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Abstract

In this dissertation we review the Sharpe Index Model and an innovation on
this model introduced by Hossain, Troskie and Guo (2005b). These models are
extended to the multi index framework. We then empirically investigate the im-
pact of the models on portfolio creation over an extensive data set. Next we extend
these models by modelling the regression residuals as ARMA and GARCH(l,1)
processes and investigate the effect on the resulting portfolios. We then introduce
the topic of bounded influence regression and apply it to financial data by down
weighting extreme returns prior to regression. A new weighting function is in-
troduced in this dissertation and the effects on the efficient frontiers and resulting
market portfolios for the chosen set of shares are investigated. Then we investigate
the creation of Principal Component Indices and the impact of using them in index
regression models. Finally we use these and other models as investment strategies
to build portfolios and simulate and compare them over the last 15 years using real
market data. We draw conclusions regarding the significance of the index models

compared to other investment strategies.



Contents

Comtents . ... e 2
1 Introdumetion ... 7
2 The Sharpe Single Index Model .......... ... ... 9
2.1 Classical Formulations ............ ... ... i 9
2.2 The Capital Market Line and Market Portfolio ........................... 12
2.3 Bivariate Normal Distribution and the Market Index...................... 14
24 TheSharpelndexModel .......... ... .. . . il 17
2.5 The Improved SharpelndexModel ............. ... ... .. ... 21
2.6 Empirical Study: Sharpe Index and Improved Sharpe Index Models . .. ... 23
2.6.1 TheData ... ... e 23

2.62 Study Objectives . ... ... .. ... ... i i 27

263 Methodology ....... ... . e 27

264 PrimaryFindings....... ... ..o i i 28

265 Comelusion ...... ... . i i 29

3 The Sharpe Multi IndexMeodel........................................ 30
3.1 Improved Sharpe Multiple Index Model. .................................. 34
3.2 Empirical Study: Multiple Index Model ...................... ... 36



Contents 3

320 TheData ... o e 36
322 Study Objectives ... ... ... . i 39
323 Methodology ...... ... e 40
324 Primary Findings. ... ... ... .. e, 40
325 Conclusion ........ ... ... . i 41
33 Comelusion ... ... e 42
ARMA and GARCH Regression Models ............................... 44
4.1 Linear Regression Models with Autocorrelated Errors..................... 44
42 GARCH Models ... i 49
4.3 Empirical Study: Comparing a 9 share and a 20 share portfolio. .......... 53
431 TheData ... ... e 53
432 Study Objectives ......... ... ... it i 54
433 Methodology ... 54
434 PrimaryFindings. .. ... ... .. .. .. . 54
435 Comelusion ............oo ittt i e 57
4.4 Empirical Study: Regression models with ARMA and GARCH ........... 57
441 TheData .. ... .. e 58
442 Study Objectives ........ ... ... i 58
443 Methodology ... ... oo e e 58
444 PrimaryFindings..... ... ... . i 63
45 Comelusion ... ... ... ... i i 73
Bounded Influence Regression ........................................... 76

50 Imtrodumetion. . ... ..ot e e e 76



Contents 4

5.2 The Flat Weights Function ............ ... .. . ... 76
5.3 Mallows Weight Function .......... ... . ... ittt 78
5.4 The ArcTan weighting function .............. ... . ... ...l 83
5.5 Empirical Study: The ArcTan weighting functions ... ..................... 86
S50 TheData ... .o e aaes 86
552 Study Objectives ....... ... ... i i 87
553 Methodology ....... ... . 87
554 Primary Findings. ... ... ... i e 87
5.6 Empirical Study: Comparing the weighting functions . .................... 88
561 TheData ........ .. e 88
5.6.2 Study Objectives ... ... ... ... 89
563 Methodology .........ooriiii i i e 89
5.6.4 Primary Findingsand Results . ......... .. ... ... ... ... ..., 90
57 Comelusion . ... ... 96
Principal Components Regression Meodels.............................. 97
6.1 Theory of PCA ... .. i 97
6.2 Sample Principal Components ............ ... ... ... ... iiiiiiiiiiiiias 99
6.3 Empirical Study: Regression with Principal Component Indices.......... 102
63.1 TheData ... ... .. . s 102
6.3.2 Study Objectives ........ ... i 102
633 Methodology ..... ... o e i 103
634 PrimaryFindings........ ... ... . 104

64 Conclusion ........................... et r e, 110



Contents 5

7 Portfolio Rums ... 112
7.0 Imtroduction......... ... oot 112
7.2 Assumption for portfolio construction ............................ ... 113
73 TheDataSet ... .. .. . i 114
7.4 Strategies for Portfolio Construction ..................................... 114

7.4.1 Sharpe Index Model Strategy (SIM)........... .. ... ..o.... 114

7.4.2 Improved Sharpe Index Model Strategy (ISIM) ................... 114

7.4.3 Sharpe Multi Index Model Strategy (SMIM) ...................... 115

744 Index Model with ARMA and GARCH(1,1) (ARGA SIM)......... 115

7.4.5 ISIM with ArcTan weighted returns (ARCTANISIM)............. 115

7.4.6 Equal weighted share portfolio .................................... 115

747 JSEOverallIndex.......... ... ... ... .cciiiiiiiin.. e 117

748 "TBest"Portfolio ........ ... .. ... i 117

749 "TWorst" Portfolio ........ ... ... .. 118

A0 PCA L e 118

7.5 The Performance of the Strategies. ....................... ...l 119
7.5.1 Market Overview......... ... .. ... i, 119

7.5.2 Performance of the Index Model Portfolios ........................ 121

7.5.3 Performance of the Alternative Portfolios ......................... 123

7.6 Comelusion ....... ... ... i e 125

8 Summary and Conclusions .............. ... 127
Referemces ... .. ... .. e 130



Contents 6

AEVIEWS Code. ... 132
BMATLAB Code...... ... 133
CVBACode. ... 134



Chapter 1
Introduction

The aims of the dissertation are as follows:

e To compare and investigate the performance of the Sharpe Index Model and

extensions thereof.

e To examine bounded influence for Index Models, to critically appraise existing

weight functions and to develop one that performs well with financial data.

e To investigate the idea of replacing the indices in the Sharpe Index Models
by selected principal components derived from those indices and from shares

comprising the portfolios of interest.

o To present an extensive analysis of the performance of the Index Models considered

in the mini-dissertation over a long period of time.

In this dissertation we investigate the use of index regression models in portfolio
construction. In Chapter 2 we present the theory of the Sharpe Index Model and introduce
the Improved Sharpe Index Models in the single index framework. The relative positioning
of the resulting mean-variance efficient frontiers are investigated.

In Chapter 3 we extend these models to incorporate additional indices and compare

the risk-return profile of these models with each other and with the single index case. These
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multi index models highlight the fundamental shortcomings of the Sharpe Multi Index

Model and the effect of using the improved version of this model.

In Chapter 4 we extend the standard Sharpe Multi Index model by introducing ARMA
and GARCH (1, 1) processes to models the residuals of the regression. Combinations of
the index and residual models are investigated and resulting efficient frontiers and mar-
ket portfolios calculated and compared. The real effect of using ARMA and GARCH(1,1)
models on the resulting portfolio is investigated for the first time and put into perspective.

In Chapter 5 we constrain the historic returns by, in effect, filtering them via a weight-
ing function prior to regression. This method is termed Bounded Influence Regression.
The Mallows (1973) weighting function is investigated and a new weighting function is
introduced in this dissertation. The different weighting functions are investigated and the
resulting models are compared in an empirical study.

In Chapter 6 we build Principal Components Analysis based indices to be used as
independent variables in regression models. We then compare different combinations of
indices and their influence on the efficient frontier and resulting market portfolio.

In Chapter 7 we construct portfolios using various strategies based on the models
introduced in this dissertation and then simulate these portfolios over the last 15 years
using real market data. The performance and risk measures associated with the resulting
portfolios are evaluated over the different periods.

In Chapter 8 we summarise the findings of this study and draw conclusions on the_
relevance of these Sharpe type regression models based on the empirical studies of JSE

shares over the last 15 years.



Chapter 2
The Sharpe Single Index Model

In this chapter we introduce the basic notation and concepts used in the remainder
of the mini-dissertation. We rely heavily on the notes of Troskie (2004) and also use his

notation.

2.1 C(lassical Formulations

Let p be the number of shares in our portfolio. Then the vector of return values of the shares

is given by
Ry
R = : ) Q.1
Rp
We assume these returns to be log returns, with expectation

ER) = p.

The covariance matrix of the share returns contains the historic covariance structure of the
portfolio which is a measure of the non-systematic risk of the portfolio and is defined as
follows:

X = E[R-p)(R-p)]

o1n --- O1p

Opt --- Opp

where o;; = 02 is the variance of the i** share and o;; the covariance between the i** and

the j%* share.
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A portfolio of shares is a proportional investment, say w; in each share, so that

P
> w=1. (22)
g=1

Let

wy
W = : 2.3)
Wp

be the vector of weights invested in each share; then the return of the portfolio is
P
P=WR=) wkR..
=1
The expected return of the portfolio is given by:
E(P)=WER)=yp,
and the historic variance of the portfolio is:

14 14
var(P) = WEW = Z Z ww;05; = 0.

=1 j=1

If we assume in addition that R «» N(u, X) then it follows from normal theory that P
N{pp, 02).

We now assume, as we do throughout this mini-dissertation, that the members of the
portfolio are fixed. The only way to optimize the portfolio is by adjusting the weights w;
invested in each share. Obviously, we can set the weights of some shares to zero thereby

excluding them from the portfolio. Changing the weights will then change the value of the

portfolio’s expected return (., and variance 0'?,. Ideally we would want to maximize the
expected return E(P) = p,, of the portfolio. Unfortunately this is not possible, in general,

without increasing the variance of the portfolio as well. The variance 012, (and standard
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deviation o) of the portfolio is a measure of the risk of the portfolio and in general should
be minimized.

Thus we want to choose the weights w; such that the expected return E(P) = pu,, is
a maximum but also at the same time that the risk or variance af, is a minimum. This is the
classical portfolio formulation due to Markowitz (1952). Markowitz, also introduced the

concept of an efficient frontier.

Definition1 A portfolio is called efficient if:

e For a given amount of risk, the expected return is maximized, or

e for a given amount of return, the expected risk is minimized.

The solution of this portfolio optimization problem will lie on the efficient frontier
line. Specifically the efficient frontier is a line plot in the two dimensional mean-variance
space. Finding the efficient frontier is a non-linear quadratic programming (Q) P) problem
and can be solved using well-known numerical techniques. To solve the problem one needs
either to fix the return p, and then minimize the variance cff,, or fix the variance and then

maximize the return. They will both lead to the same answer. If we choose to fix the return,
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then we need to solve the following constrained ¢ P problem.

Min o} = WEIW 2.4)

14
= E ’w,"w]'O',']'
i=1,j=1

subjectto u, = W'p = ey

r4
Y w = 1,and0<w; <1, (2.5)
i=1

where f1;..4 is a fixed expected return on the g, By varying 14,4 a sufficient number of
times we can generate the efficient frontier.
An implementation in MATLAB based on the routine in Ruppert (2004) can be found

in the Appendix B

2.2 The Capital Market Line and Market Portfolio

Each point on the efficient frontier represents a different portfolio. If the use of a risk free
asset is introduced, an optimal portfolio on the efficient frontier can be found. Suppose it is
possible to borrow or lend any amount of money at the fixed interest rate R;. The Capital
Market Line (CML) follows by drawing a straight line out from the risk free rate 2y with
zero variance into the (u,, af,) space. This line is then swung (upwards or downwards)
until it is tangent to the efficient frontier. This then yields the point marked with a star and
called the Market Portfolio in Figure 2.1. For a full discussion on the market portfolio and
efficient frontier, see Elton, Gruber, Brown, Goetzmann (2003, p. 86). Clearly if R or the

efficient frontier moves then the market portfolio will move accordingly.
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Points between 7iy and the market portfolio represents lending portiolios (you are
Iending money to the bank). The portfolios are constructed by varying proportions of the
nisk-free assel If; and the market portfolin.

Points on the extension of the CML line, that lic above the market portfolio represents
horrowing portfolios. ‘| heir crealion requires borrowing money at rate /i to increase total
investable capital. The total investable capital is then invested in the market portfiolio which

means that both retum and risk (variance] is increased along the CMI.
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Figure 2.1 The CML 15 shown conngeting the risk free rate of 9% o the MarkeL portiolio.
Each dot represents onc of 20 stocks in the portfolio.

In figure 2.1 cach point in the plot shows variance and expected return tor one of the

200 shares. The most efficient portfolio, of these sharcs, are found on the clficient frontier.
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Each point on the efficient frontier represent & vector of portfolio weights. In Figure 2.2 we
consider the weights of the Market Portfolio for our 20 share portfolio in Figure 2.1. More
details on these shares are provided later.  As can been seen from the figure. not all shares
form part of the market porifolw and one share, Remero Lid, s dominant, This is typical of
an unconstramned portfolio optimization. To remedy 1his situation, constraiis can be used

art each share, 1o keep the weights between say 5% and 20%6.
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Figure 2.2 The matket portfolio for the 20 shares. Note that not all the shares are pard of
the markel porifolio and that the best performing share remgro s the major component of
the porifolio.

2.3 Bivariate Normal Distribution and the Market Index

Let the log return of a particular share be

W=lopE; lopF g, =1 . N,
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where the time ¢ is large enough for R, to be estimated by a normal N{u,., 02) distribution.

Similarly, let
Li=logly—~logl,_y,t=1,...,N

be the return of the market proxy (usually the JSE Overall Index or any of the other sector

indices) such that it also follows a normal distribution N (1, 02). We then have that

R, i, o o,
()l ) (7 )] eo

a bivariate normal distribution where o,; = o, is the covariance between the return of
share R and the market proxy I. From the properties of the bivariate normal distribution

(Rice, 1995) the expectation on of the share, conditional on the index, is:

E(Ry|I) = p(li — pr)oslos

or
where § = p—a—r,
Or
Ty
a = —
NIPUI

and the variance of the share conditional on the index is
var{Ry|L,) = 02, = 0}(1 - p?),

where p is the correlation between the share return and the market proxy. The model can

thus be written as

Ry=a+pli+e, 2.8)
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where we normally assume that

€ W N(0,0’g).

It is usually assumed that the residuals e; are independently distributed over time, that is

E(ees) =0, for t # s.

The beta coefficient which is given in Equation (2.7) is an important statistical parameter
for a share in finance. It measures ‘elasticity’ of the share to the market proxy used for the
regression. A value of one means that the share follows the market perfectly (assuming a
good model fit) and the share has the same systematic risk as the market. A value higher
that one indicates that, historically, the share overreacts to the market ups and downs. We
say this share has a high elasticity or higher systematic risk than the market. A value smaller
that 1 but positive would point to a low elasticity share with lower than market systematic
risk. A negative beta would only be possible if the share is negatively correlated with the
market proxy. The assumption is made that the beta coefficient is fairly stable over time,
especially as the length of the period under consideration increases. This implies that
historical data can be used to estimate the parameters and the estimates can be used for
future portfolio creation. Even if the beta coefficients do change over time, the ranking
based on betas of the securities does not change. This is most relevant if the index model is
used for portfolio optimization. The beta coefficients do give a fairly good measure of the

systematic risk inherent in a security. Risk, in terms of variance of a share, can be divided
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in two terms. From Equation (2.8):

Var(R:)) = Var(a+ L+ e)
= B%0%+ Var(e)

Sothat o = B%0? 402

The systematic risk of a share (or portfolio) explained by the market is given by 5%0? and
the non-systematic, or unique risk of the share, is given by o2 and represents the variance
not explained by the market.

Even if the bivariate normal assumption, specified in Equation (2.6), is not accepted
the linearity assumption specified in Equation (2.7) appears to be very well satisfied (Fama,
Fisher, Jensen and Roll, 1969).

Furthermore, if the assumption that the error terms e; are normally distributed is
lifted, but we still assume that E(e;) = 0, E(e;)® = 02 and E(ee,) = 0, t # s, then

the Gauss-Markoff Theorem guarantees that the Ordinary Least Square Estimate of 3 is the

best linear unbiased estimate in a minimum variance sense.

2.4 The Sharpe Index Model

The Sharpe Index Model (SIM) is based on a one-factor regression model of shares returns.
It is a response to the observation that shares follow the movements of the market. There-
fore the main assumption of the SIM is that shares move together only because of a com-

mon co-movement with the market. Or, that the only correlation that two stocks share is ex-
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plained via the share correlation with the market index. It specifically assumes that e, is in-
dependence of e, for all values of 7 and j. This implies that E(e; e;:) = E(ei)E(e;:) = 0.

For a portfolio made up of several shares, let for the i*"share be modelled as:

Ritzai%—,@ift—{-eit, ’Lzlj,p, tzl,...,N, (2.9)

where R, is the return of the i*"share at time ¢ and I, is the return of the index at time t.
The unknown parameters «; and 3, are estimated by least square regression. We assume
that there are p shares in the portfolio and that there are N samples in time of the return of

both the shares and index are available at N consecutive times. The standard assumptions

for the SIM are as follows
E(e}) = o2 (2.10)
E(egeis) = 0, t#s=1,...,N, .11
E(exly) = 0, t=1,...N, (2.12)
E(egejs) = 0, t=1,...,N, i # . (2.13)

Equation (2.10) assumes each share has its own variance for the error term. Equation (2.11)
assumes that the error terms of each share are independent over time and therefore that there
is no autocorrelation in the residual series. Equation (2.12) assumes that the errors of each
share and the explanatory variable I are uncorrelated which is the usual assumption in
regression. Equation (2.13) assumes that the error terms of the shares are uncorrelated with
each other, so the shares are only related through their mutual relationship with the index

I. This assumption forces the covariance matrix of the errors to be a diagonal matrix with
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only the o2, terms non zero. We now let
E(I) = u; and var(l) = o3
be the mean and variance of the index. Then in vector notation the SIM is given by
R=a+pL+e t=1,...,N,

where

so that
ER) =o+ By,
and as a consequence of Equation (2.13) it follows that the covariance matrix of the resid-

uals is
cov(e)=

0 ... ... o2

Also the covariance between two returns is
cov(RiR;) = E[(Rs — E(R))(R; — B(R))] = B,8;0
and the variance of one return is
var(R;) = Bio7 + 0% = 07

This implies that the covariance of the returns can be estimated from

6% 0 ... 0
0 0 o4 ... 0
cov(R) = o180 + . . . . . (2.14)
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We now define the matrix €24, so as to emphasizes the diagonal nature of the covariance

matrix in the SIM:

o4 0 0
0 o4 ... 0

Qaig=1 . . . . | (2.15)
0 o2

Equation (2.14) can then be written as

Cov(R) = 0'2;/@/3' + Qiag= Pgiag-
For portfolio P= W'R, we have

E(P)=W'(a +Bu;) =,

and

var(P) = W'(02B88 + Qaia,) W

= Wdy, W= af,.

As a quadratic programming problem we then minimize the variance a;", subjectto > F_, w; =
1 for a fixed portfolio return p,, = p ;.4 This is repeated to create the efficient frontier.

Each of the p regression equations can be solved individually to obtain estimates for

the parameter 3 and the residuals as:

B, = (XX)'X'Y;,i=1,...,p

& = Y;—XB,,i=1,...,p.

A matrix of residuals can be created and is define E as:
éll v élp
E= :

€N1 ... €ENp



2.5 The Improved Sharpe Index Model 21

the (N x p) residual matrix. The (p X p) moment matrix for the residuals is then B'E and

the sample covariance matrix is

N 1 ,a
Q= —PE. (2.16)

Note that we lose two degrees of freedom for estimating the parameters 3 and « and thus
the denominator in Equation (2.16) is N —2. For the SIM we are only interested in the sam-
ple variances and therefore only Qd,-ag is used. The estimation of the covariance matrix,

' @SIM is given by
-~ ~ oo f #
Dsr=63030 + Qsing (2.17)

It is this estimate of the covariance that is used as input for the quadratic programming
algorithm to create the efficient frontier for the underlying shares based on the Sharpe

Index Model.

2.5 The Improved Sharpe Index Model

The Improved Sharpe Index Model (ISIM) was introduces by Hossain, Troskie and Guo
(2005b). The model is an attempt to improve on the SIM by including the covariance struc-
ture of the residuals. These were excluded by Sharpe to simplify the process of portfolio
optimization with index models. The improved model has the advantage of including all
the information used in the Markowitz model and is still easily extended to include ARMA

and GARCH components in the model. ISIM is formulated as

Rit:a,~+ﬁilt+eit, Zzl,,p, t:—].,...,N,
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where R, is the return of the i**share at time t and I, is the return of the index at time ¢. The

parameter «; and [3; are estimated via ordinary least squares regression with the following

assumptions:
E(e) = o (2.18)
E(eyeis) = 0, t#s=1,...,N, (2.19)
E(exly) = 0, t=1,...N, (2.20)
Eleses) = oy, i#4, t=1,...,N. 21
Elexes) = 0%, i=] (2.22)

The ISIM lifts the assumption that the correlation between the residuals term e, i =
1,...,p, t=1,..., N, of the different shares is zero as specified in Equation (2.21). And
the estimates of the covariances of the residuals are included in the estimated covariance
matrix used to produce the efficient frontier for the ISIM model. Empirically, it was found
that the correlations are not zero and correlations of up to 0.25 were observed in a sample

of the 20 JSE listed shares used later in this mini-dissertation.

Thus Equation (2.15) becomes

2
Oer P12 ... Cip
2
021 Ogg ... OTgp
E(ee)=Q =} .
2
Opt voo oen Uep

with
cov(R) =02B33 + 2 = ®.

For portfolio P= W'R. we have

E(P) = W'(a + Buy) = pp.
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and
var(P) = W'(c788' + Q)W = W'OW =02,
We then use the Quadratic Programming optimization with the ® matrix subjectto > 7 | w; =

1 and any other equality or inequality constraints and bounds.

The quantities to be estimated are
K, 0% a, B and .

The regression residuals are again used to the create the matrix E

€nn €12 ... €N
~ é21 é22 .. éZN
E= . .

€p1 ... ... EpN

where
Py 1 PN
)} =—F
N-2

and the estimated covariance is

-~

& =52B5 + .

2.6 Empirical Study: Sharpe Index and Improved Sharpe
Index Models

2.6.1 The Data

A diversified set of 20 shares from the JSE in South Africa was chosen for the empirical

study. A list of the shares with there abbreviated name and description follows:
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Anglo American plec (anglos): A global leader in mining and natural resources and

owns a well diversified range of high quality assets.

JD Group Ltd (jdgrou): The Group carries on the business of furniture and appliance

retailing as well as the provision of financial services.

Pick ’n Pay Stores Ltd (picnpay): The company is an investment holding company
whose subsidiaries are active in the retail area. The Pick *n Pay chain is one of the

largest supermarket chains in South Africa.

Remgro Ltd (remgr): The company is an investment holding company. Cash income
is derived mainly from dividends and interest. The group’s interests consist mainly
of investments in tobacco products, banking and financial services, printing and
packaging, building and motor components, medical services, mining, petroleum

products, food, wine and spirits and various other trade mark products.

South African Eagle Insurance Company Ltd (saeagl): A short-term insurance

Company in South Africa.

Sappi Ltd (sappi): Sappi is a pulp and fine paper products group with manufacturing
facilities on four continents and an international sales network that markets the group’s

products to over 100 countries.

Sasol Ltd (sasol): The Sasol Group of companies comprises diversified fuel, chemical
and related manufacturing and marketing operations. These core operations are

complemented by coal-mining operations and oil and gas exploration and production
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Tiger Brands Ltd (tigbra): A management company with operations primarily in

a variety of food and health related businesses. These include, inter alia, milling,
baking, confectionery, rice, pasta, fruit and vegetables, wholesaling, edible oils, and
health care products. Tiger Brands has interests in fishing and overseas investments in

the barley, malt and food industries.

Tongaat-Hulett Group Ltd (tongaat): Tongaat is a diversified industrial group with

interests in the sugar and aluminum industries.

Absa Group Ltd (absa): ABSA is one of the four big banks in South Africa
that offers a comprehensive range of banking services, bank assurance and wealth

management products and services.

African Oxygen Ltd (afrox): The company is an integrated, full-spectrum gas and

welding products business and is the largest such business on the African continent.

Anglo Platinum Ltd (angpla): The world’s largest platinum producer, it mines
platinum and PGM metals in the Bushveld Complex with 5 underground mines and
one open pit mine. Gold, copper, nickel and cobalt are recovered as by-products. The

company has its own precious metals and base metals refinery.

Harmony Gold Mining Company Ltd (harmo): Harmony is an unhedged gold
mining company with an annualised production in excess of 2 million ounces of gold.
The company is engaged in gold mining in South Africa and Australasia in addition

to its focused portfolio of exploration projects. Harmony has been successful in its
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strategy of growth through acquisitions and has emerged as the fifth largest gold

producer in the world.

Johnnic Communications Ltd (johnnic): This company has an investment holding

company in the media and entertainment industries.

Liberty Group Ltd (libert): This is a financial services group focused on developing,
marketing and managing a comprehensive range of investment and risk products
designed to cater for all personal and corporate investment, life assurance, disability,

health assurance and retirement needs.

Nampak Ltd (nampac): The group is the largest and most diversified packaging
manufacturer in Africa with operations in the United Kingdom and Europe. It
produces packaging products from metal, glass, paper and plastics, and is a major

manufacturer and marketer of tissue products

Nedbank Group Ltd (nedcor): Nedbank is one of South Africa’s large banking
groups. The group provides banking, mortgage loan finance and general financial

services.

Reunert Ltd (reun): Reunert manages a number of businesses focused on electronics

and low-voltage electrical engineering. Reunert is included in the ALSI 40 index

Pretoria Portland Cement Company Ltd (PPC): PPC manufactures and sells

cement, lime and related products.
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20. Edgars Consolidated Stores Ltd (edcon): The Edgars group business is the retailing
of clothing, footwear, accessories, home textiles and others through its stores in
southern Africa. In its factories the group manufactures a broad range of family

clothing which is sold through its own outlets and to the outside market

JSE Overall Index: This is the major equity index of South Africa listed shares.
An extensive time series was used of monthly log return data spanning 224 obser-
vations from 1988 to 2007. A program written in EVIEWS 3 was used to calculate the

returns, perform the regression, and calculate the covariance and return estimate.

2.6.2 Study Objectives

The objective of this empirical study is to investigate the effect of using the Sharpe Index
Model (SIM) and Improved Sharpe Index Model (ISIM) on the mean-variance response as
represented by the efficient frontier and to use a more substantial set of shares to verify the

results of Hossain et al. (2005a) for the single index model independently.

2.6.3 Methodology

A program written in EVIEWS 3 was used to calculate the returns, perform the regression,
and calculate the covariance and return estimate for each of the models. The equation for

the estimate of the covariance for the SIM was used:

- oaal ~
D1m=6268 + Qo
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and for the ISTM the full estimated covariance matrix s used:
cov{R] — & —n%ﬁ,ﬁ' + 11

These outputs were then exported to MATLAB 7 and the quadratic programming problem
was solved producing the efficient fronticrs and asseciate portfolios as discussed in scction
on quadratic programming, Both sample programs can be found in the Appendices A and

B respectively.

2.6.4 Primary Findings

Single Index Models

0.Mmvs A
a01as
00135 4

00115 -

Expected Return

oo0as |

n.oors -
0 0o 0o s 0,002 0.0025 0.003 00038 0,004 ooods  00os

Variance

Figure 2.3 The cflicient frontier for Markowitz . SIM and 1SIM. From left ta right SIM
ISIM and Markowitz. The ISIM and Markowitz are basically on wp of cach ather,

Three efficient frontiers are shown i the Figure 2.3 From left (o right they corre-

spond to the SIM, ISIM and Markowitz models. The [S1M and Markowitz frontiers are
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basically on top of each other. These results show that SIM under-estimates the risk of the
portfolio compared to the original Markowitz model. This is due to the fact that less of the
covariance structure information of the constituents is used in the construction of the SIM.
The value of the ISIM is that the removed covariance structure, of the SIM, is replaced by
the estimated covariance structure of the constituents’ residuals. This will explain why the

ISIM frontier lies “very close to’ the Markowitz frontier.

2.6.5 C(Conclusion

The SIM covariance produces an efficient frontier to the left of that of the historic co-
variance of Markowitz. However, the ISIM produces an efficient frontier ‘very close to’
Markowitz efficient frontier. We conclude that the residual covariances that were not in-
cluded in the construction of the Sharpe Index Model are predominately positively corre-
lated and therefore the model underestimate the risk in the portfolio compared to the ISIM
and Markowitz models for this selection of shares.

The ISIM incorporates the residual covariance, resulting in an efficient frontier sim-
ilar to the Markowitz. The ISIM therefore uses all the available information to create its
covariance estimate. The ISIM has the advantage over the traditional Markowitz models
that it distinguish between systematic and non-systematic risks. The model is also extend-

able using econometrics techniques including ARMA and GARCH.



Chapter 3
The Sharpe Multi Index Model

Sharpe Multi Index Models (SMIM) are an attempt to capture some of the non-market
influences that cause securities to move together. The idea is to use indices that are not too
correlated with the market index to capture additional information relevant to the shares that
was not contained in the market index. There are other uses of multi-index models besides
predicting the correlation structure of a portfolio. Multi-index models can be used to study
the impact of events, or as a method for tailoring the return distribution of a portfolio to
the specific needs of an investor. It can also be used to analyze the cause of good or bad
performance on a portfolio according to Elton, Gruber, Brown and Goetzmann (2003).

The Sharp Multi Index model can be written as

Ry = o;i+Buh+ Bpla+ ...+ BiyIv + €,

i = 1,...,p,t=1,..., N,

with the following assumptions

E() = o2 | (3.23)
E(ege,) = 0, t#s=1,...,N, (3.24)
E(exly) = 0, j=1,...,M, t=1,...N, (3.25)
E(exe;) = 0, t=1,...,N, (3.26)

Cov(Liihy) = cjx, Gk=1,..., M. (3.27)

30
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These assumptions are identical to the Single Index Model where in Equation (3.25) we
now also assume that the disturbance term e;; is also independent of the indices I;, j =
1,..., M. This again is a normal assumption in regression. We further assume that the
indices are dependent with covariances given by c; in Equation (3.27). Also note that this

equation introduces a further M (M + 1)/2 covariances with covariance matrix
C=lcyl) sk=1,.... M
between the M indices. Let

E; = E(R)=o;+Bup+ -+ Bibiar

i = 1,...,p
and
Oy 511 BlM €11
o = ’ ﬂ = ) &
ap /Bpl /BpM ept
Ry I
Rt = 5 It = y t = 1, . ,N
Ryt Inge
Then
Ri=a+8I +e
with
E(Rt) =+ IBF'I
and
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The covariance matrix of the p returns R, is then

cov(R;) = E[R;— E(Ry)|[R; — E(R,))
= E[B, — py) + e [BA, — py) + &
= BE, — p)(I, — py)'B + E(ese;) since E(Lie;) =0
= BCH +Q since E(ece;) = Q and C =cov(L,) (3.28)
= &.
For portfolio P="W'R =% | w;R; we have that
E(P) = W'(a + Bp) = 1,
and
o2 = var(P) = W'W. (3.29)
The objective function for our quadratic optimization problem then becomes Equation

(3.29) with the constraints set to » ©_, w; = 1 and any other constraints or bounds rel-

evant to the portfolio creation

Estimation of ® and related parameters

Our estimates for the return of the portfolio would be
E(P)=WR

where R is the vector of estimates for R;
Ry
R=| :

A

Ry
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where I7*¥ s the mean adjusted matrix of the indices and € is estimated by

l=—EE
{ N—M-—1

and again, as in the case of the SIM, Qd,-ag = diag(€2).
We have lost M + 1 degrees of freedom via estimation in the regressions. B is again

the matrix of regression residuals :

€11 €12 ... €N
- é21 é22 P égN
E =

epl cee ... Epn

3.1 Improved Sharpe Multiple Index Model.

The Improved Sharpe Multiple Index Model (ISMIM) can again be written as

Ry = o+ Buliu+ B+ ...+ BipeIme + e,

i = 1,...,p,t=1,...,N,

with the following assumptions

B(e) = o (3.30)
Elexe) = 04, 155, t=1,...,N. (331
Elewes) = 0, t£s=1,...,N, (3.32)
Elely) = 0, j=1,...,M, t=1,...N, (3.33)

COU(Ithkt) == Chky j, k= 1, ey M (334)
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Similar to the Improved Sharpe Index Model, the covariances between the residuals are
included in the model as is seen in Equation (3.31). The residuals are still independent of
each of the indices, but the covariances betwéen the index and residuals are now included
in this model cj.

The model is then again
R;=a+p0l +e.

The covariance matrix of R, is the same as Equation (3.28),

cov(R;) = E[R,— E(R:)|[R; — E(R;))

= BCH +Q=2a.

For the estimate of of, we have

with

~

& =pCa + 0. (3.35)
The matrix C is the estimated covariance matrix of the indices,

= 1 n.adj. m.adj.
C =g @ G (7Y (3.36)

m.adj.
L;

where is the matrix of M mean adjusted indices (the mean subtracted from each

element in the time series), each of length N and €2 is estimated by

Q=— —EE (3.37)
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with
én €12 ... én
BE= é?‘ é?'“’ a én (3.38)
épl épN

The estimated return of the portfolio E(P) = W'R is calculated in the same manner as in

the previous section.

3.2 Empirical Study: Multiple Index Model

3.2.1 The Data

The same 20 portfolio constituents were used as in the Single Index empirical study. For

the indices a range of 10 possible candidate indices or factors were considered.:

® The JSE Overall Index (JSE);

Anglo Gold share price (anggol) as a proxy for a gold index;

The Dow Jones Transport index;

The Gold Price in ZAR;

Impala Platinum Holdings Ltd share price as a proxy for a platinum index;

Richemont Securities as a proxy for international share markets;

Palabora Mining Company Ltd (palam) as a proxy for the copper index;

The FTSE160 Index;
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e The price of Crude Oil per Barrel

e The Rand Dollar (dollar) exchange rate in Rands.

It was unfortunate that we were forced to use the shares as indices. However only
the JSE Overall Index remained unchanged over the period from August 1988 to February
2007. Most of the current FTSE/JSE indices were only launched in the last 5 years and
therefore did not have enough data to be used. It was decided to limit the multi index
models to only four indices. Therefore a variable selection procedure was applied to select

four indices from the set of ten.

3.2.1 Variable Selection
The process of selecting the four indices was as follows:

Run multi index regression models against all indices for all of the 20 shares.

The t-statistics of the 10 coefficients were tabulated. The number of absolute t-statistics

greater than 2 (representing a greater than 95% significance) was calculated.

The two indices with the lowest number of absolute t-statistics greater that 2 were
removed. The Dow Jones Transport and Gold Price in Rands were removed for the

set. The procedure was repeated.

After the second round of elimination the FTSE100 and Richemont were removed.

After the third round of evaluating the t-statistics for the coefficients of the index for

the twenty models, the Crude Oil price and Impala Platinum were removed.
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3.2.2 Schwarz Crilerion

The Schwarz Criterion, as used in EVIEWS, for the twenty regression models is shown
it Figure 3.1 below, We compate the 10-index model with the reduced 4-index model Tor
each regression. The Schwarz Criterion is calculated as follows:

i = ?? | lil"f Iﬂﬂi:ln\-r::l
N Y

S =
where £ s the o likelihood (assuming normally distnbuted corors), N s the namber of
ubservations amd A is the number of indices, The Schwarz Criterion is an altemative 1o
the Akaike Tnformation Criterion that discriminates against 2 higher aumber of indepen-

dent variables. A simaller value is preferred. Discussion on both the Schwarz and Akaike

Information Criterion can be found in the EVIEWSS help files

Schwarz Criterion

<11 4

1B -

o]

-2 6
B2 10 Index Models
O4 Index Model=s

e R— —

Fig. 3.1 Schware Criterion for the two sets on lwenly repression models, We compare the
1) index mode! with the reduced four index model tor each regression. The more negative
Schwarz Crilenon is preforred.
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In each case, except share number 12, namely Anglo Platinum Ltd, the Schwarz Cri-
terion improved with the reduced model. One reason why the model for Anglo Platinum
was negatively affected by the reduced indices was that Impala Platinum, one of the candi-
date indices, was removed in the final step of variable selection. Anglo Platinum had a very
strong beta coefficient with a t-statistic of 12.0 for the Impala Platinum independent vari-
able, as can be expected, and removing this index had a detrimental impact on the model
for Anglo Platinum.

The four indices used are as follows: JSE Overall Index, Anglo Gold, Palabora Min-
ing Company Ltd, and the dollar price in Rands. The correlation matrix of the four indices,

in that order, is shown below:

1 0.505  0.2716 —0.0039

0.505 1 0.0371 -0.0123

0.2716  0.0371 1 0.03734
—-0.0039 —0.0123 0.03734 1

As can been seen from the correlations above, only the JSE overall and Anglo Gold

are significantly correlated (0.505). The rest of the indices are relatively uncorrelated.

3.2.2 Study Objectives

In this study we extend the single index model by introducing additional indices. The
objective is to see the effect of introducing new indices on the risk return efficient frontiers
of the different risk models. Also, we would like to see if the SMIM and ISMIM model
frontiers have the same relative positions as the SIM and ISIM efficient frontiers. Also, we

create baselines to measure the impact of additional models that still need to be discussed.
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3.2.3 Methodology

After the variable selection process was completed, the reduced regression models were
computed using EVIEWS3. Covariances of the indices were estimated using Equation
(3.36). The E matrix was calculated as in Equation (3.38). The §? and ® covariance ma-
trixes were created as in Equations (3.37) and (3.35). These 20x20 matrixes were exported
to MATLAB were the quadratic programming routine was applied to calculate the efficient

frontiers and market portfolios. A VBA program in Excel was used to plot the results.

3.2.4 Primary Findings

After following the above methodology, the Markowitz, Sharpe Multi Index Model and
Improved Sharpe Multi Index Model efficient frontiers were created and are displayed in
Figure 3.2. The same profile between the Markowitz, SMIM and ISMIM was found as in
the single index case. Again the efficient frontiers of the ISMIM and Markowitz models are
basically on top of each other. In Figure 3.3 we compare the impact of adding additional
indices to the location of the efficient frontiers of both the Sharpe and Improved Sharpe
models.

In Figure 3.3 it is shown that the risk return profiles of the ISIM and ISMIM are
very similar. Again this is predictable based on the fact that both are close to the same
Markowitz frontier. The effect of using the SMIM compared with the SIM produces a less

risky profile closer to the Markowitz frontier.
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Fig, 3.2, The efficient frontiers for the SMIM and 15MIM compared with the Markowitz
frontier,

3.2.5 Conclusion

We conclude thar using i multi index regression model had minimal impact on the position
of the ISMIM efficient fromier compared 1o that of the ISIM. 1t had. on the other hand.
1 osiemilicant impact on ﬂ%‘e resulting elficient frontier of the SMIM after the additional
mdices had been added. The etfect was a right shift of the frontier, creating a model that
looks more risky than in the single index case. This could be understood s follows: The
SMIM incorporales more matkel information, using four indices rather than the one of the
SIM, sn less infarmation is lost by distegarding the cross correlations in the residuals in the
SMIM compared with the ISMIM. Because this information is ineluded in both the [ISMIM

and 1SIM models, the resulting rontiers are practically the same.
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Sharpe Kulti Index: Models
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Fig. 3.3. Comparing efficient frontiers for the Multi Index and Single Index models.

3.3 Conclusion

In this chapter we introduced the Sharpe Multi Index Model and the improved version of
the model that includes the residual cross correlation terms. In the empirical study we
then demonstrated the effect ot using the multiple indives on the mean-variance response
of the efficient Ironticrs, The mult tndex maodel. that incorporates more information in the
additivnal indices, reduces the lefi shift eMect of the SMIM on the (ronticr compared with
the SIM case, However, all the improved versions of the efficient frontiers of the models
lie on top of each other. incorporating all available information in the model.

The ISMIM is therefore a more accurate model compared to the SMIM, confirming
the observation of [1ossain (2006), But this “improvement” needs 1o be understood in the
contexi that the ISMIM model results in the same efficient [rontier as that of the enginal

Markowiz model based on the historic covariance and therefore does not add any addi-
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tional value for portfolio building. The one benefit these regression models have over the
Markowitz model is their ability to be extended with ARMA and GARCH components.

This is the topic of the next chapter.



Chapter 4
ARMA and GARCH Regression Models

In this chapter we extend our SIM and ISIM regression models of the shares by
including ARMA terms that model serial correlation and GARCH extensions used to model
conditional variance in the time series data. After introducing these models in section 4.1
and 4.2, we apply the methodology the JSE shares, first with a 9 share portfolio in sections
4.3 and then with the full set of 20 shares in section 4.4, and investigate the effect on
the efficient frontier and the resulting market portfolios. We then investigate and evaluate

which of these methodologies created better models.

4.1 Linear Regression Models with Autocorrelated Errors.

ARMA models (Box and Jenkins, 1970) are used to model the conditional expectation of
the current observation, given the past observations. An ARMA model achieves this by
modelling the current observation as a linear function of the past observation and error
terms combined with a new error term. If a satisfactory ARMA is found, it can be used
to forecast the next data point in the series conditional on all the previous data points. But,
unfortunately, forecasting will not be possible in the context of a regression model. In
the regression model the ARMA terms are fitted to the residuals of the regression and are
therefore dependant on the independent variable (index in our case). So even if you have a
perfect model to calculate the forecasted return R, ; data point, you will need 7, data to

do the calculation.

44
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between the share and the mdex. The Akaike information criterion { AIC) for this model was

-2.876. Next we consider the correlogram of the index moedel. Comparing the correlograms

in Figures 4.4 and 4.5, shows the serial correlation induced in the residuals. For example,

on the first 6 months lag, the | jung-Box Q-statistic shows autocorrelation within 10%

significance (a probability of 0.074). This weak serial dependence in the residuals can

be modelled by using lincar regression with ime scries errors. Based on the correlogram

in Table 4.2, we chosc an ARM A(2, 2) model in the residuals and modity the regression
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muodel o

K, = a+idl+e pt)

Ef = tigfy o+ oy o, {4.40)
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where w; is white noise and both ¢, and ¢; are assumed to be zero. The model was esti-

mated using EVIEW3, resulting in:

R, = —0.00238 + 1.4011794491, + e,
e, = —0.881le;o+0.784w 3 + w, (4.41)
6w = 0.0537, (4.42)

with R? = 0.695 and standard errors on the parameters for the index I,, AR(2) and M A(2)
of 0.0629, 0.102 and 0.134 respectively. They were all highly significant with the AIC
equal to -2.991. Figure 4.6 shows the correlogram of the residuals of the model. By adding
the ARMA terms in the residuals, we are able to remove the induced time series behaviour
of the residuals and create a more accurate model with a slightly higher R2. This improved
the AIC from -2.876 to -2.991, gave a smaller standard error on the beta estimation of the
index and resulted in no autocorrelation in the residuals.

The equations (4.39) and (4.40) can be generalized to include SIM (or SMIM) with

any ARM A(p, q) error terms as:

R, = a+pL+e
e = ¢1€t_1 + ..+ (j>pet_p +6iwpq + ...+ qut__q + Wy (443)

w; ~ rv(0,06%), some random variable independent in t.
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4.2 GARCH Models

There are several reasons why one might want to model volatility, In finance you might
need to analyze the risk in a portfolio of assets or W evaluate an option.  ARMA maodels
om their ewty arg unsatisfactory for modelling of returns of inancial assets with changing
volatility. The reason [or this is that ARMA models assume constant conditional variance
and are not capable of modelling chanpes in volatility observed in the return of financial

asscls (Ruppert, 2004, p363).



4.2 GARCH Models 50

Autoregressive Conditional Heteroscedasticity (ARCH) models were introduced by
Engle in1982 and are specifically designed to model and forecast conditional variance or
volatility. In the model, the variance of the dependant variable is modelled as a function of
the past values of dependant and independent variables.

The ARCH model was generalized by Bollerslev (1986) and Taylor (1986) as the
Generalized ARCH (GARC H) model. Ina GARC H process the variance is modelled as
a function of past values of the dependant variable, independent variable and past variance
values.

These models are widely used in financial time series analysis. The reason for this is
that standard regression type models assume that the residuals from the regressior.l model
are homoscedastic. When this assumption is violated, as is the case in many financial time
series data, the results should be adjusted in order to compensate for heteroscedastic errors.
So in using GARCH type models, where the heteroscedasticity in the errors is handled
properly, more efficient estimators can be obtained.

It is also commonly known that share returns have more extreme values than can
be expected from the standard assumptions of the normal distribution. One approach is
to incorporate these outliers in the model by assuming that the conditional variance is not
constant but heteroscedastic. In such models, outliers occur naturally when the variance
is large. Therefore GARC H processes are categorized by changing variances as well as

heavy tails. This makes GARC H models especially useful in modelling financial data.
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A general GARC H(p, q) model in the residuals of a regression model is given by

the following equations:

Rt = + /BIt -+ €3 (444)

e = Oz where z, ~ rv(0,1) (4.45)
9 P

02 = Yo+ ¥ e+ wod fort=1,.N. (4.46)
J=1 j=1

Here e, are the residuals of the regressiqn for each time step ¢ and z;; represents a random
error with mean zero and variance one. The parameter p is the degree of the GARCH
component and ¢ is the degree of the ARC H process. Since the equations above express
the dependence of the variance of returns in the current period on historic data (i.e. the
values of the variables e ; and 02 ) from previous periods, it is a conditional variance.
The most basic and widespread version of this model, and also the one used in this mini-

dissertation, is the GARCH(1,1) that can be expressed as:

R = a+fl+e (4.47)
ey = 0y, 2z~ 1v(0,1) (4.48)
0 = vo+mel, +wo; fort=1,..N, (4.49)

where z;; represents a random error with mean zero and variance one. The variance is
always positive, so we expect that the regression coefficients v,, v; and w; will also be
positive. The conditional variability of the errors defined in Equation (4.47) is determined
by the constant part, y,, the ARCH component v,e2 | in the previous error and the GARCH
component given by the predicted variability from the previous period and expressed by

2
w10t_1.
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The sum of the regression coefficients (7y; + wq) expresses the influence of the vari-
ability of variables from the previous period on the current value of the variability. This
value is usually close to 1.0, which is a sign of increased inertia in the effects of shocks on
the variability of returns on financial assets. This value is required to be smaller that 1 for

a stable GARC H(1, 1) process (Tsay, 2002, p.94)

4.2.1 Properties of the GARCH models

If one sets v; = e? — o7 in Equation (4.49), it follows that:

o} = € -,
wioy ; = wi(el —v,;) and
& = Yo+ (1 twe, +v—wive (4.50)

So, the GARCH(1,1) model can be regarded, based on Equation (4.50), as an ARMA(1,1)
process in the squared error €2 series. Futhermore, from the properties of the ARMA model

it follows that the unconditional variance of e; is:

Var(e) = B[e?] = —'— 7710_ "~ @.51)

provided v, +w; < 1.

As is evident in Equation (4.49), a large value of e;_; or o;_; produces a large values
of 0. So, large values of €7 tend to be followed by large value of €2, producing the
volatility clustering observed in financial time series.

A GARCH series produces heavier tails than the normal distribution. This can be

observed if one analyses the unconditional kurtosis of e;. It can been shown under the
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assumption 1 — 272 — (y; +wq)? > 0, that the kurtosis is given by (Tsay 2002, p.94)

E(e;) _ 3(1—(n +wi)?)

g = o= >3
TTIEE@P T 1- (1 +wi)? - 272

and therefore the distrubution has fatter tails than can be expected from the normal dis-
tribution, again confirming the link between volatility clustering and fat tails. Another
interesting property of the GARCH(1,1) model is that the unconditional multi-step ahead
forecast convergences to the unconditional variance given in Equation (4.51), as the fore-

cast horizon increases, that is for:

Yo

— as | —— o0.
1= —w

2
Tyvt

under the condition that v, + w; < 1 and that var(e;) exists.

4.3 Empirical Study: Comparing a 9 share and a 20 share
portfolio.

In this study we build efficient frontiers using the first 9 shares presented in Chapter 3

of the set and compare them to the efficient frontiers using the full set of 20 shares. We

demonstrate consistency in the results when using either a set of 9 shares, as was used in

the study of Hossain (2006), or a set of 20 shares as is used in this dissertation.

4.3.1 The Data

The same data set was used as in the previous empirical studies. It is a set of 20 shares
and 9 selected from them, including the JSE All Share Index. The data are monthly returns

spanning the period from September 1988 to February 2007.
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4.3.2 Study Objectives

The objective of this study is to compare the relative positioning of the efficient frontier

generated by the different models using sets of 9 and 20 shares.

4.3.3 Methodology
The following models are considered:

e Marko is the model based on the historic covariance.
e SIM is the Sharp Index Model of Chapter 2.
e ISIM is the Improved Sharp Index Model used in Chapters 2 and 3.

e ARGA is an autoregressive with GARCH(1,1) time series model introduced earlier
in this chapter. In this case unique AR components were fitted to each time series of
residuals to minimize the autocorrelation. The specific model fitted for each share is

summarized in Table 4.1. The ARGA model was used with both SIM and ISIM.

4.3.4 Primary Findings

The following results were calculated and compared with the results for a portfolio of 9
shares from the Ph.D. of Hossain (2006) and results for the 20 shares used in this disserta-

tion.

o Comparison of the SIM, ISIM and Markowitz efficient frontier positioning.

e Comparison of the ARGA, SIM and SIM models efficient frontier positioning.
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o Comparison of the ARGA. 1SIM and ISIM maodels ethicient trontier positioning,

The relative positivns of the efficient frontier of the above mentiened models are
shown in Figures 4.1 and 4.2 and were found to be consistent, irrespective of using sets of

9 or 20 shares The results was also found to be consistent with Hossain's results (2006)

Single Index Models
9 Shares

Expected Betuin

— —ISIM ARCA
| =M sRCA

0.001% £.002 05L25 yyianee DEG3 0.0035 £.004

Fig. 4.7. Single Index Madels tor the set of 9 shures,

Comparing SIM with ISIM

Imn all cases presented in Figure 4.7 and Fizure 4.8 the efficient frontier of the Sharpe
index model 15 positioned 1o the lefl of the Markowitz and Impreved Sharpe Index models.
This was found to he the case when positively correlated residuals are dominant. Tn Chapter

6 of this mini-dissertation we introduce the measurcment ol the average residual correls-



4.3 FEmpirical Study: Comparing a 9 share and a 20 share portfolio. 56

Single Index Models
| | 20 Shares
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Fig. 4.8. Single Index Models for the set of 20 shares

tion and show that the relative position of the SIM efficient frontiers can be predicied by
comparing the averagg;rr:ﬂ:iﬂual correlation. Indeed we found a case where average residual
correlation 15 negative and the cflicient frontier of the SIM is ta right of the carresponding
I5IM clliciem fromter.

These results show the that SIM underestimates the risk of the portfolio compared to
the I1SIM muodel. This is due to the fact that less of the covariance structure information
of the constiluents is used in the construction of the SIM. The improvement of the 151M
is that the unused covariance structure of the SIM is replaced by the estimated covariance
structure of the residuals al the constituents.

Comparing The ARGA model exiensivns
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The efficient frontiers of the AR with GARCH(1,1) extension to the SIM and ISIM
models presented in Figure 4.7 and Figure 4.8 show the left shift effect. Again this result
was consistent irrespective of whether we use 9 or 20 shares. This extension did create

slightly better models, but results varied as is shown in the next empirical study.

4.3.5 Conclusion

Based on these results we conclude that consistent results are obtained compared to pre-
vious studies using a set of only 9 shares. In the next study we look in more detail at the

regression model with ARMA and GARCH extensions using the set of 20 shares.

4.4 Empirical Study: Regression models with ARMA and
GARCH

In this empirical study we will extend our index regression models by including ARMA
and GARCH terms in our model. We will investigate whether these extensions produce
improved models in terms of improved fit of the model, more accurate estimators of the
coefficients of the equation and less correlated and more independent residuals than the
simplified models.

Then we will compare the risk-return behaviour of the portfolio created by these mod-
els as illustrated by the efficient frontiers of the models applied to our sample set of shares
from the JSE. This will illustrate the effect of including ARMA and GARCH components

into the models. We will demonstrate the shifting effect that they have on the resulting ef-
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ficient frontiers. We then consider the portfolio members and their corresponding weights

in the resulting market portfolios.

4.4.1 The Data

The same data set was used as in the previous empirical studies. It is a set of twenty
shares and the JSE All Share Index. The data are monthly returns spanning the period from

September 1988 to February 2007.

4.4.2 Study Objectives

Our objective is to establish the effect of using ARMA and GARCH(1,1) models on the
residuals for both the SIM and ISIM models. We also want to compare the behaviour of

these extensions for the SMIM and ISMIM models.

4.4.3 Methodology

It was decided to limit the study to the simple GARCH(1,1) extended models. The reason
for this is that it has been shown by Hossain, Troskie and Guo (2005a) that the GARCH(1,1)
model exhibits “the most superior mean-variance frontiers when compared to other GARCH

extensions in the single index setting.” We will therefore limit ourselves to:

e SIM, the Sharpe Index Model
e ISIM, the Improved Sharpe Index Model

e SIM ARMA, a Sharpe Index Model with ARMA time series components.
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o ISIM ARMA, an Improved Sharpe Index Model with ARMA time series

components applied to each share regressed against the index.

SIM GARCH, with GARCH(1,1) applied to the regressions.

ISIM GARCH, with GARCH (1,1) applied to the regressions.

SIM ARGA, with ARMA and GARCH(1,1) applied to the regressions.

ISIM ARGA, the Improved Sharpe Index Model with ARMA and GARCH(1,1).

Also the study was repeated with the Sharpe Multi Index Models (SMIM) with the
same set of chosen indices of the previous chapter. The above eight models were repeated

for the multi-index case, with the model names stipulated below:

e SMIM, the Sharpe Multi Index Model

o ISMIM, the Improved Sharpe Multi Index Model

¢ SIM ARMA, a Sharpe Multi Index Model with ARMA time series components

applied to each share regressed against the index.

o ISMIM ARMA, an Improved Sharpe Multi Index Model with ARMA time series

components applied to each share regressed against the index.

e SMIM GARCH, with GARCH(1,1) applied to the regressions.

e ISMIM GARCH, with GARCH (1,1) applied to the regressions.

e SMIM ARGA, with ARMA and GARCH(1,1) applied to the regressions.
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e ISMIM ARGA, the Improved Sharpe Index Model with ARMA and GARCH(1,1)

applied to the regressions.

ARMA Identification

The ARMA time series model was identified for each of the shares using the residuals

for both the single and multi index models. The partial autocorrelation function was used

to identify the specific lag orders. ARMA models were only applied if they produced a

significant reduction in the autocorrelation of the residuals compared to no ARMA terms.

AR terms were preferred over MA terms and were found to be adequate to model the time

series dependencies of the regression residuals. A table of the resulting ARMA terms for

each share is shown in Table 4.1.

Eviews ARMA | \RMA Muttiple
Name |Code Single
Code Index
__Index
11 Ang AGL  JAR(N, AR AR
r2 JDG JDG  |None None
r3 Pick Pik  1ARM AR
r4 Remgro REM |AR(1) AR{1)
5 SAEagle 1SAE  INone None
5] Sappi SAP  {None None
17 sasol SOL  INone None
B Tigbran TBS |ARE) AR ARB)
g longaat  |INI__|AK[Z) AR
r10 absa ASA  [None AR
i afrox AFX AR AR
2 angpla AMS _ |None None
113 harmo HAR |[None None
r14 jonnic JNC  ARM)ARD) AR
15 libert LBL IAR®) AR AR
16 nampak  |NPK |AR() AR(4) AR{1) AR(4)
ri7 nedcor NED [None None
ri8 reun RLO  INone None
119 PPC PPC AR AR{D)
20 edcon ECO |ARM AR
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Table 4.1 ARMA residual identification.
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The ARGA models we are using are a combination of ARM A(p, q¢) models to re-
move the serial correlation and GARC H(1,1) models to model the volatility of the resid-

uals. The full regression model can be summarized as follows:

Ry = o +0L+en (4.52)
eir = ¢p€i-1+ 001+ a; assuming ARMA(1,1) (4.53)
iy = OpZy (4.54)
0% = Yo+ Yoy, +wios, ; assuming GARCH(1,1) (4.55)

i = 1,....pt=1,...,N, (4.56)

where z;; has mean zero and variance one. The standard assumption is that z; ~ N(0,1)
and is the one we will follow. The ARM A only model excludes the terms in Equation
(4.55) and the GARC H only model excludes the terms in Equation (4.53)

EVIEWS 3 uses a nonlinear regression technique to estimate the ARMA models.
More detail can be found in the EVIEWS 3 help files.

ARCH-GARCH type models are estimated in EVIEWS 3 by the method of maximum
likelihood, under the assumption that the errors are conditionally normally distributed. Be-
cause the variance appears in a non-linear way in the likelihood function, the likelihood
function needs to be maximized using iterative algorithms.

An EVIEWS 3 program was created to calculate the returns, perform the regressions,

and to produce the covariance and return estimates for each of the models. The equations
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from Chapter 2 were used to estimate the covariances for the SIM and ISIM:

~ ol

S = 5’?35 +Qdiag 4.57)

& BB + . (4.58)

I

These 20 x 20 matrices were then exported to MATLAB 7 and the quadratic program-
ming problem was solved producing the efficient frontiers and associated portfolios. The

programs can be found in the Appendix A and B respectively.

4.4.4 Primary Findings

Model Building
From a model building point of view, the added complexity of the ARMA and
GARCH models has a beneficial effect on the estimation of beta value for the shares. This

can been seen, from the higher value of the average t-statistic for the shares in Table 4.2

below.
| Average SIM | SIM ARMA | SIM GARCH | SIM ARGA
Beta T Stafistic | 9.326 9446 10.246 10.813
ajusted R” 0.2765 0.2913 0.2733 0.2866
Standard Error | 0.0832 0.0846 0.0860 0.0854

Table 4.2 Comparing model statistics

In Figure 4.9 we display the t-statistic for each of the 20 shares for the SIM, SIM
ARMA and SIM GARCH and SIM ARGA, labeled as SIM, ARMA, SIM GARCH ONLY,
SIM-and ARMA GARCH respectively, and in that order in the figure We notice that the
effect of using GARCH in the model had varied results between the shares . It has a strong

positive improvement on equities numbered 1, 2, 12 and 14. The last value, called "share
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217, is the average for the 20 shares. The average value shows slight improvement in the

estimation of the betas. 11 one considered the adjusted B? of cach of the regressions for

_ ‘ t- Statistic

- S - Y (R I g Ny e R T S R - R e
Share

Fig. 4.9 The t-statistic of the '« in the four models (from left to right): SIM, SIM
ARMA_SIM GARCH and with ARMA and GARCH(1.1)

the different models in Table 4.2 above and the in Figure 4.10 helow, we notice that both
the *"ARMA and “ARGA™ extension had a mimmal improvement on the mode! it. ARMA
produced a better fit than the "ARGA’ extension and GARCH ONLY combination. |'his
hehavior was consistent [or all the equities.  Table 4.2, above also presents (he average
standard errors of the shares tor the three different models. This standard error is the
standard doviation ol the residuals for cach regression. As expected, the ARMA extension

of the model reduced the average standard crror of the regression models. The ARMA-
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Ajusted R"2
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Fig, 4.10. Adjusted 7% from leA o right, SIM, SIM ARMA, SIM GARCH (1.1) and 8IM
ARGA. 21 refers to the average value of the 20 regressions models,

GARCH cxtension had an increasing etfect on the observed average error. These changes
arc small and in all cases resulted in less than 1% change from the original average valug.

Mean Variance Response

In this section we consider the mean variance response of 16 different models. First
we sonsider the effeel of five different estimation methods: Historic covariance {called
Marko): OLS; ARMA: GARCH, ARMA and GARCIH called ARG A as infraduced in this
chapter. These estimation methods are apphied to bath the SIM and 18IM methods o con-
struct the covarianee matrives, as introduced in Chapler 2. We then repeat the exercise in
the multi index framework e create the SMIM and ISMIM's as intraduced in Chapter 3.

We start by looking at the impact of changing the esttimation methods on the S[M

for our portfolio of shares. Figure 4.11 shows the resulting efficient frontiers from using
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dilferent estimation methods. From right to left the frontiers are: the Markowitz frontier
with na regression model applicd, the STM and the SIM ARMA close to cach other. The

SIM GARCH and 51 ARGIA together on the tar left. This pattern is repeated fur the multi

Single Index Models

o149

0.018 - i

0017 — :
£ 0016
ED.EHS .
£ 5014 4
Fooia -

00612 4
Dot A o ARGE
S GARCH

0.07 ! =\ .

[.E015 0.op? BO024a 0.002 0003s 0004
Vasiance

Fig. 4.11. From right to lett the frontiers arg: the Markowitz fronticr with no regression
madel applied; the STM and S5TM ARMA close 1o cach other The SIM GARCH and S1M
ARLTA logether on the far left.

index case in Figure 4.12. Again [tom right (o lell the frontiers are: the same Markowitz
frontier al before; followed by the SMIM and SMIM ARMA on top of each other with only
S51IM ARMA visible in the figure, the SMIM GARCI and to the far left the SMIM ARGA.
Again. as was seen in Chapter 3_ all the resulting frontiers lic further to the right, closer to
the Markowitz frontier, compared to the single index models, and for the same reason as

was discussed m the conclusion of Chapter 3. The Sharpe Mulli Index Models incorporate
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Comparing The Multi Index KModels
0019 s - — -
noi1e H
narr
= 0016
% oos 4
E nng ‘
5 ] ; |
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nnii1 - ShEM ARG A !
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0.0014& 000z 00025 noo3 00035 0004
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Eiir; 4!2 The SMIM  eflicient [onticts From lell o nighSMIM ARGA, SMIM
ARMA SMIM GARCIN L 1),5im and Marko cxtensions for the 20 stock portfolio. SMIM
is underneath the SMIM GARCH frontier.
more markel information in the covariance matrix than the 5IM and are therelore moved
close to the ISIM and Markowilz frontiers.

In the SIM case, the GARCH(1, 1) and the combined ARMA GARCIHI(1,1), called
ARGA, has a lefi-shift effect on the STM tonters, For the SMIM, the GARCH(1,1) had
nu ¢ffect, and only the combined ARLGA model has some left shifi effect on the rontier
us can be seen in Figure 4.12. This lesser effect of multi index models to residual model
exlensions than the single index model could be explained as follows. The residuals from a
multi index model are on aggregate smaller than the single index model, This can be seen

from the standard errors of regression. They are on average, over the twenty shares, 4.17%
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simaller for the multl index case compared with the single index models. Modelling the
restduals of tiult ndex models bas less effect than on single index models.

We now repeat the investigation for the Improved Sharpe Models (151M). In Lthese
models the full covariance structure of the resiluals 1 used  construct the covariance
matrices. In Figure 4,13 {our ellicient fronticrs are shown. namely fram right to left. 1SIM
ARMA_ISIM, ISIM ARGA and 18TM GARCH. The [irst two are grouped on the right and
the second grouped to the left. Adding the ARMA extension had the same minimal effeet

on both the 1SIM and [SIM GARCH mudels, as can heseen Trom Figure 4.13. In Figure

The Improved Single Index Models

019 o %

0o

0017 5
£ 0.016 -
E 0n1a S
T
T 0014
20013 -
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0011 4 1500 ARG,

— (I GARCH LY
i3 : . — .
n.oots nnoz 0.0025 0.0n3 nnnas D004 |
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Fig. 4.13. Four frontiers are shown, from oight e lell, TSTM ARMA, TSIM, 151 ARGA
and [5IM GARCH.

4.14 we display the results of the multi index case.  As was the case in Figure 4.12. by

using the multi index regression the resalting fronticrs are compressed closer to the original
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The Improved KMulti Index Models
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Fig. 414, The Improved Multi Index Models: 1SMIM ARMA 1s on the right and ISMIM
GARCIH is an the lefl and Marko, ISMIM. ISMINM ARGA in the center,
Markowitz frontiers. The ISMIM ARMA is on the right and ISMIM GARCH 1s on the left
and Marko, 1SMIM. ISMIM ARGA in the center, Using mult index muodels secms to
make the effect ot modelling the residuals less potent, keeping the resulting [rontiers closer
together.

The markel portfolios

Even though differcnt models have different shifting effects on the resulting ethcient
frontier, it does not neeessarily alleet the resulting market porttolios. In this section we
examine the resulting portfolios of the models presented. The market portlolios were con-
strucicd assuming an annual risk [ree rate of 9%, If we cxamine the annualized Shampe

ratins of the portfalios in Figure 4.7, locusing on the single index models, we see that the
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highest Sharpe ratio of 0.56 Tor the SIM ARGA portlolio corresponds Lo the SIM ARGA

efficient frontier position to the far left in Figure 411, The 8IM GARCIH Sharpe ratio

Annualized Sharpe Ratio

D.ET Y2emm 9 B Ak Pr— _..__—I

Ei e

053
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0.4 +—
0.47
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0.43

Fig. 4 15 Sharpe Ratios of the Market portfolios of the single and multi-index type nmodels
assuming an annual risk ree rate o 9%,

is very close (0.552) tn this value and also the corresponding frantier in Figure 4.11. The
rermainder of the Sharpe ratios follow in order of the positioning ol the corresponding fron-
tiers in the precedinge four ipures. The ISIMs Sharpe matios are less dispersed. and again
these mimic the behaviour of the frontiers in Figure 4,13, The [SIM and ISMIM Sharpe
ratios are very close ta the priginal Marko portfolio. The Sharpe ratios of the multi index
models are alsa abserved ta be lawer than the corresponding single index models. This can
be verified by comparing Figures 4.1 1 through Figure 4.14.

In Figures 4.16 and 4.17 we show the expected returns and standard deviations of the

same portfolios. Figure 4,16 shows us that the expected retums ol the portfulio do not al-
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ter much, with only a 1.03% spread in the retums. The small variation can be cxplained by

the variation in the resulting pontfalios. In Figure 4.17 we see that the standard deviation

Apgalized Expectad Batnans

s e e Sl ==

1

e —
pas . ; : : '

|

|

Fig. 4. 16, The Annualiced Expected Retumns of (ke portlolios.

ol the portfolio inversely corresponds with Sharpe ratios and the positioning of the fron-
tiers from left to right, This makes sense it one considers the formula tor the Sharpe ratio
and the minimal variation in the cxpecicd retums, Now we consider the canstructon of the
portfalios, Only about hall ol the sharcs available were included in the portfolios. This is
typical of unconstrained market porttolios using quadeatic programming. In Figure 4.18
and 4.1% we display portfolio members for SIM and I1SIM cases. In all the portfolios rem-
gro is the most prominent share. The reasan for this is that rempro has the highest Sharpe
ratio ((L.433) of the availablc sharcs Inlcrestingly enough it does notl have the kighest his-

torie retuen. The share Jonnic has the highest retum of 001940 per month compared with
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Fig 4.17. The Annualized Standard Deviation,
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Fig. 418 The SIM Portfolios
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rermgo (LUTFS. Jonnic is included in the portfolio, but 4s onc of the miner components,

From Figure 4.19 and Figure 4 20 we see thal the dilferent modets produce guite similar

ISIM Market Partfolios Construction

|HISN o= ARMA EISIM GARCH E!3W ARGA,

15

Fig. 4.t9. The ISIM Poritolios

portfiolios ifthe full 17 vear data set and unconstrained optimization is uscd. The varutions
between the portfiolios. though small, might have o sieniflicant elleet on the resulting per-
formance ot the portfolios. This statement and the relative performance of the models will

be tested in Chapler 7.

4.5 Conclusion

Using ARMA and GARCH did improve heta estimation and 5 in the regression models.
The effect on the residuals varied. In general, the addition of ARMA components reduced

standard error and residual agtocorrelation, The addition of the GARCHI1. 1) exiensions,
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Fig. 4 20 The SMIM Partlclios
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Fig. 4.21. The ISMIM Portfolios

74



4.5 Conclusion 75

on the other hand, seem to have a slight negative effect on the resulting the residuals . These
effects where less pronounced in the multi index case compared with the single index.

As shown in Figures 4.11 to 4.14 the ARGA (ARMA and GARCH(1, 1)) extensions
move the frontiers to the left, discounting the risk in the portfolio. This effect is most
pronounced in the SIM type models in Figure 4.11. In the SMIM models the effects are still
visible but to a lesser extent and we find a general tighter grouping of the frontiers closer
to the Markowitz frontier. For the ISIM and ISMIM models, the concentration closer to
the Markowitz frontier is even more pronounced. The ISIM model is by its nature closer
to the Markowitz, as is explained in Chapter 2. The multi index models are less sensitive
to residual modelling. The reason for this is that the additional indices incorporate more of
the variances in the share prices than can be incorporated by just the one index, resulting in
smaller residuals.

The resulting models did produce different portfolios, but the biggest changes were
produced by using improved Sharpe models or multi index models rather than an ARMA
or GARCH extension. It is also noted that the SIM type models are less concentrated than
the other portfolios.

In conclusion, the ARMA and GARCH extensions of the index models have a min-
imal effect on the resulting portfolio construction compared to effect of other model as-

sumptions.



Chapter 5
Bounded Influence Regression

5.1 Introduction

Managing the effect of outliers in statistical data is an extensive and ongoing research area
in Statistics. In financial research there is an ongoing debate on the management of outliers
in modelling. In this chapter we follow one approach called Bounded Influence Regres-
sion. This comprises of down weighting excessive log returns, in both the independent and
dependant variables, before fitting a regression model. In the next three sections we intro-
duce three weighting functions. We then use two empirical studies to investigate the effect
of these weighting functions on the efficient frontiers and the resulting market portfolios of

the models.

5.2 The Flat Weights Function

One possible elementary weighting function is to set the high and low extreme return values
to zero. Formally, if z(y), ..., 7(») are the n ordered of observations from z, ..., z, we
can choose some real number 7¢[0,0.5) and let L = [rn] + 1 be a 7-lower index and

U =n + 1 — L the T-upper index of the ordered series, where [a] is the integer part of real

76
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. Deline ¥, ..., 7, as the ardered ranks of z;, .., z,,. Then the weights will simply be:

H"r,' = ﬂ, P L,

g =0 1T
Far example in Figure 5.22 the flat weights function 1s applied 1o the log returens ot the ISE
Overall Tndex with & + value of 015, Note that the top and bottom 15% poinis are set o
zero, This is a rather crude way of dealing with fat tails and potential outliers in the returns

Flat Weighted Returns

Weidghted Retnms

Loy Retuans

Fig. 5.22. A plot of the log returns vs, the weighied log returns four the so called Mat weiph-
ing function.

and can be improved upon. We now introduce two mare sophisticated weighting functions.,
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5.3 Mallows Weight Function

Here we will follow a similar approach to de Jong, de Wet, and Welsh (1988) in which
they used the Mallows weights in bounded influence regression. The following weighting
function was introduced by Mallows (1973). We follow the set up as in Section 5.2. but the

weights associated with the z; are now:

Ty — Tw)
W = TWEO o
D, "

= 020 s, (5.59)

= 1, LS’I}SU

for i = 1,..,m, (5.60)

where D; = 2x; — z@) — z(z). As de Jong et al.(1988) note, the weights are chosen so
that the outliers in the independent variable space are given less weight according to their
distance from the center of that space. de Jong et al (1988) chose 7 = 0.15 which they
showed to work well in practice. The profile of the Mallows weighting function on the
JSE Overall Index is illustrated in Figure 5.23.

Immediately, one notices the non-symmetrical behaviour of the weighting function
on extreme positive and negative returns. Also the returns higher that the order statistic U
are weighted down lower than U, so that the resulting extreme positive returns are lower
than the highest unweighted returns close to U.

Initially it was suspected that this asymmetry was caused by the data not being cen-
tered. To investigate this, the returns were mean-adjusted and the Mallows weights re-

calculated. The resulting weighted profile is shown in Figure 5.24. As can been seen in
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Fig. 5.23. A plot of the returns of the JSE Overall Index vs the Mallows” weighted returns.
The Mallows weighs profile is not symmetrical and does not inerease monotonically,

that figure, the effect of using mean-adjusted returns gives a flatter, less smooth weisht

function. FHlowever the asymmatry, though less pronounced, stll remains, The weights as-

signed to the positive exireme values decrease returns below the upper point L7, with a sharp

bend in the prodile, cavsing a non-smoesth profle inothe retums, The reason why the tesult-

ing weighled retlumns have been reduced below the point £ can be found by examining L

and {7 order statistics tor the JSE Crverall Index and 7 — .15, [lere we use the normal

non-mean adjusted returns,

r 018 | | Avg Returns Avg Weights """"E'R"zfli'f’nh“‘d
w— 228 : : below Llabave TF below Liabove L7 =
: i below L/ above U
L —0.047 | 34 —{.0887 0.611 —0.0542
U 0.053 | 190 | L0768 116587 0.0528

Table 5.1 Statistics related to I and 7
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Fig. 5.24. Returns vs, Mean adjusted Mallows weighted returmns for the ISE Overall Index.
A Jlatter less smooth profile 15 observed.

From Table 3.1 the top L5% point I lies furthcr away from zero than the bottam 15%
point L. However, the average value of the returns above the point [7 s 117 lower than that
of the averape nogative values below the point L on an absolute basis, So, on average, the
exlrome positive retums of (L7685 are lower than the negative extreme teturns of — {0487
an an ghsolute basis. [f we consider the freyuency distribunon of the retums in Figure 5,25
we see that the median of the retums, 0.0 77, 15 noticeable higher than the mean of 0.0119.
This is consistent with the skewness of the returns (—1.258) being negative, implying a
long left tail {see Figure 5.23), The extreme negative values are pulling the mcan to the left
of the median. This explains why the average negative extreme returns are greater than the

average positive extreme values on an ghsofute hasis.
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b 1
Series RJSE
Sampbe 198808 200702
a0 4 Ohzervations 223
: Mean 001909
4 { Medisn 0.01 7635
Marcimelm 0161125
hdinirdm -0.254345
204 Std, Dety, D0sTEZE
Skewrness - «1.258405
Kurtosis 9515265
104
Jargue-Bera 453 2755
Prokakaty J.000000
0

Fig. 3.25. Frequency distribution of the (non-mean ajusted) returns ol the JSE Owverall Tn-
dex

The assymmetry between the weighted positive and weighted negative values 1s be-
cause the product of the average weights above T7 and the average retums above U, (called
the Ave Weighted Retumn in Table 517 is just lower than U7 itsell. On the negative side, the
product of the average weights below 1. and returns below £ is more negative than [, it-
self. This explains why the resulting profile is increasing on the negative side below /. and
decrcasing on the posidive side above 17 This behaviour of the lunclion was foumd for all
cyuitics and index retums tested and seems to be a result of the gencral negative skewncess
of the retumn series investigated.

The samiple skewness of the ISE Qverall Index returns was -1 258, Interestingly, if

the skewness of the returns inside the L-10 boundaries is caleulated, a positive value of
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0,453 is [ound. So most of the negative skewness can be explained by the extreme values.
In faet there are fore stiall-fo-medium up days than there are small-lo-medivm down days
i cquity market retums. This is consistent with saying that most of the big extreme values
are negative in equity markets

An interesting observation on skewness can be found iF we analyze the neealive and
positive retums scparately as 15 shown in Figure 526 and Figure 5.27. We use the mean

adjusted retums,

|
20
Series JSEMEGRET
Sample 1988:08 1337.04
Chzepvations 105
154
hdean 0045747
hedizn -0.036987
104 Fgimum -0.000245
hdirirmim -1.366T54
St Dew. 1.045796
Zhewness  -3632540
54 Kurtosiz 24 5REsT
Jarque-Bera 2277 083
Frobability 0.000000
E"I-l-l-m o e
-03 -p2 -0.1 0d

Fig. 5.26. Histogram of the mean adjusted ncgative relurns

The skewness, 15 now around the centre of the new series and has a value of —3 692
tor the negative and (.378 for the positive returns. The kurtosis is quite different between
the two series being 24.59 [or the negative serics compared 1o 3.71 of the positive series.

This illustrates the difference between the positive and negative return series.
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20
Series: JSHPOSRET
Sample 19607 199504
Cheetvabons 1158

154
b 0.04070F
Merkan 0036271
Mezimm 0149216

104 MR 0.000406
Se Tey 0 029795
Shewmess {1.8758453

o Maetosis 3.71E6293
Jerue-Bera 17 69902
Probauity 00001 4%

1] =

noog Qo2 0050 OOFS 0100 0425 04150

Fig. 5.27. Histogram of the mean ajusted positive retums

5.4 The ArcTan weighting function

After the rather lengthy analysis of the working of the Mallows weight funclion on equity
return data. we would like (o introduce an alternative method of weighting shares and
thdex returns that avoids the main problems associated with the Mallows weights used on

linancial data;

. The asymmelry in the weightling functions.
" The non smonthness of the resulting weighted - unweighted profile.
- The reductions of the extremne positive returns below that of arder statistic L.

The leatures of the Mallows welghting algorithre that we wanted (o maintain are as
follows:

. A Tunction based on order statislics.
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® A function that is independent of any maximum or minimum extreme point but
rather uses the top/bottom 7 percentage.

® A function that is parameter driven.

In this dissertation a weighting function was designed, using an arctan profile to meet
these criteria. The function is called the ArcTan weighting function and is designed in this
study based on the arctan function.

We denote the n observations of a variable as z; _ z,, the ordered n observation as
Z@), .-, T(n), and define rq, ..., 7, as the vector of ranks from small to large of z, ..., z,,. Let
L = [tn]+1 be a T-lower index and U = n+1— L the T-upper index of the ordered series.
Additionally we introduce the parameter A, a stretching factor above the U order statistic
(typically X is between 10% and 200%). The highest return value never exceeds (1 + \)U
and the lower value is never less than (1 + A)L. The ArcTan weighting function weight

associated with the observation z; is then:

(L) 12—z )

T
Wi = —Z|1 )\—' t - i < L:
i 1+ 5 arc a.n()\ - T
1z; —
W, = M—[l +/\Zr~ arctan(—m J, i > U, (5.61)
z; 2 A Zw)
= 1 R L S T S U

for ¢« = 1,...,n. The reciprocal of the stretching factor )\ is used in the argument of the
arctan function to scale up the relative returns before arctan is applied. This function is
parameterized by 7 and A. The parameter 7 determines the upper and lower 7% points to
be weighted and A how far they should stretch above (below) the point U (L) in terms of

U (L). The profile of the ArcTan function, with 7 = 0.15 and A = 0.3 again applied to the
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ISE Overall index, is shown in iguee 528, The function (s guaranteed to be monotone,

ArcTan Weightaed Rarturns

Weiylted FBeturns

Loy Retinms J|

Fig. 5.28. A plot of the Arclan Weighting function applied to the JSE Owverall Index.

increasing and smooth for all returns senies. To illustrate the versatility of the parametenzed
ArcTan function we display the profile [ur A varying from 10% to 200% for 7 = 0,15 in
Figure 5.29. A A value of 10% allows the extreme returns to extend only 10% above
{below) U {I.3. A X value of 30% will limil the extreme valug 1o 30% above (below) U (1),
The higher the stretch variable the less the extreme returns are reduced and the stravghter
the return profile. The VBA code [ur the Are'lian weighling function is given in Appendix

o
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Returns profile with variation A

Retiivs

Fig. 529, The Arc'lﬁn.,ﬁl([__b_{_:t.ihn Return profile for different A

5.5 Empirical Stu;!y:_’fi’ﬁe ArcTan weighting functions

In this section we investigate the effect of changing A, the stretching Fctor in the ArcTan
weighting function. on the mean-variance cthicient frontier while keeping all other parame-

tErs Conatant,

5.5.1 The Data

The standard data set was used as in the previous chapters. It is a set of twenty shares and
the ISIE Over All Index. The data is monthly time intervals spanning from September 1988

to February 2007,
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5.5.2 Study Objectives

The objective of this study is to investigate the influence of changing the stretching para-
meter X in the ArcTan weighting function on the resulting efficient frontiers in the mean

variance space using the Improved Sharpe Index Model (ISIM).

5.5.3 Methodology

The ArcTan function as described in Equation (5.61) was applied to the set of 20 share log
returns and the JSE Overall Index. The 7- parameter for the ArcTan function was kept at
15% so only the top 15% and bottom 15% extreme returns are weighted. This was repeated
for the ) parameter set to 0.1, 0.3 and 2.0. The weighting functions were implemented with
VBA in Excel and the resulting weights were applied, in EVIEW3, to the 21 time series and
the historic mean and ISIM covariance were calculated. The mean-variance optimisation

was done using a quadratic programming algorithm in MATLAB.

5.5.4 Primary Findings

The effect of A on the resulting mean-variance frontiers is displayed in Figure 5.30. First,
it is observed that decreasing A causes the efficient frontiers to shift from right to left,
reducing the apparent risk in the portfolio. As )\ decreases the individual variances of
the weighted shares are decreased. This is consistent with the notion that the more one
downweights the shares the less risky they appear to be.

Secondly, it was observed, as is displayed in Table 5.2, that the expected return does

not change significantly when we use different weighting functions. This can be expected



5.6 Empirical Study: Comparing the weighting functivns 58

ArcTan Weaighted retuens

Expected] Petuin

o 00005 0001 00045 0002 0O0OZ5 0 0003 00035 0004
Variance

FFig. 5.30. The efficient frontiers for ditferent A in the ArcTan weighting functions. I'rom
leflloright A = 0.1, A =3 and A = 2.

intuitively, based on the fact that we reduce the extreme values on bath the up and down

side of the rewurns. Therefore the frontiers did not move vertically.

A . Mean of the Mean Retutns
0l 0.01330

.3 LOL345

A (Lil1343
"~ Table 5.2 Mean Relurns

5.6 Empirical Study: Comparing the weighting functions

5.6.1 The Data

The standard data set of twenty shares and only one index, the JSE Overall Index, were

used. The data are hased on monthly time intervals spanning from September 1988 to Feb-
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ruary 2007. The log returns were weighted prior to regression using the different weighting

functions.

5.6.2 Study Objectives

The objective of this study is to investigate the impact of using different weighting functions
on the 20 share returns on the mean-variance profile and the resulting market portfolios
created. We also investigate what effect weighting the data will have on the resulting market
portfolio compared to using non-weighed share returns data.

In addition, we will compare the impact of different weighting functions on the re-
sulting market portfolio, and, in particular, we will investigate whether using the GARCH
extension has the same impact on weighted efficient frontiers as it had on unweighted effi-

cient frontiers in Chapter 4.

5.6.3 Methodology

The original return data for the twenty shares was transformed using the Flat, Mallows,
and ArcTan weighting functions. For all three of these functions the 7 parameter was set
to 15% and for the ArcTan function we used a stretching parameter A of 0.3. After the data
had been transformed, the regression models were built and the covariance estimate was
obtained using the techniques described in the previous chapters. The relevant estimated
returns and covariance matrix were used to create efficient frontiers using the quadratic
programming algorithm in MATLAB. The results were compared using VBA driven plots

in Excel.
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5.6.4 Primary Findings and Results
The following models are compared in this empirical study:

e Marko: Mallows weighted historic covariance and mean are used to model the

efficient frontiers.

e WSIM: Mallows weighted Sharpe Index Model.

e WISIM: Mallows weighted Improved Sharpe Index Model.

o WSIM GARCH O: Mallows weighted Sharpe Index Model with a GARCH(1,1)

extension.

» WISIM GARCH O: Mallows weighted Improved Sharpe Index Model with a

GARCH(1,1) extension.
o ISIM: Unweighted Improved Sharpe Index Model.
e FLATISIM: Flat weighted Improved Sharpe Index Model.
e ArcTanISIM: ArcTan weighted Improved Sharpe Index Model.

e MallowsISIM: Mallows weighted Improved Sharpe Index Model (same as WSIM).

Comparison of the Efficient Frontiers

First we look at the mean-variance response of the Mallows weighted portfolio and
some of its extensions as discussed in the previous chapters. What we find initially is

the same pattern as observed in previous chapters. The SIM frontiers are to the left of
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Mallaws Weighted Returns

| VI GARCH O
=S GARCHA

n.0Ras o Fogis gz K. L -] [ X [T
Variane:e

Tig. 5.531, This ligure has five efficient fronticrs in two groups, The 1op group contains the
Weighted Sharpe Index Modcl{WSIM) and the WSIM GARCIT Only extension, The sce-
ord group contains Mallows weighted Markowilz (the historic covariance), the Improved
Sharpe Index model with Mallows weights applied (WISIM) and WISIM GARCH,
the ISTM fronticrs. The reason for this is that the Sharpe index model underestimates the
non-sysiematic risk inherent in the portfolio which is incorporated in the 1SIM models.
Also, the WISIM again has the same mean-variance response as the weighted Markowile
covariance structure, These two [rontiers are on lop of each other, together with the WISIM
UGARCH (). 'Fhe argumeni hore apain is that all the available residual covariance has been
included in the calculation of the covariance matrix and therefore the same cificient fronticr
is produced.
The nteresting point of these graphs is the non-clfeet of the GARCH(1,1) extensions

ol the regression models. Tor both WSIM, and WISIM, the GARCH(1, 1) extension had no

real elTect on the mean-varance response of the portfolio. This is quite dilferent [rom the
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response to normal unmweighted returns. As was seen in Lhe previous chapter, this had the
cffeet of moving the etficient trontiers W the et for uniweighicd relum digta, By weighting
the relurns we reduce or eliminate the effect of GARCH(L, 1} modelling on the ¢flicient
ftontiers of the data.

Nextwe examing the efficieni [rontiers produced by the different weighting functions.

In Figure 5.32 we show the three mean-variance responses of the three weighted 151M

‘ Comparing The Weigred Models
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Fig. 5.32. The three mean variance responsc of the three weighted ISTM madels: From left
to right: Flat ISIM, Matlows ISIM, Arc’'lan ISIM, and un-weighted ISIM.

models: from left 1o right: FlalISIM, MallowsISIM, ArclanlSIM, and un-weighted 1SIM.
First we observe thal all the weighted return maodels understate the risk compared with
the original ISIM maodel, This can be expected, since there are less extreme events in the
weighted returns. The (lal elficient frontier is significantly *Jower’ than the others, This is

alsa apparent from the market portfotios of the different models, This could be explained
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by examining the mean of the means of the returns (the MoMoR). The MoMoR of the flat
weights returns is 0.00974 and is notably lower than 0.01345 or 0.01322, the MoMoR for
the ArcTan and un-weighted returns respectively.

Next we see that the Mallows and ArcTan efficient frontiers are close to each other
in the region of the market portfolios. An ArcTan function with A = 0.3 was again used.
Both frontiers are positioned as more attractive in terms of the risk and returns profiles
compared to the ISIM model. As was shown earlier, the efficient frontier of the ArcTan
function can be moved left and right by adjusting the A parameter. Next we consider the
interesting question of how different the resulting market portfolios of these models are and

compare them to the market portfolio of the un-weighted returns.

Comparison of the Market Portfolios

The positions of the four market portfolios corresponding to the four weighted mod-
els are shown in the Figure 5.32. The market portfolio was calculated for an interest rate
of 9% throughout. Table 5.3 shows the annualized Sharpe ratio for the portfolios. As can
be seen from Table 5.3 and Figure 5.32, the portfolio with the highest Sharpe ratio is the
FlatISIM follows by MallowsISIM, ArcTanISIM and then the un-weighted ISIM. This is
consistent with the positioning of the mean-variance frontiers for the different models. If
one examines the standard deviations and expected returns in Table 5.3 for the ArcTanISIM
and MallowsISIM, it is possible to see why the Sharpe ratio is higher for the ArcTanISIM.
As was discussed earlier, the Mallows weights overly discriminate against large positive re-

turns. The ArcTan weighting function was designed not to do this, but rather penalize large
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positive returns less and to produce a more smooth and symmetrical profile. Therefore the
expected return for the ArcTanISIM portfolio at 21.03% is higher than the MallowISIM

portfolio at 18.52%. Also, because the standard deviations differ only by 0.9%, the Sharpe

Ratio for the ArcTanISIM is higher than the MallowsISIM.

ISIM | FlatiSIM | MallowISIM | ArcTanISIM
Annualized Sharpe Ratio 0.50 1.00 0.70 0.82
Annualized Standard Deviation | 18.1% 4.2% 11.6% 12.5%
Annualized Expected Return | 19.72% | 14.03% 18.52% 21.03%

Table 5.3 Portfolioc Measures

It is important to note that the portfolio performance figures calculated in this section
are based on the weighted returns of the constituents of the portfolios and not the real un-
weighted return data of the shares in the portfolio. In Chapter 7 we will construct portfolios
and run them over time and recalculate performance measures based on real market returns.
We now look at the resulting portfolios. The composition of our four portfolios is shown in
Figure 5.33. As can be seen from the figure, there are large changes in the portfolio con-
struction for the different models. The normal un-weighted returns market portfolio has the
highest concentration in shares. The more aggressive weighting is applied, the better the

resulting portfolios balanced between assets. This can be seen by counting the portfolio

weights above 5%.
Portfolio weights above 5%
ISIM | FlatiSIM | MallowlISIM | ArcTanISIM
Number of shares with more
than 5% weights 7 1 9 J

The quadratic programming algorithm used to create these portfolios has no maxi-
mum holding constraints on the assets. It is therefore interesting to note that using the flat

weights has a similar effect to setting the maximum holding in one asset to approximately
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Fig. 533, The weights of the portfolio constituents for the four market portfolios under
consideration.
10%,. The question arises as to whether 11 %4 constrained quadratic programming will pro-
duce the same or similar share partfolio than in this portfolin. This point is addressed in
Figure 5.34. The un-weighted 1SIM covariance was used but the quadratic programming
wits upduted o use a 10% upper constraint. 'The resulting portfelio is shown next to the fal
weighted portfolio with 7 — (015 in Figure 5.34, Fwvery asset that is included in the capped
ISIM {15 porttfolic is included in the FlallSIM portlolio and there are some major simi-
larities between the two poerticlios. The FlallSIM portlohio 18, however, more diverse and
includes 4 addilional assets €1, 2, 9, and 16) not in the 10% capped portfolio.

It is therefore not clear as te whether the FlatlSIM 15 a proxy for a capped portfolio.
However it is interesting that each major investment above 6% that the FlatiSIM model

recammends is inchuded in the | 0% capped ISTM portiolio.
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Fig. 534, FlatISIM market portiolio and the 15IM with a hard 10% upper limit in any assel.

5.7 Conclusion

In this chapler we investigated some existing methods of weighting retums and introduced
a new method of weighling outliers using a parameterized extension of the arclan function.
We showed thal weighting had 4 sigmificant effect on the mean-variance response of a
portiolio of shares. Lsing the A parameter of the Arc'lan function, the efficient fronticr can
be moved to the left or to the right,

We also showed that the use of different weighting functions has drastic effects on
the resulting market portfolios. Also, it was shown that GARCH extensions had a mini-
mal effect on the resulting efficicnt frontier for weighted returns. 1t was also shown that

aggressive weighting, as in the FlatlSIM, produces a more equally weighted portiolio,



Chapter 6
Principal Components Regression Models

In this Chapter we investigate the use of Principal Component Analysis (PCA) in cre-
ating alternative indices to be used in our Sharpe and improved Sharpe Multi Index Models
(SMIM and ISMIM respectively). In the first two sections we introduce the PCA theory
and the method of finding the eigenvalues and eigenvectors of the covariance matrix using
Singular Value Decomposition (SVD). In the empirical study four sets of principal compo-
nent (PC) indices are constructed using both the dependant and independent variables of
the standard regression models (Aflleck~-Graves, Money and Troskie, 1979). The model
building performance and mean-variance response of these models are evaluated. The re-
sults demonstrate the importance of residual correlation in the relative positioning of the
SMIM frontier in relation to the ISMIM. We also find a rare example of negative correlated

residuals and show how this ‘moves’ the SMIM frontier to the right of the ISMIM frontier.

6.1 Theory of PCA

In this introduction we rely heavily on the class notes of Troskie (2000). Let the p-
component random vector x have F(x) = 0 and E(xx’) = . Then there exists an or-

thogonal linear transformation

u=B'x (6.62)

97



6.1 Theory of PCA 98

such that the covariance matrix of 1 is a diagonal matrix

Euw') = A
A O 0
0 As 0
0 0 ... X
where Ay > Ay > ... > A, > 0 are the eigenvalues of the covariance matrix 2. The

eigenvalues are the roots of the characteristic polynomial
|2 —-Al|=0
and B is the corresponding matrix of eigenvectors that satisfies:
B'B=1, B'EB=A.
The r* column of B, B, satisfies
(Z-2I)B" =0,

Since the covariance matrix X is always positive semi-definite, its eigenvalues are real and
nonnegative. Let (A;, BM), ..., (A,, B?)) be the eigenvalue-eigenvector pairs of X, where
A1 > A2 > ... > A, > 0. We then have the following statistical result.

Result: The 7" principal component of x is u, = B("'x and has maximum variance

of all normalized linear combinations of x uncorrelated with uy, uo, ... u,_;. Thus,

Var(u,) = BYESBMD =), r=1,.,p

Cov(u,,u,) = BOSBY =0 r#s.
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In addition, we have that the total variance is

i Var(x;) = tr(Z)=tr(BAB')

= tr(A)= i A= i Var{u;). (6.63)
dz=]

i=1
As a result of Equation (6.63), we can calculate the portion of variance explained by a
principal component. The proportions of variance are also cumulative. So, for example,
the percentage of the total variation explained by the first four components is given by

AL+ A+ A3+ Ay
pl/\i

PSS

100%.

It is therefore possible to quantify the amount of variation explained by a reduced set of

principal components.

6.2 Sample Principal Components

The results developed in the last section are only directly applicable if the covariance matrix
of the return data is known. Even though the real (and future) covariances of return data are
unknown, they can be estimated consistently by sample covariances. To answer questions
regarding principal components, distributional assumptions of the observed returns have to
be made. Here we follow the approach in Press (1972) and present the following theorem.
Theorem 1
Let xy,...,xn be N(> p) observations from N(p, %), where X is a matrix with p

distinct eigenvalues. Then a set of maximum likelihood estimators of the distinct eigenval-
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ues A\; > Az > ... > A, > 0 and eigenvectors BW, ... B® are the roots

ki >ke>...>k

of
| S—kI|=0
and the set of corresponding vectors g, ... g satisfying
(E—k D" =0
and

gg® =1
where 3 is the maximum likelihood estimators of 3.

The theorem was originally proven by Girshick (1936) and later streamlined by An-
derson (1958). The implication of the theorem is as follows: the sample eigenvalues and
eigenvectors are maximum likelihood estimators of the sample eigenvalues and eigenvec-
tors of 2, under the normality assumption and provided that the eigenvalues are distinct.

Sample Computation.

Since x1,...,Xy are N > p (sample) observations from N{u, %) the maximum

likelihood estimator of  is
1
s = = ;(xa — ®)(x, — )’
1K
= ﬁ{Z(-’Ez’a — Z:)(zja — Z5)},
a=]
= [6','3'}, fori,jzl,...,p.

where X is the sample vector mean.



6.2 Sample Principal Components 101

The unbiased estimator is then

N .
S ”N_—lz'

The latter is preferred and is used in the empirical study. From Theorem 1, if G is the
matrix of eigenvectors, then:
G'SG = K or (6.64)

$ = GKG' where

GG = 1
that is G is orthogonal, and
kt O 0
0. ko 0
K= .
0 0 ...k

where k; are the sample maximum likelihood estimates of the eigenvalues.
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6.3 Empirical Study: Regression with Principal Component
Indices.

In this empirical study we use principal components (PC) to construct indices to be used
in multi index regression models. Four sets of principal components are considered. We
use the original set of ten indices in Chapter 3 to construct ten principal components. The
first model considers all of the ten PC’s (called PCA10). The second model uses the first
four PC’s (called PCA4). The third considers the four PC that produced the best fitting
regression model (called PCA4fit). These four PC’s were selected using a variable selection
procedure based on the t-statistics of the PC’s beta value The fourth model is based on

four PC’s of the dependant variables (called PCA4shares)

6.3.1 The Data

The standard set of 20 un-weighted share returns and the full set of 10 un-weighted index
returns, as described in Chapter 3, were used. The full time span of the data from 1988 to

2007 was incorporated.

6.3.2 Study Objectives

The objective of this study is to establish the effect of using different PC indices for both
the SMIM and ISMIM models. We will compare the quality of the model fit based on
adjusted R? and residual standard errors. We will then consider the impact on the risk-
return response of these models, comparing them to the standard multi index models of

Chapter 3.
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6.3.3 Methodology

As mentioned above, four models were considered. The PCA 10, PCA4 and PCAJfit are
based on the 10 indices introduced in Chapter 3. The PCA4shares model was based on the
first four principal components of the share returns. The eigenvector and eigenvalues of the
covariance matrix were calculated using the SVD on the mean adjusted and 77% weighted

returns, as described in Appendix D. The unbiased estimate of the covariance matrix,

is preferred and is used in this empirical study.

The product of the eigenvectors and the return series give the orthogonal set of prin-
cipal components (PC) that are used as indices in the SMIM models. Using the eigenvalues,
it is possible to quantify the percentage of variance explained by the PC included in each
of the models. In the PCA10 model 100% of the variance of the indices is naturally ex-
plained by the 10 PCs. For the PCA4 model 80.0% of the variance is explained by the first
four PC’s. PCA4 does not produce the best fitting model and it was decided to select 4 PCs
based on a variable selection procedure (PCA4fit).

For the best PCA4fit model we decided to use the four ‘best’ fitting principal compo-
nents to the regression models of the 20 shares. Two methods where used to decide on the
four best fitting components. First, the 20 shares were regressed against the complete set

of 10 PC and the t-statistics for each coeflicient was recorded.
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In the first method the absolute values of the t-statistic for each coefficient were
summed over the 20 shares and the four principal components with the largest total ab-
solute t-statistic were selected for use as indices in the factor models.

In the second method, the number of significant coefficients, based on absolute t-
statistics greater than 2, were compared. The four with the highest score were selected.
Both methods resuited in the same four principal components ( PC1, PC5, PC7, PCR),
where PC1 is the first principal component and PC10 the last. This set of indices only
accounted for 51% of the variance.

The first four principal components were used to create the PCA4share models and

contained 59.5% of variance in the 20 shares.

6.3.4 Primary Findings

Model Building Results

In Table 6.1 we compare the four SMIM with PC indices, termed PC models, with
each other and the two non PC models, the full index model using 10 indices, called SMIM
full, and the standard SMIM4 using the four selected indices of Chapter 3. The table dis-
plays the average R?, average Schwarz Criterion, and average Standard Error taken over all
twenty shares used in the portfolio. It also shows the variance explained by the PC included
in the model as a percentage of total variance in that set of indices. First we note that the
full PCA10 and full SMIM produce identical model building results. This is, of course, ex-
pected based on the fact that the PCA10 is just an orthogonal linear transformation of the

10 standard indices. The two sets of indices represent exactly the same information.
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Average CPCAID [ PCA4  PCAdNt | PCAdshares | SMIM Full | SMIM 4
Adjusted R’ {136 018 030 052 | 008 033
. Schwarz criterion  — 7060 | —1.047) 2,08 2 63 20065 2,129
| Residual SE 0.0786 | 00894 | 0.0834 (.0640 (1.0796 00517
1005 | 0% 31% S90% W N/A

\j} riance Explained

Table 6.1 Regression Model Statistics

Next, we ohserved that the PCA4 model has a very weak fil, 11 has an adjusted 72

of {118 and a Schwarz criterion value greater than —2,

Thig is surprising il one considers

that these four PCs explain 80% of the variation of the 10 indices. If one considers the

PCA4fT with the best four Atting PC indices, the adjusted A% of 1).30) is still less than that

ol the stundard Tour index model (SMIM4) of (.33 The reduced PC index mopdels do not

improve the regression model it comparcd o the original SMIM4 models.

Adjusted R*2 for PCA Index Models

EPCAL

OPCAdE _
APCAdshares

R*2

20 5 i

Shares

A T AR 4 hdex |

Fig. 6,35 The Adjusted R for four models,

From left 1o right:

PCA4shares. and the standard SMIM with for indexes as used in Chapter 3.

PCA LD PCA4NM,
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Using the PC from the dependant variables has a major impact on the model fit. In
Figure 6.35 we display the individual adjusted R? of some of the models for each share.
From left to right the models are: PCA10, PCA4fit, PCA4shares, and the standard SMIM
(called SMIM 4 Index) with four indices included as was used in Chapter 3. Share 21 is
again the average for the 20 shares. From Figure 6.35 we see that PCA4shares model has
a superior model fit for all the shares except share 12, Anglo Platinum. It is also the only
share for which the PCA4fit produced a better fitting model than the SMIM 4 Index model.

Anglo Platinum aside, it should be clear that, using independent variables for regres-
sion, a linear combination of the dependent variables, as is the case with the PC indices,

will produce better fitting models compared to regression on distinct market indices.

Mean-Variance Response

We begin by tabulating the average residual correlation of the four models. This
gives us a good idea of the positioning of the Sharpe Index Models compared to the Im-
proved Sharpe Index Models of Hossain et al (2005b). The average residual correlation
was calculated as follows:

If we let E be the matrix of p combined residuals series after the regression,

€11 €12 ... €N
-~ é21 é22 PP é2N
E= T,

€pl ... .. EpN

then C =corr(B) is the correlation between the residual series, that is
Al Pz - élp
e-| Lo

Ppp e o 1
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We then define the average correlation p between the residuals as

IZ 1(p1.]
plp—1).

The covariances between the residuals are ignored in the Sharpe Index Models and included

ol
i

in the Improved Sharpe Models of Troskie and Hossain. In the ISMIM, the correlations are
modelled and for this reason all the efficient frontiers are clustered together close to the
efficient frontier of Markowitz based on the historic covariance. The average correlation is
a good indication of the relative position of the efficient frontiers associated with the SIM
compared to associated ISIM. We demonstrate this using the average residual correlation

presented in Table 6.2 and Figures 6.36, 6.37 and 6.38.

SMIM PCA10 1.98%
SMIM PCA4 18.70%
SMIM PCAd4fit 6.09%
SMIM PCAdshares —4.66%
SMIM 4 2.02%
Table 6.2 Average Residual Correlation

We begin by considering the mean-variance response for the PCA10 and PCA4 mod-
els. In Figure 6.36 the efficient frontiers of four models are displayed, from left to right,
SMIM PCA4, SMIM PCA 10 and then grouped together the Markowitz historic covariance,
ISIM PCA4 and ISIM PCA10. The reason the SMIM PCAA4 frontier is to the far left should
now be clear. It was the worst fitting model, with low R? and big residual standard errors.
It also produced the largest positive average correlation in the residuals of 18.7%, as can be
seen in Table 6.2. It therefore discounted the non-systematic risk in the portfolio. This il-
lustrates the weakness in the Sharpe Type Index model of ignoring the regression residual

correlations.
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Using the full set of 10 PCs we bad betier models and reduced the average correlation
in the residuals o |.98%, which is still slightly positive and the SMIM PCA10 is slightly

iothe lefl of the ISMIM PCA LG, Next we look gt the PCAdt model and the PC Adshares

i FCA1C} and PCA4 Index Madels

-~ —ShM PLA
; IZhUM PO

0.601 0.0014 jj‘.’ﬂ'tlﬁ GAan2s 0.003 0.003% 0004
Vadiang e

Fig. 6.36. The cﬂ"lr:ic_ﬁt frontiers of four modcls arc displayed. From left 1o right. SM1M
PCA4 SMIM PCAIU and group together: Markowitz historic covariance, 1516 PCA4 and
ISTM PCA LD,

models in Figure 638, The PCA4AT model is baseid on ihe besi fitting PC from the set
of indices. The PCAshares model uses PC indices created from the shares themselves,
producing a very good fitting model. In Figure 638 we show, from left 1o right, SMIM
PC A4 model, 1SMIM PCAdshares, ISMIM PCA4At and SMIM PCA4shares, In Figure
6,38 the SMIM PCALfit s furthest to the lef Lo actual fact the frontier is bebween the

SMIM PC A4 and SMIM PCA 10 from Figure 636 This is consistent with the left shilt of



6.3  Empirical Study: Regression with Principal Component Indices. 109

PCAdfit and PCAdshares Index Models

S PCA SR

- Shand PCAYTR
— Gk PCAdshares
T PCAdERErES

! ]
0.0ms 0.ooz 0.0025 0.003 0.0035 0.004
Maianee

Fig. 6.37. From left to right SMIM PCA4GE model: 1ISMIM PCAdshares ISMIM PCA4RL
and SMIM PCA4shares.
the SMIM for a positive average residual cormelation of 6. 09%. The most interesting lealure
of Figure 6.37 15 the l.’:#&ﬁt of the negative average residual correlation of the PCA4shares
model, This model provides an exceplionally good it to the shares and produces an average
residual correlation of —4.66%. IFurthermore. it is an example of negative average residual
correlation producing a rightward shift of a SMIM comparcd with Lthe FSMIM,

Finally we compare the PC approach with the original index models. In Figure 6.38
we use the PCAT0 models to compare PC to the standard SMIM and ISMIM. Looking at
the average residual correlations in Table 6.2 we sce that the PCA 10 value of | 98%% is just

smaller than the SMIM value of 2.02% and this corresponds to SMIM being closc to, bul
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PCAdfit and Standard Sharpe Index Models
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Iig. 6,38, Comparing the PC index model with the standard index models from el wo right.
S]"I.-'IIM SMIM PCA D, and then Llu.s."igr* together: Markowitz, ISMIM and ESMIM PC A0
just to the left of, the SMIM PCATU model. The two ISMIM frontiers cluster together Lo

the right, very close to the Markowitz frontier.

6.4 Conclusion

Ewen though PC index models incorporate the maximum variance in the fewest number
ol indices, this does nol guarantee meaningful model fit and good index models. Also it
is possible to create hetter fitting models using lower order PC's than those that explain
the most variation, PC indices based on the independent variables produce much better

madels, but do not add inherent value (o the portfolio created using the SMIM approach.
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What could be useful is to use the PC’s of the portfolio to investigate the structure of
the variance in a portfolio and the relation of the assets relative to PC coordinates. Also the
advantage of the orthogonality of the PC’s can be exploited to solve problems where cross
correlations add unattainable complications. One example is Multivariate GARCH Models
(Tsay,2002, Chapter 9).

In this Chapter we also found an unexpected bonus. Not only did we show how
‘weak’ regression models, with positive residual correlation, can lead to right shift of the
efficient frontier of the Sharpe indices Models compared to those of the Improved Sharpe,
we also saw an example of a good fitting model with slightly negative average residuals,
producing a SMIM frontier to the right of the associated ISMIM. In Hossain et al (2006a)
the authors where forced to use simulated data to construct negatively correlated returns to
illustrate that the SMIM overestimates the risk compared with the ISMIM in the negative
correlated case. It was possible to verify in this present study the results using real market
data from the JSE and the corresponding PC indices.

In this chapter we also introduced and demonstrated the method of using average

residual correlation to predict the relative positioning of the efficient frontiers.



Chapter 7
Portfolio Runs

7.1 Introduction

In this section we construct portfolios using different strategies and back test these portfo-
lios over three 5 year periods: 1 January 1993 to 31 December 1997, 1 January 1998 to
31 December 2002 and 1 January 2003 to 28 February 2007. We use the same data set
as in the previous chapters. The performance and risk measures of resulting portfolios are
evaluated over different periods.

The strategies can be broadly divided into two groups. The first group is the index
based strategies based on the previous chapters of this thesis. All these strategies use his-
toric data of the previous 5 years to construct index models and then use mean-variance
optimization to find market portfolios. From the previous chapters it is clear that the co-
variance structure of the ISIM is ‘very close to’ the covariance structure of the historic co-
variance and consequently produces similar efficient frontiérs and market portfolios. There
is therefore no need to investigate any of the permutations of the Improved Sharpe type
models and we only include the base improved Sharpe index model. This strategy is also
representative of the historic covariance/Markowitz market portfolio. Each of the Sharpe
Index Models produced a different portfolio and so four versions: SIM (Chapter 2), SMIM
(Chapter 3), ARGA SIM (Chapter 4) and weighed ARCTAN ISIM (Chapter 5) are in-

cluded.

112
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The second group is a set of 5 alternative strategies including a JSE Overall Index

tracker and an equally weighed share portfolio, and other strategies that are comprehen-

sively discussed in section 7.4.

7.2

Assumption for portfolio construction

No dividend payment. All dividend payments were excluded in return calculations

for the shares.
No transaction cost was considered when rebalancing the portfolios.

The three portfolio reweighing dates were: 1 January 1993, 1 January 1998 and 1

January 2003.
The portfolios were not rebalanced between the reweighing dates.

Only information available on the reweighing dates were used to construct the

portfolios.
Alpha and Beta risk measures were calculated using the JSE Overall Index.

The Banker Acceptance (BA) interest rates at the reweighing dates was used as the

risk less rate to calculate the market portfolio.

For all of the index type strategies the mean-variance optimization was done with an

additional constraint that limits the maximum holding in any equity to 15%.
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portfolio runs.

7.4 Strategies for Portfolio Construction

114

Table 7.1 explains how the data set was divided into periods for portfolio construction and

run period ?

Oth Period 1st Period 2nd Period 3rd Period
Dat Aug 1988 - Jan 1993 - Jan 1998 - Jan 2003 -
es Dec 1993 Dec 1997 | Dec2002 | Feb 2007
Used for po.rtfolm Yes Yes Yes No
construction ?
Portfolio No Yes Yes Yes

Table 7.1 The portfolio run periods

7.4 Strategies for Portfolio Construction

7.4.1 Sharpe Index Model Strategy (SIM)

The mean and SIM covariance of the period are used to create market portfolios on each

reweighing date. For this, and all the index type strategies that follow, the mean-variance

optimization was done with an additional constraint that limits the maximum holding in

any equity to 15%. This creates more realistic portfolios and avoids the tendency of mean-

variance optimization to concentrate the portfolio on only a few of the available shares.

7.4.2 Improved Sharpe Index Model Strategy (ISIM)

It was shown in the previous chapters that the Improved Sharpe Index Model yields identi-

cal portfolios to the standard Markowitz historic mean-variance model It is therefore point-

less to include the additional ISIM models (ISMIM, ARGA ISIM, etc.) in this chapter since
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they produce identical portfolios. We therefore only use the standard ISIM/Markowitz

strategy.

7.4.3 Sharpe Multi Index Model Strategy (SMIM)

The SMIM uses the same methodology as the SIM strategy, but with the standard four

indices discussed in Chapter 3.

7.4.4 Index Model with ARMA and GARCH(1,1) (ARGA SIM)

This strategy is similar to the SIM but with the addition of the ARMA and GARCH(1,1)

terms in the regression model to estimate the covariance matrix.

7.4.5 ISIM with ArcTan weighted returns (ARCTAN ISIM)

In this strategy the ArcTan weighting function of Chapter 5 with 7 = 0.15and A = 0.3 is
used on the 5 year historic data prior to the reweighing dates. A constrained mean-variance
optimization is then performed and the market portfolio calculated.

The weights assigned to these portfolios are on the reweighting dates are displayed

in Figure 7.39 to 7.41.

7.4.6 Equal weighted share portfolio

In this strategy we construct a portfolio of all 20 share, equally weighted. The portfolio is

never reweighed and remains constant from 1 January 1993 until 28 February 2007.



7.4 Strateeies for Portlolio Construelion 16

; WiziM
i i EEM
i Index Model Portfolios Jan 1993 i
3095 - DSl
@ ARCTAN [5M
18% p———i e s b b bl Ldubsumenereae
16%
14% b i
& i = : ;
i
= 0% —-
S
B% T ]
4% koo i
2% 1 ’
1

el (e sl I A R T i 5 S Q1 i B e i = i = i e S

Fig. 7.39. T'he constitucnts of the index models type portfolio constructed on the first
reweighing date.
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Fig. 7.40. The constituents of the index models type parttolio comstructed on the second
reweighing date,
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Index Model Portfolios Jan 2003
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Fig. 7.41. The consttuents of the index madels lype portfolio constructed on the last
reweighing date.

7.4.7 JSE Overall Index

In this strategy the full portfolio is invested in the JSE Overall Index. The portfolio is not
reweighed on the reweighing dates. but dynamically follows the index. idenlical to an index

tracker fund.

7.4.8 "7 Best" Portfolio

The sirategy works as follows: Using the set of 2{) shares. choose the 7 best performing
shares of the period prior to the reweighing dates. Construct a portfolio which weights
these seyen shares equally, e, 1/7 cach. The portfolio of shares is shows in Figure 7.42.

Fach colour represents a portlulio constructed on a different reweighing date.
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Fig, 742, The Besl 7 stralegy.

7.4.9 "7 Worst" Portfolio

Using the set of 20 shares sel, choose the 7 worst performing shares of the period privr Lo
the reweighing dates, Caonstruct a portfolio of these 7 shares weighted 1/7 in each. The
porttolio of shares is shows in Figure 7,43, Fach color represeats a portfolio constructed

on a different reweighing date.

7.4.10 PCA 1

The strategy is as foliows: (n each reweighing date, use the eigenvalues of the covariance
matrix of the previous 5 vears to calculate the first principal component of the 20 chosen
shares. Construct porttolio weighis bascd on the [irst principal component, This PCA|

parttolic 1s the combinanon ol shares which produced the biggesl vanance vver the previ-
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ous period. This strategy generates a well balanced portfolio comprising positive weights

in all the shares.The constituents of the PCA1 portfolio over time are shown in Figure 7.44.

7.5 The Performance of the Strategies

7.5.1 Market Overview

The performance of the JSE Overall Index from 1993 to 2007 is displayed in Figure 7.45
and quantified in Table 7.2.

The first run period (1993-1997) can be best categorized as a period of political unrest
and instability in South Africa. Surprisingly, it was a period of steady growth on the market
with relatively low volatility. This can be seen be considering the JSE Overall Index sigma
(volatility) in the first period in Table 7.2.

The second run period (1998-2002) includes times of massive world market turmoil.
From April 1998 to September 1998 there was the emerging market debt crisis. This was
followed by the internet bubble and the period from September 2001 to February 2002
including 9/11 and the spike in the rand exchange rates. The results of these events can be
observed in Table 7.2, if one considered the weaker performance and higher volatility of
the JSE in second period compared to the first.

The third run period (2003 - February 2007) was categorized by consistent world
growth, powered by China and the commodity ’super cycle’. In Table 7.2 it is observed
that performance was extremely high and the volatility was historically very low. Figure

7.45 shows a plot of the JSE Overall Index over time in Figure 7.45 and indicates the three
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Fig. 7.45. The JSE Oycrall Index [993- 2007,

reweighing dates. Promiaent is the volatility in the second period and excessive growth in

the third.

7.5.2 Performance of the Index Model Portfolios

In this section we consider the performance of the stratceics based on the index-lype mod-
¢ls and the Arclan weighted strategy. In Figurce 7.46 and Table 7.2 we show the perfor-
mances of lhe model relative (o the JSE Over All Index. 11 we consider the total return in
Table 7.2, we sec that all the strategics underperformed the 1SE Overall Tndex, with the ex-
ception of the ArcTan [SIM strategy. The Arc'lan strategy however only outperformed the

I5E Oyerall [ndex by 4% over 14 years,
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Alphia |Beta Performance [Stqma
| 5.17% 0.73 16.4%
5.57% BETAE 16.5%
4.11% 0.73 16.5%
5.62% 0.73 16.4%

1] 1.00 15 4%

5575 [BERE ‘5 R

T —

Alpha |Beta Perfonnance | Sigma
N 221% 0a9 2 1%
| 247%| v0a9 285%
| D% 0.90 & 8%
| -D24% 088 27.8%
] 100 A%
-2 AT % 0ag

Alpha |Beta

| 374% 1020 % 552 ?

) To Batinn

-4 54% 1.0&|
| 33%| 101
| 333%| 10

ol 100

454%| 100

Table 7.2 Portfolio Results. Alpha is the annualized out performance of the portfolio over
the 15E Overall Index. Beta is the regression coeflicient ol each portiolie as regressed
against the JSE Overall Tndex for that period. The performance value 15 [or the full period.

From Table 7.2 we ohserve that all the strategies showed similar results. Inthe [irst
period, all the strategics oul performed the JSE Overall Index.  However these strategies
under performed the JISE Owerall Index, hoth in the second peried of higher volatility and
the last period of higher performance. Interestingly ivis clear from Table 7.2 that the Beta
values tend to inerease by about 10% in each subsequent period for all the strategies. The

higher a given Beta of a stratcey, the lower the out performance, Alpha, of that strategy.
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Index Models
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Fig. 7.46. Index Models Perlormance.

7.5.3 Performance of the Alternative Portfolios

The relative performances ol the altemative strategies to the JSE Overall index are shown
in Figuree 7.46. The JSE Overall Index is the second from the bottom. The equatly weighted
and PCAN strategies performed very simularly. This is guite surprsing il we compare the
coenstruction of PCAI portfolios in Figure 7.44 to thal of an cqually weighied portiolio.
From Tahle 7.3 we can see that hoth these strategies outperform the JSE (verall Index
consistently over all three perieds. The total performances for both these strategies are

double that of the index.
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| 19931997

Alpha  (Beta Peifnninange |Sigima
7 Best 128%| 09|k 18.2%
JSE Owverall 0.00%| 1.00[ N 15 4%
equal B.17%| 0950 1518 16 0%
PLA | 494% 10 145% 16.7%
7 Woist B.72%| 1.11[0 TH86% 21.2%

1998-2002

Alpha  (Beta Perfonmance |Siqma
7 Best 051% 095 g 28.6%
JSE Overall 000%| 1.00 50% 27 4%
equal 7598% 087 #H2h 26.3%
PCA | 1 743% 000 108% 27 3%
7 Winst_ 12.20%| 067 16l 27.1%

2003-2007 Oy

Alpha  [Beta |_F"e~|fn|umnce Sigma Tot Revain
7 Best A025%) 1210 MR 22 2% 450%
JSE Ovesall 000%| =00 W 6.2%| GUIN
equal 531%| 079 ‘\m 14.1%| 1385%
PCA 1 B25%  0.74L ) 203% :38%| W32
7 Waist 16.53%; 054 [0 2i5E 5% 2394%

Table 7.3 Portfolio Results. Alpha i5 the annualized out perfur:ﬁanuu of the pattfolio over
the JSE Owerall Index. Beta is the regression coefficient of each portfolio as regressed
apaimst the JSE Owerall Tndex for that period. The performance value is for the full period.

Next we consider the "7 Best" and "7 Worst” strategics. Choosing a portfolio of the 7
best performing shares produces the worst performance from the group. Basing a portfolio
on the 7 worst performing shares produces a very profitable strategry.

The "7 Worst" stratesy produced an annual Alpha (out performance of the index) of
6. 72% m the ficst period, 12.72% in the second and 15.53% in the third. The strategy out-
performed the JSE Owerall Index by 3,16 times for the full period with a total performance
of 2 354% . We again notice the trend of a lower Bela portfolio associated with higher

Alpha valye.
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Other Portfolios
2,500 —_
| —rca I
2300 4
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Fig. 747, Allernative porfolios
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7.6 Conclusion

Compared to the allermative stregies, the nuex type models add very little value,  In-
vesting in a JSE index tracker would have outperformed most of these models. We have
to note that ignoring extreme values, using the ArcTan weighed returns, and implementing
mean-variance oplimizing to generate market portfolios. did outperform the other market
portfolic stralegies and the JSE Overall Index

The PCAL strategics were disuppoinling and scem to duplicate the basic equally
wiighted shure siralegy. The remarkable result is the exceptionul retum of the simple "7
Worst” shares strategy. The number of 7 shares was chose arbitrarily by dividing the 20

share into thirds. The § years between reweighing dates seem to have picked up cyclical
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patterns of over and under performance of shares. This is again confirmed when consider-
ing the "7 Best" strategy performance. The question remains as to how this strategy will

fair over shorter time frames and in different share universes?
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Chapter 8
Summary and Conclusions

In this mini-dissertation we attempted to appraise and assess the use of Index Mod-
els in portfolio construction. After reviewing the work of Hossain (2006) and others in
this regard, we decided to repeat his empirical studies with a bigger data set of 20 shares,
including Hossain’s original nine, but over a longer time period of 15 years. Hossain’s
(2006) findings regarding the relative positioning of the efficient frontiers of the Sharpe In-
dex Model and Improved Sharpe Index Model for positive correlated residuals were repro-
duced and confirmed in Chapters 2 and 3. Also, the left shift effect on the efficient frontier
of the ARMA and GARCH(1,1) models, called ARGA, was reproduced and confirmed in
Chapter 4. This left shift effect of the efficient frontier was most visible in the Sharpe In-
dex Model (SIM) case, to a lesser extent in the Sharpe Multi Index Model (SMIM) and was
almost negligible for the ISMIM and ISIM.

It was found that using the ISIM as opposed to the SIM to model portfolio covariance
reproduced the efficient frontier of the Markowitz model. Furthermore, even though the
use of the ARGA extension of the Index Model, presented in Chapter 4, does move the
efficient frontier to the left, it does not mean that the model is superior or a more accurate
reflection of the future risk return profile of the shares. This only means that the model
discounts the residual correlation compared to the ISIM or Markowitz covariance models.
This left shifting effect can be reduced by adding more indices or using the more accurate

ISMIM. The ARGA models also had a minimal effect on the resulting market portfolios

127
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and performed similarly in the portfolio runs of Chapter 7, with the ISIM outperforming

the ARGA SIM slightly over the 15 years considered.

In Chapter 5 of this dissertation we investigated bounded influence regression. We
introduced the parameterized ArcTan function and showed how it can be used to move the
efficient frontier assosiated with the chosen set of shares to the left or to the right. Different
weighting functions have drastic effects on the resulting market portfolios. Moreover, it
was shown that ARGA extensions had a minimal effect on the resulting efficient frontier for
weighted returns. We also demonstrated that aggressive weighting produces more equally
weighted portfolios. It is a similar effect to that of constraining the maximum holding in
any one asset in a portfolio.

In Chapter 6 we created Principal Component (PC) indices and used them in the
SMIM and ISMIM. We showed that even though the PC indices incorporate the maximum
variance in the fewest number of indices, this does not guarantee meaningful model fit and
good index models. Also, it is possible to create better fitting models using lower order
PC’s than those that explain the most variation. In this chapter we also saw an example of
a good fitting model, using the PCA of the original shares, with slightly negatively corre-
lated residuals, producing, a SMIM with an efficient frontier to the right of that associated
with the ISMIM. Hossain (2006) and others were forced to use simulated data to construct
negatively correlated returns to illustrate the SMIM overestimating the risk compared with
the ISMIM in this case. Here it was possible to verify their results using real market data

from the JSE and the corresponding PC indices.
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Finally in Chapter 7 we discussed the backtesting of the models over the lz;st 15 years.
We found that, compared to the other basic non-index strategies, the index type models add
very little value. Investing in a JSE index tracker would have outperformed most of these
index models. We also note that ignoring extreme values by using the ArcTan weighed
returns to generate market portfolios did outperform the index model strategies and the
JSE Overall Index. The PC based strategies were disappointing and seemed to duplicate
the basic equal weighted share strategy. The remarkable result in this backtesting study is
the exceptional return of the simple "7 worst" shares strategy.

Regression is an important tool in financial research and is used to appraise and to
test the relation of a chosen instrument to other measurable factors in the market. If such a
regression model is established, it can be used to find opportunities for which the instrument
trades below or above what the model would predict, based on the assumptions of the
model. Also, if assumptions are made about future valqes of the factors, this can be used to
predict the future value of the instrument. Using regression models on historic data to create
covariance matrices without forecasts or assumptions just produces the historic covariance
matrix at best. It is therefore necessary to combine these techniques with assumptions and

forecasts of factors to be meaningful in the creation of portfolio strategies.
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Appendix A
EVIEWS Code

~

Sample EVIEWS3: code the calculate returns, do regression, and calculate
estimator.

'Share hMulti Index Models of 20 share Portfolio
tand 4 used indoxes

tond sindexlrosw

scalar onf = 223

Define: Ninneric Variables with in

=ent

k=20 number of shares
Np=i ‘Mo idear what this is
=4 ‘Number of indexes

'There vatiables get use for Mark,SIM,ISIM and Weighted Regeression SIM.ISIM

vector(lk) aipha
matrix(li im) beta
vector(lk) tstats

‘coef(1)
'is a matrix(k shares by m index)
‘collect tstats

vector(lk) requare 'to check RA2

vector'e) 1savaie «df sub ‘to check R*2 adj

vector(tk) requareadj full 1o chack RM2 adj

vector (tk) schwarz_sub ‘the Schwarz criterion.for model building
vector(t) schwarz_ full ‘the Schwarz criterion for model building
‘vector(ik) requre_w o 'lo check RA2 of the weighted models
vector(lk) rsquare_at ‘to check R"2 of the arma models

vector{lk) rsquare_gar_only 'to check R*2 of the garch imodels
vector(tk) rsquare_gar  'lo check R*2 of the garch models
‘vecion('k) rsquare_war - to check R"2 of the weighted arma models
‘veclor(k) rsyuare_wgar 'to check R"2 of the weighied garch muodels
vector{lk) stdizrror ‘Meture standard error

vectorftk) stdError_arma ‘Meture standard error

vecior(lk) s itror_garch ‘Meture standard error

vector(lk) stdEror ARGA "Melure standard error

‘estimation of variance of reseduals
‘estimated 1eturns

‘estimaled returns based on ARMA model

vector(tk) fretinn gyar  'estimated returns based on GARCH model

vector(1k) BEreturm w ‘Estimated Returns for Weighted securities

‘vector(k) Ereturn war  ‘Estimated Returns for Weighted securities

vector(lk) Erefurn_wgar 'Estimated Returns for Weighted securities

vector(lk) hisretumn ‘historic returns

veotor(H) histeturn_w - "Weighled historic retumns

vector(ik) ecvar
veotor(ik gl
vector(tk) Freturn ar

historic covariance Mark

‘matrix(tk ki covar w istoric covariance Mark Weighted

matrix{ ik k) covar_ar histutic covariance Mark ARMA ~ going to be the same ?
madrix(1k k) covar_gar  Chistoric covariance Mark GARCH ~ going to be the same ?

matrix{Im.Im) covar_index ‘Covariance of {he indexs

matrix(fk k) Eoovar ‘estimated coviance sharpe single index

matrix(lic o Lo ‘estimated coviance sharpe single index with ARMA(T.1)

matrix(lc k) Ecovar_gan ‘astimated coviance sharpe single index with GARCH(1,1)

matrx(!k k) Foovar_gar_only ‘estimated coviance sharpe single index with GARCH(1,1) no ARMA

‘malrix(k tk) Eeovar_wr
maliix(tk 1k Leovar_war
‘malrix(ik K BEcovar_wyar

‘estimated coviance sharpe single index with weighted regression
‘estimated coviance sharpe single index with WR ARMA({1,1)
'estimated coviance sharpe single index with WRGARCH(1.1)

matrix{!k.1k) residcovar ‘covarinnce of the residues
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VBA code to calculate the Mallows weights:
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VBA code Lo calculate the ArcTan weights:
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Appendix D
Singular Value Decomposition

Singular Value Decomposition (SVD) can be used to calculate the eigenvalues and
eigenvectors of the covariance matrix. In this Appendix we follow the methods recom-
mended by Troskie (2000)

Consider any (n x p) data matrix X of n observations of p dimensions.

X ... X
Xor ... Xap
X(nXp): . .
Xni oeo X

X could be the returns of a p shares over n time periods.

The SVD of X is then

X = UDV’ where
U(nxp) is orthogonal

D(pxp) = diag(dl, sy dp),

dy > ng...dp>O,
Vi(pxp) is orthogonal
V'V = L

(Note: The U used above is a matrix and not the same as vector u used in Equation (6.62).)
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Then if we take the SVD of X’'X

X'X vDU'UDV’ D.1)

= VD?*V'. (D.2)

Notice the similarity between Equation(D.2) and (6.64) . We use this to compute the Prin-
cipal Components of a sample.

We start off with our data matrix given by

.Xn le
Xop ... Xap
X("XP)= . .
Xpr oo Xop

We compute the means of each returns series

_ 1 — )
XJ:;Z‘XH” J:lj)p

i=1

We subtract from each element of X its respective mean i.e.

Xn—-X1 ... Xp—X,
. Xop— X1 ... Xgp— X,
X (np)= : ; :

X=Xy oo Xop— X,

and we call this new matrix X the mean adjusted matrix. We divide each element of this
matrix by v/n — 1 assuming we are using the unbiased estimator, for covariance. Using
v/n would have produced the maximum likelihood estimates.

Thus we have




Appendix D Singular Value Decomposition

and

N
[

the unbiased estimate of the covariance matrix 3 under multivariate normal theory.

The SVD is then performed on in_l

S L, ¢
n—1
so that
X, = UDV’
with the result that
L= X X,
= VD*V
= VKV’
with V = B.

The vectors of

V = (VI,V2,V3, . .,Vp)

are the sample (unbiased) estimates of the eigen vectors and the diagonal elements of

kk 0 ... 0
0. ky ... O
00 ... k

are the sample (unbiased) of the eigenvalues.
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. The SVD also allows us to give a geometric view of principal components. Sup-

pose our data matrix is

X ... le
X ... Xo
X(nxp)= : :
Xt oer Xop

It can be thought of as giving the coordinates of n points in a multi-dimensional space of p
dimensions. It is possible to represent these n data points in fewer dimensions, minimizing
the amount of information lost. And also quantify the amount of information (as variance)
lost in the reduced model.

Mathematically speaking we want to find the best space of » < p dimensions that
is closest to the original space of p dimensions. Here we mean we want to minimize the
squared distance from our p dimensional space to this new space r dimensions space. This
is equivalent of minimizing the squared residuals from the p space, to r dimensions.

The SVD gives a solution to this problem. Let

X = UDV
= U[T]D[T]V{T]-i—Ufp D{p V[p v

= Xp+E

where E, is the residual then X|,; minimizes
7 P
(X - A)X - A =) (55— a;)?
=1 j=1

among all other (n X p) matrices A of rank r. Thus the singular value decomposition

matrix X,j can be used as a matrix approximation to X.. But this is precisely what principal



Appendix D Singular Value Decomposition 139

components analysis is doing since
Total variance = Explained variance + Residual

PCA maximizes the explained variance which is equivalent to minimizing the residual.

(Troskie (2000))





