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ABSTRACT 

Camera calibration aims at estimating intrinsic and extrinsic camera parameters that accurately 

describe the projection of points from the 3D scene to the 2D image sensor. The absence of 
numerical estimates of parameters describing the camera internal and external geometry can 
prevent absolute readjustment of bundles of rays that project 3D points from the scene onto the 

image plane. When information derived from photographs is used for metric purposes, small 
imaging errors can significantly affect the accuracy of derived information. Current analytica l 

methods for camera pose calibration failed to exploit the intrinsic geometric properties 
associated with each camera parameter within the structures of individual coefficients of the 
projective transformation matrix. This resulted in these methods being prone to parameter 

coupling, sign ambiguity, and multiple roots associated with some of the parameters. In the 
same way, recursive reversions methods proposed to compute inverses of radial distortion 

coefficients in order to correct radial distortions were found not suitable for high-degree radial 
distortion polynomials and failed to model the inverse profiles of severe barrel, pincushion, 
and moustache distortions inherent to consumer-grade cameras used in close range 

photogrammetry. This PhD research successfully developed two analytical calibration systems. 
The first calibration system decomposed the coefficients of the projective transformation 

matrix into nineteen robust equations that independently estimate individual parameters 
describing the internal geometry of the camera as well as its location and orientation in a 3D 
scene. The second calibration system, based on the concept of forced differential equation, 

successfully modelled inverse coefficients of high-order quintic, sextic, and octic radial 
distortion polynomials and reduced the effects of severe barrel, pincushion, and moustache 
radial distortions on distorted points.  The experimental results demonstrate that both developed 

calibration strategies achieved root mean square reprojection errors of 0.0843 and 0.057 pixels, 
respectively. These values are substantially lower than those reported by several current state-

of-the-art methods, which exhibit average errors around 3.63 pixels. Such a significant 
reduction in error by nearly two orders of magnitude not only confirms the high accuracy of 
the proposed approaches but also underscores their suitability for close-range photogrammetry 

applications where sub-pixel precision is essential. In practical terms, this level of accuracy 
enables more reliable 3D reconstructions and measurements in scenarios where even small 

deviations can lead to substantial errors. These results affirm the reliability and effectiveness 
of the proposed calibration strategies, making them well-suited for high-precision 3D 
reconstruction, industrial metrology, cultural heritage documentation, and other close-range 

imaging tasks where geometric accuracy is paramount.  
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CHAPTER 1  

                                             INTRODUCTION 
 

1.1 Research Motivation 

 

Camera calibration consists of computing exterior and interior camera parameters that accurately 

map 3D-object points from the world coordinate space into a 2D image coordinate space. 
Frequently, lenses integrated into Digital Single-Lens Reflex (DSLR) and other consumer-grade 
digital cameras exhibit flaws resulting from imperfections in lens design and manufacture and 

the lens-camera assembly. As a result, they show a variety of lens distortions due to the low 
reliability and durability of internal geometry information over time and between successive 

images (Sasián, 2019; Clédat et al., 2020; Andaru et al., 2022). Lens distortions can be 
classified into three categories: radial, decentring, and thin prism (Tang et al.,2017). Radial 
distortion is the most dominant and the focus of this research. The absence of camera interna l 

geometry information such as the focal length or effective focal lengths, the coordinates of the 
principal point, and inverse radial distortion coefficients, as well as the absence of camera 

external geometry information describing camera location and orientation in 3D space, can 
prevent absolute readjustment of a bundle of rays that projected the 3D points from the scene 
onto the 2D image plane and can lead to a bad metric representation of the scene (Abdullah et 

al., 2019; Syafiq et al., 2022). Digital photogrammetry has made remarkable progress during 
the last decade in developing new mathematical models for camera calibration. As the number 

of photogrammetric applications grows and technology advances, camera calibration has become 
more complex. With the recent significant improvements in digital image quality, one might 
argue that camera calibration would appear less important. However, when information derived 

from the imagery is used for metric purposes and not as a tool for general visualization or 
qualitative analysis, small imaging errors can significantly affect the accuracy of derived 

information. The widespread adoption of consumer-grade cameras in photogrammetr ic 
workflows has amplified the need for precise calibration of camera parameters to ensure metric 
reliability. Unlike traditional metric cameras, consumer-grade imaging systems lack geometric 

stability and are prone to optical inconsistencies, which complicates accurate camera pose 
estimation and the modelling of lens distortions. This shift toward accessible and cost-effective 

imaging solutions introduces critical challenges, particularly in the accurate determination of 
camera position and orientation within a 3D environment and in the correction of radial lens 
distortions using inverse polynomial models. The inherent variability in the optical and 

mechanical properties of consumer-grade cameras further exacerbates these challenges, making 
conventional calibration techniques insufficient. As a result, there is a pressing need for more 

robust, mathematically sophisticated calibration algorithms capable of addressing the 
inconsistencies and unpredictability of these devices. The increasing diversity of consumer-grade 
imaging platforms has thus rendered camera calibration a more complex and demanding task in 

modern photogrammetric applications.  
 

1.2 Research Background 

 

Some of the earliest camera calibration works can be grouped into multiple-view and single-

view. The multiple-view approach uses point correspondence between two or more images, such 
as the work proposed by Perez et al. (2020). A key component in Multiview camera calibration 
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approaches is the fundamental matrix.  The fundamental matrix as a 3 3 matrix that describes 

the geometric relationship between two uncalibrated images of the same scene, Perez et al. 

(2020) used multiple-view images to describe the relationship between distortion parameters and 

the fundamental matrices in a linear model for 3D reconstruction. Vera et al. (2020) emphasize 
that the distortion centre is central when establishing the relationship between distortion 

parameters and the fundamental matrix and is the basis for correcting lens distortions. Cai et al. 

(2020) advocated that parameters describing camera geometry and describing image geometry 
could better be estimated by matching point features from images taken at different views. 

Multiview camera calibration approaches generally involve capturing the calibration object from 
multiple spatially distributed camera positions, ideally with variations in angle, height, distance, and 
camera rotation. This approach increases the diversity of projection geometries and ensures that each 

calibration parameter, both intrinsic and extrinsic, is sufficiently constrained by the data. To minimize 
the dependency between camera parameters when using the multiple view technique, Dai et al. 

(2023) emphasize the importance of acquiring calibration images from varied camera positions, 
specifically different heights, angles, and rotations, to improve the robustness of parameter 

estimation. This diversity in camera viewpoints introduces a richer set of geometric constraints, 
which helps decouple the estimation of intrinsic parameters such as focal length and coordinates 
of the principal point from extrinsic parameters such as rotation and translation. When calibration 

images cover a wide range of perspectives, the solution space is better conditioned, reducing 
parameter correlation and improving the numerical stability of the calibration process. This 

strategy is particularly valuable in mitigating issues related to parameter degeneracy or 
ambiguous solutions, especially when using non-metric or consumer-grade cameras. In contrast, 
Xiao et al. (2019) earlier argued that 3D ground control points should be integrated into mult i-

view calibration approaches, and establishing the correspondence between 3D scene control 
points and their corresponding on the images can lead to good estimates of camera parameters 

that map the 3D space onto the 2D image plane.  
Since the multi-view techniques do not need particular conditions about the calibration objects, 
such as the straightness of lines, they can be used in many applications, such as accident scene 

reconstruction, but the disadvantage is that they rely on multiple images, which are sometimes 
not available. Authors such as Zhang et al. (2019) and Hu et al. (2023) expressed their 
scepticisms about multi-view techniques in terms of the number of images available and the 

accuracy of the approaches due to measurement errors originating from the difficulty to establish 
accurate geometric relationships between the various coordinate systems. The authors instead 

advocated for the use of single image-based calibration approaches. Single-view methods 
generally rely on the property of the perspective camera model that stipulates that the projection 
of any 3D straight line from the scene onto the image plane produces a straight line. Any 

deviation from this property is attributed to lens distortion. One common strategy in this method 
is the computation of undistorted points from their respective distorted counterparts on the 

images and then minimizing the residual errors based on the collinearity of the undistorted points. 
However, linear minimization approaches do not always guarantee calibrated camera parameters' 
accuracy, as Tsai (1987) pointed out. The author also suggested that the accuracy of estimated 

parameters could be improved by breaking down the calibration process into two stages while 
considering a single-view approach. The first stage of the solution could estimate initial estimates 

of a few parameters, and then the second stage enables estimating and refining all the parameters 
together through an optimization process. However, the accuracy of the proposed parameter 
optimization scheme depends on the accuracy of the coordinates of the principal point, and an 

accurate estimation of the coordinates of the principal point cannot be modelled using a weak 
perspective camera model and could exacerbate severe radial distortions within the image 

(Tomaselli and Bervegliera, 2014; Luhmann et al., 2016).  
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Modelling severe radial distortions remains extremely difficult, especially without considering 
well-elaborated polynomial functions that can capture several distortion profiles. Attempts to 

analytically compute inverse coefficients of large polynomial functions have been discouraged 
by some authors with the hypothesis that any such solutions would introduce numerica l 

instabilities to the estimated distortion coefficients (Diaz-Ramirez, 2021). Methods to correct 
radial distortions from distorted points can be classified into four categories. The first category 
of solutions approximates the polynomial function by expanding a Taylor series by estimating 

the first derivative at certain coordinates (Liao et al., 2019; Zhu et al., 2021). This type of 
polynomial approximation offers an interpolated solution that may extrapolate radial distortion 

profiles. The second group is the iterative approach that requires initial estimates of radial 
distortion coefficients, which would then be refined through non-linear optimization algorithms. 
The accuracy of such a solution relies on the user-defined number of iterations, which is 

determined by trial-and-error strategy and makes the optimization algorithm convergence at the 
correct maxima very subjective. The third category of solutions is estimating distortion 

coefficients and storing the estimated values in a look-up table for further radial distortion 
corrections. Although the accuracy of the technique remains debatable, it requires a lot of 
processing time and computer memory space. The fourth category of solutions is the semi-

analytical exact formula proposed by Drap and Lefevre (2016), which computes inverse 
undistorted coefficients from distorted coefficients in a recursive manner and then refines the 

computed inverse coefficients through an intense iteration process. This solution requires intense 
series manipulation and a large number of iterations to achieve successful results, and this also 
adds some subjectivity in terms of the convergence point of the optimization algorithm.  

Techniques that analytically compute parameters describing camera location and orientation in 
3D space, except for lens distortions, need to be improved (Rodehorst et al., 2008; Zheng et 

al., 2020). From the computer vision literature, among the earliest attempts to analytically solve 
the parameters describing the internal geometry of the camera as well as the parameters 
describing the location and orientation of the camera in 3D was the work of Ganapathy (1984). 

The strategy relies on decomposing the projective transformation matrix to establish non-linear 
equations to solve the camera parameters (Oniga et al., 2015). To simplify the solution, the 

approach did not rely on an upper triangular camera matrix, which is generally used in 
photogrammetry. The solution is also not very stringent, with the various geometric constraints 
imposed by the projective transformation matrix on individual camera parameters not being 

considered (Faugeras and Toscani, 1986). Variations of this analytical approach were also 
discussed in the works of Roumie et al. (2018) and Kim et al. (2023). 

Despite the extensive efforts dedicated to improving camera calibration through both multi-view 

and single-view strategies, significant challenges remain in analytically decoupling and 

accurately estimating individual camera parameters, particula rly under conditions of severe 

radial distortions and geometric ambiguity. The limitations of current calibration techniques , 

including parameter coupling, numerical instabilities, and dependency on iterative optimizat ion, 

underscore the need for robust analytical methods that can independently model both camera 

geometry and distortion effects. These unresolved issues establish a critical foundation for this 

study’s problem statements. 

 

1.3 Problem Statement 

With the increase in the need for highly accurate metrics from digital photographs, several 

camera calibration strategies have been developed for photogrammetry applications. Iterative 

computation techniques have been the most used approaches to recovering parameters describing 



4 | P a g e  

 

the internal geometry of the camera and parameters describing the camera location and 

orientation in the 3D space. Iterative calibration methods are, in general, part of a two-step 

camera calibration scheme that requires very accurate initial estimates of the parameters to be 

calibrated in the first phase to run the optimization algorithm to refine all the parameters together 

in the second phase (Usamentiaga et al., 2019). Optimization algorithms generally attempt to 

maximize (or minimize) a function by starting from the initial estimate and following step by 

step a path to what looks like the best solution. However, without accurate initial estimates of 

parameters, optimization algorithms can converge at wrong maxima meaning the algorithm can 

get stuck at a local maximum or incorrect solution called the global maximum (Qi et al., 2010).  

From this, there is a suggestion that analytical camera calibration could offer more stable and 

reliable results in terms of accuracy of calibrated parameters since the strategy does not only 

require initial estimates of parameters but also decouples the calibration of radial lens distortion 

from the calibration of other camera parameters (Hong et al., 2015). The analytica l 

decomposition of the projective transformation matrix can be defined as mathematica l ly 

breaking apart the projective transformation matrix into linear and nonlinear equations that 

contain the intrinsic and extrinsic parameters of the camera. The analytical decomposition of the 

projective transformation matrix provides an effective means of recovering both the intrins ic 

parameters that define the camera’s internal geometry (excluding radial lens distortion) and the 

extrinsic parameters that describe the camera’s position and orientation in three-dimensiona l 

space. This approach yields a closed-form solution for the estimation of camera parameters, 

offering computational efficiency and mathematical rigor (Cai et al., 2020). Although the 

decomposition strategy offers closed-form solutions through linear and non-linear equations, 

many critical problems affecting calibrated parameters' accuracy and the approach's applicability 

in close-range photogrammetry still need to be solved. The decomposition solution of the 

projective transformation matrix proposed by Ganapathy (1984) mostly uses intermed iate 

parameters to solve for the final camera parameters due to the difficulty of developing 

straightforward algorithms that can independently estimate individual parameters while 

preserving the various geometric constraints associated with each parameter. This can lead to 

numerically unstable solutions containing parameter coupling errors (Faraji, 2021; Su et al., 

2022). The camera matrix and the rotation matrix used in the formulation of the solution were 

designed for computer vision applications and not for close-range photogrammetry applications 

(Alturki and Loomis, 2016). Ganapathy’s proposed approach also suffers from parameter 

coupling, multiple roots, and sign ambiguities. Other analytical decomposition approaches 

proposed in Roumie et al. (2018) and Kim et al. (2023) also suffer from similar accuracy 

limitations. For the past decades, there has been a need in the photogrammetry literature for 

mathematical algorithms that analytically compute individual parameters describing camera 

location and orientation in 3D space and the internal geometry of the camera (Heikkila and 

Silven, 1997; Aicardi et al., 2018). New fully analytical closed-form decomposition solutions 

to independently calibrate the parameters of camera location and orientation in a 3D scene are 

desired for close-range photogrammetry. Correction of radial distortion is also very important in 

digital photogrammetry, where highly accurate metrics derived from photographs are needed. 

Initially modelled by a general polynomial function introduced by Brown (1971), radial lens 

distortions can now be modelled using division and rational models due to the difficulty of 

computing polynomial inverse models. Division and rational models offer formula t ion 

advantages because of the few terms they contain (Santana-Cedrés et al., 2016). Although a 

handful of rational and division models offer analytical inverse formulas, the majority achieve 
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inversion only locally through iterative processes (Larsson et al., 2019). In addition, rational 

and division distortion models impose numerical constraints on the distortion coefficients present 

in their denominator terms, as the denominator must remain non-zero to avoid instability. 

Moreover, the common assumption in these models that the principal point is located at the center 

of the image does not necessarily lead to accurate modelling of radial lens distortions. In contrast, 

polynomial radial distortion models provide greater numerical stability and flexibility in 

capturing distortion effects.  Although their algebraic inversion can be challenging, polynomia l 

functions are capable of representing both symmetric and asymmetric radial distortions with high 

precision. However, increasing the polynomial order does not always guarantee a better fit; 

excessively high orders may introduce numerical instability or overfitting. Therefore, selecting 

an appropriate polynomial degree is essential to balancing model flexibility and robustness 

(Tang et al., 2017). Approaches to computing inverse formulations of high-order polynomia l 

models have attracted little attention among the photogrammetry community for many decades 

due to the complexity of the task since ordinary series reversion strategies are not suitable for 

the formulation structures of radial distortion polynomial models. Among the computer vision 

community, the first approach to algebraically compute inverse coefficients of radial distortion 

polynomial models from original coefficients is the semi-analytical strategy proposed by Drap 

and Lefevre (2016). The strategy recursively computes inverse radial distortion coefficients and 

then refines the coefficients’ respective numerical estimates through an intense iterative process.  

However, many problems related to the formulation and accuracy of this approach remain 

unsolved. The inverse distortion coefficients presented in the approach seem rigid and 

formulated for a specific polynomial structure. The excessive number of iterations required by 

the approach to achieve optimal estimates of inverse coefficients can introduce numerica l 

instabilities since the exact number of iterations that will guarantee the optimization algorithm 

to converge at the correct maxima is not known a priori. Moreover, little is known about how the 

proposed algorithms can deal with severe barrel radial distortions (where straight lines curve outward 

from the center), pincushion radial distortions (where straight lines curve inward toward the center), and 

moustache radial distortions (combining both barrel and pincushion distortions) common to 

consumer-grade digital cameras.  From these, further investigations are needed on the strategy's 

effectiveness to deal with severe barrel, pincushion, and moustache radial distortion profiles. 

Given the limitations of existing computer vision approaches for polynomia l reversion, 

particularly in effectively correcting complex radial distortions such as severe barrel, pincushion, 

and moustache distortions modelled by high-order polynomials, there is a clear need for the 

development of a fully analytical calibration framework. Such a system should be capable of 

reliably computing the inverse radial distortion coefficients and accurately modelling the inverse 

of radial distortion polynomials. Addressing this gap is essential for enhancing the precision and 

robustness of photogrammetric workflows involving non-linear and high-magnitude lens 

distortions. To the best of my knowledge, such a fully analytical, robust strategy is yet to be 

developed. 

 

1.4 Research Questions  

 

From the problem statement, this PhD research seeks to answer the following specific questions : 
 

i) Current camera calibration approaches, particularly in close-range photogrammetry, 

predominantly rely on iterative numerical methods such as optimization-based 
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techniques and bundle adjustment. While effective, these methods often suffer from 
significant drawbacks, including convergence to local minima, parameter coupling, 

ambiguity in solutions, and high computational demands, making them less suitable for 
real-time or resource-constrained applications. To address these limitations, can a fully 

analytical and deterministic camera calibration system, based on the decomposition of 
the projective transformation matrix, be developed to accurately estimate both intrins ic 
and extrinsic camera parameters for close-range photogrammetry applications, 

addressing the limitations of current iterative and non-geometric methods? 
 

ii) Can the mathematical algorithms produced by the new analytical camera calibration 
system minimize parameter coupling errors, sign ambiguity, multiple parameter roots, 
and preserve geometric constraints imposed by the internal structure of the projective 

transformation matrix on individual camera parameters?  
 

iii)  Can the newly developed analytical calibration system, based on the decomposition of 
the projective transformation matrix, accurately estimate camera orientation and interior 
geometry parameters from a single image of a planar checkerboard pattern and achieve 

root mean square and standard deviation reprojection errors that are comparable to or 
lower than those of established calibration methods? 

 

iv) Can a non-iterative, analytically grounded technique based on differential geometric 
principles be developed to accurately compute the inverse of high-order radial distortion 

polynomial models, thereby overcoming the instability and convergence issues observed 
in traditional series reversion methods?  

 

v)  Can the newly developed inverse radial distortion coefficients successfully model the 

inverse curves of moderate, severe barrel, and moustache radial distortion profiles and 
achieve minimal residual errors (root mean square error and maximum deviation) when 
compared to existing iterative strategies? 

 

1.5 Research Aims and Objectives 

 

This research aims to develop fully analytical camera calibration systems to estimate accurate 

parameters describing the camera pose and non-iterative inverse modelling of high-order radial 
distortion polynomial functions for close-range photogrammetry applications. To achieve this, 

the following five objectives are proposed: 

i) To design a structurally decomposed projective transformation matrix that explicitly isolates 
and constrains each intrinsic and extrinsic camera parameter by exploiting the algebraic 

properties of matrix coefficients, with the goal of minimizing parameter coupling and sign 
ambiguity. 

ii) To develop analytical algorithms for accurately estimating both the camera's pose (orientat ion 
and position) and its internal geometric parameters (principal point and effective focal lengths), 

by independently resolving each parameter through structured linear and non-linear equations 
derived from the projective transformation matrix. The method will be validated using standard 

reprojection error thresholds commonly applied in close-range photogrammetry. 
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iii)  To develop and validate a fully analytical series reversion strategy for high-order radial 
distortion polynomial models that eliminates the need for iterative approximations. This method 

addresses the limitations of existing recursive techniques, which often suffer from convergence  
issues and reduced accuracy when modelling complex distortion profiles such as severe barrel, 

pincushion, and moustache distortions. The proposed approach will be formulated under well-
defined mathematical assumptions, including radial symmetry and a known polynomial degree. 
Its effectiveness will be evaluated using reprojection error, root mean square error (RMSE), and 

maximum deviation metrics, with results benchmarked against those of established methods. 

iv) To construct analytical algorithms based on differential modelling to directly compute inverse 
radial distortion coefficients from forward polynomial models, ensuring compatibility with 

polynomials of varying degrees and distortion profiles. The method is designed to overcome the 
limitations of existing iterative approaches, which often struggle with convergence and accuracy 
when modelling complex distortion patterns such as severe barrel, pincushion, and moustache. 

By operating under clearly defined mathematical assumptions such as known polynomial degree 
and radial symmetry, the strategy aims to achieve precise inverse solutions. Performance will be 

rigorously evaluated using quantitative metrics such as reprojection error, root mean square error 
(RMSE), and residual error, and will be benchmarked against conventional calibration 
approaches to validate its effectiveness and robustness. 

v) To evaluate the accuracy and practical effectiveness of the analytically derived inverse radial 
distortion coefficients by validating their ability to accurately reconstruct inverse distortion 
profiles for common lens distortion types, including barrel, pincushion, and moustache 

distortions. This evaluation will involve both graphical profile comparisons and quantitat ive 
performance metrics, such as reprojection error and root mean square error (RMSE), 
benchmarked against current semi analytical strategies. 

1.6 Thesis organization 

 

This research work is organized into five chapters as follows: 

  

Chapter 2: Literature Review 

This chapter provides an extensive review of foundational theories and existing methodologies 
in camera calibration, with a focus on both iterative and analytical approaches. It begins by 
examining essential concepts in point coordinates, vector transformations, and the geometry of 

the pinhole camera model. The chapter then explores various calibration strategies for estimating 
intrinsic parameters such as the distortion centre, focal lengths, and principal point, as well as 

extrinsic parameters including the translation vector and rotation matrix. It analyses Tsai’s 

(1987) iterative calibration method, highlighting its approach to parameter estimation and 
potential for parameter coupling. The analytical calibration framework by Seedahmed (2006) is 

reviewed, emphasizing its geometric constraints and limitations, particularly the requirement for 
a priori focal length values and the assumption that the distortion centre lies at the image center. 

Liu et al.'s (2008) technique is examined, with attention to the calibration plane geometry and 
the influence of distortion centre constraints. The chapter also evaluates the Direct Linear 
Transformation (DLT) algorithm for estimating the projective transformation matrix and its 

coefficients while identifying risks associated with parameter interdependencies, especially in 
aspect ratio calibration and translation vector recovery. Wang et al.'s (2016) iterative method is 

assessed for its assumption about the origin of the world coordinate system and its inclusion of 
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distortion coefficients in the camera matrix. A detailed analysis of Ganapathy’s (1984) 
decomposition approach is provided, including its modification of the upper triangular camera 

matrix and its derivation of both linear and nonlinear calibration equations. Variants of this 
analytical approach, such as those by Roumie et al. (2018) and Kim et al. (2023), are reviewed 

with a focus on parameter coupling effects, geometric constraints, and sign ambiguity issues. 
Further, the chapter explores QR decomposition and Cholesky factorization techniques, 
particularly those proposed by Labuz et al. (1991) and Wang et al. (2022), examining their 

limitations and accuracy implications, especially regarding the computation of the skew factor, 
principal point coordinates, and focal lengths. The relationship between projective  

transformation matrix scaling and numerical stability is critically assessed. Recent developments 
in deep learning-based calibration are explored, such as the approaches proposed in Guo et al. 

(2017) and Lee et al. (2020) that use convolutional neural networks and LSTMs. Additiona lly, 

various methods for modelling and correcting radial lens distortions are analysed, includ ing 
division and rational models, polynomial function models, Taylor series approximations, look-

up table strategies, and the semi-analytical inverse polynomial approach proposed by Drap and 

Lefevre (2016). Throughout the chapter, emphasis is placed on the risks of parameter coupling, 
numerical instability, and geometric formulation limitations in existing calibration methods, 

thereby laying the groundwork for the development of a more robust analytical calibration 
approach. 

 

Chapter 3: Analytical and Robust Camera Pose Estimation Model from a Single View 

Image for Close Range Photogrammetry 

 

This chapter presents a non-iterative decomposition solution in the context of analytical camera 
pose calibration. In its first part, the chapter discusses some relevant solutions while pointing out 

the various areas of improvement and presents the need to improve these existing theories. In the 
second part of the chapter, a projective transformation matrix is formulated from the standard 
rigid body transformation matrix and the upper triangular camera matrix. 

In the third part, a decomposition solution is developed to independently calibrate individua l 
camera parameters through linear and non-linear equations that consider the geometric 

constraints imposed by the geometric structure of the projective transformation matrix and 
minimize parameter coupling and sign ambiguities. The data and methodology used to compute 
the twelve coefficients of the projective transformation matrix through the DLT algorithm are 

presented. A revisited decomposition solution from Ganapathy’s original solution is developed 
in this chapter. The direct linear transform decomposition solutions proposed in Roumie et al. 

(2018) and Kim et al. (2023) are implemented and tested in this chapter. The QR decomposition 
camera calibration solution originally proposed by Labuz et al. (1991) and Cholesky 
factorization proposed in Wang et al., (2022) are also implemented and tested in this chapter. 

The aim of implementing these five solutions is to assess the performance of the newly developed 
fully analytical approach in calibrating the same camera parameters considered in this study. The 

accuracy of individual camera parameters calibrated through each of the five calibration methods 
is assessed against the newly proposed strategy through metrics such as the reprojection and root 
mean square error measures. 

 

 

Chapter 4: Development of Fully Analytical Algorithms for Computation of Inverse 

Coefficients of High-order Radial Distortion Polynomials 
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This chapter provides a brief background on radial distortion correction methods. Some 
modelling of radial distortion through polynomial functions is discussed. Some limitations of the 

semi-analytic exact formula solution for radial distortion corrections are recalled in this chapter. 
The equipment, data, and methodology used to compute radial distortion coefficients are 

explained and presented. This chapter presents the methodology of developing a fully analytica l 
series reversion algorithm for the general quintic radial distortion model. The algorithms to 
estimate inverse coefficients of a general quintic radial distortion polynomial are developed and 

presented. The methodologies of developing a fully analytical series reversion algorithm for a 
sixth and eight-degree polynomial radial distortion models are explained and presented. 

Individual algorithms to compute inverse coefficients of the sixth and eighth-degree radial 
distortion polynomials are developed and presented. 
Numerical accuracy evaluations of the derived inverse distortion coefficients are undertaken in 

this chapter. Assessments of the quality of inverse curves of radial distortion polynomia ls 
formulated from the derived inverse coefficients are also performed. Distorted points measured 

from captured “distorted” photographs are corrected from barrel, pincushion, and moustache 
distortions using the respectively developed inverse polynomial models. The radial distortion 
correction results are evaluated through some error metrics to assess the performance of the 

newly proposed algorithms against the semi-analytical radial distortion approach. 
 

 

Chapter 5: Research summary and conclusion 

 

In the first part of this chapter, a general summary of each chapter of this thesis is provided. This 
summary discusses the camera calibration results for the camera pose estimation and the 

calibration of the parameters of the camera's internal geometry. Additional results to illustrate 
the performance of the newly proposed decomposition solution are also discussed, and relations 

to existing literature are presented. Additional illustrations of the performance of the newly 
developed analytical approach for inverse modelling of radial distortion polynomial models are 
presented and discussed. The findings of this research work are discussed. The limitations of the 

research work are discussed in this chapter, and suggestions for future works are presented. The 
research aims’ achievement and research questions' answers are discussed. 

 

1.7 Research Contributions 

 

The contributions of this study are multifaceted. Firstly, it introduces a calibration framework 

capable of handling complex imaging scenarios with high accuracy, solidifying its relevance in 

photogrammetric measurements, 3D modelling, and computational imaging. Secondly, by 

analytically deriving inverse models for complex radial distortions, it significantly expands the 

methodological toolkit available for high-accuracy analytical radial distortion corrections. These 

advancements enrich the body of literature by providing scalable, theoretically grounded 

solutions that transcend the computational inefficiencies and limitations of existing methods. 

Thirdly, the development of a Python-based implementation makes the calibration of parameters 

describing camera internal geometry as well as parameters describing camera location and 

orientation in a 3D scene accessible to researchers and practitioners, fostering broader adoption 

in real-world applications. Furthermore, this research has been disseminated through two 

accredited conference publications presented at the 2019 ISPRS Geospatial Week, highlighting 

its practical impact and aligning with global standards in geospatial sciences. By bridging 

theoretical innovation with computational applicability, this PhD research contributes a novel, 
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scalable paradigm for precision imaging, ensuring robust performance across diverse fields such 

as 3D modelling, 3D scene reconstruction, remote sensing, autonomous navigation, and 

computer vision. These contributions collectively lay a solid foundation for future advancements 

in camera calibration and distortion correction, advancing the state of the art in imaging science 

and technology. 

 

CHAPTER 2  

                                           LITERATURE REVIEW 

 

2.1. Introduction 
 

This chapter critically examines two principal areas of focus within the broader context of camera 

pose estimation as well as the estimation of the coordinates of the principal point and the camera 

effective focal lengths in photogrammetry: (i) the decomposition of the projective transformation 

matrix for camera parameter calibration and (ii) the analytical and semi-analytical correction of 

radial lens distortion through the reversion of polynomial distortion models. Each subsection of 

the chapter explores the extent to which existing methodologies, predominantly developed in the 

field of computer vision, address these challenges and evaluates their applicability and 

limitations in photogrammetric contexts. This review is essential for identifying theoretical and 

practical gaps in current literature and for establishing a foundation upon which this thesis builds 

its contributions to more robust and geometrically consistent calibration and distortion correction 

strategies tailored to photogrammetry applications.  

 

2.2. Fundamentals of Vector Transformation  

 

2.2.1. Homogeneous coordinates theory 

 

In classical geometry, the Cartesian coordinate system represents points in space using fixed (x, 
y, z) coordinates relative to perpendicular axes. This system is intuitive and widely used for many 
geometric computations. However, when dealing with large-dimensional matrices and 

performing projective transformations in 3D space, particularly in the context of projective 
geometry, the Cartesian system becomes inadequate due to its inability to represent points at 

infinity and its limitations in handling perspective transformations efficiently (Wegman and 

Said, 2010). To overcome these issues, a more general coordinate representation known as the 
homogeneous coordinate system has been introduced, which incorporates an additiona l 

dimension referred to as the weight (Zahneisen and Ernst, 2016). This representation enables 
the use of linear algebra techniques for modelling projective transformations, allowing points 

and lines to be expressed as vectors that can be projected from one plane to another using 
transformation matrices (Vakhitov et al., 2016). The transformation of a line or point vector in 
homogeneous coordinates from one coordinate system to another requires some alignment 

between their respective coordinate axes to ensure the segment or line transformation is done 
accurately (Lee and Jung, 2019). It should be noted that the rigid body transformation is of high 

importance in the camera calibration task (Chai et al., 2019). The rigid body transformation 
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generally consists of a translation between the origins of coordinate systems and three rotations 
of the x , y  and z  axes of one coordinate system around the respective axes of the other fixed 

coordinate system (Bartl et al., 2021). The transformation of a point or line vector through a 
matrix is mostly done from the right to the left side convention (Xu et al., 2017; Liu et al., 2017). 

Assuming a point vector has the following coordinates in the 3D space
1

x ,
2

x ,
3

x  while the 

expected output coordinates after the transformation are noted by
1

y ,
2

y and 
3

y , the 

transformation of homogeneous coordinates through a given matrix can be summarized as 
follows: 

1 2 3 1 1 1 1 2 2 3 3

4 5 6 2 2 4 1 5 2 6 3

7 8 9 3 3 7 1 8 2 9 3

0

0

0

0 0 0 1 1 1 1

r r r x y r x r x r x

r r r x y r x r x r x

r r r x y r x r x r x

+ +       
       

+ +
       = =
       + +
       
       

                          [2-1] 

It must be pointed out here that the fundamental nature of the vector ( )1 2 3
, ,X x x x   remained 

unaffected despite the change of the coordinate system (Allmendinger, 2015). One of the most 
used matrices in camera calibration is the rotation matrix, which holds a number of properties 
useful for camera pose estimation. Since the inverse of a rotation matrix is equal to its transpose , 

it becomes easier to recover, for instance, the original coordinates 
1

x ,
2

x ,
3

x   of the vector X  

from those of ( )1 2 3
, ,Y y y y  as follows: 
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       = =
       + +
       
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                          [2-2] 

It is also important to note that from the formulation equation [2-2] the Cartesian coordinates of 
the original vector X  can be recovered by dividing the first three rows on both sides of [2-2] by 

the last row, which is in this case reduced to unity. 
 
2.2.2. The Pinhole Camera Projection Model 

 

The pinhole camera model describes the projection geometry of an object from the three-

dimensional plane onto the two-dimensional image plane in the absence of lens distortions. This 
model is the cornerstone of camera calibration algorithms for non-curved lenses (Chen et al., 

2018; Juarez-Salazar et al., 2020). In a pinhole projection geometry, all light rays intersect at 

a single point generally labeled as the projection center or the lens center (Zhao et al., 2016; 

Khomutenko et al., 2015), as illustrated in Figure 2-1 by the point. 
c

O
.
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Figure 0-1: Illustration of the pinhole camera geometry (Huang et al.,2018) 

An observation of Figure 2-1 shows that the projection center 
c

O is the center of a three-

dimensional camera coordinate system with its 
c

X ,
c

Y  and 
c

Z axes. The  
c

X axis of the camera 

coordinate system generally points toward the right direction and parallel to the vertical image 

plane (Cornic et al., 2016), while the 
c

Y  axis points downward and parallel to the image plane 

(Huang et al., 2018; Zhao et al., 2020), and the 
c

Z axis is pointing in the viewing direction and 

projected along the optical axis (Chen and Pan, 2020). Although the above orientations of the 

camera coordinate axes are widely used, the 
c

X  axis of the camera coordinate system can also 

be oriented in the left direction parallel to the vertical image plane while the 
c

Y axis is mainta ined 

in the downward direction (Lei et al., 2020). Earlier, Dehkharghani and Pleshkova (2014) and 

Lu (2018) proposed a camera coordinate system with the 
c

X axis having a similar orientation as 

that in the work of Lei et al. (2020), while the camera 
c

Y  axis is oriented in the upward direction 

and parallel to the image plane. In contrast, Zhu et al. (2019) proposed a camera coordinate 

system with the 
c

Z axis pointing downward and parallel to the image plane. The camera 
c

Y axis 

shares the same direction as the optical axis and maintains its orientation towards the right-hand 
side. The sequence between the translation and rotation processes in a rigid body transformation 

is not binding, as it can depend on the analyst’s preferences. The optical axis from the projection 
center intersects the image plane at a crucial point, the origin of another coordinate system called 
the retinal coordinate system (Feng and Pan, 2018). The axes of this coordinate system are 

parallel to those of the lens-centered camera coordinate system, and this alignment facilitates the 
projection from the 3D camera coordinates onto the image plane because no additional axes’ 

rotation is required; only a scaling transformation is needed (Schramm et al., 2021). The normal 
pinhole projection has the image plane located behind the projection center, which creates some 
computational challenges considering the inverted orientation of the image. However, an 

upright-oriented image would eliminate numerical ambiguities that may be introduced by the 
negative measure of the image (Stankiewicz et al., 2018). To achieve an upright image 

orientation, the image plane is brought forward in front of the projection center at a distance 
equivalent to the lens focal distance (Semeniuta, 2016; Juarez-Salazar and Díaz-Ramírez, 

2020). In addition, there seems to be no convention adopted on the sign of the focal length, as 

some authors would use its negated value by considering the displacement from the projection 
center to the image plane located behind it as positive, while moving the plane in front of the 

projection center would be considered a negative displacement (Khalil, 2011). In the absence of 
lens distortion in the pinhole camera model, the 3D world point, its projected image 
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representation, and the projection center must lie on the same line. This alignment is the 
foundation of the collinearity equations useful for estimating parameters of the camera 

transformation matrix (El-Ashmawy, 2015; Luhmann et al., 2016). Since the 3D world points 
are transformed to a two-dimensional point on the image plane, it is expected to derive only two 

collinear equations relating the camera coordinates 
c

x  and 
c

y  to the image coordinates 
p

x  and 

p
y . In the instance of a negative focal length and the assumption that the principal point is the 

center of the image, the collinearity equations are formulated as follows: 

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0 11 0 12 0 13

0 31 0 32 0 33

0 21 0 22 0 23

0 31 0 32 0 33

w w w

p

w w w

w w w

p

w w w

x x r y y r z z r
x f

x x r y y r z z r

x x r y y r z z r
y f

x x r y y r z z r

− + − + −
= −

− + − + −


− + − + −
= −

 − + − + −

                                 [2-3]  

The coordinates 
0

x ,
0

y  and 
0

z  are the coordinates of the origin of the camera coordinate system. 

Formulating the collinearity equations in [2-3] is a special case where the translation between 
the camera and world coordinate systems’ origins is performed before the axes rotation phase  

(Elnima, 2015; Tjahjadi et al., 2017). When the translation procedure is performed after a 
rotation of coordinate systems’ axes, the translation coefficients along the x   and y directions 

are generally added as the last terms of the respective numerator expressions of collinear ity 

equations, while the last coefficient of the translation vector is added as the last component of 
the denominator expression. Image coordinates derived from equation [2-3] are generally in 

world units. However, a fourth coordinate system is needed to convert the world unit measures 
to the corresponding pixel measures. This fourth image coordinate system originates from the 
top left corner of the image plane (Yan et al., 2016; Boby and Saha, 2016). The choice of the 

top left corner of the image frame as the origin of the image pixel coordinate system is not always 
a unanimous one, as authors such as Liang et al. (2020) opted to have the bottom right corner of 

the image frame as the origin of the image pixel coordinates. A general formulation of the 
conversion from image world units to pixel units is given as follows (Tang et al., 2019): 

0

0
0

1 0 0 1 1

x p

y p

u u x

v v y

 



     
     

=
     
          

                                             [2-4] 

The parameters 
x

a  and y
a are the effective focal lengths and are usually ratios of focal length by 

the pixel’s length and width, respectively. The parameter   is the skew factor and is generally 

considered zero, assuming that current lens systems produce square or rectangular image frames 

with an angle of 
2


between the image pixel coordinate system u    and v  axes (Yan et al., 2016). 

The parameters 0
u  and 0

v  are the coordinates of the origin of the image coordinate system in 

pixels. 

2.3. Modelling Camera Location and Orientation through the Pinhole Camera Geometry 
 

The success of the projection from the 3D world coordinate system to the intermediate 3D camera 

coordinate system cannot be separated from the success of the last rotation performed during the 
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rigid body transformation. The last rotation of the rigid body transformation can either align the 

camera coordinate frame’s 
c

Z axis with the world coordinate system’s Z
 axis, as performed by 

Lopez et al. (2019), and the projection of the 3D world plane onto the 3D vertical camera plane 

passing through the lens centre is done through a simple scaling process by the inverse of the 

distance from the 3D world scene to the camera lens generally denoted Z
 (Moru and Borro, 

2020). The last rotation can also align the camera 
c

Z axis with the world Y
axis, as reported in 

Ganaphaty (1984). In such instances, the projection from the 3D world plane onto the 3D 

camera plans is done through scaling by the Y
 coordinate of the world point viewed from the 

camera coordinate system. The conversion from the 3D camera coordinates to the 2D image 
retinal coordinates is done using equation [2-3], in contrast to authors such as Tsai (1987), 
Rojtberg and Kuijper (2018), Lelowicz (2019), and Liu et al. (2019). 

 
 

2.3.1. Tsai’s  Camera Parameters Modelling 

 
Tsai (1987) applied the translation between the two coordinate systems’ origins post-rotation 

using the coefficients 
x

t ,
y

t and 
z

t   of the translation vector. For the scaling of camera coordinates  

in order to achieve retinal coordinates, the author considered the same scaling factor; however, 

to convert retinal image coordinates from world units to pixel units, the author applied two 
different scaling factors to each retinal image coordinate through the following homogeneous 
matrix transformation: 

 
1

1

0

0

1 0 0 1 1

x x x d

y y d

u s d c x

v d c y

−

−
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                                                   [2-5] 

 

The measures 
x

c  and y
c  represent the origin of the pixel coordinate system,

x
d  and y

d  are the 

horizontal and vertical distances between centres of adjacent cells in the CCD array, while the 

parameter 
x

s is a scaling factor introduced by the image capture hardware. The approach 

algebraically estimates the components of the camera matrix through simple linear equations, 

while the parameters describing camera location and orientation are recuperated using non-linear 
optimization techniques. This requires accurate initial estimates of these parameters, which are 
generally difficult to obtain (Ruszczynski, 2011). Additionally, Zhang et al. (2018) argued that 

Tsai’s approach could not handle severe radial lens distortions and assumed the distortion centre 
as the principal point, which is not always the case for consumer-grade digital cameras (Li et al., 

2015). Since projective geometry does not preserve angles in the two planes, Tsai’s calibration 
strategy will likely introduce numerical errors in estimating camera location and orientation 
(Tang et al., 2021).  

 

2.3.2. Seedahmed’s  Camera Parameters Modelling 

 

Seedahmed (2006) proposed a calibration method that constrains 3D scene calibration points 
and the origin of the 3D world coordinate system to lie on the same planar surface to simplify 
the collinearity equations, as also reported in the works of Semeniuta (2016) and of Lai et al. 

(2018). The crucial advantage of this constraint is that the Z  coordinates of all the points lying 
on the planar surface are reduced to zero, resulting in the 3D calibration points being only defined 

by their X  and Y  coordinates while their nullified third coordinates are set to unity to 
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accommodate the homogeneous representation of the point vectors being transformed. The 
second advantage is that while the third-world points’ coordinates are nullified, the 3 4  

projective transformation matrix loses its third column, which is then replaced by the coefficients 

of the translation vector (Lari et al., 2014; Jiang et al., (2019). Another advantage of the 
proposed approach is that during the solution estimation, the number of unknown exterior 

parameters can be reduced by scaling both collinearity equations by the third coefficient of the 
translation vector; this scaling, however, does not change the fundamental property of the rigid 
body transformation matrix when the column vector being transformed is in a homogeneous 

representation form (Abdel-Aziz et al., 2015). Scaling the elements of the projective 
transformation matrix renders the extraction of individual parameters very difficult due to the 

resulting concatenations within the matrix (Vladimirov and Koceski, 2019; Barrett et al., 

2020). To mitigate this difficulty, orthogonal decomposition solutions have been proposed 
(Imakura and Yamamoto, 2019). However, since orthogonal decomposition techniques suffer 

from parameter coupling, Seedahmed instead proposed an algebraic decomposition solution 
slightly similar to the method earlier proposed by Ganaphati (1984). The cornerstone of the 

proposed solution is to first compute the twelve coefficients of the projective transformation 
matrix using the DLT algorithm. The general transformation from a 3D scene point to a 2D 
image point through the projective transformation matrix is given as follows: 

 

( )

( )

( )

1

11 12 13 11 21 0 11 0 21 0 31

1

21 22 23 12 22 0 12 0 22 0 32

1

31 32 13 23 0 13 0 23 0 33

1 0

0 1

1 1 1 0 0 1

x

y

x X c f r r X r Y r Z r X

y Y c f r r X r Y r Z r Y

f r r X r Y r Z r

  

   

 

−

−

−

 − − + +        
          

= = − − + +          
          − − + +         

[2-6] 

 

Once the components of the matrix on the left side of [2.6] are estimated, the next step of the 
strategy is to construct a “twin” projective transformation matrix, which has as foundation the 

transpose of the commonly used rotation matrix based on Euler’s three rotations (Wang et al., 

2018). An example of such a rotation matrix can be found in the work of Uygur et al. (2020). In 
contrast to the equation [2-3], the collinearity equations proposed in Seedahmed (2006) account 

for the coordinates of the principal point and also maintain a negative focal length to justify the 
displacement of the image plane from its location behind the centre of the projection (considered 

positive) to the front location as presented in the work of Lichti et al. (2020). The collinear ity 
equations constituting the foundation of the “twin” projective transformation matrix are 
formulated as follows: 

11 21 11 0 21 0 0

13 23 13 0 23 0 33 0

x

r X r Y r X r Y Z
x c f

r X r Y r X r Y r Z

+ − − −
− = −

+ − − −
                                             [2-7] 

12 22 12 0 22 0 32 0

13 23 13 0 23 0 33 0

y

r X r Y r X r Y r Z
y c f

r X r Y r X r Y r Z

+ − − −
− = −

+ − − −
                                                     [2-8] 

Both the above equations can be reformulated into a matrix representation after isolating the 

focal length as a scaling factor and then shifting the coordinates of the principal point 
x

c and y
c  

to the right side of the equality sign to achieve the following: 

( )

( )

( )

1

11 21 0 11 0 21 31 0

1

12 22 0 12 0 22 32 0

1

13 23 0 13 0 23 33 0

1 0

0 1

1 0 0 1

x

y

x c f r r X r Y r r Z X

y f c f r r X r Y r r Z Y

f r r X r Y r r Z

−

−

−

 − − + +    
      

= − − + +      
      − − + +     

                  [2-9] 

The value zero attributed to the first coefficients of the second column of the first 3 3 matrix is 

the skew factor due to the orthogonality between the 2D image coordinate axes (Halloran et al., 
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2020). If one denotes the first matrix on the left as k   and the matrix containing the rotation 

matrix coefficients as M  the expression in [2-9] can be summarized as follows: 

( ) ( ), ,1 , ,1p x y f k M P X Y= • • •                                         [2-10] 

A comparison between the general transformation from 3D point to 2D image points in [2-6] and 

that in [2-10] reveals the first shortcoming of the modelling proposed by Seedahmed in [2-9], 
which assumes that the scale factor   is equal to the focal length, which does not always hold 

true, as supported in the works of An et al. (2018), Liu et al. (2021), and Chen et al. (2021). 

One suggestion to the author would be to consider the image coordinates in [2-9] as non-
measurable image coordinates that are still located on the image plane, resulting in the extraction 
of the focal length as a scale factor from the image coordinates, which can then be eliminated if 

[2-9] is reformulated as follows:               
 

         

( )

( )

( )

1 1

11 21 0 11 0 21 31 0

1 1

12 22 0 12 0 22 32 0

1

13 23 0 13 0 23 33 0

1 0

0 1

1 1 0 0 1

i x

i y

x xf c f r r X r Y r r Z X

y f yf f c f r r X r Y r r Z Y

f r r X r Y r r Z



− −

− −

−

   − − + +    
        

= = − − + +        
        − − + +       

       [2-11] 

Where x  , y  represent the non-measurable image coordinates and 
i

x and 
i

y the measurable 

image coordinates in world units. From [2-10], the author can relate [2-6] to the expression on 
the right side of the equality sign in [2-10] after eliminating the focal length since it is a common 
factor on both sides of [2-11]. The camera matrix containing the inverse focal length and the 

coordinates of the principal point can be eliminated by calculating its inverse since it has a non-
zero discriminant. The multiplication will transform the coefficients of the last column of the 

matrix on the right side of [2-11] to some well-structured negated sums of products of its origina l 

coefficients with the coordinates of the principal point 
x

c and y
c . The inverse of the scaling 

parameter   can be eliminated in the remaining expression by normalizing both sides of the 

remaining equality, and the three rotation angles can easily be retrieved after substituting the 

coefficients of the remaining two columns of the rotation matrix in the resulting expression. The 
second shortcoming of the proposed method is that the estimation of the parameters describing 

the camera position 
0

X ,
0

Y and 
0

Z  can only be performed under the assumptions that the focal 

length is known a priori and the coordinates of the principal point are at the centre of the image, 
which does not always hold true for consumer-grade digital cameras. The third shortcoming of 
the approach is that the proposed camera geometry does not reflect the horizontal projection 

plane when considering the transpose of the commonly used Euler rotation matrix. In fact, to 
simulate the horizontal plane of the aerial survey, only the vertical plane XY  passing through 

the principal point had to be rotated by an angle 
2


 in the anticlockwise direction considered as 

positive orientation, while the horizontal plane containing the XZ plane also had to be rotated 

2


in the anticlockwise direction to construct the perfect horizontal plane of the camera with the 

camera Z  axis now pointing downward.  
 

 
2.3.3. Liu’s Modelling of Camera Parameters 

 

Liu et al. (2008) proposed a different approach than that of Seedahmed (2006) in the sense 
that it extends the number of parameters estimated during the calibration process and it 

considered non-coplanar calibration points. The method also differs from Seedahmed (2006) in 
the sense that the final estimates of parameters are optimized through the minimization of a cost 
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function. The proposed technique offers a two-stage approach where intrinsic parameters are first 
estimated under the constraints that the principal point is located at the centre of the image while 

neglecting the influence of lens distortion. To relate 3D world points’ coordinates to their 
respective image buffer coordinates, the following transformation is considered: 

 

1

0 11 12 13

1

0 21 22 23

31 32 33

0 0 0

0 1 0 0

1 0 0 1 0 0 1
1

f x x

f y y

z

X
x s u fd r r r t

Y
y v fd r r r t

Z
r r r t

−

−

 
        
        =         
              

 

               [2-12] 

The parameters f , 
0

u ,
0

v  and s  represent the intrinsic characteristics of the camera, where f

denotes the focal length, ( )0 0
,u v  are the coordinates of the principal point, and s  represents the 

aspect ratio. The parameters 
x

d  and 
y

d   define the physical pixel dimensions in the x  and y

directions, respectively. The elements 
11

r ,
12
r ,

13
r ….

33
r  correspond to the components of the 

rotation matrix that describes the camera's exterior orientation, while 
x

t ,
y

t and 
z

t  define the 

translation vector, indicating the camera’s position in three-dimensional space. It can be observed 
from [2-12] that unlike the formulations presented in the works of Li et al. (2017) and Lei et al. 

(2020), the matrix on the left uses the same value of the focal length f  for the scaling of x  and 

y coordinates. Reformulating the matrix multiplication on the right side of the equality sign leads 

to the following simplified equation: 
1 1 1

11 0 31 12 0 32 13 0 33

1 1 1

21 0 31 22 0 32 23 0 33

31 32 33
1

f x x x x

f y y y y

z

x r fsd u r r fsd u r r fsd u r X t

y r fd v r r fd v r r fd v r Y t

r r r Z t

− − −

− − −

 + + +     
      

= + + + +      
            

           [2-13] 

From [2-13] two collinearity equations that relate the image buffer pixel coordinates to the 3D 
world coordinates can be expressed as follows: 

 

( ) ( ) ( )1 1 1

11 0 31 12 0 32 13 0 33

31 32 33

x x x x

f

z

r fsd u r X r fsd u r Y r fsd u r Z t
x

r X r Y r Z t

− − −
+ + + + + +

=
+ + +

                 [2-14] 

( ) ( ) ( )1 1 1

21 0 31 22 0 32 23 0 33

31 32 33

y y y y

f

z

r fd v r X r fd v r Y r fd v r Z t
y

r X r Y r Z t

− − −
+ + + + + +

=
+ + +

               [2-15] 

It can be observed that the above formulations of x  and y buffer coordinates do not account for 

the arbitrary scaling factor. It has been reported in the works of Lu and Cai (2020) and Cheng 

and Matsuoka (2021) that the radial alignment constraint used in the solution proposed by Liu 

et al. (2008) imposes the 3D world point, its undistorted projection on the image frame, and the 

projection centre to lie on a straight line, and the following equalities hold true under this 
constraint: 

f

c c

y f

y z
=                                                                [2-16] 

f

c c

x f

x z
=                                                                            [2-17] 
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The coordinates 
c

x ,
c

y  and 
c

z  are the camera coordinates computed through the rigid body 

transformation. From [2-16] and [2-17], the following equality is derived:  

f f

c c

x y

x y
=                                                               [2-18] 

Reformulating [2-18] as cross multiplications leads to the following: 

f c c f
x y x y =                                                          [2-19] 

Dividing both sides of [2-19] by c f
y y  leads to the following radial alignment constraint: 

f c

f c

x x

y y
=                                                                [2-20] 

Expressing the ratio on the left in [2-20] as a function of [2-14] and [2-15] leads to the following: 

( ) ( ) ( )

( ) ( ) ( )

1 1 1

11 0 31 12 0 32 13 0 33

1 1 1

21 0 31 22 0 32 23 0 33

x x x xf

f y y y y

fsd r u r X fsd r u r Y fsd r u r Z tx

y fd r v r X fd r v r Y fd r v r Z t

− − −

− − −

+ + + + + +
=

+ + + + + +
                     [2-21] 

After some rearrangements and factorization, the expression in [2-21] can be reformulated as 
follows: 

( ) ( )

( ) ( )

1

11 12 13 0 31 32 33

1

21 22 23 0 31 0 32 0 33

f x x

f y y

x fsd r X r Y r Z u r X r Y r Z t

y fd r X r Y r Z v r X v r Y v r Z t

−

−

+ + + + + +
=

+ + + + + +
                       [2-22] 

Posing 
1 11 12 13

R r r r= + + , 
2 21 22 23

R r r r= + + , 
3 31 32 33

R r r r= + +  and  p X Y Z= ,the 

expression in [2-22] can be simplified after linearization to the following: 

1 1

2 0 3 1 0 3y f f y x f f x
fd R v R x P x t fsd R u R y P y t

− −   + + = + +                           [2-23] 

From [2-23], the authors defined the following homographic relationships: 

1

1 0 3

x

fsR
H u R

d
= +                                                                             [2-24] 

2

2 0 3

y

fR
H v R

d
= +                                                                 [2-25] 

Substituting [2-24] and [2-25] into [2-23] leads to the following equation: 
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( )

1

2

0

T

x

f f f f

y

H

t
y P y x P x

H

t

 
 
 + − − =
 
 
  

                                                                  [2-26] 

Using techniques such as the Singular Value Decomposition approach, the parameters 
1

H ,
2

H ,

x
t and 

z
t  can be recovered. Squaring both sides of expressions [2-24] and [2-25] leads to the 

following equivalences: 

2
2 2 2 2

2 2 20 3 11

1 0 3 0 02 2

2

x x x x

u fsR RfsR f s s f
H u R u u

d d d d

 
= + = + + = + 
 

                         [2-27] 

2
2 2

2 2 20 2 32

2 0 3 0 02 2

2

y y y y

v fR RfR f f
H v R v v

d d d d

 
= + = + + = + 
 
 

                          [2-28] 

Multiplying both sides [2-28] by 
2

y
d  enables the authors to estimate the focal length as follows: 

2 2

2 0y
f d H v= −                                                                            [2-29] 

The formulation [2-29] exhibits a shortfall of the proposed solution because the presented 

algorithm does not satisfy the constraint in [2-27]. Indeed, simultaneously extracting a more 
representative estimate of f from [2-27] and [2-28] can be tricky if enough attention is not paid 

when analysing [2-27]. The author could have dealt with this drawback by changing the sequence 

of estimation of the focal length and the aspect ratio parameters. Since the parameters 
1

H  and 

2
H   are assumed known from the solution of [2-26], the squared focal length could have been 

isolated from [2-27] then substituted into [2-28] to estimate the aspect ratio independently from 

the focal length measure. Once the aspect ratio has been estimated, the authors could have added 
both equations [2-27] and [2-28] to extract a more representative estimate of f that satisfies [2-

27] and [2-28]. Equation [2-29] can introduce numerical instability if included in an optimiza t ion 
algorithm such as the LM used by the authors to optimize the intrinsic camera parameters, as the 
iteration would converge at the wrong maximum. Furthermore, estimating the aspect ratio by 

multiplying both sides of [2-27] by 2

x
d does not improve the solution, as any inaccuracy in the 

estimation of f  will propagate into the aspect ratio parameter when considering the strategy 

proposed by the authors, which is formulated as follows: 

2 2

1 0x
d H u

s
f

−
=                                                                                  [2-30] 

Once the intrinsic camera parameters have been estimated, given the image pixel coordinates f
x

and f
y , the authors recovered the image coordinates in world units by multiplying the pixel 

coordinates by the inverse of the camera projective matrix as follows: 
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1
1

0

1

0

0

0

1 0 0 1 1

i x f

i y f

x fsd u x

y fd v y

−
−

−

    
    

=     
        

                                                   [2-31] 

The Direct Linear Transformation (DLT) is a widely used algorithm in camera calibration and 
3D reconstruction for estimating the elements of the projective transformation matrix. It relies 

on known correspondences between 3D world calibration points and their 2D image projections. 
By establishing a system of linear equations from these correspondences, the DLT algorithm 
computes the transformation matrix that maps world coordinates to image coordinates under a 

pinhole camera model. An analysis of the above transformation exposes another shortfall of the 
calibration strategy. In fact, 3D world calibration points are projected into an image plane to 
produce measurable, distorted coordinates. However, from the radial alignment equation derived 

in [2-14] and [2-15], lens distortion was not considered, thus the image coordinates obtained 
through [2-31] actually amount to undistorted coordinates rather than the measurable distorted 

coordinates. This can undermine the accuracy of the solution of the projective transformation 
through the DLT algorithm. From the results of the DLT procedure, the authors estimated the 
first two rows of the rotation matrix, which enabled them to recover the last row of the matrix 

using the orthogonality property of the axes of the rotation matrix through cross-products.  This 
proposed estimation procedure has the inconvenient of being time-consuming. The last row of 

the rotation matrix could also be recovered in a straightforward manner once the coefficients of 
the projective transformation matrix have been obtained since the components of the inverse 
camera matrix in [2-31] are already known from [2-29] and [2-30]. Multiplying the camera 

matrix on the left side in [2-12] by the coefficients of the translation column vector leads to the 
following: 

1 1

0 0

1 1

0 0

0

0

0 0 1

x x x x z

y y y y z

z z

fsd u t fsd t u t

fd v t fd t v t

t t

− −

− −

   + 
    

= +    
        

                                [2-32] 

From the above the authors extracted the following equations: 

1

0x x z x
sft d u t t

−
+ =                                                            [2-33] 

1

0y y z y
ft d v t t

−
+ =                                                            [2-34] 

Assuming that the coordinates of the origin of the image coordinate frame are located at the 

centre of the image, the authors isolated the z component of the translation vector as follows:  

1

0

x x x

z

t sft d
t

u

−
−

=                                                                      [2-35] 

1

0

y y y

z

t t d
t

v

−
−

=                                                                       [2-36] 

Adding the above equations leads to the following: 
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11

0 0

0.5
y y yx x x

z

T T dT sfT d
T

u v

−− −−
= +  

 

                                        [2-37] 

It can be argued that the parameter estimated in [2-37] does not satisfy the constraints imposed 

by [2-12] since the dot product of the column vectors 
T

x y z
t t t   with the last row of the 

camera matrix in [2-12] leads to a value of 
z

t equal to unity. Moreover, the formulation in [2-32] 

from which [2-33] and [2-34] were derived does not have any clear geometrical meaning. 
Furthermore, the formulations in [2-35] and [2-36] do not hold true for a principal point with 

coordinates very close to zero. To deal with these drawbacks, the authors could have expanded 
the equation in [2-12] as follows: 

1

0 11 12 13

1

0 21 22 23

31 32 33

0

0

1 0 0 1

f x x

f y y

z

x fsd u Xr Yr Zr t

y fd v r X r Y r Z t

r X r Y r Z t

−

−

  + + +   
    

= + + +    
    + + +    

                          [2-38] 

From [2-38] the following equations can be derived: 

( ) ( )1

11 12 13 0 31 32 33 0

31 32 33

x x z

f

z

fsd Xr Yr Zr t u r X r Y r Z u t
x

r X r Y r Z t

−
+ + + + + + +

=
+ + +

                       [2-39] 

( ) ( )1

21 22 23 0 31 32 33 0

31 32 33

y y z

f

z

fd r X r Y r Z t v r X r Y r Z v t
y

r X r Y r Z t

−
+ + + + + + +

=
+ + +

                     [2-40] 

Expanding [2-39] leads to the following: 

( ) ( ) ( ) ( )1

11 12 13 0 31 32 33 31 32 33 0x x f f z
fsd Xr Yr Zr t u r X r Y r Z x r X r Y r Z x u t

−
+ + + + + + − + + = − [2-41] 

Similarly, from [2-40] the following is derived: 

( ) ( ) ( ) ( )1

21 22 23 0 31 32 33 31 32 33 0y y f f z
fd r X r Y r Z t v r X r Y r Z y r X r Y r Z y v t

−
+ + + + + + − + + = − [2-42] 

Adding [2-41] and [2-42] enables to estimate the third component of the translation vector as 
follows: 

( ) ( )

( )

( ) ( ) ( ) ( )

( )

1 1

11 12 13 21 22 23

0 0

31 32 33 0 0 31 32 33

0 0

x x y y

z

f f

f f

f f

fsd Xr Yr Zr t fd r X r Y r Z t
t

x u y v

r X r Y r Z u v r X r Y r Z x y

x u y v

− −
+ + + + + + +

=
− + −

+ + + + + + − −
+

− + −

                            [2-43] 

The expression [2-43] is more numerically stable than that proposed by the authors in [2-37], 
even with a near zero shift of the principal point from the image centre. Finally, two more 

limitations were identified in relation to the handling of radial distortion. One first drawback is 
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that the approach only considered one coefficient, while another limitation is the formulation of 
the cost function to be optimized using the LM algorithm to enhance the accuracy of the radial 

distortion coefficient, which is formulated as follows: 

( ) 21 22 232

1

31 32 33

1
y

di di

z

r X r Y r Z t
y r

r X r Y r Z t


+ + +
+ =

+ + +
                                             [2-44] 

It can be observed that the expression on the right resembles the collinear equation associated 

with the image 
i

y  coordinate, but the expression lacks its scaling by the camera constant f  as 

generally formulated (El-Ashmawy, 2021). Furthermore, the cost function in [2-44] contains the 

third coefficient of the translation vector 
z

t  estimated through the very subjective equation [2-

37], and initializing the coefficient of radial distortion to zero does not always guarantee 

convergence of the optimization algorithm at the right maxima, especially for images where 
radial distortions are observables. 

2.3.4. Wang’s Camera Parameters Modelling 

Wang et al. (2016) proposed a four-step iterative camera calibration approach in which init ia l 
values of some of the camera's intrinsic and extrinsic parameters are estimated under certain 
geometric constraints. Once the partial estimation of parameters is performed, these values are 
refined through a maximum likelihood optimization. One strength of the proposed approach is 

the reduced number of exterior orientation parameters to be estimated thanks to the co-planar 
geometry between the 3D calibration points and the origin of the 3D world coordinate frame. 

The conversion from world 3D coordinates to 3D camera coordinates is done through a rigid 
body transformation in which the rotation matrix is different from those in Tsai (1987), 
Seedhamed (2006), and Liu et al. (2008) and formulated as follows: 

cos cos sin sin sin sin cos sin cos sin sin cos

cos sin sin sin sin cos cos sin sin sin cos cos

sin cos sin cos cos

R

           

           

    

− + 
 

= − − − +
 
 − − 

            [2-45] 

From the coplanar geometry between the 3D calibration points and the origin of their coordinate 

frame, the rigid body transformation can be reduced to the following: 

cos cos sin sin sin sin cos

cos sin sin sin sin cos cos

sin cos sin 1

c x

c y

c z

x t X

y t Y

z t





      

      

  

−     
     

= − −
     
     − −     

                      [2-46] 

To transform the camera coordinates to image pixel coordinates, it is necessary to incorporate a 

camera projection matrix into the transformation in [2-46], and the authors proposed the 
following structure of the matrix: 

1 2

0

1

x x

y y

f s c

C f c

 

 
 

=
 
  

                                                             [2-47] 
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The parameters 
x

f  and 
y

f  are the estimates of the effective focal length in the x  and y  

directions, respectively (Bell et al., 2016), and the coordinates ( ),
x y

c c  define the location of the 

principal point on the image plane. It can be observed that the first problem with the proposed 

calibration solution is the fact that the first two coefficients of radial distortion are components 
of the last row of the camera projective matrix, and this seems to have no geometric meaning 

since these parameters are assigned the role of scaling factors which is not how the radial 
distortion is applied on image coordinates. With the assumption of a planar calibration object set 
in a parallel orientation with reference to the image plane, the values of the Euler angles   and 

  can approach a zero value, respectively. From these simplifications, the authors reformulated 

the transformation in [2-46] as follows: 

cos

sin cos

1

c x

c y

c z

x t X

y t Y

z t





 

 

 

     
     

= −
     
     − −     

                                                 [2-48] 

From the similar triangle property, the undistorted image coordinates can be related to the camera 
coordinates in [2-46] through the following equations: 

x c

u

c

f x
x

z
=                                                        [2-49] 

y c

u

c

f y
y

z
=                                                     [2-50] 

Assuming the coefficients of radial distortion and the aspect ratio in [2-47] are replaced by zeros 

to achieve the traditional structure of a camera projective matrix, transforming the undistorted 
coordinates in [2-49] and [2-50] to their respective image pixel coordinates can be done with the 

use of [2-47] as follows (An et al., 2018): 

1

1

0

0

1 0 0 1 1

x x x c c

y y y c c

u f c f x z

v f c f y z

−

−

    
    

=     
         

                                           [2-51] 

The parameter    is the scale factor, the quantities ( ),u v  are the image coordinates in pixel 

units. From [2-51], the individual expressions of image pixel coordinates can be isolated as 

follows: 

x c

x

c

f x
u c

z
= +                                                         [2-52] 

y c

y

c

f y
v c

z
= +                                                          [2-53]                                                   
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One problem with equations in [2-52] and [2-53] as formulated by the authors is that in the 

occurrence of the coordinates of the principal points 
x

c and 
y

c  being equal to zero, these 

equations become equal to those in [2-49] and [2-50], which assume the conversion from world 
unit coordinates to the corresponding pixel measure is held by the coordinates of the principa l 

point 
x

c  and 
y

c  , which does not hold true in projective geometry. The conversion generally 

relies on pixel width and length dimensions 
x

d  and 
y

d respectively (Narazaki et al., 2021; Xu 

et al., 2021). Also, equating the effective focal lengths 
x

f  and 
y

f  to the distance from the camera 

projection centre to the image plane can lead to image projection errors as the normalized 
coordinates will not be coplanar, and this can be observed in the following formulations proposed 
by the authors: 

x

n

x

u c
x

f

−
=                                                          [2-54] 

y

n

y

v c
y

f

−
=                                                        [2-55]                                                            

Indeed, the above coordinates are not measurable on the same image plan. One strategy to 

improve the above formulations is to introduce the pixel dimensions 
x

d  and y
d  into equations 

[2-54] and [2-55] by decomposing the effective focal lengths in the x  and y directions as ratios 

of pixel dimensions over the focal length f as follows: 

1

x x
f f d

−
=                                                          [2-56] 

1

y y
f f d

−
=                                                        [2-57] 

Substituting [2-56] and [2-57] into [2-54] and [2-55] would lead to the correct formulation of the 
conversion from the image world unit to the image pixel unit. As a result of this correction, the 
normalized image point will correctly be projected on the image plane located at a distance f

from the camera projection centre and this can be formulated as follows: 

( )

( )

1 1

1 1

1 1

x xn

n y y

a u c fx

y a u c f

− −

− −

 − 
  

= −  
     

                                                [2-58]            

The normalized image coordinates estimated through [2-58] now lie on the same normalized 
image plan. Up to this stage of the solution, none of the exterior orientation parameters have been 

estimated yet; thus, for this purpose, both sides of the equation [2-48] can be multiplied by the 
camera projective matrix in [2-51] produces the following after some rearrangements: 

1 0 0 0 0 cos

0 1 0 0 0 sin cos

0 0 1 0 0 1 0 0 1 1

x x c x x x

y y c y y y

c z

c f x f c t X

c f y f c t Y

z t





 

 

 

           
           

= −
           
           − −           

       [2-59] 
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Expanding both sides of [2-59] leads to the following equations: 

cos
x c x

x x

c z

f x X Y t
c f

z X Y t

 

 

 

 

+ +
+ =

− − +
                                               [2-60] 

sin cos
y c y

y y

c z

f y X Y t
c f

z X Y t

 

 

 

 

− + +
+ =

− − +
                                     [2-61] 

It can be observed that the expressions on the left in [2-60] and [2-61] correspond to [2-51] and 

[2-52], and this allows to reformulate [2-60] and [2-61] as follows: 

cos
x

x

z

X Y t
u f

X Y t

 

 

 

 

+ +
=

− − +
                                                         [2-62] 

sin cos
y

y

z

X Y t
v f

X Y t

 

 

 

 

− + +
=

− − +
                                              [2-63] 

In the original versions of [2-62] and [2-63], the authors possibly omitted unintentionally to 

disregard certain parameters and angles considering the geometrical advantage of the co-
planarity constraint of 3D calibration points and the origin of their coordinate frame. However, 
this omission only has implications on numerical parameter estimates and not on the general 

solution strategy proposed. Linearizing the above equations leads to the following: 

cos
x x z x x

u Y u X f t ut f X f Y      − − − + = +                                        [2-64] 

sin cos
y y z y y

v Y v X f t vt f X f Y      − − − + = +                                  [2-65] 

With more than five 3D calibration points and their undistorted projections, the authors proposed 

solving the parameters  ,   and 
z

t  through an absolutely determined system of equations. 

However, one issue with the above formulations is that the first and second parameters of the 

translation vector 
x

t , y
t  and the Euler angle 

 are not yet estimated at this stage; thus, a pre-

processing of each of the above equations is required to eliminate these parameters and only 

retain z
t  and this can easily be achieved with simple algebraic operations. Furthermore, equation 

[2-64] will provide a set of solutions for  ,  , z
t  and equation [2-65] will produce another set 

of solutions, and there were no clear insights on how the optimal estimates of these parameters 
were selected from the multiple roots. In order to recover the initial estimates for the parameters  

 , x
t , y

t both sides of [2-49] and [2-50] can be multiplied by the quartic expression of the radial 

distortion polynomial, which then leads to the following equations: 

( ) ( )2 4 2 4

1 2 1 2

x c

u

c

f x
x r r r r

z
   + = +                                                    [2-66] 
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( ) ( )2 4 2 4

1 2 1 2

y c

u

c

f y
y r r r r

z
   + = +                                                  [2-67] 

The above can be reformulated as follows: 

( )2 4

1 2

cos
x

d x

z

X Y t
x f r r

X Y t

 

 

 
 

 

+ +
= +

− − +
                                             [2-68] 

( )2 4

1 2

sin cos
y

d y

z

X Y t
y f r r

X Y t

 

 

 
 

 

− + +
= +

− − +
                                            [2-69] 

Applying the radial alignment constraint using [2-68] and [2-69] produces the following 
equation: 

( )

( )

cos

sin cos

xd x

d y y

X Y tx f

y f X Y t

 

 

 

 

+ +
=

− + +
                                                 [2-70] 

It can be observed that the effective focal lengths are still not estimated, and this makes 

challenging the extraction of   , x
t , y

t . To address the challenge, the authors seem to have 

attributed equal value to the parameters x
f  and y

f  to simplify the expansion of [2-70]. 

Extracting the parameter x
t as a factor from the numerator and denominator in [2-70] leads to 

the following after simplification: 

cos
1

sin cos

d x x

yd

x x x

X Y
x t t

ty
X Y

t t t

 

 

 

 

+ +

=
 
− + + 
 

                                              [2-71] 

Expanding [2-71] leads to the following: 

( ) ( ) ( )
sin cos y d

d d d d d

x x x x

t y Y
x X x Y y X x y

t t t t


  

 
− + − + − =                           [2-72] 

From the constraint that 0  −  the equation [2-72] can be reformulated as follows: 

( ) ( ) ( )
sin cos y

d d d d d

x x x

t
x X x Y y X x y

t t t
  

 
− + − + =                                [2-73] 

Formulating [2-73] in a matrix form leads to the following: 
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 

sin

cos

x

T

d d d d d

x

y

x

t

x X x Y y X x y
t

t

t

  





 
 
 
 

− − = 
 
 
 
  

                                     [2-74] 

To solve the parameters in the numerators and denominators of the column vector in [2-74], the 
authors suggested three-variable linear least squares solution. The first challenge with the 
solution is the parameter coupling that may introduce numerical errors. In case any error occurs 

when estimating x
t ,the error will propagate to sin  and cos  . The second problem is that all 

variables in numerators and denominators in the column vector are unknown, and the least 
squares solution will only provide numerical estimates of these ratios, and the challenge to 

separate them will remain, as in reality, the system has four unknown parameters, which are x
t

, y
t , cos  and sin   . One solution that can be suggested to the authors is to formulate a fourth 

equation that would enable them to express the parameter y
t as a function x

t  . However, this 

would require defining a vector  1 2 3
A a a a=  that would relate the elements of the row 

vector and those of the column vector in [2-74] as follows: 

1

2

3

sin

0 0
cos

0 0

0 0

x

d

d d

x

d

y

x

t
x X a

x Y y X a
t

x a
t

t



 





 
 
 −   
 

   
− = 

   
 

       
 
  

                                [2-75] 

 From [2-75], once y
t  is estimated as a function of  x

t  , with coefficients of the column vector

A  already known, the expressions of  sin    and  cos   can be simplified as follows: 

1sin
d x

a

x X t



−

=                                                     [2-76] 

( )
2cos

x d d

a

t x Y y X 

 =
−

                                           [2-77] 

Instead of estimating individual values of   through [2-76] and [2-77] and then taking the 

average, the optimal estimate of the angles can be extracted from the tangent function as follows : 

( )1

2

tan
d d

d

a x Y y X

a x X

 




− −

=                                          [2-78] 
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Once 1
 , 2

 , ,  ,  , x
t , y

t , z
t  are estimated, the remaining parameters x

c , y
c , x

f , y
f  and the 

scale factor S  can be recovered through a nonlinear optimization process that estimates the 

maximum likelihood of parameters by minimizing the distance between distorted points and their 

distortion-free counterparts as follows: 

                                 ( )
2

^

min , , ,
m n

ij i i j

i j

m m A R T M−                                              [2-79] 

The iteration of the minimization of [2-79] was performed using the Levenberg-Marquardt 

algorithm. Since optimization solutions for camera calibration require good initial estimates of 
the camera's intrinsic and extrinsic parameters, which are very difficult to obtain, it becomes 

clear that analytical solutions to the problem of accurate calibration of camera pose in a 3D scene  
are needed.  

2.3.5. Ganapathy’s Camera Parameters Modelling 

Analytical solutions to the camera pose problem generally involve the derivation of non-linear 
equations that need to be solved to extract the various camera parameters embedded within their 
coefficients, and solving such equations has been reported to be very difficult (Ganapathy, 

1984; Henrichsen, 2000). When recovering the elements describing the orientation and location 

of the camera in the 3D scene, most of the camera's intrinsic parameters should be separated 
from the main matrix. To achieve this, one solution would require developing reverse perspective 

models that map from the image plane to the 3D scene. One of the few attempts to offer analytica l 
solutions to the camera calibration pose problem was earlier proposed by Ganapathy (1984). 

The author presented a camera projective matrix derived from similar triangle properties.  

However, one particularity of the proposed camera matrix in contrast to the traditional Euler 

rotations is that the camera coordinate frames C
Y axis is aligned with the world  Z

 axis in the 

last rotation. From this geometry, the relationship between the 3D camera coordinates and the 

image pixel coordinates is formulated as follows: 

0

u c

c

a x
u f u

y
= +                                                   [2-80] 

0

v c

c

a z
v f v

y
= +                                                   [2-81] 

By posing: u u
fa f=  and v v

fa f=  the expressions [2-80] and [2-81] can be simplified as follows: 

0

c

u

c

x
u f u

y
= +                                                   [2-82] 

0

c

v

c

z
v f v

y
= +                                                   [2-83] 

Where u
f  and v

f  represent the effective focal lengths in the x  and y  directions and 0
u , 0

v  are 

the coordinates of the origin of the image pixel coordinate frame. Equations [2-82] and [2-83] 
enable us to formulate the camera projective matrix as follows: 
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0

0

0 0

0 0

0 1 0 0

u

v

f u

C v f

 
 

=
 
  

                                               [2-84] 

The advantage of the formulation [2-84] over those in [2-82] and [2-83] is that it allows the 
reader to notice that the intrinsic parameters cannot be solved using QR decomposition methods 

because the matrix is not upper triangular. The relationship between the 3D camera coordinates 
and their 3D world counterparts is established through a rigid body transformation matrix. The 

first component of the rigid body transformation is a 4 4  displacement matrix formulated by the 
author as follows: 

0

0

0

1 0 0

0 1 0

0 0 1

0 0 0 1

X

Y
D

Z

− 
 

−
 =
 −
 
 

                                                 [2-85] 

Where 0
X  , 0

Y  and 0
Z define the camera location in 3D space and are related to the parameters 

of the translation vector 
T

x y z
t t t  

. Once the origin of the camera and world coordinate 

frames’ have been aligned through [2-85], a rotation is performed. The primary rotation modifies 

the orientation of the camera C C
X Y−  plane by an angle    around its C

Z   axis. The results are 

two new camera axes 2C
X , 2C

Y and a new 2C C
Y Z−  plane. In contrast to the traditional Euler 

rotation sequence, the newly created 2C C
Y Z−   plane is rotated around the new 2C

X  axis by an 

angle  . From the above, it can be observed that the camera C
Y has been involved in both previous 

rotations. It can be argued that these two first rotations aimed at aligning the 3D camera 

coordinate frame’s C
Y  axis with the 3D world coordinate frame’s Z

 axis. With the camera C
Y  

axis aligned with the world Z
 axis, a swing rotation of the camera's new 2 2C C

Z X− plane around 

the new 2C
Y  axis is performed by an angle   . To formulate the rotation matrix R of the rigid 

body transformation, the resulting matrix from the rotation around the camera C
Y axis is 

multiplied by the resulting matrix from the rotation around the camera 2C
X axis, and then the 

matrix product is multiplied by the resulting matrix from the swing rotation around the 2C
Z  axis. 

The resulting matrix proposed by the author is formulated as follows: 

3 2 1

cos cos sin sin sin sin cos cos sin sin cos sin 0

sin cos cos cos sin 0

cos sin sin cos sin sin sin cos sin cos cos cos 0

0 0 0 1

R R R R

           

    

           

− + − 
 

−
 =   =
 + −
 
 

            [2-86] 

The three angles  , ,  define the orientation of the camera coordinate frame axes around those 

of a fixed 3D world coordinate frame. Adding the coefficients of the translation vector in the last 
column results in a rigid body transformation matrix that accounts for homogeneous coordinates 
and is formulated as follows: 
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cos cos sin sin sin sin cos cos sin sin cos sin

sin cos cos cos sin

cos sin sin cos sin sin sin cos sin cos cos cos

0 0 0 1

x

y

z

t

t
M

t

           

    

           

− + − 
 

−
 =
 + −
 
 

          [2-87] 

Let’s simplify the matrix M  in [2-87] as follows: 
 

11 12 13

21 22 23

31 32 33

0 0 0 1

x

y

z

r r r t

r r r t
M

r r r t

 
 
 =
 
 
 

                                                    [2-88] 

Multiplying the camera projective matrix in [2-84] by [2-88] leads to the following simplified 

formulation of the transformation matrix from 3D world points to 2D image pixel points: 

11 0 21 12 0 22 13 0 23 0

31 0 21 32 0 22 33 0 23 0

21 22 23

u u u u x y

v v v v z y

y

f r u r f r u r f r u r f t u t

P f r v r f r v r f r v r f t v t

r r r t

 + + + +
 

= + + + + 
 
 

                      [2-89] 

To estimate each coefficient of P ,the author proposed a decomposition of [2-89] in order to 

calibrate the following 16 parameters: u
f , v

f , 11
r , 21

r , 0
u , 31

r , 0
v , 12

r , 22
r , 32

r , 13
r , 23

r , 33
r , x

t , y
t , z

t . 

However, before decomposition, let’s denote 

11 12 13 14

21 22 23 24

31 32 33 34

0 0 0 1

c c c c

c c c c
C

c c c c

 
 
 =
 
 
 

 an experimenta l ly 

computed projective transformation matrix estimated through direct linear transform as proposed 

in Tsai (1987). Equating cell by cell P and c , leads to the following nonlinear equations: 

11 11 0 21u
c f r u r= +  ; 12 12 0 22u

c f r u r= +  ; 13 13 0 23u
c f r u r= +   ; 14 0u x y

c f t u t= +             [2-90.1]                                                                         

              21 31 0 21v
c f r v r= + ; 22 32 0 22v

c f r v r= +  ; 23 33 0 23v
c f r v r= +  ; 24 0v z y

c f t v t= +               [2-90.2]                                                                      

                 31 21
c r= ;  32 22

c r=  ; 33 23
c r=  ;  34 y

c t=                                                               [2-90.3]       

Substituting the parameters in [2-87] into the twelve equations in [2-90.1]- [2-90.3] leads to the 

following decomposition:                            

( ) ( )11 0
cos cos sin sin sin sin cos

u
c f u      = − −                     [2-91.1]                                 

( ) ( )12 0
sin cos cos sin sin cos cos

u
c f u      = + +                    [2-91.2]                                  

( ) ( )13 0
cos sin sin

u
c f u  = − +                                      [2-91.3] 

14 0x u y
c t f u t= +                                                  [2-91.4] 

( ) ( )21 0
cos sin sin cos sin sin cos

v
c f v      = + −                 [2-91.5]                                   

( ) ( )22 0
sin sin cos sin cos cos cos

v
c f v      = − +                  [2-91.6]                                    

( ) ( )23 0
cos cos sin

v
c f v  = +                                      [2-91.7]                                             

24 0v z y
c f t v t= +                                                 [2-91.8] 
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31

sin cosc  = −                                                   [2-91.9]                                                             

32
cos cosc  =                                            [2-91.10]                                                                    

   
33

sinc =                                                    [2-91.11]                                                        

34 y
c t=                                                     [2-91.12] 

To simplify the solutions of the above respective equations, Ganapathy (1984) suggested a 

scaling of each element of the matrix in [2-89] by the coefficient 
1

y
t
−

 . The above author argued 

that this does not change the numerical outcome of the transformation as long as the point being 
transformed has its coordinates formulated in a homogeneous coordinate form. However, earlier, 
Faugeras and Toscani (1986) reported that proceeding as such would lead to absurd solutions 

since camera intrinsic parameters, depend on the geometry of 3D world points. This study aligns 
with that opinion since a QR decomposition solution of the scaled transformation matrix in [2-

89] will lead to a camera projective matrix with coefficients not estimated from the concatenation 
of 3D world points and their corresponding 2D image point coordinates. This will result in the 
integrity of the original coefficients of the matrix being altered by the scaling process. 

Furthermore, the other challenge with the scaling process is that the equality between matrices 

P  and c no longer holds true unless all elements 11
c , 12

c , 33
c

 
of the matrix c are also scaled by the 

coefficient 34
c  . For the remaining analysis of this camera calibration solution, it is assumed that 

the coefficients of the matrix c  were not scaled by 34
c as supported by the author in his 

publication. From the proposed scaling strategy, the following expressions were considered by 

the author: 

21

31

y

r
c

t
=                                                                        [2-92.1] 

 
22

32

y

r
c

t
=                                                           [2-92.2] 

23

33

y

r
c

t
=                                                            [2-92.3] 

Squaring both sides of [2-92.1] – [2-91.3] then adding the three equations leads to the following: 

( )2 2 2 2 2 2 2

31 32 33 21 22 23y
t c c c r r r+ + = + +                                          [2-93] 

Using the orthonormal property of the axes of a rotation matrix, the second coefficient of the 

translation vector y
t   can be isolated from [2-93] as follows when only considering the positive 

value: 

2 2 2

31 32 33

2 2 2

31 32 33

y

c c c
t

c c c

+ +
=

+ +
                                                          [2-94] 

For more insight on the demonstration of the positive sign of y
t the reader is directed to the 

appendix A  of the author’s original paper. However, the weakness of the provided solution in 

[2-94] is its lack of uniqueness; the formulation does not consider the constraints 14
c  and 24

c   

from which two more distinct values of y
t can be estimated. From [2-94], the coefficients of the 
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second row of the rotation matrix in [2-87] and involved in equations [2-92.1]–[2-92.3] can be 
retrieved as follows: 

 
2 2 2

31 31 32 33

21 2 2 2

31 32 33

c c c c
r

c c c

+ +
=

+ +
                                                         [2-95.1] 

2 2 2

32 31 32 33

22 2 2 2

31 32 33

c c c c
r

c c c

+ +
=

+ +
                                                         [2-95.2] 

2 2 2

33 31 32 33

23 2 2 2

31 32 33

c c c c
r

c c c

+ +
=

+ +
                                                          [2-95.3]  

It can be observed that any inaccuracy associated with the calibration of the second coeffic ient 

of the translation vector y
t  would spread through the parameters 21

r , 22
r ,and 23

r  .    

Let 1
  , 2

 and 3
  be the resulting expressions when respectively multiplying both sides of [2-

95.1], [2-95.2] and [2-95.3] by 
2

y
t  and formulated as follows: 

             
2

1

sin cos
y

y

t
t

 
 = −                                                    [2-96.1] 

 
2

2

cos cos
y

y

t
t

 
 =                                                              [2-96.2] 

   
2

3

sin
y

y

t
t


 =                                                                    [2-96.3]  

Let 1
  be the expression obtained after multiplying both sides of [2-96-2] by 11

c  and 2
   the 

expressions obtained after multiplying both sides of [2-96.1] by 12
c  and formulated as follows: 

 

( ) ( )02

1

cos cos sin sin sin sin coscos cos u

y

y y

f u
t

t t

       


− −
=              [2-97.1] 

( ) ( )02

2

sin cos cos sin sin cos cossin cos u

y

y y

f u
t

t t

       


+ +
= −             [2-97.2] 

Let 1
  be a quantity obtained after subtracting [2-97.2] from [2-97.1] and reduced as follows: 

     

1 1 2
cos cos cos cos cos cos sin sin

u u
f f          = − =  +                   [2-98] 

After some factorization and simplification, the following equation is obtained: 

( )2 2

1
cos cos cos sin cos cos

u u
f f      = + =                                    [2-99]                   

Let 3
 be the expression obtained after multiplying [2-96.3] by 12

c ,and 4
  be the expression 

obtained after multiplying [2-96.2] by 13
c   and formulated as follows: 

( ) ( )02

3

sin cos cos sin sin cos cossin u

y

y y

f u
t

t t

      


+ +
=                      [2-100.1] 
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( ) ( )02

4

cos sin sincos cos u

y

y y

f u
t

t t

   


− +
=                                    [2-100.2] 

Let 2
  be the result of subtracting [2-100.1] from [2-100.2] and estimated as follows: 

( )2
sin sin cos cos sin sin sin cos cos sin

u u u
f f f          = + = +               [2-101] 

Let 5
 be the result of the multiplication of [2-96.1] by 13

c  and 6
  be the result of the 

multiplication of [2-96.2] by 11
c and formulated as follows: 

( )2

5 0
cos sin sin sin cos sin

u
f u      = −                     [2-102.1] 

2

6 0
sin cos cos sin sin sin sin cos sin

u u
f f u         = − −               [2-102.2] 

Subtracting [2-102.2] from [2-102.1] produced the quantity  3
 formulated as follows: 

( )3
sin sin sin cos cos

u
f      = −                                             [2-103] 

Squaring both sides of [2-99], [2-101] and [2-103] leads to the following: 
2 2 2 2 2 2 2 2

1 2 3
cos sin

u u u
f f f  +  +  = + =                                      [2-104] 

From [2-104] the first effective focal length can be extracted as follows: 
2 2 2

1 2 3u
f =   +  +                                                            [2-105] 

From [2-80] and [2-81], the value to consider is the positive estimate. However, it can be 

observed from [2-91.1]–[2-91.2] that only the first three constraints were considered in 

estimating the parameter u
f ; neglecting the last constraint may weaken the accuracy of its 

numerical value. Moreover, knowing the estimate of  u
f  enables us to recover the trigonometr ic 

expressions in [2-99], [2-101], and [2-103], but not the three Euler rotation angles. With 

knowledge of 31
r , 32

r , 33
r  which are the trigonometric parts of [2-101], [2-103], and [2-99], 

respectively, there is ground to estimate the parameters v
f and 0

v  . Assuming that among 

equations [2-91.5]–[2-91.7] one is redundant, the author suggested the solution of the parameters

v
f  and 0

v   through a system of two linear equations.  From this assumption, one first concern 

arises from the lack of clarity to determine which among the selected equations, is not the 
redundant formulation of the others. The second concern is that an observation of equations [2-

91.1] – [2-91.12] reveals that the constraint in equation [2-91.8] was not considered when 

formulating the solutions of the parameters v
f and 0

v  . This may result in their values not being 

representative of the correct internal geometry of the camera.  

With 21
r  , 22

r , 23
r  recuperated from [2-95.1]- [2-95.3] after the estimation of the parameter y

t  

and the parameters 31
r  , 32

r , 33
r  recovered from [2-101], [2-103], [2-99] and after estimating u

f  , 

the remaining parameters of the rotation matrix 11
r , 12

r , 13
r  can be recovered using the properties 

of the determinant of an orthogonal matrix in [2-87] and formulated as follows: 

11 22 33 23 32
r r r r r=  −                                            [2-106.1] 

12 21 33 23 31
r r r r r=  −                                              [2-106.2]  

13 21 32 22 31
r r r r r= −                                                [2.106.3] 
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With all the parameters of the rotation matrix estimated, the author proposed estimating the first 

coordinate of the principal point in pixel 0
u  using equation [2-91.1]. The weakness with this 

proposed strategy is that there are four nonlinear constraints that the coordinate must satisfy in 

[2-91.1–[2-91.4] and considering only one or a subset of them would undermine the accuracy of 

the numerical estimate of this parameter. Moreover, from the estimated coordinate 0
u and the 

first effective focal length estimated in [2-105], the suggestion was made by the author to 

compute the first parameter of the translation vector x
t through equation [2-91.4].  As pointed 

out in the earlier analysis, due to the parameter coupling, which is a major challenge in camera 

calibration, the numerical errors associated with the parameters  y
t , u

f and 0
u will compromise 

the accuracy of this translation coefficient. In a similar manner, substituting the previously 

estimated principal point coordinate 0
v   and the second effective focal length v

f  into equation 

[2-91.8] will result in a compromised numerical estimate of the last coefficient of the translation 

vector z
t  . 

The recovery of the value of the Euler angle    is possible from equation [2-91.11] as follows: 

( )1

33
sin c

−
=                                                   [2-107.1] 

Although the estimate in [2-107.1] is correct, it is not in line with the projective transformation 
matrix normalization suggested by the author. Under such circumstances, the solution in [2-107-

1] would be formulated as follows: 

( )1

33
sin

y
t c −

=                                                      [2-107.2] 

As it can be observed, the angular estimate would be influenced by the accuracy of the parameter 

y
t . From [2-91.9] and [2-91.10] the angle   can be recuperated through the tangent function as 

follows:  

1 31

32

tan
c

c


−
 

= − 
 

                                                     [2-107.3]     

Since the quantities 13
r  and 33

r   have been estimated through [2-106.3] and [2-99], the remaining 

angle can be estimated as follows: 

1 13

33

tan
r

r
 −

 
= − 

 

                                                  [2-107.4] 

 The estimates in [2-107.3] and [2-107.4] are not affected by the parameter y
t even when 

considering the scaling of the transformation matrix because the second coefficient of the 
translation vector is cancelled through the ratio formulations as both the numerator and 

denominator in both cases are scaled by the same parameter y
t  . With the three coefficients of 

the translation vector estimated and the nine coefficients of the rotation matrix computed, the 

parameters 0
X , 0

Y , 0
Z  in [2-85] defining the camera location can easily be recuperated by simple 

arithmetic operations.   

 
2.3.6. Variants of Ganapathy’s camera parameters modelling 

 

Roumie et al. (2018) and Kim et al. (2023) proposed two variations of the calibration strategy 

proposed in Ganapathy (1984).  To calibrate the third coefficient of the translation vector z
t  and 
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the three coefficients of the last row of the rotation matrix 31
r , 32

r and 33
r , the strategies employed 

modified algorithms proposed by Ganapathy (1984) in [2-94], [2-95-1]-[2-95.3] as follows: 
 

2 2 2

9 10 11

1
z

t
c c c

=
+ +

                                                              [2-108.1] 

31

31
2 2 2

9 10 11

c
r

c c c
=

+ +
                                                              [2-108.2] 

32

32
2 2 2

9 10 11

c
r

c c c
=

+ +
                                                             [2-108.3] 

33

33
2 2 2

9 10 11

c
r

c c c
=

+ +
                                                               [2-108.4] 

The approach described in Kim et al. (2023) associated a negative sign to the quantity on the 
right side of the equality sign in [2-108.1], while that proposed in Roumie et al. (2018) 

maintained a positive sign for this quantity. The first differences between the strategy proposed 
by Ganapathy (1984) and those proposed in Roumie et al. (2018) and Kim et al. (2023) were 

found in the algorithms proposed to calibrate the first effective focal length u
f . The strategy 

proposed in Roumie et al. (2018) to retrieve this coefficient first calculates the norm of the vector 

product between the first and third rows of the projective transformation matrix and then scales 

the result by the product of the coefficient z
t  and the cosine of the angle between the x  and y

axes of the image coordinate system as follows:  

( )11 31 12 32 13 33

2 2 2

31 32 33

sin
u

c c c c c c
f

c c c


 +  + 
= 

+ +
                                          [2-108.5] 

Where  , is the angle between the image x  and y axes. Although the proposed algorithm mostly 

contains coefficients of the projective transformation matrix, the presence of the parameter sin

in the model may introduce some numerical instabilities if the algorithms proposed to recover 

the coefficients of the first rows of the rotation matrix failed to produce optimal estimates of 
these coefficients. In such occurrences, this would result in a non-orthonormal rotation matrix. 
In contrast, the methodology proposed by Kim et al. (2023) computes this coefficient of the 

translation vector as the horizontal distance between the principal point’s 0
u  coordinate and the 

quantity obtained when squaring the coefficients 11
c , 12

c , 13
c of the projective transformation 

matrix and then scaling the result by the coefficient of the translation vector z
t   as follows: 

( ) ( )2 2 2

11 12 13 11 31 12 32 13 33

2 2 2

31 32 33

u

c c c c c c c c c
f

c c c

+ + −  + + 
=

+ +
                                [2-108.6] 

The limitation with the above proposed algorithm is that it imposes numerical constraints on 

the coefficients 31
r , 32

r and 33
r  because if two of these coefficients are greater than 11

c , 12
c and 

13
c , respectively, the algorithm would not hold true. 

The calibration strategy proposed by Ganapathy (1984) to calibrate the second coefficient of 

the principal point 0
v also exposed some differences with the models proposed in Roumie et al. 

(2018) and Kim et al. (2023). Roumie et al. (2018) and Kim et al. (2023) proposed a straight-
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forward formulation of the model that relies solely on the coefficients of the second and third 
rows of the projective transformation matrix as follows: 

21 31 22 32 23 33

0 2 2 2

31 32 33

c c c c c c
v

c c c

 +  + 
=

+ +
                                 [2-108.7] 

 
The strength of the above-proposed algorithm is that it does not involve any parameter coupling 

or sign ambiguity, in contrast to the algorithm used in Ganapathy (1984). Furthermore, the 
formulation algorithms proposed by each of the three calibration strategies to calibrate the second 

effective focal length v
f  were also suffering from numerical instabilities. For instance, the 

approach proposed in Roumie et al. (2018) did not consider the geometric constraints of this 

effective focal length as described in equations [2-91.5]-[2-91.8]. Instead, the authors computed 
a ratio of the product between the pixel dimension in the y direction and the focal length divided 

by the sinus of the angle between the image x and y axes as follows: 

sin

x

v

a f
f


=                                                       [2-108.8] 

 

It can be observed that the algorithm in [2-10.8] did not consider any geometric constraints 
describing this effective focal length in [2-91.4]-[2-91.8]. Since the orthonormality of the 

rotation matrix depends on the nine coefficients of this matrix, any suboptimal estimate 
associated with any of these nine coefficients would result in the measure of the angle  being 

smaller or greater than its optimal measure of 0
90 . This would result in the parameter v

f not 

reaching its optimal magnitude. 
In contrast, the calibration strategy proposed in Kim et al. (2023) recovers this interior 

orientation coefficient by subtracting the quantity estimated in [2-108.7] from the norm of the 
vector representing the second row of the projective transformation matrix scaled by the third 

coefficient of the translation vector z
t  as follows: 

( ) ( )2 2 2

21 22 23 21 31 22 32 23 33

2 2 2

31 32 33

v

c c c c c c c c c
f

c c c

+ + − + +
=

+ +
                      [2-108.9] 

 
One limitation with the above-proposed algorithm is that it restricts the numerical magnitudes of 

coefficients 31
c , 32

c and 33
c  to fall within certain ranges. Indeed, if any two of these coefficients 

are larger than 21
c , 22

c  and 23
c  the expression will result in numerical instability since the 

numerator of the algorithm must be equal to or greater than zero. These numerical range 

restrictions are also applied to the coefficients of the rotation matrix 31
r , 32

r   and 33
r which are 

directly related to the coefficients 31
c , 32

c and 33
c  through equations [2-108.2]-[2-108.4]. 

The analytical calibration of the three coefficients of the rotation matrix 21
r , 22

r  and 23
r  

exposed further limitations in the strategies proposed in Roumie et al. (2018) and Kim et al. 

(2023). Roumie et al. (2018) associated each calibration algorithm with the sinus of the angle 
between the image coordinate system’s x and y axis as follows: 

( )2

31

21

sin
z

x

r t
r

a f


=                                                        [2-108.10] 
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( )2

32

22

sin
z

x

r t
r

a f


=                                                       [2-108-11] 

( )2

33

23

sin
z

x

r t
r

a f


=                                                        [2-108.12] 

Although the pixel dimensions and the focal length are constant measures, the above-proposed 
calibration algorithms suffer from parameter coupling. Any numerical inaccuracies associated 

with the three coefficients of the last row of the rotation matrix in [2-108.2]-[2-108.4] or any 

inaccurate calibration of the coefficients 11
r , 12

r  and 13
r would result in a non-orthonormal 

rotation matrix with the angle   achieving a suboptimal measure. In the same way, the calibration 

models proposed in Kim et al. (2023) to estimate these three coefficients also rely on the three 

parameters 31
r , 32

r and 33
r ,in addition to the coefficients of the second row of the projective 

transformation matrix 21
c , 22

c , 23
c  as well as the second effective focal length v

f and the second 

coordinate of the principal point 0
u , as follows: 

21 0 31

21

v

c v r
r

f

−
=                                                   [2-108.13] 

22 0 32

22

v

c v r
r

f

−
=                                                  [2-108.14] 

23 0 33

23

v

c v r
r

f

−
=                                                  [2-108.15] 

From [2-108.9], it can be argued that the calibration algorithm of the parameter v
f is prone to 

parameter coupling errors. In addition, the algorithms to calibrate the coefficients of the 

translation vectors  x
t , y

t were found to be similar to those proposed by Ganapathy (1984) in 

[2-91.4] and [2-91.8]. However, any sign ambiguity associated with the coefficient z
t ,as proposed 

in Kim et al. (2023), may undermine the accuracy of these two exterior orientation parameters. 

In contrast, the approach proposed by Roumie et al. (2018) solved simultaneously the three 

coefficients x
t , y

t and z
t  in a system of three linear equations involving the nine coefficients of 

the rotation matrix and the coordinates of the camera location in the 3D scene, 0
X , 0

Y and 0
Z .  

However, the fact that the computation algorithms proposed by Roumie et al. (2018) to estimate 

the coefficients  21
r , 22

r , 23
r  are prone to parameter coupling errors, it can be argued that the 

resulting coefficients of the translation vector x
t , y

t and z
t would also be subjected to parameter 

coupling errors. 

 
2.3.7. Analytical factorization of the projective transformation matrix 

 

Several factorization approaches have been used for the calibration of camera pose. Among the 
mostly used strategies is the QR factorization, which formulates the first three columns of a 3 4  

projective transformation matrix A  into a product of an 3 3 upper triangular camera matrix and 

an 3 3 orthogonal rotation matrix such that: 
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1 2 3 1 2 3 11 12 13

5 6 7 4 5 21 22 23

9 10 11 6 31 32 33

0

0 0

a a a q q q r r r

a a a q q r r r

a a a q r r r

     
     

=
     
          

                          [2-108.16] 

 

Where the coefficients 1
q , 2

q , 3
q , 4

q , 5
q , 6

q  and 11
r , 12

r , 13
r … 33

r  are known coefficients. The 

parametric formulation of the projective matrix proposed by Labuz et al. (1991) to recover the 

camera interior parameters was formulated as follows: 
 

( )0

0

tan tan

0 sec sec

0 0 1

f f u f

c f v

    

 

− + 
 

= − 
 
 

                                      [2-108.17] 

Where the parameter   is the angle between the image x  and y axes. The angle  is generally 

equal to 0
90 under the perfect orthonormality of the rotation matrix and  is a scaling factor. 

From the matrix Q and the parametric formulation in [2-108.17], Labuz et al. (1991) proposed 

the following solutions to recover the camera focal length and the coordinates of the principa l 
point: 

1 2

1

tan
q

q
 −

 
=  

 

                                                                [2-108.18] 

4
cosf q =                                                                     [2-108.19] 

( )2 3 4

0

1

cos
q q q

u
q


+

=                                                          [2-108.20] 

0 5
cosv q = −                                                                  [2-108.21] 

The first formulation limitation with the proposed solution is the first coefficient of the second 
column of the matrix in [2-108.17]. In the occurrence of orthogonal axes of the image sensor, 
the quantity tan would not be valid; this would result in numerical instabilities that would 

affect the focal length and the two coordinates of the principal point. To remedy this limitat ion, 
the authors could have formulated this coefficient as cotf  . The second limitation with the 

proposed solution is that it assumes the coordinates of the principal point 0
u  and 0

v to be located 

at the centre of the image sensor, as the solution imposes the following constraints: 
 

( )2 3 4 0

0

1

cos 90 0
q q q

u
q

+
= =                                               [2-108.22] 

0

0 5
cos 90 0v q= − =                                                       [2-108.23] 

 
The above two constraints do not hold true for non-metric cameras, and these could lead to false 

solutions for the focal length and the coordinates of the principal point and propagate to the 
coefficients of the rotation matrix associated with the camera projective matrix. Furthermore, 
many algorithms used to compute the coefficients of a 3 4 projective transformation matrix 

generally produce a matrix with eleven scaled coefficients with the last coefficient of the fourth 

column normalized. Using the scaled coefficients of the first three columns of the projective 

transformation matrix could produce inaccurate estimates of the coefficients 0
u , 0

v and the focal 
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length f since the resulting matrix Q would not be a perfect homogeneous matrix. These 

numerical instabilities would propagate to the estimates of the rotation matrix that is derived 
from these coefficients and those of the first three columns of the projective transformation 
matrix. The third limitation of the proposed solution in [2-108.19] is that the proposed algorithm 

is not suitable for cameras with rectangular pixels since the focal length in the x direction x
f is 

not generally equal to the focal length in the y  direction y
f . 

From the last column of the 3 4 projective transformation matrix, the following relationships 

can be established with the parameters of the rotation matrix and the three coefficients of the 
translation matrix as follows: 

 

0 11 21 31x y z
X r t r t r t= − − −                                             [2-108.24] 

0 12 22 32x y z
Y r t r t r t= − − −                                             [2-108.25] 

0 13 23 33x y z
Z r t r t r t= − − −                                            [2-108.26] 

 
 

The coordinates of camera location in a 3D scene can directly be recuperated from the 
coefficients of the projective transformation matrix as follows: 

 

0 1 4 2 8 3 12
X a a a a a a= − − −                                           [2-108.27] 

0 4 5 6 8 7 12
Y a a a a a a= − − −                                           [2-108.28] 

0 4 9 8 10 11 12
Z a a a a a a= − − −                                         [2-108.29] 

 

The other mostly used factorization strategy to compute parameters of camera pose is the 

Cholesky decomposition (Li et al., 2015; Duan et al., 2024). Multiplying both sides of the 

equation in [2-108.16] by the transpose of each quantity, with 1
q , 2

q … 6
q  the coefficients of the 

upper triangular camera projective matrix, the following is obtained: 
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            

=             
                        

 [2-108.30] 

 

From the orthogonality property of the rotation matrix, the following Cholesky factorization can 
be derived from [2-108.30]: 

 

1 2 3 1 2 3 1 2 3 1 2 3

5 6 7 5 6 7 4 5 4 5

9 10 11 9 10 11 6 6
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T T
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       
       
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       
              

          [2-108.31] 

 

The above equation can be simplified as follows: 
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[2-10.32] 

 

From [2-108.32] the following solutions are derived: 

 

1 9 2 10 3 11

0

x

a a a a a a
u

f

+ +
=                                                           [2-108.33] 

2 2 2 2

0 9 10 11 0
1v a a a u= + + − −                                                            [2-108.34] 

 
2 2 2

1 2 3x
f a a a= + +                                                                   [2-108.35] 

 

 2 2 2 2

5 6 7y
f a a a = + + −                                                               [2-108.36] 

 

1 5 2 6 3 7

x

a a a a a a

f


+ +
=                                                                    [2-108.37] 

 

Due to improvements in lens manufacturing, the parameter   is generally set to zero. However, 

under such circumstances, the solution in [2-108.37] is not always true. The second limitation of 
the solution is that for small values of the first effective focal length, the first coordinate of the 

principal point 0
u would achieve very large magnitudes. This numerical instability will extend 

to the second coordinate of the principal point 0
v  and prevent the coefficients 9

a , 10
a and 11

a of 

the projective transformation matrix from holding certain numerical magnitudes. The third 
limitation is that any inaccurate calibration of any of the nine coefficients of the rotation matrix 

will undermine the accuracy of the second effective focal length y
f since the parameter  would 

not be equal to zero. The fourth limitation with the proposed strategy is that if the projective 

matrix was scaled during the recovery of its coefficients, the camera matrix would not be a 
perfect homogeneous matrix, and the numerical estimates of its coefficients would be 

compromised. From the calibrated parameters through [2-108.33]-[2-108.37] the coefficients of 
the rotation matrix and the three coefficients of the translation matrix can be recovered, as 
discussed earlier in this section.  

 

 

2.4. Modelling Camera Location and Orientation through Learning strategies 

 

With the development of new neural network algorithms, camera pose estimation using deep 

learning has been gaining momentum among the computer vision and photogrammetry 

community. Guo et al., 2017, for instance, proposed a camera pose calibration strategy based on 

the deep learning concept. The network architecture used in the approach consisted of two 

computational segments that include a convolutional neural network and a long short-term 

memory block. The long short-term memory block enables modelling the camera pose transition 

from point correspondences. Initial estimates of the camera pose are recovered through an RGB-

D solver algorithm and then refined at a later stage through a loss function. Although the 

calibration results show good accuracy of the estimated camera pose parameters, deep learning 
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camera calibration suffers from a certain number of limitations. Camera pose estimation using 

deep neural networks is very reliant on a large number of calibration points to train the networks 

in order to achieve optimal accuracies, which are difficult to obtain, and this would also result in 

long processing times. Moreover, the generalization capability of the deep neural network to 

reconstruct some 3D scenes in order to perform the calibration still remains weak, and this can 

compromise the accuracy of the calibrated parameters. Furthermore, the accuracy of camera pose 

calibration through deep learning is far from meeting the standards in close-range 

photogrammetry compared to traditional camera pose estimation methods (Wang et al., 2021).  

Lee et al. (2020) proposed a camera pose estimation approach similar to that of Guo et al. (2017) 

in the sense that it uses deep learning and relies on a single image of the calibration object, which 

happened to be a robot, in contrast to traditional calibration surfaces containing lines and 

coplanar calibration points. The deep neural network implemented by the authors was initia l ly 

trained on synthetic data in order to extract key points from the photograph of the calibration 

robot. The training of the deep network was based on the domain randomization algorithm, which 

offers the advantage of an interpolation algorithm in order to ensure there is no missing 

information during the collection of key points from the image of the calibration object. After 

the collection of key points from the photograph, the authors retrieved the nine coefficients of 

the rotation matrix as well as the three coefficients of the translation vector using a perspective 

n-point algorithm under the assumption that the focal length, the coordinates of the principa l 

point, and the 3D coordinates of some calibration points on the robot are known a priori. The 

constraint of prior knowledge of the focal length and coordinates of the principal point in order 

to achieve acceptable accuracy makes this approach not suitable for consumer-grade digita l 

cameras widely used in photogrammetry applications. Moreover, 3D annotations on calibration 

objects, such as robots, are very expensive, and localizing these annotations remains another 

challenge, and when the localization is successful, the calibration algorithm becomes rigid. 

 

2.5. Modelling Radial Distortions with  Rational and Division Model 

2.5.1. Fitzgibbon’s Distortion Modelling  
 

The challenges of solving large radial distortion polynomials have led to the development of new 

families of models with the advantage of being solved analytically. Fitzgibbon (2001) proposed 
a division model to correct severe radial lens distortions. The model is the inverse of a three-term 
quadratic polynomial without the cubic term and the monomial term with the variable elevated 

to the power one and where the term 0
  is set to one. This three-parameter version has been 

widely used to model radial distortions (Hong et al., 2015; Santana-Cedrés et al., 2017; Yan 

et al., 2016; Zhang et al., 2018; Zhang et al., 2019; Moravec, 2020). The commonly used 

formulation is given as follows:  

          ( )
2 4

1 2

1

1
d

u u

F r
r r 

=
+ +

                                                        [2-109]                         

Other studies have adopted a truncated version by dropping the quartic term, as reported in the 
studies of Tang et al. (2017), Wu et al. (2017), Zhang et al. (2019), and Weng et al. (2021). 

The commonly used two-parameter inverse polynomial is given as follows: 

                           ( )
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+
                                                             [2-110]                                                                                                                                                                                                                                                                                                                                                                                                                                                          
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The function in [2-110] enables to estimate the undistorted radius u
r  from the distorted radius 

as follows (Wu et al., 2017; Zhang et al., 2019):  

2

1
1

d

u

d

r
r

r
=

+
                                                                 [2-111] 

An observation of the two-parameter division model in [2-111] reveals that it is invertible for 

values of 1
0   .This restriction makes the model suitable for barrel distortion profiles only (Shi 

et al., 2018). Moreover, for larger values of d
r  in the occurrence of severe barrel distortions, the 

inverse polynomial equation would not hold true since it would result in model numerica l 
instability due to the quadratic expression with the distorted radius as a variable in the equation.  

 
 
2.5.2. Brauer-Burchard and Vos’s (2001) Radial Distortion Modelling 
 

To alleviate the numerical ambiguity related to solving equation [2-110], the term containing the 
first coefficient of radial distortion in the denominator can be negated (Ma et al., 2003) to ensure 

the stability of the model and produce the following: 

( ),

2

1
1

r
f r

r
=

−
                                                         [2-112] 

Expressing the distorted radius from the undistorted radius through the function ( )'
f r  in [2-

112] gives the following: 

2
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u

d
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r
r

r
=

−
                                                             [2-113] 

Linearizing the above model leads to the following polynomial function: 

( )2

1
0

u d u d
r r r r− − + =                                                    [2-114] 

With a discriminant of 
2

1
1 4

d
r = + the model in [2-112] holds two inverse models given by 

the following: 
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In such cases when there is more than one solution, the smallest positive solution should be 
considered (Ryberg et al., 2011), and from [2-115] the second solution seems to satisfy this 
requirement after the elimination of the negative sign from the denominator and numerator and 

produce the following distortion function: 
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
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                                         [2-116] 

A close observation of the function in [2-115] reveals the model is nothing else than the radial 

distortion division model proposed by Brauer-Burchard and Vos (2001). In opposition to the 
model in [2-111] the model in [2-116] would work best for pincushion distortions with a positive 

radial distortion coefficient 1
 . However, the model restricts the coefficient to certain values, 

and this would undermine the correction of small distortions around the image centre where 

small values of the coefficient 1
 are expected. 
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2.5.3. Ma et al. (2003) Division and Rational Modelling of Radial Distortion 

 

To alleviate the limitations of the division models proposed by Fitzgibbon (2001) and Brauer-

Burchard and Vos (2001), Ma et al. (2003) proposed three division models and three rational 

radial distortion models. Among the three division models proposed by Ma et al. (2003) are the 
two and three parameters of inverse polynomial functions proposed by Fitzgibbon (2001). The 
six models are summarized in equations [2-117]-[2-120] below: 
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+
                                                               [2-117] 
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( )
2

1 2

1

1
f r

r r 
=

+ +
                                                       [2-119] 
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                                                       [2-122] 

 

It can be noticed that the models in [2-117] and [2-118] provide the advantage of dealing with a 
single particular distortion profile because of the sole distortion coefficient contained in each 
model. The models in [2-119] and [2-120] offer the advantage of simultaneously dealing with 

two distortion profiles. Observing the model in [2-121], it can be noticed that the second 
polynomial term in the numerator has the same degree as the second polynomial term in the 

denominator. Additionally, in the model in [2-122], the second polynomial term of the numerator 
has a degree larger than that of the second polynomial term in the denominator. It has been 
reported that as long as the highest degree of a polynomial term in the denominator is smaller or 

equal to the highest degree term in the numerator, the contribution of the polynomial in the 
denominator will remain insignificant (Ryberg et al., 2011). Since each distortion coeffic ient 

corresponds to a certain radial distortion curve, the models in [2-117], [2-118], [2-119], and [2-

120] can only handle one and two distortion profiles, respectively. Moreover, the models in [2-

117] and [2-122] proposed by Ma et al. (2003) only deal with symmetric radial distortions, 

while radial distortions are not always symmetric (Tang et al., 2017). From the above, there is 
still a window for improvement of some of the current modelling of radial distortions by 

exploring large polynomials with analytical solutions. 
 
2.6. Modelling Radial Lens Distortion with Polynomial Functions 

 
Lens distortions can be classified into three categories that include radial, tangential, and thin 

prism distortions (Pierré et al., 2016; Tjahjadi et al., 2019), with tangential and thin prism 
distortions considered negligible due to improvements in modern lens manufacturing processes 
(Li et al., 2016; He et al., 2020; Vera et al., 2020). Radial distortions that include barrel, 

pincushion have attracted much attention among the photogrammetry community, while the 
moustache distortion profile poses a serious modelling problem since it combines both barrel 

and pincushion profiles (Hamad et al., 2017; Shih and Tung, 2017; Ramírez-Hernández et 

al., 2020). The radial distortion effect alters the position of image points either inward or outward 
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from the image centre, which is the intersection point of the optical axis and the 2D image plane 
(Xing and Guo, 2020; Paiz-Reyes et al., 2020). The negative displacement of a point is a 

characteristic of pincushion distortions, while a positive displacement is characteristic of barrel 
distortions (Park et al., 2009; Thall, 2018). 

 
Figure 0-2: Simulated images portraying the effects of pincushion and barrel radial lens 

distortions 

Radial lens distortions have widely been modelled through polynomial functions origina l ly 

proposed by Brown (1971) as an odd power polynomial function for perfectly centred lenses 
formulated as follows: 

                          ( )
2 1 1

j

i

j i i

f r r
+ +

= + =

=                                             [2-123] 

 The model was later improved in Fryer and Brown (1986) and later used by authors such as 
Lava et al. (2013), Babaei and Saadat-Seresht (2019), to name a few. The preference of using 
odd-power polynomial distortion models was supported by the argument that its formula t ion 

considers negative radii and also allows expansions of spans of continuous distortion functions 
(Kannala and Brandt, 2006).  Although radial lens distortions have been reported to not always 

be symmetrical with reference to the distortion centre (Fryskowska et. al, 2016), an even power 
variant of the model in [4-1] has widely been used for lens distortion modelling (Ju and Kang, 

2014; Li et al., 2016; Wierzbicki, 2018; and Liao et al., 2019). The commonly used formula t ion 

of the even power radial distortion model is given as follows:  

                                                     ( ) 0

2 1

j

i

j i i

f r r 
+ +

= =

= +                                                  [2-124] 

In opposition to the model in [2-123], the model in [2-124] contains a constant 0
  that is 

considered a scaling factor and introduces no distortion (Sun et al., 2016; Stapleton and Bajic, 

2016). This constant is generally set to unity, while coefficients i
  describe the shape of the 

distortion curves and are responsible for the displacement of image points from their respective 

undistorted locations (Tjahjadi et al., 2019; Zhu et al., 2019; and Hiba et al., 2020). In cases 
where more than one term of the model in [4-2] is used, it has been reported that a positive sign 
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of all the distortion coefficients would indicate the presence of barrel distortions on the image , 
while a negative sign would describe pincushion distortions. Moreover, when radial distortion 

coefficients exhibit a mixture of positive and negative signs, there is an occurrence of moustache 
radial distortions (Tang et al., 2017). The use of depressed versions of the model in [2-124] has 

been widely suggested (Gao and Yin 2013; Liu et al., 2016; Moravec, 2020). Arguments have 
been put forward to justify the choices between odd and even power distortion polynomia ls ; 
however, some authors, more specifically Nave and Francos (2008), suggested the use of 

general models that contain both even and odd power terms for modelling of severe radial 
distortions and formulated them as follows:  

   ( )
1 1

1
j

i

j i i

f r r
+ +

= + =

= +                                                   [2-125] 

 Vargas et al. (2020) proposed the use of a version of [2-125] with six terms and a highest power 
equal to five to model severe moustache radial distortions. To relate distorted image coordinates 
with their undistorted counterparts through the proposed quintic model is done as follows:  

5 5

1 1

j

d u u i u

j i i

x x x r
= + =

 
= +  

 
                                                 [2-126] 

                                               [2-127] 

It can be noted from the formulations in [2-126] and [2-127] that in the absence of radial 

distortions, the distorted coordinates d
x and d

y   are mapped as distortion-free u
x  and u

y  image 

coordinates. The radius u
r is estimated as follows: 

   ( ) ( )
2 2

0 0u u u
r x x y y= − + −                                             [2-128] 

Where 0
x  and 0

y represent the coordinates of the principal point. The five radial distortion 

coefficients 1
 , 2

 , 3
 , 4

 and 5
   in [2-126] and [2-127] were estimated by the authors using 

the Zhang method that needs few images of a planar calibration pattern (Zhang, 2000). From the 

estimated coefficients, the undistorted coordinates of image points are recovered through the 
lookup table method. Although four of the five radial distortion coefficients estimated by the 
above author have negative signs that normally describe moustache radial distortions, an input 

of these coefficients back into a general quintic polynomial model, however, produces a 
pincushion distortion effect. In contrast, Hirmiz et al. (2019) and Ibrahim et al. (2022) 

suggested that radial barrel distortions are better modelled by three-terms depressed six-order 
polynomial function, reformulating the relations in [2-126] and [2-127] as the following: 
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Hirmiz et al. (2019) used an optimization approach that minimizes the distance error between 

distortion- free points’ locations and their distorted counterparts extracted from photographed 
images of biological cells to solve for the radial distortion coefficients. The obtained distortion 

coefficients were then used in a lookup table to correct the distorted images. In contrast, Ibrahim 

et al. (2022) computed radial distortion coefficients from images of a checkerboard and applied 
distortion corrections to the distorted points using the camera calibration toolbox provided in 
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MATLAB. Although Hirmiz et al. (2019) suggested that coefficients beyond 2
  have a very 

minimal influence in the modelling of barrel radial distortions, Sims-Waterhouse et al. (2020) 
argued that the consideration of more coefficients beyond the second one is recommended 

because it enables to formulate high order distortion polynomials capable of modelling severe 
distortions. This opinion was also shared by Barbero‐García et al. (2018), Capolupo et al. 

(2020), and Janos and Benesova (2021), who argued that some camera calibration software 
packages, such as Agisoft PhotoScan, can now accommodate up to four radial distortion 
coefficients to improve the accuracy of the camera calibration process.  

  

 

2.7. Analytical Solutions for Inverse Radial Distortion Coefficients Models  
 

Inverse radial distortion coefficients are essential to correct images from radial distortion through 

an inverse polynomial function. Polynomial reversion strategies are generally related to solutions 
of differential equations (Zwillinger and Dobrushkin, 2021). In recent years, inverse 

polynomials have also expanded to applications such as digital image processing in remote 
sensing (Chen et al., 2021). In the context of camera calibration, three strategies have been 
widely used, including estimating radial distortion coefficients through iteration processes that 

require initial estimates of the coefficients (Abeles, 2018; Pan et al., 2022). Estimation of 
inverse distortion coefficients can also be achieved through a lookup table strategy (Li et al., 

2015; Darvatkar and Bhandari, 2017) or the computation of derivatives of the radial distortion 

polynomial to approximate the closest Taylor series (Fang and Zheng, 2016; Vieira et al., 

2017). However, the above-listed techniques suffer from some limitations that may limit the 

performance of the reversed function to capture radial distortion profiles accurately. It can be 
noted, for instance, that estimating the derivative of a distortion function to approximate the 
nearest Taylor series, which is used as a reverse model, can only deal with minimal radial 

distortions, and the strategy has shown its inefficiency when it comes to dealing with severe 
distortions since the second and higher order terms of radial distortion polynomial functions are 

generally ignored (Mallon and Whelan, 2004; Ma et al., 2023). Estimating inverse coefficients 
of radial distortion by iteration can be subjective since it is very difficult to predict the number 
of iterations at which the function will converge. It also requires several images to achieve a 

good enough result, is time-consuming, and performs poorly when dealing with severe 
distortions. The constraint to impose a value of zero on the fourth radial distortion coefficient to 

estimate more than three inverse coefficients can lead to false solutions of inverse coefficients 
(Hamed et al., 2021). The lookup table solution similarly imposes some restrictions, such as the 
range within which the coefficients must belong, which can also weaken the image correction 

process. In addition to the above solution, Drap and Lefevre (2016) proposed a recursive 
formula to estimate inverse coefficients from radial distortion polynomials. To run the iteration 

process to refine the inverse coefficients, the proposed solution also imposes a numerical value 
of zero on the fourth radial distortion coefficient to compute coefficients beyond the third one. 
Among the limitations of this proposed approach is the intense series manipulation required. The 

other end of the approach is the rigidity of the algorithms proposed to compute the various 
inverse radial distortion coefficients that are only suitable for radial distortions modelled by low-

degree polynomial functions. The proposed inverse algorithms cannot model severe barrel, 
pincushion, and moustache radial distortion profiles. 
 

2.8. Concluding Remarks 

 

The findings of this critical literature review exposed a lack of substantial photogrammetry 
literature on camera pose estimation through accurate decomposition solutions of the projective 
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transformation matrix. When considering techniques such as QR and Cholesky factorizat ions 
and three other existing decomposition approaches designed for computer vision applications, it 

was clear that camera calibration produced unsatisfying results as the different algorithms 
developed through these approaches lack robustness and do need to be more reliable for 

photogrammetry applications. To date, no significant work in the photogrammetry literature has 
considered the potential of preserving geometric constraints imposed by the formulation of the 
projective transformation matrix on individual camera parameters when independently 

calibrating the parameter of camera pose. 
Added to this, it is perhaps predictable to say that in the background of photogrammetry 

literature, it was not possible to consolidate an appropriate theoretical basis of fully analytica l 
mathematical systems that deal with the reversion of radial distortion polynomial functions and 
compute accurate inverse radial distortion coefficients needed for radial distortion corrections. 

For this reason, directions for the primary research on the analytical reversion of polynomia l 
radial distortion models, and the computation of inverse distortion coefficients relied on a 

strategy extracted from the computer vision literature. This specific work, authored by Drap and 

Lefevre (2016), is referred to in this thesis as a semi-analytical approach because the second 
phase of the computation of inverse radial distortion coefficients involves an iterative 

optimization process that refines all the analytically estimated inverse radial distortion 
coefficients together through a cost function. However, this computer vision method offers a 

loose formulation framework and accuracy uncertainties, especially when it comes to dealing 
with complex distortion curves describing profiles such as severe barrel, pincushion, and 
moustache radial distortions. 
  

CHAPTER 3  

ANALYTICAL ESTIMATION OF CAMERA INTRINSIC AND 

EXTRINSIC PARAMETERS FROM A SINGLE IMAGE IN CLOSE-

RANGE PHOTOGRAMMETRY 
 

3.1 Introduction 

 

Close-range photogrammetry refers to terrestrial or near-ground photogrammetric imaging 
conducted from relatively short distances, typically less than 300 meters from the object of 

interest. This domain contrasts with traditional aerial or satellite photogrammetry, where the 
imaging geometry is governed by greater object-to-camera distances and flight-based 
acquisition. Close-range applications are often performed using non-metric or consumer-grade 

cameras, such as DSLRs cameras or mobile phone cameras, where internal geometry is not fixed 
and thus requires calibration. With the development of cheap off-the-shelf digital cameras, the 

number of applications in close-range photogrammetry has increased drastically in the recent 
decade. Applications now range from building structure monitoring (Hu et al., 2021), landslide 
monitoring (Mokhtar et al., 2021), reconstruction of accident scenes (Stehel et al., 2021), and 

archaeological site reconstruction (Sapirstein, 2018; Marín-Buzón et al., 2021), to name a few. 
A central requirement across all these applications is the accurate estimation of camera pose 

parameters, which refer to the location and orientation of the camera in the 3D scene (Semeniuta, 

2016; Liu et al., 2017). These parameters are fundamental to transforming image measurements 
into reliable and metrically accurate spatial data (Luhmann et al., 2016). 
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To ensure high measurement accuracy, significant research effort has been devoted to the 
calibration of camera systems. This includes the determination of both extrinsic parameters 

(camera location and orientation) and intrinsic parameters such as focal length, principal point, 
and lens distortion coefficients. Multi-view camera calibration, in particular, has become a 

standard approach in close-range photogrammetry, as it enables the estimation of radial 
distortion and improves pose estimation robustness by leveraging redundant observations from 
multiple perspectives. Several approaches available in the literature implement multi-stage 

optimization techniques based on well-established approaches like those of Tsai (1984) and 
Zhang (2000), offering effective solutions for multi-camera setups or moving cameras across 

views. Kurillo et al. (2008) proposed a two-stage multi-camera approach that computes the 
camera parameters by applying the Tsai (1984) approach to data collected from a checkerboard 
calibration pattern in the first stage. In the second stage, the coefficients of the translation matrix, 

as well as those describing the camera orientation in a 3D scene, are estimated up to a scale factor 
using triangulation and then later optimized using the Levenberg-Marquardt algorithm. For more 

insight into the algorithm, the reader can refer to the work of Gavin (2019). Wang et al. (2016) 
proposed an approach that estimates the parameters of camera location and orientation as well 
as the coordinates of the principal point and the effective focal lengths under the constraint that 

the calibration pattern is parallel to the image plane, which results in a simplified formulation of 
the rotation matrix. The proposed solution starts with an equation estimating the first two Euler 

rotation angles and the last coefficient of the translation vector through a system of linear 
equations with at least five-point correspondences. The remaining two coefficients of the 
translation vector and the last Euler rotation angle are estimated from the radial alignment 

constraint using the linear least squares method. One challenge with the proposed solution is the 
parameter coupling, which is of great concern in photogrammetry. In addition, achieving perfect 

parallelism between the flat surface of the calibration object and the image plane is very difficult.  
Lei et al. (2020) instead proposed a camera pose calibration approach based on the Zhang 
method (Zhang, 2000) to estimate the initial values of parameters of camera location and 

orientation in a 3D scene, which are later optimized using the maximum likelihood algorithm 
under the constraint that the origin of the world coordinate frame is located on the planar surface 

of the calibration pattern. Zhu et al. (2020) proposed an estimation method based on the 
RANSAC algorithm using point correspondence from which systems of linear equations are 
derived and solved using Grobner basis methods while assuming the principal point to be the 

centre of the image. However, it has been earlier reported in Xu et al. (2019) that the single 
elimination template of the Grobner basis can lead to numerical instabilities for the estimated 

camera parameters. In addition, the RANSAC algorithm does not always guarantee a perfect 
match between image points due to the unsupervised sample selection process (Wierzbicki, 

2018). In addition, the fact that the tool relies on user-defined settings for distance threshold, 

minimal number of inliers threshold, as well as the number of iterations, makes the accuracy of 
the output camera parameters to be very subjective because these thresholds are determined 

based on trial and error (Rabin et al., 2010; Wang et al., 2013). Another strategy to estimate 
the parameters of camera location and orientation in a 3D scene is by iterative point 
correspondence, where initial values of the camera parameters are pre-estimated through a batch 

processing procedure. The newly estimated parameters are refined using the Kalman filter ing 
technique (Chu and Yang, 2020). Techniques estimating the parameters of camera pose relying 

on iterative methods have been largely criticized as unsuitable for non-metric cameras since their 
internal geometry is subjected to instabilities between tasks (Abdel-Aziz et al., 2015). The 
Singular Value Decomposition (SVD) method has also attracted some attention for estimating 

parameters of camera pose. However, the parameters computed through this strategy require 
further processing through optimization to achieve acceptable estimates (Cao et al., 2018). Zhao 

et al. (2016) and Burger (2019) advocated the use of the DLT algorithm to recover the 
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parameters of camera pose because of its simplicity in computing the coefficients of the 
projective transformation matrix from which the camera parameters can be extracted.  

Although the above-discussed camera calibration strategies offer some robust solutions, these 
approaches often depend on complex optimization algorithms, external calibration patterns, and 

assumptions about the imaging geometry, such as planar alignment or precise image-to-pattern 
parallelism, which may not always be achievable in practical field settings. In contrast, the 
development of fully analytical camera pose calibration approaches based on a single image 

remains limited, despite the increasing demand for minimal-setup and flexible calibration 
procedures. Analytical methods are attractive because they avoid iterative optimization and can, 

in principle, provide closed-form solutions for camera parameters under certain constraints. 
Nevertheless, their adoption has been hampered by significant challenges, including nonlinear 
parameter coupling, sign ambiguity, multiple parameter roots, and the preservation of geometric 

constraints within the projective transformation matrix (Lowe, 1987; Henrichsen, 2000). 
Additionally, accurate estimation of central camera intrinsic parameters such as the coordinates 

of the distortion centre and the effective focal lengths during the camera pose estimation using a 
single image has not been adequately addressed by existing fully analytical methods. 

This chapter addresses these gaps by proposing a novel, fully analytical calibration framework 

based on a single-view image. The approach is designed to independently estimate the full set of 
camera pose parameters, along with key intrinsic parameters such as the coordinates of the 

principal point and the effective focal lengths, thereby improving the geometric fidelity of the 
calibration without requiring multiple views or iterative optimization. By minimizing parameter 
coupling, eliminating sign ambiguities, and preserving the internal structure of the camera 

projection model, this method offers a scalable and theoretically grounded alternative to 
conventional calibration pipelines. The proposed technique is particularly suited for applications 

where only a single image is available, where calibration must be performed in situ with minimal 
equipment, or where access to multi-view data is limited. 
 

 
3.2  Methodology 
 

3.2.1. Formulating the Rigid Body Transformation Matrix 
 

A rigid body transformation is a transformation that does not change the shapes and sizes of 3D 
objects but only changes their respective locations and orientations in the object space (Than et 

al., 2017; Liu et al., 2021). This transformation generally involves a concatenation of three 

rotations of the three planes composing the camera coordinate frame around the planes, making 
an arbitrary 3D scene coordinate system (Miyata et. al., 2017; Chen et al., 2021).  The 

translation between the origins of the 3D scene coordinate frame, and that of the camera 3D 
coordinate frame is a component of the rigid body transformation process and is done either prior 
to or after the rotation, and any sequence has no influence on the resulting transformed column 

or row vector (Cai et. al., 2020). Concatenating the rotation matrix and the translation matrix 
into a single matrix only offers a computational advantage in terms of the number of operations 

performed on the point vector.  
In this chapter, the translation between the coordinate systems’ origins was performed prior to 
the rotation phase through a displacement matrix. To formulate the displacement matrix, a 

common reference point located in the 3D scene with coordinates ( )0, 0, 0  was considered. 

From this reference point, the coordinates of the location of the centre of the 3D scene coordinate 

frame ( ), ,X Y Z    are measured, as well as those of the origin of the camera’s 3D coordinate 

system ( )0 0 0
, ,X Y Z . Since the coordinates of the origins of both coordinate systems are 

Q
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expressed with respect to this common reference point, moving the origin of the camera 
coordinate system to the location of the origin of the 3D world coordinate system was achieved 

through the following displacement matrix: 

  
0

0

0

1 0 0

0 1 0

0 0 1

X

T Y

Z

− 
 

= −
 
 − 

                                                          [3-1] 

Parameters 0
X , 0

Y and 0
Z  describe the position of the camera in a 3D scene at the time of image 

capture. Once the coordinate systems’ origins are superimposed, the first rotation was performed 

in order to transform the orientation of the camera C C
Y Z−   plane to bring it to a near-paralle l 

orientation with reference to the world coordinate frame’s Y Z
 
−   plane through a rotation by 

an angle   around the camera C
X axis to create a new 2 2C C

Y Z−   camera plane. This first 

rotation was formulated through the following matrix: 

      

1 0 0

0 cos sin

0 sin cos

cX
R  

 

 
 

= −
 
  

                                              [3-2] 

Where 2C
Y and 2C

Z  represent the new camera Y and Z axes after the first rotation. The second 

rotation performed had the aim of modifying the orientation of the newly created 2C C
X Z− plane 

by a rotation around the newly created 2C
Y axis with an angle  . This second rotation around the 

newly created 2C
Y  axis is represented by the second rotation matrix formulated as follows: 

      
2

cos 0 sin

0 1 0

sin 0 cos

cY
R

 

 

 
 

=
 
 − 

                                             [3-3] 

As it can be observed on the newly created 2 2C C
Y Z−  and 2 2C C

X Z−   planes, there is a recurrence 

of the camera C
Z  axis; this simply means the first two rotations had as objective the alignment 

of the camera C
Z  axis with the world Z

  axis. With the camera C
Z  axis now aligned with the 

world Z
  axis, a roll rotation by an angle  is performed to perfect the alignments between the 

camera coordinate system’s 2C
X  , 2C

Y  axes, and the world coordinate system’s X  and Y
  

axes, respectively. This transformation is described through the following third rotation matrix: 

   
2

cos sin 0

sin cos 0

0 0 1

cZ
R

 

 

− 
 

=
 
  

                                                  [3-4] 

With 2C
X

 
the new camera X  axis after the second rotation. The formulation of the rotation 

matrix adopted in this chapter was computed as follows: 

 

2 2

cos cos cos sin sin sin cos cos sin cos sin sin

sin cos sin sin sin cos cos sin sin cos cos sin

sin cos sin cos cos

c c cZ Y X
R R R R

           

           

    

− + 
 

=   = + −
 
 − 

 [3-5] 
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A simplified expression of [3-5] adopted in this chapter for formulation advantages is presented 
as follows: 

  

11 12 13

21 23 23

31 32 33

r r r

R r r r

r r r

 
 

=
 
  

                                                            [3-6] 

With the parameters 11
r , 12

r , 13
r … 33

r  representing the nine coefficients of the rotation matrix that 

are composed of associations of trigonometric functions. From [3-6], a formulation of the rigid 

body transformation matrix  B
R

 
can be achieved by adding a fourth column filled with the three 

coefficients x
t , y

t and z
t    of the translation matrix, respectively, as the last coefficient of the 

first, second, and third rows of the matrix [3-6] to produce the following: 

    

11 12 13

21 23 23

31 32 33

x

B y

z

r r r t

R r r r t

r r r t

 
 

=
 
  

                                                   [3-7] 

Similarly, another formulation of the rigid body transformation matrix can be achieved by post 
multiplying [3-1] with [3-6] as follows: 

 

11 12 13 0 11 12 13 0 11 0 12 0 13

21 23 23 0 21 23 23 0 21 0 23 0 23

31 32 33 0 31 32 33 0 31 0 32 0 33

1 0 0

0 1 0

0 0 1

B

r r r X r r r X r Y r Z r

R r r r Y r r r X r Y r Z r

r r r Z r r r X r Y r Z r

− − − −     
     

= − = − − −
     
     − − − −     

        [3-8] 

A comparison of the last columns between matrices [3-7] and [3-8] shows that the coefficients 

of the translation vector x
t , y

t and z
t  are functions of the coefficients of the rotation matrix and 

the parameters of the camera location in the 3D scene 0
X  , 0

Y  and 0
Z . Either of these parameters 

can be retrieved if the other set is known; for instance, with knowledge of the nine coefficients 

of the rotation matrix and the parameters of camera location, it is possible to estimate the three 
coefficients of the translation vector and vice versa.  

  
 3.2.2. Formulating the Camera Projective Matrix 
 

Camera projective matrices convert the non-measurable 3D camera coordinates to measurable 
image coordinates that can be expressed in world units or in pixels. The matrix is usually made 

of a scaling factor as the first coefficient of the first row; this coefficient can be set to the camera 

constant f  or to the effective focal length in the x   direction x
f . This effective focal length 

measure is a ratio of the focal length over the pixel dimension in the  direction. In addition, the 
second coefficient of the first row is the skew factor   , generally assumed to be zero under the 

assumption that the image coordinate system’s axes are orthogonal, while the last coefficient of 

the row is the first coordinate of the principal point 0
u  .  In contrast, the first coefficient of the 

second row of the matrix is set to zero to eliminate the image  coordinate, while the second 

coefficient of the row is the second effective focal length y
f  in the y direction, and the last 

coefficient of this row is the second coordinate of the principal point 0
v . The third row of the 

matrix has the first two coefficients set to zero to eliminate the x  and y   image coordinates, 

respectively, while the last coefficient is set to one to accommodate the homogeneous 

representation of the column vector being transformed. Some formulations of the camera 

x

x
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projective matrix may perform an additional scaling applied to the focal length or the effective 
focal length in the x   direction. In contrast, others applied the parameter to the effective focal 

length in the  direction. This scaling is generally done using the aspect ratio factor, which is 

generally set to unity. The formulation of the camera projective matrix adopted in this chapter is 
as follows: 

 

0

0

0

0

0 0 1

x

y

f u

k f v

 
 

=
 
  

                                                      [3-9] 

Where
1

x x
fd f

−
=   and 

1

y y
fd f

−
=  [3-10], are the effective focal lengths while x

d  and y
d  are the 

dimensions of a pixel in the x  and y directions, respectively.  

 
 

3.2.3. Formulating the Projective Transformation Matrix 
 

 

 Multiplying the matrix in [3-7] with the camera matrix in [3-9] produces the following 
formulation of the projective transformation matrix:  

 
0 11 12 13 11 0 31 12 0 32 13 0 33 0

0 21 22 23 21 0 31 22 0 32 23 0 33 0

31 32 33 31 32 33

0

0

0 0 1

x x x x x x x z

TM y y y y y y y z

z z

f u r r r t f r u r f r u r f r u r f t u t

P f v r r r t f r v r f r v r f r v r f t v t

r r r t r r r t

+ + + +     
     

= = + + + +
     
          

  [3-11] 

 

The estimated projective transformation matrix in [3-11] contains 12 coefficients made of 
coefficients of the rotation and translation matrices, the effective focal lengths, and the 

coordinates of the principal point, thus making nineteen unknowns to be calibrated. The 
parameters of camera location in a 3D scene will also be calibrated with knowledge of the 
coefficients of the translation vector.   Multiplying matrices in [3-9] and [3-10] gives the 

parametric formulation of the projective transformation matrix considered in this study as 
follows: 

 

( ) ( )

( )

( )

( )

( ) ( )
0

0 0

0 0 0

0

0 0 0

cos coscos sin sin cos sin cos
sin cos sin

sin cos sin sincos cos sin cos sin sin sin cos
cos

cos sin cos cos cos sin cos sin sin

x x

x x

TM

X
f f X Y

f u f Y u
Z

u u Z

P

      
  

          


        

−    
− −    

− +− − − +     
− + + − + 

=

( )

( ) ( )

( )

( )

( )

( )
0

0 0

0 0 0

0 0 0
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sin cossin sin sin sin sin cos
sin cos sin

cos cos cos sinsin cos sin sin sin sin cos cos

cos sin cos cos sin sin cos cos sin

y y

y y

X
f f X Y

f v f Y v

v v Z



      
 

          

        

 
 
 
 

−    
− −    
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( )
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( )

0

0 0

0

cos cos

sin cos sin
sin cos sin cos cos

cos cos

Z

X Y

Z



 

  
    

 

 
 
 
 
 
 
  
  

  − 
 
 

− − 
− 

− 
 
 

 [3-12] 

 

It can be observed from the last column of the matrix in [3-12] that the position of the camera in 
a 3D scene is directly related to the position of the principal point and the coefficients of the 

rotation matrix. This geometrically makes sense in a pinhole projection geometry. A more 
simplified formulation of [3-12] from [3-1], [3-6] can be expressed as follows: 
 

( ) ( )

( ) ( )
11 0 31 12 0 32 13 0 33 0 11 0 12 0 13 0 0 31 0 32 0 33

21 0 31 23 0 32 23 0 33 0 21 0 23 0 23 0 0 31 0 32 0 33

31 32 33 0 31 0 32 0 33

x x x x

TM y y y y

f r u r f r u r f r u r f X r Y r Z r u X r Y r Z r

P f r v r f r v r f r v r f X r Y r Z r v X r Y r Z r

r r r X r Y r Z r

+ + + − − − + − − − 
 

= + + + − − − + − − − 
 − − − 

[3-13] 

                  

y
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3.2.4. Proposed Fully Analytical Decomposition Solution 

 

With at least eight 3-D world calibration points and their respective projected image points, it is 
possible to estimate the twelve coefficients of the projective transformation matrix using the 

Direct Linear Transformation algorithm. For computational advantages, let us call H  the 
experimentally computed projective transformation matrix through the DLT algorithm with the 

eleven coefficients 1
H , 2

H , 3
H , 4

H , 5
H …. 11

H as follows: 

    

1 2 3 4

5 6 7 8

9 10 11
1

H H H H

H H H H H

H H H

 
 

=
 
  

                                                        [3-14] 

A direct comparison coefficient by coefficient cannot yet be established between the matrix in 

[3-11] and that in [3-14] because the computed projective transformation matrix H  is scaled. To 
establish the equality between these matrices, the first scenario is to scale all the matrix 

coefficients in [3-21] by the last coefficient of the translation vector z
t . However, this scaling 

will result in the damages of geometric relationships that relate the various camera parameters 

within the projective transformation matrix. The second option is to find the estimate of the 

coefficient 12
H , then rescale the coefficients 1

H , 2
H , 3

H ,… 11
H , before performing the inter 

coefficient comparison between both matrices. It can be observed in matrix [3-11] that the first 

three coefficients of the last row of the matrix are not concatenated with any other camera 
parameters. Thus, taking advantage of this isolation, the following equations are established: 

31

9

z

r
H

t
=                                                                   [3-15.1] 

32

10

z

r
H

t
=                                                                 [3-15.2] 

33

11

z

r
H

t
=                                                                  [3-15.3] 

 

Elevating both sides of [3-15.1]- [3-15.3] to the quadratic power and then adding the results lead 
to the following: 

                                      
2 2 2 2 2 2

31 32 33 9 10 112

1
( )

z

r r r H H H
t

+ + = + +                                            [3-16]    

From the orthogonality property of the rotation matrix, the expression in [3-16] can be simplif ied 
to the following: 

  
( )2 2 2

9 10 11

1
z

t
H H H

=
+ +

                                                            [3-17] 

A rescaling of the matrix in [3-14] by [3-17] produces the following: 
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
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     [3-18] 

 
From [3-11] and [3-18] the following twelve nonlinear equations can be formulated after 

simplifications: 

1

11 0 31
2 2 2

9 10 11

x

H
f r u r

H H H
+ =

+ +
                                                                [3-19.1] 

2

12 0 32
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9 10 11

x

H
f r u r

H H H
+ =

+ +
                                                                [3-19.2] 

3

13 0 33
2 2 2

9 10 11

x

H
f r u r

H H H
+ =

+ +
                                                               [3-19.3] 

4

0
2 2 2

9 10 11

x x z

H
f t u t

H H H
+ =

+ +
                                                                [3-19.4] 

5

21 0 31
2 2 2

9 10 11

y

H
f r v r

H H H
+ =

+ +
                                                              [3-19.5] 

6

23 0 32
2 2 2

9 10 11

y

H
f r v r

H H H
+ =

+ +
                                                             [3-19.6] 

7

23 0 33
2 2 2

9 10 11

y

H
f r v r

H H H
+ =

+ +
                                                             [3-19.7] 

8

0
2 2 2

9 10 11

y y z

H
f t v t

H H H
+ =

+ +
                                                               [3-19.8] 

9

31
2 2 2

9 10 11

H
r

H H H
=

+ +
                                                              [3-19.9] 

10

32
2 2 2

9 10 11

H
r

H H H
=

+ +
                                                            [3-19.10] 

11

33
2 2 2

9 10 11

H
r

H H H
=

+ +
                                                            [3-19.11] 

34
2 2 2

9 10 11

1
z

r t
H H H

= =
+ +

                                                      [3-19.12] 

 

 

Substituting the parameters in [3-5] into each equation in [3-19.1]- [3-19.11] leads to the 
following equations:  

1

0
2 2 2

9 10 11

cos cos sin
x

H
f u

H H H
  − =

+ +
                                [3-20.1]                                                           
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( ) ( ) 2

0
2 2 2

9 10 11

cos sin sin cos sin sin cos
x

H
f u

H H H
      − + =

+ +
                     [3-20.2]                                                       

( ) ( ) 3

0
2 2 2

9 10 11

cos cos sin sin sin cos cos
x

H
f u

H H H
      + + =

+ +
[3-20.3]                                                       

( )

( )

( )

( ) ( )

( )

0

0 0 4

0 0
2 2 2

0 9 10 11

0

cos cos
sin sin cos

cos sin sin cos sin
cos cos

cos cos sin sin sin

x

X
X Y H

f Y u
Z H H H

Z

 
  

    
 

    

− 
− −  

− − + =    − + +   
− + 

[3-20.4] 

5

0
2 2 2

9 10 11

sin cos sin
y

H
f v

H H H
  − =

+ +
                                       [3-20.5]                                                   

( ) ( ) 6

0
2 2 2

9 10 11

sin sin sin cos cos sin cos
y

H
f v

H H H
      + + =

+ +
                [3-20.6] 

( ) ( ) 7

0
2 2 2

9 10 11

sin cos sin sin cos cos cos
y

H
f v

H H H
      − + =

+ +
               [3-20.7] 

( )

( )

( )

( ) ( )

( )

0

0 0 8

0 0
2 2 2

0 9 10 11

0

sin cos
sin sin cos

sin sin sin cos cos
cos cos

sin cos sin sin cos

y

X
X Y H

f Y v
Z H H H

Z

 
  

    
 

    

− 
− −  

− + + =    − + +   
− − 

[3-20.8] 

9

2 2 2

9 10 11

sin
H

H H H
− =

+ +
                                                [3-20.9] 

10

2 2 2

9 10 11

sin cos
H

H H H
  =

+ +
                                             [3-20.10] 

11

2 2 2

9 10 11

cos cos
H

H H H
  =

+ +
                                              [3-20.11] 

 

3.2.5. Calibration of individual camera pose parameters 

 

A. Calibrating the third coefficient of the translation vector 

 

 

From [3-17] the third coefficient of the translation vector was calibrated as follows: 

 

      
2 2 2

9 10 11

1
z

t
H H H

=
+ +

                                                          [3-21] 

 

Since modern cameras produce upright images and considering that the focal is positive, the 

parameter estimated in [3-21] is of a positive sign. 
 

 
B. Calibrating the three Coefficients of the Third Row of the Rotation Matrix 

 

 

From [3-19.9]- [3-19.11] the three coefficients of the last row of the rotation matrix can be 
calibrated as follows: 
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2 2 2

9 9 10 11

31 2 2 2

9 10 11

H H H H
r

H H H

+ +
=

+ +
                                                         [3-22.1] 

2 2 2

10 9 10 11

32 2 2 2

9 10 11

H H H H
r

H H H

+ +
=

+ +
                                                       [3-22.2] 

2 2 2

11 9 10 11

33 2 2 2

9 10 11

H H H H
r

H H H

+ +
=

+ +
                                                       [3-22.3] 

 
Elevating the left and right sides of equations [3-22.1]- [3-22.3] to the power of two and then 

adding the respective results side by side leads to the following: 
 

    
2 2 2

2 2 2 9 10 11

31 32 33 2 2 2

9 10 11

1
H H H

r r r
H H H

+ +
+ + = =

+ +
                                             [3-22.4] 

From the results in [3-22.4] the last row of the rotation matrix satisfies the orthonormality 
property of the axes of a rotation matrix. 
 

 
C. Calibrating the two first rotation angle 

 

From [3-20.9] the following calibration algorithm can be derived: 

    
( )

1 9

2 2 2

9 10 11

sin
H

H H H


− −
=

+ +
                                                     [3-23.1] 

It can be observed from [3-19.2]-[3-19.8] and [3-19.10]-[3-19.12] that the angle  is associated 

with the coordinates of the camera location in a 3D scene 0
X , 0

Y , 0
Z , the coordinates of the 

principal point 0
u , 0

v , the effective focal lengths x
f  , y

f , as well as the other two rotation angles 

   and  through ten geometric constraints. In order to independently calibrate this angle    

while minimizing its reliance on the above-mentioned parameters, equation [3-20.10] can be 
divided by equation [3-20.11] to produce the following: 

   
1 10

11

tan
H

H


−
=                                                        [3-23.2] 

An observation of [3-19.1]- [3-19.9] reveals that the angle    is related to the coordinates of the 

camera location in the world reference system 0
X , 0

Y , 0
Z , the coordinates of the principal point 

0
u , 0

v , the effective focal lengths x
f , y

f as well as the other two rotation angles   and   

through eight geometric constraints. To start the isolation of this angle from the above 

parameters, equation [3-20.3] can be multiplied with equation [3-20.10] to produce the 
following: 

2 2 3 10

0 2 2 2

9 10 11

cos sin cos sin cos cos sin sin cos sin cos
x x

H H
f f u

H H H
          


+ + =

+ +
 [3-23.3] 

Multiplying [3-20.2] with [3-20.11] leads to the following: 

2 2 2 11

0 2 2 2

9 10 11

cos sin cos sin cos cos sin cos cos sin cos
x x

H H
f f u

H H H
          


− + =

+ +
    [3-23.4]                     

Subtracting [3-23.4] from [3-23.3] can be formulated as follows: 
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3 10 2 11

2 2 2

9 10 11

cos sin
x

H H H H
f

H H H
 

 − 
=

+ +
                                             [3-23.5] 

Similarly, multiplying [3-20.7] with [3-20.10] produces the following: 

 2 2 7 10

0 2 2 2

9 10 11

cos sin cos sin sin cos cos sin sin cos cos
y y

H H
f f v

H H H
          


− + =

+ +
 [3-23.6]                        

Multiplying [3-20.6] with [3-20.11] produces the following: 

2 2 6 11

0 2 2 2

9 10 11

cos sin cos sin sin cos cos cos cos sin cos
y y

H H
f f v

H H H
          


+ + =

+ +
 [3-23.7]  

Subtracting [3-23.6] from [3-23.7] leads to the following formulation: 

      
6 11 7 10

2 2 2

9 10 11

cos cos
y

H H H H
f

H H H
 

 − 
=

+ +
                                [3-23.8] 

Dividing [3-23.5] by [3-23.8] leads to the following: 

   
( )

( )
3 10 2 11

6 11 7 10

tan
y

x

f H H H H

f H H H H


 − 
=

 − 
                                               [3-23.9] 

 

D. Calibrating the coordinates of the principal point 

 

Let 1
   be the quantity obtained by dividing [3-20.9] by 

2

z
t  and formulated as follows: 

 

   
( )2 2 2

9 9 10 11

1 2 2 2 2

9 10 11

sin

z

H H H H

t H H H




+ +−
= =

+ +
                                             [3-24.1] 

Let 2
 be the quantity obtained by dividing [3-20.10] by 

2

z
t  and formulated as follows: 

      
( )2 2 2

10 9 10 11

2 2 2 2 2

9 10 11

sin cos

z

H H H H

t H H H

 


+ +
= =

+ +
                                        [3-24.2] 

Finally let 3
  be the quantity resulting from the division of [3-20.11] by 

2

z
t and formulated as 

follows: 

     
( )2 2 2

11 9 10 11

3 2 2 2 2

9 10 11

cos cos

z

H H H H

t H H H

 


+ +
= =

+ +
                                        [3-24.3] 

 

From [3-20.1]- [3-20.4] it can be observed that the first coordinate of the principal point 0
u  is 

subjected to parameter coupling with rotation angles   , and  , the coordinates of the camera 

location 0
X , 0

Y , 0
Z  and the first effective focal lengths x

f  through four geometric constraints.  

To isolate this coordinate while preserving its geometric relationships with the above-mentioned 

parameters, equation [3-20.1] can be multiplied with the expression [3-24.1] to produce the 
following: 

          
2 9 1

0 2 2 2

9 10 11

cos sin cos sin
x

H H
f u

H H H
   


− + =

+ +
                         [3-25.1] 

Multiplying [3-20.2] with [3-24.2] leads to the following formulation: 

2 2 2 2 10

0 2 2 2

9 10 11

cos cos sin sin cos sin cos sin cos sin
x x

H H
f f u

H H H
         


− + =

+ +
   [3-25.2] 
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Similarly, multiplying [3-20.3.]  with [3-24.3] produces the following:  

2 2 2 3 11

0 2 2 2

9 10 11

cos cos sin cos cos sin cos sin cos cos
x x

H H
f f u

H H H
         


+ + =

+ +
[3-25.3] 

Adding [3-25.2] to [3-25.3] side by side produces the following: 

    
2 2 10 3 11

0 2 2 2

9 10 11

cos cos sin cos
x

H H H H
f u

H H H
   

 + 
+ =

+ +
                      [3-25.4] 

Adding [3-25.1] to [3-25.4] leads to the following calibration of the first coordinate of the 
principal point: 

    
1 9 2 10 3 11

0 2 2 2

9 10 11

H H H H H H
u

H H H

 +  + 
=

+ +
                                  [3-25.5] 

It can be observed from [3-25.5] that the calibration of the coordinate only relies on the 

coefficients of the projective transformation matrix H  and not those of the matrix in [3-21]. 

From equations [3-20.5]- [3-20.8] it can be noticed that the second coordinate of the principa l 

point 0
v  is also related to the parameters of camera location 0

X , 0
Y , 0

Z ,the rotation angles  ,

,  and the effective focal length y
f  through four geometric constraints, resulting in parameter 

coupling. To begin the isolation of this coordinate from the parameter coupling while preserving 

the geometric constraints that relate the coordinate to the other parameters, equation [3-20.6] can 
be multiplied with equation [3-24.2] to produce the following: 

 
2 2 2 6 10

0 2 2 2

9 10 11

cos sin sin sin cos sin cos cos sin cos
y y

H H
f f v

H H H
         


+ + =

+ +
 [3-25.6] 

Similarly, multiplying equation [3-20.7] with equation [3-24.3] produces the following: 

2 2 2 7 11

0 2 2 2

9 10 11

cos sin sin cos cos sin cos cos cos cos
y y

H H
f f v

H H H
         


− + =

+ +
  [3-25.7] 

Adding [3-25.6] to [3-25.7] side by side produces the following: 

   
2 6 10 7 11

0 2 2 2

9 10 11

cos sin sin cos
y

H H H H
f v

H H H
   

 + 
+ =

+ +
                                 [3-25.8] 

Similarly, multiplying equation [3-20.5] with equation [3-24.1] leads to the following: 

    
2 5 9

0 2 2 2

9 10 11

cos sin sin sin
y

H H
f v

H H H
   


− + =

+ +
                               [3-25.9] 

Adding [3-25.8] and [3-25.9] produces the following calibration of the second coordinate of the 
principal point: 

  
6 10 7 11 5 9

0 2 2 2

9 10 11

H H H H H H
v

H H H

 +  + 
=

+ +
                                          [3-25.10] 

Like the first coordinate of the principal point, the second coordinate is calibrated solely from 

the coefficients of the projective transformation matrix H .               
 
E. Calibrating the first effective focal length and the three coefficients of the second row 

of the rotation matrix 

 

From [3-20.1]-[3-20.4] it is observed that the first effective focal length x
f  is subjected to 

parameter coupling through four geometric constraints that relate the parameter to the first 

coordinate of the principal point 0
u , the three rotation angles  , , and the parameters of 
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camera location in the 3D scene 0
X  , 0

Y , 0
Z . In order to independently calibrate this parameter, 

the first coordinate of the principal point needs to be eliminated from the expressions in [3-20.1]-

[3-20.4]. At first inspection, this process seems very challenging. However, from an analysis of 

the expressions [3-20.1]–[3-20.12] some methodical trigonometric function manipulations are 

needed to achieve the above goal.  First, let us consider 1
  to be the product obtained after 

multiplying the expression [3-24.2] with [3-20.1] and formulated as follows: 

   
2 1 10

0 2 2 2

9 10 11

cos sin cos cos sin sin
x

H H
f u

H H H
     


− =

+ +
                              [3-26.1] 

Similarly, let 2


 
be a quantity obtained by multiplying equation [3-20.2] with equation [3-24.1] 

and formulated as follows: 

 
2 2 9

0 2 2 2

9 10 11

cos sin sin cos sin sin cos sin sin
x x

H H
f f u

H H H
        


− + − =

+ +
     [3-26.2] 

Subtracting [3-26.1] from [3-26.2] produces the following: 

( ) 2 9 1 10

2 2 2

9 10 11

cos sin sin cos sin
x

H H H H
f

H H H
    

 − 
− =

+ +
                          [3-26.3] 

From the rotation matrix in [3-5], the expression in [3-26.3] can be simplified as follows: 

  
2 9 1 10

232 2 2

9 10 11

x

H H H H
f r

H H H

 − 
=

+ +
                                             [3-26.4] 

Let 3
 be a quantity obtained by multiplying [3-20.3] with [3-24.1] and formulated as follows: 

 ( )2 3 9

0 2 2 2

9 10 11

cos cos sin sin sin sin cos sin cos
x

H H
f u

H H H
        


− + − =

+ +
          [3-26.5] 

Similarly let 4
  be a quantity obtained by multiplying the expression [3-20.1] with [3-24.3] and 

formulated as follows: 

 
2 1 11

0 2 2 2

9 10 11

cos cos cos cos sin cos
x

H H
f u

H H H
     


− =

+ +
                       [3-26.6] 

Subtracting [3-26.5] from [3-26.6] produces the following: 

( ) 1 11 3 9

2 2 2

9 10 11

cos cos sin sin sin
x

H H H H
f

H H H
    

 − 
+ =

+ +
                         [3-26.7] 

From the matrix [3-5] the expression [3-26.7] is equivalent to the following: 

   
1 11 3 9

222 2 2

9 10 11

x

H H H H
f r

H H H

 − 
=

+ +
                                                [3-26.8] 

Let 5
  be a quantity obtained by multiplying the expression [3-20.2] with [3-24.4] and 

formulated as follows: 
2 2 2 11

0 2 2 2

9 10 11

cos sin cos sin cos cos sin cos cos sin cos
x x

H H
f f u

H H H
          


− + =

+ +
  [3-26.9] 

Finally let 6


 
be a quantity resulting from the multiplication of equation [3-20.3] with equation 

[3-24.2] and formulated as follows: 

2 2 3 10

0 2 2 2

9 10 11

cos sin cos sin cos cos sin sin cos sin cos
x x

H H
f f u

H H H
          


+ + =

+ +
 [3-26.10] 

Subtracting [3-26.9] from [3-26.10] produces the following equality: 
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3 10 2 11

2 2 2

9 10 11

cos sin
x

H H H H
f

H H H
 

 − 
=

+ +
                           [3-26.11] 

From the matrix [3-5], the expression [3-26.11] was simplified to the following: 
 

   
3 10 2 11

212 2 2

9 10 11

r
x

H H H H
f

H H H

 − 
=

+ +
                                       [3-26.12] 

Elevating both sides of [3-26.12], [3-26.8] and [3-26.4] to the quadratic power and then adding 
the results side by side, respectively, produces the following: 

 

 ( )
( ) ( ) ( )

2 2 2

3 10 2 11 1 11 3 9 2 9 1 102 2 2 2

21 22 23 2 2 2

9 10 11

x

H H H H H H H H H H H H
f r r r

H H H

 −  +  −  +  − 
+ + =

+ +
 [3-26.13] 

From the orthonormal properties of the axes of a rotation matrix, the first effective focal length 
can be calibrated from [3-26.13] as follows: 

 

   
( ) ( ) ( )

2 2 2

3 10 2 11 1 11 3 9 2 9 1 10

2 2 2

9 10 11

x

H H H H H H H H H H H H
f

H H H

 −  +  −  +  − 
= 

+ +
   [3-26.14] 

With consideration that the focal length is a positive measure for modern cameras that produce 

upright photographs and the fact that the pixel measure in the x  direction is always positive 

regardless of the origin of the image coordinate system in pixel being located at the top left or 
the bottom left corner of the image, the estimate of this parameter is consequently of positive 
sign. From [3-26.12] the first coefficient of the second row of the rotation matrix was calibrated 

as follows: 

 

( ) ( ) ( )

3 10 2 11

21
2 2 2

3 10 2 11 1 11 3 9 2 9 1 10

r
H H H H

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 
 [3-26.15] 

 

Similarly, from [3-26.8] the second coefficient of the second row of the rotation matrix was 
calibrated as follows: 

( ) ( ) ( )

1 11 3 9

22
2 2 2

3 10 2 11 1 11 3 9 2 9 1 10

H H H H
r

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 
 [3-26.16] 

 

Finally, from [3-26.4] the last coefficient of the second row of the rotation matrix was calibrated 
as follows: 

( ) ( ) ( )

2 9 1 10

23
2 2 2

3 10 2 11 1 11 3 9 2 9 1 10

H H H H
r

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 
 [3-26.17] 

 

Elevating the left and right sides of equations [3-26.15], [3-26.16] and [3-26.17] to the quadratic 
power and then adding the respective results leads to the following: 

 

( ) ( ) ( )

( ) ( ) ( )

2 2 2

3 10 2 11 1 11 3 9 2 9 1 102 2 2

21 22 23 2 2 2

3 10 2 11 1 11 3 9 2 9 1 10

1
H H H H H H H H H H H H

r r r
H H H H H H H H H H H H

 −  +  −  +  − 
+ + = =

 −  +  −  +  − 
 [3-26.18] 

The second row of the rotation matrix satisfies the orthonormality property of the axes of a 

rotation matrix with its norm equal to one. 
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F. Calibrating the second effective focal lengths, the three coefficients of the first row of 

the rotation matrix and the third rotation angle 

 

Let 1
  be a quantity obtained by multiplying the expression in [3-20.6] with that in [3-24.3] and 

formulated as follows: 

2 2 6 11

0 2 2 2

9 10 11

cos sin cos sin sin cos cos cos cos sin cos
y y

H H
f f v

H H H
          


+ + =

+ +
 [3-27.1] 

Similarly, let 2
 be a quantity obtained by multiplying the expression [3-20.7] with the 

expression [3-24.2] and formulated as follows: 

2 2 7 10

0 2 2 2

9 10 11

cos sin cos sin sin cos cos sin cos sin cos
y y

H H
f f v

H H H
          


− + =

+ +
 [3-27.2] 

Subtracting [3-27.2] from [3-27.1] produces the following: 

   
6 11 7 10

2 2 2

9 10 11

cos cos
y

H H H H
f

H H H
 

 − 
=

+ +
                                             [3-27.3] 

From the matrix [3-5], the expression [3-27.3] can be simplified as follows: 

  
6 11 7 10

112 2 2

9 10 11

r
y

H H H H
f

H H H

 − 
=

+ +
                                                      [3-27.4] 

Let 3
 be the quantity obtained by multiplying the expression [3-20.5] with the expression [3-

24.3] and formulated as follows: 

 
2 5 11

0 2 2 2

9 10 11

cos sin cos cos sin cos
y

H H
f v

H H H
     


− =

+ +
                            [3-27.5] 

Let 4
 be a quantity obtained by multiplying the expression [3-20.7] with the expression [3-

24.1] and formulated as follows: 

  
2 7 9

0 2 2 2

9 10 11

sin cos sin cos sin sin cos sin cos
y y

H H
f f v

H H H
        


− + − =

+ +
        [3-27.6] 

Subtracting [3-27.5] from [3-27.6] leads to the following: 

    ( ) 7 9 5 11

2 2 2

9 10 11

cos sin sin sin cos
y

H H H H
f

H H H
    

 − 
− =

+ +
                                 [3-27.7] 

From the rotation matrix [3-5], the expression [3-27.7] can be simplified as follows: 

  
7 9 5 11

122 2 2

9 10 11

y

H H H H
f r

H H H

 − 
=

+ +
                                            [3-27.8] 

Let 5
 be a quantity resulting from multiplying the expression [3-20.5] with the expression [3-

24.2] and formulated as follows: 

    
2 5 10

0 2 2 2

9 10 11

sin sin cos cos sin sin
y

H H
f v

H H H
     


− =

+ +
                   [3-27.9] 

Finally, let 6
 be a quantity obtained after multiplying the expression [3-20.6] with the 

expression [3-24.1] and formulated as follows: 

   
2 6 9

0 2 2 2

9 10 11

sin sin sin cos cos sin cos sin sin
y y

H H
f f v

H H H
        


− − − =

+ +
 [3-27.10]   



62 | P a g e  

 

Subtracting [3-27.9] from [3-27.10]   leads to the following: 
 

  ( )5 10 6 9

2 2 2

9 10 11

sin sin cos cos sin
y

H H H H
f

H H H
    

 − 
= +

+ +
                              [3-27.11] 

From the rotation matrix in [3-5], the expression in [3-27.11] can be simplified as follows: 
 

                      
5 10 6 9

132 2 2

9 10 11

y

H H H H
f r

H H H

 − 
=

+ +
                                     [3-27.12] 

Elevating both sides of expressions in [3-27.4], [3-27.8] and [3-27.12] to the quadratic power, 
then adding the results side by reside, respectively the following is obtained: 
 

( )
( ) ( ) ( )

2 2 2

6 11 7 10 7 9 5 11 5 10 6 92 2 2 2

11 12 13 2 2 2

9 10 11

y

H H H H H H H H H H H H
f r r r

H H H

 −  +  −  +  − 
+ + =

+ +
 [3-27.13] 

From the orthogonality property of the rotation matrix, the second effective focal length can be 
calibrated as follows: 

 

    
( ) ( ) ( )

2 2 2

6 11 7 10 7 9 5 11 5 10 6 9

2 2 2

9 10 11

y

H H H H H H H H H H H H
f

H H H

 −  +  −  +  − 
=

+ +
      [3-27.14] 

It has been reported in the work of Ganapathy (1984) that in general two only parameters among 

z
t , x

f and y
f  must be positive. Since the parameters z

t   and x
f  are already positive, the correct 

value of the second effective focal length to be considered here is the negative estimate. From 
[3-26.4], the first coefficient of the first row of the rotation matrix can be calibrated as follows: 

 

 

( ) ( ) ( )

7 10 6 11

11
2 2 2

6 11 7 10 7 9 5 11 5 10 6 9

r
H H H H

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 
 [3-27.15] 

From [3-27.8], the second coefficient of the first row of the rotation matrix can be calibrated as 
follows: 

( ) ( ) ( )

5 11 7 9

12
2 2 2

6 11 7 10 7 9 5 11 5 10 6 9

H H H H
r

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 

 [3-27.16] 

Finally, from [3-27.12], the third coefficient of the first row of the rotation matrix can be 
calibrated as follows: 

( ) ( ) ( )

6 9 5 10

13
2 2 2

6 11 7 10 7 9 5 11 5 10 6 9

H H H H
r

H H H H H H H H H H H H

 − 
=

 −  +  −  +  − 

 [3-27.17] 

 Elevating the left and right sides of equations [3-27.15], [3-27.16], and [3-27.17] to the 

quadratic power and then adding the respective results leads to the following: 
 

( ) ( ) ( )

( ) ( ) ( )

2 2 2

6 11 7 10 7 9 5 11 5 10 6 92 2 2

11 12 13 2 2 2

6 11 7 10 7 9 5 11 5 10 6 9

1
H H H H H H H H H H H H

r r r
H H H H H H H H H H H H

 −  +  −  +  − 
+ + = =

 −  +  −  +  − 

 [3-27.18]     

The rotation matrix axis represented by the first row of the rotation matrix also satisfies the 
orthonormality property of the rotation matrix axes with its norm equal to one. Substituting [3-

26.14] and [3-27.14] into [3-23.9] enables us to calibrate the third rotation angle as follows: 
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 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2

2 11 3 10 6 11 7 10 7 9 5 11 5 10 6 9

2 2 2

6 11 7 10 3 10 2 11 1 11 3 9 2 9 1 10

tan
H H H H H H H H H H H H H H H H

H H H H H H H H H H H H H H H H


 −   −  +  −  +  − 

=

 −   −  +  −  +  − 

 [3-27.19] 

 

 

G. Calibrating the first two coefficients of the translation vector 

 
From [3-19.4], the first coefficient of the translation vector can be calibrated as follows: 

 

( ) ( )

( ) ( ) ( ) ( )

2 2 2

4 9 10 11 1 9 2 10 3 11

2 2 22 2 2

9 10 11 3 10 2 11 1 11 3 9 2 9 1 10

x

H H H H H H H H H H
t

H H H H H H H H H H H H H H H

+ + −  +  + 
=

+ +  −  +  −  +  − 

 [3-28.1] 

 

From [3-19.8], the second coefficient of the translation vector can be calibrated as follows: 
 

( ) ( )

( ) ( ) ( ) ( )

2 2 2

8 9 10 11 6 10 7 11 5 9

2 2 22 2 2

9 10 11 6 11 7 10 7 9 5 11 5 10 6 9

y

H H H H H H H H H H
t

H H H H H H H H H H H H H H H

+ + −  +  + 
=

+ +  −  +  −  +  − 

[3-28.2] 

 

 H. Calibrating the coordinates of the camera position in 3D space. 

 
From matrices [3-7] and [3-8], one can derive the following transformation:  

 

       

11 12 13 0

21 22 23 0

31 32 33 0

x

y

z

t r r r X

t r r r Y

t r r r Z

−     
     

= −
     
     −     

                                                  [3-29] 

It can be observed from the above transformation that the central matrix is the rotation matrix in 

[3-5]. From the inverse property of a rotation matrix, we can multiply both sides of [3-29] by its 
transpose to achieve the following: 

       

0 11 21 31

0 12 22 32

0 13 23 33

x

y

z

X r r r t

Y r r r t

Z r r r t

−     
     
− =

     
     −     

                                                  [3-30] 

From [3-30], the following three equations can be derived: 

0 11 21 31x y z
X r t r t r t= − − −                                                                      [3-31.1] 

0 12 22 32x y z
Y r t r t r t= − − −                                                                       [3-31.2] 

0 13 23 33x y z
Z r t r t r t= − − −                                                           [3-31.3] 

Since the parameters x
t , y

t , z
t , 11

r , 12
r , 13

r … 33
r , have already been independently calibrated, as 

a consequence, the derived parameters of camera location in a 3D scene are also independently 
estimated through the algorithms in [3-31.1]– [3-31.3]. 

 
 

 
3.2.6 Modelling the DLT solution for the projective transformation matrix. 
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DLT is a linear formulation of the transformation of point coordinates from the 3D scene to their 
respective 2D image coordinates. The formulation of the DLT algorithm can vary, with some 

algorithms not considering the principal point coordinates and radial lens distortion for camera 
pose estimation. Some formulations of the algorithm consider the coordinates of the principa l 

point, the three rotation angles, as well as the focal length or effective focal lengths ; other 
formulations go further by adding radial and tangential lens distortions into the algorithm. 
However, it has been reported that performing a full camera calibration through the DLT would 

result in inaccurate estimates of the parameters (Kim, 2021). For this reason, in this section, the 
DLT solution is formulated solely for the purpose of obtaining the twelve coefficients of the 

projective transformation matrix. These coefficients are needed to independently solve each 
parameter of the camera’s location and orientation in a 3D scene, as well as calibrate the effective 
focal lengths and the coordinates of the principal point. From the matrix [3-14], the 

transformation from 3D camera coordinates to 2D image coordinates in pixels can be established 
as follows: 

       
( ) ( ) ( )

( ) ( ) ( )
11 0 12 0 13 0

0

31 0 32 0 33 0

x

r X X r Y Y r Z Z
u u f

r X X r Y Y r Z Z

  

  

− + − + −
− =

− + − + −
                     [3-32.1] 

  
( ) ( ) ( )

( ) ( ) ( )
21 0 22 0 23 0

0

31 0 32 0 33 0

y

r X X r Y Y r Z Z
v v f

r X X r Y Y r Z Z

  

  

− + − + −
− =

− + − + −
                  [3-32.2] 

Expanding the expressions in the numerator and denominators from both equations produces the 
following after some rearrangements: 
 

( ) ( )( )
( )

11 12 13 0 11 0 12 0 13 0 31 32 33 0 31 32 0 0 33

31 32 33 0 31 32 0 0 33

x x x x
X f r Y f r Z f r f X r Y r Z r u X r Y r Z r X r r Y Z r

u
X r Y r Z r X r r Y Z r

     

  

+ + − + + + + + − + +
=

+ + − + +

 [3-32.3]              

 ( ) ( )( )
( )

21 22 23 0 21 0 22 0 23 0 31 32 33 0 31 32 0 0 33

31 32 33 0 31 32 0 0 33

y y y y
X f r Y f r Z f r f X r Y r Z r v X r Y r Z r X r r Y Z r

v
X r Y r Z r X r r Y Z r

     

  

+ + + − − − + + + + − − −
=

+ + + − − −

 [3-32.4]                  

Let’s pose the following: 

1 11x
H f r=                                                                  [3-33.1] 

2 12x
H f r=                                                                  [3-33.2] 

3 13x
H f r=                                                                                [3-33.3] 

( ) ( )( )4 0 11 0 12 0 13 0 31 32 33 0 31 32 0 0 33x
H f X r Y r Z r u X r Y r Z r X r r Y Z r  = − + + + + + − + +             [3-33.4] 

5 21y
H f r=                                                                  [3-33.5] 

6 22y
H f r=                                                                  [3-33.6] 

7 23y
H f r=                                                                  [3-33.7

( ) ( )( )8 0 21 0 22 0 23 0 31 32 33 0 31 32 0 0 33y
H f X r Y r Z r v X r Y r Z r X r r Y Z r  = − − − + + + + − − −           [3-33.8] 

9 31
H r=                                                                     [3-33.9] 

10 32
H r=                                                                  [3-33.10] 

11 33
H r=                                                                   [3-33.11] 

12 33
H r=                                                                 [3-33.12] 

 From [3-33.1] to [3-33.12] equations [3-32.1] and [3-32.2] can be reformulated as follows: 

 



65 | P a g e  

 

1 2 3 4

9 10 11 12

X H Y H Z H H
u

X H Y H Z H H

  

  

+ + +
=

+ + +
                                            [3-34.1]              

5 6 7 8

9 10 11 12

X H Y H Z H H
v

X H Y H Z H H

  

  

+ + +
=

+ + +
                                                    [3-34.2]                   

The transformations in [3-34.1] and [3-34.2] can be formulated as a matrix transformation as 
follows: 

  
1 2 3 4

5 6 7 8

9 10 11 12
1

1

X
u H H H H

Y
v H H H H

Z
H H H H







 
     
     =
     
        

 

                                             [3-34.3]              

From [3-34.1]– [3-34.2] it can be observed that the DLT parameters are made of parameters of 
camera orientation, camera location, effective focal lengths, as well as the coordinates of the 

principal point. From [3-34.3], a solution for the parameters of the direct linear transformation 
can be formulated as follows: 
 

1 1 11

1 1 11

1 1 1

2 2 22

2 2 22

2 2 2

3 3 33

3

4

4

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 11

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 11

1 0 0

1

1

X Y Zu

X Y Zv

X Y Z

X Y Zu

X Y Zv

X Y Z

X Y Zu

v

u

v

  

  

  

  

  

  

  

− − −

− − −

− − −

− − −

− − −

− − −

− − −

 
 
 
 
 
 
 
 
 

=
 
 
 
 
 
 
 
 
  

1

2

3

4

5

6

7

3 3 3 8

3 3 3 9

4 4 4 10

4 4 4 11

4 4 4 12

0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1

H

H

H

H

H

H

H

X Y Z H

X Y Z H

X Y Z H

X Y Z H

X Y Z H

  

  

  

  

  

− − −

− − −

− − −

− − −

− − −

   
   
   
   
  
  
  
  
  
  
  
  
  
  
  
  
  
    
















 [3-35] 

 
Unlike some currently proposed algorithms that require a minimum of six to eight point-

correspondences,  one advantage of the proposed solution in matrix [3-35] is that it only requires 
a minimum of four point-correspondences to solve the twelve parameters of the DLT through a 
least squares solution or an orthogonal decomposition provided that the calibration control points 

are not coplanar with the origin of the 3D scene coordinate system to minimize the number of 
zero column vectors in the solution. 

 
 

3.2.7 Calibrating the Coefficients of the Projective Transformation matrix from 3D and 

2D points Coordinates 

To determine the parameters of the Direct Linear Transformation (DLT), a minimum of four -
point correspondences is required. However, to enhance the accuracy of the solution, two 

additional points were included. For this purpose, a checkerboard calibration pattern composed 
of two flat planes joined at an angle of 0

90 was used. The pattern consisted of 32 black and 32 

yellow squares, yielding a total of 128 well defined corner points. The 3D scene coordinate 
system was defined such that its origin was located at the bottom intersection point of the two 

planar surfaces. The coordinate system was oriented with the Z-axis pointing upwards. This 
configuration was deliberately chosen to ensure that the selected corners exhibited significant 
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and varied height (Z-axis) values. As a result, this approach helped minimize the presence of 
zero elements in the coefficient matrix used for DLT parameter estimation. Figure 3-1 illustra tes 

a selected calibration image along with the extracted feature points used in the evaluation of 
camera calibration accuracy. The feature points are defined as the intersection corners of the 

black and yellow squares of a standard chessboard calibration pattern. These corner points were 
chosen due to their suitability for subpixel refinement and high localization precision. These 
chessboard corners have strong and predictable gradient patterns that enable robust detection 

using the Harris Corner detection algorithm. 

 

 
Figure 0-1: Calibration control points identified using the Harris Corner detector needed to run 

the DLT algorithm 

 

The control points were photographed using a high-hand mobile phone. The mobile phone was 
fixed on an aluminium tripod at an altitude of 1000mm above the ground at an unknown distance 

from the calibration pattern. The photograph was then transferred to the post computer for the 
2D corner detection using the Harris Corner detector algorithm implemented in the open source 
software FIVEKO. Once the corners of the black square patterns detected the image was then 

uploaded into the GIMP software workstation for coordinates measurement. GIMP software 
provides automatic coordinates measurement and unit conversion tools, and the image 

coordinates were converted from pixel measures to millimetres for consistency during the 
computation of the coefficients of the projective transformation matrix. To measure the 3D 
coordinates a Trimble C3 total station was used to determine the scene coordinates of the corners 

of the black squares throughout the calibration pattern. The total station offers an accuracy of 
close to 2 mm. Table 3.1 presents a sample of the measured ground control points' coordinates 

and their respective image coordinates directly converted to millimetres. 
 

Table 0.1:A sample of 3D calibration point coordinates and their respective image coordinates 

Ground control points Image coordinates 
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( )mmX  ( )mmY
  ( )mmZ  ( )mmu  ( )mmv  

21.5  21.5  43  10  82  

107.5  21.5  57   61  

278.5  21.5  91  10  22  

21.5  109.5  72  30  82  

151.5  64.5  60  20  50  

151.5  21.5  4  10  51  

 

Substituting the points 3D and 2D coordinates into the extended transformation in [3-45] to 
accommodate six-point point correspondences produces the following: 

 
10 21.5 21.5 43 1 0 0 0 0 0 0 0 0

82 0 0 0 0 21.5 21.5 43 1 0 0 0 0

1 0 0 0 0 0 0 0 0 21.5 21.5 43 1

10 107.5 21.5 57 1 0 0 0 0 0 0 0 0

61 0 0 0 0 107.5 21.5 57 1 0 0 0 0

1 0 0 0 0 0 0 0 0 107.5 21.

10

22

1

30

82

1

20

50

1

10

51

1

 
 
 
 
 
 
 
 
 
 
 
 
 
  =
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5 57 1

278.5 21.5 91 1 0 0 0 0 0 0 0 0

0 0 0 0 278.5 21.5 91 1 0 0 0 0

0 0 0 0 0 0 0 0 278.5 21.5 91 1

21.5 109.5 72 1 0 0 0 0 0 0 0 0

0 0 0 0 21.5 109.5 72 1 0 0 0 0

0 0 0 0 0 0 0 0 21.5 109.5 72 1

151.5 64.5 60 1 0 0 0 0 0 0 0 0

0 0 0 0 151.5 64.5 60 1 0 0 0 0

0 0 0 0 0 0 0 0 151.5 64.5 60 1

151.5 21.5 4 1 0 0 0 0 0

1

2

3

4

5

6

7

8

9

10

11

12

0 0 0

0 0 0 0 151.5 21.5 4 1 0 0 0 0

0 0 0 0 0 0 0 0 151.5 21.5 4 1

H

H

H

H

H

H

H

H

H

H

H

H

 
 
 
 
 

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
    

 
 
 
 
 

 [3-36] 

 
 

Applying the Graham-Smidt orthogonalization of the central matrix in [3-36] gives the following 
orthogonal and upper triangular matrices: 

 

10
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0.0583 0.151 0.4463 0.6922 0 0 0 0 0 0 0 0

0 0 0 0 0.0583 0.151 0.4463 0.6922 0 0 0 0

0 0 0 0 0 0 0 0 0.0583 0.151 0.4463 0.6922

0.2916 0.0206 0.3681 0.3504 0 0 0 0 0 0 0 0

0 0 0 0 0.2916 0.0206 0.3681 0.3504 0 0 0 0

0 0 0 0 0 0 0 0 0.2916 0.0206 0.3681 0.3504

0.7553 0.

Q

−

=

2388 0.3202 0.3601 0 0 0 0 0 0 0 0

0 0 0 0 0.7553 0.2388 0.3202 0.3601 0 0 0 0

0 0 0 0 0 0 0 0 0.7553 0.2388 0.3202 0.3601

0.0583 0.9025 0.0337 0.1444 0 0 0 0 0 0 0 0

0 0 0 0 0.0583 0.9025 0.0337 0.1444 0 0 0 0

0 0 0 0 0 0 0 0 0.0583 0.9025 0.0337 0.1444

0.4109 0.

−

− −

− −

−

−

−

321 0.1941 0.1414 0 0 0 0 0 0 0 0

0 0 0 0 0.4109 0.321 0.1941 0.1414 0 0 0 0

0 0 0 0 0 0 0 0 0.4109 0.321 0.1941 0.1414

0.4109 0.0462 0.7238 0.477 0 0 0 0 0 0 0 0

0 0 0 0 0.4109 0.0462 0.7238 0.477 0 0 0 0

0 0 0 0 0 0 0 0 0.4109 0.0462 0.7238 0.477











− −

− −

− −

− −

− −

− −











 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



[3-37] 

368.7106 65.4836 118.3571 1.9853 0 0 0 0 0 0 0 0

0 117.0957 69.9945 1.1102 0 0 0 0 0 0 0 0

0 0 57.196 0.2504 0 0 0 0 0 0 0 0

0 0 0 0.8738 0 0 0 0 0 0 0 0

0 0 0 0 368.7106 65.4836 118.3571 1.9853 0 0 0 0

0 0 0 0 0 117.0957 69.9945 1.1102 0 0 0 0

0 0 0 0 0 0 57.196 0.2504 0 0 0 0

0 0 0

R =

0 0 0 0 0.8738 0 0 0 0

0 0 0 0 0 0 0 0 368.7106 65.4836 118.3571 1.9853

0 0 0 0 0 0 0 0 0 117.0957 69.9945 1.1102

0 0 0 0 0 0 0 0 0 0 57.196 0.2504

0 0 0 0 0 0 0 0 0 0 0 0.8738

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

[3-38] 

 

Let’s denote by M  the central matrix in [3-36] and H the column vector containing the 
parameters of the DLT matrix and p the column vector containing homogenous coordinates of 

image points. The transformation in [3-36] can be simplified as follows: 
      p=MH                                                                            [3-39] 

From [3-37] and [3-38], equation [3-39] can be reformulated as follows: 
 p=QRH                                                                             [3-40] 

Since the matrix Q is orthogonal, multiplying both sides of [3-40] by its transpose results in 

the following: 

  
T

Q p=RH                                                                    [3-41] 

From [3-36], [3-37], [3-38], and [3-41], the following equations are formulated: 
 

1 2 3 4
368.7106 65.4836 118.3571 1.9853 25.128H H H H+ + + =                   [3-42.1] 

2 3 4
117.0957 69.9945 1.1102 32.361H H H+ + =                    [3-42.2] 

3 4
57.196 0.2504 1.237H H+ =                    [3-42.3] 

4
0.8738 4.435H =                                      [3-42.4] 

5 6 7 8
368.7106 65.4836 118.3571 1.9853 85.4663H H H H+ + + =               [3-42.5] 

6 7 8
117.0957 69.9945 1.1102 96.0838H H H+ + =               [3-42.6] 

7 8
57.196 0.2504 22.2247H H+ =                  [3-42.7] 
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8
0.8738 75.6288H =                 [3-42.8] 

9 10 11 12
368.7106 65.4836 118.3571 1.9853 1.9853H H H H+ + + =                [3-42.9] 

10 11 12
117.0957 69.9945 1.1102 1.1101H H H+ + =              [3-42.10] 

11 12
57.196 0.2504 0.2504H H+ =              [3-42.11] 

12
0.8738 0.8737H =              [3-42.12] 

    
 

 
 

 
 

3.3. Experimental Results   

3.3.1. Calibration of Coefficients of the Projective Transformation Matrix               

 

From [3-42.12], the parameter 12
H  was estimated as follows: 

 12
1.000H =                                              [3-43.1] 

Substituting [3-43.1] into [3-42.11] enables us to estimate the value of the coefficient 11
H as 

follows: 

  11
0.000006993H = −                                          [3-43.2] 

Substituting [3-43.1] and [3-43.2] into [3-42.10] led to the following: 

  10
0.000003326H =                                          [3-43.3] 

Substituting [3-43.1]- [3-43.3] into [3-42.9] led to the following: 

9
0.000001654H =                                                [3-43.4] 

From [3-42.8], the coefficient 8
H  was estimated as follows:  

  8
86.5516H =                                                       [3-43.5] 

 

Substituting [3-43.5] into [3-42.7] led to the following: 

  7
0.0096542H =                                                        [3-43.6] 

Substituting [3-43.5] and [3-43.6] into [3-42.6] led to the following: 

 6
0.005820258H = −                                                         [3-43.7] 

Substituting [3-43.5]-[3-43.7] into [3-42.5] led to the following: 
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 5
0.2384H = −                                                            [3-43.8] 

From [3-42.4], the coefficient 4
H  was estimated as follows: 

4
5.07553H =                                                         [3-43.9] 

Substituting [3-43.9] into [42.3] led to the following: 

3
0.000592921H = −                                                        [3-43.10] 

Substituting [3-43.9] and [3-43.10] into [3-42.2] produced the following: 

   2
0.228596H =                                                      [3-43.11] 

From [3-43.9]-[3-43.11], the first coefficient of the projective transformation matrix was 

estimated as follows: 

    1
0.000413434H =                                                     [3-43.12] 

From [3-43.1]-[3-43.12], the projective transformation matrix H   was formulated as follows: 

 

   

0.000413434 0.228596 0.000592921 5.07553

0.2384 0.005820258 0.0096542 86.5516

0.000001654 0.000003326 0.000006993 1

H

− 
 

= − −
 
 − 

          [3-44] 

 
3.3.2. Calibration of parameters of Extrinsic and Intrinsic camera parameters  

 

 Table 3.2 presents the calibration results of nineteen camera parameters estimated through the 

proposed analytical approach. The third row of the table presents the numerical estimates of 

exterior orientation parameters that include the three rotation angles and the three coefficients of 

the translation vector under which the camera was subjected at the time of image capture. The 

sixth row of the table presents the calibrated estimates of the coordinates of the principal point 

as well as the numerical estimates of the two effective focal lengths. To end, the last three rows 

of the table present the calibrated estimates of the nine coefficients of the rotation matrix at the 

time of image capture. 

Table 0.2: Camera parameters calibration results 

Exterior orientation parameters 
      ( )mm

x
t  ( )mm

y
t  ( )mm

z
t  

-12.056859 -25.436624 89.743485 0.465264 0.264316 1262.891638 

Intrinsic camera parameters  

( )0
mmu  ( )0

mmv  
 

( )mm/pixel
a

f  ( )mm/pixel
b

f  
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0.096571 -0.060683 0.207114 0.231863 

Coefficients of the rotation matrix 

11
r  

0.004360 
21

r  
0.973781 

31
r  

0.208882 

12
r  

-0.900273 
22

r  
-0.000610 

32
r  

0.422005 

13
r  

-0.436512 
23

r  
-0.229878 

33
r  

-0.883140 

 

Among the mostly used camera calibration assessment metrics is the reprojection error 
(Semeniuta, 2016; Hagemann et al., 2022). The numerical accuracies of calibrated camera 
parameters are directly related to the performance of the developed geometric calibration 

algorithms. This performance of the algorithms can be evaluated through a back-projection 
transformation to recover the coefficients of a conjugate projective transformation matrix using 

equations [3-33-1]-[3-33.12]. Robust and reliable calibration algorithms are supposed to produce 
numerical estimates of coefficients of a conjugate transformation matrix that are very close to 
those achieved in [3-44]. Table 3.3 presents a comparison between the original matrix 

coefficients and their re-projected counterparts with the last coefficient 12
H  normalized. The 

data in the fifth and eleventh rows of the table presents the standard deviation errors between 
numerical estimates of the original coefficients and their re-projected counterparts. In addition, 

the sixth and twelfth rows of the table describe the degree of similar ity between numerica l 
estimates of the original coefficients and their re-projected counterparts. It can be observed from 
the similarity measures that there is a reasonable agreement in terms of numerical estimates 

between the original and reprojected coefficients of the matrices, and this confirms the robustness 
and reliability of the proposed calibration models. The standard deviation errors in the fifth and 

eleventh rows suggest a very good performance of the proposed algorithms, as all the coefficients 
achieved very small standard deviation errors below 10% (Luhmann et al., 2016).  

 
Table 0.3: An accuracy comparison between the calibrated camera pose parameters and their 

reprojected counterparts 

 Coefficients of projective transformation matrix per image 
 

1
H  2

H  3
H  4

H  5
H  6

H  

Calibrated 0.000413 0.228596 -0.000593 5.075530 -0.238400 -0.005820 

Reprojected 0.000408 0.227559 -0.000589 5.054240 -0.237400 -0.005809 

Standard 
deviation 

0.000003 0.000519 0.000002 0.010645 
 

0.000500 
 

0.000005 
 

Similarity 0.999900 0.999500 0.999900 0.989400 0.999500 0.999900 

 Coefficients of projective transformation matrix per image  

 
7

H  8
H  9

H  10
H  

 11
H  

Calibrated 0.009654 86.551600 0.000002 0.000003 0.000007 

Reprojected  0.009666 86.547900 0.000002 0.000003 -0.000007 

Standard 
deviation 

0.000006 0.001850 
 

0.00 

 
0.00 

 
0.00 

 

Similarity 0.999900 0.998150 1.00 1.00 1.00 
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3.3.3. Calibration Algorithms Performance Analysis 

 

The performance analysis of the proposed calibration algorithms was extended to compute 
conjugate estimates of individual camera parameters describing the camera pose. When used 
with coefficients of conjugate projective transformation matrices, robust calibration algorithms 

are also expected to reproduce numerical estimates of associated camera parameters that are very 
close to those achieved with original coefficients. Table 3.4 presents an accuracy comparison 

between the initially calibrated camera parameters, and their reprojected conjugate counterparts. 
It is observed that all the reprojected parameters of camera pose achieved very low standard 
deviation errors with reference to original measures. 

These results are in line with the high degree of similarity between the respective parameters 
with most of the indices reaching levels very close to 10% . To estimate the parameter similar ity 

index, the following model was proposed: 

Coefficients similarity = 1-
i j

i

c c

c

−
                                       [3-45] 

Where, i
c  represents the initial estimate of the camera parameter while j

c  represents the 

reprojected estimate of the parameter.  The model returns values close to or equal to one for high-
accuracy calibration results, while lower values of the index would suggest a poor performance 

of the calibration algorithm.  
 

Table 0.4: Comparison between the calibrated estimates of camera pose parameters and their 

re-projected counterparts 

Calibration reprojection error per exterior orientation parameter 
 ( )0  ( )0  ( )0  ( )mm

x
t  ( )mm

y
t  ( )mm

z
t  

Calibrated 
values 

-12.056859 -25.436624 
 

89.743485 -0.465264 0.264316 1262.89164
0 

Reprojected 
values 

-12.054130 -25.430270 89.741341  
-0.465264 

0.265388 
 

1262.60999
0 

Standard 
deviation 

0.001365 0.003177 0.001072 
 

0.00 0.000536 0.140825 

Similarity 0.998600 
 

0.996800 0.998900 
 

1.00 0.999500 0.859200 

Calibration reprojection error  per intrinsic camera parameter 

 ( )0
mmu  ( )0

mmv  ( )mm/pixel
a

f  ( )mm/pixel
b

f  

Calibrated values 0.096571 -0.060683 0.207114 
 

-0.231863 

Reprojected 
values 

0.096059 -0.060427 
 

0.206184 
 

0.229868 

Standard 
deviation 

0.000256 0.000128 0.000465 0.000998 

Similarity 0.999700 0.999900 0.999500 
 

0.999000 
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It can be observed that the standard deviation associated with the parameter z
t  is slightly larger 

than those associated with the parameters x
t and y

t  of the translation matrix. This is because 

the parameter z
t  of the translation vector was derived from the coefficients 9

c , 10
c  and 11

c   of the 

projective transformation matrix. It is well-documented that the Direct Linear Transformation 

(DLT) algorithm tends to produce smaller numerical estimates for these coefficients relative to 

others within the matrix. This characteristic leads to comparatively larger absolute values for the 

derived parameter z
t . Furthermore, between successive images of the same calibration target, the 

DLT algorithm introduces slight variations in the estimates of 9
c , 10

c  and 11
c . Given their 

inherently smaller magnitudes, these fluctuations have a proportionally greater effect on the 

computed value of z
t , thereby contributing to a higher numerical standard deviation for this 

parameter. In contrast, the parameters x
t , and y

t   are typically derived from coefficients with 

larger magnitudes and are less sensitive to minor numerical perturbations. As a result, their 

associated standard deviations tend to be lower than that of z
t . This disparity can be attributed to 

the inherent numerical instability and sensitivity of the DLT algorithm when estimating 

coefficients of smaller magnitude within the projective transformation matrix. 

Repeatability analysis has also been used as an assessment tool to study the robustness of camera 

pose calibration strategies (Zhan et al., 2021). To conduct the analysis, four additional images 
of the calibration object were captured with the same camera, at approximately the same object 

distance while maintaining the camera at approximately the same height above the ground.  The 
repeatability analysis of a robust, stable calibration strategy is expected to produce estimates of 
camera parameters that are numerically very close between successive calibrations.  It was 

suggested that multiple images of the same calibration object be photographed using the same 
camera under the same geometric constraints (Gonzales et al.,2005). Table 3.5 presents the 
coefficients of respective projective transformation matrices, estimated from coordinates 

extracted from the associated photographs of the calibration object. It can be observed that the 
derived coefficients are very close in terms of numerical values, and this is in line with the 

observations in the work of Hassan et al. (2014). This suggests a high repeatability of the 
calibration strategy.  Although all the standard deviation errors are acceptable for 

photogrammetry applications, the coefficients 4
c  and 8

c  were associated with slightly larger 

standard deviation errors. This is because the coefficients 4
c  and 8

c of the projective 

transformation matrix are directly influenced by the coefficients 9
c , 10

c  and 11
c , specifica lly 

through their dependence on the coefficient z
t  of the translation matrix through equations [3-

19.4] and [3-19.8]. As the estimates of the parameters 9
c , 10

c  and 11
c decrease, the numerica l 

values of coefficients 4
c and 8

c tend to increase, highlighting an inverse correlation governed by 

the parameter z
t . In practice, slight numerical variations in the estimates of 9

c , 10
c and 11

c  across 

projective transformation matrices derived from successive images of the same calibration 
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pattern lead to magnified variations in the estimates of 4
c  and 8

c . This sensitivity amplifies the 

standard deviation errors associated with 4
c  and 8

c as observed in rows 8 and 16 of Table 3.5. 

Table 0.5: Estimates of coefficients of projective transformation matrices associated with each 

image of the calibration pattern 

 
 
Images 

Coefficients of projective transformation matrix per image 

1
c  2

c  3
c  4

c  5
c  6

c  

Image1 0.000413 0.228596 -0.000593 5.075530 -0.238400 -0.005820 
Image2 0.000413 0.228589 -0.000590 5.066950 -0.238400 -0.005820 

Image3 0.000409 0.228495 -0.000588 5.170680 -0.238200 -0.005903 

Image4 0.000414 0.228598 -0.000591 5.081628 -0.238400 -0.005823 

Image5 0.000410 0.227558 -0.000593 5.078680 -0.238300 -0.005820 

Stdv 0.000002 0.000406 0.000002 0.038329 0.000080 0.000033 
 Coefficients of projective transformation matrix per image 

Images 
7

c  8
c  9

c  10
c  11

c  

      
Image1 0.009654 86.551600 0.000002 0.000003 -0.000007 

Image2 0.009657 86.548230 0.000002 0.000003 -0.000007 
Image3 0.009662 86.526710 0.000002 0.000003 -0.000007 

Image4 0.009655 86.551830 0.000002 0.000003 -0.000007 
Image5 0.009746 87.013860 0.000002 0.000003 -0.000007 

Stdv 0.000042 0.187938 0.00 0.00 0.00 
 

Table 3.6 shows the results of repeatability analysis performed on camera exterior and interior 
parameters, per captured photograph. As anticipated earlier, most of the computed estimates are 

very close to one another with the exception of the third rotation angle  and the third coeffic ient 

of the translation vector z
t   that achieved slightly high standard deviation errors. However, this 

is in line with the observations made in the work of Gonzales et al. (2005) that suggested that 

larger standard deviation errors in estimates of the parameter z
t   should be expected in a 

repeatability analysis. Furthermore, great attention should be given to the estimates of the 

coordinates of the principal point  ( )0 0
,u v  and the effective focal lengths ( ),

a b
f f , which achieved 

very small standard deviation errors of about 0.000195317mm, 0.0000628318mm, 
0.000356581mm, and -0.00057804mm, respectively. It was recently revealed that achieving high 

calibration repeatability for these four parameters is very difficult (Leizea et al., 2023).  The 
achieved small standard deviation errors are indications of the high repeatability of the proposed 

calibration strategy. The closeness of numerical estimates associated with each exterior and 
interior orientation camera parameter is in line with the observations in Gonzales et al. (2005) 

that suggest between successive calibrations, estimates of camera parameters are expected to 
achieve near similar values, respectively. The above also extends to the two rotation angles   

and  , as well as the first two coefficients of the translation vector x
t , and y

t that also achieved 

very small standard deviation (Stdv) errors.  
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Table 0.6: Camera exterior and interior orientation parameters repeatability analysis results 

Calibration of exterior orientation parameters per image 

       ( )mm
x

t  ( )mm
y

t  ( )mm
z

t  

Image1 -12.0569 -25.4366 89.7435 -0.4653 0.2643 1262.8916 

Image2 -12.0500 -25.4346 89.7424 -0.4652 0.2655 1262.9450 
Image3 -12.0576 -25.4194 89.7098 -0.4647 0.2652 1262.8881 

Image4 -12.0604 -25.4383 89.7425 -0.4650 0.2654 1262.4964 
Image5 -12.0709 -25.4380 89.7422 -0.4648 0.2662 1262.8116 

Stdv 0.0068 0.0071 0.0131 -0.0002 0.0006 0.1608 

Calibration results of intrinsic camera parameters per image 

 ( )0
mmu  ( )0

mmv  ( )mm/pixel
a

f  ( )mm/pixel
b

f  

Image1 0.0966 -0.0607 0.2071 -0.2319 
Image2 0.0966 -0.0607 0.2072 -0.2308 

Image3 0.0964 -0.0606 0.2072 -0.2306 

Image4 0.0965 -0.0607 0.2072 -0.2309 
Image5 0.0961 -0.0608 0.2063 -0.2301 

Stdv 0.0002 0.0001 0.0004 -0.0006 

 

 3.4. Results Interpretations 

 

To validate the performance of the proposed calibration strategy, it is necessary to assess the 

accuracy achieved through the new method against some of the existing state-of-the-art 
analytical calibration techniques. For this purpose, the decomposition strategy proposed in 

Ganapathy (1984), as well as the QR factorization proposed in Labuz et al. (1991), the 
decomposition solution proposed in Roumie et al. (2018), the Cholesky factorization described 
in Wang et al. (2022), and the Ordinary Direct Linear Transform proposed in Kim et al. (2023) 

were implemented. Table 3.7 presents a comparison of the calibration results for ten camera 
exterior and interior orientation parameters. 

 
Table 0.7:Calibration performance of the proposed method against existing calibration 

approaches 

 Exterior orientation parameter calibration results per calibration 

strategy 

Methods ( )0  ( )0  ( )0  ( )mm
x

t  ( )mm
y

t  ( )mm
z

t  

 -12.0569 
 

-25.4366 
 

89.3083 
 

-0.4662 
 

-1.0311 
 

1262.8900 
 

 -14.9998 -31.0163 
 

-89.9820 
 

0.5601 
 

-0.1929 
 

1800.2700 
 

 
-12.0569 
 

-25.4366 
 

93.2016 
 

0.1082 
 

0.0136 
 

1262.8900 
 

 
-19.9996 
 

-37.8564 
 

89.9006 
 

0.5636 
 

-0.1023 
 

1995.0900 

 -12.0569 
 

+25.4366 
 

90.1064 
 

0.4135 
 

-0.4166 
 

-1262.8900 

Ganapathy(1984)

QR Decompositio

(Labuz

n

,1991)

( )

Roumie et

 al., 2018

( )

Cholesky Method

Wang et al.,2022

ODLT

(Kim et al.,2023)
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-12.0569 
 

-25.4366 
 

89.7435 
 

0.4653 
 

0.2643 
 

1262.8900 

 Interior orientation parameter calibration results per calibration 

strategy 

Methods ( )0
mmu  ( )0

mmv  ( )mm/pixel
x

f  ( )mm/pixel
y

f  

 +/- 0.0967 +/-0.2387 
 

+/-0.2072 
 

+/-0.2308 
 

 -0.1088 
 

-0.0523 0.1956 
 

0.2324 
 

 
0.0966 
 

-0.0607 
 

0.0959 
 

0.0505 
 

 
-0.3374 
 

-0.0509 
 

0.2286 
 

0.2358 
 

  0.0966 
 

-0.0507 
 

0.2229 
 

-0.2332 
 

 
0.0966 
 

-0.0607 
 

0.2071 
 

-0.2319 
 

 

 
The decomposition approaches proposed in Ganapathy (1984), Roumie et al. (2018) and 

Kim et al. (2023) made use of the three coefficients 9
H , 10

H and 11
H of the projective 

transformation matrix in [3-54] to estimate the coefficient z
t  of the translation vector. However, 

the strategy proposed in Kim et al. (2023) assigned a negative sign to this coefficient, while the 

approach proposed by Ganapathy (1984), Roumie et al. (2018), and the proposed analytica l 
approach maintained a positive sign of the parameter. From the estimate of this coefficient, the 

coefficients of the third row of the rotation matrix 31
r , 32

r and 33
r  were recovered in a 

straightforward manner using equations [3-19.9]-[3-19.11]. The QR and Cholesky 

factorizations computed the coefficient z
t  simultaneously with coefficients x

t  and y
t  through 

systems of linear equations from the coefficients of the camera and rotation matrices as well as 
the location coordinates of the camera in the 3D scene.  

The calibration of the first coordinate of the principal point 0
u , through the approach proposed 

by Ganapathy (1984), substituted the calibrated estimates of the coefficients 21
r , 22

r , 23
r , 31

r , 32
r  

and 33
r  into equations [3-19.1]-[3-19.3], then squared both sides of the respective resulting 

expressions before adding them and then isolating this coordinate from the square root of the 

obtained sum. The algorithm to compute this coordinate in the newly proposed strategy did not 
involve any square root, thus not involving any sign ambiguity. Moreover, Ganapathy’s 
approach to calibrating this coordinate did not take full advantage of the geometric relationships 

that associate this coordinate to other camera parameters as described in equations [3-19.1]-[3-

19.3]. Since Ganapathy’s calibration strategy failed to produce a perfect orthonormal matrix 

through the three coefficients 21
r , 22

r  and 23
r , it can be argued that the estimated magnitude of 

this coefficient calibrated at 0.0967 mm did not achieve its optimal measure. The above result 
makes sense since the algorithm proposed by Ganapathy enabled the magnitudes of the 

Proposed

Method

Ganapathy(1984)

QR Decompositio

(Labuz

n

,1991)

( )

Roumie et 

al., 2018

( )

Cholesky Method

Wang et al.,2022

ODLT

(Kim et al.,2023)

Proposed

Method
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coefficients 12
r and 13

r  to dominate within the numerical magnitude of the output coefficient 0
u

. Since these two coefficients of the rotation matrix have large enough numerical magnitudes, 
the calibrated output coordinate through Ganapathy’s approach would achieve a larger value than 

the optimal measure obtained through the new proposed strategy. The algorithm proposed in the 
new strategy made use of the coefficients of the second and third rows of the projective 

transformation matrix without involving any parameter coupling or square root and achieved a 
similar formulation to those proposed in Roumie et al. (2018) and Kim et al. (2023). This 
similarity resulted in a common estimate of this coordinate achieved at 0.096571mm . The 

failures of the QR and Cholesky decomposition approaches to produce perfect homogeneous 
camera matrices have resulted in numerical estimates of this coordinate achieved at -1088mm 

and -0.3374mm respectively, as being inaccurate measures.  

The method proposed by Ganapathy (1984) to calibrate the effective focal length x
f used the 

cofactor properties of the rotation matrix. Although the strategy differs from ours, both methods 

achieved similar formulations of the computation algorithm for this effective focal length and 
achieved a common estimate of the parameter at 0.2072 mm per pixel. To retrieve this parameter, 
the method proposed by Roumie et al. (2018) first computed the norm of the vector product 

between the first and third rows of the projective transformation matrix, then scaled the result by 

the product between the parameter z
t  and the cosine of the angle between the image x  and y

axes.  In contrast, the method described in Kim et al. (2023) computed this internal orientation 

coefficient as the numerical deviation between the first coordinate of the principal point 0
u  and 

the sum of the squared coefficients 1
H , 2

H  and 3
H  of the projective transformation matrix, scaled 

by the coefficient of the translation vector  z
t . Finally, the QR and Cholesky factoriza t ion 

strategies recovered this interior orientation parameter from the decomposition of the matrix 
made of the first three columns of the 3 4  projective transformation matrix. 

 From the above, it was expected that numerical estimates of parameters z
t , x

f , 31
r , 32

r and 33
r

calibrated through the approaches proposed in Ganapathy (1984) and Roumie et al. (2018) 
would achieve values very close to those computed through the newly proposed strategy, as 

confirmed in rows 3, 5, 8, 11, 13, and 16 of table 3.7. It is observed from [3-19.5]-[3-19.8] that 

four geometric constraints relate the second coordinate of the principal point 0
v  and the effective 

focal length y
f  to the coefficients of the rotation matrix 21

r , 22
r , 23

r , 31
r , 32

r , 33
r  as well as the 

coefficients of the translation vector y
t and z

t .The strategy proposed by Ganapathy (1984) only 

considered two of these constraints to estimate the coordinate 0
v and the effective focal length 

y
f

 
through a system of two linear equations. In contrast, the strategy proposed in Roumie et al. 

(2018) offered an algorithm similar to the newly proposed method to calibrate the coordinate 0
v

. However, the algorithm proposed in their strategy to compute the second effective focal length 

y
f

 
did not consider any of the above four constraints but rather estimated the parameter as a 

ratio described as the product of the pixel dimension in the y direction and the camera focal 

length measure, divided by the sinus of the angle between the image x  and y axes. In addition 

to the fact that the proposed algorithm does not hold any geometric meaning with reference to 

the internal structure of the projective transformation matrix, it also created a parameter 
dependency of this interior orientation parameter on the orthonormality of the rotation matrix. 
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An analysis of the calibration estimates of coefficients 21
r , 22

r  and 23
r  of the rotation matrix 

achieved at -0.20575, -0.01995, -0.14793, suggests that the calibration result of 0.0959mm per 
pixel for this effective focal length through the strategy proposed by Roumie et al. (2023) did 

not achieve its optimal magnitude. In the same way, the algorithm proposed in Kim et al. (2023) 

to calibrate the second coordinate of the principal point 0
v  achieved a formulation very close to 

that proposed in the new approach. However, to compute the second effective focal length y
f , 

the authors computed the deviation between the second coordinate of the principal point 0
v and 

the sum of the squared coefficients 5
H , 6

H
 
and 7

H  of the projective transformation matrix, scaled 

by the coefficient of the translation vector z
t . As a consequence of the above, any sign ambiguity 

or sub estimation associated with the coordinate 0
v  or the coefficient z

t  would compromise the 

accuracy of this second effective focal length. Since the calibration strategy proposed in Kim et 

al. (2023) associated a negative sign to the coefficient z
t , it could be suggested that the calibrated 

estimate of -0.2332mm per pixel for this effective focal length may have been subjected to 
numerical instabilities. The QR and Cholesky factorization methods retrieved these two interior 
orientation parameters through the derived upper triangular matrices. However, the fact that these 

two factorization approaches did not produce perfect homogeneous upper triangular camera 
matrices, with the last coefficient of the third column of the computed upper triangular camera 

matrices achieving respective estimates of -0.0702 and 0.0337, suggests that the numerica l 
instabilities under which all the coefficients of these camera matrices were subjected also 

undermined the accuracy of the coordinate 0
v  and the effective focal length y

f . These later 

results are in line with the observation in the work of Leite et al. (2008) that argued that 
factorization of the projective transformation matrix through methods such as the QR and 
Cholesky factorization always results in inaccurate parameter calibration because of the 

numerical instabilities characterising these approaches. In contrast, the calibrated estimate of the 

coefficient 0
v  through the approach proposed in Roumie et al. (2018) achieved an optimal 

magnitude very close to that achieved through the newly proposed method as presented in rows 

13 and 16 of Table 3.7. From the above, it is suggested from the limitations pointed out earlier 
that the numerical estimates of -0.2387mm, -0.0507mm, -0.0523mm and -0.0509mm achieved 
through strategies proposed in Ganapathy (1984), Kim et al. (2023) and the two factoriza t ion 

approaches, respectively, failed to reach optimal magnitudes. The algorithm proposed in the new 

approach to estimate this coefficient 0
v  is straightforward and accounts for all the geometric 

constraints in [3-19.5]-[3-19.8], while the algorithm to calibrate the second effective focal length 

only requires coefficients of the computed projective transformation matrix H , resulting in 
optimal estimates of both parameters achieved at -0.0607mm and -0.2319mm per pixel. 

When it comes to the calibration of the coefficients of the second row of the rotation matrix 21
r ,

22
r and 23

r , the approach proposed by Ganapathy (1984) recovered these parameters directly 

from the numerical estimate of the second effective focal length y
f through a first-degree linear 

equation.  However, since it was earlier revealed that the proposed calibration strategy failed to 

account for all the geometric constraints associated with the second effective focal length y
f

when calibrating this parameter, it can be suggested that the estimated measures of 0.97327, -
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0.00062 and -0.22965 achieved through the calibration are either smaller or larger than the 

optimal magnitudes they would have achieved.  In contrast, the approach proposed by Roumie  

et al. (2018) calibrated these three coefficients by scaling the vector product between the second 

and third rows of the projective transformation matrix, by a trigonometric function associated 
with the sinus of the angle between the image x  and y axes. However, the calibration of this 

angle led to a numerical value of 0
92.8240  which is larger than the optimal value of 0

90  

characterizing the orthogonality between the image x  and y
 axes. From this limitation it is 

suggested that the estimates of -0.20575, -0.01995 and -0.14793 achieved through the later 

strategy are of suboptimal magnitudes.  The ODLT proposed in Kim et al. (2023) computed 

these three coefficients from the coefficients of the projective transformation matrix 5
H , 6

H , 7
H , 

the second coordinate of the principal point 0
v ,the second effective focal length y

f and the last 

three coefficients of the rotation matrix 31
r , 32

r and 33
r . However, the row 23 of table3.8 revealed 

that this calibration strategy failed to optimally recover the coefficients 31
r , 32

r and 33
r . Following 

this, it is suggested that the calibrated estimates of these coefficients found at 0.97794, -0.09140, 

-0.18784 are of suboptimal accuracies despite this axis of the rotation matrix achieving a norm 

of one.  Since the QR and Cholesky factorization approaches failed to derive perfect 

homogeneous camera matrices respectively, it was expected that the numerical instabilit ies 

introduced into the respective camera matrices would propagate into the coefficients 21
r , 22

r  and 

23
r . As a consequence, the estimates of 0.96592,0.13066, -0.22343 and 0.93969, 0.21126, -

0.26897 achieved through these two strategies respectively, suffered from numerical instabilit ies 

and failed to achieve their optimal magnitudes. Since the calibration algorithm proposed to 

estimate the first effective focal length x
f  in the new method did not suffer from sign ambiguity 

or parameter coupling and considered all four geometrical constraints that associate this 

coefficient to other camera parameters, it is suggested that the achieved estimates of 0.97378, -

0.00061 and -0.22988 for the coefficients 21
r , 22

r  and 23
r  are descriptive of their near optimal or 

optimal magnitudes. From the equation [3-19.4] describing the first coefficient of the translation 

vector x
t , it can be observed that the product between the first coordinate of the principal point 

0
u  and the third coefficient of the translation vector z

t  dominates the output results due to the 

large numerical magnitudes of these two parameters. In addition, large estimates of the 

coefficient 0
u would magnify the numerical influence of the coefficient z

t  on the output 

coefficient x
t . Considering that the value of the effective focal length x

f is of small magnitude 

and that the calibration approach proposed by Ganapathy (1984) achieved an estimate of the 

coordinate 0
u  larger than that obtained through the newly proposed strategy, it was expected 

that the output estimate of the parameter x
t calibrated through Ganapathy’s method would 

achieve a larger value than that achieved through the new strategy. An analysis of the results in 

rows 3 and 8 of table 3.8 confirmed that the calibrated estimate of the coefficient x
t  achieved a 

larger magnitude when estimated through Ganapathy’s algorithm than that achieved through the 

newly proposed method. Since Ganapathy’s approach failed to reach an optimal measure of the 
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coefficient 0
u , it can be argued that this estimate of the coefficient x

t found at -0.4662mm is 

suboptimal. In contrast, the approach proposed in Kim et al. (2023) achieved an estimate of the 

coefficient 0
u  very close to that achieved by the newly proposed strategy. However, considering 

that the approach associated a negative sign to the coefficient z
t , it was expected that the output 

measure of the coefficient x
t would not only be of small magnitude but also subjected to 

numerical instabilities. Rows 7 and 8 of table 3.8 confirm the numerical inferiority of the 

estimate of the calibrated parameter x
t  at 0.4135mm, when computed through the strategy 

proposed in Kim et al. (2023), compared to the value of 0.4653mm achieved through the new 

approach. The approach proposed in Roumie et al. (2018) made provision to estimate this 

coefficient of the translation vector through a system of linear equations involving the 

coefficients of the rotation matrix and the coordinates of the camera location in a 3D scene 

retrieved from the 12 coefficients of the projective transformation matrix. It was revealed earlier 

that this calibration approach failed to produce an orthonormal rotation matrix through its failure 

to accurately recover the coefficients 21
r , 22

r , 23
r  as presented in row 13 of table 3.8. As a 

consequence, the calibrated estimate of 0.1082mm computed through this approach is suggested 

to be suboptimal. In the same way, the calibrated measures of this coefficient achieved at 

0.5601mm and 0.5636mm through the QR and Cholesky factorization approaches, respectively, 

are not reflections of optimal estimates since these strategies introduced numerical instabilit ies 

to the derived coefficients of the rotation matrix. 

Equation [3-29.8] reveals that the accuracy of the coefficient of the translation vector y
t

depends on the accuracy of the effective focal length y
f ,the coordinate of the principal point 0

v  

and the coefficient of the translation vector z
t . The calibration procedure proposed by 

Ganapathy (1984) failed to accurately recover the coordinate of the principal point 0
v  while 

the approach proposed in Roumie et al. (2018) failed to optimally recover the effective focal 

length  y
f . The strategy proposed in Kim et al. (2023) associated a negative sign to the 

coefficient z
t of the translation vector and this was earlier revealed to have introduced numerica l 

instabilities to any camera parameters associated with this coefficient within the internal structure 

of the projective transformation matrix. The QR (Labuz et al., 1991) and Cholesky factoriza t ion 
(Wang et al., 2022), failed to accurately recover the coefficients of their respective camera 
matrices and consequently also failed to recover the coefficients of associated rotation matrices 

from which the coefficient y
t was extracted through systems of three linear equations. From the 

above. It is suggested that the estimates of the coefficient y
t achieved at -1.0311mm, 

0.0136mm,-0.4166mm,-0.1929mm, and -0.1023mm, through the approaches proposed in 
Ganapathy (1984), Roumie et al. (2018), Kim et al. (2023), QR method (Labuz et al.,1991) 

and Cholesky factorization (Wang et al., 2022), have not achieved their optimal numerica l 
magnitudes. 
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Table 0.8: Calibration results of coefficients of the rotation matrix per calibration strategy 

 Coefficients of the rotation matrix per calibration 

strategy 

Calibration Strategy Methods 
11
r  12

r  13
r  

( )
23

1

1

i

i

r
=

  

Ganapathy(1984)  +0.09646 
 

-0.81167 +0.40906 
 

0.850 
 

QR Decompositio

(Labuz

n

,1991)
 -0.00030 -0.85743 -0.51458 0.990 

 

( )

Roumie et 

al., 2018
 

-0.98500 -0.04750 -0.16750 
 

1.000 
 

( )

Cholesky Method

Wang et al.,2022
 

0.00163 -0.78919 -0.61415 0.990 
 

ODLT

(Kim et al.,2023)
 -0.00185 -0.90289 

 
0.42986 
 

1.000 
 

Proposed

Method
 

+0.00436 -0.90027 
 

-0.43651 1.000 
 

 Coefficients of the rotation matrix per calibration 

strategy 
Calibration Strategy Methods 

21
r  22

r  23
r  

( )
23

2

1

i

i

r
=

  

Ganapathy(1984)  +0.97327 -0.00062 
 

-0.22965 
 

0.990 
 

QR Decompositio

(Labuz

n

,1991)
 +0.96592 +0.13066 

 
-0.22343 
 

1.000 

( )

Roumie et 

al., 2018
 

-0.20575 -0.01995 
 

-0.14793 
 

0.070 

( )

Cholesky Method

Wang et al.,2022
 

+0.93969 +0.21126 
 

-0.26897 
 

1.000 

ODLT

(Kim et al.,2023)
 +0.97794 -0.09140 

 
-0.18784 
 

1.000 

Proposed

Method
 

+0.97378 
 

-0.00061 
 

-0.22988 
 

1.000 

 Coefficients of the rotation matrix per calibration 

strategy 

Calibration Strategy 

Methods 
31

r  32
r  33

r  
( )

23

3

1

i

i

r
=

  

Ganapathy(1984)  +0.20888 
 

0.42004 
 

-0.88314 
 

1.000 

QR Decompositio

(Labuz

n

,1991)
 +0.25882 

 
-0.49773 +0.82782 

 
1.000 

( )

Roumie et 

al., 2018
 

+0.20888 
 

+0.42004 -0.88314 1.000 
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( )

Cholesky Method

Wang et al.,2022
 

+0.34201 
 

-0.57668 
 

+0.74194 
 

0.990 

ODLT

(Kim et al.,2023)
 +0.20888 

 
+0.42004 
 

+0.88314 
 

0.990 

Proposed

Method
 

+0.20888 
 

+0.42201 
 

-0.88314 
 

1.000 

 
Finally, the calibration of the three rotation angles  , and  through the new approach, 

those proposed in Ganapathy (1984), Roumie et al. (2018), and Kim et al. (2023), made use 

of the coefficients 31
r , 32

r , 33
r as well as 11

r  and 21
r .However, it was revealed earlier that 

Ganapathy’s method failed to accurately retrieve the coefficients 21
r  and 11

r , compromising the 

accuracy of the angle   estimated at 0
89.3083 . In contrast, the approach proposed in Roumie  

et al. (2018) failed to calibrate the coefficient 21
r  which undermined the accuracy of this rotation 

angle excessively calibrated at 0
93.2016 .  Furthermore, the calibration scheme proposed in Kim 

et al. (2023) computed the coefficient 11
r  from the coordinate of the principal point 0

u  as well 

as the effective focal length x
f . Since the algorithm proposed by the authors to calibrate the 

coefficient 0
u  is prone to numerical instabilities originating from the negated coefficient z

t , it is 

argued that the numerical instability originating from the coefficient 11
r  undermined the 

estimated measure of the angle  calibrated at 0
90.1064 .  The newly proposed calibration 

method achieved a measure of this rotation angle at 0
89.7435 . This measure is in line with the 

observation in the work of Wakai and Yamashita (2021) that suggests that a normal roll angle 

would be within the range of 
2 2

  
− 
 

. Ganapathy’s achieved measure, although falling within 

this range could be a case of a false solution to the parameter. 
 

3.5. Results Discussion 

The calibration of the coordinates of camera location in a 3D scene 0
X , 0

Y  and 0
Z  requires 

accurate measures of twelve among the nineteen camera parameters calibrated. These twelve 

parameters include the nine coefficients of the rotation matrix and the three coefficient s of the 
translation matrix. However, the accuracy of the remaining parameters, which include the two 
coordinates of the principal point and the two effective focal lengths, with the exception of the 

three rotation angles, is also significant since they are geometrically related to these considered 
twelve parameters. The calibrated coordinates are numerically compared again a set of reference 

coordinates of the camera location carefully measured using a measuring tape at the time of 
image capture. Table 3.9 presents root mean square errors for the calibration of parameters of 

camera location in 3D scene 0
X , 0

Y and 0
Z per calibration method. 

Table 0.9: The reprojection error associated with each calibration strategy for the estimation of 

coordinates of camera location in a 3D scene 

Camera Location Coordinates per calibration method 

 ( )0
mmX  ( )0

Y mm  ( )0
Z mm  

Reference Estimates -264.05475 -533.36529 +1115.57398 
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Calibration Methods  

Ganapathy(1984)  -262.83712 -530.08495 +1115.73778 

Reprojection error  1.21763 3.28034 0.16380 

Average reprojection error 1.554mm 

 

QR Decompositio (Labuzn ,1991)  -465.75299 +896.54634 -1490.05506 

Root Mean Square Error +201.69824 +363.18105 +374.48108 
Average reprojection error 313.120mm 

 

( )Roumie et al. 2018  -263.79564 -530.46217 +1115.31030 

Reprojection error +0.25821 +2.90312 +0.26368 
Average reprojection error 1.142mm 

 

( )

Cholesky Method

Wang et al.,2022
 

-682.25333 +115.09080 -1479.97388 

Reprojection error +418.19858 
 

+418.27449 364.39990 

Average reprojection error 400.291mm 

 
ODLT(Kim et al.,2023)  -263.38845 -530.12595 +1115.05413 

Reprojection error +0.66630 +3.23934 +0.51985 

Average reprojection error 1.475mm 

 
Proposed Method  -263.93887  -533.34596 +1115.37015 

Reprojection error +0.11589 +0.02233 +0.20383 

Average reprojection error 0.114mm 

 
Rows 10 and 16 of Table 3.9 reveal that the QR and Cholesky factorization methods produced 

the largest average reprojection errors, with respectively 313.120mm and 400.291 mm for the 

calibration of the coordinates of camera location in a 3D scene.  These results reveal that the 

failures to recover the parameters 0
X , 0

Y  and 0
Z  were mostly caused by numerical instabilit ies 

and alterations of the original coefficients of the projective transformation matrix used for the 

factorization. This is because many geometric constraints that interconnected the camera 
parameters within the internal structure of the projective transformation matrix were broken.  
Indeed, the numerical instabilities associated with the non-homogeneous camera matrices, 

respectively, were likely propagated to the coefficients of the orthogonal rotation matrices.  The 

inaccurate coordinates of the principal point 0
u , 0

v  and the effective focal lengths x
f and y

f  

were found all derived from numerically unstable camera matrices produced by each of these 

two strategies, and because the parameters 0
X , 0

Y and 0
Z  were mainly computed from the nine 

coefficients of the rotation matrix, their estimated values indicate some occurrences of false 
solutions. These results are in line with the assessment made by Heikkila (2000) that suggests 

that although QR and Cholesky factorization methods are both analytical approaches that can 
provide close form solutions, individual camera parameters calibrated through these strategies 

are not of optimal magnitude. 
The third largest average reprojection error of 1.554mm, which is equivalent to 6.047 pixels 

and achieved by Ganapathy’s calibration strategy, exposed the failure of the algorithm proposed 
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to recover the first coefficient of the rotation matrix 11
r , despite a successful calibration of the 

approach to calibrate the fourth coefficient of the rotation matrix 21
r . According to the 

assessment made in Frazer (2013), a reprojection error of 6.047 pixels is very large for 
photogrammetry and acceptable errors should be between 0.3 and 0.5 pixels.  Moreover, the 

algorithm proposed to calibrate the coefficient x
t failed to achieve an optimal magnitude of the 

parameter because the large magnitude of the coordinate 0
u  could not minimize the influence of 

the coefficient z
t . This compromised the accuracy of the coordinate 0

X , which achieved a 

magnitude inferior to its optimal value. The fact that the system of two equations proposed by 

Ganapathy to recover the parameters y
f and 0

v  ignored the geometric constraints associated 

with each of these parameters resulted in a decrease in accuracy for these two parameters. Since 

these two parameters were geometrically associated with the second coefficient of the translation 

vector y
t ,this led to a large estimate of the parameter. In addition, despite the small magnitude 

of the coefficient 22
r , the instability introduced by the coefficient y

t could not be absorbed and 

stabilized by this coefficient of the rotation matrix. These led to the parameter of camera location 

0
Y  not achieving the expected accuracy. This observation appears to align with the assessment 

made in the work of Tang and Fritsch (2013). The small magnitude of the coefficient 23
r  and 

the large magnitude of the coefficient 33
r  played a vital role in reducing the numerical instability 

brought by the parameter y
t  when recovering the third coordinate of the camera location 0

Z , 

which achieved a reprojection error of 0.16380mm, which is slightly above half a pixel at 0.6 

pixels. The above results confirm an assessment made by Luhmann et al. (2016) that suggests 
that calibration strategies that rely on parameter coupling generally do not produce metrica lly 

adequate estimates of parameters. 
The ordinary direct linear transformation strategy proposed in Kim et al. (2023) achieved an 

average reprojection error of 5.59 pixels, slightly lower than that achieved by Ganapahy’s 

approach. This result mostly originates from the fact that the parameter x
t and y

t were computed 

from a suboptimal estimate of the effective focal length x
f and a negated third coefficient of the 

translation vector z
t . In addition, the large magnitude of the coefficients 21

r  and 33
r  could not 

compensate for the numerical instabilities introduced by the very small numerical product  11x
t r

, resulting in an estimate of the coordinate 0
X being smaller than its optimal magnitude. Despite 

a successful calibration of the coefficients 21
r  and 31

r the numerical instabilities introduced by 

the coefficients x
t and y

t failed to be absorbed by coefficients 11
r  and 21

r ,respectively, leading 

to a reprojection error of 2.53 pixels associated with the coordinate of the camera location 0
X . 

The negative sign associated with the coefficient 12
r  and the positive sign associated with the 

parameter x
t mainly contributed to drastically decreasing the estimate of the second coordinate 

of the camera location 0
Y . Furthermore, despite the successful calibration of the parameter 32

r

,its small magnitude and that of the coefficients 22
r  compromised the numerical advantage 
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offered by the magnitudes of the parameters y
t and z

t  in order to increase the numerical estimate 

of the coordinate to a value closer to the reference measure. The inaccuracy related to the 

coefficient 22
r

 
originating from parameter coupling error from suboptimal estimates of 

coefficients  31
r  and 32

r , also contributed to the accuracy degradation of the second coordinate 

of camera location. These led to a large reprojection error of 3.24 mm that corresponds to 12.25 

pixels associated with this coordinate. In contrast, the third coordinate of camera location 0
Z  

achieved a reprojection error slightly smaller than that achieved through the calibration of the 

first coordinate 0
X . This is because the numerical instability introduced by the negative product 

13x
t r was slightly attenuated by the positive product 23y

t r , accentuating the influence of the 

product 33z
t r that led to the estimated coefficient slightly increasing towards the numerica l 

magnitude of the reference measure. These resulted in a calibration reprojection error of 
0.51985mm that corresponds to 1.965pixels. These results exposed that the numerica l 

instabilities originated from the parameter coupling errors during the calibration of the 

parameters 0
u , y

f , propagated through the coefficients of the second and third rows of the 

rotation matrix 21
r , 22

r , 23
r , 31

r , 32
r , 33

r , respectively, as well as the first two coefficients of the 

translation matrix x
t and y

t . 

The decomposition solution proposed by Roumie et al. (2018) produced the lowest average 
reprojection error of the five calibration approaches. This strategy achieved two fair enough roots 
mean square errors associated with the calibration of the first and third coordinates of camera 

location 0
X  and 0

Z . The reprojection errors associated with the coordinates 0
X  and 0

Z achieved 

0.25821mm and 0.26368mm that correspond to 0.98 and 0.997pixels, respectively. The largest 

reprojection error was associated with the second coordinate of camera location 0
Y . The 

successful calibration of the coordinates 0
X originated from the fact that the small value of the 

coefficient 11
r  successfully absorbed the numerical instability introduced by the parameter x

t

while the small value of the coefficient 21
r minimized the influence of the parameter y

t . The 

large magnitude of the coefficient 31
r  also increased the influence of the product 31z

t r to drive the 

estimate of the coordinate 0
X closer to the reference magnitude, resulting in a moderate 

reprojection error of 0.25821mm  that corresponds to 0.976 pixels. In the same way, the 

successful calibration of the third coordinate of the camera location 0
Z was due to the fact that 

the large magnitude of the coefficient 33
r enabled the product 33 z

r t  to compensate for the 

numerical instabilities introduced by the parameters x
t  and y

t . In addition, although the 

calibration strategy failed to accurately recover the optimal magnitude of the coefficients 13
r  and 

23
r  their respective small magnitudes played a pivotal role in reducing the negative influence of 

the two inaccurate coefficients x
t  and y

t , increasing the influence of the product 33z
t r which 

drove the magnitude of this third coordinate to a value closer to the reference measure. These 
resulted in the parameter achieving a reprojection error of 0.997 pixels. It is to be noted that the 
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failure by the calibration strategy to achieve optimal estimates of the coefficients of the 

translation matrix x
t and y

t originating from parameter coupling errors associated with 

inaccurate estimates of the three coefficients of the second row of the rotation matrix 21
r , 22

r and 

23
r . In contrast, the largest reprojection error achieved by this calibration approach was 

associated with the second coordinate of camera location 0
Y . Despite the advantage of the small 

magnitudes of the inaccurate coefficients 12
r , 22

r  to absorb the negative influences of the two 

parameters x
t and y

t ,the successful calibration of the coefficient 32
r  could not strengthen the 

product 32z
t r  in compensating for the numerical instabilities introduced by the products 12x

t r  and 

22y
t r . These resulted in a drop in the numerical magnitude of this third coefficient, leading to a 

larger reprojection error of about 10.97pixels. These results indicate that the numerica l 
instabilities originated from the parameter coupling errors during the calibration of the 

parameters x
t and y

t contributed to the degradation of the numerical accuracy of coordinates 

and more importantly, that of the second coordinate 0
Y . 

The last row of table 3.9 presents the reprojection errors achieved by the newly proposed 

calibration system. The proposed strategy achieved three acceptable reprojection errors with the 

lowest associated with the second coordinate of the camera location 0
Y that reached about 0.084

pixels. This error is followed by that achieved through the calibration of the first coordinate of 

the camera location 0
X that reached 0.11589 mm, which corresponds to 0.438 pixels. Both these 

errors are less than half a pixel and fall within the range of 0.3 to 0.5 pixels, which is suggested 

as the acceptable error range for close-range photogrammetry applications (Przybilla et al., 

2020). The largest reprojection error was associated with the third coordinate of camera location 

0
Z that achieved an error slightly larger than half a pixel at 0.77 pixels. The smallest reprojection 

error associated with the coefficient 0
Y mainly originated from the successful calibration of the 

coordinate 11
r that enabled to stabilize the numerical unbalance that the very small negated 

coefficient 22
r  imposed on the second coefficient of the translation vector y

t . This numerica l 

stabilization enabled the product 32z
t r  to increase the numerical magnitude of the output estimate 

of this coefficient of camera location to a value very close to the magnitude of its reference 
measure, leading to the very small reprojection error achieved. The second lowest reprojection 

error associated with the first coordinate of camera location 0
X was firstly due to the small 

magnitude of the coefficient 31
r

 
that absorbed most of the magnitude potential of the coeffic ient 

z
t

 
to an estimate almost twice lower than that achieved by the numerical unbalanced imposed by 

the coefficient 32
r on this same parameter when calibrating the second coordinate of camera 

location 0
Y . Secondly, the very small magnitude of the first coefficient of the rotation matrix 11

r

also further diminished the numerical influence of the parameter x
t , while the large magnitude 

of the coefficient 21
r levelled these numerical unbalances to drive the final magnitude of this first 

coefficient of camera location to a value smaller than the reference measure. This resulted in a 
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decrease of the computed magnitude of this coordinate to an estimate slightly lower than the 
reference measure, with a deviation of 0.438 pixels. This also confirms the robustness of the 

calibration algorithms developed for the estimation of the parameters x
t , x

f , 0
u and z

t . The 

negative signs associated with the coefficients 23
r  and 33

r have played a pivotal role in slightly 

increasing the reprojection error magnitude of the coefficient of camera location 0
Z ,which 

achieved a value 0.77 pixels. The large magnitude of the parameters 13
r  and x

t were not enough 

to compensate for the numerical magnitude unbalance created by the product 23z
t r . In addition, 

the opposite signs held by the parameters y
t and 23

r  further contributed to decreasing the 

numerical estimate of the calibrated coefficient 0
Z , driving its value to a magnitude lower than 

the reference measure. The fact that the parameter y
t  held a numerical value smaller than that 

of the parameter x
t  and that the large magnitude of the coefficient 23

r  failed to stabilize the 

instability introduced by the product 11x
t r  highly contributed to the “large” reprojection error. 

This result seems to indicate that there may be a correlation between the coefficient of the second 

coordinate of the principal point 0
v and the third coordinate of the camera location 0

Z . The 

reprojection errors of 0.438, 0.0843 and 0.770 pixels are actually acceptable measures and are 

characteristics of a stable and robust calibration system, as suggested in the work of Heikkila 
(2000). These also confirm the robustness of the algorithms developed to calibrate the parameters  

y
f , y

t  and 0
v . 

Table 3.10 shows a comparison of the calibration reprojection errors of some of the existing 
state-of-the art camera pose estimation calibration methods based on a single image and using a 

checkerboard calibration pattern.  
 

Table 0.10: Comparison of some of the best reprojection errors achieved for the calibration of 

camera pose parameters per calibration approach 

Camera 
pose 
calibration 
methods 

Geiger et 

al.,2012 

Placht et 

al.,2014 

Ha et 

al.,2017 

Sels et 

al.,2019 

Lu et al. 

(2022) 

The New 

method 

Reprojection 
errors(pixel) 

0.135 0.137 0.128 0.250 
 

0.370 0.084 

 

The pose estimation strategy proposed in Ha et al. (2017) produced the lowest reprojection 
error with 0.0128 pixels. The approaches proposed by Geiger et al. (2012) and Placht et al., 

(2014) achieved nearly equal calibration performance, while the method proposed by Sels et al. 

(2019) achieved the second largest error after that achieved by the strategy proposed in Lu et al. 

(2022). The last column of the table shows the reprojection error achieved through the newly 
proposed decomposition solution to the projective transformation matrix. This error of 
magnitude of 0.0843 pixels demonstrates the robustness and reliability of the newly proposed 

analytical calibration algorithms. These results are in line with the assessment made in the work 
of Schmaltz et al. (2011) that suggests that an average reprojection error of about 0.05 pixels is 

very good and achievable through a robust camera pose calibration strategy. These reprojection 

errors are also superior to 0.61pixel achieved by the iterative camera calibration approach 
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proposed by Heikkila (2000) and the proposed strategy’s best error achieved an estimate very 

close to the pixels suggested for close range photogrammetry (Yuan et al. (2021). 

 

3.6. Concluding Remarks 

 

This chapter successfully presented an improved concept of a fully analytical decomposition 
calibration solution for camera pose parameters. The proposed strategy relied on strategic 
formulations of linear and nonlinear mathematical models to isolate and independently calibrate 

each camera parameter while preserving their geometric attributes. This proposed calibration 
approach extends and improves the method described in the works of Ganapathy (1984), Labuz 

et al. (1991), Roumie et al. (2018), Wang et al. (2022), and Kim et al. (2023) that suffer the 
limitations of parameter coupling, weak geometric constraints, sign ambiguity, and subjective 
selection of optimal solutions, to name a few. The newly proposed method provides a 

comprehensive approach to understanding the decomposition of the projective transformation 
matrix and the accuracy advantages of such decomposition in analytically recovering camera 

parameters with very good standard deviation and reprojection errors for close-range 
photogrammetry. The analytical calibration strategy developed in this chapter is not limited to 
non-metric systems. They are designed to be broadly applicable to any close-range setup, 

including those involving calibrated metric cameras, drone-mounted systems at low altitudes, or 
industrial imaging platforms. In such contexts, the proposed method can either provide a primary 

calibration solution or act as a validation and refinement tool for existing calibration parameters. 
By addressing both intrinsic (the effective focal lengths and coordinates of the principal points)  
and extrinsic parameters in a fully analytical and structurally independent manner, the approach 

supports diverse imaging geometries and camera types typically encountered in engineer ing, 
architectural, archaeological, forensic, and UAV-based photogrammetric projects. The proposed 

strategy was proven robust, reliable, and repeatable and could be integrated in a close-range 
photogrammetry production environment. 
  

 

 

 

 

 

CHAPTER 4  

ANALYTICAL FORMULAE FOR INVERSE RADIAL 

DISTORTION COEFFICIENTS COMPUTATIONS FOR HIGH-

ORDER DISTORTION POLYNOMIAL MODELS 

 

 

4.1. Introduction 

 

Radial distortion is common in most off-the-shelf lenses often used for photogrammetry 
applications. Several polynomial functions have been adopted to model such distortions, and 

suggestions have been made to use polynomials with several terms when dealing with severe 
radial distortions (Bukhari and Dailey, 2013). However, among the challenges of using such 
functions is that their inverse polynomials cannot be computed analytically (Beauchemin and 

1

10
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Bajcsy, 2001; Devernay and Faugeras, 2001; Kumar et al., 2020; Kaufman and Gurfil, 

2021). Inverse modelling of radial distortion polynomials involves the estimation of inverse 

distortion coefficients accurate enough from the original coefficients to reduce the distortion 
effects introduced by lenses. Kumar et al. (2022) even described this lack of analytical inverse 

modelling formulae as a “major computational problem” in camera calibration. Following the 
above limitations, Ma et al. (2003) suggested two coefficients of inverse polynomial function to 
undistort altered image point coordinates by formulating an inverse polynomial with negated 

first and second radial distortion coefficients. The problem with the proposed approach is that 
the highest degree the polynomial can hold is three with two radial distortion coefficients only. 

Most of the current camera calibration software packages, such as MATLAB, Photoscan, 
Micmac, and PhotoModeler, to name a few, use up to three coefficients in polynomial models of 
higher degrees, such as the fifth, sixth, or eighth degree (Griffiths and Burningham, 2019; 

Kabadayi et al., 2020).  
The radial distortion polynomial inversion strategy proposed by Drap and Lefevre (2016) can 

be considered a valuable semi-analytical method since the proposed algorithms enable the 
estimation of inverse distortion coefficients recursively before refining their estimates through 
an iteration process. The proposed approach, however, suffers from certain limitations in its 

formulation and implementation. In terms of the algorithm formulation, the technique was 
derived from a general polynomial function. This means the first inverse radial distortion 

coefficient would retain dominance within the inverse distortion function only if the power 
associated with the term attached to the second inverse coefficient is closer to the power of the 
term attached to the first inverse radial distortion coefficient. However, for high-degree 

polynomials, especially depressed polynomials, the proposed algorithm would poorly perform 
because of the possible numerical dominance of some of the inverse radial distortion coefficients 

over the first inverse distortion coefficient within the formulation of the high-order inverse 
polynomial.  In addition, although it is an advantage to estimate inverse coefficients recursive ly, 
the stability of the proposed inverse radial distortion models can be compromised because all 

radial distortion coefficients present in the original polynomials are not represented in the 
formulation of their respective inverse models. 

To alleviate this challenge, Ernould et al. (2021) suggested only considering truncated versions 
of inverse coefficients proposed by Drap and Lefevre (2016). However, this option can lead to 
further instabilities since some of the terms being dropped may have high numerical relevance 

for the remaining terms of the inverse coefficients. Furthermore, Lee et al. (2018) and Jaroš 

(2021) suggested the use of the first three inverse coefficients to correct distortion modelled by 

a depressed six-degree polynomial.   Zhu (2021) also suggested the use of the first three inverse 
coefficients proposed in Drap and Lefevre (2016) to formulate an inverse radial distortion 
function in order to correct moustache radial distortions modelled by a three-term six-order 

polynomial function. Although the author reported satisfactory radial distortion correction 
results, the error report provided did not offer enough evidence to support that the formulat ions 

of the inverse coefficients were adequate to handle the moustache radial distortion profile. 
Conversely, Hamed et al. (2021) suggested the use of the first four inverse coefficients proposed 
in Drap and Lefevre (2016) to formulate a five-term, eight-degree inverse radial distortion 

function to deal with severe barrel radial distortions. Although the residual error was reported to 
be very small after applying an iteration algorithm to refine the inverse coefficients, there was 

not enough numerical evidence to support that the formulated inverse model was stable and could 
efficiently deal with severe barrel radial distortions. The fact that the fourth radial distortion 

coefficient 4
 was not part of the formulation of the forward model but appeared in the 

formulation of the inverse model could undermine the effectiveness of the derived inverse model 

to deal with the barrel distortions. In terms of its implementation, the strategy proposed by Drap 

and Lefevre is difficult to customize in order to match the expressions of high-order depressed 
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polynomials. Moreover, the proposed algorithms may also suffer from numerical instabilit ies 
due to exaggerations of coefficients associated with each term of the respective inverse 

coefficients. This is because the optimal number of iterations supposed to produce optimal 
magnitudes of coefficients is not known a priori. 

This chapter attempts to develop a fully analytical, robust, flexible, reliable, and stable radial 
distortion polynomial reversion strategy that enables the computation of accurate inverses of 
radial distortion coefficients needed to formulate inverse radial distortion polynomial models. 

The key assumptions under which this technique operates include radial symmetry of the distortion 
function around the principal point, the distortion function is monotonically increasing or 

decreasing within the region of interest, the polynomial model is known and fixed, and all 
coefficients are real-valued. To the best of my knowledge, there is currently no analogue to such 
a strategy available among the photogrammetry and computer vision literature.  

 
 

4.2. Material and Methods 
 

4.2.1. Non-metric Digital Cameras Used 

 

The first non-metric digital camera used in this chapter was a DSLR Sony Alpha 200 presented 

in Figure 4-1 with its characteristics presented in Table 4.1. 
 

 
Figure 4-1:DSLR Sony Alpha 200 Camera 

The camera possesses a pixel size of 6.2 μm  and a focal length of 24mm, as presented in Table  

4.1. 

Table 4.1: DSLR Alpha 200 Camera Main Characteristics 

Camera Model DSLR Sony Alpha 200 

Body type Compact SLR 

Sensor resolution 10.2 megapixels  

Maximum resolution  3872 2592 pixels  

Sensor dimension 23.6 mm 15.8 mm  

Pixel size 6.2μm  

Focal length 24 mm  

Image type jpeg  

Sensor type  CCD  

 

The second non-metric camera used in this chapter was a DSLR Nikon D3100 camera presented 
in Figure 4-2. The camera possesses a sensor resolution of 14.2 megapixels with a pixel size of 

5μm and a focal length of 35mm as presented in Table 4.2. 
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Figure 4-2: DSLR Nikon D3100 camera 

Table 4.2: DSLR Nikon D3100 camera main specifications 

Camera Model DSLR Nikon D3100 

Body type Compact SLR 

Sensor resolution 14.2 megapixels  

Maximum resolution 4608 3072 pixels  

Sensor dimension 23.1mm 15.4 mm  

Pixel size 5μm  

Focal length 35 mm  

Image type jpeg  

Sensor type  CMOS  

 
To test the effectiveness of the proposed algorithms in correcting severe barrel distortions, a 
Xiaomi Redmi Pro mobile phone camera was used. The mobile phone offers the possibility to 

capture imagery with an ultra-wide-angle camera of 0
118 field of view, which is enough to 

introduce severe barrel radial distortions. The camera’s ultra-wide lens characteristics are 
summarized in Table 4.3. 

  

 

Table 4.3: Xiaomi Redmi ultra-wide camera main specifications 

Camera Model XIOMI Redmi 11 Pro Mobile phone 

Sensor resolution by default 108 megapixels  

Sensor resolution in wide angle mode 8 megapixels  

Maximum resolution 1080 2400 pixels  

Sensor dimension 6.058 mm 4.415mm  

Pixel size 0.7μm  

Focal length 26 mm  

Image type jpeg  

Sensor type  Sony IMX 355  

 

4.2.2. Computing radial distortion coefficients 

Radial distortion coefficients were computed using three strategies. The first strategy used was 

the least squares method to solve for the four radial distortion coefficients of a general quintic 

due to the limitations of available software packages in solving more than 3 coefficients. The 
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second radial distortion coefficient computation was done through a simple automatic camera 

calibration done in the PhotoModeler software workstation. The approach only needed a few 

photographs of the planar calibration pattern that contains 100 equally spaced black dots painted 

on a white background. The third method to compute radial distortion coefficients was through 

a camera calibration script. This tool needed several images of a well-defined checkerboard 

pattern made of successions of black and white squares of 30mm  side, that contained a total of 

7 5 squares. The computation of radial distortion coefficients from images captured by the 

above-mentioned consumer-grade digital cameras is motivated by two primary objectives. The 

first objective is to characterize the nature and extent of radial distortion specific to each camera 

lens by estimating the associated distortion coefficients using established calibration techniques. 

This characterization aimed to identify the dominant types of radial distortion (e.g., moderate or 

severe barrel or pincushion) exhibited by each consumer-grade lens, as these distortions can vary 

significantly between devices due to manufacturing variability and lens quality. The second 

objective is to use these empirically derived distortion coefficients as reference functions for 

evaluating the performance of the newly developed fully analytical inverse radial distortion 

models. Specifically, the computed coefficients will be substituted into both the proposed 

analytical inversion models and existing iterative inversion schemes. The resulting inverse 

distortion functions will then be compared against the original distortion curves to assess their 

accuracy, shape conformity, and numerical stability. This comparative analysis is critical in 

validating the ability of the analytical inverse models to effectively approximate the inverse of 

the original radial distortion function, particularly in scenarios where high-order polynomia l 

terms are present. Figure 4-3 presents the two calibration patterns used in this chapter. 

 

 
Figure 4-3: Distortion-free images of calibration patterns with (A) representing the calibration 

pattern used by the Photomodeler calibration toolbox and (B) the checkerboard pattern used by 

the MATLAB camera calibration script. 

 
A. Least Squares Estimation of Radial Distortion Coefficients. 

To estimate the coefficients of radial distortion polynomials using the least squares method, a 

carefully structured image acquisition procedure was conducted using a DSLR Sony Alpha 200 
camera mounted on a tripod to ensure geometric stability and reduce motion blur. The calibration 
target consisted of a high-contrast grid of equally spaced black and white squares, affixed to a 

fixed, vertical, planar surface to maintain consistency across all views. The image capture 
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process began with a central photograph taken with the camera positioned orthogonally to the 
pattern. To introduce variation in radial displacement across the image plane, additional images 

were captured by incrementally moving the camera to the right and left of the central position. 
At each new viewpoint, both the height of the tripod and the orientation of the camera (azimuth 

and elevation angles) were altered to vary perspective. This systematic variation in camera pose 
was critical for sampling different parts of the lens's field of view and capturing the nonlinear ity 
of radial distortion effects. All images were acquired under consistent lighting conditions to 

enhance the visibility of the calibration pattern and support accurate feature detection. 
Since the versions of MATLAB and PhotoModeler available at the time of this experiment 

did not support solving for four or more radial distortion coefficients directly, a point 
correspondence strategy based on the least squares method was employed. This approach 
required both distorted and distortion-free 2D image coordinates of specific points. Nine well-

defined image points were selected from the various captured images of the checkerboard 
calibration pattern in Figure 4-3(A) to improve the stability and accuracy of the coeffic ient 

estimates. The calibration image points were first identified using the Harris corner detector tool 
implemented in the open-source software FiveKo. The distortion-free coordinates of these points 
were extracted using the open-source GIMP software from a geometrically correct image of the 

calibration target, downloaded from the PhotoModeler website. The distorted coordinates 
associated with the identified corners were similarly obtained by importing the DSLR Sony 

Alpha 200 camera-captured photographs into the GIMP workstation. The combination of a 
carefully executed image acquisition setup and a robust Gram-Schmidt-based least squares 
computational strategy enabled the accurate estimation of the higher-order radial distortion 

coefficients beyond the limitations of the default software packages. The following equations 
were used to form the least squares system of linear equations that enabled us to estimate each 

of the coefficients of radial distortion: 
 

5 5

1 1

j

d u u i u

j i i

x x x r
= + =

 
= +  

 
                                                 [4-1] 

  
5 5

1 1

j

d u u i u

j i i

y y y r
= + =

 
= +  

 
                                               [4-2] 

With nine-point correspondences with measured u
x , u

y , d
x and d

y coordinates, the four 

coefficients of radial distortion 1
 , 2

 , 3
 and 4

  were computed. Figure 4-4 presents the 

calibration workflow used to estimate the coefficients of radial distortion. 
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Figure 4-4: Least Squares Radial Distortion Coefficients Calibration Workflow on the left side 
of the figure. The polynomial reversion workflow on the right side of the figure is elaborated in 

section 4.2.3.B of this chapter. Equations on the left side of the diagram are presented in [4-1] 

and [4-2], while equations on the right side of the diagram are presented in [4-6.1] and [4-6.2]. 

Table 4.4 presents the computed estimates of radial distortion coefficients for the general quintic 
to analyse and model radial distortions introduced by the Sony Alpha camera. 

 

Table 4.4: Radial Distortion Coefficients Calibrated through the Least Squares Approach 

Radial Distortion Coefficients Numerical estimates of coefficients 

1
  ( )

24
1.379 10 mm

−−
  

2
  ( )

38
8.690 10 mm

−−
−   

3
  ( )

411
6.521 10 mm

−−
  

4
  ( )

518
2.3 10 mm

−−
  

 

B. PhotoModeler Estimation of Radial Distortion Coefficients 

To calibrate the DSLR Nikon D3100 camera using PhotoModeler, a structured image acquisit ion 

procedure was conducted to ensure robust geometric coverage and high calibration accuracy. 
The calibration pattern used was the standard PhotoModeler target sheet, which was printed and 

mounted onto the flat surface of a light book cover using transparent adhesive tape. The book 
was then placed on a horizontal table surface to maintain a stable and planar reference for all 
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photographs. The camera was operated in landscape orientation and securely mounted on a tripod 
to maintain consistent framing and to minimize motion blur. The initial set of three images was 

captured with the camera in a level position directly above the calibration sheet. To vary the 
image geometry and enrich the data for calibration, the camera was then rotated 0

90 about its 

optical axis (roll) to the left, and three additional images were taken. Finally, the camera was 

rotated by an equivalent roll angle to the right to acquire the last three images. This controlled 
variation introduced perspective changes necessary for accurate computation of the camera’s 
internal parameters and radial distortion coefficients. All photographs were captured under stable 

and diffuse lighting conditions to minimize reflections, glare, and shadows that could interfere 
with target recognition. All nine photographs were transferred to a computer and imported into 

a multi-sheet field calibration project within PhotoModeler. After setting the correct inner 
diameter for the circular coded targets and adjusting the printed calibration sheet's physical size, 
the software’s automatic calibration process was initiated. PhotoModeler automatically detected 

and labeled the coded targets across the image set and then computed the camera’s intrins ic 
parameters, including focal length, principal point, and three radial distortion coefficients , 

through a bundle adjustment process. The calibration successfully converged after only four 
iterations, yielding the coefficients used to formulate a depressed sixth-order radial distortion 
polynomial. Compared to other tools such as OpenCV, PhotoModeler provided a streamlined 

and efficient calibration workflow with minimal manual intervention. Figure 4-5 shows the radial 
distortion coefficient calibration workflow: 

 

 
 

Figure 4-5: The PhotoModeler Radial Distortion Coefficients Calibration Workflow is shown 
on the left side of the figure. The associated polynomial reversion workflow on the right side of 

the figure is elaborated in section 4.2.3.C. of this chapter. Equations on the right side of the 

diagram are presented in [4-6.1] and [4-6.2]. 
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Table 4.5 presents the estimates of calibrated radial distortion coefficients. The three coefficients 
describe the curves of radial distortion modelled by a depressed six-degree polynomial function. 

 
Table 4.5: Radial Distortion Coefficients Calibrated through the Photomodeler Calibration 

Toolbox 

Radial Distortion Coefficients Numerical estimates of coefficients 

1
  ( )

23
1.27 10 mm

−−
  

2
  ( )

45
3.23 10 mm

−−
−   

3
  ( )

68
8.29 10 mm

−−
  

 

C. MATLAB Estimation of Radial Distortion Coefficients 

To calibrate the Xiaomi Redmi, Note 11 Pro smartphone camera using MATLAB’s Camera 
Calibration Toolbox, a carefully designed image acquisition procedure was carried out to ensure 
both geometric diversity and reliable feature extraction. A black-and-white checkerboard 
calibration pattern, with each black square measuring 30 mm per side, was printed and firmly 

mounted on a whiteboard, which was in turn fixed to a flat, vertical wall to provide a stable, 
planar reference surface. The smartphone camera was used to capture a total of 27 images of the 

pattern from various viewpoints. During the image capture process, the checkerboard remained 
stationary while the camera was repositioned at different heights, distances, and orientations , 
varying pitch, yaw, and roll angles to sample a wide portion of the lens’s field of view and 

introduce necessary perspective distortion. These varied poses are essential for accurately 
estimating the intrinsic camera parameters and radial distortion coefficients. Efforts were made 

to ensure the entire pattern was visible within each frame, with good focus and uniform lighting 
to support precise corner detection. Importantly, a non-square checkerboard pattern was used to 
enable consistent identification of the origin corner across all images, which is critical for 

maintaining a consistent 3D coordinate reference in MATLAB’s calibration process. Following 
image acquisition, the photographs were transferred to a desktop computer and imported into 

MATLAB. All 27 images were loaded into the calibration toolbox, and the automated corner 
detection algorithm was applied. Out of the 27 input images, 21 were successfully processed, 
while six were rejected. The rejected images exhibited either excessive glare resulting from direct 

overhead office lighting or extreme oblique angles, which caused distant corners to become too 
distorted for reliable detection. For calibration, the standard polynomial distortion model was 

selected instead of the fisheye model, as it allowed explicit specification of three radial distortion 
coefficients suitable for general-purpose lenses. The calibration toolbox then used a nonlinear 
least squares optimization routine to estimate the intrinsic camera parameters, including focal 

length, coordinates of the principal point, and radial distortion coefficients. The final calibration 
output was based on the 21 validated images and provided stable, accurate estimates of radial 

lens distortion coefficients. This process is summarized in Figure 4-6, which outlines the 
complete radial distortion calibration workflow used in MATLAB. 
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Figure 4-6: MATLAB Radial Distortion Coefficients Calibration Workflow on the left side of 

the figure. The associated polynomial reversion workflow on the right side of the figure is 
elaborated in section 4.2.3.D of this chapter. Equations on the right side of the diagram are 

presented in [4-6.1] and [4-6.2]. 

Table 4-6 presents radial distortion coefficients computed through the MATLAB camera 
calibration script.  

 

Table 4.6: Radial Distortion Coefficients calibrated through MATLAB Calibration Toolbox 

Radial Distortion Coefficients Numerical estimates of coefficients 

1
  ( )

23
1.38 10 mm

−−
  

2
  ( )

57
8.69 10 mm

−−
−   

3
  ( )

811
6.52 10 mm

−−
  

 

4.2.3. Inverse Modelling of Radial Lens Distortion Polynomials 

 
A. Semi Analytical Inverse Modelling of Radial Lens Distortions 

 

The semi-analytic derivation of inverse radial distortion coefficients is similar to that proposed 
in the work of Drap and Lefevre (2016). The strategy formulates the expressions of inverse 

radial distortions in a recursive manner where the expression of an inverse coefficient is derived 
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from that of the previous coefficient, and then an intensive iterative process is applied to refine 
the numerical estimates of all coefficients simultaneously. In this approach, the radial distance 

was first estimated under the assumption that the principal is located at the centre of the image. 
The estimated radial distance is then minimized through an optimization function. The first stage 

of the approach that refines the radial distortion magnitude is coded as follows: 

        2 4

2 4

:

1 ...

n

c n

c

n

c

c

c
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p p

repeat

r p

dr r r
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
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                                              [4-3] 

Where c
p is the distorted point while n

p  is its distortion-free counterpart such that the distance 

c n
p p−  is minimized using the repeat loop until the function [4-3] converges. The constraint 

c
r p=   means that the radial distance   is equal to the distance from the principal point, 

which is considered the image centre, to the distorted point c
p . Once the first coefficient of the 

series is computed, the next coefficients are recovered recursively, and the proposed first nine 
inverse coefficients of a general polynomial model are given as follows: 

                                                                 [4-4.1] 

                                                                [4-4.2] 

                                                         [4-4.3] 

                                           [4.4.4] 

                               [4-4.5] 

                     [4-4.6] 

        [4-4.7] 

     [4-4.8] 

             [4-4.9] 

 

r

1 1
 = −

2

2 1 2
3  = −

3

3 1 1 2 3
12 8    = − + −

4 2 2

4 1 1 2 2 1 3 4
55 55 5 10       = − + + −

5 3 2 2

5 1 1 2 1 2 1 3 2 3 1 4
273 364 78 78 12 12           = − + − − + +

6 4 2 2 3 3

6 1 1 2 1 2 2 1 3 1 2 3

2 2

3 1 4 2 4

1428 2380 840 35 560 210

7 105 14

           

    

= − + − + −

+ − +

7 5 3 2 3 4 2

7 1 1 2 1 2 1 2 1 3 1 2 3

2 2 3

2 3 1 3 1 4 1 2 4 3 4

7752 15504 7752 816 3876 2448

136 136 816 272 16

            

          

= − + − + − +

− − + − +

8 6 4 2 2 3 4 5

8 1 1 2 1 2 1 2 2 1 3

3 2 2 2 2 4 2

1 2 3 1 2 3 1 3 2 3 1 4 1 2 4

2 2

2 4 1 3 4 4

43263 100947 65835 11970 285 26334

23940 3420 1710 171 5985 3420

171 342 9

          

              

     

= − + − + +

− + + − − +

− − +

9 7 5 2 3 3 4

9 1 1 2 1 2 1 2 1 2

6 4 2 2 3 3 2

1 3 1 2 3 1 2 3 2 3 1 3

2 3 5 3 2

1 2 3 3 1 4 1 2 4 1 2 4

2

1 3 4 2 3 4

246675 657800 531300 141680 8855

177100 212520 53130 1540 17710

4620 70 42504 35420 4620

4620 420

         

           

           

     

= − + − + −

− + − + −

+ − + − +

+ − −
2

1 4
210 
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Where n
  are the radial distortion coefficients of an invertible general polynomial model 

formulated as follows: 

     ( ) 2

0

:
n

n

n

g r r
+

=

=                                                   [4-5.1] 

Let n


 
be the coefficients of the inverse polynomial of ( )g r  denoted ( )h r   defined as 

follows: 

   ( ) 2

0

:
n

n

n

h r r
+

=

=                                                  [4-5.2] 

As it can be observed from [4-5.1] and [4-5.2], the inverse distortion coefficients n
 were derived 

from a general polynomial formulation.  

 

 

B.  Analytical Inverse Modelling of a General Quintic Radial Distortion Polynomial. 

 

Provided a general quintic radial distortion polynomial 1
P  with coefficients 0

 , 1
 , 2

 , 3
 and 

4
 that maps the undistorted coordinates ( ),

u u
x y  to their distorted counterparts ( ),

d d
x y ,it is 

desired to formulate an inverse transformation polynomial 2
P  of degree five with coefficients 0

a

, 1
a , 2

a , 3
a , 4

a  that transforms the distorted coordinates ( ),
d d

x y  to undistorted counterparts 

( ),
u u

x y  such that: 

   ( )1 1
:

u d u

u

u d u

x x x
T P r

y y y

     
→ =     

     
                                                  [4-6.1] 

  ( )2 2
:

d u d

d

d u d

x x x
T P r

y y y

     
→ =     

     
                                                 [4-6.2] 

Where 1
P  and 2

P   are power series such that: 

( ) ( )
5 4

1

2 1

: 1
n

u m u

n m

P r k r
= =

= +                                                    [4-6.3] 

                                                 [4-6.4] 

It can be observed that equations [4.1] and [4.2] correspond to the equation [4-6.3] and [4-6.4] 

with ( )1 u
P r  being an invertible polynomial. Since ( )1 u

P r  is invertible, then ( )2 d
P r  would 

transform a distorted point to its corresponding undistorted location through the following:  
5 4

2 1

1
m

u d n d

m n

x x r
= =

 
= + 

 
                                                       [4-7.1] 

5 4

2 1

1
m

u d n d

m n

y y r
= =

 
= + 

 
                                                       [4-7.2] 

With the coefficients n
a  being the inverse coefficients of  n

  . Let ( )u
f r   be a general quintic 

polynomial defined in  and formulated as follows: 

( ) ( )
5 4

2

2 1

: 1
n

d m d

n m

P r r
= =

= + 
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      ( )
5 4

1 0

1
m

u n u

m n

f r r
= =

= +                                                          [4-8] 

Subtracting one from both sides of [4-8] leads to the following: 

      ( )
5 4

1 0

1
m

u n u

m n

f r r
= =

− =                                                            [4-9] 

By introducing a new variable d
r by posing ( ) 1

u d
f r r− =  the equation [4-9] was reformulated 

as follows: 

      
5 4

1 0

m

d n u

m n

r r
= =

=                                                        [4-10]                         

The inverse function of [4-8] must be a quintic model and must contain the variable u
r  in its 

formulation so that its coefficients can easily be derived from those of [4-8]. Let ( )u
g r  be that 

inverse function formulated as follows: 

   ( )
5 4

1 0

1
m

u n d

m n

g r r
= =

= +                                                [4-11] 

Introducing a new variable u
r  by posing ( ) 1

u u
g r r− =  ,  the equation [4-11] was reformula ted 

as follows: 

      
5 4

1 0

m

u n d

m n

r r
= =

=                                              [4-12] 

 Dividing both sides of equation [4-10] by the coefficient 0
  leads to the following: 

   
5 4

2 10 0

1 md

u n u

m n

r
r r

  = =

 
= −  

 
                                        [4-13]                

An observation of [4-12] and [4-13] reveals that both polynomials can be related. Elevating [4-

12] to the quadratic, cubic, quartic, and quintic powers and then substituting these into the right 
side of [4-13] leads to the following: 

5 4
5 4 5 4

4 3

1 0 1 0

3 2
5 4 5 4

0 0

2 1

1 0 1 0

1

m m

n d n d

m n m nd

u

m m

n d n d

m n m n

r r
r

r

r r

   

 
   

= = = =

= = = =

    
+    

    
= −  

    + +    
    

   

   

                            [4-14] 

Substituting [4-12] into the left side of [4-14] leads to the following after some rearrangements 

of terms: 

 

5 4
5 4 5 4

4 3
5 4

1 0 1 0

0 3 2
5 4 5 42 1 0 0

2 1

1 0 1 0

1

m m

n d n d

m n m nm d

n d d

m n
m m

n d n d

m n m n

r r
r

r r

r r

   

 
 

   

= = = =

= =

= = = =

    
+    

      
+ = −   

      + +    
    

   
 

   

   [4-15] 

Dividing both sides of [4-12] by 0
  and after some reformulations produces the following: 

  
5 4

2 10 0

1 mu

d n d

m n

r
r r

  = =

 
= −  

 
                                                       [4-16] 

For expressions [4-13] and [4-16] to match formulations of radial distortion polynomial models, 

the following constraints must be satisfied: 
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0
1 = and 0

1 =                                                             [4-17] 

Considering the constraints in [4-17] into [4-15], then after discarding terms with powers greater 
than five in the expressions in parentheses on the right side of the equality sign leads to the 

extraction of the following equations: 

( )1 2 2 2

0 1 0 1d d
r r   −

− =                                                       [4-18] 

( )1 3 1 3 3

0 2 0 0 1 0 1 2
2

d d
r r       − −

− + =                                             [4-19] 

( )1 1 4 1 2 1 2 4 4

0 1 0 2 0 3 0 0 1 1 0 2 0 1 3
2 3

d d
r r              − − − −

− + + + =                           [4-20] 

( )1 5 1 3 1 1 1 2 1 2 5 5

4 0 0 3 0 0 1 0 1 0 3 0 1 1 2 0 2 0 1 0 2 0 2 4
4 2 2 3 3

d d
r r                       − − − − − −

− + + + + + =    [4-21]     

From [4-18] to [4-21], the inverse radial distortion coefficients of the inverse quintic distortion 

model can analytically be estimated as follows: 

                                                         [4-22.1] 

                                                    [4-22.2] 

                                                [4-22.3] 

                           [4-22.4]       

 

From [4-22.1]- [4-22.4], the inverse quintic radial distortion model required to correct radial 

distortions modelled by a general quintic can be formulated as follows: 

                                                [4-23.1] 

                                               [4-23.2] 

 

A comparison between the formulations in [4-22.1]- [4-22.4] and [4-4.1]- [4-4.4] is presented in 
Table 4.7. It can be observed from the table that both methods share not only the same 
coefficients but also the same number of terms when formulating their respective individua l 

inverse radial distortion coefficients. The formulation of the first inverse coefficient is similar 
for both approaches. In the formulation of the second inverse distortion coefficient, the numerica l 

coefficient associated with the first term is greater for the semi-analytical algorithm in 
comparison to that of the proposed fully analytical algorithm. A similar trend can be observed 
for the estimation of the third and fourth inverse radial distortion coefficients. 

 

Table 4.7: Formulations comparison for the inverse radial distortion coefficients of a general 
quintic polynomial distortion model derived from the semi-analytical and the fully analytical 

methods 

Inverse radial 
distortion 
coefficients 

Semi-analytical inverse modelling 
algorithms 

 Fully analytical inverse 
modelling algorithms 

1
  1

−  1
−  

2
  

2

1 2
3 −  

2

1 2
2 −  

3
  

3

1 2 1 3
8 12   − −  

3

1 2 1 3
5 5   − −  

1 1
 = −

2

2 1 2
2  = −

3

3 1 2 1 3
5 5    = − −

4 2 2

4 1 1 3 1 2 2 4
14 6 21 3       = + − + −

5 4

2 1

m

u d d n d

m n

x x x r
= =

 
= +  

 
 

5 4

2 1

m

u d d n d

m n

y y y r
= =

 
= +  

 
 
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4
  

4 2 2

1 1 3 1 2 2 4
55 10 55 5      + − + −  

4 2 2

1 1 3 1 2 2 4
14 6 21 3      + − + −  

 

From algorithms in [4-4.1]-[4-4.4] presented in the second column of table 4-7, the semi-
analytically derived inverse of a general quintic radial distortion polynomial can be formulated 

as follows: 

                      [4-24.1] 

                     [4-24.2] 

Likewise, from the algorithms in [4-22.1]-[4-22.4], the analytically derived inverse of a general 
quintic radial distortion polynomial can be formulated as follows: 

( ) ( )

( )

2 2 3 3 4

1 1 2 1 2 1 3

4 2 2 5

1 1 3 1 2 2 4

2 5 5

14 6 21 3

d d d

u d d

d

r r r
x x x

r

      

      

 − + − + − −
 = +
 + + − + −
 

                          [4-25.1] 

( ) ( )

( )

2 2 3 3 4

1 1 2 1 2 1 3

4 2 2 5

1 1 3 1 2 2 4

2 5 5

14 6 21 3

d d d

u d d

d

r r r
y y y

r

      

      

 − + − + − −
 = +
 + + − + −
 

                           [4-25.2] 

To correct radial distortion introduced by the DSLR Sony Alpha 200 lens system and modelled 
by a general quintic polynomial, using the semi-analytical derived inverse radial distortion 

coefficients, the numerical values of coefficients estimated through least squares were substituted 
into the algorithms in [4-4.1]-[4-4.4], and this led to the following formulations: 

                [4-26.1] 

                [4-26.2] 

Similarly, to correct radial distortion introduced by the DSLR Sony Alpha 200 lens system and 

modelled by a general quintic polynomial using analytically developed algorithms, numerica l 
values of radial distortion coefficients in Table 4-4 were substituted into the algorithms in [4-

22.1]-[4-22.4] to achieve the following inverse models: 

        [4-27.1] 

        [4-27.2] 

 

C. Analytical Inverse Modelling of a Depressed Six-degree Radial Distortion Polynomial 

 

The objective of this task is to determine three coefficients 1
 , 2

 and 3
  such that the correction 

of radial distortion modelled by a depressed six-degree polynomial is done through the following 
algorithms: 

                                           [4-28.1] 

                                           [4-28.2] 

For this purpose, let’s consider the following six-degree radial distortion polynomial: 

( ) ( )

( )

2 2 3 3 4

1 1 2 1 2 1 3

4 2 2 5

1 1 3 1 2 2 4

3 8 12

55 10 55 5

d d d

u d d

d

r r r
x x x

r

      

      

 − + − + − −
 = +
 + + − + −
 

( ) ( )

( )

2 2 3 3 4

1 1 2 1 2 1 3

4 2 2 5

1 1 3 1 2 2 4

3 8 12

55 10 55 5

d d d

u d d

d

r r r
y y y

r

      

      

 − + − + − −
 = +
 + + − + −
 

( )4 2 7 3 10 4 13 5
1.379 10 1.43 10 1.93 10 2.4 10

u d d d d d d
x x x r r r r

− − − −
= + −  +  −  + 

( )4 2 7 3 10 4 13 5
1.379 10 1.43 10 1.93 10 2.4 10

u d d d d d d
y y y r r r r

− − − −
= + −  +  −  + 

( )4 2 7 3 10 4 13 5
1.379 10 1.24 10 1.38 10 1.17 10

u d d d d d d
x x x r r r r

− − − −
= + −  +  −  + 

( )4 2 7 3 10 4 13 5
1.379 10 1.24 10 1.38 10 1.17 10

u d d d d d d
y y y r r r r

− − − −
= + −  +  −  + 

3

2,4,6
1

m

u d d n dm
n

x x x r
=

=

 
= +  

 
 

3

2,4,6
1

m

u d d n dm
n

y y y r
=

=

 
= +  

 
 
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   ( )
6 3

1 0

1
m

u n u

m n

h r r
= =

= +                                                 [4-29] 

A reformulation of [4-29] can be given as follows: 

   ( )
6 3

1 0

1
m

u n u

m n

h r r
= =

− =                                                 [4-30] 

Introducing a new variable by posing ( ) 1
u d

h r r− = , the expression in [4-30] becomes the 

following: 

    
6 3

1 0

m

d n u

m n

r r
= =

=                                                        [3-31]                         

Since the original distortion model in [4-29] is a sixth-order polynomial, its corresponding 

inverse must also be a sixth-order polynomial and its formulation must contain the variable u
r  .  

Let’s define ( )d
J r   as this inverse sixth-order radial distortion polynomial formulated as follows: 

   ( )
6 3

1 0

1
m

u n d

m n

J r r
= =

= +                                            [4-32] 

By introducing a new variable u
r by posing ( ) 1

d u
J r r− =  , the equation [4-32] can be formula ted 

as follows: 

   
6 3

1 0

m

u n d

m n

r r
= =

=                                                 [4-33] 

 Dividing both sides of equation [4-31] by the coefficient 0
   and then isolating u

r   on one side 

of the equality sign leads to the following: 

   

3

2,4,6 10 0

1 md

u n u

m n

r
r r

  = =

 
= −  

 
                                        [4-34]                

Substituting [4-33] into the left side of [4-34] leads to the following: 

  

6 3 3

1 0 2,4,6 10 0

1m md

n d n u

m n m n

r
r r 

 = = = =

 
= −  

 
                                    [4-35] 

Elevating [4-33] to the quadratic, quartic, and sixth powers, respectively, and substituting the 
results in the right side of [4-35] leads to the following equation: 

   

5 4
6 3 6 3

4 3
6 3

1 0 1 0

3 2
6 3 6 31 0 0 0

2 1

1 0 1 0

1

m m

n d n d

m n m nm d

n d

m n
m m

n d n d

m n m n

r r
r

r

r r

   


 

   

= = = =

= =

= = = =

    
+    

    
= −  

    + +    
    

   
 

   

     [4-36] 

Similarly, after consideration of the constraints in [4-17] and discarding all terms with powers 
greater than six on the right side of [4-36], the following five equations can be derived: 

 

                                                    [4-37.1] 

                                                    [4-37.2] 

                                           [4-37.3] 

                                         [4-37.4] 

2 2 2

1 1 0d d
r r  = −

3

0 1 1
2 0

d
r  − =

( )4 4 2 4

2 2 0 1 1d d
r r    = − −

5 3 5

0 2 1 0 1 2
2 4 0

d d
r r     − − =
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                                  [4.37.5] 

 
Constraints [4-37.2] and [4-37.4] are not needed; thus, from [4-37.4], [4-37.3], and [4-37.5], 

the following three inverse coefficients are formulated: 

                                                                   [4-38.1] 

                                                               [4-38.2] 

                                         [4-38.3] 

 

A comparison between [4-38.1]-[4.38.3] and [4-4.1]-[4.4.9] is presented in table 4.8. Although 

the presented inverse coefficient 2
  contains the same original radial distortion coefficients 1



and 2
  as well as the same number of terms in both algorithms, the main difference can be 

observed in the formulation of the first term of the second inverse coefficient. Although both 

first terms are made of the radial distortion coefficient 1
 , the numerical coefficient associated 

with it is three times larger and positive for the semi-analytical algorithm, while it is associated 

with a negated unity coefficient in the analytically derived expression. The power attached to 

this coefficient 1
 is quadratic for the semi-analytical model while it has a cubic power in the 

analytically derived inverse coefficient.  Regarding the formulation of the third inverse radial 

distortion coefficient 3
 , the main differences concern the first and second terms, respectively. 

Although the first term of the inverse coefficient holds the same numerical coefficient of eight 
in both strategies, it has a positive sign in the semi-analytically derived formulation while it has 

a negative sign in the analytically derived formulation. In addition, the parameter 1
 holds a 

quadratic power in the analytically derived formulation, while it holds a power of one in the 

semi-analytically derived formulation. The second term of the inverse coefficient 3
  shares a 

negative sign from both formulations; however, the numerical coefficient associated with the 
term is six times larger in the semi-analytically derived formulation than the analytically derived 

inverse coefficient. Although the powers associated with the parameter 1
  are odd powers, that 

of the semi-analytically derived algorithm is cubic, while in the analytically derived formula t ion 
it is a quintic power. Both semi-analytically and analytically derived formulations share the same 

third term, which is the negated radial distortion coefficient 3
 . 

 

Table 4.8: Formulations comparison for the inverse coefficients of a depressed six-degree 
polynomial model respectively derived from the semi-analytical and fully analytical 

approaches 

Inverse radial 
distortion 

coefficients 

 Semi-analytical inversion 
algorithms for the six-order radial 

distortion polynomial 

Proposed analytical inversion 
algorithms for the six-order 

radial distortion polynomial 

1
  1

−  1
−  

2
  

2

1 2
3 −  

3

1 2
 − −  

3
  

3

1 2 1 3
8 12   − −  

2 5

1 2 1 3
8 2   − − −  

 

6 6 2 2 6 6 6

3 1 2 1 0 1 2 0 3
2 6

d d d d
r r r r        = − − −

1 1
 = −

3

2 1 2
  = − −

2 5

3 1 2 1 3
8 2    = − − −
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From the inverse radial distortion coefficients [4-4.1]- [4-4.3] presented in the second column of 
table 8 the expression of the inverse radial distortion function that corrects radial distortions 

modelled by a depressed six-degree polynomial is formulated as follows:  

                [4-39.1] 

( ) ( )( )2 2 4 3 6

1 1 2 1 2 1 3
3 8 12

u d d d d d
y y y r r r      = + − + − + − −                 [4-39.2] 

Similarly, the correction of radial distortions modelled by a depressed six-order polynomials can 

be done through the analytically modelled inverse functions as follows: 

                              [4-40.1] 

                               [4-40.2] 

The correction of radial distortions introduced by the Nikon D3100 non-metric camera lens 
system can be done using the semi-analytically derived inverse coefficients through the 

following inverse polynomial models:  

                             [4-41.1] 

( )3 2 5 4 7 6
1.27 10 3.71 10 4.37 10

u d d d d d
y y y r r r

− − −
= + −  +  −                               [4-41.2] 

Likewise, the correction of radial distortions produced by the lens system of the Nikon D3100 

non-metric camera and modelled by a six-order depressed polynomial model can be done 
through the analytically derived inverse models as follows: 

( )3 2 5 4 8 6
1.27 10 3.23 10 8.2 10

u d d d d d
x x x r r r

− − −
= + −  +  −                          [4-42.1] 

 ( )3 2 5 4 8 6
1.27 10 3.23 10 8.2 10

u d d d d d
y y y r r r

− − −
= + −  +  −                          [4-42.2] 

 

D. Analytical Inverse Modelling of a Depressed Eight-degree Radial Distortion 

Polynomial 

 

Let’s now consider the following invertible eight-degree radial distortion model: 

  ( )
3

1,2,5,8
0

1
q

u p uq
p

L r r
=

=

= +                                                  [4-43]     

A reformulation of [4-43] can be made as follows: 

  ( )
3

1,2,5,8
0

1
q

u p uq
p

L r r
=

=

− =                                                  [4-44] 

Introducing a new variable d
r  by posing ( ) 1

u d
L r r− =  the expression in [4-44] becomes the 

following: 

  

3

1,2,5,8
0

q

d p uq
p

r r
=

=

=                                                       [4-45]   

Let’s define ( )d
M r  as the inverse six-order polynomial formulated as follows: 

     ( )
3

1,2,5,8
0

1
q

d p dq
p

M r r
=

=

= +                                          [4-46] 

( ) ( )( )2 2 4 3 6

1 1 2 1 2 1 3
3 8 12

u d d d d d
x x x r r r      = + − + − + − −

( ) ( )( )2 3 4 5 2 6

1 1 2 1 1 2 3
2 8

u d d d d d
x x x r r r      = + − − + − + +

( ) ( )( )2 3 4 5 2 6

1 1 2 1 1 2 3
2 8

u d d d d d
y y y r r r      = + − − + − + +

( )3 2 5 4 7 6
1.27 10 3.71 10 4.37 10

u d d d d d
x x x r r r

− − −
= + −  +  − 
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Introducing a new variable u
r by posing ( ) 1

d u
M r r− =  , the equation [4-46] was formulated as 

follows: 

      

3

1,2,5,8
0

q

u p dq
p

r r
=

=

=                                             [4-47] 

Dividing both sides of equation [4-45] by the coefficient 0
  leads to the following: 

 

8 5
3 3

3 21,2,5,8 1,2,5,8
0 0

2
30 0

1 1,2,5,8
0

1

q q

p d p dq q
p p

d

u

q

p dq
p

r r
r

r

r

   

 
 

= =
= =

=
=

    
 +   
    

= −  
  

+   
  

   

 

         [4-48]                    

Dividing both sides of [4-47] by 0
   leads to the following equality: 

     

3

2,5,8 10 0

1 qu

d p d

q p

r
r r

  = =

 
= −  

 
                                              [4-49] 

For the models in [4-48] and [4-49] to match the formulation of a radial distortion function, the 
following constraint must hold true: 

  0 0
1 = =                                                                     [4-50] 

Substituting [4-47] in the left side of the equality sign in [4-48] leads to the following after 
consideration of the constraint in [4-50]: 

 

8
3

3 1,2,5,8
0

5
3 3

22,5,8 1,2,5,8
1 0

2
3

1 1,2,5,8
0

q

p dq
p

q q

p d d d p dq q
p p

q

p dq
p

r

r r r r

r

 

  

 

=
=

= =
= =

=
=

  
 −  
  
 

  
+ = + −   

  
 

  −   
  

 

   

 

                   [4-51] 

Subtracting d
r  from both sides of [4-51] leads to the following equality: 

8 5
3 3

3 21,2,5,8 1,2,5,83
0 0

2,5,8 2
31

1 1,2,5,8
0

q q

p d p dq q
p p

q

p dq
p

q

p dq
p

r r

r

r

   



 

= =
= =

=
=

=
=

    
 − −   
    

=  
  

−   
  

   

 

 

 [4-52] 

Elevating [4-47] to the quadratic, quintic, and eighth powers and then substituting the results into 

the right side of [4-52] produces the following equations after discarding all terms with powers 
greater than eight: 

                                                                  [4-53.1] 

                                                       [4-53.2] 

                                              [4-53.3] 

( )2 2 2

1 1 0d d
r r  = −

( )5 5

2 2d d
r r = −

( )7 3 7

3 3 2 1
10

d d
r r   = − +
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     [4-53.4] 

From [4-53.1] to [4-53.3] the following three inverse coefficients were derived since the 
constraint in [4-53.4] was not needed: 

                                                                            [4-54.1] 

                                                               [4-54.2] 

                                                  [4-54.3] 

A comparison between [4-4.1]- [4-4.3] and [4-54.1]- [4-54.3] is presented in Table 4.9. An 
analysis of columns two and three shows that both inverse coefficient calibration strategies share 

the same first inverse radial distortion coefficient 1
 . Regarding the second inverse distortion 

coefficient 2
 , the main formulation difference between the semi-analytical and analytica l ly 

derived methods is that the semi-analytical algorithm possesses an additional term composed of 

the distortion parameter 1
  elevated to the quadratic power and associated with a numerica l 

coefficient of three. The formulations of 2


 
by both strategies share a negated radial distortion 

parameter 2
 . Regarding the formulation of the third inverse radial distortion coefficient 3

  the 

semi-analytical strategy possesses one additional term compared to the number of terms in the 
analytically derived approach. The first term of the coefficient from both strategies is composed 

of the product of radial distortion coefficients 1
  and 2

  . However, in the semi analyt ic 

expression, the coefficients product is associated with a positive numerical coefficient of eight, 

while for the analytical approach, the coefficient 1
 is elevated to the cubic power, and the 

coefficients product is associated with a positive coefficient of 10. The second term of the inverse 

coefficient is made of the coefficients 1
  elevated to the cubic power and associated with a 

negative numerical coefficient of twelve for the semi-analytical approach. This second term does 
not appear in the inverse coefficient algorithm derived analytically. Regarding the last term, both 

strategies share the negated radial distortion coefficient 3
 . 

 

Table 4.9: Comparison between inverse radial distortion coefficients derived from the semi 

analytical and the fully analytical approaches  

Inverse radial 
distortion 
coefficients 

 Semi-analytical inversion 
formulations 

Analytical inversion formulations 

1
  1

−  1
−  

2
  

2

1 2
3 −  2

−  

3
  

3

1 2 1 3
8 12   − −  

3

1 2 3
10  −  

 

From the inverse coefficients [4-4.1]- [4-4.3] presented in the second column in Table 4-9, one 
can formulate the inverse radial distortion models to correct radial distortions modelled by a 

depressed eight-degree polynomial function as follows: 

( ) ( ) ( )( )2 2 5 3 8

1 1 2 1 2 1 3
3 8 12

u d d d d d
x x x r r r      = + − + − + − −                             [4-55.1] 

( ) ( ) ( )( )2 2 5 3 8

1 1 2 1 2 1 3
3 8 12

u d d d d d
x x x r r r      = + − + − + − −                             [4-55.2] 

( ) ( ) ( )3 2 6 4 5 2

2 0 1 1 1 2 1 0 2 2 0 1 1 0 1
10 2 2 5 2 0

d d d
r r r              + + + + =

1 1
 = −

2 2
 = −

3

3 1 2 3
10   = −
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Similarly, from inverse coefficients analytically derived in [4-54.1]- [4-54.2] the correction of 
radial distortions modelled by a depressed eight-degree polynomial can be done through the 

following transformations: 

                              [4-56.1] 

( )( )2 5 3 8

1 2 1 2 3
10

u d d d d d
y y y r r r    = − + − −                              [4-56.2] 

To correct radial distortions introduced by the Xiaomi Redmi Pro 11 lens system using semi-

analytically derived inverse radial distortion coefficients, the following modeling can be used: 

                       [4-57.1]                          

                     [4-57.2] 

Similarly, the correction of radial distortions introduced by the Xiaomi Redmi Pro 11 lens system 

and modelled by an eight-order depressed radial distortion polynomial can be done through the 
following transformations when using the analytically derived inverse radial distortion 

coefficients: 

                  [4-58.1] 

                 [4-58.2] 

 

 

4.2.4. Applications of the developed theories in radial distortions corrections  

 

A. Correcting moderate barrel radial distortions modelled by a general quintic 

polynomial function 

 

The effects of radial lens distortions on distortion-free image points are generally modelled by 

equation [4-59] as follows.  

 

             
0 0

n n
m

d n u

m n

r r
= =

=                                                [4-59]                         

 

However, from the formulation in [4-59], it is not possible to predict the type of radial distortion 
that would affect points in an image. Generally, only numerical estimates of individual radial 

distortion coefficients can give an idea of the type of radial distortions that alter the distortion-
free image coordinates. Substituting radial distortion coefficients estimated through least squares 
into equation [4-59] gives the following modelling: 

( )4 2 8 3 11 4 18 5
1.379 10 8.690 10 6.521 10 2.3 10

d u u u u u u
x x x r r r r

− − − −
= +  −  +  +              [4-60.1] 

            [4-60.2] 

An analysis of equations [4-60.1]– [4-60.2] reveals that the radial distortion function is mainly a 
positive function because of the very small negative coefficient associated with the second term 

of the function, and this suggests that the lens system of the DSLR Sony Alpha 200 camera 
introduced barrel radial lens distortions into the photographed images. To assess the 
effectiveness of the inverse radial distortion models in correcting barrel radial distortion, it is 

needed to obtain measures of distortion-free coordinates and their distorted counterparts. To 

( )( )2 5 3 8

1 2 1 2 3
10

u d d d d d
x x x r r r    = − + − −

( )3 2 6 5 8 8
1.38 10 6.57 10 4 10

u d d d d d
x x x r r r

− − −
= + −  +  − 

( )3 2 6 5 8 8
1.38 10 6.57 10 4 10

u d d d d d
y y y r r r

− − −
= + −  +  − 

( )3 2 7 5 11 8
1.38 10 8.69 10 6.52 10

u d d d d d
x x x r r r

− − −
= + −  +  − 

( )3 2 7 5 11 8
1.38 10 8.69 10 6.52 10

u d d d d d
y y y r r r

− − −
= + −  +  − 

( )4 2 8 3 11 4 18 5
1.379 10 8.690 10 6.521 10 2.3 10

d u u u u u u
y y y r r r r

− − − −
= +  −  +  + 
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achieve these, a synthetic distortion-free image of the PhotoModeler calibration pattern was 
imported into the GIMP open-source software in order to collect distortion-free coordinates of 

100 image points in millimetres. To have their respective distorted counterparts, the 
PhotoModeler calibration pattern was printed, then one picture of the pattern was taken using the 

Sony Alpha 200 camera, and then transferred the image into the computer before importing it 
into the GIMP workstation. From the digital photograph, distorted coordinates of the same 100 
image points were measured in millimetres. Table 4.10 presents a subset of the distortion- free 

point coordinates and their distorted counterparts measured from the GIMP workstation. 
 

Table 4.10: Subset of distortion free image point coordinates measured from the synthetic 
distortion free digital image of a calibration pattern and their respective distorted coordinates 

measured after the photograph 

Measured distortion free points 

coordinates(mm) 

Measured distorted points 

coordinates(mm) 

    

    

    

    

     

     

    

      

    

    

    

 

A comparison between the first two columns and the last two columns in Table 4-10 reveals that 
the radial distortion effect has altered the original locations of points by pushing them outwardly 

to create the barrel distortion effect. To remove radial distortions from the distorted coordinates 
in the last two columns using inverse radial distortion models formulated in (30.1) and (30.2), 

the radial distance d
r  for each distorted point was computed and then elevated to the powers of 

two, three, four, and five. Table 4.11 shows the computed radial distances elevated to the 

required powers. 
 

 
Table 4.11: Radial distortion radii estimated from distorted image points coordinates measured 

from the photograph of the calibration pattern in Figure 4-4(A) 

Distorted points 

coordinate 

distorted radii elevated to the power two, three, four and five 

      

      

      

      

      

      

( )u
x mm ( )u

y mm ( )d
x mm ( )d

y mm

7.34 6.96 7.44 7.06

8.20 5.96 8.32 6.05

5.23 6.76 5.28 6.83

4.60 5.10 4.63 5.13

6.90 7.39 7.00 7.49

1.75 6.54 1.76 6.58

3.26 2.98 3.27 2.99

2.85 8.35 2.88 8.44

9.92 3.80 10.07 3.86

4.56 2.75 4.58 2.76

( )d
x mm ( )d

y mm ( )
22

d
r mm ( )

33

d
r mm ( )

44

d
r mm ( )

55

d
r mm

7.44 7.06 105.27 1080.05 11081.27 113693.81

8.32 6.05 105.88 1089.55 11211.44 115365.75

5.28 6.83 74.48 642.74 5546.81 47868.96

4.63 5.13 47.75 329.94 2279.88 15753.98

7.00 7.49 105.06 1076.89 11038.13 113140.82
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Substituting the data in the third, fourth, fifth, and sixth columns of table 4-11 into the inverse 

radial distortion models in [4-24.1], [4-24.2], and [4-25.1], [4-25.2] leads to the corrected 
coordinates of image points in columns one and two of Table 4.11. After the removal of radial 

distortion effects from affected points, the corrected coordinates are expected to fall as close as 
possible to their respective distortion-free reference coordinate measures presented in the first 
two columns of Table 4.10. 

 
B. Correcting moustache radial distortions modelled by a sixth-degree polynomial. 

 

Radial distortion coefficients estimated using PhotoModeler and presented in Table 4-5 show 
more than one sign held by the coefficients, which according to some current literature is proof 

of the presence of moustache radial distortions in the photographed imagery. Only a comparison 
between distortion-free coordinates and their respective distorted counterparts can give a clue 
about the distortion profile(s) that dominate the distortion function since the assumption that 

more than one sign among radial distortion coefficients was enough to describe moustache 
distortions did not hold true in the previous experiment. Substituting the estimates of radial 

distortion coefficients into the radial distortion functions can also provide some information 
about the dominant distortion profile in the imagery. Substituting distortion coefficients 
estimated through the PhotoModeler calibration toolbox and presented in Table 4-5 into 

equations [4.1] and [4.2] leads to the following:  

                         [4-61.1] 

                          [4-61.2] 

An analysis of [4-61.1] and [4-61.2] shows that for small values of the radial distortion radius, 

these equations may model only barrel radial distortions. In contrast, for larger values of the 

parameter, the second term of the function with the negative numerical coefficient may turn out 
to be the most dominant within the distortion function numerical estimate. The power of four 

associated with the second term of the above models makes it possible to obtain negative values 
of the distortion function, which will lead to pincushion and barrel radial distortions among the 

distorted coordinates. To further investigate the possibilities of having barrel and pincushion 
distortions affecting the image points, a synthetic distortion-free image of the PhotoModeler 
calibration pattern was downloaded, and then 70 distortion-free points were extracted in the 

GIMP workstation. To extract the corresponding distorted coordinates, the same calibration 
pattern was printed and then photographed by the Nikon D3100 non-metric camera. The 

photographed image of the pattern was transferred to the computer desktop, and then imported 
into GIMP to have the distorted image coordinates measured in millimetres. Table 4.12 presents 
a subset of the measured distortion-free coordinates and their associated distorted coordinates 

extracted from the digital photograph of the calibration pattern. 
 

1.76 6.58 46.38 315.82 2150.74 14646.56

3.27 2.99 19.63 86.94 385.14 1706.16

2.88 8.44 79.57 709.73 6330.81 56470.84

10.07 3.86 116.21 1252.73 13504.39 145577.35

4.58 2.76 28.62 153.13 819.25 4382.97

( )3 2 5 4 8 6
1.27 10 3.23 10 8.29 10

d u u u u u
x x x r r r

− − −
= +  −  + 

( )3 2 5 4 8 6
1.27 10 3.23 10 8.29 10

d u u u u u
x x x r r r

− − −
= +  −  + 

u
r
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Table 4.12: Manually measured distortion free image points coordinates and their measured 

distorted counterparts 

Distortion free points 

coordinates 

Distorted coordinates by 

the first set of 

coefficients 

    

    

     

    

    

    

     

    

    

    

     

 
  After analysing the measured distortion-free coordinates extracted from the image of the 

calibration pattern and their distorted counterparts, it can be observed that some point coordinates 
were increased due to the outward displacements while others were reduced due to the inward 
displacement caused by the lens system of the Nikon D3100 camera. The above seems to indicate 

that the lens system created a moustache radial distortion profile on the image points. With the 
distorted coordinates of image points now measured, it is possible to evaluate the effectiveness 

of the analytically derived inverse radial distortion models proposed to correct moustache radial 
distortions. To remove or reduce the amounts of moustache distortions from image points in the 

last two columns of Table 4.12, the radial distance d
r  was computed for each point and then 

elevated them to the quadratic, quartic, and sixth powers needed by the inverse radial distortion 

models. Table 4.13 shows a subset of the different distorted radii computed from individua l 
measured distorted image coordinates.  

 
Table 4.13: Distorted radii computed from distorted image points measured on the 

photographed printout of the synthetic image of the calibration pattern 

Distorted points 
coordinate 

distorted radii elevated to the power two, four and six 

      

      

      

      

      

      

      

      

       

      

( )u
x mm ( )u

y mm ( )d
x mm ( )d

y mm

6.34 5.60 6.06 5.35

7.20 4.96 6.80 4.69

4.22 5.75 4.19 5.70

3.59 4.10 3.63 4.15

5.90 6.39 5.59 6.05

2.72 7.54 2.64 7.32

4.26 3.98 4.30 4.02

2.84 8.34 2.68 7.86

8.91 2.79 8.20 2.57

3.56 1.74 3.61 1.76

( )d
x mm ( )d

y mm ( )d
r mm ( )

22

d
r mm ( )

44

d
r mm ( )

66

d
r mm

6.06 5.35 8.09 65.45 4283.46 280343.91

6.80 4.69 8.26 68.23 4655.01 317599.85

4.19 5.70 7.07 49.99 2498.49 124886.78

3.63 4.15 5.52 30.47 928.45 28290.10

5.59 6.05 8.24 67.90 4610.08 313013.65

2.64 7.32 7.78 60.53 3663.69 221757.13

4.30 4.02 5.89 34.69 1203.54 41753.40

2.68 7.86 8.30 68.89 4745.83 326940.37

8.20 2.57 8.59 73.79 5444.68 401752.87



112 | P a g e  

 

       

 

With the radial distortion radii now computed, the effect of radial moustache distortion can be 
corrected. To evaluate the newly proposed inverse distortion models, the parameters in the 

fourth, fifth, and sixth columns were substituted into each one of the models in [4-42.1] and [4-

42.2]. Similarly, to evaluate the performance of the semi-analytical inverse radial distortion 
models, the same data was substituted into the models formulated in [4-41.1] and [4-41.2]. 

 

 

 

C. Correcting severe barrel radial distortions modelled by an eight-degree polynomial. 

 

From the estimates of radial distortion coefficients computed through the MATLAB calibration 
script and presented in Table 4.6, it can be observed that the coefficients hold more than one 

sign, and from the earlier experiments, it was observed that the unique criterion of having more 
than one sign among distortion coefficients does not guarantee the presence of moustache radial 

distortions alone. To remove this ambiguity, the respective range of estimates of the coefficients 

1
 , 2

  and 3
  were rescaled to 3

10
− range, by multiplying the estimate of the second coefficient 

2
  by 2

10    and that of the third coefficient 3
 by 8

10  and the results are presented in Table  

4.14. 

 

Table 4.14: Scaled radial distortion coefficients calibrated through MATLAB calibration 

toolbox 

Radial Distortion Coefficients Numerical estimates of coefficients 

  

  

  

 
Substituting the newly scaled radial distortion coefficients into an eight-degree depressed radial 

distortion model gives the following: 
 

             [4-62.1] 

            [4-62.2] 

From the above equations, it can be observed that the negative powers associated with the 
numerical coefficients of the last two terms are equal and taken in absolute values; their 
numerical estimates are very close to each other. However, since the last term holds a radial 

distance elevated to a higher power of eight, it dominates over the negative second term. This 
numerical superiority of the third positive term added to the magnitude of the first positive term 

would lead to a positive and larger numerical estimate of the radial distortion function. To 
evaluate the performance of the proposed new inverse radial distortion models in reducing the 
effect of severe barrel radial distortions, a similar process as in the previous experiments was 

followed by downloading a distortion-free synthetic image of a checkerboard calibration pattern 
that was imported into the GIMP software workstation. Fifty-four (54) points were selected on 

3.61 1.76 4.02 16.16 261.16 4220.43

1
 ( )

23
1.38 10 mm

−−  
 

2
 ( )

53
0.00869 10 mm

−−  − 
 

3
 ( )

83
0.00652 10 mm

−−  
 

( )3 2 3 5 3 8
1.38 10 0.00869 10 0.00652 10

d u u u u u
x x x r r r

− − −
= +  −  + 

( )3 2 3 5 3 8
1.38 10 0.00869 10 0.00652 10

d u u u u u
y y y r r r

− − −
= +  −  + 
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the digital image of the checkerboard pattern by identifying three points per small black square, 
their respective coordinates in millimetres were measured. The same checkerboard pattern was 

printed, and then one picture of the pattern was captured using the Xiaomi Redmi 11 Pro mobile 
phone with the ultra-wide lens option activated. The captured image was transferred from the 

mobile phone memory to the computer desktop, then imported into the GIMP environment to 
measure the distorted image coordinates of the previously identified 54 image points. Table 4.15 
presents a subset of the measured distortion-free coordinates and their associated distorted 

coordinates measured from the photograph. 
 

Table 4.15: Subset of measured distortion free and their respective distorted image point 

coordinates 

Distortion free points 

coordinates 

Distorted coordinates by 

the first set of coefficients  

( )u
x mm  ( )u

y mm  ( )d
x mm  ( )d

y mm  

    

      

     

    

    

     

     

     

     

     

 
To evaluate the effectiveness of our newly developed analytical inverse radial distortion models 

in correcting severe barrel radial distortions, it is necessary to compute the distorted radius 
associated with each individual distorted point defined by coordinates in the last two columns of 

table 4.15. The computed radii must be elevated to the powers two, five, and eight, as presented 
in table 4.16. 
 

Table 4.16: Subset of distorted radii computed for each distorted image point 

Distorted points 

coordinate 

distorted radii elevated to the power two, five and eight 

( )d
x mm  ( )d

y mm  ( )d
r mm  ( )

22

d
r mm  ( )

55

d
r mm  ( )

88

d
r mm  

      

    40591.25   

      

      

      

      

      

       

      

       

5.70 4.53 6.02 4.79

6.48 4.47 6.87 4.74

3.80 5.18 3.98 5.44

3.24 3.69 3.34 3.81

5.31 5.75 5.63 6.10

2.45 6.79 2.60 7.17

3.84 3.58 3.97 3.71

2.56 7.50 2.73 7.97

8.02 2.51 8.53 2.67

3.20 1.57 3.25 1.61

6.02 4.79 7.69 59.14 26892.53 12229556.8

6.87 4.74 8.35 69.72 23631528.01

3.98 5.44 6.74 45.44 13909.12 4258720.83

3.34 3.81 5.08 25.81 3383.13 443516.42

5.63 6.10 8.30 68.89 39390.41 22522922.32

2.60 7.17 7.64 58.37 26029.57 11607718.53

3.97 3.71 5.44 29.59 4764.26 766992.64

2.73 7.97 8.43 71.07 42573.36 25504722.17

8.53 2.67 8.94 79.92 57106.77 40803756.8

3.25 1.61 3.64 13.26 639.02 30818.48
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Substituting the estimated radii in columns four, five, and six into models (55.1) and (55.2) 

enables to remove the effects of radial lens distortion using iteratively derived inverse distortion 
models. Similarly, substituting the data computed in columns four, five, and six into the newly 

proposed inverse distortion models in (56.1) and (56.2) enables us to remove the effects of radial 
lens distortions on the image point coordinates in the first two columns of table 4.16. 

 

 
4.2.5. Applications Results and Interpretations  

 

A. Evaluation of the Derived Inverse General Quintic Distortion Polynomial Function 

 

Figure 4-7 illustrates a graphical representation of inverse radial distortion curves produced by 

inverse distortion coefficients estimated from the semi-analytical and analytical calibration 
approaches. For a better projection, the individual coefficients were equally scaled since the 
actual values are very small to produce a meaningful projection. For this purpose, the estimates 

of the first inverse distortion coefficient were respectively scaled by 4
10  while the estimates of 

the second inverse radial distortion coefficient were respectively scaled by 7
10 . The third 

inverse distortion coefficient estimates were respectively scaled by 10
10 while the respective 

estimates of the fourth inverse radial distortion coefficient were scaled by 13
10  .  

From the figure, it can be observed that the iterative and analytically estimated curves are 
following a sinusoidal curve. Between the first and second coefficients, the semi-analytical curve 

is following a trajectory slightly above the trajectory of the analytical curve, while shortly after 
the second coefficient, almost half way between the third and fourth coefficients, the analytica l 

curve follows a trajectory slightly above that of the semi-analytical curve. However, at the third 
coefficient, the gap between the analytical curve on top and the semi-analytic curve beneath is 
larger compared to the one observed at the second inverse coefficient. From half way between 

the third and the fourth inverse radial distortion coefficient, the semi-analytic curve portrays a 
trajectory above that of the analytical curve. In addition, the gap between the semi-analytic curve 

above and the analytical curve below is larger than that observed at the third inverse radial 
distortion coefficient. From these at this level of the analysis, it seems as if both strategies would 
equally correct radial lens distortion modelled by a general quintic distortion function. 
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Figure 4-7: A comparison between the semi analytical and fully analytical derived inverse 

radial distortion models’ respective curves 

 

B. Evaluation of the Derived Inverse Six-degree Distortion Polynomial Function 

Figure 4-8 presents a graphical projection of the curve of the semi-analytically estimated inverse 
radial distortion coefficients as well as the curve of the analytically estimated inverse radial 
distortion coefficients modelled by a six-degree depressed polynomial model. For a better 

interpretation, individual estimates of inverse radial distortion coefficients were equally scaled 
as in the previous experiment since their true estimates are of very small values. As such, the 

estimates of the first inverse distortion coefficient were respectively scaled by 3
10 while the 

estimates of the second inverse distortion coefficient were respectively scaled by 5
10 . The 

estimates of the third inverse radial distortion coefficient were equally scaled by 8
10  .  

An analysis of Figure 4-8 shows that between the first and second inverse radial distortion 
coefficients, both the semi-analytical and analytical curves follow the same trajectory and are 
almost overlapping. Nearly before the second inverse distortion coefficient, both curves follow 

downward trajectories; the analytical curve passes the zero-horizontal axis nearly halfway the 
distance between the second and third inverse distortion coefficients, and the gap between the 

semi-analytical curve on top and the analytical curve below is gradually increasing till both 
curves reach negative values, with the analytical curve reaching a value further below zero. It 
can be added that the semi-analytical curve kept a positive value within a longer coefficient span 

than the analytically estimated curve. However, after the second inverse coefficient, the 
analytically estimated curve kept a negative value within a larger inverse coefficient span. At the 

third inverse distortion coefficient, both curves have negative values, with the semi- analytica l 
curve keeping the greater negative estimates closer to zero compared to the analytically estimated 
curve. In terms of modelling the inverse of the original radial distortion function, it seems that 

the analytically derived and the original radial distortion curves are almost symmetrical with 
reference to the horizontal zero axis, and this could mean the analytical inverse radial distortion 

curve could more efficiently eliminate radial distortions modelled by a depressed six-order 
polynomial compared to the semi-analytical inverse function. 
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Figure 4-8: A comparison between the semi analytical and fully analytical derived inverse 

radial distortion models’ respective curves 

C. Evaluation of the Inverse Eight-degree Distortion Polynomial Function 

 

Figure 4-9 shows in orange colour the inverse radial distortion curve estimates through the semi-
analytical strategy to correct the effects of radial distortion modelled by a depressed eight-degree 
radial distortion polynomial function. On the other hand, the curve in blue represents the shape 

of the inverse radial distortion function modelled to correct the same radial distortion effects 
modelled by an eight-degree depressed polynomial. For an optimal projection of both inverse 

functions, their respective inverse coefficients were equally scaled. The estimates of the first 
inverse radial distortion coefficient were scaled by 3

10 , respectively. The second inverse 

distortion coefficient estimates were scaled by 7
10  ,respectively, while the estimates of the third 

inverse coefficient were equally scaled by 11
10  . 

 

 

Figure 4-9: Comparison between the semi analytical inverse distortion function curve in blue 
and the fully analytical inverse radial distortion function curve in orange against the original 

forward radial distortion model curve in grey 
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Within the interval between the first and second inverse coefficients, both curves are increasing, 
with a higher increase observed with the analytically estimated curve. Inside the interval between 

these two coefficients, the analytically estimated curve maintains a positive value within a larger 
interval compared to the semi-analytic curve. In contrast, between the second and third inverse 

radial distortion coefficients, the semi-analytic curve holds a positive value within a larger 
interval compared to the analytically estimated curve.  After the second inverse coefficient, the 
semi-analytic curve in blue follows a trajectory slightly parallel to the zero axis within a small 

interval before decreasing to zero value at the third inverse coefficient. On the other hand, the 
analytically estimated curve drastically decreases from the second inverse coefficient and 

reaches a negative value after passing half the distance between the second and third inverse 
radial distortion coefficients. In terms of effectiveness to correct radial distortions, it can be 
observed that the analytically estimated inverse radial distortion curve and the original radial 

distortion curve are nearly symmetrical with reference to the horizontal zero axis, and this could 
mean that the proposed strategy is a near-perfect inverse of the original radial distortion function, 

and the analytically developed inverse coefficients would outperform the semi-analytical inverse 
radial distortion coefficients when dealing with radial lens distortion modelled by a high-order 
eight-degree depressed polynomial. 
 

4.2.6. Corrections Results for Radial Distortions 

 

A. Correction of Moderate Barrel Radial Distortions Modelled by a General Quintic 

Polynomial 

 

Table 4.17 presents in the first two columns a sample of reference distortion-free image 

coordinates measured from the distortion-free image of the calibration pattern, while the two 

middle columns present the u
x   and u

y image coordinates computed using the semi-analyt ica l 

inverse radial distortion models proposed in [4-25.1] and [4-25.2]. The last two columns of the 

table show the distortion-free u
x  and u

y  image coordinates computed through the analytica l ly 

derived inverse radial distortion models proposed in [4-27.1] and [4-27.2]. It can be observed 

that the semi-analytical and fully analytical inverse radial distortion models have considerably 
reduced the effects of barrel radial distortion from distorted image point coordinates. These 

results are not surprising, as both calibration methods displayed near-similar profiles in figure  

4-8. Both techniques seem to be able to satisfactorily correct moderate radial barrel lens 
distortions modelled by a general quintic polynomial function. It is candid to point out that when 

considering the computed estimates of distortion-free coordinates beyond three decimal values, 
the estimates computed through the analytically derived models in [4-27.1] and [4-27.2] were 

slightly smaller than those computed through [4-26.1] and [4-26.2] models, but the differences 
in terms of magnitudes were very small as the rounded-off estimates still equal those estimated 

through the semi-analytical model. 

Table 4.17: Moderate barrel radial distortion correction results per calibration strategy 

Measured reference 
distortion free 
image coordinates 

Computed distortion free 
coordinates through iterative ly 
derived inverse models 

Computed distortion free coordinates 
through analytically derived inverse 
models 

( )u
x mm  ( )u

y mm  ( )u
x mm  ( )u

y mm  ( )u
x mm  ( )u

y mm  

 6.96      

      

7.34 7.33 6.96 7.33 6.96

8.20 5.96 8.20 5.96 8.20 5.96
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*      

 
Techniques proposed in the literature to assess the level of accuracy of the calibration of radial 

distortion coefficients make use of the reprojection error. The general principle of the approach 
is that inverse radial distortion coefficients are used with the projective transformation matrix to 

compute coordinates of projected 3D points from their respective image points, and the obtained 
coordinates are used to calculate the deviations between the measured 3D control point 
coordinates and their respective computed coordinates. However, the use of such an assessment 

method was discouraged by some authors because, under circumstances such as inaccurate 
camera pose estimation and lens distortion errors that could not perfectly be modelled, this 

reprojection error is generally never equal to zero (Remondino et al., 2017). In the same way, 
since the calibration process aims at improving the quality of the distorted image(s), it is more 
realistic to use image point coordinates to formulate the reprojection error (Poulin-Girard et al., 

2016; Cvišić et al., 2022). To compute a more reliable assessment metric, the reprojection error 
was considered as the distance between the measured distortion-free image coordinates extracted 

from the distortion-free synthetic image of the calibration pattern and their associated distortion-
free counterparts computed through inverse radial distortion models proposed in [4-26.1]-[4-

26.2] and [4-27.1]-[4-27.2]. The smaller the computed distance, the more efficient the inverse 

model is to deal with associated lens distortions. The following formula was used in this chapter: 

   ref comp
reprojection error  = −                                            [4-63] 

Where the parameter ref
   represents the measured reference distortion-free image coordinates 

of an image point while comp
  represents the corresponding computed distortion-free image 

coordinates of the same point. From the reference distortion-free coordinates and their 

mathematically modelled counterparts in table 4.17, the reprojection errors presented in table  

4.18 were estimated. The largest reprojection errors achieved after correcting the measured 
distorted image point coordinates with inverse models in [4-26.1] and [4-26.2] were 0.04 pixel 

and zero pixel for the x   and y coordinates, respectively.  A similar outcome was achieved using 

the analytically derived inverse calibration models in [4-27.1] and [4-27.2]. 

 

Table 4.18: Reprojection errors computed per radial distortion correction approach 

Reprojection errors for the 

iterative algorithm 

Reprojection errors for the 

analytical algorithm 

( )u
x mm  ( )u

y mm  ( )u
x mm  ( )u

y mm  

0.010  0.000  0.010  0.000  

0.000  0.000  0.000  0.000  

0.000  0.000  0.000  0.000  

0.000  0.000  0.000  0.000  

0.000  0.010  0.000  0.010  

5.23 6.76 5.23 6.76 5.23 6.76

4.60 5.10 4.60 5.10 4.60 5.10

6.90 7.39 6.90 7.38 6.90 7.38

1.75 6.54 1.75 6.54 1.75 6.54

3.26 2.98 3.26 2.98 3.26 2.98

2.85 8.35 2.85 8.35 2.85 8.35

9.92 3.80 9.91 3.80 9.91 3.80

4.56 2.75 4.56 2.75 4.56 2.75
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0.000  0.000  0.000  0.000  

0.000   0.000  0.000  0.000  

0.000  0.000  0.000  0.000  

0.000  0.000  0.010  0.000  

0.000  0.000  0.000  0.000  

 
The average reprojection error for both the semi-analytical and fully analytical correction 

methods was around 0.008 pixels for the u
x

 
coordinates, while for the u

y coordinates the 

techniques achieved about 0.004 pixels reprojection error. Although the estimated reprojection 
errors were very negligible from Table 4.18, further investigation of the performance of the 

inverse radial distortion calibration algorithms was conducted by estimating the relative residual 
error metric for each corrected image point. In this chapter, the formulation proposed in the works 
of Strand and Hayman (2005) and Buquet et al. (2021) was adopted and formulated as follows: 

 
ref comp

ref

relative residual error
 



−
=                                              [4-64] 

With ref
  the measured distortion-free reference coordinate and comp

  its calibrated distortion-

free counterpart estimated through inverse radial distortion functions. From the measured 
distorted image point coordinates in table 4.10, it can be observed that image points have been 

displaced outwardly with comparison of the measured distortion-free coordinates recorded in the 
first two columns of the table. This is supported by positive relative residual errors recorded in 
the first two columns of Table 4.19.  From the subset of corrected image points recorded in the 

middle two columns of the table, it can be observed and confirmed that the semi-analytica l ly 
derived correction algorithms reduced most of these errors by projecting corrected image points 

closer to their respective measured distortion-free references. An observation of the last two 
columns of the table reveals a similar outcome, as the analytically derived inverse radial 
distortion algorithms have also projected the distorted image points to estimates very close to 

those of measured distortion-free references. 
 

Table 4.19: Residual error computation results per radial distortion correction method 

Measured radial distortion 
magnitudes 

Relative residual error 
computed from iterative ly 

derived inverse models 

Relative residual error 
computed from analytically 

derived inverse models 

( )Error
u

x  ( )Error
u

y  ( )Rel-res
u

x  ( )Rel-res
u

y  ( )Rel-res
u

x  ( )Rel-res
u

y  

0.014  0.015  0.0014  0.000  0.0014  0.000  

0.015  0.015  0.000  0.000  0.000  0.000  

0.010  0.011  0.000  0.000  0.000  0.000  

0.007  0.006  0.000  0.000  0.000  0.000  

0.015  0.014  0.000  0.001  0.000  0.001  

0.006  0.006  0.000  0.000  0.000  0.000  

0.003  0.004  0.000   0.000  0.000  0.000  

0.011  0.011  0.000  0.000  0.000  0.000  

0.015  0.016  0.001  0.000  0.001  0.000  

0.005  0.004  0.000  0.000  0.000  0.000  
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The computed average relative residual errors for both semi-analytical and fully analytica l 

correction models were estimated to be less than half a pixel, with 0.001 pixel for the u
x    

coordinates and 0.0004 pixel for the u
y  coordinates. Since image points were selected all over 

the imagery without following a certain geometric pattern such as a line, the estimation of the 

standard deviation error or the root mean square would not yield more realistic results as the 
computed average coordinates needed for the metrics may be too large or too small and lead to 

false representations of the errors. Instead, the root mean square error was adopted, since the 
measure is estimated with respect to a reference measurement achieved through an independent 
method (Remondino et al., 2017). This is in line with the nature of the data used in this 

experiment because the reference distortion-free coordinates were measured through a software 
workstation, while the computed distortion-free coordinates were estimated through inverse 
modelling algorithms. The root-mean-square error for the x   and y  coordinates are respectively 

modelled as follows: 

          ( )
2

1

1
rmse

n

x u ref u comp
x x

n
− −

=  −                                     [4-65.1] 

 

      ( )
2

1

1
rmse

n

y u ref u comp
y y

n
− −

=  −                                       [4-65.2] 

The overall RMSE  is computed from [4-67.1] and [4-67.2] as follows: 

 

      ( ) ( )
22

RMSE rmse + rmse
x y

=                                        [4-65.3] 

 

It can be observed that the algorithms in [4-65.1]- [4-65.3] are different from the traditional root 
mean square RMS , which is the square root of the mean of the squared differences between the 

computed distortion-free coordinates and the mean of these computed distortion- free 

coordinates. From the data in table 4.17, the RMSE  were computed, and the results are 

presented in table 4.20. 
 
Table 4.20: Results of the root mean square errors computation per radial distortion calibration 

method 

Radial distortion 

correction algorithms 
( )rmse mm

x  ( )rmse mm
y  

RMSE(mm)  

Iterative 0.005  0.003  0.006  
Analytical 0.005  0.003  0.006  

  
 

B. Correction of Moustache Radial Distortions Modelled by a Depressed Six-degree 

Polynomial Function. 

 
Table 4.21 presents the outcomes of moustache radial distortion correction using semi-analyt ica l 

models in [4-41.1]-[4-41.2] and analytically derived models in [4-42.1] and [4-42.2]. The 
analysis of the results in the two middle columns of the table shows that the semi-analytic inverse 

radial distortion models seem to have projected the distorted image points further inwardly and 
further outwardly with respect to the reference measured distortion-free coordinates, 
respectively. The correction algorithms seem to have added more barrel and pincushion 
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distortions to the original distorted point coordinates. In contrast, an analysis of the subset of 
corrected image point coordinates in the last two columns of the table shows that the analytica l ly 

derived inverse radial distortion correction models in [4-42.1] and [4-42.2] have drastically 
reduced the amount of moustache radial distortions present in the original distorted data 

presented in the last two columns of Table 4.12.  

 

Table 4.21: Moustache radial distortion correction results per calibration approach 

Reference measured 

distortion free 

coordinates 

Computed distortion free 

coordinates achieved through semi 

analytical inverse models.  

Computed distortion free coordinates 

achieved through analytically derived 

inverse models. 

( )u
x mm  ( )u

y mm  ( )u
x mm  ( )u

y mm  ( )u
x mm  ( )u

y mm  

6.34  5.60  5.78  5.10  6.26  5.53  

7.20  4.96  7.29  5.03  7.06  4.88  

4.22  5.75  4.08  5.57  4.22  5.75  

3.59  4.10  3.58  4.08  3.59  4.10  

5.90  6.39   5.30  5.74  5.81 6.28  

2.72  7.54  2.54  7.05  2.70  7.49  

4.26  3.98  4.22  3.95    4.26  3.98  

2.84  8.34   2.54  7.43  2.79   8.18  

8.91 2.79  7.65  2.40  8.60  2.72  

3.56  1.74  3.37  1.64  3.56  1.74  

 
The above results were further investigated by generating moustache radial distortion correction 

curves per calibration strategy for the d
x  coordinates as presented in Figure 4-10. An 

observation of the three curves reveals that the distortion-free correction curve in blue and the 
moustache radial distortion correction curve derived from the analytical inverse model in red are 
almost overlapping, while the correction curve derived from the semi-analytical model in orange 

follows a separate trajectory that overlaps with the other two curves at some discontinued 
intervals. This suggests that values of image coordinates corrected through the inverse radial 

distortion model in [4-42.1] seem to converge towards distortion-free respective reference 
coordinate measures presented in the first column of table 4.21. It contrasts; it can be observed 
that coordinates computed through the semi-analytical inverse radial distortion model in [4-41.1] 

produced more diverging coordinate measures, which explains the deviation of the orange curve 
with respect to the blue curve, which describes the distortion-free profile. 

 



122 | P a g e  

 

 
Figure 4-10: Moustache radial distortion correction curves for image point's x coordinates per 

calibration method 

 

Table 4.22 presents a further analysis of the results in Figure 4-10. It evaluates the nearness of 

the corrected u
x  coordinates with reference to the distortion-free reference coordinates and their 

measured distorted counterparts. The first column of the table contains the measured distortion-
free point coordinates extracted from the synthetic distortion-free image of the PhotoModeler 
calibration pattern. The last column of the table contains the same points, but distorted, that were 

measured from the printed photoModeler calibration pattern that was photographed by the Nikon 
3100 non-metric camera. The second column of the table contains the correction results of 

moustache radial distortions on distorted image points’ d
x  coordinates using the semi-analyt ica l 

inverse correction model in [4-41.1]. The third column of the table presents the correction results 

of the moustache radial distortion on distorted d
x  coordinates using the analytically derived 

distortion correction model in [4-42.1]. An analysis of the first, second, and last columns of the 

table reveals that some image points’ d
x  coordinates that were affected by barrel radial 

distortions were under-corrected by the semi-analytical inverse distortion correction model, as 

the calibrated u
x   coordinates reached values lower than their respective measured distortion-

free reference coordinates presented in the first column of the table, with the worst correction 
highlighted on row 10 and the best correction highlighted on row 5. In addition, some point 
coordinates that were affected by pincushion radial distortions were now subjected to larger 

amounts of radial barrel distortion effects, while others were subjected to more acute effects of 
radial pincushion distortions. In contrast, a study of the first, third, and fourth columns of the 

table shows that corrections done using analytically derived inverse distortion functions led to 
better results than the semi-analytic models. Indeed, image coordinates subjected to pincushion 
distortion effects were now showing an increase of their respective coordinates to values very 

close to measured distortion-free reference coordinates, respectively, with the worst correction 

achieving a deviation error of 0.31mm in row 10, while the best correction of the strategy 
achieved a deviation error of 0.00mm. It seems as if the inverse models in [4-42.1] produced a 

counterbalance effect of barrel distortions that drastically reduced the opposite effect of 
pincushion distortions. In the same way, point coordinates that were affected by barrel distortions 
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showed decreased estimates of their respective coordinates to values close to their respective 
distortion-free reference coordinates after running the correction process using the analytica l ly 

derived correction model in [4-42.1]. 

 

Table 4.22: Radial distortion correction results for the x image coordinates per calibration 
method with the second and fifth columns showing the deviation errors associated with each 

method. 

Reference 

measured 

distortion free 

u
x coordinates 

Semi 

analytical 

deviation 

error 

Corrected 

distortion free 

u
x coordinates 

using semi 

analytical 

method 

Computed 

distortion free 

u
x coordinates 

using analytically 

derived method 

Fully 

analytical 

deviation 

error 

Reference 

measured 

distortion free d
x  

coordinates 

6.34  0.56  5.78  6.26  0.08 6.06  

7.20  0.09  7.29  7.06  0.14 6.80  

4.22  0.14 4.08  4.22  0.00 4.19  

3.59  0.01 3.58  3.59  0.00 3.63  

5.90  0.60  5.30  5.81 0.09 5.59  

2.72  0.18  2.54  2.70  0.02 2.64  

4.26   0.04 4.22  4.26  0.00 4.30  

2.84  0.30  2.54  2.79  0.05 2.68  

8.91 1.26  7.65  8.60  0.31 8.20  

3.56  0.19 3.37  3.56  0.00 3.61 

 

Figure 4-11 shows the moustache radial distortion correction curves for the image points’ d
y

coordinates. It can be noticed that the semi-analytical moustache distortion correction curve in 
green follows a trajectory slightly below that of the analytically derived correction curve as well 
as that of the distortion-free curve. It can also be observed that the analytically derived moustache 

distortion correction curve in yellow and the distortion-free curve in red are nearly overlapping 
throughout their respective trajectories. One can deduce from these results that corrections of 

distorted image points’ d
y coordinates through the inverse model in [4-42.1] produced estimates 

of coordinates very close to the distortion-free reference measures. In contrast, corrections of the 

distorted coordinates through the inverse model in [4-42.2] seem to have produced in one hand 
image point coordinates that are mostly diverging with respect to their original locations and on 

the other hand with respect to the distortion-free reference measures.  
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Figure 4-11: Moustache radial distortion correction curves for the image point y coordinates 

per calibration method 

Table 4.23 presents a projection of the corrected image u
y  coordinates within the numerica l 

boundaries between the reference distortion-free coordinates and the associated measured 

distorted counterparts. A look at the third column of Table 4.23 shows that distorted d
y  

coordinates that were subjected to the effects of pincushion radial distortions portrayed an 
increase of their coordinate estimates to values closer to their respective distortion-free reference 

coordinates. Similarly, distorted d
y  coordinates that were subjected to the effects of barrel radial 

distortions showed a decrease of their respective coordinates to values closer to their respective 

distortion-free reference coordinates. In contrast, after distortion corrections using the semi-

analytical model in [4-41.2], several image points’ d
y coordinates that were subjected to barrel 

distortion effects showed a decrease of their respective estimates to values falling far below the 
values of their respective distortion-free reference coordinates, and these seem to indicate that 

the model in [4-41.2] has introduced more acute pincushion distortions while trying to reduce 

the effects of barrel distortions. In the same way, image d
y coordinates that were subjected to 

pincushion radial distortions displayed a decrease of their respective coordinates to values below 

their respective distortion-free reference coordinate measures. Some image points’ d
y

coordinates that were subjected to pincushion distortion effects also displayed an increase of 
their original coordinates to values larger than their respective distortion-free reference estimates.  
 

Table 4.23: Reprojection errors for the correction of the distorted y coordinates of each 

measured distorted point per calibration method 

Reference measured 

distortion free 

coordinates 

Computed distortion free 

coordinates using the 

semi analytical method 

Computed distortion free 

coordinates using the 

analytical method 

Reference measured 

distortion free 

coordinates 

5.60  5.10  5.53  5.35  

4.96  5.03  4.88  4.69  

5.75  5.57  5.75  5.70  

4.10  4.08  4.10  4.15  
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6.39  5.74  6.28  6.05  

7.54  7.05  7.49  7.32  

3.98  3.95  3.98  4.02  

8.34  7.43  8.18  7.86  

2.79  2.40  2.72  2.57  

1.74  1.64  1.74  1.76  

 

From the reference distortion-free u
x   and u

y  coordinates in the first columns of table 4.22 and 

table 4.23, respectively, as well as the corrected u
x  and u

y  coordinates in the two middle 

columns of table 4.22 and table 4.23, the reprojection error was estimated. Table 4-24 presents 
a sample of the obtained computed errors. The average reprojection errors for the correction of  

d
x  and d

y  coordinates using the semi-analytical model were estimated at about 2.12mm and 

0.33mm, which corresponds to about 8.01 and 1.25 pixels, respectively. The largest reprojection 
errors estimated after distortion removals using the analytically developed models for the 

corrections of d
x  and d

y   coordinates were computed at about 0.069 mm and 0.05mm, which 

correspond to about 0.26 and 0.19 pixels, respectively. 

 

Table.4.24: Reprojection errors computed from the semi-analytical and fully analytical 

correction approaches 

Reprojection errors for the 

iterative algorithm 

Reprojection errors for the 

analytical algorithm 

u
x  u

y  u
x  u

y  

0.56  0.50  0.08  0.07  

0.09−  0.07−  0.14  0.08  

0.14  0.18  0.00  0.00  

0.01  0.02  0.00  0.00  

0.60  0.65  0.09  0.11  

0.18  0.49  0.02  0.05  

0.04   0.03  0.00  0.00  

0.30  0.91  0.05  0.16  

1.26  0.39  0.31  0.07  

0.19  0.10  0.00  0.00  

 

Computing the relative residual errors from the data in table 4.24 produced the results in table  

4.25. The first two columns show that many image points’ coordinates hold positive residual 
errors. This means that most image points affected by pincushion distortions were undercorrected 

since their final corrected coordinate estimates fell below the distortion-free reference values, 
and these led to positive relative residual errors. Moreover, some negative residual errors were 

found associated with some image points that were also subjected to pincushion radial 
distortions. These negative residuals suggest that the first three inverse radial distortion 
coefficients presented in [4-4.1]-[4-4.3] failed to perfectly model the opposite effects of 

moustache radial distortions present in the photographs. The models’ formulations may have 
introduced some numerical instabilities that resulted in each inverse radial distortio n coeffic ient 

failing to model the correct distortion profile introduced by the coefficients 1
 , 2

 and 3
  in the 
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original six-degree radial distortion polynomial.  In contrast, residual errors computed from 
image point coordinates corrected by the analytically derived models in [4-42.1] and [4-42.2] 

showed positive signs as presented by the subset of point data in table 4.25. This suggests that 
inverse coefficients formulated in [4-38.1]-[4-38.3] successfully modelled the opposite effects 

of moustache radial distortions introduced by the three radial distortion coefficients 1
 , 2

 and

3
 in the original depressed radial distortion polynomial. Furthermore, the fact that the 

analytically derived inverse distortion coefficients were directly derived from this original six-
degree polynomial may have played a positive role in the successful modelling of distortions 
present in the photograph. Deriving the formulations of inverse radial distortion coefficients 

directly from customized distortion models rather than a general rigid model may offer some 
flexibility advantages in such a way that they “correctly” capture the opposite distortion effects 

introduced by associated radial distortion polynomials. This is supported by the residual error 
magnitudes in the last two columns of table 4.25 that show that the moustache radial distortion 
effects have been considerably minimized to magnitudes very close to zero by the analytica l ly 

derive inverse models in [4-42.1] and [4-42.2].  
 

Table 4.25: Residual errors after radial distortion corrections per calibration method 

After semi-analyt ica l 
corrections 

After analytical corrections 

Error( )
u

x  Error( )
u

y  Error( )
u

x  Error( )
u

y  

0.088  0.089  0.013  0.013  

0.013−  0.014−  0.019  0.016  

0.033  0.032  0.000  0.000  

0.003  0.005  0.000  0.000  

0.102  0.102   0.015  0.017  

0.066  0.065  0.007  0.007  

0.009  0.008  0.000  0.000  

0.106  0.109   0.018  0.019  

0.141  0.140  0.035  0.025  

0.053  0.058  0.000  0.000  

 
Although the residual error metric was very crucial to assess the good performance of the 

analytically derived inverse distortion correction models in [4-42.1] and [4-42.2], lower values 
of the metric do not always mean that the algorithms have efficiently dealt with radial distortions  
since any corrected coordinate estimates lower than their respective reference distortion- free 

coordinates may also achieve a positive residual error. In cases of pincushion distortion, for 
instance, where the corrected values fall lower than the distorted values of coordinates or grow 

larger than the distortion-free reference values, as observed in tables 4.22 and 4.23, the use of 
residual error as a performance evaluation tool can reveal its limits. As an example, the estimates 
of residual errors in the four columns of table 4.25 can be misleading and may give the false 

impression that the semi-analytically derived inverse correction algorithms have achieved 
acceptable results that are very close to those obtained from analytically derived algorithms . 

From these limitations, the performances of both methods were further evaluated through the 

root mean square error. The root-mean square error for the correction of the d
x  coordinates using 

the semi-analytically derived model in [4-41.1] was estimated at 0.495mm  which corresponds 

to 1.87 pixels, while the error for the correction of the d
y  coordinate using the model in [4-41.2] 
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was estimated at 0.441mm, which corresponds to 1.67 pixels, as shown in table 4.26. These led 
to an overall root mean square error of 0.482mm which corresponds to 1.82 pixels, which is very 

large for photogrammetry applications that require accurate measurements from photographs. In 

contrast, the root-mean square error for the correction of the d
x  image coordinates using the 

analytically derived model in [4-42.1] was estimated at 0.43 pixels, and the error for the 

correction of the d
y  image coordinates through the analytical model in [4-42.2] was estimated 

at 0.28 pixels. These estimates led to the overall root mean square error of 0.52 pixels which is 
acceptable for photogrammetry applications.  
 

Table 4.26: root mean square error computation results per radial distortion correction method 

Radial distortion 

correction algorithms 
( )RMSE mm

y  ( )RMSE mm
y  ( )RMSE mm  

Semi analytical 0.495  0.441  0.482  

Fully analytical 0.115  0.075  0.137  

 
From results in figures 4.11, 4.12, table 4.21, table 4.22, table 4.23, table 4.24, table 4.25, and 

table 4.26, it can be concluded that the analytically derived models have been proven to 
outperform the semi-analytically derived six-degree inverse polynomial models in reducing the 

amount of moustache radial distortions.  
 
C. Correction of Severe Barrel Radial Distortions Modelled by a Depressed Eight-degree 

Polynomial Function. 

 
Corrections of severe barrel radial distortions were performed using the semi-analytica l ly 
derived models in [4-57.1], [4-57.2], and the analytically derived models in [4-58.1] and [4-

58.2]. The corrections were done on 54 distorted image point coordinates that were measured 
from the image of a checkerboard calibration pattern photographed using a Xiaomi Redmi 11 

Pro mobile phone’s camera. Table 4.27 presents the distortion correction outcome in the last 
four columns.  
 

Table 4.27: Severe barrel radial distortion correction results per calibration approach 

Original 

distortion free 
coordinates 

Undistorted data points 

computed using the semi 
analytically derived inverse 
model. 

Undistorted data points computed 

using analytically derived inverse 
model. 

u
x  u

y  u
x  u

y  u
x  u

y  

5.70  4.53  3.65  2.90  5.67  4.51  

6.48  4.47  1.55  1.07  6.44  4.45  

3.80  5.18  3.42  4.67   3.78  5.17  

3.24  3.69  3.24  3.69    3.24  3.69  

5.31 5.75   1.48  1.60  5.28  5.73  

2.45  6.79  1.63  4.49   2.45  6.75  

3.84  3.58   3.81 3.56   3.84  3.58  

2.56  7.51   0.44  1.29  2.56   7.48  

8.02  2.51  3.13−  0.98−   8.00  2.50  

3.20  1.57  3.20  1.59   3.20  1.58  
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The first two columns of the above table describe the coordinates measured from the distortion-

free image of the calibration pattern. From the comparison between the middle two columns and 

the first two columns, it can be observed that the image u
x  and u

y  coordinates corrected through 

the semi-analytically derived models in [4-57.1] and [4-57.2] hold numerical estimates that have 

dropped far below the estimates of their respective distortion-free references. In contrast, a 
comparison between the last two columns and the first two columns reveals that the distorted 
coordinates corrected through the analytically derived models in [4-58.1] and [4-58.2] hold 

corrected image coordinates very close to their respective distortion-free references. From the 
above, it appears that the semi-analytically derived inverse radial distortion correction models 

presented in equations [4-4.1]-[4-4.3] failed to efficiently model the opposite effects of severe 
barrel radial distortions introduced by the lens system of the Xiaomi Redmi 11 Pro mobile phone. 

In contrast, the fact that the corrected coordinates u
x  and u

y  in columns five are very close to 

the associated distortion-free references in the first column of Table 4.27 suggests that the 

inverse radial distortion coefficients analytically derived presented in equations [4-54.1]– [4-

54.3] have better modelled the opposite effects of severe barrel radial distortions introduced by 

the coefficients 1
 , 2

 and 3
 .  Projecting the coordinates in the first, third, and fourth columns 

of Table 4-27 in a graphical feature space enables us to demonstrate the under- corrected effects 
applied to the distorted image coordinates. Figure 4-12 presents a graphical projection of the 

measured distortion-free u
x  coordinates curve in red, the curve of the distortion-free u

x  

coordinates corrected by the semi-analytically derived coefficients in yellow, and the curve of 

the distortion-free u
x   coordinates corrected through the analytically derived coefficients in 

green. An analysis of Figure 4.12 shows that the reference distortion-free coordinates curve and 
that of the analytically derived coefficients are almost overlapping along a near identica l 

trajectory. In contrast, the curve of the distortion-free coordinates corrected through semi-
analytically derived coefficients is following a trajectory drifting away from the other two curves 
while randomly crossing four times the other two curves along its isolated trajectory.  

 

 
Figure 4-12: Severe barrel radial distortion correction curves per calibration method for the 

correction of image x coordinates 
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Table 4.27 and Figure 4.12 give an idea of the nearness between distortion-free u
x  image 

coordinate of each image point computed using the two correction strategies with respect to their 
associated measured distortion-free reference coordinates. However, these do not provide 

enough information about the locations of these corrected point coordinates with regards to their 

respective distorted locations. Table 4.28 presents the corrected distortion-free u
x  coordinates 

per calibration method projected within two boundaries defined by the measured distortion- free 

reference u
x  coordinates and their associated distorted counterparts. 

 

Table.4.28: Corrected u
x coordinates projected within the boundary defined between the 

measured distortion-free reference u
x coordinate and their respective measured distorted d

x  

counterparts. 

Reference measured 

distortion free u
x

coordinates 

Computed distortion 

free u
x coordinates 

using the semi 
analytical method 

Computed distortion 

free u
x  coordinates 

using the analytical 
method 

Reference measured 

distorted d
x  

coordinates 

5.70  3.65  5.67  6.02  

6.48  1.55  6.44  6.87  

3.80  3.42  3.78  3.98  

3.24  3.24  3.24  3.34  

5.31 1.48  5.28  5.63  

2.45  1.63  2.45  2.60  

3.84  3.81 3.84  3.97  

2.56  0.44  2.56  2.73  

8.02  3.13−  8.00  8.53  

3.20  3.20  3.20  3.25  

 

A comparison between the second and fourth columns in table 4.28 shows that image point 
coordinates corrected through the semi-analytically developed algorithm have all fallen inside 
the respective defined boundaries. However, a comparison between the same corrected image 

point coordinates and their respective measured distortion-free references in the first column 
reveals that these corrected points have fallen outside of the defined boundaries. Simila r ly, 

projecting the corrected u
y coordinates in the second, fourth, and sixth columns of Table 4.27 in 

a graphical feature space enables us to observe the agreements or discrepancies between the 

measured distortion-free u
y  coordinates and the corrected coordinates u

y . Figure 4-13 seems to 

expose a near overlap between the measured distortion-free coordinates curve in red and the 
curve representing image points corrected by the analytically derived inverse coefficients in 

yellow.  In contrast, the graph seems to suggest that the semi-analytically derived coeffic ient 
formulations failed to model the opposite effects of severe barrel radial lens distortion introduced 

by the lens system of the Xiaomi Redmi 11 camera.  
 



130 | P a g e  

 

 
Figure 4-13: Severe radial distortion correction curves per calibration method for the correction 

of image y coordinates 

 

To further investigate how accurately the corrected u
y  image coordinates fell within the 

boundaries defined by the measured distortion-free u
y coordinates and their measured distorted 

counterparts, the data contained in the second, fourth, and sixth columns of table 4.27 was 
projected within the defined boundaries as presented in table 4.29. A comparison between the 
corrected coordinates in the second column of the table and those in the last column shows that 

all corrected points fell within the defined coordinate boundary. Similarly, the comparison 

between the corrected u
y coordinates in the second column of the table and the data in the first 

column reveals that the majority of corrected coordinates fell below their respective distortion-
free references. In contrast, the comparison between the corrected coordinates in the third column 

and those in the fourth column shows that all the corrections fell below their respective 
boundaries set by the measured distorted coordinates in the fourth column. Similarly, the 

comparison between the data in the third column and that in the first column reveals that some 
corrected points fell slightly outside their respective boundaries while others fell inside their 
respective boundaries set by the measured distortion-free coordinates. It is observed that the 

deviations between the correction of u
y coordinates done through the analytical inverse 

coefficients and their references are very negligible, compared to the deviations associated with 
semi-analytically derived coefficients. 

 

Table 4.29: Corrected u
y  coordinates projected within the boundary defined between the 

measured distortion-free 
u

y coordinates and their respective measured distorted d
y

counterparts. 

Reference measured 

distortion free u
y

coordinates 

Computed distortion 

free u
y  coordinates 

using semi-
analytically derived 

method 

Computed distortion 

free u
y  coordinates 

using analytically 
derived method 

Reference measured 

distortion free d
y  

coordinates 
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4.53  2.90  4.51  4.79  

4.47  1.07  4.45  4.74  

5.18  4.67  5.17  5.44  

3.69  3.69  3.69  3.81 

5.75  1.60  5.73  6.10  

6.79  4.49  6.75  7.17  

3.58  3.56  3.58  3.71 

7.51  1.29  7.48  7.97  

2.51  0.98−  2.50  2.67  

1.57  1.59  1.58  1.61 

 

To quantify the reprojection errors, the equation [4-65] was used. Table 4.30 presents the 
computation results per calibration approach. The first two columns of the table contain the errors 

estimated through the models in [4-57.1] and [4-57.2], while the last two columns present the 
reprojection errors estimated with the coordinates corrected through the analytically derived 
inverse models. The analysis of the errors in the first two columns suggests that the semi-  

analytically derived inverse distortion models introduced more acute pincushion errors while 
trying to reduce the effects of severe barrel radial distortions. From the last two columns of the 

table, the errors’ magnitudes have been found to be very small, and these suggest that the 
analytically derived barrel distortion correction algorithms have drastically reduced the effects 

of the severe barrel radial distortions. The average reprojection error for the correction of the d
x

 
coordinates through the semi-analytically derived inverse functions was estimated at about

2.53mm , which corresponds to about 9.56 pixels. The largest reprojection error for the 

correction of the d
y coordinates was estimated at 11.15mm, which corresponds to 42.14 pixels, 

which is an extremely large error in photogrammetry. The average reprojection error for the 

correction of the d
y coordinates through the semi-analytically derived inverse function was 

estimated at about 2.17 mm, which corresponds to about 8.20 pixels. In contrast, the average 

reprojection error for the correction of d
x coordinates through the analytically derived inverse 

model was estimated at about 0.014mm which corresponds to 0.053 pixels, while the average 

reprojection error for the correction of the d
y

 
coordinates was estimated at 0.016 mm, which 

corresponds to about 0.061 pixels. 

 
Table 4.30: Computed reprojection errors after radial distortion corrections per calibration 

method  

Reprojection errors for the 
semi analytical algorithm in 

mm 

Reprojection errors for the 
analytical algorithm in mm 

u
x  u

y  u
x  u

y  

2.05  1.63  0.03  0.02  

4.93  3.4  0.04  0.02  

0.38  0.51  0.02  0.01  

0.00  0.00   0.00  0.00  

3.83  4.15 0.03  0.02  

0.82  2.3  0.00  0.04  

0.03   0.02  0.00  0.00  
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2.12  6.22  0.00  0.03  

11.15   0.02  0.01 

0.00    0.00  0.01−  

 
Table 4.31 shows the computation results of relative residual errors for each corrected image 
point. The first two columns show the residual errors computed from image coordinates corrected 

through the semi-analytical inverse models. The last two columns present the residual errors 
estimated through analytically derived inverse radial distortion functions. The largest residual 

error for the correction of  
d

x  and 
d

y coordinates through the semi-analytically derived algorithm 

was estimated at 1.39 mm respectively, which corresponds to about 5.25 pixels. In the same way, 

the largest residual errors for the correction of the d
x and d

y  coordinates modelled through the 

analytically derived correction algorithms were estimated to about 0.006mm, respectively, which 
correspond to about 0.023 pixels. The average relative residual errors for the correction of the  

d
x  and d

y  coordinates using the semi-analytically derived algorithm were estimated at about 

0.450mm and 0.46mm which are equivalent to about 1.70 pixels and 1.74 pixels, respectively. 

Similarly, the average relative residual error for the correction of the d
x and the d

y coordinates 

through the analytically derived inverse radial distortion models was estimated at 0.003mm and 

0.004 mm which correspond to 0.011 pixels and 0.015 pixels, respectively. 
 

Table 4.31: Residual errors computed after radial distortion corrections per calibration method 

After semi analytical 
corrections 

After analytical corrections 

( )Error
u

x  ( )Error
u

y  ( )Error
u

x  ( )Error
u

y  

0.360  0360  0.006  0.004  

0.761  0.761  0.006  0.005  

0.100  0.099  0.005  0.002  

0.000  0.000  0.000  0.000  

0.721  0.722  0.006  0.005  

0.335  0.339  0.000  0.006 

0.008   0.007  0.000  0.000  

0.828  0.828  0.000  0.004  

1.390  1.390  0.003  0.004  

0.000  0.013−  0.000  0.006−  

 

Table 4.31 presents radial barrel distortion correction success for each individual image point 
with regards to their associated reference estimates. However, these results do not give a measure 

of how well each correction algorithm performed throughout the entire set of points. To 
investigate the overall distortion correction success, the root mean square error was computed 
using the formulae provided in equations [4-65.1]-[4-65.2] and table 4.32 provides the outcome 

of the error computation process. It can be observed that the root means square error for the 

correction of all the d
x coordinates through the semi-analytical inverse radial distortion model 

was estimated at about 4.16mm, that corresponds to about 15.72 pixels, which is a very large 

error but is in line with the results reported in the first and second columns of table 4.30. 
Conversely, from a numerical point of view, the root mean square error computed for the 

3.49

0.02−
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corrections of all the d
y coordinates through the inverse correction model in [4-57.2] was slightly 

lower and found at about 2.96mm, which is equivalent to about 11.19 pixels. The overall 
performance of the semi-analytical inverse radial distortion models with respect to reducing the 

effects of severe barrel radial distortions was evaluated at about 5.11mm, which corresponds to 
19.31 pixels, which is a very large error for photogrammetry applications. In contrast, the third 

row of the table shows the root mean square errors estimated for the correction of d
x  and d

y

coordinates using the analytical inverse radial distortion models. The correction error for the d
x

and d
y coordinates was estimated at about 0.02mm respectively, which is equivalent to about 

0.08 pixels. The overall radial distortion correction success of the analytical inverse radial 
distortion correction models in [4-58.1] and [4-58.2] was described by a root mean square error 
of about 0.03 pixels which is a very small and acceptable error.  

 

Table 4.32: root mean square error computation results per calibration strategy 

Radial distortion 
correction algorithms 

RMSE
x  RMSE

y  RMSE  

Semi analytical 4.16  2.96  5.11 

Analytical 0.02  0.02  0.028  
 

From the results in tables 4.27, 4.28, 4.29, 4.30, 4.31, 4.32, and figures 4-13 and 4-14, it can be 
argued that the analytically derived inverse radial distortion coefficients enabled better modelling 
of inverse radial distortion functions and can efficiently reduce the effects of severe barrel radial 

distortions. In contrast, the semi-analytically derived inverse radial distortion coefficients are not 
suitable to correct severe barrel radial distortions modelled by a high-degree polynomial such as 

a depressed eight-degree polynomial. 
  
4.3. Results Discussion 

 

Table 4.33 presents the average reprojection error in millimeters and in pixels for radial 
distortion corrections of moderate, severe barrel, and moustache radial distortions. Moderate 

barrel radial distortions have perfectly been modeled by a general quintic polynomial function. 
As presented in the fourth column of the table, this type of distortion profile was successfully 

dealt with by the inverse radial distortion coefficients derived through the proposed fully 
analytical approach. Similarly, the semi-analytical approach also successfully corrected the 
moderate radial distortions on the distorted image point coordinates. This equal performance 

may be associated with the fact that the difference in magnitude between the second inverse 
coefficients modeled by each approach was enough to compensate for the difference in 

magnitude between the third coefficients produced by each approach. Indeed, the numerica l 
magnitude of the second inverse coefficient derived from the semi-analytical strategy was larger 
than the second inverse coefficient derived from the new fully analytical approach. On the other 

hand, the magnitude of the third inverse coefficient derived from the fully analyt ical approach 
was larger than that derived from the semi-analytical approach.  

The fact that both strategies showed equal performance suggests that the second coefficient of 
the semi-analytical approach dealt better with moderate barrel radial distortions than the second 
inverse coefficient derived from the fully analytical approach. In contrast, the third coeffic ient 

derived from the fully analytical approach seems to have handled moderate radial distortions 
better than the third coefficient derived from the semi-analytical approach. These tradeoffs 

between inverse coefficients resulted in a nearly equal performance between the two strategies.  
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Modeling of severe barrel radial distortions was proven effective using a depressed eight-degree 
polynomial function. Corrections of such severe radial distortion profiles were successfully done 

using inverse radial distortion coefficients derived through the newly proposed analytica l 
approach, as the average reprojection error achieved was 0.108246 pixels, which is less than one 

pixel. In contrast, the very large average reprojection error of 19.2967 pixels achieved by inverse 
coefficients derived through the semi-analytical approach confirms the failure of the strategy to 
model accurate inverse coefficients that can remove the effects of radial distortions modeled by 

a depressed eight-degree polynomial function. Such large error magnitude is generally not 
suitable for close-range photogrammetry applications. The successful correction of severe barrel 

radial distortion by inverse distortion coefficients derived from the proposed strategy may first 

be associated with the absence of the first coefficient of radial distortion 1
 within the 

concatenated formulation of the second term of the second inverse coefficient. Secondly, the 

influence of the redundant parameter 1
  elevated to the cubic power in the third inverse 

coefficient was absorbed by the small numerical magnitude of the parameter 2
 , leading to a 

very good estimate of the third inverse coefficient derived through the new strategy.  In contrast, 

the redundancy of the coefficient 1
 within the semi-analytic formulation of the second term of 

the second inverse coefficient may have introduced some numerical instabilities into the estimate 

of this inverse coefficient. In addition, the absence of the coefficient 2
   in the second term 

3

1
12−  of the third inverse coefficient derived from the semi-analytical strategy enabled to 

increase the numerical influence of the coefficient 1
  in this inverse coefficient. Furthermore, 

the presence of an additional redundant coefficient 1
  in the formulation of this third inverse 

coefficient as well as the negative sign associated with the first term of the coefficient may have 

added further numerical instabilities, resulting in inaccuracy of the coefficient’s estimate.  
 

Table 4.33: Radial distortion correction accuracy comparison per distortion profile and per 

correction strategy 

Reprojection errors for the correction of moderate, severe, and moustache radial distortions 

per calibration method 

 Semi analytical calibration Fully analytical calibration 

 mm Pixels mm pixels 

Moderate radial 

distortions 

    

Severe radial distortions     

Moustache radial 

distortions 

    

 

One would think that complex radial distortion profiles such as moustache distortions could 
perfectly be modeled by depressed polynomial functions with degrees higher than eight. 

However, the conducted experiments have exposed that a depressed sixth-degree polynomia l 
was actually enough to accurately model such distortions. The small reprojection error of about 
half a pixel presented in the fifth column of the table confirms that the inverse distortion 

coefficients derived from the fully analytical approach were accurate enough to model the 

0.005477 0.0207004724 0.005477 0.0207004724

5.10558 19.296680315 0.02864 0.1082456693

0.66261 2.5043527559 0.1377 0.5204409449
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opposite effect of moustache radial distortions modeled by a depressed sixth-degree polynomia l. 
The inverse coefficients derived from the semi-analytical approach failed to model the opposite 

effect of moustache radial distortion, resulting in a large reprojection error of about 2.5 pixels, 
which is a gross error for photogrammetry applications. The success of the inverse coefficients 

derived from the proposed analytical method may be associated with the power of 3 attached to 

the coefficient 1
  in the formulation of the second inverse coefficient.  

Such parameter’s power advantage also extended to the formulation of the third inverse 

distortion coefficient. Within the formulation of this coefficient, the parameter 1
 held respective 

powers of two and five in the first and second terms of this inverse coefficient. In addition, the 

negative sign associated with the first term of this coefficient may also have played an important 
role in ensuring the accuracy and numerical stability of the coefficient. 

Table 4.34 presents the root mean square error computed from each correction method for 
moderate, severe, and moustache radial distortion profiles. 
 

Table 4.34: Root mean square error per radial distortion correction approach 

Radial 

distortion 

profiles 

Moderate barrel radial 

distortions 

Severe barrel radial 

distortions 

Moustache barrel 

distortions 

Distortion 

correction 

methods 

Semi 

analytical  

Fully 

analytical  

Semi 

analytical 

Fully 

analytical 

Semi 

analytical 

Fully 

analytical 

Root Mean 

Square 

Error(mm)  

      

 

 

The largest root mean square error was achieved by the semi-analytic distortion correction 

method when dealing with severe radial distortions. This confirms that the approach failed to 
model the inverse effect of severe barrel radial distortions modelled by an eight-degree depressed 

polynomial. The proposed analytical approach achieved a very small error magnitude of 
0.028mm, which corresponds to0.10583 pixels. A root means square error of 5.11 mm that 
corresponds to 19.3134 pixels achieved with the semi-analytical approach is very large when 

information derived from the photographs is needed for metric and 3D modelling or 3D 
reconstruction purposes.  This large error may originate from the fact that inverse coefficients 

derived from the semi-analytical algorithms failed to efficiently reduce the effect of barrel 
distortions to some reasonable magnitudes. The inverse coefficient formulations may also have 
been responsible for introducing pincushion distortions while trying to reduce the effects of 

severe barrel distortions from distorted image points. The newly proposed fully analytica l 
strategy also achieved a small root mean square error of 0.0137 mm, which corresponds to 

0.05178 pixel, for the corrections of moustache radial distortions. The root mean square error of 
0.482mm, which corresponds to 1.8217 pixel, is a very large error for close-range 
photogrammetry applications. The small magnitude of the root mean square error of 0.0137mm 

suggests that the inverse radial distortion correction function modelled from the inverse 
coefficients derived from the analytical approach successfully reduced the effects of barrel radial 

distortions to acceptable magnitudes without introducing additional effects of pincushion 

0.006 0.006 5.11 0.028 0.482 0.137
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distortions. The inverse model also reduced the effects of pincushion radial distortion without 
introducing further barrel radial distortions.  

Table 4.35 presents a comparison between the newly proposed approach and some of the best 
root mean square errors achieved by some of the state-of-the-art approaches when calibrating 

radial distortions. These strategies also used a checkerboard calibration pattern similar to the new 
approach to extract coordinates of image points. 
 

Table 4.35: Comparison of radial distortion correction root mean square error per calibration 

method 

Calibration 

approaches 

Albarelli 

et al.,2010 

Geiger et 

al., (2012) 

Placht et 

al., 2014 

Ha et al., 

2017 

Drap 

and 

Lefevre 

2016 

New 

method 

RMSE 

(pixel) 

    3.63  

 

The table reveals that the calibration approach proposed by Placht et al. (2014) produced the 
largest root mean square error for radial lens distortion correction. The strategy developed by Ha 

et al. (2017) achieved an acceptable error of 0.096 pixels which is slightly higher than that earlier 

achieved by Albarelli et al. (2010). The proposed analytical approach based on inverse radial 
distortion coefficients outperformed these four previous studies. Radial distortion correction 

through inverse distortion coefficients offers more accuracy advantages than compensation and 
iterative correction-based methods currently implemented in available radial distortion 
correction software. 

 
4.4. Conclusion Remarks 

This chapter presented an improved concept of a fully analytical mathematical system to 

compute inverses of any radial distortion polynomial model. The developed system offers the 

potential to derive any inverse coefficients associated with a high-order radial distortion 

polynomial model. Currently, there is no fully analytical strategy that enables to compute inverse 

coefficients of radial distortion polynomial functions. This proposed new strategy first relied on 

the concept of forced differential equations since current series reversion techniques are not 

suitable to reverse the formulation structure of radial distortion functions. Furthermore, the 

current semi-analytical distortion polynomial reversion strategy assumes the same first four 

inverse coefficients for all the high-order radial distortion polynomials, regardless of their 

formulation structure. To fill the scientific gap of current series reversion algorithms not being 

suitable for radial distortion polynomials, unique and robust mathematical algorithms that can 

successfully derive inverse coefficients of any radial distortion polynomial function were 

developed in this study. These algorithms do not require any optimization to refine the inverse 

coefficients’ estimates. From the inverse coefficients, inverse polynomial models were 

formulated for radial distortion corrections. The newly developed calibration system extended 

and improved the method proposed in Drap and Lefevre (2016).  The proposed strategy 

provides a comprehensive outline to understand the fully analytical inverse modelling of radial 

distortion polynomial functions, which are structurally different in formulations from commonly 

known general polynomial models. The approach can produce inverse radial distortion models 

0.0891 0.1140 0.492 0.096 0.057
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capable of simultaneously modelling the inverse profiles of more than one radial distortion type  

with high accuracy. Empirically, the experiments conducted using distorted points demonstrated 

that the proposed analytical inversion method not only converged reliably but also produced 

more accurate undistorted point estimates than conventional iterative polynomial inversion 

methods. This suggests that within the bounds of the adopted distortion model, the proposed 

approach is not only valid but also significantly more efficient and stable. While the radial 

distortion polynomial model may not fully characterize all optical aberrations in off-the-she lf 

lenses, the enhanced inversion accuracy contributed to reducing the overall error propagation in 

downstream geometric estimations, particularly when higher-order radial terms are included. 

 

 

 

 

 

 

CHAPTER5 
RESEARCH SUMMARY AND CONCLUSION 

 

5.1. Comparative and Critical Analysis of Conventional and Polynomial-Based Camera 

Calibration Approaches 
 

The literature reveals that numerous camera calibration methods, particularly those based on 

conventional calibration tools, have been widely applied to estimate camera internal geometry 
parameters and determine the camera’s spatial position and orientation within a 3D scene. 
Despite their prevalence, a detailed examination of these approaches highlights critical 

limitations in leveraging the intrinsic geometric properties embedded within the projective 
transformation matrix. Specifically, these methods do not fully utilize the individual geometric 

constraints that characterize the transformation. Consequently, these calibration methods are 
often susceptible to certain methodological challenges, including parameter coupling, sign 
ambiguity, and multiple roots among some calibration parameters, each of which can introduce 

significant inaccuracies. Such issues are notably problematic as they tend to create dependencies 
between parameters that can obscure accurate solutions, leading to errors in calibration output. 

The examination of a second group of calibration approaches, particularly those that address 
radial lens distortion through inverse polynomial modelling, further underscores the comparative 
advantages and limitations of these techniques. Radial distortion, a common non-linear 

aberration in camera lenses, significantly impacts the fidelity of 3D reconstructions if not 
properly addressed. Among radial distortion models, polynomial functions generally offer 
superior performance over rational and division models, as they more effectively capture 

complex distortion profiles such as barrel, pincushion, and moustache distortions. Analyt ica l 
approaches to radial distortion modelling and correction, which rely on explicit formulat ions 

rather than iterative adjustments, have demonstrated practical advantages over traditiona l 
iterative methods. Iterative approaches typically involve estimating inverse radial distortion 
coefficients concurrently with the calibration of other intrinsic and extrinsic camera parameters 

in a single minimization process. However, this integrated batch processing approach introduces 
error compensation, where inaccuracies in one parameter estimation may propagate and 

influence other parameters, leading to cumulative calibration errors. For practical applications, 
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such as 3D scene reconstruction, even slight inaccuracies in the calibration of radial distortion 
can manifest as significant imperfections in the reconstructed model, regardless of the accuracy 

of the camera pose estimation. This sensitivity to radial distortion calibration underscores a key 
drawback in iterative methodologies, which, despite their simplicity, may compromise the 

accuracy of the overall calibration process, particularly when applied in complex distortion 
scenarios. 
In recent studies aimed at addressing these challenges within the computer vision community, 

recursive series reversion techniques have been explored as potential alternatives. These 
techniques aim to calculate inverse radial distortion coefficients directly through recursive 

formulations, thus allowing for radial distortion corrections via inverse modelling. This approach 
presents a promising step towards a non-iterative framework for radial distortion correction. 
However, several aspects of recursive series reversion remain inadequately developed and 

validated, particularly in terms of its robustness against severe distortion profiles like barrel, 
pincushion, and moustache. As a result, its practical efficacy in handling complex distortions has 

yet to be clearly demonstrated in comprehensive studies. 
Moreover, while the computer vision community has explored non-iterative methods for inverse 
radial distortion correction, the photogrammetry discipline currently lacks an equiva lent 

analytical solution specifically tailored for photogrammetric applications. This knowledge gap 
reflects a critical need for further research within photogrammetry that focuses on non-iterat ive 

inverse modelling techniques for radial lens distortion correction. Such work could substantia l ly 
improve the accuracy and practicality of photogrammetric calibration processes, offering an 
alternative to the error-prone iterative methods. Addressing this gap could potentially enhance 

the precision of 3D reconstructions by mitigating distortions at the fundamental level, thereby 
supporting more robust applications across remote sensing, cartography, and related geospatial 

fields. 
In summary, the review of existing calibration approaches reveals that while conventiona l 
methods provide valuable insights, they fail to exploit certain intrinsic geometric properties 

necessary for accurate calibration of camera pose parameters as well as the coordinates of the 
principal point and the effective focal lengths. Likewise, iterative methods for radial distortion 

correction are limited by error propagation issues, making them suboptimal for high-precis ion 
applications. These strategies typically achieve root mean square (RMS) reprojection errors in 
the range of 2.5 to 3.63 pixels under scenarios involving severe radial distortions (e.g., barrel, 

pincushion, and moustache). This level of error is substantial in photogrammetric applications, 
where sub-pixel accuracy is often required for reliable 3D reconstruction and metric analysis .  

The development of analytical, non-iterative methods for radial distortion correction through 
inverse modelling represents a promising avenue for future research, with the potential to 
overcome current limitations and elevate the standard of camera calibration in photogrammetry.   

 
 

5.2. Summary of the Analytical Projective Decomposition calibration 

 
The primary objective of this doctoral research is to address critical limitations in current camera 

calibration techniques for accurately estimating both intrinsic camera geometry parameters and 
extrinsic parameters that define camera pose within a 3D scene. Many existing camera 

calibration methods, especially those relying on nonlinear optimization, are susceptible to issues 
such as parameter coupling (where changes in one parameter incorrectly influence another), sign 
ambiguity (e.g., in rotation matrix estimation where multiple sign configurations may satisfy the 

same projection constraints), false solutions (numerically valid but physically implaus ib le 
outcomes due to under-constrained systems of equations), and multiple roots (where mult ip le 

mathematically valid solutions exist, making it difficult to identify the correct physical 



139 | P a g e  

 

configuration). These issues often lead to unreliable or non-unique estimation of some intrins ic 
camera parameters, such as the coordinates of the principal point and the effective focal lengths, 

and extrinsic camera parameters that describe the camera location and orientation in a 3D scene, 
thereby limiting the robustness and repeatability of calibration outcomes. To overcome these 

challenges, this study introduced a fully analytical calibration framework by systematica l ly 
decomposing the twelve coefficients of the projective transformation matrix into nineteen 
mathematically independent and robust equations. This decomposition approach introduces a 

novel solution by enforcing structural independence among equations, which eliminates coupling 
between parameters and ensures unambiguous solution convergence. The analytica l 

decomposition formulates the calibration problem in a way that each camera parameter is 
estimated without the interference of cross-parameter dependencies, producing a unique solution 
set that accurately represents the camera's spatial configuration and pose. Unlike iterative or 

optimization-based methods that are prone to convergence on local minima or ambiguous 
solutions, the proposed methodology uses deterministic, independent equations to yield a highly 

accurate, globally optimal parameter set. The calibration algorithms developed within this 
strategy, termed the Analytical Projective Decomposition (APD) approach, were rigorous ly 
validated through extensive experimentation and testing across various real datasets. 

Experimental validation demonstrated the algorithms' capabilities to achieve superior accuracy 
in parameter estimation, with substantially reduced reprojection errors that outperform many 

existing state-of-the-art camera pose estimation methods. By resolving issues inherent in 
traditional camera calibration methods and achieving reliable, precise estimation of parameters 
of camera internal geometry and camera pose in a 3D scene, the developed APD calibration 

system makes a significant advancement in photogrammetry and computer vision. The analytica l 
framework developed here is not only robust against the challenges typically encountered in 

camera internal geometry and pose calibration but also establishes a scalable model that can be 
applied across diverse imaging scenarios requiring high-accuracy calibration solutions. Through 
the elimination of false solutions and parameter ambiguities, this work contributes a foundationa l 

advancement in calibration methodologies, providing a dependable basis for further development 
in related computational imaging fields. 

 
 
5.3. Summary of Analytical Inverse Modelling and Correction of Radial Distortions 

This thesis also addresses significant challenges in the field of camera calibration, particularly in 
correcting radial distortions through inverse modelling of radial distortion polynomials. Radial 
distortion, a common issue in camera lenses, can greatly affect the precision of photogrammetr ic 

measurements. While polynomial models have proven effective in capturing complex distortion 
profiles such as barrel, pincushion, and moustache distortions, the inverse modelling and 
correction of these distortions remain challenging. One limitation of traditional radial distortion 

polynomial models is the lack of an easily computable inverse, which hinders the efficiency and 
accuracy of distortion correction. Recursive methods, although widely used, often rely on 

iterative processes that are computationally expensive and susceptible to inaccuracies. Moreover, 
these methods may fail to account for complex distortion profiles and tend to have rigid inverse 
coefficients, making them unsuitable for handling a variety of polynomial models or varying 

distortion characteristics. This research introduces a novel solution through the development of 
a fully analytical camera calibration system that utilizes forced differential equations for 

computing the inverse of radial distortion polynomials. The key contribution of this work is the 
creation of a new method for analytically computing inverse radial distortion coefficients for 
polynomial models of any degree. This method overcomes the limitations of existing recursive 

approaches by offering a more accurate and flexible solution that can handle a wide range of 
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distortion profiles, including those modelled by high-degree polynomials such as quintic, 
depressed sextic, and depressed octic. The proposed method eliminates the need for iterative 

processes and provides an analytical solution that significantly reduces reprojection errors 
compared to state-of-the-art techniques. The accuracy improvements are particularly notable 

when correcting severe radial distortions, which had previously been challenging for traditiona l 
methods. By providing a general solution that can be applied to polynomials of varying degrees, 
this approach offers a promising calibration tool for applications that require precise imaging 

and measurements. Therefore, this research successfully achieves its second primary objective 
by presenting a significant advancement in the field of radial distortion correction, improving 

accuracy over previous solutions while offering a more general, efficient, and robust calibration 
methodology. 

 
5.4.  Applicability of Developed Calibration Strategies. 

 
The research outcomes of this study pave the way for applications across diverse industries where 

precise camera calibration is essential. Key applications include photogrammetr ic 
measurements, urban and environmental planning, cultural heritage preservation, accident scene 
reconstruction, autonomous vehicle navigation, computer vision, and aerial or drone-based 

mapping. In photogrammetry, accurate correction of radial lens distortions is critical for precise 
3D modelling and topographic mapping. This is fundamental for high-accuracy cartography and 

surveying. In urban planning, precise camera calibration enables the creating of accurate models 
of buildings, roads, and other infrastructure, which are crucial for planning and development. 
Accurate 3D mapping, enabled by precise camera pose estimation and distortion correction, is 

also highly beneficial for monitoring land-use and land-cover changes. By enhancing the 
detection of subtle shifts in vegetation and terrain, this method aids in tracking environmenta l 

changes over time. For archaeological documentation, reliable camera pose calibration allows 
the digital preservation of cultural heritage sites. It enables the creation of detailed 3D models of 
historical structures and artworks, capturing their features with high fidelity.  In forensic 

applications, particularly accident reconstruction, accurate camera pose calibration allows 
experts to recreate scenes with great precision, providing essential insights into the sequence of 

events and critical details of the scene. In the field of autonomous navigation, precise on-board 
camera calibration is crucial for accurate spatial awareness and safety. The inverse radial 
distortion correction algorithms developed in this research enhance depth perception by 

providing undistorted real-time 3D scene mapping and improved obstacle detection. This 
enhanced spatial accuracy supports key safety features in autonomous systems, such as collis ion 

avoidance and automated navigation. Similarly, in computer vision applications, inverse 
modelling of radial distortions is vital for object recognition and tracking, as undistorted imagery 
improves feature detection and alignment. The refined inverse polynomial modelling of radial 

distortions achieved in this study supports high-accuracy georeferencing of imagery, an essential 
capability for precision agriculture, urban planning, and wildlife monitoring. These 

advancements in distortion correction directly translate into improved image accuracy, 
benefiting sectors that rely on precise geographic information for decision-making and 
monitoring. This research, therefore, contributes significantly to enhancing both the precision 

and applicability of camera-based measurement systems across multiple high-stakes domains.  

In addition to the improvements in calibration accuracy, the developed analytical strategies also 

offer significant advantages in terms of computational efficiency. Traditional camera calibration 

and radial distortion correction methods often rely on iterative optimization or recursive 

algorithms, which can be computationally intensive and prone to convergence issues, especially 

for high-degree polynomial models or large datasets. In contrast, the Analytical Projective 
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Decomposition (APD) and the inverse polynomial modelling approaches developed in this 

research are fully analytical and deterministic, eliminating the need for iterative computation. 

This results in a substantially reduced computational cost. For example, in the case of radial 

distortion correction, the proposed method uses forced differential equations to analytica l ly 

compute inverse polynomial coefficients, which bypasses the recursive approximation loops 

used in traditional methods. Time complexity assessments showed that the analytical inversion 

requires only a single pass symbolic solution, while iterative methods require multiple evaluat ion 

cycles to converge, often with diminishing improvements after a certain number of iterations. As 

a result, the analytical approach achieves faster execution times and is more predictable in its 

performance. These improvements make the proposed methods particularly suitable for real- time 

or large-scale calibration tasks in time-sensitive applications such as autonomous navigation or 

drone-based imaging, where computational overhead must be minimized. 

 

5.5. Research Findings 

 

The application of a forced differential equation within close-range photogrammetry and 

computer vision to address the inversion of radial distortion functions is novel. The proposed 
study introduced an analytical polynomial reversion method capable of deriving inverse models 
for any given radial distortion polynomial with high accuracy, eliminating the need for iterative 

computation. This approach is computationally efficient relative to conventional iterative 
methods. The developed inverse radial distortion coefficients accurately represent the inverse 

profile of any radial distortion pattern, including moderate to severe barrel, pincushion, and 
moustache distortions. 
Radial distortion, though often assumed to exhibit global symmetry, can in fact exhibit 

significant local variations. Residual error analyses conducted in Chapter 4 reveal that the 
observed symmetry in radial distortion tends to be localized, with variations in distortion 

becoming more prominent in certain areas of the image. This raises a key question regarding the 
suitability of adhering to a radially symmetric model in the presence of such localized effects.  
The choice to use a radial symmetric distortion model was made with the intention of providing 

a computationally efficient and generalized solution that could be applied across a variety of 
distortion types. However, it is acknowledged that local asymmetries in distortion may still 
remain. The power terms of the polynomial model, particularly the even-powered terms, appear 

to capture these localized effects more consistently than the odd-powered terms, as evidenced by 
the residual error analysis. Despite this, residual errors produced by the new model remain 

minimal when compared to traditional iterative calibration methods, suggesting that the radial 
model, while not exhaustive, performs well in reducing the most significant distortions present 
in the data. It is important to note that all models, including the radial model, will inevitably have 

some residual errors, especially when the distortion exhibits complex or non-radial behaviour. 
However, the results presented in this research demonstrate that the radial symmetric model, 

with its reduced residual errors, offers a highly effective and practical solution in the majority of 
imaging scenarios. Future work may explore the introduction of non-radial components or a 
hybrid distortion model to further improve the accuracy of calibration, particularly in the case of 

lenses with more complex distortion profiles. 
Existing literature frequently claims that a multi-sign configuration in radial distortion 

coefficients suffices to describe moustache distortions. However, the conducted experiments 
demonstrate that multiple coefficient signs can also characterize pincushion distortions and, in 
certain configurations, barrel distortions as well. Thus, the profile of a radial distortion effect 

depends not only on the sign distribution but also on the specific magnitudes of the coefficients 
involved.  
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Notably, attempts to derive inverse radial distortion coefficients based on a general 
polynomial form led to inaccurate distortions when applied to inverse models structured as either 

depressed or truncated polynomials of the same degree. 
The results achieved in this study further indicate that a sixth-degree depressed polynomia l 

can simultaneously model both barrel and pincushion distortions, while an eighth-degree 
depressed polynomial effectively captures the effects of moustache radial distortions. 

 A novel camera pose calibration method that addresses critical issues inherent in traditiona l 

models was devised, such as parameter coupling, sign ambiguity, and the challenge of mult ip le 
roots, while preserving essential geometric constraints between camera parameters and the 

projective transformation matrix. This calibration strategy yields a reliable model, characterized 

by a second effective focal length y
f larger than the first x

f and a principal point’s first 

coordinate 0
u  greater than its second coordinate 0

v . 

Inversely, the sequencing and arrangement of radial distortion coefficients in an inverse model 

are dependent on the structural formulation of the original polynomial model.  
Additionally, imposing coplanarity constraints on the 3D coordinate system’s origin and 

calibration points may compromise the accuracy of the newly proposed camera pose estimation 

method. The resulting introduction of numerous zero elements under coplanarity constraints can 
diminish the accuracy of coefficients within the projective transformation matrix, which 

underscores the sensitivity of the proposed calibration model to initial setup constraints. 
  
 

 5.6. Limitations of the Study 

 

In photogrammetry, achieving accurate radial distortion correction is vital to high-precis ion 

applications. However, it has been observed that certain sign configurations in the radial 
distortion coefficients can challenge correction accuracy. Specifically, when the first, second, 

and third radial distortion coefficients 1
 , 2

  and 3
 are calculated and assume positive, 

negative, and positive signs, respectively, a notable decrease in the efficacy of distortion 
correction arises. The underlying reasons for this difficulty remain unclear despite extensive 
analysis, presenting a challenging aspect for accurate modelling. 

This analysis employed high-order depressed six- and eight-degree polynomial models rather 
than general polynomial forms, a choice informed by their frequent application in 

photogrammetric literature for radial distortion correction, typically limited to three terms. 
Notably, most radial distortion correction research available utilizes depressed polynomia ls 
comprising up to three terms due to their relative simplicity and efficacy in capturing lower-order 

distortions while minimizing computational complexity, and existing photogrammetry software 
at the start of this study predominantly relied on three-term radial distortion coefficients.  

Due to constraints in software engineering expertise, this research did not culminate in a 
standalone application that integrates the developed calibration strategies within a single 
computational tool. Instead, the two developed calibration methodologies were implemented and 

evaluated independently, utilizing established statistical tools and calibration accuracy metrics. 
This modular approach ensured that each strategy could be rigorously tested and validated prior 

to potential integration in future work.  
Furthermore, to maintain rigorous control over distortion-free and distorted image 

coordinates, the study employed manual coordinate measurement after automatic corner 

detection processing. Unlike automated coordinate measurements, which introduce variables that 
can obscure subtle distortion effects, manual measurement using the measurement tools in GIMP 

software provided precise and repeatable coordinates for comparative analyses. This 
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methodology, while time-intensive, enabled precise data acquisition, ensuring robust evaluat ion 
of each calibration strategy’s accuracy in isolation. 

The consideration of a 3D test field or simulated 3D environments with depth measures is 

usually recommended for the evaluation of the Z -dimension and provides a more 
comprehensive validation of the calibration accuracy, as recommended in the literature. 
However, in chapter4, the evaluation primarily focuses on 2D image reprojection errors to 

validate the accuracy of the calibration framework. While these errors provide insight into the 

precision of the intrinsic parameters and the corrected distortion, the Z -coordinate (depth) of 
the reconstructed 3D coordinates was not assessed in this phase. This limitation stems from the 
use of 2D calibration targets (printed checkerboard patterns), which did not offer 3D ground -

truth depth data.  
 

 

5.7. Future Studies 

• The accuracy of inverse radial distortion coefficients is intricately linked to the precision 
of the original distortion polynomial. However, in current calibration systems, 

polynomial reduction, the strategic omission or simplification of certain polynomia l 
terms, has been used to achieve computational efficiency. While effective in reducing 

calculation time, these omissions can impact accuracy, especially in complex models. 
Polynomial reduction through techniques such as Tschirnhaus transformations provides 
a mathematical foundation for achieving term-specific reductions without arbitrary term 

exclusion, thus preserving the coefficient integrity in the resulting inverse polynomia l. 
Further research is needed to refine polynomial reduction methods, focusing on 

maintaining coherence in the distortion coefficient estimates while maximizing 
computational efficiency. Such advances could enhance accuracy in photogrammetr ic 
applications where minor errors can propagate significantly. 

• Conventional approaches to compute radial distortion coefficients rely on estimating an 
optimal radial distortion radius. However, this radius often has multiple roots, leading to 

subjectivity in root selection and potential inconsistency across solutions. Developing 
methods that directly estimate distortion coefficients, bypassing the need to compute the 
radial distortion radius, could improve calibration accuracy. Tools like Newton power 

sums could be employed to facilitate the direct computation of distortion coefficients, 
ensuring more stable radial distortion corrections. Such advancements would provide a 

robust foundation for applications in which precise distortion modelling is central. 

• A promising future direction is to integrate both analytical systems into a comprehens ive 
software platform capable of executing two-stage fully analytical camera calibration. 
This tool would offer significant advancements over traditional calibration software by 
allowing precise, parameter-specific control, minimizing distortions through optimized 

polynomial models, and automating inverse coefficient computations. Such software 
could streamline calibration for photogrammetric and computer vision applications, 

providing a reliable, consistent solution for both standard and specialized imaging 
systems. 

• With the developed analytical models capable of parameter-specific coefficient retrieval, 
machine learning (ML) techniques offer potential to enhance the calibration process by 
identifying and adjusting for nuances in distortion patterns. For example, ML systems 

could learn from previous calibration data to predict approximate radial distortion 
coefficients under varying lighting conditions or for different camera types, expediting 

calibration in dynamic environments. Additionally, deep learning approaches may be 
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utilized to predict calibration parameters in real-time, offering solutions for applications 
that demand high adaptability, such as robotic vision and autonomous navigation. 

• The versatility of the analytical radial distortion calibration method allows for potential 
adaptation to non-standard lenses, such as fisheye and panoramic lenses. Unlike 

conventional lenses, these specialized lenses exhibit unique and often extreme distortion 
profiles. Future research could focus on extending the model to accommodate these 

lenses, ensuring accurate calibration across diverse optical systems. Such adaptations 
would support a broad array of imaging technologies and enhance performance in 
applications with unconventional field-of-view requirements. 

• Accurate camera calibration is essential in computer vision tasks like object detection, 
3D reconstruction, and autonomous navigation. The use of polynomials for modelling 

and correcting radial distortions holds promise for improving calibration in applications 
with wide-angle or fisheye lenses, which inherently exhibit more pronounced distortions. 
Robust calibration of these lenses can improve object localization accuracy and depth 

estimation, directly impacting applications in autonomous vehicles and robotics. Future 
studies could aim at optimizing these polynomial models to further refine camera 

positioning and orientation in complex, real-world scenes. 

• While the primary focus has been on radial distortion, lenses also suffer from tangentia l 
distortions, chromatic aberrations, and affine distortions. Extending the current analytica l 
model to simultaneously address these types of distortion could yield a more 
comprehensive calibration solution. Research into unified models that incorporate 

multiple distortion types would increase calibration accuracy in general-purpose and 
high-precision cameras alike, supporting a broader range of optical configurations. 

• Current inverse coefficient calculations assume a fixed lens model, which can lead to 
inaccuracies in scenarios where optical properties vary over time due to environmenta l 

changes. Adaptive calibration methods, which can dynamically adjust to account for 
temperature fluctuations, mechanical stresses, or wear, would significantly improve 
calibration robustness in long-term or high-stress applications. Such systems would be 

invaluable in applications where the camera setup cannot be frequently recalibrated, such 
as space exploration or high-precision industrial settings. 

• Advances in distortion modelling could also inform future lens design by enabling precise 
adjustments during manufacturing to minimize distortion. This approach could 
streamline the production of specialized lenses with minimal inherent distortion, reducing 

the need for extensive post-capture calibration. Further research could explore the 
integration of these techniques into the lens design process, potentially influencing the 

next generation of lenses used in high-stakes imaging applications. 
 
5.8.  Conclusion 

 

This doctoral research presents a critical re-evaluation and advancement of camera calibration 
methods, addressing some limitations that have hindered precise parameter estimation in 

conventional calibration frameworks. Through a rigorous literature review, key issues were 
identified in the predominant camera calibration approaches, focusing particularly on the 
challenges inherent in parameter coupling, sign ambiguity, and convergence to false solutions. 

Traditional calibration methodologies often struggle to independently estimate camera intrin s ic 
parameters and pose due to the complexity and interaction of parameters within the projective 

transformation matrix. Moreover, iterative techniques commonly used in radial distortion 
correction were found to be limited by computational expense, error compensation, and 
dependency on the specific form of polynomial distortion models. These methodologica l 
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limitations in both intrinsic and extrinsic parameter calibration highlight the need for improved, 
analytically robust calibration systems. 

In response to these gaps, this research developed the Analytical Projective Decomposit ion 
(APD) method, an innovative and comprehensive calibration framework that enhances accuracy 

by decomposing the projective transformation matrix into nineteen independent, mathemat ica l ly 
robust equations. This decomposition creates a calibration model where intrinsic and extrins ic 
parameters are derived independently, effectively eliminating parameter coupling and ensuring 

convergence to unique solutions. The APD approach demonstrated considerable improvements 
in calibration accuracy, particularly in reducing reprojection error, positioning it as a superior 

alternative to traditional and state-of-the-art calibration methods. Additionally, this research 
advanced the field of radial distortion correction by introducing a novel, fully analytical approach 
for inverse modelling of radial distortion through forced differential equations. Radial distortion, 

which commonly manifests in complex forms like barrel, pincushion, and moustache patterns, 
has posed significant challenges to inverse modelling due to the inherent complexity of distortion 

profiles and limitations of existing iterative and semi-analytic approaches. Polynomial radial 
distortion models, while capable of capturing complex distortions, have traditionally required 
recursive estimation methods, leading to issues of computational inefficiency and reliance on 

batch processing. The forced differential equations method developed in this research elimina tes 
these issues by deriving inverse radial distortion coefficients analytically, allowing for accurate 

and flexible correction of radial distortions across polynomial models of varying degrees. The 
novel analytical inverse model presented here offers several technical advantages. First, it 
provides a generalizable solution applicable to any polynomial distortion model, enabling it to 

handle distortions of varying severity with high accuracy and reduced reprojection error. Second, 
this method accommodates complex distortion patterns, surpassing existing techniques in 

accuracy and eliminating the need for iterative correction processes. Third, through a forced 
differential equation approach, it achieves computational efficiency and resilience against error 
propagation, addressing a long-standing challenge in camera calibration for high-stakes 

applications in 3D modelling and photogrammetric measurements. 

The technical contributions of this research culminate in a scalable, efficient, and accurate 

camera calibration system suitable for a wide range of practical applications. This research also 

added two accredited conference publications to the body of knowledge in photogrammetry. The 

two research papers were presented at the 2019 ISPRS Geospatial Week conference at ITC in 

the Netherlands and published in the 2019 ISPRS archives series. In conclusion, this thesis has 

successfully achieved its objectives and addressed key gaps in camera calibration and distortion 

correction, presenting a robust analytical framework that transcends the limitations of some of 

the existing conventional methodologies. By introducing non-iterative, independent equation-

based calibration and an analytical solution for radial distortion inversion, this research 

contributes significantly to the precision and applicability of camera-based measurement systems 

in photogrammetry, remote sensing, and computer vision. This work lays a solid foundation for 

further advancements in computational imaging, establishing a scalable model that meets the 

high accuracy requirements across diverse imaging scenarios and solidifying its applicability in 

fields that depend on reliable, distortion-free imaging and accurate 3D measurements. In 

conclusion, the fully analytical methods introduced in this research provide a significant step 

forward in camera calibration and distortion correction, offering higher precision, greater 

stability, and improved adaptability compared to existing iterative techniques. The numerica l 

results clearly demonstrate the practical advantages of these methods in real-world applications. 
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APPENDICES 
 

Appendix A: MATLAB calibration algorithm to retrieve the coefficients of radial 

distortions needed to test the newly developed inverse polynomial models. 

 

RADIAL DISTORTION COEFFICIENTS RETRIVAL MATLAB SCRIPT AND CALIBRATION 
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    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0073.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0074.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0075.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0076.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0077.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0078.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0079.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0080.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0082.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0083.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0084.jpg',... 
    'F:\CAMERA CALIBRATION GROUP IMAGES PhD ResearchGBIKOKOU\PhD Calibration 

ImagesGBIKOKOU\IMG-20231102-WA0085.jpg',... 
    }; 
% Detect checkerboards in images 
[imagePoints, boardSize, imagesUsed] = 

detectCheckerboardPoints(imageFileNames); 
imageFileNames = imageFileNames(imagesUsed); 

  
% Read the first image to obtain image size 
originalImage = imread(imageFileNames{1}); 
[mrows, ncols, ~] = size(originalImage); 

  
% Generate world coordinates of the corners of the squares 
squareSize = 30;  % in units of 'millimeters' 
worldPoints = generateCheckerboardPoints(boardSize, squareSize); 

  

% Calibrate the camera 
[cameraParams, imagesUsed, estimationErrors] = 

estimateCameraParameters(imagePoints, worldPoints, ... 
    'EstimateSkew', false, 'EstimateTangentialDistortion', false, ... 
    'NumRadialDistortionCoefficients', 3, 'WorldUnits', 'millimeters', ... 
    'InitialIntrinsicMatrix', [], 'InitialRadialDistortion', [], ... 
    'ImageSize', [mrows, ncols]); 
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% View reprojection errors 
h1=figure; showReprojectionErrors(cameraParams); 

  

% Visualize pattern locations 
h2=figure; showExtrinsics(cameraParams, 'CameraCentric'); 

  

% Display parameter estimation errors 
displayErrors(estimationErrors, cameraParams); 

  
% Use the calibration data to remove effects of lens distortion. 
undistortedImage = undistortImage(originalImage, cameraParams); 

  

……………………..END…………….. 

 

SUMMARY OF CAMERA CALIBRATION RESULTS 

Using "C:\Users\ikokougb\Documents\MATLAB" as the initial working folder.  

>> CameraCalibrationScriptPhDGBIKOKOU 

   ---------------------------------------------- 

Intrinsic 

---------- 

Focal length (pixels):   [0.7553764 +/- 0.026228      0.7541377 +/- 0.026679] 

Principal point (pixels): [0.4953959 +/- 0.04847      0.3668464 +/- 0.06360] 

Radial distortion: [    0.00138 +/- 0.0070 -0.000000869 +/- 0.000000451 0.0000000000652+/- 

0.0000000000867] 

Extrinsic 

---------- 

Rotation vectors: 

                         [    0.1132 +/- 0.0013       -0.0360 +/- 0.0018       -3.1107 +/- 0.0002] 

                         [   -0.1634 +/- 0.0014       -0.8213 +/- 0.0020        3.0003 +/- 0.0006] 

                         [    0.0667 +/- 0.0012        0.3214 +/- 0.0019       -3.1125 +/- 0.0003] 

                         [    0.0862 +/- 0.0013        0.2986 +/- 0.0019       -3.0982 +/- 0.0003] 

                         [    0.0516 +/- 0.0012        0.2690 +/- 0.0019       -3.1202 +/- 0.0003] 

                         [    0.0446 +/- 0.0013        0.2713 +/- 0.0019       -3.1202 +/- 0.0003] 

                         [    0.0464 +/- 0.0013        0.2690 +/- 0.0019       -3.1226 +/- 0.0003] 

                         [    0.0652 +/- 0.0013        0.2706 +/- 0.0019       -3.1139 +/- 0.0003] 

                         [    0.0651 +/- 0.0013        0.2710 +/- 0.0019       -3.1152 +/- 0.0003] 
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                         [   -0.1094 +/- 0.0013       -0.5191 +/- 0.0020        3.0642 +/- 0.0004] 

                         [    0.0562 +/- 0.0012        0.2752 +/- 0.0019       -3.1176 +/- 0.0003] 

                         [    0.0665 +/- 0.0012        0.3415 +/- 0.0019       -3.1053 +/- 0.0003] 

                         [    0.0611 +/- 0.0012        0.3592 +/- 0.0019       -3.1056 +/- 0.0003] 

                         [    0.1534 +/- 0.0023       -0.1151 +/- 0.0031       -3.1257 +/- 0.0003] 

                         [    0.1455 +/- 0.0024        0.3379 +/- 0.0035       -3.1026 +/- 0.0005] 

                         [    0.1143 +/- 0.0017       -0.3539 +/- 0.0023       -3.0954 +/- 0.0004] 

                         [    0.1771 +/- 0.0021        0.1536 +/- 0.0028       -3.1256 +/- 0.0003] 

                         [    0.1158 +/- 0.0024       -0.0257 +/- 0.0032       -3.1182 +/- 0.0003] 

                         [   -0.1564 +/- 0.0023       -0.4074 +/- 0.0032        3.1043 +/- 0.0005] 

                         [    0.1397 +/- 0.0016        0.3193 +/- 0.0024       -3.0988 +/- 0.0004] 

                         [    0.1539 +/- 0.0014       -0.1860 +/- 0.0020       -3.1167 +/- 0.0003] 

                         [    0.1196 +/- 0.0013       -0.0607 +/- 0.0018       -3.1006 +/- 0.0002] 

                         [    0.2071 +/- 0.0015       -0.1201 +/- 0.0019       -3.1191 +/- 0.0003] 

Translation vectors (millimetres): 

                         [132.2749 +/- 0.1752       91.6861 +/- 0.2349      281.5331 +/- 0.9892] 

                         [133.0259 +/- 0.2148       39.8301 +/- 0.3053      356.2257 +/- 1.1295] 

                         [133.2347 +/- 0.1774       78.9328 +/- 0.2379      292.4460 +/- 1.0233] 

                         [139.6565 +/- 0.1801       81.9356 +/- 0.2412      296.6651 +/- 1.0387] 

                         [132.8862 +/- 0.1759       80.2147 +/- 0.2339      287.8307 +/- 1.0117] 

                         [133.0128 +/- 0.1785       81.2738 +/- 0.2372      291.7321 +/- 1.0255] 

                         [131.9635 +/- 0.1773       81.1062 +/- 0.2355      289.7891 +/- 1.0188] 

                         [133.6706 +/- 0.1783       81.8254 +/- 0.2375      292.2180 +/- 1.0263] 

                         [133.9537 +/- 0.1776       80.6123 +/- 0.2366      291.1288 +/- 1.0225] 

                         [154.0757 +/- 0.1969       83.9159 +/- 0.2691      324.6386 +/- 1.1051] 

                         [131.8717 +/- 0.1765       80.9876 +/- 0.2349      289.1570 +/- 1.0157] 

                         [130.7405 +/- 0.1724       79.5528 +/- 0.2318      285.1445 +/- 0.9958] 

                         [130.3666 +/- 0.1747       81.1073 +/- 0.2354      289.1948 +/- 1.0084] 

                         [135.9711 +/- 0.2356       71.1548 +/- 0.3175      376.7372 +/- 1.3193] 

                         [128.4251 +/- 0.2511       29.8679 +/- 0.3408      408.8438 +/- 1.4284] 

                         [132.6363 +/- 0.2031       76.5244 +/- 0.2766      318.5996 +/- 1.1289] 



162 | P a g e  

 

                         [143.5008 +/- 0.2312       69.2159 +/- 0.3093      376.4097 +/- 1.3157] 

                         [154.5048 +/- 0.2450       80.1726 +/- 0.3277      392.0483 +/- 1.3768] 

                         [142.7644 +/- 0.2572       39.7112 +/- 0.3494      418.8171 +/- 1.4443] 

                         [124.9555 +/- 0.2084       71.5925 +/- 0.2800      341.6516 +/- 1.1884] 

                         [135.0102 +/- 0.1779       90.9488 +/- 0.2435      285.7873 +/- 1.0014] 

                         [123.6597 +/- 0.1713       86.6945 +/- 0.2299      274.3905 +/- 0.9625] 

                         [130.9806 +/- 0.1822       79.9885 +/- 0.2476      296.1981 +/- 1.0336] 

>> CameraCalibrationScriptPhDGBIKOKOU 

   Standard Errors of Estimated Camera Parameters 

   ---------------------------------------------- 

CameraParams =  

  CameraParameters with properties: 

   Camera Intrinsics 

                    IntrinsicMatrix: [3×3 double] 

                        FocalLength: [0.7553764  0.7541377] 

                     Principal Point: [0.4953959  0.3668464] 

                               Skew: 0 

                   RadialDistortion: [0.00138 -0.000000869 0.0000000000652] 

               TangentialDistortion: [0 0] 

   Camera Extrinsics 

                   RotationMatrices: [3×3×23 double] 

                 TranslationVectors: [23×3 double] 

   Accuracy of Estimation 

              MeanReprojectionError: 0.4624 

                 ReprojectionErrors: [54×2×23 double] 

                  ReprojectedPoints: [54×2×23 double] 

   Calibration Settings 

                        NumPatterns: 23 

                        WorldPoints: [54×2 double] 

                         WorldUnits: 'millimeters' 

                       EstimateSkew: 0 
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    NumRadialDistortionCoefficients: 3 

       EstimateTangentialDistortion: 0 

%END% 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Appendix B: Developed Python codes for the calibration of parameters of camera 

internal geometry and parameters of camera location and orientation in a 3D scene.  

 

 

#Compute the twelve coefficients of the projective transformation matrix needed 

for the estimation of camera parameters. 

 

import numpy as np 

 

def compute_transformation_matrix_3d_to_2d(X, Y): 

    """ 

    Compute the linear transformation matrix from 3D points to 2D points. 

     

    Args: 

        X (numpy.ndarray): 6x3 matrix of 3D points. 

        Y (numpy.ndarray): 6x2 matrix of 2D points. 
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    Returns: 

        numpy.ndarray: 3x4 linear transformation matrix. 

    """ 

    # Number of points 

    n = X.shape[0] 

 

    # Create the matrix A and vector b for the system of equations Ax = b 

    A = [] 

    b = [] 

 

    for i in range(n): 

        X1, Y1, Z1 = X[i] 

        x1, y1 = Y[i] 

         

        # Two rows for each correspondence 

        A.append([X1, Y1, Z1, 1, 0, 0, 0, 0, -x1*X1, -x1*Y1, -x1*Z1]) 

        A.append([0, 0, 0, 0, X1, Y1, Z1, 1, -y1*X1, -y1*Y1, -y1*Z1]) 

 

        b.append(x1) 

        b.append(y1) 

 

    A = np.array(A) 

    b = np.array(b) 

 

    # Solve the system A * coeffs = b 

    coeffs = np.linalg.lstsq(A, b, rcond=None)[0] 

 

    # Reshape the coefficients into a 3x4 matrix (linear transformation matrix) 

    transformation_matrix = np.zeros((3, 4)) 

    transformation_matrix[0, :] = coeffs[0:4] 

    transformation_matrix[1, :] = coeffs[4:8] 

    transformation_matrix[2, :] = coeffs[8:12] 

 

    return transformation_matrix 

 

# Given 3D points (X1, Y1, Z1) and 2D points (x1, y1) 

X = np.array([ 

    [21.5, 21.5, 43], 

    [107.5, 21.5, 57], 

    [278.5, 21.5, 91], 

    [21.5, 109.5, 72], 

    [15.5, 64.5, 60], 

    [151.5, 21.5, 4] 

]) 

 

Y = np.array([ 

    [10, 82], 

    [10, 61], 
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    [10, 22], 

    [30, 82], 

    [20, 50], 

    [10, 51] 

]) 

 

# Compute the transformation matrix 

transformation_matrix = compute_transformation_matrix_3d_to_2d(X, Y) 

 

# Print the transformation matrix 

print("Linear Transformation Matrix (3D to 2D):") 

print(transformation_matrix) 

 
 

# Compute the two coordinates of the principal point and the two effective 

focal lengths using the newly developed analytical algorithms. 

 

import math 

 

# Given coefficients of the projective transformation matrix H 

H = { 

    'H1': 0.000413434, 

    'H2': 0.228596, 

    'H3': -0.000592921, 

    'H4': 5.07553, 

    'H5': -0.2384, 

    'H6': -0.005820258, 

    'H7': 0.0096542, 

    'H8': 86.5516, 

    'H9': 0.000001654, 

    'H10': 0.000003326, 

    'H11': -0.000006993, 

    'H12': 1 

} 

 

# Denominator common term (H9^2 + H10^2 + H11^2) 

denominator = H['H9']**2 + H['H10']**2 + H['H11']**2 

 

# Compute principal point (U_o, V_o) 

U_o = (H['H1'] * H['H9'] + H['H2'] * H['H10'] + H['H3'] * H['H11']) / 

denominator 

V_o = (H['H6'] * H['H10'] + H['H7'] * H['H11'] + H['H5'] * H['H9']) / 

denominator 

 

# Compute focal lengths (f_x, f_y) 

f_x = math.sqrt((H['H3'] * H['H10'] - H['H2'] * H['H11'])**2 +  

                (H['H1'] * H['H11'] - H['H3'] * H['H9'])**2 +  

                (H['H2'] * H['H9'] - H['H1'] * H['H10'])**2) / denominator 
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f_y = math.sqrt((H['H6'] * H['H11'] - H['H7'] * H['H10'])**2 +  

                (H['H7'] * H['H9'] - H['H5'] * H['H11'])**2 +  

                (H['H5'] * H['H10'] - H['H6'] * H['H9'])**2) / denominator 

 

# Print the results 

print(f"Principal point (U_o, V_o): ({U_o:.6f}, {V_o:.6f})") 

print(f"Focal lengths (f_x, f_y): ({f_x:.6f}, {f_y:.6f})") 

 
 

 

#Compute the three coefficients of the translation vector using the newly 

developed analytical algorithms. 

 

import math 

 

# Given coefficients of the projective transformation matrix H 

H = { 

    'H1': 0.000413434, 

    'H2': 0.228596, 

    'H3': -0.000592921, 

    'H4': 5.07553, 

    'H5': -0.2384, 

    'H6': -0.005820258, 

    'H7': 0.0096542, 

    'H8': 86.5516, 

    'H9': 0.000001654, 

    'H10': 0.000003326, 

    'H11': -0.000006993, 

    'H12': 1 

} 

 

# Denominator common term (H9^2 + H10^2 + H11^2) 

denominator = H['H9']**2 + H['H10']**2 + H['H11']**2 

 

# Compute t_x 

numerator_t_x = H['H4'] * denominator - (H['H1'] * H['H9'] + H['H2'] * H['H10'] 

+ H['H3'] * H['H11']) 

factors_t_x = math.sqrt((H['H3'] * H['H10'] - H['H2'] * H['H11'])**2 +  

                        (H['H1'] * H['H11'] - H['H3'] * H['H9'])**2 +  

                        (H['H2'] * H['H9'] - H['H1'] * H['H10'])**2) 

t_x = (numerator_t_x / denominator) * factors_t_x 

 

# Compute t_y 

numerator_t_y = H['H8'] * denominator - (H['H6'] * H['H10'] + H['H7'] * 

H['H11'] + H['H5'] * H['H9']) 

factors_t_y = math.sqrt((H['H6'] * H['H11'] - H['H7'] * H['H10'])**2 +  

                        (H['H7'] * H['H9'] - H['H5'] * H['H11'])**2 +  
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                        (H['H5'] * H['H10'] - H['H6'] * H['H9'])**2) 

t_y = (numerator_t_y / denominator) * factors_t_y 

 

# Compute t_z 

t_z = 1 / math.sqrt(denominator) 

 

# Print the results 

print(f"Camera Location Parameters:") 

print(f"t_x = {t_x:.6f}") 

print(f"t_y = {t_y:.6f}") 

print(f"t_z = {t_z:.6f}") 

 

 
 

#Compute the nine coefficients of the rotation matrix using the developed fully 

analytical algorithms. 

 

import math 

 

# Given coefficients of the projective transformation matrix H 

H = { 

    'H1': 0.000413434, 

    'H2': 0.228596, 

    'H3': -0.000592921, 

    'H4': 5.07553, 

    'H5': -0.2384, 

    'H6': -0.005820258, 

    'H7': 0.0096542, 

    'H8': 86.5516, 

    'H9': 0.000001654, 

    'H10': 0.000003326, 

    'H11': -0.000006993, 

    'H12': 1 

} 

 

# Compute D1 using its formula 

D1 = math.sqrt((H['H6'] * H['H11'] - H['H7'] * H['H10'])**2 + 

               (H['H7'] * H['H9'] - H['H5'] * H['H11'])**2 + 

               (H['H5'] * H['H10'] - H['H6'] * H['H9'])**2) 

 

# Compute D2 using its formula 

D2 = math.sqrt((H['H3'] * H['H10'] - H['H2'] * H['H11'])**2 + 

               (H['H1'] * H['H11'] - H['H3'] * H['H9'])**2 + 

               (H['H2'] * H['H9'] - H['H1'] * H['H10'])**2) 

 

# Compute D3 using its formula 

D3 = math.sqrt(H['H9']**2 + H['H10']**2 + H['H11']**2) / (H['H9']**2 + 

H['H10']**2 + H['H11']**2) 
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# Compute r11, r12, r13 

r11 = (H['H7'] * H['H10'] - H['H6'] * H['H11']) / D1 

r12 = (H['H5'] * H['H11'] - H['H7'] * H['H9']) / D1 

r13 = (H['H6'] * H['H9'] - H['H5'] * H['H10']) / D1 

 

# Compute r21, r22, r23 

r21 = (H['H3'] * H['H10'] - H['H2'] * H['H11']) / D2 

r22 = (H['H1'] * H['H11'] - H['H3'] * H['H9']) / D2 

r23 = (H['H2'] * H['H9'] - H['H1'] * H['H10']) / D2 

 

# Compute r31, r32, r33 

r31 = H['H9'] * D3 

r32 = H['H10'] * D3 

r33 = H['H11'] * D3 

 

# Print the results 

print("D1 =", D1) 

print("D2 =", D2) 

print("D3 =", D3) 

print("r11 =", r11) 

print("r12 =", r12) 

print("r13 =", r13) 

print("r21 =", r21) 

print("r22 =", r22) 

print("r23 =", r23) 

print("r31 =", r31) 

print("r32 =", r32) 

print("r33 =", r33) 

 

 

Appendix C: Linear Least Squares algorithm to recover the radial distortion coefficients 

needed to test the newly developed inverse distortion polynomials. 

 

The transformation from distortion free coordinates to distorted image coordinates is performed 

as follows: 

( )2 4 6 8 10 12

1 2 3 4 5 6
1

u d d d d d d d
x x r r r r r r     = + + + + + +                                     (1) 

( )2 4 6 8 10 12

1 2 3 4 5 6
1

u d d d d d d d
y y r r r r r r     = + + + + + +                                     (2) 

Equations (1) and (2) can be expanded as follows: 

2 4 6 8 10 12

1 2 3 4 5 6u d d d d d d d d d d d d d
x x x r x r x r x r x r x r     − = + + + + +                                     (3) 

2 4 6 8 10 12

1 2 3 4 5 6u d d d d d d d d d d d d d
y y y r y r y r y r y r y r     − = + + + + +                                     (4) 
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With at least six-point correspondences a system of six linear equations was built as follows: 

2 4 6 8 10 12

1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 4 6 8 10 12

1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 4 6 8 10 12

2 2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2

3 3

3 3

u d d d d d d d d d d d d d

u d d d d d d d d d d d d d

u d d d d d d d d d d d d d

u d d d

u d

u d

x x x r x r x r x r x r x r

y y y r y r y r y r y r y r

x x x r x r x r x r x r x r

y y y r

x x

y y

− 
 

−
 
 −

= 
− 

 −
 

−  

1

2

3

2 4 6 8 10 12

42 2 2 2 2 2 2 2 2 2 2

2 4 6 8 10 12

53 3 3 3 3 3 3 3 3 3 3 3

2 4 6 8 10 12

63 3 3 3 3 3 3 3 3 3 3 3

d d d d d d d d d d

d d d d d d d d d d d d

d d d d d d d d d d d d

y r y r y r y r y r

x r x r x r x r x r x r

y r y r y r y r y r y r













   
   
   
   
   
   
   
   

     

                    (5) 

The transformation in (5) is of the form Ux b=  where the vector x  contains the six radial 

distortion coefficients and the matrix U contains the products of distorted image coordinates 

with the distorted radii elevated to the power two, four, six, eight, ten and twelve respectively. 

Solving (5) amounts to minimize the differenceUx b− . Let  1 2 6
....u u u  be a basis of the 

central matrix U in (5). For each b in m
R  where m is the number of rows in U ,the equation 

0Ux b− = has a unique Least squares solution expressed in the form of 
1 T

x R Q b
−

=  where QR

is an orthogonal decomposition of the matrixU . 

The Gram Smidt decomposition produces an orthogonal basis for the matrix U such that: 

1

1

1

u
q

u
=                                                                       (6) 

( )2 1

2 2 1

1

u u
u u q

q

⊥ •
= −                                                                 (7) 

From (7) we have the following orthogonal vector: 

2

2

2

u
q

u

⊥

⊥
=                                                                      (8) 

From the third column of (5) we have the following: 

( ) ( )3 1 3 2

3 3 1 2

1 2

u u u u
u u q q

q q

⊥ • •
= − −                                                        (9) 

From (9) we have the following orthogonal vector: 

3

3

3

u
q

u

⊥

⊥
=                                                                       (10) 

From the fourth column of (5) we have the following: 
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( ) ( ) ( )4 1 4 2 4 3

4 4 1 2 3

1 2 3

u q u q u q
u u q q q

q q q

⊥ • • •
= − − −                                           (11) 

From (11) we have the following: 

4

4

4

v
q

v

⊥

⊥
=                                                                         (12) 

From the fifth column of (5) we have the following: 

( ) ( ) ( ) ( )5 1 5 2 4 3 4 4

5 5 1 2 3 4

1 2 3 4

u q u q u q u q
v v q q q q

q q q q

⊥ • • • •
= − − − −                                    (13) 

From (13) we have the following: 

5

5

5

u
q

u

⊥

⊥
=                                                                      (14) 

From the last column of (5) we can derive the following equation: 

( ) ( ) ( ) ( ) ( )6 1 6 2 6 3 6 4 6 5

6 6 1 2 3 4 5

1 2 3 4 5

u q u q u q u q u q
u u q q q q q

q q q q q

⊥ • • • • •
= − − − − −                 (15) 

From (15) we have the following: 

6

6

6

v
q

v

⊥

⊥
=                                                                              (16) 

From (6), (8), (10), (12), (14), (16) we reformulate the matrix U as follows: 

1 2 3 4 5 6
U q q q q q q R = 

 
                                                     (17) 

Where the matrix R is an upper triangular matrix. Since the matrix Q is orthogonal, from (17) 

the upper triangular matrix R is retrieved as follows: 

1 2 3 4 5 6

T

R q q q q q q U =
                                                        (18) 

From (5) and (17) an expanded formulation of the upper triangular matrix R is retrieved as 

follows: 
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 1 2 1 3 1 4 1 5 1 6

2 2 2 3 2 4 2 5 2 6

3 3 3 4 3 5 3 6

4 4 4 5 4 6

0

0 0

0 0 0

0

q u q u q u q u q u q u

q u q u q u q u q u

q u q u q u q u
R

q u q u q u

• • • • • •

• • • • •

• • • •
=

• • •

( ) ( )

( )

5 5 4 6

6 6

0 0 0

0 0 0 0 0

q u q u

q u

 
 
 
 
 
 
 
 
 

• • 
 
 •
 

(19) 

From (5) and (19) we retrieve the numerical estimates of the radial distortion coefficients as 

follows: 

( ) ( )6 6 6 6
p q q u = • • (20) 

( ) ( ) ( )5 5 6 5 6 5 5
p q q u q u  = • − • •

  
(21) 

( ) ( ) ( ) ( )4 4 6 4 6 5 4 5 4 4
p q q u q u q u   = • − • − • •

 
(22) 

( ) ( ) ( ) ( ) ( )3 3 6 3 6 5 3 5 4 3 4 3 3
p q q u q u q u q u    = • − • − • − • •

 
(23)

( ) ( ) ( ) ( ) ( ) ( )2 2 6 2 6 5 2 5 4 2 4 3 2 3 2 2
p q q u q u q u q u q u     = • − • − • − • − • •

 
(24)

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 6 1 6 5 1 5 4 1 4 3 1 3 2 1 2 1 1
p q q u q u q u q u q u q u      = • − • − • − • − • − • •

 
(25)

Where the vector p is the column vector on the left-hand side of the transformation in (5). For 

consistency with the number of radial distortion coefficients considered in the MATLAB and 

Photomodeler estimations only the parameters in (23), (24) and (25) are considered. 

Appendix D: Ethics approval form 
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