CLOSED-FORM DESCRIPTION OF POLARIZATION IN
ELASTIC AND. INELASTIC SCATTERING OF
LIGHT AND HEAVY IONS

by

T.F. HILL

" Thesis submitted for the degree’of’Dbctor of Philosophy

in the Faculty of Science, University of Cape Town
November 1977

Promoter : Professor W.E. Frahn



The copyright of this thesis vests in the author. No
quotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



ACKNOWLEDGEMENTS

I wish to express my sincere appreciation to the following:

Professor W.E. Frahn for suggesting the topic of this thesis

B 1
and for his guidance and encouragement;

Professor D. Fick, Heidelberg, and Dr. J.B.A. England,’f
Birmingham, for kindly providing listings of their

experimental data prior to publication:
Dr. S.K. Kauffmann for helpful discussions;

The South African Council for Scientific and Industrial

Research for the award of a bursary;

The University of Cape Town for the award of the Jamison

Scholarship;

- My parents for their support and encouragement;

Miss L. Jennings for typing the manuscript.



CONTENTS

Page

INTRODUCTION  ..... e S e |

SPIN FORMALISM FOR ELASTIC SCA&TERING ............ 3

SPIN FORMALISM FOR INELASTIC SCATTERING  «envn..... 19

CLOSED-FORM EXPRESSIONS - ELASTIC SCATTERING ..... 32

CLOSED-FORM EXPRESSIONS - INELASTIC SCATTERING ... 48

PARAMETRIC MODEL OF THE SCATTERING FUNCTION ...... 61

6.1 Elastic scattering function ............... . 61
6.2 Elastic scattering amplitudes -
illuminated region ........... Cessessssaaanse 64
6.3 Elastic scattering amplitudes -
Shadow XegiOn ... ceericeereneasocacanaascana 67
6.4 Inelastic scattering amplitudes ........... . 17
ANALYSIS OF EXPERIMENTAL DATA .iesecosncssnsacnscs 80
~ 7.1 Analysis of elastic scattering data ........ 80
7.2 Analysis of inelastic scattering data ...... 94
SUMMARY .t it eievensnnosoncosnnoeassoanecennnassnnnns 100
APPENDIX I +evvvvnvnn.. e e 101"
S APPENDIX IT  tevnivnnnecnnnenncnnncaannanaaananennns 104
APPENDIXSIII .................. e e e ccas s e accseeee 106
APPENDIX IV «eueen... S AP Lo
APPENDIX V. v'evvvneneennnnnnns ettt ... 110

APPENDIX VI ...... Ceeaeee @t teeeseceesoceennennnans 113

REFERENCES ... ictteieececacacnns ee e teecersannne 117



1. INTRODUCTION

- The optical model provides a fully quantal descriptioh
of heavy ion elastic scattering and, in conjunction with
distorted-wave theory, of inelastic scattering as weil. In
this aéproach the scattering matrix (S-matrix) appears as an
intermediate step in the calculation of the scattering
amplitudes.

In the study of elastic and inelastic scattering of
heavy ions at energies well above the Coulomb barrier, strong
absorpfion prevails and results in the'angular momen tum
dependence of the relevant part of the S-matrix taking on a
simple form.  This ailqws for an altermative approach which
takes as its starting point the S-matrix rather than the
optical potential. For example we refer to the "sharp
cutoff model" of Blairl) and the "strong absorption model" of
Frahn and Vente£2).

Along these lines Frahn and Venter3) developed a closed
formalism for the elastic scattering and polarizafion of

light and heavy ions of spin é, and analyzed data of protonu

scattering at high energies (> 100 MeV). Frahn and Wiecheré4)
applied the theory to study data on elastic scattering of
polarized SHe ions. | |

Sdbsequgntly HahneS) extended these methods to include
‘the elastic scattering and polarization of spin-1 parficles
and,.on the basis of DWBA, to inelastic scattering and

polarization of spin-3z particles.



The present work is an extension of this formalism fo
vector and tensor polarization in elastic and inelastic
scattering of spin-s particles. -Moreover, it uses the
improved formalism developed by Frahn®:7:8) for the study of
elastic and‘inelaetic scattering of heavy ions with zero spin.
With regard to inelastic scattering, this implies for instance
that Coulomb excitation is included in the theory. _This work
also uses a modification, due to Kauffmann9), of Frahn's
formalism, whereby the effects of much stronger real nuclear
phase shifts may be included.

In’sectidns 2 and 3 we present the spin formalism for
elastic scattering_and, on the basis of DWBA, for inelastic
scattering respectively. The general expressions for the
scattering amplitudes are then simplified under the conditions
of strong absorption. vIn sections 4 and 5 we derive closed—
ferm analytical expressions for the scattering amplitudes for
elastic and inelasfic‘scattering respecﬁively, and hence for
the corresponding differenﬁial cross sections‘and the vector
and tensor polarization components. In section 6 we evaluate
the elastic and inelastic scattering amplitudes explicitly for
a specific model of the elastic scattering function. In
section 7 we use the closed formalism to analyze the data of
the M.P.I. Heidelberg grouplo'll) on elastic and inelastic
scattering of polarized ®Li ions by several target nuclei, as
well as the data of the Birmingham group®?) on elastic

scattering of polarized 3He ions.



2. SPIN FORMALISM FOR ELASTIC SCATTERING

In this section we consider the non-relativistic elastic
scatteringlof spin-s pfojectiies by spin-o targets. = Although
6ur-approach takes as its étarting point the partial-wave
expansion of the scattering amplitudes, the form of this
expansion, and the form of the Sfmatrix‘appearing in it, are
governed by the type of spinforbit coupling one would use in
an opticai model analysis.

We start by considering an 6ptical pdtential of the form

U(r) = UC(P).+- £f§ gs(r) N

(2.1)
where Uc(r) includes the Coulomb potential and the real and
imaginary parts of the central nuclear potentials, while

Us(r) gives the r—aependence of the veétbr spinéofbit coupling
‘term and may be complex. The reasons for leaving out tensor
coupling terms (of rank Z 2) from the right hand side of eq.
(2.1) are given below:

We assume that the non-central terms in the optical
potential are sufficiently weak.so that we need only consider
their first order effects. (This is a basic assumpticn of
section 3 and it is justified by the results shown in section
6.) In appendix I it i; shown, by means of an argument based
on DWBA, that to first order‘in the non-central part of the
optical potential, the pblarization terms of a given rank are

‘due only to the coupling terms of the same rank in the optical



potential. This implies‘that there is no point in including
a spip—orbit coupling term of rank k unless we have evidence
of polarization of rank k.

Of the data analyzed in section 4, the only tensor
polarization data available is that on the elastic scattering
"of 651 + 58Ni at 22.8 MeV; and this data is consistent with
zero tensor polarization. This justifies our use Qf the

form of the optical potential giveﬁ'by'eq. (2.1).

We start by considering the relative motion, without
scattering, in the centre of mass system, of a projectile of
spin s, z component of spin v and a target of zero spin.

This is represented by the plane wave
' - ) , U
Y, (k,s,v:r) = |sv>§i'12ci %(k")\/zm(ﬂ\/m(‘s)% (2.2)

-
£m

L3
U e g vk 2.3)
)J,j S,vik)

i)

= AT e YT
kr\jm,a_ £ ‘Ujﬂ.s

where A
u (z) = zJ, () | (2.4)
™M A Sy ~ . 'r
A «cy'sﬂs(t\')‘: E)(ﬂsmv.lsi"l)\/zm(c)lSv),‘ (2.5)
Y ~ . .y al .

W (£s,»; k) = L<LsmulimMm> *yY (k) (2.6)

3 . - m 'em -

" Defining

b= &S 0= Lo+ s, (2.7)



where § and s are the operators for the orbital angular
momentum and spin of the projectile respectively, we see from
eq. (2.5) that

M M ™

.2 YR M . - _ .
> "Uus i) (yjﬂs y 2 ‘Uils B Myjzs- > (2.8)

il

I

2 qM ™M 2 qM ™
LY, = 2y o, é_“Jm ss+)Y. . (2.9)

~

The operafors 22’ jz’ J? and s® commute with f-s and hence
with the,oﬁtical potential U(r) given by eqg. (2.1l), so that
the quantumvnumbers j.» M, £ and s‘are conserved ih the
scattering. This implies that the partial;wave expansion for
the scattering wave functions takes the form, analocgous to‘

eq. (2.3),

(£) G (£) My o L 2.10
Y‘ (E,S,D;[:) = kl“ %l+3£ (k)l") ‘U.\ls(:) 9’}. (’ejstv) ,’S) ( )

The superscripts (+) and (-) denote the solutions with
outgoing and incoming wave boundary conditions respectively.

Substituting eq. (2.10) into the Schrddinger equation

R

| d* 2 Cory L R e ()
[- F‘-Z-J_:;- "+ 2;r2_+ uc(r) + %'Eus(") - ‘2::; ]\If = O (2.11)

"and using
(2.12)

.gives



d*  pler) 2 | (+ '
s%zg—d_;+_“lﬁ+?§\/ié(r) % )(‘”‘U (")‘zP f,S,V,k ,  (2.13)
where

Vi (r) = U (r)4— [iG+) -2+ =s(s+)]U () (2.14)

i)

Because 'of the completeness and orthogonality of the
functions ij?zs(i) and_g/?(ﬁ,s,b7 K) in r-space and k-space

respectively, eq. (2.13) is equivalent to the set of eqqatidns

4* ,mw) 24, } (+)
ot 3V k C r) =0 ',
[ dr Bt + ( ) Hsz(k) ) o (2015)

According to eqs.'(2.15), each radial wave function w;%(k,r)'

is generaLed by the potentlal V. ,(r), so for each value of j,

3l
we may apply the theory for scattering by a spin-independent:

potential. We thus have the asymptotic forms

(2.16)

o . )
x exp[j_—éoz(k)] {exp[;ta(k;r)] -nm(k) exp[icléjZ(k)ii&(k,r)]% y
where

%(k)r) = kr"—r\fn(zkr)—~3f-+ k) v (2.17)

and where gﬂ(k), Ggﬁ)(k) and'ﬂjﬁ(k) denote respectively the

point—charge Coulomb scattering phase shift, the real nuclear



phase shift? and the reflection coefficient for the partial

wave (3,4). The elastic scattering matrix may now be

written as

TROE qu(k)exp[u(o;z(k)+ égz)(k)}] = S ( )exP[LZO“(kﬂ

(2.18)
and is related to the functions ij(r) and +§+)(k,r)'by
(4 M ) |
S0 (k) = l—ﬁzk " dru, (kr) V, ,(r) +£(k,r) ,  (2.19)

which follows immediately from the éorrespbnding formula for
the elastic scattering matrix for particles of zero spin
(c.f. eq. (2.11) of ref. 13)),

The elastlc scatterlng amplitude is given by‘H

(2 F) ~ (,)L.

= (dr 'aﬂy (keys, s TUE ey WPk s,v50)  (2.20)

~L )7 L)

- ,_Mf,z (Cdrr2(ag ‘I’JU&» ) F;~)U(r) ‘I’(+)(k Cvin) | (2.21)
1

where the subscripts i and f refer to the incident and

scattered waves_respectively. Substitutiﬂg egs. (2.1), (2.3)

and (2.10) into eq. (2.21) and using egs. (2.12) and (2.14),

+ By "real nuclear phase shift" we mean 6.,(k) - Ol(k) where

' Q(k) is the total real phase shift for the partial wave
(3,080 '

Tt See eq. (10.12) of ref.!"),



we obtain

" © _ _ 8mm I . Fy W
A(EF)])F)‘SL ’VL) - ‘F\zkz )F%ZF j‘-_ME;,Q; [Sod u—z(kr‘)\/“ﬁ( ) liﬁ (kf‘)]

x[g d¥ tyi‘Fst(:) yw;s(”) gjﬁ(fps,vhtsF) l}jé (2;,5,% ;k) . (2.22) ._

Now

So‘? ,ymj '¢)yMi () 5.6 6 | (2.23)
o Y. \~ . r = N .
B2, 58S e B MM Y

so that eqs.. (2.19) and (2.22) give the result

A N 41 M A M* -
A('SF,”;,’S,L-,-\),;) = 27K 3§L g/j(ﬂ,s,vp;lsp)au(k)gzs (£s v k)  (2.24)

Y Ty gy

au(t;):su(k)—f ) (2.25)

If the reference axes are chosen so that

—_——

; ’ g‘z k‘x_lf'e - (2.26)

~1

1D
i
1A

then using eq. (2.6), eq. (2.24) becomes

A(vF,vé;’el) = (;«._ﬁli_ j:z CLs v~y vpliv‘;')({50v6{5v5>(22+|)?

* ap, ("k) yﬂ Vi (8,0) | (2.27)



where

sine) = [k, k.| . (2.28)
For 6 # O we may replace ajz(k) by sz(k) since the difference
- contributes only to forward scattering (6 = O).

We ﬁow proceed under fhe conditions of strong absorption;
namely that njz(k)~varies smoothly with'ﬁ from smallAvalues.
to unity within a transition region of width A around the
value / = L defined by ”jzo(k) = %, and that A << L. We
also assume that s << L so that Ioi-of’ << fg- This implies
that the right hand side of eq. (2.30) is dominated by those

_terms for which f§ >> 1 and j << s, so that we may use the

following approximationsls):

(Ls»-2 v |ivy = 4> (£m) ©(2.29)

: ‘ S ,
{(Lsow |iv)y = ch 3-,2(—’-“") , (2.30)
where d;m,(a) is the reduced rotation matrix element. The

errors in the approximations (2.29-30) are of order (ui-uf)/j
(or uf/j) and j~! respectively. We also use the asymptotic

expression

itmm ,
e . 4 L N fp c - -
Toon(0:0) = 2 exp e sio-thm il rexelilrsio wit o}, (2.30)

which holds for |m|/f 2 0 2 m - |m|/4. Eq. (2.27) then

becomes
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. _ | .\2._ SA [
A(I)F,))L,e) h 1ck(ﬁ5bne)z ?Q(ZZ-H d “)d ;,TF)S (k)

xgexp[i (AQ-};W—JQ-_TT))F+—‘]—_TT)JL)] +exp[-ile-tw-gmy +';_rrvé)]% , (2.32)

where X\ = } + %.

We now define

() o) = | s ' et .
T () Zuk(ﬁsu\G)L%‘(zz“) z(k)exp[ L( “'ﬁ)] ) (2.33)

‘where 17 = j -/, so that.eq. (2.32) may be written in the form

Ay, v, 50) = Zdit )dS L (2™

T

6,70 exp[igm -] + £7(0) exp[-ihm ()]} . (2.34)

The functions £ 6) are analogous to the elastic scattering
T

: +
amplitudes f+(e) of ref.s) and the amplitudes f(_)(e) of ref.a)

for spin-0 particles, and they are evaluated using similar
methods. )

It is convenient to rotate the reference axes defined by

egs. (2.26) to the new system‘(§, §, z) defined by

2 A & >
E ::‘S_(’ ] % = &Lx l—sp . (2—35)

With respect to the new axes, the scattering amplitude is

given by

R5,,550) = z 4 Game T A,y e T e
Ye Ve ¢
| w, | |
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Substituting eq. (2.34) into eg. (2.36) gives

A, 700 =L 4 (smd_(smd] (1md’ (im

vy T (A A (4 ‘ 1 Vi

x f Ff;)(e) + F;"(e) exé['arr(vé—vp)] . (2.37)
'qu
%d%up('zw) dy, (57 = (-l)s"_*égp_t o (2.38)
}; clj)ct(':w) A;_ 5 (_m, =TS (2.39)
EC’;F‘UF(';W)_CJ;J(%H) e Th- 4 8T (2.a0)
z a;t@w}d;g& (-5 m) e””’f = b, T, (2
so that eq. (2.37) reduces to the form
A% v 50) = [F_(:) (o) + E:(e)j' Sw, s o (2.42)

where we have dropped the bar notaﬁion on the understandinga
that the reference axes from now on are those defined by egs.
(2.35).

Sinée the elastic scattering amplitude‘given by eq. .
(2.42) is diagonal in the spin components, this iﬁplies that
in this co-ordinate system no éngular momentum is exchanged
between the z-component of the projectile spin and the

‘z—componént of orbital angular momentum. The only effect of



§

the spin-orbit coupling is to scatter each z-component vy of
the spin in a different way. . ..'_ .
According to eq. (2.33), the‘supqrscripts (+) and (=)
denote, in a semiclassical deséription, the amplitudes for
scattering from the near and far sides of the interaction
region respectively. In view of this one dan interpret the
signs of‘the subscripts as they appear in eq. (2.42).
According to our choice of co-ordinate system (2.35); the
total angular momentum j of a projectile with zécomponent of
spin gi and orbital angular momentum zi will be zi-—ﬁi ar
£i+-ui depending on whether it is scattered from the near

side or from the far side of the target nucleus respectively,

)

‘ _ +y
hence the subscripts F0; in the scattering amplitudes fi; (9) .
: -+

It is convenient to define the operator Gle)lby *
A'(vp,vﬁ;e) =‘<svg1a(é>1s»v‘.> L (2.49)
Now the density operator for the spin of an ﬁhpolarized
incident beam is given by
% = R%%ls*;)(sr] , - | (2.44)

therefore, from eq. (2.43), the density operator for the spin

of the scattered wave is given by ' ‘ \

i

Pe) = 5 S’+l 2, Q(e)isi)@ri(ﬁ(e) o (2.45)
. - T

i ' t, . .
= o Qe)d (6) . : (2.46)
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The matrix elements of p(6) are therefore given by

p”p”a(e) N 15+l ZA »,T;6)A (v, T;6) (2.47)
T O2SET Py, v; PR (2.48)

The density matrix pA (6) may be expanded in terms of

V.

s?atistical tensors th(e f X
P?Fvi( Z(HH ORI %lsv> .<2-_4A9>
or by inversion,
(e) = ( zwft'lz p <s1« rq sy 4(2.50)'

Substituting eq. (2.48) into (2.50) gives

L

- 2 _ 2 .
h (0) = QK +1) gz IF(:(G) + F; )(e)l (sxr«:[sr)} 6%0 . (2:.51)

w9, 25+1 (¢

It is shown in appendix II that in the co-ordinate system

(2.35), irrespective of the type of spin-orbin coupling

present, and without any approximations, th(e) = 0. for g odd.
According to eq,'(2;51)'th(9) = 0 for g # 0, so that our
approximations have served to eliminate the components h__(8)

kq
with g even and non-zero. ‘

The statistical tensor hoo(e) gives the elastic

scattering cross section since



Using the formula

14

\ +) (=) 2
hoo(0) = 25+ Z;“:-’C (6) -F'c (9>|
= raprtriace aie)]
= trlp(6)] = o (6)
- {sitolsty = E;—(—;Cm

we have from egs. (2.48) and (2.51)

where

Similarly, using the formula

we have

U

IO( : 25 +]

= tr [p'(e) T,

Tio = [s(s+|)

{(sa2xolsz)

o]

L
3 2
=

| < T g2
o = st [l el o ol

32t - s(5+1)

[s(s+1)(25+3)(25-1))

1 5
T 2s+] [s(s-u)(zs+3)(zs—l

tf[P(Q)Tzo]

F Y [3r2-s(s+0)]
) T

(+) (
£ (o) +F
- T

4 b
2

-)
(o)

2

(2.

(2.

(2.

(2.

(2.

(2

.52)

53)

54)

55)

.56)

57)

.58)

59}

.60} -

.61)
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where

T

20

N , .
S ]1 2 .
[3(544)(154-3)(15-1)] [3si - sGs+n)] . (2.62)
For s = 1 egs. (2.58) and (2.62) agree with the
definition of the spherical tensors = Ovand Too respectively,
. 1
as given by the Madison Convention®®) for spin-1l particles.
In addition, for K # O and s = 1,
|
8) = —— .
xq(®) = o hug (O | (2.63)
gives the polarization components, as defined by the Madison
conventiont for the scattering of an unpolarized beam of
spin-1 particles.
From egs. (2.46) and (2.57), and using the fact that

ad.(e) and Tl commute (since they'ére both diagonal), we have:
0 R .

) o
ela®) de) t,o] (2.64)
s br[a (o) af(e)]

li

o (©)

. |
el 1,0 AT (e)] - T ()

o (2.65) -
s be[@ (o) Af(e)] .

’

where T (6) is the vector analyzing power in spherical tensor

notation®) . Similarly, one can show that

£, (8) = T, (6) (2.66)

20(

t Note that our choice of co-ordinate system (egs. (2;39)) is
different from the standard co-ordinate system laid down by
the Madison Convention.
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where T,5(0) is the tensor analyzing power of rank 2 16),

The formalism of this section deals explicitly with
unpolariZed beams, but egs. (2.65) and (2.66) show that the
formalism applies directly to fhe case of polarized incident
beams as wéll. In section 7 we analyie differential cross
section and vector analyzing power data of elastic scéttering
of vector-polarized incident particlesf As a check we
vrelate our functions o(8) and t,,(8), given by eds. (2.54)
and (2.63) respectively, to the experimental guantities.

Referring to the co-ordinate system (2.35), consider the
vector polarization of the incident beam to be Ekbgg The'
density operator for thé spin of the incident beam is then

given byv'

Y 3Py | |
P= 5o I+ o5 s2] - (2.67)
where I is the identity operator and S, is the operator for
the z-component of -the spin of the projectile. For a fully

vector~polarized incident beam, we have

P, = s+l ‘ (2.68)

-

The density operator for the spin of the scattered particles

is given by

p(e) = A(e) p de) | S (2.69)

where ((8) is defined by eq. (2.43), therefore the differential

1
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cross section for scattering to the left is given by

o(0) = trip(e)] - (2.70)

= - ftrfate afe] + 2 trfa@rs,df@)}  (2.7D)

The differential cross section g(R)(e), for scattering to the

right, is obtained by changing the sign of the second term on

the right hand side of eq. (2.71).

We therefore have for the experimentally observed

(average) elastic scattering cross section,

LI[O_(L)(G) +'-.O" (R)(e)] _ lslz_ltr[(l.(e)&*(e)} - G(e) ) | (2.72)

where g(e)vis given by egs. (2.52-~54), and, using egs. (2.58)
and (2.65), we also have the experimentélly observed left-

right asymmetry given by

oMoy - oMoy 35[32% erl CLCO) szaﬂ'a)]g_

20°(8) TS+ str[dle)dﬁeﬂ. (2.73)
NELL RO (2.74) .

.where'Az(e) is the vector analyzing power in Cartesian tensor

notation®) . From eqgs. (2.58) and (2.65) we see that

As(e) = [4s(s+D]T £ (0) (2.75)

According to egs. (2.68) and (2.74), the left-right asymmetry
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for a fully vector-polarized incident beam is given by Az(e).

Using egs. (2.56) and_(2.63)i thi§¢gives

. “.— 2 » N
Az (6) = Zr IF( To)+ £ (0) " (2.76)
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3. SPIN FORMALISM FOR_ INELASTIC SCATTERING N

The transition amplitude for inelastié scattering of a
spin-s projectile by a spin-o tafgetvwith excitation of a
iow—lying collective (rotational or vibrational) state of
multipolarity (L,M) is given in first order distérted—wave

theoryl7) by

- = (2 ()

(+)

l

where the elastic scattering wave functions Y are given by
eq. (2.10), except that the subscripts i and f refer to the
entrance and exit channels respective}y, vz, gt, gp) is the
interaction operator for inelastic scattering, gt.and gp are
the internal co-ordinates of the target and projectile
respectively and ﬁ is.the z—component éf-the'spin of the
projectile.

In the spirit éf the optical model approach to elastic
scaﬁtering, one may regard ihelastic scattering to low-lying
colleétive states as being induced by non-spherical
deformations of the optical potential@s). This approach

leads us to cbnsider the following form for the interaction

operator:

Vies,g) = 2 v « o5 s vEOn] YL @)

™

M‘(Egl )[\/ (D Les+LsYu@®13 (3.2)
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(N) (C)
LM LM

for the deformation, of multipolarity (L,M), of the nuclear

‘where g (gt) and ¢ (gt) are the deformation parameter518)

- and Coulomb potentials respectively,

V(N)(P) = ROM = __RO BUC_Q , (3.3)
R Ir
V.(r) = R 2dst) g, 25 (3.4)

OBR B dvr

g ok < R
: r
©) 302 L1 S %c
Votn o= zeLi\ZL he ) (3.5)
L
( Rc r 2 R
L :

and R, and R, are the nuclear radius and the Coulomb charge
radius respectively. Referring to the opt?cal potential
(2.1), UéN)(r) is the nuclear part of Uc(r). In egs. (3.3)
and (3.4) we have assumed that U( )(r) and Us(r) are functions
of (r -R,). For the terms in eq. (3.2) describing the
deformation of the cventral parts of the optical potential, we
refér to ref.18), while for the terms describing the
deformation of the spin-orbit potential, we refer to ref.19) .

Using the Wigner-Eckart theorem!”), we have

I
- LMl (3 QWQ7"QL+”1<LH& (g Moy Colom'|Lm) (3.6)

!

]

(ZL )' <L”C‘\ (§ HO> gLL‘ SMM‘ . (3.7)

It is convenient to define the nuclear and .Coulomb deformation

(N)

parameterb B and 559) respectively, and the corresponding-
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deformation lengths S(N) and b(c) by
(N)
2™ Al (,t)llo> = 2=, (3.8)
©
© _ oy &Y oy = S, 3 o)
B = (HIKBIlloy = g~ (3.9)

Combining egs. (3.2-9) we obtain

IVIE, 5, 501007 = C () + (), (310

where ' _
- -
| N 3y @ 2\
c, _(¢) = [-6 CAPS SN G TIE-SIop Rale ) 3.11
tn t2) @L+)T dr R - YL”U ( )
. Re
, L+l
and
(g(N 3Ug(r) Yy
Sulr) = =56 —— [\/ ) L-s+ LY, (D] L (3.12)
(2L+l)’- or . _
With reference to eq. (2.16), it is convenient to rewrite
the radial wave functions appearing in eqg. (2.10) as
) Loy (k) | o
b ey = e R (k) (3.13).
(- ' b
%Q)(k,r) = e "‘T(‘)F AL (3.14)
so that
k () ntoooL
(+)(l< S,V = 4” Yooe ( ) ‘U (MQ( (g,5v:k), (3.15)
v J

T ime
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o . o {F)
A ARCITITS L5

o “"F“ (kr >‘y <r>g/ (z,s,v,\: . (3.16)
T iMe

If we write the variables k, k, v, j, M and J in egs.
(3.15) and (3.16) with the subscripts i and f respectively,
and use egs. (2.8), v

(2.9) and (2.12), we can then make the
replécement

l * -\ ’ ) A
IS L-s+ Les \/fm-(';)] —

,_]:JF(JF{() + 30+ —,ZF(,?FH) ~ 2 (0+) = 25(s+1)] \/:‘M(A)

(3.17)

when we substitute egs. (2.10-12), (3.15)

and (3.16) into eq.
(3.1). It is convenient to define the functions
[
RT‘H‘ r & Re
©) _ (©)3zz,e c |
CL (r) L 204 _ ’ (3-18)
L~
Re r > R
\,,L+|
(N) v Ny (N) (N)
CL.\ 2,3, 2, (r) = -3 6 3 [V o (0 vt,e; (M) (3.19)
where
(N) (N) - S
Vi, (1= Ul (n + 3 UGy

—2(8+1) = s(s+1)] (3.20)

1

denotes the nuclear part of the potential V

jﬁ(r) givgn by eq.
(2.14).

We define the radial integrals
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L
() 41y ® _(F)
R 592F3¢1’ (k‘_)k) = kaigO dr Fj(:'ap( . (r)@ (k ) ; (3.21)
o ar (®ar 69 (e ™ (@ »
R JPQJLQ (k(> 0 = ;;E%&o dr i 2 6" L%zF%g( (k r) ., (3.22)

where the superscripts (C) and (N) refer to Coulomb and
nuclear excitation respectively.
Writing
' S L L
L (c ‘ (N) :
R - 9 . RL (3.23)

PR T A 5 £ i 2

eqg. (3.1) becomes

41 —-
T = e— P 2. ex [ (k)%—c’(k)] (k kb
e (QL+)= IR Ay PE Le ; 5 QJ 2. 76

9/ (q” ,F,k )Q,L(Q,S,t,&)gd ‘u F (r v r)yjﬁ . ry . (3.24)

With the reference axes (2.26), we have from eq._(2.6);

v

M; | . e p- .
lé/) (—e“S’VUE ) = <-€‘: S O )JLIJ‘-_ ML> t EL(%%L) , (3_25)

GE (5,9 58 = = psmaligny Y, NICXONS (3.26)
" ' f
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where
. S(-.V\(Q) = '%LX \—SF' . | (3.27)

We now introduce the conditions of strong absorption in

the elastic channels. This refers to the jp-dependence of
(i, £f)
34
section 2. Under these conditions the radial integrals
» (1)

o]

the reflection coefficients 7 (k) and is discussed in

'-(3;2i)3énd (3.22) are approximately zero for zi N/ and

(f), where ﬂ(i) and ﬁ(f)

‘ < . gl _ .
Zf ~ ﬁo N o ‘are the critical g-values in

the entrance and exit channels respectively; This is also

due to phase averaging in the rapidly oscillating integrands

in eqgs. (3.21) and (3.22).  We refer to ref.18) for a more

detailed discussion of_this_phenomenon.. The right hand sias

of eq. (3.24) is thsrefore dominated by those terms for which

ﬂéi'f)>> 1. As in the case of elastic scattering, it is
(i,£)

- further assumed that s << ﬁo . In appendix III the

angular integral is-evaluated to give, to a good approximation,

M T * M
de F(8) V() LRy =
S ‘U)FQFS LM 1htﬂis
' $ $ % i d (L) d L) . (3.28)
Me M- T 5 “og-R R A g g (5T 5 (3.

where

d

I
I,

S

>
"

2x+0* . . (3.29)
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Substituting egs. (3.25), (3.26) and (3.28) into eq.

(3.24) gives

~25—«Q¢ L , L.
TL””;”L = QZQ.”;L. (2.2, +1)* exp%u[o;zr_(kp) _*_O:QL(kL)]%RscﬂFSC‘ﬂ'L(kFch)
£ ' ~
x(ﬂasové\sv><.2 S - mle V- m>d02 ’QF Tr)c[Mi_ﬂ ‘/z’_m(e)o) ,
¢
(3.30)
where
iF=£F+‘C , 3L=,QL+’C)Am'= M-vé+vF . (3.31)

Since Ve bi and m are each an order of magnitude less than
jf, ji' [,f and zi, we may use the approximations (2.29-31) in

eq. (3.30). Replacing m by (M - o, + uf) , we obtain

\ ),
T = — 2. ¢ Fl,(Z-H) expjt [O’(k)+cr (k)]
R anGine)® L4, | g | }

x Rlipﬂpi;-/z (e, ko) [exPi‘[&g‘fF”‘%"(”‘”””Fm

+eng;L.[}FQ":&_’ﬂ'“‘lfTr(M—vc-t-.vF)l}} n)cl c! (—T)c] ( (3,32)'

L

" where

A= A+ = £-L . © (3.33)
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If we define

H oy (x0) = L 5:(212F+|)%

2w (sen @) ,gF

: L
where j. and j, are given by egs. (3.31), eq. (3.32) becomes

Tmeiv.=
¢

Z L’K {EIP ["‘L—'i"(-li +M _vi+vF>] ﬂL'K'ZL(e) -
KT .

'J_ _]_ S S L L. 1 .
+e o (3 +M-vy -6 1 L L % .
LGyl # FONd, Gnd, Gmd (nd, (n) . (3.35)
We now transform to the co-ordinate system (2.35).
With respect to the new axes, the inelastic 5cattering

amplitude is given by

— Ve=v.-M g L S .
T oo o= 2, 0 dl dmd. @dmT L d (i) 3.36)
LPYLY, Mo, LAA Fimoo o LM v l - (3.36)

Usiné egs. (2.38-41) and (3.35) and the relations

Ly

Todb @mdl (e = (-

- dig s (3.37)
- %(—I}Mcl;M(éW)cJ:v«(tlw) = (—:)‘ﬁ 5ﬁ« \ (3.38)
eq. (3.36) béches
T oang = %L“c’:;«(zm%(—l)ae'“!’ H o5 () Sm

by " eé:‘;m‘:{w_,—; (98, &3 b5, (3.39)
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L L '
(0" d (™= do am . (3.41)
If we'now define, using eq. (3.34),
(+) . Lo, ik ' '
‘TLPVt(e) = Lp‘doéiﬁ)e N ifb;Mit(Ie) ~ (3.42)
M

L

L L
d (imXee+1)*
21¢(sin 8)% om £, f

: No(y g -t -
x engL[%p(kF)+%F¢M(kL) +(>\F6‘ +ﬁ)}§R£F;T£F£ FMET 2 __M(k(:)ki) >

4 £+
(3.43)
eq. (3.40) can be written in the form
(+) M_()
'RM%%::gnmm@)+ (-1) Rﬂwmgéww , (3.44)

in ahaldgy with eq. (2.42) for the elastic scattering

(£)
TLMT

(0) given by eq. (3.19) of ref.7).

amplitudé. The amplitudes (6) are analogous to the

(£)
LM

-~ As in eqg. (2.42), the superscripts (+) and (-) denote,

amplitudes T

in a semiclassical description, the inelastic scattering
amplitudes for scattering from the near and far sides of the
interactiﬁn reéion respectively. According to eq. (3.44),
the'inelastic scattering amplifude is diagonal in the |

-z-components v of the projectile spin in the co-ordinate
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system (2.35).  As in the case of elastic scattering, this
implies that there is no'excﬁange of angular momentum between
the z-component of the projectile spih and the z-component of
the orbital angular momentum, bﬁt each component ﬁi still has
a different amplitude for scattering into the angle 9.

One may therefore interpret the subscripts of the matrix
L .
Jgledids |
the total angular momentum j and the orbital angular momentum

R in eq. (3.43) as follows. The difference between

£ is either -v, or v, in both the entrance channel (1) and
the exit chénnel (£) depending on whether the projectile»is
scattered from the near side or far side of the target
respectively. Secondly, by conservation of angular momentum
bétween the entrance and exit channels, we must have | :
jf--ji = fg=1; = -Mor M depending on whether the projectile
is scattered from the near side or far side of the target
fespectively. |

The total inelastic’ cross section for excitation of the

target nucleus to the collective mode L by an unpolarized

beam of projectiles is given by

o (e) = L (8 . (3.45).

Mo .

where OLM(G) is the differential cross section for excitation
of.the térget nucleus to the collective.state (L,M), and is

given by

(29_‘)0"-”(9) B (1:1:\1)2—13% !TLM—z:v;(e)‘z = Z| B! (3.46)
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where the amplitudes BTMT.are defined, for kf = ki , by

+) M () ‘ '
Bime = By G0 By | | (3.47)
o (*)
BLM’t Iy Time - _ (3.48)

In analogy with eq. (2.48), we may now write the density

matrix for the spin of the projectiles in the scattered wave

as

L™ _ L gt H)M =) lé v
Apmkufe) B 7_S+lt LMU¢+ BLMUJ lkuéA (3.49)

and expénd it in terms of statistical tensors hEM(e) in the

form

LM >=- ' ZHLMQ .Jis'm; .
'ovpui(e)_ LS+ g ‘Kq,( ) 2w+ ) (sK%qfsv > . (3.50)

IﬂVerting eq. (3.50) gives

LM T LM /.y .
g (8) = () E pvﬁ)é(e)@‘r«vwlsv.ﬁ (3.51)
Do GRS RY L gMRY Plsrrolse)s, L (3.52)
T 2sag - LM LMT 3 g0 * :
This gives, forvexample,
L™ o () M) _ (3
hoo (8) = E?Tz; | BLMT + (-v) BLM,I-:\ = O‘LH(G) . (3,53), |

However, we shall only be dealing with the case in which the
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polarization of the targe% nucleus is not observed. | This
implies that we must add the contributions from the different
magnetic substates M. | |

In analogy with eq. (2.63), the components tiq(e) (k #-o)

of the analyzing power of the reaction are given by

L v ] L
t- (o) = —h_ () .54
wq S o7 (©) Kq'( - _ (3.54)
where OL(G) is given by eq. (3.45) and
VVL ;ﬁ LM .
EFQ(G) - ,K$(9) . | ( )

'The.interpretation of the compohents th and th.for
elastic scattering, given in section 2,vapplies directly to
the components t?q and th for inelastic scattering. In
section 7 we analyze data on inelastic scattering of_polarized
projectiles. By comparison with eq. (2.72), we have the

average inelastic scattering cross section
L) (R) _ ;
1[qL(8) + o, (e)] = o7 (e) (3.56)
where_gL(e) is given by eq. (3.45). . Similarly, by comparison
with eg. (2.75), the vector analyzing power in Cartesian
notation is given by

}A;(e) = [§s(s+n]? f—"f?(e) . (3.57)

Using egs. (2.55), (3.52) énd (3.54), this gives
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AL (o) = D 3 %S §- S SR L N o

s(2s+1) o7 (9) M LM ’

(3.58)

and, following the discussion in section 2 on asymmetry in
the elastic scattering cross section, Ag(e) gives the
asymmetry in the inelastic scattering cross section OL(@) for

a fully vector-polarized incident beam.



32

4. CLOSED-FORM EXPRESSIONS ~ ELASTIC SCATTERING

In this section we derive closed-form analytical
oy
) (o)

expressions for the elastic scattering amplitudes fT

(eq. (2.33)) that appear in the expressions for the elastic
scattering cross section ¢(0) (egs. (2.52-54)) and éhe,yector
analyzing power Az(e) (eg. (2.76)). |

To obtain eq. (2.32) we have already used the following

conditions on the S-matrix S, ,(k):

174

I. The reflection coefficient njﬂ varies smoothly with J
from small values to unity within a transition region of
"width" A centred on some "critical J-value" Lo-

II. ﬂo >> A, ﬂo >> ]_,. ﬂo >> g,

To these we add the following condition:

(N)
g/
decreases to zero in the region j[ X Lo over a transition

IITI. The nuclear phase shift § varies smoothly with j and

region of "width" A.

.Conditions I-TII are characteristic of heavy ion scattering

well above the Coulomb barrier where we have strong absorption.

Under the above conditions we may make the approximation

(c.f. refs.s's)) to eq. (2.33)

F(t)(e) = -t —“(—*‘*rgwﬁ s (k)elé(’\e—'?n)

T 4.1
T K (2 sing)*E x (4.1)

i b
2



33

where ST(x) is a continuously differentiable function of

A = 4 + % and interpolates the S-matrix S i.e. for all

T b’

positive integral values of g,

S -+ = ' ’ - {
e (£+3) = S, ., . - 4.2)

- We now turn to the t-dependence of the scattering
_function ST(X): Return to eq. (2.15) and consider thé'highw
energy approximation'to the S-~-matrix Sjﬂ generated by the
‘potential Vjﬁ(r), regarding it as a central potential dependent

on the impact parameter b= (4+%)/k and j. This gives

(c.£. eq. (7.39) of ref.18))

Sip(K) = .expg—i_ A

hlkg_mdz\ﬁz(b+gz)} s (4.3)

Y

where b is the point on the (straight line) trajectory nearest

>

to the origin, and k is the direction of the trajectory.
Referring to eq. (2.14), we now assume that |Us(r)[ << [Uc(r)l
so that b may be taken to be independent of j. Equation

(4.3) then becomes

Vi (n)
2 (R o viett
Sj—e(k) = exPE—-(. ;\—i--l:gbdr‘ (r*’"~—b2)_'i ; .

(4.4)
According to eq. (4.3) or eq. (4.4), the phase shifts (real
or imaginary), due to the different terms in the potential
ij(r), are additive. In this approximation therefore, we
could write

e

- (. | ~ (N) (N)
%2 = WLGIP€L2[9a+w%,+ ﬂi(&oJ] (4.5)
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where, by‘eqs. (2.14) and (4.4),

(N) M L. ‘ 00 rUSo’)‘
_(5M(S.o.) = —m[)(&ﬂ)—,@(fﬂ)-;(gu)]gbdr——“lnbl)t . (4.6)
Writing j = f + 1, we have
213G+ —2le+) =s(s+)] = 2(@+3) ~g22-35(s+) . (4.7)

According to condition I we are only concerned with J values
X2 L, so by'condition II we.may approximate the right hand
side of eg. (4.7) by T). The high-energy approximation to
tﬂe elastic scattering function ST(x) therefore becomes

’ 26
S, (N = SN 20 (4.8)

where the "central" part Sc(x) is given by

’

S (A = T
c( ) eng L el Sicr(kzl"l—Al)—l‘{
K _

Y r‘UC(\f)
| —————-————} (4.9)

and the spin-orbit phase shift function 6S(x) is given by

o r U (v
5 (n) = M _rUse)
s( ) foes .% r (klrz—klyé (4.10)

Inlgeneral the spin-orbit potential US(r) is complex*‘which
implies that §_(X) is complex.

The main purpose of the above analysis was to obtain the

t The presence of an imaginary term in the spin-orbit potential
is justified in section 4.4 of ref.!S
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1-dependence of the elastic scattering function ST(X). as
given by eqg. (4.8), and we use this form irrespective of

whether the high-energy approximation is valid or not. The
parametric form of Sé(x) that is used in section 6 is
independent of eq. (4.9), although the parametric form of
GS(X) is based on eq. (4.10).

It is convenient to write

: . L, (N) ] , '
S = maexplia[otnrd 3 = sMPexplizom] | (a.11)

where nc(X) = ISC(X)|, o()\) is the point-charge Coulomb

scattering phase shift given by

2o(y) = wa[?éiiiii’)} , (4.12)

where n is the Sommerfeld parameter defined by

ﬁizﬁ%ﬁ% .
i o , (4.13)
and aéN)(x) is the real phase shift due to the nuclear part

UéN)(r) of the central potential Uc(r). From egs. (4.8) and

(4.11), we have

S, () = nC(A) expgﬂl[o’(k)+62N)(—\)+’t6$(>x)]3 (4.14) ~

= S(CN)(A)expgéfl[q-(>\)+'z:6$(m]3 . (4.15)

On the basis of our previous assumption that
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!Us(r)l << IUC(r)|, we now assume that for all values of ),

.. |28 5 (M) ] << 1 .

The idea now is to evaluate the scattering amplitudes
fii)(e) for any form of the elastic sééttering function ST(X)
obeying conditions I-IV. The methods used follow closely
. those used in the evaluation bf the scattering amplitudes
£.(0) in ref.®) (or g(i)(e) in ref.®)). _ o

Combining eqs. (4.1) and (4.14) and expanding ST(X) in

‘powers of 6S(x), we have

(1) b

) = 52— (Taat
z < (2msine)E &"i(MA e
xexpfi[20(3) + 2 6C(N)(A);Ae:;;-w]§2 j[ézzés(x)]c” (4.16)
. 2ot
: : (
A AN (4.17)
9=0 9 '

‘Equation (4.17) amounts to an expansion of the elastic
scattering amplitudes fii)(e) to different orders in the spin-
orbit coupling, similar to the expahsion one would obtain by
treating the spin-orbit coupling in DWBA.

On the basis of assumption IV, L@éf;(e)| is'an‘order of
magnitude smgller than L@éi)(S)l sp that from egs. (2.52)’and

(2.54), we have to first order,

2 (4.18)

]

2.S

o (e) = - % PACES ¢ (o

- l(/o(e)]%r%s(sw)l%(e))z , (4.19).
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where we have defined
: +) -)
(6) = (8) + (e) . (4.20)
4,0 = O g |

From eq. (2.76) we have, to first order for the vector

analyzing power,

Ay@) = —1_Txlg (o) £0e)

|2 (4.21)
s2s+1)o(9) ¢ '
- 2 L (s+1) = Re L £ (0 ¢ (e)] . (4.22)

From egs. (2.60), (2.63) and (2.66), we have to third order

for the tensor analyzing power of rvank 2,

_ | | s 3
Tho(0) s(s+|)<r(e)-[ s(s+«)(25+3)(2s—l)]
‘. x zz. g [3722- S(S-Fl)]" ,éo(e)ﬁ—’c _4‘(9) +7:2,é1(e) l2§ (4.23)
ls‘ o—(e)[g (s+1) (2s+3)(2s 0] {i{;(e)' +2Re|ﬂ/ ACFA (9)]} (4.24)

. According to eqs. (4.22) and (4.24),T20(e) is an ordera
of magnitude smaller than AZ(G) (of T10(0)). This agrees with
with the analysis in appendix I based on distorted—Wave theery.
.We therefore evaluate only o(86) and Az(e), for which'we need

the amplitudes £o(6) and £, (6).
From egs. (4.16) and (4.17) we have

Bgy = - L — (T sk n_(Nexphi 16(A>+<p(w)] (4.25)
,éo ( 2

\
kK 2mrsing)= L
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_2 | ® iy 2 -
%‘ (e) = +—gm gtd“ T\vt(k)és(ﬂ.expét[ltsc (x)+cpio,e)]3, (4.26)

where we have defined
¢, (1,0) = 2o zi(re-%m) . - (4.27)
o +
The amplitudes @é“)(e) are identical to the elastic scattering

+
amplitudes f%(e) in ref.®) and f(—)(e) in ref.®) .

From egs. (4.14) and (4.15) we have by definition

(N) Lzécka) -
Sc () = . e ° .  (4.28)
We define
AN d N .
Do (M= 55 5S¢ (4.29)

in analogy with the "absorptive shape function" of refs.®:8),

which is defined in the above notation as
D= Ly v .  (4.30)
dx te

This modification of Frahn's formalism is due to Kauffmann®) .
Its advantages are discussed after eq. (4.36).

We now define

'}(Az) = gm d2 DC(N)(AF) exp[i(A-J\.)z] , (4.31)

where



A = Lo+ . (4.32)

This is equivalent to

(N) i
Se () = = Lim [T dz 2

w oo E@IP[-L(A-ME]}(AE) . (4.33)

Substituting eqg. (4.33) into eq. (4.25), using eq. (4.28),

gives

S ‘ , y L
’é(ﬂ =5 pim (Tdz 3;(?:) et tE W]ZF (z+e) | (4.34)
pRY g0t "~ : - L sun(@) R
), ! . o PoB) LAZ [gin(z- e)]"ip
¢ ©) = 5 ’éi:} S dz g o) (z-6) | (4.35)
where
£ (o) = ‘Lm—*" S dx 3E & P (28 .
R k (2msin@) ’ (4.36)

is»the amplitude for Rutherford scattering.

The advantage of Kauffmann's modification is that the
effect.of the central nuclearvpoténtials (real and imaginary)
is conﬁained in the function 3%Azj'while fR(G) is now the i
amplitude for scattering'by a Coulomb potential only. Since
the stationary phase approximation to fR(e) is used in refs.GjB),

one no longer has to assume monotonicity of the'functionf

9.m = 2L fom+ ], (4.37)

T The function ®,()\) is the total guantal deflection function
in the absence of spin-orbit coupling.
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since only the Coulomb phase shift o()) appeérs in the phase
of the integrél in eq. (4.36) and the Rutherford deflection
functionA2 do()\)/dx 1is monotone decreasing. This is
important in the scattering of light ond medium ions when the
effect of the real nuclear.potential is oompafable to.that of
the Coulomb poténtial for those partial waves which are not
strongly absorbed. In fitting the data in section 7, the
quantal deflection function C%(X) had a pronounced dip in'
some cases, corresponding.to refraction caused by the real
nuclear potential. For héavy ions the Coulomb potential
tends to mask the effect of the real nuclear pofential to.the‘
extent that the.deflection function @C(x) is monotone
decreasing for ) 2 A..

Because of conditions i and III, ]}(Az)| is a broad peak
of width proportional to A=t and is therefore a slowly varying
‘function compared with the rest of the integrand in the
integrals in egs. (4.34) and (4.35).  These may be evaluated
using the methods of ref.®) or ref.®), giving, correct to

5

order AA 4,

"%(:)(_9) = {R0) - Fa(e-0)][F,(0) - F'S(:;V(e)]} 0¢e, |  (4.38)

. , %:+)(9) = }_[A(ek—e)] Fs(:; (8) e 3 O s (4.39)
Wis Iate+0)] £ Ve :
'é (e) = AlO* sco e - (4.40)

o

Where'eR is the critical angle for Rutherford scattering,.and.

is defined by
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'where
l"z(ek-e) = 7 ¥(xu )1 +a/(e,-0)] - a, |
2w T, L
X(uo) = ’% e?‘FC (uo)[":é‘)““:r'(‘x:l erP(L"{_TT-FU;) .
R
where
H ]
@, (A) 1 O ()
A = ~ !‘ + T 1 Lé' T 3(9—@Rf,
240,10  3[E W) e, (W]
| O (L)
a = a_ -+ —
! o 6 [@;(A)]l ?
u - 8 -6, 'eo#ﬁ’
. L .
° e ) ’
o0 2
erfc(u) = -31 gu dr e © )
nz Yo

The asymptotic form of F>(9R—e) is given by
: <

Fz'(ek—»e). = (ek-k—v)'l + of[f/L'(@R—e)z']n‘} .

(4.

(4.

(4

(4.
(4.

(4.

(4.

47)

i) .

.49)

50)

51)

52)

53)

The errors in edgs. (4.44-46) are of order n~1, where n is the

Sommerfeld parameter (eq. (4.13)), over the whole angular

range, or pA~! in the asymptotic regions defined by
L
L, 402
670 > [0 )",

In deriving eqgs. (4.44-46), the stationary phase

. approximation to fR(e) is used as an intermediate step.

(4.54)
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This is given by

R 2k (sinte)?

60) .

]
; A EY
N e . _ )
FR(O, = - (—®L(A9) sLne) expgu_[zo'(Ae‘) 93‘8]% , (4.55)
. where g is the stationary phase point defined by
e = @K(,\e) . (4.56)
Using
_ n - e
B (N = 2arctqh(T) + o(xX?) | (4.57)
we have
g = ncot(50) | (4.58)
t . =2n 0 . 4n)
O(A) = =5 , 0. =~ e a)E (4.59)
therefore
A n%4+ A% LAt 2
Qo = -+ Trve f1 +Lsn(9-0.)"3 (4.
. Al
ql =~ 00 + -6-—‘;\— 3 (4'61)
L [0t AN LET
90 o~ (T> (G—QR) e y (4.62)
F(e) =~ - ‘ expgé[10(19)—encot({e)+§_n]3_ (4.63)
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+
We now turn to the functions {{“)(9) defined by eq.
(4.26).

Conditions I and III on the S-matrix S, , and eq. (4.14)

JL
imply that the (complex) spin-orbit phase shift 6S(x) decreases
to zero inlthe region )\ X A. We denote the width of the
transition region of BS(X) by D - In subsection 6.1 we take
Sé(x) to be proportional to the derivative of a Wood;—Saxon
function of width Dy 2 A and critical )-value Ag = A; This
is shown in subsection 6.1 to be a reasonable parameterization,
at least Qn the basis ofvthe high-energy approximation (4.10)
fbr Gs(x) and with a Thomas-Fermi form for.US(r)u

Using eq. (4.14) it is convenient to write

. (N)
285 M
M (b (e " T o M

(V&) . (4.64)
The modulus of thié tefm has the form of a narrow peak at
some value ) = A and "width" = A. The'amplitudes %éi)(e)

are therefore of diffractive origin. Since the main
contribution to the integral in eq. (4.26) comes from the
region aroung A = A, we evaluate this integral simply by
expénding the phase ?+(X.9), given by eq. (4.27), about the
point X = A to first gfder in (A-Ap), and integrating.

- | To order ()-A)2, we have
¢, (2,0) = @, _(£,0) % (AO~-%T)+(A-X)(6,F76) ,  (4.65)
'wheré

(4.66)
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so that, from egs. (4.26) and (4.64), we have to order ey

2 (p‘_ﬁtﬁ; (5. w6) explip, (L,0)] , (4.67)

where

G(z) = (" da si”’(x) b expli(r-x)z] . (4.68)

To summarize the results of this section, we have

o (8) = o (6) + o;(6) (4.69)
where
: 2
o, (6) = j{@o(e)l (4.70)
gives the diffefential cross section without spin-orbit
coupling and
1 2
cr\(e) = 3s(s+1)|%(e){ | (4.71)
gives the correction due to spin-orbit éoupling;
(4.72)

Ay(0) = E-lfo") 2(s+1) Re[£ () 1(’;*(_9)] :

where



46

K(8)

,g(e) = F(e = {exp[aﬂ(/t e)] NCS 9)3‘[A(G -6)]
13 e<ey , (4.73)
- 40 = BB {explig (4,0] 5 (0k-0) F[a(ey-0)]

+ exp[iq (4,0)] s4—= 3a(e+0)]} o326, , (4.74)
. _ R _

,él(e) = —"E(e’g exP[L q+(]_,e)]G(§R—a) -~ exp[icp_(/—\',e)]Cr(épj-@)} | Ve, (4.75)
where

. .
A EY — A =
o) = (A )= () .
(e) 21T S$Ln6 () 21T Sind ’ (4.76)
The phase functions_cp+ (eg. (4.27)) are linear functions
of g while the functions T (egq. (4.47)) have the simple
<
asymptotic form given by eq. (4.53). The function 3, defined
by eq. (4.31), incorporates the effects of refraction, surface

()

reflectibn and absorption due to the nuclear part UC (r) of
the central part Uc(r) of the bptical potential (2.1). The
function G, defined by eq. (4.68),'inclﬁdes_in addition thei
effecté of the spin-orbit part of fhe optical poteﬂtial.
Both functions 2 and G involve the Coulomb potential only
through the critical angles éR and 6& which appeaf in the
argﬁments e * 5 and ék T o respectively. ' |

It can be seen from egs. (4.73) .and (4.74) that the

functions E{A(eRi:e)] to a large extent govern the structure

of oo(e)‘since their relative magnitudes control the strength
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of the oscillétions,coming from the phases>exp[iw+(A,e)],
while their asymptotic behayiour governs the rate—of fall-off
of ¢,(8) at large angles. The functions G(@kj;e) determine
the angular dependence of o, (8) in a similar way.

A more detailed discussion of the differential cross
section ¢(©) and the vector analyzing poWgr Az(e) is given in
section 6Awhen‘the functions ?(Az) and G(z) are evaluated
expiicitly for specific forms of SéN)(x) and 6S(x).

%
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5. CLOSED FORM EXPRESSIONS -~ INELASTIC SCATTERING

In this section we derive closed-form.analytical
expressions for the inelastic scattering amplitudes Bl i
(egs. (3.47) and (3.48)) that appear in the expressions for
the iﬁelastic'éross section oL(e) (egs. (3.45) and (3.46))
and the vector analyzing power Ag(e) (eq. (3.58)).

The radial. integrals R? (kf'ki) appearing on the

ehedi by
right hand side of eq. (3.43) are given by egs. (3.21-23).
We approximate the radial integrals for Coulomb excitation

" (3.21) by means of the Sopkovich prescriptionzo) which amounts

to factoring out the nuclear distortion of the radial wave

functions in the initial and final channels. This gives
(c) . : (N) 3 b (N i
R " ,QFJL.E‘-_(kF)kL) = [SSFfF(kF)] &lcﬂi(kg,ki)[sjiﬁi(kg]l , (5.1)

where

Rzpﬁi(kmk(_) = :;;L (de ‘feF(kc'»'”) <€) . (ki) (5.2)
are the radial integrals for Coulomb excitation formed with
the regular Coulomb wave functions Fz(k;r) (ref.?l))., As
explained inbsection 3, the conditions of strong absorption
in-the entrance and exit channels imply that the radial
integrals (3.21) and'(3.22) need only be evaluated for large
values of by and ﬂf.. This implies that the interior part

’.(r < RC) of the form factor C(C)(r) (eq. (3.18)) 1is

T
Jda
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t
unimportant since it has poor overlap with the radial wave

functions Fz and Fz due to centrifugal repulsion. We may
£ .

i
therefore write

(C) 32[2232

L
R,QF,QL(k-F’ki) = (g\. 2L+

e () (N) Lo
R, [Sup(kp) 5.0, (<] M, g (k) (5.3)

where
L \ 4w T =y ' '
me 2'(k‘;)k£) = T s godr‘ E@ (kF;r)Y‘ ‘.:8-(ki;r) (5.4)
FL e F L
are standard integrals of Coulomb excitation theory22). For

the same reason these integrals may be evaluated using the

WKB approximation, giving?22)

L kT : :
| mﬂFﬁé(kp,kL) =0 Lx(%%®) (5.5)
where
. ' Mz z,er
k = '{(ké+|<_‘,_.) , N = —;—_(hL-(—V\F) , N = —E———’:— (5.6)
) +H ng
€= ne-ng , 9= 2arctan(z5) (5.7)
>N
- v K = 'QL*'QF ) 1 = '_;‘_(,Q‘--i-ﬁp) . (5.8)

The Coulomb integrals I. (&, £) are defined and tabulated in

LM
ref.zz), but under the conditions X >> n and ¢ << (2¢)71, one
can make the approximation (see egs. (IIE.79) and (IIE.82) of

ref.zz))
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21 E"(L_M V ~(xr+ g

F[§U+FMH(%i)1&+M+O € ) A
, n :

Ln®x =

The following considerations -apply to the radial

integrals for nuclear excitation:

It is possible to extend the Austern-Blair theory23),
~which deals with deformations of central‘botentiais,;to
include deformations of a spin-orbit potential:-of thé form
Us(r)g-g. Referring to the elastic scattering formalism of
section 2, it is possible to apply the Austern-Blair relations
directly to each component j of the total angular momenfum.'

This gives first of all the exact relation

o, (k 2 ) : . :
D (Carf, (0] e LGB 38,00 (5.0
R - 1k IR
where R denotes any pérameter of the potential ng(r)

(eq. (2.14)) and Sjg(k) is the elastic S-matrix (eq. (2.18)):
'For our purposes the parameter R is the radius of the nuclear
- potentials appearing in V.ﬂ(r). For this reason we may
replace V. ﬂ(r) by V\ )(r) (eq. (3.20)) on the leff hand side
of eq. (5. lO), and since the p01nL—charge Coulomb scattering

* phase shlfts oﬂ(k) are 1ndependent of R, we may factor out

the phase exp[iZOE(k)]. Using eqg. (2.18), this gives
| A )
dr]r (k,r)]l-_a_\fu_(_rl - LE 35,00 0 (5.11)
© 12 dR 2k 3w
(N)

It is assumed that the aependence of Vjﬂ (r) on r and R

involves only r-R so that
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(N) | (N)

Ve () _ _3Vi, () (5.12)
AR Aar ) .

()
3/
only f-f,, where [, is the critical J-value of section 2, and

- It is also assumed that the (-dependence of S involves

that the semiclassical relation ﬁo + é = kR holds, where k is

the wavenumber. We therefore have

(N) (N) | (N)

. 9Sip _ 355 _l%)=,~k35m ] (5.13)
o R AL IR 3L
Combining eqgs. (3.19), (3.22) and (5.11-13), we have
(N)
(- cack (N 3ST, (k) 1

N = - L Rl ¥ s .14
R g (KK . S, s . (5.14)

According to eqgs. (3.34) and (3.31) we require the

radial integrals (3.21) and (3.22) for which jf-—zf = T = ji-zi.

Equation (5.14) gives us an approximate formula for the radial
integrals (3.22) in the limit 7 = o and ke = k.

As discussed ih section 3, the radial integrals (3.23) are
£)
E( ).

o Furthermore,

approximately zero for ﬁi = ﬂél) and ﬂf <
~we consider only excitation of the target nucleus to collective

states of low values of L. and M (equal to 2,4,...) so that

|£éf)-£éi)| << gc where we define
2. = (2P + 2y . (5.15)

Concerning the radial integrals (3.22), the overlap of the
™)
| Bigheds2g
for ﬁi and ﬁf greater than ﬁc is weak because of centrifugal

-radial wave functions sz(k,r) and the functions C
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repulsion. The radial integrals (3.22) are therefore
localized in orbital angular momentum space about the
critical value e We need only those radial integrals for

= T = j.-—zi, and these are localized in total

which Jg- i

angular momentum space about the value gclfT.
On the strength of these considerations we make the

.approximation

oL R Ny (ke) 38T 0 0. (kT |
R (k. k)= —i 2 4 l up )33+ (5.16)
L+T B, .EL-.+’E L, Byt ML 31F Y

which is equivalent to eq. (5.14) when zf = ﬂi.and kf,= ki'

‘With 7 = o eq. (5.16) reduces to an approximation due to
Hahne7'24) for the inelastic scattering of spin-o projectiles.
We now evaluate the inelastic scattering amplitudes.

( )(9) (eq. (3.42)). using methods similar tb those used in

ref.7) in the evaluation of the correspondlng amplitudes

o (£
T

the elastic scattering amplitudes fi*)(e).

(6), and analogous to the methods used in section 4 for

As we are dealing wifh inelastic heavy ion scattering
néar and aboﬁe the Coulomb barrier and with excitation of
low—lylng collectlve states, we have k ~ k =~ kf. We
therefore replace k. and kf by k wherever they appear, except:
in the expression for the adiabaticity parameter £ (eq. (5.7)).

From eqs; (5.1), (5.3).and (5.5) we therefore have

i

Nk
Rﬂ+’t2 .2+"cl(kF* ki) =
‘ v
@ 3 kR AT pR2 [N (™) 2
cgL. ,3_L+\( n,c) M SJ.’F+7: .Zp(k) S.QQH: Zc(k) IL JZF-JQL(&’E) - (5.17)
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Combining egs. (3.23), (5.16) and (5.17), we make the

following replacements in eq. (3.43),

L

RQFTZP%mM?tﬁiM&Hka'*

TR (S 3 RN m) M 3g, o,k
T%é’- lL-H( nc) L em($8) 5, = Loy "—3‘:@;—&“3; (5.18)

exp i [o’ (k) + oy (“]3 — exp[i20;(k)] , (5.19)
. _ 2 - ()
where § = E(ﬂ +-£f) = £f4_—M and Sjﬂ (k) is now an average of
the elastic scattering matrices for the entrance and exit

~

_ channels.
We next replace the summation over ﬂf in eq.'(3.43) by .

an integral over the continuous variable ) = qu:%M and make
the replacements
() (

N) L (N) (N) | i2a, ZGTM
asg}.—tﬁ — 35;;:(3\) ) Sﬁ:tl—"’ S"t('\)’ e 2__78" (5.20)

in analogy with the interpdlating functions of section 4.

~ Equation (3.43) then becomes

LIS ,,:(e)
» " .
el tgm(r-6) o e L Ly (2,0)
m e CIoM(z.ﬁ) godl l bLtMi'ﬁ()) e N (5.21)
where ¢, (), 6) is given by eq. (4.27) ahd>
O imare ) = N () + € e (0 (5.22)
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where
(N) :
- fN‘as 2 (N |
N () = - cSL “Erel | (5.23)
C . ) = 6(53 3 kR) (A)I (9.n§) '2
LMt I ST TR G LEm : (5.24)
refer to nuclear and Coulomb excitation respectively. | By

comparison with . eq. (4.15) we write
s (x) N exP%Ll[(S( (,\)+~cés(x)]} = SiN)(k)exp[Ll'tés(A)) . (5.25)

Because of assﬁmption IV of section 4, we expand
expl[i2t 6S(x)]‘only up to first order in ﬁs(x). This amounts
to ignoring second~order projectile-spin-orbit coupling
effects in the distorted waves. As for elastic scattering,
this approximation is éufficient for éalculating the

differential cross section g¢. (8) and the vector analyZing

L
power A (e). We can therefore write
N L) = NOO)se N3 (5.26)
+T +t Iy .

C o S 21w S

Lemex (A = S (X)C;iM(k)[!iszt SO0 (5.27)
where

<) | (N) - (N)

N (Q) = —L<5 3500 g™ M , (5.28)

a>\ L C
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(s) Ny [N, ‘
N(x) = 26 3% [ )&, (Aﬂ S (5.29)
ey = I .u(®%, (5.30)

where DC(N) (A) is defined by eq. (4.2‘.9) and

N (Lo

L= L 2L+ n

()
LMt

o defined by eq. (3.48). From eqg. (5.21) these are given by

It is convenient to work with the amplitudes B

() _ YO L L, (2,0) ,
(e = Taimays b0 42 M Blama, W T (5032)
where
L—M(Tr ~0)
Y (@) = ! dL (£m) (5.33)

T €
(4m= o™

. {1 m(rr-0)
Y w(Em,0e . (5.34)

i

(1L+\)"?-

Substituting eqgs. (5.22), (5.26) and (5.27) into eq.

(5.32), we can write, 1in symbollc notatlon,

(¢,d)

(&) ) ¢ 1
Bloy = B () + BOPcs) £ v B *')(N)_tB e | (5.35)
where
¢ 1) 9, () 0 L@, P (X0 -
BTN = Lm A AT N (e B 5.36
L (N = ey . EN . (5.36)
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(c,1) Y m(8) o L GV NEN)
B . (cs).= mgodxx CLam™S, e , (5.37)
S ' S LPL(2,6)
87 () = ~-§Hi(—)——§ aENPe Y (5.38)
. LM (ZWSLr\G)’-
- Csxj Y, 1 (6) o L (), (P (20)
B 'Tlcs) = —ipoem dAXTC (A)S(A)S (e £ (5.39)
LM( ) (lwsi.ne)Ji SO '

Equations (5.36~38) give the amplitudes.for the cen£ral part
gf the nuclear excitation, Coulomb excitation and the first
order spin orbit part of the nuclear excitaﬁion respectively.
Equation (5.39) gives, to first order, the spin orbit
correction to the amplitude for Coulomb‘exéitatiOn.

Because of conditions I-IV, given in section 4, on the

(s)

functions S( )(x) and 5 (»n), the functlons N( )(x) and N ),

defined by egs. (5.28) and (5.29), are sharply peaked in
x—spacevat the points A = A and )\ = A respectively. The
product Cp (K) B () S(N)(K) is also sharply peaked at X = A

since the )\-dependence of the function I (9,g is slow

. Li'M
compared with that of S<h)(x) and as(x). We may therefore

,expand the phase function ¢+(x,9) about ) = A to first order
and integrate to get, from eq. (5.36),

1) ) ( Py (A,0) . : S
BLfM (N) = -6 Y, (8) (o) e Iale,z0)] (5.40)
where «(0) is defined by eqg. (4.76) and XAz) is defined by

)

eq. (4.31).

\

From eg. (5.38), after expanding ?+(k:6) to first order
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about A= K, we obtain

(s,8) ISR
B

Il

Lzé 5 ar@e =6 +e)§ cJAS mé()e*")(s“*e) (5.42)

AN g (X,8) - '
= (2 <SL SLM(B) K(e)ecq?i ~ (6, %6) &(e,+8) |, (5.43)

" where k(6) and G(z) are defined by egs. (4.76) and (4.68)

respectively. Similarly, from eq. (5.39),

(S,t) —y P (X,0)

(cs) = -i2y (&) R()IC , (Re

Lam( (5, 70) . (5.44)

In order to evaluate the integral in eq. (5.37) for the
near-side (+) amplitude, it is necessary to distinguish

between the "illumihated" and "shadow" angular regions as

follows:
2+,
’+)(C) Bf;(c[s—\]) 6% 6,
(¢,+) . :
BLM (cs) = (5.45)
B 7 (e ozo,
where
(@, (X,8) '
B(C,+)(C) _ HLM(Q) c\)\ >7_ C ( )e_Ld(P""' , (5-46)
LM (2r sine)z
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( ) Yom(e) o0 Z (N) q7+( ,0) .
(cLs- q) oo (_dax Vs o-]e L (5.47)
' . (c,+) (c,+) (c,t)

The amplitudes Bl (c), BLM (cIs-1]1) and Br 1 (cS)

é;)(E), (+)(E[q 11) and

( )(En) respectively of ref.7?), except for the replacements

are similar to the amplitudes B

) — C ), M- SEN)(A) ¢, (3,0)— ¢,(2,0) | (5.48)

E
LM Ltm )

the last two of which are discussed in section 4.
By the methods of refs.®+7:8) we obtain

(C )

L (Q) = Lkgm(e)cm(xe) FR(e) (5.49)

b}

where fR(e) and ke are defined by eds. (4.36) and (4.56)

~

respectively;
B( )

5 (Cls=0) =ty (@ K@IC, 1 (4) Gy (0 B4 3 [a@0)] <o, (5.50)

(c,+)

D (cs) = iy (01K, (NG (eé A 36 0] 036, (5.51)
B(C9) = iy @KE)C, (1) (opo) e =MD a0 | (5.52)
where

L (Ex) = ruy[1-xa 1 - a® |  (5.53)

where
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iEr -
x = ©-8 X< (5.54)
| I 1 b)
20, (0)]=
(O) _ R . (l) - |
LM = Gt eim AQm = G+ €y : (5.55)
with y(uo), a, and a_ defined by egs. (4.48), (4.49) and
(4.50) respectively, and
oo :
C A .
e .= — — (A (5.56)
O A CLpm () :
It can be shown7) that for large values of Ix|,
G M(lxi) ~ lxln‘ (5.57)
" We summarize the results of this section as follows:
Using egs. (3.47), (5.35) and (5.45) we write
B (@ = B (o) + (108" () 5.58
LMx - LM LM (5.58)
) ‘ ()
= BLM(e) r Bm‘(e)_ , | (5.:.5_9)
where
) (c +) ( +)
27 (o) = BN+ BN )+ B (cls-)
(,) M (C, '
+ (-n" (N) + (=) B (CS) 8 <6, , (5.60)
©) (¢, (c,+) =) ~ ( )
B (8 = BL N) +B ) (cs)+ B (N)+( Bl (€9) e>,e,,\, (5.61)
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‘S’(>~ B0 + B es) - (-0 B ) - c)”augm Vo , (5.62)

The amplitude B(c)(e) is the total inelastic scatteflng
amplitude for spin-o projectiles, .while Bé;) is the total
first—order correction term due to sPiﬁAorbit coupling for
thé projectile spin. |

From egs. (3.45), (3.46) and (5.59) we now héve for the
total differential cross section for inelastic scattering of
multipolarity L,

' ' (s) N
o (6 = i 23 fB (6) + = B (e)] (5.63)

(5.64)

}: lB(C)(G)l + -— s(s+|)2 IB(S)

From egs. (3.58) and (5.59) we have for the corresponding

vector analyzing power,

L _ 1. (c) {s)
Ael8) = s(25+1) o7 (8) %ttlBLM( °) +x B (e)l ' (5-65)
= Z(s+0) Z Re[a‘” (0) B2 (0] . (5.66)

[
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6. PARAMETRIC MODEL OF THE SCATTERING FUNCTION

6.1 Elastic scattering function

In order to analyze experimental data using the results
.of sections 4 and 5, we have to evaluate the functions XAz)
(eg. (4.31)) and G(z) (eq. (4.68)) for a specific form of the
scattering function ST(X).

Recall from eds. (4.14) and (4.15) that we write

i

5,(2)

T]C(A]EX‘D%il[O'(A)'*'6£N)(/\)+’tés(l)]}_ (61

Il

'SéN%A)expgtl[G(A)+’tésﬁﬂ]} , C(6.2)

where the function é%(x) interpolates the elastic S-matrix

S (eq. (4.2)). In view of conditions I and III given in.

s§2
section 4, it would be convenient to parameterize the

functions nc(x) and 5éN)(x) by

T]C()) = [1+ exp (J\ZD\)]_\ : 2(5C(‘)\) = o&l[\+e_xp(A;A)]\.. (6.3)

This parameterization is given by McIntyre eF al.25) and for
sﬁall values of ¢ it is equivalent to the Strong Absorption
Model (SAM) of ref.2).

| From eq. (4.37) the'quantalvdefiection'function @c(x)
may be written as

o.0) = 8,0 + 8™ - (6.4)

C
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where

_‘ dofk)'
.@R(;);_ 2 eTN (69

is the Rutherford deflection function, and from eq. (6.3),

- | .
o' = 2 4% ) - ol (11w exp222)1™) (6.6)

is the nuclear deflection function due fo the central nuclear
potentials. Thus.for o > o @éN)(X) has a dip of "width" A
with a minimum value -%a at the point )\ = A. This
correéponds to refraction due to a real, attractive nuclear
potential. For aq < o @éN)(x) has a peak which would
correspond to dominant surface reflection.  This may occur if
the diffuseﬁess of thevreal or.imaginary part of fhe optical
potential is very émallAcompared with the local wave-number of
the radial wave function at the nuclear surface.

In appendix IV it is shown that iﬁ the high-energy
approximation (eqgs. (4.9) and (4.10)) with a Woods-Saxon form

for UC(r) and a Thomas-Fermi:- form for Us(r), the

(N)

parameterization (6.3) of b

(A) implies the following form
for 5 () :

65(30 = 21"As’%% [+ exp(_/}.sg_s}_)]—l% . (6.7)

We allow 5s(x) to have a width A, and a critical r-value Ag

(N)

different from those of 5C

() and n_(\) since optical model

calculationsl©/26:27,28) jindicate that the widths and radii
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of the spin-orbit potential are less than those of the central
potentials. We allow x to be a complex constant since we
expect the spin-orbit potential to modify the absorptive as

‘well as the refractive effects of the central potehtials.

From condition IV of section 4 and eq. (6.7), we must have

I®] << ¢ . (6.8)
In order to simplify the form of the function 3(Az)
-defined by eq. (4.31), we introduce the following

parameterizationl3r28) of SéN)(x), which is roughly equivalent

to egs. (6.3), namely

Simm = [\+,exp(ﬁ;had\)]“‘ . (6.9)

For small ¢ eq. (6.9) is equivalent to egs. (6.3) and
- therefore also equivélent to the SAM and McIntyre forms.

From egs. (6.1), (6.2) and (6.9) we have in general.

M) = §r+ 2fosx)exp(@R)+ exp[l(A;l)]}—li, (6.10)

248.(2) = -sin & [cosa + e'x.P(-J-\%ﬁ”-‘ . (6.11)

The functions n,()\) and 6. (\) are monotonic for l o] <§;w.
We restrict o to the interval (-im Zn).
' The function HaAz) (eq. (4.31)) is evaluated in appendix

V to give



64

N PAY AAZ

sinh(traz) : (6.12)

F(oz) =
Similarly, the function.G(z) (eg. (4.68)) is evaluated in
appendix VI. ,

The critical angle eR is given by edgs. (4.41), from
which it can be seen that eR increases with increasing n/A
and is therefore indicative of the strength of the Coulomb
~interaction. In the limit in which the SOmmerfeld parameter
n (eq. (4.13)) tends to zero for constant A (the T-limit of
pef.e)) we have therefore eR — 0 and the "illuminated region"

(6 = eR) is unimportant. This corresponds either to the
scattering of neutral particles or to the scattering of
-charged particles at higher energies. In_éontrast we have
the €-1imit®) in which n — o and A — o with n/A (or eR)
constant. This corresponds to the scattering of heavy ions
ét medium energies. In this case the illuminated region

extends over an. appreciable part of the angular distribution.

6.2 Elastic scattering amplitudes - illuminated region

Substituting egs. (4.53) and (6.12) into eqg. (4.73), we

have

] . YN
p N 11’_9. oA eR. Lq’.;. (./L,Q) €
‘éo\e) = FR(Q) + k 'K(S) e ' i e sinh[TrAa(6,-8)]
; A,8) *AO6 o - |
+'eb?"( ) e ; 0, -6 >> AN, (6.13)

géhh[fTA(ij-e)]'

s

Since.|a|-<§7r we see that GR and A have the effect of damping

the second term in the braces { } relative to the first term
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and causing the first term to become small as 6 — O. We

therefore have approximately

(6.14) -

: .v#o(e)-—» F(8) e O?R(e) _‘7\ as 6 —o0

where oé(e) is defined by eq. (4.70).

| Osciilatory structure in o,(06) comes from the ipterferehce
between the first two terms on the right hand side of eq.
(6;13) and these (Fresnel) oscillations are damped as 6 -0
(see refs.6¢13)) According to éq. (6.13) the parameter ¢
opposes or enhances'the damping of the Fresnel oscillations
towards smaller angles @ depending on whethér a > o (nuclear
refraction) or o < o0 (predominance of surface reflection over
nuclear refraction).

- At the critical angle @, it can be shown®) that -

A CA

ACK R oA - (6e13)

From egs. (4.71), (4.75) and (VI.ll), we see that the ;pin—
orbit correction term gl(e) is largestrin the vicinity of the
angie BR, but gl(QRL << oo(eR) since [k] << 1.  Now ék z =N
since K < A so, inlthe illuminated region, oo(e)-# qR(e) as
0-— 0 while.gl(e) ~ O thereby becoming even more insignificant.
For.the purposes of this discussion we therefore ‘ignore 01(9)
in the illuminated region.

Similarly, from eq. (4.72), one;can see that A_(0) = O(|K])
and’ﬁhat'Az(e) — 0 as @ — O. . This is confirmed by the

experimental data in which, in all cases, the vector analyzing

k4
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power Az(e) is several orders of magnitude less than qnity in
this angular region. However, there is some oscillatory
structure and this is discussed below. -

Since the illuminated region is of particular interest
when the Coulomb interaction is strong; we éonsider the case
when eR is large ehough so that, for O < 6 2 6

R ’

Fale-0)] »> Halere)] | c[a(E-0)] > Gla(g+e)] . (6.16)

We further approximate £, (6) in the angular region 0 =0 >> 72
by fR(e). From egs. (4.72) and (4.67) we therefore have

approximately

A . —— % K(e) i@ (X,0) »
Z(e) O'R(e) 34(S+') K RegFK(e)e G (QR 9)}

046~ (6.17)

Using eq. (4.55), the Rutherford scattering amplitude can

be written as (c.f. fef.a))

A .
FR(G) = ~L—Ez—h—é}-%_ C, (8,8, exng[cF+(A,8)+u2+;’l—_v]} , (6.18)
“where
6-6
U= ——="—5 (6.19)
and where C+(e,eA) is_defined in ref.8). .Since C+(e,eA) is

a slowly varying. function of @, we replace it by its value at
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6 =6, , giving

C,(8,8) = [FAGM]* . (6.20)

Combining egs. (6.17-20) and taking q;(K}e) = ¢+(A,e), since -

A~ A, we have

 R(ey A
k[-A @, (A)]% k(sing)E

A (6) ~ L _ 2%
2(6) EAC) 3 (5+!

x {Re[ G (-0 exp(i u*+ix™]3 ocowo A", (6.21)

The term in braces { }, because of the exponent of argument
i(uzi-%7ﬂ , glives oscillations of Fresnel type similar to
those that appear in the differential cross section. (Thié

has already been shown for spin-% particles3).)

6.3 Elastic scattering amplitudes - shadow region

1Substituting eqs. (4.53) and (4.74) into eqg. (4.70), we

have
: _L ®*o) | ¢ oo ip (Af) Ma(eg+e i (4,00 } -\ ‘
o, (8) = Kz { 6.-6 e + We 3 8- 7 A (6“22)

Substituting eq. (6.12) into (6.22) gives

2AA6, l{ Al (P, (4,0)

YA\ 2
(0 = () K'@e cinh[ A6 =61

o-0, »> AN (6.23)

eouse | (P (A,0) 2
r =)
SLP:‘\'\[TTA(G +6g)]
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For 'nA le-eR| > 1 eq. (6.23) gives

e

oy (0) = (ﬂk‘i)1 ®2(0) e

Op-%0) A8 -a(Mep—A8) (P_(A,60)42 oo

From egs. (4.71) and (4.75) we have

. ;(s+i)(£‘<@)2] fG(§R~9)ei?+(1’é)f ¢(§R+é) e£q>_(A,e))$l z’ 6. 2‘5)

qQ
2
L
)
Wik

and from egs. (4.72), (4.74) and (4.75),

A(e) = % o) Ke) K(e)
2 -o(e) 3( +0 k2

R‘ef[gf‘?o‘;eéq)*f glekeiq"][ei$+ e G—]*g ) (6.26)
where we have usedjthe abbreviations

F, = 3[-"‘(9& 0)] |, G, = G(é‘kxej , (6.27)

P = @ (A0) ﬂ = ¢, (A,0) . | (6.28)

- To simplify the discussion of oo(e) , we take only the
term, in the expression (VI.l1l) for G(z), that dominates at
large values of |z| From the asymptotic forms (VI.1l6) and

(VI.17) we have, provided Ay < L OT o > O,

exp[(:(./L‘/T.—XAS)'Z ‘_*.:TTAS%}

{4+ exp[%—s- +f-('—*1 Eﬁfg __og)]

G(z) ~ Q_TTKA:;Z z<o (6.29)
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where

— _A."".A_S |
¥ = A, - 4 (6.30)

Equation (6.29) is only valid for integral values of A/AS.

Using eq. (6.29), eqg. (6.25) becomes

o, () =

%s(sw)l{;‘(e)l2 ,  (6.31)

-where

2 —~TTAO
£ ~ - i‘%ﬁ- RO

g (6:-9) exP[-'L(A;iub’AS)e TAs%nt B (6.32)
A
Hexp[T2s 4 (Ths _a)]

(B +6) exp[{(A-A-285)0~TA O+ LP_] 3

e [ e )]

AN

In eq. (6.32) we have dropped a constant overall phase factor
and have used the abbreviations (6.28). |
Concerning.the differential cross section g(8) and the
vector analyzing power Az(e), we consider separately the
following éases which are relevant to the analysis of the

experimental data:

‘.

e2TAOR L. 3 and e2TsOR .. 3 ~ (6.33a)

case (a) :

e2’1TA9R >> 1 and ezﬂAseR = O<l). - (6.33Db)

case (b) :

case (c) : e2TABR o(1l) and e2TAsOR o(1) (6.33c)



70

The features of the cross section ratio and the vector
analyzing.powér'that are characteristic of these three cases
are discussed in more detail below and are illustrated in
figs. 1 and 2.' The curves are calculated ﬁsing the formulaé
(4.69-75) with 3}Az) and G(z) given by egs. (V.9) and (VI.1ll)
respectively and for various paraﬁeter values. Figures 1
and é are calculated assuming parameters characteristic of
the Fresnel and Fraunhofer regions bf elastic scattering

respectively.

Case (a) :

This corresponds to ﬁhe C~-limit of ref.e). ~ In this
case the first term in braces { ] in egs. (6.23).or (6.24)
dominates the second and~oo(9) falls bff, at sufficiently
large angles, like expl-2(m+ q)a6l.
Since |k| << 1, 0,(6) is an order of magnitude less than
0,(0) near the critical angle I According to egs. (6.31) -
‘and (6ﬁ32)' 0,(6) falls off at large angles like exp(—ZﬂASe)'
so that if A, < A, 0,(6) may become noticeable beyond some
large angle, having the effect of decreasing the rate of |
fali—off of o(@). Up tQ this poiﬁt, the ratid 0(9)/qR(e)
has the characteristic form of a Fresnel diffraction pattern
péttern678'13),
If we take ¢(8) X o, (9) and Ag = A in eq. (6.26) with
0,(8), 2(az) and G(z) given by egs. (6.24), (6.12) and (6.29)

respectively, we get for the vector analyzing power
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Fig. 1. Elastic scattgring cross section ratio ¢g/og and
vector analyzing power A calculated from egs.
(4.69-75) wusing egs. (6.12) and (VI.ll) for various

. parameter values. Since o¢/ogr is similar for each
case, it is shown only once at the top of each
column. The common parameter values are A = 15.0,;
A= 1.5 and o = o. The remaining parameters are
tabulated below. g
(b) (c) (a) (e) (g) (h) (1) (3)

Ag | 16.0|16.0}14.5(14.5 (16.0|16.0 | 14.5 | 14.5
£ ] .2 | .2 | .2 2i 2 | .2i | .2 | .20
Ag | 1.5 1.5 1.5 1.5 .5 5 .5 5
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~0.4} 4 ~Q.A}F . 1
o8t 4 -ogt
0 20 40 80 80100 . 0 20 40 60 80100

0(degrees) ~© B(degrees)

Elastic scattering cross section ratio ¢/or and
vector analyzing power A calculated from egs.
(4.69-75) using eqgs. (6.12) and (VI.ll) for various
parameter values. Since o/og is similar for each
of the cases (b)-(d) it is shown only once at the
top of each column (similarly for cases (£f)-(h)).
The common parameter values are A = 11.0 and

A= 1.0. The remaining parameters are tabulated
below. '

® | @ | @ | @ | @ | o

As | 11.0 1 11.0 ] 10.0{ 11.0 | 11.0] 10.0
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4 A% . 1L (11D - |
Az(e) = 3—(s+|)—A_.£*K,.+ K‘_tan[l( ~ —d)]} (6-8,)

x exp%[(ﬁ+¢)A—ﬁAs] (o-0)} (6.34)

wheré K. and r; are the real and imagiﬁary parts of k
respectively. Equation (6;34) shows that beyond the'critical
~angle eR . Az(e) rises at least linearly with © and
’expoﬁentially if ¢ > o or Ay < D This formula is Vaiid only
.if o > 6 or As < A and only if cl(e) << go(e). - Very large
‘angles may therefore have to be excluded.

For o = o, As = A and As = A we get, on substituting the
exact»expressions for ‘HAz) (eq. (V.9)) and G(z) (eq. (VI.1l))

into eq. (6.26),
Az(e) = —gi(s#l)A(Q—GR)['K,,+A'K1(9-9(Q] 8-6, 7 A , (6.35)

where we have approximated ¢(6) by o,(9).
These effects are illustrated in figs. 1l(a-e) which show

thé vector analyzing power,éaiculated assuming purely real and

purely imaginary spinéorbit phase shifts, and for Ay = A and

A < A. |

S

Case (b)ﬁ

This case is of interest when Aséﬁ < AB; which implies

that AS'< A since we .expect to have A< A i.e. §k z eR; - In

this. case oo(e) has the same form as in case (a), but in eq.

(6.32) we see that the two terms in the braces { } are of the
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saﬁe order of magnitude. = This implies that ol(e),.given by
eq. (6.31), will show regularvosciilations, of period

/(A= yo) = ﬂ/Asv, coming from the interference befween the
two components.@ii)(e) of ga(e). Similarly, from eq. (6.29).
we see that the two terns\(a_exp (i};) en the right hard side
of eq. (6.26) will\interfere to give similar oscillations in-
AZ(G). These are therefore also due to the interference
between the components é{i)(e).

Recall from section 2 that the labels (+) and (=) refer
‘respectively to.the amplitudes for scattering from the near.
‘and far sides of the interaction region. We therefore
conclude that in situations of type (b), the regular
oscillations in ol(e) and Az(e), in the shadow region, are of
Fraunhofer type, and are due to the interference between the
near- and far-side components of the spin-orbit correction
term {3(6) of the seattering amplitude.

As in case (a) the influence of ¢, (6) may only be
noticeable at large angles and only if by, < A We consider
in more detail the case in which ¢ (6) << o, (0) . The
differential cross section ¢(6) therefore has the same
general form as in case (a), but from egs. (6.24), (6.26) and

'(6.29), we obtain for the vector analyzing power,

, 2 :
A () = %(S-H)%é- exp[(Tra)a(e-6g) ~Aa6]

N g(g_QR)Aé”ASQR _(0+6)e TR [Bsin(2A8) +Ccos@raa)]}, (6.36)

where we have taken As ~ A and where
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| A = K.+ K tan[‘l‘l(ﬁﬁs —-o<)] . B = ‘K,-"Kétqn{%(ﬂ25+o\)] ;

(6.37)

. C= Ki+-krton[§(ﬁfs¥+dﬂ ,

where Ko and K, are the real and imaginafy_parts of the spin-
orbit coupling strength x respectively. Equation (6.36)
showé that AZ(G)_is»the same as in case (a) (eq. (6.34)),
except-for‘the two additional oscillatory terms of period /A,
which are damped relati&e to the nonFoscillatory term by the
factor [(e%—eR)/(e-eR)]exp(-zwAseR).

| These effects are illustrated in figs. 1(£f-j). over the
:angular range plotted, no oscillatory structure is visible in
the differential cross section since.ol(e)v<< 00(9), but the
Fraunhofer-type oscillations discussed above are seen in the
vector anélyzing power Aé(e). For © < @, one or more of the
Fresnel-type oscillations discussed in subsection 6.2 are just
'visible in Az(e).

- Figures 1(g) and 1(h) show the vector analyzing power
calculated assuming purely feal (Ki = 0) and purely imaginary(
(Kr = 0) spin—orbit phase shifts respectively. In agreement

with the approximate formula (egs. (6.36) and (6.37)), this\
affects the magnitude ofvthe non-oscillatory term in éq.

(6.3¢) while it mainly affects the phase of the oscillations

coming from the second and third terms.

Case (c):

This corresponds to the NM-limit of ref.®).  In this case

we see the oscillations in 0,(6) coming from the interference
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between the two terms in fhe braces { } on the right hand
side of eq. (6.24), since the factofs exp (. ﬂA@R) are of the
same order of magnitude, i.e. the ‘Coulomb dampinge) factor
éxp(ZﬂAeR) is.small; The factors exp(I a/A®) in eq. (6.24)
oppose or énhance* the Coulomb démping with increasing ©
depending on whether o > o'(nuclear refraction) or o < o
_(predomiﬁance of surface reflection over‘nucleaf ref;action).
These effects are illustrated in fig. 2. A coﬁparison
of figs. 2(a) and 2(e) shows the effect of a positive value
~of ¢ when the Coulomb damping is still quite strong.
Figures_2(e—h) show the vector analyzing power to have a
prOnounced maximum or minimum wherever the differential cross
séction has‘a pronounced minimum. This can.-be seen from the

formulae in the following special case:

For As = A, o0 = O, As = A and eR'= 0, we have from eq.

(6.24)

TA XS

2 -2 . .
o (8) = (T2 xee " sin*(Ae-im) e A, (6.38)

and from eqgs. (6.26) and (VI.1ll),
Az(0) = A%—(S-H)K,,.AG[I-*—AG cot(/&e-—‘;w)] o> A (6.39)

where £ is the real part of «.

!

Equations (6.38) and (6.39) agree with the general form

't We refer to ref.®) for a discussion of the influence of
nuclear refraction and surface reflection on the
differential cross section.



77

of ¢(6) and Az(e) illustrated in figs. 2(e) and 2(f)
respectively, although‘in these plots the pronounced
oscillations in o(6) are due largely to the refractive
parameter ¢ since the Coulomb damping factér exp(2ﬂAQR)\is
greater than unity. In agreement witﬁ fig. Z(gj, eq. (6.39)
shows that as K = O the linear term in © vanishes and one ;s
left only with the spikes of Az(e)_occurring at the zeros of
a(e). | | | |
Figure 2(h) shows that having.As < A may change the sign

‘of the periodic part of Az(e).'

6.4 Inelastic scattering amplitudes

Due to the large number of terms comprising thevinelastic

scattering amplitude B (6) (egs. (5.58—62)), we discuss the

LMt
main features of qL(e) and Ag(e) in the asymptotic shadow

region only, and under the condition that the nuclear

(s.,%) )
LM (N) dominate the Coulomb

excitation terms B(c’i)(cs) and B(S'i)
LM - - TLM

region. This condition applies in particular to the inelastic

. . (c,t)
excitation terms BLM (N) and B

(CS) in this angular

scattering data analyzed in section 7.

From egs. (5.61), (5.62) and (5.64) we therefore have

o () = o/ e) + o- Ve o-0, »» A (6.40)

where

: (¢, . (c,;-) % : '
0 ©@e) = I B0+ (0T B w) (6.41)
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?

| , |
,o-"L(')(e) = ~s(s+\)2 -0 B (N) (6.42)

while from egs. (5.66), (5.61) and (5.62),

L I (<,+) M (6™
A5 (8) = ) 3 %jé[ (N + (07 B (W]
> [B‘S’”(N) (-1 )"‘B(S “(n )] 3. (6.43)

N .

Substituting egs. (5.34) and (5.40) into eq. (6.41) gives
gy - L[N 2 N 2
o (e = s [ ®(@)] [%l’m“”»"’i-]
Lo Lolen, |t -\
le +}+ + (- e }__l . ©8-86, >7 L, (6.44)

where we have used the abbreviations (6.27) and (6.28) and
where we have used the fact that YLM(Zﬂ',O) = Q for L+ M odd.
Substituting egs. (5.34) and (5.43) into edq. (6.42) gives

-

: N 12 2
0@ = £ P LER@V[Z [ (Emo] "]

""'» N . . - _ v 2_ ) - ‘.'_
x | (B,-0) G, - (-0 " (5, +0) 6| 9-6p 77 L. (6.45)

Finally, from egs. (6.43), (5.40) and (5.43), we have

L | _ | 2
Ap( =t st [V]? (&) RO S | Yim (10| ]

v Re§[ Py + (b T p [ Prle-B 6, + 0 T Bre 6 1Y

©-06, »» L' . (6.46)
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Equations (6.44), (6.45) and (6.46) bear a close
resemblance to the expressions for the corresponding elastic
scat£ering angular distributions o¢,(6) and 0,(8) and the
elastic vector analyzing power AZ(G) given by egs. (6.22),
(6.25) and((6.26)vrespectively.

We compare these equations in the "neutral limit" (case
(c) of subsection 6.3) since this is implied by the conditions
of this 'section, namely that of domihance of the ampiitudes.
for nuc}ear excitation over those for Coulomb excitation in
the "shadow region". In this case the functions oéo)(e),
qél)(e) and Ag(e) show the same general features as the
functions o0,(0), 01(6) and'AZ(e) respectively in the "shadow
region", except that the factors (—i)L in eqgs.:  (6.44-46) cause
the Fraunhofer oscillations to be in phase or out of phase
with those of the corresponding expressions for elastic
scattering, depending on whether L is odd or even respectively.
For spin-o projectiles.this is the Blair‘phase rule7'§°).
This relation has already been derived for spin—% and spin-1
projectilesS).

Similarly, by comparing egs. (3.52) and (2.51), the
facfor (—l)M gives rise td thé samé phase rule for the tensor

components of the analyzing powers for elastic and inelastic

scattering.
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7. ANALYSIS OF EXPERIMENTAL DATA

7.1 Analysis of elastic scattering data

At present thevdata that is available on polariéation in
elastic scattering of light ions other than nucleons‘and_the.
deuteron is the data of the Birmingham grouplz) on the elastic
scattering of polarized ®He ions, and the data of ref.?31)
on the scattering of polarized 3H ions. Recently it has
also become possible to measure polarization in the elastic
scattering of héavier ions. The Heidelberg group has
'determined the vector and tensor polarization of ©€Li
ions10:11,32) 3¢ 22.8 Mev, and has also provided preliminéry
datas?) on the tensor analyzing power for the elastic
scattering of 71 + S8Ni at 23.2 MeV.

Of the light ion scatteringldata referred to above we
have analyzed the cross section ratio and the vector analyzing
power for the elasti? scattering of sﬁé + 28Mg at 33.4 Mev't,:
3fié + 27A£.at 29.6 MeV (cross section ratiott) ‘and 33.1 Mev
(analyzing pbwer), and SHe + °8Ni at 33.3 MeV. Of the data
of the Birmingham grodp, it is only in the above cases that
the number of partial waves involved is large enough for the
c;nditions 6f our .theory, given in section 4, to be applicable.
In the case of the S3He data of réf.31), there are too few

partial waves involved since the energy 1is too low. Of the

L

' The differential cross section data is taken from ref.33).

Tt The differential crdss section data is taken from ref.34).
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data of the Heidelberg group we have analyzed the cfoes
section ratiot and the vectcr,analYZing power for the elastic
scattering of 6f1 + 28si and L1 + 5?Ni. at 22.8 MeV, since
these cases involve a sufficient nunber oflpartial waves for
| our theory to be applicable.
The results of our analy51s are shown in figs. 3-7.

The dlfferentlal cross section ¢(6) and the vector analyzing
bpower A (o) are calculated from eqgs. (4.69-72) using egs.
(4.73-75) and (4.63) with the functions 2(Az) and G(z) given
by egs. (V:9) and (VI.1ll) respectively. The numerical
values of the seven f-space parameters A, A, o, As , As" £
and K; are listed in table 1. The parameters Kr»and ; are
the real and imaginary parts of_the spin—orbit coupling
strength « respectivelyi

- The tensor analyzing power for the elastic scattering
6f1 + 28Si at 22.8 MeV has also been measured32) and was
found to be consistent with zero. Thisiis in agreement with
our analysis of tensor polarization (which is based on the
assumption of pure vector spin-orbit coupling) according to
which the tensor analyzing power, given by eq. (4.24), is an
order cf magnitude smaller than the vector analyzing power;
On the other hand, the data on the.elastic scattering of
Ti + S58Ni at 23.2 MeV shows the tensor analyzing power to be

non-zerott. We have not analyzed this data since the data on

t  The data of refs.10:11) on the cross section ratio for the
elastic scattering of LI + 288i at 22.8 MeV is incorrectly
normalized. The correctly normalized data is taken from
ref.35

Tt It is possible that the tensor polarlzatlon in this case is
due to the quadrupole moment of the 'Li nucleus which_ is an
order of magnitude larger than that of the SLi nucleus.

The elastic scattering formalism of this thesis can easily
be extended to investigate such an effect.
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TABLE 1l: Parameters of the analysis of the elastic scatteriné data.

(2-space parameters)

(geometrical parameters)
: Elab n eR ‘
1 1
Reaction A A - o As AS Kr Ki r xS da
(MeV) (deg) ' (fm) (fm) (£fm)

e + 25Mg 33.4 1.14 11.8 11.0 1.05 0.5 9.69 0.52 0.145 0.080 1.41 2.09 0.53
3ge + 2721 29.6 .31 14.0 10.7 0.93 0.5 9.32 0.46 0.155 0.085 1.46 '2.17 0.50
(Cross ’

Section)

e + 2721 33.1 .24 12.6 11.2 0.93 0.5 9.82 0.46 0.175 0.095 1.43 2.12 0.47
(Analyzing '
- Powex)

*He + S°ni 33.7 2.64 22.1 | 13.5 1.00 0.4 12.18 0.33 0.205 0.040 1.47 2.02 0.47
611 + 2853 22.8 3.40 29.8 12.8 1.10 0.75 12.06 0.37 0.380 0.120 1.62 2.60 0.50
51 + 58Ny 22.8 6.81 53.2 13.6 0.88 © 12.56 0.29 0.165 0.035 1.67 2.45 0.34

L8
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the cross section ratio is not yet available.
It is convenient to reduce the j-space parameters A and A
~to the geometrical parameters R, and d using the semiclassical

formulae

F‘_-,

- (‘

A=kR°[l—£_—RD(;] 3 A

7~

r\

.R) | (7.1)
) .

where n is the Sommerfeld parameter (eq} (4.13)) and k is the
wave number for the relative motion. It is hoped.that egs.
(7.1) éive a good approximation to.the energy dependence of

A and A respectively, in terms of the energy independent
quantities Ry and d. The parameter R, should be éompared

with the strong absorption radius, rather than with the
Woods~Saxon radii of the optical potehtial, while the parameter
d is a convenient geometrical diffuseness parameter. The
radius parameters r, and r refer to the heavy and light ion-
options respectiveiy and are calculated.using the formulae

Ro = (A+A) 'A':f, (7.2)
where A, and A, aré the atomic mass numbers of the target and
projectile respectively; The numerical valges of the
parameters d, r, and rg are listed in table 1.

Recall that the data of the cross section ratio and the
analyzing power for the elastic scattéring of 3ffe + 27A) are
at the energies 29.6 MeV and 33.1 MeV. Because of the
comparatively large energy difference, our theoretical fits

“to the data at these two energies had to be done independently.
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However, the close agreement between the two sets of
geometrical parameters r,, rgy and d, for the two different
- energies, is our justification for doing this. |

The theoretical curves for 3@ + 26Mg‘and 3ffe +l2+Az
shown in figs. 3 and 4 respectively aré examples of case (c)
(eg. (6.33c)), as can be shown frcm the psrameter values of
table 1. The cross section ratios of figs. 3 and 4 arev
typical of Fraunhofer diffraction scattering with weak;Coulomb
damping, as illustrated in fig. 2(e). The ahalyzing power in
'figs. 3 and 4 show the asymmetrical oscillations, characteristic
of this typc-of diffraction scattering and which are
illustrated in fig. 2(h).

By comparison, the thecretical,curves for the cross
section ratios for the elastic scattering of 3ﬁg + 58Ni and
1 + 283i, shown in figs. 5 and 6 respectively, are also
examples of case (c) but with stronger Coulomb damping of‘the\
Fraunhofer oscillations. These curves are to be compared
with fig. 2(a). The corresponding theoretical curves for the
vector ahalyzing power, shown in figs. 5 and 6, show more
symmetrical oscillations of Fraunhofer type as illustrated in
figs. 2(b-4d).

These features are explained in subsection 6.3 under
case (c). |

The thecretical fit for 601 + 58Ni shown in fig. 7 is an
example of case (b) (eq. (6.33b)); The cross section ratio
of fig. 7 is typicai of Fresnel diffraction scattering. The
corrcsponding vector analyzing power, shown in fig. 7, shows

very small Fresnel-type oscillations at angles ¢ < Op while
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in the shadow fegion (6 z eR) it shows Fraunhofer-type
6scillations.’ These features are discussed in subsection
6.3 under case (b) and are illustrated in figs. 1(£-3).

The main conclusion of our analysis of elastic
scattering is that the main features of the differential
cross section and fhe vector analyzing power are characteristic
of,diffraction scattering which is the dominant mechanism
invélved. This was predicted in refs.3:415) More
specifically, it was found that for the.elastic scattering of:
3He by 26M§, 2754 and 58Ni, at enérgies close to 33 MeV, and
fbr the elastic scattering of Li by 28si at 22.8 Mev,
Fraunhofer diffraction scattering is the main mechanism
involved, while for the elastic scattering of SLi by S58Ni at
22.8 Mev, Fresnel diffraction scattering dominates.

“In spite of the relatively few sets of data available,
further general conclusions may be dfawn from the parameter
values listed in table 1.

- For the lighter systems there is evidence of refraction.
(¢ > o) due to an attractive nuclear potential. The only
exception is the heaviest system 61 + S58Ni which showed no
evidenqe of nuclear refraction. There is no evidence of :
dominant surface reflection-(a < 0).

- The strength of the spin-orbit interaétion is similar
for %He and °Li. In all cases the spin-orbit coupling is
seen to have a refractive (Kr > o) as well as an absorbtive
(Ki > o) part. The numerical values of the critical A-value
Ay ahd the diffuseness parameter Oy of the complex spin-

orbit phase shift ﬁs(x), are consistently less than the
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numerical values of the correspondihg parameters A and A of
the elastic scattering function S( )( A . |

There is a correspondence between the refractive and
absofptive effects represented by the [-space parameters, and
the effecté of the real and imaginary optiéal potentials of
the optical model.. Optical model analyses have been carried
out on most of the elastic scattering data that we have
studied; It is therefore possible to compare some of the
coﬁclusions arrived at in the optical model studies with
those of our f(-space analysis.

We first consider the following optical model studies of

. the data on elastic scattering of polarized S3He ions:

M. Cohler et al. 26) of the present data on the
elastic scattering of 3He + 2°Mg at 33. 4 MeV;
| S. Roman?2®) of the earlier data on the elastic
scattering of-?ﬁg + 26Mg at 33.3 MeV and 3@ + 27Aj at
33.3 Mev'; |
S. Roman et al.27) of the data on the elastic

scattering of 3fé + °8Ni at 33.3 MeV.

In all of the énalyses referred to above, nine-pafameter
fits to the data were.attempted using Woods-Saxon forms for
the real and imaginary central nuclear potentials and a real
Thomas—Férmi form for the spin-orbit potential. In all
cases the diffuseness parameter of the spin-orbit potential

turned out to be considerably less than the diffuseness

T No opt}cal model analysis has been rep01ted on the Birmingham
datal?’ on the vector analyzing power in the elastic
scattering of 3fé + 27Az at 33.1 MeV.
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parameters ofbthe central nuclear potentials (in some cases
the ratio was less.than %). This agrees qualitatively with
the finding 6f our ﬁ-space analysis that the diffuséness
parameter A, , of the complex spin-orbit pﬁase shift 6S(x),
is consistently less than the diffuseness parameter A of the
elastic scattering function SéN)(x).

In the above mentioned optical model analyses of the
data on 3fe + 2°Mg at 33.4 MeV and 33.3 MeV,‘the radius |
parameter of the spin-orbit potential turned'out to be less
"than the radius parameters of the central potentials. This
result may be compared qualifatively with the result of our
analysis of the data on °He + éGMg“at 33.4 MeV in which the
critical A-value AS of the éomplex spin—orbit_phasé shift

6S(x) was found to be less than the critical A-value A of the

()

c (N .

elastic scattering function S

On the other'hand in the above optical model analyses of
the data on 3Hé + 27Ay at 33.3 MeV and 33.1 MeV and
e + °®Ni at 33.3 MeV, the radius parameter of the spin-orbit
potential was found to be about the same as the rédius
pérameter of the real central nuclear potential.

These comparisons are intended to be only qualitative
since there is not a one-to-one correspondence between the
radius and diffuseness parameters of the optical potential
and the f-space parameters A and A respectively. Furthermore,
there are various ambiguities in determining the optical
potential parameters in the optical model approach.

In each of the above-mentioned optical model analyses,

except the analysis of the data on °Hé + 27aj at 33.3 MeV,
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the aﬁalyzing power‘déta could not be reproduced satisfactorily
at smali anglés (say 2 40°). Our fits to the SHe déta in this
angular range are qualitatively better. At{larger angles our
fits are of about the same quality as the best optical modél
fits to the data at these angles. In the case of the optical
model analysis of the data on 3de + 27Ag at 33.3 MeV, the data
on the vector analyzing power, which does not extend beybnd 50°,
was reproduced very well, but only since the search was biased
to fit this angular region. The corresponding fit to the data.
on the croés section ratio beyond about 40° was found to be
uﬁsatisfaétOry.‘ |

In the optical model studyl®) of the ®Li data of the
Heidelbérg group, the 6Li épin—orbit potential was calculated,
by means of a folding model, from the deuteron-target spiﬁ—
orbit potential. The data on the crdss section ratio for the
elastic scattering of 6Ll + 2838i at 22.8 MeV was incorrectly
normalized when.the optical model analysis was done (see
footnote t .on page 81). The data on the cross section ratio
for the elastic séattering of ®f1 + S8Ni at 22.8 MeV was well
reproduced, but the fit to the vector analyzing power data was
unsatiSfactory; ~ Our fit to the cross section ratio (figuré 7).
is qualitatively the samé, but oﬁr fit té the vector analyzing
power (figure 7) is considerably better. Our fit to the
(correctiy normalized) data onysﬂi + 28831 at 22.8 MeV is

satisfactory.

The abovementioned optical model studies all involved
nine-parameter fits to the data, while our j[-space analysis

involved seven parameters. The difference in the number of
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.parameters may be related to the well-known continuous
'ambiguities in the optical model parameters for a gi&en fit
to a set of experimental data, while for a given fit to the
data.in our g—sbéce.approach, the j-space parameters are
determined uniquely. |

The optical model studies referred to in this‘section
all involved pureiy real spin-orbit potentials. We have
already'mentioned the fact that 'in our formalism, the J-space
parameters «_ and Ko describe the effecté-of the spin-orbit
potential referring to refraction (Kr > 0) and absorption
(Ki > 0) reépectively. Referring to the numerical values of
k. and ) given in table 1, the ratio Ki/Kr is, in most cases
large enough to suggest that the absorptive effect of the
spin-orbit coupling, described by £hese pafameﬁers, could be
reproduced in oﬁtical model calculations only if an imaginary
term is included in the spin-orbit potential. The presence’
of an imaginary term in the spin-orbit potential is discussed

in section 4.4 of ref.3),

7.2 Analysis of inelastic scattering data

The inelastic scaﬁtering formalism of section 5 is
intended mainly for the analysis of future experimental data.
waever, there are at present a few sets of data available to
which tﬁe»theory is applicable. These are discussed below.

The Birmingham grouplz) has measured inelastic scatterihg
of polarized S°He ions by various target nuclei. Of this data
oﬁly the inelastic scattering:of 3T& + 28Mg at 33.2 MeV, with

excitation of the 1.809 MeVv 2+ state and the 2.938 MeV 2+ state
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of 28Mg, are suitable for analysis by our theory. However,
in each case, the data on the vector analyzing power is not
.yet sufficiently conclusive (due to large experimenfal errors
or irregular fluctuations), so that a detailed analyéis
cahnot be made at this stage. |

The Heidelberg groupll) has measured inelastic scattering
of ‘vector polarized ®Li ions by various target nuclei. We
have analyzed their data on the inelastic scattering of
61 + 28Si at 22.8 MeV with excitation of the‘l.77 Mev 27
‘state of 28gi.

'-The results of éur analysis are shown in fig. 8. The
inelastic cross'section'02+(6) and the vector analyzing power
A(0) are evaluated from egs. (5.64) and (5.66) respectively,
using egs. (5.40), (5.43), (5.44), (5.49-52) and (5.60-62),

with the functions M Az) and G(z) given by egs. (V.9) and

(VI.1l) respectively. The Coulomb integrals ILMGS,Q) are

evaluated using eq. (5.9). The numerical values of the seven
..zéspace parameters A, A,. o AS ’-As r Ky and Ky o that appear

in the formulae, are given in table 2.  For the Coulomb charge

radius parameter r, . we have used the standard value 1.25.

(M)

- (M) of section 5 represents

Since the scattering function S
some average»of the corresponding elastic scattering functions.
for the initial and final channels, which are at different
energies, the numerical values of the seven j-space parameters
given in table,2 are not expected to be the same as the |
numerical Valgés of the corresponding parameters givén in

table 1 for the elastic scattering of SL1 + 28Si at 22.8 MeV.

As in the analysis of the elastic scattering data, the
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TABLE 2: Parameters of the analysis of the data on the inelastic scattering of 6L1 + 28gi at
E{,p = 22.8 MeV with excitation of the 1.77 MeV 2%t state in 285i.
S r r' -d
n R A A A A c ° ©

(Geg) (fm)  (fm)  (£fm)
3.49 0.17 31.4 12.4 1.3 0.4 11.8 0.43 0.090 0.235 1.63 2.61 0.61
Deformation parameters:
() (c) (N) (W) ’
N 5, B, 5, . B(E2)
(£m) (£m) (e®b=)
0.290 l_.l'O 0.074 0.59 0.0195

L6
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/-space paraméters-A and A may be reduced, by means of egs.

o ¢ rg and d.

(7.1) and (7.2), to the geometrical parameters r
Thevnumerical vélues of these géometrical parameters, given
in table 2, agree favourably with the numerical values of the
corresponding parameters given in table 1 for the elastic

scattering of L1 + 285i at 22.8 MeV. Also given in table 2

éN) and aéc)

deformation parameters BéN) and Béc), defined by egs. (3.8)

are the deformation lengths 5 and the corresponding
and (3.9), the adiabaticity parameter £, the average Sommer feld
parameter n, defined by eq. (5.6), and the reduced EL transition

probability B(EL) defined by

47 T T27 ¢

!

B(EL) = [2 89z,er )" . (7.3)

Referring to fig..é, it was found that the amplitudes for
Coulomb excitation are only of significance in fitting the
firét two data poiﬁts of the inelastic cross section.  The
.vector ahalyzing power data up to 40° could not be reproduced
anyway . It is for these reasons‘that we used the approximate
formula,(5.9) to evaluate the Coulomb.integrals ILM(S,g)
instead of using the tabulated values of ref.22), In view of
this, the numerical‘value of B(E2), given in table 2, can be
regarded as being in satisfactory agreement with the
experimental value 0.0317 £ 0.0017 given in ref.36)

The data on the inelastic cross_sedtion over the whole
angular range and the data on the vector analyzing power
beyond 50° were reproduced satisfactorily. Since it was

found that the amplitudes for nuclear excitation dominate the
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amplitﬁdes for Coulomb exéitation'beyOnd about 360, the
discussion in subsection 6.4 is ébplicable to the inelastic
cross section and the vector analyzing powér over tﬁis
éngﬁlar range. Accordingly, the oscillations, at“léast
beyond 40°, in the theoretical curves shown ih fig. 8, are
‘attributed to Fraunhofer diffraction.

A comparison between fig. 6 and fig. 8 shows that the
Fraunhofer oscillations in the elastic cross section ratio
and vector analyzing power are approximately 180° out of
phase with the corresponding oscillations in the inelastic
crosé‘seqtidn and vector analyzing power respectively.  This
‘is in agreement with the extended Blair phase rule discussed

\

in subsection 6.4.
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8. SUMMARY

The purpose of this thesis has been té develbp a closed
S-matrix formalism.for the vector and tensor polarization in
elastic and inelastic scattering of strongly absorbed
particles of general spin s by spin-zero target nuclei, and
to aPply this formalism in an analysis of recent experimeﬁtal
data. |

From this analysis the following conclusions can be drawn:

i) Both scattering and polarization of strongly absorbed
particles are predominantly diffractive, and for the
relatively light systems studied here are mainly_of

Fraunhofer type:; only the heaviest system (®Li + 58Ni)

shows the characteristics of Fresnel diffraction.
) _

ii) The spin-orbit interaction of both SHe and fLi has a

significant imaginary part.

iii) The critical angular momentum As (hence the radius) of.
the spin-orbit interaction is consistently smaller than

A of the central part.

iv) The f-space width As (hence the diffuseness) of the spin-
orbit phase is abnormally small compared with the central

width A,;in agreement with optical’mddel findings.

v) . All of these properties are shared by SHe and °Li,
indicating a close similarity between the spin-orbit

_interaction of light and heavy ions.
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APPENDIX T

THE ELASTIC SCATTERING AMPLITUDE, TREATING THE

SPIN-ORBIT COUPLING IN DISTORTED-WAVE-BORN APPROXIMATION

Using the Gell-Mann-Goldberger transformation37), the

transition operator may be written

~ A A A A A
T(&pagé) = To(gp.‘si)"' AT(EF)‘SE) ) (r.1)
Qhere
AT(k k) = () (ke ) HTES (k000 (1.2)
H = S eSS, R ) | I1.3)
- Here the subscript o denotes operators or wave functions
corresponding to no spin¥orbit coupling. The form of H' is

taken from ref.38), where = and R, are spherical tensors of -
rank k in the spin-space of the projectile and co-ordinate -
spaée réspecti&ely, so that T, T, and AT are operators on the
projectile spin. |
Without spin—orbiﬁ,coupling, eq. (2.10) may be written

Y = o vB ety (2 Y & (1.4)

Sﬁbstituting egs. (I.3) and (I.4) into eq. {I.2), we have
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AT, k) = (35 % = = b it ANCARANNCONE
IF ¢ £m k$ . F ¢ ¢t

© - * ~ A LA ‘ A
[Sodrq/ép)(k’r) (r) (k r}][gdr z;' ('5>Rk-w('5)\/1£m;('3ﬂ Skq, . (15)

e

The scattering amplitude

)  (1.6)

A
A(lip).,,(_) - TR T(Ep)
may therefore be written in the form
A(B) = A(6) + = X (-l)q’Ak_cy(G) Skg (r.7)
k£0 9
where sin(8) = |k x kf| The density operator for the spin

of the scattered progectlles, when the incident beam is

unpolarized, is given by

p(O) = sET A A | @8

Substituting eq. (I.7) into éq, (I.8) and keeping only the

leading terms of the form Ao(e)Aij(e), we have
‘(zs+u)p(e) ~ |A 1 + A (& Z,v(_‘)qu* (0) S)r
o : o kg, k-g, kg

v A(e) T -0+ A, NORS
kg Y

A (0)1* + 3 S {Aqe) RS (8) + (0% AT (e)Ak_?(e)g Seq. s (1:9)

where ' denotes summation over all values of k # o.
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Equation (I.9) amounts to an expansion of the density

operator p(6) in terms of the spin-tensor components skq' )

The coefficient of S is therefore proportional to the

kq

polarization term of rank k and magnetic quantum number (.
(In the case of the scattering of a véctor polarized beam of

projectiles, the coefficient of S would be proportional to-

kq

the component-T of the analyzing power.) Referring back

kq

to eq. (I.5) we see that the coefficient of S in eq. (I.9)

kq
comes from the term (k,d) in eq. (I,3), so that to first
‘order in DWBA, we have a one-to-one correspondence between

the type of spin-orbit coupling term in the optical potential,

and the type of polarization it causes.
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APPENDIX IT

PROOF OF THE IDENTITY h,q(e) = o FOR g ODD*
. R ]
The general formula for the amplitude for elastic

‘scattering of spin-s projectiles.by spin-o targets, with

tensor spin-orbit coupling, is given by %)

Aly,v;;0) = -i305 5, Z (R mg s 31 IM> Cym s ;1 MY
' PM gme 2pmg ’

x iZ 'QF\/ (k) (k)S 0,2, (6 0) (II.1)
p £;m
where sin(9) = |£i><gf|. 'From‘eqs. (IT.1), (2.47) and (2.50)

we have

h, () = ExX0%am)2 o Conuqlsyy

. kg, 25+1 k Vo
2 Z 2. L Lmps [iM>LLm; cr]imyifitey (Q A (Q-)Si
M £ eMe £imy f | Leme SE et SV TR,
1, .
. Vo N K TR S T ~ - H
-xzn Z’. "Z:I<QFM‘:SV-‘:“ Mg m s L\*/ep"'\'p(,‘fc)\{e.'r'\',;(lf.ﬁ S,el,e.‘
M 'QFMF 42"""\;_ . h £
(0 #0) (II.2)

‘since, by our choice of co-ordinate system (2.35), é L Ei

and z L hf , .the terms under the summation signs are zero .
unless gf + Me o gi + m; o, zf + me and gi + m! are even.

+ This result has been proved for ¢ = 1 and 2 (ref.SB))' and,
with ¢ - s coupling, for all values of (ref.39)),



105

Now, provided parity is conserved, we also have (see page 455

of ref.1%)) S%}Z, # 0 only if p-p' is even. This implies

that the only nonzero terms on the right hand.side of eq.
(IT1.2) are those with me + mg ahd mg + oM evén.' '~ From the
Clebsch—Go;:don coefficients this implies that the only nonzero

terms are those with Vg + 1 and 0y +. 1 and hence also v; TV =4

even.
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APPENDIX TII

DERIVATION OF THE FORMULA (3.28)

Using eq. (2.5) we obtain

M t * M
- ~ F A A L A
D=4z yf @WLEY L @
. ' . . . R - * - ' YA
SOD Cgsmn i MY smiv i M 8 Sdrﬁé DL @Y, @)
™V m{Y; F ot

"

2 <£FSMF?L|J M 2L s v i M, ?’e‘l"g (lf- L‘Qi)(ﬂF L £ )(—-l)m"

mem Y, (4rr)z O oco/imgM-m

”~

= Z <£ S"\FUIJ Me 7<L;s mvil); M)(

Ea
1

x <,QFqu\,Q£o><2FL meMILime> (I11.1)
N ‘ L

where we have used the notation x = (2x+ 1)“. In view of

egs. (3.25) and (3.26), and from the assumption that

s"<<Lf ' Li ,_we have Mg , My, Mf ’ Mi ¢ Vg oa Oy and

M<<Lg , L, so that we may use the approximation15) (c.f. egs.

(2.29) and (2.30)),

{Zsmv)iM> = c!iw ﬂ(J-rr) ) ' (IIT.2)
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Equation (III.l) then becomes

N
I =% d. Ly d® . i) ZE-
, v, JF—.QF(l V; JL-,GL(" @m= T,
L L . . '
L L
x dg gog M Ay, _p (3T 6”9 weu o (II1.3)
Writing jg ='zf + 1g and j; = f; + 1; , eq. (III.3) becomes
& s 2. C L b .
[ Me MM O T e g dg 2, £, i d QL"“F(N) . (III.4)
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APPENDIX IV

MOTIVATION FOR THE PARAMETERIZATION (6.7) OF &5 _{())
. . p=]

From egs. (4.9) and (4.14), we have

(N)

14

N Cw |
b = -5 ar ~[Re U m} . . (1v.1)
Py [klr"-_Al]z
_ . -
If we take
(N ! - S
Re UC(m = =Vo[1+ exp(T58)]™ = Vo F(n) (Iv.2)
we then have
(N) mVo (@ ' £(r)
§ () = 2 de —C 207
c . + g% (kzrz_xz)ﬁ
v [20]
= -2 () drfrmennt | (1v.3)
k
so that
(N) : o
d & (N SYTAVAN Gl £'(m
- ‘2 o 2T dvr ———— Iv.4
d ol g%( " (kreroan)E ( )

Now if we take the Thomas-Fermi form for Us(r), namely

U d rory !
Ug(n = *nz;-[l+.exp(r R)].

r d %?jﬁ%r) ) | (Iv.5)

and substitute this into eq..(4.lo),’we have
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| mls (7 F() |
éS(A) = w——f—:i-—o' gl g (klrl_Az)Ji | (IV°6)

hence by-comparison‘with eq. (Iv.4), and using eq. (6.3), we

have
- Uk 480y | ug ke g A=3 ]!
0 = - S s e s DexliRHl L aven)

This parameterized form was considered in,ref;4°).
In the high-energy approximation wevhave A % kR and A.= kd,
where R and d are the radius and diffuseness of the function
f(r). If we had chosen a spin-orbit potential of the form
.(IV.5) but'with radius RS and diffuéeness dS , we would have,v

in place of eqg. (IV.7),

6. = pflirexe(2Z), ave

where As = kRS ’ AS = kdS and B is a constant.
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APPENDIX V

EVALUATION OF THE FUNCTION 3}(Az)

Substituting egs. (4.29) and (6.9) into eqg. (4.31) gives

- Haz) = i—giocu[H—exp(—/—%'-a-—Ld\)]_lexp[_A‘;A_—Ld\+£(A-A_).Z] L (v.1)

A=A

Let p = ki ‘therefore

"FT(az)

i

.S:o du [1+ eIP(—M—{.d)]-I exp[-m-ld + (:A-z',ul

I

So; dpm exp(tazm) f— [1+expl-m-i)]
- | P :

[+ 4] -
-iaz lim & cl'/LA[|+exP(-'M“id~)] \exp(iéi/“"iﬂ) . (v.2)
g»ot % .

We evaluate the right hand side of eq. (V.2) for z > o.

For z < o the final result is the same. We first evaluate
IE (Z) = Sr‘ dum Fe,z ; p) y | (V.é)
whefe
F(e,2 ;/u-) = [+ exp-(—M—Lé)]-‘.exP(iAZ.M —Em) (v.4)

and the contour of integration I' is shown in fig. 9.
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L&)
v
=
<
=

Fig. 9. Contour of integration I' for the integrals (V.3) and
(vI.4).

Recall from subsection 3.1 that we restrict g to the

interval (~§7r, %w). This implies that the singularity of

the function f(g,z; 1) inside the contour I' is at the point

By = (ﬂ—a)i;. ~ Now
‘Res[F(a,E;/u)] = exp|[-(oz+ie)(mr-d)] , (V.5)
M= M

so that

. L) = mexp[-(azvi(-0] . (V.6)

We also have

Te(z)= (O dp Fle,zu) - (L dpuble,z, pmriam) . @.7)
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Since f(o,2z; p+1i27w) = exp(-2nAz) f£(o,z; p) we have from egs.

(V.2), (V.6) and (V.7) in the limit as € — o,

g—z [ - exp(-1maz)] ?(Az) = (27 exp[-az(w-a)] | (V.8)

}(Az) ~ 1TAZI AAZ

sinh(1raz) * (v.9)
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APPENDIX VI

EVALUATION AND ASYMPTOTIC,FORM OF THE FUNCTION.G(Zz)

~Substituting egs. (6.7) and (6.9) into eq. (4.68) gives |

G(z) = 2% g:dk[l + exp(’L;A _Lg>]-\' [l+ exP(ASA;A')]‘l

x exp[i%sln(x-x)z] ) (VI.1)

Let A =qA, » (A=AJ)/D, = and u = (A -A)/A; therefore

G(z2) = 2xkAaexp[i(A-A)z-¥] gj;d/ug(/x;z) , - (VI.2)
where

g(m,z2) = [+ exp(—/uj-i-d)]—‘[l+exp(—z’—q,/u)]_1exp[(—q,+iAz),u] . '
. (VI.3)

We evaluate the right hand side of eqg. (VI.2) for z > o
and q integer. For z < o the result is the same. We first

evaluate

I(z) = gpd,u yM; 2) (vi.4)

where the contour of integration I' is shown in fig. 9.

- Since !a[ < %q{, the singularities of g(u,z) inside the

contour I' are at the points
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pg = ()i | (VI.5)

/u(;\ - -;-;[—2{ + LTT(?_n-'.\)] _ n= o2, 9 (VI.6)

so that
I(z) = c2mf Res [g(p;a)] + 2 Res Jaoms 2]y, (vI.7)
M o=l e
where
Res [o(m:z)] = _expllzg+iozlma] ,  (vI.8)
M= | [I+exp(-r -3 4)]*
' , (n)
Res [q(min] - L_exllasisna@]
Me/ux [a(m:)] YL+ exp(-pu{M-ia)]?
x fiaz v (1riaz)exp(-puP-)} L. (VI.9)

We also have
. 00 o0 )
I(z) = S_m du g(m;z) —~ S_m dm g(a+i2mr; z)
. , . 00 '
= [I -exp(2maz)] S_maﬂ q(m;z) . (VI.1l0)

Equations (VI.2), (VI.7) and (VI.1lO0) give the final result
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Ld KA

G(z) = exp[ {(A-A)Z - ¥]
| —exp(-21raz)
% g Res [g(m;2)] +Z Res [3(#;2)]3 '. (V‘I.'ll)
A= My n=t p= U .

We now write down the leading terms for z < o and for
z > O.

For z < a and vy > 1, we have

Sunges [q(,u;z)]g = Res [g(,u 2)] (Vvi.12)
n ,u:,u,g:) . - AAE /u . .

LAz exp(r-2maz+T22 -i¥2E) -
~ -15% , : (VI.13)
|+ exp(cy +L£—é&)

For z > o and vy > 1, we have

Supi Res [9(/4 z)]? Res [g(,u 2)] - (VI.14)
h‘ M= /‘"x M= /“x v
. , 'X'___'[TAZ - XAEZ
r “'LAq,Z exP( Y % ) . (VI.lS)
\+exp(—-—é%—cd\) |

Provided q > 1, the leading terms in the braces { 1 on _
the cight hand side of eq. (VI.ll) is given, for z < o, by
~ (VI.13) and for z > O, by (VI.15). . We therefore finally

have, for |maz| > 1,

Z<0 2”1’(&22 exP[—ﬁ’AZ(l—G‘,)-}-LZ(_A_ _A____b__’c_;A)]

~ gFsink(Taz) |+ exp(—-c; + L% -_(.oL)

G(z) ~ Yy (VI.l6)




1le

2 -%) i i
clp 28 Irede exelmedTR R ) wran)
g4 sin (TTA%) | 4+ e'xp(-?;- "L% _Ld\) v

under the conditions vy > 1, g integer and greater than unity,

~ where vy = (A--A_s)/As and q = A/As .
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