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ABSTRACT

The important classes of ndrmally solvable, ¢L (¢L) and strictly singular
(strictly cosingular) operators have long been studied in the setting of
bounded of closed operators between Banach spaces. Results by Kato, Lacey, et
al (see Goldberg [16; III.1.9, III.2.1 and II1.2.37 ) led to the definition of
certain norm related functions of operators (I', A and FO) which provided a
powerful new way to study the classes of ¢L and strictly singular operators
(see for example Gramsch[19], Lebow and Schechter[28] and Schechter[36]).
Results by Brace and R.-Kneece[4] among others led to the definition of
analogous functions (I'' and A') which were used to study ¢L and strictly
cosingular operators (see for example Weis, [37] and [38]). Again this
probleﬁ was considered mainly for the case of bounded operators between Banach
spaces. This thesis represents a contribution to knowledge in the sense that
by considering the functions TI', A', Fé as weil as the minimum modulus
function ~ in the more general setting of unbounded linear operators between
normed linear spaces, we obtain the classes of F_  and Range Open operators
which turn out to be closely related to the classes of dL and normally
solvable operators respectively. We also define unbounded strictly cosingular
. operators and find that many of the classical results on ¢L. normally
solvable and bounded strictly cosingular operators go through for F_, range
open and unbounded strictly cosingular operators respectively. This ties up
with work done by R. W. Cross and provides a workable framework within which
to study ¢L and ¢L type operators in the much more general setting of -

unbounded linear operators between normed linear spaces.

Chapter I serves as an introduction, providing the foundation for work done

in subsequent chapters.



In Chapter II we consider the basic properties of the functions r, A' and
Fé as well as characterising their respective kernels.
Chapter III is devoted mainly to the minimum modulus function ~ and the

related class of range open operators.

0

semi-continuous and semi-precompact operators

In Chapter IV we make use of I, in introducing and studying the concepts of

In Chapter V we study the class of unbounded strictly cosingular operators by
means of A’ as well as proving some results on semi-bounded strictly

cosingular operators

Chapter VI is devoted to the study of F_ operators. We also establish some

perturbation results for F+ and F_ operators.

In the final chapter, Chapter VII, we consider the instability of a class of
non-semi-Fredholm type operators under compact perturbations. Chapter VII

provides a generalisation of earlier results by the author[26] (see appendix).
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CHAPTER 1

INTRODUCTION

§1 NORMED LINEAR SPACES

1.1.1 DEFINITION. Let X be a vector space over the field of real (complex)
numbers. A norm on X, denoted by W.ll, 1is a real valued function with the
folldwing properties:

I) lixit 2 0 for all x € X;

II) lxll = 0 implies x = O;
CIII)  Ixh = IA].xll for all x € X and N € R(A € C) where R(C) denotes

the real (complex) numbers;

IV) dix + yll < lHxl + Jiyh for all x,y € X.
.The vector space X, together with a norm on X, will be reférred'to as a
‘normed linear space. If the scalars over X are real (complex), X is called

a real (complex) normed linear Space.

We note that in general X,Y,Z,... will denote normed linear spaces different

from the zero space.

1.1.2 DEFINITION. For a normed linear space X we define the closed and open
"unit balls of X, denoted by BX and UX respectively, to be the sets

By = {x|x € X,lxll < 1} and Uy = {x|x € X,0xll < 1},

I.1.3. DEFINITION. let X be a normed linear space. The metric induced by
the norm, say d, is defined by d(x.y) = lix = yll for x,y € X. Unless

" otherwise stated, the topology on X will be the metric topology determined by
d. If X is a Complete metric space with respect to d, X is referred to as

a complete normed linear space or a Banach space.
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Note that for x € X and M a subset of X, d(x,M) will denote the distance

from x to M, that is 1inf lix - mll = d(x,N).
meN

I.1.4 DEFINITION. Let X be a normed linear space. If M 1is a vector
subspace of X and the norm on M is taken as the restriction of the norm on
X to M, then M is said to be a subspace of X. For a subset K of X,

span K will denote the subspace of X generated by taking linear combinations

of elements of K. The closure of span K will be denoted by span K. A
linearly independent subset N of X such that span N = X is called a Hamel

base.
I1.1.5 PROPOSITION. Every vector space has a Hamel base.
Proof. See for example [35]. o

1.1.6 DEFINITION. Let X be a normed linear space and let M be a closed
subspace of X. We say that M 1is complemented in X if there exists another
closed subspace N of X such that NN M = {0} and N+ M =X. N is

referred to as a complement of M. In general if A and B are subspaces of

X with ANB= {0}, A+ B will be denoted by A & B.

1.1.7 DEFINITION. Let X be a normed linear space and M a subspace of X.
Define an equivalence relation R on X as follows: xRy if and only if

x -y €M where x,y € X. Denoting the set of equivalence classes in X by
X/M we see that X/M 1is a vector space where vector addition and scalar
multiplication are defined as follows:

Let x + M denote the class of elements equivalent to x € X. Then for
x,y€X, (x+M)+(y+HM)=(x+y)+M and A(x + M) =Ax + ¥ where A is
a scalar. If M 1is closed d{(x,M) defines a norm oﬁ X/M where x € X. We

refer to X/M as a quotient space and to d{(x,M) as the quotient norm.
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I1.1.8 DEFINITION. Let H be a subspace of the normed linear.space X. Ve
will denote the dimension of M by dim M. The codimension of M in X,
denoted by codxH. is defined to be the dimension of the vector space X/N.

If there is no dénger of confusion we will write cod M instead of codxH.

I.1.9 THEOREM [16; IV.2.8]. Let M be a closed finite codimensional subspace
of X.
I) For any subspace V of X, there exists a finite dimensional subspace
N CV such that V:(Vnn)mn.’

II) If V 1is dense in X, VN M is dense in M.

Proof. Using [35; Corollary V.7.29] instead of [16; I1.1.14] we note that the

proof in [16] goes through for normed linear spaces as well. o

1.1.10 THEOREM ([23]; cf.[16; V.1.1]) Let M and N  be subspaces of X
with dim M > dim N. Then there exists an m € M, m # 0, such that

fimll = d(m,N).
§2 QOOMPLETE NORMED LINEAR SPACES

1.2.1 THEOREM. If X {is a Banach space and M a closed subépace of X, then

X/M and M are Banoch spaces.

Proof. Follows directly from [16; 1.2.8] and [24; 2.3-1]. o

[+]

1.2.2 DEFINITION. An infinite series 2 x, of eiements x; of the normed
i=1

linear space X 1is said to converge in X if there exists x € X such that

: n
the sequence {sn} C X defined by s, = 2 x, for each n € N (N denotes
i=1
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the natural numbers), converges'to x. We write x = We say that the

H N 8
X
e~

i
©

series converges absolutely if z HxiH C o,

i=l

1.2.3 THEOREM [16; I.2.5]. A normed linear space is complete if and only if

each absolutely convergent series in X ‘converges in X.

§3 FINITE DIMENSIONAL NORMED LINEAR SPA@IES

Proofs of the first three results may be found in Chapter I of [12].

I.3.1 PROPOSITION. Finite dimensional normed linear spaces are complete.

1.3.2 PROPOSITION. Finite dimensional subspaces of a normed linear space are

closed.

1.3.3 PROPOSITION. A normed linear space X is finite dimensional if and

only if BX is compact (totally bounded).

The statement in the bracket follows when the result in [12] is considered

alongside [16; 1.4.6].

1.3.4 PROPOSITION [16; 1.4.12]. The sum of two closed subspaces of a normed

linear space is closed whenever one of the subspaces is finite dimensional.
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§4. LINEAR OPERATORS

I.4.1 DEFINITION. Let X and Y be normed linear spaces over the same field
of scalars. A function T wikh domain in X and range in Y ' is called a
linear operator if for all x,y in the domain of T and all scalars A,p we
have that

T(Mx + py) = ATx + uTy.
We will denote the domain, null space and range of a linear operator T by
D(T)., N(T) and R(T) respectively. T is calléd injective if N(T) = {0},
surjective if R(T) =Y and bijective if T 1is both injective and
surjective. We will denote the class of all linear operators with domain in X
and range in Y by L(X,Y). The class of elements of L(X,Y) which are

defined everywhere on X is denoted by L[X,Y].

We note that we will sometimes refer to a linear operator as an operator or a

map.

I.4.2 THEOREM [16; 1.3.2]. Let T € L(X,Y). Then the following are
equivalent:

I) T is continuous at a point.

II) T {is uniformly continuous on D(T).

I1I) There exists a number Rk > 0 such that WTxll < Riixll for all x € D(T).

The class of all continuous operators in L(X,Y) will be denoted by B(X,Y)
with L[X,Y] N B(X,Y) being denoted by B[X,Y]. We adopt the following
convention: We refer to an operator T in L(X,Y) as being bounded if and

only if T € B[X,Y].
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I.4.3 DEFINITION. Let T € B(X,Y). We define the norm of T, denoted by

T, as follows:

sup
llxii=1
x€D(T)

It is easy to see that this defines a norm on the vector space B[X,Y].

IiTh = NTxW.

I.4.4 Remark. Let T € B(X,Y). Then
I) T maps a dense subspace of D(T) onto a dense subspace of R(T);
IT) N(T) is relatively closed in I(T).

Both of these are easy consequences of III) of Theorem 1.4.2.

I1.4.5 THEOREM [16; 1.3.5 and I1.5.8]. If X and Y are normed linear spaces
over the same field of scalars then Y 1is complete if and only if B[X.Y] is

" complete.

I.4.6 DEFINITION. An operator T in L(X,Y) 1is defined to be open if there
exists A > 0 such that

'ABY C TBD(T) ot equivalently AUY C TUD(T)'
Note that T 1is open if and only if T maps sets which are open in D(T)

onto sets open in Y.

I.4.7 DEFINITION. For an injective operator T € L(X,Y), we define the
inverse of T; denoted by T_l. to be the operator with domain R(T) and
T-I(Tx) = x for any Tx € R(T).

Clearly T ! e L(Y,X) with R(T_l) = I(T).

1.4.8 THEOREM [16; I.3.7]. Let T € L(X,Y). Then T—l exists and is
continuous if and only if there is some k > 0 such that

Tl > RllxH for each x € D(T).
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1.4.9 DEFINITION. Let T € L(X,Y). If T ' exists and both T and T 1

are continuous, then T 1is called an isomorphism. If WTxll lIxll for each
x € D(T), T 1is called an isometry. The two spaces X and Y are said to be
isomorphic (isometric), denoted by X * Y (Y = Y), 1if there exists an

isomorphism (isometry) from X onto Y.

I1.4.10 PROPOSITION [16]. If a normed linear space X is isomorphic to a

Banach space then X is also a Banach space.

I.4.11 DEFINITION. Let T € L(X,Y). T 1is said to be a closed operator if
the space | ,

G(T) = {(x.Tx) |x € D(T)}
is a closed subspace of X x Y where the normon X x Y 1is defined by
B>,y = lixhl + iyl for x € X and y € Y. G(T) is referred to as the graph
of T. T 1is called closable if there exists a linear extension of T which
is a closed operator. If T 1is a closed operator with R(T) a closed
subspace of Y, T 1is said to be normally solvable. If T is normally
solvable with finite dimensional null space (finite codimensional range) then
T 1is defined to be a ¢%(¢L)—operator. The classes of closed, normally
solvable, ¢h and ¢L—operators in L(X,Y) will be denoted by C(X,Y),
NS(X.Y), ¢L(X,Y) and ¢L(X,Y) respectively with the intersections of these
classes with L[X,Y] denoted by C[X,Y], NS[X.Y], ¢L[X,Y] and ¢L[X,Y]
respectively. We will denote ¢%(X.Y) no (x.v) b& H(x.Y) and

L[X.Y] n X,Y) by d4[x,v].

Note that we will sometimes refer to @, ¢L and ¢L operators as Fredholm,

upper-semi-Fredholm and lower-semi-Fredholm operators respectively.
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1.4.12 Remark.

I) T is closed if and only if for each sequence (xn} C D(T) such that
x, »x€ X and Txn 2y €Y we have that x € DI(T) and Tx = y.
II) N(T) is closed if T is closed.
IIT) If T 1is continuous then T is closed if D(T) is closed.

IV) If T 1is injective, T is closed if and only if T_l is closed.

1.4.13 THEOREM [16; II.2.11]. Let T € L(X,Y). Then the following are

equivalent:

I) T 1is closable.

II) T has a minimal closed extension (denoted by T); ie there exists a
closed linear extension of T, say T. such that any closed linear

extension of T 1is also a closed linear extension of T.

I.4.14 PROPOSITION. Let T € L(X,Y) be closable. Then G(T) = G(T).
Proof. This follows from the way T is defined in the proof of [16; II.2.11].

I1.4.15 DEFINITION. Let T € L(X,Y) with N(T) closed (henée X/N(T) is a
normed linear space). The induced injective operator or injeéttve component of
T, denoted by %, is defined as follows:

?(x + N(T)) = Tx for each x € D(T).

Observe that T.€ L(X/N(T).Y) with R(T) = R(T) and D(T) = D(T)/N(T).

1.4.16 PROPOSITION [16; 11.4.7]. Let T € L(X,Y) with N(T) closed. Then
I) T is closed if and only if T is closed:
II) T is continuous if and only if T 1is continuous, in which case

TN = Hf".
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1.4.17 PROPOSITION [16; IV.1.13]. Let T € C(X,Y) with X and Y complete.

If R(T) has finite codimension in Y, then R(T) is closed.

1.4.18 DEFINITION. Let T € L(X.Y). We let a(T) = dim N(T), b(T) = cod,R(T)

and B(T) = cod(R(T). If a(T) and b(T) are not both infinite we say that
T has an index, denoted by R(T), where Rk(T) = a(T) - b(T). Similairly if
a(T) and b(T) are not both infinite, R(T) = a(T) - b(T) is defined to be
the reduced‘tndex of T. (Note that for any real number r we let ® -~ r = ®

and r - ® = - )

I.4.19 THEOREM ([21]; cf.[16; V.1.6]). Let X and Y be complete and let
T € ¢, (X.Y) U (X.Y). For any B € B(X,Y) such that D(B) D D(T) there
exists p > 0 such that for IAI <p,

I) T+ NB is normally solvable;

IT) a(T + AB) € a(T) and b(T.+ AB) < b(T);

III) R(T + AB) = R(T).

1.4.20 PROPOSITION [16; V.1.7]. Let X and Y be complete,

T € (X.Y) U (X.Y) and B € B(X,Y) with D(B) D D(T). Then there exists
p > 0 such that a(T + AB) and b(T + AB) are constant in the annulus

0 < |A] < p.

1.4.21 THEOREM [16; V.1.8]. Let X and Y be complete, T € L(X,Y) and
B € B(X,Y) with D(B) D I(T). Define FU to be the set of‘scalars A for
which T + AB € @ (X.Y) U §_(X.Y). Then
I) U is open;
II) If C 1is a component of U (a largest connected subset of U), then on
C, with the possible exception of isolated points, a(T + AB) and
b(T + AB) have constant values n, and n, respectively. At the

isolated points a(T + AB) > n, - and b(T + AB) > n,.
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§5 DUAL SPACES AND THE CDHPLETION.OF A NORMED LINEAR SPACE

1;5.1 DEFINITION. For a normed linear space X, we define the dual space of
X, denoted by X', to beAthe space B[X,R] if X 1is a real normed linear
space and B[X,C] if X is a complex normed linear space. Elements of X'
will be referred to as bounded linear functionals. Note that X' is complete

by Theorem 1.4.5.

I1.5.2 DEFINITION. Let M be a subspace of X. We define the injection of M
into X, denoted by Jx, to be the operator defined by Jﬁ m =m where

m€ M. (We will use JM instead of J: if there is no danger of confusion.)

I.5.3 PROPOSITION. Every normed linear space X is a dense subspace of a

Banach space X. (We shall refer to X as the completion of X.)

The above proposition is a trivial consequence of the fact that X can be

regarded as a subspace of X". Hence we can let X = (J§ X). We will denote

the injection of X into X by Jx.

I.5.4 DEFINRITION. We define a normed linear space X to be reflexive if

I.5.5 FPROPOSITION. Let X be a normed linear space and let M be a closed

subspace of X. Then cod M =« if and only if codX(M NX)=o
X

Proof. Suppose cod~H = © and codXH N X < ». Hence there exists a finite
X

dimensional subspace F of X so that X = F + (M N X). Noting that both F
and (M N X)~ can be regarded as subspaces of X we have F + (M N X)Nt X.

since (M N X)~ is a complete and hence closed subspace of X, F + (¥ nx)~
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is a closed and hence complete subspace of X by Proposition 1.3.4. But
XCF+ (MNX)" and since 'F + (M N X)" 1is complete, X CF+ (M Nnx)".
Hence X = F + (M N X)~. Moreover M 1is a closed and hence complete subspace
of X with ¥NXCA. Consequently (M N X)N CM and so X =M + F.

Therefore cod M { dim F ¢ »; a contradiction. Thus codX(M NX)=oo if
X

cod M = . Conversely if cod M < ®, then codx(M NnX) <o, o
X ' X

The above proposition is by the author.

I.5.6 THEOREM [16; II.2.1]. Let Y be complete and vT € B(X.Y). IfF T is
defined on a dense subspace, say M, of X. then there exists a unique
continuous linear extension of T to all of X, say T1, and HTIH = IITH.
Also M =X".

Considering the previous theorem we note that for any normed linear space X,

X = (i)' and hence we will use these two concepts interchangably. We also

adopt the following convention:

If X and Y are normed linear spaces and T € B(X,Y), then T will denote

1

—_ 7/
the unique continuous linear extension of ]YT]X (that is T regarded as an

element of B(i,?)), to D(T)~ where D(T)N is regarded as a subspace of X.

1.5.7 DEFINITION. Let X be a normed linear space. We define the weak
topology on X to be the coarseét topology on X such that all elements of
X' are continuous on X. Analogously we define the weak* topology on X' to
be the coarsest topology on X' such that all the elements of X are
continuous on X'. The weak and weak topologies are denoted by o(X,X') and

o(X'.X) respectively.
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1.5.8 DEFINITION. Let M be a subset of X and K a subset of X'. We
define the orthogonal complement of M in X', denoted by Ml. to be the set
wt - {x'|x' €X', x'm =0 forall me€ M}

Analogously the orthogonal complement of K in X 1is the set

lK = {x|x € X, x'x =0 for all x' € K}

1.5.9 Remarks
I) lK and Hl are closed subspaces of X and X' respectively
[16; II.3.3].
II) If M is a subspace of X. then J'(MJ') = M [16; I1.3.4].
IIT) If F is a finite dimensional subspace of X', then (lF)l = F
[16; II.3.6].
IV) If K is a subspace of X', then K = (lK)l if and only if K is
o(X',X)-closed. (Follows from the discussion on polar sets in Chapter II

of [35].)

I.5.10 THEOREM [16; 1.6.4]. Let M be a subspace of the normed linear space
X. Then

I) X'/M" s isometric to N’ under the map U defined by U(x' + ') = xy

where x' + Ml € X'/Ml and xﬁ is the restfiction of x' to M;

II) (X/M)' is isometric to Hl = El under the map V defined by

(Vz')x = z'(x + M) where z' € (X/M)" and x + N € X/H.

I.5.11 PROPOSITION [35; Lemma II.3.5]. Let X be a normed linear space and

n
Xy,%5,...,x' elements of X . If x' €X' such that N(x') C N N(x') then
1'72 n i=1 n

x is a linear combination of x',xé,...,xé.
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6 SEPARABLE NORMED LINEAR SPACES

I.6.1 DEFINITION. A normed linear space X is defined to be separable if

there exists a countable dense subset of X.

1.6.2 THEOREM [13; V.7.14]. A Banach space X is separable if and only if it
is isometric to a closed subspace of C(%) where % 1is the Cantor perfect

set,

I1.6.3 QOOROLLARY. Every subspace of a separable normed linear space is

separable.

Proof. Suppose X is separable and that M is a subépace of X. it can
easily be verified that X is separable and that M can be regarded as a
closed subspace of X. Hence N is separable by Theorem 1.6.2. Let {En} be

a countable dense subset of N and for each n € N select {x } CHM such

0
that x =z . Then U {x } CM is a countable dense subset of M and

" n n=1

hence also of M. a

1.6.4 DEFINITION. A subset M of X is said to be fundamental if

span ¥ = X. A subset K of X' is said to be total if x = 0 whenever

x'x = 0 for every x' € K.

1.6.5 DEFINITION. We say that sequences {xn} CX and {xﬁ} C X' are

biorthogonal if xn(xh) = 5nh'

I1.6.6 THEOREM [20; 14.1.5]. Every separable normed linear space X admits of

a fundamental and total biorthogonal system ({xn};{xé}).
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1.6.7 DEFINITION. Let M be a closed subspace of X. We say that M is

quasicomplemented in X if there exists a closed subspace N of X with

bl

MNN={0} and NO®N = X.

1.6.8 THEOREM [30]. Every closéd subspace of a separable normed linear space

is quasicomplemented.
§7 THE HAHN-BANACH AND BANACH-STEINHAUS THEORENS.

I.7.1 PROPOSITION [16]. Let M be a subspace of X ond let m' € N'. Then"

there exists an extension x' € X' of m' such that lix'H = llm'H.

I.7.2 COOROLLARY [16]. Let M be a subspace of X. Given x € X with
d(x,M) > 0, there exists x' € X' such that

'l =1, x' € ¥+

and x'x = d(x,M).
I.7.3 OOROLLARY [16]. Given x € X, there exists x' € X' such that

Ix'll =1 and x'x = lixll.
Proof. Let M = {0} in the previous corollary. o

I.7.4 OOROLLARY [16]. For any x € X,

lIxll = sup Ix'xl.
llx ' ll=1
x'€ X

I.7.5 THEOREM [16; II.1.12]. Suppose K 1is a subset of X such that

sup |[x'k| < ® for each x' € X'.
k€K :

Then K is bounded.
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S8 TOPOLOGICAL COMPLEMENTATION AND THE QUOTIENT MAP

I.8.1 DEFINITION. Let M be a subspace of X. An operatof P from X onto
M is called a projection fron X onto M if P = P2. The operator Q; from
X onto X/M defined by Q:(x) =x+ M for each x € X 1is said to be the
quotient map from X onto X/M. If there is no danger of confusion we will
use QH instead of Qi. Where convenient we will also denote the equivalence

class of x in X/M by QMx instead of x + M.

1.8.2 PROPOSITION. Let M be a closed subspace of X (so that X/M is a

normed linear space). Then Q: is both bounded and open.

Proof. The fact that Q; is bounded follows trivially from the fact that
HszH = d(x,M) € lixll for each x € X (in fact HQ;H < 1). Now select

x+M€EU

X/H arbitrarily. Then lix + MIl = d(x,M) = infllx — Ml < 1 by

meM

definition. Hence there exists mo € ¥ such that Ilix - mO" <1; that is

. . X - 0%y =
x = m, € Ux.- Observing that since m, €M, QM(x mo) = QMx =x+ M we

X X .
conclude that QM UX = UX/M and hence thgt QM is open. o
1.8.3 DEFINITION. Let M be a closed subspace of X. We say that M is
topologically complemented in X if there exists a bounded projection P from
X onto M. Note that if this is the case M 1is complemented by N(P). N(P)

is called a topological complement of M.

1.8.4 PROPOSITION.
I) If M and N are complementary (and hence closed) subspaces of X they
are topological complements’whenevervone is finite dimensional.
II) If M is finite dimensional (closed and finite codimensional) in X, it

is topologically complemented.
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Proof.

I) Let M and N be'complementary subspaces of X with dim N = n < o,
Let {xl,xz.....xn} be a base for N and let
Mh = span{xl,xz,...,xh_l.xh+1....,xn} ®M for 1 {kR {n. Note thgt each N
is closed by Proposition I.3.4. By Corollary I.7.2 it follows that we can

select {21'22’ ...,zn} so that 2,4, # 0 and z, M, =0 for each

1 (R {n. Now let X, = ZA/(ZAXh) and define P as follows:

n
Px = E xé(x)xh for each x € X.
k=1

It is now easy to verify that P 1is a bounded projection from X onto N

with N(P) = M.

II) If M 1is closed with codXM { © select any finite dimensional subspace
N such that ¥+ N=X and M N N = {0}. The assertion then follows from

Proposition 1.3.2 and I). If dim M < w, this is just [16; II.1.16]. a

I1.8.5 PROPOSITION let M and N be subspaces of X which are topological

complements of each other. Then Q;JN is an isomorphism from N onto X/H.

Proof. Since M and N are toboiogical complements, there éxists a bounded
projection P from X onto N with N(P) = M. By Proposition I.4.16 ; is
a bounded map from X/M onto N. In fact (;)—1 is also bounded since

"Q:nﬂ =d(n,M) < Inll for any n € N. Hence 5 is an isomorphism from X/M

onto N. The probosition follows on noticing that (P)-l = Q;JN. a

- 1.8.6 PROPOSITION. >Let M be a closed subspace of X. Then
I) for any closed subspace K of X such that KJ M, X/K = (X/M)/(K/M);
IT) for any closed subspace N of (X/M) there exists a closed subspace K

of X such that K3 M with Qﬁ - Qﬁ/M Qi.

h .
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PrdoF.I) Note that since K D M we obtain

X/M X X X X '
{[a] Qxll = infliQux - QuRIl = infliQy(x - R)II = inf(infll(x - R) - mlil)
K/M M k€K N Hh k€K N , ’ R€EK meM
' = infllx - Rl
. keK

HQﬁxH for each x € X.

~

IT) Let N be a closed subspace of (X/M). Since Qz is bounded,
(Q:)—IN = K 1is closed ((Q:)_l taken in the set theoretic sense). Since
0 €N and N(Qﬁ) = M we trivially have M C K. Considering I) it can now

easily be verified that K is the required subspace. o
89 THE GENERALISED OPEN HAPPING ARD A.0SED GRAPH THEOREMS

1.9.1 DEFINITION [5]. A normed linear space X is defined to be an operator

range if it is the image of a bounded linear operator defined on a Banach

-space. -

I1.9.2 Remark. Note that if X 1is an operator range we can assume without
loss of generélity that X 1is the injective bounded image of a Banach space.
This follows from Theorem 1.2.1 and Proposition 1.4.16. We will denote the
bounded injective map from a Banach space onto X by ay and the Banach space

on which ay is defined by XI.XI will be referred to as the pre-image space

of X. VWe also denote a;I, by BX. Observe that since ay is bounded, both

a, and Bx are closed operators with BX open. Finally we remark that X

X

is an operator range if and only if there exists a stronger norm on X, say
“'"1' under which X is complete [5; 2.1]. We can assume the norm on Xl to
be "'"1 since By an application of the closed graph theorem, the pre-image

-

q%pace of X turns out to be unique up to an isomorphism.
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1.9.3 PROPOSITION. Let M be a closed subspace of an operator range X.

Then M ond X/M are also operator ranges

Proof. Note that since M is closed and ay bounded a;IH = BXH is a closed

subspace of Xl' Hence BXH and XI/ﬁXH are complete by Theorem 1.2.1. Now

let Hl = ﬁxH, (X/H)1 = XI/BXH. ay = aX]ﬁXH and a(X/H) = (QMaX)‘. o
The following Lemma can be easily verified:

I.9.4 1EMMA. Let X be an operator range and Z a normed linear space.
Then
I) if T € C(Z,X), ﬁxT € C(Z,Xl);

II) if T €C(X.2), Tay € C(X,.Z).

I1.9.5 THEOREM [27] (Generalised Open Mapping Theorem). Let X be an operator
range and Y complete (of the second category). If T € C(X,Y) with

R(T)‘= Y, then T is an open map.

Proof. From the Lemma Thx € C(XI,Y) with R(Tax) = Y. Hence Tax is open
by the open mapping theorem (cf[16; II.1.8]). But then T = (Tax)ﬁx is open

since it is just the composition of two open maps. ' n]

1.9.6 THEOREM [27] (Generalised Closed Graph Theorem). Let X be complete,

Y an operator range and T € C[X,Y]. Then T is a bounded operator.

Proof. By Lemma 1.9.4 BYT € C[X,Yl] and so BYT is bounded by the closed

graph theorem (cf[16; II.1.9]). But then aY(ﬁYT) =T 1is bounded. ]
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§10 THE ADJOINT OF A LINEAR OPERATOR

1.10.1 DEFINITION. Let T € L(X,Y). The adjoint T of T 1is defined as
follows: D(T') = {y'|y*' €Y', y.TJD(T) is continuous on D(T)}. We define
T' to be the operator which maps each y' € D(T') onto y'TJD(T) € ((T))".

Note that I(T') is a subépace of Y and that T' 1is linear.

The above is a natural generalisation by the author of the definition of the
adjoint (conjugate) operator given in [16]. Considering Theorem 1.5.6 we note

that the two definitions are equivalent if D(T) is dense in X.

1.10.2 PROPOSITION [16]. Let T € L(X,Y). Then T 1is a closed linear

operator.

1.10.3 THEOREM. Let T € L(X,Y). Then

I) (T') =Y if and only if T 1is continuous. If that is the case then
T' 1is also continuous and IT'Il = WTN [16; 11.2.8].
II) If T €L[Y . (DT))'] then T' isalso o(Y'.Y) to o((D(T))'. D(T))

continuous [20; 8.6.1].

1.10.4 PROPOSITION [16; 11.3.7]. Let T € L(X,Y). Then

1) RM® = rm! - N(T'):

!

I1) R(T) = '8(T").

Hence T has dense range if and only if T  is injective.

1.10.5 PROPOSITION [16; 11.3.8]. Let T € L(X,Y). Then

1 REY) o NT) with NT) = M(TTpry) = R’y oF D(T') ts total:

II) R(T') C N(TJD(T))J‘.

Hence if R(T') is total, then T is injective.
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1.10.6 THEOREM. Let T € L(X,Y) with D(T) dense in X. If T and T’

each have an inverse, then (T—I)' = (T')_I.

Proof. Note that by the hypothesis D(T) 1is dense in X and since T' is
injective, R(T) = D(T—l) is dense in Y. However, as was noted earlier, if
this is the case our definition of the adjoint agrees with that given in

Goldberg [16]. The result now follows trivially from (16; 1I.3.9]. o

1.10.7 FPROPOSITION [16; II.3.11 and I1.3.13]. Let T € L(X,Y). Then
I) T' is surjective if and only if T has a continuous inverse;

II) T' has a continuous inverse if Y 1is complete and T surjective.

1.10.8 THEOREM. Let X be complete and T € C(X,Y). If T' has a continuous

inverse, then TBD(T) n rUf where r = 1/"(T’)~1H. Thus T 1is an open map.

Proof. Note that D(T) 1is still complete and hence regarding T as an

element of L(D(T).Y) we.observe that T is still closed. Since in this case
our definition of the adjoint is equivalent to that in [16]. the result now

follows trivially‘from [16; II1.4.3]. n|

1.10.9 PROPOSITION. Let T € L(X,Y) and B € L(Y,Z) such that D(B)
contains R(T) and is dense in Y. Then (BT) is an extension of T'B'

with (BT) =T'B' if B 1is continuous.

| Proof. Note that since D(B) is dense in Y, (D(B)) =Y  and so

B" € C(Z',Y'). The first statement follows easily from the observation that
D((BT)') D D(T'B'). Now suppose that B 1is continuous. Then D(B') =Z' by
Theorem 1.10.3. Select an arbitrary z' € D((BT)'). Then

z'BTJ

D(TB is continuous by definition.

) = = Py
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But z' € D(B') and so 2" BT 1y B'z'TJD(T). We conclude that B'z' € D(T')

and hence that D((BT)') C D(T'B'). But then D((BT)') = D(T'B') and so
T'B' = (BT)'. ' 0

1.10.10 Remark. Let M be a subspace of Y.

I) Then we have up to an isometry that (J;)' = Q;l and if M is closed
(Q;)' = J;l' (This follows from a careful consideration of Theorem 1.5.10).

X.. D(T). .
) = (TJD(T)JK( ))

an extension of Q;f(T)) T' and if M is closed, (Q; T) = T‘JYL. (This
: |

II) For T € L(X,Y) and K a subspace of D(T), (T is

" follows from I) and Proposition 1.10.9.)

I.10.11 PROPOSITION [8; 1.7]. Let T € L(X,Y) and let M be a relatively

closed subspace of D(T). If c o, then (sz)' - Q(D(T)) T .

Ml

OdD(T)M <

Proof. Without loss of generality let D(T) = X. Considering Remark I.10.10

we only need to prove that D(QXLT') 3 D((Tjg)'). Select y' € D((TJ;)')
M

_ arbitrarily and let F be a finite dimensional subspace of X so that
X=M®F. Since F is closed by Proposition 1.3.2, there exists a bounded
projection P from X onto M by Proposition 1.8.4. Now let

(1) | y'T = y'TIY P+ y'TIN(I-P).

We already know that y'TJi is continuous and hence considering y'TJ? we
observe that G(y’TJﬁ) and D(y'TJﬁ) = F are finite dimensional.
Consequently, from Propositions 1.3.1, I.3.2 and the closed graph theorem we
éonclude that y'TJ§ is continuous. But then y'T is continuous by (1) and

so y' € D(T') = D(QXLT'). Hence the result follows. ' o
M B

I1.10.12 PROPOSITION [16; II.4.7]. Suppose T € L(X,Y) with N(T) a closed

subspace of X. Then D(T') = D((T)').
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§11 SOME OPERATOR IDEALS

I.11.1 DEFINITION. Let T € L(X,Y). We define T to be a compact operator

if TBD(T) is compact and precompacf if BD(T) is totally bounded. The
classes of compact and precompact operators in L(X,Y) will be denoted by
K(X.Y) and PK(X,Y) respectively. We will denote K(X,Y) N L[X,Y] and

PK(X,Y) N L[X,Y] by K[X.Y] and PK[X,Y] respectively.

I1.11.2 DEFINITION. An absolutely convex subset V of X 1is called a disk if
for each o(X,X') neighbourhood W of zero there exists A such that

AW D V. Note that the function p(x) = inf{q > O|x € qV} for each x € spanV
defines a norm on spanV [20; 8.3]. We shall denote the subspace spanV

normed by this norm by Xv. V is called a Banach disk if Xv is a Banach
space. Now let T € L(X,Y). Then T is called a nuclear operator if we can

find a bounded sequence {xé} C X', a Banach disk V in Y, a bounded

(o4}
sequence {yn} bin Yv and a sequence {An} € 21 (that is 2 Iknl < @) such
n=1

that for every x € D(T)
(o4}
Tx = 2 Anxn(x)yn.
n=1

Here the series is understood to converge in Y. (Nuclear operators are
treated in more generality in [20], however for our purposes the above
definition wil suffice.) We denote the class of all nuclear operators in

L(X,Y) by N(X,Y) with LtX.Y] N N(X,Y) being denoted by N[X,Y].

I1.11.3 DEFINITION. Let A and E denote two classes of operators. We say
that A(X,Y) 1is a left (right) ideal with respect to the class E if for
every T € A(X.Y), ST € A(X,Z) (TS € A(Z.Y)) whenever S € E(Y.Z)

(S € E(Z,X)) where S and T denote linear operators.
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We say that A(X,Y) is an ideal with respect to the class E if it is both a

left and a right ideal with respect to E.
We note the following results:

I.11.4 Remarks. [16; III.1.4]

I) Every bounded finite rank operator is compact. (Follows from Proposition

1.3.3.)
I1I) Every precompact oper#tor is bouhded. (Follows from the fact that a
totally bounded set is bounded.)
III) An operator is compact (precompact) if it maps bounded sequences onto
seqﬁences which have a convergent (Cauchy) subsequence. Hence if

T € L(X,Y) then T 1is precompact if and only if JYT is compact.

I.11.5 FPROPOSITION [16; III.1.11]. A continuous linear operator is precompact

if and only if its adjoint is compact.

1.11.6 PROPOSITION [16; III.1.12]. If the range of a precompact operator is

complete, then it is finite-dimensional.

I1.11.7 THEOREM. N[X,Y]., K[X.Y] and PK[X.Y] are subspaces of B[X.Y] with

- N[X,Y] C K[X,Y] C PK[X,Y].
Proof. Immediate from [16; III.2.4] and [20; 17.3.1 and 17.3.4]. o

I.11.8 THEOREM. The classes N[X,Y], K[X.Y] and PK[X,Y] are operator

ideals with respect to the bounded operators.
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Proof. Consider [16; III.2.5] and [20; 17.3.1]. o

I.11.9 THEOREM ([25]; cf.[16; I11.2.3]). Let T € B(X,Y). Then T is
precompact if and only if for every e > 0 there exists a finite codimensional

subspace N of D(T) such that HT]N" < e.

1.11.10 THEOREM [16; III.1.9]. Let T € L(X.Y). Suppose T does not have a
continuous inverse when restricted to any closed finite codimensional subspace
of X. Then for any € > 0 there exists an infinite dimensional subspace N

of D(T) so that T]y is precompact with ITI N < e.
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CHAPTER 11

BASIC PROPERTIES OF THE FUNCTIONS I'', A’ AND Fé

This chapter is devoted mainly to the functions I'', A' and Té.' We will

however prove some results concerning I', A and I'. which will be needed in

0

subsequent chapters.
§]1 INVARIANCE PROPERTIES

IT.1.1 DEFINITION. For an arbitrary normed linear space X we denote the
class of all closed infinité codimensional subspaces of X by QC(X).. the
class of finite dimensional subspaces by ?(X); .the class of infinite
dimensional subspaces by ¢#(X) and the class of finite codimensional subspaces
of X by yé(X). Now for any T € L(X.Y) let I(T) = A(T) =T(T) =0 if

D(T) € $(X). If D(T) € $(X) let

I(T) = inf ITJ
Mes(D(T))
A(T) = sup inf "TJNH
Me$(D(T)) Nes(M)
and I (T) = inf NTT .
ot Ees_(D(T)

By analogy if Y is finite dimensional let I'(T) = A'(T) = Io(T) = 0. If not

then let

I'(T) = inf_ WQ,J,TI |

| nes (v) MY

(o4
A'(T) = sup inf_ 1IQyJ,TH
es (Y) Nes ()
oM
and I‘c')(T) = _ inf NQ.TH.

FeF(Y)
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A
I1.1.2 I1EMMA. let T € L(X,Y) with Y infinite dimensional. Then
inf _ HQuJ,TIl = I'(Q,T) for any M € $ (Y)
Nefc(Y) N°Y M c
NOM
and hence A'(T) = sup F'(QHT).
Hes_(Y) :

Proof. Select M € 9C(Y) and let N € ?C(?) be arbitrary. Since N is

~s

closed by definition, we conclude that M C N if and only if ﬁY CN.

Considering Proposition I.8.6 we see that the elements of 9C(?) which contain
M can be identified with elements of ?C(?/EY). Observe that since M is

dense in H'. HQ; yll = 1Q. Joyll for each y € Y. Hence

< I -1

4

~s

Y/M = Y + T

b-<

€ ?/EY. vBut by the continuity of Q°, ]YY + ﬁY is dense in

~s

?/ﬁY since ]YY is dense in Y (Remark I.4.4). As Y/ﬁY is complete by

Theorem I.2.1, we deduce that (Y/M)~ = ?/ﬁY. Therefore again considering

Proposition I.8.6 and the observation made earlier in the proof we see that

inf_nQyloth = inf nQY® ol = e w07y o T
Nes (1) MY so &R ke (v K /Mo
c Kefc(Y/M) ' c
NOM
= F(%EL
Taking the supremum over all M € fc(Y) we obtain the result. o

II.1.3 PROPOSITION. Let T € L(X,Y) and F € ¥(Y). Then
I) T'(T) = F'(QFT);
II) A'(T) = A'(QFT):

\

III) Fé(T) = Ty(QgT).

Proof. Without loss of generality let Y be infinite dimensional.
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I) and IT). Let N € $_(Y) be arbitrary. Since dim F ¢, N+ F € $.(Y)

(Proposition 1.3.4) and so by the lemma

(1) r'(Qy,.T) =  inf_ 1Q J.TH > inf_ 1Q,J. T = I''(Q,T)
N+F Hes (1) M7 Mes (1) MY N
M D N+F MDN

Therefore as equality holds if F'(QNT) = ® suppose F'(QNT) (o Select
K€ yC(Y), KD N such that
(2) Q. J, Th < r'(QNT) + e
for some arbitrarily chosen e > 0. Now since K + F € QC(Y) with KCK + F
and N+ FCK+ F we have by (1) and (2) that
r (QN+FT) < "QK+FJYT" < "QK]YTH <Tr (QNT) +e T (QN+FT) + e.
As € > 0 was arbitrarily chosen we conclude that
3) I'(Qq,gT) = T'(QyT).
Letting N = {0} we obtain I). Alternatively noting from Proposition I.8.6
that 9C(Y/F) can be identified with elements of 9C(Y) which contain F we
obtain II) by taking the supremum over all N € 9C(Y). (Observe that

(N: N e'yc(r), N3 F} = {N+F: Ne€$ (Y)} by Proposition 1.3.4.)

II1) From Propositions I.3.2 and 1.8.7 we observe that %(Y/F) can be

identified with elements of %(Y) which contain- F and so, as with T'', we

have
(4) r'(@.T) = inf QTN ) inf 1IQ,TN = ' (T).
O F " ke K Ke3(r) K 0
K2 F

As before equality holds if Fé(T) = ® and so let Fé(T) { o, For an
arbitrary e > O we may select M € ¥(Y) so that

(5) | . HQMTH < rb(r) + e

But now M + F € 3(Y) with FCM + F and so from (4) and (5) we have

Io(QpY) < 1Qy, T < 1IQ, Tl

Since e < 0 was arbitrary we conclude that Fé(QFT) = F6(T). o

< F6(T) +e < rb(QFT) + €.
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I1.1.4 FPROPOSITION [6]. Let T € L(X.Y) and E € $_(D(T)). Then
I) I(T)

1

F(TJE);
1) A(T)

A(TJE):

III) Ty(T) = [(TIp).

Proof. Without loss of generality let dim D(T) = o,
I) By the definition

(1) I(TJg) = inf WTJl >  inf WTJ N = I(T).
MeS(E) HES(D(T))

Hence if TI(T) = ® we have equality. Let TI'(T) <( ® and select K € #(D(T))
so that for some arbitrarily chosen e > O,
HTJKH {I(T) + €.
But since E € gc(D(T)). EN K € $(E) whence
F(TJE) < HTJEnKH < HTJKH {I(T) +e.
Since € > O was arbitrary we conclude from the above and from (1) that

I(TJg) = I(T).

II) Notice that A(T) = sup F(TJM). Now since M NE € $C(M) for any
Ne$(D(T))

M € $(D(T)). we conclude from I) that

A(T) = sup I(TJ],) = sup TI(TJ

NE$(D(T)) KE$(E)

III) From the definition we conclude that since $C(E) C gc(D(T)). we have

2 r(TJ)) = inf UTI Y  inf UTJ N = To(T).
) ofe) =, el;c(E) K"k elgc(n(r)) k! = TolD)

If FO(T) = © equality holds and so let FO(T) {® Select M€ $C(D(T))
such that HT]MH < FO(T) + e for some arbitrarily chosen € > 0. Note that
MNEE€F(E) and so by (2) we have

FO(T) < FO(TJE) < "TJMﬂE" < HTJMH < FO(T) + €.

Since e was arbitfary FO(T) = TO(T]E). o
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I1.1.5 PROPOSITION. Let T € L(X.Y) such that N(T) is closed and let N

be a closed subspace of Y. Then

1) I'(Q) =TI (@)
I1) A'(Q,T) = A'(Q,D):
CIII) TH(QT) = Iy(QyD).

Proof. We show that "QK]YTH = HQK]YTH if either QK]YT or QK]YT is
continuous where K is an arbitrary closed subspace of Y from which the

result follows trivially. If QK]YT is continuous

HQK]YT QN(T)x" = HQK]Y Tzl < "QK]YTH lizll for any =z € x + N(T).

Hence "QKJY% Q xll < HQK]YTH inf fizll = HQKJYT" 1Q xll - and so

z€Ex+N(T)
HQK]YTH < HQK]YTH. Conversely if QK]YT is continuous, then

N(T) N(T)
HQK]Y Txil = Hijy_T QN(T)xH,g HQK]Y T "QN(T)XH [ HQK]Y TH lixh.
Thus HQKJYT" £ HQK]YTH and therefore if either QK]YT or QK]YT is

continuous, then 10 JyTH = QI TiI. 0

Lemma II.1.2 is a generalisation by the author with Propositions II.1.3 and

IT.1.5 also due to the author. Proposition II.1.4 is due to R.W.Cross [6].
§2 INBQUALITIES

I1.2.1 PROPOSITION. Let T € L(X.Y). Then
I) T'(T) < F'(QMT), Fb(QMT) < To(T) and A'(QMT) <A'(T) for M€ # (Y);

II) T'(T) < A'(T) < rb(T)(g T if T tis continuous).

Proof. 1) Let M€ $_(Y). From Lemma II.1.2 we conclude that

I'(T) = inf_ WQJ, TI ¢  inf_ NQ.J, Th = I''(Q,T).
kes (1) K'Y kes () XY N

KDOHM



41

For A'(T) we have that

A'(T) = sup inf_1IQ.J, T > sup inf_ MQuJy T = A°(Q,T)
Kes_(Y) Nes () Kes_(Y) Nes (Y)
NOK | KON NDK

Now for any F € ¥(Y) we have that M + F € ?C(Y) by Proposition I.3.4 and so
since FCM + F, "QM+FT" < HQFTH if the norms exist. Hence

TH < inf NQ.TH = Fé(T).

i Ul F(Y)

I'(Q,T) = inf
O Fesm

II) Since T''(T) = A'(T) = ré(r) =0 if Y is finite dimensional, we can
assume Y to be infinite dimensional. From I) I''(T) ¢ T'(QHT) for any

Meg(Y) and so I'(T) < sup I'(QT) = A'(T). Observe that %(Y) € yc(?)

Kes (1)
(Proposition I1.3.2) whence
I'(T) = inf_lQ J, TS inf  NQ.J, TH = inf  IQ.TH = r(T).
kes (¥) T Feg) T Y Fewgy) F 0

Hence for any N € $_(Y) we have that r'(QNT) < Fé(QNT) < ré(r) and so

A'(T) = sup. F'(QNT) < ré(r). o
Nes _(Y) '

I1.2.2 COROLLARY. Let T € L(X,Y) with dim Y = ®. Then

I'(T) = inf Fé(QN]YT) and so A'(T) = sup inf Fé(QN]YT).
Nes (Y) ' Kes _(Y) Nes (Y)
NOK

Proof. We first consider TI''(T). Observe that for any N € ?C(?),
IQy 7, TH > Fé(QN]YT) if the norm exists and so

(1) r (r) = ian "QN]YT" 2 ian FO(QN]YT).
N€$C(Y) N€$C(Y)
Now suppose inf ré(QN]YT) { ® since if this was not the case equality
N€$C(Y)
follows trivially. Hence let e > O be arbitrary and choose K € fc(?) "~ such

that T(QJyT) < ian To(QulyT) + e.
Nes (Y)
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From (1) and Proposition I1.2.1 we conclude that

T'(T) +e > inf Fé(QN]YT) +e Fé(QK]YT) > F'(QK]YT) > F'(JYT) = T'(T).

Nes (7).
Since e > O was chosen arbitrarily, we have TI'' (T) = inf ré(QNJYT)' The
' N€$C(Y)
second assertion now follows trivially from Lemma I1I.1.2. ' a

I1.2.3 PROPOSITION. Let T € L(X,Y). Then F'(]YT) = I'(T). A'(JYT) > A(T)

and Fé(]YT) < Fé(T).

Proof. Since %(Y) D ¥(Y) we have To(JyT) < To(T) with T'(T) = I'(JyT) by
definition. Considering A’ we note from Proposition 1.5.5 that for any
subspace N of ¥, M e s (¥) if and only if HNYE€ $_(Y) and so since

inf HIQJ, T > inf 1IQyJ,TH ‘for.any Hes (Y). we have that

Neyc(?) Neyc(?)
NOM _ NOMNY
A'(T) = sup inf 1QuJ,TI = sup inf NIQJ,TI
kes () Nes (1) Mes (Y) Nes ()
-~ N NOMNY
< sup~ inf~HQN]YTH
He$ _(Y) Nes (V)
NOM
= A'(]YT). o

I1.2.4 THBOREM. Let T,B € L(X,Y). Then
I) T'(T +B) < A'(JyT) + T'(B);
II) A'(T +B) < A'(JyT) + A'(B):

III) T, (T + B) < T(T) + I(B).
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Proof. 1) gnd IT). Suppose T,B € L(X,Y) and suppose A’(]YT) < ® and
F'(B) { ® since on considering Proposition II.2.1 we note that the result is
trivial otherwise. |

Without loss of generality let dim Y = o, Fix N € QC(Y) and let N be
an arbitrary element of fC(Y) such that N D M. Now let e > O be arbitrary
and choose V € yC(Y) such that VO N and

NQyJ, Th < tnf~ Q,J T + & < A'(J,T) + e.
U€$C(Y)
UDN
Therefore as "Qv]YBH < HQN]YBH (if the norms exist), we obtain

inf QT (T + B)Il < QT (T + B)U ¢ 1Q, J,TH + 1Q,J, Bl

Ueyc(Y)
UDN
< ian HQU]YTH + e + HQNJYBH
ves (Y) »
c
UDN
<A (]YT) + e + HQN]YBH

and so since e > O was arbitrarily chosen we have

(1) inf WQJ,(T + B)Il = tnf inf 10, J, (T + Bl
Nes_(7) C Nes(T) ves (V)
NOH - NOM UoN
CA(ILT) + nfUgT .
Nes_(¥)
NOH

If we let M = {0} we obtain
I'(T + B) < A'(J,T) + I'(B),
Considering (1) and taking the supremum over all N € QC(Y) we get

A'(T + B) ¢ A'(JYT) + A'(B).

III) Finally for Fb suppose Fb(T) { e and Fb(B) { @ since the result is
trivial otherwise. Now let e > O be arbitrary and choose F.K € ¥(Y) so

that 1IQ.TH < T (T) + e/2 and HQBIl < I''(B) + e/2.
F 0 0
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However F + K € 3(Y) with 1IQp, Ti < IQTH and Qg Bl < HQBI.

Consequently
FO(T + B) = 1inf HQN(T + B)Il ¢ HQ K(T + B)Il £ "QF+K n+ "QF+KB"
NeZF(Y)
| < FO(T) + FO(B) + e.
Thus Fé(T + B) g'ré(r) + Fé(B) since € > O was chosen arbitrarily. o

I1.2.5 PROPOSITION. Let T.B € L(X.Y) with cod Y < ®. Then
Y

I'(T+B) <A (T) +T'(B) and A'(T + B) < A'(T) + A'(B).

Proof. The proof is similar to that for Theorem II.2.4 except that we now
select V € yc(?) such that VONNY and

HQVJYTH < 1inf "QU]YT" +e ¢ A'(T) + e. However since cod Y < ® there
ves _(¥) | Y
UDNNY

exists F € g(?) such that V + F D N. We still have V + F € yC(Y) by the

- finite dimensionality of F. The fact that NCV +F and VCV + F implies

that "QV+F]YB" < HQNJ Bll (if the norms exist) and that
QV+FJ THh £ HQ J TH < A (T) + €. The rest of the proof is the same except that
we now use YV + F instead of V. o

I1.2.6 THEOREM [6]. Let T,B € L(X,Y). Then
I) I(T + B) <I(T) + A(B) if D(T + B) € ?C(D(T)):
II) A(T + B) < A(T) + A(B);
IIT) TO(T + B) ¢ TO(T) + FO(B).
Proof. 1) Suppose D(T + B) € ﬂc(D(T)). Without loss of generality let
I'(T) <o, A(B) < ® and dim D(T + B) = ®» since the assertion is trivial

otherwise. Set T the restriction in L(X,Y) of T to

1 - TID(T + B)’
D(T + B), and select N € $(D(T + B)) so that for some arbitrary e > O,

(1) WT Tl S T(T)) + e/2.
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Now choose V € #(N) such that

(2) UBJH < T(BJp) + e/2 < sup T(BI,) + /2 = A(B) + e/2.
- Kes$(D(B)) -

(Note that $(D(T + B)) C $(D(B)) as D(T + B) C D(B)). From (1) and (2) we
now conclude that
I(T + B) < W(T + B)Jyll < NT,Jyll + UBJ Nl < T Joll + A(B) + e/2
< F(TI) + A(B) + €.
Since e > 0 was arbitrary and since TI(T) = F(Tl) by Proposition II.1.4, we

have TI'(T + B) < I'(T) + A(B).

II) Without loss of generality let dim D(T + B) = and let N € $(D(T + B))

be arbitrary. By I) we then have

F((T + B)Jy) < T(TIy) + A(BIy) <T(TIy) +  sup T(BJy

MES(N)
< sup I(TI;) + sup I'(BJy)
Kes(D(T)) - Mes(D(B))
< A(T) + A(B).

Taking the supremum over all N € #(D(T + B)) we obtain

A(T + B) < A(T) + A(B).

III) Let FO(T) (@ and FO(B) { @ since the assertion is trivial otherwise.

Hence select El € yc(D(T)) and E, € 9C(D(B)) such that

"TJEIH < FO(T) + €/2 and HBJEZH < FO(B) + e/2

for some arbitrary e > 0. Notice that E = El n E2 € ?C(D(T) N D(B)) =
F_(D(T + B)) and so

FO(T + B) < I(T + B)JEH < HT]EH + HBJEH < HT]EIH + HBJEZH < FO(T) + FO(B) + €.
Since e > 0 was arbitrary we conclude that III) holds. a

The following Lemma as well as Theorem I1.2.9, proved in the classical setting
of Banach spaces and bounded operators in [38], was generalised with the

assistance of Dr. R.W. Cross.
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I1.2.7 I1EMMA. Let N be a subspace of Y and M € QC(Y) such that

cod NY {cod M =~ Then for any € > O there exists 0 #n € N such that

Y ¥
1QJynll 2 (1 = €) tinil.

Proof. Suppose N 1is a subspace of Y and M € fc(?) such that

cod B’ < cod M = . By Theorem I.5.10
Y

N < cod M = dim MY

dim N = dim(Y/N)' = dim Y/N = cody,
: Y

and so by Theorem I.1.10 there exists f € MY such that f #0 and

el = d(f.Nl) = HQleH. But Yf/Nl =N' by Theorem 1.5.10 and so
HEl = 1Q  FH = sup lfffll, Hence there exists n € N such that n # O and
Nl O#neN Hinll

[F(n)| > UFN(1 - €) linll. However as f € MlY we have that

NFI(L - e)linll < |F(n)| = inflfF(n = m)| < UFN inflln - mll < NFN IQ, Jynil.
. mEM meN

Hence (1 - €) lnll ¢ HQManH. - . o

11.2.8 DEFINITION. Let T € L(X,Y). We define ~(T) as follows:
Y(T) = sup{A € R: IITxNl 2 N\.d(x,N(T)) for all x € D(T)}.

¥(T) 1is referred to as the minimum modulus of T.

I1.2.9 THEOREM. Let T € L(X,Y).
I) Suppose dim D(T) = ®. Then ~(T) < I(T) if a(T) < o,

II) Suppose dim Y = ®. Then ~(T) < T'(T) if b(T) < .

Proof. Let ~(T) > O since the theorem is trivial otherwise.
I) Suppose dim D(T) =« and a(T) < ». Let M € $(D(T)). By Theorem 1.1.10

there exists O #m € ¥ such that lmll = d(m,N(T)). Hence
UTml > N.d(m,N(T)) = Allmll for every A € (0,7(T)). Consequently '™ 5 +(T)
- liml

and so HT]MH > 7(T) (if the norm exists). Taking the infinum over all

M€ 9(D(T)) we get I(T) > «(T).
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II) Suppose dim Y = o and b(T) ¢ ». Let M € yc(?). Then
codYR(T) < cod M. Hence for an arbitrary e > O there exists Tx € RiT) such
¥ :

that Tx # 0 and

(1) HQMJYTxH 2 (1 - e)liTxlt > 0.

If d(x.N(T)) > O we can select n € N(T) such that

(1+ e)—lﬂx - nll < d(x.N(T)). Now select an arbitrary A € (0,7(T)). Then

(1 + e)—l.k.ux - nll < Ad(x,N(T)) < UTxN. If d(x.N(T)) =0 select n € N(T)

such that (1 + e)—lk lx — nll € UTxNl = IT(x - n)Il. Hence we have
(2) HQH]Y T(x -n)il = HQM]YTxH 2 (1 - e)iTx = (1 - e)lT(x - n)ll
> =€ nix - i,
1 +e- )

But from (1) we see that since Tx # 0, x €-N(QM]YT) and thus

1 -e
(x -n) ¢ N(QMJYT)' We now conclude from (2) that HQM]YTH 2 1+ e.k and
1 -¢ )
therefore HQM]YTH 2 1+ e.'7(T) if the norm exists. Hence taking the infinum

1 -¢€
1+ e 7(T). However € > O was chosen

arbitrarily and so I (T) > +(T) A o

over all M € fc(?) we get I''(T) >

I1.2.10 DEFINITION. Let T € L(X,Y). We define T to be partially
continuous if there exists E € 3C(D(T)) such that T]E is continuous,
partially bounded if D(T) = X. T 1is called semi-continuous if there exists
F € 3(Y) such that QFT is continuous, semi-bounded if D(T) = X. We denote
the class of partially continﬁous (semi-continuous) operators by PB(X,Y)
(SB(X.Y)). with PB(X,Y) N L[X,Y] (SB(X,Y) N L[X,Y]) being denoted by

PB[X,Y] (SB[X.Y]).

I1.2.11 LEMMA [38; 3.5]. Let T € B[X,Y] and S € B[Y,Z] with X, Y and Z

Banach spaces. Then TI''(ST) < I''(S).A'(T).
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11.2.12 THEOREM. Let T € PB(X.Y) and S € PB(Y.Z) with D(S) dense in Y.
Then
I) T'(ST) < T'(S).A"(JyT)

II) A'(ST) ¢ A'(S).A'(]YT).

Proof. 1) Suppose T € PB(X,Y) and S € PB(Y,Z) with D(S) dense in Y.
Since r'(JZST) =T'(ST) and T'(T) = r'(JYT) we can assume Y and Z to be
complete without loss of generality. By hypothesis there exists E € 3C(D(T))
such that TJE or equivalently TIE is continuous where TIE denotés the
restriction of T‘ to E. Now let F € 3(D(T)) sﬁch that ‘ED(T) and F are

topologically complemented in D(T) (Proposition I1.8.4). Next let A € B(X,Y)
be defined by A|_ = (T|)J and Al =‘O. (Note that A is
(1) E’°D(T) F

continuous since Al_ is and since there is a continuous projection from
END(T)

D(T) onto ED(T).) Then K =T ~ A is a finite rank operator and T = A + K.
Hence QR(K)T = QR(K)(A + K) = QR(K)A and so T.' and similarly S and ST
are semicontinuous. Now let M € F(Y) and V € %(Z) be such that QvS and

QMT are continuous. We now show that we can select W € %(Z) such that QwS

is continuous with N(é;gb DM, lLet W= Q;l((a;gsﬂ). Note that by choice of

¥. WDV and since M € %(Y) and V € %(Z), (6;§5M € $(Z/V) and W € %(2).

Observe that D(S) = D(QVS) is dense in Y and therefore that

D(Q,S)

Y D M. Hence for VW, QWS is continuous since W DOV, and

NDOH since D(QS) 3 H and QS = @7V .QS (Theorem 1.5.6 and

N(Q,S)
v QSN

Proposition 1.8.6).

Now Iet, T1 be the restriction of T to D(ST). Then QMTI is still

Y/M Y
NG Th
x € D(ST) QMTI continuously maps x onto Tx + M where Tx € D(S).

continudus. Consider the following: (QwS)A.Q For an arbitrary
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otice that is a map from onto ) an .since C N,
N hat Qy /X from Y/M Y/M)/(N/H) and N

(Y/M)/(N/M) = Y/N by Proposition 1.8.6. Consequently QN/: continuously maps

Tx + M onto Tx + N. But Tx € D(S) and N = N(QS) and so (Q,5)"

Y/M

continuously maps Tx + N onto STx. Hence QwST = (QWS)‘ QN/H QH ; 1s

continuous. let U = (QwS)‘ §;: Since D(S) 1is dense in Y, QWS and thus

U= (QWS) 'QN/H is a bounded operator. Therefore as QwST is unique,

Now observe that for say A € L(Y,Z) and B € B(X,Y), I''(B) = I''(B),

A'(B) = A’(B) and I'(AB) < I'(A).IBIl since IUQBIl = IQBIl = IQBIl for each

K € QC(Y) and HQPABH <

NQPAH.HBH for each P € ?C(Z). Finally since

QT )M < IQETH for each K € # (Y) such that K D M, A'(QT,) < A'(Q,T).

Consequently considering Q,T. as an element of B[D ST)™.Y] we can now apply
M1

the Lemma and Propositions I1.1.3 and II.1.5 to obtain the following:

I'(ST) = I'(QyST) = I'(QyST) = I'(U.(Q,T,)) < I (U).A"(Q,T,)

I ((@g8)- Q) A (9T )

I ((Qy8)"). 1y M. (Q,T)

78

I (QyS)-4(T)
I'(QyS)-A"(T)
r'(S).A'(T).

H IN

Since initially we assumed Y and Z to be complete, we have

I'(JST) < T'(J8).4"(JyT) = T'(S).A"(J,T).

' (ST)

IT) Suppose dim Z

©. We note from I) that r'(QKsr) > F'(QKS).A'(JYT) for

each K € QC(Z). Hence

A'(ST) = r'(qQ,st) < r'(Q A’ J /) = A'(S).A'(J -
( KG;u?Z) (QgST KG;u?Z) (QS)-A ( ( (
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If dimZCw®, A'(ST) =T'(ST) =0 and A'(S) =T'(S) =0 and so the result

follows from I). : ' D‘

I1.2.13 THEOREM. lLet T € L(k,Y) and S € L(Y,Z) with D(S) dense in Y.
Then |

I) Fb(JZST) < Fb(JZS).Fb(T) with rb(sr) < Fb(S).Fé(T) itf D(S) =Y;

II) T'(ST) < F'(S).Fé(T);
IIT) A'(ST) < A'(S).rb(T);

except in the case 0.,

Proof. Without loss of generality let dim Z = o,

I) Suppose T € L(X,Y) and S € L(Y,Z) with D(S) dense in Y. We first
show that rb(sr) < F6(S).F6(T) if D(S) =Y. 1If either Fé(S) = ® or
Fé(T) = ©, the assertion is trivial and so assume Fé(S) { @ and Fb(T) (o,
Notice that for say B € B(X,Y) :

(1 I (SB) = inf IiQSBIl < inf NQ.SH.IBH = T (S).NBIl.
) o(58) F ény(Z) P F ény(Z) -FS_ ol®)

Let € > O be arbitrary and choose K € #(Y) such that
(2) NQ T < Fb(T) + e;
Since Fé(S) { ® we conclude that there exists M € ¥(Z) such that QMS is
continuous. Moreover SK € ¥(Z) as K € #(Y). Now let W = SK + M. Then
since W O M, HQWSH < "QMSH and so QWS is continuous. Also K C N(QwS) =N
since SK C W and HQNTH < HQKTH since K C N. Consequently as W € ¥(Z) we
have by (1), (2) and Propositions 11.1.3 and II1.1.5 that

rb(sr) =_r6(awsr) = Fb((QwS)“.QNT) < Fé((QwS)“) HQ, Tl < Fb(QwS).HQKTH

< Fé(S).(Fé(T) +€).

Since € > O was chosen arbitrarily we obtain Fé(ST) < Fé(S).Fb(T).
Now suppose D(S) # Y. As before we may assume that Fé(]ZS) { ® since the
assertion is trivial otherwise. Hence there exists M € y(i) such that QHJZS

is continuous.
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Letting T1 denote the restriction of T to D(ST) we note that

\

(QHJZS)JYTI = HJZST' Arguing as in the proof of Theorem II1.2.12 we see that

I(QJ;S) = Fé(QHJZS) and ré(rl) < ré(r) and hence since (Q,J,S) is
bounded we conclude from the first part of the proof and Propositions 1I1.1.3

and I1.2.3 that

ré(JzST)lz r6(QMIZST) = r6((QMIZS)]YT1) < ré(QM]zS)'ré(JYTl)
< Fé(QMIZS).Fb(Tl) < Fé(IZS).Fb(T).

ITI) Let M € 9C(i) be arbitrary. We then have
Fé(QM]ZST) < Fé(QHJZS).Fb(T) by I) and so from Proposition II.2.2

F'(ST) = inf To(QJ,ST) ¢ inf Ty(QJ,8).T(T) = I'(S).I(T).
Hes_(Z) Hes (Z)

III) Let M € QC(Z) be arbitrary. By II) we have that
F'(QHST) < F'(QMS).Fb(T). Hence taking the supremum over all M € $.(2). we

bave A'(ST) ¢ A'(S).rb(r). o

As was noted Theorem II.2.6 is a generalisation by R.W. Cross with Lemma II.2.7
and Theorem 11.2.9 generalisatioﬁs due mainly to the same. Theorem II1.2.9 I)
generalises a result by B. Gramsch [19] whereas II) of the same theorem
generalises a result by Weis [38]. All other results are generalisations by
Vthe author. The proofs of the first part of Theorem II1.2.4 as well as that of
Lemma II.2.7 and Theorem II.2.9 are essentially the same as those used by Weis

[38], suitably changed to hold for the more general case.
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§3 ZERO SETS

I1.3.1 DEFINITION. lLet T € L(X,Y). T 1is defined to be partially precompact
(semi—precompact) if there exists E € 3C(D(T)) (F € 3(Y)) such that T]E
(QFT) is precompact. We will denote the class of all partially precompact
(semi-precompact) operators in L(X,Y) by PPK(X.Y) (SPK(X.Y)) and in L[X,Y]

by PPK[X,.Y] (SPK[X,Y]).

I1.3.2 THEOREM. Let T € L(X,Y). Then the following are equivalent.
I) T € SPK(X,Y).
II) FO(T) = 0.

If T is continuous then T € PK(X,Y) 1if and only if ré(r) = 0.

Proof. I) 3 II) Since T is semi-precompact if and only if there exists an
N € 3(Y) such that QNT is precompact and since Fé(T) = Fé(QNT) by |
Proposition I1.1.3, we can assume T to be precompact. Now let e > 0 be
arbitrary. From the definition of precompactness it now follows that there
exist {xl....,xn} C BD(T) such that for any x € BD(T) there is an %,
1 <k <n, with HTx - Tth < e. Consider F = span{Txl,....Txn}. For an

arbitrary x € B there exists k, 1 ( kR { n, such that

D(T)
HQFTxH < WTx - Txkﬂ { e and so we conclude that HQFTH { e. Hence Té(T) = 0.

II 5 1) Suppose T is continuous. Observing that for any M € %(Y)

cod K" < ® by Theorem 1.5.10, we conclude that IT)
L

dim M = dim B’ = dim ¥ /¥

{ ®) such that
IQ, T = H(QMT)'H = HT'JMLH < e and hence T  is compact by Theorem I.11.9.
But then T 1is precompact by Proposition I.11.5. Now if T is not
continuous, then by II) there exists N € $(Y) such that QNT is continuous.
But since Té(T) = Fé(QNT) by Proposition IX.1.3, II) still holds for QNT

and so by what we’ve just shown QNT is precompact. a
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The following proposition appears in [6] and is a generalisation of the result

for continuous operators (Theorem 1.11.9).

I1.3.3 PROPOSITION [6]. lLet T € L(X.Y). Then the following are equivalent:
I) T € PPK(X.Y). |
I1) TO(T) = 0.

If T is continuous, T € PK(X.Y) 1if and only if TO(T) = 0.

Proof. Noting that if either I) or II) holds then T € PB(X,Y), the

proposition now follows from a consideration of Theorem I.11.9 and Proposition

I1.1.4. ' o

I1.3.4 DEFINITION. let T € L(X,Y). T is defined to be F_ (F+) if there
exists F € ¥(Y) (E € ¥_(D(T))) such that (QFT)' = T'JFL has a continuous
inverse (T]E has a continuous inverse). The class of all F_ (F+) operators
in L(X.Y) will be denoted by F_(X,Y) (F (X.Y)) with F_(X,Y) N L[X,Y]

(F+(X.Y) N L[X.Y]) being denoted by F_[X,Y] (F+[X,Y]).

For the sake of completeness we prove the following result due to R.W. Cross

([6; 2.2] and [8: 1.18]). .

II.3.5 THBOREM. Let T € L(X,Y) with dim D(T) = ©. Then the following are
equivalent:
I) T¢ F,.
II) T' ¢ ..
III) There is no E € ?C(D(T)) such that T]E has a continuous inverse.
IV) There exists M € $(D(T)) such that TJM is precompact.
V) For every e > 0 there exists M € $(D(T)) such that HT]MH {e; that

is I(T) = 0.
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Proof. 1I) = III). This is an easy consequence of the definition of - F+

operators.
III) 3 IV). This follows on considering Theorem I.11.10.

IV) 3 V). Assuming there exists M € #(D(T)) such that TJM is precompact,
it follows from Proposition I1.3.3 that for any € > 0 we can select

N €3 (M) CHD(T)) such that ITIN < .

V) = I) Assume that V) holds with T € F . Hence there exists E € gc(D(T))
such that TJE has a continuous inverse, that is there exists k > 0 such
that
HTJExH 2 Rlixll  for every x € E.
Select M € $(D(T)) such that HTJMH { kR/2. Hence M N E € $(D(T)) with
Rilxil < "T]MﬂEx" = IITJMxII < k72 1ixli

for each x € ¥ N E. An obvious contradiction. Consequently T ¢ F+.

We have already shown I), III), IV) and V) to be equivalent. To conclude we

show that III) and II) are equivalent.

IT) & III) Suppose there exists a relatively closed finite codimensional
subspace of D(T), say E, so that TJE has a continuous inverse. But then

by Propositions I.10.7 and I.10.11 Q(E(T)) T' is surjective. Since
E

dim ElD(T) = codD(T)E { ® by Theorem 1.5.10, we conclude that b(T') < ® and
hence T' € ¢L by Propositions 1.4.17 and 1.10.2.

Conversely supposé T € ¢L. Then b(T') < ® by definition and so there
exists F € F((D(T))') such that QFT' is surjective. However F = ('LF).'L by
Remark I.5.9 with codD(T)lF = diﬁ(lF)l =dim F < ® by Theorem I.5.10. Hence

QFT = Q(lF)lT = (T]lp) by Proposition 1.10.11 and so TJlF has a

continuous inverse by Proposition I1.10.7. | a
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The construction in the following theorem is adaﬁted from Brace and R.-Kneece
[4]. The result generalises the corresponding result for bounded operators
between Banach spaces by Weis [38; 3.2] and complements a result for DF—spades

by Wrobel [40; Corollaries 2 and 3].

11.3.6 THEOREM. Let T € L(X,Y) with Y infinite dimensional. Then the
following are equivalent:
I) TeF._.
II) T' €F,;
1) T ¢ ¢,.
IV) I'(T') =0 and dim D(T') = o,

V) T'(T) =o.

VI) There exists M € fc(?) such that QHJYT is a compact (nuclear)

operator.

Proof. Without loss of generality suppose D(T) = X. The equivalence of IT)

and IV) is immediate from Theorem I1I.3.5.

VI) V). Suppose there exists M € fc(?) such that QHJYT is a nuclear
operator. But then QMJYT is compact and so for an arbitrary e > 0, there
. 3 Y/, Y

exists F € #(Y/M) such that "QF (QH JYT)" ¢ & (Theorem II.3.2). By
Proposition I.8.6 there exists K, a closed subspace of Y such that

Y Y, Y : . ¥ ¥
QK IyT = Qr (QM JYT)' Now since dLT(QF(Y/M)) =, K€ fc(Y).

V) » II) Suppose that V) holds and that T' € F+(Y',X'). Firstly, since there
exists N € fc(?) such that QNJYT is continuous,

(QN]YT)' = (]YT)']NL = T'JNL is bounded (Theorem I.10.3 and Remark I.10.10).

Hence N© C D(T') and since dim N - cod N = @, dim D(T') = o,
Y
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Now let E € 3C(D(T')) such that ’T']E has a continuous inverse. Then there

exists kR > O such that HT']Ey'H 2 Rlly'll for each y' € E. However by V) we

can choose N € yc(?) such that HQM]YTH { R/2. Hence dim HlY =cod M = o

Y
H.L? ' . [
with C DT ) since IT ]MLH = "(QH]YT) n= HQH]YTH < R/2 by Theorem
I.10.3 and Remark 1.10.10. But now Ml NE€$DT')) with
‘ ' L] ¢ ) . . L] H-l-? r
Rily'll < IT ]Ey W =0T J 1Y I <R/2 lly'll for each y' € NE.
N

An obvious contradiction. Hence T' ¢ F+(Y',X').

II) > I) Suppose T € F (X.Y). Then there exists F € #(Y) such that
(QFT)' = T'JFl has a continuous inverse. But dim F = dim F' = cod F'L ( =»

and so F- N D(T') € F(D(T')) implying that T' € F (r',X').

I)  VI). Assume that I) holds. By the hypothesis T' does not have a
continuous inverse and so there exists yi €Y' such that Hyi" =1 and
uT‘yiu <2167l since llyjl = 1 there exists y, € Y such that Hy, Il =1
and 1/2 ¢ yi(yl) 1. Letting F = span{yl} we note that T']Fl = (QFT)'

does not have a continuous inverse and so there exists yé € (span{yl})'L such

y2€Y

such that |y ll =1 and 1/2 ¢ y.'(y,) < 1. Continuing inductively we obtain
72 2172

that Nlygll =1 and IT'yyl < 271.672. Since lyyl = 1 there exists

{y} €Y and {y'} c D(T') such that

(1) HynH = HynH =1 for every n € N,

(2) Ty Il ¢ 271.6™ for every n €N,
(3) yé(yi) =0 for i <R with i,k €N,
(4) 172 < yé(yn) <1 for every n € .

Now let Ah = ll(yé(yh)). Then 1 ¢ Ah {2 for every kR € IN. Define
n-1
{vn} CY by v = Alyl and vo= An[yn - 2 (yi(yn))vi] for n > 2.

i=1
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We show that

(5) yé(vn) = 6hn for k,n € N.

Suppose n < k:

Observe that v, € span {yl.....yn). However since k > n we have by (3) that
Span{yl.-...yn) C N(yh) and so yh(vn) = 0.

Suppose n = k:

If n=1, then it is obvious that yi(vl) = 1. Suppose n > 1. Then by what

we've just shown {vl,...,vn_l) c N(yﬁ) and so
v n-1
un(v)) = Al = ) (v, T = Awi(y) = 1.
i=1

Suppose n > k:

First let n =k + 1. By what we’ve just shown we have
R

U (Uha1) = N1 DY (Y ) - ) (3 Uy 1)) - Y (0]
i=1

| = Mer1lUpUpy) ~ U (Upy )T = 0.
Continuing inductively we prove (5).
¥e now establish that
(6) anH < 2.3" for every n € N.

The proof is by induction. Note that

o Il = WAy 0 <A [ty 0 € 2.1 € 2.3,
Suppose that (6) has been verified up to k € N. Then
k
Mo gt = Py LMy - E CRUSSY LN
_ i1=1
k
< 2(ly, I+ ) ly; Wiy, Wl 1)
i=1
k
<201+ ) 2.3h
i=1
k |
<2(1+ ) 2% =230

i=0
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Now let u, = vt.2_1.3~i. Then HutH ¢ 1 for every i € N. Define a nuclear
operator K € B[X,Y] as follows:
[+
Kx = ) (1/2")(x; (x))u, where x; = 2.6'.7"y;. for each i €.
i=1 B

For any x € X we have
© © ) ’ © .

Kl < z (1/2i)Hx£H lell thu 1 € z (1/2%)2.6" 0Tyttt <l z (172Y) = It
i=1 i=1 i=1

Hence Kx 1is absolutely convergent for any x € X and so Kx exists by the

completeness of Y. Also IKIl < 1. Observe that for y' € Y',

Ky’

[+
i ' '
) (1725w (w)) x;
i=1
and so K is still a nuclear operator with K"t < 1.

We show that K' agrees with T' on W = span{yi,yé,...}. Let y' € W. Then
m .

y' = z piy{ for some m € N. From (5) it follows that B, = y'(vi) for
i=1 '

each 1 (i {m. Thus

N
w
(e

Ty = y'(vi/(2.3i)).(2.6i.T'y£)

6t

I N3

[\

m
w Tyl = ) ()(T'y)
i=1

i=1

1

(172" (y" (u))x; -

(d
ot

R R
)

\

In fact since y'(vk) O for every kR > m by (5), we have that

Ty = ) (1729 () x; =K'y
i=1

Hence N(T' - K') D ¥ and so N(T' - K') is infinite dimensional. Observe

that (J,T)' =T  and that (JyT -~ K)' =T' - K'. Therefore T' -K' is the
adjoint of an operator in L(X,Y) -and so NT -K') = R(JYT - K)l by
Proposition 1.10.4. Let M = J'Y(N(T' -K')) = R(JYT - K) (Proposition 1.10.4).

Then QM(JYT - K) = 0 since R(]YT - K) C M. Therefore QMJYTJD(T) agrees

with the nuclear operator QMKJD(T)'
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Finally observe that dim N(T' - K') = dim wt- dim(Y/M)' = dim(Y/H) = © and

so M€ QC(Y). (Note that QMJYT is compact by Theorem I.11.7).

II) < I111) Suppose T € ¢L. By definition R(T') 1is closed and hence
complete with a(T') < ©. Since a(T') < ®, there exists a topological
complement of N(T') in Y', say E (Proposition 1.8.4). As E is closed,
and thus complete, T'JE is still a closed operator and so since T'JE is
injective with R(T'JE) =T'(E) =T (E® N(T')) = R(T'), we conclude from the
open mapping theorem that T'JE has a continuous inverse. Hence T' € F+ as
codY-E = a(T') < o,

Conversely assume T € F+. By III) of Theorem I11.3.5 there exists

E € yc(D(T')) such that T'J_ has a continuous inverse. We show that
E

R(T'J_) 1is closed. Let x' € R(T'J_) and select {y} c EN DT') such that
E E

T'yﬁ - x'. But T'J_ has a continuous inverse and so {yﬁ} is Cauchy in E.
E

However E is a closed and therefore complete subspace of Y' and so there
exists y' € E with yﬁ - y'. Since T  1is closed we conclude that

T'y' = x' and hence that x' € R(T'J_) since y' € E. Consequently R(T'J_)
' E E

is closed. As E € yC(D(T')), there exists F € $(D(T')) with

R(T') =R(T'J_) + T'F and so R(T') is closed by Proposition 1.3.4. Now
E

since a(T') <« if T € F+ we conclude that T' € ¢L. n|

We will see later that T € ¢L if and only if T € F_ and hence that

r'(T') =0 if and only if I'(T) = 0 by Theorem 11.3.5."

I1.3.7 DEFINITION. Let T € L(X,Y). Then T is defined to be strictly
singular (strictly cosingular) if there is no M € $(D(T)) (M € QC(Y)) such

that TJM ((QMT)') has a continuous inverse.
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The class of strictly singular (strictly cosingular) operators in L(X,Y) will
be denoted by SS(X,Y) (SC(X.Y)) whereas SS(X,Y) N L[X.Y] (SC(X.Y) N L[X.Y])

will be denoted by SS[X,Y] (SC[X.Y]).

We remark that strictly singular operétors were first defined by T.vKato [21],
whereas strictly cosingular operators were defined by Pelczynski [33]. The
definition we give for strictly singular operators is a generalisation of the
original definition in the sense that we state the definition for arbitrary
operators (not necessarily continuous). It will be shown in Chaptér VYV that the
definition given for strictly cosingular operators corresponds to that given by
Pelczynski in the classical setting of bounded operators between Banach spaces.
The following theorem was first established by Brace and Royce-Kneece [4] in
the classical case. The result below generalises and complements the results

by Brace and R.-Kneece and Wrobel [40].

I1.3.8 THEOREM. Let T € L(X,Y). Then the following are equivalent:
I) T € SC(X,Y). |
II). For every M € QC(Y) there exists N € fc(?) such that N D M with
QNJYT a compact (nuclear) operator.
III) For every e > 0 .and for every M € fc(Y) there exists N € fc(?) such

that N D M with the norm of QN]YT not exceeding e (ie. A'(T) = 0).
_Proof. Without loss of generality suppose that dim Y = o,

I)  II). Let T € SC(X,Y) and let N € fC(Y) be arbitrary. For any

F € 3(Y/M) we have by Proposition 1.8.6 that there exists a closed subspace K

of Y such that Q;/M;Q; = Q;. Now since dim Y/M =® and F € F(Y/M),

K € fC(Y) and so (Q;/M(Q;.T))' = (Q;.T)' does not have a continuous inverse.
‘Since F € F(Y/M) was chosen arbitrarily we have by Proposition 1.8.6 and

Theorem 11.3.6 that II) holds.
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II) = III) Let M € fC(Y) and e > O be chosen arbitrarily. By II) there

exists N € fc(Y) such that N D M with QNJYT a nuclear operator. But

since QNJYT is nuclear, it is also precompact and so by Theorem II.3.2 there
. ¥ Y/N, Y o

exists F € F(Y/N) such that "QF (QN'JYT)" { e. By Proposition I.8.6 there
. ' ¥ ¥ _ ¥w ¥ .

exists K, a closed subspace of Y, such that QK = QF .QN with KD N D M.

Now since N € 9C(?) and F € 3(Y/N), K¢ 9C(Y).

III) 2 I). Assume that III) holds and that T € SC(X,Y). That is there exists
, S ?C(Y) such that (QMT)' has a continuous inverse. Hence there exists

R > 0 such that IIT'y'll X Rlly'll for each y' € wtn D(T'). Now by III) there
exists N € 96(?) such that ND M with WQuJ,TIl < k/2. Since QuJ,T is
continuous, (QNJYT)' = T'JNL is bounded (Theorem I.10.3) and so N c T').
Also as Ne s (¥) and NOH, Nt € #(Y') with N C K-, Thus

N e st N D(T')) with NT'Jli = IQuJ,Tl < k/2 by Theorem 1.10.3. But then

we have that
kiRl < NT 'n'N = HT'JNln'H.g kR/2.lIn*Il for every n' € Nl.
This is obviously a contradiction and so T € SC(X,Y). o

Considering Theorems I1.3.6 and 11.3.8 we observe that the definition of r
and A' in terms of the completion Y of Y (T € L(X.Y)) seems to be the
most suitable way to make them usefully applicable to all operators, both
bounded and unbounded, since in this case the important classes of F_ and
strictly cosingular operators éan be characterised in terms of the functions

I'' and A' respectively. Therefore a study of these functions will then
yield results concerning F_ and strictly cosingular operators. Again for the

sake of completeness we state the following theorem, a generalisation by R.W.

Cross [7; 14] of [16: III.2.1].
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11.3.9 THEOREM. lLet T € L(X,Y). Then the following are equiuvalent.
I) T € SS(X.Y).
II) For every M € $(D(T)) there exists N € $(M) such that TIy s
precompact .
III) For every e > 0 and for every M € $(D(T)) there exists N € $(M)

such that the norm of TJy does not exceed e (ie. 'A(T) = 0).
Proof. 1)  II). This is a consequence of Theorem II.3.5.

II) = III). Let M € $(D(T)) be arbitrary and select N € $(M) so that T]N
is precompact. It follows from Proposition II1.3.3 that for an arbitrary e > O
we can select K € gc(N) c f(M) so that HT]KH {e.
III) » I) Suppose that III) holds and that T € SS(X,Y). Hence select
M € $(D(T)) .such that T]M has a continuous inverse. Then there is some
R >0 with WTxIl > Rlixll for each x € ¥. Now select N € #(M) such that
IIT]NII { R/2. But then

Rilxll < ITxl = HTJNxH { R72.llxll for each x € N,
an obvious contradiction. Consequently T € SS(X,Y) if III) holds. o

II1.3.10 PROPOSITION. Consider B[X.Y]. Then Z(I'') N B[X,Y], Z(A') N B[X,Y]
and Z(Fé) N B[X,Y] are closed subsets of B[X,Y] where .Z(f)

(f € {T'.A".T;}) denotes the kernel of f in L(X.Y).

Proof. We give a proof for Z(T‘), the proofs for the other two cases being

entirely analogous. Suppose T € Z(I'') N B[X,Y]. Then there exists
{Tn} C Z(I'') N B[X,Y] such that Tn~» T and so by Theorem 1I.2.4

r'(T) < A'(J (T - T)) + F'(Tn) = A‘(JY(T -T)) <IT -Tl for each n €N

r(
Since T - Tn" >0 as n -, we conclude that T''(T) = O and hence that

Z(T') N B[X.,Y] is closed. a
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IT.3.11 Remark. Consider B[X.Y].

I) Recalling that PK[X,Y] denotes the bounded precompact operators, we
conclude from Theorems I1I.2.4 and II.3.2 that Fé defines a norm on
B[X.Y]/PK[X.Y]. In fact, by Theorem II.2.13, B[X,X]/PK[X,X] is a normed
algebra with respect to Fé. We deduce frbm Theorems 1I1.2.4 and II1.3.2 that
I‘(')(T) = I‘(')(T +B) < IT + Bl for T € B[X,Y] and B any element of PK[X,Y].
Hence the induced quotient norm on B[X,Y]/PK[X,Y] 1is stronger than Fé.
Consequently, since B[X,Y]/PK[X,Y] is‘a Banach space with respeét to the

quotient norm when Y 1is complete (Theorems I.2.1 and I.4.5),

(B[X.Y]/PK[X.Y].Fb) is an operator range when Y is complete.

II) Let Y be complete. As in I) we can deduce from Theorems II.2.4 and
I1.3.8 that A’ defines a norm on B[X,Y]/SC[X,Y] and that
(B[X,Y]/SC[X.Y].A') 1is an operator range. From Theorem II.2.12 we conclude

that B[Y,Y]/SC[Y,Y] is a normed algebra with respect to the norm A'.

Theorems I11.3.2, I1.3.6 and 11.3.8 are generalisations by the author with the
fact that I) implies VI) in Theorem II.3.6 being established with the

assistance of Dr. R.W. Cross. Remark II.3.11 is also by the author.
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CHAPTER 1II11

PROPERTIES OF THE ~ FUNCTION

§1 SOME INBQUALITIES

III.1.1 DEFINITION. let T € L(X,Y). We.define T to be a range open
operator if T is an open map when considered as an element of L(X.R(T)). In
other worﬂs if there is some A € R such that ATBX o) BR(T) (or equivalently
ATUX o) UR(T))' If T is a range open operator, then this property will be

denoted by T € RO.
III.1.2 PROPOSITION. lLet T € L(X,Y). Then T € RO if and only if ~(T) > O.

Proof. Observe that T € RO

<> there exists A € (0,2) such that 7\TUX ] UR(T)

& there exists A € (0,9) such that for each x € D(T) with HNTxll < 1,
x + nH‘< A for some n € N(T)

& there exists A\ € (0,) such that for each x € D(T) with HNTxH < 1,
d(x,N(T)) < A |

& there exists A € (0,0} such that for each x € D(T) with NTxll

]
[
-

d(x.N(T)) < A
& there exists A € (0,2) such that for each x € D(T),
0Tl > (1/)\).d{x,N(T)) I

& (T) > 0. ‘ o
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III.1.3 PROPOSITION. Let T € L(X,Y) with N a closed subspace of Y such

that N N R(T) = {0}. Then ~(T) 2 q(QNT)L

Proof. The proposition is trivial if 1(QNT) = 0. Hence suppose 1(QNT) > 0.

Note that N(T) N(QNT) since N N R(T) = {0}. Observe that for any
x € I(T), UTxll > HQNTxH and so for any A € (O.ﬂ(QNT)) the fact that
HQNTxH > A.d(x,N(T)) for all x € D(T) implies that ITxll > A.d(x,N(T)) for

all x € D(T). Hence ~(T) 2 7(QNT). : a

III.1.4 PROPOSITION. Let T € L(X,Y) and let N be a subspace of R(T). -

Then ~(Q.T) >0 if ~(T) > 0.
N

Proof. Suppose T € L(X,Y) with ~(T) > 0. Then T € RO by Proposition
I11.1.2. Let N be an arbitrary subspace of R(T) and let NR denote
Nn R(T). Then Qg(T) is an open map and so, considering T as an element of

R
L(X.R(T)). Qﬁ(T)T is open since it is the composition of two open maps. But
R

since N, is dense in W, R(QR(T)T) = R(T)/N, = R(T) + N = R(QY.T), and so
R NR R N
by definition, Q_T € RO. Hence ~(QT) > O by Proposition III.1.2. a
N N

III.1.5 PROPOSITION. Let T € L(X,Y) and M an arbitrary subspace of X.

Then 7(TJH+N(T))2 ¥(T).

Proof. The result is trivial if +(T) = O, and so suppose ~(T) > 0. Now let
A € (0,7(T)). Hence IITxIl > N.d(x,N(T)) for each x € D(T).
But then

HTxll > AN.d(x,N(T)) for each x € D(T)N(M + N(T)).

Since N(TJ N(T) we conclude that ~(TJ ) 2A. Nowas A was

wsN(T)) = | W+N(T)
an arbitrary element of (0,7(T)). we deduce that 7(TJM+N(T)) 2 (7). o
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II1.1.6 THEOREM. Let T € L(X.Y) be closable. Then ~(T) < v(T) with

equality holding if N(T) 1is dense in N(T).

Proof. Assume that T € L(X.,Y) 1is closable. We will show that

v(T) = sup{\ € R: ITxll > N\.d(x,N(T)) for all x € D(T)}
from which the result will follow. Observe that since D(T) 2 D(f),
(1) Y(T) = sup{A € R: WTxll > N\.d(x,N(T)) for all x € D(T)}

2 sup{\ € R: Tl > A.d(x.N(T))v for all x € D(T)}.
Let & = sup{\ € R: ITxll > A.d(x,N(T)) for all x € D(T)}. Now if & = o,
then trivially 6 = W(T) by (1). Hence suppose 6 < ® and let € > O be
arbitrary. It follows that we can select z € D(T)\N(T) so that
(2) . Mzt < (6 + €).d(Z.N(T)).
From Proposition 1.4.14 we note that the graph G(T) of T 1is dense in
G(T). Hence there exists ((xn,Txn)} € G(T) such that
(x,.Tx ) - (z.172).

Consequently
(3) | lx =z + ITx -~ T2 50 as n -
Considering (3), we can write
(4)  d(x .N(T)) + lix - zl > d(Zz.N(T)) and WTZI (I I - 11z - Tx )
for all n € N. From (2), (3) and (4) it now follows that we can choose k € NN
such that d(xh,N(T))(é +€) > HTth and hence we conclude that ~(T) ¢ 6 + €.
Since e > O was chosen arbitrarily we have ~(T) { 6. Considering (1) we
deduce that |
(5) v(T) = 6 = sup{A € R: IITxll > A\.d(x,N(T)) for all x € D(T)}.

Now if N(T) was dense in N(T) we would have
d(x.N(T)) = d(x.N(T)) = d(x.N(T)) for all x € D(T) and so
+(T) = 6 = +(T).

If however N(T) ¢ N(T). then d(x(N(T)) ¢ d(x.N(T)) = d(x.N(T)) and so from

(5) we conclude that ~(T) =6 ¢ 7(7). o
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Theorem II1.1.6 is due to the author. We note that the proof of Proposition
III.1.5 is essentially contained in [16; IV.2.9]. The author is unaware of

Propositions III.1.3 and III.1.4 having been proved before in the general case.
§2 THE RELATIONSHIP BETWEEN ~(T). v(TG) AND: +(T').

I11.2.1 DEFINITION. Let T € L(X,Y). We define XT to be D(T) renormed
with the stronger norm "'"T = W.f + IT.. The identity map from XT onto
D(T) will be denoted by GT (G if there is no danger of confusion) and
TJD(T)GT by TGT. Note that GT is injective with ‘GT € B[XT,D(T)] and

TG € B[X.,Y].

I11.2.2 THEOREM. Let T € L(X.Y).

I) If T =0, then ~(T) =‘7(TG) = ®,
' ~(TG)

I‘:‘:?;ES‘ where we agree to have 1/0 = o,

II) If T #0, then (T) =

Proof. 1) Assuming that T = O we trivially have that TG = 0 and hence

from the definition of the minimum modulus we conclude that ~(T) = v(TG) = =,

11) Suﬁpose T # 0. Notice that for any x € D(T),

4G 1x,N(TG))

i

inf G 1x - G—IzHT

Zz€N(T)

= inf (llx - zll + ITx - Tzll)
z€N(T)

= inf lx - zll + NITxH
z€N(T)

= d(x,N(T)) + ITxl

and so, Since T#0 and thus TG # 0, it follows frdm the above that
1(TG)

I”:‘;z;a;ﬁ If ~(TG) = O this is

7(TG) < 1. We will first show that ~(T) >

trivial. Hence suppose that ~(TG) > O.
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Chbose A € (0,7(TG)) arbitrarily. Then
Tl > A.d(G~1x,N(TG)) = N.(d(x.N(T)) + IITxlt) for each x € D(T),

by definition. Consequently

0Tl > 1 i 7\.cll(x,N(T)) for each x € D(T)
A
and therefore ~(T) > 1 - »- Since A € (0,7(TG)) was chosen arbitrarily, we
7(TG)
have that ~(T) > I‘:‘;?}EY.

7(TG)
Conversely if ~(T) = O, then trivially I‘:‘;z;&;'z 7(T). Therefore suppose

that (T) > 0. Now choose a monotone increasing sequence {6n} C (0,1) such

6 ' )
n n
that 1-5 7(T) as n > o (Note that ~(T) > 1 -5 >0 for each
n n
n € N.) Hence
6
n
Tl ) 1 -5 .d(x,N(T)) for each x € D(T) and n € N
n

and so

0Tl > 6n.(d(x,N(T)) + WTxll) for each x € D(T) and n € I.

7(TG) 6n

1-TG) 21 - 5
- +(TG) : %

for each n € N. We conclude that I‘:‘;{;&Y 2 (T) = nlgpm 1 - 6n
1(TG)

1 - ~(TG) =

It now follows that ~(TG) > én for each n € N, whence

and so

from the first part of the proof it follows that +(T). 1]

I11.2.3 OOROLLARY. let T € L(X,Y). Then T € RO if and only if TG € RO.

Proof. From Theorem I11.2.2 it follows that ¥(T) > 0 if and only if

7(TG) > O and hence the Corollary follows on.considering Proposition III.1.2.0

III.2.4 OOROLLARY. Let T € L(X,Y) such that T # 0. Then the following are
equivalent:
I) N(T) 1is dense in D(T).

II) ~(TG) = 1.
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Proof. Suppose T € L(X,Y) such fhat T #0. On considering the definition
of W(T) we notice that ~(T) = ® 1if and only if for each x € D(T),
d(x,N(T)) = 0. But this is the case if and only N(T) 1is dense in D(T).
Since in this case ~(T) = @ if and only if ~(TG) = 1 by Theorem III.2.2, we

are done. . 5]
Theorem III.2.2 and Corollaries I11.2.3 and II1.2.4 are the authors own.
II1.2.5 LEMMA. Let T € L(X.Y). Then T' = (G 1)'.(TG)".

Proof. Note that GT € L[XT,D(T)] and hence the lemma is a special case of

Proposition I.10.9. ' o

I11.2.6 THEOREM. Let T € L(X,Y). Consider the following statements:
I) ~(T) > o.
II) ~(T') > 0.

III) R(T') = N(TJD(T))l.
IV) R(T) is closed (ie. R(T) = N(T') by Proposition I.10.4).
Then:
a) if X and Y are normed linear spaces, then I) and III) are equivalent,
' either of which imply II); |
b) if X 1is complete and T closed, then I), II) and III) are equivalent,
. any of which imply IV);
c) if Y is complete, IV) implies II);
d) if X 1is an operator range, Y complete and T closed, IV) implies I)
and hence III);
e) if both X and Y are complete and T 1is closed, all four conditions are

equivalent.
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Proof.

a) Let T € L(X,Y) with X and Y normed linear spaces.
' ‘ 1

IIT) 2 I1). If R(T) = N(TJD(T))

that +(T') > O is an immediate consequence of d) (proved later).

then R(T') 1is closed and so the fact

I) & III). Assume that ~(T) > O. First suppose that N(T) 1is closed. Then
since d(x,N(T)) = "QN(T)x" and Tx = %'QN(T)X for each x € D(T), we
conclude from the definition of ~(T) that 7(?) = v(T) > 0 and hence that ?
has a continuous inverse. But then R((%)') = (D(T)/N(T))' by Proposition
1.10.7. By Theorem 1.5.10 (D(T)/N(T))' 1is isometric to N(TJD(T))'L under
the map V given by (Vz')x = z'(QN(T)x) where z' € (D(T)/N(T))' and
x € D(T). Hence
VR(TY')) = N(TIpipy)*

However since D(T') = D((T)') by Proposition I1.10.12 and since
(%)'y'(QN(T)x) =T'y'x for y' € D(T'), we conclude from the definition of V
that '

R(T') = VR((T)') = N(TJp pp)h
Now suppose N(T) is not closed. As ~(T) > O we note from Theorem III.2.2
that ~(TG) > 0. Then R((TG)') = N(TG)' by what we have just shown. From

the Lemma we deduce that

. -1, -1,
(1) R(T') = R((G ") ]R((TC)')) = R((G ") ]N(TG)l)
Since G is bounded, N = G—I(N(T]D(T))) is closed. Notice that

-1 —_— -1 .
N(QNG ) = N(T]D(T)) and that QNG is the composition of two open maps.
Hence QNG—1 is an open map and so 7(QNG—1) > O by Proposition III.1.2. But

then we can deduce from the first part that

2) RUET) Iy = RUQE™)') = B(TTp))* = KTIp)h

However N D N(TG) and so N- C N(TG)L. Therefore @l isa
restriction of (G_l)']N(TG)l and so, comparing (1) and (2), we conclude that
R(T') 2 N(T]D(T))l. But R(T') C N(TJD(T))l by Proposition 1.10.5 and so

R(T') = N(T]D(T))l.
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Conversely_suppose R(T') = N(T]D(T))l

7(T) we note that if this is the case, there exists {xn} C D(T) such that

with ~(T) = 0. From the definition of

d(xn,N(T)) =1 for each n €N .with HTan - 0. Let z, =x, / vﬁT;;ﬁ. (note
that {xn} ¢ N(T) since d(xn.N(T)) =1 for each n € N). Then

iz + Tv'(TJDT))u = d(z,.M(T)) = d(xn,N(T))/\/lW > whereas [Tz Il - 0.

Thus y'Tzn - 0 for each y' € D(T'), whence x'zn - 0 for each

x' € N(T]D(T))l. Considering Theorem I.5.10 we conclude that

q'(zn + ﬁffj;;;;))-» O for each q' € (D(T)/ﬁ?fjgz;;))'. But then

z + ﬁ?fj;{;;) is bounded by Theorem 1.7.5, which is a contradiction.
Consequently ~(T) > O whenever R(T') = N(T]D(T))l'

b) Let X be complete and T closed.

I) > IV) Let ~(T) > 0. Since T 1is closed, N(T) 1is closed, and so, as in
the proof of a), we conclude that ~(T) = 1(?) > 0 and that ? has a

~

continuous inverse. Observe that X/N(T) is still a Banach space and that T

is closed (Theorem I1.2.1 and Proposition I1.4.16). Now let y € R(T) = R(T)

and select {Q xn} C D(T) such that TQN(T)xn - y. Since T has a

N(T)

continuous inverse, {QN(T)xn} is a Cauchy and hence convergent sequence in
the Banach space X/N(T). Say QN(T)xn -2 QN(T)X' From the fact that T is

closed it now follows that y = TQ x € R(T) = R(T). Consequently R(T) is

N(T)

closed.

III) > I) Suppose ~(T') > 0. Then R(T') is closed by what we have just

proved. Now let T1 be T considered as an element of L(D(T),R(T)).
Observe that T1 is still closed with Ti injective (Proposition I.10.4).
For any y' € Y.,y €DT') if and only if y'J___ € D(Ti) with

: R(T)

y T]D(T) =y ]EZE)TIJD(Tl). But by the Hahn-Banach theorem each r' € (R(T))

can be represented as a restriction of some y' € Y.
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Consequently R(Ti) = R(T') and so, since R(Ti) is therefore closed, we

1 and the open mapping theorem that Ti

has a continuous inverse. But then T1 is' an open map by Theorem 1.10.8 and

so T € R0O. Hence ~(T) > O by Proposition III.1.2.

conclude from the injectivity of T

c) Let Y be complete.

1V) > II) Sﬁppose R(T) is closed and hence complete. Defining T1 as in the
proof of b) we note that R(T') = R(Ti). Since R(Tl) = R(T) 1is complete, we
conclude from Proposition 1.10.7 that T, has a continuous inverse, that is

1
W(Ti) > 0. Considering e) we conclude that ~(T') > O.

d) Suppose X is an operator range, Y complete and T closed.

IV) > I) Observe that if R(T) 1is closed, R(T) is a Banach space by virtue
od the fact that Y is a Banach space. Hence, regarding T as an element of
C(X,R(T)), we apply the generalised open mapping theorem to obtain T € RO.

But then ~(T) > O by Proposition III.1.2.
e) This is an immediate consequence of a), b) and d). ]

I11.2.7 COOROLLARY. Let T € L(X,Y). Then
I) a(T') = b(T) [16];

II) Bb(T') > a(T) with b(T') = b(T') = a(T) if ~(T) > O.

Proof. Without loss of generality let D(T) = X.

I) By Theorem I1.5.10 and Proposition 1.10.4
b(T) = dim(Y/R(T)) = dim(Y/R(T))' = dim R(T)l =dim N(T') = o(T")
I1I1) By Propositioh 1.10.5 R(T') C N(T)l and so by Theorem 1.5.10

B(T') = dim(X'/R(T")) > dim(X'/N(T)l) = dim(N(T))' = dim N(T) = o(T).
Now if ~(T) > 0, R(T') = N(T)l by Theorem II1I.2.6 and so

b(T") = b(r') = dim(X'/N(T)l) = dim N(T) = a(T). o
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II1.2.8 THEOREM. let T € L(X;Y). Then 1(T‘) = 7(T) whenever ~(T) > 0.

Proof. Without loss of generality assume D(T) = X. Suppose Y(T) = o,
Considering Theorem III1.2.2 and Corollary II1.2.4 we conclude that this can
only be the case if N(T) 1is dense in X. Since for any y' € D(T') we have

N(y'T) D N(T) and since y'T is continuous, N(T'y') is closed.

- Consequently N(T'y') 2 E??) = X. Hence T' =0 and therefore AT') = o,

Now let O < +(T) ¢ @». Because ~(T) < @, we conclude from Theorem III.2.2
and Corollary III.2.4 that N(T) # X. Noting that

d(x,N(T)) = d(x.ﬁ??)) = lIQ__ xll for each x € X we conclude that since
N(T)

EEF) g X, we have

(1) Y(T) = sup{N\ € R: HTxll > A.IQ__ xll for each x € X\&I?)}
N(T)
where X\E(?) denotes the complement of E(?) in X. Hence we can write

Tl
(2) WD = nf g e
' x€X\N(T)  N(T)

Now let € > O be arbitrary and select x € X\EE?) such that

NTxll

na__ xil.
N(T)

(3) , v(T) + e 2

By Theorems III.2.6 and I.5.10 we have that R(T') = N(T)l = (X/N(T))' and so

by Corollary 1.7.3 there exists T'y' € R(T') such that

(4) NT'y'l =1 and T'y'x = IQ___ xIl.
, ' N(T)
From Theorem I.5.10 and Proposition 1.10.4 we see that for any z' € Y'
(5) d(z'.N(T")) = d(z'.R(T)l) = 1IQ lz'll = HZ'JR(T)"‘
R(T)

We now conclude from (3), (4) and (5) that

, |y'Tx| 1

d(y'.N(T')) = lly JR(T)" 2 Tl = o xll/0Txl ) ~(T) + e

N(T)
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HT 'yl
Hence ~(T) + e EIETTEIFTSS' since IIT'y'll = 1. (Note that
y' € D(T')\N(T')). As with ~+(T) we now have that
inf | HT 'z
z'€D(T )\N(T") d(z'.NT"))

Consequently ~«(T) + € > 7(T') and since e > O was chosen arbitrarily,

v(T') = since N(T') 1is closed and T' # 0.

() +(T) 3 «(T').

Conversely, let & > O be arbitrary and choose z' € D(T‘)\N(T') such that

. T'z' Il NT'z' i
T ) + 6> ; Y S . Now select p > O such that
d(z',N(T')) "~ Iz ]R(T)" '
0T'z'n
(M) AT') + 6> — > 0.
: P4 JR(T)" 7
Let Tx € R(T) such that
(8) ITxl = 1 and |z'Tx]| > Hz'JR(T)H -u>>o0.
Note that x ¢ N(T'z') D ﬁ?;ﬁ and so
(9) ~d(x.N(T)) = I0___ Il > 0.
N(T) '

m

But since R(T') = N(T)' = (X/N(T))'. we have by (2). (7). (8). (9) and

Corollary 1.7.4 that

1 | | |z'Tx|
v 2 M x/HTxl = HQ__ xN = sup r'x| 2 OO
(1) = N NT)  r'er(T) NT-z"i

r'i=1
iz JR(T)" -u 1
2 ‘L 2 ' .
I’z T + 6

Hence ~(T') + & > +(T). Considering (6) and the fact that & > O was chosen

arbitrarily, we conclude that ~(T') = ~(T). a]

II1.2.9 COROLLARY. Let T € L(X.Y) with +(T) >0 and let S € L(X,Y) with

D(S) D I(T). If WSH < ~(T) or ISJ I < (TG), then

p(m)°r
I) ofT + S) < a(T);

II) b(T + S) < b(T).
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Proof. We prove only the case where IISIl < v(T). The proof of the case where
"S]D(T)GT" < T(TGT) is similar and follows from the fact that

o(T + 8) = a((T + S)G;) and b(T + S) = b((T + S)Gy).

I) Choose A € (0,7(T)) such that WSH < A. For O # x € N(T +S) we then
have A.d(x,N(T)) < WTxl = USxll < USH lxll < A.lixli. Hence d(x,N(T)) < lixll and
therefore, as x was an arbitrary non-zero element of N(T + S), we have that
a(T + S)  a(T) by Theorem I.1.10.

II) Let Then

S1 = S]D(T)'
~A(T") = ~(T) > s » s, =_usiu
by Theorem III.2.8. It now follows from I) and Corollary III.2.7 that

b(T + S) = a((T]D(T)+ sl)') = a(T' + si) < a(T') = b(T). o

IT1.2.10 OOROLLARY. Let T € L(X,Y) with O < 2(T) < ©. Then

q(TcT) = 7((T6}) ") = +(T'Gp).

Proof. Suppose O < «(T) < . Then (T) = 7(T') by Theorem III.2.8 and

hence

7(TG;) w(T'GT-)

Ty =T) = (T) = T

1 1(TGT) 1 - (T GT-)
by Theorem I1I1.2.2. Consequently 1(TGT) = T(T'GT'). Now since ~(T) > O if
and only if T(TGT) > 0 we have 1((TGT)') = T(TGT) = T(T'GT') by

Theorem 11I.2.8. (8]

We remark that in Goldberg's book [16] the treatment of ~(T) 1is restricted to
the case where N(T) 1is closed (cf. [16; IV.1.3]). Hence Theorem III.2.8 and
Corollary III.2.9 are generalisations by the author of [16; IV.1.8 and v.1.2].
We note that the proof of Theorem II11.2.8, due to the author, is an alternative

to that for [16; IV.1.8].
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The fact that when X is complete and T closed II) implies I) in Theorem
II1.2.6, was proved by R.W. Cross and privately communicated to the author.
This fact, when considered alongside Theorem I11.2.8, generalises a result by
Kato (cf.[16: IV.1.9]). Note that a) and c) of Theorem II1.2.6 are due to the
author whereas the facts that IV) implies I) in d) and that I) implies IV) in
b) were jointly obtained by the.author and Dr. R. W. Cross. Observe that
Theorem III.2.6 contains [16; II.3.11, II.3.13, IV.1.2 and IV.1.6] as special
cases. Also note that II) of Corollary III.2.7 is a generalisation by the (
author of [16; IV.2.3]. The proofs of Corollaries III.2.7 and III.2.9 are
essentially the same as in [16]. Finally observe that Corollary II11.2.10 and,
as was noted earlier, Theorem II11.2.2 and Corollaries 111.2.3 and II1.2.4 are

the authors own.
83 PRODUCTS OF RANGE OPEN OPERATORS

I11.3.1 Remark [16; 11.5 (12'1111)]’ The product of range open operators need

not be range open. Let Y = 22 and B be a Hamel base for 22 with all

elements in B bhaving norm 1 (Proposition 1.1.5). Let X be £, renormed by

2

.M where W.M is defined as follows:

n n

i 2 Ab. Il = 2 I\,] where b, € B for each i.
i’i i i

i=1 i=1
Clearly lixll > leH2 for each x € 22. Hence the identity map, say T, from
X onto & is bounded. We show that X 1is not complete and hence that T

2'

does not have a bounded inverse. Let (xn} be any infinite countable subset
n

of B and let z, = 2 inzxt. Then {zn} is a Cauchy sequence in X which

i=1

does not converge. Consequently X 1is not comélete. Since we now have that
T does not have a bounded inverse, T € RO. However the continuous extension
of T to i,\f. is a bounded map from a Banach space onto a Banach space and
so T € RO by the open mapping theorem. Also JX € RO. But as was noted

earlier, T = T.Jx ¢ RO.
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II1.3.2 LEMMA. let T € NS(X,Y) with ~(T) > 0. If M is a subspace of X

such that M + N(T) 1is closed then TM is closed.

Proof. Assume ~(T) > O for T € NS(X,Y). Let M be a subspace of X such

that M + N(T) 1is closed and let y € TH. Select {mn} C M N DT) such that
Tmn - y. Since R(T) is closed, y € R(T) and hence y = Tx for some
x € D(T). We obtain T'QN(T)mn = Tmn - T'QN(T)X' As in the proof of Theorem
I111.2.6 we conclude that (T)-_1 is continuous. Hence

QN(T)mn - QN(T)X_e D(T) = D(T)/N(T).
We can therefore choose a sequence {hn} in N(T) such that mo o+ hn - x and
hence since N + N(T) 1is closed and {mn + hn} CM+ N(T), it follows that

x € M + N(T). Consequently y = Tx € TM, proving that TM is closed. 0

I11.3.3 LEMMA. Suppose T € L(X,Y), B € L(Z,X), D(T) = X and R(B) closed

with k(T) and k(B) both finite. Then k(TB) = k(T) + k(B).

Proof. Assume T € L(X,Y) and B € L(Z,X) with R(B) closed, D(T) dense
in X and R(T) and R(B) both finite. It follows that a(B) < » implying
that N(B) is finite dimensional and hence closed. Consequently N(TB)/N(B)
is a normed space. Now define 1 € LtN(TB)/N(B), R(B) N N(T)) by

n(x + N(B)) = Bx. It is clear that n is a linear bijection from N(TB)/N(B)

onto the finite dimensional space N1 = R(B) N N(T) and hence it becomes clear

that

(1) a(TB) = a(B) + n, where n, = dim Nl'

Now let N2 be a subspace of N(T) such that N(T) = N1 ® N2. Then
(2) a(T) = n +n, with n, = dim N2'

Notice that R(B) and N2 are linearly independeht since if

N, NN, = {0}

Bx € R(B) N N2 C N(T), then obviously Bx € R(B) N N(T) N N2 =
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Since R(B) 1is closed by hypothesis it follows from the finite dimensionality
of N2 that R(B) @ N2 is closed (Proposition I.3.4). By hypothesis D(T)

is dense in vX and hence it follows from Theorem I.1.9 that

(3) R(B) ® N2 ® N3 =X

for some finite dimensional subspace N3 of D(T). Consequently

(4) b(B) = Ny + ng yith ny = dim NB'

Now N(T) = N1 ® N2 CR(B) & N2. This together with (3) implies that T is
injective on all of N3 and hence since TX = TR(B) & TN3. the injectivity of
T on N3 implies that

(5) b(TB) = b(T) + n

3
From (1), (2), (4) and (5) it follows that

R(TB) = a(B) + n, - b(T) - ny

a(B) + a(T) - n, - b(T) - n

2
a(B) + a(T) - b(B) - b(T)

3

R(T) + k(B)

hence proving the lemma. o

The following theorem was first proved by Gohberg and Krein [14] for T and B
Fredholm operators with X, Y and Z complete. We give a generalisation of
the version in Goldberg [16] where T is a ¢h operator, B closed and X
and Y complete, with Z required to be complete for the last part of the

result.

I111.3.4 THEDREHT Let T € ¢L(X,Y) with ~(T) >0 and B € L(Z,X). Then
I) TB is closed whenever B is closed,
II) TB ts.normally solvable whenever B 1is normally soluable,
I11) TB is a Fredholm operator with R(TB) = R(T) + k(B) whenever T and B

are Fredholm operators with D(T) dense in X.
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Proof. 1) Suppose Tan -y aﬁd z =z bThen Tan -+ Tx for some
x € D(T) since R(T) 1is closed. As in the pfoof of Theorem III.2.6, we
conclude that ("1:)"1 is continuous. Consequently QN(T)BZn._’QN(T)X' Choose
a sequence {wn} C N(T) such that an + w - x. Suppose that {wn} is an
unbounded sequence. Select a subsequence {wh.} of {wh} such that
Hwh."-e o, ’Then

B(zh./llwh.ll) + wh./llw - 0.
Since {wh./Hwh.H) C N(T)., which is finite dimensional, we can choose a
convergent subsequence {wh"/"wh""} of {wh./Hw A} (Proposition 1.3.3).
Say wh"/uwhnﬂ-e v. Then B(Zh""wh"")'* -v  where zh"/Hwh"H-e 0. From the
fact that B 1is closed, we conclude that -v = 0. Hence wh"/Hwh"H-e 0. A
contradiction since {wh"/"wh""} is a sequence of norm one elements.
Therefore {wh) is bounded. Since N(T) 1is finite dimensional, we can select

a subsequence {wh } such that v v € N(T). Thus Bzh -+ x —-w. As B
n n n

is closed, we have z € D(B) and Bz = x - w. Then, since T 1is closed,

Bz € I(T) and TBz = Tx =y, showing that TB is closed.

IT) This follows from I) and Lemma III.3.2 since if R(B) 1is closed,
R(B) + N(T) 1is closed by the finite dimensionality of N(T) (Proposition

1.3.4).

ITII) If B 1is normally solvable, TB is normally solvable by II). Hence if
in addition D(T) is dense in X with R(T) and k(B) both finite,

R(TB) = R(T) + R(B) by Lemma I11I.3.3 and hence the result follows. o
I11.3.5 DEFINITION. Let T € L(X.Y) and suppose X = Y. Given a polynomial
n n
kR < \ 3 o .
p(A) = oA, define p(T) = ahT ., where T  is the identity operator

k=0 k=0
I defined on all of X. The domain of p(T) is the domain of T".
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IT1.3.6 OOROLLARY. Let T € L(X,X). If there exists a scalar AO such that
AOI -TE ¢h with W(AOI - T) >0, then p(T) is closed for any polynomial

D.

Proof. Let the degree of p be n. We prove the corollary by induction. The
corollary is trivial for the case where n = O. Suppose it holds for n =k
.and let q be a polynomial of degree k + 1. Now let

a(A) = (Ao -A)Yr(A) + ¢
where r 1is a polynomial of degree k and c is a constant. Hence

q(T) = (AOI - T).r(T) + cI. |
By the induction hypothesis r(T) 1is closed, and so by I) of Theorem 111.3.4

(AOI - T).r(T) is closed. We conclude that q(T) 1is closed. o

Theorem I11.3.4 was proved with the assistance of R.W. Cross. Corollary
II11.3.6 generalises [16; IV.2.12] where X is required to bé complete. The
proof is the same with Theorem III.3.4 being used instead of [16; IV.2.7].
Lemma III.3.2 generalises [16; IV.2.9] and was noted by J.Jaftha and pri§ately
communicated to the author. Lemma III.3.3 is a generalisation by the author

and is essentially contained in the proof of [16; IV.2.7].
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CHAPTER 1V

SEMI-PRECOMPACT AND SEMI-CONTINUOUS OPERATORS

§1 SEMI- AND PARTIALLY CONTINUOUS OPERATORS

IV.1.1 THEOREM. Let T € L(X,Y). Then the following are equivalent

I) T € SB(X.Y).

II) T € SB(X.R(T)).
III) rb(r) (
IV) T=A+S where A is continuous and S a finite rank operator.

V) D(T') is o(Y',Y)-closed and finite codimensional in Y'.

Proof. 1I) & II1) The equivalence of I) and III) follows from the definitions
of Fb' and of semi-continuity.

I) & iV). Suppose T € SB(X,Y). Without loss of generality assume D(T) = X.
By definition there exists F € ¥(Y) such that QFT is bounded. Now since F
is finite dimensional, there exists E € yc(Y) such that E is a topological
complement of F in Y (Proposition 1.8.4). Therefore E X Y/F under the _

isomorphism QFJE (Proposition 1.8.5). Also codR(T)E N R(T) < » since
codYE < », whence codXT_l(E N R(T)) < ® where T_1 is taken in the set
theoretic sense. Write N = T—I(E n R(T)). Recall that QFJE is an
isomorphism, and so from the fact that QFJETIN is continuousf we conclude
that TIN is continuous. Now since N € yc(X), N e 9C(X) and since N is

closed, there exists K € ¥(X) such that N and K are topological

complements in X. Now define A € B[X.?] by AIN = (TlN)Iﬁ and AIK = 0.
Note that A 1is continuous since AIN is continuous and since there exists a

bounded projection from X onto N. Select an arbitrary x € N.
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Then there exjsts {xn} C N such that x = xv and hence Axn = Txn - Ax € Y.
But since Q%T is bounded, QFTxn-» QFTx. Choose. a sequence {fn} C F such
that Tx + f —>Tx €Y. Butthen f =F +Tx -Ax -Tx-Ax€V and
since {fn} CF, Tx - Ax € FCY. Hence Ax € Y. Consequently A € B[X,Y].
Since A agfees with T on N E€ 3C(X), T - A 1is a finite rank operator with
T=A+T - A. |
Conversely note that if T = A + S. with A € B(X,Y) and dim R(S) < «, then

T =Q, oA and so T € SB(X.Y).

%R(s)T = %®(s)

I) & II) Trivially T € SB(X,Y) if T € SB(X,R(T)). Conversely suppose

T € SB(X.Y). Repeating'fhe construction in the first part of the proof we note

that TN = AN C AN = R(A) C Y. However as N is dense in N, AN = TN is
dense in AN by continuity. Hence R(T) D ;N-D R(A). Consequently

A € B(X,R(T)) and trivially R(T - A) CR(T). Thus R = R(T - A) € %(R(T))

" such that QRT = QRA is continuous.

I) V). Suppose T € SB(X,Y). Now select F € F(Y) such that QT is
continuous. Then (QFT)' = T']Fi is bounded by Theorem I.10.3. But F' is
o(Y',Y)-closed and finite codimensional in Y' (Remark I1.5.9 and Theorem

I.5.10). Hence since Fc D(T'), D(T') 1is closed and finite codimensional in

Y' (Proposition 1.3.4). Now consider QY_L = (]g)' where F' = Y'/Fl by
' F

Theorem I.5.10. Note that D(’I")/F‘L is a finite dimensional and thus a
1

. F)-closed subspace of Y'/F'L (Remark 1.5.9). Consequently as QY

Fi

o(Y'/F

i

is o(Y'.Y) to o(Y'/F, F) continuous by Theorem I.10.3,

@ 7Ior'y/FY = DT') is o(Y.Y)-closed where @ )7! is taken in the
F F

set theoretic sense.
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V) 2 1) Suppose D(T') is o(Y'.Y)-closed with cod D(T') < ®. Write
Yl

1

N=D(T'). Then N = (lN)l with "N € ¥(Y) since N € ?C(Y') (Remark I1.5.9

and Theorem 1.5.10). Now T'JN = T'J(lN)l = (Ql T)' 1is a bounded operator and
N

hence Ql T is continuous (Theorem I.10.3 and Remark I.10.10). o
N
The following characterisations for partial continuity were obtained by R.W.

Cross.

IV.1.2 THEOREM. Let T € L(X,Y). Then the following are equivalent:
I) T € PB(X.Y).
II) For every M € $(D(T)) there exists N € $(M) such that T, tis
continuous [7; Theorem 4].
III) A(T) < © [6; k.3].

IV) Ty(T) < [6: b.b].

Proof. Without loss of generality let dim D(T) = o,
I) » IV). Suppose T € PB(X,Y) and select E € ﬁC(D(T)) such that TJE is

continuous. Then To(T) < ITJN < o,

IV) » III). We show that A(T) ¢ FO(T). This is trivial if FO(T) = ® and so
let FO(T) (o, Now select E € ?C(D(T)) such that HTJEH < FO(T) + e for
some arbitrary e > 0. Considering Proposition 1I.1.4 we obtain

A(T) = A(TJE) < HTJEH < FO(T) + €

and hence A(T) ¢ FO(T) since e > O was arbitrary.

IIT) = II). Let M € f(D(T)) be arbitrary and suppose A(T) < . Then

‘ F(TJM) < sup F(TJK) = A(T) < ® and so by the definition of TI(T]J
Keg(D(T))

must be some N € $(M) such that TJN is continuous.

M) there
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I1) 3 I). Suppose that I1) holds and that T € PB(X,Y). Now if GT €F, we
could select E € gc(xT) such that (GTJE)—1 is continuous. But then

G(E) € gc(D(T)) with TJG(E) = (TG)(GJE)--1 continuous. We conclude that

GT €F if T¢ PB(X,Y). Considering Theorem I1.3.5 we select K € f(XT)
such that GTJK is precompact. By II) we can now choose N € #(GK) so that
TJN is continuous and hence that GJG-I(N) has a continuous inverse. But
Gfl(N) CcCK 'and‘so GJG—I(N) is precompact as well. Therefore GJG—I(N) is a
precompact isombrphism from G_I(N) onto N and so dim N {( ® (Proposition

I.3.3). But this is obviously a contradiction and hence we conclude that

T € PB(X,Y) if II) holds. : a
Comparing partial and semi-continuity we get the following:

IV.1.3 PROPOSITION. Let T € L(X,Y). Then T € PB(X.Y) if and only if

T € SB(X,Y).

Proof. If T € SB(X,Y), then T =A+S where A € B(X,¥) and dim R(S) <
by Theorem IV.1.1. Taking the restriction of T to N(S) we conclude that .
TlN(S) = AIN(S) and hence that T € PB(X,Y). Conversely if T € PB(X,Y) then

there exists N € gc(X) such that TIN is continuous. As in Theorem IV.1.1

we can construct A € B(X,?) such that AIN = (TlN)lﬁ and hence
T=A+T-A where dimR(T - A) < ®. The result now follows from

Theorem IV.1.1, a

IV.1.4 OOROLLARY. Let T € L(X.Y). Then T € PB(X,Y) if and only if D(T')

is o(Y',Y)-closed and finite codimensional in Y.
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IV.1.5 ODROLLARY. The adjoints of partially continuous operatbrs are

continuous.

Proof. Follows from Corollary 1IV.1.4, the closed graph theorem and the fact

that T is closed. 1]

IV.1.6 PROPOSITION. Let T € L(X,Y). Then the following are equivalent:
I) T ¢ PB(X,Y).

I1) GT €F,. |

I1I) For each e > O there exists N € $(D(T)) such that (TJN)—I exists

and is precompact with norm not exceeding € > O.
IV) There exists N € $(D(T)) such that (TJN)_1 exists and is precompact.
V) For each e > O there exists N € $(IT)) such that (TJN)—I exists

and has norm not exceeding e [6; 4.3 and 4.6].

Proof. 1) < II) The equivalence of I) and II) follows from the fact that for

N € ?C(D(T)), TJ],, is continuous if and only if GTJG—I is an isomorphism.

N N

IT) 3 III) Note that if dim X, ( ® then {0} € yc(x with GTJ{O} having

T T)»
a continuous inverse. But this is a contradiction since G, € F,. Hence
dim XT = ®, By Theorem II.3.5 it follows that we can select Me 9(XT) with

GTJH precompact. Let e > O be arbitrary. Considering Proposition II1.3.3 we

nofe that we could have chosen M so that “GTJM" < € as well. Hence
1 +e
xll < € (lixll + NTxN) for each x € G and so lixll € ellTxll for each
1 +e
x € GM. Hence (TJGM)_1 exists and has norm not exceeding e. Now let {Txn}

be an arbitrary bounded sequence in TGM. Say {Txn) is bounded by A. Then
{(TJGM)_ITxn} = {z,} CGM is bounded by e.A since II(TJGM)—III < e. Hence
{G;lzn} C M is bounded by A(1 + ¢). However since GT]M is precompact, we

conclude that {zn} has a Cauchy subsequence and so (TIGM)_1 is precompact..
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exists N €:#(D(T)) such that {(TJy)7* “exists with YiI(TI) M0 ¢ (172k).
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TV e e
xll < (1/2h)"TJNnEx" g l/2h) Ixll = 172 lixll for each x € NNE;
S (0 o !,. - U ‘

s YRR
LT

Wiy - N ) AR .
an obvious contradiction Hence V) 1mplies I) T : o
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IV.1.7 THEOREM. Let T € L(X.Y) such that either Gy € C(®,.B(T)). or

T
G € B[XT.(D(T)) ] is, Ln]ective ieThen the followLng are equivalent:
"-I
1) T € PB(X,Y): ’ o
. d i 1 5 i_",! * S
II) T € SB(X. 1) "
' ’ et ; '
~III) T € SB(X R(T))
’ . H L {
IV) 'G €F, '
S T o {iﬁ-_' ‘ :
i‘mi-V’) GT ei‘-F\_.a v o J,{_ ﬂ } R A TEa i ol ST R
O
S : L “‘A L’}' oy :

Proof. 1) 1IV). This follows from Proposition 1V.1.6.

1 ’ - : ,', ‘). is ,{;.._'_ STV

T,D(T)] and hence b( ) _.0 Now

since G € F ( ) € Q) by Theorem II 3 5 and since b(GT) = a(( ) 'Y=0

POt

. by Corollary III.2.7. we conclude that T) € ¢L. Hence G _€ F_ by Theorem’

T
11.3.6.

. " . N - N »
b R B R T O VL R '
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V) = II1) Assume GT € F_. First suppose GT € C(iT.D(T)). Since CT € F_
there exists K € ¥(D(T)) such that (QQ(T)GT)' has a continuous inverse.
However as QQ(T) € ¢a with W(QQ(T)) >0, it follows that

QQ(T)GT € C(iT.D(T)/K)» by Theorem III.3.4. But then QQ(T)GT is an open map
by Theorem 1.10.8 and so since W(QQ(T)GT) = 1((Q£(T)GT)“), (QQ(T)GT)“ is
still open by Proposition III.1.2. Thus (QQ(T)GT)“ is an isomorphism from

XT/G—I(K) onto D(T)/K (Proposition I1.4.16). Now suppose ET € B[iT,(D(T))N]
is injective. Noting that for K € g(D(T)) (Qg(T)Gf)' = (QQ(T) .ET)'. we can

argue as before to show that (QQ(T) .ET)* is an isomporphism from iT/G_l(K)

D(T
K( )GT)

onto D(T) /K. Hence as (QQ(T) 'ET)A']XT/Chl(K) = ]D(T)/K(Q ~

(QD(T)G ~ is an isomorphism from X G_l K) onto D(T)/K. Now consider the
K T _ v

following:
(1) e ™ P e
Qr 7G1)~.Q ° _ . o
TK' T N/G l(K) KGT K
- D(T) _
where N = N(QnTG.) and Qy = Q.
Note that QK- is bounded and maps each x € D(T) onto x + K € D(T)/K.
[(QKGT)":]_1 is bounded on D(T)/K and maps each x + K € D(T)/K onto
-1 -1 -1 XT/G—I(K) |
GT x+ G K€ XT/G (K). Again Q -1 is bounded and maps each
N/G “(K)
-1 -1 - -1 , -
GT x + G 'K onto GT x + N.= GT x + N(QTKTGT) € XT/N (observe that

(XT/G_I(K))/(N/G-I(K)) by Proposition I.8.6 since

(X, /N)
-1 : . .

GT (K) C N(QTKTGT)). Finally .(QTKJCT) | is bounded and maps‘each
-1

Sr

nothing else than QTKTx where Tkve F(R(T)).

x + N(QTKTGT) onto QTKTx. We deduce that the continuous map in (1) is

III) & II). This follows from the definition of semi-continuity.

II) 2 I) Follows from Proposition IV.1.3. : o
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IV.1.8 Examples. 1) There exists a partially continuous operator which is

not semi-continuous. Let X = o If ven = (0.0,...,0,1,0,...) (1 in the nth
position) and fn is the bounded linear functional on o defined by
fn(ek) = Gnh' ‘we defing a bounded linear operator from 9 into 82 as
follows:
. [>4]
1
Ax = o fn(x)en for each x € o
’ n=1
kR
. 1
Defining Ah = z o fn(.)en we note that
n=1
[+4]
1
(A = Ay =0 ) 2 (et

n=k+1

/2

]

> 1
() )l l?
n=k+1

[+4]
172
2
( 2 1/n™) .suplfn(x)l
€N
n=k+1 n

i\

N V2
( z 1/n™) .Hx"o for each x € c

n=1

by Theorem 1.2.3. In fact A is

0"

Note that Ax exists for each x € o

bounded and is the limit of {Ak} in B[co.ez] and so A 1is compact

(Proposition I1.3.10 and Remark 1.11.4). Now let A0 be the restriction of A

to a dense subspace of codimension 1 in o and let Y = R(AO). Choose

xg € co\D(A;) and define T € Lc,.Y] by 'T|D(A0) = Ay and Tx, =0.
Trivially T € PB(X,Y). Now sﬁppose T € SB[X,Y]. Select {xn} C D(AO) such
that x - x,. Hence Tx = Ax - Ax,. However since T € SB[X,Y] there

n 0 n n 0

exists F € ¥(Y) such that QFT is bounded and so QFTxn - Q = 0.

FI%g
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Consequently there exists {fn} C F such that fn + Txn = fn + Axn - 0. Hence
fn-% —Axo. We conclude that Axo € FCY. However since A is injective with
X9 ¢ D(AO), we see that Axo ¢ R(AO) = Y. An obvious contradiction. Now

since A 1is compact and AJ we conclude from Proposition

D(Ag) = "biag)’

I1.3.3 that T,(T) = 0. But since T € SB[X,Y], I‘(')(T) = © by Theorem IV.1.1.

IT) There exists S € SB[X,Y] such that S ¢ SB[X,R(S)]. Let X = o Y = 82
and S = JR(TjT in the previous example. Then S € SB[X.R(T)N] C SB[X,Y] by

Proposition IV.1.3. However S ¢ SB[X,R(S)] as was shown.

We shall see in Chapter V that for any T € L(X,Y), A'(T) < ® need not imply
that T € SB(X,Y). Finally we ask ourselves the question. When does partial

continuity imply continuity? The following result is due to R.W. Cross.

IV.1.9 PROPOSITION. Let T € PB(X,Y).
-I) If there exists a closed subspace M of D(T) such that codD(T)M (®
and T]M is continuous, then T is continuous [6; 2.16].
I1) If XT is complete, then T is continuous [7: Corollary 11].

III) If ]YT is closable in L(X.Y) then T 1is continuous.

Proof. 1) Suppose T € PB(X,Y) and that there exists M € 3C(D(T)) such
that M is closed with TJM continuous. Let P be a projection from D(T)
onto M with say F = N(P) (Proposition 1.8.4). Note that

dim F = cod M {® and so G(J;é T]F) is a finite dimensional and hence

D(T)
complete subspace of TF x F (Proposition I.3.1). Consequently

J;; TJF € C[F.TF]. Since both F and TF are complete (Proposition 1.3.1) we
conclude from the closed graph theorem that TJF is continuous. Now for any

x € D(T) we have (I- P)x € F and Px € M and hence

WTxW < HTJ Pxll + NTJ (I ~ P)xlt < (NTJ 0 HPH + BTJ_H UI — PU)Iixi.
.| F M F
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II) Suppose T € L(X,Y) with XT complete. If {xn} C D(T) such that

x *x€X and Txn 5 Yy €Y then since both {xn} and {Txn} must be Cauchy
we conclude that {G;lxn} c XT is Cauchy. By the completeness of XT'
x € D(T) and Tx = y. Hence ]YT is closed and so by part III) T is

continuous.

III) Let T € PB(X.Y) with J,T closable in L(X.¥). Select H €3 (D(T))

such that T]H is continuous. Noting that (T]M)]

=R

= (]YT)~]x we conclude
M

from I) that (]YT)~ and hence T is continuous. o

Theorem IV.1.2, Propositions IV.1.3 and IV.1.9, Corollary IV.1.5 as well as I)
of Example IV.1.8 are by R.W. Cross. Proposition IV.1.6 was established
independently by the author and is equivalent to a combination of [6; 4.3] and

[6: 4.6]. All other results in this section are by the author.
§2  SEMI-PRECOMPACT OPERATORS

IV.2.1 PROPOSITION. SPK[X,Y] is an operator ideal with respect to the

semi-bounded operators and is closed under addition.

Proof. The result follows on considering Theorems I11.2.4, I1I1.2.13, II.3.2 and

IV.1.1. | o

IV.2.2 PROPOSITION. Let T € L(X,Y). Then T € SPK(X.Y) if and only if

T=A+S vhere A is a precompact and S a finite rank operator in L(X,Y).

Proof. Suppose T = A + S where A € PK(X,Y) and dim R(S) < ». Let

R = R(S). Then QRT = QRA € PK(X,Y/R) (Theorem I.11.8). Hence T € SPK(X,Y).
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Conversely suppose T € SPK(X,Y). Then T =A + S where A is continuous and
dim R(S) < @ by Theorem IV.1.1. Now considering Proposition II.1.3 we have
Io(T) = I(QT) = FO(QRAlD(T)) = FO(A|D(T)) where R = R(S). Hencg AID(T)

is precompact by Theorem II.3.2 with T = AID(T) + T - A. a

IV.2.3 PROPOSITION. Let T € L(X,Y). Then the following are equivalent:
I) T € PPK(X,Y).
II) TG € PK[XT,Y].

111) T € SPK(X.Y).

Proof. 1) < II) Suppose T € PPK(X.Y). Then since
HTG]MH < "T]GM" "GT" < HT]GMH (if the norm exists) for each M € ﬂC(XT), we
conclude that FO(TG) < FO(T) and hence that TG 1is precompact by Proposition

I11.3.3.

Conversely suppose TG is precompact. From Proposition 1I1.3.3 it follows that

for some arbitrary e > O, there exists M € ﬂC(XT) such that

c |
ITxll < 7 (lixll + IITxll) for each G;lx € N.

= 14e
Hence
iTxll < € lixll for each x € GM
and therefore HT]GMH { e where CN € gC(D(T)). Since € > O was arbitrary

we conclude from Proposition II1.3.3 that T € PPK(X.Y).

I) & III) Let T € PPK(X,Y). Then T € PB(X,Y) and so T € SB(X,?) by
Proposition IV.1.3. Hence there exists F € g(?) such that QF]YT is
continuous. However for any M € gC(D(T)) for which T]M is continuous, we
have "QF]YT]MH < HT]MH and therefore FO(QF]YT) < FO(T) = 0. We conclude
from Proposition II1.3.3 that QF]YT is precompact and hence that

T € SPK(X.Y).
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Conversely suppose T € SPK(X.?). Hence Fé(JYT) = 0 by Theorem 11.3.2. But
T € SB(X.Y) and so T € PB(X.,Y) by Proposition IV.1.3. Let N €3 _(D(T))
such tha§ TJH is contihuous. For any F € 3(?) for which QFJYT is
continuous we have that "QF]YTJH" 4 HQF]YTH and hence

ré(JYTJH) < Fé(]YT) = 0. Consequently ]YT]H is compact by Theorem II.3.2 and
the completeness of Y. Thus TJH is precompact, implying that

T € PPK(X,Y). ]

IV.2.4 Remarks. 1) There exists a partially precompact operator which is not
semi-precompact. (Consider Example IV.1.8 1I).)

II) PPK[X,Y] 1is an opefator ideal with respect to the partially bounded
operators and is closed under addition. (Consider Propositions IV.1.3,
Iv.2.1 and 1V.2.3).

IIT) All finite rank operators aré semi-precompact. (Follows from the
definition of Té).
IV.2.5 PROPOSITION. Let T € L(X,Y). Then

I) T,(T) 2 Fé(T') and ré(r) > rO(T’);

II) FO(T) = Fé(T') if T {is continuous.
Proof. Without loss of generality let D(T) = X.

I) The inequalities are trivial if FO(T) =® = Fé(T). Hence suppose
FO(T) (o (Fé(T) (@), Let € > 0 be arbitrary and choose M € yc(X)
*(F € 3(Y)) so that

(1) To(T) + & 2 U], i (rb(r) + & 2 IQTH).

From Theorem 1.5.10 we conclude that Ml € 3(Xx") (F; € yc(Y')).
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Now since (T]H)' is an extension of (]H)' T = QxlT' we deduce from (1)
: M :

that
T ns ror
Y )

and hence that FO(T) 2 Fé(T') since e > O was chosen arbitrarily. (By

To(T) + € 2 ITI N = 1(T7,) 1 2 g

analogy since F‘L € gc(Y'), we have F‘L NIDT') € gc(D(T')) and so from (1)
it follows that

Fé(T) + e 2 lIQeTh = H(QFT)'H =-HT']F1H > ro(r').

Again, since e > O was chosen arbitrarily, we conclude that .Fb(T) 2 FO(T').)

IT) Let T be continuous.” Considering I) we see that we need only show that

Fb(T') 2 FO(T). Let € >0 be arbitrary and select F € $(X') so that

(2) FO(T ) + e HQFT 0.
Note that F = (lF)l by the finite'dimensionality of F (Remark I.5.9) and
that lF € gc(X) by Theorem 1.5.10. Also since T is continuous,
(t1, ) =, )T = Qx T' = Qx T' and so by (2) we have
1 1 1.1 F
F F (CF) '
[ [] x . 0
FO(T ) + e "QF TI = "(TJLF) I = HT]lF" 2 FO(T).
Since € > 0 was chosen arbitrarily, Fé(T') 2 FO(T) as was required. o

IV.2.6 COROLLARY. Let T € L(X,Y). Then T € SPK(X.Y) if and only if T'

is compact with D(T') o(Y',Y)-closed and finite codimensional in Y'.

Proof. Suppose T € SPK(X,Y). Then T € SB(X,Y)v and so T  is continuous
with D(T') o(Y'.Y)-closed and finite codimensional in Y’ by.Theorem IvV.1.1.
But Fb(T) > FO(T') > 0 by Proposition IV.2.5 and so by Theorem 1I.3.2

0= Fb(T) = FO(T'). Hence T' 1is compact (Proposition Ii.3.3 and Remark
I.11.4). Cdnversely let T be compact with D(T') o(Y',Y)-closed and finite
codimensional in Y'. Hence T']N is bounded where N = D(T'). Note that as

in Theorem IV.1.1, N = (‘N)L.
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From Theorem I1.10.3 we conclude that since T'JN = T'J(lN)l = (Ql T)' is
N

bounded, Ql T 1is continuous. Since T'JN is compact, we have by Theorem
N

11.3.2 and Proposition IV.2.5 that

0 =Ty(T'Jy) = FO(QlNT).

Hence Ql T is precompact by Proposition 1I1.3.3. As J'N € 3(Y) (Theorem
N
1.5.10), we are done. _ o

IV.2.7 COROLLARY. Let T € L(X,Y). Then T € PPK(X.Y) if and only if T’

is compact with D(T') a(Y'.?)—closed and finite codimensional in Y'.
Proof. Follows from Proposition IV.2.3 and Corollary IV.2.6. o

All results in this section are by the author.
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V.1.
I)
II)
III)
Iv)

V)

a)

b)
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CHAPTER V
STRICILY COSINGULAR OPERATORS
CONTINUOUS AND SEMI-CONTINUOUS STRICTLY COSINGULAR OPERATORS

1 THEOREM. Let T € L(X.Y). Consider the following statements:
T € SC(X,Y).
There is no M € QC(Y) such that QMT is an open map.
There is no M € 9C(Y) such that QHT is surjective.
There is no M € #_(Y) such that 7(Q,T) > 0 and E(QHT) = 0.
There isno M € $(Y) such that R(T'J,l) = N(QHTJD(T))l and
a(T'JML) = 0.
In general IV) and V) are equivalent, either of which imply II), I) implies
IV) and IiI) implies II).
If X is complete and T € SB[X,Y] then I), II), IV) and V) are all
equivalent.

If Y is complete I) implies III) and if in addition X 1is an operator

‘rahge and T € SB[X,Y], then II) and III) are equivalent.

d)

If X and Y are complete and T € SB[X.Y], all five statements are

equivalent.

Proof. a) 1IV) & V) This follows easily from Theorem III.2.6 and Corollary

III.

IV)

2.7.

> II) This is a trivial consequence of Proposition III.1.2.

I) > IV) Suppose there exists M € 9C(Y) such that 7(QMT) >0 and

B(QyT) = 0. Then (Q,T)" = T'JML is injective by Proposition I.10.4 and also

range open by Theorem III.2.6. Hence T'JML has a continuous inverse and so

T ¢

III)

SC(X.Y).

> II) This follows trivially from the fact that an open map is surjective.
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b) Assume T € SB[X,Y] with X complete. To establish the equivalence of
'I), II). 'IV) and V) we see from a) that we need only show that II) implies I).
II) > I) Suppose T € SC[X,Y]. Then there exists N € QC(Y) such that
(QHT) =T ]Hl has a continuous inverse. But since T is semi—bouoded,
there exists F € ¥(Y) such thot QFT ie bounded. Consequently since

FCHM+F and MCHM + F, Qy,rT is bounded with (Q 1 having

1

werT) = T‘J(M+F)

a continuous inverse since (M + F) C N (ie. is a redtriction of

(M+F)
T'JML). Considering Theorem I. 10 8 we conclude that Q is an open map.

c) I) 3 III) Let Y be complete. Suppose there exists M € QC(Y) such that
QMT is surjective. Then (QMT)' = T']Ml has a continuous inverse by
Proposition 1.10.7. Hence T € SC(X,Y).

IT) & III) Let Y be complete, X' an operator range and. T € SB[X.Y].
Suppose there is some M € ¢ (Y) such that Q T is surjective. Selecting

F € #(Y) such that QFT is bounded, we note that QM+F is both'bounded and

surjective. But then QM+FT is an open map by the generalised open mapping

~ theorem. Hence II) » III). The converse. is a consequence of a).
d) This follows from a consideration of a), b) and c). o

V.1.2 PROPOSITION. Let T € L(X,Y). Then T € SC(X,Y) N SB(X,Y) if and only
if 'T = A+ S wvhere A is a continuous strictly cosingular operator and S

is a finite rank operator.

Proof. If T =A+ S where A is continuous and strictly cosingular and

dim R(S) < @, then J,S € SC(X.¥) since A (1yS) = A'(QplyS) - 0 by
Proposition 1I.1.3 where R = R(JYS)' Hence by Theorems 11.2.4 and II.3.8
CA'(T) < A'(A) + A'(JYS) =0 and so T is strictly cosingular. Conversely let
T'e SC(X,Y). Since T € SB(X.,Y) 'by hypothesis, we have by Theorem IV.1.1 that

= A+ S where A€ B(X,Y) and dim R(S) < .
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As before A (AID(T)) CA(T) + 4°(Jy5) =0 and hence AID(T) is strictly
cosingular with T = AID(T) + S. o

V.1.3 Example. There exists a strictly cosingular operator which is not the
sum of a continuous and a finite rank operator. lLet T, X and Y be as in
Example IV.1.8 I). Note that we showed that FO(T) = 0. From Theorem 1I1.3.2

and Propositions I1.3.3 and IV.2.3 we conclude that I

0(JYT) = 0. It now

follows from Propositions 11.2.1 and I1.2.3 that
0 = Fé(]YT) > A'(JYT) > A'(T), that is A'(T) = 0. However as was noted in
Example 1IV.1.8 I), Fé(T) = ®, that is T 1is not the sum of a continuous and

a finite rank operator (Theorem IV.1.1).
V.1.4 Remarks. Let T € L(X,Y).

1) If JYT € SC(X.Y), then T € SC(X,Y). This follows from Proposition

IT1.2.3 and Theorem 1I.3.8.

II) Let T € B(X,Y) with Y complete. Then T € SC(X,Y) if and only if

T € SC(X.Y). This follows from the fact that for each M € $.(Y), QT = QMT
since the extension is unique. Hence HQMTH = HQMTH for each M € 9C(Y)

(Theorem 1.5.6) and so A'(T) = A'(T).

IIT) SPK(X.Y) C PPK(X,Y) C SC(X,Y). This follows from Proposition 1V.2.3 and

the fact that Fé(]YT) > A'(]YT) > A'(T) by Propositions I1.2.1 and I1I.2.3.

IV) SPK(X.Y) C PPK(X.Y) C SS(X,Y). This is a consequence of the above and the

fact that in the proof of Theorem IV.1.2 we showed that FO(T) 2 A(T).

All results in this section are by the author.
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§2 IDEAL PROPERTIES
V.2.1 PROPOSITION. SC(X,Y) is a right ideal with respect to PB(Z,X).

Proof. Llet T € SC(X,Y) and S € PB(Z,X). First suppose that D(T) 1is dense
in X. From the definition of A' we conclude that A'(T.J;l) = A'(T). Hence

since D(T) 1is still dense in X, we conclude from Theorem II.2.13 that

0 ' —l ’ .
A (TS) = A (T_Ix .IXS) <A (T).FO(]XS).
It now follows from Theorems 11.3.8 and IV.1.1 and Proposition IV.1.3 that

TS € SC. Now suppose D(T) is not dense in X. Let T1 = TID(T) and let S1

be SJ considered as an element of L[D(TS),D(T)]. From the definition

D(TS)

of partial continuity we note that a restriction of a partially continuous

operator, and in particular Sl' is still partially continuous. From the
first part of the proof we now conclude that Tlsl' and hence TS 1is strictly
cosingular. : 1}

V.2.2 PROPOSITION. Let Y be complete. Then SC(X,Y) is closed under
addition and SC(X,Y) N PB(X,Y) is an ideal with respect to the densely

defined partially continuous operators.

Proof. Let Y be complete. The fact that SC(X,Y) 1is closed under addition
now follows from Theorem I1.2.4. In order to prove the second assertion we see
from Proposition V.2.1 that we need only show that SC(X{Y) N PB(X,Y) is a
left ideal with respect to the densely defined partially continuous operators.
Note that for any S € L(Y.Z) we have by Theorem IV.1.1 and Proposition IV.1.3
that S € PB(Y,Z) if and only if Fb(JZS) { ©, Since

A'(S) ¢ A'(]ZS) < Fé(]ZS) by Propositions II.2.1 and I1.2.3, the result now

follows from Theorems 1I1.2.12 and I1I1.3.8. (1]
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V.2.3 OOROLLARY. If X 1is complete, then SC[X.Y] N SB[X.Y] 1is an operator

ideal with respect to the semi-bounded operators.

Proof. Since SB[Z,X] D PB[Z,X] (Proposition 1v.1.3) it follows from
Proposition V.2.1 that we need only show that SC[X,Y] N SB[X,Y] is left ideal
if X is complete. Hence suppose X 1is complete, T € SC[X,Y] N SB[X,Y] an&
S € SB[Y.Z]. Considering Theorems II1.2.13 and IV.1.1 we conclude that

ST € SB[X,Z]. Assume S to be bounded and suppose ST ¢ SC[X.Z]. Then by
Theorem V.1.1 there exists M € fC(Z) so that QHST is an open map. However
since QHST is surjective, so is QMS' Hence (QMS)A is a bounded bijection
from Y/N onto Z/M where N = N(QMS) € fC(Y) (Proposition 1.4.16). We
conclude that QNT = [(QMS)“]-I.QHST is open since it is the composition of
two open maps. Thus T € SC[X.Y] by Theorem V.1.1. Now let S € SB[Y,Z]. By
Theorem IV.1.1 S = A + B where A € B[Y,Z] and dim R(B) < ». Therefore by
what we have just shown AT € SC[X,Z] whereas dim R(BT) < ». Thus

ST € SC[X,Z] by Proposition V.1.2. al
All results in this section are by the author.
§3 ADJOINTS OF STRICILY COSINGULAR OPERATORS

V.3.1 PROPOSITION. Let T € L(X,Y).

I) If T 1is continuous, then T 1is strictly singular if T  is strictly
cosingular.

II) If D(T') € gc(Y'), then T 1is strictly cosingular if T' is strictly

singular.
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Proof. Without loss of generality let D(T) = X.

I) Let T € B[X.Y] and suppose that there exists M € #(X) such that TIy

£

has a continuous inverse. Then (T]H)' =Q" T |is sur jective by Proposition

=

1.10.7. Since dim M = dim ¥' = dim X'/N' = ® by Theorem I.5.10,

T' € SC[Y'.X'] by Theorem V.1.1.

II) Let D(T') € yC(Y') and suppose T € SC[X,Y]. By definition there exists
Me fc(Y) such that (QMT)' = T']Hl has a continuous inverse. Since

L

dim N' = dim Y/H = (Theorem I1.5.10), ¥ N D(T') € $(I(T')) and so

T' € SS(Y',X'). o

The above Proposition is by the author and generalises the well known classical

result.

V.3.2 DEFINITION [39]. A normed linear space X is said to be
superprojective if for every M € ?C(X). there exists N € ?C(X) with NDO X

such that N is topologically complemented in X.

V.3.3 THEOREM. Let T € SB[X,Y] with X a superprojective Banach space.

Then T € SC[X,Y] if T € sc(y'.x').

Proof. First assume T € B[X,Y]. Suppose T ¢ SC[X,Y]. By Theorem V.I.I
there is some N € fC(Y) such that QMT is a bounded open map. Noting that
1(QMT) = 1((QMT)“) we conclude from Proposition III.1.2 that (QMT)“ is open

and hence that (QMT)“ is an isomorphism from X/N onto Y/M where

N = N(QMT) (Proposition I.4.16). Consequently N € fC(X) and so there exists
Ve $C(X) with WD N such that W 1is topologically complemented in X. Let
X =

W®YV where V 1is a topological complement of W.
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We note that W/N € ?C(X/N) since dim (X/N)/(¥/N) = dim X/¥ by Proposition
I1.8.6 and hence as (QHT)“ is an isomporphism, (QHT)“(W/N) = TW/N € QC(Y/H).

Therefore K = Q;l(TW/H) € QC(Y) where Q;l is taken in the set theoretic

Y/M
K/M

open since it is just the composition of two open maps. We show that

sense. Now since M C K, Q;T =Q .(Q:T) (Proposition 1.8.6) and so QKT is
N(QKT) = ¥. Suppose QKTx = 0. Hence Tx € K( = Qil(TW/H)) and so

QHTx € QHTW. Now since (QHT)“ is an isomorphism, we conclude that

x+N€ (WN). But NCVW and so x € W, that is N(QKT) C W. But

VC N(QKT) by choice of K and so equality holds. Consequently, since W is
topologically complemented by V, QKTJv is a bounded bijection. Recalling
that X and therefore X/N 1is complete and that (QHT)“ is an isomorphism
from X/N onto Y/M, we conclude that Y/M is complete. Theréfore by
Theorem I.2.1 and Proposition 1.8.6 Y/K = (Y/M)/(K/M) is complete. Since \
is a closed and therefore complete subspace of X, we conclude from the open
mapping theorem that QKTJv is an isomorphism. Hence

(@QTIy) = (jv)'T'(QK)' = QyL.T'J L and therefore Q L.T" is surjective.
Moreover cod Vl =dimV=cod W=o and so T ¢ SC[Y'.X'] by Theorem V.1.1.
Now let T € SB[X.Y] with T' € SC(Y',X'). Hence

T'JD(T-) € SC[I(T').X'] N B[I(T'),X'] (Corollary IV.1.5). Note that D(T')

is o(Y'.Y)-closed with D(T') € %(Y) by Theorems I.5.10 and IV.1.1 and

Remark 1.5.9. Since (Q, L=T"J

D(T') D(T ))
Ql . T 1is bounded by Theorem I.10.3. We conclude from the first part of the
(T )
proof that Ql , T is strictly cosingular. A consideration of Proposition
(T )
IT1.1.3, Theorem II.3.8 and the fact that lD(T') € 7(Y) now yields the result.

T)' = T'J(l D) (Remark 1.5.9),

V.3.4 OOROLLARY. let T € SB[X.Y] with X and Y reflexive and Y'

superprojéctive. Then T' € SC(Y'.X') if Te€ SC[X,Y].
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Proof. First suppose that T 1is bounded. Then T" = J¥ .T.J;gu-1 and so

T" € SC[X".Y"] if and only if T € SC[X,Y]. Consequently T € SC[X,Y]

implies T' € SC[Y',X'] by Theorem V.3.3. Now let T € SB[X.Y] N SC[X,Y].
Then T =A + S where A € B[X,Y] N SC[X,Y] and dinm R(S) < » by Proposition
V.1.2. Hence A' € SC[Y'.X'] by the first part of the proof with

dim R(S') < © since cod N(S') = cod R(S)l = dim R(S) < ® by Theorem 1.5.10
and Proposition 1.10.4. The corollary now follows from Proposition V.1.2 and

the observation that T' = A’ + S'. a]

The author is unaware of Theorem V.3.3 and Corollary V.3.4 having been proved

before and believes these results to be his own.
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CHAPTER VI

F_. OPERATORS

Observe that for any T € L(X,Y), T' = (JYT)' and hence
b(T) = a(T") = E(JYT) by Corollary III.2.7. Since Bb(T) = B(JYT) we will

use these two concepts interchangably for the rest of this manuscript.
§1 CHARACTERISATIONS OF F_  OPERATORS

VI.1.1 Remark. Let T € L(X,Y).
I) If dimY =®, then T € F_(X.Y) if and only if T''(T) > 0 (Theorem
11.3.6).
II) T€F_(X.Y) if dimY < @, This follows from the fact that Y € F(Y)

with (QYT)' = T']Yl =T'] an isometry from the zero-dimensional

{0}
subspace {0} of Y onto the zero-dimensional subspace {0} of R(T').

III) T € F_(X.Y) if and only if J,T € F_(X,¥). This follows from I), II)
and the fact that I''(T) = r‘(JYT) (Proposition 1I1.2.3).

IV) T € F, if dim D(T) < @. Note that if dim D(T) < =, {0} € ?C(D(T))
with TJ{O) an isometry.

V) T€F_ if and only if T € ¢L(F+). If dim Y(=dim Y') < ®, then
TE€F_ and T €F, by II) and IV). Since dim R(T') < o, R(T') is
closed and hence T' € ¢L as a(T') <dimY' < ®. The rest follows from
Theorem 11.3.6.

VI) Te F+ and only if T' € ¢L. The proof is analogous to that for V) with
use being made of Theorem II.3.5 instead of II.3.6.
VII) b(T) <@ if T€F_. Note that T € F_ implies T' € ¢, by V) and

hence o(T') = b(T) < .
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VI.1.2 PROPOSITION. let T € L(X.Y). If M is an arbitrary closed subspace

of Y. then QT € F_(X,Y/H) (Q,T € F_[X, ..Y/H]) if T € F_(X.Y)

Q T Q,T’

(TG € F_[X.,Y]).

Proof. Without loss of generality let dim Y = o, If dim Y/M ¢ ® the
proposition is trivial and so let M € yc(Y). Now if T € F (X,Y) then
0<TI'(T) <T'(Q y[) by Proposition II.2.1 and so QT € F_(X.Y/H).
Analogously if TGT €F [XT,Y] then Q TC €F [X ,Y/M]. Note that

lxil + HQMTxH C lixll + IITxll  for each x € D(T) and so the identity map, say

V, from XT onto XQMT is bounded. Hence by Theorem II1.2.13

0 T (QyI0p) = (@G 1.V) < I (@47 1)-To()
(note that (V) (o and T’ (Q ) {® since both V and QM QM are
bounded). Hence Q TG is an F_ operator. o

Q T

VI.1.3 LEMMA. Let T € L(X,Y). If 'Y {is complete and b(T) < », then

T € F_(X,Y).

Proof. - Since b(T) < », there exists F € %(Y) such that QFT is
surjective. However as Y/F 1is still complete by Theorem I1.2.1, (QFT)' has

a continuous inverse by Proposition I.10.7. o
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VI.1.4 THEOREM. Let T € L(X,Y). Consider the following statements:
I) T€F_(X.Y)

IT) TG € F_[X..Y]

III) TG € ¢_[%,. 7]

IV) T € ¢ (X,Y)

~a) If X and Y are normed linear spaces, then II) and III) are equivalent,
either of which imply I). |

b) If X tis complete and T closed then I), II) and III) aré equivalent,
any of which imply IV).

c) If Y tis complete then IV) implies IT) and hence III) and I) as well.

d) If both- X and Y are complete and T is closed, then all four

statements are equivalent.

Proof. a) Let X and Y be arbitrary normed linear spaces.

II) < III) On considering V) of Remark VI.1.1 and the fact that

(1G)" = (fE)' we conclude that TG € F_ if and only if TG € F_. The result
now follows on considering d) (proved later).
II) > I) Suppose TG € F (X,Y). If dimY <o, T € F_ by Remark VI.1.1.
Hence let dim Y = ©. We show that F'(TGT) < T'(T) and hence that
T € F_(X.Y) (Remark VI.1.1 I)). Without loss of generality let r'(T) < .
Let € > O be arbitrary and select M € fc(?) so that HQM]YTH S T(T) + e.
But then

I"(TGT < QY J TGN < IIQMJYTH NGLIl < HQ, J, Th < r'(T) + e

and so F'(TGT) < T'(T) since e was chosen arbitrarily.

b) Let X be complete and T closed.
I)  IV) Suppose T € F (X,Y). Then T € ¢L by Remark VI.1.1 and so

7(T') >0 by Theorem III.2.6 as R(T') 1is closed by definition.
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Consequently, again by Theorem IT1.2.6, R(T) is closed and so since

b(T) = b(T) < ® by Remark VI.1.1 we conclude that T € ¢ (x.1).

I) » II) Suppose T € F_(X,Y). From the proof of the first part we conclude

that  b(TG) = b(T) = b(T) < © and ~(T') > 0. But then. 7(T) > O by Theorem
III.2.6 and so (TG) > O by Theorem III.2.2. If dim Y<w, TGE€F by |
Remark VI.1.1 and if dim Y =@ then 0 < +(TG) ¢ I'(TG) by Theorem II.2.9.

Hence TG € F_[XT,Y] by Remark VI.1.1.

c) Let Y be complete.
IV) 2 II) If T e€ ¢L(X,Y). then' b(T) = b(TG) < ® by definition and so from

the Lemma we conclude that TG € F_[XT,Y].
d) This follows from a consideration of a). b) and c). o

The following result was proved by R.W. Cross and privately communicated to

the author.

VI.1.5 THEOREM [9]. Let T € L(X,Y). Consider the following statements:
I) Te F (X.Y).

II) TG € F [X..Y].

III) TG € ,[%..71.
IV) T € ¢L(X.Y).
a) If X and Y are normed linear spaces I), II) and III) are equivalent.
b) If X 1is complete and T closed, then I) implies IV).
c) If X 1is an operator range and Y complete then IV) implies I).
d) If X and Y are complete and T 1is closed all four statements are

equivalent.
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Proof. a) Let X and Y be normed linear spaces.

II) < III) By analogy to the proof of Theorem VI.1.4 this follows from d)

(proved later), Remark VI.1.1 and the fact that (?Eb' = (TG) .

IT) » I) Again analogous to Theorem VI.1.4 this follows from Remark VI.1.1
and the fact that F(TGT) < I(T).

I) » I1) Suppose TGT ¢ F+[XT.Y]. Hence dim XT = dim D(T) = » and

I(TG) = O by Remark VI.1.1 and Theorem II.3.5. Let e > 0 be arbitrary and

€

select M € f(XT) so that HTGT]MH < Hence GM € $(D(T)) with

1 +e

3
ITxll < N e(lell + IITxll) for every x € GM

1
and so
ITxll € ellxll for every x € GH.

We conclude that HT]GMH { e and hence that TI'(T) = 0 since e was chosen

arbitrarily. But then T ¢ F+(X,Y) by Theorem I1I.3.5.

b) I) 3 1IV). Let X be complete and T closed and suppose that

T € F+(X,Y). Hence a(T) < ® by definition and so we need only show that

R(T) 1is closed. Note that T' € ¢L by Remark VI.1.1. Therefore since..

R(T') 1is closed by definifion, 7v(T') > 0 by Theorem II1.2.6 and so R(T)

is closed by the same Theorem.

c) IV) 1) Let X be an operator range. Y complete and suppose that

T € ¢%(X,Y). If dim D(T) < », T € F, by Remark VI.1.1. Hence let

dim D(T) = @». Then since R(T) is closed by definition, v(T) >0 by
Theorem III.2.6. As a(T) < ® we conclude from Theorems II.2.9 and I1.3.5

that T € F_(X.Y).

d) This is a trivial consequence of a), b) and c). a
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VI.1.6 Remark. Considering Theorehs I11.2.6, VI.1.4 and VI.1.5 we see that
corresponding to the classical classes of normally solvable, ¢L and ¢L
oﬁerators we have the classes of range open, F_ and F+ operators
respectively with equivalence holding in the classical setting of closed

operators between Banach spaces.

VI.1.7 THEOREM. Let T € L(X.Y). Then the following are equivalent:
I) TeF..
I1) % €F_ if N(T) 1is closed.
- IIT) QFT € F_ for every (for some) F € %(Y).
IV) T+ B€F_ for every (for some) B € L(X,Y) such that D(B) D D(T)
and ] B € SC(X,Y).
V) T + B € F_ for every (for some) B € PPK(X,Y) such that D(B) D D(T).
VI) T+ BE€F_ for every (for some) B € PK(X.Y) such that D(B) D I(T).
| VII) T+ BE€F_ for every (for some) B € L(X.Y) such that dim R(B) < »
and D(B) D D(T).
VIII) B(JYT -~ B) < © for every B € L(X,Y) such that B is compact

(nuclear) with D(B) D D(T).

Proof. Without loss of generality let dim Y = o,
I) & II) Let N(T) be closed. The equivalence now follows from Theorem

I1.3.6 and Proposition II.1.5.
I) & III) This follows from Theorem I1I1.3.6 and Proposition II.1.3.

I) © 1IV) Let T € L(X,Y) and let B é L(X.Y) be such that D(B) 2 D(T)
and ]YB € SC(X.Y). Hence A'(]YB) = 0 by Theorem II.B.S. But by Theorem
1I1.2.4

r'(T)y =r'(r ; B-B) {TI'(T+B) + A'(]YB) =T'(T + B)

< T'(T) + A'(]YB) = I'(T).
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Hence F'(T) = F'(T +B) and so T € F_ if and only if T + B € F .

I) V) Let B € L(X,Y). Then B € PPK(X,Y) 1if and only if Fé(]YB) =0
by Propbsition IV.2.3 and so since

I'(T +B) <TI'(T) + A'(]YB) <T'(T) + Io(14T)
by Theorem II.2.4 and Proposition II1.2.1 we can construct a proof analogous to

the above.

I) & VI) As before this follows from the fact that
r'(T + B) < T'(T) +,r6(JYB)'g r'(T) + Fé(B)

(Proposition II.2.3) for T,B € L(X,Y).

I) & VII) Observing that the class of finite rank operators in L(X,Y) is
contained in SC(X.Y) (Theorem I1.3.8), we can use the inequality
r'(T+B) <T'(T) + A'(]YB)

to construct a proof analogous to the above.

VI) > VIII) We see from Remark VI.1.1 that T € F_(X.Y) if and only if

]YT € F_(X.?) and so VIII) follows from VI) and Remark VI.1.1 VII).

VIII) > 1) Suppose T € F_(X,Y). If b(T + 0) = b(T) = » we are done.
Hence suppose b(T) < ®. We construct B € B[X,Y] such that

E(JYT - B) = o, let {an} be a sequence of integers defined inductiveiy by

n-1 -
(1) a, =2, a =2(1+ } ah) for n =2,3,..

k=1
We claim that there exists sequences {yh} CY and {y&} CY' such that

0 — tooe R
ly, Il < Q.. Hth =1, |IT yll < 17(2 ah)

(2)

yj(yh) = Gjh- jph = 1.2,..
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Assuming this for the moment we define B € L[D(T).Y] .as follows:

©0
Bx = 2 T'yé(x)yh for each x € D(T).
k=1
Observe that for any x € D(T)
© o
v, kR
HB*H < 2 nr th.HxH.Hth < Hxli( 2 1/727)
k=1 k=1

and so Bx exists by the completeness of Y (Theorem I.2.3). Letting

z, = yh/ah and %, = ah2h.T'yé for each kR € N, we note that

0

B= ) (1/2h)xk(.)zh is nuclear and hence compact by Theorem I.11.7. If
k=1 ‘
D(T) g X we can consider xﬂ to be an extension of ah2h.T'yA to all of X

(Proposition I.7.1) and hence without loss of generality we may assume
B € N[X,?]. Now for each x € D(T) we have by (2) that

yp, (Bx) = T'yé(x) =y, (Tx) for k=1,2,...

and so each yé annihilates R(JYT - B). Since the yé's are linearly
independent by (2), we conclude that E(JYT - B) =®. It remains to find
sequences satisfying (2). By assumption T ¢ F_ and so since T € F_ if and
only if T' € F+ by Remark VI.1.1, we déduce that T ¢ F+. Hence there |
exists y; € Y' so that lyi W =1 with HT'yi" < 1/4. If this was not the

case then T' would have a continuous inverse; a contradiction. Select

Yg € Y such that yl(yl) =1 and HyIH { 2. Suppose Yps-ooolp g

yi.....yﬁ_l have been found satisfying (2). Considering

T'| 1L=T we note that as before T' .does not have a
(span{y;:...;y }) n-1 n-1

continuous inverse since (span{yl;...;yn_l})l € 3C(Y') (Theorem 1.5.10).

Consequently there exists yﬁ € (span{yl....,yn_l})l such that "yé" =1 and

HT'yAH < 1/(2nan). Select y € Y such that yﬁ(y) =1 and Hyll < 2.

Let
n-1
Yy, =y - 2 U (V)y,, .
k=1
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Then
n-1 n-1
fy 1< Nyl (1 + 2 g, 1) < 2(1 + 2 @) = a
k=1 k=1

by (1) and (2). Also yﬁ(yn) = yﬁ(y) =1 with yﬁ(yh) =0 for 1 <R <n
by the way v, and y, were chosen. Finally yh(yn) = yh(y) - yh(y) =0

for 1 { kR <n and so by induction the result follows. o

VI.1.8 THEOREM. let T € L(X,Y). Then the following are equivalent:
I) TG, €F._.
II) TG. € F_ if N(T) is closed.
T
IIT) (T + B)GT+B € F_ for each (for some) B € B(X,Y) such that
D(B) 5 D(T) and J,B € sC(x.¥).
IV) (T + B)GT+B € F_ for each (for some) B € PK(X,Y) such that
D(B) > I(T).

Proof. Without loss of generality let dim Y = o,

I) & II) Let TG. € F_ with N(T) closed. Then (TG;)"~ € F_ if and only
if TCT € F_ by Theorem VI.1.7. The equivalence now follows from the fact

that (TG.)" = TG,.
T

I) & II1I1) Suppose B € B(X,Y) n SC(X,?) such that D(B) D D(T). Since
SC(X,Y) is a right ideal by Proposition V.2.1, JYBGT € SC[XT,Y]. By Theorem
VI.1.7 we now have that TGT € F_ if and only if (T + B)GT € F . But since
B is continuous we have that
it + W(T + B)xll < lxll + NTxN + Bl < (1 + HBI)(lixll + NTxH)

for each x € D(T) and similarly

xl + NTxh < (1 + UBN) (il + (T + B)xlt).
Hence X, =~ X

T T+ 2ard so (T + B)GT € F_ if and only if (T + B)GT+B €F_.
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I) & IV) Noting that PK(X,Y) C SC(X.Y) (Remarks I.11.4 and V.1.4) we can

construct a proof analogous to the above. o

As was noted Theorem VI.1.5 is due to R.W. Cross as is Lemma VI.1.3. The
equivalence of I) and VIII) in Theorem VI.1.7 was Jointly established by the
author and Dr. R.W. Cross. All other results iﬁ this section are by the
author. We remark that the construction used in Theorem VI.1.7 is essentially

that used by Lebow and Schechter [28; Theorem 5.4].
52 THE RELATIONSHIP BETWEEN RANGE OPEN, F_ AND F; OPERATORS

VI.2.1 PROPOSITION. let T € L(X,Y). Consider the following statements:
I) TeF..
II) There exists VK € ¥(Y) such that W(QKT) >0 with b(T) < .
IIT) ~(T) > 0 with b(T) < o.
IV) R(T') = N(TJD(T))l with a(T') < o
a) If X and Y are normed linear spaces, III) and IV) are equivalent, III)
implies II) and II) implies I).
b) If X is complete and T closed then I), II), III) and IV) are all

equivalent.

Proof. a) III) & 1IV) This follows easily from Theorem III1.2.6 and
Corollary III.2.7.

IIT)  II) 3 I). We trivially have that IIT) implies II) and hence suppose
that b(T) < ® and that there is some K € ¥(Y) such that W(QKT) > 0. But
then R((QKT)') = R(T'JKL) is closed by Theorem III.2.6. Now since

cod Kl = dim K  ® (Theorem I1.5.10), there is some N € F(Y') such that
R(T') = R(T'JKL) + T'N. Hence R(T') is closed (Proposition 1.3.4). But
since a(T') = b(T) < » (Corollary III.2.7), T' € ¢L and so

T € F_ by Remark VI.1.1.
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b) I) 3 III) Suppose that X is complete with T a closed F_ operator.
As T' € ¢h by Remark VI.1.1, +(T') > O since R(T') 1is closed (Theorem
II1.2.6). Hence ~(T) > 0 by Theorem III.2.6. Trivially T € F_ implies

that b(T) < o (Remark VI.1.1) and so we are done. 0

VI.2.2 PROPOSITION. let T € L(X,Y). Consider the following statements:
I) Te F,.
II) There exists K € 3(Y) such that W(QKT) >0 with a(T) < =,

IIT) ~(T) > 0 with a(T) < .

' J_ . '

IV) R(T') = N(T]D(T)) with b(T ) < o,

a) If X and Y are normed linear spaces, III) and IV) are equivalent, IIT)

implies II) and II) implies I).

b) If X is complete and T closed then all the above are equivalent.

Proof. a) III) é# IV) This is an easy consequence of Theorem III.2.6 and
Corollary III.2.7.

III) 3 II) = I). We trivially have that IIT) implies II) and so suppose that
there exists K € %(Y) such that W(QKT) >0 with a(T) < ®». Then

a(Q,T) < » since K € ¥(Y) with R((QKT)') = R(T']Kl) closed by Theorem
II1.2.6. Moreover as cod Kl = dim K < ® we deduce that

codR(T-)R(T']Kl) < ® and hence that R(T') is closed (Proposition I1.3.4).
Considering Corollary III.2.7 we see that b(T']Kl) = a(QKT) { ® and so since
R(T') D R(T']Kl), b(T') C». Hence T' € ¢ andso T € F, by Remark

VI.1.1.

b) I) 3 III) Let X be complete and T closed. Suppose T € F+.- Then
T' € ¢L by Remark VI.1.1. Hence ~(T') > O by Theorem II1I1.2.6 as R(%') is
closed by definition. Moreover 7(T) > O by the same theorem and so since

T € F+ implies a(T) < », we are done. 8]
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VI.2.3 PROPOSITION. let T € L(X,Y). Consider the following statements:
I) TEF, and b(T) < =,

II) TEF_ and a(T) < .

In general I) implies II) with the statements being equivalent if X is

complete and T closed.

Proof. I) 3 II). Suppose T € F, with b(T) < . Then T € ¢ by Remark
VI.1.1 and since a(T') = B(T) < », T' € ¢L° Hence T € F by Remark VI.1.1
with a(T) < ®» since T € F+.

II)  I) Suppose X is complete and T ciosed. Let T € F_  with

a(T) < @». By Proposition VI.2.1 we then have 7(T) > 0 with b(T) < © and

a(T) < ©». The result follows on considering Proposition VI.2.92. o
All results in fhis section are by the author.
83 PERTURBATION RESULTS FOR F; AND F_  OPERATORS

VI.3.1 FROPOSITION. Let T € L(X,Y). If T € F(F) oand B € B(X,Y) such
that D(B) D D(T), then there exists p > 0 such that R((T + \B)') is
closed with b((T + AB)') and b(T + AB) constant in the annulus

0 < |A] < p.

Proof. Let T € F (F_) and let B, = BJD(T). Then T' € ¢L(¢L) by Remark
VI.1.1 and so, since T' + ABi = (T + \B)' for each A, it follows from
Proposition 1.4.20 that there exists Py > 0 with a(T' + ABi) = b(T + AB)
and b(T' + ABi) constant in the annulus 0O < IAI < Py- Considering Theorem
I.4.19 we see that since T' € ¢L(¢Q), there exists P5 > O such that

R(T' + ABi) is closed for each IAI < Py Hence let p = min{pl,pz}. 1}
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VI.3.2 ODROLLARY. let T € C(X,Y) and X complete. If T € F+(F_) and

B € B(X,Y) such that D(B) DO BZ;). then there exists p > 0 such that
(T + NB) > 0 (and thus R(T + AB) closed) and such that a(T + \B) and

b(T + NB) are constant in the annulus 0 < IA] < p.

Proof. Let T €F (F_) and B € B(X.Y) such that D(B) 3 D(T). Since T
is closed, we note that T + AB is closed for any A. Let B1 = BJD(T) and
let p > 0 be as in Proposition VI.3.1. Then since R(T' + RBi) is closed
for each 0 < |Al< p, v(T' + ABi) > 0. and hence ~(T + AB) > O by Theorem
II1.2.6 (T  + ABi = (T + AB)'). By Corollary III1.2.7 we then have that

b(T' + XBi) = a(T + \B) for each O < |A] < p. Moreover as (T + NB) >0
and T + AB 1is closed for each 0 < IAI < p, we see from Theorem I1I1.2.6
that R(T + AB) 1is closed for each 0 ¢ IAI { p and hence the result

follows. v o

VI.3.3 PROPOSITION. Let T € L(X,Y) and B € B(X.Y) such that
D(B) D D(T). Define U to be the set of scalars A for which
T+ NB € F, UF_. Then
I) U 1is open;
II) if C 1is a component of U, we have that b((T + AB)') = b((T + AB)")
and b(T + AB) have constant values, n, and n respectively, on C

1 2
with the possible exception of isolated points. At the isolated points

b((T + AB)') = b((T + A\B)') > n, and b(T + AB) > n,.

Proof. Considering Remark VI.1.1 we see that U corresponds to the set of
scalars A for which (T + AB)' € ¢L U ¢L. Let B1 = BJD(T)' Since
(T+NB) =T" + xBi and hence a(T' + ABi) = b(T + AB) for each A, the

result now follows by applying Theorem 1.4.21 to T' and Bi. | o
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VI.3.4 QOROLLARY. let T ¢ C(X.Y) with X complete and B € B(X,Y)

such that D(B) D D(T). Defining U as in Proposition VI.3.3 we have that if
C is a component of U, then on C, with the possible exception of isolated

- points, a(T + NB) and b(T + AB) = b(T + AB) have constant values n and

1

n, respectively. At the isolated points a(T + \B) > n, and |

1
b(T + NB) = b(T + AB) > n,..

2
Proof. Note that U corresponds to the set of scalars A for which
(T+MB) € U ¢L (Remark VI.1.1). Hence as in Corollary VI.3.2 we can
show that 7(T + AB) > O whence R(T + AB) is closed for each A €U by
Theorem II1.2.6. The result now follows from Proposition VI.3.3 and Corollary

I11.2.7. a

V1.3.5 THEOREM. Let T € L(X.Y) and B € B(X.Y) such that D(B) D D(T).
If T €F_(F,) and A'(JYB) <T'(T) ( A(B) < I(T)). then
I) T+Be F_(F,):
1) h(T') = R((T + B)');
III) b((T + AB)') and b(T + AB) have constant values n

1
respectively for each AN such that IAIA'(JYB) < T'(T)

and. n,
(IN]A(B) < I(T)) except perhaps for isolated points. At the isolated

points ® > b((T + AB)') > n, and b(T + AB) > n, ( b((T + AB)') > n

2 1

and ® > b(T + AB) > n,).

Proof.
I) Let T€F and A'(JYB) < T'(T). By Theorem 11.2.4

OKT(T) =T'(T+B-B) <T'(T + B) + A'(JYB).
Hence 0 < T'(T) - A'(JYB) ST'(T+B) andso T+ Be F_k.by Remark VI.1.1
(note that dim Y = ® since r'(r) » 0). If Te F+ We can construct an
analogous proof by using the inequality TI'(T + B) < I'(T) + A(B) in Theorem

II.2.6.
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II) Note that since A'(]YAB) < A'(]YB) ( A(AB) ¢ A(B)) for each A such
that |[A] < 1, we conclude from I) that T + AB € F_(F+) for each scalar A
such that |A] < 1. Hence (T + AB)' =T + ABi € ¢L(¢L) for each |A] <1

by Remark VI.1.1 where B, = BJ Define a function &(A\) = kR(T' + ABi)

DT)"
from the closed unit ball of the scalars into Z where the scalars have the
usual topology and Z is the integers together with -® (+®) under the
discrete topology. Applying Theorem 1.4.19 we conclude that ¢ is continuous

and hence that ¢ is a constant function [22; 3A]. Consequently

R(T') = R(T' + Bi).

III) Since the set of scalars being considered is connected and open, this is
a consequence.of I), Proposition VI.3.3 and the fact that E(T + AB) < © if
T+NBE€F. (b((T+MNB)') <> if T+ ABEF, since then

(T +2B)" €¢). - o

VI.3.6 OOROLLARY. Let T € C(X,Y), B € B(X.,Y) such that D(B) 2 BZ;) and
X complete. If T €F_(F,) and A'(J;B) < r'(f) ( A(B) < I(T)). then
I) T+ BE€F_(F,).
II) R(T) =R(T + B) with T and T + B normally soluvable.
III) a(T + AB) and b(T + AB) have constant values n, and n,
respectively for each A such that |A|A'(]YB) < T'(T)
(IN]A(B) < I'(T)). except perhaps for isolated points. At the isolated

a(T +IAB) >n, and

points @« > a(T + NB) > n, and b(T + AB) > n 1

5
@ > b(T + AB) > n,).

Proof. As in Corollaries VI.3.2 and VI.3.4 we can show that T + AB is
closed for each A. Hence as before if T + AB € F_(F), (T+ AB)' € ¢L(¢L)
and so (T + AB) > O with R(T + AB) closed. Considering Corollary II1I1.2.7

and Theorem VI.3.5, the result follows. a]
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VI.3.7 Remark. If T € F (X,Y) (F+(X,Y)) and B € L(X,Y) such that

D(B) D I(T) and A'(]YB) < T'(T) (A(B) <T(T)) then T + BE€ F_(F,).
Consequently SC[X,?] C P(F_) where P(F_) denotes the class of operators
such thaf for A€P(F_ ), A+S€F_ forany S€F_(X,Y). (If dimY <
this follows from Remark VI.1.1 and if dim Y = © this can be proved along
similar lines to the proof for I) of Theorem VI.3.5). We note that Cross [6]
showed that P(F+) = SS(X,Y). Selécting T € F+ and B € SS(X,Y)
arbitrarily we note from Remark VI.1.1 that we can assume D(T + B) € $(I(T))
since T + B € F+‘ otherwise. By the definition of T we note that

0 < I(T) ¢ F(TID(T+B))' Hence TlD(T+B) € F, by Theorem I1.3.5 and so as in
I) of Theorem VI.3.5 we can show that " T + B € F+. Conversely suppose
SS(X.Y) G P(F,) and select B € P(F+)\SS(X,Y). But then

A(B) = sup D(B]M) > 0. Choose K € $(D(B)) such that F(B]K) >0 and
Meg(D(B))

let T = BIK. Then T € F, with I'(T - B) =0 and hence T - B¢ F, as
D(T + B) = K- is infinite dimensional (Theorem I1.3.5). This is a

contradiction and so we are done.

VI.3.8 OOROLLARY. Let T € L(X,Y) with D(T) dense in X and X =Y.

Suppose there exists A, such that (AOI - T)_l € SS(Y.X) n B(Y,X)

0
(sc(Y.X) N B(Y.X)) with R(\,I - T) dense in Y. Then for every A,
(M -T) €F_NF_ with b((N[ -T)') =b(AI -T) <o If NI - T is

surjective then Al - T is also closed for each A. (Note that I = Ix.)
Proof. By the hypothesis R(AOI ~ T) 1is dense in Y and so (AOI -T) s |
injective by Proposition 1.10.4. Hence [(AOI - T)_l]' = [(AOI - T)']-1 by
Theorem I1.10.6. Also since (AOI - T) has a continuous inverse,

(AOI ~ T) € RO and so W(AOI’— T) > 0. Therefore

(1) a((AI -T)) = E(AOI -T) =0 and b((A,I-T)') = a(AI -T) =0

by Corollary II11.2.7.
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Observe that for each A, (AI - T) =AI' - T = AIX' - T' and since
AOI' - T' is bijective by (1). we can write
2) (L-T)' = (I' + A= AL - T THT - 1),

Let IR denote the restriction of I to the dense subspace R(AOI - T) of

X. Then (IR)' =1 by Theorem I.5.6 and so since

(AOI - T)_1 € SS(Y.X) N B(Y.X) (Sc(Yv.X) n B(Y,X)) it follows from Theorem
-1 .

VI.3.5 that IR + (A - AO)(AOI -T) "€ F+(F_) with

R(I') = R((Ip + (A

A (AT - T)'l)'). However

(I + (A=A I -7 =1+ (A - AL - DY
=T+ (A= AL - T'77!
and therefore
(3) O0=R(I') =k(I' + (A - xo)[xor' - T']"l).

whence I'+ (A - AJJA' - T']7! ¢ ¢ nd,

since I' + (A = A)[AJT - T'T' € ¢ (9,) by Remark VI.1.1.Note that
I+ (A-2)I -7 is continuous and thus I' + (A - AT = T'17!
is bounded. Considering (3) ~(I' + (A - AO)[AOI' - T']_l) > 0 by Theorem
ITI1.2.6 and so by (1), (2). (3) and Theorem II11.3.4 (AI - T)' € b, Nd  with
R((AI -T)') =0 for each A. That is Al - T € F+ N F_  (Remark VI.l.l).
with b(AI' = T') =a(AI' - T') =b(AI - T) < ® for each A. The fact.that
M - T 1is closed if ,AOI - T 1is surjective follows from Corollary III.3.6.
(Note that if AjI - T is surjective, the fact that (AT - T)~1 is bounded
implies that ROI - T 1is closed by Remark 1.4.12.) o
All results in this section except the fact that P(F+(X,Y)) = SS(X,Y) are

generalisations by the author. Proposition VI.3.1 and Corollary VI.3.2
| genéralisev[IS; V.1.7] whereas Proposition VI.3.3 and Corollary VI.3.4
generalise [16; V.1.8]. Theorem VI.3.5 and Corollary VI.3.6 contain and
generalise results by Kato (cf. [16; V.1.6 and V.2.1]), Weis [38; 3.8] and

Schechter [36; 2.12]. Corollary VI.3.8 generalises [16; v.2.3].
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CHAPTER VII

THE INSTABILITY OF A (1ASS OF NON-SEMI-FREDHOLM

TYPE OPERATORS UNDER COMPACT PERTURBATIONS

All results in this chapter are by the author and generalise and complement

results by the author which are due for publication ([26]; see appendix).
§1 BASIC THEOREMS

The first result we prove was initially proved by Goldman

([17]; cf(16; V.2.6]) for normally solvable operators between Banach spaces
and subsequently generalised by the author [26; 2.2] to normally solvable
operators between operator ranges. The proof is similar to that appearing in

Goldberg [16], suitably changed to hold for the more general case.

VII.1.1 THEOREM. Let T € L(X,Y) with Y an operator range. If ~(T) > 0
and the reduced index of T, R(T), does not exist, then there is a compact
" (nuclear) operator B € B[X,Y] such iﬁat (T + \B) =0 for each A # 0. if
N(T) s separable, then B may be chosen so that T + AB is injective as

well.

Proof. Since dim R(T)l-zidim(Y/R(T))' = b(T) = @ there exists an infinite

linear independent set {yi,yé,...) C'R(T)l. Select Yy, €Y so that

yi(yl) # 0. >For n=1,2,... let y be an element in

n+1
1 o '
span{yi,yé,...,yé) =N N(yi) but not in N(yé+1). The existence of Uil
i=1
n
is assured by the fact that if N(yn+1) c igl N(yi), then Unsl would be a

linear combination of yi,yé,...,yé (Proposition I.5.11).



121

Hence we can choose {yh} CY so that
ykR(T) =0 for R 2 1;

(1) yh(yn) =0 for n>RkR 2 1;
u(y,) #0 for k2 1.

Let {xl,xz....} be an infinite linearly independent set in N(T). Since

XO = span{xl,xz,...} is separable, there exists a countable total set

{vé} C Xb (Theorem 1.6.6). Without loss of generality we may assume vé #0

where R €N. For each kR €N let xé be an extension of vé to all of X.

Consider the following:

L (x)
(2). Bx = 2 xh(x 'k for each x € X.

R
k=1 2 Hth IIBYthI1

Hence

| [04]
o' 0 Tixell 1By, I
B, Bxll, < R R _ o Y 1/2% for each x € X
yBxlly

k. -
k=l 27U By, Ity k=1

and so, by the completeness of the preimage space Y, of Y and the absolute

1
convergence of BYBx for each x € X, we conclude that BYBx and therefore
Bx = aYBYBx exists for each x € X. Note that BYB is a nuclear operator
and hence compact (Theorem I.11.7). Since ay is bounded we conclude from

Theorem 1.11.8 that aY(BYB) = B is still compact (nuclear).

Now suppose Bx € R(B) N R(T). By (1) and (2) we then have
x;(x)-y (y,)

|
o .

0= yin = whence xi(x) =

2l 1l 1By I

Consequently

x5(x) -uy(y,)

0= yéBx = whence xé(x) 0.

uux2u HBYy2H1
Continuing inductively we see that xé(x) =0 for each R €N and so

Bx = 0. Hence R(B) N R(T)

H

{Q} and so

N(T) N N(B) for each A # O.

(3) N(T + AB)
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let x € XO C N(T) with Bx = 0. As before we can show that xé(x) 0 for

each R €N and since {xé} is total on X we conclude that x = 0.

0
Hence B 1is injective on XO' Assume that ~(T + AB) > O for some A # O.
Therefore for any p € (0,7(T + AB)) we have that

(4) IT + ABll > p.d(x,N(T + \B)) for each x € D(T).

Now let B1 be the restriction of B to N(T). From (3) and (4) we see that

N(Bl) = N(T) N N(B) = N(T + AB) . and so
1 f
(5) Hle" = TXTZH(T + AB)xll > TﬁTzd(x.N(Bl)) for each x € N(T).

u — ~ o~
Thus W(Bl) 2 TXT’) 0. Considering B1 as an element of B[N(T) .Y] we have
that El is still compact sincg‘ FO(BI) = Fé(Bi) = Fb((ﬁl)') = FO(EI) by
Proposition IV.2.5. Also 1(31) 2 1(B1) > O by Theorem III.1.6. Hence

R(El) is closed by Theorem III.2.6 and thus finite dimensional by Proposition

I.11.6. But this is a contradiction since B1 is injective on XO C N(T)N.

Consequently (T + AB) = O for each A # 0. Now if N(T) was separable, we

could have chosen XO so that XO = N(T) and so as B 1is injective on XO'

we have that N(T + AB) = N(T) N N(B) C X, N N(B) = {0}. o

VII.1.2 OOROLLARY. Let T € L(X,Y). If ~(T) > 0 and k(T) does not
exist, then there exists a compact (nuclear) operator B € B[X.?] such that
7(]YT + NB) =0 for each AN # 0. If N(T) is separable, then B may be

chosenvsuch that ]YT + AB is injective as well.

Proof. Observe that 1(]YT) = (T), a(]YT) = a(T) and E(IYT) = b(T). Since

Y is an operator range, the corollary now follows from Theorem VII.1.1. a

Considering Theorem III.2.6 we see that if T € L(X,Y) is closed with X and
Y complete then T 1is normally solvable if and only if ~(T) > O and so

Theorem VII.1.1 and Corollary VII.1.2 contain the result by Goldman.
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VII.1.3 DEFINITION. Let T € L(X,Y). If {Tn} C L(X,Y) such that
D(Tn) 3 D(T) with Tn — T continuous for each n € N then we say that Tn

converges to T, denoted Tn =T, if "Tn -Th 50 as n - o,

The following theorem was first p;oyed for bounded operators between Hilbert
spaces by R. Bouldin [3]. This result was then generalised to the Banach
space case by M. Gonzales and V.M. Onieva [18] and later further generalised
by the author [26] to closed and a-compact operators from an operator range
into a Banach spacé. The result in its present form is also due to the author
and contains the results by Bouldin and Gonzales and Onieva since for closed
operators between Banach spaces the classes F+ UF and RO U F+ UF_ agree
with the semi~Fredholm and normally solvable operators respectively (Theoréms
IIT.2.6, VI.1.4 and VI.1.5). Note that L(X,Y) \ F+ UF and

L(X,Y) \ ROU F; UF_ denote the complements of F+ UF_ and of

RO U F, UF_ in L(X.,Y) respectively.

VII.1.4 THEOREM. Let T € L(X,Y). Then
I) T€LXY)\F, UF_ if and only if I,T is the limit in L(X,¥) of a
sequence of operators {Tn} C L(X,?) \ ROU F,UF_ with I(T) = D(Tn)
for each n € N.

II) T € L(X,Y) \ F, UF_ if and only if there ekists a compact (nuclear)
operator. B € B[X,Y] and A € L(X.Y) \ ROU F, UF_ such that
JYT=A+B. | |

IIT) T € L(X,Y) \ F, UF_ if and only if there exists a compact (nuclear)
operator B € B[X,Y] and A € L(X,Y) such that JYT = A+ B with

a(A) = b(A) = o,

Proof. From II) and IV) of Remark VI.1.1 we conclude that

dim D(T) = dim Y = o,
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I) Let T € L(X,Y) \ F, UF_. Suppose T € RO. Then let Tn = JYT fbr each
n € N. Now suppose T € RO (+(T) > 0). Then Kk(T) does not exist since
otherwise T € F+ U F_ by Propositions Vi.2.1 and VI.2.2. We conclude from
Corollary VII.1.2 that there exists B € K[X.Y] such that JyT + AB € RO
(7(JYT + AB) = 0) for each N # 0. Select a sequence of non-zero scalars
{Rn} such that Rnlﬂ 0. Now let Tn = JYT + RnB. Obviously Tn - JYT with
Tn ¢ RO and D(T) = D(Tn) for each n € N. It remains to prove that

IyT + AB€F UF_. Since B is compact, B € SS(X,¥) N SC(X,Y) by Remark
V.1.4 and so if JYT + RnB € F+ U F_  then JYT € F+ UF_ by Theorem VI.3.5.
Hence T € F+ UF_ by Remark VI.1.1, a contradiction.

Conversely suppose T € F+ UF_ and that there exists

{T ) CLXY)\ROUF, UF_ such that T - J.T and D(T) = D(T,) for each
n€N If TE€¢ F+ then there exists k € N so that

H]YT - T, 0 < I(T)/2 = T(JYT)/2 (I'(T) > O by Theorem I1.3.5) and hence

kR

A(JYT = Th) < HJYT -T, I F(JYT)/2.

kR

But then T(Th) > 0 by Remark VI.3.7 and so T, € F ; a contradiction.

kR

Analogously if T € F_, we obtain some k € N such that Tk € F_. Hence the

result follows.

II) Let T € L(X,Y) \ F,UF_. If T ¢RO then let JYT =A and B = 0.
If T € RO then as in I) we can show that k(T) does not exist and so by
Coréllary VII.1.2 there is some nuclear operator B € B[X,?] with

_JYT - B =A ¢ RO. Again as in I) we can conclude from Theorem VI.3.5 that
since B is compact, T ¢ F+ UF_ implies JYT - B¢ F+ UF._.

Conversely suppose JyT = A+ B where A€ L(X.,Y)\ ROUF, UF_ and

B € B[X,?] compact (nuclear). Since B is compact, we conclude from Remark
V.1.4 that A'(B) = A(B) = O and hence by Theorem VI.3.5, I, T€F, UF_
implies JYT -B=Ac¢€ F+ U F_. We conclude that JYT ¢ F+ U F_  whence

T ¢ F+ UF_ (Remark VI.1.1).
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III) Suppose T € F_UF_. Then J*T €F, UF_ (Remark VI.1.1).
Considering Theorem VI.3.5 and the fact that K[X.Y] C SS[X,Y] n sC[X,¥], we
conclude that JYT - B € F+ U F_ for every compact (nuclear) operator

B € B[X.Y]. Hence either a(JyT - B) <= or B(J,T - B) < ® by Remark
VI.1.1. |
Conversely suppose T ¢ F+ UF . As in Theorem VI.1.7 we can construct a
compact (nuclear) operator B1 € B[X.?] such thét E(]YT - Bl) = ®,

Now let a(]YT - Bl) ( ® since we are done otherwise. Suppose

]YT - B1 € F+. Then since B1 is compact, A(Bl) = 0 (Remark V.1.4) and so

]YT € F+ by Theorem VI.3.5. But then T € F+; a contradiction. Hence

JYT - B1 €'F+ and so JYT - B1 does not have a continuous inverse.
Consequently select x; € T) = D(JYT - Bl) such that Hxlﬂ =1 and

1 N ' ' '
H(JYT - Bl)xlﬂ < 5 Now choose x, € X so that xl(xl) = Hxlu = 1. Suppose

{xl,x2,...,xn_1} C D(]YT - Bl) and {xi,xé,....x&_l} C X' have been

constructed satisfying

' 1-2k
(1) Hth =1, H(JYT - Bl)xh" {2 ,
. k-1 ' _ . _
Hth < 2 and xh(xj) = 5hj for 1 < R,j ¢ ﬁ 1.
Since ]YT - B1 ¢ F+. the restriction of ]YT - B1 to the finite
n-1 1
codimensional subspace I N(x{) = {xi,...,x&_l} does not have a continuous
i=1
- N . l L] L}
inverse. Hence there exists x € D(]YT - Bl) n {xlf""xn—l} such that
1 =1 and N(J,T - B)x Il € 212" Select z' € X' such that
‘ n-1
z'(xn) = llz'l = 1. Now let xﬁ =z - E z'(xh)xk. It is then easy to show
k=1 :
that x&(xh) = 6nh for 1 { kR { n vwvhere
n-1 n-1
[ ’ . ' h_l - n—-l
Han < hz'ih + E izl Hth "th <1+ E 2 =2 .
k=1 k=1
And so by induction we can construct sequences {xl.xz,...} C D(JYT - Bl) and

{x].%5....} C X' such that (1) is satisfied for all n € I.
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Now define

[+ 4]
(2) Bx = 2 % (x)(J,T - By)x, for all x € X.
k=1 v
Since Y is complete and B2x converges absolutely for each x € X, B2x 3 4
. I o | _ o2k-1 _
exists for each x. Letting z, = X /2 and Y, = 2 ’(JYT Bl)xh we

[+4]

note that B2 = 2 (1/2h).z’;(.)yh . Consequently B2 € B[X.?] is a nuclear
k=1

and hence compact operator by Theorem 1.11.7. Note that for each

x, € D(JYT - Bl)’ B2xh = (JYT - Bl)xh and so since {xh} Cc D(JYT - Bl) is

linearly independent by (1), a(JYT - B1 - B2) = ©,  Moreover

R(B2) C span{(JYT - Bl)xl.(JYT - Bl)x2""} C R(JYT —.Bl)'
Consequently since E(JYT - Bl) = ©, E(JYT - B1 - B2) = o, Now let

B.= B1 + B2 and A = JYT - B1 - B Note that B1 + B is still nuclear and

2 2
hence compact (Theorem I1.11.7). ' o

The construction in Theorem VII.1.4 is essentially the same as that used by
Gohberg, Markus and Feldman [15; 4.1], suitably changed to hold for the more

general case.

VII.1.5 PROPOSITION. let T € L(X,Y) with Y an operator range. Then
I) Te L(X.Y)\ F_UF_ if and only if T {is the limit in L(X.Y) of a
sequence of operators {T} CL(X.Y) \ROUF_UF_ with D(T ) = D(T)
for each n € N.
II) T € L(X,Y)_\ F,UF_ if and only if there exists a compact (nuclear)
operator, B € B[X,Y] and A € L(X.Y) \ ROU F, UF_ such that

T = A + B.

Proof. The proof is analogous to that for I) and II) of Theorem VII.1.4 with

Theorem VII.1.1 being used instead of Corollary VII.1.2. . .o
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VII.1.6 Remark. Let Y be an operator range. By Theorem VI.3.5 we conclude
that if T € F (X.,Y) (F_(X.Y)) and B € B[X.Y] such that

Bl < I(T) (HBH < T'(T)) then A(B) < IBH < I'(T) (A'(JYB) < T'(T)) and so
T+ BEe€ F,(F_). Hence (F+ UF ) N B[X,Y] 1is open and consequently

B[X,Y] \ F, UF_ 1is closed. From I) of Proposition VII.1.5 we conclude that

B[X.Y]\ ROUF, UF_=B[X,YJ\F, UF_.
§2 RESULTS ON INSTABILITY

VII.2.1 DEFINITION. Let V.,V

0 1,...,V

5 be defined by

Vo={T €L(X,Y) \ROUF, UF_: a(T) = b(T) < =}
V,={T €L(X,Y) NROUF, UF_: 0% |o(T) - B(T)| < =}
Vy={T € L(X,) \ROUF _UF_: a(T) - b(T) = -» }
Vo= {T €L(X,Y) \ROUF,_UF_: a(T) - b(T) = += }
V, ={T €L(X,Y) \ROUF,_UF_: a(T) ===>b(T) }
Vg = {T € RO(X,Y) : a(T) === b(T) }
Where there is danger of confusion'we will write Vj(X,Y). ji=0,1,...,56, to

denote that vj C L(X,Y).

-VII.2.2 LEMMA. Let Z be an infinite dimensional normed linear space.

I) IfF M€ 9C(Z) then there exists an infinite dimensional and separable

closed subspace F of Z such that FNM¥ = {0} and F® M is
infinite codimensional. | |

IT) If M € $(Z) then there exist two separable subspaces, P and Q, of
¥ and a fundomental and total biorthogonal system ({xn}; {pﬁ}) in P
such that P 1is infinite dimensional, Q may be chosen either finite or

infinite dimensional, P N Q = {0} and each pﬁ has an extension to all

of Z which annihilates Q.
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Proof. 1) Wevfirst construct E € $C(Z) such that M C E and codEH = o,
Select {xn} CZ and {x&} C Ml inductively as follows:

xi € Ml and x, € N(xi) \ M

1
with
x € Ei—l \ span{xl,....xn_l} and x € Gn\En_1
vwhere E_ =469 span{xl,....xn_l} and G = igl N(x{) for n 2 2 and
G1 = N(xi). Observe that
MCE, C...CE C... and G, D3G,D...23G_D ...
1 n 1 2 n
Notice that E, C G whenée E, C G, and so by induction E CG for each
. 1 1 2 2 n n

n €-N. Consequently En C Gm for any n,m € N. Now let E and G be as

follows:
[+ o] [+ o]
E= UE, and G = NG,.
, i , i
i=1 i=1
Obviously M CECG with codZE 2 codZG = © and codEH = ©,  Select a

linearly independent sequence {yn} in E\M. Since span{yl,yz,...} is a

separable space, M N span{yl,yz....} has a quasicomplement F in

ZF@M > cod E = =™,

span{yl,yz,...} (Theorem 1.6.8). Then FN M = {0} and cod 7

II) Let M € $(Z). Select a separable subspace R of M with R € $(M).

By Theorem 1.6.6 there exists a fundamental and total biorthogonal system
({rn}; {rﬁ}) in R. Let P, Q@ denote the subspaces P = span{rznf n € m}
and Q = span{rzn_ltln € N}. Clearly PNQ = {0O}. For any n € IN we define

X =T

n 2n and by =

r2n|P and let x be an extension of r2n to all of Z.

Hence ({xn}; {p&}) is a fundamental and total biorthogonal system in P

with xﬁ an extension of pﬁ to all of Z which annihilates Q.

Alternatively let P = span{rh+1. rh+2....} and Q = span{rl,rz,....rh}.

For every n € N we then let x =T and with xﬁ an

rR+n’ Pn = rh+n|P

extension of ré+n to all of Z which annihilates Q. ' 8]
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V1I.2.3 THEOREM. Consider L(X,Y) and let Y. be an operator range

I) If X and Y are separable then V C Vj + K[X,Y] for j = 0:1.

v YVs
II) If X 1is separable then Vl+ ] V5 C V2 + K[X,Y].
III) If Y is separable then V, U Vg C V, + K[X,Y].
IV) V, UVgCV, +KX.Y].

Proof. Assume T € V4 uy Let P and Q be subspaces of N(T) such that

5
PNQ= {0} with P € $(N(T)) separable and ({xn}, {pﬁ}) a fundamental and
total biorthogonal system in P suchythat each pﬁ has an extension, say

xé, which annihilates Q. The existence of P and (Q follows from the
Lemma. Note that the restriction of xé to D(T) still satisfies the
requirements that it is an extension of pﬁ to all of D(T) which

annihilates Q and so without loss of generality we can assume that

D(T) = X. Again by the Lemma we now have that there exists F € #(Y) such

that F is separable and closed with F N Ez?b = {0}. Since F is
separable, there exists a fundamental and total biorthogonal system
({yn}, {fﬁ}) in F (Theorem 1.6.6). For each n € N let y  be an

extension of fﬁ to all of Y. Now défine B € K[X,Y] as follows:

[+ ]
Bx = 2 Aixi(x)yi for each x € X
i=1
where Ai = (HxiH.HBYyiH1.2L)_1 for each i € N. Note that by choice of Ai
and by the completeness of Yl, the pre—-image space of Y, BYBx converges
absolutely for each x € X and hence BYBx € Yl’ and so Bx €Y, exists for
each x € X (Theorem I.2.3). In fact BYB is nuclear and hence aY(BYB) is

nuclear since ay is bounded (Theorem I.11.8). Consequently B is compact

(Theorem 1.11.7). The adjoint of B is

0

By' = z Aiy (yi)xi for each y' €Y .

i=1
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Since R(B) C span{yl,y2,...} CF, we have R(B) N R(T) = {0} and hence
N(T + B) = N(T) N N(B). Notice that for any x € N(T + B),

yn(Bx) = Anxn(x) =0 for each n € N
and so each xﬁ annihilates N(T + B). However as {xﬁ} is total over P
it follows that P N N(T + B) = {0}. From the construction of B it follows
that Q C N(B) and so Q C N(T) n N(B) = N(T + B). Hence
(1) | dim Q < a(T + B) ¢ codN(T)P.
Now if y' € N(B') then there exists k € N such that y'(yh) # 0, whence

Iy %(B'y') = u'(Be) = Ay'(y,) # 0.

Moreover since x, € N(T), ]§ x, € R(T')l and so we deduce that

R(T') NR(B') = {0}). Therefore N(T' +B') = N(T') N N(B'). Thus for each

y' € N(T' + B') it now follows that

x" ' 1] -— L] —_ L]
]X xn(B y )._ y (an) = Any (yn) O for each n € N.
Consequently each y' € N(T' + B') annihilates the fundamental sequence {yn}

in F as well as R(T) since by Proposition 1.10.4

NMT +B') CNT') = R(T)l. Hence N(T' + B') C (R(T) ® F)l and since
R(B) C F, we also have

L

(R(T) ® F)l = EZ?)l NF C R(T)l n R(B)l =NT')NNB') =NT + B')

(Proposition 1.10.4). It now follows that

N(T' + B') = (R(T) ® F)' = (Y/R(T)oF)"
by Theorem 1.5.10 and so since (T + B)' =T + B by the continuity of B,

we have by Corollary 111.2.7 that

(2) b(T + B) =a(T' + B') = cody (R(T)®F).
We show that ~(T + B) = 0. Suppose the cdntrary. Then letting B1 be the
restriction of B to N(T) € $(X) we see that for any pn € (0,7(T-+ B))

1B I = I(T + B)xll 3 p.d(x,N(T + B)) = p.d(x.N(T) N N(B))

for each x € N(T).
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Therefore (B;) > n > 0 since N(B,) = N(T) N N(B). By Theorem III.1.6

1 is the extension in L(N(T)N,Y) of 31 to all

of N(T)NL Thus R(El) is closed by Theorem III.2.6 and so R(El) is finite

q(El) > 1(B;) > O vhere B

dimensional since El is still compact (Proposition I.11.6). (Note that

since B, is precompact and (Bl)' = Bi. TO(EI) = Tb(Bi) = TO(BI) =0 by
Proposition IV.2.5). But this is impossible since for each x € N(T) we
have that len = Anyn and hence span{yl.y2,...} c R(By). We conclude that

+(T + B) = 0. Now since a(T) = b(T)

o T ¢& F+ U F_. Suppose
T+ BE€ F+ UF.. Then T=T+B-BE€ F+ U F_ by Theorem VI.3.5 and the

compactness of B. Consequently T + B € F+ UF_ and so

T+BE€L(X.Y)\ROUF_UF_ since +(T + B) = 0.

Finally for j =0,1,2,3,4 we select> P, Q and F as follows:

j=0: Let X and Y be separable and P = N(T), Q = {0} and F a

quasicomplement of EZ?) in Y (Corollary 1.6.3 and Theorem I1.6.8). From

(1) and (2) it folloﬁs that a(T + B) =0 = b(T + B) and hence T + B € VO'

j=1: Let X and Y be separable with N a finite codimensional closed

subspace of Y such that R(T) CN #Y. Let P =N(T), Q= {0} and F a

quasicomplement of R(T) in N (Corollary 1.6.3 and Theorem 1.6.8). It
follows from (1) and (2) that o(T + B) =0 and 0 < b(T + B) = cod N < .

Thus T + B € Vl'

j=2: Let X be separable, P = N(T) and Q = {0} (Corollary I.6.3).

From the lemma it follows that we can choose F so that codY(R(T)$P) = ®
whence a(T + B) = 0 and b(T + B) = by (1) and (2). Therefore

T + B € V2.

j=3: Let Y be separable and F a quasicomplement of R(T) in Y
(Corollary 1.6.3 and Theorem 1.6.8). From the lemma we conclude that we can
select P and Q so that both are infinite dimensional. But then

a(T + B) = and b(T + B) =0 by (1) and (2) and therefore T + B € V..
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j =4: By the lemma we may select P, Q and F so that

dim P = dim Q = codY(R(T)GF) =®. Then T+ B€YV, by (1) and (2). a

4
The proofs of the basic lemma VII.2.2 and the fundamental theorem VII.2.3 are
essentially the same as those used by Gonzalez and Onieva in [18], suitably

changed to hold for the more general case.

VII.2.4 THEOREM. Let T € L(X,Y).
I) If X and Y are separable then T € L(X,Y) \ F_UF_ if and only‘if
IyT € vj(x,?) + K[X,Y] for j =0.1.
II) If X is separable then T € L(X,Y) \ F_ UF_ if and only if
I1yT € V,(x.¥) + K[X.Y].
III) If Y is separable then T € L(X,Y) \ F_ UF_ if and only if
I,T € Vo(x.Y) + K[X.Y].

IV) T €L(X,Y)\F, UF_ if and only if J,T €V, (X.7) + K[X.Y].

Proof. Observe that if Y is separable, so is Y. Now suppose that

]YT € Vj(X.?) + K[X.?]. j=0.1,2,3,4. Then T € L(X.Y) \ F_, UF_ by II) of
Theorem VII.1.4. Conversely suppose T € L(X,Y) \ F+ UF_. We conclude from
III) of Theorem VII.1.4 that J,T € v4(x.?) U v5(x,?) + K[X.Y]. Noting that

Y is an operator range, the result now follows from Theorem VII.2.3 and the

fact that K[X,?] is closed under addition by Theorem II.2.4. o

VII.2.5 Remark. Theo}éms VII.2.3 and VII.2.4 can be proved for the classes of
bounded nuclear operators N[X,Y] and N[X.?] instead of K[X.Y] and
K[X.?] respectively. This follows from the fact that the operator

constructed in Theorem VII.2.3 is nuclear.

Theorem VII.2.3 generalises [26; Theorem 3.4] whereas Theorem VII.2.4

generalises [26; Corollary 3.5], [18; Theorem 3.4] and [3; Theorem 3.2].



133

APPENDIX

ON THE INSTABILITY OF NON-SEMI-FREDHOLM CLOSED OPERATORS
UNDER OOMPACT PERTURBATIONS WITH APPLICATIONS

TO ORDINARY DIFFERENTIAL OPERATORS

L. E. LABUSCHAGNE
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¢

The stability of several natural subsets of the bounded non-semi-Fredholm

operators undgr'compaét\pgrtqrbatiqns were s;udie%rky R Bouldin [3] in

separable Hilbert spaces and by M Gonzales and V M Onieva [18] in Banach
spaces. The aim of this paper is to study this problem for closed operatdfs

in operator ranges. The main results are a characterization of the
. : ‘ : T o ey T -

aaEr

non-semi-Fredholm operators with respect to a-closed and a-compact operators

*

as well as a generalisation of a result by M Goldman [17]. We also give some

J L3

applications of the theory developed to ordinary Qiffergntial operators.

[ -
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For T an arbitrary element of L(X,Y), a(T) will denote the dimension of

the null space N(T) of T , b(T) the codimension of R(T) in Y , EkT)

the codimension of R(T) in Y and Kk(T) the index of T .

2. BASIC THEOREMS WITH APPLICATIONS TO ORDINARY
LINEAR DIFFERENTIAL OPERATORS

2.1 LEMMA . Let Y be an operator range. If T € NS(X,Y)\SF then

ByT € NS(X,Y )\SF .

Proof . Assume T € NS(X,Y)\SF . From thé definition of ﬁY it now follows
that ﬁY is an open everywhere defined bijection and hence ﬁY maps the open
set T\R(T) onto the open set YI\BYR(T) . Therefore BYR(T) = R(ﬁYT) is
closed. It also follows that a(T) = a(ﬁYT) and b(T) = b(ﬁYT) . It remains
to be verified that BYT is closed. Suppose {xn} C D(ﬁYT) = D(T) with
xn-ﬁ.x and BYTxn-4 Y, € Yl . Now since the inverse of ﬁy, oy . is bounded
it follows that {xn} C D(T) with x 2x and Txn = aY(ﬁYT xﬁ) = oy, €Y .

However T 1is closed and hence x € D(T) = D(BYT) and Tx = «a that is

YY1 -
ﬁYTx = ﬁY(aYyl) =Y, implying that ﬁYT is closed. o

We require the following generalisation of Goldman's result, i.e. [17]

cf. [16; Theorem V.2.6].

2.2 1F¥MMA. Let T € NS(X,Y)\SF with X and Y operator ranges. Then
there exists an operator B € K[X,Y] such that for any A # O ,
T + \B € C(X,Y)\NS. If N(T) {is separable then B can be chosen so that

T + \B is injective.
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Proof . Assume T € NS(X,Y)\SF with X and Y operator ranges. Suppose
first that Y 1is complete. Since dim R(T)l = dim(Y/R(T))" = dim(Y/R(T)) = &
[16; Theorem I.6.4] we obtain an infinite linearly independent subset

{yi, yé, ...} C R(T)l . Choose Y, € Y such that yiyl #0 . For

3

R=1,2, ... let Upst be an element of N N(y{) = lspan {yi,yé,...,yé}
i=1

" but not N(yé+1) . The existence of Upsg follows from [16; Remark I1I.3.6]

and the linear independence of {yi,yé,...}t Hence
y3R(T) =0 for j 21
(1) Yy, = 0 for 1> j 21
W, #0 .
Yy #
Let {xl'XZ""} be an infinite linear independent set in N(T). For

XO = span {xl,xz,...} , the closure of the span, we obtain a countable total

set C X, where v, #0 for t €N [16; Lemma V.2.5]. Letting x;

vl’v2’f"
be an extension of v{ to all of X , we obtain the following everywhere
defined compact operator:
c %00
x. %)y,
2) Br=) ———t—.
27 ix, ity W
At 3

Clearly Bx exists for each x € X by the completeness of Y and the

absolute convergence of the series in (2).

Suppose Bx € R(T) N R(B). Then by (1) and (2) it follows that

x; (x)yu, ' ,
0 = y,Bx = — whence x;x =0
1 Dl My, I 1
*1"
and that
x5 (x)ysy
0 = y'\Bx = 2 22 whence x/.x =0
2 2, . 2
2 HxZHHyZH

Continuing inductively we conclude that xix =0 for i € N and hence

Bx = 0 , that is R(T) N R(B) = {0}.
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since Bx = 0 € R(T) implies x)x = 0 for

Now B 1is injective on X i

0

i € N and hence x = 0 since {xi;xé,...} is total on XO .
For the sake of a contradiction suppose that R(T + AB) = R((T + AB)ax) is

closed for some A # O . Since T + AB and thus (T + )\B)ax is closed, it

follows that

(T + AB)a,B,xl |
x°x s o

R Byx € D?(l; + AB)ay) APy N(T + AB)ay))

[16; Theorem IV.1.6]. Hence
(3) T + AB)axBxxH 2 W.d(Bxx,N((T + AB)ax))

where ~ = ~((T + AB)ax) >0 and x € D(T + AB). Now N(T + AB) = N(B) N N(T)
since (T + AB)x = 0 implies Bx € R(T) N R(B) = {0} and hence Tx = O.

Defining B, to be the restriction of B to N(T) it follows that

1
N(Bl) = N(T) N N(B) and hence N(Blax) = N((T + AB)ax). Therefore for
Bxx € N(Tux)\N(Blax) we see from (3) that

B ayByxll = TiT I((T + AB,JayByxll > T%T-d(ﬁxx,N(Blax)) >0

which implies that W(Blax) >0 . Consequently since Blaxb is a continuous

operator with closed domain N(Tax) , laX)

is closed [16; Theorem 1V.1.6]. Since B, 1is compact and R(Bl) is a closed

it is closed and hence R(Bl) = R(B

1
subspace of the Banach space Y , it follows that R(Bl) is finite

dimensional. This is a contradiction however, since B and hence Bl is

injective on XO C N(T) , an infinite dimensional subspace. We conclude that

R(T + AB) 1is not closed.

Suppose now that Y 1is a non-complete operator range. It now follows
from Lemma 2.1 that T € NS(X,Y)\SF implies BYT € NS(X,YI)\SF and hence we
conclude that there exists C € K[X,Y,] such that for any A # O R(ByT + XC)
is not closed. Now letting B = aYC € K[X,Y] it follows that R(T + AB) is

not closed for any A # O .
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If N(T) is separable, then {XI'XZ""} may be chosen so that
XO = N(T) , in which case T + AB is injective since N(T + AB) = N(T) N N(B)

= N(B) N XO = {0} as B 1is injective on XO by construction. o

’

We shall define convergence in C(X,Y) as follows. For {Tn} C C(X,Y)
Tn - T € C(X,Y) if D(Tn) D I(T) for each n € N and IITn -THh -0 in

B(X,Y). We then obtain the following result :

2.3 THEOREM. Let T € C(X,Y)\SF where X and Y are operator ranges.
Then
I} T is the limit in C(X,Y) of a sequence of operators {Tn} in
C(X,Y)\NS,

II)  there exists B € K[X,Y] and A € C(X,Y)\NS such that T = A + B.

Proof.

I) Suppose T € C(X,Y)\SF. If T € C(X,Y)\NS let T = Tn for every

o]
m

N. If T € NS(X,Y)\SF there exists by Lenma 2.2 B € K[X,Y] such that

-3
+

AB € C(X,Y)\NS(X,Y) for every A # 0 . Hence choosing An such that
0 # An - 0 , we obtain (T + AnB} C C(X,Y)\NS(X,Y) with T + AnB -T.

II) Assume T € C(X,Y)\SF . Obviously if T ¢ NS(X,Y), T=T+0 . If
T € NS(X,Y)\SF then by Lemma 2.2 there exists B € K[X.Y] such that

T-B=A€CX,Y)\NS and T=T-B+B=A+B . o

2.4 OOROLLARY. Let X be an operator range and Y complete. Then
T € C(X,Y)\SF if and only if there exists B € K[X,Y] and A € C(X,Y)\NS

such that T = A + B .
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Proof.  Suppose there exists B € K[X,Y] and A € C(X,Y)\NS such that
T=A+B. T 1is easily seen to be closed. Suppose T € SF(X,Y). It now
follows that Tax € SF(XI,Y) , Aax € C(XI,Y)\NS and that - Bax € K[XI,Y]
and hence (- Bax)' € K[Y',Xi] with Xl and Y both complete. Now by

[16; Corollary V.2.2] it follows that Tax - Bax = Aax € SF(XI,Y) C NS(XI,Y) .

a contradiction. We note that if D(Tax) was not dense in Xl. we could

replace XI and X by D(Tax) and aXD(Tax) respectively and consider the

restrictions of T, A and B to axD(TaX) . The converse follows

immediately from Theorem 2.3. o

2.5 DEFINITION. Let X be an operator range. We define a linear operator
T to be a-compact (a-closed) if Tax € K(XI,Y) (TaX € C(XI,Y)) . We will
denote the class of all a-compact (a-closed) operators by Ka(X,Y) (Ca(X,Y)) ;

K [X.Y] (C[X.Y]) if D(T) =X .

We give an example of an a-compact operator before characterizing

non-semi-Fredholm operators with respect to a-compact and a-closed operators.

2.6 Example. We construct a non-trivial a-compact operator. Let 1 < p (o
n
[a,b] be compact and T = 2 ahDh with D = %E', q € Ch(I) for
k=0
0¢k<n and Leg (1) (with a(t) #0 for t €I). We note that by
' n

-
0

[2: Exercise 6K] f € QI(I) if f € Qq(I) and hence considering for example

the maximal operators T and T as defined in [16], it follows
T,P,q T.p,1

that D(TT P q) C (T Now let q be a real number such that q > 1.

T,p,l)’

By [16, Theorem VI.2.10] the minimal operator T as defined in [16] is

0,7.p.q

injective and hence since T is closed by definition, it follows from

0,7.p,q

[16, Corollary VI.3.3] that T has a compact inverse. Now let T be

0,7.p,q

TO,T,p,q considered as a map into QI(I).
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Note that T exists since, as was noted before, f € 21(1) if F e Qq(I) .

It is easily seen that if R(T Is closed and hence complete in Qq(l)

O.T,p.q)
then R(T) will be an operator range with R(TO - q) as a pre—-image space

) 1 is compact, it follows that T-l will be a-compact.

and since (T

0,7,p,q
It remains to prove that R(TO Tp q) is closed. By [16; Theorem VI.2.7] it
will suffice to show that T q is surjective. This is the case as can be

seen from [16; Theorem VI.3.1].

2.7 FROPOSITION. Let I = [a,b] be compact and let T be the differential

n

expression T = 2 ath, wvhere a, € 21(1) for 0 <k <{n-1 and é— €< (I).
n

k=0
Suppose T €vL($p(I), 31(1)) Ls an injective closed operator which is a
restriction of the maximal operator corresponding to (t.p, 1) , 1 <{p (o>,

"If R(T) can be renormed with H."q (@ > 1) such that R(T) 1is closed in

Qq(I) ., then T_l is a-compact.

Proof. Suppose T € L(Qp(I), 21(1)) is a closed injective operator
satisfying the given hypothesis. It is easily seen that R = R(T) 1is an
operator range vith R1 = (R(T), H.Hq) (where q > 1) as a pre-image space.
It follows that BRT is closed and injective and since f € R(T) implies

f € Qq(l) by the hypothesis, we conclude that ﬁRT is a restriction

of the maximal operatof T Hence by [16; Corollary VI.3.3]

T.0.q°
(ﬁRT)-l = T_lﬁél = T-laR is compact. That is, T—l is a-compact. o

2.8 THEOREM. Let X be an operator range and Y complete. Then

T € C(X,Y)\SF if and only if there exist operators B € Ka[X,Y] and

A € C(X,Y) such that a(A) =b(A) == and T = A + B € C(X,Y).
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Proof. Throughout this proof we shall write « for oy

Assume there exist B € Ka[X,Y] and A € Ca(X,Y) such that

and B for ﬁx.

T=A+BE€C(X,Y) and oT-B) = b(T-B) = ». Suppose T € SF(X,Y). Then

Ta € SF(XI,Y) and hence considering Ta and -Ba as operators from

D(Ta) C X, into Y, it follows from [16; Corollary V.2.2] that

1
Ta - Ba € SF(XI,Y). Consequently either a(T-B) = a(Ta-Ba) < @ or

EKT-B) = b(T-B) = b(Ta-Ba) < ®, which is a contradiction.

Conversely assume T € C(X,Y)\SF. If T € NS(X,Y)\SF let B =10. If

T € NS(X,Y) we will construct two a-compact operators Bl and 32 such

that a(T - B, - B)) = b(T - B - B,) =«. Hence T = (T - B) + B where

B=BI+BZ.

As T € NS(X.Y), R(T) is not closed. If b(T) = then take B, = 0.

Now suppose ng) { ® ; we shall define BI such that ng - Bl) = o

Inductively define a sequence of integers a as follows:
n-1
(1) a, =2 a =21+)a) for n=23,..
k=1
Assuming for the moment that there exist sequences {yh} CY and

{y}) ©D((Ta)') CY' such that
1

(2) ly I <ap iyl = 1 H(Ta)'yéﬂ = ;E;;
yj(yh) = 6jh for j, k=1, 2, 3,...
we define
n
Vox = 2 (Ta)'yk (Bx) y, for n=1,2,..., and for x € X.

k=1
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Now for n>m and x € X we have

n
e Bx - Voo Pxll = IV - Voxll ¢ E N(Ta) "y, Bl Iy,
kR=m+1
n
<) 2
R=m+1
CMBxl/2™ 50 as m oo .

Considering the above we observe that {Vna} is a Cauchy sequence in the

Banach space B[XI,Y] converging to the compact operator B,a € B[XI,Y]

1

[+ 4]

where le = E (Ta)'yé (Bx) Y for x € X. Now for each x € D(T) and each
k=1
k we have by (2) that

up(Bix) = (Ta) 'y (Bx) = u(Tx)

and hence yA(R(T—Bl)) = 0 for each k. Since Yy» Ygs--.. are linearly

independent and by (2) obviously not in R(T~Bl). it follows that

EkT—Bl) = ®. Notice that if D(Ta) was not dense in Xl, we could redefine

Ta and T to be from D(Ta) and a(D(Ta)) respectively, thereby ensuring
the existence of (Ta)'. Considering the Hahn-Banach theorem we see that in
this case we could still regard 31 to be an element of Ka[X,Y]. It remains

to find sequences satisfying (2).

Since R(T) = R(Ta) is not closed, R((Ta)') 1is not closed

[16; Theorem IV.1.2]. We verify that there exists yi € D((Ta)') such that
iyt = 1 and u(Ta)'yiu < 174. Suppose on the contrary that W(Ta)'y'll > 1/4
for all y' € D((Ta)') such that lly'll = 1. Then (Ta)" has a continuous
inverse and hence R((Ta)') is closed by [16; Lemma IV.1.1], a
contradiction. Also, it can be easily verified that there exists Yy, €Y with

ly W <2 and yj(y,) = 1.
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Suppose Yir Ugoenes n—l'.yi‘ yé,...,yﬁ_l have been found satisfying (2).
Let M = span {yl. y2.....yn_1}. Thus M 1is finite dimensional with
T=H®N where N isa closed subspace of Y. Hence ¥’ = ¥l @ N' by [16;

Lemma IV.1.11]. Now (Ta)'Hl is not closed since if it was closed,

R((Ta)') = (Ta)'Ml + (Td)'Ni would be closed by the finite dimensionality of

Nl. Hence dim D((Ta)') N Hl = ®, We now claim that there exists
y' € D((Ta)) N K" such that Myl =1 and N(Ta) y'll < L— . Notice that
n n n ol
n
yn(yh) =0 fork=1, 2,..., n-1 since y, € Hl. Suppose u, doesn"t
exist. Then W(Ta)'y'll > —%—— for each y' € D((Ta)') N Ml such that
2 a,
ly't = 1. Hence (Ta)' restricted to Ml has a continuous inverse and

therefore (Ta)'Ml is closed by [16; Lemma IV.1.1], a contradiction. Thus yﬁ

exists. As before we can find y € Y such that yﬁ(y) =1 and iyl < 2.

n-1
Let y, =y - 2 yh(y) Y .Then
k=1
n-1 n-1
ly 1<y (1 + ) ly M) <2 (1+ ) @) =a by (1).
h:l h=1
It can now easily be verified that y}(yh) = ajh for j.k=1, 2,..., n and

hence the required sequences exist by induction.

Suppose now that a(T—Bl) { ® since otherwise we take B2 = 0 and we are

done. Assuming that there exist sequences, (xh} CIT) = D(T—Bl) and

{xih} C Xi, such that

' k-1 . 1-2k
(3) HBth =1 "xlh" <2 (T Bl)th {2
xih(ij) = 6kj for R,j=1, 2,...,
we define
n
Unx = z xih(Bx) (T—Bl)xh for n=1, 2,..., and x € X.

k=1
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It is easily seen that {Una} is a Cauchy sequence of finite rank operators
converging in the Banach space B[XI.Y] to the compact operator B2a defined

as follows:

B2x = 2 xih(ﬁx) (T_Bl)xh for x € X.
k=1

Notice that the completeness of Y and the absolute convergence of

B2a(ﬁx) = B2x for each x € X ensures the existence of B2. Hence B2 is an
a—-compact operator which coincides with T - B1 on the space span{xl, x2,...}
and therefore a(T - B1 - B2) = ® since {xl, x2....} is a linearly

independent set. Moreover R(B2) C R(T - Bl) and since BkT - Bl) = ® ye

have BkT —-B1 - B2) = @. It remains to find sequences satisfying (3). We

claim that R(Ta - Bla) is not closed. Suppose Ta-B,a € NS(XI.Y).

1

Considering Ta—Bla to be from D(Ta) = D(Ta - Bla) and taking the

restriction of Bla to D(Ta), it follows from [16; Corollary V.2.2] and the
fact that a(T-B,) = a(Ta - Bja) <= that Ta € SF(X,.Y); that is

R(T) = R(Ta) is closed. But T € C(X,Y)\NS by assumption and hence

R(Ta - Bla) is not closed. Consequently there exists x, € D(T) = D(T - Bl)
such that HBxIN =1 and (T - Bl)xlﬂ < %-. Assuming the contrary we have
that (T - Bl)xH = I(Ta - Bla)Bx" > % for every PBx € D(Ta - Bla) such that
"Bx" =1 and hence Ta - Bla has a continuous inverse whence R(Ta - Bla)

is closed by [16; Lemma IV.1.1], a contradiction. Clearly there exists

x11 € X1 such that Hxllﬂ =1 and xll(Bxl) =1 = Hﬁxlﬂ . Suppose we have
constructed X1+ Xge ween X g and X110 ¥19* ccr Xqpq 1D X and Xl.
respectively, such that (3) is satisfied. Now let

M= span{xil,xi2,...,xin_1}. It is obvious that M is finite dimensional and

from [16; Theorem I.6.4 and Remark II.3.6] it follows that

dim (X, /M) = din(X,/'M)" = din('m) = din ¥ <@ .
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Hence lH is a closed subspace of X1 with finite codimension. Consequently

since R(Ta - Bla) is not closed, the range of Ta - Bla restricted to lH

will also not be closed. Hence as before there exists an € (Ta - Bla) n lH
such that lpx l = 1 and (T - B)x Il = Wi(Ta - Bja)px Il < 212 ince 1f

. . 1 .
this was not the case, Ta - Bla restricted to "M would have a continuous

inverse and (Ta - Bla)(lH) would therefore be closed by [16; Lemma Iv.1.1].

Now let x: be an arbitrary element of X. such that xi(an) =1 and

1 1
Hxi" =1 . Then the functional
' n-1.
“In = %1 ~ 2 x1 (Pg)x .
k=1
has the properties that
xln(Bxh) =0 for R=1,2, ..., n-1
and I 11 < 2% | Now since Bx_€ M 1t follows that
xlj(Bxh) = 5jh for j,R=1,2, ..., n
and hence we can construct the necessary sequences by induction. o

2.9 Remark. We observe that Theorems 2.3 and 2.8 and Corollary 2.4 contain
[18: Theorem 2.1]. Suppose that X 1is an operator range and Y is complete.
Then if T € B[X,Y]\SF it follows from Theorem 2.3 that there exists

{Tn} C B[X.Y]\NS such that Tn'* T in B[X,Y] and since SF[X,Y] N B[X,Y]
is an open set by [27; Theorem V.1.7] it follows that Efi??j<ﬁ§-= B[X.f]\SF.
It now easily follows from Corollary 2.4 that T € B[X,Y]\SF if and only if
there exists B € K[X,Y] and A € B[X,YIN\NS such that T = A + B. Now if X
is also complete, Ka[X,Y] = K[X,Y] and Cﬁ(X,Y) = C(X.Y) and hence it

follows from Theorem 2.8 that T € B[X,Y]\SF if and only if there exists

B € K[X,Y] and A € B[X,Y] such that a(A) =b(A) =« and T = A + B.

2.10 OOROLLARY. Let X and Y be complete. Then T € SF(X,Y) if and only

if for any B € K[X,Y] either o(T + B) <® or b(T + B) < o .
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Proof. The corollary follows immediately from Theorem 2.8 and the fact that

K[X,Y] = Ka[X,Y] when X 1is complete. . o

In seeking applications of Theorem 2.8 to ordinary differential operators
we will make use of the form that appears in Corollary 2.10 and use it as a

test for the closed range property. On defining differential operators as in

n
[16] and letting T = E ahDh where a, € Ch(I) »y 0k (N, an(t) #0 for
k=0 ‘
t €I, and either 1 ¢ P,g <® or 1 <p,qg <™ we obtain the following

results:

2.11 THEOREM. Suppose I contains one of its endpoints with T any one of the

minimal or maximal operators corresponding to (t,p,q) (or (m%,9',p')). Then

a(T + B) ( » or EkT + B) <® forany B € K[Qp(I),Qq(I)] (or for any
B € K[Qq.(l),gp.(I)]) if and only if all four operators are Fredholm operators

and

D(TT )
im —12P.a.
dim T = k(T_r

D(To 7 .p.q) p.g) "R

O.T.p.q)

Proof. This follows immediately from Corollary 2.10 and [16; Theorem Vi.2.7].

2.12 THEOREM. Suppose I contains one of its endpoints with T any one of

the minimal or maximal operators corresponding to (r.p.q) (or (mx.q',p")).
If either a(T + B) <@ or b(T + B) <® for any B € K[, (1), ¢.(D)] (or
for any B € K[Qq.(I), Qp.(I)]) then T_r is surjective and

T ,
P, q 0,7,p,q

has a continuous inverse.

Proof. This follows immediately from Corollary 2.10 and [16; Theorem VI.2.11].
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2.13 THEOREM. let T be a differential operator corresponding to (t.p.q).

If {UA} ts a set of boundary value functionals which determine T and if

either a(TO + B) <@ or EkTO p.q + B) < ® for any

:T,P,q
B € K[Qp(I),Qq(I)], then

(T )
dim span{UA} = h('I‘_r » q) - R(T) = dim -——%?gjg— (o,

Thus T 1is the restriction of the maximal operator to those y € D(TT - q)
which satisfy the conditions

0= Uly = Uzy = L. = Umy
vhere m = k(TT,p,q) - R(T) and {Ul' U2, R Um} its any linear independent
subset of {UA}'

Proof. This follows immediately from Corollary 2.10 and [16: Theorem VI.5.6].

2.14 THEOREM. If {UA} is a set of boundary value Ffunctionals which

determines TO T.9.q and {Vu} is a set of boundary value functionals which

determines T and if either a(TO q+B) {(® or

? b4 14

0,7x,p',q'

b(TO, q+B) {® for any B € K[Qp(I), Qq(I)], then

dim span {UA} = dim span {Vu} = k(TT,p,q) - h(TO,T,p,q) { »,

Proof. This follows from Corollary 2.10 and [16; Corollary VI.5.7]. u]
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3. RESULTS ON INSTABILITY

We note that for any linear operator T, a(T') = EkT) if T' exists
[16; Theorem IV.2.3]. For any T € L(X,Y) (D(T) not necessarily dense in

X) we will consider T' to be the map (T__ )" where T__ is T
D(T) I(T)

considered as an element of L(Ez;),Y) .

3.1 DEFINITION. Let UO, Up. ..., Ug be defined by
Uy = {T € C(X,Y)\NS  : a(T) = a(T') < )
Uy ={T €CX,Y)\NS  : 0 # |o(T) - o(T")] < =)
Upy={T € C(X,Y)\NS  : a(T) - o(T') = - o}
Uy = {T € C(X,Y)\NS  : a(T) - o(T') = =}
U, ={T €C(X,Y)\NS : a(T) = » = a(T")}
Ug = {T € NS(X,Y) : a(T) = = = a(T")}.

3.2 LEMMA. let X be a separable normed space. Then X admits of a

fundamental and total biorthogonal system.

The above lemma is proved in more generality in [20; Corollary 14.1.5].

Using Lemma 3.2 we obtain the following generalisation of [18; Lemma 3.3].

3.3 LEMMA. Let Z be an infinite dimensional normed linear space with N

a closed subspace of Z .

I) If M is infinite codimensional then there exists an infinite
dimensioﬁal and separable closed subspace F of Z such that

FNM ={0} and F ® M is infinite codimensional.
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II) If M is infinite dimensional then there exists two separable
closed subspaces, P and Q, of M and a fundamental and total
biorthogonal system ({xn}, {p&}) in P such that P is infinite
dimensional, Q may be chosen either finite or infinite dimensional,
PN Q = {0} and each of the pﬁ's has an extension to all of Z

which annihilates Q .

Proof. The proof is identical to that used by Gonzalez and Onieva [18] with
use being made of Lemma 3.2 instead of [29; Theorem 1.f.4] to ensure that the

lemma holds for normed linear spaces and not just Banach spaces.

3.4 THEOREM. let X and Y be operator ranges and let
D = {T € C(X,Y) : a(T) = » = o(T")}.
I) If X and Y are separable then D C Uj + K[X,Y] for j =0, 1.

II) If X 1is separable then D CU. + K[(Xx,Y] .

2
IIT) If Y is separable then D C U3 + K[X,Y] .

IV) DcCU, +K[X,Y] .

Proof. Assume T € D . Without loss of generality let D(T) be dense in X.
Let P and Q be closed subspaces of N(T) such that PNQ = {0} , with P
infinite dimensional and separable. Let ({xn}, {pﬁ}) be a fundamental and
total biorthogonal system in P and let xﬁ be an extension of p& to all
of X which annihilates Q. The existence of P and Q 1is established by

Lemma 3.3.

Now let F be an infinite dimensional and separable closed subspace of

Y such that R(T) NF = {0} . As F is separable we see by Lemma 3.2 that
there exists a fundamental and total biorthogonal system ({yn}. {fﬁ}) in F.

Let y& be an extension of fé to all of Y .
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o
Now define the operator Bx = 2 Aixi(x) y, for x € X , where
t=1
Ai = (Hxi""ﬂyyiﬂl 2i)-1 >0 for all 1t . Notice that by choice of Ai and
©
by the completeness of Yl » we have that ﬂYBx = 2 Aixi(x) ﬂyyt exists for
i=1
each x € X and that ﬂYB € K[X.Yl] . Hence aY(ﬂYB) = B € K[X,Y] and

ﬁYBax € K[Xl,Yl]. The conjugate of B is
o0
By' = 2 Aiy (yi)xt for y' €y .

i=1

Since R(B) C span (yn} C F, we have that R(B) N R(T) = {0} and hence

N(T+B) = N(T) N N(B). For any x € N(T+B) it now follows that
yﬁ(Bx) = Anxé(x) =0 forany n € N whence it follows that each xﬁ
annihilates N(T+B) . However as {p&} and thus {xﬁ} is total over P it

follows that P N N(T+B) = {0}. From the construction of B it now follows
that Q C N(B) and hence Q C N(T) N N(B) = N(T+B) . Therefore
(1) dim Q < a(T + B) < codN(T)P .
Alternatively if y' ¢ N(B') then there is an integer kR so that y'(yh) # 0

X" Py _ ' ) G .
whence JX %, (By') =y (Bxh) = Ahy (yh) # 0 where JX is the natural map
of X into X" . However since , € N(T) it follows that J§ %, € R(T')l
from which we deduce that R(T') N R(B') = {0} and hence that
NT + B') = N(T') N N(B') . Moreover for each y' € N(T' + B') it now

X" M . — ’ — L] —

follows that Jx xn(B y') =y (an) = Any (yn) =0 for each n € N. Thus
each y' € N(T' + B') annihilates the fundamental sequence {yn} in F as
well as R(T) since y' € N(T' + B') C NT') = R(T)l by [16; Theorem
II1.3.7]. It therefore follows that N(T' + B') C (R(T) @ F)'L and since
R(B) C F. (R(T) @ F)" c R(T)* n R(BY = W(T') n W(B'Y = N(T' + B'), and hence
N(T' + B') = (R(T) ® F)l = (Y/R(T) ® F)'. Consequently

(2) o(T' + B') = cod, R(T) O F .
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We now show that R(T + B) 1is not closed. Suppose the contrary. Since
T + B € NS(X,Y) it can easily be shown that BYTax + ﬁYBax € NS(XI.YI) .

Then letting T1 = BYTax and B1 = BYBax it follows that

N(T1 + Bl) = N(Tl) n N(Bl) since N(T + B) = N(T) N N(B) . Moreover

"(Tl + Bl)xH 2 w.d(x.N(Tl + B,))

w.d(x,N(Tl) n N(Bl))
for x € D(Tl) = D(T1 + Bl) C Xl where ~ = W(TI + Bl) >0

to N(Tl) .

[16; Theorem IV.1.6]. Now let B be the restriction of B
N(Tl) 1

For every x € N(Tl) we obtain "BN(TI)XH = "(Tl + Bl)xH 2 w.d(x,N(BN(Tl)))

and hence W(BN(TI)) 27 > 0. Thus R(BN(TI)) is closed by

and therefore B is

N(T,)

compact, R(BN(T )) must be finite dimensional. However, for each x € N(T)
1

[16; Theorem 1V.1.6] and consequently since Bl

we have BN(TI)(ﬁXxn) = (ﬁYBaX)(BXxn) = BY(an) = An(BYyn) . Hence R(BN(TI))
contains the infinite linearly independent set {Byyn} . We conclude that

R(T + B) 1is not closed.

Finally for Uj » J=0,1,2,3, & we choose P,Q and F as follows:
l=0. Llet X and Y be separable, and let P = N(T), Q={0} and F a
quasicomplement of ﬁ?f) [30]. It follows from (1) and (2) that
a(T + B) =0=a(T + B') and hence T + B € U0 .

I=1. Let X and Y be separable and let N be a finite codimensional
closed subspace of Y so that ﬁ?f) CN#Y. Letting P =N(T) , Q = {0}
and F a quasicomplement of ﬁ??) in N, it follows from (1) and (2)
that a(T + B) =0 and 0< a(T' +B') =cod N<® , and hence T + B € u,.
i=2. Let X be separable, P = N(T) and Q = {0} . From Lemma 3.3 it now
follows that we can choose F so that ﬁffj—é—f- is infinite codimensional
and hence from (1) and (2) we have that o(T +B) =0 and o(T' + B') = o ,

Thus T + B € U2 .
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=3 . Let Y be separable and let F be a quasicomplement of ﬁ??) [30].
From Lemma 3.3 we see that P and VQ may be chosen so that they are of |
infinite dimension and hence o(T + B) =« and a(T' + B') = 0 . Therefore
T+B€U3.

=4 . Applying Lemma 3.3 we choose P and Q of infinite dimension and
F so that ﬁ(FTWS_F has infinite codimension. Then
(T +B) =a(T" +B') =© and hence T + B € u, - o
3.5 OOROLLARY. et X and Y be complete.

I) If X and Y are separable then

Uj + K[X,Y] = C(X,Y)\SF  for j =o0,1
II) If X 1is separable then U2 + K[X,Y] = C(X,Y)\SF .

III) If Y is separable then U, + K[X,Y]

3 C(X,Y)\SF .

IV) U, + K[X,Y] = C(X,Y)\SF .

Proof. From Corollary 2.4 it follows that

Uj + K[X,Y] CC(X,Y)\SF  for j=0,1, 2, 3, 4 .
Now since X and Y are complete, it follows from Theorem 2.8 that
C(X,Y)\SF C D + K[X,Y] where D= {T € C(X,Y) : a(T) = » = a(T')} . The

corollary now follows on applying Theorem 3.4. o

The author would like to thank the referee for some helpful suggestions.



10.

11.

12.

13.

14.

15.

16.

154

BIBLIOGRAPHY

S. BANACH, "Théorie des Opérations Linéaires", Monograf je
Matematyczne, Warsaw, 1932.

R.G. BARTLE, "The Elements of Integration", John Viley and Sons,
New York, 1966.

R. BOULDIN, The Instability of non-semi-Fredholm Operators under
Compact Perturbations, J. Math. Anal. Appl. 87(1982), 632 - 638.

J.¥W. BRACE and R. ROYCE KNEECE, Approximation of Strictly Singular
and Strictly Cosingular Operators using Nonstandard Analysis,
Trans. Amer. Math. Soc. 168(1972), 483 - 496.

- R.W. CROSS, On the Continuous Linear Image of a Banach Space, ]J.

Austral. Math. Soc. (Series A) 29(1980), 219 - 234.

R.W. CROSS, Properties of some Norm Related Functions of Unbounded

Linear Operators, Math. Z. (to appear).

R.¥. CROSS, Some Continuity Properties of Linear Transformations in
Normed Spaces, Glasgow Math. J. 30(1988), 243 - 247.

R.W. CROSS, The Essential State Diagram of a Linear Operator
(unpublished).

R.¥W. CROSS, Unbounded Linear Transformations of the Upper
Semi-Fredholm Type in Normed Spaces (unpublished). ’

R.¥W. CROSS, Unbounded Strictly Singular Operators, Indag. Math. (to
appear).

R.W. CROSS and L.E. LABUSCHAGNE, Partially Continuous and
Semicontinuous Linear Operators in Normed Spaces (unpublished).

J. DIESTEL, "Sequences and Series in Banach Spaces”,
Springer-Verlag, New York, 1984.

N. DUNFORD and J.T. SCHWARTZ, "Linear Operators. I: General
Theory”, Pure and Appl. Math., vol. 7, Interscience, New York,
1958.

I.C. GOHBERG and M.G. KREIN, Fundamental Theorems on Deficiency
Numbers, Root Numbers, and Indices of Linear Operators (Russian),
Usp. Mat. Nauk 12(1957), 43 - 118. Translated in Amer. Math. Soc.
Transls. (Series 2) 13. '

I.C. GOHBERG, A.S. MARKUS and I.A. FELDMAN, Normally Solvable
Operators and Ideals associated with them, Amer. Math. Soc.
Transls. (Series 2) 61(1967), 63 - 84.

S. GOLDBERG, "Unbounded Linear Operators”, McGraw-Hill, New York,
1966.



17.

18.

19.

20.

21.

22.

24.

26.

27.

28.
29.
30.
31.

32.

155

M.A. GOLDMAN, On the Stability of the Property of Normal
Solvability of Linear Equations (Russian), Dokl. Akad. Nauk
SSSR(N.S.) 100(1955), 201 - 204.

M. GONZALES and V.M. ONIEVA, On the Instability of
Non-semi~Fredholm Operators under Compact Perturbations, J. Math.
Anal. Appl. 114(1986), 450 - 457.

B. GRAMSCH, "Uber analytische Storungen und den Index von
Fredholm-operatoren auf Banachriumen”, Department of Mathematics,
University of Maryland, 1969.

H. JARCHOW, -"Locally Convex Spaces", B.G. Teubner, Stuttgart, 1981.

T. KATO, Perturbation theory for Nullity, Deficiency and other
quantities of Linear Operators, J. d’Analyse Math. 6(1958),
273 ~ 322,

J.L. KELLEY, "General Topology", Springer-Verlag,
New York-Heidelberg-Berlin, Reprint of 1955 ed. published by
Van Nostrand.

M.G. KREIN, M.A. KRASNOSELSKII and D.P. MILMAN, On the Defect
Numbers of Linear Operators in a Banach Space and on Some
Geometrical Questions (Russian), Sb. Tr. Inst. Mat. Akad. Nauk Ukr.
SSR 11(1948), 97 - 112.

E. KREYSZIG, "Introductory Functional Analysis with Applications”,
John Wiley and Sons, New York, 1978.

E. LACEY, "Generalisations of Compact Operators in Locally Convex
Topological Linear Spaces”, Thesis, New Mexico State University,
1963. '

L.E. LABUSCHAGNE, On the Instability of Non-semi-Fredholm Closed
Operators under Compact Perturbations with Applications to Ordinary
Differential Operators, Royal Soc. Edinburgh Proc. (Series A), (to
appear).

L.E. LABUSCHAGNE, "Unbounded Linear Operators in Operator Ranges",
Thesis Reprints 2, Department of Mathematics, University of Cape
Town, 1987.

A. LEBOW and M. SCHECHTER, Semigroups of Operators and Measures of
Noncompactness, J. of Funct. Anal. 7(1971), 1 - 26.

J. LINDENSTRAUSS and L. TZAFRIRI, "Classical Banach Spaces™,
Springer, Berlin-New York, 1977.

G. MACKEY, Note on a theorem of Murray, Bull. Amer. Math. Soc.
52(1946), 322 - 325. ‘

G. NIKAIDO, Product of Linear Operators with Closed Range, Proc.
Japan Acod. (Series A) 62(1986), 338 - 340.

G. NIKAIDO, Remarks on the Lower Bound of a Linear Operator, Proc.
Japan Acod. (Series A) 56(1980), 321 - 323.



33.

34.

36.

37.

38.

39.

40.

41.

156

A. PELCZYNSKI, On Strictly Singular and Strictly Cosingular
Operators I, II, Bull. Acad. Polon. Sci. Sér. Sci. Math.
Astr. Phys. 13(1965), 31 - 41.

A. PIETSCH, "Operator Ideals", North-Hol land, Amsterdam-
New York-Oxford, 1980.

A.P. ROBERTSON and W.]. ROBERTSON, "Topological Vector Spaces (2nd
ed.)", Cambridge University Press, Cambridge, 1973.

M. SCHECHTER, Quantities Related to Strictly Singular Operators,
Indiana Univ. Math. J. 21(1972) 1061 - 1071.

L. WEIS, On the Computation of some Quantities in the theory of
Fredholm Operators, Supplemento ai Rendiconti del Circolo Mat. di
Palermo (Serie II) 5(1984), 109 - 133.

L. WEIS, "Uber Strikt Singuldre und Strikt Cosingulidre Operatoren
in Banachrdumen", Dissertation, Bonn, 1974. '

R.J. WHITLEY, Strictly Singular Operators and their Conjugates,
Trans. Amer. Math. Soc. 113(1964), 252 - 961.

V. WROBEL, Strictly Cosingular Operators on (DF)-Spaces, Math. Z.
174(1980), 281 - 287. ,

J. ZEMANEK, Geometric Characteristics of Semi-Fredholm Operators
and their Asymptotic Behaviour, Studia Math. T. LXXX (1984),
219 - 234.

48 JAN 1989





