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To my parents 



A B S T R A C 1' 

In the solution of the boundary value problems of mathe­

matical physics in a separable 3-dimensional coordinate 

system, the shape of the boundary of the space may be such 

that the Green's function of the second order differential 

operator can be expanded as an infinite series of orthogonal 

functions. In many coordinate systems (such as the spheri-

cal, spheroidal and some cyclidal systems) these expansions 

are given in terms of Legendre associated functions of 

integral order and degree. 

Starting with Dougall's identities for Legendre 

associated functions of non-integral degree,new identities 

for infinite series of Legendre associated functions of 

integral degree are derived. Uniform convergence of each 

new identity is investigated in detail. 

The direct applicability of these identities is de­

monstrated by using them to verify theorems satisfied by 

the Dirichlet Green's function of the infinite half-space 

and of the interior of the prolate hemispheroid. 

The results and techniques are then generalized, and 

a sufficient condition found under which a generalized 

orthogonal function which satisfies Dougall's identity will 

also satisfy the new identity. This theorem is applied 

to the Legendre associated function, the generalized 

Legendre associated function and to the Jacobi function. 
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ADDENDA ET CORRIGENDA 

Page 12 

Last line: for 'Dirac' read 'Kronecker'. 

Page 17 

Delete last four lines. 

Page 18 

Delete first two lines. 

Page 42 

Insert after equation ( 3. 60): 

(3._61) P'~(O)I:~=mYn,mP~(x)P~(O)(l/(R.-n)""l/CR.+n+l)) 

= ~(1-(-l)R.+m)P~(x)e:(x) + !Cl+(-l)R.+mjp~(:k)' 

-1 < X < 1 



N 0 T A T I 0 N 

R denotes the set of Real numbers 

I denotes the set of Integers 

N denotes the set of Non-Negative integers 

The lower case Roman letters £,m,n and q all denote 
I 

elements of the set N, while s e I 

The Greek letters A and ~ denote real numbers which 

may take on integral values, while v is real and speci-

fically non-integral. 

A prime 1 is used exclusively to denote differentiation. 

In particular 

means 

I 

and similarly for Q ~(x0 ) 

Results taken from (Erdelyi, 1953) are indicated by 

the letter E followed by the appropriate equation number, 

e.g. (E 2.9(14)) refers to equation (14) of section 2.9 

of <Erdelyi, 1953). 
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1. 

C H A P T E R 1 

I N T R 0 D U C T I 0 N 

Green's functions play a central r8le in the three 

dimensional boundary value problems of mathematical physics 

and applied mathematics. For every differential equation 

and every space with any given shape, there exists a Green's 

function, and if the Green's function can be found the 

corresponding boundary value problem is virtually solved. 

Unfortunately, in most cases finding the Green's function 

is no simpler than solving the original problem. One 

exception is the case in which the coordinate system is 

separable. " (A coordinate system 1 2 3 (u ,u ,u ) is said to 

be "separable" (Moon and Spencer, 1952) with respect to a 

1 2 3 differential operator L(u ,u ,u ) if the solution to the 

equation 

1 2 3 1 2 3 L(u ,u ,u )l/J(u ,u ,u ) = 0 

can be expressed in the form 

(1.1) 1 2 3 1 2 3 1 2 3 $ ( u , u , u ) = $1 ( u ) l/J 2 ( u >$3 ( u ) / R ( u , u , u ) 

where 1 2 3 R(u ,u ,u ) is independent of the separation con-

stants.) In addition, we require that the boundary of the 

space be such that the Green's function may .be expressed as 

an infinite series of orthogonal functions. But there is 

a severe limitation on the number of shapes for which these 

expansions exist. 

Consider, for example, the spherical coordinate syst~·m 

(r,8,$). The Green's function for Laplace's equation 

v 2 ~ = 0 can be expressed as an infinite series of terms of 



2. 

the' type for the spaces bounded by the 

following shapes 

(i) the sphere r = a 

(ii) the plane a = n/2 

(iii) the planes ~ = 0, n/2,n,3n/2 

Since Laplace's equation is separable in only eleven co-

ordinate systems plus the six families of cyclidal coordi-

nates (Morse and Feshbach, 1952, pages 519-523) the number 

of possible shapes to which the technique is applicable is 

seen to be strictly limited. Permissible shapes include 

the ellipsoid (with the oblate and prolate spheroids and the 

sphere as special cases); the infinite plane, cylinder 

(elliptic, parabolic and circular), cone, paraboloid and 

hyperboloid; the toroid and the spindle. 

As the complexity of the differential equation increases 

so the number of coordinate systems in which it is separable 

decreases. For example, unlike Laplace's equation the 

Helmholtz equation (V 2+k 2>w = 0 is not separable in any 

cyclidal coordinate system (of which the toroidal and hi­

spherical systems are examples of degenerate forms). The 

Schroedinger equation 

E constant 

is separable in those eleven coordinate systems in which 

;· 'i. 

the Helmholtz equation separates, but only under stringent 

restrictions as to the allowable form of the potential V(u). 

The solutions of Laplace's equation, the simplest second 

order differential field equation of mathematical physics 

(and the one with the greatest number of coordinate systems 

in which it is separable) play the r8le of a base on which 
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to build Green's functions for other, more complicated 

equations. For instance, in the Quantum Theory of Scatter-

ing the Born expansion (Messiah, 1961, Chapter XIX) enables 

one to construct a perturbation expansion for the scattering 

Green's function Gk(£1 ,£2) from the free field Green's 

function G0 C£1 ,£2). 

Similarly Kleinman (1965) has developed a technique for 

solving iteratively the Dirichlet Problem for the Helmholtz 

equation Cv 2+k 2) lJ! = 0 (valid for sufficiently small values 

of the wave number k) which employs the Laplace equation 

Green's function for the relevant space. This has been 

applied (Ar, 1967) to low frequency accoustical scattering 

of a plane wave from a soft spindle, for which shape there 

exists (in bispherical coordinates) a Green's function 

expansion for Laplace's equation, but not for the Helmholtz 

equation; we recall that the latter equation is not separ-

able in the bispherical system. This technique has been 

extended to the Neumann Problem for the Helmholtz equation 

(Ar and Kleinman, 1966). 

Let us now consider the specific orthogonal functions 

which arise in such separable systems. In the solution of 

Laplace's equation in spherical, prolate spheroidal and 

oblate spheroidal coordinates, as well as in the toroidal, 

bispherical and other cyclidal systems, at least one of the 

functions Wi(ui) 1n (1.1) is a Legendre associated function 

P~(xL)' where xL is a function of u1 only. In the 

case of spherical coordinates xL = cos e, and the general 

solution to Laplace's equation is of the form 
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(1.2) Amn constant 

The identities which we develop in this thesis are of 

applicability to bodies bounded by two surfaces, one of 

which can be expressed in the form xL = 0 (where xL is 

the argument of the Legendre associated function), and the 

second is given in terms of the other two separable co-

ordinates only. The simplest example of this is the half-

space bounded by the surface z = 0 (or in spherical co-

ordinates, e = ~/2). Here xL = cos e = 0 as required, 

and our identities can be applied; this example is treated 

~n detail in Chapter·4. 

Another example which is dealt with is the interior of 

the prolate hemispheroid, where the solution to Laplace's 

equation is given in prolate spheroidal coordinates 

<~,n,$) in the form 

( 1. 3) Bnm constant 

Here the plane surface of the hemispheroid is given by 

xL = n = 0; the curved surface is defined by ~ = a > 1. 

Wnen we make use of Green's functions in solving problems 

of the classes outlined above we encounter integrals of the 

type 

(1.4) 

and/or 

where 1 2 3 u = (u ,u ,u ) • 

The Green's function is expressed as an infinite series 

similar in form to (1.2) or (1.3) (but in the appropriate 
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coordinate system), and the function f(~l) will in general 

also be expanded as a similar series of orthogonal functions 

to make best use of th-3 separability of the coordinates in 

order to perform the indicated integration. 

Having established uniform convergence (tvhich is necessary 

before interchanging the order of infinite sun~ation and 

integration) ( 1. Lf) will give a doubly infinite series of terms 

if the range of integration is not the one over which the 

relevant functions are orthogonal. For instance, the 

Legendre associated functions are orthogonal 

over the surface of the sphere 0 < 0 ~ ~, but not over a 

hemisphere (or any other portion of a sphere for that matter). 

Since the majority of the techniques for evaluating 

Gk<,£1 ,_!:2 ) in terms of G0 C,E.1 ?,!:2 > as an expansion 1n k 

(low frequency expansion) are iterative, to obtain the second 

term of the expansion the resultant doubly infinite series 

~vill be rnul tiplied by some nevJ function (itself expa.'"lded as 

an infinite series) and integrated thereby giving a trebly 

infinite series, and so on. Any attempt to sum these series 

numerically will be unsatisfactory because the expansions 

converge very slovJly. 

If the coordinate system and bounding surface satisfy 

our above cPiteria then the identities established 1n this 

thesis are of great value for two reasons. 

(a) They sum an infinite series of Legendre associated 

functions of the type generated by ( l. l~), expressing the 

result as a single term. The form of the identities is such 

that they may be applied directly to the infinite series 

without any additional analysis being required. 
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(b) The single term to which the series sums J.s again a 

Legendre associated function (or a constant multiple of one). 

This means that aftA:r. applying our identities to the doubly 

infinite series the resulting singly infinite series inserted 

into the integral of type (1.4) for the second iteration 

leads to an integral of a very similar type to the first, 

and in general it is possible to construct a recurrence re-

lation for finding all subsequent terms from the first term. 

This technique is especially useful in the field of low 

frequency scattering of scalar plane waves (accoustical 

radar). Results published in this field show that even for 

relatively simple shapes bounded by a single surface such as 

an ellipsoid (Sleeman, 1967) by the time only the second term 

is reached the integrals are of frightening complexity. 

However, a recurrence relation technique such as that of 

(Asvestas and Kleinman, 1969) for the similarly elementary 

spheroid and disk gives an explicit algebraic formula for 

each term of the low frequency expansion in terms of pre-

viously calculated ones. 

Lot-J frequency expansions of solutions of the radar 

scattering equation and similar iterative schemes involving 

Green's functions for Laplacers equation can rib~ be applied 

to a larger number of shapes other than the "basic" shapes 

already considered, provided that the coordinate sy~t~m i~ 

separable, that one of the coordinates i u appears in the 

Green's function in the form P~(xL)' xL = xL(u1
) only, 

and that one of the ttvo surfaces of the body is giVen by 

xL = 0, the other being defined independently of XL~ 
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The outline of this thesis is as follows: 

In Chapter 2 we quote fundamental results and theorems 

from the theory of Legendre associated functions. For 

uniformity ·the majority of these are taken from (Erdelyi, 1953); 

they are stated without proof. Only Dougall's identities 

are derived, because we wish to show that they have a wider 

range of validity than is given by Erdelyi. 

Dougall's identities are expansions for Legendre associa­

ted functions P~(x) of non-integral degree v and are 

hence of limited use, because the majority of series ex-

pansions of Green's functions like (1.2) or (1.3) are for 

Legendre associated functions of integral degree n. 

Starting from Dougall's identities ("D-type identities"), 

in Chapter 3 we establish a set of new identities for 

Legendre associated functions of integral. degree ( "S-type 

identities"). Uniform convergence of each S-type series 

is considered in detail, because they will be used in integrals 

like ( l" 1~) and interchange of summation and integration must 

be justified before it may be carried out. 

In Chapter 4 we apply our new identities to the volumes 

already mentioned above (i.e. the half-space and the interior 

of the prolate hemispheroid), as well as to a purely tech-

nical problem. This last is a series of Legendre associated 

functions which the author encountered and attempted to sum, 

thereby leading to his discovery of the identities derived 

in Chapter 3. 

Now we extend the theorems, methods and results of 

Chapter 3 leading to new identities for generalized ortho-

gonal polynomials. The first part of Chapter 5 is a 
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summaryof basic results from the theory of orthogonal poly­

nomials; using these results we then find a sufficient 

condition under which a generalized orthogonal polynomial 

which satisfies a D-type identity (i.e. for a generalized 

polynomial of non-integral degree) will satisfy an S-type 

identity (with generalized polynomials of integral degree). 

vJe then consider two applications of this theorem; firstly 

to Legendre associated functions to show that our theorem of 

Chapter 5 gives the same results as were obtained in Chapter 

3, and secondly to generalized Legendre associated functions 

of (Kuipersand Meulenbeld, 1957) and hence to Jacobi 

polynomials. 
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C H A P T E R 2 

LEGENDRE ASSOCIATED FUNCTIONS 

In this chapter we quote standard formulae from the theory 

of Legendre associated functions P~(x). Only where we 

disagree with the range of validity of the stated formulae 

are proofs given. The majority of our results are taken 

from (Erdelyi, 1953); these are indicated by the letter E 

followed by the appropriate equation number, e.g. (E 2.7(23)). 

Differential Equation 

Legendre's differential equation of degree A and order 

1.1 is (E 3.2(1)) 

(2.1) (l-z2) d2w - 2z dw + (A(A+l)-1J2(1-z2)-l) w = O, 
dz2 dz 

z,A,l.J unrestricted 

The hypergeometric function u = F(a,b; c; z) satisfies 

Gauss' differential equation (E 2.1.1(1)) 

(2.2) ct 2u du z(l-z) --- + (c-(a+b+l)z) dz - abu = 0. 
dz 2 

F can be expanded in the series (E 2.1.1(2)) 

(2.3) F(a,b; 
oo rCq+a>r.Cq+b)r(c)zq c; z) = I: - -q=o r(a)r(b)r(q+c)q! I z I 

Substituting 
2 , 11 

w = ( z -1) 2 ~y ' in (2.1) we 

obtain Gauss' differential equation (2.2) with 

a = 1.1-A, b = l.J+A+l, c = l.J+l 

Hence (E 3.2(3)) 

(2.4) w = P~(z) 
J. 

1 z+l 2 1.1 = r(l-l.J)(z-l) F(-A,A+l; 1-1.1; ~-~z) 

< 1 

11-z I < 2 



where we have used ~he fact (E 2.3(1)) that 

1-c F(a,b; c; z) = z F(a-c+1,b-c+l; 2-c; z) 

10. 

Setting 
2 1 }.1 

w = ( z -1) 2 y' in (2.1) leads to a 

hypergeometric-type equation with 

a= ~(A+}.I+l), b = ~(}.1-A), c = ~ 

Now from Kummer's 24 solutions of the hypergeometric 

equation (E 2.9(1), (9)) 

-a -1 F(a,b; c; z) = (-z) F(a,a+l-c; a+l-b; z ) 

whence 

2 F ( ¥A+ ll + 1 ) , l ( p- A ) ; ~ ; z ) 

and (2.1) has as second solution (E 3.2(5)) 

(2.5) = qllc ) _ i}.ln 2-A-l ~ f(A+}.I+l) z-A-}.I-l(z2-l)~ll 
w A z - e w f(A+3/2) 

I zl > 1 

vJe define P~( z) and Q~( z) of ( 2. 4) and ( 2. 5) to be 

the Legendre associated functions of the first and second 

kinds respectively. 

Wronskian 

From (2.1) we can show that 

(2.6) 

must be of the form c/(1-z 2). From formulae for 

P~(z),Q~(z) and their derivatives at z = 0 (see later) 

we can evaluate the constant c and deduce that (E 3.2(13)) 

(2.7) 

Now ·( E 1. 3 ( 15)) 



( 2. 8) 

Define 

(2.9). = ro.-l.l+l> 
rO.+l.l+l) 

and hence (2.7) gives 

(2.10) W{P~(z),Q~(z)} 

Legendre associated functions on the cut 

11. 

Setting z = cos e, 8 € R in (2.4) defines a Legendre 

associated function on the real interval (-1,1), the 

so-called "cut". However, we see from (2.4) that 

P~(x-iO) t P~(x+iO) 

unless l.l is an even integer. For X e (-1,1) we there-

fore define (E 3.4(1) and (2)) 

(2.11) 

and 

(2.12) 

-1 < X < 1 

whence ( E 3. 4 ( 6 ) ) 

(2.13) P~(x) 
1 

l l+x :ill 
= f(l-l.l) (l-x) F(-A,A+l; 1-l.l; ~-~x) 

-1 < X < l 

From this result and the properties of the hypergeometric 

function we may deduce the following identities 

(E 3.4(14) and (17)) 

(2.14) 

(2.15) 

P~(-x) = P~(x)cos((A+l.l)~) - (2/~)Q~(x)sin((A+lJ)~) 

0 < X < l 

Pil.l<x> = YA,l.I(P~(x)cos(l.l~)-(2/~)sin(l.I~)Q~(x)) 
-1 < X < 1 
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where we have defined YA,J.l 1n (2.9). 

We also have the explicit expressions (E 3.4(20) and (22)) 

(2.16) 

(2.17) dP~(x) = 
( dx )x=O 

Similar results can be found for Q~(O) and dQ~(x) 
( dx )x=O 

For x near 1 (E 3.9.2(8)) the leading term of 

-j.l 
PA (x), l.l > 0 1s 

(2.18) 
_,ll ,j.l 

2 2 ~(1-x) 2 /f(l+JJ) 

Integral representation 

We can show (E 3.7(27)) that 

(2.19) 

Let 

•cos((A+~)l/J) o < a < 11', Re jJ < ~ 

Integral of product of two Legendre associated 
functions 

be any two solutions of Legendre's 

differential equation (2.1). Then (E 3.12(1)) 

(2.20) 

and (E 3.12(19) and (21)). 

(2.21) f 1dxPm(x)P~(x) = 2 y-l o 
_

1 
n N 2n+l n,R. n,R. 

(where o is the Dirac delta function.) n,R. 
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Results for ~ a non-negative integer 

If ~ is a non-negative integer write 

11 = m, m = 0,1,2, ••• 

Starting f:com (2.4) we can show that (E 3.6.1(6)) 

(2.22) 

From 

X near 

(2.23) 

(2.24) 

and for 

(2.25) 

(2.26) 

For m = 

P~(x) = (-1)m(1-x2)~m 
dmPA(x) -1 < X < l 

dxm 

(E 3.9.2(8) and ( 9 )) we see that for m > 0 and 

1 

P~(x) -+ 0 as X ·l> 1 

p~m(x) -+ 0 as X -+ 1 

m > 0 and X near -1 (E 3.9.2(13) and (14)) 

P~(x) + 00 as X -+ -1 

P~m(x) -+ 00 as X+ -1 

0 (Hobson, 1931, equation II (15)) or from ( 2 • 4 )) 

p ( 1) = 1. 
n 

P (-1) = (-l)n 
n 

If A is a non-negative integer n, P (x) 
n is a poly-

nomial of degree n in x, and hence from (2.22) 

(2.28) P~(x) = 0 for m > n 

A bound on P~(cos 8) 1S given by(Gradshteyn and Ryzhik, 

1965' equation 8.724(3)) 

(2.29) lpm(cos 8)1 < 2 f(n+m+l) 1 0 --"------"'i",- n > , m > , m < n, n r-- m+-vnw r<n+l)sin 2 8 

and by (Hobson, 1931, page 303) 

(2.30) -m m -2 
n Pn(cos 8) = (~nnsin 8) 2 cos((n+~)O-n/4+~mn) 

~O(n- 312 >, 0 < E < e < n - E, n > 1, n > > m 

where O(n- 312 > depends on E. 
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Recurrence relations 

Of the many well-known recurrence relations we will be 

using only (E 3.8(19) and (12)) 

(2.31) 

and 

(2.32) 

dP~(x) 
(l-x

2
) dx = (n+l)xP~(x)- (n-m+l)P~+l(x) 

= -nxP~(x) + (n+m)Pm 1 (x) 
n-

(n-m+l)P~+l(x) = (2n+l)xP~(x) - (n+m)P~_ 1 (x) 

Addition theorem 

Define 

(2.33) = {1 
{ 
{2 

m = 0 

m > 0 

then (E 3oll(2)) 

(2.34) 

: En £ y Pm(cos e
1

)Pm(cos e 2 )cos(m{~l-~ 2 )) m=o m n,m n n 

Laplace series for Legendre associated functions 

We will employ the following theorem from the theory of 

Legendre associated functions, proved in (Hobson, 1931, 

page 344), which we will label as Theorem 2.1. 

Theorem 2.1 

The Laplace series 

1T 1T 
()() 

2n+l f d~ J d8 e 2 f<e 2 ,~ 2 )Pn(cos ~ En=o sl.n 
41T 2 0 2 

-1T 

(where cos y = cos e1 cos 82 + sin elsin e 2 cos<~1-~ 2 >> 
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15. 

in which f(8 2 ,~ 2 > has an absolutely convergent integral 

(Lebesgue) over the spherical surface, will converge at 

(81 ,$
1

) to the value f<e 1 ,~ 1 ) if (8
1

,$1 ) is a point of 

continuity of the function with respect to <e 1 ,$1 ), or to 

the value 

if the point ce1 ,$
1

) is such that there passes through it 

a line of discontinuity such that £1 <81 ,$1 ) and · f 2 <e1 ,$1 > 

are the limits of the function at the point taken from the 

two sides of the line, provided that the function t/J(y), 

which is the mean value of the function f(81,$1)' for each 

fixed value of y over the small circle for which y has 

that value, has bounded variation in the whole interval 

( 0, 1T) of y. 

Dougall's Identities 

Dougall's 3 identities (which first appeared in 

(MacRobert, 1934)) are given in reference (E 3.10(6),(8) 

and ( 9 }) as 

(2.35) 

•(lkv-n)-1/(v+n+l)) -1T < 6 < 1T, ~ > 0 

(2.36) 

·P-~(cos 6)P-~(cos ~)(1/w-n)-1/(v+n+l)) n n 

-1r < e + ~ < 1r, ~,A > o 
and 

(2.37) 

m -m ·Pn(cos 8)Pn (cos ~)(1/(v-n)-1/(v+n+l)) 

m a positive integer, 0 < 8,~<1T, a+ ~ < 1T 
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For v€I equations(2o35)- (2.37) reduce to trivial 

identities, because 

v+n 
lim sin(v1T) = 

v-n (2.38) 

We will rederive Dougall's three identities in order to 

show that the ranges of validity of (2.35) - (2.37) as 

stated in (E) are overrestrictive; in addition we will prove 

uniform convergence over their entire ranges of validity. 

Let 

( 2. 39) 

Lemma 2.2 

I _ f d cos((z+l)W) 
r - r z (z-v)sin(1Tz) v€R~I, -1r < W < 1T 

where r is the circle centre the origin and radius 

R = N+i, N€I, N > lvl 

Then 

(2.40) lim 
N+oo 

Proof 

The integrand is finite on r, because 

sin(1Tz) = 0 implies i21TZ e = 1 

or z € I 

Thus 

lsin(1Tz)j > n > 0 for all z € r 

Now 

cos((z+!>w> = i{ei(R(cos S+i sin e>+!>W 

+ e-i(R(cos S+i sin e>+!>w} where R = N+l 

• • • lcos((z+l>w>l < !<eRW sin e+e-Rp sin e) 

= i<eRlwlsin e+e-Riwlsine) by symmetry 



• • • 

• • • 

sin(nz) = -ii{eiw(R(cos a+i sin a)) 

-e-in(R(cos 6+i sin 6))} 

From (2.39) 

IIrl < , R J2n eRitPisin a+e-RitPisin a 
- R-lvl de R . e R .. a o I n s1n -n s1n I e -e 

17. 

= 2R /ndee-R(n-JtPi>sin~l+e~ 2RitPl~in e) 
R-lv1 0 l-e-2nR S1n a 

e-2RI '"I sin a < 1 , e·2nR sin a<l For 0 < a < n we have that ~ 

and hence 

= 8R ~~~ee-R(n-ltiJj)sin e 
R-lvl o 

Now for 0 < 6 < in we know that 

1 >(sin a)!e > 2/n 

and hence 

I I 8R J!ndae-R(n-1tP1>2a/w 
Ir < R-lvl 

0 

+ 0 as R + oo as required, since •n < tP < n 

The restriction on the range of tjJ may be demonstrated 

explicitly as follows: 

If tjJ - :!:V 

= J cos((z+i)n) dz 
Ir ·· r ( z-v) sin nz 



·· ~ •' .. , ! " •. !L:::, •. ,. 1· 'ill• ·' , · 

= -I 
r 

1 dz z-v 

which diverges logarithmically. 

Corollary 2.3 

(2.41) 

·(1/(v-n)-1/(v+n+l)) -n < ljJ < n 

Proof 

Ir as defined by (2.39) has simple poles at 

z = v,O, :t 1, :!: 2, ••• 

Lemma 2.2 then gives, using Cauchy's Residue Theorem, 

0 = 2 ni{cos((v+~)ljJ) + Eoo . cos((s+i)$)} 
sin(nv) s=-oo s (s-v)n(-1) 

or 

18. 

(2.42) cos((v+-
2
1 )•") = -(sin(vn)/n) {E00 (-l)s cos((s+~)ljJ) 

.,.. s=o s-v 

In the first sum set s = n; in the second set 

s = -n-1. (2.42) then reads 

(2.43) 

o(l/(v-n)-1/(v+n+l)) -n < $ < n 

Lemma 2.4 

The series (2.41) is uniformly convergent for ljJ e (-n,n). 



Proof 

Write (2.41) as 

where 

(2.44) 

Put 

then 

(i) 

cos((v+~)~) = -(sin(vn)/n)S0 (~) 

v = (1/(n-v) + 1/(n+v+1)) 
n 

19. 

= ~ei~~ ( 1- ( -1)MeiM~X1+e-i~)fk-i;~O:<-J51e-JMlfJXl-teilp) 
(1+e-i~)(1+ei~) 

• . . 
= cos(~~)(1-(-l)Mcos(M~))/(1+cos ~) 

IEM-l u (1~)1 < 2/(l+cos •1•) < K n=o n .,.. '~' 

where K is a constant independent of y, 

~ e:(-n,n). 

We note that this breaks down for ~ = +n which is 

of course not entirely unexpected. 

(ii) v > 0 and decreases with n ¥n > lvl 
n 

(iii) 

Then by Dirichlet's test for uniform convergence 

(Bromwich, 1926, page 125) 80(~) is uniformly convergent, 

whence (2.41) is uniformly convergent in (-w,n) as 

required. 



Lemma 2.5 

If Sn(x) = En 
q=o fq (x) is uniformly convergent to 

on (a,x
0

) u (x
0

,b) and Sn(xo) converges to F(x
0

), 

then S (x) 
n is uniformly convergent on (a ,b). 

Proof 

Sn(x) is uniformly convergent on (a,x
0

) U (x
0

,b) 

implie·s that 

20. 

F(x) 

¥r. > 03 N1 (¥n > N1 )V(¥x € (a,x
0

>>1Sn(x)-F(x)l<r. 

¥r. > 03 N2 (¥n > N
2
)V(¥x € (x

0
,b))1Sn(x)-F(x)l<e: 

S (x ) n o converges ·to F(x ) 
0 

means that 

(¥r. > 0) V (¥x € (a,b)) (n > N) => Is (x)-F(x) I <e: 
n 

1.e. we have uniform convergence on (a,b). 

Lemma 2.6 

(2.45) 

•(1/(v-n)-1/(v+n+l)) 

where {8,~} satisfies 

(2.46) o < lei < 1r 

e - o 

and the series is uniformly convergent in (-1T,1T). 

Proof 

From (2.19) 

_,. -1 (sin 8)-ll /8 ,._1 
P '"'(cos 8) = (~1T) 2 dljJ(cos ljJ-cos 8)'"' 2 

v f(i+ll) 
0 

(2.47) 

•cos((v+~)l/J) o < e < 1r, l1 > - ~ 
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Multiply both sides of (2.41) by 

(2.48) -l (sin 8)-~ ~- 1 
<in) 2 f(l+~) (cos ~-cos 8) ~ 

Since (2.48) is a bounded function of ~ for 

0 < ~ < e, 0 < e < n, the resulting series is uniformly 

convergent and may be integrated term-by-term to give a 

uniformly convergent series. Utilizing (2.47) we obtain 

(2.49) 

·(1/(v-n)-1/(v+n+l)) 

uniformly convergent in (0,1T) for ll > -1 2. 

Now setting e = -e in (2.47) we deduce 

(2.50) 

-1r < .e < o, ll > -~ 

The previous argument may now be repeated, thereby 

proving that (2.47) is uniformly convergent in 

. (-1T,O) U (0,1T) for }.1 > -1 2. 

The point e = 0 1s included in the range of validity 

of (2.45) by first considering the case l.l > O, and then 

}.1 = o. (2.45) clearly holds for l.l > 0 for from (2.18) 

it reduces to a trivial identity at e = 0. 

Now from (2.3) and (2.4) 

(2.51) 

Thus setting ~ = 0 in (2.41) we obtain 

1 = Pv(l) 

= (sin(v1T)/1T)E~=o(-l)n(l/(v-n)-l/(v+n+l)) 

= (sin(V1T)/1T)E
00 

(-l)nP (1)(1/(v-n)-1/(v+n+l)) n=o n 



22. 

Thus 

(2.52) 

•(1/(v-n)-1/(v+n+l)) 

for -1T < e < 1T, ~ ~ 0, and is uniformly conver~ent for 

e e <-1T,O) u <0,1T). Thus by Lemma 2.5 it is uniformly con-

vergent in (-1T,1T) for u ~ 0. 

We see that we have obtained (2.35) under slightly less 

restrictive conditions than in (E); we have also proved 

uniform convergence over the entire range of validity. 

Lemma 2.7 

(2.53) 

.p~A(cos ~)(1/(v-n)-1/(v+n+l)) 

where {e,u} and {~,A} satisfy (2.46), viz. 

{~ > -2 0 < I e I < 1T 
2 ' { 

{~ > o, e = 0 

and 

{A > _J. 0 < i ~I < 1T 2 , 

{ 
{A > o, ~ = 0 -

and 1n addition -1T < e + ~ < 1T. V.li th these restrictions 

the series (2.53) is uniformly convergent. 

Proof 

Using integral representation (2.19) twice we find 

(2.54) 

for 

.P-~(cos 8)P-A( C) = (, )-i (sin 8)-~ 
v v cos ~ 21T r<;+~) 

e 
·Jd~(cos ~-cos 8)~-icos((v+i)~)(i1T)-i 

0 

(sin ~)-A ~~ A- 2 
• r(~+A) dx(cos x-cos .f) 2 cos( (v+~)x) 

0 

o < e < 1r, 0 < ~ < 1T, ll,A > -i 

!t 
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From (2.41) 

(2.55) 

•cos((n+~)(~+x))(l/(v-n)-1/(v+n+l)) 

(2.56) cos((v+~)(~-x>> = (sin(v~)/~)E~=o(-l)n 

•cos((n+~)(~-x))(l/(v-n)-l(v+n+l)) 

for -~ < ~ ± X < ~ 

Adding (2.55) and (2.56) we obtain 

(2.57) 

•cos((n+~)~)cos((n+~)x)(l/(v-n)-1/(v+n+l)) 

with -~ < ~ ± X < 7T 

Multiply both sides of (2.57) by 

( , )-2 (sin 6)- 11 11-~ 
27T 

2 r(~+lJ) (cos ~-cos 6) 

-2 (sin ~)-A . ~)A--21 
o (~TI) ;.~ r(~+A) (cos x-cos <:. 

which is bounded Hith respect to both ~ in (0,8) and 

X in (0,~). 'vJe integrate the resultant uniformly con-

vergent series termwise with respect to ~ and x utili~ 

zing (2.54) to obtain (2.53) for 0 < e,~ < TI. 

sion to the range (-~,0) u (0,7T) for > -2 
2 

The exten-

and to 

(-TI,TI) for A,11 > 0 follows as in Lemma 2.6; uniform 

convergence does likewise. 

We note that we have derived (2.36) under slightly less 

restrictive conditions. than those given by (E), and in 

addition have proved uniform convergence over the extended 

range of validity. 
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Lemma 2.8 

(2.58) 

m . · ·· -m · .· • p n (cos e) p n ( cos ~) ( 1/(v-n )•...; 1/ ( v+n+ 1) ) 

m a positive integer' -1T < 6 ± ·~ < 1T, 

ancl this series is uniformly convergent over its :rangE! of 

validity. 

Proof 

Recall relation (2.22) 

-1 < x < 1, m > 0 

or 

(2.59) P~(cos 6) 
dmPv(cos 6) 

= (-l)m sinme.-----­
d(cos e>m 

-1r < e < 1r, e '# o, m > o 

Consider equation {2.53). Set ~ = 0, A = m (where 

m is a positive integer) and differentiate m times with 

respect to X = COS 6. Utilization of (2.59) gives 

(2.60) 

m -m ·Pn(cos 8)Pn (cos ~)(1/(v-n)-1/(v+n+l)) 

for -1T < e ± £ < 1T, e,~ '# o, m > o. 

The case m = 0 1s included 1n (2.53) with A = ~ = 0. 

The lower limit of summation follows from the fact 

(2.28) that 

pm(x) : 0 for m > n. 
n 

The term-by-term differentiation of (2.53) is justified 

by the uniform convergence of (2.60) which is proved as 

follows: 



From (2.30) 

(2.61) 

Thus 

Since 

0 < £ < e < n -£, n > 1, n >> m 

m -m P (cos 8)P (cos ~) = n n 
2 

nn /sin e sin ~ 

-1 (1/(v-n)-1/(v+n+l)) = O(n ) 

25. 

it is obvious by Weierstrass' M-test that ( 2. 53) is uniformly 

convergent for e,~ in (O,n); the extension of range to 

(-n,O) and inclusion of the points ~ = e = 0, as well as 

uniform convergence over the entire range of validity follow 

as in Lemmas 2.6 and 2.7. 

Note that in this case the range of validity of the 
• 

Dougall identity has been extended fourfold. 
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C H A P T E R 3 

NEW IDENTITIES FOR INTEGER v 

Star.>t"ing ~.vjth equation (2.58) which \ve renumber (3.1) 

for convenience, namely 

(3.1) 

epm(cos 8)P-m(cos ~)(1/(v-n)-1/(v+n+l)) 
n n 

-'1T < e :!: t; < '1T, 

we derive a set of identities for Legendre polynomials of 

integral order and degree. Uniform convergence of each 

one is investigated in detail because these identities are 

used in situations where one would wish to interchange the 

order of summation and integration, and uniform convergence 

is required before this may be performed. 

As mentioned J.n the introductory section on notation, we 

wili write 

( 3. 2) as 

Lemma 3.1 

For all v € R~I, and for all meN, the series 

(3.3) 

o(l/(v-n)-1/(v+n+l)) 

is uniformly convergent for 0 < a < ~'1T 

and 

(3.4) S2 (e) -- ~ro ( l)ny Pm(cos e'Pm(O' 
~n~m - n,m n · J n ' 

•(l/(v-n)-1/(v+n+l)) 

is uniformly convergent for 0 < e < '1T. 
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Proof 

From (2.15) we deduce that 

(3.5) -1 < X < 1 

where has been defined in (2.9) as 

(3.6) 'Yn,m = r<n-m+1)/r(n+m+l) 

Recurrence relation (2.31) gives 

(3.7) 
t 

P m(O) = (m+n)Pm 
1

CO) 
n n-

Further, equation (2.30) states that 

(3.8) n-mp~(cos 8) = (~n~sin 8)-~cos((n+~)e-~/4+~mn)+O(n- 31~ 

0 < £ < e < 7T - £' n > 1, n >> m 

where O(n-3/2) depends.on £, whence 

'Yn mP~(cos 
' 

8)P
1

~(0) 

= 
m -m ( -1) p (cos 

n 8)(n+m)P~_ 1 CO) (by ( 3. 5) and (3.7)) 

. , 
•cos((n+i)0-~/4-imTI)(Jn)-~sin(i(n+m)~)+O(n- 2 )} 

(3.9) . . -1 
=Ksln(J(n+m)~)cos((n+J)e-~/4-im~) + O(n ) 

0 < £ < e < n - £, n > 1 , n > > m 

for large n, vJhere K is a constant independent of £, 

and where O(n- 1 ) depends on £. 

As in Lemma 2.4 set 

u c e > n = (-1)nsin(!(n+m)~)cos((n+l)8-7T/4-lm~) 

(3.10) = i(-1)n{sin(n(O+~n)~~/4+J8) 

- sin(n(e-~~)-n/4+~8-m~)} 

and 

(3.11) v = 1/(v-n)-1/(v+n+1) 
n 



Consider 

~~:;(-l)nsin(n~+a) 

= , "( ia~M-1 in(n+~) -ia~M-1 in(n-~)) 
-21 e yn=o e -e yn=o e 

. 1 iM(n-~) 
-e -1a(~--. ) ) 

l+e-lljJ 

28. 

= _
1 

i ( eia: ( 1 +e- ~1/J)( 1- ( -1) MeiM1)J) -e- ia (l+i ~ )(1-(~l)M e-iM~)) 
2 

(l+ei~)(l+e-i~) 

lz.:M: 1 (-l)nsin(n1)J+a) I < 2/ ( l+cos ~) 
n-o < K 

whePe K is a constant independent of ~' provided 

··n < ~ < 1r. 

Thus from (3.10) we see that 

(i) I ~M-l u (B)I < K if 0 < B < -2
1_TI. n=o n 

From definition (3.11) we have 

(ii) 

(iii) 

v > 0 and decreases with n ¥n > lvl n 

v + 0 as n + oo 
n 

Then by Dirichlet's test for uniform convergence 

(Bromwich, 1926, page 125) s1 Ce) of equation (3.3) is 

uniformly convergent for 0 < e < ~n as required. 

Now consider s2(8). 
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I (-l)n+my Pm(cos 8)Pm(O)(l/(v-n)··l/(v+n+l)) I n,m n n 

for n >> rn, 0 < E < 8 < ~ - E 

2 . -3 = K/n + O(n ), 

O.(n-3) where depends on E:, but where K is a constant 

independent of E. 

Hence by Weierstrass' M-test s2 C8) is uniformly con­

vergent for 0 < e < 1T as stated. 

Lemma 3. 2 

For all \) € R~I, m € N and X e (0,1) 

(3.15) pm(x) = pm(O)Loon-m(~l)n+my Pm(x)P'm(O) 
v v - n,m n n 

~(1/(v~n)-1/(v+n+l)) 

( 3. lti) - P 'rrt<on.:oo (;..l)n+my pm(x)Pm(O) 
v n=m n,m n n 

o(l/(v-n)-1/(v+n+l)) 

and both series are uniformly convergent over their range 

of validity. 

Proof 

Substitute for anci from (3.5) 

into (3 .1) and differentiate with respect to l;; set 

l; = 1T/2. We obtain (writ:i.ng x = cos 8) 

(3.17) 

·Pm(x)P
7
m(0)(1/(v-n)-l/{v+n+l)) 

n n 

0 < X < 1 
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Validity of the term""by-term differentiation of (3.5) 

follows from the uniform convergence of (3.17) which was 

proved in Lemma 3.l. 

Now (2.16) and (2.17) give 

(3.18) 

(3.19) 'm m+l -2 
P (0) = 2 TI 2 sin(~(v+m)TI)f(l+~v+~m)/f(~+~v-~m) 

v 

From (3.18) and (3.19) and definition (3.6) we find 

Yv,mP~(O)P
1

~(0) 

=~. 2 2m+ln- 1~sin((m+v)n)(f(l+v+m)/2 1+v+m-l) 
v ,m 

I< r < l+v-m) I 21+')-m-l) 

(3.20) 

where we have used Legendre's duplication formula (2.8) for 

gamma functions, namely 

(3.21) 

Multiplying both sides of (3.17) by P~(O) and using 

(3.20) we obtain (3.15), namely 

(3.22) Pm(x) = Pm(O)E 00 (-l)n+my Pm(x)P
1
m(O) 

v v n=m n,m n n 

•(lAv-n)-1/(v+n+l)) 

Similarly by multiplying both sides of (3.1) by p'~(O) 

and setting ~ = TI/2 we find (using (3.20)) that 

(3.23) Pm(x) = p'm(O)E 00 (-l)n+m Pm(x)Pm(O) 
v v n=m Yn~m n n 

•(l/(v-n)-1/(v+n+l)) 

as required. 
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Uniform convergence of both (3.22) and (3.23) follows 

from Lemma 3.1. 

We are now in a position to derive our basic new identi-

ties, which we do in the following theorem. 

Theorem 3. 3 

For all m,~ € N, ~ > m and for all x € (0,1), 

(3.24) P~(O)E~n-m(-l)n+my Pm(x)P'm(O)(l/(~-n)-1/(~+n+l)) 
~ n~~ n,m n n 

= ~(1+(-l)~+m)P~(x) 

(3.25) p'~(O)E00n_m(-l)n+my Pm(x)Pm(O)(l~~-n)-1/(i+n+l)) 
~ n~~ n,m n n 

_ , i+m m 
- ~(1-(-1) )P~(x). 

The convergence is uniform. 

Proof 

Consider equation (3.15). For some ~ > m we may re-

write it as 

(3.26) P~(x) = (-l)~+mp~(O)y~,mP~(x)P,~(O)(l/v-~)-1/(v+~+l) 

+ Pm(O)Eoo (-l)n+my Pm(x)P'm(O) 
v H~f n,m n n 

•(1/(v-n)-1/(v+n+l)) 

\ve now wish to go to the limit v ~ ~ e N. The only 

piece of (3.26) for which this limit is not smooth is the 

first term of the dexter which reads 



(3.27) 

32. 

lim (-l)~+mp~(O)y~,mp~(x)P
1

~(0)/(v-~) 
v-..~ 

i+m m m -! , ( ) ,r<i+~V+im> = lim (-1) YR.,mP~(x)2 ~ cos<2 v+m ~ f(l+lv-}m) 
v+~ 

(using 

(3.18) and (3.19)) 

( from ( 3 • 21)) 

1+m 2 m = -(-1) sin (~(1+m)~)P~(x) (by definition (3.6)) 

Taking the limit v -> 9, e N of ( 3. 2 6) and employing 

(3~27) we see that the limit exists and gives 

.pm(x)P'm(O)(l/(~-n)-1/(~+n+l)) 
n n 

or 

(3.28) P~( 0) 1:
00 

( -l)n+my Pm(x) P 'm( 0 )( 1/ ( ~-n)-1/ ( Jl.+n+l)) 
N R~~ n,m n n 

= ~(1+(-l)~+m)P~(x) 

thus deriving ( 3 • 2 t~ ) • Proof of its uniform convergence 

follows similar lines to that of Lemma 3.1; we can allow 

v of Lemma 3~1 to be an integer ~ because the term 

n = ~ has been excluded from the summation in (3.28). 

We turn now to equation (3.16). Again separate out the 

term for n = 1, and take the limit v ..., ~ 9 N. The 

non-smooth term is 
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(3.29) 

(from (3.18) and (3.19)) 

~+m 2 m = (-1) cos (~+m)'IT)P~(x) 

= ~(1+(-l)~+m)P~(x) 

Substitute this limit into the term for n = t; 

(3.16) then gives 

( 3. 30) p'~(O)E~ (-l)n+my Pm(x)Pm(O)(l/(t-n)-1/(~+n+l)) 
~ H~f n,m n n 

which proves (3.25). Uniform convergence follows as in 

Lemma 3.1 like before. Q.E.D. 

Corollary 3.4 

From (3.18) and ( 3. 19 ) we deduce that 

P~(O) = 0 unless (m+n) is even 

t 

and p ~(0) = 0 unless (m+n) is odd 

whence (3.24) and (3.25) become 

(3.31) 

(3.32) 

0 < X < 1 
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Corollary 3.5 

Equations (3.24), (3.25), (3.31) and (3.32) hold for 

0 < X < 1. However, if -1 < x < 0 then 0 < -x < 1 and 

(-x) may be substituted into these four equations. From 

(2.14) we deduce that 

(3.34) 0 < X < 1 

We obtain for -1 < x < 0 

( 3. 35) 

(3.36) 

(3.37) 

(3.38) 

and the convergence is uniform. 

Note that the dexters of (3~35) - (3.38) are opposite 

in sign to those of the corresponding identities for 

O<x<l. 

Having derived identities uniformly convergent for 

0 < lxl < 1, we now investigate whether we can extend our 
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identities to include the points x = 0, ! 1. 

Corollary 3.6 

Equations (3.24), (3.25), (3.31), (3.32) and (3.35) -

(3.38) can not be extended to include the points X : +1 -
unless m = 0, in ~-Jhich case they reduce to 

( 3. 39) 
00 ' R. Pn(O)E P (0)(1/(R.-n)-1/(R.+n+l)) = --21 (1+(-1) ) 

x- n-o n 
n~x. 

' 00 R. P n(O)E P (0)(1/(R.-n)-1/(R-+n+l)) = -21 (1-(-1) ) 
x- n-o n 

ntR. 

Proof 

From (2.23) for m > 0 we have 

(3.40) as X -+ 1 

and our identities become trivial at x = 1. 

Also 

(3.41) (by (3.5)) 

+ oo as x + -1 (by (2.26)) 

and we cannot extend our identities to the point x = -1 

if m > o. · 

If m = 0 we use (2.27) 

Pn(l) = 1 

P (-1) = (-l)n 
n 

to obtain (3.39); the validity of substituting x = !1 1n 

this case comes from the fact that identities (3.39) can 

be d~rived starting from (2.45) using the methods of 

Theorem 3. 3. 
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Corollary 3.7 

The sinisters of relations (3.24), (3.31), (3.35) and 

(3.37) are identically zero if we set x = 0. 

Proof 

From (2.16) and (2.17) 

(3.42) 

vJe now demonstrate the power of Theorem 2.1 by rederiving 

(3.31) assuming (3.32), and then (3.35) assuming (3.36). 

Let 

(3.43) fCel,<l>l) = {P~(cos el)cos(m ¢1) 
{ 

'IT { 0 < el .::. 2' 0 < ¢1 < 2'1T 
{ -
{0 ! < el < 'IT, 0 < <1>1 < 2'1T { 2 - -

{a) Choose e1 € (Q,'IT/2) i.e. a point of continuity of 

f<e 1 ,¢1 >, which function obviously sat.isfies the con­

ditions of Theorem 2.l.from which we obtain (using 

addition theorem (2.34)) 
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(3.44) 
1 

=Loo y ~(2n+1)(/ dxPm(x)P~(x))Pm(cos e1 )cos(m ~ 1 > 
n=o n,m 0 n A n 

Now (2.20) gives (using (3.7)) 

whence 

(3.45) 

' 1 
(n-A)(n+A+1)/ dxPm(x)P~(x) 

0 n A 

= [xCn->.)Pm(x)P~(x) + Pm(x)P
1

~(x)-P
1

m(x)P~(x~ 1 
- n A n A n A o 

1 
2n+ 1 (1/(A.-n)-1/(J.+n+l)) 

Substituting (3.45) into (3.44) gives 

P~(cos e ) - ~roo y (Pm(O)P
1

~(0) 
A 1 - n=o n,m n A 

·(1/(J.-n)-1/(A.+n+l)) 

(3.46) 

- ~roo y p'm(O)P~(O)(l/(A.-n)-1/(J.+n+l))Pm(cos 6
1

) 
R~~ n,m n A n 

Now take lim of (3.46) and utilize (3.27) and (3.29) 
J.+~8N 

(writing x = cos 6~ to give 
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t:Je can now combine the above results into 2 basic identi-

ties, valid over the entire range (-1,1). 

the following two theorems. 

We do this in 

Theorem 3.8 

The series 

P
1

~(0)E 00 
y Pm(x)Pm(O)(l/(Jl.-n)-1/(Jl.+n+l)) 

JV n=m n,m n n 

is uniformly convergent on the interval (-1,1) to 

X > 0 

X : 0 

X < 0 

Proof 

Defining f(e1 ,~ 1 > by (3.43) choose e1 = O, the 

point of discontinuity of f. Theorem 2.1 then gives 

.whence 

(3.51) 

~(O+P~(O)cos(m ~ 1 >> = E~ y ~(2n+l) 
n=o n,m 

P~(O) 
t 

= Yt,mp~(O)P ~(0)(1/(A-Jl.)-1/(A+Jl.+l))P~(O) 

(where we have used (3.45) and (3.42)). 

Taking lim of (3.51) we obtain (using (3.29)) 
A-+Jl.€N 

(3.52) 

= ~(1-(-l)Jl.+m)P~(O) 

= 0 (by (3.18)) 
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(3.47) 

.(1/(~-n)-1/(~+n+l)) 

- P~(O)E 00 
y p'm(O)Pm(x)(l/(~-n)-1/(~+n+l)) 

IV H~~ n,m n n 

0 < X < 1 

But by (3.32) 

(3.48) p'~(O)E00 
y Pm(O)Pm(x)(l/(R.-n)-1/(~+n+l)) 

IV H~~ n,m n n . 

0 < X < 1 

and (3.47) becomes 

( 3. 49) P~(O)E 00 
y p'm(O)Pm(x)(l/(~-n)-l/{1+n+l)) 

IV n~~ n,m n n 

m ~+m m = -P1 (x)+i(l-(-l) )P~(x) 

= -i(l+(-l)~+m)P~(x) 0 < X < 1 

which is (3.31) as required. 

(b) Similarly choosing e1 e (~/2,~) we obtain (x = cos e1 

and hence -1 < x < 0) 

0 = i<l+(-l)~+m)P~(x)+~(l-(-1) 1+m)P~(x) 

+ p'~(O)E 00 
y Pm(O)Pm(x)(l/(1-n)-1/(~+n+l)) 

IV n~~ n,ffi n n 

- P~(O)E 00 
y p'm(O)Pm(x)(l/(~-n)-l/(1+n+l)) 

IV n~~ n,ffi n n 

whence (using (3.36)) 

(3.50) P~(O)E 00 
y p'm(O)Pm(x)(l/(1-n)-1/(~+n+l)) /(; H~r n,m n n 

= P~(x)-i(l-(-l)~+m)PT(x) 

= lCl+(-l)~+m)P~(x) 

which is ( 3. 35) .as required. 

-1 < X < 0 
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Define 

_ P
1

~(0)E 00 
y Pm(x)Pm(O)(l/(R--n)-1/(R-+n+l)) 

Jfv n=m n,m n n 

and 

F(x) - { ~(1-(-l)~+m)P~(x) X > 0 
{ 
{ 0 X = 0 
{ 
{-~(1-(-l)i+m)P~(x) X < 0 

By Corollary 3.4 SR-in(x) lS uniformly convergent to 

F(x) for X € (0,1)' 'and by Corollary 3.5 stm(x) lS 

uniformly convergent to F(x) for x € (-1,0). Finally 

from (3.52) we see that S~m(O) = F(O). Hence by Lemma 2.5 

s2m(x) is uniformly convergent to F(~) on (-1,1). 

Q.E.D. 
Theorem 3. 9 

The ser1es 

converges on the interval (-1,1) to 

{-~(1+(-l)i+m)Pm(x) X > 0 . 2 1 
{ 
{ 0 X = 0 
{ 

~(1+(-l)i+m)P~(x) { X < 0 

The convergence is uniform on any interval which excludes 

the origin. 

Proof 

Define 

and 

G(x) 

_ P~(O)E00 
y Pm(x)P

1

m(O)(l/(~-n)-l/(1+n+l)) 
;v n2m n,m n n 

Dr! 

- {-~(1+(-l)!+m)P~(x) X > 0 
{ 
{ 0 X : 0 
{ 
~(1+(-l)!+m)P~(x) { X < 0 
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Uniform convergence of T~m(x) to G(x) on 

(-1,0) U (0,1) was proved in Corollaries 3.4 and 3.5. 

From Corollary 3.7 we see that 

T~m(O) = 0 = G(O) 

since each term of T~m(O) is zero. 

Hov1ever, for ( ~+m) even 

lim G(x) = -P~(O) f- 0 
x+o+ 

and 

lim G(x) = P~(O) t 0 
x+o·· 

(for (~+m) odd both sides are identically zero) 

Hence no uniform convergence is pos-sible in any neigh·· 

bourhood of the origin. Q.E.D. 

We can expi'es s the results of Theorems 3. 8 and 3. 9 in 

a compact form if we define E(x) by 

(3.54) E(x) = {+1 
{ 
{ 0 
{ 
{-1 

X > 0 

X : 0 

X < 0 

Then Theorems 3.8 and 3.9 become 

(3.55) 

and 

(3.56) 

-1 < X < 1 

-1 < X < 1 
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A third, related, identity is found by differentiating 

(3.51) with respect to x, giving 

(3.57) 

-1 < X < 1 

That this step is a valid one follows from the uniform 

convergence of (3.57) in (-1,0) U (0,1) which is proved 

analogously to Lemma 3.1 and Corollary 3.5. The series 

vanishes at x = 0 as can be seen from Corollary 3.7. 

Setting x = -x in equations (3.55), (3.56) gives 

(3.58) 

-1 < X < 1 

(3.59) 

-1 < X < 1 

A similar result can be derived from (3.57). 

In many applications (see on) we are required to 

evaluate E~=m rather than E~~~· To do this we merely 

re-insert the n=£ term which we have evaluated using 

limits (3.27) and (3.29). 

(3.60) P~(O)E~ y Pm(x)P
1
m(O)(l/(£-n)-l/(t+n+l)) 

~ n=m n,m n n 

-1 < X < 1 

and setting x = -x 
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(3.62) 

-1 < X < 1 

(3.63) 

-1 < X < 1 

Similar identities follow from ( 3. 57). 

Uniform convergence for equations (3.55) - (3.63) is the 

same as that of the respective parent equation from which 

each is derived. 
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C H A P T E R 4 

A P P L I __ .f_!}' T I,_o N S 

We begin with the problem which led to the author's 

interest in Dougall Identities for integral values of v. 

Define 

and try to 

functions 

(4.1) 

f(x) - {P~(x) 
{ 
{0 

expand f(x) as 

oo m f(x) = ~ c P (x) 
s=o s s 

0 < X < 1 -· 
-1 < X < 0 

a series of Legendre associated 

In order to find the {cs} multiply both sides of (4.1) 

by P~(x), and.integrate over (-l,l) 

• - . . 1 m oo 1 m 
~ 1dxf(x)Pn(x) = Es=ocs f dxPs(x)P~(x) 

-1 

2 -1 = c -- y n 2n+l n,m (by (2.21)) 

1 
(4.2) • . . en - 1 (2n+1)v f dxP~(x)Pm(x) 2 

• • n ,m 0 ;v n 

o(l/(JI.-n)-l/(JI.+n+1)) 

(using (3.45)) 

Using the c of equation ( 4. 2) , can He now exp1ici t1y 
n 

sum En cnP~(x); and if so, does it converge to f(x)? 

= ~P,~(O)E00 
y Pm(O)Pm(x)(l/(JI.-n)-1/(t+n+1)) 

;v n=m n,m n n 

- lP~(O)E00 
y . P

1

m(O)Pm(x)(l/(!-n)-1/(!+n+1)) 
;v n=m n,m n n 

- !{-!(1+(~l)!+m)P~(x)E(x)-!(l-(-1) 1+m)P~(x)} 

(by (3.61~ (3.60)) 
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= ~P~(x)e(x) + ~P~(x) 

X > 0 

X : 0 

X < 0 

We see that the ser1es converges to the required value 

except at the point of discontinuity; the result at x = 0 

does not surprise us bearing in mind Theorem 2.1. 

Dirichlet Green's Function for the Half Space 

We require the following basic results from the theory 

of Green's functions. 

Definition 4.1 

Let r denote a point 1n R3• 

tve define the Dirichlet Green's Function G(_£1 ,r2) for 

a volume V bounded by a surface S as follows: 

Write 

Then U<.!:1 ,,£2>, the regular part of the Green's function, 

satisfies 

(i) 2 0 'iJ U(_£1'.!:2) = for all E1'E2 e v 

(4.3) (ii) U <.!:1 ,r2) = 1 
41T 1.!:1 -.!:21 

for all E1'.!:2 e s 

(iii) U(_!:l,_!:2) ... 0 as _!:1,_£2 ... ()() 

Lemma 4.2 (Uniqueness) 

Conversely, if any harmonic function U(r1 ,_E2 ) satisfies 

(i), (ii) and (iii) of (4.3) then 

- 41Tl_E~-.E 2 1 + U(_!:l,_!:2) 

is the Green's function for the volume V. 
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Proof 

Let there be two distinct Green's functions, namely 

Then G1 - G2 = u1 - u2 is a harmonic function everywhere 

in V and vanishes everywhere on S. Hence (Kellogg,l~29, 

Chapter VIII, Theorem II) 

everywhere in V and on S, and the Green's function is 

unique. 

Lemma 4.3 

For any function ~(r) harmonic in V 

(4.4) 

where denotes differentiation along the normal out 

of V. 

Proof 

See (Kellogg, 1927, page 237). 

Corollary 4.4 

Choose ~(_£) to be the regular part of the Green's 

function. (4.4) then gives (using Definition 4.1 and 

equation (4~3)) 

(4.5) U(_£2,_£3) I dS1U<r1 ,_£ 3 ) d 
G(_£1 '£2) = 

anl s 

I dS 1 
1 d 

G(_El,r2) r2 ,_£3 e v = 
4TII£1-£31 anl s 



Suppose we are working in an orthogonal curvilinear 

1 2 3 system of coordinates (u ,u ,u ) in \'17hich Laplace's 

47. 

t . n 2,'·(u1 ,u2 ,u3) -- 0 . bl (M d S equa ~on v o/ ~s separa e · oon an pencer, 

19 52). The solution can be expressed in the form 

$(ul,u2,u3) = $l(ul)~2(u2)$3(u3) 

If at least one of the functions $i(ui) is a Legendre 

associated function P~(xL)'. xL being a function of ui 

alone, then, as previously mentioned in the Introduction, 

our identities are applicable to bodies bounded by two 

surfaces one of which is given by xL = 0 and the other is 

defined independently of xL. 

Consider the half space z > 0. In spherical polar 

coordinates (where the solution to Laplace's equation takes 

the form rnP~(cos 8)cos(m ~)) the bounding surface z = 0 

is given by XL =.cos e =cos <in) = o. 

is the hemisphere at infinity~) 

(The other surface 

We now construct the Dirichlet Green's function for the 

half space z > 0 or, in spherical coordinates, 0 < a~ ~n. 

G(£1 ,r2> is the potential at El = (r1 ,e1 ,~ 1 > due to 

a unitpoint charge at ! 2 = <r2 ,e 2 ,~ 2 ) in the presence of 

an earthed conductor at z = 0. By the method of images, 

if a point charge of -1 be placed at E~ = <r2 ,n-e 2 ,~ 2 > 

which is the reflection of ! 2 in the plane z = 0, the 

potential vanishes everywhere on the plane. 

(4.6) 

Since r = r~<c -2 -2 on the plane (or 

G(£1 ,!2> vanishes there and conditions (4.3) are clearly 

satisfied for z1 ,z 2 ~ 0, by the uniqueness theorem 
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(Lemma 4.2) equation (4.6) 1s the Green's function for the 

half-space. 

Let us now express (4.6) in spherical coordinates 

(r,B,¢) using the expansion (Morse and Feshbach, 1953, 

equation 10.3.37) 

(4.7) 

where r<(l,2) = min <r1 ,r2 > 

and r>(l,2) = max Cr1 ,r2 > 

Em and Yn,m are defined by equations (2.33) and (2.9) 

respectively. 

Recall (2.14), namely 

( 4. 8) 

P~(cos(n-8)) = P~(-cos 8) 

U(.£1~.£2) = 

= (-l)n+mpm(cos 8) 
n 

l 
4Tr I r -r;': I -1 -2 

o < e < ~n 

00 
r~(l,2) 

.En (-l)n+my = (l/47T).E 
n=o r~+l(l, 2 ) m=o n,m 

m· n 82 )Emcos(m(¢1-$2 >> .p (cos e 1 >P~(cos n 

G(_£1,_£2) 
00 

r~( 1, 2) 
.En (l-(-l)n+m) = -(l/47T).E 

n=o rn+lci 2) m=o Yn,m 
> ' 

(4.9) 

·P~(cos e 1 )P~(cos e 2 )Emcos(mC~ 1-$ 2 >> 

In order to demonstrate our iqentities let us verify 

that GC_£1 ,,£2 > satisfies (4.5), namely 



(4.10) 

From (.4.7) 

(4.11) 1 

Also 

(4.12) _a_> 
anl r on S 

-1 
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"'· = -z·l.'i/1)8 _, 
- l-21T 

. a 1 a 1 a 
= -(cose 1 ,-s~ne 1 ,o>.<~,-r: ~e 'r ·ne o;:;-a>~ 

orl ·1 ° 1 1 s~ 1 ° 1 -l=~1T 

whence using expansion (4.9) 

(4.13) _a_ G ( .£1 ,.£2 > > V\ 

anl ~l 

R, 
00 

r<(l,2) 

On S = (l/47Tr1 >rn=o ~n~1----
}<., r;+ (1,2) 

Further 

( 4.14) 
21T 

f
0

ct¢ 1cos(m(¢1-¢ 2))cos(q(¢1-¢ 3))=(2w/Em) 

•8 cos(mC¢ 2-• 3 >J m,q 

We will also be using the identity 

(4.;15) 



In spherical coordinatss 

(4.16) fds = 
s 
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Substituting (4.11) and (4.13) into the dexter of (4.10) 

and employing (4.16) and (4.14) we obtain 

·P~(cos e 2 >P~(O)P~(cos 8 3) 

t n 
oo r<(l,2)r<(l,3) •( r drl ~--=------.-..,-,......__--) 
0 r!+ 1 (1,2)r~+l(l,3) 

Let us perform the indicated integration. Without any 

loss of generality we may assume that 

since p'~{O)P~(O) ~ 0 (cf. (3.42)) 

Further, 

n can never equal 

in ( 4.17). Thus the integral with respect to rl is 

equal to 
r2 t+n r3 t n-1-1 J1. n 

rl r2rl 00 r2 r3 
(4.18) f dr1 t+l n+l + f dr1 n+1 + f drl n+1+2 0 r2 r3 r2 r3 r3 rl 

•(1/(i-n)-1/(t+n+l)) 

Inserting (4.18) into (4.17) and making use of identity 

(4.15) for t and n in turn we obtain 

oo n n+l n m dexter of (4.10) = -(1/8~)r _ <r
2
/r3 >rm_

0
y P (cos 6 3 ) 

n-o - n,m n 

·{P~Co>rf~W(1-(-l)t+m>Yt,mp'~<o>P~(cos 82 ) 

·(1/(n-1)-l/(n+1+1))}Emcos(m(•2-• 3 >> 

,oo 1 1+1 t 1+m m -(l/8n)E 0 _ <r2/r3 )r _ Yn (1-(-1) )Pn(cos 62 ) N-o m-o N,m N 
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vle. employ identities (3.55) and (3.58) in the first set 

of braces and (3. 56) in the second (interchanging 1 and n) 

to obtain (since 0 ~ a2 ,e 3 < ~n) 

(see (4. 8)) 

= sinister of (4.10) as required. 

Dirichlet Green's Function for the Prolate 
Hemisphero1d 

In order to demonstrate that our identities are useful 

for solving problems not only in spherical polar coordinates 

but also in all other coordinate system in which the solution 

to Laplace's equation is given in terms of Legendre 

associated functions, we now carry out a similar calcula-

tion in prolate spheroidal coordinates to verify explicitly 

identity (4.5) for a prolate hemispheroid. 

In prolate spheroidal coordinates (~,n,cJ>) the solution 

to Laplace's equation has the form P~<n>Q~(~)cos(m ~). 
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The plane face of the prolate hemisphe~oid is the surface 

n = 0; .the curved surface is given, independently of n as 

required, by the equation t; = a. > 1. Thus we are once 

again in a situation in which our identities may be applied. 

Prolate spheroidal coordinates are formed by rotating 

elliptical coordinates about the major axis. Suppose that 

the foci of the spheroid are at x = 0, y = 0, z = ;tla. 

Define the prolate spheroidal coordinate system 

(t;,n,~> as follows: 

X = la ~ 2 2 <t; -1)(1-n > cos ~ 

y = la /u; 2-l>< 1-n 2 > sin <t> 

z = la t;n 

with ., 
,:· 

1 < t; < co, -1 < n < 1, o < ~ < 21r 

then 

( 4.19) ht; = ~ !a 
t; 

A2 2 h = ~a t; -n 
n 2 2 

1-n 

h<t> = ~a /u; 2-l> < 1-n 2 > 

In this system (Morse and Feshbach, 1953, equation 

10.3.53; but see note) 

(4.20) 

·Pi(t;<(l,3))Qi<t;>(l,3))E cos(q($1-¢ 3>> 
. q 

where t;<(1,3) = min(t;1 ,t; 3) 

t;>(1,3) = max<t;1 ,t; 3> 
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The prolate hemispherol.d is the b6dy bounded by the sur-

faces r = a, z > 0 and r < a, z = 0, or in prolate 

spheroidal coordinates 

(4.21) SH = {(~,n,~>l~ =a, 0 < n < 1, o < ~ < 2n} 
I 

and 

where a is a constant greater than 1. 

Hence 

(4.22) 

Clearly G(£1 ,!2 > vanishes for n1 or 

~> = a, and has the required - ~ 1 · I 
4nlrl-!2 

n = 0 and 2 

singularity 

for near By Lemma 4.2, (4.22) is the Dirichlet 

Green's function for the interior of the prolate hemispheroid. 

Let us verify that G(E1 ,E2 > satisfies (4.5), namely 

(4.23) 

We have that 

(4.24) 

The sign of (4.24) follows from the fact that the outward 

normal goes from ~ < a to ~ > a, and hence the deriva-

tive must be taken in the direction of ~ increasing. 
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Now 

(4.25) a ~1 {P~c·;2) Q~( ;1) -P~( ;1) P~( ;2) < Q~( a) /P~( a))}) ;1 =a 

since by (2.10) the Wronskian of 

given by 

(4.26) 

From (4.22) and (4.25) we see that 

(4.27) 

and 

• ( 1-(-l)n+m)y n ,mP~( n 1 ) P~( n 2 ) ( P~( ~ 2 ) I 

is 

Let us split up the dexter of (4.23) into r 1 and I 2 , 

where 

(4.28) 

( 4. 29) 

(SH and SF were defined in ( 4. 21)). 

From (4.28), using (4.19) and (4.24) 

(4.30) 
1 2n 1 

I1 = ia/ dnlf. d~1(hnh~/h;><4nlr -r I 
0 0 -1 -3 
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Substitute for from (4.20) and for ~ 
a~l 

from (4.27) to give (using (4.15)) 

(4.31) I 1 = (l/4~a)L~=oL!=oL~=m(2t+l)(2n+l)(-l)m(l-(-l)n+m) 

• 2 m m 1 m m 
Yt,mYn,mPt<na>Pn<n2) <f 

0 
dnlPt<nl>Pn(nl» 

·P~<~ 3 )Q~(a)(P~(~ 2 )/P~(a))emcos(m($2 -$ 3 )) 

= (l/4~a)L~= 0 (2t+l)L!=o(-l)myi,mP~(n 3 >P~(~ 3 >Q~(a) 

•{L~ (1-(-l)n+m)y (l/(t-n)-l/(t+n+l))Pm<n
2

> 
n=m n,m n 

where we have used (3.45) to evaluate the integral~ 

(4.32) 

•(P~<~ 2 )/P~(a))(l/(t-n)-l/(t+n+l)) 

By (3.60) and (3.62) (since from (4.23) 0 < n 2 < 1) 

g(~2 ,n 2 ,$ 2 > vanishes on the surface ~ 2 = a; g is a 

harmonic function of <~ 2 ,n 2 ,~ 2 > and hence 

inside its radius of convergence (iee. for ~ 2 ~a), or 

(4.34) 

.pm(a))(l/(t-n)-1/(t+n+l)) 
n . 



SiJl}i.larly (using (3.61) and (3.63)) 

(4.35) 

•Pm(a))(l/(1-n)-1/(i+n+l)) = 0 
n 

Substitute (4.34) and (4.35) into (4.31) to give 

( 4. 36) 

Now consider r 2 (equation (4.28)) 

(4.37) 
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The minus sign follows from the· fact that the outward normal 

is from z > 0 to z < o, i.e. from n > 0 to n < o. 

Now 

(4.38) 

where G<r1 ,,£2> is given by equation (4.22). 

From (4.19), for n = 0 

(4. 39) 

Substitute (4.20), (4.37), (4.38) and (4.39) into (4.29) 

·to give 

(4.40) 

= (l/4~a)E~ E1 E~ En 6 (-l)m+q(21+1)(2n+l) 
i=o m=o n~o q=o q,m 
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It is clear from the presence of the product 

o P~(O)P
1

m(O) that n cannot equal q,m ~ n 

any loss of generality, that ~ 2 < ~ 3 • 

£. Suppose,without 

Then the integration 

over ~l can be written as 

(4.41) 

·P~(a))}P~(~l)Q~(~ 3 ) 

~ 
+ I 3d_ {Pm(~ )Qm(~ )-Pm(~ )Pm(~ )(Qm(a)/ 

t ~1 n ~2 n 1 n 1 n 2 n 
2 

·P~(a))}P~(~ 1 )Q~C~ 3 ) 

a 
+ I dtl{Pm(~2)Qm(tl)-Pm(~l)Pm(~2)(Qill(a)/ 

~ · n n n n n 
3 

·P~(a))}P~Ct 3 )Q~(~l) 
t = Qm(t )Qm(~ lf 2d~ pill(~ )Pill(~ ) 

n 2 £ 3 1 1 n l £ l 

s 
- (Q~(a)/P~(a))P~C~ 2 )Q~C~ 3 lf 1

3 ct~ 1P~C~ 1 )P~<s 1 ) 

[ 
+pill(~ )Qm(- )/~3 dt Qm(t )Pill(~ ) 

n 2 £ ~3 t 1 n 1 £ 1 
2 

a 
+ Pm(~ )Pm(~ l/ d~ Qm(~ )Qm(~ ) 

n 2 1 3 ~ ~l n · 1 1 1 
3 

a 
- (Q~(a)/P~(a)W~<~ 2 )P~(~ 3 )f~ ctt1P~<~ 1 lQ~<~1 l 

3 

Now by (2.20) jf ~ n' are any two solutions of 

Legendre's differential equation (2.1) 
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(4.42) 

= [~<n-~)M~( z)H~( z)+( ~+m)M~( z)H~-l ( z) 

- (n+m)M~-l ( z )M~( z )] ~ 

But from (2.31) 

(4.43) 

and dexter of (4.42) becomes 

(4.44) 

Inserting this result into (4.41) we see that 

(4.45) (n-~)(n+~+l)If; 

t 

-P~(a)Q ~(a)} 
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where we have used (4.26). 

. . (4.40) gives (using (4.15)) 

(4.46) oo t m 2 m I 2 = -(1/4na)~o- (2Jl,+1)~ _ (-1) Yn Pn<n 3 > 
~-o m-o · ~,m ~ 

•(1/(t-n)-1/(t+n+1))} 

~ n m n+m 2 - (1/4na)~ (2n+1)~ (-1) (1-(-1) )y n=o m=o n,m 

m m {m m m m } ·Pn(n2)Pn(~2) Qn(~3)-(Qn(~)/Pn(~))Pn(~3) 

•{P
1

m(O)E~- Yo P~(O)P~Cn 3 )(1/(n-R,)-1/(n+t+1))} . n ~:zm ~ ,m ~ ~ Jl,,..n . 

·e:mcos(m(ct> 2:-ct> 3 >> 
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The first sum is evaluated by taking the difference 

between (3.55) and (3.58) to give 

Pm(O)too. (1-(-l)n+m) p'm(O)Pm( ) 
£ n-m Yn m n n n2 

n~x, ' 
(4.47) 

•(1/(!-n)-1/(i+n+l)) 

(since n2 > 0 from (4.23)). 

Using a technique similar to that employed in deriving 

(4.34) we obtain for the second sum (from (3.55) and (3.58)) 

(4.48) 

·(1/(1-n)-1/(i+n+l)) 

The third sum of (4.46) is evaluated using (3.56), namely 

(4.49) 'm oo m ·m P (O)tn_ Yn Pn(O)Pn<n 3 )(1/m-1)-l/(n+i+l)) 
n ~~w Al,m AI AI 

= 1(1-(-l)n+m)Pm(n ) 2 n 3 

Substituting (4.47) - (4.49) irito (4.46) we see that 

(4.50) 
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( . 
Adding {4.36) and {4.50) and compar1ng with {4.22) we see 

~~ 

dexter of {4.23) = r 1 + I 2 

= sinister of {4.23) as required.· 



C H A P T E R 5 

EXTENSION TO OTHER POLYNOMIALS 

In this chapter we study certain functions p (x) 
v 

which satisfy Dougall identities analogous to (2.35) -
'\ 

(2.37), namely 

·(1/(v-n)-1/(v+n+l)) 

for v 8 R~I, Dv constant, x,y 8 XC (a,b), 
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and investigate whether or not these functions also satisfy 

identities of the type (3.55) and (3.56), viz. 

for R. e N, for some constant. 

We will refer to the former as D-type identities, and to 

the latter as s-type identities. 

Meulenbeld and van de Wetering (1967) have derived a 

D-type identity for the generalized Legendre associated 

function (or GLAF for short) P~'n(x). Hence those 

functions which can be expressed in terms of GLAFs 

(e.g. the Jacobi function P(a,S)) will satisfy aD-type 
v 

·identity for non-integral v, as will those which can be 

expressed in terms of Legendre associated functions (such 

as Gegenbauer or ultraspherical functions c<>->> v • Thus 

the set {pv(x)} is certainly non-trivial. 

In searching for such functions we will consider only 

those functions which are generalizations of the classical 

orthogonal polynomials pn(x) to the case of non-integral n 
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by expressing pn(x) in terms of the hypergeometric function 

and replacing n by v, or by considering the original 

differential equation defining pn(x) and making the same 

replacement. We shall refer to such functions as general-

ized orthogonal functions. Before following this prograrrune 

we must recall a few basic properties of orthogonal poly-

nomials in order to generalize them later. 

Properties of orthogonal polynomials 

(The results of this and the following subsection are 

taken from (Erdelyi, 1953, Chapter 10) and (Szego, 1939)). 

Let {pn(x)jn = 0,1, •.• } be a sequence of polynomials 

of exact degree n, defined on the interval (a,b). 

Further let w(x), the weight function, be a non-negative 

function (measurable in the Lebesgue sense) for which 

b 
I dxw(x) > 0 

a 
b 

Then if f dxw(x)p.(x)p.(x) exists for all i,j eN 
a J. J 

(in Lebesgue's sense) we may define the scalar product 

If 

b 
( p · , p . ) = I dxw ( x) p . ( x ) p . ( x) 

J. J J. J a. 

(p.,p.) = 0 for i ¢ j 
J. J . 

then the sequence {pn(x)} is said to be a system of 

orthogonal polynomials. 

We can show that every orthogonal polynomial system is 

complete on (a,b) if the interval is finite. 

The classical polynomials have the intervals and weight 

functions given in the table below. 



a b 

(i) 0 co 

(ii) -w co 

(iii) -1 1 

w(x) 

2 -x e 
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Name 

Laguerre polynomial 

L(a)(x) 
n 

Hermite polynomial 

Hn(x) 

Jacobi polynomial 

p<cx,(3)(x) 
n 

Some special cases of (iii) are 

(iv) a = (3 = A - ~ 

(v) a = (3 = -~ 

(vi) ex = a :: ~ 

(vii) a :: -a :: ~ 

(viii) a = B = o 

Ultraspherical (Gegenbauer) 

polynomial C(A)(x) 
n 

Chebychev polynomial of 1st kind 

T (x) 
n 

Chebychev polynomial of 2nd kind 

Un(x) 

Polynomial u 2n(cos(~8))=sin((n+~)8)/ 

·sin(~e) 

of cos e = x 

Legendre polynomial P (x) 
n 

These polynomials are characterized by three major 

properties: 

(I) 

(II) 

(5.1) 

' {p n(x)} is a system of orthogonal polynomials 

pn(x) satisfies a differential equation of the form 

A(x)y" + B(x)y' + A y 
n 

where A(:t~) and B(x) are independent of n, and An is 

independent of x. 

(III) There is a generalized Rodrigues formula 



(5.2) 1 
pn(x) = K w(x) 

n 
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where Kn is a constant and X is a polynomial of degree 

at most 2 in x whose coefficients are independent of n. 

Conversely, any one of these properties characterizes 

the classical orthogonal polynomial in the sense that any 

system of orthogonal polynomials which has one of these 

properties can be reduced to a classical system. Thus by 

considering only the classical orthogonal polynomials we 

nevertheless are including a wide range of functions. 

From (5.2) we can deduce that the differential equation 

for has the form 

(5.3) 

where 

(5.4) 

with k1 the coefficient of x 1n p1 (x), K1 and X as 

defined in (5.2). 

The self-adjoint form of the differential equation is 

(5.5) d (Xw(x) dy) + A w(x)y = 0 
dx dx n 

Since X 1s at most quadratic in x, and p
1

(x) 1s 

a linear function of x, (5.3) can be reduced to the 

hypergeometric equation or one of its special or limiting 

cases. 

The recurrence and differentiation formulae 

Let k ~ n' n 
be the coefficients of xn, xn-l re-

spectively in pn(x); 

Then (Szego, 1939, equation (3.2.1)) 
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(5.6) n = 0,1,2, ••• 

where 

A = kn+l1kn n 

(5.7) B = A (r +l-r ) n n n n 

en A h /(A 1h 1 > 
. 2 

= = k +lk lh /(k h 1) n n n- n- n n- n n n-

This can be shown as follows: 

( 5. 8) 

and is hence a polynomial of degree n or less. By the 

completeness property of the orthogonal polynomial pn(x) 

we may therefore expand (5.8) as 

and 

Thus 

and 

By the orthogonal property of {pn(x)} 

<Pn+l'pq) = 0 q < n -
(xpn,pq) = (pn,xpq) 

= 0 q < n - 2 -

. . . = 0 

-An (pn ;xpn-1) = Yn-1 (pn-1 ,pn-1) 

= Yn-1hn-l 

now xpn_ 1 (x) - (kn_ 1 /kn)pn(x) is a polynomial of degree 

n-1 or less, and therefore is orthogonal to Pn' whence 

···.;:.•. 



or 

-Anhn(kn-1/kn) = y h n-1 n-1 

= -c n 

Compare coefficients of xn on both sides of (5.6). 

We obtain 

= A ~ + B k n n n n 

or A r k + B k n n n n n 

or r +1A = A r + B n n n n n 

6 7. 

We now come to the differentiation formula (E 10.7(4)) 

(5.9) (a +~nX"x)p (x)+l3 p 1 <x> n n n n-

where 

(5.10) an = nX' ( 0) - ~X"r 
2 n 

An 13 n = -Cn(klKl + (n-~)X") 

where X, Kl are defined J.n (5.2), rn and k 1 in (5.6) 

and A n'cn in ( 5 • 7 ) • 

The proof of (5.9) appears 1n (Tricomi, 1948, pages 

212-215) and is based on the fact that 

Xp ' ( x ) - ~ nX" xp ( x ) 
n 2 n 

is a polynomial of degree at most n and hence J.s of the 

form 

The coefficients an' Yq are then determined by the 

orthogonatity property; (5.5) is used to determine Bn· 
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Generalized orthogonal functions 

Since pn(x), the solution of (5.3), is a hypergeometric 

function or one of its special or limiting cases, let us 

define the generalized orthogonal function z = pv(x) to be 

the solution of the equation ( cf. ( 5. 3) ) 

(5.11) d 2z ( dz 
X dx2 + Klpl x) dx + AVZ = 0 

where 

Further, by replacing n by v in (5.6) and (5.9) we 

obtain 

(5.12) p_
1
(x) = 0 

(5.13) 

This substitution of n by v can be justified rigorously 

by considering the appropriate hypergeometric function for 

each classical system and using Gauss' 15 relations between 
( 

contiguous hypergeometric functions (E 2.1.2) to deduce 

(5.12) and the differentiation formula for F(a,b; c; z) 

(E 2.8.20) to obtain (5.13) 

Armed with the above results we can now find a suffi-

cient condition for a generalised orthogonal function which 

satisfies a D-type identity to satisfy an s-type identity. 

Our main result follows from the following two theorems. 
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Theorem 5.1 

Let pv(x) be a generalized orthogonal function which 

satisfies a D-type identity, viz. 

(5.14) 

•(1/v-n)-1/(v+n+l)) 

with Dv constant, v € R~I, for all x,y € XC (a,b) 

Then a sufficient condition that pv(x) satisfies an 

s-type identity 

(5.15) 
00 

p~(x) = LR~~ s~ (xo)pn(x)(l/(~-n)-1/(~+n+l)) 

for ~ € N, for some x
0 

€ XC (a,b), constant, 

is 

(5.16) (a) Dvpv(x)p'v(y) = (sin(v~)/~)L00

n- (-l)nD p (x)p' (y) -o n n n 

•(1/{v-n)-1/(v+n+l)) 

is uniformly convergent for all x,y € X 

and 

rn € N. 

i+rn even 

(5.18) Si(x ) = -(2/~)cos(}(~+m)~){D /Do>{B M 1 <x
0

) n o n ·~ n n-

·(a' +l.X"x )} R, 2 0 

where 
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t+m odd 

( 5.19) 

Proof 

Differentiate (5.14) term-by-term with respect to y, and 

set y = x
0

; this step is valid by virtue of uniform con­

vergence condition (5.16) (which in turn implies uniform 

convergence of ( 5.14)). Multiplying both sides by X(x
0

) 

we obtain 

(5.20) 

Multiply both sides of (5.14) by (a +lvX"y) v 2 
and set 

y = x
0 

to give 

= (sin(V'IT)/1r)E
00 

(-l)nD p (x)(a +~vX"x )p (x ) n=o n n v o n o 

•(l/~v-n)-1/(v+n+l)) 

Subtract (5.21) from (5.20). Usi:Rg (5.13) we obtain 

(5.22) 

-(a +~vX"x )p (x )}(1/(v-n)-1/(v+n+l)) v o n o 

+(a +~nX"x )p (x ) n o n o 

-(a +~vX"x )p (x )}(1/(v-n)-1/(v+n+l)) v o n o 
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Now if 

then 

(5.23) 

Thus multiplying both sides of (5.22) by pv(x
0

) gives 

(5.24) 

= (2/n)p (x )E
00 

(-l)nD p (x){B p 1 <x )+(a +inX"x ) v o n=o n n n n- o n o 

•p (x )-(a +~vX"x )p (x )}(1/(v-n)-1/(v+n+l)) n o v o n o 

As in Chapter 3 separate out the term for n = i > 0 

(5.25) • 
• • 

i 
= (2/n)pv(x

0
)(-l) Dipi(x){Bipi_1 Cx

0
)+(ai+liX"x0 ) 

• pi (x
0

)-( av +~vX"x0 )pi (x
0

)} ( 1/ (v-i) -1/ ( v+i+l)) 

+(a +lnX"x )p (x )-(a +lvX"x )p (x )} n o n o v o n o 

•(1/(v-n)-1/(v+n+l)) 

Now take lim of (5.25) 
v-+i€N 

The only non-smooth term is 

(5.26) lim p (x )pn 
1

<x )/(v-i) 
v-+i v o ~- o 

= lim M (x )cos<l<v+m)n)Mi 1 <x )sin(l(i+m)n)/(v-i) 
v-+i v o - o 

= -<ln)Mi(x
0

)Mi_1 <x
0

)sin2<1<i+m)n) 
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Substituting this term into .lim of ( 5. 2 5) we obtain 
\)+R, 

(5.27) 

+(2/nHt<x )cos(~(R.+m)7f)L:
00 

(-l)nD p (x) 
~ o Rj~ n n 

.{a M 
1

<x )sin(~(n+m)n) n n- o 

.(1/(R.-n)-1/(R-+n+l)) 

'The identity becomes trivial unless we assume 

(5.28) 

Further 

and 

{l+(-l)R.+msin 2 (~(R.+m)n)} = {1 for (i+m) even 
{ 

cos(~(i+m)n) 

{0 for (i+m) odd 

= {(-l)~(i+m) for (i+m) 
{ 
{0 for (R-+m) odd 

We must therefore assume that (i+m) is even, and (5.27) 

then gives 

(5.29) 

+ ~(n-R-)X"x )cos(.~(n+m)n)}p (x)(l/(R.-n)-1/(.Q.+n+l))/ o n 

Now, sin(~kn) = 0 unless k is odd 

and cos(~kn) = 0 unless k is even 

therefore defining (cf (5.18)) for (R.+m) even 
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(5.30) R, 
S (x ) = -(2k)cos(~(R.+m)n)(D /Dn){S M 1 <x ) n o n ~ n n- o 

•sin(~(n+m)n)-M (x )((a -an)+~(n-R.)X"x ) n o n ~ o 

we obtain 

(5.31) 

as required. 

The corresponding identity for (R.+m) odd is found by 

setting y : X 
0 

in (5.14) and multiplying both sides by 

Pv_ 1 <x
0

); we obtain (using (5.23)) 

= (sin(vn)/n)E~ (-l)nD p (x)p (x )p 
1

<x ) 
n=o n n n o v- o 

•(1/(v-n)-1/(v+n+l)). 

Again separating out the n = R. > 0 term we obtain 

(5.33) 

Now 

(5.34) 

(-l)mDvMv(xo)Mv-l(xo)pv(x) 

R, . = (2/n)(-1) DR.pR.(x)pR.(x
0

)pv_ 1 <x
0

)(1/(v-R.)-l/(v+R.+l)) 

oo n 
+ (2/n)En_

0
(-l) D p (x)p (x

0
)pv 1 <x ) 

~ n n n - o 
nf-R, 

• (1/(v-n)-l(v+n+l)) 

lim p 0 (x )p 1 <x )/(v-R.) 
v+R. ~ o v- o 

= lim M0 ( x ) cos ( ~ ( R.+m)n )M l(x ) sin(l( v+m) 1T Jl( v• R.) 
N o v- o v+R. 

= ~nMR.(x0 )MR-_ 1 <x0 )cos 2 (~(R.+m)n) 



Thus taking lim of (5.33) we find 
v-+i€N 

(5.35) 
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·Mn ( x
0

) cos ( ~ (n+m) 1T) ( 1/(i-n) -1/ ( i+n+])) 

Again (5.35) reduces to a trivial identity unless we 

assume (5.28); further (i+m) must be odd, in which case 

and {5.35) reduces to 

{5.36) 

or defining 

(5.37) 

•cos(!(n+m)TI)p (x)(l/(.ll,-n)-1/(i+n+l)) 
n 

by ( cf ( 5. 19 ) ) 

where we have noted that (n+m) must be even, we obtain 

(5.38) 
~ .ll, . 

= IH~iSn(x0 )pn(x)(l/(1-n)-l/(.ll,+n+l)) 

as required. Q.E.D. 

Theorem 5.2 

Let pv(x) be a generalized orthogonal function which 

satisfies a D-type identity, viz. 

( 5. 39) 

•(1/(v-n)-1/(v+n+l)) 

with Dv constant, v € R~I, for all x,y € XC (a,b), 

where 0 € X. 
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Then a sufficient condition that pn(x) satisfies an 

s-type identity 

(5.40) 

for t,m e N and for all X e X, 

is 

(5.41) 

•(1/(v-n)-1/(v+n+l)) 

is uniformly convergent for all x,y 9 X 

(5.42) 

and 

(5.43) (iii) = ~ lk rn n n 

= r, constant for all n 

st is given by 
n 

( t+m) even 

(5.44) St = -(2/n)cos(~(t+m)n)(D /Dn){B M 1sin(i(n+m)n) n n ~ n n-

(5.45) 

Proof 

We first show that if 0 9 X then condition (b) of 

Theorem 5.1 is equivalent to conditions (ii) and (iii) of 

Theorem 5.2. 

Case A : m even 

Necessity: Recall recurrence relation (5.6) -

(5.7) 



(5.6) 

with 

(5.7) 

where 

and 

Assume 

Choose 

(5.46) 

A = n 

Bn = 

en = 
= 

kn+l1kn 

An(rn+l-rn) 

A h I (A 1h 1 > n n n- n-

k k h /(k2h 1) n+l n-1 n n n-

.n n-1 
X ,X 

Ps(xo) = M (x )cos(~(s+m)rr) s 0 . 
for 

lm 
= (-1) 2 M (x )cos(~srr) s 0 . 

N even. Then by (5.6) since m 

This is zero as required iff 

MN = 0 (impossible by (5.28}) 

or 

(5.47) 
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in 

s < N -

is even 

Since AN and BN are independent of x this implies 

(5.48) 

( 5. 49) 

or 

But AN= kN+l/kN by (5.7), and AN= 0 means that 

(the coefficient of ~+1 
in PN+l) is zero, which 

is impossible because pN+l(x) is defined to be a poly­

nomial of exact degree (N+l). 

Thus (5.49) gives 
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(5.50) x = 0 and r = constant for all n. o n 

Sufficiency follows similar lines 

Case B : m odd 

Choosing N odd leads to an analogous proof. 

Thus if 0 e X, Theorem 5.2 follows as a result of 

Theorem 5.1. Q.E.D. 

We now look at particular instances of Theorems 5.1 and 

5.2. 

Let us apply Theorem 5. 2 to Legendre associated functions 

Pm(x) with m fixed. 
n Since {P~(x)} satisfy a differ-

ential equation of the type (5.1) they can be reduced to a 

classical system. 

From the proof of Lemma 2.8 we know that 

(5.51) m 'm oo n y P (x)P (y) = (sin(v~)/~)L _
0

(-1) y v,m v v n- n,m 

·Pm(x)P
1
m(y)(l/(v-n)-l/(v+n+l)) 

n n 

is uniformly convergent for 

-~ < e ! t < ~, where X = cos e, y = cos E 

We see that the range of validity of (5.51) is not in 

the form required by condition (i) of Theorem 5.2, but 

following the methods of Chapter 3 we can easily extend 

Theorem 5.2 to include limits of this nature. 

We are going to show that S~ of equations (5.44) and 
n 

(5.45) are in agreement with equations (3.55) and (3.56) 
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(i) By uniform convergence of (5.51) condition (5.41) 

is satisfied with 

(5.52) 

(ii) From (2.16) 

(5.53) 
rri m _J. 

Pv(O) = 2 TI 2 cos(~(v+m)TI)r(~+~V+~m)/f(l+~v-~m) 

whence ( cf. ( 5. 42 )') · 

(5.54) 

(iii) Further, from (2.31) 

(5.55) 2 dPnm(x) 
m m ( (1-x ) dx = (n+l)xPn(x)-(n-m+l)Pn+l x) 

(5.56) = -nxPm(x)+(n+m)Pm 
1

Cx) 
n . n-

Comparing (5.56) with (5.9), namely 

we see that 

(5.57) a. = 0 n 

n+m 

2 1-x 

whence from (5.10), viz 

= nX ' ( 0 ) - -2
1 X" r a.n n 

we conclude. 

rn = 0 for all n. 

Thus {P~(x)} satisfies conditions (i), (ii) and (iii) 

of Theorem 5.2. 
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Case A : ( R.+m) ,,even 

From definition (5.44), substituting for Dn' an' a'n 

and an from (5.52) and (5.57) we obtain 

(5.58) 

= -(2/n)(cos(i(R.+m)n)/MR.-l)(Mn- 1sin(!(n+m)n) 

y (n+m) 
n,m 

• Yo ( R.+m) ;v,m 

Now from (5.53), using (5.54) 

(5.59) 
m -1 = 2 n 2 cos(~(n+m-1)n)f(i+i(n-1)+!m)/ 

= M 1sin(!(n+m)n) n-

and from (2.17) 

(5.60) 

·f(i+l(R.-1)+~m) 

-m+1 -1 · · = -2 n 2 cos(i(R.+m-2m)n)f(i+lR.-lm)/f(iR.+!m) 

m m -1 = -(-1) (2/n)cos(~(R.+m)n)(2 n 2 f(!R.+!m)/ 

m . = -(-1) (2/n)cos(!(R.+m)n)/MR._ 1 

Substitute (5.59) and (5.60) into (5.58) to obtain 

(5.61) SR. = (-1)m Yn,m<n+m) pm (O)P'-m (0) 
n Yo (R.+m) n-1 R.-1 

JY ,m 

Now from (5.56) 

(5.62) 'm m P (0) = (n+m)P 1 <0) n n-

Employing (5.55) and then (2.15) 
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(5.63) '-m -m P ~- 1 (0) = -(~+m)P ~(0) 

= -(-1)m(~+m)P~(O)y~,m 

Substituting (5.62) and (5.63) into (5.61) we see that 

(5.64) 

which agrees with (3.55). 

Case B : (~+m) odd 

From (5.45) using (5.52) 

(5.65) 

= (y /yn )(2/n)(sin(~(~+m)n)/M 0 )(M cos(~(n+m)n) n,m ~,m ~ n 

Now from (5.53) and (5.54) 

(5.66) pm(O) = M cos(~(n+m)n) n n 

and from (2.17) 

(5.67) 

Substituting (5.66) and (5.67) into (5.65) we see that 

(5.68) S~ = (-1)m(Yn,m/Y~,m)P~(O)P'~m(O) 

Now 

(5.69) -m ( ~-m) P £- 1 ( 0) by (5.56) 

= (~-m)(-1)my~-l,mp~-1 (0) by (2.15) 

' p ~(0) 
(R-+m) by (5.56) 
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and (5.68) becomes 

(5.70) 

which agrees with (3.56). 

We have ·noted that Meulenbeld and van de Wetering have 

derived a D-type identity for the generalized Legendre 

associated function (Meulenbeld and van de Wetering, 

1967). Starting from this identity and making use of the 

fact that the Jacobi function p<a,S) can be expressed in v 
terms of we derive a D-type identity for the Jacobi 

function and using Theorems 5.1 and 5.2 investigate whether 

an S-type identity can be derived for p<a,B) n 

Generalized Legendre associated functions 

Let P~'n(z) be the solution of the differential 

equation (Kuipers and Meulenbeld., 1957, equation (1)) 

(5.71) 

If m = n then (5.71) reduces to 

(5.72) 

the differential equation (2.1) defining the Legendre 

associated function and we see that for m # n 

P~,n is indeed a generalization of P~(z). 

For -1 < x < l we define (Meulenbeld, 1958, equation 

(1)) as in the case of the Legendre associated function 

(see (2.11)) 
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(5.73) 

For m a non-negative integer (Kuipers and Heulenbeld, 

1957, equation (12)) and v non-integral 

(5.74) = (-l)mr<v+~(m+n)+Dr<-v+fi(m+n)) 
2mr < l+m) r ( v-~ (m-n) +Dr< -v-~ (m-n)) 

.ln .lm • ( z+ 1) 2 ( z-1 )2 

•F(-v+~(m+n),v+~(m+n)+l; m+l; !-~z) 

and limiting z to (-1,1) we find (using 

r<z>r<l-z) = TI cosec(Tiz)) 

(5.75) 
m .ln .lm = (-1) (l+x) 2 (l-x) 2 f(v+!<m+n)+l)f(v+*(m-n)+l) 

2mr ( l+m) r ( v-! (m-n) + l)r( v-! (m+n) +1) 

.sin(TI(V+l(m-n)+l)) 
sin(TI(v- 2 (m+n)+l)) 

.F(-v+i(m+n),v+i(m+n)+l; m+l; ~-ix> 

•F(-v+i(m+nl,v+l(m+n)+l; m+l; ~-~x) 

also (Meulenbeld, 1958, equation (8)). 

(5.76) 

(where 

P-m,-n(x) = 2m-n · { ( )Pm,n( ) Y 1 ( + ) Y 1 ( ) COS ffiTI X v v, 2 m n v, 2 m-n v 

Qm,n is the second solution of (5.71)). v For 

integral .m this reduces to (writing m for n and vice 

versa) 

(5.77) = ( l)n n-m pn,m( ) 
- 2 Yv,~(m+n)Yv,!<n-m) v x 

In (Meulenbeld and van de Wetering, 1967, equation (6)) 
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we find the follovJing D•type identity for v non-integral, 

for m and n constants such that m,~(n-m) and ~(n+m) 

are non-negative integers 

(5.78) 

.pm,n(cos ~)(1/{v-q)-1/{v+q+l)) 
q 

-'IT < e ± ~ < 'IT 

Since m is a non-negative integer we may substitute 

(5.77) into (5.78) (noting that Ya,S Ya,-a = 1) to obtain 

the more convenient expression 

(5.79) 

Now the Jacobi function the generalization of 

the Jacobi polynomial, satisfies the differential equation 

(E 10.8(14)) 

(l-x2 )y'+(8-a-(a+S+2)x)y'+v(v+a+S+l)y = 0 

with solution (E 10.8(16)) 

(5.80) 

whence 

(5.81) 

r(v+a+l) 
r(v+l)r(a+l)FC-v,v+a+S+l; l+a; ~-~x) 

p<m,n) (x) = 
v-~(m+n) 

r(v+i<m-n)+l) 
r<v-;(m+n)+l)f(m+l) 

•F(-v+i(m+n),v+l(m+n)+l; m+l; ~-~x) 

Comparing ( 5. 81}_ with ( 5. 7 5) we see that 



84. 

(5.82) 

Substituting (5.82) into (5.79) (remembering that 

m, ~(n;!:m) must be non-negative integers) we deduce 

(5.83) rCv-~(m+n)+l)r(v+i(m+n)+l) p(n,m) (x)P(m,n) (y) 
r(v-!Cn-m)+l)r(v+~(n-m)+l) v-~(m+n) v-~(m+n) 

.p<m~n()+ )(y)(l/(v-q)-1/(v+q+l)) q- 2 m n 

which is the required D-type identity. 

For the Jacobi polynomial (E 10.8(5)) 

(5.84) rn = n(a-6)/(2n+a+6) 

Thus rn is a constant iff a = 6, and for this case an 

S-type identity exists assuming that the uniform convergence 

condition (5.41) holds. However, we need not check this 

point explicitly because a Jacobi polynomial with 

a = 8 = m is proportional (by (5.82)) to a 

n = m. From (5.72) this in turn means that 

GLAF with 

p<m,m)(x) 
v is 

proportional to P~(x), and we know that (5.41) holds for 

the Legendre associated function. We must therefore find 

the explicit relation between P~(x) and p<m,m) (x) 
v • 

We know that from ( 2.13) 

{5.85) 
.1 l+x -~m 

P~m(x) = f(l+m)(l-x) F(-v,v+l; l+m; ~-~x) 

-1 < X < -1 

while from (5.80) 
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(5.86) p~m,m) (x) = f(v+m+l) 
r(v+l)f(m+l) F(-v,v+2m+l; 1+m; i-ix) 

whence 

(5.87) P(m,m)(x) = f(v+l) 1 v-m r(v-m+1)f(m+l) F(-v+m,v+rn+1; 1+rn; ~-2x) 

Now Kummer's second solution of the hypergeometric 

equation is (E 2.9(5) and (6)) 

(5.88) 

Set 

u2 = F(a,b; a+b+l-c; 1-z) 

1-c = z F(a+l-c,b+1-c; a+b+l-c; 1-z) 

a = -v+m 

b = v+rn+l 

c = l+rn 

z = i+ix 

Then a+b+l-c = l+rn, and (5.88) gives 

(5.89) F( -v+m,v+rn+l; l+rn; ~-ix)=(~(1+x))-rn 

•F(-v,v+l; l+rn; ~-ix> 

Combining (5.85), (5.87) and (5.89) we obtain 

(5.90) 

= 2 rn(l-x2)-~rn f(v+l)(-l)m Pm( ) 
f(v+m+l) \) X 

by (2.15) 

Substitute (5~90) into (5.83) with n=m, to give 

(5.91) 

·(1/w-q)-1/Cv+q+l>> 

which (from the proof of Lemma 2.8) satisfies condition (i) 

of Theorem 5.2. 

Setting n=m in equation (5.83) gives 



(5.92) 

= (sin(v~)/~)Eq~=m(-l)q r(q-m+l)r(q+m+l) 
r 2<q+l> 

86. 

• p<m,m) ( x) p<m,m) (y )( 1/(v-q) -1/ (v+q+l)) 
q-m q-m 

a D-type identity which we have shown to satisfy condition {i) 

of Theorem 5.2. 

From (5.90), using (2.16) 

(5.93) 

•cos{~(n+m)~) 

thereby satisfying condition (ii) of the same theorem. 

Condition (iii) follows from (5.84) with a = S = m. 

We may thus apply Theorem 5.2 to the Jacobi polynomial 

p~~~m)(x). From (5.93) 

{5.94) 

From {5.92) 

(5.95) r<n-m+l)r(n+m+l) 
Dn = r2(n+l) 

r 2<n+m+l) 
= Yn,m r2{n+l) 

Also, from (E 10.8(9)) 

(5.96). 

and 

1'\J = 0 ""n 

Thus the coefficients for Jacobi polynomials can 

be obtained from those for Legendre associated functions by 



replacing ( cf. ( 5. 52) , ( 5 ~54) and ( 5. 57)) 

D by r 2<n+m+l) D n r 2 <n+l) n (5.97) 

(5.98) M by 2m(-l)m f(n+l) 
M n r(n+m+l) n 

(5.99) and by 

whence from (5.44) and (5.64) 

R.+m even 

(5.100) r 2<n+m+lr2 <R.+l)f(n)f(R.+m)n(R.+m) 

r 2<n+l)r 2<R.+m+l)f(n+m)f(R.)(n+m)R. 

From (E 10.8(15)) we obtain 

(5.101) p'<m,m)(O) ; nP(m,m)(O) 
n-m n-m-1 

while by (5.62) 

t 
P m(O) ; (n+m)Pm 

1
(0) 

n n-

whence by (5.93) 

(5.102) 

Hence using (5.93) and (5.102), equation (5.100) 

becomes 

(5.103) 

87. 



88. 

Similarly using (5.97) and (5.98) on (5.45) and (5.70) 

we deduce (employing once again (5.93) and (5.102)) 

(5.104) 

t+m odd 

S R. m 'm f(n+m+l)f(t+l) 
n = Yn,mPn(O)P R.(O) f(n+l)f(R.+m+l) 

•(P'(m,m)(O)(-l)m2-m f(t+m+l))f(n+m+l)f(R.+l) 
t-m f(R.+l) r(n+l)f(t+m+l) 

Equations (5.103) and (5.104) g1ve the coefficients of 

the s-type identity for p<m,m)(x). 
n•m 



89. 

ACKNOWLEDGEMENTS 

For the past three years my supervisor, Dr. G.B. Brundrit 

has been burdened with an overwhelming teaching and research 

load; despite this he has always found time for advice, 

helpful criticism and constant encouragement. 

I should also like to thank Mrs. M.I. Cousins for her 

meticulous transcription of my semi-illegible draft. 



90. 

R E F E R E N C E S 

Ar, E. (1967) On the Low Frequency Accousticat Scatte~ing 
of a Plane Wave j'rom a Sqft Spindle at Nose-on Incidence. 
Quart. Appl. Math. 25, 285-292. 

Ar, E. and Kleinman, R.E. (1966). The Exterior Neumann 
Problem for the Three-Dimensional Helmholtz Equation. 
Arch. Rational M~ch. Analysis 23, 218-236. 

Asvestas, J.S. and Kleinman, R.E. (1969) Low Frequency 
Scattering by Spheroids and Disks I. Di~ichlet Problem 
for a Pro late Spheroid. J. Inst. Maths; . Applies . 
6' l~2-56. 

Bromwich, T.J.I'A. (1926) An Introduction to the Theory 
of Infinite Series~ MacMillan. 

Erdelyi, A. (Ed.) (1953) Higher Transcendental Functions 
(Bateman Manuscript Project), l1cGraw Hill, New York. 

Gradshteyn, I.S. and Ryzhik, I.M. (1965) Table of Integrals~ 
Series and Products (Translated from the Russian by 
Alan Jeffrey)~ Academic Press, New York. 

Hobson, E.W. (1931) The Theory of Spheriaat and Elliptical 
Harmonics, Cambridge University Press. 

Kellogg, O.D. (1929) 
Ungar, New York. 

Kleinman, R.E. (1965) 
Helmholtz Equation. 
18' 205-229. 

Foundations of Potential Theory, 

The Dirichlet Probtem for the 
Arch. Rational Mech. Analysis 

Kuipers, L. and Meulenbeld, B. (1957) On a Generalization 
of Legendre's Associated Differential Equation I. 
Proc. Neder. Akad.·Wetensch. ABO, 436-443. 

MacRobert, T~M. (1934) Some Integrals, with respect to 
their Degrees, of Associated Legendre Functions. 
Proc. Roy. Soc. Edinburgh 54, 135-144. 

Messiah, A. ( 1961) 
Amsterdam. 

Quantum Mechanics, North-Holland, 

l1eulenbeld, B. (1958) Generalized Legendre's Associated 
Functions for Real Values of Argument Numerically less 
than Unity. Proc. Neder. Akad. Wetensch. A61, 557-563. 

Meulenbeld, B. and van de vJetering, R.L. (1967) On Some 
Series of Dougall. Proc. Neder. Akad. W·etensch. 
A70, 530-534. 



91. 

Moon, P. and Spencer, D.E. (1952) Separability Conditions 
for the Laplace and Helmholtz Equations. 
J. Franklin Inst. 253, 585-600. 

Morse, P.M. and Feshbach, H. (1952) Methods of Theoretical 
Physics, McGraw Hill, New York. 

Note that P:(z) and Q:(z) (as defined in Appendix 10 

of Morse and Feshbach) differ by a factor of (-l)m from 
the normalization which we are using, which is that of 
CErdelyi, 1953). 

Also, in order to ensure that P~(z) is real for 

I z I > 1, Horse and Feshbach have introduced an additional 

factor of im (see page 1286). 

Sleeman, B.D. (1967) The Low-Frequency Scalar Dirichlet 
Scattering by a General Ellipsoid. J. Inst. Maths 
Applies 3, 291-312. 

Szego, G. (1939) Orthogonal Polynomials, American 
Mathematical Society, New York. 

Tricomi, F.G. (1948) Serie Ortogonali di Funzioni, 
S.I.E. Istttuto Editoriale Gheroni, Torino. 




