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Abstract

The primary focus of this thesis is the numerical investigation of the influence of chaos in Hamilto-

nian models describing the behavior of charged particle orbits in plasma, the motion of stars in barred

galaxies, and the diffusion of trajectories in multidimensional maps. First, we systematically explore

the interplay between magnetic and kinetic chaos in toroidal fusion plasmas, where non-axisymmetric

perturbations disrupt smooth magnetic flux surfaces, generating complex particle trajectories. Using the

Generalized Alignment Index (GALI) method of chaos detection, we efficiently quantify chaos, compare

the behavior of magnetic field lines and particle orbits, visualize the radial distribution of chaotic regions,

and offer the GALI method as a valuable tool for studying the dynamics of plasma physics models. Next,

we study the evolution of phase space structures in a three-dimensional (3D) barred galactic potential,

following successive 2D and 3D pitchfork and period-doubling bifurcations of periodic orbits. By em-

ploying the so-called ’color and rotation’ technique to visualize the four-dimensional Poincaré surface

of sections of the system, we reveal distinct structural patterns. We further investigate the long-term

diffusion transport and chaos properties of single and coupled standard maps, focusing on parameters

that induce anomalous diffusion through the presence of accelerator modes exhibiting ballistic transport.

Using different ensembles of initial conditions in chaotic regions influenced by these modes, we exam-

ine asymptotic diffusion rates and their corresponding time scales, identifying conditions that suppress

anomalous transport and lead to long-term convergence to normal diffusion across various coupled

map arrangements. Lastly, we perform the first comprehensive investigation into the behavior of the

GALI indices for various attractors in continuous and discrete-time dissipative systems, extending the

application of the method to non-Hamiltonian systems. A key aspect of our work involves analyzing

and comparing the performance of the GALI method with the computation of Lyapunov Exponents for

non-Hamiltonian dissipative systems exhibiting hyperchaotic motion.
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Chapter 1

General introduction

Dynamical systems (DSs) theory has been widely applied to solve complex problems in diverse fields,

such as plasma physics [White, 2014], galactic dynamics [Contopoulos, 2002], fluid dynamics [White and

Xue, 2003], and even machine learning (e.g., artificial neural networks) [Brunton and Kutz, 2022]. Thus,

due to its broad applicability, DS theory has become integral to modern scientific research. An important

approach in this domain is the Hamiltonian formalism, which has proven particularly effective in studying

chaotic behavior in many physical systems (e.g. see [Bountis and Skokos, 2012]). Several numerical

methods have been developed to investigate the dynamics and detect chaos in these systems. For

systems with low number of degrees of freedom (DoF), techniques such as the Poincaré surface of

section (PSS) (e.g. see [Lichtenberg and Lieberman, 2013]) and the color and rotation (CR) method

[Patsis and Zachilas, 1994] enable us to visualize the dynamics. In order to identify and quantify chaos,

tools such as the computation of the maximum Lyapunov exponent (mLE) [Benettin et al., 1980a], the

smaller alignment index (SALI) [Skokos, 2001a], and the generalized alignment index (GALI) [Skokos

and Manos, 2016] have been successfully applied. These chaos detection techniques can be efficiently

computed through methods like the tangent map [Skokos and Gerlach, 2010].

The growing interest in magnetically confined fusion plasmas has significantly impacted the develop-

ment of Hamiltonian techniques for analyzing the topology of magnetic field lines (MFLs) and charged

particle motions in various magnetic field (MF) configurations [Abdullaev, 2006]. In fusion devices,

charged particles predominantly follow MFLs, making the topology of these lines an important compo-

nent for plasma confinement [White, 2014]. Under the influence of magnetic perturbations, the topology

of MFLs can become chaotic, leading to stability problems related to the destruction of magnetic sur-

faces [Abdullaev et al., 2008]. Particle trajectories may also exhibit chaotic behavior in the presence of

magnetic perturbations or electromagnetic fields [Kominis et al., 2010]. Interestingly, chaotic MFs do not

necessarily introduce chaotic particle motion [Ram and Dasgupta, 2010]. A primary aspect of the inves-

tigation performed in this thesis was the quantification and understanding of the relationship between

the complexity of MFL topology and the dynamics of charged particles, as well as their implications for

the transport properties of fusion plasmas.

For 2 DoF Hamiltonian systems, the PSS effectively reduces the four-dimensional (4D) phase space
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to a 2D one. In higher-dimensional systems, direct phase space visualization becomes infeasible as the

phase space dimensionality is at least 4D. The CR method addresses this limitation by projecting the

4D phase space onto a 3D subspace while using color to represent the fourth dimension. Applying this

technique, we examined in our work the phase space structures around stable and unstable periodic

orbits (POs) and their influence on the physical properties of astronomical models [Katsanikas et al.,

2011; Patsis and Katsanikas, 2014a]. In particular, we investigated the evolution of the phase space

structures in a 3D bar galactic potential, following successive 2D and 3D pitchforks, as well as period-

doubling bifurcations of POs.

In addition, the study of diffusion and transport in conservative Hamiltonian systems and symplectic

maps remains a significant area of research [Chirikov, 1979; Manos and Robnik, 2014; Kroetz et al.,

2016]. In this work, we focused on the dynamics of coupled standard map systems, which provide

a flexible framework for exploring chaotic and regular dynamics by varying system parameters, such

as nonlinear kick and coupling strength [Altmann and Kantz, 2008]. In particular, we studied and un-

derstood the long-term diffusion properties (normal versus anomalous) and chaotic behavior of such

systems. Finally, we presented the first detailed analysis of the performance of the GALI method in

non-Hamiltonian dissipative systems, including systems exhibiting hyperchaotic motion.

Although each system we considered required particular methods to capture its underlying dynam-

ics, the overarching goal of this work was the same: to significantly contribute to our understanding of

DSs’ behavior through the utilization of efficient numerical tools such as the GALI chaos detection tech-

nique. By employing systematic computational approaches, we provided new insights into how chaotic

dynamics influence various DSs.

The remainder of this thesis is organized as follows:

• In Chapter 2, we provide a general overview of Hamiltonian mechanics and chaotic dynamics. It

reviews numerical integration methods and introduces chaos detection techniques, including the

computation of Lyapunov exponents (LEs) and the GALI method, with a particular focus on the

behavior of LEs for dissipative DSs. Special emphasis is given on the properties and numerical

computation of the GALI method.

• In Chapter 3, we systematically compare the chaoticity of MFLs and particle orbits in nonaxisym-

metric magnetic perturbations of toroidal MF configurations. It introduces the application of the

GALI method to plasma physics models (to the best of our knowledge) for the first time and quan-

titatively analyzes the link between magnetic and kinetic chaos, emphasizing implications for opti-

mizing plasma confinement.

• In Chapter 4, we investigate the evolution of phase space structures in a 3D bar galactic potential

for successive 2D and 3D pitchfork and period-doubling bifurcations of POs. Using the CR visual-

ization technique, we examine the structural patterns appearing in the 4D PSSs of the system.

• In Chapter 5, we explore the long-term diffusion properties of ensembles of orbits in coupled stan-

dard maps. By analyzing diffusion rates and related time scales, we highlight the relationship

2



between phase space dynamics, coupling strength between maps, and chaos strength by imple-

menting indicators such as the mLE and the GALI method.

• In Chapter 6, we examine the behavior of the GALI method in continuous and discrete-time non-

Hamiltonian dissipative systems. Using models such as the Lorenz system and the generalized

Hénon map, we provide the first comprehensive analysis of the behavior of the GALI indices in hy-

perchaotic systems, comparing their performance with LEs to classify various dynamical regimes.

• In Chapter 7, we summarize the main findings of our work and outline future research directions

in the study of chaotic dynamics.
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Chapter 2

Dynamical systems and numerical

methods

2.1 Introduction

In this chapter, we explore an overview of dynamical systems (DSs), with a particular emphasis on

dissipative systems, and present the definition of chaos and Hamiltonian systems. We also introduce

the numerical integration methods, chaos detection techniques and computational processes that were

employed throughout this thesis. We focus specifically on the chaos detection techniques, namely the

Lyapunov exponents (LEs) and the generalized alignment index (GALI) method, which we use through-

out this work.

2.1.1 Overview of dynamical systems

A DS is a mathematical model that describes the evolution of a physical process over time. It is

characterized by various phenomena that occur in a phase space, which represents all possible config-

urations of the system. For instance, in a simple pendulum, the phase space is two-dimensional (2D),

with axes representing the pendulum’s angular position and angular velocity. Each state in the phase

space corresponds to a detailed snapshot of the system’s total configuration at a given moment. The

evolution of a DS is governed by deterministic laws that guide the transition from one state to the next in

the phase space.

There are two types of DSs:

1. Discrete time DSs: These systems are typically represented by sets of difference equations or

iterated maps, and they are mathematically given by:

xn+1 = f(xn), (2.1)

where xn is the state vector x at a discrete time t = n, with n being a positive integer, and f(xn)

4



denotes a set of real valued functions computed at xn. xn+1 represents the next state vector.

2. Continuous time DSs: These systems are represented by sets of ordinary differential equations

(ODEs) of the form:
dx

dt
= f(x(t)), (2.2)

where f : Rm −→ Rm is a vector field, x(t) ∈ Rm represents a vector of state variables evolving

over continuous time t, and
dx

dt
denotes the time derivative.

2.1.1.1 Dissipative systems

DSs can also be categorized as either conservative or dissipative, based on how the phase space

volume evolves over time. In conservative systems, the phase space volume remains constant, as

described by Liouville’s theorem [Liouville, 1838]. This means that while the shape of a volume element

in the phase space may change, its total volume is preserved. In comparison, dissipative systems exhibit

a contraction of phase space volume over time. This contraction often results from the system’s energy

loss or the convergence of trajectories onto a lower-dimensional surface in the phase space, a so-called

attractor. A volume expansion, on the other hand, would typically lead to unbound motion in the phase

space.

According to [Lanford, 2005], a subset S of the phase space is defined as an attractor if:

(I) S is invariant under the evolution of the DS.

(II) There exists an open neighborhood (basin of attraction1) around S that contracts toward S over

time.

(III) S cannot be split into nonoverlapping invariant subsets.

In one-dimensional (1D) dissipative systems, the only attractors are stable fixed points, where the

system remains unchanged over time. A fixed point x∗ in a DS (2.2) is a point where dx
dt = 0 (e.g. see

[Strogatz, 2018, Section 9.2]). For instance, in a simple atmospheric model, a stable fixed point might

represent a persistent weather pattern, like a stable high-pressure system. In 2D systems, stable limit

cycles can also exist in addition to stable fixed points. These limit cycles represent periodic behavior,

where the system’s state oscillates and converges to a fixed amplitude, regardless of the initial state

(e.g. see [Strogatz, 2018, Chapter 7]). In atmospheric systems, a stable limit cycle might represent the

regular seasonal cycle of temperature and rainfall.

In dissipative systems with three or more dimensions, we can have even more complex attractors

known as strange attractors. These attractors exhibit sensitive dependence on initial conditions (ICs),

meaning that very small differences in the ICs can result in drastically different long-term behavior.

Strange attractors have a very complicated geometric structure (e.g. see [Strogatz, 2018, Sect. 9.3]). For

example, in a limit cycle attractor, a small volume in phase space undergoes a relatively small change in

shape. Meaning, it stretches in one direction and contracts in another, resulting in a structure resembling
1The basin of attraction for a subset S consists of states in phase space that approach S as time approaches infinity. If multiple

attractors exist, almost all initial states (except a set of measure zero) belong to the basin of one of them.

5



a ”very thin strand” of almost a constant length. In contrast, chaotic systems exhibit a continuous process

of stretching and folding. An initial small volume in phase space is stretched in one direction and folded

back onto itself, resembling a thinner “ribbon” being stretched and twisted [Cencini et al., 2010]. This

process repeats, resulting in a complex structure. The Hénon map [Hénon, 1976] is a classic example

of this stretching and folding behavior.

In order to determine whether a system is dissipative, conservative, or growing in phase-volume, one

needs to evaluate the gradient of the vector field f in the DS [Goldstein et al., 2002]. The classification

is based on the sign of the divergence, ∇ · f : if

• ∇ · f < 0, the system is dissipative

• ∇ · f = 0, the system is conservative

• ∇ · f > 0, the system is growing in phase-volume

Alternatively, we can compute the determinant of the Jacobian matrix associated with the ODE (2.2)

(or the discrete DS (2.1)). A negative Jacobian determinant indicates that the system is dissipative.

While both the divergence and the Jacobian determinant allow us to classify the system’s dynamics, the

divergence provides a more direct measure of phase space volume changes over time.

2.1.2 Chaos theory

Chaos theory generally explores irregular or unpredictable behavior observed in systems governed

by deterministic laws. This phenomenon, often known as “deterministic chaos”, emphasizes the inter-

play between randomness and determinism. Although randomness can be observed in phenomena like

the motion of gas molecules or charged particles, deterministic laws offer the fundamental framework for

understanding systems that display predictable patterns. Common examples of such systems include

planetary orbits and the motion of a pendulum, which can be accurately described by deterministic

laws, such as those in Newtonian mechanics [Gregersen et al., 2010]. In broad terms, both planetary

orbits and pendulum motion are governed by gravitational forces and thus follow deterministic princi-

ples. Given the ICs, we can predict their future behavior with certainty. However, these two systems

differ significantly in terms of complexity and dynamic behavior. Planetary orbits involve complex grav-

itational interactions with intricate, long-term dynamics, while a simple pendulum’s motion is relatively

straightforward and governed by only a few basic parameters.

According to Devaney’s [Devaney, 1989], the definition of chaos includes three key features:

1. Sensitivity on ICs: A function f : V → V has sensitive dependence on ICs if there exists a positive

value δ such that, for any point x in the domain V and any neighborhood ∆ of x, there are points

z in ∆ and a non-negative integer n where the distance between the n-th iterations of the function

f applied to x and z exceeds δ (i.e., |fn(x)− fn(z)| > δ).

This feature implies that points initially close to x will eventually diverge by at least δ after repeated

applications of f . While not all nearby points will diverge, there will always be at least one point in
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any neighborhood around x that does. In essence, the sensitivity on ICs describes how a small

variation in the initial state can lead to significant changes in a system’s long-term behavior.

2. Topological transitivity: A function f : V → V is topologically transitive if, for any two open sets U

and W in V , there exists a positive integer n such that the n-th iteration of f applied to U intersects

W , i.e., fn(U) ∩W ̸= ∅.

This property implies that points in U will eventually enter W after enough iterations, which means

the DS cannot be divided into two distinct, invariant open sets. Consequently, the system’s evo-

lution covers the entire phase space over time, keeping the chaotic system from splitting into

separate parts that do not interact.

3. Existence of a dense set of periodic orbits (POs): A function f : V → V has a dense set of POs,

if for any point x in V and any neighborhood ∆ of x, there exists a periodic point y in ∆ such that

|fn(y) = y| for some integer n.

This feature implies that POs are distributed throughout the phase space, and they can be found

arbitrarily close to any point. These POs, often unstable, contribute to the complexity and unpre-

dictable dynamics that characterize chaotic systems.

Simply put, a chaotic system has three fundamental features: unpredictability caused by sensitive

dependence on ICs, indecomposability resulting from topological transitivity, and a form of regularity be-

cause chaotic systems have POs that are dense in the system. In practice, the phase space trajectories

of a DS in chaotic regions of the DS diverge exponentially fast from nearby orbits over time, highlighting

the first feature of the definition of Devaney. This sensitive dependence on ICs is often regarded as the

main characteristic of chaos in a DS, and it is crucial for identifying and quantifying chaotic behaviors in

a DS. Although the other two definitions are relevant from a mathematical perspective, we will focus on

sensitivity on ICs as the defining feature of chaos throughout this document.

2.2 Hamiltonian systems

The Hamiltonian formalism is an important tool for studying DSs, including those that display chaotic

behaviors. It provides a solid mathematical framework that has helped in advancing our understand-

ing of chaos and its effects in various physical problems [Goldstein et al., 2002]. The Hamiltonian

formulation provides a fundamentally unique perspective by describing the system’s dynamics through

a set of ODEs. In this formalism, if we have N number of generalized coordinates q = (q1, . . . , qN )

defining a DS’s position in an N -dimensional (ND) configuration space, and N generalized momenta

p = (p1, . . . , pN ) which are conjugate to the coordinates q, then the time-dependent Hamiltonian func-

tion is a scalar value that represents the total energy of the DS, and it is given by, the real valued

function:

H(q,p, t). (2.3)
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The Hamiltonian (2.3) is referred to as autonomous when there is no explicit time dependency, i.e.,

it only depends on (q,p) not t. Furthermore, the Hamiltonian function H (representing the total energy

E) is an integral of motion and acts as a conserved quantity along the trajectories of the DS:

E = H(q,p). (2.4)

The evolution of the DS is governed by 2N equations of motion (EoM) that describe N orbits x(t) =

(qj(t), pj(t), t), where j = 1, · · · , N , in a phase space defined by the 2N independent variables. The

EoM of (2.3) governing the system’s dynamics are given by:

dq

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂q
,

dH

dt
=
∂H

∂t
.

(2.5)

To compute chaos indicators such as the LEs and the GALI, which will be defined in Sect. 2.4, we

follow the time evolution of small initial deviation vectors, v(t0) = δx(t0), from a reference point using

the so-called variational equations and the tangent map method [Contopoulos et al., 1978].

The tangent map describes how perturbations in the state of a DS evolve over time, and it is derived

from the variational equations. These equations represent the linearized dynamics of small perturbations

around an IC, capturing how deviations evolve according to the system’s EoM. By calculating the second

derivative of the orbit’s tangent dynamics x(t), we obtain the tangent vectors. These tangent vectors are

then used to evolve the initial deviation vectors v(t0) forward in time (see e.g., [Skokos and Gerlach,

2010]).

In particular, the variational equations for a Hamiltonian system with N DoF can be written as:

v̇(t) =

δqj(t)
δpj(t)

 =
[
J2N ·D2

H(x(t))
]
· v(t0), j = 1, 2, . . . , N, (2.6)

where J2N =

 0N IN

−IN 0N

 is the Jacobian matrix with IN and 0N representing the N ×N identity and

zero matrices, respectively. The matrix D2
H(x(t)) is the 2N×2N Hessian matrix evaluated at the position

x(t) of the orbit in the system’s phase space. Its entries are given by D2
H(x(t))k,j = ∂2H

∂xk∂xj

∣∣∣∣
x(t)

, for all

k, j = 1, 2, . . . , 2N .

The coefficient matrix in Eq. (2.6) depends on how the orbit x(t) evolves over time, independent of

the specific ICs and perturbations introduced by v(t). This is because the matrix elements are derived

from the second derivatives of the Hamiltonian, which describe the dynamics of the system itself. There-

fore, the variational equations (2.6) form a set of linear equations with respect to v(t). We must solve

these equations along with the system’s Hamilton EoM (2.5) to make sure a consistent evolution of both

the orbit’s trajectory and the perturbations.
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2.3 Numerical integration and computational process

2.3.1 General integration schemes

The general purpose Runge-Kutta (RK) methods are among the most widely used numerical inte-

gration techniques for solving DEs. Runge and Heun improved Euler’s simple integration method to

produce a more advanced numerical integration technique. Later, Kutta developed a more general ap-

proach, which we now refer to as the RK methods [Hairer et al., 1993, 2006].

The p-stage explicit RK method for solving the ODE (2.2) is defined as follows [Hairer et al., 2006]:

xn+1 = xn + h

p∑
j=1

bjkj ,

k1 = f(tn,xn),

k2 = f(tn + c2h,xn + h(a21k1)),

k3 = f(tn + c3h,xn + h(a31k1 + a32k2)),

...

kp = f(tn + cph,xn + h(ap1k1 + ap2k2 + · · ·+ ap,p−1kp−1)).

(2.7)

where a21, a31, a32, . . . , ap1, ap2, . . . , ap,p−1, b1, . . . , bp, c2, . . . , cp are real number coefficients satisfying

ci =
∑i−1
j=1 aij for i = 2, 3, . . . , p.

There are various RK schemes with different orders to solve the DS (2.2), including the commonly

used fourth order. The order of a scheme indicates the power of the step size h in its leading error term.

Higher-order RK methods, such as the eighth order DOP853 [Hairer et al., 2006], can further provide

more accurate solutions. For Hamiltonian systems like (2.4), symplectic integrators [Skokos and Ger-

lach, 2010; Senyange and Skokos, 2018] are particularly well-suited, as they preserve the symplectic

structure of the phase space. This preservation is important for long-term numerical stability and accu-

rately representing the system’s overall behavior. For a detailed analysis of the performance of various

symplectic and non-symplectic integrators, readers can refer to [Danieli et al., 2018] and references

therein.

Throughout this document, unless explicitly stated, we utilize the simplicity and robustness of the

well-known and commonly used fourth-order RK (RK4) scheme to numerically solve the EoM of the

DEs, along with their respective variational equations.

2.3.2 Computational process

The computations for this thesis were carried out in the center for high-performance computing

(CHPC) of South Africa’s Lengau cluster, https://chpc.ac.za. This high-performance system features

powerful multicore CPU nodes (with up to 48 cores), allowing for efficient simulations without requiring

internode communication. All simulations were primarily written in Fortran 90, utilizing Intel Fortran and

GCC gfortran compilers at optimization level 3 (-O3). Data analysis was mainly performed in Fortran
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90 and MATLAB R2023b, with additional support from Mathematica, Python, and Gnuplot. Linux shell

tools such as bash were also employed to manage files, organize data, automate tasks, and significantly

enhance workflow efficiency.

Computational optimization played a crucial role in our research. We used multithreading tools like

GNU Parallel and OpenMP, combined with code profiling in order to significantly increase the speed of

our numerical simulations. For example, GNU Parallel [Tange, 2018] allowed us to run multiple indepen-

dent simulations simultaneously on different CPU cores by efficiently using the resources allocated by

the cluster. This approach drastically cut down computational time, enabling a deeper investigation of

the system’s long-term dynamics.

2.4 Chaos indicators

In order to understand the chaotic behavior of various DSs and to investigate the effect of different

physical factors on this behavior, we need reliable methods to identify chaos and quantify its strength.

In general, there are two main categories of chaos detection techniques. The first category includes

methods based on the analysis of the studied orbit itself, such as frequency map analysis (FMA) [Laskar,

1999, 2003] and the 0-1 test [Gottwald and Melbourne, 2009, 2016]. The second category includes

methods that involve the study of the evolution of initial nearby orbits or deviation vectors, such as the

computation of the maximum Lyapunov exponent (mLE) [Benettin et al., 1980a,b; Skokos, 2010], the fast

Lyapunov indicator (FLI) and its variants [Froeschlé et al., 1997a,b; Barrio, 2016], the mean exponential

growth of nearby orbits (MEGNO) [Cincotta and Simó, 2000; Cincotta and Giordano, 2016], the relative

Lyapunov indicator (RLI) [Sándor et al., 2004], the smaller alignment index (SALI) [Skokos, 2001a;

Skokos et al., 2004], and its generalization, the GALI method [Skokos et al., 2007; Manos et al., 2012;

Skokos and Manos, 2016]. For more detailed information on various chaos indicators and a comparison

of their performance, the reader is referred to [Skokos et al., 2016; Bazzani et al., 2023] and references

therein.

In our study, we mainly apply two chaos indicators, the mLE and the GALI, which have been shown

(e.g. see [Skokos, 2010; Skokos et al., 2016]) to be very successful even for systems with many degrees

of freedom (DoF), where the phase space visualization is not of much help. Now, for simplicity, let us

look at the definition and properties of these indicators in the context of a continuous DS of the form

(2.2). It is worth noting that the following definitions also apply to the discrete-time DS (2.1).

2.4.1 The Lyapunov exponents

Aleksandr Lyapunov, in his 1892 doctoral dissertation, introduced a method to analyze the stability

of non-stationary solutions in DS by linearizing their EoM, a technique that eventually led to the devel-

opment of what are now known as LEs [Lyapunov, 1992]. These exponents have become the most

widely used chaos indicators, and they have been applied to successfully distinguish between regular

and chaotic motion of DSs. LEs provide a qualitative estimate of the exponential rate at which nearby
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trajectories diverge or converge in the system’s phase space. In other words, they give us information

for effectively quantifying the system’s sensitivity to ICs.

The mLE, denoted as Λ1, is the most frequently studied LE. Mathematically, it is defined by the

following expression (see [Skokos, 2010] and references therein):

Λ1 = lim
t→∞

σ1(t). (2.8)

The mLE is typically approximated by the finite-time maximum Lyapunov exponent (ftmLE), σ1 as a

function of time t:

σ1(t) =
1

t
ln

∥v(t)∥
∥v(0)∥

, (2.9)

where v(0) and v(t) represent the deviation vectors at times t = 0 and t > 0, respectively, and ||.||

denotes the Euclidean norm.

In practice, estimating the mLE (2.8) can be challenging due to the slow convergence of σ1(t) to

its asymptotic value, especially for weakly chaotic orbits, which display a slow separation rate between

nearby trajectories. In order to accurately identify their chaotic nature, we must integrate the system

for an extended computational time. However, as integration time increases, the size of the Euclidean

norm of the deviation vectors ||v(t)|| may in general increase exponentially, leading to numerical in-

stability [Benettin et al., 1980a]. This instability complicates obtaining reliable mLE estimates for any

DSs. To address these issues, we can use the linearity and compositional properties of the evolution

operator, dxΠt [Froeschlé, 1973], by periodically rescaling the deviation vectors, which helps to avoid

numerical overflow while preserving their exponential growth rate. This approach enables accurate mLE

estimation, even for systems with weak chaos, and it is implemented as follows:

Λ1 = lim
j→∞

1

jτ

j∑
k=1

ln(γk), where γk =
∥v(kτ)∥
∥v(0)∥

, (2.10)

with τ being a small-time interval of the integration, and t = jτ . Renormalizing the deviation vector

after each interval τ helps prevent numerical overflow. For an autonomous Hamiltonian system (2.4), a

positive Λ1 indicates chaotic behavior, while a zero value (Λ1 = 0) corresponds to regular orbits. In such

systems, the ftmLE for regular orbits generally follows a power decay law, σ1(t) ≈ t−1 [Skokos, 2010].

While the mLE indicates whether a dynamical orbit is regular (Λ1 = 0) or chaotic (Λ1 > 0), the

entire LEs spectrum (Λ1,Λ2, · · · ,Λ2N for an ND DS) provides additional information into the system’s

dynamics and statistical properties. These include determining the dimension of strange attractors and

classifying different types of trajectories in dissipative systems.

Characterizing orbits in dissipative systems:

Consider a dissipative system with an ND phase space. The spectrum of LEs plays an instrumental

role in classifying various types of dynamical trajectories in this system [Cencini et al., 2010]. Different

orbits in a dissipative system can be characterized based on their corresponding LEs as follows:

1. Stable fixed point : All LEs are negative, denoted as (−,−, · · · ,−).
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2. Stable limit cycle: One LE (the mLE) is zero, while the rest are all negative, represented as

(0,−, · · · ,−).

3. k-dimensional stable torus: The first k LEs asymptotically approach zero, while the remaining LEs

are negative, represented as (k(0, · · · , 0),−, · · · ,−). This behavior shows quasi-periodic motion,

where the system follows a k-dimensional toroidal structure in its phase space. While the motion

repeats, the pattern in each cycle is unique.

4. Chaotic attractor : The mLE is positive, with one zero LE and the rest negative, represented as

(+, 0,−, · · · ,−). The presence of a zero (the second largest) LE indicates a strange attractor.

5. Hyperchaotic attractor : There are at least two positive LEs. Hyperchaos, introduced by Rössler

[Rössler, 1979], describes a chaotic system with at least two positive LEs, which require the phase

space dimension of the ODEs (2.2) to be at least 4D. Unlike systems with a single positive LE, such

as chaotic attractors, hyperchaotic systems exhibit more complex dynamics that expand in multi-

ple directions. This increased complexity enhances the system’s effectiveness in various chaos

based applications, such as image processing and secure communication [Grassi and Mascolo,

1999; Brogliato et al., 2007; Sprott, 2010]. We will discuss hyperchaotic attractors and in general

hyperchaotic systems further in Chap. 6.

For 2ND Hamiltonian systems, the LEs Λk of any given orbit in a Hamiltonian phase space comes in

pairs as (Λk, −Λ2N−k+1), for 1 ≤ k ≤ N . By default, at least one pair of LEs is zero, i.e., ΛN = ΛN+1 = 0,

which is associated with the conserved quantity (i.e., the Hamiltonian) and reflects the time invariance

of the system. The order of the LEs spectrum is as follows:

Λ1 ≥ Λ2 ≥ . . . ≥ ΛN ≥ −ΛN ≥ . . . ≥ −Λ2 ≥ −Λ1. (2.11)

The sum of all LEs,
∑2N
k=1 Λk, represents the rate of volume change in the phase space of the DS. For

dissipative systems, this sum is negative, indicating exponential volume shrinkage. On the other hand,

for autonomous Hamiltonian systems and symplectic maps, this sum is zero, implying the preservation

of volume.

In the case of 2ND Hamiltonian systems, the first k LEs, 1 < k ≤ 2N , are typically computed using

the so-called standard method as described in [Benettin et al., 1980a]. This method involves the time

evolution of k initial, linearly independent, and orthonormal deviation vectors. To maintain numerical

stability, the Gram-Schmidt orthonormalization procedure is periodically applied. However, frequent

orthonormalization can slow down numerical simulations and is often unnecessary. Instead, a more

efficient approach is to replace the evolved deviation vectors with a new set of orthonormal vectors while

simultaneously numerically integrating the EoM.

The mLE has been used as a chaos indicator for many years (see for e.g., [Skokos, 2010; Pikovsky

and Politi, 2016]). However, it can be computationally expensive, especially for multidimensional systems

and those with weakly chaotic or sticky orbits. This slow convergence arises due to the fact that the mLE
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depends on the entire evolution of the deviation vectors, which requires accurately following the system’s

dynamics over an extended period.

In this work, we will implement the GALI method, introduced by Skokos et al. [2007], which identifies

chaos by determining the alignment of more than one initial normalized deviation vector. This method

has proven to be efficient and has been successfully applied to investigate chaos in various DSs, see for

e.g., [Bountis et al., 2009; Manos et al., 2013; Moges et al., 2020; Ghanbari, 2021; Huang et al., 2022].

2.4.2 The generalized alignment index method

Considering a 2ND phase space of a Hamiltonian system of N DoF or a 2ND symplectic map, the

GALI of order k (GALIk) measures the volume of a generalized parallelogram defined by the evolution

of k unit deviation vectors, denoted as v̂1, v̂2, · · · , v̂k where 2 ≤ k ≤ 2N , at any given time and v̂j =
vj
∥vj∥

, j = 1, 2, · · · , 2N . More specifically, the GALIk is defined as the norm of the wedge (or exterior)

product of these k unit vectors [Skokos et al., 2007]

GALIk(t) = ∥v̂1(t) ∧ v̂2(t) ∧ v̂3(t) ∧ · · · ∧ v̂k(t)∥. (2.12)

If the number of deviation vectors k exceeds the dimension 2N of the system’s phase space, the

vectors are by default linearly dependent, resulting in a zero volume, i.e., GALIk = 0, for k > 2N .

In practice, we determine the GALIk (2.12) as the product of the singular values, sj , j = 1, . . . , k, of

the 2N × k matrix whose columns are the entries of the k normalized deviation vectors [Skokos et al.,

2008]

GALIk =

k∏
j=1

sj . (2.13)

In order to numerically compute the GALIk of a particular orbit, one should follow the time evolution

of the orbit itself using Hamilton’s EoM [or the map’s equations] and simultaneously evolve the k initially

unit (typically random) deviation vectors using the corresponding variational equations [tangent map].

The most commonly used and simplified form of the GALI index is GALI2, which is equivalent to the

SALI method. The SALI is defined by the area of the parallelogram formed by two deviation vectors

v1(t) and v2(t) [Skokos, 2001a; Skokos and Manos, 2016], and it is computed by:

SALI(t) = min {∥v̂1(t) + v̂2(t)∥, ∥v̂1(t)− v̂2(t)∥} . (2.14)

If the two unit deviation vectors (v̂1(t) and v̂2(t)) are aligned in the same direction, then the SALI = 0

(GALI2 = 0). It can be easily seen that the index attains its maximum value of SALI2 =
√
2 (i.e.,

GALI2 = 1), when the two vectors are perpendicular.

The behavior of the GALI for N DoF Hamiltonian systems can be summarized as follows:

For regular orbits, the k ≤ N linearly independent initial deviation vectors will eventually fall in the

ND tangent space of the torus [Skokos et al., 2007]. However, they are unlikely to become linearly

dependent, which results in an asymptotic GALIk value that remains practically constant, as the resulting
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volume does not vanish. On the other hand, when starting with k > N initially linearly independent

deviation vectors, the asymptotic GALIk value will be zero. This occurs because some deviation vectors

will become linearly dependent as they all will fall in the ND tangent space of the torus. This behavior

leads to a power law decay of GALIk. Hence, the general behavior of GALIk for regular orbits lying on

an ND torus is [Skokos et al., 2007]

GALIk(t) ∝


constant if 2 ≤ k ≤ N,

1

t2(k−N)
if N < k ≤ 2N.

(2.15)

In the case of chaotic orbits, all deviation vectors will eventually align in the direction determined by

the mLE, leading to an exponential decay of GALIk towards zero. The rate of GALIk ’s decay depends

on the values of the k largest LEs of the orbit, as shown in [Skokos et al., 2007; Manos et al., 2012].

GALIk(t) ∝ e−[(Λ1−Λ2)+(Λ1−Λ3)+...+(Λ1−Λk)]t. (2.16)

In particular, we obtain from (2.16) that GALI2 ∝ e−[(Λ1−Λ2)]t.

A different behavior of the GALI2 (or equivalently the SALI) can be observed in the case of the 2D

area preserving maps. For such systems, the two initially linearly independent deviation vectors (v1(t)

and v2(t)) will align at the tangent space of a 1D torus, which has the same dimensionality as the torus

itself, i.e., this space is 1D. As a result, both vectors will eventually become linearly dependent. This

behavior leads the GALI2 to asymptotically tend to zero, similar to the behavior observed in chaotic

orbits. However, the rate at which GALI2 goes to zero for regular orbits of 2D maps is not exponential,

as in the case of chaotic orbits, but rather follows the relation [Manos et al., 2007; Skokos and Manos,

2016]

GALI2(n) ∝
1

n2
. (2.17)

where n is the number of iterations on the 2D map. The numerical algorithms for the computation of the

SALI and the GALI methods using the singular value decomposition (SVD) procedure can be found in

[Skokos and Manos, 2016].

One of the key questions that can arise is whether the GALI method can effectively characterize

dynamical trajectories in dissipative systems, similar to how LEs are used in Sect. 2.4.1. We will address

this in Chap. 6 by comparing the GALI and LE spectrum performance in classifying and quantifying

various attractors in both discrete and continuous dissipative models.
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Chapter 3

Magnetic and kinetic chaos in toroidal

plasmas

3.1 Introduction

Fusion is a fundamental process present across the universe. When we look at the stars at night or

the Sun during the day, we are basically witnessing fusion in action. In the Sun, hydrogen nuclei fuse to

form helium, releasing energy through nuclear fusion. While this process serves as a simple example,

other types of fusion reactions also occur. For instance, large stellar bodies often generate energy via

the carbon-nitrogen-oxygen (CNO) cycle. Here on Earth, researchers are exploring deuterium-tritium

(D-T) fusion as a promising source of clean energy [Freidberg, 2008].

Fusion energy research aims to develop power plants to generate clean energy by controlling and

confining fusion reactions. This broad field of science and engineering aims to create an environmentally-

friendly and reliable power source [Freidberg, 2008]. The most energy efficient fusion reaction occurs

between the isotopes of hydrogen-deuterium and tritium as the fourth state of matter, plasma. Plasma is

an ionized gas of charged particles (electrons and protons) in a quasi-neutral state. It requires extremely

high temperatures to sustain control over its fusion productivity, which is the rate of fusion reactions. If

the plasma cools rapidly or loses too many charged particles (due to situations like leaks or insuffi-

cient confinement), the fusion process can become less efficient and unsustainable for practical power

generation.

Plasma confinement is crucial in order to maintain fusion reactions. There are two major approaches

for plasma confinement: inertial confinement, which involves heating and compressing the plasma, and

magnetic confinement, which uses the properties of charged particles moving in a magnetic field (MF).

The magnetic confinement approach, as applied in toroidal plasmas, has been the most successful

method in fusion experiments to date [White, 2014].

To effectively describe a toroidal magnetic configuration, we commonly use a coordinate system

aligned with the MF [White, 2014, Sect. 1.2]. This approach simplifies the field representation and

results in a general theoretical framework for various toroidal fusion devices, such as tokamak and stel-
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larators. The tokamak, a Russian acronym that loosely translates as “donut-shaped vessel surrounded

by magnets”, is currently the most advanced and practical device for the production of energy from fu-

sion. Figure 3.1 illustrates the basic structures of a tokamak, highlighting the plasma current (the region

inside the torus shown in pink), the magnetic coils responsible for generating the field, and the twisted

MF created by the plasma particle interaction.

In a tokamak, we can create a poloidal MF using toroidal coils arranged in a circular configuration.

These MF coils confine plasma particles and may allow the plasma to reach the conditions necessary for

fusion. One set of coils (the toroidal coils shown in light blue in Fig. 3.1) generates a strong MF that runs

around the long way of the torus (the “toroidal” field indicated by light blue arrows). This arrangement

generates a strong MF in the toroidal direction of the torus.

However, a purely toroidal MF leads to charged particle drifting due to gradients in the MF strength

(which may be related to factors such as coil imperfections or plasma instabilities) and centrifugal forces,

which can cause plasma to escape the confinement area. In order to prevent the plasma escape, a

second MF in the poloidal direction is introduced. A central solenoid (the green coils shown at the center

of Fig. 3.1), which functions as a magnet carrying electric current, creates this “poloidal” field that runs

around the short way of the torus (indicated by green arrows in Fig. 3.1). This poloidal field, together

with the toroidal field, generates helical field lines (black curves with arrows in Fig. 3.1) that effectively

cancel out drifts and improve particle confinement.

The combination of both twisted toroidal and poloidal MFs effectively confines the plasma particles.

Furthermore, an additional set of coils (the two outer poloidal field coils in gray in Fig. 3.1) can be

added to balance the outward plasma pressure. This outer MF shapes and positions the plasma in the

confinement area.

Figure 3.1: Basic structure of a Tokamak [image source: euro-fusion].

The interplay of toroidal, poloidal, and outer MFs produces strong plasma confinement [Freidberg,
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2008]. However, we also need to maintain the plasma confined in a stable configuration in some form of

equilibrium. Magnetohydrodynamics (MHD) is the study of these equilibria and dynamics of plasmas in

MFs by accounting for the balancing of forces acting on the plasma while making sure its stability and

confinement in a specific region [Freidberg, 2008].

3.1.1 Representation of magnetic field lines

We follow the framework outlined in [White, 2014] for describing the general toroidal coordinate sys-

tem and the toroidal and poloidal surfaces of all toroidal devices, such as Tokamak. Using a coordinate

system that is well aligned with the MF gives significant advantages over standard coordinate systems.

Aligning the coordinates simplifies the equations governing charged particles, which can improve the

efficiency of theoretical analysis and understanding of plasma dynamics. This alignment also minimizes

the complexity of the system by increasing the efficiency and accuracy of our numerical simulations.

While MFs and plasma equilibrium must eventually be described in laboratory coordinate systems,

such as the typical Cartesian or cylindrical coordinates, the general toroidal coordinates are especially

introduced to correspond to the toroidal geometry of the MF surfaces. These coordinates are functions

of Euclidean coordinates, and they are particularly useful to represent the geometry of the MFs. By

introducing general coordinates (ψ, θ, ζ), where ψ defines nested toroidal surfaces, θ represents a gen-

eralized poloidal angle, and ζ is the toroidal direction, we can create a right-handed coordinate system

(see Fig. 3.2).

Figure 3.2: The general toroidal coordinate system used to describe the MF surfaces in a toroidal fusion
device [White, 2014, Fig. 1.2].

A magnetic surface is a 2D region in space where magnetic field lines (MFLs) are entirely confined.

The defining property of a magnetic surface is that the MFLs remain tangent to the surface at every point,

preventing them from crossing it [White, 2014, Sect. 1.6]. This feature is essential for understanding how

plasma and charged particles behave in magnetic confinement systems.

According to Kolmogorov’s theorem [Arnol’d, 2013, Appendix 8], a small perturbation in the strength

of a symmetric system (typically exhibiting rotational symmetry around the major axis ζ in Fig. 3.2)

maintains well-defined magnetic surfaces, with the exception in some localized regions where magnetic

islands and chaotic behavior may exist (e.g. see [Dumas, 2014]).
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To investigate the chaotic dynamics of turbulent plasmas in fusion devices, it is important to analyze

how non-axisymmetric perturbations influence MFLs and flux surfaces. These perturbations can disrupt

the concentric closed flux surfaces of magnetic equilibria, which result in chaotic behavior [White, 2014;

Abdullaev et al., 2008].

The flux surfaces most affected by the perturbations are determined by a resonance condition in-

volving the radial profile of the safety factor q and the poloidal m and toroidal n mode numbers. This

perturbation is commonly represented by a spatial dependence of the form amn exp[i(mθ − nζ)].

When resonance conditions are met, chains of magnetic stability islands form at the resonant flux

surfaces. For small perturbation strengths, chaos is localized near the separatrices of these islands.

However, as the perturbation strength increases, chaotic behavior can extend to larger regions of the

plasma. In these chaotic regions, the dynamics of MFLs are influenced by the complex structure of the

homoclinic and heteroclinic lobes of the unstable (saddle) periodic field lines [Evans et al., 2005].

Figure 3.3 illustrates a poloidal surface (constant θ) and a toroidal surface (constant ζ), which to-

gether form a topologically toroidal volume. The magnetic axis acts like the central boundary for these

surfaces. For reference, the total toroidal and poloidal magnetic flux through each surface, denoted as ψ

and ψp, respectively, is normalized to zero at the magnetic axis. This normalization guarantees that the

surfaces are defined by their relative magnetic flux values rather than their absolute magnitudes. The

periodicity of the angular variables θ and ζ (with period 2π) maintains the topology of the toroidal volume.

Figure 3.3: Toroidal surface (constant ζ) and poloidal surface (constant θ) defining the magnetic flux ψ
and ψp, respectively. Both ψ and ψp are zero at the magnetic axis (gray region) [White, 2014, Fig. 1.3].

Tokamak uses toroidal configurations to contain high energy plasma particles and retain energy.

The MFs created by the surrounding coils are crucial for confining the plasma. However, the chaotic

behavior of high energy particles, which experience large drifts relative to the MFLs, can greatly affect

the confinement of the device, and this chaos goes beyond what can be explained by the MFLs alone

[Heidbrink and White, 2020].

To quantify and analyze this chaotic behavior, we employ the general alignment index (GALI) method

in Sect. 2.4.2. Chapter 3 marks the main contribution of this thesis, introducing the first application of

the GALI method in the realm of plasma physics models. Furthermore, this chapter provides the first
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quantitative comparison between kinetic and magnetic chaos in toroidal plasma, particularly in tokamak.

By effectively measuring chaos, the GALI method offers a value that characterizes the chaotic nature

of each orbit in the space defined by three constants of motion (CoM): energy, magnetic moment, and

toroidal momentum. Our fresh approach could significantly contribute to how we understand plasma

particle dynamics and to optimize confinement in magnetic confinement devices in general.

The content of this chapter is based around the findings presented in Moges et al. [2024a].

3.2 Hamiltonian descriptions

3.2.1 Magnetic field lines

The Lorentz force governs the interaction between the MFs and plasma particles, resulting in different

dynamics for the MFs and the particles’ motion. In order to characterize MFLs, we consider a DS

described by an ODE:
ds

dx
= B(x), (3.1)

which represents the relationship between the arc length s along a curve and the MF vector B(x) at a

point x on that curve. The Eq. (3.1) indicates that the tangent vector to the MFL at any given point, ds
dx ,

is equal to the MF vector at the same point B(x), which means the MFL follows the direction of the MF.

Although the ODE (3.1) does not explicitly include a time variable, B(x) can still vary with time, and thus

the solution s(x) can change over time.

There are different approaches to represent a MF, and according to White’s book [White, 2014],

we choose the vector field representation for two key reasons. First, this approach allows for a clear

understanding of the Hamiltonian nature of MFLs. Second, it can be useful in studying both the particle

trajectories and the MHD equilibria. In this representation, and according to Gauss’s law for the MF, the

MF B is defined as the curl of a vector potential A

B = ∇×A. (3.2)

By applying Poincaré’s Lemma [Hénon, 1982], we can represent a vector field with zero curl as the

gradient of a scalar potential function. This representation inherently satisfies Gauss’s law for mag-

netism, making sure that ∇ · B = 0, as the divergence of a curl is always zero. Using this, we can

express the vector potential A in terms of the toroidal coordinates (ψ, θ, ζ) as follows:

A = Aψ∇ψ +Aθ∇θ +Aζ∇ζ, (3.3)

where the components Aψ,Aθ, and Aζ describe how the vector potential varies along the respective

directions in the radial coordinate ψ, the poloidal angle θ, and the toroidal angle ζ. Combining these

three components gives us the overall vector potential A.
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Let us define a scalar function G with the condition ∂G
∂ψ = Aψ. The gradient of G is then given by

∇G = Aψ∇ψ +
∂G

∂θ
∇θ + ∂G

∂ζ
∇ζ. (3.4)

By subtracting (3.4) from (3.3), we obtain

A = ∇G+

(
Aθ −

∂G

∂θ

)
∇θ +

(
Aζ −

∂G

∂ζ

)
∇ζ. (3.5)

We can define the toroidal flux ψ and poloidal flux ψp using the function G in (3.4) as follows

ψ = Aθ −
∂G

∂θ
,

ψp = −
(
Aζ −

∂G

∂ζ

)
.

(3.6)

Substituting (3.6) into (3.5) yields a simplified expression for the vector potential A

A ≡ ∇G+ ψ∇θ − ψp∇ζ. (3.7)

Now substituting (3.7) on the MF expression in (3.2), we obtain

B = ∇× (∇G+ ψ∇θ − ψp∇ζ) . (3.8)

Applying the vector calculus identity for the curl of a sum, we have

B = ∇× (∇G) +∇× (ψ∇θ)−∇× (ψp∇ζ) . (3.9)

From the identity that the curl of a gradient is zero (∇×∇G = 0), (3.9) simplifies to

B = ∇× (ψ∇θ)−∇× (ψp∇ζ) . (3.10)

Applying the vector calculus identity to both right side terms of (3.10), i.e., ∇× (ψ∇θ) = ∇ψ ×∇θ, and

∇ × (ψp∇ζ) = ∇ψp × ∇ζ, the MF can now be expressed in terms of the Boozer coordinates (ψ, θ, ζ)

[Boozer, 1981]

B = ∇ψ ×∇θ −∇ψp ×∇ζ. (3.11)

where θ and ζ are the poloidal and toroidal angles, and the terms ψ and ψp represent the toroidal and

poloidal magnetic fluxes, respectively. Eq. (3.11) is referred to as the Clebsch representation of a MF

(see [D’haeseleer et al., 2012]). In order to find the Hamiltonian expression of MFLs, we need to derive
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dθ

dζ
and

dψ

dζ
from (3.11). Let us first start with:

B · ∇ψ = (∇ψ ×∇θ −∇ψp ×∇ζ) · ∇ψ

= −(∇ψp ×∇ζ) · ∇ψ,

B · ∇θ = (∇ψ ×∇θ −∇ψp ×∇ζ) · ∇θ

= − (∇ψp ×∇ζ) · ∇θ,

B · ∇ζ = (∇ψ ×∇θ −∇ψp ×∇ζ) · ∇ζ

= (∇ψ ×∇θ) · ∇ζ,

(3.12)

where the terms (∇ψ×∇θ) ·∇ψ, (∇ψ×∇θ) ·∇θ and (∇ψp×∇ζ) ·∇ζ are zero since the cross products

are perpendicular to ∇ψ, ∇θ and ∇ζ, respectively.

Now, we can write
dψ

dζ
=

B · ∇ψ
B · ∇ζ

= − (∇ψp ×∇ζ) · ∇ψ
(∇ψ ×∇θ) · ∇ζ

,

dθ

dζ
=

B · ∇θ
B · ∇ζ

= − (∇ψp ×∇ζ) · ∇θ
(∇ψ ×∇θ) · ∇ζ

.

(3.13)

In Boozer coordinates, the gradient of a scalar function ψp can be expressed as

∇ψp =
(
∂ψp
∂ψ

)
∇ψ +

(
∂ψp
∂θ

)
∇θ +

(
∂ψp
∂ζ

)
∇ζ. (3.14)

Substituting this expression into (3.13), we obtain:

dψ

dζ
= −

[(
∂ψp

∂ψ ∇ψ +
∂ψp

∂θ ∇θ
)
×∇ζ

]
· ∇ψ

(∇ψ ×∇θ) · ∇ζ

= −

(
∂ψp

∂θ (∇θ ×∇ζ) · ∇ψ
)

(∇ψ ×∇θ) · ∇ζ
,

dθ

dζ
= −

[(
∂ψp

∂ψ ∇ψ +
∂ψp

∂θ ∇θ
)
×∇ζ

]
· ∇θ

(∇ψ ×∇θ) · ∇ζ

=

(
∂ψp

∂ψ (∇ψ ×∇ζ) · ∇θ
)

(∇ψ ×∇θ) · ∇ζ
.

(3.15)

Since the coordinate system (ψ, θ, ζ) is orthogonal, i.e., the gradient vectors ∇ψ, ∇θ, and ∇ζ are mutu-

ally perpendicular. Hence, we can simplify the dot products in both the numerator and the denominator

of (3.15), leading to the Hamiltonian EoM for the MFLs [White, 2014]:

dψ

dζ
= −∂ψp

∂θ
,

dθ

dζ
=
∂ψp
∂ψ

,

(3.16)
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where the poloidal flux ψp(ψ, θ, ζ) represents the Hamiltonian function of the MF, with ζ (the toroidal

angle) acting as the independent variable equivalent to time. Meanwhile, θ and ψ represent the canonical

coordinate and its conjugate momentum, respectively. Although the system involves three independent

variables (ψ, θ, ζ), the evolution of θ and ψ are described in terms of the independent variable ζ. The

Hamiltonian EoM (3.16) thus represents a time-dependent, one and a half dimension continuous DS.

The system (3.16) is generally non-integrable due to the potential explicit dependence of ψp on

ζ. If ψp is independent of ζ, then the system becomes integrable and describes an axisymmetric MF

configuration.

The topology of MFLs is strongly influenced by the explicit dependence of the Hamiltonian ψp on the

poloidal θ and toroidal ζ angles [Abdullaev, 2006]. This dependence occurs from perturbation factors

(such as plasma current and plasma shape), which alter the Hamiltonian. These potential changes can

disrupt the magnetic surfaces, leading to chaotic behavior. In our study, we refer to this chaotic behavior,

which happens from the complex topology of the MFLs, as magnetic chaos. The perturbed Hamiltonian

ψp can be expressed as:

ψp =

∫
dψ

q(ψ)
−
∑
m,n

amn(ψ) sin(mθ − nζ), (3.17)

where the safety factor q(ψ) =
dζ

dθ
is the ratio of toroidal to poloidal turns for the MFL. The summation

term represents the non-axisymmetric perturbations to the MF, where the coefficients amn(ψ) determine

the amplitude of these perturbations, while m and n denote the poloidal and toroidal mode numbers,

respectively. For instance, (m,n) = (2, 1) indicates a perturbation with twice the poloidal wavelength

and a single toroidal wavelength. This implies that the perturbation changes significantly in the poloidal

direction compared to the toroidal direction.

Substituting the Hamiltonian ψp from (3.17) into the MFL EoM from (3.16), we obtain the EoM for the

perturbed MFLs, which is given by

dψ

dζ
=
∑
m,n

mamn(ψ) cos(mθ − nζ),

dθ

dζ
=

1

q(ψ)
.

(3.18)

The integrable part of the perturbed EoM (3.18) is defined by the safety factor profile. The safety

factor term q characterizes the helicity of the MF on a specific magnetic surface ψ. In simple terms,

it counts how many times a MFL revolves around the short direction (poloidally) compared to the long

direction (toroidally) in the torus [see Fig. 3.4] and it is generally given by the expression [White, 2014,

Sect. 2.9]:

q(ψ) = qma

[
1 +

((
qw

qma

)N
− 1

)(
ψ

ψw

)N ]1/N
, (3.19)

where qma and qw are the safety factor values at the magnetic axis (where ψ = 0) and the wall (i.e., the

plasma edge where ψ = ψw), respectively. The quantity ψw is the corresponding toroidal flux at the wall,
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and N is the component that controls the radial shape of the q profile. A larger value of N produces a

more peaked safety factor profile around the magnetic axis.

The safety factor profile q(ψ) determines the local helicity of the unperturbed field lines as they

revolve around a constant ψ magnetic surface, which is a 2D plane where the poloidal magnetic flux

remains constant. Resonance conditions between the local helicity and the helicity of specific modes

(m/n) can disrupt these magnetic surfaces, leading to the formation of magnetic island chains and

the introduction of localized chaotic behavior. Here, m and n represent the poloidal and toroidal mode

numbers, respectively, which define the spatial structure of the perturbation.

Chirikov’s criterion [Littlejohn, 1983; Chirikov, 1979] describes how the overlap of neighboring mag-

netic islands can result in the formation of extended chaotic regions. These chaotic regions significantly

affect plasma transport and the performance of confinement devices. Although extended MFL chaos

is often associated with increased particle transport and particle loss, it is important to note that this

relationship is not always direct. For instance, previous studies have shown that 10keV electrons in a

pre-disruptive ITER scenario 1 can exhibit chaotic transport events in the absence of extended MF chaos

[Spizzo et al., 2018].

3.2.2 Guiding center motion

In order to understand the evolution of particle confinement and to quantify particle diffusion in fu-

sion devices, we need to follow the long-term behavior of charged particle orbits. To simplify this task,

we average the fast gyro-motion2 of particles around MFLs, leading to the derivation of guiding center

motion (GCM) equations [White, 2014]. The GCM approximation describes simplified particle dynam-

ics by representing a particle’s motion as a quick circular gyration around a MFL, together with slower

parallel motion along the field line. This approximation also accounts for additional drifts, such as gravi-

tational drift, that can cause the guiding center (GC) to deviate from the MFL. The GC approximation is

valid when the electromagnetic field is weakly inhomogeneous; in particular, when the gyro radius (ρ) is

significantly smaller than the characteristic length scales of the MF. This condition can be expressed as:

ρ ≈ 102
mE

BZ
cm, (3.20)

where E is the particle’s energy in electron volts, Z is its charge, and B is the MF strength in Gauss.

Here, we will provide a brief overview of the GC averaging transformation, which leads to the deriva-

tion of GC EoM in a Hamiltonian formalism. In order to derive these EoM, we begin from the Littlejohn

Lagrangian [Littlejohn, 1983], which describes the motion of a charged particle in a MFL and is given as:

L = (A+ ρ||B) · u+ µξ̇ −H, (3.21)

where A and B represent the vector potential and MF, respectively, u is the GC velocity, µ is the magnetic

1A pre-disruptive ITER scenario refers to the conditions in the International Thermonuclear Experimental Reactor (ITER) before
a disruption event.

2Gyro-motion averaging is a technique in plasma physics that simplifies the equations of motion for charged particles by
averaging over their rapid circular motion around MFLs, allowing focus on their slower drift dynamics (e.g. see [Freidberg, 2008]).

23

https://www.iter.org/


moment, ξ is the gyro-phase, ρ|| is the velocity component parallel to the MF B, andH is the Hamiltonian

function. The corresponding Hamiltonian H is a function of B, µ, and ρ∥ and expressed as:

H =
ρ2||

2
B2 + µB. (3.22)

The dynamics of a charged particle can be simplified by using a single parameter, the magnetic

moment µ (which is a constant value when there are no collisions or time-dependent electric fields). By

applying normalizing time with the inverse gyro-frequency ω−1
0 and distance with the major radius R, we

can directly compare the drift velocities of various particle types. The GCM approximation holds when

the gyro-radius ρ (defined as the ratio of the particle’s perpendicular velocity u⊥ to the MF strength B)

is much smaller than the characteristic length scale of the MF, i.e., ρ = u⊥B ≪ 1. Under this condition,

the magnetic moment µ is conserved, and the cross-field drift scales with ρ2 [White, 2014, Sect. 3.1].

A small resonant perturbation to an equilibrium MF can significantly disrupt MF surfaces, resulting in

the formation of magnetic islands and chaotic regions. To simplify the study of particle motion in such

complex systems, the GC formalism can be extended to accommodate perturbations with localized spa-

tial behavior, thus avoiding the complexities associated with arbitrary perturbations. In axisymmetric

tokamak, the MF primarily depends on the toroidal angle ζ. However, even in tokamak, small pertur-

bations, such as those emerging from discrete toroidal field coils, can introduce complex MF structure.

These perturbations can lead to magnetic mirroring effects, where particles may become trapped be-

tween regions of strong MFs.

In addition, tearing and shear Alfvén perturbations3, which primarily affect the component of the MF

orthogonal to the equilibrium field, can be characterized by an arbitrary function of spatial coordinates

(θ, ψ, ζ) and time t [White, 2013a,b, 2014]. Such perturbations are expressed as:

δB = ∇× αB, (3.23)

where δB represents the perturbed MF and α =
∑
m,n αm,n(ψ)e

i(mθ−nζ) is a scalar function of θ, ψ, ζ

and t that represents the amplitude of the perturbations.

The Lagrangian for the GCM of charged particles in MFL using the standard Boozer coordinates

ψ, θ, ζ [Boozer, 1981] takes the following form:

L =
[
ψ + (ρ∥ + α)I

]
θ̇ +

[
(ρ∥ + α)g − ψp

]
ζ̇ + µξ̇ −H. (3.24)

The Lagrangian (3.24) is in simplified form that assumes orthogonal coordinate systems that involve

the poloidal angle θ, the toroidal angle ζ, and the gyro-phase angle ξ [White, 2014; Bierwage et al.,

3Tearing and shear Alfvén perturbations are plasma instabilities that can greatly influence the behavior of magnetically confined
plasmas, particularly in tokamak (e.g. see [White, 2015; Freidberg, 2008]).
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2022]. The corresponding conjugate momenta are defined as:

pθ =
∂L

∂θ
= ψ + (ρ∥ + α)I,

pζ =
∂L

∂ζ
= (ρ∥ + α)g − ψp,

pξ =
∂L

∂ξ
= µ.

(3.25)

Hence, the Hamiltonian governing the GCM system’s dynamics (3.22) can be expressed in terms of

the canonical variables (θ, pθ), (ζ, pζ), (ξ, µ) as follows:

H =
[pζ + ψp(ψ)− α(ψ, θ, ζ)]

2

2
B2(ψ, θ) + µB(ψ, θ), (3.26)

where ψ and ψp depend on the canonical momenta pθ and pζ , respectively. The perturbed Hamiltonian

(3.26) for GCM can become highly nonlinear when influenced by a perturbation α. This nonlinearity can

lead to chaotic behavior, which we refer to as kinetic chaos.

In order to simplify the analysis and accurately describe the system’s dynamics, we employ the large

aspect ratio (LAR) approximation, which is a common approach in plasma physics [White, 2014, Sect.

3.6]. This approximation assumes that the torus major radius (R) is relatively larger than the cross-

sectional radius (r), R
r > 1. For instance, in Fig. 3.2, R denotes the distance from the center of the

torus to its outer edge, while r represents the distance from the center of the plasma cross-section

to its edge. The LAR approximation simplifies the computation of both the MF and the GC equations

[Freidberg, 2008; White, 2014]. Instead of the standard cylindrical approximation, we apply the actual

toroidal geometry, characterized to leading order terms by g ≃ 1, a negligible plasma current I ≃ 0, and

a MF B = 1 −
√
2ψ cos θ, where the field is normalized to its on-axis value. In this case, the canonical

momentum pθ is equivalent to the toroidal flux, i.e., pθ = ψ.

The corresponding EoMs of the Hamiltonian (3.26) are given by:

dζ

dt
= ρ||B

2,

dθ

dt
=

1

q(pθ)

(
ρ||B

2 + (µ+ ρ2||B)
∂B

∂ψp

)
,

dpζ
dt

= ρ||B
2 ∂α

∂ζ
,

dpθ
dt

= −(µ+ ρ2||B)
∂α

∂θ
+ ρ||B

2 ∂α

∂θ
.

(3.27)

It was shown that in the case of low energy particles, where both magnetic moment (µ) and the

parallel velocity (ρ∥) approach zero, the particle’s motion along the MFL (parallel motion) and its perpen-

dicular drifts become negligible. As a result, the particle’s motion closely follows the MFLs. This means

that the EoM of the GC Hamiltonian (3.27), which describes the particle’s motion, becomes equivalent

to the EoM of the Hamiltonian of the MFLs (3.18) (e.g. see [Ram and Dasgupta, 2010; Samanta et al.,

2017; Antonenas et al., 2021]).

In the absence of perturbations [α = 0 in (3.26)], the GC Hamiltonian exhibits axisymmetry, leading
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to integrability with three independent CoM (E, pζ , µ) which characterize each unperturbed orbit. All

orbits are classified as either trapped or passing and confined or lost in the 3D CoM phase space.

Trapped particles are confined in a fixed area of the magnetic confinement devices due to the MF

configurations, i.e., they cannot escape from this specific region. On the other hand, passing particles

are not restricted to a fixed area, and they can travel across the entire plasma volume. Confined parti-

cles, however, are not restricted to a particular region, but they remain in the plasma volume for extended

periods, which allow them to interact more freely with the plasma. Nevertheless, particles may be lost

from the plasma due to collisions or other mechanisms.

In the LAR approximation, the loss boundary is defined by the following equation:

E =
(pζ + ψp(ψw))

2

2

(
1∓

√
2ψw

)2
+ µ

(
1∓

√
2ψw

)
, (3.28)

where the first term represents the kinetic energy corresponding to the particle’s toroidal motion, while

the second term represents the potential energy due to the particle’s interaction with the MF. The positive

signs in (3.28) correspond to co-passing particles that are moving in the same direction as the MFLs,

while negative signs refer to counter-passing particles that are moving opposite to the MFLs.

Furthermore, orbits passing through the magnetic axis (ψ = 0 in Fig. 3.3), satisfy the following energy

condition:

E =
p2ζ
2

+ µ, (3.29)

and the trapped and passing particles’ boundary is defined by

E = µ

(
1∓

√
2ψ(pζ)

)
. (3.30)

The three equations defining the loss boundary (3.28), magnetic axis (3.29), and trapped-passing

boundary (3.30) generate parabolic curves in the (E, pζ) space when considering a fixed µ value in the

3D (E, pζ , µ) CoM space. Although trapped particles are confined to a specific region, they can still

be lost if their energy (E) or magnetic moment (µ) changes due to collisions or some other process.

Passing particles, on the other hand, remain confined or are lost depending on their energy levels and

the particular configuration of the MF.

In order to visually characterize chaos in both MFLs (3.18) and particle orbits (3.27), we apply a

Poincaré surface of section (PSS) following, for example, [Lichtenberg and Lieberman, 2013]. Low

energy particles in magnetic confinement devices typically follow MFLs, exhibiting similar phase space

structures. However, for higher energy particles, there is no clear relation between kinetic and magnetic

chaos. While the PSS provides insights into the GC orbits at a specific energy level, investigating

the comparison between kinetic and magnetic chaos requires an efficient chaos detection technique,

especially in order to globally characterize and quantify the chaotic nature of many particles at different

energy levels in the (E, pζ) space.

Our study aims to systematically compare the chaotic behavior of MFLs and particle orbits caused

by non-axisymmetric magnetic perturbations. To efficiently achieve this goal, we employ the generalized
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alignment index (GALI) method (2.12). The GALI index enables the characterization of particle orbits

according to their chaotic behavior in the system’s phase space. It also provides insights into how

specific perturbations affect each particle with different kinetic properties. It is important to point out

that the maximum Lyapunov exponent (mLE) (2.8) has been effectively used in plasma physics for years

as a chaos indicator (e.g. see [Falessi et al., 2015; Veranda et al., 2017]). In order to validate GALI’s

efficacy in detecting chaos in both the GC (3.27) and MFL (3.18) EoMs, we will compare and contrast

its performance with the well established and commonly used mLE. This comparison will guarantee

the reliability of GALI before proceeding to our primary objective, which is to compare and quantify the

chaotic behavior of MFLs and particle orbits.

3.3 Numerical results

3.3.1 Chaos detection and quantification

In order to showcase the chaos indicators that we use in our study (mLE and GALI) to detect chaos,

we begin by considering a simplified form of the GC Hamiltonian model (3.22). In the simple model, we

assume a radially uniform ψ-independent additive perturbation term in the LAR GC Hamiltonian, setting

B = 1 −
√
2pθ cos θ and ψp(pθ) = pθ, while also considering a constant safety factor q(ψ) = 1. As a

result, the GC Hamiltonian (3.22) simplifies to:

H =
1

2
(pζ + pθ)

2
(
1−

√
2pθ cos θ

)2
+µ

(
1−

√
2pθ cos θ

)
+ϵ [sin(m1θ − n1ζ) + sin(m2θ − n2ζ)] , (3.31)

where the magnetic moment µ is subject to two perturbation modes with poloidal mode numbers m1,m2,

and toroidal mode numbers n1, n2, along with perturbation amplitude ϵ. The corresponding EoM can be

derived as follows:

dζ

dt
= (1−B)2(pζ + pθ),

dθ

dt
= (1−B)2(pζ + pθ)−

µ cos θ√
2pθ

− cos θ (1−B)(pζ + pθ)
2

√
2pθ

,

dpζ
dt

= −(pζ + pθ)
2(1−B)

√
2pθ sin θ

− µ
√
2pθ sin θ + ϵ [m1 cos(n1ζ −m1θ) +m2 cos(n2ζ −m2θ)] ,

dpθ
dt

= −ϵ [n1 cos(n1ζ −m1θ) + n2 cos(n2ζ −m2θ)] .

(3.32)

To demonstrate the efficiency of the GALI method (2.12) and its relation with the mLE (2.8) we con-

sider various types of orbits of the simplified 2D GC Hamiltonian (3.31). We present the computations of

these indices for specific parameters of the system. In particular, we consider particles with normalized

energy E = 8.131×10−6 and magnetic moment µ = 8.1423×10−6 subject to two perturbation modes with

mode numbers m1 = 1, n1 = 5, m2 = 1, n2 = 3 and perturbation amplitude of ϵ = 0.135 × 10−8. While

these parameters are chosen for computational efficiency, they can be related to physical quantities in

a real tokamak system. For example, the normalized energy and magnetic moment perturbation can
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be connected to corresponding physical energy and MF perturbation values by considering a reference

energy scale and MF strength.

For a given IC, we begin by numerically integrating the system’s EoM (3.31) to follow the time evolu-

tion of the orbit itself. The orbit intersects with the PSS, defined by the conditions θ = 0 and pθ > 0, at

an energy level E = 8.131× 10−6 multiple times. This process generates a set of points in the 2D (ζ, pζ)

space.

Figure 3.4 displays the system’s PSS, where we can easily identify both regular and chaotic GC

orbits. In the phase space portrait, we see regular orbits (blue small islands and curves in orange

and purple) and chaotic ones (black scattered points, alongside red and green points at the borders of

stability islands). The PSS is generated by integrating the EoM of the Hamiltonian (3.31) up to t = 109

time units in order to clearly reveal the true nature of the studied orbits.

The considered chaotic orbits are characterized by the following ICs: pζ0 = −0.85×10−3 (red square

point), pζ0 = −0.81 × 10−3 (green triangle point), and pζ0 = −0.36 × 10−3 (black diamond point). All

three chaotic orbits we consider exist around chains of stable resonant islands. The location of these

resonances is influenced by the safety factor, which in this case is q = 1, and it depends on the poloidal

and toroidal mode numbers, in particular m = (1, 1) and n = (5, 3), of the perturbation. This relationship

determines the number of specific resonances and their positions based on the value of the momentum

pζ . As a result, in Fig. 3.4, we observe two stable island resonance chains with multiplicity one (m1 =

m2 = 1): five resonances (n1 = 5) at lower pζ values (which are surrounded by the red chaotic regions),

and three smaller resonances (n2 = 3) at the higher pζ values (which are surrounded by the black

scattered points).

In order to compute chaos indicators like the mLE (2.8) and the GALI (2.12), the system’s so-called

variational equations (2.6) need to also be integrated along with the EoM (3.32). From (2.6) these

equations will have the following form:

v̇ = [δζ, δθ, δpζ , δpθ]
T =

[
J4 ·D2

H

]
· v0

where

D2H =


∂2H
∂ζ∂ζ

∂2H
∂ζ∂θ

∂2H
∂ζ∂pζ

∂2H
∂ζ∂pθ

∂2H
∂θ∂ζ

∂2H
∂θ∂θ

∂2H
∂θ∂pζ

∂2H
∂θ∂pθ

∂2H
∂pζ∂ζ

∂2H
∂pζ∂θ

∂2H
∂pζ∂pζ

∂2H
∂pζ∂pθ

∂2H
∂pθ∂ζ

∂2H
∂pθ∂θ

∂2H
∂pθ∂pζ

∂2H
∂pθ∂pθ

 .
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Figure 3.4: The PSS (θ = 0; pθ > 0) of the GC Hamiltonian (3.31) for normalized energyE = 8.131×10−6

and magnetic moment µ = 8.1423× 10−6, subject to perturbations with mode numbers (m1, n1) = (1, 5),
(m2, n2) = (1, 3), and perturbation amplitude ϵ = 0.135 × 10−8. Regular orbits correspond to blue,
orange, and purple points, while chaotic orbits are shown by green, red, and black points. The ICs for
the chaotic orbits are pζ0 = −0.85 × 10−3 (red square point), pζ0 = −0.81 × 10−3 (green triangle point),
and pζ0 = −0.36× 10−3 (black diamond point) with ζ = 0.

The variational equations are given by the following expressions:

dδζ

dt
=
[
2(pζ + pθ)B

√
2pθ sin θ

]
δθ +B2δpζ

+
[
B2 −

√
2(pζ + pθ)B

cos θ
√
pθ

]
δpθ,

dδθ

dt
=

[
− cos θ sin θ(pζ + pθ)

2 +
sin θB(pζ + pθ)

2

√
2pθ

+
µ sin θ√

2pθ

]
δθ

+

[
B2 −

√
2 cos θB(pζ + pθ)√

pθ

]
δpθ

+

[
B2 +

µ cos θ

2p1.5θ
−

√
2 cos θB(pζ + pθ)√

pθ
+

cos θB(pζ + pθ)
2

2
√
2p1.5θ

+
cos2 θ(pζ + pθ)

2

2pθ

]
δpθ,

dδpζ
dt

= ϵ

[
n1 sin(n1ζ −m1θ)(n1δζ −m1δθ) + n2 sin(n2ζ −m2θ)(n2δζ −m2δθ)

]
,

dδpθ
dt

=
[
2pθ cos θ(pζ + pθ)

2 −
√

2pθ(µ+ (pζ + pθ)
2)
]
δθ

+ 2pθ sin(2θ)(pζ + pθ)δpζ + (pζ + 3pθ)δpθ

− sin θ(µδpθ) +
(pζ + pθ)√

2pθ
(4pθδpζ) + (pζ + 5pθ)δpθ

+ ϵ

[
m1 sin(n1ζ −m1θ)(−n1δζ +m1δθ)−m2 sin(n2ζ −m2θ)(−n2δζ +m2δθ)

]
.

(3.33)

29



In our analysis of the simplified GC model, we perform all numerical simulations by simultaneously

integrating both the EoM (3.32) and the variational equations (3.33) using the RK4 scheme (2.7). The

integration time step is chosen carefully to ensure that the relative energy error remains below 10−8

throughout the entire simulation period.

Figures 3.5(a) and (b), respectively, present the time evolution of the ftmLE, σ1, and the GALI2 for the

six orbits shown in Fig. 3.4, using the same color scheme. It is noteworthy that we have chosen to focus

only on the GALI2 method (practically equivalent to the SALI [Skokos, 2001a]) as our chaos indicator,

which is the lowest order GALI indicator. While higher order GALI indices could potentially be used to

detect chaos in multidimensional DSs, the GALI2 is quite sufficient for our study as our primary goal is

to distinguish between chaotic and regular orbits.

For regular orbits (represented by blue, orange, and purple curves), σ1 tends to zero following a

power law decay proportional to the function t−1 [indicated by a dotted line in Fig. 3.5(a)], while for the

chaotic orbits (black, red, and green curves) it eventually saturates to a positive number. In Fig. 3.5(a),

we observe that this saturation of σ1 for chaotic orbits occurs at different times, depending on the strength

of chaos. The black curve starts saturating at t ≈ 106, indicating a higher degree of chaos, whereas the

red curve saturates later, at t ≈ 4 × 107, which indicates a lower strength of chaos (i.e., weakly chaotic

behavior). It is worth mentioning that the third chaotic orbit (green curve) does not display any clear

signs of saturation within the considered simulation time of 2× 108.

On the other hand, as seen in Fig. 3.5(b), the GALI2 remains practically constant for the regular

orbits (represented by blue, orange, and purple curves), while it decays exponentially fast to zero for

the chaotic orbits. GALI2 clearly distinguishes the strength of chaos for the three chaotic orbits (black,

red, and green curves) under considerably shorter computational time compared to the ftmLE. This

efficiency is because chaos quickly causes GALI2 values to deviate significantly (by large orders of

magnitude) from those of regular orbits, which provides a distinct and immediate indication of chaotic

dynamics.

To illustrate how the GALI2 differentiate chaos more efficiently compared to the mLE, let us consider

the first two [black and red curves in Fig. 3.5(b)] cases of chaotic orbits. For the orbit shown in black,

the GALI2 decays to zero [log10(GALI2) ≈ −8.697] at log10(t) ≈ 5.89. For the red orbit, GALI2 decays to

log10(GALI2) ≈ −8.562 at log10(t) ≈ 7.18. In both cases, the ftmLE saturates to its positive asymptotic

value: log10(σ1) ≈ −4.862 at log10(t) ≈ 7.60 for the black orbit, and log10(σ1) ≈ −6.044 at log10(t) ≈ 8.26

for the red orbit [Fig. 3.5(a)]. This observation reveals that the GALI2 detects chaos at least two orders

of magnitude faster for the black orbit and one order of magnitude faster for the red orbit in comparison

with the ftmLE. Note that, in Fig. 3.5(a), the ftmLE for the blue orbit deviates from the t−1 power law

behavior at log10(t) ≈ 6 and finally saturates to its limiting value only after another order of magnitude,

at log10(t) ≈ 7.60.

It is important to highlight that the green curve in Fig. 3.5(a), which corresponds to a weakly chaotic

orbit, could be mistakenly classified as belonging to a regular orbit. This is due to the fact that the ftmLE

fails to show a clear sign of divergence from the t−1 power law decay (associated with regular orbits)

up to the final integration time we considered, log10(t) ≈ 8.301. On the other hand, GALI2 abruptly
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decreases to practically zero in Fig. 3.5(b) [log10(GALI2) ≈ −8.819 at log10(t) ≈ 8.09], conclusively

identifying the green orbit as chaotic. This example clearly demonstrates that the GALI2 method is more

efficient for detecting weakly chaotic orbits in our system than the estimation of the mLE.

(a) ftmLE (t) (b) GALI2(t)

Figure 3.5: The time evolution of (a) the ftmLE, σ1 (2.9), and (b) the GALI2 (2.12) for the six GC orbits
shown in Fig. 3.4 using the same color scheme. The dashed line in (a) represents a function proportional
to t−1.

In order to obtain a global understanding of the GC Hamiltonian (3.31), it is impractical to analyze

individual orbits to determine their regular and chaotic nature, as we have done in Fig. 3.5. A broader and

more holistic approach is necessary. The objectives of this chapter are to provide a more comprehensive

analysis of chaos in the GC Hamiltonian (3.22). The GALI2 method has an important advantage over

the computation of the mLE, as it provides numeral values in a specific range [0, 1]. In particular, we can

identify chaotic orbits when GALI2 = 0 [e.g., for the orbits corresponding to green, black, and red curves

in Fig. 3.5(b)] and regular orbits when GALI2 is significantly larger than zero [e.g., for orbits associated

with blue, orange, and purple curves in Fig. 3.5(b)]. These well-defined differences in the GALI2 values

allow for a more global analysis of the orbital behavior over sets of many ICs. Let us explore this feature

property by taking a grid of ICs within the (z, pζ) space of the simplified GC Hamiltonian (3.31).

For each considered IC of the simple GC Hamiltonian (3.31) we compute multiple trajectory inter-

sections with the PSS, defined on the θ = 0 plane, in the direction where the plasma current flow has

pθ > 0. We note that pθ is always determined by the Hamiltonian equation (3.31) and the (z, pζ) values

of each IC. This process generates a 2D set of points in the (z, pζ) space.

In Fig. 3.6(a) and (b), we depict the PSS of the GC Hamiltonian (3.31), where the ICs are colored

according to their ftmLE and GALI2 values after t = 108 integration time units, respectively. These

figures are generated for a dense set of uniformly distributed ICs, i.e., 62, 751 points, in the (ζ, pζ) space

defined by ζ ∈ [0, 2π] and pζ ∈ [−1.2× 10−3,−1.5× 10−4]. Each IC is assigned a logarithmic color scale
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on the right side of each panel. In Fig. 3.6(a), chaotic orbits, which are characterized by positive ftmLE

values (around 10−5), are shown in dark blue. Similarly, in Fig. 3.6(b), chaotic orbits are depicted in dark

blue, but here they are identified by small GALI2 values (approximately below 10−8). On the other hand,

red color regions in the PSS portraits correspond to regular orbits. These orbits exhibit much smaller

ftmLE values (around 10−7) in Fig. 3.6(a), and significantly positive GALI2 values (approximately 1) in

Fig. 3.6(b). Intermediate colors (light gray-yellowish regions) represent weakly chaotic orbits that require

a longer integration time to fully reveal their chaotic nature.

The GALI2 plot in Fig. 3.6(b) provides a more detailed representation of the GC phase space chaotic-

ity, identifying narrow chaotic regions around separatrices of higher order resonant island chains. This

demonstrates a significant advantage of the GALI2 index for accurately identifying chaotic orbits com-

pared to the ftmLEs. Lastly, Fig. 3.6(c) displays the time required for GALI2 to converge to (practically)

zero values [in reality we consider the threshold value log10(GALI2) = −8], indicating the detection of

chaos. White regions represent areas where GALI2 has not reached this threshold within the considered

simulation time, highlighting areas of lower strength of chaos or regular orbits.

It is important to note that orbits categorized as regular based on the ftmLE and the GALI2 computa-

tions up to time t = 108 [red regions in Figs. 3.6(a) and (b)] may eventually exhibit chaotic behavior if we

integrate the system (3.31) for longer times. Fig. 3.6 clearly illustrates the limitation of ftmLE [Fig. 3.6(a)]

in capturing fine chaotic structures compared to GALI2 [Fig. 3.6(b)]. The smoother appearance of the

ftmLE color map is due to its inability to accurately detect weakly chaotic regions under the considered

periods. On the other hand, GALI2 has the advantage of quickly identifying these orbits, such as those

in the dark blue areas around the five main resonances in Fig. 3.6(b), which are not clearly identified by

the ftmLE in Fig. 3.6(a). These regions correspond to the separatrices of small island chains associated

with higher order resonances between the unperturbed motion and the perturbing modes.

Furthermore, we observe the computational CPU time required to create both the ftmLE and GALI2

color plots is comparable, despite the fact that GALI2 requires the evolution of an orbit and two initially

linearly independent deviation vectors, while ftmLE requires only an orbit and a single deviation vector.

More specifically, producing the ftmLE and GALI2 color plots in Figs. 3.6(a) and (b), respectively, was

computationally quite high. It required approximately 1.29 × 106 minutes (≈ 895.06 days) to create the

GALI2 color plot, while the ftmLE color plot took around 1.23 × 106 minutes (≈ 853.19 days). These

computations were carried out up to the final integration time of t = 108 on the Lengau cluster of the

CHPC of South Africa (see Sect. 2.3.2).

Having examined the efficiency of GALI2 for the GCM system, we now shift our focus to the magnetic

Hamiltonian system (3.17) to perform a similar analysis. In Fig. 3.7(a), we present the PSS of the system,

showcasing some representative regular and chaotic orbits. In particular, we consider three different

ICs (θ, ψ) of regular orbits: (0.03, 0.03) shown by green point (0.12, 0.0212) displayed by blue point and

(0, 0.04) presented by red point. In addition, we consider a chaotic orbit with IC (θ, ψ) = (0.032, 0.033),

depicted by black points, which is located at the border of the five main resonance islands of stability.

We previously demonstrated how GALI2 effectively identifies chaotic orbits with varying strengths of

chaoticity in Fig. 3.5. Here, we considered three different regular orbits for the magnetic system (3.17)
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(a) ftmLE (b) GALI2

(c) GALI2 ≤ 10−8

Figure 3.6: The PSS (θ = 0; pθ > 0) of the GC Hamiltonian (3.31) where points are colored according
to the values of (a) σ1 and (b) GALI2 after t = 108 integration time units. (c) The time required for
GALI2 to detect chaos, i.e., for GALI2 ≤ 10−8. We consider ICs uniformly distributed in (ζ, pζ) space with
ζ ∈ [0, 2π] and pζ ∈ [−1.2×10−3,−1.5×10−4], while the energy E, magnetic moment µ and perturbation
parameter values are the same as in Fig. 3.4.

to illustrate the power law decay of GALI2 index for these orbits.

The time evolution of the ftmLE σ1 (2.9) and the GALI2 (2.12) of these orbits is presented in Figs. 3.7(b)

and (c), respectively. For regular orbits, the σ1 tends to zero following a power law n−1, while for chaotic

orbits, it saturates at a constant positive value. On the other hand, the GALI2 eventually decreases to

zero exponentially fast for the chaotic orbit [black curve in Fig. 3.7(c)], while it follows a power law n−2

for the regular orbits [green, blue, and red curves in Fig. 3.7(c)]. This behavior differs from that observed

for the GC Hamiltonian in Fig. 3.7(c), where GALI2 for regular orbits eventually saturates to a constant

non-zero value.
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The observed GALI2 behavior for regular orbits in Fig. 3.7(c) is in agreement with the theoretical

prediction for the index behavior in the case of the 2D area preserving maps in (2.17). In fact, the

MFLs Hamiltonian (3.17) can be transformed to a 2D area preserving map, like the Chirikov standard

map [Chirikov, 1979]. In the case of a regular orbit on a 2D map, the two initially linearly independent

deviation vectors eventually fall on the tangent space of the 1D invariant curve on which the motion

takes place. As a result, these two deviations will eventually align, leading to a power law decay n−2

(2.17), where n represents the number of iterations of the map, causing the GALI2 to decay accordingly

[Manos et al., 2007]. For a chaotic orbit [represented by black points located near the boundary of the

five main resonance islands of stability in Fig. 3.7(a)], the two deviation vectors align with the direction

defined by the mLE. Thus, the GALI2 decays to zero exponentially fast, following the form described in

[Skokos et al., 2004], which is similar to the behavior observed for chaotic orbits in the GC Hamiltonian

[Fig. 3.5(b)].

Similar to our observation for the GC Hamiltonian in Figs. 3.5 and 3.6, the distinct behavior of the

GALI2 index allows for a fast and clear distinction between chaotic and regular orbits in the phase space

of the EoM of the MFLs (3.18). From Fig. 3.7(c), we see that even at n ≈ 2000 time units, GALI2

values for various regular orbits (represented by the blue, green, and red curves) remain well above

10−8 threshold. On the other hand, for a chaotic orbit, GALI2 decays to zero exponentially fast, falling

below the threshold within approximately n ≈ 180 time units (black curve).

In general, orbits with GALI2 values smaller than 10−8 can be characterized as chaotic within rela-

tively short integration times, whereas the ftmLE requires significantly longer integration times to reveal

the true chaotic nature of these orbits. For example, in Fig. 3.7(b), the ftmLE for the black curve has

not yet fully saturated to its positive limit value at t ≈ 2× 104, while GALI2 goes to zero [log10(GALI2) ≈

−8.724] at t ≈ 180 for the same orbit [black curve in Fig. 3.7(c)]. This efficiency of GALI2 highlights its

advantage in quickly identifying chaotic behavior in the MF Hamiltonian (3.17), significantly reducing the

required computation time for distinguishing between orbit types.

3.3.2 Magnetic versus kinetic chaos in toroidal plasmas

We will now systematically compare the features of magnetic and kinetic chaos across a wide range

of particle orbit energies. Magnetic flux surfaces undergo disruption at resonant locations ψres where the

safety factor, q(ψres), satisfies the resonance condition q(ψres) =
m

n
, with m and n being the perturbation

mode numbers. Non-axisymmetric perturbations also change the GC phase space, creating resonant

islands where the kinetic q factor, qkin, satisfies the resonance condition q(ψkin) =
m

n
. The kinetic

factor, qkin, is defined as the ratio of the bounce toroidal rotational frequency to the bounce frequency

[Shinohara et al., 2018; White, 2015]. It is determined by the particle’s kinetic properties over the three

CoM expressed as qkin =
m

n
.

Intuitively, since low energy particles closely follow MFLs, we expect their kinetic factor qkin to closely

approach the safety factor, q, of the MFLs (3.17). As a result, these particles exhibit chaotic behavior

similar to that observed in the MFLs, with the chaotic behavior mostly pronounced around resonant
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(a) PSS (b) ftmLEn

(c) GALI2(n)

Figure 3.7: (a) The PSS (ζ = 0; mod 2π) orbits of the MFL Hamiltonian (3.17). In particular, we consider
regular orbits, which are plotted by green, blue, and red points, as well as one chaotic orbit denoted by
black points. The time evolution of the (b) ftmLE σ1 (2.9), and (c) the GALI2 (2.12) for these orbits.
The dashed lines in panels (b) and (c) represent functions proportional to the power laws n−1 and n−2,
respectively.

stability island separatrices and overlapping resonant regions.

By carefully choosing the safety factor profile q(ψ) (3.19), we can keep the topology of the MF while

maintaining the formation of magnetic islands and other disruptions. In our study, we use a typical q-

factor profile defined by (3.19) (see [White, 2014, Page 56]), with parameters N = 2, qma = 1.1, qw = 4.0,

and ψw = 0.05. We also consider two perturbation modes with mode numbers (m,n) = (3, 2) and (5, 2).

For the sake of simplicity, we assume a radially uniform perturbation profile by setting the coefficients

αm,n independent of ψ and equal to ϵ = 7.5 × 10−5 for both modes. In addition, we consider hydrogen

35



particles to be in a MF with µB0 = 1T.

Our goal is to investigate the influence of perturbations on particle orbits and compare the resulting

chaotic behavior to that of the MFLs over a range of particle energies. As particle energy increases,

the kinetic impact increases, leading to distinct resonance patterns and chaotic behaviors in the kinetic

phase space, which may be different from those observed in the magnetic phase space. To investigate

the impact of particle energy on chaotic behavior, we consider three different energy levels. In particular,

we consider a low energy case for µB0 = 2.6 [eV ], an intermediate energy arrangement for µB0 = 2.0

[KeV ], and a high energy case with µB0 = 33.1 [KeV ]. In Table. 3.1, we summarize the values of all

model parameters for each case. At the lowest energy level, we can directly compare between kinetic

and magnetic phase space using the LAR approximation, allowing for a clear understanding of how the

two spaces can relate under a small perturbation.

In order to make the comparison between the kinetic and magnetic phase space, we begin by creat-

ing the PSS of the magnetic case with Hamiltonian (3.17) at ζ = 0 for multiple ICs in the (θ, ψ/ψw) plane,

as shown in Fig. 3.8. It is worth noting that for a direct comparison with the corresponding kinetic phase

space, we are normalizing the canonical momentum (toroidal flux, ψ) of the MFLs. This normalization

allows for a direct comparison of the PSS of the EoM of the MFLs (3.18) with the PSS of the EoM of

the GC Hamiltonian (2.5), based on the earlier setup in (3.26), where we have set pθ = ψ. We color

each IC according to its final GALI2 value at time t = 108, which highlights various resonant islands,

island chains, and chaotic regions in the magnetic phase space. Dark blue regions denote chaotic mo-

tion, yellowish regions correspond to weakly chaotic ICs that may require longer computation time to

fully exhibit their chaotic nature, and red regions indicate regions of regular motion. The magnetic PSS

plot in Fig. 3.8 will serve as the main reference for systematically comparing magnetic chaos with the

corresponding kinetic chaos for the various energy levels we consider.

Figure 3.9 illustrates the behavior of low energy particles with energy E = 3.4eV and a MF intensity

µB0 = 2.6eV . Fig. 3.9(a) and (b) display PSS in (ζ, pζ) and (θ, pζ) coordinates for the low energy case

outlined in Table 3.1, respectively. The GC orbits are colored according to their final GALI2 values at

t = 108. Note that we normalize the canonical toroidal and poloidal momenta, i.e. pζ by pζ/ψp(ψw) and

pθ by pθ/ψw, respectively, for the kinetic cases, similar to what we have done for the MFLs in Fig. 3.8.

This normalization allows a clear comparison and contrast of phase space structures across the dif-

ferent cases we consider, regardless of the specific numerical values of the momenta. Our primary

interest is on the qualitative aspects, such as the phase space structures, including radial orbital posi-

tions, and the presence of stability islands, rather than on the exact values of the toroidal and poloidal

momenta. Notably, the number of stability islands in each island chain corresponds to their respective

mode numbers.

In addition, Fig. 3.9(c) shows the PSS (θ, pζ/ψp(ψw)) of the kinetic Hamiltonian EoM (3.27) for direct

comparison with its corresponding PSS (θ, ψ/ψw) of the magnetic Hamiltonian EoM (3.18) presented in

Fig. 3.8. This comparison highlights a strong correlation between kinetic and magnetic chaotic regions,

in particular around the separatrices of island chains. Both the kinetic and magnetic domains exhibit

similar chaotic behavior, typically located at the same radial (ψ) positions. The degree of chaotic behavior
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Figure 3.8: The PSS (ζ = 0; mod 2π) of the magnetic Hamiltonian (3.17) where the ICs are colored
according to their final GALI2 values after 108 integration time units. We consider several ICs in the (θ, ψ)
space θ ∈ [0, 2π] and ψ ∈ [4.5×10−3, 5.03×10−2] with two perturbation modes (m,n) = (3, 2) and (5, 2),
each having equal amplitudes (α3,2 = α5,2 = ϵ = 7.5× 105). The toroidal flux (ψ) shown on the y-axis is
in normalized form (ψ/ψw).

in both phase spaces is indicated by the GALI2 values in the respective color bars.

In Fig. 3.10, we examine the behavior of thermal particles with an energy of E = 2.9keV and a MF

intensity of µB0 = 2.0keV similar to Fig. 3.9. Figs. 3.10(a) and (b) present the PSS of the thermal energy

case of Table 3.1 with Hamiltonian (3.22). These results reveal resonant islands at different pζ values,

with a considerably larger chaotic region observed for smaller pζ values [around the location of the three

resonances in the (θ, pζ) plane] compared to the lower energy level in Figs. 3.9(a) and (b).

The kinetic chaos associated with larger pζ values is located at a wider range of radial positions where

the main five resonant island chains are located [Fig. 3.10(c)]. These chaotic regions are more extended

than the one observed in Fig. 3.8. We note that the chaotic regions extend to the wall (pθ/ψw = 1),

indicating potential particle loss due to adding small perturbations. In addition, at the thermal energy

level, we can observe the introduction of new multiple island chains within the existing chaotic regions,

particularly in the areas where pζ/ψp(ψw) < 0.5 [Figs. 3.10(a) and (b)], and pθ/ψw > 0.5 [Fig. 3.10(c)].

The behavior of the system (3.22) for the case of higher energy particles, specifically E = 39.1

keV and µB0 = 33.1 keV , is presented in Fig. 3.11. In the kinetic PSS Figs. 3.11(a) and (b), we

observe that the resonance chains occur at significantly different pζ values compared to those seen for

the lower energy particles in Fig. 3.9 [Antonenas et al., 2021; Anastassiou et al., 2024]. Notably, the

extent of kinetic chaos is considerably reduced at this energy level relative to the intermediate case with

thermal particles shown in Fig. 3.10. The chaotic zones are primarily confined to areas located near the

separatrices of the main five island chains [see Fig. 3.11(c)].

The results illustrated in Figs. 3.9 to 3.11 demonstrate that similar magnetic perturbations can gen-
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(a) (ζ, pζ) PSS (b) (θ, pζ) PSS

(c) (θ, pθ) PSS

Figure 3.9: The low energy level case of Table. 3.1. The PSS (a) (ζ, pζ) (where θ = 0; pθ > 0), (b)
(θ, pζ) (where ζ = 0; pθ > 0), and (c) (θ, pθ) where (ζ = 0; pζ > 0) of the Hamiltonian (3.22) in which
the ICs are colored according to their final GALI2 values at 108 time units. We consider a grid of ICs of
the phase space, with ζ, and θ defined in mod 2π, pζ ∈ [−2.41 × 10−2, 2 × 10−4] in panels (a) and (b),
and pθ ∈ [2× 10−4, 4.45× 10−2] in (c). The y-axis in each panel shows canonical momenta pζ and pθ in
respective normalized form. See the text in the description for details.

Table 3.1: The details for the three different energy level cases we consider: energy values E, magnetic
moment values µB0, and the associated figures illustrating the results for each case. In all cases, we
use the perturbation modes (m,n) = (3, 2) and (5, 2) and equal amplitudes a3,2 = a5,2 = e = 7.5× 10−5.

Case (particles) Energy (E) µB0 Figures

Low energy 3.4 eV 2.6 eV Fig. 3.8, Figs. 3.12(a) & 3.13(a)

Thermal energy 2.9 eV 2.0 keV Fig. 3.9, Figs. 3.12(b) & 3.13(b)

High energy 39.1 keV 33.1 keV Fig. 3.10, Figs. 3.12(c) & 3.13(c)

erate different effects on particles with different kinetic properties. While an individual PSS color plot at

specific energy levels can give valuable insights for a characteristic case, a comprehensive understand-
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(a) (ζ, pζ) PSS (b) (θ, pζ) PSS

(c) (θ, pθ) PSS

Figure 3.10: Similar to Fig. 3.9 but for the thermal energy level case of Table. 3.1. The ICs are selected
from the intervals: pζ ∈ [−2× 10−2, 6× 10−4] and pθ ∈ [1.8× 10−3, 5.31× 10−2], with ζ, and θ defined in
mod 2π.

ing of perturbation effects necessitates a systematically global phase space analysis. Such an approach

allows us to not only identify the dynamics of each GC orbit but also to classify it as trapped, confined,

or lost depending on how the particles interact with the MFs and plasma conditions.

Trapped particles remain restricted to specific regions in the magnetic confinement devices due to

the MF configuration. In contrast, confined particles are not limited to a particular region but still remain

in the plasma volume for extended periods. This long term confinement allows the particles to signifi-

cantly influence plasma behavior and contribute to fusion processes. Lost particles, on the other hand,

are those that escape magnetic confinement and leave the plasma volume. This loss may reduce the

efficiency of the confinement device and potentially impact plasma performance. In general, by assign-

ing a chaos measure to each orbit, we can further quantify the chaotic behavior of GC orbits over the

entire particle energy range in the phase space defined by the CoM.

For each GC orbit of the Hamiltonian (3.22) in the CoM space, the orbit’s chaotic nature is quantified

39



(a) (ζ, pζ) PSS (b) (θ, pζ) PSS

(c) (θ, pθ) PSS

Figure 3.11: Similar to Fig. 3.9 but for the high energy level case of Table. 3.1. The ICs selected from the
intervals: pζ ∈ [−9× 10−3, 1× 10−3] and pθ ∈ [4.1× 10−3, 4.78× 10−2], with ζ, and θ defined in mod 2π.

using the associated GALI2 value at t = 108. Figs. 3.12(a), (b) and (c) illustrate this analysis for low,

thermal, and higher energy particles, respectively. The primary objective of this representation is to

identify the chaotic nature of these orbits and categorize them as trapped or passing, as well as confined

or lost particles.

An orbit is classified as trapped or passing based on its location relative to the black parabola [in

Fig. 3.12], which is plotted using the definition in (3.30). In the CoM space depicted in Fig. 3.12, all

points can be considered as confined, except those in the white spaces, which represent lost particles.

These lost particles are located between the right wall (light blue solid parabolas) and the left wall (pink

dotted parabolas) of the MF, as defined in (3.28). In addition, we aim to identify the positions of each

orbit relative to the magnetic axis (3.29) (gray solid parabolas) and the magnetic wall.

By classifying each orbit in this manner, we gain valuable insights into the behavior of individual

particles, which are essential for optimizing the efficiency of energy fusion devices. Overall, our results

40



in Figs. 3.12(a), (b), and (c) illustrate that similar magnetic perturbations (with the same modes) result

in significantly different levels of kinetic chaos, depending on the particles’ kinetic properties.

The 3D CoM space (E, pζ , µ = constant) is illustrated in Fig. 3.12 for a set of ICs on a grid (pζ , E)

space, where pζ ∈ [−0.0255, 0], E ∈ [6.85×10−9, 1.5×10−8] with µ = 10−8 [Fig. 3.12(a)]; pζ ∈ [−0.025, 0],

E ∈ [5.25 × 10−6, 1.2 × 10−5] with µ = 7.67 × 10−6 [Fig. 3.12(b)]; as well as pζ ∈ [−0.0255, 0], E ∈

[9.6 × 10−5, 1.6 × 10−4] with µ = 1.27 × 10−4 [Fig. 3.12(c)]. Each point in the CoM space represents a

GC orbit, colored according to its respective GALI2 value. Dark blue indicates chaotic motion, while red

indicates regular motions.

From the low energy case [Fig. 3.12(a)] to the highest energy level [Fig. 3.12(c)], we can observe

how specific perturbations may influence each orbit’s chaotic behavior, momentum transport, and con-

finement in the system. In particular, small chaotic regions appear at the boundaries of distinct resonant

island chains, indicating confined chaos. On the other hand, more extensive chaotic regions suggest the

presence of resonance overlap, which can lead to a wide range of particles exhibiting chaotic motion.

The location of chaotic regions relative to the wall and the trapped/passing boundary provides insights

into particle losses and the complex dynamics associated with particle trapping and passing boundaries.

For the low energy level, small chaotic regions are present near the magnetic axis in the passing

boundary [blue regions in the top right corner of Fig. 3.12(a)]. In this case, orbits tend to remain confined

as expected. For the thermal energy case, chaotic regions are more extensive, in which they appear

both near the passing boundary and the trapped boundary [blue regions inside and outside the black

parabolas in Fig. 3.12(b)]. At the highest energy level, chaotic regions are present on both trapped

and passing boundaries [blue regions and stripes in Fig. 3.12(c)]. While the chaotic regions are more

widespread for thermal energy particles, orbits remain relatively confined. However, at the highest

energy level (and to a lesser extent for the thermal energy level), we observe an increase in particle

loss, as indicated by the white spaces between the magnetic walls and the axis in Figs. 3.12(b) and (c).

We further made a direct comparison between the information presented in Figs. 3.12(a), (b) and (c)

and the corresponding PSS plots in Figs. 3.9, 3.10 and 3.11, respectively, by drawing a horizontal green

line in Fig. 3.12. The horizontal green line at E = 39.1keV [Fig. 3.12(a)] corresponds to the low-energy

case in Fig. 3.9. Similarly, the horizontal green line at E = 2.9keV [Fig. 3.12(b)] represents the thermal

energy level case in Fig. 3.10, and the horizontal green line at E = 3.4eV [Fig. 3.12(c)] corresponds to

the high-energy level case in Fig. 3.11.

For example, by comparing the horizontal green line in Fig. 3.12(b) (representing the thermal energy

level case) to the PSS in Figs. 3.10(a) and (b) for the same energy, we can clearly identify extended

chaos at the beginning, approximately in the range (−1 < pζ/ψp(ψw) < −0.55), which is reflected in

the PSS approximately in the range (pζ/ψp(ψw) < −0.55). Following this, narrow chaotic stripes occur,

such as around pζ/ψp(ψw) ≈ −0.5 and −0.3, which correspond to the chaotic zones around the five and

three resonances observed in the PSS (Fig. 3.10), respectively. This demonstrates a strong correlation

in quantifying chaos between the two figures. As a result, Fig. 3.10 can be regarded as a representative

PSS for a specific thermal energy level (to be exact at E = 2.9keV ) in Fig. 3.12(b), where the global

chaotic dynamics of various orbits for multiple energy levels are depicted. It is worth noting that the
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efficient quantification of chaos using GALI2 allows for the assignment of a chaos measure to each orbit,

corresponding to points on a dense grid.

(a) Low energy level (b) Thermal energy level

(c) High energy level

Figure 3.12: The CoM space (E, pζ , µ = constant) for a set of GC orbits where each point represents an
orbit colored according to their respective GALI2 value at 108 integration time units. The energy values
considered in the kinetic PSS (Figs. 3.9, 3.10 and 3.11) are represented by a horizontal green line in
panels (a), (b), and (c), respectively. Key features of the system in each panel are shown by different
parabolas: the right wall (RW - solid light blue), the left wall (LW - dashed light pink), the magnetic
axis (MA - solid gray), and the trapped/passing boundary (TPB - solid black). Note that there are some
missing points (forbidden areas of motion) around the border of the MA due to negative values of pθ in
the expression B = 1−

√
2pθ cos θ in the Hamiltonian (3.26).

Determining the exact radial position and extent of kinetic chaos in magnetic confinement devices has

practical challenges since unperturbed particle orbits are not confined to a single flux surface, especially

for higher energies due to GC drifts. Nevertheless, we can introduce a reference flux surface, ψ0, for

each unperturbed orbit, which can provide an estimation of the approximate radial position where the

kinetic chaos may occur. This reference flux surface is defined as follows:

ψp(ψ0) = ⟨ψp(ψ)⟩ =

〈
±g(ψ)
B(ψ, θ)

√
2
(
E − µB(ψ, θ)

)〉
−pζ . (3.34)

In (3.34) ⟨·⟩ represents orbit averaging over the magnetic surface. For trapped particles, the reference

flux surface ψ0 can be approximated by the ψ value at the points of radial reversal, which are the locations

along the particle’s trajectory where the particle changes direction of motion perpendicular to the MFLs.

In the lowest order LAR configuration, ψ0 can be defined for all particle orbit types using the CoM
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(E, pζ , µ).

For trapped particles, the range of radial motion is confined by the MF configuration, their energy,

and their magnetic moment, satisfying the condition B(ψ) ≥ E
µ [Pinches et al., 1998]. This condition

leads to the conclusion that the average of an imaginary function over a real interval [the square root

term in (3.34)] is zero, which implies that ψp(ψ0) = −pζ . In simple terms, trapped particles are restricted

to a particular region of the MF, and their motion is predominantly influenced by the momentum pζ .

For passing particles (either co- or counter-passing), we can use the three constants E, pζ and µ

to simplify the expression in (3.34) to
√
2(E − µ) − pζ . This simplification happens because the MF

strength B(ψ) can be approximated as constant for passing particles, where the particles closely follow

the MFLs. Furthermore, the variation of the poloidal flux g(ψ) is negligible since the orbits are mainly

determined by the toroidal components of the MF. Thus, we can express this relation as follows:

ψp(ψ0) =

−pζ , for trapped particles

±
√

2(E − µ)− pζ , for passing particles.
(3.35)

The reference flux surface ψ0 (3.35), determined using the CoM E, µ, and pζ , can replace pz for

uniquely identifying each orbit when used alongside E and µ. Combining E, ψ0, and µ will provide

valuable information regarding the radial position and the extent of kinetic resonance islands of stability

and chaotic regions [Pinches et al., 1998; Antonenas et al., 2021].

Figures 3.13(a), (b) and (c) present the (E,ψ0) space instead of the (E, pζ) shown in Figs. 3.13(a),

(b) and (c) for the same arrangements of ICs, where each panel represents the lower, thermal, and

higher energy levels case of Table 3.1, respectively. The radial position where the kinetic chaos occurs

can be determined in Fig. 3.13, using the reference flux surface ψ0 instead of pζ . Due to the definition

of ψ0 in (3.6), the figures here are flipped from left to right, but the overall structure of the CoM space

remains consistent with that observed in Fig. 3.12. It is worth noting that this is not the only alternative

representation of the CoM. Readers can refer to, for e.g., [Bierwage et al., 2022; Benjamin et al., 2023]

for additional representations of CoM space.

Let us again consider the thermal case as an example. Comparing Fig. 3.13(b) (green horizontal

line) and the PSS in Fig. 3.10(c) at the same energy level, we observe that chaos extends towards

the end of the phase space, approximately in the range 0.55 < ψ0/ψw < 1, as indicated in the PSS

approximately in the range pζ/ψp(ψw) < −0.55. On the other hand, narrow, chaotic stripes are observed

at the beginning of the phase space. This comparison demonstrates a close resemblance between the

ICs colored according to the GALI2 value [regions represented by the horizontal line in Fig. 3.13(b)] and

the PSS created using these ICs in Fig. 3.10(c) for the same energy level in quantifying chaos. Therefore,

Fig. 3.13 can also serve as a valuable tool for globally characterizing chaos in the GC Hamiltonian (3.22)

across various energy levels.
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(a) Low energy level (b) Thermal energy level

(c) High energy level

Figure 3.13: Similar to Fig. 3.12 but presents the CoM space (E,ψ0, µ = constant). The horizontal
green line in panels (a), (b) and (c) represents the energy values considered in the kinetic PSS shown
in Figs. 3.9, 3.10, and 3.11, respectively.
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3.4 Summary and conclusions

In this chapter, we introduced the GALI2 as a new tool for quantifying and studying chaos in plasma

physics. We demonstrated its effectiveness for detecting and quantifying both magnetic and kinetic

chaos in a toroidal plasma model, comparing it to the mLE. Our study showed that these indices are ef-

fective in distinguishing between chaotic and regular orbits [Figs. 3.5(b) and 3.7(b)], as well as identifying

weakly chaotic orbits [for e.g., the green curve in Fig. 3.5(b) and yellowish regions in Fig. 3.6(b)], which

may require longer integration times to fully reveal their true chaotic nature. These results illustrate the

indices’ ability to accurately characterize the dynamical behavior of different orbits in these systems.

In toroidal plasma, the locations of kinetic and magnetic resonant islands along with the conditions for

kinetic and magnetic chaos show significant differences. The chaotic transport of high-energy particles

can negatively impact confinement limits and the overall performance of fusion devices (see [Anastas-

siou et al., 2024] and references therein). Therefore, understanding the relationship between magnetic

and kinetic resonances and their chaotic behaviors is crucial. In order to systematically investigate this

relationship, we need to (i) identify and quantify chaos and (ii) represent particle orbits in a compact

kinetic parameter space.

To compare kinetic and magnetic chaos, we construct PSS for representative cases of the MF Hamil-

tonian (3.17) (Fig. 3.8) and for three distinct energy levels: low (Fig. 3.9), thermal (Fig. 3.10), and high

(Fig. 3.11) energy particles of the GCM Hamiltonian (3.26), representing plasma particles. For low

energy particles, the kinetic [Fig. 3.9(c)] and magnetic (Fig. 3.8) PSS show strong resemblance. In

particular, chaos appears near the separatrices of the stable island chains, which indicates that chaos

is localized at the same radial (ψ) position. Furthermore, the strength of chaos, as quantified by small

GALI2 values [GALI2 < 10−8], is similar in both cases. As a result, the chaotic nature of particle orbits

and their transport characteristics are directly related to the configuration of the MFLs for low energy

particles. On the other hand, for the thermal case, the kinetic chaos associated with the stability of the

resonant island chain extends over a wider range of radial positions [Fig. 3.10(c)] compared to the mag-

netic chaos. These stability resonant island chains are located at significantly different radial positions,

and the kinetic chaos is reduced due to larger drifts across the MFLs for energetic particles [Fig. 3.10(c)].

This comparison led to the need for a systematically detailed analysis in the 3D kinetic space of

the CoM. Each point in this space (E, pζ , µ = constant) represents an unperturbed GC orbit of the

Hamiltonian (3.26), which allows for the classification of orbits as trapped or passing and confined or

lost according to the definition in (3.30) and (3.28), respectively (Fig. 3.12). When perturbations are

introduced, a specific GALI2 value can be assigned to each point, providing detailed information about

the kinetic characteristics of the orbits that become chaotic due to perturbations, as well as their position

relative to the torus wall. These diagrams (Fig. 3.12) provide a detailed phase space resolution of kinetic

chaos and contribute to a deeper understanding of the role that specific perturbation modes play in

particle, energy, and momentum transport.

Furthermore, we have also introduced an alternative representation of the diagrams in Fig. 3.12

by introducing a reference flux surface (ψ0) to replace the toroidal momentum, pz. This reference flux
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surface provides an estimate of the approximate radial position where kinetic chaos may occur for each

unperturbed orbit. This is illustrated in the CoM space (E,ψ0, µ = constant) depicted in Fig. 3.13.
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Chapter 4

Evolution of phase space structures

at bifurcations of periodic orbits in a

3D galactic bar potential

4.1 Introduction

The renowned Edwin Hubble classified galaxies into four morphological types: elliptical, spiral, barred

spiral, and irregular (see, for example, [Hubble, 1982], and [Binney and Tremaine, 2011, Section 1.1.3]).

He further divided spiral and barred spiral galaxies based on the relative size of their central bulge and

the prominence of their spiral arms. Galaxies with a large central bulge and broad spiral arms are

typically classified as type ‘a’, while those featuring a small central bulge and well-defined, tightly twisted

spiral arms are generally classified as type ‘c’. A basic schematic representation of these classifications

is illustrated in Fig. 4.1.

Elliptical galaxies are smooth, oval-shaped structures with a bright center. Hubble assigned the let-

ter E followed by a number to indicate their roundness, which ranges from almost circular (E0) to quite

elliptical (E6) (see Fig. 4.1). On the other hand, disc galaxies share a round center similar to elliptical

galaxies but also have a thin, flat disc of stars. Most disc galaxies have either spiral arms (Sa, Sb, Sc

in Fig. 4.1) or bars near the center (barred spirals denoted as SBa, SBb, SBc in Fig. 4.1). Barred spiral

galaxies are a subtype of spiral galaxies that are characterized by their central bar-shaped structure.

Some disc galaxies that do not have spiral arms are referred to as lenticular galaxies (for instance,

S0 in Fig. 4.1). Finally, there are irregular galaxies that do not fit into any of these shapes. In addi-

tion to Hubble’s classification of galaxies, there are more recent alternatives, such as de Vaucouleurs’

method [De Vaucouleurs, 1959], which examines more detailed aspects of a galaxy’s shape. The study

presented in this chapter focuses specifically on galaxies with bars at their centers.

Understanding the motion of objects in galaxies, such as stars, gas, and dark matter, is vital for un-

derstanding the galaxies’ fundamental dynamics. These motions, known as orbits, can exhibit periodic,
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Figure 4.1: A basic representation of the Hubble tuning fork diagram [image source: Las Cumbres
Observatory (LCO)].

quasiperiodic, or chaotic behavior. Many galaxies often feature central bars, like NGC1365, one of the

most prominent barred spiral galaxies visible in the sky (for more details, see for example NOIRLab).

Models of these barred galaxies have been invaluable for studying their dynamics and evolution. Re-

searchers have extensively explored the periodic orbits (POs) that exist in these models. Ferrers’ bar

galaxy models (GMs), in particular, have proven to be effective for investigating the key properties of real

bar galaxies, including star and gas distribution, bar strength, and system stability. The detection and

stability of POs in these models have been thoroughly studied in the literature (e.g. see [Skokos et al.,

2002a,b; Patsis and Athanassoula, 2019; Manos et al., 2022]).

One of the most important families of orbits in bar GMs is the so-called x1 family (e.g. see [Contopou-

los and P., 1989]), typically characterized by an elliptical-like morphology in non-axisymmetric galactic

systems. The major axis of these orbits aligns with that of the bar. Stable members of this family are

often regarded as the backbone of bars. These POs, both in two- (2D) and three-dimensions (3D), play

an important role in shaping the system’s phase space. In 3D bar potentials, additional families of POs

emerge that are related to the x1 family [Skokos et al., 2002a].

As the system’s energy increases, x1 POs may develop cusps or even double loops at their edges.

The x1 family undergoes a series of bifurcations, which in 3D systems, lead to the formation of the

so-called x1-tree (see [Skokos et al., 2002a,b] for more details). A pitchfork bifurcation of a stable PO

family results in the creation of a pair of new stable POs with the same period, while the original family

becomes unstable, while a period-doubling bifurcation destabilizes the parent family, and it gives rise

to a new stable PO with double the period of the original family (e.g. see [Lichtenberg and Lieberman,

2013, Sect. 7.1b]).

The primary objective of the work presented in this chapter is to systematically study the evolution

of phase space structures in a 3D bar galactic potential, both before and after successive 2D and 3D

pitchfork and period-doubling bifurcations of families in the x1-tree. The phase space structure before

and after a 3D pitchfork bifurcation of individual members of the x1 family has been previously studied
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by [Katsanikas et al., 2011]. Building upon and extending that research, this chapter explores how the

phase space of a 3D system evolves through successive pitchfork bifurcations while also incorporat-

ing period-doubling bifurcations into the analysis. Specifically, we focus on the evolution of the phase

space structure in the following cases: (A) a 2D pitchfork bifurcation of the x1 family leading to the cre-

ation of a new 2D family, (B) this new 2D family undergoes a bifurcation, transforming into a 3D family

through a similar pitchfork process, and (C) we analyze the changes in the phase space as the 3D family

undergoes two successive 3D period-doubling bifurcations.

In our study, we use the color and rotation technique developed by [Patsis and Zachilas, 1994] to vi-

sualize the four-dimensional (4D) Poincaré surface of section (PSS) and gain insights into the dynamics

of the different types of orbits in our 3D galactic type Hamiltonian system. This technique has also been

successfully applied in other studies, including [Katsanikas et al., 2011; Katsanikas and Patsis, 2022;

Zachilas et al., 2013; Patsis and Katsanikas, 2014a,b; Agaoglou et al., 2021].

Furthermore, although our primary objective in this chapter is to investigate the evolution of the phase

space structure of different families of orbits, we will also examine how the generalized alignment index

(GALI) (2.12) behaves in comparison to the maximum Lyapunov exponent (mLE) (2.8). By considering

specific cases of regular and chaotic orbits, we demonstrate that our findings from Chap. 3 (e.g. see

Figs. 3.5 and 3.7) regarding the effectiveness of the GALI of order 2 (GALI2) index for detecting and

quantifying chaos in Hamiltonian systems in plasma model are also applicable to galactic Hamiltonian

systems. This performance of the index confirms that our conclusion that the GALI2 method is both

accurate and fast in quantifying chaos is valid regardless of the specific Hamiltonian system.

The content of this chapter is based around the findings presented in Moges et al. [2024b].

4.2 Hamiltonian bar galaxy model

In order to study the orbital dynamics of a 3D galactic model, we use the Hamiltonian formalism, a

mathematical framework for describing the evolution of a galactic dynamical system (DS). In particular,

we consider the autonomous Hamiltonian system,

H =
1

2

(
p2x + p2y + p2z

)
+ V (x, y, z)− Ωb (xpy − ypx) , (4.1)

which describes the dynamics of a test particle (i.e., a star) in a 3D rotating bar GM. In (4.1), the bar

rotates around the z-axis, with its major axis being aligned along the y-axis and the minor axis along

the x-axis (see, for example, [Skokos et al., 2002a] and reference therein). The canonical momenta

px, py, and pz correspond to the Cartesian coordinates x, y, and z, respectively. The total potential

V (x, y, z) includes both axisymmetric and non-axisymmetric components. Ωb represents the bar’s rota-

tion speed, and the Jacobi constant, denoted as Ej , is the total energy in the rotating reference frame of

the Hamiltonian H.
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The corresponding EoM of the Hamiltonian (4.1) can be derived as follows:

dx

dt
= px +Ωby,

dy

dt
= py − Ωbx,

dz

dt
= pz,

dpx
dt

= −∂V
∂x

+Ωbpy,

dpy
dt

= −∂V
∂y

− Ωbpx,

dpz
dt

= −∂V
∂z

.

(4.2)

where the explicit form of the first-order derivatives of the various components of the potential V (x, y, z)

is given in the Appendix A.

The potentials of the galactic model (4.1) we consider in our study consist of three primary compo-

nents: the bulge potential VS , the disc potential VD, and the bar component of the galaxy VB . These

components collectively define the total galactic potential (V = VS + VD + VB), and they are defined as

follows:

(I) Bulge Potential: Galaxies may feature a rounded component known as the bulge or spheroid.

These galactic spheroids are smaller than the disk part of the galaxy and have distinct features,

such as a roughly spherical shape of stars with different compositions. The bulge potential we

consider is based on a Plummer sphere [Plummer, 1911] which is given by the equation

VS(x, y, z) = − GMS√
x2 + y2 + z2 + ϵ2s

, (4.3)

where MS represents the total mass of the system, and G is the gravitational constant. The linear

scale of the system, which generates the potential VS , is determined by the Plummer scale length

of the bulge, ϵs.

(II) Disk Potential: The Miyamoto-Nagai potential [Miyamoto and Nagai, 1975], is commonly used to

model galactic disk components, and it is expressed as

VD(x, y, z) = − GMD√
x2 + y2 +

(
A+

√
B2 + z2

)2 , (4.4)

where MD is the total mass of the disk, and A and B are the disc’s horizontal and vertical scale

lengths, respectively. This potential has been used by Pfenniger [Pfenniger, 1984] for numerical

studies of periodic orbit (PO) structures and stability in more realistic 3D bar GMs.

Note that when A = 0, VD reduces to the Plummer’s spherical potential VS , with scale length

B = ϵs. As a result, depending on the choice of the two parameters A and B, VD can represent

the potential of anything from a very thin disk to a spherical component.
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(III) Bar Potential: In our study, we represent the bar component using the Ferrers model [Ferrers,

1877], which is a widely studied model (e.g. see [Pfenniger, 1984; Skokos et al., 2002b; Bountis

et al., 2012]), that describes the bar as a finite, uniform ellipsoid with a specific density distribution.

The mathematical expression for the bar potential is given by

VB = −πGabcρc
3

∫ ∞

λ

du

∆(u)
(1−m2(u))3, (4.5)

where ρc = 105
32π

GMB

abc is the central density, MB is the total mass of the bar, while m2(u) = y2

a2+u +

x2

b2+u + z2

c2+u , and ∆2(u) = (a2 + u)(b2 + u)(c2 + u). λ is the unique positive solution to m2(λ) = 1

for regions outside the bar (m(u) ≥ 1) and λ = 0 for regions inside the bar (m(u) < 1), while

a > b > c are the semi-axes of the bar [Pfenniger, 1984]. The corresponding mass density of the

bar potential is given as follows:

ρ =

ρc(1−m2)2 for m ≤ 1,

0 for m > 1,

with m2 = y2

a2 +
x2

b2 +
z2

c2 . This model, characterized by a central density peak that gradually declines

to zero at a finite radius, closely aligns with the observational density profile of barred galaxies and

the outcomes of N -body simulations. See Sect. A.3 for more details.

Choosing the appropriate parameter values is important to make sure that the GM’s (4.1) rotation

curve aligns with the real-world observations. While the exact values may vary, they must be carefully

selected to accurately represent the observed rotational patterns of galaxies. This model incorporates

a superposition of a Ferrers bar (a specific type of potential distribution - see Sect. A.3), the bulge

potential, and a Miyamoto-Nagai disc. The units and parameter values used in this work are similar to

those employed in the pioneering study by Pfenniger [Pfenniger, 1984], and the specific configuration

considered corresponds to the ‘model D’ in [Skokos et al., 2002b]. The total mass is set to 1, with

G(MS + MD + MB) = 1. The length unit is 1 kpc, the time unit is 2 × 106 yr, and the mass unit is

2×1011 M⊙ (solar masses). Using these units, the chosen parameter values are: bar axial ratios A = 6,

B = 1.5, C = 0.6; disc parameters A = 3, B = 1, ϵs = 0.4; bulge mass MB = 0.2; disk mass MD = 0.72;

and bar pattern speed Ωb = 0.054, which results in a corotation at Rc = 6.

4.3 Stability of periodic orbits and the method of color and rota-

tion

There are numerous studies that have explored various types of periodic orbits (POs) near the center

of a barred galaxy (e.g. see [Contopoulos and Papayannopoulos, 1980; Athanassoula et al., 1983;

Skokos et al., 2002a; Katsanikas et al., 2011; Patsis and Katsanikas, 2014a; Manos et al., 2022]).

These orbits form the fundamental framework that shapes the bar’s structure. The exploration began
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with [Athanassoula et al., 1983], which identified the main x1 family of POs in order to explain the

morphology and the characteristics of barred galaxies. The morphology of 3D bar galaxies, including

an extensive list of both 2D and 3D families of POs, can be found in [Skokos et al., 2002a].

4.3.1 Stability types of periodic orbits in Hamiltonian systems

A PO occurs when a system’s trajectory revisits the same state after a fixed period. The multiplicity

of a PO corresponds to the number of times the orbit’s trajectory intersects a PSS in one period. For

example, in our Cartesian coordinates (x, y, z, px, py, pz), if the PSS is defined by y = 0 and py > 0,

an orbit with a multiplicity of two means that the set of trajectories will cross the successive intersection

point on the plane y = 0 twice before completing one full period. Higher multiplicity orbits have also been

observed, and a detailed catalog of these families is presented in [Patsis and Athanassoula, 2019].

In order to study the phase space structure of the Hamiltonian (4.1) near a PO, we first locate the ini-

tial conditions (ICs) for this PO using an iterative method that analyzes successive intersections (e.g. see

[Pfenniger and Friedli, 1993]). We initially consider small deviations from the IC and then integrate the

perturbed orbit to the next upward intersection point (i.e., y = 0; py > 0 ). This approach gives us the 4D

(x, z, px, pz) PSS. Through this process, we create a 4D Poincaré map, which relates the initial and final

points. A PO is identified when the difference between the initial and final coordinates must be less than

10−10 in absolute value.

The relationship between the final deviations of the neighboring orbit from the periodic one and the

initially introduced deviations is expressed in vector form as:

ξ =M(T ) · ξ0, (4.6)

where ξ0 and ξ represent the initial and final deviations, respectively, and M(T ) denotes the so-called

monodromy matrix for the Hamiltonian, which is a 4× 4 matrix in the case of the Hamiltonian (4.1). This

matrix M(T ), also known as the fundamental solution matrix of the variational equations, is determined

at a time equal to one period T of the orbit (see [Skokos, 2001b] and references therein for more details).

The characteristic polynomial matrix M can be expressed as

λ4 + αλ3 + βλ2 + αλ+ 1 = 0 (4.7)

where λ represents the eigenvalues of the matrix M and the coefficients α and β are parameters that

depend on the system.

The solutions of (4.7) λj , j = 1, 2, 3, 4, must satisfy the relations λ1λ2 = 1, and λ3λ4 = 1, which

indicate that the eigenvalues of M come in reciprocal pairs. These relationships occur naturally from the

symplectic structure inherent to the Hamiltonian system. We can further express each pair of eigenval-

ues as follows:

λj ,
1

λj
=

1

2

[
−bj ±

√
b2j − 4

]
(4.8)

where bj , j = 1, 2 are called the PO’s stability indices and are defined as bj = 1
2

(
α± 1

2

)
, and ∆ is the
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discriminant given by ∆ = α2 − 4(β − 2). The stability types of POs can be classified based on the

values of the stability indices b1 and b2 as well as the discriminant ∆, which are determined from the

eigenvalues of M(T ) in Eq. (4.8). More specifically, following [Contopoulos and Magnenat, 1985], we

classify a PO as follows, with all cases shown in Fig. 4.2:

• Stable (S): if the discriminant is positive (∆ > 0) and both stability indices satisfy |b1| < 2 and

|b2| < 2. Under these conditions, all four eigenvalues (λj , j = 1, 2, 3, 4) lie on the unit circle in the

complex plane.

• Simple Unstable (U): if ∆ > 0 and |b1| > 2 while |b2| < 2 or |b1| < 2 while |b2| > 2. In this case,

two eigenvalues are on the real axis and the other two are on the unit circle in the complex plane.

For example, when b1 > 2, there are two real positive eigenvalues: e.g., λ1 > 1, and its complex

conjugate, 1
λ2
< 1. On the other hand, for b1 < −2, λ1 < −1 and −1 < 1

λ < 0.

• Double Unstable (DU): if ∆ > 0 and |b1| > 2 and |b2| > 2. In this case, all four eigenvalues lie on

the real axis of the complex plane.

• Complex Unstable (∆): if ∆ < 0, which means all four eigenvalues are complex numbers and

off the unit circle in the complex plane. These eigenvalues correspond to two complex conjugate

stability indices, with two of the eigenvalues located inside the unit circle and the other two outside.

Figure 4.2: A visual representation of the eigenvalue configurations on the complex plane relative to
the unit circle for the stable (S), simple unstable (U), double unstable (DU), and complex unstable (∆)
cases. Note that the specific location of the eigenvalues on the complex plane may vary depending on
the values of the POs’ stability indices b1 and b2 in (4.8). For instance, if b1 < −2 while |b2| < 2 in the
simple unstable (U) case, the eigenvalues will rather be located on the left (negative) side of the real
axis.

The distinction between different types of instability was initially introduced by Broucke [Broucke,

1969] and Hadjidemetriou [Hadjidemetriou, 1975], where it has been used to study the stability of POs
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in Hamiltonian systems with three degrees of freedom (DoF). For a comprehensive overview of the

stability analysis and classification of POs in 3D Hamiltonian systems, readers can refer to [Pfenniger,

1984] and [Contopoulos and Magnenat, 1985]. In addition, for a general understanding of different

instabilities in Hamiltonian systems with N DoF, the reader may refer to [Skokos, 2001b].

In this chapter, we will systematically investigate the evolution of the phase space structure of the

3D GM (4.1) through a series of PO’s bifurcations as the parent family transitions from stability to simple

instability (S → U), leading to the emergence of a new family of POs. In our cases, the parent 2D or

3D family becomes simple unstable as the system’s energy increases. This results in the creation of a

stable family of either 2D or 3D POs through this bifurcation.

Before analyzing particular bifurcation, let us first look at the behavior of the mLE and the GALI for

the orbits of the 3D rotating bar GM (4.1).

4.3.2 Chaos detection and quantification

To continue demonstrating the efficiency of the GALI2 method (2.12) and to compare it with the mLE

(2.8), let us briefly examine the 2D counterpart of our bar GM by simplifying the 3D system (4.1) to a

2D one. We accomplish this reduction by considering motion confined to the galactic plane z = 0, and

setting both the coordinate z and the corresponding momentum pz to zero. We first create a 2D PSS for

y = 0; py > 0 to visually identify representative regular and chaotic orbits of the system. In Figure 4.3,

we illustrate a PSS of the 2D bar GM, showing a regular orbit with IC (x, px) = (0.32, 0) (blue triangular

point), which leads to the creation of a smooth closed blue curve. In addition, we depict a chaotic orbit

with IC (x, px) = (0.3,−0.25) (red square point), resulting in red scattered points. The PSS is generated

by integrating several orbits of the system for 105 time units using the Runge-Kutta four-order (RK4)

scheme (2.7). In order to compute our chaos indicators, the mLE and the GALI2 index, we need to

integrate the EoM (4.2) along with the variational equations (2.6) of the system. The corresponding

variational equations of the bar GM (4.1) are given by

dδx

dt
= δpx +Ωbδy,

dδy

dt
= δpy − Ωbδx,

dδz

dt
= δpz,

dδpx
dt

= −∂
2V

∂x2
δx− ∂2V

∂x∂y
δy − ∂2V

∂x∂z
δz +Ωbδpy,

dδpy
dt

= − ∂2V

∂y∂x
δx− ∂2V

∂y2
δy − ∂2V

∂y∂z
δz − Ωbδpx,

dδpz
dt

= − ∂2V

∂z∂x
δx− ∂2V

∂z∂y
δy − ∂2V

∂z2
δz.

(4.9)

where the second-order derivatives of the potentials V are provided in Appendix A

Figures 4.4(a) and (b) present the time evolution of the finite-time maximum Lyapunov exponent

(ftmLE), σ1 (2.9), and the GALI2 (2.12) for the highlighted ICs given in Fig. 4.3 of the 2D system, respec-

tively. For the regular orbit (blue curves in Fig. 4.3), σ1 tends to zero following a power law proportional
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Figure 4.3: The PSS (y = 0; py > 0) for the simplified 2D system of (4.1) [setting (z, pz) = (0, 0)] at
energy Ej = 0.41. The evolution of several orbits is shown in gray. A regular orbit with IC (x, px) =
(0.32, 0) (blue triangular point) is indicated by a smooth blue closed curve, while a chaotic orbit with IC
(x, px) = (0.3,−0.25) (red square point) is depicted as red scattered points.

to the function t−1 (indicated by a blue dashed line in Fig. 4.4(a)), while for the chaotic orbit (red scat-

tered points in Fig. 4.3), σ1 eventually saturates to a positive value (red curve in Fig. 4.4(a)). On the

other hand, the GALI2 remains constant for the regular orbit (blue curve in Fig. 4.4(b)) but it decays to

zero exponentially fast for the chaotic orbit (red curve in Fig. 4.4(b)). For the chaotic orbit (red curves in

Fig. 4.4), the GALI2 decays to zero, obtaining log10(GALI2) ≈ −8.13 at log10(t) ≈ 2.64. In contrast, the

ftmLE starts to saturate to its positive limiting value of log10(σ1) ≈ −1.62 at log10(t) ≈ 2.4 (indicated by

the dotted black vertical lines in Fig. 4.4(a)) where the ftmLE deviates from the −1 slope. At this stage,

from the ftmLE we cannot confirm chaos definitively as more time is needed to be completely certain

that the ftmLE saturates to its positive value. On the other hand, the GALI2 decays exponentially very

fast to 10−8 (i.e., at log10(t) ≈ 2.4, the dotted black vertical lines in Fig. 4.4(b)). Thus, similar to Fig. 3.5

in Chap. 3 for the GC model, the GALI2 index accurately characterizes the chaotic orbit in a shorter

computational time compared to the ftmLE. The underlying reason is that as soon as the evolution of

the ftmLE begins to deviate from the −1 slope [dotted black vertical line in Fig. 4.4(a)], the GALI2 imme-

diately drops to zero [dotted black vertical line in Fig. 4.4(b)]. The vertical dotted black line indicates the

time at which the deviation vector deviates from the IC.

The results of Fig. 4.4 strongly support our previous observation in Chap. 3, that compared to

the commonly employed mLE approach, the GALI2 index is a very efficient method for distinguishing

between regular and chaotic orbits in Hamiltonian systems. However, in this chapter, our main goal is

to investigate the evolution of phase space structures in the 3D Hamiltonian system (4.1) as the POs

undergo a series of 2D and 3D pitchfork and period-doubling bifurcations. Thus, in order to gain a
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(a) ftmLE (t) (b) GALI2(t)

Figure 4.4: The time evolution of (a) the ftmLE σ1 (2.9), and (b) the GALI2 (2.12) for the regular (blue
curves) and chaotic (red curves) orbits shown in Fig. 4.3. The blue dashed line in (a) corresponds to a
function proportional to t−1, while the dotted black vertical lines in both panels indicate log10(t) = 2.4
time units.

deeper understanding of these complex phase space structures, we will use a visualization technique

which we now will introduce.

4.3.3 The method of color and rotation

While the construction of the standard 2D PSS as well as phase space projections are effective

techniques to visualize the dynamics of 2D Hamiltonian systems [such as the GC system (3.22) in

Chapter 3], and 2D maps [such as the standard map in Chap. 5], their application becomes impractical

for higher-dimensional systems. This is especially true for 3D Hamiltonian models or 4D maps, as these

lead to the creation of spaces with dimension greater than three. For such systems, we can use a

technique proposed by Patsis and Zachilas [Patsis and Zachilas, 1994] the so-called method of color

and rotation (CR). As its name suggests, this method involves color and rotation on a 4D PSS. The CR

method has been proven to be effective in investigating the behaviors of various phase space structures

in 3D Hamiltonian systems, including the 3D rotating GM system (4.1) (see, for example, [Contopoulos,

2002; Katsanikas et al., 2011, 2013; Patsis and Katsanikas, 2014a]). Furthermore, the method has been

successfully applied to study the phase space dynamics of 4D symplectic maps [Zachilas et al., 2013].

The CR method focuses on one or a few orbits by using a 3D projection of the consequents. We then

apply a color scale to effectively show the value of the fourth dimension, which is the one coordinate

not included in the 3D subspace representation. This visualization technique offers more details into the

system’s behavior, with the color variations revealing patterns or structures that may not be immediately

visible in a standard 3D projection, especially when rotating the 3D colored structures in order to observe
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them from different angles. Moreover, the CR method enables us to explore the complex dynamics of

the 4D phase space of a system and understand how all dimensions influence the system’s behavior.

We implement the CR method through the following steps:

(I) Create a PSS: We start with an IC of our 3D Hamiltonian (4.1) and calculate several intersections

of the related trajectory with the y = 0 plane (with py > 0 always determined from the Hamiltonian)

to get a dense set of points in the PSS. This results in a 4D set of points in the (x, px, z, pz) space.

(II) Choose a 3D subspace: After obtaining the PSS, we choose a 3D subspace such as (x, px, z) or

(px, z, pz), and plot the three-tuple of points. The axes can be scaled based on the minimum and

maximum values of each coordinate for clarity.

(III) Color code the fourth dimension: Each three-tuple of points is colored based on the value of its

fourth coordinate. To better understand the 3D data space, we simply implement a rather straight-

forward approach of rotating the 3D objects using plotting software. In particular, we use MATLAB’s

latest version (R2024a) 3D plot toolbox. Rotating the subspace enhances our understanding of

the generated phase space structures. By doing so, we manage to analyze the created structures

from different angles and reveal features that may not be apparent from a single point of view.

(IV) Normalize the color scale: Finally, we normalize the resulting interval of the fourth dimension

values (which is used to color the points) into the range [0, 1] for simplicity. This normalization

allows us to focus on the created color patterns rather than on the exact values of the fourth

coordinate. It also ensures that the color scale in the produced color plots remains consistent and

easy to interpret. This approach has been previously used in various studies (e.g. see [Katsanikas

et al., 2011])

Assuming we choose the (x, z, pz) subspace for presentation, then the color of the triplet point is

determined by its corresponding px value. This allows us to analyze how the points in the (x, z, pz)

subspace are distributed along the px direction. If the px value remains constant, the final 3D projection

will show a uniform color, i.e., in practice only one color will appear in the color scale.

Implementing the CR technique on a 4D PSS, the presence of a torus with a smooth color variation

on its surface indicates a regular orbit near a stable PO. On the other hand, the chaotic nature of an orbit

is manifested on a 4D PSS through the irregular behavior of points in the 3D projection and/or by the

mixing of colors representing the fourth dimension along the created 3D structure [Patsis and Zachilas,

1994; Katsanikas et al., 2011, 2013].

Unless an orbit quickly escapes to infinity for the given IC of the 3D GM (4.1) before reaching the final

simulation time we consider (typically t = 106 time units), the 4D PSS for the consequents is colored

based on the respective values of the momentum px (or sometimes the coordinate x for better visual-

ization). While presenting the 3D PSS according to other possible projections may provide alternative

perspectives, this choice does not change the overall outcome of our analysis. In our study, we choose

to present a specific 3D projection of the 4D PSS that offers more information on the arrangement of

the various structures and provides a higher resolution.
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We numerically evolve the system’s EoM (4.2) for ICs (x0, px0, z0, pz0) on the PSS y = 0, with the

corresponding upward momentum py0 being determined by the given Ej value. The integration is done

by using the RK4 scheme (2.7). We select an appropriate integration time step for each considered

galactic orbit in our investigation to ensure that the relative energy error remains smaller than 10−10

throughout the orbit’s evolution.

4.4 Numerical results

We thoroughly examine the phase space structure evolution before and after a series of 2D and 3D

bifurcations of POs in the 3D Hamiltonian (4.1). In particular, we systematically investigate four cases: a

2D pitchfork bifurcation, a 3D pitchfork bifurcation, and two 3D period doubling bifurcations. In our study,

a pitchfork bifurcation is a type of bifurcation that occurs in the Hamiltonian (4.1) when a stable PO of

one family of orbits give birth to two symmetrically stable POs of a new family of orbits. This bifurcation

is also referred to as “direct” or “supercritical” (see, for example, [Contopoulos, 2002, Sect. 2.4.3], and

[Strogatz, 2018, Sect. 3.4]).

Figure 4.5 illustrates the so-called characteristic diagram (see, for example, [Skokos et al., 2002a])

of the families of POs we consider in our study. This diagram shows the ICs of the POs as a function of

the Jacobi constant (Ej), which is a measure of the total energy of the system (4.1). The characteristic

diagram illustrates the relationship and the evolution of the families of POs under consideration as Ej

increases. For each IC, four coordinates define its position in the 4D PSS of the Hamiltonian (4.1). Thus,

we consider the 3D (Ej , x, z) subspace [Fig. 4.5(a)] to provide a more detailed characteristic diagram.

Additionally, the corresponding 2D projections (Ej , x) [Fig. 4.5(b)] and (Ej , z) [Fig. 4.5(c)] are shown for

the considered 2D and 3D families, respectively. We take Ej values in the interval −0.45 < Ej < 0.23,

where all four families of POs, which we study in our work, are fully observed.

Considering the main planar family x1 (black curves), we observe a bifurcation occurring at energy

level EA = −0.3924. This bifurcation leads to the birth of two new stable planar families, i.e., the orbits

are on the (x, y) plane, denoted as thr1 and its symmetric counterpart with respect to the y−axis, thr1S

(blue curves in Fig. 4.5). Then, the stable planar family, thr1, loses its vertical stability and undergoes

a bifurcation at energy level EB = −0.3356. This bifurcation results in the creation of two new, initially

stable, 3D families: thrz1 and its symmetric counterpart with respect to the system’s equatorial plane,

denoted by thrz1S [red curves Figs. 4.5(a) and Fig. 4.5(c)]. This bifurcation represents the 3D pitchfork

bifurcation. Then, the 3D family thrz1 undergoes a period-doubling bifurcation [Contopoulos, 2002,

Sect. 2.11.2] at EC = −0.3203, which results in a family of multiplicity two, denoted by thrz1(mul2),

along with its symmetric family thrz1(mul2)S (green curves in Figs. 4.5(a) and Fig. 4.5(c)). Finally, at

energy ED = −0.2943, the thrz1(mul2) stable 3D family undergoes another period-doubling bifurcation.

As a result, the family thrz1(mul2) becomes simple unstable, creating a new 3D stable family we call

thrz1(mul4) [along with its symmetric counterpart thrz1(mul4)S] of multiplicity four. These newly formed

families [i.e., thrz1(mul4) and thrz1(mul4)S] are shown by magenta curves in Figs. 4.5(a) and (c). Note

that due to our choice of projection to present the characteristic diagrams in Figs. 4.5(a) and (c), some
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curves, in particular the upper two branches of the magenta curve representing thrz1(mul4) family of

POs, actually consist of two overlapping curves. The different curve styles in Fig. 4.5 indicate the

stability type of each PO family; namely, solid curves represent stable POs, dashed line curves indicate

simple unstable POs, open circles denote double unstable POs, while curves containing the “x” symbol

correspond to complex unstable POs. We will delve into the evolution of each family in detail in the

follow-up subsections.

Figure 4.6 depicts the so-called “stability diagram” (e.g. see [Skokos et al., 2002a; Patsis and Kat-

sanikas, 2014a]), which shows how the stability of different families of POs changes with respect to the

energy level, Ej . This diagram illustrates the evolution of the two stability indices, b1 and b2 (4.8) (which

are related to vertical and radial perturbations of the POs, respectively) as a function of Ej . Again, we

represent each family and the associated symmetric counterpart by a single color curve.

We can analyze the stability transitions observed in Fig. 4.6 through the behavior of the b1 and b2

indices as follows: Initially, when the index b2 of the main family x1 (represented by the black curves)

crosses the b = −2 line at energy EA = −0.3924, the x1 PO loses its radial stability, resulting in the

creation of the two new stable families thr1 and thr1S (blue curves). At the second bifurcation at EB =

−0.3356, when the vertical stability index b1 crosses the b = −2 line, the stable family thr1 transitions to

simple instability. At the same time, we observe the birth of the new stable 3D families thrz1 and thrz1S

(red curves in Fig. 4.6). At the third observed bifurcation at EC = −0.3203, the radial stability index b2 of

the thrz1 family crosses the b = −2 line, and the family becomes simple unstable. This transition leads to

the first 3D family formed through a period-doubling bifurcation we study; namely, the thrz1(mul2) family

(green curves). Lastly, the fourth bifurcation takes place at energy ED = −0.2943, where the b2 index of

the thrz1(mul2) family crosses the b = −2 line, leading to the creation of the stable multiplicity four family

thrz1(mul4) and its symmetric counterpart thrz1(mul4)S (magenta curves in Fig. 4.6).

The stability indices for each family (thr1, thrz1, etc.) are the same for their respective symmetric

counterparts (thr1S, thrz1S, etc.). Furthermore, in Fig. 4.6, the stability curves of the families introduced

in the system by period-doubling [thrz1(mul2) and thrz1(mul4)] do not originate from the intersection of

the parent family’s stability index with the b = 2 line. This intersection occurs only if we compute the

stability indices of the parent family as having double multiplicity. To avoid overloading the figure with

many curves, we chose to not present the stability diagrams of these families (the reader can refer to

[Skokos et al., 2002b, Appendix A] and [Patsis and Athanassoula, 2019] for more details).

In Fig. 4.6, the four vertical purple lines, denoted by EA, EB , EC , and ED, respectively, indicate

the energy levels where critical bifurcations occur. These bifurcations lead to the birth of new families:

thr1 from x1 (EA = −0.3924), thrz1 from thr1 (EB = −0.3356), thrz1(mul2) from thrz1 through period-

doubling (EC = −0.3203), and thrz1(mul4) from thrz1(mul2) through another period-doubling bifurcation

(ED = −0.2943). The magenta-shaded areas in Fig. 4.6 depict energy intervals where the thrz1(mul4)

family becomes complex unstable (the discriminant ∆ < 0 in Eq. (4.8), and their b1 and b2 are undefined).

Additionally, the four vertical orange lines indicate the energy levels, which correspond to the specific

cases discussed in Sect. 4.4.2 (see Table 4.1 for more details).

The morphology of representative stable members of the families of POs is shown in Fig. 4.7. The
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(a) The 3D (Ej , x, z) space for −0.45 < Ej < 0.23

(b) The 2D (Ej , x) space for −0.45 < Ej < 0.3 (c) The 2D (Ej , z) space for −0.35 < Ej < 0.23

Figure 4.5: The characteristic diagrams of various families of POs for the Hamiltonian (4.1) as the
energy level, Ej , varies. Each family is represented by different colored curves: thr1 (blue), thrz1 (red),
thrz1(mul2) (green), and thrz1(mul4) (magenta), along with their symmetric counterparts denoted by
adding an “S” at the end of the family’s name. The main 2D family x1 is represented by black curves.
Different curve styles indicate the stability types of the POs: solid curves indicate stable POs, while
dashed line curves, open circles, and “x” symbol curves denote simple unstable, double unstable, and
complex unstable POs, respectively. The energy Ej values where bifurcations occur are: EA = −0.3924,
EB = −0.3356, EC = −0.3203 and ED = −0.2943. Note that the thrz1(mul4) family has four branches,
with the upper two branches (higher positive z values) overlapping in (a) and (c).
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Figure 4.6: The evolution of the vertical (b1) and radial (b2) stability indices as a function of the Jacobi
constant (Ej) for the families of POs considered in our study. The stability indices of the various families
are depicted by different colored curves: x1 (black), thr1 (blue), thrz1 (red), thrz1(mul2) (green), and
thrz1(mul4) (magenta). The four vertical purple lines indicate the bifurcation points (EA = −0.3924,
EB = −0.3356, EC = −0.3203 and ED = −0.2943), while the four vertical orange lines represent specific
energy levels E1 = −0.3183, E2 = −0.3157, E3 = −0.2941, and E4 = −0.2907, which will be further
discussed in Sect. 4.4.2.

orbits are displayed in different 2D projections: the (x, y), (x, z), and (y, z) planes from left to right. We

present a stable PO of each family in a separate panel from top to bottom: x1 [black curve, Fig. 4.7(a)],

thr1 [blue curve, Fig. 4.7(b)], thrz1 [red curves, Fig. 4.7(c)], thrz1(mul2) [green curves, Fig. 4.7(d)], and

thrz1(mul4) [magenta curves, Fig. 4.7(e)]. The POs of the x1, thr1, and thrz1 families are of multiplicity

one, which means these orbits cross the y = 0 axis (with py > 0) only once per orbital period. On the

other hand, the PO of the thrz1(mul2) and the thrz1(mul4) shown by the green and magenta curves in

Fig. 4.7, respectively, have two and four such crossings per period, which means that their multiplicity is

two and four, respectively.

Next, we will use the information provided by the characteristic diagram in Fig. 4.5, the stability

diagram of Fig. 4.6, and the morphology of representative stable POs depicted in Fig. 4.7 as a base for

our further investigations. These figures serve as a reference in our analysis of the dynamical evolution

of phase space structures in the 4D PSS across a series of successive bifurcations.

4.4.1 Pitchfork bifurcations

A pitchfork bifurcation occurs when a family of stable POs becomes unstable, at the same time

generating a pair of new stable POs with the same multiplicity as the parent family. In this section,
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Figure 4.7: The morphology of representative stable POs from the five families of POs we consider. We
plot three multiplicity one POs: (a) the x1 PO with Ej = −0.41, (b) the thr1 PO with Ej = −0.35, and (c)
the thrz1 PO with Ej = −0.3306. A multiplicity two thrz1(mul2) PO for Ej = −0.3183, and a multiplicity
four thrz1(mul4) PO for Ej = −0.2831 are, respectively, shown in (d) and (e). From left to right, the
families are shown in different 2D projections, namely (x, y), (x, z), and (y, z).

we study in detail the evolution of the phase space structure before and after a 2D and 3D pitchfork

bifurcation, which takes place in the Hamiltonian (4.1).

4.4.1.1 A 2D pitchfork bifurcation

From the results depicted in Fig. 4.6, we observe that the main planar x1 family (black curves) remains

stable for small Ej values, with both of its stability indices falling in the range of (−2, 2). As illustrated in

Fig. 4.7(a), the morphology of the x1 PO exhibits an elliptical-like shape aligned along the major axis. As

the system’s energy Ej increases, the x1 family undergoes a transition to simple instability at a critical

pointEA = −0.3924. This instability leads to the creation of two initially stable 2D families of POs: the thr1

[a representative stable PO is shown in Fig. 4.7(b)] and its symmetric counterpart thr1S. The thr1 family

(along with the thr1S) remains stable for energies EA < Ej < EB = −0.3356, as indicated by its stability

indices (blue curves in Fig. 4.6), which lie between −2 and 2. On the other hand, the x1 family is simple

unstable throughout the interval [EA, EB ], except for a small energy window (−0.374 < Ej < −0.359)

where x1 exhibits double instability.

To illustrate the 3D projection of the DS’s 4D phase structure for a quasiperiodic orbit close to the

x1 stable PO, we consider a representative case of the DS (4.1) 4D PSS with Ej < EA, particularly for

Ej = −0.41. Furthermore, this example allows us to effectively demonstrate how the CR method we
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defined in Sect. 4.3 can be used to visualize the phase space dynamics and interpret the underlying

properties of the system’s behavior.

Figure 4.8 depicts the 3D colored projection of the system’s 4D PSS of a quasiperiodic orbit close to

the x1 PO at Ej = −0.41. At this energy, the x1 PO is stable, and hence it is surrounded by invariant tori

in the 4D PSS. In particular, the torus depicted in Fig. 4.8 is obtained by a small perturbation of the x1

PO’s IC along the z-axis, specifically by ∆z = 5×10−2. In order to make sure that both the PO itself and

the perturbation in the z direction have exactly the same energy, we also adjust the momentum along

the y-axis of the perturbed orbit by considering py > 0. The 3D subspace (px, z, pz) projection of the 4D

PSS in Fig. 4.8 reveals the presence of an invariant torus around the stable x1 PO. The smooth color

variation on the torus itself suggests that orbits obtained from small z perturbations of the stable x1 PO

remain close to this orbit.

By analyzing the structure of the torus in Fig. 4.8, we can make the following two key observations:

1. The smoothness of the color variation on the torus suggests that the (px, z, pz) subspace maintains

a similar configuration in its fourth dimension (x). This smooth color variation on the projected

torus indicates that the orbit exhibits the characteristic of a regular orbit. The regular nature of the

orbit is further confirmed by the computed time evolution of its GALI2 index (2.12) in Fig. 4.8(c).

As we can see from this figure, the GALI2 oscillates around a constant positive value, a behavior

typically observed for regular orbits of conservative Hamiltonian systems [e.g. see the blue curve in

Fig. 4.4(b)]. The important characteristic here is the smooth variation of the color on the surface of

the form, rather than the specific color pattern itself, which suggests a similar smooth arrangement

in the not plotted fourth dimension of the 3D subspace (in this case, x) of the system’s 4D PSS.

This feature is evident in Fig. 4.8(b) where we plot the 3D projection of the same orbit on the

(x, px, z) subspace. In a nutshell, taking any possible 3D projection of the system’s (4.1) 4D PSS

for an orbit close to the stable x1 PO results in a torus-like structure with smooth color variation in

the fourth dimension.

2. Consider moving anticlockwise on the torus in Fig. 4.8(a), starting from the point indicated by the

yellow arrow on the torus’s exterior surface, or clockwise starting from the point indicated by the

dark blue arrow on the interior surface. By doing so, we see that the color remains consistent as

we transition between the interior and exterior surfaces of the torus. In fact, the torus’s external

and internal surfaces intersect at specific regions, which are represented by vertical green lines in

Fig. 4.8(a). These smooth color transitions observed on the 3D projected torus have already been

discussed in detail previously (e.g. see [Katsanikas et al., 2011]).

Slightly increasingEj beyondEA results in the transition of the x1 PO family to simple instability, while

the newly bifurcated planar POs of the thr1 family (and its symmetric counterpart thr1S) are stable. The

instability in the x1 family is radial, as indicated by the b2 index (blue curve in Fig. 4.6) crossing below the

critical stability threshold b = −2. Thus, applying radial perturbations to the unstable x1 POs by changing

their x coordinates, we get planar chaotic orbits creating a “Figure-8” structure on the system’s 4D PSS.

Fig. 4.9(a) illustrates the planar (x, px) projection of the system’s (4.1) 4D PSS (i.e., z = pz = 0) for the
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(a) Perturbation of the x1(S) PO

(b) Similar to (a) but from a different viewing angle (c) GALI2(t)

Figure 4.8: The 3D projection (px, z, pz) of the system’s (4.1) 4D PSS for a quasiperiodic torus around
the stable x1 PO at energy Ej = −0.41 colored according to the values of the fourth coordinate x. The
color scale, associated with the x values, is normalized on the range [0, 1] (see Sect. 4.3). The IC for
this orbit is obtained by a small perturbation (∆z = 5 × 10−2) of the PO’s IC along the z−axis, and an
appropriate adjustment of the py > 0 value. Points on the torus maintain their color as they transition
between the interior and exterior surfaces of the torus at regions indicated by the vertical green lines.
The yellow and dark blue arrows, described in the text, represent the structure of the torus and indicate
where these surfaces intersect. (b) Similar to panel (a) but for the 3D (x, px, z) projection. (c) The time
evolution of the GALI2 for the same orbit, demonstrating the orbit’s regular nature.

orbit created by perturbing the IC of the simple unstable x1 PO at Ej = −0.3919 by ∆x = 10−3. The

consequents of this orbit form a Figure-8 structure in the (x, px) plane. The unstable x1 PO (indicated

by the red arrow) is located at the center of the Figure-8 structure. This configuration is a typical pattern
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observed in 2D PSSs for radial perturbations of the unstable x1 POs (e.g. see [Contopoulos, 2002,

Fig. 2.45]). It is worth mentioning that for the 3D GM (4.1), we observe that the 2D projection of the

system’s 4D PSS for the simple unstable x1 POs retains the Figure-8 morphology depicted in Fig. 4.9(a),

even when we apply small radial changes (such as ∆x = 10−5 and ∆x = 10−8).

On the other hand, perturbing the stable planar x1 POs along the z coordinate introduces additional

dimensions to the space visited by the orbit. Fig. 4.9(b) illustrates the (px, z, pz) projection of the system’s

4D PSS for a particular perturbation of ∆z = 2 × 10−2 at Ej = −0.3919 of the unstable x1 POs. In

general, when we perturb the unstable x1 PO by ∆z ≤ 2 × 10−2, the (x, z, pz) consequents do not

diffuse in the z-direction. Instead, these consequents form a ribbon-like structure in the 4D PSS. This

is indicated by the smooth color variation of the fourth coordinate (x) of the 3D projection in Fig. 4.9(b).

Similar to the torus of the quasiperiodic orbit in Fig. 4.8, we observe characteristic color transitions

from the interior to the exterior sides of this structure. Furthermore, one can observe that the (x, px)

projection in Fig. 4.9(b) still maintains the Figure-8 structure that we observed for the same unstable

x1 PO perturbation by δx = 10−3 in Fig. 4.9(a). To the best of our knowledge, this is the first reported

analysis of the Figure-8 structure associated with vertical perturbations of a radially unstable (i.e., b2 /∈

[−2, 2]) and vertically stable [i.e., b1 ∈ (−2, 2)] PO of the 3D Hamiltonian system (4.1). While our study

in this chapter primarily focuses on the 3D phase space structures around POs that extend beyond the

x1 family, the results provided in Fig. 4.9 may serve as a starting point for future studies in this area.

For practical considerations about studying 3D orbits near simple unstable POs that maintain vertical

stability, the reader is referred to Appendix A of [Moges et al., 2024b].

In Fig. 4.11(a), we present the evolution of the computed GALI2 for the orbits corresponding to

Figs. 4.9(a) and (b). For the orbit created by perturbing the IC of the simple unstable x1 PO at Ej =

−0.3919 by ∆x = 10−3, the GALI2 (red curve) eventually decays to zero exponentially fast but at a

slower rate (around t ≈ 5 × 105) compared to, for example, 2D system of (4.1) at Ej = 0.41 [red curve

in Fig. 4.4(b)], indicating weakly chaotic behavior. On the other hand, for the same unstable x1 PO

perturbation by ∆z ≤ 2 × 10−2 (blue curve), the GALI2 oscillates around a constant positive value,

characteristic of regular motion.

Furthermore, perturbing the newly bifurcated stable planar thr1 PO in the z-direction creates an

invariant torus around the PO (Fig. 4.10). This torus is again characterized by a smooth color variation,

similar to what was shown in Fig. 4.8. We note that according to the evolution of their GALI2 depicted

in Fig. 4.11(b), the motion is regular, where the blue and black curves correspond to the stable thr1

and thr1S POs, respectively, with the same perturbation ∆z = 5 × 10−2. In both cases, the GALI2

remains practically constant. As expected, the dynamical behavior for orbits near the stable thr1 and its

symmetric counterpart thr1S is virtually the same (i.e., the blue and black curves in Fig. 4.11(b) converge

to practically the same value).

In Fig. 4.10, we can also observe distinct color transitions (in this case, between dark blue and red

regions) moving from the exterior to the interior surface of the torus and vice versa, which occur along

regions where the darker blue and red areas intersect. Similar tori to those around the stable thr1 POs

presented in Fig. 4.10 can also be formed around the stable thr1S POs. Both of these tori are located
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(a) (b)

Figure 4.9: The (a) 2D (x, px) PSS and (b) 3D colored projection (px, z, pz) of the system’s (4.1) 4D PSS
for orbits created through perturbations of the unstable x1 PO along the (a) x by ∆x = 10−3 and (b) z
coordinates by ∆z = 2 × 10−2 for Ej = −0.3919 (this energy value is between the critical energies EA
and EB). The red arrow in (a) indicates the IC of the unstable x1 PO, which is marked by a red point.

within the left and right lobes of the Figure-8 structure illustrated in Fig. 4.9(b). We will explore these

behaviors in more detail in the following subsections.

Figure 4.10: The 3D colored projection (px, z, pz) of the equation of the Hamiltonian (4.1) system’s 4D
PSS, which is created by perturbing the stable thr1 PO by ∆z = 5× 10−2 at Ej = −0.3919 as in Fig. 4.9.

4.4.1.2 A 3D pitchfork bifurcation

From the results of Fig. 4.6, we observe that as the energy level Ej of the system (4.1) further

increases, the stability type of the newly formed thr1/thr1S families, which emerge from the main x1

bifurcation, also changes. At the critical energy level EB = −0.3356, the initially stable planar thr1 family

transitions to simple instability (blue curves in Fig. 4.5). This transition creates a pitchfork bifurcation,

resulting in two new 3D families of POs: the thrz1 family and its symmetric counterpart, thrz1S (red

curves in Fig. 4.5). For now, let us just focus our attention on thrz1, as its symmetric counterpart family

thrz1S exhibits a similar dynamical behavior. The morphology of a representative stable PO belonging

to the thrz1 family at Ej = −0.3306 is shown in Fig. 4.7 (red curves). The orbit’s (x, y) projection shows

66



(a) (b)

Figure 4.11: (a) The time evolution of the GALI2 for the orbits corresponding to Fig. 4.9. Specifically, the
red and blue curves represent the orbits shown in Fig. 4.9(a) and Fig. 4.9(b), respectively. (b) The time
evolution of the GALI2 for the orbits corresponding to the thr1 (blue curve) [the perturbed stable thr1 PO
in Fig. 4.10] and its symmetric counterpart thr1S (black curve) POs by ∆z = 5× 10−2.

a crescent-like shaped structure, which is similar to the structure observed for the representative stable

2D thr1 PO in Fig. 4.7(b). The thrz1 family becomes simple unstable at EC = −0.3203 and retains this

instability over a range of energy values (see red curves in Fig. 4.6). From Fig. 4.6 we observe that the

vertical stability index b of the thr1 family (blue curves) crosses the b = −2 line at Ej = EB , indicating

that thr1 becomes vertically unstable beyond EB . On the other hand, the radial stability remains within

the stable range (−2 < b2 < 2) on the energy interval (EB , EC).

To understand the phase space structures for energies just above EB (where the thr1 family is un-

stable and the thrz1 and thrz1S ones are stable), we present in Fig. 4.12(a) the 3D (x, z, pz) projection

of the system’s 4D PSS for orbits obtained by small perturbations along the z axis of the unstable thr1

PO, as well as the stable thrz1, and thrz1S POs at Ej = −0.3307. Each (x, z, pz) consequent is colored

based on its px value.

From the findings of Fig. 4.12, we observe that applying a small z perturbation (∆z = 10−5) to

the ICs of the unstable 2D thr1 PO results in the creation of a thin Figure-8 structure in the (x, z, pz)

projection shown in Fig. 4.12(a). Due to the instability of the thr1 PO at this specific energy value, even

a very small perturbation in the z-direction causes the orbit to diverge from the PO’s location in the

phase space, where the IC of this orbit is located at the intersection of the two halves of the Figure-8

structure. Nonetheless, there is a smooth color variation across this Figure-8 structure [Fig. 4.12(a)],

which suggests the presence of similar Figure-8 structures with smooth color variations in all possible

3D projections of the system’s 4D PSS. Such structures have also been observed in previous works

(e.g. see [Patsis and Zachilas, 1994; Katsanikas et al., 2013]). The time evolution of the GALI2 for

this orbit is depicted in Fig. 4.13 (red curve), with the characteristic exponential decrease confirming its
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chaotic nature.

Perturbing the stable thrz1 and thrz1 POs in the z-direction by ∆z = 5 × 10−2 leads to quasiperiodic

motion observed on the two invariant tori inside the Figure-8 lobes [Fig. 4.12(a)]. The right torus corre-

sponds to the perturbations of the stable thrz1 PO, while the left torus relates to an orbit in the vicinity

of the stable thrz1S orbit. Since both newly formed families (i.e., thrz1 and thrz1S) are of multiplicity one

(similar to their parent thr1 family), the two tori remain independent. This means that the orbits on the

left torus do not visit the right torus (and vice versa), as there is a distinct separation between the two

sets of quasiperiodic orbits. The first five consequents of each quasiperiodic orbit are denoted by black

diamond symbols numbered ‘1’ to ‘5’ in Fig. 4.12(a). The configuration of these tori resembles what was

observed for the quasiperiodic orbits around the stable POs of x1 (Fig. 4.8) and thr1 (Fig. 4.10) fami-

lies. These orbits are regular, as shown by the evolution of the GALI2 for the perturbations of the stable

thrz1 PO case (represented by the blue curve in Fig. 4.13) which remain practically constant. While the

perturbations of the three POs orbits (x1, thr1 and thr1S) of Fig. 4.12 appear different in different 3D

projections, they maintain the Figure-8 structure for the x1 perturbed orbit and exhibit toroidal structures

for the perturbation of the thr1 and thr1S.

We note that the color transition from the exterior to the interior surface of a torus, observed for

perturbations of the planar POs (as seen in Fig. 4.8), is also observed for perturbations of the stable 3D

POs. In Fig. 4.12(b), we present the (pz, z, x) projection of the system’s 4D PSS for a quasiperiodic orbit

close to the thrz1 PO colored according to the corresponding px values [this is actually the right torus in

Fig. 4.12(a)]. We observe color transitions when moving from the exterior to the interior surface of the

torus [following the directions indicated by the red and blue arrows in Fig. 4.12(b)], and vice versa. These

transitions occur in the regions where the blue and red areas intersect. These regions are indicated by

vertical green lines in Fig. 4.12(b). This color transition is also clearly visible in Fig. 4.12(c), where the

structure of Fig. 4.12(b) is seen from a different angle.

Let us now briefly examine what happens when we view the Figure-8 structure of Fig. 4.12(a) in a

different 3D projection. In Fig. 4.14, we present the same orbits as in Fig. 4.12(a), but in the (x, px, z)

3D projection, where the pz coordinate determines the color of each consequent. This 3D projection of

the system’s 4D PSS reveals that the tori of the quasiperiodic orbits surrounding the newly formed 3D

families, thrz1 and thrz1S, form an eight-shaped ribbon-like structure, with the unstable thr1 orbit located

at the intersection of its lobes. Thus, we see that the specific arrangement of the tori and Figure-8

structures heavily depends on how we select the 3D projection of the system’s 4D PSS and the type of

perturbations applied to the POs. In Figs. 4.12(a) and 4.14, we applied the following perturbations: ∆z =

10−5 to the unstable thr1 PO, which resulted in the creation of Figure-8 structures, and ∆z = 5 × 10−2

for the stable thrz1 and thrz1S POs. Now, let us explore different perturbations to observe how the phase

space structure changes. Fig. 4.15 depicts the 3D projection of the system’s 4D PSS under different

perturbations, namely ∆z = 10−5 for the unstable thr1 PO and ∆px = 2.5× 10−3 and ∆pz = 1.2× 10−2

for its stable 3D bifurcations, thrz1 and thrz1S, respectively. The consequents of these orbits form the

8-shaped structure and the two tori when the orbits are integrated up to t ≈ 104 time units [Fig. 4.15].

For larger integration times, the Figure-8 structure begins to diffuse in the 4D PSS, occupying a larger
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(a) Perturbations of the thr1 (U), thrz1 (S) and thrz1S (S) POs

(b) Right torus in (a) (c) Similar to (b) but from a different viewing angle

Figure 4.12: (a) The 3D colored (x, z, pz) projection of the system’s 4D PSS at Ej = −0.3307 for three
orbits, where color represents the px value. A small z-direction perturbation (∆z = 10−5) applied to the
unstable 2D thr1 PO results in the Figure-8 structure, while perturbation of the stable 3D POs thrz1 and
thrz1S with ∆z = 5×10−2 generates two invariant tori, with the right torus corresponding to the thrz1 orbit
and the left to the thrz1S. (b) The right torus in (a) projected in the 3D (pz, z, x) subspace. (c) Similar
to panel (b) but for the 3D (z, pz, x) projection. The black diamond points in (a) represent the first five
consequents of orbits starting from a specific point (marked as “1”) on each torus. In panel (b), points on
each torus maintain their color as they transition between the interior and exterior surfaces of the torus
at regions indicated by the green lines. The blue and red arrows, described in the text, represent the
structure of the torus and indicate where these surfaces intersect. A similar observation can be made
for panel (c).

phase space volume [see Fig. 4.15(b), where the orbits were integrated up to t = 105 time units].

The Figure-8 structures are clearly visible when we apply any ∆z perturbations to the planar simple

unstable thr1 PO family [Figs. 4.12(a), 4.14 and 4.15]. On the other hand, when small radial perturbations
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Figure 4.13: The time evolution of the GALI2 for the orbits corresponding to Fig. 4.12. In particular the
red and blue curves represent the perturbations of the thr1 (U) and thrz1 (S) POs, respectively.

Figure 4.14: Similar to Fig. 4.12(a), but for the (x, px, z) 3D projection when points are colored according
to their pz value.

(such as ∆x or ∆px) are applied to the ICs of this PO, we observe that the resulting orbits remain planar.

These planar orbits then form closed curves around the simple unstable PO in the (x, px) projection

of the system’s 4D PSS, resembling what has been observed for the x1 family in Fig. 4.9(a) (see also

[Patsis and Katsanikas, 2014a] for more details).

Let us now shift our focus to the system’s (4.1) configuration space (x, y, z) and examine the mor-

phologies given by quasiperiodic orbits around the thr1 and thrz1 POs near the bifurcation point EB =

−0.3356 (see Figs. 4.5 and 4.6). Fig. 4.16 illustrates the (x, y), (x, z), and (y, z) projections for pertur-
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(a) Perturbation of the thr1 PO (U) integrated up to t = 104

(b) Perturbation of the thr1 PO (U) integrated up to t = 105

Figure 4.15: Similar to Fig. 4.12(a) but for perturbations of the unstable thr1 PO by ∆z = 10−5, and the
stable thrz1 and thrz1S POs by ∆px = 2.5 × 10−3 and ∆pz = 1.2 × 10−2, respectively. The perturbation
of the unstable thr1 PO is integrated up to (a) t = 104 and (b) t = 105 time units, while the tori within the
Figure-8 lobes are generated by integrating the perturbations of the stable thrz1 and thrz1S POs up to
t = 106 time units.

bations of both the thrz1 and thrz1S POs (black curves) and their corresponding symmetric counterparts

thr1S and thrz1S (red curves). For simplicity, we will limit our analysis to the thr1 and thrz1 orbits, as there

are no apparent morphological differences between these orbits and their symmetric counterparts.

When Ej < EB , the 2D thr1 family is stable while the 3D thrz1 family is not yet to be created.

Figs 4.16(a) and (b) show the 2D (x, y), (x, z), and (y, z) projections of the orbit obtained by perturbing

the planar thr1 PO along the z-axis by ∆z = 5× 10−2 for Ej = −0.38 and Ej = −0.338, respectively. On

the other hand, when Ej > EB , the 3D thrz1 and thrz1S families are stable, unlike the 2D families thrz1

and thrz1S, which become unstable (see Fig. 4.5). We have already shown all possible 2D projections of

the 3D thrz1 PO for Ej = −0.3306 in Fig. 4.7(c). Now, in Figs 4.16(c) and (d), we present quasiperiodic

orbits that result from a ∆z = 5 × 10−2 perturbation of the thrz1 POs (black curves) for Ej = −0.3346

and Ej = −0.33, respectively.

Comparing the 3D quasiperiodic orbits near the stable 2D thr1 PO Ej ≲ EB in Figs 4.16(a) and (b)
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with the 3D thrz1 PO (Ej ≳ EB) [Fig. 4.7(c)] and its corresponding perturbations for Ej = −0.3346

[Fig. 4.16(c)] and slightly larger energy value, Ej = −0.33 [Fig. 4.16(d)], we observe an interest-

ing feature regarding the system’s morphologies near the 3D bifurcation point. The (x, y) projections

(left columns in Fig. 4.16) of all these orbits exhibit similar morphologies resembling a crescent-like

shaped structure when both orbits from the symmetric families are considered. However, the config-

uration changes when examining the other two projections on the (x, z) and (y, z) planes (middle and

right columns in Fig. 4.16). The perturbed thr1 orbit for energies farther from the 3D bifurcation point

(Ej ≪ EB) [Fig. 4.16(a)] differs significantly from both the 3D thrz1 PO [Fig. 4.7(c)] and its nearby

quasiperiodic orbits [Figs. 4.16(c) and (d)]. This contrast emphasizes the distinct behaviors of the sys-

tem’s morphologies as the energy crosses the bifurcation value EB , particularly in the (x, z) and (y, z)

projections. Furthermore, a noteworthy observation is that for energies approaching, but still below, the

bifurcation point (Ej < EB), the (x, z) and (y, z) projections of the 3D perturbed 2D stable thr1 PO

[Fig. 4.16(b)] closely resemble those of the thrz1 PO [Fig. 4.7(c)] and its perturbed orbits [Figs 4.16(c)

and (d)]. This similarity is present despite the absence of the thrz1 family for energies below EB . This

observation emphasizes a significant finding: the configuration space morphology of 3D perturbations

applied to the 2D stable thr1 PO just before the bifurcation (Ej < EB) foreshadows the shape of the 3D

thrz1 PO that will emerge at the bifurcation point (Ej = EB). In essence, the system’s 2D quasiperiodic

orbits gradually evolve towards the morphology of the 3D bifurcating family. A similar behavior, but for

different orbits, has been previously reported in [Patsis and Katsanikas, 2014a].

4.4.2 3D period-doubling bifurcations

In this section, we consider 3D period-doubling bifurcations leading to multiplicity-two and multiplicity-

four orbits. We examine the evolution of the phase space structures before and after these bifurcations,

as well as the bifurcations of the parent families.

A. A period-doubling bifurcation leading to a multiplicity two orbit

As we increase the energy Ej of the system, the 3D thrz1 family of POs transitions from stable to

simple unstable at the critical point EC = −0.3203. This change occurs when its radial (b2) stability

index goes above the stability threshold b = 2 (red curve in Fig. 4.6). As a result, a period-doubling

bifurcation occurs, which leads to the creation of the 3D thrz1(mul2) family and its symmetric counterpart

thrz1(mul2)S. A representative stable PO of the thrz1(mul2) family is shown in Fig. 4.7(d). This orbit

exhibits a form similar to one of the parent family thrz1 of multiplicity one, but with two distinct ‘loops’

instead of just one. The initially stable thrz1(mul2) family becomes simple unstable at Ej = −0.2943 and

double unstable for −0.2807 < Ej < −0.2692.

B. A period-doubling bifurcation leading to a multiplicity four orbit

The thrz1(mul2) family of POs (green curves in Fig. 4.5), transitions from stability to instability at

energy ED = −0.2943. This change of stability results in the creation of the multiplicity four 3D fam-
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Figure 4.16: The morphology of representative quasiperiodic orbits around the 2D thr1 and 3D thrz1
POs obtained by a ∆z = 5× 10−2 perturbation of the PO’s ICs (black curves). The left, middle, and right
columns show projections in the (x, y), (x, z), and (y, z) planes. The orbits are created by perturbing the
thr1 [thrz1] PO at two different energy levels: (a) Ej = −0.38 and (b) Ej = −0.338 [(c) Ej = −0.3346 and
(d) Ej = −0.33]. Red curves represent the morphologies corresponding to the symmetric counterparts
of each orbit.

ily, thrz1(mul4) along with its symmetric counterpart thrz1(mul4)S, depicted by the magenta curves in

Fig. 4.5. The initially stable thrz1(mul4) family becomes complex unstable in two small energy intervals:

−0.2917 < Ej < −0.2872 and −0.2667 < Ej < −0.2622 (which are represented by the shaded magenta

regions in Fig. 4.6). In between these complex instability intervals, the multiplicity four family is simple

unstable on the interval −0.28 < Ej < −0.2698 and remains stable otherwise. The morphology of a

representative stable PO member of the thrz1(mul4) family for Ej = −0.2831, is shown in Fig. 4.7(e).

C. Investigation of the phase space structure

In order to understand how the multiplicity of two and four POs created by the two period-doubling

bifurcations influence the phase space structure of system (4.1), we systematically examine four different

cases with energies larger than the third critical point, i.e. Ej > EC , where j = 1, 2, 3, 4. These four

energy levels are denoted by orange vertical lines in Fig. 4.6. The first two energies are between the EC

and ED values, where the thrz1(mul4) PO has not yet been created, while the latter two values represent

energies greater than ED.
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The four cases are carefully selected to explore all possible stability combinations of the four major

bifurcated families of POs we have observed thus far: the 2D thr1 as well as the 3D thrz1, the thrz1(mul2),

and the thrz1(mul4) family. Table 4.1 presents the Ej values, the stability characteristics of the POs of

each family, and the figures where the associated phase space structures are shown. For simplicity, we

denote stable, simple unstable, double unstable, and complex unstable POs as “S,” “U,” “DU,” and “∆”,

respectively. A dash “-” indicates that the specific family does not exist at the particular energy value, as

discussed in Figs 4.5 and 4.6.

Table 4.1: Details for the four specific cases with energies Ej , j = 1, 2, 3, 4, which are discussed in
Sect. 4.4.2, along with the stability types of the POs belonging to the thr1, thrz1, thrz1(mul2), and
thrz1(mul4) families at those energies with S, U, DU, and ∆, respectively, denoting stable, simple un-
stable, double unstable, and complex unstable POs. Note that “-” denotes that the family of POs does
not exist for the specific energy value. The table also includes the figure numbers of the 3D projections
of the system’s 4D PSS presented for each energy.

Case Energy thr1 thrz1 thrz1(mul2) thrz1(mul4) Figure
1 -0.3183 U U S - Fig. 4.17
2 -0.3157 DU U S - Fig. 4.18
3 -0.2941 U U U S Fig. 4.21
4 -0.2907 U U U ∆ Fig. 4.22

Case 1: E1 = −0.3183, thr1 (U), thrz1 (U), thrz1(mul2) (S), thrz1(mul4) (-)

At the energy E1 = −0.3183 (the first orange vertical line in Fig. 4.6, just after the third bifurcation

point EC), we observe that both the thr1 (blue curves in Fig. 4.6) and thrz1 (red curves in Fig. 4.6) families

of POs are simple unstable, while the thrz1(mul2) family (green curves in Fig. 4.6) is stable. Note that

at this energy, the thrz1(mul4) family has not been yet created. Fig. 4.17(a) depicts the 3D projection of

the system’s (4.1) 4D PSS for case 1. A ∆z = 10−5 perturbation of the simple unstable thr1 PO results

in a scattered set of points vaguely forming a Figure-8 structure. This structure is less well-defined

compared to the one seen in Fig. 4.12(a) because not only the thr1 PO is unstable, but the thrz1 PO is

also no longer stable. As a result, there are no surrounding tori where clear Figure-8 structures can form

for the perturbed unstable thr1 PO at E1. The presence of invariant tori around stable POs of the newly

bifurcated families plays an important role in maintaining well-defined typical Figure-8 structures when

a parent family transitions from stability to simple instability. The consequents of orbits created from

perturbing unstable POs are influenced by the unstable manifolds (e.g. see [Katsanikas et al., 2013,

Fig. 12]). This leads to the formation of the standard Figure-8 structures [such as in Fig. 4.12(a)] around

tori associated with quasiperiodic orbits near stable POs of the bifurcated families.

It is important to highlight that the scattered points of the perturbed unstable thr1 PO in Fig. 4.17(a)

show a smooth color variation along the less well-defined 8-shaped structure. This indicates a “sticky

behavior”, which is a transient phase in the orbit’s evolution that could significantly influence the long-

term dynamics of disk galaxies. The thr1 orbit perturbed by ∆z = 10−5 at Ej = E1 behaves differently

from the ∆z perturbed thr1 PO at Ej = −0.3307 [Fig. 4.12(a)]. This shows how the dynamics near a PO

(in this case, simple unstable thr1) can change as we move away from where its bifurcation point oc-

curred. Thus, the structure of the phase space around unstable POs is closely related to their immediate

74



surroundings.

On the other hand, the orbit created by a ∆x perturbation of the planar thr1 PO at Ej = E1 remains

planar. The behavior of these perturbed orbits on the (x, px) projection is influenced by the strength of

the perturbation, leading to planar quasiperiodic motion or rapid diffusion in the system’s phase space.

Our analysis shows that the consequents of such orbits cover the entire phase space when ∆x = 10−1,

whereas a smaller radial perturbation (such as ∆x = 10−2) results in quasiperiodic motion. The structure

of the 2D (x, px) projection generated for this quasiperiodic orbit at E1 is similar to the one we observed

in Fig. 4.9(a).

Now, let us consider the 3D thrz1 PO. Introducing a small vertical perturbation of ∆z = 2.4 × 10−6

to the simple unstable thrz1 and thrz1S POs results in an interesting outcome. The perturbed unstable

orbits now display a well-defined Figure-8 structure with smooth color variation. The simple unstable

thrz1 (thrz1) PO is located at the intersection of the two loops of the right (left) well-defined Figure-

8 structure in Fig. 4.17(a). These Figure-8 structures develop around invariant tori associated with

quasiperiodic orbits near the stable thrz1(mul2) and thrz1(mul2)S POs. The tori depicted in Fig. 4.17(b)

are the outcome of a ∆z = 2.3× 10−2 perturbation applied to the thrz1(mul2) PO. These tori coexist with

the Figure-8 structure generated by the ∆z perturbation of the simple unstable thr1 PO [essentially, the

right small Figure-8 structure in Fig. 4.17(a)]. A similar configuration is observed in Fig. 4.12(a), but with

a basic difference: the tori in Fig. 4.17(b) originate from a single (multiplicity two) orbit, whereas those in

Fig. 4.12(a) belong to two distinct (multiplicity one) orbits.

The connection between the two tori in Fig. 4.17(b) becomes evident when following the consequents

starting from the IC marked by “1” (black diamond symbol on the left torus). Then, the second conse-

quent appears on the right torus (black diamond symbol marked by “2”), and this pattern continues.

In other words, the first five consequents (line-connected black diamond symbols in Fig. 4.17(b)) alter-

nate between the left and right torus, which indicates that the tori are generated by a quasiperiodic orbit

around a stable PO of multiplicity two. However, the consequents in the left and right torus in Fig. 4.12(a)

remain confined to their respective tori.

Case 2: E2 = −0.3157, thr1 (DU), thrz1 (U), thrz1 (mul2) (U), thrz1(mul4) (-)

We now consider the case Ej = E2 corresponding to the second orange vertical line in Fig. 4.6,

which occurs just after the transition of the thr1 family from simple to double instability. At this energy

level, the thr1 planar family (blue curves in Fig. 4.6) is double unstable, while the 3D families, thrz1 and

thrz1(mul2) (red and green curves in Fig. 4.6, respectively), retain the same stability types observed in

Case 1 for Ej = E1, i.e. thrz1 is simple unstable and thrz1(mul2) is stable. We note that, as in Case 1,

the thrz1(mul4) does not exist for Ej = E2.

Introducing a small (∆z = 10−5) perturbation to the IC of the double unstable thr1 PO results in

a pronounced chaotic behavior, as demonstrated by the abrupt decrease of the orbit’s GALI2 to zero

in Fig. 4.19. Fig. 4.18(a) illustrates the corresponding 3D (x, z, pz) projection of the system’s 4D PSS

for this perturbed orbit, whose consequents create a scattered cloud of points with mixed color points.

The fact that the orbit rapidly diffuse in the phase space significantly reduces the likelihood of forming a
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(a) Perturbations of the thr1 (U), the thrz1 (S) and the thrz1S (S) POs

(b) Zoom in of the right Figure-8 structure in (a)

Figure 4.17: The 3D colored (x, z, pz) projection of the 4D PSS system (4.1) at E1 = −0.3183, where
points are colored according to their pz values. (a) The large, loosely defined Figure-8 structure is
generated by perturbing the simple unstable thr1 PO by ∆z = 10−5, while the smaller Figure-8 structures
on the right and left are produced by perturbing the simple unstable thrz1 and thrz1S POs by ∆z =
2.4×10−6, respectively. (b) A zoomed-in view of the right small Figure-8 structure in (a), surrounding two
tori generated by a ∆z = 2.3× 10−2 perturbation of the stable thrz1(mul2) PO. The first five consequents
of the quasiperiodic orbit that form these tori are represented by a black diamond symbol connected by
lines.
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well-defined Figure-8 structure around the simple unstable thr1 PO that we observed in Fig. 4.17(a).

The phase space structure around the simple unstable thrz1 PO at Ej = E2 differs significantly from

that at Ej = E1. In this case, the application of a small perturbation of ∆z = 2.9 × 10−6 to the thrz1

PO and its symmetric counterpart thrz1S result in the formation of a Figure-8 structure characterized

by smooth color variation [the small Figure-8 structures at the right and left parts of Figs. 4.18(a) and

(b), where the region around the right Figure-8 of 4.18(a) is shown]. However, this Figure-8 structure

is transient. As time grows, the orbit gradually deviates to a larger phase space region. These Figure-

8 formations still coexist with smooth invariant tori created by the quasiperiodic orbits resulting from a

∆z = 1.4 × 10−2 and ∆pz = 5 × 10−3 perturbation of the stable thrz1(mul2) and thrz1(mul2)S POs as

shown in Fig. 4.18(a). The consequents of both quasiperiodic orbits lead to the formation of invariant

tori surrounding the left and right lobes of the Figure-8 structures that are generated by the unstable

thrz1 and thrz1S perturbed orbits [a zoomed-in view of the right set of tori is depicted in Figs. 4.17(b)].

By comparing Figs. 4.17(a) and 4.18(b), we can deduce that the Figure-8 structures generated by a ∆z

perturbation of the simple unstable thrz1 and thrz1 POs become less well-defined as we increase the

system’s energy.

A detailed examination of the dynamics of the system’s 4D PSS at Ej = E2 reveals that radial

perturbations of the planar thr1 family exhibit double instability. The 3D projection of the 4D phase

space structure shows the chaotic nature near this double instability, often appearing as clouds of points

with mixed colors [Katsanikas et al., 2013]. However, the unstable thr1 PO for ∆x perturbations, such as

∆x = 10−5, results in a planar orbit. The consequents of this orbit create a distinct Figure-8 structure on

the (x, px) projection shown in Fig. 4.20, rather than a cloud of points depicted by the ∆z perturbations

in Fig. 4.18(a).

We observe that the two lobes of the Figure-8 structure generated by the radial perturbations are

asymmetrical (Fig. 4.20). It is worth noting that small changes in the x direction for the simple unstable

thrz1 POs rapidly diffuse in the entire phase space after initially forming an 8-shaped structure. This is

what we expect given the radial instability of the thrz1 PO.

Case 3: E3 = −0.2941, thr1 (U), thrz1 (U), thrz1(mul2) (U), thrz1(mul4) (S)

At energy Ej = E3 (indicated by the third orange vertical line in Figure 4.6), the thr1 PO is again

simple unstable, along with the thrz1 family. At this energy, the thrz1 (mul2) and thrz1(mul2) families

also become simple unstable, having their radial stability index b2 > 2 (green curves in Figure 4.6).

The transition of the thrz1 (mul2) family from stability to instability leads to the creation of the stable

thrz1(mul4) and its symmetric counterpart, the thrz1(mul4)S family of POs of multiplicity four (magenta

curves in Figure 4.6).

When perturbing both multiplicity one, simple unstable thr1 and thrz1 POs along the z-axis at E3 =

−0.2941, we observe chaotic motion, which is reflected in the creation of scattered clouds of points

with mixed color variations in any 3D phase space projection of the system’s 4D PSS. In contrast,

applying a small ∆z = 3 × 10−6 perturbation to the simple unstable thrz1(mul2) and thrz1(mul2)S POs

of multiplicity two results in the formation of two distinct Figure-8 structures. All these formations are
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(a) Perturbations of the thr1 (DU), the thrz1 (S) and the thrz1S (S) POs

(b) Zoom in of the right Figure-8 structure in (a)

Figure 4.18: The 3D colored (x, z, pz) projection of the 4D PSS system (4.1) at E2 = −0.3157, where
points are colored according to their pz values. (a) The cloud of scattered points are generated by
perturbing the double unstable thr1 PO (whose perturbation is indicated by a blue arrow) with ∆z = 10−5.
In contrast, the two loosely formed Figure-8 structures are produced by perturbing the simple unstable
thrz1 and thrz1S POs (indicated by red arrows) by ∆z = 2.9× 10−6. Additionally, the four tori surrounded
by the two loosely formed Figure-8 structures result from the perturbations of the stable thrz1(mul2) and
thrz1(mul2)S POs (their location is shown by green arrows) by ∆z = 1.4 × 10−2 and ∆pz = 5 × 10−3,
for z > 0 and for z < 0, respectively. (b) A zoom-in view of the right small Figure-8 structure in (a)
surrounding two tori.
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Figure 4.19: The time evolution of the GALI2 for perturbations of the thr1 (DU) shown in Fig. 4.18(a). As
expected, the GALI2 rapidly decreases to zero, characteristic of strong chaotic behavior.

Figure 4.20: The 2D (x, px) projection of an orbit obtained by perturbing the double unstable thr 1 PO by
∆x = 10−5 at E2 = −0.3157.

shown in Fig. 4.21(a), where we plot the 3D colored (x, z, pz) projection of the system’s 4D PSS at

E3 = −0.2941, where points are colored according to their px value. These Figure-8 structures are

observed near the ICs of the thrz1(mul2) PO. Since this orbit is of multiplicity two, two Figure-8 structures

are formed. Furthermore, these Figure-8 formations in Fig. 4.21(a) are relatively thin and located close

to the invariant tori surrounding the stable thrz1(mul4) PO.

The thrz1(mul4) PO has a multiplicity of four, and consequently small perturbations to its ICs lead

to the creation of four separate tori in the phase space. These tori are characterized by smooth color
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variations on the 3D projections of the 4D PSS. Figs. 4.21(b) and (c) depict examples of such tori, which

are generated by applying perturbations of ∆x = 10−5, ∆z = 6 × 10−5, and ∆pz = 8 × 10−5 to the

stable IC of the thrz1(mul4) PO. The invariant tori are surrounded by the Figure-8 structures formed by

the perturbed unstable thrz1(mul2) at E3. Note that we can obtain another four invariant tori around the

stable symmetric counterpart PO of the family thrz1(mul4)S, which will be surrounded by the Figure-

8 formations around the unstable thrz1(mul2)S PO. To ensure that both Figure-8 structures related to

the unstable thrz1(mul2) PO are visible in a single panel, we have appropriately adjusted the x and z

axis scales of Fig. 4.21(a). More specifically, we narrowed down both axes by excluding specific axes

intervals between the two structures: 1.135 < x < 1.27 and 0.315 < z < 0.48 (the cutoff regions are

indicated by gray dashed lines in Fig. 4.21(a)).

The numbered black diamond symbols with connected lines in Fig. 4.21(a) illustrate the first five

consequents on the tori surrounding the stable thrz1(mul4) PO. The jumping of these points between

each torus clearly demonstrates that the four tori are formed by one single orbit. The zoomed-in views in

Figs. 4.21(b) and (c) provide a closer look at each Figure-8 structure and the surrounded tori. Fig. 4.21(b)

focuses on the tori containing points “1”, “3”, and “5” of Fig. 4.21(a), while Fig. 4.21(c) highlights the

phase space region around the remaining two tori, which correspond to points,“2” and “4” in Fig. 4.21(a).

These findings align with what we have seen so far: the formation of a Figure-8 structure typically

occurs near the (parent) simple unstable PO, as long as it is surrounding invariant tori, which are char-

acterized by smooth color variations around the newly bifurcated stable PO. Similar behaviors were also

observed in Fig. 4.12(a) for the case of a pitchfork bifurcation, before the period-doubling bifurcation

occurring at Ej = −3307 and in Figs. 4.18 and 4.21 after a period-doubling bifurcation.

Let us now consider radial perturbations at Ej = E3. Even very small ∆x perturbations (of the order

of 10−8) applied to the planar simple unstable thr1 PO result in chaotic behaviors. Similarly, minor ∆x

perturbations of the 3D simple unstable thrz1 PO lead again to chaotic behavior, which is reflected in

the creation of clouds of scattered points with mixed colors in the system’s phase space. It is important

to note that despite its radial instability, the thrz1(mul2) family showed similar behaviors when radial per-

turbations at E3 were applied to the ones observed for vertical perturbation. Both types of perturbations

consistently resulted in the formation of the standard Figure-8 structures with smooth color variations.

Case 4: E4 = −0.2907, thr1 (U), thrz1 (U), thrz1(mul2) (U), thrz1(mul4)(∆)

At the highest energy level we consider in our study, namely E4 = −0.2907 (indicated by the fourth

orange vertical line in Fig. 4.6), all studied POs are unstable. The thr1, thrz1, and thrz1(mul2) families are

simple unstable, while the multiplicity four thrz1(mul4) PO is complex unstable (note that the orange curve

denoting E4 falls within the shaded magenta area in Fig. 4.6). Unlike the previous three cases, none of

the POs we study are surrounded by tori where regular motion takes place. Even small perturbations of

any of the unstable POs lead to chaotic behaviors, which are manifested through the creation of clouds

of scattered points with mixed color variations in any 3D projection of the system’s 4D PSS. These

clouds eventually diffuse over the entire phase space. Fig. 4.22 illustrates this behavior, showing the 3D

projection (x, z, pz) of the 4D PSS for the orbit that results from a small ∆z = 10−5 perturbation of the
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(a) Perturbations of the thrz1(mul2) (U) and the thrz1(mul4) (S) POs

(b) Zoom-in of the bottom Figure-8 structure in (a) (c) Zoom-in of the top Figure-8 structure in (a)

Figure 4.21: The 3D colored (x, z, pz) projection of the 4D PSS system at E3 = −0.2941, where points
are colored according to their px values. (a) The two thin and elongated Figure-8 structures are gener-
ated by perturbing the multiplicity two simple unstable thrz1(mul2) PO by ∆z = 3 × 10−6, while the four
tori surrounded by these Figure-8 formations result from perturbing the multiplicity four stable thrz1(mul4)
PO by ∆x = 10−5, ∆z = 6× 10−5, and ∆pz = 8× 10−5. The gray dashed lines indicate cutoff regions of
the x and z axes, and the numbered black diamond symbols with connected lines represent the first five
consequents of the orbit creating the invariant tori. A zoom-in view of the (b) bottom and (c) top Figure-8
structure of panel (a).
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complex unstable thrz1(mul4) PO.

Figure 4.22: The 3D colored (px, z, pz) projection of the system’s 4D PSS at energy E4 = −0.2907.
The scattered clouds of points are generated by perturbing the complex unstable thrz1(mul4) PO by
∆z = 10−5.

4.5 Summary and conclusions

In this chapter, we investigated the evolution of the phase space structure in a 3D bar galaxy Hamilto-

nian system (4.1) before and after 2D and 3D pitchforks as well as two 3D period-doubling bifurcations.

Our focus was on bifurcations where a stable parent family of POs becomes unstable, simultaneously

giving birth to a new family of stable POs. In particular, the first 2D pitchfork bifurcation occurs when

the main x1 family of POs transitions from stability to simple instability at energy Ej = EA (Fig. 4.5).

This bifurcation creates two planar, initially stable families: the thr1 family and its symmetric counterpart

along the y-direction, the thr1S family.

The thr1 family becomes simple unstable at Ej = EB (Fig. 4.5), resulting in the creation of two

new 3D stable PO families: the thrz1 and its symmetric counterpart perpendicular to the galactic plane,

thrz1S. Subsequently, the thrz1 changes its stability type from stable to simple unstable at Ej = EC

(Fig. 4.5) through a period-doubling bifurcation, giving birth to the stable thrz1(mul2) family and its sym-

metric counterpart thrz1(mul2)S. The final bifurcation we studied occurs when the thrz1(mul2) family

becomes simple unstable at Ej = ED (Fig. 4.5), resulting in the appearance of the multiplicity four

stable thrz1(mul4) PO and its symmetric counterpart thrz1(mul4)S.

The color and rotation method introduced by [Patsis and Zachilas, 1994] was employed in our study

to visualize the system’s 4D PSS. The perturbations of all stable PO we examined result in the cre-

ation of invariant tori with smooth color variations in any 3D projection of the system’s (4.1) 4D PSS.

Furthermore, the color pattern is continuous across the entire torus surface, showing a clear transition

from either the interior to the exterior surfaces or vice versa [Figs. 4.8 and 4.12(b)]. These findings

aligned with previous studies (e.g. see [Katsanikas et al., 2011; Zachilas et al., 2013]), confirming that
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this behavior is typical around the stable POs of the 3D Hamiltonian system (4.1).

We further analyzed the evolution of phase space structures around POs as they transition from

stability to simple instability. Pitchfork bifurcations typically result in two new stable families of PO, each

associated with distinct sets of tori in the system’s 4D PSS [Fig. 4.12(a)]. On the other hand, period-

doubling bifurcations lead to the formation of interconnected tori around stable POs of double multiplicity

relative to the parent family [Fig. 4.17(b)].

In general, perturbations around simple unstable POs often lead to the formation of Figure-8 struc-

tures in the phase space. These structures typically surrounded tori that emerge from perturbations of

the bifurcated stable POs at the same energy value. This pattern was also observed for 3D pitchfork

bifurcations of all multiplicities we considered: multiplicity one (Fig. 4.12), multiplicity two (Fig. 4.17) and

multiplicity four (Fig. 4.21). However, for planar simple unstable POs that were vertically unstable but

radially stable, radial perturbations often result in quasiperiodic planar orbits [Fig. 4.9(a)]. The appear-

ance and coherence of Figure-8 structures are closely related to the stability of the tori they surround.

As energy levels increase further from the bifurcation points, these Figure-8 structures begin to break

apart and spread out (Fig. 4.18), highlighting their dependence on the existence of invariant tori.

A particularly interesting finding was observed in the 3D pitchfork bifurcation we studied in Sect. 4.4.1.2.

As the system’s energy approaches the bifurcation point (E = EB in Fig. 4.6), the perturbed 2D thr1

orbit begins to exhibit morphologies similar to those observed for the bifurcated thrz1 family, even before

this 3D family of POs is created (Fig. 4.16). This observation suggests that the system, in some sense,

anticipates or foresees the dynamical behavior of the upcoming bifurcating family. This behavior, which

was also previously reported by [Patsis and Katsanikas, 2014a], may require further study to better

understand its underlying causes and effects in 2D Hamiltonian systems.

In addition, we compared the behavior of the GALI method (2.12) to the mLE (2.8) by analyzing

specific examples of regular and chaotic orbits. We demonstrated that the GALI2 index effectively detects

chaos in the 3D bar galaxy Hamiltonian system (4.1) (Figure 4.4) and used it to reveal the chaotic nature

of several of the orbits we studied. This finding extends our earlier assertion (from Chap. 3) that the

GALI2 index is both accurate and efficient for quantifying chaos in various types of Hamiltonian systems.
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Chapter 5

Long-term diffusion transport and

chaos properties of coupled standard

maps

5.1 Introduction

For decades, researchers have been deeply interested in studying diffusion and transport phenom-

ena in conservative Hamiltonian systems and area-preserving symplectic maps (e.g. see [Chirikov,

1979; Rechester and White, 1980; Meiss et al., 1983; Karney, 1983; Kroetz et al., 2016]). These studies

are fundamental to understanding processes in nonequilibrium statistical mechanics, where the macro-

scopic properties of matter emerge from the chaotic motion of microscopic particles, such as atoms

or molecules (e.g. see [Klages, 2007]). A key objective in this area of research is to understand how

the global behavior of trajectories in phase space relates to significant physical phenomena, including

chemical reaction rates, fluid mixing efficiency, and confinement of particles in systems like accelerators

or fusion plasma devices (see [Meiss, 2015] for a comprehensive review).

The standard map (SM), also known as the Chirikov map or kicked rotor system [Chirikov, 1979],

serves as a basic model for understanding diffusion and transport phenomena. Its dynamics depends

on the value of the kick-strength parameter value K, which governs the system’s behaviors over a

range of regimes. The SM describes the evolution of two variables: the angular position and angular

momentum. For certain values of K, the angular momentum displays chaotic behavior, often resembling

a Gaussian random walk. This behavior, indicative of normal diffusion (see [Altmann and Kantz, 2008]),

is characterized by a linear increase in squared angular momentum over time. However, under specific

parameter conditions, the system exhibits anomalous diffusion, where the transport of particles deviates

from the typical Euclidean norm. Such deviations are often associated with the presence of accelerator

modes (AMs) [Chirikov, 1979], which are stable periodic orbits (POs) surrounded by islands of stability

in phase space.
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The presence of AMs introduces additional complexity to the dynamics of the SM. Orbits originating

in the AM islands display ballistic transport, which is characterized by a continuous increase in angular

momentum over time and a diffusion rate significantly higher than that seen in normal diffusion. Mean-

while, trajectories near AM islands often exhibit superdiffusion, influenced by stickiness effects near

cantori structures (e.g. see [Dvorak et al., 1998]). On the other hand, trajectories confined to regular sta-

bility islands undergo subdiffusion, where transport is significantly suppressed (e.g. see [Zaslavsky and

Edelman, 2000; Venegeroles, 2007, 2008]). A comprehensive study of the general diffusion processes,

stability maps, and transport rates for various SM parameters is conducted in [Manos and Robnik, 2014].

In this work, the authors analyzed how different period AMs influence the interplay between chaos and

regular motion in the system’s phase space.

Researchers have expanded SM systems to coupled and higher-dimensional maps. For instance,

studies on coupled SMs have revealed trapping regimes and modified diffusion time scales resulting from

interactions between regular and chaotic regions [Altmann and Kantz, 2008]. These systems exhibit

complex behaviors akin to those found in physical models such as disordered Klein-Gordon chains

[Antonopoulos et al., 2016]. Similarly, diffusion transport in systems more directly related to physical

applications, including nanosystems and electron motion in molecular graphene, has been extensively

investigated (e.g. see [Sato and Klages, 2019]). These studies highlight the important role of microscopic

chaos in driving macroscopic transport across diverse physical and theoretical contexts.

In this chapter, we explore the diffusion transport properties of ensembles of ICs of SMs in the

presence of AMs, with a focus on their long-term (asymptotic) behavior. Building on previous studies,

particularly by [Manos and Robnik, 2014], we conduct a thorough and systematic global diffusion analy-

sis of these ICs, aiming to characterize diffusion behavior, stability maps, and phase space dynamics in

the presence of chaotic orbits and AMs of varying periods. This basic study emphasizes diffusion rates

and the time scales required for ensembles of ICs to reach their asymptotic diffusion rates, taking into

account the relative contributions of chaotic regions and areas surrounding the stable AMs.

Our primary goal is to investigate the globally averaged diffusion rates over the entire phase space,

rather than focusing on the diffusion properties of individual ICs. In particular, we consider cases where

the kick-strength parameter values lead to the phase space of the SM being predominantly dominated

by chaotic orbits, with only small stable islands around the AMs. This approach provides valuable

information about the independent dynamics of each map in the coupled SM systems, highlighting the

differences in diffusion rates and the time scales needed for various ensembles of ICs to converge to

their respective asymptotic diffusion rates. These time scales are shown to depend on the relative sizes

of chaotic regions and regions surrounding stable AMs.

Next, we extend our analysis to coupled SM systems, considering both equal and varying kick-

strength parameters for the coupled maps. In these coupled setups, we investigate: (I) the impact of

coupling strength on global diffusion rates and (II) the influence of different ensembles of ICs, particularly

those with varying proportions of chaotic regions around the stable AMs, on global diffusion rates and

the time scales required to reach their long-term values.

Finally, we relate these diffusion timescales to the underlying dynamics of the system, which we
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quantify by measuring the extent of chaotic and regular orbits. Specifically, we employ the maximum

Lyapunov exponent (mLE) (2.8) and the generalized alignment index (GALI) method (2.16) chaos de-

tection techniques. Both methods have been successfully used to distinguish between regular and

chaotic behaviors of coupled SMs (see Sect. 2.4 for more detailed discussions).

The content of this chapter is based around the findings presented in Moges et al. [2022].

5.2 The standard map model

We aim to investigate the long-term diffusion transport and chaotic characteristics of both SM and

coupled SMs. The SMs describe the dynamics of the well-known, extensively studied kicked rotor sys-

tem. Consider a simple example of a single kicked rotor, shown in Figure 5.1. The figure represents

a rotating object, such as an electron orbiting around an atom in a frictionless environment, where no

energy is lost. The angular position x of the object (the black dot) changes continuously over time, with

x indicating the object’s position relative to the reference point. Now, imagine that this rotating object

is periodically “kicked” by a uniform field, such as a gravitational field, at discrete time intervals (i.e., at

integer time steps). Each time the field acts, it applies a force on the particle with a strength denoted

by K. In Figure 5.1, the expression K
∑
n δ(t− n) represents this force or perturbation, which occurs at

specific time intervals t = n.

Figure 5.1: A simple schematic representation of kicked rotor.

The setup of the system in Fig. 5.1 can be described by the following Hamiltonian [Delande, 2013]:

H(x, p, t) =
p2

2
+K cosx

∞∑
n=−∞

δ(t− n) (5.1)

where x represents the angular position, p is the momentum, and K is the kick strength. The term

δ(t − n) is the Dirac delta function, which mathematically describes the discrete application of kicks at

time intervals t = n, where n is an integer.
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The corresponding EoM of (5.1) are given by:

dx

dt
=
∂H

∂p
= p,

dp

dt
= −∂H

∂x
= K sinx

∞∑
n=−∞

δ(t− n).
(5.2)

These equations indicate that between two consecutive kicks, the rotator moves freely, with its momen-

tum p remaining constant and the angular position x increasing linearly with time. When a kick happens,

the momentum changes instantly by an amount K sinx, where x is the angular position at the time of

the kick.

The dynamics of the kicked rotator are described by the so-called Chirikov-Taylor SM [Chirikov,

1979], which we refer to as the SM in this chapter. These dynamics are governed by the following set of

difference equations:

xn+1 − xn = pn+1

pn+1 − pn = K sin(xn)
(5.3)

where xn+1 and pn+1 are the canonical coordinates at time t. Here x [Fig. 5.1] corresponds to the

angular position of the particle, and p denotes the radial velocity or the momentum after the n-th kick,

and n = 0, 1, 2, . . . denotes the discrete time steps, or number of iterations of the map. The force

function is often described using sine or cosine functions. In our case, we set the force as K sin(xn).

This formation expresses the time derivative of the position as equal to the momentum and describes the

force as the time derivative of the momentum. Note that in the SM model (5.3) we consider, the mass is

set to m = 1 to simplify the EoM without affecting the fundamental dynamics of the system. In our study,

due to the system’s periodicity, adding or subtracting multiples of 2π to the angular coordinate x does not

affect the physical state of the kick rotor, so we impose modulo 2π for x in (5.3). This further simplifies

our analysis by ensuring equal positions on the circle in Fig. 5.1. On the contrary, the momentum p in

(5.3) can take any value, allowing unbounded motion in the momentum space, which is essential for

observing chaotic dynamics and diffusion properties.

We typically interpret of this map as describing the evolution of the rotation angle xn and the angular

momentum pn of a periodically ‘kicked’ pendulum rotating in a free field. The kick by a nonlinear force

occurs at each time unit. The constantK measures the intensity of the nonlinear kick where the variables

xn, pn, and the parameter K are all dimensionless. A set of (xn, pn) for a given K and several distinct

ICs form what we define as a phase space plot, which we use in order to provide basic insight into the

dynamics of the map (5.3). The relatively simple 2D discrete model (5.3) mimics complex dynamical

behaviors of an autonomous Hamiltonian system with two DoF, such as chaos and bifurcation (e.g. see

[Lichtenberg and Lieberman, 2013]). Despite the obvious simplicity, the SM exhibits a wide variety of

both regular and chaotic motions depending on the nonlinear kick strength, K.

In the absence of external forces (K = 0), the SM simplifies to a linear map, resulting in either

quasiperiodic motion or the appearance of POs covering only portions of the 2D phase plane. However,
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with the introduction of a non-zero nonlinearity kick K > 0, the dynamics of the map exhibit more

complex behavior. These POs can be categorized into stable and unstable ones. Stable POs are

surrounded by quasiperiodic orbits, while unstable POs coexist with chaotic regions. Figures 5.2(a),

(b), and (c) present the phase space portraits of the SM (5.3) for increasing nonlinearity kick strengths

K = 0.5, K = 1.5 and K = 6.5, respectively, created by 105 iterations of various ICs. In Fig. 5.2(a), for a

small parameter value K = 0.5, we observe that the phase space is practically filled with stability islands

(blue points). As we increase the parameter value to K = 1.5 [Fig. 5.2(b)], a chaotic sea represented

by the scattered points (black points) begins to occupy portions of the phase space. For higher K = 6.5

[Fig. 5.2(c)], we see that chaotic regions expand further, dominating a significant portion of the system’s

phase space. It is worth noting that with an additional increase in K value, the entire phase space of the

SM (5.3) becomes covered by scattered points, indicating complete chaotic behavior.

(a) K = 0.5 (b) K = 1.5 (c) K = 6.5

Figure 5.2: Representative phase space portraits of the SM (5.3) for (a) K = 0.5, (b) K = 1.5 and (c)
K = 6.5. The phase space portraits are produced using n = 105 iterations of several ICs, where blue
and black points represent regular and chaotic orbits, respectively.

5.3 Diffusion measures and properties

We can quantify the rate at which the system (5.3) orbits spread out in phase space, or diffuse,

mathematically. A common measure for this diffusion is the mean squared displacement (variance) of

the angular momentum, ⟨(∆p)2⟩. This quantity is expressed as a function of the number of iterations, n,

through the following power law relationship [Chirikov, 1979; Meiss, 2015]:

⟨(∆p)2⟩ = Dµ(K) · nµ, (5.4)

where ⟨(∆p)2⟩ = pn − p0, with p0 being the initial angular momentum of the orbit, and ⟨(∆p)2 is the

average (∆p)2⟩ over an ensemble of ICs at each iteration n.

The diffusion exponent µ, which we numerically estimate, lies in the interval [0, 2], reflecting the

range of physically meaningful diffusion behaviors, from no diffusion (µ = 0) to ballistic motion (µ = 2).

In general, µ determines the type of diffusion: no diffusion when µ = 0, normal diffusion occurs when
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µ = 1, subdiffusion when 0 < µ < 1, and superdiffusion when 1 < µ ≤ 2. The extreme case of µ = 2

represents ballistic transport, which is strongly associated with the presence of accelerator modes (AMs)

[Chirikov, 1979] in the system. AMs are stable structures that differ from the usual stability islands in

that they are boosted by a constant amount in momentum with each iteration. In order to observe these

AMs, we apply the mod2π only on the x coordinate of the SM (5.3), while allowing the momentum p

direction to take unrestricted positive values.

The theoretical diffusion coefficient, D1(K), for normal diffusion (where µ = 1) is given as follows

[Izrailev, 1990]

D1(K) =


K2

2
{1− 2B2(K) [1−B2(K)]} , if K ≥ 4.5,

0.30(K −Kcr)
3, if Kcr < K < 4.5,

(5.5)

where Kcr ≈ 0.971635 is the critical parameter value where the invariant curve of (5.3) [Greene, 1979]

breaks and B2(K) is a Bessel function of the first kind, which depends on K. On the other hand, the

theoretical result for the diffusion coefficient’s (D1) as a function of K fails in regions where AMs are

present, particularly for period p = 1 AM intervals. These intervals are defined by:

2πm ≤ K ≤
√

(2πm)2 + 16. (5.6)

where m is any positive integer. In these intervals, the theoretical expression for (D1), which assumes

normal diffusion (characterized by µ = 1), no longer follows the expression given by Eq. (5.5). Instead,

the diffusion coefficient diverges as a result of the influence of the AMs. To illustrate this, we select a

parameter valueK = 6.5, where a period p = 1 AM of the SM (5.3) exists (i.e., m = 1 in the interval given

in Eq. 5.6). In this case, the stable AM is located at (x0, p0) = (1.8298, 0), which will be discussed further

in Sect. 5.4. Fig. 5.3(a) shows the phase space plot for three representative orbits: one in the chaotic

sea with IC (x0, p0) = (1.4, 0.1) (red triangle) and, two near the stable AM with ICs (x0, p0) = (1.83, 0.05)

(blue star) and (x0, p0) = (1.95, 0.22) (green diamond). The plot is essentially a zoomed-in view of

Fig. 5.2(c).

In Fig. 5.3(b), we present the angular momentum p for these three orbits as a function of the number

of iterations. For the orbit in the chaotic sea (red points), the variance of p increases linearly over time

(i.e., proportionally to n1 represented by the dashed line), indicating normal diffusion. In contrast, the two

orbits near the stable AMs [blue and green in Fig. 5.3(a)] deviate from a linear relation, exhibiting greater

variance over time than that seen in normal diffusion. We will examine these details in Sect. 5.4. Note

that both orbits near the stable AM exhibit the same behavior due to the influence of the AM, resulting

in overlapping green and blue points in Fig. 5.3(b). We will analyze and compare the diffusion behaviors

for orbits near the stable AMs and chaotic orbits as well as regular orbits and unstable AMs in detail in

Sect. 5.4.

Now, in order to quantify the diffusion rate, we calculate the effective diffusion coefficient, Deff, using

the formula [Meiss, 2015]

Deff =
⟨(∆p)2⟩

n
. (5.7)
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(a) Phase space portrait for K = 6.5 (b) ⟨(∆p)2(n)⟩

Figure 5.3: (a) The phase space portrait of the SM (5.3) for K = 6.5, showing a chaotic orbit with IC
(x0, p0) = (1.4, 0.1) (red triangle) and two obits near the stable period p = 1 AM of the system with ICs
(x0, p0) = (1.83, 0.05) (blue star) and (x0, p0) = (1.95, 0.22) (green diamond). (b) The evolution of the
variance of the angular momentum p for the orbits shown in (a). The dashed line represents power-law
behavior n1. Note that the green and blue points overlap in (b).

where ⟨.⟩ denotes the average variance of the angular momentum p for an ensemble of ICs at each

iteration n.

Although the theoretical definition of the effective diffusion coefficient, Dµ (5.4) involves an infinite

time limit, we calculate Deff (5.7) numerically for large but finite values of n. This practical approach

allows us to estimate the diffusion exponent without requiring the theoretical limit (the idea is in a way

similar to our reasoning for introducing ftmLEs instead of mLE in Section 2.4.1). Hence, we can say that

Deff differs from the theoretically derived diffusion coefficient, Dµ. Earlier studies (see [Batistić et al.,

2013; Manos and Robnik, 2014] and references therein for details) have shown that Deff exhibits peaks

corresponding to parameter values where specific orbit types, known as AMs, are present. These peaks

deviate significantly from the theoretical predictions based on normal diffusion.

In order to investigate the global behavior of multiple closely interacting systems, we can extend the

2D SM (5.3) into a model consisting of N coupled SMs. In these systems, each map is described by the

following 2ND system [Kantz and Grassberger, 1988]

xjn+1 = xjn + pjn+1,

pjn+1 = pjn +Kj sin(x
j
n)− β[sin(xj+1

n − xjn) + sin(xj−1
n − xjn)],

(5.8)

where j = 1, 2, . . . , N indexes each map, Kj represents the nonlinearity strength of the j-th map, and

β quantifies the coupling strength between neighboring 2D maps. The choice of each Kj value is

important since it sets the initial dynamical state of each 2D SM before coupling. This choice influences

the initial amount of regular and chaotic motion as well as the presence of AMs in each phase plane. To

90



preserve the symplectic nature of the coupled system, we impose periodic boundary conditions in our

study (x0n = xNn and xN+1
n = x1n).

To investigate the diffusion properties of the coupled SM systems (5.8), we can generalize the dif-

fusion coefficient expression in (5.7), defining the effective diffusion coefficient of the 2ND map when

n→ ∞ as follows:

DN
eff =

1

n

N∑
j=1

⟨(pjn+1 − pj0)
2⟩ = 1

n

N∑
j=1

⟨(∆pjn)2⟩. (5.9)

This expression enables us to calculate the variance of the momentum for each map and then average

these variances across all N maps. Although each map contains the same number of ICs, the specific

locations of these IC ensembles may differ between the 2D SMs.

5.4 Numerical results

5.4.1 Chaos and diffusion measures

To demonstrate the efficiency of the GALI method and compare its efficiency to the mLE in identi-

fying and quantifying chaos in the SM, we consider various types of orbits, including regular, chaotic,

as well as stable and unstable AMs, in the 2D SM (5.3), similar to the simplified 2D GC Hamiltonian

analysis presented in Sect. 3.3.1. In addition, we examine small regions surrounding these orbits in the

phase space to classify their diffusion properties. By doing so, we can form a relationship between the

dynamics of each orbit of the SM and the corresponding diffusion properties.

To compute GALI2 (2.12) and ftmLE (2.9), we perform all numerical simulations by iterating the SM

(5.3) alongside its corresponding tangent map given as follows:

δxn+1 − δxn = δpn+1

δpn+1 − δpn = Kδxn cos(xn)
(5.10)

where the deviation vectors [δxn, δpn] are defined by the perturbations δxn and δpn of the corresponding

canonical coordinates xn and pn.

Furthermore, we note that we apply the modulo 2π to the coordinates x and p for each iteration to

prevent numerical issues that could arise from unbounded orbits. As discussed in Sect. 2.4.2, GALI2 is

the only computationally feasible GALI index for the 2D SM, so our analysis will focus solely on GALI2.

Figure 5.4(a) displays the phase space plot of the SM with K = 3.1, produced by 106 iterations of

several ICs. The chaotic orbit with IC (x0, p0) = (2, 1.5) (green diamond) is shown by green scattered

points, while the consequents of the regular orbit with IC (x0, p0) = (3, 0.5) (blue square) form the blue

curve. The corresponding time evolution of the GALI2 index as a function of the number of iterations n

is shown in Fig. 5.4(b). The GALI2 exhibits exponential decay for the chaotic orbit (green curve) and a

power law decay of the form GALI2 ∝ n−2 (which corresponds to the dashed blue line) for the regular

orbit (blue curve). This power law relation aligns with the expected behavior discussed in (2.17).
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On the other hand, the time evolution of the ftmLE, σ1(n), in Fig. 5.4(c) shows a slower convergence

to zero for the regular orbit (blue curve), following a power law decrease proportional to a function n−1

(indicated by the dashed blue line), while σ1 eventually saturates at a positive value for the chaotic orbit

(green curve). Comparing Figs. 5.4(b) and 5.4(c) highlights the efficiency of GALI2 in distinguishing

between regular and chaotic orbits. In particular, the GALI2 of the chaotic orbit drops to practically zero

(GALI2 ≈ 10−16) after n ≈ 50 iterations, which is much smaller than the value observed for the regular

orbit. However, we do not see a clear distinction from the ftmLE results shown in Fig. 5.4(c). The ftmLE

for the chaotic orbit (green curve) has not yet converged to its positive limit value by n ≈ 50 iterations,

nor has the ftmLE for the regular orbit [blue curve in 5.4(c)] shown a clear decreasing trend within this

iteration interval.

It is important to note that the zero threshold GALI2 ≈ 10−16 for the SM is significantly lower than

the zero threshold we employed (GALI2 ≤ 10−8) for the GC Hamiltonian in Fig. 3.5(b). One reason for

this difference is that GC orbits often require longer simulation times to exhibit their chaotic behavior. In

addition, the GALI2 remains constant for regular orbits of the GC Hamiltonian, in contrast to the case of

the SM, where the GALI2 decreases to zero following a power law n−2. The significant difference in the

order of magnitude between the GALI2 values for regular and chaotic orbits makes it easy to distinguish

between them.

Figure 5.4(d) presents the phase portraits of the 2D SM for stable and unstable AMs with a different

parameter value, K = 6.5. The locations of these two period p = 1 AMs are as follows: (x0, p0) =

(1.8298, 0) (purple star) for the stable AM and (x0, p0) = (1.3118, 0) (red triangle) for the unstable AM.

The GALI2 values [Fig. 5.4(e)] show small oscillations close to a positive constant value for the stable

AM and an exponential decay for the unstable AM, resembling the patterns observed for regular and

chaotic orbits, respectively, in [Manos et al., 2012]. Fig. 5.4(f) demonstrates that the ftmLE for the stable

(purple curve) and unstable (red curve) AMs behaves similarly to the regular and chaotic orbits shown

in Fig. 5.4(c).

As we can clearly see in Fig. 5.4(c), the evolution of the ftmLE, denoted by the blue curve, corre-

sponds to a typical regular orbit with σ1 ∝ n−1 (see Sect. 2.4.1). One of the main goals of this chapter

is to investigate the long-term global dynamics of SMs. Since it is not practical to analyze individual

orbits, we focus on studying the collective behavior of many orbits. For this purpose, it is important to

establish an approach that will allow us to distinguish between regular and chaotic orbits based solely

on the numerical values of the indices, without requiring us to analyze their time evolution.

For n = 50 (indicated by the black vertical dotted lines in Fig. 5.4), we observe that log10(σ1) ≈

−1.2042 for the regular orbit while log10(σ1) ≈ −0.0559 for the chaotic orbit [Fig. 5.4(c)]. The difference

between the orders of magnitude of the ftmLE values between the two orbits is approximately two. In

comparison, the difference observed for the GALI2 values at the same iteration is significantly greater,

i.e. log10 (GALI2) ≈ −2.0571 for the regular orbit and log10 (GALI2) ≈ −16.227 for the chaotic orbit.

Furthermore, we note that the GALI2 is particularly efficient in distinguishing between regular and chaotic

orbits, especially in cases where the chaotic and sticky orbits exhibit a transient phase with decreasing σ1

values similar to those observed for regular orbits (see Fig. 3.5(a) and related discussions in Sect. 3.3.1).
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(a) Phase space portrait for K = 3.1 (b) GALI2(n) for K = 3.1 (c) ftmLE(n) for K = 3.1

(d) Phase space portrait for K = 6.5 (e) GALI2(n) for K = 6.5 (f) ftmLE(n) for K = 6.5

Figure 5.4: Exemplary cases for the SM (5.3) with [(a), (b), and (c)] for K = 3.1, and [(d), (e), and (f)]
for K = 6.5. [(a) and (d)] phase space portraits generated by 106 iterations of various ICs (black points),
with specific orbits highlighted: the chaotic orbit (green diamond) and the regular orbit (blue square) in
(a), and the period p = 1 stable AM (purple star) and the unstable AM (red triangle) in (d). The evolution
of the [(b) and (e)] GALI2 (2.12) and [(c) and (f)] ftmLE, σ1 (2.9), as a function of the number of iterations,
n, for the chaotic and regular orbits of (a) and the stable and unstable AMs of (d). The dashed line in (b)
[(c) and (f)] corresponds to a function ∝ n−2 [∝ n−1]. The black dotted vertical lines in (b), (c), (e), and
(f) indicate n = 50 (see the text for more details).
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In order to determine the rate at which orbits of the system (5.3) diffuse in the phase space, we

analyze the behavior of many ICs around different types of orbits. In particular, we numerically evaluate

the diffusion exponent µ in Eq. (5.4). For a specific region of the SM’s phase space, we use a grid of

315 × 315 evenly spaced ICs, i.e., in total approximately 100, 000 ICs. We then compute the evolution

of the variance ⟨(∆p)2⟩ as a function of the map’s iterations n. To identify potential changes in the

diffusion behavior over time, we apply a locally weighted regression smoothing algorithm [Cleveland

and Devlin, 1988] to the resulting data, which helps to reduce noise and provides a clearer view of the

underlying diffusion behavior. In this work, we employ the numerical approach outlined in [Laptyeva

et al., 2010; Bodyfelt et al., 2011] in order to compute µ. This approach involves applying a moving

average procedure in a small window size along the total simulation time, followed by performing a

linear fit on the logarithm of ⟨(∆p)2⟩ with respect to the logarithm of n.

In Fig. 5.5(a), we present the results of this analysis for sets of orbits with ICs arranged in a grid

of the phase space (x, p) located in small regions around the four specific orbits discussed in Fig. 5.4.

For K = 3.1, we consider the regions [2.995, 3.005]× [0.495, 0.505] (containing the IC of the regular orbit,

shown in the blue curve) and [1.995, 2.005]×[1.495, 1.505] (containing the IC of the chaotic orbit, shown in

the green curve) as depicted in Fig. 5.4(a). For K = 6.5, we analyze the regions [1.825, 1.835]× [0.0, 0.01]

(containing the stable AM, shown in the purple curve) and [1.295, 1.315] × [0.0, 0.01] (containing the

unstable AM, shown in the red curve) as illustrated in Fig. 5.4(d).

The results depicted in Fig. 5.5(a) show that the system (5.3) exhibits ballistic transport in the region

surrounding the stable AM of period p = 1, where spreading occurs very fast. The increase in ⟨(∆p)2⟩

(purple curve) follows a function proportional to n2 (dash-dotted line), which corresponds to a diffusion

exponent µ = 2 in Fig. 5.5(b). On the other hand, orbits near the unstable AM (red curve) and the chaotic

orbit (green curve) indicate normal diffusion (µ = 1). In this case, both the red and green curves show

a growth close to ⟨(∆p)2⟩ ∝ n, represented by the dashed line in Fig. 5.5(a). As expected, orbits near

the regular orbit (blue curve) display almost no diffusion, which is a characteristic of confined motion.

These findings highlight the relationship between the type of orbit we considered and the corresponding

diffusion behavior in the system’s phase space around these orbits. Note that the overlap of curves in

Fig. 5.5 reflects the results obtained for the neighborhoods of the chaotic (red curve) and the unstable

AM (green curve).

Our analysis in Fig. 5.5(b) reveals distinct diffusion rates associated with the different orbit types

considered. Overall, our observations are as follows:

• Ballistic transport (µ = 2): The ensemble of orbits near the stable AM with K = 6.5 exhibit

ballistic transport, which is characterized by a rapid increase in the variance of angular momentum

over time (purple curves in Fig. 5.6), corresponding to a diffusion exponent of µ = 2.

• Normal diffusion (µ = 1): The collection of orbits around the chaotic orbit (green curves in

Fig. 5.6) with K = 3.1 and the unstable AM (red curves in Fig. 5.6) with K = 6.5 display nor-

mal diffusion, where µ approaches 1.

• No diffusion (µ = 0): The orbits associated with the regular orbit (blue curves in Fig. 5.6) for
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K = 3.1 show no significant diffusion, which is indicated by a µ value converging to 0.

(a) ⟨(∆p)2(n)⟩ (b) µ(n)

Figure 5.5: (a) The variance of the momentum, ⟨(∆p)2⟩, as a function of the number of iterations, n, for
small regions surrounding the four different orbits shown in Fig. 5.4. Each curve represents the average
behavior of approximately 100, 000 ICs arranged in a grid of the (x, p) space, where the x coordinates
are defined in mod 2π, while the y coordinates get positive values without restrictions, i.e. p ∈ (0,∞).
The blue curve corresponds to the region [2.995, 3.005]× [0.495, 0.505] around the regular orbit, the green
curve to the region [1.995, 2.005] × [1.495, 1.505] surrounding the chaotic orbit, the purple curve for the
region [1.825, 1.835] × [0.0, 0.01] in the vicinity of the stable AM of period p = 1, and the red curve to
the region [1.295, 1.315] × [0.0, 0.01] in the neighborhood of the unstable AM. The dashed-dotted and
dashed lines indicate power-law behaviors n2 and n1, respectively. (b) Numerical estimation of the
diffusion exponent, µ, based on Eq. 5.4, computed from the curves in (a). The dashed horizontal line
corresponds to normal diffusion, µ = 1.

It is important to note that while typical regular orbits and stable AMs share similar dynamical prop-

erties, as illustrated by their ftmLEs’ evolution (blue and purple curves of Figs. 5.4(c) and 5.4(f), respec-

tively), their diffusion rates differ significantly. Regions around regular orbits exhibit negligible diffusion

(µ ≈ 0), whereas those close to stable AMs show ballistic diffusion rates (µ ≈ 2), as we clearly observed

in Fig. 5.5.

It is also worth pointing out that the diffusion exponent generally stabilizes after an initial transient

period. For ballistic and normal diffusion, this stabilization typically occurs around n ≈ 103 iterations.

However, the application of a moving average technique allows us to detect any potential fluctuations

in µ values throughout the numerical simulation. This averaging approach not only helps to identify

potential changes in the diffusion process but also detects any anomalous behavior that may occur

under different conditions. By applying this technique, we will gain insight into the evolution of diffusion

in the system, and we can determine the required number of iterations needed for accurate diffusion

characterization. This numerical computation of µ will become more clear in subsequent figures, such

as Fig. 5.7(b) and Fig. 5.10.
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5.4.2 Single standard map

In order to establish a foundation for understanding the global diffusion properties and dynamics of

coupled SMs, we start with a detailed analysis of the 2D SM (5.3). In this section, we focus on the long-

term behavior of orbits and examine how specific orbit types of the SM, particularly AMs with different

periods p, influence the system’s dynamics and transport properties.

To get a comprehensive understanding of the diffusion process, we extend the previous study by

[Manos and Robnik, 2014] by analyzing the behavior of many ICs across the entire phase space. In

particular, we compute the diffusion exponent, µ [using Eq. (5.4)], as a function of the nonlinearity

parameter K for a 315×315 grid of evenly spaced ICs covering the entire phase space of the SM, where

x, p ∈ (0, 2π). For each IC, we iterate the map (5.3) up to n = 107 to investigate how µ depends not only

on K but also on the number of iterations n.

Figures 5.6(a) and 5.6(c) depict the diffusion exponent µ as a function of K over a wide interval,

K ∈ [1, 70], for n = 104 and n = 105 iterations, respectively. To accurately compute µ, we perform a

linear fit of the logarithm of the variance momentum, ⟨(∆p)2⟩, with respect to the logarithm of the number

of iterations, n, for each set of considered orbits, focusing on the final two decades of the simulation.

For example, in the case of Fig. 5.6(c), the fitting process is conducted on the variance momentum data

over the iteration interval 103 < n ≤ 105. This approach, which was previously used, for e.g., in [Manos

and Robnik, 2014], enables us to analyze how the diffusion exponent µ varies with the nonlinearity K

over a large range and across increasing numbers of iterations. It also provides a more detailed picture

of the diffusion processes in the SM’s 2D phase space.

High peaks in the µ values correspond to the parameter intervals, defined by Eq. (5.6), where period

p = 1 AMs exist. These intervals are indicated by the horizontal black line at the bottom of Figs. 5.6(a)

and 5.6(c). The peaks represent regions of anomalous diffusion, with maximum µ values approaching

µ = 2, which is a characteristic of ballistic transport. Within the considered range of K ≤ 70, we observe

11 distinct peaks. The maximum values of µ at these peaks, denoted as µ∗, are highlighted by black

filled circles in Figs. 5.6(a) and 5.6(c). Comparing these plots, we observe that the associated µ∗ values

increase as the number of iterations n grows, implying a clear pattern of enhanced diffusion over time.

On the other hand, regions with µ values close to µ = 1 correspond to normal diffusion. The addi-

tional peaks observed for K ≲ 4π are attributed to the influence of AMs of higher periods (p > 1) on the

SM’s dynamics. It is important to note that the calculated effective diffusion coefficient, Deff [Eq. 5.7],

exhibits similar behavior [Figs. 5.6(b) and (d)], with pronounced peaks appearing at the same intervals of

K values. To keep the presentation simple, we omit the maximum peaks (marked by black circles) and

parameter intervals (shown by the horizontal black line at the bottom) from Figs. 5.6(b) and (d), which

are highlighted in Figs. 5.6(a) and (c).

The findings in Fig. 5.6 highlight the fact that the ballistic motion, resulting from the presence of AMs,

governs the global diffusion behavior of the SM. Consequently, the entire orbits in the phase space

display anomalous diffusion, with the diffusion exponent ultimately converging to the maximum value of

µ = 2. On the other hand, the effective diffusion coefficientDeff diverges towards infinity in these regions,

a similar result to that was reported in [Harsoula and Contopoulos, 2018]. Note that Deff → ∞ even for
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(a) µ(K) (b) Deff(K)

(c) µ(K) (d) Deff(K)

Figure 5.6: [(a) and (c)] The diffusion exponent µ(K) (5.4) and [(b) and (d)] effective diffusion coefficient
Deff(K) (5.7) of the SM after [(a) and (b)] n = 104 and [(c) and (d)] n = 105 iterations. Both quantities
are computed for approximately 100, 000 ICs evenly distributed in a grid covering the map’s entire phase
space, with x ∈ (0, 2π) and p ∈ (0, 2π). At the bottom of (a) and (c), we indicate using small perpendicular
segments the intervals where period p = 1 AMs exist. When µ ≈ 1, the system exhibits normal diffusion,
whereas for the µ values at the observed peaks marked by black circles for K > 2π, the system displays
anomalous diffusion due to the presence of period p = 1 AMs. These same AMs are also associated
with the peaks of the Deff values in (b) and (d).
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very large values ofK because AM islands remain present regardless of how largeK becomes. It is also

worth noting that as K increases, the size of the island surrounding stable AMs becomes progressively

smaller.

To further investigate the anomalous diffusion due to the presence of period p = 1 AMs, in Fig. 5.7,

we perform a detailed analysis of the SM’s (5.3) diffusion behavior at the 11 specific parameter values

of K corresponding to the observed high peaks in Fig. 5.6. We choose only some representative cases

from different peak locations, i.e. K = 6.866 (blue curves), K = 25.291 (red curves), K = 44.002 (purple

curves), and K = 69.173 (green curves), to avoid overloading the plots with many curves. Figs. 5.7(a)

and (b) present, respectively, the evolution of the variance ⟨(∆p)2⟩ (5.4) and the related diffusion expo-

nent, µ (5.4) of the system (5.3) for each considered case. The results in Fig. 5.7 demonstrate a clear

trend towards ballistic diffusion (µ = 2) as the number of iterations increases. In Fig. 5.7(b), we can

also see that the time required for µ to reach this asymptotic µ = 2 value depends on the specific K

value. Larger values of the nonlinearity, K, require a longer iteration time for convergence to µ = 2,

indicating that while AMs continue to impact the diffusion process, their effect becomes apparent over

longer timescales as nonlinearity increases.

The system’s (5.3) diffusion behavior for largerK values illustrates a transition from normal to anoma-

lous diffusion. While the long-term dynamics eventually converge toward ballistic transport (µ = 2) due

to the influence of AMs, the early stages of the diffusion process typically exhibit normal diffusion charac-

teristics (µ = 1). This is especially evident for higher K values, such as those represented by the purple

and green curves in both panels of Fig. 5.7, where ⟨(∆p)2⟩ initially grows proportionally to n with µ = 1

[dashed line in Fig. 5.7(a)], before transitioning into the ballistic regime. This delayed onset of anoma-

lous diffusion is also reflected on the fact that the height of the diffusion peaks at n = 104 [Figs 5.6(a)],

which are lower than those observed for n = 105 iterations [Figs 5.6(c)].

In order to further investigate the behavior of the maximum diffusion exponent values, µ∗, associated

with the presence of period p = 1 AMs, we conduct a detailed analysis of the K values corresponding

to the first 11 peaks shown in Fig. 5.7. In this analysis, we consider various iteration numbers: n = 103

(blue points), n = 104 (red points), n = 105 (green points), n = 106 (orange points), and n = 107 (black

points) in Fig. 5.8. The peak values µ∗ as a function of these K values are plotted in Fig. 5.8(a). Note

that the obtained results for µ∗ at n = 104 and n = 105 iterations (red and green points and curves)

correspond to the black circles marked in Figs. 5.6(a) and (c), respectively. To better understand the

relationship between the peak values µ∗ and the nonlinearity strength K for each number of iterations

n, we fit these obtained results using a power law of the form µ∗(K) = AKB . The computed fittings are

shown by the colored curves in Figs. 5.8(a), and the associated parameters values A and B of these

fittings are presented as functions of the map’s iteration number n in Fig. 5.8(b).

Our analysis of the peak values associated with period p = 1 AMs provides additional insight into

the diffusion process. In Fig. 5.8(a), we have observed that the maximum diffusion exponent, µ∗, for

each K value shows a distinct trend toward the ballistic diffusion limit (µ = 2) as the number of iterations

increases. This behavior is further supported by the fitting parameters A and B [Fig. 5.8(b)], where we

see these values approach A = 2 and B = 0 as the number of iterations increases. These asymptotic
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(a) ⟨(∆p)2(n)⟩ (b) µ(n)

Figure 5.7: (a) The average variance ⟨(∆p)2⟩ (5.4) and (b) the corresponding numerically estimated
diffusion exponent µ(n) (5.4) of the SM for approximately 100, 000 ICs in a grid covering the map’s entire
phase space x ∈ (0, 2π) and p ∈ (0, 2π). Different colors represent different values of the kicked strength
parameter corresponding to specific black circle-marked peaks in Fig. 5.6(a): K = 6.866 (blue), K =
25.291 (red), K = 44.002 (purple), and K = 69.173 (green). The dashed and dash-dotted lines in (a),
respectively, indicate power law behaviors n1 and n2 while the horizontal dashed line in (b) corresponds
to µ = 2.

parameter values are indicated by the horizontal dashed lines in Fig. 5.8(b).

The findings of Fig. 5.8 demonstrate that the effect of AMs on the SM’s diffusion process grows

more pronounced with extended number of iterations, n. We observe that values of µ∗ become nearly

independent of K as they converge to their maximum value µ∗ = 2. This convergence leads us to

conclude that, while other factors may influence the initial dynamics of the SM (5.3), the long-term

behavior is ultimately governed by the AM’s presence, resulting in ballistic transport.

To investigate the time required for the diffusion exponent µ to reach its asymptotic value µ = 2, we

examine the identified K values of the first 11 peaks [Fig. 5.6], as shown in Fig. 5.9(a). For this analysis,

we introduce a parameter, n′, to quantify the number of iterations required for µ to reach the threshold

near its asymptotic limit µ = 2 (to be precise with the specific criteria being µ ≥ 1.992). This analysis

further demonstrates the observations from Figs. 5.7 and 5.8, showing that the diffusion exponents

associated with higher K value peaks require more iterations to converge to µ = 2. As illustrated in the

inset of Fig. 5.9(a), n′ displays a clear dependence on the width of the period p = 1 AM intervals, defined

by Eq. (5.6) as red∆Km =
√
(2πm)2 + 16 − 2πm. In particular, a narrow ∆Km interval corresponds to

larger n′ values, indicating a longer delay before reaching ballistic diffusion.

To further understand the relationship between the delay in reaching the ballistic diffusion (µ = 2)

and the global dynamics of the SM in phase space, we also compute the average ftmLE (2.9), ⟨σ1⟩, for

the entire phase space across a range of the nonlinearity parameter values K considered in Fig. 5.8.

Specifically, we evaluated ⟨σ1⟩ for K = 6.866, 12.877, 19.059, 25.291, 31.543, 37.805, 44.002, 50.345,

56.619, 62.895, and 69.173. For each K value, we evolve 10, 000 orbits with ICs on a 100 × 100 grid
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(a) µ∗(K) (b) A(n) and B(n)

Figure 5.8: (a) The maximum diffusion exponents µ∗(K) for the first 11K values where period p = 1 AMs
of the SM (5.3) exist are computed at n = 103, 104, 105, 106, and 107 iterations of the map (represented
by blue, red, green, orange, and black points, respectively). µ is computed for approximately 100, 000
ICs evenly distributed on a grid covering the map’s entire phase space x ∈ (0, 2π) and p ∈ (0, 2π). Solid
curves represent fitting to the function µ∗(K) = AKB for each set of data points. (b) The resulting values
of the fitting parameters A(n) and B(n), along with their corresponding determination errors. Horizontal
dashed lines indicate A = 2 and B = 0.

evenly distributed over the entire phase space of the map to determine the average ftmLE value, ⟨σ1⟩

[Fig. 5.9(b)].

We find that the correlation between ⟨σ1⟩ and the nonlinearity strength K aligns with the theoretical

prediction given in [Shevchenko, 2004], where ⟨σ1⟩(K) = ln(K/2) for the chaotic region of the 2D SM

(5.3) phase space. This relation demonstrates how chaoticity changes for large values of K of the map.

The average ftmLE values approximately follow a ln(K/2) growth pattern, as indicated by the dashed

pink curve in Fig. 5.9(b). The inset of Fig. 5.9(b) illustrates the evolution of ⟨σ1⟩ as a function of the

number of iterations up to n = 105, indicating the positive correlation between ⟨σ1⟩ and K.

In the computation of the average ftmLE, ⟨σ1⟩, shown in Fig. 5.9(b), we consider a large ensemble of

ICs which are evenly distributed on a grid over the entire phase space. Although the averaging process

includes both regular and chaotic orbits, the significant contribution to the ⟨σ1⟩ value primarily comes

from chaotic orbits. This is because the measure of the chaotic regions typically outweighs that of regular

islands, especially at higher values of the nonlinearity parameter K. For large K values, chaotic motion

dominates the phase space, and the addition of some regions with regular orbits (which practically have

σ1 ≈ 0) does not drastically impact the computation of ⟨σ1⟩. By using large ensembles of around 10, 000

orbits and long simulation times of 105 iterations, we ensure that the computed average ftmLE provides

a reliable measure of the system’s global chaoticity. This is indicated by the clear saturation of ⟨σ1⟩ to a

positive number in the inset of Fig. 5.9(b).

Let us now examine the relation between the chaotic dynamics in the phase space of the SM (5.3)

and the map’s diffusion properties in the presence of AMs of different periods. For this analysis, we

employ the GALI2 method due to its efficiency in accurately distinguishing between regular and chaotic
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(a) n′(K) (b) Average ftmLE(n) (2.9)

Figure 5.9: (a) The number of iterations n′(K) required for the diffusion exponent µ to reach µ = 2,
which indicates ballistic transport, for K values K = 6.866, 12.877, 19.059, 25.291, 31.543, 37.805, 44.002,
50.345, 56.619, 62.895, and 69.173 period p = 1, where period p = 1 AMs of the SM (5.3) exist. Inset: n′

as a function of ∆Km =
√
(2πm)2 + 16− 2πm, which represents the width of the K intervals containing

the AMs. (b) Average ftmLE, ⟨σ1(K)⟩ (2.9), for 10, 000 ICs on a grid covering the SM’s entire phase space
after n = 105 iterations. The error bars denote one standard deviation in the average value computation,
while the dashed pink curve corresponds to the power law ⟨σ1⟩ = ln (K/2). Inset: the time evolution of
⟨σ1(n)⟩.

orbits, as demonstrated in Fig. 5.4. By using the GALI2, we can also produce detailed color plots that

provide a global overview of the system’s dynamics, at the same time quantifying the portion of the

phase space covered by chaotic regions, PC. By systematically adjusting the size of the phase space

region surrounding an AM, we can control the percentage of chaotic orbits in this region, which allows for

an investigation of how the proportion of chaotic to regular motion affects the SM’s phase space global

diffusion transport properties.

In order to estimate the percentage of chaotic orbits for a givenK value using GALI2, we first consider

a 2D grid with evenly spaced points covering the map’s entire phase space. Each point on this grid

serves as an IC for an orbit. In particular, we use a dense grid of 500 × 500 cells, corresponding to

250,000 ICs, covering the entire phase space x ∈ (0, 2π) and p ∈ (0, 2π). In addition, we consider

subspaces of the phase space in (0, 2π)× (0, 2π) that contain AMs and surrounding chaotic areas. The

size of these subspaces and the percentage of chaotic orbits, PC, may vary to analyze how different

chaotic region proportions impact the SM’s global diffusion properties.

For the SM (5.3), we also select specific values of K for which AMs are present and use the GALI2

method to distinguish between chaotic and regular regions in the system’s phase space. In particular,

for our analysis we chose K = 6.5, K = 4.0844, K = 6.9115, and K = 3.1, where AMs of periods 1 to

4 are observed, respectively. Then we evolve these considered orbits for n = 50 iterations and compute

GALI2 for each orbit. The values of the GALI2 at n = 50 allow us to estimate the percentage of chaotic

orbits for different values of K in the SM’s phase space. More specifically, orbits with GALI2 values
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smaller than 10−8 are classified as chaotic, while orbits whose GALI2 values remain greater than 10−8

after n = 50 iterations are classified as non-chaotic.

It is also important to point out that the threshold value of zero, GALI2 ≤ 10−8, is widely accepted

as a good criterion for distinguishing between chaotic and regular motion, as shown in previous studies

[Manos et al., 2007, 2009]. Moreover, the number of n = 50 iterations is generally sufficient to clearly

differentiate between the exponential decay of the index observed in the case of chaotic motion and the

power law decay indicating regular motion, as illustrated in Fig. 5.4(b) (see also Eq. 2.17, where this

behavior of the GALI2 was discussed).

In order to get a more detailed understanding of the diffusion process, we perform a refined analysis

of the diffusion exponent, µ, for each grid point and K value considered by systematically computing

the variance of the angular momentum as follows: We construct an additional finer grid of 50 × 50 ICs

to each of the original 500 × 500 grid cells (i.e., 2, 500 ICs per cell) considered in order to compute the

GALI2. This refinement enables us to do a localized computation of µ for each of the studied 250, 000 ICs

covering the entire phase space. Then, for each one of these local grids, we numerically compute the

‘local’ diffusion exponent µ using Eq. (5.4) and perform a linear fit of the variance ⟨(∆p)2⟩ with respect to

the number of iterations n over the range 103 to 104. This technique allows us to detect small fluctuations

in the diffusion rates and relate these changes with specific dynamical features in the phase space. The

approach generates high-resolution color plots that capture the dynamics of chaotic and regular regions

in the SM (5.3), providing a systematic analysis of the diffusion variations in the system.

Figure 5.10 illustrates the interplay between global chaos and diffusion properties in the SM (5.3)

for four representative values of the nonlinearity parameter K associated with different AM periods

(p = 1, 2, 3, and 4), specifically K = 6.5, K = 4.0844, K = 6.9115, and K = 3.1. Each value of

K corresponds to an AM of the SM with these respective periods. In each case, the first two panels

present color plots of the phase space regions based on the GALI2 values, whereas the subsequent two

panels depict the same regions colored according to the computed diffusion exponent µ (5.4). In the

GALI2 color plots of Fig. 5.10, chaotic regions (GALI2 ≤ 10−8) appear in dark blue color, while regular

regions appear in red. In the µ color plots, ballistic diffusion (µ ≈ 2) is shown in red color, normal diffusion

(µ ≈ 1) appears in various shades of yellow, and subdiffusion in blue. The stable AM locations for each

K are marked by a white point in a triangle in the second and fourth columns of Fig. 5.10. Additional

examples of AMs of different periods, along with methods on how to locate them, are discussed in detail

in [Harsoula and Contopoulos, 2018] and references therein.

To systematically analyze how varying the percentage of chaotic regions affects diffusion properties

in the SM (5.3), we define six distinct phase space regions, labeled ‘A’ to ‘F’, each with a different

percentage of chaos. These regions are marked by different colored rectangles in the GALI2 and µ

color plots of Fig. 5.10. The regions cover a wide range of chaotic orbit percentages, from the highest

percentage of chaotic orbits (approximately 99%) in region ‘A’ to the lowest (approximately 6.5%) in

region ‘F’. In general, the specific percentage of chaos PC for each region is as follows: PC ≈ 99% (A),

PC ≈ 75% (B), PC ≈ 50% (C), PC ≈ 25% (D), PC ≈ 12.5% (E), and PC ≈ 6.5% (F). The values, along with

the locations of these regions, are given in Table 5.1 and visually represented by colored rectangles in
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Fig. 5.10.

For instance, in the K = 3.1 case shown in Fig. 5.10(d), we define six regions of the phase space,

labeled ‘4A’ to ‘4F’. The corresponding rectangles appear with distinct colors in the GALI2 and µ color

plots. In particular, regions 4A and 4B are depicted by red and maroon rectangles, respectively, on the

left side of both the GALI2 and µ color plots. We highlight remaining regions, 4C, 4D, 4E, and 4F, by

cyan, light pink, green, and black rectangles on the right side of these plots.

We compute the diffusion exponent, µ, for each of the defined subspace regions as a function of the

number of iterations, n. The time evolution of µ is shown in the rightmost column of Fig. 5.10, where

different curves correspond to different regions, labeled ‘A’ to ‘F’ in the GALI2 and µ color plots.

Our analysis of Fig. 5.10 further illustrates a strong correlation between the percentage of chaotic or-

bits, PC , in the SM’s phase space regions and the convergence of the diffusion exponent to its asymptotic

value of µ = 2. Regions with a higher proportion of chaotic orbits (i.e., larger PC values) demonstrate

faster convergence toward ballistic diffusion. On the other hand, regions with a smaller ratio of chaos

require more iterations to reach the asymptotic value µ = 2. The specific number of iterations required

to reach ballistic diffusion, n′ [see also Fig. 5.9(a)], for each rectangle in Fig. 5.10 is also given in the

last column of Table 5.1.

The GALI2 and µ color plots in Fig. 5.10 offer comprehensive overviews of the SM’s dynamics at

different simulation times. The GALI2 plots (which are produced for n = 50 iterations) are based on

relatively short-term snapshots, which allow us to efficiently distinguish between regular and chaotic

regions. On the other hand, the µ color plots require longer simulation times (103 to 104 iterations) to

accurately characterize the diffusion behavior across the phase space.
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(a) Regions around the stable AM of period p = 1 for K = 6.5

(b) Regions around the stable AM of period p = 2 fo K = 4.0844

(c) Regions around the stable AM of period p = 3 for K = 6.9115

(d) Regions around the stable AM of period p = 4 for K = 3.1

Figure 5.10: Phase space portraits of the SM (5.3) where ICs on a dense grid covering specific phase
space regions are colored by (the first two columns) the GALI2 value after n = 50 iterations and (the
third and fourth columns) their diffusion exponent µ (5.4) computed over 103 ≤ n ≤ 104. In the GALI2
plots, red areas indicate regular motion, dark blue corresponds to chaotic motion, and yellowish hues
represent weakly chaotic orbits. In the µ color plots, ICs with subdiffusion rates appear in dark blue
(0 ≤ µ < 1), normal diffusion in yellow/orange (µ ≈ 1), superdiffusion in lighter reds (1 ≤ µ < 2), and
ballistic transport in dark red/brown (µ ≈ 2). Each row corresponds to a different K value associated
with stable AMs of period p, with AM locations marked by small white triangles in the rightmost GALI2
and µ plots. Particularly, the AM locations are (x, p) = (1.8298, 0) for p = 1 in (a), (4.211, 4.9324) for
p = 2 in (b), (1.80, 0.0) for p = 3 in (c), and (0.3486, 2.6121) for p = 4. The six phase space regions
are highlighted for each K value using differently colored rectangles in the phase space, labelled from
‘A’ to ‘F’ according to their chaotic orbit percentage. Region ‘A’ has the highest percentage of chaotic
orbit (PC ≈ 99%), and ‘F’ has the lowest (PC ≈ 6.5%). Plots in the fifth column show the evolution of the
computed diffusion exponent µ over iterations for each of the considered six regions. The colors used
to identify regions ‘A’ to ‘F’ are indicated in the legend of the last panel in each row. Further details are
provided in the text and Table 5.1.
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Table 5.1: The number of iterations of the SM (5.3) required (n′) for the diffusion exponent µ to converge
to its maximum asymptotic ballistic value µ = 2, indicating ballistic transport, across various K values
and IC ensembles in different phase space regions, each with distinct percentage of chaotic orbits, PC.
The K values considered are K = 6.5, K = 4.0844, K = 6.9115, and K = 3.1, which correspond to
the map’s stable AMs of period p = 1, 2, 3, and 4, respectively. Each region is named based on the AM
period p followed by a letter from ‘A’ to ‘F’. The x and y ranges for each region are selected so that
regions with the same letter have similar PC values, which decrease progressively from A to F. These
regions are also illustrated in Fig. 5.10 by differently colored rectangles, where PC ≈ 99% for region A
(red), PC ≈ 75% for region B (maroon), PC ≈ 50% for region C (cyan), PC ≈ 25% for region D (pink),
PC ≈ 12.5% for region E (green), and PC ≈ 6.5% for region F (black).

K Period p Ensemble Name (x, p) region PC (%) n′

6.5 1 1A [0.000, 3.142] × [0.0, 3.142] 99.76 5.45× 104

1B [1.282, 2.094] × [0.0, 0.524] 74.98 5.34× 103

1C [1.461, 2.094] × [0.0, 0.314] 50.03 5.25× 103

1D [1.571, 2.027] × [0.0, 0.209] 24.84 6.1× 103

1E [1.665, 2.027] × [0.0, 0.209] 12.46 1.80× 103

1F [1.795, 2.010] × [0.0, 0.209] 6.53 4.88× 102

4.0844 2 2A [4.000, 4.500] × [4.800, 5.500] 99.23 1.98× 105

2B [4.200, 4.250] × [4.910, 4.950] 75.39 1.48× 105

2C [4.200, 4.230] × [4.920, 4.940] 50.38 5.25× 104

2D [4.200, 4.220] × [4.925, 4.940] 25.38 4.79× 104

2E [4.200, 4.210] × [4.928, 4.935] 12.70 2.33× 104

2F [4.201, 4.218] × [4.931, 4.935] 6.45 2.7× 101

6.9115 3 3A [1.0, 1.9] × [0.0, 0.80] 99.12 4.37× 106

3B [1.725, 1.88] × [0.0, 0.18] 75.31 6.08× 105

3C [1.74, 1.87] × [0.0, 0.085] 50.01 4.45× 105

3D [1.742, 1.855] × [0.0, 0.05] 25.38 1.34× 105

3E [1.745, 1.85] × [0.0, 0.038] 12.43 1.27× 105

3F [1.782, 1.82] × [0.0, 0.0375] 6.28 9.12× 104

3.1 4 4A [0.000, 1.047] × [1.964, 3.142] 99.28 6.03× 105

4B [0.314, 0.393] × [2.362, 2.780] 75.20 1.99× 105

4C [0.331, 0.376] × [2.417, 2.732] 50.40 1.22× 105

4D [0.330, 0.363] × [2.523, 2.746] 24.93 4.21× 104

4E [0.340, 0.363] × [2.534, 2.741] 12.31 2.33× 104

4F [0.310, 0.363] × [2.534, 2.718] 6.46 1.30× 104

It’s important to note that the short-term GALI2 plots presented in Fig. 5.10 may reveal transient

chaotic-like behaviors typically associated with stickiness effects (e.g. see [Harsoula and Contopoulos,

2018]) along unstable POs surrounding stable islands. However, as the number of iterations increases,

we expect these regions to exhibit more distinct chaotic characteristics, with the resulting GALI2 value

approaching zero and the diffusion exponent µ converging to µ ≈ 1. More generally, for large n values,

both the GALI2 and µ plots are expected to exhibit similar structures. The GALI2 plot will mainly consist

of two colors: red, representing regular motion, and dark blue, indicating chaotic motion. On the other

hand, the µ plots will show two dominant colors: red, corresponding to ballistic diffusion (µ ≈ 2), and

yellow, indicating normal diffusion (µ ≈ 1) in the cases where AMs are present.

In general, Fig. 5.10 represents a transient figure that depends on the number of iterations n. Yellow

features within the blue region in the GALI2 color plots and blue features within the yellow region in

the µ color plots correspond to stickiness regions along unstable asymptotic curves originating from

unstable POs around the islands of stability. To further differentiate the sticky orbits from regular and

chaotic orbits of Fig. 5.10(c), we consider a specific case. Fig. 5.11(a) shows the phase space portrait
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of the 2D SM for three ICs taken from different regions of the µ color plot in Fig. 5.11(b) [which is

the same as the fourth panel of Fig. 5.10(c)] depicting a region around the AM with period p = 3 for

K = 6.9115. In particular, we consider three orbits: the regular orbit with IC (x, p) = (1.8, 0.012) (blue

square point), whose consequents are given by the blue curve; the sticky orbit with IC (x, p) = (1.8, 0.02)

(black square point), whose consequents are formed by black scattered points; and the chaotic orbit

with IC (x, p) = (1.8, 0.075) (red diamond point), whose consequents are represented by red scattered

points.

After sufficiently many iterations, we expect Fig. 5.11(b) to display only two colors in the presence

of stable AMs: yellow for normal diffusion and red for ballistic motion. We also observe interesting

phenomena, such as blue regions (indicating subdiffusion) within the yellow areas (indicating normal

diffusion). These blue regions correspond to the black points (stickiness points) in Fig. 5.11(a). This

phenomenon is known as “stickiness inside chaos” [Contopoulos and Harsoula, 2008, 2010].

(a) Phase space portrait for K = 6.9115 (b) Fourth panel of Fig. 5.10(c)

Figure 5.11: (a) Phase space portrait of the SM (5.3) with K = 6.9115 for three ICs: (x, p) = (1.8, 0.012)
regular orbit (blue square point), (1.8, 0.02) sticky orbit (black triangle point), and (1.8, 0.075) chaotic orbit
(red diamond point), with their consequents shown by the same color points. (b) The right µ color map
of Fig. 5.10(c).

5.4.3 Coupled standard maps

Having established a comprehensive understanding of the diffusion and chaotic behaviors of the SM

(5.3), we now turn our attention to the dynamics of coupled systems. The objective is to investigate

how the behavior of each individual interacting map influences the general diffusion rate and respective

chaoticity of the coupled system. In order to achieve this goal, we consider a system of five coupled

SMs (N = 5 in Eq. 5.8), with distinct values of nonlinearity kicks, Kj for j = 1, . . . , 5. These Kj values

can either be equal or different. In addition, we consider varying coupling strengths, quantified by the

parameter β. The relatively small number of coupled maps (N = 5) we consider allows for extensive
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computational analysis while capturing the important dynamical features of ND coupled SMs.

To investigate the dynamics of the N = 5 coupled SM (5.8), we generally follow ensembles of ICs.

The coordinates of these ICs in each one of the five coupled SMs are arranged on a 315 × 315 grid of

evenly spaced points (i.e., yielding approximately 100, 000 ICs per coupled SM). Given the nature of the

interaction between neighboring maps in Eq. (5.8), we must avoid zeroing the coupling interaction. This

occurs when the ICs for the angle coordinates, xj0, j = 1, 2, . . . , N , of adjacent 2D SMs are equal, i.e.,

xj0 = xj+1
0 . In order to prevent this type of multiple zeroing coupling interactions between the neighboring

maps, we employ a specific IC arrangement. In particular, we shift the initial angular position (xj0 in each

2D map) by a fixed display, d, which is calculated as the phase space angular range of the chosen

IC ensemble divided by the number of maps in the system. More specifically, we set xj+1
0 = xj0 + d,

where d =
xmax − xmin

N
. If the computed xj+1

0 value exceeds the interval [xmin, xmax] of the considered

subspace of a specific 2D map (i.e., xj+1
0 > xmax), we adjust it by subtracting (xmax − xmin) to ensure

that the considered IC falls within the specific angular position range.

In order to quantify the global diffusion properties of the coupled SMs (5.8), we introduce a general-

ized diffusion exponent, µ, which we derive from what we define as the generalized diffusion coefficient

of the coupled system for n→ ∞. This coefficient is denoted by DN
µ . We then calculate the exponent µ

by performing a numerical power law fit of the sum of the variances of the angular momentum for all N

2D maps with respect to the number of iterations, n, according to:

N∑
j=1

⟨(∆pj)2⟩ = DN
µ n

µ. (5.11)

In order to obtain Eq. (5.11) we simply extended Eq. (5.4), which we previously used to compute µ for

the single SM (5.3), to apply it to the case of the general ND SM (5.8).

We determine the diffusion exponent, µ (5.11), and the effective diffusion coefficient, Deff (5.9), for

the coupled system using a procedure similar to what we used for the SM (5.3), to produce Fig. 5.6. By

comparing DN
eff and µ values, we aim to identify conditions under which the coupled SMs exhibit similar

diffusion properties to the (individual) SMs. In addition, we will explore how the coupling between the

N = 5 SMs affects the long-term diffusion properties of the system’s phase space and how the presence

of AMs in one or more of the individual SMs impacts the coupled system over extended time (iteration)

intervals.

5.4.3.1 Coupled SMs with equal nonlinearity kicks and similar proportions of chaotic orbits

We initially start with a system of N = 5 coupled SMs, where each 2D map has identical setups by

considering equal kick-strength parametersK across all maps, i.e., Kj = K, j = 1, . . . , 5. In Fig. 5.12(a),

we show the diffusion exponent µ (5.11) and the effective diffusion coefficient DN
eff (5.9) (inset) of the

system as functions of K for a specific coupling strength value, β = 10−4. We chose this moderate

coupling value to ensure that we observe the system’s dynamical effects, such as diffusion and chaotic

behavior, within reasonable computational times. Results shown in Fig. 5.12(a) are obtained using a

large set of ICs (approximately 100, 000) on a 315× 315 grid covering the entire phase space of each 2D
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SM.

We observed that the diffusion exponent µ is sensitive to the coupling strength, especially for values

of K where period p = 1 AMs are present. In Fig. 5.12(b), we repeat this analysis for a larger coupling

strength, β = 10−3. We can clearly observe a gradual decrease in the values of the diffusion exponent

toward normal diffusion (µ = 1) as β increases, particularly for K intervals containing period p = 1 AMs.

These intervals (denoted by the horizontal black line at the bottom of the panels of Fig. 5.12) are in a

way similar to those in Fig. 5.6. Furthermore, the decrease effect is more pronounced for higher values

of the nonlinear parameter K. The results presented in Fig. 5.12 depend on the number of iterations n

and, in principle, on the number of the considered ICs. This latter dependence, previously highlighted

for the SM [Fig. 5.6], will also be discussed later.

(a) µ(K) [inset: DN
eff(K)] for β = 10−4 (b) µ(K) [inset: DN

eff(K)] for β = 10−3

Figure 5.12: The diffusion exponent µ(K) (5.11) [insets: the effective diffusion coefficient DN
eff(K) (5.9)]

of the N = 5 coupled system (5.8) with equal Kj = K = 6.5, j = 1, 2, . . . , 5 values for (a) β = 10−4 and
(b) β = 10−3. The values of µ are computed for approximately 100, 000 ICs on grids covering the entire
phase space of each of the five SMs. The black horizontal lines at the bottom of the panels indicate the
K intervals where period p = 1 AMs exist, similar to Fig. 5.6.

In order to make our numerical simulations computationally feasible, we carefully chose a sufficiently

large number of ICs to accurately capture the fundamental dynamical features of the coupled SM sys-

tems (5.8) without requiring extensive computational resources. After testing various sizes of orbit en-

sembles, we concluded that 100, 000 ICs (similarly to what was used for the 2D map (5.3) in Sect. 5.4.2

can effectively capture the dynamics in a realistic computation time. As an example, Fig. 5.13 is pre-

sented, which is similar to Fig. 5.12, but obtained by using half the number of ICs. In this case, we

use approximately 50, 000 ICs considered on a 224× 224 grid in each 2D map instead of approximately

100, 000 ICs obtained by 315 × 315 grids over each SM’s entire phase space. By comparing Figs. 5.12

and 5.13, we observe no significant difference in the presented dynamical features. To balance compu-

tational efficiency and accuracy, we opted to use 315×315 (approximately 100, 000 ICs) grids throughout

our investigations, similar to previous studies such as [Manos and Robnik, 2014]. This grid is suffi-
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ciently large to correctly capture the basic features of the dynamics in feasible computational times while

avoiding excessive computational demand.

(a) µ(K) [inset: DN
eff(K)] for β = 10−4 (b) µ(K) [inset: DN

eff(K)] for β = 10−3

Figure 5.13: Similar to Fig. 5.12 but for approximately 50, 000 ICs on 224 × 224 grids for each of the
N = 5 SM covering the entire phase space of the system.

Building upon the analysis of a coupled system of SMs with identical K values, we now focus on

the impact of increasing the coupling strength (β) on the system’s diffusion properties. In particular, we

examine the behavior of the maximum diffusion exponent µ∗ (5.11) values associated with regions where

AMs of period p = 1 are present in the individual SM. These µ∗ values come from the 11 pronounced

peaks in the diffusion exponent seen in both Figs. 5.6 or 5.12.

Figure 5.14(a) shows the values of µ∗ as a function of K after n = 104 iterations of the coupled SM

(5.8) for various coupling parameters β. By fitting the µ∗ values to a function of the form µ∗ = A′KB′

for each one of the different considered coupling strengths, we observe a clear trend towards normal

diffusion in all cases. Even for moderate coupling strength values β ≳ 5× 10−3 (brown, cyan, and black

points and curves in Fig. 5.14(a)), the coupled SMs system (5.8) quickly reaches the global normal

diffusion rates (µ = 1) even for small K values. As the coupling strength increases, the system quickly

transitions from superdiffusive behavior (µ > 1), which is influenced by the period p = 1 AMs, to normal

diffusion (µ = 1). This transition is shown by the decreasing fitting function, in which curves eventually

reach values that indicate normal diffusion (µ∗ = 1) regardless of the value of K. The fitting parameters

A′ and B′, along with their standard deviations, are shown in Fig. 5.14(b) as functions of the coupling

parameter β. From the results of Fig. 5.14(b) a clear trend emerges: µ∗ approaches µ = 1 and becomes

independent of K as A′ and B′ approach 1 and 0, respectively [dashed lines in Fig. 5.14(b)] for relatively

large β values. The results in Fig. 5.14 highlight that strong coupling between neighboring SMs can

suppress the superdiffusive behavior caused by AMs, consequently leading the global diffusion process

of the coupled system to exhibit normal diffusion in SMs.

Continuing the analysis of the coupled system (5.8), we now investigate how the maximum diffu-
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(a) µ∗(K) (b) A′(n) and B′(n)

Figure 5.14: (a) The maximum diffusion exponents µ∗ for the first 11 K = Kj , j = 1, . . . , 5 values where
period p = 1 AMs of the N = 5 couples SMs system (5.8) exist are computed for eight β values on
β ∈ [10−5, 5 × 10−2] (see the legend for the specific values) at n = 104 iterations. µ is computed for
approximately 100, 000 ICs on a grid covering the map’s entire phase space x ∈ (0, 2π) and p ∈ (0, 2π).
Solid curves represent fitting to the function µ∗ = A′KB′

for each set of data points. (b) The resulting
values of the fitting parameters A′(n) and B′(n), along with their corresponding determination errors.
Horizontal dashed lines indicate A′ = 1 and B′ = 0. See text in the description for details.

sion exponent values (µ∗) associated with strong superdiffusion change with variations of the coupling

strength (β). By examining the behavior of µ∗ for a specific set of K values which produce strong su-

perdiffusion, we found that increasing coupling strength effectively suppressed superdiffusive behavior

(Fig. 5.15). This trend is evident in the gradual decay of µ∗ towards a diffusion rate µ ≈ 1 as β increases

in Fig. 5.15. Such behavior typically occurs from the extended chaotic regions in the phase space of the

SM due to an increase in the values of β, where normal diffusion (µ = 1) is observed for ICs located

further from the stable AMs regions.

The findings in Figs. 5.12 and 5.14 show that strong coupling between each single 2D SM leads to

global normal diffusion, even if there are initially local regions where superdiffusion takes place. Hence,

the coupling strength β can effectively control the transition from superdiffusion (µ > 1) to almost normal

diffusion (µ ≈ 1) in the coupled SMs model (5.8).

Now let us explore the relationship between the coupling parameter and the time it takes for coupled

SMs to reach ballistic transport (µ = 2). We first plot the variance
∑N
j=1⟨(∆pj)2⟩ (5.9) in Fig. 5.16(a) and

the diffusion exponent (5.11) in Fig. 5.16(a) for ensembles of approximately 100, 000 ICs of the N = 5

coupled SMs system with Kj = K = 6.5), as function of the number of iterations n for different coupling

strengths β. These plots allow us to investigate how β influences the system’s diffusion properties

towards ballistic transport. The results show a gradual transition from superdiffusive µ > 1 to normal

diffusive µ = 1 behavior for all considered β values. It is noted that transition to normal diffusion requires

fewer iterations for relatively larger coupling strengths.

Moreover, we analyze the chaotic behavior of the coupled SMs (5.8) by computing the average (over
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Figure 5.15: The maximum diffusion exponents µ as a function of the coupling strength β of the N = 5
couples SMs system (5.8) with values of Kj = K, j = 1, 2, . . . , 5 for which pronounced superdiffusion
transport takes place (values ofK corresponding to the black filled circles in Fig. 5.12). µ is computed for
approximately 100, 000 ICs on a grid covering the map’s entire phase space x ∈ (0, 2π) and p ∈ (0, 2π)
at n = 104 iterations.

all considered ICs) ftmLE (2.9), ⟨σ1⟩, [Fig. 5.16(c)] and the average (over all considered ICs) GALI2

(2.12), ⟨GALI2⟩, [Fig. 5.16(d)] for the same ICs and parameter setup as in Figs. 5.16(a) and 5.16(b).

The computation of the ftmLE and GALI2 indices help us understand the connection between coupling

strength, chaoticity, and the time required for the global diffusion to reach ballistic transport in the coupled

system. The inset of Fig. 5.16(c) shows the evolution of the ⟨σ1⟩ with respect to n. Larger ⟨σ1⟩ values

are obtained for stronger coupling strength β cases, which exhibit normal diffusion rates in Fig. 5.16(b).

The monotonic relation between the degree of chaos and coupling strength β is further supported by the

exponential decay to zero of the GALI2 values for all considered β values, which confirms global chaotic

behavior of the coupled SMs system (5.8) [Fig. 5.16(d)]. Additionally, we can also observe a relationship

between the time required for the ⟨GALI2⟩ to reach zero and the related ⟨σ1⟩ value, with larger numbers

of iterations corresponding to smaller ftmLE values. This relation becomes apparent when we compare

the results obtained for the smallest coupling value we considered, β1 = 10−5 [blue curves in Fig. 5.16]

with the ones found for the largest value, β8 = 5× 10−2 [black curves in Fig. 5.16]. For β8 ⟨σ1⟩ saturates

to a positive value more quickly [Fig. 5.16(c)], and at the same time ⟨GALI2⟩ decays to zero more rapidly

[Figs. 5.16(d)], indicating stronger chaotic behavior.

A natural question arises whether all cases exhibiting the superdiffusion rates (µ > 1) in Figs. 5.16(a)

and (b) have indeed truly converged to their final diffusion exponent value of µ = 1. This question is

particularly relevant given the considered number of iterations (n = 107) and number of ICs (100, 000),

especially for the smallest three β values, namely β = 10−5 (blue curves), β = 5× 10−5 (green curves),

and β = 10−4 (orange curves). In order to address this question, we further analyze cases with varying

numbers of ICs and compute the diffusion measures for even larger n values by focusing on the β = 10−4

case [orange curves in Figs. 5.16].
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(a)
∑N

j=1⟨(∆pj)2(n)⟩ (b) µ(n)

(c) Average ftmLE, ⟨σ1(n)⟩ (d) Average GALI2(n)

Figure 5.16: (a) The variance
∑N
j=1⟨(∆pj)2⟩ (5.11) and (b) the corresponding numerically estimated

diffusion exponent µ(n) (5.9) of the N = 5 coupled SMs system (5.8) with equal kick parameters,
Kj = K = 6.5, for various β values (see the legend for the specific values). The setup and ensemble
of ICs are similar to Figs. 5.12 and 5.14. The black dotted and dashed lines in (a) indicate particular
diffusion rates, while the horizontal dash-dotted line in (b) represents µ = 2. (c) The average ftmLE (2.9),
⟨σ1(β)⟩, after n = 105 iterations over approximately 100, 000 ICs, with error bars showing one standard
deviation in the computation of the average value. Inset: The evolution of ⟨σ1(n)⟩. (d) The average
⟨GALI2(n)⟩ values for the same set of ICs as in (c). The respective standard deviations (not shown here)
are very small and hardly visible.
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We present the computed variance (5.11) for ensembles of approximately 100, 000 ICs in Fig. 5.17(a)

and the corresponding computed diffusion exponent µ(n) (5.11) in Fig. 5.17(a) of theN = 5 coupled SMs

system (5.8) as functions of the iterations n. Here, we use equal kick parameter values Kj = K = 6.5

and set β = 10−4 for 50, 000 (blue curves), 75, 000 (red curves), and 100, 000 (green curves) ICs on the

grid of each SM’s phase space. The results in Fig. 5.17 clearly show that the different sets of ICs lead to

similar outcomes, confirming µ indeed eventually converges to normal diffusion (µ = 1), as we deduced

from the findings in Fig. 5.16.

The impact of increasing the number of iterations (n) in Fig. 5.17(b) is further illustrated in Fig. 5.16(b).

As n increases, µ gradually approaches µ = 1, with this convergence happening faster for larger β val-

ues. It is worth noting that all curves practically overlap, especially in Fig. 5.16(a). We observe that

the green curve requires more number of iterations to reach the final time we considered. However, the

trend indicates that µ converges towards µ = 1.

(a)
∑N

j=1⟨(∆pj)2(n)⟩ (b) µ(n)

Figure 5.17: (a) and (b) similar to Figs. 5.16(a) and 5.16(b), respectively, but for β = 10−4 with 50, 000
(blue curves), 75, 000 (red curves), and 100, 000 (green curves) ICs on the grid. Due to computational
limitations, the evolution of the ICs for the green curves was stopped earlier than the final number of
iterations we considered, n = 109.

To further explore the behavior of the maximum diffusion exponent values, µ∗, associated with period

p = 1 AMs for the N = 5 coupled SMs system (5.8), we perform a similar analysis to the case of the

SM (5.3) shown in Fig. 5.8. Fig. 5.18 illustrates the µ∗ as a function of K values in the first 11 intervals

observed in Fig. 5.12 for β = 10−4 [Fig. 5.18(a)] and β = 10−3 [Fig. 5.18(b)], evaluated at different

iteration numbers: n = 103 (blue points and curves), n = 104 (red points and curves), n = 105 (green

points and curves), and n = 106 (orange points and curves). The plots in Fig. 5.18 are similar to Fig. 5.8

but now we consider the coupled system of five identical 2D maps with varying Kj values. For instance,

in the first set of points in Fig. 5.18, µ∗ can be obtained for Kj = K = 6.5 from the intersection points

of the β = 10−4 (orange curves) and β = 10−3 (green curves) in Fig. 5.16(b) with the vertical lines at
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n = 103, n = 104, n = 105 and n = 106.

Following the approach in Fig. 5.8, we also fit the peak µ∗ values to the nonlinearity strength K

for each number of iterations n using a power law of the form µ∗(K) = A∗KB∗
. The resulting fittings

are shown by the corresponding colored curves in Figs. 5.18(a) and (b), along with the associated

parameters A∗ and B∗ as functions of the map’s iteration number n presented in Figs. 5.18(c) and (d),

respectively.

(a) µ∗(K) (b) µ∗(K)

(c) A∗(n) and B∗(n) (d) A∗(n) and B∗(n)

Figure 5.18: The maximum diffusion exponents µ∗(K) as a function of K values on the first 11 intervals
where period p = 1 AMs of the coupled SMs system (5.3) exist [Fig. 5.12] for (a) β = 10−4 and (b)
β = 10−3, computed at n = 103, 104, 105, and 106, iterations of the maps (represented by blue, red,
green, and orange points, respectively). The diffusion exponent µ is computed using approximately
100, 000 ICs on a grid covering the entire phase space of the map x ∈ (0, 2π) and p ∈ (0, 2π). Solid
curves depict fittings of the data points to the function µ∗(K) = A∗KB∗

for each iteration set. The
resulting values of the fitting parameters A∗(n) and B∗(n), with their associated determination errors for
(c) β = 10−4 and (d) β = 10−3.

In contrast to the monotonic relationship between µ∗ and n observed for each K in Fig. 5.8(a) for the
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2D SM (5.3), Figs. 5.18(a) and (b) reveal a non-monotonic behavior between µ∗ and n for each K in the

N = 5 coupled SMs system (5.8). The reason is that the addition of the coupling parameter β causes

the diffusion exponent µ to transition from superdiffusion (µ > 1) to normal diffusion (µ = 1) for the

coupled SM systems, exhibiting this non-monotonic behavior [e.g. see Fig. 5.16(b) for Kj = K = 6.5].

Now let us change our focus to examine the influence of the coupling strength β on the coupled

SMs chaoticity by analyzing the average ftmLE ⟨σ1⟩ for a range of the system’s kicked strength (K) and

coupling strength (β). We consider five β values, ranging from 10−4 to 1. For a fixed β, ⟨σ1⟩ is computed

as the average ftmLE over 10, 000 ICs on a 100× 100 grid covering the SM’s entire phase space with K

value on the interval 6.5 ⪅ K ⪅ 70 after n = 105 iterations. Fig. 5.19 illustrates ⟨σ1⟩ increasing as K

increases for a fixed coupling strength β. This monotonic behavior between the average ftmLE values

and the nonlinearity kick K of the coupled SMs (5.8) is similar to the one observed in Fig. 5.9(b) for the

SM (5.3).

Figure 5.19: The average ftmLE, ⟨σ1(K)⟩, computed at n = 105 iterations of the N = 5 coupled SMs
system (5.8) with equal Kj = K = 6.5 values and varying β values (see the legend for specific values).
The pink dashed curve represents the law ⟨σ1(K)⟩ = ln(K/2), which is also depicted in Fig. 5.9(b) for
the SM system (5.3).

For relatively large nonlinearity kick Kj = K values, increasing the coupling strength β between 2D

SMs slightly increases the average ftmLE value ⟨σ1⟩. This slight monotonic relation between ⟨σ1⟩ and β

values for each K is clearly the result of a small boost in the extent of chaotic motion due to the coupling

in the coupled SMs. While adding a small coupling initially affects the diffusion properties, it also has a

small influence on the system’s chaotic behavior, especially for large K values.

5.4.3.2 Coupled SMs with equal nonlinearity kicks but different proportions of chaotic orbits

Now, let us shift our focus to investigate the influence of the percentage of chaotic ICs (PC) on the

long-term diffusion properties for the system of coupled SMs system (5.8) with equal nonlinearity kicks

Kj = K. For this purpose, we consider a system of N = 5 coupled 2D maps with Kj = K = 6.5, where

AMs of period p = 1 are present for each individual coupled map. We begin our study by creating phase
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space color plots to visualize the chaoticity and the diffusion rates for the different ensembles of ICs we

consider (Fig. 5.20). The top row of color maps displays phase space color plots based on the GALI2

values of orbits, while the bottom row presents color plots of the diffusion exponent µ. The first panels

of both the GALI2 and the µ color plots show an ensemble of ICs covering the entire phase space

x ∈ (0, 2π) and p ∈ (0, 2π) of the 2D map, which contains extensive chaotic regions (approximately

PC ≈ 99%), labeled ‘1P’. We then focus on ensembles of progressively smaller regions around an AM

of period p = 1, gradually reducing the fraction of chaotic orbits. These maps are presented as 1B, 1C,

and 1D and contain approximately PC ≈ 75%, PC ≈ 50%, and PC ≈ 25% chaotic orbits, respectively (see

Table 5.1 for more details).

(a) GALI2 color map

(b) Diffusion exponent µ color map

Figure 5.20: The phase space portraits colored by (top row) GALI2 (2.12) and (bottom row) the diffusion
exponent µ (5.9) for the 2D SM (5.3) with K = 6.5 for which a period p = 1 AM exists. The leftmost panel
in each row contains an ensemble of ICs on the entire phase space, [0, 2π)× [0, 2π), exhibiting extensive
chaos (PC ≈ 99%), 1P. The following panels (1B, 1C, and 1D) show progressively smaller regions around
the period p = 1 AM with PC ≈ 75%, PC ≈ 50%, and PC ≈ 25%, respectively.

In the following analysis, we construct two coupled map arrangements (‘SA’ and ‘SB’) with a single (S)

parameter value, Kj = K = 6.5, using the ensembles shown in Fig. 5.20. For these arrangements, we

compute the evolution of the variance
∑5
j=1⟨(∆pj)2⟩ (5.11) and the corresponding diffusion exponent µ

(5.11) as well as the average ftmLE (2.9), ⟨σ1⟩, and the average GALI2, ⟨GALI2⟩, considering a moderate

value of the coupling strength, specifically β = 10−3. These setups allow us to efficiently investigate
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the impact of different chaotic orbit percentages on the diffusion characteristics of the coupled SMs,

particularly in the presence of period p = 1 AMs, for reasonably long computational times.

Table 5.2: Nomenclature of different coupled SMs arrangements in Sect. 5.4.3.2. Fig. 5.21 presents
results for the N = 5 coupled SMs system (5.8), where each 2D map has a single (S) nonlinear strength
value Kj = K = 6.5 (corresponding to a period p = 1 AM). In all arrangements labeled as ‘SA’, the
central map (Map 3) includes ICs that cover the entire phase space with PC ≈ 99% (1P), while the
other four maps contain ICs in regions with various percentages of chaotic orbits: PC ≈ 75% for 1B,
PC ≈ 50% for 1C, and PC ≈ 25% for 1D (see Fig. 5.20 as well as Table 5.1). Fig. 5.22 shows results for
an alternative arrangement type labeled as ‘SB’, where the central map (Map 3) ICs in regions (1B, 1C,
or 1D), while the other four maps include ICs covering the entire phase space (1P). In all six cases, the
coupling strength parameter is set to a moderate value, β = 10−3.

Cases Arrangement SA Arrangement SB
Map S75A S50A S25A S75B S50B S25B
Map 1 1B 1C 1D 1P
Map 2 1B 1C 1D 1P
Map 3 1P 1B 1C 1D
Map 4 1B 1C 1D 1P
Map 5 1B 1C 1D 1P
Figure Fig. 5.21 Fig. 5.22

It is worth noting that we can set up the N = 5 coupled SMs system (5.8) by coupling each panel (the

four maps with different percentages of chaos, 1P, 1B, 1C, and 1D in Fig. 5.20) in many possible ways.

For simplicity, we establish two distinct arrangements to systematically explore how the percentage of

chaos ensembles affects the long-term diffusion properties and chaotic behavior of the coupled SMs.

Both arrangements involve coupled 2D SMs with equal nonlinearity parameters, Kj = K = 6.5, and

they are defined as Arrangement SA and Arrangement SB.

Dynamics of coupled SMs in Arrangement SA

In this arrangement, we initialize the ICs of the central map (j = 3) to cover the entire phase space,

resulting in approximately PC ≈ 99% chaotic orbits. This arrangement corresponds to the leftmost panels

of each row in Fig. 5.20. For the remaining four maps, we consider ICs drawn from regions with a fixed

proportion of chaotic orbits, specifically PC ≈ 75%, PC ≈ 50%, or PC ≈ 25%. The values of ranges of

these regions are given in Table 5.1.

The S75A case, for instance, consists of five coupled 2D SMs systems with equal nonlinearity pa-

rameters Kj = K = 6.5 for which an AM of period p = 1 exists. The ICs in the central map cover the

entire phase space with P C ≈ 99%, while the other four maps contain ICs drawn from predominantly

chaotic regions with PC ≈ 75%.

In Fig. 5.21(a), we present the evolution of the variance
∑5
j=1⟨(∆pj)2⟩ for the ensembles of approx-

imately 100, 000 ICs of the N = 5 coupled SMs system (5.8). The S25A case exhibits convergence

toward ballistic diffusion over time as indicated by a slope approximately 2, whereas the S75A and S50A

cases converge to normal diffusion, characterized by a slope of approximately 1. The inset of Fig. 5.21(a)

depicts the diffusion exponent µ as a function of the number of iterations n for these three cases. On
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the other hand, in Fig. 5.21(b), we illustrate the evolution of the average ftmLE (2.9), ⟨σ1⟩, for the same

three cases. All ⟨σ1⟩ values converge to similar positive values, implying chaotic behavior. The rate of

convergence to this asymptotic value is influenced by the proportion PC of chaotic ICs in the off-center

maps, with a larger proportion of chaotic regions resulting in faster convergence to the limiting positive

values. The exponential decay of the ⟨GALI2⟩ value in the inset of Fig. 5.21(b) further validates the

global chaotic dynamic nature of all considered cases.

(a) Evolution of the variance [inset: µ(n)] (b) Evolution of the average ftmLE [inset: average GALI2(n)]

Figure 5.21: (a) The evolution of the variance
∑5
j=1⟨(∆pj)2⟩ with respect to the number of iterations n

for the N = 5 coupled SMs system (5.8) evaluated over ensembles of approximately 100, 000 ICs. Inset:
The evolution of the diffusion exponent µ (5.9) for the same set of ICs. The dash-dotted and dashed
lines indicate power-law behaviors n2 and n1, respectively, while the horizontal dashed line in the inset
corresponds to µ = 2. (b) The evolution of the average ftmLE (2.9), ⟨σ1⟩, as a function of the number of
iterations n [inset: The corresponding ⟨GALI2⟩] for the same cases as in (a). The blue, red, and green
curves represent cases S75A, S50A, and S25A of Arrangement SA, respectively (see Table 5.2 for more
details).

Dynamics of coupled SMs in Arrangement SB

In this case, we initialize the central map (map 3) with ICs drawn from regions exhibiting different

proportions of chaotic orbits, i.e., PC ≈ 75%, PC ≈ 50%, and PC ≈ 25%. The remaining four maps,

however, contain ICs that cover the entire phase space, resulting in PC ≈ 99% chaotic orbits for each

of the 2D maps (5.3). For instance, the S75B case consists of a coupled SMs system (5.8) where the

central map (j = 3) has PC ≈ 50% chaotic orbits, while ICs in the other four maps cover the entire phase

space (see Table 5.2 for more details).

Figure 5.22(a) illustrates results for arrangement SB, where all the considered cases exhibit a ten-

dency of the dynamics towards normal diffusion rates (µ ≈ 1). Unlike what was observed for Arrange-

ment SA, here the diffusion exponent does not show signs of approaching the ballistic transport rate

µ ≈ 2 within the observed simulation time.

Regarding the global chaoticity of the system, we observe a more uniform evolution for both the
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average ftmLE (2.9), ⟨σ1⟩, and the ⟨GALI2⟩ (2.12) values in Fig. 5.22(b). The ⟨σ1⟩ values converge

to approximately the same positive value for all considered cases. Furthermore, the ⟨GALI2⟩ values

demonstrate similar exponential decay rates, indicating consistent chaotic behavior throughout the dif-

ferent IC setups.

(a) Evolution of the variance [inset: µ(n)] (b) Evolution of the average ftmLE [inset: average GALI2(n)]

Figure 5.22: Similar to Fig. 5.21 but for cases of the Arrangement SB of the maps. The blue, red, and
green curves correspond to cases S75B, S50B, and S25B, respectively (see Table 5.2) for more details
for the specific cases.

5.4.3.3 Coupled SMs with different nonlinearity kicks and periods of AMs

In order to extend our investigations, we introduce additional complexity to the coupled SMs sys-

tem (5.8) by considering various [mixed (M)] nonlinearity K values and AMs periods for individual 2D

maps. Following a similar approach to Sect. 5.4.3.2, we examine diffusion rate properties and the global

chaoticity for specific arrangements, what we refer as Arrangement MA and Arrangement MB. These

setups included five 2D maps with distinct portions of chaotic orbits and mixed Kj values. The details

for these configurations are given in Table 5.3.

In arrangement MA, the off-center maps (j = 1, 2, 4, 5) feature ensembles from regions 1B, 1C, and

1D (as defined in Table 5.1 and illustrated in Fig. 5.20), while maps in Arrangement MB correspond to

cases 4B, 4C, and 4D in Fig. 5.23 (see also Table 5.1 for more specific ensembles of ICs). Fig. 5.23

presents the phase space color plots based on GALI2 (top row) and µ (bottom row) values for the

considered 2D map regions, which involves stable AM of period p = 4 of the map. The reader can refer

to Fig. 5.20 for similar color maps in the case of period p = 1 AMs.

For instance, Map 4A includes ensembles of ICs in the region x ∈ [0.0, 1.047] and p ∈ [1.964, 3.142],

where a period p = 4 AM is present in the 2D SM system (5.3) and exhibits extensive chaos, PC ≈

99% (see Table 5.1). The regions labeled 4B, 4C, and 4D represent subsets of Map 4, with gradually

decreasing percentages of chaotic orbits: PC ≈ 75%, PC ≈ 50%, and PC ≈ 25%, respectively.
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(a) GALI2 color map

(b) µ color map

Figure 5.23: The phase space portraits colored by (top row) GALI2 (2.12) and (bottom row) the diffusion
exponent µ (5.9) for the 2D SM (5.3) with K = 3.1 for which a period p = 4 AM exists. The panels 4A,
4B, 4C, and 4D correspond to PC ≈ 99%, PC ≈ 75%, PC ≈ 50%, and PC ≈ 25%, respectively.
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Table 5.3: Nomenclature of different coupled SMs arrangements in Sect. 5.4.3.3. Fig. 5.24 presents
results for the N = 5 coupled SMs system (5.8), where each 2D map has mixed (M) nonlinear strength
values. In all the arrangements labeled as ‘MA’, the central map (Map 3) has K3 = K = 3.1, corre-
sponding to a period p = 4 AM, and ICs covering the entire phase space (region 4D in Fig. 5.23 and
Table 5.1). The other four maps (j = 1, 2, 4, 5) have Kj = K = 6.5, corresponding to a period p = 1
AM, and ICs in regions containing various percentages of chaotic orbits: PC ≈ 75% for 1B, PC ≈ 50%
for 1C, and PC ≈ 25% for 1D (see Fig. 5.20 and Table 5.1). Fig. 5.25 shows results for an alternative
arrangement type, labeled as ‘MB’, where the central map (Map 3) has K3 = 6.5 and ICs in region 1P
[Fig. 5.20], while the other four maps (j = 1, 2, 4, 5) have Kj = K = 3.1 and ICs in regions 4B, 4C, and
4D [Fig. 5.23]. In all six cases, the coupling strength parameter is set to a moderate value, β = 10−3.

Cases Arrangement MA Arrangement MB
Map M75A M50A M25A M75B M50B M25B
Map 1 1B 1C 1D 4B 4C 4D
Map 2 1B 1C 1D 4B 4C 4D
Map 3 4A (period p = 4, K = 3.1) 1P (period p = 1, K = 6.5)
Map 4 1B 1C 1D 4B 4C 4D
Map 5 1B 1C 1D 4B 4C 4D
Figure Fig. 5.24 Fig. 5.25

Dynamics of coupled SMs in Arrangement MA

In Arrangement MA, we study a setup where the central map (j = 3) has K3 = 3.1 with a period

p = 4 AMs, while the remaining maps (j = 1, 2, 4, 5) have Kj = K = 6.5 where period p = 1 AMs of the

2D SM are present. We follow the same analysis performed in Fig. 5.21 and examine the evolution of

the variance
∑5
j=1⟨(∆pj)2⟩ (5.11) with respect to the number of iterations n for the N = 5 coupled SMs

system (5.8) [Fig. 5.24(a)]. On the other hand, Fig. 5.24(b) shows the evolution of the average ftmLE

(2.9), ⟨σ1⟩, along with the ⟨GALI2⟩ (2.12) values (inset). We conduct these analyses over ensembles

consisting of approximately 100, 000 ICs. Initially, all cases exhibit superdiffusive spreading (µ > 1)

[Fig. 5.24(a)]. However, after approximately n = 105 iterations, the diffusion rate drops significantly,

transitioning to low subdiffusion rates. Surprisingly, toward the end of the considered simulation period,

the diffusion rates begin to increase once again. These dynamic changes in diffusion behavior are

further highlighted in the inset of Fig. 5.24(a), where we plot the diffusion exponent µ as a function of the

number of iterations n.

In terms of the system’s global chaotic behavior, we observe that the average ftmLE, ⟨σ1⟩, [Fig. 5.24(b)]

shows the tendency to converge to similar positive values for all cases, comparable to the trends ob-

served for Arrangements SA and SB in Sect. 5.4.3.2. This convergence rate toward the asymptotic

⟨σ1⟩ value depends on the proportion of chaotic ICs in the off-center maps, with a higher percentage

of chaotic orbits leading to faster convergence to a positive constant value for the ftmLE. Additionally,

the ⟨GALI2⟩ values exhibit an exponential decay to zero [inset of Fig. 5.24(b)], clearly indicating a global

chaotic behavior for all cases.
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(a) Evolution of the variance [inset: µ(n)] (b) Evolution of the average ftmLE [inset: average GALI2(n)]

Figure 5.24: Similar to Fig. 5.21 but for the coupled SMs system (5.8) described in Sect. 5.4.3.3. The
blue, red, and green curves correspond to the M75A, M50A, and M25A cases, respectively, as presented
in Table 5.3.

Dynamics of coupled SMs in Arrangement MB

In Arrangement MB, we investigate a system setup with mixed kick-strength values, where the central

map (j = 3 has K3 = 6.5 with period p = 4 AM of the 2D map, while the off-center maps j = 1, 2, 4, 5)

have Kj = K = 3.1 associated with the period p = 1 AMs. We study three cases, M75B, M50B, and

M25B, corresponding to ICs in the off-center maps taken from the regions 4B, 4C, and 4D, respectively

[Fig. 5.23]. For the central map (Map 3) with K = 3.1, we consider ICs that cover the entire phase space

x ∈ (0, 2π) and p ∈ (0, 2π), 1P (see Table 5.3). Fig. 5.25(a) illustrates the evolution of the variance∑5
j=1⟨(∆pj)2⟩ (5.11) and the corresponding µ (5.11) (inset) as a function of the number of iterations

n using ensembles containing approximately 100, 000 ICs. On the other hand, Fig. 5.25(b) shows the

evolution of the average ftmLE (2.9), ⟨σ1⟩, along with the ⟨GALI2⟩ values (inset) for the same ICs.

Initially, all cases in Arrangement MB exhibit superdiffusive behavior (µ > 1) [Fig. 5.25(a) inset],

although this effect is clearly less pronounced than in the case for Arrangement MA. Over an extended

number of iterations n, we observe a gradual transition toward normal diffusion (µ ≈ 1) for the three

considered cases, M75B (blue curve), M50B (red curve), and M25B (green curve).

Regarding the system’s global chaotic behavior, the average ftmLE, ⟨σ1⟩, values [Fig. 5.25(a)] show

a tendency to converge to a similar asymptotic positive value for all the considered cases. The conver-

gence rate toward this asymptotic ftmLE value is moderately influenced by the portion of chaotic ICs PC

in the central map. In addition, the ⟨GALI2⟩ values follow the same trend of exponential decay to zero

[inset of Fig. 5.25(b)], indicating consistent global chaotic behavior for all three cases we consider.
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(a) Evolution of the variance [inset: µ(n)] (b) Evolution of the average ftmLE [inset: average GALI2(n)]

Figure 5.25: Similar to Fig. 5.20 but for the coupled SMs system (5.8) described in Sect. 5.4.3.3. The
blue, red, and green curves correspond to the M75B, M50B, and M25B cases, respectively, as presented
in Table 5.3.

5.5 Summary and conclusions

In this chapter, we systematically investigated the long-term diffusion and chaoticity properties of

2D SMs (5.3) and N = 5 coupled SMs system (5.8). We focused on parameter values where the

phase space of the systems exhibited anomalous diffusion rates due to the presence of AMs of varying

periods p. For the SMs (Sect. 5.4.2), we reviewed the typical diffusion behavior: regular (subdiffusion,

µ < 1) and chaotic (normal diffusion, µ = 1) orbits, along with the stable and unstable AMs of different

periods, where the former exhibited ballistic transport (µ = 2) (Fig. 5.5). Using GALI2 (2.16) and ftmLE

(2.9) indices, we quantified chaoticity for selected ICs (Fig. 5.4). Additionally, we investigated diffusion

properties by measuring the diffusion exponent µ (5.4) and the effective diffusion coefficient Deff (5.7)

over a range of nonlinear kick-strength values (K) and iteration numbers (Fig. 5.6).

We conducted a systematic study of AMs of period p = 1 and observed that such modes asymptoti-

cally exhibited extreme diffusion rates (ballistic transport with µ ≈ 2) despite initially behaving as normal

diffusion (µ ≈ 1) (Fig. 5.8). Larger K values for SMs with p = 1 AMs correlated with strong chaotic

behavior in phase space, as indicated by the average ftmLE ⟨σ⟩ [Fig. 5.9(b)], which followed the law

⟨σ⟩ = ln(K/2) [Shevchenko, 2004]. We examined cases where AMs of different periods occurred and

explored how chaotic IC ensembles influenced diffusion. Our findings showed that more chaotic ensem-

bles delayed the convergence to ballistic transport, with µ taking longer to approach µ = 2 (Fig. 5.10).

We extended our study to coupled SM systems characterized by the presence of AMs of varying

periods (Sect. 5.4.3). Using the same ensembles of ICs over the entire phase space, we identified inter-

vals of K where AMs of period p = 1 emerged and derived scaling laws to describe their dependence

on K. We calculated the global diffusion exponent µ∗ for varying coupling strengths (β). We observed

that increasing β suppressed superdiffusion and propelled the system towards normal diffusion (µ∗ ≈ 1)
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more rapidly at higher K values.

For cases where Kj = K = 6.5, corresponding to ballistic diffusion (µ ≈ 2) in individual maps, we

found that coupling resulted in a global diffusion rate approaching normal diffusion. This convergence

occurred faster with stronger couplings and correlated with an increase in global chaoticity, as mea-

sured by ftmLE and GALI2. Additionally, we investigated different arrangements of the N = 5 coupled

SMs (5.8) to understand how varying arrangements influenced global diffusion rates. These simula-

tions highlighted conditions where ballistic transport, driven by low-period AMs, could be suppressed by

neighboring maps without AMs and ensembles of chaotic ICs exhibiting normal diffusion. We conducted

extensive numerical simulations for two specific arrangements to support these findings.

In the Arrangement A type of coupled maps, we explored two cases: Arrangement SA with a single

K value (presence of AMs of period p = 1 in all SMs, Fig. 5.21) and Arrangement MA with mixed K

values (a central SM with p = 4 AM and the rest having p = 1, Fig. 5.24). For both setups, we used a

fixed coupling strength β = 10−3. For Arrangement SA, the diffusion exponent µ exhibited a dynamic

evolution: it initially started at µ ≈ 2 due to the AMs’ influence, plateaued at µ ≈ 0, and eventually

recovered to its initial rate in systems with chaotic IC fractions PC (e.g. see case S25A, green curve

in Fig. 5.21). In contrast, for higher PC fractions (e.g. see S50A and S75A, red and blue curves in

Fig. 5.21), µ converged to normal diffusion values µ = 1. In Arrangement MA, no clear trends emerged

within the maximum number of iterations we considered [Fig. 5.24(a)]. Regarding global chaoticity, as

quantified by ⟨σ⟩ [⟨GALI2⟩], we observed faster convergence to a similar positive value [decay to zero

exponentially fast] for higher PC values in the off-center maps - see Fig. 5.21(b) and Fig. 5.24(b).

In the Arrangement B type of coupled maps, we investigated two cases: Arrangement SB with a

single K value of period p = 1 (the central SM with varying PC , while the remaining SMs have ICs in

the entire phase space, Fig. 5.22) and Arrangement MB with mixed K values (central SMs with AMs of

period p = 1 and ICs in the whole phase space, while the remaining maps have AMs of period p = 4 with

varying PC , Fig. 5.25). For both setups we again employed β = 10−3. We observed that initial strong

anomalous diffusion rate of µ ≈ 2, which gradually transitioned to normal diffusion rates (µ ≈ 1) across

all cases (e.g. see S25B, S50B, S75B, M25B, M50B, M75B). Interestingly, in all cases, the ⟨σ⟩ values

asymptotically converge to similar values, while the ⟨GALI2⟩ decays to zero exponentially fast around

comparable rates [Fig. 5.22(b) and Fig. 5.25(b)].
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Chapter 6

Behavior of the GALI method in

non-Hamiltonian dissipative systems

6.1 Introduction

Following Rössler’s seminal work in 1979 [Rössler, 1979], which introduced a hyperchaotic system

characterized by two positive Lyapunov exponents (LEs), researchers became increasingly interested

in understanding the presence and manifestation of chaos in more detail. The subsequent development

of hyperchaotic discrete maps, such as those in [Baier and Klein, 1990], further expanded the scope of

hyperchaotic DSs. For instance, the study by [Xu et al., 2019] presents a fast image encryption algorithm

based on a hyperchaotic map, while a recent study by [Wang et al., 2023] shows how the complexity of

the parameter space in a hyperchaotic map enhances security by improving the privacy of the encrypted

images. We note that an overview of various hyperchaotic systems and their real-world applications can

be found in [Sprott, 2010].

While the smaller alignment index (SALI) and the generalized alignment index (GALI) methods

(Sect. 2.4.2) have predominantly been applied to discriminate and classify between regular and chaotic

orbits in conservative systems (see, for example, [Skokos et al., 2008, 2016; Bountis et al., 2009; Manos

et al., 2012]), preliminary applications of these methods (mainly of the SALI) have also been reported for

time dependent dissipative models [Huang and Wu, 2012; Huang and Zhou, 2013; Tchakui et al., 2020;

Yan et al., 2023; Maaita and Prousalis, 2024]. Further studies have explored the SALI method effective-

ness in identifying parameter regimes associated with regular or chaotic behavior in dissipative systems,

such as in the modified Lorenz [Huang and Zhou, 2013] and the LÜ chaotic systems [Huang and Cao,

2014]. In general, all these studies emphasize the efficiency of the SALI (practically the GALI2) method

as a chaos detection technique for dissipative systems. In addition, the GALI method has already been

successfully applied to detect regular and chaotic motion in time-dependent Hamiltonian equations (2.3)

(see [Manos et al., 2013; Machado and Manos, 2016; Tchakui et al., 2020; Manos et al., 2022]).

This chapter systematically examines the behavior of the GALI method (2.12) for both continuous and

discrete time non-Hamiltonian dissipative systems. We initially classify the various dynamical behaviors,
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or attractors (see Sect. 2.1.1.1 for more detail), observed in each system using the respective LE spectra

(Sect. 2.4.1). Given the clear characterization of orbit evolutions in dissipative systems according to their

LE spectrum, we obtain a classification which forms the foundation for our study of the GALI method.

By analyzing the evolution of the GALI indices of order k (GALIk) for different types of orbits observed in

these systems, we try to understand the effectiveness of the index in capturing the behavior of various

dynamical regimes. In order to achieve this, we focus our investigation on three well-established models:

the 3D Lorenz chaotic system [Lorenz, 1963], a modified four-dimensional (4D) Lorenz system exhibiting

hyperchaotic motion [Yujun et al., 2010], and the generalized Hénon map [Awrejcewicz et al., 2018].

These models, which exhibit diverse dynamical behaviors, provide a comprehensive framework for our

study.

Previous studies of the SALI for dissipative systems have mainly been focused on differentiating be-

tween stable fixed points (which were considered to be ordered or regular orbits) and chaotic orbits. Our

study extends these investigations by computing the GALIk (in particular for k = 2, 3, 4) and analyzing

their behavior across a wide range of orbits, including stable fixed points, stable periodic orbits (POs),

i.e. stable limit cycles as well as chaotic (strange) and hyperchaotic attractors (See Sect. 2.1.1.1 for

definitions and descriptions of these attractors). While our focus is on these four orbital behaviors, it is

important to note that other orbits, such as unstable periodic orbits, can also be observed in the dissipa-

tive systems we consider. However, we limit our study to orbits that are commonly found and those with

distinctive LE spectrum behaviors.

The main novelty of our work is that it constitutes (to the best of our knowledge) the first application

of the GALIk indices for both continuous and discrete time hyperchaotic systems. In addition, our work

performs the first comprehensive investigation into the behavior of the GALI indices for various types of

attractors in continuous and discrete time dissipative systems. Furthermore, another important aspect of

our study is that we analyze and compare the behavior of these indices with the LEs for non-Hamiltonian

dissipative systems exhibiting hyperchaotic motion. Our study extends previous works, which have

primarily focused on conservative systems (see, for e.g., [Skokos et al., 2007; Manos et al., 2012]), to

include dissipative systems. This extension offers a more comprehensive understanding of the behavior

of the GALI indices in general DSs. We note that the content of this chapter is based on the findings

presented in Moges et al. [2025].

6.2 Non-Hamiltonian dissipative models

In order to examine how the GALI indices behave for various attractors in both continuous and dis-

crete time dissipative systems, we chose three widely known models from the literature, each show-

casing distinct dynamical features. We begin our study with the renowned 3D Lorenz system [Lorenz,

1963], which is widely known for its strange attractors. Next, we investigate the behavior of the GALIs

by including hyperchaotic motion in our analysis, considering a modified 4D Lorenz hyperchaotic sys-

tem [Yujun et al., 2010]. Hyperchaotic motion is characterized by trajectories exhibiting two (or more)

positive LEs, which indicates the presence of exponential growth of perturbations to the system’s initial
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conditions (ICs) in multiple directions. Lastly, we consider the generalized Hénon map [Awrejcewicz

et al., 2018], which exhibits both chaotic and hyperchaotic attractors. The three considered models host

a diverse range of orbit types, including stable fixed points, stable limit cycles, chaotic attractors, and

hyperchaotic motion, allowing us to perform a comprehensive analysis of the GALI’s behavior for both

continuous and discrete DSs.

6.2.1 The 3D Lorenz system

The Lorenz system, introduced by Edward Lorenz in 1963 [Lorenz, 1963], is a well-known example of

a chaotic DS. It consists of three coupled ODEs that describe a simplified model of atmospheric convec-

tion, and it regarded as one of the pioneer systems in dynamical meteorology [Lorenz, 1991]. Despite

the extensive research of the system presented in the literature (e.g. see [Strogatz, 2018; Shen, 2023]),

the Lorenz system remains an invaluable model for exploring and understanding chaotic behaviors in

DSs. Its applications span across fields, including science [Martyushev and Seleznev, 2006], engineer-

ing [Brogliato et al., 2007], communication security [Grassi and Mascolo, 1999; Cuomo and O., 1993],

and economics [Zhang, 2006].

The Lorenz equations are given as follows:

dx

dt
= a(y − x),

dy

dt
= rx− y − xz,

dz

dt
= xy − bz

(6.1)

where the three variables x, y and z represent the temperature differences in a fluid flow, and a, b and

r are non-negative parameters. In particular, (6.1) can describe how a 2D fluid layer that is uniformly

heated from below and cooled from above evolves over time [Lorenz, 1963]. In this particular setup x

represents the temperature difference between the bottom and the top layer, y corresponds to the hor-

izontal movement, and z denote the vertical temperature distribution. Furthermore, the behavior of the

DS (6.1) is governed by the three parameters: a (Prandtl number) which is related to the fluid’s viscosity

and thermal conductivity; b (Rayleigh number) that depends on the temperature difference between the

ground and the atmosphere; and r (aspect ratio in the convection setup) which is determined by the

ratio of the atmosphere’s height to the horizontal scale of the convective cells. Note that the variables x,

y, and z are dimensionless, and they depend on time t.

Let us quickly verify that (6.1) is indeed dissipative. Consider the vector f = (a(y − x), rx− y − xz, xy − bz).

Then the divergence of f is given by

∇ · f = ∂

∂x
[a(y − x)] +

∂

∂y
[rx− y − xz] +

∂

∂z
[xy − bz] (6.2)

Simplifying (6.2) yields

∇ · f = −(a+ 1 + b). (6.3)
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Since a, b, and r are positive parameters, the divergence is negative. This indicates that the phase space

volume contracts over time, which means that the Lorenz system (6.1) is dissipative (see Sect. 2.1.1.1).

All fixed points in the system (6.1) must either be sinks or saddles, and any closed orbits, if they

exist, must exhibit either stability or saddle-like behavior (e.g. see [Strogatz, 2018, Sect. 9.2]. The point

(x, y, z) = (0, 0, 0) is a fixed point for all parameter values. When the parameter r > 1, two additional

fixed points appear, which are symmetrically located about the z-axis at (b(r − 1), b(r − 1), r − 1) and

(−b(r − 1),−b(r − 1), r − 1). This symmetric fixed points are stable for r − 1 < a < (r+1)2

4 .

More importantly, the Lorenz system (6.1) exhibits chaotic behavior across a wide range of parameter

values. For example, for a = 10 and b = 8
3 , the system (6.1) displays chaotic attractors of different

structures depending on the value of r. In particular, the classical parameter set a = 10, b = 8
3 , and r =

28 leads to the appearance of a strange attractor in the system. This attractor is referred to as “strange”

due to its fractal structure, which means that the attractors exhibits self-similarity at different scales.

This means that when we zoom in on any part of the attractor, we will see patterns that resemble the

overall structure (this will be discussed in more detail in Sect. 6.3.1.3). Since their initial introduction by

Edward Lorenz [Lorenz, 1963], these parameter values have become a standard benchmark for studying

chaotic dynamics in the Lorenz system. While the Lorenz system is primarily known for its chaotic

behavior, it can also display stable limit cycles under specific conditions, which can be investigated

through numerical simulations. In this chapter, this model will enable us to analyze and compare the

behavior of the LEs and the GALI method for stable fixed points, stable limit cycles, and chaotic orbits.

The numerical results and the related discussion are presented in Sect. 6.3.1

6.2.2 The 4D Lorenz hyperchaotic system

Next, we consider a modified 4D Lorenz hyperchaotic system [Yujun et al., 2010], which exhibits

hyperchaotic motion characterized by two positive LEs. This system is an extension of the 3D Lorenz

system introduced in [Qi et al., 2005], which displays chaotic behavior with a single positive LEs

dx

dt
= a(y − x) + yz,

dy

dt
= x(c− z)− y,

dz

dt
= xy − bz.

(6.4)

In order to observe hyperchaotic attractors, the system of ODEs in (6.4) must have at least four-

dimensions. The addition of this extra dimension allows the presence of more complex dynamics com-

pared to the one exhibited by the standard system (6.1), and also results in the introduction of hyper-

chaotic behavior.

The authors of [Qi et al., 2005] extended the chaotic system (6.4) by introducing a 4D phase space

and adding three terms to the coupled equations, one of which is the nonlinear term xz.
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dx

dt
= a(y − x) + yz,

dy

dt
= x(c− z)− y + w,

dz

dt
= xy − bz,

dw

dt
= −xz + rw,

(6.5)

where the state variables x, y, z, and w define the system, while parameters a, b, c, and r influence the

system’s behavior. By adjusting the control parameter r, different dynamic behaviors, including various

chaotic and hyperchaotic attractors can be observed in the system (6.5).

Similarly to what was done in Sect. 6.3.1, in order to verify the dissipative nature of the system (6.5),

we take vector f =
(
dx
dt ,

dy
dt ,

dz
dt ,

dw
dt

)
, and consider its divergence, which is given by:

∇ · f = ∂f

∂x
+
∂f

∂y
+
∂f

∂z
+
∂f

∂w
= −a− 1− b+ r. (6.6)

This indicates that the system (6.5) becomes dissipative when −a− 1− b+ r < 0 (see Sect. 2.1.1.1).

The authors in [Yujun et al., 2010] demonstrated that the system can exhibit hyperchaotic motion by

varying the parameter r. For example, by setting a = 35, b = 8
3 , and c = 55, the system (6.5) shows a

wide range of chaotic behavior with a positive maximum Lyapunov exponent (mLE) (2.8), and a particular

case, such as r = 1.3, leads to hyperchaotic behavior with two positive LE.

6.2.3 The generalized Hénon map

The third and final model we consider is a discrete time dissipative system. We introduce the gen-

eralized hyperchaotic dissipative system, which is an extension of the well-known Hénon map. The 2D

map that Hénon [Hénon, 1976] introduced based on the idea of stretching and folding regions in the

phase space of a discrete time system. A point (xn, yn) in a plane is mapped by the Hénon map to a

new point (xn+1, yn+1) using the following rule:

xn+1 = a− (xn)
2 + byn,

yn+1 = xn,
(6.7)

where xn and yn are the state variables at discrete time n, and a and b are the control parameters of the

map. For parameter values a = 1.4 and b = 0.3, the dynamics converge to a classical strange attractor.

Examples and details on this map can be found in [Awrejcewicz et al., 2018; Moges, 2020].

For completeness’ sake, let us quickly determine that the Hénon map (6.7) is indeed dissipative by

finding the determinant of its Jacobian matrix:

J =

−2xj b

1 0

 (6.8)
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Actually the determinant of the 2× 2 matrix, J is

det (J) = (−2xj)(0)− (b)(1) = −b. (6.9)

The determinant is always negative, indicating that the volume element in the phase space of the system

(6.7) is contracting, confirming that the Hénon map (6.7) is dissipative (see for, e.g., [Strogatz, 2018,

Sect. 9.2] for more details).

The generalized Hénon map is an extension of the map (6.7), described by the following equations

[Baier and Klein, 1990]:

x
(1)
n+1 = a−

(
x(j−1)
n

)2
− bx(j)n ,

x
(j)
n+1 = x(j−1)

n , for j = 2, 3, . . . , N

(6.10)

where N ≥ 2 represents the dimension of the system, a and b are non-negative control parameters, and

x ∈ RN is an ND state vector. In (6.10), there are N − 1 linear equations and a single nonlinear one

having a quadratic term. The dimension defined by the variable x(1)n is the one that undergoes stretching

and folding, while all other variables experience a simple linear transformation from x
(j−1)
n to x

(
n+1j).

Thus, map (6.10) is one of the simplest dissipative systems capable of exhibiting higher-dimensional

chaos [Baier and Klein, 1990; Richter, 2002].

To investigate the behavior of the GALI indices across different types of attractors in discrete dis-

sipative systems, we will focus on the 3D generalized Hénon map (6.10). This choice will allow us to

explore the following dynamical structures: stable fixed points, stable limit cycles, chaotic attractors, and

hyperchaotic attractors, in the single simplified form of the system (6.10). The corresponding 3D map

can be obtained by setting N = 3 in (6.10) and is given by the following equations:

xn+1 = a− y2n − bzn,

yn+1 = xn,

zn+1 = yn.

(6.11)

Following [Richter, 2002], we can determine the stability of the fixed points of the map (6.11) by

computing its Jacobian matrix and eigenvalues. The Jacobian matrix of system (6.11) is:

J =


∂xn+1

∂xn

∂xn+1

∂yn

∂xn+1

∂zn
∂yn+1

∂xn

∂yn+1

∂yn

∂yn+1

∂zn
∂zn+1

∂xn

∂zn+1

∂yn

∂zn+1

∂zn

 =


0 −2yn −b

1 0 0

0 1 0

 .

Now, we can find its eigenvalues by solving the characteristic equation: det(J − λI) = 0, where I is the

identity matrix. The characteristic equation simplifies to λ3 + 2ynλ + b = 0. Solving this cubic equation

yields the eigenvalues, which provide information on the stability and dynamics of the system’s fixed

points.

It has been shown in [Richter, 2002] that the fixed point x∗ =
−(1+b)+

√
(1+b)2+4a

2

(
1, 1, 1

)
is locally

stable for the parameter range 0 < a < 4(1−b2)(1+b)(3−b)
4 . As the parameter a increases, the fixed points

130



become POs, eventually leading to chaotic motion (see the bifurcation diagram presented in [Richter,

2002, Figure 2]). In particular, the system (6.11) exhibits more complex dynamics compared to its 2D

counterpart (6.7). For instance, the system displays motion characterized by two positive LEs, indicating

the presence of hyperchaotic dynamics for the parameter values a = 1.76 and b = 0.1.

6.3 Numerical results

In this section, we explore the behavior of the GALI method across a spectrum of DSs. To provide

a comprehensive understanding, we select representative attractors from the various models discussed

in Sect. 6.2: stable fixed points, stable PO (limit cycles), chaotic (strange), and hyperchaotic attractors

The following subsections present detailed case studies, supported by phase space diagrams and com-

putation’s of the LE spectrum (2.4.1) and the GALI method (2.12) for each attractor. This analysis will

enable us to illustrate the GALI method’s performance for each one of these dynamical cases.

The choice of model parameters is crucial for obtaining a diverse range of dynamical behaviors in

the studied systems. By carefully computing the LE spectrum, we initially identify parameter values

leading to the four desired dynamical features (stable fixed points, stable limit cycles, chaotic as well as

hyperchaotic attractors) in the system’s phase space. An important aspect of our analysis is to establish

the behavior of the GALI indices for these orbits. Computing both chaotic detection techniques, i.e., the

LEs and the GALIs, further allows us to explore the relationships between both methods in the context

of dissipative systems.

6.3.1 Numerical investigation of the 3D Lorenz system

In our numerical analyses, we begin by setting the parameters a = 10 and b = 3
8 in the 3D Lorenz

system (6.1). We then vary the third control parameter r to identify the existence of different dynamical

regimes for this system. In order to compute the spectrum of LEs and the GALIk for k = 2 and 3, we

integrate both the system of ODEs (6.1) and the corresponding variational equations. To derive these

variational equations, we linearize the system (6.1) by substituting x with x+δx, y with y+δy, and z with

z+δz where [δx, δy, δz] represent a deviation vector. Then the set of variational equations governing the

time evolution of the deviation vector is:

dδx

dt
= a(δy − δx),

dδy

dt
= (r − z)δx− δy − xδz,

dδz

dt
= xδy + yδx− bδz.

(6.12)

In what follows, unless otherwise specified, we numerically integrate both set of equations (6.1) and

(6.12) up to t = 105 time units using the fourth-order Runge-Kutta (RK4) integration scheme (2.7) (see

[Hairer et al., 1993] for more detail). We choose an appropriate integration step size that is sufficiently

small to accurately capture the orbit evolution but large enough to avoid extensive computational de-
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mand. In our numerical simulations, we observed that a final integration time of t = 105 is adequate to

capture the characteristics of each considered orbit of the system.

6.3.1.1 A stable fixed point case

We begin our investigation by considering a stable fixed point in the 3D Lorenz system [Strogatz,

2018, Sect. 9.2]. In the Lorenz system (6.1) corresponding to an IC at t = 0 when discussing the

asymptotic behavior of an orbit, we study what happens to this orbit as t approaches infinity. The

simplest type of the Lorenz orbit is a fixed (stationary) point. For instance, in fluid dynamics, steady-

state flows are characterized by convection patterns. If a fluid system starts at rest, and it is heated

from below, then the system will eventually reach to a steady-state configuration where the flow motion

stabilizes. This represents a stable fixed point attractor or a stable equilibrium. In this case, any IC that

is relatively close to the fixed point will result in an orbit that will eventually converge to the point itself.

Figure 6.1(a) shows the 3D phase portrait for the parameters a = 10, b = 8
3 , and r = 2.1 of an orbit

with IC (x, y, z) = (1, 3, 6) of system (6.1). The black curve depicts the final stages of the evolution of this

IC, while the gray segment highlights the initial time interval of the trajectory’s evolution. In addition, we

show all possible 2D projections of the 3D phase space plot in different colors: the red curve represent

the projection on the xy-plane, the purple curve correspond to the xz-plane projection, and the blue

curve indicates the yz-plane.

The computed time evolution of the three ftLEs, σ1 (red curve), σ2 (blue curve) and σ3 (green curve),

with the ordering σ1 > σ2 > σ3 (2.11), for this orbit is shown in Fig. 6.1(b). From the results in Fig. 6.1(b),

we observe that all LEs are negative. To be more specific, we note that σ1 and σ2 converge to constant

values −1.20 and −1.20, respectively, around t ≈ 3.5 × 104, while σ3 reaches its constant value σ3 ≈

−11.26 earlier, at approximately t ≈ 2.2 × 102. According to our discussion in Sect. 2.4.1, for a stable

fixed point, we expect all LEs to be strictly negative, something which indicates that any nearby trajectory

of the given IC (x, y, z) = (1, 3, 6) [orange point in Fig. 6.1(b)] will eventually converge towards the fixed

point (x∗, y∗, z∗) = (4.899, 4.899, 9). This convergence to the fixed point is also seen in the phase space

diagram of Fig. 6.1(a), where the orbit starting from the orange point spirals around and eventually

converges to (x∗, y∗, z∗). It is important to emphasize that the sum of LEs for this orbit is negative,

signifying that the system (6.1) is dissipative (see Sect. 2.4.1).

In Fig. 6.1(c), we present the time evolution of the GALI2 (blue solid curve) and the GALI3 (red solid

curve, inset plot) for orbits of Fig. 6.1(a). As we can see from this figure, the GALI2 oscillates around

a constant positive value, a behavior typically observed for regular orbits of conservative Hamiltonian

systems [see, for example, black, orange and purple curves in Fig. 3.5(b)].On the other hand, the GALI3

[red solid curve in the inset of Fig. 6.1(c)] decays to zero exponentially fast. The decay rate of the GALI3

corresponds with the theoretical prediction (2.16) GALI3 ∝ exp[−(2Λ1 − Λ2 − Λ3) where Λ1 = −1.20,

Λ2 = −1.20, and Λ3 = −11.26 are the estimates of the three largest LEs obtained in Fig. 6.1(b).

132



6.3.1.2 A stable limit cycle case

Another simple type of attractor that appears in the Lorenz system (6.1) is a PO, or in other words

a limit cycle (see [Strogatz, 2018, Sect. 9.2]). For example, in a fluid system exhibiting convection

patterns, we can have ICs such that the fluid’s temperature gradient leads to the formation of a stable

convection cell, i.e., the flow will follow a periodic trajectory. This means that after a period of time p, the

system returns to the same configuration it had at time t = 0.

A PO in system (6.1), which can be classified as stable or unstable. A PO is stable if nearby ICs

lead to orbits that eventually converge to the PO itself, while it is unstable if nearby ICs diverge from the

PO. This stable PO can also be referred as a periodic attractor. In particular, the PO is considered a

limit cycle if it’s an isolated closed trajectory1. If all neighboring trajectories approach the limit cycle, it is

classified as stable (see [Strogatz, 2018, Sect. 7.0] for further details and examples).

Figure 6.1(d) illustrates the 3D phase space portrait of an orbit converging to a stable limit cycle in

the 3D Lorenz system(6.1) with parameters a = 10, b = 8
3 , and r = 250. The considered orbit has

the same IC as the orbit in Fig. 6.1(a). The time evolution of the three ftLEs for this orbit is shown in

Fig. 6.1(e). The ftmLE, σ1 (red curve), asymptotically approaches zero, indicating the periodic nature of

the attractor. In general, a single LE being zero reflects the existence of a direction in the phase space

where trajectories neither converge nor diverge, which is typically associated with a neutral direction. On

the other hand, the other two LEs, σ2 (blue curve) and σ3 (green curve), remain constant and negative

(with the ordering σ2 > σ3 (2.11)), indicating that the trajectory converges toward an attractor. The fact

that the mLE is zero and the remaining two are negative further confirms that the limit cycle is stable

(see Sect. 2.4.1).

Figure 6.1(f) presents the time evolution of the GALI2 (blue curve) and the GALI3 (red curve) of the

same orbit. Both indices decay to zero exponentially fast, with rates following the theoretical expectations

of (2.16):

GALI2 ∝ exp[−(Λ1 − Λ2)] and GALI3 ∝ exp[−(2Λ1 − Λ2 − Λ3)],

where Λ1 = 0, Λ2 = −2.67, and Λ3 = −11 are estimations of the three LEs obtained from the results

of Fig. 6.1(e). This analysis demonstrates that for stable limit cycles of the Lorenz system (6.1), both

GALI2 and GALI3 converge to zero exponentially fast.

6.3.1.3 A chaotic (strange) attractor case

In the 3D Lorenz system (6.1), due to its dissipative nature, an orbit typically converges to one of

three types of attractors over time: a fixed point, a limit cycle or a chaotic attractor. A chaotic attractor in

(6.1) represents a bounded region of phase space where the system exhibits chaotic behavior without

settling into a fixed point or PO. The Lorenz system that can exhibit this type of chaotic behaviors,

known as chaotic or strange attractors [Strogatz, 2018, Sect. 9.3]. Again, considering our fluid dynamics

example to explain the physical meaning of these attractors. We refer to the case when a fluid is heated

1A closed trajectory is a trajectory in the phase portrait that forms a continuous loop. An isolated closed trajectory is a type of
closed trajectory where nearby trajectories do not form similar closed loops.
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from below, and can develop irregular flow patterns that remain spatially bounded but do not exhibit

stable or periodic behavior. Instead, these patterns may demonstrate chaotic dynamics, characterized

by trajectories that are very sensitive to their ICs.

To obtain a typical chaotic (strange) attractor, which is mostly known as the Lorenz strange attractor

[Lorenz, 1991], let us change the parameter r to r = 33.3 by keeping the orbit’s IC (x, y, z) = (1, 3, 6).

Fig. 6.1(g) displays the corresponding 3D phase portrait of this orbit. The strange attractor’s trajectory

creates intricate and non-repeating patterns in the phase space, which often resemble a butterfly. For

more examples on strange attractors, we refer the interested reader to [Strogatz, 2018, Figs. 9.3.2

and 9.3.2]. The butterfly feature is clearly shown in the 2D projections (blue, red, and purple curves)

in Fig. 6.1(g). The phase space structure shown is believed to be the origin of the famous metaphor

“butterfly effect”, a notion introduced by Lorenz in his 1972 lecture, titled “Predictability: Does the Flap

of a Butterfly’s Wings in Brazil Set Off a Tornado in Texas?” [Lorenz, 1972]

The corresponding time evolution of the three ftLEs is shown in Fig. 6.1(h). The ftLEs of the strange

attractor exhibit the following behaviors: σ1 > 0 (red curve), σ2 = 0 (blue curve), and σ3 < 0 (green

curve), which is consistent with the properties of ftLEs for chaotic attractors discussed in Sect. 2.4.1. In

particular, the positive ftmLE (σ1 > 0) indicates the presence of chaos. The fact that the second exponent

converges to zero (σ2 = 0) suggests that the Lorenz system exhibits neutral stability in the second LE

direction, where the trajectory may oscillate, but neither expand nor contract on this direction. This

typically results in a fractal structure, meaning the attractor has self similar patterns at different scales

of the phase space. These patterns can easily be observed in the 2D projections shown by the blue,

red, and purple curves in Fig. 6.1(g). Furthermore, a negative third LEσ3 implies that the trajectory is

confined in a bounded region of the system’s phase space, which is preventing the system from diverging

to infinity despite its chaotic behavior.

Both the GALI2 and the GALI3 of the orbit of the Fig. 6.1(g) decay to zero exponentially (blue and

red curves in Fig. 6.1(i), respectively). The indices follow the theoretical evolution for chaotic orbits

of conservative Hamiltonian systems (2.16), respectively: GALI2 ∝ exp[−(Λ1 − Λ2)] and GALI3 ∝

exp[−(2Λ1 − Λ2 − Λ3)], with Λ1 = 1.018, Λ2 = 0, and Λ3 = −14.69, i.e., the values obtained from

Fig. 6.1(h).

6.3.1.4 Parametric exploration of the 3D Lorenz system using the GALI method and the LEs

To understand the influence of a parameter on the 3D Lorenz system’s dynamics (6.1) and to gain a

deeper understanding of the GALI method’s behavior for this system, we systematically vary the control

parameter r over a range that will allow us to observe the three attractors discussed in Secs. 6.3.1.1 to

6.3.1.3: stable fixed points, stable limit cycles, and chaotic attractors. Since the GALI3 index decreases

to zero exponentially fast in all cases, we do not expect it to provide any relevant information for identi-

fying different types of orbits of the system. As a result, we will focus our analysis on the GALI2 which

depicts different behaviors for some trajectory types.

We first analyze the effect of parameter r using the three ftLEs to identify regions with different

dynamical features (see Sect. 2.4.1). For each value of r (but for fixed a = 10 and b = 8
3 parameter),
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(a) Phase portrait of an orbit tending to a
stable fixed point

(b) ftLEs(t) for the orbit of (a) (c) GALIk(t) for the orbit of (a)

(d) Phase portrait of an orbit tending to a
stable limit cycle

(e) ftLEs(t) for the orbit of (d) (f) GALIk(t) for the orbit of (d)

(g) Phase portrait of a chaotic attractor (h) ftLEs(t) of the chaotic attractor of (g) (i) GALIk(t) of the chaotic attractor of (g)

Figure 6.1: The 3D phase space portraits of various orbits of the 3D Lorenz system (6.1) with parameters
a = 10 and b = 8

3 : (a) For r = 2.1, the trajectory with the IC (x, y, z) = (1, 3, 6) (orange circle point) tends
to the stable fixed point attractor (x∗, y∗, z∗) = (4.899, 4.899, 9). (d) For r = 250, we observe a stable
limit cycle attractor and (g) a chaotic (strange) attractor appears for r = 33.3. In the 3D phase space
portraits of panels (a), (d) and (b), the black curves represent the final (asymptotic) phase, while the
initial evolution of the trajectories is denoted by gray curves. The red, purple, and blue curves depict the
corresponding 2D projections of the orbits on the xy, xz, and yz planes, respectively. The time evolution
of the three ftLEs σ1 > σ2 > σ3 (2.11) for the orbits in panels (a), (d) and (g) is presented in (b), (e), and
(h), respectively. Note that, in these panels, the σ3 values are scaled for visualization purposes, and for
reference, we draw a horizontal gray line at σ = 0. The respective time evolution of GALI2 (blue curve)
and GALI3 (red curve, inset plot) for the three orbits is shown in (c), (f), and (i). The blue and red dashed
curves in these panels represent functions proportional to exp [−(Λ1 − Λ2)] and exp [−(2Λ1 − Λ2 − Λ3)],
respectively. In (c) Λ1 = −1.20, Λ2 = −1.20, and Λ3 = −11.27; in (f) Λ1 = 0, Λ2 = −2.67, and Λ3 = −11;
and in (i) Λ1 = 1.02, Λ2 = 0, and Λ3 = −14.69. See text and legend of each panel for details.
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we then compute the GALI2 and compare its behavior with the corresponding ftLE spectrum (σj , j =

1, 2, 3). By systematically varying r and analyzing both the ftLEs and the GALI2, we aim to provide a

comprehensive understanding of the effectiveness of the GALI2 in characterizing the dynamics of the

3D dissipative system.

In Fig. 6.2(a) and (b), we present the asymptotic values of the three ftLEs and the GALI2, respec-

tively, computed at t = 104 time units. Note that the final integration time is smaller compared to the

representative cases shown in Fig. 6.1, where the integration was carried out up to t = 105 time units.

This is due to the fact that the time evolution of both the ftLEs and the GALI2 show their expected be-

haviors before t = 105. In our analysis, we consider the IC (x, y, z) = (2, 1, 5) and vary r over equally

spaced values in the range [−5, 500] by fixing a = 10 and b = 8
3 . It is important noting that we use only

one IC as a representative case for each value of r, as other ICs yield similar results in this parameter

setup. We observe that for r values in the interval [−5, 21.3], the system exhibits stable fixed points as all

σj < 0. The GALI2 in Fig. 6.2(b) reaches a positive constant value for the same range of −5 ≤ r < 21.3,

for which the red and blue curves in Fig. 6.2(a), overlap indicating σ1 ≈ σ2.

For the parameter values we considered in the 3D Lorenz system (6.1), the two largest ftLEs, σ1 and

σ2, often converge to similar negative values, which indicates uniform contraction of the phase space

along the direction associated with Λ1 and Λ2. However, the system can also contract at different rates,

resulting in distinct negative ftmLE values, i.e. σ1 ̸≈ σ2 < 0. For instance, when r = −2, we observe

that Λ1 ≈ −2.67 and Λ2 ≈ −5.0. In this case, the trajectory converges to the stable point attractor more

quickly in the direction of the mLE Λ1, which is the smaller negative exponent (Λ1 > Λ2). When the

system (6.1) exhibits such varying contraction rates in the phase space, the GALI2 does not fluctuate

around a positive constant value, which has indicative of regular motion in conservative systems. Rather

the index decays to zero exponentially for r ∈ [−5, 1.3) [log10 GALI2 < −8] in Fig. 6.2(b).

When increasing the parameter value in the range 21.3 < r < 146.9, the system exhibits chaotic

attractors, which are characterized by a positive ftmLE [Fig. 6.2(a)]. This range is followed by a short

window 146.9 ≤ r ≤ 166, where stable limit cycles emerge, which are indicated by zero ftmLE. Beyond

this interval, the system returns to chaotic behavior for 166 < r < 215.4 before eventually leading to the

creation of a limit cycle for r values in the range [215.4, 500]. On the other hand, the GALI2 decays to

zero exponentially fast for all values of r in the range (21.3 < r ≤ 500) [Fig. 6.2(b)].

Overall, Fig. 6.2 demonstrates that while GALI2 effectively distinguishes between stable fixed points

and chaotic attractors in the Lorenz system (6.1), it exhibits similar behavior for stable limit cycles and

chaotic attractors. Furthermore, the GALI2 shows different behaviors even for stable fixed points, de-

pending on whether the two largest ftLEs converge to distinct negative values (the GALI2 becomes

practically zero) or converge to practically equal negative values (the GALI2 fluctuates around positive

constant values). For stable fixed point attractor characterized by two distinct largest ftLEs, we find that

the LE spectrum a more reliable indicator in determining the type of motion. While using the GALI2 index

can be valuable, for instance for quickly detecting chaotic attractors, it is essential to complement this

analysis with the computation of the LE spectrum.

In order to obtain a global understanding of how the GALI2 index behaves for the 3D Lorenz system,
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(a) ftmLEs (b) GALI2

Figure 6.2: A parametric exploration of the 3D Lorenz system (6.1) for parameters a = 10 and b = 8
3

while varying r. We consider a total of 1011 points for r ∈ [−5, 500]. Final values of (a) the three ftLEs
σ1 > σ2 > σ3 (2.11), and (b) the GALI2 (2.12) at t = 104.

we further conduct a bi-parametric exploration of the system’s parameter space by varying both r and

b while fixing the parameter a = 35. For each parameter set r, b, we consider the same IC (x, y, z) =

(2, 1, 5) as a representative case, as other ICs lead to consistent results, similar to Fig. 6.2. We note

that for this study, we have changed the value of the parameter of a form a = 10, which was used in

Figs. 6.1 to 6.3, to a = 35. The reason for this change is simply to allow us to observe a more diverse

set of dynamical behaviors in the system (6.1). We also chose to vary the r, b parameters and present

the relevant parameter space, rather than other possible combinations like (r, a) and (a, b), not for any

fundamental dynamical reason but because this choice leads to a diverse visual representation of the

orbits we considered.

Figure 6.3(a) displays a color plot based on the computed ftmLE, σ1, value for various combinations

of r and b at t = 104 time units. For a clear visualization, we apply what we call a signed scaling

approach to the computed σ1 values, mapping them to the interval [−1, 1] to capture both their sign

and proximity to zero. This scaling normalizes positive values to the range [0, 1] and negative values

to [−1, 0], allowing us to focus on whether σ1 is negative, zero, or positive, rather than on its actual

computed values. For instance, in our studied parameter range r ∈ [0, 300] and b ∈ [1, 5], the actual

value of σ1 is approximately on the interval [−1.29, 3.08]. Thus, we linearly scale this interval so that

σ1 = −1.29 maps to −1, and σ1 = 3.29 maps to 1. This approach ensures that we can easily classify

each IC based on the sign of σ1: negative values indicate stable fixed points, zero values correspond

to stable limit cycles, and positive values denote chaotic orbits, which is our primary interest. The color

coding in Fig. 6.3(a) differentiates between each attractor. The red regions (where σ1 > 0) represent

chaotic attractors. The yellowish/orange areas (where σ1 ≈ 0) indicate stable limit cycles, while dark

blue regions (σ1 < 0) correspond to stable fixed points. It is important to note that there were no stable
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2D tori (for which two largest ftLEs asymptotically approach zero, as described in Sect. 2.4.1) were

observed under the considered parameter ranges.

To classify the different types of trajectories and attractors, we further analyzed the entire LE spec-

trum. The procedures we implement is the following. We first compute all three sets of ftLEs for the

considered orbit in the parameter space (r, b) of the 3D Lorenz system (6.1). Our objective is to classify

each studied orbit in the parameter space as one converging to either a stable fixed point, a stable limit

cycle, or a chaotic attractor. We further introduce a discrete quantity, denoted by σj , to label all three

attractors from numbers ‘1’ to ‘3’ according to the ftLEs (see Sect. 2.4.1). More specifically, σj = 1

represents chaotic attractors characterized by σ1 > 0, σ2 ≤ 0 and σ3 < 0; σj = 2 indicates stable limit

cycle attractors, which corresponds to σ1 ≈ 0, while σ2, σ3 < 0; and lastly, σj = 3 denotes the presence

of stable fixed point attractors, which is associated with σj < 0, for all j = 1, 2, 3.

In Fig. 6.3(b), we present the same parametric space of Fig. 6.3(a) using a three-color scale, labeled

as σj . Each color corresponds to a specific dynamical regime: chaotic attractors (σj = 1, red region),

stable limit cycles (σj = 2, yellowish/orange region), and stable fixed points (σj = 3, blue region).

Fig. 6.3(b) provides a clear visualization of how the LE spectrum classifies distinct types of dynamical

behaviors in the parameter space. This analysis will be invaluable when we examine the dynamics of

hyperchaotic systems (6.5) and (6.11), which involve two positive LEs, in the following sections.

We note that the color plots of the ICs based on the values of the ftmLEs [Fig. 6.3(a)] and the three

ftLEs [Fig. 6.3(a)], are very similar. This suggests that the use of the ftmLE is sufficient in determining the

orbits’ nature for the three types of orbits (i.e., stable fixed point, stable limit cycle, and chaotic attractors)

and parameter values we considered in our analysis of the 3D Lorenz model (6.1).

Figure 6.3(c) provides a similar analysis to the one done in Fig. 6.3(a) using the computed GALI2

values. For small r values (in the leftmost region), the GALI2 reaches non-zero positive values (blue

area) associated with the presence of stable fixed point attractors. The existence and location of this

area align well with the blue regions observed in Figs. 6.3(a) and (b). On the other hand, the GALI2

is practically zero for all the other types of orbits: stable limit cycles and chaotic attractors [dark red

regions in Fig. 6.3(c)]. This behavior points out the method’s limitation in distinguishing between stable

limit cycles and chaotic attractors in the system (6.1).

6.3.2 Numerical investigation of the 4D hyperchaotic Lorenz system

In order to investigate the performance of the GALI method to hyperchaotic systems, we focus on

the 4D hyperchaotic Lorenz model (6.5). This model can exhibit two positive LEs, a behavior which

results in to more complex dynamics than the one observed in its 3D counterpart (6.1). In this section,

we conduct a similar analysis to the one performed in Sect. 6.3.1, focusing on representative orbit types,

namely stable fixed point, stable PO, chaotic and hyperchaotic attractors for the 4D system.
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(a) ftmLEs (b) Classification based on the three ftLEs (c) GALI2

Figure 6.3: An exploration of the (r, b) space of the Lorenz system (6.1) with a = 35. We produce color
plots using a grid of 2991× 81 = 242, 271 points in the region r ∈ [0, 300] and b ∈ [1, 5] by integrating the
IC (x, y, z) = (2, 1, 5) up to t = 104 and recording the orbit’s ftLEs σ1 > σ2 > σ3 (2.11) and the GALIs
(2.12). The classification of various dynamical regimes is based on the values of (a) the ftmLE, σ1, and
(b) the three ftLEs, σj , according to the classification in Sect. 2.4.1. In both panels, chaotic attractors
are indicated by the red region (σ1 > 0 or σj = 1), stable periodic motion (limit cycles) is represented by
the yellowish/orange areas (σ1 ≈ 0 or σj = 2), and stable fixed point attractors are shown in dark blue
(σ1 < 0 or σj = 3). (c) A similar classification is performed using GALI2 values. Note that in (a), the
computed σ1 values are scaled to the interval [−1, 1].

6.3.2.1 A stable fixed point case

Let us begin by analyzing the 4D Lorenz system (6.5) for the IC (x, y, z, w) = (3, 2, 10, 1) and param-

eters a = 35, b = 8/3, c = 2, and r = −12. Since the system involves four state variables (x, y, z, w),

visualizing the entire 4D phase space is challenging. In order to address this, we present all possible 3D

projections of the phase space: (x, y, z), (x, y, w), and (y, z, w) in Figs. 6.4(a), (b) and (c), respectively.

These plots depict the evolution of the trajectory (black curves) in the 3D projections of the system’s

4D phase space, while the orbit’s IC is indicated by an orange circle point in each panel. Each 3D plot

also shows the corresponding possible 2D projections [blue, red and purple curves in Figs. 6.4(a), (b)

and (c)] in the respective planes, similar to the arrangement of Fig. 6.1. In all 3D subspace portraits, we

observe that the orbit starting from the orange point evolves and eventually converges to the stable fixed

point attractor at (x∗, y∗, z∗, w∗) = (7.141, 5.129, 13.733,−3.923).

Also, similar to what was done in Sect. 6.3.1, we computed the time evolution of the ftLEs, σj for

j = 1, 2, 3, 4, [Fig. 6.4(d)] as well as the evolution of the GALIk for k = 2, 3 [Fig. 6.4(e)] and k = 4

[inset of Fig. 6.4(e)], for the same IC. We computed both the four ftLEs and the GALIk ’s up to t = 105

time units. From the results of Fig. 6.4(d), we see that all ftLEs become negative (they are all located

below the horizontal gray line, σ = 0), as expected for stable fixed point attractors. All the LEs being

negative denotes the contraction of the 4D phase space volume. Furthermore, the two largest ftLEs,

σ1 (red curve) and σ2 (blue curve), eventually converge to the same negative value σ1 ≈ σ2 = −1.23,

suggesting a uniform contraction along the directions associated with the two largest LEs. Note that σ4

[purple curve in Fig. 6.4(d)], attains very negative values, is scaled for visualization purposes so that its

curve is shown close to the ones of the other exponents.

In Fig. 6.4(e), we see that the GALI2 (blue curve) eventually fluctuates around a constant positive
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value, while the GALI3 (red curve, inset plot) and GALI4 (green curve, inset plot) decay to zero expo-

nentially fast. As in the case discussed in Sect. 6.3.1, the GALI2 fluctuates around a positive constant

value due to the fact that σ1 ≈ σ2. The dashed curves in the inset of Fig. 6.4(e) represent the function of

the forms corresponding to the theoretical expressions (2.16) for GALI3 and GALI4, respectively. More

specifically, we have GALI3 ∝ exp[−(2Λ1 − Λ2 − Λ3)] and GALI4 ∝ exp[−(3Λ1 − Λ2 − Λ3 − Λ4)], where

Λ1 = −1.23, Λ2 = −1.23, Λ3 = −11.94, and Λ4 = −50.66. These values were obtained from the results

of Fig. 6.4(d) as good approximations of the LEs σj , j = 1, 2, 3, 4.

(a) The (x, y, z) projection (b) The (x, y, w) projection (c) The (w, y, z) projection

(d) ftLEs(t) (e) GALIk(t)

Figure 6.4: [(a), (b), and (c)] All possible 3D projections of the 4D hyperchaotic Lorenz systems (6.5)
4D phase space for an orbit with IC (x, y, z, w) = (3, 2, 10, 1) (orange circle points) which is approaching
to a stable fixed point attractor. The black curves correspond to the final (asymptotic) phase, the gray
curves show the initial evolution of the trajectory, and the colored curves depict the corresponding 2D
projections. The parameters of the system are fixed to a = 35, b = 8/3, c = 55 and r = −12. (d) The
time evolution of the four orbit’s ftLEs, σj (j = 1, 2, 3, 4). (f) The time evolution of GALI2 (blue curve),
GALI3 (red curve, inset plot), and GALI4 (green curve, inset plot) of the same orbit. Both GALI3 and
GALI4 decay to zero exponentially following the laws (dashed curves) given in (2.12), where the values
Λ1 = −1.23, Λ2 = −1.23, Λ3 = −11.94, and Λ4 = −50.66 obtained from the results of panel (d) are used
as good approximations of the LEs. For visualization purposes, in panel (d), the purple curve, σ4, is
rescaled, and we draw a horizontal gray line to represent σ = 0.
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6.3.2.2 A stable limit cycle case

To examine a stable limit cycle attractor in the 4D Lorenz system (6.5), we set r = −5 while keeping

the other parameters, as well as the studied orbit’s IC the same as in Sect. 6.3.2.1. Figs. 6.5(a), (b), and

(c) present all possible 3D projections of the 4D phase space for this orbit, where we observe that after

an initial transient phase (corresponding to gray colored part of the orbit) a convergence to closed loops

(black curves) in the three 3D subspaces.

The time evolution of the four ftLEs and the three GALIs is shown in Figs. 6.5(d) and (f), respec-

tively. The largest ftLE, σ1 [red curve in Fig. 6.4(d)], eventually converges to zero, while the remaining

exponents saturate at negative constant values. This behavior indicates that the attractor is a stable

limit cycle, similar to what was seen in Fig. 6.1(e). All GALIk indices with the GALI2 and the GALI3

depicted by the blue and red curves in the main Fig. 6.1(e) and the GALI4 denoted by the green curve in

the inset of Fig. 6.4(e) decay to zero exponentially fast. These decays are proportional to the functions

described by exp [− (Λ1 − Λ2)], exp [− (2Λ1 − Λ2 − Λ3)], and exp [− (3Λ1 − Λ2 − Λ3 − Λ4)], respectively,

with Λ1 = 0, Λ2 = −1.63, Λ3 = −1.63, and Λ4 = −40.37, being good approximations of the orbit’s LEs.

6.3.2.3 A chaotic (strange) attractor case

By setting r = −1, while keeping all other parameters and the orbit’s IC the same to the one used

in Sect. 6.3.2.1, the 4D system (6.5) exhibits a chaotic attractor. Figs. 6.6(a), (b) and (c) display the

evolution of this orbit on all possible 3D projections of the system’s 4D phase space. These plots reveal

a structure which remains confined to a bounded region of the phase pace, a characteristic which has

also been observed for the strange attractor of the 3D model in Fig. 6.1(g). This confined structure is

more visually clear when we look at the associated 2D projections (blue, red, and purple curves).

Among all ftLEs [Fig. 6.6(d)], only σ1 (red curve) remain a positive asymptotically reaching constant

value, σ2 tends to zero, while σ3 and σ4 are negative. One positive and one zero LEs indicate the motion

takes place on a strange attractor (see Sects. 2.4.1 and 6.3.1.3). Fig. 6.6(e) shows the exponential

decay of GALIk, k = 2, 3, 4 for this orbit on the strange attractor. All GALIs decay to zero following

the theoretical expectations of (2.16): GALI2 ∝ exp[−(Λ1 − Λ2)], GALI3 ∝ exp[−(2Λ1 − Λ2 − Λ3)], and

GALI4 ∝ exp[−(3Λ1 − Λ2 − Λ3 − Λ4)], with Λ1 = 1.60, Λ2 = 0, Λ3 = −0.59, and Λ4 = −40.64, where

these values are obtained from Fig. 6.6(d).

6.3.2.4 A hyperchaotic attractor case

Lastly, let us analyze the behavior of the GALI method for a hyperchaotic attractor of the 4D system

(6.5). To the best of our knowledge, this will be the first computation of the GALI method for this type of

attractor in the literature. To create a hyperchaotic attractor, we set r = 1.5 while keeping all the other

parameter values as well as the orbit’s IC the same to those in the three previous cases. Figs. 6.7(a),

(b), and (c) present the 3D projections of the orbit tending to a hyperchaotic attractor. Similar to the

strange chaotic attractor case in Fig. 6.6(a), the orbit’s projections are confined in specific regions of the
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(a) The (x, y, z) projection (b) The (x, y, w) projection (c) The (w, y, z) projection

(d) ftLEs(t) (e) GALIk(t)

Figure 6.5: Similar to Fig. 6.4 but for an orbit of the 4D hyperchaotic Lorenz system which leads to a
stable limit cycle with r = −5. The orbits IC is (x, y, z, w) = (3, 2, 10, 1). In (c), GALI2 (blue curve), GALI3
(red curve) and GALI4 (green curve, inset plot), decay to zero exponentially fast following the theoretical
predicted laws (2.16) (dashed curves), which are also given in the panel’s legend for Λ1 = 0, Λ2 = −1.63,
Λ3 = −1.63, and Λ4 = −40.37.
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(a) The (x, y, z) projection (b) The (x, y, w) projection (c) The (w, y, z) projection

(d) ftLEs(t) (e) GALIk(t)

Figure 6.6: Similar to Fig. 6.4 but for an orbit of the 4D hyperchaotic Lorenz system which leads to a
chaotic (strange) attractor with r = −1. In (c), GALI2 (blue curve), GALI3 (red curve) and GALI4 (green
curve, inset plot), decay to zero exponentially fast following the theoretical predicted laws (2.16) (dashed
curves), which are also given in the panel’s legend for Λ1 = 1.60, Λ2 = 0, Λ3 = −0.59, and Λ4 = −40.64.
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phase space. We can also see this more clearly in the corresponding 2D projections of the various 3D

subspace.

Figures 6.6(d) and (e) depict the time evolution of the four ftLEs, σj , j = 1, 2, 3, 4, and the GALIk for

k = 2, 3, 4, respectively. The two largest ftLEs, σ1, σ2 [respectively, the red and blue curve in Fig. 6.7(d)],

attain positive values, eventually tending to σ1 = 1.53 and σ2 = 0.51, while the remaining LEs eventually

tend to σ3 = 0 and σ4 = −39.19. The presence of two positive LEs indicate that the orbit exhibits

hyperchaotic motion.

Fig. 6.7(e) shows the exponential decay of GALIk, for k = 2, 3, 4 for this orbit on the hyperchaotic

attractor. All GALIs decay to zero, following the theoretical expectations of (2.16), i.e., exp[−(Λ1 − Λ2)],

exp[−(2Λ1 − Λ2 − Λ3)], and exp[−(3Λ1 − Λ2 − Λ3 − Λ4)], respectively, where Λ1 = 1.53, Λ2 = 0.51,

Λ3 = 0, and Λ4 = −39.19. It is worth mentioning that all the GALI indices decay to zero exponentially

fast for the stable limit cycle case [Fig. 6.5(e)], as well as for both the chaotic (strange) [Fig. 6.6(e)] and

hyperchaotic [Fig. 6.7(e)] attractors. Thus, the GALI method cannot be used to discriminate between

these cases.

6.3.2.5 Parametric exploration of the 4D Lorenz system using the GALI method and LEs

To investigate the influence of a single parameter on the dynamics of the 4D hyperchaotic Lorenz

system, we conduct a parametric study of the four ftLEs by varying r in the interval [−12, 3], while

keeping the other parameters of the system fixed to a = 35, b = 8
3 , and c = 55, and studying the

behavior of the orbit with IC (x, y, z, w) = (2, 1, 5, 1). Fig. 6.8 illustrates the computed four ftLEs values

σ1 > σ2 > σ3 > σ4 (2.11) for 1011 values of r. Our main observations of results of Fig. 6.8 are:

(I) For values of r in the range [−12,−11], the studied orbit exhibits a positive ftmLE σ1 > 0 (red

curve), while the second ftLE σ2 = 0 (blue curve), and the other two exponents σ3 (green curve)

and σ4 (purple curve) eventually converge to negative values. This indicates the existence of

strange attractors in this small range of r values, which lead to chaotic motion.

(II) Increasing r to take values in the interval (−11,−10.65] results in σ1 approaching zero, while the

remaining ftLEs become negative (i.e., σj < 0 for j = 2, 3, 4), implying that the system displays

stable limit cycles for these values.

(III) For r ∈ (−10.65,−7.4], the system again exhibits chaotic (strange) attractors, characterized by

σ1 > 0, σ2 = 0, and σ3, σ4 < 0.

(IV) For r values in the range (−7.4,−4] and (−4, 0.65], the system shows stable limit cycles and chaotic

(strange) attractors, respectively.

(V) Finally, for relatively larger positive values of r in the interval (0.65, 3], hyperchaotic attractors occur,

characterized by the two largest ftLEs being positive (σ1, σ2 > 0).

Performing the computation of the GALI2 for the same orbits of the 4D system (6.5) when r varies in

the interval [−12, 3], i.e., conducting an analysis similar to the one done for the 3D system in Fig. 6.2(b),
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(a) The (x, y, z) projection (b) The (x, y, w) projection (c) The (w, y, z) projection

(d) ftLEs(t) (e) GALIk(t)

Figure 6.7: Similar to Fig. 6.4 but for an orbit of the 4D hyperchaotic Lorenz system (6.5) which leads
to a hyperchaotic attractor with r = 1.5. In (c), GALI2 (blue curve), GALI3 (red curve) and GALI4 (green
curve, inset plot), decay to zero exponentially fast following the theoretical predicted laws (2.16) (dashed
curves), which are also given in the panel’s legend for Λ1 = 1.53, Λ2 = 0.51, Λ3 = 0, and Λ4 = −39.19.
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we find that the GALI2 values remain practically zero for all tested r values. This decay of the GALI2 to

zero occurs because no stable fixed point attractors with two equal ftLEs are observed for the tested r

values. The GALI3 and the GALI4 are also eventually become zero. However, all the GALI indices will

go to zero at different rates, as demonstrated by the representative cases from Fig. 6.4(e) to Fig. 6.7(e),

as their decrease rate depends on different combinations of the LEs values. We chose not to present

the parametric exploration for the GALI indices, as it would trivially show zero values for all r values,

something which eventually does not allow the discrimination between the different types of observed

attractors.

Figure 6.8: A parametric exploration of the four ftLEs values (σ1 > σ2 > σ3 > σ4 (2.11)) of the 4D
hyperchaotic Lorenz system (6.5) for varying values of r when all other parameters are fixed to a = 35,
b = 8

3 , and c = 55. Results are obtained for the orbit with IC (x, y, z, w) = (2, 1, 5, 1). We consider a total
of 600 equidistant values for r ∈ [−12, 3] and the ftLEs are computed at t = 104 time units.

To further investigate the dynamics of the system, we performed a bi-parametric exploration of the

4D hyperchaotic Lorenz system (6.5), varying both parameters r and c in the ranges r ∈ [−12, 1] and

c ∈ [1, 55], while keeping a = 35, b = 8
3 , and considering again the orbit with IC (x, y, z, w) = (3, 2, 10, 1),

performing in this way a study similar to the one presented in Fig. 6.3 for the 3D system.

Figure 6.9(a) depicts the parametric space (r, c) with each point being colored according to the value

of the ftmLE, σ1 scaled to the range of [−1, 1], similar to what was done in Fig. 6.3(a). The color coding

reveals different types of attractors: yellow/orange points indicate the existence of stable limit cycles

or potentially periodic motions (σ1 = 0), purple/dark blue regions denote parameter values for which

stable fixed point attractors exist (σ1 < 0), and brown/red regions show the presence of either chaotic

or hyperchaotic attractors. Since σ1 > 0 for both chaotic and hyperchaotic attractors, the ftmLE value

by itself is not sufficient to differentiate between them. We can address this issue by also evaluating

the value of the second ftLE, σ2. In addition, we can also check the value of the other two ftLEs σ3 and

σ4. For instance, if the ftmLE σ1 is positive for an orbit, we can characterize it as belonging to a strange

attractor if σ2 ≈ 0 and σ3,4 < 0. Therefore, we find it a good practice to compute all four sets of ftLEs to
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correctly classify the orbits.

The procedure we implement are the same as the one described in Fig. 6.3(b), with the key difference

being the introduction of an extra, hyperchaotic attractor. Initially, we compute the four sets of ftLEs for

the considered orbit in (r, c) parameter space of the 4D hyperchaotic Lorenz system (6.5). Our goal is

to classify each studied orbit in the parameter space as converging to one of the four attractors: a stable

fixed point, a stable limit cycle, a chaotic or a hyperchaotic attractor. Then, we label these attractors

using a discrete quantity σj from numbers ‘1’ to ‘4’ according to the ftLEs (see Sect. 2.4.1). In particular,

σj = 1 represents hyperchaotic attractors, characterized by the two largest ftLEs positive (σ1, σ2 > 0);

σj = 2 indicates chaotic attractors characterized by σ1 > 0, σ2 ≤ 0 and σ3, σ4 < 0; σj = 3 is assigned

to stable limit cycle attractors, corresponding to σ1 ≈ 0, while σ2, σ3, σ4 < 0; and lastly σj = 4 means

the presence of stable fixed point attractors, where all ftLEs σj < 0, for all j = 1, 2, 3, 4). The parametric

space exploration based on this quantity is depicted in Fig. 6.9(b). It is important to emphasize that there

are somewhat related approaches reported in the literature. For instance, in [Barrio et al., 2015, Fig.

1], a classification of different behaviors of the 4D Rössler model based on the values of the LEs was

presented.

Brown regions in Fig. 6.9(b) represent areas of the parametric space where hyperchaotic attractors

(σj = 1) exist. These attractors are characterized by σ1 > 0, σ2 > 0 and σ3,4 < 0. Light red regions

correspond to the existence of chaotic attractors (σj = 2), for which σ1 > 0, while σ2,3,4 < 0. Yellow

regions denote the presence of stable limit cycles (σj = 3), with σ1 ≈ 0 for which σ2,3,4 < 0. Lastly, blue

regions represent parameter values for which stable fixed point attractors (σj = 4) exist. In this case,

all ftLEs have negative values. Fig. 6.9(c) presents a similar color plot of the parametric space, where

points are colored according to the GALI2 value of the orbits. In this representation, the purple and dark

red colors indicate the existence of stable fixed attractors. However, the GALI2 index does not effectively

differentiate between stable limit cycle, chaotic and hyperchaotic motions.

6.3.3 Numerical investigation of the generalized Hénon map

In order to validate the generality of the behavior of the GALI method observed for continuous DSs,

namely the 3D and 4D Lorenz models (Secs. 6.3.1 and 6.3.1, respectively), we now extend our in-

vestigation to discrete systems. In this section, we consider the generalized Hénon map (6.11) as a

representative example of such systems. This map will allow us to further explore the GALI method’s

behavior for hyperchaotic systems as it presents cases where hyperchaotic attractors exists. To do so,

we conduct a similar analysis as in Sect. 6.3.2. Note that, in all representative cases we studied, we

consider the orbits with IC x = 0.5, y = 0.4, and z = 0.2, and they are iterated up to n = 105.

6.3.3.1 A stable fixed point case

We first present the 3D phase space portrait of the map (6.11) with parameters a = 0.3 and b = 0.5,

along with its 2D projections for an orbit tending to a stable fixed attractor. Fig. 6.10(a) illustrates the

portrait for the trajectory starting from the IC (x, y, z) = (0.5, 0.4, 0.2) (orange circle point). The orbit
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(a) ftmLEs (b) Classification based on the three ftLEs (c) GALI2

Figure 6.9: An exploration of the (r, c) space of the hyperchaotic Lorenz system (6.5) with a = 35 and
b = 8

3 . To produce these color plots, we used a grid of 590×260 = 153, 400 points in the region r ∈ [−12, 1]
and c ∈ [1, 55] by integrating the IC (x, y, z, w) = (3, 2, 10, 1) up to t = 104 and according to the orbit’s
ftLEs σ1 > σ2 > σ3 > σ4 (2.11) and the GALIs (2.12). The classification of various dynamical regimes
is based on the values of (a) the ftmLE, σ1, and (b) the four ftLEs, σj , according to the classification in
Sect. 2.4.1. In both panels, stable fixed point attractors are shown in dark blue (σ1 < 0 or σj = 4), and
stable periodic motion (limit cycles) are represented by the yellowish/orange areas (σ1 ≈ 0 or σj = 3).
Contrary, in (a), red/brown regions represent either chaotic or hyperchaotic attractors (σ1 > 1), while
in (b) brown and light red regions, respectively, denoted chaotic (σj = 2) and hyperchaotic (σj = 1)
attractors. (c) A similar classification is performed using GALI2 values. Note that in (a), the computed σ1
values are scaled to the interval [−1, 1].

spirals and converges towards the stable fixed point attractor (x∗, y∗, z∗) = (0.3521, 0.3521, 0.3521). This

stable attractor is located at the center of the spiral formed by the studied trajectories. The consequents

of this trajectory are shown in Fig. 6.10(a) (sequence of black points where the gray points highlight the

initial stages of the trajectory’s evolution), while red, blue, and purple points denote the (x, y), (y, z), and

(x, z) projections of the orbit, respectively.

Figures 6.10(b) and (c) show the time evolution of the computed three ftLEs and the GALI2 and

GALI3 indices, respectively, for the orbit of Fig. 6.10(a). All ftLEs, namely σ1 (red curve), σ2 (blue curve),

and σ3 (green curve), converge to negative values; in particular, we get σ1 = σ2 = −0.02 and σ3 = −0.66

[Fig. 6.10(b)]. The fact that the two largest ftLEs have equal negative values is reflected in the behavior

of GALI2, as the index fluctuates around a positive constant value [blue curve in Fig. 6.10(c)]. On the

other hand, the GALI3 [red curve inset plot of Fig. 6.10(c)] decays to zero exponentially fast following the

theoretical rate, exp [− (2Λ1 − Λ2 − Λ3)] (2.16) for Λ1 = −0.02, Λ2 = −0.02 and σ3 = −0.66. We obtain

these values from the results of Fig. 6.10(b) as a good approximation of the LEs.

6.3.3.2 A stable limit cycle case

When we set the parameter values a = 0.3481 and b = 0.5, we observe the appearance of a stable

limit cycle in the Hénon map (6.11). The 3D phase space portrait (and its 2D projections) of the orbit with

IC (x, y, z) = (0.5, 0.4, 0.2) are shown in Fig. 6.10(d). The circular structures observed in the plot suggest

the convergence of the studied orbit towards a stable PO (limit cycle) attractor. The time evolution of

the flLEs, depicted in Fig. 6.10(e), confirms this observation; as the ftmLE, σ1, (red curve) converges to

zero, while σ2 and σ3 (blue and green curves, respectively) remain negative.
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Both the GALI2 [blue curve, main panel of Fig. 6.10(f)] and the GALI3 [red curve, in the inset

of Fig. 6.10(f)] decay to zero exponentially, in line with the theoretical relationships (2.16) GALI2 ∝

exp [− (Λ1 − Λ2)] and GALI3 ∝ exp [− (2Λ1 − Λ2 − Λ3)], with Λ1 = 0, Λ2 = −0.02, and Λ3 = −0.67

obtained from the results of Fig. 6.10(e). Interestingly, despite the attractor’s stable nature, all GALIk ’s

decay to zero exponentially fast, which is a behavior typically associated with chaotic motion in con-

servative Hamiltonian systems (see Sect. 2.4.2). We observe that this exponential decay of GALIs for

stable limit cycles is consistent across the three models we considered.

6.3.3.3 A chaotic (strange) attractor case

When we set the parameters of the 3D discrete map (6.11) to a = 0.75 and b = 0.01, we observe

a chaotic attractor. The corresponding 3D phase portrait along with the related 2D projections of this

attractor is shown in Fig. 6.11(a). Fig. 6.11(b) and (i) illustrate the time evolution of the three ftLEs and

the GALI2 [and GALI3, in the inset plot], respectively. We note that the ftmLE eventually saturates to

σ1 = 0.051 > 0 [blue curve in Fig. 6.11(b)] indicating the chaotic nature of the attractor, while σ2, σ3 <

0. Furthermore, both GALIs asymptotically decay to zero, following the theoretical predicted relations

GALI2 ∝ exp [− (Λ1 − Λ2)] and GALI3 ∝ exp [− (2Λ1 − Λ2 − Λ3)], for Λ1 = 0.051, Λ2 = −0.021, and

Λ3 = −0.723 [Fig. 6.11(c)]. This behavior aligns with our previous observations in the continuous time

dissipative systems [see Figs. 6.1(i) and Figs. 6.11(c)].

6.3.3.4 A hyperchaotic attractor case

We now examine the behavior of the GALI method for a hyperchaotic attractor of the discrete time

dissipative system (6.11). This analysis represents the first application of the GALI method to a hyper-

chaotic attractor in such systems. Furthermore, it allows us to extend our results obtained from the anal-

ysis of hyperchaotic attractors beyond the continuous time dissipative system discussed in Sect. 6.3.2

(see lower panels in Fig. 6.11).

Setting parameters a = 1.6 and b = 0.01 in the 3D Hénon map (6.11) leads to a hyperchaotic

attractor. Fig. 6.11(d) displays the 3D phase space portrait (black curve points) along with the related 2D

projections for this attractor. The portrait reveals a distinctive paraboloid-like structure. This paraboloid

is open along the second state variable, y, resulting in a parabolic curve in the (y, z) plane (blue curve).

The 3D structure formed by black points resembles the hyperchaotic attractor observed in [Wang et al.,

2023, Fig. 3] for parameters a = 1.99 and b = 0.001 of the 3D Hénon map (6.11).

The time evolution of the three ftLEs is depicted in Fig. 6.11(e). The attractor is characterized by two

positive ftLEs: σ1 = 0.19 and σ2 = 0.18, while σ3 = −4.97 remains negative. This arrangement of the

LEs confirms that the orbit tends to an attractor, with the sum of ftLEs, which is related to the contraction

rate of phase space volume, being negative. Moreover, this is a hyperchaotic attractor since the two

ftLEs (σ1 and σ2) are positive. As expected, both the GALI2 and the GALI3 decay to zero exponentially

fast, following the theoretically derived functions (2.16). The dashed curves in Fig. 6.11(d) represent

these theoretical functions, further confirming the relationship between the time evolution of the GALIs
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and the values of the LEs.

(a) Phase portrait of an orbit tending to a
stable fixed point

(b) ftLEs(t) for the orbit of (a) (c) GALIk(t) for the orbit of (a)

(d) Phase portrait of an orbit tending to a
stable limit cycle

(e) ftLEs(t) for the orbit of (d) (f) GALIk(t) for the orbit of (d)

Figure 6.10: The 3D phase space portraits to different types of attractors of the 3D Hénon map (6.11)
for the orbit with IC (x, y, z) = (0.5, 0.4, 0.2) which tends: (a) For a = 0.3 and b = 0.5, the trajectory
starting from the IC denoted by the orange circle converges to a stable fixed point attractor. (d) For
a = 0.3481 and b = 0.5, a stable limit cycle attractor is reached. The time evolution of the three ftLEs
σ1 > σ2 > σ3 (2.11) for the orbit tending to (b) the stable fixed point, and (e) the stable limit cycle. The
horizontal gray lines indicate σ = 0 for reference. The corresponding time evolution of the GALI2 (blue
solid curve) and the GALI3 (red solid curve, inset plot) for the same attractors are shown in (c), and (f),
respectively. The blue and red dashed curves represent functions proportional to exp [−(Λ1 − Λ2)] and
∝ exp [−(2Λ1 − Λ2 − Λ3)], respectively. Refer to the text for a detailed discussion and the associated
Λj , j = 1, 2, 3 values.

6.3.3.5 Parametric exploration of the generalized Hénon map using the GALI method and LEs

Let us now conduct a parametric study of the Hénon map (6.11) to explore the system’s dynamics by

varying the parameter a from a = −0.0264 to a = 1.5 while fixing b = −0.1. For this analysis, we employ

the three ftLEs and the GALI2 index, similarly to what we did in Sect. 6.3.1.4.

Figure 6.12(a) shows the values of the three ftLEs, σj , j = 1, 2, 3, for various tested a values of the

3D system (6.11) after n = 104 iterations. These exponents reveal different dynamical regimes: In the

leftmost half of the a interval, where a ≤ 0.7835, all ftLE values are negative, indicating that the system is

attracted to a sink (see Fig. 6.10(a) for the phase space portrait of a representative case). As a increases,

σ1 approaches zero, implying the emergence of stable limit cycles in the interval a ∈ (0.7835, 1.0835].

Then, for a ∈ (1.0835, 1.3634] the system again displays fixed points characterized by all negative ftLEs
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(a) Phase portrait of a chaotic attractor (b) ftLEs(t) for the orbit of (a) (c) GALIk(t) for the orbit of (a)

(d) Phase portrait of a hyperchaotic attrac-
tor

(e) ftLEs(t) for the orbit of (d) (f) GALIk(t) for the orbit of (d)

Figure 6.11: Similar to Fig. 6.10 but for the orbit lies on [a, b, and c] a = 0.3 and b = 0.5, a chaotic
attractor, and [d, e, and f] for a = 1.6 and b = 0.01, a hyperchaotic attractor.
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before transitioning to chaotic behavior, indicated by the presence of one positive ftLE (σ1 > 0) for

a > 1.3634. Finally, at a = 1.4835, the system transitions to hyperchaotic behavior, with a second

positive ftLE, σ2 > 0 appearing.

Figure 6.12(b) depicts the GALI2 values as a function of the parameter a for the dissipative map

(6.11). We see that the GALI2 remains positive only in the intervals a ∈ [0.01254, 0.01284] and a ∈

[0.035, 0.7835], where stable fixed point attractors are present. In these cases, all ftLEs are negative, and

the values of σ1 and σ2 are practically equal. Outside these intervals of a values, the GALI2 is practically

zero. It is important to note that in these cases the GALI2 decays to zero exponentially in accordance

with the theoretical prediction (2.16).

(a) ftmLEs (b) GALI2

Figure 6.12: A parametric exploration of the 3D Hénon map (6.11) for parameters b = 0.5 while varying
a. We consider a total of 163 points for a ∈ [0, 1.2]. Final values of (a) the three ftLEs σ1 > σ2 > σ3
(2.11), and (b) the GALI2 (2.12) at t = 104.

We further conduct a bi-parametric exploration of the dynamics of the map (6.11) to classify different

types of attractors based on the values of the three ftLEs and the GALI2, similarly to the investiga-

tions performed for continuous systems (Figs. 6.3 and 6.9). We keep the IC of the considered orbit to

(x, y, z) = (0.5, 0.4, 0.2) the same, while varying the parameters a and b in the region a ∈ [0, 1.2] and

b ∈ [−0.12, 0.12] considering a grid of total of 240× 1765 = 423, 600 parameter values.

Figure 6.13(a) illustrates the parametric space (a, b) with each point colored according to the values

of the ftmLE, σ1. This enables a ‘preliminary’ classification between the regular and chaotic behaviors

we observed. Here, the σ1 values are scaled within the range [−1, 1] similarly to Figs. 6.3(a) and 6.9(a).

Yellowish/orange regions denote the existence of a stable limit cycle or potentially periodic motions

(σ1 = 0), purple/dark blue areas indicate the presence of stable fixed point attractors (σ1 < 0), and

brown/red regions identify either chaotic or hyperchaotic motions (σ > 0).

For a more accurate classification of the orbital behaviors and similarity to what was done in Fig. 6.9(a),
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similarly to the approach we follow in Fig. 6.9(a), we assign discrete values σj , numbered from 1 to 4,

according to the values of the three ftLEs as described in Sect. 2.4.1. The resulting color map is shown

in Fig. 6.13(b), where each attractor type is color coded as follows: σj = 1 (brown) for hyperchaotic

attractors (σ1, σ2 > 0 and σ3 < 0); σj = 2 (red) for chaotic attractors (σ1 > 0, σ2 ≤ 0 and σ3 < 0); σj = 3

(orange) for stable limit cycle attractors (σ1 ≈ 0 and σ2,, σ3 < 0); and σj = 4 (blue) for stable fixed point

attractors (σj < 0, for all j = 1, 2, 3).

In Fig. 6.13(c), we preset a similar color plot of the parametric space where points are colored

according to the GALI2 value of the orbits. Here, the blue areas indicate the existence of stable fixed

point attractors for which σ1 ≈ σ2, while the red regions (GALI2 is practically zero) correspond to chaotic,

hyperchaotic, or stable limit cycle attractors. Thus, it becomes apparent that the GALI2 is not able

to differentiate among these three types of attractors. Notably, some points in the GALI2 color plot

(such as those in the parameter space around (a, b) = (1.161, 0.08), located in the upper right corner of

Fig. 6.13(c)) are unexpectedly in colored yellow and/or blue instead of red, although the related orbital

evolution takes place on chaotic attractors. This behavior indicates weakly chaotic or hyperchaotic

attractors. For such cases, we may require longer iteration times for the GALI2 to reliably decay to zero,

thereby to fully reveal their chaotic characteristics.

It is worth noting that none of the models or parameter values considered in our study exhibited a

j-dimensional (j > 1) stable torus. For such attractors, the largest k ftLEs approach zero asymptotically,

while the other exponents remain negative (see Sect. 2.4.1). In this case as a j-dimensional stable

torus, we would expect all the GALIk with 2 ≤ k ≤ j, oscillate around a constant positive value.

(a) ftmLEs (b) Classification based on the three ftLEs (c) GALI2

Figure 6.13: An exploration of the (a, b) space of he Hénon map (6.11). We produce color plots using
a grid of 240 × 1765 = 423, 600 points in the region a ∈ [0, 1.2] and b ∈ [−0.12, 0.12] by iterating the
IC (x, y, z) = (0.5, 0.4, 0.2) up to t = 104 and recording the orbit’s ftLEs σ1 > σ2 > σ3 (2.11) and the
GALIs (2.12). The classification of various dynamical regimes is based on the values of (a) the ftmLE,
σ1, and (b) the three ftLEs, σj , according to the classification in Sect. 2.4.1. In both panels, stable fixed
point attractors are shown in dark blue (σ1 < 0 or σj = 4), and stable periodic motion (limit cycles)
are represented by the yellowish/orange areas (σ1 ≈ 0 or σj = 2). In contrast, in (b) chaotic (σj = 2)
and hyperchaotic (σj = 1) attractors are indicated by brown and red regions, respectively, while in (a),
brown/red regions denote either chaotic or hyperchaotic attractors (σ1 > 0). (c) A similar classification
is performed using GALI2 values. Note that in (a), the computed σ1 values are scaled to the interval
[−1, 1].
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6.4 Summary and conclusions

In this chapter, we systematically investigated the behavior and efficiency of the GALI method in

distinguishing between various types of attractors, in particular stable fixed points, stable periodic orbits

(limit cycles), chaotic (strange), and hyperchaotic attractors in non-Hamiltonian dissipative systems. We

focused on the 3D Lorenz system (6.1), and the 4D continuous time dissipative system (6.5), as well

as the generalized Hénon map (6.11). Initially, we used the LE (σj) spectrum to identify the parameter

values for which each type of attractor appears and compared the obtained results to the behavior

of the GALI method. Our findings for both continuous and discrete time dissipative systems can be

summarized as follows:

(I) Stable fixed attractors (all σj < 0): GALI2 fluctuates around a positive constant value [Figs. 6.1(c),

6.4(c), and 6.10(c)], if and only if the corresponding two ftLEs have practically equal negative

values, i.e., if σ1 ≈ σ2 [Figs. 6.1(b), 6.4(b), and 6.10(b)]. On the other hand, the GALI3 and the

GALI4 decay to zero exponentially fast at rates determined by the theoretical expressions (2.16)

evolving the values of several LEs.

(II) Stable limit cycles (σ1 ≈ 0 with the rest ftLEs being negative): The GALIk (for k = 2, 3, 4) decay

exponentially fast to zero at rates defined by the respective LEs [Figs. 6.1(f), 6.5(c), and 6.10(f)] in

accordance with the theoretical expectations of Eq. (2.16).

(III) Chaotic attractors (only σ1 > 0) and hyperchaotic attractors (both σ1 and σ2 > 0): The GALIk

indices again decay to zero exponentially, with rates determined by the corresponding LEs. This

behavior is observed in Figs. 6.1(i), 6.6(c), and 6.11(c) for chaotic attractors and in Figs. 6.7(c),

and 6.11(d) for hyperchaotic attractors.

(IV) No k-dimensional stable torus attractors were observed in the studied models and parameter

ranges. Such attractors would exhibit k zero ftLEs, with the others being negative. On the other

hand, we would expect GALI2 to fluctuate around a constant positive value only when the two

largest ftLEs are zero. Otherwise, the GALIk indices for k = 2, 3, 4, would decay to zero exponen-

tially fast at rates defined by the LEs according to Eq. 2.16.

When we compared the behavior of the GALI method in conservative and dissipative DSs, we ob-

served similar trends for chaotic trajectories but identified notable differences for other types of regular

motion. In dissipative systems, the phase space volume contracts over time, which directly impacts the

evolution of the hyper-volume defined by the deviation vectors used to compute the GALI indices. Since

the GALI method does not involve re-orthogonalizing these deviation vectors, as was done, for example,

in [Manos et al., 2012] the phase space contraction shrinks this volume, and eventually reducing it to

zero. We observed this volume reduction even for regular motions, like for orbits which asymptotically

converge to stable attractors (e.g., stable limit cycles). Hence, the evolution of the GALI exhibits behav-

ior similar to that seen for chaotic trajectories, despite the underlying motion being stable. Overall, for

dissipative systems, the GALIk decays to zero exponentially fast for limit cycles and chaotic/hyperchaotic

attractors, following rates defined by the LEs (2.16).
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For a comprehensive understanding of how control parameters affect attractor types in each dissi-

pative system, we further conducted numerical analyzes for different parameter values that result in a

variety of attractors: stable attractors (fixed point and limit cycle), chaotic, and hyperchaotic attractors.

To achieve this, we produced parameter exploration plots and bi-parametric color plots for each para-

metric pair, using one IC per pair. The obtained plots were color-coded based on three quantities: the

values of the ftmLEs (2.8), the classification of different dynamical regimes as determined by the ftLEs

(2.9) according to Sect. 2.4.1, and the GALI2 (2.12) [see Figs. 6.3, 6.9, and 6.13]. At the end, quantifying

each parameter pair according to ftLEs proved the most effective approach for classify the four attractor

types across the three dissipative systems we considered.

In summary, this chapter presented a comprehensive study of the GALI method’s behavior and lim-

itations in distinguishing different attractors in dissipative systems. This analysis constitutes the first

detailed investigation of the GALI method’s effectiveness in distinguishing between regular and chaotic

attractors in dissipative systems. In our study, we examined trajectories tending to attractors in the 3D

Lorenz system (6.1), 4D hyperchaotic Lorenz system (6.5), and the generalized Hénon map (6.11) to

systematically explore the method’s capabilities and potential limitations in analyzing dissipative system

dynamics.
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Chapter 7

Conclusions and outlook

In this thesis, we investigated the role of chaos in various dynamical systems (DSs), including Hamil-

tonian systems, multidimensional maps, and non-Hamiltonian dissipative systems. A primary focus of

our investigations was the application of numerical techniques, particularly the generalized alignment

index (GALI) [Sect. 2.4.2], to detect and quantify chaos. Furthermore, we compared the performance

of the GALI method with that of Lyapunov exponents (LEs) to efficiently discriminate between different

dynamical behaviors [Sect. 2.4.1].

Our presentation began with an introduction to general DSs and numerical methods in Chap. 2,

emphasizing LEs and the GALI method. In Chap. 3, we employed the GALI method of order 2 (GALI2)

(2.4.2) as an efficient tool for detecting and quantifying kinetic and magnetic chaos in plasma physics

models. Our primary objective was to compare kinetic and magnetic chaos in a toroidal plasma model.

To achieve this, we analyzed the dynamics of various perturbations of the guiding center Hamiltonian

(3.22) representing plasma particles, and we considered representative cases of the magnetic field

(MF) Hamiltonian (3.17). For all these setups, we constructed appropriate Poincaré surface of sections

(PSSs), where orbits were colored according to their final GALI2 values. For low energy particles, strong

similarities were observed between the kinetic and magnetic chaos, both appearing near separatrices

of stable magnetic island chains. In contrast, for high energy particles, stable islands were located at dif-

ferent radial positions, and kinetic chaos was less pronounced due to increased particle drift across MF

lines. By analyzing the three constants of motion (i.e., energy, magnetic moment, and toroidal momen-

tum), we classified particle orbits as chaotic or regular using the GALI2 values. This approach provided

valuable information for understanding energy and momentum transport, having potential applications

in tokamak simulations.

In Chapter 4, our focus shifted to the investigation of the evolution of the phase space structures in

a three-dimensional (3D) bar galaxy Hamiltonian system (4.1), particularly before and after successive

2D and 3D pitchfork bifurcations, as well as 3D period-doubling bifurcations. We studied transitions

in which families of 2D or 3D stable periodic orbits (POs) become unstable, leading to the creation

of new stable PO families. Using the color and rotation (CR) visualization technique [Sect. 4.3], we

explored the system’s 4D phase space. We found that perturbations of stable POs lead to the formation
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of invariant tori, characterized by smooth color variations in any 3D projections of the 4D phase space.

In contrast, perturbations of unstable POs often led to Figure-8 structures. The formation of these

Figure-8 structures were closely related to the presence of surrounding invariant tori. As energy levels

increased, these structures began to break down, leading to the formation of scattered clouds of points

with mixed colors in the 3D projections. This behavior indicated the introduction of chaotic motion, which

we confirmed through the computation of the GALI2 index.

In Chapter 5, we focused on the long-term diffusion and chaotic behavior in the 2D standard map

(SM) (5.3) as well as in coupled SM systems (5.8). We explored the impact of accelerator modes (AMs)

of varying periods p on the diffusion behaviors of the SMs. A higher percentage of chaotic trajectories in

ensembles of orbits around stable AMs delayed the convergence of the diffusion exponent µ (5.4) to its

limiting value, slowing the trend toward the asymptotic ballistic transport (µ = 2). In the case of coupled

SM systems (5.8), increasing the coupling strength β suppressed global diffusion and accelerated the

convergence to normal diffusion (µ = 1), particularly at higher kick strength values Kj . This trend

of faster convergence to normal diffusion was associated with an increase in global chaos, as was

quantified by the mLE and the GALI2.

Finally, in Chapter 6, we applied the GALI method (2.12) to non-Hamiltonian dissipative systems,

including the 3D Lorenz system (6.1), the 4D hyperchaotic Lorenz system (6.5), and the generalized

Hénon dissipative map (6.10). We examined the GALI method’s performance to distinguish among vari-

ous orbit types, namely, stable fixed points, stable limit cycles, chaotic, and hyperchaotic attractors. Our

results showed that the GALI2 decays to zero exponentially fast at rates determined by the theoretical

expression (2.16) for stable limit cycles, chaotic, and hyperchaotic attractors, when the values of the

largest two LEs were distinct (i.e., the GALI method was unable to discriminate between these cases).

On the other hand, it fluctuates around a positive constant value for stable fixed point attractors, where

the corresponding largest two LEs were nearly equal and negative. This analysis of the GALI2 behavior

in dissipative systems filled a gap in the existing literature.

Although our work produced valuable insights into the numerical investigation of chaos in Hamiltonian

models and diffusion trajectories in multidimensional maps, several interesting research avenues remain

open for future study. One potential direction involves extending the analysis of kinetic chaos we per-

formed in Chapter 3 by considering time-dependent perturbations, particularly those relevant to fusion

applications. A notable future task is the analytical and numerical phase space study of the nonlinear

charged particle dynamics under time-dependent, axisymmetry-breaking electromagnetic perturbations

in an axisymmetric equilibrium MF in toroidal fusion plasma configurations.

The coupled SM system (5.8), which was extensively analyzed in this thesis, also presents numerous

opportunities for further investigations. In Chapter 5, we examined the system’s chaotic and diffusion

properties, including the interplay between normal and anomalous diffusion, pattern propagation, and

the potential presence of localization phenomena. Our analysis explored the relationship between the

diffusion coefficient µ (5.4) and the strength of chaos [quantified through the values of the mLE (2.8)

and the GALI2 (2.12)], as functions of key system parameters such as the kick (K) and coupling (β)

strength. This study considered conditions with constant K values for the analyzed maps. A logical
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extension of this work would involve introducing randomness in the K values, possibly in cases where

some maps exhibit strong chaos while others govern predominantly regular motions. Furthermore, al-

lowing time dependence in the model’s parameters could reveal additional dynamical features. For

example, dynamically varying K between values for which chaotic or regular motion prevails, or intro-

ducing time-dependent behavior in the parameters of one (or more) of the coupled maps, could lead to

interesting dynamical behaviors. Such studies could significantly enhance our understanding of diffusion

and transport processes in coupled systems and offer potential applications in the context of complex

dynamical networks.
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O. E. Rössler. An equation for hyperchaos. Physics Letters A, 71:155, 1979.

S. Samanta, P. Kumar Shaw, M. S. Janaki, and B. Dasgupta. Energization of charged particles in regular

and chaotic magnetic fields. Physics of Plasmas, 24:054506, 2017.
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Appendix A

The components of the galactic

potential studied in Chap. 4

A.1 The bulge potential

The Bulge Potential VS(x, y, z) is defined as:

VS(x, y, z) = − GMS√
x2 + y2 + z2 + ϵ2s

, (A.1)

where G is the gravitational constant, MS is the mass and ϵs the scale length of the bulge (see Sect. 4.2

for more details).

For simplicity, let us define Q as Q = x2 + y2 + z2 + ϵ2S . Then, the first partial spatial derivatives of VS

(A.1) are expressed follows:
∂VS
∂x

= GMS
x

Q3/2
,

∂VS
∂y

= GMS
y

Q3/2
,

∂VS
∂z

= GMS
z

Q3/2
,

(A.2)

while the second partial spatial derivatives of (A.1) are given by:

∂2VS
∂x2

=
GMS

Q3/2

(
1− 3x2

Q

)
,

∂2VS
∂y2

=
GMS

Q3/2
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1− 3y2

Q

)
,

∂2VS
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GMS

Q3/2

(
1− 3z2

Q

)
,

∂2VS
∂x∂y

= −3GMS
xy

Q5/2
,
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∂x∂z

= −3GMS
xz

Q5/2
,

∂2VS
∂y∂z

= −3GMS
yz

Q5/2
.

(A.3)
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A.2 The disk potential

The Miyamoto-Nagai potential VD(x, y, z) is defined as:

VD(x, y, z) = − GMD√
x2 + y2 +

(
A+

√
B2 + z2

)2 , (A.4)

where MD represents the mass associated with the disk, while A and B, respectively, are the horizontal

and vertical scale lengths of the system (see Sect. 4.2 for more details).

To compute the first and second partial spatial derivatives of the disk potential VD (A.4), let us denote

the quantity in the square root of the denominator as Q = x2 + y2 + (A +
√
B2 + z2)2. Then, the first

derivatives are given by:
∂VD
∂x

= GMD
x

Q3/2
,

∂VD
∂y

= GMD
y

Q3/2
,

∂VD
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= GMD

z
(
A+

√
B2 + z2

)
Q3/2

√
B2 + z2

,

(A.5)

while the second spatial derivatives are given by:

∂2VD
∂x2

=
GMD

Q3/2

(
1− 3x2

Q5/2

)
,

∂2VD
∂y2

=
GMD

Q3/2

(
1− 3y2

Q5/2

)
,

∂2VD
∂z2

=
GMD

Q3/2

[
A+

√
B2 + z2√

B2 + z2
− 3z2

Q

(
1 +

A√
B2 + z2

)2

− Az2

(B2 + z2)3/2

]
,

∂2VD
∂x∂y

= −3GMD
xy

Q5/2
,

∂2VD
∂x∂z

= −3GMD
xz

Q5/2

(
1 +

A√
B2 + z2

)
,

∂2VD
∂y∂z

= −3GMD
yz

Q5/2

(
1 +

A√
B2 + z2

)
.

(A.6)

A.3 The Ferrers bar potential

A.3.1 Introduction

A specific form of the Ferrers bar potentials with homogeneity degree n = 2 is defined as VB in

Eq. (4.5), with its various components described in Sect. 4.2. Here, we will first discuss the general form

of this potential. Following the Appendix of [Pfenniger, 1984], the general integral formation for the bar

potential:

Φ =
C

n+ 1

∫ ∞

λ

(1−m2(u))n+1

∆(u)
du, (A.7)

where MB represents the total mass of the bar components, and n is the homogeneity degree, which

essentially determines the bar’s shape and density distribution. We have subsumed all prefactor con-
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stants into the single value C = −πGabcρc, with the central density ρc =
105

32π

GMB

abc
and a > b > c being

the semi-axes. In the expression of the potential in (A.7), we have:

m2(u) =
x2

a2 + u
+

y2

b2 + u
+

z2

c2 + u
, (A.8)

and

∆2(u) = (a2 + u)(b2 + u)(c2 + u). (A.9)

The parameter λ in (A.7) is defined as the unique positive solution of

m2(λ) = 1, (A.10)

for m ≥ 1 (outside the bar) and is set to zero for m < 1 (inside the bar). The reader is referred to

Sect. 4.2 for more details.

Note that the potential Φ (A.7) depends on the particle’s position (x, y, z) and the parameter λ. How-

ever, differentiating Φ with respect to λ gives a term (1 −m2(λ))n+1, which is zero according to (A.10).

Therefore, the potential satisfies a useful condition:
∂Φ

∂λ
= 0.

In order to simplify the expression of the potential (A.7), we begin by applying a multinomial expansion

of the term (1−m2(u))n+1 to get

Φ =
C

n+ 1

∫ ∞

λ

∑n+1
p=0

(
n+1
p

)
(−m2(u))p

∆(u)
du. (A.11)

The expression in (A.11) simplifies to

Φ =
C

n+ 1

n+1∑
p=0

(
n+ 1

p

)
(−1)p

∫ ∞

λ

(m2(u))p

∆(u)
du. (A.12)

Substituting the expression for m2(u) from (A.8) in (A.12), we obtain:

Φ =
C

n+ 1

n+1∑
p=0

(
n+ 1

p

)
(−1)p

∫ ∞

λ

(
x2

a2+u + y2

b2+u + z2

c2+u

)p
∆(u)

du. (A.13)

Implementing the multinomial theorem, we get

(
x2

a2 + u
+

y2

b2 + u
+

z2

c2 + u

)p
=

∑
j+k+m=p

p!

j!k!m!

(
x2

a2 + u

)j (
y2

b2 + u

)k (
z2

c2 + u

)m
, (A.14)

where the summation is taken over all non-negative integers j, k, and m such that j + k + m = p,

ensuring that each term in the expansion is consistent with the order p.

Substituting the expanded form of (A.14) into the expression for Φ in (A.13) yields:

Φ =
C

n+ 1

n+1∑
p=0

(
n+ 1

p

)
(−1)p

∑
j+k+m=p

p!

j!k!m!

∫ ∞

λ

x2jy2kz2m

(a2 + u)j(b2 + u)k(c2 + u)m∆(u)
du. (A.15)
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Introducing the new variable q = n+ 1− p, we can combine the two sums in (A.15) to get

Φ =
C

n+ 1

n+1∑
q=0

(
n+ 1

q

)
(−1)n+1−q

∑
j+k+m+q=n+1

(n+ 1− q)!

j!k!m!

∫ ∞

λ

x2jy2kz2m

(a2 + u)j(b2 + u)k(c2 + u)m∆(u)
du.

(A.16)

Now, combining the sums in (A.16) leads to a simplified form for Φ:

Φ =
C

n+ 1

∑
j+k+m+q=n+1

(n+ 1)!

j!k!m!q!
(−1)n+1−q

∫ ∞

λ

x2jy2kz2m

(a2 + u)j(b2 + u)k(c2 + u)m∆(u)
du. (A.17)

Equation (A.17) can be interpreted as defining the potential integral Φ (A.7) in terms of the functions

Wjkm,

Wjkm =

∫ ∞

λ

du

∆u

1

(a2 + u)
j

1

(b2 + u)
k

1

(c2 + u)
m . (A.18)

Thus, we can express the bar potential Φ (A.7) in a compact form as follows:

Φ = C
∑

j+k+m+q=n+1

n!

j!k!m!q!
(−1)n−1

(
x2jy2kz2m

)
Wjkm. (A.19)

The terms Wjkm satisfy the following:

Wjkm =
Wj−1,k,m −Wj,k−1,m

a2 − b2
,

=
Wj,k−1,m −Wj,k,m−1

b2 − c2
,

=
Wj,k,m−1 −Wj−1,k,m

c2 − a2
.

(A.20)

Using the general recurrence relations (A.20) and applying integration by parts in (A.18) leads to

Wn00 =
1

2n− 1

[
2

∆(λ) (a2 + λ)
n−1 −Wn−1,1,0 −Wn−1,0,1

]
,

W0n0 =
1

2n− 1

[
2

∆(λ) (b2 + λ)
n−1 −W1,n−1,0 −W0,n−1,1

]
,

W00n =
1

2n− 1

[
2

∆(λ) (c2 + λ)
n−1 −W1,0,n−1 −W0,1,n−1

]
.

(A.21)

For n = 1 (inhomogeneous bar distribution), the recurrence relation (A.21) is reduced to

W100 = 2

[
1

∆(λ)
−W0,1,0 −W0,0,1

]
,

W010 = 2

[
1

∆(λ)
−W1,0,0 −W0,0,1

]
,

W001 = 2

[
1

∆(λ)
−W1,0,0 −W0,1,0

]
.

(A.22)
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Thus, by adding the terms in (A.22) we get

W100 +W010 +W001 =
2

∆(λ)
(A.23)

Determining W000, W100, W010, and W001 is possible using the incomplete elliptic integrals F (θ, q) and

E(θ, q). The definitions of the angle θ and the modulus q related to these integrals are give by:

sin (θ) =

(
a2 − c2

a2 + λ

)1/2

, (A.24)

q =

(
a2 − b2

a2 − c2

)1/2

. (A.25)

Now, the relations for W000, W100, W010, and W001 in terms of the incomplete elliptic integrals can be

expressed as follows:

W000 =
2√

a2 − c2
F (θ, q), (A.26)

W100 =
2

(a2 − b2)
√
a2 − c2

[F (θ, q)− E(θ, q)] , (A.27)

W010 =
2
√
a2 − c2

(a2 − b2)(b2 − c2)
E(θ, q)− 2

(a2 − b2)(a2 − c2)
F (θ, q)− 2

b2 − c2

√
c2 + λ

(a2 + λ)(b2 + λ)
,

=
2

∆(λ)
−W100 −W001, (A.28)

W001 =
2

b2 − c2

√
b2 + λ

(a2 + λ)(c2 + λ)
− 2

(b2 − c2)
√
a2 − c2

E(θ, q). (A.29)

The remaining Wjkm’s can be successfully computed using the recurrence relations provided in (A.20)

and (A.21). For the specific case of n = 2, the Wjkm’s up to the third order can also be directly obtained

from the Appendix of [Pfenniger, 1984]. It is worth noting that the form of the potential in Eq. (A.19) for

n = 2 is essentially equivalent to the bar potential VB (4.5) considered in our study, which has been

extensively studied by many researchers (e.g. see [Pfenniger, 1984; Skokos et al., 2002a,b; Patsis and

Katsanikas, 2014a; Manos et al., 2022]).
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For n = 2 (inhomogeneous bar distribution), the potential (A.19) simplifies to the final form of VB

(4.5), which we aim to study, and reduces to:

VB =
C

6

{
W000 − 6x2y2z2W111

+ x2
[
x2
(
3W200 − x2W300

)
+ 3
(
y2
(
2W110 − y2W120 − x2W210

)
−W100

)]
+ y2

[
y2
(
3W020 − y2W030

)
+ 3
(
z2
(
2W011 − z2W012 − y2W021

)
−W010

)]
+ z2

[
z2
(
3W002 − z2W003

)
+ 3
(
x2
(
2W101 − x2W201 − z2W102

)
−W001

)]}
.

(A.30)

A.3.2 Derivatives of the potential

In order to write out the derivatives of the general Ferrers bar potential, we start by considering its

compact form (A.19) [which is practically VB (4.5)]. This potential can be expressed as the product of

two components: the algebraic part ϕA = x2jy2kz2m (representing the scaled product of x, y, and z

raised to certain powers) and the contribution from the Wjkm (A.18), which we will refer to as ϕW .

The partial spatial derivatives of ϕA can be computed directly. However, for ϕW , we must consider

that the Wjkm quantities depend on λ. Therefore, when computing the derivatives with respect to the

spatial coordinates x, y, and z, we apply the chain rule such as

∂Wjkm

∂xj
=
∂Wjkm

∂λ

∂λ

∂xj
. (A.31)

The derivative
∂Wjkm

∂λ
is easy to be calculated as follows because Wjkm (A.18) is defined as an integral

having as lower limit λ

∂Wjkm

∂λ
=

(
1

(a2 + λ)j+1/2

)(
1

(b2 + λ)k+1/2

)(
1

(c2 + λ)m+1/2

)
. (A.32)

To find the spatial derivatives of λ, we use implicit differentiation on the definition given by Eq. A.8, i.e.,

m(λ) = 1 for m ≥ 1, for each coordinate. This process eventually leads us to the following results:

∂λ

∂x
=

2x

a2 + λ

[
x2

(a2 + λ)2
+

y2

(b2 + λ)2
+

z2

(c2 + λ)2

]−1

,

∂λ

∂y
=

2y

b2 + λ

[
x2

(a2 + λ)2
+

y2

(b2 + λ)2
+

z2

(c2 + λ)2

]−1

,

∂λ

∂z
=

2z

c2 + λ

[
x2

(a2 + λ)2
+

y2

(b2 + λ)2
+

z2

(c2 + λ)2

]−1

.

(A.33)
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We can use the fact that
∂VB
∂λ

= 0, and by employing the shorthand notations we introduced (ϕA and

ϕW ), we can apply the product rule to the derivative of VB with respect to x

∂VB
∂x

= C
∑ ∂ϕA

∂x
ϕW + C

∑
ϕA

∂ϕW
∂λ

∂λ

∂x
,

= C
∑ ∂ϕA

∂x
ϕW +

∂λ

∂x

(
∂

∂λ

(
C
∑

ϕAϕW

))
,

= C
∑ ∂ϕA

∂x
ϕW +

∂λ

∂x

(
∂VB
∂λ

)
,

= C
∑ ∂ϕA

∂x
ϕW ,

= C
∑

j+k+m+q=n+1

n!

j!k!m!q!
(−1)n−1(2j)x2j−1y2kz2mWjkm.

(A.34)

Naturally, the derivatives with respect to y and z are obtained following a similar approach. However,

the evolution of the second derivative presents a challenge because the
∂VB
∂λ

derivative does not vanish;

therefore, we must include the derivative with respect to λ term. Taking the mixed second-ordered

derivative
∂2VB
∂x∂y

as an example, we have:

∂2VB
∂x∂y

=
∂

∂y

(
C
∑ ∂ϕA

∂x
ϕW

)
,

= C
∑ ∂2ϕA

∂x∂y
ϕW + C

∑ ∂ϕA
∂x

∂ϕW
∂λ

∂λ

∂y
,

= C
∑

j+k+m+q=n+1

n!

j!k!m!q!
(−1)n−1(2j)(2k)x2j−1y2k−1z2mWjkm

+ C
∂λ

∂y

∑
j+k+m+q=n+1

n!

j!k!m!q!
(−1)n−1(2j)x2j−1y2kz2m

∂Wjkm

∂λ
.

(A.35)

The same procedure can be implemented to find the remaining derivatives, and we end up with a

complete set of all possible derivatives. Given the framework we have established, calculating the

derivatives under the specific constraints is relatively simple. This process can also be carried out using

computational packages such as Wolfram Mathematica.

We would like to emphasize that the first (A.36) and second (A.37) derivatives of the Ferrers bar

potential (A.19) have been previously obtained, notably in the Appendices of the PhD theses of [Gómez,

2007] and [Manos, 2008]. Nevertheless, for the sake of completeness, we included in our study the

derivation. Thus, these first and second derivatives of the potential VB (4.5) are:

∂VB
∂x

= −Cx
[
W100(λ)− 2z2W101(λ) + z4W102(λ)− 2y2W110(λ) + 2y2z2W111(λ)

+ y4W120(λ)− 2x2W200(λ) + 2x2z2W201(λ) + 2x2y2W210(λ) + x4W300(λ)
]
,

∂VB
∂y

= −Cy
[
W010(λ)− 2z2W011(λ) + z4W012(λ)− 2y2W020(λ) + 2y2z2W021(λ)

+ y4W030(λ)− 2x2W110(λ) + 2x2z2W111(λ) + 2x2y2W120(λ) + x4W210(λ)
]
,

∂VB
∂z

= −Cz
[
W001(λ)− 2z2W002(λ) + z4W003(λ)− 2y2W011(λ) + 2y2z2W012(λ)

+ y4W021(λ)− 2x2W101(λ) + 2x2z2W102(λ) + 2x2y2W111(λ) + x4W201(λ)
]
.

(A.36)
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∂2VB
∂x2

= −C
{
W100(λ)− 2z2W101(λ) + z4W102(λ)− 2y2W110(λ) + 2y2z2W111(λ) + y4W120(λ)

− 6x2W200(λ) + 6x2z2W201(λ) + 6x2y2W210(λ) + 5x4W300(λ)

+
∂λ

∂x

[
xW ′

100(λ)− 2xz2W ′
101(λ) + xz4W ′

102(λ)− 2xy2W ′
110(λ) + 2xy2z2W ′

111(λ)

+ xy4W ′
120(λ)− 2x3W ′

200(λ) + 2x3z2W ′
201(λ) + 2x3y2W ′

210(λ) + x5W ′
300(λ)

]}
,

∂2VB
∂y2

= −C
{
W010(λ)− 2z2W011(λ) + z4W012(λ)− 6y2W020(λ) + 6y2z2W021(λ) + 5y4W030(λ)

− 2x2W110(λ) + 2x2z2W111(λ) + 6x2y2W120(λ) + x4W210(λ)

+
∂λ

∂y

[
yW ′

010(λ)− 2yz2W ′
011(λ) + yz4W ′

012(λ)− 2y3W ′
020(λ)

+ 2y3z2W ′
021(λ) + y5W ′

030(λ)− 2x2yW ′
110(λ) + 2x2yz2W ′

111(λ) + 2x2y3W ′
120(λ) + x4yW ′

210(λ)

]}
.

∂2VB
∂z2

= −C
{
W001(λ)− 6z2W002(λ) + 5z4W003(λ)− 2y2W011(λ) + 6y2z2W012(λ)

+ y4W021(λ)− 2x2W101(λ) + 6x2z2W102(λ) + 2x2y2W111(λ) + x4W201(λ)

+
∂λ

∂z

[
zW ′

001(λ)− 2z3W ′
002(λ) + z5W ′

003(λ)− 2y2zW ′
011(λ) + 2y2z3W ′

012(λ)

+ y4zW ′
021(λ)− 2x2zW ′

101(λ) + 2x2z3W ′
102(λ) + 2x2y2zW ′

111(λ) + x4zW ′
201(λ)

]}
,

∂2VB
∂x∂y

= Cx

{
4yW110(λ)− 4yz2W111(λ)− 4y3W120(λ)− 4x2yW210(λ)

− ∂λ

∂y

[
W ′

100(λ)− 2z2W ′
101(λ) + z4W ′

102(λ)− 2y2W ′
110(λ) + 2y2z2W ′

111(λ)

+ y4W ′
120(λ)− 2x2W ′

200(λ) + 2x2z2W ′
201(λ) + 2x2y2W ′

210(λ) + x4W ′
300(λ)

]}
,

∂2VB
∂x∂z

= Cx

{
4zW101(λ)− 4z3W102(λ)− 4y2zW111(λ)− 4x2zW201(λ)

− ∂λ

∂z

[
W ′

100(λ)− 2z2W ′
101(λ) + z4W ′

102(λ)− 2y2W ′
110(λ) + 2y2z2W ′

111(λ)

+ y4W ′
120(λ)− 2x2W ′

200(λ) + 2x2z2W ′
201(λ) + 2x2y2W ′

210(λ) + x4W ′
300(λ)

]}
,

∂2VB
∂y∂z

= Cy

{
4zW011(λ)− 4z3W012(λ)− 4y2zW021(λ)− 4x2zW111(λ)

− ∂λ

∂z

[
W ′

010(λ)− 2z2W ′
011(λ) + z4W ′

012(λ)− 2y2W ′
020(λ) + 2y2z2W ′

021(λ)

+ y4W ′
030(λ)− 2x2W ′

110(λ) + 2x2z2W ′
111(λ) + 2x2y2W ′

120(λ) + x4W ′
210(λ)

]}
.

(A.37)

177


	Acknowledgments
	Abstract
	Glossary
	1 General introduction
	2 Dynamical systems and numerical methods
	2.1 Introduction
	2.1.1 Overview of dynamical systems
	2.1.2 Chaos theory

	2.2 Hamiltonian systems
	2.3 Numerical integration and computational process
	2.3.1 General integration schemes
	2.3.2 Computational process

	2.4 Chaos indicators
	2.4.1 The Lyapunov exponents
	2.4.2 The generalized alignment index method


	3 Magnetic and kinetic chaos in toroidal plasmas
	3.1 Introduction
	3.1.1 Representation of magnetic field lines

	3.2 Hamiltonian descriptions
	3.2.1 Magnetic field lines
	3.2.2 Guiding center motion

	3.3 Numerical results
	3.3.1 Chaos detection and quantification
	3.3.2 Magnetic versus kinetic chaos in toroidal plasmas

	3.4 Summary and conclusions

	4 Evolution of phase space structures at bifurcations of periodic orbits in a 3D galactic bar potential
	4.1 Introduction
	4.2 Hamiltonian bar galaxy model
	4.3 Stability of periodic orbits and the method of color and rotation
	4.3.1 Stability types of periodic orbits in Hamiltonian systems
	4.3.2 Chaos detection and quantification
	4.3.3 The method of color and rotation

	4.4 Numerical results
	4.4.1 Pitchfork bifurcations
	4.4.2 3D period-doubling bifurcations

	4.5 Summary and conclusions

	5 Long-term diffusion transport and chaos properties of coupled standard maps
	5.1 Introduction
	5.2 The standard map model
	5.3 Diffusion measures and properties
	5.4 Numerical results
	5.4.1 Chaos and diffusion measures
	5.4.2 Single standard map
	5.4.3 Coupled standard maps

	5.5 Summary and conclusions

	6 Behavior of the GALI method in non-Hamiltonian dissipative systems
	6.1 Introduction
	6.2 Non-Hamiltonian dissipative models
	6.2.1 The 3D Lorenz system
	6.2.2 The 4D Lorenz hyperchaotic system
	6.2.3 The generalized Hénon map

	6.3 Numerical results
	6.3.1 Numerical investigation of the 3D Lorenz system
	6.3.2 Numerical investigation of the 4D hyperchaotic Lorenz system
	6.3.3 Numerical investigation of the generalized Hénon map

	6.4 Summary and conclusions

	7 Conclusions and outlook
	Bibliography
	A The components of the galactic potential studied in Chap. 4
	A.1 The bulge potential
	A.2 The disk potential
	A.3 The Ferrers bar potential
	A.3.1 Introduction
	A.3.2 Derivatives of the potential





