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ABSTRACT

In the solution of the boundary value problems of mathe-
matical physics in a separable 3-dimensional coordinate
system, the shape,of_thevboundary of the space may be such
that the Green's function of the second order differential
operator can be expanded as an infinite series of orthogonal
functions. In many coordinate systems (such as the spheri=-
cal, spheroidal and some.cyclidal systems) these expansions
are given in terms of Legendre associated functions of

" integral order and degree.

Starting with Dougall's identities for Legendre
associated functions of non-integral degree;new identities
for infinite series of Legendre associated functions of
integral degree are derived. Uniform convergence of each

new'identity is investigated in detail.

The direct applicability of these identities is de-
monstrated by using them to verify theorems satisfied by
the Dirichlet Green's function of the infinite half-space

and of the interior of the prolate hemispheroid.

The results and techniques are then generalized, and
a sufficient condition found under which a generalized
orthogonal function which satisfies Dougall's identity will
also satisfy the new identity. This theorem is applied
to the Legendre associated function, the generalized

Legendre associated function and to the Jacobi function.
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ADDENDA ET CORRIGENDA

Page 12

Last line:- for 'Dirac' read 'Kronecker!',

Page 17

Delete last four lines.

Page 18

'Delete'first two lines.

Page 42
Insert after equation (3.60):

_ m © m m b N S0 Y
(3.61) P'2(0)2n=myn’mPn(x)Pn(O)(l/(l-n) 1/$£+n+1))

= %(1—(-1)2+m)P§(x)e(x) + %‘1+(-1>“fmipﬁ<xwr

-1 < x < 1



NOTATTION

R denotes the set of Real numbers
I denotes the set of Integers

N denotes the set of Non-Negative integers

The lower case Roman letters £,m,n and g all denote

elements of the set N, while s € I

The Greek letters A and u denote real numbers which
may take on integral values, while v 1is real and speci-

fically non-integral.

A prime ' is used exclusively to denote differentiation.
In particular

'm d -m
P n(xo) means (3§ Pn(x))X=xo

1
and similarly for Q g(xo)

Results taken from (Erdélyi, 1953) are indicated by
the letter E followed by the appropriate equation number,
e.g. (E 2.9(14)) refers to equation (14) of section 2.9

of (Erdélyi, 1953).
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CHAPTER 1

INTRODUCTTION

Green's‘functioﬁs play a central r&le in the three
dimensional boundary value problems of mathematical physics
and applied mathematics. For every differential equation
and every space with any given shape, there exists a Green's
function, and if the Green's function can be found the

corresponding boundary value problem is virtually solved,

Unfortunately, in most cases finding>the Green's function
is no simpler than solving the original problem. One
“exception is the case in which the coordinate system is
separable. . (A coordinate system (ul,u2,u3) is said to
be "separable" (Moon and Spencer, 1952) with respect to a

2 3)

differential operator L(ul,u su if the solution to the

equation

2 2

L(ul,u ,us)w(ul,u ,u3) = 0

can be expressed in the form

(1.1) put,u?,u) = g by, (g (u?) /Rt u? u?)

where R(ul,uz,u3) is independent of the separation con-
stants.) In addition, we réquire that the boundary of the
space be such that the Green's function mayAbe expressed:as
an infinite series of orthogonal functions. But there is
a severe limitation on the numbeb of shapes for which thes%

expansions exist.

Consider, for example, the spherical coordinate system
(r,8,v¥). The Green's  function for Laplace's equation

Vzw = 0 can be expressed as an infinite series of terms ofz



2.

sin

the type r"P"(cos 6) m¢ for the spaces bounded by the
p n cos

following shapes

(i) the sphere r = a

n/2

(ii) the plane 8

(iii) the planes ¢ 0, n/2,m,3n/2

Since Laplace's equation is séparable in only eleven co-
ordinate systems plus the six families of cyclidal coordi-
nates (Morse and Feshbach, 1952, pages 519-523) the number
of possible shapes to which the technique is applicable is
seen to be strictly limited. Permissible shapes include
the ellipsoid (with the oblate and prolate spheroids and the
sphere as special cases)j; the infinite plane, cylinder
(elliptic, parabolic and circular), cone, paraboloid and

hyperboloid; the toroid and the spindle.

As the complexity of the differential equation increases
so the number of coordinate systems in which it is separable
decreases., For example, unlike Laplace's equation the
Helmholtz equation (V2+k2)w = 0 1is not separable in any
cyclidai coordinate system (of which the toroidal and bi-
spherical systems are eXamples of degenerate forms). ‘The

Schroedinger equation

(V2+E)w(g) = V(wy(u), E constant
is separable in those eleven coordinate systems in which
the Helmholtz equation separates, but only under stringent

restrictions as to the allowable form of the potential V(u).

The solutions of Laplace's equation, the simplest second
order differential field equation of mathematical physics
(and the one with the greatest number of coordinate systems

in which it is separable) play the r8le of a base on which



to build Green's functions for other, more complicated
equations. For instance, in the Quantum Theory of Scatter-
ing the Born expansion (Messiah, 1961, Chapter XIX) enables
one to construct a perturbation expansion for the scattering
Green's function G, (r;,r,) from the free field Green's

function GO(£1’£2)'

Similarly Kleinman (1965) has developed a technique for
solving iteratively the Dirichlet Problem for the Helmho;tz
equation (V2+k2)w = 0 (valid for sufficiently small values
of the wave number k) which employs the Laplace equation
Green's function for the relevant space. This has been
applied (Ar, 1967) to low frequency accoustical scattering
of a plane wave from a soft spindle, for which shape there
exists (in bispherical coordinates) a Green's function
expansion for Laplace's equation, but not for the Helmholtz
equation; we recall that the latter equation is not separ-
able in the bispherical system. This technique has been
extended to the Neumann Problem for the Helmholtz equation

(Ar and Kleinman, 1966).

Let us now consider the specific orthogonal functions
which arise in such separable systems. In the solution of
Léplace's equation in spherical, prolate spheroidal and
oblate spheroidal coordinates, as well as in the toroidal,
bispherical and other cyclidal systems, at least one of the
functions wi(ui) in (1.1) is a Legendre associated function
Pg(xL), where X, is a function of ui only. In the
case of spherical coordinates X; = COs 6, and the general

solution to Laplace's equation is of the feorm
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(1.2) Zn,m=oAmnr Pn(cos 8)cos mw' Amn constant

The identities which we develop in this thesis are of
applicability to bodies bounded by two surfaces, one of
which can be expressed in the form X, = 0 (where Xy, is
the argument of the Legendre associated function), and the
second is given in terms of the other two separable co-
ordinates only. The simplest example of this is the-half-
space bounded by the surface z = O (or in spherical co-
ordinates, 6 = w/2). _Here X = cos & = 0 as required,
and our identities can be applied; this example is treated

in detail in Chapter 4.

Another example which is dealt with is the interior of
the prolate hemispheroid, where the solution to Laplace's
equation is given in prolate spheroidal coordinates

(E,n,¢) in the form

o m m, . v
(1.3) Zn,mzanmPn(n)Qn(E)cos m¢ Bnm constant

Here the plane surface of the hemispheroid is given by
X, = n = 0; the curved surface is defined by § = o > 1,
When we make use of Green's functions in solving problems

of the classes outlined above we encounter integrals of the
type
(1.4) st(gl(gl),22(32))f(gl)d81
and/or

IVG(El(El),22(32))f(31)dvl

where u = (ul,uz,us).

The Green's function is expressed as an infinite series

similar in form to (1.2) or (1.3) (but in the appropriate



coordinate system), and the function f(gl) will in general
also be expanded as a similar series of orthogonal functions
to make best use of th=2 separability of the coordinates in

crder to perform the indicated integration.

Having established uniform convergence (which is necessary
~before interchanging the order of infinite summation and
integration) (1l.4%) will give a doubly infinite series of terms
if the range of integration is not the one over which the
relevant functions are orthogonal. For instance, the
Legendre associated functions Pg(cos 8) are orthogonal

over the surface of the sphere 0 < 6 < m, but not over a
hemisphere (or any other portion of a sphere for that matter).
Since the majority of the technigues for evaluating

Gk(El’Ez) in terms of Go(gl,gz) as an expansion in k

(low frequency expansion) are iterative, to obtain the second
term of the expansion the resultant doubly infinite series
will be multiplied by some new function (itself expanded as

an infinite series) and integrated thereby giving a trebly
infinite series, and so on. Any attempt to sum these series
numerically will be unsatisfactory because the expansions

converge very slowly.

If the coordinate system and bounding surface satisfy
our above criteria then the identities established in this

thesis are of great value for two reasons.

(a) They sum an infinite series of Legendre associated
functions of the type generated by (1l.4), expressing the
result as & single term. The form of the identities is such
that they may be applied direc?ly to the'infinite series

without any additional analysis being required.



(b) The single term to which the series sums is again a
Legendre associated function (or a constant multiple of one).
This means that after applying our identities to the doubly
infinite series the resulting singly infinite series inserted
into the integral of type (1.4) for the second iteration
leads to an integral of a very similar type to the first,

and in general it is possible to construct a recurrence re=-

lation for finding all subsequent terms from the first term.

This technique is especially useful in the field of low
frequency scattering of scalar plane waves (accoustical
radar). Results published in this field show that even for
relatively simple shapes bounded by a single surface such as
an ellipsoid (Sleeman, 1967) by the time only the second term
is reached the integrals are of frightening complexity.
However, a recurrence relation technique such as that of
(Asvestas and Kleinman, 1969) for the similarly elementary
spheroid and disk gives an explicit algébraié formula for
each term of the low frequency expansion in terms of pre-

viously caiculiated ones.

Low frequency expansionsof solutions of the radar
scattering equation and similar iterative schémes involving
Green's functions for Laplace's equation can n%% be applied
to a larger number of shapes other than the'basic" shapes
already considered, provided that the coordinate éyStém is
separable, that one of the coordinates ui appears invthé
Green's function in the form PE(XL), X, = xL(ui) only,
and that one of the two surfaces of the body is given by

X = 0, the other being defined independently of XL}



The outline of this thesis is as follows:

In Chapter 2 we quote fundamental results and theorems
from the theory of Legendre associated functions. For
uniformity the majority of these are taken from (Erdélyi, 1953);
they are stated without proof. Only Dougall's identities
are derived, because we wish to show that they have a wider

range of validity than is given by Erdé€lyi.

Dougall's identities are expansions for Legendre associa=-
ted functions P?(x) of non-integral degree v and are
hence of limited use, because the majority of series ex-
pansions of Green's functions like (1.2) or (1.3) are for

Legendre associated functions Pg(x) of integral degree n.

Starting from Dougall's identities ("D-type identities"),
in Chapter 3 we establish a set of new identities for
Legendre associated functions of integral‘degrge ("S-type
identities"). Uniform convergence of each S-type series
is considered in defail, because they will be used in integrals
like (1.4) ard interchange of summation and integration must

be justified before it may be carried out.

In Chapter 4 we apply our neﬁ-identities to the volumes
already mentioned above (i.e. the half-space and the interior
of the prolate hemispheroid), as well as to a purely tech-
nical problem. This last is a series of Legendre associated
functions which the author encountered and attempted to sum,
thereby leading to his discovery of the identities derived

in Chapter 3.

Now we extend the theorems, methods and results of
Chapter 3 leading to new identities for generalized ortho-

gonal polynomials. The first part of Chapter 5 is a
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sﬁmmanyof basic results from the theory of orthogonal poly-
nomialsj wusing these results we then find a sufficient
condition under which a generalized orthogonal polynomial
which satisfies a D-type identity (i.e. for a generalized
polynomial of non-integral degree) will satisfy an S-type
identity (with generalized polynomials of integral degree).
We then consider two applications of this theorem; firstly
to Legendre associated functions to show that our theorem of
Chapter 5 gives the same results as were obtained in Chapter
3, and secondly to generalized Legendre associated functions
of (Kuipersand Meulenbeld, 1957) and hence to Jacobi

polynomials.



CHAPTER 2

LEGENDRE ASSOCIATED FUNCTIONS

In this chapter we quote standard formulae from the theory
of Legendre associated functions Pg(x). Only where we
disagree with the range of validity of the stated formulae
are proofs given. The majority of our results are taken
from (Erdélyi, 1953); these are indicated by the letter E

followed by the appropriate equation number, e.g. (E 2.7(23)).

Differential Equation

Legendre's differential equation of degree A and order
u is (E 3.2(1))

2
(2.1) (1-2%) S¥ - 22 &+ D=2 a-2H"h w = o,

dz dz
Z,A,u unrestricted

The hypergeometric function u = F(a,bj cj; z) satisfies

Gauss' differential equation (E 2.1,1(1))

2 ;
(2.2) z(1~2) é—% + (c-(asb+1)z) S - abu = o.
dz z

F can be expanded in the series (E 2,1.1(2))

w q
(2.3) F(a,b; c; z) = 5 1{gta)l(g+b)I(c)z

qzo —TTa)F(T(grorgr 12l <1

) ‘
Substituting w = (22-1)2uy, ¢ = =3z in (2.1) we
obtain Gauss' differential equation (2,2) with
a = U=A, b = p+A+l, c = u+l

Hence (E 3.2(3))

1
2
1 (z+l)

u
r'(l-u) z-1 F(=A,A+1; 1-u; 3-32)

(2.4) W = PK(Z) =

|1-z| < 2
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where we have used the faect (E 2.3(1)) that

F(a,b; c; z)

zl-cF(a-c+1,b-c+l; 2-cy 2z)

i
Setting w = (zzfl)zuy, T = 22 in (2.1) leads to a

hypergeometric-type equation with

a = 3(x+u+l), b = I(u=A), c =

1
2

Now from Kummer's 24 solutions of the hypergeometric

equation (E 2.9(1), (9))

F(a,b; c; z) = (-2) 3F(a,atl-c; a+l-b; 2"1)
whence

F(p+l), 5(u-2)5 33 2?)

2

o (ep2y= A1)

F(I(A+u+1) ,3(A+u+2)3 A+3/23 2 9)

and (2.1) has as second solution (E 3,2(5))

oAU _ ium,=A=1_3 T(A+p+l) _=A-u=1,_ 2 ., 3H
(2.5) W = QA(z) = e 2 T FOa37) 2 (z°~1)
CF(3A+2p+1, 20420+ 1; A+3/2; 22) lz] > 1

We define PY(z) and Q}(z) of (2.4) and (2.5) to be
the Legendre associated functions of the first and second

kinds respectively.
Wronskian
From (2.1) we can show that
H H = pHey 4 gH(,y-pM 4 pH(uy
(2.6) W{Px(z),QA(z)} = PA(Z) Iz Qx(z) QA(Z) P PA(Z)
must be of the form c/(l-zz). From formulae for

P;(Z),QK(Z) and their derivatives at 2z = O (see later)

we can evaluate the constant ¢ and deduce that (E 3.2(13))

(2.7) w{PH(z),QY(2)} = e Mo 2Mr (14304 3T (3+32+30)
| ’ : (1-22) T(1+3A-2WT(3+3A=10)

Now (E 1.3(15))
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(2.8) r(2z) = 222715731 (2)r(2+1)
Define
(2.9) . = [Q-p+l)

Ya,u T TOrp+D)

and hence (2.7) gives

ium
u u - & -1
(2.10) W{P)\(Z),QA(Z)} = I_—z-—z*- Y)\,Ll

Legendre associated functions on the cut

Setting 2z = cos 6, 6 € R in (2.4) defines a Legendre
associated function on the real interval (-1,1), the

so-called "cut". However, we see from (2.4) that
PK(x-iO) # P§<x+10)
unless p 1is an even integer. For x € (-1,1) wé there-~

fore define (E 3.4(1) and (2))

) i
(2.11) PH(x) = 1(e®2¥"P¥(x+i0) + e 12*Tp¥(x-i0))
A A A
and
- -t 1 T 1
(2.12) - Qlx) = 1eTHHT(e 12““Q§(x+i0) + elzu“Qk(x—iO))

-1 < x <1

whence (E 3.4(6))

1 1+x

1
2
Fmn (Iox) FCAsA+ls 1-us 3-3%)

(2.13) PR (x)

-1 < x <1

From this result and the properties of the hypergeometric
function we may deduce the following identities

(E 3.4(14) and (17))

(2.14) Pk(-x) = Pk(x)cos((A+u)n) - (2/n)Q§(x)sin(<x+u)n)
0 <« x <1
(2.15) 'P;u(x) = YA,u(Px(x)cos(uﬂ)-(2/ﬂ)sin(un)Q§(x))

-]l < x <1
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where we have defined Ya.u in (2.9).
b

We also have the explicit expressions (E 3.4(20) and (22))

-l ‘
(2.16) PY(0) = 2Mm Zcos (FOA+)TIT (3+3A+3u)/T(143A-3w)
u -1
(2.17) (dpg‘x’) . 2 LrT 3 n (At MIT(Le3A+ 310 /T (34 1A= 110)
X xX=

dQK(x)

Similar results can be found for QK(O) and ( )
dx x=0

For x near 1 (E 3.98.2(8)) the leading term of

P?«x), u >0 is

(2.18) 2‘%“(1-x)%“/r(1+u)

Integral representation

We can show (E 3.7(27)) that

' -1 (ei u 9 -l
(2.19) Pk(cos 8) = (3m) : %%i%i%l*fodW(cos Y=cos 0) H-2
scos((A+3)Y) 0<6 < m, Re p < 3

Integral of product of two Legendre aésociated
functions '

Let Mﬂ(z), M?(z) be any two solutions of Legendre's

differential equation (2.1). Then (E 3.12(1))

b
m m
(2.20) (v=2) (v4A+1) f_dzM (2)M)(2)
= ‘;(v-A)Mf(z)M?(z)+(A+m)M$(z)M?_l(z)
-(v+m)M€+l(z)M§(zi]2

and (E 3.12(19) and (21)).

(2.21) fldem(x)Pm(x) = 2 yTlos
. 2, % 3 7n+l 'n,2%n,%
(where § is the Dirac delta function.)

n,%
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Results for up a non-negative integer

If u 1is a non~negative integer write

¥ = m, m= 0,1,2,0ce
Starting from (2.4) we can show that (E 3.6.1(6))

JUNS |
2y3m d7P, (x) -1 < x <1

(2.22) P?(x) = (-1)M(1-x

dxm

From (E 3.9.2(8) and (9)) we see that for m > 0O and

X near 1

(2,23) P?(x) - 0 as x »Il

(2,24) P;m(x) +0 as x> 1

and for m > 0 and x near -1 (E 3.9.2(13) and (14))
(2.25) P?(x) + © ag x -+ =1 | |

(2.26) PYM(x) » @ as x » -1

For m = O (Hobson, 1931, equation II (15)) or from (2.4)

(2.27) Pn(l) =
— (_3D
Pn(-l) = (=1)

If A is a non-negative integer n, Pn(x) is a poly-

nomial of degree n in x, and hence from (2.22)
(2.28) P(x) = 0 for m > n

A bound on Pg(cos ) 1is given by (Gradshteyn and Ryzhik,
1965, equation 8.72u4(3))

2 TI'(n+m+l)
T
/nm T(n+l)sin™ g

(2.29) ]Pg(cos 8)| < n>1l,m>0, m< n,

and by (Hobson, 1931, page 303)
, - -1
(2.30) n mPg(cos 8) = (inmsin 6) “cos((n+31)06-n/u4+imm)

_:_o(n"3/ 2

), 0O <eg<bB<m-€¢, n>1, n>>mn

where 0(n depends on €.
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Recurrence relations

0f the many well-known recurrence relations we will be

using only (E 3.8(19) and (12))

5 dP(x) 0 0
(2.31) C(1=xT) —g— = (n+D)xP_ (x) = (n=m+1)P_ ., (x)
I . . m
= =nxP_(x) + (n+m)P__, (x)
and
(2.32) (n=m+1)P] . (x) = (2n+D1)xPT(x) = (n+m)PT__ (x)
Addition theorem
Define’
(2.33) e = {1 m=20
mog
{2 m >0
then (E 3.11(2))
(2.34) Pn(cos elcos 62 + sin elsin Gzcos(¢l-¢2))

_ <N m m _
= Zm=o€mYn,mPn(cos Bl)Pn(cos ez)cos(m(d)l ¢2))

0 < el, 62 < m, el + 62 < m, ¢l-¢2 € R

Laplace series for Legendre associated functions

We will employ the following theorem from the theory of
Legendre associated functions, prdved in (Hobson, 1931,

page 344), which we will label as Theorem 2.1.

Theorem 2.1

The Laplace series

© 2n+1 f

En=o ba 7

m T
ﬂd¢2fod62 sin ezf(62,¢2)Pn(cos Y

(where cos vy = cos 6, cos 62 + sin 6151n 62005(¢1-¢2))
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in which f(62,¢2) has an absolutely convergent integral
(Lebesgue) over the spherical surface, will converge at
(61,¢1) to the value f(61,¢l) if (61,¢l) is a point of
continuity of the function with respect to (61,¢l), or to
the value

1

2{f1(91,¢l) + f2(61,¢l)}
if the point (61,¢l) is such that there passes through it
a line of discontinuity such that fl(61,¢1) and f2(61,¢l)
are the limits of the function at the point taken from the
two sides of the line, provided that the function y(y),
which is the mean value of the function f(el,¢l), for each
fixed value of Yy over the small circle for which Yy has

that value, has bounded variation in the whole interval

(0,m) of v.

Dougall's Identities

Dougall's 3 identities (which first appeared in

(MacRobert, 1934)) are given in reference (E 3.10(6),(8)

and (9)) as
(2.35) P;u(cos g) = (sin(vn)/w)2:=6(-l)nP;u(cos )
+(1/Av-n)=-1/(v+n+l)) -T<6<w, u>0
(2.36) P;u(cos e)P;A(cos £) = (sin(vn)/w)zzzo(-l)n
-P~H(cos e)P;?<cos £) (1/0-n)=1/(v+n+1))
=T < 6+ &< Wy, uA >0
and
(2.37) PU(cos 0P "(cos £) = (sin(vm)/miI _ (-1)"

.Pﬁ(cos G)P;m(cos £)(1/(v=n)=1/(v+n+l))

m a positive integer, O < 6,£<ﬁ, 0+ & <
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For ve€I equations(2.35) - (2.37) reduce to trivial

identities, because

(2.38) lim SHOVT) o p(g)n
v-+n

We will rederive Dougall's three identities in order to
show that the ranges of validity of (2.35) - (2,37) as
stated in (E) are overrestrictive; in addition we will prove

uniform convergence over their entire ranges of validity.
Lemma 2.2

Let

cos((z+3)y)
(z-v)sin(nz)

(2.39) Ip = frdz VERVI, -m < Y < T

where T 1s the circle centre the origin and radius

R = N+3, NEI, N > |v]

Then
(2.40) lim IP = 0
N+ ,
Proof

The integrand is finite on T, because

sin(wz) = 0 implies elzﬂz = 1

or 2z €1

Thus

|sin(nz)] > n >0 for all z €T
Now .

cos((z+3)y) = 1{ei(R(cos 0+i sin 6)+1)y¢

2 - 2
-3 i gi 1
+ e i(R(cos 6+i sin 6)+2)w} where R = N+}
< |cos((z+DW | < %(eRw sin 6,.~Ry sin 8,

- %(eR|w|sin 6+e-R|w|sin6) by symmetry
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sin(nz) = -%i{elﬂ(R(cos 6+i sin 8))

_e-iﬂ(R(cos 6+i sin 6))}
. e |sin(nz)| > %]e"R sin 6__ ~7R sin el

o From (2.39)

. R 27 _R|¢|sin 6, .~R|¢|sin 6
11.] < =T5T e te _
L =Rvl 5 de‘enR sin 6 _ -7R sin 6'

oRl¥fsin 6+e-R|¢|sin ]
T R=TV] £ oTR sin 6 __-7R sin ©

-2R|p|sin o
2R T, .. =~R(m~ IWI)Slne l+e”
R=TvT I dbe ‘(l-e_2“R sin 0 )

-2R|y| sin 8 =2mR sin 6,

For 0 < 6 < m we have that e <l, e
and hence
o~R(m= |¢])sin @

111 < -—T-T /

8R I%ge -R(7-|¥|)sin ©

Now for 0O < 6 < im we know that

1 >(sin 8¥8 > 2/71

and hence

1] < f de -R(m=}y])28/n
_ B8R m 1.
* ETS[ G-I (A

-(n-leR)

+ 0 as R + o as required, since =m < Y < T

The restriction on the range of ¢ may be demonstrated

explicitly as follows:

If Y = +m

_ cos((z+3)m)
IpoE Ir(z-v)si; mZ dz
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= - 1
z ]P —=- dz

which diverges logarithmically.

Corollary 2.3

(2.41) cos((v+1)y) = (sin(vﬂ)/ﬂ)Zz:o(-l)ncos((n+§)w)
«(1/(ven)=1/(v+n+l)) -7 < P <7
Proof 

I. as defined by (2.39) has simple poles at
z = v,0, £+ 1, + 2,...

Lemma 2,2 then gives, using Cauchy's Residue Theorem,

0 = omi{eos{(v+)¥) |y cos((s+3)¥),
sin(mv) Sz;w(s-v)n(-l)s
or
(2.42) cos((v+3)y) = =(sinCvm)/m) {I__ (-1)° cos((s+3)¥)

=0 S=v

-1 ,_.ys cos((s+})y)
Lsoe(-1) !

+

In the first sum set s = nj; in the second set

s = =n=-1, (2.42) then reads

cos((v+3)y) = (sin(vm)/m{27_ (-1)"cos((n+1)y)/(v=n)
- Z::O(—l)ncos((n+%)w)/(vfn+l)}

(2.43)

(sin(vm)/m) £  (-1)"cos((n+3)y)

*(1/(v-n)-1/(v+n+l)) =-m < Y < 7
Lemma 2.4

The seriés (2.41) is uniformly convergent for ¢ € (-ﬂ,ﬂ);
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Proof

Write (2.41) as

cos((v+3)yY) = -(sin(vw)/n)So(w)
whére
(2.144) S5,(¥) = I _ (-D)Tcos((n+3)¥)(1/(n=v) + 1/(n+v+1))
Put
u (Y) = (-1)"cos((n+)Y)
v, = (1/(n-v) + 1/(n+v+1))
then
O R C R LR S LLE TS T N L
- %ei%‘itl\;f:$ ein(W+¢)+%e-i%¢zgziein(ﬂ-l}l)
2 11 (m+Y) 2 1mel(T=V)
. 2er 2V oMM st 30l
(l+e_lw)(l+elw)
= cos(1y) (1~ (-1)Mcos (M) )/ (1+cos ¥)
ce R w ()] < 2/(@akcos ¥) < K

where K 1is a constant independent of 4y,
Y e(=m,m).
We note that.this breaks down for ¢ = +w , which is
of course not entirely unexpected.
(ii) v, > 0 and decreases with n ¥n > [vi
(iii) v, 0 as n » o«
Then by Dirichlet's test for uniform convergence
(Bromwich, 1926, page 125) So(w) is uniformly convergent,

whence (2.41) is uniformly convergent in (-mw,m) as

required.
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Lemma 2.5

If Sn(x) = Zg:o fq(x) is uniformly convergent to F(x)
on (a,xo) U (xo,b) and Sn(xo) converges to F(xo),

then Sn(x) is uniformly convergent on (a,b).

Proof

Sn(x) is uniformly convergent on (a,xo) U (xo,b)
implies that

¥e > 03 Ny (¥n > N) V(¥x € (a,x ))|S, (x)-F(x)]<e

1

¥e > 03 N, (¥n > N,) V(¥x € (xo,b))]Sn(x)—F(x)[<€

2

Sn(xo) converges to F(xo) means that

¥e¢ > 03 N, (¥n > Ng) S (x))-F(x )| < e

3

Choosing N = max (Nl,N N3) we see that

23
(¥¢ > 0) V (¥x € (a,b)) (n > N) =>|Sn(x)-F(x)|<£

i.e. we have uniform convergence on (a,b).

Lemma 2.6

(2.45) P;“<cos e) (sin(vn)/w>z: 0(-1)“P;“(cos 8)

+(1/(v-n)=1/(v+n+l))

where {6,u} satisfies

(2.46) u > -3, 0 < |6| <

Nj=

{
{
{u>0 8 =0

and the series is uniformly convergent in (-m,m).
Proof

From (2.19)

- -1 : y~u 8 -1
(2.47) ‘Pv“(cos 8) = (Im) : %%%%Egl—— £dw(cos P-cos g)H %

ccos ((v+1)¥) 0< 9 <7, > =1
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Multiply both sides of (2,41) by

. -u A
(2.48) (%w)-% (§12+2§ (cos y-cos )M :
2 .

Since (2.48) is a bounded function of ¢ for
O <y <8, 0<606 < m, the resulting series is uniformly
convergent and may be integrated term-by-term to give a

uniformly convergent series. Utilizing (2.47) we obtain

-

~u = (si © np-u
(2.49) Pv (cos-0) = (81n(vn)/n)zn o(-1_) Pn (cos ©)

«(1/(v=n)=1/(v+n+l))

uniformly convergent in (0,m) for B> -3,

Now setting 6 = -6 1in (2.u47) we deduce
(2.50) P H(cos 0) = -e~1TH(yq)~2 Lsin o)V
* v : 2 T(ZI+u)

0 -1
fdy(cos y-cos g)¥ 2cos((v+3)y)
o

-m < 0 <0, u > =1

The previous argument may now be repeated, thereby
proving that (2.47) is uniformly convergent in

{=1,0) U (O,7) for u > -3.

The point 6 = 0 1is included in the range of validity
cf (2.45) by first considering the case u > O, and then
u = 0. (2.45) clearly holds for u > 0 for from (2.18)

it reduces to a trivial identity at 6 = O.
Now from (2.3) and (2.4)

(2,51) Pv(l) =1

Thus setting ¢ = 0 in (2.41) we obtain

1

Pv(l)

(-1)™M(1/(v-n)-1/(v+n+l))

(sin(vw)/7m)L o

(sin{vm)/m)Z

]

n
nzo(~1)P_(1)(1/(v-n)-1/(v+n+1))
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Thus

(2.52) P;u(cos 8) = (sin(vn)/ﬂ)Z: o(-l)nP;u(cos 0)

«(1/(v=-n)-1/(v+n+l))

for -m <06 <m, u> O,f and is uniformly convergent for
8 € (-m,0) U (0,m). Thus by Lemma 2.5 it is uniformly con=-

vergent ih (=m,m) for wu > O,

We see that we have obtained (2.35) under slightly less
restrictive conditions than in (E); we have also proved

.uniform convergence over the entire range of validity.
Lemma 2.7

~yu -A - . L _7yNp=H | :
(2.53) Pv (cos G)Pv (cos &) = (81n(vn)/n)2n o( 1) Pn (cos 6).

-P;A(cos £)(1/(v-n)=-1/(v+n+l))

where - {6,u} and {§,A} satisfy (2.46), viz.

Auw > -3, 0 < |of <
{'u_>_o,_ 0 =0

and |
{x> -1, 0 < jg] <
£>\>o, £ =0

and in addition =m < 8 + & < 7., With these restrictions

the series (2.53) is uniformly convergent.
Proof

Using integral representation (2.19) twice we find

- - o1 . -
(2.54) | P7H(cos )P (cos &) = (3m 2 (?12+3)
6 ' 1 1
~+fdy(cos y-cos ) U 2cos ((v+)y) (1m) 72
(o]
(sin g)~*

€ -1
BLCTIV édx(cos x—cos.ax‘;cos((v+%)x)

for O0<#6<m, 0 <& <, HaA > =2
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From (2.41)

(2.55) cos ((v+1) (Y+x)) = (sinCvm)/mI,_ (~1)"

ccos ((n+2) (p+x)) (1/(v=n)=1/(v+n+1))
(2.56)  cos((v+1)(y=x)) = (sin(vm)/mI>_ (-1)"

ecos{((n+3)(Y=x))(1/(v=n)=-1(v+n+l))
for -m <Y+ X<
Adding (2,55) and (2.56) we obtain

(2.57) cos((v+1)P)cos((v+¢)x) = (sin(vn)/ﬂ)z:zo(—l)n

scos((n+3)P)cos((n+3)x) (1/(v=-n)-1/(v+n+l))
with -T < Y+ X <T

Multiply both sides of (2.57) by

-1 i ~H -
(3m) : i%%g;%%~ (cos y-cos 6)M 2
. =1 (sin £)7 A=1
o(3m) *© W( cos x=-cos &)

which is bounded with respect to both ¢ in (0,8) and
Xx in (0,8). We integrate the resultant uniformly con-
vergent series termwise with respect to ¢ and x utili-
zing (2.54) to'obtain (2.53) for 0 < 8,E < m, The exten-
sion to the range (~w,0) U (O,m) for A,u > -3 and to

(=m,m) for A,u >0 follows as in Lemma 2.6; uniform

convergence does likewise,

We note that we have derived (2.36) under slightly less
restrictive conditions. than those given by (E), and in
addition have proved uniform convergence over the extended

range of validity.
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-
-

m -m b . (i xS
(2.58) Pv(cos 8)P “(cos €) = (sin(vm)/m)Li

24,

(-1)"

+PM(cos 0)P-™(cos £)(1Av-n)=1/(v+n+1))

m a positive integer, -m<8+%<m,

and this series is uniformly convergent over its range of

validity.
Proof

Recall relation (2.22)

m
1'dP(X)
PI(x) = (-1)M(1-x%)z0 v 7
dxm
or
m
d"P_(cos 6)
(2.59) P@(cos 8) = (-1)™ sin™g.— —
' d(cos 6)
-T < 06 < T,
Consider equation (2.53). Set ¢ = 0, A

m is a positive integer) and differentiate m

respect to x = cos 6,

(2.60) P?(cos G)P;m(cos g) = (sin(vw)/ﬂ)zz

< x<1l,m>0

6 # 0,m> 0

m (where

times with

Utilization of (2.59) gives

(-1)"

=m

«PT(cos 8)P_"(cos £)(1/(v=n)=1/(v+n+1))

for -m <6+ & <7, 6,5 # 0,

The case m = 0 1s included in (2.53) with

m >

0.

A=1u=0,

The lower limit of summation follows from the fact

(2.28) that

Pg(x) =0 for m > n.

The term-by-term differentiation

of (2.53) is justified

by the uniform convergence of (2.60) which is proved as

follows:
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From (2,30)

- -l -
(2.61) n mpg(cos 8) = (Inmsin 6) 2cos((n+%)e-n/u+%mn)+0(n5”2)

0O<e<OB<mT=, n>1l, no>>mn

Thus
PP(cos 8)P ™(cos §) = e —
nm vYsin 9sin §
+cos ((n+3)0-1/4+1mm) cos ((n+1) =/ 4=1mm) +0(n"2)
Since

(1/(v-n)-1/(v+n+1)) = 0(n"1)
it is obvious by Weierstrass' M=-test that (2.53) is uniformly
convergent for >6,€ in (0,m); the extension of range to
(-m,0) and inclusion of the points § = 6 = 0, as well as
uniform convergence over the entire range of validity follow

as in Lemmas 2.6 and 2.7.

Note that in this case the range of wvalidity of the

Dougall identity has been extended fourfold.
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CHAPTER 3

NEW IDENTITIES FOR INTEGER v

Starting with equation (2.58) which we renumber (3.1)

for convenience, namely

-

m ~m N o . ® . .\n
(3.1) Pv(cos e)Pv (cos &) = (51n(vn)/n)2n m( 1

»pg(cos G)P;m(cos £)(1/(v-n)=-1/(v+n+1))

-11<6ig<11,
we derive a set of identities for Legendre polynomials of
integral order and degree. Uniform convergence of each
one is investigated in detail because these identities are
used in situations where one would wish to interchange the
order of summation and integration, and uniform convergence

is required before this may be performed.

As mentioned in the introductory section on notation, we
will write
(3.2) (& PR(x)) as P M(x )
‘ dx ' n X=X n "o

Lemma 3.1
For all v € RvI, and for all m € N, the series

o e® RSN m 'm
(3.3) : sl(e) = Zn:m( 1 {n,mPn(COS 8)P n(O)

+(1/{v=n)~-1/(v+n+l))
is uniformly convergent for 0 < 6 < i
and

. o e _1yn m yP e
(3.4) $,(8) '_zn=m( 1 Yn,mPn(Cos 63p_(02

e (1/(v-n1)=1/(v+n+l))

is uniformly convergent for 0 < 6 < m,



27.

Proof

From (2.15) we déducerthat

=-m - (_13yM m -
(3.5) | Pn (x) = (-1) Yn,mPn(X) 1l <x<1

where Yo.m haé‘been defined in (2.9) as
s

(3.6) Yo.m = T(n-m+1)/T'(n+m+1)

b

Recurrence relation (2.31) gives

(3.7) P'U0) = (w+n)P™_ (0)

1

Further, equation (2.30) statesbthat

- -1 : -3
(3.8) n mPrnll(cos @) = (Znmsin 8) 2cos((n+3)6-w/u+imnw)+0(n 3/%

O<e<B<mMm=€, n>1, n>m

3/2

where 0(n~ ) depends.on ¢, whence

m 'm
yn’mPn(cos )P n(O)

(-1)"P"(cos 8)(n+m)PT_,(0) (by (3.5) and (3.7))

1

1]

(-1)™(n+m) ((n=1)/n)""2{(3n?wsin 0)"%

e cos ((n+1)6=7/4=3mm) (17) " Zsin(i(n+m)m)+0(n"2)}

(3.9) =Ksin(1(n+m) ) cos((n+1)8=-n/4~-2mr) + O(n" L)

O<e<O&<mW=-2g5£ n>1, n»>>m
for large n, where K 1is a constant independent of €,
-1)

and where 0(n depends on €.

As in Lemma 2.4 set

un(G) = (-1)"sin(i(n+m)m)cos((n+1)6-7m/4=-3imm)
(3.10) = 3(-1){sin(n(8+im)-n/4+36)
- sin(n(8~-3m)-w/4+316-mmw)}
and
(3.11) R l/(v-n)-i/(v+ﬁ+l)
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Consider

ZE:é(-l)nsin(nw+a)

- "%iig é(_l)n(ei(nw+a)_e*i(nw+a))

= ~%i(elaZM:l eln(ﬂ+w)“e-1azM:l eln(ﬂ»w))
n=o n=o

. _ L iM(mey) _: -
lecl-e ) -e 1a(l e

iM{m=-y)
1+etV 1re™tV

= =1i(e

))

_li(eia( l+e—il"))( 1- ( "l)MeiMw) -e_ia’(l.{.eiw)(l_(_‘l)Me"iMw) )
= -3 ) e
(1+e*¥) (1+e”1Y)

= =211 (972V) o5 (2y) (1- (1) MYy L m1Cam2Y)
ecos(%w)(l—(-l)Me-iMw)V(l+cos P)
= cos(%w)(sin(a~%w)-(—l)Msin(a-%w+M¢)Y(l+cos Y)

. |2Mtl(—l)nsin(nw+a)|< 2/(l+cos )
n=o <K

where K 1s a constant independent of ¢, provided

Thus from (3.10) we see that

M-1
n=o

(i) | u (&)} < K if 0 < e < im,

From definition (3.11) we have

(i) v > 0 and decreases with n ¥n > |v]

(iii) v, ¥ 0 as n »

Then by Dirichlet's test for uniform convergence
(Bromwich, 1926, page 125) sl(e> of equation (3.3) is

uniformly convergent for 0 < 6 < Im as required.

Now consider S5,(6).
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n+m m My Ay YT 3
{(-1) yn,mPn(cos )P (0)(1/(v-n)~1/(v+n+1))|

"

|P~M(as 0)PT(0) (2n+1)/((v-n) (v+n+1))| by (3.5)

. -l . . .
= IK(%nznzsin 9) 2cos((n+1)0-m/4=-imn)cos(}(n+m)nw)/n|

+ 0(n~ %) by (3,8)

for n >> m, 0<e<bB<w=~-c¢

K/n2 +~O(n‘3)5

3

where 0(n~°) depends on e, but where K is a constant

independent of «.
Hence by Weierstrass' M-test 32(6) is uniformly con-

vergent for O < 8§ <™ as stated.
Lemma 3;2
For all v € RI, m € N and x € (0,1)

Moy - pllyqse® JN4m m 'm
(3.15) Pv(x) = Pv(0)2n=m(—l) Yn,mPn(X)P n(O)

«(1/¢v=-n)=1/(v+n+l))

2 16 o My ® o NEm m, oM
(3.16) = P ICOYED, (=1 My PlCx)PT(0)

«(1/(v~n)=1/(v+n+1))
and both series are uniformly convergent over their range
of validity.
Proof
Substitute for P;m(cos £) and P;m(COS £) from (3.5)
into (3.1) and differentiate with respect to §£; set

E = 7/2. We obtain (writing x = cos 6)
o0

. ' m, ‘m Y e \ -1y
(3.17) Yv,mpv(X)P v(O) = (51n(vw)/n)2n:m( 1) Yn,m

P(x)P ™(0) (1/(v=n)=1/(v+n+1))
n X n v=n {v+n+

0 < x<1
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Validity of the term‘by—térm differentiation of (3.5)
follows from the uniform convergence of (3.17) which was

proved in Lemma 3.1,

Now (2.16) and (2.17) give

[

m =

(3.18) P?(O) = 201 2cos(3(v+m)TW)IT(3+3v+im)/T(1+3iv=1im)

m+l

V ' 21 '
(3.19) P %(0)>= 2™ T 2gin (3 (v4m) W) T(1+2v+im) /T (1+1v-1m)

From (3.18) and (3.19) and definition (3.6) we find

m 'm
Yv,mpv(O)P v(O)

2m+ln-1% 1+v+m-l)

Y. 2

v .m sin((m+v)m) (T'(1l+v+m)/2
9 .

J(T(1sv-m)/21¥V-m-1,

(3.20) = («1L)Msin(vm)/a

where we have used Legendre's duplication formula (2.8) for
gamma functions, namely

2z-1

(3.21) r(2z) = 222°L10"21(2)r(241)

Multiplying both sides of (3.17) by P?(O) and using

(3.20) we obtain (3.15), namely

m S © . n+m m 'm
(3.22) P (x) = P(OYL _ (-1} "y P (x)P _(0)

*(1Av-n)=-1/(v+n+l))

!
Similarly by multiplying both sides of (3.1) by P 3(0)

and setting & = m/2 we find (using (3.20)) that

m _ o'm 0 _qyD+m m,. oM
(3.23) Pv(X) = P v(0)zn=m( 1) Yn,mPn(X)Pn(O)

e (1/(v=-n)-1/(v+n+l))

as required.
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Uniform convergence of both (3.22) and (3.23) follows

from Lemma 3.1.

. RS D G G G YD Gh 68 o) em e G G G . G

We are now in a position to derive our basic new identi-

ties, which we do in the following theorem.

Theorem 3.3

For all m,t € N, & >m and for all x € (0,1),

(-1)D+m Pmcx)P'ﬂ(O)(1/(z-n)-1/(z+n+1))

m 0
(3.24) PQ(O)Z%§Q n,mn

= %(1+(-1>“*m>P§(x>

(3.25) P'E(O)Z (=D My PPGOPT(0) (1/@-n)=-1/ (£+n+1))

nzy s

- %(1-(-1)”*m>P§(x).

The convergence is uniform.
Proof

Consider equation (3,15). For some £ > m we may re-

write it as

m - L+mym m 'm -
(3.26) Pv(X) = (~-1) Pv(O)Yz,mPR(X)P 2(0)(l/v-2) 1/(v+8+1)

ynFm, Pm<x)P'§(0)

(-1 n,m n

+ PS(O)Z:_
R0

+(1/(v=-n)=1/(v+n+l))

We now wish to go to the limit v + £ € N. The only
piece of (3.26) for which this limit is not smooth is the

first term of the dexter which reads
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. L+m m m 'm ‘ _
(3.27) %i? (-1) PV(O)yg’sz(x)P 2(O)/(\) L)

. 1y R+m o m_-3 1 I(3+iv+im)
lim (~1) ngsz(x)Z T COS(Z(V+m)")TT%I§3:§ET
V>4
JoMEL =3 . g r(1+38+im) 1 .

2 T S*n(22+m)")TT§?§i:§ET =% (using

(3.18) and (3.19))

(3m)

csin? (MM 272 (from (3.21))

-(-1)**"M5in?(3(2+4m)TPM(x)  (by definition (3.6))

%(1-(~1)“*m>P§(x>

Taking the 1limit v =+ % € N of (3.26) and employing

(3.27) we see that the limit exists and gives

PR(x) = 3(1--D**™MPRx) + P™M0IZT_ (-1

or

(3.28)  PR(OXET_ (-1)™My_ PM(x)P ™(0)(1/(%-n)-1/(f+n+1))

n,m n

o

n#y
= 3(1+(=1)**MPM(x)

thus deriving (3.24), Proof of its uniform convergence

follows similar lines to that of Lemma 3.1; we can allow

v of Lemma 3.1 to be an integer & Dbecause the term

n = & has been excluded from the summation in (3.28).

We turn now to equation (3.16). Again separate out the
term for n = £, and take the limit v + & € N. The

non-smooth term is
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(3.29)  1im P ™(0) (-D¥™y

PR x)PT(0 -2
lim v 2,m l(X) 2( Y/ (v-2)

I(l+iv+3m)
I(i+3iv=2m)

2m+l

-l
lim(-1)%*m, 7" 2sin (1 (v+mn

Ny L£,m

L(3+3243m) PM(x)/ (v=2)

. m<-% 1 ! \
20 cos(2(2+m)ﬂ)r(1+%z-%m) )

(from (3.18) and (3.19))

L+

= (-D**eos? (Jm) 1) PP (x)

= 31+ (-1 **MPT )
Substitute this limit into the term for n = L3
(3.16) then gives

(3.30) P'Q(O)z AC-D™M Ty PRGOPTC0) (1/(R=n)=1/ (R+n+1))

nap 'n,m n
= 3= MR
which proves (3.25). Uniform convergence follows as in

Lemma 3.1 like before. Q.E.D.

Corollary 3.4

From (3.18) and (3.19) we deduce that

0 unless {(m+n) 1is even

pm,
PT(0)

!
m
and P n(O)

O wunless (m+n) is odd

whence (3.24) and (3.25) become

(3.31) PRIy Ly PRGOP T0) (1/(2-n)=1/ (2+n+1))
_ni@'

= =3 -D¥ P00,

(3.32) P'E(O)z Pﬁ(x)Pﬁ(O)(1/(2-n)-1/(z+n+1))

= 3--DYMPIGo 0<x<1
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Corollary 3.5

Equations (3.24), (3.25), (3.31) and (3.32) hold for
0 < x < 1. However, if =1 < x < 0 then O < -x < 1 and
(-x) may be substituted into these four equations. From

(2.14) we deduce that

(3.34) Pﬁ(-x) = (-1)m+“PE(x) 0<x<1

We obtain for <1 < x < O

m 00
(3.35) Pk(O)Z% #n mPn(x)P M0)(1/(R=n)=1/(L+n+1))
= 31+ (-1 MPM)
(3.36) (0)2:_ Pm(x)P (0)(1/(%=n)=1/(L+n+1))
Rgp'mm T
= ~3Q-C-1 PR (x)
m o , \Ti+M m 'm '
(3.37) P2(0)232@<—1> Yo, nPROOP M0 (1/(4=0)=1/ (247+1))
- -%(1+(-1)“*m)P§(x)
'm o n+m m
(3.38) P 2(o>z%§@(-1> g PR GOPE(0) (1/2-n)=1/ (24n+1))

-3(1= -1 ™ PR
and the convergence is uniform.

Note that the dexters of (3.35) - (3.38) are opposite
in sign to those of the corresponding identities for

0 < x < 1.

s WS WD R - D D G s " -

Having derived identities uniformly convergent for

0 < {x] < 1, we now investigate whether we can extend our
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1]
(@
-
i+
-
.

identities to include the points x

Corollary 3.6

Equations (3.24), (3.25), (3.31), (3.32) and (3.35) =~
(3.38) can not be extended to include the points x = +1

unless m = 0O, in which case they reduce to

co nw"' -1 - 9
PQ(O)zn-Q(-l) P n(O)(1/(2.-n)—l/(5&+n+l))—;(l+( 1)7)
n#
P, (0I5 (—1)“Pn(0)(1/(z-n>-1/<z+n+1>)=%(1—(-1)“)
HZ%
(3.39) X
[+ t .
PR(O)Zn— P n(0)(1/(£-n)-l/(2+n+1)) = =3(1+(=-1)7)
Rz%
P ,(O)I7_ P (0)(L/(4-n)=1/(2+n+1)) = 3(1-(-1)")
nso n
n#g
Proof
From (2.23) for m > O we have
(3.40) Pg(x) +0 as x + 1
and our identities become trivial at x = 1.
Also
m m _ o=
(3.41) (-1) Yn,mPn(X) = Pn (x) (by (3.5))
+> as X + =1 (by (2.26))
and we cannot extend our identities to the point x = -1

if m > 0.
If m =0 we use (2.27)
Pn(l) = 1
- (_+3D
Pn(—l) = (-1)

to obtain (3.39); the validity of substituting x = +1 in
this case comes from the fact that identities (3.39) can
be derived starting from (2.45) using the methods of

Theorem 3. 3.
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Corollary 3.7

The sinisters of relations (3.24), (3.31), (3.35) and

(3.37) are identically zero if we set x = 0.

Proof

From (2.16) and (2.17)

m 'm
(3.42) Pn(O)P n(O)

i
(@

We now demonstrate the power of Theorem 2.1 by rederiving

(3.31) assuming (3.32), and then (3.35) assuming (3.36).

Let
_ (pl .
(3.43) f(el,¢l) = EPA(COS el)cos(m ¢l)
™ .
E 0<8, <% 0<9¢y <27
EO % <8, <m, 0< 9y <27

(a) Choose 61 € (0,m1/2) i.e. a point of continuity of
f(01,¢l), which function obviously satisfies the con-
ditions of Theorem 2.1.from which we obtain (using

addition theorem (2.34))

m ,
PA(cos el)cos(m‘wl)

A2 S L [ 46, sin e.£(6. ,4,)5"
" “n=zo 4w . 5 2 25%Y29927%920Yn,q

-Pg(cos Sl)Pg(cos ez)sqcos(q(¢l-¢2))
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1
(3.44) =5y m%(2n+1><fodxpﬁ(x)P?<x))Pg(cos 8,)cos(m ¢;)

n=o'n,
Now (2.20) gives (using (3.7))

l .
(n=1) (n+A+1) [ dxPT(x)IPF(x)
0 n

- 1y pl e yp' ' 1
[x(n=DPTGOPTG0) + PIOGOP Jx)=P JOOPY ()] o

“P™(0)P ™(0) + P ™(0)P™0)
n A n A

whence

1
m m . 1 Yo
(3.u45) fodeA(x)Pn(x) =z (1/(2-n)-1/(A+n+1))

m ‘m 'm m
- (P_(0)P 4 (0)~P n(O)P)\(O))
Substituting (3.45) into (3.u44) gives

m oA m 'm
PA(cos Bl)‘- 3L Yn,m(Pn(O)P X(O)

n<so
-p'ﬂ(O)P?(O))Pﬁ(cos 0)
<(1/(A-n)=1/(A+n+1))

1

m 'm m
EYQ.,mP,Q,(O)P )\(O)(l/()\-ﬂ,)-l/(}\+2+1) )Pg(cos el)

(3.46)

- v, P TO)PR(O)(L/(A-2)-1/(A+2+1) )PP (cos 8.)
g,m % A L 1

¥ Pm(o>P'§(o>(1/(x-n>-1/(x+n+1)>P§(cos 0

+ 2L 3gg nom'n

3308

- 327y P ™(0)PT(0) (1/(A=n)-1/(A+n+1))PM(cos 6

Fp Dom

U3 8

Now take 1lim of (3.u46) and utilize (3.27) and (3,.29)
A>2EN

(writing x = cos 6)) to give

)
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We can now combine the above results into 2 basic identi-
ties, valid over the entire range (-1,1). We do this in

the following two theorems.

Theorem 3.8

The series.

(O)E n, mPn(x)P (0)(1/(L=n)=1/(2+n+1))

is uniformly convergent on the interval (-1,1) to

{ 3(1-(-1)**™)pR(x) x>0

{

E 0 x =0

{-%(1-(-1)2+m>P§(x) x <0
Proof

l’¢l) by (3.43) choose 6, = 0, the

point of discontinuity of £, " Theorem 2.1 then gives

Defining £(9

1 m - 5® 1
2(O+PA(O)cos(m ¢1)) = zn=an,m5(2n+l)

1
-(fodxp§(x)P§(x>)Pﬁ(O)cos(m ¢1)

.whence

: m ~ m 'm _ m
(3.51) PA(O) =Y, mPQ(O)P A(O)(l/(x—l) l/(A+2+l))P1(O)

b

+ E“Z@Yn mPn(O)P M0)(1/(A-n)- 1/(A+n+1))P (0)

(where we have used (3.45) and (3.42)).

Taking 1im of (3.51) we obtain (using (3.29))
A+LEN

(3.52) (O)Z (O)P (0)(1/2=-n)=1/(2+n+l))

Rzp'
3(1-(-1)"*™)PY0)

11

0 (by (3.18))
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(3.47)  2PT(x) = %(1+(-1)“*m)P§(x)4%(1-(-1)“*m)P§(x)
o m m
+ (O)Zﬁiw R AOIAES
(1/(R=n)=1/(&+n+1))
pih ® 'm m
- (0)232@ oo MCOIPI(X) (1/(=n)=1/(R+n+1))
0 <x <1
But by (3.,32)
'm ® m m 4
(3.48) P Q(O)Zﬂé@yn’mPn(O)Pn(x)(l/&-n?el/(2+n+l))

= 3(1-(-1) "M P0(x) 0<x<1

and (3.47) becomes

o0 m m, ‘
paptnnf ACYPRGO (1 (em)=1/ (2en+1))

= -PP(x)+3(1-(-1)

(3.49) P?(O)z

Ay P )

31+ (-1) M Pl(x) 0<x<1
which is (3.31) as required.

(b) Similarly choosing 61 € (n/2,7) we obtain (x = cos 61

and hence -1 < x < 0)

0 = 3(1+(-1¥*MPIx)+3(1-(-1) F* M PD(x)

+ P 2oz PM(0)P™(x) (1/(&=n)=1/(L+n+1))
L n3 Yn,m'n n' % n n
ni@ .
- P?(O)Zz_ Yo.m n(O)P (x)(1/(2=-n)-1/(2+n+1))
n?%
whence (using (3.36))
(3.50) P 0)z” _% num n(O)P (x)(1/(&=-n)=1/(L+n+1))

= pﬁ(x)-%(l—(-l)“*m)9§<x>

= %(l+(-l)2+m)P?(x) -1 <x<0

which is (3.35) as required.
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Define
s, (x) = P ™0)r® P™(x)P™(0) (1/(2-n)=1/(2+n+1))
Lm - L n=mYn,m n n
and
p - 1 L£+m, ,m
F(x) = { 3(1-(-1) )Pl(x) x>0
{ .
{0 x =0
{ £+m m
{- 1(l (-1) )P (x) x <0
By Corollary 3.4 Szm(x) is uniformly convergent to
F(x) for x € (O;l), ‘and by Corollary 3.5 Skm(X) is

uniformly convergent to F(x) for x € (~1,0). - Finally
from (3.52) we see that Szm(O) = F(O). Hence by Lemma 2.5
Slm(X) is uniformly convergent to F(x) on (-1,1).

Q.E.D.
Theorem 3.9

The series

PROIIT_y PP(x)P T(0) (1/(&-n)=1/(L+n+1))
n )i I n
nii

converges on the interval (=1,1) +to

{-1(1+(- l)£+m)P '(x) x > 0

{

{0 x = 0

{

{ 31+ (=1¥ M PM(x) x <0

The convergence is uniform on any interval which excludes

the origin.

Proof
Define
. ~ Il Ay e ® m 'm
llm(X) E PR(O)Zgi%Yn,mPn(X)P n(O)(l/(!L-n)-l/(!L+n+l))
and
G(x) = f 31(1+ (-1 M P50 x>0

{o0 x =0
{
{ 3(L+(-1)** ™) PP x) x < 0
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Uniform convergence of Tlm(X) to G(x) on
(-1,0) U (0,1) was proved in Corollaries 3.4 and 3.5.

From Corollary 3.7 we see that

sz(O) = 0 = G(O)

since each term of sz(O) is zero.

However, for (%2+4m) even

lim G(x) = —P?(O) £ 0
x+0t

and
lim G(x) = PQ(O) £ 0
xX+0™

(for (2+4m) odd both sides are identically zero)

Hence no uniform convergence is possible in any neigh-

bourhood of the origin. Q.E.D.

We can express the results of Theorems 3.8 and 3.9 in

a compact form if we define ¢€(x) by

+1 x >0

(3.54) e(x) = E
{¢C ‘x =0
{
{-1 x <0

Then Theorems 3.8 and 3.9 become

(3.55)  PReOIT_ v Pg(x)P'ﬁ(O)(1/(2-n)-l/(£+n+l))
niT :
-1+ (=DM PN (%) -1 <x<1
and
'm o m m
(3.56) p 2(O)Zﬂi%yn’mPn(x)Pn(O)(1/(2-n)-l[(£+n+l))

%(1-(-1)2+m)P§<x)e(x) -1 <x<1
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A third, related, identity is found by differentiating

(3.51) with respect to x, giving

(3.57) m(0)z m(x)P'g(O)(l/(l-n)-l/(l+n+l))

o0
REp

2+m

~3(1+(-1) )P’Q(x)e(x) 1< x <1

That this step is a valid one follows from the uniform
convergence of (3.57) in (-1,0) U (0,1) which is proved
analogously to Lemma 3.1 and Corollary 3.5. The series

vanishes at x = 0 as can be seen from Corollary 3.7.

Setting x = -x in equations (3.55), (3.56) gives

m © n+m m "m
(3.58) p,Lw)z%;:é (-1)’ Yn,mPn(X)P D(0)(1/(2=n)=1/(4+n+1))
- ;(1+(-1>“*m)P§(x)e(x) 1 <x <1
(3.59) P'@(O)zzéw(-l)“*myn mPn(x)P (O)(l/(k-n) 1/(2+4n+1))
n

- %(1-(-1)“*m)P§(x)e<x) 1 <x <1

A similar'result can be derived from (3.57).

In many applications (see on) we are required to
evaluate Zw_ rather than Zm_ . To do this we merely
n=m 15

re-insert the n=4%4 term which we have evaluated using

limits (3,27) and (3.29). We obtain

(3.60) PR(0)ED eV, mPn(x)P'g(O)(1/(z-n)~1/(2+n+1))

z -%(1+(-1>“*m)PQ(x)e(x)-g14enz+m»§(x)

-] <« x < 1

and setting x = -x
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n+m m 'm
) Yn,mPn(X)P n(O)(l/(ﬁ-n)-l/(2+n+l))

m [+
(3.62) 'PZ(O)Zn:m(-l
= %(1+(-1)“*m)P§(x)e<x)+%(1-(-1)“*mn%<x)

-1 <« x <1

(3.63) P MO)zT_ (-1)"™*My PRGOPN(0)(1/(4=n) =1/ (2+n+1))

n,m

= 1QA-CDMMPRGO GO+ (L (-1 P

m
)PQ(X)
-1 < x <1

Similar identities follow from (3.57).

Uniform convergence for equations (3.55) - (3.63) is the
same as that of the fespective parent equation from which

each 1s derived.
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CHAPTER 4

APPLICATIONS

We begin with the problem which led to the author's

interest in Dougall Identities for integral values of v,

A

-Define f(x) = {P?(x) 0 <x<1
( s
- {0 ' -1 < x 0

A

and try to expand f(x) as a series of Legendre associated

functions

(u.1) f(x) = Z:_ocsPs(x)

In order to find the '{cs} multiply both sides of (4.1)

by Pg(x), and integrate over (-1,1)

‘1
. _ e m m
et f dxf(Y)P (x) = I _.cg / dxP_(x)P_(x)
-1
-1
- 2 -1
* °h 7n+1 Yn,m (by (2.21))
oo m
. = 1(2;
(4.2) e cp 7 3(2a+l)y o fodXPQ(X)Pn(X)

_ m 'm
= %Yn m(Pn(O)P (O)~P2(O)P n(O))

+(1/(2-n)=~1/(2+n+1))

(using (3.45))
Using the c, of equation (4,2), can we now explicitly

sum I cnPg(x); and if so, does it converge to f(x)?

n

o _ m o -
DN ocnPn(x) = 3 Z(O)anmyn,mpn(O)P (x)(1/(2=n)=1/(2+n+l))
- 1P 0)z> (O)P (x)(1/(2=n)=-1/(2+n+1))

nmnmn

= %{%(l-(-l)£+m)P?(x)e(x)+%(i+(-l)2+m)P?(x)}

[

-3 (L =DM PO e (0= 3 (1= (-1 M) PR(x) }

(by (3.61), (3.60))
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%p?(x)e(x) + %PQ(x)

= { P?(x) x>0
{
{%Pﬁ(x> x =0
|
{o0 x < 0

We see that the series converges to the required value
except at the point of discontinuity; +the result at x = O

does not surprise us bearing in mind Theorem 2.1.

Dirichlet Green's Function for the Half Space

We require the following basic results from the theory

of Green's functions.

Definition 4.1

Let r denote a point in R3.

We define the Dirichlet Green's Function 6(21’22) for

a volume V Dbounded by a surface S as follows:

Write

1

Then U(£1’£2)’ the regular part of the Green's function,

satisfies

(1) VZU(El’Eg) = 0 for all r,r, e v

. . 1
(4,3) (ii) U<£l’£2) = EFTEI:ZET for all ry.r, e s
(iii) U(gl,£2) + 0 as 31’22 +

Lemma 4.2 (Uniqueness)

Conversely, if any harmonic function. 0(31,32) satisfies
(i), (ii) and (iii) of (4,3) then

1

- + U(r,,r,)
uwlgl-gzl =1°%=2

is the Green's function for the volume V.
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Proof

Let there be two distinct Green's functions, namely

- 1
61(r1sy) = - 53 r,r,1 " Uy (zy-rp)
G,(r,,r,) = - 1 + U,(r,,r,)
2°=1°=2 un|£1~£2l 2°=1%=2
Then Gl - 62 z Ul - U2 is a harmonic function everywhere

in V and vanishes everywhere on S. Hence (Kellogg,1929,

Chapter VIII, Theorem II)

everywhere in V and on S, and the Green's function is
unique.
Lemma 4.3

For any function ¢(r} harmonic in V

d

(4.4) ¢(r,) = f8d81¢(£1) n; G(r;,r,) r, €V
where sg— denotes differentiation along the normal out
1
of V.
Proof

See (Kellogg, 1927, page 237).

Corollary 4.4

Choose ¢(r) to be the regular part of the Green's
function. (4.4) then gives (using Definition 4.1 and

equation (4.3))

(4.5) Uz, 5r,) N

1 d
[ as :
g 1 uﬂlzl-£3| ony

a .
]SdSlU(gl,£3) 3= 6(ry,r,)

G(ry,r,) r,,ry €V
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Suppose we are working in an orthogonal curvilinear

system of coordinates (ul,uz,u3)

2

in which Laplace's
equation V2¢(u1,u ,u3) = 0 1is separable (Moon and Spencer,
1952). The solution can be expressed in the form

w(ul,uz,us) = wl(ul)¢2(u2)¢3(u3)

If at least one of the functions wi(ui) is a Legendre
associated function Pﬁ(XL), X being a function of ui
alone, then, as previously mentioned in the Introduction,
our identities are applicable to bodies bounded by two

surfaces one of which is given by X, = 0 and the other is

defined independently of X; .

Consider the half space 1z > 0. In spherical polar
coordinates (where the solution to Laplace's equation takes
the form rnPﬁ(cos 8)cos(m ¢)) the bounding surface z = O
is given by X; =.cos @ = cos (3m) = 0. (The other surface

is the hemisphere at infinity.)

We now construct the Dirichlet Green's function for the

half space z > 0 or, in spherical coordinates, 0 < 6 < 1w,

6(21’22) is the potential at ry = (rl,61,¢l) due to
a unit point charge at r, = (r2,62,¢2) in the presence of
an earthed conductor at 2z = O, By the method of images,
if a point charge of -1 be placed at E% = (rz,n-62,¢é)
which is the reflection of r, in the plane z = 0, the

potential vanishes everywhere on the plane.

- 1 1
1 = % ' = - 1
Since r, = r§¥ on the plane 3z, 0 (or 6, Im)

G(gl,gz) vanishes there and conditions (4.3) are clearly

satisfied for Zy52, > 0, by the uniqueness theorem
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(Lemma 4.2) equation (4.6) is the Green's function for the

half-space.

Let us now express (4.6) in spherical coordinates
(r,6,¢) using the expansion (Morse and Feshbach, 1953,

equation 10.3.37)

n
' r (1,2)
1 L o® < 7?2 n m
(4.7) 21_22 = Zn___o m );m:o'Yn,mPn(COS 61)
. . > 3

°P§(cos ez)emcos(m(¢l—¢2))

1]

where r<(1,2) min (rl,rz)

and r (1,2) max (rl’PZ)

e, and v, n are defined by equations (2.33) and (2.9)
b

respectively.

Recall (2.14), namely

Pg(cos(ﬂ-e)) Pg(-cos 6)

= (-1 (cos ) 0 <8 < im
(4.8) .". U(EI’EZ) = EET;l:;gT
=1 =2
' n
r (1,2)
) < b4 n+m
= (1/4m)L_ |  ——————— I _ (=1)" Ty

n=o r2+1(l,2) m=o n,m

m I .
ePn(cos el)Pn(cos ez)emcos(mwl ¢2))

ry(1,2)

o LT 2)

n+m)Y

. - @ n (-
(4.9) .*. G(pry,r,) = =(1/4mME Znzoll-(=1)

m= n,m

-Pg(cos el)Pg(cos 62)emcos(m(¢l-¢2))

In order to demonstrate our identities let us verify

that G(gl,gz) satisfies (4.5), namely
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) 1 )
(4.10) U(r,,r,) = as . — — G(r,,r,)
PR =27=3 fS 1 unlzl—zai an, -12=2
0 < 8,,08, < 3m
From (4,7)
, ) 1 o To(1,3) N
4,11 - = (1/4mM)I | e 1y
u“‘£l'£3l n=o r§+l(l,3) g=o'n,q
-Pg(cos Gl)Pg(cos eg)eqcos(q(¢l-¢3))
Also
(4.12) <2 = - 2
' lr) on S 1 91=%N
= 72176 =1n
- 3 1 3 1 )
= -(cos6,,-sind, ,0).( = - —
12 1° Brl’rl 861’r151n61 2)616.]_:%1T
-1 9
® T, 93676, =4m
1 1 "1°°
__ 1 3,
= ORT D) =X
ry (cos 61) 61-2n
whence using expansion (4.9)
| . w  TE(1,2)
(4.13) — G(r,,vr,))_ = (/47 )L, ——mer——
anl ~1°=2 r; on S 1°7%2=0 r§+l(l,2)
'S RA+m m
Zm:o(l—(-l) )yz,mPl(cos 62)
p'm )
. >2(O)emcos(m(¢l-¢2 )
Further
27

(4.14) [Od¢lcos(m(¢l-¢2))cos(q(¢l-¢3)):(2ﬂ/em)
-Gm,qcos(m(¢2-¢3))

We will also be using the identity

) N o] n: - 0 [ee]
(4:15) Zn=om=o m,q m=ozn=m_m,q -
- Zm

n=q
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In spherical coordinates

(4.16) fds = fdrlrlf d¢1

Substituting (4.11) and (4.13) into the dexter of (4.10)

and employing (4.16) and (4.1l4) we obtain

gh g 22

(4,17) . dexter of (u4,10) = (1/877)2n o q=0 Z=olm= oﬁn,q

2+m)

]
«(1-(-1) Yo ,mY €,cos(mt,=¢,))P ?(0)

n,q
m m m
Pz(cos GQ)PH(O)Pn(cos 63)

®  rr(1,2)r(1,3)

.(Jodrl £+l n+l

)

(1,2)r (1,3

Let us perform the indicated integration. Without any

loss of generélity we may assume that r, <vr Further,

3'
1]
since P ?(O)P?(O) = 0 (cf. (3.42)) n can never equal 2

in (4.17). Thus the integral with respect to ry is

equal to
rs r§+n T3 r%rg‘l_l o r% rg
(4.18) fo dI‘l, mi- fr drl —‘—-“‘rn+l + fl" drl rn+2,+2
2 3 2 3 ' 3 1

= = (R/rl Y (1 (n=0)-1/ (1))~ (r“/r“*l)

+(1/(2-n)-1/¢L4n+1))

Inserting (4.18) into (4.17) and making use of identity
(4,15) for & and n 1in turn we obtain

n+l)

dexter of (4,10) = —(l/8ﬂ)2 (rn/r 2 v P™(cos @ 3)

m=o'n,m n

o 2+m "M, Aol
{P (0)z %; (1-(-1) )y l,mP l(O)Pl(cos 62)

-(1/(n-2)-1/(n+z+1))}emcos(m(¢2-¢3))

2+1) '

-—(l/8ﬂ)Ll o(r /25 I oYy (G 1)“+m)P§(cos 6,)
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® pm(O)Pﬁ(cos 64)(1/(%-n)=1/(L+n+1))}

'm z
{P 0 H;@Yn,m n

-emcos(m(¢2-¢3))

We employ identities (3.55) and (3.58) in the first set
of braces and (3.56) in the second (interchanging & and n)

to obtain (since 0 < 62,63 < 3w)

n+l,.n
3 )Z Y

Ay = - i n
dexter of (4.10) = (l/8n)2n_o(r2/r m=o0¥n,m

-Pg(cos 62)P§(cos 63){-%(l+(-l)n+m)

S+ DM - DM - (- )
°emcos(m(¢2-¢3))

_ ® n, n+l,.n _1yhtm
= (l/uw)2n=o(r2/r3 )zmzo( 1) Yn,m

-Pg(cos 62)P§(cos ea)emcos(m(¢2-¢3))

UCr,,r ) © (see (4.8))

sinister of (4.10) as required.

Dirichlet Green's Function for the Prolate
Hemispheroid

In order to demonstrate that our identities are useful
for solving problems nbt only in spherical polar coordinates
but also in all other coordinate system in which the solution
to Laplace's equation is given in terms of Legendre
associated functions, we now carry out a similar calcula-
tion in prolate spheroidal coordinates to verify explicitly

identity (4.5) for a prolate hemispheroid.

In prolate spheroidal coordinates (&,n,¢) the solution

to Laplace's equation has the form Pg(n)Qg(E)cos(m ¢).
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The plane face of the prolafe hemispheroid is the surface
n = 0; ‘the curved surface is given, independently of n as
required, by the equation E =a > 1, Thus we are once

again in a situation in which our identities may be applied.

Prolate spheroidal coordinates are formed by rotating

elliptical coordinates about the major axis. Suppose that

the foci of the spheroid are at x = 0, y = 0, 2 +3a.

Define the prolate spheroidal coordinate system

(E,n,¢) as follows:

x = la /Qéz-l)(l-nz) cos ¢

ia JQEQ—I)(lfnZ) sin ¢

<
1"

z = ja &n

with
l1<Eg<», -1 <n<l, 0< ¢ <2m
then
[7_2
(4.19) he = da /> N
: £°=-1

(2.2
n 1-n

h, = 3a /(£2-1)(1-n2)

¢

In this system (Morse and Feshbach, 1953, equation

10.3.,53; but see note)

‘ 1 - o Q2 (-1)9,2 p4 q |
(4.20) W (2/&)22':0(22&1)22:0( 1) Y:L,qu("l)Pz("s)

'P%<£<(1a3))Q%(E>(l,3))eqcos(q(¢l-¢3))

where £.(1,3) min(€1,€3)

11

£,(1,3) max(El,Es)



53.

The prolate hemisﬁhérdid is the bédy bounded by the sur-
faces r = a, z >0 and r < a, z = 0, or in prolate

spheroidal coordinates

(#.21) ~ S

H

{gm,9)E =0, 0<n <1, 0<¢ < 2n}

t

.
and

Sp = {(&,n,0)] 1< €<, n=0, 0<¢< 2m}

.. where a is a constant‘greater than 1,

Hence

(4.22)  G(ry,r,) = =(1/21a)5_ (2n+1)zD_ (-1

‘9 . yn+m,_ 2 m m S ¢l m
H(L-CDT Y Py IRy ) P (B Q) (E)

n,m n
m ol m My oy _
- Pn(El)Pn(Ez)(Qn(a)/Pn(a))}emcos(m(d)l ¢2))
Clearly G(El,gz) vanishes for n, or n, = 0 and

. 1 . .
£, = o, and has the required - ——— singularity
> 4ﬂ|£l £2|

for r, near p,. By Lemma 4.2, (4.22) is the Dirichlet

Green's function for the interior of the prolate hemispheroid.

"Lef us verify that G(gl,gz) satisfies (4.5), namely

\ - 1 9
(4.23)  Ulp,,ry) = f 48y FaTe=ooT 3ns ©(Epery)
S,,US =1 =3 1
H""F
O<n2,n3<l
We have that
d 1l 3
(4,24) =) S g ) L
anl El.on SH hE 3&1 El—a

The sign of (4.24) follows from the fact that the outward
normal gbes from £ <o to & > a, and hence the deriva-

tive must be taken in the direction of & increasing.
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(4,.25) agl

m 'm m, m 'm m
PD(EQ){Q n(a)Pn(a)-Qn(a)P n(a)}/Pn(a)

(P (g, )/P (a))Y ( i) /(a -1

since by (2.10) the Wronskian of Pg(z) and Qg(z) is

given by

(4.26) q (a)Pm(a) Q (a)P m(a)} = y <" 1™/ (1-a?)

From (4.22) and (4.25) we see that

- ® n
(4.27) aE] G(ry,r,)) Y =a (1/27a)E_ (2n+1)I__
- n+m m
+(1-(-1) )y n,m n(nl)P (n2)(P (§,)/

* m - 2-
Pn(a))smcos(m(d)l ¢2))/(a 1)

Let us split up the dexter of (4.23) into I and

1
where
- 1 P
(4.28) I, = ds G(r, ,r.)
1 JSH 1 ”"lﬁl‘ﬁgl dn, = =1°=2
: 1 0
(4.29) I, =f ds — G(r,,r,)
2 SF 1 un|£l rs] anl =1°=2
(SH and SF were defined in (4.21)).

From (4.28), using (4.19) and (4,24)
27

1
) 1 J
(4:30) Iy = daf anyf = dey(hohy/he) (rre—eT 52T
-G(r ))
El-a

1 27
2 1

m m m m
5P, (E )Q (g,)=P (El)Pn(EZ)(Qn(cL)/Pn(OL))})gl=m

54,

2’

)El,:a



55,

. °G
Substitute for from (4.,20) and for ——/
'-1'23! 98,

from (4.27) to give (using (4.15))

= g¥ _ n+m
(4.31) I, = (1/uma)iy_ I’ I-. m(2£+l)(2n+l)( -1™(2- (-1
v ;n'n,nP2(Ng)P <n2)<f dqle(nl)P (ny))

-P§<53>Q§(a)(P§<52)/Pﬁ<a))emcos<m(¢2-¢3))

o L m_2 m m m
(l/una)zz=o(22+1)2m=0(-1) Yz (n3)P (E )Q (a)
@ n+m m
(- GDT Dy, (1 (-n) =1/ (44n+1)) P (n))

m mn 'm m m ‘m
(Pn(Ez)/Pn(a))(P Q(O)Pn(O)-Pz(O)P n(O)}
femcos(¢2-¢3)
where we have used (3.45) to evaluate the integral.
Consider the function g(EZ,n2,¢2) defined by

(4.32)  g(E,unp,0,) = (PROIn (1--D™My P R0)PN(n,)

-(Pg(gz)/P§<a>)(1/<z—n)—1/<z+n+1))

+ 2<P§<52)/P@<a))P§<n2>}cos<m ¢,)

By (3.60) and (3.62) (since from (4.23) O <'n2 < 1)
g(&z,n2,¢2) vanishes on the surface £, = a3 g is a

harmonic function of (62,n2,¢2) and hence
(4,33) g(EZ,n2,¢2) = 0
inside its radius of convergence (i.e. for £2 < a), or

m © n+m m m
(4.34) P o)z _ (1-(-1) )Yn,m n(O)P (ny)(P_(E,)/

+PT(a))(1/(2=-n)=1/(%+n+1))

= =2PP(n,) (PY(E,)/PPa))
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Similarly (using (3.61) and (3.63))

'm 2 00 n+m m m m, ,
(4,35) P Q(O)Znﬁm(l-(-l) hh,mpn(O)Pn(n2)(Pn(€2)/

-Pﬁ(a))(1/<z-n)-1/<z+n+1)) = 0
Substitute (4.34%) and (4.35) into (4.31) to give

, - © 2 _ym 2 m m
(4.36) I, = (l/2na)22=o(22+1)2m:0( 1) Yz,mpz(”z)Pz(“s)

KCAREACHACATRERICICITIIIND

Now consider I, (equation (4,28))

d 1 3
(4.37) = G(r,,r,)) = = == =— G(r,,r,)) .
9n, " '=1°=2""r, on Sg hn 9n; ~=1°-2""n,=0

The minus sign follows from the fact that the outward normal
is from z >0 to z <0, i.e. from n >0 to n < 0O,

Now

d - ® n ,_qym
(4,38) 531 6(ry,r,) = =(1/2ma)X _ (2n+1)Z _ (-1)

. _qyh+my. 2 'm m,  §¢ph m .
(A== Dy, P (0P () )P LEIQ ()

m m m m
- Pn(;l)Pn(EZ)(Qn(a)/Pn(a))}emCOS(m(¢l-¢2))

where G(gl,gz) is given by equation (4.22),
From (4.19), for n = 0
- 1
(u.sg) hyhe/h = 3a
Substitute (4.20), (4.37), (4.38) and (4.39) into (4.29)

to give

6(xy2222 70, =0

N
]

o 2% | i 5
= -[ld£1[0d¢l(h'h /h_)(

(4.40) I —

(1/una)z;*oz£_oz:_ozg_osq C(-1)™9(2241) (2n+1)
zo’mzo’nzolqz0%q,

e l1a(o1yntmy 2 2 q q 'm m
(1-(=1) )yz,qyn,sz(O)Pz(ns)P n(O)Pn(nz)
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o .
. (pl m _ph m
(jldgl{Pn<g<(1,2))Qn<£>(1,2)) P (E)P _(E,)
+(Q(a) /P1(0) ) JPR(E (1,3))QQ(E,(1,3))e cos(m(9,=65))

It is clear from the presence of the product

. .
6q mP%(O)P Q(O). that n cannot equal &. Suppose,without
b

any loss of generality, that £2 < Ea. Then the integration

over El can be written as
| €2._ m, . m, . m i} m
(4.41) IE = fl d@l{Pn(gl)Qh(gz)-Pn(El)Pn(gz)(Qn(a)/
“P1(a)) }PP(E)Q(E )
E3 . m m m m m
+ [E dg, {PL(£,)Q (& )=PH(E )PT(E,) (QT(a)/
: 2
*PD(a) ) IPP(E IQY(E )
o m m, m m m
+ Ig a6, {P(E,)QI(E =P (EIPI(E, (QN(a)/
%3

m m m, ..
-Pn(a))}Pl(€3)Q2(tl)

g
= QQ(E,Q (e[ Pag PMg HPT(E)
1

| £
m m m, - m 3 m m, -
(Qn(a)/Pn(a))Pn(g2)Q2(€3)fl dg P (§1)P (&)

+

.
m m, .. >3 m m, .
Pn(Ez)Qg(gs)Ig dg,Q (8 )P (E))

2

+

» o
m, . m, -~ PN 1 m, .-
Pn(éz)PQ(;3)I€ dg,Q (8)Qg(E))
3

o
.m m m,, m > plt A, o
(Qn(a)/Pn(a»Pn(gz)Pg(£3)f€ dg P (81)Qp (& )
3

. m i
Now by (2.20) if Mn’ My

Legendre's differential equation (2.1)

are any two solutions of
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b .
(4.42) (n-2) (n+2+1) [ M1(2)M}(z)dz
a

= [2(n-20)M](2)M) (2)+ (L+mIMI(2)M)_, (2)

]l b
- (n+m)M§_l(z)M?(z)]a

~ But from (2,31)

(h.u3)  (mMl_(2) = 22M2) - (2%-1)M P(z)
and dexter of (4,42) becomes
(4. 41) [(22-1) (2N ™(2) - MP(z)M R(z)]°

‘ - L n n L “‘a

Inserting this result into (4.41) we see that

(4,45) (n-l)(n+2+l)Ig

m m _2 m, 'm m, 'm
Qn(gng(Ea)(;2-1){P2(&2)P n(EZ)-Pn(gz)P IL(«Ez)}

- (Qﬂca)/Pﬂ(a))PQ(&Z)Q§<53)(gg-l){Pﬁcgs)P'ﬁcgg)
-P™(5 )P Mg )
¢ PPEQR(E Y (E2-1) (PP(E)Q (e ) -QR £ P e ) )
- P™(E,)QM(EL) (E2-1){PT(E,)Q T(E,)-QM(E,)P T(E,))
+ PCE )PTE ) (a?-1) {00 M@ - QP(@)Q Be) )
- ég<gé>P§<ga)<a§-1>{Q§(53)Q'§<g3>-Q§<53)Q'§<53)}

m

n o)

_ 1

- Q@) /P PR(E,)PIE ) (a?-1) {Q](a)P
-P™(a)Q M)}

+ QMW PP (g, ) PR(E ) (E5-1){Q(E P M)

m 'm
-Pn(53)Q 2(53)}
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= -(gg-l)Pg(gz)Qg(g3){Q'ﬁ(gz)Pg(gz)-Qg(gzip'§<g2)}
+ (az—])(d;(a)/P];:(a))Pﬁ(E Z)Prg(ga){Q'ﬁ(a)Pg‘(a)-Qg(a)P'ﬂ(a)}
+ (£2-1)P™(E,)Q™(E )10 TEIPT(E)-QME P (£}
- (83-1) QM) /P )P, PME ) {Q g PME )

m, . 'm
-Qz(ga)P 2(53)}

-1 m; M, . m , ~I m m m
Yn,m(-l) {Q2(§3)P2(€2)-(Ql(a)/Pn(a))PQ(EB)Pn(€2)}

-1 m,m m m m m
Yz,m(‘l) Pn(Ez){Qn(ga)-(Qn(a)/Pn(a))Pn(ga)}

‘where we have used (4,26).

.*. (4.40) gives (using (4.15))

(4.46) I, = -(1/una)zz

ek _qym 2 m
2 O(22+l)2m=0(_1) yz,mPl(na)

m m
{QQ(EPPT(E,)

‘m n+m 'm m
‘{PZ(O)Z (1-(-1) )Yn P n(O)Pn(nZ)

Rz . »m
«(1/(8=n)=1/(L+n+1))}

m m m 8 n+m
- PREHQR(@{PR(O)E] _ (1-(-1)™*™

0
- Y
nzy nLm

m

m m f
-(Pn(Ez)/Pn(a))P n(O)

*PI(n,) (1/(2-n)=1/(2+n+1)) }}e_cos(m(¢,=¢3))

o n m n+m
- (1/%mal)z | ol2n+)x _ (-1)"(1-(~1) )y

2

n,m
m m m m, m m

-Pn(n2)Pn(gz){Qn(Ea)-(Qn(a)/Pn(a))Pn(ga)}

'm )
(P DOy
(X309}

m m
5 Yz,mPl(O)Pz(na)(l/(n—l)-l/(n+2+l))}

oemcos(m(¢2r¢3))
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The first sum is evaluated by taking the difference

between (3.55) and (3.58) to give

o.m ' n+m "m m
(4,47) 92(0)2 (1-(~1) )y P n(O)Pn(nZ)

[~}
) n,m

e (1/(8-n)-1/(L+n+1))

= - (1+(-1)¥ M) PPy

L 2)

(since n, >0 from (4,23)).
Using a technique similar to that employed in deriving
(4,34) we obtain for the second sum (from (3.55) and (3.58))

m n+m 'm m m, .- m,
(4,48) P2(0)2 (1-(~1) )y P n(O)Pn(nz)(Pn(Ez)/Pn(a))

) nom
*(1/(2-n)-1/(2+n+1))

2+m

- _ m m, .. m
= =(1+4(-1) )Pg(nz)(Pg(gz)/Pg(a))

The third sum of (4,46) is evaluated ﬁsing (3.56), namely

R m ®
(4.49) P “(O)Z Y
L=
n 22m £,m

P?(O)P?(n3)(lﬂh-z)-l/(n+2+1))
- 1 - (- n+m m
= 3(1-(-DMMHPN(n )

Substituting (4.47) - (4.49) into (4.46) we see that

_ © L _> m_2 m m
(4.50) I, = —(l/uwa)22=0(22+1)2m=0( L%y P (nZ)PQ(n3)

£4.m L
m m m m m
P, {Q(E)-PT(E ) (QR(a) /PR (o))}
(DY L (1= -1 AT 1 (1= (-1 M )
-emcos(m(¢2-¢3))
24m 2

= © L _yyMm,_ m
= (1/2ﬂa)21=0(22+1)2m=0( 1)7(=1) Yl,mpl(HZ)

m m m m m m
on(n3)P2(52){Q2(€3)-P2(£3)(Qz(a)/Pz(a))}

-emcos(m(¢2-¢3))
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.Adding (4.36) and (4.50) and comparing with (4.22) we see

that

- T
~ dexter of (4,23) Iy 9
= U(p,,r3)

= sinister of (4.23) as required.-
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CHAPTER 5

EXTENSION TO OTHER POLYNOMIALS

In this chapter we study certain functions pv(x)
which satisfy Dougall identities analogous to (2,35) -
R .

(2.37), namely

Dvpv(x)pv(y) z (sin(vﬂ)/ﬂ)Z::o(-l)nann(x)pn(y)

«(1/C(v-n)=1/(v+n+l))

for v € R0, Dv constant, x,y € X < (a,b),

and investigate whether or not these functions also satisfy

identities of the type (3.55) and (3.56), viz.

P (x) = E5_ S¥(x_)p_(x)(1/(%-n)=1/(L+n+1))

hZ%
for & € N, for some X € Xc (a,b), Sﬁ(xo) constant.
We will refer to the former as D~type identities, and to

the latter as S-type identities.,

Meulenbeld and van de Wetering (1967) have derived a
D-type identity for the generalized Legendre associated
function (or GLAF for short) Pﬁ’n(x). Hence those
functions which can be expressed in terms of GLAFs

Péu’e)) will satisfy a D-type

(e.g. the Jacobi function
“identity for non-integral v, as will those which can be
expressed in terms of Legendre associated functions (such

as Gegenbauer or ultraspherical functions Csx)). Thus

the set {pv(x)} is certainly non-trivial.

In searching for such functions we will consider only
those functions which are generalizations of the classical

orthogonal polynomials p_(x) to the case of non-integral n
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by expressing pn(x) in terms of the hypergeometric function
and replacing n by v, or by considering the original
differential equation defining pn(x) and making the same
replacement. We shall refer to such functions as general-
ized orthogonal functions. Before following this programme
we must recall a few basic properties of orthogonal poly-

nomials in order to generalize them later.

Properties of orthogonal polynomials

(The results of this and the following subsection are

taken from (Erdélyi, 1953, Chapter 10) and (Szegd, 1939)).

Let {pn(X)ln = 0,1,...} be a sequence of polynomials
of exact degree n, defined on the interval (a,b).
Further let w(x), the weight function, be a non-negative

function (measurable in the Lebesgue sense) for which

b
[ dxw(x) >0
a
5 .
Then if [ dxw(x)pi(x)pj(x) exists for all i,j € N
a

(in Lebesgue's sense) we may define the scalar product
b

(pi,pj)_= f dxw(x)pi(x)pj(x)
a

0O for i # 3

(Pi’pj)
then the sequence {pn(x)} is said to be a system of

orthogonal polynomials,

We can show that every orthogonal polynomial system is

complete on (a,b) if the interval is finite.

The classical polynomials have the intervals and weight

functions given in the table below.
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a b w(x) Name
(i) 0 = ‘ e *x% a>-1 Laguerre polynomial
L(a)(x)
2 . B
(ii) == o e ¥ Hermite polynomial
Hn(x)
(iii) -1 1 (l-x)a(l+x)B a,B>=1 Jacobi polynomial
Péa’s)(x)

Some special cases of (iii) are

(iv) a =8 =X = 3 Ultraspherical (Gegenbauer)
polynomial C;A)(x)
(v) a=8=-3% Chebychev‘polynohial of 1st kind
T (x)
(vi) o =8 = 3 Chebychev polynomial of 2nd kind
Un(x)
(vii) a = -8 = 1 Polynomial UZD(COS(%G))=sin((n+%)6)/
+sin(36)
of cos 8 = x
(viii) o =8=0 Legendre polynpmial Pn(x)

O —— D = D G =R G s -

These polynomials are characterized by three major

prbperties:
1
(1) {p n(x)} is a system of orthogonal polynomials
(1II) Pn(X) satisfies a differential equation of the form

(5.1)  A(x)y" + B(x)y' + Ay

where A(x) and B(x) are independent of n, and AL is

independent of x.

(ITI) There is a generalized Rodrigues formula
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1 a"

= (w(x)X™)

where K_ is a constant and X 1is a polynomial of degree

at most 2 in x whose coefficients are independent of n.

Conversely, any one of these properties characterizes
the classical orthogonal polynomial in the sense that any
system of orthogonal polynomials which has one of these
properties can be reduced to a classical system., Thus by
considering only the classical orthogonal polyndmials we

nevertheless are including a wide range of functions.

From (5.2) we can deduce that the differential equation

for y = pn(x) has the form

2

4y dy =
(5.3) X 2 + Kypy(x) 3= t Ay =0
x“ .
where
= 1 - "
(5.4) A, = -n(qKy + 2n=1)X")

with kl the coefficient of x in pl(x), Kl and X as

defined in (5.2).
The self-adjoint form of the differential equation is
d dy -
(5.5) = (Xw(x) dx) + Anw(x)y = 0
Since X 1is at most quadratic in x, and pl(x) is
a linear function of x, (5.3) can be reduced to the

hypergeometric equation or one of its special or limiting

cases.

The recurrence and differentiation formulae

xn—l

Let kn, kn be the coefficients of xn, re-

spectively in p (x); r_ = X /x and h. = (p_,p.).
n n n’"n n n’tn

Then (Szegd, 1939, equation (3.2.1))
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(x), n =0,1,2,¢..

(5.6) pn+l(x) = (Anx+Bn)pn(x)-Cnpn__l
with p_l(x) =0
where
An = kn+l/kn
(5.7) Bn = An(rn+l—rn)
Cn = A h /(An l n- l) = kn+lkn lhn/(knhn l)
This can be shown as follows:
(5.8) pn+l(x) - An(x)xpn(x)
- | n+l & n N n,% _n-1
= (kn+lx +kn+lx + ”‘)'(kn+l/kn)X(knx +knx

and is hence a polynomial of degree n or less. By the
completéness property of the orthogonal polynomial pn(x)

we may therefore expand (5.8) as

n+l(x) -A (x)xp(x) = Zq Oyqpq(x)

By the orthogonal property of {pn(x)}

(Pn+l’Pq) =0 e=n
and (xpn,pq) = (pn,qu)
=0 q<n-=2
Thus
Yo ® Y1 % oeee T ¥ =0 t
and

-An(pn{xPn—l) = Yn-l(Pn-l’Pn-l)

11}

Yn-lhn-l

now xp__,(x) = (k__,/k )p (x) is a polynomial of degree

n-1 or less, and therefore is orthogonal to Pp> whence

teos)
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/kn) =y

—Anhn(kn—l

or Yn-l = -Cn

Compare coefficients of x° on both sides of (5.6).

We obtain
n, n,

kn+l = Ankn + Bnkn
or rn+l_kn+l = Anrnkn + Bnkn
or rn+lAn = Anrn + Bn

r_) as required by (5.7).

whence Bn = An(rn+l— n

We now come to the differentiation formula (E 10.7(4))

dpn(x)
- 1 " .
(5.9) X —ax c (an+2nX X)Pn(X)+BnPn_l(X)
where
(5.10) o, = nX'(0) - %X"rn
Anen = -Cn(lel + (n=3)X")

where X, K are defined in (5.2), r, and k1 in (5.6)

1
and An,Cn in (5.7).
The proof of (5.9) appears in (Tricomi, 1948, pages

212-215) and is based on the fact that
Xp'n(x) - %nX"xpn(x)

is a polynomial of degree at most n and hence is of the
form

D=2, 5 (x)

anpn(x) + Bnpn_l(x) + Eq=o qPq

The coefficients O Yq are then determined by the

orthogonality property; (5.5) is used to determine B
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Generalized orthogonal functions

Since pn(x), the solution of (5.3), is a hypergeometric
function or one of its special or limiting cases, let us
define the generalized orthogonal function 2z = pv(x) to be

the solution of the equation (cf, (5.3))

2
: d°z dz _
(5.11) X g-'—z- + Klpl(X) a-; + )\vZ =0
X
where
= - I(y- '
Av = v(lel + 3(v=1)X")

Further, by replacing n by v in (5.6) and (5.9) we

obtain

(5.12) 'pv+l(x) = (Avx+Bv)pv(x)-Cvpv_l(x), p_l(x) =0
dpv(x)

(5.13) X —ax ° (av+%vX"x)pv(x)+vav_l(x)

This substitution of n by v can be justified rigorously
by considering the appropriate hypergeometric function for
each classical system and using Gauss' 15 relations between
contigudus hypergeometric‘funcéions (E 2.1.2) to deduce

(5.12) and the differentiation formula for F(a,b; cj; z)

(E 2.8.20) to obtain (5.13)

e el T N W Ry e

Armed with the above results we can now find a suffi-
cient condition for a generalised orthogonal function which

satisfies a D-type identity to satisfy an S-type identity.

Our main result follows from the following two theorems.
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Theorem 5.1

Let pv(x) be a generalized orthogonal function which

satisfies a D-type identity, viz.

- . © _q3yh ‘
(5.14) Dvpv(x)pv(y) = (81n(vﬂ)/ﬂ)2n o( 1) ann(x)pn(y)

*(1/v=n)=1/(v+n+l))
with Dv constant, v € RvI, for all x,y € X C (a,b)

Then a sufficient condition that pv(x) satisfies an

S=type identity

(5.15)  py(x) = Zﬁii sﬁ (x )P (x) (1/(%-n)=1/(2+n+1))

for 2 € N, for some Xq € X C (a,b), Sﬁ(xo) consfant,
is

(5.18) (a) D p (x)p' (y) = (Sin(vw)/w)Z:zo(-l)nann(x)pfn(y)

*(1/(v-n)=1/(v+n+1))
is uniformly convergent for all x,y € X

and

(5.17) (b) p,(x) = Mv(xo)cos(%(v+m)n), m € N.
Sl(x ) 1s given by
n (o]

L+m even

% _ |
(5.18) S¥(x.) = -(2/m)cos(F(2+mIWI(D_ /D) {B M 1 (x.)

-sin(%(n+m)ﬂ}Mn(xo)((an-&2)+%(n-2)x"xo)

scos (3(n+m)m) }/{M, _;(x )8, +(2/7)M (x )

i '(a'2+%x"xo)}
()

] -
where : oty = 357 v=1
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2+m odd

DM (x.)
2 ‘ .
(5.19) S (x,) = (2/m)sin(3(L+m)m) B§ﬁ§7§§7 cos (3(n+m)m)

Proof

Differentiate (5.14) term—by-term with respect to y, and.

set y = x this step is valid by virtue of uniform con-

o’
vergence condition (5.16) (which in turn implies uniform
convergence of (5.14)). Multiplying both sides by X(xo)

we obtain

(5.20) D X(x_)p, (x)p' (x.) = (sin(vﬂ)/n)E:_o(-l)n

-ann(x)X(xo)p'n(xo)(l/(v-n)il/(v+n+l))

Multiply both sides of (5.14) by (av+%vX"y) and set

y = x, to give

(5.21) D (a +3vX"x_)p, (x)p (x )

-
-

(sin(vn)/w)E: J=DD p (x)(a +3vX"x Ip_(x.)
«(1/(v=n)=1/(v+n+l))
Subtract (5.21) from (5.20). Using (5.13) we obtain

Dvpv(x){X(xo)p'v(xo)-(av+%vx"xo)pv(xo)}

(5.22)

Dvpv(x)vav;l(xo)

(sin(vn)/ﬂ)E:zo(-i)nann(x){X(xo)p’n(xo)

—(av+%vX“xo)pn(xo)}(l/(v-n)-l/(v+n+l))

(sin(vm)/mE__ (-1)7D p_ (x){B _p,_(x.)

LRV
+(a_+3inX xo)pn(xo)

-(av+%vx"xo)pn(xo)}(l/(v-n)-l/(v+n+l))
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Now if
p§<x0> = M, (x_)cos(F(v+m)m)

then

(5.23)  p (x)p_;(x)) = M_(x M _;(x )cos(}(v+m)m)sin(F(vmm)

1]

M (x OM,_; (x )sin((v+m)m)
= %Mv(xo)Mv_l(xo)sin(vn)(-l)m
Thus multiplying both sides of £5.22) by pv(xo) gives
(5.24) (-1)"D B M (x M _;(x )P, (x)
= (2/m)p (x DI _ (~1)"D p (B, p,_1(x)+(a +InX"x )

Cep(x)=Ca +3vX"x Ip (x ) F(1/(v=n)=1/(v+n+1))
As in Chapter 3 separate out the term for n = 2 > 0O
(5.25) .°. (-l)mDVBva(xO)M;;l(xo)pv(x)

= (2/)p(x ) (=1)*Dp, (O{Bp, 1 (x )+ a,+3X"x )

-pz(xo)(av+%vX"xo)p2(xo)}(l/(v-l)-l/(v+2+l))

+(2/n)p\,<xo)z°r‘:28
n

+(an+%nx"xo)pn(xo)-(av+%VX"XO)Pn(XO)}

n v
(-1)"D p (x){B _p _q(x,)

«(1/(v-n)=1/(v+n+l))

Now take 1lim of (5.25)
v+LEN

The only non-smooth term is

(5.26) ii? pv(xo)pl_l(xo)/(v-l)

lim M_(x_)cos (3 (vem)mM,_; (x_)sin(F(L+m)m)/ (v=1)
v+2

= (3T (x IM,_; (x )sin®(3(L+m)T)
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Substituting this term into .1lim of (5.25) we obtain
\Vag '

(x)DQ(-l)m{l+(-l)2+msin2(%(2+m)n)}

(5.27) My (x IM, _,(x_)B,D,

- -(2/w)(-l)gMﬁ(xo)pz(x)Dg(a'2+%X"xo)cosz(%(2+m)ﬂ)

+(2/MIM(x ) cos (3(L+m)T)E (-1>“ann(x>

nzg
-{BnMn_l(xo)sin(%(n+m)ﬂ)

+ Mn(xo)((an-a2)+%(n-2)xnxo)cos(%(n+m)ﬂ)}
«€(1/(2-n)-1/(L+n+1))

The identity becomes trivial unless we assume

(5.28) Mz(xo) 2 0 for all % € N

Further
(14¢-D¥P5in? (3(a+4m)M} = {1 for (2+m) even
%O for (%+m) odd
and
cos (2 (L+m)m) = %(-l)%(2+m) for (%+m) even

{0 for (2+m) odd
We must therefore assume that (%+m) is even, and (5.27)

then gives

(5.29) py(x) = (2/n)cos(%(2+m)n)2:§g(-l)n+m(Dn/D2)
n |

(B _M__ 1 (x_)sin(3(n+m)m)+M_(x ) (o =a,)

+ %(n-%)X"xo)cos(%(n+m)n)}pn(x)(l/(ﬁ-n)-l/&+n+l))/

{M (xo)62+(2/ﬂ)M£(xo)(a'£+%X"xo)}

-1
Now, sin(ikm) = O wunless k 1is odd

and cos(3km) = O unless k 1is even

therefore defining (cf (5.18)) for (L+m) even
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2
(5.30) SL(x5) = =(2Mcos(z(R+m)m) (D /DeI{B M _;(x)
-sin(%(n+m)w)-Mn(xo)((an-a2)+%(n-2)x"xo)

°cos(%(n+m)n)}/{Mz_l(xo)82+(2/n)M2(xo)(a'24%X"xo)}
we obtain

(5.31) Py (x) = I s§<xo)pn<x)(1/(z-n)-1/<z+n+1))

RZ7
as required.

The corresponding identity for (2+4m) odd is found by
setting y = Xy in (5.14) and multiplying both sides by

pv_l(xo); we obtain (using (5.23))

(5.32) Dvpv-l(xo)pv(xo)Pv(X)

(-1)TID M (x M, (x Isin(vm)p (x)

. @ n
(81n(vn)/w)2n:o(-l) ann(x)pn(xo)p (xo)

v-1
+(1/(v-n)=-1/(v+n+l)).
Again separating out the n = £ > 0O term we obtain
m
(5.33) (=L)"D M (x IM__4(x )p, (x)

2’ .
= (2/m)(-1) DQPE(X)PR(XO)pV—l(Xo)(1/(v-£)-l/(V+z+l))

+ (2/mM)E O(-l)nann(x)pn(xo)p

m_ (x )
Hig v=1""0
«(1/(v-n)=1(v+n+l))

Now

(5.34) iig pz(xo)pv_l(xo)/(vfz)

= iig Mz(xo)cos(%(2+m)ﬂ)Mv_fxo)sin(%(v+m)ﬂ)/(v~2)

= 3mMy (x OM,_; (x )cos(3(L+m)m)
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Thus taking 1lim of (5.33) we find
v*>2EN

{(5.35) (~l)mD£M2(xo)Ml_l(xo)pl(x){l-(-l)£+mcosz(%(£+m)n)}

= (2/mMy_, (x )sin(3(R+m)mM)I _ (-1)"D p_(x)

h7%

-Mn(xo)cos(%(n+m)n)(l/ﬂrn)-l/(£+n+D)

Again (5.35) reduces to a trivial identity unless we

assume (5.,28); further (£+m) must be odd, in which case
{1-(-1)**Meos? (3 (a4mIM } = 1

and (5.35) reduces to

n+m DnMn(xo)

(2/m)sin(A(L+m) W)L (=1) TS
¢ Riﬁ DQMQ )

(5.36) pl(x)

'cos(%(n+m)n)pn(x)(l/(ﬁ-n)—l/(£+n+l))

or defining Sﬁ(xo) by (cf (5.19))
) _ . DnMn(xo)
(5.37) Sn(xo) = (2/1)sin(1(L+m)w) BzﬁET§;7 cos(%(n+m)ﬂ)

‘where we have noted that (n+m) must be even, we obtain

(5.38)  p () = o s*(x )p_(x)(1/(2-n)-17(L+n+1))

nEY

as required. - Q.E.D.

Theorem 5,2

Let pv(x) be a generalized orthogonal function which

satisfies a D-type identity, viz.

' _ . L@ o.n
(5.,39) DvPv(X)pv(y) = (s1n(vn)/w)Ln_o( 1) ann(x)pn(y)

+(1/(v-n)-1/(v+n+l))

with D, constant, v € RvI, for all x,y € X C (a,b),

where 0 € X,
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Then a sufficient condition that pn(x) satisfies an

S=-type identity

(5.40)  py(x) = Io_ Skp (x)(1/(%-n)-1/(L+n+1))

h#%
for &,m € N and for all x € X,

is . R

(5.41) (i) D p (x)p' (y) = (sin(vn)/n)zn=0<-1fbhpn(x)p'n<y)

*(1/(v=n)=1/(v+n+l))

is uniformly convergent for all x,y € X

(5.42) (ii) pv(O) = Mvcos(%(v+m)n), m € N, M, constant
and

X /x

(5.43) (iii) r_ = K_/k_

= r, constant for all n
S is given by

~(2+4m) even

(5.44) S, = —(2/n)cosf%(2+m)w)(Dn/Dz){BnMn_isin(%(n+m)n)

-Mn(an-az)cos(%(n+m)w)}/{M +(2/m)Mpal )}

2-1Pg %

(%4m) odd

. D M
(5.45) s - (2/msin(3(2+m)m) =28 cos(i(n+m)w)
n DQMz
Proof

We first show that if 0 € X then condition (b) of
Theorem 5.1 is equivalent to conditions (ii) and (iii) of

_ Theorem 5.2.

Case A : m even

Necessity: Recall recurrence relation (5.6) -
(5.7)
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(5.6) pn+l(x) = (A X + B )p (x)=C nPi- l( x), p_l(x) = 0
with A= kn+1/kn
(5.7) B =4 (rq+l-rn)
C, = A /(A —-10n-7)
= Ko1%n- lhn/(k h )
n-1

where kn’kn are the coefficients of x",x" * in p(x)
3

Assume ps(xo) Ms(xo)cos(%(s+m)ﬂ) for s <N

im
(-1)° Ms(xo)cos(%SW)
- Choose N even., Then by (5.6) since m is even

(5.46) (x) = <-1>%m<ANxO + B, )M cos (INT)

pN+1
This is zero as required iff

My = 0 (impossible by (5.28))

or

(5.47) ANxO + BN =0

Since Ay and BN are independent of x this implies

(5.48) BN = 0 and ANxo =0

Now B ), and (5.48) is equivalent to

N = AN (PNe1"TN

(5.49) X, = 0 and g -ry =0
or AN =0

But Ay = kN+l/kN by (5.7), and Ay = 0] ﬁeans that
Kye1 (the coefficient of *x'*1 in pN+l) is zero, which

is impossible because pN+l(x) is defined to be a poly-

nomial of exact degree (N+1).

Thus (5.49) gives
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(5.50) X, =0 and r = constant for all n.

Sufficiency : follows similar lines

Case B : m odd

Choosing N odd leads to an analogous proof.

Thus if 0 € X, Theorem 5.2 follows as a result of

Theorem 5,1. Q.E.D.

We now look at particular instances of Theorems 5.1 and

5.2‘

Let us apply Theorem 5.2 to Legendre associated functions
Pg(x) with m fixed. Since {Pg(x)} satisfy a differ-~
ential equation of the type (5.1) they can be reduced to a

classical system.
From the proof of Lemma 2.8 we know that

(5.51) vy, PM0)P ™y) = (sinCvm)/m)Ed

n
V,m v o~y

-

n,m
m 'm
’Pn(x)P'n(y)(l/(v-n)-l/(v+n+l))
is uniformly convergent for
-T < 8 + & < m, where x = cos 6, y = cos §

We see that the range of validity of (5.51) is not in
the form required by condition (i) of Theorem 5.2, but
following the methods of Chapter 3 we can easily extend
Theorem 5.2 to include limits of this nature.

We are gbing to show that Sﬁ of equations (5.u44) and

(5.45) are in agreement with equations (3.55) and (3.56)



(1)
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By uniform convergence of (5.51) condition (5.41)

is satisfied with

Dv : Yv,m

(ii) From (2.16)

(5.53)

| -1
P?(O) = 2™ 2cos (3 (v+m)MIT(3+3v+Im) /P (1+3v=-1m)

whencé (éf. (5.42)?";:

-1
(5.54) M, o= 2mﬂ-?F(%+%v+%m)/P(l+%v-%m)
(iii) Further, from (2.31)
? dPg(x) m o
(5.55) (1-x%) —ax— ° (n+l)xPn(x)-(n-m+l)Pn+l(x)
S . m
(5.56) = =nxP_(x)+(n+m)P__.(x)
Comparing (5.56) with (5.9), namely
dpn(x)

X —35x— = (an+%nx"x)pn(x)+8npn_l(x)
we see that
(5.57) a =0

n

Bn = n+m

X = l-x2

whence from (5.10), viz

Q

] -y
L = X'(0) - 3X"r_

we conclude

T 0 for all n.
n

Thus {Pg(x)} satisfies conditions (i), (ii) and (iii)

of Theorem 5.2,
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From definition (5.44), substituting for Dn’ o, a'n

n
and Bn from (5.52) and (5.57) we obtain

DanMn—l
DeBeMy-1

2

(5.58)  s* = -(2/m)cos(F(L4m)m) sin(}(n+m)m)

-(2/n)(cos(%(2+m)n)/M2_l)(Mn_lsin(%(n+m)n)

Yn;m(n+m)

yk’m(2+m)
Now from (5.53), using (5.54)

m
(5.59)  PI_(0)

-1
2™y 2cos(3(n+m~-1)W)T(3+3(n-1)+3im)/

T (1+3(n-1)-3m)

in(l
M _qsin(3(n+m)m)

and from (2.17)

"B 0) = 2 ™ T i 5in(3(Rem=1) M T (143 (2=1)=3m)/

Tt
(5.60) P Loy

T(3+3(2=1)+im)

-m+1

-1 : ,
= =2 T 2cos(3(R+m=-2m)W)T(3+38-3m)/T(1%+3m)

—(-1)™(2/71) cos (3(L+m) 1) (2%7" 2P (12+3m)/

‘T(3+32-3m)) 7L

-(-1)™(2/m)cos (L (2+m) W) /M

Substitute (5.59) and (5.60) into (5.58) to obtain

-1

Yn .m{n+m)
Yl,m(2+m)

L

- (_qyM m 'em
(5.61) Sn = (~1) Pn—l(O)P 2_1(0)

Now from (5.56)

(5.62) P'Q(O) = (n+m)PT _(0)

n-1

Employing (5.55) and then (2.15)
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'-m
(5.63) P I (0)

-(z+m)P'§(0)~

m m
-(=-1) (2+m)P2(O)Y2,m

Substituting (5.62) and (5.63) into (5.61) we see that

L o_ m 'm
(5.64) S = -y sz(O)P n(O)

n n,

which agrees with (3.55).

Case B : (2+m) odd

From (5.45) using (5.52)

M
(2/m)sin(1(f+m) M) ﬁEﬁE cos(i(n+m)w)
LR

L
(5.65) Sn

(Yn,m/yl,m)(Z/ﬂ)(sin(%(2+m)n)/M2)(Mncos(%(n+m)ﬂ)

Now from (5.53) and (5.54)
(5.66) PE(O) = M_cos(}(n+m)m)
and from (2.17)

'em _ a=mtl -1 .
(5.67) P (0 = 2 T 2sin(3(L=-m)m)T(1+12-Im)/T(3+12%+3m)

-m+1

' -1
= 2 T 2sin(3(R+m=-2m)w)T(1+22=Im)/T(3+3%+3m)

(-1)™(2/m)sin(3(2+m)m) (2™~ 2T (14224 2m)/
T(1+28-1m)) 1

(-1)m(2/n)sin(%(z+m)n)/m2

Substituting (5.66) and (5.67) into (5.65) we see that

» L _ _yyM \pll tem
(5.68) Sn = (~1) (Yn,m/YQ,m)Pn(O)P 2 (0)

Now

(2-m)P.™. (0) by (5.56)

Y—m
(5.69) P ~T(0) o

2"

(2~m) (-1)Ty

m
g-1,mFp-1(0) by (2.15)

'm
m(&=1-m)! P 2(0)
(L=1+m)! (2+4m)

m p'm
(-1) Yz’mP 2(O)

(£-m) (-1)

by (5.56)
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and (5.68) becomes

L m m
(5.70) Sn = yn’mPn(O)P 2(0)

which agrees with (3.56).

We have 'noted that Meulenbeld and vén de Wetering have
derived a D-type identity for the generalized Legendre
associated function Pg’n(x) (Meulenbeld and van de Wetering,
1967). Starting from this identity and making use of the
fact that the Jacobi function Pga’s) can be expressed in
terms of Pg,n’ we derive a D-type identity for the Jacobi
function and using Theorems 5.1 and 5.2 investigate whether

an S-type identity can be derived for p;G,B)

Generalized Legendre associated functions

Let Pg’n(z) be the solution of the differential

equation (Kuipers and Meulenbeld, 1957, equation (1))

2
(5.71) (1-2%) -d—;i - 2z % + (v(v+1)=2m?/(1-2)=2n2/(1+2)}
dz

If m=n then (5.71) reduces to

2
(5.72) (1-22) i-%” - 22 W 4 fu(vl)-m2/(1-2%)} = 0

dz dz
the differential equation (2.1) defining the Legendre

associated function Pg(z), and we see that for m # n

v is indeed a generalization of Pg(z).

For -1 < x < 1 we define (Meulenbeld, 1958, equation
(1)) as in the case of the Legendre associated function

(see (2.11))
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l i
{ m

(5.73) Pg’n(x) = i{e R(x+i0)+e -iz TMpM T o 10)}

For m a non-negative integer (Kuipers and Meulenbeld,

1957, equatioh (12)) and v non-integral

(-1)™r (v+1(m+n)+DT(=v+L1(m+n))
2™ (1+m) T (v=3(m=n) + DI(=v=2 (m-n))

(5.74) Pﬁ*“(z) =

1 1
«(z+1)20(z-1)2M
e F(~v+3i(m+n) ,v+i(m+n)+l; m+l; 2-3z)

and limiting 2z to (-1,1) we find (using

r(z)r(l-z) = ncosec(nz))

(5.75)  PMR(x) = (=1)™(14x) 2P (1-%) 2™F (v+ 1 (m+n) +1) T (v+3 (men)+D)

2T (1+#m)T (v=3 (m=n)+DT(v=-3(m+n)+1)

,sin(m(v+3i(m=n)+1))
51n(ﬂ(v-§(m+n)+l))

«F(=v+3(m+n) ,v+3(m+tn)+1; m+l; 2-35x)

1 1
(1+x) 27 (1-x) =™
2mr(1+m)y

v,3(m+n)Yv,1(m=n)

eF(=v+i(m+n) ,v+3(m+n)+l; mtl; 3-3x)

also (Meulenbeld, 1958, equation (8)).

(5.76) p-MsN(x) = 2™ 0y

n
v v,3(m+n) Yy, 3 (m- n){COS(m'")P 7(x)

- 2(sin(mw)/w>q§’n(x)}

is the second solution of (5.71)). For

(where QTP

integral m this reduces to (writing m for n and vice
versa)

-n y=m . n,n=m n,m
(5.77) Pv > (x) = (=1) Yy 2(m+n)Yv,;(n-m)Pv (x)

In (Meulenbeld and van de Wetering, 1967, equation (6))
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we find the following D-type identity for Vv non-integral,
for m and n constants such that m,i(n-m) and i(n+m)

are non-negative integers

-n,=-m m,n
(5.78) Yv,%(m—n)Pv > “(cos 6)P *"(cos &)

n,-m _
Yq,%(m—n)Pq > "(cos )

)q

(sin(vw)/ﬂ)zq=%(m+n)(-l

.pg’n(cos £)(1/(v=q)=1/(v+q+1))

T <O+ E<T

Since m 1is a non-negative integer we may substitute
(5.77) into (5.78) (noting that ¥y Y = 1) to obtain
08 "a,-B

the more convenient expression

n,m m,n P ® -13)4
(5.79) Yv,%(n+m)Pv’ (x)P )’ (y)—(51n(vn)/ﬂ)2q=%(m+n)( 1

.Yq’%(n+m)P23m(X)P2’n(y)(l/(v‘q)‘l/(v+q+l))

Now the Jacobi function PS“’B), the generalization of

the Jacobi polynomial, satisfies the differential equation

(E 10.8(14))
(l-xz)y'+(B-a-(a+8+2)x)y'+v(v+a+6+l)y = 0

with solution (E 10.8(16))

(5.80) Pia’B)gx) = FESXI?;%;+1)F(—v,v+a+8+l; l+o; 3=-3X)
whence -

(m,n) - F{v+3i(m=-n)+1)
(5.81) Pv-é(m+n)(X) - F(v-%(ﬁ+n)+l)r(m+l)

*F(=v+3(m+n) ,v+3(m+n)+1; m+l; 3-1x)

Comparing (5.81) with (5.75) we see that
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)%m F'(v+i(m+n)+1l) -(m,n) (0

m.,n _ =M In,,_
(5.82) Pv’ (x) = 2 "(1+x)2"(1-x = e T D) Fv-(m+n)

Substituting (5.82) into (5.79) (remembering that

m, 3(n+m) must be non-negative integers) we deduce
z\Nnt g g

I'(v=3(m+n)+1)T(v+i(m+n)+1) ,(n,m) (x)p{msn) (y)

(5.83) T(v=1i(n-m)+DT(v+3(n=-m)+1) ~v-1(m+n) v=31(m+n)

- . o . - q

J(g=-3(m#+n)+1)T (g+1(m+n)+1) P(n,m)
I(g=3(n-m)+1X)T(g+3(n=-m)+1) "g~3(m+n

)(x)

.PéTé?;+n)(y)(l/(v=q)-}/(v+q+1))

which is the required D-type identity.

For the Jacobi polynomial P{**®) (& 10.8(5))

(5.84) r = n(a=B)/(2n+o+B)

Thus r, is a constant iff o = B8, and for this case an
S-type identity exists assuming that the uniform convergence
condition (5.41) holds. waever, we need not check this
point explicitly because a Jacobi polynomial with

a = f = m 1is proportional {(by (5.82)) to a GLAF with

n = m From (5.72) this in turn means that Psm’m)(x) is
proportional to Pg(x), and we know that (5.41) holds for
the Legendre associated function. We must therefore find
the explicit relation between Pg(x) and Pim,m)(x).

We know that from (2.13)

.
=3z
1 (l+x)

- . .12
FOiemy (1% F(=v,v+1l; 1+m3; 2-3X)

(5.85) P M(x) =
\Y)
-] < x < =1

while from (5.80)
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(m,m) F(v+m+l)
(5.86) P, (x) = F(v+1)r(m+1)'F('v’v+2m+l5 l+m; 2-1x)
whence
| (m,m) T(v+l)
(5.87) P oon (X) = ot DT (o D) F(=v+m,v+m+l; l+m; 3-3x)

Now Kummer's second solution of the hypergeometric

equation is (E 2.9(5) and (6))

Yy

F(a,b; a+b+l~c; 1-2z)

21 CF(atl-c,btl-c; atb+l-cj; 1-2z)

(5.88)

Set a = =v+m
b = vim+l
c = l+m.

+Ix

N
H
nj

Then a+b+l-c = l+m, and (5.88) gives
(5.89) F( -v+m,v+m+l; l+m; 1-1x)=(1(1l+x))~ ™
«F(-v,v+l; l+m; 1-3x)

Combining (5.85), (5.87) and (5.89) we obtain

(m,m) . I'(v+l) .m,,__2y=3m,-m
(5.90) P\)-m (x) = Tooms ) 27(1-x7) P\) (x)

| 2 -lm T(v+1)(-1D™ _m
27(1-x") 2 T orms ) Pv(x)

by (2.15)

Substitute (5.90) into (5.83) with n=m, to give

(5.91) vy, PUCGOPI(Y) = (sin(vﬂ)/ﬂ)zzzm(-l)qu,mPg(x)Pg(y)

«(1/v=q)=1/(v+g+1l))

which (from the proof of Lemma 2.8) satisfies condition (1)

of Theorem 5.2,

Setting n=m in equation (5.83) gives
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F(v-m+1)T(v+m+1l) (m m)( )P(m m)(y)

r2(v+1) Fy-m

(-4 P(q-m+1)F(q+m+1)
r¢ (q+1)

= (sin(vﬂ)/n)zq

émmm)(x)P(m m)(y)(lﬂv -q)-1/(v+g+l))

a D-type identity which we have shown to satisfy. condition (i)

of Theorem 5.2.

From (5;90),,using (2.16)

m T(n+l)

(m,m) .
(5.93) P T2M(0) = 2"-D" iy PI(0)
_ 22m 2( 1)m F'(n+l) T(i+in+im)
- I'(n+m+1)T(1+in-im)

ecos(Z(n+m)mw)

thereby satisfying condition (ii) of the same theorem.

Condition (iii) follows from (5.84) with o = B8 = m,

We may thus apply Theorem 5.2 to the Jacobi polynomial

P;Tém)(x). From (5.33)

- 22mﬂ-%(_l)m I'(n+l) T(3+in+im)

(5.94) My = F(n+m+1)T(1+zn-zm)

From (5.92)

F'(n-m+1)TC(n+m+1)
Fz(n+l)

(5.95) Dn

F2(n+m+l)
T2(n+1)

n,m

Also, from (E 10.8(38))

0

(5.96) . «a
n

and Bn

n

Thus the coefficients {Si} for Jacobi polynomials can

be obtained from those for Legendre associated functions by
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replacing (cf. (5.52), (5.54) and (5.57))

F2(n+m+l)

— D
r?(n+1)

(5.97) Dﬁ, by n

m T(n+l)

Z?':‘. m

(5.99) and Bn, by H%ﬁ Bn

whence from (5.44) and (5.64)
2+m even

2, 2
(5.100) sﬁ - F2<n+m+1€ (2+1)T(n)I(2+m)n(L+m)
F“(n+1)T“(2+m+1)T(n+m)T (L) (n+m) &

m 'm
'Yn,mPR(O)P n(O)

_ I'(n+m+1)T(L+1)
T(n+ T (L+m+1) 'n,

m 'm
mPR(O)P n(O)
From (E 10,8(15)) we obtain
'(m,m) _ (m,m)
(5.101) P n-% (0) = nPn_%_l(O)

while by (5.62)

'm _ \ oIl
P n(O) = (n+m)Pn_l(O)
whence by (5.93)
"(m,m) _ oMmy_-ymm T'(n+l) "m
’(5.102? P nﬁé (0) = 27°(~-1) Thrmi Dy P n(0)

Hence using (5.93) and (5.102), equation (5.100)

becomes
2 _ o eolmym)nye_qyMo=m T(R4m+1)
(5.103) Sn = -Yn,m(Pl-I;l (0)(-1)"2 W)

o (m,m) . mo=m T(n+m+l) s, T(n+mt1)T(R41)
(P e OYD72 7 e S i D T e D)

2
-2my(m,m) '(m,m) ' (n+m+1)
= -y 2 p, MMl (gyp *MM(g) L BTAT22
n,m A=m n r?(n+1)
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Similarly using (5.97) and (5.98) on (5.45) and (5.70)

we deduce (employing once again (5.93) and (5.102))

£+m odd
% m 'm, oy TCn+m+1)T(R+1)
(5.104) Sn "_Yn,mpn(O)P 2(0) s T (Z+mi D)

(m,m) m,~m I'(n+m+1)
n,m(Pn-ﬁ (0)(-1)"2 _TTHTTT_)

Y

-m F(2+m+l))F(n+m+l)F(l+l)

(o' (m,m) 1yl
(P gom  (O)(-1)72 (LD Tar D) T(L+mil)

2
-2m,(m,m) '(m,m) r'“(n+m+1)
n,m2 Pn—ﬁ (0)P 2_5 (0) —;7?;:13—

Equations (5.103) and (5.104) give the coefficients of

the S=-type identity for Pé?&m)(x).
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