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blurrin;: the image one-dimernionally along the c"lumrn (in the ver!icl\1 diroction) will 1101 have 

much efFed Oil the 1JI\cfact (11,-"' 0" low .. ewlIII iOTI romponen\" 01" the image), bm it will smoo\h 

ou\ I h~ iml\g~ .",.",ile. III I.hi, way, blL" ... ing is '''ed to 'epar"te imap;e detail;; from low res"lution 

coml'o,,,,"t,, 01" the imap;e, Afterwards , Ihe in",rred low re';(,lution components of the image, 

whi~h Cll'€ eorruptc'<i by artcfuct:l, are dir;c;u-ded a"d repla;,ed hy illlNpoJl\l.ed 8mool.Il W,'yes, 

The restorc1tion '3n be written l\' 

Hew F",im,{i) i8 a· wbic 8pliM inlerpolation Mer the m:tefcu,t and the high re,olution imab'" 

Ucw.il is 

(3.6) 

where the low re,olution compo"e", I'di} of (he original I<loa"x(i) ean be eakulatcd effieiently 

from 

, 
Cl.nd F",Ak) = I: Fu>d,,~(i), 

;-11 

(:1.7) 

A biwr hJ"rrin;: kernel ,i"e, ,Vii), i.e< used whe' ... II", 1lT"ledyinp; ima;:e has small inkn,ity 

dll\lltes_ il.;FI"", I, betwoen row" or largo" ill(el18ily dlanp;es, il.jFtru, l, betwoen COIUIlIIl", Tlli" 

i, nc,_",,1lIY to hl:comoUa.'" ra.pidly dlanp;in;: arlef""t" and nmximiR'" \Il~ ex"',,1 over whi.h 

the art~fa;'1 "hape i, infcrred. The", intellsity ~)'adiell1.s a.re ~stimated from re,tored iIImge, "" 

obtained in Sc"tion 3.3,2. Thu" 

j-+.:'.i )1 

,V(k} ~" I: I: < 1fl.,F1,,,, (i,j)1 > -,8 < fl.iF,,~"{i ,j)1 > 
;=k IJ.d-jo 

where "IIIlIWJ.tiOTI i, do,,,, in a nei;:hbourhood fl.; of a fixed "id' (ha.( ollly mov,", m; "function of 

row ind~x, The si7.e ofthi" acighbourhood fl.i eq"aL. ;~I row, for an image with a r,-",,-,Ju\ioll of 

1.666 Ii lie pail', perm illimeter and seale, in proportiOTI to resoi ,,(ion, Fine t Ilnin;: of pm:ameter, 

0: and /1 around 5,5 ",lid O.U respee",'ely by up to 25% of th~ir Il0mi"al v",IL"'" can J'esillt in 

~-,cellen\ artefact ,upp",ssion for a varticuil\" ima.)(e or r~)(ion in 'lll image. The ""luc" for tl""'" 

par",mH.e rs wer~ chosen as quoted abo"e ,0 th",! tood rps" II s are oLtained for a broo.d rm1b'C of 

inmp;c'>', No ,ingl~ y"lue is optimal lor all im"p;cs. 

:17 
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Figure 3.10 An uri~lllal chest x-ray with 1lrtcfacts (top) ,md an image with t he artefacts 
r~Illlwoo (IKlUum). 

3.3.4 Examples and performance 

Figure 3.10 ~11Uws a typical example uf t he value that t he artcfad removal ::J.~OIithm adds to 

th~ image. I\ot~ tha.t ther~ are 80m~ IIl(!,!'killg~ UJ] the ~pine which are not vi,ible \lll!l'S8 the 

a.Itefa~t removm mp;orithm ie applif\(j to rh~ imap;e. lln(h of the algMi\hm" u<",cribed abnv~ 

produce ne(!'!ly inui8tin~i8habk nCl<ults in the region of the image shown, 

Fip;nr~ :1.1 1 ehow" do,*,up ,'iew~ of th~ r~ul(s of the two djlr~ren\ 31~ori\1l]1l~ applied tu th~ 

=~ illl.'l.~e regiun (th~ top of th~ ,knll). Evidelltly the cul"pti ,'e algorithm i, beller wp"hl~ of 

remnviHg the artefact., Hear hrge ill\elL9ity (rallsitio,.;. There ar~ nn iwl",lle.es fOUllU wher~ the 

inrewily level algorithm produces ~up~rior r,*,u!l>l tn \he adaptive al~nrithIll. 
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(b) Inlon';t)< ",,,,,1 me<hod 
re.cll. 

(e) Adapt;"" method ,,,"ull 

Figure 3.11 Re8111ts for diffnrent artefact removal algorithm". 

A version of the ooaplive algorithm has heen 1I8ed at a number of hospital" around the world for 

nearly a year with such great approval by its staff that the opt.ion of disabling such pr0ceJ8ing 

is no longer given to uscrn of Lodox's Stat.ocan 8y8teln.~. 

3.'1 Cunsistency 

A proj''.Ction can be considcn."d to be a profile of value.'! that is formed by a (let of line integrals 

through a cross-section plane (SLoe Figure 2.1). The illtngral of a proj,,-ction throngh the same 

cross-SLoctioll of a n object equals th,,- total mass of that section. It does lIot matter from what 

angle the projectio1l8 are taken, the integral of the proj<.oction must still equal the total Dlll8IJ of 

the cr068-8OCtion. Such consistency does not exist in the Lodox image8 used as too datllSL-t , for 

the following reason.~: 

• The trolley i8 only partially imaged ill some of the scans becau.'l<'. of it~ width. 

• Th~.re i8 some variation in x-ray g~"lleration and detection such t.hat th,,- intensity range of 

images could differ by up to 10% if a scan is repeated nnder identical operator condition.~ 

at diff"-r<mt tim<."s. 

• The image contrast I\lld bright llPSS vlIl"y throughont the image and differ abruptly between 

some adjaC<'.nt cameras. This is especially noticeable at high attenuation and is aff~"Cted 

by the variation in dark "">Tent and gilln in each. Camera within a 8ingle "",an. See 
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Fignre 3.12 Av"r~". m"ximum "nd minimum ar:c"mulaIHI row inl."n"i ly profil"" in d"I'~"I .. 

Fi)!;m.,. 3,9(~}. AllholJp;h I,h""" "yM"m incon"i"I"n~i"" h",,<, h""n oolv"d in 2004 hy "Iowin p; 

down CCD readout 'peed", the datiJ1;et u,;ed in thi, the"i, i, ,ubjed to sud ... corruptioll . 

• Beam hardellill~ and ,catterin~ of the polyehromatic x-my" used in the Lodox system 

p",wnl8 I,he deledor [rom measurillg tI,e ""tual liIlear "I,kmw.tion codJicient {K"k and 

Slan"y,19HR}, 

The ~onl,riblJl,ion of Ille I,rolley 1o Ihe incoll8i8teocy i~ removed by ~ubtmding the mean trolley 

inlensity profile from each l"flW in a ",,,,In. Thi" i, poeeibk einc," erannin)!; (){"ure parallcll.o Ih" 

trolley re~ultillg ill " neMly equal contribution to 1JlI row~. Slight mi81lw.tch at trolley ed~1< i~ 

,.,.mo,"",1 "e,n)!; 1.1", arlapl.'"e ~am~r" ov~rlap a'"I.~fa~1 ,.,.lllOY:l.I ,u)!;orillm' in S""tion :1.:1.:1. 

Fi)!;U1'e 3,n "OOW" the rem,uninp; ineonsi"t,,:ney where the dotted line, repre""nl the minimum 

and ml",illlUmllM~~ o[ the ohje'tt per row ror the dataset (l..! diH'erent allglL1<). TI,;~ vMi"tion 

is red",,,d 10 that of the Ihin ilOlirl lin", by optimi7.inp; the contraet ,md bl"ip;htnei<i< (""",Ie) of 

e1J.Ch 8Cl'" W tlmt they nmtcil the mean m1J.8i< profile best in tc"1'ms or IlWlII' ~qu<= error. 

W~1I known loclmi'l"'''' in I.h~ lil"r"",, ".,. (K"k "nd Sla,,,,y, 1.988) for mini mi"i ng I. h" ~jfe~l, of I.,.,am 

ha",knin~ in reconstruetion" are not possible in the eontext of limited 'm~k tomo17aphy with 

t<Jdox. TI,,, dlJal e,"'rgy l.echniqlJe illvol"e8 taking "11 addilional ~"I of x-ray" al a ~""ond,,[y 

ener~" le"el. lhe Lorlox ,y"lem i" nol (k"i)!;ned to do that , Other post-proee"in)!; technique" 

"'<jlli,.,. 1,& i!<')!;mfml.,,",ion of hon~ olll, of r<'mnelr"cl,ion" and ""Iimal.in)!; l,i""IJ" Ihkkn""e which 

i8 nol l~" ~tmightrorward with limi ted angula!.' dlW;. Thererore, 110 furlher "ttcmpts "'" made 
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to improve Ihe oomistency in til<, dat'l.. .. d and henceforth recon"trOlc\io" ;J.lgori\llIll" lI-~,at the"", 

inoomist~nrie', a" imp'-'rf~diom in toc data",-,t mo,-,-!; with Ill<, measurement noioo. 

3.5 Projection geometry 

II it diffi",lllo determine lhe 'yslem gromelry to a high ;J.crurilCY Ol~ing cOlwe"liu",,1 nJ€"~'''"€' 

ment instrumellts. Besid"" gett illg hold of "uitable ~quipment and di .. m'llltlillg the 'y~lem, it 

would renll<i" ;J. "ontri\'i;J.I t,~k \0 10c;J.\e, for e,,"mple, \he cen\er of rUll<\io" a"d toc pre'c"" 

l>O"i\ion of the x-r"y OOOJrce. 

In.te"d, now thaI Ihe di,tortion, in til<, image plane nrc quantified. the im"ging system ilfO"lf 

can be 11.. ... ,d to m~""ur~ th~ C-illm ge'{)mdlY. This is dom' by >lemming a re<ference object from 

diff~re'nt ;J.ngl~" ""d co"solidatin~ markin1}S On \he' "lJjed ,·,.i\h the'ir proj~dio,," vi"ibl~ in tk 

ima~~. 

A" "'-'-''' in tl"-' Ul-'I",r p;J.r\s of Fig"re 3_1, ;J.n "I-',-igh\ perspex ~I"*t with;J. ,-~gula.r ~rid of 9 

alou"ini 1111L pin. C"-ll he found in every ",-an of Ihe dalaset. For identifimlion purfK>"""". e;u;h pin 

lUl ... a different len,,;tl1. 

The clrn'H.xtiunal rdative sp;J.tiaJ coordiw,te'" (:0 •• Yk) of tlll'''-' PH'" ill~ known a prwf'l to illl 

;J.CCOlr"-CY of "'pin = II.O!j711L11L (maximum fit error: 'pin = O.12mm) frOllL the log likdih<><><l of;J. 

scI of :l~ unique pin to pin distilll"" measuremellts r~.I' i.e. 

(3_9) 

whirl! lUl ... til<, ""me oolution as the mllllmum Villlilll'" X2 crnt function. ''''''''pI Ihal it aloo 

es\imil[~ tloe \"l.ri"-llCe_ A norllL",lly di~lribllted enOr ito [.he rILe"~llI"€rILe''''" i~ a.'l"'lI11e<.L 

In the Lodux ima~~"" the pin p""itiun" ille nmnu;J.lly IO~;J.wd t<J the "",are"t pixel. Tl"-'n, u.s tlll' 

eX"'llLl-'le ill Fig"re 3, '13(b) help~ to show, the row indeA i" cioo,,",n where the steepest ",ver;J.,,;e edge 

in Ihe nei,,;hbourhood, orieIltakd p'-'rpl'ndi~ular to the P'-'lliP'-'X she~,-t . r~adll" 15% d"vation. 

A lo"g .h is ro,,·, tloe pin col umn p""i tion i" detenlLi"ed lJ)' IIUi tog " G",,,""i"n COln'e to the i "te,,"i \y 

profile' "hown in Figure 3_13(~). The column l.>O!<ition" of pin" t hat ltppe'-'f dooe toge't her in llll' 

Ima,,;".". arc chosen Illanually and nrc tll<'refore known with lcss iU",uriU"Y. This collection of pin~. 

,,~ "",II ""' pi,," "eM C;J.Hoer" uw,-I",p ,.,tef"-Ct~ ""d pi,," wi[.I,in [.he illl",ge HI"'-gi,,", are l"lJ€led 

bad pin". Phd colulll1l di"toltion i" "ot de't~rllli",~1 ito tl"-' iml<ge' Il1ar~i,," where e'X~e""ive g;J.i" 
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(a) Pin imag<o (b) Pin,..,... j)C<ition. (e) Pin column pos;tion. 

F igure 3.13 Detection of a. pin position in a. Lodox sca.n. 

oomp~llMtion problems oCCur. In the dataset, 312 out of 1638 pins are label~d bad. Although all 

the piu data. is used equally, the results show that th~ good pins have less variance, <III expeeted 

(see Figure 3. 14( c) discU88ed htc:r). 

The pin positions are conecL€d for pixd column distortion by mapping them onto the pha.ntom 

ruler repreiSf'nted by the variable P (which is apPIoxima.tdy 30cm closer to the x-ray source from 

the physical dekdoc) iuto millim€ter uuits. Linear interpolation is f'.mployed iu thill mapping 

a.nd yidds U,e pin's p,ujt'Ctcd position P~.f on the P axis, where 0 is the C-arm angle a.nd k is 

the pin munb~r. 

Figures ~.14(a.) and 3.l4(b) show the b'OOmetry of the C-arm and how thp pins are projected 

onto the phantom mler P from their crO&l-soctional coordinates. This projection is governed by 

the following equa.tiom: 

!lX.~ 

xc ~ rMC C06(O) ~ rXM sin(O) 

Yc + rMC siu(O) - rXM C06(O) 

lilll-1 (~. ~x .• ) 
~. ~X.' 

rXTJ tan(¢u - 0)""," I'D 
(3.10) 

In these equations, the x-ra.y SOurCe is a.t point X=(xx,II,yx.' ) wh~u the C-aIm is at angle 8 

with re~pect to the center of rotation at C=(xc,yc). Pin k at (x., Yk) is projected onto the 

projection axis a.t Pt.' where PD is the origin of the proj<.-dion axis at point D. Further rMC. 

rXM and fXD are U,e disLances from the points:'\.i Lo C, X to M and X to D respectively a.s 

'1uantifif'd in .Figure ~.H. The interlllfldiMe quantity ¢u is used to simplify th€ calculation of 

po.I, a.nd repWlcnts the a.ngle La pin k from the >:-1'1\\' source. 
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rXD 

'XM 

'Me 
'0 

Vahle Imml 
0.14 
0.10 
0,25 
0,12 
0.09 
0.21 
0.64 
0.31 
0,54 
028 

56,01 
19.27 

-54.51 
19.72 

1074.53 
954.55 

60.23 
495.39 

Dmcriptioll 
st andard devjation in ruler pbne 
standard deviation in ruler plane for good pins 
st:w.dard deviation in ruler plane for bad pill' 
standard deviation in cross-section plane 
st1l.11dard deviation in crOSll-section plane for good pim 
standard deviation in cross-section plane for bad pins 
maximum error in ruler plane 
maximum error in ruler plane fOT b't:>O<l pins 
maximum error in CI08Il-..ection plane 
maximum error in CIC8'!-section plan<! for good pillS 

center of rotation for (J"2: 0 
cellt,e:r of rotation for IJ ?: 0 
center of rotatwu for IJ S 0 
center or rotation ror () :<::: 0 
x·ray source to phantom ruler 
x-ray source to center of rotation (oomponent) 
lateral offset 
center value of phantom ruler 

(c) Goomet'y ,",';llito 

Figure 3.1-1 Geometry of the Lodox l1lliCltinc. 
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Figure 3.15 Contribution of pio.:e1 segm~~'t (.0 a. projaction bin. 

Th~ minimum variance data fit i" found using a local seaIru algorithm, by minimizing 

x~ = L (p~,o - P.,~)~ 
k,O 

(3.1I) 

which has 190 parameter~. Omitting the C-arm angl~, e, the result,!; are given in Fi?;llre 3.14{c). 

The re~"lw sngg~t that a. point in the projection plane can on avelage be pinpointed to an 

accuracy of 17.,,000 ., I}'09mm in the cr~-oocLional (axial) plane u~ing the image correct ions and 

geometrir, Sflt"p described in t his rhaptcr. This limit" the resolution to which leconstruction~ 

can be performed with no legard to the rewlut ioll of the data.qet . 

Although the geoIll<Jtric parameters r.onld he dewrmined to greater ocmrar,y ,,"ing more pins in 

the reference object and higher resolution data. t he assumption that the estimated parameters 

ale constants bleaks down at oome point. Finite el<Jment analysi~ of the C-arm "tructure by 

Ken Park (Park, 20(2), reveal t hat deflections of up to 1001'''' are expected 118 a function of 

C-= angle due to gravity alone. 

Therefore, if a. gre.a.ter order of accuracy i~ reqnired, then not only ~hO\lld more rcfcrenr,e points 

he ",,00, but each scan's geometric parameters should be wllsidered individually (or at least 

locally as a function of e). 

Howeve!., the accuracy to which ,he geometry i~ known at thi~ stage i~ believed to he well 

matched to the 1€SOlutio!, of the data:>et , which is 0.3mm per pixel. 
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Figure 3.16 Acculllulative projRction of triangiR. 

3,6 Pixel projection 

I"igur€ :lEj illu.,tratP.' the' partial "0/""'" eD'.d (Ikutd d ai., 2000) whe .. e pllrL of 1\ pix~l on" 

rcp:ulllr grid is projl'ded outo a di"oele pmjedio1l axi.'_ In the ge<l€rai """", the cmltrib1llion 

thai II ... shaded por\ion of the pixRl llL-'lkes to the proje'<:iion bin is = duL()wtl' ",mlylical 

f"ndio1l of th~ rRlative oriPnt"tion a.nd position ()j" "",iou> COlllp(melll~ in Ihe diagram. 

A 'implifierl diagram is ')"""11 in Figure' 3.16 where 1\ pixel mIlsi"ls of I.k un;on "ffou r rotalions 

of ~ triangk "Lout point C, The pixel orienlalion i" expre,;:;.ed using Ou_ 

It is u:,<,[ul to define a .,"'Her&! f"nClion ACLIi(Oll) whid, rlRterminee that paxl of the "r~", of a 

triaILgle C L n (hilt Ii..,; h.,low the line 0 JJ. b ,hi" "implified ""ample, th"t function is cxprl's><xl. 

using the angle oft.h~ line OD ins!l'".d. sw:h t h"t 

o 
A.(Icr.hn.L) if 1;j.I,l(YJJrLl<iJoSO 

11(G.L,H) A(Icn,hll,R) i[ 0 < YD S t,,"-1 (!In!xn) 

A(C,L,R) 

wlien' Ihe arRa of a trianp;le with ""rticl" C, Land R ""n be ""kulalcd froIll 

Xc !lc 1 
( , 1 1 A. G.L.R) = 2- )Or '" XH " 1 

(~.12) 

(3_13) 

Tb.> Me" A.oc (If D) of llie pixel III angle On helow the "ame line is ealcllbl>\d hy .,umminp; the 

panial al'"as of the individual lrimLgll's tll",( rn'lke up Ih",1 pixeL FiILally, (he ron(.ribulion Ih",1 
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(b) Avco-ogc ""d h<.t fit. protil"". 

:Figurc 3. 17 High resolution projection profiles of individual pixels. 

the pixel makes to an interval eD; to f)D'+l on the dis.crdc projection axis is then detel'mined 

by subtracting the a.ccuIIlulated areas Aile (OD;+J - A"c(OD,), 

3.7 [)!'ojPction axIS rpsollll. ioll 

Given it paxt.iculax "pa.t.ial resol ution, Ihi" """tion dffiCrih"" how an optimal projertion axi. 

resolution is selected. 

Figure 3.17(a) shows a few projections of a, single !!quaI'<> pixel ont<l a, high n'Wlulion proj<>ction 

axis at differl'nt, a.ngles. Clearly the sllape of the pixels alfeds the projections uKlre significantly 

the higher the projedion axis resolution. If the projoction axi, rffiOllltion is too high, tit" 

reconstruction is overspocified by the projections \.l.e(-ause it has structure that either contradicts 

(real data from continuous origin) or oonrUfll with (simulatoo data from discrete origin) that 

whicll is oonsistent with the shape of the pixels. As demonstrated in t he final ciHlptcr of 

Ihi. thesis. a resolution mi"makh of this kind introdUNJ" avoidable noise in rf'31 dala iterated 

reconstructions. On the other hand, if the proj<.dion resolution is too low, !DOl\> pixels arc used 

t han l1CccsaW}' \<l represent the projecti<ln data, and reronshLlctions ~ml b~ poorly 8pedfi~n. 

Figure 3.17(b) shows the average projection profile of all pixels in a 128 X 128 lattice for typical 

goometrical conditions used in this theai5. A rer!.angle of equal area ill fiuRd optimally in mean 

squ.'l.re errOl to this curve. The width of this hInd: de:fine8 the bin "paring used. lLq th~ best 
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~hoicR of projection axi" For" 128 x 12H lattice thi, corresponds t.o a 216 clcment projection 

axis in this case, 

3.8 Filtered back-projection reconstruction 

The filteroo b"",k-projection metlwd dc>.Cribed in Sccti(}!l 2.1.1 is used to perform ,onlographir 

!'{.·mnstruction. In essence, i, require,; Ihal thR x-ray projections ",.e filtered wi lh H (w) = af:.!1 in 

IhR frequRncy donoain where a is wnoe conshml. Thc filtcred pwjoxti(}llli arR then cumulalivRly 

projectcd 1mck (}nto a pixel grid. The r""ulls of ,his operation is provided below. 

3.8.1 Results 

Fi!;urffi 3.18 and 3.2'0 to 3,2'2 show a few typical fun angle tomographic recon"tIUction slice!! 

of the ohjecl ming IH2 scans at an angular spacing of DJJ = 1'. The head or limoo axe IhR 

moot likely p,,,ls of the anatomy to be inoagoo lonoogmphic".Ily in " clinical silu"tion with lhc 

Lodox systeno, hecaU'w Ihey aN' l'ela,jvRly ea."y 10 keep still for Ih~ long peri",ls of time it will 

take to perform l he scaw. Acquiring 182 scans of" human bead cmlIwt be done faster tlmn 12 

noinutes if the machine were fully automated for 'his purpo"" (manually illook 1 hOHr'). 

In wntrU81 to lIlOI<t t(}lllo!;mphy machincs, "SCml I",." to I"" conopleted before the x'ray wurce 

is rotated. This noakes the Lo<lox "y"t~m a 101 mor~ sllf'.C€ptahle 10 motion-blur probl~ms du~ 

to, for example, brRathing, The benefit. lwwcvcr, is tlmt thc GJdox system offers very high 

re;ollilion in1a!;ing in tl,e ~anning direction. For theffi rRa.""", perhal" IhR most ,uilablR 

application fOl' this s tudy ill forensic im<>ging. 

It is pOlsible to develop $inylf slice tomographk capabilit;", into the Lodox 'y'tem which cOllld 

offer vcry high wntr,.,;t res(}luti(}n, Thi, rcquires a specialnoode where the C·arrH rotat"'" while 

data is acquired, However, thi' topir falls outside the ""ope of this thesis, 

Figurc 3,lg shows an intensity profile through Figure 3.18 which is an enlargement of Ihe slic~ 

at "canning index i, = n.'i using 1021 X 11121 (J,nmm pixek An intensity profilc (}f thc 

equivalent low resolulion 128 x 128 1 .Smm pixel j"f'(xlns,rnction in Figure 4. 1 (c) i, "I",) provided 

in Fignre 3,19. 
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Figure 3.18 1"ill ~'-e<l ku:'k-proj,"'tioll m:oIlstruct;oll "lire "t i, = 22,;. 
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Figure 3.19 Intensity profiles throup;h l1H X 128 and 1011 X 11111 filtered hack- pmj"'Ction ,·"'Con· 
structions at I = -44.38mIn, iz = 225. 

The light .treak ruIming ooriwlltally between bright bone ><eeiion. in the lowE'!" part (}f the 

left I"' nd si<1p eye is an pxamplp of a ""-am hardening artefact (BputeJ et aI., 10CJ(1j. This 

happens becausc projection dab. ociginate from JXllychromatic in"teoo of mon(}chwnw.lic x­

rays an,] is therpf[ll'p not an exact measure of the linear ahsorption cO<'ftkient of tiosue (K1lk 

and Slaney, HIH8). Figure 3.19 indicat", Ihi. by Region A as "" intell"ity profile in lIouwficld 

unit. [HU] (see Figure 4.12(b) for inlerpreling Hounsndd uniiS). 

Noise lpvels and other fiuctuations iu thp rocoru;tru~tion of thp same homop;ellOus tissue "'"" 

indicated by Rcp;ion B. For the 11121 X 1024 rec(}n"truction, the pe1J.k W peak pwfilc variation 

il< nearly 2511 IlU. For the 128 X 128 reconBi"uciion ill Figure 4.1(c), lhiB variaiicm is redUC1'<d to 

about HXI IIU. 

Region C illustrales the parlial volump plfflet. At a low spatial r<'SOlution. il is not possihlp to 

repn"ent deb.iled struct1.ll€!< accumidy. The prE'O<ence of li8:lIle is indiC1J.l€d incondusi.dy using 

1.8mm pixelR. Although increasing the slice thickness (n(}t shown) by binning in the scanning 

(lired .... n redUCeJ no;,.. ill "pconstnwtions, it de"'.; not alipnuate thp artefacts and it WMSI'nS 

the partial ",lume efloc!. 

The dppl ..... of nne lighl an,] da"k strp-aks _n t hroup;hout Figurp :1.18 1IXe aliasing 1IX",fa~ts due 

t() the relativdy SInall number of ""gles at which sCans were taken. Region D HI Figur€ 3.19 

"how" that the v""iatior", can be up to 500 HU peak t(} peak. Thc:se ripples ""e 1I0t yi"iLIc in 
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the 128 x 128 recon:ltruction where the angular resolution i" more comparable to the display 

:resolution. 

Near the bottom of the image, the lower edge of the skull appeAr" to extend a light "treak over 

the scoJp ti8llue to it, left. Alro notice lhe !<light increase in intensity for both resolutions of over 

100 HU below the head which is labeled Region E in Figure 3.19. Thi, happens hecalffie the 

t<ltal angular range over which x-rays in the lBO° dataset were detected, is less than 180" for 

point' in that region of "pace. For fan beam tomography, the angular range at which project ions 

must be taken ill 1800 plus the fan angle to ensUre that 180" data exi~t for all points in the 

image "pace. Therefore, the dataset i, le<"hnically not complete and no recomrtructions in thi, 

thesis are quite full angle. 

Figure 3.20 show, an enlargement of a "lice at ;. = 450 using 0.22= pixels while Figure 3.21 

dillplays only the central40mmx40mm detail region of thi~ slice using 1024 x 1024 pixels. This 

image pushes the limits of the dataset resolution, "" well """" the l!CCill"'-"y to which the goometry 

of earh ~an i5 known. 

:~.R.2 Perform:~nl"e 

Reconstruction speed is fairly "low when no compromise i" made on the accuracy of the pixel 

projection proceSl'. Whil~t determining all intersecting areas of bcalllll and pixe)" on the fly. 

back-project ion lakes approximately 4.871'8 per ,;can per pixel 0" a L8G Hz Pentium 4 procem;or. 

In other ward", the Ii 512x512 slices using 182 scans ~holVn in Figure 3.22 look about 23 minute, 

to compute. 

For low resolution cro,!<-,ection", the contributions that projected pixels make to the projection" 

mn he precomputed and ~tored in a lookup table. In thi" way a very large improvement in 

speed for 128x128 image.. i" po",ubie. A 128 x 128 x 128 cube takes 2 minutes and 30 seconru. 

to reCOn:ltruct at 1, 17s per slice. 

(Caric et al., 2(02) reports a speedup for the bark-projection proc""", of up to 20 times using 

dedicated hardware and fixed point arithmetic. Hardware IICcelera.t.ion may be e"ential to the 

future commerdali..ation of tomographic functionality for Lodox, However, for the development 

of new limited angle tomography (e~hniques, nO compromise On accuTaL"y is tolerated. 
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8.9 Summary 

In this chapter many real world problem« with the system and data'let were investigated and 

overcome. It was shown that accurate roconstnu:tions are p055ible and therefore the dataset 

and the sylltem are well characterized. The encapsulation of thi« reconstruction ability is a 

fundamental building block f[)r the rest of this the..is. 

The results have shown that although a high spatial resolution is obtainable, relatively poor 

contr",t ([)r density .esolution) is "-<"nieved due to the poor angular resolution and artefuct~. 

The next rnapter invest igates how to obtain better reconstructions from a limited number of 

projections in the presence of noise and iuc[)n"i"tencie" in the data. 
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Figure 3.20 Filtered back-projL"<:tion rL"<:onstruction slice at i, = 451). 
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Figure 3.21 High r"",llltioll l'CCOIlotrlld ion OlsiOlg 391,m p~r pix~l a t ;z = 450. 
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Figure 3. 22 Filt"rl~l b,,,,,"- :JI"<.,jed~·'" recomtrudion ,liccs at i, = (75, 150; n5, 3()1J: :175, .j',I)) , 
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CHAPTER 4 

Optimizing reconstruction 

Gi,'en ". wmplfte oot of ideal projections, the filtcred bacl::-projedion algorithm thNlretically 

convert.>; the projection data to an eXl!£tly l'quivalent cro",,"",.'cti(jn with uo ueed lor iteratiuu_ If 

data i" "I-"'r"", "Ubjl'ct to mea8ur~m~nt errors anrll><'.'l-lll harrl~ning, t.his "lgnrithm will how~ver 

,,-Of ne"'l'ssarily recnnstrun a cross-section .,uch t hat th~ proy,dion" of that cros"-"edion ~qual 

the projection data m,_t iu term_ (jf meau _'1ua,n, enor, Fur exmupk, iu all l'XtreIIll' eMe 

where only a "iugle projecti(ju is known, "" 'mfil\~rerl l):l.ck-proj .... tion will clearly r«lult in 

a reeoust.ruction that is more wn";',tcm with th~ data than a filterl,d bad:-plojection. Thi" 

c.hapter inve.,tig".tc" the b".,t way to perlilrm rl'oolJ><tmdiou" flUm limited data",.'t""o that t.hey 

me moot wlJ><i"tellt with lIll'aslLN'd pn\f<'eLion rl".ta. 

The c,-ik,-io" "J oplimMily u~ ror Lhe better P"It or thi.' chapter i., th~ m~a11 square error, 

,,2 '" x2. or the ,..,con"truction pr<ly",tion., with resp~d to the mea,uH'd projectiou data, Iu 

lhi., the.,i", ",Y' is the root meau "'1ua,n, data project,;oll enor uf projI'Ctiou8 spaced at. 110 ,= Ci" 

iull'rval" over a 180" r".nge Similarly. "10 i8 th~ root me"n squme data proj.xtion error of 

projections spacerl at I1fi = l' interval., ovcr a 1&1' raugl'. N(jte importautly that "10, which i, 

quuted ill IImllY figure's, r~pI"",nts a quantit".!';v" measure or compari>;<", for a reomstrudion 

to the ilm.md truth, Thi., paramder i" parti~ularl)' u""ful lur a,,",,",iug 'plU-"" alld limited all~le 

rl'Cou"tnlcliulll< throughout "his t.hf':Jls_ 

In the following so:.'di()Il it is dl'muu"trated that the filwrl,j ba.ck-proj"dion method shoulrlhe 

modified when dam i.' spam" to minimize differeuce" of thl' Iewu"trudi(ju pwjeeti(jus with the 

projectiou dM" __ 1'h"5<' finding8 are t.h~n ~.xtenderl to iter"tive ,..,("on.,\runion mdhods, The 

final s.xtion., (jf thi" chapter di"cu"" that rewn,tructio])" "houId b<c regulali,w to l)est I'rovid~ 

li)[ "nm~a."uroo dat" __ Hayesi"" reconstn"tion.' ar~ included. 
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(~J Ramp filL",. 118 ~ ~o, 

0",. =489, ~l' =489 
(bl Opdmol fil<er, ::"8 
~,. = :JlI4, ~l' = :)2\i 

o ., 

4.1 J\.laximum likelihood reconstruction 

(e) Opdmol filter. ::"8 _ 1°, 
~,. = 2m ~l' = 2r!l1 

As discuss~d in S""tion 2.3. th€ maximnm likelihood r~constru~tion i., Ih~ r€constrllctioll tl",t 

fit>< the ,w1J.ibblc projedlOll d,= oe.t in term" of IIleUIl squure l'nor. The ebss of reconstruction 

tpdllliqllP., anvonlPd below dm"r" from mo",. ~landlU'd mel.bod' in lh;u. "selU'ch i" gellen,lI}" 

ped()nn",l ill 1J. 8"/I"Jxlce of .",~rch di""('t;o,,, (Skill ill)!; =d nry"n, 1984) ill"t.ead of " S;"9Ie search 

direction ul eucll stage tI",t th€ reconstruetion i8 updated from fIn: to ftn·tll. 

11. is ~on~l.rlJ~l.ive 10 poinl Oul. lh,,1. din:r:i j"'''''',iu" rl'<:OIl"I.rudion method" ill S.xtioll 4,1.1 

employ 1J. ,,,,If-eolltuined illTative optimization pruC<'dur~ which;', u"ed 10 delp~'mine mntrolling 

Iill.e<· I,"umel.er v~1 uet<. 'T'1..,i;<l are reg'''''ded U" ,jug/" step nlet-hoo" oc't"'usc tlleY do",ly rp . ...,mbl~ 

a single slep of dassiw1 graniPnt ba""d ,..:>reb """,.hod' (see Seclion 2.-3.2). 

Ilen..tive method" in Scdioll 4,1.2 "imply item!f'.' dirf'C1 inversion .,tep., which alllom"lic~l1y 

r~calclll~lp., th~ projeclion din"rell~~ aud nIl.er P'''''illllders due 10 its new st1J.rting position, 

4.1.1 Direct inversion in a single ~tep 

Figure 4,1 show" direct inversion rf'Co",tructions wher~ projo;ction d"l.~ i~ known eil.he<· ;U 

.'J.8 = DO or l' imerv"l~ "~ intlic~led. At 1J. di"pluy resolntion of 128 X 128 pixeL,. the projcelion 

d~l.~ fot' the 1" c"''''' i~ t'omi<iel'ed to be complete whil€ in Ih~ 5' ea,~ it is con.,i,jpred 1.0 be 

War". The 1>001' 1J.llgubr re.olu!ion r~sllits in alia,ing artefacts which IU'€ cleeriy "i.'ible ill 
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Figure 4.2 Optimal filIR:rn for direct inversion of 128 X 128 reconstructions. 

Figures 4.1(a) and (b). Figure" 4.1(a) and (e) apP<.'."" to have visually p!easiag ~h"rp edge:< 

while Figure 4.1(b) appears slightly blw'red. 

FOr the reconstruction in Figur", 4.1(a) the familiar ramp filter, HJ(w) = hl 'Iwl, was used OIl 

the projections prior 10 bad-projcd;ing. while for Figure" 4.1(b) and (e) 1IoIl optimal blurring 

compoDGrn is included in the filter of the form: 

( 4.1) 

Parameter vah>!',s 110, hI and i0. define the shape of the filter and an', chosen optimally for each 

rl)Coll"truction individually. These value,,; Me found by minim..izing the a~ (equivalent to the 

familiar x 2 ) error between the available data and the correspouding projections of the re .... ltant 

r<>mnstruction umng the N~lder Me",l "impiex minimi7,alion algorithm (Pres" el ai., 1999)_ 

As expected, the theoretically correct ramp filter with nO blurrillg compollent (ho! '" 0) was 

found to be the mo"t optimal filter choice for the ~aSG of a complete data"et with 1" data 

spacing intp~ls given a blank image as ti><?, starting point. For illterest's sake, Figure 4.2 

"hoWl! t he optimal filter Mape" for a few different angular "pru;ing" in projedion data. The 

actual val",,}; used are ealculated internally in an antolllatie way, as deocrii><?Al. above, an<! vary 

dep<?nding on the starting point , and al,;o V!Il"y slightly for different slices. 

The re1l80n why a blurriu,; compollent i" included is to reduce the "harpn""" of the angular 

aliaBing artefact.;, whir.h in turn improV~il the projection p~r "" shown in Figure 4.3(a). In 

other word", althou,;h the reconstruction appears more blun·ed ill Figure 4.1(b), its projedioD>l 

fit the data projoc,ctiom; b<?tter in mean ,;quare prror than in Fig\ln', 4.1(al. 
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(~) Projcetion orror profil"'_ (h) Prop-tiOll """',' hi"og,am, 

Figure 4.3 I'rojoctioll datCl. erro"" at e = (j' for single slep N'<:on"lr"~lirJll" in Fi8"r~ 4. L 

Figure 4.3(b) illu"ha.tes Crw lely by rne3Il8 of hi8togn\lIl~ that the statistical nature of the d",ta 

fit error " ""ymmetri~o.l =d non-Gaussian. Th;'" is dlJ~ Lo i"cOIl"i"t,e'lCi"" in the Jalasel 38 

di8tU"'eU in Sedioll ·3.4. 

Ilj roct. i n"~t'"ion ill"'''",1, Me wellsLL it",i for high re&.llutioll retou.structiolls whell a b,rgc amount 

of datil. is ,w1J.ilabk For low re.<olutioll inmp;c" it is fCClsiblc to ,U<C more cnmplltatinn"lly px­

pensive illgorithms in p:.ochang<' for 1,ptL~t' rff,nn"trlJclinn qLLality. The rest of thi~ clml'teI 

iIlV('8(igflte" IIlore el3borat~ itcratiyc technique", 

4.1.2 Iterative recon~tniCtion methods 

A IIluch better d"ta fi l can be u.chieved by ilerative method"_ The lIim of d,,,,,,, mel!>o<.l" i8 to 

minimize the a 2 errOl" that the projoct.ion" of the retou.structioll make with the projection d"ta. 

The "impie8t alge1'l'aic 'eo:Jr.,;trudion method (Kak and Slaney, HlHH) N'[WAled1y projf>Ct." 1'lICk 

S[)me fixocl fr""lion of t he di ff~N'nr" bE'tween t he I'rojedion~ of the current lu;omtrudion f{~;' 

and the data (i_e. the re8idmw) onto fi n;- to prod""," a n~w roconi1tr"rtion j,,,,,.j). 

Some improvpm~n t i" pOil.,ible if l hi' fraetiUll is ,1E'teuIliIlM by millimizing" t he rewitant a" error 

of fi"+l} at each Step a8 in SectiOll ~_:1.2_ Evident from th~ ~IJt'VP for Ho(w) in Figure 4.4(a). 

this alternative "Irate!,:y "'ill has,," poor rate of convergence_ 
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(h) 1!oLhod< lL<.ing proviou< ,",uch directiom. 

Figure 4.4 Conv~rgEncE curves for itemt;"" ret'{lIl"lrudio" me\hod8 with /:"0 = ,,6. 

IIl"(~(L(1 of llfHI"ling I h~ reconstruction in a 'ingle diT\'c\iu" ,,\ HLrh Iler>, the mor~ EJl~cliy., 

iterative l""thod, dii<CU8llC~1 below mn,;der 'nultiple dir",,\irllls. 

4.1.2.1 Steepest descent 

StOCP""t de.cellt uigOt-itl,ms limply it<orat.., direct illYEr,ion ,wI" eXM'.t!y '" ill SectiOIl 4.1 1. 

The ,~s"jt, of one it,emlion i, usc,] u" t he ,b.rt iug poirl\ rar tl'" Mxl it.e r«l jrlll. At eitel, iteration 

,tep. filt~r parmlleter, (hD, hl' o,nd "2) ".r~ re, • ...Jrnbtoo by Ih~ Neider :';'iead 1IlgorithIIl '0 tlmt 

t he (72 errOr '''',r~,,'e8 maximally. In other words, t iw,e YlIlues "re (wloma!icallil dNerminoo 

and ar~ no l mnstant from oue iwmtiou to the next_ Tl",y ar~ ""m~wha[, data-dEp~nd~llt and 

\eud to chang~ dr«malically during [,he fint few ilemtio!1\ but st ill ko>ep dL«ngi"8 thro11ghou[, 

th~ r~co",t ruction l'rot.e\\. 

,1.8 show" ill Figure '1.-1(a), Ih" rat" of convergence C"n be improve<1 by J;lte'~ng the pro.i~rt,ion 

diffErence: t he cla"sical sle<'[>f'st 8ra, lient as in 3fx:lion 2.:,.2. llsing H" (",.) = h", converge, "Iow!.y 

bnL \Leadily while [,h~ t heoretic,,1 filwr",] back-l'rojertio" d1oke; rId'-") = h j , 1'4 converges 

much f"'kr inili,dl,Y b11[, ~"Ill'" [,0 " , Iauds,illiater on. 

ThE bEst ofbot11 world\ i81J.(;hieved L.y «ddi"g an olrsEt pm:am~ter to the filter, so that H2(W) = 

i'D +hl-lw. 
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A fmther yet imignificant Uevelopment, evi<l.ent in the first few iteratioILS only, is possible by 

blurring the projections"" in Equation 4.1. The added computation required to <l.ctermine the 

blurring parameter docs not justify the uoo of filter H,,(w). 

The conjugate gradient method, as describoo in Section 2.3.2, is the standard modification 

to the classical steepest descent algorithm (using Ho(w) = h~) aimed at solviug quadratic or 

llCarly quadratic optimimtion problems in the fewest number of iteratioILS possible. III this 

metho<l., a new >;Carch direction L~ chosen that is conjugate to all previous search directiolllJ. A 

one-dimemional Ii,," srorch operation is pcrIOrmcd in this conjuga.te search direction at each 

step. The conjugate gradient method hM boon implemented for wmparison to the algorithm 

discussed next. 

Previous search directions can ea~ily be stored in a buffer. Instead of searching within the filt"I 

parameter (ho through h2 ) subspa.t:e alone for the next iterate, the subspace Can be augmented 

by fractions of previous search directions to be a<l.ded to the current search direction (in the 

projoction domain). Figure 4.4(b) sho",s mlI!lCrically as a f,mction of iteration number that the 

perlormance of the conjugate p;radient method is almoot indist inguishable fwm the case where 

the next iterMe is scardlCd for in the two directional suoopocc dc:fined by h~ and a fraction of 

the pr<:!vious search direct ion. 

The Hgure aloo shows thaJ the &\1S data Ht CJTo:r is significantly less during t he first 20 iterations 

when searching in the three-directional suhspaoo defined (in Hlter form H~) by II~, III and a 

fraction of the previous search direction. Only a minuscule further improvenlent is achieved 

using a.ciditional older sear<:h directions, possibly because the data fit opt imization problem is 

inherently qua<l.ratic only. 

It was found (not shown \0 avoid cluttering) that using the filler fonn Ha with previous search 

directions docs not have a noteworthy advantage oVCr filter form H2 ,mder the same conditions. 
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4.1.3 Iterative volume reconstruction 

Elr.cienL ,.,,,1,,,,," re<:oll'trllcti[)ns CAll ill"" b.. a.chffivoo UIling t he techniques describ..d above. At 

""el, iteration, t he pmarncter8 defining t he bw:-k-proje<:tion Ii I Ler and L he fra.cL ion uf the previous 

=ch direction to be added, are optillli"oo for a single sliee of the volume onl,\'. The slice with 

L he greatesL <'ata r.t error is ,effictOO at each iteration for such optimizati[)n. All the othpI slic,," 

make use of thc same parameter settings. This tochniquc offers .tnbility, rupid convergcnce as 

well as minimal computation. Figure 4.5 show8 two is,-"urf~ views uf a 128 x 128 x 128 volume 

r"construction of the wUlpffite dat"""" 

4.2 Implications of having sparse data 

Very good maximum likelihood rcrun,truction. arc [J06Sibk whcn data is complde. Redundancy 

in the data alleviates noise, arU\facl;e and other errors in the riat"""t when the ",2 error IS 

minimized. Of morc pradieaJ interest, l"lwever, i~ Lhe Ritualion where daLa. is sparoo. 

Thill """-'tion explor"" what happen' riuring the reconstruction pr"",,"s when the angular reso­

lution (.:1.11) of avnilable data is pC")I'. 
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(a) Ch""kered ,t",l, ,:,,& = 5' 
"p = 70.01;, <1,< _ 289, 

(h) HI,,,. """, ,:,,@ = 5", 
(1.\0 = 70.()5. <1p = 144 

(e) Chock.red ,t",I,':"& = JO
, 

"'> = 72,43, <1, > _ 69.77. 

4.2.1 Ambiguity and the influence of the starting point 

Fi~ure 4,fj ,ho,'," iterated recon"i.ruriions using U", ,ugoriUn" described in &-clion4.1.2,3, The 

projertion" of [he reron'tr1l~tions in Figures 4.6(a) and (b) are both fitted to the ,arne projection 

Jak~ with an H.MS error of Ci"" = 70.05 equally, yct thc rl":on"truction" appear quite differenl, 

This illu"trate" the ambiguity iha[. exi'ts in Ihe spare domain due to the incompleteIless of 

Jal.a. ror /:"0 = 5° int",r",,! •. A mneh better and definitive recon,truetion can be ad,ieved when 

sufficient data i8 available. FlJr the ref'.On'lru~tion using!!.O ~ l' data interv,u", the 'tart in~ 

point was found to h<>, irrclevd.nt. 

At this stage itemted l'e<:onsirudion mel.h("j, do not <;eem 10 provide much visual improvement 

over Jire~1 l'e,ronsir1l~tion me.thods, despite the immense numerical illlProvement. eYid~nt in 

the data fit. 

4.2>2 Inconsistencies find overfitting 

The R-\fS 5" (Ci"~") dak~ error' achieved by I he recon" I'llel';ons in Figure 4,(; (a). (b) and (e) after 

1~). 89 and I(XI iterat ions, are 70,(M86, 70.0498 and 72.43 re'pccti,'cly. All (ToO 1ll>,lS errors are 

mkulale<1 using Ihe same projection geomet ry " I 6..0 = 5° inlcrvals, eycn for reeon,truction8 

where projcoction data ",-a, aVl\.ilable for!!.e = 1'. (l'h~ IlMS error with res[>OCI i.o ihe entire 

Ja[.asd at P iniervals i" expressed by ""[ . ), These H.J.fS "alue, reHl..:t that a better data fit 

CilIl be athie,'e<1 1·0 spal''Jer Jata in I.)'" pre""n"" or noi"", and inconsistencie,. Aceordill!':ly, 
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Fignr~ '1.7(a) sh[)ws a better el'l'Or f(), Ihe 110 = 5" r"cnn"'rIlCli()n" Ihan for 6.0 = I" al th~ 

e = 11' projedion Hnw"\'~r,,, Y~ry p{)()r fi t al the e = l' projection is observed for the 

6.0 = Ci ' r,,<;nn.lruClions b""ausc no dal" waS ,,,",,ilable< "I th,,1 "Ilgle. The gD(xl III al e.. w 
and co[[espomliIlg PO(X III "I 0 ~, 1" i" "n ~:mmpl~ [)f ov"rjittin,9 when dala is "parse. 

K()lic~ tlll.l lh~ non-Gaussian natUIC of the pr[)jedion erroTS persie le eV~lI fi,e the item.led 

rf'C()nstrucli[)ns. Some mclhod [)f constraining Ihe '1'C()n"lmc(ion furlher """ms 10 he necessmy 

10 prevent overfitting ,,~ well as '0 """,wme ,h~ ambiguily. 

4.2.3 Positivity cun~traint 

The main benefit [)f itemliyc methods i" Ih"l ",Id iliona) prinr knowloog~ can he inwrporated 

into the ,ewn"'ruction. in particular, Ihe knowledge that all dcnsilies in the ,-ewn",mction 

musl he Iloll-negatiyc w", found l() he \'~'"." ,"."ru) ""d can be implemented simply hy dipping 

in"","ili",. 

Noli"e how t his add",,1 knnwl""lg" "uppr""",," t he checker board )",ttcru ill FigufC 4,8(,,) COIIt" 

pared 10 F igure 4.6(,,). A lot of the' mIlbiguLty i" r~<;()I.ed, hm no. all ()f it. The f'dge sharpness 

" nd conlr,,-. t in Fignre '1.g(h) also SL'CnlS much bettcr t hm' in Figure 4,G(Io), 
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{~l Ch""k"""l ".a,·L ""9 = ,,0 
~,.o _ i7.96, ~" = [26 

(bJ Bb,,' .I.."t :-'0 
"'. = Ii-%. "1" = 101 

(cJ m""k ,j,alt. j,& ~ 
"" = 81.(1[>. ~,. _ 78.3 •. " • 

Figure ·1.12(a), a few page., further, "how. l!.ll itl.,-ated rl'<OOlll<trunioJl ""hid ;8 l.em,iTlal.~rl pre­

",a\nr~ly 1,r\~r only 10 i\era\ions nsing ,Iat". ".1. t;,(J = l' ".nd applying the positivity con­

straint. Some .mall improvcITll'nt i, ooti""d ~OITlparl'rl to I.he uJlQ>Tl$l.n';Tlerl r~~OJl"lrllnioJL iTl 

I'igur~ 4_6(~) a\ I.hi" I()w r",,",lntion. 

If iteration is oontinued to 100 times. ruJ iJi Figure 4.8(c), tIll' rL"(;OTl,lrudiOJI a.ppe1"-t< .lighU.y 

""'r~ n()i"y again ()[' O1)'TjithA. Thi" noi.,.., is not only rll"" to Ihe data. l\-egalive no;';" (or artefacts 

or ioc()ru;i.tencies in tlll' data.) tlmt suggest. negative rkwilie" iJi I.he 8pllfl' oorrl1,iTl caTl)lo\ b~ 

r~pr~'€nl.~rl und~r lie"" po,i\ivil.y mnSl.raint. ThN~fore Ihi" noi"", is tr".m,ferred In regiom ()f 

pmiti,-e delll<ity. Anot11<"r rea",n for thi, DOisy appemalll>l of tlll' over-it<:rated rL"(;oJl8trudion. 

which will b~ adrlr"""",d iTl 11I0rf' dNa.il 1a.IN, ;8 \hM TlO rla.l.a ~aJL b~ r~pr,,*n\erl ~xaetly on " 

limited rl""luti()n pixel ~id even if thl'I'C were DO !l()iso:.', a;rtl{ads ()r ioc()lll<i8tell~il"_ 

TIll' proj"",\iOJl ~IT("B iJL I'igur~ 4_9 ,,1 .. , .. , \h~ M.I1I~ llVerillt.jJlg ocmlTiJl~ wh~n 1.1"" dal.a i., sparN" 

as seen before in Figure ,1.7. Ob",rve th()ugh that Ihe positivity oolll<traint rl,;;ult, ill a much 

belLer rla.l.;:, 11\ for 1.1"" :;.(! __ ,J" r""OJL"l.rul"l..iOJl a.i I) -.01". 

F()r intere.,t'. ;;ake, compme the high resoluti()n ilerated recoru;trudiolls in Figure 4.10 t() tlll' 

n Il~r~rl ba~k-projerl. ion r",,()n"i.rllcl.jcm" iJi Figur~ .1_22 awl nol i~~ h() .. , I.lle ar-I.~fal"l.." are rerlne,..L 

Fi(iille 4.11 shows '''gittal and ~"Dronul vie,,'s for positively itl.,-all'd ITcollstrudioTl' that will bl' 

""f~rrf'd 10 a~ain la\er in CIl"-p\er (i. 
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(b) Proje<lion "rroc at 9 _ 10
, 

Figure 4.9 Proj~di()n dab ~rror" for itcmtoo n'C()llstructions with p()sitivity constraint. 

III C{lneiu,ion of this section, it i, not ideal to a.chipve " maximllm likp/ih(}{).t rpcon'trll~ti(m 

if there are inoon"stenc;"s, noise oc " jack m dall1. In bet, there "PPP""," 10 bp no sen", in 

a.chievinp; a hetl pr datu fi l thun " " = 81.83 (of the liest 128 x 128 full data recoIL'<trucl i[)Il in 

Figure 4.12(!!.)), otherwise the data will be ovPrfittP<t une way or anothpr_ 

Therefore, the bffi! rpconstruelirnlS i>Ccnrding t() the ,.;r<lund truth (with minimllm "'1') are 

biased ROmew hal l1WllY from the reconstruction wil h lllinilllullllllcilll square error J,'" Although 

the poeil ivity wustra;nl pcrfonlls such bias very succeSBi'uHy, it does not seem to be c(lnslrictive 

enough when data is tl><J sparse_ 

4.3 The properties of medical tomographic. Images 

It is essential tv explore the prvpprlies of rflC.(}IlStrnction" pxtellsively '0 that an intelligent 

choicp C.llll be mooe us to how the rerunsl ruclions should be biased. The aim of this seclion is tv 

delermine the n(!,ture of I he prior knowlooge that ran be 11sed to re),;11iarize the rpconstructions. 
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Figure 4.10 High ,·"""I'1[.i.) " r • .-",i[.i,'ely COTl"t't .. iTleu itct"lItc'tl WCOTl"tl"UCtiOTIS III -i, 
(75, 1;)(): n5, :11)(), :17", ·1,,0 J usmg t.ll<> compk>t.~ dllt.a."e[ .. 
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67 
FIgure 4 .11 A ~plarti(lIl of "agittlll (1~ft) ami crn:()lllll (right) view" at. 2~6 x 25(; x 25(; . 
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(a) J.9 ~ I·, <T, " = 81.8.1, 
"'I " =79.13 

Description 
Air 
F~ 

Fluid 
Soft tissue 
White lllatl C1 
Grey malier 
Acute intracranial hemorrhage 
Done 

Value [HU' 
~,ooo 

-40to-loo 
o to 20 

20 to 100 
20 to 35 
30 W 40 
55 to 75 

WOO 

(b) 'Thbl. nf HOLll><field ,,,,iI, 

F igure 4.1 2 ]7 ull angle reconstruction (i" = 225) and attenuation k'VCIs in Hounsfield units. 

1.3.1 lloun~ !i cld uni ts 

The level of a t tenuat>on in a tomographic reconstruction i. pxprl"sed in Hounsfield nnitR. Scal­

ing is oone lineaxly SO lhal air ha, a value of -1000HU Md water OHU. A mOre comprehensive 

list of typical villuc:s found in 5UC.h medicm illlageo< is given in Figure 4.12(b) (Gr""-~man and 

YOilllem, 1994). Tissue at tenuation values may vary slightly f()r different tomographic sy"tcl1ll1 

depending on the x-ray "pectra. being used (Beutel ct al., 2000). 

From this table it is evident that discliminMion amongst different Iypes ()f soft tissue and 

fluid. occurs within a very slilll1l percentage of the lolal range of densities. This means that 

wmographic reconstrucli()ns mlll!t hnve very good contrnst propp,rtie" 10 permit ohservation of 

dilfcrenl classes of tissne. Detter conlrast can be achieved by improving the angular rewlntion 

because the signal to noise ratio in the image improv,," whenever 1ll0<"e obllerval ions are available. 

It is believed ihM preser'Mion chemicals (Fbrmalin) have unf()rlunatciy affecled the soft l issue 

attenuat>on properti.,,; of the human he"'" used in this project in such a way that it bocomes very 

difficult 10 identify any regi()ns in reconstrucli()llS other l han Ihe three dominant nttenuat>on 

class,," - namely air, tifl1lne and bone. 
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5 -
I 

Filtered backprojection, ,,\8=1 0 

Positively constrained, 100 Iterations, M:I=So 

ii, 10 iterations,,\ij=1° 

, 
" -~ ,"'1 

Figure 4.13 Intellsity profiles through 128x128 Illl.e",d 1,a.ck·projection and p(~il.ively "Oll· 
slmined iterawd l'CcomtructiOIl" at :;; -M.38mm, ;, = 22". 

4.3.2 Noise and artefacts III Lodox CT images 

f'i;l;nre J,l:l compare" iIlleIl,ity profil~ of il'",il.iveiy coml,rain..-I i<erated rOC<l1l8trnctiollS de­

sc,ibc'<i in &ctinll 4.2 .:1 '" a pw[jJ~ of a IilLered back-projection reconstnlctiOll. In R"gion 

A " i.' evident that the iterated l'CcoIl,truetioIls are "'Ore noisy I,eglon II inJical.% wher<' 

the b..O = ,,0 recollotrucl.ioll e"hibi<s poorer conLm.'t than Ill<' /:;,8 = l' rocomtruction. Th~ 

positiydy c01l8Lr";1l<'(] rocom\rll~ti'm" have "h1J.l1"'T cd;l;CS than the filtered back-projed i()]j I'C­

comtru,-:tion as "cen in Region C. Thf, lack or tla.ta caw;.,s an lU.tel'ael. in It€gion Tl foI [,iw 

!:J.I) = ,~Q l'Cc()]Jstruction. :,'iuch [roOle acellr~cy in rll<' aLLenllation leyeis i" oh",ryeci in til<' iler­

",eel roconsLructions in Re;4ons E and f' than in the fi lteroo back-proj~dioll rocoll.tructioll. III 

Region E this is helieveJ V> r", dne V> inconsi"tenciffi and he1l.ln h""deni~ while in R";l;i()n F it 

;" ciue to the "li:itt restriction on t he angui&r range of the tlatw;e\. 

Frmro these iIlL.,ns",y pIOn"", il. '.pp~'I" that tll<' iter"tro ""comtructiom "h()uid be coll"trained 

to he "patially sllloother. It also seen >S that greater a'Xuracy ill (he aver"t" intensily leY~I" 

t llIOlcg;hou( (he reconstruction is Cl.Cni<?vcd lhrou,o;h iteration. 
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,,'10' 

-~9 ..:l "",,' 

" 
LJ .18-, ' 

'" , , , 

I , 
c , 

• 

-'I~" _~" , 150C 

(b) .lnint h;..tograru for fuj] ~ng]o "",on..crnccion, 

Figure 4.14 H isl<~ram"" for it""atoo IZH x 12H x 12H volumetric reconstruclions wilh posit ivity 
wnQr1l.inl, 

4.3,3 Dominant attenuation classes 

T'igLirc 4.14((\) ,how" hHogl'a"" or two ,,--,lllII1H,ir r,.,on'tl'lln;OIl' ""ing djrf"'~n l alllOlln\, or 

d"ta, In bOlh C-ll"" there appear t o he pronounced peaks amund -J()()), () and IIl lXl Hr, 

\VhCll lllore' dllta i, M'lIilablc, at 110 

concentnw:"l arollnd these throe alWnllat ion l~vek 

A jOillt hi"to!,:rIlIll for the':-'O = l' [e"-"llsuudi(jil is di"plll}",-'Cl in Figurc 4.14(b) a.s a mntour 

plo, Th~ nlltrLl)€r or o"~Lln'~n"ffi is plol,I,.1 """ a rllndion or bodl inl~nsi(,'y "nd hW-il1 ffi.g~ 

magnit llde, The nexr. dmptcr dC>'CIil)(," Ihe pmc('£S Llsed 10 rn(,imate thi, edge magnilUd~. 

Th~ j(jint hi,to1',;r= sho,,', that three duster, OCem at -J()() ), () and t(j a lc",,~;r ""t ('1lt at II))() 

Ill) wilh low l(joll c'Clgc magllilullc valuc". This IIle'all", 1\" "",n imuilivd}, ill the l'c"-,,n,trudion 

irnag~, tllf',,<,dvC'\, Ihal Iher~ ar~ !"€gion, h"\'in~ n""rly no.t sp';llial al<~nLlo.tion "I, I h~ I.Ill"'" 

dominant Icw'ls. T hc"" [cgion, forIll du,te~'" in Ihe "pll"e r.\{)lllainlllll.lllnO "'pllTw:J by c~lg;l" 

h""ing high local edge ma.gnitlld~s wilh a ~r~"I,cr r"n!if of a.tt€ll11"tion Valll~'. 
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'1'1-- ~ ~ 

" ""c~,",'~ 

iif~'~rU\:t; ':tt.-- . l"::frl--
'~"f""1-" <- ~ 
""-~;- ~ 
, ~~,~..-"" , ,~ ~ , 

o 500 1 000 1500 2000 .,.., ,"""" CT ....,,,,, I"") 
(al E£i'<cl C>f j>OSiti~i\,. oon,\raill\. Hold compar_ 
ing Figure 4.1(a) --> Fi~ 4,8(b). 

~ 

" \ 
~,., 
" 

" " " " '" "';\, ,~" 
" 

, , , 
'..!:ic' 

_1 000 _500 

" " , " ", , ,,-- , 
' , ' , 

, , 

o 500 1000 1500 ""'" 2000 
loOOx CT _ [00] 

(b) Elf"" of completing tho dataset. Field com­
parinK FiHu« 4.8(b) .... Fi~\\re 4_12(~)_ 

Figure 4.15 Trunsfmmation fieldo for 128 X 128 x 128 TL'ConstructiOILS. 

4 .3 .4 Transforma tion fi eld s 

A novel w,,-y of comparing re<:onstructions is by examining their jOiIlt transformatioll field 

(defined later in &,ctioll 5.3). Two exampleo are provided in Figure 4.15. Theile field. ohow how 

the intcIlsities a.nd local edge magnit1!(les difff'I between two reconstructioru;. An arrow is used to 

represent the mean change in both inicllIIit)' and local edge ma.gnitude for all voxels of similar 

intensity 1Il1d edge magnitude from the poorer reconstrurtion to the better reoJllIltnlction. 

Although the ""row dimension, Me gi..-en by the axes shown, they are scaled to avoid dutter in 

this fi!',ure. 

Figure 4.15(a) oomplllffi a filtered back-projection reconstruction to an iterative rerunstruction 

where the poo;itivity constraint ,,,.all applied. A<l shown, the most si!',llifieant hi"" that the 

pooitivity oolllltraint seem, to impoo;c 011 the reconstruc\ioll occurs at low attenuation between 

regions near sharp edges and also within regions of hi!',h attenuation. This i, therefore where 

the great",,! visual improvemellt in the recollstruction is expected to be found. 

Figure 4.15(b} c.Qmpar<Js a spame angle recolllltruction to a flil angle n"Construction. Notice 

t he eOllcelltration of intensities to ... -ards the -1000, 0 and lOOJ HU attenuation levels for low 

Joc.a.l edge magnitude values in both field, showll in Figure 4.15. Generalising, the application 

of allY additional prior (a), or data (h), knowled!',e seems to re,lit in regions beillg piL"Cewise 

smoother aroulld the three dominant attenuation levels. 
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Th~ ~ig1J,lka"t bi,.., towards central attenualion yalum ob..,rved at high edge ","g"ilude.s ill 

I"ign", 1.L'i(b) for high attenuation ami 10 a l"',,"r degr"", f,,, low "\r.ernl,,tio1J 100, is "ttri bated to 

the ","dudion in noise and I",,*" overfilr.i1Jg whf1J mor~ ,1o.t"" i~ avaihhlc. This is interpreted "-, the 

3"'001: h i "g 01' sh",·p noi3Y "'ige3. Transformation fields and th,,'" "pplie"lion to reconstno<;tiorlli 

Me di"euss~'{\ further in the nfxt chapter 

4.4 Regularization by Bayesian methods 

Bayesian methods provide a widdy used framework for "ugI(le:nling' 'hla with prior knowledge 

to adji~ve opti","} " ,,,,.1",,,,6 e.stiw"le< Thi' '1'<'Iio" dNcrite" an implclllentar.ion of Ihe 

t.heOl)' in Section 2 .. ~. S,~, also (Li, E)!J,'i) for more det".ils on Markov randoIH fidd wooding, 

1'hroughout the following' di,;cussion, the 0"1" dll.!". fit en'Or is consith'red to hf "qu""litati\'~ 

we"BlIrf of IIw efrf~l:i\'f1J,*~ of My ''''gllfarizar.io" method "pplicd dnring a reconstrnction. Thc 

dm,a at /:;,8 = 1° inerements. whieh is not avaibble during the n"-'\">Illructio1J, is u:red for 

ev"luatioIlpurpOIW" only Md Ca" t1le,,,,l'ore be ,,"m,.] tnt data. As di",.u"""",l before. wmp".:rmg 

'·,-"<pACr.i,,,, projer.lio,," of a roc.onst,rnr.r.ion to this ","t data yields "10, Th" 0",,' data fit error " 

simply thc s'ln".:re root of the hmiliar X'l (= 0"") dal a error of the n'Co,,"truclion. 

4.4.1 Summary of prior knowledge 

1'lw natnre of the prior knowledgc i, lwofold. Fir<tiy, regions are ,-",peded to be s",ooth, yet 

"'pamk'{\ by dioco"ti1Juities_ Th," iIHpl~_'8 tl",1 Illi"or fluCluMion3 i1J "dj""~nt pix~l inlfn~ilies 

should be "lIenllalcd while Il.hrnpr. dismntinlliti,,; shoald hc permittcd, Seeondly, intensities 

,hould be biaooo drlber to the dowi1Ja1Jt i"\ellSi!}' l~,'~l~. Cl'ilically spellki"g, inlfn3irie3 dose,. 

to" domi"MI level ~hollld he hi"S€<1 more towards that level than intensilies th"t Me furt her 

away from that lcycl (whieh collld pcrh"ps be dose:r to a:Ilotlwr domir",,,t !c-yd), 

4.4.2 Adaptive potential functions and clique potentials 

A ",ir.able form of adaptive potential fnn~tion ,q.-,(tI) for exprcssing th" firsl PMt of the prior 

ICllowledg'e aboye. as in Equation 2,,~8, is 

, 
!hCrr) = ---, with !I~(I)) - 2rrg~(,))/)2 

1 +~, 
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wh ... ~ 'l i~ ~h~ im(,.lL"':ly I:'",ldi..,nt. or l ath ... T illl('lI~it~ , lirr .. N-1I1"e 'I = f, - f", of a pair clique 

'" a fiC'OOlIrl ord,... 1b:>ghb.mrhoo<1 $}~tI>'" (~ MighbOllrs per site). T he paralllt.1.'" ., cuntwb. 

~h., p<T1Ililmblc 'I ... >dge magni'lIrlf'. Th ,~ filrm ... r Mapti",.. pot~ lItiaJ fuud 'on ia Im'fi.. ...... ~ 1 0Vl-'f II 

Gau""illll·I_' <m" for it, rA'lmpUlfltkmai ,".h1'llItagc. For an i('<Jl:il l"<i <'to'-'*"I,on, Ih(' ,1 ... "",,­

Im,,,ty odnplit'C clique putcJllill1 ia 

, 
FDA.;.I.l<t· .i(f)" Lg,(I')). I') = fi - fi" (4_3) 

f=l 

The """<.",,(1 1>1\1'( of til .. prior j",ow).-'\l~ <!an W ~xpr~ .. :1 ill a 3imilar " .. a.), 1,)- ""defining: the 

varlllbk!- 'I to au lIlten..i~y lc"d "''fIor u,; 'n.~mr f, - f ... -he,,, ( i .... ut' o f too ~hrec <tomi"""" 
I n~n.<i~r lc"d,. '" thai 

, 
\"."RF.{f) '" L!h("'·~IRI"). '7l_:.tRJo" = f. - r.- ( 1.1) 

'-=1 

i~ 11m ;n tu,.;Il/ I"'d di<j lle T .... t~utiaJ. In Pladi,'''' a fourlh iuleusily 1~"~ L 11.1 f~ .. 2(:O()HC i~ 

iU\tollu.·",-, to wile,' '''-T'''ls"nt Il i;h dl~.ity bu,,,, .. ' LgL",. Note from a Mrliug point of vi,'w tlilll 

ouly thu d<_~t inten;;ity le\d m~", a ~igllifkllul <")I1I,·;,,11[.ion lo . he pntclllil\l fWl a particulal.' 

rixul el~menl /;, ;;0 "Ummatioll i/j UL>\ l!"''''",~ar:>' if only the cio,""t l"w,1 i~ iduntifiL·d a1l(1 IL.L'(L 

l'n.\r.MllrAf) ( 4._::;) 

,..It~·h i~ t"" ... ...,;ghted combination or ~I", cI,M:QfJLt.nu;Ly tultrpti,'~ and '"teM!y lcUN (M",kov 

llAndom f'i pJd) clique potclItial ... T Ill' ~.I rut..c.:tioll tl""'Tibl'" how o.:I\f"JI ,,( tlt_ r .... tentla. 

nU1ct;0"" arc 11 .... , 1 ",H)'i]] Ihe Bl)yes~' n fra ""'wurk t o prutlu<:c r<:<:O"~trlU'l;"'''R from <la ta pro-­

j~"'liou. (lvailabk' al --"9 = :;~ iu\rna). o:!ll ly. 

'1.'1 .3 Maximizing the posh.orior 

:\l'p,,)~ iln1i.l. ing [f", noi"" "nd ;n<.:Ull.;,;wucica ill I.h~ (lala to GalLs-,ian ;;tllti~tk<, the <l po.t.ri"ri 

.<Olulioo O<'C\ ''-'' lit 

l!>Ur') '" arg I U'II' In I '(flp) '" aI"KJ miu [Bl!(f) - ~J (4. 6) 

"'hrrc U(f) = L\<~(f) i~ Ih .. ~II$T'@S ru"ct.iOll. ",hkh .HUIl< (Ill Jl~ible ,'10(111" J>'""tutials as 

cI~ocd ill Scr.lion 2.". V,(f) i. $lI l.:o$l il,,",III ",ilh l'''~_'lHF,;(f). V,.tlHI".i(f) lIllti ~'I)\I.:.tRt.;(f) 

10 ""'Jdll<'~ nA-~lRji, l -:\IRF and DAI·:MRF IC''OI)~ .... _wli<)n. r.,,;pflciivd)'. 
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Thlli p()sterior soluti()n is ()bt ained using the coliiugate gradient searrl) method "tading from a 

blank image. A "ange of ""lutions were determined by varying the parameters.6 and 'r (and 

alw", in the r-ase of DAl-MRF reconstrud>ons). 

Figure 4.16 "h",," the data fit errurS fur a number of reconstl1lctions using the diqne potential 

form given by Equation 4.3 for diffm'€nt valne,; of fj and /. The Lrj" errors indicate that the 

optimal valu ... for fj and / arc 0.3 and 1W rC!lpectively. Clearly ,6 = 0 will result in t be hest 

"lI- crrur which i8 not desired. Note that the ground !ruih ""I" f3 x 'r snrface appears somewhat 

noisy, implying difficulty in it/< minimi •. ation and also some "p,mitivity to the starting point of 

remnstru<'lion. 

Figure 4.17 "h()ws reconstructi()ns using ()ptimal parameters for three different furms of clique 

potentials. The DA_MRl' recon"truction is bia.'led towards piecewise "moothness by Equation 

4.3 while t he I-MRF reconstruction (with optimally chosen parameters (J = 0.9 and 'Y = 150) is 

biased towa"ds dominant intPllsity level" by Eqnat ion 4 .. 5. LaHtiy, the DAI-MRl' ,'€Con"traction 

(with optimally chosen pa.:ametcr, a = 0.3, fj = 0.2 and / = 150) s\lIIlS both potentials and 

thereby inclndes both aspect s of the prior knowledge which shows some fnrther improvement 

in the recOll"trn<'lion. All these remn..tn",tions appear oompwhat unnatural dne to the simple 

nature ()f the prior kn()wledb"" 

V..-hen only f>O = .5" data i" available, this f')I'm of regulari •. ation bring" the ground truth 

""I" error down to 91 from 101 for pooit ively constrained rccOD,trucli()ns and from 144 for 

nnconstrained rec()nstrnctions. Qnite ()b>iously. h()wever, it is much WOrse t han for a oomplete 

data set for whicl, 0"1. = 79. 

,\fi I 0.1 0.2 0.3 0.4 0.5 0.6 7\f3 0.1 0.2 0.3 0.4 0.5 0.6 
70 79.0 80.3 8l.6 1\2.7 841 85,4 70 95.7 93.7 92.8 93.2 941 9~.0 

llO 78.9 79.7 807 81.7 82.8 83.9 llO 00.2 9:1.3 92.7 92.7 9:1.4 94.1 
150 78.6 79.:J 80.1 1\0.9 81.9 1\2.1\ 1.50 94' 92.8 92.4 92.4 92.8 93.6 
190 78.8 79.2 79.7 80.6 81.2 82.1 190 98,4 95.1 no 93.8 93.5 94.2 
230 79.7 79.3 71)4 80.1 80.6 81.3 230 102 00.9 93.9 93.9 93.8 93.8 

(a) ""~" fit errors. (b) """ fit errorS. 

Figure 4.16 Data Ht standard deviatioos for varions DA-MRF roconstructions showing that 
parameter" {3 = 0.3, 'r = l5IJ are optimal. 
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(a) DA·MRF, " " _ &l.1~, 

"I " = 02.41. {J~ O.3,1' ~ Hi<1. 
(b) J-MRF, "1\. - 79,21, "'" -
93..1.8, fI - 0,9, l' _ 15U, 

(e) DAI_MRF, "" _ , 9,';2, 
"I' _ 01.10. ,,= U_J~; ,~ = 
O,~, l' _ 1M!. 

Figure 4.17 Regularized recolliitrudions (Ll./J = 5°, i, = 225), 

4.5 Summary 

This chapter presented !!. method that can be used to update a reconstruct ion so that i13 pro­

jediOlls fit the dat!!. welL The subsequent problem of overfitting calls for a.dditional constrainl3 

to Allpplement (and to some extent even cOlIt ra.dict) the projeetiOll data. 

Prior knowledge is identified by inve>ltigating properties of complete dataset reconstructions. 

Bayesian methods were used to demonstrate that the application of prior knowledge bias im­

prov,,", recoru;tructions and compe1!sate:l for ambiguities that exist when less data i~ available. 

The next chapter further explores transformatiou. maps as a method for automatically acquiring 

and applying mOre complex prior knowledge. 
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CIIAPTER 5 

Transfornlatioll lnaps 

In this chapter, trails formation maps ar<' preSfmted as an alternative to the Bayesian method for 

regularizing reconstructions using prior knowledge. The principle advantage of a transformation 

map is thaI it provides a way of determining nuancea of the prior knowledge quant itatively from 

examples. 

A transformation map defines, in a fealure space, how any particular input JXl"sibility should 

be correctoo in order to attain a oorrespollding desired output . If carefully constructed, such a 

map could tl'allslate many different input images to a single regularised output image. 

The similarity of n<'nral networks to transformation maps is expressed first. Two examples are 

provided before the TIlethod i" introduced formally. Then th<' trallJ'lformation map framework 

is applied to sparse full angle tomography reconstruction. 

5.1 Tnlroduction 

Neural networks iu the ~"Ontext of soft wmputing (.lang et al., 1996) are capable of solving a. wide 

mnge of probl<'IDs. These machine intelligellce strMegies are melltiolloo in this introductory 

scction bet:ause transformation maps rAIl perform, by approxil1la.tion, an identical task even 

though they arc irnplementffi elllirely differently. 

Neural network enthusiasts may for t hi" ,<,,,,*,,, bf",~fit from ~Jl ~lternat<' tool ill situations where 

tmnsformat ion maps may be more suitable. Certainly in some cases nenralnetworks may be 

lllOre "uitable. The fcJlowing overview hopes to put transformatioll maps into perspective and 

point out the defining differen~-es of these l1lethod8. 
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".1.1 :'\(,ural networks 

)./eural networks Me commonly used as " black box tool for cla.<;.~ification and function approx­

imat.ion. The,.., are =y types of n~tworks with diffe:ring combinat.ions of neumn.~ forming 

their intenla.1 structures. A neuron associates a. ginm st.imullis with" given response usually 

by performing a nonlinear operation, ffili"n as thresholding, On the ... veighted Slim of it" inputil. 

A num\)('r of =pl""" whirn demonstrate how given input.s a.n' associated with desired out­

puis, are wed during a tmining pr.a. .... to regres..~ values for the uru;pecified weights. Iterati"" 

ba.ck-prop;<gat.ion, stodla..lic ""ardl mel hods, or pseudo-matrix inversion in the CM(' of random 

neuralnetworh, are possible ways of det.ermining the neuron input weightil. Training "" neural 

network is " very computationally expensive process for large dalasets, and classification time 

is delermined by the oompkoxi\y of the network's structure. 

If the dimensionality of the input space is large (such (IS a.n image for the application of mce 

recogn\t.ion) the num\)('r of dimension" i" reduced by extracting feature veclors. The feature 

veclors are then fed as input 10 the neural network . 

In essence, a neural network performs a mapping from an input space 10 an output space. 

It performs this lIllipping using a model 6'enenilly defined by unint.elli6rible ,,-eights and the 

archi\ecture of neurons. 

5.1.2 T r n nsform<ltion mal'~ 

A trarurforllllil ion map can be considered to be simply an explicit illustration of the mappings 

pelfonnoo by implementation toclmo/oqies such a.~ nrural networks. This implies an exhausti"" 

representalion of the mapping of all inpul presibilities to th€ desired outputs Oye:r the range 

of allowable inputil. Stated differently, a neural network L~ a possible medlanL<ml of rrnlizing a 

trMlsformation map. 

5.2 Examples 

This section introduces the transfomla.tion ma.p method by t.WIl examples. Firstly a simple 

one-dimellllionai problem is solved, and th€n an image is denoised. A secondary goal of this 

pre""nlation is to prove thai trallilformation Illilp1l have Ihe ability 10 slore edge properties, 

sinG(' t.his capabilit.y is exploited in the next cbapter. 
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(a) Signol • . (b) Tran,foml~\ion map_ 

F igure 5.1 Applica.ti<)ll of '" tranRformation map to correct the pullie ,hapes in a signaL 

!J.2.1 Signal restoration example 

Consider the problem of r<.'Storing the shape of an i11PUt pulse, fit), which may have oc'Cn 

distocted Rlightly by nOE, blurring or edge sharpening. The leftmoot puffic in Figure 5.1(a), 

ft.,.",,(t) = fit) for 0 < t < 1, iIlustratEJil the desired OlitPIlt pu],;e shape and the pulses fit) for 

1 < t < 2 (sharp<.'Ilcd), 2 < t < 3 (blurred), 3 < t < 4 (ilharpened with noire) and 4 < t < 5 

(blurred with noise) are example" of possible input pullies. 

A derived ,igua\, 01" fen.rure, 11.1 EO 11'(t) ~ h(t)1 is determined whi,ch indicateR the locru mean 

edge magnitude. Here *"(t) represents convolution with a GalL'lRian blurring kernel and the 

prime denotes derivative. This signal 1'1 Rhown in Figure 5.1{a). 

The <"-lTOr difference, f,,,,,s" it) - f (t), between the (appropriately tilll<.~shifted) ideal pulse shape 

and the input signal is calculated for each vn.lue of t and is ploUed in Figure 5.1(b) on a plane 

invari;mt to t """ follows: for each value of t at 'iiI '" 11'(t) ~ h(t)1 aud 'li2 == fit), a +, - 01" 

o rn plotted depending on whether the input "ignal Mould be increased, decreased 01" remain 

unchanged re,pectiVf'ly at that value of t to recover fLar",(t) from fit). 

The plane, or map, call be populated by gel>f'-l"atiug many more examples v&ying the amount 

of "harpening, blurring and noi~ levds. This yields the UIlderlying inten.'lity ~urfacc shown in 
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the figure. The average correction to the inpnt signal is represented by a pixel intenffity in this 

traru;formatioll map which is independent of t. 

Figure 5.\(,,) also shows tbe result fou,(i) of r""toring the input signal f(t). The correction 

value is simply read off the map indexed by (i.j) '" (1-11,1£1) and added to f(t). 

<'i.2.2 I mage res tor ation exa mple 

Figure 5.2 presents an example where an input image fix, 11), shown in Figure 5.2(b), i" denoi""d 

while pre8efving edges using the t ransformation map method. The input image is ohtained by 

adding llOImally distributed noise with a standard deviation of cr = 15 intensity units (out of 256 

intensity levels) to tbe original image f'''' fl€'(x, 11), shown in Figure 5.2(1'1). After denoising, the 

standard deviation of the difference betweell the output image fou'(x, y), shown in Figure 5.2(c). 

a.nd t.he originallq (J = 8.6 inten"ity unitq. 

Figure 5.2( .... ) is act ually cropped from Figure 1.2. Other regions, which exclude the cropped 

regiollS in Figure 5.2, are used in generating the transformation map whicb lq shown in Fig­

ure 5.3. However, results did not change signific=tly when the entire image (Figure 1.2) was 

used to generate the tra.nsformatlon map. 

The first t ransformation map dimension Or featm~, illlllltrated in Figure 5.2(d), is the local 

edge magnitude given by 1i 1 == If' (x, II) * h(x, y) I where ~h(x, y) represents CDnvoiution by a 

Gaussian bivariate blurring kernel (with a standard deviation of 0.5, discussed later witbin tb is 

subsection) and f'(x, y) is the intell.'uly gradient at (x, 11) . 

These calculations a<e performed by multiplication with the appropriate filters in the frequency 

domain as discussed in the next _tion (800 also lines 51-71 of the Matlab code in Figure 5.4). 

Chorning local edge magnitude as a dimension makes Senfle becalL'Ie regions ne!\f edges are 

expocted to be treated differently from regions with a low intensity gradient magnit ude. 

As a second dimension1i, == f(x,y) - f(x,y) .h,(x,y), illustrated in Figure 5.2(f), i8 ch~n 

where .h2 (x, y) indicates convolution with another Gaussian bivariate blurring kernel (with a 

standard deviation of 1.5). For a given edge-free region, tbis measure cl~ly r""embles the 

explicit noise which is w be subtracted out of the degraded image f(x,y). Hence a near­

linear increalle in intensity is ohRerved in Figure 5.3 for low 1J'(x,lI) * h(X,II)1 (bottom) as 

f (x, y) - fIx, 11) * 112 (x, 11) increases around zero (middle) from left to right. 
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Figure 5.2 D~m)i"illg example. 
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Fi)1;uce 5.3 Transformation map for denoising. 

The intensi ty of a pi>:el at ,-",11 (i,j) = (1i j, 1i2) in Figure 5.3 is lhe average intensity corroclion, 

{j,,,,,,,,,, (x, !I) - f (x, !I)), of several OCCurrence" of pixels in many different noi"y images compared 

to the original or tazgel image all corresponding to the =e value for (i,j). (I:ndices aze 

quantized in this implementation.) Each cell Ii,}) not only ha.. an associated mf'<U1 but al'lO a 

variance due to conflict in intf'll"i~y corroclion values A.q~,t (x, 11) - f (x, y) for differenl examples 

corresponding to the "ame cell inlhe feature space H, x 1i~. 

The Gaussian blurring kernel slaudlUd devia~iOIIl< wed in lI(x, y} and ~ (x, 11) fur thi" exMIlple 

are chosen experimentally to produce " subjoct ively good-looking r"",ult with" rr = ~.6 fit 10 

the grOlmd truth ft .,,!¢(x,y), However, if value!< are chO/!en "}'l<tematically "" deocriLed in a 

later ooction of ~hi" chapl.fJr, 00 ~hal Ihe coilecUve variance of Ihe C0I1Hicting examples in the 

map il; minimized, Ihen a restoration resull with cr = 6.9 Cilll be achieved. Although Ihe result 

;s numerically superior. it is uol nocessarily Letter "ubjecliw~ly. New~rthdes", this teehnique 

provides re""onable guidance in choosing values for unspecified parameters. 

For interest's sake, On Ihe same restoration probleIll a 3 x 3 median filter produce;s an image wilh 

a oomewhal 'blol.chy' appearance even though il8 s~andard deyialion is Q .. 7.8 with ""'peet 

to ft"~e\ ("',!I). Also, by "imple Gaussian blurring, a resull wi~h (t = 7.2 can be achieyed by 

ch<::><:>o;ing an optimal kernel size (that minimiZ8fl (t)_ 
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01 
02 imn,!'i1?'=im,n/1' 
03 
04 tx=zeros(sz,s,z);txv=tx;txn=:tx; 
05 abllact·'O.5; 
06 bblfact=1.5; 

,'bmp'»; 

07 dSClrlle=lmax(ma:K(abs(GI~tDe,rivaIUve(img5 12,dtllfact» »"1 
08b~ale=mID:(ma~(ai)s(G~emllu~ 
09 for 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 end 
24 end 
25 end 
26 end 
27 for id=1:sz 
28 for ib=1 :sz 
29 
30 
31 
32 end 
33 end 
34 end 
35 nnislm,n=i,mn!'i12+1 !'i"ml1idn(51 

36 rlriwltivel(n~llimgl,dbfl~ct)~sl~le; 
37 
38ooirng=:((m.isinlg~'img)~=~I,e+0.5; 
39 nin,n:nni"lm,n' 

40 for 
41 
42 
43 
44 
45 
46 end 
47 end 
48 end 
49~{Mslhaoe(",oisilno,ima512 

50mdl'mslhane{nimn.imn512 
51s~I:Mslhape(m,~I~(I,oislmg,,~ 
52 

54 nx==lizel'jma, 
55 n"'~'=n"J2' 
56 r2=zeros(nx,nx); 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
66 end 
69 end 
70 ti .. "ftlt=,,.,,r!'Ir?l 
71 

%Ioad image 
%cropimage 
%transfonnation 
%Initialize Imnsfomnation 

parameter 1 
oa~aml!ter 2 

genera or 

for first feature dimension 
%fixed SClale for second feature dimension 
%olenlers'le transfonnation map 

source image example 
dimension 

feature dimension 
%detennine error image 

%uses left hand side of image 
%index feature dimension 
%index second feature dimension 
%populate transfonnation map, variance and counter 

%nonnalize transfonnation map 

%rlenerate example to denolse 
first featuM dimension 
blumad image 
second featuM dimension 

%denoise image using transfonnallon map 

73 nV''''''''6{;'~n 
74 ~!=n:><I2: 
75 mask=zeros(nx,nx); 
76 for x=1 :nx2 
77 
78 
79 
80 
81 
82 
83 end 
84 nim=Mal(Ifft2(fft2(img).*exp( .(l,5*r2Inxlpi:(var.A2)))); 
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5.4 J.VJ..",,,,,o.u source 

to a """Fnr'll 

quency UUAll,;o,UJ. 

j' 

u v are j= 

<".J.,!5U;,'-' nlrl'l{"Ir&>l~Q u ....... "'''''',''' a'ver'agmg over 

IUlICtlOILS are Vlr·<JU"l".J.""'U 

nor on x, 

A ',"",71..'<"17''''','''1.'1,''71. 

= 

occur 

is a 

exam­

every 

one-(ilDleIlSllon:al case, 
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map 

measures 

A U ... <I ...... OLV ............ O.uv' ...... 

create a 

to acc:unlul,ate 

exlunple count 

am;tox'maLttoln map 

..\=1 

was en',.",.''''' 

map 

map 

or 

=( 

to 

in memory_ 

array_ 

is to a source 

are 

map 

dirneIISi()DS over 
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5 

can to reconstruct sparse 

suppress ."",1."",-",0 to some extent. 

lUC.U"'U map IDE!thc)d) 

no 

VU""11111<:: to suppress 

so 

Ul15\JUl"l!IJlUlJ on 

any 

,nsJ[orma.ticm maps 

to 

In 

to remove arl~etacl~s 
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(d1 f(x,~j 

(~) /",.",, ('1' 'j, :.& 
"'f',;t!.al ,'i,,~' 

, . 

(0) Ir(x'!I;."Cr,~jl, 

(i j t.", (y ': :'9 - \", "'gitti<l 
"lew 

Figure 5.fi RCIll(j\'BI (jf angular alicu;inp; nrt"fact.> rrum rili~",rl back-projecti(j]J rccoll"lruc(ion" 
wil h llO i\eralion ming (he trllll"f(jrHw.tion li~ld 111~lh()rl, 
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;).4.2 Removal of angular aliasing artefacts in single step reconstruction 

Direct invenlion algorithIlll!, such "" the filtered back-projoction method, are capahle of recon­

structing high re""lution cwss-,.,.-<:tions r1\pidly without providing any me!l.lll' of applying prior 

knowledge. The transformMion nmp method ean, however, he uood. to apply prior knowledge 

sllOOequent to l"OCon"truction. 

Figure 5.5 Ahows how the aliasing artefacts lauscd. by a SpanIC angular rellOlution can be re­

duced using a thr~,,~di)llensional tmnsformat ion map. Axial and sagittal views of fil tered back­

projection reconstructed volnmes are shown where data i" available 1\t either /:;,8 = 1° or /:;,8 = 5" 

(ftaJ"!;.t(x,y) or f(:r;,y) rellp<.-dively). The space variable z ill omitted from the notation when 

convenient since the volumes are treat€d as sets of individual slices. 

Restored reconstruction", Le. those with prior knowledge IlPplied hy means of a tral1.';/"ormation 

map, are labck.u f"",(x,lJ) and shown in Figille" 5.5(c) and 5.5(i). The derived meMures that 

constitute the dimensions of the three-dimensional (G43) transformation map, in this case chosen 

to be 1/.1 == f (x, v), 1/.2 == If' (x, y) *h(x, )!)I and 1/." == f (x, )!) *h2{x, )!), are also shown in Figure.5 

5.5(d), 5.5(e) and 5.5(f) respcLiivcly. Standanl cicviat ions fur h(x,y) and h~(x,lJ) are 0.7 and 

1.5 respectively in thill example. The feature I(x,y) - I(x,y)' h2(X,y) nsed for denoilling 

in SeLiion 5.2.2, ill broken up into two separate feature» 1/., and 1-13 in thi" suhoection. This 

modification adds to the Hlap the capability to function differently depending On t he intensity 

I(x, y). Denoising; in SedioJl 5.2.2 is ignoml.lt of intellllity I (x, y) as it "hould be. 

Tn this example it was found that generating the transformation map (diSL"U":!!cd thoroughly in 

the next .5uh.o;ection) llsing e.xamples oomparing the entire volume f(x,y,z) to f,,",~,(x,lJ,z) 

achieves vcry similar results to using only the top half of the volum"", where z < z""",/2. This 

i" heeam,e there are ample e.>:amples in both situ&tions that agree in the transformation map. 

Results reflect that artcfad" arc greatly redueoo - without blurring or oversharpe.ning edges. 

A natura,l look seems (.0 be retained. Details in the target ilIlage that are not already present 

in the input image are not recovered in the output illlab'e. 

5.4.3 Underst.anding; the transformation map 

1\ is important to be able to interpret the transformation map vi"nally to understand how it 

iA 1\ble to reduce artefacts. T he fullowing continues the disc"""ion from the previous !!"ction 

on the effect of the transformation map on the reconstruction with the aim of removing the 

artefacts. Figure 5.6 partly illustrMes the tra.1lAfoIHlat ion map UlK.u. 
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_1000 0 1000 
lot.r"i~ [H(jJ 

_1000 0 1000 
.,"""'y:HUJ 

(b) Mc,jilLm 1,,001 edge ",oK"i­
l ude, 

-1 000 0 1000 
"Io n,"~ [HU[ 

(e) High 1",~1 odge rnagllitlLde, 

Figure 5.6 Sli~es of the 613 lr;msformation m.-"lP u~ in Fj)';ure .~ .. ~ for the removal of Ion}£)­

smphic arLef;:.ct.,. 

RC'g"rd the tmns[uIIIlati(}n lImp melh(}d a~ a lype of non]irlear edge p,'eoorving II]le" ~uch as 

1lollisolropic dirrusion 01' Ihe bibleral filter , See (Peron" and 1bJik, E)9{I), (lom""i anrilv!an­

duchi, 1998) and in p..'UlimJ..."lr (Delancy and BH"kI, 19%) on removing 101ll0gmphic "Ilda.c\, 

wilh ori)';c pre>crving filten. Any edge prese"ving denoisins mle,' cO'lld be 11f,fj(j 10 ,'educe (omo­

gn.phic artefuts if Iheir tunable p""ametcrs aro dlrn<m armrriin),;ly, Thc difi"oronro is that th~ 

transform"tioll m .. "lp mothod is more likely to p[(}da~e ml.tumllooking r<)8Ull8 bc'Ca',ose. unlike 

da""i~al rcgulari.,l.thm m~thods , it, dmraderislics al'e no4, IIlodeffid with simple maLhemalical 

fmldi(}ns, Imkad, lhe lranRiot'Illation map is c,'eaLOO f!'Om ,'oali1; l i~ exampl",; and Ie""",; no 

tun"bl~ p,"'aIIlde". 

Nonlinear IIlle,'s al'e able In ,'edu~c artefad, in ~asos whorc l he "rtdud, ue not '" prominenl 

lOS edgc fealure" in thc im"go, It i, th~ nonJin~arity in th~ algol'ilhm (hal 'docides' if an 

image chal'adel'islk is an "rt~brt or not "nd biases it ru;rordingly. Fm ex'"llple, Figur~ 5.6(,,) 

illu,lnl.tc'S the b~h,wiour of the tr"rnfUl'iIlalion map on imase dra,'I<C[.()riS[ir" with 1m>, lor,,1 

edge magnill"des. i.R. 1'--, "" (], In this figurc d"rhr pixels indic"k th"t the tmnsFJI.'matiun map 

bi", is llL'g"tive "nd will ",-,<ult in deer-eM"'[ intorosities while hrishler pixe~, ","ult in in~rc"sod 

intor)1;ities, Grey impli",; no rh""l':e and ~qu"ls .~ro, 

(;-,,"sider [Klint,' in this lllap ncar (1'-,,1'-,<\ "" (0,0), fur which the iute,,"it)' ('Ill or horizontal 

axis) lOS well ~s the mc,>n neighh-ourin)'; intCllsitiL'S (ft" or vcrt i~," axis ) u.r~ dCtie w t he d~n,ity 

(}f wft tissue. The bias is ,\8 follows: if the interosity of a "nxcl i" s,'eater tkLn 0 whilc the me"n 

is "till around II, that ,"oxel intewity will be biased duwn tuwards O. Likewi8<\ if the inte nsi[y 
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is less than 0 it will be biased up towards O. Therefore, if there were a slight artefactual streak 

through a big region of tissue in the image, its intensity will be biased tm<'ards the intensity of 

the tissue. '1'he samA applies to air at (1<" 1<~) ~ (-1000, -1000). 

If the artpfadual streak were a bit mOre prominent in the hypotheti~,al region of wft tissue, 

or if we arc considering a smaller region of tissue (Ol" perhaps the border of the region) then 

Figure 5.6(b} will hp rAlevant instead becaullC the local edge magnitude value 1<2 will be larger. 

The illteDBitie8 of the points in the map ne& (1-1" 1<,,) '" (0, 0) and a.Iso (-1000,-1000) still ramps 

down from left to right as befOl"e, yAt the intensity variation is less pronounced. In othe.: words, 

the map bias will behave very similarly fO<" these local image charactc:rist ics, yet will he slightly 

smaller in magnitude. This makes IICn&o because firstly, if an artefact is more prominent, then 

there is less L"ertainty of it being all artefact rather than an edge. Secondly, if it were an edge, it 

should not be hiased much hecause then the edge may disappear or he sharpened unjustiDably. 

Similar logic dictates classical edge preset"Ving filters (see Soction 4.4.1). 

For high local edge magnitudes as in Figur~ 5.6(c), the map bias magnitudes seem comparatively 

lower, and not only flatter arOlmd the diagonal 1<, = 1i3 but alS<J mOre uniform (there are 

nO mOre distinct peaks and troughs around (0,0), for example)_ 'l'his meanS that promineut 

edges are g<Jne<"ally not much afl"octed (due to tll<> central flatm"lOl) although outliers are indeed 

sm()()thed (light left extreme and dark right extreme entries in the map bim; intcnsitie>; towards 

the center). ::'fote that the lmiformity along the diagonal1it = 1<~ (or speciDcally that inteusity 

profiles of this Dgure along H1 for di!fe'"ent H" are nearly identical except that they are shifted 

proportionally to 1io) implies invariance to intensity. 

Of course, each of the nonzero entries in the 640 transformation map has Wme sp<--cific meaning 

that defin"'l the map's behaviour for a giwn image characteristic_ It is this nnsimplified com­

plexity that gives trausformation maps the advantage in delivering natural-appearing results 

compared to methods (hat pal:amNerize image characteristics in mathematical fuuctious as in 

the previous ~hapter. 

5.4.4 Ilcrative regularization 

In this subsection, the transformatlon map models the difference between a yolume originat­

ing from i">.{J = 5" data and a volume originating from i">.1J = 1" data. The transformation 

map is calculated ill the same manner as above umng the same derived dimensions. The only 

difference is that positively oonstrainoo iterated remnslruct.OO sli<:e!l are used to generate the 

transformatlon map, lnstead of fllten~d back-projection slices. Further, the values for the stan-
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(~J B'a • ..:>:! a{,,,,,,,ard. , j.!; -
so, "'" = 90.02, "'I" = 10'.'.(1. 

(b) fhod {,,,,,don, j.9 _ 5°, 

"'" = 7~.r,2, "I" = !j(),S2 
': oj -"loco P<lpulo.tod m~p. j.~ _ 

r,o "'" = 7S.9~, "'1" = !J(),1i7 

:Figure fi. 7 iterated rl,{;Olll<trudion, biased u"ing tr1<n,i'ormatioll fidd lllethod with prn;itivity 
ronstrainl. 

dard devi1l.r,;on., for h(:I:, 1)) and "', (:I:, 1)) ar~ both "'l.nal to 1. A "y.'t~lllati~ way of rhoo.,ing t&.", 

para~t~r valuR' ar~ diS(;u,,,,,d in Section 5,5, 

Similar t{> t,he p[evions "",,\ion, a pmiti"ely mnstmined it~rat~d rccorllitrudirlll ~an be biased 

in a single operation after the iterated recon"trudion i" completed. Performing tlus op<~ration 

result s in a poorer data fit ~y all indicated in Fi!':ure 5.7(a) with ~!O _. 00.02. Howeve[, tl"~ 

artefacts a,ppear llluch nl(1uced com»a,[(l(1 to the p<)8it,ively const,[ained it,er1l.t.ec1 reconstrllction 

shown in Figu[e 4.8(b) with ~,. = 77.95 

A l:"~tter dat1l. Ilt can he achffi"ed if .",~h a hia" correction operation i, perforllled at cad, 

step during recon.,trudion, Figure 5.7(b) with ~"o = 78.52 "how" the result u,inr; a, fi~'ed 

jf",clion (in this ~a"e .\ = 0.1 in Equation 5.6) of the bias direction which i" ~1l.lrnlated from 

the transformation map at eaci, itera.tion step (in this case 11)) iter~tiom). Conceivably, this 

fra.ction C1l.n 00 chosen \0 a~hi~ve a desiroo le"el of data fit (so that ",0 = ",.,.im), "" in 

rer;ul~ri""tion with La,!,:r1l.nt'~ muiti»iie[s. 

1n or.her words. following every projection data error corredion step during iterative rc'(;on­

s\rllction, r,he Ir1l.nsforlll1l.tion 1111l.p correrr.ion value (indcxed by the feature dilllen,ions whid! is 

re~alcula,ted at em, step) is determined for each voxeL Instead of addin!,: this correction v1l.iue 

10 the "rrt~1 inten"ity "-, is don~ for non-it~rativ~ mglllarization, only a fradion of this valu~ i" 

added to the voxcl intensity before the cyde iterate!<. 
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As shown in Figurp 5.7 wmpawd to Figure 4.17, the gro\md truth fitness value for this recon­

struction (0",. = 90.67) improves on an "'l.uivalenl result obtained in the previO\lll chapter llIIing 

Bayesian methods (<1] . = 91.19). The Bayesian reconstructions also soom to have an artificial 

look by comparison duc to the simplicity of it.~ mathematical appruximati(}ns. 

5.4.5 Populating lhc lrnnsformation map 

The option of populat ing Ihe trausfmmation Illap by blurring h"" been mentioned carlier. It 

i~ preferable to have as many examples """ pos~ible to flXtroct a well defincd transformation 

map which is smooth and noiRe fr,,", Inslpwi of a. single rewnstrnction volume pair, a wholp 

sequencp of roconstrnction volnmes can be used as training m:amples. 

The volumes corresponding to iterate numoors 10 to 15 f(}r a puo;itively constrained itpratflC! 

reconstruction, wi th a projcction data spacing of bO = 50, are usflC! as flOurCC examples. One 

targPl volume reronstructed from bO = 10 intro-val projcction data is paired with lhe six sourcp 

volumes separalely \0 gemrratp the transfOCIlliltion map. 

Figure 5.7(c) show. that thi. new t ransfurmation map perkJrms .lightly bctler numerically. 

No vi.nai advantage is notioed in this case. Thp .malln_ in magnitude (}f improvement is 

at\ributflC! \0 the foci that the original traru;format ion Illap ill already well populated. 

5.5 l\lap eH·C'ct.ivcllC'ss 

In grey ,;calc image proc=ing, an element at a particular location in a trallllfmmati(}n map 

indicates a m"aTl change in intensity for a large numbfrr of examplc pair". The e£fectivene8!! of 

a transformation map is de\em,inflC! by it. varia""". In other W(}rds, a large degree of variation 

in thp intc\lllity change over ail t be examples at a particular location in t he transformation map 

implies that the map i~ inmfective in that rpgion and suggests that Illore suit able map dimension. 

~hould be chosPll. In other words. t he map noeds to be lilllde \0 depPlld on additional image 

fealures in this case. 

".5.1 Optimal paramclcrs 

So far the dimension [ea\ur ... havp boon mOflCn successfully in the examples presented. It iR 

conccivable that the task of cllOO"ing teatnr"" may be more difficult fur some problelns. Given 
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a poor choiL" o[ i"eature dimell"ion", the map variance could be used M a lool [01' idell\if,ving 

problem Mea" within the map, This may ""si~t in linding morp. s"itabip. dinl<'ll~iollS Ihal rpi;oivp 

ambiguitip~ or mnfiicl in the map more dkdivcly, 

For Ill<' ""mp rp.a'KIll it wa, found that a "emible way to optimize uw;pecified pilrmlletcr. in 

the feature dimewion" (",leh a" the blurriug kemeI8i,,es used in h(X,lI) and h2(X,1I) o[ Sediou 

5.2,2) i" to chuu..e v;:,lues that minimi,p' thp. tolal IraneformM,>on map varian~e. 

5.5.2 Target accuracy 

lItrg<'t accuracy call be ddined a" the cvn~d"eM o[ !'~oL(",), An ideal example mlghl nol 

be available 1md therefore \argel. examples mUSI. somp\inl<'s b~ ""tlmated, Thp transf().I'mation 

map vlu-i1mce i" also dppendent on !.II<' larget accuracy or wrreclness :md does not exclusively 

repre..elll thp map p.rre~t';vpn""s, If taxget examples arc not available but are e"timated i,,,tead, 

then ihp colloctivp. wnr~e 10 target difference" could remIt ill a high vari1mce lrlU",[orn11<\ion 

m"p. pvp.n though the map mean remain" effedive, The example In Ihp. following paragraph 

illmlrates thi, poillt. 

Lookill!,; bad at Seclioll 3.3.2, il is appa,,,nt that thp intensity level based artefact removal 

1,lgDrilhm fall~ within the framework of t rawiormatiou n11<1-" where the map ha" One i"e1,lure 

dinl<'nsion (mean inwllISity) and "everal oulpul uimen8ion~ (on~ oulp"t dimp.nsion for pw-n 

pixel colurrm a" a [unclion oi" lhp. fua\nrp dlmpnsion). In this ~a"" no ideal t ar!';ct example" 

arc available b" I Ihpy ue ~rndply eAtimatoo by means of linear irrterpohtioll. A vemgillg rna",v 

uiver8p. arlefad example, recovers effect ive mem, Mt eb.d prufile:! ior ell{;h givp.n inlp.n~ity levpi 

despite that lirreM iuleqXliation i~". poor ""tim".tor, 

III this example, I he poor ""tlmalllS of thp. larget pxamples remit in a large total map variallce, 

p.vp.n lhou!';h t he map i, efi'edive, 

5.6 Summary 

TiLi" "'''')ltM iIllrodurPd a problem solving framework which is dosely rchtcd to IlcOlml ,"'1_ 

worh. n",iue.. it" comparative slmplldty ".nd lmplpnlflnt.a.lion p1ficicncy, the advnntage of 

transformation map' oyer nemal ne\worh is lhal lhey permi\ \hp pxplidl invp_,ligat,ion of t,he 

input Sp"C~. Cnniiici in thp inp"t 'pilce can be a,,,,,sed, which a>;:Ji"t" with the chnice n[ [eallll'e 

dimen"ion,. 
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TII€ major differenee 10 neural networks is t.hat Irm",formClt.ion maps 11He si,.;nifimntly more 

tmillillg example" ",,,I ,uch additional ""'\lllple", are typically gCllcrated by II(ldillg 11Oi"", ar­

tin~ill.ll'y. This "I€(hod is I*,,( 811ii.oo to problems having a relll.tivel,y low n11mi)€r of fea.ture 

dimellsiom '" it "iller" Jiom the so-c1<lled curse of d;mcnsio,,~liiy, 

H was sl"'wn I hll.t Iransfurmal ion m'4lOJ ha.ye applir,abi I i~)' loa n11ml)€r of di rr en'm problems. 0 f 

particular illtelc,t i, that tn\ll,fiJrnmtioIl map' provide a lDCaIl" of l'X\radillg prior knowledge 

from, and reg11lari7.ing, tomogrll.plo ir re<ConSlruc.lions. 1\ was shown \hll.\ mOre nalural_looking 

rmult>< thall with Baymiml metlJCKh ""re obt>I.iIll'<.l for "P''''"'' angie rceonotr11etion,. in the np.>:1 

chapter, limitcd allgie tomography is illvestigatcd Il"ing tr1<nsfonnation maps_ 
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CHAPTER 6 

Lin lited angle tomography 

Thi" chaptf'x iR concerned with the recollJltruL1;ion offan beam x-ray data at a 5° angular spacing 

covering a 100° angular range. SUcil a data. limitation severely underspeciJies the reconstruction 

as discussed in (Tam and Per",,-Mendc.z, 1981). For the "1Ike of giving perspective, a 90° range 

of missing data implies that two quadrants of the Fourier transform of a reconstruction rell1ain 

undetennined and are left to be recovered frOin prior knowlodge. 

First the qualities of limited angle tomographic recon"tnlctions aT" illustratf'(\. After a presenta­

tion of teclmiques found in the literature, an example of a Bayesian limited angle reconstruction 

iq provided for rcferent:C. Towards the end of this clmpter it is shown how the transforma.tion 

map method is applied to the recollJltruLtion problem to achievc a fundional wlution. 

G,I Unregulariileu limited <Ingle reconslruct.ions 

Umegula:rized reconstrudion" arc prodllCed using projection data only while no additiollal 

assumptions arf' made. Howpvcr, in sumf' cases t.he po6itivity collJltraint is applied, which 

call:le8 a Il{)teworthy reduction in artefacts. This IlPCtion disC1LQ'lffl t.h" rffiull.1l of using the moot 

Rtraightforward rccollJltruction methods po&ible. 

6.1.1 Caution on s imulations, resolution and data fi t 

All the rcronstructions in Figure 6.1 axe produced fwm projection data of a..n id"ntical angular 

rall)';e (oo") and spacing (5°). The"" limited angle reoonstructiollS (at ;z = 225) cOrrf"pond to 

til" full angle reconstruction in Figurp 4.12(a}. 
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(a) Ru ] dll..l~ rt'CoIl>trn<tion. 
1700 bin. per proj«'lion. 

(b) Real d~l~ "",oll'truction. 
216 bin" per projection. 

(0) Simul~terl rlat~ rocons"",,­
tion. 1760 hino p<'T vroft:;tion_ 

Figure 6.1 Limited angle "'.B = 5° nw.r 00' rnconstructinns aIler 500CI iterations showing the 
elfoct of lL<;ing a high projection lUis resolution. Notice definitive edges appeMing in (c), 

Figure 6.1 (a.) results from real measured projection data. at the maximum available ",_';Olntion of 

1760 bins per projection. In the reconstmction prnce"", a fraction of the error between the pro­

jections of the reconstruction with the available data is projected b&k onto the reconstrnction 

5000 times repeatedly. At each step t he rB<;onstrnction inteJlsiti"" axe clipped to be positive. 

Howcvc:r, following the disc>=ion in Section 3.7, the ideal number of projection bins is ouly 

216 for the given geometry. Figure 6.1{b) J;hows greAt uoi"" rednctiou with no l<l'lfi in sharpness 

nnd~.r this condition. It h"" heen verified that Figure 6.1(a) has a worse projection fit to the 

216 binned projedion data than Figure 6.1{b) while Figure 6.1(a) h"" a better projection fi l to 

the 1760 binned projoction data than Figure 6.1(b). 

Figure 6.1{c) is produced in e:<actly the AAJl1e v,ay nsiug simnlat~.d inst~.arl of real measured 

data at 176(1 hins per projection. The sinmialcd data are the oorre!lponding projections of 

the full angle reconstruct ion in Figure 4.12{a). For "ncb a high projection ax;" resolul ion it is 

nnci<>.rntandable th"t the shape of the pixels phys " significant role in the overall projection_ 

This pi:<elshap'" information is l'<'..sponsible for the significant difference hetween Figures 6.1(a) 

and 6.1(c). 

For any simulations regarding limited angle tOIllOgraphy, it i~ advisable to use a phantom of a 

higher resolntion than that of the reoonfitrnction becalL';e "'.Ill data ifi of continuous origin. It 

Mould be noted Ihat doing thi;; makes a zero error data fi t unattainable because it is not possible 

to represent exactly a high resolutiou obj~d "t a lower resolution. Foc a discrete reconstruction. 
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the best pu.""ibl€ Iepr"'lenl.,.[ ion of ,. pl"nlom will not h,w , .• ero data error, even if there were 

no measurelll€llf. n01"". This is true also usin)'; " lower projectiol1 axis resolutiol1, alt hough the 

dfc'Ct "mit igated. 

U.1.2 Properties of limited anglp rpconstructiOIlS 

Figure 6.2 "how" a numbe" of n,,,.egul,.ri7.ed limited angle reeonstrnetimls created from data 

eOY<'<Iing a ""Iedion of angul"" ranges and spacings, II is apparel1t how the diagnostic value 

of r<?Constructions s,eadily deteriorate" a, the "ngular range of dal" d€Cre"'ffi. Edg€' in the 

vertical di:ncction di.,appear in extreIlle ~.a.,,'" whil€ edges in 1 h€ horiwnl.,.1 direel. ion rem,.in ve'":\, 

,,,ud, the "aHl€. 

Fil\€I"'\ h,;rk·projedion ,,,con"i,rnetions at /:"8 = 5' data intervals exhibit "tretik, due to the 

poor angul'I resolution. Applyiug a pmitivity cOI"traint in "11 itemtiY<'< rocon,\ruel.ion pro­

~oonre SIlIl'OO to improve rc"Suit, "iguificm,l ly: bel.l.€I ~omIMI. and a Ieduetion in artefa~\" are 

oo:;crycd ~o!llparil1g Figure 6.2 ('.J \0 (d), for example, despite no more data beiug used. 

At " highe" angula" ,"""olnl.ion, as in Figure (;.2(g). the ,treak or ripple artefacts tlJ'C !IIuch 

Iedu~oo while edge definition in the vertical dir€ctiou re,,,aim pOOl. II. i" ronrluded [.)"t reo 

,trictiug t& angular range of d'.[.a resull" in a 1068 of edge informat ion and coutrast iu a 

cOITffiponding '.ngular rang<' of the remnstrudion. 

(;.1.3 Comparing iimitpd to full angle reconstructions 

The diagrams in Figure (;,:{(a) relate t he liHlit",\ angle 10 full "ngle roconsl.ruetion" shown 

in Figure 6.4, By c'''''paring the his[.ograom in I"ignre 1.I1(a) and Figure (j.:J(a) it becomes 

appa"enl that t he intensit ies (;onceutmte around the dOHiinanl. I~vel" (,ir, "",ft <.i"sne and bone) 

even 1_ for liHlil.€d angle than for "parse fnll angle reconstrudiom. Thi, iHiplies that the 

limited angle roconst ructiom could b€nefit signilk,.n\ly froHi nsing pieeewise smoothn'-'8S as 

prior knowledge. 

The llllcnsity profil€>l ill Figure 6.4(d) de,,,on"trale how inadequately i,he limited data affirms 

I,h", existence of 00),;<'8 in the VLT t i~al diredioll. Edg€, ar€ ,,,ud, be[.[.er den ned in I. he hori?,oni,al 

din-diou. Figule u.:.l(b) "how" explicidy by means of a transforrrmtion field that full angle 

""",,onstruc tions have stroIlgcr edge, in the v~rt iral dileel.ion 1.I".n ~01"'<'8ponding limitlld angle 
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(,) Fi!Cc,-oo b.-.ck_ptoJccdon, 
,,~= [;. U''''- 9(e, 

(,1) 1\~i \;;-oI,I' ;Le,-,Iod. ::"e 
5" "v." W· 

(g) Po.tljvrly iL"""ed, ,';e -
I' uvor lOW. 

(b) Fill<r.d brl-projoctiun, 
,';@=o-'mer120", 

(0) PuriliwJ.,I' i« ra« d, "e -
,j. ,,,-0< l~II', 

(h) Pw,h'ely i« ratod, !:J.~ _ 
1° 0\'0< 1.10-', 

(c) 1''11 ",,",1 h,.,k_pn,jod .. ", 
.::.e ~ 50 ov..- 1500 

(f) Pool,h'dy ;'erato;d, .::.e ~ 
5' ov" 100', 

(i) P,!'Si'ivtol}- it..-,,!"d,::"H = 1° 
over tWO 

Figure U.2 Unre(;ularized limited al\":lc rcconstruetioIlS showing the effect of having lllore 
available data, 
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(a) Hi,togr...,,, ,Jwo,';lIg how tho distribution of 
in,"";ty difh", between th< ="'"tructiolls. 

r - ----~~,-,~iC,C'CICr! I 
., ",! " ," ,,,,,,,, , " /", 

'"'''' """" " , " ! 
I 
> 
" o· , 
I 
• , 

" " " " " , " , . , .,,,,,, 

". "'" """'"'' "'''''''''' ''''''''.'''' , : : : I : I : ~ : : : " , : ' 
"II' '" , , .. , + • , i ' , .. " 

(b) l'ransfo<mation field show:in~ how <dges dif· 
rer l>et,.""n th~ "''';(lnol"'lCI'''''''_ 

Figure 6.3 Comparioon of limited angle 1000 in Figure 6.4(&) 10 full angle 1800 in Figure 6.4(c) 
128 X 128 X 128 volume reconstruct ions. 

reconstructions. It ill evident from examiniIlg Figure,; fj,4(d) and 6.4(e} that the intensity levels 

for the limited /Ingle recoILStruction are more COITe<:t for the inten;;ily profiles in the horizontal 

than in the vmtical direction. 

Note that the a~?J' dala fit error.l in Figure 6.4 refer to the projoction errors with respect to 

the limited angle da.ta subset, while the "-jO dala fit errors refer to the projection error. of the 

reconstruction with respect to the elltire dataset (which is not used as data during limited angle 

reconstruction) , 

6.2 Rccunslrudiolls IISlllg partial spat.ial knowledge 

In Figure 6.5 the left ha.nd column of images are clo.>eups of limited aIlgle re<:.oIlstructions in 

Figure 6.4. The right halld columll of images are corresp(mding views of fIlII angle reconstruc­

tions. For the center column, the same limited a.ngle data constraillt is applied as for the left 

halld columll, while the inten..ities in the spatial region outside the dolted circle are forced to 

equal the full angle reconstruction On the right at ali t imes during itera.tive reconstruction. 

These closeups reveal that there exist some region~ in limited angle rocoIlstructioIlS such as (g) 

tha.t resemble full angle reconstructions such as (i) well. 
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50,2, ",0 = no 

(bJJ.9 _ 1"oH"'1 00 ",,,~ ~"O ~ 
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00 

Figure 6.4 Limit~'<i and fllil anglc rccollotrudions with inten,ity profilcs through I.hc f<>CUlL-

, tructions, i , = 225. 100 
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(_) UncoTll!troined, ..l.8 

"'''' 100'_ 

(d) Uneonstrainod, :"e _ 5" 
0'''' 100· , 

(~) Ullconstrained, tJ.~ 
over 100", 

(b) Sp~\i3ny constrained, 
tJ.e _ 5· over 100·, 

(e) Spatially con,trained. 
tJ.e.5· over 100', 

(1) Spa\iaIlJ oon",,,ffi<d, 
Ll.8 = 5' O,",r 100·_ 

(c) Une_\rained, tJ.~ 
over ISO · . 

(f) UIlCOnS\rained, ..l.~ 

""'" lSO° . " 

(i) Uaron. t,ained, .... 8 _ 10 

over lSO'_ 

Figure 6.5 Clooeup view" of pooitively iterated reconstructions in Figure 6.4. 

'" 
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Regiolll! cOITe:lpomling to the complementa.:y angular range of edges in t he limited angle reL"<ln­

struction such a, (!l.) resemble the full angle reconstruction such as (c) very poorly. 

Great improvement within the dotted circles is observed when correct spatial knowledge is 

applied outside the dotted circles (in t he center column of Figure 6.5). This is especially true 

where edges in the vertical direction are lacking, "" in this case. The important oboorved quality 

of limited angle tomographic reconstruct ion is tha.t a correcting bias in some region results in 

an inten.~ity contrast improvement in another region. 

The conclusion that is drawn from this qualitative demoll8tration is as follows: if some region 

can be n."gularized well. then the imprcwement resulting from such bias is not restricted to 

the region to which it was applied. The complementary region i. al'lO imprm-oo indirectly by 

maintaining the data constraint which bonds the regionH together. 

A~ demowtrated earlier with negative noisB being constrained to positi .. -ity. the conveI"OO i, 

also true: the application of any incoITect bias will propagate el'l<)where in a recomtruction. 

Accordingly, if a region is biased in.correct iy, then not only t hat region but complementary 

regions will abo be biased incorrectly through the data constraint. 

6.3 Survey- of Iimiled angle tomography methods 

Now that limited angle tomography has boon introduced, this chapter proceeds by pre5eI!ting 

a selection of strategiee propooed in t he literature for dealing with the problem. The less 

effective mdho& are discusseU first. No methods found adequately solve the problem in a 

realistic ill-~ sit uation. An overview of ~tate-of-the-art techniques i. provided in (Siltanen 

d al., 2()();l). 

6.3.1 Direct inversion 

There are a number of way' to perform reconstructions in a single step. It is possible 1;0 set 

up a linea.: systeIll of equations p _ ff I which exp","_ measured projection' p as raysuIIlS 

through a diocrete cro6i!-"ection I. Having Illore unknown:l than line:u:ly independen t equation.. 

for the limited angle tomography case implie. that t he matrix H iH singular. Because high 

frequency components are poorly tr=ferred in tomography, H has been shown to be singular 

Loven in full angle tOIllography (Wilson, 1998). A solution with the ~malle~t II I~ = Li It can be 

obtained by ~inglllar value decomposition, but i. infeasible for realisticlllly sized problems due 

102 
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to eomputational '-'XJX'noe and memory requirement:< (Boyd and Li ltk, 19!11). More efli(~ent 

implementations of" this inversiou in th€ f"r€qu€ncy domain haw bE't<n explored by (Tam "Iltl 

P€re,"Memle" 1981) anti (J1life, 1900). [te("<J";;tru~\ions ob\a.in ... llhrough tliro;(Oi in.'ersion a.re 

w'ry much equi""I~nL \0 resnlts obtain ... l by Ihe filrpxed haek-projeelion mer,hoc/. 

Squa,hing is a technique iutroduced by (Reed, "ml Sh~pp, 1987) lO p~rfiJrm an affine tmnsform 

on limited augk proje<-'tion data_ (Olson ami Jaffe, 1990) expla.in;; tha.t ;;quashing do'" little 

more thau couverting a limit,.-l angle dal~ ""I inlo a ,n.ilable form t.o "" applied diredly to a 

full "ng;ie lomography reronstrudion algorithm. 

(YagI~, 1998) eXprt'iH'o<'<;; a eio""d form ,..,lution 10 limited angk discrde lomography of" finite 

support ohje~\s. in Ih" paper, tiw phantom is exprE'8...,d as impuls€s On a r€guiar laltic~ and 

projeelion8 a, well "s phantom tl€nsities musi be ini''1\er ,'alne;;. 11. is r~porled t.har, t.otally 

incorrc'd reoJnslrlJCtion;; could r""ull from noi<e that excL'ed, integer roundoff error,. -Very 

large exlrapol1l.l,ion e'-)f'ffieicnts need to be calculal€d fex larg€r images SUC~ffiS of equa\ion­

ha"",i solutions to limited angIe tomogTaphy \ha\ do", nol ineorporat~ prior knowledge other 

lhan gL'Ometric coudition" must b~ con;;idered in th~ light. of wntion expreS8Cd in Section 6,1.1. 

6.3.2 Regularization 

lll-L'OIltlitiou€tl inver"" prohlem" are nnsk"l.ble in Ihe ,en"" Ih"t smull chaug'es in da.tiI can cauHe 

largt< ch~ng'" in Ih~ ,..,lntion (K,,",e d ai"~ 1997)_ Such problems can be ;;\ahi1i"~d hy regular­

i7 ... tion so t.har, lhe solulion h"" Some d€sir€d prope.-ty such;j.i; ;;mOflt.hnR'ls, 1'hi, i, done by tk 

minimization of an expression of th€ form 

where U(f) has a minimum when the eolu\ion f has th~ d"'ired property and A Can"" tuned 

;;0 thal th~ lev€! of dala fit X' matche, Ihe measurement error in the dal". M"ny methods ''"'" 

Ihis frlUnework for ~~hieving" ""Iution. 

The Laplaciau smootllIless cundiiion, 

U(f) = I: l~f"jZ (6.2) 
, 

I;; n""d by (Tam and P""l2-:'>icndl2, 1!)81) to reg;ula-rize the limil€d a"gl~ inwr;;€ problem. 1'h~ 

u""ximum en\rupy mdhod "",d by (Lawr~nee, 1!)8!)) for limited augl€ tumog..-a-phy mllximi~('S 

1113 
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the ent ropy S(f) '" -U(f) of an image 1, with Ii > 0, where 

S(f) '" - :~:>jlnPj, p, '" i:-r;­
j 

(6.3) 

(T,un and Pere7.-Menne1., 1981) conclude. that maximum entropy does not produce bet ter 

resullll than any other simple limited angle tOlllObrraphy method. This is understandable since 

the results of the maximum entropy method show tlliJ least amount of configurat ional structure 

(which is leMt informative) yet are consistent with the lll€asnred data (Bontekoe et "I., 1994). 

The maximum entropy method is better suited to problems such"" gas and pla8ma diagnostics 

(Denisova, 1998) where the obs<Jrved quantity obeys Boll.mann statistics, or in astronomical 

imaging (Narayan and Nityananda, 1986) where entropy describe" the propertie" of the image 

intensity distribution well. 

Correlation alll{)ngst pixels can be .pecified using minimum cros:>-entropy, defiued by (Skilling 

and Bryan, 1984) as 

Sin L),- J;-J; ln(j,/Ij) (6.4) 

wh<Jre l' is the default Or expected image. (Fielden et al., 1991) concludes in a full angle 

magnelic reRJnance imaging IlfIplicatiou Ihat trU1lcalion artefacts cannot be .uppresBed. using 

minimum cross-entropy without .ome loss of resolution. 

(Hanson and Wecksung. 1983) nemo)~~trate. that good Bayesian limited angle reconstructions 

can be achieved in a simple example if the prior knowledge i. specific ellOugh. 

Good re.uits are presented by (Delaney and Bresler, 1995) using piecewise S!Il{}{)th regularization 

with an objective function of the form 

x~ + )"/IKJI +),. L \;(1"'11) , (6.5) 

where;;:; penalizes lICgative values of 1 and ¢ is a noncom--ex functional that operates on 

the intensity grad>ent of 1- This objective function is equivalent to diocontinuity adaptive 

priOnl discU88<.'Ii extensively in (Li, 1995) within the Baye;sian framework. The results, however, 

deteriorate significantly as the range of availa.bk projections is decrea.<;IJd. 

Delermini.tic annealing i. used by (Hsiao et al., 2001) in a simulated Bnyesian "parse angle 

segmentation example to overcome problems due to se)l.jiit ivity to ilut ial condit ions. 

;04 
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6.:{.:{ Sinog rarn extrapolatioIl 

A linear neura1 network approa.!"h is taken hy (Wong and Yau, 1998) to extrapolate 1Vj% 

missing projoctions with good accuracy in a simulated example. The mil<siug projectiow; are 

exprefl8ed as a function of the projection data and undetermined parameters. These parameters 

are initialized using a sinogram of a similar phantom, and iterated a few times. The exterior 

of the object is assumed to he known. 

(Andia et ai., 2OCI2) obtains comparable results to Bayesian methods reconBtrucling SPEeT 

data non-iteratively by performing nonline"," operatiom; On the sinogram before back-projection. 

Training is performed using a similar dataset to the projections of the phantom. 

In (Prince and Willsky, 1993) the phantom's ill!lS1l, center of mass and houndary of its sinogram 

is estimated from available projection.. Together with parameters that specify smoothuess 

constraints which are lllisumed to be knowu <l priori, a complete sinogram is extrapolated. 

The success of all these algorithms is dependent on how representative the a priori parameters 

or traiuing examples are of the phantom to he reconstructed. 

(1.3.4 P r oje ction onto COl1VeX sets 

(Sezan and Stark, 1984) shows that the iterative application of a set of coust raints which can be 

expressed as projection operators onto dosed convex sets converges to a solutiou that 'latisfies 

all the constraints. 

(Oskolli-Fard and Stark, 1989) explains that expressiug raysllITl data coustraints using this 

method is equivalent to the algebraic roc\lust ructiou tecllIlique used in (Andersen, 1989) . How_ 

ever, tbese projection operators may include pooitivity constraiuts, amplitude limits, energy 

lirrllts, spatial support or known Fourier ooefIicieuts. Although this techniqll.e is effective, the 

range of prior knowledge that can be applied using this method is SoOmewhat limited. 

0.3.5 Opt.ima1 v..,'vs 

Conventional spiral tomography machines provide l)()Or resolution in the direction normal to 

the crO!ls-sediOll plane. Groos-section slices are typically printed >IS a montage onto film to be 

viewed on a light box. 
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()l.kCalll~y d aL 20m) di'pby" limited angle recOT"tructioJls t.h~\ awp;,r VMy ,imilu te} 

oorresp(}miing full ".ngle recon"trllction". Th~"... ".r~, ho"",wr, nOi. axial view,. (KoldlllHunen cI 

nl .• 200:{) p",wide" "ucb view" fur denlnllom0'6l'nphy. Due to its high reilOlution ill the SC!l.nning 

direction. th~ Loclox 'yst~m ~".n also pt'ovid~ slld vi~w'. 

Figure 6.6 "how" n good corre'p<Jndellce of limited angle ""con"tructiom 10 full angle reoon­

"truqion" in Figll'''' 4.11 f')I" wl"On~1 "i~ws Imt not for sagitl~1 views. All of the>Je are simply 

p<Jsitively iterated reconstructiom. :'<ote Ih;;t even fur mronal view, lhere i" som~ illl.~rfer~n~e. 

"i,ible hum ollt-of-plane 'trudures as predicted Ly (Starke !IUd de J!\g'''' 1!)98). 

6.3.6 Complementary data fnsion 

(Boyd ~nd T.il.tl~. 1994) U"ffi laser range deteclion and ultrawllic lll''''"lllement" 1.0 rimermine. 

Ihe exll,,;or =d outer lnye. Ihidme." of an ai,-~raft wi ng in ~ I imited angle tomography proLlem. 

A P1';("~ knowledge of x-ray MtelluMion coefficient, fO!' ~erlnill slrn~I"re.s in I.he. wing i" alilO 

avillbble. Proje~tion onto wnv~x eel' is I.he recommeJlded method to combine the ,'nrio", 

cfIJ,strai,# for a reaJi"tically ,i,ed problem. Cood r~slll\l; ar~ presenleti. IJl anolher paper 

(TwlI cI al.. 1900). a "imilar whnic]"e. i, ":;1)<.1 \0 teOJJlstruc\ turLiJle L1Mle, Ly combinin),; wall 

I.hirkness measurements_ 

Tn positrGJl em;,sioll \omo),;",,-phy (PET). which is a spa,-'e dal,a rather thllJ' limited an)';1e 

problem, re),;istered magne.lic resolla"ce images (MRl) nre UHed 10 enhanN'. lh~. re.ron,l.ruci-iOIl 

quality_ (Chell tt al., 1!)91) "h",." how Gi iJb" ~Jlergies are applied to achieve impwved r_,lul,ion 

whMe. analomkal m,d fnllctiollal LoundarK'; IlHl.t.--h. Allernali ,,,,Iy, afler pedormiJlg all inlell"ily 

tramform to the Mil. imn,.;e, (Oakl~y d aL 20(0) bia:lel the PE'l' reooll"trn~lion towa,-ri" Ihis 

r~fp.,.,.nc~, 

6.3.7 Shape modeling 

11 j, po",~ible to COHyert an ill-p",;ed inver"" proble.m inlo a well-defined proLlem Ly modelin~ 

the solulion. However, il i" diffic"ll, \0 exp'-e3:llll,furseen "pecinl ca.,,," into:my mori~1 ~"pe.cially 

if Ihe. moMI d~sc.-ibes a physical. shape ill"lcad of a m~re. q"alily which is always true_ 

W6 
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Figure 6.6 A 'f!lflrti<lu or limiloo !lnglc "!lboittal (left) ant! cownal (right) vi~w" Il.t 1.)(i X 2.)(i X 2;,(;. 
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(Gureyev and Evans, 1998) modeled hardwood samples and sucCllBllfully reeO!!lltructed cross­

sections in simulations from very few projections. From r~gularity tlSsuruptio!!ll, the three­

dimc!!llionaJ problem i8 conVP,"(ed into a qU3.Si-onc-dirnc!!llionai ret'On8truction problem. It is 

argued that the shape of vcssels (voids) or parenchyma (wnfibrou" tissue) can be determined 

by optical method8 in practice and thPI€fore be known a pf·jOri in their simulations. Their 

result.s show SOme tolerance to irrcguIa.:ities. 

In atnlOlJpheric Wmogra.phy, (Semewr a.nd Mendi!lo, 1997) uses so-called Chapman functions to 

model the atmosphere whi~h ronstrains the vertical profile initially. This constraint is removed 

later when entropy i8 maximi7.ed instead. 

Boundary modeling using snaws {dcfonnable polygons ,,~th curvature ronstraints} is invest i­

gated by (Mohammad-Djafari d a/., 1997) in the oontex\ of sparse angle tomographic recxm­

struction of simple binary blob-lih phantoms. 

In this the"Sis little attention ;,; given W the modeling of shap,," sineAl there is 00 much physical 

shape variablity in expected rec'Onstruction8. l!!llteM, effort is ooncentrated On the modeling of 

local image properties. 

6.4 Hayesiall limit.ed angie recon::,t r udion::, 

Figure 6.7 shows Bayesian limited angle wmographic reconstruclions using projection dat.a at 

5° sp3.Cing OVI'I a 1(")" ra.ng~. Tunabl~ parameters in the potential functions (defined in Section 

4.4.2 with values as quoted in Figure 6.7) a.rc chosen such tl,at the ground truth 0"1. data fit is 

minimized M in Section 4.4.3. Such ad hoc tuning produces the best possible IecOIlstructio!!ll 

[or the given fonns of powntial functions. 

Althou!':h the Bayesian reeonstnwtions have a noticeably betwr ground truth data fi t (e.g. 11," = 

249) than the oorresponding unregnlari."d reconstnwtion in Figure 6.4{a) (with 0"1" = 286), 

they appear quite unnatural and still resemble the best po8sihl~ recon"tnlCtion in Figu re 6.4{ c) 

(with 0"1' = 79.1) poorly. Edge information in the missing angular range is not recovered 

correclly despiw the attainment of piecewise smoot!",,,",, as sUAAestOO by the prior knowledge. 

It is noted that the reconstructions are eorrcctly biasc-d by \he prior knowledge in some bllt not 

in other regions. 

In th~ oomewhat relatoo example of sensitivity encoding magnetic rCSOnanc~ imaging. noise 

level. are not unifo,·m throughout recon8tructions. (Sarusonov and Johnoon, 20(2) propo.'''" that 

>Os 
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(~) DA_\lRF, J;~"P _ 50,Z, 

~" = 27;;. ,8 = U.2. '1 = 3W, 
(e) DAI_\fRF. "IF 
0"1' = Z49. ,,= 0.33, 
LlZr,,~· = no. 

Figure 6.7 Ho.l'esian limit~d :mgle rerunslructions (£:.8 = 5° over lOO"). 

spaco-t'arY;f1Y ani:Jotrople dilfusion is superior to spm-,-~invarianl methods of edge.preserving 

denoising ill that situo.tjelll. 

As explain."j mor~ analyt,ically in (de Villier8, 2000), the "eClllon why spac~-in,"ariant m~tha& 

fonnd in Ihe liter,,-ture, as demonstraled in Figure (i,'7, fail to converge 10 the corred, recon­

str-udion, is bocau"" the Illetl>o:xl8 bi,", intensities in('OlTe<:"lly in "'..ginns wlw,Ie edges ar~ paml,. 

defined. By applying prior knowledge hias only tn thaSl' "'giOM Ihal cloocly re""mble the final 

recowtruclion. One stands 0. mu~h "eller chance of ,,-voiding local optima. in m",dmi~jng Ih~ 

pooterior dishibution. AIr,hongh it Illay be possible 10 "eprfflen( a spa('<'-,"o.rying form af some 

rliqu~ potent ial to deal with this inhe"ent convergen"" problem, it i, not clenr how to derive 

such a prior knowledge mod~l, nrn to find valu~" of :my tunable panuneters with reClllonabl~ 

j ustilko.t;'m. 

The contribution made by (h~ ma.9te" the"i" (de Villier", 2000) whleh may be dime"lt, (0 g~t 

hold of, is p1'f!eented in a mOre acce,sible and simplified document (de Villien, 2004), 

In the follov"ing __ (ion, the (r~nsformo.t,ion m,,-p mLihod i, ,,-pplied to the p"oblem Tile ~bilitl' 

of the m~thod to ~,xlracl prim kno-wledge ftnm exo.mpies o,"erooIlles th~ difficultk" experien~oo 

in modeling llsing Hay~sio.n met,hod", 
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6.5 Reconstruction usmg a transformation map 

A good d.oi~e ()f le",ure vector>; for the regularizW:iun (>f 'pa,,,,, an,.;!e tomO'"mphic re<:on,lruc' 

trOllS in the pleviou, chapt~r loa, he<.'n imen,ily, blurred intensity ami k;o:,,1 edge ma,.;nitllde. 

Thl'SC llire<.'-dimen"i()n, pmvide the Imnsfornmtion ma.p with tli~ ability to ,m()()th out noise 

without blurring or ,]mrpcning edges beyond the r.nf\'alure indicated by the training examples 

(refel to Sc~tiun ~.2_l), Of mllrse. Ihe"" dimensions nlso provide the map wilh the "bility 10 

hi'" mean inten,ities tmo;nrd, ClU)' of the dominunt cla"m of inlen,il,), ie,'els, 

In limited an~le reeonstructions, howl",er, little Or nO bi", ,liould (>c~ut wher~ the recunstrw­

li(>n is o~g<"nerale, "lliMW;"" it will b ... bia.'1<.'d nnju,tifiably. resnltin~ in eonver~€nc€ 10 "local 

()plimnlll, This i, what happened in the Baye-,;ian re<:onstructions M the pwvi(>us "'-'di,,,,_ 

To ad,ie,.., thi, goal, koeping in mind tlial the beller odined legie"" OCWt neM w~ll dellnoo 

edg'-1< in the limiwntal diroe<:tion and poorl,), d~nned '<.>gi()n, exi"t wher~ eog€" in the vertical 

dir<.'~li()n pr~vail, the ,.-lge m"gnitlld~ oimension is split up inlo wrticnl nnd horiwnlallocal 

l-UgC magnitude dinwnsions. 

6.5.1 Training examplps for the transformation mal' 

In thi, chnpter Ihe \r amformntion map is calculate-u by comparing full angle to limited angle 

150 (>nly (,,'C rigur~ 4_l0), unl""s "pecinoo mherwise_ Tli~ 

fnll an)')e ,eeons\r"uetion (0.1 i" = L~II) is rolated by multiples of >II)' and mirmred, pIovidin,.; H 

pennulntions, Limiled angle reconstruction, me pruduce-rl fwm a.I tificially genemlcd proj~'<:ti(>n 

data for each of the,,,", H ca'e,'. An ~xample "f "'ch I, limited angl~ "no fnll "ngle pair is shown 

ill Figure" 6_8(a) allo 6.8(b)_ The limit.c'Cl angk re<:oll>tructiOll" are produced ill 500 ilcruli(>ns 

1l,in~ the positivity eonstminl in "ccoroanee to "he alv'olute ,.;eomelry ,'p€cifi~o by !'JJJ = 5" 

OVer a 100" range. 

::-lot ollly the Itrwl 8 limi(c-rl Imgle IL'<:(>ll,IIudiollS, bul aloo illlcnnl~IiI,le rernllstruc<,iollS 1,1 

inle"'als of 5D iteration, are usOO in ",lculaling "he I.ran,lorml,li()n 'W<jl, _vlor~ examples (M 

in Figure (i.H(e)) are ,.;enerated from these by aoding Ga'1-','i"" noi,e with "andaro deviations 

rall:;,;illg [rom ",,,'0 10 l()() in 20 steps. Still lIWr" eXiI.mpx,s me er"akd by perfmmill:;'; edge 

"h,.,.penin,.; (b,), ,tandmolln"ha,p ma,king} oi'"trength' rl,nging from 0 to 1 in 5 3tepe. Th_ 

detail" me m.t impo:rtullt "int'e Ihey call be challg,,-'(! vu,lly wilh little efie'('t to the tIall"f,"matiolI 

map. The idea h simply Ihat mallY repre£lItatiw eXa.Illple, uw created. 

llO 
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(,) T;ugo< J",.,,, (~, ~), rot~ted 
full ~1l);'" ,ocon',nld;on 

(d) murre<.! ",)u,c,. 

(b) Limited aUH'" ,..;o;OU';(fUC­

lion of t"'g<t imago. 

(cl Loc,] I.on«mtai edg. mag· 
uilud€ 01 Si""O'. 

(c) S<,u"~ f(~,~), "b~fP­
onod r""on,tructioIL with nO<,., 
,d,lool 

(f) r..oc,] ,"'",ical .dge ru"Hni­
t Oldo d "-'!rC •. 

Figure 6.8 Sample quant ities used to delennine (tan"fonllation m"p, 

Sec Figure 6.9 fOt lUl outUne <Jf th~ op<'rutions involvcd in crel'.ting the lrarL,fonn"tion map. 

Also, noW t hat the limited lUlgle teconstrlwtion r,yde, illuHtruted ill Figure 6.10, i" iden\icall<J 

whaL is dfflCrihed previously for "par"" an!ge tomo}';""phy. 

6.5.2 Feature vectors 

lh~ fOUl-dimcllsional tn\,nsfOtm,,\ion map heini( calo,ulawd is indcxcd by intellsit.y (HI 

f{;r,y)), blnrred int~nsity (tI" == f(:;;,y). h{;o,:q)), loc"l hori7.ot\l,,,1 edge nllii(nitudc (H:l 

"';/). "2(:;;,y)) and 10r,,,1 v~rtic,u ooge nmgnitude (H. == d1t/' v h2(:o,:q)) lIS illuSlrated in 

Fii(ur ... 6,8(c), 6.8(d), 6.8(e) and 6.8(f) ,'€"p€,<"tiveiy for the p,xample, As before, .h{:;;,y) and 

m 
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Build transformaliQn..!lliU!. 
Obt,irl !cJl angl<! reCOllstr\JctiOCllorgct 
c.,.,. t"""!""",,lioo map and map entry C<:>XIl..-. 
GrneF.lte many Imitcd angle source e,"~1<ts ,,;~, ""'.e, blurring ond 'h"'P"ning 
calculale reature di mMoion. Ie< li",too an gle o.ource 

For e,ch source '''''''" 
Ime, tr. no;font"lOtioo map uo< ng fe,t"", dimenoion "lues 
Add diffe rence 001\\10011 target am I<OCfce to tra ns/ormotrn ""'P eel 
Incrcmcnt map ""try comt..- .... that cell "de>: 

Normalize troo.formation ""'P by di">ding c.1ch 001 val "" by its co",te r 

Figure 6.9 StL'PS in building u trt\.ll,[uIluut ion mar· 

~.~.. J 
'I I Ili!1a corrective step 

I P<t<lcom \'dume prcjoctioo and foo ~ce with t<\l\le . t proj<>::tOn e rror 
, Fro I:>cot m e>'" parnmeter ,olue. for ~ . i cc oriy, by it""'tirlg 

Try dilleroot parameter setlings US,," ~ ""arch ,..,togy 
- Flter (a copy of) prciectiOCl error ""03 trio parnmete>'" o.cttiog 
- Bacl;-project r.tered pr,*ctOn error 0010 (. ropy of) s i ce I 
- QlJaIltify (:fojoctOn ..-ror of tri. new . Icc ) 

Fj ler all 'IO lJ rrJ<I projoctOn ..-rors using dete~ fil'or p" mmeter octtl "l1' J 
Bacl;-project r. tered 'IO lme prOjectOCl..-ror. accL.mUat,.,cly onto current \o'OIumc . . J . . ... 

Prior corrective step 
Colc" otc fc,t,-<e dirrJCflll b-lo for CL<rcm voIorne 
For c.'lCh ""'" of c'-<re nt volUTm 

Imex tmn. tonmtrn mop "'"ng fe,"<xe di menll On .,lue' 
Add troosf<lfl"flObon ~ 001 v • ..., 10 \0'0"" , a luc 

Figure 6.10 Itemtive limited uflgie "ef'onetnw(;on c)'de. 
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(oj High local ,,,,timl <dg< 
"'''H"ihld •. 

(b) LOl" local odge Illagm­
'.H(k. 

(c) High loco.! horizontal <dg< 
",ogniludr 

Figure 6.11 Enla"gc,<-l Yi~w" oftrarll<forIrmtion ump iu FigUT~ 6,12. 

~h" (x, y) indic'-'t~" ~ouV<Jlutiou wil.li Gau,,~bn b lurri Ilg k~rn€h, Lol. h li""i rL)\ SI."rL<lard d€,'i',tioll~ 

of 1 in thi., in"ttm~'-'. Th~ l.rarll<fol']uatioll map liold~ I.lie ",,'era.ge dilT€r~llr,-, ill illt~1l8ity from til<) 

sourc" f(~', y) t o tlie targel JL", ~()I.(X,lJ) (Figlll"€~ G,8(e) a.l") 6,8(,,) r~s[>f'Ctiv€ly) "t th" irLdexed 

feature ~<J(>nlinate,. 

6.'-'.3 The effect of the transformation map 

l'iglll"€ (Ui show., .d"ct,'<i cio",,,,p yiew" oIthe re,ultanl. 32 x 32 x 32 x 32 I.rfLllsformatiorL m"p 

displa)-~,d lIS" monh'ge in Figu,,", 6.12, Tli~ sma.ll Sllbimag€., irL Figllr~ Ii.n are .,lic,," ill th,' 

intcn.ily x b/1.",,,d ;/llw,-ity plall€. Tl..,se Sllbim"l':es are onler"d fromlcft to right in innelll<ing 

locallwn:wntal eJge mag";t,,J., "rLd an, ordered from top to bottom in increa.ing Iw,1I ,,",,t,c,,1 

edge magnlt"'lc. It i, de"r that tlie I.rall~IOrtn"l.iOrL m"r i8 not well populau,d in th<c n"", of 

hrge lc.,,,l ,·~rti~"j ,'<ig" magnitude and would therefore rLol. li",,'e m"ch of " hi"8illg €lToct for 

tlw.t cOllditiol'. 

The ill-defin~'<i cOrLditioll of larg<c loc"l ,'€rtieal edg€ magnitud" i., shown in Figure 6.11(,,). III 

this r~gir)ll mrf.JI. of th~ tro.nsformat ion limp vtLI""," are oero. 

1'0r low edge magnitmk", Figure G.'Il (L) 8how~ til<) bi"'lirLg ~rr"d of th" map towl",ds dominant 

int~ll,ity kwk Tf an illt€ll8ii,y i8 higher than a dominant lewL the limp indic"k~ (with darker 

pixels) a n"g,-,tiw bias back down l.ow,,·d8 ii" If the inl.en.,ity i" lower, it i, hiased (indimu"l 

witli brighter pixel,) up towl",d, th<c ct.:.",,",t domina.llt k"eL 

113 
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" al~ 
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-000 C 
Major axis local horizontal edge magnitude [HUlmmj 

(Minor axis: intoosity) 

Figure 0.12 Four-dimcns;onal lransf(}mlat>on map for limited anglc rC(;on'tru~ti(}n rliopbycd 
,~, a monla,.;c, The inten.<ity X blurred intensity pbnes arc (}rdercd ,,,,,oording to thc horizontal 
,mrl YI':rtical edgc llli"lgniturle dimemi(}n, leftward" ,mrl rlowIlward, r~",pedivdy, EIlbIgCIIlC'IlI" 
am pwviderl in Figure 6,11, 
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(a) t:.& ~ I· ""er ISO 
69.2, 0",' _ 79.1. 

(d) C,,;ng tu",!unnat'.HL T"ap 
cakul~t.d from >lie< ;, _ 150, 

100· _ 
~,. = .19.,); ~I · = 1&;.0. 

(b) l>~ = o· ""'" lO<Y, O",',l"~ 
50,2,0",. _ 286, 

(eJ A, fur Figur. 6,13(d) ""'­
C,,?' u,in~ ,imul~tod d~ta, 

~i?" = 70.0, ~I· = lb3.5 

(e) DAI·11RF. 
~l' = 24!1 

(I) U,in~ tran,fu<~l~tiou m~p 
cakul~t<d u>!ng 011 ,lice<, 

,, ~. -. 
0", . = 19.3, 0"1< = 1,2,8. 

J.'igure 6.13 C()mparison ()f transformation map limited an)!;lc remustructir)U n-;nlt •. 

Figure 6.11( ~) shows the map for high lo~al h()rizontal edgc IImgIIitude>;, In sum rc)!;ions smooth­

in)!; neellrS to <;ome extent. If imensiti"" ClXe hi)!;her Il,an the blllr!'pd inl~nsity; the intensi ty i" 

biasc~l duwn (oward, th~ mean and i[int"nsi\i", are kss than t}H) blurrc'd iIIknsity, th~ intcnsity 

is biaged IIp towards the mean, l'he extcnt to which t.his h1l.ppens depends rm the other fe1l.t""",, 

as wdl. 

6.5.4 Results 

Fi~llre (;,1:1 sh()ws limitcd an)!;le NOmnstrLlction r"';LlIt. "sin~ (he (ransf()!'m1l.(ion map mdhod. 

Figu",' (L13(d) is prodllcc-r! ,"sing the tmnsiormation map in Fi6'Un' (L12, Th~ n'o:lIlstrudion 

IL~ 



Univ
ers

ity
 of

  C
ap

e T
ow

n

cyde illust rated in Figure 6.10 was iterated 5000 times stalting from blank t.o produC(! thi. 

result. For eac11 it""aliOl1 after every data correcting st"p, the intermediate reconslruction is 

updated by a fixed fr~tion ). of the direction indicated by the transformation map following 

the diocl~'l."ion in Section 5.4.4. Specifically, eacl> pixel ie biaf'ffi by this fraction). (=0.0035 in 

this case) of the ~·alu" in th" transformation map ",·hidl is indexed by th" feature vector for 

that pixel. ). controls the goodness of fit to the de = 5' proj<rlioll data used. 

A ground truth full angle recon"truction ",ith 11]" = 79.1, as w,,11 as limited angle reconstruc­

tions U"ing th" f>O"itivity constraint (11] " = 286) and Bayesian methods (0"\ ' = 249) are also 

providoo for romp""i,.,.,. Th" transformation map reconstructions ",·ith 173 S 0"1 ' S 188 ap­

pear significant ly better than the limited angle reo::metrurtioll." shown for tit" other m"thods, 

!xJth vif<llally and in terms of ground truth 0"" dat ll. error. 

For inw"""t's sake, Figure 6.13(e} shows a similar reronstruction where simulated data projec­

tions we)"(~ used instead of measural projections. l\ oie;e was addoo to th" proj""tions whilst th" 

projection geometry "hould h" perf""t. Littl" diff"rence in the reconstruction quality for these 

resulls is observed. 

A different transformll.tion map is l~""d fur the roconetruction in Figur" 6.13(f} giving a slighly 

h"tter result (0"]0 = 172.8). In this particular case, the transformation map is calculatal using 

128 slices in"tead of only 1 at '< = 150. Th" r..a.o;on that OI1ly a single slice is llSOO to determine 

the transformation mll.p in general is to prove independence of prior knowledge in the sense 

that the prior knowlalge extr~ted here can be applied equally SllCC<l,,""fully to anoth", data."et. 

und.". similar imaging conditions. 

Lastly, Figures 6.14 and 6.15 present results for a number of difl"erent slices. The transformation 

map u"ed for these reconfrtnlctions ie shown in Figure 6.12. In all tl", exampl"", a significant 

improvement is obsen'lXi in the t ransformat ion map rccoost ructions OVCJ· straightforward p0s­

itively iterated reconfltructions. A natural kook is retainro in th" re"ults and oog"" come into 

appffil"anre that m:ist in the full angle r<lrOnslructions. 

Having a complete data8Ct remains the superiOl" opt ion. However, if the measurements are not 

available, lran.rrormatioll maps "Cern to provide a successful alternative. 
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(~)'::'8_5°o'-'''lOO°,O"~ ~' = 
:17.7, "1 ' = 179.1. 

(.1) t..8 = 5° 0,,",' WOO, "it-" 
13.0,0'1 ' = 277.5 

(g) t..~ = 0° o,-or 100". u):f' -
5(1.5, "1 ' = ~~7.6. 

(b) ::.~ = 0° 0,,", 11)1)' _ ,,(?,' 
35,9,0"" _ 119,1. 

(0) '::'8 _ 5-' O,,,r 100·, O',','!" 
41.5, 0'1' - 1!l4.7 

(h)::'~ = 5· Owr 11)1)0, O'i~' 
49.5,0'" _ 188.0, 

(0) ::.~ = 1° 0"0' 1&1', "iF 
·j8.7, 0"1 ' = 61,3, 

(I);').@ = 1· 0,'0< 180°, ~j ?" = 
56,3, 0',0 ~ 78,~, 

(i) il~ = l' 0""" 180", "j?'" 
~.3, ~l' = ;<~.7. 

Figure 6.14 Limi\~d Il.ngl~ reoonstructiol1!< at i, {75,15{1,225j- u,ing tran"frwmation map 
l'egu1arbatirm (""uter) compared to po!litively ; I erat.erl hmit .. d Il.ngl~ (I~ft) and full angle (rigH ) 
reCOIlS! rudiu ItI<. 
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( , 
, , 

/ '. , 

(a) J.~ = 5' ", .. " 100', (7i~'" '" 
5~ :r, "I" = 276.1.. 

(d) M = 0" OV<'I 100' ,,;: .. '" 
38.6, "" = 283 O. 

W J.~ _ 3" ""....-10()·. "jl'"" = 
oJ R. "p ~ 240.6. 

(h);:"& =~. 0\'" 100' , "'~~ ' = 
;2.0, "I ' '" 100.3. 

. ....... , .. ' 
(e)i!Ji=~ ....... 1 .... ,", .. = 
3Hi .. ," = ~ 

(h) Il~ - ~ . ""'" 100', II;'t'" = 
:.oJ,l, "p = 208.3 

(c)M _ J· ...,. .... l W', ,,i~· = 
H.l. ~" _ M, ~, 

if) j,D - I ' ""'" 1&0', ,,;~ = 
:;6.1, .... =':7.3. 

(i) tJ.@ _ I' ..... ·'" ISO ', "J~' = 
5Il,g "" _ 86.4. 

Fl~ure 6.15 Lim;t"" ~nsk, r<.-.:u",tru(;tion~ " t i, .. (~OO, 3 7.'i,4.50} u~in~ !rall~r"rmation map 
..... Sul"'i;.Al;o" (N'DI ~'TI (YUIIIIU e.! W pO:l,Livel}, It .. .rnl~ liulItcd angle (lo!ftl llQc\ full angle (l ight) 
rl:<:Ull>lruc\ ions. 
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