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Abstract

In this thesis firstly the theory of Relativistic Cosmological Perturbations is studied,
in the process being reviewed over the period 1960 — 1993. Secondly the Variational
Principle, apropos of gravitation, is formulated and discussed. These two fields are then
synthesised via a variational formulation of General Relativity and Cosmological Pertur-
bation Theory. In the process new light is shed on Covariant Perturbation Theory via
the development of generalised alternative variables, culminating in a unique variational
formulation.
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Chapter 1

Introduction

Since the inception thereof eighty-five years ago, Einstein’s Theory of General Relativity
has humbled intellectually, and challenged technically, successive generations of physi-
cists. The former response has generated a literature characterised by a demeanour of
profound awe and aesthetic appreciation, while the latter has seen the emergence of
a plethora of academic treatises comprising progressively more complex mathematical
formalisms.

When confronted and captivated by a physical theory as intuitively appealing as
General Relativity, it is not difficult to digress into philosophical and aesthetic rever-
ie, perhaps consequently losing sight of the more practical motivation and vindication
thereof. This practicality lies somewhat more modestly displaced from the elevated on-
tological debates around the theory, in that it attempts more soberly to explain existing
physical observations, and predict new ones. Indeed, one may argue that this is the fore-
most objective of physics in general, and that the philosophical issues are of peripheral
or secondary nature due to their inherent subjectivity, although intellectually rewarding.

This empirical attribute of physics, by its practical nature, manifests itself in a va-
riety of mathematical formalisms of varying complexity. Apropos of this, it has been
repeatedly noted by numerous scientists outside of the regime of General Relativity and
Cosmology that its inherent mathematical complexity has detracted from, and obfuscat-
ed the initial simplicity and philosophical appeal of the theory. Although this opinion
does enjoy considerable support, it is the partial aim of this thesis to enhance the intu-
itive appreciation and understanding of General Relativity through physical application
thereof to Cosmological Perturbation Theory, as well as formulating the theory via the
Calculus of Variations. In short, it is the belief of the author that any physical theory, no
matter how philosophical and grandiose, is motivated and vindicated primarily through
the utility and empiricism of its practical application. In Cosmology, the most expan-
sive application of General Relativity, Cosmological Perturbation Theory can be seen as
such a vindication. The latter is a scientific endeavour which demonstrates the validity
of Einstein’s Theory of General Relativity through the tangible physical results which
it delivers; results which comprise observable and verifiable properties of the physical
universe.

Consequently, in elucidating Cosmological Perturbation Theory in the subsequent
chapters, emphasis is placed on the technical workings of the fundamental research that



has gone into the field over the past half century by discussing the relevant landmark
results and scientific papers. This is intended not only to provide insight into the func-
tioning of General Relativity, but also to demonstrate how fundamental research is done
in physics, a process which is best described through example.

The Variational Principle, in contrast to General Relativity, entered the scientific
arena in a far more pragmatic vein and Barogue spirit via Fermat’s Principle in the
seventeenth century. Commencing with its use in the formulation of Classical Mechanics
through the efforts of D’Alembert, Hamilton and Lagrange in the nineteenth century,
through its parallel formulation of General Relativity in the early twentieth century,
and culminating in the formulations of Quantum Field Theory and String Theory in
the last fifty years, it has become increasingly evident that the Variational Principle
underpins most of Physics in, at the very least, a mathematically unified sense. Due to
this utility as a basic formulation, conceptual and mathematical, of so many branches
of Physics, modern Physics in particular, the question of an inherent physicality in the
Variational Principle has been earnestly debated by theoreticians and experimentalists
alike, particularly in the latter half of the twentieth century. The two principal stances
on the issue are the following: either the Variational Principle can be seen purely as
a convenient and elegant mathematical tool used pragmatically in formulating Physics,
or it can be regarded as a fundamental physical principle underlying nature. These
two issues have by no means yet been resolved, nor is it the purpose of this thesis to
resolve them, rather, one aim here is to illustrate both points of view via a mathernatical
formulation of the Variational Principle, and application of the principle to Cosmological
Perturbation Theory.

Another aim, as alluded to previously, is to cover Cosmological Perturbation The-
ory in its own right for the reasons expounded above. However, one is consequently
inclined to wonder as to the motivation behind selecting two such seemingly disparate
topics as Cosmological Perturbation Theory and the Variational Principle for compari-
son and discussion. In motivating this choice it suffices to say, quite honestly, that it is
a purely subjective decision by the author, one based on a number of personal reasons:
firstly, an aesthetic appreciation of the philosophical development of General Relativity;
secondly, the vindication of the theory through practical application via Cosmological
Perturbation Theory; thirdly, a fascination with the utility and philosophy behind the
Variational Principle; and fourthly, an enhanced understanding and appreciation of both
Cosmological Perturbation Theory and the Variational Principle through studying their
interrelationship. Consequently, this thesis clearly reflects a personal fascination with
two particular branches of science. This is in apposition to what is all too often observed
when perusing scientific treatises across the academic spectrum: the tenuous and strained
attempted justification of a given scientist for his or her research into a particular field, a
motivation which quite often comprises an inflated assessment of importance and inane
promises of future ground-breaking results. In this author’s opinion, an affinity to scien-
tific endeavour, an unbridled personal curiosity, and the belief that unshackled academic
freedom optimises scientific progress, is sufficient as a justification.

Firstly then, in expounding the above topics, an approach will be adopted whereby
the relevant requisite mathematics is presented in full at the beginning, and in a compact
form. This is done so as to minimise technical digressions when discussing the principal



topics in turn, thus optimising conceptual clarity. This method also simplifies mathemat-
ical referencing, and results in the thesis as whole being complete in that it expounds
unambiguously the underlying mathematics. This philosophy is also intended at con-
veying the aesthetic mathematical appeal of Differential Geometry and the Variational
Calculus, a sound understanding of which is crucial in comprehending the Variational
Principle and General Relativity. Consequently, Differential Geometry and the Calculus
of Variations appear together as chapters one and two of the Part One of the thesis,
entitled ‘The Underlying Mathematics and Physics’. In the process, it is intended that
many of the mathematical concepts of Differential Geometry and the Variational Cal-
culus will be enhanced through later application. In completing Part One, a chapter
comprising the basics of Gravitation is included; this provides the necessary background
for Cosmological Perturbation Theory.

Secondly, having established the preliminaries, Part Two covers the numerous ap-
proaches to Cosmological Perturbation Theory. The method adopted herein, is to present
each approach separately by starting with the basic theory and then progressing to the
relevant literature, the emphasis being placed on the methodology, various practical
techniques and theoretical paradigms. The philosophy behind discussing the various
fundamental scientific papers which comprise this literature, is the demonstration of
scientific research and progress. Quite often when one encounters a summary of given
topic in Science, one is presented with a revisionist, sanitised slant which would seem to
indicate that Science always progresses in a perfectly logical sequential, linear and neat
fashion; this is also a slant which doesn’t do justice to the labour and functioning of
research. Hence, by looking at the seminal papers that have created Cosmological Per-
turbation Theory, one not only gains insight into how the field has developed, but also
an appreciation of the technical demands of the subject by noting the success, failures
and ambiguities. It is also believed here that an understanding of the technical details
of the seminal developments greatly enhances an intuitive understanding of the subject;
hence liberty is taken in including many of the details behind these results. However, as
this is indeed a vast area of research, the literature is indeed extensive; consequently, it
has been necessary not only to select the seminal research papers and results, but also to
restrict these to the time span 1960 — 1993. The subsequent years have seen a veritable
explosion in research into cosmological perturbation theory, especially in the light of the
COBE large scale structure observational results of the early 1990’s, and more recently
the smaller scale BOOMERanG results. This has been accompanied theoretically by the
inclusion of kinetic theory methods and results. These more recent developments have
seen a renewed interest in especially observational Cosmology, as they have provided for
the first time tangible evidence for or against the numerous Cosmological models and
theories; this has resulted in bringing Cosmology back from a largely theoretical and
mathematical discipline to one based in observational Physics. These recent develop-
ments cannot be stressed enough, especially in the light of Cosmology in general, and
for the future. Indeed, for these reasons, much of the theory and results subsequent to
the early 1990’s can be separately treated review-wise.

This approach is thus different from standard reviews on Perturbation Theory in
that it focuses on a time span as opposed to a particular subcategory of the theory. It
is intended thus to provide a perspective of the numerous approaches to Perturbation



Theory, and a regime in which to compare and assess them, while at the same time
maintaining a suitable air of generality.

In formulating what is here termed ‘metric’ Perturbation Theory, a more systematic
approach has been attempted by the author; systematic in that the formal theory has
been collated and synthesised from the various provenances and placed collectively at
the beginning of Part T'wo, before reviewing the standard research results and literature.
This has been done so as to clarify the conceptual basis of the theory, thus optimising
an understanding of the differences between the various paradigms. In addition to re-
viewing the standard material, in Chapter 5 on Covariant Perturbation Theory a section
on alternative perturbation variables has been included; this material is the author’s '
independent contribution, and is intended to systemise the standard formulations in
Covariant Perturbation Theory.

Finally, Part Three attempts to synthesise the above by formulating General Rela-
tivity and Cosmological Perturbation Theory in terms of the Variational Principle. In
the course of the variational formulation of Cosmological Perturbation Theory, and in
addition to the formulations apropos of Metric Perturbation Theory, there is the au-
thor’s own contribution to Covariant Perturbation Theory via the unique formulation of
an action and Lagrangian for this branch of Cosmological Perturbation Theory.

In treating the subject matter of this thesis using the approach outlined above, it
has been deemed useful to include the references for Part I at the end of each chapter
therein, as these pertain predominantly to book references; while for Part IT and Part
ITT the references, exclusively journal references, are incorporated in the bibliography at
the very end.
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Part I\

The Underlying Mathematics and
Physics
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“The book of nature lies continuously open before our eyes (I speak of the universe) but
it can’t be understood without first learning to understand the language and characters
in which it is written. It is written in mathematical language, and its characters are
geometrical figures.” Galileo Galilei (1l Saggiatore) ’

The aim of this section is to establish a sound mathematical and physical framework in
which ultimately to study the theory of perturbation theory. The physical theory which
will be used here to model cosmological perturbation theory will be that of Einstein’s
General Relativity. As this is inherently a geometrical theory requiring the notions
of curved spaces with differential structures, it is formulated within the mathematical
regime of Differential Geometry.

Consequently, a knowledge of the fundamentals of Differential Geometry is a prerequi-
site to understanding the calculations, mathematical manipulations and interpretations
of subsequent results in the following chapters. The relevant mathematics pertaining
thereto will be provided in chapter 2. This chapter will also focus on the formulation of
integration over a manifold, as this is an area which is sometimes technically awkward
and conceptually misleading; this will provide the structure for a variational approach
to Gravitation, as it incorporates the notion of an ‘action integral’ and variation thereof
apropos of the manifold. The tetrad formulation is included for similar reasons, but more
for the sake of completion as, although it will not be reinforced as a modus operandi later,
it is a significant formalism utilised in much of the current research done in the covariant
approach to Cosmological Perturbation theory.

The second requisite branch of mathematics for the subsequent studies is the Calculus
of Variations, pertaining to applications of the Variational Principle. This too, is a
technical necessity and will be seen to be of particular use in simplifying and elucidating
several variational calculations. .

Following the mathematical preliminaries, an introduction into the foundations of
General Relativity and Cosmology will be given, formulated within the afore-mentioned
mathematical regime.

As this thesis is intended to provide a working as well theoretical understanding of
the Variational Principle in Gravitation and Perturbation Theory, the above topics will
be dealt with in some detail.

12



Chapter 2

Differential Geometry and Tensor
Calculus

“The idea that physicists would in future have to study the theory of tensors created real
panic amongst them following the first announcement that Finstein’s predictions had been
verified.”

A. Whitehead

2.1 Manifolds and Tensors

The primary mathematical objects that underly the technical formulation of General
Relativity are tensors; however, before one can define a tensor one needs to consider the
underlying incorporating structure. Hence one is introduced to the notion of a manifold,
which is used to formulate physical space-time, as will be seen later, and enables one
to utilise the associated structure in formulating General Relativity. As will be seen in
Chapter 3, the need for considering a generalisation of the notions of differentiation and
geometry arises from the interdependence of matter and geometry, as postulated by the
Einstein Field Equations.

2.1.1 Manifolds

Conceptually speaking, a manifold M consists of two parts: A topological space T, and
a set of bijections {¢,} from the open sets {U,} of the topological space into Euclidean
n-space %™, This can be stated formally as follows:

Given a topological space T,

e For each point P of 7 there exists an open set U, such that Pel/, and the set of
all such open sets {Uy} covers T;

e Por each o there exists a bijective chart ¢, such that ¢, : Uy — Si where S, € R?,
where the set of all charts A = {¢,}, ael is referred to as an atlas;

e For any two open sets such that U, N Us # @, there exists a C bijection ¢p, =
¢{3 o t;éa_l such that qﬁga : ¢Q[UQ M Ug] C S84 —+ (}Sﬁ[Ua M Ug] C Sﬁ,

13



Such a topological space T together with the above defined atlas A is called a manifold
M. .

In simplified terms one thus sees that 1) each separate chart of the atlas constitutes
a co-ordinate system as it assigns a particular n-tuple to each point in the topological
space: 2) the manifold is locally Euclidean (isomorphic to a region of Euclidean space) due
to the definition of a chart, but globally the manifold may differ from Euclidean space;
3) One cannot necessarily find a single chart to cover the entire topological space, unless
it is isomorphically Euclidean; an example of this is illustrated below. In the physical
context, the topology will beassumed to be Hausdorff and paracompact,as defined in the
appendix.

The simplest example of a manifold is " itself. Naturally this requires only one
chart which covers itself. However, note that a finite set of points does not constitute a
manifold, as this is not locally isomorphic to a region of R”.

The surface of a sphere is another example of a manifold, and can be shown by
application of the famous fized point theorem to require at least two separate charts to
cover it; for example, if one uses polar co-ordinates one runs into a problem at the poles.

In physical contexts it is readily seen that, in the simplest manifestation, a manifold
will be used to represent the physical space-time of General Relativity itself, however, as
will be seen, the concept of a manifold being suitably abstract, can be generalised well
beyond this level of simplicity. When formulating Cosmological Perturbation Theory
later, the utility of the mathematical intricacies of the manifold definition will become
more apparent.

Submanifolds

Having defined the notion of a manifold, one can go one step farther in defining the notion
of a submanifold; following Schutz, this is defined as follows: a p-dimensional submanifold
N of an n-dimensional manifold M is a collection of points of M having the property
whereby in some open neighbourhood U of an arbitrary point ) in N there exists a
co-ordinate system for M in which the points of A in that neighbourhood are defined
by zPt! = 2P*? = | = 2™ = (. It follows trivially that this definition is consistent with
the definitive properties of a manifold, as expounded above, thus guaranteeing that a
submanifold is a manifold in its own right,

Physically, the notion of a submanifold permits the application of the subsequen-
t manifold and tensor theory to certain regions of space-time which are of particular
relevance in the study of Cosmology, as will be seen later. Such examples of submani-
folds in Minkowski space-time are the future and past null cone of an observer, and a
constant-time hypersurface - this will be expounded in more detail later. In general, a
hypersurface in an n-dimensional manifold is an (n — 1} submanifold of that manifold.
As will be seen shortly, the way in which one chooses such a submanifold is usually linked
to Frobenius’ Theorem.

14



2.1.2 Tangent Spaces and Tensors

Tangent Spaces

By the above definition, one may assign an n-tuple z° = z',...2" to every point P in

the underlying topological space; this defines a ‘point’ in the manifold. Note that this
definition of a point does not satisfy the criteria for a vector, as the notions of vector
addition etc. are ill-defined, if not meaningless; for example, how does one ‘add’ two
different points in a general topological space? This is often an area of misconception.
In order to gain such a vectorial structure, one defines a vector as an element of the
tangent space at a point P in the manifold. This is achieved through the formulation of
a vector as directional derivative operator acting on a point P = z% as follows:

0
v=y vt
za: Ozt
This is defined such that the operator v maps the point P onto the underlying field
of real numbers as a linear functionel in the algebraic sense, and is referred to as a
contravariant vector. By this definition one also notices that the tangent space can be

defined as the collection of all such vectors formulated in terms of the co-ordinate basis
{e.} = {%}; namely, such an arbitrary vector would be u = u“’a% where the Einstein

(2.1)

summation convention across like indices is henceforth used. This tangent space is now
readily seen to constitute the desired vector space, which can in turn trivially be shown
to be an n-dimensional manifold itself. It is important to note that a tangent space is
defined at o specific point. If one were to transform from {e,} to another co-ordinate
basis {€',} at P, corresponding to a different chart ¢/, one would have the following:

g  o2* 0
Hx? Oz Hzo
For an arbitrary vector v in this new co-ordinate system, the components would thus
obey:

(2.2)

i

: Gz®
vt = Fpn U (2.3)
= JY% . (2.4)

This is the basic vector iransformation law, such that the reverse transformation J¢ is
defined by:

JeTE =8 (2.5)

where §; is the well-known Kronecker delta. Equivalent to the definition 2.1, one may
consider the tangent vector in parametric form. Given a parametrically defined C? curve
(1) in M, i.e. amap of an interval of the real line into M, one may define a contravariant

vector tangent to [(t) at the point {(tg) as being the operator (%)tlz which maps each
G

C? function f at ¢y onto the number (%g)éla ; 1.e. the derivative of f in the direction of
1]

{(t). Hence, in terms of a local co-ordinate system z® in the neighbourhood of [(#g):

15



_dz® Of

<§£) 95 (2.6)
at /1, dt Oz° I(to)
and hence, equivalent to the previous definition 2.1, one has:
7. de® 8
= p° = — 2.7
' V=Y Gga dt 8z 27)
which yields v* = %;’Ta as the components of the vector. Physically, if one treats the
parameter as proper time, then v* = %;Ta can be interpreted as a velocity quantity.

Conversely, one can state that, associated with every vector v there exists an integral
curve [(t) in the manifold, such that the definition 2.6 holds. Hence, for the above
arbitrarily defined function f on {(t):

(3
V() = dz* 9f . af
dt Oz oxe
Naturally, one can also now define the dual (tangent) space TT(M) associated with
T(M): if one has v € T(M) then there exists a covariant vector or one-form ¢ € TT(M)
such that 9 : v — R where R refers to the underlying field of real numbers; i.e. ¥ is a
linear functional. Bearing the basis representation in mind, one may define then a dual
space basis vector e* as mapping the contravariant vector v onto its component v*. In
terms of the inner product associated with the linear functional, one therefore has:

(2.8)

(e, v) =0 | (2.9)

Hence, considering the basis for the tangent space one must have:

(e, ey) = &y (2.10)

Using a co-ordinate basis, for which one thus has e, = 3%1, one then immediately

deduces that the basis for the dual space must be the set of differentials dz®:

_ 0z°

P O b> Tb

Given then an arbitrary scalar functlon f(z®) defined on the manifold, one can define

the differential of f{z%) as df = {%a 2L dz® in terms of the basis of differentials; hence, for
any contravariant vector v one has:

(dz® = &p (2.11)

(df,v) = v“(;?; (2.12)
and hence the differential is itself a covariant vector, with the components thereof being
a normal to the surface f(z%).

This formulation is conceptually convenient as it enables one to envisage contravariant
vectors as being fangents to curves lying within the surface f(z®), covariant vectors as
being the normal to that surface, and the inner product of the two as the gradient of the
surface f(z®) = 0. Notice in the above formulation the index notation whereby an upper
index indicates the components of a contravariant vector, as in v*, while the lower index

indicates the components of a covariant vector, as in v,. it will shortly be explained,
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using the notion of a meiric tensor, how to calculate the contravariant and covariant
components of a vector and tensor in general.

Tensors

Having defined the notion of a vector in the tangent space, as well as the dual space, one
can define a general type (rn,n) tensor as being a multilinear functional U acting on m

copies of tangent spaces T'...7T™ and n copies of dual spaces T1 T

U T'®.. T"eT .. Tl 5 R , (2.13)

where the symbol ® indicates the standard Cartesian product, and refers to the multi-
linear functional nature of U. Naturally then, in terms of the bases such a tensor can be
written as:

U=Upn st et e it (2.14)
such that the upper indices represent the contravariant components, and the lower in-
dices the covariant components, as denoted in the definition 2.13. Under a co-ordinate
transformation ¢ — z%, where the ‘primed’ sign indicates a new co-ordinate system,
the above tensor then transforms as:

T ﬂvm — Jg-:l' }(!, nxJ Jb,“T Cm . (2-15)

Cm

This is the definitive tensor co-ordinate transforma,tlon Iaw, definitive in that it is, in
some contexts, used to define a tensor; that is, one can define a tensor as an algebraic
object which obeys the transformation property 2.15. This is probably the best interpre-
tation of tensors in general as it is difficult, indeed impossible in many cases, to visualise
them; alternatively, it suffices to say that tensors are the natural algebraic extensions
of covariant and contravariant vectors. Some simple examples of type-two tensors are
the various forms of energy-momentum stress tensors in classical physics, such as those
containing the mechanical stresses for a given material in Engineering applications, or
the inertia tensor for rigid bodies as formulated in Classical Mechanics, or even the Fara-
day tensor of Electromagnetism. From these examples one might be more familiar with
the component matrix representation; however, due to the contravariant and covariant
components, standard matrix algebra doesn’t always apply: only when working in flat
Euclidean space is this possible as such tensors, which are then referred to as Carte-
stan tensors, have the property whereby the contravariant and covariant components of
a given tensor are identical. In general though, when one has the manifold property
of curvature, as will be defined later in this chapter, the contravariant and covariant
components are not equivalent, as will be seen.

Symmetrisation

As symmetry plays such a pivotal role in much of Physics, it is necessary to provide a
suitable, useful and unambiguous mathematical framework in which to formulate sym-
metrical quantities. As the primary quantity used here will be, as for reasons previously
expounded, the tensor, the notion of a symmetric tensor will thus be required.
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A tensor is said to be symmetric in a pair of indices if it remains unchanged when
these two indices are interchanged; e.g. for a four-tensor: Typed = Tachd 15 symmetric in
the second and third indices b and ¢. the notation to indicate such a symmetry includes
a pair of round brackets around the indices in question: Taped = To(be)d if and only if
Topea 18 Symmetric in the second and third indices b and ¢. Likewise, a tensor Taped
is said to be skew-symmetric in the indices b and ¢ if Typeq = —Tycpa and is indicated
with square brackets: T, q- For symmetrisation or skew-symmetrisation for any pair of
non-adjacent indices, the notation of the Bach bracket is used: Topca = Tiajpciay OF Tajbeja)
if Thpeq is symmetric or skew-symmetric in the first and fourth indices respectively, such
that the vertical lines exclude the indices between them from the symmetrisation. Note
that one can always extricate a symmetric and anti-symmetric part from any (m,n)
tensor. For a two-tensor, it can be decomposed exactly into two such parts:

1 1
1&0 = é‘(Tab + Tba) “+ ‘é(Ta{) - Tba)

= T{ab)+T{ab} . - (2.16)

However, for a general type (m,n) tensor, it cannot be decomposed into symmetric
and anti-symmetric parts only - there will, in general, remain a part which is neither
symmetric nor anti-symmetric in such a decomposition. For such tensors though, one
can define symmetric and anti-symmetric parts as follows:

Tlay.an) = fé—! {sum over permutations of indices} (2.17)
Tiay..an] = i {alternating sum over permutations of indices} ’

The Metric Tensor

In the conventional treatment of General Relativity the metric (in the standard use of the
word] is regarded as the principal quantity, as this describes the geometrical structure of
the space-time. In Metric Perturbation Theory it provides a simple quantity to perturb
initially, as will be seen. A

In full generality, a metric tensor is any symmetric, non-degenerate type (0,2) tensor
g defined on the manifold. Hence, one can associate a scalar quantity, namely the
magnitude:

bl

u = [u| = ([g(u,u)})? , (2.18)

with any vector u. Two vectors u, v are said to be orthegonal ift

glu,v)=0 . (2.19)

By symmetry, one has that g{u,v) = g(v,u). With respect to a co-ordinate basis
e, = 5%, one may express the metric as:

g = gudz® ® da® | (2.20)

such that the components are:
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gab = B(€a, @) . (2.21)

One can now define the concept of a length or distance between points in the manifold
as follows: Let () be some parametrically defined curve in the manifold incorporating
points P = [(a) and Q = (b}, and with tangent vector % such that g(%, a%) has the
same sign along all points of [(t); then the path length between the points P and @ is

defined as:
L 8 O\ |
z:..fa (g(a,gg)D d . (2.22)

The infinitesimal distance ds along such a curve is usually expressed as:

ds? = gupdz®dz’ . (2.23)

Now, assuming that g is non-degenerate; that is, there does not exist a non-zero
vector u such that g(u, v) = 0 for all v, then there exists a unique symmetric dual tensor
with respect to the dual basis {e*} with components g* such that:

9°°G0c =88 . . (2.24)

Hence, in matrix form, the matrix of components g% is the inverse of the matrix of
components g,5, where non-degeneracy is equivalent to the matrices being non-singular.
Hence the tensors g%, g, can be used to define, as in standard linear algebra, an iso-
morphism between contravariant and covariant vectors. Thus, u, defined by:

ug = gy’ (2.25)

is the covariant vector associated with the contravariant vector u®. This result can be
extended to tensors of arbitrary type; for example gpgT'%¢ = T%°. Hence g%, gap are used
to ‘raise’ and ‘lower’ indices. In matrix form for type two tensors, g7 = T¢ defines
the trace of T, Similarly, the magnitude of a vector is now |u| = Vgau®u? = utu,.
In this sense one sees that the metric is, as in the standard geometrical case, the natural
inner product defined on space-time, as expected. v

Note that, at any arbitrarily chosen point P, one can find an orthogonal basis such
that at that point the matrix of components of the metric reduces to a diagonal matrix
of positive and negative values. Hence one can formally define the signature of the metric
as being the difference between the number of positive values and negative values. It can
be shown that if g is non-degenerate and continuous on the manifold, the signature will
remain constant throughout the manifold.

Forms and The Exterior Product

A type (0,p) tensor F with components Fy,, g, which is skew in all p indices is called
a p-form; that is, Fy,. o, = Flg,. q,], using the anti-symmetrisation notation as before.
Given then a p-form Fy, o, and g-form Gy, . p,, one can define a (p + g)-form, denoted
(F A G)a,...aphy... in terms of their fully skew-symmetrised Cartesian product:
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(F A G)m...apbl...iaq = F{al...aprl...bq] (2.26)

in component form. The above is also referred to as the wedge product. With this product,
the space of all forms (defining scalars as zero forms) constitutes what is referred to as
the Grassmann algebra of forms. As a Direct consequence of the above, one also has the
following:

FAG=(-1)""GAF . (2.27)

A simple example of a form is the volume element which is used in formulating
integrals and defining the determinants of type-two tensors; this will be developed in full
shortly.

Relative Tensors

In ultimately formulating the notion of integration over a manifold which is required for
the Variational Calculus approach to Gravitation later, one will need to formulate the fol-
lowing generalisation of a tensor. Consider the Jacobian of a co-ordinate transformation
z% = 29

3%

Oz,
Then a relative tensor SRE:_':_' of weight W is defined by:
ga-om _ qwdF™ 021 ph Gt o, o (2.29)

biobn T 8{361 s 83:5"' 8$’b1 “‘83:,&“ di...dm

In the above definition the standard convention of using a Gothic letter to denote
a relative tensor has been adopted. Hence it follows that a standard tensor is merely
a relative tensor of weight 0. It also follows that one can combine relative tensors in
the same, manner as for standard tensors, with one exception: the product of a relative
tensor of weight W) with one of weight W5 is in turn a relative tensor of weight W; + Wo;
a direct consequence of the definition above. Relative tensors of weight +1 are usually
referred tG as tensor densities; similarly, a relative scalar of unit weight is called a scalar
density. These will be of specific importance later, simple examples of which are the
metric déterminant and the Lagrangian density, quantities which will be developed later.

2.2 Differential Structure

Naturally, in order to provide a suitable regime in which to formulate physics, if is
necessary to impose a differential structure upon the above formulated manifold. The
subsequent definitions will be seen to be broad generalisations of the differential con-
cepts of Euclidean space, and will induce naturally the notion of curvature, the central
geometric tenet of General Relativity.

In Iee}:ding up to a generalised, covariant form of the standard Euclidean-space partial
derivative, one can formulate a kind of derivative purely in terms of the Euclidean partial
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derivative, but covariant and without having to impose any additional structure on the
manifold as will be necessary later; this is the Lie derivative.

2.2.1 The Lie Derivative

The Lie derivative describes the way in which a tensor field changes as it ‘moves’ along
the integral curves of a vector field. In order to accomplish this, one needs to compare
the tensor at a point P = [(to) on an integral curve {(t) of the vector field u with itself
evaluated a small distance ¢ along the curve from P at @ = [{{g+1), i.e. an infinitesimal
transformation. Hence one needs to define a mapping of the tensor from @ to P and lock
at the difference between this and the tensor evaluated at P divided by At as At — 0.
One can define this mapping as a diffeomorphism &, : P — @ = (o +1). For sufficiently
small ¢ this can be considered as ®; : M — AM; hence one can generalise it as a map
&7 on general tensors. Hence the Lie derivative of a tensor field T with respect to the
vector field u is defined as:

N .

at any point P. One can most conveniently calculate the above using a co-ordinate basis.
The result for a scalar f is:

Luf = f}av‘a y (231)

as can be expected; while for a vector v it is:

Lov = (W)~ (v(uw)’
= ubv“,‘b - Ubu‘fb (2.32)
= [u,v] , (2.33)
&
where the notation in the last line is referred to as the Lie bracket; it is consequently
trivial to verify the following result:

[u,v] = ~[v,u] (2.34)
However, for a covariant vector {one-form} F in a co-ordinate basis one can show that:

8}?& Ju’
. .a

(LoF), =u Foa T Fu a0
It is also trivial to show that, if one chooses a co-ordinate system in which w is the
co-ordinate basis vector a%’ say, then;

(2.35)

)
LuT = 25T A (2.36)

for any tensor T. The above results are then easily extended to tensors of all types:
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ay...dm Gy m, € rpdis.am
ﬁ“Tbl by - 81}?6 T{?] by u bt bp

8’&‘11 B ay..o,mm1d8uam
ot T Thidn Tpd
d 8Ud

du
tiy...0m Q1 ...,
+ T4y tm g oot Ty S

(2.37)

The infinitesimal co-ordinate transformation derivation of the Lie derivative will be
of particular importance later in formulating the notions of gauge invariance and trans-
formations in Cosmological Perturbation Theory, particularly in the covariant approach.

Invariance

A vector field v is said to be inwvariant under another vector field u if the Lie bracket
vanishes:

u,v]=0 . (2.38)

By the definition of the Lie derivative, this naturally implies that either field is
completely dragged along by the other, the change (derivative) of one along the other
being zero. Geometrically speaking, this results in the two fields fitting exactly together.
Usually, one would associate some form of symmetry with this invariance; for example,
regarding vector operation as a transformation, invariance under rotation implies axial
symmetry. Hence one can associate such a symmetry directly with the vector field. The
best illustration of this comes from consideration of the Killing vector fields: a vector u
is said to be a Killing field if the following holds:

Log =0 , (2.39)
where g is the metric tensor; in component form this is: '
F9ap ou’ Ju®
< a —
U s -+ gacém—& + +gcb-8-;£ =0 . {(2.40)

If one then chooses u = ﬁg, one has:

agab _
5.0 =0 (2.41)

implying that the metric is independent of the co-ordinate z°, and thus the the manifold
has a symmetry associated with the direction ﬁg.

2.2.2 Frobenius’ Theorem

Related to the Lie derivative and the notion of submanifolds, particularly hypersurfaces,
is the theorem of Frobenius. This will be seen to provide a method for determining
whether a set of vectors defined on a manifold form a hypersurface. This will have
significant application later when considering space-time hypersurfaces in various Cos-
mological models. One sees intuitively that the requisite property of being a hypersurface
and thus a submanifold is particularly important, as it thus admits application of many
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of the powerful, yet standard, results of Differential Geometry. It also provides a clear
and unambiguous physical interpretation in many cases, as will be dealt with in detail
later. The Theorem, which will not be proven here (see Schutz for a more thorough
exposition), has two separate formulations: for vector fields and one-forms. The vector
field version is stated as follows:

Consider an n-dimensional manifold M with p-dimensional submanifold N'. Then
for every set of vectors V defined in some neighbourhood U in N having Lie Brackets
with one another which are also linear combinations of the vector fields in the set (i.e.
they form a Lie algebra), then the integral curves of these vector fields mesh smoothly
to form a family of submanifolds each having the same dimension of the vector space
the fields define at each point in U, and with each such point lying in ezactly one such
submanifold. This set of submanifolds fills U completely, and forms what is termed a
foliation of U, each submanifold being o leaf of the foliation.

The theorem essentially rests on proving the result that for any such neighbourhood U
there exist co-ordinates {z',...zP} with a corresponding co-ordinate basis {5‘%, .. .5%}

such that [3%;, %] = 0 . It follows naturally that the foliation of such a region Y

is not unique; for example, Euclidean three-space can be foliated by either concentric
two-spheres, or parallel planes.

Before giving the one-form version, some definitions are required. Given the tangent
space Tp defined at point P of a manifold M, every set of one-forms Op = {¢} defines a
vector subspace Vp, the elements of which each annihilate (i.e. zero inner product) each
of Op; Vp is thus called the annihilator of Op. Similarly, all the one-forms at this same
point P whose restriction to Vp vanishes is called the complete ideal of Op. A complete
ideal is also a differential ideal if for every o; in the ideal, the differential do; is also
contained therein. A set of one-forms {«;} is called closed if each form dey; is contained
in the complete ideal generated by the o’s. A useful consequence of the latter is that
on an n-dimensional manifold, any linearly independent set of n or {n — 1) one-forms is
closed. One can now state the one-form version of Frobenius theorem:

Given a linearly independent set of one-forms F = {ay,...op} in an open neighbour-
hood U of an n-dimensional manifold M (p < n). If and only +f this set is closed, there
erist functions Ay; and Bj, 1,7 = 1...p such that:

»
Q= Z Aidej . (242)
F=1

These forms o are termed sur face forming. Consequently, this set of one-forms F
define an (n — p)-dimensional submanifold, the tangent vectors of which are the annihi-
lators of F; each point of U lies in exactly one such submanifold, and the set of all these
submanifolds defined as such completely fills U as a foliation.

The equivalence between the above two forms of the theorem is, loosely speaking,
that one is the ‘dual’ of the other (dual as in ‘dual space’, as expected). Firstly, the
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dual of the Lie algebra requirement of the vector form is the closure requirement of the
one-form formulation; secondly, there is the dual correspondence between the tangent
vector spaces: if the vector fields define a p-dimensional subspace of the tangent space at
P, then they naturally define an (n — p)-dimensional subspace of the dual tangent space
of one-forms by the requirement that these forms be annihilated by the original vectors.

2.2.3 The Exterior derivative

Having defined the notion of a p-form and the wedge product, one can associate with
them a natural differential operator called the ezterior derivative. This is an operator
d which maps p-forms onto (p + 1)-forms. Acting on a scalar function f it gives the

one-form df = %&xa, and is defined via the inner product as follows:

<df,u>=u(f) , (2.43)
for all vector fields u. Hence the components are:
af
df, = \ 2.44
Acting on a p-form Q = Qq,. 0,dz" Adz® A .. .dz® it results in:
Q.
dQ = —(%%“—"dm” Adz® Adz®.. . Adz™ . (2.45)
: x

A direct consequence of the total skew-symmetric nature of the p-form is that the double
exterior derivative vanishes:

d(dQ) =0 , (2.46)

which can easily be proven using the above. Although this operation may appear abstract
and remote, it is crucial in the formulation of integration over manifolds as will be seen
shortly, and in the process yields many of the standard vector calculus results which are
ubiquitous in Physics.

2.2.4 The Absolute and Covariant Derivatives

As a co-ordinate system is inherently defined on a manifold via the chosen atlas, and
as a tensor is by definition a function of these co-ordinates, one may naturally define a
standard partial derivative of a tensor with respect to this co-ordinate system. In doing
so, one adopts the following notation:

d

| a1

A simple calculation reveals that this quantity does not transform as a tensor under

a co-ordinate transformation as in 2.15. However, one naturally would desire here a
derivative, analogous to the partial derivative, which is still a tensorial quantity. The
problem lies in the basic definition of a partial derivative in terms of a limit of the
difference of the differentiated quantity evaluated at two different points. Note, however,

Tal-uaﬂ = iﬂ(n...amb » (247)
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that this problem is not inherent in the case of the derivative of a scalar function of the
co-ordinates in the manifold, as is evidenced from equation 2.8.

One thus needs to define a differential operator which is a generalisation of the di-
rectional derivative, and which reduces to the partial derivative when acting on scalars.
This is done by introducing an affine connection V on the manifold M. Such a connec-
tion V at a point P of M is a rule which assigns to each vector field v at P a differential
operator V, which maps an arbitrary vector field u into a vector field Vyu, satisfying
the following:

ViwpgeWw = [fVyw+gVew (2.48)
TVulav + pw) aVuv + [V, w (2.49)
vu{fv) ll(f)\" + fVauv (250}

such that f,g are arbitrary scalar functions, while , § are constants. The quantity V,v
is referred to as the absolute derivative of v with respect to ¥V in the direction u at
P, and by construction is seen to be the generalisation of the ordinary total derivative.
Analogously one can define the covarient derivative Vv of the vector v as being a type
(1,1} tensor which, when contracted with u gives Vv, and such that:

fl

It

V(fu)=df®u+ fVu . (2.51)

As the contraction of this with u yield the total derivative by construction, it follows
that the covariant derivative is then the desired generalisation of the partial derivative;
this will be clarified shortly.

If one now has some arbitrary contravariant basis {e,} with its corresponding dual
covariant basis {e®} (not necessarily co-ordinate bases), then one can write the covariant
derivative Vu in terms of components as follows:

Vu = u“;éee’ ®Re, , (2.52)
such that the semi-colon indicates the covariant derivative consistent with the comma
notation in 2.47; and where the connection is determined by differentiable functions of
the co-ordinates ', defined as:

4 =< e Ve > Ve, =% ®e, . {2.53)

Naturally then, for the absclute derivative one has:

Vou = u(‘;bvbea <ele,> . {2.54)

Hence, for any vector field u, one has:

Vu = V({ute,) = du’ ® e, + u'T,el®e, . (2.55)
For co-ordinate bases 2.55 simplifies to:

8 a
YT (2.56)

e . YY
8zt

’U.;b
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Hence, if one is given a continuous curve [(¢) in the manifold, then one can define the
absolute derivative of a vector u along the curve as:

a b
22 EV%U_%f+F ‘g . (2.57)
If then £ {33 = (, one describes the vector field u as being parallel propagated along the
curve; loosely speaking, this means that the vector ‘maintains its direction’ with respect
to the curve as it moves along it. If the absolute derivative of a vector field with respect
to its congruence of integral curves vanishes, the curves are called geodesics; these can
naturally be seen as the generalisation of straight lines in Euclidean space, and are thus

defined as:

d?y® . dzb dzf
@ T

Notice that one can interpret '}, as being the ‘a’th component of the covariant
derivative of the ‘c’th basis vector in the direction of the ‘b’th basis vector. This most
clearly illustrates the earlier assertion that the covariant derivative is the natural exten-
sion of the partial derivative, and that the extra terms arise from considering the change
in the basis as well as the components of the vector. It is also easily verified that '}, is
not a tensorial quantity, as under a co-ordinate transformation it does not satisfy 2.15.

One can extend the above definition to show that, for a general {m,n) tensor the
covariant derivative becomes:

whu’ =0 = (2.58)

J
] .ol — .Qm @y (l&g Om vl -1 d
T e = gy Tt + DT 20+ DT
Bl a}u By
lcmT(wg oo Ftbzsz; Td (2.59)

As will be seen in section 1.3, the connection encapsulates the physical curvature of
the manifold; in the General Relativity context, this transpires as the physical curvature
of space-time itself through the Riemann tensor. The quantity 'Y, will thus be the major
perturbed quantity sought in later application.

The Metric Connection

Given a metric g, defined on a manifold, one can define a unique kind of connectlon by
the stipulation:

Gabie = 0, (260)

a condition which guarantees the preservation of scalar products (defined in terms of the
metric) under parallel transfer along curves. Considering now the covariant derivative of
basis vectors using the above condition, one can show that, given 2.60, the connections
I, take on the following form:

ad(

be = 29 Gdv,c = Goed + Gedb) - (2.61)

The unique connections thus associated with a metric are called the Christoffel co-
efficients.
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Relative tensor differentiation

Using the same notions and definitions as in the previous section for tensor differentiation,
one can show that the covariant derivative of a relative tensor franspires as:

; , ..Gm aydas...a Q- @m-1d ay..@m _
Ryl o= RpGT PR, + . T Ry R i
d ay...Gm _ d Qi-Om 962
“‘anc%bl Lbperd Wr(tc%b; I . ( }
Note that in the case for a type (1,0) tensor density one has:

R = R | (2.63)

that is, the covariant divergence is equal to the ordinary divergence. It also follows that
both the quantities in 2.63 are scalar densities.

Application to the Lie Derivative

If one has a symmetric connection, 7.e.: ['Y, = T'%,, it follows immediately that the partial

derivatives in the Lie derivative expression can be replaced by covariant derivatives:

b, a

Lyv = u%% —v'uty
= [u,V]
= Vuyv-Yyu . (2.64)

Henceforth only symmetric connections will be assumed. In general though, one can
define a forsion lensor as:

zc = Im:‘)c - acb , (2.65)

Hence if the connection is symmetric, the torsion vanishes. Under such circumstances,
the manifold is said to be forsion-free. The above result for the Lie derivative is now
readily extended to tensors of all types:

@y g 0., € _ rpday..am, o) . ay..om-i1d_ an
LTyl = Tbl...bn;cu Ty 2 Mg = by L
ar...tm ,d Q... d
V+Y1d{‘2m£’u U ;.’L‘bl “+ . Tbl‘.‘&nﬂjldu obn . (266)

2.2.5 The Fermi Derivative

‘As will be seen in the formulation of General Relativity, one wishes to choose a reference
fmftfne of basis vectors at a point along a curve (t} in the manifold. One might then wish
to investigate how this basis changes as one moves along the curve. If, for example, an
orthonormal basis is chosen such that one of the basis vectors is set équal to the :mit
tangent vector of the curve, then one might wish to transport this basis along the curve

in such a way so as to have a similar such basis at each point along the curve. This would

amount to parallel transporting the basis vectors. However, if the basis vector originally
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set equal to the tangent vector to the curve were parallel transported, it would not remain
tangent to the curve, unless the curve were a geodesic; thus the remaining vectors would
not remain orthogonal to this vector. Bearing these geometrical considerations in mind,
one can formulate another differential operation, called the Fermi derivative. It is defined
as a derivative along an integral curve I(t) of a vector field v as follows:

Dpu  Du Dy Dv
%“ =5, "8 (us g;) v+ g(u, V)"g—t ) (2.67)
or in component form:
Dru®  Du Dvt y Dv®
= - 2.68
ot Fral T 7 (2:68)
One can see immediately that it satisfies the desired properties:
o Ifi{t)isa geodésic‘, then:
Dpu Du
— = 2.69
ot ot (2.69)
e The Fermi derivative of the tangent vector itself is zero:
Dpv
e = ) 2.70
Y (2.70)

o If u, w are vector fields along {(t) such that %%‘3 = Q&L‘V = (), then g{u, w) remains

constant along [(t);

e If u is a vector field along {(¢) orthogonal to v then:

Dpu . Du

at ot L’ (2.71)

where the sign L indicates the projection of the derivative in the direction of v. Hence
one has the desired property that, if one propagates an orthonormal basis along an
integral curve ({1} of v such that the Fermi derivative of each basis vector vanishes, then
one maintains an orthonormal basis at each point along the curve; this follows directly
from the third property above.

2.3 Curvature

Considering the covariant derivative one notices that the second covariant derivatives of
a tensorial quantity do not necessarily commute; that is, for a vector u™:

ul, # uly L (272)

A measure of this non-commutativity is given by the Riemann tensor RY , defined by:
u?bc - u?ci) - Ra‘;zcﬁue . (2-73)
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The non-commutativity can be shown geometrically as corresponding to the fact that
a vector parallel transported around a closed curve is not generally parallel to its original
orientation. This gives rise to the notion of curvature of a space. If the second covariant
derivatives do commute, the space is said to be flat or Euclidean, as evidenced by this
geometric argument.

Curvature will be seen to be the most fundamental property of physical space and
time, and the central feature of the Einstein Field Equations; a result in stark contrast
with the absolute Euclidean assumption of classical Physics. In terms of a symmetric
connection, one has:

8 o 0

Yhed = E)TLIF @~ 5 =% +Fcfrf - F%zjrj;b — (2.74)

One can thus deduce the following symmetries:

Riyeay = 0 (2.75)
Ry = 0 (2.77)

the last identity being referred to as the Bianchi identity. One also defines the (symmet-
ric) Ricei tensor as:

Rua = R (2.78)

and the Rieci curvature scalar:

R=R" . (2.79)

2.4 Integration

In order to synthesise the Variational Calculus with Differential Geometry which will
be used in Part 111, one requires a formal methodology for integration over a manifold.
This is necessitated by the requirement of having an action integral in the variational
formulation of General Relativity.

As a preliminary to the formulation of a general integral on a manifold, the notions of
the Levi-Civita alternating symbol and determinants are first required, as well as a study
of the metric determinant. This will formally be done using p-forms and the exterior
product.

2.4.1 The Levi-Civita Symbol and Determinants

If one has a basis of 1-forms {e”,...e"}, then one can define the following n-form:

e=nle’ Ae® A... e . (2.80)

In a co-ordinate basis this gives, component-wise, the following:
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6&1...&,1 frd n!é[lal (5§ - 5:;} s (281)

2

which is an n-dimensional generalisation of the Kronecker delta é;. In the four dimensions
of space-time this takes on the form of the Levi-Civita alternating symbol:

1if abed is an even permutationof 0,1,2,3
gobed — —1if abed is an odd permutationof 0,1,2,3 . - (2.82)
{ otherwise

It can easily be shown that € and hence the Levi- Civita alternating symbol, by defi-
nition, have to be tensor densiiies. Note that one can use € to formulate the determinant
of a two-tensor A} as follows: ‘

|Af| = A} A2 .. AT €Mt (2.83)

n

2.4.2 Metric Tensor Determinants and Relations

The above can thus be used to evaluate the determinant of the metric tensor g,,; this
determinant shall be denoted as |9%°| = g. One can show that the metric tensor deter-
minant transforms under co-ordinate transformations as follows:

|2

't

Hence it is a relative scalar of weight 2, and thus /]g| is a scalar density: /|¢'| =
JV/lg]. Consequently, by 2.63 the following important result holds for any vector A%:

Viie], =[x

; )a‘

!

g = g - - (2.84)

Similarly, one can derive:

G = ggﬁbga{),c . (2.86)

Hence, for the metric connection, the following holds:

Ga = Ge— 290,

= Ja~ Ja :
=0 . (2.87)

Similarly,
il =0, (2.88)

Poollm
podn

[y/lglAggm e = /gl Agtpm o (289)
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2.4.%3 The Volume Element

As mentioned earlier, the generalised Levi-Civita symbol, as defined in 2.80, is a tensor
density. In the following definitions this quantity will be required, but in a general tensor
form, so that the subsequent expressions take on a co-ordinate invariant form and are
thus fully covariant. This is achieved by multiplying 2.80 by a scalar factor of Vigl:

n=/lgle | (2.90)

which is easily verified as a tensor, having components:

Nay.an = \/lgln!ﬁ[]al S (2.91)
This quantity is called the volume tensor, because from it one can define an infinites-
imal volume element d"V, given arbitrary co-ordinate displacements dz® = e% as a
co-ordinate basis:
1
M I
'V = 7
1

a 143 e
= aea,ds? AdZ AL Ada®

in

= \/lglof, - 6r dz® AL A dz®
= lgldztdz? . . dz™

= lgld"v _ (2.92)

where d*v is the co-ordinate volume. Consequently, as with conventional Euclidean
geometry in curvilinear co-ordinates, the determinant of the metric, which then is simply
the Jacobian, acts as a scaling factor relating co-ordinate volume d™v to physical volume
d™V. It also follows that this volume element, in being tensorial, is form-invariant under
arbitrary co-ordinate transformations. When working in n-space, one refers to such
‘volume’ elements generically as ‘n-surfaces’, as the notion of volume is usually restricted
to three-space. Note also that, directly analogous to the Euclidean case, one can associate
an n-vector with any (n — 1)-dimensional ‘volume’ element d"~'V in the following way:

dog = nad™ 'V, ' (2.93)

which will henceforth be referred to as the surface-element vector; and such that n,
is a unit n-vector orthogonal to (n — 1)-surface d*~'V. This is the natural extension to
the area vector used in 3-space multiple integrals. One is now in a position to define
integrals over manifolds.

2.4.4 Integration over Manifolds

The foremost problem in formulating integrals of tensors over manifolds is that different
tensors can only be added at the same point, as can naturally be expected from the
problems encountered earlier in formulating differentiation. Thus, as a Riemann integral
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(to which case it will be restricted here} would, by definition, constitute the addition
of infinitesimal quantities involving its integrand at different points, one is compelled to
reformulate the notion of tensor integration. This is accomplished by noting that, unlike
tensors, scalars can indeed be added at different points; Hence the problem of tensor
integration can be obviated if one can formulate an integrand involving a tensor in some
form analogous to a scalar. This is achieved by noting that an n-form defined on an
n-dimensional manifold has a solitary component; when written in expanded form in
terms of this component and a co-ordinate basis of differentials, one can therefore has:

1
Gay. andz™ A...dz = gGl_,‘ndmlda:Q. ..dz” (2.94)

for an n-form G. Given the fundamental characteristic property whereby manifolds are
locally Euclidean in that one has by definition a set of homeomorphisms from ‘sufficiently
small’ open neighbourhoods into Euclidean space, and are consequently covered by co-
ordinate patches, the formulation of an integral over the entire manifold, or even a
sufficiently large enough subset of it which needs to be covered by more than one co-
ordinate patch, needs to incorporate a mechanism which globalises operations defined
locally, taking into account the intersection of the covering open sets of the atlas. This
is done by means of the partition of unity defined in appendix A. Bearing this and 2.94
in mind, one can now define the integral of the above n-form G over an n-dimensional
manifold M with atlas {U,, ¢o} and partition of unity {f} as:

d .
G=—_— / Gio npdzidz®.. . dz™ . 2.95
/M n!%: a(%)fa 12 ndz d2 T (2.95)

Note that this formulation results in the integration being performed in R", and can
be shown to be independent of the partition of unity and atlas chosen. Consistent with
the above definition, one then has for the volume element:

/M n= /M lg|2dzda?. . .dz™ (2.96)

Hence n defines a positive-definite volume measure on the manifold, thus rendering
an interpretation of the above integral as the volume of the manifold; volume in the
sense generalised to n dimensions. One can now formulate the generalisation of Stokes’
theorem for an (n — 1)-form F using the exterior derivative:

/W F= /M dF | (2.97)

where M is the (n — 1)-dimensional boundary of M. Using now 2.96, one can define
the integral of a scalar function f over a submanifold U as:

/ [ / n (2.98)
i“ 124
- Lf'\ﬂgv!dzldxz...fixn , (2.99)
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If one now has a general contravariant vector X with components X%, then the
contraction X.n will be an (n — 1)-form, hence admitting the following integral over the
(n — 1)-dimensional submanifold U of M:

/ﬂ@a=/x@
174 i

1 : -
= (EijijijL;X“naL”U%J)dmlndz(“ n (2.100)

such that X.» has components:

(X, 0 = X" Nayan > (2.101)

which is consistent with 2.93. Equation 2.100 is then seen to define naturally a surface
integral over the manifold. One can now derive Gauss’ theorem using Stokes’ theorem
2.97 on a compact neighbourhood U of M:

Xtdo = | Xgav . (2.102)
€29 U

2.5 Co-Ordinate Systems and the Tetrad Formalism

As mentioned earlier, the covariant formulation of Cosmological Perturbation Theory
can be conveniently expressed in terms of tetrads. Hence, for the sake of completion and
insight, tetrads will briefly be touched upon here.

2.5.1 Tetrad Bases

In full generality, a tetrad can be defined as a basis set of four contravariant vectors at
a purticular point in space-lime and which are thus formulated in terms of the relevant
co-ordinate basis. Hence one can envisage a tetrad as being a particularly chosen local
reference frame, such as the fluid co-moving frame defined later, a special case thereof;
whereas a co-ordinate basis results from the co-ordinate system chosen to define the atlas
associated with the manifold in question. The physical ramifications are self-evident, and
need not be explained here.

As a particular case, in this context it will be assumed in addition that the tetrad
basis fields are constant and orthonormal, and these will be denoted by {e 4} such that the
tetrad index A = 1,2,3,4 labels the vectors, and not their components; the convention
of using capital Roman letters to label the tetrad indices will be maintained here. Each
tetrad vector e4 can, as explained, be written in terms of a local co-ordinate basis:

&
gz
such that the e%, the fetrad components, are functions of the local co-ordinates; i.e.
e = e%(xb). By definition one thus has for an arbitrary function f:

af

fzo

(2.103)

&
eA—':'-eA

eqaf = €% (2.104)
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while the tetrad components naturally must satisfy:

e%el = oF (2.105)
edel, = &b . {2.106)

Hence one can express an arbitrary tensor T‘”g}‘fff}n in terms of this tetrad basis as follows:

Ay A L AL Am b1 bn 1o Cem
T Bluﬁsn—eal‘--eaﬁlesy-'%‘nT T (2.107)

One notices from this formulation, that for a given fixed tetrad, any subsequent
co-ordinate basis transformation will not effect the tetrad components of a tensor with
respect to the tetrad basis. Similarly, for a fixed co-ordinate basis, a tetrad basis transfor-
mation will not effect the co-ordinate components of a tensor. This convenient property
is the one of the reasons for choosing a tetrad basis as defined above.

As with co-ordinate basis formulations, it is useful to define a Levi-Civita alternating
symbol. For tetrads this quantity is defined as with the co-ordinate case, except with
tetrad indices: €¢4PCP. Hence one can calculate determinants of various quantities,
specifically that of the tetrad itself (in four dimensions):

1
e = _6abcd€ABC‘f)

94 CaACHBCCEID - (2.108)

Directional Derivatives

As a result of the above, one has:

948 = gaehely
= ejep
= Ilap , (2.109)

where 145 is the Minkowski metric, and follows from the orthonormality assumption.
Bearing now in mind the tetrad definition 2.103, one can define a tetrad directional
derwative of an arbitrary function f as follows: }

, af
= e
fa A fga
= exfa - (2.110)
Generalising this to a type-two tensor:
a
TA,B = E%WTA
o b amp ’
== ,655;36/4 a
= epledTup + Tee 4] (2.111)
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Assuming a symmetric metric connection, one can replace the “commas” in the last
line of the above with “semi-colons”, indicating covariant differentiation with respect to
the metric connection, resulting in:

Tap = Tapelel +eacpcpecTC . (2.112)

The Structuré and Rotation Co-efficients

One can now define the commutation relations or structure constants v’ related to the
tetrad in terms of the commutator bracket as follows:

lea,es] = Y5%pec (2.113)

such that v4 5 = 74 5(7*). Hence the following must hold:

Yhe = -7en (2.114)
Yhe = ellepdhel — etoset)
= —2checel, - (2.115)

Naturally, the tetrad basis vectors must satisfy the Jacobi identities; this'yields the
following:

‘e[A (’Y%C]) + ’Y‘fAB’Y%}E =0 . (2.116)

One can also now define the spin-connection components or Ricci rotation co-efficients
A .
e

She = efebey, ‘ (2.117)

from which it follows that:

EABC = _BBAC N (2118)

that is, the spin connection is skew-symmetric on the first and second indices. This
is a useful property as the skew-symmetry results in the spin-connection having fewer
components than the affine connection; this naturally simplifies calculations in most
contexts. One can now calculate the tetrad form of the Riemann tensor:

R'pep = ec(S%p) — en(S%he) + S%c%hp - EhpShe — Shpvép - (2119)
Hence the Ricci tensor transpires as:

Rpp = ea(S%p) ~ ep(Sh4) + DE455, ~ D%5p28, (2.120)

and the Riccl scalar:

R=T1%PRpp . (2.121)
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Returning now to the definition of the tetrad directional derivative 2.112, one can
rewrite it as follows:

G?QTa;be% = TA,B”E%‘BTC :

The quantity Typ is referred to as the inirinsic derivative, and is readily extended
to tensors of all types, by the above definition.

Equivalently, one can define both the affine and spin-connections simultaneously by
postulating the following vanishing derivative:

@aeg}c E=R ¥ F(éceafc -+ Eé?aegg =0 . (2.123}

Performing this operation on the tetrad metric then yields the above definitive ex-
pressions for both connections. The rotation co-efficients and commutation relations
then transpire as:

1
Yape = 5 (HAD'Y%B ~Mppy2, + Hcmf?uz) (2.124)
’7'/?9() = E/?CB 5} EABC (2.125)
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Chapter 3

The Calculus of Variations

“Physics originally began as a descriptive macrophysics, containing an enormous number
of empirical laws with no apparent connections. In the beginning of science, scientisis
may have been very proud to have discovered hundreds of laws. But, as the laws prolif-
erate, they become unhappy with this state of affairs; they begin to search for underlying
principles.”

Rudolph Carnap

3.1 Variations

In this chapter the Calculus of Variations will be developed, both in a physical context
from the Classical Mechanical formulation using the Least Action Principle derived from
the principles of D*Alembert and Hamilton, and within an independent mathematical
framework. Mathematical variations in general are discussed and, with reference to the
subsequent chapters on cosmological perturbation theory, variations of various pertinent
mathematical quantities relevant to General Relativity are derived.

The aim here will be not only to provide the requisite variational tools utilised in
General Relativity and Cosmology, but also to inculcate a working knowledge of the
Variational Calculus which, as will be justified, plays a crucially prominent unifying role
in modern Physics.

In order to inculcate a conceptual appreciation and understanding of the Variational
Principle, numerous equivalent derivations of the resultant Euler-Lagrange equations will
be investigated together with their associated advantages.

3.1.1 The Notion of a Variation

The most lucid approach to understanding the notion of a ‘variation’ is through the idea
of an infinitesimal increment of some particular quantity. In a co-ordinate system, for
example, this increment can manifest itself through an infinitesimal transformation; this
will be the regime utilised in the ensuing theory, not only for its generality, but also in
that it is commensurate with the differential geometry framework adopted throughout.

Proceeding thus, consider some scalar functional quantity Q(z?) of a co-ordinate
system z*; one can define the following infinitesimal (scalar) transformation:
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Q') = Q(a?) = Q(a") +eP(a") ' (3.1)

where P(z') is a purely arbitrary function, while ¢ is a constant parameter of smallness
such that ¢ <« 1. This enables one to define the “variation” 6Q(z*) of the quantity
Q(z') naturally as follows:

Qs = Qa') - Q") (3.2)
= eP(z') . (3.3)

From this it is evident that § behaves as an operator, the variational operator. From
this and the above definition it follows that the variational operator commutes with any
differential operator d: ’

dQ = dQ +edP (3.4)
5dQ = dQ —-dQ

= edP

= d(eP)

= d(@Q) . (3.5)

This is an important property of the variational operator which will be used extensive-
ly later. In the above context, only variations in scalar quantities have been considered;
however, this is naturally generalised to vector and tensorial quantities. The variation
of particular fundamental differential geometry quantities, both tensorial and otherwise,
can now be formulated.

3.1.2 Variations of Various Functional Quantities

In addition to providing the variations to quantities in use later, the contents of this
section are also intended, through demonstration, to provide a working understanding
and intuitive appreciation of the Variational Calculus.

In this section the derivation of the metric tensor variation will be given in full, due
to its central importance in later applications. However, the details of the calculations
for the variations of the other quantities mentioned will not be required here; these
derivations can, however, be found in full in the references given at the end of the
chapter.

The metric tensor

Consider the metric variation:

Gob ~* Gab + 09ar (3.6)

and hence
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gab — g&&+5gab ] (3'7)

From these it follows that:

8 = ¢®%ge = (9% +69°°)(gve + 690
= 884 69 + g% + O(8%) . (3.8)

Ignoring higher order terms in &, and bearing in mind that the Kronecker delta is con-
stant, thus having no variation, it follows that:

89°' gue + 9" 6gpe = 0, (3.9)
so that, by contracting this with ¢°¢, one obtains the useful identity:
5gad . _gabgwfégbc ‘ {3_10)

Similarly, for the metric tensor determinant g one can show:
1
bv=g = 5v=99"09a - (3.11)

The Christoffel Symbols

For the Christoffel symbols, one has by definition:
1
o, = and(éga‘b‘c ~ 8Gbe,d + 09cdp) - (3.12)

The Ricci tensor

Considering a variation in the connections:

re, — T, =%, +6T4, | (3.13)

one can, using geodesic co-ordinates (choosing a point P at which the connection vanishes
identically) and the definition of the Riemann tensor in terms of the {metric) connection,
show (see D’Inverno) that:

0Ry = (0 (im!);a - (épaba);d ’ ' (3.14)
which is known as the Palating equation. This will be used later in Part I1I in the formu-
lation of the Hilbert-Palatini action for General Relativity. Hence, using the foregoing,

one also has:

(&Raé} = 9“0512;}0 - 6§“Rbc . {315)

39



Variation of tetrad-defined quantities

The following tetrad variations will be used in Part III in the tetrad formulated action
for General Relativity. For the tetrad e;f, one has the variation:

§e% = —ehe®Coeye (3.16)

and for the tetrad determinant e:

de = eeaAéem . (3.17)

While the following Ricci and spin-connection component variations are also useful:

SR'P = 2DRsAf (3.18)
spAB = A (%D{aﬁeﬁ]+efB]@fo§ebc) , (3.19)

where the operator D, is as defined in section 2.5.1.

3.2 The Variational Principle

The Variational Principle in physics has its origin in classical mechanics. Consequently,
in this section D’Alemert’s principle of vanishing virtual work combined with Hamilton’s
principle of least action will be used to formulate the classical Lagrangian and optimi-
sation of the associated action integral. The mathematical theory of the calculus of
variations will then be used to derive the Euler-Lagrange equations in their full gener-
ality from Hamilton’s principle. The primary motivation for indulging in the standard
classical theory of this section is historical; however, it is'intended to provide a complete
basis for the material which follows.

3.2.1 The Principles of D’Alembert and Hamilton

Given a system of N particles in classical three-space, there exists 3N degrees of free-
dom {xy,...xy}, the number of parameters or variables needed to describe the system
completely, where x; is the set of co-ordinates of the :** particle (¢ is thus not a vector
component index). A force of constraint F{¢) is then defined to be a force which restricts
the number of degrees of freedom of such a given system. An example of such a force of
constraint would be the normal force restricting a body to move on a given surface; if-
this surface were a plane, then only two co-ordinates would be required to describe the
motion of the body, the third being fired by the normal force. If one has P such forces

of constraint, these can be formulated functionally as:

Ci(x1,...xy)=0,1=1,... P , (3.20)

then the resulting number of degrees of freedom for the system will be 3N — P. These
remaining degrees of freedom will be referred to as generalised co-ordinates, and denoted
by ¢i, ¢ = 1,... (3N — P), while the above constraint equations 3.20 will be referred to
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as the kinematic relations. One further defines a wvirtual displacement §q; as one which
does not violate the kinematic relations.

Returning now to the previous example of a body constrained by a normal force
to move on a given plane, one notices that the normal force does no work. This is on
account of the fact that any motion of the body in the plane will be orthogonal to the
line of action of the normal force, whence zero work. In terms of the above definitions
this amounts to:

F© . §q; =0 , (3.21)

which is defined to be wirtual work. Hence the virtual work wvanishes. This principle
can be extended generally, and extrapolated as D’Alembert’s principle: The forces of
constraint in a mechanical system do no work.

Using now Newton’s third law, and splitting up the forces acting on a mechanical
system into constraint forces FEC) and external forces F; one has the following:

Zmiﬁi = Z (FEC) + F«;) : (3.22)

Considering then a virtual displacement dq;, and using D’Alembert’s principle, one has
from 3.22 the following:

> (mi§-6q; - Fi-6q;) =0 . (3.23)

2

Integrating this equation with respect to time ¢ from #; to 3, and noting that éq; =
4 5q;, one obtains:

L2
0 = Z/ﬂ (midi - i — F; - 6q3) di (3.24)
1
iz

= > mla; g — /¢ (6T+ ZFi-éqi) dt (3.25)
i Sh i
ts

= / (57*- SV éqi) di (3.26)
1y 1

2

- /t (6T — 6V dt (3.27)
1 N

= 5[ T-va | (3.28)
13
12

— 5[ rar | (3.29)

3}

where i) zero end point variation has been assumed: q;(t;) = q{tz) = 0; i) T =
% 2_;miq; - q; is defined to be the kinetic energy; iii) the external forces are assumed to
be conservative: F; = V;V; for some potential function V;, and V = 2_; Vi is defined to
be the total potential energy of the system; iv) £ =T — V is called the Lagrangian of the
mechanical system, and f;f Ldt is called the associated action for the system. Equation
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3.29 is known as Hamilton’s variational principle: the Lagrangian for a mechanical system
is such that the associated action obtains a stationary value. This is also generically
referred to as the least-action principle. The physicality of this principle is discussed in
the following section. :

3.2.2 Physical Context of the Variational Principle

At this point there arises a fundamentally pertinent issue: the relevance to physics of
the principle of least action. The issue rests on two schools of thought: whether or not
Hamilton’s principle is to be taken as a physical principle, or whether one should regard
it merely as a mathematical tool for obtaining the existing laws of physics in a generically
unified way.

Advocates for the former allude to the apparent ubiquity and prevalence of the prin-
ciple throughout physics - virtually every branch of physics can be formulated via a
variational approach. Indeed, one cannot imagine doing Quantum Field Theory, String
Theory or Quantum Electrodynamics without the notion of a variational principle. How-
ever, a noticeable exception is the theory of thermodynamics: the variational principle
cannot yield inequalities. In addition, the approach is further motivated by the argument
that the variational principle yields results which conform to explicit conservation laws
and symmetries; properties which follow directly from the mathematical formalism, as
will be demonstrated later in this chapter.

Advocates for the latter argue that it is merely a mathematical {rick inherently con- .
trived to yield existing physical results within the particularly useful mathematical frame-
work of the calculus of variations. This stance is motivated technically by the argument
that D’Alembert’s principle of vanishing virtual work is mathematically imposed in hind-
stght so as to yield the known correct results, and thus is physically inane. The argument
is given additional credibility by the lack of a plausible motivation as to why nature should
be constrained to behaving in a manner compatible with ‘least action’.

However, whatever the stance, the self-evident broad, cross-spectrum applicability
and universality of the principle itself makes it perhaps the most unifying and thus
perhaps most relevant notion in all of physics, regardless of its debatable physicality.

3.2.3 The Calculus 6f Variations

Treated within the mathematical context of the calculus of variations, the variational
principle, in its simplest form, arises from the optimisation of the expression:

szczf(i(i),fz(t)}dt , (3.30)

where 7 is understood to be the total derivative of the variable z:(t) with respect to the
independent variable ¢; and F is some generic function of  and . Optimisation of 3.30
amounts to solving for that z(¢), referred to as a trajectory, which optimises the action Z.
The action 7 is referred to mathematically as a functional, the terminology intended to
imply that the operative variable is itself a function as opposed to an arbitrary parameter.
The pertinent optimisation usually transpires, but not always, as a mintmisation,
whence the epithet least action for the above process. Consequently, one requires:
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&2
51:/ SFdt=0 | ~ (3.31)
€1

where the symbol § is used to denote a small variation in the above integral. The nature
of § is as elucidated in section 3.1.1. In formulating the above action Z, zero boundary
variation will firstly be assumed; that is, dz = 0 when t = ¢; or t = ¢3. Here, one
is referring to the limits of the definite integral as the boundary of the action; when
generalised, as will be done subsequently, to a multiple integral this boundary takes on
the form of an (n — 1)-surface, where n refers to the number of integrand parameters i;
and hence the order of the integral in 3.30:

(")
I= /m . /m Fla(t),e(t) dtr ... dtn (3.32)

where 7 = 1,...n. Hence one is integrating in 3.32 over a n-volume bounded by a (n— 1)-
surface. Performing the variation 3.31, integrating by parts, and applying the vanishing
boundary assumption to the one surface term which thus arises, one obtains:

% (0F d (OF
/61 (% (mD(sz 0. (3.33)

By Bliss’ lemma, this implies:

§F _ oF (33—*) (334)

br ~ Oz dt\ 9z

Equation 3.34 is known as the Fuler-Lagrange equation. The notation % defined

in the above equation is referred to as either the Fuler-Logrange derivative, functional
derivative, or variational derivative of F. This notation is motivated by the following:

0T = [ §Fdz

5F
S-dudi (3.35)

i

which, by Bliss’ Lemma, yields the Euler-Lagrange equations in shorthand notation:

oF

bz

One can extend the above analysis to its most general form by firstly considering a

trajectory z! in n-space, where i = 1,...n: secondly by treating the z* each as functions

of m parameters t*; and thirdly by generalising F to a function of all derivatives of the

2! with respect to the t® to p** order, where each derivative will be a partial with respect
to t*. This gives:

-0 . (3.36)

F = ?<tﬂ ! 3’)&133’(11&27 : xfa;...ap> . (3'3?)

With this generality, the Euler—Lagrange equations take on the form:
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oF  d {W,, d ( 8F )+

Ot dtw @ftfm de*? @xffhaz
{p—1)
e d oF -0 . (3.38)
dtez ... dt®=1 \ 0%, 4,

Note also that here one has an action which is a multiple integral comprising inte-
gration with respect to m separate parameters; i.e. an m-tuple integral. In all the cases
considered above it has implicitly been assumed that the space in which the actions have
been considered is Fuclidean; however, as the formulation of actions specific to gravity
will be required later, a suitable generalisation to a non-flat manifold is desired. This is
done trivially via the definition of integration over a manifold as in section 2.4.4, realising
that, as mentioned, 2.95 results in the integration being performed in R™. In physical
contexts the functional form F is referred to as the Lagrangian, and will thus henceforth
be denoted by convention as L.

_An alternative formulation of the Euler-Lagrange equations

For the sake of generalisation, the following convenient formulation of the variational
problem will be utilised. In addition to being rather an elegant formulation, it is partic-
ularly practical in calculations and exhibits a notational simplicity.

Consider the following simplistic action:

Zp] = /: L($(8), b, t)dt . (3.39)

Recalling then the notion of optimising this action, let u(t) be that trajectory which
optimises 3.39; t.e. 6Z[u] = 0. Maintaining then the prior fixed boundary assumption,
one can express a general admissible trajectory ¢{t) {(not optimal) as follows:

d(t) = u(t) + ev(t) {3.40)

such that v(fg) = v(t1) = 0, and € is some parameter of smallness. Inserting 3.40 into
3.39, one transforms T strictly into a function of e: T = Z{e]. Consequently, one can now
perform the following Taylor expansion of the functional:

dT e [ d*T e (d"L
Tlut) + el — e | e e ——
[u(®)] f(d6>6:0+ D) <d62>5=0+ n?(de”>e=0+

Il#(t)] =
€? e
= :z:[u(t)]+eaz+-2—52z+...;§§”z+... , (3.41)

where §"7 is called the nt* variation of the functional T. The second variation will not
be considered later; it is noted here however, and can indeed easily be proven, that if the
second variation is greater than zero, the functional obtains a minimum as one would
expect; this is indeed the case for classical mechanics, whence the term Least action
principle.
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3.2.4 The Hamiltonian Approach

In this section the problem of optimising an action will be tackled by using an approach
due to Caratheodery. This will result in a set of first order equations, known as Hamil-
ton’s canonical equations of motion, being derived as an equivalent set of equations to
the Euler-Lagrange Equations. In the process, the Hamilton-Jacobi relation will also be
derived.

The Hamiltonian

Given a Lagrangian £ = L(t,z% 2%) one can define a quantity called the canonical
momentum as follows:

oL

= A2
p(L a:i;a (34 }

It can easily be shown from this definition that the canonical momentum p, is a
covariant vector with a one-to-one correspondence to the contravariant vector z%. Now,
provided that

9*L
det | ———— 0, .43
‘ (&if‘ajﬂ) 7 (3.43)
one can solve equation 3.42 explicitly for ¢ = (¢, 2% p,). This can then be used to

perform a Legendre transformation on £ to obtain the Hamiltonian H as:

Ht, 2% py) = —Llt, 2% 5°(t, 2%, po)] + pad®(t, 2% pe) (3.44)

where the brackets denote the relevant functionality. Hence the Legendre transformation
replaces £ with the canonical momentum p,. From this definition of the Hamiltonian,
it is quite simple to verify the following identities:

OH

e = (3.45)
oH _oc ‘ 545
dzo dxe (3.46)
OH oL

5 - T (3.47)

The canonical equations

From the above, one has that the Euler-Lagrange derivative can be transformed into:

dp, OH
PR il (348

Hence, equivalent to the n second-order Euler-Lagrange equations, one has the following
2n first-order Hamilton canonical equations:
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IH

se . 2Tt 3.49
‘ Op, ( )
dpa IH
e o 3.50
dt dze ( )

where the latter is obtained directly from imposing the Euler-Lagrange equations. This
formulation will be used later apropos of Noether’s theorem which yields conserved quan-
tities; the desire for such quantities in physics is self-evident.

The Hamilton-Jacobi relation

Suppose now that there exists a class C? function S(¢,2°) defined along the curve C :

2 = z“(t}. This quantity can then be used to formulate an alternative Lagrangian:
R — ﬁ A
dt
s 98 .
It then follows that the optimnisation of the original action:
Py
A(C) = Ldt (3.52)
Py

amounts to the optimisation of the new action:

- Py
Al(C) = ; Llat . (3.53)

This is due to the result:

AC) - AC) =S =8 . (3.54)

It can then be shown that the optimisation of the action .A! amounts to determining
S(t, z*) such that S satisfies the following two equations:

95 _ 455
axa . Pa ( . )
a5 .S _
S (tatar) =0 (3.56)

The latter equation is known as the Hamilton-Jacobi relation.

»

Extension to higher dimensions

Considering an m-parameter action of the form:
an 'Cgm) o 4 s
I= Lw /(} L 2% it)dty . b (3.57)
1 1
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such that ¢ = %%a‘ and o = 1...m, one can define analogous to the above Hamiltonian
the Hamiltonian complex Mg as follows:

o o, 9L o

such that the quantity p, = g? 7 is easily verified to be the components of a covariant

vector (the « subscript being a pcudmetel index, not a vector component}), the canonical
momentum as-before. The equivalent of Hamilton’s equations then transpire as:

M

8p*3 = % (3.59)
dz® OHG

de = G (3.60)

An associated geodesic field may then, analogously, be defined through the set of
functions S¢(t#, £*), from which one may define the quantities:

dS«
A = det(c§) (3.62)
Chcl =850 . (3.63)

Bearing these in mind, one can now write the Hamilton-Jacobi relation as:

a8°

3.3 Lagrangian Functional Forms and Invariance

In the preceding Lagrangian formulations, simplified functional dependence was assumed
for the sake of clarity in elucidating the most natural generalisations of the Euler-
Lagrange equations. In this section more complex, and ultimately physically relevant,
functional forms will be investigated along with the consequences of invariance m the
Variational Principle.

3.3.1 General Concepts

‘The general action integral concerned here will take on the form:

2/ L{z* X, X, X g)d"z (3.65)
u

where % denotes some arbitrary local co-ordinates, X is a general tensor, and the comma
subscript denotes ordinary partial differentiation with respect to z® as before. The
invariance property considered here will be that of co-ordinate invariance; that is, the
action 8.65 will be assumed to be invariant under co-ordinate transformations of the
form:
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¢ =) - (3.66)

that is,
I[X(2%)] = I[X(z"*)] (3.67)
which is easily shown to imply that:
£ o= det(25)L (3.68)
= JL

where J is the Jacobian of the co-ordinate transformation 3.66. This then implies that
the Lagrangian must be a scalar density. In the following sections two specific cases
of the above will be considered: i) the case where X is a covariant vector field; i) the
case where X is a type (0,2) symmetric tensor field. The aim will be to formulate the
invariance 3.68 in terms of constraint equations to be satisfied by the Lagrangian. The
Variational Principle will then take on the form of the Euler-Lagrange equations along
with these additional constraint equations.

3.3.2 Vector Field Theory

Here, for the sake of relevance to subsequent applications in General Relativity and
Cosmology, the Lagrangian form that will be studied will take on the following functional
dependence:

L= [‘(ﬂjaw Xa, Xa,b> Sab) > (369)

where X, are the components of a covariant vector field, and Sy, are the components of
a symmetric type (0,2) tensor field for which s = [det(Sy)] # 0. The Sy, here will be
taken to be arbitrary, whereas the X, are to be determined by the variational principle.

By considering a simple transformation z'* = 2% + ¢* such that the ¢¢ are constant,
it can by shown that the above Lagrangian is explicitly independent of 2%. Using then
the tensorial nature (tensor density of zero order) this result must then hold generically:

L= ﬁ(Xm Xa,ba Sab) . (370)

For the consideration of the transformation properties of the associated derivatives
of £ in 3.70 under 3.66, the following notation will be used for convenience:

« 0L
f: - a—‘X‘;
3L
ab
£ B aXa,b
' oL
LE = .
(s) 35, (3.71)

where the subscript (s} is a label corresponding to Sy, and not a tensor index. The
arguments of 3.70 themselves transform under 3.66 as follows:
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X, = J'X
X,“,b - JubXC + J((yf‘]lﬁlXC,([
S,ub - JuJbScd ) (372)

such that, as in the preliminary chapters, the notation Jy' = %f,-g and Jj. = —W has

been adopted. Consequently, 3.68 reduces to:

LI Xy, TE Xe + JETEX 4, JETESea) = JL(Xa, Xaps Sab) - (3.73)

Differentiating 3.73 with respect to X,, X, and S, respectively, the following obtains:

L, + LI = JL (3.74)
£gegt = Jgee (3.75)
L'Ieat = Jce (3.76)

which clearly show that the quantities £°¢, [Z( ) are type (2,0) tensor densities. Differen-
tiating 3.73 now with respect to Jj, yields:
L x, (6868 — 6588y =0 | 3

which, by virtue of the tensorial nature of £%, implies that:

L0y =0 _ (3.78)

which is the first constraint £ must obey by virtue of 3.73. A notable consequence of
this constraint is that one cannot consider gradient fields in £; if gradient fields were to
be considered, i.e fields X, for which X, = X, , then this along with 3.78 would imply
Xap = 0 resulting in £ = L(X,, Ses).

Applying 3.78 to 3.74, the first term on the left vanishes yielding the definitive trans-
formation for a type (1,0) tensor density. Hence one has the second constraint, that £ ,
is a type (1,0) tensor density:

Ly = JJb[Zb : (3.79)

Contmumg by differentiating 3.73 with respect to J¢, and using the identity -2 6J‘1 =

JJ one obtains:

@

LKy + JSL Py + 2008 S0 JS = JLT, (3.80)

where the. notation:

Fab - X(L‘b - Xb,a (381)

has been used for later convenience and analogy, as will be seen; and 7,? = g—i;— Also
note the useful identity:
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Fab;c + Fca;b + Fbc;a =0 . . (382)

Using now the identity transformation ¢ = z*, 3.80 simplifies to:

LOXy+ LFy + QLE‘SC)S@ =05 L (3.83)
which can be rewritten as: ‘ |
oty = L [sme - costex, - sLR]  3s)

which is the third constraint a Lagrangian of the form 3.70 must obey if the action is to
be invariant under co-ordinate transformations. Because of this assumption, 3.78, 3.79
and 3.84 are referred to as the invariance identities. The constraint 3.84 can also written
as a divergence equation using the Euler-Lagrange equations; first though, a few results
are required from the latter. The Euler-Lagrange equations for 3.70, using the above
notation, reduce to the following:

ga(‘{:) - ﬁﬁbb . Ea
= L£Y-L°
= 0 , (3.85)
where the notation:
o 9 9 0 (3.86)

T 04t 0X,, 0X,

has been used to indicate the Euler-Lagrange derivative. Note also that the second line
in 3.85 results from 3.78, 3.75 and 2.62 with respect to the Christoffel symbols defined
in terms of Sy,. Hence the Fuler-Lagrange equations become type (1,0) tensor density
conditions. Secondly, from 3.86, 2.62 and 2.63 it follows that:

Ea([:);a = ga(£>,a
= -LY
= 0, (3.87)
wﬁich is referred to as the generalised Lorentz condition, a name which will be justified

shortly. Returning now to constraint 3.84, differentiating it covariantly with respect to
Sab, and using 3.81, 3.82, 3.85 and 3.87, the following constraint obtains:

1 ~
ﬁ?ﬁ);a == 5 [SMXGSC(’S);C + Sbafmgﬁ({;)}

= 0 . (3.88)

The quantity 3.84 is usually referred to as the energy-momentum tensor density. This
terminology is justified through consideration of the following example. Consider:
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1
L= /s5% (§SU‘FMFM + aXqu> : (3.89)
where « is a constant. This is clearly seen to satisfy the form 3.68, hence the above

analysis applies. Proceeding thus, one obtains firstly the Euler-Lagrange equations:

£4L) = Q(ﬁF“b).b—Qa\/ES“bXb

-0, (3.90)

and the energy-momentum tensor:

['?sb) — \/g (FachCSllb - %S“bFCdFCd) _ Oz\/g (SacsbdXCXd _ %Sa,bschCXd> :

(3.91)
while the generalised Lorentz condition 3.87 becomes:
a ‘SabX K3 .
e (Vs5™x,) =0 . (3.92)

If one now imposes S% to be the Minkowskian metric, and X, to be the electromag-
netic 4-vector potential, then 3.82 and 3.90 reduce to the familiar Maxwell equations,
while 3.92 becomes the Lorentz condition, whence its name.

3.3.3 Metric Field Theory

In this section a Lagrangian of the following form will be considered:

a

L = ‘C(-’E agabagab.wgab,cd)
= L(gab:gab,m gab,cd) ) (393)
where g, 1s a symmetric, invertible (0,2) tensor thus generically representing a met-

ric, whence the notational convention of using g.. As before, one requires that this
Lagrangian be a scalar density:

L =JC . (3.94)

As for the vector field approach, one now requires first to establish the tensorial
nature of the Euler-Lagrangian equations associated with 3.93; and second, to formulate
the constraint equations on 3.93 subject to the condition 3.94. Proceeding thus, one
defines, as before, the following quantities:

ab oL

L9 7 Fgm (3.95)
oL

abec

E(g) = s (3.96)
oL

bed

E?g)c o (3.97)
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noting the associated symmetries subject to the metric and its partial derivatives. In
terms of these quantities the Euler-Lagrange equations associated with 3.93 become:

ab _ b bed ab
by = [egs - Lpsal - Lt
= 0 . (3.98)

The transformatioﬁ properties of the quantities 3.95, 3.96 and 3.97 are derived via
differentiation of 3.94 with respect t0 gy, gub and gap cq as before, yielding respectively:

da'
abed 1efyh 99 ef gh
J‘C(g} =L ) aﬁub,cd ,
= LTI (3.99)
dy' g :
abe refeh O ef gh efg 99 ef g
J‘C(B) = £ (o) 89&3),(; £ (9) 890,}5 ¢ (3100)
£ 99 ca 1 09" ca " ed O
Jﬁab o ‘C!Cdtf cdef + ﬁpC(.‘: cd,e +£;¢: ed : 3101
(9) ) dgw 7O a0, @3, (3.101)

from which one can see that ﬁg’;d is a tensor density, the other quantities not. For
the sake of subsequent calculations one needs to introduce tensorial quantities closely
related to the non-tensorial quantities ﬁ%‘;’},ﬁ?ﬁf. This is done firstly by introducing a
symmetric (0,2) tensor Sy, which, along with its derivatives, transforms exactly as gg
and its derivatives. This having been established, one can define a further quantity F as
follows:

F = L35 Saped + L Sae + LS (3.102)

which is trivially shown to transform as a tensor density:

F =JF | (3.103)

Furthermore one would like to write this quantity purely in terms of other tensorial
quantities, thereby enabling one ultimately to formulate tensorial quantities in terms of
ﬁ?;’), EE‘;’; One therefore seeks tensors Ty, and T such that:

F = ‘C?g}cdgab;cd + Tabcgab;c + Tabgab ) ' (3104)
such that covariant differentiation is with respect to the metric connection via g,5. This
latter formulation will thus be fully tensorial apropos of its arguments. Expanding then
3.104 fully in terms of the Christoffel connections and equating with 3.102, one obtains
the desired forms:

be . pab a pebef b peacf . pabef
T® = L) +2Te Ly +2Te Ly +TerLy (3.105)
¢ AYa C bd ad, a d
T = Ly Ty L Tl L0~ T L) = TE Tl — Tealer Ly

= —Tbre Ll - T T L - T Th e 4+ Te I + T, T . (3.106)
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The tensorial nature (tensor densities) of the above two expressions can (tediously)
be verified using the transformation properties of the Christoffel symbols, C?g), ﬁ?g}" and

£?3§’“. Consequently, one can rewrite 3.102 and 3.104 respectively in terms of Teb abe

and (L) as:

b be bce abe
F = Suf™(L) + [Salits + SuweLff = Swlisfs] | (3.107)
F=-Sy [_ﬁ?gb;%d + T;cébc _ Tub] + [SabTabc + Sab;e ‘(lg)ce _ Sabﬁ((lgl;))c;(fi};c . (3.108)

Hence, equating the terms in square brackets in the above two equations, one obtains
the following expression for the Euler-Lagrange equations 3.98:

EN(L) =T — T — £Pse, (3.109)

which is thus fully tensorial; thus the first objective is achieved: establishing the ten-
sorial nature of 3.98. Turning now to the principal objective, namely the formulation
of the constraint equations, one proceeds as for the vector field theory case, by differ-
entiating 3.94. Hence, differentiating first with respect to J.,, and using the identity
transformation 2'® = z* as before, one obtains: '

LS4+ LES + L{Ge =0, (3.110)

which is the first constraint. Differentiating 3.94 with respect to Jj.,, and again using the

identity transformation, one obtains:

2£?§§d§eb,d + Qﬁ‘(cg?dgeb,é -+ ﬁ?g}(mggf,e + ﬁ?gfgeb + ﬁgg?i?eb =0 . {3‘111)

Choosing now a normal co-ordinate system in which, by definition, I'j, = 0 = g . at
the pole P, and using 3.105 equation 3.111 simplifies to:

Tabc + cha, =0 , (3112)

which, along with the other symmetries of T%¢  imply:

T4 = () (3.113)

at the pole P, which thus must be true everywhere by the tensorial nature of 7°%%¢. This
is the second constraint on 3.93. Differentiating 3.94 now with respect to Ji, one obtains:

2LES Gebed + 2135{;{?0%4,% + 21’3?;}{’ Gedp + ﬁ?g?{?bd,e + 2£§‘§}§eb =6.L . (3.114)

Using once again a normal co-ordinate syster, the definition of the Riemann curva-
ture tensor Hgu.q and equations 3.106 and 3.113, one can eventually reduce 3.114 to:

1. 2 L
T = 59" "L+ gztg‘;jf‘f ‘. (3.115)
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Using then constraints 3.113 and 3.115, one can rewrite the Euler-Lagrange equations
as:

gab(}:) o _%gaﬁﬁ_3ﬁfdae o £(Lbef
=0 (3.116)

One can thus calculate the divergence of the Euler-Lagrange equations to be:

() = ~Lifta+ Lo~ £l =0 @17
where the above expression is shown to vanish using equations 3.105, 3.110, 3.113 and
3.115. Consequently, the above three constraints 3.110, 3.113 and 3.115 manifest them-
setves in the form of the Euler-Lagrange equations 3.116 with the associated single con-
straint 3.117.

Note that, using the above theory one can also derive further restrictions on ad-
missible Lagrangian densities. The first follows from 3.113: suppose that one had the
Lagrangian density form £ = L{gap, as,c); by 3.105 this would imply Tabe — ,C‘(“")C, which
would in turn imply, by 3.113, that 5;136 = (0 which contradicts the assumed functionali-
ty of £. Hence one has the important result stating that there does not exist o Lugrangian
density of the functionel form L = L{gap, Gabc)-

the second restriction concerns the form of 3.116. Here one wishes to find the most
general form of £2°. Omitting the somewhat involved derivation, it can be shown (Rund,
Lovelock) that in a four-dimensional space the only tensor density A% which satisfies:

Aab — Ai&a (3118}
A = 0 (3.119)
A% = Aab(gcda Ged,es gcd,ef) ‘ - {(3.120)
is one with the form:
1
N (R“f’ - :?-gﬁ”R) + Bva9" (3.121)

such that o, B are arbitrary constants, and R, R are the Ricci scalar and tensor respec-
tively.

3.3.4 Combined Vector and Metric Field Theory

One way of synthesising the preceding two cases of vector and metric field theory is by
formulating a Lagrangian which is the sum of two separate Lagrangians, each of which
falls into one of the above cases. This particular form will be adopted as it will be seen to
facilitate the formulation of General Relativity which will require a Lagrangian which is
conveniently the sum of a geometric Lagrangian and a matter Lagrangian. One therefore
postulates the following generalised vector-metric Lagrangian:
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L= ‘C(V)(Xm Xu,bagub) + ['(M)(gub: Gab,c» Qab,cd) ’ (3-122)

where the subscripts V and M stand for ‘vector’ and ‘metric’ respectively. Analogously
to the preceding sections, and to avoid ambiguity, the following notation will henceforth
be adopted:

oL
¢ - 3.123
L 0X, ( )
Lo = 8‘% (3.124)
Gab
oL
A— : 3.125
E(v) aXu,b ( )
Lo = aaz: (3.126)
Gub,e .
oL
cobed , 3.127
dgab,cd ( )

where, as before, the subscript (v) is a label corresponding to the vector X,, and is not
a tensor index. One thus has two associated sets of Euler-Lagrange equations for the
above combined Lagrangian:

dﬁub
a (v)
ENL) = - L¢
(L) dz?
= 0 (3.128)
d d
ab I abe Y ¢ pabdey]  pab
=0 (3.129)

which, due to the above form of the generalised Lagrangian, leads to the following iden-
tities:

ELL) = EYLioyy -T* (3.130)
EL) = ga(ﬁ(v)) ; (3.131)

Levy . :
where 79 = vy is the energy-momentum tensor as defined for vector field theory.

Firstly, from 3.13“6 and 3.117 the following results:
EWLYy = -Tg . (3.132)

Secondly, from 3.88 one obtains:

17 o o .
T = 5 [0 X (L)e — 9" Ful*(L)] - (3.133)



Using these two results, one obtains from the combined Euler-Lagrange equations 3.128
and 3.129 the following:

Sab(ﬁ(/\/[)) == Tab (3134)

As an example, one may consider the following Lagrangian:

L=+v—¢g (R —2A + gg“bg“‘Fcade) , (3.136)
such that R is the Ricci scalar, and Fy, is defined by 3.81, while x and A are constants.
Hence, applying the Euler-Lagrange equations and using the above results, one obtains:

1 1

Rab» __ 5Rgab + Agab =K (ZgabFCdFC!l = Fachngb> , (3137)

which, if F,, is the Faraday tensor, yield the Einstein-Maxwell equations governing the
interaction between gravitational and electromagnetic fields. :

As another example one may consider a coupling between a Klein-Gordon scalar field
and gravity by postulating the Lagrangian:

] .
L= V=g (R [V Egub(/);n(ﬁ;b + T)’L2¢2) > (3138)
for a Klein-Gordon scalar field ¢.

3.3.5 Conserved Quantities and Noether’s Theorem

Relating to the notion of invariance as defined at the beginning of this section, one can
derive a powerful result known as Noether’s theorem, which yields conserved quantities
assoclated with certain symmetries embodied in the invariant transformations of the
action. To this end, consider as before a simplistic action of the form:

I=/E(:v“,i'“,t)dt , (3.139)
C

such that 2“ = Zz* Now assume this action to be invariant under the following s-
parameter group of transformations:

2 = g4 Yba(.’L'a,t)Ub (3.140)
t, — t + Zb(fl;a,t)ub , (3141)

such that w® for b= 1,...s denotes the s parameters of the transformation group. Such
a set of transformations is referred to as a symmetry. Hence one has that:

Bz’
(%) = e (3.142)
ub=0
ot o ‘
(WLEO = Z, . (3.143)
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Imposing then the invariance 3.68 it is straight-forward, though tedious to derive (see
Rund and Lovelock for details) the following constraint equations for the Lagrangian L:

4,

3.144
pa (3.144)

L)Y —i%2)) = -
such that:

Ny = HZy — p Yy {3.145)

is the Noether current, and H and p, are the Hamiltonian and canonical momentum
vespectively, as before. Hence, if z® is an optimal trajectory of the action, the associated
Euler-Lagrange equations will be satisfied resulting in the above becoming:

dn,

= 0 . (3.146)

Consequently, the Noether current Ny will be conserved along the optimal trajectory

z% of the action I. This is Noether’s theorem, which is equivalent to stating that there
exists a conserved quantity, Ny, associated with the symmetry transformations 3.141. As
an example, if one considers the simple single-parameter symmetry transformation:

' = z° (3.147)
t = t+u , (3.148)

then one obtains N = H. In Classical Mechanics, as the Hamiltonian corresponds to the
total energy of the physical system in question, one has from application of Noether’s
theorem that the total energy of the system is conserved, the associated symmetry being
invariance under temporal translation (¢ naturally corresponding to time). Similarly, if
one considers the transformation:

2 = x4 (3.149)
t =t (3.150)
then one has N, = —p,, which by Noether’s theorem yields conservation of linear mo-

mentum, the associated symmetry being invariance under spatial translation. One can
generalise Noether’s theorem to multiple-integral actions of the form 3.32. In this case
one considers invariance under the group of symmetry transformations:

RS (L ; (3.151)
' = %+ Z5(t 2 (3.152)

One then has, analogous to 3.144:

Ea L)Y — 2228 = , (3.153)

such that:



oL YE . (3.154)

N =H3 2] -

OxE,
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Chapter 4

Gravitation

‘The magic of this theory is such that almost no-one can escape it once he has understood
it properly.”
A. Einstein

In this chapter the physics of General Relativity will be formulated within the math-
ematical context of Differential Geometry. The formalism will then be readily conducive
mathematically to a formal perturbative analysis, thus providing the requisite regime in
which to study Cosmological Perturbation Theory later.

It will be attempted to cover all the major quantities utilised in Cosmology, although
not all of them will be needed later. This, again, is done for the sake of completion.

4.1 Physics Within the Framework of Differential
Geometry

Naturally, the motivation for pursuing differential geometry as the principle mathemat-
ical modus operandi lies in the inherent geometrical nature of General Relativity as
postulated by the Einstein Field Equations. These equations explicitly demonstrate the
direct dependence between geometry and matter, thereby renouncing the absolute Eu-
clidean assumption apropos of the physicality of space. Adopting standard geometric
nomenclature, one refers to Euclidean space as being flut, and curved otherwise, as for-
mulated in Chapter 1; the best analogy illustrating this is in the two-dimensional case
when comparing an infinite plane (flat space) with the surface of a sphere (curved s-
pace). Combining this notion of matter-geometry dependence with the postulates of
Special Relativity concerning the absolute nature of the speed of light, one thus obtains
the most tangible result of General Relativity, namely the manifest curveture of space
and time together: curved space-time.

This generalisation of the nature of the physical geometry will then effec ¢, as earlier
expounded in chapter 2, the notions of differentiation. Consequently, in order to interpret
standard physical quantities, which are normally defined relative to other quantities
via derivatives, in terms of a generalised curved geometry, one needs to make a few
distinctions and identifications. These amount to the assumption of minimal coupling,
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that is, making the simplest possible transition from known physical equations in a flat
space-time to covariant equations in curved space-time.

The first distinction, which can be seen within the specific case of Special Relativity,
is the difference between co-ordinate and proper time. In general Relativity one can
define the proper time 7 in terms of the space-time arclength ds between two points p
and q as follows: ‘

q
er = / |ds?|dt | (4.1)
p

where ¢ is the co-ordinate time associated with a particular co-ordinate system, measuring
the component z° of the four-space position vector 2%, and thus variable subject to the
chosen co-ordinate system; while ¢ is the speed of light.

As the arclength must be a physical quantity, and thus invariant under co-ordinate
transformations, one sees that the proper time is a physical invarient. In the Special

Relativity case one has:
02
dr = dtyf1—~ — , (4.2)
¢

where v is the velocity of the observer. Hence, one would prefer to express ‘physical’
time derivatives in terms of the proper time 7, as this is itself invariant. Consequently,
one has the first identification: ¢ — 7.

The second identification concerns the nature of partial differentiation. As shown in
chapter 2, the generalisation of the partial derivative in a curved space is the covariant
derivative, which by formulation is co-ordinate invariant. Hence physical quantities,
which in flat space are expressed in terms of partial derivatives of some other physical
quantities, will now be generalised to covariant derivatives. Consequently, by the above
one should express the time derivative in terms of the absolute derivative. Hence one

now has the identifications: aga — Vg and d% 3 d% such that the following hold:

d
U, = —cé—;xa (4.3)
\_’?bya = y(a;b (44)
D
EY{L = Ya;bué (45}

4.2 General Relativity and the Field Equations

Having established the nature of Physics within a curved space-time, and utilised the
mathematics of Differential Geometry, one now has an arena for General Relativity.
Without digressing on the philosophical development culminating in the celebrated field
equations, one can summarise by saying that, simply put, Einstein postulated that the
matter in the universe determines the geometry, or space-time structure. For his General
Relativity, Einstein eventually arrived thus at the following form of the Field Equations:

‘ 8ng
Gab + Agab = “‘C—‘{”Tub s (46}
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where Ggp = Rup — %Rgab is the Einstein tensor, containing the necessary definitive
geometrical quantities of the space-time; gy is the metric of the space-time; A is the
cosmelogical constant satisfying A, = 0, and is included for the sake of generality and
completion; and Ty, is the energy momentum tensor containing the matter description of
the universe, or region of space-time in question. Normally, geometrical units are chosen
such that the coupling constant g_ggg = 1 for convenience. Now, by construction, one has
G, = 0 and hence the field equations must necessarily satisfy:

T, =0 . (4.7)

In addition, the Bianchi and Ricci identities have to be satisfied. These will be
investigated in full in the next section. Equation 4.6, being the central, definitive equation
of General Relativity, will thus form the core of all the subsequent analysis.

4.3 Decomposition of the Field Equations in the Comoving
Frame

For most practical considerations it is necessary to select a reference frame with respect
to which relevant quantities can be defined. In the subsequent analysis this will usually
be chosen to be the rest frame of the matter fluid; i.e. comoving co-ordinates z% will-be
utilised such that:

e o= =
dr

= g (4.8)

ua?.lza — ‘“‘“l N .9

where 7 is the proper time. Hence a tensorial quantity can be decomposed into its
components parallel, and orthogonal to, the four velocity u%; that is, the temporal and
spatial components respectively apropos of the matter rest frame. To this end, one can
thus formulate the temporal and spatial projection tensors U® and h? respectively as
follows:

U = g%t (4.10)
h(zb = gai)+uaub
— gab_Uﬂ.b , (4.11)
such that:
hg = Qachw (4.12)
hohe = hY . (4.13)

Hence, for example, the totally spatially projected components V% of an arbitrary
tensor V* will be:
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V% = popbved | (4.14)

which thus guarantees:

V%, =0 =V, %y, ; (4.15)

that is, it is orthogonal to 1, on both indices; as expected. It is important to note
here that in the case of non-zero vorticity, the above decomposition is inane, as the
resultant ‘spatial projection’ does not form a hypersurface, in terms of a submanifold,
by Frobenius® Theorem (section 2.2.2). This issue will examined more closely later in
the gauge-invariant formulation of Perturbation Theory (Chapters 5 and 6). Having
thus established the above operating regime, one can formulate the full set of relativistic
evolution equations therein. Firstly, however, one needs to consider what constitutes a
full and complete set of evolution equations.

Such a set of equations must minimally, yet fully, determine the complete structure
and nature of space-time. These are obtained by applying: 1) the Einstein Field equa-
tions; 2) the Ricci identities, which yield constraint and propagation equations for the
kinematic quantities; 3) the Bianchi identities - this gives propagation and constraint
equations for the gravito-electric and gravito-magnetic tensors; 4) the tetrad equations
characterising the metric and connection. The first three considerations will be seen to
yield twelve equations in total: six constraint equations, and six propagation equations.
The remaining tetrad equations will be dealt with separately. The nature of these e-
quations will be explained shortly. Firstly though, one needs to formulate the kinematic
quantities.

4.3.1 The Kinematic Quantities

By application of the projection tensor kg, one can make the following decomposition
of the covariant derivative of the co-moving velocity:

Ugy = 535:2&0;(1

= (h§ — ua®)(h§ — uubucy

1 1
= '2”’&?: ;f(“c;{i - Ud;c) + §h§;hg(uc;d + ud;c) — UgUy
= wep + O — Gy

1 1 .
= Wep + (@ab - ‘é@ghab) +_§62&ab — Ug Uy
1 .

= wyy + ou + g@faab — Uy (4.16)

where the kinematic quantities defined in the above equations are the worticity wy,,
ezpansion Oy, and shear ogy tensors. Quantities related to the vorticity and expansion
tensors, but more useful in practical analysis will be the vorticity vector:

1 .
w® = é-?yab"“dubwm , (4.17)
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which is sometimes plainly referred to as the vorticity; and the ezpansion:

0= 0=u", . (4.18)

It will be convenient and consistent to define the magnitudes of the shear and expansion
as follows:

; 1
o = iaaba“b (4.19)
1
wt o= me«,w“b
= wuw® . (4.20)
(4.21)

Roughly speaking, the vorticity vector is a rotational quantity denoting the rotation of
matter, pointing along the axis of rotation; the expansion parameter (sometimes simply
referred to as ‘the expansion’), as its name suggests, denotes the uniform, symmetric
spatial expansion of matter, that is, the uniform change in volume; while the shear
tensor indicates, naturally, the spatial shearing of matter.

4.3.2 Matter Behaviour

Naturally one requires a tensorial formulation of the matter characteristics of the u-
niverse. By analogy with standard Classical Mechanics and Electromagnetism, this is
achieved through the specification of a stress-energy, or energy-momentum, tensor. The
most general form of the energy-momentum tensor, which describes the matter content
of a particular type in the universe, is:

Loy = puatty + 2qaty)y + Tap + Phap (4.22)

where p is the isotropic pressure; p is the relativistic energy density; g, is the relativistic
momentum density; and m,, represents the anisotropic (traceless) stresses. In general,
the specific form thereof will be determined by the physical situation in question. For
cosmological models, the stress-energy tensor will be simplified to that of a perfect fluid,
as will be seen later. Naturally, as one would have such a tensor for each specified matter
type, if a multiple matter situation were to be considered one would have a ‘total’ matter
energy-momentum tensor as being the algebraic sum of the energy-momentum tensors
for the constituent matter types. This will briefly be considered for multi-fluid matter
scenarios in Chapter 5. '

4.3.3 The Weyl Conformal Curvature Tensor

Of the twenty components of the Riemann tensor, only ten are encoded within the
Ricci tensor and hence the Einstein Field Equations; the remaining ten components are
described by the Weyl conformal curvature tensor, defined (in four-dimensional space-
time) as follows: '
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1 R
Cabcd = Rabcd - E(Racgbd - Radgbc + Rbdgac - Rbcgad) + ”g(gacgbd - gadgbc) y (4'23)

which consequently possesses the same symmetries as the Riemann tensor, but has the
important property of a vanishing trace. The Weyl tensor can thus be thought of as rep-
resenting the “free gravitational field”, as it is not incorporated into the field equations,
although still an essential part of the Riemann tensor which is necessary in its entirety
to determine the space-time geometrical structure completely. It also characterises the
conformal properties of space-time, and is analogous to the electromagnetic field tensor.
Bearing the latter property in mind, it can be shown that the following decomposition
of the Weyl tensor in terms of quantities analogous to electric and magnetic fields is
possible:

Cabed = (nub'pqncdrs + gabpqgcdrs)upUTEqs - (T](ebqu}cclrs + Qabpqgcdrs)“puqus > (4'24)
with the definition
Jabed = 9acGvd = JadJbe - (4.25)
such that:

E, = abcrlub“'d (426)

is the gravito-electric tensor, and

1
Hgye = gﬁaghcghcdubud (427)

is the gravito-magnetic tensor. As their names suggest, these two tensors are analogous
to the electric and magnetic fields in Electromagnetism.

Naturally , the Weyl tensor can be related to the Ricci tensor by taking the covariant
derivative of the Riemann tensor; this will then enable one to express the magnetic and
electric tensors in terms of the kinematic quantities, eventually yielding:

1 2 5 . oo
B, = hab(ng - 502 — Uy) + gty — Wawp — oafwﬂ,
+h’ah‘b (u(f;_(}) - S (S G'fg) + ‘2“f€7l’ab (428)
Had = Q{L(awd) - hihi(w(tz;c + a([z;c)ns)fbcuf . (4.29)

4.4 The Full set of Evolution Equations

One is now in a position to formulate the full set of twelve propagation and constraint
equations using the Riceci and Bianchi identities. The propagation equations describe the
way the various dynamical quantities behave from one spatial hypersurface to another in
sequence according to the proper time definition, thus being interpreted as time evolution
equations, while the constraint equations govern the relationship and behaviour of these
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quantities in a particular such hypersurface. As noted earlier in the chapter, such spatial
hypersurfaces are uniquely defined only if there is vanishing vorticity; otherwise, in the
case of non-zero vorticity, the propagation equations describe the change in proper time
along the flow lines.

| 4.4.1 The Ricci Identities

For convenience, the following notation will be employed:

Gy, = hv, (4.30)

p<e> = hgvb ) (431)
1

T = (hgah’;)~§h“"hcd) T (4.32)

curl Aab = ,{}Cd<a (3)VCA“';§> , (433)

where the second-last definition indicates the orthogonally projected symmetric and
trace-free part of the tensor T%. From the Ricci identities:

QV{avb]uﬂ = R, dud (4.34)

one can derive three propagation equations for the kinematic quantities, as well as three
constraint equations. The three propagation equations are:

. 1 " 1
6- Bvgs = _592 + %, — 2(0? — w?) — 5o+ 3p) + A (4.35)
1 ..
w4 — 5770“ OV, = %@wﬁ + o4t (4.36)
‘ . 2 .
O.(ab) - (3)v<aub> — "___@O.ab + il<adb> _ O,iao.(b(, _ w<awb> _ (Eab _ %de) 7
(4.37)

for the expansion, vorticity and shear respectively. The first equation is known as the
Raychoaudhurt equation, and is the basic equation of gravitational attraction. The three
constraint equations are:

2
(3)vbgab — § (3)‘7“@ +ﬁ,}abc< (S)wac+ Q’llbwc) +qa (438)
OVt = gt (4.39)
curl a’ab = Hﬁb+2,&<awb> + (3)V<awb>
(4.40}

Notice that for the case of vanishing vorticity, one has the following equation which is
equivalent to the shear propagation equation for vanishing vorticity:
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RS} hihg{""’(f;g) - 3-3(53‘71’9”

i

2,1 1.,
+§(-§®2+02— §e¢ﬁc+z\+p}hab+wab , (4.41)
such that:
Riﬁd = (Raped) | — ©acObd + OO - (4.42)

Equation 4.41 is known as the Gauss-Codacci equation, and shows how the matter
tensor directly effects the Ricci curvature of the three-space.

4.4.2 The Twice-Contracted Bianchi Identities

These amount to T“f’ == {J, and yield the conservation equations:

p+ OV,g" = ~B(p+p) — 2iag" — opm) (4.43)
. 4 -
¢<a> + (3)V(Lp + (3)Vb7rab = —‘g@qa e qub - (;o +p)uﬂ
—'t'l,bﬁab - ’Oabcwb(]c

(4.44)

These are respectively an evolution equation and a constraint equation for the matter.
If the matter involved is of a perfect fluid form, 4.e. if there are no anisotropic stresses
and momentum densities:

Tup = pugtiy + phey - (4'45)

then the above constraint equations simplify to the standard conservation equations:

p+{p+pO =0 * (4.46)
(p+pliat+hzpe=0 . ' (4.47)

These simplified relations will later form the basis of idealised background models in
perturbation theory.

4.4.3 The Bianchi Identities

From the Bilanchi Identities:

v[aR&c]de =0 (4.48)

one obtains the following two propagation equations for the gravito-electric and gravito-
magnetic tensors: *
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. 1 1 ; 1
E<ab> + %7}<ab> — curl Hab + _2_ (3)V<aqb> - —i(p +p)0_cb . @(Eab + gﬂa&)

1 .
+3ac<a(Eb>c _ ET(IDC} - u(aqb>

1
2 HY + w(EY + 57#’;‘)}

(4.49)

_._,ncd<a

: 3
H<eb> 4 cyrl B9 %cur} a7 = _QH 4+ 30%"‘}1"{’% 4 -gw‘(aq"‘}'
1
—?}“Ka [Q&CE? - §o*if>qd e wcﬁ‘?} (4.50)

and the two constraint equations:

' 1 3
(S)Vb(Eab + _;_,n_ab) — flg (B)VELP _ %@qa + “éagqb + 3wbHab + nabc [Odeg . _g_wch} (4.51)
' 1 1 1
Og,HY = —(p+plw* - Swy(E? — Eﬂ-ab) + pabe {-2- Oyg. + opa( EE + iwf)}
(4.52)

Hence, from the Bianchi identities one has six equations: a matter propagation equation
and evolution equation; two propagation and two evolution equations for the gravito-
electric and gravito-magnetic tensors. This, combined with the three propagation and
three constraint equations for the kinematic quantities from the Ricei identities yields
the requisite twelve equations. '

4.5 Tetrad Formulation of the Field Equations in
Cosmology

The twelve constraint and propagation equations as formulated in section 4.4, although
geometrically and physically lucid and intuitive, do not represent a complete set in the
sense of guaranteeing the existence of a corresponding metric and connection. For com-
pleteness, one has to consider the nature of the vectorial basis of the reference frame
in which one describes the physical quantities in question. This requires the notion of
" tetrads, as defined in section 2.5.1, and wherein the above equations can be reformulated.
The additional equations which then accrue, will essentially result from application of the
Bianchi and Ricel identities to these basis vectors; these will not be derived here, but the
underlying notions and relevant quantities will be given. In the above formulation of the
Field Equations, the matter co-moving frame tetrad was implicitly assumed; however,
only the equation components relative to the tetrad basis were given. One still needs to
study the behaviour of the tetrad basis itself, which thus requires additional evolution
equations.
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4.5.1 The Comoving 143 Tetrad Formulation

In the cosmological aﬁplicatien it is useful to define the tetrad of a specific model by
choosing eg to be the unit tangent of the fluid flow, u®, referred to as the 1+3 formalism.
This is one of the most physically lucid and useful tetmd choices; consequently a more
detailed analysis of the Field Equations formulated therein is warranted. Proceeding
thus, one can derive the following form of the metric connections from equation 2.124:

Tao0 = Ug (4.53)
Laog = %@5%@ + 0ap — €apy” - (4.54)
Dago = e€apy§V {4.55)
Lapy = 20008, + 6?5{07&5}3] + %60’5’?%{;’ , (4.56)

where Greek letters have been used toindicate the spatial frame tetrad indices. The
first two quantities in the above contain the kinematical variables, while the latter two
encapsulate the rate of rotation Q% of the tetrad spatial frame {e,} with respect to a
Fermi-propagated basis; while a® and n®8 = n(ef) determine the nine spatial rotation
co-efficients. Using equation 2.125, one can also derive the commutation relations in
terms of the above quantities:

leg,€0] = iin€o — E@ag tol+el (W + m)] eg (4.57)

leares] = 2eapywTeo + (20100} + cagyn] e, (4.58)

One can follow the foregoing procedure to derive constraint and propagations equa-
tions for the field equations, incorporating the above tetrad basis. Naturally, this will
then yield equations which will incorporate derivatives of the tetrad components, ulti-
mately resulting in equations which are considerably more complex than those in the
previous section; these, however will not be needed later, and so will not be derived here.
The full set of equations and affiliated analysis can be found in the Ellis Cargese Lectures
[21].

However, from the above commutation relations one can make a crucial observation:
the rest frame spatial basis vectors e, are themselves closed under the Lie bracket opera-
tion if and only if the vorticity vanishes. This follows immediately from equation 4.58, as
a vanishing vorticity vector w7 eliminates the unwanted ey basis vector which is parallel
to the four-velocity. Upon application of the theorem of Frobenius {section 2.2.2), one
then deduces that the spatial rest frame itself forms a submanifold, thereby defining a
unigue folintion of space-time with respect to the comoving velocity, if and only if the
vorticity vanishes. Hence, if one has a scenario including a non-vanishing vorticity, the

‘rest frames are only local as opposed to being global hypersurfaces, and are not unique.

Now, in the case where the spatial rest frame does constitute a hypersurface, one can
naturally obtain a circular trajectory in this spatial frame which is orthogonal to all the
world lines it intersects; the fact that it is circular means that it always meets up, and this
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embodies the notion of the integral curves ‘meshing up’ to form a hypersurface. However,
in the case of non-zero vorticity, this is not the case. One can visualise this by considering
a world-line congruence under pure vorticity - i.e. no expansion or shear. Depicting these
in a space-time diagram with the conventional suppression of one spatial dimension, one
notices that the emergent picture is reminiscent of the individual fibre strands of a vertical
twisted rope. All the strands wind around each other in a helical structure, maintaining
a constant distance between them - this embodies the two fundamental properties of pure
vorticity: rotation and fixed distance. Now, one would imagine a rest-frame hypersurface
to correspond to a horizontal slicing of this rope, as this should be perpendicular to the
strands. However, this is not the case, as elementary Euclidean geometry shows that
the only perpendicular curve to a congruence of helices is another helix curving in the
opposite direction - that is, one can move continually from strand to strand in the rope
in a direction always orthogonal to the strands by following another helical path. As this
orthogonal trajectory is itself a vertical helix, following it one would eventually travel
right around the perimeter of the rope, BUT one would then be either above or below to
where one originally started out - in space-time this would mean one would have either
advanced or regressed in time respectively. As one normally uses the notion of a spatial
hypersurface in Cosmology to define a global time uniquely with respect thereto, one
now notices that in the case of vorticity this is clearly impossible.

4.5.2 The Arnowit-Deser-Misner Formalism

An alternative to the afore-mentioned tetrad formalism is the Arnowit-Deser- Misner
approach {(ADM), referred to sometimes as the 3 + 1 formalism. This will be used later
in the Bardeen formalism and in the variational formulation of Cosmological Perturbation
Theory. The ADM formalism entails considering space-time as an ordered sequence of
J—geometries, or space-like hypersurfaces. This foliation is only applicable to space-times
which are globally hyperbolic; that is, space-times which contain a Cauchy surface {Wald
chapter 5). One can label each such hypersurface with a co-ordinate time ¢ and indicate
space-like points within the surface as z® = (2!, 2%, 2%). The intrinsic geometry of the
hypersurface will then be described by a spatial 3—metric 0,3 with inverse 0P,

One can now define a lapse function N which measures the proper time interval A7
between hypersurfaces at ¢ and ¢+ A7 along some worldline normal to the hypersurfaces:

Ar = NAL . (4.59)

Similarly, spatial co-ordinates may vary in a continuous way from one hypersurface to
another, this change being described in terms of a shift vector N®; in terms of a change
from, as above, a hypersurface at ¢ to one at ¢ + A7, this change transpires as:

Az® = N®At . (4.60)

Hence it is evident that the shift vector N® is the co-ordinate 3—velocity of an
observer at rest in the hypersurface. One can thus regard the essence of the ADM
formalism as being the choice of a-global foliation of spatial hypersurfaces from which
co-ordinate and proper time variables are induced. Note that this is distinct from the
1 + 3 covariant formalism whereby a proper time is defined, from which local spatial
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hypersurfaces are induced. One can now write the full space-time metric g, in terms of
the lapse function N and the shift vector N®:

g0 = NONg-—N? {4.61)
gooa = —Na (4.62)
9o = Oaf (4.63)
where N, = 0&§N’8 . Hence, using the relation gz,¢"® = &f, one can calculate the

components of the inverse metric gt

1
g = - (4.64)
N(.‘t
g* = W (4.65)
QN{)‘
gmf? = 00‘6—~£VN—2 , (4.66)

where 0,5 is the intrinsic metric tensor; inérinsic in that it defines the geometry of
the spatial hypersurfaces, but does not define how these surfaces are embedded in the
space-time. The above now yields the unit normal to the hypersurface as:

ll

ne if—(l,Nl,Nz,Ni‘) (4.67)
_N(1,0,0,0) . (4.68)

It

Ta

This leads to the projection tensor Py, which projects quantities onto the three-space
constant-time hypersurfaces:

Pab = Gab + Mgy - (4.69)

One can then define the exfrinsic curvature tensor K,p as being a measure of the
local bending of the spatial hypersurfaces as they are stacked together, forming the
4—dimensional space-time. This tensor thus describes how the normal 4-—vectors go
from one point on a hypersurface to another; i.e. how these normals to the spatial
hypersurfaces diverge. It is thus defined as:

Kaﬁ = - Thas (4.70}
= —NI%; (4.71)

1
= @V o) (472

where the primed sign indicates differentiation with respect to proper time. From this
definition it is evident that, in the case of vanishing vorticity, the extrinsic curvature
tensor is equal to the negative of the expansion tensor €,. Hence one immediately
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notices that the negative trace — K thereof describes the rate of expansion of the normal
world lines. Likewise one has a shear quantity:

— 1 .
Kopg = Kop — gKO“'B i (4.73)

Having defined the projection and extrinsic curvature tensors, one can now perform a
3+ 1 split of any tensorial quantity, analogous to that carried out in the 1+ 3 formalism.
Most importantly, one can perform the necessary splitting of the energy-momentum ten-
sor, defining thus the energy density, momentum density, and stress tensor respectively:

2F = ngneTY = NTY (4.74)
Jo = —ngPq = NTO o (4.75)
Sap = PaaPQbT“b = Tap . (4.76)

This splitting thus leads to the following form of the energy and momentum conservation
equations:

* 1
Ey = NKE+NKS,5 W(NQJ“);Q - NYE, (4.77)
Joo = NKJy—(ESL+ SNy~ NSJ ., =~ NVJoy —NTWJy (4.78)
where, as before, the semi-colon indicates covariant differentiation with respect to the

intrinsic metric tensor o,g. Similarly splitting up the Einstein Field Equations, one has
the constraint equations:

E = R-K“K.5+ K* (4.79)
Jo = Kb, -Ka | (4.80)
(4.81)

such that the coupling constant has been normalised; and the dynamical equations:

%o+ NTKG = NOKT + N K% = NG+ N (R + KK - %+ 105(57, - E))
(4.82)
Note that there are no evolution equations for N and N%, as these only entail the
arbitrary choice of space-tinie co-ordinates. In this light, the choice of a time co-ordinate
amounts to nothing less than a hypersurfece condition specifying the way in which the
space-time is foliated.

4.6 Cosmology

Throughout the treatment of cosmology that will be developed here, the standard model
will be presupposed, as this is the simplest and most frequently used. This essentially
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amounts to the classifications of Friedmann-Lemaitre-Robertson-Walker universe mod-
els (hereafter denoted in shorthand by “FLRW”); models which obey the underlying
assumption of the Cosmological Principle: the universe is both spatially isotropic (the
Copernican Principle) about every point, and spatially homogeneous. The former prop-
erty implies that the universe is geometrically the same in any direction, thus eliminating
the possibility of there being any privileged point {(such as “the centre of the universe”)
or direction in space; while the latter implies the uniformity and equivalence of physical
properties on all space-like surfaces orthogonal to the matter Auid flow.

4.6.1 The Standard Model in Cosmology

As stated above, the standard model is here taken to be the class of FLRW models. The
assumption of geometric isotropy naturally implies, in terms of the dynamical variables
previously formulated:

0 =0, w*=0 W=0 . (4.83)

A consequence is that there exists a normalised proper time t such that:

ut = ~t, (4.84)

which is unique up to a constant; and yields the surfaces of spatial homogeneity ¢ =
constant which are thus orthogonal to the fluid flow. A further important consequence
of the Cosmological Principle is that the spatial curvature at any point is o constant
R, otherwise all points therein would not be equivalent; Also, spatial isotropy about a
point naturally implies spherical symmetry about a point; that is, in terms of the spatial
Riemann, Ricci and metric tensors:

Ra{?fy& = R(ga'}«gﬂé—gaégﬁ’y) (4.85)
Rgs = 2Rggs . (4.86)

In co-moving co-ordinates the above assumptions imply the following simple line element
form for an FLRW model in spherical co-ordinates:

d2=—dt2 L2
s + 8 (I—K*r?

+ r?ds'z?)) , (4.87)

where r is the spatial radial measure, while S{t) is the scale fector characterising radial
distances between any pair of observers in the space; and such that:

dQ? = dé? + sin®6d¢’ (4.88)
Ug = —t, = 8§ {4.89)
S 1

s = 3° (4.90)
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1 closed

K = —1 open (4.91})
0 flat
K
R = 57 o (4.92)
where R is the curvature of the three-space, such that K = 1,—1,0 corresponds to a

closed, open or flat spatial geometry respectively.

4.6.2 Geometrical Quantities Associated With the FLRW Models

For practical convenience, one now defines the conformal time 7 by:

dt
- 4.93
dr 5 | {4.93)
This reduces the above line element to the following functional form:
ds? = S(1)}(—dr? + dr? f2ds?) . (4.94)

Having formulated the line element for FLRW universe models, and thus the associated
metric, one can calculate the connection coefficients, yielding:

% % {4.95)
B = %53 (4.96)
% = %oaﬁ (4.97)
By = F(B)aﬁv ’ (4.98)

where here and henceforth a primed sign indicates differentiation with respect to confor-
mal time 7, and a superscript indicates differentiation with respect to the proper time;
0qp is the spatial part of the metric; and I‘(g)(}? is the Christoffel symbol associated with
0qp. Defining now the quantity H = % = SH, where H = -gi is Hubble’s parameter, one
has the Following Ricci and Einstein tensor components in conformal time:

R = ST+ oM? + 2K)4P (4.99)
Ry = 357% (4.100)
RS =0 (4.101)
R = 6kS7 (M +H*+ K) (4.102)
GY% = -35H®+K) (4.103)
G = 0 (4.104)
% = =STOH +HEP+ K)6Y . (4.105)

(4.106)
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Similarly one has, by the co-moving system assumption, the following expression for the
co-moving velocity u® defined with respect to conformal time 7

uwt = S7L6g . (4.107)

Variation of the Ricci components

For these models one can now calculate the variations of the above quantities. The
calculations are rather tedious but elementary. The results are:

5Rci§ = 252 (597’{3 +6g'ya 55&}?_5.1& )
S’ S f ﬁ {3
28’259& + 535% 508 (6g) 6% +K5259a (4.108)
S:‘
o= " 4.109
oy 252 (69)" + 575 (89) (4.109)
SRS = 5 SQ ((89)' . = S5bis) (4.110)
35" 2489

— o ; _1_ ff}
R = (5ga =09 + (00)" + - (09) + K55

(4.111)

H

such that é¢g = dg,%; and the covariant derivative is defined on, and with respect to,
the three-dimensional spatial metric. Note also that in the course of the above deriva-
tions, all higher order terms in §f,, have been dropped, as only linear variations are
being considered here. One can also calculate the following derivative for the the spatial
components of the metric tensor:

d
da;? = gt' Jap

= Gop

2 dS

& gr I8

28’

= —S—Qg‘ag . (4112)

Similarly one obtains:
Ll (4.113)

Matter description

For the sake of simplicity, in cosmological models it is often assumed that the matter
conforms to a perfect fluid description, thus yielding an energy-momentum tensor with
components:
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T = pof (4.114)

0 = 0 (4.115)
T = —p . (4.116)

It will be useful in later developments (Parts I and III) to have the variation of the
perfect fluid tensor. The result follows easily from 4.45:

§TY = (p+ p)(uedu® + u*ous) + (Gp + Sp)uar® + 6psh (4.117)
such that the relationship between the components of du, are found from the variation
of the quantity g*uguy, = —1:

ab,

59 uquy + g% (uaduy + updug) =0 . {4.118)

This will be elaborated upon later. Bearing the above in mind, it is important to note
that the contravariant and covariant variations will differ in form: this is a major area
of confusion encountered in the literature, where different components are used. As a
result of this difference, it is preferable to select.a particular form, and then maintain
that throughout the subsequent calculations. This will be observed later.

4.6.3 Dynamics of The Field Equations for the FLRW Universes

Assuming a perfect fluid form as motivated above, one can now solve directly for the
pressure p and energy density p using the above via the Einstein Field Equations. For the
FLEW models the field equations simplify to the Raychaudhuri and Friedmann equations
(in geometrised units) respectively:

5 1
35 +5(+3p) - A=0 (4.119)
357 - pS? - AS’ =K (4.120)

where K is a constant of integration. From which one solves for p and p :

LK —288 — 852
po= + A (4.121)
352 - K ‘

With the above assumptions the energy conservation equation becomes:

p= ~3(p+p)§ : (4.123)

One can then easily solve the above equations, once an equation of state has been
specified. To illustrate this, a simple example will now be considered: a closed universe
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with two separate equations of state p = OQandp = % p. For simplicity the Cosmological
constant A will be set equal to zevo.
Following Hawking [6], one obtains the results:

N
Casep = 0
M
P = & (4.124)
38 1
- 39 _ 4.
0 MS 283 (4.125)
3 -2 1
— —— A2
E M(S’) 5 (4.126)
(4.127)

where M and E are constants of integration, and differentiation is with respect to t. The
solutions to these equations are:

E>0: 5= é%[cosh(q/g??{)—l} (4.128)
t = %[\/ﬁ%sinhm/%ﬁf)_ﬂ (4.129)

E=0.: 8= 7 (4.130)4
_ M,
t = 367 {4.131)
~1 EM
E < 0 S = 2—5[1“(305(’?' ‘ 3 )] (4132)
-1 -3 ~EM
t = —[r— i
2E[ i sin{7 3 0o, (4.133)

which, when £ # 0, one can perform the normalisation: M = TE]

Casep = 1p
M
pP= o (4.134)
S
5% 1
yielding:\
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E>0: 8§5= %sinhfr (4.137)

t = %[coshr - 1] (4.138)
E=0:8r7 (4.139)
1 4

t = 57--4 (4.140)
E<0: 8= —}——sinv' (4.141)

E .
t = %[COST— 1 , (4.142)
(4.143)
where the additional normalisation % = 1 has been imposed. In both the above cases

the constant of integration E can be interpreted as the total kinetic plus potential energy;
depending on whether this quantity is positive, negative or zero, different equations result
for § and t. Note that for the open model universe one can derive the following form of
the Robertson-Walker metric:

dn? = S(r)? [~dr? + dx® + sinh®x(sin®0dg” + d6?)] . (4.144)

Following Lifshitz and Khalatnikov [4], this form of the metric can be formally obtained
from the above closed model metric via the transformations:

T o T ’ | (4.145)
X = iy (4.146)
S = iS . (4.147)

Consequently, all the equations for the open model can be obtained from those of the
closed model via these transformations.
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“But the concept of o physical law is that it enables us to treat a system that is being
studied as one particular case among many. The universe, however, is a unique system,
and so this aspect of physical law seems to lose all meaning when we attempt to apply it

to the universe.”
W.H. McCrae

Cosmological perturbation Theory has its origins in the study of gravitational sta-
bility; that is, the study of the physical and mathematical stability of the solutions to
the Einstein Field Equations. In Cosmological contexts, the physical motivation for this
stability analysis amounts to the desire for the origins of structure formation, such as
galaxy evolution, from initial ‘perturbations’ to an idealised Cosmological model.

As will be seen in the ensuing chapters, there are several ways of formulating and
interpreting such studies, The principal approaches covered here will be the metric
and covariant formalisms. The former concentrates on the form, and perturbations
to, the metric tensor; while the latter focuses on a covariant formulation of relevant
perturbed physical quantities. Both formalisms utilise the various attributes of gauge-
dependence inherent in such geometric manifold-related formulations; consequently, a
detailed treatment of the gauge issue will be given in both contexts.

The bulk of the material in this section will be taken from seminal papers produced
in the field of cosmological perturbation theory over the past half-century. The intent
behind sectioning the chapters according to these papers is to provide a chronological
progression of historic developments in the field, contextualising the results, and in the
process maintain a sense of scientific continuity. However,it should be emphasised here,
as mentioned in the introduction, that the material of this section is restricted to the
period 1960 — 1993, and that the subsequent years have witnessed an increase in interest
in observational Cosmology in the light of improved observational surveys and data
pertaining to large-scale structure and the like.
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Chapter 5

o

Metric Perturbation Theory

“It has become increasingly evident, however, that Nature works on a different plan. Her
fundamental laws do not govern the world as it appears in our picture in any direct way,
but instead they control a substratum of which we cannot form o mental picture without
introducing irrelevancies.”

P.A.M. Dirac

5.1 Motivation

Observational evidence to date seems to substantiate the assumption that the universe
is almost isotropic and spatially homogeneous on the large s cale. Consequently, as the
principal aim of perturbation theory is to determine structural growth in terms of small
variations from an idealised mathematical universe model, it follows naturally that the
class of Friedman-Robertson-Walker (FRW) models be chosen to fulfill such a capacity.
Hence one would perturb FRW calculated quantities to obtain the corresponding real,
physically observable quantities in the real ‘lumpy’ universe. Henceforth in this section
. the FRW assumption will be maintained in the underlying analysis. One refers to such an
assumed idealised structure as a background model, and it is envisioned as a mathematical
template against which to study observational evidence concerning the structure of the
universe.

Having thus established a mathematical framework within which to operate, one can
proceed to the consideration of an exact formulation of a general perturbed quantity. In
the approach of this section, the perturbation formulation is considered strictly within
the geometrical description of a universe model, namely via the metric, as this describes
the immediate physical structure of such a mathematical model. One is consequently
concerned primarily with an initial perturbation to an FRW background model metric.
However, all constituent matter in the universe is written into the geometry thereof via
the Einstein Field Equations, effectively coupling the metric, contained in the Einstein
tensor, with the matter expressed through the energy-momentum tensor. It follows
thus that one should separately perturb the matter from some idealised background
form to that of the real universe; for simplicity, the background matter description will
nor®rmally be assumed to be that of a perfect fuid.

The approach adopted here will be to formulate a generic metric perturbation theory
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in terms of fundamental perturbation variables, and to proceed thence to a study of
the gauge problem, the underlying difficulty in classical perturbation theory. A number
of approaches to the solution of the ensuing perturbation equations will then be high-
lighted, focusing on several seminal works by prominent researchers in the field over the
past thirty years. The literature thus covered will include a number of specific physical
applications, all of which ultimately provide useful insight into the nature of structure
formation in the universe, this being the primary niotivation of perturbation theory.

5.2 Metric Perturbations

The term ‘metric perturbations’ is used in this approach, as the fundamental object
which is ‘perturbed’ is the metric tensor.

In the subsequent analysis, it will thus be necessary to utilise certain generic de-
composition characteristics of vectors and tensors in the spatial part of the manifold
before proceeding to the form of the perturbed metric. This will be used, in particular,
to classify perturbations as scalar, vector or tensorial in later applications; hence these
characteristics will be derived first. The following analysis closely follows that of Stewart.

5.2.1 Vector and Tensor Decomposition

Vectors ,
Consider an arbitrary scalar field ¢ such that

Ap = $% =0, ()
that is, ¢ is harmonic. Here, the covariant derivative is with respect to the spatial metric.
Using Gauss’ theorem on 5.1, one obtains:

0 = fM SAGdT
- /a  96adS” /M badiodr . (5.2)

In the above, the surface term vanishes if M is a closed, unbounded space; in this
case 5.2 would imply that ¢ is constant. For the open and flat case scenarios, the known
asymptotic form of harmonic functions together with boundedness allow one to assume
that the surface term vanishes: here OM is essentially a ‘sphere at infinity’. Hence, if
one were now to construct a vector from a scalar field:

A% = g (5.3)

it follows from the above that ¢ couldn’t be harmonic, as this would vield A® = 0. Now
let A% be any smooth vector field on M, and consider the solutions ¢ to the equation:

Ap =A%, . (5.4)
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Such solutions are known to exist, and are unique up to ¢ — ¢+ cst. Having established
this, one can now define the unique, solenoidal vector B* (i.e B, = 0):

BY = A% — qbi‘?‘é . . (55)

Hence one has the unique (non-local) decomposition for an arbitrary vector field A%:

A% = ¢ 4+ BO | (5.6)

where B is solenoidal, and ¢ is determined, up to a constant, from equation 5.4.

Tensors
Similarly, one would like to form an analogous decomposition for all rank-two tensors.

As skew-symmetric tensors are equivalent to vectors (same number of components for
three-space) allowing application of the above analysis, one need consider here only
symmetric tensors. Associated with such tensors is a natural scalar, the trace, which is
usually non-zero; as one wishes to consider a decomposition which will classify all scalar
parts of the tensor generically, here only the trace-free part of spatial symmetric tensors
T.p will be considered, i.e.

1
T8 _ §0“6T§ , (5.7)

where 0°? is the spatial metric, as before. In the course of the subsequent decomposition,
transverse symmetric tensors will also be considered; namely, tensors 7% which satisfy:

% =0 . (5.8)
One starts by defining the following derivative:

Da[ﬁ - vavﬁ — Oag (A + QK} s (59)

where K = %1, 0 depending on whether the space is open, closed or flat. This derivative
is easily verifiable as transverse when acting on scalars ¢, by using the Ricci identity;
ie. (D*Pg) s = 0. Having defined this derivative one first looks for the following

decomposition of a smooth, symmetric and trace-free tensor 7*%:

T8 = DBy 4 9B L yeb (5.10)

where A% is an arbitrary vector, and W is a symmetric, transverse and trace-free
tensor. The divergence of this equation then yields:

(A +3K)w = A%, (5.11)

which thus uniquely determines w. Having established all this, one can now define, as
with the vector case:

Wa,@ - Taﬂ . D&ﬁw — 214(5»&) , (512)
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which is thus unique, trace-tree and transverse, and yields equation 5.10. Hence, sub-
stituting in full into 5.10 for D8, using the decomposition 5.6 for A%; noting that
(A +3K)w = Ag from 5.4 and 5.11; and defining:

b = wr2 (5.13)

1
Dopg = VanmgoaﬁA , {(5.14)

one obtains the final desired decomposition:
T = AoBy 4 2BBR) el (5.15) .

where B® is solenoidal as before. It transpires that B® will be unique if K < 0; otherwise
it is defined up to B® — B® + k%, where k£ is a Killing vector. Hence one can now

define:

e Scalar terms: terms which are derived from a scalar potential ¢ via linear opera-
tions involving only 0*f and V.

e Vector ferms: terms which are derived from a solenoidal vector B® via linear
operations of only 0®? and V;

e Tensor terms: tensors which are symmetric, trace-free and transverse.

In all of the preceding analysis, the covariant derivative V, was taken with respect
to the spatial part of the metric, namely o,p. Bearing the above in mind, one can now
study the effect of generic metric tensor perturbations by considering separately tensor,
vector and scalar perturbations in terms of the above decompositions.

5.2.2 Metric Decomposition

One commences the study by postulating the metric of ‘real’ space-time g, in terms of
the the background FRW metric f,, and the perturbation éf,, to this metric:

Gab = fao +0fas {5.16)

where the FRW metric fy, is derived from the line element:

ds? = S(r)}dr? - oapda®daP) (5.17)
. K : -
o = Gapll+ L (® +y"+ 207 (5.18)
as in the previous chapter, where K = —1,0,1 depending on whether the 3—space is

open, flat or closed; and z,y and 2 are the spatial co-ordinates. As shown in the preced-
ing section, a metric can be constructed from scalars, vectors and arbitrary 2—tensors;
consequently one can classify the metric perturbation in terms of separate generic scalar,
vector and tensor perturbations, a classification which follows from the way in which the
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fields from which 4 f,y is constructed transform under spatial co-ordinate transformations
on a constant-time hypersurface, as will be shown in due course.

As will subsequently be seen, there are numerous approaches to the formulations of
these three basic classifications. In this section, a fairly simplistic, generic and transpar-
ent formulation will be given in order to highlight most effectively the relevant features

of the theory.

5.2.3 Scalar Perturbations

Scalar perturbations can enter into 6f. through o.g either as a multiplicative scalar
factor 7y, or through a covariant derivative (with respect to 0ag) of some scalar function
x. Similarly one scalar ¢ is required for foo, and a scalar ¢ via a covariant derivative for
foe- These all yield the following form for d fu:

, ‘ 2 —1,
sl g2 ia 5.19

fab —'Qb;a 2(700r,8 o E;Ozﬂ) k ( }
where the factors of two and negative signs are not crucial, but rather are inserted for
later computational convenience. Note that full generality is assumed for the scalars in
the above expression in that they are all functions of space and time. In terms of the
above, it is useful to define the following associated scalar quantities:

L = ?{'-»%vp (5.20)
K = —(3<%+23%¢>+L;g> , (5.21)

such that the covariant derivative is taken with respect to the spatial part of the back-
ground metric, as before. Note that, for any chosen hypersurface foliation, K is the
perturbation to the trace of the extrinsic curvature as defined in section 3.5, while L
generates the perturbation to the traceless part; this is readily seen in the ADM formal-
ism, as outlined in section 3.5.2.

5.2.4 Vector Perturbations

Vector perturbations can enter 6 f,;, via a vector A, for fpa, and the covariant derivative
of a vector B, with respect to o.g for f,g; where both A, and B, are solenoidal as
previously motivated, so as.to ensure that each vector cannot be split into the sum
of a divergenceless vector and the gradient of a scalar, thus ensuring a pure vector
perturbation. One can construct §o,p as:

500:,@ = QB{Q;Q) (75.22)

in order to guarantee the necessary symmetry. Hence one has the net vector perturbed
metric as: '

' 0 -A, |
5 = — 52 { « } . 5.23
’ —Aq 2B(ap) (5.23)
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5.2.5 Tensor Perturbations

The tensor perturbation is written in terms of a symmetric , transverse and trace-free
three-dimensional tensor hyg as follows:

{m) _ w2 0 0 594

of ab T S [ 0 ha g : ( )

The properties of symmetric, transverse and trace-free, as before, ensure that hag

does not contain parts which transform as scalars or vectors. Combining the scalar,

vector and tensor perturbed metrics, one obtains the full, generic metric perturbation
thus as follows:

8 fop = S*(1) 20 ~¥ia ~ Aa } Q (5.25)

~tia — Ao 2(70ag — K0p) + 2B(ap) + hap

Counting thus the total number of independent functions in the full metric pertur-
bation 5.25, one cbtains ten, which in turn equals the total number of independent
components of fg,, as one would expect. It transpires that both vector and tensor per-
turbations exhibit no instability (see [4]): vector perturbations decay kinematically in
an expanding universe while tensor perturbations generate gravitational waves which do
not couple significantly to energy density and pressure inhomogeneities. On the other
hand, scalar perturbations may generate inhomogeneities which affect the dynamical be-
haviour of matter, and thus ultimately lead to the growth of structure in the universe.
Hence in the subsequent perturbational theory analysis the focus will be primarily on
scalar perturbations. As will be motivated in detail later, the above perturbation scalar,
vector and tensor components in the metric can be expanded as the product of a time-
dependent ‘amplitude’ and spatially-dependent harmonic functions; the details behind
harmonic decomposition are provided in appendix B.

The Perturbed Velocity

Now that the complete form of the perturbed metric has been obtained, one can derive
an expression for the perturbation du® to the four velocity as follows; considering the
variation of the quantity g,,u®u’® = —1, one obtains:

0gapu’ul + gop(udub + ubéu“) =0 . (5.26)
Setting a = b = 0 in this expression, one obtains:
8 foou®

2900

which, upon substituting in for the FRW metric 00 componenis and co-moving velocity,
together with 5.25, one obtains:

sul =

(5.27)

‘@0:—2 . (5.28)
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For the three-velocity perturbation du® however, one needs the matter description
via the energy density tensor, as u® would describe the perturbation th the fluid flow.
This will be seen more explicitly later when a perfect fluid matter description is assumed.

5.2.6 The Perturbed Field Equations

Now that the form of the perturbed metric has been established, one can formulate the
perturbed field equations. Taylor expanding both sides of the field equations, one has:

Ge G 4 5GE+ ... (5.29)
¢ = TOpsTd v ... (5.30)

i

where, as before, the ‘zero’ superscript indicates the relevant background quantities which
are calculated as in equations 4.103, 4.104 and 4.105. For scalar perturbations, as these
will be considered predominantly later, the perturbations to the field equations defined
by the above through: '

5GE = 6T} (5.31)

become, after some straight-forward though tedious calculations (see [17]):

2 ’
6GY = & {~3H(He ++") + V2 [y - H(¥ ~ )] + 3K~}
= 8rG6TY (5.32)
2
0Go = e+ - K-+,
= 8xGTY - (5.33)
2 -
G = ~5 {[(2%’ +HA)p+ HY + o+ 2Hy — Ky + %VQDM%' - %D;‘};}
= 8nGTy (5.34)

such that:

D=¢—vy+2HW—r&)+ @ -rx) . (5.35)

The form of 67 depends on the matter description assumption. The gauge-invariant
form of these equations will be derived later.

5.3 The Gauge Problem

Following Mukhanov et al. [17], one can describe gauge transformations via two different
approaches: an acfive and a passive approach. Starting with the passive approach, one
considers a single physical manifold M, and chooses a set of co-ordinates z¢ thereon. A
background model is then defined by assigning to all functions F(z*) (scalar or tensor) on
M a previously given value F(®}(z%). Note that both these functions are fixed functions
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of the co-ordinates and thus not geometrical quantities. The perturbation of §F(p) at
the point p is then defined as:

SF@(p) = F (@) - FO (s°(p)) (5.36)

Consequently, in a new co-ordinate system y“, but at the same point p one would have:

SFW(p) = F (y*(p) = FO (v*(p)) - (5.37)

One can then make the following definition:

“The transformation 6F)(p) — SFW)(p) is called the gauge transformation asso-
ciated with the co-ordinate system change z*(p) — y*(p) on the manifold M”.

In the active approach one instead considers two separate manifolds: a physical
manifold M, and a background space time A on which co-ordinates x?&) are rigidly
fixed (the index b stands for “background”). The introduction of a diffeomorphism
D: N — M then naturally induces a set of co-ordinates on M via D : zj, — %
For such a chosen diffeomorphism D one can define a perturbation §F of an arbitrary
function F, defined on M at point p, as:

5F P p) = FPp) - FO (D7V(p)) | (5.38)

such that F(9 is a fixed function defined on . If one now considers a different diffeo-
morphism &, which thus induces a different set of co-ordinates on M, then the following
perturbation transpires at p:

6P (p) = FO (p) - FO (67'(p) . (5.39)

Hence one defines the gauge transformation, as before, as §F(P)(p) — §FE) (p);
this being generated by the change of diffeormorphism correspondence D — & between
the manifolds M and AN. Stated simply, one can then say that a gauge transformation
changes the point in the background space-time corresponding to a point in the physical
space-time. This is precisely the gauge dependence inherent in perturbation theory, as
will be seen subsequently. ‘

Both the active and passive approaches can be seen to be equivalent. The passive
approach allows one to relate choice of gauge with different co-ordinate systems, while
the second permits the study of perturbation amplitudes in terms of background and
physical manifold correspondence. In the next chapter covering covariant perturbation
theory, a much more lucid definition of the gauge problem (see equation 6.57) will be
given which firstly doesn’t directly involve a computation between two quantities in two
different manifolds (equation 6.57); and secondly, provides a clear and unambiguous test
for gauge-invariance (see equation 6.59). This will certainly be seen as a motivational
factor for the covariant approach over the metric approach to Perturbation Theory.

To comprehend the nature of gauge transformations more fully, consider the following
infinitesimal transformation:
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28—y 7 = g 4 <u ’ (5_40)

such that ¢® is a infinitesimal co-ordinate change. This results in the following change
in an arbitrary co-ordinate-dependent quantity F: :

AF =6F —6F = L(F (5.41)

such that L is the Lie derivative (section 1.2.1) in the direction of ¢*. The transfor-
mations thus formed by 5.40 and 5.41 form a group structure of infinitesimal transfor-
mations: the gauge group of gravitation. As any three-vector can be decomposed into
a potential-defined and divergenceless part as previously derived, one can express (* in
the following form:

¢t = (¢%¢Y (5.42)
= (¢%Chay +0%E0) (5.43)

such that £ is a solution to the equation {7, = (%, and C{‘Sol) is solenoidal, as before, with
the covariant derivative being taken with respect to the background spatial co-ordinates.
Hence it follows that C(asol) will only affect the vector, and not scalar perturbations. This
then naturally implies that the scalar metric perturbations will be affected only by ¢°
and £. The most general diffeomorphism which thus preserves the scalar nature of metric
perturbations will be:

r—=7 = 7+ %)
7% 5 7% = g;a+0aﬁ§;ﬁ(7',x) . (544)

Under this generalised infinitesimal transformation one can calculate the associated
transformation of the metric, using the notation of section 5.2:

8fub = Ofar = 8fap + Dfar - (5.45)

Note that one cannot call this a gauge transformation, as the original stipulation for
arbitrary functions on the manifold was co-ordinate functional invariance: this clearly
does not apply to the metric as this is a geometric quantity. However, one would none-
the-less like to express metric perturbations in terms of gauge-invariant quantities, a
process which will facilitate calculations and physical interpretation of associated physical
quantities. To this end one first calculates the transformations of the associated scalar
metric perturbations from 5.19 under 5.45:

— S /

P = e-(3)e0-0 (5.46)
Sl

¥ = 7+(§)§0 (5.47)

Po= p+(0-¢ (5.48)

E = k=& . (5.49)



Now, by taking various functional combinations of ¢, v, 1 and & one can formu-
late gauge-independent variables; that is quantities which preserve their functional form
under the above infinitesimal transformation. The simplest such linear functions are
constructed from the following two linearly independent quantities (see [17]):

A= o+ (5) B -R)sl (5.50)
B = - (%) (¥~ K"}y . (5.51)

These are equal to the negative of the Bardeen [10] variables, which will be seen
later. These quantities play a réle analogous to the electric and magnetic fields in elec-
tromagnetism. Naturally, any linear combination of the above variables will also be
gauge-invariant. As will be seen later, after formulating the matter components in terms
of the perturbation variables via the perturbed field equations, one can analogously es-
tablish gauge invariant quantities for these; this will be developed later.

At this point, returning to equation 5.19 it is useful to note a number of specific gauge
choices which are most frequently used in perturbation theory. The gauge freedom here
essentially amounts to the arbitrariness of the perturbation variables: one can at will set
some of these, or specific combinations of them, equal to zero.

5.4 Choice of Gauge

For the practicalities of calculation, it is convenient to consider a gauge transformation
as a ‘mapping’ from the background model into the physical universe. As such, following
Ellis and Bruni [13], such a map can be considered to comprise four parts:

o The definition of a separate family of world lines in the physical and background
universes respectively;

e The definition of a correspondence between these two families;

» The definition of a separate family of space-like hypersurfaces in the physical and
background universes respectively;

e The definition of a correspondence between these two families of hypersurfaces.

Consequently, the choice of a specific gauge amounts to the individual specification
of the above properties; this is referred to as geuge fizing. In the following, a number
of specific such choices will be described. Practically, this amounts to imposing various
constraints on the perturbation variables defined through the perturbed metric of 5.25.

5.4.1 The Synchronous Gauge

This gauge is defined through the constraints:
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8fo0 = 0 (5.52)
5f0a = 0, (5.53)

which is thus equivalent to setting:

¢ =1 =0 (5.54)

in 5.19; and amounts to defining equivalent proper times in the background and physical
models, Hence, starting with an arbitrary initial co-ordinate system one can perform
an infinitesimal transformation to a synchronous-gauge co-ordinate system. This entails
setting ¢ = ¢ = 0, and solving for ¢? from 5.46 and 5.48. This yields:

O = é/5¢ (5.55)

o ( / bdr + / %( / S(,éaf’r)dv') . (5.56)

The name ‘synchronous gauge’ arises from the fact that in this gauge, from 5.19
there are no perturbations to the time-like components Note, however, in the above
synchronous gauge the residual co-ordinate freedom due to the integration constants;
if one labels these constants C)(z), C2(z), then the synchronous gauge conditions are
maintained under the additional set of transformations ([4]):

CQ

I

T o T4 Gio) (5.57)
% - &40 <C1;3(x)/é—d7+02;5(x)> . (5.58)

This additional gauge freedom leads to the appearance of unphysical gauge modes
which result in difficulty in the interpretation of synchronous gauge calculations; it es-
sentially amounts to a freedom in choice of initial constant time hypersurface. This is
a fundamental problem in classical perturbation theory which makes extensive use of
the synchronous gauge, and it will be seen later that careful consideration needs to be
paid to gauge freedom in general when considering the physicality of obtained results,
especially those derived within a specific fixed gauge. However, as Bardeen [12] notes, in
an expanding background the synchronous gauge is always mathematically well-behaved,
with no spurious co-ordinate singularities.

Another problem is that, to define the perturbation of an arbitrary physical gquantity
such as the energy density, and determine its present day value, one has to integrate the
field equations all the way back to the initial singularity: this will be seen later.

5.4.2 The Longitudinal Gauge

The longitudinal or conformal-Newtonian gauge is defined by imposing the following
constraints on the perturbed metric:
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(5f{}ae = 0 (5.59)
0fap X 0ap . (5.60)

In equation 5.19 this is equivalent to setting ¢ = x = (. Hence one obtains, in the same
way as for the synchronous gauge:

¢ = K-y (5.61)
¢ = oky (5.62)

yielding a metric of the form:
ds® = S%(7) [(1 +2A)dr? — (1 - QB)o&ﬁdxadxﬁ} , (5.63)

where A, B are the gauge-invariant variables as defined before. This form explains the
name ‘conformal-Newtonian’ gauge; as, when the spatial part of the energy-momentum
tensor is diagonal (6T§ ~ 65), one has A = B, thereby having A as the equivalent of
the Newtonian gravitation potential. Note that there is no residual co-ordinate freedom
in the longitudinal gauge, as there is for the synchronous gauge; hence the co-ordinates
remain fixed.

5.4.3 The Uniform Expansion Gauge

This is obtained by setting the quantity K, as defined in 5.21, equal to zero, which
then results in perturbations which are determined purely in terms of elliptic equations.
Hence this amounts to equating the expansion parameters in the background and physical
models, which thus defines space-like surfaces in the background model: surfaces of
constant expansion. This particular gauge corresponds to a Newtonian gauge when the
perturbation is well within the particle horizon, and in which the co-ordinate velocities
become Newtonian peculiar velocities.

5.4.4 The Zero-Shear Gauge

The zero-shear gauge is defined by setting the quantity L, as defined in 5.20, equal to
zero. This is referred to as the zero-shear gauge in that the traceless part of the extrinsic
curvature, the perturbation to which is defined through L, is indeed the shear of the
chosen hypersurface normals (¢f. section 4.5.2). This gauge is also a Newtonian gauge
when the perturbation is well within the particle horizon.

5.4.5 The Co-Moving Gauge

This amounts to choosing surfaces of constant time as surfaces orthogonal to the fluid
flow; this will be seen to be equivalent to setting the perturbation to the energy flux
equal to zero, which is only possible if there is no fluid vorticity.
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From the above gauge examples the meaning of ‘gauge transformation’ becomes more
lucid: roughly speaking, one can regard a gauge transformation as a particular set of
co-ordinate transformations which form a particular algebraic group; for example the
group of all spatial rotation s. Consequently, choosing a partficular gauge amounts to
specifying such a group of transformations, the group in question being referred to as
the gauge. One is now in a position to study various cosmological models and scenarios
within different gauge choices.

5.5 Direct Metric Perturbation

It naturally follows that one should begin with a study which assumes the fairly generic
isotropic background models with a relatively simple and convenient equation of state..
Hence, in investigating the gravitational stability of the isotropic model, Some of the
pioneering work, particularly that of Lifshitz and Khalatnikov [4], paid close attention
to closed models with equations of state p = 0 and p = §. Also, Lifshitz in 1946 [1]
and later Lifshitz and Khalatnikov [4] in their seminal work of 1963 sought to utilise the
notion of four-dimensional spherical harmonics in the perturbed metric form. As will
be seen, this idea rather simplifies the calculations and provides a clear interpretatioﬁ
of the results. However, the one drawback is the assumption of the synchronous gauge
throughout. Some details of the calculations, results and interpretations will be given
here in order to provide an understanding of the application of the foregoing theory, as
well as to generate an appreciation for the underlying physical relevance and motivation.

The following formulation then closely follows that of Lifshitz and Khalatnikov [4],
wherein, for simplicity, no cosmological constant is assumed. One starts with the basic
Robertson-Walker metric for the closed model:

dn? = di? — S(1)? [azxﬁ + sinx(sin20dg? + 49?)] . (5.64)

Making the transformation to conformal time 7 via

dt = S(tydr | (5.65)

one thus obtains:

dn? = —§(r)? [_d»r? + dx? + sinx(sin®0d¢? + d@?)] : (5.66)

A perturbation of the isotropic model is described here by the changes (i.e. a vari-
ation) in the metric tensor, dg,y, in the four-velocity of matter, su®, and in the energy-
density dp. Apropos of this, the notation of the previous section will be used:

9ab = fab +6fap - (5.67)

Now, in this linear approximation, one will thus have the small perturbations de-
scribed in terms of the variations of section 3.1.2, which would thus have to satisfy
equation 5.154. ‘

One can now make use of the gauge freedom to impose a particular gauge for com-
putational convenience. This, however, comes at a price: one has to keep track of the
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gauge choice to the extent of identifying and eliminating spurious co-ordinate gauge
modes which are unphysical, and removable by a suitable change of co-ordinates; this
will be considered later. In this context the simplest gauge choice would be the syn-
chronous gauge, which ipso facto imposes the four constraints on f,;, contained in 5.52
and 5.53. This results in the system no longer being co-moving; i.e. '

fu® #0 . (5.68)

However, using 5.52, 5.53 and equation 4.118, one obtains:

sul=0 . (5.69}

Focusing first on the variation to the energy-momentum equations, and assuming a
perfect fluid, one has from equation 4.117 and the synchronous gauge assumption the
following perturbed quantities:

TP = &85y (5.70)
§T) = —S(p+p)ou? (5.71)
ST = —§p . (5.72)

Due the ‘smallness’ assumption of the perturbations, and the assumption of an equation
of state p = p(p}, one can write: ' '

dp=—dp (5.73)

which yields, from the above perturbed matter components:

8T = -55‘1—?;5213 : (5.74)

which thus enables one to introduce and utilise the equation of state to the subsequent
analysis. Returning now to the Einstein tensor, one has the Ricci tensor variations as
in section 3.1.2 through equations 4.108, 4.109, 4.110, and 4.111; by replacing ¢ therein
with f to obtain consistent notation. Hence, combining these variations for the energy
momentum and Ricci components via 5.154, oue obtains from equation 5.74 the equations
for the perturbation to the metric tensor:

. : : : 25"
(Bt + 0780 = o125 =61 8) + o8 + S5afl 701l =0 0t p (575)

and:

1 4 S
5 (0F & =018%) = 01" — 250/ £ 6
_ gdp [l wa @) s
=3y % (654 .a—éf;a)%—-géf q:éf} , (5.76)
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where, as before, a primed sign indicates differentiation with respect to conformal time.
These are the equations fundamental to the subsequent analysis which essentially com-
prises i) assuming the general functional form of separately scalar, vector and tensor
perturbations to f,s as in the foregoing sections, considering each case individually,
solving for this general functional form through substitution into 5.75 and 5.76; and ii)
applying the results to various different FRW models (i.e. open, closed, flat universes
etc.) each with arbitrary equations of state (i.e. dust, radiation etc.). Once this has
been done one desires to know the behaviour of the density and velocity perturbations,
as stated earlier in order to obtain insight into the possible growth of structure with time
in the universe. To this end it is useful to formulate the relative density perturbation %‘3

directly using equations 5.154, 5.72, 4.109, 4.111 and 4.122:

op §? B3 o 25

e 7 S ¥ A e 26) . 5.77
R ra i CL BRSO ) (5.77)
Similarly, the change in velocity éu® can be determined directly from equations 5.71,
4,121, 5.154 and 4.110:

SZ

4(£8? + 25" ~ §5")
where v® is the physical velocity. At this point one notices the inherent gauge-dependence
of the formalis m, in this instance related to the synchronous gauge assumption. Here,
the gauge-dependence manifests itself simply in the form of a subset of solutions to
5.75 and 5.76 which merely amount to co-ordinate transformations; i.e. their associated
perturbations can be removed through an appropriate co-ordinate transformation, as
mentioned earlier, and are thus not physical. This was shown in section 5.4.1. For the
synchronous gauge the non-physical gauge modes that result thus transpire as, as in
section 5.4.1:

dv* = Séu® =

G ARy o (5.78)

o fdr 5 o o
515 =aff [ o+ gyendf + (i + %) (5.79)

associated with the infinitesimal transformation:

20— 2%+ . (5.80)

One can now proceed with the analysis by considering separately scalar, vector and
tensor perturbations, as done in section 5.2; however, for mathematical convenience, one
can opt here for a representation in terms of the scalar, vector and tensor harmonics.
This is motivated by the following geometrical argument.

One can reason that, as the metric of a four-space with constant positive curvature
corresponds to the geometry of the surface of a hypersphere in four-space, one should
be able to expand any arbitrary perturbation in terms of the four-dimensional spherical
harmonics and their derivatives. Similarly for a space of constant negative curvature one
can utilise the ‘pseudo-harmonics’ of a ‘pseudosphere’ (sphere with imaginary radius).
The associated scalar, vector and tensor harmonics @, S, and Q’aﬂ and their derivatives
Q8 and Qg} # are as defined in appendix B. By assuming this form one obtains solutions
which are ipso facto Fourier decomposed. This gives an infinite sequence of periodic
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terms, most of the terms of which can be neglected on physical grounds (e.g. wavelengths
exceeding that of the Hubble horizon). The analysis then centres around the magnitude
of 7 and the order of the various harmonics. Recalling the assumption of a synchronous
gauge, the three separate ansitze for £ that are assumed are:

Case I: Scalar Perturbations

One thus begins by reformulating the scalar perturbation variables «, v in 5.19 in terms
of scalar harmonic functions, as motivated above; this can be done together with the
following transformation in terms of two new scalar variables a(7), b(7) defined as follows:

1 4
= —=fa .81
= et (5.81)
. a R
"= S 8 (5:82)

which has the purpose of simplifying the form of the perturbed metric in the synchronous
gauge to the following:

5f8 = a(r)Qf +b(r)Ql)” (5.83)
of = 0Q (5.84)

such that a(7), b{7) are determined by substituting this ansatz into 5.75 and 5.76. Note
that the harmonic functions defined above satisfy the necessary conditions as stipulated
in the previous section for metric perturbation decomposition; this is derived in appendix
B. These perturbations involve a direct change in the density of matter, as can be seen
from equation 5.77. Counsequently, one obtains for equations 5.77 and 5.78:

LA L "

fe) - 9(5:2 _ Sg) [(n + 4)(& -+ b) + Sgb} Q (585)
o 52 s

W= S5 257 1 597 [(n? + 1) + (n? + 4)a’} @ . (5.86)

As an application, one can then solve these for an expanding universe scenario, using
the most physical equations of state: dust p = 0 for late evolution (post-decoupling),
and radiation p = % p for the early stage; the results are:

Casep = &
5f8 = E?Q%Az(gﬁ;")“é?i) (5.87)
%‘_’ - ”2;4(14,‘74-{4272)  (5.88)
s = "o td 3A1+A2“2;173 o° (5.89)
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such that nT < 1; and A;, Ay are constants; and:

D inT
5ff = nzrz(gg - 2001%) exp (\/g) (5'90)
ébp D mT
5 = Tgew (w\/g) Q (5.91)
Din int
§ut = = T oo | 5.92
Y 12\/3?8”)(\/3")‘2 (5.92)

such that n™! « 7 <« 1, and D is a complex constant such that |D| <« 1. These are the
results for the early stages of the universe. From these results is is easy to show that
for radiation dominated stages of such an expanding universe, the perturbations remain
small, and are either constant, or decay with time; secondly, the amplitudes of the metric
perturbations decrease proportionally to 317 For the later expansions of the universe, i.e.
pressure free (‘dust’), it is found that the density perturbations are damped, decreasing
proportionally with respect to S~% and then S 1. However, the metric perturbations
involving the higher order harmonics for this case exhibit an instability. For intermediate
equations of state it is found that the perturbations slow down with the expansion of
the universe, but have a reasonably stable amplitude. It is found in general that long
wavelength perturbations (higher order harmonics) in an expanding universe lead to the
changes in matter density increasing with time; short wavelength perturbations transpire
as being nothing more than hydrodynamical sound waves with damped amplitude. In the
contracting universe however, these perturbations are unstable, becoming increasingly
large.

For the late stages of the universe (case p = 0)one obtains two sets of solutions
corresponding to two constants By and Bs:

For 7 <« 1 and n small:

§f8 = % [+ 1)Q) — (n* + 4)QW”] : (5.93)
) ‘2

oL 2Bl i) g (5.94)
P T
0ff = By(Qf + QPF) (5.95)
5_;_9 B n® +4 2

= 0 By Q (5.96)
v = 0 .. (5.97}

For r >» 1 and n small:

55 = Dlexp (=rl(n?+ 12 - (n? + 4)07)) (5.98)
) 244
;‘O = = ; Byexp(-7)Q (5.99)
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s 2n® +5

ifa = =SB0} - 20
+4B837 exp (~T[(n2 +1)Qf — (n? + 4)@&‘)5]) (5.100)
dp n®+4 .
il 3 ByQ (5.101)

and for the intermediate stage n™! < 7 € 1:

82712

52 = B2 gn o (102
{Sp 827};2 2

DL a— . 5.103
p T o) ( )

It is important to note here that the perturbations were considered to be adiabatic
that is, they occur at constant entropy thus excluding dissipative forces; i.e. one assumed
ab initio that the equation of state was not also a function of the entropy. The changes
that might occur due to such dissipative forces cannot necessarily be assumed to be
stable.

Case II: Vector (Rotational) Perturbations

As with the scalar perturbation case, one can transform the vector perturbation variable
B, of 5.23 in terms of a new function ¢(r) and the vector harmonics via the following
stipulation:

c
S?
to obtain the following simple form of the perturbed metric:

Bo = 2S84 (5.104)

Sfl=c(r)sf . (5.105)

As the trace of Sf vanishes, 5.76 vanishes completely, thus giving no density per-
turbation in 5.77, and corresponding to an effective ‘rotational’ perturbation. Applying
the same procedure as before, one solves for the velocity perturbation from the above,
obtaining:

5™ = i 5°
YT st s o sen” (5.106)
such that for » « 1:
Sv° = LS%; p = § (5.107)
M
o N e
o cothr — 1 ’ (5.108)

for some constants M and L. This expression thus does not contain the harmonic order,
thus imposing no restriction thereto and hence being applicable to all orders. Considering
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all the above scenarios, it is found that the velocity perturbation is either damped with
time, or decreases as S™'; while the metric perturbation are always damped with tiine

(see [4]).

Case II1: Tensor Perturbations

As before, one transforms the tensor perturbation variable h,p of 5.24 in section 5.2 into
a new variable d(7) and the tensorial harmonics via:

hop = 3G (5.109)

to obtain the simple perturbed metric:

Srl=dnyGf . (5.110)
Solving as before, one obtains:
dr) = nEelnT) o rho (5.111)
sinh 7 3
d(r}) = Nz.—zg—eXp(énf) p=0n > 1 . (5.112)
sinh*(3)

In this case only the metric changes, while the matter remains static and uniformly
distributed throughout space. This classification yields a periodic function for d(r},
thus resulting in gravitational waves propagating at the speed of light, and damped as
S, This results in the corresponding wave energy density (as in terms of amplitude)
decreasing as S, as one would expect.

Advantages and Disadvantages

The above pioneering approach to perturbation theory is readily seen to be conceptually
simple and technically straight-forward. However, it should be noted that, although one
may argue the assumptions to be quite restrictive and even over-simplistic, in doing so
one is able to obtain a heuristic and intuitive feel for gravitational stability analysis and
structure formation. This is indeed the major advantage of the approach.

However, the noticeable disadvantages are the evident gauge dependence - the syn-
chronous gauge was assumed throughout, and spurious gauge modes were unambiguously
alluded to - and the notion of perturbing a relatively unphysical quantity such as the
metric. The latter concern will be dealt with through the covariant approach of the
following chapter, while the former will be attended to through the gauge-invariant for-
mulation of Bardeen [10] later in this chapter. In the meantime, an alternative method
of solution to the above perturbation equations will be explored through the Sachs-Wolfe
direct integration technique.
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5.6 Solution By Direct Integration

Thus far the approach adopted entailed an ab initio ansatz form for the perturbed metric
in terms of scalar, vector and tensorial quantities determined through substitution into
the field equations. The approach of this section as illustrated through the pioneering
work of Sachs and Wolfe [7], utilises what may in theory appear as the most logical
solution to the problem, namely direct integration of the quantity §fy,. However, in
practice the technicalities of this method involve Fourier transforms, and ultimately
arbitrary constants (scalars, vectors and tensors) arising from the integration which
necessarily satisfy properties analogous to those of the ansatz quantities in the previous
approach. «

This section thus closely follows the Sachs-Wolfe paper of 1967 [7], not only as a ref-
erence to the direct integration method, but also the important result derived therefrom,
namely the well-known Sachs-Wolfe Effect. B

The direct integration method is used in the case of a flat (K = 0) FRW model
incorporating equations of state p = 0 and p = %pa} and ultimately used to investigate
angular variations of the cosmic microwave background. '

Instead of implicitly including the scale factor into the perturbed metric as in 5.67,
one can define the perturbed metric by in terms of the above as:

1
t‘la() = §2_5fab s (5113)
so that:

ds?® = 52(7)[nay + hap)dz®dz® | (5.114)
where 1, is the Minkowski metric due to the flat space scenario K = 0. Secondly,
assuming co-moving co-ordinates z®, one has the comoving velocity as:

a

5&
ut = 2

S
Starting then, as before, with the perturbed Einstein Field Equations 5.154, and
making the perfect fluid assumption, one obtains for the ‘fat’ universe (K = 0):

{5.115)

P+ pYuedu® 4+ ubdu,) + (8p + dpju,ub + dpdd =
gbr (1% = hEGE, + B+ hd g8, — i — o5,
12 it + .
+ (4% — 255 ) 65090 — & (n" + 104 — (h3))
+55 (200, - 1) 58
One now wishes to solve for the perturbed quantity h,, from the above equations.
As mentioned, the approach adopted here effectively amounts to integrating the above
equations, which thus ultimately leads to the introduction of arbitrary scalar, tensor
and vector quantities, although in a much less generalised and indirect sense than that

outlined in section 5.2. As these equations are linear, one proceeds to solve for them by
assuming the following Fourier transforms:

o~

5!

(5.116)

100



heo = / Hoo(k7)e ¥ = a3, (5.117)
hag = / Hop(kr)e*=d®k (5.118)

where k = [k, k = k% being the wave vector; and such that the tensors Hoz, Hao and
k2 all obey the following regularity conditions:

Hopk®kP = k'o(k,7) (5.119)

Hogk? = Kpo(k,7) {5.120)

H® = Klq(k, 1) (5.121)

Hyok® = —ik’m(k,7) (5.122)
P = k- k

= —kak® | (5.123)

where o, p, ¢ and m are to be generalised functions to coincide with continuous, ordinary
functions in a small neighbourhood of &£ = 0. These functions are called ‘moment func-
tions’, and the above constraints are called the ‘moment conditions’. These conditions
guarantee the uniqueness of the following splitting:

H{kT)po = na-+imkg (5.124)
nek® = 0 , (5.125)

and similarly for the the transverse and longitudinal tensor decompositions of the remain-
ing components, as highlighted in the previous section. As mentioned, in solving for 5.116
using this method will generate some arbitrary constants, the exact form of which will
depend on the initial conditions {from separate scalar, vector and tensor perturbations)
of the system under consideration. These will be different according to which equation
of state is chosen. For the equation of state p = 0 one requires two arbitrary scalars
A(z?), B(z®); a vector function C{s:")’g and tensor function D(z*)?” which satisfy:

c = 0 (5.126)

Dop = Dga (5.127)

De =0 (5.128)

D" = 0 (5.129)
(%—agaf‘) Dog = 0 . (5.130)

For the equation of state p = %p, one also requires the above functional vector and
tensor, but a single scalar function E(z®) which satisfies:

101



82
( 53 a‘,,a"-) E=0 . (5.131)

One can then prove, using the above results, that all solutions to 5.116 and which a,iso
obey the moment conditions have the form:

Case:p=20
19 T 0,0*
- . 4+ Cp.
hep = ( '8) (8 7 ) (Cosp + Clga)
Aag 72
: w5 — -—-B 5.132
3 T8 - 35 (5.132)
*’?*a{} = _2(9#(3 Ca (5133)
6A 3B
- I = 5134
50 a o (%5 - o) (5.134)
where Hy is the present day value for Hubble’s constant.
Case I p= 3p
' D 8
hop = :g - (?‘8@8‘}' + —) (Cop + Cpio)
2 9 a8 Naf 8E)
e ( 2 72 9r (5.135)
2 9 OFE.
— 14 ¥ -2 Ve
hao = —8,0"Cat o n <f = ) (5.136)
L HZ2 8 [, 8 (1 OF
o0 =3 4 ar [ ar \ 72 87);] ‘ (5137)

Moreover, this form of the solutions is true only up to a gauge transformation; the
relevant gauge and co-ordinate frame in which the solutions hold being fixed up to the
group of transformations:

= Ut 4 (5.138)

where c® is a constant vector, and /¢ is a constant unitary transformation. Hence these
results are not gauge-invariant, and one is thus obliged to keep track of the relevant
gauge in all subsequent resulis.

In the above, the tensor D,z corresponds to a generating function for gravitational
waves having two degrees of freedom by the restriction 5.130. One can show that, for
kT > 1, such a gravitational wave emitted at time 7 and received at time 75 is redshifted
by an amount:

S(7r)

Z A1 =
S{tE)

(5.139)
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In addition, one can also show that the remaining terms in the solutions for p = 0
have direct Newtonian analogues in the Navier-Stokes equations; while the vector Cy, is
related to the vorticity tensor wyg as follows:

P=0: wap = 7-V*(Cpa—Cpa)
=4 wap = QHRV (Cho—Cha - (5.140)
Wag = 0

These relations, along with the moment conditions and the divergenceless assumption
of C,, show that the vorticity tensor at any fixed 7 and C, uniquely derel mine each other,
thus giving rise to rotational perturbations.

Considering energy density perturbations for case I via equation 5.134, one observes
that the energy density can either increase or decrease, depending on the scalar functions
A and B. One can argue here for the former, based on observational evidence for galaxy
clusters; however these results are only accurate for calculating the gravitational field of
an energy ‘lump’, but not of its internal structure. For the density perturbations of case
IT via equation 5.137 one obtains density waves which are either increasing or decreasing,
and are redshifted in the same way as for gravitational and electromagnetic waves. One
can now proceed to integrate the geodesic equations using equations 5.114 and 5.115,
obtaining:

d( dx? dasb) 1 dzb dz¢

, h = = fpe g — 5.141
This vields, to zero order:
d?

where v is an affine parameter, and the subscript (0) indicates that this is an unper-
turbed quantity. Considering then a light signal emitted and received at (TE, z%}, (Tr,0)
respectively; equation 5.142 is integrated to yield:

T(@) = TR —V V (5143)

xly = v, (5.144)

(5.145)

such that [, = —1; [% = cst being a constant unit vector representing to zero order the

spatial direction of the light signal as seen by an observer moving with the fluid. This
then yields the zero order tangent vector as:

o= (=1,1%) . (5.146)

The first order conformal time correction 7(yy to 7(g) (which is all that will be used
from this in subsequent analysis} then becomes, from equation 5.141:

dr -1 Y 8k oh
el £ R o : 9fi jay8 _ 9060,
pau (haoe )(0)—{— 2/0 ( 5 %7 -2 - { >(0) du (5.147)
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such that all the quantities in the integral are evaluated at the unperturbed x?e)(u). This
leads to a redshift correct to first order terms of:

1= 20 {1 - w1-/m " (%mﬂ - 2§§5_@zﬁ) duj . (5.148)
S{rg) 2 Js ar ar )

On account of this being a physically observable quantity, one would expect it to be
invariant under the gauge transformation defined in terms of infinitesimal translations
T% = g% — (® as defined in the preceding literature. A simple calculation shows this
indeed to be the case.

One can now proceed to estimations of angular variations in the microwave radiation,
culminating in the highly significant Sachs- Wolfe effect. This can be shown to be caused
by the density fluctuations dp which in turn contribute to the gravitational field by
equation 5.134 which consequently causes a change in the redshift as in equation 5.148;
if this microwave radiation is then cosmological, it shows a corresponding variation of
temperature with angle. In demonstrating this result, one needs to make the following
assumptions:

e i)the present value of Hubble’s parameter is taken to be 10719 year~1;

e ii)density fluctuations on the scale of less than 10% light years are ignored, and it
is assumed that at present (7z = 1) for some scale L ~ 10% — 10 light years there
are density variations %9 of the order of ten percent;

e iii)The assumed appropriate background model has p = 0, and with the microwave
radiation giving a negligible contribution to p.

¢ iv) Only density perturbations of the relatively increasing type are assumed rele-
vant.

o v} It is assumed that at some 75 < % in the gauge frame of equation 5.134 the

microwave radiation as measured by observers moving with a gas of p = 0 was
isothermal with temperature T independent of the position z%. It is further as-
suiped that since the ‘time’ 7 no significant Thompson scattering of the microwave
background has taken place; it will be further assumed that 75 =~ :—31—0; this all being
done using the relationship: :

Tr _ S(rs) _ s°
Tz S(rr)  7R®

which holds exactly in the background model.

~ 1077 | ' (5.149)

The rather conservative nature of the above assumptions is intended at gaining a
lower limit of the microwave radiation anisotropy. A caveat regarding the physicality
of intrinsic uniformity is in assumption v}, stating that any intrinsic variations in tem-
perature emissions could easily dominate the subsequent analysed effects. Secondly, it
is noted that this assumption is not gauge-invariant under the relevant fixed gauge of
equation 5.134; hence this assumption only becomes meaningful when analysed within
the same gauge of 5.134.
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Proceeding thence, and using results from standard geometric optics, one can derive
the relationship between the emitted and observed (received) temperatures Ty and Tg
respectively, and the redshift z; obtaining the following exact expression:

Th = Tz

; (5.150)

demonstrating the inverse relationship between the observed temperature and the red-
shift expression z + 1. Using this and equations 5.148, 5.149 one thus derives, to first
order:

T, TE )
Ty — TE ( 2/n E(ahaﬂlalﬁ 6{;130113) du)
% {0}

- Tn 1+1f””’5 (8f‘“§z@zﬁ 3"*”’%5) dul | (5.151)
2 4] ar ar (0} R

so that one must have, to first order, the following relation:

(5& _ /m-rz: (81@03 jogh 81150 lﬂ> du
Tr 2 ‘6‘7 (0)

= 7 {(B IMYr7r — (Bol®)eTE + Br — Bg] (5.152)
where in the last step equation 5.134 has been used together with the assumptions iii) and
iv) above which themselves result in A = Cy = Dyg = 0 in 5.134. One can now proceed
to analyse heuristically the four separate terms in equation 5.152. It thus transpires
that the first two terms are Doppler-type terms; the second being negligible small, and
essentially a Doppler correction for the world velocity of the source. The last two terms,
which are the most interesting, are similar to gravitational redshift terms on account of
B behaving analogously to a Newtonian potential: one can consider §p at the present
time to be the source of this potential. An heuristic approximation can then be made
for the magnitude of these last two terms, the result being:

6Tr

Tr
which, as earlier stated, is a lower order estimate. This temperature anisotropy consti-
tutes the Sachs-Wolfe effect. It must be emphasised though that Cosmology, especially
Observational Cosmology, has come a long way since this modest estimate. Indeed, with
the observations of COBE [18] and subsequently BOOMERanG over the past decade, the
above estimate, as well as the analysis, have been considerably refined: with the latest
BOOMERanG results ([23],[24]) an observed anisotropy of ATy = (69 + 8)uK peaking
at the Legendre multipole of I,e. = 197 4 6 was reported, the measurements taken over
a sixty degree portion of the sky. As mentioned in the introduction, the developments
of the last decade indeed merit an extensive treatment of their own, as they have rev-
olutionised modern Cosmology, providing ever more credible evidence for the Big Bang
theory and ever increasing support for the inflationary scenario. In the context of this

~0.005 , (5.153)
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thesis, is must also be stressed that the CMB anisotropy is the ultimate evidence for the
whole theory of structure formation, and thus vindication of Perturbation Theory.

5.7 Gauge-Invariant Formulation

Having explored thus the merits and disadvantages of the gauge-related formalism, one
can consider the natural obviation of the associated gauge difficulties, namely the formu-
lation of gauge-invariant variables. This problem was tackled exhaustively by Bardeen
in his seminal 1980 paper [10]. His approach is mathematically elegant, consistent and
rigorous, and will be expounded upon later. A criticism which has been levelled at this
formulation, though, is the aspect of the cumbersome technical mathematical complexity
thereof; and as a consequence, the difficulty encountered in interpreting the physicali-
ty of his variables which take on a rather contrived appearance. Upon studying the
gauge problem though, one is compelled to concede the inevitability of such a technically
demanding formalism.

Indeed, credit should be given for the boldness in tackling the gauge problem head-
on, and the consequent emergence of a formalisin which, though technically awkward,
has as its primary advantage direct practical applicability. Thus the true beauty and
physical relevance of the formalism can only be appreciated through application. As an
introduction to the gauge-invariant approach, it is preferable first to formulate a simple
theory regarding the formulation of gauge-invariant equations; for the sake of simplicity,
this will be done for scalar perturbations only, and using the gauge-invariant scalar
variables A, B defined earlier. The ideas behind the scalar formulation are then readily
extendable to vector and tensor perturbations.

5.7.1 Gauge-Invariant Formulation of the Field equations

Having established and clarified the nature of gauge transformations, one is now in a
position to derive a gauge-invariant form of the field equations. This is done by initially
calculating the first order variation of the field equations in their various components,
and proceeding thence to the construction of an analogous gauge-invariant form by using
the gauge-invariant variables of the previous section, for the case of scalar perturbations
only. The ensuing analysis follows [17] closely. As before, the background model is chosen
to be FRW around which one has the linearised equations:

BrGOTY = §G,
= 613’.,‘}—%5}25;}‘ . (5.154)

Now, for metric perturbations the Einstein tensor can be Taylor expanded as:"

G4 =G 3G +. . (5.155)

where G(%}a is the background quantity. Note that the variation entailed in the above ex-
pression is calculated by linearising about the background metric; that is, by disregarding
quantities which are quadratic or of higher order in the perturbation variables. Hence,
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using equations 4.103, 4.104 and 4.105 one performs the linearised variation on them in
terms of the perturbed metric, obtaining the following variations (non gauge-invariant)
of the Einstein tensor in terms of the previously derived gauge-invariant variables.

5G% = g [~IH(HA+ B)+ V2B + 3KB + JU(=H'+ M+ K) (i ~ )]
~ (5.156)
iG8, = '5?5 [’}{A + B+ (W -H - K)(¢ - &‘)] (5.157)
565 = -5 {[(@H - HA L HA ¢ BT U~ KB+ 54 - 5)|
1
(" = HH = HP = KH) () — 1)0% — S0 (A - B);vﬁ} , (5.158)

Where H = % is the Hubble parameter; the prime sign indicating differentiation with
respect to 7, a ‘dot’ superscript indicating diflerentiation with respect to co-ordinate
time ¢, as in the preceding chapter. These equations are readily seen to be non-gauge-
invariant; indeed, under the infinitesimal co-ordinate transformation 5.40 they transform
as:

§G% = 8GY - (GYy¢° (5.159)
5G% 5@34@3%0@)@ (5.160)
§G5 — 0G5 - (G . (5.161)

This suggests that one define the following gauge-invariant quantities:

(SG(()gi)O - 5(}8 + (Gg)’(@{, — }e{‘!) (5.162)
§GL° = 560 4 (GY - %Gg)(?f»’ ~ ) (5.163)
SGYI = = 6G§+(GY) (W~ K) - (5.164)

Note that this form is purely arbitrary - it is quite evident that there is no unique
gauge-invariant form; indeed, as will be seen later, Bardeen [10] makes a different choice.
For the energy-momentum equations the matter is assumed to be hydrodynamical. More
particularly, a perfect Buid will be assumed, as before:

T4 = (p +pJuup + pdfy (5.165)
the variation of which yields:

6T = —dp (5.166)

T% = —(p+p)S ou, (5.167)

0Ty = 6pé% . (5.168)
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One should note here that, in general, p will be a function of both the energy density p

and the entropy &; hence:

ép

where ¢; can be interpreted as

_ (9p o :
= <%> -0 + (&f) {00 {5.169)
= c2p+Téo (5.170)

the speed of sound, and 7" is the temperature. Now, as

with the Einstein tensor components, one can construct the following gauge-invariant
variables for the energy-momentum tensor:

309 = bp+ o' (9 - k) (5.171)
5},3(9??} = p+p(—«) (5.172)
uld? = Sug + S - K (5.173)
so that:
STE = GT9 + (1Y (% - <)
= §ple) (5.174)
ST = T+ (19 - 3TN - )a
= (p+p)S~touls) (5.175)
6*}}593)(1 — 6T§ + (Tg)l(w - &f)
- _(5p(gi)5§ . (5.176)

Combined, the above sets of equations thus yield a fully gauge-invariant analogous form

for the Einstein field equations:

8rGoT " = G\ (5.177)

Writing out both sides of these equations in full, one obtains:

4nGS%5plY =
47GS(p + p)duld? =
4rGS%pllsy =

SH(HA+ B') - V?*B+3KB (5.178)
~(HA+ B') o (5.179)
- [(im' +HO)A+HA + B" + 2HB

1
~KB + §V2(A - B)| 6% + -é—oa“’(A - B}, . (5.180)

In the last equation, the absence of non-diagonal terms leads to A = B. This leads the
following simplification of the above equations:
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V2A - 3HA - 3(H? - K)A = —4nGS%5pl9Y) (5.181)
(SA) , = —4nGS?*(p+ p)ou? (5.182)
A"+ 3HA + QH' +H' - K)A = —4nGS%pl9) (5.183)

One can now combine equations 5.170 with 5.181 and 5.183 to obtain a single equation:

A" 3H(1+ ) A — 2 V2A+ [2?{’ + (1 + 3¢, 1) (H? - K)} A= —4xGS*Tso . (5.184)

Similarly, one may obtain an evolution equation for the gauge-invariant variable B;
‘or as done by Bardeen, formulate a gauge-invariant variable for the matter, and obtain
an evolution equation for this, as will be seen later.

From these equations, the gauge-invariant evolution equations of any desired per-
turbed quantity can be obtained. However, the above is fully general: in application,
one needs to expand the perturbation variables in terms of the spherical harmonics, and
manipulate the form of the equations to yield equations which are technically amenable
to clear interpretation of, and insight into that particular situation. This will be seen in
the Bardeen approach of the following section.

5.7.2 The Bardeen Formalism

The modus operandi adopted in the Bardeen formalism is essentially that of the preceding
sections, in that the standard metric perturbation form is assumed. The aim of the
Bardeen approach is to circumvent the gauge problem. In the preceding sections various
gauge-invariant quantities and equations were developed within specialised, simplistic
cases devised for the sake of clarity. In this section the gauge-problem is extended
to full generality, encompassing vector and tensor perturbations in addition to scalar
perturbations. The consequent formulations, particularly that of the gauge-invariant
quantities, are practically motivated within a physical context, admitting then a fairly
straight-forward application to any desired physical context.

One may motivate the ensuing formalism by addressing the following flaws and prob-
lems in the preceding direct metric perturbation approaches.

e Physical interpretation of density perturbations which are larger than the particle
horizon (at early times in the universe); which is relevant in explaining perturba-
tions which give rise to galaxy formation.

e The principal problem of gauge freedom, as already explained.

e Choice of pertinent, physically meaningful, and unambiguous hypersurface ‘slicing’.

These will be elucidated upon in detail in due course. ,

One thus desires a formalism which is gauge-invariant and solves the above problems,
constructing in the process a framework for studying the evolution of physical pertur-
bations. This, as before, entails the formulation of geometric quantities from the metric
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in terms of separate scalar, vector and tensor perturbations. For scalar perturbations
in general, which transpire as the most useful, the relevant variables are the following
gauge-invariantly formulated quantities:

e the velocity amplitude

® the entropy amplitude

the anisotropic stress amplitude

the fractional energy density perturbation in the comoving frame

Physical perturbations relative to any well-defined set of hypersurfaces, such as co-
moving, zero shear or uniform-Hubble-constant hypersurfaces, can then be represented
by appropriate combinations of these gauge-invariant amplitudes.

In the course of the study the following standard assumptions will be made:

o Perfect fluid matter description
s Robertson-Walker background metric

e A non-zero cosmological constant

The assumption of a homogeneous and isotropic background permits the separation
of time from spatial dependence of perturbations of various quantities, with spatial so-
lutions related to solutions of the generalised Helmholtz equation, resulting in scalar
perturbations being represented in terms of four-dimensional (scalar) harmonics, as in
the Lifshitz-Khalatnikov approach. In the previous section, this was implicitly assumed
and incorporated into the perturbation quantities contained in éf,,. The reason for ex-
panding in terms of the harmonics is that they form a complete basis for the space-time;
consequently, any quantity defined in the space-time can be expanded in terms of these
guantities. Such bases are however, not unique, so one is at liberty to choose a basis
which has a structure amenable to the context, namely that of quantities derived in terms
of the Einstein Field Equations - this turns out to be the Helmholtz condition stipulated
above. All vector and tensor quantities associated with such a scalar perturbation can
then, as with the Lifshitz-Khalatnikov [4] approach, be formulated in terms of covariant
derivatives (with respect to the spatial part of the metric) of the scalar harmonics. An
analogous result follows for vector and tensor perturbations in terms of the vector and
tensor harmonics respectively. Hence,. in the following theory, it will be assumed that
any given quantity defined on the manifold can be written as a linear combination of
the appropriately harmonic-constructed quantities, with co-efficients as functions of the
conformal time. Consequently, the scalar harmonics @ have to obey equation B.1 in
Appendix B; where &k is the wave number. This wave number sets the spatial scale of
the perturbation relative to the comoving background co-ordinates. Note that this is a
consideration which has to feature in practical calculations, but which is absent from the
more generic approach of the previous section. Vector and tensorial quantities associated
with these scalar harmonics @ can then be defined in a consistent way, as developed in
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appendix B; likewise for the vector S, and tensor harmonics G,5. Then by equations 5.6
and 5.15 one can decompose any spatial vector V, and tensor H,g as follows:

Va = é’;a + Boz

- V(S)(T)QQ + V(U}(f)su (5.185)
Huop = ADgppd+ 23(0;;3) + Wag
= HO(r)Qop + HYV(1)Sap + HY(1)Gop (5.186)

where covariant differentiation is taken with respect to the spatial metric ong; Sy is
solenoidal, and W,z is trace-free and transverse. The superscripts (s), (v) and (t) stand
for ‘scalar’, ‘vector’ and ‘tensor’ respectively, referring to the scalar, vector and tensor
perturbation contributions. These decompositions are then inserted into the perturbed
metric form according to equation 5.25:

ds® = §%(r) [—(1 +2A(1)Q)dr? — 2 (B(S) (1) Qa + BY)(1)S, ) da®dr
+ ((1+ Hyryoas + 2 (HZ (1) Qas + Hip) (T)Sas

+H{ (7)Gap ) ) du®dz ]
(5.187)

Naturally, the matter, via the energy-momentum tensor, has to be perturbed sepa-
rately: hence, analogous to the gravitational perturbations above, one can define a matter
perturbation to the overall background energy density pg and pressure pg, assuming a
perfect fluid matter description, as:

p = polr)[1+8(r)Q] ’ (5.188)
p = polri[l+n (r)Q] |, (5.189)

and secondly, the perturbed four-velocity:

u® = 0y

= S+ 9

= $7 o) Q* + v (1)5°] (5.190)
w o= STH1 - AQ) (5.191)

where u%(*) is the background velocity time component, while the vectorial decomposition
5.6 has been used. One can then define the entropy perturbation n(7)Q as the difference
between the fractional pressure perturbation and the background pressure-energy density
relation:
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nrQ = (m,--’?ﬂiiﬁa)g

= Z(Wr, - &80 . T (5.102)

. Note that if a generic matter description were assumed, one would require further per-

turbation variables corresponding to the anisotropic stress terms w,ps in the energy-
momentum tensor:

Mo = Po (’N;a,@ 4 Sa;g -+ Tag] -+ Pgoaﬁ
= po [ Qop + 71,Q00p + 1 Sap + 1 Gag| +Pooap ,  (5.193)

where the tensorial decomposition 5.15 has been used. Similarly, for the energy flux gq:

o = Gt Sa
Py [£(1) Qu + fO)(7)S] (5.194)

]

using the vector decomposition 5.6 again. Note that the imposition v (7) = 0 cor-
responds to what is termed the comoving gauge as described earlier; termed as such,
because this stipulation implies zero energy flux, consequently implying a gauge in the
rest frame of the matter. '

Scalar Perturbations

Analogous to the Brandenberger et al approach of section 5.2, and making the following
transformations from those perturbation variables:

= —AQ (5.195)
B
P o= - P Q (5.196)
1
Y o= (H(L}+§H{T))Q {5.19?)
HY)
K = __kf,j}g , (5.198)

one thus obtains, for the perturbed metric in conformal time the following scalar-related

contributions to the gravitational perturbations:

g0 = —S*[1+24Q] (5.199)
5‘2
Goa = ',;‘B(S)Q,a
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= -52BWg, (5.200)
1
52 {(1“{‘2[}{(}3} +§H{T)]Q) Oap + 2—— {T}Qa J

i

Gaps
= 52 {(1+2§<L)Q}%5+2H§;’)Qa§} . (5.201)

The associated matter perturbations are:

L = -p T (5.202)
T = poll + 7, Q163 + por'y) Q8 (5.203)
T8 = —(po+ po)v'® Q” (5.204)
TY = (po+po) (! — BUHYQ, (5.205)

These, together with the velocity perturbation equation yield the set of unknown
quantities A, B($), Hry, H((;%, v8)(7) and §(r) which are the desired arbitrary functions
of conformal time. In the above and henceforth, the superscript (s) indicates quantities
associated strictly with scalar perturbations.

The subscripts ‘L’ and ‘T’ stand for ‘longitudinal’ and ‘transverse’, corresponding
to the associated gauge-choices obtained by setting these respectively equal to zero.
A noteworthy point here is that, in the alternative ADM formalism of section 4.5.2,
the quantity S2AQ corresponds to the lapse function N, while the quantity S?BQ,
corresponds to the shift vector N,. This fact can be used to obtain a more geometrical
interpretation of the subsequently derived results. Note that in terms of the above, the
quantities defined through equations 5.20 and 5.21 take on the following form:

FAN (H(gg %B) 0 (5.206)
Hepy' + YHepy
K = - (3 (—%——{-ﬂ +ZS?£A> +L;§;) Q . (5.207)

As mentioned earlier, these are the perturbation generator of the traceless part, and
perturbation to the trace respectively of the extrinsic curvature; that is, the shear in the
normal world lines. Now, in order to introduce the gauge-problem, and consequently
develop gauge-invariant variables, one has to consider an arbitrary co-ordinate transfor-
mation, as done in the preceding sections:

TI(r)Q (5.208)
I = 2%+ LYo~ | (5.209)

‘?-.'

i

this being motivated by the interpretation of a gauge transformation as a co-ordinate
transformation induced by a change in correspondence between the background and
physically perturbed space-times. It is important to note here that, owing to the homo-
geneity and isotropy of the background spatial part of the space-time, perturbations of all
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physical quantities must be gauge-invariant under purely spatial gauge transformations.
However, as the background also evolves in time, perturbations to physical quantities,
even space-time scalars in the physical space-time, will in general not be gauge-invariant
under time gauge transformations.

The above co-ordinate transformation now enables one to study the transformation
properties of the above perturbation variables. For scalar perturbations the variables
then transform in the following way:

— S’

A = A-T-T% (5.210)
BY = BO 4O 4T (5.211)
— ‘ k s
. o= H -I¥- -7 5.212
Hp Hyp ~ L 7 3 ( )
Y = HY 4509 (5.213)
as well as:
sge ~ 4 rige (5.214)
dr ‘
= x EU r [4
p(T) = po(r)[1+ (0 +TE,§)Q] (5.215)
§ = §+301+ W)Tg- (5.216)
T, o= +3(1+W)§£§T (5.217)
where:
W=D 2o 0 (5.218)
Po dpo ’

Arguing then for the necessity through physicality of gauge-invariant quantities, one can
formulate the following gauge-invariant quantities: -

1., 18 L s S . )
by = A+§B(s)+é—s—3(s)—- 3 (H(;,)+-S-H,7f (5.219)
1 ¢y 18 1S s .

These equate to the gauge-invariant variables defined in section 5.2 as equations 5.50
and 5.51 via the transformations 5.195 - 5.198, and can be interpreted as a lapse function
perturbation and curvature perturbation respectively in the ADM formalism provided that
the hypersurfaces are chosen so as to make L = 0, where L is defined through equation
5.206. One can also define a gauge-invariant velocity variable:
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() () _ g
V) =0 T g Hm
a variable which is then physically interpreted in terms of the shear of the matter field.
For the energy density perturbation amplitude 4, one then requires a gauge-invariant
quantity which will reduce to d as soon as the perturbation comes within the particle

horizon: +2 « 1. Two possibilities can separately be considered:
ES y , A

(5.221)

S

em = 5+3(1+W)%§( (5) _ gl (5.222)
e, = 6-3(1+ W)%g (st} - %Héf’) , (5.223)

where B(¥) is interpreted as the three-velocity amplitude of world lines orthcsgoné,} to the
hypersurfaces 7 = cst. The expression ¢,, is also equal to é in any gauge where vi8) = BG)
and thus when the matter world lines are orthogonal to T = cst hypersurfaces; it is
consequently regarded as the natural choice of energy density gauge-invariant amplitude
from a matter perspective. '

One can then show that the expression £, measures energy density perturbations
relative to hypersurfaces whose normal unit vectors have zero shear, which is thus a
geometrically selected hypersurface as close as possible to the Newtonian “time-slicing”.
One can then also show that once the perturbation is well within the particle horizon,
the difference between the above two energy density expressions is relatively small.

Vector Perturbations

Similarly, for vector perturbations one can perform the following transformation from
5.23:

Ay = BWYS, (5.224)
: 1)
B, = -—é}“{{;}sa , (5.225)

yielding the following form of the perturbed metric:

ge = —S5°BWS, (5.226)
9o = S?[oas +2H{Sag] . (5.227)

The matter components are thus:

T2 = (po+po)(v™ — BM)S, (5.228)
T§ = po(d5 + 7S | (5.229)
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where the superscript (v) is used here and henceforth to indicate quantities associated
with vector perturbations. One then, as for scalar perturbations, considers the arbitrary
co-ordinate transformation:

7% = 2% + LU(r)8> | (5.230)
yielding the transformations:

BY — o) jm (5.231)

7Y = W kL (5.232)

7 = 4 L) (5.233)

with the following gauge-invariant metric tensor amplitude:

1 , .
¥ =B - EH,}) \ (5.234)

which, when multiplied by %, gives the amplitude of the shear of the normals to 7 = cst
hypersurfaces. As for the scalar perturbation case, one has the following two matter
gauge-invariant velocity perturbations:

] L )
W = o= Lag (5.235)

(v) .
”(:;)) = o - gl

= oM ¥ | (5.236)

where the first velocity is related, as before, to the shear; while the second one is relative
to the normals of 7 = ¢st hypersurfaces.

Tensor Perturbations

Finally, for tensor perturbations one has quantities which affect only the traceless parts
of the spatial metric and stress tensors. Using the following transformation from the
variables of 5.24:

hap = —-QH{(%QQQ . (5.237)

one has the perturbed metric as:
Gop = 5% |0ag + 2HY (7)Gas] (5.238)
T§ = po 6§ +mP(1)Gg] (5.239)

such that P is the background pressure; the superscript (t) is used here and henceforth
to indicate quantities associated with tensorial perturbations. Since no three-vector or
scalar can be formed from the tensor harmonics, the amplitudes H;(f), m}z) are automat-

ically gauge-invariant.
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The Kinematic and Curvature QQuantities in Terms of the Bardeen Variables

In terms of the above-defined perturbation variables, one can derive expressions for the
various kinematic quantities; these are calculated from the definition of these quantities
and direct substitution of the fully generalised perturbed metric into the field equations.
The results are:

® = O+ 60
3 s k
- il ) il (3)) 5.24
9‘”‘5( c A+ Q (5.240)
S 3 S
0o = (@ aia+ V(S — ;«:@A) Qo + (’u(c)} + -S—v((f))) Sa (5.241)
0ap = S(=kvl})Qap — kv()Sap + HY Gag) (5.242)
Wap = S’U(C}S[a;ﬁ] . {5.243)

Similarly, for the curvature variables one has:

Gr = (3}R0+5(3)R
= ORy+ = { (k% - 3K) (@H - iv((j;) - 12K§$( ) _ BtH| @

52 kS
(5.244)
5 5?2
DRep = {kgv((j)) + 5 {24 -2p) + —ls,—p?rgf}} Qup + (K + 2KVHYG, 5
S w1 52 s
X (k TUs T 55""1" _W'E‘ )) Sap — ‘§”(c)‘5€a;f3] : (5.245)

while the electric and magnetic parts of the Weyl tensor are computed as:

1
Bag = 3 (.fcz(@ A= 0y)Qap + kW' Spp — [HY" — (k2 + zK)H,}‘}}gag) (5.246)
Hog = =S ( VST ngyoys + HYG ;5?75)076> : (5.247)

For a general matter fluid, one can also naturally express the anisotropic terms in terms
of the Bardeen variables, directly from the field equations:

2k S
ga = -5 [K(Z)*‘ﬂ)?)(()) 52 (‘I)H - —S-;‘I)AH Qo |
+5 [ﬁ(p +p)ve) - 252 5o (K2 — 2K)\If} Sa (5.248)
k? Y
Kgp = - [“3“5(‘1’1{ +d4) Qap + [\I” 4 Q—ST\F} Saip
g .
+ {Hg} +2<Hy Y + (k2+2K)HT] Gap - (5.249)
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In all of the above, the covariant derivative has natuxally been taken with respect to the
spatial metric o4g.

The Perturbation Equations

Having thus formulated the basic gauge-invariant variables, one can proceed to derive
the perturbation equations {to first order) in terms of these. The method is directly anal-
ogous to the Mukhanov et al. [17] approach, performing the first order variation of the
Einstein Field Equations and then reformulating them gauge-invariantly. As mentioned
earlier, there is no unique gauge-invariant formn of the field equations, thus admitting a
natural arbitrariness - indeed, any gauge-invariant choice will suffice. Bardeen chooses
the following gauge-invariant forms:

5GY — %%(mg)?“ (5.250)
5§ - 0306 (5.251)
, (5.252)

-

upon substitution into the perturbed field equations, the resulting equations (see [10])
for scalar perturbations, in terms of the above formulated gauge-invariant variables then
transpire as:

k? - 3K ‘
PoEm = 2-(——5,——2(1);1 (5.253)
(s) k?

poTy = ~ 5 — (D4 + Py) (5.254)

(9, S k(c2em + Wr)  3k(1-3F) 2
U(s) 50(37 = kP4 + % W W (5.255)

‘ K 3K

[,oos?’am} = ~(1-35) +po) Skl — 2(1 - )P §25x{ . (5.256)

These can be combined to form:

(poS3em) + (1 + BCf)g(pgSssm)' + [(k?* = 3K)c? ~ %(ﬂg + p0)S?)(p0S3em)
= (1-35) {~k2(poS%n) + 2[K? + 3(1 + 32) K] (poSPnl)) ,
+2(w — ¢)(p05) (poS*ni) ~ 28(poS>n§) ]

(5.257)
which is the central equation of this formalism. Alternatively, but using the same equa-
tions, one could have derived equations for either ® 4 or ®y. Indeed, on the previous
section an evolution equation was derived for the variable A = ~®4Q (equation 5.184).

Solutions to the Vector Perturbation Equations

Here one has:
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1(k? — 2K)

‘jwqjsa = {(po + po)vcSa (5.258)
. S 4 (v) £ or
Ve = —S—(Bcf - Dy, — kl T (5.259)
for the frame-dragging potential ¥ defined through:
U = 2(k? — 2K) " S*(po + po)ve (5.260)
while the matter evolution equation is:
S |44 »)
B — §(3c§ ~ e =~k ngf \ (5.261)
for the wvortical velocity amplitude v..
Solutions to the Tensor Perturbation Equations
For tensor perturbations one has:
L (w4 = HY 4 (6% + 2K)HY () (5.262)
52 S T | =PoTr A9

where H,}.t ) is interpreted as a gravitational wave amplitude.

Solutions to the Perturbation Equations

The standard K = 0, W = cst perfect fluid solutions are used for the background, as
with the Lifshitz and Khalatnikov [4] approach, and substituted in for S, pg and pg. The
equations are here extended to allow for entropy and anisotropic pressure perturbations
with arbitrary time dependence.

Scalar Perturbations Using then the background solutions together with standard
differential equation techniques (cf. [10]), the solution to equation 5.257 transpires as:

Em:xw{(}”r JET 2 ‘1[ LWW] W'r)] dz

N 3261 , (5.263)
+ (k7)™ [T 2P [-2B(28 + 1)272Wal) + Wn)dz)
such that:
p=_2 (5.264)
C3W +1 '

The form of this solution makes analysis of the contribution of the various quantities
to the energy perturbation rather convenient; the following features are now readily
evident:
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e The entropy perturbation 5 contributes comparable amounts of both growing and
decaying modes to ;.

o Even if the entropy perturbation turns off at some small ‘time’ k7 < 1, by the time
the perturbation comes within the particle horizon at k7 ~ 1 the decaying mode
becomes insignificant when compared with the growing mode.

» The anisotropic source term ’R’E: }? which is of order (;lc’r)_2 relative to the entropy
perturbation source tern, contributes only to the decaying mode at k7 < 1; in
fact, if this term then disappears at some later time k7 < 1, then by the time
kr = 1 the decaying mode contribution to €, becomes relatively small compared
with the growing mode contribution.

e The perturbation in &, is always small if Wmf.f) & 1; however, the zero-shear
hypersurface distortion amplitude measure ®p is of order (kr)"zem and can thus
be larger than one in magnitude while the anisotropic stress is present, even if
this itself is small compared with the background energy density, as long as the
anisotropic stress is present at every earlier time.

One can then argue heuristically that for ®5 > 1 one could have nonlinear pertur-
bations. However, the question arises as to whether these nonlinear perturbations are
physically significant, and could couple the large amplitude decaying mode to the grow-
ing mode, thus giving a large value for ¢,, at the particle horizon compared with the
previous maximum value of eréf ). This guestion is answered largely by considering the
complete perturbation on different hypersurfaces while the anisotropic stress is present,
or just after it is turned off. One can then consider, separately, the three hypersurface
conditions of zero-shear, comoving, and uniform-Hubble-constant. This is done by trans-
forming to the relevant gauge associated with each of these conditions, facilitated by the
previously developed gauge-invariant variable formalism.

As previously mentioned, for zero-shear hypersurfaces the distortion amplitude ® 3
becomes a measure of the amplitude of metric perturbations, while ®4 measures the
fractional perturbation in the lapse function. Both these together with €, are of order
.(k’r)'2W7r§f ). Here the matter and geometry descriptions are independent of the particle
horizon. :

For comoving hypersurfaces all relative perturbation amplitudes are s mall up until
the time the perturbation enters the particle horizon, provided the perturbation initially
vanishes and subsequent stress perturbations are small: W « 1, er;(r‘S )« 1.

However, for uniform-Hubble-constant hypersurfaces the description of both matter
and geometry changes character depending upon whether the perturbation is larger or
smaller than the particle horizon.

Due to the dependence on the particle horizon in the zero-shear and constant-Hubble-
hypersurface cases, but independence for the co-moving hypersurface case, one needs to
formulate a perturbation amplitude variable which is independent of hypersurface choice,
but still carries physical significance. One such choice is the ratio R of matter shear rate
to expansion rate:
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S (5.265)

The various amplitudes are then compared to this quantity, yielding the following obser-
vations: .

e For the growing mode, the amplitude of the distortion in the intrinsic geometry is
independent of time, and roughly the same in all three hypersurfaces.

e For the decaying mode, the uniform-Hubble-constant hypersurfaces are close to
being synchronous when (lm*)2 < 1.

Vector Perturbations
The solution to the evolution equation 5.261 can be written as:

i kT
S4(po + po) Jo
Due to the fact that S%py o (k'r)z(’g_l}, this solution simplifies to:

Yo = —

St pemi dz (5.266)

kTW (v}
~ 5.267
N TR NW 1) (5.267)
after the anisotropic stress has been on for a few expansion times; and:
: -1 _
ve o [SH(po +po)] ~ (k)HP (5.268)

after it 18 turned off; while at the particle horizon v, is comparable to the maximum
previous value of Wﬂ‘:({? ). From this it can be seen that vector perturbations essentially
exhibit no inberent instabilities and decay in expanding universe scenarios: this makes
them of little interest for practical applications and considerations, as mentioned earlier
in the Lifshitz and Khalatnikov analysis.

Tensor Perturbations
For tensor perturbations the solution to the evolution equation, namely the gravita-

tional wave am'plitude H.nff) , 5.262 is fairly standard, with the constraint that this cannot

ever exceed in order of magnitude the maximum previous value of W’;réf) if Hi.(f} vanishes
at the initial singularity, with ’1‘,-’5—2- < 1.

Hence it is evident that tensorial perturbations amount to nothing more than grav-
itational waves which have a weak coupling to matter, and are quite often red-shifted
away.

In order to gain further insight as to the behaviour and physicality of the gauge-
invariantly defined variables of this approach, as well as to study the contribution of
non-linear effects to the development of the perturbations, one can reformulate the above
equations in terms of the ADM formalism. This assists particularly in the geometrical
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interpretation of the variables. However, the details which are quite involved and not
relevant to the theme of this approach, need not be examined in full here. One can
summarise the results thereof as follows:

e Scalar Perturbations: through the ADM formalism it becomes evident that the evo-
lution equations for linear perturbations are the same as before. The nonlinearities
are unable to alter the linear theory prediction for the spatial Ricci scalar apprecia-
bly, provided W'rr%f) < 1; while the dynamical origin of the nonlinear corrections
to the fractional energy density perturbation is the work done by the anisotropic
stress on shearing the volume element.

e Vector Perturbations: The second order perturbation in the lapse function is s-
mall on uniform-Hubble-constant hypersurfaces; while the dynamically significant
nonlinearities arise in the same manner as for the scalar perturbation case.

e Tensor Perturbations: The potentially largest nonlinear contribution to the frac-
0y 2

tional energy density perturbation is of the order of (%@-) , both when the
anisotropic stress is present and at the particle horizon, regardless of whether the
anisotropic stress is associated with any combination of scalar, vector and tensor
harmonics.

Relevance of the Formalism

Having elucidated upon the details of Bardeen’s formalism, one is now in a position for
evaluation thereof. This is best summarised in terms of advantages and disadvantages:
Advantages:

e The elimination of gauge-dependence, rather than the awkward specification and
ambiguous understanding thereof;

e The unambiguous derivation and formulation of fully gauge-independent variables;

e An approach which is conceptually straightfcfward and mathematically elegant.
Disadvantages:

e As can be seen from the above, the method is techuically and computationally
horrendous;

e The reverse connection back from the gauge-independent form to a specific gauge
(co-ordinate system) wherein other physical processes may be calculated is not
trivial.

e Bardeen’s variables, although elegantly formulated, have a contrived aspect about
them which often makes direct physical interpretation thereof somewhat convoluted
and non-trivial
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Even with the formulation of gauge-invariant variables one realises from the preceding
analysis that the interpretation of the resultant formalism is non-trivial. In the following
chapter this problem is obviated by an alternative approach which develops a formalism
yielding variables which are naturally gauge-invariant ab initio, thus rendering a clearer
and less ambiguous interpretation. '
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Chapter 6 | :

Covariant Perturbation Theory

“Many physical systems are computationally irreducible, so that their own evolution is
effectively the most efficient procedure for determining their future.”
S. Wolfram

6.1 Motivation: the Gauge Problem

To comprehend fully the motivation for the covariant formulation, one requires a closer
look at the the gauge problem, the most noticeable drawback in the preceding theories.
As considered in section 5.3, the metric perturbation approach depended extensively on
a specifically chosen gauge, and as with Bardeen, erudite combinations of the relevant
variables were chosen so as to be gauge-invariant. In this section a more natural approach
will be developed which, by its form, is both automatically gauge-invariant, and more
transparent in its physical interpretation.

One thus returns to the notion of a gauge transformation. In the context of section
5.3 it is appropriate to apply the active definition of a gauge transformation, whereby the
correspondence between a point in the background space-time and the physical space-
time is changed.

Hence, even if a quantity is a scalar under a co-ordinate transformation, the value
of its associated perturbation will not be invariant under gauge transformations if the
quantity is non-zero and co-ordinate dependent in the background space-time; this follows
from the Stewart- Wealker lemma, which will be derived later in the chapter. Consequently,
any derived perturbation equations with residual gauge freedom will have solutions which
can be transformed to zero by an appropriate gauge transformation.

It thus follows that, as with Bardeen [10], in order to avoid such gauge related prob-
lems arising, one should conceive of a formalism which describes the relevant perturba-
tions in a gauge-independent way.

However, as a precursor to the gauge-invarieni covariant formalism, both concep-
tually and historically, it is worthwhile to consider first the covariant approach on its
own, without gauge considerations. In essence this amounts to a study of perturbations
directly to the curvature of the space-time via the linearised field equations. In doing so,
as Hawking [G] argues, one is not considering a mathematically abstract and physical-
ly ambiguous quantity such as the metric, but rather, physically observable quantities
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themselves: the dynamical variables.

Hence, in the ensuing sections the material will closely approximate the historical
development of the field, commencing with the curvature perturbations of Hawking,
proceeding thence to the co-ordinate free formalism of Olson, and finally culminating in
the fully covariant formulations of Ellis et el {[13], [14], [15], [16]) In addition to being
historically correct, this progression is also logically consistent and self-contained.

6.2 Curvature Perturbations

This section closely follows Hawking [6], studying the generalised Field Equations lin-
earised about an FRW, or conformally flat, Background.

6.2.1 Perturbation Equations

By the assumption 6.87 of conformally flat universes, it follows that:

0% = ¥ =9 : ' (6.1)
hepy = hO, = 0 . (6.2)

Assuming also an equation of state p = p(u), one has:

Rlpy=0=1, . (6.3)

This, together with the conformal assumption, yields the class of FRW universes. In the
perturbed model these quantities will be assumed then to be small, so that all products of
them can be ignored: this is essentially a linearisation procedure. It gives, to first order,
the following perturbation evolution equations (see section 4.3; in particular, section
4.3.3):

Ej = é’hgﬁ;& (6.4)

H,' = (p+p)wa (6.5)

- %(P +p)oay = Eu+OFy + h{aﬁb)cdeucff;é;e (6.6)
0 = Hy+ OHy, — h.{anb}cdeucgfd?e (6.7)

0 = —%@2+€a(§“~%(p+p) (6.8)

Wap = —gwa()@ + g B ] ‘ (6.9)

bus = Fas 50w® = shasit* + i hlh (6.10)
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6.2.2 The background Universe

For the equations of state p =0 and p = § the Raychaudhuri and Friedmann equations
can easily be integrated, as done in section 4.6.3. Referring to this section, note that for
the p = 0 case one has for the background:

p+p® = 0 (6.11)

1, 1
- “p = . 6.12
O +30%+ 50 0 (6.12)

Hence, on account of there being no spatial derivatives, each region of the universe
evolves independently. Consequently, perturbations will exist as varying values of the
total energy F in different regions, although the universal average will still be £. From
the above results it then transpires that for a universe having F > 0, any small perturba-
tion will continue to expand indefinitely, not contracting to form a galaxy; for £ < 0 one
can have a small perturbation contracting to form a galaxy. However, the case £ =01is
unstable: one can study this by considering a small region within such a universe having
a small energy perturbation 6 F < 0. Applying then the £ < 0 scenario above to this
region, Taylor expanding 4.132 and using the normalisation M = T%T’ one obtains:

s=21 [p_ L, (6.13)
T ASE 12 '
and similarly:
1 g 10
Consequently:
2
4 126EN3 2

Hence the perturbation grows only as 7% which is not fast enough for galaxy formation.
A similar analysis can be performed for the case p = £.
6.2.3 Rotational and Density Perturbations

Using the momentum conservation equation with the vorticity evolution equation 4.36,
one obtains a rotational perturbation equation:

: 2 p )
w=-w| -0+ —1} . 6.16
(3 p+p (6:10)
Hence, considering again the cases p = £ and p = 0 one obtains the vorticity

magnitude w as being inversely proportional to the scale factor, and scale factor squared
respectively, as can readily be obtained from equation 6.16 after elementary integra-
tion. This shows that rotation, via a vorticity perturbation w, dies away as the universe
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expands, and is thus an expression of the conservation of angular momentum in an ex-

panding universe. For the energy density perturbations one has firstly, for the p = 0
case:
p o= —pO - (617)
- le2 (6.18)
3 20

As a result of these equations containing no spatial derivatives, the density evolutions
in each particular region will be independent. The above solutions for S and ¢ then show
that, for £ > 0, one will have dp > 0 which will continue to expand, not contracting
to form a galaxy; for £ < 0 one can have dp contracting. This contraction will begin
just before the whole universe starts contracting. The only real instability occurs when
E = 0: In this case one has §p « t3 which is not fast enough to produce galaxies even
from statistical fluctuations.

Forp = § one also has the result that a perturbation can only contract if F is
negative. In this case the same results as for Lifshitz and Khalatnikov are obtained.

The Steady-State Universe

For this scenario, following Hoyle and Narlikar [5], one has to add extra terms to the
energy-momentum tensor: ‘

1
Top = puay + phey + CoCy + 59@%0“{ , (6.19)

where the quantities satisfy:

Co = C,4 (6.20)
Y = =J% (6.21)
Jo = (p+pu, , (6.22)

Js being the energy current. Using the corresponding energy and momentum conserva-
tion equations together with the kinematic evolution equations, one obtains the following:

P I '
o ——ol1- ]% . 6.23
' o +p +0(p+p) pF+p +0((p+p) (6.23)

From which it follows that for p > p one has

P +p =01 (p+p)] , (6.24)

which results in p + p — 1. Hence small density perturbations die away. From the
kinematic evolution equations this in turn results in the rotational perturbations also

dying away, as wellas © — 1/3(% — p). This naturally means that galaxies cannot form
from the growth of small perturbations in a steady-state universe.
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Gravitational Waves

One now considers perturbations to the Weyl tensor that do not arise from density or
rotational perturbations; this should give rise to perturbations of the “free” gravitational
field, and hence gravitational waves. From the kinematic evolution equations, one thus

has:
o = H%, = 6.25
B, =H" =0 . (6.25)

This, together with the evolution equations for I, and He yields:

. 7. 4 1
Ey — OViE, + —?;Ea,,@ + B0 + 562 + g(p ~3p)] +
1 1
oab{g@(p +p) + 5({)’ +p)] =0, (6.26)

where (V2 is the spatial Laplacian in the hypersurface ¢ = cst, defined as before:

BV2E,, = ¥ hl h) (hWGhihg Eege) (6.27)

i

Because in the linearised theory one has ®)V2E,, = 0, and which is retracted from
the above equation in empty space when © = g,, = 0; one can attempt to solve 6.26 by
writing E, as the sum of the eigenfunctions of A®):

Eu=Y ADVY (6.28)
such that:
v = o | (6.29)
ab - .
2
n n n
Ovrvg) = v (6.30)
which thus yields:
. 1 ) [2A™  1dSdAMY
Ew="2Y - = . .
b5 4 Yo |0 T Sar ar (6:31)

Similarly:

o=y VEIDO | (6.32)

n

which, from the evolution equation for the shear, results in:

dD™ ) opm 185

dr Sdr

(6.33)

Substituting these into 6.26 one then obtains:
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d?2AM 6dSs dAM + 3
T Sdr dr + A In? ( ) o2 se
+ D\ (p+p)—+-2-(p +p)8%| =0 (6.34)

(6.35)

which can be differentiated again and substituted into for Q%-,S;}; upon which, forn > 1
and § > ;1.;, the following solution obtains:

—eT (6.36)

Interpreting this, one sees that the gravitational field Ey, decreases as %, while the
gravitational energy %(Eag,E“” + H o H) decreases as 'g%?{;

This results in the interaction between the “Weyl field” and gravitational radiation
being equal and opposite to that of matter; resulting in there being no net reaction with

matter. Hence gravitational waves will not be absorbed by a perfect fluid.

Absorption of Gravitational Waves

Assuming there to be a small amount of viscosity in the perfect fluid model, one may rep-
resent this through the introduction of an additional term Aoy to the energy-momentum
tensor such that A is the co-efficient of viscosity. Combined with the amended conserva-
tion equations (which contain extra terms of —2Xo? and Aadjbhg respectively} that thus
result, the evolution equations for E,, and H,; obtain as:

. . 1
Ew+ Eq© + f%{am}cda%cff feo= —5(p+p)oa
1 1
—§>\(Eaf; = "3-0af;@) (6.37)
. . 1
Hgp + Hop© ~ h(/anb)cde“cE;l,e = - E)\Hab

The extra terms on the right hand side of these equations can then be interpreted
as being analogous to conduction terms in Maxwell’'s equations, causing the wave to
decrease by a factor of e~2'. If one now ignores the expansion © and postulates a form
for the gravitational wave as:

B = EDet (6.38)
then the wave will be absorbed in a characteristic time of % independent of the frequency.
Comparing this with the energy conservation equation for the above scenario, one obtains
that the rate of gain of rest-mass energy of the matter will be 2A¢? which, by the evolution
equation for the shear, is equal to 25%3- where v is the gravitational frequency; thus

resulting in the available energy in the wave being %?— This means that the density
of the available energy of gravitational radiation will decrease as S% in an expanding
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universe; thus it is apparent that gravitational radiation behaves very much as that of

. o2
standard radiation fields. Now, by the expansion evolution equation, with ot = %%«
and a radiation energy density of 4%%2—, one obtains:

1 1 1 '
O =-20% - Zps—=(p+3 6.39
3 e~ 5lp+3p) (6.39)

where pg is the gravitational energy density. This means that gravitational radiation
has an active attractive gravitational effect. Such gravitational radiation emitted in an
expanding universe will eventually be absorbed by other matter if [ Adt diverges; which
will certainly be true for the steady-state universe where A is constant. Generally, in
evolutionary universes A will be a function of time.

Advantages and Disadvantages

The above approach of Hawking is seen to be more physically intuitive in that the opera-
tive dynamical physical variables which one would expect to have an explicit influence on
structure formation in the universe are perturbed directly through a perturbation to the
curvature, without recourse to the underlying metric. This is in antithesis to the metric
perturbation approach where the metric is the pivotal mathematical quantity, the per-
turbation to which indirectly determines the perturbations of all physical quantities via
the field equations; in the curvature perturbation approach one has no need to consider
perturbations to the metric at all.

The outstanding problem though, is still that of gauge-invariance; although the above
formalism is covariant, it still contains implicitly the arbitrariness of gauge choice. This
problem will be obviated by application of the Stewart-Walker lemma, later in the chapter.
In addition, several errors have been detected in Hawking’s derivations, particularly in the
gravitational analysis: notably those pointed out by Olson [9], which will be mentioned
shortly, and that of Dunsby et al. [22]. In leading up to the gauge problem, one can
consider a synthesis of the above Hawking approach and that of Lifshitz and Khalatnikov
through the following co-ordinate-free approach of Olson [9].

6.3 A Co-ordinate-Free Formulation

Using the continuity and Raychaudhuri equations one can derive a co-ordinate indepen-
dent evolution equation for linearised energy-density perturbations in a fluid co-moving
frame in a flat FRW universe; an equation which is in terms of proper time. The approach
here, due to Olson [9], initially follows Hawking [6]. Assuming, as before, a perfect fluid
scenario for a FRLW background model universe one has the standard continuity and
linearised Raychaudhuri equations:

0 = p+(p+po (6.40)
1 1
= -592-§k;(p+3p)+u‘§a , (6.41)

and from the momentum conservation:
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(3)gye
o= P (6.42)
ptp
Similarly, one has the following linearised expression for the hypersurface-projected Ricci

scalar G R:

mRzgw_éeﬂ , (6.43)

In the background model, as before, one has:

O = (6.45)
0 = w,0,0% , (6.46)

where the first equation follows from 4.122 with K = A = . Note that the linearisation
is such that products and powers of w,o and 4 are dropped, as these quantities are
assumed to be very small in the real universe which is almost-Robertson-Walker.

6.3.1 The linearised equations

One can express the perturbed ‘real universe’ energy density p in terms of the background
energy density pg and a perturbation §p as follows:
op
pEPMﬂﬂ+;ﬁ , (6.47)
where pg is that function of co-moving proper time which corresponds to the density
in the flat background universe at the proper time t after the big bang, and defined
through equations 6.44 and 6.45 as py = %@8, the ‘zero’ subscript indicating a background
quantity. Bearing this latter expression in mind, one can define a related small quantity
¢, which can be thought of in the linearised theory as a ‘spatial curvature perturbation’,
as follows:

1
pz§Wu+q , (6.48)
this definition being made in the real, perturbed universe. In irrotational models it
becomes, to linear order ¢ = %ﬂ using equations 6.43 and 6.48. In all subsequent work,

The evolution equations for the dynamical quantities are linearised; hence, differentiating
6.48 with respect to proper time and substituting into the result for p, @, p and 4% from
equations 6.40, 6.41, 6.48 and 6.42 respectively, and linearising, one obtains:

2
Vs

Q¢ = (p+ +2
é=(p+p)e .

xe 6.49
- (6.49)

a
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while taking first and second spatial derivatives of 6.40 and linearising, one obtains the
evolution equation:
n2

%(pﬂ))] gp(p+p)52 ) (6.50)

such that X¢ = &a*’p,b, n? is constant, and a plane wave expansion has been made
of . As X¢, can be eliminated from the above, these two equations are sufficient to
determine e. One can also then relate % to ¢ by the continuity equation, depending on
the equation of state. Hence, as with Hawking, one can consider pertinent equations of
state, thus enabling integration of the above equations. For an equation of state p = ap

OX9, = X% 50+

one has S{t) =~ t3%% and polt) = m, and consequently:
€= (té—p) . (6.51)
P
Integrating along the world line of a fundamental observer, one obtains:
L (c + / edt) , (6.52)
P

such that C is an arbitrary constant of integration, which thus gives rise to an inher-
ent arbitrariness in gauge; hence the gauge problein is still not fully eliminated in this
formalism.

6.3.2 Consequences

Upon integrating the above linearised equations, having assumed an equation of state
p = ap , one discovers a non-oscillatory decaying mode gf ~ % for the cases: p=0, p=
p, p = £. It is readily evident from equation 6.51 that only for this decaying mode does
the quantity e vanish; however, the interpretation of this mode is complicated by the
additional degree of freedom inherent in the proper, co-moving time ¢ in the definition
of the density perturbation. This follows from the fact that the quantity:

th=t+t , (6.53)

where ¢ satisfies ¢ ,u® = 0, and also represents co-moving proper time. Consequently,
for the equation of state p = ap, this equivalent proper time results in:

b, ' S 4t (6.54)

P P Y t
Hence it follows that, by a suitable choice of ¢, one can have the density perturbation
vanishing, while the quantity e remains unchanged. Hence one can view the decaying
mode as being ‘real’ if it can be removed from éﬁ only by a suitably chosen ty, but not

from the other quantities; and ‘fictitious’ if it can be removed entirely from all quantities.
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Advantages and Disadvantages

The above analysis of Olson [9] is in keeping with that of Hawking [6] in so far as a
non-metric perturbation is concerned, but focuses specifically on density perturbation-
s. Naturally one would desire a formalism which incorporates perturbations to all the
dynamical variables: this will be generalised later. Also, although fully covariant in
the direct treatment of curvature perturbations as opposed to metric perturbations it
is, nonetheless, still not gauge-invariant, as the constant of integration in equation 6.52
demonstrates . Consequently, the same problems related to gauge choice occur, as with
metric perturbations. In the following section a covariant approach which is in addition
gauge-invariant will be pursued: the underpinning principle of this formalism resides
on the following lemma, due to Stewart and Walker [8]; a result which is particularly
powerful due to its generality and co-ordinate independent formulation.

6.4 The Stewart-Walker Lemma

Consider a single-parameter family of four-dimensional manifolds M, embedded within
a five-dimensional manifold N'. Each of the M, represents a space-time, the base or
unperturbed manifold Mg while ¢ is a smallness parameter.

Secondly, consider a point identification map P. : Mg — M, which identifies
each point in the perturbed manifold with a given point in the base manifold. This is
achieved through the additional specification of a vector field X defined on A such that
X is everywhere transverse (i.e. orthogonal) to the embeddings of the M,; while points
lying on the same integral curve v of X are regarded as the same point. Conveniently
parametrising 7y as -y(e), one can define:

A deA
X4 = T A=0,...4 . {6.55)
Letting (). be some arbitrary geometrical field defined on each M, one can expand @,
for small € as a Taylor series along 7y :

IHQ) = Qo +e(LxQ)y + O() (6.56)

= Qu+dQ+ 0% , (6.57)

where Lx is the Lie derivative in the direction of X, while HZ is the pull-back of M, to
My, The quantity 0@ = €(LxQ), is now readily seen to be the linear perturbation
of QJy to (J, and depends on the choice of X, which is arbitrary. This naturally implies

that the choice of X corresponds to a choice of gauge. The difference between two such
choices X,Y is then:

ASQ = e(Lx-—vQ)y (6.58)

where the quantity { = €(X — Y) is a vector field in each M, (which is trivial to show),
yielding in turn:

AQ = Legy,Qo - (6.59)
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It now follows naturally that dQ will be gauge-independent (A6Q = 0) only if
Lee@Qo = 0; that is, only if Qg is either zero, a constant scalar field, or a linear
combination of Kronecker deltas with constant co-efficients. This is the Stewart-Walker

Lemma [8].

6.5 Obviation of the Gauge Problem

By the above, one has the following simple way of circumventing the gauge problem:
one chooses an idealised background model of the universe, and considers some covariant
formulation (such as a covariant derivative), of a relevant quantity, which vanishes there-
in; this same covariantly formulated guantity will then be fully gauge-invariant in the
real, physical universe by the Stewart-Walker lemma as formulated above. One would
then naturally find the requisite evolution equation for this gauge-invariant and covari-
ent quantity in order to analyse its behaviour. This is the fundamental precept of the
covariant approach. For reasons discussed in the previous chapter, a physically suitable
background choice would be that of FRW; this assumption will be maintained through-
out the remainder of the analysis, although the full generality of the Stewart-Walker
Lemma should be appreciated.

In application of the above lemma, one could consider some scalar density ¢(t) which
is a function of time only in the background universe; the reason for the singular time
functional dependence is that this would result in the spatial gradient of ¢ vanishing
in the background universe, thus yielding the realistic counterpart in the real, ‘lumpy’
universe as being fully gauge-invariant by the Stewart-Walker lemma.

6.6 The Covariant Approach

The approach of this section follows the work of Ellis et al. ([13], [14], [15], [16]), and es-
sentially generalises the previous non-metric approaches by formulating general covariant
quantities which vanish in the background, and are thus additionally gauge-invariant by
the Stewart-Walker Lemma. In the process, evolution equations for these quantities are
obtained, and subsequently linearised to yield propagation equations appropriate to the
scenari o of an almost Robertson-Walker universe. Solutions to these are obtained and
compared with the standard gauge-related theory, and gauge-invariant metric theory of
Bardeen; solutions which recover the usual growing and decaying modes.

The formalism will then be extended to incorporate the more physically meaningful
and useful multi-component matter case, in the process deriving equations which provide
insight into the interactions between different matter types within an overall matter
description of the universe.

6.6.1 Gauge-Invariant Variables

By definition, in the class of FRW background models the following hold true:

Tab = Wap = g =0 . (6.60)
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Consequently, any scalar field ¢ defined in the background universe must be a function of
time only; if it were a function of the spatial variables, both the isotropy and homogeneity -
prerequisites would be violated:

$a=0,= ¢=9(t) . (6.61)

The principal such scalar fields which determine the matter description are:

p = plt) (6.62)
p = pt) (6.63)
o = 0@ , (6.64)
which thus have vanishing spatial derivatives:
X, =0v,p =0 (6.65)
Y, = 3vp = 0 (6.66)
Z, = Uv,0 = 0 (6.67)
S = Wy,s = 0, (6.68)

where s is the entropy density. The following useful gauge-invariant quantities then
transpire:

D, = S—p— (6.69)
d, = SO (6.70)
Yo = S-}--/E (6.71)
Z, = Sé’l (6.72)
£, = g(%)ms& § (6.73)

where the variable £, is defined assuming an equation of state p = p(p,s). These are
naturally gauge-invariant by the Stewart-Walker Lemma, and are by form dimensionless,
except for the Bardeen-like variable ®,. These variables encapsulate the physical matter
properties of the universe, and are variables which are most easily physically verifiable
and will thus feature prominently in the subsequent analysis.

Naturally, the Ricci scalar R must, by the selfsame argument, have a vanishing spatial
gradient in the background FRW space-time; hence this generates a covariant, gauge-
invariant variable:

Co = S*®Y,R (6.74)

with the following associated quantity which is conserved in certain cases:
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@:qwf%%m, (6.75)
such that K = 0, 1 depending on whether the universe is open, closed or flat. Associ-
ated with these vectorial quantities one can define the following scalar gauge-invariant
quantities:

D = S®vp, (6.76)
z = sWygeg, (6.77)
¢ = 59vec, (6.78)
¢ = sPveg, (6.79)
£ = sy, (6.80)

(6.81)

In addition to the above quantities, others which vanish in the FRW background and are
thus gauge-invariant in the real universe are:

wey = hEhupg (6.82)
1 .
Ogy = hghgu(c;d)mghabuic (6.83)
= u“;bub : (6.84)
G = —hiulTy (6.85)
Mo = hghchd_ —Bl-h‘:chdh&& (686)

Another property of FRW universes is that they are conformally flat; that is, the Weyl
conformal tensor vanishes:

Cabet =0 . (68?)

Consequently, the conformal tensor and any decomposition thereof will be gauge-
invariant in any reference frame, as opposed to the shear and vorticity and spatial scalar
gradients which are only gauge-invariant in the matter rest frame. Consequently one has
that the electric and magnetic parts of the Weyl tensor must be gauge-invariant:

Ep = Capqu‘u® (6.88)
1
Hy = "Q"Oacst“cué??séa: . (6.89)

6.6.2 The Linearised Field Equations

The gauge-invariant variables defined above will be the operative perturbation quanti-
ties in the following analysis, and are consequently regarded as being suitably ‘small’
deviations from the background. This then naturally defines a linearisation procedure
whereby terms quadratic, or of higher order, in the gauge-invariant variables appearing
in the field equations are discarded.”
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The Conservation Equations

The energy and momentum conservation equations are linearised to yield:

o+ 3hH +h®vew, = 0 (6.90)
hitg + OVep+ MF, +1,) = 0, (6.91)
(6.92)
such that

h = p+p (6.93)
v, = % (6.94)
F, = U,— (3 - 1)HT, (6.95)
I, = é(S)v{}Wa& s (696)

with the associated quantities:

4

F = S®VeF, ‘ (6.97)
n = s®ver, | (6.98)
(6.99)

while the Raychaudhuri equation linearises to:

- 1
3?{+37~£2-D+§K(p+3p)-!\x0 , (6.100)

such that D = uf,. The linearised evolution equations for the shear and vorticity tran-
spire as: '

. c? 1 ;
Gob + Eop + 2Ho, + -§(1—;— ) ({3}V({£pg)) - ghag{3}vcf>c)
w 1
S ) v Y - SOV )
S(1+ W) ( @by = gha VIV

1 .
- (Vi + ) - 3ha Ve + 1)
(6.101)

Wb + 2Hwgy = {3&;‘%~ (3—3’) >
s/ ,p+p

Wap — (3}V{b(Fa] + Ha}} s

(6.102)
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while the evolution equations for the electric and magnetic parts of the Weyl tensor
transpire as:

: e d 1 1T 1 :
Eup + 3HE, + h{a"?b)cdeucﬁfl’g + §’ih0ab = *55((3)V(a6b) - ghab(s)v{:{{c)
1 .
-—??—:s:(?i*frab + fap) (6.103)
, dee 1 o
Hyp + 3HHy - i*‘5{a"76»)cdet"’cE"f& = §ﬁhc(anb)defud7{w’f . (6'104)

Constraint Equations

From the Friedmann equation one obtains the linearised energy constraint:

1 1 1
"R =-H 4 cp+ A 6.105
| g R=-H*+ P13 ( )

The {0, v) equations are linearised to yield:

-2‘2(,, 4+ S(B}Vg’wab e S(B)Vbaaé = 85S¢ | (6.106)
Grgey,, = 0 (6.107)
—hehf Wi + o i Vigger® = Hap (6.108)
{6.109)

while the linearised constraint equations on the electric and magnetic parts of the Weyl
tensor transpire as:

1
SOVE, = éﬁppa ~ 58Tl ~ KSHg, (6.110)
gy, = %m}abw(hubw“l + q[qdl) . (6.111)

6.6.3 Gauge-Invariant Evolution Equations

The alm now is to derive evolution equations for the operative perturbation variables;
these equations will then naturally be derived from the linearised equations above. It
should be noted, however, that in deriving requisite linearised equations from linearised
equations, further linearisation is required in the derivation. This is necessary, as e-
quations derived from substitution and differentiation of linearised equations will not
necessarily be linear.

Propagation Equations for the Vectorial Quantities

The linearised propagation equations for (an imperfect fluid) the perturbation variables
discussed above are naturally obtained from the linearised field equations of the previous
section; they are:
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Dy — 3HWD, + (1 + W)Z, = 35(1 + WYH(F, + I1,) — S(1 + W)RLh{WY  (6.112)

: 2 W (K
Zy+ 2HZq + %ﬁ;pﬁa b (£ + (3>v2> D, + ( + <3)v2) Ea

1+ W \ 82 1+ W \s2
@y @)gb 3h 3K 2(3) b
= -8 Va V(F§+H5)+S —2—'*'~§§‘ (Fa+Ha)~GS7{cs Vwab
(6.113)
such that:
W = % , (6.114)

and K = 0, +1 as before.

To solve for D,, one can then substitute the second of these equations into the time
derivative of the first, thereby obtaining a second order equation in D,.

It should be noted here that, should an investigation of the coupling between the
above operative gauge-invariant variables and other dynamical quantities such as the
shear be sought, a suitable substitution into the above two equations using the remaining
linearised evolution equations of the previous section can readily be made.

For a perfect fluid the above simplify and decompose into:

WD, = ewDp, -0z, (1 + g) — Dy (08 + w) (6.115)
: e Op ©
b > 4 . 3 b - b~
hoZy = @Za Z (oa + wa) + _p Vo + Shy, ) (6.116)
by Plp+p(l-8) b, b Db
o = = [———-ﬂp e } Vo= Vo (oh +ub) + Stk (6.117)

6.6.4 Propagation Equations for the Scalar Quantities

The gauge-invariant scalar quantities associated with the above vectorial quantities have
the following propagation equations:

D-3HWD = (1+ W) (35%(F+H)-z-5f3>v2@) (6.118)
. 3 1 2 3K
Z4+oHE = = — —kpD — —2 (B)g2 4 =
+2H Sh(F + D) = 5rpD 1+W( v+32):o
W 3K 3K
— ()2 o @2 o8
— ( v )5 S( V+SQ>(F+H) .

(6.119)

Taking the time derivative of the first equation, and then substituting therein from the
second, one obtains a second-order equation for D:
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D+ (2+ 3¢2 — 6W)HD — 2B3)v?D
[(% +4W — 3W2 3¢ )h’:p+ (5W — 3c2)A + (¢? — W)%EK
= W ((3 31{) E+S1+W) [—3Wp + 3A + ((3)V2 _ %%)] (F +11) (6.120)
+S(1+ W) [(37{(17 +11) — (2HBIV2Y + (S)Vg\i,)]

6.6.5 Comparison with the Bardeen Formalism

As the above covariant variables are exact as well as fully covariant, it follows naturally
that they can, if desired, be expanded in terms of gauge-dependent quantities; moreover,
due to this de facto gauge-independence, to first order they should then appear as linear
combinations of the Bardeen gauge-invariant variables.

In deriving thus the relationship between the covariant and Bardeen formalisms,
one first needs to note the distinction between the arbitrary space-time slicing in the
Bardeen formalism, defined through 0,4, and that defined by the fluid four-velocity via
hep in the covariant formalism. This is described by taking the covariant derivative of a
scalar function f = f 44 f defined in the almost Robertson-Walker space-time, and with
non-constant background value f:

IV f

i

(5f),a + 1703075’%
[(Sf + 7’(’0 - B)],a + TIU(c)a

fl

i

—k 5f(T)~%(v(s’-B(°')) Qa+FvSa - (6.121)

Using the above, one can express the operative covariant variables D,, Z, and C, in
terms of the Bardeen variables defined in the previous chapter:

Do = —kSen(r)Qa — 35 (1 4+ W)u(y(1)Sa (6.122)
, S 3\ (s
- Hk (@H - g@,,> + ((31{ — ) - §nhSz> vg))} 0.
3.
+ {31{ - inhsﬁ] () ()8 | (6.123)

_ 2 ST (s) s’
Co = 8 [—/c (4(k - 3K) (‘I’H - —k—s-v(s))> Qa — 12K§1)(C)Sa]
, (6.124)

such that h = p + p as before, and k refers to the £** harmonic component, as explained
in the Appendix B.

6.6.6 Extension to Multi—Corﬁponent Matter

For the sake of simplicity and clarity, the foregoing analysis was developed for a single-
type matter description. However, the theory can be extended in a straight-forward
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fashion to encompass multi-component matter descriptions. The added complication
that this introduces, apart from an extended set of equations, is interactions between the

various matter fypes. :
The above notion is initiated by assuming the total energy-momentum tensor as
comprising the sum of the separate energy-momentum tensors of the constituent matter

forms:

¢
i

ST (6.125)
(1)
- ¥ (p(i)ugﬂugn +ph® 1+ g0u® + u + ﬁgzl) , (6.126)
{1}
where the index (i) labels the energy-momentum tensor of the i** matter type in the total
matter content; and where the general energy-momentum tensor expansion form has been

assumed. In order to consider interactions between the various matter components, one
defines the following quantity:

o pab
J(‘fi) = T(‘ﬁ};b , (6.127)
which, by the conservation of the total energy-momentum tensor, must therefore yield:
dJE =0 . (6.128)
()
For later considerations, it will be convenient to decompose J{‘;J into components per-
pendicular and parallel to the total matter fluid four-velocity wu,:

JD = epua+ [P (6.129)
wffy = 0 (6.130)
hiugey = 0 . (6.131)

The following relative velocity will also be used subsequently:

Ve = uly —ut (6.132)

Using the above with the formalism of the foregoing sections, one has the following
generalised form of the energy and momentum conservation equations:

Py + BhiyH + hey DV 08 = ¢ (6.133)
hyaa + Y0 + by (FD +IP) + (1+ )l = 1O, (6.134)

such that, analogous to the q‘uantities'deﬁned earlier in the chapter, one has:
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hay = P+ PG (6.135)

Q §o ,
o = %y (6.136)
his
)
o = ey, (6.137)
hiy '
FO = 90 - (3%, - HHEY . (6.138)

Hence one has a set of covariant perturbation inhomogeneity variables defined, as the
previous sections, for each matter component:

) (3) .
DO = § Vab(i) (6.139)
v P(i)
20 = 8(3)Vu@{é) (6.140)
, Opy;
£ = _5_(8?(0) ©,s0 - (6.142)
Py \9S() /.

Associated with these variables are scalar quantities defined as the projected {(matter
frame) divergence of each variable. For these vectorial and associated scalar quantities
one can derive evolution equations as in the previous sections, the details of which are
not necessary here (see [15] and [16] for an extensive treatment).

A crucial consequence of, if not indeed a motivation for the multi-fluid approach,
is the explicit treatment of the interactions between the various matter components, a
scenario which is of self-evident physical significance. One can analyse such interactions
by deriving a set of evolution equations in terms of relative variables which define the
difference between the perturbation variables of an arbitrary pair of matter components,
and which have the advantage in permitting one to distinguish clearly between adiabatic
and isothermal perturbations; for example, one can define the following relative variables:

PG) (i) PG) (i
s = g{?lﬂﬁ”—;%ﬂi"} - (6.143)
(i) ()
g = POety _PO) pg) (6.144)
‘ hg hys)
_ fw _ f)
iy = 12— UL (6.145)
Y hey  he)
gl = \pgi)..\pgf) (6.146)
g f&
f(’v") B S (6.147)
T g Ry
[HSCRNE y (Q § (€) (6.148)
Vi) = Va(z‘)_ybis‘) 3 (6.149)
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and, as before, evolution equations for these can be (tediously) derived (once again,
for details see [15] and [16]). This formalism is of particular utility in the study of two-
component matter descriptions, permitting a clear, unambiguous exposition on the inter-
actions between any two given matter types. Numerous such studies on two-component
matter have been performed by Ellis, Bruni, Dunsby ef al. over the past decade. This
inherent hydrodynamical approach has also been instrumental in recent applications [25]
of kinetic theory ([26], [27]) in Cosmology.

6.7 The Perfect Fluid Case

As noted previously, the perfect fluid assumption forms the simplest meaningful matter
assumption, and consequently, by substantially simplifying the evolution equations, clar-
ifies the functioning of the covariant approach, highlighting its strengths and weaknesses.
This consequently motivates a closer inspection of the perfect fluid case.

The relevant evolution equations for the primary perturbation variables D,, Z,, Y,
are then equations 6.115, 6.116 and 6.117, as before. One will be able to see a parallel
between the Bardeen scalar variable ®y and the analogous vector gauge-invariant vari-

" able previously formulated as ®,. Using the linearisation procedure previously outlined,
these evolution equations linearise to:

Dy = WOD, - (1+W)Z, (6.150)
2 1

zy = ~~3-e—)za = 550D + SR + D) (6.151)

}b - _L - s hb" .

tads o py Khebo (6.152)

and for the Bardeen-type variable ®,:

. 1 3 Kp 3 Kp
R, + 08, + = Lo, == Lyt
5 b+3@a+2(w+1)@<1>a 4(1+W)®S}Ca , (6.153)
where, to linear order:
D = 4 (6.154)
D, = hD, , (6.155)
1
R = «§®2+D+ﬁ;p+1\ (6.156)
1. ..
K = 2(—‘3-@2+&p+A) ' (6.157)
Ko = hVik (6.158)

such that when there is no vorticity, K equals the spatial Ricci scalar OIR, orthogonal
to the fluid flow. One alse has the following propagation equation for X:

. "9
K= -—-g@(IC +2D) {6.159)
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where the term ©D can be linearised away, yielding upon integration:

6K
K= <7 (6.160)
such that K = 0,41 as before, corresponding to a flat, open or closed space-time. A
useful equation related to the above, and here to linear order, which will be used later

in decoupling the vectorial evolution equations is the following acceleration equation:

K. 2 /K
(5t + Da) = —7 +SW (§§sz + <3>v22>n) (6.161)

Note that for the Bardeen analogue &, evolution equation, in addition to it being vec-
torial, no harmonic decomposition has been necessary. For the relevant propagation
equations, one has:

2

-§&§®,,, = hg(wf+af),. (6.162)
1

EY% = §hﬂ%p,& . (6.163)

One can then proceed to apply these equations to specific matter descriptions, for ex-
ample pressure-free matter and the false vacuum. For the pressure-free case the relevant

equations simplify to:

Dy = -2, (6.164)
2 1
Z( Too= —§Za - 5!‘(?09g . (6165)

Which can thus simply be separated to obtain:

2 1

0 = D, + g@pa - 5?’&;)@@ =0 (6166)
5 2 2., 5

0 = Z,+ 562(; + §Za(D +A+ §@ - gﬂp) . - (6.167)

An interesting point to note here is that if D, and Z, are parallel at any point on
some world line -y, then they are parallel everywhere along that world line; similarly, if
either vanishes at any point on -y, they will be parallel at every point where they do not
vanish. For these scenarios the vector equations reduce to scalar equations; for example:

D--+-§-@D-%@9:o , (6.168)
such that:
D, = De, (6.169)
e, = 1 (6.170)
qu’ = 0 (6.171)
D = (D'D,): . (6.172)
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The (scalar) solutions to these will indicate the extreme behaviour of vector solution-
s, as the magnitude of the vector solutions cannot grow faster than those of the scalar
solutions. Hence one may use the scalar solutions to investigate how fast density inho-
mogeneities can grow. The solution also contains an inherent gravitational instability in
terms of a growing mode - this will be seen shortly. Equation 6.168 was also obtained
by Lifshitz [1], although in a different form, and can also be obtained from Newtonian
theory, as derived by Bonnor (2], as will be seen later.

One can now consider specific universe models, namely the Einstein static and
Einstein-de Sitter universes. The subsequent equations are then integrated to obtain
standard well-defined and physical growing and decaying modes for a density inhomo-
geneity. To illustrate this, consider the Einstein-de Sitter universe (K = A = 0); this
presents a solution ({13]) to equation 6.168 of the form:

D? = aft — tg)3 + Bt — to) T +(t — tg) ™2 (6.173)

such that «, 8, are constants. A gravitational instability is thus clearly exhibited by the
growing mode nature of the first term of this solution, a crucial condition for structure
formation in the universe. This will be compared with the Newtonian Jeans instability
later (section 6.8.2).

It is worth noting that if the usual variables are used in the above, the results are
less clear due to the gauge freedom inherent in the choice of initial surface from which
to measure proper time. This approach also prevents the inconvenience in eliminating
the decaying mode as illustrated by Olson [9].

Furthermore, for the above vanishing pressure case, the evolution of the variable D,
will be unaffected by the wavelength of the density fluctuation because the evolution
along each world line is independent. In addition to this, and for the same reason, the
evolutions are unaffected by particle horizons, a central issue in Bardeen’s analysis.

6.8 Comparison with Newtonian Results

One can now make comparisons of the above with standard analogous results in Newto-
nian physics; the General Relativistic results having to meet the criterion of simplifying
to the classical results in the Newtonian limit. This comparison assists in the inter-
pretation of the results obtained from the relativistic equations by analogy with the
well-established and understood Newtonian results.

6.8.1 Covariant Newtonian Gravity

The following, due to Jackson [19], expounds on earlier work by Jeans, Bonnor [2] et
al. on the Newtonian regime of gravitational instability, but in a fully relativistic and
covariant manner; deriving in the process general, exact second order acoustic evolution
equations for the co-moving fractional spatial energy gradient. The results are compared
with the standard Newtonian results, as well as the special cases of the Einstein static
universe, and expanding homogeneous isotropic cosmological models.

One thus commences by comparing the Newtonian equations of motion with those of
their Relativistic counterparts. Looking at the Newtonian framework, the analogues of
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the continuity and momentum conservation equations for a perfect fluid are:

Preo =0 (6.174)
P
1
Tt + ;V&p +Va® = 0 (6.175)
such that @ is the gravitational potential determined by Poisson’s equation:

V2% =4nGp+ A . (6.176)

Where the latter equation is referred to as Fuler’s equation of motion. Now, analogous
to the formulation within General Relativity, in Newtonian fluid mechanics one can
decompose the gradient of the fluid flow vector u, as follows:

1
Uaip = 3O0ap + Oap + Wap - (6.177)

This is naturally defined within Galilean spatial co-ordinates. The dynamical quan-
tities contained in the above are defined exactly analogously to their relativistic coun-
terparts in terms of the fluid flow vector. Taking the divergence of Euler’s equation,
and utilising Poisson’s equation together with 6.177, one obtains a direct analogue of the
Relativistic Raychaudhuri equation:

: 1
O+ 30+ 2% ~ 22+ AnGp — A+ V° Gvap) =0 . (6.178)

This equation, together with the continuity equation and a suitable equation of state
p = p(p}, form a closed system in the variables p, © and p. One now wishes to derive
a second order equation for the density evolution. This is done by taking the total time
derivative of the continuity equation and using the above equations to obtain:

"\ 4 !
g > 592 ~20% + 2% —4xGp + A -V (;V(,p) =0 . (6.179)

Analogously to the Bruni-Ellis covariant variable D,, one can define here:

1 dp

D, = p=v7. | F_

o ot p alf o otp

This definition will be motivated later. Hence one can derive the Newtonian evolution
equation thereof as:

(6.180)

0 = Do+ 30D +2 (wf +0L) (Dy + 46D5) - SV V7 (1V,p)

~4rGpDe + (wh + 08 ) Dy + (wh +2) (] + 03) Dy - 25V (02 ) (6.181)

One can compare this with the spatially projected linearised (as defined earlier)
covariant equivalent: »
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DBy + (3 - £)ORD, - [($) 6+ 4 (4mG(p — 3p) + 2A) + 4nG(p + p)] D,
~VV, (SPa) ~ 2LOSVew,e - 3 [407 ~ (ko + A)} S$P, =0 ,

(6.182)
such that:
= np-Po 6.183
Po o= mp R (6.183)
I(ab = hﬁh;,fuc;d . (6.184)

The above equation is somewhat simpler than the previously derived equation in the
Ellis-Bruni approach, the simplification being due to the alternative definition of the
quantity D,. This, along with the relevant equation of state, does not form a closed
system due to the appearance of the vorticity gradient term. The vorticity is, however,
governed by the exact evolution equation:

2 dp

hzhgwcd = —{Wah ('3- - g;) © + ZUC[aw,fI . (6185)

However, this means that the vorticity dies away rapidly as the universe expands,
given a reasonable equation of state. Hence one can consider the extra vorticity gradient
term in equation 6.182 as insignificant, except at early times in the universe.

6.8.2 Gravitational Stability and the Jeans Criterion

The Jeans instability in essence provides a condition for the occurrence of a growing mode
in the solution to a matter perturbation evolution equation, and thus a necessary criterion
for possible structure formation. By using the standard Navier-Stokes and continuity
equations in Newton\ia.n gravity, one can perturb the Newtonian matter density pp as
follows:

p=pa-t+op {6.186)
such that

ép = dp(r,t} . (6.187)

Then, using Poisson’s equation together with the Navier-Stokes and continuity equations
(see Bonnor [2]) one can derive the following linearised evolution equation:

&

5 [ dp
57 ~ 4nGpos - v? <3§5> =0 , (6.188)

where s = %33 is the condensation and the analogue to the covariant relativistic variable D.
Equation 6.188 is thus the Newtonian analogue of equation 6.168. To derive then Jeans’
criterion, one considers an ansatz solution to this equation in the form of a spherical
wave:
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h(t) 27r
_ 6.189
5= "2 cos(0) (6.189)
such that r is the radial distance, and A is the wavelength. Upon substitution into 6.188

this yields:

d*h 4ar? dp
e g . 6.190
pTE (4’/er0 3 dp h { )
Hence, for a growing mode, one would require the solution to increase exponentially thus
making the term in brackets positive, or:

T dp H
A> (Gpg dp) . {6.191)
A matter content with linear dimensions greater than that in the above will therefore be
unstable. This is the Jeans instability, and as explained provides a criterion for structure
formation in theory, however, in practice it transpires that the condensation process
is too slow for the formation of nebulae. Bonnor ([2]) has shown that this criterion
holds for all Newtonian Cosmologies except the Newtonian steady-state universe, where
small perturbations decay away. Hence one could extend this argument to conclude that
Newtonian Gravitation provides little, if any, evidence for structure formation in the
universe.

6.9 Alternative Perturbation Variables

In relation to the covariant perturbation theory, one can generalise the previous approach-
es to include a whole plethora of various covariantly defined perturbation variables. One
can proceed by assuming a general functional form for an arbitrary perturbation variable,
bearing in mind the constraints of the Stewart-Walker lemma, derive an evolution equa-
tion for this variable, and then impose the functional form as desired. In the following
analysis, for the sake of simplicity, a perfect fluid matter form will be assumed. The en-
suing formulation will then facilitate the covariant perturbative Lagrangian formulation
developed in Part II1

6.9.1 Generalised Equatiohs

The standard exact (i.e. ‘non-linearised’) fractional energy density, pressure and expan-
sion parameter gradient evolution equations for a perfect Auid are, as before:

D, = 02p,- 2.0 (1+3’-)“@b (ag+w§—a2aab) (6.192)
i I

5 Plpt2p . Ph

Vo = ~5[Mp}Jfa—yb(ag+w§-uaub)+sag-p— (6.193)

: ) . c) e}

g = ..@za-z,,(ggwguuaub)+7pya+5hg-é£,, (6.194)
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such that:

D, = Shﬁ’%’ (6.195)
e

Z, = Shfj»»»»—@’—b (6.196)

Yo = Shg%é . (6.197)

If one now wishes to establish a basis from which to derive alternative and/or addi-
tional perturbation variables incorporating the energy density, and which are functionally
similar to those in the above equations, one can proceed by positing a general functional
form for the desired variable; this must be a function which incorporates a spatial gra-
dient of a scalar, as this would vanish identically in an FRLW background model, hence
admitting the Stewart-Walker lemma.

6.9.2 Energy-Density Variables

For variables analogous to the above fractional energy-density gradient, one postulates
the following functional form.

(F()
g(p)

such that f, ¢ are general functions of the energy density g which are to be determined;
preferably in such a way so as to obtain evolution equations which have as simple a form
as possible, while still maintaining a physical realism. One thus continues by deriving
an evolution equation for the above generalised form in accordance with the standard
fractional energy density gradient. Proceeding thus, one obtains the following form of
the exact evolution equation:

D, = Sh® ) (6.198)

~ g ooy Sf®
Dot DOi+p) (G = L+ =) 04 (o8 4 d - i) = =ZL0 v pinde,
(6.199)
such that:
o 4
ffo= 4 - (6.200)
; dg :
g = = 6.201
| " (6.201)
f = fa. (6.202)
When linearised, the above evolution equation simplifies to the following;:
. : S .
R (Dy) = =Dq (Ing) + Ehﬁ (uinf + fo) (6.203)
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An interesting point to note here is that the linearised equation is also completely
projected onto the spatial part of the comoving frame. This point does not seem to be
clarified in the Ellis-Bruni paper [13], where the projection tensor hg, is still redundantly
appended to the D, term. It is easily seen that this is not necessary, as the linearisation
eliminates the entire term D, (ag + wp — uaﬂ”) which itself incorporates the only tem-

poral component u,u’ in the entire equation. Having established this general functional
form, one is now in a position to try a number of ansatze for f and g¢.

Different Functional Forms for the Energy Density

Ansatz 1

Bearing simplification in mind, it would be convenient if the last term of equation
6.203 vanished. To this end one sets this last term to zero to obtain the following
constraint:

Uy = —hg!}é : (6.204)

which is essentially an acceleration potential equation:

tiy = —hi(lnr), (6.205)

where r is the acceleration potential, and the ‘dot’ superscript indicates differentiation
with respect to the proper time t as before. Whence one can equate f with the accelera-
tion potential function r and in turn integrate the latter with respect to the proper time
t to obtain the desired form for f. For a perfect fluid with a y-law equation of state, this
yields:

g1

[4
f,__/ (fi) Ta (6.206)
g \HO
If one now continues by setting:
1=l
4
9= (L> T (6.207)
Ha

then the evolution equation simplifies to the following:

ha (hite) = (v = 1) Ohgt, — bt (od +ul) (6.208)

that is, an evolution equation for the spatial gradient of the proper time.
Ansatz IT
If one tries the ansatz:

f=mg=p+p , (6.209)
then the evolution equation becomes: ‘

heD, = “;Ti_ppa ~ ShO, — De (0f + W) . (6.210)
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This definition of D, can be considered meaningful in the sense that one is comparing
the energy density gradient with the total energy density p + p.

Ansatz I
Define:

One then has the following evolution equation:

. P . S . e
hgpb - ~m9a ~ She®y — D, (0 + wi) + mhg (Pp+w(p+p)) . (6.212)

Here one is merely considering the fractional gradient of the total energy density.
Ansatz IV
Define:

f=g9=p+3p . o (6.213)

One then obtains the evolution equation as:

P . A (755 ) YO
hoDy = P SPIDG Dy (Ga +wa) ___—;i T 3p Sha@,;,
30
—Sht R (piy, + p . 6.214

Ansatz V
If one now considers as a specific case a y-law perfect fluid equation of state:

p=(-ln , (6.215)

then equation 6.203 obtains the following form:

7

WDy = Do (Lo -1) - Dyl + o)

-%Shg( ffo,+ef,) , (6.216)

using the energy conservation equation. Whence one obtains the following special cases:
Jf=g=pt+tp=yu

hﬁ%:~}@@~1ﬂh+mGﬁ+@)ww@a@. (6.217)

i) f=pg=pt+p=u

WDy = — [.. (y - 1)0D, + D, (g;’; +wh) + Shg@,f,} . (6.218)

i) f=g=p
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WDy =~ [~0(y — 1)Dy + Dy (of + wh) + 7ShEO,] . (6.219)

W) f=g=p+3p=p(By~-2)

BDy = = [~O(y = )Du + Dy (0] + Wh) +7ShEO,) (6.220)

Similarly one has the following additional ansatz forms:
vy f=mg=p+3p=pBy-2)

WD, = — {—@(7 ~ 0D+ Dy (o +ud) - LShLO b} . (6.221)
3y — 2 '
vi) f=pt+p=yp,9g=p+3p=pu(dy-2)
. ’yg
BiDy = — | =O(y = 1)Dy + Dy (0} + b)) + Shte,| . (6.222)
3y~ 2 ’

It is evident that the above equations obtain their simplest form when v =0 or v = 1.
Note that in the above analysis only the case v = constant was considered. If one now
releases this restriction and postulates v = (1), then equation 6,203 transforms into the
following:

KD, = ~§Da®@+pyr—wu@ﬂ~2%@€+a$

N) 3 . -1
“5’12 [7 (hbﬁ,cffyl,y— - f'y,b) + '}‘N(Gf;;,b + f,u@,b) )
(6.223)

whence one has for the above special cases:
Hf=g=ptp=yu

WD, = - K@ (2y 1) — 2%) Dy + Dy (0} +wh) +70Z, + wpnya]
(6.224)
W f=pg=p+p=ypu

Dy =~ { (';r@ - g) Dy + Dy (ag + wg) + @za} . (6.225)
i) f=g=p
This equation remains unchanged. '

V) f=g=p+3p=uBy-2)
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. 992 — 9y + 1 3y
b - -2 Da
haDy {(@7 Iy~ 2 3y-2 +

b b Hyly-1)
Dy (aa + wa> +v(3y-2)82, + Sy 2) Q)pn}’a] . (6.226)

V) f=p,9g=p+3p=p(3y—2)

. 32 — 4y +2
RD, = _[@_%__12__

Y 3y -1) } 99

D, +Dy (02 + wfj) +

vi) f=p+pg=p+3p=pn(dy—-2)

: 49y =5y -2 29(3y 1)
Dy, = —||© - D
“ K 3y -2 v(3y-2) )"
+D (0[’+wb) +J2—-@z +Mp&y (6.228)
B R ) M I ‘

6.9.3 Functional Forms Involving the Pressure p
Proceeding analogously as for the energy density variable, and assuming an equation

of state p = p(p), one postulates here the following functional form for a generalised
pressure variable:

fp) b

9(p)

Whence one has an arbitrariness, as before, in the functions f and g which are now
functions of the pressure p. The associated exact evolution equation for the above variable
is the following:

Vo 1=hiS (6.229)

Vo + Yat0 (49 = 1= (u+p)L) + 2 (08 + b — i)

sp , (6.230)
= —Lp (O +p)cd) ,
such that ‘

v 4

o= dp (6.231)

¢ dg

9= 4 (6.232)
dp ‘

2

PES A (6.233)



the Iatter variable being the speed of sound within the fluid. The above evolution equa-
tion can then be linearised to yield:

. # ! Sf '
Vot a0 (wple —1- wrpL) = -Lr(owsnd), . (6230
f! g 9 b
where, as with the energy-density evolution equation, the linearisation has eliminated
the only time-like component, yielding a fully spatially-projected equation.

6.9.4 Functional Forms Involving the Expansion Parameter ©

Here one postulates the following functional form:

EVPEACN (6.235
Zﬁ'“hasg(e) , (6.235)

which admits the exact evolution equation:
Zo+ 2, [(9 - &) (A +D — 307~ §(u+3p)) +30] + Zy(0f + wf — uai’)
= Lpb (ab(;\ +D - 10% + k) + Dy — %,«;,u,b)

b

(6.236)
such that:
roL
NN 35 (6.237)
, dg
= = 2

g ) (6.238)
D = 44 (6.239)
Dy = hD, (6.240)
. 1
6 = A+D—§®2-—-§(,u+3p) : (6.241)

the latter equation being the linearised Raychaudhuri equation. The above is linearised
to yield:

Zo+ Z[(% - &) (A+ D - §0% - §(u + 3p)) + 20)]

" o (6.242)
= SLpd (%b(A +D - 30% + kp) + Dy — %w,b)

where, as before, the linearisation has eliminated the solitary time-like term, vielding a
completely projected equation. .

6.9.5 Decoupling the Evolution Equations

In general, from the preceding theory one notices that the desired information regarding
the evolution of matter perturbations is contained primarily within the variables D,, ¥,
and Z,. Looking then at the coupled linearised evolution equations for these, it readily
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follows that, in decoupling them, one would obtain third order ordinary linear differential
equations. However, by using the simplified equation of state assumption p = p(u),
it transpires that second order equations can be extracted from the decoupling.  This
procedure will be highlighted®®&highlighted here through use of the following variables:

D, = Shg% (6.243)
2y = Shg%ﬁ . (6.244)

The evolution equations for these variables, as evidenced before in equations 6.199
and 6.236, are coupled to each other, but not to any Y, variable; this follows as:
dp
Pb= o pp = iy (6.245)
1 :
resulting in the ), variable being absorbed into the D, variable. Consequently, the
evolution equation for ), need not be considered for their decoupling; it is essentially
redundant. From equations 6.203 and 6.236 one obtains the following linearised evolution
equations for D, and Z,:

Dy = OWD,~(1+W)OZ, (6.246)
. g 1 1 S K SR . ‘

== “Za o o~ v o e T S Ha T W LU
Z, [3 + 5 (A+D 2ﬂ(u+3p))} + @D 299 + g U (6.247)

Differentiating then equation 6.246 with respect to time, one obtains:

Da = (OW +6W)D,+W6D, — (6(1+W) + owW) 2,
-0(1+W)Z, . (6.248)
Substituting in then for © from 6.241, and W from:

W=0W-c)(W+1) , (6.249)

and for Z, from 6.246, Z, from 6.247, one obtains, after considerable simplification:

Dy +D,0 [% — oW + cf] +D, [@2 (c2- %W) ~ WA - 81 - 3W2)]

= —5(1+W) (Da+§z},a) . (6:250)

Where the term D, W D has been linearised away, as it is a second-order term. One can
then substitute in for the right hand side of this equation using 6.161, obtaining:

Dy + Do© [% — oW +¢§} + D, [ (c§ —AW) - WA - (1 - 3W2)]

. (6.251)
= ¢ (£D.+OviD,)
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Now, one can solve for this equation by assuming that the time and spatial dependence
of the covariant variables are separable, thus permitting a harmonic decomposition as in
equation B.2, as with the metric perturbation variables. This decomposition then results
in a purely time dependent propagation equation for the k** harmonic amplitude. Hence,
using B.4, the right hand side of 6.251 becomes:

C?‘ 9

E‘%(K - k*)D, , (6.252)
where k indicates the k** harmonic component. Now, as the vectorial components of the
variable D, enter via the vector harmonics @, through the decomposition:

Dy =Y DyyQa (6.253)
k

upon substitution into equation 6.251 one obtains the following homogeneous'equation
in the & harmonic amplitude Dy:

Dy + Digy© [3 = 2W + 2] + Dy [02 (2 = 4W) - WA — (1 - 3W?)

P K>] _, (6259

A similar, although far more technically hazardous, method and calculation will then
yield the corresponding evolution equation for Z,.
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Part III

The Variational Principle in
General Relativity

1587




“There is a school of mathematical physicists which objects to the introduction of
ideas which do not relate to things which can actually be observed and measured... [
hold that if the introduction of a quantity promotes clearness of thought, then even if
at the moment we have no means of determining it with precision, its introduction is
not only legitimate but desirable. The immeasurable of today may be the measurable of
tomorrow.”

J.J. Thomson

In this section the theory of General Relativity will be formulated in terms of the
Variational Principle, and this notion then extended to incorporate Cosmological Per-
turbation Theory. :

The former will focus one the principal Lagrangians for General Relativity, the process
of variation via different techniques, and a brief look at the tetrad version. The latter
will incorporate the standard theory formulated for metric perturbations, and a new
formulation for the covariant approach.
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Chapter 7

The Variational Approach to
‘Gravitation

“Physics is mathematical not because we know so much about the physical world, but
because we know so little: it is only its mathematical properties that we can discover.”

B. Russell

As already discussed in chapter 3, justification for the Variational principle per se
does not seem to be well substantiated physically, its appeal being primarily mathe-
matical and aesthetic. However, recent developments in theoretical physics, specifically
quantum gravity, have revealed that a variational formulation is most suitable to canon-
ical quantisation, especially in the case of Ashtekar gravity. However, the latter will not
be considered herve, as the principal aim is to study ‘classical’ General Relativity, and is
only mentioned in order to provide the necessary context and motivation for the theory.

The following chapter is thus intended to provide a concise yet informative foray
into the standard variational formulations of gravitation, covering several different La-
grangians as well incorporating the tetrad formalism.

The results will then be readily pliable to a variational formulation of Cosmological
Perturbation Theory in Chapter 7.

7.1 The Standard Variational Formulation

As is well documented, the Hilbert variational formulation of General Relativity was
almost contemporaneous with Einstein’s original presentation; consequently, the varia-
tional approach to gravitation has been around for some eighty-five years and has been
extensively analysed and developed. Most of this development has centred on math-
ematical formalism, and has spawned several Lagrangian forms based on Lagrangian
functional dependence, as well as the parallel Hamiltonian formulation briefly mentioned
in chapter 3. ,

The underlying concept for the Lagrangian form in general Relativity is, as expect-
ed, the same as that of Einstein’s original formulation: the coupling between matter
and space-time geometry. This notion leads naturally to the hypothesis of a master
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Lagrangian comprising the sum of a matter term and a gravitational term which incor-
porates the geometry of space and time. Hence one would have:

L=Lo+ Ly , (7.1)

such that Lg is the gravitational Lagrangian, while £y is the matter Lagrangian. The
expression Lo which incorporates the geometry of space-time must then, in the absence
of matter, vield the vacuum field equations, and hence constitute a simple starting point
for the analysis: variation of the action:

A= / Lod'z (7.2)
A

where naturally the Lagrangian is integrated over the manifold of space and timeM. By
the formalism of chapter 3 one desires that the Lagrangian be a scalar density {chapter
1). To incorporate the geometry of space-time, one would then expect the quantity to
be a function of the metric and its derivatives. The most suitable candidate transpires
as being the Ricci scalar multiplied by the square root of the determinant of the metric,
the latter ensuring the scalar density requirement. Hence one has:

Lo =v=gR=+/~g99"Ra . (7.3)

One can now proceed with the standard variational formalism.

7.2 The Field Equations Via Different Lagrangian Forms

When applying the variational procedure, one needs to know with respect to what to
vary the Lagrangian; hence the exact functional form of the Lagrangian needs to be
known. Naturally, one does not have full carte blanche as to this functional form: the
same Einstein Field Equations have to result. From the plethora of Lagrangian and
Hamiltonian formulations, those selected for consideration here are the Einstein-Hilbert
and Hilbert-Palatini formulations, due to their simplicity and utility. The calculations
required are usually quite horrendous; consequently, only the major steps and results
will be given here. For more details, one is referred to D’Inverno.

The Einstein-Hilbert action

This is the simplest possible Lagrangian form generating the field equations. The func-
tional dependence of the lagrangian here is merely that of the metric and its first and
second partial derivatives:

L= [’(gabagab,c-z gab,ca‘-) . (74)
Expanding then the Ricci scalar in terms of the metric, one has the Lagrangian as being:
Lo = V=99"'Rey

: L 1
- d
= /-gg° { kge'{ (Gofd + 9dfc — Gea, f)} - [§s}"’f (Gefie + Gefc = e, ;)]
e

¥
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1 1 }
+ bgf’” (gen,d + Gdhe — gcd,h}} [5932(91’2‘,6 + Gei,f — gfe,i)}
1 |
- kgfh(gch,e + Gehe — ch‘n)} {‘2'9‘61(9,{@,{; + Gai,f — 9;«:,@)] } : (7.5)

The Euler-Lagrange equations then become:

sLo _ 8L 3 Lo 4 8Le ) —0 . (7.6)
8gab OGab agab,c - §§ab,cd d

which (eventually) yield:

—V/~g(R* - Rg“”) =0, (7.7)
that is, the vacuum field equations. By the constraint equation 3.117 derived in chapter
3 one has:

&L
(—‘i) =0 , (7.8)
59@&

which by the above is merely the contracted Bianchi identities G“b = (. Naturally
in the above calculations the assumption of vanishing boundary terms is made. The
above is the formal derivation which requires considerable calculation, although this is
simplified by the identities derived in section 3.3.3. However, an equivalent yet simpler
derivation follows by performing the variation ab initio using the results 3.10, 3.11 and
3.14. Following this, one thus obtains:

sA = / 5/=gg®Rad'z

M
= [ (/T VRt e+ [ VG R - Rusg o'
_ /8 (V/=gg®™bT%,, — \/=ggsT% )% + /M(—\/—_gGab)égabd‘m
(7.9)

The surface integral results from the observation that the quantity in the first integral
is the covariant derivative of a scalar density which thus simplifies to a partial derivative,
yielding the surface integral by Stokes’ theorem. This then vanishes as one is assuming
zero boundary variation. Hence one regains the vacuum field equations by Bliss’ lemma
(chapter 3) applied to the remaining integral.

The Hilbert-Palatini Action

This method entails regarding the metric and connections in the Lagrangian as being
independent fields; that is, the connections are here not being regarded as functions of
the metric. One thus has: ~

Lo =La(g® T T%a) - (7.10)
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Hence in the variation of the action, one has to perform variations with respect to
the metric and connection separately. The variation with respect to the metric thus

simplifies to:

SA = / Royé/—gg%dis | (7.11)
M

which by Bliss’ lemma yields the vacuum equations in the form Ry, = 0. Performing
then the variation with respect to the connection, integrating by parts and neglecting
the surface term as per usual, one eventually obtains:

sA= [ (847000 - (Va9™),) Blud'e (7.12)
M
Hence: ' -
(8(v=g9").,4 — (V=g9"),.) T =0 . (7.13)

As the connection is symmetric, only the symmetric part of the expression in brackets
vanishes; manipulating this symmetric part somewhat, one eventually obtains:

Gatie =0 (7.14)

which thus necessarily imposes that the connection be the metric connection. Naturally
for both the Einstein-Hilbert and Hilbert-Palatini actions, the inclusion of a cosmological
constant for generality doesn’t change the procedure and techniques of the above results.
If one does wish to include the cosmological term A, the Lagrangian takes on the following
form:

Lo =+/=g(R+2A) . (7.15)

For many practical considerations in Relativistic Cosmology, it is useful to convert
the above variational formalism into the tetrad notation. In the following section this
will be done, closely following work done by Peldan [20].

7.3 Tetrad Formulation

In the tetrad formalism the Lagrangian with cosmological constant can be written in the
following convenient form: '

Lo =e(cheh RAE + 2A) : (7.16)

Where the Rafs is here the curvature of the (unique) torsion-free spin-connection
£/8. The Einstein-Hilbert action then becomes equivalent to assuming the Lagrangian
to be a function of the tetrad field e% only. This is the fundamental difference between
the tetrad and metric approaches. Hence, using the variations for the tetrad field 3.16,
its determinant 3.17 and the Ricci tensor 3.19, one obtains:
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BA = [ (2ebeielRST + (20 + e RPN ) eld'
A

» (e(gc{“e{gﬁibéeﬁl + g“I“gb}‘iec&Dﬁef)) adé:c
(7.17)

As per usual, the second integral yields a boundary term by Stokes’ theorem and which
vanishes by assumption. The first term gives the vacuum field equations in tetrad form:

1
2
With the Hilbert-Palatini approach, one agsumes the spin-connection and tetrad fields
to be independent, analogous to the formulation of the previous section. Hence one has
to perform variations separately with respect to the tetrad field and the spin-connection.
Performing the variation with respect to these fields separately one obtains:

ebedey R — (A + sebep Ry P)el =0 (7.18)

54 = /M (-2e%-eﬁ;e“§Rch + (2A + eée%Rﬂfg)ei"q) edd'z

B / %p (e apcpelel) D4R — (eetelysTAP) } d's
§ ,

(7.19)

Neglecting again the surface term one obtains the field equations 7.18 as well as the
constraints:

Dpeq =0 . (7.20)

This is, however, just the zero-torsion assumption, which thus yields the unique spin-
connection associated with the tetrad field eZ.

7.3.1 The 3+1 ADM Action

Recall from section 4.5.2 the metric form in terms of the ADM 3 + 1 tetrad splitting:
ds® = (N? — NoN®)d7? — 2N,dz®dr — 0ngda®dz® (7.21)

In terms of this formalism the gravitational part of the Lagrangian becomes:

A = [R/“gd'z ‘
J [NVo(KGEE — K2 + WR) ~ 2(/oK)' + 26K N* — /5o N 5) a] d*z

= J[NVB(KGE — K) 4 §(/60 N) 1 (In0) 5 + N.alv/30) , — IN /o OLT, 100

~ ] [2VBKY = 2OKN — 50BN ) , + [N /o 5 + N(o0) ] | i |

' (7.22)
such that o indicates the determinant of the spatial part of the metric tensor, o,4; while
Kap is the extrinsic curvature tensor, defined through equation 4.72, for the spatial

3
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hypersurface associated with 7 = ¢st. The covariant derivative is taken with respect to
0ap, and a primed sign indicates differentiation with respect to proper time, as before.

Note that the last line of 7.22 is obtained by expanding the three-curvature scalar
3R in terms of the associated connections, while the second integral in this expression
is merely a total derivative term which will thus vanish when the Variational Principle
is applied, as this constitutes a boundary term.

7.4 = The Matter Lagrangian

In general contexts, the matter Lagrangian £y is defined such that the functional deriva-
tive (chapter 2) thereof is the requisite energy-momentum tensor; i.e.

6Ly
ab = 3g%

as, for example, is proposed by Weinberg (‘Gravitation and Cosmology: Principles and
applications of the general theory of relativity’ Chapter 12). Note that this, in essence,
presupposes the existence of a matter Lagrangian from which an energy-momentum ten-
sor is derived; however, in practice, one presupposes the form of the energy-momentum
tensor. Then, in order to find the matter Lagrangian, one has to solve the ‘inverse
problem’ by integrating the Euler-Lagrange equations. As can well be imagined, this
procedure is not at all in general trivial; hence, it makes sense to assume a simple mat-
ter description, for which the Lagrangian can easily be solved, if one intends looking
specifically at perturbation theory in terms of a Lagrangian. This will be seen later.

For a general matter description in a given system one will have several kinds of
matter forms present; in this case, the total matter Lagrangian will naturally be the
algebraic sum of the separate Lagrangians for each constituent matter component. For
most of the subsequent analysis, the matter will be assumed to be that of a perfect fluid;
for the pressure-free case this has the simple Lagrangian:

(7.23)

Ly =—+/=gp , (7.24)

where p is the total energy density; and such that:

Top = —pvavy (7.25)

where v, is the normalised four-velocity of the matter of density p located at z%:

P dz, .

s = (7.26)

ds* = ¢"dz,dz, | : (7.27)
from which one can define:

ph=pV/—gt (7.28)

as being the ‘energy flux’. Hence:
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Av = “/9V“!7fi4f€

= - [ pa)idis . (7.29)
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Chapter 8

A Variational Approach to
Perturbation Theory

“I am inclined to think that scientific discovery is impossible without faith in ideas which
are of a purely speculative kind and sometimes quite hazy, « faith which is quite unwar-
ranted from the scientific point of view.”

K. Popper

8.1 Perturbation Theory Formulated via the Variational
Principle

8.1.1 Motivation and Aims

As discussed earlier, a variational formulation of any particular branch of physics is usu-
ally motivated through the consequent access to the powerful mathematical machinery
of the Variational Calculus, as evidenced in chapter 3. In addition to using these results,
one also has an elegant and simple means of looking at composite matter systems, sce-
narios involving the inclusion of abstract scalar fields, Electromagnetism and so forth,
in that one merely formulates a master Lagrangian as being the algebraic sum of the
individual Lagrangians of all these particular cases. This was seen earlier in chapter 3
when Electromagnetism was incorporated into General Relativity via the addition of the
Electromagnetic Lagrangian to the Relativistic Lagrangian. The Lagrangian formula-
tion is also readily amenable to quantisation (see [17]) and which, as in Ashtekar gravity,
provides a platform for Quantum Gravity - the unification of Quantum Mechanics and
General Relativity - not to mention the whole plethora of Grand Unified Theories (GUT).
In addition, once a relevant Lagrangian has been formulated, a Legendre transformation
can be performed on it to yield the associated Hamiltonian, as derived in Chapter 2,
which is fairly useful in the determination of conserved quantities via Noether’s theorem.

For the case of Cosmological Perturbation Theory, the aim is therefor e to derive
generalised evolution equations for the linearised perturbation equations through the
variation of some prescribed Lagrangian.

166



8.1.2 Linearisation About a Background Model

As expounded in the preceding chapters, the notion of a perturbation theory requires
the assumption of an idealised background space-time model which is ‘perturbed’ to
obtain a realistic space-time - the ‘lumpy’ model. Hence the difference between these
two models is in essence the perturbation. Consequently, a particular quantity in the
background model is correspondingly perturbed to obtain its observable counterpart in
the real universe. ‘ '

This line of reasoning would imply that, if one were to start from a prescribed action
for the real universe, one would have to expand it as a Taylor series about some back-
ground model. In such an expansion, the successive terms added to the background term
would correspond to perturbations of various orders. One can express this expansion of
the Lagrangian £ as:

L=Lo+0L+6,L... (8.1)

where Ly is the background Lagrangian, and &, refers to the n‘* order Taylor expansion

.term. In this section only first order perturbation theory will be considered; consequent-

ly one would need to expand the Lagrangian to second order, as second order terms
give rise to first order terms in the variation. Hence, in order to perform the expansion,
one needs to express the desired variables in terms of background quantities and some
generalised perturbative functions. This decomposition into background and perturbed
quantities then has the advantage of yielding two sets of equations: the background equa-
tions obtained through variation of the action with respect to the background quantities
alone; and the perturbation equations obtained through variation with respect to the
perturbation variables.

8.1.3 Metric Perturbation Theory

As a well-defined and complete set of perturbation equations for general perturbation
theory is not self-evident, it would seem natural to try to derive such a set unambiguously
by stipulating an action ab initio. Applying the least action principle to this action
should then yield a set of equations containing the established perturbation equations.
In the following, such an action will be developed for the classic metric perturbation
theory, using the ADM and Bardeen [10] formalisms; the derivation closely follows that
of Brandenberger et al. ([11],[17]).

The Gravitational Action

In configuring such an action for the metric perturbation case, it is convenient to u-
tilise the ADM formalism, as this simplifies the ensuing calculations substantially. For
the same physical reasons as given in the preceding chapters, only scalar perturbations
will be considered in this formalism. One thus starts with the ADM Lagrangian 7.22,
and substitutes in for the perturbed metric from 5.19. In the process, one expands the
Lagrangian to second order in the perturbation variables only, as a second order La-
grangian will yield first order perturbation equations. Firstly, one notes the following
identifications after comparing the two metrics:
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No = 5%, (8.2)
1 1

N = S(+¢- 50"+ 0¥ (8:3)

0ag = S%(1—~27)0ap +25% 45 , (8.4)

where the notation of chapter 3 has been used.
Noting this, one then has the gravitational Lagrangian for the perturbed metric,
keeping terms only up to second order in the perturbation variables:

A = [{8%[-67" = 12H(d+7)7 — IHH (S +7)° — 27.6(20,0 — V)
~4H(S+ )W ~ ) g~ 47 (P — &) 4o — AHY a0 + EHA(S + V) ap
+4%’7"1€’a§ - AHK qa (¢ — ﬁif)‘ﬁﬁ + 4AHK qat g8
+3H K qo + SHM 04 o] + B} diz

' ' (8.5)
where summation over repeated lower indices is implicit; the ‘2’ subscript implies expan-
sion to second order in the perturbation variables; and such that the term Zg refers to
the total derivative terms which vanish when the least action principle is applied to the
action. Consequently, these need not be considered in detail here. Variation with respect
to the metric perturbation variables above would then yield evolution equations for the
desired perturbation variables, as will be seen later.

The Matter Lagrangian

Here, for the sake of simplicity, the matter Lagrangian for a perfect fluid only will be
considered, and formulated in terms of the metric perturbation variables. One thus starts
with the action for the ‘real’ perturbed space-time:

Au == [ ov/=gdls | (8.6)

where p is the total energy density. In order to expand the action in terms of the
perturbation variables, one needs to rewrite p in terms of dynamical degrees of freedom
which characterise the fluid flow. Hence one expresses the energy density in terms of
test particles with rest mass mg, space-time-dependent number density e and a potential
energy n(e) dependent upon the pressure p:

p = elmg + n(e)] , (8.7)

where, as in Fock [3], one can express the potential as:

n(e) = [ Pl _PO (8.5)

de ¢ €

and where, naturally, € satisfies the continuity equation. To obtain the perturbed ac-
tion, one then Taylor expands both ¢ and /=g to second order about their background
quantities: '
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€ = €p+ 01€+ qe (8.9)

_ V=g = V=gg+hV—g+ V-9 , (8.10)

using the notation of equation 8.1. Inserting these results into 8.6 one obtains the second
order perturbed action:

g Fon/— dr1€ B/~ foe
Aoy = -/ [Po—g——g‘*"(ﬂo%“po) ('—E : g+_3_)

€g \/:50 €0
2
Lo+ p0) 0 } Voad's (8.11)
2 (€0)

One then needs to evaluate the individual terms separately; this is a tedious though
straight-forward exercise, and so the details, which are contained in [17], will not be
included here. The final perturbed matter Lagrangian for K = 0 then transpires as:

A = f ([%ﬂmﬁz +p0(37% = 3dY + PKaa — Thaa + 5K qak b8
—K ol fa + 50ag) + (00 + o) GEYEY + Wal™ + 9£%) . (8.12)
~4c2 (o0 + Po) (37 = Kpa = £)?] S* + T ) dte
where, as before, summation over repeated lower indices is implicii; such that X, repre-
sents the surface terms, and where £© is the spatial part of a shift vector which shifts the
position of a test particle from its background position to where it would be in the ‘real’
universe. Combining the above gravitational and matter Lagrangians, one then obtains:

Ay = A+ Ay ‘ (8.13)
= [ls (e |yt e onsr + (2= 55) ] 40 + 1O = )

) 2
23020~ ) + 2B+ P)E + 1) = 28623 = 00— €8+ 59) )

+%¢ + Sy + Zoumldle (8.14)

where the background equations 4.121 and 4.122 have been used for pg and pg, and
B = K +H? —H'; while Zgu is a further surface term arising from joint contributions
from the gravitational and matter actions. The original perturbation equations can now
be obtained from the above action by varying with respect to ¢, v and & respectively,
whereby the following equivalent set of equations to that of 5.32, 5.33 and 5.34 (with
K = 0) obtain:

45%nGop = Viy-3Hy - 3H G- H(p - '), (8.15)
48*1Gop = A+ 2HY + HE + (2H + H)$ (8.16)
45°nGop = '+ 2Hy + HE + 2H + HD) o
1 '
+3{VH -1 + 5V - K} (8.17)
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such that 8.15 is equation 5.32: 8.17 is the trace of 5.34; 8.16 incorporates the non-
diagonal terms of 5.34 as well as 5.33; and where the following have been assumed:

fu’ = —% (8.18)
_
bp = dpép
= *p (8.19)
bp = (po+po)(3y— Koo — gc;ra} 5 (8.20)

where the last expression is obtained from the first order approximation to the Taylor
expansion of p with respect the the background co-ordinates and shift vector.

The Bardeen Action

The following results, due to Brandenberger et al. [11] formulate a specific action which
yields the perturbation equations of Bardeen {10]. The action is thus a specialisation
of the above. The approach can thus be seen as complimentary to that of Bardeen. It
is an approach which in the process produces a natural decomposition of an arbitrary
scalar field into spatially homogeneous and inhomogeneous parts; the former couples to
the background metric, while the latter is a source term related to the evolution of the
gauge-invariant metric perturbation potential. It is particularly useful in the study of the
coupling of classical, cosmologically growing modes to quantum fluctuations in various
GUT theories of matter at early stages of the universe; these matter fields in general act
as source terms. Also, due to the inherent stability of vector and tensorial perturbations,
as shown by Bardeen, only scalar perturbations (of a FRW metric) are considered here:
these have growing inhomogeneities in the early universe as shown previously, and are
the only known class of perturbations which couple to matter and have growing modes.

As motivated above, only scalar perturbations will be considered here. In this vain,
as before, one starts by decomposing the space-time metric into the sum of a smooth
background metric and a perturbation:

Gab = fab+5fab .
= fu+eS%) . (8.21)

and where the background metric for FRW has the most general form:

fa = diag[-02(t),S%(t), S%(1), S*(¢)] - (822)
for an arbitrary conformal time scalar o(t) and scale factor S(t). In the above relations,
the superscript (1) indicates a perturbation of first order smallness, with parameter of

smallness €; background quantities such as f,, being regarded as zeroth order. The
scalar-perturbed metric has the standard form:

vy E Fq

Joty = P Aéaﬂ‘;‘B,aﬂ - (8.23)
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for arbitrary scalar functions A, B, E, F' which are all functions of both co-erdinate time
and space. As A, B, E, F are the fundamental perturbation variables, the aim here will
be to obtain evolution equations for them. This will entail variation of the action with
respect to these variables separately; this is done after writing the Lagrangian in terms of
the metric 8.21. Analogously, one can then expand the Einstein and energy momentum
tensors to first order as:

G = GO +6Y (8.24)
w o= TP +TY (8.25)

Note, however, that the order in the expansion of Gy will depend on that of the
metric, as the Einstein tensor is a function of the metric. Consequently, products such
as Gi;} gVee will be regarded as second order, and thus discarded.

The procedure adopted here will be first to assume the synchronous gauge £ = F =0
for simplicity in deriving the equations for A4, B; it will be seen that this results in no
loss of generality. Secondly, the adoption of the synchronous gauge highlights the fact
that E, F' are not dynamical degrees of freedom, but instead correspond to the the ADM
lapse function and shift vectors respectively as F, F',: these are geometrical quantities
pertaining to the space-time and are thus not dynamical degrees of freedom. Here the
dynamical quantities are the remaining functions A and B. By looking then at arbitrary
co-ordinate transformations, a basic gauge-invariant function of these perturbation vari-
ables will then be formulated in such a way as to correspond to a metric polential as
formulated by Bardeen. An evolution equation will then be derived for this using the
evolution equations of the perturbation variables A and B. The procedure will thus es-
sentially amount to formulating evolution equations for the quantities A and B through
variation of the following standardised gravitational action:

I = /C\X—wgd“a:

— [(ta+ Lw)v=ga‘s

- /(& + ﬁM) Jogd'z | (8.26)
where R is the Ricci curvature scalar, and £y is an arbitrary matter Lagrangian density.
By substituting 8.21 and 8.22 into 8.26, one obtains a Lagrangian which will be varied
with respect to the functions S(t) and o(t), respectively. The reason for this is that the
latter two functions depend only upon time; thus variation with respect to them will not
explore the spatially varying degrees of freedom, thus producing natural space-averaged
equations. The beauty of this feature is that, to lowest order in ¢, the resultant equations
will be ezactly the FRW equations for a smooth, zero-order background; hence one does
not need to assume that the matter fields consist of a smooth background plus a small
inhomogeneous perturbation. The above property automatically induces a decomposition
of an arbitrary matter field into a smooth part that couples to the background metric,
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plus a spatially varying part that couples to the metric perturbations. This is essentially
the primary motivation of the approach.

Thus, performing the variation separately first with respect to S(¢) and then o(t), and
omitting higher order source terms in e one obtains the two fundamental cosmologlcal
equations, namely the Raychaudhuri and Friedman equations. Considering then scalar
perturbations in the synchronous gauge, and thus varying the above action with respect
to the two scalar perturbation variables A, B respectively, one then obtains the following
perturbation evolution equations:

: ALY
—8rG(S%8,5 TPy = (3A+<3>v25>ﬁ+3§(314+< 'V?B), - T(sm
—8r GO V2(SPTUN) = A+3-§-A , (8.28)

where T%%(1) is the fist order perturbation to the stress energy tensor; 3V indicates
a purely spatial gradient as before; )V =2 denotes the solution to the spatial Laplace
equation; the t¢ subscript indicates a double co-ordinate time derivative, and the ‘dot’
superscript indicates a single co-ordinate time derivative, as before.

These further simplify to:

A+ 3%& = —87GP; (8.29)
S. A
B+ SSB’ “5 = —8rGP, (8.30)
; (8.31)
~ where the stress tensor matter contributions have been grouped together as:
P = Ov sl (8.32)
Py = (§%0,T00 — 3@ v2refy (8.33)

Now, due to the assumption of a synchronous gauge, there are a further two equations
required, derived fromn the remaining two scalar perturbation parameters E and F. These
are obtained by performing a similar variational procedure to the above, yielding:

Bv24 §. S g
o1y 2
G924 = -8rGSPToY
= —8xGS*P; . (8.35)

It is now desirable to obtain a fully gauge-invariant evolution equation for the gravi-
tational gauge-invariant metric potential ®y arising from scalar perturbations. As out-
lined in the general approach to metric perturbations, one commences by assuming a
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co-ordinate transformation of the form 5.40. As only scalar perturbations are being
considered; this takes on the scalar gauge-transformation:

= t+ ft, %) (8.36)
= 2o+ falt,x) (8.37)

&l
L 8

where f, fO are, as before, arbitrary functions of space and time. Proceeding then in
the fashion of section 5.2, one uses this gauge transformation to calculate the scalar
perturbation variables, obtaining:

_ o5
A = 2 zsf (8.38)
B = i (8.39)
E = —gf ~ (840)
g 4

which subsequently yield the following feasible candidate for a gauge-invariant metric
potential:
1 . .
Dy = §(A —~ SSB +285F) (8.42)

which in the synchronous gauge simplifies to:

By = %{A - 588) . (8.43)

One can then proceed to derive an evolution equation for ®y in a somewhat unusual
way, namely by assuming the following ansatz:

by =C1ou+Crdr+Cy , - (8.44)

the second order assumption being naturally inferred from the second order nature of the
field equations. The co-efficients €, Cy, C3 are determined by comparing the co-efficients
of A, B on both sides of 8.44 after substituting into 8.43. In addition, equation 8.35 is
then used to eliminate the resultan t remaining gauge-dependent terms, replacing them
with gauge-invariant functions of &5, ®y and gauge-invariant matter terms. After much
tedious calculation, the final result is:

By + (4+3c2)HDy + 87CGp(c? - )by

= 4WG[“PL - 382552(3)V_2’p3 + SzH?jg + 87?@(%p - P+ )OCE)S?,PQJ N (845)

where:
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S
= 2 8.46
H = 3 (8.46)
P = -§<ng,> (8.47)
p = —<T%> (8.48)
. 2
S s S o
= 3= |2 - (352 - (58 8.49
ro=af-[3] - e - 69 849

and the angled brackets indicate the spatial averaging naturally contained in the formal-
ism as explained earlier. This is now the desired, fully gauge-invariant evolution equation
for the metric potential ®4; in it, is contained information concerning the desired in-
homogeneities of the perturbations of the space-time. The initial conditions for this
equation are derived in the form of an equation from the first order Einstein equation for
GY in terms of the perturbations A, B into which is substituted the evolution equations
for E, F. This yields the dynamical equation:

Oy = 4nGS2O VT — 355 v-2rgl)] (8.50)

This equation, along with its first time derivative, can be thought of as providing, for
specified energy densities and energy fluxes on an initial temporal surface, a consistent
set of initial conditions which are subsequently evolved in time according to 8.45. The
reason for the relationship between equations 8.45 and 8.50 is that, inside the particle
horizon (the region of primary interest) the matter evolution is dominated by matter
self-interactions, making it thus appropriate to solve for the mnatter evolution equations
8.45 and infer the geometric fluctuations from equation 8.50. However, outside the
horizon matter evolution is dominated by gravitational effects, resulting in it being more
appropriate to solve for 8.45 in place of the dynamical equations 8.50.

Equation 8.45 is equivalent to, but not algebraicly identical with, Bardeen’s equa-
tion 5.257; the two equations essentially differ by adding and subtracting a factor of
515(3)?2%@;;. Also, the source terms in 8.45 are written in a general form as opposed

to a fluid with shear stresses in Bardeen’s equation. Adding the term 43 V2234 to
both sides of equation 8.45, and using 8.50 one has a form more comparable with that
of Bardeen:

Oy + (4+3c)HOy + {[S?TGQ - (—Sgi] c? - S?TGP} by
= 4aG[-Py - AT + S2HP; + 875G (2p — P + pc?) S2Py)

where the terms on the right-hand-side of the above equation are the matter source
terms. The noticeable disadvantaée of equation 8.51 is that the source terms depend
on the energy fluxes and density (7o, oo respectively} as well as the desired spatial
stresses (Top). Ideally, one would want a sole dependence on the stress terms as this
results in physical processes at different cosmological epochs causing source terms to
generate perturbations in ® 5 which subsequently grow homogeneously; i.e. cosmological
perturbations today would be the suin of homogeneous solutions, each of which could

, (8.51)
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be traced back to a physical ‘cause’. The reason for this is that the stresses are freely
specifiable at each instant of time, whereas the energy fluxes evolve from the influence of
spatial stresses over time according to the momentum conservation equations, while the
energy density is even less specifiable since it evolves in time according to the conservation
equation from the accumulation of fluxes. Hence equation 8.51 contains homogeneous
terms {matter stress terms) and inhomogeneous terms (energy density and flux terms};
so far these have not successfully been separated.

Applications

A perfect Fluid .
For the perfect fluid scenario one has the stress-energy-momentum tensor:

T = (P + P%)g"" % + (P + P° + p+ p"Jun® . (8.52)

Performing the above analysis one obtaius a simplified form for the right-hand-side of
equation 8.51, namely:

anG [cg — g} o . (8.53)

This, however, is just an entropy perturbation, and thus vanishes if the equations
of state for the background and perturbation are identical. This would imply that the
gauge-invariant equation of motion for ®  is homogeneous, resulting in the perturbations
evolving in a simple way.

A fluid with shear stresses
The stress-energy-momentum tensor of a fluid with shear stresses forms the most
generic matter scenario, and has form:

T = dieg(p, & &1, &) + T (8.54)
where the perturbation 7%V takes on the form:
pd (0+P) g
ab(l) — S 8.55
(b+P)% 5[0, -3V 4 Tip,s) | 0 B9

such that v, is the gradient of some scalar velocity potential; § is the fractional energy
density perturbation; ITy, is the fractional pressure perturbation; and IIy is the fractional
anisotropic stress perturbation. The above tensor is of the same form as the matter
perturbations used in Bardeen. In this form, the following equivalences hold with the
formalism of this paper:

P = PIIL+§PV2HT (8.56)
Py = -2Plp (8.57)
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these identifications result in the the appropriate form of the above central equation 8.51
coinciding exactly with Bardeen's equation 5.257.

At this point it is insightful to make a comparison with previous major works on per-
turbation theory. In particular, comparisons will be made with the Lifshitz~Khalatnikov

and Bardeen approaches.

Lifshitz-khalatnikov

Noting the Lifshitz-Khalatnikov decomposition of the perturbed metric into scalar
harmonics via equation 5.83, one can easily show that the variables A, B formulated
above are related to their variables a,b and the scalar harmonic Q(x) in the following
way:

A = %(a-&—b)@ (8.58)
1
B = 5Q (8.59)

where k is the wave number. However, there are disadvantages to their approach: it is
only applicable to perfect fluids as matter sources; it is only pertially gauge-invariant;
and the matter perturbations do not enter the equations for gravitational perturbations
only as source terms.

Bardeen

The difference between the above approach and that of Bardeen is that Bardeen uses
the energy-momentum conservation equations to derive explicit gauge-invariant equation-
s of motion for gauge-invariant matter perturbations. Considering Bardeen’s variables
and those derived in this paper, namely A and B, they are related as follows:

2
A = [ZHL+§HT]Q (8.60)
2H
B = “5Q (8.61)
vy = v-%S“(S'QB)‘t (8.62)
€m = 5+3(1+W)-§-(@~32F) . (8.63)

Hence one can see that the principal advantage of the approach of this paper is that
the same eguations as that of Bardeen can be far more simply derived via a variational
approach, and that the source terms are expressed in a form that is immediately applica-
ble to completely general matter sources as opposed to Bardeen’s emphasis on fluids with
shear stresses. Also, the metric potential &y derived in this paper can be thought of as
generating the slightly perturbed geometrical ‘avena’ in which arbitrary matter physics
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can be evolved according to its co-ordinate-dependent equations rather than forcing the

matter field to be formulated in gauge-invariant form.

It is also important to note here that this simpler derivation cannot be considered
as a purely independent and alternative approach; rather, it is a less physically sound
derivation which owes much of its credibility, and in a more abstract sense its justification,
to the more rigorous and soundly based formulation of Bardeen.

8.1.4 Covariant Perturbation Theory
Method

The evolution equations of the covariantly defined variables, when separable, simplify to
second-order linear inhomogeneous equations with variable co-efficients. Such equations
can be transformed into Klein-Gordon type equations with variable mass and source
terms, an equation which itself has a standard Lagrangian. As mentioned earlier, this
can then be used to generate the Hamiltonian and associated conserved quantities.

Consider a general second-order linear and homogeneous equation in ®(¢) with vari-
able co-efficients:

d+ A9+ BE=0 , (8.64)

such that A, B are functions of time. Now consider the transformation:

O = D(t)¥(t) . (8.65)
Substituting this into 8.64 yields the following:
. D . ID D
¥4 2= T+ = e =0 . .
+[D+A + D+AD+BJ\I! 0 (8.66)

As one wishes to transform the above equation into a Klein-Gordon type equation, the
co-efficient of the ¥ term needs to vanish; hence one imposes:

D
2—+A=0 . .
D {8.67)
This is simply integrated with respect to ¢ to obtain:
1t
D = exp (-- / Adt’) . (8.68)
2 Jo
Hence the equation simplifies to:
. L, "1,
¥+ B_iA-EA ¥=0 . (8.69)

Which is the required Klein-Gordon equation with (variable) mass term m and zero
source term:

2 _ _l'“},Z]
m_[B gA- 34 (8.70)
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Equation 8.69 thus has the standard Lagrangian:

L

LR i L 2}_.1_"2 871
L=V {B SA- gAY - S (8.71)
This can thus be transformed back via ¥ = ®Pexp (% f(f Adt’) to obtain a direct La-

grangian for the original equation 8.64, yielding:

t 1 1. 1 1. .
= NP2 |B— A A% — 2 |$? ) 8.72
c exp(j()Adt){Q@ [B SA QA} 5[ +A@]} , (8.72)
for which one has the action:

A= /DL'aft . (8.73)

This method can then be applied to the second order evolution equations for the co-
variantly defined variables derived in Chapter 5, as this is a second order time-dependent
homogeneous equation by the harmonic decomposition. Considering then equation 6.250
one has the associated Lagrangian:

£ o= exp(fs0(2+cd—2w)dt) {§Dy? [0 - 4W) - WA
—S( - 3W?) + Sk - K) - 10 (3+c2-2w) v (8.74)
—%(@ (§ +c? - 2w))'} 3 [D(kf +0 (% +c? - zw) ’D(k}’Dik)]}

It is important to note here that the above Lagrangian is formulated in terms of the
separate harmonics of the evolution variable, and therefore yields a separate action for
each harmonic.

Having calculated the Lagrangian, it is now a simple task to write down the associ-
ated Hamiltonian. Once the Hamiltonian has been calculated, application of Noether’s
theorem should then yield a set of conserved quantities. Using equation 3.44 one thus
has the Hamiltonian for the above Klein-Gordon equation:

_ Lso 1 Lo 1 0] 42
H= 2\1’ Z[B 2A 4A]\If (8.75)
where, from the definition 3.42, the canonical momentum p here is p = —¥. Hence, for
equation 6.250, one has the Hamiltonian:
' i 12
H = —%KD{&) exp (%jﬂt@ (—g— +c2 — 2W> dt‘)} ] -1 [@2(c§ — W)

~WA = (1 -3W) + &k - K) - 10 (3 + 2 - 2w

(8.76)
~3(0 (R +c2-2w)) | Dy exp (S50 (242 - ZW% dt')

One can then write down an expression for the Noether current &V, using the definition
3.145 which will then be a conserved quantity by Noether’s theorem 3.146.
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Other Approaches

The above can be termed a ‘bottom up’ approach; as mentioned, this is technically
the more difficult approach as it entails solving the inverse problem in the calculus of
variations. A generally more practical approach would be to attempt a ‘top down’
strategy by starting with a standard Lagrangian, performing some expansion around a
suitable background, and then seeing whether this yields the desired evolution equations
after performing the variation.
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Chapter 9

Conclusions

“We are all inclined to direct our inquiry not by the matter itself, but by the views of
our opponents; and, even when interrogating oneself, one pushes the enquiry only to the
point at which one can no longer find objections”

Aristotle

When one contemplates the major advances in physics over the past century, one
invariably envisions grand and profound concepts codified in succinct mathematical for-
malism, and represented by readily identifiable and familiar equations, or sets of laws
or models, the latter ‘models’ being commensurate with more contemporary paradigms.
More than often, these theories contain evocative terminologies and labels which to the
uninitiated person usually appear either as mystical and nebulous or idiosyncratically
eccentric and peculiar. Amusingly, this latter attitude combined with general scientific
ignorance has spawned a whole ‘new age’ pseudoscience literature which delves into the
supposed deeper significance of modern scientific theories and their hypothetical relation
to religion, mysticism and such. However, upon investigating the various provenances of
these much celebrated scientific theories more closely, one encounters a whole plethora of
long forgotten alternative theories and concepts which ultimately reached dead-ends, lost
popular support from the scientific community, or were just replaced by superior ideas;
indeed, together with the ultimately triumphant theories these create a general picture
infused with a pervasive untidiness and confusion. This is in stark contrast to what one
reads in standard texts which represent only the correct theories in the much revised,
cleaned-up formulation which can only be constructed from hindsight - such a picture is
misleading as firstly it portrays Science as perfectly ordered and consistent; secondly it
omits much , if not most, of the toil which took many scientists years to develop their
theories; and thirdly, as mentioned, it frequently declines to mention the countless failed
attempts.

In light of the above, the preceding chapters have served to present such a much
vaunted theory in the form of General Relativity. Much of the confusion, and perhaps
mystique, surrounding this complex subject was hopefully removed by firstly elucidating
upon the mathematical technicalities of its formulation ab initio, an attribute which is
regarded by many as an insurmountable impediment to understanding such a theory;
and secondly, thorough physical application via Cosmological Perturbation Theory. In
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focusing on the latter, an historical approach incorporating much of the technical detail of
the chronological developments was adopted, in keeping with the sentiments expressed
above. This was also intended, as expressed in the introduction, to create a working
knowledge of the subject. In the process, the various theoretical models of Cosmology
were encountered - it transpired that the closest approximation to the physically ob-
servable and quantifiable universe was the class of Friedmann-Robertson-Walker models.
However, in keeping with the ultimate objective in physics, namely the understanding
and interpretation of physical reality, these models had to be ‘perturbed’ to that which
is physically observed - whence the motivation for Cosmological Perturbation Theory.
Numerous forms of such perturbations were thus explored, more or less as they have ap-
peared historically, and a number of practical formalisms related thereto were developed
in the process. This is indeed one drawback to Cosmological Perturbation Theory - the
proliferation of widely differing formalisms, each of which exhibiting non-trivial mathe-
matical machinery. However, in discussing both the pros and cons of these formalisms,
it became increasingly evident that depending upon what specifically was desired or be-
ing studied, a formalism peculiar to that application only was optimal. For example, if
one desired a set of perturbation variables which were complete and consistent in the
mathematical sense, gauge-invariant and applicable to a general space-time foliation,
then the Bardeen formalism was optimal, However, the drawback was that this more
than often resulted in a cumbersome formulation of physically meaningful variables. If
on the other hand one desired naturally formulated perturbation variables in the comov-
ing frame, then the covariant formulation was optimal, but at the price of not having
a complete, well-defined set of standard perturbation quantities. Ultimately one could
conclude that there does not seem to be any all-encompassing standard formalism - one
has to improvise according to the application in question.

In viewing the various formalisms a number of significant results and predictions were
encountered. The most noticeable of these is probably the Sachs-Wolfe effect apropos
of the cosmic microwave background radiation. Although this was developed here in its
original context, the years subsequent to its inception have seen a veritable revolution
in Observational Cosmology, resulting in a complete revision and refinement of these
early crude estimates especially in the light of new observations, starting with COBE in
the early 1990’s, and culminating to date with the latest BOOMERanG results. This
has given modern Cosmologists strengthened belief in Big Bang theory, and has provid-
ed clearer insight into credible, physically relevant cosmological models, especially the
inflationary scenario.

With an eye on the future, the exact numerical values of three highly significant cos-
mological quantities are still wanting: the density parameter, Hubble’s constant and the
cosmological constant; their significance being self-explanatory through the fundamental
Raychaudhuri and Friedmann equations, as evidenced in Chapter 4. Once these have
been determined the cosmological picture will be almost complete.

As motivated in the introduction, it was also the intention here to reconcile the
Variational Principle with Gravitation and Cosmological Perturbation Theory. To this
end a general variational formulation to gravitation was developed and extended to
perturbation theory, and the pros and cons explored. However, the extensive, and now
indeed quite routine, application of the Variational Calculus to almost every branch
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of Physics would evidently render the aims and results of the preceding chapter mere
formalities. Nonetheless, in this regard the following significant point needs to be made.

As with much of Science, many principles appear far simpler in theory than in practice
- this is indeed the case with the Variational Principle which, as evidenced in Chapter
3, is formulated in relatively simple mathematics, and in a fairly self-explicit manner.
However, in application to a physical situation one has firstly the initial problem of
motivating and formulating a meaningful Lagrangian as discussed in chapter 3, and
secondly the sometimes quite horrendous ensuing mathematics in the variational process,
as encountered in the previous two chapters. The latter reason forms the motivation for
the extensive mathematical treatment covered in the preliminary chapters: firstly the
mathematics of the Variational Calculus, intending to provide a means to understanding
the principle intuitively and practically, while at the same time investigating numerous
applicable auxiliary technigques and results associated thereto; ‘and secondly the non-
trivial mathematics of General Relativity, namely Differential Geometry, the technical
framework of the physical theory that forms the subject of application here.

As outlined above, the Variational Principle indeed takes on an esoteric and highly
abstract nature; however, as with most concepts in Science, theoretical or otherwise,
an intuitive understanding thereof is optimally inculcated through application. It is
intended that the preceding undertaking has indeed achieved this objective not only for
the Variational Principle, but also for Cosmology in general, and that the synthesis of
the two disciplines has strengthened this understanding. '
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Appendix A
Topology

As encountered in the opening chapter on Differential Geometry, the concept of a mani-
fold was defined in terms of a topological space. A topological space (X, 7)) is defined as
a set of elements X along with a collection of subsets 7" of A’ satisfying the following:

e Any arbitrary union of these sets itself forms a subset of the topology;
¢ Any intersection of a finite number of the subsets is itself a subset of the topology;

e The entire set X along with the empty set are both subsets of the topology.

In addition to the above definition, one refers the above defined sets as being open
sets of the topology. In application to Differential Geometry, it is crucial to note that the
manifold definition of Chapter 2 imposes no restrictions on the nature of the topology,
only that one has ‘a’ topological space to start with. Secondly one notices that the
Einstein field equation s determine the Geometry of space-time, not the topology; that
is, there are no equations at all governing the topology of space-time. In the physical
context of General Relativity though, the only additional assumptions made concerning
the underlying topological space is that it is Heusdorff and paracompact:

» A topological space is said to be Hausdorff if for any two distinct ¢ points in the
space, one can find two open sets of the topology, each one containing one of the
points such that the two sets have no intersection.

The notion of paracompactness can, for the sake of practical applications, be defined
directly in terms of the manifold via the nature of the constituent atlas in terms of it
being locally finite:

¢ An atlas is said to be locally finite if every point in the manifold has an open
neighbourhood which intersects with only a finite number of sets in the topology.

* A manifold is then said to be paracompact if for every atlas A there exists a locally
finite atlas A(y;,) with each open set of A(y;,) contained in an open set of A.
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In a sense, one can view this latter constraint as preventing the manifold from be-
coming ‘too large’ in a global sense. It has the important consequences of admitting a
Riemannian metric to the manifold, as well as imposing second countability: i.e. one can
always cover the manifold with a locally finite, countable family of charts. It also guar-
antees the existence of a partition of unity, a concept crucial for global generalisations of
local results and definitions, such as for the definition of integration over a manifold, as
encountered in Chapter 2. With regard to the latter, this is defined formally as follows:

Given a locally finite atlas A(yiny, a partition of unity on a manifold is defined to be
a set of smooth functions {f,} satisfying:

e The support of f, is contained within an open set of A( Fin);
e 0 < fo <1
® ZQ f(x == 1

such that the support of f, is defined to be the closure of the set upon which f, is
non-vanishing.
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Appendix B

Four-Dimensional Spherical
Harmonics

In full generality, one can define the harmonics as quantities which are eigenfunctions of
a specific differential operator on a given well-behaved space, and such that the full such
set of eigenfunctions forms a basis of that space. In Cosmology one normally utilises
harmonics @ which are eigenfunctions of the Laplace-Beltrami operator on three-space
hypersurfaces of constant curvature with spatial metric o443:

9, +k2Q =0 , (B.1)

where, by analogy with plane waves, k is interpreted as the wave number; and as usual,
the covariant derivative is taken with respect to the spatial metric o,4; the above quan-
tities are also assumed to be functions of the spatial variables only. Assuming then that
any physical quantity B has separable spatial and temporal dependence, one can expand
it in terms of the relevant harmouics, whether they be scalar, vectorial or tensorial as
will be discussed shortly; one therefore has:

B=Y"B(rkag® | ' (B.2)
k

where Q) is the k%" harmonic, and B(r)*) is the ‘amplitude’ which has only time
dependence, as assumed. '

In the above formulations one has the identification k2 = n? F 1, such that n
corresponds to the order of the harmonic while the plus and minus signs correspond to
pseudospherical and spherical cases respectively. Note that the above has been defined
with respect to some, as yet unspecified, foliation of space-time; the spatial metric thereof
being 0,4 as in, for example the ADM formalism. This makes the following analysis fully
general.

The construction of vectorial and tensorial quantities from the above scalar harmonics
is unique up to a scalar normalisation factor; letting @ denote the scalar harmonics, one
can construct, for example, the following two equivalent vectorial quantities:

Qa = EQ;a | (BS)
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1
Q(x = _:{:—Z‘Q e S (B4}
Note that in the Cosmological context, % corresponds to the physical wave vector. Sim-
ilarly, one may define associated tensorial quantities:

oW = %Jgg (B.5)
. 1 .
of = pel+ol’ (B.6)

where the first tensorial quantity is formulated so as to have a trace equal to Q, while
the second one is traceless. The vector harmonics S, can be interpreted as vectors which
satisfy the vectorial Helmholtz equation:

S +kiS* =0 (B.7)

and have, for exanmple, associated tensorial quantities:

Sob W%SWW (B.8)
s = ogl@h) (B.9)

i

where, as per convention, round brackets indicate symmetrisation. Lastly, the Tensorial
harmonics G,g obey then, by definition, the tensorial Helmholtz equation:

af; 2poafl
G+ kG =0 (B.10)

For the specific space-time foliation which is defined with respect to the matter frame
with normalised four-velocity u, and spatial metric kg, one may calculate, as with the
above, the associated harmonics V, bearing in mind the following relations to the above
formulation:

hay = S28%80 045 (B.11)
he = 828505 (B.12)
R = %535};0‘*’3 . (B.13)

Hence, for any scalar quantity U/, one has that:

Ov,U = 62U, (B.14)
a ]‘ @ M
@v U sa0aU (B.15)

Using this, and the requirement that the harmonics J be independent of co-ordinate
time, one can easily verify the following relationships for the scalar harmonics:
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Q =Y (B.16)
Qu = 86V (B.17)
1
Qa = §533}a (818)
Qu = S%026) Vap (B.19)
1
g% = ggagagyaﬁ ) (B.20)
as well as the following:
¢ =0 woy =0
Q =0 & wWoVa = 0 . (B.21)

Qw = 0 & u'dVep = 0

One can verify the above also for the vector and tensor harmonics.
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