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ABSTRACT

This thesis investigates the limited angle tomography problem where axial reconstructions are
produced from few measured projection views covering a 100° angular range. Conventional full
angle tomography requires at least a 180° range of projection views of the patient at a fine
angular spacing. Inference techniques presented in the literature, such as Bayesian methods,

perform inadequately on the information-starved problem of interest.

The concept of transformation maps is developed as a problem solving framework. A transfor-
mation map extracts generic prior knowledge quantitatively from independent examples and
fuses this knowledge with measured data during a reconstruction process. The success of this
method is firstly due to the preciseness in using measured instead of heuristic prior knowledge.
Secondly, suboptimal solutions are avoided by catering for the space variant requirements of

the prior knowledge.

X-ray projection data of a human head is acquired using the Lodox full body x-ray scanner.
This thesis demonstrates how a number of difficulties are overcome in using this trauma based x-
ray system to produce successful reconstructions which correspond well enough to conventional

tomographic reconstructions to have diagnostic value.
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CHAPTER 1

Introduction

Computed tomography has widespread application in non-destructive testing, electron mi-
croscopy and medicine. The cross-sectional views produced by tomographic reconstructions
(see Figure 1.1(a)) exhibit spatial and density information which is not presented by projection

views of x-ray imaging and therefore has an added diagnostic capacity.

1.1 Background

Conventional computed tomography requires that the patient be x-rayed from all angles in the
cross-section, or azial, plane. More precisely, an x-ray must pass through every point in that
plane from every direction over 180°. This amounts to a substantial radiation dose delivered to

a patient and any way of reducing this requirement is helpful.

In some situations of non-destructive testing, the dimensions of the object are such that it
cannot practically be x-rayed from all angles, or the density is so great that x-rays cannot
penetrate the object from all angles. Likewise in electron microscopy, physical tilt limitations

result in a cone of unmeasurable data.

1.1.1 Degenerate classes of tomography

Local tomography refers to the reconstruction from projections that do not expose the entire
object to radiation. Sparse angle tomography (see Figure 1.1(b)) is performed when data is

available at discrete angular steps only. When the angular range of available data is restricted,



(a) Full angle reconstruction (b) Sparse angle reconstruc- (c) Limited angle reconstruc-

using data at Af = 1° inter- tion using data at A9 = 5° in- tion using data at Af = 5° in-
vals over an angular range of tervals over an angular range tervals over an angular range
180°, o10 = 79.13. of 180°, oo == 489, of 90°, g10 = 889.

Figure 1.1 Axial tomographic reconstructions of the same slice are created using a decreasing
amount of data from left to right. In comparison to (a), observe angular aliasing artefacts in
(b), and a further loss of edge information in the vertical direction in (c). The values for o}o
indicate correspondence to the ground truth as discussed in Section 1.2.3 and elsewhere.

limited angle tomography reconstructions are created (see Figure 1.1(c)). This thesis contributes

to the field of limited angle tomography.

Any lack of projection data results in artefacts or some form of absence or ambiguity of infor-
mation in the reconstruction. These artefacts appear as stripes through the image as seen in
Figure 1.1(b) due to course angular sampling intervals. The absence of edge information due

to a corresponding limited angular range is illustrated in Figure 1.1(c).

In the literature, various methods have been proposed to improve on results when data is
incomplete. Better results have been achieved in cases where it is possible to model the object
well; but increasingly poor results are obtained the more ill-posed the problem is and the less

prior or additional knowledge of the object is available.

1.1.2 Background references

Skilling (Skilling, 1998) outlines the well-known Bayesian framework for dealing with inference
problems where prior knowledge is combined with measured data to estimate unknown param-

eters. This paper provides a broad perspective of the inherent problem faced by this thesis and



Figure 1.2 Full body x-ray scanner installed in Groote Schuur Hospital used to acquire data
for this project.

points out some difficulties experienced in determining solutions. A good overview of sparse

and limited angle tomography can be found in (Siltanen et al., 2003).

1.1.3 Lodox

Lodox is a South African company that manufactures full body digital x-ray scanners. Their
product StatScan, of which an example is shown in Figure 1.2, is primarily targeted at medical
trauma applications. Rapid scanning, high image quality and low dose are the key elements of
its design (Beningfield et al., 2003).

A C-arm which houses an x-ray tube on top and a digital detector beneath the table scans a
patient from head to toe in the z-direction as indicated in Figure 1.2. This C-arm can also
rotate around the patient in the z X y cross-section plane for lateral imaging. Rotation occurs

counter clockwise as in this view from an upright position at 0° to a maximum of 100°.



{(a) Unprocessed image. (b) Enhanced image.

Figure 1.3 Lodox full body scan. Notice fractures in all limbs.



Athough the machine is not designed for this purpose, this thesis proves that it can be used to
produce tomographic reconstructions. Compared to a conventional spiral tomography system,
this system geometry has the advantage that it offers a high resolution in the scanning direction.

The disadvantages are a coarse angular resolution and a limited angular range.

For interest’s sake Figure 1.3 shows a classic Lodox full body scan. Lodox employs a proprietary
algorithm that improves the sharpness of x-ray images and suppresses the overall dynamic range
by enhancing regional contrast as outlined in (Beutel et al., 2000). Such enhancement facilitates
the diagnosis of patients since it is unnecessary for radiologists to change the presentation state
(contrast and brightness) of images. Note that the enhanced image is only shown for clarity of

presentation and no such processing is performed on scans used for tomographic reconstruction.

1.2 Thesis project

The question that this project addresses is: ‘Given realistic constraints, can the Lodox machine
be used to produce limited angle reconstructions that are of diagnostic value?’ This question
can be restated in terms of a visual example: ‘Can we create a reconstruction that resembles
Figure 1.1(a) more closely in a reliable way while only using the measured data that was
available to produce Figure 1.1(c)?’ And as a less ambitious first step: ‘Can we suppress the

artefacts in Figure 1.1(b) so that the reconstruction appears more like Figure 1.1(a)?’

1.2.1 Purpose and achievements

The purpose of this thesis is to develop a tomographic capability for the Lodox machine with
particular emphasis on limited angle tomography. Using actual measurements and addressing
the practical problem specifically for this system supercedes noise free simulation and likewise

simplified studies.

There are a number of unavoidable problems that are overcome through the course of this
project in pursuit of the end goal which is limited angle tomographic reconstruction. The
first portion of this work is concerned with the straightforward yet essential development of

tomographic functionality.

Thereafter a novel method is presented which is able to extract generic prior knowledge from

examples. This method successfully fuses such recorded knowledge with measured data during a



reconstruction process. Results of this thesis shows that significant improvements are achieved

for sparse and particularly limited angle reconstructions.

1.2.2 Scope and limitations

All results are determined from physical noisy measurements. A single complete dataset was
acquired from a human head at angular increments of A8 = 1° over an angular range of 180°
at a resolution of 1.66 line pairs per millimeter. Appropriate subsets of this complete dataset
(typically at angular increments of A@ = 5°) are used as data for sparse and limited angle

tomographic reconstructions.

For limited angle tomography, the scope is restricted to the special case of having projection
data available at 5° intervals over a 100° angular range. Only the 128 x 128 1.8mm per pixel
resolution condition is investigated for limited angle reconstruction while higher resolution

reconstructions are provided for full angle tomography.

1.2.3 Quantitative and qualitative assessment of tomographic results

The complete dataset can be used as the ground truth because it defines the reconstruction
unambiguously (as discussed later). In contrast, sparse and limited angle reconstructions are not
adequately defined by the limited data available during their reconstruction. Since a complete
dataset is acquired after all, a corresponding complete set of projections for any sparse or
limited angle reconstruction can be compared to actual measured projections to evaluate the

effectiveness of the particular reconstruction method in question.

Note that most figures of reconstructions (see Figure 1.1 for example) quote values for ojo.
This value {070) is the root mean square error that the projections of the reconstruction make
with the complete dataset projections (at angular increments of 1° over an angular range of

180°) regardless of the limitations imposed on the availability of data during reconstruction.

In addition to numerical measures, the opinion of a professional radiologist on the diagnostic
quality of the results is quoted in the final chapter. This qualitative assessment complements

the trends observed numerically and provides a real world reference frame.



1.3 Layout and overview

As outlined below, more fundamental aspects are discussed first, leading up to limited angle

tomography in the final chapters.

1.3.1 Chapter 2

This chapter presents essential background theory on tomographic reconstruction and Bayesian

methods. Familiarity with these topics are assumed later in the thesis.

1.3.2 Chapter 3

A chapter on the image formation process describes the peculiarities of the Lodox system and
discusses solutions specific to its imaging problems. The physical geometry of the machine is ac-
curately calibrated from the dataset and it is shown how filtered back-projection reconstructions

are produced.

1.3.3 Chapter 4

Efficient methods for iterative reconstruction are investigated. Ambiguity due to sparse projec-
tion data is demonstrated, which indicates the need for regularization or the incorporation of

additional knowledge. Prior knowledge is identified and formulated into a Bayesian framework.

1.3.4 Chapter 5

Transformation maps are introduced as an alternative to Bayesian methods. This machine

learning technique is able to capture, as well as apply, prior knowledge of a more natural kind.

1.3.5 Chapter 6

Finally the topic of limited angle tomography is addressed. This chapter includes a survey of
existing limited angle tomography methods. After a study of the properties of limited angle

reconstructions, the transformation map method is applied to the problem.



1.3.6 Chapter 7

The last chapter provides commentary of a radiologist on the diagnostic value of the recon-
structions presented. A summary of the project developments is presented and conclusions are

drawn from the findings. The thesis ends with recommendations for further study.



CHAPTER 2

Background theory

The purpose of this chapter is to provide necessary background theory to readers that are
inexperienced with tomographic reconstruction and Bayesian methods. The content of this

chapter is adapted from (de Villiers, 2000) and does not present any new material.

2.1 Theory of computerized tomography

The following subsections provide a summary of the theory behind the filtered back-projection
reconstruction algorithm. A comprehensive overview of tomographic techniques can be found
in (Kak and Slaney, 1988) and references found therein (for below). The idea of filtered back-
projection was first proposed by Bracewell and Riddle in 1967 and later independently by
Ramachandran and Lakshminarayanan in 1971. The superiority of this algorithm over the
algebraic techniques, originally used by Hounsfield, was demonstrated by Shepp and Logan in
1974. In 1975 Lakshminarayanan extended the theory to the equispaced collinear detector case

with a fan beam geometry similar to that of the Lodox machine.

2.1.1 Radon transform

Figure 2.1 illustrates a parallel beam projection P;lu (o) of the cross-section function f (z,y) at

angle 8!, The value of the projection at pll = pf}l is the line integral of f(z,y) along rayy, so

Pl =[ flayad. (2.1)

rayo

The line labeled rayg is expressed as

zcosfll + ysingll = pg (2.2)



Figure 2.1 An example parallel beam projection geometry.

which can easily be derived from y = mz + ¢ with

_ 1 Py
m———m and c¢= ——

Therefore, for different values of pll and 8!, Equation 2.1 can be rewritten as
” o0 fe o}
Py (o) = / [ F(z,)8(z cos 8l + ysin 8l — pll)dzdy (2.3)
w00 o =00

which is the Radon transform of f(x,y). The forward Radon transform describes mathemati-

cally how projections are formed from a cross-section.

2.1.2 Fourier slice theorem

The Fourier slice theorem relates the measured projection data P;'N (p!!) to the two-dimensional

Fourier transform F(u,v) of the cross-sectional image f(z,y). This theorem forms the basis
of the filtered back-projection method which is commonly used to perform the inverse Radon

transform when a complete dataset is available.

The Fourier transform of the cross-section function f(z,y) is defined as

o0 o0 R
F(u,v) = / / F(z,y)e~ 92w tvn) dody, (2.4)
—00 J —00
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Along the line in the Fourier domain given by v = 0, the Fourier transform of the cross-section

F(u,0) = ./_c: -[_: f(z,y)e 7*™2dzdy = /_: [[j: f(=, y)dy] e ImuT (2.5)

However, the parallel beam projection Pg,l (pll) at angle 8!l =0 is

is

o0
Phood) = [ fleu)ay (26)

By substitution, Equation 2.5 can be rewritten as
F(u,0) = [ Bl _ (e imedy 2.7)
which equals the Fourier transform Sj)l"___o(w) of the projection P ““ 0(p”) by definition. In other
words, the one-dimensional Fourier transform of the projection at angle 8! = 0 equals the

two-dimensional Fourier transform of the cross-sectional image along a line at the same angle.
However, due to the rotational invariance property of the two-dimensional Fourier transform

this is true for all angles, so

Sg,l (w) = Fyotar(w,8) 2 F(wcosdll, wsingll), (2.8)

2.1.3 Parallel beam filtered back projection equation

By measuring an infinite number of projections, Fyoer(w, 6!l and hence F(u,v) will be known
over the entire Fourier plane. The cross-sectional image can then be recovered using the inverse

Fourier transform in Cartesian coordinates
o (s.} 3
f@u = [ [ o)t dzay (2.9)
~00 o —00
or equivalently, using polar coordinates,

w oo . i
flz,y) = / / Fpolar(w’BH)egzvr(mwcosl)||+ywsxn0")leda’don (2.10)
0 J—o0

where |w| is the familiar Jacobian for converting the integrand to polar coordinates. By recalling
that pii = zcos Bl + ycosdll and S”" (w) = Fpolar (w, 49“),

/[/ S"" |w|e~72"“"’” ]dﬁ” /Q” (z cos Ol + y sin 6)dg!l (2.11)
where

Q") = f_ Z Sy (@) wle?™" . (2.12)
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Qeil (o) is regarded as a filtered projection since the Fourier transform of the projection Sg" (w)
is multiplied by |w| in the Fourier domain before the result is inverse Fourier transformed. In
the space domain, this operation is equivalent to convolution with the impulse response of the
filter h(pll) = F~1 {|w|}, so

Q" = / :P;'u<p*)h<p"—p*)dp* where h(p“)=% [ :lwleﬂ’“""“dw- (2.13)

Finally using this result and exhanging the dummy variable p* < pll in Equation 2.13, Equation

2.11 can be rewritten as
(z,y) / / P” (o) h(z cos ol + ysinll — plhdplldall (2.14)

which is a mathematical representation of the filtered back projection algorithm for parallel

beam projections.

2.1.4 Fan beam reconstruction theory

Practical scanners often have a fan beam geometry, as shown in Figure 2.2, where an entire
projection is measured at a time using an isotropic x-ray source. Fan beam projections Fy(p) are

distorted when compared to parallel beam projections pl (o) and therefore some modification

gl
to the theory is required.

It is convenient to introduce virtual fan beam p' as well as parallel beam pll projection axes that
pass through the center of rotation. The projection values for the different axes are assumed

to be equal where the same ray intersects the axes, i.e.

Py(p) = Py(¢) = Pl} (o). (2.15)

Therefore parallel beam projection data can be extracted (inconsecutively) from the fan beam

data using Equation 2.15 where

= ,COS — 'teen 9” = @ B
P peosg Votti, ¢ (2.16)
/o= pim ¢ = tan”l L.

From Equation 2.14, the cross-section function in polar coordinates fyoier(7,?¥) becomes

Jpolar (T, 9 / [ P“ (")h(r cos(8! — ) — pl)dplldal (2.17)
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X-ray source

t(.'en

Parailel beam
projection axis

£ Fan beam
projection axis
referred to center
of rotation

tien

= p Fan beam
projection axis

Figure 2.2 A typical fan beam projection geometry.

by substituting £ = rcos? and y = rsin? and using the identity cos(A — B) = cos Acos B +

sin Asin B. Substituting Py(p') = ;lﬁ (o) and changing the variables of integration using
Equation 2.16,
fpo[ar('r, "9) - (2.18)
1r/2 oo pl plt t3
Pj(p)h |rcos(d + tan™? (—) - 9) - el SEL dp'd
-/—1r/2 [~oo ’ cen \ /pl2 + 2, (pﬂ +12,,)%2

where the Jacobian J = er%nw is calculated from

il i I I 3
dp"' 00" 9p" 06 Yoen 1_0.0l (2.19)

- WW"Wﬁ:lW@ﬂ%w'

Using cos(A + B) = cos Acos B —sin Asin B and Pythagoras’ rule, the argument of & in square

brackets of Equation 2.18 can be rewritten as

7 7
rcos(f + tan™? ( P ) — ) — —L fcen

eon Vo A+t
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/

= rcos{f — 19)%4’1 — (teen + rsin(f — 9)) £

\/[7’2+tgen \/p]2+tgen

( teent cOS(6 —9) ,o') teen + 7 8in(f — )

teen + 7 8in(f — 9) / ey

t{:EﬂU
= (o ) (2.20)
VAt
if p* and U are defined as
. teent cO8(0 — ) teen + 7T sin(d — V)
- = . 2.
= ey 24U t (221)
From the definition of h(p!) given in Equation 2.13,
o0 : e 7
R (7 L, 51; / |w|ei 276" = ecenU/ /7 HtEen g,
VP2 + then e
- P “ _./ (* [I27(6" =)o g
+ 12 .
= ”—L;‘;“h(p -#) (2:22)
using the transformation
ot = teenl (2.23)

VO + ten

for which dw = de* and |w| = p +t°‘ |w*|. Finally, by substituting Equation 2.22,

Equation 2.18 is rewritten as
W/2 1 U tcen !
Fotar(r,9) gz | B - ) —m2edias (2.24)
-2V VP o+ e
which can be interpreted as a mathematical formulation of the filtered back projection algorithm

for a fan beam geometry.

2.2 X-ray attenuation and detection

This section provides some background on how x-rays are attenuated through an object to
produce an image of the object on a digital detector. The statistical nature of the image data

is also discussed.
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2.2.1 X-ray attenuation

A projection P(p,#) is the line integral through the density distribution function f(z,y) along
the beam path,

P(p,0) = f hf(at,y)dll- (2.25)
pat

However, due to the Compton scattering and absorption characteristics of x-rays (Kak and

Slaney, 1988), the photon count detected is approximated by
Kl e efoan f@W)AL (2.26)
A projection is therefore related to its corresponding photon count by
P(p,6) ~In Nk:, — Inkl, (2.27)

where Ny is the number of photons that would have been counted if there were no loss due to

scattering or absorption.

Such logarithmic compensation of measured counts makes density differences appear propor-

tional to intensity differences in x-ray images.

2.2.2 Poisson noise distribution

The number of photons K, counted per unit time by an x-ray detector can be modeled as a
Poisson random variable (Kak and Slaney, 1988). Equivalently, the time T}, between the arrival
of photons at the detector is exponentially distributed with a mean of 1/a},. The conditional

probabilities of the events K/, = k{, and T}, = ¢}, are therefore
! ! o K -, ’ ’
P(Ki’ = kz,]f) = —-,\c-,:"—!——e i ki" = 0, 1, veu y ai’ > 0
P(IZ] = :llf) = a;,e_a;’t;’ t;l 2 ]

where f represents the three-dimensional density distribution (i.e. the object) that is x-rayed.

It can be shown that the means and variances of the random variables K}, and T}, are given by

() 3

BT} =&  VAR[T) =L

Due to linear time integration to increase the signal to noise ratio and binning to reduce image

resolution, detector measurements are combined additively in the Lodox system. This operation
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can be written as

iNpin

ki= ) . (2.28)

¥ ={i~1) Nyip+1
Assuming that each of the N, detector readings which are combined into the ¢th bin are

independent, the resulting probability distribution P(K;) remains Poisson:

k, tNyin
P(K;=ki|f) = Ze™ where os= Y df. (2.29)
' =(i—1)Npin+1
This can easily be proven by considering that the sum of independent random variables corre-

spond to the multiplication of their probability generating functions (Leon-Garcia, 1994), i.e.

#Npin iNpin iNy;
Gk, (2) = H Gy (2) = H e (371) = B =li-N+1 % Y pai(z-1)
3 i
i =(i~1)}Npin+1 #=(i~1) Nyip+1

(2.30)

where the probability generating function for the Poisson random variable x with mean g is

Gy(2) = E[2X] = 71, (2.31)

This statistical model neglects the effect of additive electrical noise as well as the influence of

any remaining artefacts or systematic inaccuracies that occur in imaging systems.

2.3 Maximum likelihood solutions

The following sections describe how tomographic reconstruction can be stated as the solution
to an optimization problem. This section starts off by modeling the measurement noise as a

probability distribution and discusses how unbiased solutions can be found to inverse problems.

2.3.1 Likelihood function
Assuming that the binned measurements k = {ki, ko, ..., ki, ...kn} can be modeled as N inde-
pendent Poisson random variables K = {K}, K3, ..., Kj, ..., Ky }, the conditional probability of

the joint event K = k, i.e. {Kj = k1,..., Ky = kn}, is given by

P(K|f) = HPK]f H%— o (2.32)
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where the expected projection data vector a = {aj,a9,...,q,..an} is calculated from the

expected object f(z,y) using
M
a=Hf o o= Z H;;f; (2.33)
i=1
and H is a matrix that represents the projection process while f = {f1, fa, ..., fj,..fm} s a

vector representation of f(z,y).

The probability density function in Equation 2.32 is commonly known as the likelihood function
and is conditioned on the object which remains fixed throughout the imaging process. The log-

likelihood can be rewritten as follows:

N N k; N
In(P(K|f)) = lnH 2—:!6'“' = Z In -CI::—:!e"a‘ = Z lnef — Ink! +1lne™®
§=1 i=1 i=1
N N
= Y klnoy—oi—Ink! ~ Y kilno; —oa;— (kilnk; — ki)
i=1 i=1
N
== Z Elnoy, —a; —kilnk; + k; (2.34)
i=1

where Stirling’s approximation Inz! = zlnx — z is used.

The maximum likelihood estimate ML) of the object corresponds to the peak of the distribution

P(K|f) and also In P(K|f) since the logarithm is a monotonic function, so
FMY) = arg, max P(K|f) = arg; maxIn P(K|f). (2.35)

This optimum is achieved at

dlnP(K|f)

5% =0 (2.36)
which occurs when

dln P(K; a
-—-—M = b‘k‘;(kilnai-ai“kilnki'{”ki)zo
= lnai—(1+lnki)+1=1nai—lnk,—

o = ki (2.37)

Therefore the maximum likelihood estimator is unbiased.
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2.3.2 Solution by gradient based search methods

The solution to Equation 2.35 can be obtained in several ways. The steepest and conjugate

gradient ascent algorithms require the gradient g = V;In P(K|f) which can be calculated as

8 8
a—thlP(Kif) = af] 2 lk sInH; 5 f; — Hi i f; — kilnk; + k; (2.38)
= Zkl H;; — H; (2.39)
- anJ
B ZHM( H;;f; 1) (240)
S Vi P(K|f) = H ((k+(Hf))-1) (2.41)

where + represents elementwise division for vectors. In other words, the calculation of the

gradient requires both forward and back projection operations.

The steepest ascent method updates an estimate f{™) by performing a line search in the direction
of the gradient g™ =V s InP(K|f ), 80

f(n+1) o f(n) + A(n)g(n) (242)

where each step length A(® is determined using one-dimensional search methods such that

f(+1) maximizes the objective function with respect to A(™.

Faster convergence can be achieved using the Conjugate Gradient method which is well ex-
plained in the literature (Press et al., 1999) in the context of minimization. Instead of search-
ing in the gradient direction g™, only that component h{™ of this gradient direction which is
conjugate to all the previous search directions (h(’), r=1,2,..,n — 1) is used. This conjugacy

condition can be expressed as
KT AR = (2.43)
where A = Vg™ is a Hessian matrix. In addition, the orthogonality conditions
g(")Tg(’") =0 and g(n)Th(”) =0 (2.44)

are also satisfied when the search direction is updated as
(n)|?
W — _gm 4 19
h g + gD lzh (2.45)

which conveniently does not involve the explicit calculation of the Hessian.
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2.3.3 EM algorithm

It was found that the line searches in the Conjugate Gradient method are quite time con-
suming due to the computational demand of the Radon transform. Significant performance

improvements can be achieved if no line search is performed.

It is shown in (Rangarajan et al., 1999) by differentiating a likelihood energy function that an

iterative update equation can be expressed as

i, fz
Z II'; lf,
ZzH:J

which maximizes the Poisson likelihood. Such an expectation maximization step involves only

f](n'i'l) — (246)
one forward and back projection operation.

Equation 2.46 requires that the projection operations have a gain of less than or equal to unity

for stability.

2.3.4 x? errors

Many authors, including (Vengrinovich et al., 1998), model x-ray noise with a Gaussian distri-
bution. This is reasonable when the measured counts are logarithmically compensated and the

signal to noise ratio is high.

Assuming Gaussian errors, the likelihood function becomes

N N
1 1
P — Plop: - e X 2.47
o) = [T Pwin =11 75 (247)
where p is a vector of logarithmic compensated projection data and the x? error is

v = Z “‘)2 (2.48)

In Equation 2.48, u; = p§ ") is the corresponding projections of the object n-th estimate f (n),

Similar to Equation 2.35, the Gaussian maximum likelihood (ML) estimate can be expressed

as the optimization problem

FMD) = arg; max P(p|f) = arg; maxIn P(p|f) = arg; min x°. (2.49)
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A benefit of the x? representation of projection errors is that the objective function is a
quadratic. Gradient based search methods, such as the Conjugate Gradient method, assume
that the objective function is quadratic and can consequently converge to the optimum in fewer

iterations.

2.4 Bayes’ Rule

A maximum likelihood estimate maximizes the probability that the data equals the (estimated
object’s) projections given the object. Bayesian methods argue that it is more sensible to
maximize the probability that the object equals the object estimate given the data. This

posterior distribution can be calculated using Bayes’ formula

P(flp) = ﬂf_l);f(fp_%"’lf_) (2.50)

where the probability of the data P(p) is a constant and normalizes the area of P(f|p). The
prior distribution P(f) expresses the a priori knowledge of the object.

In its simplest form, the prior could be a uniform distribution of infinite extent. Under this
condition P(f) = P(p) and Bayes’ rule simplifies so that the maximum a posteriori (MAP)

estimate
FMAP) = arg ; max P(f]p) (2.51)

equals the maximum likelihood estimate f(ML),

However, it is known that the density of the object and air is non-negative. It may also be
assumed that no density greater than fiax could occur within the object. This prior knowledge

can be expressed as

M
P(f)y=T] P(f) (2.52)
j=1
where
L 0 < f < fma.x
y={ Tom 0S4 . .
P(fj) { 0 otherwise v (2.53)

More sophisticated forms of prior knowledge are discussed in the following section.
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2.5 Gibbs priors

In various applications of image restoration (and reconstruction), the target image (or volume) is
believed to exhibit certain properties that can be characterized by local site (i.e. pixel or voxel)
interactions. Gibbs distributions can be used to model the contextual constraints that sites
must satisfy. There are many applications for Gibbs distributions including texture modeling
and region labeling (i.e. segmentation). In this section, only low-level Markov random field
models expressed as Gibbs distributions will be discussed. A more elaborate treatment of the
subject can be found in (Li, 1995).

2.5.1 Definitions

Some notation needs to be defined first. An image (or volume) is denoted f = {f;|j € S} where
S =1{1,2,..,5,..,M} is a set of sites. A pixel on an image lattice can be indexed by j € § and
takes on a value f; in the real interval £ = [0, fmax]. In discrete labeling problems, £ is a label

set instead, and f is a segmented map.

The spatial relationship of the sites is determined by a neighborhood system N = {N;]j € S}
where N; is the set of sites which are regarded as being neighbours to j. A clique c is a single site
¢ = {j} or a set of neighbouring sites ¢ = {j, ', 5",...}. Very often only pair cliques ¢ = {7,5'}

are considered.

According to the Markov-Gibbs equivalence (Li, 1995), a Markov random field is a Gibbs

distribution
1
P(f) = zet/) (2.54)
where the partition function

Z=3 etV (2.55)
\Zi

is a normalizing constant. 7" is a constant referred to as the temperature, while the energy

U(f) =Y Velf) (2.56)

c€C

is the sum of clique potentials V,(f) over the set of all possible cliques C. The value of a
particular clique potential V,(f) depends on the local configuration of the clique c.
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A set of random variables F' = {F},.., Fys} is called a Gibbs random field on & with respect
to N if its configuration satisfies a Gibbs distribution. Each of these random variables F; can
take on a value f; € L.

A Gibbs random field is homogeneous or isotropic if the value of V.(f) is independent of the

position or orientation respectively, of the clique ¢ with respect to 5.

2.5.2 The role of energy functions

(Geman and Geman, 1984) draw the analogy between images and statistical mechanical systems.
They explain that the maximum a posteriori image corresponds to a low energy state of the

clique potentials and suggest that this solution be obtained by stochastic relaxation.

Gibbs energy functions are formulated in such a way that a minimum clique potential will be

achieved when every clique satisfies the image properties given by the prior knowledge.

(Li, 1995) argues that the role of energy functions are not merely to provide a quantitative cost
measure of the image estimate but also to guide the search for the optimal solution. This is
essential since the formulation of the objective function in Equation 2.51 is often multimodal

resulting in a very difficult optimization problem.

2.5.3 Clique potentials

A simple example of a clique potential represents the prior knowledge of image smoothness,

Vi) = 35— I3V

where the set of all cliques € includes only the pair cliques ¢ = {j,j'} for which j is an index

(2.57)

to the pixel at (z,y) and j' is an index to either of the pixels (z,y — 1) or (z — 1,y) for all =

and y in the image.

Few real life images have this property. Instead, a more popular assumption is that images can

be represented by smooth regions separated by discontinuities.

(Li, 1995) discusses the development of the discontinuity adaptive Markov random field model
that can represent this image property. An adaptive potential function g,(n) = V;(f) is defined

in terms of an adaptive interaction function h,(7), as

gy(n) =2 /0 ’ ' hy(n)dn (2.58)
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h, (1) g,(m) g, (m

D _h

Figure 2.3 Discontinuity adaptive functions.

for which

20200 = ¢, ta) = 20 () (259

and 7 is an intensity gradient or, in practice, the intensity difference of a pair clique, i.e.

n = f;j — fj. The adaptive interaction function satisfies the following conditions:

3) hi(n) <0 (¥n>0)

4) limp_;c0 Inhy(n)] = C <

One example of such discontinuity adaptive functions is illustrated in Figure 2.3 and given by

. 22

hy(n) =€ 7, gy=-—ve 7 (2.60)

where v determines the width of h,(n).

The potential function g,(n) has a minimum for a smooth image. Small edges (quantified by
) are penalized nearly quadratically, however, in comparison to Equation 2.57, the penalty
for large edges is much less severe. The result is that this prior potential represents piecewise

smoothness.

Another possibility is proposed in the context of tomography. (Vengrinovich et al., 1998) defines

a clique potential

26
2 2 j — T
Vilw) =Y (W = a)” + B (W — 1%, = h (2.61)
a=1
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where u = f while m; and my are two levels of attenuation coefficient in a binary object that
is tomographically reconstructed from a limited number of projections. This potential reflects
the prior knowledge that the smoothness of the reconstruction should be balanced (using hyper
parameter () by the closeness of the attenuation coefficients to either of two possible attenuation

levels.

2.5.4 Maximizing the posterior distribution

Assuming Gaussian noise and a Gibbs distribution prior model, the maximum a posteriori

solution given by Equation 2.51 can be expressed in logarithmic form and simplified so that
FIMAP) arg; max In P(f|p) = arg; min () + )\xz] (2.62)

where ) is a constant. A local optimum of this energy expression can be obtained using a
gradient based method. However, U(f) is very often multimodal. (Press et al., 1999) and

(Li, 1995) discuss many search methods for local and global optimization.

Although stochastic methods such as simulated annealing and genetic algorithms have a better
chance of attaining the true global optimum, the deterministic annealing method of Graduated
Non-Convexity (GNC) reportedly finds good solutions at a significantly lower computational
expense. The dimensionality of most realistic problems necessitates the use of efficient algo-
rithms.

GNC optimizes an objective function repeatedly while changing the objective function slightly
at every major iteration. Initially a hyperparameter, such as v in the discontinuity adaptive
model, is set to a value so that the energy function is essentially convex. After the optimum for
this parameter setting is obtained, which is hopefully reasonably close to the desired solution,
the parameter value is adjusted so that the energy function becomes less convex. The old
estimate is used as the starting point of minimization for the next iteration. In this way GNC

attempts to avoid local optima.

2.6 Summary

This chapter introduced background theory. The text continues in a more focussed manner
by addressing a series of relevant problems to reach its goal in limited angle tomography. A

literature survey of limited angle tomography methods specifically is presented in Section 6.3.
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CHAPTER 3

Image formation process

The way in which x-rays travel through the patient onto the detector defines the relationship
between the digital image data and the tomographic reconstruction. It is important to know
the machine geometry and imaging conditions very precisely to ensure accurate reconstructions

and eliminate avoidable artefacts.

An introduction to the scanning hardware is provided in the first section. This is followed
by a study of distortions observed in Lodox images. Section 3.3 presents an algorithm that
removes camera overlap artefacts. Once the image plane is calibrated, the dataset itself is used
to determine the three-dimensional imaging parameters of the system. The final sections of this

chapter show how direct tomographic reconstructions are achieved.

3.1 Data acquisition using the Lodox system

The Lodox system used to acquire the dataset was originally developed by Debtech. A brief
overview of their technology is given in this section since it provides important background.

The conditions under which the machine was used to obtain the dataset are also stated.

3.1.1 Overview

In the Lodox system (refer back to Figure 1.2) both the x-ray tube and detector are attached
to a C-arm. The C-arm can rotate and move around a patient that lies on a trolley. Scanning
is always done in one direction only at a fixed C-arm angle. The setup resembles that of a

third-generation fan beam tomography machine (Kak and Slaney, 1988). Although the 1999

25



model installed in the Groote Schuur Hospital (which was used to acquire the dataset) can
only scan over a 90° range, newer models can scan up to 100°. Mechanical stress on the C-arm

bearings limits this angular range in the current design.

3.1.2 Image formation

Once the x-rays leave the tube, they are filtered by a lmm aluminium sheet and collimated by
a narrow gap between tungsten plates before passing as a fan beam through the scanned object
perpendicular to the scanning direction. At the detector, post-collimation is performed with
another pair of closely spaced tungsten plates and the x-rays are converted into visible light
by a paper scintillator. At this point an array of fibre-optic tapers demagnify the light rays to
12 different CCD cameras. The tapers are shaped like paralellograms and are tightly spaced
so that light is projected redundantly onto adjacent cameras where the tapers overlap. These
cameras operate in a linear-time integrating mode in the scan direction while the linear motor

drives the C-arm so that rows of the image are produced as the C-arm moves.

The intensity offset, also known as the dark current (Beutel et al., 2000), is measured before
each scan and is subtracted from the CCD outputs before gain compensation is performed
to make the CCD readings uniform. The outputs of the different cameras are combined and
overlapped according to the redundancy in the data (which is physically related to the overlap
of the fibre-optic tapers and the relative positioning of the tapers on the cameras). Finally
these values are binned and logarithmically scaled. The Handbook of Medical Imaging (Beutel
et al., 2000) discusses the physics of x-ray imaging in great detail.

The camera gain curves, amount of overlap and positioning parameters are estimated or mea-
sured beforehand when the machine is calibrated. Section 3.2 discusses camera alignment and

overlaps in more depth.

3.1.3 Operator settings and dataset

There are a number of operator settings. The x-ray tube can function at several different voltage
and current settings. Scanning at half and quarter speeds increases exposure. Binning of the
fundamental 60um pixels into 1x1, 2x2, 3x3 and 5x5 bins provides different image resolutions.
Other settings such as the C-arm angle, scan start and stop positions, and collimator slit width

can be set by the operator using software in newer models of the Lodox system.
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(2) Scan at 0°. {b) Scan at 90°.

Figure 3.1 Lodox scans that are part of the dataset. Note that the table top (foam with
carbon fiber coating) of the trolley is visible in (b). Also note that fan beam magnification
occurs in the horizontal direction.

Unless otherwise stated, all the x-ray images used in this project were taken using the typical
settings of 100kV 100mA, at fullspeed and 5x5 binning resolution. Each scan image size is
approximately SMB having 1164x2294 pixels of at least 8000 grey intensity levels. Since the
C-arm of the Lodox scanner can only be adjusted from 0 to 90°, and at least 180° is needed for
full tomographic reconstruction, the trolley was flipped around (reversed in the scan direction)
and the object scene was scanned from the other side, totalling 182 scans over a 180° range.

Figure 3.1 shows two of the scans in the dataset.

3.1.4 Reliability

Although the Lodox system is constantly being improved and debugged, it behaved somewhat
unreliably at the time the dataset was acquired. Out of 200 scans, 18 were considered to be
faulty or of too poor quality to be used and were rescanned. See Figure 3.2 for examples of

such scans.

Critically speaking, for the early Lodox machines no image produced is perfect. For example,
within up to a 100 pixel margin of all the images there appear to be gain compensation problems
(see the bright vertical line on the left hand side in Figure 3.1). Also, scanning starts at an
unpredictable position. These trivial problems are side-stepped by cropping the regions of

interest using markers as reference points.
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(a) Saturated scan with stripes. {(b) Truncated and blank scans.

Figure 3.2 Faulty Lodox scans.

More subtle yet significant distortions in the images are studied in the next two sections. Image
correction algorithms were developed in this thesis and have since been integrated into Lodox.
Also, Lodox Development has recently improved the effectiveness of their detector significantly

by slowing down the readout speeds of the CCDs.

3.1.5 Image quality

In x-ray systems image quality improves with dose because noise increases linearly with the
square of the signal magnitude for Poisson-distributed x-ray quanta (Beutel ef al., 2000).
Achieving good image quality using a low dose is desired and this property is commonly quan-
tified by means of the DQE, or detective quantum efficiency, defined in (IEC 62220-1. Ed
1, 2003). A better DQE also implies that the high voltage generator and x-ray tube need not
be heat loaded as much while still producing good images.

The DQE of the Lodox system is measured for the beam quality RQA5 as specified by the
International Electrotechnical Commission (IEC 62220-1) and compared to other x-ray imaging
systems. Additional information pertaining to the image quality of the Lodox Statscan system
can be found in (de Villiers and de Jager, 2003) and (Sheelke et al., 2005).

The detective quantum efficiency describes how much of the signal to noise ratio of the incident

radiation is sustained in the resultant digital image. This two-dimensional function of spatial
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Figure 3.3 Image quality measurements.

frequency is defined as

Win(u,v)
Wout,referred to input (u,v)

Win(u,v)
Wout (u,v)
where Wi, (u, v) is the input notse power spectrum, Wy (u, v) is the output noise power spectrum
and G is the incremental gain. MTF(u,v) is the modulation transfer function which is only

measured in the scanning direction and the direction perpendicular to scanning (slot direction),

DQE(u,v) =

= GEMTF?(u,v) (3.1)

and is therefore actually two one-dimensional functions as described later (hence the parameters
u and v are neglected below). This equation can be restated as

DQE = G*‘Jv.rTF"‘chu,U7 (3.2)
where Q is the quantum density (photons/mm? at the detector). The technique for measuring
the DQE is well explained in (Stierstorfer and Spahn, 1999). This section gives a brief overview
of the measurement process and reports on results. Figure 3.3(a) shows a scan of a dosimeter

and a tungsten plate suspended slightly above the detector.

Firstly the incremental gain is determined from a number of exposures by varying the current in
the tube. The dose at the detector is converted from uGray to photons/mm? using a conversion
factor supplied by the IEC for the given beam quality. The slope of a straight line fitted through
the plot of quantum density versus average raw pixel values yields G. See Figure 3.3(b).

29



. Sict direction == Amorphous Si flat panet detector
...... Scanning direction 0.8; - Lodox scanning system H
-« = Selenium flat panel detector
0.8F ] 0.7 =+~ Thoracic screen/fitm
Computed radiography
0.6¢
=
=
0.4r
0.2¢
c 4. 3. i. o i. I
0 0.8 1 1.5 2 25 0 05 1 1.8 2 25
Resolution [cycles/mm] Resolution {cycles/mm]
(a) Modulation transfer function. {b) Detective quantum efficiency.

Figure 3.4 Image quality results.

The presampled horizontal and vertical MTFs are measured from the scan of a slightly angled
tungsten plate with accurately milled square edges as in (Samei et al., 1998). Pixel intensities
are projected parallel to the edge direction to produce an edge spread function. The numerical
derivative of the edge spread function is the line spread function, and the magnitude of the
Fourier transform thereof gives the MTF shown in Figure 3.4(a). A slightly poorer MTF
is noted in the scanning direction, especially at faster scanning speeds. This is ascribed to

scintillator afterglow.

The noise power spectrum Woyt (u, v) at the output is determined by averaging the power spectra
of several partly overlapping windows of pixels over a uniformly exposed area. One-dimensional
horizontal and vertical cuts through the noise power spectrum are obtained by averaging 15
rows or columns of the two-dimensional spectrum around each axis, while maintaining exact
spatial frequencies in terms of radial distance from the origin. The axis itself is omitted. See
(IEC 62220-1. Ed 1, 2003) for more details.

The DQE is calculated from Equation 3.2 and the average is displayed in Figure 3.4(b) along
with DQEs of a non-scanning systems presented in (Granfors and Aufrichtig, 2000). At low
spatial resolutions, the Lodox system performs very well. This is well suited for tomography

applications which require relatively low spatial resolution x-ray data.
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Figure 3.5 Closeup view of a steel ruler with detected tick marks (+) and edge position (solid
white line) superimposed.

3.2 Camera distortion

Figure 3.5 shows a closeup view of a steel ruler taken with the Lodox machine. In this image
one would expect to see a straight line along the edge of the ruler and also expect to see evenly
spaced tick marks. However, there appears to be distortion in both these directions, and at
higher resolutions these distortions are more apparent. The cause of the distortions is believed
to arise from barrel distortion in the fibreoptic tapers and other inaccuracies in their alignment
and orientation. Quantitative knowledge of these distortions is necessary for making image
corrections. This is especially important because the geometry of the machine is inferred to a

high degree of accuracy in Section 3.5 using sparse data taken from the images.

The overlap artefacts, which can clearly be seen in this figure near pixel columns 1142 and 1334,

are investigated in Section 3.3.

3.2.1 Pixel column position errors

As demonstrated in Figure 3.6, the pixel column positions of the tickmarks on the ruler image
are detected with subpixel accuracy by fitting sections of sinusoids to the intensity profile of
these markings. Firstly, 8 rows of the image are averaged to improve the signal to noise ratio of

the markings. The least squares fit performed for each tick mark determines only the intensity
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Figure 3.6 Tick marks (+) detected near edge of camera (left) and near center of camera
(right). The metal ruler intensity profile (thin solid line) and the sinusoids fitted thereto (dark
solid lines extending into dotted lines) are shown.

offset and phase of the localized sinusoid. The average amplitude and frequency is used for all

tick marks and the region of interest size is chosen to span 2 tick mark cycles.

The further the tick marks lie from the center of any camera, the further apart they are spaced
from one another. Explicit examples of this phenomenon are given in Figure 3.6 while overall

results are shown in Figure 3.7.

From these results the tick marks appear to be on average 4 pixels apart, but vary between 3.5
and 4.5 pixels. This average value is bigger than the expected 3.33 pixels per millimeter for
5x5 binning of 60um pixels due to magnification by the fan beam geometry. The ruler was on
the trolley almost 30cm above the detector. Furthermore, absolute position errors of the pixel
columns are nearly 3 pixels (or 0.75mm) while relative position errors could be up to 6 pixels

in extreme cases.

3.2.2 Pixel row position errors

The edge of the ruler, superimposed at a slight offset in Figure 3.5, is a mean intensity contour
of the ruler image. Figure 3.7 shows that the row position error remains mostly below 1 pixel
(0.33mm) but can be incorrect by up to 2 pixels. These values are somewhat less than the
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Figure 3.7 Tick mark spacings (left) and pixel position errors (right).

column position errors because there is no fan beam magnification in the scanning direction,

and the time delay integration of pixel columns in the CCD also removes some distortions.

Further software developments have since successfully been integrated into the Lodox system
during the course of 2004. These algorithms are designed to operate on raw images, remove

distortions and perform camera overlapping automatically without any supervision.

3.3 Camera overlap artefacts

The most striking shortcoming of Lodox images is the presence of camera overlap artefacts.
These artefacts obscure image details and degrade image quality, but do not destroy underlying
image detail. They are believed to exist due to a combination of factors including the collimator
slot width, inaccurate manual camera overlapping and variation of the CCD intensity offset, or

dark current, during a scan.

A lot of research effort has been put into developing a robust standalone algorithm that removes
these artefacts well for different Lodox machines and all imaging procedure factors (de Villiers
and de Jager, 2001). Two algorithms are discussed in this section namely an intensity level
algorithm and an adaptive algorithin. The first algorithm is included not only because it gives
some insight into the artefact problem, but because the concept that it presents is fundamental
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Figure 3.8 High resolution view of one metal bar.

to later chapters in this thesis. Attention is therefore drawn to the understanding of the workings

of this algorithm rather than the latter adaptive algorithm.

3.3.1 Artefact properties

Figure 3.8 shows part of a high resolution Lodox image of a metal bar. The artefact, marked with
an arrow, affects only a few pixel columns where overlap from one camera to the next occurs.
These column indices are the same for all scans and can be identified a priori because they
are determined by the physical setup of the scanner. The shape of the artefact is significantly
different in the three indicated regions. Regions A and C show transient artefacts near the

edges of the metal bar while region B shows a steady state artefact.

Image intensity profiles of a Lodox image of six different metal bars are shown in Figure 3.9(a).
Since each metal bar is of uniform density, constant valued intensity profiles are expected to
match the corresponding x-ray attenuation level for each bar. However, artefacts can be seen

that change in shape and size as a function of intensity.

A slight difference in mean intensity for different cameras (on either side of the artefact) is also

noticeable in the imaging of high attenuation objects.
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Figure 3.9 Artefact properties and definitions.

3.3.2 Intensity level based algorithm

The intensity level based method assumes that the artefact shape is dependent only on the
local mean intensity level. Consequently this method fails to remove the artefacts in places
where there are abrupt, large changes in image intensity. Nevertheless, a good estimate of the

underlying image can be obtained with this algorithm.

Consider the simplest example where a scan is taken of a uniform object resulting in a region
of nearly constant intensity (consider Region B only of Figure 3.8). Regard this region as a
sequence of row vectors, Fj,go;(1), where ¢ is the row index. The artefact, Ayrye(i), remains
exactly the same for each row. Note that the image detail (labeled AF () which in this case
is quantum and measurement noise only) changes randomly from one row to the next but the
superimposed artefact does not. In this region, an estimate of the artefact (an artefact row
vector, Agyye(t) =< Arougn (i) >) can be obtained by first averaging (in the column direction) all
the row vectors comprising the region and then subtracting from it the scalar average intensity of
the region. The underlying image with its random fluctuations can be recovered by subtracting

the estimated artefact from each original row vector in this region.

In the more general case described below, see Figure 3.9(b) for a visual representation of various

terms and note that the column indices, j, are omitted for clarity.
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Firstly, linear interpolation is performed horizontally across the artefact (note that a zeroth
order or cubic interpolation could be used instead requiring respectively more examples or
less examples for this method to estimate the artefact effectively). A rough estimate of the
artefact, Ayougn(i), for each row, i, is obtained by subtracting the relevant columns of the
original Lodox image, Fogox (i), from the linear interpolations, Fijneqr(¢). Each of these rough
estimates Apougn(i) is associated with the mean intensity level, F' = Fjneqr (i) of the linear

interpolation at that row.

The true shape of the artefact Asye(i) at row ¢ can be written as

Atrue(i) = A'rough(i) — AF(i) ’ (3.3)

where AF(i) is detail of the true image profile that is clipped off by the linear interpolation as
defined in Figure 3.9(b). If there are N rows with the same intensity level tag F, indexed with

k, the expected true artefact for this set of rows can now be calculated as

Atrue(p) AL Atrue(k) > = < Artmgh(k) > - AF(k) >
= < Arougn(k) > =0
1
= N ? Aro'ugh(k)' (34)

The expected value of AF(k) is zero because it is assumed that there is no correlation in the
clipped off detail amongst the rows in the underlying image. In Figure 3.9(b) the curve for
AF(k) will change randomly for all different rows &k throughout the image that is associated
with the same intensity level tag F. However, during this variation of AF(k) for different k
at the same F', the artefact remains constant according to the original algorithm assumption.

Equation 3.4 shows how these two concepts work together to yield the artefact at F.

In practice the intensity level tags (i) are quantized and a linear interpolation scheme is used
to build a lookup table of artefact shape versus intensity level. This lookup table is then used
to predict the artefact shape at an arbitrary intensity level in the image which can then be

subtracted out of the image.

3.3.3 Adaptive algorithm

The assumption on which the adaptive algorithm is based is that the artefact changes more

slowly than the image detail from one row to the next (in the vertical direction). Therefore,

36



blurring the image one-dimensionally along the columns {in the vertical direction) will nol have
much effect on the arlefact (nor oo low resolitlion components of the image), but il will smeaoth
el The image delails. In this way, blurring 1s used to separate Image details from low resolution
cotponents of the image, Afterwards, the ineorrect low resolution components of the imape,

which are corrupted by artefacts, are discarded and replaced by interpolaled smooth eneves,

The restoration can be written as
o Pl (3] = j';plim:'l:?:j + 'y {?:]- (3‘.]]

Here Flppne{d) 15 a cubic spline inlerpolation aver the artefact and the high resolution image

detail 15
Frlt) = Frogen (1) — Fﬂ.{'i':] (3.6}

where the low resolution component £7(i} of the orginal £, 1) can be calculated efficiently

from

r
Po(i) = ﬁ (Fuceli+ N()/2) — Focoli = N2 < 1)) amd Faoelk) = 3 Flodua il

i—ll

(3.7)

A Dbigger blurring kernel size, N{i}, 1 used where |he underlying image has small intensity
changes. N;jFipe|, between rows or large inlensily changes, Aj;Froe|, between columms, This
is necessary to accornodate rapidly changing artefacts and maximizes the exient aver which
the artefac) shape is inferred. These intensity gradients are estimated from restored lmages as
oblained in Scection 3.3.2, Thus
AL )
Nik) = Z z < |*":"‘_;I'Ftw-e'{1'-.~j}| > = < AFyeliig)| > {3.8)
i=k Adi—jn

where sumnmmation is done in a neizhbourhood A of a fixed sise thal only moves as a function of
row irex. The size of this neighbourhnad Af equals 50 rows for an image with a resolulion of
1.666 line pairs per millimeter and scales in proportion to resolution. Fine tuning of parameters
a and 3 around 5.5 and 0.6 respeciively by up to 25% of their nominal values can result in
exrellent arfelact suppression for a particular image or region in an image. The values for these
parameters were chosen as quoted above so that good resulls are nbtained for a broad range of

images, No single value Is optimal lor all images.



Figure 3.10 An origmal chest z-ray with artefacts (top] and an image with the artefaces
removed (battom),

3.3.4 Examples and performance

Fipure 3,10 shows a typical examople of the value that the artefact removal algorithm adds o
the image. Nole that there are some markings on the spine which are not visible umless the
artefact removal algorithm is applied to the image. Balh of the algorithms descriled abave

produse nearly indistinguishable results in the region of the image shown,

Tigmre .11 shows closeup views of the resublz of the two different algorithing applisd to the
same image repion (the top of the skull), Evidently the adaptive algorithim is hetter capable of
remaving the artefacts near large lndensity transitions. There are no inslances foind where the

infensity level algorithm produces superior resylis to the adaptive algorithm,



fa) Uriginal {b) Intensity level method {£] Adaptive method resalt.
result,

Figure 3.11 Resnlis for different artefact remeoval algorithins,

A version of the adaplive algorithm has been nsed at a number of hospitals around the world for
nearly a year with such great approval by its staff that the eption of disabling such processing
is no longer given to uwsers of Lodox’s Statscan systems.

3.4  Consistency

A projection can be considered to be a profile of values that is formed by a set of line integrals
through a cross-scciion plane (see Figure 2.1}, The integral of a projection throngh the same
cross-section of an chiject equals the total mass of that section. It does not matter from what
angle the projections are taken, the integral of the projection must still equal the total mass of
the cross-section. Such consistency does not exist in the Lodox imapes used as the datascet, for

the following reasons:

s The trolley is only partially iinaged i some of the scans becanse of its width.

e There is some variation in x-ray generation and detection such that the intensity range of
images could differ Ly up to 10% if 4 scan is repeated under identical operator conditions

at different fimos.

e The image contrast and brightness vary throughout the image and differ abruptly between
some adjacent cameras, This 18 capecially noticeable at high attenuation and is affected

Ly the variation in dark cwrrent and gain in each camera within a single scan. See
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Figure 3.%(a). Alhough thess ayvatemn inconsiatencies have been aolved in 2004 by alowing

down CCD readout specds, the dataset used in this thesis 15 subject to such corruption.

¢ Beoam hardening and seattering of the pelychromatic x-ravs used in the Lodox system
proveds the deleclor Trom measuring the actoal Boear attennation coelleient (Kak and
Slaney, [HHE)

The contribitton of the trolley 1o the inconsisteney is removed by subtracting the mean trolley
infensity profile from each row in a secan. Lhia is possible since scanning accurs parallel to the
trolley resulting in a nearly equal contribution to all rows, Shght mismateh at trolley edoes 1=

removel ustng the adaptbve camera overlap artefact remuval alpnrithio in Section 3034,

Figure 3,12 shows the remaining inconsisteney where fhe dotted Lines represenf the minimum
and maximum mass of the objeet por row for the dataset {at differeot angles). This varistion
1s rednecd to that of the thin aclid lines by optimizing the confrast and brightoess {scale) of

vach sean so that they match the mean mass profile best in terms of mean sguare error.

Well known technigues in the literatire {Kak and Slaney, 1988} for minimizing the effect of heam
hardening m reconstructions are not possible in the context of limited angle tomography with
Todox. The dual epergy technique involves taking an additional sel of x-raya al a secondary
energy level, Lhe Lodox syatem 18 nob designed to o that, Other post-processing technoiogues
reqiive the gegmentation of hone aut of reconstroctiona amd eatimating tiaaue Lhickness which

is el v stradghtforeard with lbooted angulas data. Therelore, no further attempts ame made
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to unprove the consistency in the dataset and henceforth reconstroction algorithimg treal these

inconsistencics as imperfections in the dataset along with the measurement noize.

3.5 Projection geometry

[t it difficnlt to determine the systemn geometry to a high accuracy using conventicnal measure-
ment instruments, Besides getting hold of suitable cquipment and dismantling the syatemn, i
would remain 4 nonlrivial task lo locate, for example, the cenler of rotation amd the pricise

position of the x-ray source,

Instead, now that the distortions in the image planc are quanéified, the maging svatem itself
can ke used to measurs the C-arm peometry, This s done by seanning o reference object from
different anples and consalidaling markings an the objecl with their projections visible in the

irmage,

As ween in Whe upper parls of Figure 3.1, an upright perapex sheet with a ropular orid of 9
alumininm pins can be found in every scan of the datasct. For identification purposes, sach pin

hay o different length.

The cross-sectional relatise spatial coordinates (o, ye) of these ping are known e priord to an
acenracy of opg = 0007on (maximum fit oeor: €p4, = 0.12mim) from the lag likelihood of 4

T '

st of 36 unigue pin to pin distanee measarciments R

2
ij - Vfli;rk - ;!TE:JE + (i — 'y,r,-:]z]

z
i

; R
{Ehs Yie- Opive) = arg min Nlogiv 2royg, ) + Z % ( (3.9

k=k
which has the same solution as the minimmm varianee x? cost function, cxeept that it alse

estimares the variance. A normally digtribiuded error 1o the measirements 12 assiimed.

In the Lodox iragmes, $he pin positions are manually located to the nearest pixel. Then, as fhe
exarnple in Figure 313k} belps to show, the row index is chosen where Lhe sleepest average edpe
i the neighbourhood, oricitated perpendicular to the perspex sheet, reaches 15% elevation,
Along this row, the pin colwnn pogsition is determivned by ting a Gaussian curve 4o the inteusily
profile shown in Figure 3.13(c). The column positions of pins that appear close topether in the
images, are chasen manually and are therefore known with less acoaracy, This eollection of pins,
as well as piug vear camera overlap artefacts and pius within che limage margiug, are labeled

bad pins. Picel ecolumn distordion is ved detormined in the maee margios wlere cxeessive gain
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Figure 3.13 Detection of a pim position in a Lodox scan.

compensation problems oecur. In the dataset, 312 oud of 1638 pins are labeled bed. Althongh all
the pin data s used equally, the results show that the goeod pins have less variance, as cxpected
{see Figure 3. 14{c) discussed later).

The pin positions are correcled for pixel column distortion by mapping them onto the phantom
riler represented by the variable p (which is approximately 30em closer to the x-ray source from
the physieal detector) mto millimeter units. Linear interpolation is employed in this mapping
and yields the pin's projected position p}:!ﬂ on the p axis, where # is the C-arm angle and & is

the pin mnnber,

Figures 4.14{a) and 3.14(b) show the geometry of the C-arm and how the pins are projected
onto the phantomn ruler g from their cross-sectional coordinates. This projection is governed by

the following cquations:

rxy = 2o —rygeos(f) —ryysin(f) g = tan (ﬁ) (5.100
Yxg = o+ ragsin(f) -y cos(d) pro = rxntan(gpe—#8) - oo

In these equations, the x-ray source 18 at point X=(zxg.yxs) when the C-arm is at angle #
with respecl to the center of rotation at C=(rq,yc). Din k at (zy, yx) is projected onto the
projection axis at py g where pp is the origin of the projection axis at pomt D. Furiber rase,
ryu and rxp ate the dislapces from the points 31 Lo O, X to M and X to D respectively as
gquantified in Figure 4.14. The intermediate quantity ¢y g is used to sinplify the caleulation of

A g- and represents the angle Lo pin & from the x-ray source.
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Label | Value [mm] | Description

Ty 0.14 | standard deviation in ruler plane

Ty aood 0.10 | standard deviation in ruler plane for good pins

& bt 0.25 | standard deviation in ruler plane for bad pins

e 0,12 | standard deviation in cross-section plane

Ty good 0,09 | standard deviation in cross-section plane for good pins
T bk 0.21 | standard deviation in cross-section plane for bad pins
€s 0.64 | maximum error in ruler platie

Ep,goad 0.31 | maximym error in ruler plane for good pins

Er 0,54 | maximuym error in cross-section plane

b i 0.28 | maximum error in cross-section plane for good pins
T 56,01 | center of rotation for & = 0

e 19.27 | center of rotation for # = 0

T -54.51 | center of rotation for # < 0

Y- 19.72 | cetiter of rotation for # <0

XD 1074.53 | sray source to phantom ruler

T 954.55 | x-ray source to center of rotation (component)

rare 0,23 | lateral offset

D 495.39 | center value of phantom ruler

) Greometry Tesulbts

Figure 3.11 Geometry of the Lodox machine.
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Figure 3.15 Contribution of pixel segment to a projection bin.

The minimum variance data fit is found using a local search algotithm, by minimizing
a 2
X2 = (pho— ona) (3.11)
L

which has 190 parameters. Omitting the C-arm angles, 8, the resulis are given in Figure 3.14{c).

The resnlts snuggest that a point in the projection plane can on average be pinpointed to an
accuracy of or goog = 0.0%mm in the cross-seclional (axial) plane using the image corrections and
ceametrin setup deseribed in this chapter. This limits the resolution to which reconstruetions

can be performed with no vegard to the resalution of the dataset.

Although the geometric parameiers conld be determined to greater accurary using more pins in
the refercnce ohjeet and higher resolution data, the assumption that the estimated parameters
are constants breaks down at some poing. Finite element analysis of the C-arm structure by
Ken Park {Park, 2002), revcal that deflections of up to 100y are expected as a function of

C-arm angle due to gravity alone,

Therefore, if a greater order of accuracy is required, then not only should more refercnee points

be used, but cach scan’s geometric parameters should be considered individually (or at least

locally as a function of §).

However, the accuracy to which the geometry is known at this stage is believed to be well
tnatched to the resolution of the dataset, which is 0.3mm per pixel,
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Figure 3.16 Accunmlative projection of triangle.

3.6 Pixel projection

Figure 3.15 illustrates the partiel volume effect (Beutel ef o, 20000 where parl of a pixel onoa
regular grid is projeclted onbe a discrele projection axis. In the general case, the confribmtion
that Lhe shaded portien of the pixel makes to rhe projection bin is an elaborate analytical

funelion of the relative orientation and position of various componands in he diagram,

A simplified diagram is shown in Figure 3.16 where a pixel consists ol Lhe anion of four rotations

of a triangle about point €, The pixel orientation ts expressed nsing fe.

It 1s nselul to define a weneral function deyp g (OL) which determiines that part of the ares of a
trtangle ¢ L 1 Lhat lies below the line O, Ia this simplified example, that funetion is expressed

using the angle of the line OD mstead, such that

0 ¥ i< tan™ (yzfer)
A(fer. Iip. L il dan Yypleg) < 8p <0
Acrrlfp) = s Lo 1) 1 " [ny?“L]l_] b (4.12)
;‘1[{‘:',_L~Iﬂ]| Allerg Ieg B) il 0« fp < tan (3;;3,-“:5;3)
AlC L, 1) if #np>tanYya/za)

where the area of a triangle with vertices O, L and R can be caleulated Ioom

¥ Eee e 1
ACLR) =5 |2 m 1| (3.13)
g e 1

The area Ap. (fp) of the pixel al angle f below the same line is calonlated by summing the

partial aveas of the individual triangles thal make up thal pixel. Finally, the coaleibyilion ihal

13
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Figurc 3.17 High resolution projection profiles of individual pixels.

the pixel makes to an interval fp, to fp,, on the discrete projection axis is then determined
by subtracting the aceumulated sreas Ag. (fp, ) — As-(fp, )

3.7 Projeclion axis resolutlion

Given a particplar spatial resoluption, this section describes how an optimal projection axia
resolntion 18 sclecied.

Figure 3.17(a} shows a fow projections of 8 single square pixel onto a high resolution projection
axis at different angles. Clearly the shape of the pixels affects the projections more significantly
the highet the projection axis resolution. I the projection axis resclition is too high, the
recongtripetion iz overspecified by the projections becanse it has structure that either contradicts
{rcal data from contimrous origing or conenrs with (simplated data from discrete origin) that
which is consistent with the shape of the pixels. As demonstrated in the Hnal chapter of
thig thesis, a resolution mismatch of this kind introduces avoidalile noise in real data iterated
reconstructions. On the other hand, if the projection resolution is too low, more pixcls arc nsed

than neccssary to repreacut the projection data, and reconstrietions can be pootly specified.

Figure 3.17(b) shows the average projection profile of all pixels in a 128 x 128 [attice for typical
geometrical conditions used in this thesis, A vectangle of equal avea is fitted optimally in mean
sguare: error to this curve. The width of this block defines the bin apacing gsed as the bear
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choice of projection axis. For a 128 % 124 lattice this corresponds to 4 216 clement projection

axis in this case,

3.8 Filtered back-projection reconstruction

The {illered back-projection method described in Seetion 2.1.4 is used to perform tomographic
recunstruction. In cssence, it recuuires that the x-ray projections are filtered with H{w) = afw|in
the frequency domain where v 3 some constant. The filtered projections are then cumulatively

projected back onto a pixel grid. The results of this operation 1= provided below,

3.8.1 HResults

Figures 3.18 and 3.20 to 3.22 show a few (ypical full angle tomographic reconstruction shices
of the object using 182 scans at an angular spacing of A8 = 1°, The head or limbs are the
maost likely parts ol the anatomny to be imaged tomographically s clinical situation with the
Lodox system, hecause they are relatively easy to keep still for the long periods of time it will
take to performn the scans., Acquiring 182 scans of 2 human head cannot be done faster than 12

roinutes il the machine were fully automated for this purpose {manually it took 4 hours).

In contrast to most tomography machines, a scan has to be completed before the x-ray source
1s rofated. This makes the Lodox system a lol more susceptable o motion-blur problems due
to, for example, breathing, The benefit, howesoer, is that the Lodox systein offers very high
resolution lmaging in the scanning divection. Hor these reasons, perhaps the most suitable

application for this study s furensic oaging,

It 1y possible o develop single sfice Lomographic capabilities into the Lodox system which could
offer very high contrast resolution, This requires o special miode where the C-arm rotates while

data is acquired. However, this topic falls outside the scope of this thesis,

Figure 3,19 shows an iotensity profils through Tleure 3.18 which is an enlargement of the slice
at acanning index 4, = 225 using 1024 x 1024 0.22mm pizels, An intensity profile of the
cquivalent low resolution 128 = 128 1.8mm pixel reconstruction in Figure 4.1(c} is also provided

in Figure 3.19.
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Figure 3.1% Intensity profiles through 1285128 and 1024% 1024 filtered hack-prajection recon-
structions at © = —44.38mm, i, = 226,

The hght streak runmng horzoulally belween brighld bone sections in the lower part of the
lafi. hand side eye i3 an example of a feam fardening erfefect {Beutel ef al, 2000). This
happens beeause projection dats originate from polychromstic instesd of monoehromatic x-
raya atd i3 Lherelore not an exact measyre of the linear absorptiom coefliclent of fissue (Kak
and Slancy, 1988}, Figure 3.19 indicates this by Region A as an intensity profile in Ilounsfield
units [HU| (see Figure 4.12(b} for inlerpreting Hounslield units).

Noize levels and other fluctuations in the reconstruetion of the same homogenous tissue are
indicated by Region B, For the 1024 x 1024 reeconstruction, the peak to poak profile variation
is nearly 250 ITU, For the 128 = 128 reconstruciion in Figure 4.1(c), Lhis variation 18 reduced {o
about 100 ITT.

Region O iltustrales the partial wolume effect. At a low spatial resolution, it is not possible to
reprosent detailod struetures accuradely. The presence of tissue iz indicaled inconclusively using
1.8Bmm pixels. Although increasing the slice thickness {(not shown) by binning in the scanning
direciion rediuces noise In reconsiructions, il does nol alienuate the arfefacts and it worsens

the partial volume offect,

The ripptes of fine lighl and dark streaks seen throughout Figure 3.18 are aliasing arfefacts due
to the relatively small nurober of angles at which seans were taken. Region D in Figure 3,19
shows that the variations can be up to 500 HU peak to peals. These ripples are not visible in
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the 128 x 128 reconstruction where the angular resolution is more comparable Lo the display

resolution.

Near the bottom of the image, the lower edge of the skull appears to extend a light streak over
the scalp tissue to itz left. Also notice the glight increase in irdensity for both resolutions of over
100 HU below the head which is labeled Region E in Figure 3.19. This happens because the
total angular range over which x-rays in the 180° dataset were detected, is less than 180° for
points in that region of space. For fan beam tomography, the angular range at which projections
must be taken ig 180° plns the fan angle to ensure that 180° data exist for all points in the
image space. Therefore, the dataset iz technically not complete and no reconstructions in this

thesis are quite full angle.

Figure 3.20 shows an enlargement of a slice at 4; = 450 using (.22mm pixels while Figure 3.21
displays only the central 40mmx40mmn detail region of this slice using 1024 x 1024 pixels. This
image pushes the limits of the dataset resolution, as well as the accuracy to which the geometry

of each scan is known.

382 Terformance

Reconstruction speed is fairly slow when no compromize is made on Lhe aceyracy of the pixel
projection process. Whilat determining all infersecting areas of beams and pixels on the fly,
back-projection takes approximately 4.8 us per scan per pixel on a 1.8GHz Peniium 4 processor.
In other words, the 6 512512 slices nsing 182 scans shown in Figure 3.22 took about 23 minutes
o commparie.

For low resolution cross-sections, the contributions that projected pixels make to the projections
can he precomputed and slored in a lookup table. In this way a very large improvement in
speed for 128x128 imnages 1s possible. A 128 % 128 » 128 cube takes 2 minutes and 30 seconds

to reconstruck at 1.17s per slice.

{(Coric et al., 2002) reports a speedup for the back-projection process of up to 20 imes using
dedicated hardware and fixed point arithrmetic. Hardware acceleration may be essential to the
future commercialization of tomopraphic functionality for Lodox. However, for the developinent

of new limited angle tomography {echniques, no comprotnise on accuracy is tolerated.



3.9 Summary

In this chapter many real world problems with the system and dataset were investigated and
overcome. [t was shown that accurate reconstrirctions are possible and therefore the dataset
and the system are well characterized. The encapsulation of this reconstruction ability is a

funidamental building block for the rest of this thesis,

The results have shown that although a high spatial resolution iz obtainable, relatively poor
contrast {or density resclution) is achieved due to the poor angular resolution and artefacts.
The next chapter mvestigates how to obtain better reconstructions from a limited number of

projections in the presence of noise and inconsistéencies in the data.
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Figure 3.20 Filtered back-projection reconstruction slice at ¢, = 450,
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CHAPTIR 4

Optimizing reconstruction

Given a complete set of ideal projections, the filtered back-projection algorithm theoretically
romverts the projection data to an exactly couivalont cross-section with o need for iteration. If
data is sparse, subject fo measiwement errors and beam hardening, thiz algorithm will however
rab necessarily reconstruet a cross-scetion such that the projections of that cross-section cqual
the projection data bost in terms of mean squame crrer, For example, moan exbreme case
where only & single projection s known, an unfileved Lack-projection will ¢learly result in
g recopatrgelion that is wore consistent with fhe data than a fleered bacl-projection. This
chapter investigates the best way to porform reconstiuetious from limiced datasets so that thoey

are most consistent with measired projection data.

The criterton of oplimalily used lor Lhe better part of this chapter s the mean square crror,
7% = v ol the reconstruction projections with respect to the measured projection data, In
this thesis, #3: 15 the root mean square data projection error of projections apaced at Af = 5%
intervals over a 1807 range.  Similarly. o= is the root mean square data projection error of
projectiong spaced at Af = 1° intorvals over a 1807 range. Note importantly that o)., which s
gquioted In many Agures, represents a guantitative measure of comparison for o reconstruction
oy the ground truth, This paramcter 1s particularly usetul for assessing spacse and limited angle

reconstructions throughont Bhis thesis.

In the following section it is demoustrated that the Altered back-projection method should Le
modificd when data is sparse to minimize differences of the reeoustruction projections with the
projection data. These findings are then extended to iterative reconstruction methods, The
final sections of this chapter discuss that reconstretions should be regularized to Lest provide

for nnmeasured data. Bayesian reconstructions are included.



{a] Bamp filler, Af = §° (b)) Oprimal filrer, A8 = 37, ie] Oprimal filter, A% = 17,

1

a5e = 48%, 72 = 459 mga = Alld, 7= = 33 s = 2, e = 205,

Figure 4.1 Single step reconstructions {§; = 225).

4.1 Maximum likelihood reconstruction

As disvussed in Section 2.3, the maximum likelihood reconstruetion is the reconstriction that
fits the available projection daty boest o torms of mwean square error, The class of reconstruction
techniges advocaled below diflers from mose standad melhods in ihal a search is generally
performend it subaparce of search directions {Skilling and Tirvan, 1884) mstead of a single scarch

direction at cach stage that the reconstruetion is updated from f70 1o fitl),

[l is constructive Lo poinl oul Lhal direct seeersion reconstruction methods o Seetion 4.1.1
cmploy o sclf-contuined ferattve optimization procedure which is used fo defermines controlling
liller parameler values. These are regarded as single step methods beeause they closely resemble

a single step of classical gradient based search methods (see Section 2.3.2).

Tlerative methods in Scetion 4.1.2 simply itorafes divecd inversion steps which anlomatically

recaleilates the projection diflerences and ((ler paramoeters due to its new starting position.

4.1.1 Direct inversion in a single step

Figure 4.1 shows direct inversion reconstruactions where projection cata is known efther al
Ad =57 or 17 intervals as lndicaled. At a display resolution of 128 = 128 pixels, the projection
cata for Lhe 17 case is considered to he compiete while in the 57 case it is considered o he

spoarse. The poor angular resolution results in aliasing artefacks which ave clearly visible i
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Figure 4.2 Optimal filters for direct inversion of 128 » 128 reconstructions.

Figures 4.1(a) and {b). Figures 4.1(a) and {c) appear to have visually pleasing sharp edges
while Figure 4.1{b} appears slightly blurred.

For the reconstruction in Figure 4.1{a) the familiar ramp filter, Hy{w) = h; - |w|, was used on
the projections prior to back-projecting, while for Figurces 4.1{b} and {c¢) an optimal blurring

componoent 18 included in the filter of the form:
Hyw) = (Ro + by - Julpe™ 50, (41)

Parameter values hg, hy and fis define the shape of the filter and are chosen optimally for each
reconatruction individually, These valucs are found by minimizing the o° {eguivalent to the
familiar ) error between the available data and the corresponding projections of the resulfant

recongtriction using the Nelder Mead simplex minimization algorithm (Press ef of., 1999}

As expected, the theoretically cottect ramp filter with no blurting component (fz = 0) was
found to be the most optimal filter choice for the case of a complete datasct with 1° data
gpacing intervals given a blank image as the starting point. For interest's sake, Figure 4.2
shows the optimal filter shapes for a fow different angular spacings in projection data. The
actual values used are caleulated internally in an antomatic way, as described above, and vary

depending on the gtarting point, and also vary slightly for different slices.

The reason why a blarring component is induded is to reduce the sharpness of the angular
aliasing artefacts, which in turn improves the projection error as shown in Figure 4.3(a). In
other words, although the teconstruction appears more blwered in Figute 4.1{b), its projections

fit the data projections hetter in mean square error than in Figure 4.1{a).
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Figure 4.3 I'rojection data errors at # =0° for single step reconatructions in Figure 4.1,

Frgure 4.3(b) llustrales crudely by means of histograms that the statistical nature of the data
fit error 13 asymmettical and non-Gaussian, Thia is doe Lo inconsistencies in the dalasel as

diseussed i Section 3.4,

[Mrect inversion medhoda are well suited for hizh resolution reconstructions when a large amount
of data is available. For low resolution images it is feasible to use more computatiomally ex-
pensive algorithms in exchange for betler reconstruelion qualily. The rest of this chapter

mvesligates more elaborate iterative techniques,

4.1.2 Tterative reconstruction methods

A mnuch better data fit ean be achicved by iterakive methocls, The aim of cheae melhods s to

minimize the a2 error that the projections of the reconstruction make with the projection data.

The simplest algebiraie reconstruction method (Kak and $laney, 1988} repeaiedly projects hack
som fixed fractiom of the difference between the projections of the ourromt reconstruction f{'”;'

and the data (Le. the residuals) onto Fi™ to produee a new reconatruckion firelLl,

Srme improvement 18 poaaible if Lhis fraction s Jeternined by minimizing the resultant o2 crror
of fI"F1 at each step s in Seetion 2.3.2. Evident from the curve for Hglw) in Figure 4.4(a),

this alternative strateey still has a poor rate of convergence.
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(o) Steppest descent iethods, (k) Bethods nsing previons search directions.

Fignre 4.4 Convergence curves for iterative reeconstruction methods with A = 5%

Instead of updating the reconstruction in a single direction at each step, the more effective

iterative methods diseussed below consider muliple directions.

4.1.2.1 Steepest descent

Steepest desecnt algorithims simply iterate direet inversion steps exsctly as in Section 4.1.1.
The result of one iteration is used as the starting point for the nex| iteration. At each iteration
step, filter parameters (hg, Ay, and ha) are recalenlated by the Nelder Mead algerithin so that
the o2 errar decreases maximally, In other words, these values are awlormalicelly delermined
and are not constant from one iteration to the next. They are somewhat data-dependent and

tend to change dramatically during ihe first fow iterations but still keep changing throngheut
the reconstruction proecss.

As showrn in Figure 4.4{a), the rate of convergenes ean be improved by filfering the projection
differcnce: the elassical sleepest gradient as in Section 2.3.2, using Hy(w) = by, converges slowly
Ll sleadily while the theorctical filtered back-projection choles, IT (w) = k) - |w|. converges

el fastor initially bué comes to a standscill later on.

The best of both worlds is achieved by adding an olfset parameter to the filter, so that Ha(w) =
h..:] + 4 e ||'..|.J .
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A further yet insigpificant development, evident in the first few iterations only, is possible by
hlurring the projections as in Equation 4.1. The added eomputation required to determine the

blurring parameter does ot justify the use of filter Ha{w).

4.1.2.2  Clonjugate gradients

The conjugate gradient method, as described in Section 2.3.2, is the standard modification
to the classical steepest descent alporithm (using Hy{w) = fy) aimed at solving quadratic or
nearly quadratic optimization problems in the fewest mumber of terationg possible, In this
method, a new search direction is chasen that is conjugate to all previous search directions., A
one-dimensional line search operation is perforined in thig comjugate scarch direetion at cach
step. The conjugate gradient method has been implemented for comparizon to the algorithm
discnssed next.

4.1.2.3  Tlsing comnponenks of previous scarch directions

Previons search directions can easily be stored in a buffer. Instead of searching within the filter
parameter {fy through fs) subspace alone for the next iterate, the subspace can be augmented
by fractions of previous search directions to be added to the current search direetion {in the
projection domain}. Figure 4.4{b) shows mimerically as a function of iteration number that the
performance of the conjugate gradient method is almost indistinguishable from the case where
the next iterate is scarched for mm the twe directional subspace defined by Ay and a fraction of

the previons search direction,

The figure also shows that the RMS data fit error is sigmificantly less during the first 20 iterations
when searching in the three-directional subspace defined (in filker form Hs) by kg, bt and a
fraction of the previous search direction. Only a mimsenle fyrther improvement is achieved
using additional older search direetions, possibly because the data fit optimization problem is
inherently quadratic only.

Tt was found (not shown to avoid clutiering) that using the filter form Hi with previons search

dircetions does not have a noteworthy advantage over filter form Ho under the same conditions,
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Figure 4.5 lsosurface views of reconstructed volime nsing the complate dataset.

4.1.8 Iterative volume reconstruction

Eiflicienl wlume reconsirnetions can also be achieved using the techniques described above. At
cach iteration, the parameters defining the back-projection filler and Lhe feaclion of the previous
search direetion to be added, arve optimized for a single slice of the volume only. The slice with
Lhe greates| data it error is selected at each iteration for such optimization, All the other slices
make usc of the same parameter settings. This technique offers stability, rapid convergenee as
well as minimal computation, Figure 4.5 shows twor isosurface views of 4 128 x 128 2 128 volume

reconatruciion of the complete datase,

4.2 Implications of having sparse data

Very good maximum likelihood reconstructions are possible when data is complete. Redundancy
in the dala alleviales noise, artefacts and other errors in the dataset when the o2 error is

mmirpized, OF more praclical mierest, however, 18 Lhe siluation where dala 15 sparse.

This section explores what happens during the reconstruction process when the angular reso-

lution [A#) of available data 15 poor.
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(a) Checkered start. Af = 37, i) Blank stan, Af = &%, [c) Checkered sturt, AF = 17
a5e = TS, e = 288, Fre = 705 o = 144, mse = T2.d43, mys = 6TV,

Figure 4.6 Itcrated reconstructions (i, = 225).

4.2.1  Awmbiguity and the influence of the starting point

Figure 4.6 shows iterated reconstruciions using the algorithm described in Section 4.1.2.3, The
prajections of the reconstmetions in Figures 4.6{a) and (b} are both fitted to the same projection
data with an BRMS errar of az= = 7005 equally, yot the reconstructions appear guite different.
This illustrates the ambignity that exisig in 1he space domain due to the incompleteness of
dala lor Af = 5% intervals. A nmch better and definitive reconstraction can be achieved when
sufficient data iz available. For the reconstruction using Af — 1° data intervals, the starting

point was found to be irrelesvant,

At this stage iterated reconstruchion methods do nel seem Lo provide mneh visnal improvement
et Jirect recongtmetlion methods, despite the immense numerieal improvements evident in

the: data fit,

4.2.2 Inconsistencies and overfitting

The BRMS 5° {75+ ) data errors achieved by the reconsiruetions in Fignre 4.6 (a), (b} and (¢) after
100k 8% and 100 iterations, are 70086, 700495 and 72,43 respectively, All oz RBG errors are
caleulated nsing the same projection seometry at Af = 37 intervals, even for reconstructions
where projection data was asuilable for A8 = 1%, {The RMS error with respect to the entire
datasel at 17 inlervals is expressed by &2). These BMS values reHlect that a better data fit

can be achieved Lo sparser data in the presence of noise and inconsistencies. Accordingly,
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Figure 4.7 Projection dala errors for ilerated reconsiniclions,

Figure 41.7{a) shows a better crvor Ioe the Af = 57 reconsienclions than for Af = 17 al the
f = 0% projection. However, a very poor fit at the 8 = 1° projection is observed for the
Af = 5* reconstructions because no dats was availabde at that angle, The good (M al § <= (F

and corresponding poor (L al # = 17 13 an example of overfilting when data 1s sparsc,

Notice that Lhe non-Gaussian nature of the projection errors persists even for the iterated

reconstructions. Some method of congtraining the recomstrction furiher seems to be necessary

to provent overfitting as well as o overcomne the ambiguity.,

4.2.3 Positivity constraint

The main benefit of iterative methods s thal additional prior knowledge can he incorparated
into Lthe reconstruciion. Lo parcticudar, the knowledge that all densities in Lhe reconstoiciion
mmst be non-negative was found Lo be very wseful and can be implemented simply by clipping

inhensilies,

Motier how this added knowledge suppresses fhie checker hoard pattern in Figure 4.8(4) core
pared fo Fisure 4.6(a). A lot ol the ambiguily 2 resolvecd, bul ned all of i, The edge sharpness

and eontrast in Fignre 4.8(h] also seems much better than in Figure 4.6(h).
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i) Checkered slarl, A% = 3", ib) Blans stact, Af — 37, fe) DBlank start, A# — 17,
tre — TT.96, &» = [36. aer = 7196, mpa = 11, moa == SL0G, a9 — TH.34,

Figore 4.8 Reconstructions using posttivily corwstraind alier 100 iterations [, = 225,

Figure 1.12{a), a few pages further, shows an iterated reconstruction which is lerminaled pre-
matirely aller enly 1) ilerations using data at A# = 1° and applying the positivity con-
straint, Seme small mprovement 15 netieed comparid to the uneconsbrained reconstrielion in

Figure 4.6(c) al Lhis low resolition

If iteration is continued to 100 times, ax In Figure 4.8(c). the roconstruclion appears slizhily
rcre WSy again or overfitted. Thia noise 1s not anly due to the data, Negative neise (or artefacts
or Inconsistencies in the data) that sugpests pegative densities in Lhe space domain cannol be
represended nder Lhe positivily constraint.  Therefore this noise is transferred to regions of
positive density, Another reason for this noisy appearance of the owver-tterated meconstruetion.
which will be addressed i more delall laler. 8 that no dala can be represented exactly on a

liited resclution pixel grid even it there were no neise, artefacts or Inconsisteneies.

The projection ervors in Figure 4.9 show Lhe same overlliting oconrring when Lhe dala is sparse
us seen before in Figure 4.7, Observe though that the positivity constraint resualts inoa mach

beller dala i for Lhe A = 5% reconglraclion al £ -= 17,

For interest’s sake, compare the high resolution terated reconstructions in Figure 4,10 to the
[ilkered back-projection reconstructions m Figare 3.22 and notice how Lhe arlefacts are reduced.
Figure 4.11 shows sagittal and coronal views tor pesitively iterated roconstructions that will be

referred fo again later in Chapler 6.
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Figure 4.9 Projection data errors for iterated reconstructions with positivity constraint,

[ eomelusion of this section, it i5 not ideal to achieve a maxmmnm likelibood reconstruction
il there are mconsistencies, noise or a lack of data. In fact, there appears o be no sense in
achieving a better data fit than oge = 81.83 (of the best 128 x 128 fuil data reconstruction in

Figure 4.12(a)}, otherwise the data wiil he overfitted one way or another.

Therelore, the hest reconstruetions according to the ground truth (with minhnim a2} are
biased somewhat away from the reconstruction with minimmm mean square error og=. Although
the positivity constraint performs such bias very successfuily, it does not seern to be constrictive

cooiigh when data s boo sparse.

4.3 The properties of medical tomographic images

[t 8 essential (o explore the properties of reconstroctions extensively so that an mtelligent
choice ean be made as to how the reconstruetions should be Taaged. The aim of this secfion 1s to

determine the nature of the prior knowledge that can be nsed to regnlarize the reconstructions,
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Figure 4.11 A selection of sagittal (left) and eovonal (right} views at 256 x 2506 = 250




Deseription Value [HU]
Air -1000)
Fat. -4 ko 100
Fluid 0 to 20
moft tissue 20 to 100
White mattet 20 to 35
Grey matter 30 to 40
Acute intracranial hemotrhage | 55 to 75
Bone 1006
(a) Af = 17, gge = H1A3 th] Table of Howaslield waits.

e = FR13.

Figure 4.12 Full angle teconstiuction {2, = 225) and attenuation levels in Hounsfield units,

4.3.1 Hounsficld units

The level of attonuation in a tomographic reconstruction is expressed in Hounsfield nnita. Scal-
ing is dome linearly so that air has a value of - L000HT and water OHU, A more comnprehensive
list of typical values found in such medicsl imagea is given in Figure 4.12(h) {Grossman and
Yousem, 1994). Tissue attermation values may vary slightly for different tomosraphic systoms

depending on the x-tay spectra being used {Beutel ef af , 2000),

From this table it iz evident that discrimination amongst different types of soft tissue and
Huirls oconrs within a very small percentage of the fotal range of densities, This means that
tomographic reconstrictions must have very good contrast properties to permit ohservation of
differemnt classes of tissue. Better contrast can be achicved by improving the angular resolution

because the signal to noise ratio in the image Improves whenever more observations are swailable.

Tt is believed that preservation chemicals (Formalin) have unfortunately affected the soft tissue
attenuation properties of the mman head used in this project in such a way that it becomes very
difficult to identily any regions in reconstructions other than the three dominant attemation

classes — namely air, tisane and hone.
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Figure 4.13 Intensity profiles through 128% 128 fillered back-projectiom and positively con-
strained iterated reconstructions at o —44 . 38mm, ¢, = 220,

4.3.2 Noise and artefacts in Lodox CT irmages

Figure 4,13 comparces intensity prodiles of positively consizained erated reconstructions de-
setibed in Scction 4.2.% (o a prolile of a [illered back-projection reconstruction, In Rogion
A Qi is evident that the iterated recoustructions are more noigy. Region 13 indicales where
the Aff = 5% reconstruclion exhibild poorer conlrast than the A8 = 17 reconstruction. The
positively conslrained reconsirietions have sharper edaes than the ilkered back-projection me-
construction as scen in Region €. The lack of dala causes an aglefact in Region 1) for the
Al = 57 reconustruction. Much more aceuracy i rhe allenuation levels is observed in the ier-
akerl recons|ructions in Regions B and F than o the filtered back-projection reconstruction. In
Region E this is believed Lo be due Lo inconsistencies and beam hardening while in Region F it

i5 due to the slight restriction on the angdar range of the datased.

From these inlengity profiles 1. appears that the iteraked reconstructions should be coustrained
to be spatially smoother. It alzo seemns that grealer aceuracy in Lhe average inlensily levels

throwghoul the reconstruction is achieved through iteration.
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Figure 4.14 Histograms for iterated 128 = 128 « 125 volumetric reconstructions with positivity
constraing.

4.3.3 Dominant attenuation classes

Tigure 4.14(a) shows histograms of two wlumetric reconstruciions vaing different amounts of
data. In both cases there appear 4o be proncunced peaks around -1000, O and 1000 HT,
Whew more dats is available, at A0 17 intervals, 1he peaks seem 10 be narrower and more

coneentraed around these three attenuadion levels,

A Juint histopram for cthe Af = 1% recoustruction s displayed in Pigure 4140} as a conlour
ot The nombier of cccyrretees 12 plotted as a Minetion of bowh Intensity and Ioeal edpe

magnitucle, The nexe chapter describes the process used to csuimate this edge magnitude,

The juint histogram shows that three clusters oceur at -1000, [ and to o lessor coctent ag LOO0
I with low lecal edge maguitude waluces. This meaus, 8 seen inomitively o the reconstruetion
images themselves, Lhat thers are regions having nearly (lat spatial altenuation at the thres
domipanl Ievels, These rogions form elusiors o the space dommain aud are separated by edpes

having high local cdpe magnitudes with a greater range of attemation values,
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Figure 4.15 Transformation ficlds for 125 x 123 » 128 reconstructions.

4.3.4  Transformoation Ocelds

A novel way of comparing reconstructions is by cxamining their joint trapsformation field
(defined later in Scetion 5.3). Two examples are provided in Fignre 4.15, These fields show how
the intensities and local edge magnitudes differ between two reconstructions. An arrow is used to
represent the mean change in both mtensity and local edge magnitude for all voxels of similar
intensity and edge magnitude from the poorer reconstruction to the betfer reconstruction,
Although the arrow dimensions are given by the axes shown, they are scaled to awnid clutter in
this figure.

Figure 4.15(a) compares a filtered back-projection reconstruction to an iterative reconstruction
where the positivity constraint was applied. As shown, the most significant bjas that the
positivity constraint seemns to lmpose on the reconstruetion oceurs at low attennation between
regicns near shavp edges and also within regions of high attennation. This is therefore where

the greatest visual improvement in the reconstruction is expected to be fonnd.

Figure 4.15{b} compares a sparse angle reconstruction to a full angle reconstruction. Notice
the eoncentration of intensities towards the -1000, 0 and 1000 HU attenuation levels for low
local edge magnitude values in both ficlds showy in Figure 4.15. Generalising, the application
of any additional prior (a), or data (b}, knowledge scems to result in regions being piccewise

smoother around the three dominant attennation levels.

71



The siguilicant bias towards central attenuation values observed at high edge magpitudes in
Figire 4.15(h) for high atteruation ancd to o lessor degree for low attenuation too, is attributed to
the reduction o noise and less averlitting when more data is available. This is interpreted as the
sropothing of sharp nolzy edges. Transformation fields and ther application to reconstructions

are: diseussed further i the next chaptor.

4.4 Regularization by Bayesian methods

Bayesian moethorls provide a widely used framework for sugroenting data wich prior knowledge
to achieve aptimal o posferiory estimoates. This section describes an baplementation of the

theory n Section 2.5, See also (Li, 1995) for more detalls on Markov random field modoling,

Throughout the folowing discussion, the e data fit error s comsilerad 40 be a gquantitative
measure aof the elfectiveness of any regularization method applied during a reconstruction. The
data af A8 = 17 inerements, which is not svailable during the reeosstruetion, s used lor
evaluation purposes ondy and can therefore be named fest detn As disoussed before, comparing
respective projections of a reconstruction to this fest data yields e, The o5 data fit error is

simply the square Toot of the familiar ¥* (= o2 data error of the reconstruction.

4.4.1 Summary of prior knowledge

I'he nature of the price knowledge is twofoald, Firstly, togions are expocted to be soath, yet
soparated by discoptiuuitios, This nplics that mminor luctuations i adjacent pixel Infensitics
shauld he attenuated while abrupt cdiscontinmitics should he permitted. Secondly, intensities
should be biased closer ta the damivaot intensity levels. Oritically speaking, mtensitics closer
to a dominant lovel shondrl be biased more towards that Tevel than intensities that are further

away from that level {which conld perhaps be eloser to another dominant level),

4.4.2 Adaptive potential functions and clique potentials

A suitable form of adaptive pofential funetion g-(n) for cxpressing the first part of the prior

knowledge above, as in Bguation 2,55, is

gl = — with gl (5] — Er;g:‘f_{ ) o2 {1.2)

1+ 2



whete n is the intensity gradient, or rather intensity difference n = f; — fir, of a pair cliqgue
m a second order neighbourhood system {8 neighbours per site). "'he parmneter « controls
the permissible 17 odge magnitude. This form of adaptive potential fuuction is prefered over 2
Gaussian-based oue for its computational advantage. For an isolated cross-section, the discon-

tinwuily ndaptive clique potential is

k]
Voastrealf) = 3 avin)y 1= fi— fo. (4.3)

ti=1

The second part of the prior knowledge con be exprossed iu a similar way by redefining Lhe
variable i to an mtensity level crror as munr - fi — f where . is one of the throe dominant
intensity levels, so that

3
Viamr o) = Y or(mame). miswr = fi— £ {1.4)

=]
is the intensity level clique polential. In practice a fourth intensity level at £, = 2000HT is
introduced to betler represent high density booe edges, Note from a coding point of view that
oily the closest inteusity level makes o significanl contribniion Lo the potentinl for a particular

pixel elemenl f;. so summation 8 uot necessary If only the closest level is wdentified and nsed.
A Lhird potential function can be deflped as
Vnarmrr(f) © Vi () + oVoamrralf) (4.3)

which is the weighted combination of the discontinuily edaptive and intensity level (Markov
Random Field) chique potemtials: "The next subsection describes how cach of these polential
functions are used wilhin the Bayesian frumework to produce recoustructions from data pro-

jeetions available al Af =57 intervals only.

4.4.3 Maximizing the posterior
Approximating the noise and ineonsistencics in Lhe data 1o Ganssian statistics, the a posterior
solution occurs at

FHAPY = argy maxIn P(f|p) = arg, min [SU(£) - ] (4:6)

where U(f) = Y Vi(f) is the energy function which sums all possible clique potenlials as
described in Seetion 2.5, Vi(f) s substilnted with Viyawmra(f), ViarralS) aod Voarnei ()
to produce DA-MEF. [MRF and DAI-MRF recopstrinctions respectively.
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This posterior solution is obtained using the conjugate gradient search method starting from a
blank image. A range of solutions were determined by varymg the parameters § and ~ (and

also i In the case of DAT-MRF reconstructions),

Figure 4.16 shows the data fit errors for a number of reconstrictions using the cligne potential
form given by Equatiou 4.3 for different values of 8 and . The oy errors indicate that the
optimal values for 7 and v arc (.3 and 150 respectively. Clearly 5 = 0 will result in the best
5= erTor which is not desired. Note that the ground truth oo 3 % v surface appears somewhat
noigy, implying difficnity in its minimization aud also some sensitivity to the starting point of

reronstruction.

Figure 4.17 shows reconstrictions using optimal parameters for three different forms of clique
potentials. The DA-MRY reconstruction is biased towards piecewise smoothness by Equation
4.3 while the I-MRF reconstruction (with optimally chosen parameters § = 0.9 and = 180) 18
hiased towards dominant intengity levels by Equation 4.5. Lastly, the DAI-MEF reconstruction
{with optimally chosen paramcters & = (L3, 3 = 0.2 and v = 150) sums both potentials and
therehy includes both aspects of the prior knowledge which shows some further improvement
i the reconstrnetion. All these reconstructions appear somewhat unnatural due to the simple

nature of the prior knowledge.

When only Af = 5° data is ayailable, this form of regularization brings the ground truth
e error down to 91 from 101 for posttively constrained reconstructions and from 144 for
unconstrained recomstrictions. Quite obviously, however, it is much worse than for a complete

data set for which o= = 79,

w0l 02 03 04 05 06 Al 01 02 03 04 0.5 06

YOO T9.0 803 ®l.6 82T 841 84 T | 95.7 937 928 932 941 950

110 | 78.9 797 &Y RLT 82§ 839 110 | 96.2 943 927 927 934 041

150 | 786 793 80.1 30.9 819 323 150 | 94.8 928 924 924 928 9346

190 | 78.8 3.2 TO¥ 806 81.2 821 180 | 984 951 930 93.8 035 942

230 | 9.7 V9.3 T4 B0 206 813 230 | 102 969 939 039 038 938
{a) o5e fit errors, {b} o3= fit crrors,

Figure 4.16 Daia i standard deviations lor various DA-MRT reconsiructions showing that
parameters § = (0.3, v = 15{ are optimal.
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(a) DA-MRBRF, oy = B0.13, (b} I-MRF, ose = T73.21, o0 = {¢] DAL-MRF, o5 = 7032,
gz = 9241 8 =03, v = 15k 8348, F =09, v =130, g = M1 @ = 033, 3 =
0.2, v = 160,

Figure 4.17 Regularized reconstructions (Af = 57, 4, = 225).

4.5 Summary

This chapter presented & method that can be used to update a reconstruction so that its pro-
jections fit the data well. The gubgequent problem of overfitting calls for additional constraints

to supplement {and to some extent even eontradiet) the projection data.

Prior knowledge 18 identified by investigating properties of complete dataset reconstructions.
Bayesian methods were used to demonstrate that the application of prior knowledge bias im-

proves reconstructions and compensates for ambiguities that exist when less data is available. i

The next chapter further explores transtormation maps as a method for automatically acquiring

and applying more complex prior knowledge.






CITAPTEIR 5

Transformation maps

In this chapter, transformation maps are presented as an alternative to the Bayesian method for
regularizing reconstructions using prior knowledge. The principle advantage of & transformation
map is that i provides a way of detertmnining mances of the prior knowledge quantitatively from

examples,

A transformation map defines, in a featurc space, how any particular input possibility shonid
he corrected in order to attain a corresponding desired ontput. If carefully constructed, such a
map could translate many different input images to a single regularised outpul image.

The similarity of nenral networks to transformation maps is expressed first. Two examples are
provided before the method is introduced formally. Then the transformation map framework
i applied to sparse {ull angle tomeography reconstruction.

5.1 TIniradnction

Neural networks in the context of soft computing (Jang et al., 1996} are eapable of solving a wide
range of problems. Thesc machine intelligence sirategies are mentioned in this introductory
seetion because transformation maps can perform, by approximation, an identical task even

though they are implemented entirely differently.

Neural network enthusiasts may for this reason beneht from an alternate tool in situations where
transformation maps may be more suitable. Certainly in some cases nenral networks may be
more suitable, The following overview hopes to put transformation maps into perspective and

point cut the defining differences of these methods.
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1.1 XNeural networks

Neural networks are commonly used as a Mack bor tool for classification and function approx-
imnation. There are many types of networks with differing combinations of neurons forming
their internal structures. A neurnn associates a given stimulus with a given response usually

by performing a nomlinear operation, such as thresholding, on the weighted sum of its inputa.

A number of examples, which demonstrate how given inputs are associated with desired onut-
puts, are used during & training phase o regress values for the unspecified weights. Iterative
back-propagation, stochastic search methods, or pseudo-matrix inversion in the case of random
neural networks, are possible ways of determining the neuron input weights. Training a neural
network is a very computationally expensive process for large datasels, and classification {ime

is determined by the complexity of the network’s structure.

If the dimensionality of the input space is large (such as an image for the application of face
recognition) ihe number of dimensions is reduced by extracting feature vectors, The feature

vectors are then fed as input to the neural network.

In esgence, A neyral network performs a mapping from an input space to an output space.
It performs this mapping using a model generally defined by unintelligible weights and the
architecture of neurons.

3.1.2  Transformation maps

A transformation map can be considered to be simply an explicit illustration of the mappings
performed by dmplementation lechnologies such as neyral networks. This implies an exhaustive
representatiom of the mapping of all input possibilities to the desired outputs over the range
of allowable inputs. Stated differently, a neural network is a possible mechanism of realizing a

transformation map.

5.2 Examples

This section introduces the transformation map method by two examples. Firstly a simple
one-dimensional problem is sclved, and then an image is denoised. A secondary goal of this
presentation is to prove that transformation maps hawve the ability to store edge properties,

since this capabilify is exploited in the nex{ chapler.
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Figure 5.1 Application of a transformation map to correct the pulse shapes in a signal.

5.2.1  Signal restoration example

Consider the problem of restoring the shape of an inpud pulse, f{), which may have been
distorted slightly by noise, blurring or edge sharpening. The keftmost pulsc in Figure 5.1(a),
frarged(t) = f(t) for 0 < £ < 1, illnstrates the desired sutput pulsc shape and the pulses f(1) for
1 < ¢ < 2 {(sharpened), 2 < £ < 3 (blurred), 3 < t < 4 {sharpencd with noise) and 4 <& <5

{blurred with noise) are examples of possible mput pulses.

A derived signal, or feature, #; = |f({) * k(t)| is determined which indicates the local mean
edge magnitude. Here *A{F) represents convolution with a Gaussian blurring kernel and the

prime denotes derivative. This signal is shown in Figure 5.1(a).

The ervor difference, fuuge{t) — f(f), between the {appropriately time-shifted) ideal pulse shape
and the input signal is calculated for cach value of £ and is plotted in Figure 5.1{b) on a planc
invariant to £ as follows: for each value of ¢ at H; = |F/{£)* h(t)| aud Ha = f{t).a +, —or
o 18 plotted depending on whether the input signal should be increased, decreased or remain
unchatiged respectively at that valuc of ¢ to recover fiarged(?) from f({2).

The plane, or map, ¢an be populated by generating many more cxamples varying the amount
of sharpening, blurring and noise levels, This yields the underlying intensity surface shown in
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the figure. The average cortection to the input signal is represented by a pixel intensity in this

transformation map which js independent of £.

Figure 5.1(a) also shows the result fuu(!) of restoring the input signal f(t). The correction
value is simply read off the map indexed by (4. 7) = {(H1,H2) and added to f(2).

5.2.2 Image restorali X
2.2 Image restoratlon example

Figure 5.2 presents an example where an input image f{x, ), shown in Fignre 5.2{b}, is dencised
while preserving edges nsing the transforination map method. The input image is obtained by
adding normally distributed nose with a standard deviation of o = 13 intensity units {out of 256
intensity levels) to the original image fiaeed®, 4, shown in Figure 5.2(a). After denocising, the
standard deviation of the difference between the output image fou e, ¥}, shown m Figure 5.2(c).

and the original ia v = 8.6 intensity units.

Figure 5.2(a) is actually cropped from Figure 1.2, Other regions, which exclude the eropped
regions in Figure 5.2, are used in generating the transformation map which is shown in Fig-
ure 5.3, However, results did not change significantly when the entire image (Figure 1.2) was

used to generate the transformation map.

The first transformation map dimension or feature, illustrated in Figure 5.2{d), is the local
edge magnitude given by H; = |f'(z,y) # k=, y)| where +h{z,y) represents convolution by a
Gaussian bivariate blurring kernel (with a standard deviation of 0.5, discussed later within this

subsection) and f'(z.y) is the intensity gradient at (i, y).

These calculations are performed by multiplication with the appropriate filters in the frequency
domain as discussed in the next section (see also lines 51-T1 of the Matlab code in Figure 5.4).
Choosing local edge magnitnde as a dimension makes sense becanse regions near edges are
expected to be treated differently from regions with a low intensity gradient magnitude.

As a second dimension Ha = f(z,4) — f{z,%) * ho(x, v), illustrated in Figure 5.2(f), is chosen
where shy (%, ¥) indicates convolution with another Gaussian bivariate blurming kernel {with a
standard deviation of 1.5). For a given edge-free region, this measure closely resembles the
explicit noise which ig to be subtracted out of the degraded image f(z,y). Hence a near-
linear increase in intensity is observed in Figure 5.3 for low |f'{x, 4) = A, 3)| (bottom) as
flz,w)— flx, 4) # ha(z, y) ncreases aronnd zero (middle) from left to right.
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[a] Original frugale,y), e =10 {b} Input e, 4w =150 (e} Output foulz, y), o =886

{d) [f'{x,0) e iz, pll e} flxz.yl» haiz, p) ([) fir,wi— Flz yh=halx, y)

Figure 5.2 Denoising example.
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Fignre 5.3 Tranzformation map for denoising.

The intensity of a pixel at cell {4, j) = {# |, H2) in Figure 5.3 i3 the average intensity correction,
{frarget (T, 1) — flz, )}, of several occurrences of pixels in many different noiay images compared
to the original or target npapge all corresponding to the same value for {6 7). (Indices are
qnantized in this implementation.) Each cell {7, 7] not only has an associated mean but also a
varianee due to conflict in intensity correction values fiaee {2, 4) — fla, y) for different exainples

corresponding to the same cell in the feature space Hq = Fo.

The Gaussian blurring kerpel standard deviations used m A, y} and hs{2,y) for this example
are chosen experimentally to produce a subjectively good-locking reanlt with a o = 8.6 fit to
the ground truth fiaoe (2, %), However, if values are chosen systematically as described in a
later gection of thiz chapter, so that the collective variance of the conflicling examples in the
map is minimized, then a restoration result with o = 6.9 can be achieved. Althomgh the vesult
iz numerically superior. il 18 nol necessanly better subjectively, Nevertheless, this techmique

provides reasonable guidance in choosing values for unspecified parameters.

For interest’s sake, on the same restoration problem a 3 x 3 median filter produces an image with
a somewhal ‘blotchy’ appearance even thoupgh 113 standard devialion 13 ¢ = 7.8 with mespect
t0 fiarget (T, 4). Also, by simple Ganssian blurring, a result with ¢ = 7.2 can be achieved by

choosing an optimal kernel size (that minimizes ).
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00 randn('state’,0);

01 img=double(imread(lodoxmachine.bmp’ ‘bmp’)};

02 img512=img(1:512,1:512);

03 sz=64,

04 tx=zeros(sz,sz);bv=bohuin=tx;

05 dbifact=0.5;

06 bblfact=1.5;

07 dscale=max({max(abs(GetDerivative(img512,dbifact})})*1.2;
08 bscale=max(max(abs(GetBlur(img512,bbifact)))y*1.2;
08 for nnoise=1:100

10 noisimg=img§12+15*randn(512,512);

11 dimg=abs(GetDerivative(noisimg,dbifact))/dscale;
12  bimg=GeiBlur(noisimg, bblfact);

13  beimg={(noisimg-bimg))/bscale+0.5;

14  elmg=noisimg-img512;

1§ foriy=1:512

16 for ix=1:256

17 id=floor(dimg(iy,ix)*(sz-1)+1;

18 ib=floor(beimg(iy.ix)*(sz-1))+1;

19 if (id»>=188id<=sz&&ib>=1&&ibe=5z}
20 ox(id,ib)=b(id,ib}+eimg(iy,ix);

21 fv(id, ib)=tev(id, ib)+eimg(iy.ix).*2;
22 txn(id,ib)=txn(id,ib}+1;

23 and

24 end

25 end

26 end

27 forid="1:sz

28 forib=1:sz

29 if(txn(id,ib)>0}

30 te(id, ib)=tx(id,ib}xn(id,ib);

31 bev(id,ib)=txv(id ibYbm(id,ib);

32 and

33 end

34 end

35 noisimg=img512+15*randn(512,512);

36 dimg=abs(GstDerivative(noisimg,dbifact)y/dscale;
37 bimg=GetBlur(noisimg,bbifact);

38 belmg=({{noisimg-bimg)ybscale+.5,

39 nimg=noisimg;

40 for iy=1:512

41  for ix=1:512

42 id=floor(dimg(iy.x)*(sz-1))+1;

43 ib=fioor{baimg(iy,ix)*(sz-1))+1;

44 if (id>=18&8id<=5z88ib>=184ib<=52)

45 nimg(iy,x)=noisimg(ly,ix) -x(id,ib);

48 and

47 end

48 end

49 std{reshape(noisimg-4img512,512"512,1))

50 std{reshape(nimgimg512,512*512,1))

51 std(reshape(medfit2(noisimg,[3 3]Hmg512,512*512,1))
52 sqri(mean{mean{bov-ix.*tx}})

Geimlalize random nUMber generaior
%load image

Y%crop image

%transformation map size

Yeinitialize transformation map

%hyper parameter 1

%hyper parameter 2

%fixed scale for first feature dimension
Y%fixed scale for second feature dimension
Y%generate transformation map
%creates noisy source image example
%get first feature dimension

%get blurred image

%determine second feature dimension
%determine error image

%uses only left hand side of image

%index first feature dimension

%index second feature dimension

Y%populate transformation map, variance and counter

%normalize transformation map

%generate example to denolse
%get first feature dimension
%get blurred image

%get second feature dimension

%denoise image using transformation map

%display RMS error of noisy image

%display RMS error of transformation map
%display RMS error of median filter resuit
%display transformation map standard deviation

53 function nim=GetLenvative(img,var)
54 nx=size(img,1);

585 m2=nx/2;

56 r2=zeros{nx,nx);

57 ang=r2;

58 for x=11nx2

59 fory=1:m2

60 r2xy)=((x-1).22+{y-1)42);

81 r2(nx=x+1,ne-y+1)=(x.A2+y.A2);
62  r2(x,mey+1)=((x-1).224y.42);

83 r2(nx-x+1,y)=(0.A24(y-1).42);
64  ang(x.,y)=atan2(y-1,x-1};

85  ang(r-x+1,nx-y+1)=atan2{-y,x);
66  ang(x.m-y+1)=atan2(-y,x-1);

87  ang(nx-x+1y)=atan2(y-1,-x);

68 end

69 end

70 derfiit=sqrt(r2)."exp{j.”ang);

71 nim=abs(ff2(M2(img).*derfilt. "exp( -0.5"r2/mx/pl. *(var A2},

72 function nim=Gelbiur(img, vary

73 nu=size(img,1);

74 nx2=nx/2;

75 mask=zeros{rx,nx};

76 for x=1:nx2

77 for y=1:nx2

78 r2(xypE((x-1).42+(y-1)42);

79 r2{nx-x+1,nx-y+1 (A A2y A2);
80  r20x,nxy+1)={(x-1).22+y.42);
81 r2(nx-x+1,y)=(xA2+(y-1)22);
82 end

83 end

84 nim=real(ift2(M2(img)."exp(-0.5*r2/mdpi. (var. 2)))):

Figure 5.4 Matlab code for image denoising example.
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Figure 5.4 provides the Matlab source code for implementing the image restoration problem
described in this subsection. As indicated, the map is populated first using many noisy exam-
ples, then the map is normalized by dividing by the number of examples that occur for every

cell in the map. Finally the map is used to denoise a particular input image.

5.3 Definitions and implementation details

Blurring, indicated with *h(z,y), is performed by multiplication in the two-dimensional fre-

quency domain with the Fourier transform of the Gaussian kernel

_l32+2
2

€ 4 (51)

hiz,y) = =

that has some standard deviation . Derivative action, f'(z,y), on image f(z,y) is calculated

in conjunction with blurring in the Fourier domain (simultaneously) by multiplication with
j-u+j-v) (5.2)

where u and v are the frequency domain variables and j = 4/—1. This is a two-dimensional
equivalent of the familiar differentiation by multiplication with jw in the one-dimensional case,

where w is the frequency variable.

In this thesis, a transformation field, T = 'f'( Jrarget (%), F(x)), is a vector function that is defined
in a feature space H as the average change in respective feature space dimensions H;, Hs, ...,

Hn between all source f = f(x) and target fiarget = frarget(X) example pairs:

7- = ((Hl(ftarget) - Hl(f)) 3 (H2(ftarget) - HZ(f)) 3 0oy (%N(ftarget) - HN(f))) (5~3)

The angled brackets indicate averaging over examples that coincide in the feature space domain.
Input f and target fiarget functions are co-aligned by means of the space (or time) independent
variable x (in the two-dimensional case x = (z,y)). The N-dimensional feature space H =
Hi x Hg % ... x Hn is constructed by functionals Hy = H;(f(x)) through Hx = Hn(f(x))

which serve as the domain of the feature space. This domain is not directly dependent on

Jrarget (X) DOT 0N X.

A transformation map T is a scalar function of all example pairs that exist in the feature space

H(f(x)) which is derived from f(x) but not fiarget(x) and is not dependent on x:

T(fta.rgeta f) = (ftarget (X) - f(x)) (5'4)
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and the map variance is defined as

sznap = <(ftarget(x) - f(x))2> -T2 (5.5)

in the feature space. The fotal map variance afotalmap = 02,p is a scalar quantity which
measures the degree of conflict in example pairs. These definitions will be elaborated on later

in this chapter.

A transformation map is typically implemented using a multidimensional array. In order to
create a transformation map from examples, three of these arrays exist in memory. One is used
to accumulate all the examples fiarges (x) — f(x) at their corresponding array indices in the array.
These indices are calculated from appropriately quantized and scaled feature dimension values
Hi(f(x)) to Hn(f(x)). A second array is used to tally the number of examples accumulated in
each cell of the first array. A third array keeps record of the squared quantity (frarget (x)— f(x))?

for the calculation of the map variance.

The transformation map is determined by elementwise division of the accumulated example
array by the example count array. Note, importantly, that it is possible to populate empty cells

in the transformation map by blurring each of these arrays (identically) prior to this division.

After its creation, the transformation map bias T(f) is additively applied to a source image

f(x) to produce a resultant output image foue(x), i€

fou = f +AT(f) (5.6)

where A = 1 for non-iterative methods (A < 1 typically for iterative methods which are dis-
cussed later). The bias T(f) is simply read off the transformation map, indexed using the
appropriately quantized and scaled feature dimension values #H;,(f(x)) to Hn(f(x)). In other
words, each image voxel has its own set of feature indices (one per feature dimension) to index
the transformation map, and these indices must be (re)calculated from features of f(x) before

the transformation map can be indexed.

The method of scaling and quantization of the feature indices must be identical to when the map
was created. The scaling must obviously be such that the feature space which the transformation
map occupies captures all relevant examples. This can be done by finding minimum and
maximum values of feature dimensions over all typical examples. The quantization and hence
size of the map could easily be limited by physical memory and is chosen to be either 5122, 643
or 324,
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5.4 Application to tomography

Tomography is a very suitable problem to be explored in conjunction with transformation maps
as a method for extracting and applying prior knowledge. Both iterative and non-iterative

reconstruction techniques are discussed.

5.4.1 Randomness of tomographic artefacts

Tomographic angular aliasing artefacts (the steaks seen in Figure 5.5(b) compared to Fig-
ure 5.5(a), and in a sagittal view Figure 5.5(h) compared to Figure 5.5(g)) are known to
contain a lot of information and are not random (Kak and Slaney, 1988). In fact, it is shown in
(de Villiers, 1999) that samples of these artefacts along the reconstruction image border alone
can be used to reconstruct sparse angle tomographic images surprisingly well if the geometry of
the projections is known a priori. Sparse angle tomographic artefacts are substantially inter-
changeable with the measured data that created them. Likewise, being able to remove artefacts

correcly is equivalent to knowing unmeasured projections exactly.

Even though these artefacts are not of a random origin, intensities in reconstructions are effected
in a seemingly random manner if only local information (a neighbourhood of intensity values)
is available. For this reason any denoising filter (for example: Gaussian kernel blurring, the
median filter, or the more effective Bayesian method described in Section 4.4) can be used to

suppress these artefacts to some extent.

Instead of trying to predict artefacts or noise directly, most methods (including the transfor-
mation map method) use knowledge or assumptions about the underlying image to estimate a
better image given a corrupted image. If the artefacts are overwhelmingly destructive such that
no features of the underlying image can be recognized in the corrupted image for some region,
then it is not (directly) possible to predict anything reliably in that region (as discussed in the

next chapter).

In other words, it is only possible to suppress artefacts that are small relative to (or are distin-
guishable from) underlying image features so that the underlying image can still be recognized
from its prevailing features in the corrupted image. The features shown in Figures 5.5(d), 5.5(e)
and 5.5(f) are used in Section 5.4.2 to predict Figure 5.5(c) from Figure 5.5(b).

Refer to Section 4.3 for a discussion on properties of medical tomographic reconstructions since

artefacts are simply any deviation from these properties.
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Figure 5.5 Removal of angular aliasing artefacts from (itered back-projection reconstructions
with no teration wsing the transfonination leld method,



5.4.2 Removal ol angular aliasing artefacts in single step reconstruction

Direct inversion algorithms, such as the filtered back-projection method, are capable of recon-
structing high resolution cross-scctions rapidly withont providing any means of applying prior
lnowledpe. The transformation map method can, however, be used to apply prior knowledge

subseqient to reconstruction.

Figure 5.5 shows how the aliasing artefacts caused by a sparse angular resolution can be re-
duced using a three-dimensional transformation map. Axial and sagittal views of filtered back-
projection reconstructed volumes are shown where data is available at either A8 = 1° or A8 = 5°
( frarget (T, ) or f(z. %) respeetively). The space variable z is omitted from the notation when

covenient sinee the voluwmes are treated as sets of individual slices.

Restored reconstructions, i.e. those with prior knowledge applied by means of a transformation
map, are labeled fo (%, y) and shown m Figures 5.5(¢) and 5.5(1). The detived measures that
constitute the dimensions of the three-dimenstonal (64%) transformation map, in this case chosen
tohe Hy = fla,y), He = |, wheh{z,y)| and Hz = f{z,y)+he{z,y), are also shown in Figures
8.5(d), 5.5(c) and 5.5({f) respectively. Standard deviations for Bz, y) and Asz(z,y) are 0.7 and
1.5 respectively in this example. The feature fix, y) — flo,4) + hala, ¥} used for dencising
in Scetion 5.2.2, is broken up into two separate features 4, and Hj in thie subsection. This
modification adds to the map the capability to function differently depending on the intensity
Flx,y). Dencising in Section 5.2.2 18 ignorant of intensity f{z,y) as it should be.

Tn this example it was found that generating the transformation map (discussed thoroughly in
the nexd subsection) using examples comparing the enfire volume firx y, 2} (0 fiape(e y, 2)
achieves very similar results to using only the top half of the volumes, where 2z < 2., /2. This
is becanse there are ample examples in both situations that agree in the transformation map.
Results reflect that artefacts are preatly reduced - withont blurring or oversharpening edges.
A natnral look seems (o be retained. Details i the target image that are not already present

in the input image are not recovered in the output image.

5.4.3 Understanding the transformation map

Tt is important t0 be able to interpret the transformation map visually to understand how it
ia able to reduce artefacts. The following continues the discussion from the previous seetion
on the effect of the transformaiion map on the reconstruction with the aim of removing the
artefacts. Figure 5.6 partly illustrates the transformation map used.
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Fignre 5.6 Slices of the 64° transformation map used in Fizure 5.5 for the removal of tomo-
graphic arlefacts.

Regard the translormation wap method a3 8 type of nonlinear edge preserving liler such as
anigolropic diffision or Lhe bilateral filter, See [Perona and Malik, 1990), [LTomasi and Man-
duechi, 1998) and in particular (Delancy and Bresler, 1995) on removing tomographie artefacts
with edge preserving filters. Any edge preserving deacising filter could he nsed to vedice tomo-
graphic artelzees i Aheir Linable parameters are chosen accordingly, The difforence is that the
transtormation map moethod s more likcly to produce natarsd looking resills becasse, unlike
classical regularization methods, its characteristics are nol wodeled wilth sitple malhematical
funetions. Instead, the lranstormation map is erealed from realistic examples and leaves no

tunshle paramelers,

Nonlinear lHiers are able Lo redice artefacts in eases whore the artefacts sre not as prominent
as edge features in the tmage. It is the nonlinearity o che algorithm that ‘decides’ it an
imnage characlerisiic is an arlefact or not and biases 1t accordingly. For example, Figure 5,600
illustrates the behasiour of the transformation map on image characterisucs with low local
edge magnitides, Le. Ha = 0 In this fgure darker pixels indicate that the translormation map
bixs 1s negative and wall result in decreased intengities while brighter pixels resulf in increasod

intensitios. Crey implies no change and vquals zero.

Consider points in this map near (Hy, Had = (0,00, for which the intensity (7() or horizontal
axis) as well as Lhe mean neighboring intensitios (H, or vertical axis) are close to the densivy
of soft tissue. The bias Is a8 [ollows: if Lhe intensity of » woxel 8 greater than 0 while Lhe mean

is still aronnd 0, that woxel mtensity will be bissed down towards 0. Likewise, 1 the intensicy
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is less than 0 it will be biased up towards (. Therefore, if there were a sfight artefactual streak
through a big region of tissue in the image, its intensity will be biased towards the intensity of
the tissue. The same applies to air at (M), Ha) =2 (—1000, —1000].

If the artefactual streak woere a bit more prominent in the hypothetieal region of soft tissue,
or if we are considering a smaller region of tissne {or perhaps the border of the region) then
Figure 5.6{b} will be relevant instead becanse the local edge magoitude value Hy will be larger.
The intensities of 1he points in the map near (H;, H3) = (0,0) and also (-1000.-1000) still ramps
down from lefi 1o right as hefore, yet the intensity variation is less pronounced. I other words,
the map bias will behave very similarly for these local image characteristics, yet will be slightly
smaller in magnitnde. This makes scuse because firstly, if ao artefact is more promanent, then
there is less certainly of it being an artefact rather than an edge. Secondly, if it were an cdge, it
should not be biased much hecause then the edge may disappear ot be gharpened unjustifiably.

Similar logic dictates classical edge preserving filters {see Section 4.4.1).

For high loeal edge magnitndes as in Figure 5.6(c), the map bias magnitndes seem comparatively
lower, and not only fatter around the diagonal Hy = H5 but also more uniform (there ate
oo more distinet peaks and troughs around (0,0, for example). This means that prominent
edges are generally not much affected (due to the central flatness) although outliers are indeed
smoothed {light left extreme and dark right extreme enfries in the map bias intensitics towards
the center). Note that the uniformity along the diagonal H1 = Hy {or specifically thal intensity
profiles of this figure along H; for different Hz are nearly identical except that they are shifted
proportionally to #;} implies invariance to infensity.

Of course, each of the nonzero entries in the 84° transformation map has some specific meaning
that defines the map’s behaviour for a given image characteristic. It is this mmsimplified com-
plexity that gives transformation maps the advantage in delivering natural-appearing results
compared to methods thal parameterize image characteristics in mathematical functions as in
the previous chapter.

a.4.4 TIteralive regularizalion

In this subsection, the translormation map mnodels the difference between a volume originat-
ing from A@ = 5° data and a volume originating from A# = 17 data. The transformation
map is caleulated in the same manmer a8 above nging the same derived dimensions. The only
Jdifference i= that positively constrained iterated rer:nnls.truct.ed slices are used to generate the
transformation map, instead of filtered back-projection slices. Further, the values for the stan-
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Figure 5.7 lterated reconstructions bissed using transtormation ficld method with positivicy
eonsfraint.

dard deviations lor i{x, y) and fa{r, ») are both equal to 1. A systematic way of choosing these

parameter values are discussed in Scetion 5.5,

Sitatlar to the previons seelinn, 4 paositively constrained iterated reconstroction can be binsed
in a single operation after the iterated reconstruction is completed. Performing this operation
results in a poorer data it oz¢ a3 indicated in Figure 5.7(a) with oz - 90.02. However, tle
artefacts appear much reduced comparad to the positively constrained iterated reconstrietion

shown in Flgure 48(5) with op = 7796

A Degter data (6 car be achieved if such a bins correction operation is performed at coach
step during reconstruction. Figure 5.7(b} with o5 = T8.52 shows the result using a fived
fraction {in this cage A = 0.1 in quation 5.6) of the bias direction which is calenlated from
the transformation map at cach iteration step {(in this ease 100 iterations). Conceivably, this
fraction can be rhesen (o achieve o desired level of data fif (50 that ose = sa gm), a8 in

rerularizalion with Lagrange molipliscs.

In other words, following every projection data crror correetion step during iterative recon-
stinelion, the transfermation map correction value (indexed by the feature dimensions which is
recaleulated at cach step) is determined for each voxel. Tostead of adding this correction value
tir the vaxel intensity as is done for non-iterarive regnlarization, oy a fraction of this value is

added to the voxel intensity before the eyele iterates.
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As shown in Figure 5.7 compared to Figure 4.17, the ground truth fitness value for this recon-
struction {1 = 90.67) improves on an equivalent result obtained in the previona chapter naing
Bayesian methods (o= = 51.19). The Bayesian reconstructions alse seem to have an artificial
look by comparizon dne to the sitmplicity of its mathematical approximations.

5.4.5 Popnlating the transformation map

The eption of populating the trausformation map by bhuring has been mentioned carlier. It
is preferable to have as many examples as possible to extract a well defined transformation
map which is smooth and noise free. Instead of a single reconstruction volume pair, a whole

sequence of reconstruction woluries can be used as retning examples.

The wolumes corresponding o ilerate monbers 10 to 15 for a pusitively constrained iterated
recotisiruction, with a projection data spacing of Af = 5°, are used as source examples. One
target volume reconstructed from A@ = 1° interval projection data 18 paired with the six sonrce

volumes separalely 10 generate the transformation map.

Figure 5.7(c) shows that this new transformation map pertorms slightly better numerically,
No visual advantage iz noticed in this case. The smallness in magnitude of improvement is
atiributed to the fact that the original transformation map is already well populated.

55 Map effectiveness

In grey scale image processitg, an element at a particular location in a transfurmation map
indicates a mean change in intensity for 2 large number of example pairs. The effectiveness of
a transformailion map is delermined by its verignee. In other words, a large degree of variation
in the intensity change over all the examples at a particular location in the transformation map
implies that 1he map is ineffective in that region and sugpests that more suitable map dimensions
should be chosen. In other words, the map needs to be made 10 depend on additional image

foatures in this coase.

051 Optimal paramelers

So far the dimension fealures have heen choscn suceossfully in the examples presented. It is
conceivable that the task of choosing features may be more difficult for some probletns. Given
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a poor cholee of leature dimeusions, the map variance coald be wsed as a tool for idendifving
prablem ateas within the map. This may assist in finding more suitable dimensions that resolve

ambiguities or conflict in the map more clectively.

I'or the same reason it was found that a sensible way to optimize nnspecifiod parameters in
the featnre dimensions (such as Lhe blurring kernel sines wsed in Az, y) and falz, y) of Section

5.2.2) is to choose walues thal minimise the total fransformatiom map varianece.

5.5.2 Target accuracy

larget accuracy cau be defined as the correctnesy of flurae(x). An ideal example mighl nol
be available and therefore larget examples must sometimes he estimated, The transformation
map varianee is also dependent an the target acenracy or correctness and does not exclusively
represent Lthe map ellectiveness, If target examples are not available but are estimated instead,
then the collective source fo target differences could result inoa high variaoes transformation
map. even thongh the map mean remains effeciive, The example in the following paragraph

ilhustrates this podnt,

Lookinug back al Seelion 3.3.2, il is apparent that the intensity level based artefact removal
algarithm falls within the framework of transtormation maps where Lhe map has one lealire
dimension (mean intensity] and several oulpul dimensions [one output dimension for each
pixel column as & function of Lthe featnee dimension). In this case no ideal target examples
arc available tmil they are cendely estimated by means of lincar interpolation. Averaging rany
diverse artefact examples recovers effective mean artelact profiles for each given infensity level

despite that linear inlerpolaison is a poor estimator,

I this example, Lhe poor estimates of the target examples result in a large total mwap variance,

avan thouch the map is cffective,

5.6 Summary

This chapter wdtodiuced a problem solving framework which is closely related to neural net-
works, Besides ibs compatalive simplicity and implementation efficiency. the adwntage of
transformation maps over neural nelworks 1s that they permil ihe explicit investigation of the
input space. Conllict in the input space can be assessed, which assists with the chioee of fealure

dimens=ions.
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The major difference to neural networks is that transformation maps nse significantly more
training cxamples and such additional examples are typically generated by adding noise ar-
tificially. This method 15 best snited o problems havieg a relatively low number of feature

dirrensions as it suffers from the so-called curse of dirmensionality,

I was shown Lhat transformation maps have applicability 1o a number of dilfevent problems. OF
particular intevest is that transformation maps provide a means of eetracting prior knowledge
from, and regularizing, tomaographic reconstructions. 14 was shown that more valural-lTooking
results than with Bayesinn methods sere obtained for sparse angle reconstrietions. 1o the next

chapter, Liited angle tomography 15 investigated wsing transformration maps.



CHADPTER. 6

Limited angle tomography

Thia chapter ia concerned with the reconstruction of fan beam x-ray data at a 5° angular spacing
covering a 100° angular range. Such a data limitation severely underspecilies the reconstriction
as disciissed in {Tam and Perez-Mendez, 1981). For the suke of giving perspective, a 90° range
of missing data implies that two quadrants of the Fourier tragsform of a reconstruction remain

undetermined and are left to be recovered from prior knowledge,

First the qualities of limited angle tomaographic reconatructions are ilhistrated. After a presenta-
ticn of techniques fonnd in the literature, an example of o Bayesian limited angle reconstruction
is provided for reference. Towards the end of this chapter it is shown how the transfortnation

map method i applied fo the reconstruetion problem to achieve a functional solution.

.1 Unrcgularized linited angle reconsiruciions

Unregulurized reconstructions are produced using projection data only while no additional
assumptions are made. However, in some cases the positivity constraint is applied, which
causes a noteworthy reduction in artefacts. This section discusses the resulta of nsing the most
atraiphtforward reconstruction methods possible.

6.1.1 Caution on simmualations, resolution and data [it
All the reconstructions in Figure 6.1 are produced from projection data of an identical angular

range (90°} and spacing (5°). These limited angle reconstructions (at i; = 225) correspond to
the full angle reconstruction in Figure 4.12{a).
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{a] Heal datu veconstruction, (b} Real data reconstruction, {e} Bimulated data reconstrne-
17060 bins per projection, 216 bins per projection, tiom, 1760 hins per projection-

Figure 6.1 Limited angle Af = §° over 90° reconstructions after 5000 iterations showing the
effect of nsing a high projection axis resolution. Notice definitive edges appearing in {¢).

Figure 6.1(a) results from real measured projection data at the maximum available resalution of
1760 bins per projection. In the reconstruction process, a fraction of the error between the pro-
jections of the reconstruction with the available data is projected back onte the reconstriction

5000 tiones repeatedly. At each step the reconstrugction intensities are clipped to he positive.

Heowever, following the discussion in Scetion 3.7, the ideal number of projection bing is only
216 for the given geometry. Figure 6.1{1) shows great noise rednction with no loss in sharpness
under this condition. It has heen verified that Figure 6.1{a) has a worse projection fit to the
216 binned projectian data than Figure ,1{b) while Figure 6.1{a] has a better projection fit to
the 1760 binned projection data than Figure 6.1(h).

Figure 6.1{¢c) iz produced in exactly the same way nusing simulated instead of real measured
data at 1760 bins per projection. The simulated data are the comesponding projections of
the full angle revonsiruetion in Figure 4.12{z). For snch a high projection axia resolution it is
nnderstandable that the shape of the pizels plays a significant tole in the overall projection.
This pixel shape information is respensible for the significant difference between Figures 6.1{a)
and 6.1(c).

For any simulations regarding limited angle tomography, it 1% advisable to use a phantom of a
higher resalution than that of the reconstriuction because real data is of continuous origin. It
should be noted that doing this makes a zero crrer data fit nnattainable because it is not possible

to reprosent exactly a high resolution abject at a lower resolution. For a discrete recenstruction,
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the best possible representacion of a phantom will not have a zero data errar, even il there were
ey measuremeni noise. This is true also using o lower projection axis resolution, although the

offect i mitigatod.

$.1.2 DI’roperties of limmited angle reconstructions

Figure 6.2 shows a tnmber of nnregularized lmited angle reconstrietions created fromn data
covering a selection of angular ranges and spacings, It is apparcnt how the disgnostic value
of reconstrnctions steadily doeteriorates as the angular raoge of dala decresses. Edges u the
vertical dircction disappear in extreme cases while edges in the horizantal direction remain very

imuch 1he sarne.

Fillered back-projection reconsirnetions at AF = 5% data intervals cxhibit streaks due to the
poor angelar resolution. Applying o positivity coustraint in an iterative reconstruction pro-
cedure seems to improve results significantly: betler contrast and a reduction in arlefacts are

observed comparing Figure 6.2 (a) lo {d), for example, despite no more data being used.

At a4 higher angular resolulion, as in Fignre 6.2(g), the streak or ripple artetacts are much
reduced while edge definition in the verticsl direction reinains poor, 1L s concluded thal re-
stricting the angular range of data results in a loss of edge information and contrast in a

corresponding angular range of the reconstruetion.

6i.1.3 Comparing limited to [ull angle reconstructions

The diagrams in Figure 6.3(a) relate the linited angle 1o full angle reconsiryclions shown
in Figure 6.4, By commparing the histograms in Figure 4.14(a) and Figure 4.3(a) it becomes
apparent that the intensitics comcentrate around the dominant levels (air, soft tissue and bone)
cven less for limiled angle than for spamse full angle reconstructions. This immplies thal Lhe
limited angle reconstructions could benefiv signifieanily lrom nsing plecewise smoothness as

prior knowledge.

The mtensity profiles in Figure 6.4(d) demonsimale how inadequately the lmited data affivms
ihe existence of edges in the vertieal direction. Edges are imueh becrer delined in 1he horizonial
direction. Figure G.3({b) shows expliciily by means of a transformation field that full angle

reconstrisctions have stronger edges in the vertical direetion Lhan eorvesponding limited angle
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{al Fillewvod back-projecrion, {b] Filtered back-projection, o] Filtersd Dack-projociion,
AP =57 ooy BOP. MAf = 5" over 120°, A8 = 57 over 15307,

) Posilively deratod, A8 = (0] Positively leerared, A8 — if) Positively iterated, A# =
B gver 907, A% punc 12107, 5% over 1307,

ig] Posilively ileraced, A8 — (L] Pesitively irerated, AH = (1] Pusitively iterated, A6 = 1°
17 g 100°, 19 oveor 1307, over LEN™.

Figure 6.2 Unregularizod limited angle reconstructions shoewing the offect of hoaving moze
available data.
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Figure 6.3 Comparison of limited angle 100° in Figure 6.4(a) to full angle 180° in Figure 6.4(c)
128 x 128 » 128 volume reconstructions,

recongtructions. It is evident from examining Figures 6.4(d) and 6.4(e) that the infensity levels
for the limited angle reconstruction are more ¢orrect for the intensity profiles in the horizontal

than in the vertical direction,

Note that the o199 data fit errors in Figure 6.4 refer to the projection errors with respect to
the limited angle data subset, while the o= data fit errors refer to the projection errors of the
reconstruction with respect to the eutire dataset {which is not nsed as data during limited angle

reconstruction).

6.2 Reconstructions using partial spatial knowledge

In Figure 6.5 the left hand column of images are closeups of limited angle recoustmcetions in
Figure 6.4, The right hand column of images are corresponding views of full angle reconstruc-
tions. For the center column, the same hmited angle data constraiut is applied as for the left
hand columu, while the intensities in the spatial region outside the dotted circle are forced to

equal the full angle reconstruction on the right at all times during iterative reconstriction.

These closeups reveal that there exist sotne regions in limited angle recoustructious such as (g)

that resernble full angle reconstructions such as (i} well.
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Figure 6.5 Closeup views of positively iterated reconstructions in Figure 6.4
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Regions correspouding to the complementary angular range of edges in the limited angle recon-
struection such as (a) resemble the full angle reconstruction such as (¢} very poorly.

Great improvement within the dotted circles i3 observed when correct spatial knowledge is
applied outside the dotted circles (in the center column of Figure 6.5), This is especially frue
where edges in the vertical direction are lacking, as in this case. The important observed quality
of limited angle tomographic reconstruction is that a correcting bias in some region results in

an intensity contrast improvement in another region.

The conclusion that is drawn from this qualitative demonstration is as follows: if sume region
can be repularized well. then the improvement resulting frum such bias is not rvestricted to
the region $o which it was applied. The complementary region is also improved indirectly hy

maintaining the dats constraint which bonds the regions together.

As demenstrated eatrlier with negative noise being constrained to pesitivity. the converse is
also true: the application of any incorrect biag will propagate elsewhere in a reconstruction.
Aceordingly, if & region is biased incorrectly, then not only that region bt complementary
regions will also be bissed incorrectly through the data constraing.

6.3 Survey of limiled angle tomography methods

Now that limited angle fomography has been introduced, this chapter proceeds by presenting
a selection of stratecies proposed in the literature for dealing with the problem. The less
effective methods are discussed first. No tethods found adequately solve the problem in a
realistic ill-posed situation. An everview of state-of-the-art technigues is provided in (Siltatien
et al, 20014}

6.3.1 Direct inversion

There are a number of ways to perform reconstructions in a single step. It is possible to set
up # lincar system of equations p = Hf which expresses measured projections p as raysums
through a discrete cross-section f. Having more unknowns than linearly independent equations
for the limited angle tomography case implies that the matriz H is singular. Because high
frequency components are poorly transferred in tomography, A has been shown to be singular
even in full angle tomography (Wilson, 1998). A solution with the smallest | f[* = e £7 can be
obtained by singular value decomposition, but is infeasible for realistically sized problemns due
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fn computational expense and memory requirements (Boyd and Little, 19%4). More efficient
implementations of this inversion in the frequeney domain have been explored by [(Tam amd
Peres-Mendes, 1981) and (Jaffe, 1990). Reconatructions oblained Lhrough direct Inversion are

very much equivalent 1o resnlts obtained by the filtered back-projection method.

Squashing is a technigue introduced by {Reeds and Shepp, 1987) Lo perform an affine transtorm
on limited angle projection data. (Olson amd Jaffe, 1990) explaina that squashing does liiile
more than converting a limiled angle data set into a snitable form to be applicd directly to a

full angle Llomography reconstruction algorithm,

{Yagle, 1998) expresses a closed lorm solution to limited angle diserete tomography ot finite
supporl objects. In this paper, the phantom is expressed as impulses on a regular lattice and
prajections as well as phantom densities must be integer valnes. Lt is reported that totally
incorrect reconstructions could result from noise that exceeds nbeger roundoff errors. Very
large exlrapolation coefficients need to he caleulated for larger lmages. Success ol equation-
based solutions to limied angle tomsography thal does not ineorporate prior knowledge other

than peometric conditioms, must be considered in the Hel of cantion expressed in Seetion 6.1.1.

6.3.2 Regularization

I-eonditionad (nyerse prablems are nnstable in the sense that siall changes in data can cause
large changes in the solwdinn (Kwee of al, 1997). Such problemws can be stabilized by regular-
izalion so that the snlution has soule desired property such as sroothness, This is done by the

minimization of an expression of the form
freg = argy min [+ kxz] (6.1}

where U'{ f] has & minimum when Lhe solution f has the desired property and A ean be tuaned
so thal the level of data fit ¥* matehes the measurcnent error in the data. Many methods nse

this framework lor achieving a solution.
The Laplacian smoathness condition,
- w2
v =>[%/ (6.2)
7
is nsed by (Tum and Peree-Mendez, 1981) to regularize the limited angle inverse problem. T'he

mxitu entropy melhod used by (Lawrence, 1984} for linited angle tomography maximizes
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the entropy S{f) = —U(f) of an image f, with f; > 0, where

5(f) = —ijlnpjf 7= Z{T (6.3)

)

(Tam and Perez-Mendez, 1981) concludes that maximum entropy does not produce better
results than any other simple limited angle tomography method. This is nnderstandable since
the resnlts of the maximum entropy method show the least amount of copfigurational strocture
(which is least informative) yet are consistent with the measured data (Bontekos et el 1994).
The maxinmum entropy method is better suited to problems such as gas and plasma diagnostics
(Denisova, 1998) where the observed guantity obeys Boltzmann statistics, or in astronomical
imaging (Narayan and Nityananda, 1986) where entropy describes the properties of the image

intensity distribution well.

Cuorrelation amongst pixels can be specified using mininmm cross-entropy, defined by (Skilling
and Dryan, 1984) as

SUY DS Iy = f i) o4

E)

where f'is the default or expected image. (Ficlden ef al, 1991) concludes in a full angle
magnetic resonance imaging application that truncation artefacts cannot be suppressed nsing

minimum cross-entropy without some loss of resolution,

(Hanson and Wecksung, 1983) demonstrates that good Bayesian limited angle reconstructions

can be achieved in a simple exaanple if the prior knowledge is specific enough.

Good results are presented by {Delaney and Bresler, 1995) using piecewise smooth regutarization
with an objective funetion of the form

X+ NUCF| XD 0¥ (6.5)
i
where K penalizes negative values of [ and ¢ is a noncotvex functional that operates on
the intensity gradient of f. This objective function is equivalent to dircontinnity adaptive
priors discussed extensively i (Li, 1995) within the Bayesian framnework. The results, however,
deteriorate significantly as the range of available projections is decreased.

Deterministic annealing is used by (Hsiao et af., 2001} i a simulated Bayesian sparse angle

segmentation example to overcome problems dne to sensitivity to initial conditions.
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6.3.3 Sinogram extrapolation

A linear newral network approach is taken by (Wong and Yau, 1998) to extrapolate 12.5%
misging projections with good accuracy in a simulated example. The missing projections are
expressed as a fumction of the projection data and mndetermined parameters, These parameters
are initialized using a sinogram of a similar phantom, and iterated a few times. The exterior

of the object is assumed to be known.

(Andia et al., 2002) obtains comparable results to Bayesian methods reconstructing SPECT
data non-iteratively by performing nonlinear operations o1 the siuogram before back-projection

Training is performed using a similar dataset to the projections of the phantom,

In {Prince and Willsky, 1993} the phantorm’s mass, center of mass and houndary of its sinogram
is estimated from available projections. Topether with parameters that specify smoothness

congtraints which are assumed to be known & prieri, a complete sinogram is extrapolated.

The success of all these algorithms is dependent on how representative the a prior: paramsters
or training examples are of the phantom to he reconstrueted.

6.3.4 Trojection onte couvex sels

(Sezan and Stark, 1984) shows that the iterative application of a set of constraints which can be
expressed as projection operators onto closed convex sets couverges to a solution that satisfies
all the constraints.

(Oskowi-Fard and Stark, 198%) explains that expressing raysum data constraints using this
method is equivalent to the algsbraic reconstruction techuique used in (Andersen, 1989). How-
ever, these projection operators may include positivity constraints, amplitude limits, energy
limnits, spatial support or known Fourier coefficients. Although this technique ia effective, the
range of prior knowledge that can be applied using this method is somewhat limited.

6.3.5  Optimal views

Conventional spiral tomography machines provide poor resolution in the direction normal to
the cross-section plane. Cross-section slices are typically printed as a moutage outo film to be
viewad on a light box.



(MeCantey ef al, 2000) displays limited angle reconstruetions thal appear very similar to
corresponding full angle reconstrizctions. These are. however, not axial views, (Kolchmainen ef
al.. 2003} provides such views for denfal tomography, Dhee to its high resolution in the seanning

direction, the Lodox system ean also provide sueh views.

Figure 6.6 shows a pood correspondenee of lhmited angle reconstrizctions to fall angle recon-
structions in Fignre 4.11 for eoronal views Imt not for sagittal views. All of these are simply
positively iterated roconstnzetions. Note that even for eoronal views there 1s some interference

vizibile from out-of-plane structures as predicted by (Starke and de Jager, 1098),

6.3.6 Complementary data fusion

(Boyel and Tittle, 1894) yses laser range detection and ulirasonic messurements o determine
the caterior and outer layer thickuess of an abreraft wing in a limited angle tomagraphy probilom.
A priord knowledge of x-ray attenmation cocflicients for cortain stmielures in the wing s also
avatlable. Projection onto conves sels is the recommended method to combine the various
constraints for a realistically sized problen.  Good resnlis are presented. Tn another paper
{Lam et al,, 1990), a similar technique iz used 1o reconstruct turbine blades by combining wall

thirkness measgrements.

Tn pasitran emission tomography (PET), which is A sparse data rather than limited angle
proble, registered magnetic resonance mages (MBI are used fo enhance 1he reconstruction
quality. (Chen et al., 1091} shows how Gibbs energies are applied to achicve imnproved resoliztion
where anatomical and functional bonndarices match, Allernatively, afier performing an intensity
transform to the MR image, (Oakley ef gl 20000 lnases the PE'L reconstruction towards this

reference,

6.3.7 Shape modeling
1 iz possible to convert an ill-posed mverse problem inlo a well-defined problem by modeling

the solution. However, if is difficult 1o express unforsecn special cases into any model especially

if 1he model deseribes a physical shape mstead of o were guality which is always true.
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Figure 6.6 A selection nf limited angle sagittal (left) and coromal (right) views at 206 2 250 2 200,




(Gureyev and Evans, 1998) modeled hardwood samples and successfully reconstructed cross-
sections in simulations from very few projections. From regularity assumptions, the three-
dimensional problem iz converted into a quasi-one-dimensional reconstruction problem. It is
argned that the shape of vessels (voids) or parenchyma {nonfibrous tissne) can be determined
by optical methods in practice and therefore be known & priori in their simulations. Their

resnlts show some tolerance to irregularities,

In atmospheric tomography. {Semeter and Mendillo, 1997) uses so-called Chepman functions to
model the atmosphere which constraing the vertical profile initially, This constraint ie removed

later when entropy is maximized instead.

Boundary modeling uging snakes {deformable polygons with curvature constraints} is investi-
gated by (Mohammad-Djafari et o, 1987} in the context of sparse angle tomographic recon-
struction of sitnple binary blob-like phantoms.

In this thesis little attention is given to the modeling of shapes since there is so much physical
shape variablity in expected reconstructions. Instead, effort 18 concentrated on the modeling of

local image properties.

6.4 Bayesian limited angle reconstructions

Figure 6.7 shows Bayesian limated angle tomographic reconstructions using projection data aft
5" spacing over a 10° range. Tunable parameters in the potential functions {defined in Section
4.4.2 with values as guoted in Figure 6.7) arc chosen such that the ground fruth oy. data fit is
minimized as in Section 4.4.3. Such ed hoe tuning produces the best possible reconstructions
for the given forms of potential functions.

Although the Bayesian resonstructions have a noticeably better ground truth data fit (e.g. oo =
249} than the corresponding unregularized reconstruction in Figure 6.4{a} {with e = 286},
they appear guite unnatural and still resemble the best possible reconstruetion in Figure 6.4{¢)
{(with o= = 79.1) poorly. Edge information in the missing angular range is not recovered
correctly despite the attaimnent of piecewise smoothness as suggested by the prior knowledge.
It is noted that the reconstructions are correctly biased by the prior knowledge in some but not

in other regions.

In the somewhat related exarmple of sensitivity encoding magnetic resonance imaging, noise
levels are nof uniform throughout reconstructions. (Samsonov and Johnson, 2002) proposes that
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{a) DA-MREF, 12 = 5002, B) -MRE, 7t = nos, (¢] DALMEF, #23° = 33.3
Fis =975, 4 = 0.2, 7 = 360, goo o= 851 3= 24, v = 470, e o= 249, @ = 033, § =
1125, ~ = 2101

Figure 6.7 Bavesian limited angle reconstructions (A# = 5% over 1007}

space-varying animolrople dilfusion is superior to space-invariant methods of edye-pregerving

denoising in that siluation.

As explained more analytically in (de Villiers, 2000), the reason why sparce-invariant methods
fonnd in the literatore, as demonserated in Pigure 6.7, fail to converge to the correet recon-
struciion, is becanse the methods bins infensicles incorrect]y in regions where edges are poorly
defined. By applying prior knowledge bias only to those regions that closely resemble the final
reconstruction, one stands a much better chance of avoiding local oplima in maximixing the
posterior distribution. Althongh it may be possible Lo represent, a space-varying form of some
cligue potential to deal with this inherent convergence problem, it 1s not clear how to derive
such a prior knowledge model, nor to find values of any tunable parameters with reasonable

justilication.

The contribution made by the masters thesis (de Villiers, 2000) which may be dillicult (o get

hold of, Is presented in & more accessible and simplified document {de Villiers, 2004},

In the following section, the transformation map method is applicd to the problem. The ability
of the methad to extract prior knowledee from examples overcomes the difficnleies experienesd

in madeling using Bayesian methods,
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6.5 Reconstruction using a transformation map

A good choice of feature vectors for the regularization of sparse angle tomographic reconstrue-
tions in the previous chapter has heen intensity, blurred intensity and local edge magnitude.
These three-dimensions provide the transformation map with the abilify to smooth out noise
without blurring or sharpening edges beyond the curvature indicated by the training examples
(refer to Section 5.2.1). OF course, these dimensions also provide the map with the ability to

hias mean infensities towards any of the dominant elasses of infensity levels

In limited angle reconstructions, however, little or no bias should oconr where the reconstruc-
tiom s degenerate, otherwise it will be biased nnjustifiably, resulting in convergence to a local

optimum. This is what happened in the Bavesian reconstructions of the provicus seetion.

To achieve this goal, keeping m mind that the better defined regions ooour near well defined
tdees m the horizontal direction and poorly delined regions exiat where edges in the vertical
direclion prevail, the edpe magnitude dimension s split up into vertical and horizontal local

vige magnitude dimensions.

6.5.1 Training examples for the transformation map

In this chapter the transformation map 15 caleulated by companing tull angle to lmited angle
reconstructions for slice index ¢ . 150 only (see Figure 4.10), unless specilled otherwise. The
full angle reconstruction {at i, = 150} i rotated by multiples of 90° and mirrored, providing 8
permutations, Limited angle reconstructions are produced from artificially generated projection
data for each of these 8 cases. An example of such 4 limited angle and Mill angle pair is shown
in Figures 6.8{a] and 6.8{b). The hmited apgle reconstructions are produced in 500 terations
using the positivity coostraint in accordance to che absolinte geometry specified by A8 = &

over a 1007 Tange.

Mot only the final 8 bmited angle reconstructions, but also intermediste reconstrioctions at
intervals of 50 iterations are used in calculsting the transformation map. More examples {as
in Figure 6.8(c)] are senerated from these by adding Caussian noise with standard deviations
ranging [rom zero Lo 100 in 20 steps. 5l more examples are created by performing edpe
sharpening (by standard unsharp masking) of strengths ranging lvom 0 to 1 i 5 steps. These
detalls are oot important since they can be changed vastly with httle effect to the transtormation

map. The idea is simply that many representative examples are created,
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(a) Toeged fiaope (2, 40, rotated (b} Limgited anple reconstrinc- (ch Soezece fro,yd,  sharp-
full angle reconsirnelion. Lo of target immage. ened recenstruction with noise
aclded.

() Dlurred source. (w1 Lecal horrsontal edge mag- (£) Local vercical edgs magni-
nitude of senree. tacle of sorce.

Figure 6.8 Sample quantitics used to delermine (ransformation map.

Sce Figure 6.9 for an outline of the operations involved in ereating the lransformation map.
Also, note that the lipited angle reconstruetion cycle, illustrated in Figure 6,10, is identical Lo

whal i3 describad previously for sparse angle tomography.

.5.2 Feature vectors

‘I'he four-dimensional transformation map being caleulated is indexed by imtensity (M| =

[l )y, blurred intensity (He = fla,y) + B, y}), local horizental edge magnitude (Hy =
‘{f'i;;;-"' & hi(ay)) and local vertical edge magnitude (Hy = 4 if;"'”

Fisures 6.8(c), 6.8(d), 6.8{e) and 6.8(f) respectively for the example,  As before, #h{x,y) and

= halic, 1)) as illuslrated in
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| Build tfénsformation map

Cktain (ull angle reconstraction target
Clear transformation map and map entry caunters
Gencrate many limited angle source examples with noise, blurring and sharpening
Calculate feature dimensians for limited angle source
For each source voxel:
- Index transformation map using featurs dimension values
- Add difference betwesn target and source to transformation map cell
- Increment mag entry counter sl that cel| index
Momalize transformation map by dividing each cell value by its counter

Figure 6.9 Steps in building o transforination map.

F e |

Data corrective step

Perfarmn volume projecton and find slicc with biggest projection ermor
Find kest filter parameter values for worst slice only, by iterating:

- Try different parameter settings using local search strategy

- Filtey [a copy of) projection: amor gsing this parameter sctting

- Back-project Ailtered prajection errar anto {a copy of} slice |

- Quarify projection errar of this now slice |
Filter all volume projection errars using datemmined filler parametor settings
Back-project Altered volume projection errars accurmulatively onto curmeant volume

B l Bl

Prlor corrective step o

Calculate feature dimensions for current volume

For each voxel of current volume:
«  Index transformation map using foaturc dimension values
- Add transfonmation map cell value to vorel value

Figure 6.10 Iterative limited angle reconstruction cycle,
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n & a00

{a] High local wertical edge ib] Low local edge magni- ic] High local horizontal edge
enapnityele. Laele ruagnifde.

Figure 8.11 Enlarged vicws of transformnation map in Fieune 6,12,

who (7, y) indieates convolution with Gaussian blurring kernels, Loth having standard deviations
of 1 in this instance, The transformalion map helds the average dilference in intensity from the
souree (@, ) to the tatgel flarga (2, 2] (Figures 6.8(c) and 6.8(a) respectively) at the indexed

feature coordinates,

6.5.3 The effect of the transformation map

Figire 6.11 shows selected closenp views of the resultant 32 x 32 x 32 x 32 translormation map
displayed as & montage in Figare 6,12, The amall subimages in Figure $.12 are slices in the
intensity ® Murred infensity plane. These subimages are ordered from keft to right in increasing
local horizontal edge magnitude, and are ordered from top to bottom in increasing feewd vertiond
edge mmognitnde, It is elear that the translormation map is not well populated in the case of
large tocal vertical edge magnitude and would therefore nol have much of a hiasing effect for

that condition.

The ill-defined condition of large loeal vertical edge magnitude is shown in Figure 6.11(a). In

thig region most of the transformation map values are zero.

lor low edge magnitudes, Figure §.11{L} shows the biasing efleet of the map towards dominant
intensity levels. TF an intensity is higher than a dominane lewel, the map indicates (with darker
pixels) a negative bias back down towards it T the intensity i5 lower, it is biased (indieated

with brighicr pixels) up towards the closest dominsa level
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-500

Majar axis: local vartical edga magnitude [HU/mm]
(Minor axis: blurred intensity}

500

=500 ] BOG

Major axis: local horizontal edge magnitude [HW mim]
(Mincr axis: intensity)

Figure 6.12 Four-dimensional transformation map for limited angle reconstruction displayed
as a montage. The intensify » Murred dntensify planes are ordered secording to the hovizontal
aned vertical cdge maznitude dimensions leffwards and dowosards rospectively, Bularpemments
are provided in Figure 6,11,
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(&) A = |7 over 1807, Pl L ib) AF = 57 over 100°, 18 = (] DALMRF, Jéﬁ""'n =G5
602, m2 = 71 a2, mye = b, mpe = 240,

ted] Using rransfonnation map (el As for Figure 6.13(d) ex- (1 Using transformation map
calculated from slice {2 = 150, cept  using  siroulated data, caleulated  wusing  all  slices,
mie? =493, ape = 18540 it = TG, mys = 1535, mat? = 403, o = 1728,

Figure 6.18 Comparison of transformation map limited angle reconstruction results,

Firure 6.11{¢) shows thenap for high local horizontal edee magnitudes. In sach regions smooth-
ing acours to smne extent. If intensities are higher than the hlurred intensity, the intensity is
biasexd down Lowards the mean and iCintensities are less than the Dlurred iidensity, the intensity
iz biased up towards the mean, The extent to which this happens depends on the other features

a5 well,

6.5.4 Results

Figure .13 shows limited angle reconstruction results using the {ransformaiion map method.

Figure 6.13(d} is produced using the transformation map in Figure 6.12. The reconstruction



cvele illustrated in Figure 6.10 was iterated 5000 times starting from blank to produce this
result. For each iteration after cvery data correcting step, the intermediate reconstruction is
updated by a fixed fraction A of the direction indicated hy the transformation map following
the discussion in Section 5.4.4. Specifically, each pixel is biased by this fraction A (=0.0035 in
this case)} of the valne in the transformation map which 15 indexed by the feature vector for
that pixel. A controls the goodness of fit to the Af = 5% projection data used.

A ground truth full angle reconstruction with #12 = ™1, as well as limited angle reconstruc-
tions nsing the positivity constraint {#= = 286} and Bayesian tethods (o2 = 249} are also
provided for romparison. The transformation map reconstructions with 173 <0 e <0 188 ap-
pear significantly better than the limited angle reconstructions shown for the other methods,
both visually and in terms of ground truth o data creor,

For interest’s sake, Figure 6.13(¢) shows a similar reconstruction where siimilated data projec-
tions were used instead of measured projections. Noise was added to the projections whilst the
projection geometry should be perfect. Little difference in the reconstruction guality for these
results is obseryved.,

A different transformation map is used for the reconstruction in Figure 6.13(f) giving a slighly
better result (o0 = 172.8). In this particular case, the transformation map is calculated wsing
128 slices instead of only 1 at ¢, = 150. The reason that only a single slice is used to determine
the transformation map in geperal is to prove independenee of prior knowledge in the sense
that the prior knowledge extracted here can be applied equally suceessfully to another dataset

under similar imaging conditions.

Lastly, Figures 6,14 and 6.15 present results for a monber of different slices, The transformation
map wsed for these reconstructions is shown in Figure 6.12. In all the examples, a significant
improvemnent 35 obseived in the transformation map reconstructions over stralghtforward pos-
itively iterated reconstructions. 4 matural look is retained in the remilts and edges come into

appearance that exist in the full angle reronstructions.

Having a complete dataset remains the superior option, However, if the measurements are not

available, transformation tmaps seem to provide a syccessful alternative.
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Cad g — 57 over 1007, |:|'.l;Er"‘:h = [bh Af = 37 ower TUDE, .".I'I.{E':I= = pe) Ad = 1% aver 1507, aégﬂc —
AT, a. = 17001 35.9, e — 1194, 48,7, o0 = 61,3

(1) A% = 57 aver 1H0®, o209 = fe} A8 = 3% over 100°, o 18" = (f) Af =17 over L&0°, 7127 =
13,0, a0 = 277.0. 416, ey — 1047 6.3, e — TRY,

] Af = 5 aver 1007, o190 = b A = 5° aver WP, add™ = (i) A8 = 1% aver 180°, g1 =
b 3
8.5, o= = 2RT.G. 195, me = 188.0, B84, 7= = R2T.

Figure 6.14 Limiled angle reconstructions at 1, = {75, 150,223} ising transformation map
regilarization (center) compared to positively ilerated limited angle (left) and full angle (right)
reconstructions,
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{b) A% = §° aver 100°, i = {c) AF = 1" over 1807, #f30° =

52.0, @ = 100,35, T4, oy = 86,5,

{a) &f = 5% over 1007, o))" =
SLT, oo = 2781,

(d) Af = 3° over 1007, gps” = () AF = 5% ower 100°, &0 =
386, oy = 2830 376, o= = 2358

T __
a

g (h) A# = 5° over 100°, ¢}0"" = (1) A& =17 over 180°, oy
GA.5, o = 86.4.

(g) AF = 57 over 1007, oi®
DA B, me = 2406, 531, mas = 2083

Figure 6.15 Limited angle reconstructions at i; = (300,375,430} using transformation map
regularisation [(center| compated to posilively iterated limrted angle (leflt) and full angle {ryht)

recon=trucLIgn.
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6.6 Envisaged limited angle tomographic system

This section gives an overview of what is practically required to build limited angle tomographic
functionality into the Lodox system. Some further development work is essential for achieving
results as presented above in a commercial system, as opposed to in an offline development

system.

6.6.1 Scanning hardware

As mentioned before, in existing Lodox systems, scanning does not start accurately enough at
any requested offset (in the z direction). It is also difficult to rotate the C-arm to a precise
angular position. These fundamental problems need to be addressed. Although software tech-
niques could be used to overcome these issues, it is a waste of valuable processing time which

could much more productively be used on the reconstruction.

It would be useful, but not be essential, to change the detector hardware so that scanning can
also be performed in the reverse, —z2, direction. This would halve acquisition time although it
will heat load the x-ray tube and generator more. Allowing faster scanning speeds than the
current maximum of 140mm/s is also advised. Such developments are important considerations

because the patient needs to remain immobile for the duration of at least 20 scans.

Furthurmore, the determination of the C-arm geometry must be automated by means of a
three-dimensional calibration tool, since different machines (and machine model versions) may
have slightly different geometries. Projection lookup tables that relate voxels to projection data

can then be precomputed for predefined C-arm angles at which the patient will be scanned.

6.6.2 Gathering prior knowledge

Transformation maps extract prior knowledge from examples. Full angle and limited angle
reconstruction example pairs must be available to generate the transformation map which will
subsequently be used in a commercial system. It will be necessary to obtain a complete high
resolution dataset of a subject that has not been treated with formalin, as in this thesis, since

such treatment may have a significant effect on the attenuation properties of tissue.

Although it is not certain at this point, even more datasets may be required for different kV

settings that change the x-ray spectra and ultimately, to some extent, the Hounsfield units in the
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final reconstruction. Likewise, any technology change, such as the removal of fibre optic tapers
or additional filtration, may have a significant effect which may necessitate the acquisition of
another complete dataset. The sensitivity of the transformation map reconstruction method to

such variability to its input has not yet been investigated.

Of course the limited angle reconstruction source example must correspond well to the C-arm
geometrical conditions under which the system will be used. The prior knowledge has an
angular dependency which relates to the C-arm geometry. Similarly, the spatial resolution of
the examples used to generate the transformation map must also correspond to the resolution

of subsequent reconstructions that employ that transformation map.

It is conceivable that superior results could be obtained by using a transformation map tailored
to the region of interest. In other words, if a head is scanned, a transformation map trained
using head examples would be recommended, while if a torso is scanned, a transformation
map trained from torso examples would be preferred instead. These recommendations are not

requirements.

6.6.3 Speeding up processing time

Around the order of 5000 data correcting and prior knowledge correcting cycles are iterated for
a single transformation map based 128 x 128 limited angle reconstruction. This is a substantial
amount of computation. For such a limited angle tomographic system to produce results in

reasonable time to be commerically viable, hardware acceleration is essential.

Fortunately, many of the required operations can be performed in parallel. It seems sensible to
dedicate one processor per scan angle to speed up the projection and back-projection processes,

which constitute the bulk of the computation.

6.7 Summary

This chapter investigated the properties of limited angle reconstruction. Methods used in the
literature are reported. Bayesian limited angle reconstructions were performed for reference.
Thereafter the transformation map method is applied to the problem. It is shown that, using a
transformation map, much improved results are achieved compared to other methods. Results
resemble the full data reconstructions much more closely. Even though the results are not

perfect they give insight into the true underlying reconstruction when the data is not available.
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CHAPTER 7

Conclusion

This final chapter summarizes the most important features of this project and provides some
closure to the topic of limited angle tomography for the Lodox system. The diagnostic value
of various reconstructions is qualified first to give added perspective. Then a summary of the

project developments, findings, conclusions and recommendations follows.

7.1 Diagnostic value of reconstructions

Professor S. J. Beningfield, Head of the Department of Radiation Medicine, at Groote Schuur

Hospital, is quoted below on the diagnostic value of results presented in this thesis.

7.1.1 High resolution full angle reconstructions

Refer to the A8 = 1° over 180° positively iterated axial, sagittal and coronal full angle recon-

structions in Figures 4.10 and 4.11 on pages 66 and 67 respectively:

These are excellent guality; the coronals are reminiscent of the multiplanar recon-

structions now obtainable with multi-slice CT with 0.5mm isotropic vozel dala.

7.1.2 Low resolution sparse angle reconstructions
Refer to the A8 = 5° over 180° positively iterated (in Figure 4.8(b) on page 64), Bayesian (in

Figure 4.17(c) on page 75) and transformation map (in Figure 5.7(c) on page 91) sparse angle

cross-sections:
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Figure 4.8(b) is not diagnostic, other than for gross pathology.
Figure 5.7(c) and Figure 4.17(c) are very similar, apart from coarser pizels in Fig-

ure 4.17(c) and are acceptable for diagnosis.

7.1.3 Coronal views of high resolution limited angle reconstructions

Refer to the A@ = 5° over 100° positively iterated sagittal and coronal reconstructions in

Figure 6.6 on page 107:

Sagittal views - blurring compromises diagnostic quality significantly, especially the
top image. The bottom image verges on acceptability for moderate size pathology.
The lower coronal image is good and diagnostically acceptable, while there is blurring

in the right lower quadrant of the top coronal image.

7.1.4 Low resolution unregularized limited angle reconstructions

Refer to the filtered back-projection and positively iterated limited angle reconstructions in

Figure 6.2 on page 98 showing the effect of having more data available:

(a) unusable

(b) better but still not usable

(c) the first barely acceptable image

(d) not useful

(e) barely acceptable for gross pathology

(f) just usable

(g9) smoother image but not usable in practice
(h) barely acceptable for gross pathology

(i) reasonable for moderate pathology

7.1.5 Low resolution limited angle reconstructions
On page 115, refer to the A8 = 1° over 180° low resolution full angle reconstruction in Fig-

ure 6.13(a), and the Af = 5° over 100° positively iterated (b), Bayesian (c) and transformation
map, (d) to (f), limited angle reconstructions:
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(a) very good

(b) unacceptable for any diagnostic purpose

(c) also not usable, limited greyscale and artefactual errors

(d) barely acceptable - about the quality of first-generation 80 pizel matriz CT
(e) slightly better than (d)

(f) minimal improvement on (e), just acceptable

Refer to Figures 6.14 and 6.15 on pages 117 and 118:

Left column: poor - minimal diagnostic value
Middle column: some moderate diagnostic value

Right column: good value

To summarize, the transformation map limited angle reconstructions have functional diagnostic
value, while limited angle reconstructions using other methods do not. When the full dataset
is available, the quality of the results obtained is comparable to that of leading commercial
tomographic systems. When data is sparse, the transformation map method generates recon-

structions that are of diagnostic quality.

7.2 Quantitative comparison of results

Throughout this thesis reconstructions are compared to the ground truth with the parameter
o10. This parameter represents the root mean square error of the projections of a particular
reconstruction, no matter how it was created, with the complete dataset of measured projections
over a 180° range at an angular spacing of Af = 1°. It is believed that this is the best way
of evaluating or comparing reconstructions quantitatively, even though it gives no indication of

how natural-looking the reconstuction may be.

Of particular interest is an evaluation of the transformation map method compared to other
methods on the low resolution sparse angle and limited angle tomography problems. Figure 7.1
shows a table of the ground truth fitness parameter o1o for the positively constrained iterative

method, the Bayesian method and the transformation map method.

This table of results reflects firstly that the quality of limited angle reconstructions are in general

significantly worse than of sparse and full angle reconstructions. Secondly, the results using a
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Method\Problem Sparse angle tomography | Limited angle tomography
Positivity constraint around 101 around 286
Bayesian 91.2 to0 92.4 249 to 275
Transformation map 90.7 to 90.8 173 to 188
Ground truth best 78.3 to 79.1 78.3 to 79.1

Figure 7.1 Quantitative comparison of different reconstruction algorithms showing typical
values of fit to the ground truth (o10).

transformation map is numerically superior to the other techniques implemented, especially in

the case of limited angle tomography.

7.3 Summary of developments

This thesis addresses and overcomes a number of difficulties in achieving a high degree of
accuracy in measurements. The first set of problems solved in this thesis, such as correcting
distortion and artefacts in scans, and inferring the three-dimensional geometry of the imaging

system, is peculiar to the Lodox machine.

Later developments, such as the strategy devised for effectively constraining a cross-section or

volumetric reconstruction to measured projections, have more general applicability.

Of particular emphasis is the chapter on transformation maps. Transformation maps were
shown to be a powerful problem solving framework. Its service to image artefact removal and
the regularization of tomographic reconstructions is demonstrated. It was in fact the unnatural
looking results due to Bayesian methods that prompted research into transformation maps

which characterise prior knowledge more precisely.

Overcoming all these diverse problems was instrumental to proceeding with the investigation

into limited angle tomography.

A study of the properties of limited angle reconstructions guided in the choice of feature di-
mensions used in the transformation map. Ultimately in this thesis, the transformation map

method is used to solve the limited angle tomographic problem.
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7.4 Findings

It was found that for medical cross-sections, there are a limited number of dominant density
classes and that the distribution of these densities have a wider spread in limited and sparse
angle reconstructions than in full angle reconstructions. Full angle reconstructions are also less

noisy and have particular edge sharpnesses at interfaces between different tissue types.

Both for limited and sparse angle tomographic reconstruction, it was found that a transforma-
tion map can successfully extract such knowledge quantitatively from examples. It was also
found that transformation maps can effectively apply this knowledge during reconstruction to

achieve superior results: other regularization methods seem to produce artificial-looking results.

For limited angle reconstructions, it is shown that biasing a reconstruction with correct knowl-
edge in one region results in a corresponding improvement in the reconstruction for a comple-
mentary region. Using this property, which is due to the nature of the data constraint, the
transformation map biases predictable regions so that improvements occur indirectly in less

predictable regions. The iteration of this principle leads to a final reconstruction.

7.5 Results

In terms of full and sparse angle tomography, this thesis has illustrated that the Lodox system
can achieve good quality high resolution medical reconstructions. For unregularized limited
angle reconstructions, high resolution coronal views are produced which resemble those of full

angle reconstructions well.

It is shown that reconstruction quality improves significantly the bigger the angular range of
available projection data. However, this thesis is only concerned with the special case of having
projections at 5° intervals over a 100° range. For this situation, considerable numerical as well
as visual improvements in reconstruction quality over other methods are demonstrated using

transformation maps.

125



7.6 Conclusions

In response to the research question, it is concluded that the Lodox machine can be used to cre-
ate limited angle reconstructions that have diagnostic value. However, these reconstructions are

not as precise and therefore do not have as much diagnostic value as full angle reconstructions.

At some point in reducing the amount of available data, a reconstruction becomes medically of
no diagnostic value. This thesis presented a technique that produces useful results from severely

restricted measurements when other methods do not.

7.7 Recommendations

This study may have provoked many questions such as ‘how does the algorithm perform at
higher resolutions?’ or ‘what about a bigger or even smaller angular range?’. It would be
interesting to know what the minimal data requirements are in terms of angular resolution and
range to achieve diagnosable reconstructions. These questions are not answered in this thesis

and warrant further investigation.

It seems reasonable to presume that more elaborate forms of prior knowledge which specify
properties of interfaces between tissue types, particularly at higher reconstruction resolutions,
could advance reconstruction. Also, volumetric limited angle reconstructions (as opposed to
individual cross-sections), could benefit from information of neighbouring cross-sections and
improve results. Perhaps it would be wise to add a local edge magnitude dimension in the

scanning direction to the transformation map in that case.

Given the time required to aquire scans of the patient, the best medical application for sparse,
full and limited angle tomography using the Lodox system is perhaps forensic medicine. In a
linear scanning system such as Lodox, patient movement would have more severe consequences
to reconstruction precision than in spiral computerized tomography where slices are scanned

sequentially.

Since medical imaging inherently places the utmost demands on imaging quality and scanning
speeds, it is advisable to investigate limited angle tomography using the technology developed
in this thesis for certain industrial non-destructive testing applications or electron microscopy

where limited angle tomography is the only alternative.
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