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SUMMA.RY 

A collection of thirteen papers dealing with various 

problems involving free convective flow over a vertical 

plate is presented. The main topics covered are the 

effects of surface slip on laminar free convective heat 

transfer, the laminar free convective flow of non-Newtonis.n 

power law fluids, the · experimental determination of the 

effect of plate width on laminar free convective heat 

transfer, combined forced and free laminar convective 

flow and turbulent free convective flow. Each paper is 

preceded by an individual summary. 
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:PREFACE 

This thesis consists of a collection of thirteen separate 

papers, ten analytical, three experimental, all concerned with 

~ome problem involving fre e conv ection from a vertical plate . 

The danger that exists with a the sis of this type is that in 

trying to cover a fairly wide range of problems, each problem 

,rill receive only shallow treatment, t he · study being terminated 

when the first major difficulty is encountered. While it 

cannot be claimed that this thesis is f aultless in this respect , 

it is, of course, hoped that, taken overall, it satisfies the 

degree requirements . 

The form of presentation used for this thesis, i.e. a 

collection of self-contained papers, means that considerable 

repetition, particularly in the introductory passages, is 

inevitable . Also, although an effort was made to maintain 

a uniform notation, some differences do exist befaveen the 

papers in this respect due, mainly,to the fairly long time 

over which the different papers were prepared . The symbols 

used are, therefore, separately defined in each paper . 

Of the thirteen papers, five have been published and 

these are presented in their published form iri th diagrams 

interspersed with the text. The remaining papers are 

presented with the te:x:t first then the diagrams, each on 

a separate page. 

Mos·t of the papers presented that are concerned with 

the theoretical analysis of laminar flows utilize the 

·c.. •.. w ·"'· '"·-"'"''", .,_,.. ,_.,. ··~ 
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Pohlhausen integral equation approach. As applied in the 

present ,rork, the velocity and t .-ripern.ture profiles are fully 

determined by the asstuned boundary conditions and the momentum 

and energy integral equations are then used to sol1re for the 

tMcknesses of the velocity and t hermal boundary layers . The 

other possible approach to the s e of the integral equation 

method is t o assume that the two boundary layers have equal thick­

ness and to then keep an unknow para.mete::- in the velocity or 

temperature profile, using t he i tegral equ~tions to solve 

for the boundary layer thickness and this profile parameter . 

Nothing definite can, at this stage, be so.id as to which is 

the best approach. The second probably describes the profiles 

more accurately when the Prandtl number is near unity . }_t 

Prandtl numbers very different from unity, howev:er, when 

the two boundary layer thicknesses are known, from available 

exact analytical solutions, to be very different, the first 

method is probably better. The id.eal is, of course, a com­

bination of the two approaches using more than two integral 

equations . No studies of free convection problems based on 

this last approach are presented here nor have any yet, to 

the author's knowledge, been published. 

Certain general oints concerning some of the papers 

included in the thesis may be made here. The first paper is 

basically an introductory one and third degree polynomials 

for the profiles as opposed to the fourth degree polynomials 

adopted in the later integral equation analyses, were used 



for simplicity. The second paper presents a study, using t l· · 

classical boundary layer integral equations, of the effects of 

surface slip on the free convective heat transfer under low 

pressure condi t ions . When carrying out this study it "l',as 

r ealized that under the conditions in which slip is signifi­

cant, the Grashof number will normally be so low that the 

boundary layer equations are not applicable . The results 

should, however, qualitatively indicate the effects of slip 

on the actual heat transfer and should indicate under what 

conditions they will be significant. The theory is also 

capable of modification to take higher order boundary layer 

effects into account . The fourth and fifth papers present 

experimental studies of the free convective heat transfer 

from narrow plates . It is possible, although extremely 

unlikely, that the observed phenomenon is not due to plate 

width . Also, even if it is due to this effect, it is probable 

that the results are influenced by the thickness of the plate . 

However, the fact that the plate width must influence free 

convective heat transfer is obvious and often mentioned, yet 

no other systematic study of its influence appears, to the 

author, to be available . The present results seem, therefore, 

to be of some significance. In the seventh paper the integral 

equation approach for combined convection is outlined and some 

solutions based on simplifying assumptions are given . The 

justification or other wise for the use of these assumptions 

really, however, only follovrs from the rcsul ts of the eighth 

.... 

I 
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paper w.:ich presents a continuat:.on of tl e investigation . 

Paper ten presents an expe rimental study of laminar combined 

convection . Certain deficiencies in the method of velocity 

measurement used are obvious. It does not seem possible that 

t hese deficiencie s can, however, lead · o errors of a sufficient 

magnitude to completely invali ate the results . Paper eleven 

presents an empirical stuc.y of tra::>.sition in free convective 

flow . The study has purpos ~ly been kep·;:, ~.-t an empi r ical level 

throughout no deep theoretical explanation of the method used, 

particularly in its relation to mixing length type theories 

for turbulence, being attem)ted . 

In conclusion, it is felt that all the papers presented 

leave many questions unanswered but t hat then is the nature 

of most research . 
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AN APPROXIMATE ANALYSIS OF THE LAMINAR FREE 
CONVECTIVE FLOW OVER A VERTICAL PLATE 

P. H. Oosthuizen, M.Sc.(Eng.) 
Lecturer in Mech. Eng., University of Cape Town 

Summary: 

An approximate analysis of the laminar free convective flow over 
a vertical plate with either constant wall temperature or constant wall 
heat flux is developed. The analysis is based on the boundary layer 
integral equations but differs from previous such analyses in that it is 
not assumed that the velocity and thermal boundary layers have the 
same thickness and in that the wall boundary conditions are explicitly 
satisfied by the assumed velocity and temperature profiles. The results 
given by the analysis for the constant wall temperature case show fair 
agreement with existing exact solutions of this problem. 

Introduction: 

The transfer of hc::it by free convection play~ ::in import::int role in 
m::iny engineering systems. However, the theoretic::il analysis of free 
convective flow has not received the s::ime attention as the analysis of 
forced convection. This is, to some extent, surprising as laminar flow, 
which is, generally, more amenable to theoretical analysis than turbulent 

.,,-- flow, occurs more extensively in free convective than in forced con­
vective flows. 

The problem of free convective flow over a vertical plate was 
one of the first to receive attention. The case of two-dimension::il 
laminar flow over an isothermal plate was solved completely by 
Pohlhausen. 1 His method does not, however, give tbe results in a 
convenient form, nor is it e::isily adapted to the solution of other 
similar problems. Attempts continue, therefore, to be made to develop 
approximate methods of solution to the Pohlhausen problem, which 
are of a more gener::il nature in that they are capable of application 
with comparatively little modification to other problems involving 
free convection. 

The method of solution adopted in the present note is basically 
similar to that of Von Karman and Pohlhausen2 for incompressible 
laminar pressure-gradient flow. In this method it is assumed that the 
boundary layer has a definite thickness and no attempt is made to 
derive exact expressions for the velocity and temperature distributions. 
Instead, approximate polynomial expressions for these distributions 
are used which satisfy the correct boundary conditions and which, by 
the application of the integrated momentum and energy equations, 
satisfy the mean conditions in the boundary layer. In the present note 

• 
.. 

· -7" 
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this method is applied to both the case of the isothermal plate and the 
case of a plate having uniform wall heat flux. 

Squire1 and Eckert3 have applied similar methods to the case of 
the isothermal plate, but the method employed in the present note 
differs from theirs in that all the boundary conditions are explicitly 
satisfied by the assumed velocity and temperature profiles and it is 
not assumed that the velocity and temperature boundary layers have 
the same thickness. 

Basic Equations: 

The basic equations for two-dimensional free-convective laminar 
flow over a vertical plate are, with the boundary layer approximations 
applied:1 

(1) 

Su Su S2u 
u Sx + v Sy = (µ./p) Sy2 + /3g(T - T 0 ) .. .... . . .. .. . . .. .... .... (2) 

ST ST S2T 
tL Sx + V Sy = (k /pC,,) Sy2 ...................................................... (3) 

These equations apply to the case where the fluid properties p, 
µ., fJ and C,. can be regarded as constant except for the density variation 
with temperature which produces the buoyancy forces which cause 
the flow. 

In the above equations the notation adopted is as follows: 

x = co-ordinate parallel to plate, i.e. in the direction of the flow, 
y = co-ordinate at right angles to plate, 
u = velocity component in the x-direction, 
v = velocity component in the y-direction, 
T = temperature of the fluid at any point considered, 

T n = constant fluid temperature outside the boundary layer, 
/L = coefficient of viscosity of the fluid, 
p = density of fluid, 
fJ = coefficient of cubical expansion of fluid, 
k = coefficient of conductivity of fluid, 

Cp = specific heat of fluid. 

The momentum equation (2) and · energy equation (3) can be 
integrated across the boundary layer to give, with the aid of the 
continuity equation (1): 
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and-

d
-- 11(T- 1 0 ) dy = - (k /pC'P) ( T) ........................ (5) d Jh . ST 

x oy y= o 
0 

The upper limit of the integration, h, being greater than or equal 
to the boundary layer thickness. 

It will be assumed that the velocity and temperature distributions 
can be approximately fitted by third-degree polynomials, i.e. it will be 
assumed that: 

u = A + B11 + C11 2 + D113 ................................................ (6) 
and-

T = E+ F£ + G£2 + H£3 ......••.... ............ ..... ......... ......... (7) 

where A, B, ... , H are coefficients which have to be determined and: 

17 = y/S ............................................................ (8) 
u 

£ = y/S 
T 

(9) 

where S and S are the thicknesses of the velocity and temperature 
U T 

boundary layers respectively. 

Boundary Conditions: 

In order to determine the coefficients in equations (6) and (7), 
the boundary conditions, i.e. conditions at the edges of the boundary 
layer, are applied. 

The boundary conditions on velocity are: 

At y = 0 H = 0 ........................................ ...... ....... ..... .. (10) 
Su 

t! = o, ·s; = o At y = S" 

and also, since equation (2) applies throughout the boundary layer: 
s~11 
-Si At y = o (~gp/Ji)(T - T..) .......................................... (11) 

Applying these boundary conditions to equation (6) gives : 
u = (f3gp /4µ.) (T,,,-T,,) S2

11 17 (1 - 17)2 ........................ (12) 
where T 111 is the temperature of the wall, i.e. the temperature at y = o. 

Similarly the boundary conditions on temperature are: 
. ST 

At y = i\: T = T 0 , Sy = o ... ......... .......... ...................... (l 3) 

and by applying equation (3) to conditions at the wall: 
S2T 

At y = 0: -Sy2 = 0 ···························································· ( 14) 

Substituting these boundary conditions into equation (7) gives: 
(T-To) = (2 - 3£ + £3

) (E-To)/2 ........................ (15) 

! . 
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A fourth boundary condition on temperature, which allows the 
coefficient E to be determined, is given by the particular problem 
considered, i.e. in the present note either constant wall temperature 
or constant wall heat flux. 

Analysis with Constant Wall Temperature: 

When the wall temperature is constant the fourth boundary 
condition on temperature becomes: 

At y = o T = constant = T 10 .. . .. . .......... . ............ . (16) 

Substituting this condition into equation (15) gives the tempera­
ture distribution for this case as: 

(T - To) = (2 - 3£ + £3
) (Tw-To)/2 

i.e. defining, for convenience :0 = (T _To) 

011,= (Tw - T o) ..................................................... . 
equation (17) becomes: 

(17) 

(19) 

0 = (Ow/2) (2 - 3£ + £3
) .••••.•••.•..•.•••••.•.. .•.. .•....•....... (20) 

Substituting equations (12) and (20) into the momentum integral 
equation (4) gives, when the upper limit is correctly chosen: 

!!_ [ ( f3gp0, ,, )2 a r, Jl 2(1- )~d . J 
dx 4µ, " T/ T/ T/ 

0 

•l 
fJg'fi n,,, J /3 n 

= ( +) 
0 

(2 - 3£ + £~) d£ - ( g
4

"') au ............ (21) 

which can be re-arranged to give: 

- 1 ] dx .................. (22) 

where the origin of the x co-ordinate is chosen as the point, real or 
hypothetical, where both boundary layers have zero thickness. This 
implies that, in general, the present analysis will not apply close to 
the leading edge of the plate. 

If it is assumed that, since constant O uid properties arc heing 
considered and since the effects of conditions· near the leading edge 

are negligible in the region in which the analysis is applicable, (S /S ) 
is independent of x, then equation (22) gives: T tt 

, { 336µ, 2 [3 ST J , t 
011 = ( Q2(J ) 2 ( S ) - 1 X r .................. (23) ~,p w " . ) 

A similar procedure will be adopted with the energy integral 
equation (5). Consider first the integral on the left-hand side of this 
equation. If the velocity boundary layer a,. is thicker than temperature 
boundary layer S , then this becomes: 

T 
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(" Od, - J:'u od, (24) 

since T = T ,,, i.e. 0 = o, for y > S . 
T 

Similarly, if the temperature boundary la):er is thicke~ than the 
velocity boundary layer, then the integral becomes: 

I:" Ody - I> Ody .......................................... (25) 

since u = o for y > S,.. 

Therefore substituting equations (12), (20), (24) and (25) into 
eq1.1ation (5) and noting that: 

71 = £(8 /S ); £ = 71(8 /S ) .............................. (26) 
T U U T 

this becomes: 

(i) For S > S : 
U T 

' S S 2 1 

f
l 

~ I ( /}J{e 8w) 320 S £ ( _:) [ 1 - £ ( _:) J (2 - 3£ , £2) d£ J 
dx I 8µ. u w T 811 S" 

L o 
= (k /pCP) (38 /ZS ) .......................................... (27) 

W T 

which can be rearranged to give, since (S / S ) is, by ass1.1mption, 
. d d f T lL m epen ent o x: 

8• - { ( P~ ;; ; J x/ P, ( ~~ ) '[i - ~ ( ::i + i~ ( :: ) 'J }' 
(28) 

where Pr is the Prandtl number of the fluid, i.e. (µ.C,, /k). 

(ii) For S < S : 
lL T 

.d-{ (~gpO,,. ) ~ a O rl (! 
d 8 

o., ,,. ,7 
X I' 

,7)2 [2 - 371 ( ;~ ) + ,73 
( ; ~ )

3

] J,7 t 
T T J 

' 0 

= (k /pC ) (30 /ZS ) 
p W T 

......................................... (29) 

which on rearrangement gives: . . 

S I ( 16µ.
2 ) ( s,, ) /p [1 l ( S., ) 1 ( s .. )3] l ± 

.. = l f1gp 2 8,v { X r 6 - 10 ·s; + 105 s; J (JO) 

. Combining equations (23) and (28) and equations (23) and (30) 
gives: 
(i) Fors > s : 

U T 
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S 3 
[ l l S 3 S 2 J [3 S J 21P r ( -2:) - - - ( -2:) + -- ( -2:) - ( -2:) - 1 = 1 s.. 5 6 s.. 70 s.. 2 .s .. 

(31) 

These equations allow the variation of (S /S ) with Pr to be 
T I! 

determined. With these values S and S can be determined from 
I! T 

equation (23) and all the other properties of the flow can then be 
determined. 

Results with Constant Wall Temperature: 

The variation of (S /S ) with Prandtl Number Pr as given by 
T U 

equations (31) and (32) is shown in Fig. 1. 

... .3 

\ 
1 ·0 

\ 0·8 

\ 
\~· O·G 

)(Si-/6u) 

\ 0·4 

- \ 
\ 

0·2 

"-

- 2. 
. 

~ 
2 -I 0 

bg.,o Pr 
i'--.__ 

-0·2 
Fig. l 

Variation of boundary layer thickness ratio with Prandtl number 
for constant aurface temperature plate. 

3 
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Now equation (23) can be written as: 

o ( f3gp
28

'" )*= { 336 [~ ( 
0
~) 

u µ.zx 2 o,. ~ 1 J } ~ ....................... (33) 
) 

Therefore, by using this equation and the results given in Fig. 1, 
. . ( f3gp 2 8,,, );} ( f3Kp 28,c );} . the vanat10n of 011 - 2- and o - .- with P, can be 

µ. X T /t"X 

determined and is shown in Fig. 2. 

- 0·5 

Fig. 2 
Variation of non-dimensional boundary layer thickness factors with 

Prandtl number for constant surface temperature plate. 

The local rate of heat transfer, q.,, per unit area is given by: 

q,, = - k ( 
0
..,T ) ................................................ (34) 
oy y= o 

Using equations (20) and (33) this becomes: 
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_c/,·-= ?( ~g~20,,. ),(/ (-0!) { 336[~(/,T)-1] 1t 
kO.., 2 ,_,.2x 011 2 o.. J (35) 

which can be written as: 

N1 = 0·350 
G.,4 

.................. (36) 

where: 
N,, = local Nussclt number, 

= (q,.x/kO.,.) ........ .. ............................. ........................ (37) 
G .,, = local Grashof number, 

= (fJgp2fJ,..x.3 /µ.2) ............... ............................................ (38) 

Using equation (36) and the results given in Fig. 1, the variation 
.l. 

of N,)G:z: 4 with Pr can be determined and is shown in Fig. 3. 

3 

0·5 

-2 -I 0 

109., 

- I •O 

- 2·0 
Fig. 3 

Variation of local and average non-dimensional heat transfer factors 
with Prandtl 'number for constant surface temperature plate. 
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The mean rate of heat transfer, qi, per unit area from a plate of 
length l is given by: 

Using equation (35) this gives: 

__9!:_ = 2 ( {3gp:O"' )i I ( _!) ~ 336 ~ ( _!) - 1 -l 
s ( [ s J }.l 

kOw µ. l S,, l 2 S,. 
(40) 

which can 'be written as: 

N~ = 0·467 I ( ::) [i( ::) ~ 1]
1 

.................. (41) 
G/ 

where: 
N 1 = mean Nusselt number, 

= (CJ,l fkO,,.) (42) 

G, = mean Grashof number, 

(43) 

It is sometimes convenient to note that: 

J. 

(q ,,/q 1) = (3/4) (l /x)4 (44) 

and-

...................... .............. (45) 

The variation of Ni/G1 with P, as given by equation (41) is also 
shown in Fig. 3. 

Analysis with Constant Wall Heat Flux: 

With constant heat flux from the wall, the fourth boundary 
condition on temperature becomes: 

At y = o: 
ST - -

- k ( ~ ) = constant = q 
oy y=o 

........................ (46) 

Substituting this condition into equation (15) gives the tempera­
ture distribution for this case as: 

0 = (qS /3k) (2 - 3£+€3
) .................................... (47) 

T . 
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Therefore, under these conditions, the wall temperature is given 
by: 

0,. = 2qS /3k 
T 

................................................ (48) 

Using equation (4 7) for the temperature distribution, the momen­
tum integral equation gives, when it is again assumed that (S /S ) is 
. d d f T It m epen ent o x: 

r 4 50µ 2k [3 ST J / l\ 
1 l 

s .. = l ( f3gp2q ) 2 ( s:) - 1 . X ( s .. ) I ...... (49) 

While the energy integral equation gives: 

(i) For o > o : 
U T 

,. - { ( ~:;:~ ) x I p' ( :: )'[} - H :: ) + io ( ::i J r (SO) 

(ii) For o < o : 
U T 

0 = r(l81L2k)(~)2 ·/ P [l _ __!_(~) +-1 (S")a] / }.(Sl) " i f3gp 2CJ S X r 6 JO O ] 05 () r 
l T T T J 

Combining equations (49) and (50) and equations (49) anJ (51) 
then gives: 
(i) For S > S : 

IL T 

The two equations, (52) and (53), which may be compared with 
equations (31) and (32), allow the variation of (o /o ) with P, to be 

· T U 

determined. With these results the other properties of the flow can 
then be determined. 

Results with Constant Wall Heat Flux : 

The variation of (o /o ) with Pr as given by equations (52) and. 
T U 

(53) is shown n Fig. 4, 
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-3 

\ 
I ·O 

\ 0·8 

\ 

\% O·G 

)(S-r:/Su) 

\ 0·4 

I\ 

\ 
0·2 

-,2 -1 0 I~ 2 

109.,0 p ,.. 
r--._ 

0·2 
Fig. 4 

Variation of boundary layer thickness ratio with Prandcl number for 
constant surface heat flux plate. 

Equation (49) gives: 

3 

8,. ( fJgf: )1 = I 450 [ ~ (OT) - 1 J / (OT) l ! 
/t kx I 2 811 811 I (54) 

l J 

which, with the aid of the results given in Fig. 4, allows the variation 

of o,. ( ~,q ) and o T ( tllf,} ) with Pr to be determined, results 

being shown in Fig. 5. 

The local Nusselt number (qx/k8w) is given by equations (48) and 
(54) as: 

N I O [ 3 0 Jt ~= 0·360 ( 0T) -
2

( 0T) - 1 .................. (55) 
Ox 4 u u 

where, as before, G,, = ({Jgp 28,.x3 /µ2) is the local Grashof number. It 
will be noted that although 810 is not constant N,, and G,, are still defined 
in terms of this parameter and not in terms of (qx /k). However, 
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2·0 

- 0·5 

Fig. 5 
Variation of non-dimensional boundary layer thickness factors with 

Prandtl number for constant surface heat flux plate, 

J. 
although N .. and G,, vary with x, the ratio N.-/G,. 4 is independent of x. 

Thus, both with constant wall temperature and constant wall heat 
J. 

flux N.r is proportional to G/ for a given value of Pr• 
_I_ 

The variation of N,,/G,. 4 as given by equation (55) is shown in 
Fig. 6. 

The average Nusselt number for a plate of length l must, in the 
case under consideration, be defined in terms of a mean wall tem­
perature Bu·i· This mean wall temperature will here be defined as: 

1 Jl o,., = T o B,,.dx (56) 

Substituting equations (47) and (48) then gives: 



14 

May, 1964 "EASA" 

0·5 

-3 - 2 -I 

log. 10 N 

- \ ·O 

- I ·5 

- 2.•0 
Fig. 6 

Variation of local and average non-dimensional heat transfer factors 
with Prandtl number for constant surface heat flux plate. 

Re-arranging this equation gives: 

109 

3 

(57) 

~ i = 0·454 / ( 
1
\) [ ~ (-s~) - 1 J1 

G i ~ s.. 2 S., 
.............. .... {58) 

where, as before, 
N,. = l\ kan Nu.~sdt number, 

= c1l /k0,,. 1• 

G 1 = Mean Grashof number, · 
= (f3J!. p21J11)a /µ2). 

lt will be noted that with constant wall heat flux: 

(Ni )/ (NI ) = 0·793 
G,.~ Gi~ 

(59) 
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.l 
The variation of N i/G/ as given by equation (58) is also shown 

in Fig. 6. 

Prandt! 
N11111bcr 

O· 73 
IO 

100 
1000 

Discussion of Results : 

TABLE I 

.I .. 
N i/Gi from 

Exact S0l11tio11 

0·478 
l ·09 
2·06 
3·67 

I ... 
N i/Gi from 

AJ1J1rox. S0l11tio11 

0·456 
l ·09 
2·00 
3·56 

Since a complete solution of the isothermal vertical plate problem 
is available, the results of this solution can be used to check the results 
given by the present approximate analysis. In Table I, therefore, values 

.l 
of N i/G 1

4 as given by equation (41) are compared with values given by 
Schuh's4 solution of the Pohlhausen equation, while in Figs. 7 and 8 

0·50 

o.401--~~......-.l-~~~+-~~-'-+·~~--::...-=::.._~------1 

N . IG 114 
. XJ· X 

0·7 0·8 

Fig. 7 

0·9 1·0 

Pr. 

Comparison of local non-dimensional heat transfer factors as given by 
present approximate analysis with results given by exact analysis of 
the constant surface temperature plate problem for Prandtl numbers 

of common gases. 

l·I 
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.l 
values of N,, /G,. 4 as given by equation (36) are compared with values 
given by Sparrow and Gregg's• solution. The agreement is seen to 

0·10 

0·02 ----+----

0 .__ __ __._ ___ _._,..c=----:-"":,-~-~:-::-:::----::~ 
0·005 O ·OlO 0·015 0·020 0025 0·030 

Fig. 6 
Comparison of local non-dime nsional h eat transfer factors as given by 
present approximate analysis with results given by exact analysis of 
the constant surface temperature plate problem for PranJtl numbers 

of liquid metals. 

/ be quite good except at low Prandtl numbers, but as all methods 
based on the boundary layer hypothesis are suspect in this region 
this discrepancy cannot be regarded as proving the method to be 
generally inaccurate. The good agreement at very large Prandtl numbers 
must be due partly to the fact that (S /S ) is asymptotic to (2 /3) as 

T lL 

the Prandtl number increases as opposed to the fact that (S /S ) tends 
to infinity as the Prandtl number decreases. T u 

Conclusion : 

An approximate method for analysing the natural convective flow 
over vertical plates has been developed. The results given by this 
method show fair agreement with available exact solutions. The · 
method, as ,vith other methods based on the integral equations, can 
be quite easily extended to other problems. Since it is not assumed 
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that the velocity and thermal boundary layer thicknesses are the same, 
it is to be expected that the results obtained by means of the present 
method for fluids having Prandtl numbers greatly different from unity 
should be better than those given by existing integral methods. 
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THE EFFECT OF SURFACE SLIP ON THE 
LAMINAR FREE CONVECTIVE HEAT TRANSFER 
FROM AN ISOTHERMAL VERTICAL FLAT PLATE 

by P. H. OOSTHUIZEN 

University of Cape Town, Roo.ebosch, South Africa 

Summary 
Under certain circumstances, for instance when the pressure is very low, 

it cannot be assumed that when a fluid flows over a body it attains, at the 
body surface, the local velocity and temperature of the body and slip flow 
then exists. The present note attempts to predict, approximately, the effects 
of very small amounts of slip on laminar free convective flow over a vertical 
plate, the main aim being to try to indicate the circumstances under which 
slip effects become appreciable rather than predicting very accurately the 
magnitude of these effects. 

§ 1. I ntrodu,ction. Under most conditions, considered to be normal 
in engineering practice, the equations governing fluid flow over 
bodies can be solved with the assumption that at the surface of the 
body the fluid attains the velocity and local surface temperature of 
the body. With axes so chosen that the body is stationary, this 
implies that the fluid velocity at the surface is zero. When the 
temperature is high or the fluid density low, however, and the 
mean free path of the molecules not, therefore, insignificant in 
comparison with the governing dimensions of the body, this as­
sumption is not valid and slip flow exists. The velocity and temper­
ature of the fluid at the surface of the body are given, approxi­
mately, in such circumstances, in the usual form, byl) 

and 

ou oT 
u = l - + 0.75(µ/pT) -oy ox 

oT 
T = T w + (a /Pr) l -oy 

121 -

( 1) 

(2) 
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respectively, where u is the velocity in the x-direction, x the co­
ordinate paralleLto body surface, y the co-ordinate normal to body 
surface, l the mean free path of constituent fluid molecules, T the 
local fluid temperature, µ the viscosity, p the density, T w the local 
surface temperature of body, Pr the Prandtl number of fluid, ex 

equals2.44y/(y - I), y the ratio of specific heats. 
In setting up the above equations it has been assumed that the 

fraction of the tangential molecular momentum transmitted to the 
wall (given the symbol / in ref. 1) is equal to 1 and that the ac­
commodation coefficient (given the symbol ex in ref. 1) is equal to 0.9. 

There are certain practical problems in which heat is transferred 
by free convection under such conditions that the effects of surface 
slip cannot be neglected. In order to indicate the magnitude of the 
effects of this slip in free convective flow, an attempt will be made 
in the present note to predict the effect of small amounts of slip on 
the two-dimensional laminar free convective flow over a vertical 
plate at a constant temperature. 

Since the slip is assumed to be small, the normal boundary layer 
equations will be used as the basis of the analysis. It will be as­
sumed in applying these equations that l/b is so small that terms of 
the order (l/0)2 may be neglected. 

The application of an order of magnitude analysis, similar to 
that which can be used to derive the boundary layer equations 
from the Na vier-Stokes equations 2), to equation (I) shows that, if 
terms of a lower order of magnitude than those retained in the 
boundary layer equations are neglected, then the second term in 
(1), i.e. the creeping velocity, is negligible. In applying this analysis 
it was noted that this second term could be written as 

[constant X lvT(oT/ox)]. 

It will also be assumed in the analysis that the temperature 
difference across the boundary layer is small enough for the fluid 
property variation across the boundary·layer to be neglected except 
for the density change which causes the buoyancy forces and, 
hence, the flow. 

§ 2. Boundary layer profiles. The approximate Von Karman inte­
gral method of solution will be adopted in the present note. In this 
method, polynomial expressions for the velocity and temperature 
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profiles within the boundary layer are assumed and used to solve 
the integrated momentum and energy equations. In the present 
case, fourth order polynomials will be assumed for both the ve­
locity and temperature profiles i.e. it will be assumed that 

u = A + B11 + C112 + D11a + £114 (3) 

and 

T = F + Ge + 'H e2 + Je3 + j e4, (4) 

where 

1J = y/bu (5) 

and 

e = y/bT. (6) 

bu and bT being the local thicknesses of the velocity and temper­
ature boundary layers respectively. 

The coefficients A, B, ... , I, J are determined by applying the 
known conditions at the inner apd outer edges of the boundary 
layer. 

Now the boundary layer equations for two-dimensional flow are : 

au au ( µ) a2u 
U - + V - = - -- + {Jg(T - T 1) 

ax ay p ay2 
(7) 

and 

aT aT ( µ ) a2r 
it ax + V ay = pPr ay2 ' (8) 

where v is the velocity in they-direction, fJ the coefficient of cubical 
expansion of the fluid, T 1 the constant temperature outside the 
boundary layer. 

Applying the above equations to conditions at the wall where 
v = 0 and using (I) and (2) for the velocity and temperature, at 
the wall, gives the following conditions on the velocity and temper­
ature profiles at the wall: 

At y = 0: 

au 
U=l-. oy, 

u!:!_ = (.!!_) azu + {Jg(T - Ti), 
ax p ay2 . 

(9) 

{I 0) 
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• j 

( 11) 

(12) 

,·J. 
At the outer edges of the boundary layers the gradients disappear 

and the velocity and temperature become equal to their undisturbed 
values i.e. 0 and T1 respectively. Therefore 

At y = ou: . 
OU o2u 

U=O; -=0· -=0. oy , ay2 

ar a2r 
· T=T1; -=O· --=0. oy . . , . ay2 

·(13) 

(14) 

Applying the boundary conditions (9) to ( 14) to equations (3) 
and (4) and ignoring terms containing the quantity (l/o) raised to a 
higher power than unity, gives the velocity and temperature P.rofiles 
as: 

u = ({JgpOwb!/6µ) • 

·{(l - 2a.l/ProT)('r} - 3rJ2 + 3773 - rJ4) + 
+ (l/ou)(l - 277 + 2773 - 174)} (15) 

and 

0/0w = (1 - 2a.l/ProT)(l, - 2t: + 2t:3 - t:4), (16) 

where the following have been introduced: 

0 = T- T1 
. 
' 

(17) 

(18) 

and 

§ 3. Analysis. Integrating (7) and (8) across the boundary layer, 
which is assumed, as above, to have definite thickness, gives 

d~ 6~ 

~fu2 dy = - (.!!:...) (~) ''+ {Jgf(T - T 1) dy (19) 
dx .· · p . oyw 

0 . ' . . . 0 · · ,' 
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and 
6 

_i_Jue dy = - (_!!__) (!!_) , 
dx pPr oy w 

(20) 

0 

where the upper limit of the ( integral in (20), either <5,. or OT, 
depends on whether o1i or OT is the larger, and where subscript w 
refers to conditions at the wall. 

Substituting (15) and (16) into the above integral equations and 
introducing the definition 

LI = oT/ou, (21) 
the following equations are obtained: 

d 
dx {ot[A + (B - 4o:A/PrLl)(l/o,i)]} = 

= (6µ2/pgp20w) o,.{(6CL1 - 1) + 

+ [2 - (6CL1 - 1)(20:/PrLl)](l/ou)} (22) 
and 

d 
-{o~[Y + (ZLl - 4o:Y/Pr)(l/oT)]}= 
dx 

where the following constants have been introduced: 
1 

A = I (rJ - 31J2 + 3rJ3 - 'Y/4)2 drJ = 0.003968, 
0 

1 

B = J (rJ - 3"12 + 3173 - 'Y/4) (1 - 21J + 21J3 - 174) drJ = 
0 

= 0.02182, 
1 

(24) 

(25) 

C = f (1 - 2e + 2e3 - g4) de = 0.3. (26) 
0 

\ 

Y and Z depend on LI, their actual form depending on whether LI 
is greater or less than I. They are given by the following expressions. 

For Ll < I: 
1 

Y - ~ 2 J(eLl-3e2LJ2+3e3Ll3-g4Ll4)(1-2e+2e3-g4)de, (27) 

0 
1 

Z = ~ 2 J (1 - 2eLl + 2e3LJ3 - ;4LJ4)(J - 2e + 2.s3 - 84) d.s. 

0 

(28) 
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For L'.l > I: 

1 

Y = ~
3 
J (17- 3172 + 3173-174)( I - 217/L'.I + 2173/L'.J3-174/L'.J4) d17, (29) 

0 

1 

z = _1_J(1-217+2173+174)(1-217/L'.l +2173/L'.J3-174/L'.J4)d17. (30) 
L'.J3 . 

0 

.Now when l is negligible in comparison with o; the above set of 
equations can be shown to give 

L'.J4 = 10A/3YPr(6CL'.1 - I), (31) 

which gives L'.l as a function of Pr alone, i.e. a function of the type 
of fluid alone. 

Now, since only the effects of small amounts of slip are being 
considered, Ou and or will only differ by small amounts from the 
values they would have under the same conditions if the slip were 
entirely negligible. It seems possible to assume, therefore, that, to a 
fair degree of accuracy, the value of L'.l in the slip flow is equal to 
the value that would exist if ttie slip was negligible i.e. as given by 
(31). With L'.l assumed to be constant and known for any fluid, Y 
and Z are constants for a given fluid and (22) and (23) are con­
veniently rewritten as 

and 

where 

--

d 
dx (Ao~ + Dlo!) = (6µ2/(3gp20w)(Eou + Fl) (32) 

d . 
dx (Go~+ Hlo~) = (I2µ2/[3gp2ewPr)[(I /or)+ (Il/o~)], (33) 

D = (B - 4a.A/Pr.d), 

E = (6CL'.1 - !), 

F = (2 - 2a.E/Pr.d), 

G = Y, 

H = (ZL'.I - 4a.Y/Pr), 

I = -2a./Pr, 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 
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and all now depend, by assumption, on the type of fluid alone. 
Subject to the boundary condition Ou= OT = 0 when x = 0, (32) 

and (33) constitute differential equations giving the variation of au 
and OT respectively, with x, for any given value of l. 

§ 4. Heat transfer rate. The local rate of heat transfer per unit 
. area from the wall to the fluid is given by 

qw = -h ( oT ) = (2k0w /oT)(I - 2cxl /ProT). (40) 
ay w · 

The local Nusselt number, defined as usual as 

(41) 

is therefore, given by 

Nz = 2(x/oT)[I - 2(cx /Pr)(l/x)(x/oT)J. (42) 

Hence, using (33) to determine (oT/x), (42) can be used to de­
termine N z for any value of (l/x) and of local Grashof number Gx, 
defined as 

(43) 

A practically more important parameter is the average Nusselt 
number for a plate of length L, which is defined as 

(44) 

ii.w being the average rate of heat transfer per unit area from the 
wall to the fluid. which is given by 

L 

[jw = ~ f qw dx . (45) 

0 

Therefore, substituting for qw from (40) gives 

1 

NL= 2] (L/o~)[I - 2(cx/Pr)(l/L)(L/oT)] d(x/L). (46) 
0 

Since (oT/L) can be determined as a function of (x/L) for any 
given value of GL, the Grashot number based on plate length, which 
is given by 

(47) 
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and for any given value of (l /L), the variation of NL with GL and 
(l/L) can be determined for any given fluid. Results determined in 
this manner, for the case of ~luids with Pr = 0.72, are shown in 
fig. 1. 
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Fig. 1. Effect oi slip on the variation of mean :Nusselt number with Grashof 
number. 

In carrying out the above calculation a comparatively crude nu­
merical procedure had to be used to start the process since near 
the leading edge the boundary layer equations, which do not of 
course apply in this region, break down when slip effects are con­
sidered. Comparison of numerical results obtained, using this pro­
cedure, for the case where (l/L) = 0 with the simple explicit so­
lution obtained in this case, suggest that the starting procedure has 
a negligible effect on the solution outside the region of the leading 
edge. 

It will be noted that, since Ll is assumed to be constant, only 
the energy integral equation (33) was used in determining the above 
heat transfer results. 

• 

• 

• 
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§ 5. Numerical example. In order to illustrate, more directly, the 
effects of slip consider a plate 2 tt. long suspended in air in such a 
manner that the air pressure can be varied.· Assume the plate to be 
held at such a constant temperature that the mean film temperature 
is always 60°F. Then noting that 

the vanat10n of §w with pressure can be determined, using the 
previously given results, for any cho en value of Ow, results being 
shown in fig. 2 for Ow = I 0°F. In determining these results it was 
assumed that µ, Pr and C P were independent of pressure. 

0 ·5 

0 ·3t----+------+----'..,.....---4--l-----+------+----l--~ 

qw-btujft\r. 

0--~-~-~ - __. __ _.___ ~-~ ---'----' 
I·~ 1·8 2·0 2· 2 2·4 N, 2·8 3· 0 ~·2 3·4 

log. 10(p0/p) - p0 =atmos. pre.ss. 

Fig. 2. Effect of reduced pressure on rate of heat. transfer from 2 ft . high 
plate. 

§ 6. Conclusion. A simple approximate method for predicting 
the effects of small amounts of surface slip on the rate of heat 
t.Iansfer by laminar free convection from a vertical flat plate has 
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been derived. An illustrative example, which shows the effects · of 
increased mean free path with decreased pressure, has been given. 

Received 29th June, 1965. 
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Assuming that the boundary layer equations are 
appl.ioable to the probl.em: under consideration, the sim­

ilarity variables and equations are derived. The sol.ution 
to the probl.em by integral. equation methods is al.so 
considered and to illustrate the type of resu1ts to be 
expected a simplified solution, applicab1e under certain 
speoial. conditions, is prese~ted. 
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HEAT TRANSFER BY LA!>1INAR FREE CONVECTION 

FROM A VERTICAL FLAT PLATE TO A POWER 

LAW NON-NEWTONIAN FLUID 

Introduction: 

A Newtonian fluid is one in which the local shearing 

stress,1", on any plane at any point in the fluid is related 

by a linear law to the velocity gradient, (~v/im), normal to 

this plane and disappears when this gradient is zero, i.e. a 

Newtonian fluid is one in which: 

(1) 

The coefficient of viscosity,µ, being dependent only 

on the local fluid properties and not, directly, therefore, 

on the velocity field. 

A non-Newtonian fluid is, in general, any fluid in 

which equation (1) does not apply. It is convenient to 

distinguish between non-Newtonian fluids in which the shearing 

stress disappears with the velocity gradient and those in 

which there exist a shearing stress, r o' even when ,'bne velocity 

gradient is zero. 

A number of papers dealing with the flow of non­

Newtonian fluids through pipes have been published.1 ' Little 

attention has, however, been given to external flows involving 

such fluids. One reason for this is that, when an external 

flow problem is encountered in practice, the conditions are 
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very often such that neither the boundary layer nor the 

viscous flow approximations can be applied. Nevertheless, at 

least for fluids in which the deviation from the Newtonian 

equation (1) is small, solutions based on the boundary layer 

approximations should be of some use in certain circumstances 

even if it is only to give a qualatative indication of the 

effects of the deviation from equation (1) on the problem. 

In the present note, therefore, the boundary layer 

equations will be used as the basis of a study of the heat 

transfer by laminar free convection from a vertical plate to 

a non-Newtonian fluid. Attention will be restricted to fluids 

of the first type, i.e. withi
0 

• 0, and, as is quite common, 

a simple power law relation between the shearing stress and 

the velocity gradient will be assumed, i.e. it will be 

assumed that: 

(2) 

In carrying out the analysis, it will also be assumed 

that the flow is two-dimensional and that the overall 

temper.ature changes are small enough for the changes in 

fluid properties through the boundary layer to be negligible 

and Kand n in equation (2) will, therefore, be taken as 

constants. Attention will also be restricted to the case 

where the wall temperature is constant. 

r 

. 

l 

[. 

: 
.: 

:· 
,. 

·:. 

" 

' 

'.' .. 

.· 

:·: 

': 



33 

Similarity Considerations: 

The boundary layer approximations, which are being 

assumed here, give the following equations for two-dimensional, 

constant fluid property flow over a vertical flat plate: 

u ~T + V ~T ix. ~y 

~ + ~v • O 
6X ~y 

• (1/p) ~T + ~ g (T-T1 ) 
~y 

(3) 

(4) 

(5) 

where x = co-ordinate parallel to plate surface, the origin 

being at the leading edge of the plate, 

y = co-ordinate normal to plate surface, the origin 

being at the surface, 

u = velocity componant in x-direction, 

v = velocity componant in y-direction, 

p = density, 

1'- shearing stress on xy planes, 

~=coefficient of cubical expansion of fluid, 

T • local fluid temperature, 

T1 • undisturbed fluid temperature, 

k = conductivity, 

cp = specific heat. 

The above boundary layer equations can be solved 

exactly in terms of two universal functions, defined below, 
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l b h . · 1 2. if the velocity and temperature profi es are ot simi ar, 

in terms of the same similarity variable, for all values of 

x i.e. if, for all values of x, these profiles can be 

expressed in the form: 

-u = u (~) F' ('7s) (6) 

where the dash denotes differentiation with respect 

to 1s and the reason for choosing this form will become 

obvious at a later stage, and: 

8 = 8 G ("1 ) ( 7) 
W Is 

where 8 = T - Tl 

8w = Tw - Tl 

Tw = temperature of ·wall, here assumed constant. 

-The velocity coefficient u and the similarity 

variable, '7 s' u·sed for both velocity and temperature, are 

determined directly from the boundary layer equations. The 

functions F and Gare determined by solving the equations 

which result on substituting equations (6) and (7) into the 

boundary layer equations. This is a comparatively simple 

task since if, as is being assumed, similarity exists, these 

equations reduce, on substitution, to a pair of simultaneous 

ordinary differential equations for F and G. 

In order to determine whether similar solutions, of 

the form indicated in equations (6) and (7), do exist to the 
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problem at present under consideration, it will be assumed, 

initially, that such solutions do exist. 

Now the continuity equation (5) can be satisfied by 

introducing, as usual, a stream function, lJ> , such that: 

u = (8) 

and 

{9) 

This stream function must, s.ince similarity is being 

assumed, take the form: 

(10) 

Equations (6), (8) and (10), together, then give: 

1 s = u y/A (11) 

Substituting the above relations, together with 

equation (2), into the boundary layer momentum and energy 

equations (3) and (4) and rearranging then gives: 

[ (Kn/pl (U2ntl/An+l) / ((lgB w>) (F")n-1 p'" 

+ [ cu2
/A) dA ; c,g e >] FF" - L(u du)! c~~e > J F'·2 + G - o c12> 

dA _ W . ~ dx W 

and: 
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(ii/A) ( : ) G' F + (k/pCP) (ii
2 
/A

2
) G" = 0 (13) 

If similarity does exist then all the coefficients in 

the above differential equations must be independent of x, 

i.e. considering, first, the momentum equation (12): 

(Kn/p) (U2n+i /An+l) / (~g 8 w) = Cl 

(U
2 
/A) t~!) / (~g 9 w> a c2 

( ii : ) / (~g 8 w) = c3 

where c1 , c2 and c3 are constants. 

(14) 

(15) 

.(16 ) 

Now the values of two of the constants can be arbi­

trarily chosen. Therefore, ·choosing c1 = 1, equation (14) 

gives: 

u • (~gr 9 w: / Kn)l/{2n+l) A{n+l)/{2n+l) (17) 

Substituting this into equation {15) and the resultant 

solution for A back into equation {17), and choosing, for 

convenience: 

c2 = {2n+ l) (18) 

then gives: 

A = (~g 9 w> (2n-l)/ (2n+2) {2n+2) {2n+l) / (2n+2) {Kn/(>) 1/ (n+l) 

l 

-
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(2n+l)/ (2n-\-2) 
X (19) 

(2 0) 

Substituting these into equation (16) t h en gives: 

C
3

= (ntl) (21 ) 

Now substituting equations (18) and (21 ) into equat ion 

(12) gives the final form of the momentum equation as: 

(F") n-lF'"+ (2ntl) FF" (22) 

Substituting the forms derived above for A and u, 

i.e. equations (19) and (20), into the energy equation (13) 

and rearranging gives: 

G" ;- [ (fg & w) (3n-3)/ (2n+2) Cf Cp/k) _(Kn/f>l 2/ (ntl) (2nt2) (n-1) / (n+l) 

(2ntl) x(n-l)/:n+l) 1 G'F • O (23) 

It is seen, therefore, that, since cons tant f l uid 

property flow is being considered, it is only whe n n = l t hat 

the coefficient in this equation becomes independent of x. 

Therefore, similar solutions, in the form assumed above, exis t 

for free convective flat plate flow only for Newtonian 

fluids. 

If, however, instead of assuming that the velocity and 
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temperature profiles are functions of the same variable,"/ s' 

it is assumed that, instead of equation (7.), the temperature 

distribution is given by: 

9 "" 8 . G ('7 ) 
w ST 

(24) 

where, 1 ST' is a new temperature profile variable · 

· which, it will be assumed, is related to '7 s by: 

(25) 

Now the assumption of equation (24) in place of 

equation (7) does not effect any of the argument presented 

above as to the form of the momentum equation, nor does it 

alter the derived forms for'7s' u and A. Instead of equation 

(23), however, the energy equation now reduces to: 

G" T B [ (~g 8 w) ( 3n-3 )°; ( 2n t2) (fC/k) (Kn/p) 2/ ( n+l) (2n+2 ) (n-1) / (n+ 1) 

(2n+l)x(n-l)/(n't'l).1 · G'F = 0 (26) 

the dashes in this equation referring to differentiation 

with respect to '7 ST" 

If, 'now, Bis chosen such that: 

B = l~~g 8w) (3n-3)/ ~2n;-2) (fCp/k) (Kn/p) 2/ {n+l) (2nt-2 ) (n-1) / (ntl) 

( 2n-1-l)x!n-l)/!ntl) ] -1 (27) 

equation (26) reduces to: 

-
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G" 1- G' F = 0 (28) 

For any given value of B, equations(22) and (28) can 

be solved simultaneously in conjunction with equation (25) to 

determine the forms of F and G which are subject to the 

boundary conditions: 

ft/ s = '7 ST · O: 

F' = 0 ; G = 1 

F' • 0 

::a oO 

G • 0 

Of course these forms for F and G will vary with the 

value of B, but the above procedure has reduced the initial 

partial differential equations to a pair of, more easily 

solved, total differential equations. 

Once the form of G is known, the heat transfer rate 

from the wall can be found by differentiating and using 

equations (11), (19), (20) and (25) • 
- -

Numerical results derived by using the above procedure 

will not be given in the present note. Instead consideration 

will now be given to an approximate, but somewhat simpler 

-
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solution obtained by using the van Karman integral equation 

method for solving boundary layer flow problems. This method , 

as will be seen, relies in some respects on similar basic 

assumptions to those introduced above. 

Integral Equation Solution: 

In the integral method, velocity and thermal boundary 

layers of definite thickness are assumed and the boundary 

layer equations are then integrated across these boundary 

layers to give: 

bu f>T 

~L 2 dy - ('1',/pl-t ~g J dy u = 
. 0 

(29) 

and 

' 3-.._ J uBdy = -{k/fCp) 
(~)w dx 

(30) 

0 

where ~ u = velocity boundary layer thickness, 

f> T = temperature boundary layer thickness. 

and where subscript w indicates conditions at the wall. 

'11he upper limit in the second equation is, due to the forms 

assumed for the boundary layer profiles, dependent on which 

of ~u or ~ T is the larger. 

In order to solve these equations for ~U and b T") 

relations for the form of variation of u and 8 through the 

boundary layer, which satisfy the correct boundary conditions, 
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are assumed. ~n the present note, fourth degree polynomials 

will be assumed for the variation of both Q and e i.e. it 

will be assumed that: 

(31) 

and 

8 = F + G6 + Hi
2 + I~ 

3 +- Ji,
4 (32) 

where 

(33) 

and: 

(34) 

and A, B, •••• , I, Jar~ constants to be determined 

by applying the boundary conditions. 

It will be noted that the use of equations (31) and 

(32) for the velocity and temperature profiles involves the 

same assumption as introduced in the previous section, i.e. 

that the two profiles are both similar but that, since the 

variation of ~u and ~T with x is not, necessarily, the same, 

the similar.ity variable is different for velocity and 

temperature. 

Now, since boundary layers of definite thickness and 

zero wall slip are being assumed, the· above profiles must be 
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such that: 

At y • 0 i.e. 1 = E ~ 0: 

u = 0 

e.e 
w 

At y • S~ i.e. 1 • 1: 

u = 0 

du_ 
0 a, -

2 
d u - 0 
ay2 -

At y - s T i.e.€ - 1: 

e = 0 

ae = 0 
dE 

a2e. 0 

dE 2 

(35) 

_/r 

(36) 

(37) 

(38) 

(39) 

(40} 

(41) 

(42} 

Also, applying the basic boundary layer equations (3) 

and (4) to conditions at the wall give: 

At y • 0: 
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(43) 

(44) 

Applying the above set of boundary conditions to 

equations ' (31) and (32) gives the velocity and temperature 

distributions as: 

u = 

and: 

8 = e c1-2e t- 2E:3 -e 4 > w 

(45) 

(46) 

Substituting these equations into equations (29) and 

{30), rearranging and introducing, for convenience: 

(47) 

gives: 

S (nt2)/na& . { 1/ l . 
U u = {~g f 8 wf6nK) n-2 n n/(3n i- 2) . ax-- . l GnKt>L/i>M - Iv'pM] (48) 

and: 

. 

.. 

·: 

. 

: 
: 

: 

. 

: 

: 



44 

xl(2n-t l)/n ]~u (2nt 1)/n d~u + bu ~3n+l)/n X' dA 

· dx dx 

(49) 

where: 

. 1 

L . = ~ (l-2Ei: ... 21:,
3 

- E.
4

) dfo = 

0 

0.3 (SO) 

and: 

(51) 

and: 

For A< 1: 

For A> l: 

X • 1/20 - 1/30A + 1/1404
3 

- l/504A
4 (54) 

(55) 
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Equations {48) and (49) constitute a solution for the 

variation of S,\.I and S T (or A ) with x. Wnen n is equal to 

1, this solution is particularly simple since in this case 

A is independent of x. With these determined, the local 

rate of heat transfer per unit area from the wall to the 

fluid,~, can be determined by noting that: 

by: · 

(56) 

and, hence, the local Nusselt number N , defined ux 

Nux = ( '1w x/ 9 w k) (57) 

can be also determined. 

Nux, obtained in this way", will, as can be shown by 

dimensional reasoning, be dependent on the following two 

dimensionless parameters: 

(58) 

· and: 

which, when n is equal to 1, reduce to the f amiliar 
,.,. 

Grashof number and Prandtl number, which, in this cise, is a 

r 

; 
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constant for constant fluid property flow. 

No general solutions to equations {48) and {49) will 

be presented here. Instead, a simple analytical solution, 

which is only applicable under certain special circumstances 

but which serves to illustrate the general form to be 

expected of the results, is presented in the next section. 

Solution for Large Values of A : 

A simple approximate solution to the derived integral 

equations, presented above, can be obtained if A is large. 

Such a solution will, of course, not be generally applicable 

but should, as mentioned above, serve to illustrate the main 

features of the general solution and it will, therefore, be 

presented here. 

If A is large, it follows from equations (54) and 

(55) that Xis approximately equal to 1/20 and X' approximately 

equal to zero. Using these values and then eliminating 

(dtu/dx) between equations (48) and (49) gives, when the 

contribution of the friction to the rate of momentum change 

is neglected in comparison with the contribution of the nett 

buoyan~y force: 

· 1/2 
6. = C (G S /x) (l-n)/2n/ l? 

1 X U _ X (60) 

where: 

c1 = [ 40M (3n t 2)/ (6n) l/n (2n + l} L l/2 (61) 



47 

Substituting this back into either of (48) or (49) 

and integrating, on the assumption that f>.u = O whe1 .. .zx = 0, 

then gives: 

= _c
2 

G (n-3)/ (Sn+3} P n/ (Sn+3} 
X X . 

where: 

2n/ (Sn-t3) 
c 2 = [ 20(5n+3) (6n}l/n;c1 (2n+l} 

(62) 

(63) 

Substituting this back into equation (60) gives: 

A= c G (3-3n>/(sn+3); P (2n+2)/(Sn+3) 
3 X . X 

(64) 

where 

(65) 

which, for a given fluid, sinceconstant fluid proper­

ties are being assumed, can be written as: · 

A. constant.x~l-n}/(Sn+3) (66} 

which shows that for a given fluid, if n is less than 

1, the present solution will be associated with large values 

of x while if n is greater than 1 it will be associated with 

small values of x. 

Substituting equations (62) and (64) into equation 

I 

~-
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(57) and using equation (56) gives: 

(67) 

where: 

(68) 

Some typical results for various values of the 

governing parameters, obtained by using equation (67), are 

shown in fig.l. 

In order to obtain some idea of the validity of the 

above approximate solution, the results obtained for the case 

of n = 1 can be compared with the known exact results for this 

case. When n = 1, equation (64) gives: 

b. • C /P l/2 
3 . r (69) 

where Pr is the Prandtl number of the fluid i.e. 

{~Cp/k). Equation (69) shows, as is, in fact, obvious, that 

large values of A are associated with small values of p r 

when n = 1. 

Similarly, when n = 1, equation {67) gives: 

where Grx is the Grashof number i.e. 

l 

(70) 

2 3 2 
{~ gt> &~ Ip. ) • 

-
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The variation of (N IG l/4 ) with Pr as given by equation 
ux' rx 

(70) is compared in fig . 2 with the exact solution for small 

values of Pr due to Sparrow and Gregg. 30 The agreement is 

seen to be reasonably good. 

Conclusion: 

When n is different from unity the governing equations 

increase considerably in complexity. Two methods of solving 

these equations, the first based directly on the governing 

partial differential equations and the other using the 

integral equation approach, have been indicated. 

I 

... 
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LAMINAR FREE CONVECTION FROM A NARROW VERTICAL PLATE. 
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An experimental analysis of the heat 
transfer by laminar free convection 
from a narrow vertical plate 

P. H. OOSTHUIZEN* 
M.Sc. (Eng.) 

Most experimental investigations of the rate of heat loss by free convection 
from vertical plates have been made with very wide plates, the flow over which 
corresponds very nearly to the idealized tu·o-dimensional flow which has been 
the subject of many theoretical analyses. In the present case, measurements of 
the local rates of heat loss by laminar free convection from a narrow isothermal 
vertical plate have been made in order to determine the effect of the plate edges. 
The results indicate that if Nux2 is the local Nusselt number predicted for 
two-dimensional flow under the same physical conditions as in the actual 
flow in which the local Nusselt number is Nux, then Nux/Nux2 = f(Grw) 
where G,w is the Grashof number bas~ on the width of the plate. The measure­
ments also indicate that the Grashof number at transition is also a Junction 
of Grw· 

INTRODUCTION 
If it is assumed that the variation of fluid properties 

in the boundary layer is negligible and that the flow is 
two-dimensional (i .e., that the width has no effect on the 
flow) then dimensional reasoning shows that the heat 
transfer by free convection at a distance x from the 
leading edge of a vertical plate is given by:-

Nux = f (Grx , I',) 

where:-

. . . . . . . . . . . . (1) 

Nux = Local Nussclt Number= hx/k, 
G,x = Local Grashof Number, = fJ g p2 L1 T x3/µ2, · 
P, = Prandtl Number,=µ Cp/k, 
h = film coefficient, = q/ LlT, 
q = local rate of heat transfer per unit area, 
LlT = difference between surface temperature of plate 

and the temperature outside the boundary 
layer. . 

k = coefficient of conductivity of the fluid, 
fJ = coefficient of cubical expansion of the fluid, 
p = density of the fluid, 
µ = coefficient of viscosity of fluid, 
Gp = specific heat of fluid. 

For the case of laminar boundary layer flow a number 
of theoretical analyses have ::.rcdicted the following 
form for the function f of eq u ... cwn l) :-

0.25 

Nux/Grx = g(Pr) . . . . . (2) 

Since the function g is dependent on the Prandtl 
number of the fluid alone, it is effectively constant for 
air and for air, therefore equation (2) reduces to:-

*Lecturer, Department of Mecho.nical Engineering, University 
of Cape Town. 
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=K . (3) 

where K is a constant. Values of K derived by vari~u; 
investigators arc shown in Table 1. 

Pohlhausen • • • 
Squire .•... 
Saunders . .. . 
Sparrow and Gregg 

TABLE 1 

Investigator Reference 

3 
7 
7 
1 

K 

0·366 
0·397 
0 374 
0·353 

Experimental studies of the heat transfer from vertical 
plates tend to supift>rt tne form of equation (3) at high 
Grashof numbers but diverge considerably from it at 
low values of Grx· A fair a.mount of variation between 
the results of various investigators is also to be noted. 

In compa.ring the theoretical results with experiment 
it should be borne in mind that the following assumptions 
made in the theorct ical analysis are not exactly satisfied 
in the experimental apparatus:-

(i) the fluid properties a.re constant in the boundary 
layer 

(ii) the boundary layer has zero thickness at the 
leading edge of the plate 

(iii) the flow in the boundary •'lycr is two-dimensional 
However, the analysis of Sp,ll";J w and Gregg1 taking 

the variation of fluid properties with temperature into 
account, suggests t hat, provided the fluid properties 
are evaluated at tho mean film temperature, assumption 
(i), mentioned above, is sufficiently accurate. 

Similarly, Scherberg's2 analysis and Schmidt'sJ 
shadowgraph photographs suggest that, except in the 
immediate vicinity of th~ leading edge, assumption (ii) 
will have little effect on the results. 
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The purpose of the present analysis was to try to 
determine the significance of assumption (iii). In order 
to do this the heat transfer from a plate which was 
narrow in comparison with its overall length was 
measured. In all previous experimental analyses with 
which the author is familiar, very wide plates were 
used in order to try to satisfy the assumption of two. 
di-mensional flow. The results of the present analysis 
should then indicate whether the discrepancies between 
the previous experimental analyses and the theoretical 
predictions are the result of edge effects. 

Now if the width, w, of the plate has an effect on the 
heat transfer, dimensional reasoning suggests the 
relation:-

Nuz = F(Grz, Pr, w/x) . ... . .. .. (4) 

It is convenient to write this equation in the following 
form for comparison with equation (2) :--

Nuz f(Jl,.] 5 

where:-

= G(Grz, Pr, Grw/Grz) . . . (5) 

Grw = Grashof number based on width of plate 
= /3 g P2 LI Tw/µ,2 

For air, on the assumption that Pr is constant, equa­
tion (5) reduces to:-

Nuz/(Jl,.]5 = H(Grz, Grw/Grz) . . . . · · · · (6) 

The purpose of the present analysis was to try to find 
the form of the function II. 

EXPERIMENTAL APPARATUS 
The construction of the plate used is shown in Fig 1. 

It consisted of an insulated board around which was 
wrapped a ribbon-type nicrome electrical heating 
element. This board was sandwiched between two 
8-gauge aluminium plates, the aluminium being insulated 
from the electrical element by thin mica sheets. The 
aluminium plates were 32-in long and 8-in wide. A 
nosepiece !-in long was fitted . The exposed faces of the 
aluminium plates were highly polished. High-tempera­
ture plaster was used to seal the sides and top of the 
plate to prevent any heat loss due to air-currents 
between the windings and the plates. 

In order to allow some control over the plate tempera­
ture, the heating element was divided into 10 approxi­
mately equal sections and a i:iuitable rheostat connected 
in parallel with each of these sections. A 10-way switch 
was used to allow the voltage drop across each section in 
turn to be measured. Using the measured value of the 
resistance of each section, the heat produced could then 
be calculated. 

The electrical supply to the plate was from a constant 
voltage transformer, the average plate temperature 
being adjusted by means of a variable transformer. 
The circuit is shown in Fig 2. 

Ten thermocouples were cm bedded along the centre­
line of each plate at the cent.re of each of the 10 heater. 
element sections. These thermocouples could be connec­
ted, in turn, by means of a 20-way switch, to a workshop 
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, Fig' 1 Constructional details of heated plate 

f 

grade potentiometer w_hJ,. h~vas used for all temperature 
measurements. ·. :··r ·:_. 

EXPERIMENTAL PROCEDURE 
The variable transformer was set to give an average 

temperature of the order required. Using a trial and 
error procedure, the lO r4eostats were then apjustcd 
until the variation in temperature along the plate was 
less than about five per cent of the average temperature, 

When steady condition11 had been reached, which 
usually took about three hQurs, the actual temperatures 
at the 20 points and the voltage drops across the lO 
sections were measured. Tpsts were conducted at mean 
temperature differenpes rnnging from approximately 
1 °F to l 70°F. 

.., 
I ~--,r,----.... 
i ... ---t--r----; 

Fig 2 ~lect(lcal c jrc11lt for heatell plat11 
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DERIVATION OF RESULTS 
The heat transfer from each section was calculated 

from the measured voltage drop and known resistance, 
assuming equal heat transfer from both sides of the plate. 
The average film coefficient for each section was then 
determined, using the average of the temperature on 
the two sides of the plates. A correction for radiation 
was applied to all the results, it being assumed that the 
emissivity of the polished aluminium surfaces was 0 ·05. 
A small correction for the effect of the unheated nose­
piece was also applied to the result for the lowest 
section. 

All required fluid properties were then evaluated at a 
mean film temperature based on the average of all 20 
plate temperatures and the room temperatures. 

Values of Nux and Grx could then be determined, x 
being taken as the distance of the thermocouple at the 
centre of the section considered from the leading edge. 
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Fig 3 Variation of local Nusselt number with local Gras!lqf 
number for various temperatur11 clifJereric11• 

RESULTS 

IQ 

Typical variations of Nux with Gr:r: for var ious ll,verage 
temperature differences 11-re shown in Fig 3. Two point,/! 
will be noted:-

(i) Transition from laminar to t urbulent flow ocoµrif 
in all cases at the value of G:i: at which the transj. 
tion offectively occurs, GxT, being depen<lent on 
tho tempera.ture difference. This point will b13 
discussed la.tar. 

(ii) Due, presumably, to the effect of t ho finite pla.t,e 
width, the variation of Ni.:i: with Grx is niifllrent 
for each temperature difference. lt will be noteq, 
however, that it is possil>le in flll cases for the 
laminar region to e:icpress the variation, to a fair 
degree of accuracy, in the form·;;-
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Nu:i:/G~i 5 = J{' . . . . . . . . . . . . . (7) 

J{' being dependent on the temperature difference. 
Comparison of equations (6) and (7) suggests that the 

function JI of equation (6) is independent of Gr:i: and that 
the heat transfer by free convection from plates of 
finite width can, t herefore be expressed in the form:-

Nu:i:/~'i5 = I (Grw) . . . . . , , · , . · (8) 

this being for the case of a ir, I , in general, being depen­
dent also on Pr· 

Values of J derived from the experimental results by 
drawing the best straight line of slope 0·25 through the 
laminar flow values are shown in Fig 4. 
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• 

n will be notep tha.t tpe fonctlon J is approximately 
given l>y:-

1 = 0 + A/G'w , . , , . • . . . . (0) 

where 4, Band Ca.re ooostsmts. 
The best values of the const;a.nt,s as qcrived from tl1e 

e¥perlm!lnta.l points nre, 
A = 24S; B = 0 ·40; (J = Q·50, 

~iving, tµerefor!3, tjle he11,t transfer py free convection 
from pfo,tes of fin ltfl widtp as:-

N ;i:/G'::JI = 0 ·50 + 248/Gr~~4Q . • . • . • . . (lO) 

for two-qjmensional fl w, for which Grw la effectively 
jpfinite, this redµoea to: 

N x/Gr:1:°'8~ = Q'50 . . . • . • . . . • . (H) 

which Jl1&Y be c01npllred wjth the theoretical values 
gjven earJier. Due to the extent of t ho exterpolation nQ 
grea.t impo$noe can, powever, be iitta,cheq to t his 
resµl t. 

ln Jn()st· Cflses th~ a,ver11,ge hea,t from a plate is of more 
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57 
importance than the local values. Defining, as usual, variation with (l/w} as predicted by the present results. 
the mean Nusselt number as:- As both investigators used very thin plates, a direct 

Nuz = hmz/k . . . . . . . . . . . . . (12) comparison with the present results is not possible, 
where l is the length of the plate and the mean film however, as the form of the edge of the plate must be 
coefficient hm is given by:- expected to exert a considerable influence on the edge 

I 
l effect. It should be noted, however, that the results of 

h I . (I3) Giiliths and Davies4 and those of Weise6 are con-m = -l 

0

h d X ••••• , •• , • 
siderably higher than those of Saunders, suggesting 
that they have been influenced by edge effects. Direct 
comparison of the present results with measurements of equation (9) gives for plates of finite width:-

. . (14) the heat loss from vertical cylinders, the flow about 
which should approximate to that over a vertical plate 
of infinite width, is not possible, owing to the consider­

from the 

0.20 , , B 
Nuz/G,1 = 0 + A /Gr . . . . . . . . . 

where O' = 40/3; A' = 4A/3. 
Using the values of A, B and O derived 

experimental results, this reduces to:-

0.25 0-40 

Nui/G,z = 0 ·67 + 330/Grw • . (15) 

where G,z is the Grashof number based on l, i.e. 
pg P2 A Tl3/µ2. 

The variation of Nuz with G,1 for plates of various 
length to width (l/w) ratios is shown in Fig 5. 
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Fig 5 Predicted variation of average Nusselt number with 
average Grashot number for various length-to-width ratios 

COMPARISON WITH PREVIOUS EXPERIMENT 

8 

As mentioned before, previous experimental studies 
of the heat loss by free convection from plates have all 
used very wide plates in order to minimize the edge 
effect, although the present results suggest that this 
effect can never entirely be eliminated at low values of 
G,z. Typical experimental results are those of Saunders4 

using plates having (l/w) ratios ranging approximately 
from O·I4 to 0·33. The mean curve through his results is 
shown in Fig 5, together with the predicted curves. It 
will be noted that his curve does display the basic 
predicted characteristic diverging considerably from the 

0,25 
'Nul/G,l =constant law at low values of G,l. However, 

his results, like those of King 6, do not exhibit the large 
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able influence of the differing leading edge conditions. 
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Fig I Variation of local Grashot number at transition with 
Grashof number based on plate width 

VARIATION IN TRANSITION POINT 

9 

The variation of the effective transition point G:i:T, as 
obtained from the experimental results with G,w, is 
shown in Fig 6. The effective transition point was taken 
as the point of intersection of a straight line of slope 
0 ·25 through the lamina~ flow points with a straight line 
drawn through the _turbulent flow point on a plot of the 
experimental results in the form log Nuz against log 
G,z. 

It will be noted that G:i:T appears to decrease with 
decreasing Grw· However, as changes in G,w were 
obtained by varying the mean plate temperature, and 
since it is to be expected that stray atmospheric turbu­
lence will have more effect on the boundary layer 
characteristics, and hepce transition point, at low 
temperatures than at high temperatures, no great 
accuracy can be expected of these results. 

PLATE DIMENSIONS FOR MINIMUM HEAT 
It will be noted that fpr a plate of given area, held at 

a fixed surface temperature, the two-dimensional theory 
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predicts that the heat loss from the plate will be & 

minimum when the plate is long and narrow. However, 
the present analysis suggests that the edge effects will 
increase the heat transfer if the plate is too narrow. It is 
to be expected, therefore, that there is a definite length­
to-width ratio for which the heat transfer will be a 
minimum. 

For a plate of area a and length Z, the width is given 
by:-

w = a/l .......•..•... (16) 

58 
10 

V 
/ 

I 
0·1 

I 
Substituting this into equation (14) gives the mean (1/w)min V film coefficient hm in terms of the constants A', B and 

O' of equation (9) as:- o -01 / 

I hm = Qo.25k [C'/Z°·2s + A'l3B-0.25/QBa3B] .(17) 

where G =fig p2 '1T/µ.2 
This is a minimum, i.e. the overall heat transfer is a 

minimum, when l is such that:-

1 ( 3)1 
l/ya= [0 ·250'/A'(3B-0·25)] 3B Ga23 .... (18) 

which can be re-arranged to give:-
2 

(l/w)mtn = [0 ·25 O' /A '(3B - 0 ·25)] 3B 

3 2 

[fig p2 '1 Ta2fµ.2]3 • . . • • . (19) 

(l/w) min being the length-to-width ratio for minimum 
heat transfer. 

Substituting the experimentally determined values 
of A', Band O' gives, finally:-

3 2 

(l/w)mtn = 5·7 X I0-6 [fi g p2 '1Ta2/µ.2 ]3 .... (20) 

3 

The variation of (l/w)mtn with (fi g p2 '1a2/µ.2), as 

given by the equation, is shown in Fig 7. 

FURTHER EXPERIMENTAL WORK 
To try to provide further confirmation of the results 

obtained in the experiments described above, some 
measurements of the heat loss from the plate, described 
above, were made with the plate mounted with its short 
(8-in) side vertical. In this position the length-to-width 
ratio of the plate was approximately four. 

With the plate mounted in this position, it was 
realized that the side and leading edge conditions 
differed considerably from those which existed when the 
plate was mounted with its long side vertical. It was 
hoped, however, that some correlation between the two 
sets of results would exist. 

Only mean heat transfer values could, of course, be 
measured with the plate mounted in this position. 

The variation of Nul with G,l, as obtained experimen­
tally with the plate mounted in this position, is shown in 
Fig 8. The variation of Nul with G,l for a plate having 
an (l/w) ratio of four, as predicted by the previous 
experimental results, is also shown in this figure, equa­
tion (15) having been used to derive this curve. It will 
be seen that the agreement is reasonably good, particu-
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Fig 7 Predicted length-to-width ratios for minimum heat 
transfer 

larly when the differences in edge conditions mentioned 
above are borne in mind. The mean curve of Saunders4, 
through his results, is also given in this figure for 
comparison. 

CONCLUSIONS 
A series of experimental measurements of the heat loss 

by laminar free convection from an isothermal vertical 
plate, which was narrow in comparison to its overall 
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length, have been performed. It has been shown that 
the effect of the finite plate width is to increase, quite 
considerably, the rate of heat transfer above that which 
would exist under the same conditions if the flow were 
two-dimensional. It has been shown that the ratio of 
the heat transfer from a plate of finite width to a plate 
of infinite width can be expressed, approximately, in 
terms of the Grashof number based on the plate width 
alone. 

The measurements also indicate that the Grashof 
number at transition is a function of the Grashof number 

· based on the width of the plate. 
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A FURTHER. EKPERIMENTAL1 STUDY OF LAMINAR FREE CONVECTIVE 

HEAT TRANSFER FROM NARROW YmTICAL PLATES IN .A.IR 
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Summary: 

Measurements of the average rates of heat traJ1si'er by 

laminar free convection from two vertical platesi identical in 

all respects except their width, are described. These 

measurements support an earlier conclusio..~ as to the fairly 

considerable effect of plate width on the rate of heat transfer 

per unit area under such circumstances. 
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A FURTHF.R EXPERIMENTAL STUDY OF THE LAMINAR FREE CONVEJJTIVE HEAT 

TP.A.1\iSFER FROM NARRON VERTICAL PL.'LTES IN AIR. 

Introduction: 

.An earlier note1 • described an experimental study in which the local 

rates of heat transfer by laminar free convection from a vertical plate, 

which was comparatively narrow, were measured. This study indicated that 

the effect of the finite width of the plate, i.e. the edge effect, was 

comparatively large and larger than that which arises in forced flow. 

While these measurements were quite consistent within themselves, the 

observed effect of finite plate width was so large that some doubt as to 

their accuracy must exist. The present note, therefore, describes a 

related experimental study which was carried out in an effort to confirm 

the previously mentioned results. 

The experimental work described in the present note is of a simpler 

nature than that of ref.l in that only average heat transfer rates were 

measured, whereas in ref.l the apparatus allowed the approximate determina-

tion of local heat transfer rates. However, in the present case, two 

plates, having different widths but identical in all other respects, were 

tested a.~d the results should, therefore, provide more convincing direct 

evidence of the effects of finite width. 

Apparatus: 

Two heated plates were constructed, both having a le.YJ.gth of 10°, but 

one being 30n wide and the other being 8" vd.de. Both plates consisted of 

/a nicrome ••••••••• 
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a nicrome ribba.~ heating element wound unif'ormly lengthwise about 

a ]/16n thick core of insulating material, this assembly being clamped 

between two 8-gauge aluminium plates and insulated from them with mica 

sheets. The construction is shown in fig.l. 

Both test plates carried five copper-constantan thermocouples, tv;o 

in the aluminium plate on one side and three in that on the other. The 

thermocouples were soldered into small brass discs which were pressed 

into shallow holes in the aluminium plates (see fig.1) and the wires 

brought out at the upper end of the plate through small vertical slots 
I 

milled in the aluminium plates. 

The power supplied to the plate was measured with a wattmeter 

and was controlled by means of a variable autotransformer. The plate 

temperatures were measured by means of a workshop grade potentiometer. 

Except for their widths, the t wo plates were identical in size 

and in all constructional details. The thermocouple wires used were drawn 

from the same reels and, therefore, presumably, had the same calibration. 

Therefore, while the assumed calibration, used in deriving the results, 

may not have been completely accurate at all temperatures, at a given 

plate temperature, and, therefore, given G~ashof number (see later), the 

er-ror should have been the same for both plates. 

Derivation of Results: 

In all cases, since only the average rate of heat transfer was 

being measured, the plate temperature was taken as the arithmetic mean 

of the five measured temperatures. Using the measured, undisturbed 

room temperature, the mean film temperature could then be determined 

/ and the fluid 

I 

•••• 
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and the fluid properties of the air at this temperature determined. 

The Grashof number, defined, as usual, as: -

(1) 

where: ... 
~ · = coefficient of cubical expansion (assumed 

to be equal to the reciprocal of the 

mean film temperature) 1 

p = density, 

i = length of plate ( :a: 1011 in both cases), 

T = average plate temperature, 
w 

Tl ;: undisturbed air temperature, 

µ ;: coefficient of viscosity. 

could then be determined. 

In a similar way, the average Nusselt number, defined, as usual, as: -

(2) 

where:-

Q = total rate of heat loss by convection, 

= effective plate area, 

k = conductivity. 

could be determined. In deriving Q from the measured power supply, 

a correction for radiation was applied, it being assumed that the emissivity 

/ was 0.05. ••••••• 
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was 0.05. Because of the comparatively lO'N temperatures used, any 

e-'Y"I'or in the assumed value for emissivity could have only a small effect 

on Q. 

Results: 

The variation of NL ·with Gi for the two plates is shown in fig.2, 

considerable differences between the two sets of results being immediately 

apparent. The limits on the values of Gl used were imposed by, at the 

lower end, the accuracy of the instrumentation, and, at the upper end, 

by the desire to avoid, as far as possible, any effects arising from the 

onset of transition to turbulent flow. 

The results given in fig. 2 appear to support the previous conclusion 

as to the comparatively large effects of finite plate width. 

Discussion of Results: 

As mentioned in ref.l., dimensional reasoning indicates that, in 

general, for free convective £-low over a vertical plate:-

(3) 

where P is the Prandtl number of the fluid and G is the Grashof' r w 

number based on the width w, of plate and is defi.~ed, therefore, as:-

G 
w = (4) 

The local heat transfer rate measurements of ref.I indicated, 

/however, ••••••••• 
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however, that in the case of air., for which P is., effectively, constant, , r 

equation (3) could be written as:-

(5) 

i .. e • ., since Ni /Gi 0 •
2
5 is constant in two-dimensional f1a-v, this 

equation effectively states that:-

= h (G) 
w 

(6) 

where Ni is the actual Nusselt number and Ni 2 is the Nusselt number 

that would exist in two dimensional flow at the same value of Gi• 

In order to test the above conclusion., the variation of Ni /Gi 0•
2
5 

with G, as obtained from the measurements described above., for both plates., 
w 

is shown in fig .. 3. It will be noted that these measurements do, to a fair 

degree of accuracy, conf'irm equation (5). 

Also shovm in fig.3 is a curve vihich is seen to fit the results f'airly 

well of the form:-

N /G 0.25 
i i = 

where A, B and n are constants. 

(7) 

This is of the same form as that 

shown to fit the results of ref.l, althoug..~ the best values of A, Band n 

in the present case are 0.53, 150 and 0.4 respectively as compared with 

values of 0.67, 330 and 0.4 derived in ref.l. 

/conclusions: ••••••••• 
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O onclusions: 

The present e."'Cperimental study supports the previously drawn 

conclusion as to the considerable effect of plate vridth on the rate of 

_heat transfer by laminar free convection from a vertical plate. These 

results indicate that, for a plate of finite width, the average rate of 

heat transfer is approximately given by:-

N /G 0.25 
i i = A+ B / G:; 

A, Band n being constants, tentatively given as 0.53, 150 and o.~ 

respectively. 
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Pape. 6. 

THE GOVEH.NI.1:1G EQUATI01JS FOR co;1mLJED CONVECTIVE 

LAAITNAR FLOW OVER A VEl TI' .\L PLATE . 
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Summar,: 

It is shown that the solution for combined convection 

in which the now variables are expressed relative to those that would 

exis t in the case of either purely forced or purely free flow as a 

function of a parameter which combines the Reynolds and Grashot 

numbers, is oompletely general and not just applicable when either the 

forced or the free flow is dominant. The governing equations in 

terms of the combined convection parameters are derived. 
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Notation: 
2,0.25 

c : [,s g fl Tw /4v j 

cp = Specific heat. 

t
0 

= Function of Tl determining the stream fl.motion in purely 

forced fl.ow. 

t • Function of :.i determining the stream function in purely 
0 

free flow. 

= Grashof number, p g fl Tw ,,;, /v2
• 

= Function of Tl and s determining the difference between 
X 

the actual stream f\motion and that which would 

exist in purely forced :flow at the same values 

of Tl and Rx• 

ii • li\.tnction of 'ii and ';x determining the di:ff erence between 

the actual stream function and. that which would exist 

in purely free flow at the same values of ii and Gx• 

k • Coefficient of conductivity. 

Nx = Local Nusselt number, 'lwx / A Twk• 

Nx for • Value of Nx that would apply to purely forced flow at the 

same value of R as in the actual now. 
X . 

Nx free • Value of Nx that would apply to purely free :flow at the · 

same value of Gx as in the actual flow. 

~ • Rate of heat transfer 1'rom the wall to the fluid per unit 

wall area.. 

Pr = Prandtl number. 

• Reynolds number, '1i x/v. /s = X •••••••• 
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sx : G/Rx2• 

- R/G 0.5 sx = X • 

T = Temperature. 

Tl = Freestream temperature. 

T = Wall temperature. w 

u = Velocity component in x-d.irection. 

u1 = Freestream velocity. 

v = Velocity oompaient in y-direction. 

x = Co-ord.ina te measured along plate surface in flow direction. 

y = Co-ordinate measured normal to plate surface. 

13 .: Coefficient of cubical expansion. 

ATw = Tw - Tl• 

=~ 
Ti = cy/xo.25 

= (T - T1)/(Tw - T1) 

e 
O 

= The value: of 6, at the 'fl considered, that would exist in purely 

forced flow. 

6 
0 

= The value of e, at the ti' considered, that would exist in pure]Jr 

free floa. 

\' = Coefficient of kinematic viscosity. 

p = Density. 

</> = Difference between 6 and e
0 

at 'fl considered. 

¢ = Difference between e and ao at ~ considered. 

f = Stream function. 

I 

\. 
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THE GOVERNING EQUATIONS FOR COMBINED CONVElJTIVE 

LAMINAR FWW OVER A VERTICAL PLATE. 

Introduction : 

The governing equations of continuity, momentum and energy for 

laminar flow over a vertical plate when buoyancy forces cannot be 

neglected ~ez-

• 0 (1) 

~ VE,!! 
2 

u " a u ! - 13 g A Twe (2) ax + ·ay = 2 ay· 

u ae v ce cle (3) - + -~ • (lr/pop) 2 ax dy dy 

the+ or the - sign in aque.tion (2) is used depending on whether 

the buoyancy force and the forced novr t.re in the same or opposite 

directions. 

In the present note attention will be restricted to flows in which 

the freestream v~locity and temperature and the wall temperature remain 

constant as a.o the :fluid properties, the latter bein~ implied by the use 

of the above equations. 

Now it would appear from the :form of these equations that their · 

solution willi in general , give a local. Nusselt that is dependent on both 

the Grr.shof and Reynolds numbers. However, by noting that the ratio of 

buoyancy to viscous forces introduced by the forced flow will be determined 

by the parameter:-

(4) 

1 . 2. 
Sparrow and Gregg , Szewczyk and others have obtained limiting 

/forms•••••••••• 
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forms of the solution to the above set of equations by considering 

a power aeries solution for 'fJ ~ tar a having the form:-

2 sx + •••••• ] (5) 

tor the case where the forced floa is dominant, i.e. sx small 

Simil.Brl.y, by noting that the ratio of forced flO'C generated viscous 

forces to buoym,.cy .forces will be dependent an the panJ11.oter:-

s • n / G o.5 = s -0.5 
X -x X X 

(7) 

they obtain a limiting :form ~ solutitm for the case where the 

buoyancy forces are dominant., i.e. where "sx is small" qy introducing 

the following power series for V and for 6 :-

It should be noted that in both pairs o~ solutions the first 

terms represent the soluticn in purely forced now md purely tree 

flo.7 respectively. 

/tbe purpose••••••• 
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The pUI})ose of' the present note is to indicate that the 

above series solutions have the same form as possible gfmera1 

solutions ( i.e. applicable for all sx and sx ) to the set of governing 

equations, (1) to (3). 

Analysis: 

kl mentioned. above, the purpose of the present note is to 

indicate the general nature of the farms introduced in the above 

series solutions. Consider first the case where the solution is 

~ressed relative to the solution for purely forced flovr at the 

same Reynolds number as in the actual flow. Using equation (5) as 

a guide it is assumed that, in general, f is given by:-

--ox 

and the .cant~ui ty equation is, thereby, satisfied. 

Using these equations then l.eads to:-

t 
u/U... C f + oh 

.L O a,i 

(10) 

(ll) 

(12) 

/am•••••••• 
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• • 

+ (y/~) (t + ah) 
0 -oTJ 

(13) 

the dashes on the f indicating, of course, di:fferentiation 
0 

wit.h respect to Tl• 

Similarly, using equation (6) as a guide, it is assumed that 

the temperature distribution is given by:-

(14) 

Using the above equations and noting that, since '£
0 

and 6
0 

are the solutions far purely farced flow·:-

" ... 
tt+2£ =O 

0 0 0 

equations (2) and (3) reduce to:-

t 
f s 

0 X 

(15) 

(16) 

(17) /and ••• 
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and:-

;\,2r/,. • 

- {1/P \ ~ - e b/2 
r' a1? 0 

• - e s oh o x- = 0 
osx 

(18) 

The bom1dary conditiais on these equations follow :from the 

boundary conditions on u, v and e in equations {2) and (3) which are:-

y = 0 : U ::s 0, V = 0, 8 = l 

y~oo: u-+ ~' a ~o {19) 

From these ccndi tions and taking account of' the bounclary 

conditions on f
0 

and e
0

, it f'ollows from equations (12), (13) and (14) 

that:-

1'l = 0 : 
ah - = o, c,T} h/2 + sx oh ;;: o,· tt, = o . os 

X 

(20) 

/Equations {17) •••••• 
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Equations (17) and (18) and the boundary conditions (20) indicate that 

equations (10) and (14-) do represent a possible form of solution to the 

equations governing combined convective now. They show that by using 

the CCllditions that would exist in purely forced flow for reference 

then the effect of buoyancy forces at any value of tl will be a :f\mcticn 

of sx alcme. It also follows that since, using the definitions of the local 

Nusselt number and skin friction coefficient, i.e. 

(21) 

~ = (2flxu/" ) a(u/ul) I . 
oT} Tl = 0 

(22) 

and noting that from them it follows that at the same Reynolds' 

number as in the e.=.tu.tl :flow:-

then:-

C • 
f for = (2/vm /v} f I 0· l O '1}:: 

(23) 

(21+) 

/and (cf - •••••••••••• 
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and 

C (s ) 
X 

(25) 

Similar expressions will aJ.so, of course, apply to the average 

Nussel t number and skin friction coefficient. 

An. alternative form of solution can be obtained. by using the 

solution for free flow olane for reference i.e. by assuming by analogy 

with equations (8) and (9) that in general, for any value of sx' :-

(26) 

and 

e (27) 

From equation (26) it follows that, using equation (11) :-

( 2 0.5) [-' - J U a: l+ \I O X f O + 2.!! 
01} 

(28) 

V = 

It having been noted th'l.t :-

(30) 

/'!hen, noting•••••••••••••••• 
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Thent noting that since f 
O 

end 8 
0 

apply in purely free 

convection they must satisfy the following equations:-

__ .,, - -" -'2 -
t 

O 
+ 3t 

O 
t 

O 
- 2 r 

O 
+ e 

O 
= o 

eo" + 31' f e = 0 r o o 

equations (2) and (.3) reduce, in this case, to:-

4- r ali + 2ah - 3 i''ii - 3 a2s: (f + ii) · - 2 r s a2ii 
0 ~ + ~ -... 0 ~ 0 0 X OS oii 

- 2 s ah a~ 
X ~ ... A 

01'1 as a11 
X 

and:-

- -· -+ 2 s t ah 
X O-:-

OSJ.: 

X 

+ 2 s a~ aii -
X ~-2 -

. t1Tl osx 

(31) 

(32) 

=O (33) 

(34-) 

It should be noted that it is implic:i. t in these equations that the 

positive x-directian is the direction in which the buoyancy forces act 

'While in equations ( 17) and ( 18) it is in the direction of the forced f'lmr. 

/Thie point is,•••••• 

_____________________________ ! ___________ _ 



83 

This point is, of course, only important 1hen the flows are in opposi ticn. 

In equation (33) the upper, negative, sign is the one applicable to 

assisting flows. 

The boundary conditions a.s given by equation (19) reduce, in this 

case, to:-

- 'll/2 11 = 0 • ah = o, s ah - = o, cJ> = 0 • - X -- -011 os 
X 

(35) 

Tl~ 00 : oh .... s/2, 1 -+ 0 --o'll 

Equations (33) and (34) together with the boundary cond.itims (35) 

indicate that equations (26) and (27) are also possibl~ solutiaia to the 

governing equations i.e. that by using purely free flow conditions for 

reference, the effect of the forced flow at any value of ti' can be 

express as ·a function of s alone. 
X 

It is also worth noting that from the above using the same procedure 

as was used to derive equation (24,}:-

(36) 

Thus it has been shown that general solutions to the governing set of 

equations can be obtained. by using either the purely forced or the purely 

free now conditions for reference. The two .solutions are; of course, 

/basical.lJr •• • •• • 
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basically the same and ane can be derived ·from the other. The actual 

relation between them :follows by equating (10) and (26) and (:U..) and (27) 

since, at fixed y and x, V _end 8 must be the same. This procedure gives:-

= {2/i 
X 

'i = e +<1>-e 
0 0 

The solutions, and hence f , 8 , f and e
0

, in purely forced and 
0 0 0 

purely free :flow being assumed to be known. 

The aavantage in having both solutions follows from the :fact that 

since s -i> co as s ~ 0, the whole range is more easily covered and 
X X 

:from the fa.ct that flows in whioh separation occurs, i.e. opposing flows 

· in which there is, over a portion of the plate, a flow apjacent to the 

wall in the Opposite directioo to the forced flow, are more easily dealt 

with. 

Conclusions: 

It has been shown that by using either the purely forced or the 

purely free flow conditions (or reference, the solution to the combined 

convective flow problem can be expressed as a function of either s ors. 
· X X 

The reduced governing partial differential equations, in terms of these 

/variables••••••••• 
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variables, have been derived but no results of any attempt to solve 

them are given. 
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P. H. OOSTHUIZEN* 

A note on the ·combined free and 
forced convective laminar flow over 
a vertical isothermal plate 

M .Sc, (Eng.) 
The integrated boundary layer equatio~ f o~ combined convective flow o~·er 
a flat plate are applied to the case of fluids with Prandtl numbers near uiuty, 
it being shown that for such fluids it c.an be assumed that _the rati~ of thermal 
boundary layer thickness to velocity ?ounda~y laye~ thickness is constant. 
This assumption is also used for fluids having arbitrary Prandtl numbers 
to derive the values of (Gx/Rx2) for which the buoyancy effects and the forcecl 

. velocity effects are negligible. 

INTRODUCTION 

While the heat transfer from bodies by either free 
convection alone or by forced convection alone has b?en 
the subject of many experimental and theoretical 
analyses, the problem of determining the heat transfer 
when both types of convection are of importance has 
received relatively little attention. There are, howeve~, 
numerous practical cases in which the heat transfe~ 1s 
by the combined action of free a~d forc~d con~~ct1?n. 
Many examples exist, for instance, m the a1r-cond1t10nmg 
and refrigerating industries. 

In the present note an attempt has been made to 
consider some aspects of one of the simplest problems 
involving combined convection, that of the heat transfer 
from a vertical plate held at a constant temperature 
with the forced flow parallel to the plate surface and in 
the same direction as the buoyancy forces, i.e. assisting 
the free convective flow. 

The method of solution adopted is the integral equa­
tion method of Von Karman and Pohlhausen. This 
method has been applied successfully before, both to 
the problem of free convection alone and to that of 
forced convection alone. In this method it is assumed 
that the changes in velocity and temperature from the 
values at the surface of the plate to the values whicl?­
exist exactly only at an infinite distance away from the 
plate, occur effectively in a thin boundary layer. The 
velocity and temperature profiles in this thin boundary 
layer are fitted, approximately, by polynomial expres­
sions which satisfy the correct boundary conditions and 
the integrated boundary layer equations, i.e. they 
satisfy the conditions at the inner and outer edges of 
the boundary layer and also the mean conditions in the 
boundary layer. 

No attempt has been made in the present note to 
obtain the general solutions to the equations derived 
by the procedure outlined above. Instead, attention 

•Lecturer, Department of Mechanical Engui\*lri.n~, Vniversity 
of Cape Town. · 
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has been given to those aspects of the problem in which 
it is possible to assume that the ratio o~ the thermal 
boundary layer thickness to the velocity boundary 
Iay(lr thickness is constant. 

· BASIC ANALYSIS 
It will be assumed that the velocity and temperature 

distributions can be approximately represented by 
fourth-degree polynomials, i.e. that: 

u = A +BT/+ CT/2 + DT/3 + ETJ4 .(1) 
and 

T = F + G£ + H £ 2 + I £
3 + J £

4 
• (2) 

where 
u = velocity component in boundary layer paral­

lel to the surface at distance y from it 
T = temperature in boundary layer at distance 

y from the surface 
T/ = y/Su 
Su = thickness of velocity boundary layer 
£ = y/ST 
ST = thickness of thermal boundary layer 

A,B ... ,J = coefficients to be determined . 
Now the momentum and energy equations for the 

type of two-dimensional fl.ow being considered bec_ome, 
when the boundary layer approximations are applied: 

u(ou/8x) + v(8u/8y) = {Jg(T-T0 ) + (µ./p)(8 2u/oy2
) 

.... . ... ... ..•.•• •• •.. (3) 
u(oT/ox) + v(oT/oy) = (k/pCp) (82T/oy2) •••• (4) 

where 
x = co-ordinate parallel to surface 
y = co-ordinate normal to surface 
v = velocity component in y- direction 
T O = temperature outside boundary layer 
fJ = coefficient of cubical expansion 
µ. = coefficient of viscosity 
p = density 
k = coefficient of conductivity 
Op = specific heat 

In deriving the above equations it h~s been assumed 
that the fluid properties are constant 111 the boundary 

THE SOUTH AFRICAN MECHANICAL ENGINEER 
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layer except for the density change with temperature · 
which causes the buoyancy force. For the case of gases 
this assumption will, strictly, limit the application of 
the present analysis to the case where the overall 
temperature difference is small. Howe':er, experience 
with free flow and forced flow alone suggests that it will 
normally be possible to remove . this restriction by 
evaluating the fluid properties at some suitable 'mean 
film temperature'. In deriving the energy equation, it 
has also been assumed that the dissipation due to 
viscosity is negligible. This assumption is justified by 
the fact that the velocities must remain relatively small 
in flows in which it ls necessary to take account of the 
buoyancy forces. 

Now at the surface of the plate u = v = o, so that 
equations (3) and (4) give respectively: 

( :~) y=O= - {Jgp (Tw -To)/µ. ..... (5) 

and 

. . . . . . . . . . • . . (6) 

where T w = the constant surface temperature of the 
plate. 

Using the relations (5) and (6), the boundary condi­
tions on velocity and temperature which must be 
satisfied by equations (1) and (2) therefore become: 
(i) on velocity:-
At y = o; u = o, o2u/oy2 = -{Jgp(Tw -To)/µ. 

. . (7) 
At y = Ou; U = U1, (ou/oy) = o, (o2u/oy2) = O 

where u1 = constant velocity outside boundary layer. 
(ii) on temperature:-
At y = o; T = Tw, (o2T/oy2) = o 

. . . . . . . . . . . . . . . . . . • . . . (8) 
At y = oT; T = T 0 , (oT/oy) = o, (o2T/oy2) = o 

Substituting boundary conditions (7) into equation 
(1) gives: 

U= [{Jgpou2 (Tw-To)/6µ.] (TJ - 37]2 + 37]3 - 7]4) + u 
(21] - 27]3 + 7]4) • • . • • • • . • . . . (9) 

The first term on the right-hand side of this equation 
gives the velocity distribution that would exist in the 
absence of a forced velocity, while the second term gives 
the velocity distribution that would exist if the buoyancy 
effects were negligible. It is seen, therefore, that the 

· velocity distribution for the case of combined free and 
forced convection over a vertical plate is obtained by 
adding, algebraically, the velocity distributions that 
would exist with forced convection alone and with free 
convection alone. 

Similarly, substituting the boundary conditions on 
temperature (8) into equation (2) gives: 

(T-To) = (Tw-To) (1 - 2£ + 2£3 - £4) .(10) 
The temperature distribution will be given by the 

same equation if forced convection alone or free convec­
tion alone is considered. 

Writing for convenience: 
8 = (T-To) 
8w = (Tw-To) 

THE SOUTH AFRICAN MECHANICAL ENGINEER 
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. (12) 

a =fJgp8wfµ. .............. (13) 
The velocity and temperature distributions become: 

u = (a o~,/6)(7]-37]2 + 37J3-7J4)+u1(27J-27]3 +7]4)(14) 

and 
·9 = Bw(l - 2£ + 2£3 - £4) •••.••• (15) 

respectively. 
Now integration of the momentum equation (3) across 

the boundary layer gives, with the aid of the continuity 
equation:-

d: I 0(u u1 -u2)dy = -{Jgf 0T8dy+(µ./p)(8;) • (16) 
y y=O 

0 0 
Substituting equations (14) and (15) into equation 

(16) gives, after some rearrangement: 

(d/dx) [(aoJ Ui/945) - (37 /315)u1
2ou + (a2ou6/9072)] 

= (3aµ.oT/10p) - (µ./pou) [(aou2/6) + 2u1 ] , • , (17) 

Similarly, the energy equation (4) can "be integrated 
across the boundary layer to give: 

d fh oT 
dx ou8dy=-(k/p0p)(ay)y,,,;.o· ..... . (18) 

where the upper limit h of the integration depends on 
whether OT is less than or greater than Ou, Defining, for 
convenience: 

LI = (oT/ou) . . . . . . . . . . . . . . (19) 
the integral in equation (18) then becomes: 
(i) For Ll<l:-

t u 8 dy - J:·. 8 dy . . . . . . . . (20) 

as 8 = 0 for y>oT in this case. · 
This integral can be evaluated by putting 1J = £LI in 

the expression for the velocity distribution. 
(ii) For Ll>l :-

J 
h f ou J"'oT 

0

u 8 dy = 
0

u Ody + u1 

0 

8 dy . . . . . (21) 

as U = U1 for y>ou in this case. 

The first integral on the right hand side can be evalua­
ted by putting £ = 1J / LI in the expression for the velocity 
distribution. 

Substituting equations (14) and (15) into equation 
(18) and using equations (20) and (21) thus gives, by 
using a similar procedure to that adopted with the 
momentum integral: 

(d/dx)(aoiowL + U18wouM) = 2(k/p0p) (8w/Aou) .(22) 

where 
(i) For Ll<l (oT<Ou):-

L = (Ll/6)(J/15- J 2/14 + 9Ll 3/280- Ll4/180) 
· . . , , , . . . . . . . . . . . . . . . (23) 

AUGUST 1965 / 9 
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Fig 1 Variation of L and M with boundary layer 1hlckneH 
ratio, l:,. 

M = Ll(2Ll/l5 - 3Ll 3/140 + Ll4/180) 
(ii) For Ll>l (ST>Su) :-
L = (1/6)(1/20- l/30LI + 1/140Ll3 -1/504Ll 4) 

ht 

. . . . . . . . . . . . . . . . . . . (24) 
M = Ll(3/l0 - 3/lOLI + 2/15Ll 2 - 3/140Ll 4 

+ l/180Ll 5) 

The variation of L and M with LI is shown in Fig 1. 
Equations (17) and (22) constitute a pair of simul­

taneous differential equations for the unknowns Su 
and ST in terms of x for any given values of the flow 
parameters, i.e. u1, (J w and the fluid properties. Once Su . 
and ST are known any other required property of the 
flow can be determined. In the present note the main 
such properties of the fl.ow considered will be the local 
rate of heat . transfer per unit surface area, qx, which is 
given by: 

qx = -k ( !;)y=O. . . . . . . . .. (25) 

and the local surface shearing stress, 
given by: 

( ou) . 
'Tw = µ. aii y~o· . . . . . . . 

Combining equation (15) and (25) gives: 

'T w, · which is 

. .. (26) 

Nx=2x/LIS" .............. (27) 
where Nx = (qxx/6wk) is the local Nusselt number. 

Similarly, combining equations (14) and (26) gives: t 

Oi = M:;) (~u) + [Rx tsufx)] · · · · · (2S) 

where 01 = (2T w/ pu~) is the local coefficient of shearing 

stress 
Rx = (pu1x/µ.) is the Reynolds' number based 

on the forced velocity u1 and on x 
Gx = (apx3/µ.) is the local Grashof number. 
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APPROXIMATE METHOD OF SOLUTION 
A simple solution to equations (17) and (22) can be 

obtained if it is possible to assume that LI is independent 
of x, i.e. dependent on the overall flow parameters alone. 
Such an assumption is not, in general, applicable, as is 
obvious from the dissimilarity between the momentum and 
energy equations (3) and (4). However, as will be shown 
below, such an assumption leads to fairly accurate 
results for free convection alone and forced convection 
alone, which suggests that it can be applied to some 
particular problems involving combined convection. 

With LI assumed to be independent of x, the energy 
integral equation (22) can be integrated to give: 

(3aL/4) S! + (u1M/2) S! = (2µ./pPr) (x/LI) .. (29) 

where Pr is the Prandtl number of the fluid, i.e. (µ.Op/k). 
In carrying out this integration it has been assumed 

that the origin can be taken as the point, real or hypo­
thetical, at which Su and ST both have zero thickness . 
Such an assumption is known to be applicable when 
either forced convection alone or free convection alone 
is considered and it is to be assumed, therefore, that it 
will apply to the type of combined convection here 

. being considered, in which the two flows are assisting 
each other. For many leading-edge conditions no such 
point actually exists, but in such cases it is to be expected 
that solutions based on the above assumption will apply 
everywhere except in the immediate vicinity of the 
leading edge. When the buoyancy forces oppose the 
forced flow it will be possible to make the above assump­
tion only when the forced flow is predominant. 

Equation (29) gives the variation of Su with x and LI. 
Elimination of Su between this equation and the momen­
tum integral equation (17) should then give the variation 
of LI with the flow parameters. To facilitate this, equa­
tion (17) can be integrated, remembering that LI is, by 
assumption, independent of x, to give: 

(S,}/630)(u1/a) - (37 /315)(·u1/a)2 loge Su+ (5/36 288)Su 4 

= [(1~) LI - ~] (;:) x - 2(;:) (:1
) lx!t .(30) 

410 

In carrying out this integration the same assump­
tions as to conditions at the leading edge have been made 
as were made in deriving equation (29). 

SOLUTION FOR FREE CONVECTION ALONE 
When the forced velocity u1 is zero equation (29) 

gives: 

SJ = (8µ./3a p Pr LLI) X ••• Jo . . (31) 

which is more conveniently written as: 

(Su/x) = 1·28/G~25 (Pr LLl)o-25 •••••• (32) 

But, with u1 equal to zero, equation (30) becomes: 

(5/36 288)SJ = [(3/10) LI - 1/6 J (µ./ pa) x . . . . (33) 

THE SOUTH AFRICAN MECHANICAL ENGINEER 
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I 

This equation, in conjunction with equation (34), 

allows the variation of Nx/G0 ·25 with Pr to be determined. 
X • 

In Fig 3 results so obtained are compared with exact 
solutions of the present problem due to Schuh1 and to 
Sparrow and Gregg2• Reasonably good agreement is seen 
to be obtained. 

SOLUTION FOR FORCED CONVECTION ALONE 
When the terms which arise because of the buoyancy 

effects (i.e. terms containing a) are negligible, equation 
(29) gives: 

o! = (4µ./pPr U1 ML1) X • • ••••• • ••• (36) 

which is, for most purposes, more conveniently written 
as: 

(ou/x) = 2/RO.SO (M Pr L1) 0 •50 •••••••• (37) 
. X 

In order to apply equation (30) to the case at present 
under consideration, it is multiplied through by (a/u1) 2 

and terms containing a are then neglected. This pro­
cedure gives: 

(37/315) log, s. - (2µ/pu,.) J~dx/8.') 
which, in turn, gives on rearrangement: 

Eliminating (o!/x) between equations (31) and (33) o! = (1260 µ. x/37 p u
1

) • . • • • • • • • • (38) 

then gives: 
PrLL1 (3£1/10 -1/6) = 5/13 608 ..... (34) 

The variation of ,1 with Pr, as given by this equation, 
is shown in Fig 2. 

Substituting equation (32) into equation (26) gives, 
for free convection alone: 

Nx/G~ 25 = 1·56 (PrL)0·25/£10-75 ••••••• (35) 

EAoct Soluti< n~. 
1·"1 

10 Spar ow an Gre99 I/ 1· 2 
X Sch• ~h : 

l•O I 
Ni YGr4 

0 ·8 

O•G V 
L 

/ 
V 

O·Z 

L----" 
/ 

<:r-- 0 
-z:o -,s - - . 1•0 05 0 

L.09.,0 Pr, 

05 

I 
I. 

10 

Fig 3 Result• for free convection alone 
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Eliminating (ou2/x) between equations (36) and (38) 

then gives: 
P rM L1 = 37 /315 . . . . . . . . . . . . . . (39) 

The variation of ,1 with Pr, as given by this equation, 
is also shown in Fig 2. 

Substituting equation (37) into equations (26) and 
(28) gives, for forced convection alone, with the aid of 
equation (39)-

Nx/R~50 = 0·343/ L1 . . . . • . . • . . . (40) 

and ....... . 

01 = 0·686/R~ 60 . (41) 

These results are, of course, equivalent to those 
obtained in Ref 3, wherein it is shown that they agree 
reasonably well with exact solutions. 

APPLICATION TO COMBINED CONVECTION 
If it is assumed that L1 is independent of x in combined 

convective flows, then a similar procedure to that 
adopted with free convection alone and with forced 
convection alone can be used to try to derive the relation­
ship between L1 and Pr, However, instead of substituting 
equation (29) directly into equation (30), it is simpler 
to rearrange the former in the following form: 

. (42) 

AUGUST 1965 / 11 
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The integral term on the right-hand side c~n. now be 

eliminated between equations (30) and (42), g1vmg: 

[(1/630) + (3LP ,L1/2)] (u1/a)St - [(37 /315) -

(MP,t1)](u1/a)2 loge Su+ (5/36 288) St 
= ((3/10)..d ~ (1/6)] (µ./pa)x ........ (43) 

Equation (43) can, in turn, be combined with equation 

• • 
Log., Ra. 

(29) to give: -1-01----+~&Hc-\-~+++--t----1 

{(1/630) + (3LP,t1/2) - (MP,'1/4)((3/10)'1 - (1/6))} Log.,oc, 

(u1/a) S11
1

- (37/315 - MP,L1) (u1/a)2 loge Su 
+ {(5/36 288) - (3LP,t1/8) ((3/10)'1 - (1/6)]} S~ 

= 0. . .................. (44) 
But L1 is, by assumption, independent of x while Su 

will, in general, depend on x. Equation (44) implies 
therefore that, if t1 is independent of x, the following 
set of equations must, simultaneously, apply: 
(1/630) + (3LP,t1/2) - (MP,L1/4)[(3/I0)L1 - (1/6)] 

= O •••••••••••••••.•• (45) 
[(37/315) - MP,L1] = 0 ......... (46) 

(5/36 288)-(3LP,L1/8) ((3/10)..d -(1/6)1 = 0 .. (47) 
li:quation (46), which is identical to equation (39), is 

thll equation relating t1 to Pr for forced convection alone. 
It could have been obtained from equation (44) by 
mnltiplying through by (a/u1) 2 and setting a equal to 0. 
Similarly, equation (47), which is identical to equation 
(34), is the equation relating L1 to Pr for free convection 
alone. It could have been obtained from equation (44) 
by setting u1 equal to zero. 

In general, however, equations (45), (46) and (47) 
are incompatible, showing that a solution based on the 
assumption that t1 is independent of x is not admissible 
for combined convection. This result is, in fact, obvious 
from the differing boundary conditions on the velocity 
and temperature profiles and the form of the basic 
equations. 

3.0...--~---r---.---.---.---, 

2·51---+---t----t----t---r---, 

Lo9.,0R11. 

Fig • Predicted valuH of local NuaHlt number for com• 
blned convection In air 
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-3 ·5 '-----L---'---.L--~--~--

Flg 5 Predicted values of local friction coefficient for com• 
bined convection in air 

RESULTS FOR FLUIDS WITH PRANDTL NUMBERS 
NEAR UNITY 

It will be noted from Fig 2 that, for both free convec­
tion alone and forced convection alone, L1 is very nearly 
equal to unity for fluids having Prandtl numbers near 
unity. It is to be expected, therefore, that in combined 
convective flows with such fluids, t1 will also remain very 
near unity. Thus, although it is not in general possible 
to assume a constant value of t1 for combined convective 
flows, it is to be expected that a solution for such 
flows based on the assumption that L1 = l will be 
approximately correct for the flow of fluids having 
Prandtl numbers near unity, and this includes all 
diatomic gases. 

Now, equation (29) gives for combined convective 
flows, with L1 constant: 
(Su/x) = {-(M/3L) (Rx/Gx) + ((1/9) (M/L)2 (Rx/Gx)2 

+ (8/3 P,Lt1) (1/Gx)J0·5o} 0· 50 •••••••• (48) 

The correct algebraic sign in this solution has been 
determined by noting that, as only the case where the 
free and forced flows assist each other is being consi­
dered, both Rx and Gx must be positive. 

For the present case, where t1 is being assumed equal 
to unity, this equation reduces to: 

(Su/x) = {-(l0·8Rx/Gx) + [(10·8Rx/Gx)2 + 
+ (733/P, Gx)]Mo}o.so ........... (49) 

The values of M and L corresponding to t1 equal to 
unity, as given in Fig 1, have been used. 

Using equation (49), (27) and (28) allows the variation 
of Nx and Ci with Rx and Gx to be determined for any 
fluid having a Prandtl number near unity. Results for 
air (Pr = 0·73) are shown in Figs 4 and 5 . 

. LIMITS FOR FREE AND FORCED CONVECTION 
It is to be expected that, in combined convective 

flows in which either the forced or the free convective 
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effect is very much more predominant than the other, subscript c denotes the conditions in the combined con­
LI will be very nco.rly equal to the value that would vective flow and if subsript f denotes the conditions that 
exist if the predominant flow alone existed. Therefore, would exist with · a forced flow alone, in which the 
in order to find the conditions under which either the buoyancy effects 'llre completely negligible, at the same 
forced velocity or the buoyancy effects are negligible, it value of Rx, then equations (40) and (50) give: 

will be assu.med that LI is ~o~sta~t and equal to t?e value (N /N ) = 0 .172 (R"/G )Mo {- (M/3L) 
correspondmg to that exJStmg m the same fluid when , xf xc x x 
the predominant flow alone exists. + [(M/3L)2 + (8Gx/3PrLLIR2:1) ]0

·
60

} 
0

·
60 

•••• (53) 
Now, for combined convective flows in which LI can This equation allows the values of Gx to be determined 

be taken as constant, equations (48) and (27) give: forwhichNx1differsfromNxc by any specified percentage 
Nx = 2/LI{- (M/3L) (Rx/Gx) + [l/9(M/L)2 (Rx/Gx) 2 for any values of Rx and Pr, LI being related to Pr, by 

+ (8/3 pr LLI) (1/Gx) ]0·60} Mo • • • • • • • • (50) assumption, by equation (39). It is seen that the solution 
If, therefore, Nxc denotes the Nusselt number existing of this equation is of the same form as obtained with 

in a given combined convective flow, and if Nxr denotes predominantly free convective flow, i.e.: 
the Nusselt number that would exist with free flow alone Gx/R';; = g(Pr) .............. (54) 
at the same value of Gx, then equations (35) and (50) 
give: 
(NxrfNxc) = {- (M/3L) (3PrLLl/8) 0 · 00 (Rx/Gx) Gxo.60 

+ [(3PrLL1/8) (M/3L)2 (Rx/Gx) 2 Gx + l]M0} 0 · 60 .(51) 

This equation allows the values of Rx to be determined 
for which Nxr . differs from Nxc by any specified percen-
tage for any values of Gx and Pr, LI being related to Pr 
(by assumption) by equation (34). It is seen that the 
solution of this equation, for any specified percentage 
difference, is of the form : 

Gx/Ri=f(Pr) .............. (52) 
Values, for a five per cent difference between Nxr and 

Nxc, of the function fare shown in Fig 6. 
For flows in which the forced velocity is predominant 

a similar procedure can be adopted. If, here again, 

Fr~ Conv cl,on 

0 • 5 

Com ined Conv ction 

Values, for a five per cent difference between Nxt and 
Nxc, of the function g are also shown in Fig 6. 

COMPARISON WITH A PREVIOUS ANALYSIS 
Sparrow and Gregg4, by considering a ·limiting form 

of the solution to the basic partial differential equations 
for combined convection, have predicted that the local 
Nusselt number as given by the equations appropriate 
to forced convection alone will be within approximately 
five per cent of the actual value in the combined flow 
when: 

Gx/R'; < 0·075 

for all Prandtl numbers. This result may be compared 
with the results derived in the preceding section and 
given in Fig 6. 

CONCLUSION 
The integrated boundary layer equations for combined 

convective flows have been derived. It has been shown 
that while simple solutions, in which the ratio of the 
thermal boundary layer thickness to the velocity 
boundary layer thickness is constant, can be derived 
for free flow alone and for forced flow alone, such a 
solution will not, in general, apply in combined flows. 
It is indicated, however, that such a solution will be 
approximately correct for combined flows involving 
fluids having Prandtl numbers near unity, and results 
based on this assumption have been derived for air flow. 
This assumption is also used, for fluids having arbitrary 
Prandtl numbers, to derive approximately the conditions 
under which either the forced flow effects or the free flow 

-, a effects are negligible in comparison with the other to 
any required degree of accuracy. 

- O •!I 

F recd Con ctia, 

- I •!I 

Fig I Predicted five per cent limit• for free and forced 
convec.tlon alone 
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Paper 8a 

INTEGRAL EQUATION SOLUTIONS FOR Cm.IBI11ED FREE .AND 

FORCED CONVECTIVE UJ,ITNAR FLOW OVER A VF.....RTIC.AL 

ISOTIIERHAL PLA"'E . 
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~ummary: 

It has been sho,m, elsewhere, that a solution to the 

combined convection problem can be obtained by expr~ssing 

this solution relative to that applicable in either purely 

forced or purely free flo11 in terms of a parameter which 

combines the Reynolds and Grashof numbers . The application 

of this result to an integral equation solution is dealt 

with in the present note. Numerical results for the flow 

of a fJuid with a Prandtl humber of 0.72 are given. 
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Notation: 

= Coefficients in momentum integral equation. 

Cf= Local skin friction coefficient . 

= 

f = 

f = 

G = 
X 

= 

Gt = 

= 

2 ·-rw I r 
Function 

Function 

Grashof 

2 
f:> g p 

2 
ul • 

describing the difference 

describing the difference 

Grashof number based on i . 

between ~u and S uo . 

between bu and ~ ~o 

h = Function describing the difference betw·een A and A • 
0 

h = Function describing the difference between A and A • 
0 

K = Function of 6 given by equation (13) . 
0 

1. = Length of plate considered. 

L = Function of A, given by 

M = Function of a, given 

Nx = Local Nusselt number . 

Nl = .Mean Nusselt number . 

= <lw .1.. I (TV - Tl) k . 

p 
r = Prandtl number. 

by 

equations (5) 

equations (5) 

and ·(6) . 

and (6) . 

~ = Local rate of heat transfer per unit area from wall t o fluid . 

~ = Average rate of heat transfer per unit area from wall 

to fluid over plate length, l . 

Reynolds number based on x, 

= 



s 
X 

T 

u 

X 

y 

o( 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 
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Reynolds number based on l . 

? 
G /n -

X X 

R /G 0.5 
X X 

2 
Gl /Rl 

Temperature. 

Temperature outside boundary layer. 

Wall temperature. 

Velocity componant in x-direction. 

Value of u outside boundary layer. 

Co-ordinate paral l el to plate surface . 

Co-ordinate normal to plate surface. 

• 

~ = Coefficient of Cubical expansion. 

6u = Thickness of Velocity boundary layer. 

suo = Thickness of velocity boundary layer in purely 

flow at some value of R as in actual flow . 
X 

s uo = Thickness of velocity boundary layer in purely 

at same value of G as in actual flow. 
X 

Sr = Thickness of temperature boundary layer. 

A = ST /Su 

D.o = Value of A in purely forced flo,r. 

Ao= Value of A in purely free flow. 

E = 

·7 = 

forced 

free flow 
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e = 

e = w 

T 

Tw Tl• 

/..J = Coefficient of viscosity. 

r = Density. 

Local surface shearing stress. 

Subscripts: 

for = Conditions that would exist in purely forced flow 

at the same value of R as in the actual flow. 
X 

free= Conditions that would exist in purely free flow 

at the same value of G as in the actual flow. 
X 
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EQUATION SOLUTIONS FOR 

CONVECTIVE LA.MIN.AR FLOW 
ISOTHERUAL PLATE 

Introduction: 

cmmn,1ED FREE .AND 
OVER A VERTICAL 

In ref . I, the outline of an integral equation approach to 

the study of laminar combined free and forced convective flow 

over a vertical isothermal plate was given . In that note , 

approximate solutions to the derived equations were given for 

the case where the forced and the free flo,1 ,rere in the same 

direction, i.e . assisting each other. The purpose of the 

present note is to indicate how a general solution to this 

set of equatio·ns can be obtained, this general solution being 

based on the observation of ref.2 that the general ~ombined 

convection solution can be expressed in terms of either the 

purely forced or purely free flow solutions as a function of 

a parameter which combined the Reynolds and Grashof numbers . 

No,r it was shown in ref.I that if fourth degree polynomials 

were assum~d for the velocity and temperature profiles, then 

the application of the assumed boundary conditions on these 

profiles led to the following expressions for these profiles: -

u = 

and 

e = e w < 1 - 2<:: + 

(1) 

(2) 
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Using these in the momentum and energy integral equations 

then leads to the following governing equations: -

and: -

(4) 

Where L and M a.re functions of 6 whi ch are given by:-

(i) For 6.< 1:-

L = A2/9o - ,~.3 /84 + 9 A 4/rnso - A
5 /1oso 

4 
M = 2 6. 2 

/15 - 3.6. /140 + A 
5 

/ 180 

(ii) For A> 1 :-

L = 1/120 - 1/180 u + 1/840 A 
3 

- l/3024A 
4 

M = 3A /10 - a/10 + 2/15h - 3/140 A 
3 

+ 1/1806. 
4 

(6) 

The coefficients in equation (3) are given by:-
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= 1/945 ' 
- 37/315 ' 

1/9072 

It is also shown in ref.I that t he local Nusselt number 

and skin friction coefficient are given by: -

.. 2 x /A~ u 

and :-

(f x/ R ~ ) X U 

(7) 

(8) 

In the case of purely forced flow, when the buoyancy effects 

a.re assumed to be negligible, i.e.~ i s taken as zero, the 

above set of equations can be solved giving the following: -

S uo /x = (2 / J - A2 ) / J Rx' (9) 

and: -

(10) 

Similarly, in purely free flow when u1 = O, the above set 

of equ~tions can also be solved giving the following: -

/x = K/ G 
X 

0.25 (11) 
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a.nd:-

8/P r 
(12) 

where:-

(o.3 A - 1/6) 
0 

(13) 

These are the reference states relative to which the present 

combined convective solution will be expressed. It will be noted 

that in both cases~ is a constant, i.e. independent of x, equal, 

in the first case, to /l and, in the second, to A • 
0 0 . 

Analysis with Forced Flow Reference Conditions: 

The analysis of th~ general combined convection flow equations 

given in ref.2 suggests that the solution to the present set of 

equations, when expressed relative to the solution for purely 

forced flow, will be of the form:-

= b £1 + f uo (G /R
2 

) J = ~ .lf. + f (s }J 
X X UO X 

(14) 

Substituting these into the governing integral equations 

(3) and (4) and using equation (9), gives:-

160 A s 3(1 + f)4/A 2] d f 
3 :x: 2 d s 

X 



l.03 

= (1 + f) [ ! 12 A1 isx(l + f)
2 

/ A2 - .A2 - 80A3 .sx 
2

(1 +f) 
4
/~ 

2
] 

+ 0.6 A
O 

Sx (1 + f) (1 + h) + sx(l + f)/3 + A2/(l + f) (16) 

and: -

[ 2M + 24 L (1 + f)
2 

s:x/A2 ] 
d f [ 2 M

1
b0 

(1 + f) 
d + s 

X 

8L
1 A (1 + f)

3 
s.,/A2_ J ~ + 3 - = - 12 L (1 + f) /A2 + 0 d s 

X 

- A_/ p 6. s (1 + h) (1 +f) - M (1 + r)/sx (17) -"2 r O X • 

Where:-

dM 
= di~ 

(18) 

In these equations the positive x- direction has been taken 

as t he direction of the forced flow . Thus, where the alternative 

of a + or - sign is given, the upper sign applies in those cases 

where the buoyancy forces and forced flow are in the same direc­

tion, i.e. in assisting flow, and the lower sign applies where 

they are in opposite directions, i.e. in opposing flow. 

The boundary cohditions on f and h in the above pair of 

equations follow from the fact that S determines the ratio 
X 

.•. .-- ·-· -- -- "--f; ---~-.-,.- --..c - ..• -·---,,.-,-. ,----. -,~- -"~ .-. •·· - --~ ---:r~~---~-----_J 

-

11 
11 
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of buoyancy force effects to forced flo,1 effects and f and h 

represent the effects of these buoyancy forces in combined 

convection on the purely ' forced flow solution . Therefore these 

boundary conditions are:-

' 
h~ 0 

Equations (16} and (17) can be simultaneously solved by 

numerical methods to give the variation off and h with S • 
X 

(19) 

To start the numerical process, a series expansion for f and h 

in terms of S, similar to that used in ref.3, WltS adopted in 
X 

the present study. Calculations have been carried out for the 

case of P = 0.72, the variation off and h with S for assis-r X 

ting and opposing flo'Vrs being shown in fig . 1. The calculations 

for the opposing flow case were terminated near the separation 

point (see later). 

Now, substituting equations (14) and (15) into. equations 

(7) and (8) gives:-

Nx = 2x /Ao O no (l + h) (I + f) (20)· 

and:-

cf = s S 
X . UO 

(1 + f)/3 X + 4:x/R S (1 + f) 
X UO 

(21) 

But, from these it also follows that:-

···-- --~ ----.-~ --- .-- ·-·~ --- -
.I 

-

- -
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N = 2 x/t:. c x for o O uo 
(22) 

and 

4 x /R ~ 
X UO 

(23) 

Therefore, dividing (20) and (21) by (22) and (23) 

respectively and rearranging gives:-

N /N - 1/ (1 + f) (1 + h) x x for -
(24) _ 

and 

cf/ cf for = - ~x (1 + r)/~ + 1/(1 + f) (25) 

Using these equations, the calculated values off and h 

can be used to obtain the variation of NxfNx for and Cf/cf for 

with S • Results for P = 0.72 are sho,m in figs. 2 and 3. 
X r 

The mean Nusselt number, Ni, is also of considerable 

interest, it being defined by:-

<lw J!.. / ( T'W - Tl ) k (26) 

<lw being the mean rate of heat transfer, given by:-

1'. (t<i,, dx)/i. (27) 

·-

-

1---~-------· 
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From these it follows that:-

N = 
l L (Nx /x ) d x (28) 

Hence, using equations (20), (22) and (9) it follows that:-

0.5 
NL /Nt. for = (1/2 S£ ) 

s~ L ds, . s .,t"/ ,1 + f) (1 + h) (29) 

Values of NJ. / N lfor for the case Pr= 0.72, derived from 

the previously given results, are also shown in fig.2. 
-

It is also worth nothing that in the opposing flow case 

it is possible for "separation" to occur, i.e. for a point to 

be reached beyond which there is a buoyancy controlled flow 

in one direction adjacent to the wall in the opposite direction 

to the outer forced flow. At this separation point du/ d y = 0 

so it follows from equation (1) that the value of S at separation, 
X 

i.e. S , is given by:-x sep 

2 

S'x sep £1 + f (sx sep ) J = (30) 

Extrapolating the previously given variation off withs 
X 

gives:-

S = 0.228 x sep 

The results given in fig. l sho,r that, at least for a 
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Prandtl number of 0.72, f remains approximately four times 

greater than h justifying, to some ex ent, the approximate 

solution for air flow given in ref.I. This approximate solu­

tion was based on the assumption that A remained approximately 

equal to one even in co1:ibined flow and that the combined 

convection effects arose only, therefore, through changes 

in ~u• 

Analysis with Free Flo1r Reference Conditions: 

The analysis of ref . 2 shows that the combined convecti on 

solution can also be obtained by expressing it relative to , 

the purely free flow conditions. For the purpose of the 

present analysis, this implies that an alternative way of 

expressing the solution is: -

~ u = s uo fl + f (31) 

and: -

= b
0 

£1 + h (R / G 
0

•
5

) J=!). r 1 + h ($ ) J (32) 
X X O L X 

Of course, this solution must be related to the previous 

one, which used pm~ely forced flow reference conditions, since, 

at a given point in the flow, they must both give the same 

values of ~ and ~ • Equating equations (14) and (31) and equations 
u 

(15) and (32) gives the follovring relations connecting the two 

solutions: -
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(1 + f) - 1 (33) 

h "' (A
0 

/A
O 

) (1 + h) 1 

Whil e, from their definitions, it follows that: -

s ::: 
:x: 1/ s 

X. 

Using these equations, the purely free flow reference 

(34) 

(35) 

condi tion solution can be obtained from the purely forced fl ow 

reference condition solution . The advantage in having both 

solutions availagle is that the entire range of values of 

$ and 5 is more easily . covered since s ..;,-oo as s·~· 0 
X X · X X 

a d xice versa . 

Substituting equation~ (31) and (32) into equati ons (3) 

and (4) and rearranging gives: -

2 

= [ + 3A1 Sx K
2 

(1 + f) 2 
- ~ Sx 

2 
- 5A3 K

4
(1 + f)

41 K (1 + f) / 4 

+ 0 • 3 A K ( 1 + f ) ( 1 + h) - K ( 1 + f ) / 6 + 2 S / K ( 1 + f) 
0 X 

(36) 

and: -



[. ' . 

' 

,, 

I 

+ s 
X 

+ -- MS 
X -

I -, 
( ... + f) K M ( 7: 

1..10 

-

K (1 + f) /4 

109 

= 
2 

L K
2 

(1 + f) 

2/P L\ K (1 + f) (1 + h) r o (37) 

In t hese equations, the positive x-direction has been taken 

in the direction of the buoyancy forces, the upper sign, in 

those terms where an alternative is given, referring to 

a.ssistin~ flow and the lower to opposing flow, 

By virtue of the same reasoning as was used to derive 

equat i on (19), the boundary conditions on 'f and h in equation 

(36) and (37) are: -

s ~o ; 
X f ·-==- 0 h ~ 0 (38) 

The variation off and h with S for the assisting flow 
X 

of a fluid with a Prandl: number of 0.72, obtained by simultaneous 

numerical solution of equations (36) and (37), is shown in fig . 4 . 

Also, noting that, by using the same procedure as used to obtain 

equation (24),: -

N /N - 1 / ( 1 + f) ( 1 + h) x x free - (39) 

The variation of N / N f obtained from the results given x x ree 

in fig . 4 is shown in fig . 5. 

- - ·. 

I 

., .. 

-
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No results for opposing flow using the purely free flow 

reference conditions were obtained . This was due, mainly, to 

the difficulties experienced in starting the numerical solution . 

However, it vras also noted that, since the solution vrould have 

to start at a small value of S , it would largely be covering 
X 

the separated region of the flo,r, S being equal to zero when 
X 

xis infinite. Therefore, since it is doubtful whether the 

derived equations are applicable in this separated region, 

the solution, had it been obtained, would have had consider­

able doubt attached to it. 

Li mits for PurelyFree and Forced Flow: 

One of the most important questions that combined convection 

solutions must answer is under what conditions the heat transfer 

can, to any prescribed degree of accuracy, be assumed to be by 

either purely forced or purely free convection. The answer is 

obtained in the present case, by noting that (N - N f '/N f 
X X or X or 

and (N - N f )/N f are the relative differences between x x ree x ree 

the actual N and those existing, under the same conditions, 
X 

in the -1:,-wo limiting cases . Thus, for any prescribed difference, 

the cor esponding values of S and S can be obtained . The 
X X 

previously given results for a fluid with a. Prandtl number 

of 0 . 72 give the following for a difference of 5%: -

(i) For assisting flow, the actual N is ,V'ithin 5% 
X 

when S is less than 0 . 087, 
X 

(ii) For opposing flow, the ctual Nx is within 5% of 

Nx for when Sx is less than 0.072, 

-
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For assisting flow, the actual N is within 5% 
X 

of N when S is less than 0 .34 . 
x free x 

Conclus ions : 

The formulation of a method of solving the integral 

equations for combined convection has been given. Numerical 

results for the flow of a fluid with a Prandtl humber of 0.72 

have been obtained and have been used to deduce under what . 

conditions the flow can be assumed to be either purely forced 

or purely free convection. 

-



112 

References: 

1. Paper 7 of this thesis. 

2. Paper 6 of this thesis. 

3. HAUPT?,fANN, E.G., "Laminar Boundary- Layer Flows 

,vi th Small Buoyancy ·Effects", Int. J . Heat 

and Mass Transfer, vol. 8, 1965, pp . 289 - 295 . 



113 

0,3 

I 

f andj h 
o.t 

9· 10( x/ R:~~ 
-o .5 0 0 5 1. 0 ... 

----~--+:----1 
h 

-""' .1 

-o.4 

-o.s f 

-C.G 

parameter, f, and thickness ratio parameter, h, in 

the solution expressed relative 



114 

•. C 

L.,. 

,., 
• c... 

I I 
1.0 

~--+----1----!~0:_:_•.:::8 __ +-~:----+------, 

-1.s -f.O 

.,,... ---
-o.s 

O.G 

/ 
/ 

0,2/ 

0 

0 o.s 

f og. 10(Gx/Rf) 

1.0 1.5 



115 
I 18 

I I 
" 

C.c - Cttor 

J 
I 

)4 C-f ~Ot-

l I I I I 12 l 

I I 

10 

I ii 8 
I I {) I 
~ I G 
' 

4 I 
~P.a ... ahon V ~1 =0 

/ I 2. 

I:~ V O?fos ~ 
«;:; -,;;--

0 I 

-,. s - f. 0 - o.s 0 o.s 1.0 1. 5 

log 10(Gx/ R{) 



116 0.\0 

o.os 

-o 4 -o '2. 0 02 04 0 G o.e 

-0.05 

- o. I 0 

-o . rs 
f qnd h 

-0 . 20 

- 0.35 

-o. 0 
. 

Fig . 4. Variation of the velocity boundary layer thickness 



ll7 

i 0.9 I i 

I 
' 

0.8 
I 
I 

---,I -~J 
, ~ ~ X ree 

0.7 k I ,. / 
I :~ xrrer / I 

I 
I I I o.c; 

' 
I I I I 

0 . 5 

I 
I 

0.4 

V ' I 

o . .3 ) 

/.I 
'J" 

V I 
0.1 I 

·~ I 

--~ 0 
-o.B -o.c; - 0.4 -0.2. 0 0.2 0.4 O.G 0-...> 

loa .,o ( Rx/G~.s) 



ll8 

Paper 9. 

A Nm,2IUCAL STUDY OF LJJ..fIN.A.R CO~ffill{ED C01JVECTIVE 

AIR F LOW OVER. A VERTICAL PLATE . 
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SUMUARY: 

The basic laminar boundary layer equations are solved, for 

vaxious values of Grashof and Reynolds numbers, using a numerical 

step-by-step procedure. Typical results for the velocity and 

temperature profiles and the local Nusselt number are presented . 

By using the purely forced or purely free flow solution as a 

reference state . , it is sho1rn that the combined convective 

effect can be expressed in terms of a single parameter which 

combines the Reynolds and Grashof numbers . The present 

numerical results are also compared with some available 

analytical solutions . 



A NUMERICAL STUDY OF 
AIR FLOW OVER A 

1.20 
LAMINAR cm.mrNED 

VERTICAL PLATE. 
CONVECTIVE 

Introduction : 

The problem 0£ laminar foro od convootivo flow and lGmi~~r 

free convective flow over a. flat plate have been the .' subject of 

a number of analyses and very good agreement has been obtained, 

in such cases, between experiment ~nd theory . Comparatively 

little attention has, however, been given to the problem of 

combined convective flo,v-s in which both the forced flow and the 

buoyancy effects are of importance. Available solutions to this 

problem are based either on the approxamate van Karma.n- Pohlhausen 

1.-4. . 5.6. integral equation method or on a series solution to the 

governing partial differential equations. These latter solutions 

start ,ri th either the forced flo,r or the free flow solution and 

express the difference between the combined flow solution and 

these known solutions in terms of a parameter known to character­

ise the ratio of buoyancy to forced flow effects, or its inverse . 

l f 1 1 
7. 

While a so ution of this orm is known to be perfect y genera, 

the assumption of a power series in which the form of the general 

coefficient is unknown limits the solution to either predominantly 

forced or predominantly free flows . So far, only two terms 60 in 

the power series are available and no indication of the range of· 

values over which these solutions can be applied is available. 

The main difficulty which, of course, characterises combined 

convective flow is that the boundary layer profiles are not, in 

general, similar80 and the governing partial differential equations 
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cannot, therefore, be . reduced to a set of ordinary differential 

equations. In vie,r of this fact and of the deficiencies in the · 

available solutions, mentioned above, an attempt to solve the 

gov rning oquntion uoing o. i1nple, puro ly nUlll t'ioo.l t. chniqU.Q 

of the type given by Wu9 • seems to be justified. 

No,r it was shown in reference 7. that by considering the 

difference between the local velocity and temperature and the 

values that would exist, under the same conditions, in the limit­

ing case of either purely forced or purely free flow, the govern­

ing boundary layer equations could be reduced to a general set of 

equations in two new independent vo.riables. This implies that 

there is not an independent solution for every combination of 

Grashof and Reynolds numbers. However, the general set of 

equations derived in this manner is far more complex than the 

basic boundary layer equations and, in the present note, these 

latter basic equations are for simplicity solved for particular 

·values of Grashof and Reynolds numbers. The results so obtained 

are then used to derive the general solution as explained later. 

In the present note attention is restricted to the flow of 

a gas with a Prandtl number of 0.72 and whose properties a.re 

constant throughout the flow field, over a flat plate with a 

constant surface temperature. The numerical method of solution 

used is, however, q~ite general, being capable of taking into 

account the variation of any or all of these quantities. 

Method of Analysis : 

The equations governing the flow of a constant property 
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fluid over a vertical flat plate a.re, if the boundary layer 

assumptions can be adopted,:-

u bu + V ))u = f> g (T - T1) + <1-' I e> o 2u I (1) 
~x ~y oy2 

v 

u ~ V ~T (k/ r C ) ~ 2T (2) + = 
},x ~y p 

1y2 

~v 
+ - = 0 ~y 

(3) 

where x = co-ordinate along plate surface in the flow direction 

and measured from an origin at the leading edge of 

the plate, 

y = co-ordinate normal to plate surface, 

u = velocity componant in the x-direction at a.ny 

point in · the flow field, 

v = velocity componant in they-direction at any 

point in the flow field, 

T1 = freestream fluid temperature, 

JJ = coefficient of viscosity, 

f = density, 

k = coefficient of conductivity, 

C = specific heat, . p 

~=coefficient of cubical expansion. 

\ 
I 
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For the present purposes, the above set of equations is more 

conveniently re-11ritten in the following forra: -

UJU V 
-:;:= + oX 

... 

V a 

::I 0 

where u a u/ul 

. u1 ... frcestrea.m forced. velocity , · 

e ... 

T w 
... 

X = 

y a 

1 a 

G,t = 

a 

RJ :a 

= 

l? = r 

"" 

constant wall temperature, 

x/ .l , 

y/ e.. ' 

some convenient reference length, 

Grashof number based on L 
2 

0 
3 

g f .(.. 
Reynolds number based on u1 and i 

Prandtl number · of ,fluid 

p C /k. 
p 

(4) 

(5) 

(6) 
• I 
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With the system of co-ordinates used above, Gf will be 

taken as positive ,vhen the buoyancy forces a.re in the positive 

x-direction, i . e . in the same direction as the forced flow, and 

as negative when the buoyancy forces are in the negative 

x- direction, i.e . in the opposite direction to the forced flow . 

In order to numerically solve the above set of equations 

using a step- by- step procedure, the grid system shown in fig . l 

will be used. The subscript mis used to denote the grid lines 

in the x- direction and subscript n the grid lines in the 

y- direction. 

\ 

For small grid spacings Ai and 9y, the following numeri cal 

approximations can be deduced using Taylor's expansi on9 ·:-

= 

= 

= 

(um + l n · ' ' 

C-Um,n + 1 

u m,n ) / 6 X 

u 1) / 2Ay m,n -

2 u + 
ra,n 

(7) 

(8) 

Similar expressions apply, of course, for the derivatives 

of G . Other forms of these approximations are possible, those 

given above being chosen to alloir the solution to develop from 

the kno,m boundary .conditions which are discussed later . 



125 
Using t e a.hove numerical approxi ii,ations, equations (4) 

and (5) reduce to:-

+ 

u . 1 m + ,n = u m,n 

+ ( G_,, A i / R
2
/. ) (G 'u ) i:. ~ m n / um n 

' ' 

and:-

e m + l,n = e ( !} i /2 b. y ) m,n 

( bx /Pr R_e. ~ y 2} ( 0 m,n - l - 29 m,n 

(vm n/um n) 
' ' 

(am n +l 
' 

2" e M -;.,_,.)/u,-r; Y::i' 
• . I , • ,1 · - I 

The continuity equation is written in a slightly different 

form having regard to the boundary conditions and to the limita­

tion of the numerical approximation error9
·:-

V 
m + l,n .. v 

m .+ 1, n - l (Ay/2 b. x) (um +l,n-1 - um,n-1 + 

u - u ) m+l,n m,n (12} 

. 
Using the known conditions at the surface of the plate and 

at the leading edge, these being listed below, the above set of 

equations allow the two velocity componants and the temperature 

function to be found at all the grid points. 

- ) 
$ m,n -1 

(1{) 
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The boundary conditions at the plate surface, where n = o, 

follow from the "no- slip" assumption i.e . from the assumption 

that at the surface both velocity componants are everywhere 

zero an~ the fluid temperature is everywhere equal to the constant 

plate temperature i . e . one set of boundary conditi ons is: -

For all values of m: -

U = V = 0 m,o m, o 
(13) 

e m,o = 1 

It will also be assumed that along the grid line normal to 

the surface at the leading edge, i.e. along them= o grid line , 

the velocity and temperature are undisturbed except, of course, 

at the actual pl.ate surface where equation(13) applies . Thus 

the boundary conditions at the leading edge are :-

For a.11 values of n greater than o: -

U = 0 o,n (14) 

V = e = 0 o ,n o,n 

The validity of this leading edge condition is discussed 

in ref . 9 . It will be noted that the use of this condition in 

dealing with the combined convective· flow problem limits the 
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extent of the results which can be derived for opposing flows 

since it assumes that there is a. "separation" point somew-lere 

on the plate i.e. a point on the plate beyond which the flow 

adjacent to the plate is in the opposite direction to the outer 

forced flo1<r . It does not allo,r for the possibility that this 

reversed flow adjacent to the surface extends all the ,ray to 

the leading edge. 

With the above boundary conditions, the governing equations 

(10) to (12) can be solved for any given values of G i.., Ra and 

P using the following procedure. Since equations (13) and (14) r 

together define conditions for all values of n along them= o 

grid line, equations (10) and (11) can be used to determine u 

and e along them= 1 line. With these determined, equation 

(12) can, since, from equation (13), vl 
O 

= o, be used to find 

' 
v along this m = l line. With all conditions along this m = 1 

line then known, the same procedure can then be used to deter­

mine conditions along them= 2 line and so on for all m. 

The above procedure allows the velocity and temperature 

profiles a.long the grid lines to be determined . Beside these 

profiles, the main interest of the present note lies in the 

local Nuss el t number. Since laminar flo,r is being considered, 

the local rate of heat transfer per unit area. from the plate 

to the fluid,~, is given by: -

= - k . 'u: I 
)i:g y = 0 {15) 
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Using this, the local r sselt number N~, defined by:-... 

becomes in terms of the previously introduced 

dimensionless variables:-

N = - x b~ 
X 

y ::, 0 

Hence, using the numerical approximation to obtain the 

derivative, the Nusselt number can be obtained from the _ 

temperature profile. 

Numerical Results: 

(16) 

(17) 

In solving the above set of equations, a fixed value of 

R! was chosen and the solutions for various values of Gl dervied . 

The main calculations were co.rried out .for RR_= 104 and GR.= 

109 108 108 7 7 107 7 , 3 X , , 3 X 10 , 0, - 3 X 10 , - 5 X , - 8 X 10, 

8 - 10 • Here the negative Grashof numbers imply that the buoyancy 

forces are in the opposite direction to the forced flow, i.e. 

opposing flow. Some further calculo.tions were carried out for 

3 RL = 10 and GI.. so chosen that the combined convective parameter 

G /:R 
2 ( d h R A /G O •5 

1 L an, ence, ~ 
2 0.5 

= 1/ ffi L /n. .l J ) had the 

same values as in the first set of calculations . In both cases 

the results were mrried out for values of x = Rx/R;... of from 

o to 1 in the assisting flow case and, in the opposin,g flow case, 

\ 
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from o up to as near the point at ,r :... separation occurred as 

was possible before numerical instability (see later) developed . 

Typical velocity and temperature profiles obtained are shown 

in figs. 2 and 3. With the co-ordinate system used the profiles 

bt · d f R 104 and 103 
o aine or l • 

values of Gx/Rx
2 

were the s ame. 

should be identica.( '. since 

This was, in fact, found 

the 

to be 

the case and the curves are, t herefore, labeled with the 

corresponding values of (G.,/R:/) in order to indicate their 

universal nature. Comparison of the profiles for G /R 
2 

= o 
X X 

with exact analytical solutions for purely forced flow10
• show 

excellent agreement. In fig.4 the variation of (v1/ u1) with x 
for RQ == 104 and the various values of G l i_s shown . Since 

(v
1
/u

1
) is a measure of the displacement effect of the boundary 

layer, these curves show clearly the effects of the buoyancy 

forces which in the assisting flow case tend to decrease the 

displacement thickness and can lead to it becoming negative, 

as it is, of course, in purely free flow. 

The ho.sic heo.t transfer results for Rt a 104 , obtained from 

the temperature prof1les, are shown in fig . 5 . The Nusselt number . 

curves for Rl = 103 vere identical but displaced, of course, by 

the factor 10° · 5 which again indicates the universal nature of 

the resul~s when expressed in terms of the parameter (G /R 2) . 
X X 

Comparison of these results for G fl = o wit~ the exact analytical 

solution for purely forced flow10 • shows the effects of the 

numerical approximations on the results for small R i . e. near 
X 

the leading edge . In this region~ y is, of necessity, large 

compared with the overall boundary layer thickness 1dth the 
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result that .,: .. e numerical approximations to the derivatives a.re 

poor. As x increases the boundary layer thickness increases and 

A y, which was kept constant in the present calculations, becomes 

a smaller and smaller percentage of this thickness with a conse­

quent decreasing in the numeric~l error. This is shown in the 

Ga= o results which are in very good agreement with the analytical 

solution for the larger values of R,. These basic heat transfer 

results also sho1r clearly the effects of the buoyancy forces on 

the Nusselt nwnber, increasing it above the value that would 

exist in purely forced flow in assisting flow and . decreasing it 

in .opposing flow. 

In fig.6 the above heat transfer results are plotted in the 

form ( N..,. - N ) '/ N a12:ainst (G IR 2 
) , where N ..... x for x for ~ x' · x x for 

is the value of N that would exist in purely forced flow at 
:x: 

the same value of R as in the actual flow . In deriving these 
X 

results, the numerical results for G1 = o ,rere used to obtain 

N . 
:x: for The correlation between the assisting flow results 

for the various values of Gland between the opposing flow 

results is satisfactory . The small differences bet,reen the 

results for various values of Gl is probably the result of 

the numerical approximations used. The differences between 

the correlated curves for assisting and opposing flows may 

be noted as may be the fact that separation occurs at a 

value of G.jR:x:2 
near 0 . 2. 

In fig . 7 the same results for assisting flow 

in the form against 

are plotted 
0 . 5 

(RjGx ) , 
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acceptable correlation again being achieved. Here, Nx free 

is the value of N that would exist in purely free flow at the 
X 

same value of G as exists in the actual flow. In order to 
X 

express the Nussel t number in the above form it vras noted that 

analytical solutions give: -

0.5 0.25 
Nx for = 0.298 Rx ; N = 0.360 G x free x 

From these it follows that: -

N / N = 0.827 (R /G 
0

•
5

) 
0

•
5 

(N / N ) (18) 
X . X free X X X X for 

This eq ation ,vas used to derive (N /N f ) because it x x ree 

was hoped that by using N f as given by the numerical results :x: or 

and not by the analytical solution, the effects of the numerical 

inaccuracies on the correlation would be reduced. 

No attempt has been .wade to correlate the opposing flow 

results in this manner since the origin for the free flow, 

i.e. for the value of x used to define N and R /G 0 •5 in the 
X X X 

correlation, would, in the opposing flow case, have had to be 

taken at the "trailing" edge of the plate which does not exist 

in the present solution which is for a semi-infinite plate. 

Cogtparison with Other Solutions: 

The variations of (N - N )/N and (N - N )/ 
X X for X for X X free 

N Wl.• tl1 (G /R 2 ) and (R /G O • 5 ) t. 1 . respec ive y as given 
X free . X :x: X X 

by the aeries solutions of ref.6 and by the integral equation 
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solution of ref.4 are also shown in figs. and 7. The series 

solution is given as being applicable in both assisting and 

opposing flows. The integral equation solution is seen to be 

in good agreement with the numerical results, especially in 

the assisting flo,r case. The series solution results are seen, 

however, to be applicable over only a very small range of values 

of the correlation parameters. 

Stability Considerations: 

A finite difference solution is said to be stable if the 

errors in-::.roduced into the solution due to the numerical 

approximations used are not magnified as the computation proceeds 

thus lea.ding to a worthless solution. The exact conditions 

governing the stability of the set of equations solved in the 

preBent note were ·not derived due to the difficulties asso ciated 

with the inter-relation of the momentum and energy equations 

through the buoyancy term. However, experience gained in carry­

ing out the solution suggested that, at lea.st for the Prandtl 

number being considered in the present note, the stability 

criterion derived by Wu9
• provides a guide to the choice of 

the x and y grid spacing. This criterion, expressed in the 

present notation, is that stability will exist provided that:-

u m,n Rl.. /2 (19) 

Since the wall points are given as boundary conditions, the 

lowest value of u will normally be u 
1 

and this criterion 
m,n m, 

then reduces to:-
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u l R i: /2 m, .t.. 

In applying this criterion to the present case it was 

modified by the introduction of a coefficient, therefore, 

becoming: -

< I( u m,l 

In the calculations, b, y was kept constant and Clx 

(20) 

(21) 

varied in steps to suit this criterion, u in most cases, 
m,l 

2 
except in assisting flo,rs with large values of G f /R l. , 

decreasing ,1i th increasing x necessitating a decrease in A x . 
In opposing flows the solution could not proceed through the 

separation point since here "ii 1 = o, the soluti on here being 
m, 

terminated before this point was reached . 

Conclusions: 

Using a numerical procedure similar to that introduced 

by 'Vu9 • th b d l t. f l . b . d , , e oun ary ayer equa ions or am1nar com 1ne 

convection have been solved for a series of values of the 

governing parameters . The results of these calculations show 

clearly the combined convection effects and it is shown that 

they can be correlated by plotting them relative to the values 

that would exist in purely forced or purely free flow . 



134 

References: 

1. ACRIVOS, A., "Combined Laminar Free and Forced Convection 
Heat Transfer in External Flol'rs 11

, J . Amer. Inst. Chem. Engrs ., 
Vol.4, 1958, pp . 285-289. 

2. HAUPTII.ANN, E.G., "Laminar Boundary-Layer Flows ,d th Small 
Buoyancy Effects", Int. J. Heat and Mass Transfer, 
Vol. 8, 1965, pp. 289-295. 

3. Paper 7 of this thesis. 

4. Paper 8 of this thesis. 

5. SPAi.lROW, E.M. and GP..EGG, J.C., "Buoyancy Effects in Forced 
Convection Flow and Heat Transfer", J. Appl . Mechs., 
Trans. .ASME, Vol:. 81, Series E, 1959, pg. 133. 

6 . SZEWCZYK, A.A., "Combined Forced ~nd Free-Convection 
Laminar Flow", J. Heat Transfer. Trans . ASME, Vol.86, 
Series c, 1964, pp . 501-506. 

7. Paper 6 of this thesis. 
-

8 . SPARROW, E.M., EICHORN:,, n.. and G .. EGG, J.C., "Combined 
Forced and Free Convection in a Boundary Layer Flow", 
Physics of Fluids, Vol.2, 1959, pg. 319. 

9. WU, J.C., "On the Finite Difference Solution of Laminar 
Boundary Layer Problems", Proc. 1961 Heat Transfer and 
Fluid Mechs . Inst., Stanford Univ. Press, Stanford, 1961, 
PP• 55-69. 

10. SCHLIGHTING, H. , "Boundary Layer Theory", 4th ed., 
McGraw- Hill, 1960, pg. 317. 



135 

m- l \ine. . m line . rn+1 line . m + 2 line . 

n::: 5 l ine . 
t::,. x.. 

m - 1 4 rn + 1 4 n = 4 l ine. 

;r) 

<l 
m- 1 3 m + 1 3 n,., 3 line, 

m-1 2 I n· 2 l1ne.. 

m- 1.,1 m , 1 rn +1 ., 1 n-tline. - --.1~-.:.__----+--..:.-----------------4~-

m- 1 0 
I n-Oline. 



C,r 
I ' x/l:.0;25 

Gx/R/ 
I ti!= a.so 

4t \ -o .075 
fl.JV - 0 .000 ,4 

o .2sc 
0.750 

2 + /// I '\ 2 .soo 
2 

0 ~,=::::::: I 0 
0 0,5 1,0 1. s 2..0 0 0.5 1.0 1-5 2.0 

U/Ut u/u1 
~ 

tor 'f x/.l ==LOO 
w 

x/£ :0.75 I I 0\ 

Gx/R.,_'}-
0 .000 

4 i- K _...o.1so 4 
2.Z50 

/7. 500 

zt / I \'............__ 2 

0 ~:r==::: 1 I~ I O ~-=:::::::::::: 1 l' - l 
0 0 ,5 t,O l,5 2.0 0 0,5 1,0 l-5 2,0 

u/u1 u/ut 



' r- x/2=0.25 ~ 

Gx/R! G)t/"R; 
----- 0. 075 -0 . 15 0 

4 A\\'-.. 0 . 000 4 0,000 
0.250 o.soo 
0 .. 750 1 f . 500 
2..500 ""5. C'OO 2+ "--~ 2 

01 I I I ~ o~----
0 0 ,2S o.so o.75 1.00 0 0,25 0,50 0 •75 1.00 

(T-T1)/(Tw-T1) (T-T1)/(Tw - T1) 
I-' 
vJ 

'r ' 
-3 

x/1:: 0. 75 x/l =1.00 
G /i....,2. Gx/R; X. r,~ 
0 .000 0 . 000 

4· +\\ \. / 0 .750 4 I. 000 
2 , 250 03.000 o/J~ 7. 500 "I ,,..\0. 00 
-

2 

01 I I I 0 
1.00 0 ~ 0 0,25 0 ,50 Q,75 0,25 o.so 0,7 5 ,.oo 

(T-T1.) / CTw-Tt) (T-T,)/(T w-T1.) 



0 .. 08 G £. = - I 0 

8 xto"'' 

v1 /u1 

138 

Re ults far R.e.= \O~ 

- 5,<. I 7 

- 3x I 7 

0 . 02L--l--l-4-~f--~~~-+~~~~-+-~~~~-t-~~~---i 

0 

3 J( 10
1 

0 
0 10 t. 

31.1d3 

,oe 
-0.02 



139 

I· Q,,------,.-------.---,--- --.----.----i 

1 ·41------l----++--~~~,.Lt-~---t----, 

\09.,0 N X 
7 

- 3x 0 
I · 2 l-----,,.L..11--,,.L--~~~=--!=====--- -t----t----i 

0•8 t--- ----l-- ---+----+-----t-----i----1 

O·G.____---i--------------'-------
3·0 3 ·2 3•4 3 ·G 3"·B 4·0 

109.,0 Rx . 



140 

I .50 

1.25 

Analyti \ 5o\ns. 

Ref . 4 ------
Ref . , 

0.75 

0 

- 2.0 -l.5 -1.0 - 0.5 0 0.5 ,.o 

I 09.10( G x/R:) 



141 

0 .9 
.. 

Q.8 . 
·,q 

N. , - NxJ 0 ree -' ' I 

0.7 Nxfree I J 

Anoly ti c.al 5('. Ins. /% Ref. 4. --- - ---
O.G 

Ref. ~---· -- ,,; I tYJ 

0.5 I 

I I I 
0.4 / J 

0.3 v'I 
/ 

~ I 

o,i.~ 

//~ 
~h J.l 

, ---..... -~ --:.-- ...... / _...-- ., ~ ---- ------------- 0 

-o.a -o., -0.4 -0.2. o 0.2 0.4 o., 0.8 

Io 9·1 0 ( Rx/G~.s) 



142 

:Pa.per 10. 

AN EXPERIMENT.AL STUDY OF LAMI J.iiJ.{ COMJH:NED corNECTIVE 

HEAT TR.ANSFEH. FROM A VERTICAL "'}LATE "1ITH UNIFORM 

HEAT FLUX . 

,· 

I 

I: 
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SUMMARY: 

Heat transfer rates by combined convection from a 

vertical plate have been measured over a Reynolds nwnber 

range of approximately 1900 to 3700 and a Grashof number 

range of approximately 10 7 • 3 to 10 7 •9 with the plate 

.so arranged that the buoyancy forces were, in one set 

of tests, assisting the forced flow and in another set, 

opposing it. The results show that the actual heat 

transfer rate in both cases is greater than that given 

by either the free or the forced flow relations. The 

results for all values of the flow parameters are sho,m 

to correlate using a suitable form of plotting. 
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NOTATION: 

\ 

G .l .. Gra.shof nwnber based on overall plate length. 

l Cl Overall length of plate. 

NL = Nusselt numbert based on mean temperature 

difference and overall plate length. 

N.tfor • Nusselt nwnber that would exist in pure 

forced flow at the same Reynolds numbef 

as in the actual flow, 

Nn = Nusselt number that would exist in pure 
Ltl"C:C 

free flow at the same Grashof nwnber 

as in the actual flow. 

Rt a Reynolds number based on freestrea.m velocity 

and overall plate length. 
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AN EXPERIMENTAL 
HEAT TRANSFER 

Introduction: 

145 

STUDY OF LAMINAR 
FROM A VERTICAL 

HEAT FLUX 

COMBINED CONVECTIVE 
PLATE WITH UNIFORM 

Numerous practical heat transfer problems involve forced 

flows of such low magnitudes that the actual heat transfe r is by 

the combined action of the forced flow and the buoyancy forces 

arising due to the fluid density changes with temperature. Several 

papers dealing with the theoretical analysis of heat transfer by 

combined convection from a.n isothermal vertical plate under such 

circumstq.nces that the flow in the boundary layer is laminar have 

been published over the pa.st few yea.rs. Very little supporting 

experimental work has, however, been done in this field although 

the groxs a.sswuptions or obviously limited range of application 

of these a.vo.ilable analyses is such that their experimental verifi­

cation must be regarded as necessary. 

The work described in the present note is of an essentially 

simple nature in that only the total heat transfer from the plate, 

and not the details of the flow field, was measured and that a 

comparatively small range of values of the governing parameters 

was covered. This range was, however, so chosen that neither the 

forced or the free flow effects were predominant, t hese being the 

circumstances under which the lea.st theoretical work has been done. 
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Apparatus: 

The heated plate used in the present study was 13~-" high 

and 9" ,ride. The plate construction is i ( dicated in fig. 1 

and consisted of a thin insulating board core on which was 

uniformly wrapped, lengthwise as indicated in the figufe, a 

nichrome ribbon heating element. This core was clamped between 

two one-eighth of an inch thick aluminium plates and insulated 

from them with thin mica sheets. 

A total of ten copper-constantan thermocouples were fitted 

to the aluminium plates, their positions being given in fig.I. 

The thermocouple junctions were soldered into brass plugs which 

vere pressed into shallow holes end-milled into the aluminium 

plates. The thermo-couple leads were then brought out along slots 

in the plates and through holes in the sidewalls of the tunnel. 

These· holes were then sealed with ruod.i.lling clay. 

The assembled plate was mounted by means of a symmetrical 

,-.sting arrangement screwed to the plate in a small variable speed, 

open-return ,rind-tunnel with a 911 square working section, the plate 

completely spanning this section. The general arrangement of the 

tunnel is indicated in fig.2. After passing through the working 

section the air-stream was ducted through a lJ" diameter pipe, 

as shown in the figure, before passing through the driving fan. 

A traversing, micrometer mounted Pi tot tube and tw·o static tappings 

were fitted to this pipe following the arrangement indicated in 

ref.I. Prior to the heat transfer tests, the relationship between 

the mean and the centre-line velocities in this pipe at various 



flow rates was determinet\iom Pitot tube traverses using the 

procedure given in ref.I. It wa.s found that, for the flow rates 

covered in the tests, this ratio remained, effectively constant. 

With the relationship between mean and centre-line velocities 

determined, it was only necessary to measure the centre-line 

velocity during the heat transfer tests. 

The tunnel was mounted with its a.xis vertical in all tests. 

It ·could , however, be held in this position with the fan end 

either at the top or the bottom so that the forced flow was 

either assisting opposing the buoyancy forces~ 

The electrical input to the plate heater element, which was 

supplied via. a constant voltage transformer, was controlled by 

means of a vo.riable auto-transformer. Measurements ta.ken prior 

to the main heat transfer tests had confirmed that the resistance 

of the heating element remained, effectively, constant over the 

temperature range to be covered _during the heat- transfer tests. 

In these tests, therefore~i the heat input to the plate was 

determined by measuring the voltage drop across the element and 

using the value of the resistance given by the preliminary .te~ts. 

The plate temperature was measured using a workshop grade 

potentiometer with a thermocouple in the air at the entrance to 

the tunnel a.a the cold junction. The actual air temperature at 

this latter point was measured using a high sensitivity thermometer. 

Derivation of Results: 

In the heat transfer tests, the tunnel was run at five 

nominally constant speedx in the assisting flow configuration 

and four such speeds in the opposing flow configu_ration, the 

variation in speed between the tests in each nominally 
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constant speed group being limited to about 10%. 

I 
I 
{ 

Tests were 

carried out at each constant speed for various rates of heat 

input to the plate. The temperature range covered was limited 

at the upper end by the desire to a.void, if possible the 
t:.o 

transition/turbulence and at the lower end by the sensitivity 

of the potentiometer used for the tempera ture measurements. 

Since the thermocouples were not evenJy spaced along the 

plate, the mean plate temperature was taken as the area.wise mean 

temperature. The free stream temperature was taken as the 

temperature of the air at the inlet to the tunnel. All fluid 

properties required for the determination of the flow para.meters, 

i.e. Ueynolds, Grashof and Nusselt numbers, were evaluated at the 

mean film temperature i.e. the mean of the average plate tempera.- . 

ture and the freestrea.ni temperature •• 

The freestream velocity in the working section was obtained 

from the measured centre-line velocity in the pipe section by 

first calculating the mean velocity in this section and then 

applying the continuity equqtion and neglecting the displacement 

effect of the boundary layer on the walls of the tunnel, ,rhich 

were paralle~ Since the boundary layer growth in the contrac­

tion cone of the tunnel must remain small, the actual freestream 

velocity calculated in this manner must be that at the leading 

edge of the plate, the effect of the wall boundary layers 'and 
\ 

that on the plate being to introduce longitudinal pressure 

gradients. 

The actual convective heat tra:asfer from the plate to the 
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fluid was taken as the total heat input to the element less the 

heat lost by radiation from the plate surfaces . Thie latter 

quqnti ty ,ms calculated assumi ng the aluminiwu surface to have 

an emissivity of o.os2
• 

With the fluitl and flow vari ables derived as outlined above, 

the Nusselt, Grashof and Reynolds numbers based on the overall 

plate length could be derived . 

In addition to the above tests with forced flov present, 

the heat transfer by pure free convection was also measured for 

various heat inputs with the tunnel mounted in both the assisting 

and opposinz flow configurations . The Nusselt and Grashof numbers 

for these tests were determined using the procedure outlined above . 

Results for Assisting Flow: 

The variation of the measured Nusselt number, Nt' with 

Grashof number, Gt, for the various nominally constant Reynolds 

numbers, Rt, for the tunne l mounted such that the free and for ced 

flows are in the same direction, i . e . assisting each other , is 

shown in fig . 3 . 

The results for pure free convection, i . e . with Re_ = O, 

are -fitted by the equqtion: -

0 . 6 (1) 

The coefficient 0 . 6 in this correlation is somewhat hi3her 

than that normally accepted but not to an unreasonable degree . 

For the Grashof and Reynolds number range covered by the 
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tests, the Nusselt numbers for pure free convection are consider­

ably higher, roughly by a factor of two, than those that would 

exist in purely forced flow. Thus the experimental results shmr 

that the actual heat transfer, which is by combined convection, 

is considerably higher than that predicted by either the forced 

flow or the free flow relations. 

Now, it is shown in .ref.3 that in combined convection it 

should be possible to correlate the results in either of the 

following forms:-

(2) 

or 

(N N \/N . g (Rt/ Gno. 5) t - ~rc.i lf rcc. = L 
( 3) 

Therefore using equation (1) to obtain Nlf and assuming ree 

Nlfor to be given by
40

:-

0 .595 a/ 05 (4) 

The variation of (N 11 - N ) / N and (N n - N 1J Vu . 
t. t for i.for c. v.freeln !free 

(·. I 2> < / o .5> . with Gt Rt and Rf Gt respectively as given by the 

experimental results is shown in f.igs. 4 and 5. These results 

indicate that, as predicted, although neither the forced nor the 

free flows is predominant, the . results can be correlated in 

this manner. 
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Results for Opposing Flow: 

The variation of measured NL with Gt for the various values 

of R l , with the tunnel so mounted that the buoyancy forces 

are in the opposite direction to the forced flow is shown in 

fig.6. 

The results for free flow alone a.re fitted, assuming the 

0.25 . 
G L relation to apply, by:-

Gl
0.25 

N £ a O .64 ( 5) 

The large difference betiween this result and that obtained in 

the assisting flow position must be due either to the different 

shape iif the leading edge in the two positions or due to the 

interference of the s·ting which is at the leading edge when the 

plate is in the opposing flo,r positi on. Previous work has suggested 

that the difference in the two leading shapes should have only a 

small effect on the results and the sting interference effect is 

probably, therefore, the major one. The difference bet"een the 

coefficient in equqtion (5) and accepted values is so great that 

it must throw some doubt on the present results for opposinf:!: flow. 

However, since it is ma.inly the end oorrelation of the results 

which is being sought and since this correlation involves only 

differences of the actual heat transfer rates and those which 

exist ,in either pure free or pure forced flo,r, it is hoped that 

the results will, at least, be of some qualitative importance. 

Consideration of the opposing flow results given in fig . 6 

shows that in this configuration, as with assisting flow, the 
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actual heat transfer by combined convection is greater than that 

which would exist in pure forced or free flo,r at the same Reynolds 

and Grashof numbers respectively. In vie,r of ·the theoretical 

predictions that in opposing flow the heat transfer ,dll be less 

than the greater of the heat transfer results given by the pure 

forced flow and the pure free flow relations, this result 

obviously calls for some explanation. This explanation probably 

lies in the fa.ct that for the values of the flow parameters used 

in the present tests there will be a fairly large l ength of the 

plate where the flow is "separated" from the surface i.e. where 

there is a buoyancy force dominated flow in one direction adjacent 

to the surface and a forced flow in the opposite direction in the 

outer part of the boundary layer. The theoretical solutions 

available a.re not applicable to sue~ flows. Another source of 

- explanation lies in the fact that the theoretical solutions a.re 

only applicable to a semi-infinite plate. The effect of this 

limitation can be seen by considering the variation of local 

Nusselt nwnber along the plate. If the flow hear the leading 

edge for the forced flow is first considered and the Nusselt 

numbe6 based on the distance from this edge is used, then at 

this leading edge, the Nusselt number will have the same value 

as in pure forced flow. With increasing distance, the Nusselt 

numbe_r will, theoretically, fall more and more below the value 

that would exist with purely forced flow. If, however, the flow 

near the other end, which is the leadi ng edge for the free flow, 

is considered and the Nusselt number based on the dis~ce 
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from this edge is used, then since the Grashof number based on 

this distance is also zero at this edge, the Nusselt number 

must here a.gain have the forced flow· value corresponding to 

the Reynolds number based on the distance from the: olner. ed~e. 

With increasing distance from this edge the Nusselt number will, 

theoretically,tenill to become closer and closer to the purely 

free f lo,r value. The actual flow is obviously some combina­

tion of these two predicted flow patterns. The effect of this 

two-edge effect on the temperature distribution with uniform 

heat flux, which was what existed in the experimental work, is 

illustrated in fig . 7. This figure shows how the average 

temperature of the whole plate co.n be less than that which 

would exist if the flow were pure forced or pure free . This 

means that the average combined convective Nusselt number can 

be higher than that that would exist in either of the latter 

two cases, as was found experimentally . 

The opposing flow results are plotted in the forms 

(N l Ntfor / Ntfoi- and (Ni N~free..) / NO.f-<c.e against 

(G,t /RQ. 
2 

) and (Rt /Gi_° •
5

) in figs. 8 and 9. In deriving 

these results, equation (5) was used to give N .Lfree. and, as 

with the assisting flow results, equation (4) was us ed to give 

• Figs. 8 and 9 ·show that the opposing flow results 

can be correlated in the same way as the assisting flow results 

although the functional relation between the variables is 

different in the two cases. 

Comparison with Predicted Resultsi 

The only theoretical result likely to be applicable in 
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the Reynolds - Grashof number range covered in the present 

tests is the predicted variation of (Ne._ - N~fcr )/ NU0 ~ 

with Gt_ /Rp..
2 

given in ref.5. This is plotted, for comparison 

with the experimental results, in fig.4. It is seen that the 

experimental results are considerably higher than those predicted. 

The reason for this discrepancy is not clear. Experimentally 

it is possibly the result of turbulence in the working stream 

or, although this seems very unlikely, the occurrence of 

partial transition to turbulence. 

Conclusions: 

An experimental study of the heat transfer by combined 

convection from a vertical flat plate has been carried out 

under such conditions that neither the forced nor the free 

flow effects is predominent. The results show that, under 

such circumstances, the actual heat transfer in both assisting 

and opposing floiV"s is higher than that which would exist if 

the flow were considered to be either pure free or pure forced. 

The · results obtained have been shown to correlate satisfactorily 

using the forms derived in ref.3. 

I 

-
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Paper 11. 

A NOTE ON THE TRANSITION POI fr IN A FREE CONVECTIVE 

BOU YDARY LAYE]. ON AN ISOTHERMAL VERTICAL PLANE SURFACE 
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P. H. OOSTHUIZEN 
M.Sc. (Eng.) 

Lecturer, Dept. of Mech. Engineering 
University of t:ape Town 

A note on the transition point in a 
free convective boundary layer on 
an isothermal vertical plane surface 
The application of a recently published semi-empirical boundary layer 
transition theory to the free convective flow over ci flat pl,ate has been con­
sidered and shown to give results which agree fairly well with experiment. 
A modification to the theory has been introducecl 1chich appears to improve 
this agreement. 

INTRODUCTION 
When a heated plate is plact3d vertically in a fluid a 

flow over the plate will be caused by the bouyancy 
forces which arise due to the change in fluid density 
with temperature. This flow, which carries heat from 
the plate to the fluid, always has, in practice, a boundary 
layer character. 

The flow in this boundary layer can be either laminar 
or turbulent. If the plate is long enough the flow will be 
laminar near the leading edge followed by a transition 
region, which can be quite long, and the flow over the 
rest of the plate will be turbulent. 

This note presents an attempt to predict the point 
at which the laminar flow first starts to break down 
i.e. the beginning of the transition region. 

THE VAN DRIEST AND BLUMER THEORY 
Van Driest and Blumer1 have recently suggested that 

transition from laminar to turbulent flow occurs in a 
boundary layer when the ratio of the local 'inertial' 
stress to the local viscous stress reaches some limiting 
value at some point in the boundary layer. Therefore, 
taking the loca.l inertial stress as pl2 (du/dy) I (dn/dy) I 
and the local viscous stress as µ.(du/dy), this criterion 
states that transition occurs when:-

(pl2/µ.) I (du/dy) I = some limiting value . • • . . ( 1) 

where l is a length, p the density, µ. the viscosity, 
(du/dy) the velocity gradient along the normal to the 
wall and I (du/dy) I the arithmetic magnitude of this 
velocity gradient. The latter is introduced to ensure 
the correct sign for the inertial stress. 

Van Driest and Blumer assume that l is proportional 
to the distance from the wall, y, to the point in the 
boundary layer considered. With this assumption 
equation (1) gives that at t ransition :-

(py2/µ.) I (du/dy) I = T .. . . . . . . . . (2) 

T being the transition constant. 
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APPLICATION TO THE PRESENT PROBLEM 
This note considers the application of the theory, 

outlined above, to the free convective boundary layer 
on a vertical isothermal plate. 

On such a plate " ·hen the fluid properties are assumed 
to be constant the Pohlham;cn analy:sis2 gives for laminar 
flow:-

. . . • (3} 

where u = velocity at distance y from the surface, 
x = distance from leading edge, 
fJ = coefficient of cubical expansion, 
80 = difference bet\rncn the wall temperature 

and the temperature of the still air out­
side the boundary layer, 

G x = Grosh of num bcr based on x 
= [fJ !l P2 x3 Oo/µ.2] 

11 = [(y/x) (Gx/4)0,25] 

Differentiation of equation (3) gives:-

du y2 ( G x)0• 75 df 
dy :i (p/µ.) ~ . . . . .•• (4) 

Substituting this into equation (2) gives that at 
transition:-

\'
12 (y/x) 2 (Gxr)0•

75 l(df/d11)I =T 
which can be written as:-

• (5) 

2y2 T/2 (Gx)0,25 I (df/d17 ) I = T . . . • • • • • (6) 
where G.YT is the Groshof number based on the distance 
Xrfrom the leading edge to the point at which transition 
commences. 

It may be noted, in passing that 2y 2 (Gz)0•25 is 
the parameter G introduced by Szewczyk 3 in his analysis 
of the present problem using hydrodynamic stability 
theory. 

Now Schuh's solution4 of the Pohlhausen equation 
gives the velocity function f of equation (3) for Prandtl 
numbers, P, of 0·73 (air), 10, 100 and 1000. Using these 
results the variation of ri2 I (df/dri) I with 17 can be 
determined and is shown in Fig 1. 
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Equation (6) gives that a.t transition:-

2y' 2 (Gxr)0.25 = T/[712 I (df/d71)i]ma.:i: ..... (7) 

i.e. transition will occur first at tho point where 
"f/2 I (dffd"'l)I has a maximum. From Fig 1 it will be 
seen that the 713 I (df/d"f/) I against 71 curve has two 
maxima., one in the inner portion of tho layer and one 
in the outer portion of the layer, but that in all cases 
the maximum value of 712 j(df/d"'J)I occurs in the 
outer portion i.e. in all cases transition will commence 
in t~e outer portion of the layer. 

Results 
Equation (7) gives, since Tis a constant:­

(Gxr)P1 {[~2 1 (df/d"f}) I ]max }4P2 
(G.:i:r)P2 = {["'13 l(df/d71)j]ma.:i:}'P1 

. . (8) 

where subscripts P 1 and P 2 refer to conditions which 
occur in fluids having Prandtl numbers P 1 and P 2 • 

With values of f71 2 I (df/d"f/) 1],na.:i: taken from Fig 1, 
equation (8) allows the ratio of Gxr for any fluid to 
Gxr for air to be determined. Values of this ratio are 
given in Table 1 and are plotted for,later interpolation 
in Fig 2. 

TABLE 1 

Results with / proportional to y 

p (Gxrl/(Gxrlair (GxT x P)/(GxT x Plair I "'Im 
0·73 1·0 1·0 3·0 
10 5·0 X 101 6•8 X 101 3·1 
100 1·2 X 10' 1•6 X 10' 2·4 
1000 4·2 X 10' 5·8 X 10,. 2·1 

I 

Also given in Table 1 are values of (GxrP)/(Gxr P)a, ,. 
It will be noted that these values differ from unity 
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Fig 2 Variation of (Gxrl/(Gxrloir with P as predic:ted with the two 
auumptiona as to l. 

which means that the present theory indicates that 
(GxP) cannot be used as a universal criterion for the 
point at which transition commences. This factor 
(GxP) is, of course, often assumed to have a critical 
value at transition and although the results from which 
this criterion was derived, which gave some mean point 
in the transition region, are not directly comparable 
with the present theory which gives the beginning of the 
transition region, it does seem unlikely that ( GxP) can 
be used over a wide range of Prandtl numbers as a 
criterion for transition. Indeed Saunders' 5 results in 
mercury suggest that transition may be occurring at 
a much lower value of (GxP) than that obtained for air 
and water, although there are not sufficient points to 
make tho evidence conclusive, especially as much 
smaller changes are to be expected at transition with 
mercury, which has a very low Prandtl number, than 
wi th air and water. 

The actual point in t he boundary layer at which 
transition commences will be that at which 
[712 j (df/dri) I JfllaX occurs. Therefore in Table 1 are 
also listed the values of "f'/m , the value of "'I a.t which thi11 
occurs. 

Comparison with experiment 
The theory being considered in the present note can 

only be expected to indicate the point at which turbu­
lence will first occur i.e. the beginning of the transition 
region. Therefore, since Tritton's expcriments6 indicate 
that with a. natural convective boundary layer there 
is a long transition region, many experimental deter­
minations of the transition point arc not d irectly 
comparable with the present theory. This is because 
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experimcntl! in .. which the pomt at which a · marked 
change in boundary layer thickness, as noted by optical 
means, or the point at which the local heat transfer rate 
changes, were determined as the transition point will 
only give some ·rather arbitrary point in the long tran­
sition region. 

Experiments in which the approximate point at 
which turbulence first occurred was determined are:-

(i) In air,' from the review given by Tritton6, by Tritton 
himself who gives a mean value of Gxr of approximately 
9·2 X 106, but remarks that his value is probably low 
due to external disturbances in the room; by Schmidt 
and Beckman who found intermittent turbulence at 
values of Gz equal 4·3 X 107 and 14 x 10 7 ; by Eckert, 
Soehngen and Schneider who observed ToJimien­
Schlichting waves at G;i; = 4·2 X 108• 

(ii) In water by Szewczyk3 who gives the mean value 
of Gxr as approximately 2 x 109• 

Now if the Prandtl numbers for air and water are 
taken as 0·73 and, due to the low temperature differences 
generally involved, 7 respectively, then Fig 2 gives 
(Gxr)water/(Gxr)atr as approximately 35. The experi­
mental results given above give, if Tritton's result is 
ignored due to his doubts about it, (Gxr)water / (Gxrlatr 
between 4·8 and -46·4. Thus the predicted value is of 
the same order as the experimental results . 
. Tritton's experiments also give the value of TJ at which 
the first turbulent spots occur for air as between l ·8 and 
2·5 while the value of 7J at which [TJ2 I (df/dTJ) I] maz 

occurs is for air, from Table 1, approximately 3·0. It may 
be argued that a comparison between these values 
should not be made as Tritton's value of Gxr was 
considered inaccurate and ignored and therefore his 
value of TJ for first turbulence should also be ignored, 
or at least treated as being approximate. However, the 
free stream turbulence, which is assumed to ca.use the 
low value of Gxr observed by Tritton, can cause only 
small relative changes in the velocity profile, and it is 
to be expected, therefore, that the value of T/ at which 
turbulence first occurs will be little effected by this free­
stream turbulence. Thus the difference between Tritton's 
experimental value of l ·8 to 2·5 and the predicted value 
of 3·0 would appear to indicate some failing in the 
theory. 

Remarks 
Although the evidence is far from conclusive it would 

appear from the above comparisons that when the van 
Driest and Blumer theory is applied in the form given 
by them to a free convective boundary layer it predicts 
the correct trends but the numerical values are not 
altogether satisfactory. In an attempt to produce better 
results a modification to the theory, as originally 
given, will be considered below. 

Alternative expression for / 
The assumption that l is proportional to !I as used in 

the original theory is really quite arbitrary. For the 
type of boundary layer problems treated by van Driest 
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and Blumer it is to be expected that this assumption 
will give reasonable results. For free convective layers, 
howeYer, this form of l can only be expected to apply 
near the wall. In the outer portion of the boundary 
layer, i.e. beyond the point of maximum velocity, it 
seems more reasonable to assume that l is proportional 
to the boundary layer thickness 8 which is given by:-

8/x = constant/(Gz)0•25 • • • • • • • • • • • • (9) 

Therefore in the outer portion of the boundary layer 
it will be assumed that l is proportional to x/(Gz)0•25 . 

With this assumption the van Driest and Blumer 
transition criterion, equation (1 ), gives for the outer 
part of the layer when equation (4) is used:-

(Gxr)0·26. l(dffdTJ)I =T' . . . . . . .(10) 

where T' is a new transition constant. 
Therefore with this assumption for l, the transition 

point will depend on I (dffdTJ) I · Values of this derived 
from Schuh's4 results a.re shown in Fig 3 for the outer 
part of the boundary layer. 

n 
Q 
l( 

1•5 i 
~ 
§ .. 1·0 
c., 
!I .. 
£ 

0 
o~-;o-":,5a----,-1,'=o,---,,..,,!i,---:2.'=o---=2"'·5,--~3'=·o-....,3,i.,.5=---4~.o 

'I'/ 

Fig 3 Variation of ICdf/dTJ)I with T/ in the outer portion of the 
boundary layer for various values of P. 

It will be noted by comparing Figs 1 and 3 that in all 
cases I (df/dTJ) I maz in the outer region is greater 
than the maximum value of 7J2 I (dffdTJ) I in tho inner 
region. Thus if it is assumed that l is proportional to y 
from the wall out to approximately the maximum 
velocity point and that l is proportional to 8 over the 
rest of the boundary layer then transition will still 
occur in the outer region at the point where (dffdTJ) 
reaches a maximum value. 

Results with the alternative expression for / 
Equation (10) can be used to give:-

(G zT)P1 [ I (dffdTJ)I maz ]4
P2 

(G zr)P2 -[ I (dffdTJ) I maz ]4P1 • ' • • • (ll) 
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where, as before, subscripts P1 and P 2 refer to conditions 
in fluids having Prandtl numbers P1 and P 2• Values of 
(G.rr) / (Gxr)atr derived with the aid of this equation 
using values of I (df/dTJ) I maz obtained from Fig 3, 
are shown in Table 2 and plotted in Fig 2 where they 
can be compared with the values of this ratio obtained 
by assuming l proportional toy. 

Also given in Table 2 are the values of (GxrP)/ 
(GxrP) air obtained when l is assumed proportional to 
o, and also, the values of T/m i.e. the values of T/ at which 
I (df/dTJ) I maz, and therefore the first . turbulence, 

occurs. 

Comparison with experiment 
When l is assumed proportional to o it is seen from 

Fig 2 that (Gxr)water/(Gxr)ai'r is given as approximately 
12. This value is also within the experimental range 
derived previously and cannot be said to be inferior or 
superior to the value obtained by assuming Z proportional 
toy. 

However, the predicted value of T/ at which the first 
turbulence will occur in air is seen from Table 2 to be 
l ·7, which is closer to Tritton's experimental value of 
1·8-2·5 than is the value of 3 ·0 predicted by assuming 

the variation of Gxr with P as predicted with the two 
assumptions about l to be determined and is shown 
in Fig 4. 

I'-

/ 1'4 

f, 12 ~ V V 
I 

~· ? Vt': ~ V 
I 

Q -I 

/ rnlO 
~ 

V ~ _a. ---::;::::, - i---
~ 

C. 

" 
2 

0 
l proportional toy. -1-0 -o·s 0 0·5 1·0 l • S 2 ·0 2 ·5 3·0 

TABLE 2 

Result• with l proportional to o 

p (Gxr)/(GxT)oir (GxT x P)/(GxT x P)oir T/m 

0·73 1·0 1·0 1-7 
10 2•4 X 101 2•4 X 101 1-1 
100 5·7 X 10' 5•7 X 101 1·2 

1000 5•4 X 101 5•4 X 10' 1·0 

Actual transition point 
In order to determine the actual value of Gxr for any 

fluid' by means of either theory the transition constant 
Tor T' has to be known from experiment. If Szcwczyk's 
value of Gxr for water is used for this purpose and if it 
is assumed that both theories give the correct value of 
Gxr for water then the values obtained are:-

(i) when l is proportional to y : T = IGO 
(ii) when l is proportional to o : T' = 13 
This value of T can be compared with van Driest and 

Blumer 's value of approximately 2500 for t he type of 
boundary layer problem they considered. This com­
parison demonstrates the strong influence of the type 
of boundary layer flow on the value of the transition 
constant. It complies with the well known, loosely 
expressed, fact that 'a free convective boundary layer 
is less stable than a normal boundary layer' . 

Using the values of T and T' derived above allows 
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log.10 P. 

Fig 4 Variation of GxT with P as predicted with the two uaump,, 
tiona aa to I 

CONCLUSION 
The application of the van Driest and Blumer theory 

to a free convective boundary layer on a vertical plate 
has been shown to give results which agree reasonably 
well with the scanty evidence available. 

If instead of assuming, as do van Driest and Blumer, 
that the length factor Z is proportional toy, it is assumed 
that it is proportional to the boundary layer thickness 
o, some improvement in the agreement with experiment 
appears to be obtained. 
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Paper 12 • 

.Al'{ AP ROXD:ATE ANALYSIS OF THE TWO-DH!ll~SIONAL 

TURBULENT FREE CONV~CTIVE FLO'l OVIR A VERTICAL 

FLAT PL! TE. 
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Sumr..10.ry: 

A method of analysiug turbulent free convective f lovr over n. 

vertical flat plate is pre sented. The analysis is si~ilRr to 

that o:' Eckert and Jackson but different forms a.re assu.'1led 

for the boundary layer profiles and for the friction coefficient . 

An nttcrnpt ' is mo.cl~ to extend the analysis, on o.n appro:dmnte basis, 

to inclutl,~ the effects of a small · superimposed forced velocity. 
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AN AP:PIWXI MA'l.'E AlJALYSIS OF 'rim T\'iO-DI:.:ENSIONAL 'fUILDULENT 

FREE COiiVEC'I'IV'i; FLJW OVER A VEilTICAL FLAT PLATE 

Introduction: 

In free co nvective fluid flow, as in most viscous flows, there are 

two distinct types of flow which can occur, laminar flow and turbulent 

flow. · In free convective flow over · a vertical plate, the flow near the 

leading edge will be laminar, changi ng , provided certain conditions are 

satisfied, to turbulent flow some distance from the leading edge . The 

actual change from iaminar to turbulent is not sharp, there being a fairly 

1 t 
. .,_. . . 1 

ong rans1~1on reg1on. 

In free convective flows, the extent of the laminar flow region is 

usually ·much greater than in most viscous flows and the study of laminar 

free convective flows is probably of' more direct engineering importance 

than most studies of laminar flow. There are, however, numerous pr. ,:: tical 

cases in which turbulen.t free convective flow also exists, and the study 

of · t his type of flo1~ i s thus also of considerable importance. 

Since the analysis of most turbulent flows still r~lics to some 

extent on experimental results, the study of free convective turbulent 

f l ows is severely hampered by the lack ~f such experimental results. In 

fact, all the a nalyses of tur bulent free convective flow at the moment 

available, and the present method is no exception, rely to some eitent 

on results obtained from experimental studies of forced flow. While this 

r e li ance is to some extent justffied b y the known universal nature of 
. -·-- . 

turbulent flow in the region of the wall, thd ultimate justification stems 

fro m t he fact that the end re s ults obtained by means of this procedure 
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show rea.sono.ble agreement with the limited experimental. results a.vai lable 

for turbulent free convection. 

Previous Analyses: 

. 2 
The present analysis is simil~r· to those of Eckert and Jackson, 

and of Dayley3 , both of which make, ba.sicnlly, the sn.me assi;.nrptions. 

Beside the assumptions com,on to all anulyses relying on the boundary 
, . . 

layer integral equations, the following assumptions were ma.de by the above 

i nve stiga. tors:-

(i) The flow near the wall is similar to that which exists in 

forced turbUlent boundary layer flow and the velocity near the wall is, 

therefore, given by: -

(y/6)1/7 (1) 

where u1 is a wall velocity profile pa.rameter, which is to be deter­

mined, and f> is the thickness of the actua.l free convective boundary layer . 

(ii) The shearing stress acting on the wall can be expressed in terms 

of a Reynolds ' number based on u1 and b by the power law relation that 

is known to apply a.pproxime.tely in forced flow . 

(iii) A power law relation, which is virtuelly the same as that which 

applies in f .orc ed flow, is . assumed for ·the tempera. ture distribution. 

The Pres0nt Analysis: 

The present a.no.lysis, while relying on the same fundamental assi.unptions 

as the analyses mentioned. in the previous section, differs from them in the 

following respects:-

(i) It is not assumed that the hypothetical forced boundary layer , 
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characteri scd by the f orccd vcl oci ty u

1
, in terms ·or which the flow near 

the wall is specified has the same t 1idmess as the o.ctual boundary layer . 

(ii) Different expressions are assumed for the velocity distribution 

near ·the wall and for the shearing stress . 

(iii) A temperature distribution is assumed which is more closely 

related to the assumed form of the velocity prof i le i.e. it is assumed 

that near the wall the temperr..ture distribution is given by the same 

expression as applies in the forced flow characterized by u1 . 

Assumptions ?!o.de in the Present Analysis: 

The following assumptions, many of which are the same as .those made 

in the previous analises mentioned above, will be made in the present 

analysis:-

(i) The free convective ~ow is restricted, effectively, to a boundary 

ayer of thickness S, this being the same for both velocity and temperature . 

(ii) .As in forced flow, a hypothetical origin at which the turbulent 

bouidary layer thickness is zero can be introduced . This is shown in Fig . I 

rhich also shows the co-ordinate system used . 

(iii) The fluid properties can, except for the density variation with 

temperature which causes the buoyancy forces and hence the flow, be taken 

as constant. While this is, in most actual flows, not exactly true, 

experience with similar flows indicates that analyses based on the assump­

tio of constant fluid properties can be applied in general provided that 

t he fluid properties in the actual flow are evalu~ted at some suitable 

mean temperature in the boundary layer . 

(iv) The flow near the wall is governed by conditions at the wall alone 

and is 1 therefore, essentially of the same nature as that which exists near 
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the wall in forced flow. The velocity di stri but ion near the wall in free 

convective flow can, therefore, be expressed in the form: -

(2) 

where u'l" = friction velocity 

"' lw 

u 

f 

= 

= local shearing stress acting on wall, 

= fluid density, 

= local velocity, 

= a hypothetical freestream forced velocity 

which characterises the flow near the wall, 

= thickness of hypothetical forced boundary layer, 

= a function determi.oed experimentally in forced flow. 
,. . 

Th~ function f does not, of course, apply very near the wall in forced 

flow but is sufficient for th~ present purposes in view of the method of 

solution adopted . 
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(v) As a consequence of the previous assumption, it will be assumed 

that the shearing stress can also be expressed in terms of the hypo­

thetical forced flow para.meters , u1 and 61 , introduced above, by the 

same expression as applies in forced turbulent flow. One of the most 

accurate .expressions available is that due to Squire4which can be expressed 

in the following form:-

rr,., I = ( 3) 

where RQ is the Reynol ds' number based on the momentum t hi ckness, e 
, of the hypothe.tical forced boundary layer i . e . : -

p be ing the fluid viscosity and9 being defined by: -

u being given by equation (2). Substituting equation (2) into 

equation (5) and the result into equation (3) gives: -

1 I JK; 

where: -

K 
f 

= (u' /~_l )2 = 

(P JKf 

C / 2 f 

(4) 

(5) 

(7) 
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Cf being the co ventional coe ficient of shear stress, 

1 

p = Lfd(y I bl) (8) 

1 

Q = J r
2 

d (y / bl) 
C, 

(9) 

(10) 

Equation (5) thus gives Kf in terms of R61 , the Reynolds' number 

bcsed on u
1 

and 6
1

• 

P and Q can be evaluated by nunerical integration using the 

expe rimentally determined
5 

form of the function f . This procedure gives: -

P = 2.49 

Q = 12.2 

(vi) That the temperature distribution near the wall, as with the 

ve ocity distribution near the wall, is given by the same expression as 

applies in forced flow. It will further be assumed that this temperature 

distribution is given in terms of the same function fas was used to 

describe the velocity distribution near the wall i.e. it will be assumed 

that the temperature distribution near the wall is given by:-

wher e 'Q' 

' 

(11) 
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l1w = hen.t transfer from · the wall to the fluid per unit 

wall area per unit time, 

C = specific heat of the fluid , 
p 

T actual free - stream temperature. l = 

. It may be ar,gued that some hypothetical free-stream temperature, 

similo.r to the hypo the ti cal forced velocity ul' and not the actual free­

stream temperature should be u.sed to describe the temp~rature distribution 

near the wall but the form of the overall distribution is such that little 

error can be expect~d from the assumption made . 

It will be noted that the hypothetical forced velocity and temperature 

boundary layers introduced to des cribe the flow near the wall have been 

assumed to have the same thickness and that the same function· f has been 

used to describe both the velocity and temperature distributions . These 

related assumptions will, strictly, limit the present analysis to fluids 
,..'\, 

h~ving Prandtl numbers near unity. 

(vii) As a. consequence of the above assumptions concerning the 

temperature distribution near the wall it will be a.ssumed · that the rate 

of heat transfer from the wall is related to the shearing stress function 

6 
:-

1/K = 
s 

(12) 

where Kf is as previously defined, P is the Prandtl number of the . r 

fluid and where the Stanton number Ks is given by:-

"· \ 
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(13) 

where, for convenience, the following has been introduced:-
_; . 

(14) 

Tw being the local wall temperature. 

The function S of equation (12) is assumed to be given by6 :-

S = 5 {(Pr - l) + 1 oge [ ( 5 Pr + 1) / 6 J 1 (15) 

It is convenient at this stage to introduce the local Nussel t munber, 

N , which can be written in terms of the quantities int'roduced above 
X 

as follows:-

= = K P Re s r o 
(x/&) (16) 

where Rb is the Reynolds' number based on the actual. boundary ·layer 

thickness, S, and the hypothetical forced velocity, u1 , i.e.:-

(viii) The velocity distribution in the outer region of the boundary 

layer is independent of the wall shearing stress and is given by a power 

law relation. A conti.nuous expression for the velocity distribution 

\ 
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throughout the boundary l ayer, which satisfies the correct boundary 

conditions, obtained by combining this power law relation with equation (2), 

which gives the velocity distribution near the wn.11, ia:-

(18) 

i.e. 

(19) 

The power n remains, for the moment, undetermined. 

An important parameter, 1Yhi ch Jill be used later, is the maximum 

velocity in the free convective boundary layer and the point in the layer 

at which it occurs. Differentiating equation (19) with respect to {y/&) and 

assuming that in the region concerned:-

and equating to zero gives:-

= 2. 5 {Ki' / [ n + 2. 5n {K;- log 
e 

(20) 

where y is the distance from the wall to the point of maxiinum velocity. 

This equation shows that for any given values of n and (b/61) (see later):-
, . . 

= (22) 
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The maximum velocity u can then be obtained by substituting t hi s value 

of yin equation (19). 

( ix) The temper a ture di stri buti on in the. outer portion of the boundary 

layer is independent of _the conditions at the wall and is given by a power 

law rel a tion. 

A continuous law will not. be assumed for the temperature distribution, 

it being assumed, instead, that two distinct rel_ations, . the inner law and 

the outer law, apply . The dividing point between the regions of application 

of the two laws is assumed, more or less arbitrarily , to be t he po int, y, at 

whi ch the maximum velocity occurs i.e. i~ is assumed that the temperature 

distribution is giy~n by:- · 

For (y/f>) < G/~) 

(23) 

For (y/6)> G/~) 

The exponent m, as with the velocity exponent n , remains at t his 

stage undetermined. 

The assumed forms for the velocity and te~perature distributions 

throughout the boundary layer are shown in Fig . 2. 

(x) The ratio of the thickne ss 61 of the hypothetical forced boundary 
I ' 

layer, which charac:terizes the flow near the wall, to the . t hickness 6 of 
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the actual free conve ctive boundary layer is dependent on the Prandtl number 

of the fluid alone i.e . :-

(24) 

where the function R remains, also, for the moment , undetermined . 

There are thus · three undetermined para.mete rs n, m and R. These can be 

determined from velocity o.nd temperature measurements in the outer region 

of a turbulent free convective boundary layer. Such measurements a.re easier 

to make than mea.sur~ments very near the wall and for this latter region, 

therefore, more definite assumptions concerning the velocity and temperature 

distributions had to be ma.de . 

Analysis: 

The present analysis is based on the integrated boundary layer momentum 

and energy equa tions. For the ca.so of two-dimensional .free convective flow 

over a vertical plate these equations are: -

d 1: 2 
dy "' ~ g Is (T Tl) dy -

2 
u u1' 

dx .J o 

(25) 

and:-

f 
..,) . 

d u{T - T1) dy = u 'r T"'r 
dx 

(26) 

In view of the assumed forms of the velocity and temperature distribu­

tions , these equations are conveniently written as: -
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d 2 
dx (I u1 S) . a J ~ g (27) 

and . 

d (L u1 b G ) = K9 ul (28) 
dx 

w ,r 

where I, J and L a.re defined as follows:-

1 

I = J (u/u1/ d (y/6) · (29) 

. l 0 

J ~JJ(T - Tl} /ew] d (y/6) (30) 

L = t (u/u1) [ (T -

. ) 

T~)';ew] d (y/6) ( 31) 

For any given values of n, m and R, equations (19) and (23) allow 

I, J and L to be evaluated for any given value of Kf, Ks being given in 

torm§ of K£ by equ~tion (12)e 

For the case of constant wall temperature, which will be considered 

here, equation (28) reduces to:-

d (L u 1 S) 
dx 

= (32) 

Equations (27) and (32) in conjunction with equations (6) and (12) 

together with the equ~tions defining the velocity and temperature profiles 

and the coefficients in the above equations constitute a solution to the 
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present problem provided the initial conditions on u1 ·and 6 a.re known. 

Boundary Conditions: 

As noted before, a hypothetical origin has been introduced at which 

the boundary layer thickness is zero and downstream of which the boundary 

layer is entirely turbulent. Since the flow is the result of the heating 

of the fluid, an associated assumption, which is based on the same assump­

tions as used in derivi~g the boundary layer equntions, is that at the 

same hypothetical origin u1 is also zero. The ·set of equatious, me.ntioned 

in the preceding section, ·vrill, therefore, be solved subject to the 

following initial conditions:-

At X = 0; b = o; = 0 (33) 

Method of Solution: 

In solving equations (27,)and (32) subject to boundary conditions (33), 

it is conv~nient to introduce some reference length lR. and to then re1rri te 

these equations in terms of the following dimensionless variables:-

(34·) 

and 

z = (35) 

Equations (27) and (32) then reduce to:-

= JG Y
2/z fR ( 36) 

I 

-
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( 37) 
..;_ .. 

. where Gi is the Grashof number based on the reference )ength- l.R Le.:­
R 

= (38) 

The variable (x/lR) can be eliminated between equations (36) and (37) 

to give:-

(39) 

Now equation (6), which gives Kf and from which, therefore, Ks can be 

deduced, can be written as:-

l / ,/K;' . = 5.89 log10 [ 4.075 Y (P pc;' - .Q Kf)] (40) 

Since the velocity a.nd temperature profiles, and hence I, J and L, 

depend only on Kf and K
8

, equations (36) and (37) can be used .to determine 

Z as a function of Y for any given value of Gi . Equation (37) can then 
R 

be used to determine the corresponding v~lues of 

can be determined by noting that:-

(x/f 
R 

) , while (S/£. ) 
. R 

(41} 
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With these results, local Grashof nwnbers, G, and the corresponding 
X 

local Nusselt Numbers, N, can be determined from the following· 
X 

N 
X 

= 

= K J!· 
s r 

3 
(x/P ) 

R 

y · (x/l )/(~Ii ) 
R' R 

(42) 

(43) 

Before any numerical results can be determined, it is necessary to 

kno,r j;he values of n, m and R, which , as stated previously, must be 

determined from experimental results. 

The Values of m, n and R for Air: . 

As noted before, the values of m, n and Rare determi ne~ by comparing 

the velocity and temperature profiles a.s given by equations (19) and (23) , 

for various values of these para.meters, with experimental measurements in 

the outer portion of the turbulent, fre e convective boundary . layer and 

choosing those values of the parameters whi ch· give the closest fit with 

experiment . In order to make this co1i1parison accurately it is necessary 
) 

to know sufficient about the conditions under which the resui ts were 

obtained to determine the values of Kf and Ks, which are required in 

calculating the theoretical profiles. 

The only experimental results available to the author were those of 

Griffiths and Dayies2 in air. The information given ,rith these results is, 

however , insufficient ... to determine Kf and, hence , to de rive the v alue of Ks . 

However, since these variables are expected to exert only a. secondary 

\ 
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influence on the profil e s, a mean value of J{f' equa l to 0.0025, was used 

in making the comparison of the predicted profiles with the experimental 

results. 

In mo.king the comparison, the variation of (uru) and (e/~w)wi th (yjy) 

were determined, u and y being, · as before, the maximum velocity in the 

layer and the distance fr om the wall at which this velocity occurs, 

respectively. 
I 

The values of m, n and R which : give the best fit between the predicted 

profiles and experimental results, written in the above form, are:~ 
I 

m = 0.16 n = 0.47 U = 0.6 

The predi cted profiles, as given by these values of the parameters, 

together with the experimental results form which they were determined are 

shown in Fi g . 3o 

Numerical Results for Air ' a.rid Comparison with E.,"'{periment: 

Using the values of m, n and R given in the previo us section, the 

predicted variation of Nx with Gx can be determined by means of t he 

procedure previously outl{ned. 

Experimentally, it is far more usual to derive the average Nusselt 

and Grashof numbers, Nt and G£. respectively, which are based on the overall 

plate length!, than it is to derive values of N and G, 
X X Now Nf is 

defined in terms of the mean rate of heat transfer, q, which is given by:-,. . . m 

= qdx (44) 

where q is the local rate of heat transfenr at any distance x from the 

leading edge of the plate . 
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N{ is, therefore given in terms of N by: -
X 

t 
N~ "t (N /x) dx 

X 
(45) 

and can, therefore, be determined from the values of N derived by the 
X 

method previously expla.inedo 

With the variation of Nf with Gt determined in this way, it is found 

that good agreement with ~xperimental results is obtained if the numerical 

coefficient in eq~ation (40) is reduced from 5.89 to 4.8. This is not an 

unexpected requirement since the Reynolds numbers in the forced flow in 

which the experimental results used in deriving the value 5.89 were obtained 

were much higher · than t hose appropriate to free convection . The predicted 

resultx, with adjusted constant, are compared with some experimental results 

in. Figo4. In all that follows this adjusted constant ,rill be used in 

obtaining nwnerical results. 

AE,Proximate Method of Solution: 

While the method of sqlution, outlined a.hove, is quite general, its use 

in the extension of the above analysis to various related problems is rather 

cumbersome . An approximate method of solving equations (27) .and (32) will, 

therefore, be indicated. This solution is based on the assumption that, 

at the high Grashof numbers associated with fully developed turbulent free 

convective flow, the · variatio1i-\f Ks and Kf with :x is so small that their 

variation has a negligible effect on the variation of~ and u1 with x and 

that an approximate solution for these quantities can be obtained by assuming 

K
8 

and Kf to be constant and equal to some mean value. 

Therefore, assuming that the consequent solutions for~ and ti1 are of the 



simple power- law type i . e. that:-

(46) 

and 

= (47) 

which, of course, satisfy boundary conditions (saj, equRtions (27) 

and ( 32) reduce to:.:-

2q + p - 1 
(2q + p) IQ

2
P x = J p g E)~ P x~ 

and 

(p + q) L Q P x p + q - l = IC Q xq 
s 

- K Q2 X 2q 
f 

(48) 

(49) 

respectively, since, with Kf and Ks assumed to be constant, I, J 

and L must be constant. 

Equations (48) and (49) give:-

p = 1 q == 1/2 

P = 2 Ks /3L . Q 

and hence, therefore,:-
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(6/x) = (K /L) 
X 

(50) 

,· . 
and:-

1/2 1/2 

ul . = [ 2J I( /(4I K + 3 Kf L)] (~ g G w x) s s 
( 51) 

whi ch in turn give:-

= (2K / 3L) 
s ~

1/2 

L) G 
X 

(52} 

G being, as before, the local Grashof number . 
X 

Since Rb
1 

:: R~/R the above equl}tion can be substi.tuted into equation 

(6) to give a. second approxi mation to Kf, from which can be dete.rrnined a 

second appr oximation to K, for any value of G . 
S X 

These results can then 

be substituted into ·equation (16) ,v-i t h corrected coefficient to determine ,.' 

the value of N corresponding to this value of G. 
. X X 

using the previously determined values of n, m and R, is shown in Fig . 6, 

t he initially assumed cohstant value of Kf used in determining these results 

being 0.004,0. Also shown in Fig.6 are the results given by the more 

accurate method of solution de.alt with before. The approximate solution 

is seen to be . in fair agreement with the accurate solution. 

Correction for Laminar Re gion: 

It will be noted that the length x used in defining the theoretical 

values of Grashof and Nusselt numbers is measured from a hypothetical 
\ 
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origin at which the fully developed turbulent boundary layer has zero 

thickness while the length used in defining any experimentally measured 

values of these numbers will be measured from the actual leading edge of 

the plate. The assessment .of th~ effects of this difference is rendered 

difficult ·by the long transition which usually exists with free c.onvective 

flow. Some idea of the magnitude of the effects can, however, be obtained 

by assuming that a sharp transition occurs at some intermediate value of G 
X 

within this transition region and assuming, further, that the energy 

content of the boundary layer remains constant during this sharp transition. 

(See Fig. 7) . 

A convenient .measure of the energy content of the boundo.ry layer to 

use in the, analysis based on the above assumption is: -
S . 

H = te:u(T-T1) dy (53) 

· Now introducing xt, the distance from the leading edge of the plate 

to any point considered, and x, the distnnce from the hypothetical turbulent 

origin to the same point , it is assumed (see F.ig . 7) that these are related 

by:-

= X + d . (54) 

Squires6 approximate analysis of the laminar free convective flow over 
. ..)_ " 

a vertical flat plate gives: -

0.25 
H = C u e L r w (55) 
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where the coefficient .CL depends only on the Prandtl number of t he 

fluid considered and Gxt is the Grfshof number based on xt the distance 

from the leading edge of the plate. 
I 

Similarly, the approximate analysis of the turbulent floTr problem, 

given in the previous section, leads to 

H = 

= G 
X 

0.5 

G 
X 

(56) 

where, here , CT depends on the type of fluid and the constant value 

of Kf assumed in the analysis and where Gx is the Grashof number based 

on the distance x from the hypothetical origin. 

Now at the transition point the above two values of II are, by 

assumption, equal and G is known anfl . equal., say, to G • 
x_t, s 

The value of 

G at the transition point is, therefore, given by: -x 

== [ (c I c ) G o. 2 5 ] 2 
L T s . ( 57) 

Dividing this by G and taking the cube root of both sides then gives:­
s 

x/x s 

1/3 
(58) = k 

where x and x are the distances of the transition point. from the 
s 

. leading edge of the plate and from the hypothetical turbulent flow origin 

respectively, and k is a constant for a given fluid . 
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This equation can be re-arranged and combined with equation (54) to · 

give :-

1/3 
d ... (1 - k ) X (59) 

S · 

Now, if G is the Grashof number based on the length xt from any 
xt 

point considered in the turbulent flow from the leading edge of the plate 

and if G is the Grashof number based on the distance of the same point 
X 

from the hypothetical origin used 

• Gx [ {x+d)/x ]
3

, :-

in /il,na.lysi.ng the turbulent flow, then, 

since G 
. xt 

2/ · 1/3 
3G 

d +3 G 
X 

= G + 3 G 
X X (60) 

where Gd is the Grashof number based on the correction length d 

· 2 3 1 2 
i.e . equal to {3 g8·w·f d /P,. But by -equation (59):-

= 

1/3 
(1 - k ) 

3 

G 
s 

G being, as before, the true Grashof number at transition • 
. s 

Equations .(60) and (61) alUw the Grashof number, .based on ,the 

(61) 

distance from the leading edge, corresponding to any Grashof number , based 

on the distance from the hypothetical origin used in analysing the turbulent 

flow, to be determined for any given fluid. The cor responding' correction 

to the Nusse lt number can be obtained by noting that:-

= 

1/3 

Nx (G'x /Gx ) 
t 

(62) 
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The variation of N with G..,., obtained from the predicted approximate 
xt At 

9 variation of N with G of the previous section, by assuming that G = 10, 
X · X S 

is shown in Figo8 together with the results on which it is based • . The effect 

· of the correction is seen to have only a small effect on the s hape of the 

curve. 

Effect of a Small Forced Velocity on the Rate of Heat Transfer: 

I 
An approximate assessment of the effect of a. small forced velocity on 

I· 
the type of free convective flow be\ng dealt with can be obtained by not~ng 

that, since only a. sma.11 . forced velocity is being considered, it can have 

little effect on the flow near the wall since the temperature differences 

and, hence, the buoyancy forces in this region a.re high and the free 

vel6cities, also, therefore, comparatively high . Further, in the outer 

region t he presence of a small forced velocity can have little effect on 

t he fundamental nature of the flow pattern, and the expressions for the 

velocity and temperature distributions should have the same form as with 

free flow alone. 

It will be assumed, therefore , that when a. small forced velocity, with 

a free-stream magnitude of uf, exists the velocity distribution is given by 

(see Fig . 9) :-

,. 

(u/u1) " Ll - (y/W] [ l - Pr f (y/61)1 + (uf/ul) (ym 1tr-JK; f(y/•1l] 
(63) 

It will further be assumed that when a small forced velocity exists, 

the temperature distr.ibution is given J:w- the same expression as with free 

I 
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flow alone, i.e . cqu~tion (23}, and further that since the forced velocity 

can have little effect on the flow near the wall the value of (i/6) is 

unaffected by tha presence of this forced velocity. 

With the above a.:.Hmm11tions conco1·ning the velocity distribution, the 

energy equation . (26) becomes:-

(64) 

wheres -

" 1 

L " J . [ 1 - (y/ S)nJ [1 - Pt; . f (y/01)1~7 -T1) /G.,1cl(y/&) (66) 

0 . 

t.nd for any given value of Kr ~nd the other flow parameters it vill 
I 

have the sa.rnG value as with free tlrlr alone· i . e . as given by equ~tion (31) • 

Similal"ly · 1 

I 

).f a (66) 

• 

No11, since u1 is introduced to chara.ct&rize the flow nea.r the wall 

and since the . forced velocity has, by sasumption, little effoct on the 

flow near the wall it will be assumed that u1 baa the aa.me value as with 

free flow alone. If 9 therefor0, the approximate ir-iethod. of solutioj, 

introduc&d above, in which Kr is assu~ed to be constant, is adopted, u1 is 

given by equation (51) as: -

11 
o.s o.5 

X (61) 

/' . 
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where:-

(68) 

a.nd is, vrith the method of solution adopted , constant. 

Substituting equation (67) into equation (64) And solving for 6 

gives: -

= 
(69) 

where Rf is the local Reynolds' .number based on the forced velocity 
X 

= (70) 

Combining this with equation (67) then gives:-

(2 _c K /3) G 0.5 
s X 

R~ ::I . [1 + (M/C) (Rf /G 
0.5 

>1 (71) 
X 

X 

For any given values of H.f and Gx and any assumed initial value 
X 

of Kf, and hence K , this equation substituted into equation (6), allows s . 

a second approximation to Kr , and hence Ks, to be determined from which 

can be determined Nx• Equ~ti on (6) applies to the present case since 

it is a function of the flow near the wall which, by assumption, is 
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unaffected by the presence of a small forced velocity. 

For the case of air, assuming the same values of the parameters 

m, n and Ras derived for free flow alone and using the same initial 

value of Kf, the variation of Nx with Gx for various values of Rf , as 
X 

derived by the above procedure, is shown in Fig . 10. 

Discussion: • 

At f irst readi ng it may appear that the present method of analysing 

turbulent free convective flow relies more on empirical results than the 

other similar methods of analysis menti onedbefore. In these other methods 

of analysis, howeve_~ , empirically based assumptions had, in fact, to be 

made for the same three parameters that were de rived· empirically in the 

present analysis. Since the assumed values were introduced at a. very ea.riy 

stage in these other analyses, the exact reasons for choosing the values 

used were not, perhaps, altogether clear, and any later re-adjustment of 

constants to make derived results fit experimental results was of a some-

Conclusion: 

An analysis of turbulent free convective flow has been presented and 

the derived results have been shown to be in fairly good agreement with 

experimental results for air. The analysis has been extended, on an 

approxi mate basis, to include the effec'ts of a small f orced velocity on 

the turbulent . free convective flow and the predicted variation of 

Nusselt numbers. with both Grashof a.nd Reynolds' numbers has been presented . 

\ 

.I 
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Paper 13. 

HEAT TRANSFER BY TURBUI,ENT FREE C01'.TVECTION lt .OM 

A ~TICAL PLATE. 
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Summary: 

In the present analysis, i~ is assun1ed that the boundary layer 

can be split into three distinct regions. In the inner region it is 

assumed that the velocity and temperature profiles depend only on 

conditions at the wall, while in the outer region it is assumed that, 

due to the lo,r buoyancy forces, the flow has the characteristics of 

free jet flow. The third region, the transition region, is used to 

join these inner and outer regions. With the boundary layer profiles 

defined with the aid of the above assumptions, the momentum and energy 

integral equations are used to derive expressions for the heat transfer 

from the wall to the fluid in terms of two empirical coefficients. 

Tentative values for these two coefficients for air flow are suggested 

and the results derived using these values are shown to agree reasonably 

well with experiment. 

'· 

I -

•,U'J 
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HEAT TRJ\.NSFER BY TURBULENT Fil.EE CONVECTION 

FUOM A VERTICAL PLATE 

Introduction: 

Although problems involving turbulent free convection are fairly common 

in engineering practice, the theoretical analysis of such problems has not 

receiyed very much attention. This is largely due to the lack of accurate 

experimental measurements of the velocity distributions existing in such 

flows. Indeed, the majority of ava ilable analyses of turbulent free convec­

tive flow problems have, in some way or another, used the results of measure­

ments in forced convective flows. The present analysis also makes use of such 

measurements in forced flows to describe . the velocity in the universal region 

near the wall. It is hoped, however, that, taken overall, the present analysis 

relies less on empirical assumptions than most other available analyses of 

turbulent free convective flows. 

Basic Assumptions: 

In analysing the problem under consideration, it will be assumed that:­

(i) The flow is two-dimensional. 

(ii) The properties of the fluid are constant except for the density 

variation with temperature which causes the bouyancy forces and, hence, the 

flow. 
( 

(iii) The velocity and temperature change are restricted to a definite 

boundary layer whose thickness is small in comparison with the length .of the 

plate. It will be assumed that the boundary layer thickness is the same for 

velocity and · temperature. 

{iv} The surface temperature of the plate, over which the flow occurs, 

is constant. 
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The Velocity Profile 

In describing the velocity and temperature profiles, it will be 

assumed that the boundary layer can be divided into three distinct regions 

as shown in fig. 1. The discontinuities in the profiles are assumed to 

have a negligible effect on the heat transfer parameters due to the 

method of solution adopted. 

The three regions considered and the corr8sponding velocity profiles 

are:-

(i) The Inner Region - in which the . flow is governed solely by ~he 

conditions at the wall and in which, therefore, the profile is of the same 

form as that which exists near the wall in forced flow. Restricting 

consideration to flow over a smooth wall, the velocity in this inner 

region is, therefore, assumed to be given by:-

(u/u'l') = F (ur,y/ )) ) 

where u,y .. (,,. I > o.5 
w ~ ' ' 

'Y w • local shearing stress on ,1all, 

p = density 

y = distance from wall to point considered 

u = local velocity a~ point considered, 

)> = 

F = coefficient of viscosity 

(1) 

In the inner region it will also be assumed that the local shearing 

stress, 1', at any point is constant and equal, therefore, to the value at 
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the wall, 
I 

i.e. in the inner region it will be assumed that:-

(2) 

The inner region is assumed to ex~end from the wall ot.tr to the point 

at which:-

( u 7' y/ )) ) = a ( 3) 

' a. being an, as yet, unknown function of the distance along the plate . 

· (ii) The Transition Region - in which the velocity is constant and 

equ~l, say, to uA. From equations (1) and (3), uA is given by:-

) = I f ( a •. ) = A (4) 

In the reo.l flow there ,rill, of cour-ae, be a smooth transition from 

the inner to the outer profile but since the transition region is 

comparatively small, the constant velocity assumption should be 

adequate for the present purposes. 

The transition region is assumed to extend from the outer edge of the 

inner region, i.e. from y = a )) /u1' , out to the point at ,rhich:-

b (5) 

Where bis a constant and bis the local boundary layer thickness. 

(iii) The Outer Region - in which, since the temperature changes and, 

hence, buoyancy forces are small, the flow structure is similar to that 
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which exists in free jet flow. Therefore, iri th the eddy viscosity, 

defined as usual by:-. 

(6) 

the molecular shearing stress being neglected, it will be asswned that, 

in this outer region:-

(7) 

Where C is a constant, an equation of this type being kno,vn to appiy 
2 

in free jet flow. 

In this region, it will also be assumed that the . shearing stress 

distribution is approximately linear and is, therefore, if the stress 

at the inner edge of this region is equal to 'IT' given byl-

b) l -- . ; (8) 

where:-

(y/ s ) (9) 

C~mbining equations (6), (7) and (8) gives:-

d (u/u :'.l'. ) (LO) 

d1 
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Integrating this equation inwards across the boundary layer gives 

the velocity distribution in the outer region as:-

(u/u 1'"' ) = (11) 

But, at the inner edge of the outer region, where J = b, equation 

(4) gives, since ~he velocity is continuous, (u/u1' ) = A. 

Application of equation (11) to this point, therefore, gives:-

(1 - b) - --

i.e. writing, for convenience:-

B = (1 - b) 

equation (11) reduces to:-

(u/u,y) = (1 - 7 )2 / 

which gives the velocity distribution in the outer region. 
I 

Temperature Distribution: 

. (12) 

(14) 

As mentioned before, the same three regions that were introduced 

to define the· velocity profile will be used in describing the temperature 

variation a.cross the boundary layer. It will also be assumed, in this 

connection, that, ·throughout the boundary layer:-
·! 

(q/~} = (15) 
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where q = local rate of heat transfer per unit area at any point 

in the boundary layer, 

~= local rate of heat transfer per unit area from the wall 

to the fluid. 

With the above assumptions, the temperature distributions in the 

various regions are:-

(i) Inner Region - because of the assumed structure of the flow in 

this region, it will be assumed that, as in forced flow, the temperature 

distribution is given by:-

(Tw - T) = (~/ f> Ci,, u,- ) f (u,yy/)) } 
I 

where T = local temperature at the point in the boundary layer 

considered, 

T = local wall temperature, w 

Cp= specific heat of the fluid. 

(16) 

The function f of eql!a.tion (15} is assumed to be the s~"lle as that 

introduced in equation (1) to describe the velocity distribution in this 

region. Strictly, this assumption ,.-ill limit the present analysis to 

fluids having Prandtl numbers near unity. 

It follows from equations (2) and (15), that the heat transfer rate 

in the inner region is constant and equal to the rate of heat transfer ·rrom 

the wall i.e. in the inner region:-

(17} 
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(ii) The Transition Region - in which the tempe rature is constant 

and equal, say, to TA. F7o@ equations (4) and (16), TA is given by:-

(18) 

(iii) The Outer · negion - in which, since the flow is, by previous 

assumption, similar to that whic4 exists in free jet flow:-

€ = (19) 
q 

Where E is the eddy conductivity and is defined, as usual, by:­
q 

q = -~Cf>€q b T 

~ y (20} 

Combining equations (19), (20), (15), (8) and (7), and then 

integrating, as was done with the velocity distribution, then gives, 

in this outer region:-

(1 -'7) 2 
/(2B

2 
/A) (21) 

Where T
1 

is the constant tempernture outside the boundary layer. 

Now since the temperature at the out er edge of the transition 

region and the inner edg~ of the outer region are, by assumption, 

equal, equations (18) and (21) give, at this point:-

( ~ Cp u,y / ) (3A/2) (22) 
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Therefore, defining, for convenience,:-

• 
(23) 

and noting that equation (22) gives:-

(24) 

the temperature distribution in the three regions can be expressed 

in the form:-

(i) Inner Region:-

(25) 

(ii) Transition Region:-

(26) 

.(iii) Outer Region:-

(27) 

Boundary Layer Thickness: 

Since the outer region is assumed to have the characteristics of free · 

jet flow and since a free jet boundary spreads linearly, i~ follows that 

it is consistent with previous assumptions to assume that:-
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( S - b S ) • constant.x (28) 

WhereXis t he distance measured in the direction of flow from the 

hypothetical origin at which the turbulent boundary layer has zero 

thickness. 

But bis, by assumption, a con:stant so that equation (28) gives:-

b = K.,c. 

K being a constant. 

Heat Transfer Rate: 

With the local Nusselt number N, defined as usual as:­x 

(29) 

(30) 

Where k is the coefficient' of conductivity, it is seen, from equation 

(22), to be given by 

(31) 

Where Pr is the Prandtl number of the fluid which is equal ·to 

.(·,~ Cp /k). 

Analysis: 

The momentum and energy integral equations will be used as· the basis 

of the present analysis. These equations can, as a consequence of the 

general assumptions made above, be written as:-



-'w (32) 

a.nd:-

= (33) 

respectively, f!> being the coefficient of cubical expansion of the fluid. 

Using the forms for the veloci,ty and temperature profiles, introduced 

above, these equations can be written as:-

. d 
dx 

2 
(M u1")) + N u"Y 6 ) = (P l.l / u,. + Q~) i2/3A)p g (Tw - T1) 

- u.,.. . (34) 

and:-

d (SV /A + Ru~ b /A) = (u1'/A) 
dx 

(35) 

Note having been taken of equations (23} and (24). The coefficients 

M, N, P. Q, Rand Sare functions of a and the assumed value of b (and, hence, 

of A and B) alone, and- are defined as follows:-

M = 

N = 

p = (Aa} 

/ 

d(u,yy/V) . 

2 +. (A b) 

(36) 

(t37) 

( 38) 
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i L L<1 - '>J)

2 
/ (2B

2 /A ) 1 d'7 2 = + (Ab/2) (39) . 

R = o.sJ) (1 -"7)
2 

/ . r (B
2
/A) dj + (A

2
b/2) (40) 

a 
= l [ (3Af/2) - r

2
] (u'ry/)) ) -

2 (41) s d (A a/?.) 
I 

For any assumed values of band K, the above set of equations constitute 

a solution for the variation of u,yand A with x. · Once these two are known, 

the values of any of the other required para.meters can be determined. The 

values of band~ finally used will, of course, be those which lead to the 

best agreement of the end results 1ri th experiment. 

In the present note, a general solution of the above equations will not 

be given. Instead, an approximate solution, which should, however, agree 

very closely with the exact solution under most circumstances, will be 

presented. 

Approxim~te Solution: 

Although, as shown above, the inner region exerts a governing influence 

on velocity and temperature in the other regions and, hence, on the integrals 

in equations (32) and (3~), its actual direct contribution to these integrals 

is very small and can to a good degree of approximation, be neglected. It 

will be assumed, therefore, that the coefficients M, P and S occurring in 

equations (34) and (35) can be neglected. 
r, 

Then, noting that the remaining coefficients can be written as:-

(42) 
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Q=VA (43) 

(44) 

Where:-

b (45) 

and:-

d'? + (b/2), (46) 

Using equation (29) and introducing the following dimensionless 

variables,-

X = (x/1) (47) 

and:-

Z = ( p u1' 1/ f ) , (48) 

Where 1 can, in general, be· any convenient reference length and will, 

in the present case, be taken as the length of the plate _measured from the 
i 

hypothetical origin used to define x, equations (34) and (35) reduce to:-

dA 
dX 

+ (A/Z.) dZ. 
ciX 

= (49) 



and 

d.A + 
dX 

Where:-

(A/z) dZ. = 
dX 
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(50) 

E ~ a1 v/au (51) 

Fa KU (52) 

and G1 is the Grashof number ba~ed on the . plate length 1 i.e.:-

(53) 

Solving for Z between equations (49) and (50) gives:-

Z = [ 2 FEX/(5 - FA
2

) J 0.
5 

(54) 

which can be substituted back to give, on integratitllof the resulting 

equation:-
/ 

A 

J [ 10 FAi(5 - FA
2

) (4 - 3 FA
2
)] il = log~ (X/X1) 

Ai 
(55) . 

Where A. and X, are the values of A and )E at some, as yet, undefined, 
l. l 

initial point. 
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Equations (54) and (55) constitute a solution for the variation of 

A and Z with X for any chosen values of band~. The, normally used, heat 

transfer parameters can then be obtained by noting that equation (31) gives 

the local Nusselt number as:-

(56) 

vn1ile the local Grashof number, G, is, by definition, given by:­
x 

G = x3 G 
X 1 

The average Nusselt number, N1 , for the whole plate, which is 

defined as:-

dx 

(57) 

(58) 

\ 

where xt is the x-co-ordinate defining the true leading edge of the 

plate, is, similarly, given by:-

= 

X 
J ( II" /X ) d X 

Xi . 

(59) 

Where Nli is the average Nusselt number for flow up to the initial 

point, previously introduced. 

Initial Values: 

The initial values used in the above solution for turbulent free 

convective flow will be obtained by joining this solution to the known 

solution for laminar free convective flow. This is rendered difficult 
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by the fact that a long transition length usually exists in free convective 

flows. Since slight errors in the initial values of the variables cannot, 

however, be expected to influence the results away from the transition 

region very greatly, it
1
will be assumed that a sharp transition occurs at 

some intermediate point within the transition regi on and that, across this 

transition, the energy content of the boundary layer remains constant. 

Now a useful measure of the energy content of the boundary lay.er is the 

integral s-

(60) 

and it will, therefore, be assumed that this quantity, E, remains constant 

during transition. 

Squires3 "approximate solution for laminar flow gives:-

E = J f (Tw - T1 ) /p (61) 

Where the coefficient J depends on the Prandtl number of the fluid 

and the assumed local Grashof number at transition. 

The above analysis of turbulent flow gives, when, as before , the 

contribution of the inner region to the integral is neglected,,-

(62) 

Equating these two values for E at the transition po.int gives,-

A. Z. X. 
1 1 1 

(63) 
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· If it is assumed, further, that the hypothetical origin, at which 

the turbulent boundary layer has zero thickness, which is used to define 

x and, hence, . X, coincides with the actual leading edge of the plate, thens-

x. 
1 

... (64) 

Where GxT is the local Grashof number, based OD the distance from 

the leading edge of the plate, at which the sharp transition is assumed 

to occur. 

With,X:i obtained in this manner, equation (63) can be written ass-

(3J/F>~i ) = D 

Combining this equation with equation (54) then givess-

z. 
l. 

= 

and, therefore,,-

FEX. 
l. 

2 J 0.5 
+FD )/5 

[ 
2 ] 0.5 

Ai = 5 D
2 

/(2 FEXi +FD) 
/ 

(65) 

(66) 

(67) 

With the , initial values determined in this way and using the value of 

N1i given by Squir;s solution, the · variation of Nx with Gx and, hence, 

the variation of N1 with G1 can be determined for any fluid for anx 

assumed ·values of band X. 
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Numerical Results: 

The variation of N1 with G1 for fluids with a Prandtl number of 0.72 

has been calculated for various values of band Kon the assumption that 

9 GxT = 10 • However, the lack of experimental results, particularly at 

high Grashof numbers, available to the author, rendered impossible the 

accurate determination of the values giving the best overall fit of the 

calculated results with experimental results. However, noting that Griffiths 

and Davies4 "velocity profile measurements suggest that bis roughly equal 

to 0.25, the following values of band l, for fluids with Prandtl numbers 

of 0.72, are tentatively suggested:-

b = 0.25, K = 0.05 

The ~alculated results, obtained with these values, are compared 

in fig. 2 with Saunders5 "experimental measurements in air. Reasonable 

agreement is seen to be obtained. 

Conclusion: 

A method of analysing turbulent free convective flow over a vertical 

flat plate has been presented. The application of this metho4 relies on a 

knowledge of the values of two coefficients which depend on the type of 

fluid and which must be det~rmined experimentally. Tentative values for 

air have been given and the results obtained with these values shown'to 

agree reasonably well with experimental results. 
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