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Introduction

It is well known that the theory of smooth manifolds is incapable in dealing
with the classical singularity problem in relativistic cosmology and relativistic
astrophysics (see, for instance, [8, 29]). To overcome this problem, attempts
have been made to obtain a more general and geometrically manageable
concept than the traditional manifold concept. It is to this end that Aron-
szajn [1] and Marshall [16] developed the theory of the so-called sub-cartesian
spaces that essentially are manifolds with “singularities” such as piecewise
manifolds and quasianalytic sets of R". In the spirit of this generalization,
Sikorski [27] proposed the so-called differential space (or d-space, for short)
by dropping the axiom forcing the manifold to be locally diffeomorphic to
the Euclidean space of some dimension.

Any subset of R is a d-space, and there are many d-spaces which cannot
be embedded in any Euclidean differential manifold. This makes the dif-
ferential space concept a suitable tool to deal with the classical singularity
problem . One should notice that space-time with its singular boundary is no
longer a differentiable manifold, but it can be viewed as a differential space.
Singularities (at least regular and some quasi-regular singularities) need not
be considered as belonging to “singular boundaries” of space-time, but can
be regarded as “internal domains” of a corresponding differential space (see

[5])-

The aim of this work is to show the applicability of differential space
theory in relativistic cosmology. As we will see, the notion of differential
space enables us to investigate problems in differential geometry where dif-
ferentiable manifolds do not suffice; for instance a geometrical analysis of



quasi-regular singularities is possible within this framework. In this respect,
we devote some time to the quasi-regular singularities of both the cosmic
string and closed Friedman world. According to the classification scheme
developed by Ellis and Schmidt [3], quasi-regular singularities are defined as
those points of space-time through which no space-time extension is posssible
altough the local geometry is well behaved as one approaches the singularity
point. An observer approaching such a singularity has no warning until his
history abruptly comes to an end (see [6]).

We organize our material in the following way. In Chapter 1, we give,
for the reader’s convenience, a short account of the theory of differential
spaces. The book by Sikorski presents differential geometry in terms of d-
spaces. Here we give only necessary definitions and theorems, providing a
background for the following chapters. In Chapter 2, we define smooth forms
on differential spaces. We begin with the cartesian products of differential
spaces, which help us introduce bundles in the category of differential spaces.
Chapter 2 ends up with the construction of a graded algebra where exterior
differentiation and pull-back operations are allowed. Chapter 3 deals with
linear connections and Riemannian geometry. It is in this chapter that we
discuss the Riemannian and Lorentzian structures carried by a differential
space. In Chapter 4, we effectively construct two space-time models (those
of a cosmic string and the closed Friedman world) in terms of differential
spaces.



Chapter 1

BASIC THEORY OF
DIFFERENTIAL SPACES.

A smooth manifold is a set which is locally diffeomorphic to a smooth Eu-
clidean space. This local resemblance of a differentiable manifold to a Euc-
lidean space doesn’t play any role when formulating many concepts of differ-
ential geometry. By dropping this property in the definition of the manifold
concept, one obtains the so-called differential space. Many definitions and
theorems related to differentiable manifolds preserve their contents almost
untouched in the context of differential spaces (see [27]). Of course, every
differentiable manifold is a differential space, but not vice-versa.

In this chapter, we define the concept of differential spaces and show how
it generalizes the time-honoured manifold concept. In section 1.2, we speak
of differential bases on differential spaces. It is easy to see that differential
bases on d-spaces are linearly independent, i.e. if Fg is a differential basis
and f € Fg, then f is linearly independent of the other functions of Fy.
Chapter 1 closes with vector fields and tensor fields on differential spaces,
which are more general than vector fields and tensor fields on manifolds.



1.1 Preliminary Definitions.

We recall necessary definitions and theorems from the theory of differential
spaces.

Let M be a non-empty set and F a non-empty subset of RY (RM is the
collection of all set maps f : M +— R). The initial topology on M inherited
from R using the functions in F will be denoted by 7.

We will assume, throughout this section, that the space M is endowed
with the topology 7r, defined by a family F of real-valued functions on M.

Definition 1.1. [26] A real-valued function f : A — R, where A C M, is
said to be a local F-function on A provided, for every point p € A, there exist
a neighbourhood U of p in the subspace A and a function g € F such that

flo =glv -

The set of all local F-functions on A will be denoted by Fa. One can easily
see that F|4 C Fyu; in particular, F C Fp.

Note that we can restate Definition 1.1. as follows: a function f defined
on aset A C M is a local F-function provided there exists an open covering
U of the space A, such that for every set U € U there exists a function
gu € F with flU = gulU.

Lemma 1.1. IfAC B C M, then (Fg)a = Fa. In particular, (Fa)a = Fa.

Proof. Let’s take f € (Fp)a. For any point p € A, there is a neighbourhood
U of pin A such that fl|y = g|y, for some g € Fp. Since g € Fpg, there exist
a neigbourhood V of p in B and a function & € F such that gly = h|y. But
W := UNYV is a neighbourhood of p in A and flw = h|w, which means that
f € Fa. Therefore (Fg)a C Fa.

Now let’s show that F4 C (Fp)a. Given f € F4 and p a point in A, there
exist a neighbourhood U of p in A and a function g € F such that fly = glv-
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But since U C A C B, and h:=g|g ‘E]:IBC-FB 18 S“Chthaj -”U"MU’ it
follows that f € (Fg)a,ie. Fa C (Fp)a- O

Proposition 1.1. IfV is an open covering of M, f is a function defined on:
M, and fly € Fv for every V € V, then f € Fp.

Proof. Let p be a point in M. There exists a neighbourhood V € V such
that p € V. Since f|v € Fv, it follows that there is a neighbourhood U of p
in V such that fly = g|v, for some g € F; therefore f € Fpr. O

Proposition 1.1. asserts that if locally a function comes from F, it must

be in F. This is a sheaf property.

Definition 1.2. [26] The pair (M, F) is said to be a differential space (d-
space, for short) provided that

(i) F is closed with respect to localization, i.e. F = Fyy,

(11) F is closed with respect to composition with smooth functions on R”,
n €N, ie, if fi,...,fn € F and w 1s a smooth real-valued function
(= C*- function ) defined on R™, then the composition

wo (fl(p)’ s sfn(p))’

for any p € M, is a function in F.

The set F is called the differential structure on M.

Let
seFi={wo(fi,....fu) EFlf1,.- ., [n €F, w € &g, :=C®R",R); n € N}.
The axiom (z7) becomes simply

scF = F.



Example 1.1. The pair (R™,¢,), n € N, where €, = C®(R™,R), i.e., the
set of all infinitely differentiable functions on R", is a differential space. The
d-space (R™,&,) is called the Euclidean differential space.

Proof. Any function which is locally C* on R*, must be C*® on all R", i.e.,
Ep = (En)R"- It is also clear that any composition of C*-functions is also
C®. Therefore sce, =¢,. O

Example 1.2. Let (M, A) be a C®-n-dimensional differentiable manifold,
where A is an atlas on M. The ring F of all smooth functions on M defined
by

Fi={f: M~ R|fop™ €e,, for all chart (U,p) € A}

determines a differential structure on M. The differential structure F is said
to be determined by the atlas A.

Proof. First we need to show that the necessary and sufficient condition for
every function f : M +— R to be smooth, is that for every chart (U,p) €
A, foe™! be smooth, f € F. Indeed, if f is smooth, f 0 ¢! is smooth
since ¢ is a diffeomorphism. On the other hand, if we assume that f o ¢™!
is smooth , then fly = (fo¢™') o ¢ € Fy; and since the U’s form an open
covering of M, f € F.

Now let’s prove that F is a differential structure on M. Take f € Fps. For
every p € M, there is an open neighbourhood V of p such that flv = g|v,
for some ¢ € F. I (U,¢) is a chart, then (V N U,¢) is also a chart and
fop ™ Hyau = g0 @ Y vnu € €n. It follows that f € F. Therefore Far C F.
The inclusion sc F C F is easy. Indeed, take w € €, and fi,...,fn € F,

n € N. Since f; 0 ¢~ € g, for every chart (U, ), (wo (f1,...,fa)) 00t =

wo(fiop™,..., faop™) € €,. Therefore wo(fi,...,fr) € F and sc F C F.
0

As it is well known from the theory of manifolds, subsets of differentiable
manifols are not, generally speaking, differentiable manifolds. But in the
differential spaces context, differential structures can be induced from a base
space to a subset.



Proposition 1.2. {26, 9] If (M, F) is a differential space and A an arbitrary
subset of M, then the pair (A, F4) is a d-space. It will be called a differential
subspace of (M, F) (or d-subspace, for short).

Proof. By Lemma 1.1., F,4 is closed with respect to localization. To
prove the second axiom of d-spaces, let’s consider the set

sce Fa:={wo(fiy-.osfa)lfiyeeeyfu € Fa,w € en,n € N}

Foralli=1,...,n,if f; € F4 and p € A, there exists a 7r|4-open neigh-
bourhood U; of p such that fily, = g:lu;, for some g; € F. Since N, Ui is a
neighbourhood of p € A and wo (fi,..., fn)lﬂ?_1 v, =wo(g,-.. ,gn)lﬂ?=1 Uss
with w o (g1,...,9.) € F (remember (M, F) is a d-space), it follows that
wo (fi1,...,fn) € Fa; which implies that sc F4 C Fq. O

From Proposition 1.2. it follows that every subset of a Euclidean space
is a differential space. This property of Euclidean spaces is enough to show
one the scope of the differential space concept. Indeed, differential spaces
are a generalization of differentiable manifolds since manifolds are locally
diffeomorphic to Euclidean spaces. Later we will discuss differential spaces
which can not be embedded into any Euclidean space.

Proposition 1.3. [5] Let N be any set. For any set Go of real-valued func-
tions on N, there is a smallest differential structure G such that Go C G, and
the topology ¢ coincides with the topology 7g,. The set Gy is said to generate
the differential structure G.

Proof. Let G be the family of all functions f : N — R such that f € G if
and only if, for every p € N there is a 7g,-neighbourhood U of p in N such
that -

flo=wo(fi,..., fa)lu

where f1,..., fn € Go and w € €,, n € N. Clearly, Go C G.

The family G is closed with respect to localization, i.e., Gy = G. Indeed,
let’s take f € Gy. For all point p € N, there exist a 7g-neighbourhood
V of p and a function ¢ € G such that fly = g|v. Since g € G, one can

10.



find a 7g,-neighbourhood U of p such that gly = wo(g1,...,9n)|lu, Where
G1y---1gn € Goand w € £,, n € N. But UNYV is a 7g,-neighbourhood of
p and flyny = w o (g1,...,9n)lunv. Therefore Gy C G. The next axiom
requires that sc 7 C F. Consider fi,...,fn € F, n € N, and w € &,.
For any point p € N, f; € F, i = 1,...,n, implies that there exists a 7¢,-
open neighbourhood U; of p such that filu, = wio (fa,..., fimi)|v;, Where
fias- ooy fim; € Go and w; € €4, m; € N. It follows that

wo (fu,-- oy flle, v =

w o (wl,. ..,wn) (o] (fll;“- :flmp' . -afnl)-' "fnmn)lﬂ};lUr

Since fi1y--y famn € Go and w o (wy,...,wn) € €p, n' = Y 5, my, then
wo(fi,....,fa) €G;ie scG CG.
Now, suppose that there exists a differential structure G, such that Gy C

Gi1 C G. Clearly we have G = (s¢ Go)n C (sc Gi)nv = (G1)v = Gy, which
proves that G; = G. The equality 75 = ¢, is easy to check. O

Then we have the following:

Definition 1.3. [5] Let Fo be a set of real-valued functions on a set M. The
pair (M, F) is said to be finitely generated by Fo if Fo is finite and generates
F.

Example 1.3. The differential space (R",e,) is finitely generated: e, =
sc {my,..., T}, where 7, : R" — R, ¢ = 1,... n, is the projection onto the
1-th coordinate.

It follows from Example 1.3. that if N is a subset of (R",¢,), the differ-
ential structure induced by €, on N is G := (sc {mi|n, ..., TnlN})IN.

Definition 1.4. [6] A differential space (M, F) is said to be Hausdorff if the
topological space (M, 7r) is Hausdorff.

For example, the differential space (R", &,) is Hausdorff.

11.



One can show easily that if (M, F) is a differential space such that 7 =
Gen Fo, then it is Hausdorff if and only if, for any p,q € M, p # ¢, there
exists a function f € Fq such that f(p) # f(q).

Let’s now devote some place to the definition of mappings between dif--
ferential spaces.

Definition 1.5. [23’] Let (M, F) and (N,G) be differential spaces. A map-
ping @ : M +— N is said to be a smooth mapping of (M,F) into (N,G) if
0*G = {goplg € G} C F. The set of smooth maps make the collection of
differential spaces into a category, denoted DSP.

This definition also gives some evidence about the wider scope of the theory of
differential spaces. In fact,let f : X + ¥ be a map from a m-dimensional dif-
ferentiable manifold to a n-dimensional differentiable manifold and let {z*}
and {y*} be charts on X and Y respectively. The map f is said to be smooth
at the point (z*) if y* = y*(z*) is C* with respect to each z#. The smooth-
ness in the sense of differential spaces does not require the above-mentioned
concept of differentiation in R", it relies on the primary smoothness of func-
tions which form a differential structure of a differential space.

In Definition 1.5., if ¢ is one-to-one and onto, ¢ is said to be a diffeo-
morphism provided both mappings ¢ : M + N and ¢! : N — M are
smooth. And the differential spaces (M, F) and (N, Q) are said to be diffeo-
morphic.

Definition 1.6. [26] A differential space (M, F) is a n-dimensional differ-
ential manifold provided every point p € M has a neighbourhood A such that
(A, Fa) is diffeomorphic, in the sense of d-spaces, to a pazr (0,€0), where
O s an open subset of R*, and co = (&4)0.

The following definition makes a contact with the time-honoured manifold
concept in terms of maps and atlases.

Definition 1.7. [9] Let (M,F) be a n-dimensional differential manifold.
Any pair (U, ), where U'is an open subset of M and p is a diffeomorphism

12.



U @(U) C R", is called chart, or coordinate system on U. A
A set of charts (U;,i),t = 1,2,.. ., is called atlas if the sets U; form an open
covering of M.

Definition 1.7. motivates the following:

Theorem 1.1. [9] Let A be an atlas of a differential manifold (M,F). A
has the following properties :
(i) If Uyp) € A, ¢:U — @(U) CR" is a diffeomorphism.
(i) M =U; Ui, (Ui,pi) €A foralli € I CN. V
(iii) Given (U,p) and (V,%) such that U NV # 0, the maps
Yo tipUNV)—p(UNV)

and

potb :p(UNV) > UNV)

are diffeomorphisms.

Proof. (7) and (:7) follow from Definition 1.7.. The maps in (i7%) are com-
positions of diffeomorphisms. O

From Example 1.2. and Theorem 1.1., it is clear that the differential man-
ifold concept is equivalent to the traditional differentiable manifold concept.
For this reason, we will prefer to use the term“differential ” (space, manifold).

The definition of differential manifolds in terms of the family F turns out
to be more natural than the traditional one. Let A4; and 4; be two atlases
on M and F; and F; two families of all smooth functions determmed by the
atlases A; and Ay, respectively. We have the following result’

Proposition 1.4. [5] Fi = F; if and only if, for any (Ui,p1) € A; and
(U, @2) € Az, pa09p7! is a diffeomorphism.

13



Proof. Suppose that ¢, 0 7! is a diffeomorphism. Let’s consider f € Fy.
By Example 1.2., f o @7} is smooth. Therefore fo ;' = fo @il 0w 0yt
is smooth. Thus f € F,. In the same way, one can show that 7, C F;. The
reverse implication is always true since ¢; and ¢, are diffeomorphisms.0

This proposition establishes an equivalence relation between differential
manifolds: (M, 4;) ~ (M, A;) if and only if Fy = F;, where F; and F,
are differential structures determined by atlases .4; and A; respectively. It
follows that every given equivalence class is uniquely determined by a family
F of functions on M. It should be noticed, by defining a d-space as a pair
(M, F), that M can be assumed to be any set and there is no need to ascribe
to it, from the beginning, the structure of a topological space.

1.2 Differential Basis on Differential Spaces

The notion of differential basis on differential spaces is important when one
is dealing with the dimensionality of the differential space of a cosmic string.
We discuss this matter in Chapter 4.

But first of all let’s define the notion of tangent vector to a differential
space.

Definition 1.8. [26] Any linear mapping v : F v R, satisfying the Letbnitz
condition »

v(f.g) = v(f)-9(p) + f(p)-v(9), (1.1)
forany f,g € F, is said to be a tangent vector to a d-space (M, F) atp € M.

The real number v(f) is called the directional derivative of the function f € F
in the direction v and is often denoted by the symbol 8,f. Thus (1.1) can
- be written as follows

0,(f.9) = 0uf-9(p) + f(p).Oug

for all f,g € F.
The set of all tangent vectors to (M, F) at p € M is a linear space, called

the tangent space to (M, F) at p, and will be denoted by T, M.

14



Proposition 1.5. [26] Let (M, F) be a differential space, f € F and fla =0
for a neighbourhood A of a point p € M. Then O,f = 0 for every v € T,M.

Consequently, if functions f,g € F are equal on a neighbourhood A of a point
p € M, then O,f = 0,9 for every v € T, M.

Proof. Reasonably clear. O

Let (A, F4) be a differential subspace of a differential space (M, F) and
letpe A If v € T, A, i.e.,if v is a vector tangent to A at p, then the formula

o(f) = v(fla) (1.2)
for all f € F, defines a vector o € T,M. Indeed, ¥ is linear and
u(f.9) = v(fla)g(p) + f(p)v(gla)
= 9(f)g(p) + f(p)2(9)

for all f,g € F and p € A. Clearly the map T,A — T,M which assigns
2 € T,M to v € T,A is a linear monomorphism. We shall identify v with .

The following proposition is true.

Proposition 1.6. [26] The tangent space T,A at p € A to a subspace (A, F4)
of a differential space (M,F) is a linear subspace of the tangent space T,M.
If A is an open subset of M, then T,A = T,M for every p € A.

Proof. It is easy to see that TpA is a linear subspace of 7,M by virtue of
(1.2). Now, let’s assume that A is open in M. If f,g € F4, there exists a
Tr-open subset U in A such that

flo = flu, feF
dv = ¢, ger.
Therefore, for all v € T,M, we have using Proposition 1.5.
v(f.9) = v(f'9)
= v(f)g'(p) + f'(p)v(9")
= v(f)g(p) + f(p)v(g),

15.



which proves that v € T,A.O

Let (M, F) be a differential space.

Definition 1.9. [10} A function f € F is said to be differentially dependent
(briefly, d-dependent) on functions g1,...,9, € F at a point p € M if there
ezist a neighbourhood U € tx of the point p and a function w € €, such that

flU =Q0(gl,..,,gn)ly.

Example 1.4. . Any function f € ¢, differentially depends on projections
Ty, Mo, ...,y € €, at any point p € R™.

Proof. Since ¢, = Gen{m,..., 7}, f € €, if and only if for any point p €
R™ there exist a neighbourhood U € 7, and a smooth function w: R* — R
such that :

flo =wo(m,...,m)l|v-
O

Definition 1.10. [10] A set {f1,...,fa} C F is said to be differentially
independent at a point p € M if no function f;, i = 1,...,n differentially -
depends on other functions of this set at p. Any set Fo C F is said to be
differentially independent at p € M if every finite subset of Fy is differentially
independent at p.

Example 1.5. . The set {my,...,m,} C €n is differentially independent at
any point p € R™.

Evidently, from Definitions 1.9. and 1.10. it follows that both d-dependence
and d-independence of a set Fo C F are local properties of Fp.

Let’s prove

16 .



Lemma 1.2. [18] Let M C R™ be a k-dimensional algebraic variety. Then
the set of the projections {m1|r, ..., 7nlp} C C®(M) is d-independent at an
arbitrary point p € M if and only if k = n.

Proof. (=) Suppose that the set {mi|um,...,%n|m} is d-independent. It
follows that the family {5%—| My« -5%;] M} is linearly independent (—5%‘: is the
tangent vector along the i-th coordinate axis, 1 = 1,...,n). Therefore, at
any arbitrary point p € M, one can define n linearly independent tangent
vectors; which implies that M is n-dimensional.

(«<=) Clear, by using Example 1.3.

By using Lemma 1.2.; one can prove the following:

Proposition 1.7. [10] Let M C R™ be a non-empty subset and F = (ex)um-
The set of the projections {m1|as,. .., Tnlrr} is d-independent at p € M if and
only if dmT,M = n. '

More generally, we also prove

Proposition 1.8. Let (M, F) be a d-space with F = Gen{f1,..., fa}, where
the set {f1,..., fn} is d-independent at any point p € M. Then, dimT,M =
n foranype M.

Proof. Since F = Gen{fi,..., f»} and the set {f1,..., fu} is d-independent,
the function ¢ := (fi,..., fa) is a diffeomorphism from (M, F) onto

(p(M), (€n)pa). It is easy to see that ¢ is one-to-one and onto. On the
other hand, ¢ is smooth since w o (Fifpat), .-+ Tnloan) © (f1,-.-1 fa) =
W(fiy-.-y fa) € F, for any w € €,. 7! is also smooth; indeed, for any
0 EEn 00(fiy..., fa) 0~ ! = 0. Hence, for any p € (M, F), dim T,M =
dim Tpp(M) = n, where z = (fi(p),..., fa(p)): O

It is easy to check the following:

Corollary 1.1. Let (M, F) be a differential space finitely generated by Fo :=
- A{fiy. s fa}, and p € M. The following conditions are equivalent:

17.



(i) Fo is differentially independent at p.
(i) dimT,M = n.

The immediate proof to this corollary is omitted.

Another useful characterization of the d-independence of a set of real-
valued functions belonging to F is given by the following:

Theorem 1.2. [6] A subset {f1,..., fu} C F is differentially independent at
p € M if and only if for any function w € ¢, and any neighbourhood U € 7
of p, the following condition is satisfied

w0 (fiyeeeyfa) = 0= for all 1< i < n, B(fi(p)y-- ., a(p) =0 (13)

Proof. The implication (=) is immediate.

(<) Let’s assume that for any function w € &, and any neighbourhood
U € 7x of p, (1.3) is true. Let’s suppose that one of the f;’s differentially
depends on the other functions of the set, i.e., on fi,..., fi—1, fi+15+ -, fn-
Without loss of generality, suppose that there exists a function o € €,,.; such
that f; = ¢ o (f2,..., fn) on some neighbourhood of p, i.e., f differentially
depends on fs,..., fn. Let w be a function in &, such that wo (fi,..., fa) =
fi=oo(f2,..., fa) =0, and then iw = 1. This contradicts (1.3). Thus the
set {fi,..., fa} is d-independent. O

To look deeper into a local structure of a differential space we introduce
the following:

Definition 1.11. [10] A subset G C F reproduces F at p € M if, for any
function f € F, there exist a neighbourhood U € 1x of p and functions
Gy -39n €G, w € g, such that fly =w o (g1,.-.,9x)|v-

Remark 1.1. [10] Let (M, F) be a locally finitely generated differential space.
One can easily see that a subset G C F reproduces F at p € M if and only if
G locally generates the structure F in a certain neighbourhood of the point p.

18.



We can now introduce the notion of differential bases on differential
spaces.

Definition 1.12. [10] A set G C F is a differential basis of the differential
structure F at p € M if G is differentially independent at p and G reproduces
F at p.

Example 1.6. . Let [R[N be the set of all real sequences, i.e.
RN = {z = (zi);eN ¢ i € Rfor all i € N}.

The projection of {RN onto the i-th coordinate is given by
mi(z) = z;

forz = (z;) € IRN_
Let ey be the differential structure on RN generated by the set {m; 11 € N}.
The set {m; : ¢ € N} turns out to be a differential basis of the differential

structure ey at a point z € RN,

The following lemma is proved in [18].

Lemma 1.3. Let (M,F) be a differential space and B a differential basis of
the differential structure F at p € M. Then, for each function ug: B — R,
there exists ezactly one tangent vector u at p such that ulp = us.

Suppose we are dealing with differential manifolds, where differential bases
are finite. Then, for a function vy : B — R, with B a differential basis, the
tangent vector u at a point p such that u|g = g is given by

Pl 0
U= uo(fl)&; +...+ uO(fn)gfn"’

fla‘“:anB, n«'-*-C&td B.

By using Lemma (1.3.), one can prove
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Proposition 1.9. [10] Let (M,F) be a differential space, and B C F a
differential basis of F at p € M. The mapping A : T,M — RE, given by

Au) = uls

foru € T,M, is an isomorphism of linear spaces.

We omit the simple proof to this proposition.

From Proposition 1.9., it follows that
Corollary 1.2. Let (M,F) and B be as in Proposition 1.9..

(1) If Card B < oo, then dimT,M = Card B.
(ii) If Card B = oo, then dimT,M = 2Card B,

Proof. [18].

The following corollary gives a characterization of a differential space of
constant differential dimension.

Corollary 1.3. [10] Let (M, F) be a d-space and n € N, fized. If, for every
point p € M, there exists a neighbourhood U € 15 of p and a set of functions
{fiy-+, fn} C F which is a differential basis of F at any point ¢ € U, then
the d-space (M, F) is of constant differential dimension, i.e. dim T,M =
n, peM.

Proof. [18].

Example 1.7. [14] Let F be the differential structure on R generated by the
set '

{ful2) = sing :n € N,z e R}U

{gn(z) = cosz :n € N,z € R}
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For any n € N, the function f, is a differential basis of F at these points
z € R for which f](z) # 0 and analogously g, forms a differential basis of
F at points x € R for which g, (z) # 0 (See Heller et al 1991). For every
point © € R, there exist a neighbourhood U € 1¢ of z and a subset of F
consisting of one element which is a differential basis of F at every point
q € U. Therefore, by Corollary 1.3., the d-space (R, F) considered here has
differential dimension equal to 1.

1.3 Vector Fields and Tensor Fields on Dif-
ferential Spaces

Vector fields and tensor fields on a differential space are defined in a natural
way by the differential structure of the d-space.

Before we go over to defining vector fields and tensor fields on a d-space,
we need the following:

Definition 1.13. {9] Let (M, F) be a d-space, and let us consider a function
é : p— P(p) assigning to every p € M a vector space $(p). Any function W
on M such that W(p) € ¢(p) is called a ¢-vector field (or simply ¢-field).

Let (M, F) be a d-space. For all ¢-fields V,W and f,g € F, one assumes
that V V

(Vi) +W(p) = f(p)V(p)+ f(p)W(p)
(f(p) +9(p)V(p) = f(®V(p)+9(p)V(p)
(f(p)g(P))V (p) f(®)(g(p)V (p)),

p € M. Consequently, the set of all ¢-fields on the d-space (M, F) is an F-
module. In the following we will not be interested in examining all ¢-fields
on (M,F) but only an F-module of certain ¢-fields which via subsequent
definitions should be considered to be smooth. The set of all such smooth
¢-fields will be denoted by W, and we shall additionally assume it to be
closed with respect to localization, i.e., W = Way.
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Definition 1.14. [9] A finite sequence
Wiyeooy Wh (1.4)

is said to be a vector basis of an F-module W of ¢-fields provided that

(i) for every point p € M, the sequence Wi(p),..., Wn(p) is a vector basis
of the vector space ¢(p)

(i1) every ¢-field W € W is a linear combination of Wy, ..., Wy, with coef-
ficients from F. ‘

The following definition will help us later define the notion of differential
dimension of a d-space.

Definition 1.15. [26] A F-module W of ¢-fields on a d-space (M, F) is said
to be a differential module provided that

‘¢

(1) it is closed with respect to localization,

(i1) it has locally a vector basis composed of m ¢-fields, i.e. for everyp € M
there is a neighbourhood A of p such that Wi, ..., Wy, is a vector basis
of W on A.

The number m is called the dimension of W, Whlch is denoted by dim W.
Note that dimW = dim ¢(p), for p € M.

Example 1.8. Let (M, F) be a d-space. F is a differential module. In fact,
for every p € M, ¢(p) = R. And the vector basis for F is just the constant
function one.

Note the following

22



Theorem 1.3. [26] Let (M, F) be a differential space and 0 # AC M. If
W is a differential module of ¢-fields on (M,F), then W, is a differential
module on (A, F4) and dimW = dimWy.

Proof. First, let’s prove that W4 is a F4-module. Indeed, ifp € A, f € F4
and V € Wy, there exist a neighbourhood U of p in A, a function g € F
and a ¢-field W € W such that fV|y = gW|y. Therefore, f(p)V(p) =
g(p)W(p) € ¢é(p). And by a simple extension of Lemma 1.1., (W4)a = Wy;
i.e. Wy is closed with respect to localization.
Now, suppose that (1.4) is a vector basis of the differential module W. Let’s
prove that

WIIA’-”,WmlA (15)

is a vector basis of W on (A, Fa). It’s evident that for all p € A, Wi(p),...,
Wo.(p) is a vector basis of ¢(p). It suffices to prove that (1.5) has the property
(11) of Definition 1.14.. Let V € W,. By the property () of Definition 1.14.,
there exists a unique sequence of real functions o?,...,a™ on A such that
V = a'W;|4. We shall prove that the functions o' are in F4. In fact, for all
point p € A there exist a neighbourhood U of p in A and a ¢-field W € W
such that V|y = W|y. But W = B'W; for certain functions #* € F. Hence,
it follows that 8|y = of|y, which proves that o € F4. Thus (1.5) is a vector
basis of W on (A, F,). O

Corollary 1.4. If W is a F-differential module of ¢-fields on the d-space
(M, F), then for every p € M and for every w € ¢(p) there exists a W € W
such that w = W(p).

Proof. We assume that (1.4) is a vector basis of W and A a neighbourhood
of p. Thus w = a'W;(p) for certain real numbers a’. Since a'W;|s € Wy,
there exists a W € W such that W|y = a'W;|y for a neighbourhood V of p
in A. Hence, it follows that W(p) = a'W;(p) = w. O

Let’s now introduce the notion of tangent vector fields on a differential
space.

Definition 1.16. [J] Let (M, F) and (N,G) be two differential spaces and
let f: M — N. Let ¢ be a function which assigns a linear space ¢(p) to any
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point p € M. If we assume ¢(p) = Ty N, for all p € M, then ¢-fields are
called f- vector fields on M, tangent to N. In other words an f-vector field
on M tangent to N is a mapping

V:Me~ | JT,N (1.6)
g€EN

ascribing to every p € M a vector V(p) € T,N, q = f(p).

In the case where M = N, F = G and f = 1dps, V is called a tangent vector
field on M.

Let V be an f-vector field on M, tangent to N, and a € G. The symbol
Ova will denote the real function defined by

(Ove)(p) = V(p)a = Oy p)e

for all p € M. The function dya is the directional derivative of o with
respect to V.

Definition 1.17. [26] Let (M, F) and (N,G) be differential spaces and let
f:Mw— N. An f-vector field V is said to be smooth provided
(i) f is smooth, i.e. Go f C F,
(it) OvG C F.

It is evident that if V is a smooth vector field on M, tangent to N, then
Ov : G — F is an R-linear mapping satisfying the Leibnitz condition

Ov(apf) =0va(fo f) + (ao f)ovh (7
for a,f € G.

Conversely, if f : M + N is smooth, then every R- linear mapping from
G into F, satisfying (1.7) is of the form v for exactly one smooth f-vector
field V. We shall identify V with Oyv. After this identification, we ascribe to
the notion of vector field two interpretations :
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(1) in the pointwise interpretation it is a mapping V as in (1.6), such that

Ov:G—F
(ii) in the global interpretation it is an R-linear mapping Ov : G — F
satisfying (1.7). ‘

Notation 1.1. For any smooth mapping f : M — N the symbol Xy(M, N)
will denote the set of all smooth f-vector fields on M tangent to N. If
M = N,G = F and f = 1dp, we write X(M) to denote the set of tangent
vector fields on M. It is easy to verify that Xy(M,N) is an F-module.

Definition 1.18. [26] A sequence
Wi,...,W, (1.8)

is said to be a vector basis of the F-module X;(M, N) provided that

(1) for every p € M, the sequence Wy(p), ..., W,(p) ts a basis of the linear

space Ty N,
(ii) every f-vector field W € X;(M,N) is an F-linear combination of
Wi,...,W,.
In the case where N = M, the sequence Wy, ..., W, is said to be a vector

basis of the F-module X(M). Most often, we simply say that the sequence
Wi, ..., W, is a vector basis on the differential space (M, F). Furthermore,
if

o Wi(p),...,W.(p) are linearly independent, for every p € M, i.e.
dimT,M =n,

e for every p € M and every v € T,M, there is locally a smooth tangent
vector field V on (M, F) such that V(p) = v,
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we define the large or global dimension of (M, F) to be
Dim M = n.

The dimension of T, M is called the small or local dimension of the differential
space (M, F) at the point p. We denote the local dimension at a point p by
dim, M.
In the case where the small dimension is constant on M both dimensions
coincide, i.e.

dim, M = Dim M,
forallp e M.

Example 1.9. . Let us consider the pair (A, (€2)a), where A = {(z,y) €
R?:zy =0}. For allp # (0,0), dimT,A = 1. At p = (0,0), there are linear
mappings V1, V2 : (€2)a — R defined by

9f(0,0)

=200 =200

where f € (g2)a4. Of course, the mappings Vi, Va satisfy the Leibnitz condition
and are linearly independent. Therefore, dimT,A = 2 at p = (0,0). Hence,
the d-space (A, (€2)a) has no global dimension.

Example 1.10. . Let (A, F) be a d-space, where A=Rand F={f: R
R; f is a continous function and there ezist both left and right derivatives
at each point p € R}. For allp € R, dim, A =DimA =2.

Let (M, F) be a differential space and let ¢ be a function, which assigns
a linear space ¢(p) to any p € M. Since ¢(p) is a linear space, there exists a
dual vector space to ¢(p), whose members are real- valued linear functions on
#(p). If ¢(p) is the tangent space at p, the dual space is called the cotangent’
space at p and 1t is denoted by ¢*(p). An element w : ¢(p) — R of ¢*(p) is
called a one-form or a covariant vector on M.

If v is a vector at p, i.e. v € T, M, the number into which w maps v will
be written < w,v >; in that case linearity implies that

<w;av+ﬁvl S=a<w,v>+f<w,u >
holds for all &, 8 € R and v,v; € ¢(p).
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Example 1.11. The simplest example of a one-form is the differential df of
a map f € F. The action of df : Upers TyM — R on a vector v € T,M is
defined by :

< df,v>=v(f) € R

Let’s now introduce the notion of tensor field on a differential space. We
shall consider n + 1 fixed functions ¢;(p), j = 1,...,n + 1, which assign
linear spaces ¢;(p) to any point p of a differential space (M,F). To every
é;, 3 =1,...,n+1 corresponds an F- module W; of ¢;-fields. «

Definition 1.19. A tensor field on a differential space (M, F) is a function
T which assigns to every point p € M, an n- linear mapping

T(p) : ¢1(p) X ... X $n(p) = bn41(p). (1.9)

The n-linear mapping (1.9) is called an n-tensor. The set of all n-tensors
defined at p € M is a vector space over R and shall be denoted by ¢(p), that
is

w(p) = ﬁR(¢1{p), covy OnlD); Bny1(p))-
It follows that every.tensor field T is a ¢-field.

Similarly to the notion of vector field, the notion of tensor field has two
interpretations [26]:
e in the pointwise interpretation, 7' is a function which assigns the n-

linear tensor (1.9) to any p € M.

o in the global interpretation, T" is an F-tensor with following properties:

TWh,...,W,) € Wi
IT(Wh,...,Wa)(p) = T(p)(Wilp),...,Wa(p)), -

forpe Mand W; e W;, t=1,...,n.
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Chapter 2

SMOOTH FORMS ON
DIFFERENTIAL SPACES

Changing from the manifold definition in terms of atlases to that in terms of
ring of functions leads to a generalization of the manifold concept where one
drops the axiom ensuring the manifold to be locally diffeomorphic to the Eu- -
clidean space R™. Within the framework of this new concept, the so-called
differential space, we want to look at tangent bundles and smooth forms.
The class of all bundles together with all bundle morphisms is a category. In
this category, we will single out the Whitney sum bundle so as to define the
Whitney sum of & copies of the tangent bundle TM of a differential space
(M, F) and then look at differential forms.

Differential forms are classified into two groups: the graded algebra A(M)
of pointwise differential forms and the graded algebra (M) of global forms,
which may be not isomorphic if the differential space (M,F) is not of a
constant differential dimension. To circumvent this difficulty we define ad-
equately a special graded algebra A(M), where both pull-back and exterior
differentiation operators are possible. But prior to all this is a focus on
cartesian products of differential spaces.
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2.1 Cartesian Products of Differential Spaces,

Definition 2.1. [9] Let (M, F) and (N,G) be non-empty d-spaces. Let FxG
be the differential structure on the cartesian product M x N, generated by the
set of real-valued functions

{fom:feFlu{gom:g€G}],

where w1(p,q) = p, map,q) =q forall (p,q) € M x N.
The d-space (M x N,F x G) is called the cartesian product of the d-spaces

(M,F) and (N,G).
Proposition 2.1. The natural projections

T (M XNFxG)— (M,F)

and

7 (M X N,F xG) — (M,Q)

are smooth.

Proof. Clearly, for every f € F, fomr; € F x G and, for every g € G,
g oM & F x Q. O

Let (M x N, F x G) be the cartesian product of differential spaces (M, F)
and (N,G). For an arbitrary point p € M, let 5, : N — M x N be the
embedding defined by

7p(q) = (p,9) for g € N.

In the same way, let j, : M — M x N, ¢ € N, be the embedding defined
by
Jo(p) = (p,q) forpe M.

It is easy to verify the following equalities:
Ty 0 Jq = tdp,
Ty O jp = %dN,

for p € M and ¢ € N.
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Proposition 2.2. [22] Let’s consider the cartesian product ,
(M x N,F x G) of d-spaces (M,F) and (N,G). For any tangent vector
w € T(p,)(M x N), let’s put .

Wyt = (Jg 0 T1)u(p.g)Ws

wy = (Jp o Wz)*(p,q)w'

Then, we have the following :

w = Wy -+ W, (21)
wym(gom) =0 forany g €3G, (2.2)
wn(fom)=0 forany f € F. (2.3)

Proof. For any u € F x G, we have

wy(u) +wn(u) = wl(uojsom(pq))+w(uojpom(p,g))
= w(u).

Equations 2.2 and 2.3 are straightforward.
In fact, for any g € G, we have wy(g o m2)(p, ¢) = w(g(g)) = 0, since g(q) is
constant. O

More generally, we have

Proposition 2.3. Let U € X(M) and V € X(N) be vector fields tangent to
the differential spaces (M, F) and (N, G) respectively. Then, we have

(Ja)epUp(gom) =0, (2.4)
(Up)eVo(fom)=0, ~ (25)
Tio.0)(M x N) = (jg)up(ToM) @ (Jp)ua(Ty V). (2.6)

for (p,q) € M x N, f € F,g € G. (Note that we have used, in the equations
(2.4) and (2.5), the identifications U(p) = U, and V(p) = V,. )
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Proof. One checks easily that

(Jo)spUp(g o m2) = Up(g o720 jq4(p))
= Uy(9(q))

= 0, since g(¢q) is constant

In an analogous way, one proves (2.5).

From (2.4) and (2.5), it follows that (jo)up(TpM) N (Jp)sq(TyN) = {0}. On the
other hand, forall X € X(M)and Y € X(N), it is easy to see that (j;).p X, €
T(,, (M X N), (Jp)eqYq € Tip,q)(M x N). Therefore, (7q)up(ToM)B(5p)uq(TyN)
is contained in T(p,q)(M x N).

Now, let’s take z € T, (M x N). By Prop031t10n 2.2., z = zpm + 2w,
where z2m = (Jg O 1 )u(p,g)%> 2N = (Jp © T2)u(p,g)2- But zpr € (jq)*p(TpM) and
ZN € (Jp)ug(TyN) since (71)x(p,)2 € TpM and (73)u(pq)z € TyN. Therefore,
z € (Jg)up(TpM) @ (Jp)ug(T,N). O

Definition 2.2. {29 Let (M,F) and (N,G) be two differential spaces. A
vector w € Tpq)(M x N) is said to be parallel to (M, F) if w(gomy) =0
for any g € G. A vector w € T(, (M x N) is said to be parallel to (N,G) if
w(fom) =0 for any f € F.

More generally, we have

Definition 2.3. A vector field Z € X(M x N) is said to be parallel to (M, F)
if (m2)«Z(p,q) = 0 for every (p,q) € M x N.

A vector field Z € X(M x N) is said to be parallel to (N, G) if (71).Z(p,q) = 0
for every (p,q) € M x N.

We denote by Xy (M x N) the set of all smooth vector fields tangent to
- (M x N,F x G) which are parallel to (M, F). Similarly, the set of all smooth
vector fields tangent to (M x N, F x G) which are parallel to (V,G) will be
denoted by Xn(M X N). '

As in Proposition 2.2., let’s put
Zu(p,q) = (jq 0 Wl)*(p,q)z(% ‘I)s (2-7)
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Zn(p) = (pom)upaZ(p,0); (28)

for (p,q) € M x N. Ttis easy to see that Zyr € Ay(M x N) and Zy €
Xn(M x N). Moreover, Z = Zpy + Zn.

One can prove [27]:

Proposition 2.4. The F x G-module X(M x N) is a direct sum of F x G-
modules Xp(M x N) and An(M x N).

Proof. Clearly Apy(M xN)®XN(M xN) C X(M xN). On the other hand,
for any Z € X(M x N), we have, by using Proposition 2.3., Z = Zy + Zn,
where Zp € Xp(M x N) and Zny € An(M x N) Thus X(M x N) C
XM(M X N) @XN(M X N)

Now, let X € Ay(M x N) and Y € An(M x N). For any ¢ € N, let
X?: M — TM be defined by

Xq(p) = (Wl)*(p,q)X(p'q) for p € M; (2.9)
and analogously for any p € M, let Y? : N — TN be defined by
Y?(q) = (72)«(p,0) Yipoa) for ¢ € N. (2.10)

One can easily prove from (2.9) and (2.10) that X? € X (M), for every g € N,
and Y? € X(N), for every p € M, correspondingly.

The following lemma can be proved [23]:

Lemma 2.1. Let (M, F) and (N,G) be differential spaces. (M, F) is a dif-
ferential space of differential dimension m if and only if the F x G-module
Xu(M x N) is a m-dimensional differential module. Similarly, (N,G) has a
differential dimension n if and only if the F x G-module Xn(M x N) is a n-
dimensional differential module. ‘ .

Proof.(=>) Assume that (M, F) has a differential dimension m. Let (p, q)
be an arbitrary point of M x N. Let V € 7r be an open neighbourhood
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of p such that on V there is a local vector basis Xi,...,Xn € A(V) of the
F-module X(M). Let us define :

Xg(p, q) = (Jg ) Xi(p) for (p,g) e M x N, i=1,...,m. (2.11)

For any f € F and ¢ € G, one has

X(?;Q)(fom) = Xi(p)(f(p)) (2.12).

and ~
Xi(p,q)(gom2) = 0. (2.13)

Equation (2.13) asserts that the vector field X; is parallel to the d-space
(M, F) (See Definition 2.3.), i.e. X; € Xy (M x N). Equation (2.12) proves
that the sequence of vector fields (2.11) is a local vector basis of the F x G-
module Xy (M x N)on V x N € Trgg.

(<=) Assume that Xp(M x N) is a m-dimensional differential module. Every
Z € Xmq(M x N) is such that Z(p,q) € (Jg)p(TpM) for (p,q) € M x N.
Therefore, Xp(M x N) is a F x G-module of ¢- fields, where ¢(p,q) =
(Jo)o(TpM) for (p,q) € M x N.

Since, by virtue of (2.11), (jg)up : TpM — é(p,¢) is an isomorphism for
every (p,q) € M x N, dimT,M = dim¢(p,q) = m for any p € M. It is
enough to show that for an arbitrary vector u € T M there exist a vector
field X € X(M) such that u = X(wpm(u)), where mps : TM — M is the
projection. Indeed, for the vector @ = (jg).pu € ¢(p,q), where u € T, M,
there exists a vector field Z € Xp(M x N) such that @ = Z(p, q).

Hence, we have

(T )x(p.0)8 = (T1)n(p,0)Z (P, 9)
or equivalently
u = Z(p),

where Z? € X(M) is defined by (2.9).
The second part of Lemma 2.1. can be proved analogously.O

Lemma 2.2. [29] Let (M, F) and (N,G) be differential épaces Then,
dim T, (M x N) is constant for any (p,q) € M x N if and only if dim T, M
is constant for any p € M and dim Ty N is constant for any g € N.
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Proof. (=) Assume that dlmT(,, o(M x N) is constant for any (p,q) €
M x N. Since
(Jq)m 1 TpM = (Jo)up(TpM),
(Jpleq : TeN — (Jp)wa(TeN),

are isomorphisms for all (p,g) € M x N, and since (2.6) holds it is true that
dim Typg(M x N) = dimT,M + dim T, N (2.14)

forall (p,g) €M x N.
Let go,q1 € N. Then,

dim Ty go)(M x N) = dim T,M + dimT,, N

and

dim Tip o) (M x N) = dimT,M + dim T, N.
But dim T g)(M X N) = dim T, q,)(M x N), therefore

dimT,, N = d&imT,, N.

Thus, dimT,N is constant for ¢ € N. In the same way, one proves that
dim T,M is constant for any p € M. ‘
(<=) holds because of (2.14).0

By using Lemmas 2.1. and 2.2., we prove

Proposition 2.5. [23] Let (M,F) and (N,G) be differential spaces. The
cartesian product (M x N, F xG) is a differential space of constant differential
dimension if and only if (M, F) and (N,G) are dzﬁerentzal spaces of constant
differential dimension.

Proof. (=>) Assume that the cartesian product (M x N, F x G) is a differ-
ential space of constant differential dimension. Assume that dimT,, M =m
and dim Ty, = n for certain points ps € M and ¢o € N. In view of Lemma
2.2., dimT,M = m for any p € M and dimT,N =n for ¢ € N. It is enough
to prove that every vector tangent to (M,F) or (N,G) is extendible to a
smooth vector field tangent to (M, F) or (N, G), respectively.
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T LD}

frE - E (p,u) - U

T T s T

N M p »> f(p)

A 4

Let’s now define the product bundle and the Whitney sum bundle in the
category DSP.

Definition 2.6. Given two bundles E > M and E' = M’. The product

bundle is the bundle ,
ExXE X5 Mx M,

where the mapping ® X ©' is defined by
7 x 7' (u,u) = (w(u), 7'(u))
foru€e E and v’ € E'.

Definition 2.7. [19] Let E 5 M and E' =, M be two bundles. The Whitney
sum bundle (E @ E',#, M) is a pullback bundle of E X E' by A in the diagram

72

EGQE’ >~ ExXE

Ty T xn
A

M - M XM

where A is defined by A(p) = (p,p).
Note that : _
E®FE ={(u,v) € E x E': w(u) = ='(«)}.
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Example 2.3. Let (M,F) be a differential space. The triple
((T*M, ka)ﬂfpa (M,F)), k € N, where

T*M = {(v1,...,%) € ﬁTM cw(v) =..o=xw(ve)}
(the symbol TI%, TM denotes the cartesian product of k copies of TM ),
T*F = ([[ TF)rowrs
i=1
(the notation (...)yxp means localisation to T*M ), and
mo: T*M —» M

is given by the formula wo(v1,...,vx) := w(v1) = ... = 7(vx) = p, for every
(vi,...,vk) € T;‘M =I5, T,M, p € M, is a Whitney sum of k copies of
TM.

Proposition 2.6. [14] Let the differential structure of (M,F) be generated
by a set Fo C F. Then the differential structure T*F,
k € N, is generated by the set

FEi={fomo:feF}UUL {dfor;: f e Fo}),

where m;i(v1,...,v) = v; for any vi,...,vx € T,M (p = mo(v1,...,vk)) and
i=1,...,k.

-

Proof. By Example 2.2.,
TF =Gen({for: feFtu{df: feF}),

where 7(v) = p, for any v € T, M, and df (v) = v(f), for any v € TM. Since
F = Gen Fy, it follows that

TF =Gen({for: f e F}U{df: f € Fo}).
Therefore, the differential structure of the cartesian product T*M is

T*F = Gen(Ur {(fem)om: f € Fo}U(UL {df om;: f € Fo}))
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or
T*F = Gen({fom: f € F}U (UL {df omi: f € Fo}))

where mo(v1,...,0k) = 7(v1) = ... = #w(vx) = p, for every (v1,...,v;) €

TkM.O

Let ¢ : (M,F) — (N,G) be a smooth map. One can easily prove, by
means of Proposition 2.6. above, that the map

T*p : (T*M,T*F) — (T*N,T*G)
defined by T*p(vy,...,v) = (de(v1),...,dp(v)), where if (vy,...,v:) €

T;M (p € M), then (dp(v1),.. ., dp(vk)) € T,y N, is a smooth map of T*M
into T*N.

Proposition 2.7. The operator T*, k € N, is a covariant functor in the
category DSP of differential spaces.

Let (A, F4) be a differential subspace of a d-space (M, F) and
ia: (A, Fa) — (M, F) the inclusion map. Since T*, k € N, is a functor, the
following diagram

Tk
(A, Fa) . (T*A,T*F,)

21 A Tk‘iA

Tk

L

(M,F) (T*M, T*F)

is commutative. T*i, is the natural injection (T*A,T*F,) — (T*M,T*F).
From now on, we shall identify T*A and T*i4(T*A). This is justified by the
following theorem.

Theorem 2.1. [14] Let (A, F4) be a subspace of a d-space (M,F) and let
i4 stand for the inclusion map: (A,Fa) — (M,F). Then the induced map
T iy : (TFA, T*FA) — (T*A, (T*F)re4) is a diffeomorphism.
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Proof. By Proposition 2.6., T*F is generated by
Fr={fom: feFYU (U {df omi: f € F}).

Let mo4 := molgra : TFA — A and 74 := mi|gry : T*A — T A. According to.
the equality
df|ra = d(f]a), for feF,

the differential structure (T*F)z+ 4 is generated by

G = {Blrra : B € F*}
={(fla)omoa: f € FYU (UL {d(fla) omia: f € F}). (2.16)

Since the set {f|4a : f € F} generates the differential structure Fa, the
equality (2.16) implies that G generates T*F,. Hence T*F 4 = (T*F)pr 4. O

2.3 Smooth Forms

Let us consider a differential space (M,F) and the F-module X(M) of all
smooth vector fields tangent to (M, F).

Definition 2.8. [9] Any mapping w : T*M — R such that the mapping
WM x..xT,M 15 Skew-symmetric k-linear, for each point p € M, is called a
pointwise differential form on (M,F). A k-form w is said to be smooth on
(M, F) ifweTtF.

fo:(M,F)— (N,G)is a smooth mapping between differential spaces,
then for any pointwise k-form w on (N, G) one defines its pull-back ¢*w on
(M,F) by
(So*w)(vh s ’vk) o= w(‘io*vla veey (P*'Uk)
for any (vi,...,v) € TFM.
The set of all pointwise differential k-forms on (M, F) will be denoted by
A*(M). For any w,w;,w; € A*(M) and f € F we put .

(w1 +w2)(v1,. ., 08) = wi(v,.. o, 0) Fwa(vr,. .0, ve),

(fw)(viy-.. ve) == fuw(viy...,vk)
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where (v1,...,v) € TFM.
The set A*(M) with the above operations is a F- module.

For the purpose of the next theorem, we need the following definitions.

Definition 2.9. [23] Let the differential structure of (M, F) be generated by
a set Fo C F. A real function f : M — R is said to be of class C* if ,
for any point p € M, there exist a neighbourhood V € 7r of p, functions
fi,.+.y fn € Fo and a function o : R* — R of class C* such that

flv=60(fla"'sfn)1v'

Definition 2.10. [6] A k-form w : T*M — R is said to be smooth of class
CT on (M, F) (shortly C™ — k-form) if w is a C"-function on the dzﬁerentml
space (T*M,T*F).

Lemma 2.3. [29] Let 0 : R® — R a C*-function. If there exists a point
u = (uy,...,un) € R™ such that

o(ku) = ko(u) for any k € R, | (2.17)

then 90(0 )
giu,...,
0(‘21,) = Z T"U,{.

Proof. Indeed, 0'|.(0) = lim;_o 28O =lim, o ) = 5(u).

H

Hence, o(u) = ¢'|,(0) = 809)y,. O

1—-1 EEN

Now we shall prove an important result.

Theorem 2.2. (14, 25| Let (M, F) be a differential space with F = Gen Fy,
p € M an arbitrary point, w : T*M — R a smooth k-form of class C’ on
(M,F) end k < 7.

Then there ezist a smooth mapping F : (M, F) — (R",e,) with the coordin-
ates Fy, ..., F, € Fo, a k-form 0 : T*R™ — R of class C" on (R™,&,,) and an
open neighbourhood V € 7r of p such that

wlrg%(V) = F*glxgi(V)a
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where m : T*M — M is the projection (vi,...,vx) = p = w(v1) = ... =
7(vk), i.e. the following diagram ‘

(M,F)  (T*M,T*F)

F F.

(R*e,)  (T*R,, TFe,)

ts commutative.

First we make the following statement

Remark 2.1. : The differential space (T*R", T*e,,) is usually identified with
(R(Hl)“,s(kﬂ)n) by the identification which maps (v1,...,vx) to

(7*(p),...,7"(p), d7*(v1),...,d7"(v1),- . ., dn (vk), ..., dn"(vp)),

where vy,...,v € T,R*, p € R*, and the 7'’s, 1 = 1,...,n, are coordinate
functions on R". Under this identification, w is a smooth k-form on (R",¢,)
if and only if w: R™ x...xR™ — R belongs to €(x41) and if it is totally skew-
symmetric and k- linear with respect to the last k arquments. If a mapping
F:(M,F)— (R*¢€,) has the coordinates I, ..., F,, then

T*F . (TEM,T*F) — (T*R™,T*e,) = (REV% e1)) sends (vy,. .., ve)
to (Fi(p),...,Fu(p),dFiovy,...,dF,0v1,...,dFyovg,...,dF,0v;) for any
v,.., v €L,M,pe M. : :

Proof {Theorem 2.2.}. Since w : T*M — R is a smooth k-form of class
C™ on (M, F), by Definition 2.9. and the preceding remark, there exist a
neighbourhood V € 7# of p and functions Fy,...,F, € Fo, n € N, and a
C7-function ¢ : R*+" _ R such that :

wi -1 =

T (V)
co(Fiomg,...,Fhoomy,dFyomy,...,dF,0omy,...,dFyomg,...
.--,an Oﬂ.k)lrgl(v).
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Let 8 : T*R™ — R be the k-form of class C” defined by
n k
g — Z 0o

i1 0nig=1 axn.i.‘l a$2n+,2 P amkn.{-{k

o l‘n,(k+1)nd$i1 ®...0dz;,

where to (k41), : R — R*HI™ is given by

in,(k4)n(T1y0 oy Ta) = (21,...,22,0,...,0)

for (z1,...,z,) € R™
Let’s show that w|, -1y = F*8|,-1(y), where F is the map (M, F) — (R",¢,,)
with coordinates Fi,...,F, € Fo.

Consider the C”- functmn a: R" — R defined by
a(z1, ... Zn) =
o(Fi(p)y. ., Fu(p)y 21, -+ oy Zny v2(F1)y - oy 02(FR)y o o oy 0k(FY), - o -, k()
for (z1,...,2Z,) € R" and vy,...,vx € T,R™
For the point u = (v1(F),...,v1(Fy)), we have a(u) = w(vy,...,v;). This
implies that, for any ¢t € R we have
a(tu) = a(tvi(F),...,tv(F))
= w(tvy,vg,...,vk)
= ta(u),
i.e., the function « satisfies (2.17). Thus from Lemma 2.3. it follows that
a(u) = J(Fl(p)’ F (p)x ’U1(F1) ey vl(F‘n)) ey vk(Fl)a ey vk(Fn))

= Z 8 (Fi(p),..., Fu(p),0,...,0,vs(F1),...
11_1 n+‘1
e 02(Fa)y oy 0k(F)y - - vk(F))va (Fyy).
Now using the same Lemma 2.3. (k— 1) times, in the similar way, one checks
that

w(vgy...,0) = '
a(Fi(p), ..., Fa(p),vi(F1), ..y va(Frn)y oo oy vk(F1)y - o oy vk(FR))

n 31:
S (Fi(p), -, Fa(p), 0, .., 0)-

iy entr=1 awn+£1 5$2n+i2 6x;m+,k
vi(Fyy) .. ou(Fy) (2.18)
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But,

- F*9(vy,...,v) = 6(Favy, ..., Fug)

i . o

= Fi(p),..., F.(p),0,...,0).

i;,.§=1 @xﬂ+;1 6x2n+,-2 R 3:1:;m+ik ( l(p) (p) ’ )
dz; (Favy)...dzy (Fovk)
o O

= Z (Fi(p), ..., Fu(p),0,...,0).

i1 yeip=1 3zn+;1 63,'2,4.*.{2 v a$kn+,’k

v],(:z:,-l oF)...vg(zi, 0 F)

b uos
f‘Za

inonip=1 ITntiy ax2n+i2 v axlm+i,c

vi(Fy) - ve(Fy)
= w(vy,...,0), by using(2.18).0

(Bup)s- -, Fa(@),0, .., 0)

Corollary 2.1. [25] Let (M, F) be a differential space and p € M any of
its points. If there exists a non-degenerate k-form w of class C™ (k < r) on
(M, F), then there is an open neighbourhood V € tx of p such that (V,Fv)
can be immersed in the Euclidean space. Moreover, diim T,(M,F) < 4o for
any g € M.

Proof. We define F and # as in Theorem 2.2.. The mapping F is a
smooth immersion. Indeed, since w is non-degenerate and w(vy,...,vx) =
0(F.v1, ..., F.ug) for all (vy,...,vk) € T*V, where V is an open set contain-
ing p, F,, is injective for every ¢ € V. Thus

dimT,M = dim F,(T,M) < dimTrR™ =n. O
From the above theorem it follows that, for an arbitrary w € A¥(M) and
each point p € M, there exists an open nelghbourhood V € 7 of the point

p, and smooth functions F;, .., F;,,.. € Fv,(i1,..., i) €I C N*, such
that ‘

Wl = ZF,I +dFy A...NdF,, (2.19)
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where I is a certain finite set of indices.

Another particular result deduced from Theorem 2.2. is :

- Proposition 2.8. [12] Let (M, F) be a differential space with the differential
structure F generated by a set Fo = {f1,...,fn}, and let p € M be a point
such that dimT,M = n. If g : T2M — R is a symmetric, nondegenerate
2-form of class C* (k > 2) of signature (r,s) at p, then there exists an open
neighbourhood U € 75 of p and a pseudo-Riemannian metric 5 of class C*
with the signature (r,s) on a certain open subspace of (R",e,) such that

Ilegiwy = Fnlegr oy,

where F' = (f1,...,fa) and 7o : T*M — M is the projection defined by
(UI)UZ) - P fOT (01702) € szM

Proof. There exist a neighbourhood V € 7# of p and a function ¢ : R>* —» R
of class C* such that V

glﬂ—a'l(V) = oo(fiom...,faomg,dfiom,...,dfr0om,

dfiomy,...,dfn o Wz)l,’rgl(v)
Let  : T?R™ — R be the 2-form defined by

= f: D0 i mdaida;
n= o a$n+ia$2n+3‘ n,3nildg 21 »
where in 3, : R* — R® is the mapping (z1,...,Zn) ¥ (Z1,...,%r,0,...,0).
As in the proof of Theorem 2.3., one can check that g,-1(yy = F*nl-1y).
Since F is smooth, there exists a connected open neigh%ourhood A of the
point F(p) € R such that F~1(A) C V, and

0%

det
© (a$n+ia$2n+j

(tnan(9))) # 0

for ¢ € A. Since F,, is an isomorphism, the signature of n at F(p) is (r, s),
and, consequently, 7 is of signature (r,s) on A. Of course, 1 is a symmetric
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and nondegenerate 2-form on A. If we put U = F~ l(A), we have ¢| lU) =
Fryl_ =1(v), Which ends the proof. O

One can also define global k-forms on a differential space (M, F).

Definition 2.11. [9] Any skew-symmetric k-linear mapping
wiXAM)x...x X(M)— F
. 1s called a global k-form on the d-space (M, F).

Let us denote by Q2*(M) the set of all global k-forms on the d- space (M, F).
For any pointwise k-form w € A¥(M) let & : X(M) x ... x X(M) — F be
the mapping defined by

O(X1, ..., Xa)(p) = w(Xa(p),- .., Xa(p)),

where X1,...,X, € X(M), and p € M.
It can be easily seen that & is a global smooth k-form on (M, F).

Given w,w;,w; € N*(M) and f € F, we put
(w1 +w2) (X, oo, Xi) = w1( X1y ooy Xi) + w2 X, . o0, X&),

(fw)( Xy, .., Xk) = fw(Xy,..., Xk),
for Xi,..., X € X(M). The triple (*(M), +,.) is an F-module.

Definition 2.12. Let (M,F) be a differential space and k,1 € N. Forw €
QF(M) and ¢ € Q'(M), we define the exterior product A : Q5(M) x Q(M) —
QM) by the formula

(Lx)/\{)(Xl, .o Xk,X}c+1,. ve ’Xk-}-l) =

1
k'l' Z -Sgno w(X,,(l), X,,(k))f(X,,(kH),. . aXo(kH)), (2.20)

SESk 1

where X; € X(M), i=1,...,k+ 1.
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Then, we have

Proposition 2.9. Let (M, F) be a differential space of constant differential
dimension n and two forms w € N*(M), £ € Q'(M) (k,l € N). If k+ 1> n,
‘w A € vanishes identically.

Proof. Since k+ [ > n, there exists an X; € Xy,..., X4 which is a linear
combination of the rest. Thus, (w A €)(X;,.. Xk+1) =0. But Xy,..., Xkpt
are arbitrary in X (M), and therefore w A¢ = 0. O

The direct sum (M) = B>002¥(M), where Q°(M) := F, is the space
of all differential global k-forms on the d-space (M, F) and is closed under
the exterior product. Thus, (M) is a graded algebra over R. Similarly, one
shows that the triple (A(M),+,A), where A(M) := @iyoAF(M) and A is
defined at each point by (2.20), is a graded algebra over R.

Definition 2.13. Let (M, F) be a differential space. In the algebra (M),
the exterior derivative di is a map Q*(M) — Q**Y(M) whose action is
defined by the formulas:

(i) if f € F, then (df)(X) = X(f), for X € X(M).
(i) if k > 1 and w € QF(M), then

k+1 . X
(dw)( X1, Xip1) = S (=) Xi(w(Xy ..o Xy ooy Xign))
i=1
+Z 1)'+Jw [Xg,X] Xl, X -,Xj,-..,Xk+1)

i<j

where X; € X(M),1=1,...,k+ 1.

It is common to drop the subscript k£ and write simply d if there is no
danger of misunderstanding.
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Proposition 2.10. Let (M,F) be a d-space. The operator d satisfies the
following well known conditions :
(1) d is R-linear
(1) dwAE) =dw A€+ (—1)%w A dE
(iti) dod =0

for any w, & € Q(M).

Proof. [9] O

Next, we show :

Proposition 2.11. [12] Let (M, F) be a differential space of a constant dif-
ferential dimension. The mapping (for k € N) h : A¥(M) — Q*(M) defined
by

@)Xy X)) = (K (), X)) (2.21)
for any w € A¥(M), X1,...,Xx € X(M), p€ M and h = ids, for k=0, is

an isomorphism of F-modules. ;

Proof. As it can be easily seen, h is a monomorphism. Indeed, let’s assume
that h(w) = 0. Then, for any X;,..., X € X(M) and p € M,

w(Xi1(p),- .., Xx(p)) =0.

Therefore, w = 0. -
Let g : QF(M) — A*(M) be given by

9(8)(v1, ..., v8) = 0(Xy,. .., Xk )(p)

for any vy,...,vx € T,M, p € M, X;,..., X, € X(M), Xi(p) = v, t =
1,...,k. We can easily see that for any X,...,Xx € X(M) and p € M,

h(g(D))( X1, -, Xi)(p) = 9(0)(Xi(p),..., Xk(p)) |
= (8)(X1& “es st)(p)’ " ”

which demonstrates that & is an isomorphism. O
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Remark 2.2. In view of formula (2.21), if the differential space is not of a
constant differential dimension, the graded algebras A(M) and Q(M) will not
necessarily be isomorphic. As we can see, in the graded algebra QY(M) there
is an ezxterior differentiation, but many difficulties appear when one wants to
_ tntroduce the operator of pull-back for global forms. On the other hand, in the
graded algebra A(M) the pull-back operation is well defined, but difficulties
arise in defining exterior differentiation. In order to get rid of these defects
we introduce the following construction [9, 12].

Let M*(M), for k > 1, denote the set of all elements w € A*¥(M) such
that, for every point p € M, there exists an open neighbourhood U € 7 of
p and a family of smooth functions

fiu' . ‘)fik_nfi;...ik_l € fU

for (¢1,...,tk-1) €I C [Nk_l, where I is a finite set of indices, such that
Wit U) =Y dfiy v, Ndfiy Ao Ay,
I

but
Z fi;...ik_ldfil A...A dfik—] =0.
I

Moreover, for k = 0, we assume M®(M) = {0}, where 0 denotes the real
function identically equal to zero on M.

Example 2.4. (9] Consider the set M = {(z,y) € R* : zy = 0}. The
element w = dz Ady € M?*(M) since it is a differential of the 1-form %a:dy -
lydz = 0. Thus, M* (M) #0. '

This example shows us that, in general, the set

M(M) = BrzoM*(M) # {0}.

Now, we will prove
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Lemma 2.4. [20] M(M) is a homogeneous ideal in the graded algebra A(M).

Proof. Let u € M*¥(M) and w € A'(M) be arbitrary differential forms. We
-will show that g Aw € M*(M).

In fact, let p be an arbitrary point of M. There exist an open neighbourhood
U € 7 of p and smooth functions f;, i, fiy,- -+, fis_y € Fu,(t1y.-y%k-1) €
I ¢ N*1 I is finite, such that

I‘L|‘I|'_1(U) = deil-"’.k—l A dfil AL A dfik-1
I

as well as

Z f,'lm,'k_1 df,‘1 A...A df,‘k_1 =0,
I
and at the same time, according to (2.19), w € A'(M) has the following form

w|,,-1(U) = ijl-.-jzdwjl A...A dwj,,
J

where wj,._j,, Wi, ,- . .,w;, € Fy are smooth functions on U and (j,...,51) €
J € N', J a certain finite set of indices.
Observe that

Zfi1-.-ik_1wjlmj1dfil ALA dfik_1 A d(.()j1 AN...N dw]', =0 (2.22) _
and
> d(fiyieoyWirq) Nfiy N Ao A dwiy AL A dw;,

= Y iy inaWisqy + fir iy iy ) Nfiy A
L ANdf Ndwy A LA dwj, .
= uA wlr'l(U) . (2.23)

From (2.22) and (2.23) it follows that p A w € M*(M). O

Lemma 2.5. . [20] If (M, F) is a differential space of constant differential
dimension, then the homogenous ideal M(M) = @r»oM*(M) is the zero
deal. L
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Proof. If (M, F) is a differential space of constant differential dimension
then the mapping: A : A(M) — Q(M), defined by 2.21, is an isomorphism.
Hence Kerh = {0}. So it suffices to show the inclusion ,

M(M) C Kerh.

In fact, let u € M**1(M) and p be an arbitrary point of M. There exist an
open neighbourhood U € 7 of the point p as well as a family of smooth func-
tions fi . ixs firs- o s fix € Fu,(f1,...,1%) € I C N* such that the following
equalities are fulfilled

,u;{w-lw) = defl---fk A df,1 A A dfik.

S fanidfa Ao Adf, =0.

Taking the images of these two equations, by means of & , we obtain

hu(ple-1v)) = D huldfiy.s,) Ahu(dfy) AL A hu(dfi,) (2.24)

. and

Z hU(fi,...ik) A hU(dfgI) AA hu(df,‘k) = 0. (2,25)

Since hy is an isomorphism, it is evident that hy(dfy,. . ) = dfi,. i, hu(dfy,) =
dfi,. .., hu(dfi) = dfi, € QUU), where d is a derivation on U. Therefore,
from (2.24) and (2.25), we obtain *

h(/“)lU = Z-dfil---fk A -C—gfil Ao A éfian (226)
and V
S faiedfu A Adfi, =0, (2.27)

From (2.26) and (2.27) as well as from properties of the exterior derivation
d it follows

h(#)IU = d—(Zfil---fkfifﬁ A... /\-d-fik) =d0 =0.
Since p was an arbitrary point of M then there exists an open covering U

of M such that for each U € U, h(u)ly = 0. Consequently, h(u) = 0, i.e.
p € Kerh. Thus, M(M) = {0}. O
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Lemma 2.4. and Lemma 2.5. prelude an important theorem, proved in
details in [20]. We don’t reproduce the proof here. However, for the sake of
the theorem, one needs the following.

Let (M,F) be a d-space, AF the sheaf U — A*(U) and M?* the sheaf
U — M*(U), where U € 7r and k = 1,2,.... The sheaf MF is evidently
a subsheaf of F-modules of the sheaf A¥, for k¥ > 1. Furthermore, let A4 =
‘EBkzoAk and M = @kgoMk be direct sums of the corresponding sheaves.
One can see that both sheaves A and M are sheaves of graded algebras, and
M is a subsheaf of homogenous ideals in the sheaf A.

Let A = A/M be a quotient presheaf. Let us denote by .4 the quotient
sheaf associated with the presheaf A. '

With this notation, we state the following

Theorem 2.3. Let (M, F) be a d-space. In the graded algebra /Al(M), there
ezxists exactly one operatord : A“(M) — AMYM), fork = 0,1,... satisfying
the following conditions:
(i) d is an R-linear mapping,
(ii) (cif)(p) := [df]p, for any point p € M and any function f € F,
(it5) d(w An) = dw A +(—1)%%w A dn, for any w,n € A(M),
(iv) dod=0.

Proof. [20]. O
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Chapter 3

LINEAR CONNECTIONS
AND RIEMANNIAN
GEOMETRY

Calculus on a differential space is assured by the existence of smooth vector
fields, and the notion of connection on a differential space is not so much
. different from that on a manifold. However, the Christoffel symbols of a
covariant derivative on a differential space (M, F) are defined with respect
to a basis of A(M) and a basis of a differential module W.

A differential space is Riemannian or Lorentzian if it is endowed with a
Riemannian or Lorentz metric tensor accordingly. To any smooth metric
tensor one can assign a covariant derivative, called the Levi-Civita connec-
tion.

The chapter closes considering contravariant derivatives as a means to gen-
eralize the Levi-Civita connection of a degenerate metric.
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3.1 Linear Connections, Curvature, and Tor-
sion

- - Throughout the present section, we shall assume that the pair (M,F) is

a differential space and W is a F-differential module of ¢-linear fields on
(M,F). Lx(A, B) will denote the set of all -module maps from A to B.

Definition 3.1. [9] The covariant derivative or linear connection in the F-
differential module W is any mapping

V € Lr(X(M); LR(W; W)
satisfying the condition
Vv(fW) = 8y f.W + £y W, - (3.1)

where V € X(M), W €W, f€ F, and Vy : W — W is a function assign-
ing to every linear field W € W a linear field VyW, called the directional
derivative of W in the direction V.

Let V be a covariant derivative in W. By definition, V is a mapping
which assigns to every V € X (M) another mapping, namely

Vi X(M) = LR(W; W), (32

which is a module map over F. It can be easily seen that ¥V has the following
properties:
VW = fVyW
vv,-g-V,W = VVIW-}- V‘@W
VvaW = oVyW
Vv(Wy + Wy) = VW 4+ VW,

where f € F, V,Vi, Vs € X(M), a € R, W, Wy, W, € W.
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Let V4,..., Vi be a vector basis of the F-module X (M), and W;,..., W,
a vector basis of the F-module W. On account of (3.2) , one has

Vv, W; = TE Wi

~ where F?j € F,i=1,...,m;3,k = 1,...,n. The functions Ffj are called
Christoffel symbols or coordinates or coefficients of the covariant derivative
V with respect to the bases Vi,...,V;, and Wy, ..., W,.

Proposition 3.1. Let V;,...,V,, be a vector basis of X (M) and W,..., W,
a vector basis of W. If V= fiV, € X(M),f' € F, and W = ¢'W; e W, ¢' €
F, then . . :

VvW = (f'0:ig* + F¢'TE)Wi. (3.3)

Proof. The proof utilizes formula (3.1) and properties of V stated above. O

It follows that the functions v* := f'8;¢F + f‘gjffj are coordinates of
VyW in the considered bases. Since {f'}, i = 1,...,m, and {¢’}, j =
1,...,n, uniquely determine V and W respectively, the functions v* uinquely
determine the covariant derivative VyW.

Definition 3.2. Let X, Y be two vector fields on the differential space (M, F).
By the Lie bracket [X,Y], we mean the vector field defined by

[X, Y](f) = X[Y ()] = Y[X(f)]
where f € F. ‘

Let’s note that neither XY nor Y X is a vector field since they involve second-
order derivatives. The Lie bracket [X,Y] , however, involves first order de-
rivatives and is indeed a vector field.

It’s easy to see that the Lie bracket satisfies

(i) bilinearity , o
[X,a1Y1 + a2Y3] = aa[X, V1] + a2]X, Y2,

[ale + GZXQ,Y] = al{Xl, Y] + az[Xg, Y],
with a,a;,az € R.
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(ii) skew-symmetry

X, Y] = ~[¥, ],
(1ii) the Jacobi identity
X, 1V, Z]) + ¥, 12, X]] + |, [X, ¥]] = 0.

Let ¥V be a covariant derivative in the differential module W. V doesn’t,
in general, preserve Lie brackets, that is to say

Rxy = [Vx, Vy] = Vixy (3.4)

may not vanish for all X|Y € X(M).

Proposition 3.2. [9] Let X,Y € X(M) and W € W. RxyW, viewed as a
Junction of the three variables X,Y, W ts a tensor.

Proof. Let us prove, for instance:
ny(fW) = nyf.W + f.RxyW,
f € F. Indeed, |

Rxy(fW) = [Vx,V¥](fW) = Vixy(fW)

= VxVy(fW) - VyVx(fW) = dxif W — £.VxnW

= axayf.w—}—ayfv_xw+8foyW+fVXVyW -
Oy Ox fW = Ox f.VyW — Gy f.VXW — fVyVxW —
Ox i f- W = fVixyiW

= (Bx0vf — By Ox )W — Bxrif W + F(VxVyW —
V¢V xW — V{X’Y]W) _

= RxyfW+ fRxyW

Itg can also be shown éasily that RisxyyW = fRxyW and RxmW =
fRxyW,feF. O
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Definition 3.3. [12] The curvature tensor of the covariant derivative V is
the mapping R which assigns to any two vectors X,Y € X(M) the mapping
Rxy. Thus

R e Lr(X (M) x X(M); L£(W,W)).

The curvature tensor is also called the Riemann tensor.

The following proposition gives two basic properties of the curvature tensor.

Proposition 3.3. Let X,Y,Z € X(M). Then

t

(i) Rxy = —Ryx,
(ii) VxRyz + Rxy,z1+ VyRzx + Ryzx)+ VzRxy + Rzix ) = 0.

Proof.[9]. O

Definition 3.4. [9] The multilinear mapping
R:X(M)x X(M)xW x W* — F,
defined by R(X,Y,W,U) = U(Rxy W), X,Y € X(M),W € W,U € W*, is

called the scalar curvature tensor.

Proposition 3.4. (9] If W™ =W, i.e. W is reflexive , the scalar curvature
tensor R uniquely determines the curvature tensor H. ‘

Proof. W** = W implies that for any linear function L : W* — F, there is
exactly one element V € W such that L(U) = U(V), for every U € W*. For
any fixed elements: X,Y € X(M) and W € W, RxyW is the only element
of W such that U(RxyW) = R(X,Y, W, U), for any U € W*. Therefore, in
the case of a reflexive module W, R uniquely determines K. O

Let’s assume that the differential space (M, F) is of a constant differential
dimcnsion and Vi,...,V, a vector basis of X(M), m = dim(M,F). If
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Wi,..., W, is a vector bésis of W (n = dimW), and Wl; ceoy W its dual in
W*, clearly one has
Ryy; Wy, = R} WL

ij
The functions R}; € F are uniquely determined by the equation

Rl = W Ry, Wa). (3.5)

Equation (3.5) shows that Rﬁj « are components of the scalar curvature tensor.
Direct computation from (3.5) gives B

Ri’jk = (airi‘kf“ 3§P§k) - (kar;'r - P;kri‘r) - ')‘fjrik
where I‘z{cj = Wk(Vv;.%), [an.;] = 755‘/;) 0 = Vy,.

We next look at the concept of the Ricci tensor. But we first need the
following digression on the concept of the trace of a (multi)linear mapping.

Definition 3.5. [9] Let Wy,..., W, be a vector basis of the F- differential
module W and let W1,..., W™ be the dual of W1,...,W, in.the F-module
W+, Let L: W — W be a linear mapping. The trace of L, trL, is defined to
be

trL = Wi(LW;) € F,

1=1,...,n.
Definition 3.5. does not depend on the choice of a particular basis.

Remark 3.1. Let L : W — W be a linear mapping. - For any f € F, we
have

tr(fL) = W ((fL)W;) = fW'(LW;) = ftrL, (3.6)

where Wy, ..., W, and W1,...,W" are as in Definition 3.5..
From (3.6), it follows that, since additivity for tr is clear,

tr € Lr(Lr(W;W); F).
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Example 3.1. LetV be a n-dimensional R-vector space and V* its dual. Let
ViseooyVaand V1,. .. V™ be vector bases in V and V* respectively. If aj- are
coordinates of a linear mapping L € L(V,V), i.e. L(V;) = alV}, one has
trL = al.

Now, let V be a covariant derivative in the differential module X (M) and
let R be the curvature tensor of V. We introduce the tensor

trRe Lr(X (M) x X(M); F), (3.7)
defined by
(tTR)Xy = t?‘(ny), X, Y€ X(M) ) (3.8)

Definition 3.6. [12) The tensor
Rice Lr(X (M), X (M);F)
defined by ’
Ric(Y,Z) = trx(Rxv Z), Y,Z € X(M), (3.9)
for any X € X(M), is called the Ricci tensor.

RxyZ, with Y and Z fixed, should be thought of as a linear function
of the variable X transforming the module X(M) into itself, i.e., RyZ €
Lr(X(M); X(M)). Ric(Y,Z) is the trace of this function (Heller 1991).

We now wish to define another object: the torsion tensor. For this pur-
pose we assume that X(M) C W. ‘

Definition 3.7. [9] Let V be a covariant derivative taking values in the dif-
ferential module W. The torsion tensor of the covariant derivative V is a

mapping T : X(M) x X(M) - W, given by
T(X,Y)=VxY - VyX - [X,Y],

X,Y € X(M).
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It can be easily checked that T is a tensor.

Definition 3.8. Let T is the torsion tensor of the covariant derivative V.
V is said to be symmetric if T(X,Y) =0 for all X,Y € X(M).

The relationship between the curvature and torsion tensors is given by
the following

Proposition 3.5. [9] For any X,Y,Z € X(M)

RxyZ — Vx(T(Y, 2)) — T(X, Y, Z]) + RyzX — Vy(T(Z, X))-.—‘ .
~T(Y,[Z, X)) + RzxY — Vz(T(X,Y)) — T(Z,[X,Y]) = 0 (3.10)

The proof is straightforward. One uses Lie brackets Jacobi identities.

Proposition 3.5. leads to the following

Corollary 3.1. If the covariant derivative V is symmetric, then (3.10) be-
comes .

RBxyZ + RyzX + RzxY =0 (3.11)

Equation (3.11) is called the first Bianchi identity. The second Bianchi
identity will be deduced from

Proposition 3.6. If ¥(M) =W, then

(VxR)yz — Rx1wv,z)+ (VyR)zx — Ryrzx)+
' +(VzR)xy — Rz 1(x,y) = 0. (3.12)

(the coma in. the subscript of the second term introduces a “useful inconsist-
ency” in the notation). '
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Proof. By using the Leibnitz rule:

VzRxy = (VzR)xy + Rv,xy + Rxv,v.
()}

Corollary 3.2. If the covariant derivative is symmetric (3.12) becomes

(VxR)yz +(VyR)zx + (VzR)xy =0 (3.13)

Equation (3.13) is called the second Bianchi identity.

If the sequences Vi,...,Vm;Wi,...,W, and W?,...,W" are bases in
X (M), W and W* respectively, then the coordinates of the torsion tensor T'
in these bases are given by

T(V;,V;) = TEW,
or
TS = WHT(Vi, Vi)
Let [Vi, V;] = 45V, and let
If = WHVwW;) , (3.14)
% = wEVyV) (3.15)

be the coordinates of the covariant derivative in the corresponding bases. By
direct computation, it is easy to show that

Tf =T — I — oy . (3.16)

where of is defined by
~ V, = oF W,

Lemma 3.1. If X(M) = W, the basis Wi,..., Vi, in X(M), coincides with
the basis Wi,..., Wy, in W, and the coordinates (3.14) of the covariant de-
rivative in the respective bases are equal, i.e. F{-‘j = F{-‘j. In such a case the

torsion coordinates (3.16) become

k _ Tk k k
Tz'j = Fz’j - Fji = Yij-
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The simple proof of this lemma is omitted.

If, in addition, the basis W4,...,V, is abelian, i.e. if [V, V;] = 0, one has
Tk=Tk-T %« Therefore we see :

‘Proposition 3.7. [9] If X(M) = W and the basis of X(M) is abelian, then
the covariant derivative is symmetric if and only if I’fj = I’;-‘,-.

Under the assumption X (M) = W, let’s prove

Proposition 3.8. [9] If V in X (M) is symmetric and the basis Vi,...,V,
 of X(M) is abelian, one has

Ric(X,Y) — Ric(Y,X) +trRxy =0, (3.17)
XY € X(M).

Proof. Let’s put X = 'V;,Y = $7V;. Then, Equation (3.17) simply be-
comes .

Ric(V;, Vi) — RiC(Vj, Vi) — trRy‘y; = 0.
But by (3.9), we have

Ric(V,, V) — Rz'c(‘f}, V;) - i?‘Rv;v}
try, (Rv,v,V;) — trv, (Rv,v; Vi) — trRy,y;

V*¥(RyvV;) — VH(Ry,v, Vi) — trRyy;.

Using the fact that [V;,V;] = 0, for all 4,7 = 1,...,n the last equality
becomes

VE([ Vv, ViilV;) = VE((Vn, YY) — V(Y Vi V)

k(T - %)+ (T3 — F}?")I‘:s," i(Tk; — T5)
—(T%; — T5)TE + 0;(Tk; — k) + (T — T3)T%,

: k __ Tk
0, since T'j; =T}.0
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Corollary 3.3. The Ricci tensor Ric is symmetric if and only if trR = 0.

3.2 Riemannian Geometry

We now discuss the existence of further structures, namely Riemannian and
Lorentzian structures, carried by a differential space when it is endowed with
a metric tensor, which is a natural generalisation of the inner product between
two vectors in R™ to an arbitrary differential space.

As in section 3.1, we assume that (M, F) is a differential space and W is
a F-differential module of ¢-linear fields on (M, F).

Definition 3.9. [5] Let g(p) denote a scalar product in the tangent sapce
T,M,pe M.

A metric on a differential space (M,F) is a two-covariant, symmetric and
non-degenerate JF-tensor g such that

g(V,W)(p) = g(p)(V(p), W(p)),

VVWeW, pe M.

If, for any VW € W, ¢g(V,W) € F, g is said to be smooth, i.e., if g €
Lr(W,W; F), where the last symbol denotes the set of all bilinear module
mappings with values in F. ‘

Theorem 3.1. [5] If g is a smooth metric in the differential module W on
(M,F), every point p of M has a neighbourhood U on which there is a g-
orthonormal vector basis Vi,...,V,, of the module W, i.e.,

9(Vi,V;) = 5;'51'»

where e; = g(Vi, Vi) = £1,¢,5=1,...,n=dimW.

Proof. By construction through the standard Gramm-Schmidt g- orthogon-
alisation.
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The g-orthogonal basis may be ordered so that negative signs, if any,
come first. The number I of minus signs is called the index of the module
W. The Gramm-Schmidt g-orthogonalisation ensures that the index I of the
module W is basis independent. ‘

Definition 3.10. [5] The pair (W,g), where g is a smooth metric in W,
is called the pseudo-Riemannian differential module. If I = 0 or n =
dim W, (W, g) is said to be Riemannian differential module; if I = 1 or
n — 1, it is said to be Lorentz differential module.

We shall show that a smooth metric g induces a certain covariant deriv-
ative in W. Let’s first prove

Lemma 3.2. [12] Let g be a smooth metric on the differential space (M,F).

For any F-linear mapping ¢ : X(M) — F, there exists exactly one vector
field V € X(M) such that

(W) =g(V\W)
for any W € X(M).
Proof. Let V), ..., V, be a vector basis of the F-module X' (M). With respect
to this basis, we solve for V = o'V}, where o’ € F, such that

(P(W) = g(Va W)

for any W € X(M). Substituting for W successively Vi, ..., V, one obtains

o(Vi) = g(V, Vi), i=1,...,n.
Hence .
(P(‘/i):ajg(‘/ja‘/i)’ i,j=1,'°"n7
ie., _
e(V1) gvi,W) -+ g(Va, V1) a!
(Vo) gV, Vo) -0 g(Va, Vi) a”
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where the matrix (g(Vj, Vi))i j=1,..n is non-degenerate. By using Cramer
formulas, one can easily compute o,...,a". The functions o' are unique.
Therefore V is uniquely defined.

Now, we prove

Theorem 3.2. [19 For any smooth metric g in the F-module W = X (M),
there is one and only one covariant derivative V in X (M) such that .

Zg(X,Y) = ¢(VzX,Y)+g(X,VzY), - (3.18)
VxY = VyX +[X,Y], (3.19)

for any X,Y,Z € X(M).
Proof. For any X,Y € X(M) let pxy : X(M) — F be the F-linear
mapping given by

oxr(Z) = 1/2(Xg(Y,2) +Yo(Z, X) - Zg(X,Y) +
g([X,Y],Z)+g([Z,X],Y)—g([Y,Z],X)), (3'20)

for Z € X(M).
Using (3.18) and (3.19) in (3.20), one obtains

QQOX,y(Z) = g(VxY+ VX + [X, Y],Z) +g(Y, VxZ —-VzX — [X, Z]) +
9(X,VyZ - VzY - [Y,Z])
= QQ(VXY,Z)

or
exy(Z)=g(VxY, Z).

From Lemma 3.2. it follows that VxY is unique. .
~ Let V: X(M) x X(M) — X(M) be the mapping given by

V(X,Y)=VxY
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for X,Y € X(M). One can check easily that V is a covariant derivative.
Moreover, it satisfies (3.18)and (3.19). In fact, for any X, Y, Z € X(M), one
has

29(VzX,Y) +29(X,VzY) = 20zx(Y)+2¢zy(X)
= 2Z¢(X,Y), by virtue of (3.20).

For the equation (3.19), let’s put Z = X in (3.20). Then we have,
%oxy(X) = Yo(X, X) +2(IX, Y, X).  (3.21)
Applying Equation (3.18) to Yg(X, X), (3.21) becomes
20x v(X) =29(Vy X, X) + 2¢([ X, Y], X). . (3.22)
Since 2px v (X) = 2¢(VxY, X), (3.22) can be written as
| §(VxY,X) = (93 X, X) + 9((X, Y], X),
which ends the proof. O

The covariant derivative of Theorem 3.2. is said to be compatible with
the metric g in X(M), and it is called the natural covariant derivative, or
the Levi-Civita connection, in X' (M). -

In opposition to covariant derivatives in the differential module X' (M),
we define the notion of contravariant derivative to help generalize the Levi-
Civita connection of a degenerate metric. For this purpose, let X*(M) =
Lr(X(M),F) be the dual F-module with respect to the symmetric 2-form
g, i.e., for any X € X(M) let X* € X*(M) be a linear form defined by

X*(2) =g¢(X, Z), for Z € X(M). _ (3.23)

Definition 3.11. [25] A mapping V* : X(M) x X(M) — X*(M) is called
the contravariant derivative in the F-module X (M) if

(i) VieaxY = Vi,Y + Vi, Y
(i) VixY = fV%Y
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(it) V(¥ +Ya) = V¥ + V3%,
(iv) Vi(fY) = (X/)Y" + [VyY

for all X3, X2,Y,Y1,Y2 € X(M), and f € F.

If 1, Va,...,V, is a F- vector basis of the differential module X' (M) then
one can define the components of V* with respect to the basis in the following
way: ‘ ' :

Lije = (V3 Vi) (Vi) (3:24)
for i,j,k = 1,...,n. On the other hand, for any W € X(M), we have

V(W) = g(VwV;, W)
= g(TEV, W)
= PQVI:(W)
for ¢,7,k = 1,...,n. Thgrefore it is immediate that, for arbitrary X =
Yie1 o'V and Y = 2 =1 Vi,

XY = Y o Vi(B)V+ Y oBTHY (3.25)

1,5=1 f,5,k=1
Given the elements I';;x € F, i,7,k = 1,...,n, one can define the contrav-

ariant derivative V* with components I';j; using formula (3.24).

Theorem 3.3. [25] For an arbitrary symmetric 2-form g : X(M)xX(M) -
F there ezists ezactly one contravariant derivative V* : X(M) x X(M) —
X*(M) satisfying the following conditions:

Y -VRX = [X,Y] (3.26)
Zg(X,Y) = (VzX)(Y)+(VzY)(X) (3.27)

for any X,Y,Z € X(M).

The proof is analogous to that of Theorem 3.2..
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The contravariant derivative, defined by the Koszul formula
1
(ViY)(2) = 5{Xg(Y,2) + Y9(2,X) - Z9(X, Y )+
+9(Z,[X,Y]) + 9(Y,[2Z, X]) — (X, [Y, Z])}, (3.28)

will be called the contravariant Levi-Civita connection of the symmetric 2-
form g. If, in addition, the basis V4,...,V, of the module X' (M) is abelian,
ie. [Vi,V;]=0for alli,5 =1,...,n, the components of V* have the form:

Lije = %[V-‘(gik) + Vi(gwi) — Vi(gis)},
where g;; = g(V;, V). |
Now, let % : X(M) — X*(M) be a mapping defined by
$(X) = X*, (3.29)

for X € X(M).

Let us denote by Ker g := {X € X(M) : g(X,-) = 0}, the kernel of the
2-form g. Of course, by virtue of (3.23), Ker g = Ker . It is easy to show
that the quotient map v : X(M)/Ker g —» X *(M) is a monomorphism, and
Im % = Im 4. Let us observe that for all X,Y € X (M),

(X+Y) = X"+Y"
(-X) = —-X".

One can prove that (Im 4, +,.) is a F-module. Let us denote by M the set
M={(X,Y)e X(M) x X(M): VY € Im ¢}.

Since (Im %,+,.) is a F-module, it is easy to see that the set M has the
following properties '

(i) ¥ (X,Y) € M-then (Y, X) € M.
(ii) If (X1,Y) € M and (X2,Y) € M then (X; + Xo,Y) € M.
(iii) If (X,Y) € M and f € F then (fX,Y) € M.
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Proposition 3.9. [25] For an arbitrary 2-linear symmetric mapping
g: X(M) x X(M) — F, there exists ezactly one mapping
V: M — X(M)/Kerg satisfying the conditions:

(1) Vx,Y + Vx,Y = Vx 1,7,

(2) VixY = fVxY,

(3) Vx(Yi+Yz) = VxYi + VxYs,

(4) Vx(fY) = (Xf)Y + fVxY,

(5) VxY — Vy X = [X,Y],

(6) Xg(Y,Z) =g(VxY,2)+g(Y,VxZ),

for (X, ¥), (X2, Y), (X, Y), (X, Y5), (X, Ya), (X, 2), (Y, Z) € M and f €

)
F, where [X,Y] is an equivalence class of [X,Y] in the quotient module
X(M)/Kerg.

Proof Let us define.V : M — X(M)/Kerg by the formula
C VxY = (VLY. (3.30)
It is evident, in view of Theorem 3.3. and the linearity of z/;“l, that V satisfies

(1) - (6). ©

Remark 3.2. Ifg is nondegenerate and ¢ : X(M) — AX*(M) is an iso-
morphism of F-modules then M = X(M) x X(M). In this case, we obtain
V which is the Levi-Civita connection of the tensor g. '

Let’s emphasize the fact that Theorem 3.3. holds even if (M, F) has singular-
ities and g is degenerate. In the case when (M, F) has constant differential
dimension and ¢ is non-degenerate, one can prove that the mapping ¥ in
(3.29) is an isomorphism and evidently

M= X(M)x X(M), Kerg = {0}.
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The notion of the contravariant Levi-Civita connection of ¢ gives us a new
light on the existence of the Levi-Civita connection of an arbitrary symmetric
tensor on (M, F) (which may be degenerate). This is very important in the
singular semi-Riemannian geometry (See [15]).
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Chapter 4

SOME APPLICATIONS OF
DIFFERENTIAL SPACES TO
COSMOLOGY

In this chapter, we present a brief exposition of singular points on a differ-
ential space, and succinctly describe their classification. Fundamental differ-
ential spaces, which are differential spaces with some sort of boundary, are
likely to model space-time with singularities. With such special differential
space, one can prolong a metric tensor to the boundary.

The description of the differential spaces of the cosmic string and of the Fried-
man universe is the last step of this chapter. Note that the classifiaction of
singularities presented here is that of Ellis and Schmidt [3].
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4.1 Singularities of the Fundamental Differ-
ential Space

In this section we deal with some applications of the theory of differential
spaces to relativistic physics. The first question that arises is [12]: if we
employ differential spaces instead of smooth manifolds to model space-time,
do we obtain a substantial generalization of general relativity? The answer
is “yes”, provided we use to this end differential spaces with a specxal type
of boundary.

Definition 4.1. [23] The pair (M, F),(M, Far)) is afundamenial differen-
tial space (shortly f- d-space) if

(i) (M,F) is a differential space
(i) M is dense in M

(iii) (M, Fur) is an n-dimensional differential manifold.

Condition (¢) implies that M contains the boundary and all the limit points
of M. The set 9M = M — M is called the boundary of the f-d-space
(M, F),(M, Fu)). }

Let (M, F),(M, Far)) and (N, G), (N, Gn)) be two fundamental differential
spaces. ((M x N, F x@),(M x N, (F x Gmxn)) is a fundamental differential
space with the boundary O(M x N)=0M x NUM x ON.

Definition 4.2. [29] Let (M, F),(M,Fu)) be a fundamental differential
space.

A boundary point p € OM is called regular if there exists a neighbourhood U €
75 of p such that the differential subspace (U, Fy) has constant differential
dimension n{= dim M). '

The fundamental differential space (M, F), (M, Fur)) is said to be regular if
all the boundary points are regular, i.e. the dzﬂerentml space (M, .77) s of
constant differential dimension.
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Example 4.1. Let M = {(z,y) € R® : y > 0}, i.e., M is ‘the upper half-
plane, and F = (e3)p7. M is considered to be the set {(z,9) eR*: ¢y > O}
The boundary points OM = {(z, y) € M : y =0} are regular.

© A boundary point is called singular if it is not regular.

Example 4.2. [29] Let M = R? and F be the differential structure on M
generated by the set {7, 73,2}, where 71,75 : R? = R are natural projections
and z : R? — R is the function defined by

Z(:D, y) =Y z? + y2,
for (z,y) € R

It is clear that F defines a 2-dimensional cone. Let M = R* — {(0,0)}. One
can easily see that (M, F),(M,Fu)) is a fundamental differential space and
OM = {(0,0)}. The boundary point (0,0) is singular. In fact, dim T(o0)M =
3 and dimT,M = 2 for p # (0,0).

Some differential spaces can be viewed as “parts” of a differentiable man-
ifold; they are called differential spaces of class Dy. More precisely, a differ-
ential space (M, F) is said to be of class Dy if, for every p € M, there exist
an open neighbourhood U of p and a differentiable manifold' N such that
U is diffeomorphic, in the sense of differential spaces, to some open subset
VCN,dimN =dimT,M. See [7].

Then, we define: .

Definition 4.3. [25] A boundary point p of a fundamental differential space
(M, F),(M, Fr)) is said to be of class Dy (shortly Dy-point) if there ezists
a neighbourhood U € 77 of p such that (U, Fy) is a differential space of class
Ds.

A boundary point is called a non»Do-pomt if it is not of class Dy.

Example 4.3. The boundary points in Ezamples 4.1. and 4.2. are Do-points.
More precisely, the boundary points in Ezample 4.1. are Do-regula'r, and the
boundary point of Ezample 4.2. is Dy-singular.
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Example 4.4. [29] Let F be the differential structure on M = R® generated
by the set {m1, 73} U {fn : n € N}, where f, : R> = R is the function deﬁned

by
f’n(ms 3}) = V z? +y?,
for (x’y) € R%.

Let’s take M = R? — {(0,0)}. Clearly, M is dense in R?, and a neigh-
bourhood (U, Fy) of a point p-€ M is diffeomorphic to a differential space
(U, (e2)u) since fo(z,y) = \/wf(x,y)—f—?rz(a:,y) € €3. Therefore the pair
(M, F),(M,Fun)) is a fundamental differential space, whose boundary is
OM = {(0,0)}. The boundary point (0,0) is non-Do-singular since locally at
(0,0) the space (M, fM)) is not a differential subspace of R for any n € N.

In the following example, we provide a case of non-Dp-regular boundary
points.

Example 4.5. [29] Let N := {1 € R:n € N}U{0}. LetG be the differential
structure on N generated by the set {idn}U{f. : n € N}, where f, : N = R,

for n € N, is defined by

for x € N. The space N — {O} is discrete, therefore dimT,(N,G) = 0 for
z # 0. Furthemore, since —3—:\;]0 doesn’t exist, dimT,(N,G) = 0 for all
T€N.

Let us take the cartesian product (M, F) = (NxR* Gxe,) and let M = {2 €
R:n € N} x R% Clearly, M is a bundle of parallel Euclidean planes. It is a
2-dimensional differential manifold. Therefore the pair (M, F), (M, Fu)) is
a fundamental differential space. For any point p € M, we have dimT,M =
dimT,N + dimT,R? = 2. Thus (M,F) is a differential space of constant
differential dimension 2, and the boundary points are reqular, And since any
neighbourhood of any boundary point, in M, is disconnected the boundary
points are non-Dy. Hence, the boundary points are non-Dg-regular.

Now, let us employ fundamental differential spaces to model space-time.
We will assume in the following definition that the pair ((M,F), (M, Fu))
is a fundamental differential space.
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Definition 4.4. [29] The pair (M, F),(M,g)) is said to be a C*-differential
space-time if (M, g) is an n-dimensional C*- Lorentz submanifold.

The set OM = M — M is called the boundary of the C*-differential space-
time. The CF-Lorentz metric g is said to be extendible on the boundary OM
if there exists a C* Lorentz metric § on (M, F) such that g = ¢},;§, where
ig 2 M — M is the inclusion mapping.

Example 4.6. [23] Let M = {(z,9,2) € R®:2=0or y = 0} and let F
be the differential structure on M, induced from €3, i.e., F = (ea)pr. Let us
consider the azis OZ to be the time-like azis. Then the metric

10 0
g=|101 0
0 0 -1

is an extension of the Lorentz metric from the space-time (M, g), which is

0 0 0 )
{(z, y,Z)eM v # 0}, ( 0 ))L*J
00 -1

) 10 0
({(myy,z)GMW#O},(U 0 0 )),
00 -1/

(¢ denotes the disjoint union between these two 2-dimensional Minkwoski
spacetimes ). The azis OZ is the boundary of the differential space-time

((M’jf.)? (M,g))

An important question arises as to whether it is possible to uniquely
prolong geometric objects, i.e. vector fields, k-forms, covariant derivatives
from M to M. The answer to this question turns out to be pesxtlve [24].
Let’s show it.

Proposition 4.1. Let (M, F),(M,g)) be a C*-differential space-time. Let
X1, X, € & (M),w;,w; € Q(M ) and V,,V3 be covariant derivatives on
(M, 7). If | -

X1|M = Xalu, wily =wilm, Vilm = Vilm,
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then

X1 =Xa, wi=wy, V=V,

Proof. For any function f € F, we have

Xa(lv = Xl (Flnr) = Xolm(flm) = Xo(F)|m-

Since M is dense in M, X:i(f) = Xz(f) for any f € F. Thus X; = X,.
Now, let wy,w; € O¥(M), and Xi,..., X € X(M). We have

wi (X1, Xe)lw = wilm(Xala, o, Xilar)
= w2lM(XllM> e 7Xk{M)
= L«Jz(Xl, e ,Xk)IM.
Since M is dense M, wi(X1,. ., Xi) = wo(X1,...,Xk) for Xi,..., X €
X(M). Therefore, wy = w,.
In analogous way, one proves that V, = V,. O
The following corollary is immediate.

Corollary 4.1. If geometric objects on M have prolongations to M, they
are unique.

Whether it is possible to prolong the Lorentz metric g from the manifold
M to the base space M of the C*-differential space-time ((M,F), (M, Far))
motivates the following definition.

Definition 4.5. [24] A boundary point p € M is said to be g-metric if there
exist a neighbourhood U € 77 of p and a C* Lorentz metric § on (U, Fy) such
that '

luvom = gluam.

A point p € OM is a non-metric point if it is not a g-metric point.

Example 4.7. Let g = 13, be the metric on the submanifold M from Ez-
ample 4.1., where 1 is the Minkowski metric on (R%,&3). The metricg = e
is an extension of g onto M. Every point p € OM is Dy-g-metric regular.
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Proposition 4.2. {23 Let (M, F),(M, g)) be a C*-differential space-time.
If a point p € OM is g-metric and k > 2, then there ezist a neighbourhood
V € 72 of p and the integer m € N such that

dimT,(M,F)<m
forqe V.
Proof. From Corollary 2.1. it follows that there exist an open neighbourhood

V € 7 of p and a mapping F : (V, Fv) — (R™,&,,) such that F,q is injective
for ¢ € V. Therefore '

dimT,(M,F) = dimT,(V, Fv) < m

for any ¢ € V.

Example 4.8. [27] Let RN e the set of all real seéuences, i.e.,
| RN = {z:=(zi);cN 2 € R for all i € N}
The projection of RN onto the i-th coordinate is given by
mi(z) = x;

forz = (z;) € RN,
Let ey be the differential structure on RN generated by the set {7r, ie N}
Let us put

M,—:{xGRN::{:5=0forj7éi}, i€ N.

The set M; is the i-th coordinate line of the infinite dimensional space [RN

Let M := U, cNM; and F = (eN)m,M = M — {0}. The differential space
(M, F) is such that dimToM = oo and dim T, M =1, for any = # 0. Since
M is one-dimensional manifold, dense in M, the pair ((M F)y (M, Fpr)) is
a fundmental differential space. And since dimTo(M,F) = oo, there is no
non-degenerate 2-form of class C*(k > 2) in a neighbourhood of the- smgular

point (0) € RN,
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Now, let’s see how from a Lorentz metric, on a differential space (M, F),
and a Riemannian metric, on a differential space (N,G), one can construct
a Lorentz metric on the product space (M x N,F x G).

For this purpose we need the following:

Lemma 4.1. Let (p,q) € M x N be an arbitrary point. Let vy,...,v,, € T,M
be a vector basis of T,M, and let uy,...,un € T¢N be a vector basis of TyN.
The sequence '

w1 = (Jg)wp¥t 5eeey Wi = (Jg)upUm,
W41 = (.?;a)*qul yerry Whypyn = (]p)*qum - h

where j, : M — M x N, j(p) = (p,q), and j, : N - M x N,}p(q) (p,9),
is a vector basis of T(p (M x N). ‘

Proof. We know that the vectors wy,...,w, and W1, .., Wnin
are linearly independent, because j, and Jq are embeddmgs
Now, suppose there exist ay,...,0, € F X G such that

Wmpi = a(p, Qw4+ ...+ an(p,Qwn, i=1,...,n.

Then

Wi f om) = a1(p, Qwi(f o m) + ... + am(p, Q)wn(f o m1),

for f € F. More explicitly, we have

(Up)egui(f 0 1) = e1(p, ) (g)wptr (f o m1) + ... + (P, ) (g)wp¥m(f © 71),

wi(f(p)) = ea(p, Yui(f(p)) + - - - + an(p, Yvm(f(P)),

which will infer that u; € T, M if there is a non-zero function a; € FxG,j =
1,...,m. Therefore, wyyi2 = 1,...,n, can not be a linear combination of
wi,...,Wn. Thus, extending this argument, the sequence wy, ..., Wy4n is a
vector basis of T, (M x N). O

Proposition 4.3. [23] Let g : T2M — R be a C* Lorentz metric on (M, F),
h:T?N — R a C* Riemannian metric on (N,G) and f : M — (0,+00) a
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smooth function of class C* on (M, F). Then, the 2-form §: T*(M x N) —
R, defined by ‘

g(wi, w2} = (mig)(wr, we) + f(m(w(w1)))-(w3h)(w1, wa), (4.1)

for (w1, ws) € T*(M x N), is a C* Lorentz metric on (M x N, F x G), where
m:T(M x N} — M x N is the natural projection.

Proof. Let (p,q) € M x N be an arbitrary point. Let vy,...,v,, € T,M be
a vector basis of T, M such that '

1-...0 0

vov)) =1+ Do
(9(vi, v5)) 0 ... 1 0
0 ... 0 —1

and let uq,...,u, € T, N be a vector basis of T, N such that

1 0 ...0
01 0
(huu)=|
00 ...1

Since (7). 0 (g )up(TpoM) = 0 and (71)y 0 (jp)ug(T,N) = 0, the vectors

w1 = (Jg)ap¥1, cery Wi = (Jo)upUm,
W41 = (.?P)*qul; cony Wpmyn = (.71))*9“?1

form a vector basis Qf T(p;q)(M x N ) such that -

(G(wiwj)) = | ~-~-~~~ == — -
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o \

\ f(p)/
Thus g is a C* Lorentz metricon (M x N,F x G). O

Example 4.9. Let (N,G) be the differential space from Ezample {.5. and
(M, F) be the differential space from Ezample 4.6.. Then the 2-form w13,
where § = dn? + dr? — dx2, is a Lorentz metric on (M x N,F x G). The
pair (M x N,F x G),(M x Ny, (rtg)) is a differential space-time, where
No := {$ € R:n € N}. Itis clear that dimT,0)(M x N) = 3,p € M,
and dimT{, (M x N) = 2,z € No. It follows that the boundary points are
singular. The boundary points are also non-Dy since any neighbourhood of a
boundary point is disconnected. One can also check that the boundary points
are g-metric. Therefore, the boundary points are non-Dy-g-metric singular.

4.2 Differential Space of a Cosmic String
In the present section, we define a differential space which describes the
external gravitational field of the cosmic string as a manifold with singularity.
Let us consider the Levi-Civita metric [17]
ds? = —dt? + dr? + r?d6? + d2° (4.2)

where, t,z € (—00,00),T € (0,00),8 € [0,2r — A), A € (0,27). The metric
(4.2) is interpreted as describing the external gravitational field of a straight
cosmic string ([28, 13, 4]).

Let CW = {p e R®: [(z")* + (22)?]7 = az?}, where p = (29, 21, 22, 23, 2%),
a € R, be a 4-dimensional hypersurface immersed in R®. The set of singular
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points of this hypersurface has the explicit form

S={peR:p=(220,0,2%0),2°%2° € R}. _
~Now , we will describe C™ with its singular points as a finitely generated
differential space.

Let P := R? x [0, 00) X [O,27r].be a “parameter space”, and «; : P —
R, = 0,1,...,4, real-valued functions parametrizing the hypersurface C*)
as follows

2 = ag) = t,

' = aig) = pcosé,

22 = m(q) = psing, (4.3)
2 = aq) = z,

= ayq) = ap,

for ¢ = (¢,2,p,9) € .P. With respect to this parametrization of the hyper-
surface C*, the metric (4.2) becomes

ds® = —(d2°)% + (d2")? + (d2?)? + (d2°)* + (dz*)?

or
ds? = —dt? + (a® + 1)dp® + p*d¢? + d2° (4.4)

By identifying (4.2) and (4.3), one obtains

r=pla® +1)},0 = §(a® +1)7.

Proposition 4.4. Let P be the differential structure, on the parameter space
P= R? x [0,00) x [0,27], generated by {co, a1, .. 04}, L€,
P = Gen{ag, 1,...,a4}. The differential space (P, P) is not Hausdorff.

Proof. Indeed, none of the functions a;,7 = 0,1,...,4, distinguishes the
points (¢, 2, p,0) and (¢, z,p,27). O

Let py be a Ija.hsdorff equivalence relation on the space P ;él,'tg_‘:l’i‘._tha,t
for any ¢1,q2 € P, qipuqz & ci(q1) = @i(g2), 1 = 0,1,...,4. Let P =
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Gen{do, d1,-..,ds} be the differential structure on P := 13/ pu. The func-
tions @;, t = 0,1,...,4, are defined by: ‘

é&i([p)) = ai(p) ‘ (4.5)
for p € P.

For the sake of the following theorem, we need the following

Lemma 4.2. [21] Let (M,F) be a Hausdorff differential space with F =
Gen{f1, fa,.-., fa}. The mapping F : M — R", F :=(f1,f2,..-, fa), 5 @
diffeomorphism onto the image (F (M), (€n)r(p))-

Proof. Since (M, F) is Hausdorff, the mapping F' is one-to-one. Therefore
F: M — F(M) is a bijection.
The mapping F is smooth. In fact, for any w € &, since F = Gen{f1,.-., fa},

w(flaf%"'af'n) € ‘:‘:
.Now, let ¢ € €,. Then

0o (fiy...,fa)oF ' =0€eu

Thus F~! is also smooth, O

Theorem 4.1. [6] The differential space (P,P) is diffeomorphic to the dif-
ferential space (C*, (€5)cw)) which is a differential space of (R®, ¢5).

Proof. On the strength of Lemma 4.2., the mapping F : P — R®, F:=
(do, di1, - .., dy) is a diffeomorphism of (P, P) onto the image (¥(P), (€5)p(p))-
In view of formulae (4.3) and (4.5), F(P) = C®. Therefore F' : (P,P) —

(C®, (€5)cw) is the diffeomorphism onto a differential subspace of (R, es).
g

From Theorem 4.1., it follows that the pair (P,P) represents the dif-
ferential space of a cosmic string with singularity. Singular points of the
space P are points of the form [(¢, 2,0, ¢)], where t,z € R, ¢ € [0,2x], since
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F((t,2,0,4)] = (¢,0,0,2,0) € S. Let us denote the set of all _singular points
of P by PO and let P = P—P°. 1t follows that the mappmg Flp: : (P, ’Pp) —
(CW ~ g, (85)0(4) s) is a diffeomorphism. But (C® — 8, (€5)cw)-g) is the
space-time manifold of the cosmic string, consequently the d-space (P,P) can

-regarded as an extension of the space-time manifold (C™) — S, (e5)cw_g) of
the cosmic string onto the singularity (see [6]).

Now, let’s discuss the dimensionality of the differential space of a cosmic
string with singularity, the existence of smooth vector fields on it, and the
possibility to extend Lorentz metric onto singular points.

Proposition 4.5. [6] Let (P,P) be a differential space of a cosmic string
with singularity. For any singular point p € P, dimT,P = 5.

Proof. The set of generators {do, dy,...,ds} C P satisfies condition (1.3)
of Theorem 1.2. at any singular point p € P°. In fact, for any p € P°,

Y 2(,4\2 12 22y _
5@ () = (1) = (7)) = 0

i =0,1,...,4. Therefore, by using Theorem 1.2., the set {co, d1,...,a4} is
differentially independent at p € P°. Hence, on the strength of Corollary
1.1, dimT,P =5. O

Remark 4.1. For any p € P.=pP- P° dimT,P = 4. Indeed, we showed

earlier that the mapping F| p is a diffeomorphism of P onto the 4-dimensional
manifold C*) — 8.

It is worthwhile to notice that smooth vector fields on the d-space (P,P)
exist. For example, the vector fields Vp, Vi, V2, V3 : P — P, given by

Vo(do) =1, Vo(ai) =0, fori=1,2,3,4
Vi(di) =1, Vi(Gi)=0, fori=0,234
Valda) =1, Va(d) =0, fori=0,1,3,4
Va(ds) =1, Va(&)=0, fori=0,1,2,4

. (48)
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are smooth. Let’s note that we can not have a vector ﬁek} V4 such that
Vi(dy) =1 and Vi(d;) = 0, for 2 = 0,1,2,3 at any point p € P because

. L2
cos ¢ Vi(da) +sin¢ Va(dz) = ~

’a,ta,nypep.

Another striking property of the differential space (P, P) representing the
cosmic string with singularity is that the Lorentz metric can be “extended”
to singular points. See [6]. Let ¢ : C® — R® be the immersion mapping, and
F:P—(CW® the diffeomorphism appearing in the proof of Theorem 4.1.. It
is easy to see that the mapping i o F, defined in the following commutative
diagram

c) ~ R®

is a diffeomorphism of P onto i0 F'(P). Therefore if we pull back the Lorentz
metric 79 = (-1,1,1,1,1) from R® to P, 4 := (i o F)*y®), we obtain the
Lorentz dlfferentlal space of a cosmic string with singularity. In view of
formula (4.3) and (4.5), one obtains '

= —(ddio)® + (ddi1)? + (dcia)? + (ddi3)* + (dd4)2- (4.7)

The metric 7 is smooth in spite of change in dimensionality. At reguia,r
points, (4.7) coincides with (4.2).

Another interesting example is the differential space of the Closed Fried-
man Universe, filled with radiation. Its metric has the form

ds® = a*(n)(—dn® + dx* + sin®x(d6® + sin*0d¢?)), (4.8)

where a(n) = a;sing, 7,x,0 € (0,7), ¢ € [0,2r], and a, is a constant.
Let

—{p p={(1,x,0,¢) € (0,7) x [0,7] x [0, 7] x [0, 27]}
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be a “parameter space”, and let o;: P > R, 1 =0, 1,. .., 4, be the paramet-
rizing functions, given by: :

zo= a7 =: ao(p)
z1 = apsinncosy =: a1(p)
2o = a;sinysiny cosd =: a(p) (4.9)
z3= apsinysinyxsinfcos¢ =: as(p)
z4 = arsinysinysindsing =: ay(p)

with p € P.

The d-space (P, P), P = Gen{ap, o, ..., o}, is not Hausdorff; indeed ,
ai(n,X7970) = ai("],x,g, 27"), 1= 0, 1, e ,4.

Let us introduce a Hausdorff equivalence relation py on the space P such
that for any p1,p2 € P, p1 pu p2 & ci(p1) = ai(p2), i = 0,1,...,4. Let
P := Gen{do, dy,...,ds},a:([p]) := a(p), for p € P,[p] € P. As in the
previous example, we formulate the following result.

Theorem 4.2. [7] The d-space (P,P) is diffeomorphic to the background
manifold of the Closed Friedman world model with radiation.

Proof. The proof is similar to that of Theorem 4.1..
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