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Abstract 

In investment cases with many stocks under consideration compared to the available historical 

return observations, the sample variance-covariance (VCV) matrix is often estimated with 

considerable error, particularly during market turbulence. Errors arise due to extreme 

differences in VCV matrix eigenvalues. Traditional mean-variance portfolio optimisation 

naively employs these extreme values, leading to investment decisions placed on unreliable 

and unrealistic values. Shrinkage techniques (in which high eigenvalues are reduced, and low 

eigenvalues increased thereby “shrinking” the range of VCV eigenvalues) is one of the 

proposed suggestions to address this issue. This study extends previous work by applying 

linear shrinkage estimators to S&P 500 index-based stock portfolios over the sample period 

of 01-Jan-18 – 20-May-24. Findings indicate that no linear shrinkage estimator affects the 

VCV matrix sufficiently to repair the spurious risk-return characteristics of efficient portfolios 

under stressed market conditions. While some improvements in portfolio risk-adjusted return 

are observed, the instability of the efficient frontier under stressed market conditions largely 

remains. Future work could extend this research by considering more sophisticated 

(non-linear) VCV shrinkage estimators that may mitigate these observed instabilities and yield 

more stable and improved portfolio performance statistics. 



iv 

Table of Contents 
1. Introduction ................................................................................................................................... 1 

1.1 Background and overview ..................................................................................................... 1 

1.2 Knowledge gap ...................................................................................................................... 2 

1.3 Problem statement ................................................................................................................. 3 

1.4 Research questions ................................................................................................................ 3 

1.5 Research objectives ............................................................................................................... 4 

1.6 Relevance of the study and potential benefits ....................................................................... 4 

2. Literature review ........................................................................................................................... 6 

3. Empirical design .......................................................................................................................... 15 

3.1 Construction of test portfolios for evaluating shrinkage estimators .................................... 15 

3.1.1 Efficient frontier portfolio construction .......................................................................... 16 

3.1.2 Benchmark portfolios ...................................................................................................... 18 

3.2 Shrinkage estimation of the sample correlation matrix ....................................................... 18 

3.2.1 Shrinkage towards a constant correlation target .............................................................. 19 

3.2.2 Shrinkage towards a zero-correlation target .................................................................... 20 

3.3 Data and descriptive statistics .............................................................................................. 22 

3.4 Portfolio and shrinkage estimator overview ........................................................................ 40 

4 Empirical results ......................................................................................................................... 41 

4.1 Overview of portfolio performance statistics (full out-of-sample period) .......................... 41 

4.1.1 Global minimum variance portfolio ................................................................................ 42 

4.1.2 Tangency portfolio .......................................................................................................... 43 

4.2 Efficient frontier instability during market turbulence ........................................................ 44 

4.3 Overview of portfolio performance statistics (truncated out-of-sample period) ................. 49 

4.3.1 Global minimum variance portfolio ................................................................................ 50 

4.3.2 Tangency Portfolio .......................................................................................................... 51 

4.4 Descriptive time series analysis of portfolio performance statistics .................................... 52 

4.4.1 Global minimum variance portfolio ................................................................................ 52 

4.4.1.1 Do shrinkage estimators result in statistically significant reductions in GMV 

portfolio risk? ............................................................................................................................ 55 

4.4.2 Tangency portfolio .......................................................................................................... 57 

4.4.2.1 Do shrinkage estimators result in statistically significant increases in TG portfolio 

Sharpe ratio? ............................................................................................................................. 61 

4.5 Shrinkage intensity and performance statistics dynamics ................................................... 62 

4.5.1 Global minimum variance portfolio ................................................................................ 63 

4.5.2 Tangency portfolio .......................................................................................................... 67 

4.6 Shrinkage estimator eigenvalues analysis ........................................................................... 69 

5 Conclusions, limitations and future work ................................................................................. 74 

5.1 Conclusions ......................................................................................................................... 74 

5.2 Assumptions and limitations ............................................................................................... 75 

5.3 Future work ......................................................................................................................... 76 

6 References .................................................................................................................................... 77 



1 

1. Introduction

1.1 Background and overview 

Portfolio selection models, designed to capture institutional features and constraints, require 

input parameters such as a vector of expected returns and a symmetric covariance matrix of 

constituent returns. Estimating these parameters is essential, and a common method involves 

using a sample of past monthly or weekly return observations, assuming they are random draws 

from a stationary joint probability distribution. The choice of the sample period becomes a 

trade-off between maintaining stationarity and minimising estimation errors.  

The seminal work of Markowitz (1952) introduced mean-variance optimisation, an efficient 

process for selecting portfolios with the maximum level of expected return for a given level of 

expected risk. The construction of the optimal portfolio in this framework requires the input of 

accurate parameter estimates. However, practical challenges in using past return observations 

exist. Chow et al. (1999) highlight that such portfolio theory parameters are often unreliable 

when estimated from small samples. Typical risk-estimation procedures, which often rely on 

equally weighting historical observations to estimate risk parameters, may also lead to unstable 

estimates. This is particularly problematic during periods of market turbulence or financial cri-

ses, where asset returns tend to become more volatile and correlated, effectively diminishing 

the diversification benefits that are assumed under normal market conditions (Chow et al., 

1999).  

As a result, the estimation of a stable and accurate covariance matrix may be prone to signifi-

cant error, leading to unstable and misrepresentative risk attributes of portfolios during such 

periods. Jobson and Korkie (1980) and Michaud (1989) also show that the standard method of 

computing the full-sample covariance matrix can occasionally contain estimation error and 

thus provide inaccurate portfolio risk estimates, especially when the number of data points is 

small or comparable to the number of assets. This estimation error stems from when the most 

extreme coefficients in the sample covariance matrix tend to display extreme values. Subse-

quently, the mean-variance optimisation process overweights these most extreme and unrelia-

ble coefficients (Ledoit and Wolf, 2004b).  

Empirical support for using the average of sample correlations as a predictor of individual cor-

relations has been provided by Elton and Gruber (1973), Elton, Gruber, and Urich (1978) and 

Chan, Karceski and Lakonishok (1999). While this averaging method effectively reduces 



2 
 

overall forecast errors, it may lead to the loss of idiosyncrasies in individual correlations. For 

example, securities from the same industry have higher sample correlations, in general, than 

the overall average. Shrinkage estimation, introduced to the finance profession by Ledoit and 

Wolf (2003, 2004a, 2004b), has been proposed as a remedy to balance reducing errors while 

retaining some individual correlation idiosyncrasies. Ledoit and Wolf (2012, 2015, 2017, 

2020a, 2020b) have subsequently promoted various shrinkage estimators over the past two 

decades, which can be categorised into linear and nonlinear. 

Linear shrinkage involves taking a convex linear combination of the sample covariance matrix 

and a target matrix of the same dimensions, which can be generic, such as an identity matrix, 

or incorporate structure (Ledoit and Wolf, 2003, 2004a, 2004b). This provides a bias-variance 

trade-off by optimally combining two extremes. The optimal shrinkage intensity (𝜆), which 

measures the weight that is given to the target matrix, can be derived analytically to minimise 

the expected loss between the true and estimated covariance matrices (Kwan, 2011). 

Ledoit and Wolf (2012, 2015, 2017, 2020a, 2020b) have more recently proposed non-linear 

shrinkage estimators as alternatives to linear approaches. Nonlinear shrinkage operates on the 

eigenvalues of the sample covariance matrix, allowing an arbitrary, or nonlinear, transfor-

mation of the sample eigenvalues while keeping the eigenvectors (Ledoit and Wolf, 2020a). 

Nonlinear shrinkage estimators can also be combined with structured targets to incorporate 

known factor structure. This provides more flexibility than linear shrinkage and can further 

improve performance, albeit at the cost of being more computationally intensive and often 

more difficult to understand and implement (Ledoit and Wolf, 2020b).  

1.2 Knowledge gap 

Variance-covariance (VCV) matrix shrinkage estimation is crucial for portfolio asset allocation 

and risk management due to its ability to improve the estimation of covariance matrices, which 

are essential for understanding how asset returns move in relation to one another. Traditional 

methods of estimating the sample covariance matrix often lead to instability, especially in high-

dimensional settings where the number of assets exceeds the number of historical observations. 

This can often result in poor portfolio performance due to overfitting and estimation errors. 

The various VCV matrix shrinkage methods, particularly those developed and applied to mod-

ern portfolio theory by Ledoit & Wolf (2003, 2004a, 2004b, 2012, 2015, 2017, 2020a, 2020b), 

aim to address these issues by "shrinking" the sample covariance matrix towards a more stable 
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target matrix. These techniques can reduce the impact of noise in the data, leading to more 

reliable estimates that improve portfolio optimisation outcomes.  

While the theoretical foundations of matrix shrinkage methods are well-established, there is 

often a gap in understanding their practical applications in real-world portfolio management 

scenarios. Research can provide empirical evidence on the effectiveness of these methods in 

various market conditions, thereby bridging the gap between theory and practice. For example, 

there arguably remains a knowledge gap regarding its application in the context of recent mar-

ket volatility, particularly during and after the COVID-19 pandemic. The pandemic introduced 

unprecedented levels of market uncertainty and volatility, which may have altered the relation-

ships between asset returns (Jiang, Liu & Tang, 2023). 

There is a need for comparative studies that evaluate the performance of various shrinkage 

techniques against traditional estimation methods across different asset classes and market en-

vironments. Financial markets are dynamic, and the effectiveness of estimation techniques can 

vary over time. Research that examines the adaptability of matrix shrinkage methods in chang-

ing market conditions can fill a gap in the literature, providing insights into their robustness 

and reliability. This research may inform practitioners about the most effective approaches to 

use in specific contexts. Research can also explore how matrix shrinkage methods can be inte-

grated with other risk management tools and frameworks. Understanding how these methods 

complement existing strategies can potentially enhance their adoption and effectiveness in port-

folio management. 

1.3 Problem statement 

Traditional, unshrunk VCV matrices (used in portfolio risk estimation and the identification of 

optimal portfolios in mean-variance frameworks) often result in unstable values during partic-

ularly turbulent market periods. When these matrices are used to assign asset allocations and 

assess portfolio performance statistics, the instability translates into extreme and highly im-

practical values. 

1.4 Research questions 

By applying different shrinkage approaches, can the VCV matrix instability be reduced (or 

eliminated)? If so, how do the resulting adjusted matrices impact corresponding mean-variance 

efficient frontier portfolio outputs, such as risk-adjusted returns and volatility? 



4 

1.5 Research objectives 

The research aims to 

• Evaluate the performance of covariance matrix shrinkage techniques:

o Assess the effectiveness of VCV matrix shrinkage techniques in improving the es-

timation of covariance matrices for USA equity shares during different market con-

ditions. The focus is on the pre- and post-COVID-19 market environment and rel-

atively volatile period of successive Federal Reserve rate hikes thereafter.

• Analyse mean-variance efficient portfolio optimisation outcomes:

o Examine the impact of using shrinkage methods on portfolio optimisation out-

comes, including annualised cumulative returns, annualised volatilities, and annu-

alised Sharpe ratios. This involves comparing portfolios constructed using shrink-

age-adjusted covariance matrices against those constructed with traditional sample

covariance matrices.

• Investigate the stability and robustness of resulting portfolios:

o Investigate the stability and robustness of portfolios constructed with shrinkage

methods over the study period, particularly in response to market shocks and

changes in economic conditions. This objective focuses on how well these portfo-

lios perform during periods of market stress compared to those using conventional

estimation techniques.

1.6 Relevance of the study and potential benefits 

A study investigating the impact of covariance matrix shrinkage using data from 2018 to 2024, 

encompassing the volatile COVID-19 and Federal Reserve rate hike periods, may offer valua-

ble insights for portfolio asset allocation and risk management. The significant market volatility 

and subsequent market reactions induced by the pandemic provide a robust setting to test the 

effectiveness of shrinkage methods, crucial for evaluating their robustness in real-world sce-

narios. By analysing data from both pre- and post-pandemic periods, the study aims to compare 

the performance of shrinkage methods across different market regimes, helping to identify the 

most effective techniques for specific conditions. For example, following the initial COVID-

19 recovery, inflation surged in the US, prompting the Federal Reserve to implement aggressive 

interest rate hikes starting in 2022, which continued into 2023. This period of high inflation 

and rising interest rates presents a unique opportunity to assess the performance of shrinkage 

methods in contrasting market conditions. 
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The study also aims to assess the impact of shrinkage on portfolio mean-variance optimisation 

and risk management, comparing the performance of efficient frontier portfolios optimised 

with shrinkage methods against those using traditional estimation techniques. The comparison 

will quantify the benefits in terms of risk-adjusted returns and risk reduction. This will also 

entail assessing the suitability of the VCV matrix using sample and shrinkage-based estimators 

as to permit its use in the calculation of asset weights, portfolio risk, and other parameter esti-

mates required for the efficient frontier generation. Such insights may be particularly useful 

during periods of high uncertainty, enabling practitioners to make more informed portfolio and 

risk management decisions. Lastly, the study may contribute to the growing body of research 

on covariance matrix shrinkage. By providing empirical evidence of its effectiveness (or lack 

thereof) during significant market events, it may help to further bridge the gap between aca-

demic research and practical applications in portfolio management. 
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2. Literature review

Mean-variance optimisation, introduced by Markowitz (1952), is a foundational concept in 

modern portfolio theory. This approach focuses on constructing investment portfolios that op-

timise expected return for a given level of risk, measured by the portfolio's variance. Markowitz 

(1952) demonstrated that diversification can significantly reduce portfolio risk, contrary to the 

prevailing belief that investors should concentrate their investments in securities with the high-

est expected returns. By considering the correlation between asset returns, investors can con-

struct a portfolio that minimises risk for a given expected return or maximises return for a given 

level of risk. This trade-off between return and risk is encapsulated in the efficient frontier, a 

set of portfolios that offers the highest expected return for a given level of risk. The mean-

variance optimisation process involves calculating the expected returns, variances, and covar-

iances of all assets, and then determining the optimal asset weights that achieve the desired 

balance between return and risk. 

Accurately estimating the covariance matrix of constituent asset returns is crucial in mean-

variance optimisation as it fundamentally impacts the calculation of portfolio risk and the con-

struction of the efficient frontier. In the mean-variance framework, the covariance matrix quan-

tifies the variances and covariances of asset returns, providing a basis for assessing how asset 

combinations affect overall portfolio risk. Jobson and Korkie (1980) highlight that the covari-

ance matrix is integral to deriving the weights of the Markowitz efficient portfolio. In their 

study, the sample covariance matrix 𝑽 is estimated from 313 monthly return observations of 

20 randomly selected NYSE listed stocks. Jobson and Korkie (1980) define the variance of a 

portfolio as X’ΣX, where X is the vector of asset weights. Therefore, the estimation of Σ directly 

affects the reliability of portfolio risk estimates in the mean-variance optimisation process. 

A major issue with the estimation of the covariance matrix is sampling error, particularly in 

cases where there are many assets under consideration relative to the number of historical re-

turn observations available. As a result, the sample covariance matrix can become unstable and 

contain significant estimation error, leading to unreliable portfolio optimisation results. This 

phenomenon is well-documented in the literature. Michaud (1989) attributes this to the inherent 

nature of MV optimisers as "estimation-error maximisers." MV optimisation is highly sensitive 

to the input estimates of expected returns, variances, and covariances, which are inevitably 

subject to estimation errors. The optimisation process tends to significantly overweight (under-

weight) assets with high (low) expected returns, small (large) variances, and strong negative 
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(positive) correlations, which are those most likely to have large estimation errors (Michaud, 

1989).  

Jobson and Korkie (1980) quantitatively depict this issue, demonstrating how estimation errors 

can severely degrade the performance of the "optimal" portfolio, defined as the portfolio on the 

efficient frontier providing the maximum Sharpe ratio. In their study, Monte Carlo simulations 

were used to optimise portfolios using estimated input data for a set of 20 stocks over a 60-

month period. Their results showed a stark contrast between the true Sharpe ratios of the opti-

mal portfolio derived from a known multivariate distribution, and that derived from the average 

of the simulated optimal portfolios. The true Sharpe ratio of the latter was significantly lower 

than that of both the true optimal portfolio and an equally weighted portfolio, suggesting that 

MV optimisation can indeed maximise estimation errors rather than minimise risk or maximise 

return in a meaningful way. 

Michaud (1989) noted an important aspect of the Jobson-Korkie study, namely the absence of 

a short-selling constraint in their analysis, which might have exaggerated the error-maximisa-

tion effect. In practical investment management, where short-selling is often constrained, the 

impact of estimation errors might be somewhat mitigated. Michaud (1989) argues that the fun-

damental issue remains: the sensitivity of MV optimisation to estimation errors necessitates the 

careful consideration of imposing financially meaningful constraints on the procedure and the 

use of robust estimation techniques. Michaud (1989) cites “ill-conditioned” covariance matri-

ces as a significant factor contributing to the instability of MV optimisations. Since MV opti-

misation requires the inversion of a covariance matrix, an ill-conditioned matrix – often due to 

input assumptions that do not reflect financially meaningful estimates or parameter estimates 

based on insufficient historical data – the resulting solutions can become highly unstable 

(Michaud, 1989). This instability reflects as large changes in portfolio allocations in response 

to small changes in input estimates, making the optimisation process unreliable. In contrast, 

highly structured estimators such as the single-factor model of Sharpe (1963) contain relatively 

little estimation error, but are often mis-specified and can be severely biased. 

 As a result, attempts have been made to find a compromise between the unbiased but noisy 

sample covariance matrix and a structured but potentially mis-specified estimator (Ledoit and 

Wolf, 2004b). One such method is termed “shrinkage estimation”, which aims to provide a 

principled way to estimate large covariance matrices by optimally combining the sample co-

variance matrix with structured targets. First applied robustly to active portfolio management 

by Ledoit and Wolf (2003, 2004a, 2004b), shrinkage estimation originates from the seminal 
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work of Stein (1956) and James and Stein (1961) whereby they demonstrated that shrinking 

the maximum likelihood estimator of a multivariate normal mean vector can reduce mean 

squared error.  

Early efforts to incorporate shrinkage methods into portfolio selection were undertaken by 

Frost and Savarino (1986) and Jorion (1986).Their specific shrinkage techniques, however, 

struggled with situations where the number of stocks exceeded the number of historical return 

observations, a common occurrence in practice. Jagannathan and Ma (2003) demonstrated that 

mean-variance optimisers implicitly apply a form of shrinkage to the sample covariance matrix 

when short sales are restricted. This implicit shrinkage generally enhances the stability of port-

folio weights. The explicit application of shrinkage techniques can potentially further improve 

the stability of portfolio weights, and risk and return parameters (Ledoit and Wolf, 2004b). 

Ledoit and Wolf (2003, 2004a) first proposed shrinkage estimation by obtaining the best-

weighted average of the sample covariance matrix of stock returns and a structured estimator, 

namely the single-index model covariance matrix, which is derived from Sharpe's (1963) sin-

gle-index model. The key innovation lies in estimating 0 ≤ 𝜆 ≤ 1, and determines the extent 

to which the sample covariance matrix is shrunk toward the structured estimator, or shrinkage 

target. This balances the trade-off between the unbiased but highly variable sample covariance 

matrix and the biased but less variable single-index model covariance matrix. This approach 

addresses two critical issues that plagued earlier methods: it avoids the problem of inverting an 

ill-conditioned covariance matrix and incorporates the correlation between estimation errors in 

both the sample covariance matrix and the shrinkage target, leading to a more accurate and 

stable estimator. 

Using data from NYSE and AMEX stocks over the period 1972 to 1995, their findings indicate 

that portfolios constructed using their shrinkage estimator exhibit significantly lower out-of-

sample variance compared to portfolios constructed using other established methods, including 

multifactor models. This improvement is particularly important, because it enhances the stabil-

ity and reliability of the covariance matrix used in portfolio selection, a key component of 

Markowitz's (1952) mean-variance optimisation framework. The method developed by Ledoit 

and Wolf (2003, 2004a) reduces the dependence on multifactor models, which often suffer from 

unresolved issues regarding the number and identity of factors. Instead, their approach lever-

ages the strong consensus around the market factor while providing a systematic way to ac-

count for extra-market covariances without imposing arbitrary factor structures. 
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This research was subsequently extended by Ledoit and Wolf (2004b), by substituting the sin-

gle-factor matrix of Sharpe (1963) for a constant-correlation model as the shrinkage target. The 

constant-correlation model assumes that all pairwise correlations are the same, with the average 

of all the sample correlations serving as the estimate for the common constant correlation. This 

value, along with the vector of sample variances, determines the shrinkage target. The resulting 

shrinkage estimator is not only easy to implement but also performs comparably to the single-

index model utilised in their previous studies. However, a notable caveat is that the constant-

correlation model is not appropriate if the assets are from different asset classes, such as stocks 

and bonds. 

Ledoit and Wolf’s (2004b) empirical analysis, using historical U.S. stock market data, further 

demonstrates that the shrinkage estimator consistently outperforms the sample covariance ma-

trix across various scenarios, resulting in higher information ratios and lower portfolio vari-

ances. Their method exhibits lower turnover compared to the sample covariance matrix, mak-

ing it more attractive for active portfolio managers. Therefore, Ledoit and Wolf (2004b) assert 

that this shrinkage approach should replace the traditional sample covariance matrix in portfo-

lio optimisation due to its superior performance and ease of implementation. 

The intricacies of VCV matrix requirements for portfolio analysis, in the context of portfolio 

investment, have been discussed by Kwan (2010) who underscored the crucial role of a positive 

definite VCV matrix; a covariance matrix of asset returns must be positive definite to be suit-

able for portfolio analysis. A positive definite matrix is always invertible, although the reverse 

is not necessarily true. In portfolio investment, where variance is a measure of risk, Kwan 

(2010) asserts that an invertible covariance matrix is essential for portfolio selection models to 

generate portfolio allocation results. A positive definite covariance matrix guarantees strictly 

positive variances of portfolio returns, regardless of how funds are distributed among the as-

sets. This characteristic not only ensures the presence of portfolio risk but also guarantees the 

uniqueness of efficient portfolio allocation outcomes (Kwan, 2010). 

If the covariance matrix is estimated with insufficient data, it will not be positive definite. For 

instance, estimating a 100x100 covariance matrix of monthly asset returns requires more than 

100 monthly return observations to ensure that the number of observed returns exceeds the 

number of unknown matrix elements (Kwan, 2010). Additional observations are thus necessary 

to minimise estimation errors and ensure the sample covariance matrix is a suitable input pa-

rameter for portfolio analysis. However, Kwan (2010) notes that using a longer sample period 
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to obtain these additional observations raises concerns about the validity of the stationarity 

assumption of asset return distributions. 

Kwan (2011) also asserts that relying on higher-frequency observations, such as weekly or 

daily asset returns within the same sample period, can mitigate concerns about non-stationary 

asset return distributions. However, this approach has drawbacks, as higher-frequency obser-

vations tend to be noisier, which can degrade the quality of the estimated covariance matrix. 

Although VCV matrix estimation accounting for time-varying volatility of asset returns can be 

achieved with multivariate time series models, such models are somewhat complicated (Sil-

vennoinen and Teräsvirta, 2009). 

Drawing parallels with life sciences and related fields, the idea that estimating VCV matrices 

with insufficient observations has been found to be a common challenge. As noted by Dobbin 

and Simon (2007) and Yao et al. (2008), biological studies often involve only a small number 

of observations due to limited experimental data or constraints related to budget and time. As 

a result, covariance matrices are often prone to estimation with insufficient observations. 

Schäfer and Strimmer (2005) also highlight the necessity of the estimated covariance matrix 

being invertible in gene association network studies using graphical Gaussian models (GGMs); 

the partial correlation between any two genes—which measures their degree of association 

after accounting for the effects of other genes—can be inferred from the inverse of a covariance 

matrix.  

A cancer research study by Beerenwinkel et al. (2007) depicts the lack of a positive definite 

and invertible sample covariance matrix, pairwise partial correlations of 78 cancer genes (re-

sulting in a total of 3003 partial correlations) being based on only 35 available tumour samples. 

The use of remedial measures by Schäfer and Strimmer (2005), Beerenwinkel et al. (2007), 

and Yao et al. (2008) to address the lack of experimental observations are based on the VCV 

shrinkage estimation approaches by Ledoit and Wolf (2003, 2004a, 2004b).  

Kwan (2011) notes that these original Ledoit-Wolf shrinkage methods were not, however, de-

signed to address issues arising from insufficient observations, prompting Schäfer and Strim-

mer (2005) to extend the Ledoit-Wolf approach to finite sample settings. In their study, they 

identified six potential shrinkage targets for covariance and correlation matrices, including an 

identity matrix, a covariance matrix based on the constant correlation model, a diagonal covar-

iance matrix with sample variances on the diagonals, and three other related cases. Schäfer and 

Strimmer's shrinkage approach primarily focuses on the scenario where the target is a diagonal 
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matrix. In this context, shrinkage estimation of the covariance matrix is relatively straightfor-

ward, both analytically and computationally; when variables are normalised to have unit vari-

ances, the same shrinkage approach becomes that for the correlation matrix instead (Kwan, 

2011).  

Complications arise since the normalisation relies on sample variances, which include estima-

tion errors. To maintain the analytical integrity of the shrinkage estimation, Schäfer and Strim-

mer (2005) assume no estimation errors in the variances for normalised data. Building on this, 

Kwan (2008) extended the analytical framework by incorporating estimation errors in all var-

iances when shrinking the sample correlation matrix with targets based on the average correla-

tion of asset returns. This refinement implicitly improves the analytical expression of the 

Schäfer-Strimmer 𝜆. 

Kwan's (2011) subsequent study provides a foundational understanding of Ledoit and Wolf’s 

(2003, 2004a, 2004b) shrinkage estimation techniques as applied to covariance matrices, em-

phasising their potential to enhance the reliability of sample covariance matrices. Kwan (2011) 

considers two primary versions of shrinkage estimation. The first version seeks an optimal 

weighted average between the sample covariance matrix and a diagonal matrix with elements 

corresponding to sample variances. The second involves the sample correlation matrix and an 

identity matrix, under certain simplifying assumptions. With a focus on the first approach, his 

study uses pedagogical tools, namely Excel-based demonstrations, to show how shrinkage es-

timation can improve the quality of the sample covariance matrix, especially when the number 

of historical observations is insufficient. These demonstrations help clarify how shrinkage es-

timation serves as a remedial measure for the instability often seen in sample covariance ma-

trices subject to estimation error with limited data. 

Kwan's (2017) paper extends the introduction to shrinkage estimation techniques from his ear-

lier work (2011) by shifting the focus from a zero-correlation shrinkage target to a constant 

correlation shrinkage target in the context of the sample correlation matrix. This adjustment is 

practically and pedagogically significant, since a zero-correlation target consistently leads to 

attenuated individual correlations, resulting in a post-shrinkage average that is lower than the 

original sample average. The zero-correlation target approach lacks empirical support and is 

challenging to justify, especially from a pedagogic standpoint. Alternatively, a constant corre-

lation target preserves the original sample average, thereby achieving a balance between re-

ducing overall forecast errors and maintaining some of the unique characteristics of individual 

correlations (Kwan, 2017). 
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Kwan (2017) takes a pedagogical approach by simplifying the analysis, if any revisions to 

sample standard deviations of returns are based on the judgment of financial analysts. This 

assumption allows the focus to remain on shrinkage estimation of individual correlations, with-

out the statistical complications associated with estimating variances and covariances as dis-

cussed in Kwan (2008). Kwan (2017) demonstrates an Excel-based computational approach 

that is designed to accommodate both the constant and zero correlation targets and addresses 

the statistical issue of bias in using sample correlations to estimate true but unknown correla-

tions, as considered in Kwan (2008), offering users the option to either correct for this bias or 

ignore it. Given these choices in shrinkage target and bias correction, Kwan (2017) compares 

four sets of shrinkage results for a given set of Dow Jones stocks and their corresponding return 

observations. The results illustrate how the returns of US major stocks are correlated and how 

shrinkage estimation affects the sample correlation matrix of returns. 

Ledoit and Wolf (2012) present an extension of their earlier work on covariance matrix estima-

tion by introducing a nonlinear shrinkage estimator. The motivation for this approach stems 

from the oracle estimator of Ledoit and Péché (2011), which was derived by analysing the 

asymptotic behaviour of the optimal finite-sample rotation-equivariant estimator, particularly 

when measured using the Frobenius norm. In this study, Ledoit and Wolf (2012) apply a non-

linear transformation to the sample eigenvalues, a departure from the linear shrinkage ap-

proaches they previously developed in Ledoit and Wolf (2003, 2004a, 2004b). 

The nonlinear shrinkage estimator they propose is designed to be asymptotically equivalent to 

the oracle estimator, and its development involves estimating the Stieltjes transform of the lim-

iting spectral distribution of the sample eigenvalues. Through this approach, they construct a 

reliable nonlinear shrinkage estimator that demonstrates superior finite-sample properties in 

Monte Carlo simulations compared to both the sample covariance matrix and their earlier linear 

shrinkage estimator. The nonlinear estimator shows significant improvements, particularly in 

cases where the sample size is large relative to the matrix dimension or when the population 

eigenvalues exhibit high dispersion. However, the scope of the study is limited to cases where 

the matrix dimension is smaller than the sample size (Ledoit and Wolf, 2012). 

Ledoit and Wolf (2015) develop an estimator for the population eigenvalues that remains con-

sistent under large-dimensional asymptotics, regardless of whether these eigenvalues are clus-

tered. This advancement is achieved by providing a more precise characterisation of the as-

ymptotic behaviour of the sample eigenvalues. Unlike earlier results that only described the 

average behaviour of eigenvalues (i.e., how many fall within a given interval), this study 
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determines the individual limits of the eigenvalues, leading to a more accurate and reliable 

estimation process. Ledoit and Wolf’s (2015) consistent estimator improves covariance matrix 

estimation in scenarios where the dimension is large relative to the sample size. This extends 

the work of Ledoit and Wolf (2012), which was limited to cases where the matrix dimension 

was smaller than the sample size, allowing the authors to handle the more challenging case of 

high-dimensional settings, where the sample covariance matrix is singular. 

Ledoit and Wolf (2020a) further advance the nonlinear shrinkage estimation framework by 

introducing a “direct”, analytical method for estimating the oracle shrinkage function. This 

approach contrasts with their earlier "indirect" or numerical strategies from Ledoit and Wolf 

(2012, 2015), which required the estimation of the limiting distribution of population eigenval-

ues, a computationally intensive process involving large-scale optimisation. Ledoit and Wolf’s 

(2020a) analytical method simplifies implementation, requiring minimal code and offering sig-

nificant computational efficiency, making it feasible for large datasets with dimensions exceed-

ing 𝑁 = 10 000. In contrast, numerical strategies cannot accommodate dimensions more than 

around 𝑁 = 1 000. 

Ledoit and Wolf (2020a) highlight that while nonlinear shrinkage generally outperforms linear 

shrinkage, exceptions exist when the oracle shrinkage function is nearly linear or when both 

the matrix dimension 𝑁 and sample size 𝑇 are small. However, with 𝑁 and 𝑇 exceeding 50, 

nonlinear shrinkage becomes the preferred method, offering substantial performance gains over 

linear shrinkage. Ledoit and Wolf (2020a) effectively addresses previous limitations, making 

nonlinear shrinkage estimation of covariance matrices more accessible and practical for large-

scale data applications. 

Dom et al. (2024) critique the standard academic practice of evaluating variance-covariance 

(VCV) estimators using unconstrained global minimum variance (GMV) portfolios and their 

ex-post volatility. They argue that such portfolios are impractical due to high leverage, concen-

tration, and turnover, which inflate transaction costs and diminish real-world applicability. The 

authors propose evaluating VCV estimators using more practical test portfolios, such as long-

only GMV and risk-parity allocations, which better account for turnover, transaction costs, and 

diversification.  

They reaffirm that constraints like long-only requirements inherently stabilise portfolio weights 

and reduce estimation errors, thereby diminishing the incremental benefits of complex shrink-

age estimators (Jagannathan and Ma, 2003). While advanced methods, such as dynamic 
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estimators (e.g., DCC-NLS) or factor models, can improve performance, simpler approaches 

like RiskMetrics combined with non-linear shrinkage achieve comparable results for con-

strained portfolios. The study concludes that practical portfolio designs and realistic evaluation 

metrics – balancing transaction costs, diversification, and estimation stability – are critical for 

accurately assessing the performance of VCV estimators, particularly in large asset universes. 
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3. Empirical design 

We aim to evaluate select performance statistics of mean-variance efficient frontier portfolios 

constructed using sample variance-covariance matrices compared to those incorporating 

shrinkage-estimated matrices. These performance statistics involve portfolio annualised risk, 

annualised cumulative returns, and annualised Sharpe ratios. To evaluate the performance sta-

tistics of the shrinkage estimators under varying market conditions, a descriptive time series 

analysis is conducted. Portfolio performance statistics are back-tested over a recent out-of-

sample period, capturing key economic environments, such as the post-COVID-19 period and 

the series of Federal Reserve rate hikes from Mar-22 – Jul-23. The observed relationships be-

tween shrinkage intensities and these measures will also be examined. Lastly, we illustrate the 

application of the different shrinkage estimators by comparing the eigenvalues of the shrunk 

and unshrunk (sample) covariance matrices. This demonstrates how these estimators funda-

mentally affect portfolio construction.  

3.1 Construction of test portfolios for evaluating shrinkage estimators 

Classical mean-variance portfolio optimisation, as introduced by Markowitz (1952), seeks to 

balance expected risk and return by leveraging the covariance matrix of asset returns to con-

struct optimal portfolios. However, its practical application often suffers from estimation error 

in the sample covariance matrix, resulting in overly concentrated and unstable portfolios that 

may underperform in terms of risk-adjusted returns. Covariance matrix shrinkage estimation, 

which combines the sample covariance matrix with a structured target matrix, has been pro-

posed as a remedy to reduce these errors and improve portfolio performance (Ledoit and Wolf, 

2012, 2015, 2017, 2020a, 2020b). 

In this study, we focus on two portfolios within the efficient frontier framework: the global 

minimum-variance (GMV) portfolio and the tangency (TG) portfolio. The GMV portfolio min-

imises total portfolio risk without considering expected returns, making it a suitable candidate 

for evaluating the effectiveness of shrinkage estimators in diversifying away risk. The TG port-

folio, which lies tangent to the efficient frontier and aims to maximise the associated Sharpe 

ratio, is evaluated to assess whether shrinkage estimators can improve risk-adjusted returns. 

Lastly, to benchmark the performance of the efficient frontier portfolios, we follow Dom et al. 

(2024) and include two simple portfolio allocation strategies: the equally weighted (EW) port-

folio and the inverse volatility (IV) portfolio.  
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It is important to note that we focus solely on simulating the performance of fully unconstrained 

portfolios. By limiting our analysis to an unconstrained setting, we aim to explore the effects 

of portfolio shrinkage in a simplified framework without adding complexities such as short-

selling limitations, asset weighting constraints, and transaction costs. These elements are gen-

erally proprietary to each institution and, therefore, typically inaccessible. The use of an un-

constrained framework may allow for a more foundational analysis of shrinkage behaviour and 

its impact on portfolio optimisation, by isolating these effects from constraints that could po-

tentially obscure underlying patterns or relationships. Future work could extend these findings 

to constrained portfolio settings, incorporating practical considerations such as regulatory lim-

its, long-only and other liquidity constraints, or position sizing. Such extensions would more 

closely reflect real-world portfolio management practices and would enable a more compre-

hensive evaluation of shrinkage techniques within applied contexts. 

3.1.1 Efficient frontier portfolio construction 

Following Jorion (2003), when constructing a mean-variance optimised portfolio comprising 

𝑛 stocks, the following variables are defined: 

𝒒𝑷  = vector of portfolio weights for the sample of 𝑛 stocks 

𝐄  = vector of expected returns  

𝐕  = covariance matrix of asset returns 

It is assumed that net short sales are allowed to preserve linearity. 

Jorion (2003) states expected returns and variances in matrix notation as: 

𝜇𝑃 = 𝒒′𝑷𝐄 = expected return on the portfolio      (1) 

𝜎𝑃
2 = 𝒒′𝑷𝐕𝒒𝑷 = variance of portfolio return       (2)       

The portfolio is also subject to a full-investment constraint, where the total portfolio weights 

must sum to unity: 

𝒒′𝑷𝟏 = 1 

where 𝟏 represents a vector of 1s. 

Jorion (2003) derives the conventional mean-variance efficient frontier, in which there is no 

risk-free asset, where 𝐺 is the target expected return. The portfolio allocation problem involves 

a constrained minimisation of the portfolio variance over the weights 𝑞𝑃: 
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Minimise 𝒒′𝑷𝐕𝒒𝑷 subject to: 

𝒒′𝑷𝟏 = 1 = portfolio full-investment constraint 

𝒒′𝑷𝐄 = 𝐺 = target expected return 

Following Merton (1972) and Jorion (2003), the efficient set constants are defined as: 

𝑎 = 𝐄′𝐕−𝟏𝐄;             

𝑏 = 𝐄′𝐕−𝟏𝟏;                                                                                                                             

𝑐 = 𝟏′𝐕−𝟏𝟏;                                                                                                                              

𝑑 = 𝑎 −
𝑏2

𝑐
 

The efficient frontier can then be fully defined by two portfolios, the GMV portfolio and the 

TG portfolio that maximises the return-to-risk ratio (Sharpe ratio). The respective weights are: 

𝒒𝑮𝑴𝑽 = 𝐕−𝟏
𝟏

𝑐
; 

(3) 

 

𝒒𝑻𝑮 = 𝐕−𝟏
𝑬

𝑏
; 

(4) 

The expected return, 𝐸, and variance, 𝑉, of these two portfolios are: 

𝐸𝐺𝑀𝑉 =
𝑏

𝑐
;   (5) 

𝑉𝐺𝑀𝑉 =
1

𝑐
; (6) 

and 

𝐸𝑇𝐺 =
𝑎

𝑏
; (7) 

𝑉𝑇𝐺 =
𝑎

𝑏2
; (8) 

The efficient set is given by: 

𝜎𝑃
2 =

1

𝑑
(𝜇𝑃 − 𝜇𝑀𝑉)2 + 𝜎𝑀𝑉

2  (9) 
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which represents a parabola in the (𝜎2, 𝜇) space, or a hyperbola in the (𝜎, 𝜇) space with as-

ymptotes having a slope of ±√𝑑; this slope represents the best return-to-risk ratio for this set 

of stocks (Jorion, 2003).  

3.1.2 Benchmark portfolios 

The equally-weighted (EW) portfolio is a simple allocation strategy where each of the 𝑛 assets 

in the portfolio receives an identical weight, regardless of its risk or return characteristics. The 

weights for each asset 𝑖 are calculated as: 

𝑤𝑖
𝐸𝑊 =

1

𝑛
         ∀𝑖, ∑ 𝑤𝑖

𝐸𝑊 = 1

𝑛

𝑖=1

  

In addition to its simplicity and ease of implementation, the EW portfolio has been shown to 

exhibit surprisingly robust performance. As DeMiguel, Garlappi and Uppal (2009) demon-

strate, this strategy can be difficult to outperform out-of-sample. 

The inverse volatility (IV) portfolio assigns weights inversely proportional to individual asset 

volatilities, with lower weights assigned to riskier assets and higher weights to less volatile 

ones. For an asset 𝑖 with standard deviation (volatility) 𝜎𝑖, the weight is given by: 

𝑤𝑖
𝐼𝑉 =

𝜎𝑖
−1

∑ 𝜎𝑖
−1 𝑛

𝑖=1  
         ∀𝑖, ∑ 𝑤𝑖

𝐼𝑉 = 1

𝑛

𝑖=1

  

This allocation strategy does not account for risk diversification benefits and can be viewed as 

a variant of a fully-invested GMV portfolio where all off-diagonal elements of the VCV matrix 

are equal to zero (Dom et al., 2024). As both EW and IV portfolios do not consider asset return 

correlations in formulating asset weights, they are unaffected by shrinkage estimators and thus 

serve only as benchmark portfolios. 

3.2 Shrinkage estimation of the sample correlation matrix 

Our study explores the approach of Kwan (2017), which follows the work of Ledoit and Wolf 

(2003, 2004a, 2004b). Four methods of linear shrinkage estimation are implemented. These 

involve shrinking the sample correlation matrix of returns towards both a zero-correlation tar-

get matrix and a constant correlation target matrix, with the statistical issue of bias either being 

ignored or corrected; this bias stems from the use of the sample correlations to estimate the 

corresponding true but unknown correlations.  
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Ledoit and Wolf (2020a) have shown that nonlinear shrinkage techniques generally dominate 

linear approaches, in which they capture a greater measure of the potential for variance reduc-

tion. However, the linear shrinkage methods employed by Kwan (2017) may still provide a 

foundation to investigate the general impact and effectiveness of VCV matrix shrinkage on 

mean-variance optimal portfolio performance statistics. This analysis may be extended in fu-

ture research to include nonlinear approaches for a more comprehensive insight into the prac-

tical application of VCV matrix shrinkage techniques. 

3.2.1 Shrinkage towards a constant correlation target 

Following Kwan (2017), for an 𝑛-security portfolio, let 𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏 be the random returns 

of the individual securities. Let also 𝑹𝒊𝟏, 𝑹𝒊𝟐, … , 𝑹𝒊𝑻 be the returns observed at times 1,2, … , 𝑇, 

respectively, for 𝑖 = 1,2, … , 𝑛. Let the sample correlation of returns between securities 𝒊 and 𝒋, 

for 𝑖, 𝑗 = 1,2, … , 𝑛 be denoted by 𝒓𝒊𝒋; the average thereof is denoted by 𝒓̅. The true correlation 

between 𝑹𝒊 and 𝑹𝒋, for 𝑖, 𝑗 = 1,2, … , 𝑛 and 𝑖 ≠ 𝑗, denoted by 𝝆𝒊𝒋, is unknown. 

The constant-correlation model states that all the (pairwise) correlations are identical (Ledoit 

and Wolf, 2004b). For a constant correlation shrinkage target, the constant correlation is pro-

vided by the average of the individual sample correlations, 𝒓̅. Let the shrinkage intensity (con-

stant) applied to the sample correlation matrix be denoted as 𝝀, which is the weight assigned 

to 𝒓̅. As a result, the departure of the resulting correlation between 𝑹𝒊 and 𝑹𝒋 from the corre-

sponding true correlation is 𝝀𝒓̅ + (𝟏 − 𝝀)𝒓𝒊𝒋 − 𝝆𝒊𝒋 (Kwan, 2017). 

Following Ledoit and Wolf (2004b) and Kwan (2017), we find the value of 𝝀 that minimises 

the expected value of a quadratic loss function, given by (10): 

𝐿(𝜆) = 𝐸 {∑ ∑ [𝜆𝑟̅ + (1 − 𝜆)𝑟𝑖𝑗 − 𝜌𝑖𝑗]
2𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1 }                (10) 

where 𝑬(∙) is the expected value operator. After simplification of (10), the optimal shrinkage 

intensity is given by (11): 

𝜆 =
∑ ∑ {𝛼𝑖𝑗 − 𝐸(𝑟̅ − 𝑟𝑖𝑗)[𝐸(𝑟𝑖𝑗) − 𝜌𝑖𝑗]}𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ {𝛼𝑖𝑗 + [𝐸(𝑟̅ − 𝑟𝑖𝑗)]
2

}𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

 (11) 

where  

𝛼𝑖𝑗 = 𝑉𝑎𝑟(𝑟𝑖𝑗) −
2

𝑛(𝑛 − 1)
∑ ∑ 𝐶𝑜𝑣(𝑟𝑖𝑗, 𝑟𝑘ℓ)

𝑛

ℓ=𝑘+1

𝑛−1

𝑘=1
 (12) 
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In estimating 𝝀, let 𝑬(𝒓𝒊𝒋) be an estimator of 𝝆𝒊𝒋 for analytical convenience. Therefore, with 

𝑬(𝒓𝒊𝒋) −  𝝆𝒊𝒋 being zero, and using 𝒓𝒊𝒋 and 𝒓̅ for 𝑬(𝒓𝒊𝒋) and 𝑬(𝒓̅), respectively, the estimated

𝝀 is given by (13):  

𝜆̂ =
∑ ∑ 𝛼̂𝑖𝑗

𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

∑ ∑ [𝛼̂𝑖𝑗 + (𝑟̅ − 𝑟𝑖𝑗)
2

]𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

(13) 

where 

𝛼̂𝑖𝑗 = 𝑉𝑎𝑟̂(𝑟𝑖𝑗) −
2

𝑛(𝑛 − 1)
∑ ∑ 𝐶𝑜𝑣̂(𝑟𝑖𝑗, 𝑟𝑘ℓ)

𝑛

ℓ=𝑘+1

𝑛−1

𝑘=1
(14) 

For a finite sample, 𝑬(𝒓𝒊𝒋) is inherently a biased estimator of 𝝆𝒊𝒋; the sample correlation tends 

to understate the true correlation in magnitude, with the bias attenuating as the sample periods 

lengthens. However, utilising a longer sample period is susceptible to violations of the station-

ary assumption of security return distributions (Kwan, 2017).  

Following Zimmerman, Zumbo and Williams (2003), (15) gives an estimator of 𝝆𝒊𝒋, proposed 

by Olkin and Pratt (1958), which can eliminate most of the bias in the sample correlation 𝒓𝒊𝒋

of normally distributed variables 𝑖 and 𝑗: 

𝜌̂𝑖𝑗 = 𝑟𝑖𝑗 [1 +
1 − 𝑟𝑖𝑗

2

2(𝑇 − 3)
] (15) 

Subsequently, (16) accounts for the bias in the estimation of 𝝆𝒊𝒋: 

𝜆̂ =
∑ ∑ (𝛼̂𝑖𝑗 − 𝛾𝑖𝑗)𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝛼̂𝑖𝑗 + (𝑟̅ − 𝑟𝑖𝑗)
2

]𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

(16) 

where 

𝛾𝑖𝑗 = (𝑟𝑖𝑗 − 𝑟̅) [
𝑟𝑖𝑗(1 − 𝑟𝑖𝑗

2)

2(𝑇 − 3)
] (17) 

3.2.2 Shrinkage towards a zero-correlation target 

When considering a zero-correlation shrinkage target, namely an identity matrix, 𝒓̅ is substi-

tuted by zero (Kwan, 2017). As a result, if the bias in the estimation of 𝝆𝒊𝒋 with 𝑬(𝒓𝒊𝒋) is 

ignored, the estimated optimal 𝜆 is given by (18): 

𝜆̂ =
∑ ∑ 𝑉𝑎𝑟̂(𝑟𝑖𝑗)𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) + 𝑟𝑖𝑗
2]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

(18)
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Alternatively, if bias is corrected for, 𝝀̂ is given by (10): 

𝜆̂ =
∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) − 𝛾𝑖𝑗]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) + 𝑟𝑖𝑗
2]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

(19) 

Overall, four linear shrinkage estimators are considered, which are summarised in Table 1. 

Table 1: Covariance matrix linear shrinkage estimators. 

Shrinkage target Bias Optimal 𝜆̂ estimate 

Constant correlation target Ignored 
∑ ∑ 𝛼̂𝑖𝑗

𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

∑ ∑ [𝛼̂𝑖𝑗 + (𝑟̅ − 𝑟𝑖𝑗)
2

]𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

Constant correlation target Corrected 
∑ ∑ (𝛼̂𝑖𝑗 − 𝛾𝑖𝑗)𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝛼̂𝑖𝑗 + (𝑟̅ − 𝑟𝑖𝑗)
2

]𝑛
𝑗=𝑖+1

𝑛−1
𝑖=1

Zero correlation target Ignored 
∑ ∑ 𝑉𝑎𝑟̂(𝑟𝑖𝑗)𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) + 𝑟𝑖𝑗
2]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

Zero correlation target Corrected 
∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) − 𝛾𝑖𝑗]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

∑ ∑ [𝑉𝑎𝑟̂(𝑟𝑖𝑗) + 𝑟𝑖𝑗
2]𝑛

𝑗=𝑖+1
𝑛−1
𝑖=1

Ledoit and Wolf (2004b) define the best weighted average of the sample covariance matrix 𝑺 

and a highly structured estimator, or shrinkage target matrix, 𝑭, as: 

 𝜆𝐹 + (1 − 𝜆)𝑆 (20) 

Following Kwan (2017), after linearly transforming the return observations to make the result-

ing sample covariance and correlation matrices indistinguishable from each other, (20) may be 

rewritten as (21), which gives the post-shrinkage correlation of returns between securities 𝒊 and 

𝒋: 

𝜆𝑟̅ + (1 − 𝜆)𝑟𝑖𝑗 (21) 

In addition, we also include the average of sample correlations as a predictor of individual asset 

correlations. This approach serves as an additional benchmark for the four linear shrinkage 

estimators. Empirical support for this averaging method has been provided by Elton and Gruber 

(1973), Elton, Gruber, and Urich (1978) and Chan, Karceski and Lakonishok (1999), who 

demonstrate that averaging can effectively reduce overall forecast errors and provide a more 
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stable correlation matrix. However, it may lead to the loss of idiosyncrasies in individual asset 

correlations. 

3.3 Data and descriptive statistics 

The data for this study consist of weekly adjusted closing prices of selected equities, and US 

3-month Treasury bill rates, sourced from Bloomberg. Treasury bill rates are used as the risk-

free rate to calculate excess returns. The focus is on the US, a developed economy, and the full 

sample period spans from 1-Jan-18 - 20-May-24. This period captures approximately one busi-

ness cycle and includes significant economic events, notably the COVID-19 market turbulence 

of 2020-2021, which resulted in heightened volatility and uncertainty, and the subsequent pe-

riod of aggressive interest rate hikes aimed at controlling inflation (vom Lehn and Winberry, 

2021). These economic shocks are critical as they provide a comprehensive timeframe for an-

alysing portfolio performance under varied market conditions. 

For this analysis, weekly price data were selected to align with the practicalities of portfolio 

management. In real-world settings, portfolio managers generally avoid the costs and complex-

ity associated with daily rebalancing, making weekly data a more realistic reflection of their 

decision-making frequency. Weekly data capture sufficient detail to observe meaningful price 

changes and correlations without the excessive noise and transaction costs associated with daily 

frequency.  

The study also analyses hypothetical portfolios consisting only of stocks. This is due to the use 

of the constant correlation model as a shrinkage target, which assumes that all pairwise corre-

lations among the assets are identical. This assumption limits the constant correlation model’s 

applicability, as it would not be appropriate for portfolios containing assets from different asset 

classes, such as stocks and bonds, which typically exhibit varied correlation patterns. For port-

folios that span multiple asset classes, more general shrinkage targets are available to account 

for these differences in inter-asset correlations.  

To create a diversified portfolio reflective of the broader US market, we select 25 large-cap, 

highly liquid stocks from each of the 11 sectors of the S&P 500 index (Table 2). This selection 

ensures that the portfolio benefits from sectoral diversification, which is essential for accurately 

assessing the impact of covariance shrinkage on portfolio risk. Large-cap, liquid stocks are 

chosen as these securities typically exhibit more stable price behaviours and are less susceptible 

to the liquidity constraints that might affect smaller-cap stocks.  
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VCV matrices are estimated using a moving window approach. Given the use of weekly data 

in our study, we employ a two-year rolling window, corresponding to 104 weekly observations, 

for each estimation. The in-sample period is thus defined by the period from 01-Jan-18 – 23-

Dec-19. While a shorter one-year window (52 weeks) was considered, it was deemed too lim-

ited to generate meaningful efficient frontier results. Conversely, a three-year window (156 

weeks) would provide a more stable covariance matrix but would significantly reduce the size 

of the usable dataset, making it impractical for the purposes of this study. For each week in the 

out-of-sample period from 30-Dec-19 – 20-May-24, the VCV matrix is estimated based on the 

104 weeks preceding that time point. Portfolios are rebalanced weekly, with efficient frontiers 

and corresponding portfolio weights, risk, and returns recalculated for each week. Shrinkage 

estimators are then applied to the same two-year rolling window to assess how they would alter 

out-of-sample portfolio characteristics compared to those derived from the sample covariance 

matrix. 

Table 2 illustrates data used in the study, whereas Table 3 outlines the individual stocks within 

each constituent sector of the S&P 500 Index. 

Table 2: Weekly price data used, sourced from BloombergTM. 

Data Quantity 

S&P 500 index listed stocks, represented by constituent 

sectors 
25 

Financial Services 4 

Technology 3 

Communication Services 2 

Consumer Defensive 2 

Consumer Cyclical 2 

Healthcare 2 

Utilities 2 

Industrials 2 

Energy  2 

Basic Materials  2 

Real Estate 2 

US 3-month Treasury Yields - 
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Table 3: List of individual stocks and respective constituent sectors of S&P 500 Index. 

Stock Description Sector 

JPM JPMorgan Chase & Co. Financial Services 

GS The Goldman Sachs Group, Inc. Financial Services 

BAC Bank of America Corporation Financial Services 

WFC Wells Fargo & Company Financial Services 

AAPL Apple Inc. Technology 

MSFT Microsoft Corporation Technology 

NVDA Nvidia Corporation Technology 

GOOGL Alphabet Inc. Communication Services 

NFLX Netflix, Inc. Communication Services 

WMT Walmart Inc. Consumer Defensive 

PG The Procter & Gamble Company Consumer Defensive 

AMZN Amazon.com, Inc. Consumer Cyclical 

HD The Home Depot, Inc. Consumer Cyclical 

UNH UnitedHealth Group Incorporated Healthcare 

JNJ Johnson & Johnson Healthcare 

NEE NextEra Energy, Inc. Utilities 

AWK 
American Water Works Company, 

Inc. 

Utilities 

CAT Caterpillar Inc. Industrials 

RTX RTX Corporation Industrials 

XOM Exxon Mobil Corporation Energy 

SLB Schlumberger Limited Energy 

SHW The Sherwin-Williams Company Basic Materials 

SCCO Southern Copper Corporation Basic Materials 

PLD Prologis, Inc. Real Estate 

SPG Simon Property Group, Inc. Real Estate 
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Figures 1-6 below illustrate the time series of weekly adjusted closing prices, rebased at $100, 

for each of the 25 stocks under consideration from 01-Jan-18 – 20-May-24, grouped by their 

respective S&P 500 Index sectors. 

 

 

Figure 1: Time series of weekly price data for Financial Services stocks. 

The four financial services stocks (JPM, GS, BAC, and WFC) demonstrate relatively similar 

patterns in response to economic events over the observed period. By rebasing at $100, we can 

more directly observe differences in growth trajectories and volatility.  

Most notably, all four stocks show a significant dip in early 2020, correlating with the COVID-

19 pandemic’s economic impact, which disrupted financial markets globally. Pre-COVID, all 

four stocks had similar trajectories with moderate fluctuations, though Goldman Sachs (GS) 

experienced more pronounced dips, suggesting higher sensitivity to market fluctuations rela-

tive to the other banks. The onset of the pandemic in early 2020 induced a sharp decline across 

all stocks, particularly for Wells Fargo (WFC), which fell significantly lower than its peers. 

This discrepancy suggests WFC had greater vulnerability to the economic shocks induced by 

the crisis, potentially due to its specific business structure or exposure to riskier assets. 

As interest rates hikes began post-2021, banks generally benefited due to improved interest 

margins. While all four stocks rebounded post-COVID, JPMorgan (JPM) and GS displayed the 

strongest recovery and growth, diverging from Bank of America (BAC) and WFC, which 
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followed more volatile paths. This trend might indicate that JPM and GS have business models 

or asset structures that made them more resilient in the post-pandemic market, while BAC and 

WFC were slower to stabilise. 

 

Figure 2: Time series of weekly price data for Technology and Communication Services 

stocks. 

Like the financial services stocks, technology (AAPL, MSFT, and NVDA) and communication 

services (GOOGL and NFLX) stocks experienced a downturn during COVID-19, but the re-

bound was stronger and quicker, showing resilience and high growth potential. 

Nvidia (NVDA) stands out as the most volatile and highest-growth stock in this group, espe-

cially from 2021 onward, largely driven by its focus on semiconductors and artificial intelli-

gence (AI), areas that saw increased demand and investor interest. This high growth, however, 

also came with substantial volatility, indicating a higher risk profile compared to more stable 

giants like Microsoft (MSFT) and Apple (AAPL). 

AAPL, MSFT, and Alphabet (GOOGL) followed relatively similar trajectories, recovering 

quickly after the COVID-induced dip and showing steady growth. Netflix (NFLX), however, 

shows a more distinct path with pronounced peaks and troughs, reflecting its cyclical revenue 

model tied to consumer demand for streaming services, which faced more industry competition 

and volatility post-pandemic. NVDA’s dramatic surge from 2023 aligns with heightened inter-

est in AI technologies and advanced computing solutions, which has driven its stock price up 
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much faster than the others. This level of growth, while beneficial for portfolio returns, also 

suggests increased exposure to sector-specific risks, as NVDA's performance is highly sensi-

tive to shifts in technology demand and market speculation. 

 

Figure 3: Time series of weekly price data for Consumer Defensive and Consumer Cyclical 

stocks. 

Consumer defensive (WMT and PG) stocks exhibit relatively steady growth throughout the 

sample period compared to the more fluctuating growth in consumer cyclical stocks (AMZN 

and HD). Walmart (WMT) and Procter & Gamble (PG) display moderate, steady growth with 

limited volatility, aligning with the defensive nature of these stocks. In contrast, Amazon 

(AMZN) and Home Depot (HD) have seen greater volatility, reflecting their exposure to con-

sumer spending trends. AMZN, in particular, experienced substantial growth pre-COVID, fol-

lowed by a highly volatile period as the pandemic impacted consumer spending habits and 

competitive pressures grew within the e-commerce space. Meanwhile, HD’s growth remained 

steadier, aligning with trends in home improvement demand, which has shown resilience de-

spite macroeconomic pressures. 
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Figure 4: Time series of weekly price data for Healthcare and Utilities stocks. 

The stocks in healthcare (UNH and JNJ) and utilities (NEE and AWK) illustrate different 

growth dynamics, reflecting their sectors' distinct responses to market changes. 

From 2018 onward, UnitedHealth Group (UNH) shows the highest growth among the four 

stocks, suggesting strong demand and performance in the healthcare sector. UNH's trajectory 

is relatively stable until 2021, after which it shows a sharp upward trend, likely benefiting from 

increased attention on healthcare post-COVID. By the end of the period, UNH has grown sig-

nificantly, indicating resilience and strong long-term growth. 

NextEra Energy (NEE) also exhibits strong growth, but with more fluctuations. NEE’s perfor-

mance is characterised by moderate volatility, especially around 2019 and early 2020, possibly 

reflecting shifts in energy policy or sectoral investment patterns. After a dip in early 2020, 

likely linked to pandemic-induced market shocks, NEE recovers and continues its upward 

trend, suggesting renewed interest in clean energy investments. 

American Water Works (AWK) and Johnson & Johnson (JNJ) in particular follow relatively 

more stable but lower growth trajectories, aligning with their defensive sector profiles. JNJ, a 

large healthcare company, displays consistent growth with minimal volatility, especially in 

comparison to UNH. This pattern is typical for large-cap healthcare firms with diversified prod-

uct lines. AWK, as a water utility, experiences steady, moderate growth, maintaining a low 

volatility profile that is characteristic of essential services providers. 

80

100

120

140

160

180

200

220

240

260

280

Jan-18 Jan-19 Jan-20 Jan-21 Jan-22 Jan-23 Jan-24

W
ee

kl
y 

Ad
ju

st
ed

 C
lo

si
ng

 P
ric

e 
($

)

UNH JNJ NEE AWK



29 
 

 

Figure 5: Time series of weekly price data for Industrials and Energy stocks. 

The industrial (CAT and RTX) and energy (XOM and SLB) stocks display distinct recovery 

trajectories after the significant decline caused by the COVID-19 pandemic in early 2020. Cat-

erpillar (CAT), a bellwether for the global construction and mining equipment industries, ex-

hibits steady and robust growth post-2020. This is likely tied to increased infrastructure spend-

ing worldwide and the post-pandemic rebound in construction activity. CAT's resilience and 

long-term outperformance could also be attributed to rising demand for heavy machinery, 

driven by government-funded projects and private-sector investments. 

Raytheon Technologies (RTX), by contrast, has a more subdued recovery. Its reliance on the 

aerospace sector, one of the hardest-hit industries during the pandemic due to grounded flights 

and diminished air travel, likely contributed to its weaker performance. However, as aviation 

demand has recovered and geopolitical tensions have spurred demand for defence equipment, 

RTX has seen steady improvement since 2022. This dual exposure to civil aviation and defence 

markets offers RTX a diversified revenue base, though it has taken longer for both arms of its 

business to regain full momentum. 

In the energy sector, Exxon Mobil (XOM) and Schlumberger (SLB) both benefit from the re-

bound in oil and gas prices following the pandemic’s initial economic disruptions. Exxon Mo-

bil’s strong performance from 2021 onwards reflects its integration across the energy supply 

chain, with upstream exploration and downstream refining activities benefiting from rising 

crude oil prices. Its growth plateaus somewhat in 2023, potentially due to fluctuating energy 
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prices and broader concerns about slowing global demand. Schlumberger (SLB), as an oilfield 

services company, exhibits a similar recovery pattern but with greater volatility. This may be 

indicative of its reliance on exploration and production activities, which are more sensitive to 

cyclical and geopolitical factors. SLB’s underperformance relative to XOM may also suggest 

that it remains more exposed to capital spending constraints and regional instability in energy-

producing regions. 

 

Figure 6: Time series of weekly price data for Basic Materials and Real Estate stocks. 

Lastly, the basic materials and real estate sectors’ stocks display a varied set of behaviours 

influenced by sector-specific drivers. In the materials group, Sherwin-Williams (SHW) expe-

riences consistent, steady growth, reflecting its market position as a provider of essential con-

struction and consumer products such as paints and coatings, even amid economic slowdowns. 

Southern Copper (SCCO), however, stands out with its exceptional growth, driven by rising 

copper prices. Copper has seen structural demand growth due to its critical role in renewable 

energy infrastructure, electric vehicles, and electrification projects globally. SCCO’s height-

ened volatility underscores its sensitivity to commodity price fluctuations, geopolitical risks 

(e.g., mining policy changes), and macroeconomic uncertainty. 

In the real estate sector, Prologis (PLD) and Simon Property Group (SPG) exhibit contrasting 

performance. Prologis, as a logistics-focused real estate investment trust (REIT), benefits from 

the e-commerce boom that followed the pandemic, driving demand for warehouses and distri-

bution centres. Its performance post-2020 reflects this favourable structural trend, although 
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rising interest rates in 2022 begin to moderate its growth, highlighting the sensitivity of REITs 

to financing costs. On the other hand, SPG, which focuses on retail properties such as malls, 

struggles more significantly. Its slower recovery reflects the ongoing challenges in the retail 

property market, particularly as consumers increasingly shift toward online shopping. While 

SPG stabilises in recent years, its growth lags behind PLD, reflecting the structural challenges 

facing traditional retail real estate. 

Table 4. Descriptive statistics of weekly stock-level returns. 01-Jan-18 – 20-May-24. 

Stock 
Mean 

(%) 

Max. 

(%) 

Min. 

(%) 

Std. Dev. 

(%) 
Skewness Kurtosis Jarque-Bera 

JPM 0.32 23.53 −19.64 4.05 0.14 5.07 358.18 ∗∗ 

GS 0.33 25.41 −21.88 4.51 0.32 4.32 264.94 ∗∗ 

BAC 0.23 24.11 −18.58 4.63 0.19 3.23 146.28 ∗∗ 

WFC 0.17 26.57 −16.72 4.95 0.26 3.66 190.00 ∗∗ 

AAPL 0.54 14.73 −17.53 4.02 −0.16 1.86 49.29 ∗∗ 

MSFT 0.56 12.41 −13.52 3.42 0.04 1.26 22.11 ∗∗ 

NVDA 1.07 24.57 −20.05 6.43 0.13 0.82 10.13 ∗∗ 

GOOGL 0.43 14.31 −12.03 4.06 0.18 0.72 8.95 ∗ 

NFLX 0.52 25.90 −36.82 6.06 −0.30 6.05 512.32 ∗∗ 

WMT 0.28 9.62 −19.49 2.95 −0.84 6.98 715.45 ∗∗ 

PG 0.27 10.42 −10.63 2.69 −0.22 2.42 84.13 ∗∗ 

AMZN 0.43 16.26 −13.90 4.41 −0.02 1.21 20.40 ∗∗ 

HD 0.29 25.24 −25.53 4.03 −0.15 8.84 1085.71 ∗∗ 

UNH 0.36 17.36 −23.73 4.06 −0.30 5.61 441.05 ∗∗ 

JNJ 0.10 8.94 −10.72 2.62 −0.23 1.66 41.31 ∗∗ 

NEE 0.33 20.96 −18.49 3.81 −0.36 5.53 431.87 ∗∗ 

AWK 0.24 19.94 −21.51 3.76 0.14 6.63 610.44 ∗∗ 

CAT 0.39 16.08 −17.93 4.47 −0.11 0.93 12.82 ∗∗ 

RTX 0.22 29.60 −21.70 4.47 0.23 9.01 1130.23 ∗∗ 

XOM 0.29 16.74 −20.07 4.42 −0.10 2.77 107.34 ∗∗ 

SLB 0.13 19.57 −32.24 6.33 −0.12 2.79 108.59 ∗∗ 

SHW 0.33 17.17 −17.35 3.87 0.07 2.63 95.88 ∗∗ 

SCCO 0.51 19.38 −16.93 5.17 0.10 0.86 10.89 ∗∗ 

PLD 0.31 26.03 −18.60 4.28 0.62 8.10 932.15 ∗∗ 

SPG 0.29 53.55 −46.37 6.82 1.35 23.59 7823.79 ∗∗ 

Note: ** denotes significance at the 1% level. * denotes significance at the 5% level 

Output using R. 

 

Table 4 shows descriptive statistics of the weekly stock-level returns over the full sample pe-

riod, with a few general trends being observed across the 25 stocks. The mean weekly returns 

show variation across the sample, ranging from as low as 0.10% for JNJ to as high as 1.07% 

for NVDA. This highlights differences in long-term performance, likely driven by sector-spe-

cific dynamics, firm strategies, and broader market trends. Despite these differences, most 

stocks exhibit positive mean returns, reflecting the general upward trajectory of equity markets 
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during the sample period, which included notable growth phases despite intermittent periods 

of volatility. 

The maximum and minimum weekly returns reveal substantial heterogeneity in the magnitude 

of price swings. Maximum returns range from the low single digits, such as JNJ’s (8.94%), to 

extreme surges, such as SPG’s (53.55%). Similarly, minimum returns range from moderate 

declines, like PG’s (-10.63%), to significant crashes, such as NFLX’s (-36.82%). These varia-

tions suggest that some stocks, particularly those in cyclical or high-growth sectors, are far 

more prone to dramatic weekly price movements, likely reflecting heightened investor expec-

tations or sensitivity to macroeconomic shocks. 

Weekly volatility, as measured by standard deviation, further supports these observations. 

Stocks like NVDA (6.43%) and SPG (6.82%) display the highest levels of volatility, consistent 

with their higher susceptibility to speculative trading or sector-specific risks. Conversely, 

stocks such as JNJ (2.62%) and PG (2.69%) exhibit lower volatility, reinforcing their status as 

relatively stable, defensive assets that provide consistency during turbulent market conditions. 

Most stocks show skewness values near zero, indicating a relative balance between upward 

and downward extremes. However, notable deviations occur. Defensive stocks such as WMT 

(-0.84) and UNH (-0.30) exhibit negative skewness, suggesting frequent small gains relative to 

downside risks, whereas SPG (1.35) displays positive skewness, indicating a greater frequency 

of large positive returns. The kurtosis values are overwhelmingly leptokurtic, highlighting the 

frequent occurrence of extreme returns compared to a normal distribution. Stocks like SPG 

(23.59) and RTX (9.01) have notably high kurtosis, suggesting their susceptibility to significant 

outliers. 

Lastly, the Jarque-Bera (JB) statistic complement the observations on skewness and kurtosis, 

indicating that none of the stocks in the sample follow a normal return distribution. Nearly all 

stocks exhibit JB statistics significant at the 1% level, except for GOOGL, which is significant 

at the 5% level. This reinforces the general observation that extreme returns and asymmetric 

distributions are pervasive, with deviations from normality largely driven by the high kurtosis 

and occasional skewness observed across the sample. 

The correlation matrices for weekly stock returns show notable shifts in inter-stock relation-

ships between the pre-pandemic and pandemic periods, outlined in Tables 5 and 6. 
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Table 5. Sample weekly stock-level return correlations over the pre-pandemic period 01-Jan-

8 – 30-Dec-19 (104 weeks). 

Sample 

ρ 
JPM GS BAC WFC 

AAP

L 

MSF

T 

NVD

A 

GOOG

L 

NFL

X 
WMT PG 

AMZ

N 
HD 

JPM 𝟏             

GS 0.82 𝟏            

BAC 0.91 0.85 𝟏           

WFC 0.69 0.67 0.74 𝟏          

AAPL 0.38 0.39 0.33 0.34 𝟏         

MSFT 0.58 0.53 0.57 0.52 0.52 𝟏        

NVDA 0.49 0.58 0.53 0.36 0.55 0.57 𝟏       

GOOGL 0.57 0.50 0.53 0.55 0.43 0.71 0.46 𝟏      

NFLX 0.34 0.42 0.34 0.37 0.28 0.56 0.57 0.51 𝟏     

WMT 0.37 0.45 0.38 0.41 0.35 0.37 0.31 0.24 0.15 𝟏    

PG 0.38 0.35 0.26 0.34 0.37 0.39 0.13 0.24 0.06 0.37 𝟏   

AMZN 0.52 0.51 0.50 0.41 0.44 0.71 0.65 0.61 0.63 0.35 0.14 𝟏  

HD 0.47 0.41 0.45 0.40 0.33 0.50 0.52 0.46 0.37 0.40 0.24 0.54 𝟏 

UNH 0.40 0.36 0.42 0.38 0.28 0.51 0.33 0.42 0.33 0.34 0.26 0.48 0.37 

JNJ 0.50 0.44 0.42 0.49 0.34 0.43 0.21 0.33 0.27 0.30 0.51 0.27 0.29 

NEE 0.07 0.05 0.03 0.18 0.16 0.27 0.02 0.11 0.17 0.24 0.35 0.19 0.18 

AWK 0.05 0.08 0.01 0.24 0.15 0.35 −0.01 0.21 0.19 0.22 0.43 0.19 0.16 

CAT 0.75 0.63 0.71 0.55 0.39 0.55 0.58 0.51 0.37 0.31 0.26 0.50 0.56 

RTX 0.68 0.62 0.61 0.54 0.37 0.56 0.40 0.44 0.36 0.22 0.40 0.42 0.47 

XOM 0.58 0.59 0.49 0.56 0.34 0.53 0.45 0.51 0.43 0.30 0.39 0.51 0.52 

SLB 0.61 0.61 0.62 0.47 0.33 0.45 0.51 0.48 0.42 0.24 0.14 0.48 0.33 

SHW 0.58 0.47 0.52 0.50 0.39 0.48 0.38 0.46 0.34 0.24 0.41 0.33 0.45 

SCCO 0.49 0.48 0.45 0.39 0.41 0.40 0.43 0.35 0.32 0.17 0.24 0.33 0.37 

PLD 0.37 0.35 0.33 0.40 0.37 0.50 0.24 0.37 0.29 0.39 0.43 0.41 0.34 

SPG 0.25 0.23 0.25 0.24 0.34 0.33 0.20 0.21 0.18 0.21 0.40 0.27 0.41 

Sample 

ρ 

UN

H 
JNJ NEE AWK CAT RTX XOM SLB SHW 

SCC

O 

PL

D 
SPG 

  

UNH 𝟏                         

JNJ 0.36 𝟏           
 

NEE 0.23 0.34 𝟏          
 

AWK 0.31 0.37 0.72 𝟏         
 

CAT 0.37 0.38 −0.02 −0.01 𝟏        
 

RTX 0.34 0.45 0.16 0.15 0.61 𝟏       
 

XOM 0.40 0.55 0.18 0.19 0.60 0.61 𝟏      
 

SLB 0.32 0.36 −0.03 −0.10 0.58 0.58 0.66 𝟏     
 

SHW 0.33 0.47 0.14 0.22 0.54 0.54 0.44 0.33 𝟏    
 

SCCO 0.18 0.30 −0.04 −0.02 0.62 0.43 0.51 0.50 0.34 𝟏   
 

PLD 0.35 0.47 0.46 0.49 0.25 0.52 0.39 0.26 0.38 0.24 𝟏  
 

SPG 0.28 0.27 0.31 0.27 0.13 0.37 0.24 0.18 0.17 0.12 0.50 𝟏   

Output using R. 



34 
 

Table 6. Sample weekly stock-level return correlations over the pandemic period 06-Jan-20 – 

27-Dec-21 (104 weeks). 

Sample 

ρ 
JPM GS 

BA

C 

WF

C 

AAP

L 

MSF

T 

NVD

A 

GOOG

L 

NFL

X 
WMT PG 

AMZ

N 
HD 

JPM 𝟏             

GS 0.91 𝟏            

BAC 0.95 0.87 𝟏           

WFC 0.85 0.79 0.86 𝟏          

AAPL 0.37 0.49 0.36 0.23 𝟏         

MSFT 0.35 0.45 0.37 0.26 0.74 𝟏        

NVDA 0.24 0.39 0.26 0.23 0.59 0.67 𝟏       

GOOGL 0.50 0.58 0.52 0.42 0.65 0.72 0.60 𝟏      

NFLX 0.04 0.14 0.09 0.02 0.42 0.56 0.51 0.43 𝟏     

WMT 0.15 0.20 0.13 0.07 0.33 0.42 0.26 0.32 0.43 𝟏    

PG 0.32 0.40 0.32 0.22 0.56 0.57 0.38 0.43 0.30 0.52 𝟏   

AMZN 0.05 0.17 0.09 0.02 0.54 0.61 0.56 0.51 0.62 0.42 0.35 𝟏  

HD 0.54 0.62 0.52 0.48 0.64 0.63 0.62 0.54 0.29 0.20 0.58 0.29 𝟏 

UNH 0.57 0.66 0.54 0.46 0.59 0.59 0.46 0.49 0.24 0.36 0.68 0.20 0.73 

JNJ 0.34 0.44 0.30 0.22 0.49 0.51 0.30 0.40 0.26 0.58 0.69 0.25 0.51 

NEE 0.45 0.57 0.39 0.43 0.54 0.49 0.49 0.44 0.31 0.33 0.61 0.31 0.72 

AWK 0.50 0.60 0.43 0.42 0.59 0.50 0.47 0.44 0.23 0.30 0.63 0.25 0.75 

CAT 0.67 0.68 0.66 0.67 0.22 0.22 0.27 0.39 0.08 0.24 0.40 0.05 0.42 

RTX 0.83 0.82 0.79 0.78 0.40 0.41 0.34 0.54 0.07 0.12 0.37 0.16 0.62 

XOM 0.69 0.71 0.73 0.69 0.27 0.28 0.24 0.46 0.07 0.09 0.33 0.04 0.43 

SLB 0.65 0.64 0.71 0.66 0.16 0.15 0.16 0.39 0.03 0.16 0.21 0.01 0.26 

SHW 0.54 0.63 0.53 0.47 0.61 0.53 0.51 0.55 0.24 0.26 0.60 0.22 0.81 

SCCO 0.61 0.68 0.61 0.61 0.44 0.36 0.35 0.53 0.15 0.26 0.38 0.21 0.52 

PLD 0.61 0.67 0.60 0.54 0.59 0.54 0.51 0.50 0.23 0.16 0.53 0.28 0.78 

SPG 0.79 0.73 0.77 0.75 0.37 0.29 0.28 0.40 0.00 −0.03 0.25 −0.01 0.52 

Sample 

ρ 

UN

H 
JNJ 

NE

E 

AW

K 
CAT RTX XOM SLB SHW 

SCC

O 

PL

D 
SPG 

  

UNH 𝟏                         

JNJ 0.67 𝟏           
 

NEE 0.61 0.54 𝟏          
 

AWK 0.71 0.54 0.87 𝟏         
 

CAT 0.44 0.44 0.45 0.35 𝟏        
 

RTX 0.64 0.39 0.56 0.59 0.60 𝟏       
 

XOM 0.42 0.36 0.39 0.29 0.73 0.67 𝟏      
 

SLB 0.31 0.33 0.24 0.14 0.72 0.61 0.84 𝟏     
 

SHW 0.74 0.52 0.69 0.75 0.42 0.61 0.37 0.30 𝟏    
 

SCCO 0.44 0.36 0.44 0.41 0.66 0.53 0.60 0.62 0.55 𝟏   
 

PLD 0.70 0.46 0.77 0.84 0.44 0.69 0.44 0.31 0.76 0.48 𝟏  
 

SPG 0.50 0.25 0.41 0.49 0.55 0.76 0.61 0.57 0.48 0.47 0.62 𝟏   

Output using R. 
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Over the pre-pandemic period 06-Jan-20 – 27-Dec-21, correlations between financial sector 

stocks (JPM, GS, BAC, WFC) were notably high, with values ranging between +0.67 (WFC-

GS) and +0.91 (JPM-BAC). This suggests strong interconnectedness within the financial sector 

under stable market conditions. Technology and communication services stocks such as AAPL, 

MSFT, NVDA, and GOOGL exhibited moderate to high correlations, particularly between 

MSFT and GOOGL (+0.71), underscoring a degree of homogeneity in their responses to 

broader market trends. Correlations within consumer staples and discretionary stocks, such as 

WMT, PG, and AMZN, were weaker, suggesting sector-specific demand factors driving their 

returns. 

Utilities stocks (NEE, AWK) exhibited the lowest correlations with all other stocks across the 

matrix, with negligible or even slightly negative relationships with industrial (CAT) and energy 

stocks (SLB). This aligns with the defensive nature of utilities during stable periods, as their 

performance is largely decoupled from broader cyclical trends. Meanwhile, industrials and en-

ergy stocks showed moderate to high intra-sector correlations, such as SLB-XOM (+0.66) and 

CAT-SLB (+0.58), reflecting shared exposure to macroeconomic conditions such as commod-

ity prices and global demand. 

Over the pandemic period, a notable rise in general correlations was observed, particularly 

among stocks in cyclical and growth sectors, reflecting heightened systemic risk and increased 

market integration. Financial stocks demonstrated significantly stronger correlations, with 

JPM, GS, and BAC correlations increasing to +0.87 to +0.95, reflecting the heightened co-

movement of these stocks during volatile market conditions. Notably, WFC’s correlations with 

other financial stocks, such as JPM and BAC, rose to +0.85 and +0.86 respectively, suggesting 

an alignment of risk exposures across the financial sector. The correlations between technology 

and communication services stocks also generally increased during the pandemic. For instance, 

AAPL and MSFT increased their correlation from +0.52 to +0.74. AAPL’s correlations with 

other technology stocks, such as GOOGL (+0.65), and NVDA (+0.59), also grew substantially, 

indicative of the sector’s alignment during the tech-driven market recovery and digitalisation 

trends spurred by the pandemic.  

Consumer staples and discretionary stocks exhibited varying dynamics. The correlation be-

tween PG and WMT increased significantly, from +0.37 to +0.52, highlighting the growing 

importance of essential goods during the pandemic. In contrast, AMZN's correlations with fi-

nancial and technology stocks generally weakened, especially AMZN-HD decreasing from 
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+0.54 to +0.29, indicating unique demand drivers for the e-commerce stock during lockdowns. 

Defensive sectors, mainly utilities, displayed increasing correlations with other sectors during 

the pandemic, a departure from their historically low pre-pandemic levels. For example, NEE's 

correlations with CAT rose from -0.03 to +0.45, while AWK exhibited heightened correlations 

with SHW (+0.22 to +0.75) and PLD (+0.49 to +0.84). This may reflect the reduced segmen-

tation of market behaviour during periods of systemic risk, as well as the influence of fiscal 

and monetary policy measures in stabilising market conditions.  

Stocks in the energy and materials sectors also exhibited pronounced increases in correlations 

during the pandemic, reflecting heightened commodity price volatility and global economic 

uncertainty. XOM, SLB, and SCCO typically saw their correlations with financials and indus-

trials rise. Correlations between industrial and energy stocks strengthened, with CAT-SLB in-

creasing from +0.58 to +0.72, signalling a convergence in their performance due to pandemic-

related global economic contractions and supply chain challenges. 

The general rise in sector correlations during the pandemic highlights the challenges in achiev-

ing diversification benefits when systemic risk dominates. For instance, while pre-pandemic 

correlations between utilities and industrials offered diversification opportunities, the pan-

demic-induced convergence diminished this benefit. Technology stocks, despite their relative 

resilience, displayed tighter clustering during the pandemic, indicating reduced opportunities 

for intra-sector diversification. The behaviour of defensive stocks suggests that their diversifi-

cation benefits are more effective under stable conditions than during crises. The stronger in-

terlinkages among cyclical stocks highlight the risk of synchronised downturns occurring dur-

ing periods of economic contraction (see Table 7). 
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Table 7. Sample weekly stock-level return correlations over the period 3-Jan-22 – 25-Dec-23 

(104 weeks) subject to successive federal funds rate hikes. 

Sample 

p 
JPM GS 

BA

C 

WF

C 

AAP

L 

MSF

T 

NVD

A 

GOOG

L 

NFL

X 
WMT PG 

AMZ

N 
HD 

JPM 𝟏             

GS 0.79 𝟏            

BAC 0.87 0.85 𝟏           

WFC 0.81 0.78 0.89 𝟏          

AAPL 0.49 0.44 0.45 0.41 𝟏         

MSFT 0.35 0.40 0.30 0.24 0.71 𝟏        

NVDA 0.46 0.47 0.37 0.37 0.64 0.70 𝟏       

GOOGL 0.28 0.26 0.24 0.22 0.63 0.68 0.54 𝟏      

NFLX 0.40 0.44 0.35 0.29 0.49 0.47 0.51 0.49 𝟏     

WMT 0.29 0.30 0.29 0.25 0.40 0.27 0.18 0.22 0.27 𝟏    

PG 0.39 0.31 0.29 0.21 0.49 0.38 0.24 0.28 0.22 0.57 𝟏   

AMZN 0.47 0.50 0.43 0.43 0.58 0.68 0.62 0.68 0.61 0.27 0.24 𝟏  

HD 0.48 0.57 0.49 0.44 0.52 0.47 0.44 0.36 0.40 0.37 0.45 0.44 𝟏 

UNH 0.16 0.12 0.05 0.06 0.34 0.31 0.11 0.20 0.17 0.29 0.33 0.13 0.16 

JNJ 0.30 0.28 0.31 0.23 0.26 0.16 0.01 0.18 0.09 0.34 0.46 0.05 0.28 

NEE 0.24 0.36 0.26 0.21 0.28 0.30 0.25 0.17 0.25 0.27 0.42 0.28 0.37 

AWK 0.34 0.44 0.33 0.22 0.48 0.48 0.36 0.36 0.36 0.39 0.62 0.39 0.53 

CAT 0.56 0.53 0.58 0.54 0.29 0.16 0.32 0.14 0.26 0.30 0.12 0.27 0.41 

RTX 0.36 0.35 0.38 0.36 0.29 0.21 0.20 0.02 0.29 0.36 0.30 0.22 0.17 

XOM 0.28 0.36 0.41 0.40 0.09 0.02 −0.02 0.07 0.04 0.15 0.02 0.07 0.08 

SLB 0.46 0.40 0.51 0.51 0.12 0.05 0.07 0.05 0.14 0.16 0.00 0.18 0.12 

SHW 0.46 0.47 0.41 0.35 0.55 0.51 0.42 0.34 0.42 0.37 0.54 0.32 0.73 

SCCO 0.42 0.43 0.41 0.37 0.20 0.19 0.32 0.17 0.23 0.06 0.08 0.30 0.25 

PLD 0.46 0.55 0.47 0.43 0.61 0.57 0.51 0.39 0.32 0.42 0.50 0.51 0.63 

SPG 0.68 0.77 0.75 0.68 0.46 0.38 0.42 0.24 0.39 0.40 0.37 0.41 0.56 

Sample 

p 
UNH JNJ 

NE

E 

AW

K 
CAT RTX XOM SLB SHW 

SCC

O 

PL

D 
SPG 

  

UNH 𝟏                         

JNJ 0.45 𝟏           
 

NEE 0.33 0.24 𝟏          
 

AWK 0.43 0.51 0.68 𝟏         
 

CAT 0.03 0.13 0.27 0.26 𝟏        
 

RTX 0.25 0.22 0.35 0.35 0.41 𝟏       
 

XOM 0.16 0.13 0.16 0.11 0.55 0.42 𝟏      
 

SLB 0.02 0.06 0.08 0.02 0.64 0.45 0.76 𝟏     
 

SHW 0.22 0.23 0.37 0.48 0.31 0.15 0.06 0.10 𝟏    
 

SCCO −0.08 0.01 0.26 0.22 0.59 0.25 0.39 0.51 0.27 𝟏   
 

PLD 0.27 0.32 0.46 0.70 0.45 0.26 0.12 0.13 0.61 0.35 𝟏  
 

SPG 0.06 0.25 0.38 0.49 0.62 0.35 0.33 0.42 0.53 0.47 0.64 𝟏   

Output using R. 
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In March 2022, following the initiation of the Federal Reserve’s rate hikes, stock return corre-

lations shifted significantly. This indicated broader changes in market dynamics as the mone-

tary tightening aimed at combating inflation took effect. These changes are illustrated in Table 

8, which presents the weekly correlations of stock returns from Jan-22 through Dec-23, fol-

lowing the pandemic period of 2020-2021. 

The financial sector, which had previously exhibited strong inter-stock correlations during the 

pandemic period, saw a general decline in correlation strength across its constituent stocks in 

the rate hike period. For example, the correlations between JPM and GS, BAC, and WFC de-

creased from the pandemic highs to pre-pandemic levels: JPM-GS dropped from +0.91 to 

+0.79, JPM-BAC from +0.95 to +0.87, and JPM-WFC from +0.85 to +0.81. These declines 

may suggest a less synchronised response to the macroeconomic conditions imposed by the 

Federal Reserve’s tightening, likely reflecting adjustments to rising interest rates, changing 

credit conditions, and sector-specific risks. The weaker correlations may also indicate a more 

varied market perception of financial institutions’ ability to manage the impacts of inflation 

and rising borrowing costs. 

Technology and communication services stocks continued to display elevated correlations for 

most pairs during the rate hike period. Despite market fluctuations as tech stocks adjusted to 

higher interest rates, which typically depress the valuation multiples of growth stocks, correla-

tions between these stocks remained strong and stable. This may indicate continued alignment 

within the sector as it adapted to changing monetary conditions, such as higher borrowing costs 

and a focus on profitability over expansion. 

Consumer staples and discretionary stocks showed somewhat stable correlations between the 

pandemic and rate hike periods. For example, the correlation between WMT and PG increased 

slightly from +0.52 to +0.57, reflecting an enduring alignment between companies in the con-

sumer defensive sector as consumers continued to prioritise essential goods. In contrast, the 

correlation between AMZN and HD in the consumer discretionary sector increased from +0.29 

to +0.44. However, correlations between consumer staples and discretionary stocks weakened. 

For instance, AMZN's correlations with WMT and PG dropped during the rate hike period 

(e.g., AMZN-WMT decreased from +0.42 to +0.27). This change may reflect the divergent 

impacts of rising interest rates on discretionary spending and e-commerce growth, with some 

consumers becoming more price-sensitive and others shifting spending patterns. 
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Utilities showed a notable decline in correlations compared to their heightened pandemic-pe-

riod values, suggesting a partial return to their traditional defensive characteristics. For in-

stance, NEE's correlation with CAT dropped significantly, from +0.45 during the pandemic to 

+0.27. Similarly, AWK, which exhibited strong correlations with industrials and materials 

stocks during the pandemic (e.g., +0.75 with SHW), saw these connections weaken (to 0.48). 

However, some correlations, such as AWK-PLD, remained relatively elevated at +0.70 (down 

from +0.84), reflecting continued exposure to macroeconomic factors such as interest rate sen-

sitivity. These shifts imply that utilities began to regain their diversification potential, though 

higher rates likely sustained some residual interconnectedness. 

Energy stocks displayed a pronounced decoupling from other sectors, reflecting reduced sys-

temic shocks but persistent commodity price volatility under a tightening monetary environ-

ment. For example, XOM’s correlation with industrials, such as CAT, declined from +0.73 

during the pandemic to +0.55. Similarly, SLB's correlation with RTX weakened from +0.61 to 

+0.45, indicating a reversal of the pandemic-induced interlinkages driven by synchronised 

global supply chain disruptions. In materials, SHW’s correlation with SCCO saw a marked 

decline, dropping from +0.55 to +0.27, suggesting a divergence in sector performance driven 

by differentiated impacts of rising interest rates and demand-side pressures. 

The period of Fed rate hikes from Mar-22 – Jul-23 indicates a notable shift in sectoral correla-

tions following the pandemic period. The financial sector saw a broad decline in intra-sector 

correlations, suggesting a more diverse market response to macroeconomic conditions such as 

rising interest rates and inflation. Technology and communication services maintained elevated 

correlations, indicating sustained sector alignment despite valuation pressures from tightening 

monetary policy. Consumer staples and discretionary stocks exhibited stable intra-sector cor-

relations, while inter-sector correlations weakened, highlighting divergent impacts of inflation 

on essential versus discretionary spending. Utilities experienced a partial reversion to their tra-

ditional defensive role, with declining correlations reflecting improved diversification poten-

tial. Meanwhile, energy and materials sectors demonstrated significant decoupling from other 

sectors, driven by persistent commodity price volatility and reduced systemic shocks. Overall, 

the observed trends highlight the impact of changes in monetary policy and sector-specific risk 

factors during periods of economic adjustment. 
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3.4 Portfolio and shrinkage estimator overview 

Table 8 provides an overview of the portfolios, and VCV matrix shrinkage estimators used in 

the subsequent analyses. 

Table 8: Description of portfolios and VCV matrix estimators. All portfolios are unconstrained 

in terms of short-selling and asset weights. 

Panel A: Efficient Frontier & Benchmark Portfolios 

Efficient Frontier Portfolio Description 

GMV Global minimum variance portfolio 

TG Tangency portfolio 

Benchmark Portfolio Description 

EW Equally weighted portfolio 

IV Inverse volatility portfolio 

Panel B: VCV Matrix Estimators  

Estimator Description 

Sample Sample estimator (unshrunk) 

CC-BI 
Linear shrinkage towards a constant correla-

tion target; bias ignored 

CC-BC 
Linear shrinkage towards a constant correla-

tion target; bias corrected  

ZC-BI 
Linear shrinkage towards a zero-correlation 

target; bias ignored 

ZC-BC 
Linear shrinkage towards a zero-correlation 

target; bias corrected 

AV 
Average of sample correlations as a predic-

tor of individual asset correlations 
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4 Empirical results 

4.1 Overview of portfolio performance statistics (full out-of-sample period) 

Table 9 shows the full out-of-sample performance statistics of the benchmark portfolios, effi-

cient frontier portfolios, and VCV matrix shrinkage estimators detailed in Table 8. These in-

clude annualised volatility, defined by the standard deviation of the annualised cumulative (ex-

cess) return (%) (Vol.), annualised cumulative (excess) return (%) (Ret.), and annualised Sharpe 

ratio (SR). The first two rows present the performance statistics for the two benchmark portfo-

lios. For each efficient frontier portfolio and shrinkage estimator combination, we use a two-

year VCV estimator as input to the respective portfolio method. Therefore, the results presented 

are for the defined S&P 500 index asset universe using a rolling two-year (104 week) estima-

tion period over the full out-of-sample period from 30-Dec-19 – 20-May-24. For example, the 

first annualised cumulative return, estimated on 30-Dec-19, is based on the preceding two-year 

period of weekly portfolio excess returns from 01-Jan-18 – 30-Dec-19. The next value, esti-

mated on the following weekly date (06-Jan-20), is then based on the 104-week period from 

08-Jan-18 – 06-Jan-20, and so forth.  
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Table 9: Performance overview of the benchmark and efficient frontier portfolios. Reported 

values indicate the mean of the respective performance statistic measured over the full out-of-

sample period from 30-Dec-19 – 20-May-24. 

Portfolio Estimator Mean Vol. (%) Mean Ret. (%) Mean SR 

EW - 22.14 15.52 0.70 

IV - 20.26 15.82 0.78 

GMV 

Sample 13.19 13.17 1.00 

CC-BI 14.09 13.89 0.99 

CC-BC 14.08 13.89 0.99 

ZC-BI 13.68 13.48 0.99 

ZC-BC 13.67 13.47 0.99 

AV 13.00 17.19 1.32 

TG 

Sample 181.25 408.08 2.25 

CC-BI 507.28 -129.98 -0.26 

CC-BC 698.31 -753.34 -1.08 

ZC-BI 252.82 -111.51 -0.44 

ZC-BC 273.71 -169.64 -0.62 

AV 137.71 101.38 0.74 

Vol., annualised volatility; Ret., annualised cumulative return; SR, annualised Sharpe ratio.            

Output using Excel. 

 

4.1.1 Global minimum variance portfolio 

Firstly, the benchmark EW and IV portfolios exhibit mean annualised volatilities of 22.14% 

and 20.26%, respectively, with mean Sharpe ratios of 0.70 and 0.78. In comparison, the GMV 

portfolio achieves mean annualised volatility levels significantly lower than those of the bench-

mark portfolios for all estimators, ranging from 13.00% to 14.09%.  

The average correlation (AV) estimator stands out as an exception, delivering the lowest mean 

annualised volatility (13.00%), the highest mean annualised cumulative return (17.19%), and 

the best mean annualised Sharpe ratio (+1.32) among all GMV portfolios. Notably, the AV 

estimator is not a linear shrinkage method in the strict sense; instead, it homogenises individual 

asset correlations by setting them all equal to their sample average. This simplification, while 
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potentially neglecting unique inter-asset relationships, appears to mitigate estimation noise ef-

fectively on average, thereby improving portfolio stability and performance. 

Among the linear shrinkage estimators of Ledoit and Wolf (2003, 2004a, 2004b) and Kwan 

(2017), the constant correlation (CC-BI and CC-BC) and zero correlation (ZC-BI and ZC-BC) 

target estimators yield similar annualised Sharpe ratios (approximately 0.99). Correcting for 

statistical bias with the CC-BC and ZC-BC estimators does not result in significantly different 

performance statistics from their bias ignored counterparts CC-BI and ZC-BI, respectively; this 

observation holds for both GMV and TG portfolio applications. The zero correlation target 

estimators exhibit slightly lower volatility and cumulative return values compared to the con-

stant correlation counterparts, reflecting the subtle differences in their approach to correlation 

structure. However, these methods fail to meaningfully improve upon the sample covariance 

matrix estimator, suggesting that linear shrinkage may not sufficiently address estimation errors 

for GMV portfolio construction over this sample period on average. 

4.1.2 Tangency portfolio 

The performance statistics of the TG portfolio highlight the challenges of mean-variance opti-

misation under unstable covariance matrix estimation. The sample covariance matrix produces 

extreme results, with a mean annualised cumulative return of 408.08%, a Sharpe ratio of +2.25, 

and annualised volatility of 181.25%. These implausible figures underscore the sensitivity of 

the TG portfolio to estimation errors and input instability over turbulent market periods. 

The application of linear shrinkage estimators seemingly exacerbates this instability. For ex-

ample, the CC-BC estimator produces a strikingly negative mean annualised cumulative return 

of -753.34% and a Sharpe ratio of -1.08, while the ZC-BI estimator yields -111.51% and a 

Sharpe ratio of -0.44. These results initially suggest that linear shrinkage techniques may am-

plify estimation errors when applied to the TG portfolio, particularly in volatile market condi-

tions. 

The AV estimator offers relatively better performance within this context, achieving a mean 

annualised cumulative return of 101.38% and a Sharpe ratio of +0.74. Despite these improve-

ments, the AV estimator's resulting annualised volatility of 137.71% still indicates impractical 

performance. The inability of any estimator to produce plausible and stable TG portfolio returns 

on average may suggest inherent weaknesses in the mean-variance optimisation process during 

periods of market turbulence. 
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4.2 Efficient frontier instability during market turbulence 

The efficient frontier represents the set of investment portfolios offering the highest expected 

return for a given level of risk, or the lowest risk for a defined level of expected return. This 

includes the GMV and TG portfolios. Figures 7-14 illustrate the behaviour of efficient frontiers 

at two distinct points in the out-of-sample period: the first estimation date, 30-Dec-19, and 03-

Oct-22. These dates represent the contrasting periods of relative market stability and significant 

turbulence induced by the Federal Reserve's interest rate hikes, respectively.  

 

 

Figure 7. Efficient frontier plot as at 30-Dec-19. GMV and TG portfolios are constructed using 

the Sample estimator. 
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Figure 8. Efficient frontier plot as at 03-Oct-22. GMV and TG portfolios are constructed using 

the Sample estimator. 

 

Figure 9. Efficient frontier plot as at 30-Dec-19. GMV and TG portfolios are constructed using 

the CC-BC estimator. 
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Figure 10. Efficient frontier plot as at 03-Oct-22. GMV and TG portfolios are constructed 

using the CC-BC estimator. 

 

Figure 11. Efficient frontier plot as at 30-Dec-19. GMV and TG portfolios are constructed 

using the ZC-BC estimator. 
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Figure 12. Efficient frontier plot as at 03-Oct-22. GMV and TG portfolios are constructed 

using the ZC-BC estimator. 

 

Figure 13. Efficient frontier plot as at 30-Dec-19. GMV and TG portfolios are constructed 

using the AV estimator. 
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Figure 14. Efficient frontier plot as at 03-Oct-22. GMV and TG portfolios are constructed 

using the AV estimator. 

On 30-Dec-19, the efficient frontiers derived from all VCV matrix estimators exhibit the ex-

pected upward-sloping curve. For instance, the efficient frontier constructed using the sample 

covariance matrix is consistent with theoretical expectations, producing practical portfolios 

with increasing returns as risk (volatility) increases. All other estimators, such as CC-BC, ZC-

BC, and AV, similarly produce stable efficient frontiers on this initial date. In contrast, the ef-

ficient frontiers on 03-Oct-22, demonstrate significant instabilities and inversion. This period 

corresponds to the Federal Reserve’s aggressive monetary tightening, occurring from Mar-22 

to Jul-23, leading to elevated interest rates and market stress. Frequent and consecutive rising 

of risk-free rates substantially impact the mean-variance optimisation process, with the inverted 

capital market line reflecting a negative risk-return trade-off. The inversion of the efficient 

frontier is observed across all test portfolio and estimator combinations on several later dates 

within the out-of-sample period. 
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positive, non-zero return. The linear shrinkage estimators, such as CC-BC and ZC-BC, fail to 

mitigate these observed instabilities. Their respective efficient frontiers invert similarly, with 

negative TG portfolio annualised cumulative returns and Sharpe ratios. Even the AV estimator, 

which outperforms on average with the GMV portfolio, fails to stabilise the frontier. Although 

it demonstrates some improvement over the other linear shrinkage estimators, the AV-based 

TG portfolio still suffers from impractically negative and volatile returns during this period. 

The inversion of efficient frontiers during the observed period of heightened market stress po-

tentially indicates limitations of both the sample and the tested linear shrinkage estimators in 

producing reliable mean-variance optimisation outputs. Elevated risk-free rates and increased 

market volatility, observed during the Federal Reserve's monetary tightening period, seem to 

disrupt the optimisation process. This results in theoretically inconsistent risk-return trade-offs 

across all estimators, particularly when optimising for risk-adjusted returns with the TG port-

folio.  

4.3 Overview of portfolio performance statistics (truncated out-of-sample period) 

To further investigate the nature of shrinkage-based portfolio performance, we repeat the anal-

ysis from Section 4.1 but restrict the out-of-sample period to 30-Dec-19, through 30-May-22. 

This truncated period primarily captures the pre-Federal Reserve rate hike environment and the 

immediate aftermath of the COVID-19 market recovery, excluding the prolonged turbulence 

that followed. This allows for a comparison of the mean performance statistics over this more 

"stable" market period relative to those measured over the full out-of-sample period. We note 

the degree to which the TG portfolio’s performance was disproportionately affected by the rate 

hike period. Table 10 reports the mean annualised volatility, annualised cumulative return, and 

annualised Sharpe ratio for each portfolio and estimator combination over the truncated out-

of-sample period (30-Dec-19 – 30-May-22). 
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Table 10: Performance overview of the benchmark and efficient frontier portfolios. Reported 

values indicate the mean of the respective performance statistic measured over the truncated 

out-of-sample period from 30-Dec-19 – 30-May-22. 

Portfolio Estimator Mean Vol. (%) Mean Ret. (%) Mean SR 

EW - 24.57 20.17 0.82 

IV - 22.27 21.62 0.97 

GMV 

Sample 14.24 17.89 1.26 

CC-BI 15.08 19.89 1.32 

CC-BC 15.08 19.89 1.32 

ZC-BI 14.77 18.75 1.27 

ZC-BC 14.76 18.73 1.27 

AV 13.46 29.62 2.20 

TG 

Sample 49.86 201.01 4.03 

CC-BI 46.83 177.74 3.79 

CC-BC 46.85 177.80 3.80 

ZC-BI 48.59 188.09 3.87 

ZC-BC 48.62 188.32 3.87 

AV 30.64 141.42 4.61 

Vol., annualised volatility; Ret., annualised cumulative return; SR, annualised Sharpe ratio.            

Output using Excel. 

 

4.3.1 Global minimum variance portfolio 

As observed in Table 10, the benchmark portfolios (EW and IV) exhibit marginally higher 

mean annualised volatility in the truncated period relative to the full sample results, but also a 

greater increase in annualised cumulative return. The EW and IV portfolios’ respective annu-

alised Sharpe ratios are +0.82 and +0.97, reflecting a noticeable improvement in risk-adjusted 

return compared to the full sample period. 

The GMV portfolio follows a similar trend, showing increased risk-adjusted returns across the 

board when the most volatile market period of the sample is excluded. The sample covariance 

estimator results in a mean annualised volatility of 14.24%, while the linear shrinkage estima-

tors (CC-BI, CC-BC, ZC-BI, ZC-BC) yield slightly higher volatility values in the range of 
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14.76% to 15.08%. Notably, the AV estimator achieves the lowest mean volatility at 13.46%. 

Whilst the linear shrinkage estimators still do not seem to reduce risk compared to the sample 

estimator, they produce higher annualised cumulative returns on average. This in turn results 

in greater annualised Sharpe ratios for the linear and AV estimators relative to the sample esti-

mator; the AV estimator achieves the highest mean annualised Sharpe ratio at +2.20, followed 

by CC-BI and CC-BC at +1.32, and sample at +1.26. Despite the marginal increase in annual-

ised volatility for all estimators during this truncated period, the improved risk-adjusted per-

formance of the GMV portfolio when using linear shrinkage estimators suggests that signifi-

cant market turbulence may hinder their efficacy. 

4.3.2 Tangency Portfolio 

The impact of excluding the post-2022 rate hike period is most pronounced in the TG portfolio, 

which optimises for risk-adjusted returns and is thus highly sensitive to changes in the under-

lying risk environment. Over the truncated period, the sample estimator produces an annualised 

cumulative return of 201.01%, with a corresponding annualised volatility of 49.86%. The CC-

BI and CC-BC estimators generate slightly lower returns of approximately 177.74% and 

177.80%, respectively, with corresponding volatilities of around 46.83% and 46.85%. The ZC-

BI and ZC-BC estimators yield marginally higher returns at approximately 188.09% and 

188.32%, with volatilities of 48.59% and 48.62%, respectively. The AV estimator, while reduc-

ing annualised volatility significantly to 30.64%, still achieves a relatively high annualised cu-

mulative return of 141.42%.  

Although these TG risk and return values are still somewhat impractical due to our assumption 

of fully unconstrained portfolios, they are much more stable prior to the period of Fed rate 

hikes. The sample estimator yields a mean annualised Sharpe ratio of +4.03, almost double 

than what was observed in the full out-of-sample period. In contrast to their previously negative 

values, the four linear shrinkage estimators (excluding AV) now produce positive and strong 

annualised Sharpe ratios in the range of +3.79 to +3.87. The AV estimator now stands out with 

the highest Sharpe ratio of +4.61, further suggesting its effectiveness in more stable market 

environments. 

Compared to the full out-of-sample period, the truncated period results indicate that the perfor-

mance of the TG portfolio was disproportionately affected by the Federal Reserve rate hikes 

and subsequent market dislocations. The much higher mean Sharpe ratios across all estimators 

in the truncated period suggest that the extreme fluctuations in market risk premia during the 
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latter part of the sample period introduced significant instability, distorting the portfolio’s ex-

pected risk-adjusted return profile. This further supports the notion that mean-variance optimi-

zation strategies are highly sensitive to shifts in the market regime. However, the four linear 

shrinkage estimators still fail, on average, to improve upon the risk-adjusted return of the TG 

portfolio relative to the sample estimator. 

4.4 Descriptive time series analysis of portfolio performance statistics 

To further investigate the temporal dynamics of the portfolio performance statistics, we conduct 

a descriptive time series analysis of these measures over the full out-of-sample period. Figures 

15-20 show plots of annualised volatility, annualised cumulative return, and annualised Sharpe 

ratio as a function of time for both GMV and TG portfolios from 30-Dec-19 – 20-May-24. 

4.4.1 Global minimum variance portfolio 

 

Figure 15. Time series plots of GMV portfolio annualised volatility (Vol.) using sample, linear 

shrinkage, and average estimators. The full out-of-sample period is 30-Dec-19 – 20-May-24. 

Figures 15, 16, and 17 depict the time series of annualised volatility, annualised cumulative 

return, and annualised Sharpe ratio, respectively, for the GMV portfolio. A key feature observed 

in the data is the sharp increase in portfolio risk during the first quarter of 2020, aligning with 

the onset of the COVID-19 pandemic and the accompanying financial market turmoil. Across 

all estimators, annualised volatility spikes from an initial level of approximately 10–11% to a 

peak of around 16%. However, while this increase is a common feature among all methods, 
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variations in magnitude highlight differences in the ability of shrinkage estimators to mitigate 

extreme market-induced fluctuations.  

Following the initial COVID-19-induced volatility shock, portfolio risk remains persistently 

elevated throughout 2020 and 2021. During this period, the linear shrinkage estimators all con-

sistently exhibit greater volatility levels than the sample estimator, whereas the AV estimator 

produces relatively lower risk estimates. While all estimators exhibit broadly similar trajecto-

ries of annualised volatility, the sample estimator exhibits somewhat greater fluctuations. The 

linear shrinkage and AV estimators seem to produce slightly smoother volatility paths, suggest-

ing that imposing structure on correlation estimates may lead to greater stability in risk esti-

mates over time. 

A decline in annualised volatility across all estimators occurs in March 2022, potentially due 

to broader shifts in market conditions as the series of Federal Reserve rate hikes begins on 

March 16, 2022. This results in a stabilisation of volatility at lower levels (11–13%) from June 

2022 onwards, with the sample estimator then consistently achieving the lowest annualised 

volatility levels for the remainder of the out-of-sample period. In contrast, the linear shrinkage 

estimators still fail to significantly outperform the sample covariance matrix in volatility re-

duction, contradicting their theoretical motivation. Despite the findings of Ledoit and Wolf 

(2003, 2004a, 2004b) which suggest that linear shrinkage towards structured correlation ma-

trices can mitigate estimation error, these methods still yield high levels of annualised risk 

relative to the sample covariance matrix over this sample period from 30-Dec-19 – 20-May-

24. 

The time series of annualised cumulative return and annualised Sharpe ratio for the GMV port-

folio show additional long-term performance trends of the tested estimators. During early 2020, 

all portfolio estimators experience a sharp increase in annualised cumulative return, coinciding 

with the heightened market volatility. The AV estimator achieves the highest annualised cumu-

lative return throughout 2020 and 2021, peaking above 40%, whereas the sample covariance 

and linear shrinkage estimators cluster together with no significant differences, exhibiting re-

turns in the range of 20–30%. Notably, as shown in Table 10, linear shrinkage estimators 

achieve marginally higher annualised cumulative returns and annualised Sharpe ratios, on av-

erage, compared to the sample estimator during this truncated period. 
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Figure 16. Time series plots of GMV portfolio annualised cumulative return (Ret.) using sam-

ple, linear shrinkage, and average estimators. The full out-of-sample period is from 30-Dec-19 

– 20-May-24. 

 

 

Figure 17. Time series plots of GMV portfolio annualised Sharpe ratio (SR) using sample, 

linear shrinkage, and average estimators. The full out-of-sample period is from 30-Dec-19 – 

20-May-24. 
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However, from March 2022 onward, coinciding with the Federal Reserve's rate hike cycle, the 

linear shrinkage estimators begin to slightly underperform the sample estimator in both cumu-

lative return and Sharpe ratio. This pattern explains the equalisation of annualised Sharpe ra-

tios, on average, across the sample and linear shrinkage estimators for the full out-of-sample 

period in Table 9. The AV estimator, while initially outperforming all other approaches, devi-

ates significantly with negative risk-adjusted returns from mid-2023 onwards. 

4.4.1.1 Do shrinkage estimators result in statistically significant reductions in GMV 

portfolio risk? 

The GMV portfolio is explicitly designed to achieve the lowest possible level of risk for a given 

set of assets. Therefore, any statistically significant increase in annualised volatility (Vol.) when 

applying shrinkage estimators, relative to the sample VCV matrix, suggests a failure to meet 

the portfolio’s primary objective. To test this, paired samples t-tests are conducted for each 

sample and shrinkage estimator combination. The null hypothesis states that there is no statis-

tically significant difference between the mean Vol. estimated using the sample VCV matrix 

and that estimated using shrinkage estimators. The analysis is performed over two sub-periods 

within the full out-of-sample period, namely the “pre-rate hike period” and “rate hike period” 

as discussed previously. This aims to further analyse the impact of differing market conditions 

on shrinkage estimator efficacy. The results are displayed in Table 11 below. 
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Table 11. Paired samples t-test of GMV portfolio annualised volatility (Vol.). The null hypoth-

esis states that there is no statistically significant difference between the sample VCV matrix 

estimated mean Vol. and shrinkage estimator mean Vol. 

Out-of-sample period Estimator 
Mean Vol. 

(%) 
t-statistic 

p-value (two-

tail) 

Pre-rate hike period 

(Dec 30, 2019 - May 30, 

2022) 

Sample 14.24 - - 

CC-BI 15.08 -33.53 0.0000** 

CC-BC 15.08 -33.48 0.0000** 

ZC-BI 14.77 -31.36 0.0000** 

ZC-BC 14.76 -31.10 0.0000** 

AV 13.46 13.55 0.0000** 

Rate hike period 

(May 30, 2022 - May 20, 

2024) 

Sample 11.89 - - 

CC-BI 12.85 -86.35 0.0000** 

CC-BC 12.84 -86.27 0.0000** 

ZC-BI 12.33 -90.17 0.0000** 

ZC-BC 12.32 -89.60 0.0000** 

AV 12.43 -19.36 0.0000** 

Note: ** denotes significance at the 1% level. * denotes significance at the 5% level.                                                  

Output using R. 

During the pre-rate hike period, all linear shrinkage estimators result in statistically significant 

increases in GMV portfolio annualised volatility, on average, relative to the sample estimator. 

This indicates that they fail to optimise the GMV portfolio over the sample VCV matrix. The 

AV estimator is the only exception, where it achieves a statistically significant reduction in risk 

relative to the sample estimator. In the subsequent Fed rate hike period, all shrinkage estimators 

still produce statistically significant differences relative to the sample estimator. Unlike in the 

more stable pre-rate hike period, however, none of the shrinkage estimators — including AV 

— lead to a reduction in risk. Instead, all shrinkage estimators result in statistically significant 

increases in annualised volatility, suggesting that shrinkage does not significantly improve risk 

minimisation in this particular monetary policy environment. 
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4.4.2 Tangency portfolio 

 

 

Figure 18. Time series plots of TG portfolio annualised volatility (Vol.) using sample, linear 

shrinkage, and average estimators. The top panel shows the full out-of-sample period from 30-

Dec-19 – 20-May-24 (logarithmic scale), while the bottom panel shows the truncated period 

from 30-Dec-19 – 30-May-22. 

The instability of the TG portfolio’s risk and return estimates following the period of Fed rate 

hikes is evident in Figures 18-20. Annualised volatility of the TG portfolio exhibits pronounced 

fluctuations over the full out-of-sample period, particularly sharp increases in risk estimates 

following the onset of the Federal Reserve’s rate hikes in March 2022. Compared to the GMV 
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portfolio, which prioritises risk minimisation, the TG portfolio aims to achieve the highest risk-

adjusted return. The mean-variance optimisation process is evidently highly sensitive to esti-

mation errors in this regard, given the extreme and unstable performance statistics of the TG 

portfolio from mid-2022 onwards for all estimators.  

Prior to the Fed rate hikes, annualised risk estimates for the TG portfolio remain relatively 

stable, with linear shrinkage estimators marginally reducing volatility relative to the sample 

covariance matrix. Notably, the AV estimator achieves significantly lower annualised volatility 

relative to all other estimators from 2020 to early 2022. However, once market conditions be-

come more turbulent, particularly after the initiation of rate hikes in March 2022, the instability 

in risk estimates are pronounced. All estimators respond with extremely high and implausible 

risk estimates, with the linear shrinkage estimators seemingly exacerbating the observed insta-

bility towards the end of the period. Again, while the AV estimator does not fully mitigate the 

extreme estimation error, it provides significantly lower and more stable annualised volatility 

estimates from mid-2023 onwards.  

The performance of the TG portfolio in terms of both annualised cumulative return and risk-

adjusted return (SR) exhibits notable characteristics across the pre-rate hike period. The annu-

alised cumulative return estimates show a general upward trend from 2020 to late 2021, with 

all estimators following a broadly similar trajectory. The sharp initial decline, followed by a 

steady rebound, reflects the high levels of market uncertainty induced by the COVID-19 pan-

demic and subsequent market recovery. Although the sample estimator seems to yield the high-

est annualised cumulative return estimates, the linear shrinkage estimators show relatively sim-

ilar levels of return. The AV estimator exhibits the lowest returns for most of the period, which 

is consistent with its more conservative risk estimates observed in Figure 18. 
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Figure 19. Time series plots of TG portfolio annualised cumulative return (Ret.) using sample, 

linear shrinkage, and average estimators. The top panel shows the full out-of-sample period 

from 30-Dec-19 – 20-May-24, while the bottom panel shows the truncated period from 30-

Dec-19 – 30-May-22. 
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Figure 20. Time series plots of TG portfolio annualised Sharpe ratio (SR) using sample, linear 

shrinkage, and average estimators. The top panel shows the full out-of-sample period from 30-

Dec-19 – 20-May-24, while the bottom panel shows the truncated period from 30-Dec-19 – 

30-May-22. 

The annualised Sharpe ratio initially exhibits a somewhat level trend, with relatively stable 

risk-adjusted performance in the pre-rate hike period. The AV estimator stands out as achieving 

consistently higher Sharpe ratios relative to the sample estimator throughout 2020. In contrast, 

the linear shrinkage estimators do not seem to offer notable improvement in risk-adjusted per-

formance over this pre-rate hike period. Beginning in Mar-22, there is a brief downward trend 
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in annualised Sharpe ratio estimates across all estimators, signalling a deterioration in risk-

adjusted performance leading into the Fed rate hike period. This decline is consistent with in-

creasing macroeconomic uncertainty, inflationary pressures, and a shift in market sentiment 

away from the conditions that had previously supported low interest rates.  

Like Figure 18, Figures 19 and 20 depict extreme levels of instability in annualised cumulative 

return and Sharpe ratio estimates for the TG portfolio thereafter. This may further suggest that 

the observation of an inverted and highly unstable efficient frontier is primarily a consequence 

of aggressive monetary tightening. During this latter period, the linear shrinkage estimators do 

not mitigate the observed instability in the sample VCV matrix; in fact, they seemingly exac-

erbate the issue, resulting in both lower and more volatile risk-adjusted return estimates for the 

TG portfolio. Interestingly, the AV estimator exhibits a consistently negative annualised Sharpe 

ratio estimate from early 2023 onwards.   

4.4.2.1 Do shrinkage estimators result in statistically significant increases in TG portfolio 

Sharpe ratio? 

Again, we perform the same set of paired sample t-tests now for the TG portfolio (Table 12) – 

the aim of which is to maximise risk-adjusted return (Sharpe ratio) for a given set of assets. 

The null hypothesis states that there is no statistically significant difference between the mean 

Sharpe ratio estimated using the sample VCV matrix and that estimated using shrinkage esti-

mators. 

During the pre-rate hike period, all linear shrinkage estimators result in statistically significant 

reductions in TG portfolio annualised Sharpe ratio, on average, relative to the sample estimator. 

This suggests that these estimators fail to optimise the TG portfolio over the sample VCV ma-

trix. The AV estimator is the only exception, where it achieves a statistically significant increase 

in Sharpe ratio relative to the sample estimator. 

In the subsequent Fed rate hike period, only the AV estimator exhibits a statistically significant 

difference relative to the sample estimator, leading to a substantial reduction in Sharpe ratio. In 

contrast, none of the linear shrinkage estimators result in statistically significant deviations 

from the sample estimator during this period. This indicates that while the linear shrinkage 

estimators do not provide notable improvements, their impact on SR is not significantly differ-

ent from the sample estimator under these market conditions. However, the AV estimator's sig-

nificantly negative SR suggests that its risk-adjusted performance deteriorates in this period of 

monetary tightening. 
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Table 12. Paired samples t-test of TG portfolio annualised Sharpe ratio (SR). The null hypoth-

esis states that there is no statistically significant difference between the sample VCV matrix  

estimated mean SR and shrinkage estimator mean SR. 

Out-of-sample period Estimator Mean SR t-statistic 
p-value (two-

tail) 

Pre-rate hike period 

(30-Dec-19 – 30-May-22) 

Sample 4.02 - - 

CC-BI 3.78 21.29 0.0000** 

CC-BC 3.78 21.31 0.0000** 

ZC-BI 3.85 25.44 0.0000** 

ZC-BC 3.85 25.38 0.0000** 

AV 4.66 -12.74 0.0000** 

Rate hike period 

(30-May-22 – 20-May-24) 

Sample 1.74 - - 

CC-BI 1.21 1.67 0.0986 

CC-BC 1.22 1.66 0.0991 

ZC-BI 1.51 1.77 0.0790 

ZC-BC 1.51 1.75 0.0837 

AV -0.65 5.61 0.0000** 

Note: ** denotes significance at the 1% level. * denotes significance at the 5% level.                      

Output using R. 

4.5 Shrinkage intensity and performance statistics dynamics 

Figure 21 presents the time series of 𝜆s applied by the various VCV matrix shrinkage estimators 

over the full out-of-sample period (30-Dec-19 – 20-May-24). Additionally, the figure overlays 

the US 3-month Treasury bill rate, representing the risk-free rate. This allows for an examina-

tion of how shifts in monetary policy, particularly the Fed rate hike period, may influence the 

magnitude of shrinkage applied by the estimators. 

A key observation is the inverse relationship between the risk-free rate and shrinkage intensi-

ties. Shrinkage intensities spike sharply in early 2020, coinciding with the onset of the COVID-

19 pandemic and the subsequent Fed rate cuts to near-zero levels. Among the linear shrinkage 

estimators, the CC-BI and CC-BC estimators show higher sustained levels of 𝜆. This indicates 

a greater weighting towards the highly structured estimator, characterised by a constant-corre-

lation model. In contrast, the ZC-BI and ZC-BC estimators exhibit relatively lower sustained 

levels of 𝜆, suggesting a more balanced weighting between the sample VCV matrix and struc-

tured estimator. The latter shrinkage estimators are characterised by a zero-correlation model, 

where an identity matrix serves as the structured estimator. 
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The initiation of Federal Reserve rate hikes in Mar-22 to combat inflation results in a sharp 

reversal, with linear shrinkage intensities declining to pre-pandemic levels. The decline sug-

gests that, as risk-free rates increase, the shrinkage estimators place lower weighting on the 

structured estimator relative to the sample VCV matrix. Similar behaviour is observed for the 

AV estimator, although 𝜆 in this case simply represents the average of sample correlations 

(which serves as a predictor of the individual asset correlations). These dynamics suggest that 

shrinkage constants are sensitive to shifts in monetary policy, with loose monetary conditions 

(low rates) leading to higher shrinkage application, while tightening cycles (rising rates) reduce 

𝜆.  

 

Figure 21. Time series plots of VCV matrix estimator shrinkage intensities and US 3-month 

treasury bill rate. The full out-of-sample period is from 30-Dec-19 – 20-May-24. 

4.5.1 Global minimum variance portfolio 

Figures 22-24 illustrate the relationship between GMV portfolio performance statistics and 𝜆 

for all VCV matrix shrinkage estimators over the full out-of-sample period. The slope of each 

trend line illustrates the magnitude of the change in the performance statistic per unit increase 
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in 𝜆, while the 𝑅2 value reflects the proportion of total variation in that performance measure 

that is explained by the 𝜆. 

 

Figure 22. Scatter plot of GMV portfolio annualised volatility (Vol.) as a function of VCV 

matrix estimator shrinkage intensities. The full out-of-sample period is from 30-Dec-19 – 20-

May-24. 

Firstly, the scatterplot for annualised volatility shows a positive relationship between 𝜆 and 

GMV portfolio volatility across all estimators, though with varying degrees of strength. The 

AV estimator exhibits the most gradual increase in volatility with respect to 𝜆, as indicated by 

its relatively low slope. However, its 𝑅2 value of 0.73 shows a strong explanatory power, indi-

cating that 73% of the variation in annualised volatility is explained by 𝜆. In contrast, the ZC-

based estimators (ZC-BI and ZC-BC) display the steepest trend line, signifying a sharp rise in 

volatility as 𝜆 increases. The 𝑅2 value of 0.65 also indicates a strong explanatory power, albeit 

slightly weaker than that of the AV estimator. This suggests that the imposition of a zero-

correlation structure leads to a more pronounced increase in risk among the shrinkage estima-

tors. The CC-based estimators (CC-BI and CC-BC) lie somewhat between these extremes. 

They exhibit a moderate positive relationship between 𝜆 and volatility, with an 𝑅2 of 0.55, 

suggesting that while 𝜆 moderately explains variability in risk, there is less explanatory power 

compared to the AV and ZC estimators. 
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Figure 23. Scatter plot of GMV portfolio annualised cumulative return (Ret.) as a function of 

VCV matrix estimator shrinkage intensities. The full out-of-sample period is from 30-Dec-19 

– 20-May-24. 

When evaluating GMV portfolio annualised cumulative returns, the scatterplots show that 

higher shrinkage intensities generally correspond to increased return estimates across the 

board. The AV estimator again stands out; its steep slope and high 𝑅2 of approximately 0.72 

imply that a substantial portion of the return variability can be explained 𝜆. This indicates that, 

as the estimator imposes a uniform correlation structure, the portfolio’s expected return rises 

markedly – albeit with the accompanying cost of higher volatility. The CC-based estimators 

exhibit a more moderate positive relationship with cumulative returns, with 𝑅2 values that are 

somewhat lower than those for the AV estimator. In contrast, the ZC-based estimators display 

the strongest positive correlation, although with the lowest 𝑅2. This indicates that while ZC-

based GMV returns are most sensitive to changes in 𝜆, there remains more unexplained varia-

tion in this group. 
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Figure 24. Scatter plot of GMV portfolio annualised Sharpe ratio (SR) as a function of VCV 

matrix estimator shrinkage intensities. The full out-of-sample period is from 30-Dec-19 – 20-

May-24. 

Lastly, the annualised Sharpe ratio shows a similar dependence on 𝜆, though the relationships 

are somewhat more nuanced. For the AV estimator, the scatterplot displays a strongly positive 

slope with 𝑅2 = 0.63. This robust association suggests that as the portfolio is characterised by 

a higher average of sample correlations, its risk-adjusted performance improves steadily. In 

contrast, the CC-based estimators have a relatively weaker correlation and explanatory power, 

with 𝑅2 = 0.51. This indicates that while risk-adjusted performance is positively influenced 

by 𝜆, the improvement in Sharpe ratio is more moderate. Again, the ZC-based estimators dis-

play the strongest positive correlation yet lowest 𝑅2, suggesting that changes in 𝜆 have a rela-

tively stronger but less predictable impact on risk-adjusted performance compared to the other 

shrinkage estimators.  

Overall, a perhaps unintuitive finding is that a lower magnitude of shrinkage applied to the 

sample VCV matrix is generally associated with a decrease in GMV portfolio risk in this sam-

ple period. This observation may be explained by the impact of the risk-free rate on portfolio 

estimates, where both the sample and shrinkage estimators similarly exhibit decreased risk es-

timates at higher risk-free rate levels. However, as shown in Table 11, lower shrinkage 
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intensities observed during the “rate hike period” interestingly result in marginally more statis-

tically significant differences in sample and shrinkage estimator mean GMV portfolio risk es-

timates. 

4.5.2 Tangency portfolio 

Similarly, Figures 25-27 illustrate the relationship between TG portfolio performance statistics 

and 𝜆 for all VCV matrix shrinkage estimators over the truncated sample period. Due to the 

observed instability of the TG portfolio estimates during the period of Fed rate hikes, estimates 

from 30-May-22 onwards are excluded for the purpose of determining relatively stable rela-

tionships. 

 

Figure 25. Scatter plot of TG portfolio annualised volatility (Vol.) as a function of VCV matrix 

estimator shrinkage intensities. The truncated out-of-sample period is from 30-Dec-19 – 30-

May-22. 

The scatterplot for annualised volatility presents mixed relationships across the different 

shrinkage estimators. The AV estimator exhibits a mild negative relationship between 𝜆 and 

annualised volatility, with an 𝑅² value of 0.02, suggesting a weak explanatory power. The CC-

based estimators exhibit a stronger negative correlation and 𝑅² of 0.07, indicating slightly 

stronger explanatory power than the AV estimator. In contrast, the ZC-based estimators notably 

display a strong positive correlation. This suggests that greater shrinkage of the sample VCV 
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matrix towards an identity matrix is associated with increased portfolio risk, whereas greater 

shrinkage towards a constant correlation target is associated with a declining volatility profile. 

 

Figure 26. Scatter plot of TG portfolio annualised cumulative return (Ret.) as a function of 

VCV matrix estimator shrinkage intensities. The truncated out-of-sample period is from 30-

Dec-19 – 30-May-22. 

When considering TG portfolio annualised cumulative returns, the scatterplots again show dif-

fering patterns among the estimators. The AV estimator demonstrates a slight positive associ-

ation with 𝜆, while the CC-based estimators show the opposite. In contrast, the ZC-based esti-

mators display the strongest positive relationship. Again, all estimators exhibit low explanatory 

power of shrinkage intensities for TG portfolio cumulative return. These risk and return rela-

tionships with 𝜆 translate to notable trends for the TG portfolio’s key performance statistic; the 

AV estimator stands out with a strongly positive association between 𝜆 and annualised Sharpe 

ratio. This is accompanied by a significantly higher 𝑅² relative to the four linear shrinkage 

estimators. In contrast, the CC-based and ZC-based estimators exhibit very weak negative and 

positive relationships respectively. 
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Figure 27. Scatter plot of TG portfolio annualised Sharpe ratio (SR) as a function of VCV 

matrix estimator shrinkage intensities. The truncated out-of-sample period is from 30-Dec-19 

– 30-May-22. 

Overall, in contrast to the GMV portfolio, where 𝜆 is generally associated with an increase in 

risk and return estimates, the TG portfolio displays more estimator-dependent patterns. In terms 

of optimising the TG portfolio, none of the four linear shrinkage estimators seem to exhibit 

strong or noticeably favourable relationships between 𝜆 and annualised Sharpe ratio. 

4.6 Shrinkage estimator eigenvalues analysis 

We now illustrate the application of shrinkage estimators by analysing their effect on the ei-

genvalues of the sample VCV matrix. Figure 27 displays the time series of the eigenvalue range 

– defined as the difference between the largest and smallest eigenvalues in the N = 25 asset 

sample set – for the full out-of-sample period (30-Dec-19 – 20-May-24). 
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Figure 27. Time series plots of VCV matrix estimator eigenvalues; plotted values represent the 

weekly difference between the largest and smallest eigenvalue in the N = 25 asset sample set. 

The full out-of-sample period is from 30-Dec-19 – 20-May-24. 

A smaller eigenvalue range indicates that shrinkage is effectively compressing the spectrum, 

by lowering the largest eigenvalues and raising the smallest ones. Throughout the full out-of-

sample period, the linear shrinkage estimators consistently achieve a contraction of this range 

relative to the sample covariance matrix, indicating that they are operating as expected even 

under varying market conditions. Furthermore, the range of eigenvalues, both sample and 

shrunk, follow the same general trend as the shrinkage intensities of the estimators; a notable 

inverse relationship between the risk-free rate and range of eigenvalues is observed.  

Figures 28 and 29 further illustrate the application by plotting the shrunk eigenvalues as a 

function of the sample eigenvalues for two key dates: 30-Dec-19 (pre-rate hike date) and 03-

Oct-22 (during significant market instability following the Fed rate hikes). In both cases, the 

linear shrinkage estimator produces a trend that is less steep than the 45-degree sample estima-

tor trendline, indicating that small sample eigenvalues are increased and large sample eigen-

values are decreased.  

In line with the observed relationship between the risk-free rate and shrinkage intensities, the 

higher magnitude of shrinkage on 30-Dec-19 corresponds with a cross-over point at the 9th 

largest eigenvalue. The subsequent lower magnitude of shrinkage on 03-Oct-22 corresponds 

with a lower cross-over point at the 6th largest eigenvalue. This behaviour is consistent with 

the theoretical expectation that linear shrinkage can help to mitigate estimation errors by "av-

eraging out" extreme eigenvalue coefficients. 

6

7

8

9

10

11

12

13

14

Jan-20 Jul-20 Jan-21 Jul-21 Jan-22 Jul-22 Jan-23 Jul-23 Jan-24 Jul-24

(L
ar

ge
st

 -
sm

al
le

st
) 

e
ig

e
n

va
lu

e
Sample CC-BI

CC-BC ZC-BI

ZC-BC AV



71 
 

 

 

Figure 28. Shrunk eigenvalues as a function of sample eigenvalues for sample covariance ma-

trix, linear shrinkage, and average estimators. Estimated on the out-of-sample date 30-Dec-19, 

for the N = 25 asset sample set. 
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Figure 29. Shrunk eigenvalues as a function of sample eigenvalues for sample covariance ma-

trix, linear shrinkage, and average estimators. Estimated on the out-of-sample date 03-Oct-22, 

for the N = 25 asset sample set. 

Despite confirming the expected impact of VCV matrix shrinkage over the full out-of-sample 

period, it is observed that the four linear shrinkage estimators generally fail to improve upon 

and stabilise efficient frontier portfolio risk and return estimates relative to the sample VCV 

matrix. Barring the instability associated with consecutive increases in the risk-free rate, po-

tential reasons for this underperformance are posited by Ledoit and Wolf (2017). They suggest 

that linear shrinkage may overshrink the market factor; this results in insufficient 
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diversification of market risk and reduction of the portfolio beta. Furthermore, linear shrinkage 

can undershrink the few dimensions that appear safest in the sample, leading to an excessive 

concentration of portfolio weights in those components. Lastly, Ledoit and Wolf (2017) show 

that the quantity of shrinkage applied by linear estimators is optimal only on average across 

the entire eigenvalue spectrum. This means that while they can potentially improve overall 

VCV matrix conditioning, they can be suboptimal in certain segments of the spectrum, partic-

ularly when market conditions change significantly. 
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5 Conclusions, limitations and future work 

5.1 Conclusions 

Classical mean-variance optimization, as introduced by Markowitz (1952), relies heavily on 

the sample covariance (VCV) matrix as an input, which is inherently prone to estimation errors. 

These errors often lead to overly concentrated and unstable portfolio allocations, especially 

when faced with a sample of assets comparable in number to the historical return observations. 

We examine the impact of a selection of linear shrinkage estimators on two efficient frontier 

portfolio strategies: the Global Minimum Variance (GMV) and Tangency (TG) portfolios. Out-

lined in Kwan (2017), these estimators involve shrinkage of the sample VCV matrix towards 

both a constant correlation and zero correlation target, with the statistical issue of bias being 

corrected or ignored. We also include the average of sample correlations as a predictor of indi-

vidual correlations as a benchmark estimator. 

Our out-of-sample empirical analysis, which spanned from 30-Dec-19 – 20-May-24, shows 

that the average correlation (AV) estimator can significantly reduce portfolio risk and enhance 

risk-adjusted return on average for the GMV and TG portfolios, respectively, during relatively 

stable interest rate environments. However, the four linear shrinkage estimators generally pro-

vide corresponding estimates that are indistinguishable or marginally worse to those derived 

from sample VCV matrix over the same initial period. This finding is especially evident in the 

GMV portfolio, where the AV estimator achieved the lowest volatility, highest cumulative re-

turn, and best Sharpe ratio when compared to both the sample estimator and the other linear 

shrinkage methods. We also find that linear shrinkage estimators are generally unable to miti-

gate increased estimation errors associated with significant market turbulence. In particular, 

the Federal Reserve's series of consecutive rate hikes in 2022 lead to rapid increases in the risk-

free rate, which in turn is associated with greater underperformance of the linear shrinkage 

estimators relative to the sample estimator. The TG portfolio is especially vulnerable to such 

estimation error, where extreme and impractical estimate magnitudes are observed when at-

tempting to maximise risk-adjusted return.  

Analysing 𝜆 dynamics reveals interesting performance statistic relationships. For the GMV 

portfolio, greater 𝜆 is generally associated with an increase in risk and return estimates, alt-

hough this could be because of risk-free rate fluctuations. The TG portfolio, however, displays 

more estimator-dependent patterns, with all linear shrinkage estimators displaying an absence 

of robust relationships between 𝜆 and annualised Sharpe ratio. Lastly, our analysis of VCV 
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matrix eigenvalues confirms that linear shrinkage behaves as theoretically expected by reduc-

ing the range of eigenvalues, thereby improving the conditioning of the covariance matrix. This 

benefit does not – however – always translate into superior portfolio performance relative to 

the sample VCV matrix, especially when market volatility is driven by macroeconomic shocks. 

5.2 Assumptions and limitations 

This study is based on several simplifying assumptions that facilitate the analysis of covariance 

matrix shrinkage and its impact on portfolio optimisation. Firstly, we assume that asset returns 

are normally distributed, an assumption that underpins classical mean-variance optimisation. 

The analysis is conducted using fully unconstrained portfolios meaning that no short-selling or 

asset weighting restrictions are imposed, and transaction costs are not accounted for. This 

choice aims for a more foundational investigation of shrinkage behaviour in isolation, although 

it may limit the direct applicability of the results to real-world portfolio management, where 

various constraints and costs are present. 

Another key assumption is related to the sample period used for estimating the VCV matrices. 

The selected period represents a trade-off between the stationarity assumption of the joint prob-

ability distribution of returns and the need to reduce estimation errors (Kwan, 2017). By esti-

mating the correlation matrix using past return observations, the stationarity assumption is im-

plicitly accepted, yet no effort has been made to determine the statistically optimal sample 

period length. In addition, it is assumed that any revisions to the sample standard deviations of 

returns – aimed at potential improvements – are made at the discretion of the financial analysts. 

This assumption allows the study to focus on shrinkage estimation of individual correlations 

without confronting the usual statistical challenges associated with estimating variances and 

covariances. 

The study also focuses exclusively on hypothetical portfolios constructed solely of stocks, 

largely because the constant correlation model used as one of the shrinkage targets assumes 

uniform pairwise correlations among the assets. This assumption restricts the applicability of 

the constant correlation model to multi-asset portfolios, such as those including bonds, where 

inter-asset correlations typically vary. In such cases, more general shrinkage targets would be 

required to capture the complexity of inter-asset relationships. The use of weekly price data is 

justified by practical portfolio management considerations. Portfolio managers typically re-

balance on a weekly or monthly rather than a daily basis to avoid excessive transaction costs 
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and operational complexity. Weekly data strike a balance by capturing meaningful price 

changes and correlations while reducing the noise inherent in higher-frequency data. 

5.3 Future work 

Future research may investigate the application of more sophisticated shrinkage estimators dur-

ing the sample period of this study, such as nonlinear shrinkage techniques posited by Ledoit 

and Wolf (2012, 2015, 2017, 2020a, 2020b). Such extensions could provide valuable insights 

into whether these methods can achieve improved and more stable performance estimates rel-

ative to the sample VCV matrix during periods of market turbulence and structural shifts in 

risk. Future work should consider extending these findings to constrained portfolio settings by 

incorporating practical considerations, such as regulatory limits, long-only constraints, liquid-

ity restrictions, and position sizing. Such extensions would more closely mirror real-world 

portfolio management practices and allow for a comprehensive evaluation of shrinkage tech-

niques within applied contexts. This would ultimately contribute to developing robust portfolio 

optimisation strategies that are both theoretically sound and practically implementable across 

a range of market environments. The scope of this study may be extended beyond US equity 

markets to derive more robust empirical conclusions regarding the effectiveness of VCV matrix 

shrinkage. Investigating international markets or domestic markets such as South Africa – and 

expanding the analysis across a broader range of asset classes – would enhance general under-

standing of shrinkage methods under diverse market conditions. 
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