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CHAPTER ONE
INTRODUCTION

A number of mathematical studies of herbivore (pfedator)— grass
(prey) models (e.g. Noy-Meir 1975, 1976,1978; Wielgolaski 1973;
Christian et al. 1978) have been developed. With the exception of
a feW'(Jackson-1980), in all these models the accumulation of dung
in pastures is regarded as being negligible; In reality herbivore
dung may cover a gon—negligible area of pasture and thus sensibly
reduce the carrying capacity of the grazing 1land. Waterhouse
(19745 found that an average of 12 dung pads are dropped by a
sinéle onine every day. According to MacLusky (1960) cattle dung
blankets an area of approximately 6600sqg.cm per cow per day. If
‘the pads are not disposed of, and taking into account the ensuing
unpalatable rank growth, the effective areé of pasture is thereby
reduced by "each animal by about 20% of an acre per Yyear
(Waﬁerhouse, 1974). Hence one can give a conservative estimation
that one million cattle may be putting out of service as much as
100000 acres of grazing 1land per annum, an area which can feed

about 30000 cattle.

- In this thesis a mathematical model of a grassland-herbivore
sYstem with a CHANGING AREA of grazing due to the accumulation of
dung will be developed. The effect of the activity of dung beetles
(Coleoptera: Scarabaeidae) towérds the removal of fresh dung will
.be studied. A case similar to this phenomenon occurs 1in pastures
of Australia where the accumulation of dried dung of introduced
cattle has now reached an extent where up to 15% of the available

grazing lands has been covered. When Australia imported cattle
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and sﬁeep 2 centuries ago the seriousness of the omission of their
fellow travelers, i.e. dung beetles, went unnoticed. As the number
of bovines increased it became evident that the native Dbeetles
were failing to cope with the large, moist dung pads and that they
wére nearly wholly attracted to the‘small fibrous droppings of the
indigenous marsupials. In an effort to restore 1its pastures
Australia has been importing dung-beetles from South Africa for a
number of years. These insects, by using fresh dung for nutrition
and repfoduction, are proving to be effective in reducing the area

of lost pasture. R

Another example of a series of pests to have been brought under
biological control in Australia is Salvinia. This water weed can
double its weight within 3 days if the conditions are optimal. In
June 1981, the researchers released a batch of adult black weevil
(called Cyrtobagous singularis) into enclosures among Australia's
worst infestation - on Lake Moondarra, in Northern Queensland (New
Scientist, vo0l1l-93, pg 500). A yielé of Salvinia biomass less than
1 tonne was recorded in August 1981, contrary to the expected

biomass of about 40000 tonnes.
1.1. A BRIEF DESCRIPTION OF THE MODEL

In PART 1 of the thesis a model is formulated to describe biomass
dynamics in pastures that are grazed by a ‘hérbiVore population,
e.g. cattle, sheep. Herbivores are assumed to be kept at a
constant density and that they are grazing on green vegetation.
"The growing season of green biomass is taken to be unlimited and
the environmental factors affecting plant growth are constant. The
arrivai of herbivore-dung reduces the area available for plant

growth and thus resulting in the varying area of grazing land.

b
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The fresh dung, deposited on the surface, changes rapidly into dry
dung in a semi-arid climate,- and thus the model includes

"components" for fresh and dry dung.

Dung-beetles are introduced into the herbivore-grazing system as
specialists in the removal of fresh dung. A short discussion of
the model with a single life stage of beetles (Jackson, 1980) is
giVen. Then the system is modified firstly to include 4 Dbeetle
life stages viz. eggs, larvae, pupae,and adults, and later to
include 2 life stages, viz. bpre—adult and adult Dbeetles. The
pre-adult stage consists of eggs,larvae and pupae combined inﬁo
one compartment. In view of the importance of nitrogen 1in plant
growth an equation describing the rate of change of soil-nitrogen
is introduced into the model. At this stage it becomes imporﬁant
toladd a third component of dung, viz. buried dung. The burial of
dung by beetles improves the soil decreasing nitrogen losses
through volatilization,. and by speeding up mineral recycling. To
make the model more-realistic time delays are introduced into the

‘system of equations. .

.Thfoughout the development of the model steady state conditions
are given. In each case “local’' stability analjsis is performed.
In £his context 1local stability refers to the stability of a
system in response to small perturbations or disturbances away
from a steady state. If the perturbation is sufficiently small or
localized about the point of equilibrium, then the stability of a
nonlinear system w?ll be identical to that of its linearized
equivalent. Therefore the analysis of local stability reduces to
the ‘analysis for a linear system. Coﬁ?rning the relevance of this

method of analysis Cushing(1977) writes, "Although such 1local

stability results are sometimes criticized as Dbeing too
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restrictive and inappropriate in general for the study of what

should be a broader concept of ¢

ecological stability,' we will
justify this approach by saying that such a study surely
contributes at least a first step towards understanding the

qualitative nature of models considered here."

PART 2 coﬁtains computed results. The numerical methods ehployed
are also discussed in this section. Aithough some values of
parameters used in the model were approximated from published
daté, ‘a large number of the parameter values resulted from
"gueSstimates"‘made by the writer. In order to collect more data
aboﬁt‘ Beetles the Australian CSIRO has started a Dung-Beetle

Research Station near Pretoria.



PART ONE

Formulation of the Model

and

Stability Analysis



CHAPTER TWO
DESCRIPTION OF THE BASIC MODEL

Basic assumptions for a grass-herbivore system will be given in
this chapter. A constant herbivore population will be assumed to
"be grazing on a constant area of pastureland. The area will be
;"allowed" té vary due to the accumulation of herbivore-dung in the
pasture. This highly simplified model of a grazing system will
consist of 3 differential equations in all. These equations
describe the net growth rate of green vegetation, and rates of

change of areas covered by both fresh dung and dried dung.

2.1. ASSUMPTIONS AND FORMULATION OF THE MODEL

In Noy-Meier(1975) a simple grassland-grazing model is formulated
and analysed in considerable detail. Jackson{(1980) used this model
_ in the formulation of a grassland-herbivore model with a changing
area for.grazing. The model -that is derived in the present study
is based on both these models on the grounds of simplicity and
because they include only the minimum of grazing systems‘features
that must be included in a basic model. Other grassland models
could be used if it 1is desired to model particular grazing
situatiqns in greater and more realistic detail. The model is
wholly deterhinistic and ignores a number of stochastic elements
. common to all grazing systems. Such factors might be introduced
into a model using, say, a random number generator, e.g. in
determining' pasture growth patterns so as to simulate the

unpredictability of weather changes, see Christian et al (1978). .



2.1.1. BASIC ASSUMPTIONS

Grassland, as in Moore (1964), is considered here as a plant
community in which “the bulk of herbage consists of perennial
grasses, there are very few or no shrubs, and trees are absgnt. \Y
will denote the quantity of vegetation (per unit area) which. is
available both for proddcing plant growth and for consumption by

animals.

Consider a situation where a herbivore population is grazing on

pastureland of fixed area. The net growth:.rate of green

-6

vegetation(V) will be of the form :

.

vV ; »
%¥ =growth rate of green biomass - consumption rate of green

vegetation by herbivores

i.e. V= gv) - rR(V,H) (1)
dt
where V=quantity of green vegetation per unit area (g)

G=growth rate of green vegetation in the absence

of herbivores (g/sec),

R=removal rate (by consumption) of green vegetation
by herbivores (g/sec),

d/dt=differentiation w.r.t. time t .

Equation (1) holds for a case where the area covered by herbivore
dung is taken as being negligible. It may be assumed that in the
absence of a predation factor (herbivores) the growth of green
vegetation will only be limited by the availability of space. All
other’ factor; like the abundancy of nitrates, environmental and
seasonal changes are assumed to be constant. Green vegetation may

be assumed to have exponential growth at low values of V, and

that V will level off to a maximum value due to steadily



increasing self-competition. Thus we obtain the logistic'term

G(v) =g [1-v/y 1V (2)
where g = maximum relative growth rate (per sec)
Voex = Maximum value of green biomass per unit area (g9)

Noy-Meier describes V=V,, as the point at which “maintenance’
losses equals photosynthesis and then G=0. Using this definition
of V,, the carrying capacity of a given pasture may be varied by,
say, Aimproving the fertility of the soil. An equation describing
changes due to the variatiation of nitrates will be added in
chapter 5. ’

- The consumption rate of green vegetation by the herbivores is
assumed to be dependent upon Dboth the animal density and the
availaﬁle green vegetation. As in the model of Noy-Meier a
fuhction R(V,H) that "...increases at low V and reaching a plateau

at high Vv ..." will be chosen. Suggested possibilities :
R(V,H)=¢, H (l-exp[-kV])
and . R(V,H)=e H V/(V+{ ) (3)

where e , V,, and k are constants,

e, = maximum consumption rate per animal
(g/sec/animal)
V, = Michaelis constant (g),
H = animal density (number of animals per unit area)

The animal density (H) will be kept constant - as is the case in
Noy-Meier. H is sometimes called a stocking rate. The qualitative
behaviour of the system will be shown at different levels of the

stocking rate. Assume that the herbivore population is not
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necessarily homogeneous. The stock may consist of, say, cattle and
sheep. Then depending upon the amount of food taken up per day one
sheep 1is assumed to be a certain fractiqn of a steer. As an
example, if a sheep is consuming an average of 10kg/day of grass
and a steer an average of 25kg/day then each sheep will be counted

as 2/5 grazing units.

Only the Menton-Michaelis eqtn (3) will be used. The term qHV/(V+g)
is used to model the uptake (consumption) of vegetation by the
herbivores.'Noy—Meier(l975) describe the Michaelis constant V as a
level of ‘green vegetation at which the consumption rate.is one:
half the maximum uptake rate. Combining equations (2) and (3)'wi£h :

egtn (1) we obtain :

= g V(t) [1-V(t)/Vud = € HV(t)/[V(t)+¥% ] ,(4)‘

e

The . first term on the right hand side is an “upside down' parabola
with zeros at V=0 and at V=V,u, while the second term is a right
hyperbola with an asymptote at V=-V; and which approaches gH as
V--+co. It is useful to plot these -two terms on the - same graph,
and the most important possibilities are sketched in Fig. 2.1.
Poinfs V=V, in figure 2.1 (a) and (b) are poiﬁts of stability
wheréasg_points V=h‘ in (b) and  (c) are unstable equilibrium

points representing cases of overgrazing to extinction.
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Figure 2-1. GRAPHS RESULTING FROM VARYING ANIMAL DENSITY, H
(a) Represents undergrazing for all values of V ;
(b) Steady-state and unstable turning point (V)
leading to extinction of V;
(c) and (4) overgraziﬁg to extihction for all
values of V;

and YFY“/Z in (c) represents an unstable

point leading to extinction of V .

(a) (b)

-
&th.;-_ _mi._‘.

TRV A




2.1.2. THE ACCUMULATION OF DUNG IN PASTURES.

The presence of herbivores may result in the accumulation of dung
in pastures and thus reducing the area of grazing land. This may
sensibly reduce the carfying capacity of a pasture. Assume that
the total area of our grazing land is A;(hectare), the area
CQvered by fresh dung is F (hectare), area covered by dried dung
is D (hectare), and A (hecfare) to be the area not covered by
dung, i.e. the area available for plant growth. Thus it is clear

that'K=§FF—5. For convenience we shall redefine the above areas to

be dimensionless as follows:

F(t)=F/K;area covered by fresh dung at any time t
(dimensionless)

D(t)=D/Ezarea covered by dry dung at time t (dimensionless)

A(t)=A/A=area not covered by dung, i.e. area available

for plant growth (dimensionless).
L. A(t) = 1-F(t)-D(t) - (5)

“When the grazing area A(t) changes the transformation of equation

(4) is done in the following manner:

Let | ?(t) = V(t)/A(t) = vegetative density (qg)
so that V(t)=?(t)A(t), then
dV

qT = Alt) dp/at + o(t) an/at

Note that when A(t)=1 for all t then V=?=G(V) , (leaving aside

removal rate by herbivores). This suggests that equation (4) can

be modified>to

dV_ o ~ Vin dA _ e v
s 8 ) []_ V(\':)/ Vnm] A(ﬂ + —A-If) JE - \/2:‘:/\(2 | C6)



Note that equation (5) implies

g o

The consideration of the definition of V,, becomes important in

éxamining the validity of equation (6). Again 1leaving aside
consumption by animals, the present form of eqtn (6) (with the
previous definition of V.« @5 being the maximum biomass per unit

area) means that green vegetation can still grow tb Vinx NO matter
by how much A(t) is béing reduced. For homogeneously distributed
green vegetation in a grazing area Agl the maximum possible
biomass is expected to be an A-th fraction of V., i.e. AV, .+Thus

equation (6) can be ihproved to take the form:

dV_ — VW .
=g\t = Aty T A+ o dd - eHVe @)

green vegetation (g)

where V
H = herbivore density (animals / unit area)
A = area available for grazing (dimensionless)
g = maximum relative growth rate .(per sec) |
= max value of green biomass per unit area (g)
e, = max consumption rate per animal (g/animal/sec)

\, = Michaelis constant (g)

2.2,  EQUATIONS FOR FRESH AND DRY DUNG

In the mathematical model by Jackson(1980) the following
assumptions are made: The rate of deposition of fresh dung is
proportional to the consumption rate of vegetation. The rate at
which fresh dung changes to dry dung isvproportional to the amount
of fresh dung instantaneously present, and that dry dung erodes,
6r is removed by bacterial action, at a rate proportional to the

amount of dry dung instantaneously present. Although these
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assumptions ignore many factors they will also be adopted in the

present model.

In this version of the model the quantity of fresh dung is
expressed in terms of its dry weight (dry matter) thus eliminating
the factor of evaporation. The simple relationship between the
'quantity of dung and the area it covers 1is derived from the
assumptibn that fresh dung is 'moist enough and hence plastic
enough to cover an average area proportional to its mass. Fresh
duﬁg is aésumed to be deposited according to a uniform probability
disfribution over the wunit area under consideration as the
herbivores move randomly about. The dung will then fall on
uncovered grass with probébility A(t), where A(t) is the

dimensionless -area -©of uncovered pasture. Thus two -additional

equations can now be given.

F=(ot/e)R(V, H)A~CF | (10)
D=cF-bD , : (11)

where F(t) = area covered by fresh dung at time t
D(t) = area covered by dry dung at any time t
R(V,H)= eHV/[V+V]

of,c,b are all positive constants (sec"')

Equations (8), (10), and (11) describe a simple grazing system
model with the:' area of grassland varying because of the
accumulation of dung. The model now consists of the following

system of equations:



| Vie dA — eHVy
dV = g Viy [Aw—Vio/ Ve ] + 28 Vot

F_ xHAw ke _
%t‘ - \/((:) +\j ey LM)
%E = cF)— b Dy

In chapter 3 system (M) will be analysed about an equilibrium

point. ‘Steady .state conditions are given. Liapunov stability

"theorem is applied in analysing the stability of the éyStem.



CHAPTER THREE
STABILITY OF THE GRAZING SYSTEM

Questions about the global stability of nonlinear systems are
génerally quite difficult to answer. Nevertheless, the analysis of
local stability can be developed easily and it will be extremely
useful for the analysis to be performed both here and in later
chapters. Assuming that a sufficiently small perturbation is
introduced into a system about an equilibrium point, then the
stability of a nonlinear system will be identical to that of iﬁs
linearized equivalent (Savageau, 1976). For a more detailed
discussion of stability see LaSalle (1961), May (1971,1973,1977);

Rosen (1970).

A simple model of a grass-herbivore system with a changing area
for grazing, due to the accumulation of duné, was presented in
Chapter 2. 1In the present chapter steady state conditions of the
systeh of equations (2.M) are considered. The system (2.M) is
linearized in section 3.2 and local stability analysis is carried
out. The linear approximation is useful primarily because there
are powerful methods of linear mathematical analysis with which
the 1local behavior of the system béing approximated can be
predicted accurately. A discussion of Liapunov stabilty theorems
and Routh-Hurwitz stability criterion is given in Appendices B ,

and A , respectively.



3.1. STEADY STATE CONDITIONS.

When the point of equilibrium is reached then we have

dt dx ak dt
Let VvV, E, I, and A, represent steady state values of V ,

F D and A respectively. Then, at equilibrium, the system of

equations (M) implies that :

g\ [Ae L/ VL.l =eH\ /[\HV]
\éAe/[\é—\'\é] :CE )
bR
Note that A.,=1-E -0

Eliminating E , R , and BAe we obtain

d =1 4 T\ -
T L] - 2% { [ud]e -+ ool ] = R

where J = (6+C)/13 .
This equation for V, has the same roots as the cubic equation

22 ] = o (g e o Tun(f=0eeld] wazie @)

and it may be interpreted graphically by letting

H(\Q eH[\é‘f\s/] {[\/-&\/]c_ + YorH\e } 2)
which is a parabola,
ama ) =1+ 52l \’/\j{'r_’\é | ()

which is a hyperbola .
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We note that
- Ve
Yo=g&
2
Ben=-Zaal V)= =

T RV

Let -‘{V,_ be a root of \dz(\f):o

then %z_(\fz):O => \4 — — c\,

C+¥xH

" Denote the roots of g\ =0 by \4

then . = —(emeMAL)+ [/ + bl anHI/,,
. * 2 (e+yoH] /L,

Also note the following

(V) = 93\
g ) e,[c_+2§o(Hl> o

d4_ st Yo - D—Vle
a0 v mulj

The . possible situations are shown on the graphs in Fig 3.1 below:



Figure 3-1. POSSIBLE STEADY STATE SITUATIONS

i@\v%\ f\/’ A

(a): Undefgrazing at all ‘ (b): Overgrazing to a low
values of‘\él in the | value of V, with
~ case where gV > eH. . gy < gH.

From fig 3.1 it can be deduced that the cﬁbic eqtn (2) has one
real root aﬁé two complex cohjugate roots. Thus the system of
- egtns (1.M) will have only one point of equilibrium. In section
3.2 system (l.M)_will-be linearized about this equilibrium point,

viz. (Ve)_FQ_) 5] )».

3.2. LIAPUNOV STABILITY

Liapunov's stability theorem states that if for a system of
~differential equations

X = £(x) (5)

there exists a scalar function  L(X) such that  L(X) is
continuous together with its first partial derivatives in a

certain open region ~about the origin, and such that both L(X)
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. -
and -L(X) = -X-gradlL(X)] are positive definite then the system

(5) is asymptotically stable in the region

In the present study we are only interested in ldcal stability
analyéis. System (M) must first be linearized before conditions
- for local stability can be given. Let x(t)=V(t)-\ , x(t}=F(t}-& ,
and xét)=D(t)—Q, where the x¢, i=1,2,3 , are small pertubations |
from the equilibrium point. The linearized equivalent of System

(M) is given by

. (-;Cl == Q% T0rXa -+ 0‘3%3 )
(Xz = Oz|rx’; - Q;_q_rxae. - a7.3x3 ) v, (6)
G = C% b,

where a,‘=e,HV/[_\]+V] i AVARVEVA +g\[‘ZV/\L AL
a,- m'H\fe/EAa(\L*Vs}] : |
0o B/ AT A 5
- CRAN/TRTT 5
O = 'C+0<H\4/C\L+\é]

orH\//[\/H/]

13—

Let a Liapunov function be
L( fxm@)“2 (Lxr+ L ’?C,_—fl’): 1,

.where the Z; are all non—negative constants to be determined.

Now differentiating function L w.r.t time

aL, 1%:%!*1%%2—{-1%%‘3
I

- —(3uagxn) + (L, anﬂ Ca) %X, +0 Q% —(C- Lazgqu

L=y



from ectuaﬂons (b) .
cls

Choose 12= O B

'~ so that 9“"— - (%’X(~sz>1” (”f?cl—sxﬁ)q_

- -c‘{“w‘) o= Pt = S 2pq Rt 2T T
:provided that vp°‘= Qs C 13/013 | ) " | - (7a)
s2=bly, | ~ (7p)
r“; &, L/ (461 . - | (7¢)
G"= Ou (a0 ¥ ai.cle,/az;]?‘/ (Gucls) (7a)
q'? .+’.:r7‘= La, | o (7e)

Using these values of r and q in eqgtn (7e) we get the
following relationship :

AL, +ca;&3/azf 4 [_QEL § =
{"Q\Iancj\ﬂ/a13 | 2167, 'LQH

If 1 —-c_/a , and 1 =1 we.have

% fael U [Q% "h’ktean

which is a quadratic equation in (2,‘

a— On. (Q\ "
1= B2 = Jor25)-

2 (O‘ —+ O,,_E On.
4b 4. Q,,C

z’sal’- )

Hence

For 'z,‘ to be real we must have

(Om L Qs Qa\ QS
(2011—" Om > ( _E?: * Q;_C>(Q-¢1 Qz |

and for ,(,(' to be positive we require that

Q > Q.
’ Q-Q'n.



g

bf\vIt follows that the model (M) of the grassland herblvore system 1s

l'asymptotlcally staole near an equlllbrlum p01nt prov1ded that'

these condltlonsvare satlsfled;

. '\



CHAPTER FOUR

EXTENSION OF MODEL TO INCLUDE BEETLES

In this chapter compartments for dung-béetle activities will be
added to the simple model presented in chapter 2. Seasonal
phenomena will still be averaged overrthe year. A brief discussion
of the model by'Jaékson(l980) will be given in section 4.1. in
" section 4.2 we discuss in defail the modified model with 4 beetle
life,stages,bviz. eqgg, larval, pupal and adult stages. Section 4.3
ends the chapter by questioning the necessity of having to include
4 life stages of beetles; and hence an analysis of the version of
the vmodel with "2 beetle 1lifé stages, viz. pre;adult and adult

stages concludes the discussion.
4,1. MODEL WITH ONE ADDITiQNALvDIFFERENTIAL_EQUATION

Jackson derived a highly 'simplified moael of a dung-beetle
population whicﬁ was 'added‘to a simple grazing system. A few of
the assumptions that were made are listed below:
(1) A single continuous Variable, B(t), is sufficient to
describe the adult beetle populaticon, and that all
stages of the life cycle can be lumped together without
taking into account time delays.between generétions.
(2) The beetle population grows'according to a logistic
law, with the amount of fresh dung.available acﬁing
as the limiting factor.
(3) The beetles éonstantly redistribute themselves

uniformly throughout the fresh dung and use it for



both nutrition and reproduction according to a

Michaelis law that allows for satiation.

A system of differential equations of this version of the moodel

analysed by Jackson will be given below for easy reference.

Y = q Vi (1-Viy / Vo] Aws T A‘fi,%%é elle

Vey TV
dF = aHVin A _ Ry ~ SBoEw .
de V&)‘*‘Vs o Fatk |

%D = ‘C.F(Jc\ ~ ED@ |
dB_ R [e:F® “Bal
dt ._ -

where B(t) is the number of betlees present at any time t;v
.D(t) and F(t) are respectively afeas covered by dry
and fresh duﬁg, V is mass of green vegetation .
Positive coﬁsiants g, q[ Y, o g, b, d, and aréa

A=1-F-D same as defined in Chapter 2, page 7.

The main héndicap of model (J) is the assﬁmptién that beetles give
birth to young which immediately perform thé same duties, as far
as the removal of fresh dung 'is concerned, as the adults. 1In
actual fact the young must still go through egg, lafvai, and pupal
stages and only then become fully developed beetles. Instead of
making this gross. simplification of a biological reality, these

different life stages deserve consideration.

Note that in the model (2.M) for grazing systems developed in
chapter 2 the equation for the net chénge rate of green biomass

Nas assumed to be

8\}&’ - V‘*’-)/ (A&)Vm«xﬂAL &) *V“) &% eH\w

Aw)

(g:E
3
f
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Another point to be noted is that rather than just assuming that
the birth rate of beetles will be proportional to the ebundancy of
fresh dung (at higﬁ valuee of F this ‘can 1lead to expiosive
increases of beetle populations) a replacement of .F,'in the
equation describing the growth rate of beetles, by a
Menton—Michaelis term [F/(F+E)], wherelg ie a Michaelis constant,

may improve the model. This gives:

g—?: dtB(&)[%%é “B&)]

In section 4)2 the model will be extended to include all the

pre-adult life stages, i.e. eggs, larvae, and pupae.

4.2. MODEL WITH 4-BEETLE LIFE STAGES.

In this section models (2.M) and (4.J) will be modified to include
beetles with their pre-adult stages. A flow chart of the model is
shown in Fig 4.1. The sink indicates beetle biomass "flowing out™"

of the system due to deaths at different life stages.



Figure 4.1 : FLOW CHART OF A GRAZING SYSTEM

v | | | o H
(g .
Green Herbivores
Biomass

——

A

Dry Dung A - Fresh Dung

A

Eggs ' _ Larvae Pupae Adult Beetles

‘Siﬁk indicates biomass leaving the system because of the death of
beetles.



4.2.1. ASSUMPTIONS

Assume that the rate at which eggs are laid is a product of a
function of h(F) of fresh dung and a function £f(B) of adult
beetles. As seen in section 4.1 the function h, will be chosen

from the pair of possible forms,

F
n(F) = { or | B ¢

F/[F+E ]

for conveniencé in the analysis of the mathematics of the modél.
For ﬁ(%).either an open system may be assumed, ‘i.e. .where the
beetle populaﬁion increases exponentially with.ﬂ(3)=a, or é case
where the.birth rate will.be inhibited by overcrowding of adult
beetles (Q),ri.e. ﬁ(%)#gfl—g/gm]. This assumes that at high values
of B, the competition will bé sb'high that tﬁe brate will drop,
reaching zéro at B=B_, . ‘This éssuhption,_is in 1line with
Bor nemissza's (1970) observation that in the field when ‘béetle
populations are high, the»nests of each pair seldom contain more
than 10 or 12 brood balls, one egg per brood ball, owing to
intense compétition for dung. A single pair of beétles can
construct up to 40 brood balls in one nest, depending on the

availability of fresh dung (Bornemissza, 1970). Thus

B,
f(B) = jor | (2)

B, [1-B, /B, J
will be appropriate mathematical forms.

Further assume that constant proportions of eggs, larvae, and

pupae are subjected to natural mortality and to graduation to the
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next 1life stagé per unit time. In the‘case of adult beetles the
mortality rate is éssumed to be a function of the amount of fresh
dung present. The contribution of predation to the mo;tality rates
.at different life stages will nét be included since_ very few
observations have Dbeen _done in that afea. 'Assume that the
- mortality rate of adult beetles, due to‘ starvation,v is at a
maximum when F=0 and that it decreases as F increaSes.vTaking ;JF)

as a natural mortality factor the expected behaviour of £ is shown

in Fig 4.2.

Figure 4-2. DIAGRAM SHOWING RELATIVE MORTALITY RATE.
- The shape -of figure 4.2 suggests that

- exp(~d, F)
f(F) = or , (3)

- [F+g]

where d, and E, are positive ‘constants,_ will be accurate enough
mathematical descriptions of the relative mortality rate. In the
next sub-section a system of equations of our model with four life

stages will be given.



4.2.2, THE EQUATIONS OF THE MODEL WITH 4 LIFE STAGES

From the assumptions given in subsection 4.2.2

the >system of

differential equations for the modified model may now be

as follows:

" Vi dA _ H\/&)
_?1(_. = 3\/&) [l-/ysf\‘/ 1 Aw+ A(z) Vu)*V

%l{g __&é&\%&) — C‘_PU;) e§8¢t) f\.F(tD

C F’(ﬂ — b D)

o

d =
dt

%L_%_l:: k. h(ﬁt\\ f B) — ‘dB‘“ m B

d—

‘B ) — 3152&) mzﬁt‘?)

= B 338 tw — My B,

a\g.—a ﬁ?ﬁ

(4)

(5)

(6)

(7)

(8)

(9)

B pERY R

%f: g Bw + m¢£ (Fto)) - B (10)
As usual A(t) =1 - F(t) - D(t) (li)
and B ,B,,B,, and B, are,bfespectively, biomasses of

beetle egg, larval, pupal, and adult compart-

ments (g) at any time t. V is the mass of green

vegetation (g). D and F are respectively areas

covered by dry‘and fresh dung.

and h(F), £(B), £(F) are chosen from functions shown in

equaﬁions (1), (2),. and (3) respectively,

and the positiVe constants k, ,g; ,m;are defined below as:

k, = maximum relative production rate of eggs (seéJ)

written
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g; = relative recruitment rates from the i-th popdlation
class to the (i+l)-th class, fqr'i=l,2,3; (sec™)

m;= relative natural mortality rates (sec™), i=1,2,3,4.
4.,2.3. STEADY STATE CONDITIONS.

At a steady state the time derivatives in equations (4) to (10)

will be equal to zero. Let the steady state values of B, B’_, Bz' B,',

D, F, and -V Dbe represented by Be 1By 1Bygs Ber oy E, and Ve

' vrespectlvely Then for the particular case where f(B')-B[l-g/Bm;l ’

f,z(F)———exp( CLF) and h(F)=F/[F+F; ] eqtns (4) to (ll) imply that :

B.= EGmIm . opl4) 3,

R = Saémsg)m“ L enple &%) B,
B.= mg:_ QKP(—CLLE) Bee 3 o
B =B, [1- (&) m i} ereeR]

=1

Now using D=cE/b and Agl-E-D=1-(b+c)E/b together with equations

(4) and (5) we get the following families of graphs:

Y(v,r) = v/Ivev 1- Qer)
_\CS,_(V,F) = —v/v -LeH/gl/Lv+V 1 - (D_(F)'
where 3‘(‘,& JE, ) =§j’~(v" ,F; ) =0 | simultaneously.

g and 87_ dependent upon the parameter E, via

. Q\(E“a) = aH D Uo—rc)F] El. {.'“ wx &F*F‘Eefx?( daE]

Qe

([b+c1/b)E-1.
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" Functions (I? and (Q "are defined for 0<E<b/[b+c] ana these
functioﬁs are 1increasing 1in this interval. As Q{increaées from
zero through its allowable range the graphs of y and .yg are Dboth
translated vertically downwards. During this translation the
intersection of the two graphs moves dOanards and to ;he right.
When F=EF then X=%?O and thé poiﬁt_of intersection is at V={ on the

V-axis. The foregoing discussion is shown graphically in Fig 4.3.

1 - N

t // - '\\\ . ) g

1 o~ e e v
'/ ‘\\‘}\\-\\‘\"\‘ QF)

Dy

—

e
~
NGO
N\
ﬁ
<

Y
aZ

__..-_...._.._._.‘Q*,_.\.;
. :

Figure 4-3. DIAGRAM OF INTERSECTIONS OF ¢ AND ()

If the intersection of the graphs given by eqtns (2.13) and (2.14)
yielded a unique positive steady state %‘(see Fig 2.2a) then Fig
4.3 shows that there will‘be a unique positive steady state %;fof
the model (4) to (ll).such that %v {' Vi . _Noté, that the first

necessary requirement for this steady state case is that g¥>?H.

4.2.4. STABILITY ANALYSIS.

Let 7h$F)=F/[F+§] and g(%):%[l—%/%m] in equations (5) and (7) and
linearize system (4) to (10) about an equilibrium point (Qb %9 %ﬂ&m)
De, E Y) found in section 4.2.3 for the case PO .. Let B=Bix; for

i=1,2,3,4 and let D=R+x, F=f+X, V=\tx. The x;s, for 1i=1,2,...,7,

are small perturbations from the above equilibrium point of the
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system. By ignoring small quantities of second order and higher we

obtain the linearized system:

F)’cf :h( 0 0 —w, VO w, O ] rx, ]
X, g -h, O 0 0 0 0 X,
%y 0O gg-h, 0 0 0 O X
X,|=| 0 O §3 -h, 0 w, O X, M)
X¢ 0 00 0 -hy ¢ O X¢
X 0 0 0 -w, -wWs ~h W, Xe

| %] |0 0 0 w W, oW, ~h, | | %+ ]

where: hg= g#m; for i=1,2,3; h{: m, exp(-d, §)

: hb; ’(c+o( HV&'/.@€+\§}+e3 B F, /[E + E1*);  hg,=b
h, = g(2%/V, ~B)+(eH+at HYV, /()™
v, = (gf;/[fﬁgn(zge/s;“-l) ;
BERR CLACC AN SE WS
W, = ég R /{(E+E) ;- | e=o HY, / (VHy) :
w.o= o H A.Y / [va#ul”
W= & EVe /[Ae (BE) 1 W, =-gV+ B (WY (A, (D) 17
w, = (V. /B) (-gAteB, R/ (E+E) + X HW /[Vi#d)
System (M) is a linear system of the form:

X=MX

where X = (x, Xy .v..,x7).r and X its time derivative, M is

a 7 by 7 matrix with constant coefficients.



Let h, + hy+ h,+ h,

]
il

v
Q
|

=N h,+ h h;+ hh + hh + hh +hh,
a;= h;h,h, + h h h + hyhyh + h iy

We shall use the following convention:

T (hehy o)

il

summation of products (h‘:}h' ..+ ) where

Y,8, e
°7 i,j,... are the combinations of (r,s,...).
e.g. | a, =3 (h;): = FF(h;h); a= (h, h; hy )
. l ' j‘b %2 h23,% - ,J. 3 E‘P ¢ “k

The characteristic polynomial of the matrix M is p(A) = det(M—X[)
7 s 2
i.e. p(=-[A+p% +p ¥ +p, X' +p X+ A +p, A +p]
7
where Pr =§h5

%(hL ho)+ W W, + C W
)7._, J7 R

P, i?{(hc h; hy+ how,w, + ¢ w,w,_+ chew +ac w _+g w,

B = FChLl'}, khz) +w, g, g, gg+a, hg W, v+ azwmwh-ﬂ- a, W, Wi

.\1)' )—,

+a; ch, Wt a,c wetg, W W, + g, We.q-[ F {h) 1]

1)2) Sy

Bs =\%(h€, hihrz-’- a,_h w67 + 83 'zvl’ﬁ-’- az,C‘ \y‘?w_'g.}. aachycs_
)qj"',ﬂ

ta, ¢ wWgt g w,w, (h, + h, + hs) + g,w, %(hc 3 + g, 9z‘13wu,(hsﬂ\;'h7)

52,553
%(h hy h h h h)+y h; v, +v, 9, +e ylh, h,hyh, tagc w, W
)'Z, Wt
+a, ch, wg-g, W, % (h; 1)) +g, w, T (hy Iy h) +9, g, 9 W, W,

h2,5 ha,st

*9, 9 Gy [, w4l W W te W gt T (e
Pabat'd

p, = h, h,hyh h.h h +(h, wmw +c wow +c how_)h h h, h



~gs h; hyhaw, +g, h_; h,h.h, w, +g, g, 93 [h h, h, W,

+ hsw#%n%w+ hew, W, Wy, + Ny W Wt C© %9%7WE].

The first Hurwitz stability criterion is that p; 20 for
i=1,2,...,7. (The Hurwitz theorem for stability is given in
‘Appendix A). This is satisfied if the terms AWe F (hélfb-) and gsh'hzhswq

. ) RIY~
are small enough.

The second condition for stability is that all determinants of the
principal matrices of the Hurwitz matrix must be positive, where
principal submatrices of H are defined below. Element Hg of the k<th
submatrix bkis defined as -
p if 0 < 2j-1i <k
Hg = : . :
: 0- . otherwise

where k=1,2,...,7.

Thus provided that tﬁeseAtwo‘conditions aré satisfied it means
that a. necessary énd sufficient requirement for polynomial p(}) to
'héve zeros with negetivé real parts only 1is 'satisfied near' ﬁhé
equilibrium pointv(%).f&) ‘R, By By, By Be ).

4.2.5.- ISOLATION OF DUNG-BEETLE SUBMODEL.

'ASSUMPTION: In this section we assume that a smail disturbanqe
introduced to the dung beetle population, when the system is in
eéuilibrium,- will cause an infinitesimallylsmall perturbation iﬂ
fresh dung, i.e. this latter pgrtubation méy be ignored. This
assumption may only be expected. to hold in situations where

equilibrium is reached at a high value of F.

Since the beetles do not directly interact with both the green
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plaﬁts and. the dry dung it means that we can consider the 1dcal
stability of the submodellcqnsiéting of only those equations whiéh
describe tﬁe, 4 'beetle life stages. Using the notation of the
previous section this implies‘thét 2;&5;;0, . i.e. the remaining
variables Qf the'.model remain ‘ét their equilibrium values to
within second order‘perturbations; not first order. ’Thé linear

system to be considered is thus:

‘ilﬂ h, 0 0 -w, | rx|’
Xs g -hy 0 0 X2 (B )
x| |0 g -h O X,
B 0 0 g, '—h%J | X
where Thi= g + m; for i=1,2,3

h,= m exp(-d; &);

w, = [2B,/B, - 1]kFe /(R + E)

To test stability of the system (%) the " Hurwitz stability
criterion will again be used. The characteristic equation of the

matrix A is given by:

3 2 '
.—Xf+ a")\+al +a37\+ a‘“:O
‘where a,, &, 3, a  are as defined on page 4-11.

Note that a;> 0 ° for i=1,2,3,4.

‘Let H be the Hurwitz matrix corresponding to the coefficients of

the characteristic equation, i.e.

[a, a, O O ]
"H = 1 a

0 a a; O

0 1 a, a,

L

The principal determinants of H are:



D,=.a, >0 ; D, = a, a,- a

2 3>07

and Dy = a,3,3;~ a3~ &, a,= a,(y a,/2 - aj)+a, (a,a, /2 -3, 3) > 0.

Hence acéording to Hurwi;z' theorem the fact that a?O and DpO for
i=1,2,3,4 implies that the characteristic‘equation will have roots
with. negative’ real parts. This in turn implies that systém (%).is
asymptotically stable. Théréfore,'under the assumption used, if a
disturbahce,: which is small enough, is introdﬁced iﬁto the Beetie_

population the system (%) will return to its point of equilibrium.
4.2.6. DUNG-BEETLE SUBMODEL.
Another way of»ekamining the growth rate of dung-beetles is to

instead of a logistic growth we take an exponential one in which

.case the. the growth rate of beetles is only limited by the

availability of fresh'dung. Thus the 'present assumption implies

£(B)=B., As in section 4.2.5 the beetle population submodel will be
treated 1in . isolation from. the main model. Hence = all the

conclusions to be drawn below will only be valid as long as a

.disturbance 1in Dbeetle population results in a negligible

perturbation in fresh dung.

The eqgquations for the. dung beetle submodel are given below for

easy reference:

dB,
dt
dB,
dt
4B,

i GuB. - 9yB, -myBy - | (14)

B

dt = gsBs

i

X,B, F /[F+El-g, B, - m B, (12)

g,B, - g,By- m B, V : (13)

- m“exp(—daF) B, : | (15)




i
I

where X =

The Liapunov function

£(X)=[1/2] [px +qx; +rx; +sx; ]

-k, B/[E+E]

0

0

-erxp(—QQ)‘

b

(17)

will be used to test asymptotic stability of linear system (L). .

Assume that constants p, g, r, and s are positive. Their values

will be determined below.

We have

daf/dt

I

PX, X +qx, X, trx, %, +sx, Xe

=.~p(q+m9x?—q(gfmgx:—r(gfmgx;—sm*exp(—d,g) Xy

—PKQ./(E+§) X, X, +49, X, X, +rg, X2 X, +59, X, X, :

using systém of egtns (L).

Now: df/dt =
provided that
vy

2. —

,Zl+ 3"_

Torf =

235

25T =

—Cy *r 'Z,sz)q.'

p (g +m) ;
r (g3+ m3) H

-p k, F, /[E+E, 1

rg, i

.
:

e -

2.

2f sfﬁ.

i.e. 8 equations in 8 unknowns. The system

(5 % -5 %) - (Gx - xJ-(px, L2

q ( g, + mg :
s m,exp(-d, )
-9 9, 7

S g »

can be reduced

to a system of 4 egtns in 4 unknowns as follows :

(19)



2
§=p (g +m) - g g/(47)
o= a (g + m) - r*g>/(42) (19)
- v (e g (e
3= r (g + my) - s*gy/(4R7)
2 : 2 2 >
ﬁ: s m,exp(-4, E) - p7'k_?Fe /[43;{%"@']
. ' ' -1 : ~1
Choose p=(g, + m ), a=(g, + m,) ,
r=(gz+ n13)’1 , s=‘l/m4.
Then system (19) takes the form :
2 2 ; ' 2 2
§,= 1 —.C,/Zz“ where C,= (1/4) a g, .
=1 - /7R L c,= (1/4) *q , (20)
T=1 - Cs/py c,= (1/4) s®q> ,
fe=1 -0,/ | | C,= (1/4) pkiE /L[E+E]
System (20) gives the following :
§l =1 =[S (¢, c+ ¢, QI/LE -~ (C,+ C,+ )]
which has the form
x =T - C/[x~E] (21)

where: x=%5, T=1-C,, C=C/C,, E=CpCHG, .

Then, provided that x # E, the roots of egtn (21) are

given by :

x1=' (1/2) [(E+T) ij (E+T)*~ 4(ET+C) ]

Since bnly real and positive values of x are needed then

we regquire that
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(E+T)" ~ 4(ET+C) > 0 .

This predicts 2 possible values of gi. The‘remaining parameters in
eqtn (20) are found by back subétitution. According‘to eqtn (18)
the signs of parameters 7:f 5 andérdo not affect the stability
of the system. By the Liapuno? stability criterion it can be
concluded that ﬁhe systém (12) to (15) is 1locally asymptotically
stable. A.-point tb be emphasized is that the validity of thié
conclusion is oniy true if the assumption that perturbation of

fresh dung will be negligibly small holds.

4.3. MODEL WITH TWO BEETLE LIFE STAGES. .

Is it feally nééessary to treat eggs, larvae, and pupae separately
in thé model? It seems to be an unneceséary complication of the
system under consideratipn. These three stages do not interact
directly with the incbming duhg. The only important function of
;these compartments is the time delay they introduce 1in the
development of the young. Thus because these first 3 1life stages
of _beetlés do not deal directly with the arriving fresh dung they
can be combined into one compartment called pre—adult Dbeetles.
This reduces the total number of the equations describing the

system (M) by two.

The pre-adult stage consists of eggs, larvae, and pupae combined
into one component. Let B denote the total biomass of the
preadults, and let B denote the biomass of adult beetles. Thué the

new model is:



d! = 3\/&) [Aw— Vig/! \Z.oa] -+ V‘*’ 44 _ eV |

4 dt (e)-f‘\/
%}fé@vyﬁl — cFy— &Bro) p(f)
S

= cFo — bDw | | | (M;)
= LhES):§ (BM Bw — mBa

25 o A PR

= 3By ~+ mfFy -B,a;)

where : B, = biomass of pre-adult beetles (g).
BL=>biomass of dult beetles (g).

and the remaining symbols are as defined previously.

At steady state the time derivatives in system (M) vanish. Assume
that the values of V, F, D, B, B at the équilibrium point are V,, E,

QD 3% B, respectively. ' Hence, linearizing system (ng. near an

equilibrium point, gi?es
X =MX - ' - (24)

where X=(x, , X,, X5, X, xsfr and X=4dX/dt, with components xz=B-B.

x=B-B , xFD-D, , xFF-E , xgV-V, . M is the 5 by 5 matrix of

coefficients:

'——z" z, O Z 0_1

2y =Za22 O Zz O

M = 0 0 =-z3 23 O
0 ."Zm‘. =243 —Zys Zys
L O Zgy mZgy "2 ~Zss |

The entries of M are defined in Appendix 4-1, at the end of the

’chapter.
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Stability conditions for the system (24) are determined from the

Hurwitz Stability theorem. The characteristic equation of matrix M

is given by:

p(A) = det(21-M) =0
with p(7) = 7\9+(P‘7‘“”*®=7\3 QARG
where @ = ; (_éu) |

@, = -,1,»-,5(% z_-ﬁ‘) + zéhzm{L ZyoZey™ Zop Zar

Q‘S = mﬁﬁ(za z Zw) + (z,+ 2y )2y Zyet 2, 2, Z, F [z, + Zz,_]Z%Zq;
wéyres '

| Z(z. - .
+ zgq z‘6 z5-$'+ zm,,z'h. zs‘;+ z’ls‘zké [ (=t (Z (-_) ] + zgq. zqsszS} 27_4,251249

= 2,5 %o 2,5, z33._'2'7-23"2““'

(D“ =1 (z gz zkkz_u) t 2y 2, %%, v 2,2, 5 2.t 2,2, 2 2,% T B T, 7

LS

+[z,,f zsg]z_zq_z(ﬂz%ﬁ Lz, + z,]1z,,2,.2,+ 2z, 2 [.fz('zuz‘ﬁ)]
-[z, + ’.zm]‘.z'?»zi-sz%— 2y 22y gy P4, z,zz%, 23421~ z:zzm.zg-zs-ﬁ
- z,:_z,_,.[zs+ 'z%].z%.—- ZyoZo Zys Zep— L, + Zgg]%%.s-zn

Cps; = Zy 2212‘332%-255:‘*- 2" zﬁ‘fzﬁ‘s ztn.zss-+ zﬂfz’ng;.zqa.zsﬁ' 2y zzzz'gg z¢3ZS§'
t oz, 2,2%, zés‘zyr.-i-. ".Z‘/rv 20123245253~ z/zéz Z;svz%zs's" 212 2oy 24y T3 25y
- zl’ z?-uz‘ss zbyzsz_ Vz'zzz-z:iszbsz-""“— Z,;Z,_, z&?-z’*s‘z‘iﬂ-_ z'?-zzxz%z"szg

The first requi.rem.ent for asymptotic s;tability is. that

¢.> o for i=1 to 5.

Consider the following Hurwitz matrix, H



o o o 0 o |
1O, a, 0 0
H = 0 a o0, o 0
0 1 . &, 0
| 0 o ¢ @z
The Hurwitz determinants are:
B =q |
L= 0 - & -
Hy=0@, H, + () (o - ,(D' ¢ ) o
He=@ 8 + @ (@ 6 +6 4 -8 -4 ¢ )
He= @ H, - o . :

The second requirement for asymptotic stability is that

" Hy> 0 for i=1 to 5 .

If these two requireménts are satisfied it means that the system
(Ml) is 1locally asymptotically stable in the vicinity of

equilibrium point (BW_) Bze) Ve) De) E ).



APPENDIX 4-1.
ELEMENTS OF MATRIX M ON PAGE 4-19..

The elements of matrix M given on page 19 are listed below:

z,= g +m BEERRR XD £(8)
= K B(E) £(8) ; z,= 9,

z;z= - mE(R) z = -m £(F) B_
%3= b ; e

z,= e}h#g) : | | z$=cxH Yb/(ng) :

z,,= XHY, /({+Y) R esklgnh’((g)) ; |

2= CERY, [(GFY)T  zgs e Ven(R)/A
7= 9% = [b% /A, 1 - «HV/L(Y+D)A.]

2= g\, - OfH\é'L/[(\éHg)AQ] - e BZJ{(FQ) v, /AQ;'

7= gl2y /Y, - A.] + Y [eH + oy, 1/ ()~

I

| No’te_ *_\(Y&J&:

y  H
Il

Kao]
il
e s gl

=
H



CHAPTER FIVE
EFFECTIVENESS OF BEETLES IN IMPROVING SOIL

In Chapter 4 the usefulness of dung beetles was only considered as
being limited to their .removal of cattle droppings from the
éurface. Bornemissza (1960) mentioned further benefits which can
accrue ffom.the activity of beetles, viz.
(1) the rapid incorporation of dung into the soil;
(2) improved retention of volatile nitrbgenous, and

other constituents of dung in the soil;
(3) ‘acceleratéd decomposition of the dung as a result

‘of digeétion by the beetle and its iarvae;
In the present ghaéter two more equations_will‘ be added to the
maihematical ~model - one for dung buried ﬁndergrouﬁd by beetles,

and the other describing nitrogen changeé in the soil.

\

Dung—-beetles bury fresh dung as food for themselves and for vtheir
new born larvae. It has been obsérved that this burial results in
the nutrients present in dung being recycled more efficiently.'ahd
quickly Qithin the pésture ecosystem. Bornemissza and Williams
(1970) obtained substantial increases in plant yield when dung was
.intimatély mixed with the soil (treatment 1) or when beetles were
present in dung—treatéd pots (treatﬁent 2); but in the case where
dung was applied to the surface in the 'absence of beetles

(treatment 3)‘ much - smaller increases 1in yield resulted. For

comparison a table of a few of the results obtained by these

authors is given in the next page.
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Table 5-1. Yield of Japaﬁese millet and the uptake into the

plant tops of nitrogen (Bornemissia and Williams{l970).

TREATMENT YIELD ' (g/pot) NITROGEN UPTAKE
Top Roots A (mg N/pot) -
1. Dung mixed 37.0 18.4 - 255
2. Dung+Beetles | 31.3 14.7 206
3. Dung only 17.3 12.7 ‘ 127

Any plant ‘constituent' or “component' may be importaﬁt to the
well being of a plant; but §ome have a greater significaqce tﬁan
others. Tracé élements may be of vital  importance in some
situations. Nitfogeh is a‘key'element in the grassland ecosystem.
According to Reuss and f;nis (1278) so0il nitrate énd ammonium
ievels are 'normally low because of their fapid utilization by
grasses ahd decomposef organisms. The productivity of vgraéslands
is almost always limited by .the supply of plant-available
nitrogen. Thus addition of an equation describing the rate of

change of soil nitrogen is essential for a complete model.

Henkens (1978) approximates nitrogen iost by volatizatibn_from
cattle droppings lying on top of the soil as about 20%. Hence with
the addition of compatments for dung .bufied and nitrogen our
model's vegetation may bevexpected to reflect a higher leyel of

growth.

'5.1. ASSUMPTIONS.

The rate - of arrival of dung buried underground is assumed to be

directly pfoportional to the removal rate of fresh dung by
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beetles. A constant proportion of buried dung is assumed to be
spread over an area proportional to the area from which fresh dung
was removed, thus implying that the area occupied by buried dung

is proportional to the area previously covered by fresh dung. -

Nitrogen (N) ié assumea to.be increasing at a rate proportional to -
- the biomass of beetles (both pre-adult and adult stages included)
that suffered mortality, to decomposing green végetation, énd~ to
decomposing dung (i.e. dry dung and buried dung). As in the

.Grassland Nitrogen-flow simulation model (Reuss and 'Innis, 1978)
consumption rate of nitrogen by plants is: described by "a
Menton—Michaelis term. Leaching rate of nitrogen is assumed to be

'a constant fraction of nitrogen available.

Two more terms/ére added to the equation describing the net growth
rate of vegetation in system (4.M). One is for the natural death
‘rate of vegetation which 1is assumed proportional to the green

biomass. The other term accounts for growth of green vegetation

resulting from the availabity of nitrogen.

The final model can, at this stage, be represented by the

"following flow diagram :

Note that the SINK indicates the loss of soil-nitrogen through

leaching.
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where

U(t) = effective area ‘containing' buried dung,
N(t) = soil nitrogen (g N)
and the rest of the state variables are as defined in
Chapter 2.
d, = constant of relative proportion‘of green biomass
dying per unit time (sec')
g, = maximum relative growth rate of gfeen biomass
due to the presence of nitrogen (sec”). -
N, = concentration of soil hitrogen at which the growth
rate of plants is half its maximum (g N).
ql='scaling factor for the relationship between area
from which duﬁg was removed and the area in which
it is buried.
(%%) = relative incoming rate of buried dung (sec').

g, = proportion of buried dung decomposing per unit of

time (sec™).
cs= relative leaching rate of soil nitrogen (sect).

c,= relative consumption rate of soil nitrogen by

" plants (sec™).



5.3. LINEARIZED FORM.

Introduce small perturbations from the equilibrium state such that

Il

B(t) Be+ x(t)

-

F(t) =E + x,ﬁ:)

U(t) = U, + x7(t)‘

where (B,, B, , D

point of system (M)

'Xh=(x'l

» B(t) = B,+ x(t) , D(t) =D + x(t),

, v(t) =V, + xét) , N{(t) N, + xét) .

, F '; V. , N, , U ) is the equilibrium

discussed in section 5.2. The vector

- T
le )le xq’l XSI XQI x7)

is the resulting displacement of the system from equilibrium.

Now, assuming that the vector X(t) is near enough to the origin,

terms of second order in x;

L for i=1 to 7, may be truncated' from

the model. This gives the following linear system:



X, = —[g(fm(]xl(t) + [k‘il—2B1?_/Bm‘kEé/(E_+§) Ix(t)
-+ kg, U-BL /B R/ (R Ix(e)

x,= g, x(t) - m, exp(~3,E) x(t) + m,q expl-4, Fe).x*(t)

Ry= - b xft) + c x(t)
ke= - [gR/(E+E) T xft) - [ oHY /(U] x(t)
- LoV /() + e+ eBE/ (HET T x(e) (L)

+ [qHAg\g /(\g+\4)’“]’x4t)

X =. [eayg;/ {a. (E+% )} 1 x(t) - [g\é—b\@/AguH\é‘/iA4\4+\g)}]x3(t)
- EgV;—éH\é‘/{Aa(v;\;)} - e,Bza\gﬁg/{A% (B+E)°} 1 x(¢) |
+ [ve;v$ N; /()* T x () - [dlb + oHY /(\(,_+\;)2+ .?A.g\{,, AN
- gA ¥ eHY /({+) - eN / () 1 x(t)

5{9= c, x‘(ﬁ) + ¢, x(t) .+ ¢ x(t) - [cN, /{NJN}X—C¢] x(t)
- [qy N, / (N#)™ + el x(t) + c,.x_,(t) -

5<’7=} Lagk/ (E+E) T xft) + [quSBz,_I;‘/(E+§)_L] x(t) - q x(t) |

Note that A(t)=1-F(t)-D(t) implies dA/dt = - () - k(t)

System (L) is of the form z(t)=M§(t) , where vector X(t) is the
. time derivative of column vector X(t), and M is a 7 by 7 matrix of

coefficients. A convenient form of writing M is:



[ w, o W, 0 0

W, W, 0 We, ' 0 0

0 0 —W,, W, o 0

M= 0 -W, , ~wW,, ~w,, w, 0
0 W, ~W, "W, . Wy . Vg,

W, | W, Wy 0 o “Ws —We
0wy 0 | W, 0 0

where the elements (w;) of matrix M are given in detail

4
at the end of the chapter in Appendix 5-1.

5.3.1. Stability Conditions.

The characteristic equation of system (L) _is given by

Cdet(AI-M) = N+ BN +EN 45 A+ P+§A+4A TS, =

where I =7 by 7 identity matrix;

. .
=Z W&:

=1

%)

[y

S—:.= (f(ww)) + 'Z+ W, W W oW W W - v;zwu
LTI

‘5; = (TY W W dw, + w72+ W W, W, W qg%’-i- WosWeg Wy, + W, b

+ Z’ + 'Z 17. w?.lw‘n
84 = W Wt W, 2 + w77r(,q.+ wZy + Zy o+ W Wiy W, 1
Ss‘= _WGG%Z + 'wnzy‘f"- wn'zs t Wt 2y T W W, 7"+7/'+

+ (Zw W VW W W,

TV




= P ' '
é; w%whz‘:* + Wiy 5'+ wnzq_'i' W&Z-‘l' + ZS + w@%wffg“.’fz,%7m

+ [w + w_ Iw, W, w,w + W We
4 33772 TS T kr V12 [f;,( (0 dj\]wﬁ-svgz. Yer Vo
T W Yy VsV Yy Yo

=wwd+w ’Z’ + ww :
B, = VWt W VL W N v

+ - W, '
ng‘ w33 %-5 wS‘e. %7 wZzWZ\ Wz wzx ws3 ws:;%? “94 :

where lZ= W W,
‘ 1

23: W, W ['i: (éwa v@] + wuvg’qw$éw$+ W W W W W W
2 Dy ) .

—

1% ¥, ngﬂ,wé\ - wzqw‘l-swyg,wsg— _ V‘;:, V‘éz w-ﬁ‘e.wcs

0= Do v T v+ v D7 G wdd + vy v, v

Loy + v dvg vow v Do+ v T v W v = W, we W oW

T Wy Wy we;wn Ve Ve [wmf Vls,} ]w%_w%wu - [V{' * oy ]wﬁvw%‘w%%s

= W W Dt v dw W

Q,g= wm.wu wzq.v’lyswss%B + V‘Z V{zzvéq» %ewgewe,;_'- w” ng. wgvg@wse%?

W, wzyvé‘s%swce% + We Wy w?awnwavé's - W "éd’%; Y Voo Y.
U T Y Y Y T Y
= W W W e Ve W T Wa Wy Wa MW Ws T Wig W W We VB Wes

-~

Z:?. = [‘:)qu (sk'\‘. ngb ] + w2¢w'rz + w3<,.w<rg+ wg'v{fy. - V’;:_ w:?(
) .

5= I;,f(v:‘.\v:}j ka] oW W Wt W W v§g+‘ Lw, + w_ 1w w,_

2
A AR A R TN AR RS



- W W, W - WQ%J[@B+ %¢] - w W, W
21*= [j?iﬁig;ﬂkglj + [W1+'%3]%4%a%é+ w @;wa%?+ W:WWWQWE
0w Wt W W W W W W W

+ [,ECW&I Vgu ]w‘rswsv-"' [w, + wa‘]vgq.w%.vg‘s—-' W Wy Wo Wi, = W, Wy W W

T VW e W Dt B v e T v, D,

33
2 — . + g
5= W W WW WL W W W W Wt W W W W W W W W W W
+ w Www + w

W W Ww W — ngwm w&%swss

T Ve Voy W VG, Ve Vo VsV T W Wy Vi We W
T Y e Y g

For system (L) to-be asymptotically stable at the origin the

Hurwitz stabiliﬁy criterion requires that
2> 0 for i=1 to 7,
Di?ho - for i=l to 6;

.whefe: D;é 8.

D, = 8 8.~ &, |

D, =9+ O [55—5,8,]

D=5 6856 -56+558-59+551-5%81
+959,8+888+5,5-955-5-558,85,

5 5 8 2§ o]
1 3 o 3 0
D={0 & 6§ § o,
o 1§ -8 9
o o § § S



r6, 5 & o 0 0 |
15 § § 0 0
D= {0 3 § | 8 9§ 0
o 1 & 3 9 0
o o & 9§ S, 3,
0o o0 1 5, 5. = §

The satisfaction of these conditions implies that the equilibrium
Size

point is asymptotically stable. For a general system of this it is

rathérvdifficult to investigate as to whether these conditions are

.actually met or not.



APPENDIX 5-1.

- ELEMENTS OF MATRIX M

The elements of matrix M given on page 5-1 are listed below:

w, = g‘ +m

w,q.= k,B,[1-2B, /B, ] E
v-qh=vm,_exp(-d1}5;_) ;
VW3“= c :

W, =XHYG /(G+Y)

w2='k1[l—2a&7Bhu] %./(E+g)

er MHV&/'(\Ug)fif c +eBE [(B+EV=

W= é, ¢ E /L(E+E)A,]

'

w%‘:'g\g. - by, /B, = B /LNHDALT

W= 4 + «H% /(\€+A\£)Z + gl2y/v, .- A, 1 + e HY /(\é+\§')?'

- e N /(Ne+b}3) :

We™ IV - oHY,"/ [ (W+V)A ] - ¢ B % lg/[ (E+E fAe] ;

W= e, N, /()T
W, = C 1

W= CNo /(N#N) - c 7

W= ¢, V, Ns/(I\L+NS)"+ Cc

Wi = %e3B;E/(EJ"E )1 o

-
4

Wy = G0
W,= Cui
"‘i;= Cz i
w,= q e R /(Ej‘F;) ;

W, =9



CHAPTER SIX
MODEL WITH DELAY TERMS

In  the real world, the groﬁth rate of a species populatioh will
often not respond iﬁmediately to changes in its own population or
to that of an interaéting species, but.rather will do so after a
time lag_ (May; 1973). Time delays in growth dynamics of a
popglationv or of several interacting species can arise fromia
variety of causes and are undoubtedly always present in varying
'degrees{ Macdonald (19785 makés a distinction between time delays
that are inherent in the system studied, and lags that enter a
model because Qf specific approximations involved in setting up

the model.

In the present chapter time delays will be_introduced in the final
model (5.M) pfesented in chapter 5 and will, to a liﬁitéd extent,
‘help improye the model. Pdssible‘delay ﬁerms thét'may be added‘ to
the model égé either discreteilags or distributed {continuous)
delayé.‘Delay terms will, however, only be included where they are

considered to play a significant role.
6.1. INTRODUCING TIME LAGS -

For purposes of easy reference the system of equations (5.M),
describing a grazing system with 2 1life stages of beetles,

~ presented in chapter 5 will be rewritten below:



| 1‘3,(t>=1g[1?(t>/'{_F(t>+a;'}1132,(t>[1—132(*:571;;21—9l B\(;:)—mlB\(t)
B(t)=gB,(t)-mp(t) eXp[.~d,,_F(t)]
D(t)=cF(t)-bD(t) o
| ﬁ(t')-——.o(A(t)v(t_)/EV(t)+vs]—cF(t)-égaz(t)f‘(t)/[F(t)+%] '-(M)
0(t)=qgR(t)F(t) /[F (t)+§]-qU(t)
EI(t)=<v:|Bl(t)+%B2(‘t)+c‘y(t;_)+q,U.kt)~§_N(t) ~+ ¢, DiE)
'—qy(t)N(t)/[N(t)+%]
'.\.l(t)=gV_(t.) [A(t)—V(ﬁ)/vWQ+EV(tj/A(t)]zl.(t)—diV(t)
+quV'(Qt)/[V(t)+‘§]+egv(t)N(t);/[N‘(t)H\L].
A(t)=1-F(t)-D(t) | |

The eqguilibrium point of system (M) will still be denoted by

B, + B+ Q, U, Ny, ) as in Chapter 5.

e 7 28

(B

6.1.1. DELAY TERM IN THE NITROGEN EQUATION.

A éareful look at the model (M) reveals that there are only very
few terms, if any, whefe one can -say that the change of the
biomass is independent of the past history of the system.
Consider, say, the nitrogen equation. To assume that the rate of
increase of nitrogen is directly proportional to the death rates
of pre-adult beetles B#t),_adult beetles %Jt), >vegetation v(t),
and the removal ~réte of dry dung D(t), and buried dung U(t), is
- rather too simplistic. vIn vreality the material  in | these

compartments  must still undergo decomposition before being
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converted into nitrates which can be taken up by plant roots. This
suggests that one needs to introduce time delays in these
variables. If discrete delay terms are included in the nitrogen

equation we obtain

N(t) ='gq(t-ﬂ) +'335t—g) + %p(tdg) + cy(t-T)

t ¢ U(t-T) - ¢ N(t)~c V(t)N(t)/[N(t)+N] - (1)
where T; (i=1,2,...,5) are measures of time lags.

These delays allow time for decomposition of dead material Dbefore
being converted into nitrates. An alternative to this would be an
addition of = one more differential equation describing
decomposition of dead material. To keep our model at a ‘managable’
size the number df eguations must be kept.at a minimum. One can
still sim?lify.equation (1) by reducing the number of delay terms.
A way of getting around the complication involvéd is to assume
that 'when decomposition takes place, the dead material is
converted into,what Wielgolaski (1973) calls an unavailable pool,
i.e. nitrogen not readily consumable by plants. This intermédiaﬁe
state caﬁ,be considered aé being the orgénié nitrogen which is"in
ifact an immogilized state. Thus ~ assuming a more realistic

distributed delay, equation (1) can be rewritten as:

N(t) = qB(t) + cR(t) + gp(t) + cy¥(t) + cU(t)

- QN(t) - qy(e) N(e)/IN(e)#gl (@
where N(t) =.j&0r)]<®*d dr S - (3)

" "k(s) 1is a delay kernel or a memory function which can be
- thought of as a distributing (or weighing) function of N.

The delay kernel is normalised as:

o0

Jk(s)-ds = 1. _ ' (4).

(o]
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This normalisation ensures that the equilibrium point of the
‘system with delay terms is the same as that of the instantaneous
system (M), | i.e. (E;e)B’e)g) R4 Ngjve)

remains an equilibrium point. Note that for the case
X(s) = d(s-T)
then N(t) = N(t-T) ,

which is a discrete lag. But for the present case k(s)

will be chosen as
k(s) = [s/T*] exp(-s/T) - (5)
‘with the averageilag T of the memory function

T ﬁ');~k(s)-ds = T
o —

It can be easily verified that equation (5) satisfies the.

requirement of equation (4). This kernel is shown diagrammatically

in Fig 6.1.
Figure 6-1. GENERIC DELAY KERNEL.
A
Telr- T . |
k(t)=[t/T?] exp(-t/T).
0 T ' t
~

The inclusion of the delay term in the nitrogen eguation

necessitates similar changes in the equation describing the net

rate of increase of green Qegetation. Instead of assuming that the

growth rate of green biomass is dependent on the instantaneous

4
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mass of nitrogen we should postulate a distributed 1lag in the
availability of nitrogen. Thus the new equation for the net éhange

of vegetation is:

U(t) = gv(t)[A(t)-v(t) /v, ] + [V(£)/A(t)IA(E) ~ ay(t)

- eHV(t)/LV(£)+ ] + eV (t)N(t) /[N (t)+y] (6)
where N(t). is as described‘in equation (3);

The memory function given above <can be said qualitavely to
represent the case when the maximum influence on growth rate
response of green biomass at any time- t 1is due to the soil

nitrogen concentration at the previous time t-T.

6.1.2. DELAY TERM IN ADULT-BEETLE EQUATION.

In the equation for the net growth rate of the bépulation of adult
beetles the mortality rate is taken to depend onvthe quantity of
fresh dung .available at one instant of time. Taking into account
the fact that beetles can survive long periods of starvation, a
replacement bf the instantaneous term of'fresh dung, F(t); by a
continuous delay term spread over a period of time can help
improve the model. Assume that the influence of the availability
. of fresh dung oh the death rate of beetles, at any time %, decays
exponentially as one moves backwards in time, i.e._if_F(t) is the

fresh dung with a delay term then
- - -
F(t) = SF(s)-G(t—s)-ds - (7)
. 2 .
where G(s) = a exp(-as) _ (8)

Thus the equation describing the rate of change of adult

beetles may be written as:



B(t) = gIBJt) - ngét) exp(—sz(t)) (9)
6.1.3. Delay in equation for Pre-Adult Beetles.

In this case the effect of intro&ucing a discrete delay in the:
term for fresh dung F(t) in the equation for growth rate _of
pre-adult beetles will be shown from thé computed fesults.
Consider the folloWihg instantaneous equation  for pre—aault'

beetles,
B(t) = laF(t)/[F(t)#E;]Ba(t)[1—Bz(t_)/BM]-gPL(t%ngB,('t) (10)

Assume that the birth rate of pré—adults, %(t), at time»t does ﬁoﬁ
only depend on fresh dung , F(t), instantaneously‘present at time
ﬁ, but also  on fresh dung that had been évailable the previous
day, i.e. at time (t-1). This allows ‘time for mating. Further
assume that F(t) will ﬁave a greater influencé on the birth rate
‘than F(t-1). Then in equation (10) F(t) will be replaéed by ﬁ(t)

where
F(t) = §F(t) + §F(t-1) | | (11)
with 5,+2,= 1, 2> 8,5 0. (12)

The restriction (12) ensures that the the equilibrium point of the
system remains unchanged from . the one obtained in the

instantaneous system of equations (M).
- 6.1.4. INITIAL CONDITIONS.

Assume, without much loss of generality, that before time t=0 the
fresh dung was constant, say F(t)=E, and that nitrogen was ‘also

constant, 1i.e. N(t)=N, for t<0. The observations were only started
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at t=0 and there is no way of telling about the behaviour of the
system before the instant t=0. The above assumption will only have
a great influence at low values of t, but in the long run it will

not affect the qualitative behaviour of the model.

Thus the nitrogen N(t) with a delay term can be evaluated using

equations (3) and (5) as:
o . o
TN(t) =.jif%t—s)-exp(—[t—s]/T)-N(s)-ds

-0

o : . t
= f’r”f"(t-s)- exp(-[t-s]/T)-N,ds + ’IT:/(‘t—-s)exp(—[t—s]/T)N(s) ds

-—0g

= N, [1+t/T] exp(-t/T) + T"S‘(t—s)-exp(—[t—-s]/T)-N(s)ds o (3)

Using the aboveyassumption, and equations (7) and'(8),'frésh

dung with a distributed‘Eime lag can be evaluated as :

' t
F(t) =SF(s)a.exp(¥a[t—s])-ds

) t
=f§~a-exp(—a[t—s])-d§ +.§F(s)a exp(~alt-s]) ds

+
= E exp(-at) + ajf(s)-exp(—a[t—s])-ds - - (14)



The final model with time delays can now be written below.

e
!

=k, B(e) /[P ()41 B(e)[1-8(£)/B_] - gB(t) - mp(t)
B,= g, B(t) - m,B(t) exp(-d,F(t))

F =oh(t)V(t)/[V(£)+Vg] - cF(t) - eyB(t)F(t)/[F(t)+E]

_15=¢F(t)—1§D(t) | - A (MF),
U = q, &, B(t)F(t)/[F(t)+E] - q%Uw
N = ¢, B(t) + ¢,B(t) + c,D(t) + c,V(t) + c,U(t)
,._"cev(t) f\f(t)/[ﬂf(t)msj - cSN(_t)'
V= g VR IAGE)-V(e) /] V(e /AT Ae) - avie)

- e Hv(t)/[v(t)%\é] + ¢, V(t) E(t)/[ﬁ(t)ms']'

1 - F(t) - D(t)

where A(t)

i

B(e) =GF(t) +5,F(e-1) , $+5,=1, 5> 5,%0.
t |
F(t) = fF(s)‘a;exp{}a(t—s)]-ds‘

t .
ﬁ(t)‘=_fN(s) T [t-s] exp[}(t—s)/Tﬂ ds

The equilibrium point of system (Mip) remains the same as the

one obtained for the instantaneous system (M ) .

. Thus  (By, Bes Fow L, U, N, % ) = EQUILIBRIUM POINT

()

6.2. LOCAL STABILITY ANALYSIS.

The system (ﬂg in a 1linearized form are 1listed below. ' Let



x(t)=B(t)-B, , x({t)=Bft)-B_, xa(t)——F(t)—E; , x(t)—D(t)--De

xs(t)*U(t)-tg ’ x(t)—N(t)—b{L . x(t)—V(t)-iV

>°<,(t) = —(gl+m‘)x\(t) * k|[1-2g2/5m]{g/[b;+b;]} x{t)

t K %; il—B&'/émug-'[E; /(gﬁ;)“] x(t)
}'cz(At)v = g, 'xl(ﬁl). - mzegp(?dz F?_)xz(‘t) + m,d,exp(-d, E)R(t)
| ,‘>'<3(t) ‘-—-. fegg/[g+§] x{t) - -@H\(,/[\4_+V5:|+c+e3'Bm}g/[E+1§ﬂx3(t) |
- [xHY, /(G+Y) Ix(t) + [mHAeVS/(.\/;+\§)z] x(t)
x{t) = c x(t) - b x(t) | | (M, )
}'{s(t.)¢ = q,e, E/[E+E] x(t) + [q e EieF/(fg+§ﬁ x{t) - q, ><5(t)

S k[t) = c,g'(lt).‘+ c, x(t) +c3.x,r(t) + c,xsgt)_— csxﬁ(t)

~Le v, 1y / (N#)° ]326(%;) - [ N, /() - ¢, 1%,

{

(t) = [e 4 & /{Ac (B+E)[] x(t) - [oy- el /{a. (40}
- e, B LB /P (R x(t) - [ov - by /A
- &XH V, /{AQ(V&+\é)j] x(t) + [g VENS/{NJL@SJ xit)
~ [q, +0H Y /{v@vs'jﬁ gizv;/vm— Ae_} + e, HY, /(‘é+\g)"‘
~e, Mo / [N} x(t)
‘where: A,=1-E=-0D,

. ‘
?;t)=.jgés)a exp[}a(t—s{} ds

x(t) -ﬁfx(s) T {? é} exp[-(t-s)/T] ds

-0

To analyse the local stability of the system of equations (M ) we

employ the technique called the “linear chain trick', (Macdonald,
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1978). Given a system of equations
ax/dat = f£(X,z) s (15)
where X 1is a column vector and z is one of the variables
g,;..,g1) but with a delay term. Then if, say
_ + . o
z(t) = J;éu)-G(t—u)-du

and the delay kernel G(u) is chosen such that it satisfies.
G(u) =(§(u) = [é”bb/@n)]'exp(—au)  (16)
‘then equation (15) is supplemented by the equations

- dz/at

A

a [y-z]

" | ; ' | )

.

vv.dv/dt a [x-vl,

ai£UWith (p+1) extra equations in all. Each- of these additional-
' -equations is linear, and each links two successive members of a
- chain of variables starting with z and ending with X, . For a full

discussion of this method see Appendix C.

. .

In the case of our model we have for E}t)=.fg§s)a exp[—a(t—s)]ds
- ~30

that the memory function, using the notation of equation (16), is

givenlby
]
G(u) = q!(u)

and this means that we must add one extra equation to the

model. Let Két)=?§t),: then the extra equation is

5(t) = a [x(t) - x{t)] - (18)



In the case of Xk(t) = Jiés).Tﬁ[t—s]-expt—(t—s)/T] ds

the memory function G(u) can be said to be

G(u) = Gi(u) ,

i.e. p=1l, and a=1/T.

Thus in this case we need two extra equations. Let X = X or

t : _
-1
xq==Ixés)-T-exp[—(t—s)/T]~ds . Hence the equations

5(6) = T Ix(t) - x(t)] | (19)
A(t) = T [x(t) - x{t)] | (20)

are two extra equations added into the systemv(ML)._Combining eqts
(M.), (18), (19), and (20) we get an equi&alent lineafizednform of
system Y(MF ). This new system has 10 variables. Further stabilityu
analysis is ddﬁé uéing pgrticular values Vof' parameters. TFor a

general system of this size it 1is impossible to proceed

analytically.



PART TWO

Presentation of Computed Results
and

Conclusion.



CHAPTER SEVEN
RESULTS OF THE INSTANTANEOUS-MODEL
Because the model 'was not developed for a particular grazing
system and, very few values of the parameters could be obtained or
approximatea from published datag we were mainly interested in the
qualitative behavioﬁr of the model at different levéls of grazing.
In this éhapter the general results of the instantaneous model
(S.Mj will be given. The values of the coﬁstants used are 1listed
in Table 7-1. Section (7.1) discusses briéfly the method of
solution and the‘computer program used in solving system (5.M). In
section (7.2) webconsidef tﬁe basic model (2.M) consisting only of.
the three componéﬁts green vegetétion, fresh apng, and dried '‘dung.
The results of the -accumulation of dung bn the pasture at
différent herbivore densities are given. ~ In section (7.3) we
consider the same model but with .the addition ofla-nitrogen
',equation. Thus in this séction we present the results of a grazing
system (S.Mf but keeping the population of dung beetles at zero.
General results of tﬁe ﬁodel with all the seven state variables
are given. in section (7.4). The chapter is concluded with-the

sensitivity analysis of parameters.

7.1. METHOD OF SOLUTION

In PART I we developed a model of grazing systems with dung
‘beetles consisting of a set of nonlinear ordinary differential

equations which can be written in a general form below as:

¥ = £(t,X) (1)

where Y = (X,%, ca ,xf- and £ = (ﬂ’%! NS 4
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The éolution of a system of the form (1) can, if not too “stiff“;
'be- computed accurately using Hamming's vmethod. Hamming's
predictor~corrector methoa employs the foﬁrth—orderz Milne method
predictor; the' téchnique of modifying both the predicted and the
corrected value of of the solution for the the fourth—-order Milne
method ~ is wusually followed. This method of computaﬁionb is

explained in Carnahan et al. (1969).

The éohputér program that was used in solving the equations of
system (5.M) calls Qn‘the fourth-order Runge-Kutta function RUNGE
to find the_necéssary starting.values for Hamming'svalgorithm and,
.thereafter, callé on Hémming's function HAMING +to calculate
estimates of Yy ~ and _dz/dt ‘on the time interval [o,t 1. The
function RUNGEféeneratesmﬁhe.fifst 3 values 'y(g),ry(%);'and y(%).
The multi-step function HAMING cannot be called directly when t=t,,
. Since RUNGE implements the fourth-order Runge~Kutta method, the
soiutions computed.using this function should be comparable in
accuracy wiﬁh the solutidnsjgenerated by the predictor-corrector
algorithm, which is also of the fourth-order. A disadvahtage of
the Runge-Kutta process applied to a set of equations is its

possible instability.

The program hasthO subrouﬁines, DEFINE and PLOTER. The equations
of the model ére defined in subroutine DEFINE. Subroutine PLOTER
‘calls-on the CALCOMP SUBROUTINES for the plotting of graphs.
The listing of the program for the instantaneous system (5.M) is

given in Appendix D.

7.2. RESULTS OF THE MODEL (2.M)

Model (2.M) contains the variables of green vegetation, fresh dung
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and dried dung. In thié section we comparé the résults obtained by
varying the herbivore aensity. It was assumed that the maximum
biomaés of vegetation is 100 units (kg) per unit area (acre), i.e.
V =100 kg/acre. Figures 7.2, 7.3, and 7.4 give graphs obtained by
varying the stockihg rateé. Thesé graphs respectively.represent
undergrézing, overgrazing to a.low vaiue of. vegetation V, and and
overgrézing leading to extinction of V.. Corresponding areas

blanketed by dung (fresh + dry dung) are also shown in these

graphs. Herbivore densities (H) in these cases are respectively

0.3300, 0.6315, and 0.8000 animals per.unit area (acre).

As the densiﬁy of hérbivore population; i.e. the grazing level, is
increased 'from  ééro,'the steady state valués of the area covered
by dung also iﬁcreased from zero until it reached é ma ximum at
'v H=0.640 . A further iﬁcrease in herbivbre density resulted in
substantial decreases of the area covered with dung. For values
of H 3 0.628 we éet overgrazing leading to eXtihgtion. Hence
the steady staté'valuesiof the co;responding éréas covered With
dung will- be zero. An interesting fact which'can be deduced from
‘this 1is that it 1is. impossible to havé the whole area of
.pastureland covered with dung. A graph showing the relationship
between herbivore density and the resultant = steady = state

- percentage area covered with dung is given in figure 7.1 below.
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The values of the parameters used in the model are listed in Table

7-1 below:

The value of the herbivore density (H) was varied from time to

time.
Table 7-1. VALUES OF THE PARAMETERS USED IN THE MODEL.
k[ Fé g\ _ ml m2 da D( VS‘
.81 ] .01 | .08 | .04 .25 | 6.9 .038 | 20.~
c e, b q, e, a, g Y ax e,
.20 {.001 05 |1.4 1.9 26 .06 100. 013
B I
c, c, S, c, G c c, N, J,
Ky - =~ . =3 .
1x10° 1x1&| .052| 1.2x10| O. I 1x10 .33 1.5 0.
i .




7.3. MODEL (5.M) WITHOUT BEETLES.

The absence of dung beetles frqm system (5.M) implies that there
will be no burial of dung, thus reducing the number of state
variablesv from 7 to 4. The present model differs fromvthe basic
model (2.M) of grazing systems in that a nitrogen equation has-now
‘been - added. "In this section we shall only compare the changes

"resulting from the addition of the nitrogen equation.

The addition of the nitrogen component did not change the
: qualitative Dbehaviour of the system. The ohly difference is that"
green'vegeta£ionAréfléctéd a higher levei of growth. A general
increase of dqﬁé' oﬁ the ,pasfureland was also reflected in the
results. This ihcrease can be explained in terms of fhe increased
food (i.é.' ~vegetation) for herbivores which in turn means that
more fresh dung is being deposited on the oﬁ the surface of the
grazing land. . Figure 7.HQgives graphs showing changes br shifts
of both the vegetation ‘biomass and the percentage area the
percentage area of the_flost‘pasture" resulting from the inclusion
of nitrogén equation..The graphs drawn with ﬁhe dotted 1lines
,indicaﬁe the situation‘obﬁained after the addition of the'nitrogén-
equation, while graphs with solid lines give' results of the 3

component model (2.M).
7.4. GRAZING SYSTEMS WITH BEETLES.

Thé inclusion of beetles into the model (S.M) of grazing systems
contributed much in the.removal of dung'and, thus, making 1large
areas of the lost pasture available for plant growth. At low
herbivore densities the general shape of graphs of the variable V

did not change from that obtained for a case where the beetle
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population was kept at zero. The only difference was vthat steady

state values of V were generally increased.

The effecf observed in choosing various initial values of staté
variables was that the steady state values " remained unchanged.
Hence from this it caﬁ be deduced that the system has a unique
point of equilibrium. All the variables, but nitrogen, rapidly

approached steady state.

As the herbivore density (H) was steadily increased, steady state
‘values of V decreased and F increased. The steady state values

of B, and B, also increased. Such an increase can be said to
have resulted from the increased incoming fresh dung because of
the added herbivores. A higher level of fresh dung means that a

greater number of beétleé can be maintained. Figures (7-6) and

(7-7) show the behaviour of V and B, at different herbivore

densities.

At a high stocking rate the dung beetle population increased to a
- level where all the -incoming. fresh duhg couid be finished. F
stérted oscillating. These oscillétions were passed to the rest of
state variables. Further increases in H magnified ' these
oscillations. Overgrazing leading to the extinction of V was
observed for all H>i.0237 This - shows an improvement in the
carrying capacity of the grazing land. In the ébsence of beetleé
the carrying ‘éapacity “of our grazing system was predicted to be
_7H=0.897. Thus showing an improvement of about 14% in the carrying
capacity of the grazing land. Figure (7-8) gives graphs showing
the pefcentage area,co?ered by dung, at different stocking. rates

(H) in both the absence and the presence of beetles.
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7.5. SENSITIVITY ANALYSis.

The method of Sensitivity analysis used in this section is the
‘most rudimentary. All that was done was to introduce a ld% change
in the parameter values of the model. Because of the size.of the
model, only a limited number of parameters wére chosen for
invgstigation. The reason for doing this analysis was just to Vget
an idea éf the relative sensivity of the model output to each of
the parameters chosen. In.Table (7-2) we give pexcentage changes
that were observed in the steady state .valﬁes of the sfate
variables when the pérameters were either increased or. decreased

by 10%, one parameter at a time.
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Table 7-2. RESULTS OBTAINED BY INTRODUCING A 10% CHANGE.

PARAMETER  AV3 AB% AFS AU ANS
X+10% .085 10.201 -9.475 -0.311 .024
k-10% ~.966  -13.360 19.334 . 4.730 ~1.671
g+10% .230  4.075  -4.737  1.199 .186
g-108  -.294 ~4.704 - 6.146  -1.487 ~.259
m+10% ~.278 ~4.254 ' 5.634 -1.354 ~.493
m-10% .267 4.500 -5.250 1.310 6.584
m#10% -.851 -12.121 17.285 -4.219 ~1.260
m-10% .021 . 11.408 -8.451 2.287 1.035
4+10% .043 - .708 ~-.768 2.220 .064
d-10% ~-.161  -.708 .896 -1.998 ~.065
or+10% - . 480 11.980 0.0  11.992 9.242
o-10% ~.483 -11.959 0.0 ~11.947 -8.814
c+10% -.400 ~2.334 0.0 . -2.331 ~.676
c-10% ~ .400 2.339 0.0 2.373 .675
b+10% .294 .414 0.0 .422 .676
b-10% -.360 - -.503 0.0 ~.488 -.833
et 10% -.018  -9.095 0.0 0.0 -.333
e-10% .021 11.120 0.0 0.0 .410
g+l0% - .265 -.068 0.0 0.0 -.140
g-10% ~.327 ~.068 0.0  ~-.066 .233
e+10% - -1.043 ~.220 0.0 —.222 .745
e~10% 1.024 .215 0.0 o .222 ~.714
e+10% .737 .157 0.0 .115 ~.516
e-108% ~.743 1 ~.152 0.0 ~.155 .528

7.5.1. SUMMARY OF THE RESULTS.

Perturbatibns of the parameters g,¢, and c “induced small changes
in the steady state values of the system. Although e, induced
little changes in most variables, B, and B, showed large changes.

The components of B, B, F, and D seem to be very sensitive to
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changes in the paraméteré K g: M. and m, The greatest changes of
the model output were observed when the perturbations were
introduced into the parameter k. Thus an extra care wili be
required in determining the value of K- Changes in d, resulted in

very little changes of the model output.

When Was perturbed by 10% the .variables B, B, U, and N
underwent \changes of about 12% each, while both F and D remained
unchanged;.This is an interésting result whichv means that, say,
increasihg the relative arrival réte fresh dung will not resulﬁ in
dung accumulating to a higher level. Instead, what will happen is
that the _population of beetles increases and, thus resulting in

more dung being buried underground. This in turn increases soil

nitrogen.



CHAPTER EIGHT
RESULTS OF THE MODEL WITH TIME LAGS.
In this chapter we present the computed results obtained for the
model (6.M) of a grazing system with time delays. As in cﬁapter 7
our main ihtefest will still be in the changes of the qualitative

behaviour of the system due to the addition of delay terms.

The iisting-of a modified program is given in Appendix E. Because
vchanges were only made in the subroutine. DEFINE, only this
subroutine.is listed;vIn addition a function GAUSS, which performs
numerical integration, is also included. The use of this function
was necessitated by the fact that the model (6.M) involves
integro—differeptiéi equatibns. GAUSS calls on the functions
FRESHD and FﬁITRO to . .approximate values F and N, respectively

using linear interpolation.

8.1. MODEL WITH DELAY TERMS.

At low herbivore densities (H%0;33) the addition of time delays in
the system did not change the Dbehaviour of the system. Steady
state values remained unchanged.vBut as the average time lags of
the variables N and F, as defined in equations (6.3} andv
{(6.7), were 'iﬁcreased some oscillations -were. observed at the
steady stéte_ conditions of the rsystem. At high herbivore
densities (H=0.80) the inclusion of time delays into the system
resulted in changes of steady values of Qariables. | Firstly,' the
addition of a time lag (as in equation [6.9]), in a function of

beetle mortélity rate, resulted in the steady state value of adult
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beetles B, attaining a lower’value. The oscillations at steady
state were magnified in B. The steady state values. of the other

variables showed minimum changes.

When a second delay term was introduced in equation (6.10),in a
function F of the birth of pre-adult beetles, again the steady
state values ofvali the variables, except B, and '% P résultedvin
Qery‘small chénges. For all Sl and aﬁ, satisfying §>§30, the new
steady stéte levels of B and B increased to higher values than

that predicted by the instantaneous model.

“When a third delay term was ihtroduced into the soil-nitrogen.
varible N; as 1in equations (6.2) and (6.6), the steady state
valuesrof the syg£ém with 3 deiay terms did not show any changes
from the the éne obﬁained for a system with 2 delay terms. As the
average lag T=T was increased it was observed ﬁhat the level of

N showed some very small increases.

"In figure (8-1) a gfaph is given showing changes in the steady
state values of the adult beetle variable B, at a herbivore density
H=O.80. For this particular case we chose the average lag fof N as
T=3.0, ﬁhe average lag for F was T=1/a=2.0. In the case of a

. ‘ » - A !
discrete lag in F we used 9z0.6 and 350.4.
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CHAPTER NINE
~ CONCLUSION.

In this last chapter we shall conclude by giving a summary of the

results obtained in the computation of the model.

9.1. SUMMARY OF THE RESULTS.

The model shows a high degree of stability. At all herbivofe‘
densities(H) the state variables rapidly approached a steady
state. At- high grazing, 1in the absence of beetles, the system
approaéhed an oscillatory steady state. With the addition'qﬁl time
delay terms in the system (6.M), the oscillations were decreased.
The variables B, and B, describing both beetle life stages, proved
'té be very sensitivenwto the addiﬁion of time 1ags;.Thé other

‘parameters showed very small changes.

An interesting fact deduced from the model results is that it is
impdssible to.have the whole area of pastureland covered with dung
- even in the absence of dung beetles. Befqre such a‘ situation
can arise the green vegetation will have been.ove;grazed to
extinction. The addition of beetles élso showed an improvement bof

about 14% in the carrying capacity of the pastureland.

9.2. CONCLUSION

Although  most parameter values used resulted from the

"guesstimates" made by the writer, useful conclusions can still be

drawn from the prédictions of the model. The results of the model
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confirm the benefits of the addition of dung beetles into é
herbivore—grézing system. The removal and burial of fresh dung by
beetles results in an improvement in the carryihg capacity of a
grazing land. An increase of the herbi§ore popﬁlation also
results in the level of beetles increasing..Increasing thé rate of
the arrival of fresh dung will not necessarilly result in the
~accumulation of dung on bthe pastureland, 1instead the beetle

population may increase to balance the increased fresh dung.

Thé simplifying aésumptions and approximations that have been made
in the formulation of the model limits the applicability'of the
predictions of the model to situations where the environmental
variables and seasonal weather chanées are (almost) constant. By,
éay, making use of the Noy-Meier's(1978) model of seasonal
péstures,‘ the present_wmodel can be méde to be more realistic.
Noy-Meier's model describes biomass dynamics in pastures that are
grazed continuously throughout a limited growing seasén. Further
developments which can still be added iﬁ the model are predators
of beetles, e.g. toads. In the case of the Australian situation
~the model hay be extended to include the effects of beetles on the

breedihg and abundance of the bushflies.



APPENDIX A

ROUTH-HURWITZ CRITERION
1.1.1. DEFINITION:

The equation p(s)=0 1is called the characteristic eqdation. The
polynomial p(s) is called the characteristic .polynomial.

Consider the.characteristic polynomial
p(s) = pns" + pn_IS”"+ .eso + Pps +p - py> 0.

The choice of RgQ_minimize a lot of sign arithmetic. If the zeros

z,, 2 , «++., 2y of p(s) have negative real parts, then all the

{ E3 ) _"7
coefficients p, . p ,Q:,NZ.. » P, have the same sign. This follows

from the fact that the ratios :

&:— Z-ZL' ‘v
. R
B = + ?ZZZL%J
B L#)
,E; = (-1) z,z,. . . z,
2 _
are positive and hence p;> 0 for i=1, 2, . . . , n.

This condition is necessary but not sufficient.

Consider the square matrix of order n :



rRH rhb Bs e e 0

Pn Poy Py - - . O

0 Py, Pas ¢« 0
H=1]0 P, Pra e e 0
. 0 j o o e 0

. . P, .

-0 0 0 « e joX

H is called the Hurwitz matrix. The index of the coefficients

increases by 1 along a column and decreases by 2 along a row.

The element

o {%wvy if 0 < i-2j < n

c‘l
J 0 if i < 2y or i-2j>n

The principal minors of the square matrix A

The principal minors of a square matrix A , with ay an ijtﬁ

-element of A and 1i,3j=1 to n, are the following determinants:

D= [aq ,» D= . e o e e g Aq,= det(A).

THEOREM
A necessary énd sufficient vcondition for the polynomial p(s) to
have zeros with negative real parts only is .that the Hurwitz
Determinants - (principal minors) Dy > 0 for k=1,2,...,n . The

proof is given in Willem's (1970)



APPENDIX B

LIAPUNOV STABILITY THEOREMS
2.2. Theorem 1

The null solution of the system g=£(§) is établé if tﬁeré is
some 'ﬁeighbourhood of the origin where a positive definite
function V(X) exists such that its derivative G(z) along the
solutions of |

i=£(§) is negative semi-definite.
2.3. Theorem 2

The null solution of the system g=§j§) is asymptotically stable
if there is some neighbourhood of the origin where a positive
definite function “V(z) exists such that its derivative V(X)

élong solutions of g=£(§) is negative definite.
2.4. Theorem 3

If the conditions of theorem 2 are satisfied for every X and 1if
V(X) is radically unbounded, then the null solution of X=£(X) is

asymptotically stable in the large.

In practice it is very difficult in finding a V(X) satisfying

conditions of theorem 2 and theorem 3 and, hence, these conditions



2-2
may be relaxed slightly. We shall give a theorem 2 below with the

above conditions slightly relaxed.

' 2.5. Theorem 2'

The null,éolution of the autondmous system

%=£0 o (1)
‘is asymptotically stéble if in some region R of the origin, -
there is a .positive definite. function V(z) such that 1its
aerivative ﬁ(g) alohg sblutions‘of (1) is negative definite in R
and such that V(g) does not vanish identically along any sbluﬁion

of (1) in R other than the null solution.



APPENDIX C.
THE LINEAR CHAIN TRICK (MacDonald, 1978)
The 1idea of" replacing delay by an 'extension of the set of
variables lies behind the policy of setting down conditions under
which a set of equations with delays is equivalent_to a dynamical
system, -that is to say tola éet of differential equations. Witﬁ a
special choice of memory function thisvapproaéh gives a convinient
method of dealing with delays.'Magdonald derives "the linear chain

trick" as follows :

Assume we start ~with an instantaneous equation  for a set of

variables xit)

X'L_—_ gé}{l’ ¢« o & .}E;‘)' i=l, . v a ',n‘ . (l)

and we introduce a distributed lag in one term of one of these

equations, so that the k'th equation becomes

. §k= é_\;k(xl, "xrn’im' . xn) ‘ v (2)
To= [x(%) 6(t-) de o (3)
.G(u)v= Gglu) = a”iup exp(—au) : (4)

where a 1is a positive number and p is a positive integer or

zero. Then 1is clear that

It
o

(a) Gy (o)

(b)  G4(0) = 0, p=0



(c) G;(O) = a.

Renaiming X,, as &“Pf and defining new variables gwﬁo &&Pas

£ .
%o fxm('z) G (t-7) aw

~the results (a,b,c) imply that the new variables satisfy a

satisfy é'sequence of linear ordinary differential equations

Xng= @ [gw: me , j=2, ... p+l,

X = L
Xow 2 LXpT X,

1 S (5)
. Supplementing equations (1) and (2) by the set (5) is equivalent

to using (3) and (4), provided that the new variables are given

appropriate initial values.



APPENDIX D

LISTING OF THE PROGRAM

C*********************:k**-k*******************************

C*
C*
C*

*

HAMING'S ~ PREDICTOR-CORRECTOR METHOD *
*

C********************************************************

o NeNeNeNeNeNoReReNoRe oo ReRo e

[ONONQ!

THIS TEST PROGRAM SOLVES A SYSTEM OF N FIRST-ORDER ORDINARY
DIFFERENTIAL EQUATIONS USING THE HAMING PREDICTOR-CORRECTOR
METHOD. THE PROGRAM READS A STARTING VALUE FOR INDEPENDENT
VARIABLE,X, THE INTEGRATION STEP SIZE,H,THE UPPER LIMIT OF
INTEGRATION,XMAX,AND N INITIAL CONDITIONS YR(1l),...,YR(N)

Y AND F ARE MATRICES CONTAINING SOLUTION AND DERIVATIVE

" VALUES. TE(J) IS THE TRUNCATION ERROR ESTIMATE FOR THEJ'TH

CORRECTOR EQUATION. COUNT IS THE STEP COUNTER.

THE FUNCTION RUNGE IS CALLED TO INTEGRATE ACROSS THE FIRST

- THREE STEPS AND YIELDS THE STARTING VALUES NEEDED FOR HAMING-

METHOD. THEREAFTER, THE EQUATIONS ARE INTEGRATED USING ALTERN-

- ATLY THE PREDICTOR AND CORRECTOR PORTIONS OF THE FUNCTION

HAMING.

REAL K1,M1,M2,NS,NITRO(402),NO
REAL DAY(402),GREEN(402),DUNG(402), BEETLE(402}
INTEGER COUNT, RUNGE, HAMING

DIMENSION TE(20), YR(20) FR(20) Y(4,20),F(3,20), FFR(ZO),
1 FRR(20),YCOP(20) '

COMMON_/SETl/ Kl,FS,Gl,Ml(MZ,DZ,ALPHA,HBV,VS
COMMON /SET2/ C,E3,B,Q1,El1,Q2,G,VMAX,E2
COMMON /SET3/ Cl1,C2,C3,C4,C5,C6,C7,NS,D1
COMMON /SET4/ FRDUNG(402),F0,AT

COMMON /SET5/ X,H

COMMON /SET6/ NITRO,NO, Tl

—-—— READ IN PARAMETERS AND INITIAL CONDITIONS

READ(3, *)X, H,XMAX, INT,N, (YR(J),J=1,N)
READ(3,*) K1l,FSs,G1l,M1,M2,D2,ALPHA,HBV,VS
READ(3,*) C,E3,B,Q1,E1,02,G,VMAX,E2 .
READ(3,*) C1,C2,C3,C4,C5,C6,C7,NS,D1 -
AT=0.5

T1=3.0



C ~-—= PRINT PARAMETERS, HEADING AND INITIAL CONDITIONS

WRITE(5,300) Kl1,FS,Gl,M1,M2,D2,ALPHA,HBV,VS
WRITE(5,300) C,E3,B,Q1,E1,Q2,G,VMAX,E2 -
WRITE(S5, 300) C1,C2,C3,C4,C5,C6,C7,NS,Dl1
WRITE(5, 200)H,XMAX, INT,N, (J,J=1,N)
WRITE(5,201)X, (YR(J),J=1,N)

JET=1

DAY(1)=X

FRDUNG(1)=YR(3)

FO=YR(3)

NITRO(1)=YR(6)

NO=YR(6)
DUNG(1)=(YR(3)+YR(4))*100.0
BEETLE(1)=YR(2)

"GREEN(1)=YR(7)

INITIALIZE STEP COUNTER AND FIRST ROW OF ¥ MATRIX
—-—- SET TRUNCATION ERRORS EQUAL TO ZERO.

NN
| .
|
1

COUNT=0

DO 2 J=1,N
TE(J)=0.0 .~
Y(4,3)=YR(J)

CALL RUNGE TO INTEGRATE ACROSS FIRST THREE STEPS.

wONOOn
|
|
|

’ IF(RUNGE(N YR,FR,X,H) .NE. l)GOTO 4

CALL DEFINE(YR FR,N X)
. GO TO 3

—-——- PUT APPROPRIATE INITIAL VALUES IN THE Y AND F MATRICES.

OO0

COUNT=COUNT+1
ISUB=4-COUNT
bo 5 J=1,N
5 Y(ISUB,J)=YR(J)

CALL DEFINE(YR,FFR,N,X)
55 F(ISUB,L)=FFR(L)

p | .
'C -—--  PRINT SOLUTION AFTER EVERY INT STEPS.
C
6  IF(COUNT/INT*INT.NE. COUNT) GO TO 7
- JET=JET+1
IF(COUNT.LE.3) JIL=ISUB
IF(Y(1,3).LT.0.0) Y(1,3)=0.0
IF(COUNT.GT.3) JIL=1
. WRITE(5,202)X, (Y(JIL,J),J=1, N)
. DAY(JET)=X
FRDUNG (JET)=Y(JIL, 3)
NITRO(JET)=Y(JIL,6)
DUNG(JET)=(Y(JIL,3)+Y(JIL,4))*100.0
BEETLE (JET)=Y(JIL,2)
GREEN (JET)=Y(JIL,7)
C : S
C ~—- IF X EXCEEDS XMAX, TERMINATE INTEGRATION.

C



Z .IF(X.GT.XMAX—H/2.)GQTO 1

g ——————— CALL RUNGE OR HAMING TO INTEGRATE ACROSS NEXT STEP.
) IF(COUNT.LT.3) GOTO 3 | | |
g—-——f—-"ALL HAMING (PREDICTION OR CORRECTION)

8 M=HAMING(N,Y, F,X,H, TE)

DO 88 L=1,N
88 YCOP(L)-Y(l L)
CALL DEFINE(YCOP, FRR, N X)
boO 93 L=1,N
93 F(1, L)—FRR(L)
" IF(M.EQ.1)GOTO 8

c
¢ - INCREMENT STEP COUNTER AND CONTINUE INTEGRATION.
COUNT=COUNT+1
GOTO 6
C .
C ****  FORMATS FOR INPUT AND OUTPUT STATEMENTS.
C o , .
100 FORMAT(5X,Fl10.4,10X,F10.6,12X,F10.4/5X,15,15X,12/
1 (20X,4F12.5)) . _ :
200 FORMAT(10H1H = ,E15.3/10H XMAX = ,F12.4/10H INT =
1 1I7/10H N = ,I7/1HO/,5X,1lHX,10X,7(2HY(,I2,1H),10X))

201 FORMAT(1HO,F10.4,7F14.5/(1H ,10X,4F14.5))
202 FORMAT(1H ,F10.4,7F14.5/(1H,10X,4F14.5))
300 FORMAT (5X, 12HPARAMETERS ,10F10.3)

C
C : )
1 CALL PLOTER(DAY,GREEN,DUNG, BEETLE)
STOP
END
C
C .
ChkkkkkhkkhhkhhdhhhdhkhhhhhrrkhhhkhhhhhhhhhhhFdhrhdrss
C* *
FUNCTION HAMING(N,Y,F,X,H,TE) .

C**********************'k**************‘**********v*

C A
IMPLICIT REAL(A-H,0-Z) -
REAL Y,F,X,H,TE
INTEGER HAMING
LOGICAL PRED
DIMENSION YPRED(20),TE(20),Y(4,20), F(3 20)
DATA PRED /.TRUE./

C ‘ :
c —-—- IS CALL FOR PREDICTOR OR CORRECTOR SECTION
e :
IF(.NOT.PRED) GOTO 44
C .
C --- PREDICTOR SECTION OF HAMING
c -— COMPUTE PREDICTED Y(J) VALUES AT NEXT POINT
C .

po 11 J=1,N
11 YPRED(J)=Y(4,J)+4.*H*(2. *F(l J)—F(2 J)+2*F(3 J))/3.



C . .
Cc - UPDATE THE Y AND F TABLES
C :

DO 22 J=1,N

DO 22 K5=1,3
K=5-K5 ’
Y(K,J)=Y(K-1,J)

22 IF(K.LT.4) F(K,J)=F(K-1,J)
C .
C -—- MODIFY PREDICTED Y(J) VALUES USING THE TRUNCATION
C ---  ERROR ESTIMATES FROM PREVIOUS STEP.
'DO 3 J=1,N
3 © Y(1,J3)=YPRED(J)+112.*TE(J) /9.
- X=X+H
C
cC --- SET PRED. AND REQUEST UPDATED DERIVATIVE VALUES
PRED=.FALSE.
HAMING=1
RETURN
o | ,
C ---  CORRECTOR SECTION OF HAMING
C -—- COMPUTE CORRECTED AND IMPROVED VALUES OF Y(J) AND
cC --- SAVE TRUNC. ERROR ESTIMATES FOR CURRENT STEP
44 . DO 55 J=1,N

Y(1,3)=(9.*Y(2,J)-Y(4,J)+3. *H*(F(l J)+2.*F(2,J3)-F(3, J)))/8.
, TE(J)=9.*(Y(1,J)-YPRED(J))/121.
55 Y(1, J)—Y(l J)-TE(J)
C

C --- SET PRED AND RETURN WITH SOLUTIONS FOR CURRENT STEP
PRED=.TRUE.
HAMING=2
RETURN
END
C.
C .
C****_**********************************-**********
C* *
FUNCTION RUNGE(N,Y,X,H) ‘ .
c* _ *
C************************************************
G
C

IMPLICIT REAL(A-~H,0-~Z)

REAL Y,F,X,H

INTEGER RUNGE

DIMENSION PHI(50),SAVEY(50),Y(20),F(20)

DATA M/0/
C
M=M+1
Go TO (1,2,3,4,5),M
C .
C ittt anns PASS 1l....... Ch e .
C
1 RUNGE=1
. RETURN
C
C otitrerinnnnannnns PASS 2..... e et .
C

2 DO 22 J=1,N



SAVEY(J)=Y(J)
PHI(J)=F(J)

22 Y(J)=SAVEY(J)+.5*H*F (J)
X=X+.5*H
RUNGE=1
RETURN
C
C ittt ittt PASS 3. ..c0unu. Cher e
C .
3 DO 33 J=1,N
PHI (J)=PHI(J)+2.*F(J)
33 Y(J)=SAVEY(J)+.5*H*F (J)
' RUNGE=1
RETURN
C
C tvvieneenannneannnns PASS 4...... e Ceree .
4 DO 44 J=1,N
PHI(J)=PHI(J)+2.*F(J)
44 Y(J)—SAVEY(J)+H*F(J)
X=X+.5*H
RUNGE=1
- RETURN
C o
C ot ittt iernenaeaans PASS Bt i iiiee sttt rennennnnsan .
C
5 DO 55 J=1,N -
55 Y(J)—SAVEY(J)+(PHI(J)+F(J))*H/6.
M=0
RUNGE=0
RETURN
" END
C
o
C*********************************************************
o* C ‘ . : *
SUBROUTINE DEFINE(Y, YRATE,N,TIME)
* .ok
hhkhkhkhkhkkhkhhkhkkhkkhkhkkhkkhkkhkhhkkhkkhkhkkhkhkhkhkhhkhrhkkhkhkhkkhkhkhkhkhhkhkhkihhkkhkdxkhkkkhkk%
THE SYSTEM OF EQUATIONS (5.M) IS GIVEN IN THIS SUBROUTINE

oNONONPNES)

REAL K1,M1,M2,NS,NDELAY,NO,NITRO(402)
DIMENSION Y(20),YRATE(20)

EXTERNAL FUNCTN,GAUSS

COMMON /SET1/ K1,FS,Gl,M1,M2,D2,ALPHA, HBV,VS
COMMON /SET2/ C,E3,B,Ql1,E1,Q2,G,VMAX,E2
" COMMON /SET3/ C1,C2,C3,C4,C5,C6,C7,NS,D1
COMMON /SET4/ FRDUNG(402) FO,AT

COMMON /SET6/ NITRO,NO, Tl

Y(7)=GREEN VEGETATION(V).

C ' :

C NOTE THAT: Y(1)=ADULT BEETLE(Bl); Y(2)=PRE-ADULT BEETLE(B2):
cC Y(3)=FRESH DUNG(F):; Y(4)=DRY DUNG(D):

C Y(5)=BURIED DUNG(B); Y(6)=SOIL NITROGEN(N):

c

IF{(Y(3).LT.0.0) Y(3)=0.0
FRESH=Y(3)/(Y(3)+FS)
TRATE=Y(6)/(Y(6)+NS)
VEG=Y(7)/(Y(7)+VS)



AREA=1.0-Y(3)-Y(4) ,

YRATE (1 )=K1*Y(2)*FRESH-(G1+M1)*Y(1)
YRATE(2)=G1l*Y(1)-M2*Y(2)*EXP(-D2*Y(3))
YRATE (3 )=ALPHA*HBV*AREA*VEG~C*Y(3)-E3*Y(2)*FRESH
YRATE(4)=C*Y(3)-B*Y(4)
" YRATE(5)=Q1*E3*Y(2)*FRESH~-Q2*Y(5) :
YRATE (6 )=C1l*Y(1)+C2*Y(2)4+C3*Y(4)+C4*Y(T7)-C5*Y(6)
1 ~C6*Y (7 )*TRATE+C7*Y(5)
DADT = -YRATE(3)-YRATE(4) _
YRATE(7)=G*Y(7)*(AREA-Y(7)/VMAX)+DADT*Y(7)/AREA
1 . =E1*HBV*VEG+E2*Y(7)*TRATE+D1*Y(7)
RETURN o :
END
c
C

C************************************************
C* : : *
SUBROUTINE PLOTER(DAY,GREEN,DUNG, BEETLE)
C* » *
Chxxhhrhhhhrhrhhhkdrrhxkhkrhrkrhhhrhhxhhdhkrhkxhkrk

THIS SUBROUTINE CALLS ON THE CALCOMP SUBROUTINES
TO PLOT GRAPHS.

annNnanoan

DIMENSION DAY(402),GREEN(402),DUNG(402),BEETLE (402)
CALL NEWPAG :

CALL PAGSIZ(28.0,20.0)

CALL FACTOR(2.0)

CALL PLOT(0.5,0.5,-3)

CALL AXIS(0.0,0.0, 'TIME IN DAYS',-12,12.5,0.0,
1 0.0,32.00)

CALL AXIS(0.0,0.0, 'VEGETATION BEETLES DUNG’,23,
1 . 8.0,90.0,0.0,12.50)

DAY(401)=0.0

DAY(402)=32.0

GREEN (401)=0.0

GREEN (402)=12.5

DUNG(401)=0.0

DUNG(402)=12.5

BEETLE (401)=0.0

BEETLE(402)=12.5 ,

CALL LINE(DAY,GREEN,400,1,10,51)

CALL LINE(DAY,DUNG,400,1,20,33)

CALL LINE(DAY, BEETLE,400,1,32,13)

CALL ENDPLT

RETURN

END



APPENDIX E

- LISTING OF THE PROGRAM WITH TIME LAGS

C********************-*************************************

C* : *
SUBROUTINE DEFINE(Y, YRATE,N,TIME)

C* *

C*********************************************************

C .
C THE SYSTEM OF EQUATIONS (5.M) IS GIVEN IN THIS SUBROUTINE . ' r
C .

REAL K1,M1,M2,NS,NDELAY,NO,NITRO(402) : -

DIMENSION Y(20),YRATE(20)

EXTERNAL FRESHD, FNITRO, GAUSS

COMMON /SET1/ K1,FS,Gl,M1,M2,D2,ALPHA,HBV,VS

COMMON /SET2/ C,E3,B,Q1,E1l,Q2,G,VMAX,E2

COMMON /SET3/ C1,C2,C3,C4,C5,C6,C7,NS,D1

COMMON /SET4/ FRDUNG(402),F0,AT

COMMON /SET6/ NITRO,NO,T1

Y(5)=BURIED DUNG(B); Y(6)=SOIL NITROGEN(N); ) ]
Y(7)=GREEN VEGETATION(V). :

C

C NOTE THAT: Y(1)=ADULT BEETLE(Bl); Y(2)=PRE-ADULT BEETLE(B2),
c Y(3)=FRESH DUNG(F); Y(4)=DRY DUNG(D); |

C

C

C

IF(Y(3).LT.0.0) Y(3)=0.0
FRESH=Y(3)/(Y(3)+FS) _
VEG=Y(7)/(Y(7)+VS) ' ' ,
AREA=1.0-Y(3)-Y(4)
FDELAY=FO*EXP(-AT*TIME)+AT*GAUSS(0.0, TIME, 15, FRESHD)

NDELAY=NO* (1.+TIME/T) *EXP(-TIME/T)
NDELAY=NDELAY+(1./(T*T))*GAUSS(0.0,TIME,15, FNITRO)

I=IFIX(TIME) : . , ’
DELTA=0.6 _
FBAR=DELTA*FRDUNG(I)+(1.0-DELTA) *FRDUNG(I-1)
FD=FBAR/ (FBAR+FS)

TRATE=Y(6)/(Y(6)4NS) C
YRATE(1)=K1*Y(2)*FD-(G1+M1) *Y(1)
YRATE(2)=G1*Y(1)-M2*Y(2)*EXP(-D2*FDELAY)

YRATE (3 )=ALPHA*HBV*AREA*VEG- C*Y(3)-E3*Y(2)*FRESH
YRATE(4)= C*Y(3)-B*Y(4)
YRATE(5)=Q1l*E3*Y(2)*FRESH-Q2*Y(5)
YRATE(6)=C1l*Y(1)+C2*Y(2)+C3*Y(4)+C4*Y(7)-C5*Y(6)
1 -C6*Y(7)*TRATE+C7*Y(5)

DADT = -YRATE(3)-YRATE(4)
YRATE(7)=G*Y(7)*(AREA-Y(7)/VMAX)+DADT*Y(7)/AREA

1 -E1*HBV*VEG+E2*Y(7) *TRATE+D1*Y(7)




RETURN
END :
oL L R Ty R R S RS R RS Y
c* : ‘ *
C GAUSS-LEGENDRE QUADRATURE
C* . .

C*****************************************************

C*************************_***************************

c* ' : ‘ *
FUNCTION GAUSS(A,B,M,FUNTCN) , .

. _

g***************************************************** .

THE FUNCTION GAUSS USES THE M-POINT GAUSS-LEGENDRE QUADRT.

FORMULA COMPUTE THE INTEGRAL OF FUNCTION(X) *DX BETWEEN

INTEGRATION LIMITS A AND B. THE ROOTS OF SEVEN LEGENDRE

POLYNOMIALS AND THE WEIGHT FACTORS FOR THE CORRESPONDING

QUADRATURES ARE STORED IN THE Z AND WEIGHT ARRAYS RESP..

M MAY ASSUME VALUES 2,3,4,5,6,10, AND 15 ONLY. THE APPROPR.
VALUES FOR THE M~-POINT FORMULA ARE LOCATED IN THE ELEMENTS
Z(KEY(I)...Z(KEY(I+1)-1) AND WEIGHT(KEY(I))...WEGHT(KEY(I+1)~
WHERE THE PROPER VALUE OF I IS DETERMINED BY FINDING THE
SUBSCRIPT OF THE ELEMENT OF THE ARRAY NPOINT WHICH HAS THE
VALUE M. IF AN INVALID VALUE OF M IS USED, A TRUE ZERO IS

RETURNED AS THE VALUE OF GAUSS.

OO0 00O00O0000nNn

IMPLICIT REAL(A- H,O—Z)
REAL A,B,FRESHD
DIMENSION NPOINT(7),KEY(8), 7.(24), WEIGHT(24)

C

c//l/1/// PRESENT NPOINT,KEY, Z, AND WEIGHT ARRAYS ///

C .

DATA NPOINT /2,3,4,5,6,10, 15/
C
DATA KEY /1,2,4,6,9,12,17,25/

c o -

DATA Z / 0.577350269,0.0 _ ,0.774596669,
0.339981044,0.861136312,0.0 ' ,0.538469310,
0.906179845,0.238619186,0.661209387,0.932469514,
0.148874339,0.433395394,0.679409568,0.865063367,
0.973906529,0.0 ,0.201194094,0.394151347,
0.570972173,0.724417731,0.848206583,0.937273392,
0.987992518 /

(o) QS IS SVIN S I

DATA WEIGHT / 1.0 ,0.888888889,0.555555555,
0.652145155,0.347854845,0.568888889,0.478628671,
0.236926885,0.467913935,0.360761573,0.171324493,
0.295524225,0.269266719,0.219086363,0.149451349,
0.066671344,0.202578242,0.198431485,0.186161000,
0.166269205,0.139570678,0.107159221,0.070366047,

0.030753242 /

At wN -

C . .
c///// FIND SUBSCRIPT OF FIRST Z AND WEIGHT VALUE /////
C ‘ :

DO 1 I=1,7
. IF(M.EQ.NPOINT(I)) GOTO 2
1 'CONTINUE
C
GAUSS=0.0

RETURN




C .
o T SET UP INITIAL PARAMETERS +:@veeeeson.
2 "JFIRST=KEY(I):
"JLAST=KEY(I+1)-1
c=(B-A)/2.0
D=(B+A) /2.0
C
"C eeenn ACCUMULATE THE SUM IN THE M-POINT FORMULA ...
SUM=0.0 A _
DO 5 J=JFIRST,JLAST -
: IF(Z(J).EQ.0.0) SUM=SUM+WEIGHT (J) *FRESHD(D)
5 IF(Z(J).NE.0.0) SUM=SUM+WEIGHT(J)* (FRESHD(Z (J)*C+D)
1 +FRESHD(-Z(J) *C+D))
C evennn MAKE INTERVAL CORRECTION AND RETURN........
'GAUSS=C*SUM :
RETURN
_ END
C
C
C@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@8
cae
FUNCTION FRESHD(S) <
ce @
c@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@
C
C FUNCTION FOR INTERPOLATING VARIABLE FOR FRESH DUNG, F.
C SEE EQUATION (6.14)
C
REAL S,F,H
COMMON /SET4/ FRDUNG(402),F0,AT
COMMON /SET5/ X,H
I=1+IFIX(S/H)
F=(FRDUNG(I+1)-FRDUNG(I))*(sS-(1- l)*H)/H+FRDUNG(I)
FRESHD=F *EXP(-AT* (X-S))
KETURN
END
C
c@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@8
ce -
FUNCTION FNITRO(S)"
ce - : Q
ofclclcleleelelelclelefelelelelefefelelelddddaaddddaaeldaeieleldadeleiede
C
C FUNCTION FNITRO FOR DOING LINEAR INTERPOLATION FOR L
C NITROGEN ARIABLE N. SEE EQUATION (6.13). :
C . , *
REAL N,NITRO(402) - ,g
C : ,

COMMON /SET5/ X,H
COMMON /SET6/ NITRO,NO,T

I=1+IFIX(S/H) ‘ ' '
N=(NITRO(I+1)-NITRO(I))*(S-(I- l)*H)/H+NITRO(I)
FNITRO=N* (X-S)*EXP(-(X-S)/T)

RETURN

END
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