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CHAPTETR 1

INTRODUCTION AND SUMMARY

In order to test various hypotheses regarding charact-
~eristics of multivariate populations, a number of test cri-
teria have been proposed and investigated. These are well
summariséd by Anderson (1958). For many years the exacf
distributions of these criteria remained unknown.except for
the central distributions with low parameters which were
obtainable by the‘classical method éf integration. The
problem was however met to a certain extent by the aévelop-
ment of more easily calculable asymptotié distributions,
which had varying orders of accuracy dependent on large

sample sizes.

In 1964 a breakthrough was achieved.by Schatzoff, who
derived an algorithm for obtaining the exact central distri-
bution of Wilks' (1932) likelihood ratio criterion for
-MANOVA Dby using the method of convolutions. With this
method he was able to calculate exact percentiles for a
range of parameters limited mainly by the precision of the
computer used, and these results have since beeh extended

by Pillai and Gupta (1969) and Lee (1972).

The major proplem remains the calculation of powers
(and therefore noncentral distributions) of the proposed
criteria against general alternatives. - The development of
theory éround-the zonal polynomial, due originally to James,

and different approaches by authors such as Consul and
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Mathai have not provided a general solution to this problem.
So far all results have been confined to distributions with

restrictions on the size or type of certain parameters.

Gupta (1971) extended the method of convolutions to the
noncentral lineér case (when the alternative hypothesis is
of unit rank),.and was able to represent the distributions
of Wilks' criterion by explicit infinite series expressions
when the number of variates was low. Gupta also suggested
that it might be possible to derive an algorithm which could
calculate values of the density and cumulative distribution

functions for general values of the parameters.

In this thesis an algorithm for the noncentral linear
density and cumulative distribution function of Wilks'
- likelihood ratio criterion in MANOVA is derived and it is
shown how this algorithm, with modifications, can be used
to find the distributions of a number of test criteria for
different hypotheses. At the same tiﬁe previous results
regarding percentiles and powers of these criteria are

examined and discussed.

Chapter 2 contains a summary of the important theory
in connectioﬁ with hypergeometric functions, zonal poly-
nomials and G~ and H-functions, for real and complex vari-
ables. This provides a broad perspective for the later

restriction to the noncentral linear case.

The test criteria examined will be shown to depend on
Wishart, univariate and multivariate Beta and Dirichlet
distributions, A comprehensive collection of results for
these distributions in the central and noncentral, real and

complex cases is given in Chapter 3. This is drawn upon
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in the chapters that follow and is necessary for further

extension to the general noncentral case.

In Chapter 4 we show how the test criteria for various

. hypotheses may be expressed in a general form as a product
of a number of independent central and noncentral Beta
variates. This applies to tests with both.real and complex

variables,

The background to the use of the method of convolutions
is discussed in Chapfer 5 and heré it is shown how the
density and cumulative distribution functions of a product
of independent central and noncentral Beta variablesvmay bé
expressed in a general form by using this method. A com-
puter-based algorithm is developed which for the first
time provides exact distributional results for any number
of variables., The limiting factors of computer precisicn

and convergence are also discussed.

Chapter 6 deals with hypotheses regarding the equality
of mean vectors, regression coefficients and MANOVA. The
algorithm is used to derive exact noncentral linear per-
centiles and powers of two test criteria proposed by Wilks
(1932), the likelihood ratio criterion, |L|, and another
statistic, II—L[.' Power comparisons of these criteria
are given and distinct regions of optimality for different
parameter values are noted. from these results and from
intuitive reasoning on the behaviour of the second statistic,
|I~L] 4dis firmly rejected as a practical alternative fo

| L

. The accuracy of previously published results on powers:
and percentiles (usually asymptotic) of |L] is also

commented on. Finally, the power of the statistic ]I-ZLjI,
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for testing for the equality of a number of normal populaticns,

is considered against different alternatives.

The algorithm is extended to cover the test of indePen—
dence between two sets of variates in Chapter 7. Here
againAtwo test criteria are ccnsidered, the likelihood ratio
criterion, {I-R|, and [R]. It is shown by means of
power comparisons and ihtuitive discussion that |R]| is an
inferior criterion for this test except for the case where
|[R| is the square of the multiple correlation coefficient.
A theorem is proved which enables a restriction on the
applicable parameter range to be partially overcome, | Pub-
lished results for |I-R| are commented on, and it is shown
that the set of parameter values for which powers were

" previously available can be considerably enlarged.

In Chapter 8 the test for equality of two covariance
matrices is discussed. The likelihood ratio criterion is
generally biased and the behaviour of two alternative test
criteria, |C| and |I-C|[, is examined. These are both
shown to be statistically suitable and calculable by the

in that their

algorithm, but differ from |L| and |[I-R
rejection regions are two-tailed and the convergence of

|1-c| is limited. It is seen that two-sided tests with
both |C| and |I-C| may be carried out by using only the
lower and upper percentiles of .ICI and |I-C| respectively.
Fublished results for this test are commented on, and power
comparisons of |C| and |I-C| show that tﬁe power of

each test is dominant over a different range of parameter

values.

Chapter 9 shows how the algorithm could be modified to
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include the general form for tests of hypotheses with complex
variables given in Section 4.9 and outlines the differences
from the real case in approach and paremeter restriction.
Finally, the method and implications of using the algorithm
to derive the central distribution of the test for reality

of a covariance matrix are discussed,

Because of the many test ériteria and associated para-
meters considered, a feasonably complete list of tables would
be prohibitively long. It is felt that the selection in
Appendices 1 to 12 will adequateiy illustrate the general

trends.

Reference to the more frequently quoted authors will be
simplified if the following correspondence 1is .observed in

notation used from Chapter 5 onwards.

number of degrees of freedom for

author variables hypothesis .. error
Anderson | D qq n
de Waal ) n m
Gupta P - £, £1
Hart p* m* n*
Lee D q n
Money D n m
Pillai and Gupta | P f2 f1
Schatzoff P q n
Troskie o) n m
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CHAPTETR 2

FUNCTIONS AND RELATED THEORY

In order to determine the power of any statistical test
we need to.know both the central and noncentral distribu—‘
tions of the test criterion. In deriving these distribu-
tions and in manipulating them into computable form,
various functions and techniques are used, some of which are

given in this chapter.

2.1 lypergeometric Functions

Definition 2.1.1 (Erdélyi (1953))

The generalised Gauss function or hypergeometric function

of a single variable is defined by

(2.1.1) PFq (al,,..,ap; bl,...,bq; z)
w (apds ... (a))y z3
= .: "‘ ° .... ha °!
j=o (ul)] (bq)] 3

where

a(a+l) ... (a+j-1) = T'(a+3i)/T(a) 3 =2 1,2,0..

(2.1.2) (a),
(a)O = 1

and z may be real or complex.

Definition 2.1.2 (Constantine (1963), James (196Y4))

Analogous to 2.l1.1, in the case of a real matrix vari=-
able S, are the hypergeometric functionsof matrix and

double matrix argument



(2.1.3) DFq (al,...,apg Dyseeesh 3)

q’
_ zw ) (ay) o -n (ap?K CKfS)
k=o K(bl)K .o (bq)K k!

andg

(2.1.8)  F (ay,e.esan; bl,...,bq; s,T)
_ Em 2 (al)K cee <aB)K CK(S)CK(?)
k=o K(bl)K ces (bq)K k! CK(I;T

where S and T are real symmetric matrices of order m (say),

k = (k ,...,km) is a partition of k into not more than

1
m components such that Lk, = Kk, CK(S) is a homogeneous
symmetric polynomial called a zonal polynomial (see

Definition 2.2.1) and

- . '
(2.1.5) (a) = nizl(a+(1-1)/2)ki

We will also write the hypergeometric function in abbreviated

form e.g. DFq(ai; b S,T). Conditions for convergence

j§
of the hypergeometric series are:
(2,1.6) (i) p < g + 1, otherwise the series may only con-

verge for S = O

(ii) If p = g + 1 the series will converge for

IAiI < 1 where XA, is the largest latent

1
root of S in (2.1.3) or of ST in (2.1.4).

(iii) If p < q + 1 the series will always converge.

(iv) The a. and bj are arbitrary numbers but
none of the bj may be integers or half-
integers less than or equal to 32(m=-1) or

else some denominators will wvanish.



(v) If an a. is a negative integer, say =-n,
then for k > mn + 1 all the coefficients
will vanish, reducing the function to a finite

polyncmial of degree mn.

Definition 2.1.3 (James (1964))

In the case of a complex lHermitian matrix S, the
hypergeometric functionsof Hermitian and double Hermitian

matrix argument are defined as

(2.1.7) p?q (al,...,ap; bl,...,bq; S)
.5 5 (al)K .o (ap)K C.(S)

T Lk= ' =

© K(bl)K ces (bq)K K!

(2.1.8) p}q (al,...,ap; 1 q

(al)k .o (ap]K C (8)C (T)

() --- (bq)K C (I ) k!

= 2:2 02K'

where S and T are Hermitian matrices, ﬁK(S) is a

zonal polynomial of S (see Definition 2,2.1) and

(2.1.9)  (a), = m7_jCa+d-i),
. : 1

Note that § = Sy + is (R and I denoting real and

I

imaginary parts respectively) and S = S' (the Hermitian

conjugate of S).
If the gamma function exists, we have

(2.1.10) (a)K = Pm(a,K)/Fm(a)

where
m(m=-1)/4% _m

H-:l

(2.1.11) T _(a,k) = I I(atk;+(1-1)/2)



m(m—l)/#nm

il i=lI‘(a—ki—(m-i)/Z)

(2.1.12) T _(a,-x)

(nl)kfm(a)/(-a+%(m-l))K

for a > i(m-1) + ks
and

(2.1.13) Fm(a) = Pm(a,o).
Also
(2.1.1%) (&), = T(a,<)/T_(a)

where

(2.1.15) T, (a,0) = 1™ /2 00 rease +1-1)

and

(2.1.16) T (a) = Th(a,O)

2.2 Zonal Polynomials

Definition 2.2.1 (James (1960))

The zonal polynomial CK(S) is defined as the component

of (tr S)k in the subspace V which is the vector space

k
of homogeneous polynomials ¢(S) of degree k 1in the
n = im(m+l) different elements of the mxm positive

definite symmetric matrix S. In the complex case, EK(S)

relates similarly to the mxm Hermitian matrix S.

James (1960, 1961) and Constantine (1963) were mainly
responsible for showing the uses to which the zonal poly-

nomial could be put in solving distribution problems.

We now list some important results.

For S a real symmetric matrix




Property 2.2.1

(tr $)5  has a unique decomposition in terms of zonal
polynomials:
(2.2.1) (tr )% = 5 ¢ ()
4 KK
but if m=1

(2.2.2) C (S) = C (x) = x©
K K

Property 2.2.2

CK(S) is invariant under the orthogonal group (0(m)),
i.e.
(2.2.3) CK(HSH') = CK(S) H e 0o(m)
and is a symmetric homogeneous polynomial of degree k

in the latent roots of §S.

Definition 2.2.2 (Constantine (1963))

For S symmetric, R positive definite symmetric, we

define

fo}
ol

(2.2.4) C _(RS) = C_(R2SR*?)
K K

Lo, . s et :
where R< 1is the unique positive definite square root of
R. This definition is justified by the fact that RS

1
and R2SR? have the same latent roots.

Property 2.2.3

(2.2.5) C_(bS) = BkCK(S) for b a scalar.

Theorem 2.2.1 (James (1960))

[

(2.2.6) J
‘ 0(m)

C_(PHSH')dH = C_(P)C_(S)/C (I )
K K - K K m

where H 1is an orthogonal matrix and dH is the Haar
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measure over the orthogonal group O0(m), normalised so
that the measure over the whole group is one. The normal-

ising constant is given by

2

(2.2.7)  (1/2™ f aq = 2™ /T _(m/2)

0(m)

This leads to

Property 2.2.4 (James (1964))

. . ! - . .
(2.2.8) fO(m) pFqajs bys PHSHUAH = F (ag; bys P,S)

Property 2.2.5

If S 1is of rank r < m then there exists an orthogonal

‘matrix"C, such that

1 -
(2.2.9) ¢cscC' = SP 0
0 C
where S (rxr) 1is of rank r. The zonal polynomial is

now given by (James (1964))

~Ti>r 0
CK(SP) ki>r = 0

(2.2.10) C(8) = {o K. #

where « 1s a partition of k intonot more than r components.

Property 2.2.6 (James (1964))

(2,2.11) C(I-8) = zTiK a C (8)

where 1T 1s a partition of k 1into not more than m parts.

The ordering < 1s lexicographic.

Property 2.2.7 (Constantine (1966))
(2.2.12) CK(I_S) s CK(I)zn=ozv(-l) % ,v E;TT;)

where v 1s a partition of n into not more than m parts.



Constantine has tabulated the coefficients

order Kk b,

Property 2.2,.8

(2.2.13) C (s8)C_(s
K T

where «k,T and &
respectively, into
Pillai (1968) have

all partitions of

Property 2.2.9

(2.2.14)

OPO(S)'

Property 2.2.10

(Constantine (1966))
8
KT

-
S

) c.(s)

ng

are partitions of k,t
not more.than m parts.
tabulated the coefficients
7.

k+t up to order

(Constantine (1963))

etr(S)

Y=ol C (8D /K!

(Herz (1955), James (19

(2.2.15) lFo(a; S)

(2.2.16) lFo(a; -3
and

(2.2.17) 1Foas S,

Property 2.,2.11

= jI-s|”7¢

1

(I-5)"%) = |I-s|°

o -

(James (1961))

0(m)

1

[r%

(2.2.18) OFl(

1.
zM3

where X 1is a

For S a

rxm matrix,

XX") etr(XH)dH

fO(m)

I < m.,

Hermitian matrix

Property 2.2.12

(James (1964))

CK(S)

(2.2.19) EK(USU')

is invariant under the Unitary group

= EK(S) U € U(m)

a

and d

2.7

K,V up to

k+t
Khatri and

K
gK’T for

64))

H 0(m)

<

i

H € 0(m)

U(m), i.e.

and is a symmetric function of the latent roots of S.
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U is the complex equivalent of the real orthogonal matrix
and is defined by |

(2.2.,20) UU' =1
m

Property 2.2.13

(2.2,21) T (ST) = C_(TS)
K : K
are symmetric functions of the latent roots of the product

ST where S and T are Hermitian matrices.

Property 2.2.14
(2.2.22) T _(bS) = bkEK<S), b a scalar

Property 2,2,15

(2.2.23) CK(PUSU') du = CK(P)CK(S)/CK(Im)

IU(m)
where U 1is a unitary matrix and dU is the invariant
Haar measure over the unitary group U(m), normalised so
that the measure over the whole group 1is one. The

normalising ccenstant is given by

(2.2.24) pmm-1)

/T_(m)

 Properties (2.2.4), (2.2.5), (2.2.9) and (2.2.10) extend
similarly to the complex case if H, dH,. 0(m), CK(S)

and PFq are replaced respectively by U, dU, U(m),

CK(S) and pFﬁ'

Property 2.2.16

(2.2.25) F,(m; XXty = etr(XU+XU) du

[U(m)

where X 1is a rxm complex matrix, r < m.



2.3 G-Functions

Many exact distributions of multivariate test criteria -
may be expressed in terms of Meijer's G-functions or of

the more general H-functions.

Definition 2.3.1 (Mathai (1971))

The H=function of a complex variable 2z 1is defined as

Hmn 2
Pq

é j lF(D +B S)H P(l-aj—ajs)
C H

(al,al),uoo ,(ap,(}(p)

(2.3.1) H(z)
(bl,Bl),...,(bq,Bq)

-5
z ~ds

- P
rq1 bj Bjs)Hj=n+lF(aj+ajs)

1
271

j=m+1l
where é represents an integral along the closed contour
C

C taken anticlockwise by convention. Further conditions

regarding a., b.;'a.

3 3 32 Bj, n, my, p and q are given by

Mathai.

We will state these fbr the special case of the H-

function when a, = a, = .- = ap =1, Bl = 82 T ... Bq = 1,

i.e. the G-function.

Definition 2.3.2

The G-function of a complex variable z is defined as

al’loo,apl

bl,.-.’bq

(2.3.2) G(z) = Gmn(z
| jole}

-s
Z ds

1 § 1? lr<b +s)n P(l—aj-s)

2mi Jg M9, peq T (1D -s)HP (1T (ay+s)

where p,q,n and m are integers such that O < n < p
: A |
and 1 <m<gq, 1= (-1)%, 2z is non-zero, and the a

and bh are,complex numbers such that



b, + v # aj -1 -0r for vy,r = 0,1,...
h = 1...,m
j=1

,-oo,n_

The contour C is such that the points

=s = b_+v, h=1,...,m; v =0,1,...

are enclosed within it and are separated from the points

-5 = aj - l—r, j = l,...,l’lg r='o,1,-oo

An empty product is interpreted as unity.

In most applications we use a special form of the

G-function where m = g = p and n = 0, 1i.e.

b. PP B

(2.3.3) G_|=z
P 3 _Dl,...,b

1
2Tl

17l 1 ;78 gs

? mP__I(b.+s)
~ TP
C szlF(aj+s)

where C 1is a Jlimiting contour enclosing all the poles of
j%
Hj:lr(bj+5)'

It is possible to derive the density of a random vari-
able in térms of G-functions. By Greenacre (1972), if we
are given a moment seguence E(Xh) of a random variable
X, we may find a corresponding density function by using

the inverse Mellin transform:

(2.3.4) f(x) = 7%? § E(xM)x 21 an

By Carleman's theorem the density function will be uniquely

determined if the moment sequence is such that the series

2hyy=1/2h

2:=1{E(X is divergent. This will be the case

if 0< X <1,
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This technique was originally used by Nair (1938) and

later revived by Consul (1966).

Meijer (1946) has shown that for special values of as
and b. the G-function assumes the form of known functions
such as the gamma function, beta function, Gaussian hyper-

geometric function and Bessel function. We now state some

useful theorems.

Theorem 2.3.1 (Meijer (1946), Pillai, Al-Ani and
Jouris (1969))

The G-function (2.3.2) can be expressed as a finite

number of generalised hypergeometric functions as follows:

Gmn[x al,...,ap]

b e o e b ]

pq l? 9 q

- T m - n _

= The1 (M1, 5T Py )Ty T (14D =20 )/
by

4 - L "(a.-
(2.3.5) (aj=m+lr<1+bh bj)Hj=n+ll(aj by ))x

» F (1+4b, -a

1
p q—l h l,o-o,.l.""bh

-ap; l+bh_bl,ooo ?

_ . (_yPmm~n
1+by =b; _ 1> 1+by bh+l,...,l+bh bq, (-1) x)

Theorem 2,3.2 (Consul (1069), Pillai, Al-Ani and
Jouris (1969))

a1,a,

b b

l’

2 0
62 z(x

b al+a2~bl-b2-l

N - 1,.4_ ‘ _ _'
(2.3.6) = x “(1-x) /I‘(al+a2 by b2)
2Fl(az-bz,al-—bzg al+a2-bl-b2; 1-x), 0 <x <1l

The following four thedrems hold for 0 < X < 1 and

K independent of h.
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‘Theorem 2.3.3 (Greenacre (1972))
HP_ T'(a.+h)
1f E(xPy = kTP ;*1__ ]
It . T(b.+h
J=1 73 )
then
-1 x| P73
piT aj

Theorem 2.3.4 (Greenacre (1972))

If E(xM) = KTth(a+h,K)/Fp(b+h,T)
then
Ab+t.=-3(3+1)
- -1 X j 2
(2.3.8) £(x) = Kx Gp(T_a+kj—%(j+l)}

Theorem 2.3.5 (Greenacre (1972))

hy _ h .
If E(X ) = KT {TP(ar+h)/Fp(bS+h)}
*nfn(aysecesa thyeai,a s bisevesb thyees,b s S)
then
© (a;) _eooCa__q) C(a_ 1) ...(a )
(2.3.9) £G) = K T By e e T
17" 7s=1"k Ts+l'k* """ n'k
—1(4-
.CK(S) s |x bs+kj 3(3=1)

Theorem 2.3.6  (Greenacre (1372), Underhill (1973))

’

hy _ h
If E(X') = KT {Fp(ar+h)/Pp(bS+h)}

.an(al,...,ar+h,...,am; bl,...,bs+h,."ﬁ":’bn;; S,R)
bthen
(a,) ...(a ) (a ) v.o.Cal)
» R 17k r-1l"g "r+lg TmoK
(2.3.10) £(x) =} )y By o5 B ()
‘ _ 17k s=1"k n’k

s+l



.CK(S)CK(R) o |x
C (LIk: piT

(-
bS+Kj 3(3-1)
ar+kj—%(3—l)

2.4 Some Theorems

We list a few theorems which incorporate the functions

of sections 2.1 and 2.2.

Theorem 2.4.1 (Constantine (1963))

For R a p X p positive definite symmetric matrix and

T an arbitrary p x p symmetric matrix

(2.4.1) f etr(-RS)ISlt_%(p+l)
S>0

C_(ST) ds
K
= T_(t,)|R|"Fc (TR™)

P K .

where integration is over the space of all positive definite
P X p matrices and is valid for all t > }(p-1).

The left hand side of equation (2.4.1) is essentially

'Sit—%(p+l)

the Laplace transform of CK(ST). Because the

Laplace transform satisfies the convolution theorem it

follows that

Theorem 2.4.2 (Constantine (1663))

For R a p x p positive definite matrix
L t=1(p+1) 4= (pr1)
(2.4,2) [ s}~ 2 |1-s| 772 C _(RS) dsS
0 K
= {Pp(t,K)Fp(u)/Fp(t+u,K)}CK(R)
By making suitable transformations we have:

" Theorem 2.4.3 (Greenacre (1972))

For R a p x p positive definite matrix



I , B
(2.4.3) f |s| Ematptl) g 5(P+1)0K(R(I_S)) ds
| 0

{TP(t)TP(u,K)/Fp(t+u,K)}CK(R)

(2.4.4) f i Wt 4(P+l)|1+w| (t+u)c (R(I+) " Hraw
W>0

{Tp(t)Tp(u,K)/PP(t+u,K)}CK(R)

(2.4.5) f [ B2 P+ 1o - B W e (ryczay Daw
W>0 <
= {Fp(t,K)Fp(u)/rp(t+u,m)}CK(R)

Theorems 2.4.1, 2,4.2 and 2.4.3 may be expressed in

terms of hypergeometric functions as follows:

Theorem 2.4.4 (Greenacre (1972))

_ -1
(2.4.6) etr(-RS)|S|t 2(p*1) ¢ (a;3; b:.3; ST) ds
S50 - mn i’ 7j

- N -1
= Tp(t)lhl m+11n(d st3 bys TR )

I -l -l ‘
(2.4.7) f |s) T2+ g ?(P+l)an(ai; by; RS) dS
0 _

T (t)Fp(u) .
- T (T+ri)~ m+lin+l

(al,t bj,t+u, R)

. b.-

53 R(I=5)) ds

I 2 -3
(2.4.8) [ |s]t-2(P+1) g u 2(P+l)mPn(ai,
o ‘

r (t)Fp(u) ' :
F (t+u) m+lFﬂ+l(a U5 bj’t+u; R)

-l - -
(2.4.9) ! P T2 D) g =YW ¢ (5 0 by RCTHW) "Daw
W>0 ‘ mn 1 3 .

T (t)Fp(u)
= T (t+u) m+l n+l

(a’,u, Dj.t+u, R)
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-1 - -
(2.4.10) f (] T2+ g (W) £ o s RuCzew) Thyaw
W>0 monoLt ]

Tp(t)Fp(u) |
) Fp(t+u) m+1Fn+l(ai,u; bj,t+u; R)

These results are extended by Underhill (1973) to the case

of hypergeometric functions with double matrix argument.
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SOME MULTIVARIATE DISTRIBUTIONS

This chapter summarises the important results concern-
ing the distributions associated with the multivariate test
criteria to be considered. As these are well known, proofs

will be omitted, but their sources acknowledged.

3.1 Wishart distributions

‘Real variable

Let X be'a p x n matrix variable with columns inde-
.pendently and normally distributed with mean vector M and
covariance matrix I, i.e. ~“N(M,Z). Then A = XX' has

the noncentral Wishart distribution with noncentrality para-
meter A = L1
where

(3.1.1) £(A) = (FP(%n))-IIQZI-%nIAI%(H-P-l)etr(—%z-lA)

MM', d.e. A~ W(Z,n,A) (Constantine (1963)),

retr(-1A) F;(n; 3AZTA)

= w(A; Z,n,A) | A > 0.
When M(and A) = 0 +this reduces to the central Wishart

distribution, i.e. A ~ W(I,n), where

(3.1.2) £(A) <rp<%n))'112z|‘%n|Ay%(“‘P‘l)etr<-%2‘1A)

w(A; Z,n) A > 0.

The "linear case" for general covariance matrix I
(Anderson and Girshick (19u44), Anderson (1946)), which

holds when A has rank one, is given by



-1

(3.1.3) f£f(A) = w(A; Z,n).etr(=~3% “A)/

(n=2)/4; (Ctran) )}

{(trAN) (n=2)/2

where Ir(z) is a Bessel function of purely imaginary

N

argument,

When A has rank one and in addition I = I the

p?

o]
identity matrix, this becomes A ~ W(I,n,A“), where

(3.1.4) F(A) =_(PP(%n).Z%nP)_llAI%(n-p—l)etr(-%A)

'e”%}\2 F.(n/2; 1A2a )
: 0" 1 3 oH 11

-322 2
w(A; I,n).e 2 OFl(n/Q; A all)

w(A; I,n,2%) A>O0

where . ajq is the top left hand element of matrix A,

2

and A" = M'M is the single noncentrality parameter. We

will refer to this from now on as the linear case.

The planar case, where A 1is of rank two, has also

been investigated by Anderson and Girshick (19u4k),

Complex variable

Let Z = X+i¥ be a p X n comﬁlex variable with
columns independently distributed as complex normal with
mean vector M and Hermitian covariance métrix Z, i.e.
~ CN(M,Z). Then A = 2Z' has the noncentral complex
Wishart distribution with noncentrality parameter

A= g7l

MA', i.e. A~ CW(Z,n,A)  (Goodman (1963)),
where : -
(3.1.5) f(A) = (Tp<n)|z|n)'1etr<-z'lA)|A|”'P

1

'etr(-A)OFl(n; AZT"A)

= ew(A; Z,n,0) A=7A">0
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When M (and A) = 0 this reduces to the central complex
‘Wishart distribution CW(Z,n)

where

i

(3.1.8) £(A) (Té(n)]z{n)“letr(_z—lA)lAlnep

cw(A; Z,n) A= A' > 0.

3.2 Univariate Beta distributions

Central Case

Let X and Y be independent X2 variables with n
and m degrees of freedom respectively.

Let U = X(X+Y)™%, Vo= xy"lL,

W= 1-U = Y(X+¥)™ L, and 2 = vTt o= yx7L.

Then U has the Beta type 1 distribution with density
function

(3.2.1) B;(u; m,n) = (B(im,2n)) ~u 0O<ucx<l

and hth moment
(3.2.2) EW™) = T(in+h)T(Im+n)) /(T (In)T (L Gn+n)+h))
where

(3.2.3) B(im,3n) = TCIm)T(In)/T(3(m+n)) is the Beta
function.

Also, V has the Beta type 2 distribution with density
_ function

1 In-1

(3.2.4) B,(v; m,n) = (B(3m,3n)) ~v2 (l+v)~%(mfn)

v > 0
and hth moment.

(3.2.5) EGV™) = r(3n+h)T(m-h)/(TGm)T(n)).
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The density functions and moments of W and 2Z follow

by interchanging m and n in equations (3.2.1) - (3.2.5).

Noncentral Case

Now let Y - be a noncentral x2 variable with non-

centrality parameter A.

Then the distribution of U is defined as the noncentral

Beta type 1A distribution, which has density function

) -7 - e
(3.2.6)  £,,(u; myn,2%) = (B(im,3n)) tu2” Lig-yyzml

2

TEAUP GGmnd dmy 32°(1-w)) 0 0 <u <l

e
and hth moment

(3.2.7) EQD) = T(n+h)T((m+n))/ (T (2n)T(3(m+n)+h))

2

-1 _
3A lFl(%(m+n); T(m+n)+hy A

‘e
V is defined as having the noncentral Beta type 2A distri-
bution with density function
s - R —l
(3.2.8)  8,,(v; mn,A%) = (B(im,in)) Ly h(a4yymalmin)

-122 ; ’ 2 -1
e ° lFl(§(m+n); zmy AT (1+v) ) v >0

and hth moment
(3.2.9) E(V™) = T(In+h)T(2m=h) AT(In)T (im))

2
-l
e"zh JFLGm=h; 3m; 122y,

It can be seen that a noncentral x2 distribution is.
involved in both the numerator and denominator of.
W = Y(X+Y)-l, which we define as the noncentral Beta type

1B distribution with density function



' ' -1 2mq- 1y
(3.2.10) 8 5(w; m,n,2%) = (B(3m,3n)) 2™ (1-wy 7t
-1;2 5 2
e 2 lFl(%(m+n); img IATw) 0<wxl

and hth moment
(3.2.11) E@W™ = T(Em+h)T(3(m+n) ) (3m)T (4 (mn)+h))

....12 .
re”2% P (3(m+n),m+h; 3m,iCmen)+h; 32%).

z = vt

= Y/X has a noncentral x2 in the numerator and
has the noncentral Beta type 2B distribution with density

function
-1 1lmqe- -1
(3.2.12) 8,,(z;5 m,n,0%) = (B(dm,3n)) 123 (14g) (M)

1

2 .
-1 _ -
2\ Fo(3(m+n); Zm; %A22(1+z) ) z >0

o€ 171
and hth moment
(3.2.13) EZM = T(m+h)T(In=-h)/(T(in)T(im))

-1)2
e #7 (F (Gmthy gms 32

v+ = (et

(1+v)~1 = zcaezy7L,

We note also that U

and that : W

3.3 ‘Multivariate Beta type 1 distributions

Real Case

The results of section 3.2 are now extended to the

multivariate Beta type 1A and 1B distributions as follows.

Theorem 3.3.1 (Constantine (1863), de Waal (1968))

Let A% W(Z,n) and B ~ W(Z,m,A) independently.
-1 =21 -2 -1
Let L = (A+B) 2A(A+B) 2 and M = I-L_= (A+B) 2B(A+B) <.

Then
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(a) L has the noncentral multivariate Beta type 1A

distribution with density function

NG -
(3.3.1) 1B, (L; I,m,n,A) = (FP(%m)Fp(%n)IZZIZ(m+n)) 1

cetr(-3n) | L] 2¢PmP-1) g 2(m=p-1) f etr(-3271T)

T>0
1

Z(m+n=-p=-1)
- 7]

- 1 ' 1
oF (3ms EAXT TZ(I-L)TZ)dT 0<L<I

(b) M = I-L has the noncentral multivariate Beta

type 1B distribution with density function

(3.3.2) MBy (M3 £,m,n,N) = <rD<%m>rp<gn>;zz;%<m+n>>-1

I(m=p- A (pe=p- -
cetr(-10) M| Z(M7P~1) 1y 2(n-p=1) f etr(-327iT)
T>0 |

1 -D= -1 1
Qo2 po(imy aazTirEmrd)ar 0 <M<

1. (h ; ) |
(c) E|L| = Fp(%n+h)Fp(§(m+n))KFP(§n)Fp(%(m+n)+h))

(3.3.3)
°etr(-%A)lF1(%(m+n); F(m+n)+h; ZA)
and ' '
@ Ejr-i|" = gmP
(3.3.4)

=‘ FP(%m+h)Fp(%(m+n))/(Fp(%m)Fp(%(m+n)+h))

-etr(-%A)ze(%(m+n),%m+h; Im,3(m+n)+hs IA).

The above general results have so far proved intract-
able for computational purposes, and we will therefore
examine more closely the "linear case", where A~ W(I,n)

and B~ W(I,m,lz).

"It should be noted that any matrices A¥* ~ W(Z,n) and

B* ~ W(Z,m,06) can be expressed in canonical form by
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transforming by & suitably chosen nonsingular matrix F,

so that FIF' = I and FMM'F = A (diagonél matrix).

Then A = FA*F' ~ W(I,n) and B = FB*F' ~ W(I,m,A).
Although the distribution of L will not be invariant under

this transformation, that of |L| will, as

(3.3.5) |L] |(A+B)'%A(A+B)’%| = |A|/]A+B]

| FA*F'| /| FA*F'+FB*F" |

L

|Flla*] [F'| /]| [A%+B*] | F"|

IA-.':’ /| A%+B% ],

The various tests of statistical hypotheses based on deter-
minants of Beta distributions will therefore be invariant
with respect to such transformations, and the assumption
~of covariance matrix I does not restrict the generalisa-
tion. The assumption that A has rank one is obviously
more severe, but results for this case may possibly pro=-

vide bounds for a more general case.

Theorem 3.3.2 (Kshirsagar (1961), Troskie (1966))

Let A n W(I,n) and B ~ W(I,m,kz) independently.
-1 -1
Let L = (A+B) 2A(A+B) 2 and

-1 -l
M = I-L = (A+B) 2B(A+B) =. Then

(a) L has the noncentral multivariate Beta type 1A

distribution (linear case) with density function
- 1(n-p-
(3.3.6) MBlA(L; I,m,n,xz) = (Bp(%m,%n)) 1|L|z(n p-1)

2

iy -y - A . .
s 1= 2P A PGy dmy 972000

11

0 <L <«<1I

where



(3.3.7) B (im,dn) = T (W) (3n)/A (3 (mn))

is the multivariate Beta function and gll is

the top left hand element of matrix L.

(b) ™ = I-L has the noncentral multivariate Beta
type. 1B distribution (linear case) with density

function
(3.3.8) MBlB(M;I,m,n,A2)= (Bp(%m,%n))'l|M|3<m-p-l)

. 2
I(n=p-1) -Irx° _, :
| T-1| 2P TRPT T 1F1 G Gmen) g 3m; 3ATmg ) ;

O <M< 1I

h .
(o) EILI™ = T (Gnen)T (2(nen))/ (T ()T (3(men) +h))

(3.3.9) 2

A lFl(%(m+ﬁY; 1(m+n)+h; ZA

e

Pi=

2y

and
(d) E]Mih = E]I-Llh

(3.3.10) . : ‘ '
= (Fp(ﬁm+h)Fp(%(m+n))/(Fp(%m)Fp(%(m+n)+h)))

2 2

-1
2A OFQ(%(m+n)’%m+h5 Im,3(m+n)+h; 1IA°).

‘e

The earlier derived results for the central case follow.

Corollary 3.3.1 (Wilks (1932), Anderson (1958))

Let A~ W(Z,n) and B ~ W(Z,m) independently and
-1 =1
let L = (A+B) 2A(A+B) 2. Then
(a) L has the (central) multivariate Beta type 1
distribution with density function
' - 1(n-p- 1(m~p~
(3.3.11) MB(L; Z,m,n) = (B_(m,3n)) t|L|2(""P Dypop)2(m=p-1)

0 <L<«I
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(3.3.12)(») E[L]® = T (2n+h)T (2 Cm#n)) /(T (3n)T. (1 (mtn)+h))
P P | P
and
(3,3.13)(c) E|I-L|" = I G T (3 (min)) /(T (Gm)T (3 (m+n)+h))
and (3,3.11), (3.3.12) and (3.3.13) are independent of .

We now define a third noncentral multivariate Beta type 1

distribution, for both the general and linear noncentral

Theorem 3,3.3 (de Waal (1968), Pillai, Al-Ani and
Jouris (1969))

Let A n W(Zl,n) and B ~ W(Zz,m) independently and

o2 -1
let L = (A+B) 2A(A+B) =. Then

(a) L has the noncentral multivariate Beta type 1C

distribution with density function

! B &) ln ln -l
(3.3.14) MB, (L; I,,%,,m,n) = (Fp(%m)Fp(ﬁn)IZlez |222]2 )

1w e 1 e Ty -
L2y g2 (mep-1) [ ctr(-1z-11)
T>0 =2

1 - T - 2 - - 2
o)z (mn-p 1)0F0<%T2<211—221)T2L)dT 0 <L <I

with moments of |L| and |I-L| given by

) EjL|P = rp<g§m+n))rp(gn+h)/(rp(%n)rp<%(m+n)+h))

|z 22|2 ,F1(3(m+n),in+h; F(mén)+h; I-I

-1
1 Z,)

l 2
and
h \ .
(c) E[I-L[ = Fp(%(m+n))rp(gm+h)/(Pp(%m)PpF%(m+n)+h))

(3.3.16)
-1 J.n -1
.lzl £2|2 2F1(%n,%(m+n); Z(m+n)+h; I-2, 22)-



The noncentral linear case holds when (1—21122) has

only one nonzero root, (1—12), and the moments of

L] and |I-L|] then become

(d) ElL{“ =T (m+n))T_(dn+h) /(T (3n)T (3 (men)+h))

(3.3.17)
A"_F (3(m#n) , dnth; L(men)+h; (1-2%))
and
h .
(e) E|I-L|" = Fp(%(m+n))FP(%m+h)/(Fp(%m)Fp %(m+n)+h))
A F.(3n,2Cm+n): 3(m+n)+h: (l-kz))
ptqthzellsz s whilTil ) *
(£) The central case holds when £, = I

17 2
Note that (3.3.17) may also be written as
(3.3.19) E|L|® = r,(3(mtn))r (3n+h)/(r (3ndr (3 (m+n)+h))

AT ‘2)

9 l(%_(m+n), im; z(m#n)+hy 1-2

by transposing m with n. and A with AL in (3.3.18),
or by applying the Kummer transformation formula (Erdelyi

(1953))

(3.3.20) ,F,(a,b; c; 2) = (l-z)fazFl(a,c—b; cy z/(z-1))

to (3.3.17).

Complex Case

We now consider variables 32 which havela complex
normal distribution. From section 3.1 we know that Z7Z'
obeys the complex Wishart distribution given by (3.1.5).

If A and B are complex Wishart matrices then
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U]

-1 T ) ) . -1 -
L (A+B) 2A(A+B) 2 , which we will write as (A+B) 2A(A+B) 2,

is Hermitian positive definite, i.e. L = L'.

Theorem 3.3.4 (Khatri (1965), de Waal (1968))

Let A n cw(z;n) and B ~ CW(Z,m,A) independently.

: -1 ~1
Let L = (A+B) 2A(A+B) 2, Then

(a) L has the noncentral multivariate complex Beta

type 1A distribution with density function

- ’ - l
(3.3.21) CM8,,(L; £,m,n,A) = (Tp(m)?p<n)|z|m+n) etr(-1)

-gL;n'P|I-L|m'Pf _ etr(-z7lpy|T|mnTP
T=T"'>0 .

— - 1 3
*oF (m; AZ lp2(1-1)T2) 4T 0<L<TI,

() . E|L|D = T_(n+mT_(m#n) /(T_(m)T_(m+n+h)etr(~A)
P P P P
(3.3.22)
-lfl(m+n; m+n+h; A)

and

() E|1-L|" = Tpcmfh>Tp<m+n>/(Tp<m>fé<mfn+h>)
(3.3.23) 3
-etr(—A)ze(m+n,m+h; m+n+h,m; A). "~
The type 1B density CMBlB(M; r,m,n,A) follows by setting

M = I-L in (3.3.21).

We shall be mainly concerned with the moments of |L|
and | I-1]. These follow in the noncentral linear case
by setting A= A2, and in the central case by setting
A =0 in (3.3.22) and (3.3.23). It can be seen that the
moments for the complex case follow from those of the real
case if m,n‘ and A replace im, 3n and A, and the

real gamma and hypergeometric functions are replaced by

- complex ones,
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Theorem 3.3.5 (de Waal (1968))

Let A n CW(Zl,n) and B w CW(Zz,m) independently,

1
2

-1 -
and let L = (A+B) 2A(A+B) =2, Then

(a) L. has the noncentral multivariate complex Beta

type 1C distribution with density function

o . . , _ (= = | Ny 1my-1
(3.3.24) CMB,,(L; Zy,E,,m,n) = (Tp(m>FP(n>lZl| 12,0
AL - ™R [ etn(-zgtn)
T>0
- — 3 - - 1
||+ pOFO(-TZ(le-Z2l)T2L)dT, 0<L<I,

with moments of |L| and |I-L| given by

(»)  E|LP = Tp<m+n)fp<n+h)/(Tp<n>Tp(m+n+h>)1zilz';n

2
(3.3.25)
- -1
-zFl(m+n,n+h; m+n+h; I-Zl Lz)
and
(¢)  E[I-L|® = T_(m+n)T_(m+h) /(T (m)T_Gaen+n)) 2745, |0
| P > P P 172
(3.3.26)
= -1
-2Fl(n,m+n; m+n+h; I-Zl 22).

For the noncentral linear case the moments are

(@) E|L|T = T ()T (n+h) /(F_(m)T_(m+n+h))A%0
. p D P D A
(3.3.27) |
-2?1(m+n,n+h; m+n+h; 1-12)

(3.3.28) = Tp(m+n)fp(n+h)/(Tb(n)fp(m+n+h))A-zm

-, Fp (m+n,m; mén+h; 1-1"%)

.and



(e)  E[I-L|® = T (m+m)T_(m#h)/(T_(m)T._(m+n+h))A2D
P P 1 D

(3.3.29)

2

-z?l(n,m+n; m+n+h; 1-17).

(£) The central case holds when Zl = 22.

3.4 Multivariate Beta type 2 distributions

Real Case

We now extend the univariate results of section 3.2

to two distinct multivariate distributions.

Theorem 3.4.1 (de Waal (1968), (1969))

Let A~ W(Zl,n) and B~ W(Z2,m,A) independently.

-1 22 -1 1212
Let V = B‘ZAB = and Z =V = B2A TBR=, Then
(a) V has the noncentral multivariate Beta type 2A

distribution with density function

- . 1 in 2y =1
(3.4.1)  MB,, (V5 Z,,Z,,myn,0 = (rp(%m)rp(%n)[2xl]d [22,1%™)

LAY S o _1‘.._ -
cetr(-30) |v| 2 O7P=1) f FIEN i SRR e
B>0
cetr(-2B2271B2V) P (Im; 2AZS1B)dB V>0
2 1 Ol?z'mau 2. 5
and (b) [Vl has hth moment

h
(3.4.2) E|JV] = FP(%n+h)FP(%m—h)/(Fp %m)Fp(%n))

-1zlzgllhetr(-;A)lFl(%m—h; Imy LA).
(c) If Zl = 22 = I
- 1 -y -
(3.4.3) My, (V3 T,m,n,A) = (B (3m,3n)) Liyz(n=p-1)
- -
Ty TE MM etn (- 30) (U (3mtn) s dmg 3ACT+) 7D

v >0
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(d) Z has the noncentral multivariate Beta type 2B
distribution with density function

(3.5.8)  MB,u(Z3 I),5,,m,n,0) = (T ()T (m) |2z, |2n|2r | amy-1

o o
cetr(-30)|z| F(ntP+D) I B 2P o (127 )
B>0

-etr(-*B ¥ =1

% ian—l
1 B* 7" }OFl(%m; sAL,"B)dB Z >0

and (e) |z] has hth moment

h
l

(3.4.8)  E|2|7 = T_(3mh)T_(n-h)/(F_(Gm)T_(3n)) -

2,27 Petr(-30) | Fy Gmth dmy 30D

() If I, = 22.: I

(3.4.8) MB,p(Z5 Iymyn,) - <ép(%@,%n))‘1!z|%(m'P‘1’
J12) T e tn(a30)  FL (Gmen) 3 dmy 3AZ(I+2) 7D
2 >0

() If I, =1,=2
gl (1+2) 74" = glvazen™HP = E|L|®  (equation (3.3.3))
Elz(1+2)"H® = gl (z+v)7H? = E|1-L|" (equation (3.3.4))

Theorem 3.4,2 (Troskie (1966))

Let A~ W(I,n) and B ~ W(I,m,kz) independently.

«l o1 1 =71
Let V = B 2AB # and 2Z = B*<A le. Then the moments of

{v] and |Z| are given by

(a) Elvlh = T (n+h)T(Gm=h)/(T_(3n)T (3m))

(3.4.7) 2

-i)—)\ l l(ZM"II, %In; '2_7)\2)

e
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b h 1 3 | ,
and (b) E|zZ]" = Fp(§m+n)Fp(%n-h)/(Fp(%m)Fp(%n))

‘

(3.4.8)
'%A F. (1 .1.12)
154 smthy Zms; 3A
and (c) the densities of V and Z for the noncentral
linear case follow similarly from equations

(3.4,3) and (3.4,6).

Complex Case

If A and B are complex Wishart matrices the moments
of |V| and |Z| may be derived from (3.4.2) and

4

m, sn and 3A to m,n and A vre-

N~ .

(3.4.5) by changing
spectively and using complex gamma and hypergeometric
functions. The densities of V and Z may be found in

de Waal (1868).

3,5 Multivariate Dirichlet distributions

Real Case

Theorem 3.5.1 (de Waal (1968), Troskie (1972))

Let Aj v W(Z,nj), J = 1,000,k and B v W(L,m,A),

where Aj, j =1l,...,k and B are independent.
Let Lj be defined by

1 1

(3.5.1) Lj = C Ajc" s 3 % l,...5k
where
K
3.5.2 . _A.+B = CcC!
( ) 23:1 3

and C 1s a lower triangular matrix.



Also let Vj = B 2AjB 2 J = 1l,.ee.,ke Then

(a) the joint distribution of Lyseeesly is the
noncentral multivariate Dirichlet type 1

distribution MDl(Z; M5 NJyeesshy s A)  with

density function

k
1
(3.5.3) (Pp(zm)nj=l

- -l
I, (ny)) Ligg=2(m+n) o co1p)

3(n.=-p=~1) :
k 2¥0y K 1(m=-p=1) I 1=l
OT[. . -} . N 2 + - —;—Z T
ljzl!le |1 XJ:lLJ] T>Oetr( 3 )

a1 - T o - X . 3
R R N T LSS LI L S LA
k

. gk
RT gty (i) > 00 0 <Ly < I

(b) The joint distribution of V,,...,Vy is the

noncentral multivariate Dirichlet type 2 distri=-

bution MDZ(Z; M3 NqyseaesNys A)

with density function

2 (m+n)

(3.5.4) <rp<%m)n¥ r Gy oz etr(-1A)

3=1"p

3(n.-p=-1) 1 : .
~ >

1 e -1.2 -1
.| 2(mn-p 1)OF1(%m; AT 1T2CI+Z?=le) Lrzyar,

_ vk
n - Zj-—-lnj’ Vj > Oo
The above integrals may be simplified when I = I

(de Waal (1968)), when B 1is a central Wishart matrix
(01lkin and Rubin (1964)), or when A is of rank one
(Troskie (1966), (1967)). When k = 1, (3.5.1) and

(3.5,2) reduce to the multivariate Beta type 1A and type 2A
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densities respectively,and when p = 1, (3.5.1) becomes

the univariate Dirichlet distribution (Wilks (1862)),.

Theorem 3.5.2 (Troskie (1966), (1967), (1972))

Let Ay % W(I,ng), 3 = 1,...,k and B® W(T,m,A2%)

where A:,- j = l,...,k and B are independent. Let

Lj and Vj be defined as in Theorem 3.5.1. Then

(a) the joint distribution of Liyseeesly is the

noncentral multivariate Dirichlet type 1 distri-~
bution (linear case) MDl(I;-m; Nyseesslys 12)

with density function
- | | 3(n.-p-1)
(3.5.5) (T (3(mn))/(T (3 m>n 1T (3030000 _ﬂg.; J

2
.II_zgzlel%(m-p-l)‘e-%l

-

1 . . 1
lFl(g(m+n), im; ZA (l ZJ -1 jll))
L.> O, 12313

where n = Ekzlnj and zjll is the top left hand element

of matrix L..
=)

(b) The joint distribution of Vy,...,V) is the
noncentral multivariate Dirichlet type 2 distri-
bution (linear case) MDZ(I; M3 NqsesssDys 12)

with density function

1(n.-p-1)
(3.5.6) (T (3(m+n))/(r (3 m>n 530 )))n l|vj|2 J
2
|I+Z:| -V j %(m+n).e-%A lFl(%(m+n); Im; %Alel),
V. > 0O

J
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where = I+Z§=1Vj and wll is the top left hand element

of o L.

h.
+K ]
() E(ﬂj=1|Lj] ]

- 1 k A 1
(3.5.7) = Fp(z(m+n))Hj:1FP(2nj+nj)/(H _1Fp( n])F (3(m+n)+h))
~122 2
ce ? lFl(-}(m+n); I(m+n)+hs 22°),
where n = ZK n. = Z and h. > =3i(n.-p).
j=173° 52173 3 - 3

. Tk hj
(d) E(ujzllvjl ]

Kk

k
3.5.8) = IX_.T_(in.+h. Im- \
( 5210p 20y th )T Gueh) /(T Gny)T (3m))
2 -
o2 1F GGm=h; dmg %Az).
(e) E|I-JK ; I® = (C_(3(m+n))T_(3m+h)/
j=1" p p
(3.5.9)
l)\z

Tp(%m)rp(%(m+n}+h))e-2»

2F (im+h, 3(m+n); Im,3(m+n)+h; %Az)

= EII-LIh (equation (3.3.10)).

-

-1 -
Note that V. = (I-ZL.) °L.(I-IL.) 2
o a 3 ( J) J( ])

and that  (I+EV)) = (I-ZLj)'l.

Complex Case

If Aj, 3 =.1,...,k and B are complex Wishart

matrices the moments of 1I.|L.|, @N.|V.] and |I-I.L.
N | J° 3] J 3

may be derived from (3.5.7), (3.5.8) and (3.5.9) by



changing 3m, in, in. and IX° to m,n, nj and A

respectively and using complex gamma and hypergeometric

3.19

functions. The joint densities of the Lj and the Vj

may be found in Troskie. (1967).



CHAPTER U4

MULTIVARIATE HYPOTHESES AND TEST CRITERIA

4,1 Introduction

Numerous tesf criteria have been proposed to test a
variety of statistical hypotheses. They were at first
confined to univariate samples and popﬁlations, but were
later extended to the multivariate case as khowledge of the
appropriate multivariate distributions increased. Important
papers in this regard were those of Wishart (1928), Fisher |

(1928), Hotelling (1931) and Wilks (1932).

One of the most powerful and widely used test criteria
is the likelihood ratio criterion;.developed by Neyman and
Pearson (1928). The multiveriate test criteria that we
shall examine will all bé directly or indirectly based on
the Neyman-Pearson principle'aﬁd.will,all involve samples
taken from a multivariate normal population. We shall
examine the distributions of the test criteria under.the
null and alternative hypotheses and shall be concerned with

the associated percentiles and powers.

Oné of the major problems of statistical hypothesis
testing is the evaluafion of the percentiles of the distri-
butions, particularly under alternative (non-null) hypo-
theses. The advent in multivariate analysis of functions
such as the zonal polynomial, G-function and hypergeometric
' function, has meant that many distributions previously

only expressed in integral form can be explicitly derived.
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Unfortunately this improvement in mathematical elegance
has not aided the computational aspects of hypothesis test-
ing, and the numerical evaluation of percentage points and

powers still presents enormous problems.

Mathai (1973) lists the main techniques used in deriv-
ing exact null and non-null distributions of multivariate
test criteria as the methods of direct integration, charac-
tepistic functions, convolutibns, differential equations,
calculus of residues, inverse Mellin transforms, and
partial fractions; As regards computation, some of these
methods are currently successful only for the.null distri-
butions, while others provide results for a restricted

class of parameter values.

In this chapter we shall see how the distributionsof a
number c¢f important test criteria may be found by expressing
them in terms of a product of independent Beta distribu-
tions. In the chapters that follow we shall discuss how
percentiles and powers of each test criterion may be de-
rived, and compare results with those obtained by other

methods.

4.2 Testing linear hypotheses about regression
' coefficients

Consider the linear relationship between N pre-
determined (gx1l) wvariables X(a)’ (o0 = 1,2,...,N),
and N dependent (px1l) variables Y(a)’ (o = 1,2,.0.,N),
a)’

which are normally distributed and depend on the X(

We may express this relationship as



(4.2.1) Y = B X + E where E ~ N(O,I).
pxN  pxq gxN  pXN

If we partition B  into ( By By )
pXq pxr px(g-r)

we may test the null hypothesis

(4.2.2) H

Hy B, = B

2 752
against the alternative hypothesis

¢ BN

(4.2.3) H, : B e

1 " "2
X(l) XN .

Let X be similarly partitioned as X =
(g=r)xN

qQxN
5 (2)

Then the special case of (4.2.2) where Bg = 0 1s the

(2)

hypothesis that X does not add significantly to the

regression of Y on X,

The likelihood function is given by

-1 -1N . -
(v.2.4)  L(B,5) = (2m)72PN|g| 2 Nerp(-1x7t(yv-Bx) (Y-BX) ")

*X(Z)

Y-82

and if we let T

"

then the likelihood ratio criterion of the hypothesis is A
where Wilks' (1932) likelihood criterion

(4.2.5) U = A2/N

= |TAT'|/|TAT'+T(A-A)T' |,

(4.2.6) A = I-X'(Xx')"3X
and ,
(h.2.7) Ay = I-x P Dx D), \

As A and (Al—A) are idempotent it follows that

(4.2.7)  TAT' ~ W(I,N-q)
and
(4.2.8)  T(A[=A)T' ~ W(I,q-r,A)

where



1 3
S )(BZ—B')'

= -1 -0 - -
(4.2.9) A= (82 BZ)(SZZ S 11517 5

S

21

and S.. = X(i)X(j)'.
1]

We see that the distribution of the criterion will be

- - - - B3 - ~1
central (i.e. A = 0) iff B, = B} (as (5,, $51517577)
is positive definite). Now, in Theorem 3.3.1, set
m = g-r and n = N-q. Then Wilks' likelihood criterion
U = |L| where L~ MB1A(Z,q-1,N-q,A).  Also,

e = gjL|P

(4.2.10) = FP(%(N-q)+h)PP(%(N-r))/(PP(%(N-q))PP(%(N-P)+h))
’etr(-%A)lFl(%(N-r);»%(N—r)+h; In).

Hence, by Theorem 2.3.5 we have

Theorem 4.2.1 (Greenacre (1972))

" The non-null density of Wilks' likelihood criterion

U 1is given by

(§.2.11)  £(w) = etr(-30) (T GN=r))/T_(3(N-q))u"?

(G- 1(N-p)+k.=1(5-1)
"I L C (3M)G_|ul 30
: PUTa(N=g)-3¢35-1)

0 <ucx<l
Pillai and Nagarsenker (1972) have obtained a general
density incorporating an H-function which is applicable
to various test criteria, and in this case reduces to
(4.2.11). Pillai, Al-Ani and Jouris (1969) obtained the

density in the form
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(4.2.12) £(u) = etr(—%A)(Fp(%(N—r))/FP(%(N-q)))u%(N—p-q-l)
‘ z(q- r)+k 2 (i=-1)
-ZkZK(%(N-r))KCK(%A)Gp(u priv1’E
1(i-1)

There does not currently appear tc be a method capable
of finding percentiles and powers of this distribution for
completely general values of the.parameters. We shall
now examine the distributions where A 1is of lass than

full rank.

Theorem 4.2.2 (de Waal (1968))

If L~ MBlA(I’m’n’Ar) where A denotes that A is
~diagonal (pxp) and of rank r < p, and if L(pxp) is

partitioned as Liq LlZ] where L;, 1is an (rxr)

L1 Doo

matrix, then

(a) MBlA(L; I,m,n,Ar) z MBlA( 113 I,m,n,Af)
(4.2.13)

-HE r+lBl(u 3 mei+l n)ﬂ Bl(w $; l,n=1+3),
O < Ly < I, 0 <ou;, Wig <1

and
(4.2.14) (b) f(L}) = £ (IL j)nl pe1fi(ug)
where Ly v MBlA(I’m’n’Ar)
and : u. v Bl(m-i+l,n).

The problem even in this case remains the fact that
functions, such as zonal polynomials, of matrix argumeﬁt
are present. This may be overcome when the noncentral
linear cases or central cases of the distributions are

considered.
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Theorem 4.2.3 (Kshirsager (1961), Troskie (1366))

If L~ MBlA(I,m,n,Az) (the noncentral linear case),
.then
(a) £(|L]) = H?ilf(zi) where the &; are independent,
f(ﬁi) = Bl(Zi; m,n=i+1l) 1 = 2540esD and
‘ 2
f(ﬁl) = BlA(Rl; myri A" )

(b) If L is central, (%) = Bp(%ys m,yn)

(Anderson (1958)).

The density of U follows by setting m and n equal
to (g-r) and (N-g) respectively in the above theorem.
In Chapter 5 we shall see how percentiles of U, which is
the product of a number of univariate Bi densities, may

be fdund

Canonical Form of the hypothesis

By a suitable transformation of the wvariables, the null

hypothesis HO : By = 0 can be changed to canonical
px(g-r)
form. If Y,B and X are as in (4.2.1) we may choose a

suitable orthogonal matrix V such that

(4.2.15) Z = (Zl,..;,ZN) = YV! and
(4.2.16) E(Z) = E(YV') = (ul,...,ur,...,uq,o,...,o)
Then the joint density of 2 = (Zl,...,ZN) is
(4.2.17) £(Zy,...,2) = (2m) 2PN 72N
‘exp(-% gzl(zu-uu)'Z-l(zu-ua)—%zg;q+lz&2-lza]
and the null hypothesis Hov: B, =0 is equivalent to



(4,.2,18) H%

K (ur+l""5uq) = (Oyeee,0)

Wilks likelihood criterion U then becomes

(4.2.19) U = |A|/|A+B| " where

(4.2.20) A

N oy _ vq '
2a=q+lzaza and B = 2@=r+lzaza

This has the nonnull density (4.2.11) and reduces in the
noncentral linear case to
(4.2.21) £f(u) = BlA(ul; q-r,N-q,Az)ngzﬁ(ui; g=r,N=qli+l).

Note that N > p+q and r < q.

If the nonzero roots of

©(4,2.22) |B=AA| =0

are denoted by 0 < Al <yeae,y< AS <.1 where s = min(p,q-r)
then U may be written as (Pearson and Wilks (1933))

— ' _ 1S ~1
(4.2.23) U = |A|/|A+B] = ni=1(1+xi)

4.3 Testing the equality of means of several normal
distributions with common covariance matrix

Consider ¢q multivariate normal populations with common
(1)

covariance matrix I. Let | Yo be an observation from

N(u(l),Z), o = ly.e.,N.3 1= 1,...,q. The null hypothesis 1is

(4.3.1) HO : u(l) = u(2) T .. = u(q). ' '

Anderson (1958) shows how the null hypothesis may be re-

duced to

(4.3.2) HO : Bl =0

by setting B = ( By Bp) where
pxq  px(gq-1) pxl



=.(u(l)_u(q) (g-1) (q))

P -u and B, = u .

(4.3.3) B

The density of Wilks' likelihood criterion U,
for the noncentral linear case, 1is then given by Theorem

4.2.3 with m = g-1 and n = N-g. i.e.

. N 2 N . :
(4.3.4)  £(u) = By,(ugs g-1l.N-g,A )n§=231<ui; g-1,N=-q=i+1)

bob Testlng the multivariate general linear hypothe51o
in MANQVA

Consider a p-variate two-way layout with k observations

per cell, written in (pXI)—vectof form as

(4.4.1)

Yige T H P oyt By vy e
Wwere 1 = lyieesl; 3 =2 1,000,503 k= 1y.0..,K5 K> 1
. - -1 _ - - _
and a.(=1I Ziai) = B. = Y;o S Y’j = 0. Assume |
eijk v N(0,Z) where #he _eijk are mutually independent.
Let

_ ¢l J K - - 1

| I |
(4.4.3) B = JKEl_w(yl,,“y;;.)(yi..—y.'.)v ,
Joo ' |
uo .u‘ . b~ £ . o - . - f
(H.4.4) - By Ihzjzl(y.j‘ y...)(y.j_ v...) and

, TS G v -
(4.4.5)  Brp o= K3 Y500 0vp5.mv5. 079,054,000

“yi: =~y . Y )

(y J e ujo LI

ije

Then A represents the total sample variance within
populations (error sum of squares). B; and Bj; re-
present total sample variances between columns or rows,

and B represents sample variance for interaction.

IJ
It can easily be shown that



(1) A~ W(Z,IJ(K~1)) for p < IJ(K-1)

(ii) Under HST) i, =0 1= 1,1

B v W(Z,I-1) for p < I-1

I
(iii) Under HéJ) ; Bj 20 J = lyeeeyd
BJ v W(Z,J-1) for p < J-1
. (IJ) . .
(iv) Under HO Yij =0 1= 1,000,532 15000,

BIJ v W(E,(I-1)(J-1)) for p < (I-1)(J-1)

Wilks' likelihood criteria for the hypotheses in (ii),

(iii) and (iv) above are given by

: : \ - (I)
(4.4,6) |LII = |A]/|A+B,] for H,
(J)
(4.4.7) ]LJ[ = |A|/]A+B;] for Hj
and
. : (IJ)
(4.u.8)  |Lp | = |A|/]Aa+B ] for Hy
where LI, LJ and ‘LIJ are multivariate Beta distributions.

The densities of the criteria in (4.4.6), (4.4.7) and (4.4.8)

respectively are given by

— 2 . - - 2
(4o4.9) £ Lp]) = 81,8773 I=1,I0(K=1),1%)

‘M8 _,8,(Rqy5 I-1,I10(K-1)-i+1)

, o o ”.
(4.4.10) f(ILJl) = Byalfyys J-1,I0(K-1),17)

D .' - ) -1)=1
HizZBl(zJi, Jil,Id(K 1)-1i+1)
and

R .2
(RIJl; (I-1)(J-1),IJ(K-1),A%)

(u.u.ll)‘ f(ILIJI) = Bya

-nP (I-1)(J=1),IJ(K=1)=~i+1),

12281 gy
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where Az is the appropriate noncentrality parameter in

each case and O < lIi’ zJi’ 2 < 1.

IJi

For the two way layout with one observation per cell,

the hypotheses Hél) a, = O i=1,...,1 and
o ., . . i . : .
HO : 5j =0 3 =1,...,dJ are appropriate and the densi-

ties of Wilks' likelihood criteria for the hypotheses are

respectively

- - ) 2
(4.4.12) r(ILIi) = By a2y I-1,(I-1)(J-1),1%)

-nfzzel(zli; I-1,(I-1)(J~1)-i+1)

and

- . - - - - 2
(4.4.13) f(]LJi) = Bya(8555 J-1,(I-1)(J-1),1%)

TP (R J-1,(I-1)(J-1)-i+1)

1=2
. . 52
with appropriate A and 0 < %Ii, 2Ji < 1.
4,5 Testing for independence of sets of variables

Consider X ~ N(u,Z)

pxl
where X = [xP|p.  and 3 = (.. z£..)P
1 ( 11 *12(F1
x{®}e, %21 Z22fP2 P12 P
| P1 By

We wish to test the hypothesis

X(l) (2)

(4.5.1) H and X are independent.

0

As X ~v N(u,Z) this is equivalent to

(4.5.2) HO D =Zl. =0
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With a sample of N vectors Xegy» @7 LseaasN, the

likelihood ratio criterion is the N/2 power of (Wilks (1932))

(1.5.3) U = [A]l/[A) l]A,,]

where A = gzl(X -7)(X(a)=f)' and 1s partitioned similarly

(a)
to I.

Definition 4.5.1 (Khatri (1964), Troskie (1969))

The generalised (sample) multiple correlation matrix is
defined as

_ -1
(4.5.4) R = All A12A22A211ll

(where we adopt the convention that in an expression such as

11 1 )
AZBA2 the postmultiplier is actually (A2)'). From this

(4.5.5)  |R| = |A,[la,171A,114,,]
(4.5.6)  [I-R| = |Aj 1Ay, 1=1Aa 1A 1 71a114Ay,]
(4.5.7) = |A|/1All||A22|
Pl
(4.5.8) = U = (1 -r; 2)

where rg are the characteristic roots of R.

gy

, _1 - '
We can also write R as (F+G) 2G(F+G8) 2 where

AL.ATIA. . and G = ATla

12 22°°21°

F 2 81100 7 B11781082%0

The distributions of functions of R depend on whether

(2)

or not the set X is fixed.

(2)

If X is fixed (regression model)

This implies A 'fixed and, by Anderson (1958),

22

11.2°77P2
G v W(Z «Pn ) F and G independent, and
11.23%¥2



=1 -1

(4.5.9) A = I]7 ,BA, LB B o= L,E0, .

G has a central Wishart distribution iff 8 = 0 i.e. 1iff
212 = 0, Hence, by Theorem 3.3.1, with m,n, and P
replaced by Pps N=DP, and Py, Wwe have the conditional

distribution
(4.5.10) R~ MByp(Zyq.,sPy,0"P,,A)

and
h oo 2 op (2 Y
(.5.11) EL|I-R|" = EU = (I'_ (i(n-p,)+h)T_ (in)/
S P1 2 P1
-Ppl(%(n-pz))Fpl(%n+h))etr(—%A)lFl(%n; In+hy 2A)

By Theorem 2.3.5 it follows that (Greenacre (13972))

(4.5.12) £(u) = (T (3n)/T (3(n-p,)))etr(=3M)u" "

1 P1
. %n)KCK(%A) %n+kj-%(j-l)
-}sz.’< 3 Gp u )
: 1 _%(n—pz -3(j-1)

0 <u<l

e now examine the special case of (4.2.11), Wilks'
criterion for testing hyvpotheses about regression coeffi-
cients, where (4.2.2) is HO :bB2 = 0, and r = 1

(representing the constant term in B). It can be seen

that this case of (4.2.11) is equivalent to (4.5.12) with

r =1 (the constant)

P = pl (the number of dependent variables)

q = pytl (the numbgr of predetermined variables,
including the constant).

1t x‘2)  is random (correlation model)

The unconditional distribution of R is found by
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multiplying the conditional distributicn of R 'by that of
A 2(m W(Zzz,n)) and integrating over Asgs but it appears
difficult to derive an explicit expression. By using

Theorems 2.4.1 and 2.4.2 and appropriate integration we have

Theorem 4.5.1  (Troskie (1969))

The hth moments of |R| and U = |I-R| are given by

h .
(4.5.13) E|R|™ = (T_ (3n)T_ (3p,+h)/T_ (In+h)T_ (ip,))
| R p, BT, Gy p, (BT, (ap,
in \en
'II'PI F (anaznazpz"'h §n+ha‘2'P25 P)
and
(4.5.14) E|I-R|® = (I (In)T_ (1(n-p,)+h)/
Py Py T2 :
‘T (3(n=p,))T_ (3n+h))|I-PE", F. (3n,in; in+h; P)
P, Z Pq 271°¢
where

- 2
(4.5.18) P = zl%p 508, 51%

is the population multiple correlation matrix. From (4.5,14)

and Theorem 2.3.5 it follows that

Theorem 4.5.2 (Greenacre (1972))

The non-null density of U for testing independence is

(4.5.16)  £(w) = (@ (/T (G- -p,))) | 1-p| 7t
¥l
((3n) ) c (P) %n+kj-%(j—1)
I, E, s G, |u

1 %(n-pz)-%(j-l) 0 <uc<l

This is given in terms of a more general H-function by
Pillai and Nagarsenker (1972), whose density contains two
errors (a factor of Y"l has been omitted and 3(n-2)

should be 3(n-q)). Fillai, Al-Ani and Jouris (1969)



obtained the density in slightly different form.

Because of computational difficulties we again consider

the linear case, i.e. when 212 is of rank one. This
implies that P 1is of rank one and has only one root
p2 # 0.

Theorem 4.5.3 {Kshirsagar (1961), Troskie (1969))

In the noncentral linear case, Wilks' likelihood cri=-

terion for testing independence of twc sets has the density
S Py e
(4.5.17) f(u) = £(|I-R}) = W 7;f(u;) with u; independent.

_1 3(n-p,)-1 3pa-1
(4.5.18) fup) = (BUp,,in-p )N "ty T2 (1-up) 2

(1-p2)2" F_(in,in; 3p.; 02(1-u )
pl 2f1 31153303 2P 3 pl -ul

and _
(4.5.19)  £(u;) = (B(3p,,3(n-p,~i+1)))"*
1(n=p-i+1)-1 1p,-1 .

Similarly

o .
(4.5.20) f£(|R]) = Hiilf(w4)’ where the w, are independent,

b} . )
2p,=1 3(n-p,)-1
2 (1w 2

(4.5.21)  f£(w)) = (B(%(n—pz),%pz))-lwl

. 2,3n 2
(l_pl)d 2Fl(%n)%n; %Pz; plwl)

and
(4.5.22)  £(ug) = (B(3(n=p,),¥p,~1+1)))"

%(pz—i+l)-l

%(n-pz)-l



More than two sets of variables

We give a few results showing how the likelihood ratio
criterion U (in the null case) may be expressed as a
product of independent univariate Reta distributions

(Anderson (1958)).

Let X be partitioned into g subvectors with
pl,pz,...,pq components respectively, where P = 2§=lpi.

Then the central density of U 1is

Pj - -
(4.5.23)  f£(u) = MY _,M.718)Cuss5 Byon-Py-3+1)

where Bi = Pythy *oewe F pi;l' When q = 2 this reduces

to
Py

(4,5.24)  f(u) Hj=lBl(uj5 pl,n—pl+l-j)

which Anderson shows is equivalént to
- 1oLl g ¢ :
(4.5.25) f(u) = Hi=lBl u. 3 pz,n-p2+l-1),
the central case of (4.5.17),
If 9q=p, i.e. p; =1, the density of U is
(4.5.26) f£(u) = TP7Yg (u.; i,n-1)
tT i=171 "1 T e

If Py =Py = ... =D = 2,

(4.5.27)  £(w) = RIT(B;(uy; 4i,2(n-1-21)))7

4.6 Testing the equality of two covariance matrices

Assume N. observations are taken from N(pj ,Z; ) 1=1,2

px1 pxp
We wish to test the hypothesis
(4,6.1) Hy ¢ £y = I, = I against Hl PEg £ L.
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This has likelihood ratio criterion (Anderson (1958))

N ; IN, 3
2,3N 3N 2T 20

. X
; 271
(4.6.2) A = (|A] | A /| Al 1 N, T

where Ai/Ni' is the maximum likelihood estimate of

.

;o 1= 1,2, A= A+A, and N = Ny +N,.

172 @ 1
The modified likelihood ratio criterion A% (Bartlett
(1937)) replaces sample numbers N, by degrees of freedom

of the Ai and omits the numerical constant, i.e.

%nl %nz NETN
(4.6,3) A% = !Al] |A2| /|AlZ

where n, = Ni-l (i =1,2) and n = nq+n,. Its non-null

distributional properties are as follows:

Theorem 4.6,1 (Khatri and Srivastava (1971))

‘The modified likelihood ratio criterion for testing

equality of two covariance matrices

ni=

. any ) )
(4.6.4) A% = |L| | I-L| » where L ~ MBy (L; Zi,5,,n,,07),

has hth moment

‘ shy oo 1 1 ' 1 1
(4.6.5) | E(A. ) = (Fp(zn)Fp(2n1(1+h))Fp(2n2(1+n)/
'Pp(%n(l+h))Fp(%nl)Pp(%nz))]Q]
1 1 1 -1 “% ~“%
-zFl(ﬁn,znl(lfh); zn(l+h); I-Q ), Q = 22 2122

and density function

-l
2 . p(p-1) 2
(4.6.6)  £(A%) = (T %n)/FP(%nl)FP(%nz))H PP q]

'(A*)-leZK(%n)KCK(I—Q-l)(k!)_l

(%(n-i+l)+ki,%n), 1 = 1,2,00e,p

((%(nl-i+1)+ki,%nl),(%(nz-i+l),%n2)), t

.112P,0 A%
2P92PL




We now examine another statistic not related to the
likelihood ratio criterion of this test, but similar to

those of other tests.

Wilks' criterion

Let X and Y p<n., 1=1,23 n = n,+n
— 1 172
pxny pxn,, -

be independent matrix variates with columns of X indep-
endently ~ N(O,Zl) and those of Y independently

v N(O,Zz). Hence 5 = XX' "and S, = YY' are indepen-
dently W(ani), i=1,2.

Now let O < fl < f2 < een < fp < © be the characteris=-
. ' o o=l ' 2 2 2
tic roots of o182 and 0 < wl < W, < .. i’@p < @ be
those of 21251. We consider testing the hypothesis

(4.6.1) and will use Wilks' criterion
(4.6.7) U ='HE=1(1—ei) 0, = £AL+£.), 1= 1,2,...,p
which has hth mnoment (Pillai, Al-ani and Jouris (13969))

(4.6.8)  EUT = (I (3n)T_ (In,+h)/T_(3n,)T_(in+h))

F,(3n,in 5 in+h; I-070)

,Fy , Q0= LI

-(by applying (3.3.20) with matrix argument and changing ny
and n, to m and n respectively and transposing Zl and
22 this reduces to (3.3.15)), and density function

‘%nl %(nz-P_l)
(4.6.9) f(u) = (FP(%n)/FP(%nz))IQ] u

- _ In,+k . .+3(i-1)
LD () (B3ny) (kD 7t (1-o"he |uf 1Pt
k7k K 17k . K _ h (i-1)
In the noncentral linear case, i.e. when w2 1s the

only root of @ that is not equal to one (we shall call



this a non-unit root) , thé moments of U are given by
(3.3.17) and alternatively by (3.3.19). We derive the
density of U by noting that the hth moment of U
(4.6.8) is equivaient to that of U for the correlation

model (%.5.14), with the following changes:

bS]

1 =7
120 - o) 1

(4.6.10) P, > P; (n4p2)+ n2;|I-P

1.

? -
'((%n)K) > (%n)K(%nl)K; P » (I-Q

Noting in the noncentral linear case that pi and w2

are the only nonzero and non-unit roots of P and &

respectively, and that -

(4f6.ll) 2Fl(%n,%n1;'%n1; z) = Fy(in; z),

substitution in equations (4.5.17) -~ (4.,5.19) gives:

Theorem 4.6.2

Wilks' criterion for testing equality of covariance

matrices in the noncentral linear case has density

(4.6.,12) £f(u) = HE:lf(ui)’ u; independent,
where

(4.6.13) £(u)) = (B(in,,in,)) " tu

-n
1 -2
‘W 1Fo3ns (1-w ")(1-uy))

and

. =1 %(nz—i‘i'l)—l %nl
(4.6.14) f(ui) = (B(%nl,%(n2-1+l))? us ‘ (l—ui)

12 2,404,P

Thus a test criterion for equality of covariance
matrices exists which, for the central or noncentral linear
case, may be expressed in the computable form of a product

of Béta variables.

-1
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4,7 Testing whether k multivariate populations are
identical

Consider k nultivariate normal populations =~ N(uj,Zj).

A modified likelihood ratio criterion A% for testing

whether the distributions are identical is (Anderson (1858))
1

N 1 )
K 371a+B|2™ A = Z* A., n = Z?:lnj

A.
|51 J=1"3]

(4.7.1) At o= I
J=1""7]

Aj and B are respectively the "within" and "between"

matrices of sums of squares and cross products.
If Lj is defined by

1yee.,k

Ni=

k - .
j=lAj+B) ’ ]

k -1
4.7.2 . . . A,
( )Ly = (I5.085+B) %A (]

then
n

n-

s 2 k J
(4.7.3) Aw = I L.
| J=1' ]!
Under the null hypothesis A ~ W(Z,n), Aj uv W(Z,nj)

and B ~v W(Z,m), m = k-1, and

(Ll""’Lk) N MDl(Z; m; nl,...,nk).

It can be seen that (4.7.1) is a combination of test
criteria (4.2.19) and (4.6.3). By Wilks (1932) it is
possible to test the null hypothesis by first testing the
hypothesis of equality of covariance matrices and then the
hypothesis of equality of mean vectors. If the covariances
are identical but means are different, B will have a
noncentral Wishart distribution with m degrees of freedom.
In the noncentral linear case the moments of A% are
given by (3.5.7) and the joint distribution of

2

(Ll,...,L ) is MDl(I; M3 Mg 5eeesDys A9).

k

Troskie (1872) and Money (1972) have suggested the

use of lI‘Z§=le| as a test criterion for the hypothesis



of identical distributions. The moments of II-Z?zleI
are given by (3.5.9) and are shown to be the same as those
of |I-L| where L = Z§:1Lj. Consequently we have

Theorem 4.7.1 (de Waal (1968), Treskie (1972))

The test criterion lI’Z?=1le in the noncentral linear

case has the density

(&.7.4) flw) = nglf(wi)’ w; independent
where
3in.~1
-1 1(k=1)- 2
(4.7.5)  £Guy) = (B(2(k-1),3In, ) Lwz D=1y
1 J 1 1
-32? . 2
e 2 'lFl(%(k—l+an); 3(k=1); 1A wlﬁ, 0wy <1
and
15 .-
3(k-1)-1 zeng=l

(4.7.6) 'f(wi) = (B(%(k-i),%inj)) (1-v) I,

4.8 General form for test criteria of sections 4%4.2-4,7

Test criteria, in the noncentral linear case, for a
number of statlstlcal hypotheses nave been expressed as a
product of univariate Beta dlstrlbutlons, and the resulta

may be generalised as follows:

Theorem 4.8,.,1

The density of each test criterion A considered may

be written in the general form

P £(u;)) .0

(4.8,1) f£(A) = (nuk
where

(continued on page 4.22)



TABLE 4.1

‘-}021

PARAMETERS OF BETA DISTRIBUTIONS FOR DIFTERENT

. TEST CRITERIA A IN THE NONCENTRAL LINEAR CASE

TESTS BY SECTICN

(+ parameter defn.)

4.2 Regression \

p dependent variables
qQ predetermined vars.

r 1lst subset of ¢

4.3 Means
p dimension of vars.

'q no. of populations

.4 MANOVA
I no. of rows
J no. of columns

K elements per cell

P dimension of vars.

4.5 Independence
Py dimn. of 1lst subset
Py dimn. of 2nd subset

4.6 Covariances

p dimension of vars.

4;7'Populations

k no. of populations

p dimension of vars.

ol
«
2°

o

‘g

m %

g-r

q~-1

(I-1)
(J-1)
(I-LW-1
(I-1)
(J-1)

Py
n-p2

2

n%:
e

N-q

N-q

IJ(K-1)-
IJ(K-1)
IJ(K-1)
(I-1)(J-1)
(I-1)(J-1)

n-p2
Py

N, and Ni’ denote number of observations from the

and ith, populations respectively; n = N=-1; n, =

EQUATION

(u.2.21)

(4,.3.4)

(4.4.9)

(4.4%.10)
(4,4.11)
(4.4.12)

(4,4,13)

(4.5.17)
(4.5.20)

(4.6.12)

(4.7.4)

only,

N-—ll
1

(See Theorem 4.8.1)
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TABLE 4.2 NONCENTRALITY COMPONENT Q% OF f(A) FOR
DIFFERENT TEST CRITERIA A IN THE NONCENTRAL
LINEAR CASE '

SECTION A o | EQUATION
~ "‘:‘-‘\‘}\2 0 (3 1, 2
4,2 | L] e 27 JF) (3(m*+n*); dm¥*; $2°(1-u,)) (4.2.21)
4.3 IL] " " " " (4.3.4)
U lLI 1 1" 1" " . (4.4.9)
| | (4. 4.13)
' I (mEen o :
4.5 |I-R|  (1-p2)2{m¥+n®) - (4.5.17)
wte o ot ofe 2 ‘
'2Fl(%(m"+n“),%(m"+n*); %mf; pl(l~ul))
1 £ % ‘
|R] (1-p§)z<m +n#) . (4.5.20)
-2Fl(%(m*fn*),%(m*+n*); %n*;-piul)
4.6 lc] oM R GmFen®) ;5 (1-w”2)(1-up)) (4.6.12)
-l}\z ) 2, 2, 2 ~
4,7 }I-ZLj] e 27 F; (3(m*+n¥*); In¥; 3A%u,) (4.7.4)

(See Theorem 4.8.1)

(4.8.2)  £(uy) = (B(im*,3(n%*-1+1)))"

‘u2

1(n%*-i+1)-1,._  ,im®%=1
H (1 u.)

1 = 1,4..,pP"

and %, the noncentrality compohent of f(ul) is given
in terms of m%*, n* and p%* in Table 4.2.  Table 4.1
gives, for each test, the appropriate value of m¥, n¥

and p¥,.

This theorem will be useful in establishing a general

form for an algorithm used in caléulating f(A). It can



be seen that equation (4.8.2) is the density of a

Bl(ui; m¥, n¥=-i+l) variable.

4.9 Tests with complex distributions

Most of the tests mentioned so farlmay be carried out
when the data comes from complex normal populations.
Initial work by Goodman (1963), James (1964), Giri (1965)
and Khatri (1965) established basic distributional forms
and examined several test criteria. Troskie (1967, 1969)
and de Waal (1968) derived further results on complex
multivariate Beta and Dirichlet distributions, while Pillai
and Jouris (1971), Pillai and Nagarsenker (1972), Money
(1972) and Troskie and Money (1974) have illustrated the
connection between the real and complex distributions of
the various test criteria considered, in both the general

and the noncentral linear case.

By comparing the moments of the criteria for the real
and complex cases, we may express the densities for the

complex case in the folloWing general form:

Theorem 4.9.1

The densities of the test criteria A considered for
the real case in Theorem 4.8.1 may be expressed in general

form for the complex case as

(#.9.1)  £(A) = (BT £Cul)).on

where

(4.9.2)  f(ul) = B, (uf; m*¥, (n*-1+1)"), (i = 1,...,p%),
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and parameters m*' and n*' in Q%', which replace para-

meters m* and n* ‘in %, are such that

(4.9.3) m*' = 2m* and (n%-i+1)' = 2(n%*=1+1), (i = 1,2,44.,p%)

For equations (4.2.21), (4.3.4), (4.4.9) to (4.4.13) and

2 2 is replaced by A2.

(4.7.4), i.e. those involving A%, 3A

pi and w2 are the roots of ratios of covariance

matrices they remain unaltered in equations (4.5.17), (4.5.20)

As

and (4.6.12).

In Chapter 9 we shall see how these results lead to an
algorithm which enables us to calculate percentage points
and powers of the test criteria considered when the variables

are complex.

4,10 Testing for reality of a covariance matrix

Let 2 = Xl +iX2' have the complex normal distribution

with density function

(4.10.1) T"PP|5| Petr(~-z T (2-w) (Z=uM) ")

where r o= I, + i22 is Hermitian positive definite,
p*p N
19 is a complex matrix and M is either a given com-
P*q v g*n

plex matrix of rank q < n or has a distribution which is

independent of I and .
Then the test for reality of ¥ has null hypothesis

(4.10.2) HO : 22 = 0

with alternative hypothesis

(4.10.3) Hl : Z2 # 0.

Khatri (1965a) showed that under HO the likelihood

ratio statistic is



(4.10.4) A = [5,+i5,]/]s

1 ll

where

(4.10.5) S,+i8, = Z(I-'(MH") "MZ!
and the likelihood ratio criterion is

(4.10.6) reject H if A <A

o where Pr(A<A;|Hj) = o.

1°
By Khatri (1965), S = (S

P*p

Under HO i I, = 0, Sl and 32 have joint density function

l+i82) " CW(Z,n-g).

A

— n- -1 .
(4.10.7) (T (n-q)|Z,]| D77 s, +is 1

n-q—petr(-ZilS ).

-1 -1
Setting real skew-symmetric matrix Q = 81282812,
we have
_ 1
(4.10.8) A = |I+iQ| = |I-QQ'|®
and

(4.10.9) EG™ = 1P, (T(n=q-}(i-1))T(n=g+h-1+1)/
‘T(n~g-i+1)T(n-q+h-3(i-1)))

' : )
(4.10.10) = T;_, (T (n=q-i+})T(n-q-t+h-i+1)/

‘T(n~-q-t-i+1)T(n-q+h-i+1)),
where

P s, D even

N

(4.10.11) ' = ¢ - =

t-1 = i(p-1), p odd (> 1).

It follows from (4.10.10) that

! h

t
=lui)

(4.10.12) E(A™Y) = 18

L R -
$21EGEY) = ECI;

where the u; are ihdependent Beta variables with density

funetion

_1u2-q—t—1(1_ui)t—3/2, 0 < u. <1

(4.10,13) (B(t=%.n-q-t-i+1)) i

Consequently the density of the test criterion A under



HO may be written in the general form

_ : p ¥t
(4.10.14) f£(p) = (Hi;lf(ui))
where

(4010.15) f(ui) = Bl(ui; m;‘:,n*..i.'.l), i = 1,2,.-.‘,1)*,

L]

(4.10.16) p* = t', m* = 2t-1, n* = 2(n-g-t)
and t' and t are defined in (4,10.11).

We shall discuss computation of the percentiles of this
criterion in’Section 9.2 The noncentral distribution is
complicated by the skew-symmetric form of Q, and it is
unlikely that it can be reducéd to the general form of

Section 4,8,



CHAPTER 5

- AN 4ALGORITHM FOR DERIVING NONCENTRAL LINEAR
'DISTRIBUTIONS BY THE METHOD OF CONVOLUTIONS

5.1 Introduction

- In this chapter we shall show how the densities and
cumulative distribution functions of the test criteria of
Chapter 4 may be found. We shall concentrate our attention
on Wilks' likelihood ratio criterion
(5.1.1) |L] = [A]/]A+B]
where A ~ W(I,n) and B ~ W(I,m,\%)

PXp p*p
and

(5.1.2)  £(|L]) = 8y, (xy3 m,n,xz)n§=231<xi; m,n-i+1)

and will later show how results for this criterion can be
extended to other criteria. We will use U_ 2 and
_ p,m,n()\ )
UP m.p to denote |L|] in the noncentral linear and central
b b .

cases respectively.

The exact distribution of U under the null
P,m,n -
hypothesis was found by Wilks (1935) using direct integra-
tion for values of p ‘and m < 4 and general n. Later
work by Bartlett (1938), Wald:rand Brookner (1941), Rao
(1948) and Box (1949) developed asymptotic approximations

to logarithmic functions of U ‘Consul (1966, 1967,

- L
P,myn

1969 and other papers) used inverse Mellin transforms and

operational calculus to derive exact null expressions of



U for various values of p,m and n.
b,m,n ‘

Using the method of convolutions, Schatzoff (1964, 1966)

derived the central distribution of UP _— for either p
v sdils
or m even, He also developed a computer algorithm to
tabulate correction factors for converting x2 percentiles
to exact percentiles of a logarithmic transformation of
s, for m and p < 10, mp < 70 and either m or
P,m,N - .
P even, Pillai and Gupta (1969) derived explicit finite
series expansions for U with either p or ‘m even
p,m,n

and p = 3,4,5 and 6, also extending Schatzoff's tables,
while Lee (1972) simplified the form of the distribution
for both p and m odd, further extending the tables to

include values for all p < m < 20 and pm < 144 with

omission when p or m 1is odd and greater than 10.

Mathai and Rathie (1971) used the method of partial
fractions to derive explicit series expressions for the null

case of U Mathai (1971a), using inverse Mellin

p,m,n’ _
transforms, calculus of residues and the properties of Psi
and Zeta functions, found alternative expressions and
published tables of percentage points of R for

. . b ?

p <8, m<16, n <20, mp < 98, mnp < 882 and either

m or p even. Mathai (1971a) claimed that the method

used was simpler than any other used to date.

Because of the added complication of the noncentrality
component, thevpublished work on non-null distributions of
test criteria has tended so far to fall intoveither of
three groups. The first involves the derivation of com-
plétely general distributions which at the moment offer

little hope of computation. The second deals with finding



asymptotic representations which are functions of more

- easily computable terms. In the third group, exact evalua-
tion is made possible by restrictions on the rank and size
of noncentrality, or on the size of p,m and n. Papers
providing actual numerical values include Roy (1960, 1965),
Ito (1962), Posten and Bargmann (1964), Mikhailv(1965),
Pillai (1965), Pillai and Jayachandran (1967, 1968),‘de Waal

(1968) and Lee (1971, 1971a).

Gupta (1971) used the method of convolutions on equation
(5.1.2) to find explicit expressions for the noncentral

linear case of U with p = 2,3,4 and 5 and

P:m:n(AQ)
m even, and from these tabulated percentiles for

p=2 and 3, m=2,n <20 and A% <u,0.

5.2 Important theorems

The following two theorems are extensions of those given

by Anderson (1958) for the central distribution:

Theorem 5.2.1 (Gupta (1971))

In the noncentral linear case U ' 2 is distri-
2r,m,n(A<)

’ r-1,,2 .
buted as Xl(Hi:lYi)X2r where Xy and X are inde

2r
pendently distributed as SlA(xl; m,n,Az)_ and
Bl(XZP; m,n-p+l) respectively, and the Yi(i = 1,25000,r-1)
are independently distributed as Bl(yi; 2m,2(n=-21)).

. . . S 2 .
25+1,m,n(A2) is distributed as Xlni=lYi where Xl is
distributed as BlA(xl; m,n,Az) and the Yi(i = 1,2540e58)

8}

are independently distributed as Bl(yi; 2m,2(n-21i)).

Also, the random variable Zi = XZiX2i+l has density

function



l 2(1’1 2-’-2)
.L

m~1

(5.2.1) f(zi) = (2B(m,n-21)) (1- z*)

Theorem 5.2.2 (Das Gupta and Perlman (1973))

In the noncentral linear case

(5.2.2) Uy nn(a?) 7 Ynupontn-p(a2)

This follows because

(5.2.3) Up,m,n(Az) - Iza l o al/'za lxay& ¥ za 1YaY&
- m
(5.2.1) - llza 1o * Ea 1+1YaYa|/lya 1%oXa *lo= 1YaY&|

m,p,n+m=-p(A2)

We now state a theorem on the convolution of two variables.

Theorem 5.2.3 (Schatzoff (1966))

x V1
If Vl vovie 5 k > 0 and integral, and
tv
V2 voLe 2
then
(5.2.5) V= (v +V,) ~ etV Gy, s =t
k=r+l
k+1 r+l k! \Y :
(5.2.6) Vo e®V{] T1(~1) e —}
(k=-r+1)?% (S't)r
v etV(t-g) (K+1)y , s # t.
5.3 The method of convolution

It has been shown in Chapter 4 that the densities of
many likelihood ratio criteria reduce to the product of a

number of independent Beta densities. The density of
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log U is therefore that of a sum of independent

pom,n(AZ)
variables, and may be found by using sequential convolution.
We may write 'f(xl) z BlA(xl; m,n,x2) as

2(1"1—2}'(1__ ))(m 2) ;>\2

(5.3.1)  (B(im,in)) lxl

Z o(3(m+n)) (1r%(1- -xy NI/ ;3D 0 <x <
. -1, 122w 1(n=-2) b+
(5.3.2) = (B(im,3n)) 2] oajx1 (1-x4)
" where
(5.3.3)  ay = ((%(m+n))j<%x2)j/<%m)jj:)

and

(5.3.4) b = 3(m-2)

When m 1is even we may expand powers of (l-xl)
" binomially in a finite series to get

2
(B(3m,3n)) " Le B YT o §PHI(o1yk (BT yEinT 2+2%)

11

(5.3.5) f(xl)

i= =09 J
Putting y1 = -log x4 gives
(5.3.6)  £(y) = <B<%m,%n))'1e'%*2§§ S ]zb+3< SPRICAED
-exéﬁ-%(n+2k)yl), yl'i 0.
Similafly, if f(xi) = Bl(xi; myn=-i+1) énd yi‘= ~log X,

(5.3.7)  £lyp) = (BGm,3n-1+DN TP DD
-exp(-%(n-i+22+l)yi), y; 20

If Zi = X2iX2i+l and if Yi = ~log Zi

(5.3.8)  f£(y}) = (2B(m,n-2i) 1IFIc-1) ™MD

'exp(-%(n+2-2i)yi), yi > 0.
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By using Theorems 5.2.1 and 5.2.3 and equations (5.3,6),
(5.3.7) and (5.3.8), Gupta (1971) derived the following

results for m even:

Theorem 5.3.1 (Gupta (1971))

Case 1

For p = 2 the density of U2,m,n(A2) 1svg1ven by
)
-3\ In- D+] L+k
2 2 - - -
(5.3.9) Ke u 23 =033 (Y- 22 ST/ (20-2k~-1))
b+ -1
P Byt 0<uc<l

where

N

(5.3.10) K = 2I%_ (B(im,3(n-i+1))"1

=
and

(5.3.11) a5 = (2 (n+n)) (2 132 )J/( Im) . J')

Case 2

For. p = 3 the density of U3,m,n(A2) 1s given by

2

=3A" in-1 b+j k,m-1 b+j
(5.3.12) Ke u 23 o 1{z SC-wWTG 1) () log
b+] m-l Z+k
+ 2]°7 o, 2k+2b =0 (-1 T/ (£=2k=2))
- : 10~
(D Py (fuzth)
where
(5.3.13) K = (2B(im,in)B(m,n-2))"1
Case 3
For p = 4 the density of Uu,m,n(xz) is given by

2

1)\ in-1
U 2 2
(5.3.1 ) Ke u E a. (T +2T2.)



where

(5.3.15)

(5.3.16)

(5.3.17)

and

(5.3.18)

For

- ((2u

sz = X

. +t b

K

£(L,t k)

5

(5.3.19)

where

(5.3.20)

(5.3.21)

(5.3.22)

+UT

t,t#2k+4

t-k- 3/2

k,2,2#2k+2

(B(m,n=-2))

2n lZ (T

k+t k
t((-l)

(-1)

~1;2

Hl 1

(mgl)(b)(b+

the density of U

j=0%j3 "13

( u) f(2k+2 0 k){(

- (t-2k-4)-log w)},

T =z

23

2,k #2k+2

+4T

L+k

j)'

2]

-2)/(2t-k~3)~1log u)- 4

21 l

/(2t=-2k=3))f(0,t k){( )

2k+2

) t=-k=3/2
u

/(2=2k=-2))£(%,0,k)

5,m,n(1%)

.+8T3

2k+4

m-1, 38-k-1 L, m=~1
A out T et Gt o,

L+2

TBj = Z

%,k ,L#2k+2

((-1)

L+k

Az (D T/ (2em2k-3)) By (uFeut

3/2)

10-1_

(B(im,2(n-31+3)))

j)

)(log u)

((—1)t/<t-2k-u))<m;l)(<2u%t

log ul,

-1

-k-

is given by

2_9)/

((-w*/(2-2k-2)) £(2,0,k)1og u

/(8-2k=2))£(&,0,k)



{3 <~1>t<m;l><(uk—u%t'2>/<t-2k-u>)

t,té2k+4

-3 (—1>t(m;1><<u%“'l-u%t'2)/(t-z-2>>},

t,t#8+2

1 1

(5.3.23) K = (8B(im,3n)) "I _, (B(m,n-2i))"

and

(5.3.24) f£(2,t,k) = (m’l)(m"l)(b;j)

' t
The cumulative distribution functions are obtained by
straightforward integration of the density functions and

are given in Gupta (1970).

We shall now outline the main developments cf the con-
volution approach for central densities, and its associated
problems. Mathai (1973) states that the method of success-
ive convolution is usually as difficult as that of direct.
integration, and points out that a density derived by in-
verse Mellin transform would similarly be a sum of termé of

the type aub(-log w €.

Schatzoff (1964, 1966) obtained his results by using
equation (5.1.2), Theorem 5.2.2 and Theorem 5.2.3. Pillai.
and Gupta (1969) added Theorem 5.2.1 with

v Y Y2 and U NS Y?X They stated

U 12175 25+1 121Yi%0541°

2r,m,n
"While Schatzoff's method is not suitable for handling the
distribution problem for odd values of m, the method of
this paper gives the distribution explicitly in all cases.
Also, unlike Consul.(1966) who gave the distributions for
P up to 4 ‘as infinite series, we are giving the distri-

bution here in finite series form except when both p and
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m are odd in which case alone the series is infinite.,"

The main point, however, 1is that both Schatzoff's and
Pillai and Gupta's methods provide solutions for either p
or m. even, but Pillai and Gupta's use of Theorem 5.2.1
neans fewer convolutions and less compounding of errob, and
obviates use of Theorem 5.2.2. Also, when m and p are
both odd, only the final convolution involves an infinite
series. Lee (1972) found percentiles for densities with
both p and m odd and less than .10; by expressing them
in integral form and using recurrence relations. He noted
that the computation could only be carried out for the lpwef
values of p and m, because of the severe loss of signi-
ficant digits by taking differences of nearly equal numbers.
This, together with the infinite series representation, will
be seen to be the major computational problem in the non=

central linear case.

With successive convolutions the densities and cumulative
distribution functions of Up n.n become increasingly un-
> -
manageable, and Schatzoff (1966) gave the following general

form for Up,m,n'

Theorem 5.3.2 (Schatzoff (1966))

When m 1is an even integer the density function of

U is of the form
P,m,n :
(5.3.25) f(u) = [Hilei}ijlcju (-log u)

where

(5.3.26) K, = (I(3(m+n-i+1))/T(3(n-i+1))T(3m))

and constants cj and integers q,zj and kj are deter-

mined from p,m and n.



This is more concisely expressed by

Theorem 5.3.3 (Lee (1972))

If W= (Up m n)2’ p <m and either p or m 1is even,
b b .
. m+p=23-3
: - n~-pgt _ | k
(5:3.27)  £(w) K 2j=o( log w) zk=2j a5 v
where K 1is the normalising constant, and t = ip (p even)
or 3(p-1) (p odd). The a., depend on p and mn only,
J
and satisfy the relation
(5.3.28) 835 mip=23-2-3 " c(p,m,])aj,2j+2_
where o(p,m,j) = {(-l)j+l zm  even
(-1)P*I*l im odd.

For m < p, m and ‘p may be interchanged.
(Lee (1972) gives the value of t for p odd as 3(p+l),
but examination of the successive densities shows Z(p-1)

to be correct.)

Gupta (1971) proposed the following general form for
the noncentral linear case, but used the explicit expressions

of Theorem 5.3.1 to calculate percentiles for p = 2 and 3. .

Theorem 5.3.4 (Gupta (1971))

The probability density function of Up,m,n(k2) is of

the form
' 2 q- 3(n-b, ) - d
P -3A ¢ j k%, k

(5.3.29) (I_iK;)e zj:oajikzocjku (-log u)
where |
(5.3.30) K, = (B(3m,}(n-i+1))77,
aj is defined as in (5.3.3), and the constants Cjk and
integers qj,»bk and dk are determined from p,m and n.
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Gupta stated that Theorem.5.3.4 did not indicate explicitly
how to find values for Cjk’ qj, bk and dk’ but provided
a basis for a recursive algorithm for deriving the density
and distribution function at succedsive stages of the

convolution process.

5.4 An algorithm for deriving density and cumulative
distribution functions

For any value of p we shall be concerncd with the

density of

S 1 p - y
(5.4.1) Y, = -log U }3.1(-log XD

p,m,n(kz) i
By carefully studying Theorem 5.3.1 or by performing a series

cf convolutions we may observe that

Theorem 5.4.1

For any p, and even m, the density of Yp

= ~log Up m.n(a2) Wy be expressed in a general form as an:
9 ?

infinite series involving integral powers of Yp and
-3y |
e P,
: 2 c -3cy
_ ml =3A g s f 2"7p r-1
(5.4.2) f(yp) = Kp e zj=oajzr=l.c=ccdjrce o
where
(5.4.3) K = B(im,3n)T5_7(2B(m,n-21)), p odd

B(im,3n) (I 2 (2B(m,n-21)))B(3m,3(n-p+1)),

p even,

(5.4.4) s = 3(p+l), p odd; I(p+2), p even,

(5.4.5) ¢ = n=2s+2r and

c cf m+n+2j-2

This differs from Gupta's (1971) general form in that
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there is a triple, not double summation, But whereas Gupfa's
form includes four sets of unknowﬁs (powers, constants and
summation limits), the density of Theorem 5.4.1 is completely
specified once the constants djrc are known. The density

and cumulative distribution functions may then be found by
setting u = e P and integrating over the required range

of u.

At this stage we point out that in some cases the range
of summation of Gupta's explicit densities is implicitly
limited. In equation (5.3.12), for example,

b+3 k,m~1 b+j : : A i
Ekza(-u) (£k+2)( kj)log u 1s limited by 2k < m-1, 1.e.

k < m-2, i.e. k < b-1. The summation in that case is

therefore effectively Zi:é.

The distribution problem reduces to that of finding the
matrix of constants '(djrc} for any given values of
1%

psm,n and Az. We shall solve it by determining the initial

values of (djrc] for p = 1, and then show how the new
b

matrices of constants (d! '] or (d’ are created
p+l

jrec jPC]P+2
at each convolution. We shall use Theorem 5.2.1 by perform-
ing a series of "double" convolutions, and finally a "single"”
convolution only if p 1is even, Unlike the central case,

the general form of U involves an infinite series

p,m,n(Azj
eipansion in  j. Gupta (1971) noted that the total integral
of the series determined by taking a few terms only, rapidly
approaches the theoretical value one as more.terms are

taken into account. Our results will confirm this, and

show that the rate of convergence depends’in?ersely on’ Az;



Theorem 5.4.2

The matrix of coefficients (djrc} , for p =1 1is
P
given by

_1y2(c-n) (n-2+2])
-1 e-n) )

0 (c-n) odd

(5.4.6) d

H}

_, (c-n) even
1lc

By examining carefully the effect of "single" and "double"

convolution on the general form of Theorem 5.4.1, we have

Theorem 5.4.3

Let the -general form of the Jjth term of f(Yp) be

, 1
=2Cy
) p.r-1
(5.4.7) Y (J) =d Zr 1zc =c, jrce Yp
where
(5.4.8) J_ = K7t -3
o T p—pe aj

and s, Co> Cgo Kp and aj are so defined in (5.4.2),

Then the general form of Y (j) and Y (]), after

| p+l p+2
convolution with (5.3.7) and (5.3.8) respectively, is

given by
sy s
(5.4.9) Yp+i(]) = JP+12 lzc c. (G1+6,+Gy)
where
(5.4.10) &, = t(-D¥*PHa. e - yP+l L o /r
e 1 - 2%’ “jre Yp+i >
. ., r,-.’:
_ ¢b*® 2+1 ,b* r 2 (r-1)!
(5.4.11) G, = J,_ 1). G )djrczrﬁzl(c~ng CSION
LELS
=3CY_ s
. T p+l_r-r
' . Insy .
. _ ¢b* 2, b* Tipe1yte 20 Upti
(5.4.12) Gy = Jo_  (-1)7( )d Jrc<C--r) (r-1)!
LELE

and for i=1 or i=2



(5.4.13) J . = JP(B(%m,%(n-p)))_l. or JP<QB<m,n-2s))fl
2% = }(c+p-n) or c+2s-n
b* = %(m-Z) . or m-1
n* = n+2%-p - or n+&-2s
and
t =1 for &% integral

0 for &% nonintegral

is the union

The new matrix of coefficients (dﬁrc

}p+i
of sets of contributions from each of the - Gy (k = 1,2,3).

From Gy, for r = 2,...,s and c = ClseeraCps

d! receives
jrc

» _ RIS A
(5.'4-1"}) d'(l) - t(_l) (Q‘.:'.)dj(r_l)c/(r-l).

From GQ, forr = 1,.00,8; cC = Cosee+sCs and

Q= lyeee,r, dﬁrc receives
- °, ?, - l
L (p-1)! b 2+1,b%,, 2 At |
1] - -~
RELE
From G;, for c = (cc—i),...,(m+n-2s—l),
. ‘ .
djlc Yeceives
s ¢°f 2% bx. . 2 ¥ (p-1)'d
I ' ( = +V° -1 «d.
(5.4,16) d'(3) t2r=lzg=cé 17 ) (559 jrg
g#tc

The convolution procedure therefore determines the
coefficients necessary to specify values of the density and
cumulative distribution function, which are given in the

same general form below.

Theorem 5.4.U

The density and cumulative distribution function of



Up,m,n(kz)
where

(5,4.17)

~and

(5.4.18)

and s,cc,cf,Kp and aj

5.15

are given by f(u) and F(u) vrespectively

f(w

1(cm e
~u2(c 2)(___log !

F(u)

1
2]

L

2
= K-le-%x zw

p j=0ajzr=lzc=ccd

‘ 2 c :
-1 -3AT e S £
- W 2 - 1
K e 2 a =1z -, (r=1)!

jzo"jtr c
3 7T (-1og WP T (Z)r“
jrcér*=1 (r~pr%)! c

are as defined in (5.,4.2)

The convolution process obviously involves computation

and storage of a large number of coefficients.

Careful

examination of (5.4.14), (5.4.15) and (5.4.16) enable us

to streamline this by noting

Theorem 5.4.5

At any stage of convolution, only elements djrc

the follow

r = 1 and
or

and

r > 1 and

It follows

results of

(5.3.28) do not hold in the noncentral linear case.

ing subscripts may be non-zero:
¢ = ((m+n=-2+421), 1 = 0,1,...,3), all
¢ = ((n=28+2),...,(m+n=-2)), all
c = ((n=2s+2r),...,{(m+n=-2r)), all
that all d#%__~ are zero for r%* > im,
jre v

with

3

J

j.

The

Lee (1972) given in equations (5.3.27) and

Computing percentiles and powers : accuraéy

and

cenvergence

In order to calculate the power of the test criteria
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for any specified level of significance a, we first need
to find the lower (for |L|) oa-~percentile of the central’
distribution. For a chosen level of noncentrality Az,

we then have to calculate the value of the noncentral

cumulative distribution function at the a-percentage point.

An iteration process 1is therefore necessary for the
first stage, and the Newton-Raphson method (Hildebrand
(1956)) was chosen. This guarantees rapid convergence if
the following conditions are satisfied:

(i) the sign of the second derivative F"(u;O)) should

(o) _ 4 (o)
o

be the same as that of (u u&), where u,

is the initial value and ug the actual percentile.

(ii) F'(u) should not change sign in the interval be-

tween u® (with a probability density

5 (o)
o o

and u
function this should always be positive). The
derivatives are easily determined and we do not

list them here.

(o) _ 0me/n

The initial value u, , suggested by Schat-

zoff (1964),.is often satisfactory, but if not, the ué0)
can be successively incremented'until.conditions (1) and
(ii) are bofh satisfied. Alternatively, a starting point
may be fouhd for the exact calculation by iterating (more

easily) one of the null approximations such as that of

Rao (1948):

(5.5.1)  Pr(-a log U

2 ,
o Gl L, < ) - PrGl < )
+ a“”(Yq{Pr(xip+8 < z) - Pr(x;p < z)}



2 2 2 ' v
Yo lPrlxg oy £ 2) = Prig < 2)}) + Rg
- where
(5.5.2) a = n+i(m-p-1),
‘ 2. 2
(5.5.3) Yy F mp(m“+p“=5)/48, and

2

v+ (mp/1920) {3p" +3m"* +10m%p?-50(m?+p?) +159)

t

(5.5.4) Yy

6); if the

2

(The remainder term Rg is of order O(N~

first term only is used, error is of order O(N_
u

), and if
the first two are used, O(N ). Anderson (1858) gives

further details.)

The iteration takes place once the necessary set of

coefficients d (j = 0 here) has been found for the

jrc
null distribution, by using Theorems 5.4%.2 and 5.4.3.

Once a percentage point has been found to a predetermined
level of accuracy, the iteration stops and the cumulative

distribution function is evaluated at that point. This

requires a new series of convolutions for the non-null

distribution with noncentrality parameter A2, At each

stage of the convolution the coefficients are

djrc
needed, where, by Theorem 5.4.1, J = 0,1,2,40.,%°;

(p+1)

N

r=1,2,...,8; C = n-2s+2r,...,m+n+23j-23; and s =
for p odd and %(p+2) for p evén. The coefficients
thus comprise an infinite set (in j) of matrices of
size s X (m+23+2s-3). Theorem 5.4.5 simplifies matters
by listing the ohly possible non-zerobelements, but it can
be seen that the first row of each matrix (when r = 1)
tends to have infinite length as it is directly dependent

on 2j.
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The function F(u) incfeases monotonically with
j ‘and converges rapidly for reasonably low valuéé of A2.
It can therefore be truncated where reguired, thus limiting
the number and maximum dimensions of coefficient matrices.

A suitable point for truncation may be found by monitoring

the sum of successive terms of the series for the cumulative

distribution function when u = 1 and p = 1: this enables
an upper bound on j to be set at the start.  Once con-
vergence has started, at roughly j = (%A2+l), the sequence

of terms decreases monotonically with Jj, and if truncated
too .soon, the power will always be underestimated for |L|
(but overestimated for test criteria such as |I-L| where

upper percentage points are used).

Examination of the series expansion of F(u) shows that

the part most affected by changes in j 1is a5 and
particularly AQ. Let v

2
-1_-1A

(5.5.8)  F(w = Kj ijoanj

and let a <49a. 0 < q < 1.

k+1

Then we may show that

. - » 3
(5.5.8) Kk > (29) 1 (32%-q(Im+1)+{(q(3m+1)-31%)%~q(2mg-(m+n)A?)}3)
As an upper bound for F(u) we have that (assuming Qe = Yeyq)

2 o
: =1 -} Xk -1
(5.5.7)  F(w = Kjme 2x (5 ,a5Q+ (1=a) "7y 1 Qy )

In practise this tends tc overestimate F(u) slightly, as
both the ratio ak+l/ak and the series Qi are monotone

decreasing.

The main problem in the use of exact formulae remains
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the severe loss of significant digits through heavy can-
cellation as p,m and n increase. (Schatzoff (1964)
refers fo this as the decimal accuracy problem.) It can

be seen that K;l increases rapidly as p,m and n Dbecome
large. As all terms (anj) in j are positiye it follows

that they must become correspondingly small. The indivi-

dual coefficients djrc’ however, tend to increase both in
size and in number as m and p increase. This means
that Q. a small positive number, is the end result of

J’
addition of a large number of sizeable positive and hegative

terms.

For example, the central cumulative frequency distri-

bution of US,lO,lO at u =1, given by

c
-l S f - ) r - -1 g
(5.5.8)  Kj zr=120=cc<r 1)i(2/¢) djrc = K72 Qpes
has max Qrc of order .105 but
' r,c '
- - : , -12
LrLchc = Kp of order 10 .

Thus at least 17 significant digits are needed if the answer

is to be correct to only one significant digit.

The position is not quite as severe with lower values
of u, which aids computation of lower percentiles with
small n, but is aggravated by increasing Jj in the non-
central case. Consequently, computation with low values
of Az is not only quicker, but also more accurate, if
sufficient convergence has taken place before the decimal
accuraéy problem bacomes serious. The problems of con-
vergence. and decimal accuracy act in concert so that,

although one or two of the parameters p,m,n and A2 may
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be quite large, they may not simultaneously be big.

" Without structufal changes in the model, this problem
appears insoluble-. The cancellation.was monitored at all
stages of convolution and function evaluation, and the
truncation error noted at different times. In this way a
good indication of the accuracy of each result was obtained.
From the above discussion it is obvious that computation
requires double precision facilities : multiple precision
would be preferable and would increase the applicable para-

meter range.
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CHAPTER 6

RESULTS FOR THE TEST CRITERIA
1L}, |I-L] AND ]I-ZLjL

6.1 Exact noncentral percentiles of |L|

Results correct to at least six significant digits have
been calculated for various combinations of p up to 13,
m up to 50, n wup tc 120 and A2 up to 32. With
a lower degree of accuracy they can be extended further,
but accurate results with all parameters large cannot be
achiéved because of the decimal accuracy problems mentioned
in section 5.5, All calculations were performed using

double precision arithmetic.

The only other published noncentral linear percentiles
of |L| known to the author are those of Gupta (1971),
calculated from the explicit expressions given in Theorem
5.3.1, which he compares with Posten and Bargmann's (1964)
approximations. In Table 6.1 we compare results derived
by the method of convolutions with Gupta's comparison.
" This confirms Gupta's statement that the Posten and Bargménn
approximation is not so good for.small t = n+3(m-p-1) and
large A2. It also shows that for n (and t) large,
the approximation is even better than Gupta's "exact"
calculation. This is probably due to Gupta's infinite
éeries being truncated after too few terms - more terms are
néeded as A2 increases, and thé greatest discrepancies

occur where A% is largest (i.e. 4,0).



TABLE 6.1

Gupta's exact (GE), Posten and Bargmann's approxima-
tion (PB) and Hart's exact (HE) percentage points when

o = 0,95

A2 ' GE PB HE
0,5 0,571752 0,572598 0,571752
1,0 0,541292 0.,543222 0.541292
4.0 0,385821 0,398234 0,385821
0,5 0,898552 . 0,89855U 0,838552
1.0 0.886876 0,886881 0,886876
4,0 0.,802938 0,803031 0,802938
0,5 0,959648 0,9596U8 0,959648
1,0 0.954656 0,954655 0.954656
4.0 0,915845 0,915839 0,915836
0,5 0,775704 0,775729 0,775704
1.0 0,760957 0,761017 0,760957
4.0 0.,670107 0,676552 0,670098
8.0 , 0,559692
16,0 0.,405089
0,5 0,910887 0,910897  0,910897
1,0 0,904028 0,304040 0.904039
4.0 0,857L452 0.857602 0,857585
8,0 0,789103
16,0 0.662312

The maiﬁ use of the noncentral distribution is in deter-
mining the power of various tests and for this reason we
shall not discuss it further, but shall list a few tables
of percentage points for larger values of p in

Appendix 2.



AE ITO EXACT ITO -EXACT ITO EXACT
1 0,103 0,1030 0,092 0,0912 0,085 0,08L4L
2 0,165 0,1658 0,141  0,1407 0,126 0,1256
3 0,234  0,2343 0,196  0,1964 0,173 0,1726
4 0,305 0,3073 0,255  0,2564 0,224 0,2240
5 0,377  0,3803 0,317  0,3189 0,278 0,278
6 0,447 0,4517 0,378 0,3820 0,333 0,3346
7 0,513  0,5197 0,433 0,442 0,388  0,3912
8 0,576 10,5832 0,498  0,5044 0,443 0,4u71
6.2 jb-Cogparison of exact and asymptotic powers of |L}|
In this section we examine the accuracy of some published
asympfotic powers of U = |L| in the linear case. J. Roy

(1960) obtained an asymptotic expression for the distribu-
tion of =-n log U to the order n—%.vand tabulated appro-
ximate powers for n = 200. These were extended by Ito
(1962), who compared the approximate powers with those of
fhe Lawley=-Hotelling Tg test. Table 6.2 compares Ito's
results with those derived by our method and shows that for

A2 > 2, Ito's approximation underestimates the exact power

2 and decreases with

by an amount which increases with A
P. The exact powers in Table 6.2 are all equal to or

greater than Ito's approximate powers for the Ti test.
Mikhail (1965) used a Pearson type III approximation
to the moments of (n(1-U)/my) for p = 2, and

compared it with an exact power calculation. He used



TABLE 6.3
Ito's approximate (ITO), Mikhail's exact (ME), Hart's exact

:‘ ) B _+— ° ' . + a V
(HE) and Patnaik's approximate (PA) powers of U2,2,97(A2)

when a = 0,05

22 ITO ME HE ~ pA

1 0,103 0,105 0,1030 0,105
2 0,165 0,168 00,1656 - 0,169
4 0,305 0,309 0,3070 . 0,312

TABLE 6.4

Mikhail's approximate (MAY, Mikhail's adjusted (MB) and

Hart's exact (HE) pdwers of U?,u,n(lz)',Whén o = 0,05
n = 4§ ‘ ~ n = 120

22 MA HE MB MA - HE  MB

1 0,087 0,0820 0,081 0,087 0,0848 0,085

2 0,134 0,1199 0,118 0,132 0,1266 0,126

n 0,252 0,2096 0,208 0,244 00,2264 0,227

~

noncentrality parameter A = ZAE after showing that the
first two moments of his statistic did not depend on any
other function of the Ai, and concluded that "the appro-
ximation is evidently excellent for the larger values of

N3 for the smaller values of N it becoﬁes poor for large
ALY | This conclusion 1is baéed on an inacéurate calcula-

- tion of the exact power. His statement that "Ito's
approximafion is no better than a simple limit using the

Patnaik approximation" is also invalid (see Table 6.3).
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Mikhail's approximation consistently overestimates the true
power by an amount which increases with A and decreases
with n. This is shown in Table 6.4, together with an
"adjusted" power obtained by subtracting A3/2/(4n)

from Mikhail's approximation.

Posten and Bargmann (1964) have developed approxima-
) .

tions of order ¢ and qa to -q log Up,ﬁ,n(kz) for
the linear and planar cases, where q = n+%(m-p—l), and
from Table 6.1 these appear to give véry satisfactory
results. Comparisons made in Posten and Bargmann.(196u)
for either p or m = 1 confirm the implied accuracy of

their approximations of order q_l ‘and qu.

Pillai and Jayachandran (1967) obtained an expansion

for U and tabulated exact powers for various values

2,m,n(A)

TABLE 6.5
Roy's Gamma approximation (RG), de Waal's.x2 approximation

' T '
(deW} and Hart's exact (HE) powers for Up,u,SO(AZ) when

a = 0,05,

p =3 |  p=w
A2 RG deW HE RG dedl HE
20,1053 0,1029 0,104k 0,0960 0,0931  0,0948
6  0,2526 0,2505 0,2558 0,2180 02126  0,2194
10 0,4168 0,4262 0,4321 0,3584 0,3610 0,3705

of - m,n,Af and A%. Here attention should be drawn to
the serious effect that rounding error or cancellation may

- have on computation and conclusions drawn. Pillai and



6.6

Jayachandfan (1967) calculated and tabulated percentiles to
eight significant digits, yet checks by Lee (197la) and the
author have shown that the associated powers in some cases
were correct to only one significant digit. As the powers
of different test criteria (such as Hotelling's Tg and
Roy's V(p))are often very similar in magnitude, false con-
‘clusions regarding superiority of tests may easily be drawn.
Pillai and Jayachandraﬁ's results. appear most seriously
affected when m is low and A2 high, and in almost every
case underestimate the true power.

de Waal (1968) derived a xz approximation of order

-1

n to =-q log Up,m,n(AZ)’ where q = n+3(m-p-1).

Table 6.5 compares this with J. Roy's (1965) Gamma approxi-
mations and our exact results. The x2 approximation

appears better for larger AQ.

Sugiura and Fujikoshi (1969) found asymptotic expansions
of IL] for the general noncentral case to the order of
qﬁz. Using these, Lee (1971a) tabulated‘approximate powers
of |L|] for p=2,3 and U4, various values of m and
n, and combinations of up to four non-zero values of G
For p =2 and n = 63, m = 3,5 and 7 and (A§+A§)
up to 10, Lee (1971a) showed that the approximation did

not differ from the exact value by more than 3 wunits in

the fourth significant digit. The exact checks which can
be made on Lee's powers for p = 3 and 4 also indicate
good approximation. Using the approximation of Sugiura

and Fujikoshi (1969), TFujikoshi (1970) tabulated approxi-

mate powers of |L| for »p =3, m= 3,5 and 7, n = 85
and 170 and combinations of Ai' up to ZA% = 4,5,



6.3 [I-L| as a test statistic

The statistic |I-L| = |B|/|A+B|, where A and B are
central and néncentral Wishart matrices with n and m
degrees of freedom respectively; was originally perosed by
Wilks (1932) in the central case as a generalisation of
the correlation ratio. Pearson and Wilks (1933), discuss=-
ing the bivariate case, stated that |I-L| could not be
expressed as a single valued function of jL] and would
not be suitable as an alternative test criterion for the

hypothesis of equality of means of k populations.

Hsu (1340) examined the moments and distribution.of
|I-L| for general p and noted that, for p = 2, the
disadvantage of |[I-L| was that it was unlikely to be able
to detect the falsehood of the null hypothesié if only one
of the two noncentrality parameters Ai vanished. Ito
(13862) recorded.its use as a test statistic, and its distri-
butional properties, both exact and asymptotic, have been
~examined by Troskie (1966, 1972), de Waal (1968, 1968a and

1970) and Money (1972).

Pillai and Nagarsenker (1972) stated that. |I-L] could
be used as a test criterion for the three tests of
(i) equality of two covariance matrices, (ii) canonical
correlation and (iii) MANOVA, and gave exact and asymptotic
noncentral densities of |I-L| for the three tests. |
Fujikoshi (1972) noted that |I-L| could be used as a test
criterion for the multivariate linear hypothesis or for
tesfing equality of two covariance matrices, and derived

asymptotic expansionsof |I-L| in the noncentral case.
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We shall now examine the suitability of |I-L| as a

test criterion in the general p-variate case.

Under the null hypothesis Hj, |L] tends to one'and
Hy will be rejected if |L| is significantly close to
Zero. It seems reasonable, therefore, that under HO
|I-L] tends to zero and HO' should be rejected when

|I-L] is sufficiently close to one. If © 12 1,250,548

i’
(2 = min(m,p)) are the non-identically vanishing roots of

the equation

(6.3.1) |B-8(A+B)| = O
we have that
=k -
(6.3.2) |L| = m/_,(1-6.)
and
L

(6.3.3) |I-L| = Iy, 6;

It can be seen that, for |L| to tend to one, all e;

must tend to zero, whereas for |I-L| to tend to zero,

only one (or more) Si need tend to zero.
If we consider the MANOVA case, |I-L| = ¢ if

(6.3.4) |B] = IIKzggl(y -y.,.)(y.j.—y,,_)'l =0

.j.
(px1) (1xp)

i.e. if the sample variance between rows (or columns) is
zZero. In the noncentral linear case the 3 populatién
means for each row (or column) lie on a straight line in
p-dimensional space (Anderson (1946)). The j sample
means will tend, as the sample size of each population in-
creases, to follow this ﬁattern. If they too lie on a

straight line it follows that



(6.3.5) (y.j_—y.._) = dj cyls for all j.
' (px1) c,
e
B)

i.e, there is a constant ratio between coordinate wvalues

for each of the j sample means. Then
(6.3.6) [B| = |IK}Y d. () (erc c_)d.
J=1"31"1 172 °** “p’73
€2
c
P)

= 0, as CC! is-singular (ct = (cl cos cp)).

This implies that we expect |I-L! +to tend to zero
both under the null hypothesis and in the noncentral linear
case. -Consequently, use of |I-L| as a test criterion
for various hypotheses will result in acceptance of 'HO in

certain cases where it should be rejected.

Intuitively, therefore, we would expect that the test
criterion |I-L| would not be able to distinguish between
the central and noncentral linear distributions, if the’
sample means approached positions on a straight line.
Given the fact that with a noncentral linear alternative
distribution the population means lie on a straight line,
it follows that the sample means will follow suit once n
is reasonably large relatiVé to m. In Section 6.4 we
shall show how distributional results can be obtained for
|I-L| and in Section 6.5 we shall see how the powers‘of

the statistic support the above argument.



6. Distributional results for |I-L|

| I-L|, which we shall write as wp5m,n(x2)’ is the
special case of lI—ijI where 1§ = 1. de Waal (1968)
has shown that wp,m,n(XQ) is distributed as HE:lwi
where Wy is independently distributed as BlB(m,n,l2)
and the W are,indépendently distributed as
By(m-i+l,n), 1 = 2,3,...,p. ‘The central densities are the
same as those of  |L| with m and .n- transposed. By
comparing equations (3.2.6) and (3.2.10), it can be seen
fhat the only difference in the noncentrality componenfs

2

is that IA°w in the hypergeometric function of | I-L|

1
replaces %A2(l-ul) in that of |L]|.

This similarity in form enables the algorithm of
Chapter 5 to be used, with certain modifications, to find
densities and -cumulative distribution functions of
. ‘/‘]P’m,n(AZ)-

When n 1is even (as opposed to m even for

. . . ' in-1 .
Up’m,n(l2)) the binomial expansion of (l—ul) is
finite, and by setting Zi = WoiWoihqs Vi = ~log Wy and
' = 2Jog 7Z¢
Vi = =log Zl we have

: |
-1 -]co k k,b
(6.4.1)  £vp) = 2" (BUm, I JasTE (-1

-exp(—%(m+2j+2k)vl) vy > 0
where as is as in equation (5.3.3) and
(6.4,2) Db = 3(n=2);

(6.4.3) £(v,) = (B(3(m-i+1),3n) 1Y -D*D)

-exp(—%(m—i+22+l)vi) v. > 0, 1= 2,..;,p



and

(B.4.4)

-exp(~%(m+2—2i)vi) v!

£(v!) = (2BGm-24,n) TP

!> 0,
l.._

Using equations (6.4.1), (6.4,3) and (6.4.4) with

Theorems (5.2.1) and (5.2.3), Money (1972) derived explicit

expressions for the densities of W

m and Az

p,m,n(A?) for general

even n and p = 2,3,4 and 5. The cumu=-

lative distribution functions are given in Troskie and

Money (1974).

The convolution algorithm may be extended to derive

the density and cumulative distribution function of’

l1-L], by making the following changes:

(1)

(6.4.5) djlc

(1) transpose m and n in all formulae, but as

remains ((%(m+n))j(%A2)j/(%m)jjI)

the matrix of coefficients (djrcl , for p =1

is given by

1(c-m=273)
(-1)

1 -
;En 2) ) (c-m-23) even, >0

c-m~273)

0 ' otherwise.

Careful observation of the convolution process also shows

that, at any stage, only elements d. with thé follow~

jrc

- ing subscripts may be nonzero:

r =1 and <c¢
or ¢

Y = 2,...,5=1

and

f = s and c

((n+23-2+21), i = 1,2,...,3n)
((n~2s+2),...,(m+n-2)),

and c¢ = ((m—25+2r),...5(m¥n-2r)),

(m+23),...,(m+n=-21r)).



2,

It follows that all djr*c are zero for r® > in,.

Upper a-percentiles u, of the central distribution
of |I-L| may Le calculated by an iteration process and
the powers of the test statistic are given by l-F(uq).

Some percentiles of W and W are given 1in

p,m,n Paman<x2)

Appendices 1 and 3 respectively.

6.5 Exact powers and power comparisons of |L| and II—LL

The algorithm described in Chapter 5 enables exact
powers of |I-L| and of |L| with p > 2 to be calculated
for the first time. Exact percentiles and powers of |L|
can be found for any values of p, even m,n,A and o,
the only restrictions being due to the decimal accuracy
problen diséussed in Section 5.5. In addition, by Theorem
5.2.2. (Das Gupta and Perlman (1973)), Ué,m,n(kz) |

. _p " g h] g [~
Um,p,m+n—p(A2) and therefore the algorithm can be used if

either p or m 1is even. For both p and m odd, an
extension of Lee's (1972) or Mathai's (197l1la) technigues

for the central case or interpolation might be used.

We shall now find a relationship between Wp o.n and
. ' b 2

wn,m+n-p,p'

Lemma 6.5.1 (Anderson (1958)

(6.5.1) ngzl(r(%<n+1-i)+h)r<%(n+m+1-i))/

S eT(3(n+1-i)T (3 (n+m+1l-i)+h))
= n§:l(r(%<n+m+1—i>)r<%<n+m-p+1-i)+h)/

‘T (3 (n+m+1=-1)+h)T (L (n+m=-p+1-1)))
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From equation (3.3.10) the hth moment of Wp,m,n(Az) is

(6.5.2) E|I-L|P = (r, (amendT (3 (mén)) /T (3mIT (Jeen)+h))

2 2

-~z ,Fo(3(mn) ,dm+h; im,3(mn)+h; 3A°)

‘e

- (6.5.3)

i

ngzl(r(%<m+n-i+1))r(%(m-i+1)+h)/
sT((m=i+1))T (3 (m+n-i+1)+h))

2
-1
rem2h oy (2(min) ,3m+h; Jm,3(mtn)+hy

L]
D>
~

and by Lemma 6.5.1 with m and n transposed this is

equivalent to

i<

(6.5.4) 1% 1 (TG (m#n=i+1))T(F(m+n=-p-i+1)+h)/
-F(%(m+n-i+l)+h)P(%(m+n—p—i+l)))

. . 2
pFo(3(min),3mt+hy m,z(mn)+h; A )

f

Putting m' = m+n-p, n' = p and p' = n. we have

(6.5.5) TP (F(i(m'+n'=i+1))T(I(m'=i+1)+h)/

sT(3(m"+n'-i+1)+h)T(1(m"-i+1)))

2

-1
e 2A ZFZ(%(m'+n'),%(m'+n|_pl)+h; %(m'+n'~p'),

3(m'4n ') +h; 122)

Comparing equations (6.5.3) and (6.5.5) we see that the
sections involving products of gamma functions are equiva-
lent, with p', m' and n' in (6.5.5) replacing p, m

and n in (6.5.3). In the noncentrality components,



however, im+h and Im in (6.5.3) are replaced by
{m"+n'=-p)+h and Z(m'+n'-p') in (6.5.5). lience, unlike
Up,m,n(AQ)’ the noncentral linear distribution of ]I—L]
cannot directly be expressed in terms of an alternative

product of Beta distributions. This provides the follow-

ing result.

Theorem 6.5.1

= W This re-

In the central case, W .
DsM,n n,m+n=p,p

lationship does not hold for thée noncentral linear distri-

bution or for powers of W

4 ,myn”
Powers of |I-L| can thefefore only be found for even

n, and general p,m,)\2 and O. We also note that to

avoid singularity in |B|, m > p must hold, and that

problems  of decimal accuracy arise which are similar in
magnitude to those for |L|. TFor |L|, approximations
up to the order qnz, where q = n+i(m-p-1l), have been
obtained by Posten and Bargmann (1964), Sugiura and
Fujikoshi (1969) and Lee (1971). If errors of this oraer
afe unacceptable because n is small, exact results are
calculable from the.algorithm. Using de Waal's (19638a)
approximation, Fujikoshi (1972) derived an approximationv
of |I-L| to the order. r—s, where

r = m+3(n-p-1)+2 trA/p. No numerical results of approki-

mations for |I-L| appear to have been derived.

A selection of exact powers of Uy m.n for various
Y oalils

parameters is given in Appendix 4.

) .
Let Ha(p,m,n} ) denote the power of Up,m,n at

level o, under alternative hypothesis Ai =z Az ~ and
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2 . . .
Ai 2 0,1 = 254040 4Ds Results obtained all confirm that,

for k > 0,
(6.5.6) 1 2y

(p,m,ny A > Ha(p,m,n; Az) atk<l

otk

2

(6.5.7) T_(p,m,n; A2+k) > I (pym,n; A%)

(6.5.8) Ha(p,m+k,n; AQ) < Hu(p,m,n; A2)

(6.5.9) Ha(p+k,m,n; A2y < Ha(p,m,n; )

(6.5.10) I_(m,p,mtn=p; A°) = II_(p,m,n; A%)

2

(6.5.11) I (p,m,n+k; A%) > I (p,m,n; A%)

(6.5.7) was shown by Das Gupta, Anderson and Mudholkar
(1964); (6.5.8), (6.5.9) and (6.5.10) were proved by Das
Gupta and Perlman (1973), whilev(6.5.ll) is a conjecture by

the latter authors.

Power comparisons of |L| and |I-L| are shown in
Appendix 5. These reveal that the power of [I—L[ also
increases with A2 and n and decreases with m and p,
vbut at very different rates from that of |L|.. To.clarify
this we shall compare the powers of the two statistics for
pP=54; m=4,6,8 and 10; n = 4,6,8 and  10;

0,10; 0,05; 0,025; 0,010 and 0,005 and A% = 0,5;

o
1,0; 2,0; 4,0; 8,05 16,0 and 24,0. Figure 6.1 illustrates
the set of values of o and Az for which the power of

|I-L| exceeds that of |L|, and shows how this set typi-
cally changes as m and n vary. Cases with m > n

are not shownj; for these the set of a and A2 will in-

crease 1n size.



FIGURE 6.1 CONTOURS @ AND A2 ABOVE WHICH
POWER (|I-L|) > POWER (|L])
P =4 M =4 P =4 M= 6
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A2 A2
— »100 ,050 ,025 ,010 ,005 —_.,100,,050 ,025 ,010 ,005
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. — ,100 ,050 ,025 ,0l0 ,005 — ,100 ,050 ,025 ,0lC ,005
.015 N 15 . : N
1,0 1,0
2,0 2,0
4,0 4,0 .
. 10
8 ' 10
16,0 16,0 -
24,0 24,0
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The ratio of the power of [I-L| to that of |[L| varies
greatly. For p=m=n2=14 (i.e. m and n equal and

’) .
close to p) it is 1,205 for A° = 8,0 and a = 0,05,

and reaches 1,708 for A% = 16,0 and o = 0,005. For
p=u4, m=n =10 the'largest'ratio is 1,044 at A2 = 4,0
and o = 0,0065. When p =m=4&,; n = 10, ILJ‘ is mark-

edly superior and the ratio drops to under 0,5 for

2% = 16,0 and all a.

A rough generalisation is that [I-L] is more powerful
than |L| when m equals or exceeds n or when m is
close to n and o and A% are small. (These are the
cases where the power of any statistic would be expected
to be minimal). In practice, however, it is desirable
always to have n large relative to m. If the sample
size has to be small it would be unreasonable to choose an
alternative hypothesis with low A2 because of the low
associated power. This supports the statement of Pearson
and Wilks (1933) and Hsu (13840) regarding the usefulness of
|I-L] as a test statistic, and actually measures the
degree to which the similarity of values of thé noncentral
linear statistic and of the central stafistic affects its
ability to distinguish between these two cases.

In Table 6.6 we show how the powers of |L| and |I-Lj|

(with p =2, m= 2, a = 0,05, A2 = 0,5 and 16,0) chdange

as n 1increases. This shows that for the low value of
Az = 0,5, there is not much difference between IL] ana
{1-L| for all n. Whern, however, A2 (= 16,0) 1is high

(and the central and noncentral distributions are distinct)

the power of |I-L| is less than half that of |L} from



TABLZE 6.6

Power Comparison of |L| and |I-L] with increasing

n for p=2, m=2 and o = 0,05

A2 = 0,5 A% = 16,0

n |I-L] | L] Ratio [I-L] L] . Ratio

2 0,0587 0,0540 1,088 0,1742  0,1291 1,349

4 0,0616 0,0598 1,030 0,2164  0,3585 0,604

6 0,0631 0,0634% 0,996 0,2482  0,5348  O,464

8 0,0641 0,0657 0,976 6G,2728 . 0,6415 0,425
10 0,0648 0,0673 0,962 0,2921  0,7067 0,413
12 0,0653 0,0685 0,953 0,3076  0,7487 0,411
16 0,0660 0,0702 0,941 0,3310 00,7981  O,u4lu

20 0,0665 0,0712 0,933 0,3478  0,8254  O,u21
24 0,0668 0,0720 0,928 0,3604 00,8425 0,428
n = 6 onwards., We have also shown broadly that II-L[ is
superior to |L| only when m > n. This implies, in the
cases of

(1) Regression : N < 2q-r; .

(2) Means : N < 2g-1;

(3) MANOVA : J <2 or Ix< 2 (one element per cell);
(4) MANOVA : K <2 (K elements per cell - contra-

dictory).

These are all statistically unreasonable.

Because of its inability to distinguish between the
central and noncentral linear cases we conclude that
|I~L| should not be considered as an alternative test

statistic to |L]|.

6.6 Tests using the statistic II—ZLjL

]I-Z?;le[ has been proposed as a test for the equality
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~of k multivariate normal populations, and it has been

shown that its central moment reduces to that of |I-Lj.
Under the alternative hypothesis of equal covariance matrices
and noncentrality (means) matrix of rank one, the dénsity

of the statistic (given in Theorem 4.7.1) is equivalent to
that of |I-L| with an = n. The properties of and
results for |I-L| ‘discussed in Section 6.5 will therefore
also hold for ’I—ZLjI, and as an will always tend to

be large compared with m, II-ZLj] will not be a powerful

statistic when the alternative hypothesis is that of un-

equal means.

de Waal (1970) investigated a similar statistic where

the means were all equal, but covariance matrices unequal.

Theoren 6.6,1 (de Waal (1970))

Let A., j = l,.v.,k v W(Zl,nj) and B~ W(Zz,m)

] _
where Aj’ j = 1l,...,k and B are independent. Let
(6.6.1) L. = (Ek A +B)*%A (zk A +B)—% where the usual
T N 3=173 jre3=173

conventions regarding square roots are adopted.

Then
(6.6.2) E|I-TF b 1 1
.6. |I—§j=le] = (Tp(g(m+n))TP(5m+h)/
T (im)T (2 =1, |30
P\gm) b §(m+n)+h))|zl Lzl

. -1,
'2}1(%n,%(m+n); YGu+n)+hy I-I7 zz)
. «
where n = . _.Nn-
Z]:l J

If we consider the noncentral linear case, i.e. where

“12.) has only one nonzero root (1-0%) we obtain

(I--Zl 9
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(6.6.3) E[I-J%_.L.1® = (P_(3(m+n))T_(3m+h)/
J=173 P p -
'-rp(%m)rpcg(m+n)+h))wn2rl(gn,%<m+n>;

'%(m+n)+h; (l~w2))

which is the same as the hth moment of |[I-C| (given in
equation (3.3.18)) where A ~ W(Zl,n), B W(Zz,m), A

-1 -1
and B independent, and C = (A+B) 2A(A+B) 2.

We shall show in Chapter 8 how |I-C| may be used to
test for the equality of two covariance matrices and shall
see that under practical conditions.the associated powers
are sometimes better than for the other proposed test
criterion [c]. The practical range of parameters m
and n tends to be more limited for II-ZLj| than for.
|I—C|, as here n = an will almost alwayé be larger
than m. We.note also that for computational purposes
n = an must be even, and that the nature of the infinite
series will depend on whether w? is <1 or > 1. If
w? is < 1 the series will converge monotonically, but
if w? > 1, the séries will alternate in sign and will

. 2
only converge for certain low values of w".
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CHAPTETR 7

TESTS OF INDEPENDENCE

7.1 Extension of the algorithm to |I-R| and‘[R[

It can be seen that, with appropriate degrees of free-
dem m and n for hypothesis and error respectively, the
central distributions of |L| and |I-R| are equivalent,
To extend the results for |L| to the noncentral linear

distribution of |I-R|, written U we need

p,m,n(p%)’

only compare the noncentrality components given in Table

4.2, It follows that to derive UP n n(pz) from
, 2T 1
‘ o= 1
Up,m,n(AZ) we should
2
-1 2
2A by (l—pi)z(m+n) and

(a) replace e

' ' 2 3 .
(b) set ay = (((F(mn))y) pf]/(%m)jj!).

Similarly, the central cases of |I-L| and |R|, the
square of the vector correlation coefficient (Anderson
(1958)), are equivalent. To derive the noncentral linear

distribution of |R|, written W from

p,m,n(p%)’

W we also make changes (a) and (b) above, where

p,m,n(kz)
m and n are now the degrees of freedom appropriate to
these statistics. (See Table 4.1.) Using this method,

percentiles of the central and noncentral distributions

nay be derived, and powers calculated.

Because of the finite series binomial expansion used,
we are restricted, for computation, to p, even for |I-R|
and to (n-p,) even for |R|]. We shall now show how these

restrictions may be partially overcome.



From Theorem 4.5.1 we have

(7.1.1) E}I-r|?

= (Fp (%n)I‘p (%(n-p2)+h)/rpl(%(n—p2))

1 1

2D o

2.1(%n,%n; in+h; P).

I (in+h))|I-P|
P1

Using Lemma 6.5.1 with the following changes:

P> Py T *>DP,; n*n-p, we obtain

a } 1
(7.1.2) E|1-3|1 = (rp (%n)FpZ(ﬁ(n—pl)+h)/PP (in+h)

2 2

2 ‘
'sz(%(n-pl)))lI-PF?QFl(%n,%n; In+h; P).

This is the distribution of (7.1.1) with p, and pé

transposed. It follows that

Theorem 7.1.1

The likelihood ratio criterion for testing the inde-

pendence of two sets of variates

(7.1.3) u_ , 2y = U_ ' 2
Py 91)2 an—pz\pl) I-’2 ’pl an“Pl(pl)-
The central distributions and powers of U and
Py sP9sn7Py
U are equivalent.
. P2 ’Pl sn_Pl

From Thecrem 4.5,1 we also have

h
(7.1.4) EIR = T in)l (Ip.+h)/T'  (in+h)
l I ( pl z0 pl 2P2. Pl 20l

’ 2
"I, (3pp)) | T-PI*"3F) (3n,idn,3py+h; Inth,ipys P,

and using Lemma 6.5.1 with

D > Py3 M ™>N-py3 N > Dp,, Wwe obtain



h
7.1.5 EIR = in)T z(n= h
( ) [ { (P(n_pz)(&n) (n_Pz)(&(n pl)+ Y/

. 1 1(n- )
P(n_pQ)(2n+h)P(n_p2)(2(n py)))
1
| I-P| 2" F, (4n,3n,ip,+h; in+h,ip,; P).
Putting pi'= n=p,, pé = n=py, n' = n, we obtain

(7.1.8) E|R|" (rpCanry

p! (%pé+h)/rpi(%n'+h)TPi(%p§))

t
1
int ] :
-|1-p|2" 3Fo(3n',3n",3(n"=pI)+h; In'+h,3(n"-p}); P).
Comparing (7.1.4) and (7.1.6) we see that the central
components are equivalent, with pi, pé and n' in (7.1.6)
replacing Pys Py and n in (7.1.4%). This correspondence

does not extend to the noncentrality component. This

gives rise to

Theoren 7.1.2

In the central case 1 = W .
Pl9p2’n—p2 n_Pz:n-plspl
This relationship.does not hold for the noncentral linear

distribution or for powers of W .
P pl,Pz,n—pz

From Theorem 7.1.1 it follows that powers of |I-R| are
obtainable in all cases except where both pi and p, are
odd. Theorem 7.1.2 shows that powers and noncentral

linear percentiles of |R| can only be determined for

(n-pz) even.

In Appendices 6, 7 and 8 we list some noncentral linear
percentiles and powers of |I-R| and some noncentral
~linear percentiles of |R| respectively. These are found

for the first time with p; > 2.
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7.2 Distributional results for the likelihood ratio
criterion |I-R]

We now outline the distributional results so far obtain- .
ed for the likelihood ratio test of independence between
two sets of variates. As the null distributions of |L]
and |I-R| are the same, results derived by authors such
as Wilks (1935), Wald and Brookner (1941), Box (1949);
Anderson (1958), Consul (1967), Schatzoff (1i964), Pillai
and Gupta (1868), Mathai (1971a) and Lee (1972) are appli-

cable to both.

Kshirsagar (1961) expressed the noncentral linear case,

Up,m,n(pi)’ in terms of a product of Beta functions and

Pillai (1965) used the first four moments to calculate
powers of the statistic under noncentral linear alterna-

tives with p = 2, m = 7 and 13, n = 53, 83 and 123

2
Dl |
of Pillai's values with those derived by the algorithm.

and = 0,0025 and 0,01, In Table 7.1 we compare some

TABLE 7.1

Pillai's (1965) approximate (PA) and Hart's exact (HE)

pbwers of U, ‘when a = 0,01.

L,7,n(p§_)

n = 53 ' n = 83
2 2 -
o1 Pa HE 0 PA HE
0,0025' 0,0118 - 0,010854 0,0025 0,0140 0,011375
0,01 0,0190 0,0l3714 0,01 00,0280 0,016246

It can be seen that this approximation greatly overestimates

the true power, which results in false conclusions being
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drawn as to the superiority of this statistic over others

for n-= 83.

Using Constantine's (1963) joint distribution of the
characteristic roots ri of fhe generalised multiple
correlation matrix R, Pillai and Jayachandran (l967)-de—7
rived an expression for the noncentral cumulative distri-

_ bution function of |[I-R| with p = 2. They .also tabulated

powers of U2,m,n(pi,p§) for m* = }(m-p-1) and

n* = 3(n-p-1); m* = 0,1,2 and 53 n* = 5,15,30 and &0

and 0 < p2, p2 < 0,15. It should be noted that Pillai

~and Jayachandran's (1967) "exact" powers are also based on

a truncated series. For small values of pi, i.e.

2
°

are all identical to those calculated by the algorithm.

= 0,0001 and 0,01, Pillai and Jayachandran's values

For Pillai and Jayachandran's larger parameters, pi'= 0,10
and 0,15, a comparison with the exact values obtained by

the algorithm is given in Table 7.2

Asymptotic distributions and powers were derived by
Sugiura and Fujikoshi (1969) (neglecting terms of ordér
q-3/2, where q = n+%(m-p—l)) and by Lee (1971), Muirhead

(1972) and Sugiura (1973) 11 neglécting terms of order
q—3); Nagao (1973) has obtained an asymptotic expression
for the noncentral distribution (neglecting terms of order
q—3/2) for the general case of 2 or more sets of -variates.
Lee (1971) tabulated comparisons of his approximations to
powers of |I-R| with the "exact" powers of Pillai and
Jayachandran (1967), for p =2, m = 3,5,7 and 13, and

n = 63 and 83. Lee's approximations in the linear case

(to 3 significant figures) are in full agreement with



TADLE 7.2

Pillai and Jayachandran's (1967) exact (PJ) and Hart's

. T N - ‘, = I
exact (HE) powers of U2,m,63(p3) when o G,05.
2 .

P o n Py BJ HE

2 3 63 0,10 0,447 . 0,449 "
0,15 0,664 0,669

2 5 63 0,10 0,363 0,365
0,15 0,574 0,572

2 7 63 0,10 0,314 0,315
0,15 0,489 0,506

exact powers calculated by the algorithm, and it appears as:
if they are generally more accurate than Pillai and Jaya-
chandran's powefs, for these values of n. Numerical
results given by Sugiufa (1973) also indicate that his
approximations are of the stated level. of accuracy for

n = 83. Using systems of partial differential equations,
Muirhead (1972) tabulated.approximations of order

q_s(q = n+3(m-p-1)) to U2,m,n with m = 7 and 13 and n =

13,33 and 83, and compared his approximations with the

powers of Pillai and Jayachandran (1967). For small pi,

his results appear to be correct to the stated O(qwa).

Muirhead's values are always less than Pillai and Jaya-
chandran's, but as both become inaccurate witﬁ increasing
pi, no conclusions can be drawn for larger pi. Muirhead
' states that the method used can theoretically give the ex-

pansion up to any order of N. o
Using the work of Kshirsager (1961), Troskie (1969) and
Gupta (1971), lloney (1972) showed how explicit series ex-

pressions for U

2
p,m,n(pi)’ for general PsnsPq and m even,

could be derived. The algorithm used by the author follows

these results.



7.3 The statistic |R]

Wilks (1932) first defined this statistic in the central
case as a generalisation of the correlation ratio. It is,
of course, then equivalent to lI—L{ of Chapter 6.

Anderson (1958) notes that |R| is the sample equivalent

of the square of a vector correlation coefficient. Troskie
(1969) derived the moments and noncentral linear distribu-
tion of |R| and showed that the distribution could be
expressed as that of a product of independent Beta variables.
He also extended these results to the complex case, where

|R| is the sample vector coherence cocefficient.

Money (1972) and Troskie and Money (1974) showed how

the density of |R could be derived by using the method

of convolutions. Money (1972) gave explicit series ex-
pressions for |R| for both the real and complex cases.
The author has seen no reference to |R| as a test

statistic other than thdt of Pillai and Nagarsenker (1972),
who refer to it as the Wilks-Lawley U-~criterion for
canonical correlation and provide a density for the general

noncentral case.

For p =1, 'lRl has the density of the square of the
multiple correlation coefficient. Lee (1972a) used term-
wise integration on TFisher's (1928) density function of
the sample nmultiple correlation coefficient, and by suifable
truncafion of the infinite series, calculated upper percent-
iles of the multiple correlation coefficient. = These may
be easily calculated by using the algorithm to find the
noncentral percentiles of - wl,m,ngpz)’ and then taking the

square roots of these percentiles. The results obtained



agree exactly with those of Lee (1972a).

Using percentage points tabulated by Mijares (1964),
Muirhead (1972) calculated asymptotic powers for wl,m,uo
pi = 0,03; 0,053 0,07;
0,10; 0,205 0,303 0,403 0,50. The results show that Muir-

where m = 2,3,5,10 and 15 and

head's approximation loses accuracy when pi is large,

and particularly as m increases, and may in some cases
only be accurate to one significant figure. This may be
due to the basic decimal accuracy problem encountered in the
algorithm. Muirhead also shows how a normal distribution
expansion of Sugiura and Fujikoshi (1969) may sometimes be

a better approximation.

We shall now show why |R| can not be regafded'as a
suitable test criterion for the test of independence of two
sets of variates, OQur argument parallels that for the

statistic |I-L{.

IR| = ¥

YT where r. (i = 1,...,p) &are the sample

canonical correlation coefficients between the two sets.

Consequently, if any »; are zero, |R| will be zero.
If £ is of full rank, all of the population canonical
correlation  coefficients i will be nonzero. When its

rank is not full, one or more of the s will be zero and
the T will tend, for moderafe sample size, to follow
this pattern. An increased sample size should mean in-
creased power, but it will also mean that the rs will be-

come closer to the (zero) ps -

When the rank of 212 is less than p, and particularly

when it is one, the value of the statistic |R| will



approach zero. As |R| should also tend to zero in the
central case, 1t behaves ambiguously as a test criterion for
independence and .should not be used. Two other test cri-

teria for independence propoéed by Pillai (1955), R(q) =

1y-t (@ - g(er(z-myr~H 7L

q(tr R and T are shown by
Troskie (1971) to be unsuitable for similar reasons :
Troskie (1971) states that they could only be used for large
deviations from the null hypothesis,‘when the population

canonical correlations are all different from zero.

7.4 Powers and power comparisons of |R| and [I-R]

Powers of |I-R| and of |[R| were calculatéd for a
parameter raﬁge similar to that of |L| and |I-L]|.
Powers accurate to 5 decimal places were obtéined for
values of pi up to 0,7; for larger pi the convergence
was too slow to avoid the effect of the decimal accuracy
= 0,3 for example, con-

problem., For U with

2 2
2,2,4(p7) Py
vergence starts only at the 25th term, and by the 55th
term an amount of 0,005 is still being contributed to the
integral.  |R| behaves similarly for large values of pi.
For large n, however, large values of pi would not be
~ practically necessary. The powers of |R] and !I-Rl

computed all obeyed equations (6.5.6) to (6.5.11) (where

0 < pi < 1 replaces A2 > o).

In Appendices 7 and 9 powers of |I-R| and power com-
parisons of |R| with |I-R| are given. These confirm
the inferiority of |R| as alternative test criterion to
|1-R|, as stated in Section 7.3. The relative behaviour

of the powers of |I-R| and |[R| can be seen to closely
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parallel that of the powers of |L| and |[I-L|. |I-R| 1is
generally more powerful than |R| except for cases when m
is greater than or equal to n. For the test of independ-

ence of two sets of variates, m > n implies N < 2p¥* + 1,
where p¥% = max(pl,pQ). These are clearly the cases where
the lack of data would cause any test criterion to have a

very loQ power, As n Dbecomes large relative to m, the
power of |I-R| 4increases much more rapidly than that of

IR|. For p = 1 the powers of |I-R!. and |R], the

square of the multiple correlation coefficiént, are identical,
and |I-R| is therefore an alternative criterion ih.this

case.



8.1

"CHAPTER 8

TESTING THE EQUALITY OF COVARIANCE MATRICES

8.1 Published results on test criteria

The likelihood ratio test for the hypothesis L1 T %,
against the alternative £y # L,, where I, and I, are
the covariance matrices of two normal populations, was shown
by Das Gupta (1969) to be biased for Ny # N, (In this
section we shall use the notation of Section 4.6.) The
modified likelihood ratio test was shown by Sugiura and
Nagao (1968) to be unbiased, but exact numerical values have
not been derived for this test. | Asymptotic non-null distri-
butions under the alternative Zl P2 22 were derived by
Sugiura (1969) and Nagao (1970). These’approximations,v
however, are inaccurate under alternatives close to the null
hypothesis, and Pillai and Nagarsenker (1972), Sugiura (1973)
and Khatri and Srivastava (1974) have obtained ééymptotic
expansions which are valid in this case. Approximate nume-
rical results were given by Nagao (1970) and Sugiura (1973),
and by Greenstreet and Connor (1974), who used lionte Carlo

methods.

Kiefer and Schwartz (1965) suggested a test based on
[s{+s,]/1s,| which Giri (1968) noted was invariant and ad-
missibie and, by Anderson and Das Gupta (1964), had a
monotonically increasing power function in thg wi, where
wi are the characteristic roots of Q = ZlZ;l. Giri
(1968) pointed out that the test of equality of two covar-

iance matrices could be reduced to that of testing the
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hypothesis

(8.1.1) HO Powy

against the alternative

. §P 2
(8.1.2) Hy : }¥_q uf > p.

Giri (1968) remarked that the dual alternative

ol

. 7D 2
(8.1.3)  H, : J3. wj <
reduces to (8.1.2) when Sy and S, are interchanged in the

statistic [S,+5,]/]S (We' may rewrite (8.1.3) as

2 -

(8.1.4) HE

2
52 ). (L/w) > p

where (l/wi)2 are the roots of 22211 o)

The null hypothesis will be reijected when the value of

the statistic is greater than a preassigned constant.

To align this statistic with Wilks' likelihbod ratio
criteria |L| and |I-R| for other testé, most authors
have subsequently used the statistic |8,[/|8,+5,], which
has a rejection regioniclose to zero. We shall refer to

this statistic as |C| (or 2y in the noncentral

u
p,m,n(w

linear case).

Pillai and Jayachandran (1968) proposed the test statistic
IC| as a test for hypothesis Hy against the alternative
hypothesis

wi >1 (i =1,...,P);5 P m2 > p.

(8.1.5) H P wl>

A
They derived the noncentral distribution of the statistic
and tabulated power comparisons for p = 2, which indicated
that |C| was at times more powerful than Roy's largest

2

root, Pillai's V(P) and Hotelling's TO criteria. Pillal

and Gupta (1969) pointed out that |C|] was not directly
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related to the likelihood ratio criterion, and that, unlike
the tests for equality of means and independence, large
values of both m and n could be expected. Pillai,
Al-Ani and Jouris (1969) derived .the noncentral distribution
of |32|/1631+52( &

§(known > 0, also finding explicit expressions for the

for testing the hypothesis H% : 8@ = Ip,

density and cumulative distribution functions when p = 2.
These results were exténded to the complex caée by Pillai
and Jouris (1971), for &8 = 1, i.e, for the test statistic
|cl. |

Nagao (1970) noted that i82(81+82)—l|_l had been pro-

posed as a test criterion for the null hypothesis Zl = 22
against the alternative HA’ and that the null hypothesis'
would be rejected for large values of the statistic. He

further derived an asymptotic expansion of l82(81+82)-l[

which neglected terms of order n_3/2 (n = nl+n2), andv
observed that it was continuous at the null hypothesis.
Nagao (1970) showed that, for p = 2, n, = 13, n, = 63

and wi = 1,5, the asymptotic central percentile and power
agreed closely with those of Pillai and Jayachandran (1968),
and also obtained asymptotic values for p = 4, n, = 50 and
n, = 100. Pillai and Nagarsenker (1972) considered a
general statistic Y = nglei(l-ei)b in both the real and

complex cases, and showed how the noncentral distributions

of |C] and |I-C| could be derived by setting a = 0, b = 1
and a = 1, b = 0 respectively. They also found asymptotic
distributions for |C| and |I-C| which neglected terms of

-3/2
order n 3/“.

8.2 The use of IC] ~and |I-C| as test statistics

In this section we shall examine the behaviour of |[C]

and |I-C| and assess their suitability as test statistics.
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In Theorem 3.3.3 the moments of |C| and |I-C| were de-
rived as |L| and |I-L| wusing the consistent format
An W(Zy,n), BN WH(E,,m), L] = [A[/]A+B]. |cl was also

expressed in this way in the general form of'Sectionvu.S,
and we shall use this format to extend the algorithm to the
statisties |[C| and |I-C|. In this chapter as in Section
4.6 we shall discuss the statistics in the form used by most
authors : |C| = lSzl/ISl+82|, where S, % W(Zl,nl),

52 2
3.3.3 to that of Chapter 8 are therefore

~ W(Z,,n,). Changes in notation from |L] of Theorem

(8.2.1) (L),I,,n,m) > (%,,5;,n,,n,)

We shall refer to the noncentral distributions of |C| and
|I-Cc| with parameters p,m,n and wi(i = 1l,...,p) as

U and W 2 respectively;

p,m,n(w%,...,wé) p,m’,n(w]z_,._..,wD

The statistic |[C|=|Sy|/[S+S,| will tend, as n, and

n, increase, to |n,I,|/|[n;Z;+n,I,[. Under the null hypo-

thesis HO : El = 22, this will tend to

(8.2.2)  [nyZ|/|n Z+n,Z| = (n,/(ny+n, )P,

Similarly |I-C] = |Sl|/|Sl+S?| will tend under H, to
(8.2.3) |n12|/1n12+n22| = (nl/(nl+n2))p.

Consequently the null hypothesis should be rejected when=-

ever the statistics depart appreciably from these values.,

- Anderson (13858) notes that the modified likelihood ratio

criterion ,
1 1 1
in §n2 '2‘(1'11+n2)
(8.2.4) Vv, = Is,l |52| /18,+8,]
2 : 1
in -3(n,+n,)
= b _j6,; mP_,+6.) L 2
i=1 1

(8.2.5) P_16s

measures how close the Gi are to nl/nz, where the Gi
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are the roots of ISl-Q82| = 0, and points out that any
other measure of the closeness of the Gi to nl/n2 will
be a test of Hy : I; = IL,. |C] will satisfy the latter
point as the roots of |[5,[/[S+S,| are <1-ei)‘l, Cand if
under the null hypothesis ©. 1is close to ny/n,, (l+E)i)-l
wiil be close to nz/(nl+n2) as stated. Similarly, the
roots of |I-C| are Gi(l+ei)_l, which will be close to
nl/(nl+n2) for ei close to nl/n2.

If the 6; are significantly less than or greater than

nl/nz, ~the value of the modified likelihood ratic criterion

vy

will be less than a preassigned constant, and a one-
tailed test is used. If |C|] is used under alternative

hypothesis Hy of equation (8.1.5), departure from the null

hypothesis will mean (from equation (8.2.2)) that

fcl < (nz/(nl+n2))p. If |C| is used under alternative
hypothesig

. 2 . 2
(802.6) }IB wii l (l = l,-c-,p); E:lwi < P,

departure from the null hypothesis will lead to

Iéi > (nz/(hl+n2))p.' Thus a two-tailed test may be needéd
when statistic Ic] is used. If |I-C| 4is used under
alternative Hys departufe from Hy leads (from‘8.2.35 

to |I-C|] > (nl/(nl+n2))P, and if it is used under alter-
native Hp, departure from Hy leads to

f1-cf< (nl/(nl+n2))p. Thus use of |I-C| may also necessi-
tate a two-taled test, which is the case for other test cri-
teria such as Pillai's V(p), Hotelling's Té and Roy's

largest root.

A further important characteristic of a test statistic

is its convergence. The statistics |L|, |I-L|, |K|] and
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and |I-R| all converge, at different rates, in the noncentral
case. The hth noncentral moment of {C| 1is given in
equation (4.6.8), whose hypergeometric function has the matrix

-1

argunent M = (I-Q 7). Under the alternative hypothesis

#,, the absolute value of the largest characteristic root

2y=~1 . 2 2 2
(1 (wp) ) of M is <1 (0 < W] < Wy < el < wp). Thus,
by condition (ii) of equation (2.1.6) the hypergeometric
2

series of |C| will converge for all values of wy satis~
fying equation (8.1.5). Under the dual alternative hypo-

thesis H the absolute value of the largest characteristic

B’
root of M 1is ll-w12|, and the hypergeometric series in
{c] will only converge for wi > 1.

In this case we may use (as Giri (1968) has noted) the

statistic |I-C| with transposed n, and n, and with

1

alternative hypothesis

(8.2.7) H%

o2 . D 22 .
I 1 E._ w¥" > p, w¥ = W, .

It can be seen that

P 122 wla-°'awp ‘ Po 27 wp :°--9Ql
that the upper o-percentiles of either U or
' P54 50,
wp’n2’nl would be used in this case.
In order to examine further the convergence of |C| and

|I-C], we must derive the moments and density of |I-Cj.

as |C| = |S,|/]|Sy+S,] and |I-C| = |S,]/|8;+S,|, results
for |I-C| will follow from those for |C| by transposing
with I

X and ny with n,. From equation (4.6.8)

1 2
and Theorem 4.6.72 we have

Theorem 38.2.1"

The statistic |I-C| = ISl]/ISl+82l used in testing the



equality of two covariance matrices has hth moment
h . .

(8.2.9) E|I1-C|” = (FP(%n)Fpk%nl+h)/Fp(%nl)Fp(%p+n))

oF1(3nydn, s dn+h; I-Q), @ = zlz; ,

and density (in the noncentral linear case)

Y - "p R Y ~
(8.2.10) £(w) hi:lf(wi)’ w. independent,

‘where
In. =7 in -

(8.2.11) £(w.) = (B(iny,in ) Tu 2 l(1-w y2h

oo 1 RS RERY, 1 1

n
2 A 2
) lro(%n; (l—w,)(l—wl))
and :
1 -3 - 1n -

(8.2.12) flw.) = (B(in,,%(n -i+l)))'lwz(rll ) l(l--w )2n2 !

el i 2o MYy 1 i

12 2,40¢e,De

Thus the density of [I~C| may be expressed in the non-

central linear case as that of a product of Beta variables.

The hypergeometric function in the hth moment of [I-C|
has matrix argument M = (I-Q). Under H, the absolute

value of the largest characteristic root of M is ll—wgl

and the series will therefore only converge for wi < 2.

Under H; the series in [I-C[ will converge for all wi
When testing the hypothesis HO of equality of co-

variance matrices against each alternative Hy and HB; we

therefore may use either |C| or |[I-C|. Calculations
of‘power are made difficult for |I-C| when w? > 2 and
for |C| when w2 < 3. Table 8.1 summarises the features

so far examined.

3

< 1,
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TABLE 8,1 PROPERTIES OF TEST STATISTICS UNDER TWO
ALTERNATIVE HYPOTHESES

Alternative Test- Rejection Convergence
Hypothesis Statistic Region Range of ws
2. .. o 2 | ' 2
w;>1ly ITws>p Up,n N low u all w;>1
3 1°7°2
(H,)
A : >
Wp,n n high w l<wi<2
_ 1272 ;
2 .. o 2 L Y
wiil, ;wi<p Up,n 0 high u 5<wi<l
1272
(HB)
U low w all w?<l
p’nl,nz 1

From equation (8.2.8) it can be seen that, for alterna-

tive hypothesis iy, the test statistics W - and
_ B : Pshy Ny
U may be used instead of U and W
P>y 5Ny Psny,0, Panlanz
respectively. The rejection regions will remain high and

low respectively and the noncentral distributions will be in

$2 _ -2
T

¥ ;. Because of this relationship it

terms of w
follows that powers of both test criteria |C| and |I-C|
may be calculated against both alternative hypothéses HA ‘
and HB

centiles of |I-C|, and wg > 1. This reduces the range

by using lower percentiles of |C|] and upper per-

‘of parameters needed for power comparisons.

For purposes of computing powers of |C| and |[I-C| we
shall restrict further comment to the noncentral linear case,
i.e. where @ has only one non-unit voot wz.‘ As with
the-other test criteria of this form, results for |C| and
II—CI can only be calculated by the algorithm for even ny
and n, respectively. We showed in Chapters 6 and 7 that

for |L| and |I-R|

(8.2.13) Up,m,n(f) - Um,p,m+n-p(f)



For |C| and |[I-C|, however, this is not the case.

Applying Lemma 6.5.1 to equation (4.6.8) with the

following changes
(8.2.14) (m3; nj; m+n) - (ny3 ny3 nd, o
we may rewrite E{Clh as:

(8:2.15) E[c|” = (r_ (3n)F_ (3(a-p)+n)/T_ (3(n-p))
1" M

1

1

T (n+h))]a] -1
ga!

gt
2Fl(%n,%nl; %n+h; I-Q

).

Because in the noncentral linear case

. =n
(8.2.16) w 12Fl(%n,%nl; sn+hs l-w

# w—szl(%n,%p; inth; l-w %),

it follows that

(8.2.17) U 2

p;nl,nQ(wz) # Unl,p,n-p(w )
Consequently we are only able to express |C| as a pro-
duct of ny Beta variables in the central.case, and use of
the'algorithm for the noncentral linear case requires ny
to be even, irrespective of p. Examination of equation
(8.2.9) reveals that |I~C| can only be written as the pro-
duct of n, Bété variables in the central case, and there—
fore the algorithm cannot be used in the noncentrai~linear

case if p 1is even and n, odd.

de Waal (1970) examined the distribution of ]I-ZLj|,

where Aj, J = 1,e..,k W(Zl,nj) and B " W(Ez,m), Aj

= l,...,k and B are independent, and

J
1 1
L. = (Z.A.+B) 2A.(E.A.+B) 2,
J ( 1773 ) J( 3773 )
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The hth moment of |I-ZL:|, given in equation (6.6.2),
equals that of |I~C| in equation (8.2.9) if the transform-
ation (8.2.1) is made. II-ZLjI may be used to test for

the equality of covariance matrices of k populations,

given that the means are all equal, and that the alternative
hypothesis is that one covariance matrix (22) differs

from the others (Zl). It was pointed out in Chapter 6

that for powers of the test to bé calculated n = an -should
be even, and that an would usually be greater than m.
Exact powers of this test in the noncentral linear case, for

different values of p,m,n and w2 are discussed in the

next section.

de Waal (1970) also obtained an asymptotic distribution

for -(m+%(n-p—l))1og|I—ZLj] to order m % for the case
where I-Zilzz = (2/n)P, where P is fixed as n + =,
8.3 Powers and power comparisons of IC| and |I-C|

Because |C| and |I-C| can be expressed as products
of independent Beta variables, the algorithm of Chapter 5
- can be used to derive their central and noncentral linear
densities and cumulative distribution functions. Results
for |C| can be obtained similarly to those for |[L| by
) :
-m

by w and

_ -1
(a) replacing e A

(b) setting a; = ((3(mn)) (1-u™%)I/3!

Results for |I-C| follow those for |I-L| by
-1 :

(c) replacing e 2 by ' and

() setting ay - ((%(m+n))j(l-w2)j/j!)

The values of m and n follow in both cases from equation
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(8.2.1); n 1is the number of degrees of freedom of the

nunerator sum of squares matrix in |C].

Powers of |C| in the noncentral linear case may be de-
rived for a range of parameters p,m and. n similar to
that of |L]| and |I-R|..  The rate of convergence and
accuracy of results decreases with increasing w2; accuracy

to 5 decimal places was achieved for values of w2 up to

4,0. Section 8.2 discusses convergence with'respect to w2
of the moment hypergeometric series. For power calculations
the convergence of the infinite series of the' cumulative

2

distribution function is important, and this depends on ",
m and n. 'The above remarks apply also to II-C!, but w?

is limited to less than 2 for convergence.

Pillai and Jayachandran (1968) have tabulated powers of
fC] for p =2 and m and n both odd, comparing them
with powers of other test criteria. As U

p,m,n(mZ) #

Um,p,m+n-p(w2) in the noncentral linear case, these results
- cannot be directly confirmed by the algorithm. Table 8.2
shows Pillai and Jayachandran's (1968) values with those

computed by the algorithm for adjacent even values of m.

Power increases monotonically as m,n and wz increase,
the only exception being Pillai and Jayachandran's (1968)
: . ) 2 ' .
values for U2,l3,13 and U2’13’33 Vw1th w- = 2,0. This

is probably caused by rounding error - Pillai and Jayachandran

do not tabulate powers of |C| for (wi+w§) > 3 although

for Hotelling's Tg (H(Z)) and Piliai's V(Z) criteria
results extend as far as (wi+w§),= 12. Pillai and

Jayachandranfs values in these cases of 0,227 and 0,298

should be nearer 0,215 and 0,322; this does not really
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T 8.2 Powers of UZ,m,n(wz) obtained by Pillai
and Jayachandran (1968) (odd values of m) and by the
algorithm (even values of m)
2
m  n 1,00001 1,001 1,1 1,5 2,0
2 13 0,0500007 0,050073 0,057541 0,09178  ©,1394
3 13  0,0500008 0,050082 0,058538 0,098l 0,154
4 13 0,0500009 0,050089 0,059290 0,10294  0,1664
5 13 0,0500009 0,050094 0,059888 0,106 0,173
6 13  .0,0500010 0,050099 0,060380 0,11001 0,1836
7 13 0,0500016 0,050103 0,060793 0,112 0,185
8 13 0,0500011 0,050106 0,061148 0,11508 0,19859
10 13 0,0500011 0,050111 0,061726 0,118393  0,2054
12 13 0,0500012 0,050115 0,062178 0,12198 0,2128
13 13 0,0500012 0,050117 0,062368 0,122 0,227
14 13 0,0500012 0,050119 0,062543  0,12u47 00,2189
2 33 0,0500009 0,050087 0,059110 0,10175 0,161
3 33 0,0500010 0,050100 0,060580 00,1119 0,186
4 33  0,0500011 ©,050111 0,061755 0,12034 0,208
5 33 _0,0500012 0,050119 0,062740 0,127 0,223
6 33 0,0500013 0,050127 0,063595 0,13394 0,242
7 33 0,0500013 0,050133 0,064347 0,139 0,251
8 33  0,0500014 0,050139 0,065021 0,14u485 0,270
10 33 0,0500015 0,050149 ©,066184% 0,15399 0,293
12 33 0,0500016 0,050157 0,067161 0,16183 0,313
13 33 0,0500015 0,050161 0,067594 0,16L 0,298
14 33 0,0500016 0,050164 0,068000 0,16867 0,330



affect the conclusions they have drawn.

From their results, Pillai and Jayachandran (1968) observed

(i) For small deviations from the hypothesis,‘ y(2)

seems to have more power than |C|, in general,

and |[C|] more power than H(Q).

(ii) For large deviations from the hypothesis, when values
of wi and wg are far apart (which includes the

noncentral linear case with w2 large), powers of

H(2) seem to exceed those of Ic] and |C] those
of V(2)

(iii) When wi and wg are close, powers of V(2) in
general exceed those of |C| and |C| those of
H(2).

Using Pillai and Jayachandran's (1968) results, we shall
also examine the relationship between certain linear and
planar cases. The above authors tabulated powers for pairs

(w},u3) including (1,03 1,1), (1,055 1,05), (1,0; 1,5)

and (1,253 1,25). The first and third pairs are examples
of the noncentral linear case

(8.3.1) (a) wi = 1,05 w5 = w
while the second and fourth are of the type
2 2 . 2

(8.3.2) (b) w2 = w? = 3(wl+uw

1 2 1wy ).

Except for the case m = n = 13, the Values of n used
(13, 33, 63 and 83) always exceeded m (3, 5, 7 and 13),

often by rather unrealistic amounts for the hypothesis being
considered. For (wi+w§)

“alternatives of type (a) exceeded those with alternatives

constant, powers of |C| with

of type (b) in most of these cases. For low n or high mn



8.1“

(i.e. m reasonably close to n) this situation was reversed
but for all m and n the relative difference in pbwer be-
tween cases (a) and (b) was under 5%. From this one

might conclude that powers of |C| for case (b) slightly
exceed those for case (a) when m 1is close to n, and per-
haps also when ﬁ exceeds n. No check has beén possible'

on the accuracy of the powers of type (b), but the accuracy

of those of type (a) has been confirmed.

Greenstreet and Connor (1974) used Monte Carlo methods
based on 5 000 generated samples to find results for
different test statistics. They considered the test for
equality of k covariance matrices against the alternative
- hypothesis 2, = Z, = ... =&, . # L.  Greenstreet and

Connor found powers for the test criterion -2p2 log L,

whexre . _

(8.3.9) 5 = 1 - (D - @) B
L is the modified likelihood ratio criterion, n, = Ni—l
and Ni is the sample size of the 1ith population. For
simplicity it was assumed that for the p roots wi of
2ot

(8.3.4) wi = wg T se. = wé = w*, w* > 1,

and that Nl =YN2 = ... = Nk = N.

We note that, for p = 2, the alternative (8.3.4%) is of

type (b) (equation (8.3.2)), and that here m=n = N-1l.

The results obtained led Greenstreet and Connor to
state that the power increased with N, w® and p, and is
a concave function of q. In the noncentral linear case

s

the power decreases as p 1increases (we would expect this



8.15

as the '"total noncentrality® Zg:l(wi—l) =z (w2~l) remains the
same as Pp changes). In Greenstreet and Connor's case the
power depends on E=l(w§—l) = p(w*-1); the "total non-
centrality" increases with p, and there is no general
reascen why the power shoﬁld either increase or decrease with
p here, Although Greenstreet and Connor stated that for
simplicity they would treat only cases with eigenvalues w¥
of 1 5t

criterion has a single tailed rejection region for w®

greater than one, the modified likelihood ratio

significantly less than or greater than one. Consequently
direct power comparisons are not possible between L and

{C] without considering alternatives of the form w® < 1.

Greenstreet and Connor (1974) found the power of
-2p, log L, with N = 10, g = 2, w® = 1,5, o = 0,05 and
p =2, tobe 0,07u. The comparable parameters for |C]

n = 9 and wi = w% = 1,5, but from

would be p = 2, m
the earlier discussion on noncentrality tyﬁes (8.3.1) and
(8.3.2), the noncentral linear case with wi = 1,0 and

wg = 2,0 should provide similar powers.v To use the algo-
rithm we would also need to interpclate powers for m = 8
and 10, as m = 9 1is odd.

In Table 8.3 exact powers are given for U, and

2

»8,9
U with o = 0,05 and 0,025 and w~ = 1,5 and

2,10,9°
2,0. From this, the powers of U2,9,9(2,O) at the 0,025
and 0,05 q-~levels can be seen to be about 0,037 and

0,167 respectively compared with Greenstreet and Connor's

(1974) power for -2p, log L at the 0,05 level of 0,074,



T ABLE 8.3 Powers of Up,m,9(w2)

D =2, m= 8 p =2, m= 10
w’  a=0,05 o= 0,025 6 = 0,05 o= 0,025
1,5 0,1020 0,0556 0,10U5 0,0570
2,0 0,1635 0,0953 0,1691 0,0986

P =4, m= 8 p =4, m= 10
w’  a=0,05 a=0,025 o = 0,06 o= 0,025
1,5 0,079 0,041 0,080 0,042
2,0 0,110 0,060 0,113 0,062
3,0 0,173 0,102 0,180 0,106

Similarly, powers of Uu,9,9(3,0) can be seen to be
abcut. 0,104 and 0,177 compared with the power for
-2p2 log L at the 0,5 1level of 0,071. For both p = 2
and 4, the power of -2p2 log L is less than half of
that for the statistic |C| at the same 0,05 1level, and
less than that for C at the 0,025 level. = Sugiura

(1973) mentioned a similar case for p = 2, m = 13, n = 63,
wi = wg = 1,060 and o = 0,05. The asymptotic power for

L of 0,05130 was compared with the powers of 0,0670,
0,0701, 0,0703 and 0,0703 obtained by Pillai and
Jayachandran (1968) for their four test criteria. Sugiura
(1873) stated that this did not mean that the modified

likelihood ratio criterion was worse than the others, as

the sets of alternatives differed.
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Power comparisons of |C| and [I-C| for wl > 1 given
in Appendix 12 show that for n > m |C| tends to be more
powerful than |I-C|, except when m is close to n and
w2 is low; [I-C| would therefore not seem to be an im=

portant alternative in this case. No powers of any test

criteria appear to have been published for the case where

]
w”>1 and m > n. Using the notation of Section 8.2,
this is the case where ‘21251 > 1 and ny > n,. Although

in tests for equality of means and independence the case

m > n 1s impractical, it will be as common an occurrence as
m < n for the test of.equality of covariance matrices.

By equation (8.,2.8) both cases would occur if a two-tailed
test is required. Here the powers of |I-C| tend to ex-
ceed those of |C| over the range 1 < w? < 2 for which

|I-C| is calculable.

For alternatives w? < 1 the reverse holds: | I~C|

will generally be more powerful'than [C] for n >m and
less powerful for m > n. Specific comparisons are given
in Appendix 12. JI-C|" has therefore been shown to be
superibr to |C| in certairn (practical) cases, but lack of
published ihformation makes it impossible to assess its
performance against other test criteria in these cases.

The results for |I-C| also extend to the test statistic
II-ZLj], for which, as preyiously stated, we will generally
expect to have n = an > m, and may have alternatives

w? <1 or > 1. Selected powers of |C| and II-CI are

given in Appendices 10 and 11l.
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CHAPTER 9

TESTS WITH COMPLEX VARIABLES

\

9.1 A general algorithm for test criteria with complex
variables

In Section 4,8 the distributions of test criteria for
various statistical hypotheses with real variables were ex-
pressed in a general form as a product of Beta variables.
In.Chapter‘5 it was shown how percentiles and powers of the
general form could be found, and this was carried out for
different test criteria in Chapters 6, 7 and 8. Section 4.9
showed how the general form could be extended to the case

‘where the variables were complex.

For the real case the Beta variables have the density

%(n*-i+l)-l(l_u_)%m*-l
i

(9.1.1)  £(uy) = (B(3m*,3(n*-1i+1))) TuZ

but in the complex case this becomes

(9.1.2)  f£(ul) = (B(m¥*,n%-i+1)) Tug™ "i(1-up )™l

In the complex case the term 2(n*-i+l), and not (2n*-i+l),
replaces (n¥%*-i+l) of the real case. This means that the
results obtained for real variables cannot be extended to

complex variables by using distributions with doubled para-

2 for |Ll ana |I-L]).

meter values 2m*, 2n* (and 2A
The process of convolution is different in that the exponent

of u! i.e. (n*=i), 1in the density of successive variables

i

decreases by one and not a half at each stage.

When testing the equality of mean vectors, for example,

we have
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(9.1.3) |L| = m5_, flul)
where
(9.1.4)  f(u!) = (B(m*,n*)) Tur? "Llegoynm -1
1 . 1 1
'e")\2 F,(m%+n%*; m%: Az(l—u'))
1°1 ? 4 1
and
(9.1.5)  £(u}) = (B(m#*,n%-1+1)) Tu!™ H(1- u')m' "l i:2,....p.
Setting y; = ~-log ui, and expanding (l-ui)mn“l
binomially, we have
2
KX KA - l - )\ ©
(9.1.6) f(yl) = (B(m*,n*)) e zj=oaj
zb+3( 1) (b ])eyP(-y (n*+k))
and
(9.1.7)  fly;) = (Blw#,n*=1+1)7 10 (~1)* (D)

'exp(‘yi(n*+2‘i+l)), 1= 29-f"P3
where
(9.1.8)  a. = ((m*+n%).A°3/(m*).51)

3 ] J
and

(9.1.9) b = m%-1 .,

From the above it can be seen that

(a) as b  is always integral,va finite bincmial expansion
is always possible (m®* odd or even),

(b) as the exponent of 'ui decreases with each 1 by a
full unit, Theorem 5.2.1 (the method of double convolu-
tion) cannot be used and hence the full (p-1l) con-
volutions are necessary, and

(c) the algorithm for complex variables should use equations
(9.1.6) and (9.1.7) rather than equations (5.3.6),

(5.3.7) and (5.3.8) in the real case.
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It follows frem (a) that Theorem 5.2.2 is unneceésary;
(b) implies that explicit series expressions become unman-
ageable, and results obtained by a computer algorithm lose
accuracy, for comparatively low values of p. From (C)
it follows that slight chaﬁges will occur in the results

summarised in Theorems 5.4.1 - 5,4,5,

Having outlined the main differences of approach in the
complex case we shall not proceed further, as the methods
used for all test criteria essentially parallel those for
the real case. | Money,(1972) used the method of convolutions
to derive explicit series expressions_for the complex non-
central linear densities of the vector coherence coefficient
IRl and |I-R|, for p = 2 and 3, and showed how they

‘could similarly be obtained for |L], |I-L| and II-Zle.

9.2 Central percentiles of the test criterion for
reality of a covariance matrix

In Section #.10 we showed how the density of the test
criterion A for reality of a covariance matrix could be

expressed as a product of Beta variables

o
¢

(8.2.1) £ = nP7, £luy)
where
(9.2.2) f(ui) =.Bl(ui; m* ,n%=1+1) 1= l,23...,p#,
(9.2.3) p* = t', m? = 2t-1 and n*® =-2(n-q-t)
and
(9.2.4) t! =t = ip 5 P even
= t-1 = 3(p-1) , p odd (> 1)

"This is the general form of the test criteria for real

variables in the central case, where p¥%*, m* and n* have



the following values:

p odd ($ 1) D even
(9.2.5) p* = %(p—l) , 3P
(9.2.6) m* = p p-1
(9.2.7) n* = 2(n=-q)-p-1 2(n-q)-p

From the above we see that m* 1is always odd and n¥
~is always even, and that the algorithm may not be directly

applied. Using the fact that under the null hypothesis

(9.2.8 U v owne = Ui o omen m
. ) pn ,mun:s mn ,p 4'- ,mk +nn..p w

we may, however, use the algorithm to obtain exact percent-
iles of the ériterion for »p eQen. Percentiles for p
odd may be found by interpolation, approximation, or the
methcds of Lee (1972) and Mathai (1971la). Khatri (1865a)
gives the second order approximation

o

(9.2.9) Pr(-r log A<E) = Pr(x%ﬁé) + er_z(Pr(X§+uig)

- Prixice)) + 0(xr™%)

where

(9.2.10) r 2(n=-q)-p-3, f = ip(p-1) and

p(p-1)(p2+(p-1)2-8)/u8.

Y2

We notice that, when p is odd, n* > p* implies
2(n-q)-p-1 > 3(p-1), i.e.

(9.2.11) n-q > |

Pty
+i=

p +
When p 1s even n® > np® implies
k ) bl

2(n-q)-p > 3p, 1l.e.

(9.2.12) n-q >

Flw

P.
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For p odd or even, n-q > p . implies n* > p* (p > 1),
Thus, when p is even, the central percentiles of A may

be found by setting
(9.2.13) p* = p-1
(9.2.14) m* = Ip

and

(39.2.15) n* = 2(n-q)-1-3ip

and using the central density of U_, & .-
pd' ,ml'n 1Y
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14
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10
12

10
12

10
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10

SOME CENTRAL PERCENTILES

oF |I-L]

0,90

0,16293

0,95 0,975 0,99 0,995
0,03965 0,06533 0,09580 0,lul4k  0,17886
0,01268 0,02209 0,03403 0,05345  0,07062
0,00522  0,00937 0,01485 0,02416  0,03273
0,00252 0,00462 0,00745 0301241 0,01709
0,00137 . 0,00253 0,0041%  0,00700 0,00975
0,00080 0,00150 0,00248 0,00423  0,00595
0,16480 0,21515 0,26458 0,32765 0,37322
0,07243 0,09905 0,12697 0,16522  0,19474
0,03637 0,05118 0,06733 0,09039 0,10889
0,02015 0,028%2 0,03873 0,05312 0,06437
0,01203 0,01752 0,02376 0,03311 0,04095
0,00762 . 0,01121 0,01535 0,02165 0,02701
0,27745  0,33475 0,38741  0,u5075  0,49440
0,14501 0,18195 0,21799  0,26420 0,29795
0,08225 0,10589 0,12980 0,16166  0,18581
0,04987 0,06539 0,08148 0,10349  0,12059
0,03191 0,042l 0,05351 0,06897 0,08120
0,02133 0,02866 0,03650 0,04760 0,05650
0,36803 0,42580 0,47702 0,53670 0,57677
0,21510 0,25733 0,29700 0,34591  0,38059
0,13275 0,16254 0,19141 0,22837 0,25547
0,08594 0,10701 0,12792 0,15536 0,17596
0,05793 0,07307 0,08836 0,10880 0,124ul
0,27830 0,32300 0,36376 0,41288  0,44702
0,18277 0,21656 0,24838 0,28805 0,31650
0,12439  0,14969  0,174106 0,20517 0,22798
0,08736 0,10641 0,12507 0,14932  0,1674l
0,33401 0,37941  0,42004 0,46818 0,50115
0,23010 0,26633 0,29977 0,34066 0,36952

0,19130 0,21806 0,25153 0,27567



APPENDIX
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SOME CENTRAL PERCENTILES OF [I-L]

0,30 0,95 0,975 0,99 0,995
0,09161 0,03000 0,04211 0,06047 0,07593
0,00771. 0,01218 0,01760 0,02618 0,03370
0,00351  0,00566  0,00834  0,01271  0,01663
0,00178 0,00291 0,00435 0,00674 0,00893
0,06361 0,08493 0,10713 0,13749 0,16098
0,02982 0,04099 0,05307 0,07025 0,08405
0,01540 0,02160 0,02848 0,03853 0,04682
0,00857 0,01221 0,01632 0,02245 0,02759
0,11687 0,14605 0,17476  0,21201 0,23961
0,06164 0,07906 0,09682 0,12072 0,13905
0,03481 0,04550 0,05667 0,07210 0,08421
0,17113 0,20537 0,23789 0,27873 0,30817
0,09830 0,12078 0,l4284 0,17150 0,1928.
0,05942  0,07428 0,08922 ©0,10911 0,12423
0,00271  0,00501 0,00816 0,01370 0,01897
0,00080 0,00153 0,00256  0,00447  0,00637
0,00029 0,00057 0,00097 0,00174  0,00252
0,00012 0,00024% 0,00042 0,00077 0,00113
0,02289 0,03296 0,04423 0,06077 0,07437
0,00866 0,01287 0,01778 0,02530 0,03172
0,00374 0,00569 0,00802 0,01168 0,01u487
0,05732 0,07515 0,09360 0,11872 0,13817
0,02543 0,03432 0,043387 0,05738 0,06822
0,01238 0,01703 0,02206 0,02889  0,03356
0,00177 0,00293 0,00441 0,00688  0,00917

. 0,00063 0,00106 0,00163 0,00259  0,00347
0,00899 0,01287 0,01728 0,02388  0,02943
0,00018 0,00035 0,00060 0,00106 0,00150



APPENDIX 2 SOME NONCENTRAL PERCENTAGES OF |L|
P= 5 M= 6 N=24 P= 6 M= 6 .N=20
LAHMBDA =,100 .050 . 025 010 . 005 . 100 .050 .025 «N10 «005
SQUARED . ‘ .
. 000 .18397 « 15854 v 13842 11727 . 10423 ,08522 «06980 ,0582] 04666 .03789
«500 18017 v 15506 .13523 11442 10161 .08326 006811 + 05675 04544 .0383]
~ 1.000 v 17653 W 15176 \1322) 11174 ,09915 .08139 v 06651 .05536  ,04428 .03780
2.000 v 1697} 14559 11266 .10§79 09442 .0779; ;06354 +05280 04216 .03594
4,000 15764 13477 .11687 ,09826 ,08688 .07180 .05838 ;04835 .03852 .03277v
A.Uoo 14726 v 125657 . 10864 09113 , 080464 .06661 +05403 '.04469 + 03550 .0G3016
8,000 .13823 .i1763 10161 L0850% .07501 06214 05031 ,04155 «03295 .02797
P= 7 M= & N=l§g ﬁz 8 M= 4 N=25
LAMBDA oz, 100 . N50 « 025 «010 . 005 . 100 . 050 »025 «010 . 005
SQUARED : ,
. 000 .01788 «01314 « 00993 00706 . 00555 14665 + 12445 10715 08926 .07840
+500 .01739 «01277 00964 00685 .00538 . 14356 12168 10466 08708 07642
1.000 01693 D124 00937 LYY ;00522 1406 11904 .110230 ,08503 07456
2.000 .01608 01177 00887  ,00629 . 00492 . 13507 11413 .09791 08123 07114
4,000 L01461  ,01067 ,00802 00567 00444 +12529  .10552 ,09028  ,07447 , 06527
6,000 .01340 «00976 .00733 ,00517 . ,004%04 11689 « 09821 .08385 ;06919 .06040
8.060 .01237  ,00900 .00675  ,00475  ,00371 ,10959  .09189  ,07833  ,06453  .05626



APPENDIX 2

SOME NONCENTRAL PERCENTAGES OF

|L]

P= 9 M= 4 N=lsg P=12 : M= 4 N=15
LAMBDA otz »100 050 025 010 ,005 .100 ,050 . 025, 010 .00s
SQUARED ' A . _
.000 - 01497 .01053 .00764 00515 ,00389 .00108 «0N063 »00039 00021  ,00014
500 .01452  .01020  .00739  ,00498 00376 .00105  .00062  ,00038  ,0002; ,00013
1.000 s01410 » 00990 00717 00483 ;003$4' .00102 « 00060 00037 ,00020 A.00013
2.000 .01332  .00934 .00675 . 00454 .00342 00697 .00057 »00G35 .0001¢9 ,00012
4,000 »01201 +00839 00605 ,00406 ,00306 00198 00051 ,00031 - ,00017 .000ir
6.000 .01093 +00762 ,00549  ,00368 .00277 00080 «00047 .00028  ,0001s5 l .00010
8,000 .01003 .00699  ,00503  ,00334 .002534 .00074 +00043 .00026 ~ ,00014  ,00009
P=12 M: 2 N=24 P=13 M= 2 NelS
LAMBDA et=,100 ,050 .025 «010 . 005 .100' ,N50 .025 .010. ,005
SQUARED : _
~ .000 © .15401  .12785 ~ ,10772  ,08722  ,07499 .00575  .00323 ,00188  ,00094  ,00057
+500 » 15039 $ 12469 .10454 ,08488 .0729] , 00557 «00313 ,00181 .0009] .00055
1,000 .14695 212069 v 10232 ,08267 ;b7097 .00540C .00303  .00176 00088 .00053
2,000 . 14053 f11614 ,09750 07863  ,06742 ,00508 .00285  ,00165 .00083 ,00050
4,000 ¢ 12933 « 10654 ., 08920 v07173 06139 .00455 ' 00254 00147 .00074 . 00045
64000 + 11984 109849 » 08230 y 06604 05645 00411 «00230 «00133 000647 .00040
8.000 J11173  .09164  ,07646 ,0523} ,00376  .00210 .00121  ,00061  ,00037

06126




APPENDIX 3 SOME NONCENTRAL PERCENTILES OF |I-L]
P= 2 M= 2 M=30 P= 4 M= 4 N= 4
LAMBDA  oL=.900 . 950 1975 4990 995 900 950 \975 1990 995
SRUARED ‘
.000 .00546  .00903 ,01339  .02025  ,0262] .03965  .06539  ,09580  .l4l44  ,1788%
500 .00668 01097  ,01614  ,02419  ,03110 .04165  ,0684] .09986 14678  ,18506
1.000 ,00788  .01280  ,01866  ,02764 ,03531 ,04350 407117  .10354 15159  ,19062
2.000 .010!8  .01418  ,02317 ,0337g  ,04250 .04677  .07604  .10998  ,15994. ,20019.
4,000 .01436  +G2210  ,03084 - ,04365 05411 .05203  .08376 - .12011 .17294  ,21503
8.000 02141 +03178 «04310 ,06917 ,0719% o059211 N4 3 . 13368 . 19030 W23479
16.000 03212 404623 v06110 08154 ,09738 «N6658 «10519  ,14829 «20918 .25643
F= 4  M=10 N= 4 Pz 6 M= 6 N= b
LAMBDA o=-,900 0950 +975 + 990 «995 .9'UD « 950 + 975 « 990 . 995
SQUARED _
.000 .36802 42580  .47702  ,53670 57677 .00271 . 00501 .00816  ,01379  ,01897
500 .37156 42741  ,48061  ,54019  ,58014 .00281 v00519  ,00843  ,01413  ,01954
1.000 .37490  .43280  ,48399  .54347  ,58330 | .00290  .00535  ,00849  ,O01453  ,02008
2,000 .38103 43904  ,49019  ,54948  ,58910 00308  .00565 .00915  ,01527  ,02104
4,000 +39153 <4497 ,50079  ,55973  ,59899 .00337  .00616  ,00993 01649  ,02265
8,000 . 40751 c 46596 .51694  57539  ,61410 .00380  .0G691 .01108 - ,0182g5  ,02501
16,000 L42795 48691 53768 ,59583  ,63390 .00431  .00780  ,01246  .0204y4 02785
L44048  .49992 55103  .6088] ,64658 .00460  .00831 .01325 ‘021és .02950

24.000




APPENDIX 4 SOME POWERS OF |[L]|
P= M= & N=16 pP= M= ) N=24
LAMBDA ot=.100 ,050 ,025 010 008 , 100 050 .025 010 . 005
SQUARED : o : ,
«500 10820 « 05483 02774 01125 ,00568 10947 ¢ 05564 02824 01149 .00582
1.000 .11657  .05983  ,0306)] ,01257 ~ ,00640 ;;1923 .06156  ,03167 ,01311  ,00671.
2,000 .13376  .07G30  ,03671 ,01544  ,00798 .13956  .07418  .0391s6 - .01670 = ,00872
4,000 .16966  .09296  ,05033 ,02206  ,01i73 .18303  .10240 ,65656_ 02543  ,01377
6.000 .20704  .11764  ,n&572  ,02984  ,0162% .22934  ,13417  ,07708  .03629 - ,02027
8,000 .24532  .14398 ,08272 ,03885 ,02157 ,27749  ,16893  ,10054  ,0493]  ,02832
P M= & ‘Ne 20 . P= 7M= 2 N=60
LAMBDA -.100 , 050 025 010 . 005 .100 050 ,025 010 .005
SQUARED
<500 .10782  ,05443  ,02763 L,0il2p  ,00565 .i1752  ,06078 ',0313% ,01302  ,00669
1.000 .11582  ,05942  ,03039  ,01248  ,00636 ,13408 07256 .03848  ,01654  ,00870
2,000 .13229 106948 | «03628 .01526‘ .00790 ,1.7593 209902 «05518 02517 .,01380
4,000 16691  .09141 - ,04951 02173 01157 .26384  .16239  .,09816 ,04939  ,02899
64000 .20325  ,11548  ,06459  ,02942 01606 .35755  .23672  .1530n  ,08347  ,05184
2,000 " ,24074  .14139  ,08139  ,03833  ,02140 L 45144  .31789  ,21757 12727 ,08300




APPENDIX 4

SOME POWERS - OF

|n]

P= 7 M= 6 N=IS P= 8  M=.,2 N=40
(LAMEDA  cte 1100 ,050 ,025 .ol “,005 ,100 050 . 025 010 . 005
. 500 .10599  .05350 ,02697 . ,01089  ,00548 +11498  .05909  ,03029 ,01248 ,00637
1.000 11204 -05706 102899 0118 ,00598 .13072 +06890 »03613 .8153¢g .0079¢
2.000 «12432  .06%40  ,03320 ,01375  ,00704 16427 .09063  ,04951  ,02202  ,0llg4
4,000 14942 ,07980  ,04223  ,01802  ,0094] +23788  .14177  ,08301  ,04007  ,02280
6,000 17506  .09606  ,05202  ,02279  ,01210 $31690 .20149 412506 06469 ,03060
8,000 «20101 «11301 .06250 .02803 01512 239760 ,2673% v 17460 .09597 ‘;0597f
P= 8 M= 4 N=a25 P2 9 M= 4 N=lS
LAMBDA ot=.100 . 050 025 010" . 005 . 100 ,050 025 010 .005
SQUARED o
500 ,10873  .05518  .0279s6 0113 ..,00574 »10580  .05335  ,02687  ,01084  ,00545
1,000 11770 ,06089  ,03108  ,01282 00654 (11164 405677  ,02879  ,0117g ,0059]
2.000 .13632  ,07205  ,03784  ,01403  ,00834 12344 +06374  ,03275  ,0135;  ,00689
4,000 L17590 - .09746 05335 ,02372  ,01274 «14742  .07826 04116 ,O1742 - ,00904
64000 +21792  +12584  ,07143  ,03312  ,0183] L17171 .09343  ,05017  ,02173  ,01l44
8.000 «26157  .15676 ;09;93 04427  ,02510 L19614 10911  .05969  ,02639  ,01408




APPENDIX 4 SOME POWERS OF |L]|
P=10 M= 2 N=15 P=10 M= 4 =15
| LAMBDA =,100 , 050 .025 .010 . 005 .100 ,050 .ozé .010 .005
SQUARED : .

«500 10718 05409 02725 «01099 , 00552 « 10502 «05289 «02660 .01Q71 ,00538
1.000 + 11445 « 05827 +v02957 01201 , 00606 «» 11005 «0558]1 e02823 0114y ,00577
2.000 .12922  .06690  ,03440 ,01418  ,00722 .12018  .06174  ,03158  ,01295  ,0n0658
4,000 . 15949 08507 04481 .01894 ,00980 14061 «07396 ,03858 .01617' .00833
6.000 A.l9042 s 10429 .05612_ 02424 L01272 . 16114 v 08657 2« 04596 01964 - ,01025
Aﬂ.OOO 022168 12437 «06823 03010 .01599 18106 ,09948 v05366 _.02334 01231

Pz11 M= 2 N=15 P=11 M= 4 N=1s§
LAMBDA A=,100 .050 025 +0l0 . 008 . 100 050 .025 «010 . 005
SQUARED

« 500 10602 «05340 v02685 .0108¢0 .00542 . 10429 05245 «02635 01060 - ,00532
1,000 .11208  .05684  ,02874 ,01163  ,00586 .10859 405492 ,02773  .0112]  ,00564
2,000 +12433 «06389 «03264 ,01335 ,00677 11719 , 056992 +03052 01244 ,00631
4,000 .14920  .07853  ,04088 ,01705 ,00874 .13440  ,07008  ,03628 ,01507 ,00772
6,000 . 17438 .09377  ,04966  ,02108  ,01092 , 15155  .08044 .,04225 ,01783  ,00922
8.000 .19968  .1095]  ,05890  ,0254g  ,01329° .16859  .09094  ,04840  ,02072  ,01082



SOME POWERS OF |L|

APPENDIX 1
P=12 M= 2  N=24 P=1z. M= &%  N=1S
LAMBDA =,100 . 050 .ozé <010 . 005 100 .050 .025 .0l0 .005
SQUARED . |

«500 .108664 «05507 «02785 W01129 .00569 ., 10360 . 05204 002612 +01049 00526
1,000 211755 +06035 .03086 01247 ,00644 .10719 05409 «02724 .0109¢g .00552
2.000 . 13599 e 0752 «03734 01569 .00810 511435 .05819 «02952 .01199 .00605
4,000 v 17509 209616 105211 .02283. 01212 «12855 206646 «0341¢4 01406 ,00716
6.000 « 21650 012357 « 06920 +03144 L0171} + 14259 071478 +0388¢ 01620 ,00831
8,000 .25946 . 15335 ,08849 0416} ,02314 . 15643 ,08312 ,04366 ,01840 .00950'

P=13 M= 2 N=15 P=13 M= 4 N=I5
LAMBDA  ofla+100 , 050 .025 .0l0 . 005 -, 100 .050 025 010 . 005
SQUARED _ _

500 .10383 .05210 v02612 ,01047 ,00524 . 10291 f05163 \02588 .010338 ,00520
1,000 .10765 «05421 102725 .0109s ,00549 . 10580 «05325  .02677 ;01076 .N0540
2.000 11529 .05844  ,02952 . ,01192 ,00599 L11153  ,05650 .0285¢4 W01153 ,00580
4,000 13042 v 06694 ,03412 .0139g ,00702 w12281 06294 +03209 .01309 ,00662
6,000 . 14537 «07548 ,03879 01593 ,00808 . 13385 e 06934 «03565 01467 .00746
8.000 .16012 «08403 , 04352 .0180p .00917 Jl4465  ,07548 .03921 \01626 .00831




- LAMHDA
SQUARED

« 50

1.00

20Ul

C 4,0l

8,00

16. 10

24.040

APPENDIX 5
ALPHAZ o100
MGD I-L +1UEUD
MOD L C1US24
RATIO 1.U267
MGD I-L +11151
MOD L 10639
RATIC  le0u8l
MOD I-L 12125
MCD . L 11241
RATIO 1.0786
MCD I-L +12687
MOD L .12354
RATIC 1417163
MOD I-L <15&87
MOD L «14283
RAT10 1.L875
MOD I-L .17706
MOD L $17423
RATIC 1.U01E2
MCD I-L 18665
MOD L 19942
RATIO L9360

p=

o050

05373
«115169
1.0395

«05720
« 5333
1.5726

+dbsufh
«05649
1e1221

#7360
«JE2 3G
1.1807

+UB755
w172b4%
1.2053

.1N235
L3953
1.1432
.10973

«10338
l.0614

4

Mz g

025

S2721
«1)2585

1.0820

«02328
02670
1.09¢%6

»U3307
132831
1.1678

<5868
CLY S0
1.2924

«oudl
«05287

1.2152

'POWER COMPARISONS OF |L| AND |I-L]
3

Nz 4 . Pz MZ 4
.010 - .005 » 100 050 .025
.01105 « 00558 «10688  .05430 «[i2755
«01035 .00518 «10682 05382 «2707
1.0676 1.0786 1.0006 1.0G688 1.0177
«01235 00614 .11325 .15832 .(12997
.01069 + 00535 .11359 LJ05765 L2915
11271 1.148¢ « 9970 1.0117 1.0278
.013290 .00720 .12462  JOE563  .03042

© .01134 00557 12687 .05528 «3235
1.2257 1.2679 L9815  1.0053 1.03%22
o01711 .0090E L1425y 07775 L4204
+01256 .00529 c15307 .08049 WiG183
143523 1.4408 .9338 . 9661 1.0749
.02196 01198 .16769 09495 L5330
W016712 .0o73e8 « 202560 .11045 .115930
1.4516 1.6246 8277 8597 L9N34
02782  .0156¢ «19352 411403 <0654
.01332  .00919 $25144  L16776 118741
15132 1.708C L5640 «6797 .7123
.03106  .01735 26630  +123948 L7374
.02132 .01070 .36814 22102 «12711
1.4572 1.6678 <5604 .5608 .5801

N= &

« 010

«01122
.0J103¢
1.03430

«0x23¢
«001130
1.13505

«01480
#J1353
1.7710
-013483
«01739

1.7633

« 02557

«302520

« 9748

«33222
+08158
o 7753

« 03666

«05343
6274

(0E3Y
« 00534
l.0€81

00760
«0Q0ccscC
1.1018

-d0c3e

«0Z21LL3

«0315¢
«ETIN



APPENDIX 5
LA¥EDA ALPHAZ « 1110
SQUARED :
MOL I-L 14750
« 50 MO L «10i88¢4
RATIC « 5877
MOD I-L 11647
1.00 #M0D L «11772
RATIO « 4724
MO0 I-L 12703
Z2.00 MOD L « 13560
RATIQC «9368
MO0 X-L  +14754
4,30 MCD L + 17154
RATICO « 8BUN
MO0 I-L «17b¢1
8. U0 MOU L w28 2TY
RATIC . 1247
¥0D I-L  .2U655
les U MGLD o e 37546
RATLO e 5501
McS I-L «e2222%)
4.0 MOD L «HSLIUU
«4535

RATIO

#11ED

15459
<5508
«33930

+05311
«J502Y4
«9813

.05721
07080
. 3434
L0u087
.09269
.8725

«10071

.13851

e 7271

«12355
23253
«5313

°
—

*
L"
& P oW
RJU m
N

82
4
02

«025

2773
uz7sl
«S953

3040
AKX
« 9822

13542
02867
«S558

« G803
1145386
«8919

#5712
JL770389
« 71409

«17TZLN

» 13330
t..J(.85

113211
51
<4055

POWER COMPARISONS OF |L|

AND |1I-L]
N= 8 - - P= 4  MZ 4  N=17
.010 .005 .100 050 .025 010 075
.01135  .00575 210795 05499 02797 61143  .0QE&En
.01124  <00566 J11U21  .05595 (2834  LC1150  .0G580
1.0087  1.0162 .3755 .9828 .<873 .95842  1.D053
.0126%  .00649 <11538  LCG5971  «N3M83 01283 .00560
L01252  .00&635S C12057  «06207 023181  .01308  JOOZES
1.0086 1.0219 .9569 L9619 .9691 .3210 .3812
.01511  «DO7SC .12883 .06841 03613  .01550  .03814
.01524  .QO780 L1U168 L07480 03915 .01547 00351
23215  1.0130 L2183 L9146 . S240 L9410 .95632
.01954  .01051 L15108  J08327 o0GS58  JGZ03I8  WLL1LIG2
.02112  .011G1 L18498  J10193  .115528  .02418  «01251
<9252 <9546 L8165 V6169 L8246 . 9526 LEE05
\12667  .01488 .18235  J10530  <NEN21  LO2847  .015SE
.03457  .01855 027297  o16100  «09239 06298  .D2367
L7716 .802C <6680 6 541) L6517 L6602 LE74Y
.03803 .02091 L21709 13142  O7T8E64 03930  .N2303
.06552 03728 C43933  .28687  .179248  o09152  o0524€
25415 <5607 L4941 JE581 43287 L5294 .4310
JO4162 o02458 .23530 .14585  .N8934 L0467  .0276C
.10296  +05970 .57961  .40892  .27305  .15005 09182
L4043 4134 L4160 L3567 .3272 .306a .303€



APPENDIX 5

LANMBDA ALPHAZ  .1u0
SQUARED

MOD I-L 10830

<50 MOD L 011123

RATIC 2737

MOD I-L  .1l1608
1.00 #00 L «122170
RATIO G461

MCD I-L 13023
2.00 MOL L - 14628
RATIC - 8303

MOD I-L 15380
.00 MOD L «13533
RATIO « 7874

MOD I-L 18752
.00 MoOL L «29E068
RATIC +6321

| MOD I-L 22580
16.U3 MGD L  .43891

RATIO 4618

MOD I-L  +24520
24.00  MOD L +E4567
RATIG .3815

p=

« 1180

« 015521
05660
.9755

«dblil?
«Jb34B
«32481

06935
.G7783
.3903

+J8518
« 100928
« 7785

+» 11304
«17549
«BO75

<13803
.33226

4

47882
« 3225

Mz 4

025

12811
«12873
«S785

«i3111
«1132866
«3E25

«i13677
SULTLO
« 8947

«I4EBY
08012 -

+ 17381

716276

«10550
«5349

18336
21578
3864

«11S563

«53588
» 2847

POWER COMPARISONS OF |L| aNpD |1-L]

N=12

<010

01150

" «011E9

«9838

« (01287

#1350

9609

.01581

«01747
+«9152

«02106
«02677
« 1666

.029385
« 05056
«5305

04214

«11557
0 3647

.04395

- .e1l3544

«2542

005

.00585
. 00591
+988E€

{10668

-006SE
.«3587

«008372
«0209
«9157

01143

«01435
+« 73956

.01c8¢8
02842
+52938

«02491

«06581
«2568

+03024

« 12564
e 2407

«100

«1U554
«1U252
l.132S5S

«11073
«1U487

1.0554

«121146
«10970
1.0981

« 13697
«11855
l1.1554

«16145
« 12426
1.2025

.190042
<1626
lel882
.20628
.18160

1.1359

<080 -

.05331
LGE131
1.11389

05647
«115261)
1.07357

«152373
«DE508

Cl.l32

+07278
«15974
1.21¢8¢4

»18832

0688

1.3061

.10929

«J82118
1.3314%

«12112
« 08377
1.2316

4

M= ©

«025

1126389
« 112567

1.6475

{12872
12633
l.09007

L3218

12750
1.16E0

13841
« 1129539
l.2806

U847
“ 113429
1.4135

116195
L4156
1.4904

JHTN21
et 769

1l.4721

Rz &

T e117

.01087
01027
1.0578

«01334

01118
1.205¢

201835

012712

1.3598

«0121456
«{1278
1.5572

«02879
-01676
l.7180

«33359

«01328
l.7422
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[
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LAMEDA
SQUARED

+5U

le 0

2.00

4400

1e. 00

24,74

APPENDIX 5

ALPHAZ

MOD I-L

MO0 L.

RATIO

MCD I-L
MOD L
RATIC

MCD I-L
MOD . L
RATIG

MO0 I-L
MCD L
RATIC

MOD I-L
MOD L
RATIO

MO0 I-L

MCO L
RATIC

MOU I-L
MOO L
RATIO

«10U

10644

1.0118

«11287
« 11037
1.0200

«12395
«120587
l.U280

c14362

«15052
1.0221%

«17343

«17857
» 8712

.208757

« 24775
«B466

23018
208783
«7455

U510
02387
8282
1.i1184

«DETBH

1.1316

.06463

<5165
l.0483

«B7715
«07321

1.115338

.09703
.09595
1.0112
«12290
.13958

88Y5

«13834
»13048
«7606¢%

025

112723
2112658
1.0243

«32940
o (12817
1.0435

.013355
$12135
1.0637

- ’h} 41 1.3
«U2779
1.0884

« (15369
l.0584

«17103
L7655
» 5279

118194
.10188
«B8043

POWER COMPARISONS OF |L| aND |I-L]|
= 6 Pz Mz 8
.010 .005 «100 «N50 .025
.01103  .00556 JLUBLG  JUB3E6 402709
01068  .00538 C1US46  J05313 .U2673
1.0326  1.0388 1.0064  1.0100 1.0136
.01205  .ODG12 11208  .O5724%  .712916
WO1127 00572 C11083 05628 . 02849
1.0534 140713 1.010% 1.0169 1.0237
L01403  .00723 «12339° .0B415  LU3221
.01277  .D0E4S «12189  .05268  .N3203
1.0986  1.1207 1.0123  1.0235 1.0355
«01l77C sd0c38 +»14384 eJTTHI2 «SIRNYY
.G1561 . 00795 «14383  JG7576 3954
1.1371  1.1754 1.0000  1.0167  1.0353
.02423 01317 C17730 .0D9908 L U5LT3
02147 - .0110¢ C18737 100274  .05542
1.1289 1.1871 463 L9644 L9875
03334  L.01911 022256  +13128 07610
.03362 01775 «27090  .15803  .(8S76
1.0067  1.0787 «3231 8308 - L8478
.04029  .02229 .25151  +15273  .(9115
L04676 02474 $34783 21303 .12595
L8748 .3415 .7235 .7169 L7237

«01n

«010i86
«0D1375
1.00185

«01193
0 5
3

(WYL
N, m

&3

«01388
«01316
1.0518

«D176D0
« 0185
1.0618

02463
02407
LeNZ234

+03633
<4120
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« 04514
360410
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o
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8eU0

16.00
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APPENDIX 5

ALPHAZ 100

MOD I-L
Moo L
RATIO

Moo I-L
MoD L
RATIC

MCL I-L

MO0D L
RATIO

MOD I-L
Mdb L
RATIC

MOD 1-L
MOo0 L
RATLO

MOL I-L
MCD L
RATIC

MOD I-t

MO0 L
RATIOC

e 1LH03
«1U0174
1.0225

«107¢Sk
«10345
l.0434

«11538
«10673
1.0805

«12383

211310
1.1386

- «15127

«e124€3
l.2137

.18261

«14439
le2b47
«20283

«16110
1.2540

050

+0£235
«05091
l.01282

«1J5464
.05181
1.0547

« Q5306
+35355
1.10428

06726
«0%688
1.13825

«08137 .
136298

1.29189

211235
.07357
1.3913

«11673
«03265
lo4izg

M=z1Q

+025

(12631
12547
1.0333

«J2761
12552
1.0649

«NI3N12
«02607

1.1233

213488
12852
1.2229

LA
«i13167
1.3686

<5659
03715
1.5232

LEEL7
.14139
1.5796

POWER COMPARISONS OF |L] anNp |1-L]

NZ 4

« 010

.01059
.0101¢
1.03s83

01117
01037
1.N770

.01232
.01074
141476

LO01454

«01143
<2724

«01863
1271

1.455¢6

.02543

.01435
1.7307

.03067
.01690
1.8146

+005

« 30532
~00543¢
10433

«00563
«(0Z183
1.085¢C

« 00625

<0537
l.15640

00747

Q0572
1.3058

«NB37T7
+00636
1.5349

«0137E
«00749
l.834¢€

-01634
«20348
1.8831

100

«10578
1536
l.0U40

«1114Y
«11Ui76

].CDUEJ.

«12236
«12165
1.0058
14269

e 1437C
« 3926

«17766
+18866
« 9437

229189

. 8250

«26394
« 36208
1289

Pz

<050

«05343
«05314Q
l1.0063

«DEb82
«05624
1.00103

06365
«00267
1.0129

«07019
. 07601
1.0U024

« 089807

4

«10425

« 95803

«135183
«16460
»3213

«1€121
«22671
«7111

M=10

.125

«H2ESE
«312673
1.0087

2112891
e 12849
l.0147
13279

«133214
1.0204

<4739

«13984
1.0138

15861
«35871
«3829

07844
L US4 GE
8250

119663

«13707
L7050

N=10

110

- 01030
<0177
1.0118

.0l181
.01157
1.0237

+01363
01322
1.N0303

«01731
01680
1.0393

«32451
20249372
«383¢

+03745
« 4453
«3412

«Qu305
05772
« 7095

L00700
.0GD872

l1.003391
003847
. 00863

S l.Db3s

«0013286
«013224
1.0016

«02117

«N125€8
«8577

«02795
«01383872
« 7199



APPENDIX 5

LAMEDA ALPHAZ L1100
SQUARED ,
MO0U I-L 10546

«50 MCD U «1U517
RATIC =~ 1l.9u27

MOO I-L 11083
1,00 MO0 L «11433
RATIQ le.Utsi2

HOL I-L  »12131
Z.00 MOL L « 121198
RATIC l1.i3028

MOD I-L  .14121

4,083 ™MCD L e14265
RATIO e 5849
MOD I-L L,1756%4
Be0O MCD L «18734

RATIC .9420

© MOU I-bL  .23193
lb.UU MOD L .27323
RATIO « 5336

MCU I-L 27144

28,00 MOD L «%bbl5 -

RATILC «7413

P=

« (150

«i15323
+05300
1.0043

«05645
«JEBUE
1.0168

«05281
«0E234
1.08375

07529
«U7549
«9961

«i13828
«10381
« 8457

12684
«16597
«8245

«16633
« 23167
« 7181

4

M=12

«025

« 112634
«LI2ZEGSB
1.00510

oli2869
12841
1.0Nn389

«13239
143158
1.0127

#3977
.-]3963
1.0iN36

«5405
35667
« 9537

«(i7938
«1S649
«8226

<1539y

Ce14170

«1N53

'POWER COMPARISONS OF |L] anp |I-L]

N=12

«010

«01084
01078
1.7081

«01170
«01154

l.014Q0.

J134Y4
.Q1318
1.0138

.01639
«0167C
1.0145

eJ241°%
«02503
«35632

.03788
.04576
.8278

~04380
«07118
«5327

<005

«8054¢
«00541
1.0097

00593
00532
l.0168

-00889
00672

1.0251

- (00889

.008682
1.0231

W01306

. 01336
«3774

&)

Dy W

e @
e Oy O
@ py M
Wn

Y Ui

.02832
«Oul32
« 7016

«100

« 10458
«10364

1.u130

« 10970
210723
l.)230

«11832

«11527
13355

.135290
.1278%)
1.U339

«15426
«15295
1.0086

«17830
«18727
«30N83

.1S305

e 25564
«8183

p=

« (150

«05304
5200
l.11198

« 35592
«1J5399
l.020358

15129
« 057980
1.13285

e GTLST
«116550
1.0774

«J3469
«07891
1.085893

»10214
« 1621

5

«9617

211218
«12991
«3E34

12713
10451

« 1315
12823
1.03827

JN3T27
»J 3334
1.1180

114614
« 131284
1.11386

115762
«15603
1.0282

st 50
L6878
<8249

N= 6

11

«01083
01045
1.0355S

.011863
Q1093
1.0€57

203438
01693
1.2352

02872

«02356
le1341

.03085
02380

1.0287

QDQS'

«0id5486
~C0O523
1.0427

«00C7¢
10522
1-142€

<0334
-00584
1.2139¢6

011341
+00863
l.2761
«01483

.0128¢
l.2261

2011732
«N1543
1.1227



LANMHSDA
SWUARED

« 50

2. U0

lo.00

C 24,00

APPENDIX 5
ALPHAZ 4100
MOD I-L .1U620
MOD L .10712
RATIC .99 14
MOD I-L  .11210
MOD L .11432
RATZLIO CSEUE
MoD I-L  .12310
MOD L .l289u
RATIC .e547
MO0 I-L  .14224
MCD L .15885
RATIO «B8Y54
MOD 1-L. 17170
MCD L .220G9
RATIO L7801
MOD I-L .20886°
OO L .34099
RATLO .65125
40D I-L  .23071
MCU L 45177
RATIC .5107

p=

« 01 58)

»05379
« 05015
«9933

5744
«35833

«383%
2136433

<6714
3581
«U78806
.03558
«8958

13547

«12542

« 1692

«12297
«21174
.e5 BB

«135338
«228982

«Hok9

M= B

«025

112722
il 733

+S2538

02937
112974
.9877

#113350
« 133876
« 39638

«U410E
4560
3005

15370
« (17008
7662

7152

612728
.5619
118308

«18082
«4354

«4123

POWER COMPARISONS OF AND |I-L]

Nz12 Pz § Mz10

.010 .005 o LU0 50 025
01105  .0B558 L 10489 L5291 2687
. 01105 00556 10445 L05256 e12643
.9296 1.0029 1.004%2  1.0066  1.0091
.01208  .00616 L1U9EY 05576 .12831
01214 00618 J1UB30 05515 2787
L9944 1.0000 1.0067  1.7111% 1.0157
01428 .0n729 $11273 COEL3D  o113154
CO1446 00742 11785 .05039 .13N63
.3737 .9825% 1.0075  1.0150  1.0230
01786 00947 W13541 L7163 $i13772
.01960 e01G27. «13881  .07112  .03E97
9114 .9222 «S9710  1.430738 1.0201
.02448 W01342 .16344 08982 89
.03176  .01723 W17175 .19334 L5036
.77156 +T78E <9516 W5624 .9767
406259 .03530 «24196 .13947 07859
« 5500 .5481 L8417 . 8418 L8455
04125 02405 L23032  J13671  LU7990
. 10005 05967 L3815 418611 » 10909
4031 s THTYH « 7346 « 7224

«3J3116
«03530
28530

.03858
.05206
L7410

e {IN5

NG Y
S0005234
l.014%

00584
- 00269
1.0268

. 00668
NBELS!
1.0429

-0082¢
L00734
1.0823

«f111E0
«31138
1.0183

«01734
+01956

+885¢

«02200

«G2217
« 7541



APPENDIX 5

LAMEDA ALPHAZ 100
SQUARED
MO0 I-L L1360
«50 MOD L <0234
RATIO 1.0153

MOoD I-L 106856
1.000 MOD L « 1UL0Y

RATIC  1.0281

MCD I-L 11205
Z.U0 MOL L 10782
RATLO 1.0475

MOD I-t .12312
4.0 MCD L «11523
RATIC l.i685

MOD I-L 13740
B3.U0 m™MCD L +12839
: RATIO le0702

MOD I-L 15350
16.U0 MOD L 15056
RATIC  1.01S6

MOD I-L  el6210
24,00 MOD L «15302
RATIO «3581

+050

05224
5107
1.0228

~U5434
«b212

1.71426

.05819
L05416
1.0744

+05463
5802
le1147

<O7415
L0650U3
1.1403
LG8527
.07699
1.1077

{18142
8711
1.13495

M= 6

«.025

<2632
+12555

- 1.0203

.02758
L2609
1.0571

. 112989

2713
1.1017

«1 3336

12912
1.1629

- .0(3982
3274

l.2164

4709
1383986
1.2087

«fi5123

<4427
1.1574

POWER COMPARISONS OF [L| AaND |I-L]|

N= 6

010

<0063
01022
1.06400

01123
« 01044
1.0768

.01236

.01087
1.1376

«113168
1.2278

+Q1740
«01315
1.3230

02132

«01570
1.3574

.02364
.0178¢
1.3214

- .ons

» 00535
00511
1.0470

«0N05619

00822

l1.083¢8

+00633

0054y
1.1642

 .N0746
.00584 -

le.2772

«10927
-00c59

1.4058

 .O0116%

.00787

1.47S4

.01310
.008398
1.4595

<100

«10453
«10602
« 9860

«101881
211208
«9708

+11668
«12432
«9380%

13010
e14912
<8724

.15008
.19928

L7531
.17436
.29765

.5858

«18829
« 38892
24841

p=

<050

<5282
« 5349
«9873

<0E550
.057U5
«9723

06043
<0E431
. 9407

06918

«07340
«8713

«3258
e 7417

 .09963

«17913
«5562

- 1133981
« 28799
S e 4y28

6

Mz &

«025

«12667

« 2656 .

«S833

(12827
«12896
«3762

L3129
L3710
L S452

<3664
« 15137
«874°%

«I4515
6115
«7333

15646

«10477
«5389

16347
«15238
« 4165

NZ12

-0

01031
.01088
«3325

«U13i57
.01178
«3818

«013835
+01368
«3538

«01573
«01773

« 3845

- «02017
«02718
« 7421

02638

«04933
«5283

«03741
.07673
¢3353

.0Aa5

00544
00547
«355¢

-(1G58E8
-005¢¢€
« 3855

«00E72
« 10698
«9615

00827
«J032E
« 3245

201031
«01855
«74SE

01474

«0N2737
«5268

«01730C
<4454
«3885%



LAMBOA
SUUARED

.50

i.00

2. 00

8ol

16.UQ0

APPENDIX 5
ALPHAZ . 1U0
MOD I-L .1(1418
MCD L 10341
RATIC  1.00174
MUD I-L 10818
MOD L .10680
RATIO  1.0129
MCD I-L  +11565
MOD L 11351
RATIC  1.0189
MOL I-L  .12874
MOU L «12682
EATIO0O  leUlb7?
HOD I-L  «14917
MOU L 15174
RATIC .2831
Mcoc LI-~L «17552:
MO0 L .197¢3
RATLO L8866
0D I-L .149139
MOD L .25960

RATLC

07338

«0150

8252
15193
l.04115

5

05495

.05385
1.020%

«05953
«UST767
1.13323

LU0ETTS
2116524
l.0381

<8095
«QeuLlY
l.ul107

.0uBez
10855

<91Ud
11005

«1253%

+3128

M=z 8

«025

125646
«LUZEQSD
1.0136

2787
et} 2710
l.lic84

#2056
» {12920

.1.08866

013547
2113341

i1.0F156

e 4351
PRTL 180
1.0433

L5810

L5840

«S83Y

16255
CHTHEL
.8339

POWER COMPARISONS OF |L| AND

|1-1]

NZ 8 Pz 6 Mz &
.010 .005 2100 L0150 .025
,01068 00537 L10472 L05279 .{12652
.01046  .00524 +10498  .0528Y  LF2E62
1.0212  1.025% L9375 .3982 .9S63
L1134 .00574 L1U928 05555 02809
.01091  .00548 L.14J9S2 .05582 .12826
1.0391 1.047 . 5936 Yy .9938
01262  .O0E4S L1171 L5087 e 13123
.01184  .00536 L1Z1GT  JUS177 LU316%
1.0663  1.0816 . S820) . 39454 .S58
.01500 .0o73n .13331 L0701 <u3TL1E
01270  .00ESS <14043  JO074U6 .03875
1.0950 1.1217 L9US3 .3534 .9568
01392  .01017 15793 L0871  -04718
.01748  .00898 .13146  ,09583  .USHlb
1,0321  1.1325 JETUS L8586 .8716
.02516  .D1381 .19084  .10938  L1E6190
.02520 +013219 «26225  L15415  L(18843
.9582  1.0469 L7281 L7096 . 7000
.02931 . L0163 L21158  L.1242%  .17193
.03302 .01754 e 33842 211955 «12569
.8277 .3238 L6252 .5429 L5727

N=12

.110

«0J1151
«01072
£373¢

«01117
«01147
« 39736

.31267

« 01301
»373%

« 015683
«31c32
3816

202732
«02373
«8774

.0285¢4
04127
«6340

013430
. 06166
»5362

+115
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APPENDIX 5 : - POWER COMPARISONS OF |L] AND |I~-L|

P= & MIZI1D  N=1D Pz 7T MZ &  NT 8
LANSOA  ALPHAT o100 L0150 .025 .010 .005 C1UY 50 025 L 010 .005
SQUAKED ~ |

MOD 1-L  .10825 05264  «92671 01112 00612 | 10338 05206  «12620  OLO56 00531

.50 MOD L .1us7z COE214  W02618  o01053 .00528 C1U252 05180  o12575  J01032 00516
RATIC JONS1 1.0097  1.0230 1.0635  1.1614 1.0U8%  1.0128  1.0174  1.0236  1.9283

MOD 1-L «10833  .05517 02830 01222  .00703 L10EB0  L0540U2  W02735 W01111  .00561
1.U40 #0L L «10743 <5423 112738 «01106 «00558 £10542 «05278 «312649 ~81053 | .O00E32
KATIO  1.UU84  1.0164  1.0237 1.1051  1.2635 1.6151  1.0235  1.03%2%  1.04%43 1.0534
MGD I-L  .11607 05997 «33125 001394  .00838 W11256 05770 2952  .01214%  .0ODG1S

2.U0 MOU L +11485  JOUS860 . .02980 01215  GOGLS 210992  +G5551 JU2796 .al*°' L005EE
RATIC  1.U106  1.0233  1.0686  1.1477  1.3533 1eu240 147395  1.0557 1731  1.0252

MOU I-L 130504 06869 03653 01673 01025 C12289 W0E418 L3240 L0103 00726
5,00 HOD L .12962 406735 - 403475 .0l%41  .00737 211941  .08085  WN3085  .01251 <0ONE3C

| RATIO  1.UU32  1.0201 - 1.0508 1.15611 143916 1.0291  1.0548  1.0827 11215 1.1528
MOU I-L «15306 o338 «JUH565 «2145 «11132E 138868 e 17433 « 13267 e1717 - L0337

S B.U0 MOD L .15877  LUESU7  LO4507  .01922 .01001 L13725 L0714 03644  .0L4S4 00757
: RATLIC - 95641 28214 1.0128  1.1182  1.32332 1.010%  1.0463  1.0835 141895  1.1992
MGD I-L  +18539' 10534  .05975  .02924  .01845 L15857  o08772  .04816  .02161 01172
16.00 M6C 'L +219€3  .1209%  UB678  .02330  .01599 V15928 08985 04637  .01360  .010032
RATIO  «8b30 CET10 WB947 <9811  l.1544% $9367 L9761  1.0254  1.1026  1.1691
MOD I-L  «208648 12030 06231  .03502  .02251 J17033  <U9583 4115353 02452 01351
20,00 MGD L .26733  .15652  L08932 . J04134  .02270 L18755  L10701  oN5679 .0240% 01240
RATIG W7724 L T6UE . 7816 .3488 +3916 L 8522 L3980 . 9426  1.7202  1.0236



SOME NONCENTRAL PERCENTILES OF |I~R]

S

APPENDIX 6
P= M= 4 N=10 P= ‘-G- M=10 N=10
RHO . &=, 100 050 . 025 010 .005 100 050 . 025 010 .005
SQUARED | ‘
.000 v07777  ,05734  ,04319  ,03037  ,02356 ,01156  .008n0%  .00584  ,00392  ,0029%
010 .07676  .05655  ,p4257  .0299,  ,02319 01142 .00799  .0pS77  ,00387  ,00292
.050 .07277  .05345  ,04014  ,02813  ,02177 .01089  .00761 ,00548  .00368  ,00277
100 06793 L04971  ,03722 02600 02008 .01023  .00713  .00514  .00344 00258
150 06323 04611  .03444  ,02399 01850 .00959  .0N647  ,00480  .00323  ,G0241
. 200 05866 ~:04265 03177 .02208 01699 . 00895 ,00622 L 00446 .,00298 ,00223
1,250 .05423  .03931  .02922 .02025  ,01557 .00833 . .00577  .ou4l4  ,00274  ,00207
P= M= &  N=10 Pe s M= 6 N= B
| RHO  o¢=,100 060 ,025 010 .005 . 100 050 1025 010 +005
SQUARED -
. 000 .01403  .00952  ,00667  ,0043]  ,00315 ,00870  .00037  ,00020  ,000lg  ,00006
.10 .01386% .9094‘0 » 00659 ,004%25 .00311 . 00070 «00036 ..00020' .,0001Dn . 00006
<050 .01320 .oﬂévq .00625  ,00403 ,0029% .00066 « 000385 .00019 »00009 .00005
. 100 .01239  .00837  ,00584 00376  ,00274 .00063  .00033  .000ie  .00008 00005
150 .01;59” 00781  ,00544  ,0D0353  ,00255 .00059  .00031  .00017 .Domoé ,00005
.200 01080 .00727 00506 .00324  .00236 00055  .00029 - 00016  ,00007 00004
. 250 .01004  .00674  .00468  .0N30g  .00218- ,00051  .00n27 . ,op0ls  ,0po07 00004



APPENDIX 7 SOME POWERS OF |I-R]
P= M= & N=20 P= 5 . M= 6 N=20
RHO L=4+100 '.050 ,025 010 ., 005 , 100 , 060 ,025 010 , 005
SQUARED
.005 .10203  ,05119  ,02568  ,0103) .00517 .1023) .05136 .02577 ,0103% ,00519
.010 . 10409 105241  .02637 01062 ,00534 . 10467 .05276 ,02657 .01072 ,00539
.050 «12186  .06310 403254 ,01349 ;00692 .12507 »06510 ,03373 .01407 ,00724
. 100 .14759  ,07913  ,04207  ,01809 ,00950 . 15486 .08385 ,0U4499 .01954 . ,01034
» 150, v 17775 « 09869 $ 06412 o024y ,01297 .18998 « 10700 105944 02689 01462
« 200 21292 112249 +06931 .03203 01766 23106 + 13540 v0778% 0367 02051
P= M= 8 N= 8 P=10 M= 2 N=15
RHO =.100 ,050 , 025 010 ,005 ,100 .050 .025 .010 ,005
SQUARED
. 005 » 10024 »05013 . 02507 .01003 . 00501 10122 + 05069 .02538 01017 , 00509
010 .l0048  .05025  ,02513 L,0100s  ,00503 . 10246 .05140  ,02577  ,01034 ,00518
4050 L10249  .05131  .02567  .01027  .00514 .11293  .05740  ,02909 ,Otleg  ,00595
-, 100 . 10516 05272 402640 01057 ,00529 12762 v 06599 ,03390 \01396 L00711
V150 .10805  .05425  ,02719 .01089  ,00545 14435 +07599 ' 03961 01654 ,0085]
}.zoo L11119 40559 .02804  ,01124 ,dossz L16348 - .08768  ;04640 01972 .01023
250 .11460  .05773  ,02898 ,01162 ,00582 . 18539 210142  .05455 .02358 ,01237



APPENDIX 7 SOME POWERS OF |I-R|
P= 7 M= 6 N=!5 r= M= 4  N=1l5
RHO (% ,100 050 y025 010 ,005 . 100 2050 «025 1010 005
SQUARED
» 005 10126 + 05073 + 0254 01018 , 00510 .10110 +05064 , 02535 L,01014 ,00508
010 .10253 «05148 .02583 01037 . 00520 ,10222 «05128 ,02571  ,01032 .00517
.050 . 11334 .05784 ,02944 ,01202 ,00609 211165 105678 .02880 01171  ,00592
100 «12850 06697 03470 01444 ,00743 ;12479 « 06458 ,03324 .01374 .00702
150 .14578 207762 04098 01745 ,00%09 L13967  +07359 .03846 01617 ,00835
200 .16552  ,09011 ,04850 ,02115  ,01116 >.15657 .08405  .04464  ,0191g  ,00998
P=10 M= 4 N=1l§ P=1 M= & N=15
| RHO «=.100 4050 ¢ 025 +010 .005 . 100 ,050 025 »010 » 005
SQUARED
. 005 . 10096 «05055 «02530 .01013 ,00507 .10082 «05047° ,02526 0101 ,00506
f,01o 2, 10192 «05110 \ 02561 .01027 .00514 «10165 «05094 +02552 .01023 .00512
5.050 .11006 .qssel- \02824 01145 ,00577 ©,10859 05493 « 02773 ,0112] ,N0564
:,100 +12133 $D6244 .03198 01314 .00669 (11815 v D6049 ,03085 0126 ,00639
:.150 ' « 13400 »07002 «03633 +01514 ,00777 12883 206680 03442 01423 ,00726
".200 14831 +07875 W 0414} 201752 .00%08 14082 «07399 ,03855 01613  ,00830




APPENDIX 7

SOME POWERS OF |I-R|

P=12 M= 2 M=15 P=12 M= 4 =15
RHO (= .100 .050 .025 .810 005 ,100 .050 ,025 010 , 005
SAUARED ' .
.005 ,10084  .05047  .02525 L0101 .00506 . 10069 .05039 v 02521 ,01009 , 00505
<010 ,10169  ,05094  ,02551 01022 .00511 .10138  ,05078 .02543  ,0101%  ,00510
.050 .10881 .05493 ;02767 .O1lls  ,00540 v10719  .05409 .02725  ,01098 ,00552
. 100 .11865  ,06050  ,03071 ,01247  ,00629 .1f513 .05866  .02978 0121 .00611
150 V12969 « 06684 .03420  ,01400 ,00710 .12395 v 06379 03265 ,01339 ,0D68D
. 200 14212 +07408 03824 01580 .00805. »13378 «06959 ’,03593 01487 .00760
P=11 #= 2  N=1% P=13 M= 2 N=l5
RHO ol =.100 050 025 010 , 005 . 100 050 . 025 010 .005
SRUARED ' .
.005 ,10103  .05058 02531 01014 , 00507 ,10066  .05036  ,02519  ,01008 .00504
.010 ,10206 05116  ,02563  ,01027  ,00514 .10132  .05072  .02538 01016 .00508
4050 .11081 .05612  ,02835 01145  ,00577 10685 05377  ,02701 01085  ,00544
v100 12299 .0631%  .03223  .0131g .00667 .11443  .05798  ,02927 01181 , 00594
. 150 V13677 L,0712} 03677 01521 ,00776 . 12285 206269  ,03182 ,0129) 00651
', 200 ,15240  .08055  ,04209 L,01762  ,00906 .13225 .06802  ,03472  ,01416 .007186
1,250 .17023  ,09142  .04838  ,02053 ° ,01064 14280  .07406  ,03804 L0156} .00791




APPENDIX 7 SOME POWERS OF |I-R|
P= M= 2 N=b0 P= 8 M= 2  N=40
RHQ o=, 100 050 .025 »010 , 005 . 100 050 «025 010 ,005
SQUARED _ ‘ _

001 10212 205128 v 02575 »0103s ,00519 10123 . 05074 « 02542 .0102g . 0051
,005 L11080  .05660 02887 01183 ,00602. $ 10623 «06375 02717 0110} .00555
2.010 12214 « 06368 ,03309 01387 .00717 P 11267 e 05768 «D2946 01209 .0D0615
4025 «15931 JOB786 . 04807 02145 ,01159 .13328 «07055 .03715 .01581 . 00825
- ,050 23079 «13809 +08140 03976 .02288 s 17190 09584 +05288 .0238n L01291
. 100 «39912.  .27309 . 18224 .1035¢ , 06625 226431 16183 .09718 04839 N2816

:P= M= 4§ N=25 P=12 M= 2  N=24
RHO o=, 100 , 050 025 \010 . 005 . 100 ., 050 ., 025 100 .005
SQUARED _ _

.001 . 10050 «05029  ,02517 ,01008 ,00504 . 10044 +05026 ,02514 ,01007 ,00503
.005 +10252 05149 .02585  ,01039 00521 10224 V05130 '02573 .01033 .00518
010 . 10508 05301  .0267] 01079 ,00543 , 10452 05264 'y 02648 01067 ,0053¢
.025 .11308 .65780 .02947  ,01206 ,00613 v.111§1 v 05682 .02885 01174 .00594
, 050 112746 .06658  ,03461  ,01449  ,00748 .12431  .06%42  ,03322 L,01376  ,00704
+ 100 16042 08748 ' 04724 02068 .,01100 + 15325 .08234 +04380 01889 ,00984
. 150 .11359  ,p637p  L,0291s L01598 18747 « 10448 «05736 ,0255] .01368

.19956




APPENDIX 8 SOME NONCENTRAL PERCENTILES OF |R|
P; y M= 4 =10 P= 4 M=10 Nz 4
RHO =,900 L 950 \975 2990 v 995 »900 . 950 . 975 . 990 ,995
SAUARED
.000 ©,00252 00462 » 00745 yO124 .01709 ¢36802 + 42580 « 47702 253670 57677
005 « 00255 00467 +00753 v01253 W 01725 + 36854 ' 42632 47754 5372 .5772¢6
+01D .00258 .00472 «0ON76} 01266 01742 «36905 42684 247806 5377 \57775
.050 .00282 .00513 .00824 01365 .01873 «37315 «43103 , 48223 54174 .58166
. 100 ,00312 00565  ,00903  L01487  ,02033 ,37632 443631 J48749 54687 58659
» 150 .00342 «00617 00982 01609 .02192 .38355 s 44164 « 49280 .55203 59159
. +200 200273 «ONb49 01061 .0173¢0 ,02349 ,38885 244704 . 49818 55727 259665
Pz 4  M=10 =10 P= & M= &6 Nz 6
RHO 'o¢=.§oo .950 .975 «990 »995 . 900 .950 .975 .990Q V995
SQUARED :
.000 08594 .10701 V12792 15534 17596 .00271 .NNS01 00814 .0137¢ .01897
;oos ,08629 ,10743 12839  ,15589 , 17653 .00272 .00503 .00819 ,0137s .0190¢4
010 08665 10784  ,12886  .15643 17710 .00274  .00506  .00823  ,0138; 01911
.0590 .08951 v11118 y 13262 16067 18166 .00284 »00523 . 00850 01424 .01968
, 100 »09308 11533 .13728 16592  ,18730 .00296 «DN545 , 00884 01478 .02040
. 150 205868 . 11948 14193 1711y ,19289 00309 ,005467 00919 ,01533 2112
. 200 .10024 ¢12363 14658 174634 . 19845 .00322 00590 00954 01583 L,0218%




APPENDIX 9 POWER COMPARISONS OF |R| AND |I-R]
P= 2 M= 2 N= 2 P= 2 M= 2 N= 4
RHO ALpra=  ,100 »050 »025 010 »005 » 100 . 050 « 025 .010 . 005
STUARED ‘
HOD R .1128) . 05764 ,02929 01189 .00599 ,12403 06511 ,033%9% L0l1424 .00734
£ 100 10D =R ,10673 .05349 02677 .01N71 . 00534 , 12340 .06312 ,03207 .01302 .00656
' PATIO 1.0565 1.0775 1.0941 1,1101 1.11_86 1.0081 1,0315 1.0588 1.0937 i.1182
MOD R, 126838 ,06631  ,03428  ,01415  ,00719 .14949  ,psles  ,04434  ,01940  ,01027
«200 MOD =R 11446 05756 .02884 01155 .00578 15220 W 07974 L04121 D699 .00343
RATIO 1,1066 1,1519 1,1888 1,2254 1,2453 L7822 1,0269 1,0758 1,1418 1.1901
oD R L1241 .07623 04017 JO01689 ., 008647 L 17437 . 10045 ;05634 W N2569 01398
»300 HOD [-R ,12402 06241 ,03130 .01254 ,00628 . 18825 10126 .05332 .02236 01146
RATIO  1,1433 1.2213 1.2832 1,3465 1.3819 » 7369 .92920 £.0567 1,1489 1.2197
- ponD R 15942 08769 L0721 .02029 ,01054 L 20458 , 12096 L0702 .03338 018489
SH00 HOD 1-p 135397 « 06934 .03432 .01377 . 00689 , 23425 12991 ,06990 .02989 ,01548
RATIO 1.1790 1.2832 1.3753 1.4736 1.5303 .8733 L9311 1.0048 1.1169 1.2074
HOD R ,17879  ,10107  .05577  .02460 . .0l298 ,23400 14349 08627  ,04282  ,02472
500 HOD 1-p 14969 .07583 .03815 .01532 00747 29434 » 16935 .09356 , 04097 02148
‘ RATIO 11944 1,3328 1.4617 1.6060 1.,6926 7950 . B473 09221 1.0451 1.1505
HOD R ,L20024 . ,11690 06612 L03027 . ,0l629 .;26442 L 16811 ,10475  ,05444 .03250
6030 NOD (=R ,16856 .08579 043284 ,01739 ,00871 ,374923 W22611 12927 . 05840 “03113
RATIO 1.1879 1,3626 1,5352 1.7404 1.8699 L7052 . 7435 8103 ©.9321 1.044]
oo R . 22437 .13589 .08n00t - ,p3804 .02103 , 29548 , 19478 .125%4 ,06880 04266
«700 HOD 1-r ,19529 ., 10007 ., 05062 02039 01022 L48621 31266 18762 L08866 ,04837
RATIO 1.1489 1,3580 1.5805 . 1,8640  2.,0589 L6077 . 6230 V6713 L7740 .8818



. RHO
SQUARED

y 005

010

. 050

+100

« 250

APPENDIX 9

ALPHAS=

'MOD R

RATIO

1HoD R
oD 1~R
NATIO

Mep R
MOD 1-R
RATIO

HOoD R
MOD 1-R
RAT1O

MOD R
MOD 1-R
RAT10

oD R
MOD I-R
RATIO

MOD R
HOD 1-R
RATIO

100

. 100507

L10024
1,0024

.10100
. 10053
1.0047

., 10504
.10273
1,0225

, 11015
. 10566
1.0425

J11532
.10883
1.0597

. 12057

11226
1.0740

. 12588
, 11600
1.0851

, 050

.0502])
05014
1,0034

05062
, 06028
1.,0069

05314
05142
1,0334

»05636
«05295
1,0643

+05964
05461
1,0925

+ 06305
05641
1,1178

,06653
,05938
1.1397

0025

.02518
.02507
1,0045

,02537
.02514

19008? '

02684
L, (025873

1.0439

,02878
L,02651
1,0858

,03078
.02736
1.1253

,0328s5

.02828
1e1621

03502
.02929
1.1957

POWER COMPARISONS OF

IR| AND |I-R]

P= 4 M=10 N= 4
010 » 005 100 , 050 «025
01009 , 00505 , 10058 , 05033 02519
.01003 ,00501 ,10025 - ,05013 ,02507
1,0058 1,0067 1,0033 11,0041 1,0048
,01017  ,00510 10115 ,05067 ,02537
01006 .00503 , 10050 .05026 ,02513
1,0115 1.0132 1.0045 1,n082 1.0096
01088 .00549 ,10538 ,053423 .02693
.01029  ,00515 , 10265 05133 ,02568
1,0571 1.0665 1.0324 1.04ca 1,0484
01181 . 00601 .11205 ,05708 ,02900
.01061 ,0053] , 10529  ,05277 L02642
1.1131 1.1326 1.0641 1.0817 1.0977
01279 ,00655 11852 ,06097 .03124
,N1095 ,00548 . 10826 .05433 ,02722
1.1675 1.1980 1,0748 1.1222 1,1477
,01382 ,00718 .12532 ,06511 .03365
L,01133 ,00567 L1147 ,05602 ,02809
1.2199 1.2624 1.1242 1,1622 1,1980
L01491  ,00778 L13244  ,06952 ,03625
01174 ,00587 11498 ,05787 ,02904
1.2699 1.1519 1,2013 1.2464

1+3252

010

01008
»01003
1.0056

.0101t7
.01005
1,0113

.01087
.01028

1,0673

.0118!
.01058
11167

sO1284
.01090
1.1782

,01397

.01125
1.2415

»01521
201164
1.3046

005

200504
00501
1.0062

. 005069
.00503
1.0124

, 00544
,00514
1.0632

» 00597
, 00529

s 00654
00545
1.19%90

,00716
, 00563
1.2716

.0078%
.00582
1.3472



RHO
SQUARED

« 005

+»0108

» 100

«150

« 250

APPENDIX 9
ALPHA= ,100
MOD R ,10115
HOD =R ,10143
RATIO ,9973
HOD R ,10230
MOD 1-Rr ,10287
RATIO . 9945
MOD R, 11146
NOD I-R  ,11512
RATIO .9682
MOD R ,12277
MOD [-R  ,13232
RATIO .7279
oD R, 13393
oD 1-R L 15190
RATIO 3817
MOD R, 14492
nep - ,17423
RATIO .8318
MOD R ,15572
$pOD [ ~R , 12973

RATIO

7796

. 050

»05072
.05083
7979

L05144
,05147
,9956

05721
05885

, 2721

06450

W06917
L9324

07184
.08123
. 3844

207722
v 09536
8308

.08663
L 11197
, 7738

. 025

02543
.0254¢
199864

.02585
.02593
19970

02932
.02598

9779

.03378
.03571

19406

.03836
.04298

18924

,04305

051146
08367

.04786
061654
7762

POWER COMPARISONS OF |R| AND |I-R]

.010

o 01020
01021
9998

01041
01042
7993

,01209
.01225

,9873

«01430
01478

. 9550

L1664
L01831

» 7085

W0l1e08
+02240

8520

02165
,02745
,7888

005

00511
. 00511
1.000¢8

.N0523
.00522
1.00¢12

00618
0062}

« 7954

,00745
,00769

» 7680

0088 .

»0095¢4

19239

»0l024
,01183

8679

0l18l
01470
+ 8036

100

L10117

S ,10107

1,0010

.10235
,10216
1,0019

.112900
L11133
1.N059

T L, 124%460

12412
1.,0039

.13778
. 13857
,9943

L15154
L 15498
.9778

L 16684
17348
,9549

. 050
205069
.05062
1.0015

s 05139

05125

1.0028

s05717
05659
1.,0l03

,06488
(06416
1.0112

07314
»072%0
1.,0033

.08197
,0830¢4
92870

209136

09487

.9630

025

.0253¢9
02534
1,0020

,02579
02569

1.0038

02912

.02869
l.0149

. 03364
.03300
1.0193

.03858
.03806

1.0137

.043%97
,044903
9986

,04982
.05113
, 9745

.010

01018
01015
1.0026

01036
01031
1.,0052

01190
01166
1,0211

01404
s01362
1.0306

sO1 644
L0158

1,0288

J01911
,01881
1.0162

02209
02224
9933

+ 005

00510
.00508
1.0031

. 00520
, 20517
1.0062

, Q0604
00589
1.0259

,00723
00695
1.0395%

.Noss8a
.00824
1.G411

,01012
,00982

1.0310

01186
01175
1.00986



RHO
SRUARED

005
010
.050
. 100
+150
}gpo

.250

APPENDIX 9
ALPHA= ,100
MO0 R, 10045
HOD 1-R  ,10025%
RAT1O 11,0020
non R .1008%
MO0 1~R  ,10050
RATIO 1.0039
M0ob R ,10448
1Mon 1-R 10257
RAT1O 1.01856
0D "R ,1089%
MCD 1«~R .10533
RAT1O 1.0345
HOD R ,11345%
MOD 1-R° ,1083]
RATIO 1.0475
SMOD R 11795
MOD I-R ,11154
RATIO 1.0575
MOD 1-R ,11506
RATIO 1.0642

?

.050328"

+ 05013
1,0029

-+ 050655

,G5026
1,0058

«05279
05135

1.0280

. 0556

05280
1,0532

L05846

+ 05437
1.,0753

«06135
. 05607
1.0941

06427

05794
1,1093

02516
.02507
1,0039

.02533
.,02513

1,0077

. 02665
.N2569

11,0374

,02834
L, 02643
1,072

. 03007
, 02724
1,1038

»03183
02812

141321

, 03364
.02908
1,1567

POWER COMPARISONS OF |R| AND |I-R|

P= &4 M= N=1D

.010 . 005 100 . 050 $ 025
,01p08 .00504 L, 10071 ,05044 .02526
»01003 . 00501 , 10084 .05048 .02527
1.0050 1.0059 +F9R7 ,7991 19997
.01016 ,00509 10142 .05088 .02552
.01005 .D05023 L101469 05097 ,0255%
1.0101 1.0118 , 9973 .9982 v 9993
,01079 , 00544 , 10705 ,05439 ,02761
+01028 00514 10831 , 05508 .02782
1.0495 1.0584 7838 , 9875 $ 9923
w01151 ,00590 L11402 .05820 .03027
.01058 - 00529 11861 06081 ,03105
1.0968 1.1150 9613 7670 9749
.01245  ,00638 ,12090 ,06322  ,03297
01091 .00544 . . 12954 C06730 ,03474
1.1414% 11694 .9333 . 9394 . 9489
»01333 .00688. J12769 067465 ,03571
.01127 , 00564 ., 14180 ,07470. .0390)
1.1829 1,2213 . 9005 . 9057 v 9154
01423 +0074] , 13439 ,07208 .03849
01166 ,00583 15560 .08317 , 04397
1.2209 12699 8637 .h667 8754

010

201012
J01012
1.0005

.N1025
.010248
1,0009

.01125
01126
L9997

. 01255
01271
L9876

,0138%
01440
. 97650

,D1528
«01637

9332

,01670
,01870
,8933

. 005

,00507
,00506
1.0012

,00514
,00513
1.0023

,00570
,00567
1.0059

«D0644
L,00645
¢ 9985

.00721
00736
+ 9793

, 00801
,00844

. 9495

,00885
,00972
. 9104



RHO
SQUARED

. 005
<010
«050

«+ 100

« 200

« 250

APPENDIX 9
P=
ALPHA= L1000
Mon R L 1o0s7
1HoD 1-p  ,10024
PATIO 1,0032
f1op R L10114
HOD 1-R  ,10048
10D R ,10575
HOD 1~-R  ,102497
RATIO 1.0317
1on R J11165
MOD 1-R  ,10518
RATIO 1.0616
non R 11772
MCD 1-R ,10807
RATIO 1.0893
HMoD R . 123964
MND J-R  L,11121
RAT10 11144
MOD R .13035
MOD =R , 11463
RATIO 1.1371

6 M=

. 050

,05034
05013
1,0042

05067
205025

1,0083

05343
,0513}

1,04%12

05699

v 05273
1,0810

206071
08426
1.1189

106457
105592

1.1548

Z0b859
,05774

1,1880

10

N= &
025
.02519
., 02507
1,0050

.02538

,02513

1,0101

026964
.02567

1,0502

,02903
02640
1.09%96

.03121
,02719
1.1478

.03350
,02804
1.1948

,03591
.02898
1.,2390

POWER COMPARISONS OF |R| AND |I-R| -
P= 8 M= 8 N= 8
o,010 + 005 . 100 .050 v 025
01009 . 00505 L, 10043 . ,05028 .02518
,01003 . 00501 ,10024 ,05013 ,02507
1,0061 1.0069 1,0019 1,0030 t.,00%4
01018 ,00510 , 10086 , 05054 ,02535
.0108G5 «00503 . 10048 ., 05025 .02513
1.0122 1.0137 1.,0037 1,0069 1.0008
L,01090 , 00549 ,10427 ,05273 ,02673
L0127 .00514 , 106249 ,05131 ,02567
1,0613 1.,0692 1.0174 1.06278 1,0413
.01187 ,00602 . 10348 05544 .02843
01057 - ,00529 .10516 .05272 02640
1,1229 1.1396 1,0316 1,0515 1,0768
,01290 .00660 ,11265  ,06812  .030lo
,01089 . 00545 . 10805 05425 .02719
1,1845% - 1,2110 1.0426 1.0713 1.1072
, 01400 00721 L11679 , 06079 .,03177
01124 00562 L11119 , 05591 .02804
1,2455 1.2828 1,0504 1.0872 1,1328
.01517  ,00788 ,12089 ,06346  .0334%
01162 ,00582 L,11440 .05773 .02898
1,3055 1.3547 1.0549 1.0992 1.1537

010

L0101D0

L01003

1.0a78

.01021
.01005%
1,0154

. .01101

v01027
1.,0717

01196
01057

1,1317

01287
»01089

1.1822

201377
«01124
1.2250

JOL4b6
01162
1.,24610

. 0305

L0508
.,00501
1.,0132

00051,)
.00563
1.0260

. 00575
, 00514
l.1t8a8

.008642
,00529

12137

,00703
,00545

1.290%9

00762
.00562
1.3546

. 00819
, 00582
1.4079



APPENDIX

10 SOME POWERS OF |c|-
P= r~i="i N=30 P= 4 M= 8 N=16
OMEGA.  ol=.100 . 050 .025 010 .005 .100 . 050 ,025 010 ,005
SQUARED ‘ ,
1.001 .100i2  .0%007  ,02504  ,01002  .00501 ,10013  .0s0p7  ,02504  ,01002 ~ ,N0501
1.1oc~' .« 11203 +05732 «02927 01201 .00611 | ;11282 «05760 «02934 ,01199 ,00608
1,200 . 12469 .06528 ,03404 »01433 ,00743 .12613 v06571 « 03406 L0142y .00731
1,300 13792 07384 .03932 01699 ,00897 .13987 207427 2039216 01664 .00869
1,400 .15161  .08296  ,04509 ,0i99s  ,01074 - .15395  .08326  ,0446]  .01935  ,01022
1,500 . 16568  .09260  .05135  ,02333  ,01277 e16852 .09264  ,05042  .02227  ,01191
2.000 .23898  .14667 - ,08893  ,0452)  ,02684 »24232  .14402  ,08396 . .0402;  ,02273
P= M= b N=20 P= 4 M= 6‘ N=18

OMEGA . ol=,100 .050 025 010 ,005 . 100 .050 .025 »010 .005
SRUARED '

1.001 +10011 «05006 202504 01002 00501 . 10009 .05005 .02503  ,0100} .00501
1.100 11081  .05644  ,02869  ,0117g  ,00593 .10904  .05535  .02305  .0114g  .00576
'1.200 . 12204 06330 +03270 +C136¢0 .00698" .11835 06097 .03130 01291 00659
_1;300 . 13365 .07055 .03703 01569 .00815% £ 12789 .06683  ,03475 01485 .00751
1,400 . 14557 \07817 W04166 .61793- ,00947 « 13762 .07293 .03839 01637 ,00850
1,500 .15777 $08613  ,04659 .0204s  ,0109] e 14752 «07924 .04223 .01827 .00958
2.000 022125 » 13008 .07529 ,03584 ,02023 .19867 « 11350 «06392 02942 ,01620




APPENDIX 10

pe q‘

SOME POWERS OF

¢l

M=12  N=l2 P= 7 M= 8 N=12
| ngigéo e(=,100 . 050 1025 .ojo . 005 . 100 .050 .025 v 010 . 005
1.001 10012 .05007 . 02504 01002 .0050] . 10007 «05004 . 02502 L0100} ,00501
1.100 11252 »05733 \02913 01187 .00601 . 10683 ¢ 05396 «0272} 01099 ,0D0553
1.200 12534 ,06500  .03354  ,0139;  ,00712 .11367  .05798  ,n2948  ,01202  ,00609
1,300 13841 07299 \03821 0161 .00834 .12053 .06205 .03181 01309 .00666
1.400 15166 »08126 $04313 01847 . 00966 . 127338 06617 «03418 01418 .00727
1.500 ‘.16505 »08278 \04827 02098 ,0llos ..13422 .07033 «N3460 .01532 .00787
,P= 2 Q: 2 N= ¢ P= 2 M= 4 N= 2
OMEGA eC=,100 .056 <025 <010 . 005 ,100 ,050 . 025 y010 . 005
SRUARED ‘ . A '
1,300 w1210] «06183 «03140 01274 .00642 . 11060 .05548 \02779 WO1112 . 00556
1.500 , 13478 +06981  ,03580 201468 .00742 L1170 .05881 .02948 01181 , 00591
2.000 . 16810 +08982  .04711 101969 .01008 L13137 .06633 ;03332 01337 . 00669
2.500 L 19964 v 10966 ;05869 .02500 ,01292 L 14399 .07298 .03673 L01475 .00738 .
3.000 022933 v 12914 .07041 _;03051 01592 . 15533 .07899 .03983 0160} .008302
3.500 . 25720 14814 « 08215 .03617 ,01903 16569 .08453 04268 01717 . 00860
4,500 .28334 .lébéak 093858 0419y L,02224 L 17525 . 08947 L04535 L0182¢ L0095



APPENDIX 11

SOME POWERS OF |I-cC]

’

P= M=14 N= 4 P= 4 M=16 N= 4
OMEGA oK=.900 - ¢ 950 + 975 + 990 «995 900 + 950 0975 <790 <995
SOUARED :
1.001 . 10009 + 05005 «02503  -,0500) , 00501 . 16009 . 05005 » 02503 0100} .00501
1.010 . 10088 ;05050 .02528 01012 .005n7 . 10090 «N505) .02528 1013 .00507
1.100 .10849  + 05492 02775 Q01123 L 00566 , 10868 . 05502 .02780 01125 00567
i.150 11251 . 05729 02909 0118y '.00599 ~411279 2+ 05744 «02916 01186 .00600
1.2aoA .11638  .05959  ,03040  L,01243  ,00631 SL1677 05979 ,03060  ,01247  .0G0633
1,300 .12373 L0640 .03295 .0136; , 00695 .32439 06431 .03310 LN1367 ,00698
1.500 « 13695 07215 '03773 - ,01587 .00820 .1378% « 07265 03799 .01598 .00826
pa M=12 = 8 P= 7 M= 8 N= 8
. OMEGA ac=.9od . 950 +975 «990 L 995 .+ 900 .950 . 975 « 990 2995
SQUARED ‘ ,
1,061 10010 + 05006 202503 . 01003 , 00501 . 10006 . 05003 »02502 L0100 L0501
1.010 .10098 » 05058 202533 01015 .00508 » 10055 05033 +02519 »01009 , 00505
1.100 . 10950 » 05564 «02823 . .0j1l4g .00581 .10528 «05322 02688 010388 . 00549
1.150 . 11400 « 05836 ,02980 122, .Qoézli . 10773 05473 \02777 0113 .00572
1.200 «11833 «046100 .03134 01294 .00661 .11007 «05617 W G2862 ,01172 .00595
1.300 12654 « 046607 .03433 01434 ,00740 11442 »05889 . 03024 .0125p .00é40




"OMEGA
SQUARED

1.001

1.050

1.100

1.200

1.300

- 1400

1,500

APPENDIX 12

ALPHAS=

MOD I=C
HOD C
RATIO

MCD 1=C
oD C
RATIQ

MOD [-C-

oD ¢
RATIO

MOD I-~C
MOD C
RAT1O0

MOD [=C
MOD C
RAT1O

oD ¢
RATIO

nop 1~C
Mop ¢
RATIO

. 100

. 10005
10003
1.,0002

, 10244
,10131
1,0112

10476
. 10259

1.0212

. 10908
.10508
1,0380

s 11302
10750

1,0513

11663
«.109784
1001’18

1199%
S11211
9

21,0699

4 M= 4

8]

tn

.0

+05003
» 05001}
1,0003

205152
05068
1,0165

+ 05297
.05135
1,0315

05569
06265
1,0577

, 05821
+ 05392
1.07956

06054
«05514

1,0978

06270
05634

1,1129

N= %
» 025

, 02502

.02501

1.0004

,02589
.02535
1.0216

02676
,02569
1,0416

,02839
,02635
1.0772

02971
,02700
1.1078

,03134

s 02763
1.13%1

s 203267
©.02824

14,1568

POWER COMPARISONS OF |c| anp |1~C]
P= 4 M=12 N= 4
,010 » 005 ., 100 .050 v025
,01001  ,00500 .10009 ,05005 ,02503
,01000 . 00500 . 10004 . 05002 .0250]
1.0006 1.0007 1.0005% 1,0006 1.0007
01042 .00523 ,10419 , 05243 WJN2636
01014 L 00507 .10181 . 05094 .02548
1.0279 1.0324 1.0234 1.,0291 1.0342
»2108% 00546 ,10823  ,05479 ,02769
£01028 «00514 , 10357 .05187 , 02596
1.0541 1.0630 1.0450 1,0564 1,0666
201162 ,D0591
11568 05933 ,03027
.01055  ,00523 110699  .0S5346 02688
S 1,1019 1.1196 1,0831 1,1056 1.1262
»01237 »00633 v 12299 »06362 .03274
»01081 « 00541 ,11027 ,05539 L02776
Peld4l  1.1704 1.1153  1,1485  1,1794
,01307 .00673 , 12960 \06747 ,03512
01107 ,00554 .11343  ,05706  ,02862
1.1814  1,2160 1,1425 1,1860  1.,2270
01374 »00712 , 13575 07150 .03738
01131 » 00566 11647 , 05867 ,0294%
1,2145 1.2572 1.1655 1.2187 1.,26%94

Q010

01001

» 01000
1.0008

2010641
01020

1,0402

- ,01120

01039
1.0786

01238
01076

1.1507

01353
01112
1.2166

01465
201147
1,2769

01573
01181
1.3321

. 005

00501

,00500
1,0009

00532
, 00510

1,044%

, 00565
., 00520
1.0866

,00628
,00538
1.1672

00491
. 00554
1.2421

,00753
, 00574
1.3115

,00812
,00591
13759



OMEGA
SQUARED

1.001
1,050
1.100
1,200
14390
1,400

1.500

APPENDIX '12

ALPHA=

HAD I-C
oD C
RATIO

HOD 1-C
Hop ¢

RATIO

MOD I=C
MOoD C
RATIO

MOD 1-C
oD C
RATIO

MHOD I-C
oD ¢
RATIO

MOD I~-C
1o . C
RATIO

MO0D I-C
MOD  C
MATIO

. 100

.10008
L 10006
1.0002

,103838
10312

1.0074

10762
,10623
1.0131

1 1R6S
112238
1.0203

12120
11846

11
1.023]

,12727°

s 12446
1.0225

.13292
. 13039
1.0194

» 05005
.05004
1,0002

«05233
.05175

l1.0412

05459
. 05350
1.,0204

05892
105699

1.0337

06299
, 06048

1,0415

06682 -

06395
1.,0449

+07043
» 06740
1.,0450

« 025

,02503
,02502
1,0003

,02634
.02595

1,0151

,02765
02699
1.,027%9

.03019
,0288]
1.0477

.0326]
.03073

1.0611

.03492
. 03266

1.0692

.03712
,03459

1.0732

1.1445

POWER COMPARISONS OF |c| aND |1I-C]|

4 M= N= 8

.010 . 005 L 100 ,050 \025
.0100!  ,00501 ,10010  ,05006  ,02503
,01001 , 00500 , 10009 , 05005 ,02503
1.0004 1,0005 1,0001 1.0002 1,0002
,01062 ,00534 , 10491 «05293 02667
L.01041 ,0052) L10437 05250 02638
1,0202  1,0240 1.0052 1.0081 1,010
01123 ,00568 , 10964 ,05579 ,02833
L01082 .00543 , 10874 , 05503 ,02779
1.0379 1.0454 1,0085 ),0139 1,0195
«01243 » 00634 ,11872 06132 .03157
L0l166 , 00587 T117s5] ,06014 .03066
1,0667 1.0811 1.0103 1.01%6 1,0296
,01360 ,00699 .12720 06660 ,03471
.01250 ,00631 .12628 ,06533 103361
1,0879  1.1086 1,0073 . 1,0194  1,0327
.01472  ,00743 .13514  ,07163 ,03774
01335  ,00676 13504  ,07059 L03662
1,1030 1,1294 1.0008 1,0147 1,0308
,01581  ,00826 , 14259 07641 .04066
.01420 ,00721 . 143713 .07590 .03970
1,1130 .9918 1.0068 1,0242

018

01002
0100l
1,0003

y01077
«01061

1.0150

01154
01124
1.0270

,01307
01253

1,0434

«01458
.01387

1.,0516

01607

201525

1.,0533

,01752
,01648
1,0503

005

, 00501

. 0050}

1.0004

, 00542
.60532

1.0180

. 00584
00564
1,0328

00649
00635
].0542

00754

00707
1,0665

.00839
,00782

1.0716

00922
00861
1.0713



OMEGA
SQUARED

1.001

1,050

1,100

1+.200

14250

1.300

APPENDIX 12

ALpHA=

MOD I~-C
HoD  C
RATIO

MOD [~C
HMoD C
RATIO

HOD 1~-C
(oD C

RATiO

Hob 1-C
oD C
RATIO

HOD 1-C
MOD C

RATIO

10D 1-C

HOD C
RATIO

MOD I=C
400D C
RAT10

, 100

L, 10012

., 10011
1.00801

. 10577
. 10536
1.,003¢9

— g
5o Bk B
I dw
[ N

—
-
[

. o
— —
D - -
o I S 6o
hd

w

L12216
12159
{.0038

12732

. 12720
1.0009

,13233
L13273
9970

05007
.050086

1.,0002

,05343
»05310
1.,0061

w035681

05626
1,0097

06013
05947

1,6111

06340
. 06273
1,0106

0666}
« 06604
1,0085

06975
06939
1,0051

. 02504
.02503
1,0002

02676
L,02673
1,0085

.02891
L0285]
1.0141

. 03085
.03033

1.0171

.03277
.03219
l.0180

L03468
,03410
1.0170

. 03656
03604
1.0145

COMPARISONS OF

POWER AND |I-C|

‘5 M=10 N=10D
.UIO '005 °1GO 'DSD QOZS
.01002 , 0050} L 10010 ,N5006 ,02503
.01002 L00501 . ., 10009 , 05005 ,02503
1,0003 1.0003 1.0001 1,0002 t,0002
01090 , 00549 10487 05290 A.UZééb.
01077 , 00541 . 10445 .05257 02643
1,0117 1.0141 1.0041 1.,0064 1.0089
01181 , 00599 . 10958 405574 . 02830
L1158 00584 , 10891 05516 .027468
1.0200 1.,024¢ 1.0062 1,0l05 1.0151
01272 » 00649 JH1%13 0585 .02992
.N1240  .00&29° .11338 L05778 .02936
1,0255 1.,0320 1.0066 1.0126 1.01790
Y1364 .00700 .11853 06121 03150
,01326 LOD67 64 11786 .056043 03086
1.0284 1.0367 1.0057 1,0129 1.,0208
,01455  ,00752 J12278 . 06384 , 03304
L0l414 ,00724 » 12235 . 06309 .03239
1,0292 1.0389 1.0035 1,0118 1,0208
.01547 , 00804 12689 v 06640 . 03459
01504 ,00773 . 12633 .06578 .03393
1,0281 1,039} 1.0004 1,0194

1,0093

,010

01002
31001
1.0003

Q1077
010464
1,0123

01153
01127

1.0214

01229
J01196

1,0278
.01304
01264
1.0318

01379

»01334%

1.0336

01453
01405
1.0336

0058

, 080501
. 00561
1.0002

00542
L00534%
1.0148

, 00584
. 00569
1.0262

L3426
2004605
1.034¢

006468
00642

1.0401

.0070%
00680

1,043}

00750
. 00719
1.0436



OMEGA
SQUARED

1.001
'17050
1.100
1,200
14300

1.400

APPENDIX 12

ALPHA= L1000
HOD 1-C ,10007
MOD C ., 10009

RAT1O 7798
MOD 1-C ,103346

MOD € , 10447

RATIO ,9894
MOD 1-C L, 10640
MOD C  ,10900
RATIO .9780 .

MOD I=C 11272

MOD  C .11822
RATIO ¢ 7535
HOD I-~C ,11842
MOD  C , 12763
RATIO 29279

- HMOD 1=C ,12374

MOD € ,13718
RATIO .9020

. 050

,05004
05005
.9993

05211
052462
W9%02

05415
» 05530
9792

.05806
, 06084
, 9543

.06175
,06660
,9271

y36523
v 07256
, 8990

N=12
y02°

,02503
.02502
v 9999

02626
02648
19916

L02748
.02800
e7814

029864
.03119
29572

,03212
,034564
29295

,03429
,03810
« 9001

POWER _COMPARISONS OF |C| AND Ajiéc{

w010

.01001
,01001
$ 9959

010460
L01047

+ 2940
31120
201136

» 7856

201237

01284

17634

01350

,01442

« 7361

v01460
,01612
«9060

. 0G5

L 00501
00501
1.0000

.00534
, 005354
229461

, 00568
00574
V9894

L0&3Y
00654
09694

,00700
L,00742
« 7431

L, 00764

«00837
9131

, 100

10008
,10008
2« 9979

10374
10427
,9949

.10733
, 10857
L9886

&1

,,.
PO

12046
12612
e 7551

12636
. 13504
e 9357

] 3
17292
9 1

.050

. 35005

1, 05005

e 2799

s 05228
. 05248

e 5961

05449
, 05501
92906

,05873
, 06020

« 2756

,06273
06554

,9571

06650
»07102
L9364

N=12
.025

.02503
. 02503
1,0000

.02633
.02639
19977

,02764

,02782
e9933

.0301%

.03078.

9797

. 03257
,03388

9614

,03488
.03709
.9403

010

01001
.01001
1.0000

01063
201063

1.,0001

01125

01128
9976

01246
01263

09866

D1344
01407

7694

«01480
01559
9489

» 005

, 00501
0050}
1.0001

. 00835
. 00534
1.002}

.00569
,00569
1.0013

00638
« 00643

19927

, 00705
,00722

7769

200772
. 00806
2« 9579



OMEGA
SAUARED

1,001

1.050

1,100

1.200

1,300

1.400

APPENDIX 12

ALPHA=

MOD I-C
MoD ¢
RATIO

HOD 1=C
tHon ¢
TATIO

MenD 1=
MDD  C
RAT1!O

HOD 1«C
Hon ¢
RAT1O

Hon 1-C
MO ¢
RATIO

. 106

,10003
,10007
t,0001

.10405
, 10348
1.,0055

, 10795
,10695
1.0094

,1152¢9
,11385
1,0127

12210
. 12070

1.0116

. 12842
12749

1.,0073

+050

. 05005

205004
1,0002

+05243
05198
1.0086

»05478
05397
1.0151
05928
« 05795
1,0228

106350
206196

1,0250

D6748
106597

1.0229

. 025

02503

,02502
1,0003

202640
02609

1.0117

02776
.02719
1,0210

.03039
.02941
1,0336

.023290
,03165
1,0395

,03530
,03392
1.,0494

POWER COMPARISONS OF |c| aNnD |1I-C]

P= g M=12 N= 6
,010 . 005 . 100 .050 \025
,01001 .00501 . 10009 . 05005 .02503
,01001 .00501 . 10005 ,05003 ,02502
1,0003 1.0004 1.0003 1,0004 1,0005
.01065 .00535 L1043 , 05254 L024%4
,01048 ,00525 L 102569 ,05148 .02579
1.,0159 1.0191 1,0158 1,0205 1,0250D
01128 2y 00570 L, 108454 05500 ,02784
01096 00551 10534  ,05295  ,02458
1.029:1 1.0353 1.0296 1,0387 l1.,0474%
.01253  ,00640 L11627 . 05971 ,03056
,01195 .00603 .11054 . 05584 ,G2813
1.0485 1,0601 1.0519 1,0692 1,0863
.01374  ,00708 .12350  ,06413 - ,03316
,01296 ,00657 , 11560 , 05868 . 02967
1.,0601 1.0763 1.0683 1.0929 1,1175
,01490 - ,00774 .13019  ,06829  ,03562
,013%9 ,00713 . 12054 .06147 .03118
1,0655 1,0856 1.,0801 1,1110 1.1424

JO10G

01001

01001}
1,0006

.01065
.01034
1.0307

«01130
01067

{,0590

01256
»01133

1.1085

01379
sD1199
1.1500

01498
201264
1.1844

. 005

200501}

, 00500
1,0007

.00535
.00517
1.0349

.0057n
, 00535

1.0672

, 00640
s 005569

1o124%

.00708
0030603
1.1743

200774
,00637
1.2162



APPENDIX 12 POWER COMPARISONS OF lc] anp  |1-C]|

P= 6 M= 6 N= & P= 4 M=12 N= &
OMEGA ALPHA= ,100 ,050 .0g25 ,010 . 005 . 100 L0850 .025 ,010 . 008
SQUARED ' . -

' noe 1-c L, 10004 , 050023 .02502 01001 ., 00500 - ,10008 ,05005 ,02503 «01001 » 00501
1,001 MOD € ,100p02  ,05001 02501 .01000  ,00500 .10003  ,05002 .02501 »01000  .00500
: RATIO 1,0002 1,N0003 1.0004 1.0005 1.3006 1,0004 1,0006 1.0007 1,0008 1,0009
MOD [-C ,10218 ,05135 02580 .01038 W 60521 .10375 05222 ,02626 .01058 »00531
1.0650  #0D ¢ 10123 05064 ,02533 ,01013 . 00507 L 10157 , 05083 .02543 ,01017  ,00509
RATIO 1.0094 ° 11,0140 | 1,0185 1.0244 1.0286 1.0215 1.,0274 1,0329 1,0356 1.0443
, MOD 1-C L, 10424 » 052464 02656 Q1075 L 00542 .10734 \0543¢ L02749 O1114% . ,00562
1,160 1op ¢ , 10244 .05128 ,62565 201027 .00513 10311 V051464 » 32584 ,01034 .00517
‘ RATIO 1.0176 1,0265 1,035%4 1.0469 1.0554 1.,0410 1,0526 1,0636 1.0772 1.,0867
MOD 1~-C ,10805 , 05504 ,02800 (01144 ,00581 ,11405 7 ,05841 .02983 »01223 «00622
HOD ¢ L 10479 005252 024629 01052 , 00524 L 10611 ,05322 .02665 01067 ., 00534
RATIO 1.0311 1,0480 1,0651 1,0874 1.1039 1.0749 1,0975 1,1171 1,1462 1,1655

A MOD I-C  L11151  ,05723 .02933 01209 « 00618 L 12021 $ 06217 ,03204 .01328 »0068]
1,300 MOD ¢ 10707 . 05372 02691 01078 «00539 , 10899 L 05474 02744 ,01099 .0055DN
RATIO 1.,0414 1,0654 1.089% 11223 1.1445 1.1030 1,1357 1a1676 1,2082 1.2378
MOD I-C ,11465 ,05925 ,030564 01270 00653 ©,12587 06568 ,03413 201430 ., 00739
1.400 MOD C ,10929 » 05489 02751 01102 , 0055 L1176 ,05622 ,02820 ,01130 , 005466
RATIO 1.0491 1.,0794 1,1108 1.,1525 1,1839 141262 1,1684 1.2101 1.2646 143067
MOD [-C  L,11753 f06111 ,03170 01327 , 00685 . 13109 06897 ,03611 ,01531 . 00803
14500 #OD C 11144 »05603  ,02809 01126 ,00563 11445 « 05765 .02894 201161 .00581i
RATIO 1,0547 1.,0907 1.1282 1,1786 1.2168 1.,1454 I,1964 1,2479 1,3191 1.,3818



OMEGA
SQUARED

.1.001

1.1G0

1.200

APPENDIX 12

ALPHA=

RATI10

Hee 1-c
oD ¢
RATIO

MooD 1-C
HOD  C
RAT1O

HOD 1-~C
MOD €
RATIO

HOD 1=-C
MOD C
RATIO

o100

,10007
, 10005
1,0001

,10335
.10273

1,0040

, 10655
, 10544
1.0105

,11253
.11080
1.0156

,11803
,11609
1,0167

. 12309

12130
1.0148

.050

+05C04
.05003
1.0002

,05202

v 05154
1,008922

. 05394
. 05308
1,0166

05763
05613

1,0267

06104
s 05917
1,0316

L06422
V06219
1,0326

025

,02502
.02502
1.,0003

.02617
.02584
1,.0126

02729

.02668'

1.0230

Q2945
.N2836

1.0384

,03148
.03004
1,0478

.03338
.03173
1.0521

POWER COMPARISONS OF |¢| anp |1-C|

P= 7 M= N= €

.010 .005 .100 050 ' 025
.01001 ,00501 , 10006 ,065003 ,02502
.01001 . 00500 ,10004  ,05002 ,02501
1,0004 1.0004 1.,0001 1.0002 1,0003
.01054 00530 L, 10271 05164 , 02596
01036 00519 ,10202 05112 ,02560
1.0171 1,0205 1.0068 1.0103 1,014%0
,01107  ,00559 ,10528  ,05322 ,02688
,01073 ,00538 , 10401 .05222 , 02619
1,0318 1.0384 1.0122 1,0190 1,0262
,01210  ,00616 L11007 05617 02862
1147 00577 , 10794 J0544] ,02737
1.0547 1.0672 1,0197 1,0323 1,0457
,01307 00670 ,11442 ,05889  .03024
,01221 00616 L11178 . 06454 .02853
1.07G3 1.0877 1.0237 1.0411 1,05%97
.01398 ,00721 ,11840 .06137 ,03172
.01276 , 00656 ,11553 05848 .02968
1.0790 1,09864 1.0248 1.0459 1,0684

010

201001

yO1001
1,0004

» 01045
«N1025

1.0190

01088
«01051
1.0358

W01172
L01101

1.0640

01250
01151

1.,0857

0
a

°
*
l.

0 — —
N0 NWw
o
N =0

+ 005

. 00501
» 00500
1,0005

, 00525
00513
1.0227

. 00549
200528

1.,0431

, 00595
,00552
1,0781

, 005640
, 00578

f.1062

,00676
.00604
1.1190



OMEGA
SQUARED

1.001

1,050

1.100

1,150

1,250

APPENDIX 12

ALPHA=

OD I=C
nop ¢
RATIO

HOD lw(

oD ¢
RATIO

HOD 1=C
MOD €
RATIO

MOD 1-C
MOD €
RATIO

100

. 10007
. 10007

1.0600

o~

—_
I

<

1o
10
.0

QO ww

rer ® ®

,10707

, 10693

1,0013

L11540
11040
. 1,0000

1364
1336
9930

Wl
o
L]

,11683
,11731

7958

.050

- . 05004

, 05004
1,0001

.05218
05199
1,0036

05429
,05400
1,0054

205635
05601
1.0061

05804

1.0065

06056
06007
1,0081

025
,02503
.02502

W02626

02611 -

1.00%1

.02750
,02722
1.,0103

,02875
.02835
l.01%1

.03007
L02949
1,0196

.03161
03064
1,0314

POWER COMPARISONS OF |c| anp |1-c]
P= 7 M= N=10
L010 . 005 . 100 . 050 1025

,01001 00501 . 10006 . 05004 .02502
,01001 .00501 , 10006 , 05003 .02502
1.0002 1.0003 1.0000 1.0G01 1,0001
y 1060 . 00533 , 10292 05177 02601
01049 200524 10287 05164 .02590
1.0i00 1.0140 1.0005 1,0025 1,0043
W01120 ,00549 L10572 .05349 .02703
(01899 . 00553 ,10572  ,05327  ,02681
1.0190  1.0298 1,0000 .0040 11,0083
01126 00614 .10852° . ,05533  , 02828
-01150 . 00580 ,10857 L0549 .02772
1.0316 1.0593 L7996 1,0076 1,0200
01269 + 00685 .1(158 05772 . 03035
.»01201 < 00607 L11140 ,05656  ,02864
1.0568  1.1278 1,0017  1.0206 1,0600
»01394 00817 . 115650 \06158 .03461
01253 .00636 .11(}2? !05820 ,02956
tel127 1.2849 1,0112 1.05%81 141710

,010

01001

01001

.01045
01040
1.0049

» 01093
.01080

1,0120

yQ1176
«01120
1,0497

.01383
o01161

1.1905

01911
.01203
1.5887

. 00¢g

. 00500
. 00500
1.0001

00521
.00521
1,0008

« 00547
00542

1.0079

,00615
.00564
1.0908

.00837
. 00584

1.4292

014463
.00608
2,4069



OMEGA
SQUARED

1,180

1,150

M0D

1-,230

1250

1300

Hon

APPENDIX 12

CALpHA=

1-C
MOD ¢
RATIO

MOD 1-=C
HOoh ¢
PATIO

I-C
oD ¢
RATIO

. 100

. 10003
.100064
1.0002

, 103356
102923
1.00%90

e 18754
L, 10584
1.0161

,llion
, 10872
1,02)7

11447
11158
1,0259

W 11772
L1142

1.,028%9

. 12034
,11724
1.0307

6 M=

» 050

05005
.05003
1,0003

05230
05165
1.0124

» 05452
«05330
1,0228

005666

05495
1,0312

, 06873
054658

1.,0379

2060272
«NGB21
1,0430

06263
05984
1,D466

10

025

, 02503
,02502
1.0003

02432
.025%0
1.0159

.02759
L2681

1.0294

L2884
L02771
1.0407

L03004
,028561
1,0499

L03140
02952
1.0571

03229
.,030%42
1.0617

POWER COMPARISONS OF |c| aND ]figL

010

01001
201001
1,0004

» 01060
L1039
1,0202

01177

01118
1.,0522

«01232
»01158
1,0640

.01284
,01198

1.0721

»01329
2001238
1,0737

. 005

00501
. 00500
1.,00058

,00532
00521
1.0227

.0D564
,00541
1.0421

» 00595
» 005462
1.0580

0564624
.00583

1.06%96

00649

L.00404

1.0737

"4 00664

, 08625
1.0613

» 100

,10007
, 10004

1,0002 -

. 10330
L 10219
1.0108

. 10644
, 10435
1.0200

. 10244
10648
1.0278

.11232
L 10859

120343

11507
11067
1.,0397

11769

.11273
1.0439

7 M=

, 05004

05002
1.0003

05197

05121

1.0148

05387
«0524]
1,0278

10

05570

. 05350
1.03%1

05747
. 05473

1,0491

.05719
,05595
1.057¢9

060380
.05711
1.,0646

\\

M= 8

025

.02502
.02501
1.000C4

02613
L02565
1,0187

.02723

.02630
L0355

L0283}
L026%9%4
1,0510

.02%938
212757
1.,0654

,030%44
.02821
1.0791

.0313%
02884
1.0886

010

«01801
01001

1.0005 »

.01052
.01028
1.,0235

01104
.010565
1,0462

01158
01083
1,070G0

01217
«01110

1,0965

01278
01137
1.1243

01325
+01164
1,1378

005

00501
. 00500
1,0005%

00528
00514
1.0267

,00558
, 00529
[ .0568

. 00594
00543
1.0945%

00638
. Q0557

1.1457

, 00688
,00571
1.20%6

,0D07156
, 00585
1,222
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