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INTRODUCT ION

This thesls will centre on the concept of norming sub-
spaces Ln the dual of a Banach space, We shall consider a
weakly-dense subspace V of E', and the natural norm it
generates on E,. If this mew norm is equivalent to the origin-
al norm om E, then V s called norming or norm-determining,

In 1948 Dixmler published his results [1 3] on norming
subspaces {,e, subspaces of characteristic greater than zero.
Since that time wrilters have given several alternative proofs
[19, 31, 34, 44] for many of his theorems and gone on to
prove mew and varied results,

In this thesis, 'm0 new results are stated, although
Corollary 9,1 {s a slight generalization of Theorem 9.3 .
The new proofs given ane : Théorems 2,2, 2.4, 4.1, 4.2,
4,6, 7.1, and 9,3. In example 2 of Section 2 and Theorem
4,4 the proofs have been completed rather than changed.

The aim Ls to revise the subject of norming subspaces,

unify Lt amd point out its relevance to other areas of analysis,

In Section 2 we follow Dixmier's réasontng to arrive at
the concept of the characteristic of a subspace, This is
done by enlarging its weak sequential closure, Discussion in

Section 3 hinges on both the theory of analytic functions and



the theory of two-norm spaces, These topics are connected by
an important characterization of the characteristic, Secfton
4 contains further investigation of this concept and leads up
to a characterizatiom of reflexive Banach spaces, So far,
the setting has been that of a Banach space though many of the
results are valid in normed linear spaces, In Section 5 the
characteristic is discussed in a lLocally convex setting.

This generalization is due to Krishnamurthy [3l,32,33] . In
Section 6 minimal subspaces are introduced in a locally convex
setting, with special reference to Banach spaces, with ali
the necessary tools established, Section 7 provides an
application of these to the question of spaces equivalent to
the dual or bidual of a Banach space, ‘The "dual" question
was orfginaLLy investigated independently by Dixmier [ 13] and
Ruston [ 44 ]. In 2 manner reminiscent of Dixmier, Civin and
| Yood [ 7] investigated the '"bidual" case, These two
authors are also responsLbLé for the defintition of quasi -
reflexivity discussed in Section 8, So many papers have
appeared on this topic, e.g. [ 8, 10, 15, 19, 21, 33, 35, 40,
48 and 49] that we are obliged to restrict our dtscusston;tg
those results which relate dtrectly to results obtained within
this thestis. Section 9 contains a completeness theorem [ 52]
which serves to connect the characteristic with James's work
on compactness, and so relates the former once more with a

Large section of analysis. The bibliography is in Section 10,



Notation : In general, we employ the Bourbaki notation,
However, we draw attention to the following : Glven a dual
pair <E,;F> of linear spaces,

o(E,F): the topology of uniform convergence on the finite
subsets of F, or the weak topology on E.

p(E,F): the topology of uniform convergence on the absolutely
convex weakly-compact subsets of F, or the Mackey topology
on E,

B(E,F): the topology of uniform convergence on the weakly -
bounded subsets of F, or the strong topology on E.

v(E,F): the topology of uniform convergence on the strongly-
bounded subsets of F,

Clearly, +(E,E') = B(E”,E')EE i.e. the strong topology
on E" restricted to E. These topologies are all locally
convex Hausdorff topologies, A linear space E with such a
topology is called a ‘locally convex Hausdorff topological
~linear space', We abbreviate this to '"l.c, space'. We
shall also use niffn for "if, and only if",

The dual of a 1l.c.space E will be denoted by E',
and the bidual [E',g(E',E)]* by E¥. For a subset V of
E', V° and V, will denote the polars in E"* and E respec -
tively. Other spaces in which polars are taken will be spe -
cified as they appear. Unless alternative symbols are
explicitly named, S and S will denote the unit balls in

E Eii
E and E* and S.L will denote the i'th multiple of the unit



ball s, in E'.
. The scalar field in question can be either the real or

complex number field.

I should like to thank my supervisor, Dr, J.H.Webb,
for his constant help in all aspects of this project, and
for his permission to quote results from a paper of his

which has not yet appeared, see [52] .
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' THE DIXMIER CHARACTERISTIC

Dixmier's concept [ 13} of the characteristic of a sub-
space developed naturally from the desire to gemeralise the
following theorem ([3;213] to the case of a non-separable

Banach space,

Theorem 2,1 If E s a separable Banach space, V a sub-

space of E', then every element of E' s the
Limit of a o(E',E)-convergent sequence of ele-
memts. from V¥V iff 3 a constant k > O
such that for every x 1in E,
supf f(x)] = k.lx]
.

Definmition 2,1 If A is a subset of E', the dual of the
Banach space E, we denote by A the set of limits of weakly
convergent sequences from A, and call it the weak sequential

closure of A.

The condition "¥ = E' " in Theorem 2,1 is stronger than
the condition " V (s o(E',E)-dense in E' ", Mazurkiewicz
[ 36:] glves an example for which only the tatter conditton
hotds, In some topologlies these two concepts deo coincide
e.g. metrizable topologles, For further results {n this
connection the reader‘is referred to papers by Webb [ 51]

and Frankiin [17] .



6

To generalise Theorem 2,1 we expand the weak sequential

closure of V :
Definition 2.2 If A {s a subset of E', let
A = U AN Sr
r20

where " denotes the o(E',E) closure, Now, Lf F is a

bounded set im E', then I r : FcC Sr and then

AN F C An Spr C A®
thus A = U An F where the union is taken
F

over .all the bounded sets in E!,

Theorem 2,2 (1) AC A*

(2) If E 1is separable, then A = A*,
Proof. (1) If f €A, then 3 a sequence {fi] in A
such that the fi are o(E!',E)-convergent to f. So by
[3;73] , spp I fill =m €w , and f vem c A®
(2) Let f ¢ A®, Thean:feAnSn=nm1
Stnce E s separable, the unit balt §, in E' s metris-
abte [9;43] . So 3 a sequence {fi} tn n(AnNn S1) which

is o(E',E)-convergent to f. Hence f ¢ A.

Theorem 2,3 If Vv 1is a subspace of E', then

Vv is o(E!',E)-closed {ff V = V¥,
Proof. If V is o(E',E)-closed, then Vn S 1is too.
VAsS = Vnrs =1 (Vn 51:) is also o(E',E) - closed,
Hence Vv = Voo =Uvns = vn USr .
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Since E!' = L_Jsr, Lt follows that V = V&, Conversely,

LfEV =V, themn VN S5, c V. But Vvns cVns, thus
v N S1 =VN S1. In a Banach space this ls equlvaient to

V belng of(E',E)-closed [4;74] .

Definition 2,3 A set BcC E' s said to be bw*-~ closed

or almost closed if BN S, Ls o(E',E) - closed in E'.

i
The terms bw*- closed and -almost closed appear in

[9] and [22] Trespectively; in general the bw¥-

and weak -~ closures of B do not coinclde, However, for

convex sets B (n a Banach space, they do, So an alter-

native statement of Theorem 2,3 s :

V = V¥ (ff V‘Ls bw¥ -~ closed

Theorem 2,4 For a subspace V of E!,

v =E' iff VNS contalns an§ , for
r > 0,
Proof, Suppose 3 r >0 : V¥n S, contains S . Then
vns > 8 , for some Kk, Thus V":UV(\S > S .
r k r k
Since V* Ls an absorbent subspace, V* = E'., Conversely,

1
Stnce E is normed, Lts strong dual E',g(E',E) s complete

tf v+ =8' =\J ¥R , then VA 5, ts absorvent,

and so Ls barrelled, Now V N S1

{1 2 S, .
r

ls a barrel, and it

follows that 3 r>0: VN S

The above is the generalization of Theorem 2,1 which



suggests the following :

Definition 2.4 If v {s a subspace of E', we define the

characteristic of Vv, denoted by D(V), as

D(V) = supfr>0 : V N S, contains S.. }

1

If the weak closure of VN S1 contalns a sequence of
balls {Srif, where r, approacﬁes.r from below, then Lt
contaims Sr. So D(V) is well-defined, In fact, since
Vrﬁ—§1 Ls contained in S;, we have that O < D(V) < 1.

Furthermore, f VN S, = Sr for some r, thenr =1 as

1
V.n § contains elements of norm one.

The concept of the characteristic of a subspace V can
be readily generalised : Consider V the weak closure of V.
The characteristic of V relative to V can be defined as
the largest number r such that V n S is weakly dense in
VNS . Without difficulty, many of the characterizations
of D(V) which appear in Sections 4 and 5 can be extended

to this case [13] .

To obtain Theorem 2,4 we extended V¥ to V. However,
M® Williams f35] defined a number which he called p(v)
which depended on ¥ only, Fleming investigated the
relationship between D(V) and p(V) and proved that [15]
If E s separable and V = E', then D(V) =_1 . For
| - p(v)

weaker conditions Fleming obtained correspondingly weaker

relations,



AN ALTERNATIVE APPROACH

In an investigation of extremum properties of analytic
functions, Rogosinski and Shapiro [ 42] generalised the

problem to normed Llinear spaces;

Let W be a subspace of the normed linear space E.

For x¢E and f a continuous linear functional on W, we

define
- e, = syp| £(x) | ceea(1)
where the sup ls taken over all x in Wn SE . Dually,
if V 1s a subspace of E', define for xcE
Hxtly, = sup | £(x) | veeel(2)
£

where the sup is taken over all f in VN Sy«  Now (1)
and (2) define semtnOrms weaker than the original norms,
which are norms Lff W and V are weakly dense in E and

E', respectively.

Theorem 3.1 Let W be a subspace of E, If feE', then

nr “W = Lﬁf I f+h 1

where the inf s taken over all h in W°

and Ls in fact attained.

Proof, By the Hahn-Banach theorem, every continuous Llinear
functional f on W can be extended to a continuous Linear

functional g on E. Then f - g s in W°, Moreover,
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there is at least one such g for which Ilfllw = hgill,
For fixed f in E' [g: g=h+f, heW°] = [g: g(w)=f(w),wew}.
So the statement of Theorem 3.1 [6] is equivalent to the

original theorem in [42] ,

Using again the Hahn - Banach theorem, a dual version
of Theorem 3,1, in which the sup instead of the imf is

attained, was proved by Bonsall {6;Theorem 2]} .,

Theorem 3.2 If x, € E, then

sup | f(xe) | = infllx.+yll
f YeW

where the sup {s taken over all f im W°nN Sy

and is in fact attained,

However,' Theorem 3,2 is not a completely dualized ver-
sion of Theorem 3,1, as Bonsall himself observed, With this
in mind, it is natural to ask for what subspaces V o¢f E'
it is true that for all x tin E,

> I, = sup be(x) ] = inf lIx+yll
ieie 1 Yeye
Now, if V is o(E',E) - dense tn E', then V, = (0)
and we ask for which V is Il x I, = 1 xll . The initial
probLem'can always be reduced to the latter by considering the

quotient space E/‘V . Bonsall's question had been answered
[o]

in 1948 by Dixmier who proved the next theorem.
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Theorem 3.3 Let V be a subspace with D(V) =r. If

s = tnf lxI,.lixi™!
xeE

X0

V'.
.then r = S,

Proof. Since D(V)=r, VN S, contains Sr. Let xeE, x¢0

1

then JgeE', !llgil=r and g(x) = r.lxll , Consider the
weak neighbourhood of g defined by | f(x) ~ g(x) |<e.
Call it U, Then 3 fe vn Sy such that feU., Thus
I£(x) - rlixIl | <s. So sup|f(x)]|.Uxi™ >r,

| x€E
Hence s 2 r. X*0

Conversely, let g be such that 1Ilgl < s, and

Jg(x) | < s.lixIl  for all x, then }g(x) ] < sup|f(x)]|
fev
L.e, for every x 3 fevns, such that Iif i =1

————

fg(x) | < | f(x)| . It follows that ge Vn S

Ls weakly - closed and absolutely convex,

for if not,

stnce v n S1

I xeE la(x)] > sup }f(x)] by [41;30]
. fev
el <1 |
Hence VNS > {g:ligll <sf, So VNS >, and r 3 s,
Now 1lxil, = IxIl forall x tn E iff D(V) =1,

by the above theorem, The terms "duxial” [43,44] and
"absolutely total' [56] are also used to describe such
subspaces, If V is such that for every x in E; A feVv:
Jfl =1 and f(x) = Il xll; then V is called a "d-manifold®

[56] . ObviousLy, every d - manifold V has D(V) = 1.
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For a full discussion of d - manifolds the reader is referred

to a paper by Wilder [56] ,

Again by Theorem 3.3 D(V) > 0 iff the norms Hx Hy,
and l1x!f are equivalent for all x in E,. Such subspaceé are
. also called norming [54,55] , norm - determining [50,56] ,

or fundamental [1].

Definition 3,1 A subspace V of E!', the dual of the Ban -

ach space E, 1is called strictly norming [2,54,55] if

every o(E,V) ~ bounded subset of E is o(E,E') ~ bounded.

Theorem 3.4 A strongly - closed norming subspace is strictly

norming, [ 54,55]
Proof. Let A be a o(E,V) - bounded subset of E, L.e.
for all f inV  sup |f(x)] <« . Since V is a Banach
space sup llx1lv*€£ k < o, Now 4 ¢ >0 : c.llxIl g llxllV

for all x in A, So for arbitrary X, and X, in A

Hx, - x 1l < Ix 1+ 1 x1 < 2k . Hence A Ls bounded.,
1 2 1 <

Although this result is not true for arbitrary normimg

subspaces {54 ], we do have

Theorem 3,5 Any strictly norming subspace is norming,

{54,557,
Proof., Suppose VC E' 1is strictly norming but not norming,

For every tnteger k, 3 X inE: lix Il >k, Iix Il < 1
' X
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It follows that the sequence {xki ts o(E,V) - bounded but

not norm bounded.

For further results on norming subspaces and,their role
in the theory of two - norm spaces see for examplte f[2, 38,
5517, We mention the following question posed by Orlicz

and Ptak: let x_  |p |j*, |l I be a two - norm space,

Let Z : dual of X,I1l i
Z* : dual of X, Il II*
Z'' s { feZ: f is }l lI*~continuous on the

11 11 - bounded sets,}

Glven a Banach space X,I!l I and a closed subspace
Y of the dual of X, can we find I I * ON X
weaker than the original norm such that 2' =Y ?

The answer, provided in [ 38] is negative.

We would allude briefly to the following two norms :
(1) That derived by Goldberg [ 18] with properties resemb-

Ling that of II 1], If E and F are Banach spaces and T

Vv
a densely defined closed operator T : E-»F, then for y ¢ F

we define

Hyll, = sup b<y,v'> |
, t
YU iyt o+ HT'y'

where the sup is taken over all y, 40 in the domain of T',
the adjoint of T, It can be shown that ]Iy.H1 < Iyl

~and  (F, I )" = D(T'). (See Theorem 4.1 )
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(2) The norm "}x(M)|" which occurs in the general theory
of Banach algebras {37;193] . This norm is agailn weaker

than the original norm of the algebra,
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FURTHER PROPERTIES.

We proceed with our investigation of the norm |l llv

and use our results to establish properties .. of D(V).

Theorem 4.1 If E is a normed linear space with unit ball

B, and V a subspace of E', then

| o= (B, 1)
Proof. (E, ! HV)' = {feE": sup |f(x)] < k, some k }
- IIXIIV <1
= k:ﬁ nffeEB'": sup|f(x)] <11
n; ”va<1
=r}£1 n B,° for B, = [x: Il xll, <1]

n (B°),° (first polar in V)

1l
g (s

nkE
= oE nB° ( o(E',E)-closure )
=z BNV ( potar in E', o(E',E) -
o closure. )
ﬁﬁ=1 nvn S1
= v

Coroliary 4.1 For a Banach space E,

(1) (B, I,)" =E' iff D(V) > O.
(2) (EHn H)' =V iff V is o(E',E)-closed
Hence, if V is o(E',E)-dense in E',
(B, )" =V iff Vv =E',
Proof. (1) TFollows immediately from Theorems 2.4 and 4.1,

and (2) follows from Theorem 2,3 .
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Theorem 4,1 and its consequences are essentially due to
Kerr [28] who proved his results in a seminormed space

setting.

Theorem 4,2 Given a Banach SpaceA E with unit ball B,

let B~ denote the o(E,V) - closure of B, Then,

(1) fx: Hx Iy, < 1} = B
(2) l/b(v) = sup Il x I
XeB
Proof, (1) {x: Hxily, <1} = N fx: Jf(x)] < 1}
| e

(M x: je(x)| <1}
S1ﬂV

= M fx: |f(x)] <t}

B°nV
= B°, ( polar in V, bipolar in
~ E)
= B
(2) 1/b(v) = supllxll.llxllvft by Theorem 3,3
b < 1]
= sup lIxil
mef=1
< sup x|l
melsi
< sup IIx1l
0<HxHV<1 ‘
-1
< sup IIxl!l.1x1l
XEQ v
| = 1)
thus 1/D(V) = sup xll = sup Iixll

lixhg 1 xeB~
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Corollary 4,2 For a subspace V of E', B
(1) D(v) >0 iff B  is bounded,
(2) D(V) =1 iff B iso(E,V)-closed,
Broof. D(V) =1 {iff Ilxll,= lIxll, Also , the latter condi-
tion implies that B = B. So B is o(E,V)-closed.
Conversely, if B is o(E,V)-closed, then the two norms.

define the same unit balls, and so are equal,

The proof of Theorem 4.2 is essentially Dixmier's [13] ,
but in our proof we have replaced the use of the Hahn-Banach
Theorem by that of polars. Corollary 4.2(2) was first
noted by Petunin [ 39;Lemmal] who wused it to prove a

reflexivity criterion - see Theorem 4.7 .

Corollary 4,3 If E 1is embedded in its bidual, then

ENn S is o(E",E')-dense in Spor o

EH

Corollary 4.4 let JV

where V' is the dual of the subspace V of E',

denote the canonical map, JE - v!

Then JV(SE) ts o(V',V)-dense in Syt s the
unit ball of V', |
Proof, Follows from Corollary 4.3 by application of the

Hahn-Banach Theorem,

Singer {[46] proved Corollary 4.4, from which 4.3
follows trivially., In a later paper [47 ] he noted that

these two results were equivalent. Fleming [ 16] has
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given a different proof of Corollary 4.4 using Smulian's

compactness criterion [27;16.6] .

We now give a characterization of D(V) in terms of EF

Theorem 4.3 For a subspace V of E',

D(V) = inf Hx+ z !, ixil!
XeE , x#0
zeV°

Proof, Let x¢E, x*+ O and 2z

X and X + z colmncide on V and

IHx + z 1

-—

2

"

>

=

sup
feS

sup
fevn

Sup
fevn

sup

€ Ve, the functionals

| £(x+z) |
tIf‘(x.-q-z)l
5
| £(x) |

| £(x) |

5

feSr

|

On the other hand, given & > O,

Hx 11 where r = D(V).

3 x e E, x+ O such that

sup | f(x)] .1l x it < D(V) + ¢
f€WﬂS1
Now, 3 x' in E¥ f(x") = f(x) for all x in V
and  Hx'1l = sup |f£(x'")]
féW\S1
= sup |f£(x) |
feVﬂSl
<  Hx!H.(r+e)

We have X" =x+ z, z € V° and as ¢ 1is arbitrary, the

result follows,

Theorem 4.3 is due to Dixmier [ 13]
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Theorem 4,4 For a o(E',E)-dense subspace V of E!', wtith

Vec E', VW =E' Lff V°@E Ls strongly -

closed,

Proof, Silnce Vv s o(E',E)-dense in E', VNE = (0. The

map V°@E - E s onto, continuous (being a projection) and

V@ E Ls closed, hence compliete. So, by the Open Map Theorem

T k<w lxl <k.ix+zll for all x tn E, z tn V°, But
by Theorem 4.3, D(V) = . taf lxezll, lIxI7 '3 1/ >0
X€eE § %0
and by Theorem2.4 V*=E!, ZeVe
Conversely, V* = E' Lff tnf llx+¢zll. IxII™' 3k > 0,
. xXeE, X0 ‘
So, lIx+zll > k.!lIxli>0, zZeve Consider the map of

Ve x E =+ V°@ EC E", defined by (z,x) - z+x. Let {xn}' and
{an be sequences in E and V° respectively, If Il x +z]ll- O
then x = O, Thus z -0 L., (zn,xn) -+ 0. So the map
from E" {into V° x E 1is continuous. As E s a Banach

space, V° and E are strongly closed, Hence result,

If E 1is a Banach space, we can denote the natural norm

on E' by Il lI', More generally, if | | Ls a norm on E,
equivalent to the given norm of E, !l Il , then for f in E',
fe |t = suplf(x)]‘alxl_1
xeE '
%0
is called the dual norm of | |, Ctearly, this norm is

equivalent to the natural norm on E'. However, every norm on E'
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which ‘Ls equivalent to Il ' {s not a dual norm. Spaces
for which this is true are reflexive, In fact, Williams
[57] has shown that this property characterizes reflexive
spaces, In this connection we have the following result which ’

{s due to Dieudonné [13].

Theorem 4,5 If V (s a.subspace of E' wilth D(V) > 0,

then there exists a norm | | on E such

that D(V) = 1 in the new system of norms.
Proof, B, the o(E,V)-closure of the unit ball B of E is
closed, absolutely convex, bounded and absorbent by Corollary
4,2 ., So Lt defimes anorm | | on E, equlvalent to I i

such that B = {x: |x|] € 1}. Then by Theorem 4.2,

D(v) = sup[x]| = 1,
xXeB
. So, Lif D(V) >0 for .]rl 1, then D(V) > 0 for all
norms equlvalent to 1l 11, Similarly, if D(V) = O for
it 1l, then D(V) =0 fbr all norms equivalent to 1l Ii,

Hence, V takes on only two fundamental values : O and 1,

Examples. (1) If E s a normed space, then D(E) = 1 Lln

Eifs D(E) = inf { sup |<x',x">]|. Ioxt it ! where
x'eE! x"eil(E) L:E-E"
x'+0 R0

inf § sup |<x,x'> | . lx! =ty
x'eE' xeBE
xVE0 lixlli<1

"

but. this sup| <x,x'>| = 1Ix'll, and so D(E) = 1,
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In particular, the sequence space ¢ cl” has D(p) = 1.

(2) Ctearly, if V has D(V) >0, them V 1is o(E',E) -
dense tn E'. We now give Bonsall's example [6] of aco(E',E)
dense subspace V with D(V) % 1.

Conslder the space C,, with dual L1. Let

—— 1.  a— , o—
V = { xgl': x_(xi) and g;%y% =0}

If yeV, Iyl <1, then

Iv() | =f2y | =1y, -& % | < & Iyl <1

So sup |y(z)| < 1 and sup | y(z)]|. nzi~ < 1/
YeV Yev 2
Iy <t Iyl 1

Thus D(V) < 1 /o s

We now show that V 1is «(LI,CO) - dense in R :
Let & = (0,0,0...0,1,0,...)s Then e ¢ ¥, the o(l',Co)-
closure of V, Let y e C, » Given >0, choose Kk,

such that kal <e for k > k,. Then x = (1,0,0,..,- 1/% ’

1 1 ‘ .
-, =50 eV, where —l/z {s in the (k+1)th
. 0s 1 1 3
position, Now |}y(e'- x)| =1§£1 / 22 Y 4 l

So & eV, forall i. Hence ¢ cC V and the result

< €.

follows,

For a discussion of those weakly-dense subspaces V with
D(V) = 0, the reader ls referred to Petuntn [40] . The

question of the existence of such subspaces tn the dual of an
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arbltrary Banach space remains open ; the question for reflex-

ive Banach spaces is settled by the next theorem [ 56;pagelOl5] .

Theorem 4.6 For a subspace V of E', the dual of a reflex-

Lve Banach space, the following conditions are
equivalent :

(1) Vv is weakly-dense in E'

(2) D(V) =1

(3) V is strongly-dense in E!

Proof, (2) - (1) is obviously true in any Banach space,
For a reflexive space E the o{(E',E), o(E',E") and B(E',E)
closures of V coincide. Hence (1) = (3). We show that
(3) » (2) : Ixily = sup |[£(x)[ . nren™

fev

f+0
Now x ts g(E',E)-continuous on E' for x ¢ EcC E', so
£+ | f(x)| s strongly continuous. The map of f - Iifll

is also strongly continuous, Hence, since IIfll # O for

£+ 0, the map of f = |f(x)]| . nen"t s strongly continuous
1

on V, and sup |f(x)] . nen™t = swp [ £(x)| . N~
- fev fev - .
where V denotes the strong closure. Since V = E',

the result foLyows.

In connection with Theorem 4,6, Ruston [ 44; Theorem 3]
proved that Lf (1) - (3) coincide for every subspace V of

E', then E 1is reflexive - See Corollary 6,3 .
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Corollary 4.5, If E s a Banach space, then E s reflex»

itve iff 'every subspace V of E" with
D(V) = 1 is norm-dense in E",
Pioof, If E s reflexive, then E' is also reflexive, and
the result follows by Theorem 4,6, Conversely, E s a
subspace of E" with D(E) =1, So E is norm-dense imn E",

Since E s complete, {t is closed in E", hence E = E",

We conclude this section with amnother characterization

of reflexivity [ 39; Theorem!l ],

Theorem 4,7 A Banach space E s reflexive iffr s is

E
closed in any Ll.c. topology comparable with

the initial topology on E,
Proof, If E s reflexive, then the result follows by
Theorem 4.6 and Corollary 4.2(2). Suppose E s hot re—
flextve, Then J elements x ¢ E, lIxIl =1 and z" ¢ E
such that x is not orthogonal to the subspace {az"} . Let
V denote the polar of z'" in E'. Then D(V) <1, But
z" ¢ E so V is o(E',E)-dense tn E' and the o(E,V)

topology provides the necessary contradiction,

Petunin [ 39;Theorem 2] shows that {t is possible
to characterize reflexive Banach spaces by the condition that

SE be closed in any normable topology, comparable with the

inttial topology on E,; using the above theorem.
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THE LOCALLY CONVEX SETTING,

We turn to a discussion of Krishnamurthy's [ 31,32]
generalization of the characteristic which leads to his claim:
" that a proper setting for the discussion of the characteris-

tic is that of a l.c, space," [32; page 526] .

Notation: Given a l.c, space E,+ , QL will denote its
fundamental system of closed absolutely convex neighbourhoods
of zero., TL and B will denote the classes of absolutely
convex, closed and bounded sets in E,r and E',g(E',E)
respectively. If Py denotes the gauge of U € %U.. For
Mefm let pU(M)

py(M)

i

sup {pU(x) : xeM}., Then,

inf {» 20 : Mca\U 1.

Definttion 5.1 A subspace V of E' s sald to be duxial

tf every absolutely convex of(E',E)-compact subset of E' s
contained in the o(E',E)-closure of some Vv N F, where F

ts a g(E',E)-closed and bounded subset of E',

In the case of a normed lLinear space " V duxial " re -
duces to " D(V) > O " by Theorem 2.4 . As remarked earlier,
the term '"duxial " was used by Ruston [43, 44 ] to describe

subspaces V with D(V) = 1,

Definition 5.2 A l.c. space E is called semidistinguished

tf every absolutely convex o (E",E")~compact subset of E" is
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contained in the o(E",E')-closure of some absolutely convex
o(E,E')~closed and bounded subset of E ; or, equivalently,

itf B(E',E) = n(E',E").

Examples,
(1) ALl distingulshed spaces i.e, spaces for which the

strong dual is barrelled [30jpage 309] are semidistinguished.
In particular, all normed lLinear spaces are semidistinguishéd
since theilr strong duals are complete [27; 19.5] .

(2) ALl semireflexive spaces are semidistinguished [ 29;page
189 ]

(3) For an exampLe of a non-semidistinguished space - a very
pathological situation -~ the reader is referred to an example

of Komura [29; page 157 ],

Theorem 5,1 Embed E {n E", Then, E is duxial in E"

iff E s semidistinguished.
Proof, In general, o(E',E) <+ < (E,E'). Let KcC E" Vbe
an absolutely convex U(E",E')-compaét, No¥# ‘E s duxial in
EY {ff 3 a y-bounded set A such that KC A , the
o(E",E')~closure of A, But the y(E,E')-bounded and o(E,E')-
bounded sets coincide, so E s duxtal tn E" +{ff J a T -

bounded set A such that Kc A . This, by definition, s

equivalent to saying that E s semidistinguished.

Theorem 5.1 is a partial analogue to Examplel {in Section 2,
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For an example of a space E which is not duxial in E'", the
reader is referred to the same example of Komura [29] which
was previously quoted. Further results will show that the
role played by duxial subspaces is analogous to that played by
subspaces V with D(V) = 1 in Banach spaces., However,
whereas D(V) was defined as a number, O < D(V) < 1 , there
is no numberlassoctated with duxial subspaces, Thus motivated

we define the following two numbers :

Definition 5,3 Given a subspace V of E', we define

a(V,U,M) = max {A20: Vn M° > xU°} for every U g UL

and M ¢fM, such that pU(M) £ 0,

a(V,U) = 1inf § m,(V,U,M).pU(M): M em, pU(M.) + O} for
every U e U.

a(V) = inf { a(V,U): U eUl}

B(V,U,B) = max { A 20 :Vn U° > AB} for every U ¢,
Be® .

s(v,u) = a(v,U,U°)

g(vV) = inf { g(V,U) : Ueul

then g(V) and «(V) are called the g~ and o - characteris-—

tics of V, respectively,

Whenever pU(M) =2 > 0, we have (1/&)U°<: Me, in fact
/A is the largest multiple of U° for which this is true.

Now, tf VN M° > pU° then p <1A il.,e. we have
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0 < a(V,U,M).pU(M) < 1, So 0 < a(V) < 1.
Simitarly, it can be shown that 0 < (V) <- 1. Now,
suppose E is a normed linear space with unit ball Sg.

Then a(v,sE,sE) = D(V). Take U = rS M =nS. , then

oL
o(V,U,M) = r/n . a(V;SE,SE). But pU(M) = n/r, so
a(V,U,M).p;(M) = “(V'SE’SE) and " a(V,U,M).p,;(M) 1is constant
for all U,M and equals D(V). Hence a(V,U) = a(V) = D(V).
Stmitarty g(V,U) 1is constant for all U and equals D(V),
So, in normed Linear spaces, (V) = B(V) = D(V). In fact

if g(Vv) = 1, then V 1is duxial.

Theorem 5,2 Let M~ denote the o(E,V)-closure of M in E,

Suppose pU(MT + O, Consider the following
statements : (a) pU(M”) <
(v) «(V,U,M) =a >0
(©) @ = 1/p,0F)
then (a) and (b) are equivalent, and each
implies (c).
Proof, We show that (1) If pU(M) + O and pU(M”) < », then
a > t/pU(M”) and (2) If pU(M) + O and o > O, then
a < 1/pU(M”). The result follows from these statements.,
Now M = (VN M°),, so (M)° = (vnM),°=Vn M
If M“c AU, fora>0, then Vn M° > 1A. U° i.e. 1A < a.
In particular, 1/bU(M”) < a. Hence (1) 1is true. "
If & >0, then MC 1/a.U t.e. py(’) < 1/a. Hence (2).
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Theorem 5.3 Suppose g(V,U,B) =g > O and pU(M) + O.
Then B < py(M) / Be(B)
B < pylt) / ppol)
In particutar, g(V,U) < pU(M) / pU(M”)

Proof. Put pU(M) =2\, Then
AM® > VAaM® > VA U° > @B
So B c a/p M°, t.e. puo(B) < n/p.
Also  VAAM® > 8B, so (VAAM®°),c 1/8 B,. Hence
1AM c 1/8 B, and pBo(M”) < AN/B. |

Theorem 5.4 B(V) < a(V)

Proof. It suffices to prove g = g(V,U) < «(V,U). Now

VN U° > gU° . Suppose pU(M) = ¥ O, Then

AVAM = VaaM® > pU°
SO VnM° > BA.U® and a«(V,U,M) = BA for

all M for which pU(M) + O, Hence result.

Theorem 5,5 Embed E in E", then «(E) = g(E) = 1.

Proof, Now E N M°° {is o(E",E')-dense in M°°, Since
fM°: M g¥Li forms a fundamental system of neighbourhoods
for E',p(E',E) we have p(E,M°) =1 for every M ¢ TN
t.e., B(E) = 1. The result follows by Theorem 5.3 .

This theorem provides a tidy analogue to Example 1 of

- Section 2, For further generalizations, e.,g. of Theorem

3.3 see [ 32] ., No such generalization of Theorem 4,2 exists,
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MINIMAL SUBSPACES,

In Section 7 we shall answer the question :
When Ls a Banach space E equivalent to the strong dual of
some other Banach space F ?
Now, Lf E 1is equivalent to F', then their duals E' an&
F' are also equLvéLent, and the embedding of F 1in F
makes F a norm-closed, weakly-dense subspace of E?, For
this reason we shall investigate the norm-closed, weakly-dense
subspaces. of E', Before doing so, it is necessary to define
our terms precisely [3] because of fhe Large number of
alternative terms tn existence - see for example ‘[4, 13, 19,

30, 45, 50. 1.

Definition 6,1 Given Banach spaces E and F, E is

isomorphic to F Lf there is a one-one continuous linear map
of E onto F. Note that {ts inverse is necessarily contin-
uous., E and F are equivalent Lf there {s a norm preserv -
ing Linear map of E onto F. If F 1is a closed subspace
of E', then there is a natural map of E 1into F', defined
by < f, Jx > = < x,f > called the canonical map of E
tnto F'. The image of E wunder this map is called the
canonical image of E 1in F!', If this map sets up an
isomorphism or an equivalence, then the spaces are said to be

canonically isomorphic or canonically equivalent,
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Definttion 6,2 A subspace V of E', the dual of a l.c.

space E is minimal if
(1) Vv is p(E',E)-closed in E'
(2) VvV is o(E',E)-dense in E'
(3) No proper subspace of V has both the above

properties,

In our investigation of minimal subspaces we shall make
use of the next result [34] . Recall that E,r denotes a
l.c. space and L the class of all absolutely convex o(E,E') -
closed and bounded subsets of E. We use the standard dual
pair notation of [27].,

Theorem 6,1 If Vi and Vz are o(E',E)-dense subspaces

of E', their strong closures are identical

iff the topologies J(E,Vi) and G(E,Vé)
coincide on each M ¢ M,
Proof. Suppose V1 = Vz, where Vi, V} denote the strong
closures of V, and V2 respectively, Now G(E,V1) is
weaker than G(E,Vi) and G(E,Vi) induces on each M a
topology finer than that induced by o(E,V,). If x ¢ V}
and M ¢ Th, then 3 a sequence {xh£ in v, ‘which converges
uniformly to x on M. Thus x s U(E,V1)—continuous on
M, Conversely, we show that V, ¢ V., ., Let U be a g(E',E)

1 4

neighbourhood of zero, and X ¢ 71. ‘We show that 3 y ¢ v,
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such that x - y ¢ U, Then the result will follow by sym -
metry. Now 3 M ¢ Tl: M°c U. By the first part of the
proof 6(5,71) = o(E,V,) = o(E¥,) on M. So 3
YyseeeesY, in V, and x' in M such that sgp] <x',yi>]<1
implies that f<x',x>| < 1. Let V= [x gE: <Xy, > =0
for 1 <tit<n}. If p denotes the gauge of M, then

for all x' inV, |} <x',x >| < p(x). By the Hahn-Banach
Theorem dz ¢ E*: <x',x> = <x',z> for all x' inV and

| <x',z> | < p(x) for alt x' tnE, Now < x',x-z > = O

for all x' inV and x-z = y where y is a linear combination

of {vy.}

IV a, =t o -
531 <n’ But z = x-y ¢ E', so z ¢ M°cC U, Com

bining these results 3 y ¢ V, 1 X-Y € u.

The next related result was proved somewhat earlier by

Dixmier [13; Lemma 1 ].

Theorem 6.1 If E 1{s a normed linear space and Vq, V%

are two o(E',E)~-dense subspaces of E', then

their strong closures are identical ifrf
G(E,V1) and G(E,VZ) cotncide on Sp, the
untt ball of E,

Proof. Similar to Theorem 6,1 .

Corollary 6,1 If E is a normed linear space and V a subspace

of E', then V is norm-dense im E' iff the

o(E,V) and ¢(E,E') topologies coincide on Sg -
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Proof. Since the topology of E' s the topology of
uniform convergence on the bounded subsets of E, the result

follows immediately from Theorem 6,1 .

For further results on dense subspaces and thelr uses
the reader is referred to the work of Kasahara, for example

[26].

Theorem 6,2 Let V be a g(E',E)-closed, o(E',E)~dense

subspace of E', the dual of a l,c, space.
Then the following statements are equivalent :
(1) Vv is minimal in E'

(2) E" =E @ V°

(3) Each M ¢ Tl is relatively o(E,V)-compact

Proof, (1) - (2) : Since V is o(E',E)-dense in E',
V°NE ={0}]. Let ze¢E" and z ¢ V°. Consider

W ={yeV: <z,y>=0]} = ZonV
where Z s tﬁé subspace in E" spanned by zZ . Now Z,
and V¥ are B(E',E)-closed, hence W 1is B(E',E)-closed
and W# V. So W 1is not o(E',E)~dense tn E' ¢{,e.
I xeE, x%* 0: <x,w>=0 for all weW, Now 2z and X

are linear functionals on V, vanishing on W, Thus

< ZyYo ?
< Xy¥o 2

z" = z - Yo €V, YO¢W

i{s a Llinear functional which vanishes on V, L,e., 2z ¢ V°,

So z= Ax + 2" for some N such that Ax ¢ E, 2" ¢ V°,



33

By our initial remark this representation is unique,

(2) » (3) : Since B”/V°‘ i{s algebraically isomorphic to E
and E"A° = [V,p(E',E)AV]', we have that E,G(E,V) is
isomorphic to E"A°, o(E"A°,V). For every M ¢ ‘§TL,

M°n Vv is a B(E',E) nelghbourhood of zero in V, thus
(M° n V)°c EYA° Ls o(E"A°,V)-compact. But, for M~ the
o(E,V)-closure of M, we have M = (M°n V), = (M° n V)°,
So M 1is relatively o(E,V)-compact.

(3) > (1) : Let Wc Vv be g(E',E)-closed in E', If W
were o(E',E)-dense then o(E,W) would be Hausdorff on E,
and so on M . Since M is o(E,V)-compact, o(E,V) and
o(E,W) would coincide on M°, so on M, By Theorem 6,1
this Lmplies that V and W have the same Bg(E',E) closures.

This contradicts our intitial assumption,

The above proof [ 31;Theorem I ] {s essentlally that of
Dixmier [13; Theorems 11, 13 } who proved the result for
Banach spaces. making use of the presence of a norm, However,
his proof translates easily to the more general setting
because the concept of minimality is expressible independent

of a norm,

Corollary 6,2 PFor any L.c. space, the following are equilvalent

(1) E' is minimal

(2) E = E' or E is semireflexive,
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Corollary 6,3 A quasi-barrelled space E {s reflexive iff

lts strong dual does not contaln any proper

minimal subspaces.

Since every Banach space is quasi-barrelled, Corollary
6.3 contains Ruston's result [44; Theorem 3 ] as a special
case, So, finally, we have the promised characterization

of reflexivity - see the remark after Theorem 4.6 .

Corollary 6.4 If E 1is a Banach space and V a minlmal

subspace of E', then D(V) > O.

Proof, Follows immediately from Theorems 6,2 and 4.4

Corollary 6.5 If E {is a Banach space and V a g(E',E)-

closed, o(E',E)-dense subspace of E', then
the following statements are equiQaLent :
(1) VvV is minimal
(2) Sgs the unit ball of E, is relatively
o(E,V)-compact

Proof, As in Theorem 6.2, using Dixmier's vartiation of

Theorem 6.1

Corollary 6.6 If V is a B(E',E)-closed and o(E',E)-dense

subspace of E', then V is minimal and D(V)
is one iff Sp ls relatively o(E,V)-compact,
Proof., Apply Corollary 6,5 and Theorem 4,2 to the Banach

space E,
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Definttion 6,3 A lL.c. space E is sald to be quasi- M -

barrelled Lf, in E', every absolutely convex B(E',E) -

bounded set is relatively o(E',E) - compact.,

Clearly, each of the following statements could equally well
be used to define quasi - M-barrelled spaces :

(1) The strong bidual E", g(E",E') induces the Mackey
topology u(E,E') on E,

(2) E, w(E,E') 1is quasi - barrelled.

(3) Every bornivorous barrel tn E s a p(E,E') neighbour-

hood of zero,

Every quasi - barrelled space is quasi - M - barrelled, In

particular, every metrisable space is quasi - M - barrelled,

Example, A quasi - M - barrelled space which is not

quasi - barrelleds
Suppose E 1s an infinite dimensional reflexive Banach space,
Then o(E,E') < u(E,E') = y(E,E') = B(E,E') .
If o(E,E') = n(E,E') then every bounded set in E 1is
weakly compact, and hence norm compact {.e. E is fintite

dimensional.,

Theorem 6,3 If E is a L.,c, space, then E is minimal in
E® iff E s a quasi-M-barrelled space which
ts p(E",E')-closed in E¥,
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Proof, If E 1is minimal tn EY, then E is B(E",E') -
closed in E", 'Since E" = [E', B(E',E)] ' every absolutely

convex, closed and bounded set B in E' 1is relattively
o(E',E)-compact, by Theorem 6.2 . Hence B , the B(E',E)-
closure of B is relatively o(E',E)-compact, But B and

B have the same o(E',E) closures, Hence E 1is quasi- M -
barrelled. If B is an absolutely convex, g(E',E)-closed
and bounded subset of E' then, by hypothesis, B 1is rela -
tively o(8',E)-compact. Since E 1is B(E",E')-closed and

clearly o(E",E')~dense, the result follows from Theorem 6.2 ,

Corollary 6,7 If E is a complete quasi-M-barrelled space,

then E is minimal in E", In particular,
tf E s a Banach space, then E {s minimal
in EY,

Proof. Since p(E,E') = +(E,E') is a complete topology,

E its B(E",E')-closed in EY, :

Theorem 6,4 The following two conditions are necessary and

sufficient for a B(E',E)-closed and o(E',E)~-
dense subspace V of E' to be minimal and
duxtial in E' :

(1) Every M e¢7l ts relatively o(E,V)~compact
(2) w(E,E') < B(E,V)

Proof, By Theorem 6.2, V is minimal Lff every M s
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relatively o(E,V)-compact, If V s minimal, the o(E,V)-
bounded and closed absolutely convex sets of V are the

B(E"E)/V bounded and closed sets of V. Result follows

from the definition of duxial subspaces,

Theorem 6,5 In order that E be minimal and duxtal i{n E"

the following three conditions are necessary
and sufficient :
(1) E is B(E",E')-closed in E¥
(2) E is quasi-M-barrelled
(3) E 1is semidistinguished
Proof, Property (2) 1in Theorem 6.4, applied to E C E¥
states that w(E',E") < B(E',E). The result then follows

from Theorems 6.2 and 6.3 .

Theorem 6,5 is a generaLtzatton of Dixmier's result
[13 ; Theorem 15 7] and shows that this generalization is the

best possible,

Unless explicit reference to other papers was:given, all

results ef this Section can be found Ln' [31] .
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CONCERNING DUALS AND BIDUALS,

Having established all the necessary results on minimal
subspaces in Section 6, we can now provide an answer %o the
question, " When Lis a Banach space {somorphic or equivalent
to the dual of another Banach space ? ¥ or, more generally,
" When is a lL,c. space tsomorphic or equivalent to the strong

dual of another L.c, space ? ¥

A Banach space E was saild to be canonically equiv -
alent to F', the dual of the subspace F of E', if the
canontcal map of E to F' was an equivalence, Singer [46]
uses the term "F-reflexive". This terminology has the
advantage that {t suggests that F-reflexivity is a generali~-
zation of the usual reflexivity. This is true, since the
E'wreftexivity of E s in fact its reflexivity in the usual
sense, The following definition [31;340] extends this

term to arbitrary l.c. spaces.

Definition 7,1 Let V be a subspace of E', the dual of

the l.c, space E,tv . If the canonical embedding of E in
E" is such that
[V, B(EE)[y]1' = E
and E, B(E,v) = E,«

then Ey,xis sald to be V-reflexive,
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Theorem 7,1 Embed the l.c, space E in its bidual E¥,

E', B(E',E) s E-reflexive {ff E s

quasi-M-barrelled,

Proof, E', B(E',E) is E-reflexive
iff E, y(E,E') = E
iff y(E,E') < n(E,E")
iff E is quasl-M-barrelled.,

We have remarked that a Banach space E 1is always E' -
reflexive, Theorem 7,1 shows that the class of quasi-M =
barrelled spaces is the most general class of spaces for which

this s true [31;340] .

Theorem 7,2 Let E,r be a 1l.,c, space with its Mackey

topology. The following statements are
equivalent :
(1) E is isomorphic to the strong dual of a
L.c, space F which has the properties :
(a) F is g(F",F')-closed in F!',
(b) F is quasi-M-barrelled.
(¢) F is semldistinguished,
(2) There exists a minimal duxial subspace
V in E' such that on E, B(E,V) < u(E,E').
(3) E,v Ls V-reflexive for a B(E',E)-closed

and o(E',E)-dense subspace V of E',
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Proof. (1) - (2) : Suppose (1) Lis true, and comsider the
identity map T ¢+ E - F', 1Its adjoint T' : F' - E' s also
an identity whose restriction to F embeds F as a subspace
of E'. Call this subspace V. Now, F', Bg(F',F') is
{somorphic to E',8(E',E). Also, by Theorem 6.5, (a) - (c)
means that F {s minimal and duxial in E', Stnce, Bg(F',F)
i{s weaker than p(F',F'), it follows that p(E,V) < u(E,E')
and (2) {is satisfied,

| (2) - (3) : Suppose (2) is true, Since V is mini-
mal, [V, p(E',E)[v}' = E"A/°, and by Theorem 6.2
E" = E®@ V°, Since V 1is duxial, u(E,E') < Bp(E,V) by
Theorem 6.4. But by hypothesis, g(E,V) < u(E,E'). Hence
g8(E,V) = u(E,E') = 1, as E has the Mackey topology. So E
is V-reflexive amnd (3) tis satisfied.

(3) - (1) : Suppose E s V-reflexive, Since E
has the Mackey topology it follows that p(E,E') = B(E,V).
Stnce E" = E@® V° for V B(E',E)-closed and o(E',E)-dense,
every M ¢ UL is relatively o(E,V)~compact by Theorem 6,2,
So, by Theorem 7.4, V +is minimal. and duxial in E', and Lt
can be shown that V is minimal and duxial in V', In fact, by |
Theorem 6,5, a. V {is g(V",v¥')-closed in V"
b. V 1is quasi-M~barrelled
C. V 1is semidistinguished

If we replace V, p(E’,E)ﬂv. by F, then the result follows,
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We now use Theorem 7.2 [31;340] to obtain Dixmier's
earlier results for Bamach spaces [ 13; Theorems 16, 17, 18,

19, 16', 17' J.

Coroklary 7,1 A Banach space E s equivalent to the dual

of another Banach space Lff there exists

in E' a minimal subspace V with D(V) = 1,

Proof., All Banach spaces satisfy (1)a - ¢ of Theorem 7.2
and any B(E',E)-closed, of(E',E)-dense subspace V of E!
satisfies (2), L.e. every o(V,BE)-bounded subset A of V
has the form Vn B where B is a subset of a ball in E',
Hence the o(V,E)-closure of A is o(V,E)-compact, The

Lsometry follows since S is the polar of the unit ball in

E
Vv t.e. g(E,¥) and < define the same norm in E,

By our equivalent statements for a subspace V to be

minimal and have D(V) = 1, we have

Corollary 7,2 (1) If there exists a subspace V of E!'

with D(V) = 1, then E s V-reflexive,

(2) E is equivalent to F', the dual of a Ban-
ach space F Lff eilther of the following condi-
tions hold : (a) I in E" a weakly closed sub-
space W such that EY=E@W and lixll < Il x+zll
for xe¢E, zeW, (b)) 3 in E' a subspace V.

such that S. is o(E,V)-compact,
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Corollary 7.3 A Banach space E s isomorphic to F', the

dual of some Banach space F Lff there

exists in E' a minimal subspace V,

Proof. If E is lsomorphic to F', then F can be identi-
fled with a minimal subspace of E', by the first implication
in Theorem 7,2 , Conversely, Lf V (s a minimal subspace
of E', then E s algebratcally isomorphic to V' = E"AW°,
and for such V, B(E,V) < u(E,E'). Now, the space

vt, B(E,Vv) = [V, ﬂ(E',E)!V] ' {s a Banach space, Thus on

E we have two normable topologles, each of which is complete,

and the result follows,
Again by our characterizations of minimal subspaces :

Corollary 7.4 If there is a minimal subspace V of E'

with D(V) > O, then there exists an isomor -

phism J,, : V' = E such that [l J, !l = 1 .
Vv v ——
D(V)

Corollary 7.5 For a Banach space E the following are equiva-

Lent

1. E Lis isomorphic to a dual.

2. E'contains a minimal subspace,

3, 3 in E' a subspace V with S, relatively
o(E,V)-compact.

4, 3 in E" a subspace W-which is weakly closed

and E" = E ®@ W,
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¢

Corollaries 7.1 - 7.5 -include all Dixmier's results as
well as the main results of Ruston's paper [57]. Though
Ruston's work appeared almost a decade later than Dixmier's,
he appears to have been unaware of the earlier paper, His
proofs are substantially different, Another series of proofs
ts found in Goldberg's paper [19]. .These proofs are
interesting in that they use operator theory, but are
Llengthier than those we have given as they do not apply the
avallable characterizations of minimal subspaces, In .
Theorem 7,2 it was proved that if a Banach space E s equi-
valent to a dual, it is V-reflexive for a suitable subspace
V of E'. In fact, in the following theorem which is due

to Goldberg [19;244] , V is explicitly determined.

Theorem 7.3 If E s a Banach space, let T be an iso -

morphism, or an equivalence, between E and

F', the dual of some Banach space F,  Then E

is isomorphic, or equivalent,to V' under the

map J, 3 E - v! deftned‘by

< Vv, va > = <x%Xv>, altveyVy

where V = T'JF, and J is the canonlcal map

of F into F' , '
Proof, Since V s weakly dense, Iy s one - one, To
show that Jv has the required properties, it is sufficient

to show that JVE = V', The result then follows by the Open
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Map Theorem., Now T—t(T'J)' is a map from V' to E.
Glven v gV', let x = T’l(T‘J)'v'. We show that J,Xx = v,
If veV, <v,v' > = <v, [(T'T)'] ‘1(nx) >
= <V, [(T‘J)_t]'(Tx) >
= < Tx, (T"')'v >
= <v, Jx>
Furthermore, Lf T s an isometry, then T (T'J)* is an

isometry, hence J,, is too,

v

Goldberg, who uses Corollary 4.4 and Theorem 7.3,
attacks the question from this direction, As previously
mentioned, Corollary 4.4 was first proved by Singer [46]
who used it to establish the following generalization of a
well-known: reflexivity criterion [50; 2291]. Further

generalizations of this type can be found tm [45, 47, 49 1.

Theorem 7,4 A necessary and sufficient condition for a

Banach space E to be V-reflexive is that

S. be o(E,V)-compact and Hausdorff,

E
Proof, If V¥ 1is strongly closed and Sg ts o(EB,V)-compact
then E s V-reflexive by Coroliaries 6,6 and 7.2 ., It
suffices to prove that we may omit the hypothesis that V s
strongly closed, Suppose V is an arbitrary subspace of E!',

and S, s o(E,V)-compact and Hausdorff, Then E, o(E,V)

E
{s Hausdorff. Thus V and V, the strong closure of V,
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are weakly dense in E', By Theorem 6.,1' o(E,V) colncldes

with o(E,V) on § Thus .S. is o(E,V)-compact, hence

E® E
E s V-reflexive, Comversely, Lf Syt Ls the unit ball

in V', then S and S,

o(V',V)-compact, hence also o(E,V)~compact.

are isomorphic, But SE ls

This theorem can be proved without employing any of
Dixmier's results, see [46] . In the particular case
V = E', Eberlein's theorem [14] shows that we can replace

the o(E,V)-compactness of S. by sequential compactness,

E
However, this {s not true {n general [46]. Still, if V
s separable and weakly dense, then it can be replaced by
strict sequential compactness [47 J. For further results
on compactness, see James [23, 24, 25 ], A considerable

bibliography on this topic is found in [9 }.

Corollary 7,6 The dual E' of a Banach space E is

i{(E)-reflexive, where i(E) denotes the image
of E in E" under the ldentity map i : E » E",
Proof. Spi is c(E',E)~compact, hence also o(E',i(E)) -

compact., Apply Theorem 7.4 for E =E', V = L(E).

The sequence space C, Ls a well - known example of a

Banach space which is not V-reflexive for any subspace V

1

of its dual 1 [44; 578 ].
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Obviously, any Banach space E which is not equivalent
to the dual of some Banach space is not reflexive with respect
to any subspace of its dual, Hence by Corollary 7,6 and
Theorem 7.3 the class of all V-reflexive Banach spaces
coincides with the class of all Banach spaces which are equi-

valent to the dual of a Banach space,.

Now, wusing the results of this section, we proceed to
characterize those Banach spaces which are isomorphic to the

bidual of a Banach space,

Theorem 7.5 The following statements are equivalent for a

Banach space E :

1. E s Lsomorphic to a bidual.

2, There exists an equivalent norm for E
such that E' = V@R, where V s a minimal
subspace of E' with D(V) =1 and R is a

o(E',E)-closed subspace of E',

Proof, Suppose E is isomorphic to F', Then F*=TF'@® F°
and F' s o(F“,F')-dense, F° s o(F”,P')-closed. Give
E the norm induced by the isomorphism and identify E with
F', The unit ball of F' s o(F¥ F')-compact, and so is
compact when F' is regarded as a subspace of F~¥ ,

Conversely, consider E with this equivalent norm. Let

X = Ro € E and denote the restriction of x' ¢ E' to X by
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e, The kerrel of o s X° = RcC E', Let z ¢ X', Extend

t 1) , I | t ? !
z to x' ¢ E' where x' = X o+ X0, o, X and x, are
elements of V and R respectively, Then z = a(x') = a(X{)
Hence o s a one ~ one bicontinuous map of V onto X'. By

Corollary 7.2 E 1is equivalent to V' and E (s isomorphic
to X",

The above theorem was proved by Civin and Yood [ 7;907 ]
while the following more precise version is due to Goldberg

[19;247].

Theorem 7.5' The following statements are equivalent :

1. T s an isomorphism from E onto the
bidual F" of the Banach space F.

2., E' = V@®X° where V = T'jF' is mlnimal,
X = T'{F and t,j are injection maps of F'
and F into F” and F" respectively,

Theorem 7.6 The following statements are equivalent for a

Mackey space E,r :
(1) E,r is lsomorphic to the strong bidual
of a l.,c, space F with the properties :
(a) F is quasti-M-barrelled,
(b) F is B(F',F')-closed in P,
(c) PF',B(F',F) 1is quasi-M-barrelled.
(d) F' ts p(F",F¥)-closed in P,
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(e) F',p(F",F') Ls a Mackey space,
(2) There exists a minimal and duxial subspace
V of E' with the properties :

(a) E' = V®L

(p) L ts o(E',E)-closed.

() B(E,v) < n(E,E")

Proof, See [33; 79].
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QUAST - REFLEXIVITY

In 1950 James [23] published an example of a space
E for which E“"/E was finlte dimenstonalt. An account of
this example is found {n Day's book [9;72] . Civin and
Yood, in 1957, called Banach spaces wlth this property

quasi-refilexive,

- Definition 8,1 A Banach space E s called weakly complete
Lf every weakly convergent sequence in E s weakly conver -

gent to an element of E,

This definition, by Banach [ 3;240], proves useful {n
an.anestigatton of separable Banach spaces. Goldstine [ 20]
used a generallzation of thils concept to obtain analogous
results for non-separable Banach spaces, Obviously, any
reflexlve Banach space is quasi-reflexive. Conversely, it
can be shown that every weakly complete quasl~reflexive
Banach space is reflexive {7;909].,

We restrict our discussion of quasi-reflexivity to an
account of Singer's result [48 ] which Ls a generalization

of Corolliary 6,3 ,

Definttion 8.2 A Banach space E Ls quasi-reflexive ( of

order n ) Lf E"/L(E) has fintte dimemston ( is n-dimension-

al ) where L : E -+ E" is the identity map.
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Theorem 8,1 Glven a Banach space E, E s quasi-reflexlve

of order n Lrr the following comditions holad :
1. Every o(E',E)~dense, pg(E',E)-closed sub -
space V of E' has dimE'W < n.

2+ There -exists a o(E',E)-dense, B(E',E) -
closed subspace W of E' with dimE'W = n,

To prove this theorem, we mneed two lemmas.

Lemma 1, Glven a Banach space E and a non—-negative integer
k. (1) A closed subspace V of E has codim < k
Lff for every (k+1)-dimensional subspace Fy ot

of E, Pkﬂnv 2 fx}, x#% O,

(2) dimE/N > k iff 3 a (k+1)-dimenstonal

subspace P12+1 of E such that I X' ¢ E,

t . t
X'+ 0: F

unique up to a scalar multiple,

N V contains X', and X' {s

Proof, Suppose dimE/N < k., 3 h linearly independent
functionals fiseeeco,fy where h = dim E/NV < k, such
that V = { xe¢E : fj(x)—_:o, 1< j<h}. Let F .4 Pe

an arbltrary (k+1)-dimensional subspace of E and Yy seesYy 4

k+1
§+$amret, base for Foy+ Then x = E_a.iyi e Vv, t.e.
2“’5. f,j (yi) = O and this system has a non-zero soluttion
i=1

{u;1,...,,d.k+1}. So (1) s true, But dimE/N 2k Lff

dimE/N ¢ k - 1, Thus appty (1) to obtain (2).
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Lemma 2, Let E be a Banach space and V a. g(E',E)-closed
and o(E',E)-dense subspace of E', If dim V°
or dim E'/¥ 1is finlte, then dim V° = dim E'AV,
Furthermore, Lf E s quasl-reflexive of order n
then 1, O < dmE'W = dimV® < n

2, 0 < amE"/(LW(E)®V®) < n
3. 4amE"/( WE)®V® ) = n-dimE'WN
Proof, Since V° s ({sometric to (E'AW)!' ,
dimve = dim (E'AV)' = dim E'/NV

1l If dimV® > n+ 1, thenby Lemma 1 V*n L(E) + {0}

Comtradiction, Thus dimV° ¢« n and O < dlmE'/V = dim Vo,

2. Stnce
result foll

dmEBE"/L(E) = n and V°NE = [0}, the
ows .,

3, dim E"/(E) = n and dim E"/{(E) ® V° = dim E"/i(E)
" - dim V°

= n - dim E'N,

Proof of Theorem, Suppose conditions 1 and 2 are satis-

fted, Then W s a minimal subspace of E', Thus j(E) = W'

where § :
f)W e j(E)
and hence

dim W° = n,

E -+ W' s the canonical map. Let f ¢ E", ‘
t.e. fjW = j(x) for x ¢ E. Now L(x)|]W = j(x)

f - 1(x) ¢ W°. Thus E" = {(E) & W°, By Lemma 2
and so dim B"/L(E) = n. Comversely, Lf 2. is

not satisfied, then by 1 3 an integer ng, O < ny, < n

for which

1 and 2 are true, By the sufflciency part of
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this proof, 1t follows that E s quasi-reflexive of order

n, <n ., ,Contradiction,

Corollary 8,1 (1) A Banach space E is quasi-reflexive of

order n Lff (t satisfles Condltion 1 of
Theorem 8,1, *

(2) A Banach space E 1s quasi-reflexive
iff sup{ AmME'AVN}] < o, where the sup
is taken over all o(E',E)-dense, Bg(E',E) -

closed subspaces V of E!,

Corollary 8.2 A o(E',E)-dense subspace V of the dual of a

quasi-reflexive Banach space E has D(V) > O,

Corollary 8.2 shows that the question of the existence
of weakly dense subspaces in the dual of reflexive and quasi-.
reflexive Banach spaces ls lLimited to those with characteristic
greater than zero. Corollary 8.2 was proved lndependently
by Petunin {[40] in an investigation of various spaces
which do permit weakly densé subspaces wlth charactertistlc

ZEro,

Theorem 8,2 A Banach space E 1Is quasi-reflexive of order n

+

Lff there exists a o(E',E)-dense, g(E',E)-
closed subspace Vof E' : dimE''V = n and
dim E"/( L(E)@®V° ) = O.
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Proof, If E s quasl-reflexive of order n, then by
Theorem 8,1 3 a o(E',E)~dense and B(E',E)-closed subspace

V such that dim E'/V = n, For such v, dim E"/( L(E)@®V*)
is zero. Conversely, Lf dimE"/( LW(E)@®V° ) = 0 then
E'Y = ((E)®V°, and since dmE'/V =n, dimV° = n

and dim EY/L(E) = n. «

As Singer [48;209 ] remarked, Theorem 8,2 1Lis equiva-
lent to an earlier theorem proved by Clvin and Yood [7 ;

Theorem 3,3 ] :

Theorem 8,3 A Banach space E Ls quasi-reflexive of order

n ifrr there exists an equivalent norm for
E such that E' = V®R, where V s a
o(E',E)-dense, B(E',E)-closed subspace of E'
such that Sp is o(E,V)-compact and R is
n-dimensional,
Proof, Suppose E" = E® L. Let V=1L, Then V s
weakly dense, Now LnE:{O} and L, is o(E',E")-
closed, hence also B(E',E)~closed. Sitnce L 1is finlte
dimenslonat, L = Loo. Furthermore, L, = E' where
denotes the o(E',E)-closure, L.e. (Lo)o° = (Loo)® = E!
stnce Lgo = Loo M E = {0} . Now, et >g|",....,x3 be a
base for L. Select x/,...,x! tn E': :i’(xé) = 8,
for i,j = 1,...,ne Let RC E' be the subspace generated
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by the xi, 1 <j <mn, Then E'>Lo@R. Llet f ¢E',

n
\ 1 e 1 = - <My,
then <xf, f 125_:1;7\.13% > 0. Put f(xi)
Then f - zxixl' € Lo . and :

f o= f= Za f0g) + 2 f(x)x]
€ Lo ® R

So E' ¢ L,®R. Hence E' = L, ®R. The result

foLLoWs from Corollary 6,6 .

If E is quasi-reflexive of order n and E' = V@R
where V is a o(E',E)-dense subspace and R is an n -
dimensional subspace of E', (s there an equlvalent norm
for E in which the unit ball ls o(E,V)-compact ?

"Hunger [21] , uslng the above methods, shows that all
decompositions of E' of the above type arlse from the
consideration of the polars of the n - dimensional subspaces

of E',
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ON A THEOREM BY DEVITO

We begin with a result by James [24; 139] .

Theorem 9,1 A weakly closed subset W of a Banach space E
Ls weakly compact iff each continuous linear

functional on E attaims its sup on W.

Corollary- 9,1 A Banach space E s reflextive Lff every

continuous linear functional on E attains

Lts sup over SE'

James obtained several more results on compactness and

i
reflexivity, e.g. [23, 24, 25] .

Definition 9.1 A Ll.,c, space E is quasi-complete ﬂff

every closed and bounded subset of E 1Ls complete [9;44]..

Clearly, a complete L.c, space Lis quasi-complete,

In 1968 DeVito proved a sufficient condition for a 1Ll.c.
space to be quast—compLeté.for i{ts Mackey topology [10] and
used Lt to show the connectiom between the work of James and
Dixmier [13]. In 1969 Webb [52] improved the result
by obtaining completeness rather than the weaker condition of

quasi-completeness,

We now state the Latter theorem.
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Theorem 9.2 If < E,E' > 1is a dual palr such that E,(E,E")

Ls complete and separable, and E',g(E',E) s

complete, then E,n(E,E') 1is complete,

To prove this theorem we use three temmas which depend .

on the concept of a sequentially - barrelled space [51].

Definition 9,22 A Ll,c, space E 1s called sequentially -

barrelled if the closed absolutely convex hull of a sequence

which is U(E,E’) - convergent to zero is equlicontinuous,

Analogous to the definltlon of a quasl-M-barrelled space
would be the following definition : A L.c, space E s
sequentially — M - barrelled Lff E, p(E,E') s sequentfal-

- Ly - barrelled,

Lemma 1 Sequentially = barrelled spaces satisfy the Banach -
Stelnhaus conditton +{,e., the weakly and strongly

bounded subsets of E, or E', coincide [51].

Proof, Let A and B be weakly bounded subsets of E and

E' respectively,. Suppose sup j< X,y >] = w. Then 3
X€EA -

sequence {xﬂ} in B, YEB

such that sup | < x,y > | > n’, for each n.

Now, '{(%)yﬁ} i{s weakly convergent to zero, hence s

equicontinuous, hence stronglty bounded, But,
sup | <x, (%)Yﬂ > ﬁ = w, Contradiction,

X€eA
n
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Lemma 2, Let < E,E' > be a dual pair such that E,y(E,E')
s complete, Then E',un(E',E) iLs sequentlaliy -
barrelled,

Proof., Let § x ! be a sequence in E which ts o(E,E')~

convergent to zero, We must show that T {xn}, the weak

closure of the absolutely convex hull of [ x }, is o(E,E')

compact, Let F be the y(E,E')-closed Linear span of {xh}

“and glve F the topology induced by +(E,E'). Then F s

complete, separable and {xh} Ls bounded in F, Construct

amap T : o P, Let E = (gi) et!. For f'e¢ F',

the sum EE E, <x ,f'> 1is defined. Write < f_,f' > for

i=1 i71? g’
this sum. Then f. € F' #, the algebraic dual of F',
To prove that. fg € F, Lt is sufficient to prove that fg

ts o(F',F) - sequentlally continuous on F' [30; Section 5]
Let {f&} be a sequence in F' which ts o(F',F)-convergent
to zero, Let ¢ > 0O ., Stnce F 1Lis complete, the Banach-

Stetlnhaus condition holds for <« F,F' >, So,

— > . P

M = sup { |<¥xi, £ > ¢ 1 g tl,n<awl}

ls finite. Choose k : > |&.] < 2%
i=k+1 T
and . c
Choose N : | E <X, f1>] < z

for alL. n >N, and each L : 1 <l < k., Then, for
n>N, | < fg,f; >] < e. So we have constructed a map
from ll {nto F. Denote this map by T : TE = £, .

g
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Then T Ls linear and continuous with respect to the topol =
ogles w(L1, w) and o(F,E'). Let B be the unit ball of

1!, Then B s G(Lﬁ,co)—compact, so T(B) 1is o(F,E!')-

compact in F, If e denotes the n'th unit wvector in U

then Te = x , hence r{xii c T(B).

Now, combining Lemmas 1 and 2, we have ! If E s
v(E,E')-complete, then < E,E' > satisfies the Banach -

Steinhaus condition,

Lemma 3, Let < E,E' > be a dual pair such that E,y(E,E')
is separable and E,u(E,E') s sequentially -
barrelled, Then E,u(E,E') and E,y(E,E')
have the same completions,

Proof, Let f be ln the completion of E,u(E,E'). Then

f s o(E',E)-continuous on every absolutely. convex o(E’,E)

compact subset of E'. Since'the w(E',E)-convergent

sequences in E' are p(E,E')-equicontinuous, f is o(E',E)-

sequentially continuous on E', Since E, ¢(E,E') 1s

separable, the pg(E',E)-bounded subsets of E' are o(E',E)

metrizable, Thus f s o(E',E)-continuous on every

B(BE',E)-bounded subset of E', hence f is in the comple -

tion of E, (E,E'). Conversely; let f be in the comple-

tion of E,y(E,E'). Then f is o(E',E)-continuous on

every g(E',E)-bounded subset of E'; in particutar, f is



59

1
o(E',E)-cohtinuous on every absolutely convex o(E',E) -
compact subset of E' {.e., f is in the completion of

E, HR(E:E' ) .

Proof of Theorem 9,2 Stince E,y(E,E') is complete, ,
v(E',E) = p(E',E), by the remark after Lemma 2, Apply
Lemma 2 to E', y(E',E) . Then E, p(E,E') is sequential-

Ly barrelled, The result follows from Lemma 3 ,
\

Throughout the remainder of this section, unless
otherwise stated, E will denote a real separable Banach
space and V. a g(E',E)-closed, o(E',E)-dense subspace

of E'.

Theorem 9,3 If D(V) >0 ( or, V tis duxial ), then

E, u(E,V) {is complete.

Proof, Since Vv is B(E',E)-closed and D(V) > 0O, V is,
strictly -~ norming by Theorem 3,4 ., Thus the o(E,E')~ and
the d(E)V)—bounded sets coincide, Hence the 3(B',E)|V
and the g(V,E) topologies coincide, Thus V is B(V,E)-’
chpLete, since it is closed, Now B(E,E') (s generated
by the polars of o(E',E)~bounded sets in E', and since
D(V) > 0, 1t is in fact generated by.the G(B',E)'V -

" bounded sets in V ti.e. the o(V,E)-bounded sets. Thus

B(E,E') = B(E,V). We show that «(E,V) = B(E,E') L.e.
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in V the classes of o(E,V) - and p(V,E) - bounded sets
colncide, Since E s a Banach space, we have for subsets
of E',; hence of V, that the o(E',E)-bounded sets are
norm bounded, Thus also the o(V,E)-bounded sets are @(V,E)
bounded, Now +(E,V) s the norm topology on E, so

E, v(E,V) 1is complete and separable, thus E,un(E,V) s

complete,

The proof of Theorem 9.3 is essentially that of DeVito,
but by making use of Webb's improved result, and recalling

the definition of a duxial subspace, it is shortened,

Corollary 9.1 If E s a separable, barrelled Ll,c, space

such that E', g(E',E) s complete, and if
V s a strictly norming subspace of E‘,‘
then E, w(E,V) Lis complete,

Proof, As for Theorem 9,3 ,

Corollary 9.2 Let V have D(V) > 0. If A 1Ls a subset

of E such that every element of V attailns
its sup on the o(E,V) closure of A, then
A 1is relatively o(E,V)-compact,

Proof. James [24] proved that a subset A of a

of a complete Ll,c. space E 1is relatively weakly compact

Lf every element of the dual space attains {ts sup on the

weak closure of A, The result then follows by Theorem 9.3
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stnce E, p(E,V) is complete,

Corollary 9.3 If D(V) > O, then E s isomorphic to V'

Lff every element of V attains its sup
on the o(E,V) closure of Sg.
Proof, This follows immediately from Corollary 7.5 and

Corollary 9.2 ,

Coroltary 9.4 If D(V) =1, then E is V-reflexive

Lff every element of V attalns its sup

on SE'

Proof, Follows from Theorem 4,2 and Corollaries 6.2(2)
and 9,2 .

Theorem 9.4 Let V be a subspace of E' with D(V) =1

such that E {s V-reflexive, If P {is any
norm closed subspace of E' which properly
contains V, then P contains an element
which does not attain its sup on SE °
Proof, Assume the result is false. Then, clearly D(P)=1
and by Corollary 9.4, E 1is P-reflexive, Thus by Corol~
lary 9.2, Sp is o(E,P)~compact, and also o(E,V)~compact.
Since P D> V these topoleogies agree on SE' But by Theo-~

rem 6,1' this implies that P and V have the same norm

closures, This is a contradiction.
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We have shown, {n Corotilary 7.1 , that for subspaces
V with D(V) = 1, E is canonically equivalent to V' iff
Vv Ls minimal, Consider now the family of all norm closed
subspaces of E' which hawve the property that each of thetlr
elements attains Lts sup on Sg If this famlly contains
an element W with D(W)- =1, them W s both minimal

and maximal with respect to inclusion by Theorem 9.4 .

Theorem 9, E s quasi-reflexive of order n Lff  there

are two strongly closed subspaces V and W
of E! such that
(1) D(V) =1 and every element of V attains
its sup on SE .
(2) dimW=n, and W has a basls of func -

tionals which do not attain thelr sups on SE'

(3) E' = VoW

By Theorem 4.5 Lf D(V) > O then we can find an
equivalent norm for E such that D(V) = 1. In this

theorem we consider E with this equivalent norm,

Proof, By Carollarles 9.2 and 9.4, ts o(E,V) -

Sg
compact., Then, by Theorem 8,3 , E Ls quasi-reflexive,
Conversely, suppose E Ls quasi-reflexive of order n.

Again by Theorem 8,3, there exists a closed subspace V of
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E'! which satisfies (1) and such that dim E'/¥ = n., Let

f, € E', £, ¢ V. By Corollary 9.4, E 1is canonlcally

I ,
equivaltent to V', Applying Theorem 9,4, we conclude that
V@ f1= contains an element g which does not attaim its

sup on S.. Choose f, ¢ E', f, ¢ Ve f,. Then V@I,
contains an element g, which does not attain its sup qn SB'
Suppose ag + ﬂgz € V for some scalars o and B.

If p+0, then g ¢ V(—D‘g1 = V@I, amd so f‘z € V@f1
‘Thus g = O and og €V, t.e. a=0. So V and (fi’fz)
have only the zero element of E' in common, Continue

with this process., . We obtain n Llinearly independent
elements g ,...,8 . The space (gi,...,gﬁ) has the

properties demanded of W,

Corollary 9,1 s a new generalization of Theorem 9.3,
Excluding this, and Webb's completeness theorem [52], all

other results of this section are found in [10].
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