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INTRODUCTION

The naive concept of a DW complex is that of a differential space that can
be built up from cells and whose differential structure is defined in terms of
differential structures on euclidean unit closed balls. This concept stems from
an analogue in the category of topological spaces: the so-called CW complex
(introduced by J.H.C. Whitehead in 1949). See [24]. Roughly speaking, a
CW complex, as defined in [13], is built up by the successive adjunction
of cells of dimensions 1,2,3,... The book by Lundell and Weingram [11] is a
good reference for an in-depth exposition of CW complexes. Other references
are Bredon [1], Cooke and Finney [5], Maunder [14], Munkres [17], Rotman
(18], , ,... The “C” in “CW” stands for “closure finite” and the “W?” stands

for “weak topology”.

We adopted the terminology “DW?” because of similarities between DW com-
plexes and CW complexes. The “D” in “DW?” refers to the category of dif-
ferential spaces, but “W” means the same type of thing it means in “CW”.
In fact, we will show in the course of our work that the topology of a DW

complex is a weak topology, determined by the closures of cells. For the same



reason, analogues of CW complexes in the category of Frolicher spaces are
called FW complexes. See [7] or [10] for Frolicher spaces. The category of
Frolicher spaces is a full subcategory of the category of differential spaces [3].

For categories, see [12].

This dissertation goes as far as describing DW complexes and their topolo-
gical properties. Our original aim was to set up cellular homology theory
for DW complexes, but we got caught up along the way by our curiousity
about the topological properties of DW complexes. This investigation has
revealed many nice properties that one would expect DW complexes to have
as analogues of CW complexes. We expanded this inquiry to FW complexes

as well.

It is known that CW complexes can be defined in two different equivalent
ways. But this is not always the case with DW complexes. DW complexes can
be described in two different equivalent ways provided they are made up of
finitely many cells. The intrinsic (or axiomatic) definition of DW complexes
reads like this. Assume that a differential space (X, F) has a DW complex
structure. Then the underlying set X is a disjoint union of cells e, and if
€ is the closure of e with respect to the topology induced by the functions
F, then € is the image of some unit closed ball D*¥ under a map ®, and is
contained in a union of finitely many cells of lesser dimension. The closed
ball D* is viewed as a differential subspace of the euclidean differential space
(R*, F(R¥)), and the map ®., attached to the cell e, is a quotient map. So a
function f:& — R is smooth on € if and only if f o ®, : D¥ — R is smooth

on D*. In this definition, we also want that the differential structure that



e inherits as a subset of € be diffeomorphic to the differential structure on
the interior of D*. Finally, a function f : X — R is in F if and only if

fle : € > R i1s smooth for every e € E.

FW complexes are defined pretty much like DW complexes. The only dif-
ference is that balls and cells are regarded as Frolicher spaces. But the fact
that on one hand balls have, as Frolicher spaces, the same functions that
they have as differential spaces and on the other hand quotients in Frolicher
spaces are the same as quotients in differential spaces leads to the result that
underlying differential spaces of FW complexes are DW complexes and every
Frolicher space whose associated differential space is a DW complex is a FW

complex.

From now onward, by underlying space of a differential space we mean the
under lying topological space. Likewise, underlying space of a Frolicher space

means the actual underlying topological space of the Frolicher space at hand.

As for the alternative description of DW complexes, we introduce the notion
of handiness of a differential space. More precisely, a handy differential space
is a differential space having the property that given any open covering there
1s a smooth partition of unity subordinate to that covering. Finite DW
complexes can be described as adjunctions of differential spaces. Given an
adjunction X Uy Y of differential spaces, for which f: A — Y is smooth, we
will assume that X is a handy differential space and A is a non-empty closed
subspace of X. In some instances, we will need X to be a handy Hausdorff

differential space, Y a Hausdorff space and A a compact and closed subset



of X. In such instances, the underlying space of X Li; Y is an adjunction of
X and Y in topological spaces. This result is pivotal when showing in an
alternative way that the underlying space of a finite DW complex is a CW

complex.
A survey of the contents now follows.
Chapter 1 deals with the intrinsic definition of DW complexes.

Section 1.1 recalls the notion of CW complexes. We prove that every CW
complex in the sense of Rotman is a CW complex in the sense of Fomenko,
and every Hausdorfl CW complex in the sense of Fomenko is a CW complex
in the sense of Rotman. Because of this result, we feel that it is not necessary
to define on one side DW complexes a la Rotman and on another side DW

complexes a la “omenko.

We then expound on coproducts of differential spaces, showing at one stage
that the underlying topology of a coproduct of differential spaces is a cop-

roduct of underlying topological spaces.

Section 1.1 closes with quotient maps in the category of differential spaces.
Many results for quotient maps in the category of topological spaces hold as

well for quotient maps in differential spaces.

Section 1.2 is the main part of our thesis. This is where we define DW
complexes and study their topologies. The main result of this section is

that the underlying space of a DW complex is a CW complex. This result



has many implications. The situation with regard to quotients is rather
more complicatzd, because in general, given a DW complex X and Y a
subcomplex, if v : X — X/Y is the quotient map in differential spaces , the
subspace X — Y is not always diffeomorphic to the subspace X/Y — {*},
where * = v(Y'). However, if X' is assumed to be a handy DW complex and
whose topology is regular and Y is taken to be a compact subcomplex, then
one gets X —Y diffeomorphic to X/Y —{*}. And under the above-mentioned
assumptions, the fact that X —Y is isomorphic to X/Y — {*} clears the way
to proving that X/Y is a DW complex. We appeal to this result later in
Chapter 2 when we prove that the underlying space of a FW complex is a
DW complex.

Chapter 2 consists of the alternative definition of a DW complex. Unlike
CW complexes, only finite DW complexes, meaning DW complexes having

a finite number of cells, can be described directly in terms of attaching cells.

Section 2.1 shows how to construct a DW complex from its cells. We start
by defining the notion of adjunction of two differential spaces. Given an
adjunction X U, Y of differential spaces X and Y’; since it is a quotient space,
it is therefore unique up to an isomorphism. The most important problem
treated here is that, given a handy differential space X whose topology is
Hausdorff and A a compact closed subspace of X, if f : A — Y carries A
smoothly into a Hausdorff differential space Y, then the adjunction X U, Y,
taken in differential spaces, acquires the quotient topology from X LY. We
then examine the particular case whereby X is a coproduct of finitely many

unit balls, taken in differential spaces, and A is the coproduct of boundaries



of balls and Y is a DW complex. Since X is finite, it follows that A is a

compact closed subset of X.

In section 2.2, we explore the class of FW complexes. Theorem 2.1 [4] is
needed to show that every closed ball has, as a differential space, the same
functions that it has as a Frolicher space. This result, in turn, is instrumental
when it is necessary to show that, given a Frolicher space (X, F,C), if (X, F)
is a DW complex, then (X,F,C) is a FW complex. On another side, if
(X,F,C) is a FW complex, then (X, F) is a DW complex.

10



Chapter 1

DIFFERENTIAL CW
COMPLEXES

1.1 Preliminaries

This section recalls the notion of CW complex as generally defined in algeb-
raic topology, and construction of coproducts in the category of differential
spaces. One might like to define CW complexes as in [18] or as in [6], but

we show that these two definitions are equivalent.

Definition [18] A CW complex in the sense of Rotman is a triple (X, E, @),
where X is a Hausdorff space, F is a family of disjoint subspaces of X, and

® = {P,: e € E} is a family of maps satisfying the following conditions:

11



(IRy X =U{e:e€ E};

(2R)

If D* is the unit k-dimensional closed ball ( the boundary of D* is the
unit (k — 1)-dimensional sphere $*~!), and if X is the union of all

cells in X of dimension < k then the map
&, : (D¥, §¥ 1) = (eu X*k-1)  x(k-1))

is a relative homeomorphism, meaning that @, : D* — e U X®*-1) is
a continuous map and its restriction ®.|ps_gk-1 carries the open ball

DF — S*=1 homeomorphically onto e;
If e € E, then its closure € is contained in a finite union of cells in E;

X has the weak topology determined by the collection {é : ¢ € E},
that is a subset A of X is closed if and only if AN e is closed in € for
all e € E.

The maps ®, are called the characteristic maps for the CW complex X, and

the subspaces e € F are the k-cells of X. If the subspace e of X is a k-cell,

then one has a homeomorphism ®,|p. : D¥ = e. ( “D*” stands for interior

of the unit closed ball D*.)

The subspace X® k>0, defined in axiom (2R) is called the k-skeleton of

X. It is a CW complex on its own right. See Example 8.21 in [18].

As a precursor to the differential case, it shall be proved that the notion

of CW complex in the sense of Rotman is the same as that in the sense of

12



Fomenko, provided the topological space in Fomenko’s definition is Hausdorft.

Now, let us define the notion of CW complex according to Fomenko [6].

Definition A topological space X is a CW complex in the sense of Fomenko

if

(1F) X = U{e : e € E}, where as above E is a family of pairwise disjoint

subsets of X, called cells ;

(2F) For each k-cell e, there is a continuous map W, : D¥ — X of the
closed k-dimensional ball D* into the space X such that W.|s is a

homeomorphism onto the cell e;

(3F) For each cell e of X, the subset de := &— ¢ is contained in a finite union

of cells of lesser dimensions;

(4F) Ifeis a k-cell in X, a subset W C X is closed if and only if the pullback
WY (W) C D* is closed in D*.

In the context of Fomenko, by characteristic maps we mean maps ¥,. We
will call de the boundary of the cell e, a terminology borrowed from [6], [13]
Note that de need not coincide with the boundary of e in the sense of point

set topology.

The following lemma shows how characteristic maps ®. and W, relate.

Lemma 1.1.1  If (X, E) is a CW complex both in the sense of Rotman

and in the sense of Fomenko, where the characteristic maps are given by sets

13



®={d.: e€c E} and ¥ = {U. : e € E} for the Rotman structure and

Fomenko structure respectively, then for each k-cell e € E, one has

®.(D*) = & = W (D).

Proof.  For the equation ®.(D*) = &, one may refer to [18]. The same
argument holds for the equation¥.(D*) = é. Indeed, since D* = Dk — Sk-1

and W, is continous, one has

U (D*) = U (DF) C W (DF) =e.

On the other hand, the image ¥.(D*) is compact and since X is HausdorfT,
W.(D*) is a closed subset of X. But e = W, (D*¥) C W.(D*), therefore
e C V. (DF) = ¥ (DF). a

Lemma 1.1.2 Every CW complez in the sense of Rotman is a CW complex

in the sense of Fomenko.

Proof. Let (X, E,®) be a CW complex in the sense of Rotman. We claim
that (£, ®) defines a Fomenko CW structure on the space X.

Let us verify the Fomenko axioms.

That (1F) and (2F) hold is immediate. To get (3F), suppose e € E is a
k-cell. By axiom (2R), ®.(5%"') ¢ X*-1; since X*~1) and e are disjoint,
it follows that ®.(S*"!')Ne = 0. Moreover, as ®.(D* — S¥~') = e one has

14



®,(DF) = eUd,(S*1), a disjoint union. But ®.(D*) = € by Lemma 1 above,
therefore de = ®.(S*1) ¢ X*~1. Thus the boundary de cannot contain
cells of dimension > k. On account of (3R), € is contained in a finite union

of cells of E. Thus, de is contained in a finite union of cells of dimension

< k — 1, and hence (3F) holds.

Finally, let W be a closed subset of X for the weak topology generated by the
collection {€ : e € E}. For all e € E, WNeéis closed in €. Suppose that e is a
cell of dimension k. As ®, is continuous, then &' (W) = &' (WnNe) is closed
in D¥. Conversely, assume that W is a subset of X such that ®'(W Né) is a
closed set for each cell e. If k(e) indicates the dimension of a cell e of X, let
¢ : Ueee D¥® — X be the map ¢ = U, ®,; one can prove, see [18], that ¢ is
anidentification. Thus, for each e € E, ®. is anidentification. It follows that
if ®-1(W N ée) is closedin D* then W Né is a closed subset of €; thereforeW
is a closed subset of X. O

Conversely, we have

Lemma 1.1.3 A Hausdorff CW complez in the sense of Fomenko can be

viewed as a CW complez in the sense of Rotman.

Proof. Let (X, E, V) be a Hausdorff CW complex in the sense of Fomenko.
It is easy matter to show that (1R) and (3R) hold.

As for each k-czll e, ¥, (D¥) = &, and de C X%~V by axiom (3F); it
follows that W.(D¥) c euU X%*-1), Now, let z € S*!. Then there is a
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sequence (Z,)nen in D¥ — S*~1 that converges to z. Since for each cell
e, U, is continuous, it is clear that (¥.(z,)),en is 2 set of points in the
cell e converging to the point ¥.(z) € €. Suppose that W.(z) ¢ Je; thus
V,(z) € e. Since W, ps_gk—1 is a homeomorphism onto e, the sequence
(z,) converges to a point y € D* — S¥='. But D* is Hausdorff, therefore
z = y; and thus z ¢ S*!. This contradiction implies that ¥.(z) € e,
and hence ¥.(S*!) C fe. Moreover, since de C X*=1 it follows that
U, (S%1) ¢ X*-1), We gather from the preceding argument that the map

U, : (D*, S5 1) o (eu X1 x(k-1))

is a relative homeomorphism; hence (2R) holds.

Finally, we need to show that if V' is a closed subset of X according to (4F),
then V' is a closed set for the weak topology determined by the collection
{€ : e € E}. First note that for each cell e, VNé = U (¥} (V NE)). But
D* is compact; since (4F) says that ¥7'(V Neé) = ¥7!(V) is closed in D |
it follows that W !(V Né) is compact. Thus, V Né is compact in €; and as a

subset of a Hausdorff space, V N e must be closed in e. O

It follows from Lemmas 1.1.2 and 1.1.3 above that:

1. In the category of Hausdorff spaces, the Rotman CW complex structure
is the same as the Fomenko CW complex structure. Thus, in Hausdorff
spaces, one need not specify whether a CW complex is Rotman or

Fomenko.
2. The topology of a CW complex is equivalently described by either (4R)

16



© or (4F).

Our next goal is to introduce analogues of CW complexes in the category of
differential spaces. We shall call them differential CW complexes or, simply,
DW complexes. But first, we define the notion of differential space and en
passant present some useful results on coproducts of differential spaces. As

references for differential spaces, see [22], [23] .

Definition Let X be any set, F be a set of real-valued functions on X, and
T be the weakest topology on X for which all functions in F are continuous.

The pair (X, F) is called a differential space if and only if:

(i) any function g : X — R such that for any point p € X there exists an
open neighoourhood U € T of p such that g|ly = f|y for some f € F

is also in F.

(i1) given fy,...,fn € F, if w: R® = R is a smooth real-valued function
defined on R” then wo (fi,...,fs) € F.

We shall say that F is closed with respect to localization provided axiom (i)
is fulfilled, and F is closed with respect to composition with smooth functions

provided axiom (ii) is satisfied.

If (X,F) is a differential space, the family F is called a differential (or
smooth) structure; any function f of F is called a differential (or smooth)

map. For any two differential spaces (X, F) and (Y,G), a mapping f : X = Y

17



is called a smooth map if o f € F for all @ € G. Differential spaces and

smooth maps constitute a category. We shall denote it by DZFF as in [3].

Lemma 1.1.4 Let X be any set, let Fq be a family of real-valued functions
on X and let Ty be the initial topology induced by the functions of Fo on X .,
Then the family F of functions f : X — R such that if f € F then, given
any point p € X, there are functions fy,...,fn € Fo, w € C*(R™) and an
open neighbourhood U € Ty of p such that

f‘U:wo(fla'“ 1f'n.)|U

is the smallest differential structure, containing Fo, on X.

Proof. If 7 is the topology induced by the functions in F, it is easy to see
that T =: 7.

The family F is closed with respect to localization. Indeed, let g : X — R be
a function such that for any point p there exists a function f € F such that
glv = flu, where U is an open neighbourhood of p. Since f is a function
in F, then by hypothesis one can find an open neighbourhood V of p and
functions fy,..., fa € Fo such that fly =wo(fi,..., fa)|v for some smooth

w € C°(R™). But U NV is an open neighbourhood of p, and one has

g|Unv =wo (fl:--- :fn)iUnv-

Thus, g € F and hence F is closed with respect to localization.

The next axiom requires that compositions with smooth functionsw € C*(R")

be also functions of . So consider g;,...,9» € F and w € C®(R™). By

18



hypothesis, for every point p € X, there exist open neighbourhoods U; of p,
i =1,...,n, such that gy, = wio (fiy,..., fin), where fi,,... fi,, € Fo
and w; € C*°(R™). It follows that

w o (gh v e 1gﬂ)|n?=|ui ==

wo ("‘JI:"' }wn)(fln"' !flm!"' 1fﬂ-n"‘ ’fﬂm)lﬁ:;iUi.

Since fi,,... , fam € Fo and wo (wy, ... ,w,) € C°(R'), where [ = "7 1,
it follows that w o (g1,...,9.) € F.

Now suppose that there exists another differential structure G such that
Fo C G. Let f € F, and p be any point of X. By hypothesis, for some
fiye ooy fn € Fo, w € C®°(R"), one has fly = wo (fi,...,fa)|lv where U is
an open neighbourhood of p. Since G is a differential structure and Fy C G,
the function wo (fy,..., fn) belongs to G. Thus f € G and hence F C G. O

The family Fq is said to generate the differential structure 7. We denote by
geny (Fo) or simply by gen(Fo) the differential structure generated by the

set Foy of real-valued functions on X.

Lemma 1.1.5 Let (X,F) a differential space, and let (Y,G) be another
differential space whose differential structure G is the structure generated by
some family H C RY. A function ¢ : (X,F) — (Y,G) is smooth if and only
if fop € F for cach f € H.

Proof. Suppose that ¢ is smooth. Since H C G, it follows that fop € F
for each f € H.
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Now suppose that f oy € F for each f € H. Let g € G. If p is a point
in Y, then there exist n functions fi,...,fn € H and a smooth function

w : R™ = R such that

glU =w0(.fl1"' :fn)lU

for some open neighbourhood U of p. Since the underlying topology of G is
the topology induced by the functions of H, one can choose A € H and an
open subset W C R such that p € hA=}(W) C U. So, on h™!(W), one also

has

glhi-rowy =wo (fi,. ., fo)la-r(w)-

But h o € F, therefore (h o ¢)~}(W) is an open neighbourhood of any

u € X such that p = ¢(u). And moreover, we have

gopl-iw) =wo (fro@,..., fno@)|h-1(w).

Since fiop € F,foreach:=1,...,n, and sincewo(fiop,..., frop) € F,
- it follows that go is locally smooth. Thus goy € F, and hence ¢ is smooth.
O

Definition [22] Let (X,F) and (Y,G) be differential spaces. A function
v : (X, F) = (Y,0) is called a diffeomorphism if the set map ¢ : X — Y is

a bijection and if ¢ and ™! are both smooth.
Lemma 1.1.6 Let ¢ : (X, F) = (Y,G) be a diffeomorphism of differential

spaces, let (A, F4) be a subspace of (X,F) and let (B,Gg) be a subspace of
(Y,G), where B = @(A). Then ¢|a: (A, Fa) = (B,Gg) is a diffeomorphism.

20



Proof. Let f € Gg be such that f = h|g, where h € G. Then

fowla=(hoyp)ls € Fla

By virtue of Lemma 1.1.5, it follows that ¢|4 is smooth.

Now let k € F4 be such that k = [|4, with { € F. Since ¢ is a bijection, then

_1I

(ela)™ =¢7"|B.

Thus,

ko(pla)™ =(lop™)|s € Gb.

Hence, by Lemma 1.1.5, (¢|4)~! is smooth, and the proof is finished. O

Lemma 1.1.7 Let (X,F) be a differential space, and let p be any point
in X. If U is an open neighbourhood of p, then there exists a nonnegative

function h € F such that p € h='(0,00) C U.

Proof. The hypothesis that U is an open neighbourhood p ensures that
there exists a function f € F such that p € f~!(a,b) C U, where (a,bd) is
an open interval. Now suppose that a : R — [0,00) is a smooth function
such that f(p) € a™*(0,00) C (a,b). As F is closed under composition with
smooth functions, it follows that e« o f € F; thus setting h = a o f, one

obtains a nonnegative function h € F such that p € A='(0,00) C U. O

Definition Let {(X;,F;)| 7 € J} be a family of differential spaces, let X

be an arbitrary set and let {f; : X = Xj| j € J} be a family of functions.
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A differential structure F on X is said to be induced on X from differential

spaces {(X;,F;| 7 € J} if
F =gen({ejo f;| a; € F;, j € J}).

Analogously, a differential structure G is said to be coinduced on a set Y from
the family {(X;,F;)| 7 € J} of differential spaces by a family of functions
{g;: X; o Y|jeJ}if

G={a€eR"|aog; € F;, je J}.

We show in Lemma 1.2.1 that coinduced structures exist. One may refer
to [15] for induced structures. In categorical terms, induced structures are
called initial structures and coinduced structures are called final structures.

We borrowed the term “coinduced” from Mulatrzynski. See [16]

We will adopt the following notation. Suppose that for each j € J, X; is
a differential space. If F is a structure induced by functions {f; : X —
X;| j € J} then F will be denoted by ind({f;: 7 € J}). Howeverif G is a
structure coinduced by functions {g; : X; —» X| j € J}, G will be denoted by
coind({g; : J € J}). An induced differential structure of particular interest
is the subspace differential structure. Let A be a subset of X, where (X, F)
is a differential space. The differential structure induced by ¢4 : A — X,
ta(z) = z for all z € A, is called a subspace differential structure. We
denote by F4 the subspace structure. Thus, F4 = gen({f|a; f € F}). The
pair (A, F4) is called a differential subspace of (X, F).

Lemma 1.1.8 Let {(X;,F;);7 € J} be a family of differential spaces, let
X = UjesX; be a disjoint union of underlying sets X, and let F C R¥ be
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such that if f € F, then f|x, € F; for each j € J. Then, F is a differential
structure on X.

The pair (X, F) is called a coproduct of the family {(X;, F;)|j € J}.

Proof. Let tx, : X; = X be the inclusion of Xj; into X. It is easy to see

that F = coind({cx, : j € J}) and thus F is a differential structure on X.

Now, let f; : (X;,F;) = (Y,G) be a map of differential spaces and

(Y, 9)

e
Lx
(X5, F5) — (X, F)
a commutative diagram with h(z) = f;(z) for z € X;. As h is uniquely

defined in sets, so is it unique in differential spaces. Furthermore, h is smooth

because for each g € G one has go h|x, = go f; € F;. O

Lemma 1.1.9 Let {(X;,F;)| 7 € J} be differential spaces, and let (X, F)
be their coproduct. If T ( resp., T;) is the underlying topology of F ( resp.,
F;), then a subset V of X; is T;-open if and only if V = T N X; for some
T € T. In other words, if Tx, is the topology induced from T on X;, j € J,
then Tx, = T;.

Proof. Let T be an open set for the topology 7. Then for each point
p € T, there exists a map f, € F such that p € f;'(0,00) C T. Thus,

T = Uper f,;*(0,00). Since
f31(0,00) N X; = (folx,)7(0,00) € T

4
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it follows that T N X; € 7;. Hence, for every j € J, Tx, C 7;.

Conversely, let V' € T;, where j is fixed in J. Then for any point ¢ € V,
there exists a function f € F; such that ¢ € f7'(0,00) C V. Next, define

g: X — R by setting
f(z) forz € X;
g(z) = ;
0 for z ¢ X;.

It is easy to see that

So, g € F and g7!(0,00) = f~!(0,00). Then q € g7*(0,00) C V; thus V is
an open subset of X for the topology 7. Wherefore, 7; C T, for each j € J.
O

Corollary 1.1.1 Let {(X;,F;);5 € J} be a family of differential spaces and
let X = U;eysX; ( disjoint union ). If F s the coproduct structure on X
coinduced by {(X;,F,);J € J}, then the F-induced topology T is the weakest
topology on X determined by {(X;,7;);7 € J}, where T; is the underlying
topology of F;, for each 3 € J.

Proof. It is evident that for each subset T C X, T € T if and only if
TnNnX; €T, foreach 3 € J. d

Lemma 1.1.10 [f (X, F) is a coproduct of differential spaces
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{(X;,F;);5 € J} and ifix, is the inclusion X; — X, then

Fx. = F;,

]

where fx} = ind({&x}}).

Proof. Let f € Fx,. There exists an open covering U of X (with respect to
the underlying topology of F ) such that, for each U € U, flvnx, = gulunx,
for some gy € F. By Lemma 1.1.9, U N X, € T, for each U € U; since
gulx, € F;, it follows that f € F;. Hence Fx, C F;. On the other side, let
h € F; and let ky : X — R, where U € U, be defined by

h(z) for z € X;
ku(m) = .
0 forze Xy, l#3
Since hlunx, = kulunx,; so h € Fx, and hence F; C Fx;. O

Lemma 1.1.11  Let {(X;,F;);7 € J} be a collection of differential spaces,
and let (X, F) be their coproduct space. Then the underlying topological space
(X, T) of the differential space (X, F) s the topological coproduct of the fam-
ily {(X;,7;);7 € J}, where for each j,T; denotes the topology induced by F;
on Xj.

Proof. Let 7' denote the coproduct topology of topological spaces
{(X;,7;);7 € J}. Since F is a coproduct structure, then if f € F and U is
an open subset of R, one has f~'(U)NX; = (f|x,)"'(U) € 7, for each j € J.
Therefore, f~'(U) € T, and hence T C T".

25



Now, take V € T'. Foreach j € J, VN X; € T;. Fix 7 € J; for any point
p € VN X; there is a function f € F; such that f~1(0,00) C V N Xj. Define
g: X - R by

f(z) forz € Xj
q(z) = {
0 for z ¢ X;.

Clearly,

feF; fk=
alx, = . )
0 F ifk+#j.

Therefore ¢ € F, and ¢~!(0,00) = f~!(0,00). Since j is arbitrary, V € T;
and hence 7' C 7. a

Lemma 1.1.12 A differential space (X,F) is Hausdorff if it satisfies any

of the following equivalent conditions:

(1) For all z,y € X, there ezits a function f € F such that f(z) # f(y) if
Tz #y.

(2) The F-induced topology is Hausdorff.

Proof. (1)= (2). Assume (1) and choose nonintersecting neighbourhoods
U and V of f(x) and f(y) respectively. Subsets f~'(U) and f~'(V) are
disjoint open neighbourhoods of z and y respectively. Thus, the F-topology
is Hausdorf.
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(2) = (1). Suppose there exit z # y in X such that f(z) = f(y) for all
f € F. Since the F-topology is Hausdorff, choose neighbourhoods A and B,
of z and y respectively, that are disjoint. There exist open neighbourhoods
T and S, of f(z) and f(y) respectively, such that

z€ fTYT)C Aand y € f~!(S) C B. But, f(z) = f(y), therefore

{z,y} C F~HT)N f~1(S), and so AN B # 0: a contradiction to the assump-
tion that AN B = 0. O

A differential space satisfying any of the above equivalent conditions is called

a Hausdorfl differential space.

We sould like to define quotient maps and quotient spaces in the category
DIFF of differential spaces, which are necessary tools that we shall need
later on in connection with adjunction spaces of differential spaces. We
should also adapt Theorem 1.8 in [18] to the context of differential spaces.
A corollary of Theorem 1.8 is used in [18] to show that the adjunction space
of two topological spaces 1s unique up to a homeomorphism. A similar result
holds in DIFF for we shall prove that the adjunction of two differential

spaces is unique up to a diffeomorphism.

Definition Let X and Y be differential spaces. A smooth surjection g: X —
Y is called a quotient map provided, given a real-valued function f : ¥ — R,

then f is smooth on Y if and only if its pull-back f o ¢ is smooth on X.

Lemma 1.1.13 Let X,Y, Z be differential spaces, and let g: X = Y be a
quotient map. Then every set map @ : Y — Z such that Poq: X — Z is
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smooth ts a smooth map.

Proof. Let F(X), F(Y) and F(Z) be collections of structure functions on
X,Y and Z respectively. Let h € F(Z). Then ho® o0 q € F(X). Since q is
a quotient, it follows that ho ® € F(Y). Thus, ® is smooth. O

Definition Let (X, F) be a differential space and let X* = {X;: i € I}
be a partition of the set X. Let m : X — X~ be a set map defined by
n(z) = X;, where X, is the unique subset of X in the partition X* containing
z. The quotient differential structure 7*(F) on X* is the coinduced structure
corresponding to , that is the collection of all real-valued functions f : X* —
R such that fom : X — R is smooth on X. The pair (X*, 7*(F)) is called
the quotient space of (X, F) determined by the natural map .

Theorem 1.1.1 Let X, Y be differential spaces and let ¢ : X — Y be
a smooth surjective map. Then q is a quotient map if and only if, for all
differential spaces Z, and all functions g : Y — Z, one has g smooth if and

only if g o g is smooth.

9°q 7

B A
Y

Proof. Assume ¢ is a quotient map. If g is smooth, then g o ¢ is smooth.

X

Conversely, let g o ¢ be smooth and let A : Z — R be a smooth map on Z.
Then hogogq:.X — R is smooth; since g is a quotient map, it follows that

hog:Y — R is smooth. Hence g is smooth.

28



Now assume that it is true that for all differential spaces Z, and all functions
g:Y — Z, one has g smooth if and only if g o ¢ is smooth. We want
to show that this condition implies that ¢ is a quotient map. Let Kerg
be the equivalence relation on X, defined by z ~ &' if ¢(z) = ¢(z'). See
[18]. Let X/Kerq denote the quotient set of X by Kerq. It is clear that
X/Ker, is a partition of X. Let us use X/ for the corresponding quotient
differential space. We apologize for abuse of notation. Let Z = X/, and
let v : X — X/Ker, be the natural map. First note that there is an injection
¢ : X/Ker, = Y defined by ©([z]) = gq(x). But since g is surjective, it follows

that ¢ is also surjective. Consider the commutative diagram

v

X

X/Kerq'
"

o g = v is smooth, it follows, by hypothesis, that ¢!

1 i1s smooth.

Since ¢~
Moreover, since v is a quotient and ¢ o v = ¢ is a smooth function, it follows
that ¢ is smooth. Thus, ¢ is a diffeomorphism, and hence g is a quotient

map. O

Corollary 1.1.2 Let ¢: X — Y be a quotient map of differential spaces
and, for some differential space Z, let h : X — Z be a smooth map that is

constant on every q~'(y), where y € Y. Then hoq™':Y — Z is smooth.

Proof. That h is constant on each ¢~'(y), where y € Y, implies that
hog™' :Y — Zis a well defined function; h o ¢~' is smooth because

(hog™')og= h is smooth, and Theorem 1.1.1 applies. O
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Corollary 1.1.3 Let X and Z be differential spaces, and let h : X — Z be
a quotient map. Then the map ¢ : X/ gory = Z, defined by [z] — h(z), 15 a

diffeomorphism.

Proof. That ¢ : X/kers = Z is a bijection is clear. Clearly, ¢ is smooth by
Corollary 1.1.2. Let v : X = X/yer, be the natural map z — [z]. Since h is

1

a quotient map and v is smooth, Theorem 1.1.1 implies that ¢ ™" is smooth.

a
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1.2 DW complexes

DW complexes are analogues of CW complexes in the category of differential
spaces. More precisely, a DW complex is a differential space made up of
“cells”, each of which is diffeomorphic to the interior of an euclidean unit
ball; so each cell is viewed as a copy of an open ball, and it is said to have
the dimension of the open ball. Cells are not allowed to overlap, they are
rather attached in a systematic way. However, there are some difficulties
with the way which they are attached across boundaries, to which we must

attend.

Underlying spaces of CW complexes are assumed to be Hausdorff, likewise

underlying spaces of DW complexes are required to be Hausdorff.

Throughout this section, D¥ will denote the unit k-ball, equipped with the
differential structure F(D*) := F(R*)p« induced by the inclusion

epr : D — (R, F(RF))

(F(R¥) is the usual differential structure of R¥). Let us begin with

Lemma 1.2.1 Let {(X;,F;);1 € I} be a collection of differential spaces and,
for each 1€ I, let f; : X; = Y be a set function. Then

fH(F)={g€ RY : go fi € F; for each 1 € I}

is a differential structure on Y'; it is called the coinduced structure relative to

the family {f; : (X:;, Fi) = Y }ier.
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Proof. Let A : Y — R be such that for every p € Y there is an open
neighbourhood U, of p in the topology underlying f;(F;) such that hly, =
gplu, for some g, € f7(F:). Since fi(f7'(Up)) = Up N fi( Xi), it follows that
ho fil;-1w,) = 9» © fil;-1(v,)- But {f7*(U,) : p € Y} is an open covering of
X; and g, o f; € F;, therefore ho f; € F;. Thus h € f7(F;). This property

means that f*(F;) is closed with respect to localization.

Now we show that f*(F;) is closed with respect to composition with smooth
functions w € C*®(R™,R). Let gi,...,9. € f*(F:) and w € C®(R",R).
Clearly, one has wo(g1,... ,gn)ofi =wo(g10fi,... ,gn0f;). Since g;of; € F;
for every 7 = 1,...,n, it follows that wo (g1 0 fi,... ,gn 0 fi) € Fi. Thus
wo(g1,...,9n) € fi(F). a

For the time being let us assume that we know what a DW complex is.

Definition A k-cell e* (or simply €) of a DW complex (X, F) is a subset of
X, diffeomorphic to the interior of a closed ball D¥ via a smooth mapping

@, : D¥ > X. The map ®, may identify points of S*1.

If e* := &.(D*), then e C e*. We will denote by F(e#) the differential
structure coinduced by ®. : D¥ — e# on e¥, and by 7 (e#) the underlying
topology of F(e#).

Definition Let (X,F) be a DW complex with collection of cells E. For
each k > 0, the k-dimensional skeleton X*) of X is the differential space

whose underlying set is
X® = y{e€ E: dime < k},
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and whose differential structure is the structure coinduced by the inclusions

(e#, F(e#)) — X,

Note the abuse of notation: X (¥ is used to denote the k-dimensional skeleton
as well as its underlying set. We will prove later that every skeleton is in fact

a differential subspace of X.

Clearly, one gets in the category of sets the ascending sequence X(® c X1 c
X® c ... If there exists n € N such that X" = X and X1 £ X
then X is said to be of dimension n. A DW complex is finite if it has finitely

many cells. Using the above notions, we can now define:

Definition A DW complex or differential CW complex is a triple ((X, F), E, @),
where (X, F) is a Hausdorfl differential space, E is a family of cells, and
® = {®. : e € E} is a family of smooth maps, called characteristic maps,

such that

(1d) X = U{e: e € E} (disjoint union).

(2d) For each k-zell e € E, the smooth map &, : (D*, F(D*)) = (e#, F(e#))
is a quotient and carries the subspace (D*, F(D*) ) diffeomorphically
onto (e, F(e)), where F(e) is the structure induced by the inclusion

e = (e¥, F(e#)).

(3d) If e € E is a k-cell, the subset e# C X is contained in a finite union of

some cells, in £, of dimension < k.

(4d) The differential structure F is the coinduced structure corresponding
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* to the inclusions (e#, F(e#)) - X.

Conditions (2d) and (3d) imply that, given a k-cell e, the characteristic
map P, carries S*! into the k — 1 skeleton. More precisely, S*~! meets
finitely many cells, each of which has dimension less than k. Therefore e# C
eU X*-1) The underlying differential space X is called a DW space, and
(E,®) is called a DW decomposition of X. When there is fear of confusion
about cells and chararcteristic maps of a DW complex X, we will adopt this
rather more precise notation: e} is the a-th n-dimensional cell of X, and its
corresponding characteristic map is denoted <I>:. Also we may want to assign
to each n > 0 a set A, indexing all the n-dimensional cells of X, so if e} is

an n-cell then a € A,.

Lemma 1.2.2 Let X be a DW complez, let e be a k-dimensional cell in X
and let h : D* — R be a smooth map on D*. If h|gk-r = fo®,|ge-1 for some
smooth map f : X*¥~1) — R then there is a unique smooth map g : e* — R
such that the diagram

bl

Dk = e#

commutes and glges = floen, where Ge¥ = &,(S*1).

Proof. The reason is simply because the characteristic map ®. is a quotient
and is one-to-one on the interior of D¥. In fact, take g : e* — R as follows
f(=) for z € de#
hlpx 0 (Pe|pe)~ (z) for z € e.



As Je* Ne = 0, g is well defined and it is clear that (g o ®.)(z) = h(z) for

all z € D*. Thus, as ®, is a quotient, g is smooth on e¥. O

Lemma 1.2.3 Let X be a DW complez, let D = Uyea, Un>o D, where A,
is the set indezing all the n-cells of X, be the coproduct of differential spaces
DTI

(s B}

and let g : D — X be the map q = Uaenn ®". ThenX has the structure
n>0

coinduced by the map q .

Proof. By axiom (4d),if F is the differential structure of X, then
F={feR¥: f|l.« € F(e*), for every e € E}.

Now, if D is the structure coinduced on D by the inclusionsD] — D, one

has
D={feR>: flpy € F(D})}.
On the other hand, suppose
G={feR*: foqeD}.

Of course, Gis the differential structure on X coinduced by the map q. As
asserted above, f € G if and only if f o ¢ € D, which in turn istrue if and
only if foq|ps = fl.e 0 @, € F(D3) for each e}.But fl.x o ®] € F(Dj) if
and only if f|.» € F(e#), which is equivalent to f being in F. ( Note that
we have omitted the subscript and superscript on e#. This usual attitude is
adopted to circumvent unnecessary cumbersome details. Thus ¢ = F, and

hence F is the structure coinduced by the map g. O

35



Lemma 1.2.4 Let (X,F(X)) be a DW complezr with cells E(X), and let
(Y,F(Y)) be any differential space. A function f: X — Y is smooth if and
only if f|.# o @, is smooth for each e € E(X).

Proof. Suppose that f : X — Y is smooth and let e be a cell in X. It
is clear that f|.« : e#* — f(e*) is smooth. It follows that the composition

fle# 0 ®. : D* = f(e¥*) is also smooth.

Suppose that f : X — Y is such that f|.# o ®. is smooth for each cell e €
E(X)and g:Y — Rissmooth on Y. Then every g|(.#y0 fl|.# 0 ®. : D 5 R
is smooth. Fix ¢ € E(X). Since ®. : D*¥ — e* is a quotient, it follows that
9ly(e#y © fle# is smooth on e*. But e is arbitrary, therefore g o f € F(X);

hence f is smooth. O

Lemma 1.2.5 Let (A, Fa) be a differential subspace of a differential space
(X,F), and let T4 and T be the topologies induced by F4 and F on A and
X respectively. Then (A, Ta) is a topological subspace of (X, T).

Proof. Let S be the topology on A, inherited from the topological space
(X,T). We claim that § = T4. To show this, let us first note that

T:gen{f_l(W):WETR a.ndef}
T4 =gen{fﬁ1(W):W€Tl'l and f € Fu}

S=gen{f'(W)NA: W € Tg and f € F},
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where Tg is the usual topology of R. Since f € F implies f|4 € Fa, it follows
that S C 7a.

For the reverse inclusion, observe that f € F, if and only if for each point
p € A, there is a neighbourhood U, in T such that f|y,na = fp|u,na for some
function f, € F. Since, for each W € Tg,

f—l(W) = UPEA[fp_l(W) NnU,N A]:

it follows that f~'(W) € S, and so T4y C S. O

Lemma 1.2.6 Let (X, F) be a differential space and let B C A C X. Then

Fs = (Fa)pa

‘Proof. It is easy to see that

Fs = gen({fls; f€F})
= gen({f|s: f € Fla})
= gen({fls; [ € Fa}), since F4 = gen(F|a),
= (Fa)s.

Lemma 1.'2.7 Let X be a DW complez and e* = ®.(D*) with ®, being
the characteristic map of a k-cell e of X. Then if F(e¥#) is the differential
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structure coinduced by ®, on ¥ and F,u is the differential structure making

the subset e* into a differential subspace of X, it follows that

(i) For C F(e*)

(i1) Tex C T(e%),

where Tox and T (e¥*) are the underlying topologies of the structures F 4 and

F(e#) repectively.

Proof. One easily obtains (z) simply because F,4+ = gen {f|.# : f € F} and
fle# € F(e#), for every f € F . Now, let U be a subset of e*. Then U € T«
if and only if for each p € U thereis a f, € F.# such that p € f1(0,00) C U.
But F.+ C F(e*), therefore U € T(e*), and hence T4 C T(e*). O

Theorem 1.2.1 Let (X, E) be a DW complex with differential structure F.
Let Y be a differential subspace of X made up of cells of X, that s

Y=U{e€E; E' CE)}.

Denote by ®X (resp. @) the characteristic map of a cell e of X (resp. Y).
Suppose that for each cell e of X contained in Y, ®¥ = ®X and e#* is also

contained in Y. Then Y is a DW complez on its own right.

Proof. Let z,y be any two points in Y. Since X is Hausdorff it follows from

Lemma 1.1.12 that there exits a smooth map f : X — R on X such that
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f(z) # f(y). But f|y is smooth, so there is a smooth map g = fly on Y
such that g(z) # g(y). Thus, Y is Hausdorff. If e is a k-cell of X contained
in Y, then its characteristic map ®, : D¥ — X carries D* onto e¥, which
is contained in Y by hypothesis. By (3d), there are finitely many cells e; of
dimension legk that meet e#. As e¥ C Y, it follows that every e; is also

contained in Y. Thus, ¥ is contained in some finite union of cells of Y.

It only remains to show that Y has the differential structure specified by

(4d).

Let Fy be the differential structure on Y, induced by the inclusion Y — X.
Let f € Fy. Then for each p € Y, there is a neighbourhood U, € 7 such
that flu,ny = glv,ny for some g € F. If p is a non 0-cell point contained in a
cell e, then, by Lemma 1.2.7, U, N e# is an open set for the topology 7 (e¥);
and since f|y ne# = glu,ne# With glex € F(e#), it follows that f|.+ € F(e¥).
Suppose that ¢ is a O-cell in Y. It is obvious that f(q) € F(q). Hence, if

G={f:Y =2 R; fl+ € F(e*) forall e E'}

then Fy C G.

On the other hand, let us show that every map f € G can be step by step
extended to some smooth map f, defined on the whole of the space X. Then,
f = fly € Fy. The arguments given for the case whereby the complement
X — Y is made up of cells of dimension 2 at most can be applied to a more
general case. Let €, @ € I, be all the 0-cells contained in X — Y. Define

g: YU (Uaere?) = Rsuch that gly = f and g(e2) = 1 for all @ € I. Suppose
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that, for each o € J C I, there is a 1-cell e} 4

such that its one boundary point is the O-cell €2 in X — Y, while its other
boundary point is some 0-cell €} in Y. Denote by ®,; the characteristic
map of the cell e} 5; ®); sends D' into X. Assume that ®;(—1) = ) and
®!5(1) = €. For each such e} ;, define hl; : D' — {0} — R by setting
N=1 f-=1z<0
Mole) = { Al =1 HG#<D
g(ep) f0<z<1
and define kéﬁ : D' 5 R by
N RGO ST
0 ifz=0

where X : R — R is a smooth function such that

B 1 if 2] >3
Az) = (1.1)

0 if |z] < 3.
Clearly, each k5 is smooth. Since ®_;|(y,) is a diffeomorphism onto e} g,

there exists a map ghg : (eks)* — R such that kL5 = glz0 ®L,.

The case where eclrﬁ isal-cellin X -Y
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with its boundary points being distinct O-cells in Y is treated similarly.

If e} is a cell in X —Y whose boundary points € and e} liein X =Y, define

9as : (ehs)® = R to be identically 1.

Now, suppose that there also exist 1-cells e} 5 in X —Y such that ®5(—1) =
®!5(1) is a O-cell in Y. One has the following picture

80 "eg

For such el 4, set gls(z) = f(e) for all z € e} 4

The various g and the map f patch together to define a map
h:YU(U{ee X —Y :dime<1})—> R

such that h|y = f and for every 1-dimensional cell e € X — Y the restriction

h|.# is smooth.

Now assume eZ;, is a 2-cell whose vertices €2, eg, e3 are 0-cells in X — Y/, for

instance in the diagram

2

25,)* = R to be the constant map 1.

For such a cell, define g2, : (e
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In turn, let €25, be a 2-cell in X —Y such that all its vertices are identified to

a one O-cell of Y, that is €2 = €} =€) € Y. It might be pictured as follows

Define g24. : (€25,)* — R to be the constant map f(e3).

Next suppose €2, is a 2-cellin X - Y

where €} and e are distinct O-cells in Y and € is a O-cell in X — Y. If ®2,

is the characteristic map of the cell e, , the function

hl = (h (0] (Dgﬁ,r)‘SI

afly

is a smooth map. Let 32 : D? — {0} — R be the map defined by

74(2) = hop,(z/|lzl])

and let h%; : D* — R be given by

afy

A 2)7%(x) if 0
e { MpIFAF st
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where A : R — R is defined as in (1.1). Clearly h2; is a smooth map on D?.

Since
h2plsi = (ho @25 )]s

and ®2 |+, is a diffeomorphism onto e, it follows from Lemma 1.2.2 that

there exists a smooth map g2, : (€25,)* — R such that

9§n¢|¢§h{51) = h|¢‘;’,ﬁ(51)

and

The following cases
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can be treated like the case just above.

Thus, by patching together the various g25, and the map h, one extends f
to a smooth map f: X — R. Hence G C Fly, and consequently G C Fy as
desired. 0O

Definition A DW subcomplex (Y, E(Y)) of a DW complex (X, E) is a DW
complex such that Y C X, E(Y) C E and ®} = ®X for every cellein Y.

In particular, k-skeletons of X are DW subcomplexes of X.

Lemma 1.2.8 If (X,E) is a DW complez, with differential structure F,
and e is any cell in E, then ¥ is contained in a finite DW subcomplez, that

is a DW subcomplex with a finite number of cells.

Proof. When n = 0, the statement is obviously true. Now, suppose n > 0;
then by axiom (3d), e* is contained in a finite union of cells, say ey,... , em.

Define
Y =u{e*:1<i<m}.

Taking ®Y = ®X for every cell e in Y, Theorem 1.2.1 implies that the
differential subspace (Y, Fy) is a DW subcomplex. It is finite and contains
e¥. O

Lemma 1.2.9 If (X, E) is a DW complez and if (Y, E(Y)) and (Z,E(Z))
are DW subcomvlezes, then YNZ and Y UZ are DW subcomplexes with cells
E(Y)NE(Z) and E(Y)U E(Z) respectively.
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Proof. It is clear that YN Z =U{e:e€ E(Y)N E(Z)} and for each cell
ein E(Y)N E(Z), the subset e* is in Y N Z. Since e¥* C E(Y) N E(Z), it
follows that Y N Z = U{e* : e € E(Y)N E(Z)}; and by Theorem 1.2.1,
Y NZisa DW complex and hence a DW subcomplex of (X, E).

Now let us consider the subset Y U Z. Since Y = U{e¥* : e € E(Y)} and
Z =uU{e*: e€ E(Z)}, it follows that YU Z =U{e* : e€ E(Y)U E(2)};
so by Theorem 1.2.1 we corroborate the claim that (Y U Z. E(Y)U E(Z)) is

a DW subcomplex. O

Corollary 1.2.1 [f(X,E) is a DW complezx and KR s a subset of X finitely
covered by cells of X, then K lies in a finite DW subcomplez.

Proof. Suppose ' C U e;, where every e, is a cell in X. By Lemma 1.2.8,
e is contained in a finite DW subcomplex Y. . So, K C UZ,Y.. But by

Lemma 1.2.9. the union U, Y, is a finite DW subcomplex. so the proof is

finished. &

Let X be a DW complex; in addition to its underlying topology we place
another topology, denoted o, on X by saying that a subset L’ is open with
respect to o if and only if, for each k-cell e of X, the intersection L' N e* is
open with respect to the smooth structure F(e#) of e*. (It follows that a
set is closed for the topology o if and only if its intersection with each e# is
closed.) It is evident that o is truly a topology on X and this is the topology

that one might expect X to have as a CW complex.



Lemma 1.2.10 If X is a DW complez and e is a k-cell in X, then

¥ = el (€),

where cl,(€) denotes the closure of e with respect to the topology o.

Proof. Since e¥ is a closed set for the topology of &, it follows that cl,(e) C
e*. Now, assume that cl,(e) is strictly contained in e*. Then there exist a
point p in e# and a neighbourhood V of p contained in ¥ such that VNe = 0.
Since p € e* — cl,(e), it follows that p = ®.(q) for some ¢ € S*~! ( we are
assuming that e is a cell of dimension k); moreover ¢ € ®.' (V) with & (V)
a neighbourhood of ¢q. But the topology on D is the topolgy inherited from
the usual topology of R¥, therefore ®;!(V) contains some points of Df. If
r is one such pomnt, then ®.(r) € V N e; thus the assumption that cl,(e) is

strictly contained in e# does not hold. Hence, cl,(e) = e*. O

Similarly, one has

Lemma 1.2.11 Let X be a DW complez and let T be the initial topology

corresponding to the differential structure F. Then
e# = c[-r(e),

where clr(e) is the closure of the cell e with respect to the topology T .

Proof. First, note, for each k-cell e, ®.(D*) = e C ®.(D*) = e*. As DF is
compact and X is Hausdorff, it follows that ®.(D*) is a closed subset of X

and thus clr(e) C e*.
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Conversely, let z € e¥*. Clearly there is a y € D* such that z = ®.(y). If
y € int DF, then z € e and thus z € cly(e). Suppose y € S*~!. There exists
a sequence of points y; € int D* such that y; — y as i = oco. Since ®.(y;) € e
and @, is continuous, it follows that ®.(y;) = ®.(y) = z; and one sees that

z € clr(e), hence e# C clr(e). O

Putting Lemma 1.2.10 and Lemma 1.2.11 together, one obtains

Corollary 1.2.2 Let (X,F) be a DW complez, let T be the underlying
topology of F and let o be a topology on X whose open sets are those subsets
U of X such that U Ne* € T(e*) for each cell e of X. Then,

clr(e) = e* = cl,(e)

for each cell e of X.

Because of the foregoing equations, we shall use the notation € to denote the
closure of e for either the topology o or the topology 7. If e is a k-dimensional

cell of the DW complex, € will be called a closed k-cell of X.

Lemma 1.2.12 [f(X, E,®) is a DW complez, then the triple (X, o), E, ®)
is a CW complez.

Proof. Axioms (1R), (2R) in the definition of CW complexes are readily
satisfied. By Corollary 1.2.2, € = e#; and since e* is contained in a finite

union of cells of lower dimensions, then (3R) holds. By definition of the
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topology of o, a subset U of X is closed if and only if U N & is closed in &
hence (4R) holds. Thus ((X,0), E,®) is a CW complex. O

The following lemma will be useful for the main theorem , that we are about

to prove.

Lemma 1.2.13 Let p be a 0-cell of X and an isolated point of X) ( for

relative topology induced from o). Then, p is an isolated point of X.

Proof. Suppose that p is not an isolated point of X. Then, there is a closed
k-cell € (k > 1) such that p € de. Suppose also that there is no closed I-cell
0, where 1 < | < k, such that p € 6. Since (X,0) is a CW complex, the set

de is finitely covered by [-cells o and O-cells. Let
O={o€ E:1<dimo <k and o C de}.

As p ¢ o for each o € O, there is an open neighbourhood U, of p containing
no other 0-cell and such that U, N o = @. It follows that p ¢ Je, which is a

contradiction; the proof is therefore finished. O

We have stated “hat the most interesting question for our dissertation is to
show whether underlying spaces of DW complexes are CW complexes. To
this end it suffices to show that topologies 7 and o are the same. But at
the moment, we basically show one direction; that is 7 is finer than o. In
this particular situation, our approach is to consider two cases. For the first

k

case, we let p be a point in e* N U, where e* is a k-cell and U is an open set

in the topology o. For the second case, we allow p to be a 0-cell point in U.
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In both cases, we prove that there is a smooth function f : X — R such that
p€ f~1(0,00) CU.

However, the first case has some complexities, for if p is an interior point of
some cell e¥ and e* belongs to the boundary of some cell e+!, then it takes
some effort to show how one gets a function f : X — R with the desired

property that p € f~1(0,00) C U.

Theorem 1.2.2 Let (X,F) be a DW complez, let U be an open set in the
topology o, and tet p € U be a non 0-cell point of X. Then there exists a
smooth map f € F such that

p€ f71(0,00) C U.

Proof. Since p is a non 0-cell point of X, there exists a closed k-cell e*(p) =

ek (k > 1) that contains the point p.

A) We begin by examining the case where p is a point of e*. We will show

that that there is a smooth map f* : X(*) - R such that
p € (f*)7'(0,00) cUNXW,
and f* can be extended to some smooth map f*+! : X(*+1) 3 R such that

p € (f£1)71(0,00) C U N X+,
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The map f**!, in turn, can be extended to some smooth f*¥2 : X(*+2) 4 R

such that
P € (fk-l-?)—l(o’oo) C U N X(k+2),

and so on ... So ultimately we obtain a sequence { f**'};5¢ of smooth maps

fer s X)) 5 R such that
pe Urk+1')..1(0: OO) cln X{k-i—a}

for each 2 > 0. Thus if we let f : X — R be such that f|yxs+q = f5* for all
1 > 0. then one has the required property that p € f=1(0,20) C U for some

smooth map f.

First let us show that when p lies in e*, there exists indeed a smooth map

f¥: X% 5 R such that p € (f*)"1(0,00) C U N X ),

Since p is a point of e*, there exists ¢ in the interior of D* such that p =
®.c(q), where ®.« is the characteristic map associated to the cell ¢*. Let

h.x : D*¥ = R be a smooth map defined by

l fow &=y

> 0 for z € D* such that ||z — q|| < ¢/2
hes(z' =< 0  for z € D¥ such that ||z — g|| = ¢/2 ,
<0 for z € D* such that ||z — ¢|| > ¢/2
—~1 for z € S*!

A Y

where ¢ is chosen in such a way that each point z in D* such that if z satisfies
||z — ¢q|| < ¢, then z is contained in (IJ;kl(U). The existence of € is guaranteed

by the fact that ¢ € ®3'(L), with ®5'(L") an open subset of D*. Since
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Rk |gk—1 = (—=1) 0 ®ox |gx-1, where (—1)(z) = —1 for all z € X*-1) it follows
from Lemma 1.2.2 that h.x induces a unique smooth map f. : ek — R such
that the diagram
R
h i
/ ]f,k
(N
€

commutes. By construction, it follows that h7'(0,00) is contained in the

interior of ®,!(U) and is such that
h(0,00) NFr@,(U) = 0.

Since ®,« is a diffeomorphism from the interior of D¥ onto ¥, it follows that

f3(0,00) is contained in U N ek and is such that
f31(0,00) NFr(U N e*) = 0.

Then define f* : X(*) - R to be the map

Ha) = { fex(z) forz€e ‘ (1.2)

-1 otherwise

It is clear that f* is smooth, and (f*)~!(0,00) = f3'(0,00). So, one has

p € (f5)71(0,00) c UN XB),

Next let us extend f* to the (k 4 1)-skeleton X(*+1). Two cases arise. 1)
Suppose there is no cell €’ (j > k) in X such that its boundary e’ contains

the cell e*. If this is so, define a map g : X**1) — R by setting

«(z) for z €
g(x)x{f() =

-1 otherwise

51



It follows clearly that g is smooth, and p € g=1(0,00) C U N X*+1); 50 in

this particular case one is finished.

2) Now suppose that e* belongs to the boundary of some (k 4 1)-cell e* of
X. Then q € S* and since U N ek C U Ne* with U N ek # 0, it follows that
UnNne* # 0. As U is open in the topology o, U N e* is a non-empty open
subset of e=. Thus U N e is of dimension k + 1. Define k.. : S* — R by

setting
hes = (f* 0 ®ee)|sx,

where ®,. is the characteristic map associated to the cell e* and where f* is

given by (1.2). Since ®..'(U) is open in D**1, there exists a set
CH' = {z e D' (U): ||z|]| > 1 — & and A (2/||z]]) > 0}
for some sufficiently small § > 0 such that
FrCH O Fed 2 (U) n DM = 0.
It can be easily seen that
O n.5% = hZ (0, 00).

Moreover, since Fr(®..' (U) N S*) ﬂm =0, it follows that CF*' 0 Sk
is contained in the interior of W Therefore given a geodesic
L through ¢, if » and s are intersection points of L with m and
W respectively on the same side of g, then

dist(q,s) > dist(g,r) > 0.
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(‘dist’ stands for distance.)

For the same § above, let u;, us : R — R be smooth maps defined by

1 ifft>1-16
ui(t)=4¢ >0 if1-36>t|>1-36
0 ifff<1-36
and
(0 ifp>1-16
>0 if1—-386>|t|>1-36
0 iflf=1-24
| <0 ifftf<1-34

respectively. Let h. : D¥*!' — R be a smooth map defined by

uz(0) forz=0

Since h,. : D! — R is smooth, hes|sx = (f* 0 e )|k, and Pes|pesy is 2
diffeomorphism cnto €*, Lemma 1.2.2 applies at once to show that there is a

unique smooth map fe+ : e = R making the diagram

o,

commute and such that

fe' |3c' = fklae'-
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As fac".l((], 00)'= C'é‘“ N S* and hes|gx = f;e-, it follows that hZ.}(0,00) N S* is

contained in the interior of ®.'(U) N S*. Since by construction
hZ}(0,00) N D! c @Z1(U),
one has that

h:}(0,00) C 21 (U)

and
Fr(h71(0,00)) N Fr(®21(U))) N DX+ = 0.
Hence,
f740,00) cUNE
and

Fr(f2'(0,00)) NFr(U Ne)ne™ = 0.

Let {e¥*1 : o € A} be the family of all closed (k + 1)-cells whose boundaries
contain the cell €. Of course, there is a @ € A such that e = ek+1. For each

a €A, let
i’lezu = (fk o @cku“:]lgk,

where ® 41 is the characteristic map of the cell ek, Since U N ek*! £ ( for

each a € A, there exist a sufficiently small §, > 0 and a set
Cit' ={x e D*' n&34,(U): ||z]| > 1 = b, and hni(z/|lz]]) > 0}
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for each a € A such that
Fr(Ci) NFr(®3), (U)) N D' = 0.

Here as well, one can easily see that Cit!'N Sk is contained in the in-

terior of (I);kl,rz({f) NSk, If r, and s, are on boundaries of C;:"l N Sk and
@;,‘1,,1 (U) N S* respectively and lie on a same geodesic that passes through g,

on a same side of ¢, then one has
dist(q, so) > dist(g,74) > 0.
Define for each @ € A a smooth map A+ : D+ — R by setting

b (z) = uzo(||2][2) + w1,a(]|2][2) s (z/]|2]]) for = # 0
e u2,4(0) for z = 0,

where
1 if [t] >1— 36
Ua(t)=49 >0 if1—-16, >t >1- 324,
0 \if |t| <1 - 36,

and

8

0 ifft|>1-14
>0 if1— 236> [t]>1— 34,
0 ifft|=1-24,
| <0 ifft|<1-3da.

u'zla(t) = {

For each a € A we note that h x| = (ffo D k+1)[sx; so Lemma 1.2.2

implies that there is a unique smooth map f+1 : ek*! — R such that
heﬁ+l = fetu o ‘I’ezﬂ
fc:+||aet+l = fklagz-l-l.
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For each a € A,
(f?'e§+l )_l (01 OO) c (I):klﬂ (U)
It follows that

B34 (0, 00) € @31, (V)

and
Fr(h4: (0, 00)) N Fr(@74, (U)) N D = 9.
Therefore,
f4:(0,00) C U NERH
and

Fr(f54:(0,00)) N Fr(U N ek¥1) N ek = 0,

for each @ € A. Now consider the family {ef*' : § € A} of closed cells of

dimension k 4 1, which do not contain the cell e*; thus p ¢ e?"']‘ for each

§ € A. Set, for § € A,
fc:+1 et 5 R
to be the constant map —1. As

k
Sl xwazgm = Flxweizm

for each o € A, one can patch the {fx+: }aea, {fe:+1 }sea and f* together to

obtain a smooth map
fE . x5 R
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such that
p € (f¥*1)71(0,00) c U N XD,

Since f¥+!|yu = f*, it follows that f*+! is a smooth extension of f*.

Now let us extend f**! smoothly to the skeleton X (¥+2) so as to get a smooth

map f*+2 : X(k+2) 4 R such that
p € (f*?)71(0,00) c U N X-+2),

As a particular case suppose there is no closed cell in X containing e*, and
suppose as well that there is no closed cell in X containing any of the cells
ek+! o € A. Thus there is no cell €/ (j > k+1) in X such that its boundary

o

contains the point p. Let h : X(*+2) 5 R be the map defined by
oy = § 1) for z € X

-1 otherwise.

The map h is easily seen to be smooth and such that p € h=1(0,00) C U.

Now suppose that e* is contained in the boundary of some closed (k + 2)-cell
¢ and suppose also that some of the cells eﬁ;T, a € A are contained in closed
cells of dimension k + 2. Without loss of generality suppose, apart from e*,
that there is only one a € A for which the corresponding e¥*! is contained

in the boundary of a closed (k + 2)-cell ef;"'z. Define
he = (f**' 0 ®z)| e
and
ileg-n = (Jrk+1 o @e§+z)‘3k+|.
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Going through the same steps, which led us to extend f* to f**!, one proves

that maps Az, he;n : D2 — R defined respectively by

uzalll2]?) + wia(llzlhe(z/|I2]]) for z #0

hé(ﬁ."‘) =
uy,x(0) forz =0

and

uz,6([21%) + wp(||2]]*)heesa(2/||2]]) for = #0

hekn(x) = 8
2 u2,4(0) for z =0,

where on one hand smooth maps u,; ., u; g are defined in the same way as

Uy, and, on the other hand, smooth maps usx, uzg are similar to ug,.

Since hg[sk+1 = (fk'“ o ‘I’E)lskn and h=5+2|5k+1 ~ (fk+l o] ¢c§+2j|sk+l, there

are smooth maps f; : ¢ = R and fe;n . egﬂ — R such that

h: = fa0®;
filaz. = fk'H |ae
hezﬂ = fesn o ‘I’ezﬂ
k+1
fe:‘;‘?[ae;-l-'l = f * lae;+2.

Let {E‘E : v € I'} be the closed (k + 2)-cells containing each the closed
cell €%, and let {e5t? : i € I} be the closed (k + 2)-cells containing each the

closed cell ek+!. For each 4 € T, let
he.’.‘,"'? = (fk+1 o} ®3:+2)|5k+: y

where ® k42 is the characteristic map of the cell e5*2. And for each i € I, let
;te;jz = (fk+l (o] (De;xz)lsul 3
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where tI)e:;,z is the characteristic map of the cell e’;,:';z. One constructs smooth

.+ Dk+2 ) . pkt2
maps he:n, hegte : D - R, fe§'+2 PeyTt = R and fegjz tegi R such

that
hpsrlsn = (10 a2 sxnn
he;j"‘|3k+l = (! O‘Iz’egjﬂ)lsm
hei‘,” = fe§+zo<l>e§+z
fasalggrsr = 500
hagr = S0 up
foalogr = F e

If {ek+2 : o € T} is the family of closed (k + 2)-cells each of which does not

contain neither e* nor ek*!, define
. ok
fe:n . tE,,""2 - R
to be —1.

Patching the {f,s+2 }yer, {fezu};e;, {ferr2}oer, fo fe:;n and f**! together

one obtains a smooth map
fk'l'z : X2 4 R
such that
pi€ (F5%)74(0,00) T U N.X 3,

The map f**2 is clearly a smooth extension of f¥+!.
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Going one step up at a time one obtains for each ¢« > 0 a smooth map
i Xk+) 5 R such that p € (f¥)71(0,00) € U N X*+9); hence one is
finished.

B) Now let us treat the case where the point p is on the boundary of the cell
ek. Since p is not a 0-cell then it is a point of some cell €' (1 <1 < k —1),
with e’ C 9e*. As in case A), one constructs in the same way a sequence
{f"*}is0 of smooth maps f'* : X(U+) 5 R such that f™*"*+! | uey = fUH),
i > 0and p € (f*)71(0,00) C U N X)), Afterwards define f : X — R to
be such that f|yus+y = f*'; thus p € f71(0,00) C U. The proof is thence

complete. a
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To complete the proof that the topology 7 is finer than the topology o, we
need to allow in Theorem 1.2.2 the point p to be a 0-cell of X.

Theorem 1.2.3 Let (X,F) be a DW complez and let U be an open set in
the topology o. If p is a 0-cell in X and an interior point of U, there exists
a smooth map f € F such that

p€ f71(0,00) C U.

Proof. As in proof of Theorem 1.2.2, we will show that there are smooth

maps {f*: X&) - R}>0 such that f*!|y@ = f* for each i > 0 and
pe (f710,00) cUN X,
Thus if f: X — R is a function such that f|yw = f*, then f is smooth and

pe€ f1(0,00) CU.

Assume p = p;, where p; € X© and X© = {p;}ics; the index set I is
possibly infinite. The function f°: X{® — R defined by

1 ifi=j
flp) = o
-1 ifi#j
is smooth and is such that

{p} = (f°)~}(0,00) c U N X0

If the 0-cell p is an isolated point of X(!), then Lemma 1.2.13 implies that it
is an isolated point of X. Thus the function f : X — R which takes on the
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value —1 at any other point of X but is 1 at p is smooth and is such that

p € f71(0,00) C U. So under such a circumstance, one is finished.

On the contrary, suppose that the 0-cell p is not an isolated point of X{);
hence p is a boundary point of some closed one-cell e One may want to
use the notation e}(p) to denote a n-th one-cell whose boundary contains
the point p, but this notation is too cumbersome. We will try to avoid this
notation, but in case we feel compelled to be more accurate we will use the
notation e'(p) to refer to a one-cell bounded at least by p.

So in this case we are assuming that p is a boundary point of some one-cell
e. Suppose that € is a closed one-cell with ®.(—1) = p and ®.(1) = p # p.
Since U N € is open in € ( for the topology of F(€)), there is an ¢; € (0, 3)
such that

®.([-1,-14¢)) CcUne

Choose a decreasing smooth map Al : [-1,1] — R such that

f

1 ifz=-1

>0 f-1<z<-14+%
hi(z) =< 0 ifz=-14%

<0 if-1+%<z<1
-1 ifz=1.

\

Since @, : (—1,1) — e is a diffeomorphism and ®.(—1) # ®.(1), there is a

smooth map f! : € — R such that

hl = flod,
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It is clear that

(h2)71(0,00) C @;'(U NE)

and
Fr((he)™(0,00)) < Fr(27'(U N€)).
Therefore
pe(fi)'(0,0)CcUnNeE (1.3)
and
Fr(f1)7'(0,00) NFr(UNE)Ne=0. (1.4)

The case where ®.(—1) # p and ®.(1) = p is treated in a similar manner. If
both ®.(—1) and ®.(1) are not p, that is € is a closed one-cell not containing

p, then define the corresponding f} to be the constant map —1.

Suppose also there exists a one-cell e such that ®.(—1) = ®.(1) = p. For
such a cell e, we let the corresponding h! : [-1,1] = R to be a smooth map

defined as follows

’

1 fz==lorg=1
i =] =0 B [SL-Lh UL - BT
T 0 ifz=-14+%orz=1-%
<0 ifze(-1+4+%,1-%2),

“

where ¢, and ¢, are suitably chosen in the interval (0, %) Here as well,
one obtains by virtue of Lemma 1.2.2 a smooth map f! : € = R such that

hl = flo®,. It is also clear that (1.3) and (1.4) are satisfied correspondingly.
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Denote by X,Sl] the family of those closed one-cells that have p as a common
boundary point. Consider the family {f} : € € X}}; one has fl(p) = 1
for all € € X). Since f°(p) = 1, we can patch the various f; with f°
in order to define a smooth map f' : X() — R. Thus (f*)~(0,00) =
(f°)71(0,00) U (Ugexy (fe)71(0,00)), and hence

pe(f)7(0,00) cUNXY

as desired.

Now let us extend the map f! to the 2-skeleton X(?). The trivial case is
when there is no closed 2-cell containing the 0-cell p, in which case one

defines f : X — R to be a map given by
fi(z) forze XM
flz) = {

—1  otherwise.
It is clear that f is smooth and f7*(0,00) = (f!)~!(0, 00), therefore one gets
p€ f71(0,00) C U.

On the other hand suppose that there is a family of closed 2-cells {€2 : a € A}
such that p € de?, for each a € A. For each a € A, define

he = (f' 0 ®a)ls,

where ®.2 is the characteristic map of the cell 2. Since ®'(U) is open in

D?, there exists a set
Cl ={z e D*Nd;(U): |lo|| > 1 - ¢ and hey(z/|z|]) > 0}
for some sufficiently small ¢, such that
FrC;, N Fré;! (U) NintD? = 0.
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From this stage one repeats mutatis mutandis the proof of Theorem 1.2.2 to
extend f! to some smooth f%, and f? to some smooth f3 and soon ..., but

every time one has p € (f*)~*(0,00) C U N X1, a

We, finally, need to prove the reverse inclusion 7 C o to corroborate the
statement that the underlying topological space of a DW complex is a CW

complex.

Theorem 1.2.4 Let (X, F) be a DW complezx with the topology induced by
F. If o is the topology on X such that U s in o if and only if U N € is open
with respect to the differential structure F(€), then T C o.

Proof. Let U be an open set of X with respect to 7, and let p € UNeg, where
e is a cell of X. Then there is a map f € F such that p € f~!(0,00) C U.
But f|; € F(€), therefore p € (f|s)~*(0,00) C UNé. Thus U Né is open in

e, and hence U is in 0. O

Putting Theorems 1.2.2, 1.2.3 and 1.2.4 together implies

Theorem 1.2.5 The underlying space of a DW complez is a CW complez.

Because the underlying topology of a DW complex confers a CW structure
on the underlying set, DW complexes are given ‘freely’, so to speak, many
nice properties of CW complexes, among which we list the following without

proof:
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(1) A subset A of a DW complex X is closed if and only if ANY is closed
in Y for every finite DW subcomplex Y in X.

(i1) A subset V = U{e: e € E'} of a DW complex (X,E), E' C E, is a
DW subcomplex if and only if Y is closed.

(iii) Every cell e is an open subset of the skeleton X ().

(iv) The compiement of X% in X(*) is an open subset of X (™).
(v) Every path component of a DW complex is a DW subcomplex.
(vi) A DW complex is connected if and only if it is path connected.

(vii) Every DW complex X is a normal space.

(viii) A compact subset of a DW complex lies in a finite DW subcomplex.

Therefore, a DW complex is compact if and only if it is finite.

For proofs of the above assertions, the reader is referred to [11], [14], [18] .

If X isa CW complex and Y is a CW subcomplex of X, it is known that the
quotient space X/Y is a CW complex, see [[14], p.280] or [[18], p.208] . One
would be tempted to find out whether the same result holds in the setting of
DW complexes. Instead of tackling the question as it is posed in the category

of CW complexes, we will rather attend to a particular problem.

As a requirement to the remainder of Chapter 1, we assume knowledge of

supports of functions and of locally finite open refinements of coverings. Let
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us briefly recall that if f is a real-valued function then the support of f,
denoted supp(f), is the closure of {z| f(z) # 0}.

Leti = {U;: 1 € [}and V = {V;: j € J} be open coverings of a topological
space X. The covering V is said to be a locally finite refinement of U/ if each
V; is contained in some U; of U and each point z € X has a neighbourhood

that meets finitely many members of V.

Definition [9] Let & = {U; : © € I} be an open covering of a differential
space X. Then a smooth partition of unity subordinate to & is a collection

{f;};es of smooth maps f; : X — [0,1] having the following properties:

(i) There is a locally finite open refinement {V; : j € J} of U such that
supp(f,) C V; for all j € J,

(ii) 32, fi(z) = 1 for each z € X.

Lemma 1.2.14 Let X be a topological space, U = {U;| i € I} an open
covering of X and A a subset of X. Then U N A is an open covering of A;
moreover if V = {V;| 7 € J} is a locally finite open refinement of U then
VN A is a locally finite open refinement of U N A.

The proof is straightforward.

Lemma 1.2.15 If X is a differential space such that every open covering
has a subordinate smooth partition of unity, then every open covering of any

closed subspace A of X has a smooth partition of unity.
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Proof. Let U’ be an open covering of A, where A is closed in X. Then
there is an open covering U of X such that U' = U N A. If {f;}es is a
smooth partition of unity subordinate to & and V = {V,| 7 € J} is a locally
finite open refinement of U such that supp(f;) € V; for all ;7 € J, then
supp(fila) Cc V;NAforall j€ J,and VN A= {V;NA|j€ J}is a locally
finite refinement of &', by Lemma 1.2.14. Since ) f;(z) = 1 for each z € X,

it follows that {f;|a};es is a smooth partition of unity subordinate to #’. O

Definition A handy differential space is a differential space which satisfies

the following property: every open covering has a smooth partition of unity.

Lemma 1.2.16 If (X,F) is a coproduct of a family {(X;,F:)| @ € I} of
handy differential spaces, then (X, F) is a handy differential space.

Proof. Let U be an open covering of X. Since X = UX;, Lemma 1.2.14
implies that each & N X; is an open covering for the corresponding X;. But
Xi 1s a handy differential space, therefore there is a smooth partition of unity
{f;};es subordinate to U N X;. Suppose that V; = {V; : j € J;} is a locally
finite open refinement of U N X; such that supp(f;) C V; for all 7 € J;. It is

easy to see that U;eV; is a locally finite open refinement of U.

Now define for each 2 € I and each j € J;

fi(z) for z € X;
g5i(z) = {
0 for z ¢ X;.

Clearly, every g;; is smooth on X and
{z € X| gji(z) # 0} = {z € Xi| f;(z) # 0}.
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Since Xj is both open and closed in the coproduct X, it follows that supp(g;;) =
supp(f;) for all 7 € J;. But supp(f;) C V; where V; € V;, so there exists an
open neighbourhood W; = V; € UY; such that supp(g;;) C W;.

Moreover, observe that

Z Zgﬁ(w) =Y f=)=1,

J

for each z € X; our proof is thus complete. O

Definition A handy DW complex is a DW complex whose underlying space

is a handy differential space.

In [9], it is shown that every open covering of a C*°-manifold has a subor-
dinate smooth partition of unity. One of the simplest examples of a handy

differential space is the euclidean differential space R™.

Definition [22] Recall that a non-empty differential subspace (A, F4) of a
differential space (X,F) is said to have the global extension property in
(X,F) if every f € F4 can be extended to some smooth function f on the
whole of X, that is for every function f € F, there is a function f € F such

that f = fla.

The following lemma shows a condition under which a non-empty closed

subspace of a differential space has the global extension property.

Lemma 1.2.17 If (X,F) is a differential space with smooth partitions of

unity, then every non-empty closed subspace (A, F4) has the global extension
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property in (X, F).

Proof. See [22].

Theorem 1.2.6 Let (X, F) be a handy DW complez whose underlying space
X is reqular, let Y be a compact DW subcomplez, and let v : X — X/Y be
the natural map. If v*(F) is the coinduced differential structure on X/Y,
corresponding to v, then (X/Y,v*(F)) is a DW complez.

Proof. Let us first prove that the restriction
le_y : (X =¥, g) = (X/Y = {*}!’H):

where G = Fx_y and H = v*(F)x/y—¢»), is a diffeomorphism. It is plain
that H is generated by functions g : X/Y — {*} = R, where g = f|x/y_(}
for some f € v*(F). For every f € v*(F), one has

flxyy-syovix-y €G.

By Lemma 1.1.5, it follows that v|x _y is smooth. But to show that (v|x_y)™" :

(X]Y — {x},H) = (X = Y,G) is a little bit tricky.

Let p be any point in X — Y. Since X is Hausdorff and Y is compact by hy-
pothesis, there exists an open set N containing p such that NNY = (. Using
regularity of X, one can assume that for each g € Y there exist open neigh-
bourhoods V, and U, of p and ¢ respectively such that N C V, and V,nU, = 0.

Since Y 1s compact, there are finitely many points ¢1,qs,... ,q. € Y such
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that Y C U™ ,U,,. But every U, NV,, =0, with V,, an open neighbourhood
of N. Therefore, if we put U = U™_,U,, and V = N, V,,, then U and V are
open sets such that Y C U,p€ N C V and UNV = (. Since X is Hausdorff,
it follows that the subset X —Y — N is open in X and so the family

c={U,V, X-Y -N}

is an open covering of X. We know that X is a handy DW complex. There-
fore, let W = {W;};ecs be a locally finite open refinement of C. There exist
only finitely many j;,...,j, € J such that pe Wj,, i =1,... ,n. It is clear
that W;, C V foreachi=1,... ,n.

Now,let Jy ={je€J: W;cV}and J, =J — J;. Let f = h|x_y, where
h € F. For each j € J, let g; : X = R be a function given as follows: (1) if
j € ']11
f(z) ifzeW,
gi(z) = _
0 otherwise,

q; = 0.

Let {A;};es be a partition of unity subordinate to W, and let
=) Aig;.
i€l
We claim that f* is smooth. Indeed, one can write
=) g+ D Aigse
JEJ J€Jz
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For each j € J,, A;g; = 0. Hence for each 7 € J3, A;g; is smooth on X.
Let 7 € J;. To see that A;g; is smooth, one need only look at points on
the boundary FriW; of W;. Since W; C V and U NV = {, it follows that
Y NFrW; = 0. One can convince oneself of this fact by assuming that there
is a point z € ¥ N FrW;. Then every open neighbourhood of z meets YV
and W;, and indirectly meets U and V, because W; C V. But U is an
open neighbourhood of z and U NV = (). Therefore the assumption that
Y NFrW; # 0 doesn’t hold. Let r € FrW;. As Y is closed, there exists an
open neighbourhood R C X — Y of r such that

A()f() ifte ROW;

(A59i)(t) = { .
0 ifte R—W,

Since Aj(t)f(t) =0for allt € R— W;, so A;g; = A\;f on R and hence A;g; is

smooth on R. Thus, f* is a smooth function.

Put

pi=Y Ag and &= g

JEL jEJ2

Since Aj|x-w, = 0and Y C X — U;e;, Wj, it follows that
pily = 0.

Since g; = 0 on W;, where j € Js, it follows that
&;ly = 0.

Thus,

fly =
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Now, let W* = NI, W;, N N. It is evident that W* is an open neighbourhood

of p and is contained in X — Y. Consider,

f‘|W‘ = Z ’\J'lw-gjlw-'
jed
It follows that
Flwe =) XitweGitwe + D Xl Gilw-

JEJ €L,

Let | € J,. Therefore, W, is either contained in U or in X — Y — N. Thus,
M|y = 0 and hence Aj,,. = 0. Thus,

flwe = > NiweGilws

1€

= (O, A)lw - flw

jEN

= flw-.

It follows that
frlweo v Hywey = flwe ov™ ywe).

We claim that f*or™ : X/Y — R is smooth. Indeed, in the diagram
X = ew
\ A—:
XY

the smooth map f*: X — R is constant on every v»~'(u), where u € X/Y.

Therefore, one applies Corollary 1.1.2 at once to show that f*ov=1: X/Y —

R 1s smooth.
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Now, since W* is an open neighbourhood of p, then by Lemma 1.1.7, it follows
that there exists a nonnegative function h* € F such that p € A*7'(0,00) C
W=, and thus Y C (h*)~*(0). Since h* : X — R is constant on every v~ (u),
where u € X/Y, Corollary 1.1.2 applies to show that A*o v~ : X/Y - R
is smooth. It is clear that v(p) € (A" o v™1)71(0,00) C v(W"). But p is
arbitrary in W*, therefore v(W*) is an open subset of X/Y. So we have an
open subset v(W*), a smooth map f*ov~!: X/Y — R such that

(fTov™)uwey = (fov ™) |uw).

Thus, fov™|x//—( : X/Y — {¥} = R is locally smooth, and consequently
fov™x/y_(s is smooth. Hence, by Lemma 1.1.5, v™}|x/y_(s3 : X/Y —
{*} = X =Y is smooth.

Finally, let us prove that (X/Y,v*(F)) is a DW complex.

First let us prove that X/Y is Hausdorfl. Let v(z), v(z) be distinct points
in X/Y. Assume that v(z) # * and v(z) # *. Thereforez ¢ Y and z ¢ Y;;
since X is Hausdorff and X — Y is open, there are disjoint open subsets U’
and V' in X —Y such that z € U’ and z € V'. But X =Y is diffeomorphic
to X/Y — {*}, therefore »(U’) and v(V') are open neighbourhoods of v(z)
and v(z) respectively and such that v(U") N v (V') = 0.

Now assume that v(z) = *. Therefore z ¢ Y’; since X is Hausdorff and Y is

compact, there are disjoint open subsets U” and V" in X such that z € U”

and Y C V", Let
R={U" V" X-Y)}
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be an open covering of X. The space X is a handy DW complex; it follows
that R has a locally finite open refinement, say W' = {W/}icr. Let I) = {7 €
I:W!NY =0}andlet L={i€l:W!NY #0}. Next, for each : € I, let
h; : X = R be a function defined by

he = Oifz'efl.
1 ifiel,

Let {pi}ier be a partition of unity subordinate to W', and let

r= Zp,’h;.

It is easy to see that the map 7 : X — R is smooth on X. Put

A= Z,u;h.- and N Z,u,-h;.

el i€l

Clearly, one has

A'yn = 0 a_nd BlV" =1 Zpilvn_

el
Thus,
rlyn = Blyn.
Note that
rly =1
and

Y c r(0,00) C V.
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Since r is constant on each v~'(u), v € X/Y, Corollary 1.1.2 says that r
induces a smooth map r' : X/Y — R such that * € (r')71(0,00). Finally,
since v|x_y : X =Y — X/Y — {*} is a diffeomorphism, it follows that v(U")
is an open neighbourhood of v(z). Moreover since U” N r~1(0,00) = 0, it

follows that »(U"”) N (r')~*(0,00) = 0. Hence, X/Y is Hausdorf.

Let E(X) and E(Y) be the families of cells of X and Y respectively. We
define cells in X/Y as follows. The 0-cells are given by

(X/Y)° = {v(e): e € E(X)— E(Y) and dim(e) =0} U {*};
for £ > 0, define
(X/Y)* = {v(e) : e € E(X) — E(Y) and dim(e) = k}.

If (X/Y)®) is the union of all cells of dimension < k, then (X/Y)®) =
U o(X/Y)'. Let e be a cell in X —Y; we define the characteristic map of
v(e) as the composite v®,. The characteristic map of the cell * is defined to

be the map ®. : D° — *.

We now prove that X/Y satisfies all the 4 axioms defining a DW complex.

(1d) X/Y is the disjoint union of its cells. Indeed, the reason is that X —Y

is a disjoint union of cells, X — Y is diffeomorphic to X/Y — {x} and

v(Y) = {x}.

(2d) Let k > 0. If e is a k-cell in X — Y, then v(e) = v®.(D*) = v(e).

Since ®. and v are quotients, it follows that v®, : D¥ — v(e) is quo-

tient. Since v|x_y : X =Y — X/Y — {x} is a diffeomorphism, then
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(4d)

Lemma 1.1.6 implies that each v|. : e = v(e), e € E(X) — E(Y), is a
diffeomorphism. But @ : Dk — e, where e is a k-cell in X =Y, is
a diffeomorphism, therefore v®.|x: : D* = v(e) is a diffeomorphism.

The case e = x is trivial. Hence, (2d) holds.

Let e be a cell in X — Y. Since € is a union of finitely many cells in X,
and since v|x_y : X =Y — X/Y — {*} is a diffeomorphism, it follows

that v(e) is also some finite union of cells in X/Y. The cells in Y end

up under v as *.

Let us now show that v*(F) is in fact the structure coinduced on X/Y
by the inclusions v(e) = X/Y, where eis a cell in X. Given f € v*(F),
we have the following implications: f € v*(F) if and only if fov € F.
But fov € F if and only if f|;yov|e € F(é) for each e € E, that is if
and only if f|;75 : v(e) = R, where e is a cell of E, is smooth. Thus,
amap f: X/Y — Ris in v*(F) if and only if f|m, e € E is smooth,

as desired.
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Chapter 2

ALTERNATIVE
DESCRIPTION OF A DW
COMPLEX

This chapter shows how one can build up a DW complex by means of cells
as in case of CW complexes. To define a CW complex in terms of attaching
cells, one needs continuous maps to be able to attach cells to each other;
whereas for a DW complex one requires smooth maps. These smooth maps
are called attaching maps or characteristic maps. The attaching of cells is
done progressively with respect to the dimensions of cells. More precisely,
let X© be a discrete set of points. We call these points the 0-cells. Then
we attach the 1-zells to X(©) to get X(1); afterwards we attach the 2-cells to

XMW and so on.
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We will prove that this way of defining DW complexes is equivalent to the

intrinsic definition of Chapter 1 only for finite DW complexes.

In section 2 of this chapter, we will introduce the class of FW complexes.
FW complexes are meant to be analogues of CW complexes in the category
of Frolicher spaces. We will show that for any FW complex if one leaves aside
the curves, one ends up with a DW complex. And we will also prove that
if (X, F,C) is a Frolicher space whose underlying differential space (X, F) is
a DW complex, then (X, F,C) is a FW complex with respect to the same

collections of cells and characteristic maps of the DW complex (X, F).

2.1 Building up a DW complex

First we begin by recalling the construction of an adjunction space of two

topological spaces.

Definition Let X and Y be disjoint topological spaces, let A be a closed
subset of X, and let f: A — Y be a continuous map. The adjunction space
X U;Y is the space (X UY)/ ~, where ~ is the smallest equivalence relation
identifying a € A with its image f(a) € Y.

[fwelet v: XUY — X Uy Y be the quotient map, then v|y : Y = XU, Y
is a homeomorphism of Y onto v(Y), and v|x-4 : X —A > X ;Y isa

homeomorphism of X — A onto v(X — A). See [18] or [11].
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Definition Let X and Y be differential spaces, and let f : A = Y be a
smooth map, where A is a non-empty closed subspace of X. Consider the

coproduct X Y and form a quotient space by identifying each set

{y}U (),

for y € Y, to a point. We denote this quotient space by X L; Y and call it
an adjunction space of X and Y determined by f or the differential space

obtained from Y by attaching (or by gluing) X via f.

Unless specified otherwise, if X U; Y is the adjunction of differential spaces

X and Y, we will assume that X is a handy differential space.

Lemma 2.1.1 Let X Uy Y be an adjunction space, and f : A = Y is a
smooth map carrying a closed subspace A of X into the differential space Y.
Ifv: XUY = XU;Y is the quotient map such that each a € A with its
image f(a) collapse to a point, then the relation u ~ v, u,v € X UY, if and

only if v(u) = v(v) is an equivalence relation on X LY.

Proof. Easy to check. O

With the same notation of Lemma 2.1.1, we have

Lemma 2.1.2 Let W be a differential space for which there ezists a smooth
surjective map h : X UY — W such that, for u,v € X UY, one has
v(u) = v(v) if and only if h(u) = h(v). Then [u] = h(u) is a diffeomorphism
XUpY = W. Thus, X Uy Y is unique up to a diffeomorphism.

80



Proof. Consider the diagram

XUuyY
\
v W
¥
XLI}'}//

By hypothesis, the equivalence relation u ~ v if and only if v(u) = v(v),
u,v € X UY, coincides with the equivalence relation Kerh. Thus, X U, Y =
(X UY)/Kerp» and Corollary 1.1.3 applies at once to show that the dashed

arrow [u] — h(u) is a diffeomorphism. O

Remark If F is the differential structure of X and G the differential structure
of Y, we shall denote by F Uy G the differential structure on the adjunction
XuyY.

fv:XUY — X U,Y is the quotient map, then v|y : Y — v(Y) (resp.
Vlx—a : X — A = v(X — A)) maps the set Y (resp. X — A) bijectively
onto v(Y') (resp. v(X — A)). As we now show: v|y and v|x_a are actually

diffeomorphisms.

Lemma 2.1.3 Let (X Uy Y, F Ly G) be the adjunction space of differential
spaces (X, F) and (Y,G) by the smooth map f : A = Y, where A is closed
in X. LetC:= FU;G. Ifv: XUY = X Uy Y is the quotient map, then
any function o : v(Y) = R such that aovly € G is a structure map for the

induced differential structure C,(y).
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Proof. First note that aov|s = aov|yowyof, wherety : Y — XUY isan
inclusion. Since, by hypothesis, aov|y € G, it follows that aov|yotyof € Fyu,
and thus a ov|s € F4. By Lemma 1.2.17, there exists g € F such that
gla = aov|s. Now, let B:v(X — A) = R be a function defined by

Bp) = go (v|x-a)"'(p),
for p € v(X — A). Define a map h: X Uy Y — R by setting
a(p) ifpev(Y)
h(p) = {

B(p) ifpev(X —A)

Readily, one has

hovly = aovly,
hov|lag = aov|a,
hovix-a = g|x-a-

Since g is a smooth extension of aov|y, it follows that hov|x = g; therefore

h € C. Hence a = h.l,,(y) & Cu(y). O

Lemma 2.1.4 Let (X U; Y, FU; G) be the adjunction space of differential
spaces (X, F) and (Y,G) by the smooth map f : A = Y from a closed
subspace A of X into the differential space (Y,G). If v: XUY - X U;Y s
the quotient map which identifies each a € A with its image f(a) € Y, then
gwen C := FU; G, a function & : v(Y) = R is in C,y) if and only if for
each p € v(Y'), there is a neighbourhood U, in the underlying topology of C
such that

aovlwyny € Guoywyny, (2.1)
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and

aov|y-iwna € Foiup)na (2.2)

Proof. Suppose for each p € v(Y), there is a neighbourhood U, in the
topology of C such that conditions (2.1) and (2.2) hold. Since v=}(U,)NY
is an open set of the topolog).( of G and since U{v " (U,)NY : p € v(Y)} is
an open covering of Y, it follows that a o v|y € G. Thus, by Lemma 2.1.3,

a € C,(y).

Conversely, a function a : ¥(Y) = R is in C,(y) if and only if for each point
p € v(Y) there is a neighbourhood U of p in the topology of C such that

a|uauy) = glunw(y), for some g € C. It follows that
@ 0 V|,-1wnu(y)) = 9 © V|1 (wnu(y))-
But v (UNu(Y)) = (v} (U)NY)U (v} (U)N A), with Y N A =0, so that
ao V|u—1{U]nY =g V|y—=(U)nY
and
Qo Vlv—’[U)ﬂA =geo V|u—1(U)nA-

By definition of quotient structure, g is a map of C if and only if gov|x € F

and gov|y € G. Therefore,

aov|,~ywyny € Go-1u)ny
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and

a0 U‘U—l(U)n,q € fu—l[u)nA—

Theorem 2.1.1  Let (X,F) be a handy differential space, let (Y,G) be a
differential space, and let (X U;Y, FU;G) be their adjunction space, determ-

ined by the map f: A — Y, where A is closed in X. Then the composite
Y XUuY XUY

s a diffeomorphism from Y to a subspace of X ;Y.

Proof. If v: XUY — X U; Y is the quotient map, then obviously v|y
is smooth and bijective. Now let us check that (v|y)~! is also smooth. For
this purpose let 3 € G; B o (v|y)7" is in Cy(y) if and only if it satisfies the
conditions given in Lemma 2.1.4. Clearly, if U is any open set in v(Y'), then
Bo (*‘—’|Y)hl 0 V|u—1(u)ny = B|U—I(U}F‘IY = gu—i(U]nY-
On the other hand, since v™'(U) N X C A, then, for all a € v~ (U)N X, one
has B o (v|y) ' ov(a) = Bo f(a). Therefore
Bo (vly) ' ovlu-1wyna = Bo fli-iwyna € Fu-ruyna-

O

The next theorem is important when it is necessary to show that the under-
lying topological space of an adjunction of differential spaces is indeed an

adjunction of the corresponding underlying topological spaces.
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Theorem 2.1.2  Let (X Uy Y,F Uy G) be the adjunction space of (X,F)
and (Y, G), obtained via the attaching map f : A — Y, where A is closed in

X. Then the composite
X-A=>XUuy3aXxuy

maps X — A diffeomorphically onto an open subset of X U; Y.

Proof. It is clear that u := v|x_a is smooth and bijective. To show that
p~! is smooth we need to prove that for every g € Fx_4, one has gopu™! €
Cu(x-4). By definition, if g € Fx_4, then for every point p € X — A, there is
an open neighbourhood U of p contained in X — A (since X — A is open in
X) such that g|y = h|y for some h € F. Since the underlying topology of F
is generated by the collection of a~!(W), where a € F and W is an open set
of R, by virtue of Lemma 1.1.7, we can let U = a~*(0,00), with a € F and
a(z) > 0 for all z € X. It is therefore obvious that A C a~'(0). Suppose
a(p) = k > 0; choose a nonnegative smooth increasing function 8 : R — R
such that

0 fort<0
B(t) = ,
1 fork—e<t<k+e

where € > 0 is chosen in such a way that p € a™'(k — ¢,k +€¢) C U. The
composite 3 o a is smooth and, on another hand, V := a™'(k — ¢,k + ¢€) is
an open neighbourhood of p and is such that 8o aly = 1. It follows that
glv = h-(Boca)|y. Define a smooth map H : X UY — R by setting

H(a:):{ h(z) - (B o a)(z) 1;;;25 |

85



Since (Boa)(a) = 0 for all @ € A, it follows that H is identically 0 on A. By
its definition, H induces a smooth map H : X Ll; Y — R such that

) H(z) ifz € X
H .
0 ifzeY

It is evident that A € C. In turn, since V is an open set containing p, it
follows that theve is an open set (a,b) in R such that p € H'(a,b) C V.
But V is contained in X — A, so that v(p) € H'(a,b) C v(V). Therefore,

v(V) is an open neighbourhood of v(p). On another side, one has
Hlywy=hop vy =gop ).

Thus go u™" € C,(x-4), and the proof is then done. O

Theorems 2.1.1 and 2.1.2 lead to a theorem of particular importance, with
the help of which we will provide another route to proving that the underlying

topological space of a finite handy DW complex is a CW complex.

Theorem 2.1.3 Let X be a Hausdorff handy differential space , let A be a
compact closed subsapce of X, and let f: A = Y be a smooth map from A
into a Hausdorff differential space Y. If C is the structure on the adjunction
X Uy Y determined by the quotient map v : X UY — X U, Y, then every
subset U of XU, Y such that v='(U) is open in X UY is open in the topology
of C. Thus, X U;Y acquires the quotient topology from X LY.

Proof. First note that »='(U) is open in X UY if and only if v~} (U)NY is
openinY and v~ (U)NX is open in X. Now let p be a point in UNy(Y'); there
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is ¢ € v~}H(U)NY such that v(q) = p. Suppose that ¢ € v (U)N(Y — f(A)).
Since v~} (U) N (Y — f(A)) is an open subset of Y, there is a nonnegative
structure map g; : Y — R such that ¢ € g7'(0,00) C v }(U) N (Y — f(A)).
Thus, g1]7(4) = 0. In addition, let g, : X — R be the identically zero map,
and define h : XUY — R by h = g; Ug,. Define A* : X U; Y — R such that

h*ovly = g

h'ou|x = U;

h* is well defined since h* ov|4 = 0 = h* o v|s(4). Thus, h* € C; and since

g€ g7'(0,00) C v~ Y (U)NY, it follows that p € (h*)7!(0,00) C U Nu(Y).

Now suppose that the point p is such that there is ¢ € f(A) with p = v(q).
So f(A)N (' (U)NY) # 0. Since ¢ € v }(U)NY and v} (U)NY is
open in Y, there is a nonnegative smooth map F' : ¥ — R such that ¢ €
F=10,00) C v~} (U)NY. It follows that F'o f: A — R is smooth and if g is
a point of A such that f(g) = q then g€ (Fo f)™'(0,00) C v }(U)N A. Let
r € A. There exist an open neighbourhood U, C X of r and a smooth map
gr : X = R such that F o flu,na = grlu,na- If g-(r) # 0, then Fo f(r) #0
and 7 € (Fo f)7}(0,00) C v }(U) N A; one can in that case choose a
smaller open neighbourhood W, of r, contained in »~!'(U) N X, such that
Fo flw,na = g-lw,na and g.(s) # 0 for each s € W,. Since A is compact,
one needs only finitely many U,,, 1 = 1,... ,n, to cover A. Consider the
covering U = {U,,,... ,U,,, X — A} of X where, if Fo f(r;) # 0, then
U, = W,,. Let {);}jes be a smooth partition of unity subordinate to .
Suppose here that V = {V;};ey is a locally finite open refinement of & such

that supp(A;) C V; for all j € J. If V; ¢ W,, for some | € {1,... ,n}, let
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H; : X = R be the smooth map H; = g,,. So Hj|lw,na = Fo flw,na. If
V; C X — Aorif V; C U, where U,, is a neighbourhood of r; such that
Fo f(r;) =0, define H; = 0. Set H = ¥;ejA;H;. Obviously H is smooth
on X. Let z € H™'(0,00). Then A;(z)H;(z) # 0 for some 5. But A;(z) #0
implies that z € V;. Moreover, since H;(z) # 0 it follows that V; is contained
in some W,,. But W,, C v !(U) N X, therefore z € v~}(U) N X and hence
H='(0,00) C v }(U)N X. Consider the smooth map HU F : XUY — R;
since H|4 = F o f|4 there is a smooth map A : X U; Y — R such that
hov=HUF and p€ h~'(0,00) C U.

Now, suppose that p is a point in UNv(X — A) and suppose that its preimage
by v is a point r in »~}(U) N (X — A). Since v !(U) N (X — A) is open,
there is a nonnegative smooth function | € F such that r € {71(0,00) C

v 1 (U)N (X — A). Therefore, A C {7'(0). Defined: X UY — R by setting

lIz) fzeX
dz)= | @) HzeX
0 ifzeY

Since {(z) = 0 for all z € A, it follows that d inducesamapd: X U;Y = R

such that

.. dlz) fze X
ﬂdﬂ:{ou'fiy'

Clearly d € C and p € d='(0,00) C U N y(X — A).

We conclude that for all p € U there is a smooth map A € C such that
p € h™1(0,00) C U. Therefore U is open for the underlying topology of C. O

Theorem 2.1.3 establishes a result whereby, given a Hausdorff handy differ-
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ential space X and a Hausdorff differential space Y, if A is a compact closed
subspace of X and if X U; Y is an adjunction in differential spaces of X and
Y then the underlying space of X Ly Y is an adjunction in the category of
topological spaces. The reason is indeed the fact that the underlying topo-
logy of the differential space X U; Y is the quotient topology determined by

the map v.

A case of particular importance is the case whereby X is a coproduct of
finitely many disjoint euclidean balls and A is the coproduct of boundaries

of balls of X. More explicitly, let A be a finite indexing set, let
X=D:=U{Dyla€A, nel}

and
A=S:=U{Sa €A, nel}

where D7 is the a-copy of the euclidean ball D*, S?~! is the boundary of D?
and [ is a finite subset of N. Let

A, ={a€A| D C X},

and for each a € Ay, let ®7 : S*~! — Y be a smooth map carrying S*~! into
the Hausdorff differential space Y and let f : S — Y be the map f = UaEJ} o,
ne

The space D Uy Y is called the space obtained by attaching finitely many
cells D7 to Y.

Lemma 2.1.5 Let D™ = Ugyea, Dh. As D" is a handy Hausdorff differential
space, then if Y is a Hausdorff differential space, the space, D" Y, obtained
by attaching finitely many copies D? of D™ is Hausdorff.
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Proof. Note that D", as a coproduct of handy differential spaces D}, a €
A,, is a handy differential space by virtue of Lemma 1.2.16. In light of
Theorem 2.1.3, the underlying topological space of the adjunction D™Li; Y is
an adjunction of underlying topological spaces of D™ and Y. By Proposition
2.1, page 45, in [11], since Y is a Hausdorff topological space, it follows that
the topological space D" U; Y is Hausdorff. Thus the adjunction taken in

differential spaces is Hausdorff. a

Lemma 2.1.6 Let X be a DW complez of dimension n, having finitely
many cells of dimension n, let A be the set indezing the n-cells, and for each
a € A, let D2 Ugs X~V be the adjunction obtained from X ™1) by attaching
a copy of the closed ball D by means of a smooth map ®" : S*~! — X (n=1),
Let D™ = UgeaDZ, S™ ! = UyeaS?~! be coproducts, taken in DIFF, and
let f:S8" = X1 be the map given by f = Uaea®?. Then D™ U, X1

is a DW complez, diffeomorphic to X.

Proof. Let v: D" U X1 — D" U, X("~Y) be the quotient map defining
the adjunction D™ Uy X("=1); as X(*~1) is Hausdorff, it follows from Lemma

2.1.5 that the differential space D™ U; X(*=1) is Hausdorff.
Let (E,®), where ® = {®, : e € E}, be a DW decomposition of X. For
k # n, define k-cells in D™ Uy X(*~1) by
(D" uy; XYk = {y(e) : eisa k-cell in X},
and define n-cells in D™ Uy X(*=1) by
(D™ Uy X" = {y(D? — S : a € A}.
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If (D™, X ("=1)*) denotes the union of all cells in D"y X™~!) of dimension
< k, then for k < n, v(X®) = (D*U; X(»~1)(*), The differential structure
on D” L; X™=Y) 15 the collection of functions f: D" U; X*~!) — R such that
flu(z) is smooth for every closed cell € in X™=1) and flupp) is smooth for
every a € A. Next, let E*~! be the family of all cells in X(*~!) and define the
characteristic map of v(e), for each e € E™!, as the composite v®,; and for
each & € A define v|pn as the characteristic map of the n-cell (D} — S37').

If
E'={v(e): eec E"}U{u(D2-8527"): a€A}
and
' ={vd.: ec E"'}U{v|pr: a €A},

we want to show that (E’, ®') defines a DW structure on D™ U, X("=1). To

this end, we verify the four axioms in the definition of DW complex.

(1d) Since E™! partitions X("~1) and since Theorems 2.1.1 and 2.1.2 in this
context imply respectively that X("~1) is diffeomorphic to »(X{1) and
D" — S™~! is diffeomorphic to v(D" — S"!), it follows that D™ LI, X(*=1) s

a disjoint union of its cells.

(2d) As X~V is diffeomorphic to v(X(™=1) and D" — S™~! is diffeomorphic
to y(D™* — S™1)

), every map v®, is a quotient map and every map v|ps is
also a quotient map. Moreover, since ®.|px is a diffeomorphism, it follows
that v®, | : D¥ — v(e) is a diffeomorphism. On another side, D™ — §*~!
being diffeomorphic to v(D" — S*~!) implies that for each a € A, I/[D: :

D — v(D?) is a diffeomorphism.
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(3d) If e is a k-cell in E™?, then v(e) = v®.(D*) = v(é); since € is contained
in a finite union of cells in X1, it follows that v(e) is also contained in a
finite union of cells in D™ U; XY, Now, consider a € A. Since ®7(S37!)
is compact in X(*=1)| there is a finite DW subcomplex Y in X"~ containing
®7(57-1). But v|y(n-1 is a diffeomorphism, therefore v®7(S5%7") is contained

in a finite DW subcomplex v(Y). Thus

v(Dg — S5371) = v(Dg = S~ ) Uw®y(Sa7") C (D — Sa™h) uw(Y),

(=3

and since v(D) C v(D2 — S»-1), it follows that v(D2) meets only finitely

many cells.

(4d) Let © be the differential structure on D™ iy X("=!) coinduced by the
map v : D*UX "1 — D", X(*-1), Suppose that F(D?) is the differential
structure of the ball D2, a € A, and suppose that the differential structure
on v(e) is given by v*(F(&)) = {g € R“® : gov|s € F(é)}, and that on
v(D?) is given by v*(F(D2)) = {g € R“P2) : gov|p, € F(D?2)}. Define

M={v(e) s D"U; X"V ec E'Yu{v(D}) - D"U; XV o€ A);
we claim that
) = coind {M}.

Indeed, let F' € ; by definition of 2, F' € Q if and only if Fov|y(n-1) € F and
Fov|pn € UgeaF(D2). But Fov|ym-1y € F if and only if Fov|: € F(€) for
each cell e in X"~V that is FIm € v*(F(e)) for each e. Likewise F o v|pn
holds if and only if F' o v|pn € F(D7) for each @ € A, or if and only if
F|,pny € v*(F(DZ)), for each a € A. It follows from this argument that
F € Q if and only if F € coind {M}; thus = coind{M}.
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Finally, to prove that D™ U; X(*~1) is diffeomorphic to X, it will suffice to

show that
r:D*u XD 5 X,

where 7 equals inclusion on X"~V and the map @7 on DZ, is a quotient

a?

map.

Obviously, 7 is surjective. Let h : X — R be a structure function on X.
Since h|en(pz) © D5 is smooth for every o € A, it follows that (ko 7)|pn is

smooth. We know that (h o 7)|x(n-1) is smooth. Thus, 7 is smooth.
Now suppose that A : X — R is a function such that A o 7 is smooth on

D" U X1, Then,

(1) (hom)|xm-1 = h|xn-1) is smooth.

(2) (hom)|pp = hlen(pny 0 @4 is smooth on D7 for each a € A.

The first condition implies that h|s is smooth on &, whenever dime < n.
Since for each ¢ € A, ®} is a quotient, the second condition implies that
h|s is smooth on e, where e is an n-cell. Thus h is smooth on X, so 7 is a

quotient map, as desired. a

Conversely, we have
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Lemma 2.1.7 LetY be a DW complex of dimensionn—1, let D™ = U,ea D
be a finite coproduct of closed n-balls D7, let S™™' = U,eaSE™! be the cop-
roduct of boundaries of the n-balls D, and let f : S™!' — Y be a smooth
map. Then the adjunction space X := D™ Uy Y formed from Y and D" by

means of [ is a DW complez, and Y is its n — 1-skeleton.

Proof. Let v: D"UY — X be the hypothesized quotient map. Now D"
is a handy Hausdorff differential space and Y is Hausdorff by hypothesis; by

Lemma 2.1.5 it follows that X is Hausdorff.

Consider Y to be a subspace of X; then v equals inclusion on Y, and equals

f on S™!. Define the open cells of X to be

E(X)={v(e): e€c E(Y)}U{r(D"): a € A}
and the characteristic maps to be

P(X)={vd.:e€c E(Y)}U{v|pn: a €A},

where E(Y) is the collection of cells of Y.
Let us prove that (E(X),®(X)) defines a DW structure on X.
(1d) Clearly X is a disjoint union of its cells.

(2d) It is also clear that every v®, is a quotient and every v|p» is a quo-
tient. Since Y is diffeomorphic to v(Y), it follows that v®.|s« maps Dk
diffeomorphically onto v®.(D¥), k < n. Likewise, since D* — §*~! is dif-
feomorphic to v(D™ — S*~1), it follows that v|pa maps diffeomorphically f):
onto v(D7).
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(3d) We have already noted that the map v|pn maps D7 diffeomorphically
onto the set v(D7). By construction, v|ps maps S?~! into Y. Since v(527?)
is compact in Y, there is a finite DW subcomplex Y in Y containing v(S2™!).
But v|y is an identity , therefore v( D7) meets only finitely many cells. Now
consider a k-cell e in Y. It is trivial that v(e) = v®.(D*) = v(€) is contained

in a finite union of cells of ¥(Y). Thus condition (3d) is satisfied.

(4d) follows readily. Suppose f : X — R is a smooth structure on X. It
follows that for : D" UY — R is smooth. But D™® U Y being a disjoint
union, so one has f ov is smooth if and only if simultaneously (f o v)|pn is
smooth and (f o v)|y is smooth. Note as well that (f o v)|pn is smooth if
and only if (f ov)|pn is smooth for each a. But v|pn is a quotient, therefore
flupn) is smooth. Since v is the identity on Y/, f'ﬁ is smooth for every cell
v(e).
Now let f: X — R be such that f|7z is smooth for every v(e) in v(Y) and
flu(pg) is smooth for every a: € A. It is clear that fov is smooth on D* LY.

Since v is a quotient, it follows that f is smooth, as desired. O

Theorem 2.1.4 A differential space X is a DW complez with finitely many
cells if and only if there is a sequence of subspaces Xo C X, C ... C Xm =X
such that X = U7, X, and the following properties hold.

(i) Xo is a discrete space.

(i1) For each n > 0, there is an indezing set A, and a family of smooth

maps {®2 : S27! = X,_1| @ € A} so that
X =D" Uy Xaers
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where D™ = U{D?: a € A} and f = U®}.

(it) If F is the differential structure of X and F, is the structure induced
on X, by the inclusion X, — X, then a function o : X — R is in F if
and only if o|x, € F, for eachn > 0.

Proof. Suppose that X is a DW complex with finitely many cells and
X, = X, the n-skeleton. The n-skeletons form an ascending sequence of
subspaces X© ¢ XM ¢ ... ¢ X™ such that X(™) = X. Since X(® is a
DW complex on its own and any function o : X — R belongs to Fo, it
follows that each subset of X(® is open in X(©). Thus X© is discrete, and
hence (i) holds. For (12), suppose that the collection of n-cells of X is given
by {ea € E: a € A,}; if @7 := ®% : D™ = X is the characteristic map
of the cell e, then ®* maps S*! into X(*~1), A function o : X® — R is
smooth on X (™ if and only if ¢|¢ is smooth on & for each cell e in X(*=1) and
o|s is smooth on & for each n-cell e. If we let v™ : D™ U X("=1) — X () equal

inclusion on X(*~Y) and the map

D3 X

(¢

on D7, then one can show that X is diffeomorphic to the adjunction space
formed from X("~1) and D", by means of a smooth map f = U®?. Indeed,
one first notes that v™(z) = v*(®2(z)) for all z € S*~'. Now to assert
that X is an adjunction space, it suffices to show that v™ is a quotient
map. Obviously v™ is smooth and surjective. Suppose that f : X(") = R is

smooth. Then:
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(1) flz is smooth for all closed cell € of dimension < n — 1.

(2) fo®2: D! — R is smooth for each o € A.

Conditions (1) and (2) imply that if f : X(® — R is smooth then, its pullback
fov® : D*U X1 5 R is smooth.

Now we need to show that every function f : X(™) — R such that fov™:
D™ U X(®=1) 5 R is smooth is smooth on X (™. Indeed, f o v™ is smooth on
D" U X1 if and only if f|y-1 is smooth on X(=1) and f|p is smooth
on D". In terms of cells, we will have that f|z is smooth for every closed cell
of dimension < n — 1 and f o ®2 is smooth for each & € A. But f o ®} is
smooth if and only if f|z is smooth on € = ®Z(D™). So f is smooth on every
closed cell of dimension < n. Thus f is smooth on X and hence X is

an adjunction space.

Finally, a function o € R is a smooth map if and only if o|; is smooth for
each e € E; that is, if and only if o|ym is smooth for each n > 0. Thus
(ii1) is also satisfied.  Conversely, suppose that X is a differential space
satisfying conditions (2), (22) and (227). Since X, is discrete, it is therefore a
O-dimensional DW complex; thus by means of Lemma 2.1.6, each X, is an
n-dimensional DW complex. If v* : D" U X,_; = D" Uy X,—; = X, is the
quotient map defining the adjunction X, and if ¢, : X;, = X is an inclusion

map carrying X, into X, we let
taOpa: Dy = D" = D"UXpy =D " U Xy = Xn 2 X
to be the characteristic map of an n-cell e,. Now suppose that F, is the
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family of cells of the DW complex X,, n > 0. Define
E=U{E,: n>0}
and

® = { constant maps to Xo} U U {tanov™|pn: @€ A}
n>1

The pair (E, ®) defines a DW structure on X. Indeed, it is easy to see that
the required axioms for a DW complex are fulfilled:

(1d) X = U{E, : n > 0}, which is a disjoint union.

(2d) Since X = U ,X, and for each n > 0, and X, is a DW complex, it
follows that if X™ denotes the collection of all cells in E of dimension < n,
then X(™ = X,. Thus, if e is an n-cell in E and if given ®, = ¢, 0 V" pn,

then @, : (D", S*') = (eu X(*=1) X (1)) is a relative diffecomorphism.

(3d) For each cell e € E, there is an n > 0 such that e € E,. Since X,, is a
DW complex and is contained in X, it follows that € is contained in a finite

union of cells of X; thus (3d) holds.

(4d) is trivial. O

Theorem 2.1.4 serves as a stepping stone to proving the following theorem

Theorem 2.1.5 The underlying space of a finite DW complez is a CW

complez.

Proof. Let X be a finite DW complex. Its skeletons X¥), k = 0,1,... ,n

are all closed subspaces of X such that X = U?_,X*) and satisfy conditions

98



(), (i1) and (ii7) of Theorem 2.1.4. Under the notation of Theorem 2.1.4,

we have
X=X =D"Upm D" Ut D* 2 Upnz...Up XO,

where f*¥ = Uuea, ®%, k = 1,... ,n. By Theorem 2.1.3, since every D* is a
handy differential space and X(© is a Hausdorff differential space, it follows

that X has the quotient topology determined by
v:D"UD* ! U D" 2 Ujna ... Up XO) 5 X,

Thus the underlying space of X is a CW complex . O

99



2.2 FW complexes

For easy reference, we define Frolicher spaces. Let X be any set, let F be a
collection of real-valued functions on X, let C be a collection of maps R — X,

and let M be the set of smooth maps R — R.

Definition The triple (X, F,C) is a Frolicher space provided:

(i) foce Mforall fe FandcelC
(i) @C={f: X 9 R| foce M forallceC}=F

(iii) TF={c:R—> X| foce M forall f€ F}=C.

See [7]. The pair (F,C) is said to be a Frolicher structure. As one may
have noticed, the functions determine the curves and vice versa the curves
determine the functions. The topology corresponding to the Frolicher struc-
ture (F,C) is the initial topology defined by the functions of F. Suppose
that (F,,C;) and (F3,C;) are two Frolicher structures on the set X such that
C: C Cy. It follows that F, = ®C, D ®C, = F,. However if (F;,C;) and
(F,,Cs) were such that F; C F,, then one would have C; = TF; D I'F, = C,.
In other words, the operator @ (resp. T) reverses the inclusion relation

between two sets of curves (resp. functions).

In [3], it is shown that if (X, F,C) is a Frolicher space, then (X, F) is a differ-
ential space. Thus (X, F,C) is Hausdorff if and only if the underlying differ-
ential space (X, F) is Hausdorff. Let (X, F(X),C(X)) and (Y, F(Y),C(Y))
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be two Frolicher spaces. A map f : (X, F(X),C(X)) — (Y, F(Y),C(Y))
is a map of Frolicher spaces and is said to be (Frolicher) smooth provided
f:(X,F(X)) = (Y,F(Y)) is a map of differential spaces. Frolicher spaces
as objects with smooth maps as morphisms form a category. As in [3], we
will adopt the 2xpressions FRL for the category of Frolicher spaces. Fur-
thermore, in order to avoid ambiguity between maps in FRL and maps in
DIFF, we will use prefixes “F”” and “d” to indicate that one is dealing with

Frolicher smooth maps and differential smooth maps respectively.

It is proved in [7] that the category FRL is cartesian closed. For cartesian

closedness, see [12].

Definition A surjective map ¢ : (X, F(X),C(X)) — (Y, F(Y),C(Y)) of
Frolicher spaces is called a quotient map provided f € F(Y') if and only if
foqg € F(X). The F-structure (F(Y),C(Y)) is called the quotient structure
on Y, induced by q.

[t is easy to show that if g+ (X, F(X),C(X)) = (Y, F(Y),C(Y)) is a quotient
map of Frolicher spaces , then, given the forgetfull functor U : FRL —
DIFF, clearly g = U(q) : (X,F(X)) = (Y,F(Y)) is a quotient map of the
associated differential spaces. Therefore quotients in FRL are the same as

quotients in DIF F.

Lemma 2.2.1 Let X be any set, and let Fy be a family of real-valued func-
tions on X. Then the pair (F,C), where

C={c:R—= X| foceM forall fe F}=TF
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F={f:X>R|foceM forallceC} =K,

defines a Frolicher structure on X, called the Frolicher structure generated

by Fo and denoted gen(Fy).

Proof. See [7]. O

It is clear that if (F,C) = gen(Fy), then Fo C F.

Lemma 2.2.2 Let (X,F,C) be a Frolicher space and let Fy be a set of real-
valued functions on X such that Fo C F. Then if (F',C') is the Frolicher

structure generated by Fo, it follows that

(i) ccc

(ii) F' C F.

Proof. Easy verification. t

Lemma 2.2.3 Let X be any set, and let Cy be a family of curves into X .
Then the pair (F,C) where

F={f:X—>R|foceM forall c€C}=C
C={c:R—X| foceM foral feF}=T B,

defines a Frolicher structure on X, called the Frolicher structure generated

by Co and denoted gen(Co).
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Proof. See [T7]. a

Definition Let (X, F,C) be a Frolicher space, and let A be a subset of X.
Then the Frolicher space (A, F(A),C(A)) where (F(A),C(A)) = gen(F|a),
is said to be a F-olicher subspace of (X, F,C).

Definition Let {f; : (Xi, Fi,C:) = X, © € I} be a family of set maps, where
triples (X;, F;,C;) are Frolicher spaces, and let
C* = {f,'OC;:]R—)Xl c; €Ci, 1 E I}

The Frolicher structure generated on X by C* is called the final structure

corresponding to maps {f; : (Xi, Fi,C:) = X} and is denoted
fin({fi| « € I}).
It has as structure functions the set
Nier{f : X = R| fo f; € Fi}.

See [7] for initial structures.

The FW complexes that we are about to introduce are defined pretty much
like DW complexes. The “F” in “FW” stands for Frolicher and the “W”

comes from “CW?".

In the setting of FW complexes, the triple (D¥, F(D*),C(D*)) will denote

the unit closed k-ball, equipped with its Frolicher subspace structure.

Definition A k-cell e of a Frolicher space X is a diffeomorphic image of the

interior of the unit closed ball D*.
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Definition A Hausdorff Frolicher space (X, F,C) is said to be a FW complex

or a Frolicher CW complex with respect to a family of cells £ provided:

(1f) X =U{e: e € E} (disjoint union)

(2f) For each k-cell e € E, the smooth map &, : (D*, F(D*),C(D*)) —
(é,F(€),C(€)) is a quotient and maps the subspace (D*, F(D¥),C(D¥))
diffeomorphically onto the subspace (e, F(e),C(e)).

(3f) if e is a k-cell in X, then é := ®,(D¥) is contained in a union of finitely

many cells of dimension < k.

(4f) the Frolicher structure on X is the final structure corresponding to the

set {(é,F(2),C(é)) = X : e € E} of inclusions.
By the k-cells of a FW complex (X, F,C), we mean the elements e € E.

Lemma 2.2.4 Let {(X;,F(X;),C(X:)); 1 € I} be a family of Frolicher
spaces and let {f; : Xi = X}ier be a family of set maps. Suppose that
FF(X) is the set of functions for the final Frélicher structure induced by the
fi, and suppose on the other hand that F*(X) is the coinduced differential
structure corresponding to {fi: (Xi, F(X:)) = X}ier. Then,

FEXYy=F4X)
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Proof. According to [15],
FiX)={f: X 2 R| fo fie F(X:)foralli e I},

which is exactly the set F¥(X) of structure functions for the final Frolicher

structure corresponding to the functions f;. a

It is equally interesting to check whether the partial dual of Lemma 2.2.4
holds.

Lemma 2.2.5 Let (Y, F(Y),C(Y)) be a Frolicher space. Suppose that FF(X)

is the set of functions for the initial Frolicher structure induced by the set
map ¥ : X — Y and suppose that F4(X) is the differential structure induced
by ¥ : X — (Y, F(Y)). Then

FHX%e FF(X).

Proof. Note first that the initial Frélicher structure induced on X by ¥ is

given by
C(X)={c:R—> X| foVoce Mforall fe F(Y)}
and
FFX)={f: X > R|foce Mforall ceC(X)}.
Note as well that if
Fr={fo¥: feF(Y)}
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then
FHX) = gen({F*}).

Let f € F4(X) and let p € X be any point. Then there exist f!,..., f" €
F(Y) such that

flo,=wo(flo¥,...,fro W)y,

where U, is a neighbourhood of p for the underlying topology of F~, and
where w € C*°(R"™). Thus

foclc—i(Up] = WO (fl oWo Cyun '.lfno v OC)'C_](UF) (23)

for all c € C(X). It is easy to see that wo (f*oWoc,...,ffo%oc):R— R
is smooth. Since {¢™}(U,) : p € X, ¢ € C(X)} is an open covering of R,
it follows from (2.3) that foc: R = R is smooth for all ¢ € C(X). Hence
f e FF(X) , and so F4X) c FF(X). O

The reverse inclusion F¥(X) C F?(X) does not always hold. As a matter

of fact, consider the set Q of rationals. If 1 : Q@ — R is an inclusion map
and R := (R, F(R),C(R)) is the usual real Frélicher space, then the initial

Frolicher structure corresponding to iqg is defined by
C(@Q=Q and FF(Q=RC
Whereas
F(Q) = gen({F(R)lo})-
It is clear that F%(Q) is strictly contained in FF(Q).
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We let R, r denote the set Ry = {r € R| r > 0} endowed with its Frolicher
subspace structure as a subset of R. Similarly R, 4 will denote the set R,
equipped with its differential structure as a subset of R. It is shown in [2] that
UR, r) = Ryq, where U : FRL — DIFF is the forgetful functor. This
means that R, r, as a Frolicher space, has the same functions that it has as
a differential space. We also let Rp denote the real line, viewed as a Frolicher
space, and Ry denote the real line, viewed as a differential space. However
instead of using the too cumbersome notation Rp xr Ry r to denote the
product of Rp with R4 p in FRL, we will use the notation R xR rather.
Similarly R x4 R, will denote the product of Ry with R, 4 in DIZFF.

Let J be an infinite indexing set. Consider a topology on RY having for basis
the family B of open sets of the form U = X;ejU;, where, for finitely many

7, U; = (a; — €j,a; + €;) with aj, €; € Rand €; > 0, and U; = R otherwise.

Definition [4] A function f : R’ = R depends locally at p € R’ on finitely
many variables if there is a basic open set U € B containing p and a finite

number of indices j;,... ,jm € J such that

flu((l"j)_;e.}) == g(xjn' v !xim)

for some smooth function

g:{(z5--- 1 Zin)| (z;)jes €U} = R.

In addition to the above definition, we will need the two following lemmas
on infinite products in categories FRL and DZFF, which have been lucidly

proved in [4].
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Lemma 2.2.6 Let J be an infinite set. Every F-smooth function f : R7 —
R is d-smooth if and only if, given any point p € RY, f depends locally at p
on finitely many variables. (The topology on R’ is the topology generated by
the basis B.)

Lemma 2.2.7 Let J be an infinite set. The countable product R’ has, as

a differential space, the same functions that it has as a Frélicher space.

Now, let us show

Lemma 2.2.8 Let J be a countable set. The product R’ x R, has, as
a differential space, the same structure functions that it has as a Frolicher

space.

Proof. Lemma 2.2.7 says that the structure functions for the product
Frolicher structure on R/*' := Ry*! are the same as the structure func-
tions for the product differential structure defined on R/+! := Rﬁ“. So the
differential space RY x4R is diffeomorphic to the underlying differential space
of the Frolicher space R’ xr R. ( We use notations R’ x4R and R’ x¢R in
lieu of R7*! and R%M respectively, because soon we will compare structure
functions on R’ x4 Ry to those on RY xp Ry.) Let n : Rr = Ry r be a
function defined by setting n(z) = z2. It is shown in [2] that 7 is a quotient
map in FRL. Since in cartesian closed categories such as FRL the product

of an identity map with a quotient is again a quotient, it follows that the
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map
lgo xn: R xp R 5 R xp R,

is a quotient in FRL. Since the diagram

R’ xqg R s U(RJ XFR)
IRJ xn u{lm.‘ X?’i)
Rd X R+ g “l;; ;‘R: = M(RJ XF R-I“):

where U : FRL — DIFF is the forgetful functor, commutes, it follows that

U(R? xr Ry) has a finer structure than R’ x4 Ry.

Let f: R/ xp Ry — R be F-smooth map and p = ((p;);es,a) € R? xp R4.
Let a = 0. Since the F-smooth map fo(l x7n): R’ xgR — R is, by Lemma
2.2.7, d-smooth on RY x4 R, Lemma 2.2.6 says there is an open set V € B of
p in RY x R such that fo (1 x n) depends on only finitely many coordinates

on V. The open set may be of the form
V = x;esU; x (-, Vb),

where for finitely many 7, U; is an arbitrarily small neighbourhood of p; and
where b > 0 is taken arbitrarily small. Now, let W = (1 x n)(V). It is clear
that W = X ;e U; x [0,b), and f depends on only finitely many coordinates
on W.
Let a > 0 and W' = xejU; % (b,¢) with 0 < b < a < ¢. Then

V= (1x )™ (W) = x5eaU; x ((—v/e, —Vb) U (Vb, VC)).
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As above, f o (1 x n) depends on only finitely many coordinates on an
open neighbourhood x ;e U; x (—v/¢,—V/b) of ((p;)jes, —v/@) (resp. on an
open neighbourhood x;esU; x (vVb,1/c) of ((p;)jes,+/a). 1t follows then
that f depends on only finitely many coordinates on an open neighbour-
hood x;ejU; x (b,c) of each p. Thus, by Lemma 2.2.6, f is d-smooth on a
neighbourhood of p. Hence, the proof is complete. O

Let J be finite. The set H = R’ x Ry is a half plane in R/*!. Let X be a
smooth manifold with boundary. The question of smoothness at boundary
points for a map f: X — R is decided in terms of the notion of smoothness
for maps g : H — R. Since the notion of smooth functions for R/ x;,R, — R
and RV xR, — R are the same, the notion of smooth map f : X — R from
the standpoint of Frolicher spaces is the same as that from the standpoint of

differential spaces. We thus have:

Corollary 2.2.1 The unit ball D*, k € N, as a submanifold of R* from
the differential space or Frolicher space point of view has the same structure

functions when viewed as a differential or Frolicher subspace of R.

Lemma 2.2.9 Let (X,F(X),C(X)) be a FW complez, and let Y be a
Frolicher subspace of X made up of cells e of X such that if e is a cell
in Y then € is also in Y. Assume that ®X (resp. ®Y) is the characteristic
map associated to the cell e of X (resp. Y ) and assume furthermore that,
for each cell e of X contained in Y, one has ®X = &Y. Then, Y is a FW

complez on its own right.
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Proof. That (1f), (2f) and (3f) are verified is easy to check. Denote by
E(Y) the collection of cells of Y. It remains to show that Y has the Frolicher

structure corresponding to the inclusions é = Y, e € E(Y).

Let (F(Y),C(Y)) be the Frolicher structure induced by the inclusion ¢ty :
Y = (X, F(X),C(X)). Let

Fr={flv: feFX)}
Then
C(Y)={c:R— Y|ty oceC(X)} =TF
Clearly, if g € F*, then every g|; is smooth. Fdéfore, if
G={f:Y 2 R| fl: € F(é) for all e€ E(Y)},

then 7 C G. Since G is the set of functions for the Frolicher structure
induced by the inclusions (é,F(€),C(é)) — Y, it follows, by Lemma 2.2.2,
that F(Y) C G.

Using the fact that the unit closed ball D*, as a differential subspace of
(R¥, F(R¥)), has the same functions that it has as a Frolicher subspace of
(R¥, F(R¥),C(R*)) and since quotients in FRL are the same as quotients in
DIFF, one can show, by the same techniques used in in the proof of Theorem
1.2.1, that every map f € G can be extended smoothly to the entire space X.
Thus, one writes f = f|y for some Frélicher smooth f € F(X), and hence
G C F(X)ly c F(Y). O
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Definition A FW subcomplex (Y, E(Y)) of a FW complex (X, E(X)) is a
FW complex such that Y is a Frolicher subspace of X, E(Y) C E(X) and

@Y = ®X for every cellein Y.
Every k-skeleton of a FW complex is a FW subcomplex.

The following lemmas can be proved exactly as in case of DW complexes.

Lemma 2.2.10 If X is a FW complez, and e is any cell in X, then € is

contained in a finite FW subcomplez.

Lemma 2.2.11 If X is a FW complez and if Y and Z are FW subcom-
plezes, then Y N Z and Y U Z are FW subcomplezes of X.

Since for each k € N, d-functions on D* are the same as F-functions, and
since cells for either DW complexes or FW complexes are diffeomorphic im-
ages of open balls, one might wonder whether every DW complex is an un-
derlying space of some FW complex and vice versa every FW complex has a
DW complex as an underlying topological space. If the latter is so, then the

underlying topological space of a FW complex is a CW complex.

Theorem 2.2.1 If (X,F) is a DW complez, with cells {e : e € E} and
characteristic maps {®, : e € E}, and is the image of some Frolicher space
(X, F,C) under the forgetful functor U : FRL — DIFF, then the Frolicher
space (X, F,C), under the same cell decomposition and with the same char-

acteristic maps, s a FW complez.
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Proof. Let e be a cell in X, let ®¢ = ®, be the characteristic map of
e, when e is viewed as a cell of the differential space (X,F), and let ®F
be the characteristic map of the cell e, when e is viewed as a cell of the
Frolicher space (X,F,C). By hypothesis, ®F = ®¢ =" ®,. Suppose that
dime = k. Since (X,F) and (X,F,C) have the same topology, it follows
that ®F(D*) = & = ®¢(D¥). But (X,F) is a DW complex, therefore € is

contained in a finite union of cells of dimension < k. Thus, (3f) holds.

Let F(€) be the differential structure of the closed cell & Then F(€) is the
family of functions f : € — R such that f o @, is a structure function for
the usual differential structure F¢(D*)) of D*(®) where k(e) is the dimen-
sion of e. Since Corollary 2.2.1 says that for every D™ the d-smooth maps
and the F-smooth maps coincide, and since quotients in FRL are the same
as quotients in DIFF, it follows that the Frolicher structure induced by
Ueee®e : Ueep(DHE), F(D*)) C(D¥))) = X on X is the pair (F,TF),
where TF = C' . Thus, axiom (4f) is satisfied.

Now, let us examine axiom (2f). Since by Boman’s theorem [10], d-smooth
maps and F-smooth maps are the same on smooth manifolds without bound-
ary, it follows that intD¥, k € N, as a submanifold of R¥, has, as a differential
space, the same structure functions that it has as a Frolicher space. For the

purpose of making our notation simpler and clearer, we put
intD* = DF.

So if (D*, Fd(bk)) is the differential subspace induced by the inclusion D¥ —
(R*, F(R*)) and (f)k,fF(bk,C(bk)) is the Frolicher subspace induced by

113



the inclusion D¥ — (R*, F(R*),C(R*)), then F¢(D*) = FF(D*). Because
of this equality, we will use the notation F(D*) to denote both F4(D*)
and FF(D*). Denote by F(e) the differential structure induced on e by the
inclusion e — (€, F(2)). Since & : (D*, F(D*)) — (e, F(e)) is a diffeo-
morphism, it follows that ®.|x. : (DF, F(D*),C(D¥)) = (e, F(e), TF(e)) is
a diffeomorphism of Frolicher spaces. But the Frolicher structure induced
on e by the inclusion e — (€, F(g), [F(€)) is the structure generated by the
set F(€)|.. By Lemma 2.2.5, F(€)|. C F(e) C FF(e), where (FF(e),CF(e))
is the F-structure induced on e by the inclusion e — (&, F(€), [ F(€)). But
(F(e),TF(e)) is a Frolicher structure whose F(e) is the smallest set of func-

tions containing F(€)|.. Therefore,
F(e) = FF(e) and TF(e) = CF(e).
Hence, the Frélicher structure on D¥ induced by the inclusion
D* — (D*, F(D*),c(D*))

is diffeomorphic to the Frolicher structure on e, induced by the inclusion
e — (&, F(€),[F(g)). Therefore, (2f) holds, and the proof is thence complete.
O

It is known that, given a Frolicher space (X,F,C), the pair (X,F), that
one gets under the forgetful functor U : FRL — DIFF, is a differential
space. Now, suppose that the Frolicher space (X, F,C) is a FW complex. It
would be interesting to show whether the differential space (X, F) is a DW

complex. In fact, it is so. We prove this result in the next theorem.

Theorem 2.2.2 Let (X,F,C) be a FW complez, with E as the collection
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of cells and ® = {®, : e € E} the collection of characteristic maps. Then the
differential space (X, F) is a DW complex under the same cell decomposition

E and with the same characteristic maps.

Proof. It is obvious that (1d) is satisfied. Let k € N. Let F¥(D*) be
the set of functions for the Froélicher structure induced by the inclusion
D* — (R*, F(R¥),C(R¥)), and let F?(D*) be the differential structure in-
duced by the inclusion D¥ — (R¥, F(RF)). By Corollary 2.2.1, we know that
FF(D*) = F4(DF). Let k(e) denote the dimension of the cell e € E. Since
Ueez D) has , as a coproduct in FRL, the same functions that it has as a
coproduct in DZFF, and since quotients in FRL are the same as quotients

in DIFF, it follows that

defines the same quotient structure in FRL as in DIFF. Thus, axiom (4d)
is satisfied. Axiom (3d) is also satisfied since (3f) holds.

Now, let us show that (2d) holds. Let e be a k-cell of the FW complex
(X,F,C) and ®. be its characteristic map. We need to show that the interior
D* of D* has as a differential space the same functions that it has as a
Frolicher space. This property is met simply because of the fact that D*
is a smooth manifold without boundary. Now call F%(e) the differential
structure induced on e by the inclusion e — (€, F(€)) and call (F¥(e),C(e))
the Frolicher structure induced on e by the inclusion e — (&, FF(é),C(¢é)).
By Lemma 2.2.5, F¢(e) C FF(e). Since (X, F,C) is a FW complex

o A

®c|p : (D, F(D¥),C(D*)) = (e, FF (€),C(e))
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is a diffeomorphism of Frolicher spaces. It follows that
| e : (D, F(D¥)) = (e, FF(e))

is a diffeomorphism of differential spaces. On another hand, as F?(D¥) =

FF(D*), it follows from Theorem 2.2.1 that
(I)G|D‘= : (bkaf(bk)) —+ (ea}_d(e))a
is a diffeomorphism. Thus, F¢(e) = F¥(e), and hence (2d) is met. O

From Theorems 2.2.1 and 2.2.2, we have

Theorem 2.2.3 The Frolicher space (X, F,C) has the structure of a FW
complez if and only if the differential space (X, F) has the structure of a DW

complez.

Since every FW complex is a DW complex, one has

Corollary 2.2.2 If X s a FW complez and e is a k-cell in X, then
€ =&,

where é = ®,(D*) and € denotes the closure of e with respect to the topology

induced by the structure functions.

It is also possible to view a FW complex as a space built up from a collection

of closed balls, equipped with their Frolicher structures as subspaces of real
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euclidean Frolicher spaces, by forming, as for CW complexes and DW com-
plexes, appropriate quotient spaces. The fact that quotients in FRL are the
same as quotients in DIFF gives us (almost ) for free, so to speak, many
nice properties pertaining to DW complexes. But first, we need to adapt the
machinery used in building up a DW complex from its cells to the present

situation.

Definition Let & = {U; : i € I} be an open covering of a Frolicher space
X. Then a Frolicher smooth partition or simply a smooth partition of unity
subordinate to U is a collection {f;};es of F-smooth maps f; : X — [0,1]

such that:

(i) There is a locally finite open refinement {V; : j € J} of U such that
supp(f;) C V; for all y € J,

(ii) 3, fi(z) =1 for each z € X.

Now, let A be a subspace of a Frolicher space X. Then, A is said to have
the global extension property if every F-smooth map f : A — R can be
extended to some F-smooth map f : X — R. Unlike closed subspaces of
a differential space with smooth partitions of unity, no proof has been yet
found to ascertain whether closed subspaces of a Frélicher space have the
global extension property. Since the global extension property is so essential
in adjoining cells, we define a handy Frolicher space to be a Frolicher space

X satisfying the following points:

(1) every open covering of X has a smooth partition of unity.
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(2) Every closed subspace of X has the global extension property.

Definition Let X be a handy Frolicher space, and let f : A — Y be a
smooth map carrying a non-empty closed subspace A of X into a Frolicher
space Y. The adjunction space X LIy Y of X and Y determined by f is the

quotient space obtained from the coproduct X LY by identifying each set

{y}u f(),

for all y € Y, to a point.

By Boman’s theorem [10], we know that, given a sphere S*~1, it has, as a
differential subspace of R* the same structure functions it has as a Frélicher
subspace of R*. Because the closed ball D* has the same structure functions
for both differential subspace structure and Frolicher subspace structure in-
herited as a subspace of R¥, and because quotients in FRL and DIFF are
the same, and finally because every real-valued smooth function on S* can

be extended to some real-valued smooth function on D¥, one has

Theorem 2.2.4 Let Y be a Hausdorff Frolicher space and let f : S¥~' = Y
be a smooth map. IfC is the structure on the adjunction D*U; pY determined
by the quotient map v : D*UY — D¥U; pY, then every subset U of DX pY
sﬁch that v=1(U) is open in D* UY is open in the topology of C. Thus the

topology on D¥ Li; p Y is the quotient topology determined by v.

Proof. This is a particular case of Theorem 2.1.3. O
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One more thing that we would like to say on this alternative way of describing
FW complexes is that proofs of Lemma 2.1.6, Lemma 2.1.7 and Theorem
2.1.4 can be carried over word for word, except that one will have to replace

“differential space” by “Frolicher space” wherever it appears.

After showing that the underlying topological space of a DW complex is a
CW complex, one wonders whether cellular homology of DW complexes can
be developed in parallel with that of CW complexes. Unfortunately we don’t

have time to expound on this topic.

Finally a few words can be said about singular homology theory of differential
spaces. An exposition of homology theory of topological spaces can be found
in Rotman [18], or in almost any other standard textbook on introduction to

algebraic topology.

Definition The differential standard n-simplex in R™*! is the differential

subspace
A" = {{z), 22, (L Ens1) € R™!: each z; >0 and in =1}

we shall denote .ts structure by e”(A™) or £(A™).

If {€o0,...,€n} is the set of vertices of A™, then the i-th face is the differential
subspace
Fi(A™) = {p€eA™: p=toeo+...+tic1€im1 +tij1€i1 + ... +1ney

with o4 ...+ ti-y +tig1 + ... +t, = 1 and each ¢; > 0}.
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Definition Let X be a differential space. A differential singular n-simplex,
or a differential n-simplex, or simply an n-simplex, is a smooth map o :

A™ — X, where A" is the differential standard n-simplex.

Thus a differential 0-simplex is just a point in X, and a differential 1-simplex

is a curve in X, called a path in X.

Definition Let X be a differential space. The free abelian group generated
by the differential n-simplices of X is denoted S,(X) and called the differ-
ential singular chain group of X. The elements of S,(X) are called n-chains

of X.

Definition Let X be a differential space. The boundary homomorphism of

order n is the map 0, : Sp(X) = Sa—i(X) such that

Opo = Z(—é)iae?, for all o € S,(X)

1=0
where e : A™! — A" is an affine map taking A" onto F;(A™"), the i-th
face of A™.

The map €] is called the i-th face map and sends vertices {eg,... ,€n-1}
of A™™! to vertices {eq,...,€é;,...,e,} of A" such that to every point p =
(toy... ytn—1), One assigns

el i (toy-v- ylam1) = (loy...  tic1, 0,8, ... ,1,) if2>1

53 : (t01-" sin—l) — (01t0$"' 1”71-1)‘

( The hat " means “omitted”.) Since affine maps are smooth, it follows that

00 is indeed an (n — 1)-chain; we call 9,0 the boundary of o.
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The collection of chain groups S,(X), of a differential space X, and boundary

homomorphisms @, can be organized into the sequence
e 38X B S i(X) = .. B B S50 B o (2.4)

and one shows as for topological spaces that 0,0,4; = 0, that is boundaries
have no boundaries. So, for each n > 0, Kerd, D Imd,4,. The sequence (2.4)
is called a chain complex of X; we will denote it by S.(X). If f: X = Y
is a map of differential spaces and ¢ is a singular n-simplex in X, then the
composite fg(o) = f oo is an n-simplex in Y. This correspondence in turn

defines a homomorphism

f# 1 Sa(X) = Su(Y) for each n.

Lemma 2.2.12 If f: X — Y is a smooth map, then one has an infinite

commutalive diagram

SO 0. L ' m—
S Jf#
> Sy =2 5d (V) — -

Corollary 2.2.3 Let A be a subspace of a differential space X. Then the
inclusion map i : A — X induces a monomorphism iy : S2(A) — S¢(X) for

each n > 0.

Proof. Define i4 : S9(A) = S4(X) by setting i4(0) = i 0 0 and extending
by linearity to the whole of S¢(A). Clearly if o, 7 are n-simplices in A, then

121



t4(0) = 1x(7) implies that o = 7. Thus 74 is a monomorphism on simplices

and, as S%(A) is the free group generated by simplices, on S¥(A).

Definition For each n > 0, the quotient group Kerd, /lmd,4, is called the
n-dimensional homology group of X and is denoted H,(X). We will write
Zn.(X) and B,(X) for Kerd, and Imd, respectively; the elements of Z,(X)

are called n-cycles, and those of B,(X) n-boundaries.

We will now check whether the dimension and homotopy axioms hold in
the category of differential spaces. First, let X be a differential space. For
z,y € X, we say zRy if there is a smooth map ¢ : [0,1] = X such that
0(0) = z and o(l) = y. It is routine to check that R is indeed an equivalence
relation. The smooth map ¢ is called a path in X from z to y; the equivalence
classes of this relation are called path components of X. Finally, the space
X is said to be path connected if for every z,y € X, there is a path in X

from z to y.

Theorem 2.2.5 (Dimension axiom). If X s a one-point differential space,

then H,(X) = 0 for alln > 0.

Proof. The proof is the same as for a one-point topological space. d

We list the following results without proof, since they can be derived as in

the context of topological spaces:
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(i) If X is a space and {X) : A € A} are the path components of X, then for
every n

Ha(X) =) Ha(X))

A

(Note that if (gx) € >, Hn(X)) then gy = 0 for all but finitely many A.)

(i) If X is a nonempty path connected space, then Ho(X) = Z. Moreover,
if zo,2; € X, then Tg = T; (Zo: equivalence class of zg) is a generator of

Ho(X).

Our next aim has been to show that the homotopy axiom in homology theory
of topological spaces holds in this setting as well. The technique in Rotman
(18] can almost be applied verbatim to prove that if f,g : X — Y are
differentially homotopic then H,(f) = H.(g), for all n > 0. But, first let us

define what we mean by differentially homotopic maps.

Definition Let [= [0, 1] have the differential subspace structure inherited as
a subspace of R. Two smooth maps f,g: X — Y of differential spaces are
said to be differentially homotopic if there is a smooth map FF : X x [ = Y

such that
F(z,0) = f(z) and F(z,1) = g(z)
for all z € X. Such a map F' is called a homotopy.

For a pair of maps f,g: X — Y the notation f ~ g will signify that maps
f and g are differentially homotopic. Intuitively speaking, f ~ g if and only

if f can be “smoothly transformed” into g. The relation ~ is an equivalence
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relation on Homy(X,Y'), where Homy(X,Y') is the collection of all smooth

maps from X into Y.

Theorem 2.2.6 If X is a convez differential subspace of euclidean differ-

ential space, then

H.(X)=0 forn > 1.

Proof. Let o : A™ — X be an n-simplex and b be an arbitrary point in X.

Define an (n + 1)-simplex (b.o) : A™! — X such that
b fortp =1

(bAU](tU}fl,... ,Ln+1)= 3
a(to)b+ (1 — afte))o(-2~, ..., 22L) fort # 1

P—tg " =" % 1=1g
where o : [0,1] = [0,1] is a smooth map, in the sense of differential spaces,

defined by
1 forl—e<t<1withe>0
at) = ;
0 fort=0
One readily sees, with € > 0 suitably small, that b.0 is well defined and

smooth, thus an (n + 1)-simplex in X.
As in [18], define cq(o) : SEX) — S¢,,(X) by setting cq(0) = b.o and
extending by linearity. To show that

an-i-lcn(o') =0 - Cn—lan(g):
the technique in [18] applies word for word, and leads to the conclusion that
Zn(X) = Ba(X), hence H,(X) = 0 for all n > 0.
Our version of the homotopy axiom reads:
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Theorem 2.2.7 (Homotopy axiom) If f,g : X — Y are differentially

homotopic, then

Ha(f) = Halg)  foralln>0.

Let A be a subspace of a differential space X, and let : : A — X denote
the inclusion map. Since i4 : S¢(A) = S¥(X) is a monomorphism, one can
consider S¢(A) to be a subgroup of S¢(X). The quotient group S¢(X)/S4(A),
denoted by S¢(X, A), is called the group of relative differential n-chains (mod
A) or group of differential n-chains of the pair (X, A). The homomrphism
9, : S4(X,A) = S¢_,(X, A), given by

On(o + S4(A)) = Ono +5%_,(A),

where 3, is the boundary operator S4(X) — S¢_,(X), is called the boundary

operator for relative homology.

Definition The group of relative differential n-cycles mod A is
Z4(X, A) = {0 € S4X, A)| 0,0 = 0}.
The group of relative differential n-boundaries mod A is

BY(X,A) = {o € S(X, A)| On417 = ofor some v € SZ, (X, A)}.

There are some difficulties with the developement here, but we had no time

to consider them.
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