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ABSTRACT

Comminution is an important operation in the minerals processing indus-
try. In both traditional and stirred mills, single-sized grinding beads are
used, along with multiple passes through the mills, to achieve a sufficient
size-reduction ratio. It is plausible to expand the size reduction capabilities
of a mill using multiple-sized grinding beads in the mill. For this study, the
discrete element method (DEM) was used to simulate dry size-segregated
systems in a vertical stirred mill. These size-segregated systems were
evaluated at different impeller speeds and weight distributions. The dry
systems were susceptible to the Brazilian nut effect. Furthermore, it was
found that excessive impeller speeds did not subsequently increase the
overall collision modulus. The overall modal collision intensity for parti-
cle collisions was maximised between 350 rpm and 500 rpm where suf-
ficient mixing and impeller speed were facilitated. At excessive speeds
beyond 700 rpm the collision modulus plateaued. Excessive addition of
smaller particles reduced the total energy applied to particle-particle col-
lisions which also reduced the overall systems collision modulus. The re-
sults presented in this study could be considered as an introduction to dry
size-segregated media in a vertical stirred mill.

Keywords: DEM, vertical stirred mill, size-segregated, impeller speeds,
weight distribution, grind characteristics
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1 Introduction

Comminution is an important operation in the mining, pharmaceutical, ce-
ment and waste treatment industries. It allows for the recovery of minerals
in subsequent downstream processes by exposing the minerals via size
reduction (Weerasekara et al. 2013). As such, comminution plays an
important role in the quality of subsequent downstream products (Shri-
vastava et al. 2011; Scientific 2012; Lisso 2013; Little 2016; Mku-
razhizha 2018). Additionally, comminution is one of the more energy
intensive operations in the mineral processing industry (Mishra 2003a,b;
Santhanam and Dreizin 2012; Wills and Finch 2015; Somani et al. 2017).
Thus, it is important that efficient grinding of ores is facilitated. Failing
to do so leads to loss in productivity, profitability and quality of products.
Furthermore, inefficient grinding results in increased energy consumption
which also leads to more greenhouse gas (GHG) emissions (Ntsele and
Allen 2012).

In the mining industry it has become difficult to effectively liberate ore
from host bodies. This is due to declining ore grades that is coupled
with complex ore structures (Yager 2004; Dominguez and Valero 2013;
Lisso 2013; Neingo and Tholana 2016). Due to the depletion of high-
yielding and easy-to-process ores, low grade and finely disseminated ores
have become the major source of metals. In the past it was considered
uneconomical to liberate and mine such ores. The only practical way of
liberating the resources is to grind the ore into a fine or ultra-fine standard
(Francis 2014). The relationship between size reduction and power con-
sumption is exponential, meaning that significantly more energy is required
for little size reduction in the fine grinding region (Ntsele and Allen 2012;
Santhanam and Dreizin 2012).

To combat the increasing challenges of liberating minerals from low grade
and finely disseminated ores, new grinding technologies need to be im-
plemented for fine grinding applications. However, the mineral processing
industry has been reluctant to implement new grinding technologies, and
fine grinding applications are no exception (Jankovic 2003; Lisso 2013;
Francis 2014).

The reluctance to implement the new technology may be due to uncer-
tainties surrounding such equipment (Sinnott et al. 2006; Jankovic 2008;
Radziszewski and Allen 2014). Not fully understanding the flow and grind-
ing events inside new milling technology can lead to unsuccessful trou-
bleshooting and inefficient operation.
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Fortunately, the improvement of computer processing capabilities has en-
abled scientists and engineers to simulate comminution circuits and pro-
cesses with success (Mishra 2003a; Cleary 2004; Sinnott et al. 2006;
Luding 2008; Weerasekara et al. 2013). This is done by using compu-
tational methods such as the discrete element method (DEM), computa-
tional fluid dynamics (CFD), the finite element method (FEM) and smooth
particle hydrodynamics (SPH). There are simulation software dedicated to
approximating flow in particulate systems through the use of DEM. Avail-
able software are OpenFOAM, LIGGGHTS, CFDEMcoupling, Rocky and
Altair’s DEM simulation software EDEM (Kloss et al. 2012).

DEM coupled with fluid dynamics allows for the approximation and pre-
dictions of media flow, mixing, power draw, force networks, particle tra-
jectories and many other phenomena within a particulate system. DEM
describes the motion of each individual particle with special treatment for
eventual collisions. DEM is reliable due to its principles originating from
the fundamental laws of physics (Mishra 2003a; Kloss et al. 2012; Thorn-
ton 2015). Thus, it is possible to investigate, instantiate, prove and im-
prove events and theories in comminution technologies using DEM.

When high reduction ratios are sought, multiple grinding operations are
used which can lead to excessive or superfluous grinding (Lisso 2013).
One possibility for improved operating conditions and energy efficiency is
the use of size-segregated grinding media in stirred detritors. Mills gen-
erally tend to use uniform-sized grinding media that is eroded over time,
resulting in a size-segregated system with mixed efficiencies. The imple-
mentation of a clearly defined size-segregated media could help define
and expand the operational bounds of a stirred mill and should help im-
prove the size reduction ratio of a singular stirred mill operation.

1.1 Hypotheses

For the thesis the following hypotheses are presented:

1. The collision modulus of a specific granular system is maximised when
a high degree of mixing and speed is maintained because when a par-
ticulate size is properly dispersed throughout the bulk media the con-
tacts and the intensities thereof are maximised which would in turn fa-
cilitate the maximum potential breakage events.
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2. There exists an optimal impeller speed that would maximise the inter-
particle collision intensities for either large particle collisions or small
particle collisions because at different impeller rotation speeds different
degrees of mixing would be maintained, that would influence how the
particles are dispersed throughout the mill and in turn the types of con-
tacts facilitated and in turn the potential breakage that a system may
facilitate.

3. Optimal weight distributions of the two size-class bulk media would fa-
vor a majority of large particles and a minority of small particles be-
cause large particles would facilitate the transfer of energy from im-
peller to charge body more effectively than smaller particles, based on
the larger particles inertia and cross sectional area.

1.2 Key questions

1. For a size-segregated media mixture is the maximum collision mode
facilitated at lower impeller speeds or increased impeller speeds?

2. What is the optimal media distribution that would facilitate the maximum
collision modes?

3. Does the degree of mixing have a beneficial effect on the collision mod-
ulus, and in turn grinding efficiency, of the system?

4. How does size-segregated media influence the collisions in the mill?
Does the addition of different sized grinding beads improve the collision
mode of an existing system?

5. What aspects of granular flow agitated by low impeller speeds would be
good for comminution purposes?

6. What aspects of high impeller speed action would be detrimental for
comminution of the granular media in stirred mills?

1.3 Research objectives

The proposed study focuses on the simulation and estimation of opti-
mal operating conditions for a vertical stirred mill. Particular emphasis is
placed on the grinding media and collision modulii in the stirred mill. Size-
segregated media has been implemented in conventional grinding tech-
nologies, such as tumbling and ball mills, but it has not been emphasised
or well documented in the newer stirred milling technologies.
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The effects and implications of differently sized grinding media on the ef-
ficiency of a process will be further documented. To achieve this, the fol-
lowing sub-objectives were formulated:

• Establish if the simulations experience artifacting. If the simulations do
experience artifacting, what aspects of the data does the artifacting af-
fect or change? If the artifacting does influence the data, to what degree
does it compromise it?

• Establish the degree of mixing and segregation that the particles experi-
ence with different impeller rotation speed and weight distributions. Fur-
thermore, establish the influence the different impeller speeds, weight
distributions and degree of mixing has on the collision modulus of the
system.

• Estimate the optimal grinding media weight distribution that would bene-
fit the maximum collision modulus.

• Estimate the impeller rotation speed that would benefit the maximum
collision modulus.

1.4 Scope

This thesis considers differently sized grinding media in a vertical stirred
mill. The research is based solely on the numerically generated simulation
and results of a simulated vertical stirred mill that involved different particle
weights and sizes. The thesis takes into account mono-sized and size-
mixed vertical stirred mill systems. The thesis accounts for the weight dis-
tribution of the size-mixed systems as well as the impeller agitation speed
of the system.

This thesis does not consider how the addition of liquid, or water, to the
size-mixed system would influence the particle dynamics and grinding per-
formance. This thesis serves as an introduction to a size-mixed particle
system, adding more variables and complexities such as liquid simula-
tion would go beyond an introductory scope of the thesis. The addition
of liquid can further be investigated in future work. This thesis does not
investigate how the material, or rather weight and density, of different size-
mixed beads would influence the dynamics of the system. Furthermore,
this thesis does not investigate nor simulate particle breakages.
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1.5 Thesis structure

The structure of the thesis is as follows

Chapter 1 gives a brief introduction to the current situation regarding grind-
ing and the current problem statement. It further provides the research
objectives and hypothesis.

Chapter 2 provides a literature review of the relevant subjects pertaining
to the student’s master’s thesis. This involves a brief introduction and illus-
tration of mills within the mining industry, the computational methods used
to generate the data, the types of breakages, and other variables affecting
the grinding action.

Chapter 3 elaborates on the equipment used in this study, as well as the
simulation set-ups. It further discusses how the relevant data was pro-
duced and processed.

Chapter 4 contains the results, discussions and evaluations pertaining
to the investigated simulations and experiments. The chapter contains
subsections that pertain to the degree of simulation artifacting, the influ-
ence of impeller speed on particle collisions and grinding performance, as
well as the influence of the particle weight distribution on grinding perfor-
mance.

Chapter 5 contains the final recommendations and conclusions.
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2 Literature review

Chapter 2 gives a brief introduction and history to the types of mills used
within the industry, the principals of grinding, how breakages are achieved,
the computing techniques evaluated for this paper, notable variables that
affect comminution performance and interesting characteristics of size seg-
regated media.

2.1 Grinding

Grinding is the result of compression and collision based impacts of ob-
jects. Grinding is an operation that occurs in multiple industries. These
include the pharmaceutical, paint, chemical and mineral processing indus-
tries. Depending on the characteristics and requirements of the feed and
product, different grinding media and operating conditions are then imple-
mented accordingly (Jankovic 2003; Lisso 2013).

In the mining industry efficient mineral liberation is emphasised (Neingo
and Tholana 2016). To liberate ore effectively, multiple grinding stages
punctuated by flotation devices are implemented. If these grinding opera-
tions are applied haphazardly it could lead to over grinding. Over grinding
of feed materials is not trivial due to the exponential relationship between
power consumed and size reduction (Wang and Forssberg 2007; Ntsele
and Allen 2012). It is important not to grind as fine as possible, but as
economically and efficiently as possible. This means grinding until the re-
quired size reduction ratio is achieved, and not more. With reduced ore
quality and grade, fine and ultra-fine grinding is implemented for improved
mineral liberation (Larson et al. 2011; Lisso 2013).

The size and standard for fine media differs from industry to industry. In the
mineral processing industry fine grinding is considered to be products that
are less than 30µm (Jankovic 2003). Although advances in flotation tech-
nology allows for suitable recovery of ore, floating particles that are ≤10µm
and ≥106µm leads to difficulties in recovering minerals (Gaudin and Mal-
ozemoff 2002). There are a myriad of reasons for inefficient recovering of
ores. One of the main reasons being that there are milling factors that are
unaccounted for in the kinetics of flotation. Thus, the type of mill used has
ramifications on the minerals recovered (Varinot et al. 1997; Gaudin and
Malozemoff 2002; Jankovic 2008).
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New grinding technologies are being implemented in the mineral industry
in order to facilitate fine grinding. Stirred mills are among the newer grind-
ing technologies that are being implemented for fine grinding applications.
These new mills will not replace conventional tumbling mills (Wang and
Forssberg 2007; Rule 2011). Stirred mills are used to circumvent the
shortcomings of the traditional tumbling mills.

2.2 Tumbling mills

(a) Front view of tumbling mill
at rest

(b) Front view of tumbling mill
during motion

Figure 1: Simplistic illustration of a tumbling mill

Tumbling mills are used extensively in the mining industry (Wang and
Forssberg 2007; Sun et al. 2009). A tumbling mill is a cylindrical mill
laid horizontally with grinding media loaded into it. When in operation the
mill carries the grinding media up to a point which then promotes one of
two actions to occur: either cataracting or cascading (Mishra and Raja-
mani 1992; Sun et al. 2009).

Cataracting occurs when media are raised up to a certain point, termed a
shoulder, and are then thrown out of the of the mill’s surface where it then
follows a parabolic path downward. This promotes intense impacts on the
ore. The impact further promotes fracture formation in particles, as well as
impact breakages (Varinot et al. 1997).

Cascading occurs when media are raised up a to certain point and then
allowed to descend along the surface of the charge ramp. Ore is ground
with the media rolling downwards. This promotes impact and cleavage
breakages (Mishra and Rajamani 1992; Sun et al. 2009).
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It is believed that tumbling mills are dominated by impact breakages de-
pending on the speed and the media fill of the mill (Gao and Forssberg 1995).
Tumbling mills are most suitable for the size reduction of larger, more
coarse, ores (Varinot et al. 1997; Shi et al. 2009). However, it is known
that tumbling mills are not particularly efficient as their power consumption
is high and their size reduction efficiency is low (Flavel and Rimmer 1981;
Shi et al. 2009). The efficiency of tumbling mills is dependent on ensuring
that media and ore collisions utilise the full impact to propagate cleavage
and fracture based breakages. These breakages are further elaborated
on in Section 2.5.

More energy is lost and expended as particles become smaller. There are
numerous reasons for this occurring. One reason can be attributed to fine
particles facilitating a cushioning effect which reduces any meaningful col-
lisions between the grinding media and ore (Orumwense 1992). Another
reason is that more energy is required to break smaller particles with less
flaws available for crack propagation (Wang and Forssberg 2007; Thorn-
ton 2015). A further problem is that power used to facilitate collisions can
be converted and wasted into other forms of energy. The power applied
can be converted into kinetic energy that can be used to deform or damage
the available media, ore and equipment (Rajamani et al. 2000; Santhanam
and Dreizin 2012). Particle breakage behaviour is strongly dependent on
both the microscopic and macroscopic structure of the colliding particles
(Antonyuk et al. 2006).

Thus, tumbling mills cease to be economically viable when used for fine
grinding (Sinnott et al. 2006; Jankovic and Sinclair 2006; Shi et al. 2009;
Ntsele and Allen 2012; Mazzinghy et al. 2017).

Figure 2: Tumbling mills in industry (Westpro 2021)
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2.3 Stirred mills

Stirred milling is best suited for fine grinding applications. Shear based
breakages play a more predominant role in stirred mills than in tumbling
mills. There are multiple types of stirred mills, as shown in Table 1.

Table 1: Types of stirred mills available (Ndimande et al. 2019)

Stirred mill Orientation Agitator type Type
Tower mill Vertical Helical screw Gravity-induced
Vertimill Vertical Helical screw Gravity-induced
Isamill Horizontal Rotor discs Fluidised stirred mill
Sala agitated mill (SAM-mill) Vertical Pins Fluidised stirred mill
Detirator (Stirred media mill) Vertical Impeller Fluidised stirred mill

Vertical mills benefit from a simple design. A basic stirred mill consists of
a grinding chamber filled with grinding media and an agitator in the centre
of the mill’s volume. The different types of stirred mills in operation differ
mainly in orientation, available power intensity, agitator design, agitator
speed and media separation.

A stirred mill can be operated with a dry or wet feed (Wang and Forss-
berg 2007). Wet grinding is preferred as it improves the separation of
fines in the milling chamber (Sinnott et al. 2006).

Gravity-induced mills are slow-stirred mills that use high-density grinding
media. The agitator rotates slowly to allow the grinding media and feed
to settle under gravity. The slow motion of the agitator ensures that the
grinding media and slurry particles stay in contact for a prolonged period
of time. This enables efficient transfer of energy supplied into attrition and
abrasion based breakages.

Fluidised mill types use high rotational speeds to enable the suspension
and complete mixing of the grinding media and slurry particles. Fluidi-
sation encourages the grinding media and slurry particles to collide and
interact consistently. This further encourages attrition and abrasion based
breakages.
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Proper consideration needs to be taken when implementing a stirred mill.
Though the stirred mills result in efficient grinding action, the feed require-
ments and grinding media, among other operating variables, need to be
taken into account. This should promote proper usage of stirred mills, as
energy supplied has been used with varying degrees of efficiencies (Sten-
der et al. 2004).

The reasons for stirred milling being better suited and more energy efficient
for fine grinding than tumbling mills, can be simplified to the following:

• There is more active volume used for grinding as opposed to an open
volume in a tumbling mill (Stender et al. 2004).

• Stirred mills use reduced or smaller grinding media. The reduced me-
dia size results in an increased ”contact area” used for grinding. The
reduced media size promotes abrasion and attrition breakages which
results in a reduced product size.

• It requires less energy to rotate an agitator as opposed to an entire chas-
sis of a tumbling mill loaded with materials (Somani et al. 2017).

• The design of stirred mills promotes shearing. Shearing results in in-
creased abrasion breakages which promotes fine products (Jankovic 2008;
Francis 2014).

Though stirred mills are the optimal technology for fine grinding, they are
still susceptible to energy dissipation and loss. A majority of the energy
supplied is dissipated through multiple events (Kwade and Schwedes 1997;
Stender et al. 2004; Cleary et al. 2006; Yang et al. 2006).

These events include, but are not limited to:

(a) The wear and deformation of grinding media;

(b) The wear and deformation of equipment;

(c) Slip occurring when high stress events are facilitated;

(d) Fine particles and fluids damping and reducing stress and impact events;

(e) Ore and particles dissipating energy through friction;

(f) Energy being converted in to multiple forms and then reduced in said
forms.

All mills are susceptible to the aforementioned energy dissipation mech-
anisms. The effectiveness of each mechanism is dependent on the mill
used (Sinnott et al. 2006; Santhanam and Dreizin 2012).
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2.3.1 Tower mill

The Tower mill was originally manufactured and developed in Japan. It
is a low speed stirrer that uses a helical screw to displace feed during
operation.

The motion of the helical screw type agitator, coupled with grinding media,
ensures that the breakage mechanisms are enforced by attrition and abra-
sion breakages. However, a reasonable degree of slipping is experienced
in Tower mills (Sinnott et al. 2006). This is due to high stress energy ex-
perienced by particles close to the agitator (Stender et al. 2004). Mills
with a screw type agitator have an upper limit with regards to the rotational
speed.

Figure 3: Illustration of a Tower mill (EIRICH 2018)

The size reduction of a Tower mill is limited to 20µm to 35µm. As such this
type of mill applied in closed circuits in order to improve energy efficiency
and size reduction (Lisso 2013).

11



2.3.2 Isamill

The Isamill is a high speed stirred mill developed by Mount Isa Mines in
collaboration in collaboration with Netzsch Feinmahltechnik of Germany. It
was developed in order to facilitate fine grinding.

The mill is a horizontally orientated mill with perforated disc stirrers. The
discs operate at high speeds in order to fluidise the feed. This promotes
efficient grinding and breakage events (Lisso 2013).

Figure 4: Illustration of an Isamill in industry(IsaMill 2021)

An additional advantage of the Isamill is that it can use fine grinding media,
resulting in increased grinding events. The grinding chamber is maintained
between 1 bar to 2 bar in order to maintain an even distribution of grinding
events (Gaudin and Malozemoff 2002).

The Isamill has a unique product separator that prevents grinding media
leaving the mill with the product.

The power requirement for horizontal stirred mills mills is usually an order
of magnitude higher than that of vertical mills (Sinnott et al. 2006).
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2.3.3 Stirred Media Detritor (SMD)

The SMD is a mill developed by Metso minerals. The mill is vertically
orientated and contains a pins impeller. The ”pins-impeller” imparts high
energy motion on the charge, increasing media particle interactions. This
consequently improves grind efficiency and increases power consumption
(Stender et al. 2004; Sinnott et al. 2006).

Pin mills are operated at higher speeds than screw type agitators. Thus,
the mill’s power draw is higher and more sensitive to feed conditions and
characteristics (Sinnott et al. 2006).

Figure 5: SMD with its agitator (Metso 2021a)

The SMD has numerous advantages. The mill is fairly versatile as it comes
in a multitude of sizes. It can accommodate a wide range of feed conditions
such as solids concentration, density and feed rate. It does not require
any additional equipment such as compressors, slurry seals or cooling
systems to effectively operate. This, in turn, leads to low maintenance
costs (Ntsele and Allen 2012; Lisso 2013).

For a tower mill, and a pin mill, size reduction energies would be dominated
by attrition and abrasive wear (Sinnott et al. 2006).
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2.3.4 Vertical Stirred Mill

Similar to the SMD, the Vertimill is developed by Metso minerals. The
Vertimill has similar advantages as the SMD. Particular emphasis is placed
on its low maintenance costs and energy efficiency (Lisso 2013).

(a) Vertimill with its milling chamber ex-
posed (Metso 2021a)

(b) Side view of a Vertimill with its pump
(Metso 2021b)

Figure 6: Vertimill
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2.4 Methods to approximate particulate flow

2.4.1 Eulerian approach

There are two approaches to modelling the particulate phase. There is the
”continuum approach” and the ”discrete approach”. The Eulerian approach
approximates granular media as a continuum.

It has been established that granular media can be approximated as a con-
tinuum under the correct conditions (Pähtz et al. 2019; Morrison et al. 2016;
Ding et al. 2002, 2001b). Furthermore, granular media has been approxi-
mated as a non-Newtonian fluid with some success (Zheng et al. 1995).

Approximating and understanding a simple, dilute or dense particulate flow
is difficult and complex (Pähtz et al. 2019; Ding et al. 2001a). Par-
ticulate flow has different motions and flow regimes depending on the
solids fraction, liquid temperature and coagulation of particles. An ex-
ample of this is how the gas phase would have a significant impact on
the motion of smaller particles under more turbulent conditions. (Ding
et al. 2001a).

The equations and principles used in the Eulerian approach is based on
the conservation of mass and momentum formula illustrated in Equation 1.

∂ρ

∂t
+∇ · (ρv⃗) = 0 (1)

These equations are used to further derive new continuity expressions,
based on the systems conditions at hand (Ding et al. 2001b,a). Simplifying
assumptions are applied to reduce the complexity of the approximated
systems.

The final approximation of the motion of solids in a system is the combi-
nation, approximation and incorporation of boundary conditions, particle
profiles and characteristics into the conservation of mass and momentum
equations. Discontinuities, assumptions, outliers and specific elements of
the operating conditions further change the non-linearity, validity and form
of the resulting motion equations.

A conservation model of the continuum approach is only valid for its de-
fined flow regime and operating conditions. Unfortunately, the continuum
approach does not adequately account for any anomalies or outliers in a
heterogeneous population of particles. Thus, a continuum approach will
not be used to simulate the particulate media.
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2.4.2 Discrete approach

The discrete approach, also known and referenced as the discrete element
method or distinct element method hereafter, is a robust and computation-
ally intensive method of modelling particulate flow.

The DEM was first developed by Cundall and Strack (1979) to investi-
gate the behaviour of stacked spheres and discs in the 2D-plane. It has
since been expanded into the 3D space. DEM allows for greater accu-
racy and troubleshooting of mineral and comminution processes through
modelling. It describes the motion of each individual particle, with spe-
cial treatment for interactions with regards to system boundaries and other
particles. These interactions are solved using Newton’s equations of mo-
tion.

DEM is computationally intensive. This is due to it requiring a small time
step to integrate over. The resulting simulation time step needs to be set
lower than the critical value (Mishra 2003a). This is done in order to
ensure that no excessive particle or boundary overlap occurs during the
collisions. Should excessive overlap occur, unrealistic and skewed results
would be produced. This enables DEM to simulate and capture relevant
phenomena (Mishra 2003a; Cleary 2004; Kloss et al. 2012). The critical
time step, ∆tc, is based on the characteristic natural frequency of a spring-
mass oscillation system. The critical time step, ∆tc, is estimated using the
mass of a relevant object, mi, the spring dampening coefficient, ki, with
Equation 2.

∆tc = 2π

√
mi

ki
(2)

For EDEM, the simulation software used in this paper, the critical time step
is estimated as a fraction of the Rayleigh time step, TR. This is done using
the density of the media, ρb the diameter of the interacting particle, dp, the
shear modulus, G, and the poison’s ratio, ν of the material. The estimation
of TR is illustrated Equation 3.

TR =
π(dp

2

√
ρm
G
)

0.1631ν + 0.8766
(3)

Multiple forces can be accounted for in a DEM model (Luding 2008). Par-
ticulate forces such as van der Waals forces as well as external forces,
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that are dependent on the surrounding operations and conditions of a sys-
tem, can be accounted for. An example of an external force would be an
unbalanced rotor of the mill, dissipating energy through vibration due to it
being loose (Beinert et al. 2015). It is difficult to account for every force
acting on the system. Thus, often times in simulations certain forces and
conditions are not accounted for as they can be described as negligible
or excessive. This leads to the simulations representing or approximating
ideal or simplified systems. This results in certain operating conditions that
are estimated via simulations, such as power draw, to be lower than the
actual values.

There are various types of contact models available for use. The linear
spring-dashpot model and the Hertz-Mindlin contact models are among
the most popular models used (Mishra 2003a; Kulya 2008; Boikov et al. 2018).

2.4.2.1 Linear spring-dashpot model
In a linear spring-dashpot model, the interactions between the particles are
assumed to be a linear spring and a dashpot. The linear spring-dashpot
contact model is simple due to its parameters remaining constant through-
out a simulation. It makes use of the soft contact formulation, where parti-
cles are permitted to overlap. The overlap is then used to estimate a force
acting on the relevant particle.

Fn 

Cn 

Ft Ct 

i   j
limiter

?

Figure 7: Linear spring-dashpot model

The normal force, Fn is estimated using Equation 4. The normal spring
stiffness, kn, accounts for repulsion between the particles as they overlap,
δ. The amount and rate of overlap gives rise to the normal contact force.
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There is an inverse proportional relationship between the spring stiffness
and the particle overlap.

Fn = knδ + Cnvn (4)

kn is dependent on the specific particles interacting with one another. In
the case of the linear spring-dashpot model, a reliable value for kn can be
estimated by limiting the contact and overlap of particles during interaction
(Misra and Cheung 1999; Mishra 2003a). This is illustrated in Equation 5,
where the maximum absolute particle velocity, vmax, and penetration factor,
f , are used to estimate the contact stiffness for a particle.

kn =
fmivmax

d2p
(5)

The normal damping coefficient, Cn, accounts for energy dissipation be-
tween collisions in the normal direction (Walton 1984). This in turn ap-
proximates energy dissipation throughout a system, which is mentioned in
Section 2.3. Cn is heavily dependent on the coefficient of restitution, en.
This is shown in Equation 6.

Cn = −2ln(en)

√
knm∗

π2 + ln2(en)
. (6)

The coefficient of restitution is defined as the ratio of the velocities of a
particle, before and after a collision. The coefficient of restitution is not
a material property. It is primarily dependent on the angle of impact, the
shapes that are colliding, the sizes and of the colliding bodies, and the im-
pact velocities thereof (Mishra and Rajamani 1992). There are numerous
methods that can be used to estimate en (Thornton 2015). Generally en
lies between zero and one.

The tangential force, Ft, is calculated incrementally. This is done as to ac-
count for slip occurring. Should slip occur, the tangential force would then
be limited to µFn. This adheres to the Mohr-Coulomb law (Kulya 2008).
The tangential force accounts for shear based and friction forces acting on
the particle.

Ft = min(µFn,
∑
i

ktvt,i∆t+ Ctvt,i) (7)
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An alternative form of Equation 7 is shown in Equation 8.

Ft,i = min(µFn, Ft,i−1 + ktvt,i∆t+ Ctvt,i) (8)

The reason for the linear spring-dashpot model’s popularity is that it gives
reliable results within a relatively short time frame (Cleary 2004; Thorn-
ton 2015). It does however have a big flaw. It accounts for collisions in an
unphysical manner (Kulya 2008). The result is that simulation data, from
grinding circuits that are dominated by impact based breakages, are less
reliable compared to grinding circuits that are dominated by shear based
breakages.

2.4.2.2 Hertz-Mindlin contact model
In order to avoid the complicated equations and relations of Mindlin and
Deresiewicz (1953), researchers combined the no-slip model of Mindlin
(1949) with Hertzian contact theory to provide a non-linear contact model.

This model is more realistic compared to the linear spring-dashpot model.
It adjusts parameters according to the colliding bodies overlap and mate-
rials (Kulya 2008; Thornton 2015).

The effective Young’s modulus, E∗, and equivalent radius, R∗, of two par-
ticles colliding are used to adjust the spring stiffness and damping coeffi-
cient. The formulas used to estimate E∗ and R∗ are shown in Equations 9
and 10. The normalised mass, m∗, follows a similar formula shown in
Equation 9.

1

R∗ =
1

R1

+
1

R2

(9)

1

E∗ =
1− ν2

1

E1

+
1− ν2

2

E2

(10)

1

G∗ =
2(2 + ν1)(1− ν1)

E1

+
2(2 + ν2)(1− ν2)

E2

(11)

The normal spring stiffness, kn, is estimated using Equation 12. The tan-
gential spring stiffnesses, kt, is estimated using Equation 13.

kn =
4

3
E∗

√
R∗δ (12)
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kt = 8G∗
√
R∗δ. (13)

The theory developed by Mindlin and Deresiewicz (1953) has been ef-
fectively used to give useful estimations of the shear contact stiffness
(Kulya 2008). Consequently the normal damping coefficient, Cn, and
tangential dampening coefficient, Ct, are dependent on the springs stiff-
nesses. This is shown in Equations 14 and 15.

Cn =
ln(en)√

ln2(en) + π2

√
5knm∗ (14)

Ct =
ln(en)√

ln2(en) + π2

√
20

6
ktm∗ (15)

The normal force, Fn, and tangential force, Ft are estimated using the
relative velocities. This is shown in Equations 16 and 17.

Fn = −knδn + Cnv
rel
n (16)

Ft = min(µFn, ktδt + Ctv
rel
t ). (17)

Estimating the model parameters for each individual collision leads to in-
creased computation time. The Hertz-Mindlin model gives accurate esti-
mations, should the initial model data be configured correctly.

2.4.2.3 Boxing
DEM tracks all elements and contacts within a system. In a single time-
step, with a system that has N particles, the number of contacts the DEM
has to check is

possible contacts =
N(N − 1)

2
. (18)

As the number of particles increase, the possible collisions that are tracked
in each time-step becomes excessively big. In order to optimise the DEM
code and reduce time spent searching for possible collisions ”boxing” is
implemented (Mishra 2003a).
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Figure 8: An illustration of boxing implemented in EDEM

Time spent searching for contacts is reduced by breaking sections of the
system into localised cubes or squares, depending on whether the simu-
lation is 3D or 2D. In the cubes, only local particles are taken into account
when checking for collisions. This excludes any elements or particles out-
side the cube. If the cubes are sufficiently small the external forces can be
accounted for through the course of a simulation. Though if the cubes are
too large, certain phenomena or observations may be accentuated.

Complications are known to arise with boxing when working with non-
spherical particles (Mishra 2003a). Complications can arise when cou-
pling a DEM simulation with computational fluid dynamics (CFD). The CFD
is dependent on how the boxing is implemented (Thornton 2015).

2.5 Breakages

Breakages in stirred mills occur via abrasion, cleavage and fracture. These
breakages are more commonly known as impact, compression and abra-
sion based breakages. The different contact types (impact, tolling, tor-
sion, shearing) do not exist separately, but in combined forms (Beinert
et al. 2015).
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Figure 9: Mechanisms of breakages adopted from Varinot et al. (1997)

• Abrasion occurs when stress is applied along the tangential axis of the
particles. Thus, shear-based strain promotes abrasion. Abrasion pro-
motes bimodal particle size distribution.

• Cleavage occurs when intense stress and compression is applied on a
particle over an extended time period. This produces fragments that are
50% to 80% smaller than the initial particle size.

• Fractures are promoted when rapid intense stresses are applied on the
particle. Impact-based stresses promote this breakage. Fractures are
not created by impacts; however, existing fractures are further empha-
sised by impacts.

2.6 Variables affecting grinding action

2.6.1 Stirrer speed

The stirrer speed affects the power input and collision efficiency intensity
of a mill (Jankovic 2008; Edwards 2016; Ndimande et al. 2019). The
influence of the stirrer is dependent on the type of mill used. In general,
the impeller is used to facilitate charge motion in a mill. This, in turn,
leads to differential velocities between adjacent particles which results in
high shear rates in stirred mills (Jankovic 2008). The stirrer speed also
affects the generalised motion and speed of grinding media and ore in the
mill.
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It is hypothesised that there is an optimal stirrer speed for a specific feed
(Fadhel and Frances 2001; He and Forssberg 2007; Shrivastava et al. 2011).
Below the optimum speed the stress events are insufficient for enabling
proper breakages. Above the optimum speed excess agitation results in
energy wastage. For gravity-induced mills lower stirrer speeds are favoured
for reduced power consumption and energy efficiency (Jankovic 2008).
For fluidised mills higher stirrer speeds are favoured for efficiency (Jankovic 2003,
2008; Shrivastava et al. 2011). These mills are highlighted in Table 1. The
higher the stirrer speed, the more susceptible and sensitive the power con-
sumption is to feed conditions.

2.6.2 Residence time

Proper consideration needs to be taken when altering the feed residence
time in a mill. Low residence time allows for insufficient breakages to be
facilitated. Prolonged periods of grinding do not result in a significant in-
crease in the size reduction ratio of a grinding operation. The grinding
media diameter and agitator speed have appreciable impacts on the re-
quired residence time, Tr, of ore in the mill (Szegvari et al. 1999).

Tr ∝
d3p√
n

(19)

As particle size is reduced the particle strength is increased. This is due
to there being reduced flaws in the particles structure and increased hard-
ness in smaller particles (Thornton 2015). Thus, more intense stress
events are required to break smaller particles. As such, over long grind-
ing periods, energy is wasted as breakage events are reduced. Grinding
efficiency is only appreciable in short periods of grinding action.

2.6.3 Feed

2.6.3.1 Feed size
There is a proportional relationship between initial and final particle sizes
(Shrivastava et al. 2011). Coarse sizes need to be reduced via impact
and compression based breakages. This in turn creates faults in the struc-
tures that can promote abrasion and attrition for fine grinding. Thus, the
selection of grinding media size is dependent on the feed top size (Thorn-
ton 2015).
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The size and shape of the powders and ore influence the flow and com-
paction of the feed. Smaller particles dissolve more quickly which leads to
higher suspension viscosities (Scientific 2012).

2.6.3.2 Feed rate
The feed rate refers to the slurry mass or dry ore mass fed into the mill
per unit time. The feed rate consequently influences several aspects of
the mill. These aspects include, but are not limited to, the residence time,
power draw and product production rate (Lisso 2013).

Stirred mills are often times operated at low tonnages compared to tum-
bling mills. High feed rates can result in negative operating conditions.
High feed rates can reduce residence time. This can result in an uneven
distribution of media, or feed, in the mill which reduces grinding efficiency
(Jankovic 2008). At lower feed rates proper size reduction will occur, at
the expense of increased residence time and increased power draw.

There may be an optimum feed rate. This feed rate may largely be de-
pendent on the grinding media particle size, stirrer speed and mill volume
(residence time).

2.6.3.3 Solids concentration
The solids concentration refers to the mass, or volume, fraction of ore fed
to a mill with water as an additive. The fluid in a slurry feed is added
to help with transportation and particle separation in downstream pro-
cesses.

At low solids concentrations, collisions and breakages cannot be properly
facilitated. This may be due to the fluid providing a cushion effect, reducing
impact intensities. With a reduced solids concentration, there is a reduced
probability of an ore sample being trapped between grinding media which
would facilitate a breakage or collision (Lisso 2013; Edwards 2016).

At high solids concentrations flow complications may arise. An increase in
solids leads to an increase in power requirement for transportation and ag-
itation purposes (Edwards 2016). An increase in solids concentration can
be beneficial as more solids leads to more collisions, improving grinding
efficiency (Lisso 2013; Edwards 2016)
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Any fluctuations in the slurry’s solid concentration will lead to non-equilibrium
distribution of slurry spacing. This leads to large swings in the kinetic and
potential energy, which produces varying and exaggerated power draw
(Thornton 2015).

Slurry mass fraction does not have a drastic impact on the final product
size. Reduced solids leads to reduced contacts, collisions and energy
dissipation (Frances et al. 1996; Cho et al. 1996). Reduced energy dissi-
pation results in increased collision efficiency (He et al. 2004). These two
effects dampen each other out.

Thus, there is an optimum solid concentration for grinding in a selected
mill.

2.6.4 Grinding media

2.6.4.1 Density
The grinding media in a mill facilitates a specific size reduction ratio and
energy transfer for breakages. Szegvari et al. (1999) and Graves and
Boehm (2007) investigated the ideal characteristics of grinding media in
the industry. These properties can be summarised as

• High hardness;

• Relatively low friction coefficient;

• No risk of contamination for downstream processes;

• Affordable;

• High surface stability; and

• Consistent in size.

High hardness and surface stability is important for grinding media to resist
wear.

A direct proportional relationship exists between power consumed and me-
dia density (Zheng et al. 1995). Furthermore, the elasticity of the grinding
media is inversely proportionate to density (Graves and Boehm 2007).
The elasticity of a particle greatly affects the energy transfer efficiency
during collisions (Lichter and Davey 2006; Shrivastava et al. 2011).
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Balancing density to satisfy grinding efficiency, power consumption and
media lifetime is important. Currently zirconia based ceramics are the
ideal grinding media, providing high strength and fracture toughness with-
out an overbearing density (Graves and Boehm 2007; Edwards 2016). A
concern of this media is that it is susceptible to rapid wear when it even-
tually occurs. This in turn introduces undesired contaminants in the prod-
ucts.

A low friction coefficient is preferred to a high friction coefficient. Increased
media friction would lead to excessive heat generation, energy dissipation
and mill wear.

Density also plays a role in particle dynamics and mixing (Poux et al. 1991).
Campbell and Bauer (1966) reported that a size-segregated mixture with
a density ratio of 3:1 would result in an appreciable change in the mixing
and segregation of a system.

2.6.4.2 Loading
It is known that the amount of collisions, Nc, that happen at any given
time step is directly proportional to the amount of particles present in the
system (Beinert et al. 2015; Shrivastava et al. 2011). This relationship is
illustrated by Equation 20 and then simplified in Equation 21.

Nc

∆t
∝ n

Vgc(1− ϵ)

d3p × π
6

(20)

Media loading and size have a meaningful impact on the number of effec-
tive collisions and power consumption (Cho et al. 1996; Jankovic 2008;
Lisso 2013; Edwards 2016).

n
Vgc(1− ϵ)

d3p × π
6

= n×Ngm (21)

Jayasundara et al. (2011) noted that there is an optimum media loading.
Limitations need to be taken into account when attempting to estimate
the optimal loading. The feed rate, available volume and power cost are
limitations in this instance. Though the media loading is sensitive to feed
conditions, it is not overly sensitive (Shrivastava et al. 2011).
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2.6.4.3 Size and distribution
Particle size influences many properties in comminution. One of the more
important properties it influences is the time at which steady state of frag-
mentation and re-agglomeration is reached, as well as the size reduc-
tion ratio (Fruhstorfer et al. 2014). For a specified feed size and re-
quired size reduction, there is an optimum grinding media size and load
(Jankovic 2003; Wang and Forssberg 2007; Jayasundara et al. 2011).
The selection of grinding media size is largely dictated by feed size, re-
quired product size and feed material (Edwards 2016; Maruf Hasan 2016).

The grinding media size determines the likelihood of particle breakage
(He and Forssberg 2007; Beinert et al. 2015). With an increase in grind-
ing media size, the contacts per time decrease as seen in Equation 20.
Larger grinding media propagates impact and compression based break-
ages more effectively than smaller grinding media (Varinot et al. 1997;
Jankovic 2003; Sun et al. 2009; Edwards 2016). The larger grinding me-
dia are thus better suited for coarser and larger sized feeds as opposed to
smaller size grinding media. This is illustrated in Figure 10.

Figure 10: Dominant breakage mechanisms according to particle size distribu-
tion, adopted from Varinot et al. (1997)
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Smaller sized grinding media propagate abrasion based breakages more
effectively for fine grinding. Smaller size media is not well suited for coarse
and larger sized feeds. The media can fail to sufficiently apply stresses that
cause breakages to larger particles (Lisso 2013).

Bilgili et al. (2004) and Bayel (2019) reported that the use of size segre-
gated media improves grinding performance in traditional tumbling mills.
Simba and Moys (2014) also used different shaped grinding media in lab
scaled grinders. In these experiments it was concluded that the shapes,
used in combination with one another, still retained their original benefits.
This effect could extend to size segregated grinding media.

Open volume between larger particles is reduced when using a bimodal
distribution for grinding media. Small grinding media reduces the total
available voidage between larger particles. Furthermore, smaller media
increases the specific surface area and number of particles available in
the system.

The bimodal packing should be able to reduce the maximum particle di-
ameter after grinding (Fruhstorfer et al. 2014). However, the optimum
operating conditions are subject to change when having a size segregated
grinding media (Bayel 2019). Thus, a size-segregated particle distribution
would not ultimately result in initial success.

Unfortunately, the size-segregated media might accelerate the wear of one
another. The wear of grinding beads is determined by the structure and
hardness of the beads as well as the hardness and shape of ground mate-
rial (Becker and Schwedes 1999; Jankovic 2008). The wear of particles
can be minimised by choosing the grinding media material accordingly
(Fruhstorfer et al. 2014).

Coarse grinding media are more susceptible to wear than finer media
(Bayel 2019). The wear of said media can further result in the contamina-
tion of downstream processes (Edwards 2016).

2.6.4.4 Shape
In comminution, grinding is dictated by spherical media. This is likely due
to the simplistic, abundant and easy to manufacture nature of the spheri-
cal media. This simplistic shape allows it to be easily adapted into DEM
modelling.
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In reality, grinding media is non-uniform. The size and shape of media
continuously changes due to breakages and wear mechanisms (Lameck
et al. 2006). The wearing and breakage result in smooth, non-spherical
ball shapes with pronounced cavities, porosity holes or angles (Vermeulen 1989).
The worn down media can result in different grinding dynamics, stress dis-
tributions, energy distributions and efficiencies (Sinnott et al. 2011). Alter-
native media shapes such as cylpebs, conipebs and boulpebs have their
own advantages (Cloos 1983).

Table 2: Benefits of media shape

Spherical shapes Alternative shapes
Increased packing efficiency Reduced production cost
Simple design parameters Reduced porosity produced

on casting
No inherent resistances in transportation Increased area for contact

Media shape has an appreciable influence on the power draw, media
packing, shear flows and mixing in a mill (Lameck et al. 2006; Sinnott
et al. 2011). In the industry it is accepted that non-spherical debris from
grinding media result in reduced grinding performance (Sinnott et al. 2011).

2.7 Notable characteristics of size segregated media

Size segregation can be both a desirable, as well as a non-desirable trait
of granular media, depending on the context of the unit operation. In tum-
bling mills size segregation is common due to wear of grinding media and
addition of new media.

Size segregated media gives rise to new phenomena in tumbling mills
that are less pronounced, or absent, in mono-sized systems. Phenom-
ena such as the Boycott- , Leidenfrost- and Brazilian nut effect effects are
noteworthy. The degree to which size segregation occurs is dependent on
the mill’s operating conditions, with the mill rotation speed having a pro-
nounced effect on the degree of segregation (Soni and Mishra 2016; Soni
et al. 2016).

Grinding would be enhanced if the mill agitated the grinding media to allow
for uniform size and contact distribution (Soni and Mishra 2016).
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2.7.1 Boycott effect

The Boycott effect allows for faster settling of granular media in a con-
tainer if the container is inclined at an angle. The accepted reason for
this is that when the container is at an inclined angle, the supernatant will
rise to the top and generate a convective layer over the granular media,
further improving the speed at which the supernatant rises (Duran and
Mazozi 1999).

2.7.2 Leidenfrost effect

The Leidenfrost effect allows for coarse particles, in a size segregated
granular mixture with hexagonal packing, to rise to the top, supported by
a dilute gaseous layer of fast acting particles underneath. This effect is
only possible when specific conditions are met (Eshuis et al. 2005). This
effect is possible when sufficient energy is supplied for agitation, there are
enough particles, and the collisions are fairly elastic in nature.

2.7.3 Brazilian nut effect

Similar to the Leidenfrost effect, this effect allows for coarse particles to
rise to the top of a granular mixture when it is subjected to mechan-
ical agitations. The Brazilian nut effect can be become negligible, or
even prevented, if the agitation occurs at low ambient air pressure (Wen
et al. 2014).

The Brazilian nut effect is undesirable in tumbling mills, as it leads to
coarser particles collecting or segregating in the mill (Breu et al. 2003).
When particles are segregated, or clumped together, any mechanical en-
ergy that is imparted onto one group does not properly propagate outward
to the rest of the particulate media (Soni et al. 2016; Ma et al. 2023).

At lower grinding speeds larger particles collect atop smaller particles in a
tumbling mill. Uniform distribution of particles and contacts was achieved
at intermediate grinding speeds of between 65 % and 85 % of the critical
speed of a tumbling mill. At higher speeds the Brazilian nut effect is re-
versed, with smaller particles collecting on top of larger particles (Soni and
Mishra 2016).
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2.8 Summary

An introduction to grinding and mills is given in this section. Types of grind-
ing mills used within the mining industry are highlighted. Two methods of
approximating particulate media are discussed. This includes the Eulerian
approach and discrete approach. The methods by which the discrete ele-
ment method simulates particulate media is further illustrated. Additionally
the variables that affect grinding action in a mill are mentioned in this sec-
tion. Notable characteristics, or peculiarities, of size-segregated media are
also mentioned.
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3 Experimental procedures

In this chapter the methods and techniques used to generate and compute
data within this study are discussed. A brief overview is provided of the
equipment and simulation setup, the equipment and software afforded to
the student, the coding principles used to manipulate and filter data, and
a brief overview of the simulations performed and steps followed.

3.1 Personal computer (PC)

A stand-alone computer was used to perform the simulations in this study.
The specifications of the computer used are given in Table 3. The PC
and specified components were selected with the intent of processing and
generating data from EDEM effectively and fast.

Table 3: PC specifications

Component Specification
RAM 32 GB
CPU AMD Ryzen 9 5900X 12 - Core Processor
GPU NVIDIA GeForce RTX 3060
HDD 930 GB

The recommenced specifications for EDEM are listed in Table 4. The CPU
of the PC is in line with modern standards of high-end hardware (Hard-
ware 2022; UserBenchmark 2022). In terms of single thread perfor-
mance, the Ryzen 9 5900X’s is superior to an Intel Xeon E5 series. A par-
ticular highlight is the Ryzen 9 5900X’s ability to perform multithreading.
Multithreading allows for concurrent, or parallel, execution of threads. This
allows for large data to be segmented and then processed simultaneously.
This significantly improves the performance and speed of demanding pro-
grams or data.
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Table 4: Requirements for EDEM (Col 2023)

Component Minimum Recommended
RAM 8 GB 32 GB or more

CPU Intel Core i7 or Intel Core i9 or
AMD Ryzen 7 (8+ cores) AMD Ryzen Threadripper (16+ cores)

GPU NVIDIA GeForce GTX 960 or Any modern GPU from either
AMD Radeon R9 270 AMD or NVIDIA

HDD 4 GB (for software) 1000 GB
+100 GB (for data handling)

The PC contains enough storage space for the data that can be generated
by EDEM, as well as sufficient RAM for the fast processing required by the
data and system being studied. A modern RTX 3060 series video graphics
card was used in the computer.

3.2 Simulation parameter set up

The Hertz-Mindlin (no slip) contact model was used for the simulations
in this study. This contact model was discussed and illustrated in Sec-
tion 2.4.2.2. The materials present in the simulations were glass, high
density poly ethylene (HDPE) and steel. The simulation material proper-
ties for the aforementioned materials is shown in Table 5. The impeller
used in the simulations was based on an impeller in the Center for Miner-
als Research (CMR) lab, which is coated in HDPE and thus approximated
as HDPE. This impeller was used in tandem with steel containers. The
only available glass grinding media was 5 mm and 8 mm beads.

The parameters and constants that were used for this model were sourced
from previous theses from the University of Cape Town (UCT) that used
similar equipment and material setups. The material properties for HDPE
and glass were sourced from (Bremner 2016). The parameters were
based on previous literature sources that evaluated it with a multitude of
different parameter set ups. The steel used was approximated AISI 4140
Alloy Steel (UNS G41400) (AZOMaterials 2022).

The simulation parameters for the glass particles interacting with glass,
and HDPE materials, were sourced from Hromnik (2013). The simulation
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parameters from Hromnik (2013) were estimated from the physical prop-
erties of the materials. The parameters for glass interacting with steel was
sourced from Malahe (2012). The parameters were sourced from previ-
ous established literature sources. The resulting simulation parameters
are shown in Table 6.

Table 5: Material properties

HDPE Steel Glass
Density (ρ) 940 kg · m−3 7850 kg · m−3 2500 kg · m−3

Poisson’s ratio (ν) 0.4200 0.2850 0.2000
Shear modulus (G) 7.0 × 108 Pa 8.0 × 1010 Pa 6.4 × 1010 Pa

Table 6: Simulation parameters

Subject Interacting subject Parameter Value
Glass Glass Coefficient of restitution 0.6600

Static friction coefficient 0.1540
Rolling friction coefficient 0.0100

HDPE Coefficient of restitution 0.5500
Static friction coefficient 0.3200
Rolling friction coefficient 0.0100

Steel Coefficient of restitution 0.8500
Static friction coefficient 0.3060
Rolling friction coefficient 0.0100

Gravity Particles – 9.8070 m · s−1
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3.3 Simulation equipment set up

This subsection includes the geometry, particles and factory setups for the
simulations and goes into further detail regarding particle spawn rates and
geometry placements.

The dimensions of the geometries used within EDEM are shown in Fig-
ure 11. This equipment was created using a 3D computer aided drawing
(CAD) program named Autodesk Inventor Professional 2022. A student
trial for this CAD software is freely available to students of UCT.

A lab scaled vertical stirred mill was selected to be investigated. There is
little information, or studies done, on dry grinding applications of vertical
stirred mills. Fewer of the available vertical stirred mill studies focused on
size-mixed grinding media.

The vertical stirred mill used was based on an available lab-scaled stirred
mill inside the Centre for Minerals Research (CMR) laboratories. The
stirred mill design did not lend itself to continuous operation. Its design
allowed for batch operations.

The equipment used in EDEM was set to be at the centre point of the simu-
lation space. This was done as tangential velocities are estimated relative
to the Z-axis. The impeller, grinding chamber and lid’s centre points were
set to be at the centre point of the simulation space.

The absolute bottom of the grinding chamber was set to be Z = 0 mm. This
results in the grinding chamber floor reaching a height of 10 mm. The ab-
solute bottom of the impeller was set to be 30 mm, which is 20 mm above
the grinding chamber floor. The lid shape was used to prevent particles
from escaping the simulation. The shape of the lid was also used as a
virtual factory to spawn particles into the simulation. Particle spawn rates
and impeller agitation speeds were adjusted as needed for the relevant
simulations.

The methods by which the simulations were planned and approached are
shown in Figure 12. The important decisions are depicted in the diamonds
of the flow chart. At the diamonds decision making points either the op-
erating conditions, such as the impeller speeds, or the simulation basis,
such as the weight distribution, were adjusted as needed.
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Figure 12: Flow chart illustrating the approach to simulation set up and parameter investigation
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3.4 Data preparation

3.4.1 Computing data according to spacial distributions

Matlab 2021a was the main programming language used to compute the
results. It further allows for boolean indexing, which is a helpful tool for
filtering and grouping of multiple data sets (EducativeTeam 2022).

(a) Axial grid (b) Cylindrical grid

Figure 13: Different grids used for data analysis in the simulation space

For instance, one can group and compute the average force or energy loss
experienced by a particle or collision at a specific point in space, deter-
mined by a grid cell. Different types of grids can allow for selective filtering
and estimation of data. For example, filtering and estimating the energy
dissipation between X1 and X3 will give different results when filtering and
estimating the data between θ1 and θ2 in the cylindrical system. The two
different types of grids used in this study, such as the axial and cylindrical
grid, are shown in Figure 13. An axial coordinate can be converted into a
cylindrical coordinate using Equations 22 and 23.

R =
√
X2 + Y 2 (22)

θ = arctan(
Y

X
) (23)

The Z-value for both sets of coordinate systems remains the same. Using
the different coordinate systems, different results can be computed and
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presented in the form of graphs. Grouping values according to their XYZ,
or RθZ locations. Summating the number in such a local space allows for
the construction of an occupation profile of the collisions or particles in that
space. Averaging the values in a specific space allows for the construction
of concentration profile. Multiplying the concentration profile with the occu-
pation profile of the relevant subjects can be done to create an illustration
of the average distribution of the subject throughout that space.
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Figure 14: Illustration of how a pseudo colour plot is constructed

An illustration of the above mentioned data analysis method is shown in
Figure 14. An occupation profile of the collision frequency is constructed
in Figure 14a.The majority of the collisions occur above and below the im-
peller pins. The energy loss of the collisions, filtered and averaged accord-
ing to the cylindrical grid, is used to produce the energy loss concentration
profile in Figure 14b. The majority of the intense energy loss collisions
can be seen around the impellers. Multiplying the concentration profile,
Figure 14b, with the occupation profile, Figure 14a, results in the energy
loss intensity profile in Figure 14c. Here it can be seen that a most of the
energy loss is concentrated at the edges of the container.

In order to get a more generalised illustration of the select subject, the
data needed to be time averaged. This entailed all the collisions and parti-
cles over multiple time steps to be accumulated in a single data structure,
with the final filtered or computed value being averaged according to the
number of time-steps used to generate the original data structure.
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Furthermore, the occupation profile could be used to generate a percent-
age occupation of the particles. This could be done by dividing the time
averaged particles spacial occupation values with the total number of oc-
currences, and then plotting the percentage value thereof.

3.4.2 Computing collision spectra

The collision spectra was used to characterise the collisions of a partic-
ulate system (Ndimande et al. 2019; Cleary et al. 2006; Morrison and
Cleary 2004). In DEM the energy dissipation rate of tangential and normal
based interactions can be computed for individual collisions and particles
such as particle-particle, particle-environment, and so forth.

The collision energy spectra provided an opportunity to understand and
optimise the overall collision energy dissipation within the mill. Under-
standing the changes in collision spectra according to operating conditions
could allow for better evaluation of how the collision energies were utilised
within the system (Cleary et al. 2006).
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Figure 15: Illustration of the collision spectra of the mono-size particle simulation
with EDEM 2.5 in Section 4.1
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A collision spectra was produced by taking the collision intensities of a
specific energy loss within a select collision energy range. Summating
the amount of data points within that energy range provided the collision
frequency plot shown in Figure 15a. However, summating the energies
within that bandwidth gave rise to the energy dissipation rate of the col-
lisions, shown in Figure 15b. The average energy dissipation rate could
also be computed using the average of the energy range and multiplying
the average energy loss with the collision frequency.

When evaluating the collision spectra, both the collision energy range
and the modal peaks were used to evaluate the performance of the colli-
sions.

3.5 Simulation scope

The objective of the work in this thesis was to estimate the optimal operat-
ing conditions of a size-mixed system and to introduce the expected trends
and tendencies of a size-mixed system. To this end four experiments were
performed. These experiments involved:

Experiment 1 investigated the degree and tendency of simulation artifact-
ing. In this setup two simulations were performed; one simulation had
the particles with a uniform size throughout, whilst the other simulation al-
lowed for the particles to have a normal distribution with a predetermined
deviation.

Experiment 2 investigated the influence and tendencies of impeller agi-
tation speed on the size segregated particulate system. Here four simu-
lations were performed, with the exact same initial particle mixing setup
for each simulation. In the different simulations the impeller rotation speed
was changed for each run. The impeller agitation speeds evaluated were
200 rpm, 350 rpm, 500 rpm and 700 rpm. These speeds were selected to
evaluate the results when the particles were fluidised, semi-fluidised and
fully fluidised.
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Experiment 3 investigated the influence of the particle weight distribution
on the grind characteristics of the system. To this end, five different par-
ticle weight distributions were evaluated and four new simulations were
performed. The different weight distributions were 100 wt% 5-mm parti-
cles, 25 wt% 8-mm and 75 wt% 5-mm particles, 50 wt% 8-mm and 50
wt% 5-mm particles, 75 wt% 8-mm and 25 wt% 5-mm particles and 100
wt% 8-mm particles.

Experiment 4 investigated the degree of particle segregation with differ-
ent weight distributions. For this experiment an additional simulation was
performed with three different sized particles. These three particle sizes
simulated in the additional simulation were 3-mm, 5-mm and 8-mm. The
three particle sizes were simulated with equal weight ratio’s. The degree
of particle segregation at different weight distributions, from experiment 3,
were evaluated with the 3 particle system.

3.6 Summary

The methods used to generate and process data are discussed in this sec-
tion. Furthermore, the equipment used and the set up thereof are elabo-
rated on in this section. Additionally the variables that are used in the DEM
simulation are given.
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4 Results and discussions

4.1 Size-varied investigation

4.1.1 Initial setup

A preliminary experiment was performed to investigate the significance of
particle radius variation in a simulation. DEM simulations are an approx-
imation of the real world, where simplifying assumptions are made. This
leads to possible issues where complex or stringent simulation conditions
may result in digital artifacts (Iordache et al. 2010). Digital artifacting
occurs when data and simulations setups result in questionable, or unre-
alistic, data being produced.

Two simulations were performed for this experiment. Two particle popu-
lations were generated with a random packing order in separate grinding
chambers. For the first population, the particle diameters for the 5mm
and 8mm particles remained uniform. For the second population, a stan-
dard Gaussian model was applied to the particles. The particle sizes were
taken as the mean of the specific distribution with a 10% standard deviation
based on the particle diameter. This resulted in smaller particles having a
narrower range than that the larger particles. The resulting particle proba-
bility distribution is shown in Figure 16b. A total of 3 kg of 5 mm and 8 mm
particles was generated in the uniform-sized and size-varied simulations.
This resulted in the size-varied simulation having less particles than that
of the uniform-sized simulation. A summary of the number of particles is
shown in Table 10.

The impeller and grinding chamber, as shown in Figure 11a and Fig-
ure 11b, were used for these simulations. The simulation parameter setup
in Section 3.2 is adopted here. The particles were simultaneously spawned
with random locations to approximate a well-mixed system. A resulting
random particle packing can be seen in Figure 16a.

4.1.2 Simulation set up and data capture

The set up for the media was simulated over 5.00 seconds. The first
1.60 seconds were used for particle generation. In this time frame the par-
ticles were allowed to come to rest before the impeller started its rotation
clockwise. After settling, the impeller rotation was accelerated to 500 rpm
over 1.00 second. After the rotation speed had been achieved, 2.40 sec-
onds was dedicated to the collection of particle and collision data.
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Figure 16: Simulation investigation setup

The 1.00 second time period of acceleration achieved approximately ≈ 4.2 rev-
olutions of the impeller. The 2.40 seconds dedicated to data collection
corresponded to 20 revolutions of the impeller.
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Figure 17: Resulting particle mechanical energy
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The systems reached steady state from 2.90 seconds onwards. At this
time the change in total mechanical energy becomes negligible, as seen
in Figure 17b. The reduced change in total mechanical energy indicates
that the system had stabilised, reaching a steady state. This can be seen
in Figure 17b. The approximation of total mechanical energy is shown in
Equation 24.

∑
Mechanical Energy =

∑
PEparticles +

∑
KEparticles (24)

The data for analysis was captured from 2.90 seconds and onwards, un-
less otherwise stated or indicated. The residence time for the particles
inside the grinding chamber can be approximated as the duration of the
simulation.

4.1.3 Particles

4.1.3.1 Spatial distributions

The illustrations in Figure 18 are time averaged depictions of particle oc-
cupation in the systems. Here, an RθZ-grid was applied over the grinding
chamber. In this grid the total particles occupation was averaged accord-
ing to the total time steps in the local grid box.

The 5 mm particle occupation profiles are shown in Figures 18a and 18b.
It can be seen that a significant portion of the 5 mm particles tended to
collect at the top and bottom ends of the particulate system. The 5 mm
particles tended to collect at the edges of the floor of the grinding chamber,
as well as atop the particulate mixture at R = 13.0 cm and Z = 16.0 cm.
This can be seen in Figures 18a and 18b.

The majority of the 8 mm particles tended to collect just above the im-
peller pins near the grinding chamber walls, at R = 13.0 cm and between
Z = 8.0 cm and Z = 14.0 cm. This is somewhat similiar to the 5 mm parti-
cles, as a portion of the 8 mm particles tended to collect above the impeller
pin. This can be seen in Figure 18c and 18d. It appears that the top 5 mm
particles were collecting above the 8 mm particles. The portion of 8 mm
particles that collected above the impeller pins appears to be more signifi-
cant in the mono-sized particle population than the size varied population.
This can be with the more pronounced red highlight of particle occupations
in Figure 18c compared to Figure 18d.
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There are multiple mechanisms that enabled the particles to collect above
the impeller pins. The particles collected at the edges of the grinding
chamber due to it being centrifuged outwards. With agitation smaller par-
ticles have improved flowability compared to larger particles. Thus, when
the impeller pins create available space at the grinding chamber bottom,
pushing particles outwards and upwards, the smaller particles are the first
to occupy it while significant portion of the larger particles are moved up-
wards. The available particles that then occupy the lower spaces in turn
support the larger and smaller particles above the impeller pins. This is
similiar to what Soni and Mishra (2016) observed where smaller particles
would fill available cavities that formed during agitation, further allowing
the larger particles to rise up.

Inspecting the velocity profiles of the particles in Figures 18e and 18f, it
can be seen that the highest particle speed was located near the impeller
pins. Furthermore, the speed was reduced the further away the particles
were from the impeller. The velocity profiles of the mono-sized and size-
varied particles do not differ significantly from one another.

In the mono-sized velocity profile, in Figure 18e, trails of different veloc-
ity speeds can be seen in the top right corner of the image. These trails
were the result of infrequent particles shooting upwards and creating the
relevant profile. This occurrence was inconsistent in timing and occur-
rence.

The degree to which the particles separate does not change substantially
between the mono- and size-varied systems. There does appear to be a
higher degree of particle collection for the mono-sized particle population
as opposed to the size-varied particles at the top end of the particulate
mixture. This can be seen in Figures 18a through to 18d where the mono-
sized colours are more intensive than that of the colours of the size-varied
particles. This discrepancy is not incredibly apparent. This discrepency is
further illustrated and discussed in Section 4.1.5. It is important to note
that there were more particles in the mono-sized system compared to the
size-varied system, which contributed to more accentuated observations
being made. This was due to the Gaussian weight distribution. Other
than the differences in particle occupations, there were no other apparent
differences in the way the particles tended to collect in the system.
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Figure 18: Particle occupation and velocity profiles
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4.1.3.2 Particle motion
The general particle motion for mono-sized and size-varied simulations
were largely the same. In Figure 19 the normalised motion of particles
is depicted. The radial velocity,Vr, which is the speed at which a parti-
cle moves either outwards or inwards relative to the centre of the grinding
chamber, was normalised using Equation 25. Similarly the axial velocity,Vz,
which is the speed at which particles move either upwards or downwards,
was normalised using Equation 26.

Vr,norm =
|Vr|√

V 2
r + V 2

z

(25)

Vz,norm =
|Vz|√

V 2
r + V 2

z

(26)

The normalised time averaged radial and axial velocities were used to
plot the quiver plot. Note that the speeds of the particles are not uniform
throughout, as shown in Figure 18.

The angular rotation speed of the particles, Vθ, was not included in the
following depictions as it would have further reduced the legibility of the
graphs. The normalised radial and axial velocities, coupled with the parti-
cle velocity profiles in Figure 18, gave enough relevant information regard-
ing the general particle motion in a clockwise manner.

In Figures 19a and 19b the particle vector fields of the mono-sized 5 mm
and 8 mm particles are shown. Similarly, in Figures 19d and 19e the parti-
cle vector fields of the size-varied 5 mm and 8 mm particles are shown. In
all the cases illustrated the vectors shown in red depict upwards motion,
while those in blue depict downward motion.

In Figures 19c and 19f the 5 mm and 8 mm vector fields were superim-
posed on each other. The 8 mm particles are depicted in a soft green,
whilst the 5 mm particles are depicted in a dark red.
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Figure 19: Normalised particle vector fields
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As the particles achieved steady state and fluidised it follows a vortex like
motion. This can be seen in Figure 19. The particles tended to move up-
wards and outwards at the edges of the container above the top impeller
pin. Afterwards the particles appeared to cascade downwards to the bot-
tom peripheries, before collecting again to join the initial rise.

Near the peak height, a particle would start to slow down, which resulted
in an accumulation or stagnation of particles above the impeller pins and
bulk of the particulate media. The smaller particles had increased flowabil-
ity, relative to the larger particles; as such they tended to be the dominant
particle accumulating at the top layer. The light mass of the smaller parti-
cles enabled it to receive momentum, or kinetic energy, more easily from
colliding particles near the impeller pins. This energy was then directed
upwards, due to the established particle motion.

The layer may have different implications depending on the particle. The
larger 8 mm particles did not segregate as drastically as the 5 mm parti-
cles, tending to group together just above the impeller pins. This can be
seen in Figure 18c. Perhaps the formation of the smaller particle collection
above the larger particles cushioned or hindered the larger particles from
accumulating or moving upwards, resulting in it gaining the majority of the
intense collisions near the impeller pins.

According to the collective particle motion shown in Figures 19c and 19f,
both the 8 mm and 5 mm particles followed the same general vortex-
like motion. It does appear that there was more turbulent motion, for the
smaller particles, near the bottom of the grinding chamber. This may be
due to the particle motion force carrying the particles to a section where a
large number of particles had already collected. This accumulation could
then force the particles to move elsewhere in a more turbulent fashion.
The smaller particles tended to cover a larger area in the quiver plot than
the larger particles, illustrating their increased flowability.

4.1.3.3 Particle energies and momentum
The kinetic and potential energies of the uniform-sized and size-varied
particles are shown in Figure 20a. The momentum experienced by the
relevant particles is depicted in Figure 20b.
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Figure 20: Total particle energy and momentum in the system at 500 rpm im-
peller rotation speed

It can be seen from Figure 20 that the 8 mm particles have higher kinetic
energy and as well as momentum than the 5 mm particles. This was likely
due to the 8 mm particles being more closely located around the impeller
than that of the 5 mm particles. The spatial occupation of the particles is
indicated in Figure 18.
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Figure 21: Particle velocity distributions

51



In Figure 20a the potential energy of the 8-mm and 5-mm particles in-
tersect. The 8-mm particle have a slight upwards slope with the 5-mm
particles having a slight downwards slope. This is another indication of
the Brazilian nut effect taking place. In this instance the 5-mm particles
started filling available spaces that the impeller pins created, which further
pushed the collective top particles upwards. Thus, the collective potential
energy of the 5-mm particles is reduced while the collective 8-mm particles
potential energy is increased.

Table 7: Estimated particle velocities captured between t = 2.90 s and t = 5.0 s

Velocities (m · s−1) 5 mm 8 mm
MS SV MS SV

Mean 1.4098 1.4171 1.5572 1.5545
Median 1.1714 1.1786 1.2882 1.2889
Mode 1.0350 1.0088 1.0608 1.0113

The estimated velocities indicated in Table 7, show that there was no signif-
icant or appreciable difference between the uniform-sized and size-varied
particles. The estimated velocities in Table 7, as well as the velocity dis-
tribution in Figure 21, indicate that the 8 mm particles have the overall
highest velocity speeds. The higher speeds, coupled with fewer particles
with higher mass than that of the individual 5 mm particles, leads to a
substantial increase in momentum and particle kinetic energies. One can
then deduce that it is possible for the 8 mm particles to shape the particle
motion in the dry system containing only the two sized particles.

It is necessary to approximate the relevance, or significance, of a particle
or a class of particles to a system. The significance of a class of particles
can be evaluated according to different criteria. The relevant class of par-
ticles can be approximated as the particles which dictate the flow and flow
regime of the system, which particles contribute the most to collisions and
energy dissipation of the system, which particles experienced the most in-
teractions and was the most present at any given time, etc. Depending on
the system and criteria, different conclusions can be made.

To further evaluate the relevance of the particles, a summary of their inter-
actions at steady state is shown in Table 8. Inspecting Table 8 it can be
seen that the 5 mm particles experienced the bulk of the collisions. Due to
the 5 mm being present in most of the collisions it in turn dissipated more
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energy, and experienced more normal and tangential forces, than that of
the 8 mm particles.

Table 8: Summation of particle experiences over 2.9 s and 5.0 s

Mono-sized Size-varied
5 mm 8 mm 5 mm 8 mm

Avg Normal Force 3.35 MN 1.47 MN 3.31 MN 1.50 MN
Avg Tangential Force 0.23 MN 0.15 MN 0.25 MN 0.15 MN

Total Energy Loss 2.21 kJ 1.94 kJ 2.22 kJ 1.93 kJ

Total no. of collisions 141.38× 106 62.15× 106 138.86× 106 61.96× 106

Collisions involving 5 mm 55.63 % 80.92 % 54.83 % 81.18 %
Collisions involving 8 mm 35.57 % 17.75 % 36.22 % 17.39 %
Impeller collisions 0.10 % 0.14 % 0.10 % 0.14 %
Environmental collisions (impeller + grinding chamber) 8.70 % 1.33 % 8.94 % 1.43 %

Total ( 5 mm + 8 mm + environmental collisions) 99.99 % 100.00 % 99.99 % 100.00 %

To further evaluate the collisions, the collision and energy loss profiles
are illustrated in Figures 22 and 23. The collision frequency profiles are
proportional to the particle occupation profiles shown in Figure 18. As
seen in Figures 22 and 23, it appears that the majority of the collisions
were facilitated at the top edges of the container. The colour streaks for the
uniform-sized particles indicates that more collisions occurred in the mono-
sized system as the concentrations of high frequency are darker than that
of the size-varied simulation. This is due to there being more particles in
the uniform-size simulation than in the size-varied simulation.

Inspecting the energy loss profile in Figures 22 and 23, it can be seen
that the size-varied simulations facilitated more intense energy loss. Do
note that the energy loss profiles, and force profiles, are proportional to
one another. This is due to both the damping coefficients, Cn and Ct, and
forces, Fn and Ft, being proportional to the spring stiffness coefficients,
kn and kt. Thus, with the particles interacting in a turbulent manner, it
appears that the size-varied simulations facilitated more intense collisions,
and in turn more energy loss. The majority of the energy loss seems to be
concentrated at the peripheries of the grinding chamber near the impeller
pins.
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There was a lack of energy loss or concentration above the impellers. The
absence of energy loss at or near the top particle layer, illustrates that
the region results in lacklustre collision events. Should particle segrega-
tion occur to a less severe degree, it is likely that the segregated particle
layer would be reduced, resulting in the particles partaking in more active
collisions.

The collision effectiveness may be further improved by confining the par-
ticles closer together. This can be achieved through the introduction of a
liquid into the system.
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Figure 22: Time averaged 5 mm particle collisions (Hz) and energy loss data (W)
between t = 4.75 s and t = 5.00 s
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Figure 23: Time averaged 8 mm particle collisions (Hz) and energy loss data (W)
between t = 4.75 s and t = 5.00 s

An attempt was made to define the particle interactions with that of the
impeller. The degree to which the particles interact with the impeller is
proportionate to the force, or resistance to movement, the particles impart
on the impeller. This force is proportionate to the energy loss experienced
by the relevant particulate medium imparted by the impeller. Thus, the
particle interaction can be simplified to a ratio of the particle energy losses
imparted by the impeller. This is shown in Equation 27.

Υ =

∑
|Total impeller energy loss 8 mm|∑
|Total impeller energy loss 5 mm|

(27)
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Figure 24: Particle energy loss ratios relative to the impeller

Table 9: Estimated lognormal and normal distribution values for ratio of the 8 mm
and 5 mm total energy loss relative to the impeller for the uniform and
size-varied particulate systems

Lognormal mean (u) Mean (eu) Lognormal Normal mean Normal variance
mean (u) variance (σ) (u) (σ)

Mono-sized 0.4087 1.5048 0.3730 1.6018 0.5374
Size-varied 0.4165 1.5167 0.3407 1.6053 0.5243

A histogram of the resulting ratios between t = 1.60 s and t = 5.00 s is
shown. A lognormal and normal distribution was fitted for each system.
The resulting values are shown in Table 9.

It can be seen from Figure 24 that a majority of the ratio values are larger
than one. In Table 9 the mean for both systems was estimated to be
around ≈1.50. This means that the larger particle experiences the major-
ity of the intense collisions on the impeller, providing the most resistance
to movement and in turn the more intense interactions.

Thus, given that the larger particles interact meaningfully with the impeller
and have the highest momentum in the system, it is then plausible to say
that the larger particles were, in turn, influencing the flow of the particles
in this system.
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4.1.4 Collisions

4.1.4.1 Force profile
The normal and tangential forces for the mono-sized and size-varied par-
ticle populations are shown in Figures 25 and 26. Inspecting the figures,
it is observed that throughout all instances that the tangential energy loss
was not as significant as the normal energy loss. This can be seen in the
scales of Figure 25, as the normal forces are an order of magnitude larger
than that of the tangential forces. Stirred mills are designed to improve
and emphasise tangential based interactions in order to promote abrasion
based breakages (Jankovic 2008; Francis 2014).

Other articles reviewed report the tangential energy loss to be equivalent
as the (Sinnott et al. 2006; Morrison et al. 2009; Ndimande et al. 2019).
This case, where the normal based energy is the dominant energy loss,
was not fully representative of the system studied for this thesis.
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Figure 25: Time averaged 5 mm collision force data between t = 4.75 s and
t = 5.00 s
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Figure 25: Time averaged 5 mm collision force data between t = 4.75 s and
t = 5.00 s

In the experiment with the 5 mm particles, more intense forces were expe-
rienced at the edges of the container. The tangential forces were concen-
trated at the edges, whilst the normal forces were only slightly more evenly
distributed. Additionally, the top particle layer that formed as shown in Fig-
ure 18a and 18b is not apparent here, further corroborating the statements
that the formation of the top layer resulted in redundant collisions.

The experiment with the 8 mm particles gave forces that are more evenly
distributed, with the tangential force being the weaker of the two forces.
Furthermore, normal force was more evenly distributed throughout the
system than that of the tangential force, indicating that fraction propagation
and cleavage would be the dominant breaking force here.
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Figure 26: Time averaged 8 mm collision force data between t = 4.75 s and
t = 5.00 s

4.1.4.2 Collision spectra
The collision spectra of the size-varied and uniform-sized simulations is
illustrated in Figure 27.
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Figure 27: Collision spectra of the mono-sized and size-varied simulations cap-
tured between t = 2.9 s and t = 5.0 s at 500 rpm

As seen in Figure 27, there are no significant differences between the two
systems. A summary of the collision energy loss and collisions experi-
enced by the particles can be found in Table 10. All evaluated energy
losses are within a percent of one another with the uniform-sized particles
often having the increased energy loss or collisions.

The normal energy loss was an order of magnitude larger than the tan-
gential energy loss. This collision spectra does not follow the trends of
other similar vertical stirred mill systems. Tangential energy loss is nor-
mally more prominent than normal based energy loss for both wet and dry
systems for a stirred mill. Similiar vertical stirred mill grinding simulations
can be found in Ndimande et al. (2019), and Oliveira et al. (2020). In these
systems the tangential energy loss was more prominent than the normal
energy loss. It is likely that the simulation model used does not properly
account, or simulate, the tangential based interactions of the particles.
This results in a reduced tangential force and energy loss.

As seen in Figure 27, even the collision intensities of the size-varied and
uniform-sized particulate systems do not differ drastically. It was expected
that the size varied systems would result in more intense collisions, it
would allow for more turbulent flow of particles, which would result in a var-
ied and increased range of normal and tangential based collisions.
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Table 10: Size-varied simulation energy loss and collision summary between
t = 2.9 s and t = 5.0 s at 500 rpm

Mono-sized particles Size-varied particles
Total energy lost 2962.86 J 2956.61 J
Normal energy lost 2828.89 J 2821.61 J
Tangential energy lost 133.96 J 135.00 J

Number of particles 22812 22604
5 mm particles 18335 18166
8 mm particles 4477 4438

Energy lost to particles 71.43 % 71.67 %
Energy lost to impeller 6.86 % 6.90 %
Energy lost to chamber 0.86 % 0.89 %

The collision modulus of the tangential energy loss was 81.67 nJ, whilst
the normal and total energy loss share the same energy loss modulus of
1.771 µJ. These collision modulus values do not change according to the
mono-sized and size-varied particles.

This could be due to there being insufficient variation of particles in the
system to properly shift the most common collision intensity.

To further investigate the differences of the collision spectra of the mono-
sized and size-varied systems the difference of collisions frequencies,∆Nc,
of specific collision energy losses were plotted. Equation 28 was used
to estimate ∆Nc. In this equation Nc,MS represents the mono-sized col-
lision frequencies and Nc,SV represents the size-varied collision frequen-
cies.

∆Nc = Nc,MS −Nc,SV . (28)

The resulting collision spectra is shown in Figure 28. This collision spectra
indicates that there were significantly increased collisions for the uniform-
sized particles, particularly around the collision modulus.

There is a discontinuity in the energy loss lines of Figure 28. The dis-
continuities are due to the size-varied collision intensities being more nu-
merous than the mono-sized particles at the lower and higher collision
intensities. The resulting collision frequencies are depicted in Figure ?? in
Appendix A.2.
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There are more particles in the mono-sized particle system than that of the
size-varied particle system. Due to the increased particles, the amount of
collision events increased.

The relation between the collision events and particles is shown in Equa-
tion 21.

Thus, the increased number of particles lead to increased collisions, which
could lead to skewed or different collision intensities when evaluated over
longer or different simulation times.
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Figure 28: Collision spectra of the mono-sized and size-varied simulations cap-
tured between t = 2.9 s and t = 5.0 s at 500 rpm

4.1.5 Simulation artifacting

From the evaluated data and graphs of the previous sections, it can be
concluded that the simulations experienced artifacting, among other in-
consistencies.

The difference between the 5 mm particle occupations is illustrated in Fig-
ure 29. An increase in particle occupation is shown in the red regions
of the occupation plot, while lower particle occupations are shown in the
darker blue regions of the plot.
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It is important to note that even though there are more particles in the
mono-sized setup, the overall difference in particle occupation does not
increase evenly. This is due to the particles collecting near the top edges
of the mixture. This can be seen in the red region in Figure 29.

The layer of 5 mm particles forming on top of the mixture is an indication
of simulation artifacting. In reality the agitation of the particles results in
more sporadic movement. Simulation artifacts occur when the physics,
simulation parameters or system interactions are not calibrated correctly
(Barrett and Keat 2004). When this occurs the simulated system tends
to reach a stable state that is note properly conducive of reality. These
simulation artifacts can be mitigated by proper calibration of parameters
and system interactions.
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Figure 29: Difference between the size-varied and mono-sized particle occupa-
tion at steady state

For the collision spectra, the normal energy loss is the most prominent en-
ergy loss as opposed to the tangential energy loss. The tangential energy
loss should be the dominant, or more prominent, energy loss, as stirred
mills are designed to promote tangential based interactions (Jankovic 2008;
Francis 2014). This is likely due to the DEM simulation software used in
this instance, EDEM 2.5, not accounting for a prominent interaction rele-
vant to tangential energy loss.
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Both simulations appear to give similar results overall; however, minor dif-
ferences exist. In the force profiles subsection the size-varied simulation
showed increased force, which can be attributed to the slight increase in
velocity for the size-varied systems shown in Section 4.1.3.3. Thus, the
size-varied simulation leads to more pronounced collisions.

Though the simulations are an approximation of the real world, they can-
not fully approximate every necessary and resulting detail. Thus, it is nec-
essary to know that the phenomena observed in the simulations may be
approximated as trends within the real world.

Moving forward, particle populations with size-deviations should be imple-
mented to avoid accentuated results. Furthermore, the simulation software
will be updated from EDEM 2.5 to EDEM 2022.3 to ensure that the colli-
sion interactions and models are up to date with modern standards.

4.1.6 Subsection summary

In Section 4.1 the tendency of simulation artifacting for a size-segregated
system is investigated. This section serves as an introduction to how data
will be illustrated in the following sections. A concern raised in this section
was the degree to which particles tended to occupy the space above the
bulk media, an indication of simulation artifacting, possibly emphasising
particle segregation. Additionally, the spectra total, tangential and normal
energy losses did not align with established trends. The normal energy
loss was significantly larger than that of the tangential energy loss. The
collision energy loss modal peaks did not drastically change according the
mono-size and size-varied.
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4.2 The influence of impeller speed on a size-segregated
system

4.2.1 Initial setup

In this section the influence of impeller speed on particle collisions and
movement are investigated.

Four impeller speeds were evaluated: 200 rpm, 350 rpm, 500 rpm and
700 rpm. These speeds were evaluated to investigate particle collisions
and interactions when the grinding media was unfluidised, semi-fluidised
and fully fluidised within the system.

Two particle populations were generated within the same environment over
a time period of 2.00 seconds with randomised spawn locations. The
random particle spawn locations allowed for an approximation of a well-
mixed system. An illustration of a well-mixed particulate mixture is shown
in Figure 16a in Section 4.1.1. Additionally, these particles were varied in
size.

A sample of 160 particles was used to estimate the deviation of each par-
ticle population. A sample standard deviation of the population was es-
timated using Equation 29. xi represents a sample of the collected data
while x̄ represents the overall mean of the data points. n represents the
amount of data points.

σ =

√∑n
i (xi − x̄)2

n− 1
. (29)

The sample standard deviation can overestimate the population deviation,
though with a sufficiently large sample the likelihood of this is diminished.
A sample standard deviation of 35.14 µm was calculated for the 8 mm
particles and 69.19 µm was calculated for the 5 mm particles. It was noted
that in this instance there is a greater size variation for the smaller particles
than for the larger particles. The probability density distribution of the 5 mm
and 8 mm particles are shown in Figure 30.

A total of 3.25 kg of both particles were spawned into the simulations. This
was done to ensure that the top impeller pins were covered when loading
the grinding beads. This resulted in a system with 4 848 larger particles
and 19 821 smaller particles.
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Figure 30: Probability density distribution of the particle populations with their
estimated variances

In the simulations, 2.00 seconds was dedicated to particle spawning and
settling. Thereafter 1.00 second was dedicated to impeller acceleration.
The acceleration over 1.00 second allows for a smooth establishment of
steady state and particle dispersion. Different variable speeds were used
in the simulations presented in this section. Different simulation durations
were used to ensure that stability was reached and enough revolutions
were attained for the data to sufficiently represent steady state conditions
in the system.
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Figure 31: Resulting particle mechanical energy
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A total simulation time of 8.50 seconds was allowed for the 200 rpm sim-
ulation, with the remainder of the impeller speeds being defaulted to a
6.50 second duration. This was done to ensure that a minimum of 20 rev-
olutions was obtained for each run.

Figure 31b shows that the change in total mechanical energy decreased
to a stable value after 3.50 seconds. This indicates that steady state has
been established. The total mechanical energy was estimated using Equa-
tion 24. The data illustrated in the following sequences has been captured
or time averaged between t = 3.50 s and t = 6.50 s unless otherwise indi-
cated.

4.2.2 Collision frequency
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Figure 32: Cumulative collisions of the particles

In Figure 32 the cumulative collisions of particles at different impeller speeds
are shown. It can be seen that the the total cumulative collisions of lower
impeller speeds such as 200 rpm and 350 rpm, were higher than the higher
impeller speeds, such as 500 rpm and 700 rpm. This can be seen with
the summated final collision value at t = 6.00 s where the total collisions
of 200 rpm is the most and the summated collisions for 700 rpm is the
least.
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It should be noted that the collision frequency does not follow the trend
illustrated in Equation 21. This is likely due to the simulations experiencing
artifacting. Artifacting is discussed in Section 4.1.5. The mechanisms by
which this is facilitated is that a bulk of the particles collected just above the
impeller pins, avoiding the pins that facilitated collisions. With an increased
impeller speed more particles tended to collect above the impeller pins,
further reducing the amount of collisions.

It should be stated that all simulations have the same starting point. Both
the particle distribution, as well as the particle positions, remain consistent
throughout each run.

4.2.3 Particles

4.2.3.1 Particle spatial distributions and segregation
In Figure 33 the time averaged particle occupation plot of the 5 mm and
8 mm particles are shown. The data is time averaged over t = 3.50 s and
6.50 s.
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Figure 33: Particle occupation at different impeller speeds
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Figure 33: Particle occupation at different impeller speeds

The simulation artifacting mentioned in Section 2.4.2.3 is present again in
Figure 33, as a significant portion of the occupied the space above the bulk
media at the top edges. As the impeller speed is increased, so too does
the degree to which particles collect to the top edges. This results in in-
creased particle segregation, as the particles tend to clump together.

Figure 33 shows the 5 mm and 8 mm particle occupation profiles at differ-
ent impeller speeds. At 200 rpm the 5 mm particles, in Figure 33a, were
predominantly located below the bottom impeller arm whilst the 8 mm par-
ticles, in Figure 33b, were located above the top impeller arm. With im-
peller speeds of 500 rpm and 700 rpm, seen in Figures 33c through to
33h , a collection of smaller particles tended to form a layer on top of the
larger particles. At higher impeller speeds it appears that the majority of
the 8 mm particles tended to collect above the impeller pins.

It is likely that the particles were experiencing the Brazilian nut effect, de-
scribed in Section 2.7.3. This effect happens when the larger particles
tend to rise to the top of a particulate media through mechanical agitation
at low speeds. At higher speeds of mechanical agitation the smaller parti-
cles tend to rise to the top of the particulate media. The Brazilian nut effect
can in turn increase particle segregation.
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Figure 33: Particle occupation at different impeller speeds (continued)

Inspecting the final particle height distribution it can be seen that particle
segregation increases with impeller speed. This is characterised by the
increasing the 5 mm particle layer forming above the 8 mm particles at the
end.

It is possible to inspect both the radial or axial motions of the particles.
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Of these mechanisms radial dispersion is rapid while axial dispersion is
time consuming (Sudah 2001; Arratia et al. 2006). For the purposes of
this thesis, these mechanisms was evaluated using the change in particle
concentrations inside a grid (Arratia et al. 2006). This grid is similar to the
boxing method shown in Section 2.4.2.3.

It is possible to compute the degree of particle segregation using the sam-
ple standard deviation. The concentration deviation of particles was quan-
tified using the box counting method and sample standard deviation shown
in Equation 29 (Arratia et al. 2006). The particle concentrations, and de-
viation, in each grid cell is calculated.

å Both particles were taken into account when estimating the deviation, σ,
as this leads to a more pronounced degree of segregation. A Cartesian
grid was selected to be 14×14×12 with the grid cubes having a length of
19.84 mm.

Arratia et al. (2006) illustrates that particle segregating can be described
by using the first-order formula in Equation 30. A indicates the severity of
particles segregation, increasing as particle separation increases. Whilst
β indicates the rate of segregation experienced by the system, increasing
as the speed of particle segregation increases. nrev is the amount of revo-
lutions experienced. The symbol e is the natural exponent, also known as
Euler’s number or Napier’s constant whose value is 2.71828.

σ = A(1− e−nrevβ) (30)

Values for A and β were fitted according to the different impeller speeds.
The resulting values can be found in Table 11. The data used to fit and ob-
tain the values is shown in Figure 34. In Appendix A.1 the degree of segre-
gation for the 5 mm and 8 mm particles can found in Figures A1a and A1c,
while the degree of mixing for the particles can be found in Figures A1b
and A1d.
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Table 11: Fitted segregation values

Speed Asymptotic segregation
limit (A)

Rate of segregation
(β)

All 200 rpm 746.91 1.624
350 rpm 1982.55 0.888
500 rpm 2745.83 0.768
700 rpm 3282.63 0.674

5 mm 200 rpm 482.52 2.018
350 rpm 1518.81 0.891
500 rpm 2068.39 0.833
700 rpm 2458.27 0.755

8 mm 200 rpm 269.08 0.874
350 rpm 463.96 0.875
500 rpm 679.36 0.591
700 rpm 825.17 0.511

An increase in impeller speed results in an increase the overall degree of
particle segregation and a decrease in the rate of particle separation. This
can be seen in the increase of the asymptotic segregation limit (A) and
the decrease of the rate of segregation (β) accounting for all the particles
when estimating σ. This is likely due to the particles fluidising or centrifug-
ing outwards with the increased impeller speeds. At lower speeds more
particles experience greater interaction with the impeller pins, as the par-
ticles were not dispersed either upwards or downwards to the collective of
particles, as seen in Figures 33e and 33g.

With the increase in impeller pin interaction at lower speeds, the particles
were able to disperse and mix more efficiently. With increased speeds
particles tend to fluidise or centrifuge towards the outer edges of the con-
tainer with the end result being a significant portion of particles occupying
the space. The increase in impeller speeds allows less particles to interact
with the impeller pins, thus it tends to collect either upwards or downwards
with the rest of the particulate mixture. This in turn leads to increased
particle separation.
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Figure 34: Segregation curves including both the small and large particles at dif-
ferent impeller agitation speeds

4.2.3.2 Particle motion

The quiver plots of the 5 mm and 8 mm at different impeller speeds are
illustrated in Figure 35. The method by which the particle quiver plots are
estimated is discussed in Section 4.1.3.2.

It should be noted that during acceleration, or activation of an agitator,
that the particles’ would likely imitate all the similar motions illustrated in
Figure 35. Furthermore, the collective particle motion indicated here is
the normalised vector fields of all the particles motions that have been
collected at a specific point in space from t = 3.5 s and t = 6.5 s.
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Inspecting the velocity profiles of the particles at 200 rpm, depicted in Fig-
ures 36a and 36b, it can be seen that their velocity deviations are less
intense compared to the faster impeller speeds. This can be seen with the
large and consistent coverage of the warm colours in the figures. This is
due to the low impeller speed and is characterised by the distribution of
the maximum velocity profile around the impeller pins. There were few dif-
ferences between the velocity and motion profiles of the 5 mm and 8 mm
particles at 200 rpm. Inspecting the particle motion of the 200 rpm im-
peller speed depicted in Figure 35, it can be seen that there is minor differ-
ence between the motion of the 5 mm and 8 mm particles. The particles
were pushed upwards from the impeller pins to chamber edges. At the
edges, the particles then proceed downwards. As smaller particles have
increased flowability, it may be that the 5 mm particles could have satu-
rated the available routes or motions for the 8 mm particles to travel down-
wards, resulting in the Brazilian nut effect where the larger particles tended
to occupy the top of the bulk media. This is depicted in Figure 33b.

A vortex-like flow pattern starts to develop at 350 rpm and increases in
height as impeller speed is increased. Here the particles were agitated
and pushed upwards by the lower impeller pins, where it gets pushed to
the edges of the container. At this point a particle can either flow upwards
or downwards, where it then gets recycled back into the motion over an
extended time frame. It is possible for the particle to collect at either the top
or bottom of the particulate mixture, owing to the reduced velocity values
there. The reduced velocity values can be seen above and below the
impeller pins with the cold blue colours in Figures 37a through to 37f.
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Figure 35: Particles motion at different impeller speeds
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Figure 35: Particles motion at different impeller speeds (continued)

Impeller speed 5 mm particles 8 mm particles Combined particle motion
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A more sporadic illustration of the particle flow pattern is established be-
tween 350 rpm and 700 rpm impeller speeds. It should be noted that the
particle voidage at the centre of the impeller tends to increase with the
impeller speed. This can be seen in the particle occupation and velocity
profiles in Figures 33 and 36. The increase in the empty space is due to
the particles that were fluidised, or centrifuged, outwards.

Furthermore, when inspecting the velocity profiles of the particles, it can
be seen that the 8 mm particles tend to have a slightly increased velocity
near the impeller pins. This is shown with the hot colours dominating the
location near the impeller pins in the colour maps. This is likely due to a
larger percentage of the 8 mm particles occupying the above region near
the impeller pins. This is depicted in Figures 33f and 33h.
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Figure 36: Particle velocity profiles at different impeller speeds
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Figure 37: Particle velocity profiles at different impeller speeds
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Figure 37: Particle velocity profiles at different impeller speeds (continued)

4.2.3.3 Particle significance
In this section the particle dominances at different impeller speeds are
evaluated, using the particle energy loss ratio, Υ, of Equation 27 in Sec-
tion 4.1.3.3. The data used to evaluate the ratio is collected between
t = 3.50 s and t = 6.50 s when steady state is established.

The ratio of particle energy loss relative to the impeller remains in favour
of the 8 mm particles. The 8 mm particle population, or rather a signif-
icant portion of 8 mm particles occupies the region above the impeller
pins.

This can be seen in Figure 33. This smaller population of 8 mm particles,
coupled with the weight each particle has, allows for it to bear the brunt of
the force of the impeller collisions. This in turn results in increased kinetic
energy and momentum in an evenly weight distributed system. Increasing
the impeller speed increases the mean of the ratio Υ, this can be seen
in Figure 33. Thus, increasing the impeller speed increases the kinetic
energy and momentum of the larger particle.

The particles tend to have the same motion and velocity profiles. This
is shown in Figure 35 and in Figure 36. There are fewer 8 mm particles
than 5 mm. This is due to 8 mm particles being equivalent to four 5 mm
particles, based on mass. This can be seen in Equation 31.
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Figure 38: Particle energy loss ratios relative to the impeller

ratio 8 to 5 =
mass 8 mm particle

mass 5 mm particle
=

1
6
πd3p,8ρm

1
6
πd3p,5ρm

=
d3p,8
d3p,5

=
83

53
= 4.096 (31)

The 8 mm particles had more momentum and kinetic energy than that of
the 5 mm particles. Thus, any deviations that a singular or multitude of
8 mm particles would have on the movement of the collective bulk media
of the system, would be more significant than the 5 mm particles in a two
particle size-mixed system. Thus, the larger particles in the context of an
even weight distributed system, would have a more significant impact on
the movement of the bulk media.
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Table 12: Estimated normal distribution values for ratio of the 8 mm and 5 mm
total energy loss relative to the impeller

Normal mean (u) Normal variance (σ)
200 rpm 1.150 0.158
350 rpm 1.504 0.151
500 rpm 1.302 0.138
700 rpm 1.509 0.133

4.2.4 Collision spectra

The collision spectra of the final revolution for the different impeller speeds
are shown in Figure A3 in Appendix A.3. With an increase in impeller
speed, both the range and intensity of collisions is increased. This can be
seen in Table 13 where the 5th and 95th collision energy loss percentiles
increase with the impeller speed.

Table 13: Range of collision intensities at various impeller speeds

Impeller speed Average total collision
intensity

5th percentile collision
intensity

95th percentile collision
intensity

200 rpm 1.35 µJ 5.05 nJ 2.53 µJ
350 rpm 5.77 µJ 9.43 nJ 11.69 µJ
500 rpm 13.11 µJ 12.73 nJ 27.96 µJ
700 rpm 25.67 µJ 10.16 nJ 55.40 µJ

In contrast to the collision spectra shown Section 4.1.4.2 in Figure 27,
the tangential energy loss of the collision spectra in Figure A3 is more
significant to the overall total energy loss. This is indicated by the total
collision energy loss curve resembling the tangential energy loss curve at
higher collision intensities. Collision spectra’s are in line with Ndimande
et al. (2019), and Oliveira et al. (2020), with tangential energy loss being
more significant.

The reason for the discrepency of the tangential and total energy is due to
using an updated EDEM simulation software. It is likely that the software
takes into account a more nuanced, or prominent, shear based interac-
tions that was not present in the previous version.
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In Figure 39 the modal peak of different collision spectrums is depicted.
The total collisions, shown in Figure 39a, depicts the modal peak involving
all collisions ie particle-particle and environmental based collisions. The
modal peaks, shown in Figure 39b, depicts the overall modal peaks col-
lisions involving particle-particle collisions. The particle-particle collisions
consisted of the small-small particle collisions, small-large particle colli-
sions and large-large particle collisions. The individual aforementioned
particle collisions are shown in Figure 39c - 39e.

The particle-environmental collisions, shown in Figure 39f, depicts the
modal peak of collisions involving particles with the impeller and grinding
chamber of the system.
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Figure 39: Modal peaks of collision data of (a) total collisions, (b) total particle
collisions, (c) small-small particle collisions, (d) small-large particle
collisions, (e) large-large particle collisions and (f) environmental col-
lisions (impeller + grinding chamber collisions)
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Figure 39: Modal peaks of collision data of (a) total collisions, (b) total particle
collisions, (c) small-small particle collisions, (d) small-large particle
collisions, (e) large-large particle collisions and (f) environmental col-
lisions (impeller + grinding chamber collisions)(continued)

The total collisions modal peaks, shown in Figure 39a, were largely de-
pendent on the total particle collisions modal peaks, shown in Figure 39b,
which in turn is largely influenced by the small-small particle collisions, de-
picted in Figure 39c. This is due to the modal peaks being dependent on
the frequencies of the collision intensities. Thus, with the smaller particles
being more numerous, they have a larger influence on the total collision
energy loss.

The collision modulus for small-small particle collisions increased with ro-
tational speed of the impeller from 200 rpm to 500 rpm. Further increase in
rotational speed from 500 rpm to 700 rpm resulted in in a decrease of the
collision modulus. For the small-large and large-large particle collisions
the peak modulus can be seen in at 350 rpm. This decline of the colli-
sion modulus at higher impeller speeds indicates that excessive impeller
speeds hinder the overall collision modulus. For effective breakage rates
a substantive collision modulus is required.

For the particle-particle collisions, depicted in Figure 39b, the maximum
collision modulus is estimated at 350 rpm whilst the maximum tangential
and normal energy loss is estimated at 500 rpm. The difference between
the collision intensities at 350 rpm and 500 rpm is not substantial. The
increased collision intensity at 350 rpm can be attributed to small-large
particle collisions. The collision intensity peak at 500 rpm can be attributed
to the small-small particle collisions.

83



The large-large particle collisions were more intense than that of the smaller
particles, thus their influence is at the higher end of the collision intensity
spectrum. Thus, at the lower 350 rpm impeller speed, the large-large and
small-large particle collisions were favoured, which can benefit the break-
ing of larger particles. At 500 rpm the small-small particle collisions were
favoured which can be used to ground existing viable materials into a finer
standard. At the highest impeller speed of 700 rpm, the collision moduli
are reduced.

For the environmental collisions, the collision moduli increases as the im-
peller speed is increased. The collision moduli tended to stagnate be-
tween 500 rpm and 700 rpm. The environmental collisions are dictated
by tangential collisions. This indicates that the impeller experiences in-
creased drag as the speed is increased, resulting in increased equipment
wear.

Increasing the impeller speed further reduced the collision frequency and
also increased the particle separation. The reduced frequency is dis-
cussed in Section 4.2.2 and the increased particle separation is discussed
at the end of Section 4.2.3.1. Excessive impeller speed, such as the
700 rpm speed, resulted in a reduction of particle-particle collision moduli.
It is likely that the particles started to centrifuge outwards and upwards,
avoiding impeller collisions which would reduce the intensity of collisions.
The reduction of collision moduli can be seen in Figure 39. This indi-
cates that excessive impeller speeds will not benefit consistent and effec-
tive breakage events. Thus, 350 rpm was considered the optimal grinding
impeller speed, as it had suitable tangential and normal based collision
modulii with better particle mixing.

The addition of a fluid into the simulation would have improved fine grinding
performance of the mill, specifically the improvement of tangential based
interactions(Gudin et al. 2006; Kotake et al. 2011). The addition of a
fluid would further dampen compressive based interactions. The addition
of a fluid would likely have upset the simulation artifacting by carrying,
or moving, the additional particles above the impeller pins around in the
chamber. With additional particles moving through the system, instead of
collecting atop the particulate media, the amount of collisions, and in turn
substantive collisions, forces would be increased.

Additional information and data of the collision modulii at different impeller
speeds can be found in Appendix A.4.
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4.2.4.1 Collision spectra - increased impeller speed
The reduction in modal collision intensities, observed at 700 rpm, was fur-
ther investigated. Two additional simulations were performed with impeller
speeds of 800 rpm and 900 rpm. The modal collision intensity for the final
0.50 seconds of each simulation is shown in Figure 40.

Increasing the impeller speed past 700 rpm did not result in any significant
increase or decrease of the collision modulii. Any speed past 700 rpm
resulted in most of the particle-particle collision moduli plateauing. For
the impeller speeds of 700 rpm, 800 rpm and 900 rpm slight negligible
decrease or increase of the moduli may be observed.

200 350 500 700 800 900
RPM

10-9

10-8

10-7

10-6

10-5
Total collisions

(a)

200 350 500 700 800 900
RPM

10-9

10-8

10-7

10-6

10-5
Particle collisions

Normal Energy Loss
Tangential Energy Loss
Total Energy Loss

(b)

200 350 500 700 800 900
RPM

10-9

10-8

10-7

10-6

10-5
Small-small particle collisions

(c)

200 350 500 700 800 900
RPM

10-9

10-8

10-7

10-6

10-5
Small-large particle collisions

(d)

Figure 40: Modal peaks of collision with increased impeller speeds for (a) total
collisions, (b) total particle collisions, (c) small-small particle collisions,
(d) small-large particle collisions, (e) large-large particle collisions and
(f) environmental collisions (impeller + grinding chamber collisions)
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Overall the 800 rpm impeller did result in a slight increase in collision mod-
uli at the elevated impeller speed, compared to 700 rpm. Furthermore,
the 900 rpm impeller speed did result in the overall lowest collision moduli
at the elevated impeller speeds. This general trend can be observed in
Figures 40a through 40f.

It is likely that a significant portion of the particles are centrifuging outwards
and upwards, avoiding the impeller pins. With a significant portion of the
particles avoiding direct collisions with the impeller pins, less collision en-
ergy was transferred from the impeller pins to the particles, reducing the
collision intensities.
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Figure 40: Modal peaks of collision with increased impeller speeds for (a) to-
tal collisions, (b) total particle collisions, (c) small-small particle col-
lisions, (d) small-large particle collisions, (e) large-large particle col-
lisions and (f) environmental collisions (impeller + grinding chamber
collisions)(continued)

Increasing the impeller agitation speed further increased particle collision
intensity ranges, as well as the power draw of the impeller. The power
draw and effective breakage rate of a vertical stirred mill would need to be
balanced for effective operation.
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4.2.5 Power consumption

In this section the total torque experienced by the impeller, τ , is used with
the angular speed, ω, to estimate the power draw. The power estimation
is shown in Equation 32.

P = (
∑

τimpeller) · ω (32)

The power consumption values of the different impeller speeds were spo-
radic. This can be seen in Figure 41 where the power oscillates between
different extreme values. This is due to the power being estimated by the
simulated torque of the impeller.

The torque of the impeller varied from moment to moment. At any given
point the torque was influenced by the amount of particles in contact with
the impellers pins as well as the resistance to movement the collective par-
ticulate media provided at any given point. This resulted in different torque
values being estimated at any given moment, as the amount of particles
in contact with the impeller, and in turn resistance, would be significantly
different (Faramarzi et al. 2020).

In order to mitigate the inconsistencies, a smoothed power draw was used
to estimate power consumption. The energy consumed was estimated us-
ing Equation 33. The energy consumed was estimated between t = 3.50 s
and t = 6.50 s.

ξ =

∫ tf

ti

P dt. (33)

The smoothing and filtering of the power is discussed in greater detail in
Appendix A.5. The resulting power values are shown is in Table 14.
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Figure 41: Graphs of power values used to estimate energy consumption in Ta-
ble 14

In Table 14 it can be seen that increasing the impeller speed increases
the total power draw. The most substantial gains in energy consumed
was seen between the impeller speeds 500 rpm and 700 rpm as well as
200 rpm and 350 rpm. The estimated log mean power increased with
impeller speed. This can be seen in Table 14.
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Table 14: Estimated power values for various impeller speeds for a 6.50 kg sys-
tems with a 50-50 weight distribution of 8- and 5-mm particles

Lognormal mean
power (eu)(W)

Energy consumed
(J)

Difference of mean
power draw from
previous impeller
speed (W)

Estimated energy
uncertainty (J)

200 rpm 80.76 268.53 – ± 3.28
350 rpm 257.26 1024.29 176.50 ± 34.83
500 rpm 452.94 1516.79 195.68 ± 127.90
700 rpm 991.68 3047.42 538.74 ± 186.05

The substantive power draw of 700 rpm coupled with the reduced colli-
sion moduli, shown in Figure 39, reduces the inclination towards it being
a reasonable or viable operating speed. It has a larger range of collisions,
compared to the others, which should enable it to break tougher materi-
als requiring more intense collisions. The range of collision intensities is
shown in Table 13. The lower 200 rpm impeller speed resulted in a re-
duced range of collisions which may not be able to sufficiently break down
potential materials. Its reduced range of collisions made it a less viable
impeller speed, as it may not be able to viably facilitate breakage of a re-
quired material.

The impeller speeds of 350 rpm and 500 rpm have shown the best collision
moduli. Each speed has its benefits, maximising either the small-small
particle collisions for the 500 rpm speed, or the small-large and large-
large particle collisions for the 350 rpm speed. The impeller speeds have
increased collision ranges that should allow for improved breakages of
tougher or coarser materials. The disparity, or increase, of energy con-
sumed between the 350 rpm and 500 rpm impeller speeds is not as se-
vere as the disparity between other impeller speeds. Increasing the im-
peller speed from 350 rpm to 500 rpm increased the energy consumed by
≈50 %. Increasing the impeller speed from 200 rpm to 350 rpm increased
the energy consumed by ≈380 % percent. When increasing the impeller
speed from 500 rpm to 700 rpm the energy consumed was increased by
approximately 100 %. The non-linear nature of the power scaling can be
attributed to the non-leaner nature and estimation of torque.
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The collision energy proportions and distribution between t = 4.5 s and
t = 6.5 s is illustrated in Figure 42. The proportions of the collision energy
which is dedicated to large, small or environmental collisions is presented.
The collision subjects are normalised to the respective total energy loss
in the system. This is done using Equation 34. The total energy loss of
collisions were normalised according to the maximum total energy loss of
700 rpm.

ϵprop,TOT =

∑tend

tbegin
ei,TOT∑tend

tbegin
eALL,TOT

× 100 % (34)

Figure 42: Accumulated power distribution between t = 4.5 s and t = 6.5 s. The
total energy loss is normalised to the maximum energy loss whilst the
rest of the energy loss subjects are normalised to their respective total
energy loss
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The specific percentage and numeric values depicted in the Figure 42 are
available in Table 15. Additional data is further shown in Appendix A.6.

For the particle-particle collision energy loss, the disparity between 100 %
and the depicted bar indicates the collisions between the particles and the
environment. For the large and small particle energy loss, the disparity is
due to the exclusion of collisions involving the other sized particle. The
energy dissipation parameter shows what proportion of collisions result in
energy loss. The higher the dissipation value, the higher the energy loss
through collisions.

Table 15: Energy percentage breakdown of different impeller speeds, relevant to
Figure 42

200 rpm 350 rpm 500 rpm 700 rpm

Total energy loss 384.10 J 1139.94 J 2174.78 J 3895.09 J
Particle collisions 36.47 % 42.84 % 42.88 % 42.47 %
Environmental collisions (impeller + chamber) 55.73 % 57.16 % 57.13 % 57.54 %
Environmental collisions (impeller) 50.02 % 50.01 % 50.02 % 50.01 %

Large particles (environment + small) 52.84 % 59.83 % 55.82 % 58.27 %
Small particles (environment + large) 65.98 % 60.03 % 63.17 % 60.92 %
Large-large particle 5.77 % 8.08 % 6.88 % 7.09 %
Small-small particle 19.69 % 14.89 % 16.79 % 16.07 %
Small-large particle 18.82 % 19.87 % 19.21 % 19.32 %

Normal energy loss 251.02 J 769.31 J 1505.07 J 2743.62 J
Particle collisions 24.36 % 26.78 % 24.93 % 29.64 %
Environmental collisions (impeller + chamber) 75.64 % 73.09 % 62.60 % 70.36 %
Environmental collisions (impeller) 74.90 % 72.25 % 61.63 % 69.02 %

Large-large particle 3.27 % 4.99 % 4.08 % 4.98 %
Small-small particle 10.55 % 9.30 % 11.23 % 13.46 %
Small-large particle 10.55 % 12.50 % 9.62 % 11.19 %

Tangential energy loss 122.90 J 349.96 J 640.74 J 1122.08 J
Particle collisions 75.92 % 70.06 % 66.02 % 66.08 %
Environmental collisions (impeller + chamber) 23.65 % 29.94 % 29.83 % 33.92 %
Environmental collisions (impeller) 9.14 % 10.24 % 10.24 % 12.51 %

Large-large particle 9.49 % 13.33 % 10.43 % 10.95 %
Small-small particle 34.06 % 24.31 % 26.04 % 24.97 %
Small-large particle 32.12 % 32.49 % 29.55 % 30.16 %

Increasing the impeller speed increases the total collision energy loss in
the system. This is shown in Figure 42, where the total energy loss bar in-
creases with the impeller speed. As the total energy loss bar increases, so
too does the normal and tangential energy loss. The total normal energy
loss was larger than the tangential energy loss.
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This can be seen as the blue proportion of the total energy loss bars in
Figure 42 is less than the red portion, which illustrates the normal energy
loss. This can also be seen in Table 15.

A large contributor to the direct collisions that promote the normal energy
loss, is the collisions between the impeller and the particles. This can be
seen in Table 15 under normal energy loss impeller collisions where the
impeller collisions attribute to approximately 70 % of the energy of nor-
mal collisions. The direct impeller collisions, summated with the particle-
particle collisions, results in a normal energy that is more than the tangen-
tial energy loss, which is largely promoted by particle-particle collisions.
This can be seen in Table 15 under tangential energy loss where the par-
ticles account for approximately 70 % of the tangential energy loss.

The largest collision energy dissipation source for the particle collisions is
the small-large particle collisions. This can be seen in Table 15 where it
is ≈19 % of the total energy loss. This is then followed by the small-small
particle collisions with ≈16 %. Finally the larger-larger particle collisions
only account for ≈7 % of the total energy loss.

The smaller particles are responsible for the majority of the collision energy
dissipation. This can be seen in Figure 42 where the energy dissipation of
the smaller particles is larger than that of the larger particles. This can be
seen in Table 15. This can be attributed to the cushioning effect being pro-
moted, with each subsequent collision dissipating the remaining energy
that can be used for effective breakages. Energy is lost with each particle
collisions. The simulation parameter responsible for particle-particle en-
ergy loss is the coefficient of restitution discussed in Section 2.4.2.1.

Though the larger particles have higher kinetic and collision modulii, it dis-
sipates less energy than the smaller particles. This is due to there be-
ing fewer larger particles, resulting in reduced collisions compared to the
smaller particle.

The impeller promotes direct collisions. This can be seen in Table 16,
where a majority of its experienced collision energies is normal based.
The grinding chamber experiences drag with its mostly tangential energy
loss. This can be seen in Table 16.

It is important to note the change the addition of fluid would do to simulated
system. A prominent aspect the fluid would change is the total power draw
of the system, as it would further increase the torque required to move
the system. Additionally, the liquid for further reduce the impact of direct
collision, further reducing the prominence of normal based collisions.
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The addition of liquid would likely promote more tangential based forces
and interactions in the simulation, further promoting fine grinding.

Table 16: Additional data that breaks down the proportions of the impeller speed
tests

Subject 200 rpm 350 rpm 500 rpm 700 rpm
(%) (%) (%) (%)

Proportion energy dissipation
Total energy loss 49.98 49.97 49.95 49.97
Particle-particle energy loss (does not include impeller collisions) 99.99 99.99 99.99 99.99
Large particle energy loss (environment + large particle collisions) 66.36 50.44 49.96 48.92
Small particle energy loss (environment + small particle collisions) 75.67 66.20 65.44 67.05

Proportions of total energy lossa

Tangential energy loss 32.87 31.27 29.85 29.03
Normal energy loss 67.13 68.73 70.15 70.97

Proportions of particle-particle collisions energy lossa

Tangential energy loss 60.40 54.34 53.00 47.69
Normal energy loss 39.60 46.64 47.00 52.31

Particle total energy collision proportionsb

Large-large particle collisions 13.02 18.86 16.06 16.70
Small-small particle collisions 44.47 34.77 39.15 37.83
Large-small particle collisions 42.50 46.37 44.79 45.49

Particle normal energy collision proportionsb

Large-large particle collisions 13.44 18.63 16.37 16.81
Small-small particle collisions 43.30 34.71 45.03 45.41
Large-small particle collisions 43.28 46.66 38.60 37.77

Particle tangential energy collision proportionsb

Large-large particle collisions 12.82 19.01 15.61 16.57
Small-small particle collisions 44.87 34.67 39.45 37.79
Large-small particle collisions 42.30 46.33 44.76 45.64

Environmental energy collision proportionsa

Tangential energy loss (impeller) 5.64 6.05 6.77 6.90
Normal energy loss (impeller) 94.36 93.95 93.23 93.10

Tangential energy loss (grinding chamber) 90.65 90.24 89.48 86.71
Normal energy loss (grinding chamber) 9.35 9.76 10.52 13.29

Tangential energy loss (grinding chamber + impeller) 13.27 15.69 16.87 16.47
Normal energy loss (grinding chamber + impeller) 86.73 84.31 83.13 83.53

TEproportion,i =

∑
TEi∑

TEi +
∑

NEi

(35)

ϵi,j =

∑n
i ei,j∑n

i eparticles,j
× 100 % (36)

aThis is estimated using Equation 35 and the data from Table A14.
bThis is estimated using Equation 36 and the data from Table A14. Where i references

the subject and j the collision type.
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4.2.6 Particle and collision profile variations according to equipment
height

Figure 43: Height distribution of mill relative to the impeller

The force and energy loss profiles were evaluated according to the sec-
tions illustrated in Figure 43. These sections were selected to define
the forces and interactions in regions of interest in the grinding chamber.
These regions included the bottom region, where particles tended to oc-
cupy the grinding chamber floor. The top and bottom pins were defined
as relevant areas so that their performance against one another could be
compared.
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A top region was defined with a height range of 85.75 mm to 230 mm.
This region was selected to account for the particle layers that formed
above the pins with the occupation plot shown in Figure 33 at 700 rpm.
This top region was subsequently divided in half as not all particles tended
to collect at the top point at lower impeller speeds.

Points of interest, along the radius of the regions, were defined to evaluate
the forces. The collision data was collected between time t = 6.20 s and
t = 6.50 s. The particle data was collected between t = 3.50 s and t = 6.50 s.
These results can be seen in Figure 44 and 49.

Boxplots were used to illustrate the distribution of the energy and force of
collisions in the regions of interest. It should be noted that the boxplots do
not fully describe their distributions. The 10th and 90th percentiles of the
relevant data were approximated as the maximum and minimum limits of
the boxplots. The reason for this approximation is further elaborated on in
Appendix B.1. Furthermore, the box edges then represents the 25th and
75th percentiles of the data, while the middle line represents the median
value of the collisions.

4.2.6.1 Collision variations
The plots shown in Figure 44 through to Figure 49 illustrate the total en-
ergy losses as well as the normal and tangential force profiles of the col-
lisions for each rotational speed. The radius is divided into eight different
segments, similar to Sinnott et al. (2006). For the purposes of simplifica-
tion, the final radius, r7 = 12.21 cm, can be approximated as the grinding
chamber wall along with the end of the impeller pin. The force profiles are
proportional to the energy loss profiles. Logarithmic scales were used to
illustrate the non-linear trends of the collision values.

Assorted colour schemes were used to group the impeller speeds. Blue-
orange was used to indicate 200 rpm. Yellow-grey was used to indicate
350 rpm. Red and green was used to indicate 500 rpm. Brown-peach was
used to indicate 700 pm. Different colours for the box edges were used to
distinguish both the scale and variations of the box plots.

The second and first top regions force profiles and total energy loss is
depicted in the figures in Figures 44 and 45. The collision distribution
of 200 rpm is not present in the second top half region. This is due to
its low impeller speed not enabling the particles to reach the second top
half region. The magnitude and range of the boxplots suggests a chaotic
motion in all cases.
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Figure 44: Energy loss and force radial distributions for second top region between t = 6.20 s and t = 6.50 s
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Figure 45: Energy loss and force radial distributions for first top region between t = 6.20 s and t = 6.50 s
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For the second top region, the 500 rpm impeller speed resulted in the
most collisions, and in turn most particles, present there. This is more
than the 700 rpm impeller speed, where the particles and collisions tended
to spread more vertically than radially at the height section. Thus, the
700 rpm collisions have less radial coverage.

The total energy loss profiles of the second top region, show in the column
in Figure 44, the energy loss distribution decreases along the radius for the
500 rpm and 700 rpm impeller speeds. For the 500 rpm impeller speed the
a slight increases in energy loss can be seen. The overall range of values
for the 350 rpm speed is incredibly low, between 10−8 and 10−6. Thus,
any slight variations to the low value collisions may seem larger. For the
500 rpm and 700 rpm impeller speeds nn increase in the total energy loss
profiles is seen near the end of the radii at r7 = 12.21 cm. This where the
particles interact with the grinding chamber walls, promoting shear based
breakages. The increase in total collision energy is due to the interaction
with the grinding chamber walls.

The normal and tangential force profiles for the second top regions are
shown in the second and third columns in Figure 44. The tangential forces
have the same shape and trends as the normal forces; however, the tan-
gential forces have reduced force values compared to the normal forces.
The force profiles tended to decrease along the radius, only increasing at
the end owing to the grinding chamber wall interactions. The 500 rpm had
the largest range of collisions at the second top region. The 700 rpm pro-
file indicated less intense collisions compared to the 500 rpm profile. The
increased force profile range,for the 500 rpm, is owed to the radially dis-
tributed particles and the turbulent conditions that facilitated the collisions
compared to the 700 rpm. For the 700 rpm, a significant portion of parti-
cles occupied the space above the bulk media, this is shown in Figure 33g.
The significant portion of particles allowed for a cushioning effect to occur,
dissipating energy and dampening the normal and tangential based inter-
actions.

For the first top region the total energy loss is shown in the second column
of Figure 45, with the normal and tangential forces being shown in the third
and fourth columns. The force and total energy loss profile of the first top
region follows the same trends as the second top region, as discussed
in the paragraphs above. The only significant difference is that the first
top region increased force and energy loss values when compared to the
second top region.
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For the 500 rpm profile, in both the first and second top region, there is
an increase for the normal force at r3 = 5.69 cm. This height region, be-
tween 8.58 cm and 15.79 cm, and the radius region, between 4.00 cm and
6.00 cm, coincides with where the particles motions change from moving
inwards to outwards. This is shown in Figure 46 by means of a quiver plot.
The increased values coincides with the beginning of the inflection line,
shown in green in the figure, with the change in downward motion moving
from inward to outward.
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Figure 46: Illustration of particle motion changing from inwards to outwards

At this inflection line, particles above and below the line are moving in-
ward and downward. The particles moving downward are likely to cause
compressive and turbulent interactions.

The top pin total energy loss is shown in the second column of Figure 47.
For 200 rpm the median total energy loss falls before rising. For the
350 rpm through to 700 rpm the energy loss distribution starts high before
falling, only rising near the end due to the impeller pin end interactions and
the grinding chamber wall. The 200 rpm energy ranges is consistent, indi-
cating little turbulence. The 700 rpm energy ranges is far wider, indicating
more turbulent and intensive collisions.

99



Both the 350 rpm and 500 rpm total energy loss follow a similiar pattern.
The 350 rpm has a higher average median value than the 500 rpm, how-
ever, the 500 rpm has a wider range of collisions. The 350 rpm impeller
speed presents a more consistent rate of energy loss.

The tangential and normal force profiles are shown in the third and fourth
columns of Figure 47. Overall the normal forces have increased values
compared to the tangential forces. For the 200 rpm impeller speed the
force profiles follow a similiar trend as the energy loss profiles, falling be-
fore r3 = 5.69 cm and rising afterwards. Similarly the 350 rpm force follows
the same trend as the energy loss profile. A decrease in force values is
seen along the radii before a rise at end. For 500 rpm the normal force pro-
file follows sinusoidal pattern, rising at the initial radii values before falling
and rising at the end of the radii values. The tangential force for 500 rpm
follows a similiar pattern to the energy loss profile. For 700 rpm the normal
and tangential force profiles followed a similiar shape dissimilar to the total
energy loss. An arc like pattern is seen for the 700 rpm force profiles.

The highest force values for impeller speeds 350 rpm and 500 rpm can be
found between r3 = 5.69 cm and r4 = 7.32 cm, around the initial values. This
is due to the particles flowing downwards and colliding with the impeller
pins, resulting in more intense collisions. Additionally, the velocity profile
around the impeller pins, illustrated in Figure 37, is increased compared
to the bulk media surrounding the pins. Thus, the velocity change further
results in increased collision values owing to the agitation of the pins.

The total energy loss profiles for the bottom pin region can be seen in
the second column of Figure 48. For the 200 rpm and initial reduction
of the energy loss is seen before a consistent rise in energy loss after
r1 = 2.44 cm. For the total energy loss, the 350 rpm had the overall highest
median values compared to the remainder of the impeller speeds. For the
350 rpm and 500 rpm the energy loss is decreases along the radii before
before rising near the end. The 700 rpm energy loss follows a similiar
trend barring an initial rise past the first radius. The increases length of
the boxplots indicates turbulent particle collisions.

100



Figure 47: Energy loss and force radial distributions top pin region between t = 6.20 s and t = 6.50 s
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Figure 48: Energy loss and force radial distributions for bottom pin region between t = 6.20 s and t = 6.50 s
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The normal and tangential force profiles for the bottom pin region can be
seen in the third and fourth columns of Figure 48. The overall tangential
force values are less than the normal values. The force profiles values for
200 rpm increases along the radius. The 350 rpm force profile values rises
with an initial peak at r3 = 5.69 cm before plateauing after r5 = 8.95 cm.
The 500 rpm force profile values follow a decrease in values before sim-
ilarly plateauing past r5 = 8.95 cm. For 350 rpm and 500 rpm, beyond
r5 = 8.95 cm the force and range of force values plateau, consistent colli-
sions and grinding actions should be facilitated. For the 700 rpm a range
of force values is seen. It shows increased force values compared to the
remainder of the impeller speeds.

The median force values of 350 rpm, 500 rpm and 700 rpm peak around
r3 = 5.69 cm and r4 = 7.32 cm. Inspecting the quiver plots shown in
Figure 35 or in Figure 46, the radial region between r3 = 5.69 cm and
r4 = 7.32 cm and axial region between 3.00 cm and 57.87 cm coincides
where the upwards and downwards particle motions meet, resulting in in-
creased collision values.

The top and bottom pins facilitate and promote the most intense forces of
the regions owing to the pins’ agitation. The top pin facilitated the overall
highest median, Q3 and Q4 forces and energy losses. This indicates that
it should have improved grinding, or breakage-action compared to that of
the bottom pin.

The energy and force profiles for the bottom region can be seen in Fig-
ure 49. The 200 rpm and 350 rpm collision energy loss and force pro-
files follow the same trend, where the particles are centrifuged outward
increasing normal and tangential forces. For the 500 rpm impeller speed
a discrepancy in the maximum limit can be seen at r2 = 4.06 cm. This is
likely due to irregular compression occurring.

The normal force values are larger than that of the tangential force val-
ues. The increased values is due to the impeller pins forcing the particles
downwards, which further compresses particles in the bottom region. The
particles that are in turn forced downwards replace existing particles that
occupied the space, which in turn moves upwards.

The 700 rpm profile has a transition region between r0 = 0.871 cm and
r4 = 7.32 cm. This transition region indicates particles that do not experi-
ence any worthwhile collisions or compressive forces in the bottom region.
The high speed of the 700 rpm impeller centrifuges particles outwards,
which in turn results in inactive particles collecting below the impeller.
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Figure 49: Energy loss and force radial distributions for bottom region between t = 6.20 s and t = 6.50 s
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4.2.6.2 Particle variations

The axial velocities for the particle equipment height profiles are illustrated
in Figures 50 and 54. In the axial velocity graphs, values above zero in-
dicate particles rising upwards while values below zero indicate particles
moving downwards.

Figures 50 and 51 show the axial velocity profiles for the large and small
particles for the first and second top regions. The particles in the 200 rpm
simulation did not disperse as high as the particles in the other impeller
speed simulations. The large and small particle axial velocities are fairly
similar for the first and second top regions. The smaller particles have
a larger range of axial velocities in the first top region near the centre of
the impeller between r1 = 2.44 cm and r2 = 4.06 cm for the 500 rpm and
700 rpm profiles. This large range is attributed to the dispersal of the
particles moving downward from the second top region r4 = 7.32 cm and
r6 = 10.58 cm. The overall median velocities are greater than those of the
lower impeller speeds. The axial velocities at the top segments are lower
compared to that of the lower pin values.

In Figures 52 and 53 the axial velocity for the large and small particles
for the top and bottom pin segments are shown. For the 200 rpm profile,
the median line remained consistently around the zero value. The similiar
values for the box edges for the 200 rpm speed indicates a steady inflow
and outflow of particles. At the radial end particles rapidly move upward.
This is indicated in the particle motion in Figure 35. For the bottom pin the
axial speed median values for the 350 rpm and 500 rpm were above zero,
indicating a bulk media moving upward.

For the axial velocities for 350 rpm and 500 rpm profiles the top pin indi-
cates particles being pushed downwards while the smaller particles indi-
cates particles moving upwards. For the top pins the overall median line of
the particles’ axial velocities is below zero, indicating more than half of the
particles moving downward. Near the radial end of the top axial velocities
the medial values increases to zero.

Similarly the values for the Q1, Q3, minimum and maximum axial veloci-
ties for 200 rpm and 350 rpm can be seen in the top and bottom pin plots.
This indicates an equivalent inflow and outflow of particles. A maximum
value for the median value for the 200 rpm profile is seen at r2 = 4.06 cm
for the top pin segment. This coincides with upward particle motion in Fig-
ure 35.
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Figure 50: Axial velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Second top region

106



Figure 51: Axial velocity distributions of large and small particles at different regions relative to the impeller
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Figure 52: Axial velocity distributions of large and small particles at different regions relative to the impeller
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Figure 53: Axial velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Bottom pin

109



The 700 rpm axial values for the top and bottom pin are incredibly spo-
radic, varying a lot while having a large range of values. Due the speed
of 700 rpm, a large portion of the particles are centrifuged outwards. This
gives rise to the increased range of axial velocities for the 700 rpm near
the radial end. The increased impeller speed near the radial end promotes
upwards motion of particles. Something similiar can also be seen for the
500 rpm with the increased range of axial values near the end of the im-
peller. The overall range of values for 500 rpm and 700 rpm indicates
turbulent conditions.

In Figure 54 the axial velocity for the large and small particles for the bot-
tom region is shown. For 200 rpm and 350 rpm the median axial remains
close to zero whilst the Q1 and Q3 values remain equivalent, indicating
a steady inflow and outflow of particles. For 500 rpm and 700 rpm the
initial values between r0 = 0.81 cm and r2 = 4.06 cm remain close to zero,
indicating particles that do not centrifuge outwards and participate in colli-
sions. The maximum axial values are at r4 = 7.32 cm where the particles
transition from an upwards motion to a downwards motion in the quiver
plot. Turbulent flow can be seen here, with the large range of axial ve-
locities and varying median line. Thus, results in worthwhile collisions are
facilitated.
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Figure 54: Axial velocity distributions of large and small particles at different regions relative to the impeller
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4.2.7 Subsection summary

In Section 4.2 the influence of the impeller speed on the particle motions
and collisions was investigated. In the simulations the particles were sus-
ceptible to the Brazilian nut effect which reduced particle mixing and con-
sequently collisions. Excessive impeller rotation speeds did not substan-
tially benefit the particle-particle collision modulii as past 700 rpm the col-
lision modulii for the particle-particle collision plateaued. Different impeller
speeds, below 700 rpm, facilitated increased collision modulii for select
particle-particle collisions. Additionally, regions of interest along the im-
peller radii were discussed.
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4.3 Particle distribution influence on grinding performance

4.3.1 Initial setup

In this section the weight distribution of the 8 mm and 5 mm particles is
varied to evaluate the grind characteristics. The percentage distribution,
shown in the legend of Figure 55, indicates what weight percentage of
the particles are 5 mm. The grinding characteristics were evaluated at
350 rpm. This impeller speed allowed for suitable collision modulii to be
established with reduced particle segregation, compared to the higher im-
peller speeds.

The particle populations were spawned with the same normal deviations
estimated in Section 4.2. For the 5 mm particle population the standard
deviation was set to 69.19 µm. For the 8 mm particle population the stan-
dard deviation was set to 35.14 µm. A total of 6.5 kg was spawned for all
systems.

In the following singular particle simulations, 2.00 seconds was dedicated
to particle spawning and 1.00 second was dedicated to impeller acceler-
ation. Afterwards 4.50 seconds of simulation time was dedicated for a
steady state to be established. A total simulation duration of 6.50 seconds
was facilitated for each system.
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Figure 55: Resulting particle mechanical energy
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The total mechanical energy and change in total mechanical energy of
the particulate system is shown in Figure 55. Any data discussed or
plotted moving forward, without explicit time stamps, will be captured be-
tween t = 3.50 s and t = 5.50 s, as this is when steady state has been
attained.

The 100 wt% 8 mm particles have the highest total mechanical energy.
This is likely due to the impellers more effectively imparting energy onto the
particles, as well as their size and collection near the impeller pins.

The 5 mm particles are more flowable than the 8 mm particles, which in
turns facilitates a ”cushioning” effect where the smaller particles further
dissipates energy that in turn dampens collisions. Furthermore, the in-
creased flowability of the smaller particles allow for the particles to collect
or occupy spaces that do not interact with the impellers. This in turn re-
duces the amount of energy imparted onto the particles from the impeller
pins.

4.3.2 Collision spectra

Table 17 shows the range of collision energy loss values of the different
weight distributions at 350 rpm. The addition of smaller particles further
dampens the total range of collision energy loss values. This can be seen
with both the reduction in median values, as well as the percentile values
of the total energy loss values.

Table 17: Range of collision intensities and total energy draw of different weight
distributions of 5 mm and 8 mm particles at 350 rpm and 6.5 kg

Weight % 5 mm particles Median total collision
energy loss

5th percentile total
collision energy loss

95th percentile total
collision intensity (J)

0 % 2.26 µJ 85.24 nJ 53.30 µJ
25 % 638.62 nJ 16.68 nJ 21.49 µJ
50 % 309.10 nJ 9.05 nJ 10.75 µJ
75 % 183.14 nJ 6.10 nJ 6.25 µJ
100 % 130.12 nJ 4.85 nJ 3.96 µJ

The collision modulus plots are shown in Figure 56. The logarithmic mean
of the collision modulus of 15 revolutions is plotted in Figures 56. The
mode collision values of the first 15 revolutions used can be found in Ap-
pendix A.7.
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Increasing the quantity of smaller particles present in the system further
reduces the overall modal peaks of particle-particle collisions. This can be
seen in Figures 56a through to 56e where the collision modulus is inversely
proportionate to the weight percentage of 5 mm particles. Increasing the
quantity of smaller particles increases the amount of collisions. This rela-
tionship is shown in Equation 21. With increased particles the amount of
energy dissipated and lost with each collision results in a cushioning effect
being promoted. The loss of energy further reduces the amount of energy
the particles can use to effectively grind.
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Figure 56: Modal peaks of collision data of (a) total collisions, (b) total particle
collisions, (c) small-small particle collisions, (d) small-large particle
collisions, (e) large-large particle collisions and (f) environmental col-
lisions (impeller + grinding chamber collisions)

115



0 25 50 75 100
Weight % 5 mm particles

10-9

10-8

10-7

10-6

10-5

10-4
Large-large collisions

(e)

0 25 50 75 100
Weight % 5 mm particles

10-9

10-8

10-7

10-6

10-5

10-4
Environment-collisions

(f)

Figure 56: Modal peaks of collision data of (a) total collisions, (b) total particle
collisions, (c) small-small particle collisions, (d) small-large particle
collisions, (e) large-large particle collisions and (f) environmental col-
lisions (impeller + grinding chamber collisions)(continued)

The addition of smaller particles reduces both the normal and tangential
energy loss of collisions, and in turn the normal and tangential forces of
collisions. The reduction in values further reduces the total energy loss
and force. A decrease in the modal collision intensity indicates reduction
of a big portion of collision intensities below the mode value. This is due
to the logarithmic distribution of collision values. The rate at which the ad-
dition of smaller particles reduces the overall collision energy loss mode is
non-linear. Furthermore, the total collision energy loss is dictated by tan-
gential energy loss. This is true for the total collisions, shown in Figure 56a,
as well as the overall particle-particle collisions shown in Figure 56b.

For the small-small particle collisions, shown in Figure 56c, the maximum
collision intensities are achieved at 25 weight % of 5 mm particles. This is
likely due to the dominance of the 8 mm particles, that have increased the
total- and kinetic-energy, allowing for increased transfer of kinetic energy
to the smaller particles. The increased total energy of the 8 mm particles
can be seen in Figure 55a. It should be noted that the reduction of particle
collision modes between 75 wt% and 100 wt% is less than the reductions
between 25 wt% and 50 wt% and 50 wt% and 75 wt%. With this in mind,
the addition of smaller particles past the 75 wt% mark does not result in
any worthwhile increase or reduction of collision intensities.
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The small-large particle collisions are depicted in Figure 56d. The addi-
tion of smaller particles reduces the small-large mode collision intensity.
The intensity of the small-large energy loss is less than the large-large
collisions and more than the small-small particle collisions.

The large-large particle collision intensities can be seen in Figure 56e.
Similarly to the remainder of the particle collisions, the addition of smaller
particles further dampens the large-large particle collision intensities.

The particle environmental collisions are shown in Figure 56f. The en-
vironmental modal collisions are dominated by tangential energy losses,
which is similiar to the impeller speed tests in Section 4.2. Increasing the
amount of smaller particles reduces the mode. This is due to the addition
of smaller particles resulting in increased collisions, which in turn dissi-
pates more of the available energy.

4.3.3 Particle energy dissipation

To evaluate the energy interactions with the different weight distributions,
the total energy loss relative to the particles mass was analysed. The
method used for this estimation is shown in Equation 37. The total energy
loss estimated all energy involving all collisions of the relevant particle.
This includes particle-particle collisions as well as particle-environmental
collisions. The environmental collisions involves both the impeller and
grinding chamber.

A collection of energy loss values between t = 3.50 s and t = 6.50 s, with a
time step of t = 0.10 s, was used to estimate the ratio of energy loss relative
to the mass. The resulting mean values, Θ, as well as the variances of
the ratios are shown in Table 18. The resulting mean values are further
illustrated in Figure 57. The data was captured at an impeller speed of
350 rpm.

Θ =

∑n
i TotE,loss,i∑n

i mi

(37)

Increasing the amount of smaller particles reduced the Θ ratio for the total
particles. Furthermore, it appears that the amount of collision energy that
the particles dissipate relative to their mass is inversely proportional to
fraction of particles present in the system. This can be seen in Figure 57
where the maximum Θ ratios for the small and large particles are present
when the particles are the least in the system.
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Table 18: Values and variance of the Θ ratio’s illustrated in Figure 57

Weight % 5 mm particles 0 25 50 75 100
Total particles (J · kg−1)

Mean (µ) 7.509 7.713 7.284 6.806 5.852
Variance (σ) 0.149 0.122 0.080 0.092 0.040

5 mm particles (J · kg−1)
Mean (µ) 10.024 8.730 7.333 5.852
Variance (σ) 0.474 0.218 0.132 0.040

8 mm particles (J · kg−1)
Mean (µ) 7.509 8.635 8.750 8.835
Variance (σ) 0.149 0.177 0.206 0.418

In Figure 57 the highest value for the 8-mm Θ ratio is estimated at 75 wt%
5-mm particles. For the 5-mm Θ the maximum ratio is estimated at 25 wt%
5-mm particles. The high values are due to the non-linear nature of ratio
of Θ in Equation 37. The rate at which the total energy loss scales, relative
to the total mass of particles, is inversely proportionate as well as non-
linear. The amount of energy a single particle can dissipate through colli-
sions is reduced with more particles, as each collision dissipates energy.
With more particles there are more collisions, this relationship is shown in
Equation 20. However, the intensity of subsequent collisions after an initial
particle collision is reduced compared to the initial intense collision. Thus,
the additional particles do not scale adequately with collision energy loss
intensities.

For the total particle Θ the maximum value is estimated at 25 wt% 5-mm
particles.The 25 wt% exchange of 8-mm particles for 5-mm particles did
not drastically dampen the collision energy loss of the larger Θ ratio. The
smaller particles are more mobile and can more easily disperse through-
out the system. This hindered the particles from clustering together and
further dissipating the available collision energies.

It appears that a good particle weight distribution would be in favor of the
larger particles. Between 0 wt% 5-mm particles and 50 wt% 5-mm par-
ticles. Between these weight distribution values is when the total- and
small-Θ ratios are maximised. With more larger particles in a stirred mill
the particles will be able to more effectively impart energy onto the limited
smaller particles. This would result in more intense collisions for the small-
small particles collisions. The increased values for the total energy loss
and individual particles can be seen in Figure 57.
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Figure 57: Energy loss relative to the weight distribution of the system at 350 rpm
impeller speed

4.3.4 Subsection summary

In Section 4.3 the collision modulii of different particle weight distributions
were evaluated. The addition of smaller particles reduced the collision
modulii for all particle-particle collisions and collision types. However, the
addition of smaller particles did slightly increase the total energy used for
collision at 25 wt% 5 mm particles. Beyond the 25 wt% 5 mm particles the
total energy used for collisions decreased.
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4.4 Further particle segregation

4.4.1 Initial setup

To further investigate the tendency of particle segregation another simula-
tion with 3 different particle sizes was conducted. First two particle sizes
were the aforementioned 5-mm and 8-mm particles with their respective
deviations of 69.19 µm and 35.14 µm. An additional third particle size of
3 mm was introduced with a deviation of 54.64 µm. The deviation was
estimated from the average percentage deviation of the prior two particle
sizes, relative to their radii.

To compare the degree of segregation of the 8 mm and 5 mm particles,
the relative standard deviation (RSD) of particle spacial occupations, of
different systems are compared to one another. The RSD is estimated
by dividing sample standard deviation shown in Equation 29, σ, with the
average of the measured value.

RSD =

√∑n
i (xi−x̄)2

n−1

x̄
=

σ

x̄
(38)

The RSD is used as the indication of mixing in Arratia et al. (2006). A lower
RSD indicates a system where the relevant particles are evenly distributed
where they are present. A high RSD is due to a high sample standard
deviation, σ, which indicates increased particle separation or accumulation
throughout the occupied spaces.

For the purposes of comparing the particle separation of the 3 particles
system to other particle systems, the mean of the average particle con-
centrations estimated at steady state with the box counting method, is
used for the overall mean of the system. This ensures that the system
is normalised, as they are not directly comparable with one another with
different amounts of particles, sizes and weight distributions.

For the evaluated 3-particle sized system, an impeller speed of 350 rpm
was used. A total mass of 6.5 kg was spawned into the set simulation. The
weight distribution consisted of 33.33 wt % 3-mm particles, 33.33 wt % 5-
mm particles with the remainder weight percentage being 8-mm particles.
The mixing degree of different particle weight distributions, simulated in
Section 4.3 is estimated and evaluated in the following section.
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Figure 58: Resulting particle mechanical energy

The total particle mechanical energy, and change of mechanical energy,
is illustrated in Figure 58. Steady state is properly established at 3.50 s.
Thus, the average particle concentration was estimated using time values
above t =3.50 s after steady state was achieved. The time frame for data
capturing for the analysis in this section was defaulted to t = 3.50 s and
t = 6.50 s. Any deviation from the default time frame is declared.

4.4.2 Degrees and tendencies of particle separation

Figure 59a, Figure 59b and Figure 59c show the relative particle spacial
occupations by the 8 mm, 5 mm and 3 mm particles, respectively.

The 8 mm particles tended to dominate the space above the top impeller
near the wall of the mill. This can be seen with the concentrated red and
orange regions in Figure 59a. The 8 mm particles are well distributed
throughout bulk media. This can be seen in the green regions surrounding
the concentrated red regions in Figure 59a.

The 5 mm particles were dominantly near the grinding chamber wall which
had some overlap with the 8 mm particles. This can be seen with the red
and orange regions in Figure 59b. The introduction of the 3 mm particle
reduced the available space that the 5 mm particle could occupy.
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With the reduction of available space, the 5 mm particles tended to occupy
he edges of the container. Furthermore, the 5 mm particles are reason-
ably distributed throughout the system. This can be seen with the con-
sistent green regions occupying the available spaces throughout the bulk
media.

The 3 mm particles did not show any areas of dominance and may have
been distributed in all active regions with some high concentrations near
the top along the wall of the active region and at the bottom area that
doesn’t experience fluidisation (Ndimande et al. 2019). The spacial occu-
pation of the 3 mm particle is similiar to the particle spacial occupation of
the 5 mm particles in Figure 33.

(a) (b)

Figure 59: Particle occupation profiles of 3 different particle sizes at 350 rpm time
averaged between t = 3.50 s and t = 6.50 s

The 3 mm particle was susceptible to the Reverse brazilian nut effect,
mentioned in Section 4.1.5. Smaller particles have improved flowability
compared to larger particles. It requires less energy to move a small light
particle compared to a large particles. This is owing to the inertia of the
particles, and in turn their mass. The improved flowability of smaller par-
ticles allowed it to more effectively disperse towards the select regions,
becoming the particle that collected atop the particulate media.
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Thus, when the agitation speed is increased the lighter particles, in this
case the 3 mm particle, experienced the Reverse brazilian nut effect (Breu
et al. 2003; Garzó 2008).
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Figure 59: Particle occupation profiles of 3 different particle sizes at 350 rpm time
averaged between t = 3.50 s and t = 6.50 s

In Figures 60 and 61 the percentage population occupation of the 8 mm
and 5 mm particles are plotted. The figures depict the population percent-
age of a specific sized particle at a point in space. The percentage particle
population, ϕ, is estimated using the number of particles at a specific point
in space, N , of a specific particle size using Equation 39. The method by
which particles spaces were estimated in Figures 60 and 61 is discussed
at the end of Section 3.4.1. The particle weight distributions evaluated
were sourced from the different weight distributions in Section 4.3.

ϕ =
N∑
N

× 100.00 % (39)

In Figure 60 the percentage occupation of the 8 mm is shown. At 100 wt % 8-
mm, as shown in Figure 60a the particles are reasonably distributed through-
out the system. A portion of the 8-mm particles occupied at the edges
of the container. The collection of particles at the chamber edges is not
present at 75 wt % 8-mm as shown in Figure 60b.
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At 50 wt % the 8-mm particles are reasonably distributed throughout the
system. A portion of the 8-mm particles tended to occupy the areas above
and below the impeller pins in Figure 60c. This is shown by the slight yel-
low tinge above and below the impeller pins in Figure 60c. The collection
of particles above and below the pins is further increased at 25 wt % 8-mm.
This can be seen with the orange regions in Figure 60d.

The maximum collection of 8-mm particles is shown in Figure 60e with
the 3-particle simulation. The addition of the smaller particle changes the
dynamics and particle spatial occupations of the system. A large portion
of the 5-mm particles tended to collect at the edges of the container. Due
to this the larger 8-mm particle is unable to occupy the edge spaces. The
3-mm and 5-mm particles are distributed throughout the system. As such
the smaller particles hinder movement for the 8-mm particles. Thus, the
larger particles tended to clump together above, or at, the impeller pin
ends.

In Figure 61 the percentage occupation of the 5 mm particles is shown.
As the wt% of 5 mm particles is decreased, so too did the degree to which
the particles tended to segregate increase. Similar trends to those dis-
cussed in the previous paragraphs are observed.
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Figure 60: The time averaged particle percentage occupation of the 8-mm parti-
cles at different weight distributions between t = 4.00 s and t = 6.50 s

cNote that the 3-particle system is not directly comparable to the other wt % systems.
The wt % systems only contain 2 particles. The addition of another particle had shifted
the particle occupations and dynamics.
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(e) c

Figure 61: The time averaged particle percentage occupation of the 5-mm parti-
cles at different weight distributions between t = 4.00 s and t = 6.50 s

126



The RSD values for different particle distributions are shown in Figure 62.
Higher RSD values indicate increased particle segregation. Increased
segregation indicates particles that are not properly mixed and dispersed
throughout the bulk media.
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Figure 62: RSD values of particles with different weight distributions at an im-
peller rotation speed of 350 rpm
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For the 3 particle system, shown in Figure 62c, it can be seen that the
lighter 3 mm particle experienced the highest degree of particle segrega-
tion. This is then followed by the 8 mm and 5 mm particles.

The degree to which the 8 mm particle experienced segregation does not
change drastically under different weight distributions. This can be seen
in Figure 62a where the all the RSD8mm values stabilised around a value
of 0.60. Thus, the degree to which the larger particle experience segrega-
tion does not drastically change. The reason for its tendencies could be
that there is no sufficient alternative particle or media in the system that
can properly displace and occupy it’s space. The 8 mm particles can be
considered the dominant particle in the system, shaping the flow collisions
and, in turn, particles.

Compared to the 8 mm particles, the 5 mm particles experienced vary-
ing degrees of particle segregation. At lower concentrations the particles
increased particle segregation. This can be seen in Figure 62 where the
lower concentration of particles had increased RSD values. At a lower par-
ticle weight percentage, any tendencies of the particles to clump together
or further disperse throughout the bulk media is emphasised, owing to how
the RSD is estimated in Equation 38. As the amount of 5 mm particles in-
creases, so too does the spaces the particles can occupy and saturate.
This leads to situations where there is few significant deviations present in
the particle concentration throughout the systems space. Thus, at lower
weight distributions the particle experienced increased particle segrega-
tion.

In the 3-particle simulated system the 8-mm particles experienced increased
separation compared to the 5-mm particles. This is shown in the RSD val-
ues for the 5-mm being lower than the 8-mm particles in Figure 62c. This
is a consequence of how the RSD values is estimated using Equation 38.
Any particle spacial occupations and deviations experienced in a lower
particle population would be more significant than a larger particle popula-
tion using Equation 38. Thus, the RSD8mm value is larger than the RSD5mm

value, indicating reduced particle mixing.
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The fewer particles there are of a certain species the more likely these
particles are to experience increased separation by either clumping up to-
gether or not properly dispersing throughout the grinding system. This was
observed in Figure 60 and 61, as well as the RSD estimations in Figure 62.
The lighter particles of the system experience increased separation as op-
posed to the larger particles. This was observed in the RSD estimations
of Figure 62. The larger particles tended to occupy the spaces above or
below the impeller pin ends, not deviating drastically under different cir-
cumstances. It is likely that the larger particles would follow similar trends
observed for the 5 mm particles, should a more dominant or heavier parti-
cle be introduced that contests the 8 mm particle.

4.4.3 Subsection summary

In Section 4.4 an additional simulation with 3 particle sizes was performed.
Furthermore, the particle spatial distribution for different particle weight
distributions was shown. It was observed that the lighter particle, at an el-
evated impeller speed, would be the most susceptible to the Brazilian nut
effect. Additionally, the larger particles degree of mixing remained consis-
tent at different weight distributions. The addition of the smaller particle
did not significantly change its RSD value.
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5 Conclusions and observations

The following observations were made:

• The size-mixed grinding media in a vertical stirred mill is susceptible to
the Brazilian nut effect. At a lower impeller rotation speed the larger
particles occupied the top region of the bulk media. At higher impeller
rotation speeds, where the particles were fluidised, smaller particles oc-
cupied the top region of the bulk media. This further reduced the degree
of particle mixing.

• Increased impeller rotation speeds, for a vertical stirred mill, did not
substantially improve the collision modulii of the system. Instead the
particle-particle collision modulii would tend to plateau after exceeding
an impeller speed of 700 rpm.

• Furthermore, increasing the impeller rotation speed further increased
both the range of collision values as well as the degree of particle seg-
regation.

• The impeller speed that facilitated the maximum collision modulii for
large-large and small-large collisions was facilitated at 350 rpm. The
maximum collision modulii for small-small particle collisions was facili-
tated at 500 rpm.

• The addition of smaller particles reduced the overall collision modulus for
all the particle-particle collision modulii. The addition of smaller particles
further reduced the total energy used for collisions past the 25 wt% 5 mm
particles .

Based on the aforementioned observations, the following conclusions were
made with regards to the hypotheses:

1. With regards to the first hypothesis the high degree of particle mixing
did not facilitate a maximised collision modulus. This disproves the ini-
tial hypothesis. The Optimal grinding was facilitated with a balance and
trade-off between collision ranges, intensities and degree of particle
mixing. The systems with intermediate mixing degrees, 350 rpm and
500 rpm, resulted in the maximised collision modulii.
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2. With regards to the second hypothesis the optimal impeller rotation
speed was verified. The impeller rotation speed of 350 rpm favoured
small-large and large-large particle collision modulii. The impeller ro-
tation speed of 500 rpm resulted in the maximum collision modulii for
small-small particle collisions. Excessive impeller rotation speeds did
not result in improved collision modulii. No one specific impeller speed
maximised all the particle-particle collision modulii.

3. With regards to the third hypothesis the optimal size-mixed particle
weight distribution was in favor of the larger particles. Increasing the
weight percentage of smaller 5 mm particles beyond 25 % reduced
the available energy applied to collisions. The addition of the smaller
particle further reduced the overall collision modulii for a multitude of
particle-particle collisions.

Based on the aforementioned conclusions, the following may be inferred
for a grinding media’s lifetime: as a new grinding media is introduced into
a system, initial effective grinding action will be facilitated. As time contin-
ues, so too does the grinding media experience wear and tear, reducing
grinding performance. As a consequence to the wear of media, the parti-
cles sizes are reduced. In turn larger objects or ores require more energy
to break. A consequences of the smaller particles is that it would be more
susceptible to segregation, further affecting grinding action.

If new grinding media is added to the system, and the size disparity is
significant enough, new dynamics of a size-mixed grinding system can be
expected. A specific consequence for such a system would be the intro-
duction, or promotion, of the Brazilian nut effect. If a new impeller speed is
facilitated, that reduces the consequence of the Brazilian nut effect, finer
ore may be produced. The resulting weight distribution for effective break-
age rates should be in favor of the larger, newer particles for improved
grinding action.
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5.1 Recommendations

The work done in this thesis made an exploratory attempt to evaluate if
segregation occurs in a system with different sized particles. However,
a more structured study with a wider range of particles sizes is recom-
mended to further evaluate the extent of the effect and the implication on
energy utilisation in such a system

Furthermore, the investigation of size-segregated media can be further
expanded by introducing fluids and different sized media to the simulated
systems. An increased variety of different sized particles in the system
can lead to improved results, conclusions and tendencies to be evaluated.
New phenomena or results may be observed when different grinding me-
dia materials are used in a mill.

Additionally, spherical particles are not the norm in industry, thus the mix-
ing and collision tendencies of non-spherical, size-segregated, grinding
media can be investigated with the methods presented in this thesis.
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Appendices

A Data sets and graphs of relevant figures and
tables

A.1 Degree of individual particle separation under differ-
ent impeller speeds discussed in Section 4.2.3.1
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Figure A1: Particle occupation at different impeller speeds (continued)
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A.2 Collision spectra difference between size varied and
mono-size particle populations
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Figure A2: Collision spectra of the mono-sized and size-varied simulations cap-
tured between t = 2.9 s and t = 5.0 s at 500 rpm
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A.3 Collision spectra of Section 4.2.4
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Figure A3: Total energy loss collision spectra frequency plots between t = 3.0 s
and t = 5.5 s for different impeller speeds
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A.4 Collision modal intensities of different impeller speeds
relevant to Figure 39

A.4.1 Total collisions

Table A1: Collision modal intensities for Total collisions at different impeller agi-
tation speeds at different revolutions relevant to Figure 39a

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 1.647e-08 5.270e-08 6.761e-08 3.780e-08 7.983e-08 1.831e-07 1.685e-07 9.425e-08 1.209e-07 3.015e-07 3.868e-07 1.685e-07
2 1.647e-08 4.850e-08 6.222e-08 2.946e-08 7.983e-08 1.831e-07 1.990e-07 8.674e-08 1.314e-07 3.560e-07 3.560e-07 1.551e-07
3 1.516e-08 4.463e-08 6.222e-08 2.946e-08 7.983e-08 1.831e-07 1.990e-07 1.112e-07 1.209e-07 3.015e-07 4.203e-07 1.427e-07
4 1.516e-08 5.270e-08 5.726e-08 3.201e-08 7.983e-08 1.831e-07 1.831e-07 8.674e-08 1.209e-07 2.774e-07 4.567e-07 1.551e-07
5 1.647e-08 5.726e-08 6.222e-08 3.479e-08 7.983e-08 1.831e-07 2.162e-07 1.024e-07 1.314e-07 3.868e-07 3.868e-07 1.551e-07
6 1.516e-08 4.850e-08 6.222e-08 2.946e-08 7.983e-08 1.990e-07 1.831e-07 1.024e-07 1.314e-07 3.560e-07 3.868e-07 1.551e-07
7 1.516e-08 5.726e-08 7.346e-08 2.495e-08 7.346e-08 2.350e-07 1.831e-07 8.674e-08 1.112e-07 3.276e-07 4.567e-07 1.314e-07
8 1.516e-08 4.850e-08 6.222e-08 3.201e-08 7.983e-08 1.990e-07 2.162e-07 8.674e-08 1.314e-07 3.560e-07 4.567e-07 1.427e-07
9 1.395e-08 5.726e-08 6.222e-08 3.201e-08 7.983e-08 1.990e-07 1.990e-07 8.674e-08 1.112e-07 3.276e-07 3.560e-07 1.427e-07
10 1.516e-08 4.850e-08 6.222e-08 3.201e-08 8.674e-08 1.990e-07 2.350e-07 8.674e-08 1.112e-07 3.276e-07 4.567e-07 1.551e-07
11 1.516e-08 5.726e-08 6.761e-08 3.201e-08 7.983e-08 1.831e-07 2.350e-07 1.024e-07 1.112e-07 3.560e-07 5.860e-07 1.685e-07
12 1.395e-08 4.850e-08 7.346e-08 2.711e-08 7.983e-08 1.990e-07 2.350e-07 9.425e-08 1.314e-07 3.276e-07 4.567e-07 1.551e-07
13 1.284e-08 4.850e-08 7.346e-08 3.479e-08 7.346e-08 1.990e-07 2.162e-07 9.425e-08 1.112e-07 3.276e-07 3.868e-07 1.831e-07
14 1.395e-08 5.270e-08 6.761e-08 3.201e-08 7.983e-08 1.990e-07 1.990e-07 1.209e-07 1.112e-07 3.560e-07 4.567e-07 1.831e-07
15 1.284e-08 5.270e-08 7.346e-08 3.201e-08 7.983e-08 1.685e-07 2.350e-07 1.209e-07 1.112e-07 2.774e-07 4.963e-07 1.831e-07
Mean (eµ) 1.482e-08 5.154e-08 6.576e-08 3.131e-08 7.939e-08 1.925e-07 2.058e-07 9.691e-08 1.195E-07 3.294e-07 4.297e-07 1.577e-07
σ 0.079 0.079 0.081 0.101 0.038 0.077 0.107 0.120 0.076 0.096 0.134 0.100

Table A2: Collision modal peaks responsible for the most energy dissipation for
the total collisions at different impeller agitation speeds at different rev-
olutions relevant to Figure A4a

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 3.043E-03 2.056E-02 4.342E-02 3.677E-02 2.405E-06 1.165E-05 3.431E-05 1.010E-04 3.043E-03 1.741E-02 3.384E-02 6.577E-02
2 4.243E-03 1.249E-02 2.427E-02 6.577E-02 2.405E-06 1.376E-05 3.431E-05 9.296E-05 6.983E-03 1.357E-02 2.427E-02 6.577E-02
3 5.914E-03 1.249E-02 2.638E-02 2.638E-02 2.613E-06 1.495E-05 3.431E-05 1.193E-04 3.593E-03 1.058E-02 3.996E-02 3.384E-02
4 3.043E-03 1.058E-02 2.056E-02 2.427E-02 2.613E-06 1.376E-05 3.158E-05 1.193E-04 3.593E-03 1.475E-02 3.996E-02 6.577E-02
5 5.914E-03 1.475E-02 2.866E-02 7.765E-02 2.613E-06 1.495E-05 3.158E-05 1.098E-04 3.904E-03 9.735E-03 3.384E-02 6.577E-02
6 4.610E-03 9.735E-03 2.866E-02 4.718E-02 2.213E-06 1.165E-05 3.158E-05 1.010E-04 4.610E-03 1.249E-02 2.056E-02 3.996E-02
7 3.043E-03 1.058E-02 2.866E-02 4.718E-02 2.405E-06 1.165E-05 3.431E-05 1.010E-04 3.043E-03 1.058E-02 2.056E-02 7.146E-02
8 2.577E-03 1.741E-02 2.427E-02 5.126E-02 2.037E-06 1.765E-05 3.728E-05 1.010E-04 3.043E-03 2.427E-02 2.427E-02 5.126E-02
9 3.593E-03 8.959E-03 1.892E-02 5.126E-02 2.213E-06 1.266E-05 4.051E-05 1.010E-04 4.610E-03 1.249E-02 1.892E-02 5.126E-02
10 2.801E-03 1.058E-02 2.866E-02 4.718E-02 2.037E-06 1.625E-05 3.431E-05 9.296E-05 2.801E-03 8.959E-03 1.892E-02 4.342E-02
11 2.801E-03 9.735E-03 2.866E-02 4.718E-02 2.037E-06 1.625E-05 3.431E-05 1.098E-04 2.801E-03 2.638E-02 2.234E-02 4.342E-02
12 4.610E-03 1.249E-02 2.638E-02 9.963E-02 2.213E-06 1.165E-05 3.158E-05 1.098E-04 5.009E-03 2.056E-02 2.638E-02 9.168E-02
13 7.588E-03 1.249E-02 2.866E-02 9.963E-02 2.213E-06 1.165E-05 3.431E-05 9.296E-05 4.610E-03 2.056E-02 2.866E-02 1.083E-01
14 5.914E-03 1.741E-02 2.866E-02 5.126E-02 2.213E-06 1.165E-05 3.431E-05 1.010E-04 5.914E-03 2.056E-02 2.866E-02 5.126E-02
15 3.593E-03 1.058E-02 2.638E-02 4.718E-02 2.405E-06 1.376E-05 3.431E-05 1.098E-04 2.577E-03 1.058E-02 2.638E-02 5.126E-02
Mean (eµ) 3.992E-03 1.235E-02 2.697E-02 5.070E-02 2.301E-06 1.346E-05 3.412E-05 1.038E-04 3.840E-03 1.467E-02 2.638E-02 5.727E-02
σ 0.339 0.245 0.184 0.402 0.088 0.145 0.066 0.081 0.298 0.354 0.249 0.311
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A.4.2 Particle collisions

Table A3: Collision modal intensities for a particle-particle particulate system at
different impeller speeds at different revolutions relevant to Figure 39b

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 1.647E-08 5.270E-08 5.727E-08 3.780E-08 7.983E-08 1.552E-07 1.686E-07 8.675E-08 1.209E-07 2.554E-07 2.163E-07 1.314E-07
2 1.790E-08 4.850E-08 6.222E-08 2.947E-08 7.347E-08 1.686E-07 1.686E-07 8.675E-08 1.209E-07 2.775E-07 2.350E-07 1.552E-07
3 1.790E-08 5.727E-08 6.222E-08 2.947E-08 7.983E-08 1.832E-07 1.991E-07 8.675E-08 1.209E-07 2.775E-07 3.015E-07 1.428E-07
4 1.516E-08 5.270E-08 5.727E-08 3.202E-08 7.347E-08 1.832E-07 1.832E-07 8.675E-08 1.209E-07 2.775E-07 2.554E-07 1.428E-07
5 1.647E-08 5.727E-08 6.222E-08 3.479E-08 7.347E-08 1.832E-07 1.686E-07 1.024E-07 1.113E-07 2.775E-07 3.015E-07 1.552E-07
6 1.516E-08 4.850E-08 6.222E-08 2.947E-08 7.347E-08 1.832E-07 1.832E-07 1.024E-07 1.113E-07 3.015E-07 2.554E-07 1.314E-07
7 1.516E-08 5.727E-08 7.347E-08 2.496E-08 7.347E-08 1.686E-07 1.832E-07 8.675E-08 1.113E-07 3.276E-07 2.775E-07 1.314E-07
8 1.516E-08 5.270E-08 7.347E-08 3.202E-08 7.347E-08 1.991E-07 1.552E-07 8.675E-08 1.024E-07 2.775E-07 3.015E-07 1.428E-07
9 1.790E-08 5.727E-08 6.222E-08 3.202E-08 7.983E-08 1.552E-07 1.832E-07 8.675E-08 1.113E-07 3.276E-07 3.015E-07 1.428E-07
10 1.647E-08 5.727E-08 6.222E-08 3.202E-08 7.347E-08 1.686E-07 1.552E-07 8.675E-08 1.113E-07 3.015E-07 3.560E-07 1.552E-07
11 1.516E-08 5.727E-08 6.761E-08 3.202E-08 6.761E-08 1.832E-07 1.991E-07 1.024E-07 1.113E-07 3.015E-07 3.560E-07 1.552E-07
12 1.516E-08 5.727E-08 7.347E-08 2.712E-08 6.761E-08 1.552E-07 1.428E-07 9.426E-08 1.024E-07 3.276E-07 3.015E-07 1.552E-07
13 1.395E-08 5.727E-08 7.347E-08 3.479E-08 7.347E-08 1.552E-07 1.686E-07 9.426E-08 1.113E-07 3.276E-07 2.554E-07 1.552E-07
14 1.395E-08 5.270E-08 6.761E-08 3.202E-08 6.761E-08 1.991E-07 1.991E-07 9.426E-08 1.113E-07 3.015E-07 3.276E-07 1.832E-07
15 1.647E-08 5.270E-08 7.347E-08 3.202E-08 7.983E-08 1.686E-07 1.686E-07 9.426E-08 1.113E-07 2.775E-07 3.276E-07 1.552E-07
Mean (eµ) 1.585E-08 5.448E-08 6.577E-08 3.132E-08 7.388E-08 1.733E-07 1.743E-07 9.168E-08 1.125E-07 2.949E-07 2.885E-07 1.484E-07
σ 0.082 0.061 0.092 0.102 0.058 0.087 0.098 0.068 0.053 0.080 0.147 0.088

Table A4: Collision modal peaks responsible for the most energy dissipation for
the particle collisions at different impeller agitation speeds at different
revolutions relevant to Figure A4b

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 4.674E-06 1.918E-05 7.246E-05 2.133E-04 1.875E-06 9.871E-06 2.906E-05 7.873E-05 3.959E-06 2.265E-05 7.246E-05 2.133E-04
2 3.959E-06 1.625E-05 6.668E-05 1.807E-04 1.875E-06 9.871E-06 2.674E-05 9.296E-05 4.674E-06 2.085E-05 6.668E-05 1.963E-04
3 4.674E-06 2.265E-05 7.873E-05 1.963E-04 1.875E-06 9.084E-06 2.461E-05 9.296E-05 4.674E-06 2.265E-05 7.873E-05 2.519E-04
4 4.674E-06 1.918E-05 7.246E-05 1.963E-04 1.875E-06 1.165E-05 3.158E-05 8.555E-05 3.959E-06 2.265E-05 7.873E-05 2.133E-04
5 4.674E-06 2.674E-05 6.137E-05 2.519E-04 1.725E-06 1.073E-05 3.158E-05 8.555E-05 3.959E-06 2.265E-05 7.873E-05 2.133E-04
6 3.353E-06 2.265E-05 6.137E-05 1.663E-04 2.037E-06 9.084E-06 2.461E-05 7.873E-05 3.959E-06 2.461E-05 6.668E-05 1.963E-04
7 4.302E-06 1.918E-05 6.137E-05 2.133E-04 1.588E-06 1.165E-05 2.674E-05 7.873E-05 3.959E-06 2.085E-05 6.668E-05 1.963E-04
8 4.674E-06 2.085E-05 5.648E-05 2.133E-04 2.037E-06 9.871E-06 2.674E-05 7.873E-05 4.302E-06 2.265E-05 7.246E-05 2.318E-04
9 4.674E-06 1.765E-05 5.648E-05 2.133E-04 1.875E-06 9.084E-06 2.674E-05 7.873E-05 3.959E-06 2.674E-05 7.246E-05 2.318E-04
10 3.959E-06 1.918E-05 6.668E-05 1.807E-04 2.037E-06 9.084E-06 3.431E-05 9.296E-05 4.302E-06 2.461E-05 7.246E-05 1.963E-04
11 3.959E-06 1.765E-05 6.668E-05 1.807E-04 1.725E-06 1.073E-05 2.906E-05 9.296E-05 3.643E-06 2.906E-05 7.246E-05 2.318E-04
12 4.674E-06 1.918E-05 6.137E-05 1.963E-04 1.725E-06 9.871E-06 2.906E-05 8.555E-05 3.959E-06 2.674E-05 6.668E-05 2.318E-04
13 3.643E-06 1.918E-05 4.783E-05 1.963E-04 1.725E-06 9.871E-06 3.431E-05 6.668E-05 4.302E-06 2.674E-05 6.137E-05 2.318E-04
14 4.302E-06 1.625E-05 5.648E-05 1.963E-04 1.875E-06 1.165E-05 3.158E-05 9.296E-05 3.959E-06 2.265E-05 7.246E-05 1.963E-04
15 4.302E-06 2.085E-05 5.648E-05 2.133E-04 1.588E-06 9.084E-06 2.906E-05 7.873E-05 4.302E-06 2.461E-05 7.246E-05 1.963E-04
Mean (eµ) 4.278E-06 1.961E-05 6.240E-05 1.996E-04 1.823E-06 1.004E-05 2.890E-05 8.368E-05 4.115E-06 2.394E-05 7.127E-05 2.145E-04
σ 0.106 0.131 0.126 0.100 0.081 0.095 0.106 0.097 0.069 0.098 0.072 0.086

A.4.3 Small-small particle collisions

Table A5: Collision modal intensities for different impeller speeds at different rev-
olutions for small-small particle collisions relevant to Figure 39c

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 1.395E-08 3.479E-08 6.222E-08 2.114E-08 6.761E-08 1.314E-07 1.428E-07 7.347E-08 9.426E-08 2.163E-07 2.350E-07 1.113E-07
2 1.284E-08 3.202E-08 4.850E-08 2.297E-08 6.222E-08 1.209E-07 1.552E-07 5.727E-08 9.426E-08 1.991E-07 2.163E-07 1.024E-07
3 1.284E-08 3.780E-08 6.761E-08 2.712E-08 5.727E-08 1.209E-07 1.991E-07 5.727E-08 9.426E-08 2.350E-07 3.276E-07 9.426E-08
4 1.284E-08 2.947E-08 7.983E-08 1.945E-08 5.727E-08 1.209E-07 1.428E-07 6.761E-08 9.426E-08 2.163E-07 2.554E-07 9.426E-08
5 1.088E-08 3.202E-08 6.222E-08 2.114E-08 6.222E-08 1.209E-07 1.314E-07 6.761E-08 8.675E-08 2.163E-07 3.869E-07 1.024E-07
6 1.088E-08 3.202E-08 5.727E-08 2.297E-08 6.222E-08 1.209E-07 1.552E-07 5.727E-08 8.675E-08 1.991E-07 3.869E-07 1.113E-07
7 1.001E-08 3.780E-08 7.347E-08 2.496E-08 5.270E-08 1.113E-07 1.552E-07 6.761E-08 9.426E-08 2.163E-07 3.560E-07 1.024E-07
8 1.001E-08 4.108E-08 7.347E-08 2.114E-08 5.270E-08 1.552E-07 1.552E-07 6.761E-08 7.347E-08 2.554E-07 3.015E-07 1.024E-07
9 1.088E-08 2.947E-08 7.983E-08 2.114E-08 5.270E-08 1.209E-07 1.991E-07 6.761E-08 7.983E-08 1.832E-07 3.015E-07 1.024E-07
10 1.088E-08 3.202E-08 5.270E-08 2.297E-08 5.270E-08 1.209E-07 1.832E-07 6.761E-08 7.983E-08 2.350E-07 3.276E-07 1.024E-07
11 1.001E-08 3.202E-08 8.675E-08 2.496E-08 5.727E-08 1.552E-07 1.991E-07 6.761E-08 7.983E-08 2.163E-07 3.560E-07 1.024E-07
12 9.211E-09 3.202E-08 7.347E-08 2.712E-08 4.850E-08 1.314E-07 2.350E-07 6.761E-08 7.347E-08 2.350E-07 4.568E-07 9.426E-08
13 1.001E-08 3.202E-08 7.347E-08 2.114E-08 4.850E-08 1.314E-07 1.314E-07 6.222E-08 7.347E-08 2.350E-07 3.869E-07 9.426E-08
14 1.001E-08 3.202E-08 6.761E-08 2.712E-08 4.463E-08 1.024E-07 1.991E-07 6.222E-08 8.675E-08 1.991E-07 3.560E-07 9.426E-08
15 1.001E-08 3.780E-08 7.983E-08 2.712E-08 4.850E-08 1.314E-07 1.991E-07 6.222E-08 7.347E-08 1.991E-07 5.393E-07 1.024E-07
Mean (eµ) 1.094E-08 3.347E-08 6.837E-08 2.335E-08 5.478E-08 1.257E-07 1.695E-07 6.468E-08 8.391E-08 2.163E-07 3.368E-07 1.007E-07
sigma 0.123 0.099 0.166 0.114 0.117 0.108 0.182 0.076 0.103 0.089 0.240 0.056
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Table A6: Collision modal peaks responsible for the most energy dissipation for
the small-small particle collisions at different impeller agitation speeds
at different revolutions relevant to Figure A4c

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 3.086E-06 1.376E-05 4.402E-05 1.296E-04 1.461E-06 5.997E-06 2.085E-05 5.198E-05 2.840E-06 1.765E-05 5.198E-05 1.663E-04
2 2.840E-06 1.495E-05 3.728E-05 1.296E-04 1.588E-06 6.516E-06 2.085E-05 5.648E-05 2.613E-06 1.918E-05 4.051E-05 1.408E-04
3 3.353E-06 1.376E-05 3.728E-05 1.408E-04 1.725E-06 6.516E-06 2.085E-05 5.648E-05 3.086E-06 1.376E-05 4.402E-05 1.408E-04
4 3.353E-06 1.625E-05 4.051E-05 1.098E-04 1.461E-06 7.081E-06 1.918E-05 5.198E-05 3.086E-06 1.765E-05 4.402E-05 1.408E-04
5 3.086E-06 1.625E-05 3.728E-05 1.296E-04 1.461E-06 6.516E-06 1.918E-05 6.668E-05 3.086E-06 1.625E-05 4.783E-05 1.663E-04
6 3.353E-06 1.376E-05 4.402E-05 1.408E-04 1.345E-06 7.081E-06 2.085E-05 4.783E-05 2.405E-06 1.765E-05 4.051E-05 1.530E-04
7 3.959E-06 1.625E-05 4.051E-05 1.010E-04 1.238E-06 7.081E-06 2.085E-05 5.648E-05 2.840E-06 1.625E-05 4.783E-05 1.530E-04
8 3.643E-06 1.765E-05 3.728E-05 1.530E-04 1.345E-06 7.081E-06 1.765E-05 5.648E-05 2.613E-06 1.495E-05 5.198E-05 1.663E-04
9 3.643E-06 1.765E-05 4.783E-05 1.530E-04 1.238E-06 6.516E-06 1.918E-05 5.648E-05 3.086E-06 1.625E-05 5.198E-05 1.663E-04
10 3.353E-06 1.266E-05 3.728E-05 1.193E-04 1.238E-06 7.081E-06 1.918E-05 5.648E-05 2.613E-06 1.495E-05 5.198E-05 1.408E-04
11 2.405E-06 1.266E-05 4.402E-05 1.193E-04 1.345E-06 5.997E-06 1.918E-05 5.198E-05 2.840E-06 1.495E-05 4.783E-05 1.408E-04
12 3.086E-06 1.376E-05 4.402E-05 1.098E-04 1.238E-06 7.081E-06 2.085E-05 6.668E-05 2.840E-06 1.765E-05 4.051E-05 1.193E-04
13 2.840E-06 1.376E-05 4.051E-05 1.193E-04 1.461E-06 7.081E-06 1.918E-05 6.668E-05 2.840E-06 1.765E-05 4.783E-05 1.193E-04
14 2.840E-06 1.625E-05 3.431E-05 1.193E-04 1.345E-06 6.516E-06 1.765E-05 6.137E-05 2.840E-06 1.918E-05 4.402E-05 1.530E-04
15 2.840E-06 1.376E-05 3.728E-05 1.193E-04 1.588E-06 7.694E-06 1.765E-05 5.648E-05 2.613E-06 1.376E-05 4.402E-05 1.530E-04
Mean (eµ) 3.155E-06 1.479E-05 4.007E-05 1.254E-04 1.398E-06 6.774E-06 1.951E-05 5.711E-05 2.808E-06 1.643E-05 4.627E-05 1.472E-04
σ 0.127 0.113 0.093 0.121 0.103 0.069 0.064 0.099 0.076 0.108 0.093 0.108

A.4.4 Small-large particle collisions

Table A7: Collision modal intensities for different impeller speeds at different rev-
olutions for small-large particle collisions relevant to Figure 39d

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 2.114E-08 6.761E-08 5.727E-08 3.780E-08 8.675E-08 1.991E-07 1.686E-07 9.426E-08 1.314E-07 3.015E-07 2.163E-07 1.314E-07
2 2.297E-08 6.761E-08 6.222E-08 2.947E-08 9.426E-08 1.686E-07 1.686E-07 8.675E-08 1.314E-07 3.869E-07 2.350E-07 1.686E-07
3 2.496E-08 7.347E-08 4.850E-08 4.108E-08 1.024E-07 1.991E-07 1.686E-07 1.113E-07 1.314E-07 3.276E-07 2.350E-07 1.552E-07
4 2.297E-08 6.222E-08 5.727E-08 3.202E-08 9.426E-08 2.554E-07 1.832E-07 1.113E-07 1.428E-07 3.869E-07 2.554E-07 1.552E-07
5 2.297E-08 5.727E-08 6.222E-08 4.108E-08 9.426E-08 1.832E-07 1.428E-07 1.024E-07 1.552E-07 3.869E-07 3.015E-07 1.552E-07
6 2.297E-08 7.347E-08 6.222E-08 3.780E-08 8.675E-08 2.350E-07 1.832E-07 1.024E-07 1.552E-07 3.560E-07 2.554E-07 1.552E-07
7 2.496E-08 5.727E-08 5.727E-08 2.947E-08 1.024E-07 2.350E-07 1.832E-07 9.426E-08 1.428E-07 4.568E-07 2.350E-07 1.552E-07
8 2.496E-08 7.347E-08 6.222E-08 3.202E-08 1.024E-07 2.163E-07 1.832E-07 1.024E-07 1.552E-07 3.869E-07 2.350E-07 1.428E-07
9 2.712E-08 9.426E-08 5.270E-08 3.202E-08 1.024E-07 2.163E-07 1.552E-07 1.024E-07 1.552E-07 4.204E-07 2.554E-07 1.428E-07
10 2.496E-08 7.983E-08 6.222E-08 4.108E-08 9.426E-08 2.163E-07 1.552E-07 8.675E-08 1.428E-07 3.276E-07 2.554E-07 1.686E-07
11 2.297E-08 8.675E-08 6.761E-08 3.780E-08 1.024E-07 1.991E-07 1.552E-07 1.113E-07 1.686E-07 3.560E-07 2.554E-07 1.686E-07
12 2.496E-08 6.761E-08 6.761E-08 3.479E-08 9.426E-08 2.350E-07 1.428E-07 1.024E-07 1.552E-07 3.276E-07 2.554E-07 1.552E-07
13 2.297E-08 6.761E-08 4.850E-08 3.202E-08 1.113E-07 2.350E-07 1.686E-07 9.426E-08 1.552E-07 3.276E-07 2.554E-07 1.832E-07
14 2.297E-08 6.761E-08 6.222E-08 3.202E-08 1.024E-07 1.991E-07 1.991E-07 9.426E-08 1.552E-07 3.560E-07 2.554E-07 1.832E-07
15 2.712E-08 7.347E-08 7.347E-08 3.780E-08 1.024E-07 1.991E-07 1.686E-07 1.209E-07 1.428E-07 3.869E-07 3.015E-07 1.832E-07
Mean (eµ) 2.401E-08 7.068E-08 5.986E-08 3.498E-08 9.798E-08 2.116E-07 1.677E-07 1.007E-07 1.476E-07 3.640E-07 2.526E-07 1.595E-07
σ 0.069 0.136 0.117 0.119 0.069 0.111 0.097 0.095 0.076 0.111 0.088 0.098

Table A8: Collision modal peaks responsible for the most energy dissipation for
the small-large particle collisions at different impeller agitation speeds
at different revolutions relevant to Figure A4d

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 5.519E-06 2.265E-05 8.555E-05 2.133E-04 2.213E-06 9.871E-06 3.431E-05 1.010E-04 3.959E-06 3.431E-05 9.296E-05 2.318E-04
2 5.997E-06 2.085E-05 6.668E-05 1.963E-04 2.405E-06 1.376E-05 3.431E-05 1.010E-04 4.674E-06 2.674E-05 8.555E-05 2.519E-04
3 5.519E-06 2.265E-05 7.873E-05 1.963E-04 2.037E-06 1.625E-05 3.158E-05 1.193E-04 4.674E-06 2.461E-05 1.010E-04 2.519E-04
4 5.519E-06 2.674E-05 7.246E-05 2.318E-04 2.405E-06 1.165E-05 3.728E-05 1.010E-04 5.079E-06 2.906E-05 7.873E-05 2.737E-04
5 5.519E-06 2.674E-05 7.246E-05 2.133E-04 2.213E-06 1.495E-05 3.158E-05 1.010E-04 5.079E-06 2.265E-05 7.873E-05 2.974E-04
6 6.516E-06 2.085E-05 6.137E-05 2.133E-04 2.037E-06 9.871E-06 3.158E-05 8.555E-05 5.519E-06 2.906E-05 6.668E-05 2.974E-04
7 5.519E-06 2.085E-05 6.137E-05 2.133E-04 2.037E-06 1.165E-05 3.158E-05 1.010E-04 4.674E-06 3.158E-05 8.555E-05 2.737E-04
8 4.674E-06 2.461E-05 7.246E-05 2.133E-04 2.037E-06 1.765E-05 3.431E-05 1.193E-04 4.302E-06 3.158E-05 9.296E-05 3.231E-04
9 4.674E-06 2.674E-05 6.668E-05 2.133E-04 2.213E-06 1.165E-05 3.431E-05 1.193E-04 5.997E-06 2.674E-05 9.296E-05 3.231E-04
10 5.519E-06 2.265E-05 7.873E-05 1.807E-04 2.037E-06 1.625E-05 3.431E-05 9.296E-05 5.079E-06 3.431E-05 8.555E-05 2.737E-04
11 4.302E-06 2.674E-05 6.668E-05 2.133E-04 2.037E-06 1.376E-05 3.431E-05 1.010E-04 5.519E-06 2.906E-05 9.296E-05 2.974E-04
12 6.516E-06 1.918E-05 6.137E-05 1.963E-04 2.405E-06 1.073E-05 3.158E-05 1.010E-04 5.079E-06 3.431E-05 9.296E-05 2.318E-04
13 5.079E-06 1.918E-05 5.198E-05 1.963E-04 2.405E-06 1.073E-05 4.402E-05 9.296E-05 5.997E-06 3.431E-05 1.010E-04 2.519E-04
14 4.674E-06 2.461E-05 8.555E-05 2.318E-04 1.875E-06 1.165E-05 3.158E-05 9.296E-05 5.079E-06 2.265E-05 1.010E-04 2.519E-04
15 4.674E-06 2.085E-05 8.555E-05 1.963E-04 2.405E-06 1.625E-05 3.158E-05 1.010E-04 5.519E-06 2.461E-05 7.246E-05 2.519E-04
Mean (eµ) 5.309E-06 2.290E-05 7.048E-05 2.075E-04 2.177E-06 1.288E-05 3.375E-05 1.016E-04 5.051E-06 2.874E-05 8.747E-05 2.707E-04
σ 0.125 0.121 0.146 0.068 0.084 0.197 0.090 0.097 0.115 0.150 0.123 0.108
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A.4.5 Large-large particle collisions

Table A9: Collision modal intensities for different impeller speeds at different rev-
olutions for large-large particle collisions relevant to Figure 39e

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 4.463E-08 1.552E-07 1.024E-07 6.222E-08 1.552E-07 4.568E-07 2.350E-07 2.163E-07 2.350E-07 1.048E-06 3.560E-07 2.554E-07
2 4.108E-08 1.832E-07 1.024E-07 7.347E-08 1.686E-07 4.963E-07 2.350E-07 1.428E-07 2.350E-07 8.877E-07 3.560E-07 3.015E-07
3 4.463E-08 1.686E-07 1.024E-07 7.347E-08 1.686E-07 4.204E-07 1.991E-07 1.686E-07 2.554E-07 8.170E-07 4.204E-07 2.775E-07
4 4.463E-08 1.832E-07 9.426E-08 8.675E-08 1.686E-07 4.568E-07 2.163E-07 1.686E-07 2.775E-07 9.646E-07 3.869E-07 2.775E-07
5 4.850E-08 1.991E-07 1.209E-07 9.426E-08 1.686E-07 3.869E-07 2.554E-07 1.832E-07 2.350E-07 8.877E-07 3.869E-07 4.204E-07
6 5.727E-08 1.552E-07 9.426E-08 7.983E-08 1.552E-07 3.560E-07 2.554E-07 1.686E-07 2.775E-07 6.368E-07 3.869E-07 3.276E-07
7 5.727E-08 1.552E-07 1.113E-07 6.761E-08 1.552E-07 3.276E-07 1.991E-07 2.163E-07 2.775E-07 8.877E-07 4.568E-07 3.015E-07
8 6.222E-08 1.686E-07 1.113E-07 6.761E-08 1.991E-07 3.869E-07 2.163E-07 1.686E-07 3.015E-07 8.170E-07 3.015E-07 3.015E-07
9 6.222E-08 1.686E-07 8.675E-08 6.761E-08 1.552E-07 3.560E-07 2.554E-07 1.686E-07 2.350E-07 6.919E-07 3.869E-07 3.015E-07
10 6.222E-08 1.991E-07 7.983E-08 7.983E-08 1.552E-07 3.869E-07 2.350E-07 2.163E-07 3.015E-07 7.518E-07 3.869E-07 2.554E-07
11 6.222E-08 1.552E-07 8.675E-08 8.675E-08 1.552E-07 3.869E-07 2.554E-07 1.552E-07 3.015E-07 6.919E-07 4.204E-07 2.554E-07
12 5.270E-08 1.832E-07 7.347E-08 6.222E-08 1.832E-07 4.568E-07 2.163E-07 1.552E-07 3.560E-07 1.048E-06 3.015E-07 2.350E-07
13 6.222E-08 1.832E-07 1.209E-07 6.222E-08 1.991E-07 4.568E-07 1.832E-07 1.552E-07 3.276E-07 1.048E-06 4.204E-07 2.775E-07
14 4.463E-08 2.350E-07 9.426E-08 7.983E-08 1.991E-07 4.963E-07 1.832E-07 1.832E-07 2.775E-07 8.877E-07 3.869E-07 2.775E-07
15 4.850E-08 1.991E-07 1.024E-07 7.983E-08 1.991E-07 4.568E-07 2.554E-07 1.832E-07 3.015E-07 8.170E-07 3.276E-07 2.554E-07
Mean (eµ) 5.241E-08 1.782E-07 9.798E-08 7.429E-08 1.714E-07 4.157E-07 2.248E-07 1.753E-07 2.775E-07 8.492E-07 3.763E-07 2.853E-07
σ 0.155 0.120 0.143 0.133 0.105 0.129 0.121 0.129 0.129 0.157 0.120 0.139

Table A10: Collision modal peaks responsible for the most energy dissipation for
the large-large particle collisions at different impeller agitation speeds
at different revolutions relevant to Figure A4e

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 7.694E-06 4.051E-05 1.807E-04 4.505E-04 3.959E-06 2.085E-05 8.555E-05 1.807E-04 9.084E-06 4.783E-05 1.663E-04 7.415E-04
2 9.084E-06 5.648E-05 1.530E-04 4.505E-04 3.353E-06 2.674E-05 6.137E-05 2.318E-04 8.360E-06 3.728E-05 1.663E-04 4.895E-04
3 5.997E-06 4.051E-05 1.663E-04 4.146E-04 3.353E-06 1.918E-05 5.198E-05 2.133E-04 6.516E-06 5.648E-05 2.318E-04 6.280E-04
4 9.871E-06 3.728E-05 1.663E-04 5.780E-04 4.302E-06 2.085E-05 7.873E-05 2.133E-04 1.165E-05 4.402E-05 2.318E-04 6.824E-04
5 7.081E-06 3.728E-05 1.530E-04 5.780E-04 4.674E-06 2.265E-05 7.873E-05 1.807E-04 7.081E-06 4.051E-05 1.098E-04 6.824E-04
6 9.871E-06 4.051E-05 1.296E-04 4.895E-04 5.079E-06 2.461E-05 7.246E-05 1.807E-04 8.360E-06 5.198E-05 1.963E-04 6.824E-04
7 9.871E-06 3.728E-05 1.296E-04 4.895E-04 2.840E-06 2.674E-05 7.246E-05 2.519E-04 7.694E-06 7.246E-05 1.530E-04 4.895E-04
8 7.694E-06 4.051E-05 1.193E-04 3.511E-04 3.353E-06 2.085E-05 1.010E-04 1.963E-04 7.694E-06 3.728E-05 1.530E-04 5.780E-04
9 9.084E-06 3.158E-05 1.663E-04 3.511E-04 3.086E-06 1.918E-05 6.668E-05 1.963E-04 7.694E-06 4.402E-05 1.663E-04 5.780E-04
10 9.084E-06 6.137E-05 1.807E-04 6.824E-04 2.840E-06 2.265E-05 6.668E-05 1.663E-04 7.081E-06 6.137E-05 1.663E-04 6.824E-04
11 9.084E-06 4.783E-05 1.296E-04 4.505E-04 4.302E-06 2.265E-05 1.098E-04 2.519E-04 7.081E-06 4.783E-05 1.663E-04 4.895E-04
12 7.694E-06 4.051E-05 1.408E-04 5.780E-04 3.353E-06 2.674E-05 6.137E-05 2.519E-04 8.360E-06 5.198E-05 1.663E-04 7.415E-04
13 1.073E-05 4.051E-05 1.408E-04 3.511E-04 3.353E-06 2.674E-05 5.648E-05 2.318E-04 9.084E-06 5.198E-05 1.530E-04 5.780E-04
14 9.871E-06 6.137E-05 2.133E-04 3.511E-04 3.086E-06 2.674E-05 5.648E-05 2.318E-04 9.871E-06 8.555E-05 1.807E-04 5.780E-04
15 8.360E-06 4.402E-05 1.408E-04 4.895E-04 2.213E-06 1.918E-05 4.783E-05 2.737E-04 5.519E-06 4.402E-05 1.663E-04 5.780E-04
Mean (eµ) 8.643E-06 4.306E-05 1.522E-04 4.606E-04 3.466E-06 2.290E-05 6.932E-05 2.145E-04 7.954E-06 5.028E-05 1.691E-04 6.075E-04
σ 0.156 0.192 0.158 0.212 0.217 0.133 0.235 0.152 0.180 0.232 0.178 0.143
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A.4.6 Environmental collisions (impeller + grinding chamber)

Table A11: Collision modal intensities for different impeller speeds at different
revolutions for environmental (impeller + grinding chamber) collisions
relevant to Figure 39f

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 4.739E-09 2.947E-08 7.983E-08 4.850E-08 3.276E-07 1.461E-06 3.353E-06 2.613E-06 3.015E-07 1.139E-06 2.840E-06 3.643E-06
2 7.179E-09 2.712E-08 7.983E-08 3.479E-08 3.015E-07 1.139E-06 2.613E-06 2.213E-06 3.015E-07 1.139E-06 2.840E-06 2.405E-06
3 5.150E-09 2.297E-08 8.675E-08 3.479E-08 2.775E-07 1.238E-06 2.213E-06 2.213E-06 2.775E-07 1.238E-06 2.840E-06 3.086E-06
4 5.150E-09 2.712E-08 5.727E-08 3.479E-08 2.775E-07 1.139E-06 2.213E-06 2.405E-06 2.775E-07 1.139E-06 2.405E-06 3.086E-06
5 5.150E-09 2.496E-08 5.727E-08 5.727E-08 2.775E-07 1.048E-06 1.875E-06 2.037E-06 3.015E-07 1.139E-06 2.613E-06 3.086E-06
6 5.150E-09 2.114E-08 9.426E-08 5.727E-08 2.775E-07 1.048E-06 2.405E-06 1.875E-06 2.775E-07 1.048E-06 2.613E-06 3.086E-06
7 5.596E-09 2.496E-08 6.222E-08 4.850E-08 2.350E-07 1.048E-06 2.037E-06 2.213E-06 2.554E-07 1.139E-06 2.405E-06 2.213E-06
8 4.362E-09 3.202E-08 6.222E-08 1.024E-07 2.554E-07 1.238E-06 2.213E-06 2.037E-06 2.554E-07 1.238E-06 2.405E-06 2.213E-06
9 6.081E-09 2.712E-08 9.426E-08 1.024E-07 2.554E-07 1.048E-06 2.213E-06 2.037E-06 2.554E-07 1.048E-06 2.405E-06 2.213E-06
10 5.150E-09 2.496E-08 6.761E-08 1.686E-07 2.554E-07 9.646E-07 2.613E-06 2.037E-06 2.554E-07 1.345E-06 2.840E-06 2.405E-06
11 4.739E-09 2.712E-08 6.222E-08 7.983E-08 1.991E-07 1.238E-06 2.037E-06 2.213E-06 1.991E-07 1.238E-06 2.213E-06 2.213E-06
12 4.739E-09 2.947E-08 8.675E-08 4.850E-08 2.350E-07 1.345E-06 2.037E-06 2.213E-06 2.554E-07 1.139E-06 2.037E-06 2.213E-06
13 4.014E-09 2.947E-08 4.850E-08 4.850E-08 1.991E-07 1.345E-06 2.405E-06 2.405E-06 2.554E-07 1.139E-06 2.037E-06 2.213E-06
14 4.362E-09 2.297E-08 6.761E-08 1.113E-07 2.350E-07 8.877E-07 2.037E-06 2.405E-06 2.554E-07 1.238E-06 2.840E-06 2.405E-06
15 4.362E-09 2.496E-08 6.761E-08 1.113E-07 2.163E-07 1.238E-06 2.840E-06 2.405E-06 2.163E-07 1.238E-06 2.840E-06 2.405E-06
Mean (eµ) 5.009E-09 2.623E-08 7.029E-08 6.433E-08 2.526E-07 1.152E-06 2.314E-06 2.213E-06 2.611E-07 1.171E-06 2.528E-06 2.556E-06
σ 0.146 0.112 0.201 0.499 0.143 0.136 0.153 0.089 0.115 0.068 0.121 0.170

Table A12: Collision modal peaks responsible for the most energy dissipation for
the environmental (impeller + grinding chamber) collisions at different
impeller agitation speeds at different revolutions relevant to Figure A4f

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm 200 rpm 350 rpm 500 rpm 700 rpm
1 3.04E-03 2.06E-02 4.34E-02 3.68E-02 7.69E-06 4.78E-05 1.30E-04 2.97E-04 3.04E-03 2.06E-02 3.38E-02 6.58E-02
2 4.24E-03 1.25E-02 2.43E-02 6.58E-02 5.52E-06 3.43E-05 1.10E-04 3.51E-04 6.98E-03 1.36E-02 2.43E-02 6.58E-02
3 5.91E-03 1.25E-02 2.64E-02 2.64E-02 6.00E-06 4.40E-05 1.41E-04 3.23E-04 3.59E-03 1.06E-02 4.00E-02 3.38E-02
4 3.04E-03 1.06E-02 2.06E-02 2.43E-02 1.18E-01 4.78E-05 1.53E-04 2.74E-04 3.59E-03 1.47E-02 4.00E-02 6.58E-02
5 5.91E-03 1.47E-02 2.87E-02 7.77E-02 1.18E-01 5.65E-05 1.30E-04 3.23E-04 3.90E-03 9.74E-03 3.38E-02 4.00E-02
6 4.61E-03 9.74E-03 2.87E-02 4.72E-02 5.08E-06 4.78E-05 1.01E-04 4.15E-04 3.59E-03 1.25E-02 2.06E-02 4.00E-02
7 3.04E-03 1.06E-02 2.87E-02 4.72E-02 8.36E-06 6.14E-05 9.30E-05 2.74E-04 3.04E-03 1.06E-02 2.06E-02 7.15E-02
8 2.58E-03 1.74E-02 2.43E-02 5.13E-02 1.18E-01 3.73E-05 1.01E-04 2.74E-04 3.04E-03 2.43E-02 2.43E-02 5.13E-02
9 3.59E-03 8.96E-03 1.89E-02 5.13E-02 6.52E-06 3.43E-05 1.10E-04 2.74E-04 4.61E-03 1.25E-02 2.43E-02 5.13E-02
10 2.80E-03 1.06E-02 2.87E-02 4.72E-02 5.52E-06 4.78E-05 1.10E-04 2.74E-04 2.80E-03 8.96E-03 1.89E-02 4.34E-02
11 2.80E-03 9.74E-03 2.87E-02 4.72E-02 5.52E-06 4.78E-05 1.01E-04 2.97E-04 2.80E-03 2.64E-02 2.23E-02 4.34E-02
12 4.61E-03 1.25E-02 2.64E-02 9.96E-02 6.52E-06 6.67E-05 7.25E-05 2.97E-04 5.01E-03 2.06E-02 2.64E-02 9.17E-02
13 7.59E-03 1.25E-02 2.87E-02 9.96E-02 7.69E-06 6.67E-05 1.19E-04 3.23E-04 4.61E-03 2.06E-02 2.87E-02 1.08E-01
14 5.91E-03 1.74E-02 2.87E-02 5.13E-02 9.08E-06 4.05E-05 1.19E-04 2.13E-04 5.91E-03 2.06E-02 2.87E-02 5.13E-02
15 3.59E-03 1.06E-02 2.64E-02 4.72E-02 1.28E-01 3.73E-05 9.30E-05 2.97E-04 2.58E-03 1.06E-02 2.64E-02 5.13E-02
Mean (eµ) 3.99E-03 1.24E-02 2.70E-02 5.07E-02 8.99E-05 4.68E-05 1.10E-04 2.97E-04 3.78E-03 1.48E-02 2.68E-02 5.54E-02
σ 0.339 0.245 0.184 0.402 4.495 0.221 0.187 0.147 0.294 0.363 0.233 0.322
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A.4.7 Energy dissipation collision modulii
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Figure A4: Modal peaks of the most energy dissipation intensities of the (a) to-
tal collisions, (b) total particle collisions, (c) small-small particle col-
lisions, (d) small-large particle collisions, (e) large-large particle col-
lisions and (f) environmental collisions (impeller + grinding chamber
collisions) at different impeller speeds
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A.4.8 Additional discussion of energy dissipation modulii

The logarithmic mean collision modal intensities of the first fifteen revo-
lutions, for the different impeller speeds, are depicted in Figure 39. The
collision modal values for the first fifteen revolutions are shown in Ta-
bles A1 and A11. Both the lognormal mean and deviation are reported
in the tables. As can be seen in these tables, the collision moduli of the
slower impeller speeds showed less deviation than that of the faster im-
peller speeds.

The method used to estimate this modulii is shown in Section 3.4.2. The
resulting moduli are illustrated in Appendix A.8. Increasing the impeller
speeds increased the collisions modulus that dissipated the most energy.
Collision intensities have a logarithmic distribution, thus the more intense
collisions are an order of magnitude larger than the bulk of collisions. It
should be noted that the collisions that in turn dissipated the most en-
ergy are dictated by normal collisions. This is likely due to the impeller
promoting direct collisions to the particles. The impeller in turn facilitates
the most intense collisions, whilst further propagating the other types of
particle-particle collisions.

A.5 Power filtering values at different impeller speeds

Power, P , at time, ti, is estimated using

Punsmoothed,ti =
∑

(τimpeller,ti) · ωti . (40)

A histogram, with a lognormal distribution fitted to it, is shown in Figure A5.
The upper and lower limits of the distribution is used to filter out any outliers
in the data.

Afterwards, the filtered data is smoothed using a moving average. The
energy consumed during the simulation is then estimated using

ξ =

∫ tn

t0

Psmoothed dt. (41)

Finally, the uncertainty of the power consumption is estimated using

P̂ =

∫ tn

t0

(Punsmoothed − Psmoothed) dt. (42)
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Table A13: Estimated power values for various impeller speeds for a 6.50 kg sys-
tems with a 50-50 weight distribution of 8- and 5-mm particles

Mean power
(eu)(W)

Lognormal
variance (σ)

Min limit
(W)

Max limit
(W)

Energy consumed
(J)

Estimated energy
uncertainty (J)

200 rpm 80.76 0.478 31.06 209.97 268.53 ± 3.28
350 rpm 257.26 0.627 73.47 900.80 1024.29 ± 34.83
500 rpm 452.94 0.491 169.82 1208.08 1516.79 ± 127.90
700 rpm 991.68 0.548 331.24 2968.74 3047.42 ± 186.05
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Figure A5: Histogram of power values between t = 2.00 s and t = 6.50 s with
lognormal deviations estimated by the steady state power values be-
tween t = 3.50 s and t = 6.50 s
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A.6 Additional and relations of Figure 42

Table A14: Summated energy proportions between t = 4.5 s and t = 6.5 s as used
in Figure 42

200 rpm 350 rpm 500 rpm 700 rpm

Total energy loss (J) 384.10 1139.94 2174.78 3895.09
Particle collisions 170.06 488.31 932.47 1654.13
Environmental collisions (impeller + chamber) 214.04 651.63 1242.48 2241.10
Environmental collisions (impeller) 192.12 570.09 1087.80 1948.02

Total collisions involving large particles 202.94 682.07 1213.89 2269.63
Total collisions involving small particles 253.43 684.36 1373.86 2372.93
Large-large particle 22.15 92.08 149.73 276.25
Small-small particle 75.63 169.77 365.05 625.79
Small-large particle 72.28 226.46 417.69 752.44

Normal energy loss (J) 251.02 769.31 1505.07 2743.62
Particle collisions 61.16 206.03 375.21 813.12
Environmental collisions (impeller + chamber) 189.86 563.29 942.15 1930.50
Environmental collisions (impeller) 188.02 555.83 927.60 1893.67

Large-large particle 8.22 38.39 61.42 136.70
Small-small particle 26.48 71.51 168.95 369.30
Small-large particle 26.47 96.13 144.84 307.12

Tangential energy loss (J) 122.90 349.96 640.74 1122.08
Particle collisions 93.30 245.17 423.03 741.45
Environmental collisions (impeller + chamber) 29.06 104.79 191.14 380.64
Environmental collisions (impeller) 11.23 35.82 67.41 140.41

Large-large particle 11.96 46.60 66.82 122.85
Small-small particle 41.86 84.99 166.88 280.18
Small-large particle 39.47 113.58 189.33 338.41
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A.7 Collision modal intensities of the first 15 revolutions,
when steady state had been reached, of different
size-segregated weight distributions relevant to Fig-
ure 56

A.7.1 Total collisions

Table A15: Collision modal intensities for particle weight distributions at different
revolutions for total collision energy losses relevant to Figure 56a

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 4.568E-07 1.024E-07 5.270E-08 2.947E-08 1.945E-08 1.345E-06 4.204E-07 1.552E-07 1.024E-07 7.347E-08 2.613E-06 8.170E-07 2.554E-07 1.991E-07 1.314E-07
2 6.368E-07 1.314E-07 4.850E-08 3.202E-08 2.297E-08 1.461E-06 4.204E-07 1.686E-07 1.113E-07 7.347E-08 2.613E-06 7.518E-07 2.775E-07 1.991E-07 1.314E-07
3 4.963E-07 1.024E-07 5.727E-08 2.947E-08 2.297E-08 1.238E-06 3.869E-07 1.832E-07 1.113E-07 7.347E-08 2.840E-06 7.518E-07 2.775E-07 1.832E-07 1.314E-07
4 5.860E-07 1.113E-07 5.270E-08 2.712E-08 1.945E-08 1.139E-06 4.204E-07 1.832E-07 1.113E-07 7.983E-08 2.840E-06 7.518E-07 2.775E-07 1.991E-07 1.314E-07
5 5.860E-07 1.024E-07 5.727E-08 3.202E-08 1.945E-08 1.345E-06 4.568E-07 1.832E-07 9.426E-08 7.983E-08 2.840E-06 8.877E-07 2.775E-07 1.686E-07 1.209E-07
6 6.368E-07 1.209E-07 4.850E-08 2.947E-08 2.114E-08 1.139E-06 4.568E-07 1.832E-07 1.024E-07 7.347E-08 2.405E-06 7.518E-07 3.015E-07 1.991E-07 1.314E-07
7 4.963E-07 1.209E-07 5.727E-08 2.712E-08 2.297E-08 1.238E-06 4.963E-07 1.686E-07 1.024E-07 7.347E-08 2.613E-06 8.877E-07 3.276E-07 1.832E-07 1.314E-07
8 4.963E-07 1.209E-07 5.270E-08 2.712E-08 2.114E-08 1.345E-06 5.393E-07 1.991E-07 1.209E-07 7.983E-08 2.840E-06 8.170E-07 2.775E-07 1.991E-07 1.314E-07
9 4.963E-07 1.428E-07 5.727E-08 2.947E-08 2.297E-08 1.238E-06 4.963E-07 1.552E-07 1.209E-07 7.983E-08 2.613E-06 7.518E-07 3.276E-07 1.832E-07 1.314E-07
10 4.568E-07 1.428E-07 5.727E-08 2.947E-08 2.114E-08 1.048E-06 4.963E-07 1.686E-07 1.113E-07 7.347E-08 2.613E-06 7.518E-07 3.015E-07 1.832E-07 1.314E-07
11 6.368E-07 1.209E-07 5.727E-08 2.947E-08 2.114E-08 1.345E-06 5.393E-07 1.832E-07 1.209E-07 7.983E-08 2.037E-06 7.518E-07 3.015E-07 2.163E-07 1.209E-07
12 6.919E-07 1.209E-07 5.727E-08 2.947E-08 1.945E-08 1.345E-06 4.568E-07 1.552E-07 1.024E-07 7.983E-08 2.613E-06 7.518E-07 3.276E-07 2.163E-07 1.209E-07
13 5.860E-07 1.209E-07 5.727E-08 3.202E-08 2.297E-08 1.725E-06 4.568E-07 1.552E-07 1.024E-07 7.983E-08 2.840E-06 8.877E-07 3.276E-07 1.832E-07 1.428E-07
14 5.860E-07 1.314E-07 5.270E-08 2.947E-08 1.945E-08 1.461E-06 4.568E-07 1.991E-07 1.113E-07 7.983E-08 2.213E-06 7.518E-07 3.015E-07 1.686E-07 1.314E-07
15 4.204E-07 1.024E-07 5.270E-08 2.712E-08 2.114E-08 1.048E-06 4.568E-07 1.686E-07 1.209E-07 7.347E-08 2.213E-06 7.518E-07 2.775E-07 1.686E-07 1.314E-07
Mean (eu) 5.453E-07 1.189E-07 5.448E-08 2.930E-08 2.114E-08 1.286E-06 4.619E-07 1.733E-07 1.095E-07 7.680E-08 2.570E-06 7.859E-07 2.949E-07 1.894E-07 1.300E-07
σ 0.150 0.114 0.061 0.058 0.070 0.133 0.093 0.087 0.078 0.043 0.105 0.069 0.080 0.082 0.043

Table A16: Collision modal intensities for the most energy dissipation at different
particle weight distributions at different revolutions for total collision
energy losses

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 3.677E-02 1.892E-02 2.056E-02 7.588E-03 5.914E-03 4.402E-05 2.461E-05 9.871E-06 7.694E-06 4.302E-06 2.427E-02 1.149E-02 1.741E-02 8.959E-03 5.914E-03
2 5.126E-02 1.357E-02 1.249E-02 8.959E-03 4.243E-03 4.402E-05 2.461E-05 9.871E-06 7.694E-06 4.674E-06 3.677E-02 1.149E-02 1.058E-02 8.959E-03 5.914E-03
3 3.384E-02 2.234E-02 1.249E-02 1.149E-02 5.443E-03 4.402E-05 2.461E-05 1.165E-05 8.360E-06 4.674E-06 2.427E-02 3.114E-02 1.058E-02 1.058E-02 4.243E-03
4 1.149E-02 1.602E-02 1.058E-02 8.245E-03 3.904E-03 4.783E-05 2.265E-05 1.165E-05 7.081E-06 4.674E-06 3.114E-02 1.249E-02 1.475E-02 8.959E-03 3.904E-03
5 2.866E-02 3.114E-02 1.475E-02 9.735E-03 2.801E-03 4.783E-05 2.461E-05 1.073E-05 7.081E-06 5.079E-06 1.892E-02 1.602E-02 9.735E-03 8.959E-03 3.904E-03
6 2.234E-02 2.056E-02 9.735E-03 9.735E-03 3.593E-03 4.051E-05 3.431E-05 1.165E-05 8.360E-06 4.302E-06 7.588E-03 1.357E-02 1.249E-02 9.735E-03 3.904E-03
7 5.570E-02 2.056E-02 1.058E-02 8.245E-03 5.914E-03 4.051E-05 2.906E-05 1.165E-05 8.360E-06 4.302E-06 1.602E-02 2.056E-02 1.058E-02 7.588E-03 5.914E-03
8 1.602E-02 2.638E-02 1.741E-02 5.443E-03 4.243E-03 4.051E-05 2.906E-05 9.871E-06 9.084E-06 4.674E-06 1.602E-02 1.249E-02 2.427E-02 5.443E-03 4.610E-03
9 1.602E-02 1.892E-02 8.959E-03 1.058E-02 4.610E-03 4.783E-05 2.674E-05 9.084E-06 7.694E-06 5.519E-06 2.056E-02 1.149E-02 1.249E-02 6.983E-03 4.610E-03
10 2.866E-02 1.149E-02 1.058E-02 1.249E-02 3.593E-03 4.051E-05 2.461E-05 9.084E-06 7.694E-06 5.079E-06 2.866E-02 8.959E-03 8.959E-03 8.245E-03 3.043E-03
11 3.114E-02 2.427E-02 9.735E-03 7.588E-03 3.904E-03 4.402E-05 2.906E-05 1.073E-05 8.360E-06 3.959E-06 3.384E-02 8.959E-03 2.638E-02 7.588E-03 3.904E-03
12 1.249E-02 1.357E-02 1.249E-02 5.443E-03 3.904E-03 4.783E-05 1.918E-05 9.871E-06 8.360E-06 5.079E-06 1.357E-02 2.056E-02 2.056E-02 5.914E-03 3.307E-03
13 1.149E-02 1.357E-02 1.249E-02 1.357E-02 4.610E-03 5.198E-05 3.158E-05 9.871E-06 8.360E-06 5.079E-06 1.249E-02 1.741E-02 2.056E-02 1.475E-02 4.243E-03
14 2.427E-02 2.056E-02 1.741E-02 8.245E-03 3.904E-03 4.051E-05 2.265E-05 1.165E-05 9.084E-06 3.959E-06 2.234E-02 2.056E-02 2.056E-02 7.588E-03 5.443E-03
15 1.058E-02 1.892E-02 1.058E-02 6.427E-03 3.904E-03 3.728E-05 2.265E-05 1.165E-05 8.360E-06 4.674E-06 2.234E-02 1.741E-02 1.058E-02 6.427E-03 3.904E-03
Mean (eu) 2.271E-02 1.871E-02 1.235E-02 8.619E-03 4.219E-03 4.378E-05 2.573E-05 1.055E-05 8.087E-06 4.648E-06 2.033E-02 1.475E-02 1.442E-02 8.200E-03 4.362E-03
σ 0.547 0.277 0.245 0.273 0.200 0.091 0.150 0.095 0.076 0.097 0.421 0.348 0.364 0.246 0.207
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A.7.2 Particle collisions

Table A17: Collision modal intensities for particle weight distributions at different
revolutions for total collision energy losses relevant to Figure 56b

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 4.568E-07 1.024E-07 5.270E-08 2.947E-08 1.945E-08 1.345E-06 4.204E-07 1.552E-07 1.024E-07 6.761E-08 1.875E-06 5.860E-07 2.554E-07 1.686E-07 1.209E-07
2 6.368E-07 1.314E-07 4.850E-08 3.202E-08 2.297E-08 9.646E-07 4.204E-07 1.686E-07 9.426E-08 7.347E-08 2.213E-06 5.860E-07 2.775E-07 1.991E-07 1.209E-07
3 5.860E-07 1.552E-07 5.727E-08 2.947E-08 2.297E-08 1.139E-06 3.276E-07 1.832E-07 9.426E-08 7.347E-08 2.213E-06 5.860E-07 2.775E-07 1.552E-07 1.113E-07
4 5.860E-07 1.113E-07 5.270E-08 2.712E-08 2.297E-08 1.139E-06 3.276E-07 1.832E-07 1.113E-07 7.983E-08 1.875E-06 5.860E-07 2.775E-07 1.552E-07 1.209E-07
5 5.860E-07 1.024E-07 5.727E-08 3.202E-08 1.945E-08 1.139E-06 4.568E-07 1.832E-07 9.426E-08 6.761E-08 2.405E-06 6.919E-07 2.775E-07 1.552E-07 1.209E-07
6 6.368E-07 1.686E-07 4.850E-08 2.947E-08 2.114E-08 9.646E-07 4.568E-07 1.832E-07 9.426E-08 7.347E-08 2.213E-06 6.919E-07 3.015E-07 1.552E-07 1.314E-07
7 4.963E-07 1.209E-07 5.727E-08 2.712E-08 2.297E-08 1.238E-06 3.869E-07 1.686E-07 1.024E-07 7.347E-08 1.875E-06 6.368E-07 3.276E-07 1.552E-07 1.314E-07
8 4.963E-07 1.209E-07 5.270E-08 2.947E-08 2.114E-08 1.345E-06 3.869E-07 1.991E-07 9.426E-08 7.347E-08 1.875E-06 7.518E-07 2.775E-07 1.686E-07 1.209E-07
9 4.963E-07 1.428E-07 5.727E-08 2.947E-08 2.297E-08 1.048E-06 3.560E-07 1.552E-07 1.113E-07 6.761E-08 2.213E-06 7.518E-07 3.276E-07 1.832E-07 1.209E-07
10 5.393E-07 1.428E-07 5.727E-08 2.947E-08 2.114E-08 1.048E-06 3.560E-07 1.686E-07 1.113E-07 6.761E-08 1.875E-06 5.860E-07 3.015E-07 1.686E-07 1.209E-07
11 6.368E-07 1.552E-07 5.727E-08 2.947E-08 2.114E-08 1.238E-06 3.869E-07 1.832E-07 9.426E-08 6.761E-08 2.037E-06 7.518E-07 3.015E-07 1.686E-07 1.209E-07
12 6.919E-07 1.428E-07 5.727E-08 2.947E-08 1.945E-08 1.139E-06 4.568E-07 1.552E-07 9.426E-08 6.761E-08 2.037E-06 7.518E-07 3.276E-07 1.686E-07 1.209E-07
13 5.860E-07 1.686E-07 5.727E-08 3.202E-08 2.297E-08 1.139E-06 3.869E-07 1.552E-07 9.426E-08 6.761E-08 2.037E-06 6.368E-07 3.276E-07 1.832E-07 1.209E-07
14 5.860E-07 1.552E-07 5.270E-08 2.947E-08 2.114E-08 1.139E-06 3.869E-07 1.991E-07 1.113E-07 6.761E-08 2.037E-06 6.919E-07 3.015E-07 1.686E-07 1.314E-07
15 5.393E-07 1.428E-07 5.270E-08 3.202E-08 2.114E-08 1.048E-06 3.869E-07 1.686E-07 9.426E-08 7.347E-08 2.213E-06 6.919E-07 2.775E-07 1.686E-07 1.314E-07
Mean (eu) 5.669E-07 1.358E-07 5.448E-08 2.979E-08 2.149E-08 1.133E-06 3.912E-07 1.733E-07 9.963E-08 7.068E-08 2.060E-06 6.619E-07 2.949E-07 1.677E-07 1.230E-07
σ 0.117 0.166 0.061 0.053 0.064 0.102 0.108 0.087 0.075 0.053 0.082 0.103 0.080 0.073 0.047

Table A18: Collision modal intensities for the most energy dissipation at different
particle weight distributions at different revolutions for particle-particle
collision energy losses

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 7.246E-05 4.051E-05 1.918E-05 1.376E-05 7.694E-06 3.158E-05 1.765E-05 9.871E-06 6.516E-06 3.959E-06 8.555E-05 3.728E-05 2.265E-05 1.625E-05 9.084E-06
2 6.668E-05 3.728E-05 1.625E-05 1.376E-05 7.694E-06 3.728E-05 1.625E-05 9.871E-06 6.516E-06 3.959E-06 6.668E-05 5.198E-05 2.085E-05 1.376E-05 1.073E-05
3 5.648E-05 3.728E-05 2.265E-05 1.495E-05 7.081E-06 2.906E-05 1.625E-05 9.084E-06 5.997E-06 3.643E-06 7.246E-05 5.198E-05 2.265E-05 1.376E-05 8.360E-06
4 6.137E-05 3.431E-05 1.918E-05 1.266E-05 7.081E-06 3.158E-05 1.625E-05 1.165E-05 5.997E-06 3.643E-06 7.246E-05 4.783E-05 2.265E-05 1.376E-05 9.084E-06
5 6.137E-05 3.431E-05 2.674E-05 1.266E-05 7.081E-06 3.431E-05 1.625E-05 1.073E-05 5.997E-06 3.959E-06 7.246E-05 4.783E-05 2.265E-05 1.376E-05 9.084E-06
6 6.137E-05 2.906E-05 2.265E-05 1.266E-05 8.360E-06 3.431E-05 1.625E-05 9.084E-06 5.997E-06 4.302E-06 6.668E-05 4.051E-05 2.461E-05 1.376E-05 8.360E-06
7 5.198E-05 2.906E-05 1.918E-05 1.376E-05 7.694E-06 2.906E-05 1.625E-05 1.165E-05 5.997E-06 4.302E-06 6.668E-05 4.783E-05 2.085E-05 1.765E-05 9.871E-06
8 6.668E-05 4.051E-05 2.085E-05 1.266E-05 9.084E-06 3.431E-05 1.625E-05 9.871E-06 6.516E-06 3.959E-06 6.668E-05 4.783E-05 2.265E-05 1.376E-05 8.360E-06
9 5.648E-05 3.158E-05 1.765E-05 1.165E-05 9.084E-06 3.158E-05 1.765E-05 9.084E-06 6.516E-06 3.959E-06 6.668E-05 3.728E-05 2.674E-05 1.376E-05 8.360E-06
10 4.783E-05 3.158E-05 1.918E-05 1.266E-05 8.360E-06 3.158E-05 2.085E-05 9.084E-06 7.081E-06 3.959E-06 8.555E-05 4.402E-05 2.461E-05 1.376E-05 9.871E-06
11 5.198E-05 3.158E-05 1.765E-05 1.165E-05 9.084E-06 3.431E-05 1.918E-05 1.073E-05 5.997E-06 3.959E-06 7.873E-05 4.402E-05 2.906E-05 1.376E-05 8.360E-06
12 5.198E-05 3.728E-05 1.918E-05 1.165E-05 7.081E-06 3.431E-05 1.918E-05 9.871E-06 6.516E-06 3.959E-06 7.873E-05 4.402E-05 2.674E-05 1.376E-05 9.084E-06
13 5.198E-05 3.431E-05 1.918E-05 1.266E-05 9.084E-06 3.158E-05 1.918E-05 9.871E-06 5.997E-06 3.959E-06 9.296E-05 4.402E-05 2.674E-05 1.625E-05 9.871E-06
14 6.137E-05 4.051E-05 1.625E-05 1.266E-05 8.360E-06 3.158E-05 2.085E-05 1.165E-05 5.997E-06 3.959E-06 8.555E-05 4.402E-05 2.265E-05 1.625E-05 9.871E-06
15 6.137E-05 4.051E-05 2.085E-05 1.266E-05 7.694E-06 3.158E-05 2.085E-05 9.084E-06 5.519E-06 3.643E-06 8.555E-05 4.402E-05 2.461E-05 1.376E-05 9.871E-06
Mean (eu) 5.839E-05 3.508E-05 1.961E-05 1.281E-05 7.998E-06 3.246E-05 1.785E-05 1.004E-05 6.200E-06 3.937E-06 7.574E-05 4.476E-05 2.394E-05 1.446E-05 9.185E-06
σ 0.117 0.119 0.131 0.069 0.099 0.068 0.103 0.095 0.061 0.049 0.117 0.100 0.098 0.088 0.082

A.7.3 Small-small particle collisions

Table A19: Collision modal intensities for particle weight distributions at different
revolutions for small-small particle collision energy losses relevant to
Figure 56c

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 6.761E-08 3.479E-08 2.947E-08 1.945E-08 2.163E-07 1.314E-07 8.675E-08 6.761E-08 4.568E-07 2.163E-07 1.428E-07 1.209E-07
2 6.222E-08 3.202E-08 2.947E-08 2.297E-08 1.552E-07 1.209E-07 9.426E-08 7.347E-08 3.276E-07 1.991E-07 1.428E-07 1.209E-07
3 5.270E-08 3.780E-08 2.496E-08 2.297E-08 1.832E-07 1.209E-07 7.347E-08 7.347E-08 3.869E-07 2.350E-07 1.428E-07 1.113E-07
4 4.463E-08 2.947E-08 2.496E-08 2.297E-08 1.686E-07 1.209E-07 7.347E-08 7.983E-08 3.560E-07 2.163E-07 1.428E-07 1.209E-07
5 5.727E-08 3.202E-08 2.712E-08 1.945E-08 1.686E-07 1.209E-07 9.426E-08 6.761E-08 2.775E-07 2.163E-07 1.314E-07 1.209E-07
6 6.222E-08 3.202E-08 2.496E-08 2.114E-08 1.832E-07 1.209E-07 9.426E-08 7.347E-08 2.554E-07 1.991E-07 1.552E-07 1.314E-07
7 6.222E-08 3.780E-08 2.496E-08 2.297E-08 1.686E-07 1.113E-07 8.675E-08 7.347E-08 3.560E-07 2.163E-07 1.552E-07 1.314E-07
8 7.347E-08 4.108E-08 2.496E-08 2.114E-08 1.686E-07 1.552E-07 8.675E-08 7.347E-08 3.560E-07 2.554E-07 1.428E-07 1.209E-07
9 7.347E-08 2.947E-08 2.712E-08 2.297E-08 1.832E-07 1.209E-07 8.675E-08 6.761E-08 4.204E-07 1.832E-07 1.428E-07 1.209E-07
10 4.108E-08 3.202E-08 2.712E-08 2.114E-08 1.991E-07 1.209E-07 7.983E-08 6.761E-08 4.204E-07 2.350E-07 1.686E-07 1.209E-07
11 4.108E-08 3.202E-08 2.496E-08 2.114E-08 1.991E-07 1.552E-07 7.983E-08 6.761E-08 3.869E-07 2.163E-07 1.552E-07 1.209E-07
12 4.108E-08 3.202E-08 2.712E-08 1.945E-08 1.991E-07 1.314E-07 9.426E-08 6.761E-08 3.869E-07 2.350E-07 1.552E-07 1.209E-07
13 7.347E-08 3.202E-08 2.496E-08 2.297E-08 2.350E-07 1.314E-07 9.426E-08 6.761E-08 3.560E-07 2.350E-07 1.428E-07 1.209E-07
14 6.761E-08 3.202E-08 2.496E-08 2.114E-08 1.991E-07 1.024E-07 8.675E-08 6.761E-08 4.963E-07 1.991E-07 1.428E-07 1.314E-07
15 5.727E-08 3.780E-08 2.496E-08 2.114E-08 1.991E-07 1.314E-07 9.426E-08 7.347E-08 3.560E-07 1.991E-07 1.552E-07 1.314E-07
Mean (eu) 5.727E-08 3.347E-08 2.609E-08 2.149E-08 1.873E-07 1.257E-07 8.675E-08 7.068E-08 3.680E-07 2.163E-07 1.476E-07 1.230E-07
σ 0.217 0.099 0.062 0.064 0.111 0.108 0.089 0.053 0.171 0.089 0.061 0.047
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Table A20: Collision modal intensities for the most energy dissipation values at
different particle weight distributions at different revolutions for small-
small particle collision energy losses

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 1.918E-05 1.376E-05 9.084E-06 7.694E-06 7.694E-06 5.997E-06 5.079E-06 3.959E-06 1.918E-05 1.765E-05 1.165E-05 9.084E-06
2 2.265E-05 1.495E-05 1.073E-05 7.694E-06 7.081E-06 6.516E-06 4.674E-06 3.959E-06 1.918E-05 1.918E-05 1.376E-05 1.073E-05
3 1.625E-05 1.376E-05 1.165E-05 7.081E-06 8.360E-06 6.516E-06 4.674E-06 3.643E-06 1.918E-05 1.376E-05 1.376E-05 8.360E-06
4 2.461E-05 1.625E-05 1.165E-05 7.081E-06 6.516E-06 7.081E-06 5.079E-06 3.643E-06 2.085E-05 1.765E-05 1.376E-05 9.084E-06
5 1.765E-05 1.625E-05 1.266E-05 7.081E-06 8.360E-06 6.516E-06 5.519E-06 3.959E-06 1.495E-05 1.625E-05 1.376E-05 9.084E-06
6 1.765E-05 1.376E-05 1.266E-05 8.360E-06 8.360E-06 7.081E-06 5.997E-06 4.302E-06 1.625E-05 1.765E-05 1.266E-05 8.360E-06
7 1.625E-05 1.625E-05 1.266E-05 7.694E-06 8.360E-06 7.081E-06 4.674E-06 4.302E-06 1.625E-05 1.625E-05 1.073E-05 9.871E-06
8 1.625E-05 1.765E-05 1.266E-05 9.084E-06 7.694E-06 7.081E-06 5.997E-06 3.959E-06 1.918E-05 1.495E-05 1.376E-05 8.360E-06
9 2.085E-05 1.765E-05 1.165E-05 9.084E-06 7.694E-06 6.516E-06 5.079E-06 3.959E-06 1.918E-05 1.625E-05 1.376E-05 8.360E-06
10 2.265E-05 1.266E-05 1.266E-05 8.360E-06 8.360E-06 7.081E-06 4.674E-06 3.959E-06 1.918E-05 1.495E-05 1.376E-05 9.871E-06
11 1.266E-05 1.266E-05 1.073E-05 9.084E-06 6.516E-06 5.997E-06 5.997E-06 3.959E-06 1.495E-05 1.495E-05 1.266E-05 8.360E-06
12 1.376E-05 1.376E-05 1.165E-05 7.081E-06 6.516E-06 7.081E-06 5.079E-06 3.959E-06 1.918E-05 1.765E-05 1.376E-05 9.084E-06
13 1.165E-05 1.376E-05 1.266E-05 9.084E-06 7.694E-06 7.081E-06 4.674E-06 3.959E-06 1.495E-05 1.765E-05 1.376E-05 9.871E-06
14 1.495E-05 1.625E-05 1.073E-05 8.360E-06 7.694E-06 6.516E-06 5.519E-06 3.959E-06 1.765E-05 1.918E-05 1.165E-05 9.871E-06
15 1.376E-05 1.376E-05 1.266E-05 7.694E-06 7.694E-06 7.694E-06 5.519E-06 3.643E-06 1.918E-05 1.376E-05 1.165E-05 9.871E-06
Mean (eu) 1.698E-05 1.479E-05 1.172E-05 7.998E-06 7.609E-06 6.774E-06 5.193E-06 3.937E-06 1.785E-05 1.643E-05 1.295E-05 9.185E-06
σ 0.224 0.113 0.097 0.099 0.093 0.069 0.097 0.049 0.113 0.108 0.086 0.082

A.7.4 Small-large particle collisions

Table A21: Collision modal intensities for particle weight distributions at different
revolutions for small-large particle collision energy losses relevant to
Figure 56d

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 1.024E-07 6.761E-08 3.780E-08 2.775E-07 1.991E-07 1.552E-07 5.860E-07 3.015E-07 2.554E-07
2 1.314E-07 6.761E-08 5.270E-08 2.775E-07 1.686E-07 1.686E-07 5.860E-07 3.869E-07 2.554E-07
3 9.426E-08 7.347E-08 4.850E-08 3.015E-07 1.991E-07 1.428E-07 5.393E-07 3.276E-07 2.554E-07
4 9.426E-08 6.222E-08 4.463E-08 3.015E-07 2.554E-07 1.314E-07 5.860E-07 3.869E-07 2.554E-07
5 9.426E-08 5.727E-08 4.463E-08 3.015E-07 1.832E-07 1.314E-07 4.963E-07 3.869E-07 2.554E-07
6 1.113E-07 7.347E-08 4.850E-08 3.276E-07 2.350E-07 1.552E-07 4.963E-07 3.560E-07 2.554E-07
7 1.113E-07 5.727E-08 5.270E-08 3.276E-07 2.350E-07 1.552E-07 6.368E-07 4.568E-07 2.775E-07
8 1.209E-07 7.347E-08 5.727E-08 3.869E-07 2.163E-07 1.314E-07 6.368E-07 3.869E-07 2.350E-07
9 1.428E-07 9.426E-08 4.850E-08 3.560E-07 2.163E-07 1.209E-07 7.518E-07 4.204E-07 1.991E-07
10 1.428E-07 7.983E-08 4.850E-08 3.276E-07 2.163E-07 1.428E-07 5.860E-07 3.276E-07 2.554E-07
11 1.428E-07 8.675E-08 5.727E-08 3.276E-07 1.991E-07 1.428E-07 5.860E-07 3.560E-07 2.775E-07
12 1.209E-07 6.761E-08 5.727E-08 3.276E-07 2.350E-07 1.314E-07 6.919E-07 3.276E-07 2.350E-07
13 1.209E-07 6.761E-08 5.727E-08 3.869E-07 2.350E-07 1.209E-07 6.919E-07 3.276E-07 2.554E-07
14 1.113E-07 6.761E-08 5.270E-08 3.869E-07 1.991E-07 1.686E-07 6.919E-07 3.560E-07 2.350E-07
15 1.024E-07 7.347E-08 5.270E-08 3.560E-07 1.991E-07 1.686E-07 5.860E-07 3.869E-07 2.350E-07
Mean (eu) 1.151E-07 7.068E-08 5.042E-08 3.295E-07 2.116E-07 1.436E-07 6.058E-07 3.640E-07 2.484E-07
σ 0.150 0.136 0.117 0.111 0.111 0.115 0.121 0.111 0.081

Table A22: Collision modal intensities for the most energy dissipation values at
different particle weight distributions at different revolutions for small-
large particle collision energy losses

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 2.674E-05 2.265E-05 2.265E-05 1.765E-05 9.871E-06 8.360E-06 3.158E-05 3.431E-05 2.085E-05
2 3.158E-05 2.085E-05 2.265E-05 1.625E-05 1.376E-05 9.871E-06 3.728E-05 2.674E-05 2.085E-05
3 3.728E-05 2.265E-05 1.918E-05 1.625E-05 1.625E-05 9.871E-06 3.158E-05 2.461E-05 2.085E-05
4 3.431E-05 2.674E-05 1.765E-05 1.625E-05 1.165E-05 8.360E-06 3.728E-05 2.906E-05 2.085E-05
5 2.674E-05 2.674E-05 1.918E-05 1.625E-05 1.495E-05 7.694E-06 4.051E-05 2.265E-05 2.461E-05
6 2.906E-05 2.085E-05 1.918E-05 1.625E-05 9.871E-06 9.084E-06 4.051E-05 2.906E-05 2.265E-05
7 2.265E-05 2.085E-05 2.085E-05 1.625E-05 1.165E-05 9.871E-06 4.783E-05 3.158E-05 2.265E-05
8 2.906E-05 2.461E-05 2.461E-05 1.376E-05 1.765E-05 9.084E-06 4.402E-05 3.158E-05 2.674E-05
9 2.461E-05 2.674E-05 1.918E-05 1.376E-05 1.165E-05 7.694E-06 3.728E-05 2.674E-05 2.674E-05
10 3.431E-05 2.265E-05 2.265E-05 1.376E-05 1.625E-05 1.266E-05 3.728E-05 3.431E-05 2.085E-05
11 3.158E-05 2.674E-05 1.918E-05 1.495E-05 1.376E-05 8.360E-06 3.728E-05 2.906E-05 2.085E-05
12 2.461E-05 1.918E-05 1.625E-05 1.918E-05 1.073E-05 8.360E-06 3.431E-05 3.431E-05 2.461E-05
13 2.461E-05 1.918E-05 2.461E-05 1.918E-05 1.073E-05 8.360E-06 3.158E-05 3.431E-05 2.906E-05
14 2.906E-05 2.461E-05 1.918E-05 1.376E-05 1.165E-05 9.084E-06 3.728E-05 2.265E-05 3.158E-05
15 4.051E-05 2.085E-05 1.495E-05 1.376E-05 1.625E-05 1.266E-05 3.431E-05 2.461E-05 1.918E-05
Mean (eu) 2.938E-05 2.290E-05 1.994E-05 1.572E-05 1.288E-05 9.185E-06 3.708E-05 2.874E-05 2.329E-05
σ 0.169 0.121 0.143 0.117 0.197 0.153 0.119 0.150 0.146
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A.7.5 Large-large particle collisions

Table A23: Collision modal intensities for particle weight distributions at different
revolutions for large-large particle collision energy losses relevant to
Figure 56e

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 4.568E-07 3.276E-07 1.552E-07 7.347E-08 1.345E-06 6.368E-07 4.568E-07 3.560E-07 1.875E-06 1.139E-06 1.048E-06 4.568E-07
2 6.368E-07 2.775E-07 1.832E-07 1.832E-07 9.646E-07 8.877E-07 4.963E-07 3.276E-07 2.213E-06 1.139E-06 8.877E-07 8.170E-07
3 5.860E-07 2.775E-07 1.686E-07 1.832E-07 1.139E-06 6.368E-07 4.204E-07 3.560E-07 2.213E-06 1.345E-06 8.170E-07 4.204E-07
4 5.860E-07 3.276E-07 1.832E-07 1.832E-07 1.139E-06 6.368E-07 4.568E-07 3.276E-07 1.875E-06 1.238E-06 9.646E-07 6.368E-07
5 5.860E-07 3.015E-07 1.991E-07 1.209E-07 1.139E-06 6.368E-07 3.869E-07 3.560E-07 2.405E-06 1.588E-06 8.877E-07 8.877E-07
6 6.368E-07 3.276E-07 1.552E-07 1.552E-07 9.646E-07 8.877E-07 3.560E-07 2.554E-07 2.213E-06 1.139E-06 6.368E-07 4.568E-07
7 4.963E-07 3.560E-07 1.552E-07 1.209E-07 1.238E-06 8.170E-07 3.276E-07 3.015E-07 1.875E-06 1.345E-06 8.877E-07 7.518E-07
8 4.963E-07 3.560E-07 1.686E-07 9.426E-08 1.345E-06 8.170E-07 3.869E-07 2.775E-07 1.875E-06 1.588E-06 8.170E-07 5.393E-07
9 4.963E-07 3.276E-07 1.686E-07 9.426E-08 1.048E-06 6.919E-07 3.560E-07 2.775E-07 2.213E-06 1.345E-06 6.919E-07 5.860E-07
10 5.393E-07 3.869E-07 1.991E-07 1.209E-07 1.048E-06 6.368E-07 3.869E-07 2.163E-07 1.875E-06 1.238E-06 7.518E-07 5.860E-07
11 6.368E-07 3.276E-07 1.552E-07 7.983E-08 1.238E-06 6.368E-07 3.869E-07 2.554E-07 2.037E-06 1.238E-06 6.919E-07 3.276E-07
12 6.919E-07 3.276E-07 1.832E-07 1.209E-07 1.139E-06 6.368E-07 4.568E-07 1.686E-07 2.037E-06 1.139E-06 1.048E-06 3.869E-07
13 5.860E-07 3.560E-07 1.832E-07 1.113E-07 1.139E-06 7.518E-07 4.568E-07 2.775E-07 2.037E-06 1.139E-06 1.048E-06 4.963E-07
14 5.860E-07 2.775E-07 2.350E-07 1.024E-07 1.139E-06 7.518E-07 4.963E-07 2.163E-07 2.037E-06 1.588E-06 8.877E-07 5.860E-07
15 5.393E-07 3.560E-07 1.991E-07 1.113E-07 1.048E-06 6.919E-07 4.568E-07 2.554E-07 2.213E-06 1.139E-06 8.170E-07 5.393E-07
Mean (eu) 5.669E-07 3.258E-07 1.782E-07 1.189E-07 1.133E-06 7.113E-07 4.157E-07 2.760E-07 2.060E-06 1.279E-06 8.492E-07 5.453E-07
σ 0.117 0.102 0.120 0.288 0.102 0.128 0.129 0.214 0.082 0.129 0.157 0.275

Table A24: Collision modal intensities for the most energy dissipation values at
different particle weight distributions at different revolutions for large-
large particle collision energy losses

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 7.25E-05 5.20E-05 4.05E-05 2.91E-05 3.16E-05 2.46E-05 2.08E-05 2.46E-05 8.56E-05 7.25E-05 4.78E-05 4.40E-05
2 6.67E-05 4.78E-05 5.65E-05 4.05E-05 3.73E-05 2.46E-05 2.67E-05 2.67E-05 6.67E-05 7.25E-05 3.73E-05 2.46E-05
3 5.65E-05 4.40E-05 4.05E-05 9.30E-05 2.91E-05 2.08E-05 1.92E-05 1.50E-05 7.25E-05 7.25E-05 5.65E-05 2.27E-05
4 6.14E-05 4.78E-05 3.73E-05 2.91E-05 3.16E-05 2.46E-05 2.08E-05 1.92E-05 7.25E-05 6.67E-05 4.40E-05 4.05E-05
5 6.14E-05 4.40E-05 3.73E-05 3.43E-05 3.43E-05 2.46E-05 2.27E-05 1.17E-05 7.25E-05 6.67E-05 4.05E-05 3.73E-05
6 6.14E-05 6.14E-05 4.05E-05 4.05E-05 3.43E-05 2.91E-05 2.46E-05 1.62E-05 6.67E-05 7.25E-05 5.20E-05 7.87E-05
7 5.20E-05 7.25E-05 3.73E-05 4.40E-05 2.91E-05 2.91E-05 2.67E-05 1.62E-05 6.67E-05 7.25E-05 7.25E-05 4.78E-05
8 6.67E-05 5.20E-05 4.05E-05 4.78E-05 3.43E-05 2.91E-05 2.08E-05 1.38E-05 6.67E-05 6.14E-05 3.73E-05 4.05E-05
9 5.65E-05 5.20E-05 3.16E-05 3.43E-05 3.16E-05 2.91E-05 1.92E-05 3.16E-05 6.67E-05 7.25E-05 4.40E-05 3.16E-05
10 4.78E-05 6.14E-05 6.14E-05 8.56E-05 3.16E-05 2.91E-05 2.27E-05 2.27E-05 8.56E-05 8.56E-05 6.14E-05 2.67E-05
11 5.20E-05 6.67E-05 4.78E-05 4.05E-05 3.43E-05 2.91E-05 2.27E-05 2.27E-05 7.87E-05 7.87E-05 4.78E-05 3.43E-05
12 5.20E-05 5.20E-05 4.05E-05 3.16E-05 3.43E-05 2.91E-05 2.67E-05 3.73E-05 7.87E-05 6.67E-05 5.20E-05 4.05E-05
13 5.20E-05 4.40E-05 4.05E-05 3.16E-05 3.16E-05 2.91E-05 2.67E-05 2.27E-05 9.30E-05 6.67E-05 5.20E-05 5.20E-05
14 6.14E-05 4.05E-05 6.14E-05 2.91E-05 3.16E-05 2.91E-05 2.67E-05 1.62E-05 8.56E-05 6.67E-05 8.56E-05 5.20E-05
15 6.14E-05 5.20E-05 4.40E-05 2.08E-05 3.16E-05 3.16E-05 1.92E-05 1.92E-05 8.56E-05 6.67E-05 4.40E-05 3.73E-05
Mean (eu) 5.84E-05 5.20E-05 4.31E-05 3.88E-05 3.25E-05 2.73E-05 2.29E-05 2.01E-05 7.57E-05 7.05E-05 5.03E-05 3.88E-05
σ 0.117 0.166 0.192 0.397 0.068 0.111 0.133 0.318 0.117 0.081 0.232 0.320

A.7.6 Environmental collisions (impeller + grinding chamber)

Table A25: Collision modal intensities for different particle weight distributions at
different revolutions for environmental (impeller + grinding chamber)
collisions relevant to Figure 56f

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 3.015E-07 4.463E-08 5.319E-04 1.516E-08 8.477E-09 6.516E-06 2.213E-06 4.051E-05 8.877E-07 4.204E-07 8.360E-06 2.405E-06 4.228E-07 8.170E-07 4.963E-07
2 2.163E-07 4.463E-08 4.895E-04 1.945E-08 8.477E-09 6.516E-06 2.405E-06 4.051E-05 6.919E-07 4.204E-07 9.871E-06 2.405E-06 4.594E-07 7.518E-07 5.860E-07
3 2.163E-07 4.463E-08 5.780E-04 1.284E-08 1.284E-08 7.081E-06 2.405E-06 2.906E-05 7.518E-07 4.204E-07 6.516E-06 2.037E-06 3.033E-07 8.170E-07 5.393E-07
4 2.554E-07 6.761E-08 5.780E-04 1.647E-08 1.182E-08 7.081E-06 2.405E-06 3.728E-05 7.518E-07 4.568E-07 9.084E-06 2.405E-06 4.228E-07 8.170E-07 4.568E-07
5 2.163E-07 6.761E-08 5.319E-04 1.647E-08 1.647E-08 7.081E-06 1.875E-06 5.648E-05 8.877E-07 4.963E-07 7.081E-06 2.037E-06 3.581E-07 8.877E-07 5.393E-07
6 4.568E-07 5.270E-08 3.815E-04 1.647E-08 1.395E-08 8.360E-06 2.213E-06 3.158E-05 8.170E-07 4.963E-07 7.694E-06 1.875E-06 3.581E-07 8.170E-07 5.393E-07
7 3.276E-07 5.270E-08 5.780E-04 1.516E-08 1.182E-08 7.081E-06 2.037E-06 3.431E-05 6.919E-07 5.393E-07 8.360E-06 2.213E-06 3.891E-07 8.170E-07 5.393E-07
8 3.276E-07 5.727E-08 3.815E-04 1.516E-08 1.395E-08 5.519E-06 2.405E-06 5.198E-05 8.170E-07 4.963E-07 7.081E-06 2.840E-06 4.594E-07 6.919E-07 5.860E-07
9 2.775E-07 4.850E-08 3.815E-04 1.516E-08 1.182E-08 5.519E-06 2.213E-06 3.728E-05 8.170E-07 4.963E-07 7.694E-06 2.037E-06 3.581E-07 9.646E-07 4.963E-07
10 3.015E-07 6.222E-08 6.824E-04 1.790E-08 1.182E-08 7.081E-06 2.213E-06 4.783E-05 6.919E-07 4.963E-07 8.360E-06 2.213E-06 2.791E-07 6.919E-07 5.393E-07
11 2.554E-07 6.222E-08 5.319E-04 1.945E-08 1.395E-08 8.360E-06 2.613E-06 3.728E-05 6.919E-07 4.204E-07 8.360E-06 2.840E-06 2.791E-07 6.919E-07 5.393E-07
12 2.775E-07 6.222E-08 5.319E-04 1.647E-08 1.284E-08 7.081E-06 2.613E-06 4.051E-05 7.518E-07 4.963E-07 7.081E-06 2.840E-06 4.228E-07 8.170E-07 5.860E-07
13 2.554E-07 4.850E-08 5.319E-04 1.790E-08 1.284E-08 7.081E-06 2.037E-06 4.051E-05 7.518E-07 4.568E-07 7.694E-06 2.405E-06 4.228E-07 8.170E-07 5.860E-07
14 1.832E-07 5.270E-08 3.511E-04 1.945E-08 1.088E-08 6.516E-06 2.213E-06 4.051E-05 6.919E-07 5.860E-07 6.516E-06 2.213E-06 4.228E-07 8.170E-07 5.860E-07
15 2.163E-07 5.270E-08 5.780E-04 1.945E-08 1.088E-08 6.516E-06 2.405E-06 3.158E-05 5.860E-07 4.568E-07 7.081E-06 2.405E-06 4.228E-07 6.919E-07 4.963E-07
Mean (eu) 2.655E-07 5.418E-08 5.005E-04 1.675E-08 1.202E-08 6.849E-06 2.276E-06 3.919E-05 7.477E-07 4.748E-07 7.737E-06 3.912E-05 5.348E-04 7.903E-07 5.393E-07
σ 0.228 0.146 0.197 0.122 0.178 0.117 0.092 0.183 0.111 0.099 0.119 0.129 0.214 0.098 0.077
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Table A26: Collision modal peaks responsible for the most energy dissipation for
the environmental (impeller + grinding chamber) collisions at different
particle weight distributions at different revolutions

Normal energy loss (J) Tangential energy loss (J) Total energy loss (J)
Revolution 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 % 0 % 25 % 50 % 75 % 100 %
1 3.677E-02 1.892E-02 2.056E-02 7.588E-03 5.914E-03 1.807E-04 7.873E-05 4.505E-04 3.158E-05 5.648E-05 2.427E-02 1.149E-02 2.056E-02 8.959E-03 5.914E-03
2 5.126E-02 1.357E-02 1.249E-02 8.959E-03 4.243E-03 1.807E-04 7.873E-05 5.319E-04 2.674E-05 2.265E-05 3.677E-02 1.149E-02 1.058E-02 8.959E-03 5.914E-03
3 3.384E-02 2.234E-02 1.249E-02 1.149E-02 5.443E-03 1.296E-04 7.246E-05 4.146E-04 2.906E-05 1.765E-05 2.427E-02 3.114E-02 1.058E-02 1.058E-02 4.243E-03
4 1.149E-02 1.602E-02 1.058E-02 8.245E-03 3.904E-03 1.296E-04 1.098E-04 5.780E-04 3.158E-05 2.461E-05 1.892E-02 1.249E-02 1.475E-02 8.959E-03 3.904E-03
5 2.866E-02 3.114E-02 1.475E-02 9.735E-03 2.801E-03 1.193E-04 1.098E-04 4.146E-04 3.728E-05 3.158E-05 2.866E-02 1.602E-02 9.735E-03 8.959E-03 3.904E-03
6 2.234E-02 2.056E-02 9.735E-03 9.735E-03 3.593E-03 1.530E-04 1.098E-04 7.415E-04 3.728E-05 1.765E-05 7.588E-03 1.357E-02 1.249E-02 9.735E-03 3.904E-03
7 5.570E-02 2.056E-02 1.058E-02 8.245E-03 5.914E-03 1.530E-04 9.296E-05 1.176E-01 3.158E-05 2.085E-05 1.602E-02 2.056E-02 1.058E-02 5.009E-03 5.914E-03
8 1.602E-02 2.638E-02 1.741E-02 5.443E-03 4.243E-03 1.530E-04 9.296E-05 1.389E-01 2.461E-05 4.051E-05 1.602E-02 1.249E-02 2.427E-02 5.443E-03 4.610E-03
9 1.602E-02 1.892E-02 8.959E-03 1.058E-02 4.610E-03 1.296E-04 1.193E-04 1.782E-01 2.461E-05 2.461E-05 2.056E-02 1.149E-02 1.249E-02 6.983E-03 4.610E-03
10 2.866E-02 1.149E-02 1.058E-02 1.249E-02 3.593E-03 1.530E-04 7.873E-05 1.782E-01 3.431E-05 1.495E-05 2.866E-02 8.959E-03 8.959E-03 8.245E-03 3.307E-03
11 3.114E-02 2.427E-02 9.735E-03 7.588E-03 3.904E-03 1.530E-04 9.296E-05 1.389E-01 3.431E-05 2.461E-05 3.384E-02 8.959E-03 2.638E-02 7.588E-03 3.904E-03
12 1.249E-02 1.357E-02 1.249E-02 5.443E-03 3.904E-03 1.408E-04 7.873E-05 8.057E-04 3.431E-05 2.906E-05 1.357E-02 2.056E-02 2.056E-02 5.443E-03 3.307E-03
13 1.149E-02 1.357E-02 1.249E-02 1.357E-02 4.610E-03 1.663E-04 7.246E-05 8.057E-04 2.906E-05 1.376E-05 1.249E-02 1.741E-02 2.056E-02 1.475E-02 4.243E-03
14 2.427E-02 2.056E-02 1.741E-02 8.245E-03 3.904E-03 1.193E-04 7.246E-05 8.057E-04 2.674E-05 2.674E-05 2.234E-02 2.056E-02 2.056E-02 7.588E-03 5.443E-03
15 1.058E-02 1.892E-02 1.058E-02 6.427E-03 3.904E-03 1.193E-04 7.246E-05 4.146E-04 2.286E-01 1.083E-01 2.234E-02 1.741E-02 1.058E-02 6.427E-03 3.904E-03
Mean (eu) 2.271E-02 1.871E-02 1.235E-02 8.619E-03 4.219E-03 1.440E-04 8.747E-05 3.653E-03 5.555E-05 4.258E-05 2.022E-02 1.475E-02 1.458E-02 7.932E-03 4.386E-03
σ 0.547 0.277 0.245 0.273 0.2 0.142 0.179 2.723 2.306 2.2 0.416 0.348 0.373 0.284 0.198

A.8 Estimation and filtering of torque values to consider
for power consumption for Table 17, the steps dis-
cussed in Section 4.2.5 are applied here

Table A27: Torque lognormal values and estimated power consumption for vari-
ous particle weight distributions for a 6.50 kg system at 350 rpm

Mean (eu)(W) Lognormal
variance (σ)

Min limit
(eu−2σ)(W)

Max limit
(eu+2σ)(W)

Energy con-
sumed from
torque (J)

Estimated en-
ergy uncertainty
(J)

0 % 242.16 0.510 87.26 672.01 886.24 ± 74.76
25 % 265.62 0.547 88.97 793.01 877.69 ± 31.39
50 % 257.26 0.627 73.47 900.80 1024.29 ± 34.83
75 % 249.40 0.610 73.66 844.42 972.22 ± 116.62
100 % 223.73 0.354 110.13 454.51 642.51 ± 22.67

The methods used to estimate power consumed is discussed in Appendix A.5.
The 50 wt% data was estimated in Appendix A.5 as the 350 rpm impeller
speed.
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Figure A6: Power data of various particle weight distributions speeds from
t = 2.00 s to t = 6.50 s
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(a) (b)

(c) (d) 75 % - 5 mm + 25 % - 8 mm

Figure A7: Torque data of various particle weight distributions speeds
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A.9 Angular velocity ranges for particles at different impeller speeds

Table A28: Angular velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Second top region

First top region
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Table A28: Angular velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Top pin

Bottom pin
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Table A28: Angular velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Bottom region

A
.22



Table A28: Angular velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Top pin

Bottom pin
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Table A28: Angular velocity distributions of large and small particles at different regions relative to the impeller

Impeller region Small particles Large particles

Bottom region
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B Reasons for certain decisions

B.1 Outlier compromise data in Section 4.2.6

Collision data has what can be best described as a lognormal or left-
skewed distribution. In order to estimate outliers of such a skewed data
an Nc × Nc matrix needs to be evaluated for the limits. Here Nc is the
number of collision data points needed to be evaluated. This approach
is computationally intensive when working with large sets of data. Work-
ing with the provided hardware specifications outlined in Sections 3.1, the
Nc × Nc computation matrix exceeded the hardware’s capabilities. Thus,
the maximum and minimum values were approximated using upper and
lower bound percentile values of 90th and 10th percentiles. The estima-
tion of a percentile is not as computationally intensive as the Nc × Nc
matrix.
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