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INTRODUCTION 

Thts thests wlLt- centre on the concept of normtng sub­

spaces tn the dua\ of a Banach space. We shaLt consider a 

weakty-ctense subspace V of E', and the natural. norm tt 

generates on E. If thls new norm ls equlvatent to the ortgln­

al rorm o:n E, then V ts catted normtng or norm-determtntng. 

In 1948 Dtxmter publ.tshed hts results- [1 3J on normtng 

subspaces t .e. subs paces of charact.ertst i.e greater than zero. 

Stnce that ttme wrtters have gtven several. alternative proofs 

[ 19, 31, 34, 44] for many of hts theorems and gone on to 

prove new and varted res.utts. 

In thts thest.s, ·no new. -resutts a·Fe sta:ted, al.though 

Corot'La.ry 9.1 ts a sttght g;enerattzatton of Theorem 9.3 • 

The new proofs gtven ar.e : Theorems 2.2, 2.4, 4.1, 4.2, 

4.6, 7.1, and 9.3. In exampLe 2 of Section 2 and Theorem_ 

4.4 the proofs have been completed rather than changed. 

The almt ts to revtse th.e subject of norm~tng subspaces, 

uni.~ tt amd point out tts retevance to other areas of anatysts. 

In Sectton 2 we foLtow Dtxmter's reasoning to arrtve at 

the concept of the charactertsttc o.f a subspace. Thts ts 

done by en\argtng tts weak sequential cLosure. Dtscusston tn 

Section 3 htnges on both the theory of anatyttc functions and 
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the theory of two-norm spaces. These topics are connected by 

an important characterization of the characteristic. Section 

4 contains fUrther investigation of this concept and leads up 
I 

to a characterizatio~ of reflexive Banach spaces. So far, 

the setting has been that of a Banach space though many of the 

results are valid tn normed linear spaces. In Section 5 the 

characteristic ts discussed in a locally convex settlng. 

Thts genera'lization is due to Krlshnamurthy [31,32,33] • In 

Sectton 6 minimal subspaces are ~troduced ln a locally convex 

settlng, wtth speclal reference to Banach spaces. Wlth all 

the necessary tools estab~ished, section 7 provides an 

application of these to the questton of spaces equivalent to 

the dual or biduat of a Banach space. ·The 11 dual 11 questton 

was origlnall.y investigated independently by Dlxmi.er [ 13] alilrl 

Ruston [ 44 ]. In a manner remi.niscent of Dlxmter, Ctvtn and 

Yood [ 7] tnvestlgated the 11 bldual" case. These two 

authors are also responsible for the deftnttlon of quasi. -

reflextvtty discussed ln Sectlon a. So many papers have 

appeared on thts toptc, e.g. [a, 10, 15, 19, 21, 33, 35, 40, 

4a and 49] that we are obliged to restrtct our dlscusston, t? 

those results whtch relate directly tic results obtatned wtthtn 

thts thests. Sect ton 9 contains a completeness theorem [52] 

whtch serves to connect the charactertsttc wtth James's work 

on compactness, and so relates the former once more wlth a 

Large sectton of analysts. The blbtlography ls ln Sectlon 10. 
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Notatlon : In general, we employ the Bourbaki. notatlon. 

However, we draw attentlon to the following :. Glven a dual 

palr <E,F> of llnear spaces, 

~(E,F): the topology of untform convergence on the ftnlte 

subsets of F, or the weak topology on E. 

~(E,F): the topology of unlform convergence on the absolutely 

convex weakly-compact subsets of F, or the Mackey topology 

on E. 

~(E,F): the topology of untform convergence on the weakly -

bounded subsets of F, or the strong topology on E. 

y(E,F): the topology of untform convergence on the strongly­

bounded subsets of F. 

t.e. the strong topology 

on E11 restrlcted to E. These topologles are all locally 

convex Hausdorff topologles. A llnear space E wlth such a 

topology ls called a •ilocally convex Hausdorff topologlcal 

L lnear space' 1
• \ve abbrevlate thls to 11 l.c. spacei1 • 

shall also use 11 lff 11 for "lf, and only lf". 

The dual of a L.c.space E wlLL be denoted by 

Vfe 

E' 
' 

and the bldual [ E ' ' ~ ( E ' 'E) ] I by E" • For a subset V of 

E', V0 and V0 wlll denote the polars ln £i 1 and E respec -

tlvely. Other spaces ln whlch polars are taken wlLL be spe -

clfled as they appear. Unless alternatlve symbols are 

expLicltty named, SE and SE 11 wlLL denote the unlt balls ln 

E and E11 and Sl wltt denote the i..'th muttlple of the unLt 
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baLL s1 ln E'. 

The scaLar fleLd tn questton can be etther the reaL or 

compLex number fteLd. 

I should Ltke to thank my supervtsor, Dr. J.H.Webb, 

for hts constant heLp tn aLL aspects of thts project~ and 

for hts permtsston to quote resuLts from a paper of hls 

whtch has not yet appeared, see [52]. 
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THE DIXMIER CHARACTERISTIC 

Dixm.ier' s. concept [ 13] of the characteristic of a sub­

space developed naturally from the desire to generalise the 

fo l towtng theorem ( 3; 213] to~ the case of a non-separable 

Banach space. 

Theorem 2.1 

Deftnltion 2,1 

Banach space 

If E ts a separable Banach space, V a sub­

space of E', then every element of E' ts the 

ltmtt of a ~(Et,E)-convergent sequence of ele-

ments. from V tff 3 a constant k > 0 

such that for every x tn E, 

supf f(x)!: ~ k. llx n 
rt.V 

llfll=1 

If A ts a subset of E', the dual of the 

E ' we denote by A the set of l.tmtts of weakly 

convergent sequences from A, and call it the weak sequential 

closure of A. 

The condition "Y = E' 11 ln Theorem 2.1 is stronger than 

the condition 11 V ts <T(E' ,E)-dense tn E' "• Mazurkiewicz 

[ 36.·] glves an example f'or whtch onty the tatter condltlon 

holds. In some topologies these two concepts do colnctde 

e.g. metrlzabte topotogtes. For further resut..ts tn thls 

connect lon the reader is referred to papers by Webb [51] 

and Frankttn [ 17] • 
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To generaltse Theorem 2,1 we expand the weak sequenttat 

closure of V ~ 

Deftnttton 2.2 If A ts a subset of E', let 

A* = U An Sr 
r ;;:"!() 

where denotes the <r(E' ,E) closure, Now, tf F ts a 

bound.ed set tn E', then 3' r : F c Sr and then 

An F cAnSrc A* 

thus A =u An F where the unton ts 
F 

over :a t.'U .. the bounded. sets tn E r • 

Theorem 2..2 ( 1) A c A* 

( 2) If' E ts separable, then A = A* • 

Proof. ( 1) If f € A, then 3' a sequence £ fi J tn A 

such that the f:1 are <r(E',E)-convergent to r. So by 

[ 3; 7 3] , spp II fi 11 = m < oo , and f t.A () Sm C A* 

taken 

( 2) Let f € A* • Then 3 n. : f € A n Sn = n A () S 1 

Stnce E ts separable, the untt batt s1 tn E' ls metrls-

abli..e [ 9;43] • So 3 a sequence { fi} tn n(A () s1 ) wh tch 

ts <T(E' ,E)-convergent to f. Hence f € A· 

Theorem 2,3 If V ts a subspace of E', then 

V ts CF(E' ,E)-closed tff v = V*. 

Proof. If V ts <r(E',E)-closed, then Vn ~ ts too. 

V fl Sr 

Hence 

= V: n rS1 = r (V f"\ S1: ) ts also o-(E 1 ,E) - closed., 

\F = U V f"\ Sr = U V f"\ Sr = V n Us . r 
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Stnce E'· = U Sr, lt foLlows that V = VO. Converse l.y,. 

tf v = '!"'- ' then v (\ s1 c v. But V () s
1 

C V () s
1 

, thus 

In a Banach space thts ts equtvalent to 

V belng CT(E' ,E)-closed [ 4; 7'4] • 

Deftnltlon 2,3 A set B c E' ts sai..d. to be bw*- closed 

or almost. closed l:f B () s
1 

ts O"{E 1 ,E) - closed tn E'. 

The terms b~- closed and ·almost closed appear tn 

(9] aoo [22.] respecttvely; tn general the bWO'-

and weak - closures of B do not coi..nclde. However, for 

convex sets B tn a Banach space, they do. 

natlve statement of Theorem 2.3 ls : 

So an alter-

V = V* i..ff V ts bwt- closed 

Theorem 2.4 For a subspace V of E 1 

' 
V* = E' tff v (\ s1 conta tns an sr ' 

r > o. 

for 

Proof. Suppose ] r > 0 : V () s1 contalns Sr • Then 

V () Sr :') Sk, for some k. Thus V* = U V n Sr :') Sk • 

Stnce V* ts an absorbent subspace, V* = E'. Conversely, 

tf V* = E' = l_J V n S , then V () s1 ts absorbent. 
r r 

S tnce E ts normed, tts strong dual E' ,l!l(E' ,E) ts complete 

and so ts barrelled. Now V () s1 ts a barrel, and tt 

follows that 3 r>O : V () s1 :') Sr • 

The above ls the generaltzatton of Theorem 2.1 whlch 
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suggests the fo l.l..owtng : 

Deftnttton 2.4 If V ls a subspace of E t, we define the 

charactertst ic of V, denoted by D(V), as 

D(V) = sup{ r;;!:O : V n s1 contains Sr 

If the weak ctosure of V n s1 contatns a sequence of 

batts {Sr
1
l, where r

1 
approaches r from bel.ow, then tt 

contaiJr\S Sr. So D(V) is well-defined. In fact, since 

V n s1 ts contained tn s1 , we have that 0 ~ D(V) ~ 1. 

Furthermore, lf V () s1 = Sr for some r, then r = 1 as 

V rs s1 contalns elements of norm one. 

\ 

The concept of the characterlsttc of a subspace V can 

be readily generalised : Conslder V the weak closure of v. 

The charactertstlc of V relattve to V can be deftned as 

the largest number r such that vn s1 ts weakly dense in 

v " sr . Without dlfftcul.ty, many of the charactertzatlons 

of D(V) which appear ln Sectlons 4 and 5 can be extended 

to thts case [13] • 

To obtaln Theorem 2.4 we extended y to V*. However, 

Me VHl.tlams [ 35] deflned a number whlch he catted ~(V) 

whtch depended on y only. Ftemlng tnvestlgated the 

retatlonshlp between D(V) and p(V) and proved that [15] 

If E ls separable andy= E', then D(V) = 1 
~(V) 

• For 

weaker condlttons Flemtng obtalned correspondtngly weaker 

relatlons. 
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AN ALTERNATIVE APPROACH 

In an tnvesttgatton of extremum properties of analytic 

functions, Rogosinskt and Shapiro [42] generalised the 

problem to normed linear spaces~ 

Let W be a subspace of the normed linear space E. 

For X€E and f a continuous linear functional on W, we 

define 
11 r "w = s~p I f(x) I •••• ( 1) 

where the sup ts taken over all x ln W n SE • Dualt.y, 

if v ts a subspace of E' , 
11 xllv = 

deftne for 

sup I f(x) I 
f 

•••• ( 2) 

where the sup ts taken over all f tn Vn s
1

• Now (1) 

and (2) define semtnorms weaker than the ortglnal norms, 

whtch. are norms tff W and V are weakly dense in E and 

E', respectively. 

Theorem 3.1 Let W be a subspace of E. If f€E', then 

= tnf I I f+h II 
h 

where the tnf is taken over all h. tn Vl 0 

and is tn fact attained. 

Proof. By the Hahn-Banach theorem, every conttnuous ltnear 

functional f on W can be extended to a continuous ltnear 

functional g on E. Then f - g ts tn W0
• Moreover, 
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there ts at 'Least one such g for whtch ll f ll W = lt g Jl. 

For ftxed f tn E' { g: g=h+f, h€W 0
} = { g: g(w)=:f(w) ,wEW}. 

So the statement of Theorem 3.1 [6] 

ortgtnat theorem tn (42] • 

ts equtvatent to the 

Ustng agatn the Hahn - Banach theorem, a duat verston 

of Theorem 3.1, tn whtch the sup tnstead of the tnf ts 

attatned, was proved by Bonsatt (6;Theorem 2] • 

Theorem. 3.2 If X0 € E, then 

sup lf(xo) I 
f 

= lnf I I X 0 +Y 11 
YEW 

where the sup ts taken over att f tn W0 n s1 

and ts tn fact attatned. 

However, Theorem 3.2 ts not a comptetety duattzed ver-

ston of Theorem 3.1, as Bonsatt hlmsetf observed. Wlth thts 

i.n mi.nd, i.t ts naturaL to ask for what subspaces V Qf E' 

lt i.s true that for att x tn E, 

11 x llv = sup l f(x) I 
fEV 

llfll" 1 

= tnf I J X+Y II 
Y€Vo 

Now, i.f v ts o-(E' ,E) dense tn E' 
' 

then Vo = (0) 

and we ask for whtch V i.s II x llv = II x II • The tntttat 

probLem can aLways be reduced to the tatter by constdertng the 

quottent space E/ y
0

• Bonsatt's questton had been answered 

tn 1948 by Dtxmter who proved the next theorem. 
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Theorem 3.3 Let v be a subspace wtth D(V) = r. If 

s = tnf llxllv.llxll- 1 

xe:E 

then r s. X*O = 

Proof. Since D(V)=r, Vn s1 contains Sr. Let X€E, X*O 

then 3 ge;E 1 , llgll=r and g(x) = r .llxll • Consider the 

weak neighbourhood of g defined by I f(x) - g(x) I ~ e • 

Catt it u. Then 3 re: v n s1 
such. that fe;U. Thus 

I f(x) - r llx II ~ s. So sup I f(x) I • ll x 11-1 
;;;!!: r • 

Hence 

I g(x) I 

X€E 
s ~ r. X*O 

C'onversety, tet g be such that llgU < s, and 

< s.llxll for att x, then 

for every x 3 fe:VnS
1 

such. that 

t g(x) I < supj f(x) I 
fe:V 
llfll =1 

fg(x) I ~ I f(x) I. It foLlows that g € vn s1, for if not, 

stnce Vn s1 ts weakty- closed and absoluteLy convex, 

J X € E I g(x) I > sup I f(x) I 
fe;V 
llfll ~1 

by [ 41;30] 

Hence V n s1 ::> { g: Jig II < sf. So V () s1 :>S
5 

and r ~ s. 

Now 1 I x II V = II x I t for all x tn E tff D(V) = 1, 

by the above theorem. The terms 11duxlat" [ 43.,44] and 

11 absolutely totat" [56] are also used to describe such 

subspaces. If V is such that for every x in E, 3 f € V : 

l f I = 1 and f(x) = II x II ; then V is catted a i 1 d-manlfold 1 ~ 

[56] • Obviously, every d -manifold V has D(V) = 1. 
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For a futt di..scusston of d - mantfotds the reader ts referred 

to a paper by Wi..tder [56] • 

Agatn by Theorem 3.3 D(V) > 0 tff the norms II x 11· v 
and llxll are equtvatent for all x tn E. Such subspaces are 

also catted normlng [54,55] , norm- determi..ni..ng [50,56], 

or fundament at [ 1 ] • 

De:ftn i.. t ton 3. 1 A subspace V of E' 
' 

the dual of the Ban -

ach space E, ts catted strtctty normtng [2,54,55] tf 

every a(E,V)- bounded subset of E ts ~(E,E')- bounded. 

Theorem 3.4 A strongly - closed normi..ng subspace ts strtctty 

normi..ng, [ 54,55] 

Proof. Let A be a a-(E,V) -bounded subset of E, t.e .. 

for all f i..n V sup I f'(x) I 
X€A 

space sup J J x 11 V = 1< < 

< (IC) • Stnce V ts a Banach 

=. Now 3 c > 0 : c. I J x II ~ II x II V 

for all x i..n A. So for arbi..trary x1 and x2 ln A 

~ ~. 
c 

Hence A ts bounded. 

Although thi..s result i..s not true for arbi..trary normtng 

subspaces [54 ] , we do have 

Theorem 3.5 Any stri..ctty normtng subspace ts normtng, 

[ 54,55 ] .. 

Proof. Suppose V C E' i..s strtctly normtng but not normi..ng. 

For every lnteger k, 3 ~ ln E : II ~II > k, ''"k"v < 1 
k 
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It foLLows that the sequence {~f is ~(E,V)- bounded but 

not norm bounded. 

For further resuLts on normtng subspaces and 9 their rote 

ln the theory of two- norm spaces see for exampLe [2, 38, 

55 ] • We mention the foLLowing question posed by Orttcz 

" and Ptak: Let X, II' li * , . II II be a two - norm space. 

Let z . duaL of X, II J I • 

Z* duaL of X, 11 11* 

Z' • { f E: z f' ts Jl 11*-cont tnuous on the . 
1 I I I - bounded sets.) 

Given a Banach space X, II 11 and a cLosed subspace 

Y of the. duaL of X, can we find II II * ON X 

weaker than the originaL norm such that Z' = Y ? 

The answer, provided in [ 38] ts negative. 

We wouLd aLLude briefLy to th.e foLLowing two norms : 

(1) ·That derived by Goldberg [1~ with properties resemb-

L tng that of II l l V: If E and F are Banach spaces and T 

a denseLy defi.ned cLosed operator T : E-+P; then for y_ E: F 

we deftne = sup l<x,y'>l 
Y

l 

lly 1 1l + IIT'y'll 

where the sup ls taken over aLly~ ~0 tn the domain of T', 

the adjoint of T. 

and ( F, 11 II ) ' 1 

It can be shown that llyll 1 ~ Jlyll 

= D(T'). (See Theorem 4.1 ) 
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(2) The norm 11
11 x(M) I" whtch occurs tn the generaL theory 

of Banach aLgebras [37;193]. Thts norm ts agatn weaker 

than the ortgtnaL norm of the atgebra. 
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FURTHER PROPERTIES. 

We proceed wt th our invest tgat ton of the norm II 1 IV 

am use our resuLts to establish properties _. of D(V). 

Theorem 4.1 

Proof. (E, II 

CoroLLary 4~ 

Proof. (1) 

If E is a riormed l..tnear space wlth unit baLl. 

B, and V a subspace of E' 
' 

V* = (E, 1.1 ll ) t v 

then 

I I ) ' = [ f £ E' . sup I f(x) I ~ k, some k } • v 

For 

( 1) 

(2) 

en 
llx II V ~1 

=u n{ f £ E' . supjl f(x) I ~ 1 1 n=1 . 
ClO 

Jlx lly~ 1 

=u 
n=1 n Bvo for By = { x: II x HV ~ 1 } 

()() 

= nY n (Bo)o o 
.. co 

= nY nBo 
()() 

=U n B 0f\V 
n=1 

()() 

=U n=1 n v () s1 
= V* 

a Banach space 

(E, 11 II )' v = 

(ftrst poLar tn V) 

( ~(E',E)-cl..osure ) 

( pol.ar tnE', a-(E',E)­
cLosure. ) 

E, 

E' tff D(V) > o. 
(E, I I It ) f =V iff V ts a-(E' ,E)-cLosed 

Hence, lf v ls a-(E 1 ,E)-dense ln E'' 

(E, II lly)! = v lff V= E'. 

FoLLows lmmedlately from Theorems 2.4 and 4.1, 

and (2) foLlows from Theorem 2.3 • 



Theorem 4.1 and tts consequences are essentlatty due to 

Kerr [28] who proved hls resutts ln a semlnormed space 

settlng. 

Theorem 4.2 Gtven a Banach space E wlth unlt batt B, 

tet B"" denote the o-(E,V) - ctosure of B. Then, 

( 1) { x: II X lly ~ 1 } = B ..... 

(2) 1/n(v) = sup 
X€B._ 

II x II 

n f x: f f(x) I ~ 1} 
f€V 

Proof. ( 1) {x: II x I ly ~ 1} = 

llfll=1 

= n { x: 1 r(x) I ~ 1 J 
S1f\V 

n { x: I r(x) I ~ 1 J 
B 0()V 

= B0
0 ( potar ln V, blpotar ln 

thus 

..... = B 

(2) 1/n(v) = sup llx II .II x llv-t by Theorem 3.3 
X:f.:O 

1 /D(V) 

= sup llxll 
Jlxllv =1 

~ sup llxll 
llx'V ~ 1 

~ sup II x II 
o < llxl'01 

~ sup I I X II • 11 X II v-1 
X:f.:O 

= t;n(v) 

= sup II x II 
llxl\f 1 

= sup II x II 
X€B"' 

E) 
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For a subspace V of E '· ' 
( 1) 

(2) 

D(V) > 0 

D(V) ::: 1 

l ff B"' l s bounded • 

iff B ls o-(E,V)-cLosed. 

Proof. D(V) = 1 lff II xllv= II xllo ALso , the tatter condl­

tlon lmpLles that B- = B. So B ls <Y(E,V)-cLosed. 

ConverseLy, lf B ls <Y(E,V)-ctosed, then the two norms 

deflne the same unlt baLLs, and so are equaL. 

The proof of Theorem 4.2 ls essentlaLLy Dlxmler's [ 13] , 

but ln our proof we have repLaced the use of the Hahn-Banach. 

Theorem by that of poLars. CoroLLary 4o2(2) was flrst 

noted by Petunln [ 39;Lemma1] who used lt to prove a 

refLexlwtty crlterlon- see Theorem 4.1 • 

CoroLLary 4.3 

Coro L t~ry 4o 4 

If E ls embedded ln lts blduaL, then 

E () SE 11 ls a-(E" ,E' )-dense ln SE". 

Let JV denote the canontcaL map, JV:E --+- VI' 

where V' ls the duaL of the subspace V of E'. 

Then JV( SE) ts a-(V' , V)-dense ln SV' , the 

unlt batt of V'. 

Proofo FoLtows from CorotLary 4.3 by apptlcatlon of the 

Hahn-Banach Theorem. 

Slnger (46] proved Corottary 4.4, from whlch 4.3 

foLtows trlvlattyo In a Later paper [ 47] he noted that 

these two resutts were equlvaLent. Ftemtng [ 16] has 
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glven a different proof of CoroLLary 4.4 ustng SmuLtan's 

compactness crtterton (27;16.6]. 

We now gtve a characterization of D(V) tn terms of E" 

Theorem 4 .• 3 For a subspace V of E', 

D (V) = lnf II x + z II • II x I r 1 

X£E,x:t=o 
Z€V 0 

Proof. Let X € E, X :t= 0 and z € V0
, the funct tonaLs 

x and x + z colnctde on V and 

llx + z 11 = sup I f(x+z) I 
f€81 

~ sup I f(x+z) I 
f€VttS1 

= SU1lp I r(x) I 
f€Yr'IS1 

~ sup I r(x) I 
fE:Sr 

= r. Jlxll where r = D(V). 

On the other hand, given e > 0, 3 x € E, x * 0 such that 

sup I r(x) 1 • II x I r 1 
f£Vf"lS1 

~ D(V) + € 

Now, J xu tn Eli f(x11
) = f(x) for all X tn v 

and II x" II = sup I f(x") I 
f€Vf"lS1 

= sup I r(x) I 
f€VOS1 

~ II x I I • ( r+€ ) 

We have xH ::: x + z, z € V0 and as € ts arbitrary, the 

result foLLows. 

Theorem 4. 3 is due to Dlxmter [ 13 ] 



19 

Theorem 4.4 For a CT(Et ,E)~dense subspace V of E', wtth 

yo c E11 , V* = E' tff V 0 ij?} E ts strongly -

ctosed.. 

Proof, S tnce V ts CT(E' ,E)-dense tn E', V 0()E = (o). The 

map V 0 @ E -+ E ts onto, continuous (being a projection) and 

Y 0 ~E ts closed, hence complete. So, by the Open Map Theorem 

3 lc < llG II X II ~ k .. 1J X+Z II 

by Theorem 4.3, D(V) = 

and by Theorem2,4 V*=E'. 

Conversely, V* = Et tff 

So, II X+ZII ~ k. ll x II >0. 

for att x tn E, z in V0
• But 

tnf" n x+ z , 1 • 11 x 'r 1 ~ 1; k >o 
Xt:E,~O 

Zt:V 0 

tnf II X+Z 11. llx 11-1 ~ k > o. 
xe:E, X* o 

Z€~° Consider the map of 

yo x E -+ V 0 <±.> E c E 11 , defined by ( z ,x) -+ Z+X. Let { x f and 
. n 

{ z } 
n 

be sequences in E and yo respect tvely. If II x +Z II-+ 0 n n 
then x -+ 0. Thus z -+ 0 t.e. (z ,x ) -+ 0. So the map 

n n n n 

from E11 into V0 x E ts conttnuous. As E ts a Banach 

space, yo and E are strongly ctosed. Hence result. 

If E is a Banach space, we can denote the naturaL norm 

on E ' by II II ' • More generally, tf t I ts a norm on E, 

equtvaLent to the gtven norm of E, J I II , then for f tn E', 

I f I ' = sup I f(x) I , 1 x 1 -
1 

X€E 
X*O 

ts called the dual. norm of I I . CLearly, thls norm ts 

equtvatent to the natural norm on E'. However, every norm on E' 
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which ts equlva'lent to II II ' ts not a dual. norm. Spaces 

for whtch thls ts true are refl.extve. In fact, Wll'L tams 

[51] has shown that thts property characterizes reftextve 

spaces. In thts connection we have the fol.lowtng resu.l.t whtch 

ls due to Dteudonne [ 13 ] • 

Theorem 4.5 If V ts a. subspace of E' wtth D(V) > a, 
then there extsts a norm I I on E such 

that D(V) =- 1 tn the new system of norms. 

Proof, If., the cr(E,V)-closure o·f the untt batt B of E ts 

ctosed, absolutely convex:, bounded and absorbent by Corol.tary 

4.2 • So lt deftnes a norm I I on E, equlvalent to II Tl 

such that J!f" = {x: jxj ~ 1 }. Then by Theorem 4.2., 

D(V) = 

So, 

sllD.p.Jx I 
X€B 

tf D(V) > 0 for II II ' th.en D(V) > 0 for al.t 

100rms equtva'Lent to II II • st~llarty, tf D(V) = 0 for 

II II , then D(V) = 0 for al.l. norms equlvatent to II I I • 

Hence, v takes 

Ex:amp ll.es • (1) 

= 

= 

but_ tht.s sup I 

on only two fundamental values • . 
If E ts a normed space, th.en 

tnf f sup J <X' ,x"> I . II x' 11-1 

x' €E.' .X11 €l(E) 
x'=t:o II.X'JI=t:o 

tnf i SUp! I a,x' > I • II x' Jl- 1 

x'eE' xcE 
x'*o· Jlxll~1 

<x,x'·> I = 11 x' II , and so D(E} = 

0 and 1. 

D(E:): = 1 tn 

1 where 
t.:E-+-E 11 

l 

1. 
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In part tcu1.8!I', the sequence space cp c l oo has D(cp) = 1 o 

( 2) Ct.earl..y, tf V has D(V) > o, then V ts o-(E' ,E) -

dense tn E'. We now glve BonsaU.' s exa.mpte [ 6] of a o-(E' ,E) 

dense subspace V wtth D(V) * 1. 

Constder the space Co' wtth dual t.1 • Let 
00 

v = { X € t 1 : X=(')_) and ~1x. = 0 ~ 
l.- l. 

and z = (2,o,o,o, ••• )o Then z € Co and II z II = 2. 

If' y € v, Ji y ]) ~ 1, then 
00 00 

l Y( z) I = ~ 2yi I = ! yi 
_.2: 

yi ~ ~ I Y1 I ~ 1 i=l i=1 

So sup I y(z) I ~ 1 and sup I y(z) I • llziJ-1 
~ t;2 

Y€V Y€V 
llyll~1 Jlyll~ 1 

Thus D(V) ~ 1 ; 2 • 

We now show that 'I ts o-(1..1 ,C 0 ) - dense ln t 1 : 

Let ei = (o,o,o ••• o,1,0, ••• ). 

cl..osure of v. Let y € C 0 • Glven & >0, choos.e k-o 

such that I y I 
k 

< 8 for k > k 0 • Then x = ( 1 ,o,o, •• ,- 1 lz , 

- t /4 , - 1 Ia ' • 0 • ) 
1j 

€ V, where - 2 ts tn the 
00 

(k+l )th 

posltton. Now t 2:" 1 • I y(e - x) I =li-;1 I 21 Yi+k o < 8. 

So e1 € V, for att t. Hence 'P c V and the resu t t. 

fottows. 

For a dlscusslon of those weakl..y-ctense subspaces V wtth 

D(V) = 0, the reader ts referred to Petuntn ( 40] o The 

questton of the exlstence of such. subspaces tn the dual.. of an 
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arbttrary Banach space rematns open ; the questton for refll.ex.­

tve Banach spaces ts settted by the next theorem ( 56·;pagel015] • 

Theorem 4.6 For a subspace V of E', the duaL of a reftex­

tve Banach space, the foLLowtng condltlons are 

equtvatent 

( 1) V ts weakll.y-dense ln E' 

{2) D(V). = 1 

(3) V ts strongLy-dense tn E' 

Proof. (2) ~ (1) ts obvtousLy true tn any Banach space. 

For a refLextve space E the ei(E t ,E), ei(E' ,E") and rJ (E' ,E:) 

ctosures of V colnctde. Hence (1) ~· (3). \1/e show that 

(3) ~ (2) : II x II V = sup I f(x) I . II f IJ-1 

f€V 
f*O 

Nbw x ts ~ (E • ,E )-cont tnuous on E' for x € E: c Ea, so 

r ~ 1 r(x) I ts strongLy conttnuous. The map of f ~ ll f II 

ls atso strongLy conttnuous. Hence, stnce II f II * 0 for 

f * o, the map of r~ I r(x) I • II f lf - 1 

on v, and sup I r(x) I • I I f 11-t = 
- f€V 

where v denotes the strong cLosure. 

the resutt foLLows. 

ts 

SUQ 
f€V 

strongty conttnuous 

lf(x)l. ll.fll-1 

S tnce V = · E ' , 

In connect ton wtth Theorem 4.6, Ruston ( 44; Theorem 3] 

proved that lf (1) - (3) cotnclde for every subspace V of 

E', then E ts refll.extve- See CoroL'hary 6.3 • 
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CoroLll.ary 4,5, If E ts a Banach space, then E ts refl.ex~ 

lve lff every subspace v of E" wtth 

D(V) = 1 ts norm-dense tn E". 

Proof 1 If E ts refLextve, then E' ts aLso refLextve, and 

ConverseLy, E ts a the resuLt foLLows by Theorem 4.6. 

subspace of E" wt th D(E) = 1. So E ts norm-dense tn E" • 

Stnce E i..s compLete, tt i..s cLosed i..n E", hence E = E''· 

We concLude thi..s secti..on wlth another characterization 

of refLextvtty [ 39; Theorem! ] • 

Theorem 4.7 A Banach space E i..s refLextve tff SE ts 

cLosed tn any L.c. topoLogy comparabLe wtth 

the lntti..aL topoLogy on E. 

Proof. If E ts refLexive, then the resuLt foLLows by 

Theorem 4,6 and CoroLLary 4,2(2). Suppose E ts not re-

fLextve. Then 3 eLements x € E, II x II = 1 and z" ~ E 

such. that x i..s not orthogonaL to the subspace {f.. z" 1 .. Let 

V denote the pot.ar of z" tn E' • Then D(V) < 1 0 But 

z" t E so V ls a(E' ,E)-dense i..n E' and the a(E 1V) 

topoLogy provides the necessary contradiction. 

Petun tn [ 39; Theorem 2] shows that i..t ts possibLe 

to characterize refll.extve Banach spaces by the condlti.on that 

SE be cLosed ln any normabLe topoLogy, comparabLe wlth the 

tntttaL topoLogy on E, ustng the above theorem. 
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THE LOCALLY CONVEX SETTING. 

We turn to a discussion of Krishnarnurthy's [31,32] 

generaLization of the characteristic whtch teads to hts ctaim: 

11 that a proper settlng for the discusslon of the characteris-

tic is that of a t.c. space. 11 [ 32; page 526] • 

No:tation: Given a t.c. space E,-r , 1.L witt denote tts 

fundamental. system of cLosed absoLuteLy convex neighbourhoods 

of zero. on and (B wll.l. denote the cLasses of absoLuteLy 

convex, cLosed and bounded sets tn E,"" and E' , f) (E' ,E) 

respectiveLy. If Pu denotes the gauge of u € <u. 0 For 

M € on tet p0 (M) = sup { p0(x) . X € M } . Then , . 
p0(M) = tnf {h ~· 0 Mchu l . 

Deftnltion 5.1 A subspace V of E' ls sald to be duxlal. 

tf every absoLuteLy convex ~(E',E)-compact subset of E' ts 

contained tn the ~(E',E)-cl.osure of some V n F, where F 

ts a ~(E',E)-cl.osed and bounded subset of E'. 

In the case of a normed Linear space 11 V duxtal. 11 re -

duces to 11 D(V) > 0 11 by Theorem 2.4 • As remarked earl.ter, 

the term "dux tal. 11 was used by Ruston [ 43, 44 ] to describe 

subspaces V wtth D(V) = 1. 

Deftnttton 5.2 A t.c. space E ts catted semtdtsttngutshed 

tf every absoLuteLy convex o-(E 11 ,Et)-compact subset of E11 ts 
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contained tn the cT(E" ,E' )-cLosure of some absoLuteLy convex 

cT(E,E')-cLosed amd bounded subset of E ; or, equivalentLy, 

l f tl ( E ' ,E ) = p ( E ' , E 11 
) • 

Exampll..es, 

(1) ALL dtsttngutshed spaces toe. spaces for whtch the 

strong duaL ts barreLLed [ 30;page 309) are s.emldtsttngutshed. 

In part:tcular, aLL normed Ltnear spaces are semtdtsttngui.shed 

since their strong duals are complete [27; 19.5] • 

(2) ALL semtreflextve spaces are semldi.sttngutshed [29;page 

189 ] 

(3) For an example of a non-semtdlstlngutshed space - a very· 

pathoLogicaL sttuatlon - the reader ts referred to an example 

of Komura (29; page 157]. 

Theorem 5.1 Embed E ln E". Then, E ts dux tal tn E11 

lff E ts semtdisttngulshed. 

Proof 1 In general, <T(E',E) ::s:;; "!; ::s:;; y(E,E'). Let K c E11 be 

an absolutely convex cT(E" ,E' )-compact .• Now E ts duxlal tn 

Eil lff 3' a y-bounded set A such that KC A , the 

cT(E" ,E' )-closure of Ao But the y(E,E')-bounded and cT(E,E')-

bounded sets cotnctde, so E ts duxlaL tn E11 tff 3; a 't' -

-bounded set A such that K c A • This, by deflnltlon, ts 

equivalent to saying that E ts semtdlsttngutshedo 

Theorem 5.1 ls a partial analogue to Examplel tn Section 2. 
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For an exampte of a space E whtch ls not duxlat ln E11 , the 

reader ts referred to the same exampte of Komura [ 29] whlch 

was prevtousty quoted.. Further resutts wll.t show that the 

rote ptayed by duxlat subspaces ls anatogous to that ptayed by 

subspaces V wlth D(V) = 1 ln Banach spaces. However, 

whereas D(V) was deftned as a number, 0 ~ D(V) ~ 1 , there 

ls no number assoct.ated wlth duxlat subspaces. Thus motivated 

we deflne the fottowlng two numbers 

Deftnlti.on 5.3 Glven a subspace V of E', we deflne 

a;(V,U,M) = max h.~ 0 : V () M0 ::> AU 0 l for every U € 'lL 

and M E: 31'\, such that Pu(M) * O. 

(jfj,(V, U) = tnf [ ~.(V' u ,M) ·Pu(M): M € on, Pu(M.) * 0 I for 

every U € CU.. 

a.(V) = tnf a.(V,U): U € CUI 
@(V,U,B) = max { A. ;;;-, 0 : V (\ uo ::> A.B j for every U € <u,, 

B € <B • 

f}(V,U) = ~(V,U,U0 ) 

j3 (V) = lnf { 13 (V, U) : U E: <'U.} 

then ~(V) and a. (V) are catted the (3- and a.- characterls-

tt.cs of v, respectlvetyo 

ln fact 

1/A. ls the targest muttlpte of U0 for whlch thts ls true. 

Now, lf V () M0 ::> p U0
, then p ~ 1 /A. l.e. we have 
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So o ~ ~(v) ~ 1. 

S lmt l:.arl..y, l t can be shown that 0 ~ f3 (V) ~ . 1. Now, 

suppose E ts a normed l..lnear space wtth unlt bal..l.. SE. 

Then ~(V,SE,SE) = D(V). Take U = rSE' M = nSE , then 

~(v,u,M) = r/n • ~(v,sE,SE). But Pu(M) = n/r, so 

~(v,u,M) ·Pu(M) = ~(v,sE,sE) and · ~(v,u,M) ·Pu(M) ts constant 

for al..l.. u,M and equal..s D(V). Hence ~(v,u) = ~(v) = D(V). 

Stmll.arl..y ~(V,U) ts constant for al..t u and equal.s D(V). 

So, tn normed l..lnear spaces, ~(V) = f3(V) = D(V). 

tf f3(V) = 1, then V ts duxtat. 

tn fact 

Theorem 5.2 Let M- denote the ~(E,V)-ctosure of M tn E. 

Suppose Pu(MY * o. Constder the fol.l..owlng 

statements : (a) Pu(~) < ® 

(b) ~cv,u,M) = ~ > o 

(c) ~ = 1 /pu(M") 

then (a) and (b) are equlval.ent, and each 

lmp t l e s ( c ) • 

Proof. We show that (1) If Pu(M) * 0 and Pu(Ml) < m, then 

~ ;>- 1/pu(M") and (2) If Pu(M) * o and a. > o, then 

The resul.t fol.tows from these statements. 

Now ~ = (V~ M0
) 0 , SO (~) 0 = (V ~ M0

) 0 ° = V ~ M0 

If 1'f"' c A.U, for A.>O, then V () M0 ~ 1 /A.. U0 l.e. 1 /A. ~ ~. 

In partlcutar, 1/pu(ML) ~a.. Hence (1) ls true. 

If a; > o, then 1'f"' c 1 ;~ .u l.e. Pu(.t-1) ~ 1 /a.. Hence (2). 
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Theorem 5 .. 3 Suppose fD(V,U,B) = f3 > 0 and Pu(M) * 0. 

Then !P ~ Pu(M) I PMo(B) 

13· ~ Pu(M) I PBoU1) 

In particular, f3(V,U) ~ pu(M) I Pu(Ml) 

Proof. Put Pu(M) = A.. Then 

t..Mo ::;, V (\ t..M 0 ::;, v () U0 
~ (3B 

So B c t..lf3 Mo, i.e. PMo(B) ~ A. 113 • 
Also V (\ t..M0 

~ (3B, so ( V () A.M 0
) 0 C 1 I~ Bo • Hence 

'11heorem 5 .. 4 f3(V) ~ cti.(V) 

Proof. It suffices to prove f3 = f3(V,U) ~ ~(v,u). Now 

V (\ U0 ~ i)U 0 
• Suppose Pu(M) = r.. * 0. Then 

A. V {) M0 = V () t..M 0 ~ (3U 0 

so and a.(V, U ,M) ~ t31A- for 

all M for which Pu(M) * o. Hence result. 

Theorem 5.5 Embed E in E11 , . then 01(E) = 13(E) = 1. 

Proof. Now E (\ M 0 0 ts o-(E 11 ,E' )-dense tn M 0 0
• Since 

{M0
: M €dTL.J: forms a fundamentat system of neighbourhoods 

for E' ,~(E' ,E) 

t.e. lfl(E) = L 

we have ~(E,M 0 ) = 1 for every M € OIL­

The result follows by Theorem 5.3 • 

This theorem provides a tidy analogue to Example 1 of 

Section 2. F'or further general:.izatlons, e.g.. of Theorem 

3.3 see [ 32}. No such generalization of Theorem 4.2 exists. 
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MINI.MAL SUJ,3SPACES_._ 

In Sectlon 7 we shall answer the question : 

When ls a Banach space E equlvatent to the strong dual of 

some other Banach space F ? 

Now, lf E is equivalent to F' 
' 

then thelr duals E' and 

P' are also equlvatent, and the embedding of F in pii 

makes F a norm-closed, weakly-dense subspace of E'. For 

thls reason we shalt lnvestigate the norm-closed, weakly-dense 

subspaces of E 1·• Before doing so, it ls necessary to define 

our terms precisely [ 3] because of the large number of 

alternative terms ln exlstence- see for example [4, 13, 19, 

30, 45, 50. ] • 

Deflnttlon 6 .. 1 Glven Banach spaces E and F, E is 

tsomorphlc to F lf there is a one-one contlnuous tlnear map 

of E onto F. Note that tts lnverse ls necessarlty contln-

uous. E and F are equlvatent tf there ts a norm preserv -

lng linear map of E onto F. If F is a closed subspace 

of E' , then there ts a natural map of E into F' 1 defined 

by < f, Jx > = <; x, f > catted the canonical map of E 

lnto F' • The image of E under thls map ls catted the 

canonlcat image of E in F' • If this map sets up an 

tsomorphlsm or an equivalence, then the spaces are said to be 

canonlcatty tsomorphic or canonically equivalent. 
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Deflntti..on 6.2 A subspace V of 

space E ts mi..nlmal tf 

E' 
' 

the duat of a t.c. 

(1) V ls p(E',E)-ctosed tn E1 

(2) V ts ~(E',E)-dense ln E' 

(3) No proper subspace of V has both the above 

propertles. 

In our lnvesttgatlon of mi..ntmal subspaces we shatt make 

use of the next result [34] • Recalt that E,~ denotes a 

l.c. space and 'Jft, the class of all absolutely convex CT(E,E') -

closed and bounded subsets of E. We use the standard dual 

pai..rnotatlonof [27!]. 

Theorem 6.1 If v
1 

and v
2 

are ~(E',E)-dense subspaces 

of E' , thei..r strong closures are tdentlcal 

lff the topologles ~(E,~1 ) and ~(E,V2 ) 

colnci..de on each M € rQ. 

Proof. Suppose v1 = v2 , where V1 , VZ denote the strong 

closures of v1 and v2 respectlvely. Now ~(E,v1 ) ls 

weaker than ~(E,v1 ) and ~(E,v1 ) i..nduces on each M a 

topology fi..ner than that lnduced by CT(E,V1 ). If X € v1 

and 1'1 € 6\l,, then 3 a sequence f xnf tn v1 whtch converges, 

untformly to X on M. Thus X ls ~(E,V1 )-conttnuous on 

M. Conversely, we show that v1 c v, • Let u be a tp:(E' ,E) 

- 3 Y€V nelgh.bourhood of zero, and X € vt. VIe show that 2 
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such that x - y € u. Then the resutt witt fottow by sym -

metry. 

proof 

Now 3 M € 111,: M0 c U. 

y1 , • • o o 'y n in vz and x' in M 

implies that ~ <x' ,x> l ~ 1 • Let 

for 1 ~ i ~ n l . If p denotes 

By the first part of the 

So 3 

such that s fP I <X I , yi > I ~ 1 

V= {x € E • <x,y.> = 0 • J. 

the gauge of M, then 

for at t x' in V, ! < x ' , x > I ~ p ( x) • By the Hahn-Banach 

Theorem 3 z € E*: <x' ,x> = <x' ,z> for atl x' in V and 

! <X' ,z> I ~ p(x) for att x' in E. Now < x' ,x-z > = 0 

for att x' in V and x-z = y where y ts a tlnear combination 

of (y.) 1 -·- • But l. :::,J.<::::n 

..... , 
z = x-y € .t:. , SO Z € M° C U. Com -

bintng these resutts 3 y € v
2 

: x-y € u. 

The next retated resutt was proved somewhat eartier by 

Dixmier [ 13; Lemma 1 ] o 

Theorem 6.1' If E is a normed tlnear space and v1 , v
2 

are two ~(E',E)-dense subspaces of E' 
' 

then 

thetr strong ctosures are ldentlcat lff 

o-(E,v1 ) and ~(E,V2 ) cotnctde on SE' the 

unlt batt of ~ 
-'-'• 

Proof. Slmttar to Theorem 6.1 • 

Corottary 6,1 If E ls a·normed ltnear· space and V a subspace 

of E', then V is norm ... dense ln E' tff the 

~(E,V) and o-(E,E') topotogies c::otnclde on SE. 



32 

Proof. Stnce the topoLogy of E' ts the topoLogy of 

untform convergence on the bounded subsets of E, the resuLt 

foLLows tmmedtateLy :from Theorem 6.1 o 

For further resuLts on dense subspaces and thelr uses 

the reader ts referred to the work of Kasahara, for exampte 

[ 26 ] • 

Let V be a @(E' ,E)-cLosed, o-(E' ,E)-dense 

subspace of E', the duaL of a L.c. space. 

Then the foLLowing statements are equivaLent : 

(1) V ls mtntmaL ln E' 

(2) E" = E <f)V 0 

(3) Each M € ~t ts reLativeLy o-(E,V)-compact 

Proo~ (1) -+ (2) Stnce V ts o-(E' ,E)-dense tn E', 

V0 f\ E = { 0 1 • Let z € E11 and z ~ vo. Consider 

w = { y €V: < z,y > = 0 }' = Zo () v 

where z ts the subspace tn E:" spanned by z • Now Zo 

and V are ~(E',E)-cLosed, hence W ls ~(E',E)-cLosed 

and W * V. So W ts not o-(E' ,E)-dense tn E' t.e. 

3' x € E, x * 0 : < x,w > = 0 for aLL w € W. Now z and x 

are Llnear functtonaLs on V, vantshlng on W. Thus 

zll = z - < Z 1 Yo > 
< x,yo > 

Yo € V, Yo ~ W 

ts a Ltnear functionaL whlch vanishes on V, t.e. z:r € V0
• 

So Z= AX + z 11 for some A such that AX € E, z11 € V0
• 
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By our initiaL remark this representation is unique. 

(2) --. (3) : Since Eii/Vo is aLgebraicaLLy isomorphic to E 

and E11 /V 0 = [V,[3(E' ,E)/V] ', we have that E,o-(E,v) is 

isomorphic to E11 /V 0
, o-(E 11 /V 0 ,V). For every M € 'Oft, 

M0 
() V is a @-(E' ,E) neighbourhood of zero in V, thus 

(M 0 
() V) 0 c E11 /V0 is o-(E 11 /J!0

, V)-compact. But, for M- the 

ar(E, V)-cLosure of M, we have M ...... = (M 0 
() V) o = (M 0 n V) 0

• 

So M is reLativeLy O"(E,V)-compact. 

(3) --. ( 1) : Let W c V be g3.(E' ,E)-cLosed in E'. If W 

were ~(E',E)-dense then ~(E,W) wouLd be Hausdorff on E, 

and so on M-. Since Ml is ~(E,V)-compact, O"(E,V) and 

~(E,W) wouLd coincide on ML, so on M. By Theorem 6.1 

thls impLies that V and W have the same ~(E',E) cLosures. 

This contradicts our initiaL assumption. 

The above proof [31;Theorem 1] is essentiaLLy that of 

Dlxmter [13; Theorems 11, 13] who proved the resuLt for 

Banach spaces , maktng use of the presence of a norm. However, 

hls proof transLates easlty to the more generaL setting 

because the concept of mlni.maLlty ts expressibLe independent 

of a norm. 

CoroLLary 6.2 For any L.c. space, the foLLowing are equivaLent 

(1) E' ts minimaL 

(2) E = EH or E ts semlrefLextve. 
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Corollary 6 2 3 A quasi-barrelled space. E is reflexi..ve iff 

its strong dual does not contain any proper 

minimal subspaces. 

Since every Banach space is quasi-barrelled, Corollary 

6.3 contains Ruston's result [44.; Theorem 3 J as a special 

case. So, finally, we have the promised characterization 

of reflexivity - see the remark after Theorem 4o6 • 

Corollary 6.4 If B ts a Banach space and V a minimal 

subspace of E' , then D(V) > o. 
Proof. Follows immediately from Theorems 6.2 and 4.4 

Corollary 6.5 If E ts a Banach space and V a ~(E',E)-

closed, ~(E',E)-dense subspace of E' 
' 

the followtng statements are equivalent 

(1) Vis mlnimal 

then 

(2) SE, the unit ball of E, ts relatively 

o-(E,V)-compact 

Proof. As tn Theorem 6.2, ustng Dtxmler's variation of 

Theorem 6.1 

Corollary 6.6 If Vis a ~(E',E)-closed and ~(E',E)-dense 

subspace of E', then V ls mtntmal and D(V) 

ts one tff SE is relatively ~(E,V)-compact. 

Proof. Apply Corollary 6.5 and Theorem 4.2 to the Banach 

space E. 
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Deftnttton 6,3. A ll..co space E ts satd to be 

barreLLed tf, tn E', every absolutely convex 

bounded set ts retatlvety ~(E',E)- compact. 

quasi..- M -

f)(E' ,E) -

Clearly, each of the fottowlng statements could equaLly welt 

be used to define quas t - M-barret ted spaces : 

(1) The strong btduat E", ~(Eu,E') tnduces the Mackey 

topology tJ(E,E') on E. 

(2) E, !lll(E,E') ts quast- barrelled. 

(3) Every bornlvorous barrel tn E ts a ~·(E,E') netghbour­

hood of zero. 

Every quast - barreLLed space ts quast - M - barrelled. In 

partlcular, every metrlsabte space ts quasl M- barrelled. 

£2campte. A quast - M - barreLled space whtch ts not 

quasi. - barrelled: 

SUtppose E ls an tnftnlte dtmenslonal reflexive Banach space. 

Then ~(E,E') < ~(E,E') = y(E,E') = ~(E,E') • 

If ~(E,E') = ~(E,E') then every bounded set tn E ts 

weakly compact, and hence norm compact t.e. E ts ftntte 

dtmenstonal. 

Theorem 6.3 If E ts a l.c. space, then E ls mtntmal. tn 

E11 lff E ts a quast-M-barretled space wh.tch 

ls f; (E 11 ,E' )-closed ln Ell • 
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ts mtntma'L ln E" , then E ts 

closed tn Eu. Stnce E11 = [E', @(E',E)] 1 every abso'lute'Ly 

convex, closed and bounded set B tn E' ts re'Lattve'Ly 

~(E',E)-compact, by Theorem 6,2. Hence B , the . ~(E' ,E)-

closure of B ts relattve'Ly ~(E',E)-compact, But B and 

-B hawe the same a(E' ,E) cLosures. Hence E ts quast- M -

barreLLed. If B ts an absolutely convex, ~(E',E)-c'Losed 

and bounded subset of E' then, by hypothests, B ts re'La -

ttve'Ly ~(E',E)-compact. S tnce E ts 13 (E" ,E' )-closed and 

cLearly ~(E 11 ,E 1 )-dense, the result follows from Theorem 6.2 , 

If E ts a complete quasl-M-barre'L'Led space, 

then E ts mtntma'L tn E11 • In parttcu'Lar, 

tf E ts a Banach space, then E ts mtntma'L 

Proof. Stnce J.L(E,E') = y(E,E') ts a complete topology, 

E ts 13(E 11 ,E')-c'Losed tn E11 • 

Th~orem 6s4 The fo'Llowtng two conditions are necessary and 

sufficient for a 13 (E' ,E)-closed and ~(E' ,E)-

dense subspace v of E' to be mintmal and 

dux tal tn E' 

( 1) Every M €'Oil ts relatively a-(E,v) ... compact 

(2) liD· (E ,E t ) < 13(E,V) 

Proo(.,_ By Theorem 6.2, v ts mtntmal iff every M ts 
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retat ivety ot(E, V).-compact. If V is minimal., the ~(E,V)-

bounded and ctosed absotutety convex sets of V are the 

~(E',E)/v bounded and closed sets of v. 

from the definition of duxiat subspaces. 

ResuLt foLLows 

In order that E be minimal and duxtaL tn E" 

the foLlowing three conditions are necessary 

and sufficient : 

(1) E ts ~(E" ,E' )-ctosed in En 
~ 

(2) E is quasi-M-barrell.ed 

( 3) E ls semidi.stlngulshed 

Proof, Property (2) ln Theorem 6.4, applied to E c E 0 

states that fl.IL(E' ,E 11
) ~ ~(E',E). The resutt then folLows 

from Theorems 6.2 and 6.3 • 

Theorem 6.5 is a generalization of Dixmler's result 

E 13 ; Theorem 15 ] and shows that this generalization ts the 

best possible, 

Unless explicit reference to other papers wasrgiven, aLL 

results @f this Section can be found in [31] • 
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CONCERNING DUALS AND BI~~~~ 

Having estabLished aLl the necessary resutts on minimal 

subspaces in Section 6, we can now provide an answer to the 

question, " When is a Banach space isomorphic or equivaLent 

to th.e duaL of another Banach space ? " or, more generatty, 

11 When is a L.c. space isomorphic or equivaLent to the strong 

duaL of another t.co space ? 11 

A Banach space E was said to be canonicalLy equlv -

aLent to F' ' 
the duat of the subspace F of E', 

canonicaL map of E to F' was an equivaLenceo 

tf the 

Slnger [ 46] 

uses the term 11F-refLexlve11 • Thls terminoLogy has the 

advantage that lt suggests that F-refLextvlty ts a generatl-

zatton of the usuat reftextvtty. This ls true, since the 

E'-reflextvtty of E ls tn fact tts reftexlvlty in the usuaL 

sense. The foLLowlng deflnltlon [31;340] extends this 

term to arbitrary L.c. spaces. 

Definition 7.1 Let V be a subspace of E', the duat of 

the L.c. space E,~ • 

E11 is such. that 

If the canonlcaL embedding of E in 

[ v, rP(E',E)I vJ' = :e 

and E, f3(E,V) = E,~ 

then E,~is said to be V-refLexive. 
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Thee rem 7', 1 Embed the li..c. space E tn tts bi.duaL E". 

Proof., 

E', ~(E',E) ts E-refLexi.ve 

quas t-M-barre L ted .• 

E', ~(E' ,E) ts E-refLexi.ve 

tff E, y(E,R') = E 

tff y(E,E') ~ Jl(E,E''} 

tff E ts quast-M-barreLted, 

tff E ts 

We have remarked that a Banach space E ts always E' -

refLexive. Theorem 7.1 shows that the class of quast-M -

barreLLed spaces ts the most general.. cLass of spaces for whtch 

th ts ts true [ 31; 340] • 

Theorem 1,2 Let E,~ be a l,c, space wtth tts Mackey 

topoLogy. 

equtvatent 

The fotlowtng statements are 

( 1) E ts tsomorphtc to the strong dual of a 

t.c. space F whtch has the properttes 

(a) F ts ~(F11 ,F')-closed tn F" • 

(b) F ts quast-M-barrelted. 

(c) F i.s semtdtsttngutshed, 

(2.) There extsts a mtntmat duxtal. subspace 

V tn E' such that onE, ~(R,V) ~ p(E,E'). 

(3) E,1;· ts V-refll.extve for a ~(E' ,E)-closed 

and o-(E' ~E)-dense subspace V of E'. 



Proof, (1)-+ (2) : Suppose (1) ls true:, and constder the 

tdentl ty map T : E -+. F'. Its adjotnt T' : F 1 -+ E' ts also 

an ldentlty whose restrlctlon to F embeds F as a subspace 

of E'. Call thls subspace v. Now, F11 , ~(F' ,F') ls 

tsomorphtc to E' ,~(E' ,E). Also, by Theorem 6,5, (a) - (c) 

means that F ts mlnlmal and duxlal ln E'. Stnce, ~(F',F) 

ts weaker than l!l(F',F"), lt follows that ~(E:,V) ~ l!(E,E') 

and (2) ts sattsfted. 

(2) -+ (3) : Suppose (2) ts true. Slnce V ts mint-

mat., [V, ~(E' ,E)Iv} ' = E11 /V0 , and by Theorem 6,2 

Slnce V ts duxta.ll., BJ.(E,E') < 13(E,V) by 

Theorem 6.4. But by hypothesis, ~(E,V) ~ ~(E,E'). 

{S(E,V) = J!(E.,E:') = '1:, as E has the Mackey topology. 

ts V-refl!.extve and (3) ts satlsfted. 

Hence 

So E 

(3)-+ (1) : Suppose E ts V-reflextve. Stnce E 

a. v ts 13 (V'', V' )-cLosed tn V11 

b. v ts quasl-M-barreLLed 

c. v ts semldlsttngutshed 

If we repLace v, 13(E' ,E)J V by F, then the resuLt foLLows. 
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VIe now us.e Theorem 1.2 [ 31;340] to obtatn Dtxmter's 

ee.r\.ter resutts for Banach spaces [ 13; Theorems 16, 11, 18, 

19, 16', 17 1 J. 

Coro\.tary 7.1 A Banach space E: ts equtvatent to the dual 

of another Banach space tff' there extsts 

ln E' a mtntmat subspace V wtth D(V) = 1. 

Proof. ALL Banach spaces sattsfy (l)a- c of Theorem 7.2 

and any lf3(E' ,E)-cLosed, o-(E' ,E)-dense subspace V of E 1 

sattsftes {2), t.e. every o-(V,E)-bounded subset A of V 

has the form V () B where B ts a subset of a batt tn E'. 

Hence the o-{V,E)-ctosure of A ts CF{V,E)-compact. The 

tsometry foLLows stnce SE ts the potar of the untt batt tn 

v t.e. @(E,V) and ~ deftne the same norm tn E. 

By our equlvatent statements for a subspace v to be 

mtntmat and have 

CoroLLary 7.2. 

D(V) = 1, we have 

(1) If there exlsts a subspace V of E' 

wtth D(V) = 1, then E ts V-reftextve. 

(2) E ts equtvatent to F', the dual. of a Ban­

ach space F tff etther of the following condt-

ttons hold . (a) 3' tn E11 a weakly closed sub-. 
space W such that E11 = E ®Vf and Jlxll ~II x+zll 

for X € E, z € w. (b) 3 tn E' a subspace V. 

such that SE ts o-(E, V)-c.ompact. 
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Proof. If E 
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A Banach space R ts tsomorphtc to F' , 
duat of some Banach space F tff there 

extsts tn E' a mtntmat subspace v. 

the 

ts tsomorphtc to F' , then F can be tdentt-

fted wtth a mlntmat subspace oC E', by the ftrst tmpttcatlon 

tn Theorem 1.2 • Conversely, lf V ts a mtnlmat subspace 

of E', then E ts atgebratcatty i..somorphtc to V' = E11 /V0
, 

and for such V, 13 (E, V) ~ ll (E,,E'). Now, the space 

v•, ~(E,V) = [V, f3(E 1 ,E)Jy] ' ls a Banach space. Thus on 

E we have two normabll.e topotogles, each of whtch ts compLete, 

and the resuLt fottows, 

Agaln by our characte.ri..zat tons of mtntmat subspaces : 

Corottary 7,4 

Corottary 7,5 

If there ts a mtntmat subspace .V of E' 

wi..th D(V) > 0, then there extsts an tsomor -

phtsm such that II JV II = ...L 
D(V) 

• 

For a Banach space E the fottowlng are equtva-

tent : 

1, E ts tsomorphtc to a dua~. 

2. E1 contalns a mlni..maL subspaceo 

3, 3 ln E' a subspace V wtth SE relattvety 

a-(E,V)-compact. 

4, 3 tn E 11 a subspace w. whtch ls weakly ctosed 

and E" = E E£1 W. 
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C'orol.l.arles 7,1 - 7.5 lncl.ude al.l Dtxmter's results as 

wel.l as the maln results of Ruston's paper [57] • Though 

Ruston's work appeared almost a decade tater than Dlxmler's, 

he appears to have been unaware of the earller papero Hls 

proofs are substantlally dlfferent. Another sertes of proofs 

ls found tn Goldberg's paper [ 19 ] • ~hese proofs are 

lnterest lng: ln that they use operator theory, but are 

t..engthler than those we have glven as they do not apply the 

avallable characterlzattons of mtnlmal. subspaces. In 

Theorem 7,2 lt was proved that lf a Banach space E ts equt-

valent to a dual, lt ls V-reflextve for a sultabl.e subspace 

V of E'. In fact, ln the followlng theorem whlch ~s due 

to Goldberg [ 19;244] , V ls expltcltly determtned, 

Theorem 7.3 If E ls a Banach space, let T be an i..so -

morphi.sm, or an equtvali.ence, between E and 

F', the dual of some Banach space F. Then E 

i..s i..somorphtc, or equtvalent,to yt under the 

map Jv : E ~ v' deflned by 

< v, ~ > = < x,v > , al.l v € V 

where V = T'JF ' 
of F tnto P' • 

and J ts the canonlcal. map 

Proof, Slnce V ts weakty dense, JV ls one - one. To 

show that ~ has the requtred propertles, lt ls sufftctent 

to show that JyE = V'. The result then follows by the Open 



Map Theorem. 

Given v ... yt 
c' ' 

If v € vr, 

44 

Now T-t (T' J)' ts a map from V' to 

Let X = y-1 (T t Jl'v' • We show that 

< v v' , > = 

= 

= 

< v, [ (T' J)' J -t (Tx) 

< v, [ (T' J)-t] '(Tx) 

< Trx, ('F-1 ) 'v > 

< v, ¥ > 

> 

> 

E. 

J.,jX = v' • 

Furthermore, tf T ls an tsometry, then. T-t ('IL' J)' ts an 

tsometry, hence JV ls too. 

Goll.dberg, who uses CoroLLa-ry 4.4 and Theorem 1.3, 

attacks the questlon from thts dtrectlon. As prevtousL.y 

menttoned, CoroLLary 4.4 was fi.rst proved by Stnger [ 46] 

who used tt to estabLi.sh the foLLowing generattzatton of a 

wetJJ.-knovm reflextvlty cri.terton [50; 229] • Further 

genera.Ltzatlons of thts type can be found ln [ 45, 47, 49 ] • 

Theorem 7.4 A :necessary and sufftctent corottton for a 

Banach space E to be V-reftexlve ts that 

SE be a-(E,V)-compact and Hausdorff. 

Proof. If V ts strongLy ctosed and SE ts a-(E,V)-compact 

then E ts V-refli.extve by CoroLLartes 6.6 and 7.2 • It 

sufftces to prove that we may omtt the hYPothests that V ts 

strongl:.y closed. Suppose V ts an arbltrary subspace of E', 

and SE i.s a-(E,V)-compact and Hausdorff. Then B, a-(E,V) 

ls Hausdorff. Thw V and v, the strong cLosure of v, 
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are weakty dense tn E'. By Theorem 6.1' ~(E,V) cotnctdes 

wtth a(E,V) on SE. 

E ts V-reftexive. 

Thus SE ls <r(E,, V}-compact, hence 

Conversell..y, tf Sv' ts the untt batt 

tn V' , then SE and SV' are isomo.rph tc. 

a(V',V}-compact, hence atso <r(E,V}-compact. 

Thts theorem can be proved without empLoying any of 

Dtxmier' s resuLts, see [ 46] • In the particular case 

V = E', E:bertetn' s theorem [ 14] shows that we can reptace 

the a(E,V}-compactness of SE by sequenttat compactness. 

However, thts ts not true tn generaL [ 46 ] • Stttt, tf V 

ts separabLe and weakty dense, then tt can be reptaced by 

strtct sequent tat compactness [ 41 J. For further resutts 

on compactness, see James (23, 24, 25). A conslderabte 

blbt tography on thts toplc ts found tn [ 9 J • 

Corottary 7,6 The duat E' of a Banach space E is 

t(E}-reftextve, where t(E) denotes the tmage 

of E tn E11 under the tdent tty map t : E _. E11 • 

Proof. SE, ts a-(E' ,E)-compact, hence at so o-(E:', t(E)) -

compact. Appty Theorem 7.4 for E =E', V== t(E). 

The sequence space C0 ts a wett - known exampLe of a 

Banach space whtch ts not V-reflextve for any subspace V 

of tts duat t 1 [ 44; 518 ] • 



Obviously, anyBanach space E which is not equivaLent 

to the dual. of some Banach space ts not reflextve with respect 

to any subspace of lts dual.. Hence by CoroLLary 7,6 and 

Theorem 1.3 the cLass of aLL V-reftexive Banach spaces 

coincides with the ctass of aLL Banach spaces whtch are equi­

vaLent to the dual. of a Banach space. 

Now, ustng the resutts of thts section, we proceed to 

characterize those Banach spaces whtch are tsomorphtc to the 

btdual. of a Banach space. 

Theorem 7/,5 The foLLowing statements are equivalent for a 

Banach space E : 

1. E ts isomorphic to a biduat. 

2. There extsts an equtvatent norm for E 

such that E' = V ~ R, where V ls a mlntmal. 

subspace of E' wl th D(V) = 1 and R ls a 

~(E',E)-ctosed subspace of E'. 

Proof. Suppose E ts tsomorph lc to P". Then F • = P' a F0 

and F' ls a-(F 0',FI')-di.ense, F0 is a-(F"',F11 )-cl.osed. Gtve 

E the norm Lnduced by the isomorphism and ldenttfy E wtth 

F11• The unit batt of F11 ts a-(F~ F11 )-compact, and so ts 

compact when F' ls regarded as a subspace of F 111 • 

ConverseLy, constder E. wtth thls equtvat.ent norm. Let 

X = R0 c E and denote the restrict ton of x 1 € E' tro X by 
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a.. Th.e kerneL of a. ts X0 = R c E' • Let z € Xt. Extend 

z to x' € E' where x' - x' - 1 + x' 
2 

, ~· and x' 
2 

are 

eLements of v and R respectiveLy. Then z = a.(x') = a.(~'} 
Hence a. ts a one - one biconttnuous map of v onto X' • By 

CoroLLary 7.2 E ts equtvatent to V' and E ts isomorphtc 

to X". 

The above theorem was proved by C t vtn and Yood [ 7'; 901 ] 

whtte the foLLowing more prectse verslon ts due to Goldberg 

[ 19;241] • 

Theorem 1.5' The fotlowtng, statements are equivalent : 

1 • T ts an isomorph ism from E onto the 

blduaL P 1 of the Banach space F. 

Theorem 7,6 

2. E' = V Ei?> X0 where V = T' JF' ts mtnimat, 

X= T-1 lF and t,J are injection maps of F' 

and F into pm and F11 respectiveLy. 

The folLowing statements are equivaLent for a 

Mackey space E,~ : 

(1) E,~ ts tsomorphtc to the strong btdual. 

of a t.c. space F wtth the properties 

(a) F ts quast-M-barretled. 

(b) F ts ~(F11 ,F')-closedl tn F''. 

(c) F',f3(F',F) is quast-M-barrettedl. 

(d) F' ts (3 ( p.w, pu )-cLosed tn pr • 



Proof. See 

(e) F11 ,J>(F11 ,Ft) ls a Mackey space. 

(2) There exists a mlntmal and duxtal. subspace 

V of E' wlth the properties 

(a) E:' = V@L 

(b) L ls o-(E' ,E.)-ctosed. 

(c) ~(E,V) ~ J1 (E,E 1 
) 

[ 3,3; 79 ] • 
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QUASI - REFLEXIVITY 

In 1950, James [ 23] pubttshed an exampLe of a space 

E for which E11/E was flntte dimensional, An account of 

thts example ts found tn Day's book ( 9; 7!2] • Ctvtn and 

Yood, ln 1951, catted Banach spaces wtth thls property 

quast-reflextve. 

Deftnttton 8,1 A Banach space E ts catted weakLy compLete 

tf every weakLy convergent sequence tn E ts weakLy conver -

gent to an eLement of E. 

Thts deflntt ton, by Banach [ 3;240 ], proves usefuL tn 

an lnvest tgat ton of s.eparable Banach spaces, Go tdst tne [ 2.0] 

used. a generaltzat ton of thts concept to obtatn anaLogous, 

resutts for non-separabLe Banach spaces, Obvtousty, any 

reflextve Banach space ls quasl-reftexlve. · Conversety, tt 

can be shown that every weakLy compLete quast-reftextve 

Banach space ts reftextve [7;909] , 

We restrlct our dtscusston of quast-reft.extvtty to an 

account of S tng.er 1 s resul. t [ 48 ] wh tch ts a genera t tza t ton 

of Corotl.ary 6,3 • 

Deftnttton 8.2 A Banach space E ts quasl-refl.extve ( of 

order n ) tf Eu/t(E) has ftnlte dtmeoolon ( ts n-dtmenslon­

at ) where t : E-+ E" i..s the tdentlty map. 
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Gtven a Banach space E, E ts quast-reftextve 

of order n tff the fottowtng comdtttons hotrl : 

1. Every o-(E',E)-dense, 13(E',E)-ctosed sub­

space V of E' has dlm E'/V ~ n. 

2o 1here · extsts a o-(E' ,E)-dense, jj(E' ,E).­

ctosed subspace W of E' wtth dlm E'/W = n, 

To prove thts theorem, we need two Lemmas, 

Lemma 1, Gtven a Banach space E and a non-negattve tnteger 

k, ( 1) A ctosed subspace V of E: has codtm ~ k 

tff for every (k+ 1 )-d tmens tona t subspace Fk+l 

of' E, Fk;;:t () V :2., f X} , X * 0, 

(2) dlm E/V ~ k lff 3 a (k+l )-dlmenstonat 

subspace F~+1 of E such. that J X' € E, 

X' * 0 : F' () V contatns X', and! X' k+1 ls 

untque up to a scalar mutttple. 

Proof, Suppose dtm E/V . ~ k, 3 h t tnearll.y tndepe:ndent 

functtonals r1 , ••••• ,fh where h = dtm E/V ~ k , such 

that V = { x € E : fj (x) = o., 1 ~ j ~ h. 1 • Let Fk+1 be 

a.Ill. arbttrary (k+l )-dlmenstonall. subspace of E and y1 , o .,yk+1 k+1 
a Ha.m:et base for 
k+t 
'2::. a;i f. ( Y. ) = 
i =1 J l. 

( 61 , • 0 0 ,a.k+11 • 

0 

So 

dtm E/V ~ k- lo 

Then x: = '2:... a.. y1 € V, t,e. 
1=1 l. 

and thts system has a non-zero sotut ton 

(1) ts true, But cHm E/V ~ k tff 

Thus; appli.y (1) to obtatn (2). 
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Proof 1 
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Let. E be a Banach space and V a . 13 (E' ,E)-closed 

and ~(E',E)-dense subspace of E'. If dtm yo 

or cUm E' /V ls ftntte, then dtm V0
. = dtm E' /V, 

Furthermore, tf E ts quast-reftextve of order n 

then 1. 0 ~ dtm E'/V = dtm yo ~ n 

a. 0 ~ d.tm E" /( t(E) e yo) ·~ n 

3. dtm E11 /( t(E) (f) V 0 ) = n- cUm E1 /V 

Stnce yo ts tsometrtc to (E'/V)' , 
dlm V0 

- dtm (E'/V)' - dtm E'/V 

1. If dtm yo ~ n + 1, then by . Lemma 1 v• () t(E) * fO} 

Contradtctton, Thus dtm V0 ~ n and 0 ~ dtm E'/V = dtm V 0
, 

2:, S tnce ciltm E" /t(E) = n and V 0 rt E = { 0 } , the 

resut.t follows, 

3, dtm E 11 /t(E) = nand dtm E"/t(E) Ee V~ = dtm E 11 /t(E) 

- dtm yo 

= n - dtm E'/V. 

Proof of Theorem. Suppose condtttons 1 and 2 are satts-

fted!, Then W ts a mtntmall. subspace of E'. Thus j (E) = W' 

where j : E -+ W1 ts the canontcat. map, tet f € E", 

rjw € J(E) t.e. r·jw = J(x) for x € E. Now t(x)JW = J(x) 

and hence f- t(x) € W0
, Thus E11 = l(E) q; W0 • By Lemma 2. 

d tm W0 = n, and so cUm B" /t(E) = n, Conversely, tf 2. ts 

not sattsfted., then by 1 3 an tnteger na.t 0 ~ n 0 < n 

for whtch 1 and 2. are true. By the sufftctency part of 
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thts proof, tt foLLows that E ts quast-refLextve of order 

no < n • ,Contradlctton. 

CoroLLary 8,1 (1) A Banach space E ls quast-refLextve of 

order n tff tt satlsftes. Condttton 1 of 

Theorem 8. 1 • 

(2) A Banach space E ts quast-reftextve 

tff sup f d tm E' /V } < CIO, where the sup 

ts taken over aLL o-(E',E)-dense, ~(E',E)­

cLosed subs paces V of E'. 

CoroLLary 8.2 A o-(E',E)-dense subspace V of the duat of a 

quast-refLextve Banach space E has D(V) > o. 

CoroLLary 8.2 shows that the questton of the extstence 

·of weakLy dense subspaces ln the dual of reftextve and quast- . 

reftextve Banach spaces ts Ltmtted to those wlth charactertstlc 

greater than zero. CoroLLary 8.2 was proved tndependentLy 

by Petunln [ 40] tn an tnvesttgatlon of vartous spaces 

whlch do permtt weakty dense subspaces wtth charactertsttc 

zero. 

Theorem 8.2 A Banach space E ts quast-refLextve of order n 

tff there extsts a o-(E' ,E)-dense, ,s(E' ,E)­

cLosed subspace V of E' : ditm E '/V = n and 

dlm E11 /( l(E) <±) V0 
) = 0. 
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Proof, If E ts quast-refLexlve of order n, then by 

Theorem 8.1 3 a o-(E' ,E)-dense and f3 (E' ,E)-cLosed subspace 

V such that dtm E'/V = n, For such V, dtm E"/( l(E) ~v•) 

ts zero. ConverseLy, lf dlm E"/( t(E)@ yo ) = 0 then 

E 11 = t(E) @ V0
, and slnce · dlm E' /V = n, dlm yo = n 

and dtm E11 /l(E) = n. 

As Stnger ( 48;209] remarked, Theorem 8,2 ts equtva­

Lent to an eartter theorem proved by Ctvtn and Yood (1; 

Theorem 3,3 1 : 

Theorem 8,3 A Banach space E: ts quasl-reftextve of' order 

Proof,. 

n tff there extsts an equtvatent norm for 

E such that E' = V (±) R, where V ts a 

o-(E',E)-dense, ~(E',E)-ctosed subspace of E' 

such that SB ts o-(E,V)-compact and R ts 

n-dtmenstonat. 

Suppose E" = B@L. Let V = Lo • Then v ts 

weakly dense. Now LnE=£0} am Lo ts o-(E' ,E" )-

ctosed, hence at so (3 (E' ,E)-ctosed. Stnce L ts ftntte 

dtmemstonal, L = Loo• FUrthermore, Lo = E '· where 

denotes the o-(E',E)-cLosure, t,e, (Lo) 0 ° = (L00 )
0 = E' 

stnce Loo Loo {) E [0 1 Now, let fl II be a = = • "l••••••x n 
base for L. Setect r 1 tn Er • ~(x') 8ij x1 , • • • ,xn • = j 

for t,j = l, ••• ,n. Let R c E' be the subspace generated 



by the 

then 

x!, 1 ~ j ~ n. 
J, 

< x 11 f -i' 

Then ,f - ~A. x.' € 
i 1. 
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Then E 1 2 Lo @ R. 
n 

2:. A..x...' > = 0 • 
• 1 1. 1. 1.=. 

Lo . and 

Let fe:E',· 

€ Lo ® R 

Hence E' = L 0 @ R. The resuLt 

foLLows from CoroLLary 6.6 • 

If E ls quast-reflex.tve of order n and. E' = V (.t) R 

where V ts a ~(E',E)-dense subspace and R ts an n­

dtmenstonal subspace of E', ls there an equtvatent norm 

for B tn whtch the untt batt ts ~(E,V)-compact ? 

Hunter [ 21 ] , us tng the above methods, shows that a L t 

decomposttlons of_ B' of the above type artse from the 

constderatton of the pol.ars of the n - dtmenstonat subspaces 

of E 1 • 
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ON A THEOREM BY DEVITO 

We begln wtth a result by James [24; 139] • 

Theorem 9,1 

Corollary- 9,1 

A weakly closed subset W of a Banach space E 

ts weakly compact tff each contlnuous ltnear 

functtonal on E attatns tts sup on w. 

A Banach space E ts reft.extve tff every 

contlnuous tlnear functlona~ on E attalns 

tts sup over SE. 

James obtatned several!. more results on compactness and 

re:fli..extvlty, e.g, [23, 24, 25] • 

Deftnttlon 9.1 A ll..c. space E ls quast-completre tff 

every closed and bounded subset of E ts compl!.ete [ 9;44 ] •. 

Clearli.y, a complete "l.c. space ls quast-complete. 

In 1968 DeVtto proved. a sufftctent condttton for a l!..c. 

space to be quast-complete for tts Mackey topology. [ 10 ] and 

used t.t to show the connectton between the work of James and 

Dtxmter [ 13] • In 1969 Webb [52 ] tmproved the result 

by obtatnlng completeness rather than the weaker condttton of 

quast-completeness. 

We now state the li.atter theorem. 



Theorem 9,2. If < E,E' > i.s a duat patr such that E,y(E,E') 

ts comptete and separabte, and E',f3(E',E) ts 

comptete, then E,~(E,E') i.s complete. 

To prove thi.s theorem we use three temmas whtch depend 

on the concept of a. sequenttatty- barretted space [51]. 

Deftntti.on 9,2, A t.c. space B ts catted sequentlatly -

barrelLed tf the ctosed absoluteLy convex hult of a sequence 

whlch ls cr(E ,E') - convergent to z.ero ts equlcont tnuous. 

Analogous to the deftnlti.on of a quast-M-barretted space 

wou.ll.d be the fottowtng defi.nttton : A t.c. space E ts 

sequentla~ly - M- barrelled tff E, p(E,E 1
) ts sequenttat-

ly - barretted. 

Lemma 1 Sequenti.atl..y - barrelted spaces satisfy the Banach -

Steinhaus condltton t,e. the weakty and strongly 

bounded subsets of E, or E', cotnclde [51 ] • 

Proof, Let A and B be weakty bounded subsets of E and 

E 1 respectlvety. . Suppose 

sequence fy 1 tn B , 
n 

such that sup I< x,yn> 
X€A 

sup I < x, y > I = oo. 

X£A 
Y€B 

> for each n, 

Then 3 

ls weakty convergent to zero, hence ts 

equtconttnuous, 

sup ~ <X (l )y 
X€A ' n n 

n 

hence strongl..y bounded. But, 

> I = oo, Contradiction. 
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Lemma 2. Let < E,E' > be a duaL patr such that E,y(E,E') 

ts compLete. Then E' ,p. (E' ,E) ts sequent taL ll.y -

barreLLed. 

Proofo Let { x l be a sequence tn B wh tch ts o-(E ,E' )­
mt 

convergent to zero. We must show that r {x 1 
n ' 

the weak 

cLosure of the absoLuteLy convex hu L 1!. of f .X l ' ts cr(E,E t) 
n 

compact. Let F be the y (E ,E' )-cLosed t.tnear span of {X } 
n 

· and gtve p the topoLogy tnduced by y(B.,E'). Then F ts 

compLete, separabLe 
1 

and fx } ts bounded tn 
n 

F. Construct 

a map T : L ~ F. Let l; = (~i) € L1
• For 

ClO 

the sum ~ _r;
1 

a:
1

, f'' > 
~=1: 

thts sum. Then fl; 

ts deftned. Wrtte < flf.,f' > for 

€ F' *, the at.gebratc duaL of F'. 

To prove that. f~ € F, tt ts sufftctent to prove that f~ 

ts <T(F',F)- sequenttaLLy conttnuous on F' [30; Seotton 5] 

Let {f'J be a sequence tn F' whtch ts ~(F',F)-convergent 
n 

to zero. Let 8 > 0 • Stnce F ts compLete, the Banach-

Stetnhaus condttton holds for < F,F' >. So, 

M = sup { 

ts flnlte. Choose k : 

and 
Choose N : 

I < x. ~'' > I J.' n 
ClO 

• .. 

~ tr;. I 
i=k+1 1 

< .§. 
2M 

for aLL n > N, and each l 1 ~ t ~ k. 

1 ~ t, n < CID l 

8 
< 2k 

Then, for 

n > N, 

fr.om 11.
1 

< e:. So we have constructed a map 

Denote thts map by T : ~ = fr; • 
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Then T ts Ltnear and conttnuous wtth respect to the topoL • 

ogtes a-(L1' (I)) and a-(F,E'). Let B be the untt baL\. of 

L 1 • Then B ts ~ o-(L · ,C 0 )-compact, so T(B) ts o-(F,E' )-

compact ln F. If e denotes the n'th unlt vector ln L1 
n 

then Te = X t hence r{ x I c T(B). 
:n:. n n 

Now, combtntng Lemmas 1 and a, we have : If E ts 

y(E,E')-compLete, then < E,E' > satlsftes the Banach-

Stetnhaus condttton. 

Lemma 3, Let < E,E' > be a duaL patr such that E,y(E,E') 

ls separabLe and E,~(E,E') ts sequentlaLLy-

barreLLed, Then E,!ll(E,E') and E,y(E,E') 

have the same compLetlons. 

Proof, Let f be tn the compLetlon of E,~(E,E'). Then 

f ts cr(E' ,E)-continuous on every absoLuteLy. convex cr(E' ,E) 

compact subset of E'. Stnce the ~(E' ,E)-convergent 

sequences tn E' are ~(E,E')-equlconttnuous, f ts o-(E',E)-

sequentlaLly conttnuous on E'. Stnce B, y(E,E') ts 

separabLe, the ~(E' ,E)-bounded subsets of E' are cr(E',B) 

metrtzabLe. Thus f ts cr(E',E)-contlnuous on every 

~ (E' ,E)-bounded subset of E' 
' 

hence f ts tn the comple -

tlon of E,y(E,E'). 

tton of E,y(E,E'). 

ConverseLy; Let f be tn the compte­

Then f ts o-(E',E)-conttnuous on 

every ~(E',E)-bounded subset of E'; tn particuLar, f ts 



59 

~(E' ,E)-cohttnuous on every absoLutely convex o-(E:' ,E) -
' compact subset of E.' t.e. f ts in the completion of 

R, RJL(E,E'). 

Proof of Theorem 9..]; Stnce E,y(E,E 1 ) ts complete, 

y (E' ,E) = ~ (E' ,E), by the remark after Lemma 2. Apply 

Then E, RJL(E,E') ts sequenttal-

ly barrelled. The result follows from Lemma 3 • 

Throughout the remainder of thts section, unless 

otherwtse stated, E will denote a real separable Banach 

space and V a ~(Et,E)-closed, o-(E',R)-dense subspace 

of E'. 

Theorem 9.3 If· D(V) > 0 ( or, V ls duxlal ) , then 

E, ~ (E:, V) ts complete. 

Proof, Slnce V ls p(E',E)-closed and D(V) > 0, V ts. 

strictly- norming by Theorem 3,4. Thus the ~(E,E')- and 

the <r(E',V)-bounded sets coincide. Hence the ~(E' ,E)jv 

and the (:3(V,E) topologies coincide. Thus V ts ,(V,E)-' 

complete, since it is closed. Now 13·(E ,E') ts genera ted 

by the polars of ~(E',E)-bounded sets in E', and since 

D(V) > o, tt is in fact generated by, the cr-(E' ,E)Jv 

bounded sets tn V t.e. the ~(V,E)-bounded sets. Thus 

~(E,E') = (:3(E,V). Vfe show that y(E,V) = f3(E,E') t.e. 

lf every element of the dual space attains tts sup on the 

weak closure of A. The result then follows by Theorem 9.3 
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tn V the cLasses of ~(E,V) - and ~(V,E) - bounded sets 

coincide. Stnce E is a Banach space, we have for subsets 

of E.', henc.e of V, that the o-(E' ,E)-bounded sets are 

norm bounded. Thus aLso the o-(V,E)-bounded sets are ~(V,E) 

bounded. Now y(E,V) ts the norm topoLogy on E, so 

E, y{E,V) ts compLete and separabLe, thus E,~(E,V) is 

complete. 

The proof of Theorem 9.3 ts essentiaLly that of DeVito, 

but by making use of Webb's improved resutt, and recaLLing 

the definltlon of a duxlat subspace, it ts shortened. 

CorolLary 9.1 If E ts a separable, barrelLed l.c. space 

such that E', ~(E',E) is c0mplete, and lf 

V is a strictly normlng subspace of E',, 

then E, ~(E,V) ts compLete. 

Proof. As for Theorem 9.3 • 

Corol..Lary 9.2 Let V have D(V) > o. If A is a subset 

of E such that every eLement of V attains 

its sup on the o-(E,V) closure of A, then 

A is relatlveLy o-(E,V)-compact. 

Proof. James [ 24 J proved that a subset A of a 

of a compLete L.c. space E ts relativeLy weakly compact 

if every eLement of the duaL space attains its sup on the 

weak cLosure of A. The resuLt then follows by Theorem 9.3 
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stnce E, ~(E,V) is compLete. 

CoroLLary 9.3 If D(V) > 0, then E ts tsomorphtc to V' 

tff every eLement of V attains tts sup 

on the ~(E,V) cLosure of SE' 

Proof, Thts foLLows tnunedlateLy from CoroLLary 7.5 and 

CoroLLary 9.2 • 

£_orollary 9.4 If D(V) = 1, then E ts V-refl.extve 

lff every eLement of V attatns tts sup 

on SE. 

Proof, FoLLows from Theorem 4,2 and CoroLLaries 6,2(2) 

and 9.2 • 

Theorem 9 .. 4 Let V be a subspace of Et with D(V) = 1 

such that E is V-reflexlve, If P ls any 

norm closed subspace of E:' which properly 

contains v, then P contains an element 

which does not attain its sup on SE • 

Proof, Assume the result ts false. Then, clearly D(P)=l 

and by CoroLLary 9.4, E: is P-reflextve. Thus by Coroll.­

lary 9.2, SE ts o-(E,P)-compact, and aLso o-(E,V)-compact. 

S tnce. P :) V these topo LQ:l g te s agree on ~. But by Theo-

rem 6,1' th.is implies that P and V have the same norm 

closures, Thts is a contradiction. 
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We have shown, tn Corollary 7.1 , that for subspaces 

V wtth D(V) = 1, E ts canonlcally equtvalent to V' tff 

Y ts mlntmal. Constder now the famtly of atl. norm closed 

subspaces of E' whtch have the property that each of thetr 

elements attalns tts sup on SE • If thts famtty contatns 

an eLement W wtth D(W)· = 1, then W ts both mtntmal 

and max:tmal wtth re:spect to tncluston by Theorem 9.4 • 

Theorem 9~5 E ts quast-reflex.tve of order n tff 

are two strongly closed subspaces v and 

of E' such that 

there 

VI 

( 1) D(V) = 1 and every el.ement of v attatns 

tts sup on SE • 

(2) dtm w = n, and w has a basts of func -

ttonals whtch do not attatn thetr sups on SE. 

(3) E' = Va1W 

By Theorem 4.5 tf D(V) > 0 then we can ftnd an 

equivalent norm for E such that D(V) = 1. In thts 

theorem we constder E wtth thts equtvalent norm. 

Proof, By Carollartes 9.2 and 9.4, SE ts cr(E,V) 

compact. Then, by Theorem 8,3 , E ts quast-reflextve. 

Conversely, suppose E ts quast-reflextve of order n. 

Agatn by Theorem 8.3, there extsts a closed subspace V of 
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E' whtch sattsftes (1) and such that dtm E'/V = n. Let 

By CoroLLary 9.4, E ts canontcaLLy 

equtvat.ent to V 1
• Applytng Theorem 9 .4, we concLude that 

V ES ft contatns an element ~ wht.ch does not attatn tts 

sup on SE. Then V<D r
2 

contat.ns an el.ement &z whlch does not attat.n tts sup on 

Suppose a.~ + 13& z € v for some scaLars a. and f3. 

sE. 

If ~ *' o, then &z € V(t) -~ = V{±)ft, am so f2 € v (±) f1 

Thus ~ = 0 and a.~ € v, t.e. a. = o. So v and (f1 ,f2) 

have onl.y the zero etement of E:' tn common. Conttnue 

wtth thts process. . We obtatn n l.tnearl..y tndependent 

el.ements ~ ·····~· The space ( ~ , ••• , ~ ) has the 

propertt.es demanded of \f{. 

CorolLary 9.1 ts a new general.t.zatt.on of Theorem 9.3. 

Exctudtng thts, and Webb's completeness theorem [52], al.t 

other resul..ts of th ls sect ton are found tn [ 10 ] • 
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