We first wish to determine the value of ¢ such that the dissipation features in the amplitude
equation.

We shall show how weak damping affects the solution of the system by studying the
case N = 2 and deriving the scaling for the damping coefficient. Since we are interested in
the effects of damping on the evolution of the amplitude we wish to find the damping term
that will counteract the driver. Thus, the damping term must appear at the same order of
approximation as the driver.

Let ¢ = 1. Comparing coefficients at like powers of u, we obtain at u°

dT2 +‘PO =07

whose solution is given by

i = =17
Yo = Qg€ + age y
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with ag = p*7 as we have found in section (3.2). At the order u? we obtain

d2‘101

7 tor = apo+ Fo(e + e ")po — 2idoaoe’”

= (mag— 2i/\0ao)ei7 + Fo(aer‘T + ag) + c.c. (3.42)

The nonsecularity condition is
(al - 2i/\0)a0 = (.

This implies that either ag = 0 or &; = 2i)\g, both of which are impossible since a; is a real
constant and ag cannot be zero. Thus ¢ # 1.

Let ¢ = 2. At the order u? we obtain

d2991

T2 T = gt Fo(e™ + €™ )

= oage’” + Foape®™ + ao) + c.c. (3.43)

The nonsecularity condition is simply a; = 0 and a particular solution given by
w1 = a,e¥ + b + c.c.,

where

1
ay = —§F0, bl = Foao.

At the order u* we arrive at

d2 -da ir T —iT : i
df; + 2 = —2177126 + azpo + Fo(e'™ + €7 )1 — 2idgage
d - . :
= [—QZ_dng' + (e 5X210s} + Fo(a1 + bl -+ bl) - 2i/\0(10 e’ + Foale?’" + c.c.

Suppressing secular terms we arrive at

d 2
- 2i—d-;—? + (az + §F02) ag + Fiao — 2ihoao = 0, (3.44)

where we have substituted for a; and b;. Equation (3.44) is the parametrically driven,
damped “Schrodinger” equation. Thus ¢ = 2 (i.e. A = p*)o). Similarly it can be shown that
A = p?N )¢ for an arbitrary integer N.

Stability. Analysing the stability of the trivial solution of the damped driven amplitude
equation (3.44) we proceed as follows. Let ag = Ae~ T 5o that

dao _ dA _‘/\OT
T - (ﬁ - AOA) e

Substituting this expression in (3.44) we arrive at the equation in the form (3.18):

dA 2
—2i— = (az + §F02> A+ F;A=0. (3.45)
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So we can use the result for eq.(3.18). Equation (3.45) has solutions growing as e*7 where

2 4 2 22
4s =F0— a2+~§F0) .

s=2)T and instability occurs when s > \o. That is, when

2 2
—-3—F02 - VFC? —4/\8 <y < -—§F02 + \/Fg —4/\3

2
Recalling that 1 — X - azpt + -+ we arrive finally at

02
2 2
w? [l - §S4F02 — e\ F$ - 4/\8] < < Wt [1 - §S4F02 + e\ Fg — 4/\3] .

Résumé. When the linear oscillator is parametrically driven, the scaling for the damping
coefficient is given in the general case by A = u?M)g. It can be easily shown then that the
instability windows for N = 1,2,3 and 4 are given by

« N=1: u? [1 —52\/F3—4Ag] <0 < [1 +52\/F§—4/\§],
2 2
e N=2: W2 [1 - §s4F02 —e*JF§ - 4/\3] < <w [1 - §S4F02 +e*/F¢ —4/\%],

1
e N=3: wg[l—ie“Fg—es\/(%) F§—4)\8J<Q2

Then ag ~ el

16

2 9 4 12 6 9 4 6 2
< Wy 1—1—6‘6F0+6 ('8-) F0—4/\0,

2 ‘ |
. N=4: o [1_§-64F3+ o espg—ss\/(g) F§~4A3J<92

5 75 % 45

8 928 AN '
cw? |1 - Setp2 8t 8\/<-) F8_ax2).
“’0[ 155 fo T 75 gs® To TE\3) fo e

3.6 Conclusions.

In this chapter we have studied the linear oscillator driven at a frequency (2/N )wy where
2

%%/
l-qp=op’ +agpt 4o,
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and NV is integer. Using the modified Lindstedt-Poincaré method we have shown that in order
to obtain the damped driven differential equation describing slow variation of the amplitude
of oscillations, the “slow time” T should scale as T = 2Vt and the damping coefficient as

/\ = u2N/\o.

Using this scale for T', we have found the following equations for the amplitude of the
main harmonic:

d
e N=1: —222(;—? + a1Qo + Fo(.—lo - 2i/\oao = 0,

.da 2 _ .
[} N=2 —QZ'ETO'-F <6¥2+-3-F02) a0+F02a0--2z/\0a0=0,

.dao 9 2 3 .
e N=3: —2225_‘— + asag + (g) Foao - 22/\000 = 0,

d 928 4\? .
o N =4: -—22—-a—0'+ (a4+m}'—‘:> a0+ (g) F3&0—22/\0a0=0.

In the case of the undamped linear oscillator parametric resonance occurs in the fol-
lowing “windows” of the driving frequency (2:

o N=1: wg(l - 62Fo) < 0? < wg(l + 62Fo),
2 5 4 2 2 2 1 4 2

2 9 4 9\? 65 2 2 9 ap2 9\? 6ps
e N=3: w 1-————6F0—<—) eFy < <wg 1————6F0+<—~) e Fyl,

16 8 16 8
8 6928 8 5072
4 217 _ O ap2_ 8 4 2 2|1 _ O _ap2 8 4
e N=4¢: wo[l 156F0 75x456F°]<Q <w0[1 15€F0+75x456 0],

As N increases, the interval of resonant frequencies narrows. The width of the res-
onance window in the case of the driving frequency ~ -j%wo is of order ¢?V. (This fact has
already appeared in literature). It is therefore much more difficult to achieve parametric
resonance at low driving frequencies (‘fvwo with N large) in the sense that one has to tune
the frequency more accurately there.

When we pass to the damped linear oscillator, the above resonance windows are modi-
fied to

o N=1: wé{l-—sz\/Fg—élx\g}<ﬂ2<w3[1+62\/F3—-4/\3],
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2 2
« N=2: o? [1 — 'R - et - 4/\3] < QP < [1 ~ SR + &R - 4/\3],

16
9 o [79\* |
< |1- et R et (5) Fe-axd),

4
o N=4: wg{l—ie“Foz-l- 928 EBFS—EB\/(E) 1‘_35—4/\3J<Q2

- ,
o N=3: wg{l——g—e“Foz——es\/(g) F§—4/\3j<02

15 75 x 45 3

2 4
< Wl [1-§E4Fg+ 928 58F3+58¢(§> Fg—4AgJ.

15 75 x 45

In the next chapter we shall compare the above results with conclusions of the method
of multiple time scales and with results available in literature.
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Chapter 4

The parametrically driven, damped
linear oscillator: the method of
multiple scales.

In chapter 3 we appied the modified Lindstedt-Poincaré method to the parametrically driven,
damped linear oscillator equation:

@i + 2Xp; + wl [1 —2¢*Fy cos (%) Qt] ¢ =0. (4.1)

From the discussion in chapter 2, we know that the Lindstedt-Poincaré method gives limited
results, that is, only periodic solutions although we modified it in the previous chapter to
include not only periodic solutions. In this chapter we apply the multiple-scales technique
to the linear oscillator and compare results with those obtained by means of the Lindstedt-
Poincaré method. We shall follow the multiple- scales as used by Nayfeh [21, 22, 23] to find
the secular free expansions of the solution of the parametrically driven linear oscillator.

A special case of the linear oscillator (the Mathieu equation for N integer), has been
studied in literature (e.g. Arnold [2], Grimshaw [9], Nayfeh [21, 23] Jordan and Smith
[12].) Here we shall revisit it to prepare for the study of the parametrically driven damped
sine-Gordon equation.

We begin with the undamped case and proceed as follows: By first rewriting equation
(4.1) in the form

2
@ + Vo = (0% — W) + 2 Foe? cos (—N-Qt)go (4.2)
and making the transformation 7 = Qt, (4.1) becomes
2 2
— “o Yo 2 2
Prr +@ = (1 - m) e+ 252—F06 cos (—N—T><p. (4.3)

2
We denote u? = z3¢? and assume that
2

w
1—§%=a1u2+agu4+--' (4.4)
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so that (4.3) becomes
Orr + @ = (aqpu® + aqu + ) + 2u* Fy cos (%T)go. (4.5)
Solution of this equation can be looked for as a series expansion in powers of u?:
o(7; 1) = po(7) + pror (1) + pioa(T) + - (4.6)

Recalling that the multiple-scales method takes into account the existence of pro-
cesses with different time scales, we introduce multiple variables T,, = "7 so that ¢(7) =
@(To,T1,T2,...). By the chain rule we have

[D5 + 2uDo D1 + p*(D} + 2DoD3) + u*(2DoDs + 2D, Dz) + p*(Dj +
2DoDy + 2D, D3) + p®*(2DoDs + 2D, Dy + 2D2 D3) + p®( D3 + 2Dy D +
2D Ds + 2D;Dy) + u"(D? + 2D D¢ + 2D3 D5 + 2D3D,) + p8(D? +
2Do¢Dg + 2Dy D7 +2D2Dg + 2D3Ds) + - - - + 1)(v0 + /12901 + /14902 +--1) =

2
(crpi® 4 agp® + -+ ) (o + g1 + -+ ) + 2u*Fo cos (NTO) (po + 21+ -+4), (4£.7)

+ + +

I

where D,, = 8/0T,. We shall consider the system (4.5) in various frequency regimes and use
the multiple-scales method in the formulation of Nayfeh and Mook [23].

4.1 The driving frequency ~ 2uwy.

We consider eq.(4.5) and first assume that N = 1, the case of the principal resonance:

Grr + 0= (1 p® + agu* 4+ -+ ) + 2u* Fy cos (27)¢p. (4.8)

Using eq.(4.7) and comparing coeflicients at same powers of u, we obtain at the zeroth
order

-D(2)‘P0 + wo =0,

the general solution of which is given by
Yo = do(Tl, Tg, .. .)eiTo + c.c., (49)

where c.c. denotes complex conjugate of the preceding term. At the order u! we have

2DoDypo = 0,
which implies that
D1a0 = 0. (410)
Thus ag = ao(T3,T3,...). At u? we obtain the equation
Dier+ w1 = —(D} +2DoDa)po + arpo + Fo(e2Te 4 e %10,
(—22'D2a0 + Q1dg + Fg(_lo)eiTo + Fgaoe3iT° + c.c., (411)
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where we have made use of (4.9). To ensure that the solution remains bounded, we set to
zero coefficients of the secular terms, that is, coefficients of ¢'To:

— 2iDqyaq9 + ayag + Fodg = 0. (4.12)

Equation (4.12) describes the evolution of the amplitude of the main harmonic . In terms
of the original variables it becomes

K,
- 213“7_9 + p*arao + p? Fotio = 0. (4.13)

Below we will show that it exhibits resonant growth for «; in a certain range. Therefore, we
do not need to go to higher order terms in the perturbation expansion.

Stability. Differentiate (4.12) with respect to T2 and obtain
2idg = aydg + Fodo,

where the overdot represents differentiation with respect to 73. Using (4.12) to eliminate dg

and ap, we get
—440 = (? — F2)aq.

Letting ag = e*72, we find
45 = F¢ - o2

Instability occurs when s > 0, that is, when

Iall < FO,

or equivalently,
- <o < F. (4.14)

Recalling that p?(a + O(p?)) =1 — %‘zl and that p? = %32-62, we have

02
ay = 6_2 (—5 - 1) + 0(62).
]
Substituting for o, in the inequality (4.14), we obtain the instability boundaries:
Wl = 2 Fo + O(e")] < Q% < W21 + % Fy + O(e*)]. (4.15)

Outside this region there is no parametric resonance.

Résumeé: When the system is driven at a frequency ~ 2wy, the amplitude evolves on
the “slow” scale T, and the detuning, eq. (4.4), is of order u?. The resulting equation for
the amplitude of the main harmonic is

.0
_22_(1_0_ + Q4o + Fo&o = 0.

0T,

The resonant growth occurs in the region (4.15).
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4.2 The driving frequency ~ wj.

We proceed to equation (4.5) with N = 2:
©rr + @ = (aip® + agp* + - ) + 2Fou? cos (1), (4.16)
and assume expansion (4.6). At u® we obtain
Digo+ 0 =0,

whence ' '
Yo = age'T" + C—ZQC_‘TO, (417)

where ag is a function of “slow times” T,, = u™t, n > 1. At the order u' we then obtain

2DOD1900 = 0.
Substituting eq.(4.17) for ¢o, we get
Diag =0 (4.18)
whence aq = ag(T2, T3, ...). At the order p?, we have the equation
Dip1+ @1 = —(Di+2DoD2)po + crpo + Fo(e™ + e70)pq
= (—2iD2a0 + alao)e’% + Fo(aoez’T" + ao) + C.C. (419)

The condition for the absence of secular terms is
- 2iD2a0 + ajag = 0. (4.20)

This equation describes free (unforced) oscillations of the solution ag. To detect the effect
of parametric driving, we have to proceed to higher order terms. A particular solution of
(4.19) is given by

o1 = a1 4 by + coc., (4.21)

where 1
a; = —§Foao, and b, = Fya,. (4.22)

Here we have ignored the homogeneous solution as explained in section 2.1.
Next, at order y® we have
(2Do D3 + 2D, D2)po + 2Do D11 = 0.
If we substitute for pg and ¢, from (4.17) and (4.21), respectively, we find that
Daag = Dya; = 0.
Thus ag = ao(T2, T4, Ts, . . .) and a1 = a1(T2,T3,...). At order p* we then get
~(D% + 2Dy Dy + 2D D3)po — (D? 4 2D Dy )1 + 1oy +
+  agpe + FoleT + e'iT°)cp1

= [—2iD4a0 - D;ao + QoQg + Fo(a1 + A + A)]CiTo +
+ (oa; — 4iDqa1)e* ™ + a1 A + Foa,e¥7 + c.c. (4.23)

D3 + 2
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Setting to zero coeflicients of secular terms and substituting a; and b, from (4.22) we obtain

. 2
- 2204(10 - D%ao + (Clz + §F02> ag + Fozao =0 (424)
By means of equation (4.20) we find that
2 1,
Djag = —70140;
hence eq.(4.24) becomes
- 1, 2 2.
- 2204(10 + Zalao + Qa2Qq + §F0 ag + FO dg = 0. (425)

Here we notice that the amplitude does not depend on all “slow scales” but is in fact a
function of T3, T4 and slower times: ag = ag(72, Ty, . ..). Next, since the amplitude aq evolves
on the scales T, and Ty, it becomes imperative that stability analysis should encompass the
evolution on both time scales. It can be easily shown that eqs.(4.20) and (4.25) result from
a multiple-scales expansion of
.Oa 1 2

- 21—5—} + (,uzal + Z,u“af + plog + §F02,u4) ap + F2u'ag = 0. (4.26)
(The idea of assembling amplitude equations pertaining to different time scales into one
equation, belongs to Nayfeh and Mook [23].) In the next subsection we will find out when
it exhibits parametric resonance.

Stability. Proceeding as in section (4.1), the solution of (4.26) is given by aq = €*7
where

1 1 2 2
s = ~1 [(yzal + Z,u“af + plog + §,u4Fg) - ,ung} . (4.27)
The condition for parametric resonance is s > 0, that is,
1 2
plag + Z;faf + ptag + §/¢4F02 < u'FZ.

Equivalently,

5 1 1
—3#F < wran + pptal + plen < SuF,

so that when we compare coefficients of the same order of y we obtain «; = 0. Thus we are

left with

1
- §F(,2 < ay < =FL (4.28)

3 3
2
We recall that a3 = p™* (1 - %%) and u? = %2162, and so the region of instability is given by
(an implicit) inequality

5w?2 1 w?
2 0 412 2 2 0 4712

44



Next, since wg/Q? = O(1), this becomes an implicit condition for Q:
d 1
2 [1 ~ e+ 0(56)] <Q? <w? [1 + 35 R+ 0(e°)] . (4.30)

There is no parametric resonance outside this region.

Discussion. When the system is driven at the frequency ~ wy, the parametric reson-

ance occurs when o« = 0, which gives the detuning
2
W
1-§%=a2p4+---.
Consequently, the derivative with respect to T vanishes (see eq.(4.20)). Thus the temporal
dependence of ag is ag = ao(Ty,...) and hence, the equation governing the evolution of the

main harmonic can be rewritten in terms of T as

3
- 2ig—;§ + (a2 + §F3) ao + Fiao = 0. (4.31)
4

The instability region is given by (4.30).

4.3 The driving frequency ~ (2/3)wp.

As before, we rewrite the equation (4.1) as

2

Q 2
Yrr + = <1 - ——> © + 2u* Fy cos (—T)go. (4.32)

wd 3
Substituting the expansions (4.4), (4.6) into (4.32) and using eq.(4.7) we obtain, at u°:
Do + w0 = 0,
whose solution is given by
Yo = age'™ + c.c.

with a9 = ao(71,T>,...). In order that the equation of the main harmonic be driven, we must
have the first derivative term appearing at the same order of u as the complex conjugate
term. (The latter acts as the driver.) Consequently, to determine the correct scaling of the
detuning we should identify the order of 4 at which the evolution (forced or unforced) takes
place.

At the order u! we have

2DOD1(p0 = 0,
which gives us
Diao = 0. (4.33)
At the order u? we have
Dipr1+¢1 = —(D?+2DoDy)go + arpo + Fo(eX/3T 4 e=2/3T0)g

= [~2iDsa + cnaole™ + Fy (aoe’ ™I 4 0o -YAT) ¢ ce. (4.34)

45



where c.c. denotes complex conjugate of the preceeding term. The nonsecularity condition
yields
- 2iDgao + Q1dg = 0. (435)

A particular solution of (4.34) is given by
Y1 = ale"(1+2/3)T° + bl ei(l-—Z/S)To + c.c.,

where

9 9
ay = —-1—6-F0a0, b1 = gFoao. (436)

At the order u® we obtain
2DoD1p1 + (2Do D3 + 2Dy D2 )0 = 0,

whence
D3a0 =0. (437)

Thus, apg = ao(TQ, T4, T5, . . )
At the order p* we have

D3y + 2 =
= —(D';’ + 2DoD4)po — 2Do Doy + arpr + azp0 + Fo(t‘lz/?"T0 + 6_2/3‘T°)<P1

= [—2iD4aq — Diag + azag + Fo(ar + by)]e'Te + (—%giDzal + alal) e'(1+2/3)To 4
+ (—;—z’D2bl + bl) (1= 4 B (g,e/ 143 0 | p o#(1-4/3)T0) 4 ¢ ¢, (4.38)
To suppress the secular terms we require
—2iDyaq — D2ag + aza + Fo(a: + 1) = 0.

But DZag = —}o?ao and so invoking (4.36), this yields

1 9
— %iDyao + (Zaf +an+ igFg) a0 = 0. (4.39)

This equation tells us that the amplitude aq evolves with the characteristic time scale T}.
The evolution is undriven. A particular solution of (4.38) is then given by

— azei'(l+4/3)To + b26i(1+2/3)To +czei(1—-2/3)To + c.c.

Y2
where
9 x 9 9x3 o7 0N?
a2 = o 16Fgao, by = 6% 8Foa1ao, cy = 3—2-F0a1a0+ (g) Fla,. (4.40)

Since we are interested in the resonant effects we must get the driven equation for the
amplitude of the main harmonic. Thus we have to go to higher orders of p.
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At u® we obtain
(2D0D5 + 2D2D3 + 2D1 D4)(Po + (2DOD3 + 2D1D2)§01 + 2DOD1(‘02 = 0,
producing Dsaq = 0. Since Dyag = Dsag = 0 and ay, by, a2 and b, are proportional to ag,
their derivatives with respect to T3 and 7} vanish.
At the order u® we have
Dipa+ws = —(2DoDs + 2D;Dy)pe — (D3 + 2D D4)pr — 2D Daypg + cypr +

+ oy + aspo + Fo(eMITo 4 o= (2/3)iTo) )
= [—2iD6ao - 2D2D4a0 + Q3ag + Fo(bg + C2)]6iTo +

' 10, |
+ -Dgal - ?Z(D:;al + ngz) + a3 by + aa; + Foaz] e‘(1+2/3)To +

- 2 )
+ —ngl - gi(D4b1 + Djc2) + azby + a2 + Foaz] 1=/ 4

[ 14 . .
+ ——2—'1:D20.2 + aya2 + Fobg] 6‘(1+4/3)To + F00261(1+6/3)T0 + c.c. (441)

For nonsecularity we require that

- 22'D5a0 - 2D2D4a0 + asap + Fo(b2 + Cz) = 0. (442)
But . 9
Dy Djag = —ZC&azao - -G-ZFOZC!lao + Ea?ao;

substituting this equation and eqs.(4.40) into (4.42), we obtain

, 1 117 _, 1, NI
- 22Dsao + (‘5&1&2 + 1—2"8—F0 ay + gal + C!3> ag + (g) FO dg = 0. (443)

Eq.(4.43) includes the desired complex conjugate term which originates from the term
b; exp {z (1 - g) To} = byexp (—1Tp) of eq.(4.41). That is,

b, exp {z <1 - 232- - —2- — z) To} = by exp(—iTp)

or b,exp {z (1 - m%) To} = byexp (—1Tp), where m = 3. We see that in order that the
equation of the main harmonic be driven, the complex conjugate quantity must appear at
the same order of y as the time derivative. In the case at hand, this order is p?™ = p® = 2V,
This is the general rule. In the case of general N the complex conjugate term should appear
at the order u?V. (In particular, when N =1 and 2, the driving term is to appear at the
order u? and p* respectively; in the previous sections we saw that this is indeed the case.)
In the next section, we shall show that when N = 4 the driving term has to arise at the
order u® = u?V.

At this stage we realise that the amplitude ag evolves on three time scales T3, 7y and
Ts. Although the driving is effective only on the scale T, taking into account the evolution
with respect to T3 and Ty, helps us to fix the coefficients a; and as,.
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Thus in order to derive the amplitude equation we need to make use of all the three
evolution equations, (4.35), (4.39) and (4.43). It is straightforward to show that these three
equations result from a multiple-scale expansion of

Ja

} 1 9
_2z-a—7_2 + pzalao + ,u4 ((12 + al + —1-6F2) ao +
117

1 1 9\ _
+ ub (50102 + o} + a3+ -1—2-8-01F02) ao + (g) pCF3ag = 0. (4.44)

8

Stability. Proceeding in a standard way we obtain the solution of (4.44): ag =
exp (s7), where

1 9 1 1 117 2
—452 = [aluz-{-# (a2+ al—{- 16F2) (2a1a2+801+a3+-——a1F02>] -

128
4
- (§) B
Resonance occurs when s > 0, that is when
1 9 1 1 117 9\ ?
lal,UZ + (Otz + 4011 + 6F2> + p (50!1(12 + '8'0:13 + a3+ 12—8‘C¥1F02) < (g) Fou®

Equivalently,

117

2
9
'i-é'é'alFoz) > — (—) Foaao/l,G —_ ——F2 4,

2 4 1 2 6 (1 1 5
ayp” 4+ p a2+zal + u §a1a2+§a1+a3+

and should hold together with

1 1 1 117 9\? 9
ayp? + pt (ag + 4a1> +u <5a1a2 + ga:f + a3+ ————-alFoz) < (—) Fou® — —FZu*.

128 8 16
By comparing coefficients of same order of u we find that a; = 0; g = %FOZ and
9\?2 9\ 2
- (g) F? < ag < (g) . (4.45)

w2

Thus by (4.35) and (4.39), ao = ao(Ts, . ..). Recalling that 1 — 8 = ayu? + app* + asp® -
we then have
9 w 9\? 9 9
2 290 6 73 2 42 6 3
“’°[1 16° F°s'ﬁ"(§) F°Q4]<Q <“’°[1—'1_6' F°Q2 (8) FOQ‘*}’

Since ﬁ% =1+ O(u*), the resonance window is given by

9 2 2

9 \ 2
1— E64F02 - (g) e’ FS + 0(e®) < o <1- 1‘6'54Fo (g) eFY + O(e®).  (4.46)

Notice that the term —-—FO2 is important in providing the boundaries of the instability
domain. This term results from the unforced evolution on the time scale T}.
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Résumé. When N = 3, the parametric resonance occurs for the detunings
wi 9 6

In the resonant case the equation of the main harmonic eq. (4.44) can be written in terms

of T as

9\ 2 |
- 21'%;—0 + asag + (g) Fdq =0, (4.47)
6

where ag = ao(Ts, - ..). The resonance window is given by eq.(4.46).

4.4 The driving frequency ~ (2/4)wy.

In this section

2 2
Prr + @ = (1 - %92-) @ + 2u’ Fy cos <Zﬂt>cp. (4.48)
We let
W2
1 -2 =opu? 4 oop* +aaub+--- (4.49)

02
and expand ¢ as in (4.6). In accordance with the result found in the previous section, we
expect that the driver will appear at the order u8.

Using multiple scales and comparing coefficients from eq.(4.7) we obtain at O(u°),
$Yo = ao(Tl, T'z, T3, . .)CiTO + c.c.

At order u! we obtain
2Do Dypo = 0,

which yields Dyao = 0. At order p?, we have

Dioi+¢1 = —2DoDypo + argo + Fo(€(2/4)iT° + e_(2/4)£T°)<P0
= (=2iDja0 + a1a0)e’T® + Fo(aoei(l+2/4)T° + aoei(l"2/4)T°) + c.c. (4.50)

For nonsecularity we require
— 21Dja0+ ajag =0 (4.51)

and a particular solution of eq.(4.50) is given by
P = a1t bef(1=2/9T0 4 o

where s 4
ay = ——gFoao, bl = §F0a0. (452)

Order 42 yields
(2Do D3 + D1 Dy )po + 2DoDypy = 0,
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whence Dsag = 0. At the order u* we get

Digy+ @y = —(D2+2DoDy + az)po+ (—2DoD2 + o)y + Fo(e'®/ T 4 £i(=2/49T0),,
= [~2iD4a0 — Diao + a0 + Fo(ay + by)]e’™ +
+ (—3iDar + 01a1)e YT 4 (—iDyby + ayhy)eHTo 4
+ Folay 0¥/ 9T 4 p) 1=4/9T0] 4 ¢ ¢

whose nonsecularity condition is given by
—2t1Dyaq — D%ao + aqag + Folar + b1) =0,

or by using (4.51) and (4.52),

1 8
— 2tDyao + (Zaf + a;+ IB—FO?) ag = 0. (4.53)

@, is given by

3= ayet MO 4 b i0-4/0T0 | o) i(142/4)To 4 dpef1-2/4T0 c.c.,

where

4 4 8 8
as = l—gFgao, by = §F02ao, Cy = —é"s'Foalao, dy = §F00‘1a0- (4.54)

At order p® the perturbation expansion gives
(2D0D5 + 2D2D3 + 2D1D4)(p0 + (2D0D3 + 2D1D2)g01 + 2D0D1Q02 = 0.

The result of this equation is that Dsag = 0. Thus ag = ag(T2,T4,Ts,...). Proceeding to
higher order terms, we have at O(u®) the following:

Dios 4+ pa = (—2DoDs — 2Dy D4 4 a3)po + (—D3 4+ 2Dy Dy + a2)p1 +
+ (=2DoDy + ay)py 4 Fo(e2/#T0 4 ¢~ /4iT0),,
= (=2iDgag — 2D, D4 + agao)eiT° + (=D2a; — 3iD4ay + ya; —
— 3Dzcz + aza + aycp + F002)6£(1+2/4)T° + [-D% — iD4by + by +
4+ aydy — iDaody + Fy(by + By)]e-8/0T0 4 (—4iDsas + yag + Focy) X

'Y DT o (o1 by + Fody)e 49T 1 g, et1+6/40T0 4 ¢ ¢ (4.55)
iTp

To suppress secular terms, the coefficient of the term proportional to €' must be set to

zero. Thus

b QiDsao et 2D2D4ao + a3ag + FO(C2 + d2) = (. (456)
Using (4.51), (4.53) and (4.54) we obtain
. 1 1 188
— 21 Dgag + (ga:{' + 51 +az + T x 15F02a1> ag = 0. (4.57)

A particular solution at order u® is given by

03 = asei(l+6/4)To + 6365(1—6/4)% +036i(1+4/4)To + d3ei(1-4/4)T0 + 636;'(1+2/4)T0 +ee,
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where

4 x4 4 2 11 1 11 i A R
=gz Fen b= (5) Bo[ged gt 5 a0t (5) R
4 x11 4
= 15 X 15F02a1a0, ds = §F02a1a0,
4\? 113 1 17
€3 =" (g) Fo [ZL_O-a% — g EF(?] ag.

At order 4" we obtain

(2D0D7 + 2D1 DG + 2D2D5 + 2D3D4)<p0 + (2DOD5 + 2D2D3 + 2D1D4)(P1 -+
+ (2D¢D3 + 2Dy, D3y)p2 + 2DoDyp3 = 0,

which gives D7ap = 0. Notice that we have not yet found an equation that describes
the forced evolution of the amplitude. Thus we should proceed further to higher order
approximations. At order u®, we have

Dips+@s = —(D}+2DoDg+ 2DyDg)pg ~ (2DoDg +2D2Dy) 01 — (D2 +2DoDy)pq ~
2D Dyws3 + a3 + agpe + azpr + aspe + F0(6(2/4)£T° + 6-(2/4)iT°)<P3
(~D2ap — 2iDsag — 2D, Dg + asao + Fo(bs + 63)]€iT° + [-3iDsa; —

~ 2D;D4aq + azay — Dic; — 3iDycp + ey — 3iDges + aqes + Fyes] X

x 0¥ 4 1_iDeby — 2D, Dy + by + 2iDgbs + arbs — Didy — iDydy +
+ Fo(ds + d_s)]fi’i(l_z/‘t)T0 + [-Dgaz —4iDyay + azas + Folas + e3) —

— 4iDqc3 + 01163]6“1“/4)% + [—ngz + azb; + ands + Foba]61'(1_4/4):"O ~+

+ [~5iDsas + aras + Focs)e /AT 4 Faaei1+8/40To 1 ¢ o (4.58)

Putting coefficients of secular terms to zero yields
- QiDgao - D:ao - 2D2D6a0 + aaao + Fo(i)g + 63) = 0. (459)

Using (4.51), (4.53) and (4.57) we obtain

. 5 3 164 1
~2iDsan + (a4 + ol + eder ~ osrathy + qodt
1 188 9192 4N 2
- 2% o, F? —————F“) (-) Fia, = 4.60
+ geest o mpaelfo oo Jao (3] £ =0, (4.60)

which is a driven equation that was required to determine the effect of the parametric driving
on the solution ag. As we have shown, the driver appears at the order u® = u?. We shall
show how the coefficients o; are fixed when we analyse stability boundaries. In order to
understand the evolution of the amplitude at different time scales, all the equations (4.51),
(4.53), (4.57) and (4.60) must be taken into consideration. (This is the key idea of the
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method of multiple scales in the formulation by Nayfeh and Mook [23]. It is straightforward
to show that all these equations result from a multiple-scales expansion of the equation

Oa 1 8 1 1 34
_22—6—7_—0 + uzalao + u“ (4 + g + 15F0> ag + us (ga? + Ealag 75F2a1+
5 3 1 164 188
8 2 2 _ 2 2 F2q
+oas)aotu (64“1+8a1“2+4 B x2 0T psioeT
1 2192 4\? _
+ +§a1a3 + a4 + ml‘-’;) agp + (g) F(;‘,usao = (. (461)

Stability. To analyse stability of the solution of (4.61) we differentiate this equation with
respect to 7 to obtain

0% 1 8 1 1
21 0 [uzal + u4 (Zal + ap + 15F2) <§a:13 + §a1a2 + a3> +

or?
3 1 164 188
8 2 F2 2 2
+ "(640‘1+8a12+4a2 x50t prgocat
1 2192 8&0 4 2 8(10
+ gmest ot o mm iy )| 5o+ (3 U (4.62)

Let £ denote the coefficient of ao in the above equation. Then, using (4.61) we obtain a
second-order differential equation of the form

4 4
—4do = L%ag — (g) ulsFogao,

whose solution ag = e°” is unstable when s? > 0, that is when

4 2 8 4
(c|<<§) WSR2,

Equivalently,
N o, 8 1, 1 34
—(§> wiho < [" a1+”( J”"2+15F°)Jr <§°‘1+§a‘a2+a3 75F°a1)
5 3 1 164 188
8 22 2
o <64a1+801 0+ 7%~ s ife t gy g lot

+ ! oz + a4 + 2192 F")]
g T AT e 35 t0

4 2
< (g) WSFL. (4.63)

Comparing coefficients of same powers of u we obtain at u? that oy = 0. At the order u* we
then obtain 8

__5% m
and at the order p® we have az = 0. Order u® gives us the range of instability as

6928 5072
- Fi < 4 .
75 % 45 +< e g0 (4.65)
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where we have made use of eq.(4.64).

Recalling that \

w 8
Q‘; = 15ng + aqp®, (4.66)

we then have

8 ., . 5072 48] w2 [ 8 ape, 6928 48]
[1+15F° T lor | < g <[P pH B g

2
Using the binomial series and recalling that u? = =2¢% we obtain the resonance window
g g H Q

59 4 2 W
2[ 8 w ) Qg 5968 wp SF“} <2< wg[ _ 8% ‘F? 6032 L—U—%SFJ} .

“o 1504° 70 7 75 % 4518 5o ot s 50
Since
= =1 R+ O(u®),
Q2 15

we can rewrite the instability condition as

8 8 w 5968
_ F 0.4} _ F481 8
L=z to (1+15n4 ) T5x a5 0c 1 HOE)F <

8 8 wa 6032
< Q< [1 - 554F02 (1 + F2 404) + E 4558F{)‘(1 +O(s4))] )
Finally,
8 » 6928 8 5072
_ S etp2 8 4 10} 2 2[1___4F2 8 4 10]_
1 15 5 75X45€F0+0(6) <Qf <w 155 °+75><45€F°+0(6 )

(4.67)

Discussion. When the system is driven at the frequency ~ (2/4)wo, the parametric
resonance occurs when a; = a3 = 0 and the detuning

w2

8
1 -2 =-—F}'+ta
- 15 oM + W
Thus, the detuning must be of order u*. However, if we limit ourselves to the order u* in the
expansion, the resulting equation of the amplitude of the main harmonic is unforced. The
driven equation only arises at the order x® = p2?V, in agreement with the general principle

explained in the previous section.

Since the perturbation parameter yu enters the original equation (4.1) only as u? we
could have used only T, = u™r with n even, so that the slow time scales are defined by
powers of u? instead of u. (Indeed, we have seen that all derivatives with respect to “odd”
times, i.e. T, = p™r with n odd, vanish.)

If we substitute oy, a2 and az in (4.51), (4.53), (4.57) and (4.60), we obtain Dyag =
Djag = Dgag, and the equation for the amplitude of the main harmonic is simplified to

8 928 4\?
_2___(_ p—_ 4) ‘<_) 8 g = 0. )
A 5T8 ( 25 x 135F’0 ag 3 M Fbao 0 (4 68)
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4.5 The effect of damping.

So far in this chapter we ignored dissipative effects. Let us now include damping so that the
equation reads

o+ 2hey + w2 [1 — 2Fye? cos (-]%Qt)] ©=0. (4.69)

We shall exemplify the effects of damping by treating the case N = 2. As before we make a
transformation 7 = Q¢ which yields

w? w2
Orr + @ = (1 — ﬁ%) ®+ 2?2%}‘_1062 cos (7)) — 2XQ¢-, (4.70)
and define p = (wo/Q)e, 1 — %‘:l = ayu? + agu + - - -. Since we are interested in the solution

that will exist for a long time we assume that the damping is small:
AQ = g2 (o + phy + g+ -00).

By using multiple scales as before, and comparing coeflicients at like powers of i, we obtain

at order u° the equation
DSLPO + o = 0,

whose solution is _
Yo = ao(Tl, T2, .. .)CITO -+ c.c.

At order u! we have
2D0D1§90 = 0.

Upon the substitution of ¢, we then have Diag = 0. At the order u? we get

Dioi+¢1 = —2DgDawo+ a1 + Fo(em’ + 6—£T°)800 ~ 2Xo Do
= (=2tDgao + a1a0 — 2i)\0ao)e’T° + Fo(aoez‘% + ag) + c.c. (4.71)

The nonsecularity condition gives
— 21 Dyag + a1ag — 2t Agaq = 0. (4.72)
A particular solution of (4.71) is given by
P = a,e?To 4 b + c.c.,

where !
ay = —§F0(10, bl = Fo(lo. (4.73)

The order u3 gives
2Dy D3po + 2X1 Do = 0,

whence

- 2iD3ao - ZiAlao =0. (474)
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At the order u* we obtain

Dipy+w2 = —(D5+2DoDs)po — 2DoDap1 + cnipr + aapo + Fo(e' T + &™)y —
- 2/\2D0900 - 2/\0D0901
= [=D?2ag — 2iD4ag + azaq — 2i)z2a0 + Fo(as + by + b; )]eiT° +
+ (—4iDjay + oqay — 4i/\0a1)e2iT° + a1 by + Foa1e¥ + c.c. (4.75)

For nonsecularity, we require
—D%ao — 2iD4ag + azag — 2t 2a0 + Fo(ar + by + 51) =0,

which upon substitution of

1 .
Dgao = —Zaf(lo + Zalz\oao + /\(2)(10,
becomes
. 1 2 . .
— 21D4a0 + (Zaf + Qg + ‘3‘F02) ag — Zal/\oao — /\gao — 22/\200 + Fgao = 0, (476)

where we have also used (4.73). This equation is damped and driven. Thus we do not need
to go to higher order approximations.

Equations (4.72), (4.74) and (4.76) result from the multiple scale expansion of

.Oa 1 2
—225'7_2 + [#201 + ,u4 (Zaf + oz + §F02 - /\(2))] ag —
Y [;ﬁxo 4P+t (%alxo + ,\2>] + 1*F2a, = 0. (4.77)

Writing
1
ao(1) = A(T) exp (—/12/\0 — 3N - —2-/14a1/\0 - /14/\2> T,
and substituting for ao in (4.77), we obtain the undamped equation for A,

A 1 i
- 21'-27 + ulan A+ pt (ZafA —MA4 A+ ch?A) + @ FEA =0, (4.78)

whose solution is given by A = €*" where

1 2
45 = F3u® - [/1201 + pt (Zaf - M ta+ gFg)] . (4.79)

Thus 1
ag = €xp [s - (/12/\0 + 130 + :2—/14a1/\o + /14/\2)] T.

For resonance, we need to have
2 1 :
8" > (/lzf\o + pA + 5/14011/\0 + ,u4/\2> )
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that is
8 4 2 afl 2 2 3 .2\]° 2 3 L 4 o)
K’ FO —_ [,u Ql+[l <ZC¥1-—/\0+C¥2+'2—F0)] >4<[£ /\0+/l /\1+§p C¥1/\0+p /\2>
(4.80)
By comparing terms of same power of 4 we obtain at the order u*,

—O!f > 4’\3)
which can only hold for &y = Mg = 0. At the order u® we have that 4A\? < 0, a condition
which is satisfied only when A; = 0. The order p® gives
4 3 2\° 2
R - (a2 + 5F(,) > 4A2,

or equivalently,

<\ F§ -4,
3
SRR - < an < _gFg + /R 13,

The necessary condition of resonance is A; < %Fg, that is, the dissipation coefficient cannot
be greater than the driver’s strength.

Recalling that a; = p7*(1 — w3 /Q?), we have

3
w? [1 - 51702,114 — u*\JF§ — 4/\%] < < Wl [1 — gFOZ;ﬂ + pt/FE — 4/\3] .

Since p? = (W2/N%)e? and WZ/N? =1+ O(p*) we then have
3
w? [1 — g—ng" — e\ JF§ - 4/\§] <0 <wd [1 - -2—F0254 +e*/F§ - 4/\3]’ : (4.81)

Résumé.
When the system is driven at the frequency ~ wy, then for resonance, the damping coefficient
must be p?(u?A) = p*A = p®M . In the same way it can be shown that for general N the
damping should scale as x?V. With this scaling of the damping term, the resulting damped
driven amplitude equation is

3
Qo + EFOZ

le.,

_gi0% (az + gF(?) ag — 26Aza0 + Fiao =0, (4.82)
aT, 2

and the corresponding resonance window is given by (4.81). This equation correspond to
the resonant driving frequencies. In the same way it can be shown that for general N the
damping should scale as u?V.

Below we give the resonance windows for N =1,2,3 and 4.

« N=1: u? [1 N «ug] <0 < w? [1 +e?/FE = 4/\3] ,
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« N=2: u [1 _ 2Rt — e\ Fg - 4/\3] <02 <u? [1 — 24F2 4 ¢4\ R — 4/\3] ,

« N=3: wg[1—%545‘3—56\/(3)41«“3—4/\3]<QQ<

< w? [ ~ 2t Rt e \/(3)45'3-4&} ,

4
o N=4: W2 [1 — Bt P+ ;RS - 6\ (4) FE - 4,\3] <<

4
<l [1 SR+ et F e (4) P - 4/\3}.

4.6 Conclusions.

In this chapter we have considered the parametrically driven linear oscillator driven at a
frequency (2/N)Q2, where & wg; more precisely,

w?

1—55—011# + pp* + agp® + -
Here ¢;’s are constants and g = (wo/Q)e is a small parameter. We have shown that in order
to have parametric resonance in various frequency regimes the driving frequency should be

tuned into the following windows:

o N=1: 1—%}2—2—-a1,u+
wg 4
e N=2 1—52—202[14-
2
_ “o _ 9 2
e N=3 -—m -—1—6F,U +a3[1+
w? 8
[ ] N=4 —Q—g——‘—’FOz,U +a4/1+

We also found that the driver appears at the order u?V, in the form of a complex conjugate
term arising from the term

: 2 2 2 :
exp {z (1 ——————————— ) To} = exp (—17To).
This term arises when the system evolves on the “slow” scale T = u?V
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If the parametrically driven linear oscillator is damped, the scaling for the damping
coefficient should be u?V since the damping term must appear at the same order as the
driver.

With these scalings, the parametric resonance occurs and the main harmonic is gov-
erned by the following equations:

o N=1: —-22——9 + ayag + Foag — 2iAgag = 0,
® N =2: QZQG-&-}-(CIQ-}- Fz)a0+Fa0—22/\2ao—0
o N=373: —22—“0' + Qa3qq9 + (9) Fgao - 27:/\40.0 = 0,

. 2 _ .
o N=4: ——22%% + (a4 + 7§§§5F4) ag + (%) Fiag — 2i)saq = 0.

Analysing the stability of the undamped solution the following resonance windows were ob-
tained:

e N=1: —-F<ac<IF,
) 1
o N=2: C!]'—‘O, “—F02<C12<_F02)

3 3
9 9\? 9\ 2
o N=3: a=0, a= 16F02, —(g) Fg<a3<(§) Fg,
8
o N=4: a1=a3=0, aZZ—BF021
6928 5072,
— F. 4,
75 x a5 0 << g5 gpho (4.83)

Expressing these regions of instability in terms of the driving frequency €2 and natural fre-
quency wo we have:

o N=1: wil1-6F)<Q®<uwli(l+eF),
)
o N=2: i (1 - §€4F02) < < (1 + %a“FOZ) ,

=g B(i- 2o (O o) <o < (1o 2em e () R
‘ 16 8 0 0 16 O 8 o)
8 6928
N =4: 2( — A2 _ B F 4) 2
* wo \l = 35¢ 0~ 7515 f
8 5072
2 _° a2 8 4
< wo(l =€ F°+——_75><45€ FO). (4.84)

In the damped case the above resonance windows modify into:

o N=1: ‘wg (1—-62\/F02—4/\(2]) < 0% < Wl <1+€2\/F02—4/\3),
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o N=2: W} (l — ;—Fge“ —e*\JF§ ~ 4A§) < <w? (1 - gs“Fg +e*\/F§ — 4,\3) ,
2 9 4 12 6 9 4 6 2 2
< w|1- 2ty 56\/(9)41?6 — 472
0 16 0 8 0 4 ’
8 928 4\*
4. 2 _ 412 84 _ 8 = 8 __ 4)\2 2
o N=4: wo(l _15€F°+75><45€F° e\/(3> Fy 4/\6'<Q <

8 928 4\*
< W (1 ~ I5—64F02 + 7—5—x—4558Fg + 58\/(5) F$ — 4,\3) : (4.85)

Let us now compare the results obtained by the Lindstedt-Poincaré method (Chapter 3)
and the multiple scale technique by using the case N = 2, for simplicity. Using the modified
Lindstedt-Poincaré method we first assumed that r = 2, where r is the scaling exponent for
T = pu"r. We arrived at the equation

.d
- QZZZ_% + ajag =0, (4.36)
which is not driven, and therefore discarded the scaling r = 2. We then assumed that r = 4
and the resulting equation is

.da 2 _
- Qla'f + (az + gFOZ) ag + F02ao = 0, (487)

which is indeed, a driven equation.

On the other hand, by the multiple scale technique, at the order u? we arrived at
- 21:D2(10 -+ Q1Qo = 0, (488)

which is also undriven. However, we went further to higher orders until we found the driven
equation,

1 2
- 2iD4a0 + (Zaf + [6%)) + §F02) Qg + Foao = 0. (489)

Equation (4.88) shows that the evolution of the amplitude is free on the scale T3, whereas
the evolution of (4.89) implies forced oscillations.

As we can see from the facts above, the modified Lindstedt method, discarded free
oscillations on the time scale T3, while the multiple-scales technique has taken into account
both T, (free oscillations) and Ty (forced oscillations). Thus the Lindstedt method gives
limited results.

However, in determining the resonant detuning, that is the coefficients «; for which
resonance occurs, the Lindstedt method seems to be convenient as these coefficients are
obtained from nonsecularity conditions. Using the multiple-scales technique, we are only
able to obtain these variables when we analyse stability of the amplitude equation.
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In general, these two methods yield the same results in the resonant case, but the
multiple scales method takes into account both free and forced oscillations. In addition,
using the multiple scales, we do not have to determine any scaling exponent, but the time
scale comes out naturally. Although the modified Lindstedt method is straightforward to
apply, it gives limited results and in what follows, we shall make use of the multiple-scales
technique. The other reason for continuing with the multiple scales method is that the
Lindstedt method is inapplicable to nonlinear equations with varying amplitude since the
essence of this method is to introduce the frequency-amplitude dependence. In time varying
amplitudes, this dependence is unacceptable since the frequency will be varying instead of
being constant.

It can also be shown that there is an exact correspondence between our results and
those obtained in literature for the Mathieu equation (see e.g. Abramowitz and Stegun [89)):

wes + {a — 2q cos (20)}p = 0. (4.90)

In comparing these results we note that in the case of equation (4.90), the driving frequency
is fixed equal to 2 and the natural frequency, a, is variable. On the other hand, in our
equation

2
¢n+w§b—2%écm(ﬁﬂo]¢=0, (4.91)

we vary the driving frequency, 2Q0/N, rather than the natural frequency, wp. The transform-
ation 7 = )t takes (4.91) to

2

Orr + @ = 1 -2 @ — 2Fou® cos -—2—7' v =0, 4.92
02 N

where ;¢ = (wo/)e. This equation is brought to the form (4.90) by writing + = N@ and
identifying

2

2 __ 9 _
The equations (4.93) establish the correspondence between our resonance windows and in-
stability boundaries

bn(g) < a < an(q)
for the Mathieu equation (4.90), available in the literature. Abramowitz and Stegun [89]
give ay and by for N = 1,2,...,6; it is not difficult to verify that for N = 1,2,3,4 their
instability boundaries give rise to exactly equations (4.84).

60



Chapter 5

The parametrically driven pendulum.

In chapters 3 and 4, we considered the linear oscillator as an example of a parametrically
driven system. In reality, however, most physical problems are modelled by nonlinear equa-
tions. In this chapter we shall add sinusoidal nonlinearity to the linear oscillator equation
and consider the parametrically driven pendulum:

2
Vit + 2Ap; + Wi [1 ~ 2Fpe? cos (—Nﬂt)] sine = 0. (5.1)
We add nonlinearity of the form sin since our ultimate interest is in the parametrically
driven sine-Gordon equation.

As in the previous chapters, we make use of the transformation 7 = Qt, define uy? =

(w3/Q%)e? and expand
_ 1, 1
SILY =@ — 51¢ +§<P +-e.

Then eq.(5.1) becomes

1
prete = (aap' +ogp' ) + (1 —oap’ —agpt =) -

3!
1
+ gll-ap’ -’ =)’ +o 4
2 2 1
+ %Fa€2 COS (N—T) ( —_ '3—'993 + .. ) . (52)

Since we are interested in weakly nonlinear solutions, we write

o= (ot pior+ulpr + ),

with p > 0. This ensures that the nonlinear term is small. Making use of the multiple-scales
techniques, we compare coefficients at like powers of u. We shall determine the correct
scaling of the amplitude of the solution by examining different values of p.
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5.1 The frequency ~ 2wj.

p = 1. We first assume that p = 1, so that
@ = ppo + plpr + pior+ -,
where g, @1, @2, ... = O(u°). Comparing coefficients at equal powers of x, we obtain at u!:
Do + o = 0,
the solution of which is given by
wo = ao(T1, T2, .. .)eiT° + c.c.

At the order u? we obtain
2D0D1 Yo = 0.

Upon the substitution of ¢ = ag(71, T2, . . .)eTo + c.c. we obtain Dyag = 0. At the order u3
one arrives at

1 1 -2
Dgpr+¢1 = (—2DoD3 + an)po + §T‘Pg + Fo(e¥To + e7¥To)pg
1 : 1 .
= (—27:D2a0 + apao -+- §|a012a0 + FO&O) etTo + (gag + FOaO) e3tTo +
+ c.c (5.3)

The nonsecularity condition is given by
: 1 -
- 22D2a0 + ajaq + 5[(10]2(10 + Foao = 0, (54)

which is nonlinear and driven and therefore we do not need to proceed to higher order terms.
We only notice that equation (5.4) results from a multiple scale expansion of

. 6ao

1
—aGt onptao + §u2[a0|2a0 + u*Fodo = 0. (5.5)

Let p = 2, that is
o= oot ptor+ ptort oo
At the order p? we have the solution g = ag(T1, Ty, - - -)e'™ + c.c. The order p® gives

2DoDypo = 0,
which upon substitution of ¢y = age'™ + c.c. yields Dyag = 0. At the order u* we obtain

Dg‘Pl +¢1 = (=2DoD; + a1)po + Fo(ezm’ + e_ZiT")goo
= (—2iDjaq + arao + Foao)e' ™ + Fyaoe® ™ + c.c. (5.6)

For nonsecularity we require that

- 22'D2(10 + Q149 + Foao = 0. (57)
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Since this equation is linear, we have to go to higher order terms so that we may have a
nonlinear equation. A solution ¢, is given by

P = aleSiT° + c.c.,
where a; = —3 Foao. At the order u’ we have
2DoD3po = 0,
whence D3ag = 0. At the order u® we obtain
Dgsﬂz +p: = (—D§ — 2D Dy + a2)po + (—2Do D2 + 1)1 +
L 51!‘998 + Fo(e¥T 4 72 T0),
= (—-Dgao — 2iDgao + azaq + %!aolzao + Foal) e'To 4
+ (—6iD2a1 + ajaq + éag) e3To 4 Fua e + coc. (5.8)
Suppressing secular terms we arrive at a nonlinear equation,
— D2ag — 21 D4aq + aza0 + %Iaolzao + Foay =0, (5.9)
where a; = —éFoao. Since, in view of (5.7)
D2ag = <—ia§ + ipg) ao,
eq. (5.9) can be rewritten as

. 1 3 1
- 2ZD4G,0 + (Zaf - §F02 + az) ap + Elaolzao = 0. (510)

Equations (5.7) and (5.10) result from a multiple scale expansion of

.0 1 3 1
—9 20y prarao + pt (—a? —--F¢ + a2> ao + =utlaolao + p?Fodo = 0. (5.11)
or 4 8 2
Discussion.

When the nonlinear oscillator is driven at the frequency ~ 2wy, the amplitude of oscillations
satisfies the following equations:

.Jag 2 p? 2 2
L p= 1: —21—3—7_— + [V SN 1) + —2—‘(10l ap + H F()Cl,o = 0, (512)
.0 33 4
e p=2: ——213(:9 + plonag + pt (—C—;l — §F02 + ag) ag + %—]aolzao + y2F050 = 0.

(5.13)
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If ap is small, we can ignore the nonlinear terms. This assumption gives two linear equations
which differ by terms of order p*. The linear limit of eq.(5.12) is precisely the equation that
we derived in the linear oscillator case, eq.(4.13).

We recall that the instability window for the linear oscillator is given by
—-Fo <o < Fo.

Let us demonstrate how this instability saturates in the nonlinear case; this will give us a
clue on the correct choice of p. For simplicity, we confine ourselves to stationary solutions.
0(10

5 = 0, we obtain for the case p =1 (see eq.(5.12)):
-

Putting

1
p2a1a0 + 5,uzla0|2ao + /12F0L—10 = 0.

Letting ap = Ae*, we have
1 .
oy + =A% + Foe ™ = 0.

2
By setting the imaginary part to zero, we end up with sin2§ = 0 which gives § = gn,
n=0,%1,42,.... Hence cos28 = coswn = (—1)". The real part is then
1 2 n
(841 + §A + (—1) Fo = 0,
whence
A= =2[a; + (-1)"Fy). (5.14)

Thus A is real only if a; < (—1)"*'F;. Recalling that in the linear case the region of the
instability of the trivial solution was given by —Fy < ay < Fp, we observe that this instability
will be saturated by a solution (5.14) with n odd:

A=+/-2(y — Fp).

This fact is in agreement with the assumption that ay = O(1).

9ao

5 = 0 yields

In the case p = 2, setting

1 3 1
arag + p® (iaf - gFg + a2> ao + -2-p2|a0]2a0 + Fyag = 0.

By following the same procedure as above we end up with

o 2 _Q‘_i_?_Fz _];2'2 ~1V*F, =
1+'U: 2 80+a2 +2IU'A+( 1) 0_0)

which gives
2 -2 2({ef 3.
AP = =27 oy + (1) Fo + 47 (G = SRS + )|
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If @y # *F,, we have ag = Oi;fl) which contradicts the assumption that g, ¢,... are of
order 1. The order-1 solution arises only if a; = *Fy. In this case A2 = —2 (az + %Foz)
which yields real A provided a, < —1F.

To conclude, the driving frequency with —Fy < a3 < Fp will sustain stationary solu-
tions with amplitude of order u!. The driver with a; = +F; and a; < —3F§ will support
stationary solutions of order u2. We did not discuss frequencies outside the instability win-
dow —Fy < a; < Fp although these, nonresonant frequencies can also support stationary
nonlinear solutions. Qutside the resonance window small oscillations will die off when we
“switch on” the dissipation. This does not mean, however, that nonlinear solutions will be
damped off. It would be interesting to study the effect of dissipation on stationary nonlinear
solutions, as well as to study their stability. This problem lies beyond the scope of this work,
however.

5.2 The driving frequency ~ wy.

In this section we consider the case N = 2. As in the previous section, we vary p in order to
find the correct scaling of the amplitude.

Let p = 1, that is, ¢ = O(p). At the order u we obtain
Do + o =0
with a nonpropagating solution
wo = ao(11,T>, .. .)eiT° + c.c.

The order p? yields
2DOD1(,00 = 0,

and hence Dyag = 0. At the order u3 results

1

Dipy+¢1 = (=2DoDsz + a1)po + <P3 + Fo(e‘.TO + e—iTo)

3!
, 1 . .
_ <—21D2a0 + araq + §(a0|2a0) e'To 4 Fo(a0<'32’T0 + ag) +
1 .
+ gage3’T° + c.c., (5.15)

and the nonsecularity condition is
. 1 2
- 22D2ao + a1a0 + —Q-Iao' ap = 0. (516)
A particular solution ¢; is given by

— 31Ty 21T,
@1 = a1€ +ble +C1+C.C.,
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where ! !
—4—§a8, bl = ’—gFoao, C = Foao. (517)

a; =

At the order u* we have
2D0D3<Po =0

which upon substitution of g = age'™ + c.c. yields Dzag = 0. The order p® gives

1
Dipa+ @2 = (=D3—2DoDs+ az)po + (—2DoDs + o )y + 5903301 -
1 1 ; - 1
-_— ﬁaltpg - -5—'(,03 + Fo(e To + e To) (‘,00 e EFSOS) . (518)

Substituting for ¢¢ and ¢; and setting to zero coeflicients of secular terms we obtain

. 1 1_ 1
- 2ZD4ao — Dgao + Qoo — §a1]a0|2a0 + Eagal — -ﬁ—laol"‘ao + Fo(bl + c + 51) =0. (519)

But since, in view of eq.(5.16)

1 1 3
Dgao = (—Zaf - 101‘00‘2 + I—ﬁ-‘ao‘4> ag,
eq.(5.19) becomes
: 1 . 2 2 1 2 9 4 2
- 22D4ao + (Zal + (85] + §F0> ag — Za1|a0| ag — §§|ao| ap + FO ag = 0. (520)

Equations (5.16) and (5.20) result from a multiple scale expansion of

.Oa 1 2
—226—7_0 + [,ll?CYl + pt <Zaf + a2 + §F02>] ao +
9

1 1
+ (5/.12 bt Zu“al) |a0|2ao - é’é‘ﬂ4|aol4ao + /14FOZEZQ = VU. (521)

Let p = 2. In this case

¢ = ploo + pher + plor + -

At the order u? we obtain ¢y = age’™ + c.c. and the order u® yields Dyag = 0. Now, at the
order u* we obtain

Dip1+¢1 = (—2iDoD2 + 1) + Fo(eiT° + e'iT°)<,oo
= (—2iD2a0 + a1a0)e’™ + Fy(aoe™™ + ao) + c.c. (5.22)

For nonsecularity we require
- 2iD2a0 + Qiag = 0, (523)

thus, a particular solution is given by

— 21T¢
w1 = a1 4+ b + c.c.,
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with ]
ay = —§F0(10, bl = Foao.

At the order u® we have
9D Dapo = 0

which yields D3zag = 0. The order u® gives
Dipz+@2 = (=Dj—2DoDy+ a2)po + (2Do Dz + c1)pr + %993 + Fo(e'™ + e )y
= [—2D§ao — 2tDyag + apaq + }z-laol%o + Folay + b1 + 51)] e'To 4
+ (—4iDya; + aya1)e¥ T + ay by + (%ag + F0a1> e 4 cc. (5.24)
Suppressing secular terms we obtain

. 1 _
-2t D4ag — Dgao + aza0 + §'a0|2a0 + Folar + b + 4;) = 0.

But D}aq = —}olao, such that the nonsecular condition is given by
— 2 Dyao + Gaf +as + :-32-F02) ao + —;—Iaolzao + Flap = 0. (5.25)
Equations (5.23) and (5.25) result from a multiple scale expansion of
— 21,%(1;(1 + ulaqag + ut (%a%ao + asaq + gFgao) + %y4|a0|2a0 + utFlag = 0. (5.26)
Discussion.

To determine the correct order of magnitude of nonlinear solutions, we consider the resonant
regime. When analysing linear stability of the trivial solution, the instability window was
found to be

4 3
which gave us o = 0 and —2F¢ < a; < 1FZ, see eq.(4.28). When oy = 0, the nonlinear
equations for the amplitude of the main harmonic, egs.(5.21) and (5.26), reduce to

1 2
—utFg < [#201 +ut (-af +as+ ‘Foz)] < ptFg,

da 2 1 9 _

e p=1: —21'5;-0- + /14 (a2 + §F02) ao + §uzla0|2a0 - 55/14|a0|4a0 + /14F02a0 =0,
.Oa 2 1

e p=2: —22—870 + ut (a2 + §F02> ao + —2-,u.4|a0|2a0 + p“Fgao =0.

(Notice that the linear limits of these equations coincide and are the same as eq.(4.31) of
the previous chapter.) To determine which p is acceptable we proceed in the same way as
in the case IV =1 and examine stationary solutions.

When p = 1, we have
2

9
3F02> ag — '3—5/121(10]4(10 + #2F02(_10 = 0.

1
§|a0!2a0 + 4 (az +
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Letting ag = Ae' yields
9 2,4, 1 0 2 2 2 n 2
—'—32# A +5A + u [Otz"f-gFo + (-1) Fo} = 0.

Expanding A = Ao + pA1 + u?A2 + ... and comparing coeflicients at like powers of u, we
find that, provided a; + 2F7 + (—1)"FZ # 0, Ao = 0, that is ag = O(u) which contradicts
the assumption that ¢ is of order 1. And if ap+ 2FZ + (—1)"FZ = 0, we have A ~ p~*. This
disqualifies p = 1.

For p = 2 we arrive at

1 2
ZA2 + g+ = FE + F2(-1)" =0,

3
or 5
A? = 4 [az + SR+ (—1)"F02} , (5.27)
which gives real A if
2
sy + §F02 -+ (—1)"F02 < 0. (5.28)

When n is odd, eq.(5.28) becomes a; < :FZ which coincides with the upper bound of the
corresponding linear instability window (—2F¢ < a; < ;FZ). On the contrary when n is
even, eq.(5.28) becomes a; < —2F¢ which is just outside the linear instability region. This
means that we need to retain only n odd in eq.(5.27) and so the instability will saturate by

the solution ag = £ A, with
/1

which is of order 1, as it should be. Thus, p = 2 is an acceptable scaling exponent. If we
had considered the cases p = 3 and higher, we would have found that stationary solutions
of order u® are also possible. They should arise at the edges of the instability window, i.e.,
for ap = —2F¢ or 3 F¢. (However, we did not check this.)

Finally, we should mention that, as in the previous section, we did not consider station-
ary nonlinear solutions outside the resonance window. Although for these solutions p = 1
seems to be an acceptable scaling, it is not clear whether they will survive the effect of
dissipation. The stability of these solutions is also questionable.

5.3 The frequency ~ (2/3)wy.

We consider the case N = 3:
2
D1 + wa [1 — 2Fpe? cos <§Qt)] sinp = 0. (5.30)

Proceeding in a standard way, we make a transformation 7 = 2t and expand sin ¢ to obtain

wa 1 wd 1w?
bty = (1“5%) Tam? et ot
2 2 1
+ Qg%Fosz cos (gT) (goo - 3—'(,93 + - ) . (5.31)
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2
Letting u? = g&e?, and

2

w,
l—h%=01#2+6¥2#4+a3#6+'“,

we define the slow scales as T,, = y"7 and assume that

¢ = 1 (po+plo1 + ptos + o),

where @g, @1,... = O(u®). Our aim here is to find the correct scaling exponent p for this
case, i.e. we try to determine how small the arising nonlinear solution will be.

Let p = 1. At the order u! we obtain the equation

Dipo + @0 =0,

whose stationary solution is given by

At the order u? we have

@Yo = ao(Tl, Tg, . .)CiTo + C.C.

2D0D1(,90 =0

which upon substitution of ¢g yields Dyap = 0. At the order u® we obtain the equation of

the form
Doy +¢1 =

+

1 , .
(—‘2DOD2 + al)(po + gi(pg + Fy (6(2/3)1To + e—(2/3)zTo) @0

. 1 . 1 .
[——22D2a0 + ayag + é-laolzao] eTo + 50863'7‘0 +

F (aoei(1+2/3)T° + aoei(1_2/3)T°) + c.c. (5.32)

The nonsecularity condition is

and ¢, is given by

, 1
— 2iDya0 + ajaq + §[a0]2ao =0 (5.33)

o1 = 0, (H2ITo g 0=23NTo o o 3To 4 o o

where 9 9 1
a, = —-1—6Foao, b = '8‘Foao, G = —@03 (5-34)
The order p* yields
2DoD3po =0

whence D3aq = 0. At the fifth order of 4 we have

1
D?,cpz + @2 = (—D§ —2Do Dy + 02)po + (—2Do D7 + 1)1 + 530(2)901 -

1 1 T /e 1
— é—lmipg - -579’28 + Fo(e/3To 4 ¢=(2/3)iTo) (L,Dl - -3—!Lp8> (5.35)
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Substituting for ¢ and ;, the nonsecularity condition is given by
1

1 .
—C_locl - ﬁ'laol4ao + Fo(a1 + bl) = 0, (536)

1
~ 2tDyap — D2ap + azap — §a11a0]2a0 + 5

which upon substituting for a;, b; and using eq.(5.33) yields

. 1 9 1 1
- 22D4ao + (ag + al + 16F2) - Zallaolzao — —3—§|a0|4a0 = (. (537)

The fifth order correction is given by

992 — a2ei(l+8/3)To + bzei(l—8/3)To +czei(l+4/3)To +d261'(1—4/3)To + 8285iTo + fzeSiTo +C.C.,
where 9 x 43 9\ 2 9
X
= X2 g b_—.—(——) R ANVRR N
2= M2 x96 %% 72 16) X 3lomlo+ 15 X g Folacl o,
9 x 19 9x9 9\%? 2 . 9x5 9\?
2= =gl 0%t g gg ot = <§> x 3 Fomdo + g5 Folaol 2o + (8) Fyao,
_ 1 5 . 1 2.3

= Teoxgle = grazitl

The order u® yields
2D0D5tp0 =0

which gives Dsag = 0.

At the order u” we arrive at

Dios+@s = (—2Do¢Ds— 2D, Dy + az)eo + (——D% —2DgDy4 + a3)py +

1 1 1
+ (=2DyD; + o)y + -2-(%993 + popl) ~ 5;02903 - 5a1<p§<p1 —
1 1 . 1,
- 24800801 5!01900 + 77—!990 +
+  Fo(e®/To 4 g~ (/2T <‘P2 - 5‘#’3991 + 37908) : (5.38)

Making relevant substitutions we arrive at

. 1 1 1
—22D6(10 b 2D2D4ao -+ aszdg — Eazlaolzao - —alégcl + —agfg + '(11|2ao +

2 2
_ 1
+ |bi|*a0 + |eif*a0 + Goarby — 24(%61 + 4laol?ajet) — I‘Q‘allaol ap +
35 - - 1 1
+ -7—’|(10|6a0 + Fg (bg + d2 - §a0c‘11 - |a0|2b1 — 'é'ag(_ll) = 0, (539)
which is the nonsecularity condition. Equivalently,
: 1 1 117 1
—21Dgap + (-2-010!2 + ga? + 178F o) + as) ag — (1603 - Zaz+
369 _, 2 53 1 9% .
+ 5—1—2F0> Jaof?a0 = Tz culaslao + laol’as + <§) FdG0 = 0 (5.40)

70



Equations (5.33), (5.37) and (5.40) are a result of a multiple scale expansion of

.Oa 1 9 1
—21-5;_9 + plajap + pt ((12 + al + 16F2) ao + K (5 ga?-i-
117 1

) 1, 1 369
= 2oy + as) ao+ [‘2'#2 - Z# ay — pb (1601 + —az + 5.1—§F2)] lao[*a0 —

1 53 9 _
- <32 + @alﬂ ) lao|4ao + 1—2§# |a0|6a0 + (8) #GFosao =0. (5.41)

As we have shown in the previous chapter, the linear instability occurs for a; = 0, a; =

2 F¢ and . )
9 9
~(5) Bee<(3) 7
see eq.(4.45). For these values of o; and «ay the equation governing the amplitude of the
main harmonic is

ayog +

.0 1 9 369
—2i°2 4 ySazae + (—;ﬂ +

6F2> 2
a1 2 64“ + 513# o ) laol"ao

1 AR
——p8|ao|®a0 + <8) pF a0 = 0. . (5.42)

1 4 4
- gghleol a0 + 150

Let p = 2.
In this case we assume that the solution

@ = pPpo + pror + plor + -
At u? we have @y = age'T™ + c.c. The order p® gives Diag = 0. At the order u* we have

Dg‘Pl +p1 = (—2D0D2 + al)LpO + Fy (8(2/3)"7'0 + e‘(2/3)iTo) ©o
= (~2Daa0 + a100)e™™ + Fy (aoe’ /% 4 aoe"(l_mm) + ce. (5.43)

For nonsecularity we require

— 21Dsag + ajag = 0, (5.44)
thus,
901 — alei(1+2/3)T0 + blei(1—2/3)To + C-C.,
where 9 9
a; = —IEFoao, b1 = gFoao.
At p® we find Dzap = 0. The order u® gives us
1
Diga+@2 = (=D —2DoDy + az)po + (—2DoDq + 1 )1 + 5;(,03 +
+ Fy (6(2/3)‘% + e—(2/3)iT°) @1 (5.45)
Substituting for po and ¢;, the nonsecularity condition is given by
. 1
- 2zD4a0 - Dgao + Qq2aqg + §|a0|2ao + Fo(a]_ + bl) = 0, (546)
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or equivalently,

. 1 9 1
— QZD4a0 -+ (Zaf + a9 + 1—6'F02> ao + -2—Iao{2ao = . (547)

A solution 3 is given by

2 = azei(1+4/3)To + bzei(1—4/3)To + czei(1+2/3)To + daesiTo + cc.,

where
9x9 9\% 2 _ 9\ 2 9\? 2
o tirinn = () <2t () Ben = - () S
1
d3=—@a8.

At the order u” we have Dsap = 0. At the order u® we obtain

1
Dips+ @z = (=2DoDs — 2D2D4 + a3)po + (—DE — 2Do Dy + c2)ip1 — o5 +

3!
1 . .
+ (=2DoDz + )2 + 5051 + Fo (/T 4 =(/ANTo) 5, (5.48)
At this order the nonsecularity condition is given by
. 1 -
et 21D6a0 - 2D2D4a0 + Q3dg — Eallaolgao + Fo(bg + Cz) = 0, (549)
or equivalently,
: 1 1 117 1 9\?
- 2ZD6a0 + (ga? + -2-01(12 + Q3 + ‘15'8-1*—1(;2(11) dg — Za1|a0|2ao + (g) Fgao = 0. (550)
Equations (5.44), (5.47), and (5.50) are a result of a multiple scale expansion of
.Bao 1 9 1 1
~25 0 et ut (qed b+ 5 B3) 40 (ol 4 qeaat
117 1 1 9\?
+ Qa3 + '1—2—8—F02(11>} ao + <*2—/14 - Zal) |a0|2a0 + (g) }LSFgao = 0. (551)

. . . o 2 2
The instability arises for &y =0, ap = -I%Fg and a3 satisfying — (g—) Fi<az< (g) F3.
In this case the equation of the amplitude of the main harmonic reduces to

.Oag 6 1 4 2 9\* 3, 6=
- 2157—_- + azp ag + —2-# laol ap + (‘8‘) Fo,u ao = 0. (552)

Let p = 3.
At O(p®) we find the solution o = ape’™ + c.c., and O(u?) gives Dyap = 0. At the order u®
one finds

Dipr+1 = (~2DoDs + an)po + Fo (e3P 4 &= @MY o
= (—2iD2a0 + alao)eiT" + Fo (aoei(l+2/3)T° -+ aoei(1_2/3)T°) + c.c. (553)
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For nonsecularity we require that

—2Dza¢ + a1a0 =0 (5.54)
and
01 = a et 4 g, #(1=2/3)T0 4 ¢ e
where
9 9
ay = —EF()GQ, bl = gFoao.

The sixth order in the expansion gives Diag = 0. At the next order u” we get

Dipa2 + @2 =
= (=D} —2DoDy + a3)p0 + (=2Do D3 + a1 )1 + Fo'(e(z/a)'T" + 6"(2/3)’%)991

= [-D2ag — 2 D4ao + azaq + Fyla; + bl)]eiT° + (——%Dgal + alal) et (1+2/3)To
N (_ %ingl n 0151) e1=2/3% 4 p (alei(1+4/3)To " blei(l—4/3)To) +ee. (5.55)
The nonsecularity condition is given by
—2iDyag — Diag + azao + Fo(ay + b)) = 0,

which upon substitution of known variables yields

— 2tD4ag + (éa% + ay + %Fg) ag =0 (5.56)
and
2 = azei(1+4/3)To + bzei(1—4/3)To + czei(1+2/3)To + c.c.
where
I9x9 9\? 2 _ 9\ ? 9\ 2
agy = ml‘-‘gao, bg = (g) X —3—F0a1ao + (g) Fgao, Cy = — (1—6-> X §Foa1a0.

At 48, we have Dsag = 0. Moving further to higher order terms, we obtain at u°
Déps+w3s = (=2DoDe¢ —2D2Dy + 3)po + (—2_D§ —2Dg Dy + az)pr +
1 : :
+ (=2DgD, + a1 )2 + 57903 + Fy (8(2/3)’T° + 6_(2/3)’%) P2 (5.57)
and the condition for the absence of secular terms is

. 1 -
—2iDgag — 2Dy Dyao + azag + §|00]200 + Fo(by+¢c2) =0

or

, 1, 1 117 _, 1 9\? .
- 22D6ao + (gal + 5&102 + as + 1—2-§F0 al) ao + -2—|a0| ag + (g) FO ag = 0. (558)
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Egs.(5.54), (5.56), and (5.58) can be derived from a multiple-scale expansion of

—2z9—+ ‘o100 + (1 +a+9F)a+“(l"’+l +
37 pronag T p 27 7p 0T H 8a1 2a1a2

7 9
+ a3 + 128F2a1> dg + ,Ul |(10| dg + (8) [LGFS(_IO = 0. (559)

2 2
The instability arises if ¢y =0, ap = —ZF¢, and — (g—) FP<az< (g) F3. Hence,

—2i%+u6a a +—1—,u6|a |20 + (g)zustd =90 (5.60)
o 360 + 54710l a0 3 0do=0. .
Discussion.

When the nonlinear oscillator is driven at the frequency ~ (2/3)wo, the instability is satur-

ated by solutions for the following nonlinear equations:
9 369

.0a 1
o p=1: —22——9+u6a3a0+<—,u2+——,u + —

6F2) 2 _
a1 St gg# T gt o) laol a0

1 1 9\? N
—'3—2#4|<10|4ao + I‘Qgﬂsladsao + (g) poF3ao = 0,

.da 1 9\ 2
o p=2: 2"+ p%aza0+ §u4|a0|2ao + (§> b Flag =0,

or
Jag 9
e p=3: —215— + plasag + u 8lao|%a0 + (8) /LSF(?&O =0.
We now let _3__ = 0 to determine which p to choose.

or
For p = 1, this gives
9 369

1 9\?
plazag + (2 + ok T+ 51_2_#41;02) |ao|*ao — 3—2#2|00|4ao 198” “laol®ao + < ) piFd = 0.
Letting ag = Ae*® we obtain

2A4+_]_‘_

1 92
plag + A - gt AT+ (g) pF3(=1)" =0,

) 32“

where we have neglected small corrections. Expanding A as
A=A+ pl AL+ 2 Ar+ -,

and comparing coefficients at like powers of u, we find Ag = A; = 0 and

: 9\ 2
A} = -2 [(13 + (g) Fg(——l)"] .
Thus ag = O(i?), which contradicts the assumption that the amplitude ag is of order 1.
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For p = 2 we arrive at the equation

1 9\?
azplap + §|ao|2€lo + (g) #2F§ao =0,

whence o\ 2
A2 = —2#2 [613 + (—8'> Fg(—l)n] .
This gives ag of order x and so p = 2 is not the correct scaling either.

Finally, when p = 3, we have

1, 9\? 5.
azag + —|aol®ag + (“) Fjag =0,
2 8
whence
9N?% .
A2 = — [03 + <—8_> FO(—'].)H] ; (561)

which yields ap = O(1). This equation gives real A if

9 2
a3 < (g) F3(=1)"1.,

We recall that the linear instability window is given by — (g)z FP<az< (2)2 F3, eq.(4.45).
This instability will be saturated by the solution (5.61) with n odd. (When n is even, az <

2
—(2) F3 which is outside the linear instability region.) Thus for these a3 the instability of
8 0 g

2
the zero solution will saturate by a stationary solution ag = £ A, with A = 2\/ (%) F$ — as.

Consequently, p = 3 is an acceptable scaling. If we had considered the cases p = 4 and
higher, we would have found that stationary solutions of order u* are also possible. They

2 2
should arise at the edges of the instability window, that is, a3 = — (g—) F3 or (g) F3.

As in the previous sections, we did not consider stationary solutions outside the in-
stability region. This is beyond the scope of this work.

5.4 The frequency ~ (2/4)wy.
In this case the equation is
O + Wi {1 ~ 2Fye? cos <§Qt>] sin = 0. (5.62)

Proceeding as in the previous sections we have

w? 1 w? 1 w?
O)cp+ 08 _ 2% s,

Pt = ( KL se? TEHeeY T
2 1
2 3
+ 2u°Fycos (ZT) <99-—3!<,0 +>
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we let
2

W
I— gy =op’ +ogpt 4.+

Assuming that the solution is small, we define

o= pP(po + plo1 + plor + - -4),

and determine the correct scaling exponent p.

Let p = 1. Comparing terms at same order of g, the multiple-scales expansion yields
at the order ul!,
Do + o0 =0,

whose nonpropagating solution is given by
Yo = ao(Tl, TQ, - .)eiT° + c.c.

At the order u? we have 2DyD;pq = 0, from which we find Djap = 0. At the order u® we
obtain

1 : :
.Dg(pl + @1 = (—2D0D2 + al)@o + —(,98 + F0(€(2/4)‘To + 6_(2/4)17‘0)

3!
. 1 : 1 .
= (=2iDya0 + ayag + —2-|<10\2a0)c=,"TO + 6—age3'T° +
+ (aoei(1+2/4)T° + aoei(1“2/4)T°) + c.c. (5.63)
For nonsecularity, we require that
. 1
- 21D2(10 -+ aiag + 5,(10,2&0 = O, (564)

and the solution ¢, is given by

where s i )
a; = —-EFQGQ, b1 = §F0a0, c1 = —1—8-0,8

At the order u* we have D3ag = 0. At the order u® we arrive at
1
Dgsoz +p2 = (~D§ —2DoDy + a2)pe + (—2Do D2 + a1)e1 + 5‘,03&01 -

1 1 ; —(2/4)i 1
—_ gaw’g — a(pg + F, (8(2/4) To 4 o—(2/4) To) (‘Pl — i¢8> . (5.65)

Substituting for ¢ and ¢, we obtain

. 1 1 1
—2tDya0 — Djag + azag — ‘2-01'00'2% + ancl - Elagao + Fola1 + &) = 0.

Using eq.(5.64) we find

1 1 1

Dgao = —Zafao - ‘4‘a1|a0|2a0 - 16|‘10|4‘10a
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hence the equation of the main harmonic is

8 1
a? + oy + TgFoz) ap — Zallaolzao -

1

32|a0|4a0 = 0. (5.66)

. 1
— 2 D4aq + (Zl_

Subsequently, a solution ¢, is given by
— azei(1+4/4)To + b2ei(1-—4/4)To + czei(1+2/4)To + d26£(1—2/4)T0 + ezei(1+10/4)To +

+ fzei(1+6/4)To + g265"T° + ]1263"7‘0 + c.c.,

P2

where 4 4 9 8
a; = -l—gFOzao, b, = §F02‘10, cy = '7‘5F0|‘10|2‘10 - §5F0a1a0’
8 2 47 23
& = ghoaao + phladf'a,  er = z=g5fode, fo = =g g foas,
_ 1 5 _ 1 2.3
92 =g g% M= Tglele

At the order u® we have Dsag = 0. At the order u” we obtain

(=2DoDs — 2D2 D4 + a3)po + (=D2 —2Do Dy + a3)py +

Dips + @3

1 1 1
(=2Do D2 + o) + 5%992 + §<PO<Pf — —por1 +

24
1 1 1 1
7!905 - 501903901 - 5702903 + '5—,01903 +

. . 1 1
Fy (6(2/4)'T° + e—'(2/4)1To) ((‘02 _ 5(’93(‘01 + _5_7908) (567)

+ 4+ o+

Substituting for ¢o, 1, 2, the nonsecularity condition is given by

) 1 1 188 1 1
—2tDgag + (-8-01:; + 5011012 + a3z + i—S‘—X—TEFontl) ao + (ZQZ - *160134-
+ 3—§F2> 0|20 — ~-aut]ao|*a0 + ——— |ao|a0 = 0 (5.68)
g5 0 ) 1901 0™ Gran|dol Go T Tam g ldol 4o =1 '

A particular solution 3 is given by

— a36i(1+18/4)To+b3ei(l+14/4)To+C36i(1+12/4)To+d36£(1+10/4)T0+636i(1+6/4)TO+

@3
+ f3ei(l+4/4)To +g36i(l—4/4)To + hsei(l+2/4)To +]'36i(l—2/4)To + kse'fiTo +
+ l3eSiT° + mae’To 4 c.c.,
where
5509 ] 457 163
= - by= — 0L FaS _ 109 g2
%= " ITT x40 x 3607 0% = Fmiagx izt = Tz qpl0%
1037 5621 '
AN NI St U 2 PN J:
3= 15w 450 0% T 75 a5 w ga Loleol o,
523 227 16
=——F 3 _ S — ) 2.3 "7 s
€3 = =0T x 196 0% T 315 % a1 w21 L0l % = 57 75 %,
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M, 2 2677

2 2.3
20 16 58
g3 = —§-F(,2a1ao —leaOIzaO + 45F ]a0|2a0’

13 17 2 401 4
= (= F F ——F"’) (———F . g2 2) 2
hs (5) <40 °°“+2 oor = 7280 ) a0+ G5z Foon — =50 Fo + £ Fo ) aol a0,

_ 4 1 1 4\? . 542 6687
J3 = (§> Fy (24 o + BFz + a2> a0+( ) Fiag— = Foaz]aol’ao— 7= Folaol*ao,

2 3 225 360 x 105
3 69 .1 ; 14903 208
ks = 3 w1690 BT §x160%% t T 22 x 106 %l %
_ 1 2 3 1 4.3 359 2 3
ms = g~ gzeulael’as + oe—Teladag + o= = Foag

At the order u® we obtain D;ap = 0. The ninth order of y gives
Dipy +pq =
(—D?2 — 2DoDg — 2D Dg + avg)po + (—2DoDg — 2D2D4 + a3)py +
+ (=D2—2D¢Dy + ag)ps + (—DoD3 + a3 + = (80:13 + 3dps +
1

3!
1 7 . 1 ,
+ 6pop1p2) — 5,(5soosoz +1005¢7) + P01~ gwo - soupgpe +

2
1 U U R S 1 1,
+ 5oup0pl) — 5eapeP1 — Foapy + s 1¥or1 + 5,02800 ¥ +

i ~(2/4)i 1 1 5 1
+ F (3(2/4) To +e (2/4) To) <303 _ —2-@3@2 — EQOQLPI + 57803301 - '7_'80;) ’ (569)

whose nonsecularity condition is given by

—2iDa+(a+1aa+32a+5 o 2109 ., 188
840 1T 5%Na3 80‘12 64 5x45 ° T 15 % 15
4293 1 1 1 3

FZ 2) (_ 3 2 _ e > 2 _
T a0 ) % (33 3751?"1 g~ grr + 79 ) laol e
( 19 3, 157339 9237405

Fon+

—— e — 2 4 6
120 64 @2+ o7 64 o + 3150 x 96F0> laol ag + N 192011‘10' ag +

3087 8 4\?
+ m,aol ag — 3—7—5-}72,& ,208 + (g) F(;‘Ezo = 0. (570)

Equations (5.64), (5.66), (5.68) and (5.70) result from the multiple scale expansion of

8 1 1 8 !
_22—;—70 + ulonag + §ﬂ2lao!2ao + p <4 +a; + 15F ) o — Z“4all‘10|2ao -
- §-2-,u4]a0|4a0 + u® (ga‘;’ + 5102 + 5 % 151:'02011 + Ots) ap — Té‘# o?laol?ao -
5

3 1
Y ®ayaolta + E#GFSIGOPGO + Zﬂea2|ao|2ao +

S
16 x 32~ 1%l a0 +

5 3 1 4293 188 2192
8 2 2 2
toH (64al+sala"’+a“+2ala3+75><45F°°“+15x15 002 T 7

Fj+
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1 2) 8(_1__ 3 2 1 1 3 ) s (_1
o) (gt 375F o~ gt~ g gy + 799 ) laolao — ('1“26"
J +§_a2+_1.§@_9_p2>,a fag + o200 BlalBas +
6472 641 " 3150 x 96 o o+ Fr gz 1k 1ol a0
3087 8 spz 23, (1) span _
T Tarah %0l % ~ grze Folaoles + <§) whodo =0. (5.71)
We recall that linear instability occurs when a3 = a3 =0, ay = —%Fg, and a4 satisfies
6928 5072,
TTEx 4510 <M <5450
[see €q.(4.65)]. In this case the amplitude equation is
daq 928 4) (12262 1 8) \
—2Gs (a4+75x o) aot (gt +3# Fotgroggh ) ool a0 -
1, 134659 , , >4 1 e o
<32“ T 3o xgsr o T arst) leol e+ T gk lacl e -
3087 & 8 8 sp2 (2.3 A\? 5
- % 512# |aol ag — %,u F0|a0| Aqg + (5’) H Foao = 0. (572)
Let p = 2.
At the order u® we find
Do + o = 0,

whose solution is
Yo = ao(Tl, TQ, .. .)GZTO + c.c

At the order u® we have Dyap = 0. The order u* gives

D(2)‘Pl + Y1 = (—2DOD2 + al)SOO + Fo(e(2/4)iT0 + e‘(2/4)1‘T0)800
(=2iD4ag + ayag)e™ + Fy(age'MT2/VTo 4 g46(1-2/0T0) 4 ¢ . (5.73)

The nonsecularity condition is given by
- 2iDgao + Q19 = O, (574)

and a solution ¢, is
01 = a0 o g (H(1-2/4T0 4 c.c.,

where .
a; = —gFoao, bl = §F0(10.

The order p° yields D3ag and at O(p®) we arrive at
Dgipz +2 = (—D2 - 2D0D4 + a2)po + (—2Do D3 + 1)1 +

1

. 1 )
= [—D;ao - 22D4a0 + Qoag + 5[(10[20.0 + Fo(a1 + bl)} G‘To +
(—3iDray + aray )ei(1+2/4)T° + (—2D3by + a1 by )ei(1"2/4)T° -+

1
6a0631To _+_F(a et(1+4/4)T0+b 6 i(1- 4/4)T°)+cc (575)
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For nonsecularity we require
: 1
—D%ao - 22D4a0 + oqaqg + 5!00'200 + Fo(al + bl) = 0,
which upon substitution of (5.74), a; and &, gives

. 1 8 1
- 2‘LD4(10 + (ag + Za% + ‘]EFOZ) ag + §|a0|2a0 = 0. (576)

A particular solution ¢, is then given by

- a2ei(1+4/4)To + bze£(1—4/4)To +Czei(1+2/4)TO + dzei(1-2/4)To + 626i(1+8/4)T0 + c.c,

P2
where
4 F2q b 4an c Foaja
adqg = — — - = — -
2= 7500, 2= 3t000, 2 55 £ 0140,
1
d2 = é‘FoalClo, €9 = —Z—gag

At the order 47 we have Dsap = 0 whereas at the order u® we arrive at
1
Dips+¢s = (—2DoDe — 2Dy Dy + as)po + (—D3 — 2D Dy + az)p1 — '5701908 +

1 . .
+ (=2DoD; + )2 + ‘2-4,00801 + F0(6(2/4)'T° + 6—(2/4)'T°)992~ (5.77)

The nonsecularity condition is given by
: 1
—2‘LD600 - 2D2D4a0 + Qzdg — §alla0|2ao + F0(62 + dg) = 0.

Making use of (5.74) and (5.76), and substitute for ¢, and d; we have the condition for the
absence of secular terms given by

188

1
mFgal) ag — Zallaolzao = 0 (578)

1 1
— 2iDsao + (5011012 + gaf + az +

A particular solution ¢3 is
= ayelIHO /T | b oi1=6/4)Ts | o i H4/0Te | g i(1=4/9T0 | o oi0F2/9Ty 4

4 foe¥To 4 gael0H10/0) 4 oo

¥3

where

31
12 x 21

4
Foag + BFSGQ,

az =

4\? /11 1 11 .\ 4 ) 4\?
by = <§> (éZFOa? - §Foa2 - EF‘;S) ap + '5‘F0'“0|2a0 + <§> Fgao,
« 20

2 2
Fo Gy ag, d; = -—-F0 G ag,

9

4 x 11
15 x 15

C3y =
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4\* /13 1 7 4
(2 (St i - ) - e
101 3
f3=0, g3= mFoao-
At the order p® we arrive at D7ao = 0. The tenth order of u yields

Dios+ @1 =

(=D} — 2DoDs — 2D, Dg + ag)po + (2D Dg — 2D Dy + 3)ip1 +
1

(—D2 = 2Do Dy + )2 + (2D D2 + a1 )3 + 5(903902 + @opl) —

1 1 1 : —(2/4)i 1

‘5—,903 - 50‘1903901 - 502903 + Fo(eC/T 4 g (3/4iT0) <803 - “P§<P1>

+

(5.79)

The nonsecularity condition is given by

: 1 1 -
—D4a0 - QZDSG.O - 2D2D5a0 + Qqag — E|a0|4ao - 5&2‘&0120,0 + Fo(ba + 63) =0
Equivalently,

. 1 3 5 188 4223 2192
—21Dgag + <4a2+ 8a1a2+ 6 4—}— -1-5—;—1—5}7'(;‘) 2 Fia? + ——_F4
1

75x45 %71 T 75 x 45 °
+ +au) (1 2, 1 2F)| a0 — ~=|ao|*a +(4>2F4“ 0 (5.80)
— a4 ag — a oy — = a - — = Go = .
5 103 4 0 16 1 1 2 3 o| Qo 48 ol @o 3 0 %o
The amplitude equation is given by

Oa 1 8 1 1 188
-—22—5—9 + [,u ay +u (ag + 4a1 + 15F ) (§a1a2 + —8—af + 5 15F o + a3> ap+
s/l , 3 5 188, 4223 2192 1
oK <4a2+8°‘ 10+ gron + e Foen

2.2

Fi
s ot o T
1 1 1 1 3
+ ('Q‘H —Z# 1—"6# 01—1# 042+§H F(;") |ao|*ao —
1

4
- Hiasla ao+(3) WBFiag = 0.

‘2‘0103 + 04)] ag +

(5.81)
We recall that linear instability occurs when a; = a3 = 0, ay —%Foz and a4 satisfies
6928 5072,

_ F
T5xd5 0 S S5t

see eq.(4.65). For these a;, a; and a3 eq. (5.81) becomes

Baq 928 1, , 4
~2i——+p (04 + Ex s F“) ao + (5#4 + 5/18F02> |ao|?ao —

- 'l'#slaol“ao + (i)z u*Fag = 0. (5.82)
48 3 ° '
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Let p = 3.

At the lowest order we find o = age’™ + c.c. and at u* we have Dyag = 0. At the order u®

we arrive at

Dip1+¢1 = (—2DoDs + au)po + Fo(el/4)To 4 = C/4)To)
= (—2iDza0 + cnag)e™ + Fo(ape' 0+ 970 4. ape’1=H7T) 4 c.c. (5.83)

whose nonsecularity condition is given by
— 21Djag + ajag = 0, (5.84)
and particular solution is
o1 = a;IFUDTo 4 p (0=2/4T0 4 o0

where . 1
ay = —gFoao, b1 = §F0a0.

The order p® yields Dzag = 0 and order p” gives

Dioa+@2 = (=D —2DgDy+ az)po + (—2Do D3y + ar)pr + Fo(e®/ Mo =(2/9iTo),,
= [~D2ag — 2iDsag + azag + Fo(ar + by)]e™® 4+ (=3iDzag + aqa;) x
x ei(1+2/4)T0 + (—ingl + albl)ei(l-Q/“)T" + Fo(alei(1+4/4)To +
+ by 4 ¢ c (5.85)

Suppressing secular terms we have
—2iD4a0 - D;‘:ao + qqag + Fo(a1 + bl) = 0,

and by using (5.84) we have

8
af + Q9 + "—'F02) Ao = 0, (586)

1
- 2iD4a0 + <—' 15

4
and a particular solution given by

02 = apet0F/DTo | b JJ0-4/0To 4 o i042/9T0 | g i0-2/9Ts | ¢ o

where 4
agy = ‘1—5'F02£lo, bg = §F02£lo, Ca = —%Foalao, dg = §Foa1a0.

The order p® gives Dsag = 0 and at the order u® we arrive at

Dips+@s = (=2DgD¢ —2D;D4 + a3)po + (—D2 — 2Do Dy + )1 +
1 . .
+ (=2DoD2 + a1} + 3705 + Fo(e®/VT 4 /0T, (5.87)

and the suppression of secular terms yields

) 1
—21D6 bt 2D2D4a0 + Q3Qg + ;Z—|ao|2ao + F0(62 + dg) = O,
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which upon substitution of eqs.(5.84) and (5.86) becomes

1 188 1
ad + ajaq + az + —-—-——1—5F02a1) ag + §|a0|2a0 = 0. (5.88)

, 1
— 2tDsa0 + (_ 2 15 x

8

A particular solution 3 is given by

_ aaei(1+6/4)To+b36i(1—6/4)To+Caei(1+4/4)To+d36i(1-4/4)To+636£(1+2/4)T0+faei(1+8/4)T0+c_c.,

@3
where
Ax4 pa, oy (4)2( Foa? + Fa + F3> +<4>2F3a
- ——— = | = a —
B9l x15 0% BT \3) \g57 0" AT 3) 1o
44
C3 = 15 = 15F 1Qo, d3: —3—F02a1a0,
13 17 1
63:(5) [40F°°‘l F°°’2'15F]“°’ fa=—15%

At the order p!'°, the perturbation expansion gives Dzag = 0, and going further to higher
order O(u®) we arrive at

Déw +ps = (—D: —2DoDg — D2Dg + a4)pe + (—=2DgDg — 2D D4 +

+ az)pr + ( D2 — 2D D4 + az)p2 + (—2Do D2 + a1)ps +

1
+ goher - angd+ R 4 BTy (5.89)

and the nonsecularity condition is given by
. 1 -
—22Dgao ot Diao - 2D2D6(10 + Q400 — §a1]a0|2a0 + Fo(b3 + 63) = O,

where we have substituted for ¢;’s. Making use of (5.84), (5.86), and (5.88) we arrive at

. S 3 4223 1 1
~2tDgao + (‘3‘4 + aal + '8“1?02 + TR Fiaf + Zaé + §a1a3+
188 2192 1 4N 2
-——15 < 15Fo20t2 + 75 % 45F(;1) (1 Zal|ao|2a0 + (-3-> Fg&o = 0. (5.90)

Equations (5.84), (5.86), (5.88) and (5.90) result from a multiple scale expansion of

dag 1 8 1, 1
—22—8——+ [lt o1 + pt <4 +012+I5‘F0) + p® (-8'01+‘2‘011012+
+oagd 8 Fa>+ (a +—5— + 3020, 4 2223 F2+£2+
3T J5x15 0% TH \ M T gg* T gNo T 757 s 1%
1 1 1 188 2192 1 1
+ gee o+ gmas + o Fre + 45F3)} Go+ (5"6 - Z“so‘l) [aof*a0 -
4 2
- (§> pPFlag = 0. (5.91)
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The linear instability occurs when a3 = a3 =0, az = —-%F’O2 and oy satisfying

W%_ﬂ< . 5072,
—_—— «a —l.
25 x 1350 ~ "1 T 95135 °

[see eq.(4.65).] In this case the amplitude equation is

.Oa 928 1 4\? _
- 21?370 + p® (a4 + mFg) ap + ‘2'#6|aolzao + (g) p*Fyao = 0. (5.92)
Let p = 4.

At the order u* we have D3¢ + o = 0 whose solution is o = age'™ + c.c. At the order u®
we arrive at Dyao = 0 and order u® gives

D¥or+ 1 = (=2DoD; + ay)po + Fo(eViTo 4 ¢=(2/iTo)
= (—2iD2a0 + alao)e‘% + Fo(aoei(1+2/4)T° + aoei(1—2/4)iTo) 1+ c.c. (593)

whose solution 1s
0 = a1’ 0To o g (=200 4 ¢ o

where 4
a; = —gFoao, b = §Foao,
when
- 2iD2a0 + ajag = 0. (594)

At the order u” we have D3ap = 0, whereas at the eighth order one obtains

Dios + 2 =
= (—-DZ +2Dg Dy + a2)po + (—=2Do Dy + 1)1 + Fo(e(2/4)‘T° + e'(2/4)iT°)Lp1
= [-2Dja¢ — 2iDsap + azao + Foa; + bl)]e"T° + (=2tDqay + alal)ei(1+2/4)T° +
4+ (=iDgby + arby + b))’ 4 Fi(g, MY DTo b f0-4/0TY 4 0o (5.95)

Suppressing secular terms we have
—2iD4ag — Diap + agag + Fo(a; + b1) =0,

or equivalently,
) 1 8
- 22D4a0 + (Zaf + (05) + IgF&) ag = 0. (596)

The solution ¢, is given by

02 = ageiH4/9T0 | byt 1=/ DT o o i(142/9T0 | g (i(1-2/4)To | ce.,

where 8 3
F02a0, Cop = —2—5—F0a1a0, d2 = §Foa1a0.

4 4
az = 1—5‘F0200, bz = ‘3‘

84



The order u° yields Dsao = 0. Going further to order p'® we arrive at

I

(=2DogDg — 2D2 D4 + a3)po + (—D§ —2DoDy + a2)p1 +

(=2Do Dy + oy )pz + Fo(e®/DiTo 4 o= (2/9iTo) )

[—2iDgao — 2Dy D4ag + azao + Fo(ey + ds)]e™ +

[—D2a; — 3iD4ay + aza; — 3iDacz + anc2 + Foay)e!0+2/ 4T

[_ngl — 1Dy4by + azby — 1Dady + aydy + Fo(bo + 772)]6'.(1_2/4)710 +
[—4iD? 4+ aqaz + F0c2]ei(1+4/4)T° + [a1b, + Fodg]ei(1'4/4)T° +
Foaqe1H6/0T0 ¢ ¢ (5.97)

Djps + 3

“+

+ + + 1

+

For nonsecularity we have
—2iDsao — 2D2D4a0 + azag + F0(62 + d2) = O,

and by making relevant substitutions we obtain

. 1 1 188
— 2t Dgag + (ga? + 50102 + a3z + 5 x 15F020£1) ag = 0. (5.98)

A solution 3 is given by

3ei(1+6/4)To + bsei(1-6/4)To +csei(1+4/4)To n d36£(1—4/4)To + 63ei(1+2/4)To + c.c.,

Y3 =a
where
B= 79 lflnga"’ ba = <§)2 [';711 oot + %Fc’a? + %Fg] Gt G)ZF‘?%’
c3 = HtiﬁFozalao, ds = %Fozalao,
- () [Brt+ s S

At the order u!' we have 2Dy D7aq = 0 which yields Drag = 0. The order p!? gives us
Déw +ws = (-—DZ —2DoDg — 2D3Dg + a4)po + (—DoDs — 2D Dy + asz)er +
1
(=D3 — 2Do D4 + 02)p2 + (—2Do D2 + )3 + 57(,08 +
F0(6(2/4)iTo + e°(2/4)iT°)893

+ +

. 1 - .
[—D,fao — 2tDgag — 2D, Dgap + a4a0 + §|ao|2€lo + Fo(bs + 63)]61T° +
[—3iD601 - 2D2D4a1 + Q] — D%Cg - 3iD4Cg + QCy — 3iD263 + €3 +
FoC3 + [—iDsbl - 2D2D4b1 + a3b1 ot ngg - iD4d2 + agdg - 21D253 +
011—73 + FO(d3 + 33)161'(1_2/4)710 + [“‘Dgag - 47:D4C12 + agdq — 41:D203 + ayc3 +
Fo(as + €3)]e’ 0tV 4 [~ D26, + by + ards + Fobs]e'! =4/

(—5iDsa3 + aqas + Focs]e'(l+6/4)T° + (6a3 + Foaa) ef(1+8/4T0 o (o (5.99)

+ o+ 4+ 4+ +
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The nonsecularity condition is given by
1 -
— 2iDgag — D2ag — 2Dy Dgag + asag + Elao‘zao + Fo(bs + €3) = 0, (5.100)
for which upon substitution of (5.94), (5.96) and (5.98) we arrive at

%D +( .\ 3 2, 4 4223 Lo Lo
-_ a a
LRG0T\ T B N T g T e s 1T T g

188 2192 N,
5w 570 o5 135F3> %+ §|a°l2a° + (§> Fao = 0. (5.101)

Equations (5.94), (5.96), (5.98) and (5.101) result from a multiple scale expansion of

5
a1+ F02 f‘*’

+

Oag 8 1 1
_2’79" + [” otk (4 toat 15F‘?) +u <§a? +gmeat
N N 188 Fa)-{— <a+—§—a+3a2 +4223 a2+12+
BT x5 0N TH “6418”7545 1T g™
1 188 2192
togmest ot 45F3>} G0t 5”8|a°|2a° *
4 2
+ (5) L8 Fidg = 0, (5.102)
Using eq.(4.65), a1 = a3 = 0, and ap = -—%Fg the equation governing the main harmonic
is then given by
.Oag 928 1 4\? _
- 22—57—_- + u8 (a4 + 5 % 45 Fg) ao + Epslaolzao + (§> B Fiag = 0. (5.103)
Discussion.

When driving the pendulum at a frequency one-half of wg, we find, for various p’s, the fol-
lowing amplitude equations:

928 1 2
F4) + -2‘#2‘(10‘2‘10 - 32# *laol*ao + gH ®F3laol*ao+

.300
[} p:ll —22——+p8<a4+m0

or

1 134659
6 6 8 2 - 4 104609 8F2 4 N
+16 X 32” Iaol o + 64 64” "101 ag 375# Iao| ag 3150 = 96# olaol ap
3087 8 4 2 )
~1 51t ool = gt Filaal'ad + (3) wFSa0 =0,
.Oa 928 1 4
o p=2: ——2@—8—T—0 + us (a4 + ———-—75 > 45F3> ao + '2‘#4|ao|2‘10 + gHSFglao‘zao _

+ip81aol“ao + (5)2u8F“a0 =0
48 3 0 ’

.0
e p=3: —21—6—(-:-_9—{-#8((14—{-

928
75 x 45

1 4\?
Fg) Qg + 5ﬂ6|00|200 + (g) ;I,SF;(_IQ = O,
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.0
® p=42 ——21——a—9+,u8(a4+

928 1 4\?
5 F, ) ao + §#slaol2ao + (—) pB Fiao = 0.

_ 940 4
75 x 45 ° 3
Similarly to the cases N = 1,2 and 3, we wish to find what p is the correct scaling

exponent for the amplitude of the nonlinear solution. As before, we do this by analysing
static solutions. Writing ao = Ae'T*, we obtain for p = 1 the following equation:

12, ] ] ] 134659 8
L2 am 6>A2_(_2 1 e F2 6_____6F2)A4
(2+3" ot s x 62" 324 T 375” T30 xge 0F Tl o)A T

3087 928 4\?
4A6+ /LGA8+/J6 <a4 + F4) + <_) HGFS(—I)n = 0.

MRTIE % 512 5x45 °) T\3

Expanding A = Ag + pA; + p*Az + -+ we find Ag = A; = A, =0 and
1, 928 (4)2 4 am
ghtat o mfo+3) fol=1)" =0,

which implies that ap ~ O(u®). This result contradicts the assumption that g, ;... =
O(1). Thus, p # 1.

Proceeding in the same way for greater p’s we find that p = 2 and p = 3 are not
acceptable either, since they give ap ~ O(p?) and ap ~ O{p), respectively. Lastly, the case
p = 4 gives

928 4\?
2 . _ 4 = 4/ _1\n

This gives A real only if

4 ? 4 n+1 928 4
@< (§> (=1 - 755 o
For n odd, this amounts to 072
o 4
1
which coincides with the upper bound of the instability window for the linear oscillator:
6928 5072
- F4 F4
T5x45 0 M 755450
[see eq.(4.65)]. When n is even, we have
N 6928 _,
5 %135 Y

which is just outside the linear instability region.

Thus, for a4 eq.(5.105) the instability of the zero solution will saturate by a stationary

solution gy = +A, with
5072
_ _ 4
A= 2\/75 - 45F0 Qy.

Thus p = 4 is the correct scaling exponent. In the same way as in the previous sections, we
can show that the scaling p = 5 will support stationary solutions of order u5.

We did not discuss solutions outside and at the edge of the instability window. This
is beyond the scope of this work.
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5.5 The driving frequency ~ 4wy.

In this section we consider the pendulum driven at the frequency ~ 4wy:
e + Wi [1 — 2F&? cos 4Qt] sing = 0. (5.106)

Proceeding as before we transform eq.(5.106) to
2 2 2
Wy lwi 5 1lwi s
Pt = ( ““)“m—ﬁ TE@t T
1 1
+ 2u?Fycos (47) (go o AR To o ) (5.107)

and let
2

w,
l—Q—2=a1y2+azy4+a3#6+--'
Assuming that
o= pP(po+ plor + ploa + ),

we will find the appropriate value of p.

Let p = 1. Comparing terms at same order of y we obtain at the order p',
Dgﬁoo + Yo = 0’

whose solution is given by '
Yo = ao(Tl, Tz, .. .)e‘T° + c.c.

At the order p? the multiple-scale method yields Djap = 0. At order u® we have
1 . .
Dg‘Pl +¢1 = (=2DoD3 + a1)po + 5903 + Fo(€4'T° + 6—4'T°)500
1 : 1 :
= [—QiDgao + oqag + §{a0|2ao] eTo 4 [gag + Foao] 3T 4
+ Foape® 4 c.c. (5.108)

whose nonsecularity condition is given by
— 2Dqa0 + a1a0 + %Iaofao =0, (5.109)
and a particular solution is given by
Y1 = a;e®To 4+ b, 30 4 c.c.,

where ) ) )
a; = ——Fpag, b = ———ag — = Faao.

24 43
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At this point we have not as yet arrived at the driven equation, thus we will have to go
further to higher orders of x. At the order u* we obtain D3ag = 0. The order ;5 yields

1 1
Dém + @2 = (—D§ —2DoD4 + a2)po + (—=2Do D3 + ay)p; — §a1603 + 5803901 -

1 ; 4 1
— agog + Fo (64 To ¢t T°) (501 — 3—!508) . (5.110)
The nonsecularity condition is given by
: 1 1 1 |
—D;‘)ao - 22.04(10 + Qolg — 5(11 |a0|2ao + 5&81)1 —_ 1—2-|a0|4a0 + Fo <a1 + bl - g&%) = Q.
If we substitute for a1, b; and make use of (5.109) we obtain
. 1, 1 _, 1 2 1 4 1. 4
—-27,.040.0 + (Zal + Qg — EFO) ag — Zaﬂaol ag — 3—2|a0| ag — ZFoao =0. (5111)
Equations (5.109) and (5.111) result from a multiple scale expansion of
.Oa 1 1 1 1
—22-5; + plonag + pt (Zaf + a; — EF(?) ao + (5#2 - Zalﬂ4> Iao|2ao +
1 1
— '3—5#4,0,0'40,0 - Z,u“Fo&g = 0. (5112)

Let p = 2. At the order u? we have wo = ao(T1, Ty, ...)e T + c.c. and order p® gives
Diag = 0. At the order u* we have

Dipr+¢1 = (=2DoD2 + a1)po + Fo(e*T0 + e™*T0) g
= (=2iDyap + ayao)e™ 4+ Fy(aoe®™ ™ + age™3) cc.,,  (5.113)

whose nonsecularity condition is given by
— 2 Djyaq 4+ ajae = 0, (5.114)
and a particular solution is given by
py = ales"T0 + blea'T0 + c.c.,

where ! ]
ay = ——ﬂFoao, bl = -—gFoC_Lo.

The order u5 gives Dzag = 0. At the order u® we have

1

Dips+ @2 = (D§ + 2D Dy + az)po + (—2Dog D3 + a1 )y + gsog +

+ Fo(e4z'To + e—‘tz'To)SO1

: . 1 - .
= [——D%ao — 22D4ao + aqaq + 5[00[20,0 + Fo(al + bl)] CtTo +
. 1 .
+ (—-102'D2a1 + 0’1(11)65‘710 + (—6?:D2b1 + a161 + 6(18) 631T° +
+  Fo(a1e®T + b1e™) 4 c.c. (5.113)
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Suppressing secular terms we obtain
. 1 -
~D3ag — 2iDyag + azaq + §(a0|2a0 + Fo(ay + b)) = 0.
Substituting for ay,8, and using (5.114) we have

1 1
a? + Qg — —Fg) ag + -2—]a0|2a0 = 0. (5116)

- 2iD4(10 + (}- 6

4
A particular solution of (5.115) is given by

0y = a2691To + b267tTo + czeStTo + dzeSzTo + c.c.,

where

o, IS U o 1 1,
30 x 24 l0% br=grelods, & =—gorFoman, & = fpFomdo — mao

a; =
At the order u” we arrive at Dsag = 0. At the order u® we obtain
D2ps+ @3 = (=2DgDg —2D,Dys + a3)po + (—=D2 — 2Dg D4 + a3)p1 +
+ (=2DoDz + an)p2 — 31, a1y + -;—993991 - éwg +
+  Fo(etTo 4 e74T0) <<,og - élicp?,) (5.117)
Substitution of g, 1, 2 yields the nonsecularity condition

1 1 1
—2tDgag — 2D2D4ao + azag + = aob1 - —Ia0|4a0 — é—al]aol ao + Fo(cy +dg — EaO) 0.

2
Equivalently,
- 2:D +(la3+laa —Fa+ )a ! lao|’a 1]a[a 1F&?’-—O
tl/eqo gt T oMn* ™ axlo 10304010012001200—--
(5.118)
The equations (5.114), (5.116) and (5.118) result from a multiple scale expansion of
da 1 1 1 1
—225—9 + [,u oy + p (Zaf + ay — EFZ) + u® (ga? + —2—a1a2 36F o + a3>] ao +
1 1
+ [—2—# - Z,u al] lao|?a0 — I—,u ®laol*ao — 1—2—p Foao =0. (5.119)
Discussion.

When the pendulum is driven at a frequency 4wg, the amplitude of nonlinear oscillations
obeys the following equations:

.0a 1 1 1 1
e p=1: -—2237_3 + plaqag + pt (Zaf + oy — EF(?) ao + (‘2#12 - Za1#4> Iaoi2a0 -

1 1
—3—2-p4|a0|4a0 - Z#4F0718 =0,
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.0ag 1 1 1 1
o p=2: —-22—8—7_— + /1201(10 + ,u4 (Zaf + ag — EFOZ) ap + /16 (ga? + -2-(11(12_.
L
36

1 1 1 1
Fjog + 013) ao + <-2-,u4 - Zﬂsal) |ao|*ao — E,uslaol“ao - E/‘GFO&S =0.

. . . . : 0
In order to determine which p to choose, we examine stationary solutions, EGB = 0.
T

(Notice that there is no linear instability window here.) For p = 1 we write ap = Ae*® which
produces

1 1 1 1 1
o1+t (g0l +aa— B2 + (5 = goun’) A = oAl -

1 :
— Z#?FOA%*‘*‘@ =0. (5.120)
By setting to zero coeflicient of the imaginary part we obtain sin 46 = 0 which gives 6 = Zn,
n=0,%1,£2,---. Hence cos46 = (—1)". The real part is then given by

1 1

I 1
Fg) + (:2‘ - Zalﬂz) A2 - 55/12144 - Z,uzFoAz(——l)n =0.

1

1
a1+y2(—af+az~6

4
By making an expansion A = Ay + u'A; + p?A; + - -, and comparing coefficients at like
powers of y we find, at u°,
1
(831 + ’2"143 = 0,
whence a; < 0. If @y < 0, this gives Ag = v/—2a3; hence g = O(1) as it is supposed to be.
If ay =0, then Ag =0 and

1
Af = -2 (Q’z - EF(?) N

which is real if ap < 3 FE. If ap < LFZ, we have ao = O(p). If ap = L F¢ then A; = 0 and
ao will be of order u? or smaller.

When p = 2, we have

1 1 1 1 1
a1 + 4’ <Zaf +az — EFO?) + pt (é‘a? + o0 - ‘3€F02011 + a3> +
1 2 42 1 4 2 1 4 44 1 4 2
—pu A -~ — —u A" - =y FpA*(-1)" = 0.
+ 5# Head = gH FoA (=1)" =0

By expanding A in a series in g and comparing coeflicients at like powers of u, the order u°
gives a; = 0. At the order u® we then have

1
Ag = =2 (Q’g e EF[?) ,
whence a; — F§/6 < 0. If ap < £FZ, this gives Ag # 0 and hence ap = O(1) as it is supposed
to be. If ag = éFg, we have Ag = 0 and A? = —2a; (whence a3 < 0) giving us ag = O(u)

or smaller.
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In conclusion, when a; < 0, the driver will excite a stationary solution of order p
(p=1). Ilf a1 =0, and a3 < F}/6, the excited stationary solution will be ~ p? (p = 2).
Notice that the linearised versions of these equations are undriven and will not exhibit
parametric resonance. Small perturbations will die off if we include a linear friction term.
It would be interesting to understand how the nonlinear (finite amplitude) solutions will
be affected by the linear dissipation. If they decay similarly to small perturbations, an
interesting problem to study would be the pendulum with nonlinear friction. The analysis
of these issues is beyond the scope of this work, however.

5.6 Conclusions.

In this chapter we studied the equation of the pendulum in various frequency regimes. Since
we are interested in weakly nonlinear effects, we assumed small solution of order p? (p > 0):

o= " (po+ o1+ plor + - ).

The evolution of the amplitude of the main harmonic in various frequency regimes and for
various orders of smallness of ¢, is described by the following equations:

N = 1:

e p=1: -2i%%9 + ployag + %u2ia0|2ao + p?Fodg = 0,

o p=2: ——22'%(1;9 + ,u2a1a0 + pt (_a;_ - g—FOQ + 012) ag + glaolzao + p?Fodo = 0.
N = 2:

o p=2: ——22’%—?— + playag + pt (i—af +ag + §F02> ag + -;-p4|aol2ao + utFa, =0,
N = 3:

.Oa 1 9 1 1
e p=3:. —22—8—7—_9 + p2a1a0 + p4 (Zaf + ag + 1—6—F§) ag + ,u6 (—éa? + §a1a2+
117

+as + 158

1 g\ 2
Fien) a0+ 5ulaol*ao + (3 ) 4*Fito =0.
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N =4

Jda 1 8 1 1
® p=4: —215—9-*-/1, a1a0+p (Zaf+a2+15F)ao+y (ga?+~2—a1a2+ag+
, 188 Fa>a+ (a+3a+§2 4923
15 x 15 0%1) @0 T H \ M 1t gt sy o

L, 1
62173 @+

4 2

2
1 ajaz+

188 ., |, 2192 Lg o (4 g0
15 x 15 °a2+75x45F°)a°+§“ oo “°+<§) #F0% =0

N =1/2:

da 1 1 1 1
o p=1: ——21—8—;0 + plonag + pt (Zaf +az — EF(f) ao + (5#2 - 101#4) |aol*a0 —

1 1 _
_+§§H4‘ao‘4a0 — Z/J'4F0a3 =0,

.da 1 1 1 1
o p=2; —21—3?0 + ,u2a1a0 + /1,4 (Zaf + ap — gF02> ap + ,us (‘8—0? + ialaz_
F a; + a3) ag + <—1—,u4 — l#6a1> lao)?ag — —]:—pslaol4a0 - ~u6Foa = 0.
36 2 4 12 12 o

In the cases N = 1,2,3 and 4, the zero solution is parametrically unstable within a
certain frequency window, and this instability saturates at a nonlinear stationary solution
with the amplitude ~ g¥. On the edges of the instability window, the driver will excite
oscillations with smaller amplitudes (u™*! and smaller). We are not going to consider these
marginal oscillations in what follows; we concentrate on the generic solutions with relatively
large amplitude.

The driving frequency ~ 4w (N = 1/2) will also excite stationary oscillations. Gen-
erically, the amplitude of these oscillations is ~ g, but in certain special cases oscillations
with smaller amplitudes (~ u? and smaller) will be excited.
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Chapter 6

The parametrically driven linear
Klein-Gordon equation.

In the chapters 4 and 5 we studied a finite dimensional system, oscillator. In this chapter
we extend the multiple-scales method to the case when solutions depend on =z, that is,
we now take into consideration the dispersion term (., so that the equation becomes the
parametrically driven linear Klein-Gordon equation:

Pt — Paz + Wi [1 — 2F€? cos (%Qt)} v =0. (6.1)

(This is tantamount to proceeding from one oscillator to an infinite chain of coupled oscil-
lators with the spacing of the chain much smaller than the characteristic wavelength of the
wave arising in this system.)

In order to apply the multiple-scales method to partial differential equations, some new
ideas must be added to the ones discussed in the case of ordinary differential equations. In
the case of PDEs, this method requires that both z and ¢ be extended to sets Xo, X1, Xa,...
and Ty, T4, 75, ... where X,, = ¢z, T, = €™t and ¢ is a parameter characterising the smallness
of the perturbing terms. Accordingly, the dependent variable ¢(z,t) may now be regarded
as a function of the extended set of independent variables:

(,O(:E,t) = QO(Xo,Xl, .o .,To,Tl, .. .).

We shall here consider the linear Klein-Gordon equation and proceed to its nonlinear gener-
alisation in the next chapter.
We proceed in a standard way. First of all, we rewrite eq.(6.1) in the form

2
D1t — Pzz + Q2 = (O = W) + 2w2 Foe? cos (N—Qt)go (6.2)

and make the transformations 7 = (Ut and x = Qz which takes it to

wd w? 2
Orr — Pxx TP = (1 — —(‘2%) 0+ 2*Q—gF062 cos (—]—V—T>go. (6.3)
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: 2 _ w2
Denoting p® = 53¢*, we have

2
%o

2
Orr — Oyx + @ = (1 - Qz) @ + 2u* Fy cos (—1\77’)90. (6.4)

In order to have a parametric instability, we need to assume that the driving frequency is
close to a fraction of the natural frequency of the system:

2
W,
1—§%=a1p2+azu4+a3y6+---. (6.5)
Expanding ¢ in a series in u?
o(r,x) = o + w1 + phoa + o, (6.6)

and introducing multiple scales T, = p*7 and X, = p™x, the equation (6.4) becomes

(D2 — 82 + u(2Do Dy — 2808,) + p*(D? — 82 + 2Do Dy — 2808s) + p3(2Do D3 — 20085 +
+ 2D;D, —28,8;) + (D} — 02 + 2D Dy — 28,04 + 2D; D3 — 26,05) + p®(2Do Ds — 28,05 +
4+ 2DyDy — 28,04 + 2D; D3 — 28,05) + p®(D2 — 8% + 2Dy D — 20006 + 2D, Ds —~
~ 20,85 + 2Dy Dy — 20,85) + -+ - + 1|(po + o1 + ptor + ) =

2
= (W + ptar+ Yo+ pr + ) + 2t Focos (7 ) (o i + ), (6.7)

where D,, = 3/0T, and 8, = 0/0X,. The equation arising at the zeroth order of p is
Do — 8300 + o = 0,
whose solution is given by
wo = ao(Th, T2, ..., X1, X2, .. .)ei(“’T°°kX°) + c.c. (6.8)

where
w? =14 k% (6.9)

The group velocity of the packet (6.8) is dw/dk = k(14 k%)~'/2. In our subsequent study, we
will be interested in nonpropagating breathers (dw/dk = 0), so we set k = 0 in eqs.(6.8)-(6.9):

wo = ao(T1, T2, ..., X1, Xz, .. .)e‘T° + c.c.

6.1 The driving frequency ~ 2wj.

In the chapter (4) we saw that in the case of the linear osillator, expansions over all scales
and over even scales only, produce equivalent results. (The reason is that the smallness
parameter enters as u? not as u.) It is tempting to think that in the case of the Klein-
Gordon equation, these two types of expansions will produce equivalent results as well. Here
we check this hypothesis.
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All n. We consider (6.7) and compare coefficients at same powers of u. At the first order
of u we have 2Do Do = 0 which gives us Dyag = 0. Next, at the order u? we have

Dipr — g1+ @1 = (8 = 2DoDa)po + anipo + Fo(e?™ + % T0)
= (—2iDgao + 812a0 + Q149 -+ Fo&o)(;"To + Foaoes'% -+ c.c. (610)

In order to get rid of secular terms we set the coefficient of €'T° to zero. This gives
— 2tDsap + 82ap + ara0 + Foap = 0. (6.11)

This equation arises in the multiple scale expansion of

.0 02
— 21— 600 + aa20 +p alao—}—p Foao = 0. (612)

Stability. To analyse stability of its trivial solution, we differentiate eq.(6.12) with respect

to 7 to obtain
0%, 0? Odag dao
Hgm = (a Pt “1)‘5‘+ ik

Using (6.12) we find that

8, _ (& ?
—4—— 5.2 5 5t u 201 ] a0 — p*Flao,
whose solution is given by _
ag = ez(wv——-kx)

where w and k satisfy the dispersion relation
40 = (play — k)2 — p*F2.
Instability occurs when w? < 0, that is, when
lu?en — k2| < p*F;
This inequality defines a range of unstable wavenumbers:
— ulFy < play — K < uPF. (6.13)

Expanding k in terms of p,
k=ko+ptks +plks+ -

and substituting into (6.13), we have kg = 0 (as it should be since we assumed that aq does

not depend on Xj), and
- Fo < ay — k‘f < Fo. (614)

Therefore, unstable wavenumbers can have k; # 0 and so growing perturbations depend on
Xyt ag = ao(T2,...,X1,...). Eq.(6.14) implies that the trivial solution is unstable if

ay > —-Fo, (615)
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or equivalently,

0% > W (1 — Foe?). (6.16)

Even n. Making use of (6.7) and remembering that all the derivatives with respect to
odd n will vanish, we compare terms at same order of x. At order u° we still have

Djpo = g0 + w0 = 0,
whose solution is now
o = ao(Ta, Ty ..., X, Xs...)e' 0 + cec.
At order u? we obtain

Dipi — Ogpr + 1 = (28002 — 2DoD2) o + cnpo + Fo(e?T0 + e 27T0) g
(—2tDyag + 1o + Fo&o)e’T" + Fyape®™ 4 c.c. (6.17)

For nonsecularity we require that
- 27:D2a0 + aiap + Foao = 0. (618)

This equation describes only spatially homogeneous oscillations. Since we wish to to ac-
comodate spatially inhomogeneous solutions, we have to go to higher orders. A particular
solution of (6.17) is given by

p1 = a1e¥ 4 c.c.,

where a; = ——%Foao. At the order u* we get
Dps — 0502 + 92 = (6.19)
= (0] — D3 — 2DoD4)po — 2Do D1 + a1¢p1 + azipo + Fo(e¥™ + e #T0) ¢y
= (Bgao - D§a0 — 21Dgag + azag + Fgal)eiT° + (=6:Dza; + alal)e?”'T" +
+ Fpa1e¥T 4 c.c. (6.20)

To suppress secular terms we set to zero coefficients of e'Te:
82200 - Dgao + Qg — 2iD4(10 + F0a1 = 0. (621)

Substituting from eq.(6.18), we then arrive at
~ 2 1, 35
— 2t Dyaq + 05ap + (oq + e §F0> ag =0, (6.22)

which is a dispersive PDE.
Equations (6.18) and (6.22) result from a multiple-scale expansion of

dag  0%aq

—9; 20
“or + Ox?

1 3
+ /.t2041(10 + [l4 (0’2 + Zaf - -8—F02) ag + /.L2F0(_ig = 0. (623)
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