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Abstract

Numerical simulations of the complex flows of complex (viscoelastic) fluids are
investigated. The primary fluid investigated in this thesis is human blood, a
complex fluid which can be modelled via viscoelastic constitutive models. The
most commonly used constitutive models for viscoelastic fluids include the Oldroyd-
B, Giesekus, Johnson-Segalman, Finitely Extensible Non-Linear Elastic (FENE),
Phan-Thein-Tanner (PTT) models etc. Our Numerical approach is based on the
finite volume methods implemented on the OpenFOAM platform. We employ the
Giesekus, Oldroyd-B, and Generalized Oldroyd-B viscoelastic constitutive models in
this thesis, depending on the underlying context. Numerical validation of our results
is conducted via the most used benchmark flow problems for viscoelastic fluid flow.
The robust and efficient numerical methodologies are then deployed to investigate
the flow characteristics, and hence illustrate various novel behavior, for blood flow in

stenosed and bifurcated arteries.

The present work took advantage of the availability of a reasonable set of viscoelastic
constitutive model solvers within OpenFOAM, specifically the viscoelasticFluidFoam
solver which we modified and developed to suit our focused needs for blood flow
computations. The modified computational algorithms were successfully validated
against well-known benchmark flow problems in the literature. Noting that the
Giesekus viscoelastic constitutive model is a generalization of both the Oldroyd-B
and Generalized Oldroyd-B models, the validation of results is carried out via the
Giesekus model enabling us to develop a general-purpose code capable of simulating
several viscoelastic constitutive models. The main results were otherwise presented for
the Oldroyd-B and Generalized Oldroyd-B models as these are the most applicable
to blood flow modelling. The results demonstrate that the velocity spurt through

the stenosis is directly proportional to the constriction caused by the stenosis. The

X



higher the blockage from the constriction, the higher the corresponding velocity
spurt through the constriction. This velocity behavior, as the constriction blockage
increases, correspondingly increase the wall shear stresses. High wall shear stresses
significantly increase the possibility of rupture of the stenosis/blockage. This can lead
to catastrophic consequences in the usual case where the stenosis is caused by tumor

growth.

Keywords:

Blood flow, Stenosed and bifurcating artery, Viscoelastic fluid, Oldroyd-B model,
Generalized Oldroyd-B model, Giesekus Model, Numerical Simulation, Finite volume

methods, OpenFOAM.



List of Tables

3.1 OpenFOAM implementation of the Giesekus constitutive model . . . 30
4.1 Initial flow conditions for Giesekus model . . . . . . . . .. ... ... 34
4.2 Meshing Characteristics . . . . . . . .. ... ... L. 35
5.1 Initial flow conditions for Oldroyd-B model . . . . . . .. .. ... .. 48
6.1 Initial flow conditions for Generalized Oldroyd-B model . . . . . . .. 62

x1



List of Figures

1.1

1.2

1.3

2.1

2.2

2.3

3.1

3.2

3.3

4.1

4.2

4.3

4.4

Pictorial of blood composition; liquid/solid components [14]. . . . . . 6

Maxwell models of polymer molecules are analogous spring-dashpot

models. . .. 10

Spring-dashpot model for a Jeffrey fluid. . . .. ... ... ... ... 11

The net flux through the CV boundary is the sum of integrals over the

four (in 2D) or six (in 3D) CV faces. . . . ... ... ... ... ... 19
Typical CV and the notation used for a Cartesian 2D grid. . . . . . . 20
A typical CV and the notation used for a Cartesian 3D grid. . . . . . 21
Standard structure for OpenFOAM simulations. . . . . . . . .. ... 26
OpenFOAM Structure. . . . . . . . . ... ... ... ... 27
Numerical Flow Algorithm. . . . . . .. ... ... ... ... .... 31
Geometry of the 4:1 contraction flow problem. . . . . . .. ... ... 33
Mesh generation via blockMesh. . . . . . . .. ... ... ... .. .. 35
Transverse and longitudinal positions for benchmark velocity profiles. 37
Benchmark results for transverse and longitudinal velocity. . . . . . . 37

xii



4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

5.1

5.2

5.3

5.4

5.9

5.6

5.7

Transverse and longitudinal positions for benchmark 715 profiles. . . . 39

Benchmark results for transverse and longitudinal stress, mo. . . . . . 39
Transverse and longitudinal positions for benchmark N; profiles. . . . 40
Benchmark results for transverse and longitudinal Ny. . . . . . . . .. 40
Transverse and longitudinal positions for benchmark 75 and N profiles. 41

Benchmark results for transverse and longitudinal 75 and Ny. . . . . 41
Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS) 42
Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS) 42
Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS) 43
Novel Generalized Oldroyd-B velocity results. . . . . ... ... ... 44
Schematic of the arterial geometry showing a symmetric stenosis and

bifurcation. . . . . . ... 47
Mesh generation via blockMesh. . . . . . ... ... .00 49
Case 1, 50% blockage, 76,500 cells, 155,482 nodal points. . . . . . . . 49
Case 2, 70% blockage, 102,000 cells, 206,542 nodal points. . . . . . . . 50
Case 3, 90% blockage, 76,000 cells, 154,662 nodal points. . . . . . . . 50

Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at x = 4.5mm: (A) Case 1, 50% blockage; (B) Case 2, 70%
blockage; and (C) Case 3, 90% blockage. . . . . . .. ... ... ... 51

Axial velocity contours in the vicinity of the stenosis, at x = 6.6mm:
(Top) Case 1, 50% blockage; (Middle) Case 2, 70% blockage; and
(Bottom) Case 3, 90% blockage. . . . . . .. ... ... ... ... .. 52

xiil



5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

6.1

6.2

Axial velocity profiles in the vicinity of the stenosis, at * = 6.6mm:
(Magenta) Case 1, 50% blockage; (Green) Case 2, 70% blockage; and
(Blue) Case 3, 90% blockage. . . . . . . . ... ... ...

Axial velocity profiles just before the bifurcation point: (Magenta)
Case 1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case
3,90% blockage. . . . . ...

Axial velocity profiles at the bifurcation point: (Magenta) Case 1,
50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3, 90%

blockage. . . . . . ..

Axial velocity profiles just after the bifurcation point: (Magenta) Case
1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3,
90% blockage. . . . . . ...

Axial velocity profiles way past the bifurcation point, in the daughter
branches: (Magenta) Case 1, 50% blockage; (Green) Case 2, 70%
blockage; and (Blue) Case 3, 90% blockage. . . . . . . ... ... ...

Normal stress difference results for stenosis causing 50% blockage. . .
Normal stress difference results for stenosis causing 70% blockage. . .
Normal stress difference results for stenosis causing 90% blockage. . .

Pressure contours in the vicinity of stenosis: (A) 50% blockage; (B)
70% blockage; and (C) 90% blockage. . . . . . .. ... ... ...

Pressure contours along length of stenosed artery: (A) 50% blockage;
(B) 70% blockage; and (C) 90% blockage. . . . . . . . ... ... ...

Mesh generation via blockMesh around stenosis region. . . . . . . ..

Mesh generation via blockMesh around bifurcation zone. . . . . . . .

Xiv

57

57

o8

63



6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at x = 4.5mm: (A) Case 1, 50% blockage; (B) Case 2, 70%
blockage; and (C) Case 3, 90% blockage. . . . . . .. ... ... ...

Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at x = 6.6mm: (A) Case 1, 50% blockage; (B) Case 2, 70%
blockage; and (C) Case 3, 90% blockage. . . . . ... ... ... ...

Axial velocity contours and velocity profiles just before the bifurcation
point: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C)
Case 3, 90% blockage. . . . . . . . . .. ...

Axial velocity contours and velocity profiles at the bifurcation point:
(A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C) Case 3,
90% blockage. . . . . ...

Axial velocity contours and velocity profiles just after the bifurcation
point: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C)
Case 3, 90% blockage. . . . . . . . . . ...

Axial velocity contours and velocity profiles deep within the daughter
branches, way past the bifurcation point: (A) Case 1, 50% blockage;
(B) Case 2, 70% blockage; and (C) Case 3, 90% blockage. . . . . . . .

Normal stress difference results for stenosis causing 50% blockage. . .
Normal stress difference results for stenosis causing 50% blockage. . .
Normal stress difference results for stenosis causing 70% blockage. . .
Normal stress difference results for stenosis causing 70% blockage. . .
Normal stress difference results for stenosis causing 90% blockage. . .

Normal stress difference results for stenosis causing 90% blockage. . .

XV

67

68

68

69

69

70



6.15

6.16

6.17

6.18

6.19

7.1

7.2

7.3

Normal stress difference results for stenosis causing 90% blockage. . .
Pressure contours in the vicinity of stenosis at 50% blockage. . . . . .
Pressure contours in the vicinity of stenosis at 70% blockage. . . . . .
Pressure contours in the vicinity of stenosis at 90% blockage. . . . . .

Pressure contours along length of stenosed artery: (Top-left) 50%

blockage; (Middle-left) 70% blockage; and (Bottom-left) 90% blockage.

Comparison of velocity profiles between Oldroyd-B and Generalized
Oldroyd-B models in the vicinity of the stenosis: (blue) 50% blockage;

(green) 70% blockage; and (magenta) 90% blockage. . . . . . . . . ..

Comparison of blood-pressure profiles between Oldroyd-B and Gener-
alized Oldroyd-B models in the vicinity of the stenosis at 50% stenosis

blockage. . . . . . ..

Comparison of blood-pressure profiles between Oldroyd-B and Gener-
alized Oldroyd-B models along the length of the artery at 50% stenosis

blockage. . . . . . ..

Xvi

70

72

74

5



Chapter 1

Introduction

1.1 Background and Objectives

Non-Newtonian fluid behaviour is characterized in at least three ways; the Generalized
Newtonian Fluids; viscoelastic fluids; or a combination of the two [1, 2]. Generalized
Newtonian Fluids do not follow Newton’s law of viscosity, their viscosity therefore
depends on prevailing shear-rates. The viscosity of Newtonian fluids on the other
hand is unaffected by prevailing shear rates and hence remains constant even when the
shear-rates vary widely in a particular flow set-up. Most paints for example, become
runnier when shaken (i.e., when exposed to higher shear-rates) and are thus examples
of Generalized Newtonian Fluids. Many salt solutions and molten polymers exhibit
Generalized Newtonian Fluid behaviour, as do many commonly found substances such
as custard, honey, toothpaste, starch suspensions, corn starch, paint, blood, melted

butter, and shampoo, [3].

Generalized Newtonian Fluid behaviour mostly manifests as shear-thinning be-
haviour, in which the fluid viscosity decreases with increasing shear-rates. For some

lower viscosity non-Newtonian fluids, the flow can be transitional or become turbulent



under expected operating conditions. For suspension transport in a pipe for example,
it is advantageous to operate in a transitional regime because this results in the lowest
energy consumption [4, 5, 6]. Despite the practical importance, the understanding
of transition and turbulence in shear- thinning fluids is still not well understood.
More advanced computational techniques and methodologies would yet need to be
developed to better resolve and understand transition and turbulence in wall-bounded
flows of shear-thinning fluids. Experiments can provide an accurate description of
non-Newtonian flow behaviour but it can be difficult to design appropriate laboratory
fluids in which the rheological properties can be adjusted as needed. In addition,
certain degree of elastic behaviour may be present in some polymer additives which

complicate the physics of the fluids [6].

The majority of polymeric fluids exhibit both viscous (fluid) and elastic (solid)
behaviour and are termed viscoelastic fluids [1, 2]. The elastic behaviour results in
the phenomena of fading memory for viscoelastic fluids, phenomena which is readily
demonstrated in recoil experiments [1, 2]. The elastic behaviour of viscoelastic fluids
is subsequently characterized by time constants known as the relaxation times and
the retardation times. Viscoelastic fluids may either have constant shear-viscosity as
with Newtonian fluids, such viscoelastic fluids fall under the class of Boger fluids [40].
Additionally viscoelastic fluids may exhibit non-constant shear-viscosity as with the
Generalized Newtonian Fluids. We shall call such fluids the Generalized Viscoelastic

Fluids.

This thesis focuses on blood flow simulations. Blood has been experimentally
demonstrated to fall under the category of Generalized Viscoelastic Fluids [4]. Several
investigations have been conducted with blood being modelled either as a Generalized
Newtonian Fluid or as a Boger-type viscoelastic fluid. This thesis will run comparative

simulations using both the viscoelastic and generalized viscoelastic fluid models. The



elastic behavior of blood is now well documented and hence the modelling of blood
via purely viscous fluid models has been conclusively demonstrated to be inadequate
[4]. Purely viscous (i.e., Generalized Newtonian Fluid) models for blood will therefore

not be considered in this thesis.

The viscous/elastic properties of blood are governed by the prevailing shear-rates and
the concentration of red blood cells in the blood [4]. The elastic behavior increases
rapidly with increasing hematocrit level as direct cell-to-cell interactions become more
probable. While the viscous and elastic components of the shearing stress are linearly
related to the velocity gradient at low gradients, they become nonlinearly related at
high gradients. At low haematocrit levels the blood properties are mainly attributed
to the diffuse and non-interacting red cells suspended in the plasma. Under these
conditions, the elastic property is out of the range of present measurement techniques.
The viscous property of the red cell, however, is clearly measurable and is thought
to be strongly influenced by the cell’s deformability. These new observations are

discussed in the light of other contemporary work on the structure and flow properties

of blood.

The primary objectives of the thesis can be summarized as follows:

e To develop viscoelastic constitutive models for blood flowing in an artery.
Specifically, the Oldroyd-B and Generalized Oldroyd-B viscoelastic constitutive

models will be considered.

e To develop robust and efficient numerical and computational methodologies
for the simulation of blood flow in an artery, specifically, a bifurcating artery
that additionally has a stenosis. The numerical algorithms will be developed
to resolve the mathematical model equations arising out of the more general

Giesekus viscoelastic constitutive model.



e To explore the effects of shear-viscosity modelling of blood via a comparative
analysis of the result from the Oldroyd-B (constant shear-viscosity) and Gen-

eralized Oldroyd-B (variable shear-viscosity) viscoelastic constitutive models.

e To lay the groundwork for the modelling and analysis of blood-concentration
related ailments (such as diabetes) as well as the blood-temperature related
ailments (such as rheumatic fever). The earlier will involve the inclusion of
(say blood-sugar) concentration models to the model equations presented in
this thesis and the latter will involve the addition of the energy equation as is

done, say, in [18, 19, 17], etc.

1.2 Blood Components

Blood is a specialized and complex body fluid whose components are responsible for
the non-Newtonian character of the blood, specifically, the variable shear-viscosity
and the elastic behaviour [4, 7, 8, 9, 10]. Blood has four (4) main components:
blood plasma, red blood cells, white blood cells, and blood platelets. Blood plasma
constitutes that liquid part of blood and the remaining three components (red blood
cells, white blood cells, and blood platelets) constitute the solid phase. The liquid
part, blood plasma, is a mixture of water, salts, and protein. Over fifty percent (50%)

of human blood is plasma, [11].

Red blood cells (RBC) primarily deliver oxygen from the lungs to the internal tissues
and organs. White blood cells (WBC) fight infection and are part of the body’s
immune system. Blood platelets help blood to clot in response to cuts and wounds.
Both types of blood cells, the RBC and the WBC, are made in the bone marrow,
the spongy material filling the hollow interior of bones. Healthy bone marrow is

therefore of critical importance to the sustenance of life, this especially considering



that the blood cells, RBC and WBC, naturally have a short life span and would need
to be replenished regularly. Red blood cells have a lifespan of about one hundred and
twenty (120) days, some white blood cells may live for less than a day, but others do
survive for much longer. As with the blood cells, blood platelets also have a relatively

short lifespan of about six (6) days, [12].

Human life, as with that of all mammals, can only be sustained if a certain amount
of blood is circulating within the blood vessels (such as capillaries, arteries, and
veins) and internal organs (such as the hearts, brain, lungs, kidneys, liver, etc.). As
mentioned earlier, whole blood is a mixture of liquid and solid components, specifically
about 55% percent plasma and 45% blood cells and platelets [14]. The volume of blood
varies per individual depending on age, weight, gender, etc. An average-sized man
would have about twelve (12) pints of blood in their body whereas an average-sized
woman would have about nine pints of blood in their circulatory system. Given its
volume within the body, blood constitutes between 7-8% of the human body weight
[4,7,8,9, 10, 14].

Blood is a vital transport medium (for life sustaining elements) among the various
internal organs. In addition to being the primary medium of transport of life-
sustaining elements within the body, blood also sustains via other properties, such
as its ability to clot when exposed to foreign environments. The multiple different

functions of blood within the body can be summarized as, [13]:

e transporting oxygen and important nutrients to the lungs and tissues;
e forming blood clots around cuts and wounds to prevent excess blood loss;

e transporting cells (specifically the WBC) and antibodies around the circulatory

system and internal organs to fight infection;



e transporting waste products to the kidneys and liver, hence ensuring an internal

filtration and delf-cleansing process for the blood;

e regulating internal body temperature and ensuring that this remains within the

required ranges for the internal organs to function.

1.2.1 Specific functions of blood components

Figure 1.1, adopted from [14] gives a representative picture of the liquid (plasma) and

solid (blood cells and platelets) components of blood.

Ried blood Plaioiots White bioad
calla call

&

Plagma—
Blma"'f'

visgel

Figure 1.1: Pictorial of blood composition; liquid/solid components [14].

As already mentioned, the liquid component of blood is called plasma, a mixture of
water, sugar, fat, protein, and salts. Blood plasma is a yellowish fluid whose main
function is to serve as the transport medium throughout the circulatory system and
internal organs. Specifically, the blood plasma transports the blood cells and platelets,
and hence also oxygen, carbon dioxide, nutrients, waste products, antibodies, clotting

proteins, chemical messengers such as hormones, proteins, etc.

Red blood cells, also known as erythrocytes, are the most between the two blood cell

types. They are the primary means of oxygen transport from the lungs to the internal



organs and tissues and also the primary means of carbon dioxide transport from the
organs/tissues back to the lungs from where it is expelled from the body. Given their
huge prevalence, being overwhelmingly the most common of the blood cells by far,

the red blood cells therefore give whole blood its distinctive red colour.

White blood cells are by far much fewer in number than the red blood cells, accounting
for about 1 percent of human blood. Their primary function is to protect against
infection. The most common type of white blood cells, accounting for between 55-
70% of the total white blood cell count, are called the neutrophils. The neutrophils
are effectively rapid response cells with regards to body infections and they have a
very short lifespan, surviving for less than a day on average. This therefore brings into
sharp focus, the importance of bone marrow, which must work to constantly replenish
the neutrophils so that the body’s rapid response abilities against infection are not
compromised. Specifically, even though blood transfusion would help replenish in
real time other types of blood cells, mainly the red blood cells, it (transfusion) would
be largely ineffective as a means of replenishing neutrophils given their very short

lifespan — the need for healthy bone marrow can therefore not be overstated, [15, 16].

The remaining type of white blood cells (known as the lymphocytes) exist in two
forms; T-lymphocytes, which help regulate the immune responses of the body and
are responsible for directly attacking tumors and infected cells; and B-lymphocytes,
whose function is to make antibodies, i.e., proteins that specifically target bacteria,

viruses, etc.

Unlike red and white blood cells, blood platelets are not actually cells per-se but rather
small fragments of cells. Blood platelets help in the blood clotting (or coagulation)
process by gathering at the site of a wound or injury, sticking to the lining of the
injured blood vessel, and forming a platform on which blood coagulation can occur.

This results in the formation of a fibrin clot, which covers the wound and prevents



blood from leaking out. Fibrin also forms the initial scaffolding upon which new

tissue forms, thus promoting healing.

1.3 Conservation Equations

In this thesis, we consider blood as an incompressible fluid and hence the density of
the blood (p) will be assumed constant. The thesis also investigates blood flow in
a section of an artery and hence we also assume constant blood concentration and
constant blood temperature. As cited under the objectives, the thesis nonetheless
lays the groundwork for the modelling and analysis of blood-concentration related
ailments (such as diabetes) as well as the blood-temperature related ailments (such
as rheumatic fever). The earlier will involve the inclusion of (say blood-sugar)
concentration models to the model equations presented in this thesis and the latter
will involve the addition of the energy equation as is done for other non-isothermal

viscoelastic flow applications, say, in [17, 18, 19, 20, 21, 22].

Under the given assumptions, the governing equations for the blood velocity are those

derived from mass-conservation, Eq. (1.1), and momentum-conservation, Eq. (1.2),

V-v=0 (1.1)

p(g—’t’+v-(vv)):—v;a+v-a. (1.2)

In Egs. (1.1) and (1.2), v represents the blood velocity, which will be considered 2D
in this thesis with components in the z- and y- directions, ¢ represents time, p is the

pressure field and o represents the total stress tensor. Specifically,



o=2nS+T, (1.3)

where S denotes the deformation-rate tensor,

1 T
SZE[VU—F(VU) ],

with shear-viscosity 7. The polymer-stress tensor 7 would be described by an
appropriate and empirically determined polymer-stress constitutive-model, which we

will alternatively refer to as the viscoelastic constitutive model.

1.4 Viscoelastic Constitutive Models

The flow dynamics of all Newtonian fluids, such as water, are described via the Navier-
Stokes equations, irrespective of the specific fluid! In particular, all deformation
processes for Newtonian fluids can be sufficiently described via the deformation-rate

tensor once the constant shear-viscosity (1) of the fluid is known.

This is sadly not the case for polymeric (viscoelastic) fluids. Each viscoelastic fluid
would needs its own specific stress constitutive model to describe the deformation
processes for the specific fluid. Empirical viscoelastic constitutive models (for
the polymeric stress tensor 7) must therefore be developed/determined for each

viscoelastic fluid.

A number of viscoelastic constitutive models have been developed for a wide range

of viscoelastic fluids.



1.4.1 Maxwell and Jeffrey Models

These are the simplest viscoelastic constitutive models developed from spring/dashpot

analogies of the polymer molecules [1, 2], see Fig. 1.2.

Figure 1.2: Maxwell models of polymer molecules are analogous spring-dashpot
models.

The combination of the elastic spring and viscous dashpot would essentially provide
the basis for the description of the analogous elastic/viscous behavior of the fluid. In
particular, the polymeric-stress tensor (7) for the fluid is then obtained by combining
the physical and analogous laws for the spring and dashpot arrangement (Hooke’s

Law etc.),

orT
FA =2 1.4
T 5 NS, (1.4)

where \ is a relaxation time, specific to the fluid under consideration. Eq. (1.4)
represents a linear system of first order Partial Differential Dquations (PDEs) and a

general solution, see Eq. (1.5), can be readily found for constant A,

T:/te@s@ﬁ, (15)

where,

G(f) = 2} exp (—t ; t) ,

10



is a relaxation modulus, [1, 2]. The Jeffrey model [1, 2] is a modification of the
Maxwell model to incorporate a retardation time in addition to the relaxation time.

The corresponding spring-dashpot model for a Jeffrey fluid is illustrated in Fig. 1.3.

E
n, —AAAA—

",

Figure 1.3: Spring-dashpot model for a Jeffrey fluid.
The stress constitutive model for a Jeffrey fluid is given in Eq. (1.6),

0 oS

where ny = 1y + 12 is the total, A, is a relaxation time, and A, is a retardation time.

The Maxwell and Jeffrey models essentially describe the behaviour os a single polymer
molecule. These models can therefore be generalized to consider an infinite number

of polymer molecules so as to closely resemble polymeric fluids,

00
T = E Tk,
k=1

with 74 described either by the Maxwell or Jeffrey model. This leads to either the

Generalized Maxwell model or respectively the Generalized Jeffrey model.



The Maxwell and Jeffrey models, or their Generalized version are all linear PDEs
and hence are incapable of describing important nonlinear viscoelastic phenomena.
The development of nonlinear viscoelastic constitutive models is therefore of funda-
mental importance given the industrial, commercial, and domestic significance and

applications of nonlinear viscoelastic phenomena.

Examples of nonlinear viscoelastic constitutive models include, the Oldroyd-B model,
Generalized Oldroyd-B model, Giesekus model, Johnson-Segalman model, Phan-
Thien-Tanner model, Rolie-Poly model, etc., for more details, we refer to the sample

references [1, 2, 23, 24, 25, 26, 27].

1.4.2 Oldroyd-B model

The mixture of a polymer and a solvent would lead to a polymer solution whose
properties are determined by the constituent polymer and solvent components. The
total stress tensor, 7, can therefore be split into a polymer, 7,, and a solvent, T
component. The solvent stress is purely viscous (Newtonian) and hence is fully
described by the Newton’s law of deformation, Eq. (1.7). The polymer stress satisfies

a nonlinear constitutive equation, Eq. (1.8).

Ts = 21,8, (1.7)
T, + A ¥p = 21,85, (1.8)
T =T, +Tp, (1.9)
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where 7, and 7, are the solvent and polymer viscosities respectively and the total
viscosity is,

nr = Ns + Mp.

Egs. (1.7) through (1.8) can be combined to given a single equation, see Eq. (1.10),

for the total stress tensor, 7, of the Oldroyd-B fluid,

V V
T—|—/\1 T= 27]T (S+ )\2 S) s (]_].0)

where, as before, A\ = \ is a relaxation time and X, is a retardation time. Taking
n, = 0 reduces the Oldroyd-B model to the Upper Convective Maxwell (UCM) model.

Taking 1, = A\; = Ay = 0 reduces the Oldroyd-B model to a (viscous) Newtonian fluid.

The Oldroyd-B fluid belongs to the of Boger fluids, viscoelastic fluids which exhibit
constant shear-viscosity. the modification to non-constant shear-viscosity leads to the

Generalized Oldroyd-B model.

1.4.3 Generalized Oldroyd-B model

Robust experimental investigations have conclusively demonstrated that blood
exhibits non-constant shear-viscosity, see for example [28, 29]. Specifically, the
viscosity of blood, as with that of many other non-Newtonian fluids, depends on

prevailing shear-rates,

n=n(y), with,4=+v2S:S8T. (1.11)

The appropriate viscosity constitutive models for n(7) are obtained empirically, e.g

the Cross model, [30, 31],

13



() = Moo + (10 — 7c) [ﬁ] : (1.12)

More information about blood viscosity models can be found for example in [29, 41].
Blood is a shear-thinning fluid and hence, for blood flow modelling, the parameters

m and b in Eq. (1.12) must be non-negative; b > 0 and m > 0.

A Generalized Oldroyd-B model with appropriate shear-thinning viscosity, 7(5),
(32, 33, 34, 35, 36, 37] for blood flow modelling captures the intrinsic rheological
behavior of blood over a wide range of shear-rates, from a low of 0.06s™! to as
high as 650 s~%. The model equations, however, presented the problem of infinite
viscosity being recorded at zero shear-rate. To correct this anomaly, a low shear-rate
criterion was implemented to ensure a finite viscosity at zero shear-rate and also to

capture viscosity variations in the low shear-rate range, 0s~! to 0.06 s 1.

Recent
numerical tests have shown that the low shear-rate criterion [32, 33, 34, 35, 36] is
not suitable for numerical implementation in complex geometries such as those used
in this thesis. The reasons for this are primarily that the criterion does not allow
for convergence of the residuals of the numerical equations, specifically the resultant
numerical oscillations which would not die out under the conditions of the criterion.
For these reasons, developed an alternate low shear-rate criterion which would ensure

1

smooth transitions through the cut-off shear-rate of 0.06 s™", as well also ensuring a

finite apparent viscosity at zero shear-rate.

The polymer stress for the Generalized Oldroyd-B model satisfies the same nonlinear
constitutive equation as the usual Oldroyd-B model, Eq. (1.8), except the polymer

viscosity is now shear-rate dependent, see Eq. (1.13),
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T+ ATy = 20,(%) S. (1.13)

1.4.4 Giesekus model

The shear-thinning Giesekus viscoelastic constitutive model is a generalization of
both the Generalized Oldroyd-B model and the Oldroyd-B model. Additionally, the

Giesekus model is capable of describing shear-banding characteristics [20, 21, 38, 39]

The shear-thinning Giesekus viscoelastic constitutive model is described mathemati-

cally by Eq. (1.15),

TS - 277857 (114)

T4 (T, ) + A Ty = 20,(7) S. (1.15)

The Giesekus nonlinear parameter, « is also referred to as the mobility factor and
is associated with the anisotropic Brownian motion or anisotropic hydrodynamic
drag [1, 2]. Taking a = 0 reduces the Giesekus model reduces to the (Generalized)
Oldroyd-B model. The nonlinear term (7, - 7,,) enables simple qualitative descriptions
of a number of well-known properties of viscoelastic fluids, most importantly shear-
banding [23]. A comprehensive survey of viscoelastic constitutive models in common

use can be found in [1, 2, 23, 40].
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Chapter 2

Overview of the finite volume

methods

The coupled and nonlinear systems of mathematical model equations governing
fluid behavior and flow cannot be solved through analytical techniques. A recourse
must be made to approximate solution methods. Approximate solutions are also
known as numerical solutions. Numerical analysis is the branch of mathematics that
deals with the development, theoretical exposition (analysis), and implementation of
numerical solution algorithms. Numerical solution techniques have been largely aided
by the rapid development of powerful computers. Numerical solution methods are
therefore now routinely coupled with powerful scientific computing software to tackle
complex mathematical model equations of real world phenomena and of increasing
sophistication. In this thesis, the efficient finite volume numerical methods for fluid

dynamics are coupled to the powerful and open-source OpenFOAM software platform.
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2.1 Brief history of numerical methods

Numerical algorithms are almost as old as human civilization. The Rhind Papyrus
(71650 BC) of ancient Egypt describes a root finding method for solving a simple
equation, [42]. Archimedes of Syracuse (287 - 212 BC) created the “method of
exhaustion” for calculating lengths, areas, and volumes of geometric figures, [43].
This method has is in practically the spirit of modern numerical integration, indeed
it could be considered an important precursor to the development of the calculus
by Isaac Newton and Gottfried Leibnitz. The invention of calculus in itself served
as a fundamental motivator for the development of numerical solution techniques,
especially given that the advent of calculus laid the foundations for the development of
complex mathematical models across the breath of the physical and natural sciences,
health science, engineering, and commerce. Another important milestone in the
development of numerical solution methodologies was the invention of logarithms by
Napier (1614) and others, leading to much simpler ways of carrying out the arithmetic

operations of multiplication, division, and exponentiation, [44].

Mathematical models for real physical problems are largely posed as differential,
integral, or integro-differential equations. Fluid dynamical equations are most
naturally posed as systems of coupled nonlinear Partial Differential Equations
(PDEs). Various numerical methodologies have been developed over the years for
obtaining approximate solutions of PDESs, these include the Finite Difference Methods
(FDM), the Finite Element Methods (FEM) [50], and the Finite Volume Methods
(FVM), etc.
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2.2 Finite Volume Methods (FVM)

The Finite Volume Methods (FVM) are among the most versatile numerical
techniques for solving fluid dynamical problems in fluid dynamics [45]. FEM are badly
suited for the solution of turbulent flows and FDM suffer from lack of conservativeness
which is a problem given that fluid dynamical equations are obtained via conservation
laws of physics. The FVM are uniquely designed to account even for turbulent flows
and hence present a natural advantage over the FEM. Also FVM are locally and
globally conservative, being developed from the same conservation principles as the
fluid dynamical equations. The FVM are also perfectly suited to complex geometries
and hence they (FVM) are far superior to the FDM. The FVM are quite easy to
implement with any of a variety of boundary conditions in a non-invasive manner,
since the unknown variables are evaluated at the centroids of the volume elements,

and not at the cell boundaries.

These characteristics have made the FVM extremely well-suited for the numerical
simulation of fluid flow and heat/mass transfer problems. The contemporary
developments in the FVM have, indeed, been intrinsically entwined with advances
in Computational Fluid Dynamics (CFD). The FVM are equally capable of resolving

a wide variety of complex problems that are modelled by differential equations.

In the FVM, the solution domain is subdivided into a finite number of small control
volumes (CVs) by a grid which, in contrast to the FDM, defines the control volume
boundaries, not the computational nodes. Surface integrals over inner CV faces cancel

out, see Eq. (2.1) and Fig. 2.1.

/Sfdszgj/sk  ds.. 2.1)
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More generally, given a flow variable ®, the transport equation for property ® can

be written in conservative differential form as follows,

%(mq}) + div (m®u) = div (['V®) + Q, (2.2)

m is either the density p; specific heat capacity c,, ¢p; or relaxation time A; depending
on the conservation or constitutive equation and @ represents source terms. I' is a

diffusion coeflicient.

Finite Difference Methods (FDM) are based on a discretization of the differential
form, Eq. (2.2), of the conservation equations. FVM and FEM are based on a

discretization of the integral forms of the conservation equations.

I—. & & < s 4 I—. 4 ® L I
® O O O O ® [ ¢ C D C ®
® O O O O [ ] [ 3 C; S T 1 [ECIEIs RS Q Tt CISTSISRNINY ) IESPMSSES |
"~ & ® & ® *& & & L d ®

Figure 2.1: The net flux through the CV boundary is the sum of integrals over the
four (in 2D) or six (in 3D) CV faces.

Figs. 2.2 and 2.3 illustrate the typical control volumes (CVs) and the notation used
for the 2D and 3D Cartesian grids.

FVM are based on applying conservation principles over each small control volume
). In addition to local conservation, global conservation is therefore also ensured.
Detailed descriptions of the FVM can be found in [45], we summarize the salient

points below.
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Figure 2.2: Typical CV and the notation used for a Cartesian 2D grid.

The transport equations are given in integral form: Eqs. (2.3 - 2.4) and are discretized

over each control volume,

2/m'i' dV+/div (m®u) dV:/div (C'Ve) dV+/QdV, (2.3)
at Jq Q 0 Q

0
a/gm‘l)d\/—i—/m(mi)u)-ndS:/aQ(FVQJ)-ndS—i—/QQdV. (2.4)

We have applied the Divergence theorem to obtain surface from volume integrals with

n the unit normal to 9.

To integrate the discrete control volume equations (2.4), we need,

e time marching methods to integrate the transient term,
e consistent methods to evaluate the fluxes at the boundary of the control volume,

e appropriate methods to evaluate the volume integrals for the source terms.
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Figure 2.3: A typical CV and the notation used for a Cartesian 3D grid.

2.2.1 Time marching

If we write ® < m®, then the transient term reads,

0
< [ @av.
ot Jo

If @ is the mean value of ® within the control volume Q (say, the value of ® at the

center of the control volume) and V' is the volume of € then,

) 0%
— L)) ~V —.
ot /Q W ~V5

This can then be integrated by any of a variety of methods; Euler, Runge-Kutta, etc.
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2.2.2 Discretization of source terms

The goal is to estimate the volume integral,

/Qde.

As with the transient volume integral, the simplest approximation is the product of
the volume V with the mean value of Q (i.e. Q approximated, say, by the value at

the center of the control volume Q.):
/ QdV ~QV ~Q.V.
Q

The approximation is exact if Q. is constant or linear within 2. The approximation
is second order accurate otherwise. Higher order approximation would require more

locations than just the center [45].

2.2.3 Discretization of diffusive fluxes

The diffusion term is written as a sum over all the surface elements (k) that make up

the bounding surface of a control volume,

/(ch ‘ndS = Z/ (IV®) -1y, dS ~ ZAQk (TV®);, - ng.

21972

The diffusive flux vector (I'V®);, for the control surface element A is approximated

easily using the central difference methods in the direction “parallel” to ny.

The central differencing is only accurate if the line joining the centroids and the unit

normal vector n are parallel. The approximation is therefore only correct if the mesh
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is fully orthogonal. Generally, in unstructured meshes the lines connecting centroids
are not parallel to ng. This is known as mesh skewness or non-orthogonality [45].

There are several flux correction methods to resolve such cases [45].

2.2.4 Discretization of convective fluxes

The convective term is similarly written as the sum,

/(m@u -ndS = Z (m®Pu) ndeNZ AQy (m®Pu)y, - ny,

o1 97%

where ®,, is the value of @ at the centre of surface area element k. We need to
employ discretization methods to generate the face centered values, ®;, which satisfy
the requirements of conservativeness, boundedness and transportiveness. Inconsistent
flux interpolation formulae, for example, give rise to unsuitable schemes that do not

satisfy overall conservation [45].
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Chapter 3

Implementation of FVM on
OpenFOAM

3.1 Introduction to OpenFOAM

OpenFOAM is the free, open-source Computational Fluid Dynamics CFD software
developed initially by OpenCFD Ltd in 2004. It has grown a large user base
across most areas of engineering and science, from both commercial organizations
and academic institutions. OpenFOAM has an extensive range of features to solve
complex fluid flows problems involving chemical reactions, turbulence, heat transfer,
etc. OpenFOAM is also extremely versatile and can be used to solve complex problems

from solid mechanics, acoustics, and electromagnetics, etc.

The OpenFOAM software employs Finite Volume Methods as the underlying
numerical methodology. Other open source software such as deal.ii employ Finite
Element Methods (FEM). Commercial CFD packages such as ANSYS/Fluent, Star-
CCM+, FloTHERM, and Commercial CFD add-ins embedded in existing CAD

software (such as SolidWorks Flow Simulation, FIoEFD) are very powerful and can
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model different types of simple and complicated fluid dynamical and thermodynamical
problems. The commercial CFD software usually have an advantage in that the
user has a very good control on important aspects such as surface and volume mesh
generation during pre-processing. However, commercial CFD packages come with
huge disadvantages in that the license fees are quite costly and also that users need,
not only a good CFD knowledge, but also comprehensive training in order to use
the packages effectively. Many other open-source CFD solvers, such as SU2, Palabos,
Fire Dynamics Simulator, and MFIX, are however no different. Given that it uses
native mathematical language in its codes (for example the OpenFOAM code for the
gradient operator, V, would simply be grad, etc.), OpenFOAM has therefore become
by far the most widely used open-source CFD software. It is for this reason, among

others, that OpenFOAM will be employed in this thesis.

OpenFOAM is specifically designed and tailor made to solve complex CFD problems
in complex geometries. Given that the OpenFOAM libraries are fairly general, they

can be used to solve any problem that is described by partial differential equations.

The OpenFOAM software package usually runs on Linux. For performance of
simulations, installation of a Linux operating system was necessary. For this thesis,

OpenFOAM was implemented on Ubuntu version 14.04.5 LTS.

It should also be noted here that OpenFOAM does not have a user interface (GUI)
by default. This means that all commands must be entered via the command line.
OpenFOAM is first and foremost a C++ library, used primarily to create executables,
known as applications. The applications fall into two categories: solvers, that are each
designed to solve a specific problem in continuum mechanics; and utilities, that are
designed to perform tasks that involve data manipulation. New solvers and utilities
can be created by a user with some pre-requisite knowledge of the underlying method,

physics, and programming techniques involved.
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OpenFOAM is supplied with pre- and post-processing environments. The interface to
the pre- and post-processing are themselves OpenFOAM utilities, thereby ensuring
consistent data handling across all environments. The standard structure for

OpenFOAM simulations is shown in Figs. 3.1 and 3.2.

Open Source Field Operation and Manipulation (OpenFOAM) C++ Library

Meshing User Standard Others
Tools Applications|Applications e.g.EnSight

Utilities ParaView

Figure 3.1: Standard structure for OpenFOAM simulations.
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Figure 3.2: OpenFOAM Structure.

3.1.1 A constant directory

The ‘constant’ directory contains a full description of the case mesh in a subdirectory
named polyMesh. The ‘constant’ directory also contains files specifying physical

properties, say transportProperties, for the application under consideration.

3.1.2 A system directory

The ‘system’ directory is used for setting parameter values associated with the
solution procedure. The directory contains at least the following 3 files: controlDict
where run control parameters are set including start/end time, time-step and

parameters for data output; fuSchemes where discretization schemes used in the
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solution may be selected at run-time; and fuSolution where the equation solvers,

tolerances, and other algorithm controls are set for the run.

3.1.3 The time directories

The ‘time’ directories contain individual files of data for particular fields. The data
can be either, initial values and boundary conditions that the user must specify to
define the problem or results written to file by OpenFOAM. Note that the OpenFOAM
fields must always be initialised, even when the solution does not strictly require
this, as in steady-state problems. The name of each time directory is based on the
simulated time at which the data is written and is described fully later. It is sufficient
to say now that since we usually start our simulations at time ¢ = 0, the initial
conditions are usually stored in a directory named 0 or 0.000000e+00, depending on
the name format specified. For example, in the cavity tutorial, the velocity field v

and pressure field p are initialised from files 0/U and 0/p respectively.

3.1.4 viscoelasticfluidfoam solver

The implementation of the different equations involved (continuity, momentum, and
a constitutive equation) was done using the OpenFOAM C++ resources which make
possible the definition of variables directly as vectors or tensors. This avoids the
need of breaking the equations in all its components, through the use of a symbolic
representation which is quite similar to the mathematical language. In this way, for

example, the symbolic representation of Eq. (2) in OpenFOAM language is:
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<fvVectorMatrix> UEqn

(
fvm::ddt(U) + fvm::div(phi,U) - fvc::div(tau)

);

where,

phi = 5y - (pv);
Syisthecell facesur face
fvmisthe finitevolumemethodclassusedf orimplicitoperations

fvcis finitevolumecalculusclassusedf orexplicitoperations

The terms of the equation for velocity (v) are stored in a matrix that contains the
equations for the three components of the vector v (fvVectorMatriz) named UEqgn

and this equation is solved with the command,

solve(UEqn() == -fvc::grad(p));

in which the pressure gradient is included to complete the equation. The inclusion
of the pressure gradient only in this last command and not in the definition of the

UEqn matrix is due to the use of the SIMPLE or PISO algorithms.

Regarding the implementation of the constitutive equations for polymeric stress
tensor, the description is illustrated using the implementation of Giesekus model
as an example. Table 3.1 explains how each term in the Giesekus equation is defined

in foam-extend.
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Table 3.1: OpenFOAM implementation of the Giesekus constitutive model

Mathematical Operator OpenFOAM implementation
D
th- fvm::dt(tau_- )+fvm::div(phi( ),tau_)
2ns S etaP_*twoD
T-Vo+ (Vo)l -7 twoSymm(c)
%(7‘ - T) (alpha_/etaP_) *symm(tau_-&tau_-)
i fvm::Sp(1/lambda_,tau_)

Table 3.1 especially illustrates the efficiency of the OpenFOAM software platform in
allowing the mathematical equations to be described in their native form, rather than

in the discretized form, as with the FDM, or in the weak form as in the FEM.

3.1.5 Numerical flow algorithm

A summary flow diagram of the numerical algorithm implementation in OpenFOAM

is given in Fig. 3.3.

The numerical algorithms as developed in this thesis are designed to be general-
purpose to fit a broad range of viscoelastic constitutive models of the Oldroyd-B
type. These numerical algorithms are implemented on the OpenFOAM software and,
in the next chapter, are validated against existing benchmark flow problems in the

literature.
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Step 1. For given initial fields of velodty u, pressure p, and stress T,the
explicit clculations of the pressure gradient and the stress divergence
are a@rmied out, and, subsequently, the momentum
equation is solved implidtly for each component of the velodty vedtor,
computing a new velodty field estimate w+.

Step 2. With the new velocity values w, the new pressure field p+ is
estimated and, subsequently, the correction of velodty is carried out,
leading to a new velodty field us+ which satisfies the continuity
equation. In this step either SIMPLE [24] or PISO [25] algorithm Gan be
used to obtain p+ and e+, with the more accurate PISO being the best
option for transient flows.

'

Step3. With the corrected velocity field u++, the new estimate
for the stress tensor field is @laulated by solving the specified
constitutive equation.

: Convergence

?

=

Figure 3.3: Numerical Flow Algorithm.
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Chapter 4

Code validation

The 4:1 contraction flow problem represents perhaps the most widely used standard
benchmark problem for viscoelastic fluid low computations. The 4:1 contraction flow
geometry will be used as the benchmark case to validate the utility and robustness

of the numerical algorithms developed in this thesis.

Noting that the Giesekus viscoelastic constitutive model is a generalization of both
the Oldroyd-B and Generalized Oldroyd-B models, the validation exercise will also
naturally be conducted via the Giesekus model. This allows for the development of a
general purpose code for fluids described by any of these three viscoelastic constitutive

models.

Fig. 4.1 gives an illustration of the typical 4:1 contraction geometry that will be
used to benchmark the numerical algorithms developed in this thesis. The entry flow
configuration is standard, as shown in Fig. 4.1. The ratio of the upstream thickness
H to the downstream thickness h is H/h = 4, hence the term 4:1 contraction. An
orthogonal Cartesian coordinate system is adopted, with the z-axis in the streamwise

direction and z- in the transverse direction.
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Figure 4.1: Geometry of the 4:1 contraction flow problem.
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4.1 Initial and boundary conditions

Table 4.2 gives a list of the initial values for the 4:1 contraction flow problem using

the Giesekus model.

Table 4.1: Initial flow conditions for Giesekus model

Variable Initial value
Velocity 1.55m/s
Density 803.87 kg/m?

Solvent viscosity | 0.002kgm™'s™?
Polymer viscosity | 1.422kgm™'s™!
Relaxation time 0.003 s
Reynolds Number | 3.49

The following boundary conditions are implemented.

e Wall boundary conditions: the no-slip conditions for the velocity are employed.
e Channel centerline: the symmetry condition for the velocity is enforced.

e Channel inlet: the velocity value is obtained by dividing the prescribed

downstream average velocity by four and the stress tensor is considered null.

e Channel outlet: the velocity gradient along the x-direction, as with the pressure,
are taken as zero. The zero-gradient boundary condition is used for the polymer

stresses.

4.2 Mesh generation

The flow geometry and its corresponding meshing are generated via OpenFOAM’s

blockMeshdict and blockMesh utilities, see Fig. 4.2.
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Figure 4.2: Mesh generation via blockMesh.

Two types of mesh (depicted Mesh 1 and Mesh 2) are employed for comparative
purposes, see Table 4.2. Much smaller elements are generally required around the
contraction region to account for the dramatic stress effects (specifically the first
normal stress difference effects) that develop in the vicinity of the contraction. Table
4.2 gives the number of elements, the total number of nodes, as well as the area of

the element adjacent to the contraction region for each grid.

Table 4.2: Meshing Characteristics

Mesh 1 | Mesh 2
Number of Cells 659200 | 673400
Number of Nodal points | 673599 | 686463
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4.3 Benchmark results

The main aim of numerical simulations is to approximate the behavior of physical
systems on a computer to a high degree of precision. Numerical and computational
simulations are now quite well-established and indeed routinely used to complement
experimental methodology in many applications from the fields of solid mechanics,
fluid mechanics, thermodynamics, acoustics, etc. Numerical and computational
simulations play a crucial part in the designing phase of product development, where
numerical simulations are carried out in advance of virtual prototyping, prior testing,
and optimization for time and cost efficiency. The range of application of numerical
simulation continues to grow exponentially, including in stress—strain simulations
to estimate the crash worthiness of automobile parts; stress analyses of high-speed
helical gears to reduce failures; optimal design, accurate prediction of flight vehicle

characteristics for commercial aeroplanes; etc. [46, 47, 48, 49].

CFD problems often lead to large systems of equations that are computationally too
expensive to solve on classical computers. Model order reduction methods aim to
solve this problem by decreasing the complexity and computational cost of a system
by removing “redundant” information from the models. The main idea is to generate
computationally efficient methods that work with a relatively high accuracy at points
of interest and to remove any unnecessary complications in the model otherwise. One
example is the Proper Orthogonal Decomposition (POD) method, which is a widely

used snapshot-based reduction method for CFD applications.

To test the influence of mesh refinement on the convergence of the simulations, we
plot profiles of the first normal stress difference (/V7) in the vicinity of the contraction.
The most challenging conditions of convergence are indeed expected in the vicinity

of the contraction. The graphical results demonstrate that the coarser grid, Meshl,
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equally leads to good convergence of solutions and hence the subsequent simulations

will be limited to this coarser grid choice to reduce computational costs.

Figure 4.3: Transverse and longitudinal positions for benchmark velocity profiles.
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Figure 4.4: Benchmark results for transverse and longitudinal velocity.

The results for the longitudinal-velocity Fig. 4.4 (RHS) show, as expected that the
velocity closer to the channel centerline would be correspondingly higher than that
closer to the channel walls. Given the no-slip and impermeability boundary conditions
at solid walls, the drop in velocity to zero in the vicinity of the contraction is to

be expected. Indeed, Fig. 4.3 shows that the longitudinal positions at which the
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longitudinal-velocity is plotted all end up at the impermeable vertical contraction-

wall at which the longitudinal-velocity would abruptly drop to zero, naturally!

The transverse-velocity results are illustrated in Fig. 4.4 (LHS). The transverse-
velocity is highest in the vicinity of the vertical contraction-wall given the need for
the fluid to “turn” from its longitudinal trajectory, negotiate the contraction corners
in the transverse direction, and flow towards the narrower contraction section leading
to the outlet. As one moves farther away from the vertical contraction-wall in the left
hand direction towards the channel inlet, the fluid’s need to turn and change direction
correspondingly diminishes (given that there are no obstacles, corners, forcing such
directional changes) and hence the transverse velocity components correspondingly

diminish in this direction as illustrated in Fig. 4.4 (LHS).

The solid-line graphs in Fig. 4.4 (LHS) represent the finer mesh and the dashes-line
graphs are results obtained from the coarser mesh. Both mesh choices give similar
solutions and hence in subsequent sections, attention will be limited to the coarser

mesh given the need to minimize computational costs.

Figs. 4.5 & 4.6 for the shear stress, 712, results and Figs. 4.7 & 4.8 for the first normal
stress difference, Ny = 71 — 799, results; are analogous to Figs. 4.3 & 4.4 and plotted
at different transverse and longitudinal channel positions. Dramatic behaviour of the
polymer stresses is observed in the vicinity of the contractions. Specifically, spikes in

the strengths of the polymer stresses are observed.

Figs. 4.9 & 4.10 for longitudinal 75 and N; profiles allowing for the fluid to move
downstream the contraction towards the outlet. We notice, as expected, a spike in
the polymer stresses in the vicinity of the contraction. Once the fluid has negotiated
the contraction, the stresses reduce to “normal” levels downstream of the contraction.

These results explain the dramatic behaviour observed in flow of viscoelastic fluids in
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contraction geometries, especially in the vicinity of the contractions, see for example

38, 39).

Figure 4.5: Transverse and longitudinal positions for benchmark 75 profiles.
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Figure 4.6: Benchmark results for transverse and longitudinal stress, 7y5.
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Figure 4.7: Transverse and longitudinal positions for benchmark N; profiles.
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Figure 4.8: Benchmark results for transverse and longitudinal Nj.
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Figure 4.9: Transverse and longitudinal positions for benchmark 715 and NV profiles.

— Stress profile T12 downstreamn y
s Fit Nomal shess profle NI
Lt !m
u
o 0
L g
Fpe g
£ e
s*'-‘ ﬁim
A ‘ u
f e
| i,
JJ. Ill 40 T T T T |
/AN 0 o 0 s 0 05 0 0%
Y aciasence Al distance (m)

Figure 4.10: Benchmark results for transverse and longitudinal 75 and Nj.
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4.4 Numerical validation with Oldroyd-B results

Velocity contour plots and streamlines in a 4:1 contraction channel for using the
Oldroyd-B model were obtained in [51]. Figs. 4.11 through 4.13 show the comparison

of the results from our computations against the published results in [51].

Figure 4.11: Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS)

Figure 4.12: Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS)
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Figure 4.13: Oldroyd-B benchmark velocity results; this work (LHS) vs. [51] (RHS)

In all cases illustrated in Figs. 4.11-4.13, excellent qualitative and quantitative
agreement with the numerical results of [51] is observed. The numerical schemes
and meshes used in [51] are not the same as those used in the present work and hence
the results give excellent validation to the robustness of the numerical algorithms

developed in this thesis.

4.5 Novel Generalized Oldroyd-B results

Fig. 4.14 presents new results for the Generalized Oldroyd-B viscoelastic constitutive
model. For ease of reference and for consistency, the parameters used to produce the
results of Fig. 4.14 are otherwise the same as those for Figs. 4.11-4.13, save for the
inclusion of shear-rate dependent viscosity in Fig. 4.14. The shear-viscosity for the

normal Oldroyd-B fluid (from Figs. 4.11-4.13) stays constant throughout the channel,
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from the inlet to the outlet. However, the decrease in shear-rates as one moves from
the inlet towards the contraction means that the shear-viscosity for the Generalized
Oldroyd-B fluid would correspondingly decrease. This explains the correspondingly
lower velocities for the Generalized Oldroyd-B fluid, Fig. 4.14, compared to the
velocities for the Oldroyd-B fluid, Figs. 4.11-4.13.

"™ =

14 ,

154

Veloclly

Figure 4.14: Novel Generalized Oldroyd-B velocity results.

We have demonstrated that the general-purpose code developed in this thesis performs
extremely well as validated against benchmark result for the quite general Giesekus
viscoelastic constitutive model. The Giesekus model encompasses the Oldroyd-B type
models and hence the general-purpose nature of the numerical algorithms based on
the Giesekus model. In the following chapters, we focus on the blood flow modelling,
in stenosed and bifurcating arteries, via the Oldroyd-B and Generalized Oldroyd-B

models which represent the most widely accepted constitutive models for blood.
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Chapter 5

Oldroyd-B modelling of blood flow

in stenosed and bifurcating arteries

Heart diseases and related ailments linked to the blood circulatory system are a
leading cause of death [7, 52, 53, 54, 55]. It is therefore important to understand
the blood flow behaviour and characteristic in blood vessels, such as arteries. A
considerable number of theoretical and experimental studies have therefore been
conducted on blood flow through, say, the arterial system [9, 13]. The blood flow
characteristics in the arteries strongly depend on the fluid-dynamical attributes
of blood, such as viscosity, pressure, concentration, turbulence, etc. The deposit
and accumulation of fatty material along the inner linings of arteries lead to the
development of arterial stenosis which would obstruct the normal flow of blood and
hence also the supply of nutrients and antibodies to different parts of the body. Given
the need for distribution of blood and its constituents to vast areas in the entire body,
the blood vessels must of necessity branch out (bifurcate) in order to reach all such
areas. We are specifically interested in investigating the effects of such an arterial

bifurcation in the vicinity of an arterial stenosis.
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The influence of time dependent development of arterial-like stenosis using Newtonian
fluids flowing through an axially symmetric tube was investigated in [56]. The work
in [52] studied the pulsatile flow of blood in a distensible aortic bifurcation subject
to the body acceleration and observed that the flow patterns in the parent aorta
were not interrupted by the body acceleration and the wall distensibility, but there
is a profound change in the daughter artery. Investigations in [53] reported that
wall shear-stress measurements may be used for the assessment of strength of the
affected wall of the blood vessel. The time variant response of non-Newtonian blood
flow through a stenosed artery in the presence of a magnetic field is explored in [28].
The work of [54] examined the effect of stenosis on non-Newtonian flow of blood in
constricted blood vessel and concluded that the height of the stenosis has a direct
relation with shear-stress and impedance while reversal relationship vary with flow-
rate. The clear conclusion that the flow patterns are strongly related to the geometry

of artery and stenosis was demonstrated in [55].

In the present chapter, an Oldroyd-B model of blood is adopted to investigate the
blood flow characteristics in a stenosed and bifurcating artery. The Oldroyd-B model
for blood would account for the elastic behaviour of blood, which is otherwise missed
by the investigations cited above. The subsequent chapter extends this work to
Generalized Oldroyd-B models for blood in order to additionally account for shear-

dependent viscosity.

5.1 Flow geometry

Fig. 5.1 gives a schematic illustration of the model problem. We consider an artery
of normal diameter D which bifurcates into two daughter arteries, each of diameter

D/2. A symmetric stenosis, of length L, exists along a potion of the parent artery
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on the left hand side of the symmetric bifurcation. We assume that the stenosis
reduces the diameter of the artery, at stenosis, by 50%, 70%, or 90% respectively and
thereby analyze the corresponding changes in velocity, pressure, and shear-stress. A
rectangular cartesian coordinate system is adopted, with the z-axis in the stream-wise

direction and the y-axis oriented in the transverse direction.

10 [up

UL

Figure 5.1: Schematic of the arterial geometry showing a symmetric stenosis and
bifurcation.

5.2 Flow assumptions

In Fig. 5.1, it is implicitly assumed that the blood flow is steady, laminar,
incompressible, isothermal, and of homogeneous concentration. Table 5.1 gives a

list of the initial values for the blood flow problem.
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Table 5.1: Initial flow conditions for Oldroyd-B model

Variable Initial value
Velocity 0.33m/s
Density 1050.87 kg /m?

Solvent viscosity | 0.0067kgm~ts~!
Polymer viscosity | 0.0017kgm™!s™!
Relaxation time 0.008s

Reynolds Number | 82.5

The following boundary conditions are implemented.

e Wall boundary conditions: the no-slip conditions for the velocity are employed.
e Channel centerline: the symmetry condition for the velocity is enforced.

e Channel inlet: the velocity value is obtained by dividing the prescribed

downstream average velocity by four and the stress tensor is considered null.

e Channel outlet: the velocity gradient along the z-direction, as with the pressure,
are taken as zero. The zero-gradient boundary condition is used for the polymer

stresses.

5.3 Mesh generation

The flow geometry and its corresponding meshing are generated via OpenFOAM’s

blockMeshdict and blockMesh utilities, see Fig. 5.2.

The specific mesh characteristics for each respective scenario corresponding to 50%,

70%, or 90% blockage respectively are illustrated in Figs. 5.3, 5.4, and 5.5.
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Figure 5.2: Mesh generation via blockMesh.

Figure 5.3: Case 1, 50% blockage, 76,500 cells, 155,482 nodal points.
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Figure 5.4: Case 2, 70% blockage, 102,000 cells, 206,542 nodal points.
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Figure 5.5: Case 3, 90% blockage, 76,000 cells, 154,662 nodal points.
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5.4 Oldroyd-B Results

=

Figure 5.6: Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at * = 4.5mm: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage;
and (C) Case 3, 90% blockage.

Fig. 5.6 shows the axial velocity profiles in the parent artery at a specific location,
x = 4.5mm for each of the three cases; (A) Case 1, corresponding to a stenosis
causing 50% blockage; (B) Case 2, 70% blockage; and (C) Case 3, 90% blockage. We
notice that the velocity is directly proportional to the constriction, the higher the
blockage, the higher would the velocity ‘spurt’ through the constriction. This 'spurt’
phenomena can be readily demonstrated using the normal garden hose. Water would

flow out, i.e. “spurt”, at higher speed if one constricts the outlet say with a finger.
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This velocity behaviour correspondingly enhances the wall shear-stress as the
constriction, due to the stenosis, increases. High wall shear-stresses greatly increase
the possibility of rupture of the stenosis/blockage. This can lead to catastrophic

consequences in the usual case where the stenosis is caused by tumor growth.

Figure 5.7: Axial velocity contours in the vicinity of the stenosis, at x = 6.6mm:
(Top) Case 1, 50% blockage; (Middle) Case 2, 70% blockage; and (Bottom) Case 3,
90% blockage.

52



T Bl T,
s (L2 RO ey
ERE e Lo . ISR DT oo

CE T R |

Figure 5.8: Axial velocity profiles in the vicinity of the stenosis, at + = 6.6mm:
(Magenta) Case 1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3,
90% blockage.

Fig. 5.7 shows the axial velocity contours and Fig. 5.8 gives the corresponding
velocity profiles in the parent artery at a specific location, = 6.6mm for each of the
three cases; Case 1, corresponding to a stenosis causing 50% blockage; Case 2, 70%
blockage; and Case 3, 90% blockage. Specifically, Figs. 5.7 and 5.8 illustrates the

influence of the severity of stenosis on flow recirculation.

The recirculation zones increase in size as the stenosis becomes more severe. The
enhanced vortex formation in direct proportion to the increased severity of the stenosis
may lead to a serious complication, such as stenosis/tumor rupture, as a result of the

unusual flow reversal characteristics.
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Figs. 5.9 through 5.12 illustrate the progression of the velocity profiles as one traverses
the bifurcation point starting from the parent branch. The subsequent flow separation

is evident, leading to symmetric flow profiles in the daughter branches.
Specifically:

Fig. 5.9 shows the axial velocity profiles just before the bifurcation point. The
velocity profile is still continuous but is already being affected by the presence of the

bifurcation point.

Fig. 5.10 shows the axial velocity profiles at the bifurcation point. The velocity
profile becomes discontinuous due to flow separation resulting from the bifurcation

in the channel.

Fig. 5.11 shows the axial velocity profiles just after the bifurcation point. The
discontinuous velocity profiles continue to grow further apart as the two daughter
branches correspondingly move farther apart as one moves to the right hand side

past the bifurcation point.

Fig. 5.12 shows the axial velocity profiles way past the bifurcation point. The distinct
velocity profiles continue to independently redevelop inside each of the two daughter

branches.

The effects of the stenosis carry into the bifurcation regions. The ‘spurt’ resulting

from more severe blockages continue to ensure correspondingly higher axial velocities.
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Figure 5.9: Axial velocity profiles just before the bifurcation point: (Magenta) Case
1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3, 90% blockage.
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Figure 5.10: Axial velocity profiles at the bifurcation point: (Magenta) Case 1, 50%
blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3, 90% blockage.
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Figure 5.11: Axial velocity profiles just after the bifurcation point: (Magenta) Case
1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue) Case 3, 90% blockage.
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Figure 5.12: Axial velocity profiles way past the bifurcation point, in the daughter
branches: (Magenta) Case 1, 50% blockage; (Green) Case 2, 70% blockage; and (Blue)
Case 3, 90% blockage.
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The normal stress difference results are presented in Figs. 5.13 through 5.15.
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Figure 5.13: Normal stress difference results for stenosis causing 50% blockage.
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Figure 5.14: Normal stress difference results for stenosis causing 70% blockage.

The blood-pressure results both in the axial and stream-wise direction are presented

in Figs. 5.16 through 5.17. During rigorous exercise and similar high blood pressure
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Figure 5.15: Normal stress difference results for stenosis causing 90% blockage.

conditions, elevated levels of the blood velocity magnitudes and resultant wall shear-
stresses are observed within the stenosed artery. The maximum pressure values are
observed at the higher constriction rates (i.e. the 90% blockage) of stenosis. This
explains the ‘spurt’ phenomena that was observed earlier for the velocity behaviour
around the stenosis. The values of the pressure drop as one moves downstream away
from the stenosis and towards the bifurcation and daughter branches. Higher values of
wall shear-stresses and pressure may cause the development of fatigue in the walls of
the stenosed artery. Moreover, higher pulsatile frequencies due to high blood-pressure,

under rigorous exercise conditions, may equally increases fatigue.
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Figure 5.16: Pressure contours in the iginity of stenosis: (A) 50% blockage; (B)
70% blockage; and (C) 90% blockage.
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Figure 5.17: Pressure contours along length of stenosed artery: (A) 50% blockage;
(B) 70% blockage; and (C) 90% blockage.

In the present chapter, an Oldroyd-B model of blood is adopted to investigate the
blood flow characteristics in a stenosed and bifurcating artery. The next chapter
extends this work to Generalized Oldroyd-B models for blood in order to additionally

account for experimentally observed shear-dependent viscosity.
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Chapter 6

Generalized Oldroyd-B modelling
of blood flow in stenosed and

bifurcating arteries

6.1 Flow geometry

We use the same geometry, see Fig. 5.1, as for the Oldroyd-B model from the previous
chapter. The blood flow is again assumed steady, laminar, incompressible, isothermal,

and of homogeneous concentration.

6.2 Flow assumptions

Table 6.1 gives a list of the initial values for the blood flow problem using the
Generalized Oldroyd-B model.

The following boundary conditions are implemented.
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Table 6.1: Initial flow conditions for Generalized Oldroyd-B model

Variable Initial value
Velocity (U) 0.33m/s

Density (p) 1050.87 kg/m?
Solvent viscosity (1) 0.0067kgmts!
Polymer viscosity (n,) 0.0017kgm~ts!
Relaxation time () 0.015s

Giesekus nonlinear parameter () 3.736
Shear-thinning parameters (m and b) | 0.254

Reynolds Number (Re) 231

e Wall boundary conditions: the no-slip conditions for the velocity are employed.
e Channel centerline: the symmetry condition for the velocity is enforced.

e Channel inlet: the velocity value is obtained by dividing the prescribed

downstream average velocity by four and the stress tensor is considered null.

e Channel outlet: the velocity gradient along the z-direction, as with the pressure,
are taken as zero. The zero-gradient boundary condition is used for the polymer

stresses.

6.3 Mesh generation

The flow geometry and its corresponding meshing are generated via OpenFOAM’s

blockMeshdict and blockMesh utilities, see Figs. 6.1 and 6.2.
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Figure 6.1: Mesh generation via blockMesh around stenosis region.

Figure 6.2: Mesh generation via blockMesh around bifurcation zone.
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6.4 (Generalized Oldroyd-B Results
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Figure 6.3: Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at * = 4.5mm: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage;
and (C) Case 3, 90% blockage.

The Generalized Oldroyd-B results in Fig. 6.3 (at z = 4.5mm) are qualitatively

similar to those for the Oldroyd-B model as presented in Fig. 5.6.

The Generalized Oldroyd-B results at x = 6.6mm are illustrated in Fig. 6.4. Figs.
6.5 through 6.8 illustrate the progression of the velocity profiles as one traverses the
bifurcation point starting from the parent branch. The subsequent flow separation is

evident, leading to symmetric flow profiles in the daughter branches.
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Figure 6.4: Axial velocity contours and velocity profiles in the vicinity of the
stenosis, at * = 6.6mm: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage;
and (C) Case 3, 90% blockage.

Figure 6.5: Axial velocity contours and velocity profiles just before the bifurcation
point: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C) Case 3, 90%
blockage.
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Figure 6.6: Axial velocity contours and velocity profiles at the bifurcation point:
(A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C) Case 3, 90% blockage.
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Figure 6.7: Axial velocity contours and velocity profiles just after the bifurcation
point: (A) Case 1, 50% blockage; (B) Case 2, 70% blockage; and (C) Case 3, 90%
blockage.
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Figure 6.8: Axial velocity contours and velocity profiles deep within the daughter
branches, way past the bifurcation point: (A) Case 1, 50% blockage; (B) Case 2, 70%
blockage; and (C) Case 3, 90% blockage.

The normal stress difference results are presented in Figs. 6.10 through 6.15.

Figure 6.9: Normal stress difference results for stenosis causing 50% blockage.
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Figure 6.10: Normal stress difference results for stenosis causing 50% blockage.
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Figure 6.11: Normal stress difference results for stenosis causing 70% blockage.
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Figure 6.12: Normal stress difference results for stenosis causing 70% blockage.
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Figure 6.13: Normal stress difference results for stenosis causing 90% blockage.
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Figure 6.14: Normal stress difference results for stenosis causing 90% blockage.
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Figure 6.15: Normal stress difference results for stenosis causing 90% blockage.
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The blood-pressure profiles are presented in Figs. 6.16 through 6.19.

—

Figure 6.16: Pressure contours in the vicinity of stenosis at 50% blockage.

Figure 6.17: Pressure contours in the vicinity of stenosis at 70% blockage.
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Figure 6.18: Pressure contours in the vicinity of stenosis at 90% blockage.

Figure 6.19: Pressure contours along length of stenosed artery: (Top-left) 50%
blockage; (Middle-left) 70% blockage; and (Bottom-left) 90% blockage.
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Chapter 7

Oldroyd-B versus Generalized
Oldroyd-B results

Fig. 7.1 shows the comparative axial velocity profiles for the Oldroyd-B (OB)
and Generalized Oldroyd-B (GOB) models in the vicinity of the stenosis using
the parameter values already presented in the previous chapter for the Generalized
Oldroyd-B model. These results are further presented comparatively via the three

stenosis blockage values of 50%, 70%, and 90%.

The results are comparable at lower blockage values but noticeable differences are
observed for the higher velocity regime corresponding to large a stenosis blockage.
The differences are attributable to the constant (OB) versus shear-dependent (GOB)

viscosities as was demonstrated in the 4:1 contraction problem.

Fig. 7.2 shows the comparative blood-pressure profiles for the Oldroyd-B and
Generalized Oldroyd-B models in the vicinity of the stenosis at 50% stenosis blockage.
Fig. 7.3 shows the comparative blood-pressure profiles for the Oldroyd-B and

Generalized Oldroyd-B models along the length of the artery at 50% stenosis blockage.
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Figure 7.1: Comparison of velocity profiles between Oldroyd-B and Generalized
Oldroyd-B models in the vicinity of the stenosis: (blue) 50% blockage; (green) 70%
blockage; and (magenta) 90% blockage.
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Figure 7.2: Comparison of blood-pressure profiles between Oldroyd-B and
Generalized Oldroyd-B models in the vicinity of the stenosis at 50% stenosis blockage.
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Figure 7.3: Comparison of blood-pressure profiles between Oldroyd-B and
Generalized Oldroyd-B models along the length of the artery at 50% stenosis blockage.
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Chapter 8

Concluding Remarks

Blood flow simulations are conducted based on the finite volume methods (FVM)
implemented on the OpenFOAM software platform. The choice of the OpenFOAM
software as platform for the development of the FVM numerical solvers proved
to be adequate as it allowed for a clear, straightforward, and numerically stable
incorporation of the set of complex differential constitutive models and governing
equations. The present work took advantage of the availability of a reasonable
set of viscoelastic constitutive model solvers within OpenFOAM, specifically the
viscoelasticFluidFoam solver which we modified and developed to suit our focused
needs for blood flow computations. The modified viscoelasticFluidFoam solver was
implemented stably, to mitigate against the high Weissenberg number problem, and
efficiently to reduce computational costs. The modified computational algorithms
were successfully validated against well-known benchmark flow problems in the
literature. Noting that the Giesekus viscoelastic constitutive model is a generalization
of both the Oldroyd-B and Generalized Oldroyd-B models, the validation exercise
were naturally conducted via the Giesekus model. This allowed for the development

of a general purpose code for fluids described by any of these three viscoelastic
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constitutive models. Indeed, benchmark results were also then presented for both

the Oldroyd-B and Generalized Oldroyd-B models.

The constitutive models presented in this paper show optimal convergence trends
during the nonlinear iterations. Such convergence trends are maintained as the inflow
velocity is gradually increased. This super-linear convergence is attributed to the

smoother transition in the internal constitutive variables at low shear-rates.

From both the Oldroyd-B and Generalized Oldroyd-B results, it was observed that
the velocity is directly proportional to the constriction caused by the stenosis. The
higher the blockage from the constriction, the higher would the velocity spurt through
the constriction. This velocity behaviour correspondingly enhances the wall shear-
stress as the constriction increases, caused by the presence of the stenosis. High wall
shear-stresses greatly increase the possibility of rupture of the stenosis/blockage. This
can lead to catastrophic consequences in the usual case where the stenosis is caused

by tumor growth.

As demonstrated near the contraction of a 4:1 contraction flow geometry, dramatic
fluid flow effects, which are attributable to the polymeric-stresses, specifically to the
first normal stress difference, are observed in the vicinity of the constrictions resulting
from the presence of the stenosis. Such effects, include, flow recirculation and reversal,

vortex formation, and spurt phenomena.

The investigations conducted in this thesis have laid the foundation for important
follow-up and future work. A deeper scientific understanding of diseases such as
diabetes, which are caused by high sugar concentrations in the blood system, can be
directly achieved from a mathematical modelling perspective by adding concentration
equations to the constitutive models presented in this thesis. Similarly, a scientific
understanding of fever based diseases such as rheumatic heart disease would require

the coupling of an energy equation to the constitutive models presented in this
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thesis. Our ultimate aim, therefore, is to develop a truly general-purpose code for
blood flow modelling that can be used to simulate arterial blood flow under various
conditions and indeed under any combination of the various prevailing conditions,
say for example the combined presence of tumors, fever, and high concentrations of

blood sugars.
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