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Modeling Compact Objects with Effective Field Theory

by Irvin Martínez

In this master’s thesis we have developed a worldline Effective Field Theory of com-
pact objects, by extending the model of spinning extended objects derived using the
coset construction [1], from which one can derive the effective theory from symme-
try principles. To massive spinning extended objects, we have added electromag-
netic charge and the finite-size structure including dissipation, such that we describe
charged spinning compact objects, the most general compact object allowed in a the-
ory of gravity such as General Relativity with classical electrodynamics.

To the derived effective action, we have matched the coefficients of the theory
from the literature and obtained the leading order post-Newtonian expansion of our
effective description of compact objects to show its predictability. We have expanded
on the theoretical foundations of the effective theory for spinning extended objects
by showing that the developed theory can be equivalent to the currently used the-
ories as a special case. Nonetheless, the effective theory itself is more general and
does not require additional degrees of freedom to be introduced, other than the ones
derived from symmetries. We bring new results on the interaction and internal struc-
ture of charged spinning compact objects.

On the numerical side, based on the Effective Field Theory reasoning, we have
introduced a framework for evolving a compact object binary. Within this approach,
we obtain the leading order waveform emitted by the binary during its late inspiral
and compare it to a waveform from standard methodologies. Then, by perform-
ing illustrative numerical experiments of systems that the LIGO-Virgo observatories
have already detected, we show the role of the stellar structure and their coefficients
in the phase evolution of the waveform, as well as the order in which they arise and
the sensitivity required for the gravitational wave observatories to measure them. If
these coefficients are to be measured, tight constraints on fundamental physics can
be placed.
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Chapter 1

Introduction

1.1 Compact Objects in the Universe

We live in a time with access to data from the most energetic "particle" collisions
in the universe. The astonishing first detection of gravitational waves (GWs) by
the LIGO-Virgo observatories from a binary black hole (BBH) merger [2], the multi-
messenger detection from a binary neutron star (BNS) collision [3, 4, 5], and the
recent detection of the coalescence of black hole (BH) - neutron star (NS) binaries
[6], provide us with ample opportunities to test fundamental physics in the strong
regime of gravity.

These detections of binary systems through GWs have already allowed us to
better understand the properties of compact objects [7, 8]. With more sensitivity
upgrades planned for the LIGO-Virgo observatories [9], the upcoming third gen-
eration Einstein Telescope [10, 11] and the space based detector, LISA [12], the era
of precision gravity is upon us, and with it the potential for great discovery using
multi-messenger astronomy to better understand the universe on all scales. On the
theoretical side, the development of improved tools to model the dynamics of any
astrophysical source to extract the gravitational wave signature, can only aid in this
discovery.

One of the key potentials with GW observations is to test fundamental physics
by probing the internal structure of the compact objects. For example, the equation
of state of matter for NSs is still unknown, and it has been suggested that it can be
constrained by matching the Love numbers of the NSs with GW observations [13,
14]. The Love numbers are dimensionless parameters that measure the rigidity and
tidal deformation of the stellar object, and different values for the Love numbers
correspond to different equations of state of matter [15]. The measurement of dy-
namical tides will lead to stringent constraints on the equation of state of matter [16,
17].

On the other hand, BHs within the theory of General Relativity are described
by only three parameters, its mass, spin and charge, and the Love numbers vanishes
[18, 19]. Any finding of deviation of this description or discovery of a new parameter
that describes the BH must show hints of a more complete underlying gravitational
theory [20, 21]. Therefore, modified theories of gravity can be constrained with Love
numbers as well [22]. Exotic compact objects have been proposed, such as fuzzballs
[23], gravastars [24], wormholes [25] and boson stars [26], and its stellar structure in
terms of Love numbers [22].

Finally, it is worth mentioning that, within the framework used in this thesis, it
has been proposed the possibility to test physics beyond the standard model, such as
ultralight bosons [27], and dark matter [28]. As one can see with our brief introduc-
tion to the kind of compact objects that could possibly exists in our universe, having
access to GW observations, there is room for great discoveries.
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1.2 The Theoretical Model

The modeling of compact objects and their interactions must take into account
different effects, such as the spin, charge, and the stellar structure of the various stel-
lar types. In this work we bring the tools of effective field theory (EFT) for extended
objects [29, 30, 1] to model BHs and NSs as point particles, with additional effects
encoded as higher order corrections in the action.

Although at first it might seem counter intuitive to model such massive objects as
point particles, there is in fact, a lot of similarity in the description of compact objects
and elementary particles [31, 32]. For instance, the no hair theorem implies that a
BH effectively behaves as a point particle, and it has been shown that, by matching
on to the effective action of a spinning point particle, a spinning BH is described
relativistically to all orders in the multipole expansion from minimal coupling in the
amplitudes formalism [33, 34].

Using the coset construction [35, 36, 37, 38] in the Effective Field Theory (EFT)
framework for extended objects [29, 30, 1], we build the most general effective action
allowed in an effective theory of gravity such as General Relativity with electrody-
namics. In this theory, BHs can be described by only three parameters, its mass, spin
and charge, behaving effectively as a point particle [31, 32]. One of the advantages
of using the EFT for extended objects is that we can model the compact objects as
point particles, with its additional effects and internal structure encoded as higher
order corrections in the action, which are made up of the allowed invariant opera-
tors given the symmetries of the objects. These operators are accompanied by the
coefficients of the effective theory, which encapsulates the internal properties of the
compact objects. In this sense, we construct the lowest order effective action for the
most general allowed compact object in the point particle approximation, which is
one that is charged and spinning.

The coset construction is a very general technique from the EFT framework that
can be used whenever there is a symmetry breaking. With this technique, it is pos-
sible to derive the covariant building blocks that transform correctly under the rel-
evant symmetries, which then can be used to form invariant operators to build up
an effective action. Any state other than vacuum will break some of the space-time
symmetries, and by correctly identifying the pattern of the symmetry breaking, we
can derive its effective action. Within this approach, we can treat the coefficients that
appears in front of the invariant operators as free parameters to be fixed by exper-
iments or observations. In this sense, we are interested to know what was the full
symmetry group, G, of the EFT, and what subgroup, H, was realized non-linearly,
parametrized by the coset, G/H [39].

An effective theory of gravity, such as General Relativity, can be derived us-
ing the coset construction by weakly gauging the space-time symmetry group of
gravity, the Poincaré group ISO(3,1), and realizing translations nonlinearly, which
is parametrized by the coset ISO(3,1)/SO(3,1) [1], with SO(3,1) the Lorentz group.
From this coset parametrization, it is possible to derive the widely known Einstein’s
vierbein theory of curved space or tetrad formalism, which is a generalization of the
theory of General Relativity that is independent of a coordinate frame. Once the
underlying theory of gravity is developed, one can proceed to identify the symme-
tries that an extended object breaks to derive its effective action. For instance, a point
particle breaks spatial translations and boosts, while a spinning point particle breaks
spatial translations and the full Lorentz group [1].

Due to the Goldstone’s theorem [40] and the inverse Higgs constraint [38], the
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symmetry breaking pattern for a spinning object implies the existence of a Nambu-
Goldstone field, that takes the role of the angular velocity [1], yielding a very natural
construction for the action of spinning objects. Although it has been pointed out that
this is a theory for "slowly" spinning compact objects, given that from construction
the effective action corresponds to the low energy dynamics of the theory, we show
that we can safely consider the current observed compact objects through GWs as
slowly spinning.

Therefore, in this work we review and build on the EFT for spinning extended
objects introduced in [1]. We derive in detail the building blocks of the effective the-
ory and its constraints, which allows us to build up the tower of invariant operators
and form the effective action to all orders. We have extended the model by consider-
ing the electromagnetic charge U(1) symmetry, as an internal symmetry in the coset
parameterization, which allows us to derive the Einstein-Maxwell action. Then, by
identifying the symmetry breaking pattern of charged spinning object, we construct
the corresponding corrections to the point particle. We show that the spin correc-
tions considered in the effective theory for spinning extended objects in [41], which
are used to obtain state of the art results needed for GW extraction, are encoded in
the allowed boson couplings.

For the internal structure of the objects, we take into account size [29], and dissi-
pative effects [30, 42]. The coefficients accompanying the operators of these effects,
encode the microphysics of the object, and based on results in the literature, we can
identify them without having to do the explicit computations. Tidal effects for the
case of spinning compact objects have been taken into account in [43, 44, 45], as well
as for noncompact objects in [46], by considering only rotationally invariant opera-
tors and associating departures from sphericity with higher order corrections. The
coefficients due to tidal effects for compact objects can be matched from [18, 19, 14,
47, 48]. We consider quasi-static dynamical tides on the NS as well, and match the
coefficient to [49].

We consider the size effects induced by charge as well, known as the polariz-
ability, for which some of the coefficients are unknown. On the dissipative effects
for spinning BHs, we consider the absorption of gravitational and electromagnetic
waves [30], as well as the dissipation generated by the spin [42, 50, 46, 19], for which
coefficients have been matched by analytical means [30, 19]. For a NS, dissipation
accounts for the energy loss due to the viscosity of the star, and state of the art hy-
drodynamical simulations are needed to match the coefficients.

1.3 The Coalescence of a Binary

In the lifetime of a binary made out of compact objects, if the orbital distance
of initial formation is short enough, relativistic effects will make the orbit of the
binary to shrink due to GW radiation until they collide. The description of the coa-
lescence of binary systems is divided into four stages: the inspiral, plunge, merger
and ringdown, which is depicted in fig. 1.1. The inspiral phase is described using
the post-Newtonian (PN) expansion, which is a perturbative series in terms of the
expansion parameter v/c < 1, with v the relative velocity of the binary [29, 51]. The
transition from the inspiral to the plunge can be modelled analytically [52], although
it is usually modelled altogether with the merger by solving the full Einstein’s equa-
tions numerically [53], which is computationally expensive. After merging, if the
final outcome is a BH, it enters into a ringdown phase that can be modelled analyt-
ically using perturbation theory [54]. Although the derived action can be used for
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FIGURE 1.1: The coalescence of an equal mass BBH system, each
with mass, M = 20 M⊙, and initial gravitational wave frequency,
fGW = 50Hz. The left figure represents the dynamics of the binary
until the collision of the BHs using our numerical code for point par-
ticles, with the purple and cyan line the trajectories followed by each
of the BHs. The orbital trajectory once the LSO is reached is shown
in red until the radii of the holes interact. The system decays due to
GW radiation by including the leading order 2.5 PN correction in the
equations of motion. The figure on the right is the gravitational wave-
form extracted from the merger of the same binary but using the EOB
method from the LIGO Algorithm Library [58]. The coalescence is
divided into four different phases: inspiral, plunge, merger and ring-

down.

different regimes in the coalescence of binaries, in this thesis we restrict ourselves to
the inspiral, described by PN expansion.

The need to extract efficient and accurate waveforms for all of the phases of the
coalescence led to the development of the Effective One Body (EOB) framework [55],
which is a combination of analytical methods based on the Hamiltonian, that uses
the PN expansion as an input for the inspiral, and non-perturbative methods and
numerical relativity results to model the merger semi-analytically. Since the intro-
duction of the EOB many additional improvements have been done to include the
stellar structure, such as tidal effects [56, 16, 17] for NSs, and BHs horizon GW ab-
sorption or dissipative effects [57]. The EOB is the current framework used for grav-
itational wave extraction and comparison to observations. In fig. 1.1, we show a
waveform from an equal mass BBH extracted using the EOB method from the LIGO
library [58].

The properties of the internal structure of the compact objects play an important
role mostly in the late inspiral phase of the coalescence [45], before the plunge and
merger (or collision) of the components of the binary. During the inspiral, the dy-
namics are well described by the post-Newtonian (PN) approximation [51], which
reproduces the dynamics of the full theory of General Relativity to high accuracy
until the last stable orbit (LSO) is reached [59, 60]. The LSO is the closest distance
at which a point particle has a stable orbit around the stellar object and it will set
the limit of our theory. Once the LSO has been reached, the binary enters into the
plunge phase.

In the PN expansion, one obtains general relativistic corrections to the dynamics
as a perturbative series in terms of the expansion parameter, v/c ≪ 1, with v the
relative velocity of the binary. For each n-PN order, the expansion of the Lagrangian
is of order v2n. In figure 1.1, we show the dynamics of the coalescence of an equal
mass BBH in a quasi-circular orbit made with our simulations, and show where our
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theory breaks down. Although high order PN corrections are necessary for a pre-
cise description of the interaction, in this thesis we consider only the leading order
correction to each of the relevant terms in the action, and neglect any higher order
conservative PN correction to the point particle interaction, which only contribute
to a shift of the orbit and do not contribute to the decay of the binary. For the GW
decay, we consider only the leading order PN correction due to gravitational wave
radiation, the 2.5−PN term [29].

A very powerful framework that has led to the derivation of many new results
on the dynamics of binary systems, is the effective field theory (EFT) for extended
objects in nonrelativistic General Relativity [29, 30]. In this worldline effective the-
ory, extended objects are treated as point particles, with its properties and internal
structure encoded in higher order invariant operators that are allowed by the sym-
metries of the objects. Within this framework, it is possible to build a tower of EFTs
[61], which follows a clear hierarchy of scales: ℓ ≪ r ≪ λ , with ℓ, the radius of the
compact object, r, the orbital separation of the binary, and λ = r/v, the wavelength
of the GW radiation [29]. In this EFT approach, given the hierarchy of scales, we can
organise the PN expansion in a systematic way by using the usual diagrammatic
tools from EFTs.

Since the introduction of the EFT for extended objects, in which finite size [29]
and dissipative effects [30] are taken into account for nonspinning objects, the frame-
work has gone through a remarkable progress in the past few years. For instance,
it was shown in [62], that the computations simplifies by considering the time di-
mension as compact, and parametrizing the gravitational interaction in terms of
nonrelativistic fields. Furthermore, spinning [43, 41, 1] and charged [30, 63, 64]
compact objects were introduced, and the effective theory that describes the long
wavelength gravitational radiation from compact binary systems was derived [65].
Tidal effects for spinning objects were considered in [43, 41, 46], while dissipative ef-
fects for slowly spinning in [50, 46], and for maximally spinning in [42]. In this thesis
we have introduced charged spinning compact objects, in which the polarizability
and the electromagnetic dissipation of the charged spinning objects are considered.

Therefore, we obtain the leading order (LO) PN expansion of the theory of charged
spinning compact objects that we have derived in this thesis. In this effective theory,
the covariant building blocks are derived by giving the symmetries of a compact
object as the only input, from which we can build the invariant operators to build
the effective action. Within this procedure, the coefficients of the derived effective
theory from a coset are to be matched from the known full theory, and ultimately
from observations. In this work we have matched the coefficients from the known
theories [29, 30, 43, 41, 63, 42], which allows us to show the predictivity of our theory
by recovering well known results.

To connect to the results of the PN expansion for spinning extended objects [43,
41, 66], we introduce the spin degree of freedom as the conjugate of the relativis-
tic angular velocity, and show that from construction, our effective theory contains
all the necessary ingredients to obtain the well known LO results in phase space.
After recovering such results on spinning objects, by including the invariant opera-
tors corresponding to the corrections due to the electrodynamics, we re-derive the 1
PN correction to the interaction of charged point particles in curved space-time [63]
in terms of non-relativistic fields, which simplifies the computation. Then, by con-
sidering the internal structure of an extended object in an external electromagnetic
field, we bring new LO PN results on the polarizability and dissipation of charged
spinning compact objects.
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Although in this thesis we obtain the LO corrections due to the different effects
that play a role in the dynamics, and the 1 PN correction of the electromagnetic
and gravitational interaction for nonspinning point particles, the EFT framework for
extended objects [29, 30] has been extensively used to recover well known results,
to obtain higher order PN corrections, and to derive new results on the effects due
to spin, charge and the internal structure of the compact objects, which are required
for meaningful gravitational waveform extraction. We briefly summarize the history
and current state of the PN expansion.

The first PN correction dates back to Einstein [67]. Before the introduction of the
EFT for extended objects [29, 30], extraordinary efforts led to the obtention of the
3 PN expansion to the dynamics without spin [51], but the computation of higher
order terms became very challenging. Then, within the EFT framework, the known
results up to 3 PN order were reproduced [68], and new results for the 4 PN [68, 69]
and 5 PN [70] corrections to the dynamics were derived. On spinning objects, the PN
contributions from the spin-orbit and spin-spin coupling were derived [43], which
received further corrections in [71, 72, 73, 74, 75, 41]. The current state of the art of the
PN expansion for spinning objects is the complete 4 PN corrections [66], and partial
results up to 5 PN order [76, 77, 78, 79]. The PN expansion for charged objects was
considered until recently [63], in which partial results of the 1 PN correction were
derived. A review on the PN expansion using EFT can be found in [80, 81].

Although high order PN corrections are necessary for a precise description of
the interaction, in the numerical section of this thesis, we consider only the LO PN
correction due to the internal structure of the compact objects, to do a systematic
study of their properties and imprints in the waveform. In our computations of the
PN expansions, we have not considered the radiation of gravitons, and therefore to
take into account for the decay of the binary due to GW radiation, we extract from
the literature the LO correction due to radiation, which is the 2.5 PN term [29, 65,
51], to then implement it numerically.

1.4 Numerical Experiments

Taking into account the aforementioned ingredients but neglecting charge, and
with the point particle approximation in mind, we obtain the equations of motion
for the effective action and introduce a known methodology for simulating stellar
dynamics as point particles [82] into the framework of EFT for compact objects. Our
implementation of the coalescence of a binary is tested with analytical results, and
the stellar structure effects are internally tested by matching the coefficients of the
theory during the simulation. Solving numerically for the point particle as well as
for its additional effects, allows us to evolve the system with high accuracy for low
computational cost.

We perform a systematic investigation of the matching of the coefficients of the
effective theory from Newtonian hydrodynamical simulations, in which we have
found that, at least for a non-compact star, the static tidal effects does not reproduce
the expected results, and a better treatment of dynamical tides as in [17] needs to be
done. We have not been able to compare the coefficient of a NSs as we did for a non-
compact object, given the relativistic velocities in which they interact in a parabolic
encounter. Nevertheless, in this thesis we implement numerically the quasi-static
tidal effects, for which results can be seen as a lower bound on the more accurate
dynamical effects.
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We propose a hybrid method for extracting gravitational waveforms as a func-
tion of the orbital frequency of the binary, ωs, input which is generated numerically
and then evaluated in the analytical formula of the waveform. Our method for GW
extraction reproduces LO results from known methodologies that evaluates the co-
alescence time, tc, of the binary. Nevertheless, for a correct high order PN waveform
extraction that can match observations, the conservative PN expansion in the center
of mass frame needs to be derived and incorporated, which is beyond the scope of
this thesis.

We perform illustrative numerical "experiments" of the inspiral of the different
detected binaries to study the imprints of the stellar structure in the dynamics. With
these, we show the role of the stellar structure and its coefficients in the waveform,
given that the addition of the stellar properties in the equations of motion gener-
ates changes in the orbital frequency, which can be measured as a phase shift in
the waveform. We show the order at which the stellar structure effects arise in the
waveform, and the sensitivity that the current LIGO-Virgo observatories will need
to detect them.

We suggest that the matching of the coefficients due to the internal structure of
spinning NSs, nΩ, is the first to be matched from observations, given that it can be
the LO effect, making a wave shift in the waveform of order up to, ∆φ ≃ O(10),
given our considered spinning objects. Moreover, we perform a systematic study
of the internal structure of the objects, and show that, at least at this level of the
implementation, in order to constrain the coefficients of all the LO effects due to the
internal structure of the compact objects, current and future GW observatories need
to measure wave shifts with an accuracy of at least, ∆φ ≃ O(10−4) radians.

The plausibility for LIGO-Virgo observatories and the Einstein telescope to de-
tect such effects, is of course dependent on the frequency where the dephasing is
accumulated in the signal relative to the most sensitive band of the detectors. At
current sensitivity, if the phase shift is of order O(100) radians in the most sensitive
band, then the effect could be measurable and a systematic study needs to be carried
out, i.e. using Fisher matrix estimates [83]. With upcoming sensitivity upgrades, a
systematic study needs to be done to put bounds on the measurability of such ef-
fects, and whether all the effects due to the internal structure of the compact object
can be constrained.

1.5 The Effective Theory of Compact Objects

This thesis has the purpose to build on the theoretical foundations in the descrip-
tion of compact objects as an EFT, and to systematically study the imprints of the
stellar structure in the inspiral regime of the binary. We have built the LO effective
action for compact objects using symmetry arguments with the coset construction,
and matched the coefficients of the theory from the literature, such that we do not
have to do any explicit computation on the derivation of the coefficients.

In the EFT framework, a compact object is described as a point particle, with its
properties encoded in higher order corrections in the action. Our action describes a
relativistic point particle, with relativistic corrections due to spin, charge, and cor-
rections due to the internal structure of the objects. In our description of compact
objects, we have clarified on the EFT for spinning objects, and introduced the elec-
tromagnetic charge such that we can describe charged spinning compact objects.

We have considered the inspiral phase of the coalescence to study the imprints
of the internal structure of the objects in the waveform. Therefore, we have obtained
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the LO PN expansion of each of the relevant terms in the action. We have shown the
predictivity of our theory by comparing to known results, and then obtained new
ones on the LO PN expansion of the stellar structure of charged spinning compact
objects.

Within the point particle approximation, we have developed a numerical frame-
work to extract GWs and measure the imprints of the stellar structure. Although our
current implementation is lacking of precise waveform extraction, our results, which
are the phase shifts generated by the different effects due to the internal structure to
lowest order, give an insight of the order at which the effect will arise in the wave-
form. Therefore, we have shown the role of the different effects and their coefficients
by performing different numerical examples with the current detected compact ob-
ject binaries. Using an EFT perspective, we have set lower bounds on the accuracy
needed for GW detectors the measure such effects.

This work is the first step on the development of the complete EFT for compact
objects, in which we have focused on the inspiral regime. Nevertheless, by the time
this thesis is finished, we are further developing the model to extract the dynamics
without introducing additional degrees of freedom, and exploiting the power of the
vierbein formalism in a modern fashion. In this approach, the effective action can be
equally used for both the post-Minkowskian expansion and the PN. Moreover, the
formalism can be used in the EOB framework. These work is under construction.
The ultimate goal, in order to test fundamental physics, is to create a framework
based on the state of the art theoretical and numerical tools, to match the coefficients
from observations.

The outline of this thesis is the following. In chapter 2, we provide a brief in-
troduction to the concepts and tools from EFTs necessary to develop the EFT for
compact objects. Then, in chapter 3, we develop in detail the Effective Field Theory
for Compact Objects. In chapter 4, work in the inspiral regime of a compact object
binary and obtain the LO post-Newtonian expansion of the derived effective action.
In chapter 5, we implement our results in numerical experiments to extract GWs and
study the role of the stellar structure during the late inspiral. Finally, in chapter 6,
we summarize and conclude.
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Chapter 2

Effective Field Theory

In the observable universe there exists a wide variety of scales, from the quan-
tum world to the cosmological structure. In this scale range we can find all kind
of physical phenomena, for which the dynamics will be different from one scale to
another. There is an important property of nature, known as decoupling, that has
allowed us to understand the physical phenomena emerging at the different scales.
The decoupling of physical effects means that most of the details, or short distance
physics, are irrelevant for the description of larger distance phenomena.

The theoretical framework we have developed for modeling the laws of nature
is known as field theory, both at quantum and classical level. Field theories also
have the property that short distances mostly decouple from larger ones, and the set
of tools that have been developed to show the symmetries, hierarchy of scales and
decoupling of physical effects, are known as effective field theories. These tools, with
the appropriate knowledge of the symmetry pattern, relevant scales and hierarchies,
allows us to simplify the description of different systems.

In this chapter we introduce the concepts of EFTs by formulating an effective
action for charged point particles in flat space-time. We derive the effective action
using the coset construction.

2.1 Conventions

We differentiate between space-time and local Lorentz indices as in [1]:

• µ, ν, σ, ρ... denote space-time indices.

• a, b, c, d... denote Lorentz indices.

• i, j, k, l... denote spatial components of the Lorentz indices.

We denote the time of occurrence and the location in space of an event with the
four component vector, xa = (x0, x1, x2, x3) = (t, x⃗), and define the flat space-time
interval, ds, between two events, xa and xa + dxa, by the relation

ds2 = −c2dt2 + dx2 + dy2 + dz2, (2.1)

which we write using the notation

ds2 = ηabdxadxb ; ηab = diag(−1,+1,+1,+1). (2.2)

In the last expression we have introduced the summation convention, which states
that any index that is repeated in an expression, is summed over the range of values
taken by the index.
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2.2 Worldline Point Particle Dynamics

The most important consideration when modelling compact objects with EFTs
is that they can be treated as point particles with higher order corrections. To de-
scribe the dynamics of point particles, it is necessary to specify a continuous se-
quence of events in the space-time by giving the coordinates, xa(σ), of the events
along a parametrized curve, defined in terms of a suitable parameter, σ. There is one
curve among all possible curves in the space-time, which describes the trajectory of
a material particle moving along some specified path, known as the worldline. We
can consider it as a curve in the space-time, with σ = ct, acting as a parameter so
that xa = (ct, x⃗(t)). The existence of a maximum velocity |u⃗| < c, which requires
the curve to be time-like everywhere, ds < 0, allows us to have a direct physical
interpretation for the arc length along a curve.

Consider a clock attached to the particle frame, or the proper frame F̃, which is
moving relative to some other inertial frame F on an arbitrary trajectory. As mea-
sured in the frame F, during a time interval between t and t + dt, the clock moves
through a distance |dx⃗|. The proper frame F̃, which is moving with same velocity
as the clock, will have d⃗̃x = 0. If the clock indicates a lapse of time, dt ≡ dτ, the
invariance of the space-time interval, eq. (2.1), implies that

ds2 = −c2dt2 + dx2 + dy2 + dz2 = ds̃2 = −c2dτ2. (2.3)

Thus, we obtain the lapse of time in a moving clock

dτ = dt

√
1 − v2

c2 , (2.4)

along the trajectory of the clock. The total time that has elapsed in a moving clock
between two events, known as the proper time τ, is denoted as

τ =
∫

dτ =
∫ t2

t1

dt

√
1 − v2

c2 . (2.5)

We now proceed to build the action of a free point particle. The Lagrangian must
be constructed from the trajectory, xa(τ), of the particle, and should be invariant
under Lorentz transformations. The only possible term should be proportional to
the integral of dτ, yielding the action

S = −α
∫

τ
dτ = −α

∫ √
1 − v2

c2 dt, (2.6)

where α is a dimensionful constant. To recover the action of a free point particle from
non-relativistic mechanics, we take the limit c → ∞, for which the Lagrangian yields
L = αv2/2c2. By comparing our point particle Lagrangian with the non-relativistic
one, L = (1/2)mv2, with m the mass of the particle, we find that, α = mc2. Thus, the
action for a relativistic point particle is

S = −mc2
∫

dτ, (2.7)

which corresponds to the arc length of two connecting points in the space-time.
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2.3 Symmetries in Classical Field Theory

We consider symmetries that can be labelled by a continuous parameter, θ. Work-
ing with the Lie algebras of a group G, we write a group element as a matrix expo-
nential

U = eiθuTu , (2.8)

where the generators Tu, with u = 1, ..., n, form a basis of the Lie algebra of G. The T’s
generators are hermitian if U is unitary. For each group generator, a corresponding
gauge field arises, which in this case is the field θ.

The properties of a group G are encoded in its group multiplication law

[Tu, Tv] = TuTv − TvTu = icuvwTw, (2.9)

where, cuvw, are the structure constant coefficients. The last expression defines the
Lie algebra of the group G. The Lie bracket is a measure of the non-commutativity
between two generators.

It is also possible to consider in the local framework of field theory, continu-
ous symmetries that have a position dependent symmetry parameters, θ = θ(x).
The space-time dependent symmetry transformation rules are called local or gauge
symmetries. For global symmetries, θ do not depend on space-time position. There
is also a distinction between internal symmetries and space-time symmetries, on
whether they act or not on space-time position. An example of an internal symme-
try, where x is unchanged, is

ϕu(x) → Uϕu(x)U−1 = U u
v ϕv(x), (2.10)

while an example for a space-time symmetry is the transformation

ϕu(x) → Vϕu(x)V−1 = V u
v ϕv(x′), (2.11)

with x
′u = V u

v xv. Both internal and space-time symmetries can arise in global or
gauged varieties.

Symmetries of Special Relativity

The symmetry of Special Relativity is determined by the Poincaré symmetry. Its
Lie group, known as the Poincaré group, G = ISO(3,1), is the group of Minkowski
space-time isometries that includes all translations and Lorentz transformations.

The Lorentz Group

The Lorentz group, SO(3,1), is the group of linear coordinate transformations

xa → x′a = Λa
bxb, (2.12)

that leave invariant the quantity

ηabxaxb = −(ct)2 + x2
1 + x2

2 + x2
3, (2.13)

with detΛ = 1. In order for eq. (2.13) to be invariant, Λ must satisfy

ηabx′ax′b = ηab(Λa
cxc)(Λb

dxd) = ηcdxcxd, (2.14)
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which implies the transformation of the metric as

ηcd = ηabΛa
cΛb

d. (2.15)

Consider an infinitesimal Lorentz transformation, with the Lorentz generators
Jab, and its corresponding field αab. We can expand

Λa
b = (e

i
2 αcd Jcd)a

b = (eα)a
b ≈ δa

b + αa
b, (2.16)

where the factor of, 1
2 , is taking into account the sum over all a and b. From equation

(2.15) we find

αab = −αba, (2.17)

which is an antisymmetric 4x4 matrix with six components that are independent.
Thus, the six independent parameters of the Lorentz group from the antisymmetric
matrix, αab, corresponds to six generators which are also antisymmetric Jab = −Jba.

Under Lorentz transformations, a scalar field is invariant,

ϕ′(x′) = ϕ(x). (2.18)

A covariant vector field, Va, transforms in a representation of the Lorentz group as

Va → (e
i
2 αcd Jcd

)a
bVb, (2.19)

where the exponential is the matrix representation of the Lorentz group. If we con-
sider an infinitesimal transformation, the variation of Va reads,

δVa =
i
2

αcd(Jcd)a
bVb, (2.20)

which is an irreducible representation.
The explicit form of the matrix (Jab)c

d, reads

(Jab)
c

d = −i(δc
aηbd − δc

bηad). (2.21)

Using the form of the generator in eq. (2.21), we can compute the commutator

[Jab, Jcd] = i(ηac Jbd − ηbc Jad + ηbd Jac − ηad Jbc), (2.22)

to find the Lie algebra, SO(3,1). The components of Jab can be rearranged into two
spatial vectors

Ji =
1
2

ϵijk J jk, Ki = Ji0, (2.23)

with, Jij and Ki, the generators of rotations and boosts, respectively.
The Lorentz group has six parameters: Three rotations in three 2D planes that

can be formed with the (x, y, z) coordinates that leave ct invariant, which is the
SO(3) rotation group, and three boost transformations in the (ct, x), (ct, y) and (ct, z)
planes that leave invariant −(ct)2 + x2, −(ct)2 + y2 and −(ct)2 + z2, respectively. We
parametrize the Lorentz matrix as

Λ0
0 = γ, Λ0

i = γβi, Λi
0 = γβi, Λi

j = δi
j + (γ − 1)

βiβ j

β2 , (2.24)
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with γ = (1 − v2/c2)−1/2, the Lorentz factor, and βi, the velocity

βi ≡ ηi

η
tanh η, (2.25)

where η is the rapidity, defined as the hyperbolic angle that differentiates two inertial
frames of reference that are moving relative to each other.

Therefore, the four vectors, Va and Va, transforms under the Lorentz group as

Va(x) → V
′a(x′) = Λa

bVb(x), Va(x) → V
′
a(x′) = Λ b

a Vb(x), (2.26)

with Λ b
a = ηacηbdΛc

d. The vectors are related via Va = ηabVb. A tensor, Tab, trans-
forms as

Tab(x) → T′ab(x′) = Λa
cΛb

dTcd(x). (2.27)

In general, any tensor with arbitrary upper and lower indices transforms with a Λa
b

matrix for each upper index, and with Λ b
a for each lower one. We will simple denote

Lorentz transformations as, V
′a = Λa

bVb and T
′ab = Λa

cΛb
dTcd.

The Poincaré Group

To complete the Poincaré group, in addition to Lorentz invariance, we also re-
quire invariance under space-time translations. We can write a general element of
the group of translations in the following form,

U = eizaPa , (2.28)

where za are the components of the translation,

xa → xa + za, (2.29)

and Pa its generators. Lorentz transformations plus translations form the Poincaré
group, ISO(3,1). The Poincaré group algebra reads

[Pa, Pb] = 0 (2.30)
[Pa, Jbc] = i(ηacPb − ηabPc) (2.31)
[Jab, Jcd] = i(ηac Jbd − ηbc Jad + ηbd Jac − ηad Jbc). (2.32)

Gauge Symmetry of Classical Electromagnetism

The gauge symmetry of classical electromagnetism is invariance under the U(1)
gauge transformation. This is an internal symmetry for which the charge gener-
ator, Q, correspond to a time invariant generator, with its corresponding gauge
field, Aµ(x), which is the electromagnetic gauge field. The local gauge symmetry
is parametrized by a parameter θ = θ(x), and the group element is

U(x) = eθ(x). (2.33)

The gauge field, Aµ, transforms under the U(1) symmetry as
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Aµ(x) → Aµ(x) + ∂µθ(x). (2.34)

Therefore, under Lorentz and U(1) transformations, the gauge field transforms as

Aµ(x) → Λ ν
µ Aν(x) + ∂µθ(x, Λ). (2.35)

The commutations relations of the charge generator, Q, with the generators of the
Poincaré group, are constrained by the Coleman-Mandula theorem [84]. This theo-
rem constrains the kinds of continuous space-time symmetries that can be present
in an interacting relativistic field theory, and states that the most general possible
transformations are determined by

U = exp
{

i
(

zaPa + iσaOa +
i
2

ωab Jab

)}
, (2.36)

with Pa, the generators of translations, Jab, of Lorentz transformations, and Oa, the
rest of the generators. The generators, Oa, must be from internal symmetries, and
although they can fail to commute with themselves, [Oa,Ob] ̸= 0, they must always
commute with the space-time symmetry generators [Pa,Ob] = 0 and [Jab,Oc] = 0.
Nevertheless, the charge operator for the U(1) symmetry of electromagnetism, com-
mutes with itself, thus obtaining the commutation relations: [Pa, Q] = 0, [Jab, Q] = 0
and [Q, Q] = 0.

Transformation Properties of Gauge Fields

The transformation properties of the gauge fields ĕa
µ, Ăµ and ω̆ab

µ , under local

translations, eizaPa , local Lorentz transformations, e
i
2 αcd Jcd

and the local U(1) transfor-
mation, eiθ , read

U = eiθ :


Ăµ → Ăµ − ∂µθ,
ĕ a

µ → ĕ a
µ ,

ω̆ab
µ → ω̆ab

µ .

U = eicP :


Ăµ → Ăµ,
ĕ a

µ → ĕ a
µ − ω̆a

µbzb − ∂µza,

ω̆ab
µ → ω̆ ab

µ .

U = eiαJ :


Ăµ → Λ ν

µ Ăν,
ĕ a

µ → Λa
b ĕb

µ = ĕa
µ + αa

b ĕb
µ,

ω̆ab
µ → Λa

cΛb
dω̆cd

µ + Λa
c∂µ(Λ−1)cb = ω̆ab

µ + ω̆ac
µ αb

c + ω̆cb
µ αa

c − ∂µαab.

,

(2.37)

where the indices are lowered and raised using the metric ηab. The gauge field, ĕ,
transforms inhomogeneously under local translations. Under Lorentz transforma-
tions, ĕ and Ă, transforms linearly, while ω̆ab

µ transforms as a connection. Under the
U(1) transformation, only the gauge field, Ă, transforms.

Finally, the electromagnetic field, the vierbein and spin connection, under diffeo-
morphisms transforms as
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Aµ(x) diffeo−−−→Aµ(x)− Aν(x)∂µξν − ξν(x)∂ν Aµ(x),

ea
µ(x) diffeo−−−→ ea

µ(x)− ea
ν(x)∂µξ − ξν(x)∂νea

µ(x),

ωab
µ (x) diffeo−−−→ ωab

µ (x)− ωab
ν (x)∂µξ − ξν(x)∂νωab

µ .

(2.38)

Noether’s Theorem

In Classical Field Theory, the symmetries of a Lagrangian and conserved quanti-
ties are closely related by Noether’s theorem. This theorem allows us to obtain con-
served quantities from the symmetries of the laws of nature. For instance, time trans-
lation symmetry gives conservation of energy, space translation symmetry gives
conservation of momentum, rotation symmetry gives conservation of angular mo-
mentum, and the U(1) symmetry gives conservation of the electric charge .

Noether’s theorem states that, on a classical solution of the equations of motion,
there is a conserved current ja

u, for each generator of a symmetry transformation [85].
Thus, for a field theory with the fields ϕa, the N currents ja

u are conserved

∂a ja
u = 0, (2.39)

where u = 1, ..., N. We can define the charges Qu

Qu =
∫

d3xj0u(xa), (2.40)

The current conservation implies that Qu is conserved.

Spontaneous Symmetry Breaking

In field theories, the ground state can fail to be invariant. In fact, any system
other than vacuum will break at least some of the symmetries. If the ground state
of a system is not invariant under a symmetry of its action, the symmetry is said to
be spontaneously broken. If the symmetry is spontaneously broken, another state is
produced once a transformation is applied to the ground state. The new state must
have the same energy and is a candidate ground state. When the ground state is
changed by a symmetry, the spontaneously broken symmetries come with conse-
quences that are described by Goldstone’s theorem.

The Goldstone’s theorem [40] summarizes very general implications for the low
energy theory whenever the ground state of a system does not respect one of the
global continuous symmetries of the system. It states that a system, for which a con-
tinuous global symmetry is spontaneously broken, the system must contain a state,
|G⟩, denoted as Nambu-Goldstone (NG) boson or Goldstone mode. This mode is
created from the ground state, |0̂⟩, by a space-time independent symmetry transfor-
mation. |G⟩ is defined by the condition that the matrix element

⟨G|j0|0̂⟩ ̸= 0, (2.41)

does not vanish, with j0 the density for the symmetry’s conserved charge in eq.
(2.40). All properties of the Goldstone boson follow from the matrix element def-
inition (2.41) and eq. (2.40). The Goldstone state is a symmetry transformation of
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the ground state, which makes it completely indistinguishable from the vacuum,
thus creating a new ground state.

The Goldstone boson should decouple completely from all its interaction in the
limit in which its momentum vanishes, such that the state |G⟩ must be gapless. This
means that its energy vanishes in the limit where the momentum vanishes,

lim
p→0

E(p) = 0. (2.42)

For a relativistic system, where E(p) =
√

p2 + m2, with m the rest mass of the parti-
cle, the gapless condition implies the masslessness of the Goldstone particle.

In the group theoretical approach, for the description of a symmetry breaking
pattern where the group G breaks to H, we can choose a basis for the generators
such that we include the generators of H as a subset, {Tu} = {tv, Xα}, where the t’s
generate the Lie algebra of H, and the Xα constitutes the rest.1 The broken generators
Xα typically do not also generate a group, but it can be regarded as generating the
space of cosets G/H. We expect a Goldstone mode for each choice of α.

The closure of H under multiplication ensures

[tu, tv] = icuvwtw, (2.43)

with no X’s on the right hand side. It is also possible to choose a basis of generators
such that

[tu, Xα] = icuαβXβ, (2.44)

with no t’s on the right-hand side. The implication of this, is that the Xα’s falls into
a representation of H, which when exponentiated to a finite transformation, can be
expressed as linear transformation

hXαh−1 = M β
α Xβ, (2.45)

for some coefficients M β
α , and for any h = exp(iθutu) ∈ H.

2.4 The Coset Construction

We start with the basics of the coset construction to develop this thesis. A brief
but more comprehensive review can be found in [1, 39]. We use the notation as in
[1] to consider the breaking of internal [36, 35] and space-time symmetries [37, 86]
alike.

The coset construction is a very general technique from the EFT framework that
can be used whenever there is a symmetry breaking. The breaking of some of
the symmetries implies the existence of additional degrees of freedom, known as
Nambu-Goldstone bosons or simple as Goldstone fields.2 The coset construction is
then used to derive building blocks for the Goldstone fields that transform correctly
under the relevant symmetries, and that can be used to build up invariant operators
to form an effective action. Any state other than vacuum breaks at least some of the

1We have chosen greek indices to differentiate from those of the unbroken group
2Goldstone theorem [40] implies the existence of a Goldstone field for each broken internal sym-

metry, but for the case in which space-time symmetries are broken, there can be a mismatch on the
number of degrees of freedom and broken symmetries, for which additional constraints are needed.
See the Inverse Higgs constraint below.
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symmetries, and by appropriately identifying the pattern of the symmetry breaking,
we can use it as a guide to derive the effective action.

We can formulate an EFT using the symmetry breaking pattern as the only input,
knowing the full symmetry group G that is broken, and the subgroup H that is non-
linearly realized [39]. If the group is broken, G → H, due to a spontaneous symmetry
breaking, the coset recipe [1, 39] tells us that we can classify the generators into three
categories:

Pa = generators of unbroken translations,
TA = generators of all other unbroken symmetries,
Xα = generators of broken symmetries,

(2.46)

where the broken generators, Xα, and the unbroken ones, TA, can be of space-time
symmetries as well as of internal ones. We have chosen different indices to differen-
tiate between generators, but all of them run over Lorentz indices.

Whenever the set of generators for broken symmetries is nonzero, some Gold-
stone fields will arise. Thus, we must build an effective action for the Goldstone
fields that is invariant under the whole symmetry group of consideration. The
power of the coset construction, is that we can formulate an invariant EFT in which
the broken symmetries and the unbroken translations are realized nonlinearly on
the Goldstone fields [1].

Following the coset recipe [1, 39], we do a local parametrization of the coset,
G/H0, with H0, the subgroup of H generated by the unbroken generators, T’s. The
coset is parametrized as

g(x, π) = eiya(x)Pa eiπα(x)Xα , (2.47)

where the factor, eiya(x)Pa , describes a translation from the origin of the coordinate
system to the point, xa, at which the Goldstone fields, πα(x), are evaluated. This fac-
tor ensures that the π’s transform correctly under spatial translation. The group ele-
ment g, which is generated by the X’s and the P’s, is known as the coset parametriza-
tion. For the case of flat space-time, the translation is simply parametrized by, eixaPa ,
with y(x) ≡ x.

To derive the building blocks that depend on the Goldstone bosons and that have
simple transformation rules, we first note that the Goldstone fields, when appearing
in the Lagrangian, they are coupled through its derivatives. Then, we introduce the
Maurer-Cartan form, g−1∂µg, a very convenient quantity that is an element of the
algebra of G, and that can be written as a linear combinations of all the generators
[1, 39],

g−1∂µg = (e a
µ Pa +∇µπαXα + C B

µ TB). (2.48)

The coefficients ea
µ, ∇µπα and CB

µ , in general are nonlinear functions of the Gold-
stones, π′s, and form the building blocks to build the EFT, with ∇ α

µ = e a
µ ∇ α

a and
C B

µ = e a
µ C B

a . As we shall see, we can compute the explicit expression of the build-
ing blocks with the algebra of the group G.

From the coset recipe, we can use the coefficients, C’s, and its operators, T’s, to
define the covariant derivative that acts on matter fields [1, 39],
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∇a ≡ (e−1)
µ

a (∂µ + iCB
µ TB). (2.49)

This covariant derivative can be used on the building blocks, as well as to consider
higher covariant derivatives of the Goldstone fields.

Furthermore, in gauge symmetries, it is necessary to promote the partial deriva-
tive to a covariant one in the Maurer-Cartan form, ∂µ → Dµ [1]. Consider the gauged
generator, EI , from a subgroup, G′ ⊆ G, with corresponding gauge field, wI

µ. Thus,
by replacing the partial derivative with a covariant one, we obtain the modified
Maurer-Cartan form,

g−1∂µg → g−1Dµg = g−1(∂µ + iwI
µEI)g. (2.50)

This modification of the Maurer-Cartan form can also be written as a linear combi-
nation of the generators as in eq. (2.48), with a new building block made up of the
gauge field, wI

µ, accompanying the gauged generator, EI . Now the building blocks
can also depend on the gauge fields. The modified Maurer-Cartan form, g−1Dµg, is
invariant under local transformations, and its explicit components can be obtained
using the commutation relations of the generators.

Inverse Higgs Constraint

The Goldstone’s theorem [40], which states that a Goldstone mode exists for each
broken generator, is only valid for internal symmetries. If space-time symmetries are
spontaneously broken, there can be a mismatch in the number of broken generators
and the number of bosons [87]. Nevertheless, we can preserve all the symmetries by
imposing additional local constraints, which can be solved to write down some of
the Goldstone’s modes in terms of others. Using the inverse Higgs constraint [38],
we can set to zero one or more of the coset covariant derivatives, whenever X and X′,
are two multiplets of the broken generator, such that the commutators of the unbro-
ken translations, P̄, and the broken generator, X′, yields a different broken generator,
X: [P̄, X′] ⊃ X. If this is the case, we can set some of the covariant derivatives of the
Goldstones to zero. By imposing all possible inverse Higgs constraints, one obtains
the only relevant building blocks.

2.5 Electrodynamics of Spheres

2.5.1 Classical Electromagnetism

It is well known that a classical theory of electromagnetism obeys the symme-
tries of Special Relativity determined by the Poincaré group, ISO(3,1), as well as
the symmetries of the U(1) charge symmetry group. Thus, the full group is, G =
U(1)×ISO(3,1), which contains the generators for Lorentz transformations, Jab, and
gauge field, ω̆ab

µ , the generators of translations, Pa, and gauge field, ĕa
µ, and the gen-

erator of charge, Q, and a gauge field Ăµ.3 Charge corresponds to a time invariant
generator of the internal symmetry group, U(1), while the symmetry of the Poincaré
group is a space-time symmetry (See appendix 2.3 for more details).

3Note that we have defined the gauge fields, ŏ’s, compared to [1], in which the gauge fields are
defined as õ’s. We will reserve the ∼ symbol to refer to quantities in the comoving frame.
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Therefore, we parametrize the coset, U(1)×ISO(3,1)/U(1)×SO(3,1), separating
translations from the rest of the group. The coset parametrization in flat space-time
is given by the group element

g = eixa P̄a = eixaPa eix0Q, (2.51)

which contains all the unbroken translation, P̄a = P̄0 + Pi = Pa + Q, with P̄0 =
P0 + Q. Then, the Maurer-Cartan form reads

g−1Dµg = e−ixa P̄a

(
∂µ + iĂµQ + iĕ a

µ Pa +
i
2

ω̆ab
µ Jab

)
eixa P̄a

= ∂µ + iAµQ + ie a
µ Pa +

i
2

ωab
µ Jab,

(2.52)

where we have used the commutation relation rules of the symmetries (See appendix
2.3) to obtain

e a
µ = ĕ a

µ + ∂µxa + ω̆ab
µ xb, (2.53)

Aµ = Ăµ + ∂µξ(x), (2.54)

ωab
µ = ω̆ab

µ . (2.55)

Before going any further, we consider the case of flat space-time. From a ge-
ometrical perspective, this limit implies that the curvature and the torsion tensor
are equal to zero, which can be measured from the commutator of the two covari-
ant derivatives, [Dµ, Dν]. By considering the covariant derivative appearing in the
Maurer-Cartan form, (2.52), we can cast the commutator as,

[Dµ, Dν] =iF̆µνQ + iT̆a
µνPa +

i
2

R̆ab
µν Jab,

=i
(

∂µ Ăν − ∂ν Ăµ

)
Q + i

(
∂µ ĕa

ν − ∂ν ĕa
µ + ĕµbω̆ab

ν − ĕνbω̆ab
µ

)
Pa

+
i
2

(
∂µω̆ab

ν − ∂νω̆ab
µ + ω̆a

µcω̆cb
ν − ω̆a

νcω̆cb
µ

)
Jab.

(2.56)

Given that in flat space-time, T̆µν
a = 0 and R̆µν

ab = 0, it implies that

ω̆ab
µ = 0 and ĕ a

µ = 0, (2.57)

for which eq. (2.53), takes the simple form

e a
µ = ∂µxa = δ a

µ . (2.58)

The field, e a
µ , is known as the vierbein, which is used for deriving an invariant

volume element d4x det e, and which for the case of flat space-time is simply d4x.
Given the coset recipe, we can use the coefficients of the unbroken U(1) generator in
eq. (2.52), to define the gauge covariant derivative,
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∇a ≡ ∂a + iQAa, (2.59)

which is the usual covariant derivative in a Classical Field Theory of electromag-
netism. Having defined the vierbein and the gauge covariant derivative, we can
proceed to build invariant actions [1].

The first building block can be extracted from the commutator of the covariant
derivatives, eq. (2.56), which in the flat space-time limit,

g−1[Dµ, Dν]g = i(∂µ Aν − ∂ν Aµ)Q = iFµνQ, (2.60)

with Fµν = ∂µ Aν − ∂ν Aµ, the electromagnetic tensor. Thus, the first invariant term
that can be build with our covariant building block, Fµν, is,

S = −α
∫

d4xFµνFµν. (2.61)

As pointed out earlier, the coefficients of the theory can be treated as free parame-
ters that are to be fixed by experiments or from the literature. Thus, to reproduce
Maxwell’s theory, we find the coefficient, α = (4µ0)−1, with µ0, the magnetic perme-
ability of vacuum, such that we have the well known Maxwell action,

S = − 1
4µ0

∫
d4xFabFab, (2.62)

where we have used, Fab = e a
µ e b

ν Fµν. Eq. (2.62) lives in the bulk, while the action
that describes the sphere, lives in the worldline.

2.5.2 Charged Spheres

With the underlying theory of classical electromagnetism, we identify the sym-
metry pattern for a charged point particle, and derive its building blocks to construct
an effective action. Then, by considering spherical objects at rest, and departures
from sphericity, we add size effects to describe charged spheres.

Charged Point Particles

In general, a point particle breaks spatial translations, and boosts by choosing
a preferred reference frame. Under a U(1) symmetry, the state of a charged point
particle is an eigenstate of the charge, and does not break U(1) the symmetry. Thus,
the symmetry breaking pattern reads

Unbroken generators =

{
P̄0 ≡ P0 + Q time translations,
Jij spatial rotations.

Broken generators =

{
Pi spatial translations,
J0i ≡ Ki boosts,

(2.63)
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where we have included the charge generator as a time invariant generator of trans-
lations [1]. Given this pattern, we can parametrize the coset as

g = eixa(σ)P̄a eiηi(σ)Ki = eixa(σ)P̄a ḡ. (2.64)

with σ, the worldline parameter that traces out the trajectory of the particle, ηi, the
Goldstone mode, and ḡ = eiηi(σ)Ki .

The important building blocks are contained in the Maurer-Cartan form pro-
jected into the particle’s trajectory, ẋµg−1Dµg. It can be casted as a linear combination
of the generators,

ẋµg−1Dµg = ẋµg−1(∂µ + iĂµQ + iĕ a
µ Pa)g

= ẋµ ḡ−1(∂µ + iAµQ + ie a
µ Pa)ḡ

= iẋµ(AνΛν
µQ + e b

µ Λ 0
b P0 + e b

µ Λ i
b Pi) + i(Λ−1)0

cΛ̇ciKi,

= iE
(

P0 + AQ +∇πiPi +∇ηiKi

)
,

(2.65)

where the dot means derivative with respect to the worldline parameter, σ, and
Λa

b = Λa
b(η) ≡ (eiη jKj)a

b, being the boost matrix of the Lorentz transformations,
which is a function of the Goldstone field, ηi. Thus, the covariant quantities are

e = ẋµe b
µ Λ 0

b ,

A = e−1 ẋµ AνΛν
µ,

∇πi = e−1 ẋµe b
ν Λ i

b ,

∇ηi = e−1(Λ−1)0
cΛ̇ci.

(2.66)

These are some of the building blocks that we will use to build up an invariant
action. Nevertheless, as pointed out before, given that we are working with space-
time symmetries, there are some subtleties with the counting of Goldstone fields, for
which the Inverse Higgs constraint can be placed.

In this case, the commutator between boosts and unbroken time translations
gives broken spatial translations [1]. Therefore, by imposing the inverse Higgs con-
straint, we set to zero the covariant derivative, ∇πi = 0, such that we obtain the
relation

∇πi = e−1 ẋµe b
µ Λ i

b = e−1(ẋµe 0
µ Λ i

0 + ẋµeµΛ i
j ) = 0. (2.67)

Solving for this constraint, we obtain the velocity (See eq. 2.25)

βi ≡ ηi

η
tanh η =

ẋνe j
ν

ẋνe 0
ν

, (2.68)

where we have used the fact that, in flat space-time, e a
ν = δ a

ν . Using the inverse
Higgs constraint we have expressed the η’s in terms of the π’s. This result can be
interpreted as the Goldstones, η’s, or in terms of the, β’s, as parametrizing the boost
necessary to get into the moving particle rest frame [1].
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We can also rewrite the inverse Higgs constraint in a way that the physical in-
terpretation is transparent [1]. This is done by expressing eq. (2.67), in terms of the
velocity in the proper frame, ua, as

uaΛ i
a = 0, (2.69)

and defining the set of Lorentz vectors, n̂a
(b),

n̂a
(0) ≡ ua = Λa

0(η) , n̂a
(i) ≡ Λa

i(η). (2.70)

This set of Lorentz vectors define an orthonormal basis in the particle’s comoving
frame.

Then, we analyse the covariant derivative of the boost Goldstone, ηi, in eq. (2.66),
which can be rewritten as

∇ηi = n̂(i)
a ∂τua = n̂(i)

b e b
µ aµ = ai, (2.71)

with, ai, the acceleration of the particle in the comoving frame. Thus, the covariant
derivatives, ∇ηi, corresponds to the component of the acceleration projected on the
i-th vector defined by the set of Lorentz vectors, n̂a

(b), measured in the proper frame

of the particle [1]. In the absence of external forces, ∇ηi = 0. Nevertheless, this
building block is needed to take into account for a full description of the system,
i.e. when the charge from an external body is relevant, such that the acceleration is
nonzero.

Thus, we are left with the building blocks,

e = ẋµe 0
µ ,

A = e−1 ẋµ Aµ,

∇ηi = e−1ai,

(2.72)

which are to be used in order to build an invariant action. We start with the building
block, e = |e| =

√
e2, and rewrite it as

|e| =
√
(e∇πi)2 + (e2 − (e∇πi)2)

=
√
(e∇πi)2 − (ẋνe a

ν ẋµe b
µ ),

=
√
−ηabe a

ν e b
µ ẋν ẋµ =

√
−ηab ẋa ẋb =

dτ

dσ
,

(2.73)

where we have imposed the inverse Higgs constraint, and used the orthogonality
property of the boost matrices, Λ b

a Λa
c = δb

c, and e a
µ = δ a

µ . We can build an invari-
ant term made up of the building block e,

S = cE

∫
dσe = cE

∫
dσ

dτ

dσ
= −mc2

∫
dτ, (2.74)

and match the coefficient, cE = −mc2, to the action of a free relativistic point particle
with mass, m. The last expression shows the action for a free relativistic point particle
to all orders in the absence of external forces [1].
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With the covariant block, A, we add the point particle correction due to charge
as,

S =
∫

dσe(−mc2 + cA A) =
∫

dτ(−mc2 + qua Aa), (2.75)

with, q, the net charge of the charged particle, where the coefficient, cA, has been
matched from the classical theory of electrodynamics. Therefore, equation (4.66),
is the action in the proper frame that describes charged point particles in classical
electromagnetism. We now move into the description of size effects, to describe a
charged sphere.

Size Effects

In the context of the EFT for extended objects, the addition of size effects in the
action of a point particle was introduced in [29], which can be done in a system-
atic fashion. Size corrections must respect the symmetries of the theory, Lorentz
and gauge U(1) symmetry, and thus contained in an infinite series expansion of all
possible invariant operators made up of the covariant building blocks. To build up
invariant terms made out of Fab, we first define its transformation properties under
local Lorentz transformations. By considering the Lorentz parametrization of eq.
(2.64), gL, the electromagnetic tensor transforms as

F ≡ g−1
L F̃, (2.76)

such that F is transformed in a linear representation under a Lorentz transformation
as expected. The explicit transformation reads

Fab = (Λ−1) c
a (Λ−1) d

b F̃cd. (2.77)

Having the correct transformation rules, we can form rotationally invariant ob-
jects made out of Fab, ua, and ab, to build up the invariant action. These corrections
in the action reads,

S = ∑
n

∫
dτcnOn(Fab, uc, ad), (2.78)

with, On, the invariant operators, cn, its corresponding coefficients, and n, being
chosen to the desired accuracy. The leading order, electric parity terms are

S =
∫

dτ
(

nqFbaFcaubuc + nqauaabFab + . . .
)

, (2.79)

where the ellipsis denotes higher order corrections. The first term correspond to the
induced, electric parity, dipolar moment, while the second term can be seen as a
higher order correction to the latter due to the acceleration of the body.

The electric parity building block is identified, Ea = Fbaub [30], such that the first
term in the last equation, ∝ EaEa. For the moment we restrict to operators with elec-
tric parity only. Nevertheless, a term with magnetic parity, Ba = 1

2 ϵabcdFbcud, can be
build as well, ∝ BaBa. The leading order corrections in (2.79), with its corresponding
coefficients, cq, and cqa, encode the short distance information, or the size structure,
which are responsible for the polarization. The polarizability accounts for the defor-
mation of the sphere in the presence of an external electromagnetic field. In general,
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the coefficients, cq and cqa, are dependent on the radius of the sphere, therefore tak-
ing into account for the fact that a sphere is an extended object. The specific form of
these coefficient for a charged sphere is beyond the scope of this work.

Dissipative Effects

Dissipation in the EFT of extended objects was introduced in [30]. Dissipative
effects of the sphere takes into account for its absorption of electromagnetic waves.
These large number of degrees of freedom can be encoded in operators allowed by
the symmetries of the object. For instance, for a rigid sphere, the allowed operators
for rotations, SO(3), as well as parity eigenvalue, allows us to build the action [30]

S =
∫

dτP a(τ)ubFab, (2.80)

with P(τ), a composite dynamical operator corresponding to the electric parity, elec-
tromagnetic dipole moment. The specific form of the operator, P(τ), and its coeffi-
cient are discussed in detail in the next section.

2.5.3 The Effective Action

Finally, by considering, the electric parity only, we write down the leading order
effective action of a charged sphere in a classical theory of electromagnetism,

Se f f =
∫

dτ
(
−mc2 + qua Aa + cqEaEa + cqaEaaa + P aFabub + . . .

)
+ S0, (2.81)

with

S0 = −
∫

d4x
1

4µ0
FabFab. (2.82)

Eq. (2.81) describes our effective theory. We have developed a theory of classical
electromagnetism and described a charged sphere as a charged point particle with
the finite size structure encoded in higher order operators in the action. In this ap-
proach, the description of the sphere lives in the worldline, while the interaction, eq.
(2.82), lives in the bulk.

2.6 The Dynamics of Interacting Spheres

To obtain the leading order dynamics of two interacting spheres, we first recall
that the propagators can be read off from the terms that are quadratic in the fields.
For instance, for a scalar field, the propagator is encoded in

L =
∫

d4x∂aϕ∂aϕ = −
∫

d4xϕ□ϕ, (2.83)

where we have integrated by parts and neglected the boundary term.
For the photon field, we start with the Maxwell action with the gauge fixing term
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L = − 1
µ0

∫
d4x

(
1
4

FabFab +
1

2ξ
(∂a Aa)

)
. (2.84)

The gauge fixing term is included to remove redundant degrees of freedom. We
will use the Feynman gauge, which set ξ = 1. Integrating by parts, we can cast the
Lagrangian as

L = − 1
2µ0

∫
d4x

(
Aaηab□Ab +

(
1
ξ
− 1
)

Aa(∂a∂b Ab)

)
. (2.85)

We read the propagator from the quadratic terms in the fields. The correspond-
ing Green’s function in configuration space

ηab□Dbc
F (x − y) = δ(4)(x − y)δc

a. (2.86)

In momentum space

k2ηabDbc
F (k) = δc

a, (2.87)

which can be inverted to obtain the propagator,

iDab
F (k) =

i
k2 ηab. (2.88)

We separate the time dimensions of the photon field from the spatial ones. There-
fore, from the above analysis, the leading order propagator for the electromagnetic
interaction reads

= ⟨A0(x1)A0(x2)⟩ = −µ0 δ(t1 − t2)
∫ d3⃗k

(2π)3
ei⃗k·⃗r

k⃗2
. (2.89)

The electromagnetic charge coupling from the worldline action reads,

Sq =
∫

dtqva Aa = −
∫

dtqA0 +
∫

dtqvi Ai. (2.90)

which to leading order, we extract the vertex,

=− q
∫

dtA0. (2.91)t--- -. 
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FIGURE 2.1: Leading order electromagnetic interaction, which is the
Coulomb interaction

Therefore, we obtain the interaction of two point charges, which is the Coulomb
interaction

Figure 2.1 =
∫

dt1q1 A0(x1)×
∫

dt2q2 A0(x2)

=
∫

dt
(
− µ0

4π

q1q2

r

)
,

(2.92)

where we have used,

∫ d⃗k3

(2π)3
ei⃗k·⃗r

k⃗2
=

1
4π

1
r

. (2.93)



27

Chapter 3

Compact Objects in Effective Field
Theory

3.1 Compact Objects in General Relativity

Following the same methodology as in the previous section, before constructing
a theory for compact objects, we review how a theory of gravity can be derived from
the coset construction as in [1], where a frame independent generalization of Gen-
eral Relativity, known as Einstein’s vierbein field theory, is derived. The difference of
our construction compared to the one in [1], is the inclusion of the gauge symmetry
group, U(1), which allows us to derive the Einstein-Maxwell action in the vierbein
formalism, as well as the correction to the point particle due to charge. Once the
underlying theory of gravity has been developed, then we derive the leading order
action for charged spinning compact objects in the effective theory of General Rela-
tivity (vierbein formalism). This is a theory that can naturally incorporate spinning
objects.

3.1.1 Effective Theory of Gravity

There are two symmetries in gravity to consider: Diffeomorphisms invariance,
and Poincaré symmetry, determined by the Poincaré group, ISO(3,1), which con-
tains the generators for translations, Pa, and Lorentz transformations, Jab, with their
corresponding gauge fields, ĕa

µ and ω̆ab
µ . Both of the aforementioned symmetries of

the system can be separated by considering the principal bundle, P(M,G), with base
manifold, M, and structure group, G. In this way, we realize the matter fields as sec-
tions of their respective fiber bundle [1]. The coordinates, xµ, describing the position
on the considered manifold, M, are not affected by the local Poincaré group, but it is
transformed under diffeomorphisms. The local Poincaré transformations act along
the fiber, while diffeomorphisms can be considered as relabeling the points on the
manifold.

To incorporate electrodynamics in the theory of gravity [1], we add the U(1) sym-
metry of electromagnetism with its gauge field, Ăµ, and generator Q, and proceed
with the coset construction by gauging the Poincaré group and realizing transla-
tions non-linearly [86]. The coset then reads, U(1) × ISO(3,1)/U(1) × SO(3,1), with
the coset parametrization

g = eiya(x)P̄a , (3.1)

where P̄a = P̄0 + Pi = Pa + Q. We now compute the Maurer-Cartan form from
the coset parametrization (3.1), which is expressed as a linear combination of the
generators of the theory,
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g−1Dµg = e−iy(x)a P̄a

(
∂µ + iĂµQ + iĕ a

µ Pa +
i
2

ω̆ab
µ Jab

)
eiy(x)a P̄a

= ∂µ + iAµQ + ie a
µ Pa +

i
2

ωab
µ Jab,

(3.2)

where we have used the commutation relation rules of the symmetries (See section
2.3) to obtain

e a
µ = ĕa

µ + ∂µya + ω̆a
µ byb, (3.3)

Aµ = Ăµ + ∂µξ(y), (3.4)

ωab
µ = ω̆ab

µ . (3.5)

The field, ea
µ, is the vierbein, that appears in the tetrad formalism, which defines the

metric as gµν = ηabea
µeb

ν. It can be used to build up the invariant element, d4x det e, as
well as to change from orthogonal frame, i.e. Aµ = e b

µ Ab. The field, ω ab
µ , is known

as the spin connection, and it is named given its transformation properties, which
transforms as a gauge field [39] (See section 2.3).

Following the coset recipe, we can introduce the covariant derivative for matter
fields by using the coefficients from the unbroken Lorentz generators, which trans-
form in a linear representation under Lorentz transformations. The covariant deriva-
tive for matter fields reads

∇g
a = (e−1)

µ
a (∂µ +

i
2

ωbc
µ Jbc), (3.6)

where the upper index g denotes gravity, which transforms as, ∇g
a = Λ b

a ∇̃g
b , under

Lorentz transformations. In a similar manner we can obtain the covariant derivative
for charged fields, which transform in a linear representation under U(1) transfor-
mations, by using the coefficients from the unbroken U(1) generators. The covariant
derivative for charged fields reads

∇q
a = (e−1)

µ
a (∂µ + iAµQ), (3.7)

which transforms in the same way under Lorentz transformations as eq. (3.6). The
only required ingredients to describe the non-linear realizations of translations and
the local transformations of the Poincaré and U(1) group, are the covariant deriva-
tives and the vierbein [1]. Having defined these elements, we proceed to extract
building blocks from the curvature invariants.

The curvature invariants can be obtained from the covariant version of the com-
mutator of the covariant derivative that appear in the Maurer-Cartan form,

g−1[Dµ, Dν]g = iFµνQ + iTa
µνPa +

i
2

Rab
µν Jab,

= i
(

∂µ Aν − ∂ν Aµ

)
Q + i

(
∂µea

ν − ∂νea
µ + eµbωab

ν − eνbωab
µ

)
Pa

+
i
2

(
∂µωab

ν − ∂νωab
µ + ωa

µcωcb
ν − ωa

νcωcb
µ

)
Jab,

(3.8)
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with Ta
µν = T̆a

µν + R̆ab
µνyb, and Rab

µν = R̆ab
µν, the covariant torsion and Riemann tensor re-

spectively. The covariant quantities have been defined in this way, from, [Dµ, Dν] =

iF̆µνQ + iT̆a
µνPa +

i
2 R̆ab

µν Jab, in eq. (2.56), such that by construction, Ta
µ and Rab

µν trans-
forms independently under the local transformations [1].

We are interested in a gravitational theory as General Relativity where the torsion
tensor is zero. Solving for the vanishing torsion tensor, we obtain an equation for the
spin connection in terms of the vierbein [1],

ωab
µ (e) =

1
2

{
eνa(∂µe b

ν − ∂νe b
µ ) + eµceνaeλb∂λe c

ν − (a ↔ b)
}

. (3.9)

From the expression for the torsion in eq. (3.8), one can read the Christoffel symbols,
Ta

µν = Γa
µν − Γa

νµ. Therefore, the Christoffel symbol reads

Γa
µν = ∂µe a

ν − eνbωab
µ , (3.10)

which can be used to express the Riemann tensor in terms of the Christoffel symbols
as usual,

Rc
dab = ∂aΓc

bd − ∂bΓc
ad + Γc

f aΓ f
db − Γc

f bΓ f
da. (3.11)

After imposing the condition that the torsion tensor vanishes, eq. (3.8), reads

g−1[Dµ, Dν]g = iFµνQ +
i
2

Rab
µν Jab, (3.12)

Therefore, we can use the tensors, Fµν and Rab
µν, to build up a Lagrangian that matches

to the one of the theory of General Relativity, as well as electrodynamics in curved
spacetime. Such action reads:

S =
∫

det e d4x
{
− 1

4µ0
FabFab +

1
16πG

R + . . .
}

, (3.13)

with, R = Rab
ab = eµ

aeν
bRab

µν, the Ricci scalar, which is the low energy term of the
theory of gravity. The second term is the well known Einstein-Hilbert action, and
the first term is Maxwell’s action in curved spacetime, with µ0, the magnetic perme-
ability of vacuum. The coefficients of eq. (3.13), have been matched from the known
theory, which allows us to obtain the Einstein-Maxwell action in the vierbein for-
malism. The ellipsis stands for higher order terms from a more fundamental theory
of gravity.

One can easily obtain the well known gravitational action by changing to the
spacetime indices:

S =
∫ √

−g d4x
1

16πG
R, (3.14)

with R = Rµν
µν = eµ

aeν
bRab

µν , and where we have used gµν = ea
µeb

νηab. Furthermore,
one can also recover the Christoffel symbol, eq. (4.14), in terms of the metric via,
Γα

µν = eα
aΓa

µν.
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3.1.2 Charged Spinning Compact Objects

Extended objects in the EFT framework was first introduced in [29, 30] for non-
spinning objects, where size effects including dissipation are considered. Then, spin
was introduce in [43], and then formulated as well in [71], whose ingredients differ.
The effective theory for spinning objects derived using the coset construction was
introduced in [1]. Although in [30], BHs electrodynamics is introduced as a toy
model, it was until [63] that charge was considered in the EFT for compact objects to
obtain the dynamics. In the following we will use the coset construction and extend
the work on spinning objects in [1], to include the U(1) symmetry to describe charged
spinning compact objects.

Charged Spinning Particles

In the previous section we constructed an invariant action for a charged extended
object without spin in flat spacetime, by identifying the symmetry breaking pattern
of a charged point particle, which breaks spatial translations and boosts. The state
of a charged point particle is an eigenstate of the charge and does not break the U(1)
symmetry. Now, in the curved spacetime case, we consider spinning objects which
break the full Poincaré group, such that the system is described by the charged point
particle with the additional breaking of rotations. BHs and NSs have their own in-
ternal symmetry, which characterizes the low energy dynamics of the effective the-
ory. The additional symmetry group for a compact object is the internal symmetry
group, S ⊆ SO(3), so that G = U(1) × ISO(3,1) × S, with G the full symmetry before
being broken [1]. In principle, S, can be a discrete group, but with the appropriate
choice of the coset parametrization, we can treat in the same way both continuous
and discrete symmetries.

By considering the comoving frame, the group G is broken into a linear com-
bination of internal rotations, Sij, and spatial rotations, Jij, such that the symmetry
breaking pattern for the charged spinning point particle reads,

Unbroken generators =

{
P̄0 = P0 + Q time translations,
J̄ij internal and spacetime rotations.

Broken generators =

{
Pi spatial translations,
Jab boosts and rotations,

(3.15)

with, J̄ij, the sum of the internal and spacetime rotations [1], and where we have
considered a spherical star at rest, such that, Sij, are the generators of the internal
SO(3) group, and J̄ij = Sij + Jij. Translations are non-linearly realized the local
Poincaré and U(1) transformations are consider to take place along the fiber. Given
that Lorentz transformations can be parametrized as the matrix product of a boost
and a rotation, the coset parametrization reads

g = eiya P̄a eiαab Jab/2 = eiya P̄a eiη j J0j eiξij Jij/2 = eiya P̄a ḡ, (3.16)

which implies a one to one correspondence between the Goldstone fields, αab and ηi,
ξij [1]. By parametrizing the coset with the generators of the broken spatial rotations,
the Maurer-Cartan form can be computed without the need to specify the explicit
unbroken generators of rotations, J̄ij.
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We proceed as before to identify the relevant degrees of freedom from the pro-
jected Maurer-Cartan form to the worldline of the object,

ẋµg−1Dµg =ẋµg−1(∂µ + iĂµQ + iĕ a
µ Pa + iω̆ ab

µ Jab)g

=ẋµ ḡ−1(∂µ + iAµQ + ie a
µ Pa +

i
2

ωab
µ Jab)ḡ

=ie(P0 + AQ +∇πiPi +
1
2
∇αcd Jcd).

(3.17)

The building blocks of the low energy dynamics are,

e = ẋµe a
µ Λ 0

a (3.18)

A = e−1 ẋµ AνΛν
µ (3.19)

∇πi = e−1 ẋµe a
µ Λ i

a (3.20)

∇αab = e−1
(

Λ a
c Λ̇cb + ẋνωcd

ν Λ a
c Λ b

d

)
(3.21)

with the Λ’s, the Lorentz transformations parametrized by α, or equivalently by
η and ξ. As one can observe, one of the advantages of using the parametrization
(3.16), is that no connection proportional to J̄ appears, which makes the building
blocks independent of the residual symmetry group [1]. The residual symmetry,
SO(3), requires all spatial indices to be contracted in an SO(3) invariant manner.

From the coset perspective, we can remove some of the Goldstones using the
inverse Higgs constraint [38], given that the commutator between the unbroken time
translations and boosts, gives spatial translations, [Ki, P0] = iPi. Thus, we set to zero
the covariant derivative of the Goldstone,

∇πi = e−1(ẋνe0
νΛ i

0 + ẋνej
νΛ i

j ) = 0, (3.22)

and solve this constraint, to express the boost as a function of velocities [1],

βi ≡
ηi

η
tanh η =

ẋνe i
ν

ẋνe 0
ν

(3.23)

where, η, is identified as the rapidity (See appendix 2.3). To obtain the physical
interpretation of last equation, we rewrite the building block, e, such that

e =
√
(e∇πi)2 − (ẋνe a

ν Λ c
a ẋµeb

µΛbc)

=
√
−ηabe a

ν e b
µ ẋν ẋµ =

√
−gµν ẋµ ẋµ =

dτ

dσ
,

(3.24)

with, σ, the worldline parameter that traces out the trajectory of the particle. To
obtain last equation we have imposed the inverse Higgs constraint, and the property
of the boost matrices, Λ b

a Λa
c = δb

c.
Therefore, with eq. (3.24), we rewrite the constraint, eq. (3.22), in a way that

makes manifest its physical interpretation [1]. For rotations, we can write, Λ0
a(ξ) =

δ0
a and Λi

j(ξ) = Ri
j(ξ), with R(ξ) an SO(3) matrix, such that the constraint (3.22)

now reads
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uaΛ i
a (η)R

j
i (ξ) = 0. (3.25)

with, ua ≡ e a
µ ∂τxµ, the Lorentz velocity measured in the local inertial frame defined

by the vierbein. Given that the matrix R i
j (ξ) is invertible, we obtain

uaΛ i
a (η) = 0. (3.26)

These quantities have a clear geometrical interpretation: the set of local Lorentz vec-
tors,

n̂a
(0) ≡ ua = Λa

0(η) , n̂a
(i) ≡ Λa

i(η), (3.27)

that define an orthonormal local basis with respect to the local flat metric, ηab, in the
frame that is moving with the particle [1]. Orthogonality is obtained from the boost
matrices, Λ b

a Λa
c = δb

c . This means that, the n̂a
(b), is a set of vierbeins that defines the

local inertial frame on the particle worldline. One can also define the orthonormal
basis in terms of the spacetime vectors, n̂µ

(b) ≡ eµ
a n̂a

(b), with respect to the full metric,
gµν.

Moreover, an additional set of orthonormal vectors is obtained [1],

m̂b
(a) ≡ Λb

a(α) = Λb
c(η)Rc

a(ξ), (3.28)

with the zeroth vector, m̂b
(0) = n̂b

(0) = ub, the velocity of the compact object in the
proper frame. The rest of the vectors differs by a rotation, R(ξ), compared to (3.27),
from which one can observe that the set of vectors, m̂b

(a), contain information about
the rotation, parametrized by the three degrees of freedom of ξ.

With these definitions, the covariant derivatives, ∇α0i, can be expressed as

∇α0i = R i
j (ξ)Λ

(j)
a (η)(∂τua + uµω a

µ cuc) = R i
j (ξ)Λ

(j)
a (η)aa = ai, (3.29)

which is a rotated version of the acceleration projected into the orthonormal basis
defined by the n̂’s basis in the proper frame of the particle. As in the case of charged
spheres, in the absence of external forces, this building block is zero. Nevertheless,
it must be considered to build up invariant terms when an external force, such as
the one from an external gravitating object, or form the charge of another object, is
strong enough to make this building block relevant to the dynamics.

The rest of the covariant derivatives for the Goldstone, reads

∇αij = Λ i
k (η

kl∂τ + ∂τxµωkl
µ )Λ

j
l = Ωij, (3.30)

which is the relativistic angular velocity of the object in the proper frame. From the
covariant quantity, Ωij, it is possible to define the angular velocity vector with the
epsilon tensor, which reads

Ωi = −1
2

ϵijkΛ j
a (η

ab∂τ + ∂τxµωab
µ )Λ k

b . (3.31)

Thus, we are left with the building blocks



3.1. Compact Objects in General Relativity 33

e = dτ/dσ, (3.32)
A = uµ Aµ, (3.33)

∇α0i = ai (3.34)

∇αij = Ωij, (3.35)

with Aµ = AνΛν
µ. We consider the blocks A and e, to derive the effective action of a

charged point particle in curved space-time. The action takes the form

S =
∫

dσe(−nE + nA A) =
∫

dτ(−mc2 + qua Aa), (3.36)

where we have matched the coefficient, nE = mc2, from the action of a point particle
[29] with mass, m, and the coefficient, nA = q, from the action of a charged point
particle [29, 63] with net charge, q.

Now we include the building block, ∇αab, neglecting charge for simplicity. The
leading order action reads [1],

S =
∫

dσe
(
−mc2 + nα∇αij∇αij + . . .

)
=
∫

dσe
(
−mc2 + nΩΩijΩij

)
, (3.37)

where a term linear in Ω, has been discarded by time reversal symmetry, and we
have considered spherical objects at rest. The ellipses denotes higher order correc-
tions made out of ∇αab. In the mechanics of rotational dynamics, to characterize a
rigid sphere only two parameters are needed, which is the mass, m, and moment of
inertia, I. By comparing our action to the one of a relativistic spinning point parti-
cle [88, 43], we match the coefficient, nΩ = I/4, to obtain the relativistic action for
spinning particles in curved space-time [1, 46],

S =
∫

dτ

{
−m +

I
4

ΩabΩab + . . .
}

, (3.38)

where we have defined, Ω0i = 0, as in [46]. A higher order correction made out of
the Goldstone building block,

S =
∫

dτcα,u∇αac∇αcb uaub

u2 =
∫

dτcΩ,aΩijai uju0

u2 + . . . . (3.39)

We can connect our action to the one used to obtain the PN expansion for spin-
ning objects [72, 41], with the introduction of the relativistic spin degree of freedom
[43, 41, 17]

Sab = 2
∂L

∂Ωab
, (3.40)

which is the conjugate variable of the angular velocity, with associated spin tensor
Sab = ϵab

cSc. Then, by considering the action that describes a spinning extended
object in the proper frame,

S =
∫

dτ

{
−mc2 +

I
4

ΩabΩab + cΩ,aΩabaa ubu0

u2 + . . .
}

, (3.41)
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we Legendre transform it to write it down in terms of the spin Sab, and transform it
to the lab frame, with

Ω̃ab = Λa
cΛb

dΩcd = Λa
cΛb

d[Λ
c

e (ηe f ∂τ + ∂τxµω
e f

µ )Λ d
f ] (3.42)

= −Λa
c∂τΛbc + ∂τxµω ab

µ , (3.43)

and S̃ab = Λa
cΛb

dScd. In the lab frame, in which the PN expansion is computed, we
set ui = vi with u0 = 1, and σ = t, such that we obtain

L = −mc2 +
1
2

SabΩab +
cΩ,a

I
Sab

aaub

u2 − 1
4I

SabSab, (3.44)

with the expected acceleration correction in [41] when setting cΩ,a = I.
Since uaΛ i

a = 0, the tensors, ∇αab and Sab, are orthogonal to the four velocity.
Therefore, we can obtain a constraint on the angular velocity,

ua∇αab = uµ∇µub + uaΩab = 0, (3.45)

as well as on the spin,

uaSab =
√

u2S0b + uiSib = 0. (3.46)

The latter, known as the spin supplementary condition, is equivalent to the relativis-
tic Price-Newton-Wigner spin supplementary condition [89, 41], while the former is
the constraint on the angular velocity derived in [46].

With all of our derived invariant operators, we write down the effective action
of a charged spinning point particle in the particle’s rest frame,

S =
∫

dτ

{
−mc2 + qua Ab +

I
4

ΩabΩab + IΩabaa ubu0

u2 + . . .
}

. (3.47)

Size Effects

Size effects in the EFT for extended objects was introduced in [29], which can be
systematically taken into account by building invariant operators made up of the
Weyl curvature tensor, Wabcd, that is obtained from the Riemann tensor, Rabcd, by
subtracting out various traces. By defining the transformation [1]

R ≡ gL R̃, (3.48)

with, gL, the Lorentz part of the parametrization eq. (3.16), the Riemann tensor
transforms linearly under Lorentz transformations as expected. The explicit trans-
formation reads

Rabcd = Λ e
a Λ f

b Λ g
c Λ h

d R̃e f gh, (3.49)

with, R̃abcd, the Riemann tensor in the local rest frame of the object. Having the
correct transformations, we define the Weyl tensor as usual,
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Wabcd = Rabcd +
1
2
(Radgbc − Racgbd + Rbcgad − Rbdgac) +

1
6

R(gacgbd − gadgbc), (3.50)

which have the physical content [29]. The Weyl tensor measures the curvature of the
spacetime and contains the tidal force exerted on an extended particle that is moving
along the worldline, taking into account for how the shape of the body is distorted.
It transforms as eq. (3.49).

Furthermore, we can also use the electromagnetic tensor to build invariant oper-
ators that take into account for the polarizability of the object. Following the above
discussion, we define its transformation rule,

F ≡ gL F̃. (3.51)

Having defined the correct transformation rules for the Riemman and the electro-
magnetic tensor, we can now proceed to form rotationally invariant objects.

We form all leading order invariant operators that contribute to the dynamics,
by combining all of our covariant quantities: Wabcd, Fab, ∇αab and ua, in all pos-
sible ways allowed by the symmetries. In particular, for the electromagnetic and
Weyl tensor, the building blocks are the electric like parity tensors, Ea = Fabub, and
Eab = Wacbducud, respectively [30]. By considering the electromagnetic dipolar and
gravitational quadrupolar moments, we build the following leading order relevant
operators for finite-size effects:

Õ(ua, Ωa, Eab, Ea) =


EabEab Gravity,
ΩaΩbEab Spin − gravity,
EaEa Electromagnetic,
ΩaEa Spin − electro.

(3.52)

One can consider the magnetic parity operators as well, Bab = (1/2)ϵcdeaWcd
f bueu f

and Ba = ϵabcdFbcud [30], for the gravitational and electromagnetic case respectively,
which are subleading with respect to the electric parity terms (at least for the grav-
itational case), therefore restricting our discussion to the electric parity action. The
leading order magnetic parity operators can be build in analog to (3.52) i.e. BabBab,
BaBa, etc.

Higher order terms to the ones shown in eqs. (3.52), can be built from the derived
building blocks and the covariant derivatives, eqs. (3.6) and (3.7), i.e. ∇g

c Eab and
∇q

bEa. Furthermore, it is worth noting that size effects can be seen as encoded in a
composite operator Qab, which we comment below.

Dissipative Effects

Dissipation, due to the internal structure of an extended object, was introduced
in EFT description in [30], where the existence of gapless modes that are localized
on the worldline of the particle take into account for the energy and momentum loss
from the interaction with external sources. Dissipative effects for slowly spinning
objects were considered in [50, 46], and for maximally spinning in [42]. These large
number of degrees of freedom can be encoded in operators allowed by the symme-
tries of the object. For a compact object, the allowed operators due to its symmetries
gives rise to the invariant operators [30, 42]:
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Dissipative operators =

{
P a(σ)Fabub Electro,
Dab(σ)Wacbducud Gravity,

(3.53)

with P(τ) and D(τ), composite operators corresponding to the electric parity of
the electromagnetic dipole and the gravitational quadrupole moment respectively,
encoding the dissipative degrees of freedom.

For a non-spinning BH, dissipation takes into account for the absorption of elec-
tromagnetic and gravitational waves, while for a non-spinning NS, dissipative ef-
fects take into account for the energy loss during the interaction with an external
source given the internal equation of state of matter. On spinning objects, the spin
has a time dependence between the object and its environment which generates dis-
sipative effects. The operators in eq. (3.53), take into account for the spin dissipative
effects as well. The coefficients do not appear explicitly in the Lagrangian, but they
are encoded in the dynamical moments, P and D, which are dependent on the in-
ternal degrees of freedom of the compact object in an unspecified way, but which
explicit form is not necessary to obtain the dynamics [30, 42]. The dynamics of the
system containing the dissipative degrees of freedom can be obtained using the in-in
closed time path [90], a formalism that allows us to treat dissipative effects in a time
asymmetric approach [30].

The expectation values of these operators, ⟨P a(τ)⟩ , ⟨Dab(τ)⟩, are defined through
the in-in path integral, which is the expectation value in the initial state of the inter-
nal degrees of freedom, and which in general is a functional of the building blocks,
Ea and Eab, respectively [42]. In the gravitational case, by considering the linear re-
sponse in a weak external field, the in-in expectation values implies the form of the
expectation value [42]

⟨Dab(τ)⟩ =
∫

dτ′Gab,cd
R (τ − τ′)Ecd(τ

′) + O
(
E2) , (3.54)

where the expectation values of the retarded Green’s function,

Gab,cd
R (τ − τ′) = iθ(τ − τ′) ⟨[Dab(τ),Dcd(τ′)]⟩ , (3.55)

are obtained at the initial state of the interaction where the external field is zero. By
considering low frequencies, from which we assume that the degrees of freedom
from the operator, Dab, are near equilibrium, the time ordered two point correlation
function imply that the Fourier transform GR must be an odd, analytic function of
the frequency, ω > 0 [30]. Therefore, the retarded correlation function, G̃R, reads

Gab,cd
R (ω) ≃ icgω

(
δacδbd + δadδcb − 2

3
δabδcd

)
, (3.56)

with the coefficient for dissipative effects, cg ≥ 0. Note that, in contrast to [30],
we have absorbed the 1/2 factor appearing in front of (3.80) into the dissipative
coefficient.

By considering the response of the interaction to be nearly instantaneous, the
operator due to gravitational dissipative effects takes the form [30, 42]
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⟨Dab(τ)⟩ ≃ icg
d

dτ
Eab + . . . . (3.57)

In general, one can use the dynamical composite operator, Qab(τ), to account for the
tidal response function, for which the above reasoning leads to [30, 42]

⟨Qab(τ)⟩ ≃ ngEab + icg
d

dτ
Eab + n

′
g

d2

dτ2 Eab + . . . . (3.58)

The first term in last equation is the static quadrupolar tidal effect considered above,
while the third term is a dynamical tidal effect in the quasi-static limit. The second
term, which is the imaginary part of the response function, takes into account for
the dissipative degrees of freedom. In our work we consider the static tidal response
only, and use the operator, Dab, to contain only the dissipative degrees of freedom.
Although in the numerical simulations for NSs we use dynamical oscillations in
the quasi-static limit to study its effects, the state of the art modeling of dynamical
oscillations is done in a different fashion [17], which is beyond the scope of this work.

On the electromagnetic side, an analog procedure can be taken, for which re-
tarded correlation function reads [30]

Gab
R (ω) ≃ icqδabω, (3.59)

with the coefficient, cq ≥ 0. Therefore, the operator for electromagnetic dissipative
effects reads

⟨Pa(τ)⟩ ≃ icq
d

dτ
Ea + . . . . (3.60)

3.1.3 Effective Action

Gathering all our results, we construct the most general, leading order and elec-
tric like parity, effective action for a compact object in the theory of General Relativ-
ity,

Se f f =
∫

dτ

{
−mc2 + qua Aa +

I
4

ΩabΩab + IΩabab uau0

u2

+ nq,ΩΩaEa + ng,ΩΩaΩbEab + nqEaEa

+ngEabEab + P aEa +DabEab + . . .
}
+ S0,

(3.61)

with the electric parity tensor, Eab = Wacbducud, and Ea = Fabub, that corresponds to
the gravitational quadrupole and electromagnetic dipole moment respectively. The
interaction action,

S0 =
∫

det e d4x
{
− 1

4µ0
FabFab +

1
16πG

R + . . .
}

, (3.62)

is the Einstein-Maxwell action. The action describing the charged spinning compact
object lives in the worldline, while S0 lives in the bulk.
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Coefficients of the Effective Theory

The coefficients of the effective theory encode the microphysics of the compact
objects, which are determined through a matching procedure to the full known the-
ory, and ultimately from GW observations. We identify them from the results in
literature, without the need to do the explicit calculations here. We already have
pointed out the coefficients appearing in the action describing a charged spinning
point particle with corrections due to its acceleration in eq. (3.47). The coefficient
of the point particle term [29], cE = mc2, the coefficients in the spin corrections,
cΩ = I/2 and cΩ,u = I [43, 41], and the coefficient from the correction due to elec-
tromagnetic charge, cA = q [29, 63]. Now, we proceed to point out the rest of the
coefficients due to the internal structure of the compact object.

We start with the coefficient due to static tidal effects, ng, which is a coefficient
that depends on the internal structure of the star through a parameter known as the
Love number. Any stellar object that can be described by an equation of state of mat-
ter, can be described approximately in terms of its Love numbers. In the case of BHs,
it has been found that their Love numbers vanishes ng = 0 [91], and for spinning
BHs ng,Ω = 1 [19, 92]. Furthermore, it has been shown that for non-spinning [93] and
spinning BHs [92], the coefficients due to the polarizability vanishes as well, nq = 0
and nq,Ω = 0.

On NSs, the leading order quadrupolar Love coefficient has the form [13]

ng =
2ℓ5k2

3G
, (3.63)

with k2, the quadrupolar dimensionless Love number, and ℓ the radius of the star.1

The Love numbers are dimensionless parameters that measure the rigidity and tidal
deformability of the compact object, and varies given different equations of state of
matter [48]. This number is related to other parameters of the star from the rela-
tivistic I-Love-Q relations [48, 47], which relates the moment of inertia, I, the tidal
deformability parameter, or Love number, k2, and the quadrupole moment. These
relations, which are empirically found to hold for a wide range of equations of state
of matter, are only approximate relations and are not exact first principles relations.

On the coefficient due to the coupling of spin-gravity size effects for spinning
NSs, in the slow rotation limit, the relativistic coefficient, ng,Ω, is obtained through
the Love-Q part of the I-Love-Q relations [47]. The latter coefficient in the Newtonian
limit is the same as the one for static tides, ng,Ω = ng [47]. On the charge-gravity,
and charge-spin size effects, given that charge in compact objects has been mostly
neglected, the rest of the coefficients, nq,Ω, nq and nq,g, are unknown, and are to be
derived by analytical and numerical means.

Moving on into dissipative effects, although their coefficients are not explicitly
shown in the action, they are encoded in the operators, P and D, as shown above.
We point out the known coefficients for dissipative effects in BH interactions from
the existing literature. The operator Dab, for non-spinning BHs, contains the coef-
ficient, cg, which encodes the capacity of the BH to absorb GWs, and which can be
read off from the response function derived in [30],

cg =
16
90

G5M6

c13 =
ℓ6

s
360Gc

, (3.64)

1We have chosen to denote the radius of the object with ℓ as in [46, 45], rather than with R as
commonly used, given that we use R for the Ricci scalar.
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with M the mass of the BH, and ℓs its radius. The coefficient in eq. (3.64), include
the factor of 1/2 from eq. (3.80) [30]. In the same way, we can obtain the coefficient
for electromagnetic dissipative effects from the composite operator, P(τ) [30],

cq =
2πℓ4

s
3µ0c

, (3.65)

which encodes the capacity of the BH to absorb electromagnetic waves.
On the dissipative effects of rotating BHs, these effects have been considered for

the slow [46, 50] and maximally spinning [42] cases. The coefficients can be obtained
from the response function derived in [19] using the Teukolsky equation, for both
non-spinning and spinning case. We start by reading off the coefficient for the non-
spinning BH from the response function, which in the notation of [19], reads

1
2

N2ℓ
5
SF Sch

2ms
=i

ℓ5
S M

90c3 ω +O(ω3) ≃ i
ℓ6

S
360Gc

ω, (3.66)

where we have used the leading order mode, l = 2, of the angular momentum
number, such that N2 = 1/3, and with ms, the azimuthal number, and ℓS, the
Schwarzschild radius. To obtain eq. (3.66) as eq. (3.64), we have substituted the
mass of the BH in terms of the Schwarzschild radius, M = ℓSc2/2G, and considered
the extra factor of 1/2, as for eq. (3.64).

Now we move into the spinning case, for which the response function reads [19]

F I,Kerr
2ma

=− i
30Gc

isms

(ℓ+ − ℓ−)
+

i
15c3

ℓ+M
(ℓ+ − ℓ−)

ω +O(ω3)

≃− i
30Gc

Ims

Mc(ℓ+ − ℓ−)
Ω +

i
15c3

ℓ+M
(ℓ+ − ℓ−)

ω,
(3.67)

with s = J/Mc = IΩ/Mc, with J = IΩ, the scalar value of the angular momentum,
and ℓ+ and ℓ−, the outer and inner radius of the Kerr BH.2 The moment of inertia of
a BH is I = 4GM2/c4. The, the response function with its normalization constant,
reads

1
2

N2ℓ
5
+F I,Kerr

2ms
≃− i

180
Imsℓ5

+

MGc(ℓ+ − ℓ−)
Ω +

i
90c3

ℓ6
+M

(ℓ+ − ℓ−)
ω. (3.68)

Therefore, we have obtained a response function for the dissipative effects of the
form, ⟨Dab(τ, Ω)⟩ ∝ i(cg,ΩΩ + cgd/dτ)Eab. We can identify that, for a rotating ex-
tended object, tidal dissipation arises due to two separate contributions. The first
term of eq. (3.68), for which is nonzero even in the case of ω = 0, arises given that
the spin of the body has a time dependence between the object and its tidal envi-
ronment. This can be seen, from the object perspective in its proper frame, as the
external environment rotating with the frequency of the spin of the object.

Furthermore, now we have an expression which is explicit on the azimuthal
numbers, ms. For the dominant perturbation mode, l = 2, then, ms = [−2,−1, 0, 1, 2].

2To make the reading of the coefficients accessible, we have written the response function as in [19],
and then converted it to our notation. Therefore, in this case, do not confuse, a, with the acceleration
defined in the previous section
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Nevertheless, we can not identify a specific value of ms to be dominant. There-
fore, it is necessary to sum over all possible values of ms. This can be done by
considering the size effects operators in terms of the electric and magnetic tidal
moments. For instance, consider schematically the electric tidal moment, Elms , for
which leading order is E2ms . Then, we can proceed to identify the different ele-
ments of E2ms , given the possible values of ms, to then couple each response func-
tion with its electric tidal moment. For instance, we would couple schematically,
Q2ms ∝ D2−2E2−2 + D2−1E2−1 + D20E20 + D21E21 + D22E22. The same reasoning
applies for the magnetic parity like tidal moments. On the dissipative effects for
charged spinning BHs, the coefficient, cq,Ω, is still unknown.

The coefficients of NSs for dissipative effects are still unknown, and must be
determined from hydrodynamical simulations, analytical computations, and ulti-
mately from observations. Nevertheless, it is worth commenting that for a stellar
object that is described by an equation of state of matter, there exists the weak fric-
tion model [94], which might be applicable for NSs. For the latter, the coefficient,
cg = Θng [94], with Θ, being the time lag, which accounts for the tidal bulge formed
in the NSs during the interaction with another compact object.

More on the Properties of Compact Objects

Neutron Stars

For a non-spinning NS, the spacetime outside it is described by the Schwarzschild
metric, which leads to the inner most circular orbit distance or Last Stable Orbit
LSO distance dLSO = 6Gm/c2, with m the mass of the star. For the case of a spin-
ning NS, if the orbiting object is in prograde motion, to first order in χ, the LSO is
dLSO,Ω = 6Gm/c2(1− 0.54433χ) [95], with χ being the dimensionless spin parameter
defined below. The moment of inertia for a NS, can be approximated as [96]

I = 0.21
mℓ2

1 − 2Gm/ℓc2 , (3.69)

where ℓ is the radius of the NS. We take the speed of sound inside the star cs ≲ c/
√

3
[97].

For the dynamical component of the tidal effects, the dimensionless dynamical
Love number k′, related to n′

g, is obtained from the response function of the NS in
terms of the frequency ω f , and dimensionful overlap integral, I f , of the fundamental
mode of the star [49], which describes to which extent an external field excites the
mode. I f corresponds to I02 in [49], where the subscript indicates the fundamental
mode, l = 0, and the quadrupolar moment, k = k2. The response function in fourier
space reads [49]

F (Qab) =
1
2
ℓ5

G

q2
f

ℓ2(ω2
f − ω2)/c2

F (Eab) =
1
2
ℓ5

G

q2
f

ℓ2ω2
f /c2

(
1 +

ω2

ω2
f
+ . . .

)
F (Eab),

(3.70)

where we have expanded over ω/ω f , and q f , is the dimensionless overlap integral
which is related to the I f through q2

f = GI2
f /ℓ3. The combination, ℓω f /c, is dimen-

sionless as well.
We identify the Love coefficient
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ng =
1
2
ℓ5

G

q2
f

ℓ2ω2
f /c2

, (3.71)

and comparing to the Newtonian tidal Love number, ng = 2kℓ5/3G, we identify the
dimensionless Love number k

k =
3
4

q2
f

ℓ2ω2
f /c2

, (3.72)

from which we find agreement with k obtained using the Clairaut-Radau equation
[98]. From the above expansion of the response function, we can extract the term n′

g

n′
g =

1
2

ℓ7

Gc2

q2
f

ℓ4ω4
f /c4

=
1
2

ℓ7

Gc2 k′, (3.73)

for a limit in which ω/ω f ≪ 1.
For all the considered NS simulations, we consider the mass and radius defined

above, even when considering different equations of state. From the considered
speed of sound inside the NS, and its radius, we can safely add spin, χ ≤ 0.2, with-
out breaking down the theory.

Black Holes

The radius of a Schwarzschild BH is ℓS = 2GM/c2. The LSO distance for a
nonspinning BH is dLSO = 6Gm/c2. For a spinning BH, the LSO is dLSO = 6Gm/c2 −
2
√

2
3 ΩJ [99], with ΩJ the angular velocity projected into the angular momentum of

the BH. The moment of inertia of a BH is

I = 4
m3G2

c3 . (3.74)

3.1.4 Slowly Spinning Objects

As previously mentioned, our theory is valid as long as, Ωℓ ≪ cs holds, which
can be tested once we specify the properties of the objects. First, it is important to
note that instead of specifying values of the angular velocity, one works with the
dimensionless spin, χ⃗,

χ =
cJ

GM2 =
cIΩ
GM2 , (3.75)

where, J = IΩ, is the scalar value of the angular momentum of the star. In order for
our theory to work appropriately, we need χ, to be slow χ ≪ 1, to not break down
the theory. Plugging in the values for a compact object we find that compact objects
with the characteristic of the so far detected compact objects, will rotate slowly.

3.2 Newtonian Dynamics of Compact Objects

The action we have derived, taking into account the stellar structure and neglect-
ing charge, has the schematic form

S = SPP + SΩ + SQ + SD, (3.76)
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where, SPP, is the action for a spinning point particle, SΩ, gravitational corrections
due to spin, SQ, dynamical tides and SD, dissipative effects. We consider each of the
leading order terms for these effects in turn, to obtain their Newtonian limit. Thus,
the effective action reads

S =
∫

dτ

{
−mc2 +

I
2

ΩijΩij + ng,ΩΩiΩjW0i0j + QijW0i0j +DijW0i0j + . . .
}

, (3.77)

where t is the proper time. The indices i, j, k, ..., denote spatial components of the
Lorentz indices and the tildes indicates quantities in the comoving frame. This action
is Lorentz invariant.

The first two terms in equation (3.77) describes the leading order corrections for
a relativistic spinning particle with mass, m, moment of inertia, I, and angular ve-
locity, Ωij = Λ k

i DτΛkj, and Ωij = ϵijkΩk. The third term is a spin correction due to
gravity, with W0i0j, the traceless Weyl tensor. The fourth term accounts for dynam-
ical quadrupolar tidal effects with, Q = F(τ)W0i0j and F(τ), a dynamical response
function whose Fourier transformation can be Taylor expanding around small fre-
quencies, ω, we have F (F) ∝ ng + n′

gω2.3 [49] The coefficient, ng, is the dimension-
ful Love number for static tides [49], or simply Love coefficient, which is related to
the dimensionless Love number k, via ng = 2kℓ5/3G [13, 91], with ℓ, the radius of
the star. Furthermore the coefficient, n′

g, is the dynamical Love coefficient. These
quadrupolar effects encode the fact that the object has finite size. Finally, the last
term contains dissipative effects due to the internal structure of the stellar object,
with Dij a composite operator that represents these leading order additional degrees
of freedom in a model independent way [30]. The ellipsis represents the tower of
higher order operators not taken into account.

We can ensure that our theory will be predictive by expanding our action in small
parameters v/c, ℓ/r and Ω/Ω0 to the desired accuracy. The scales, ℓ, the radius of
the object and Ω0, the typical frequency, do not appear explicitly in the action but
determine the characteristic size of the dimensionful coupling constants. The tower
of higher order spin terms is under control as long as the rotational velocity is much
less than the speed of sound cs of the material in the star, i.e. Ωℓ ≪ cs [1]. For
a star, this rotational frequency would be such that the body would undergo large
non-linear stresses and order one distortions, breaking down the theory.

Newtonian Limit

We perform a Lorentz transformation from the frame embedded in the rigid body
to the lab frame. We then take the Newtonian limit of our effective action, which is
contained in the lowest order PN expansion of each of the terms. Therefore, in the lab
frame, σ = t, W̃0i0j ≈ ∂i∂jΦ, with Φ the Newtonian potential, and Ω̃i = 1

2 ϵijkRjl∂tR l
k ,

with R(θi) a rotation matrix, where the θ′s are the Euler angles describing the orien-
tation of the rigid body [46].

The action then reads,
3We have explicitly separated dissipative effects from the response function in the action compared

to [49].
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S =
∫

dt
{

mv2

2
− mΦ +

I
2

Ω̃ijΩ̃ij +
nΩ

2
Ω̃iΩ̃j∂i∂jΦ

+
nE

4
∂i∂jΦ∂i∂jΦ +

n′
E

4
∂i∂jΦ̇∂i∂jΦ̇ +

1
2

∂i∂jΦRi
kR

j
lD

kl
g + . . .

}
.

(3.78)

Each term in the action has a simple physical interpretation as described in [46].
The first three terms describe a non-relativistic spinning point particle coupled to
gravity. The fourth term describes the coupling between gravity and the ensuing
quadrupole. By expanding the gravitational potential around some background
value Φ̄, this term can be seen as a deformation of the inertia tensor of the form
δI ∝ ng,Ω∂2Φ̄. The first term in the second line describes the coupling of the induced
quadrupole δQ ∝ ng∂2Φ̄, and the second term its dynamical part. The last term
contains dissipative effects, which are encoded in the composite operator Dij

g .
As we are not interested in explicitly keeping the degrees of freedom encoded in

Dij
g , it is necessary to average over them in a systematic way using the in-in formal-

ism [90] for this context [29, 46], which for dissipative systems, leads to obtainment
of the equations of motion from a modified variation [100],

δS + i
∫

dtdt′δJij(t)G̃
ijkl
R (t − t′)Jkl(t′) = 0, (3.79)

where Jkl =
1
2 ∂i∂jΦRi

kR
j
l , and G̃R is the retarded correlation function of the oper-

ators Dij
g [46]. Then, by considering low frequencies, from which we assume that

the degrees of freedom from Dij
g are near equilibrium, the time ordered two point

correlation function imply that the Fourier transform G̃R must be an odd, analytic
function of the frequency ω > 0 [30]. Thus, the retarded correlation function G̃R
reads

G̃ijkl
R (ω) ≃ cgω

(
δikδjl + δilδkj − 2

3
δijδkl

)
, (3.80)

with the coefficient for dissipative effects, cg ≥ 0.
Then, by combining eq. (3.80) with the modified variation eq. (4.98), and varying

it with respect to xi and θi, the equation of motion reads

mv̇i =− m∂iΦ +
nΩ

2
Ω̃kΩ̃j∂i∂j∂kΦ

+
ng

2
∂i∂j∂kΦ∂j∂kΦ +

n′
g

2
∂i∂j∂kΦ̇∂j∂kΦ̇

−
cg

2
∂i∂j∂kΦ(∂j∂kΦ̇ + 2∂j∂lΦϵklmΩ̃m),

(3.81)

for the acceleration of the compact object, and

∂t(IΩi + ng,ΩΩ̃j∂i∂jΦ) = −ng,ΩϵijkΩ̃kΩ̃l∂j∂lΦ

+ cg∂j∂kΦ(3∂i∂jΦΩ̃k − 2∂j∂kΦΩ̃i + ϵikl∂
l∂jΦ̇),

(3.82)

for the change of rotational angular momentum with contributions from ng,Ω and
cg. These equations of motion were originally obtained in [46], with the exception of
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the dynamical tides term with coefficient n′
g, which we have derived.

By substituting the Newtonian potential, Φ, and restricting the spin, Ω̃i, to be
aligned with the angular momentum of the binary, we obtain

m1 ˙⃗v =− Gm1m2r̂
r2 −

3ng,ΩGm2Ω̃2r̂
2r4 −

9ngG2m2
2r̂

r7

−
9cgG2m2

2

r8 (⃗r × ⃗̃Ω + v⃗ + 2r̂(r̂ · v⃗))

−
18n′

gG2m2
2

r9

(
2v2r̂ + 5(r̂ · v⃗)2r̂ − v⃗(r̂ · v⃗)

)
,

(3.83)

and

(
I +

Gm2ng,Ω

r3

)
∂t
⃗̃Ω =

3Gm2ng,Ω(r̂ · v⃗)⃗̃Ω
r4 +

9cgG2m2
2

r7

(
r̂ × v⃗ − r⃗̃Ω

)
. (3.84)

Although we have restricted the spin to be aligned for simplicity, in principle
any spin can be considered. Furthermore, these equations of motion are valid for
any stellar object that can be described by an equation of state of matter, with the
only difference on the values that the coefficients will take for different stellar types.
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Chapter 4

The Binary Inspiral

4.1 The Effective Theory of Compact Objects

Using the coset construction [35, 86] in the framework of the EFT for extended
objects [29, 30, 1], in the last chapter we have built the leading order effective action
for charged spinning compact objects, taking into account for the stellar structure,
such as polarizability, tides and dissipation. The key idea in modelling compact
objects as an EFT is that we can treat them as point particles, with the properties and
internal structure encoded in higher order operators allowed by the symmetries of
the compact object.

In the proper frame, this is represented by the effective action

SCO =
∫

dτ

{
−mc2 + ∑

n
cnÕn

}
, (4.1)

with τ, the proper time, and where the first term describes a relativistic point particle
with mass, m, and the second term, the sum over all possible higher order correc-
tions. The tildes represents that the operators are in the proper frame The coeffi-
cients, cn, are the Wilson coefficients of the effective theory that are to be matched
from the full known theory, and ultimately from GW observations. The invariant
operators, Õn, are the higher order corrections that are allowed by the symmetries.
These operators can be built from the covariant building blocks that are derived from
the coset construction, by identifying the symmetry breaking pattern of a compact
object. The sum is in principle infinite, and can be cut-off to the desired accuracy.

The effective action in eq. (4.1), is the one particle EFT in which the scale of the
single compact object, determined by its radius, ℓ, has been removed. All the UV
physics are encoded in the coefficients, cn = cn(ℓ), while the operators, Õ = Õ(r),
depend only on the orbital scale of the binary, r. Therefore, the terms in the effective
action scale as powers of, ℓ/r, and in the non-relativistic limit, as powers of, v/c,
with v, the relative velocity of the binary, from which we can obtain the PN order at
which each of the terms enters into the dynamics. In last chapter, we have identified
the coefficients from the literature [29, 30, 43, 41, 14, 63], which are used to obtain
predictive results. Throughout this chapter we set c = 1, and when relevant we
recover the c factor to stress the PN order.

4.1.1 The Effective Action

The effective action for charged spinning compact objects in eq. (3.61), has been
constructed in the proper frame, for which the transformation rules to change to
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the lab frame, have been derived as well. For the purpose of computing the PN ex-
pansion and expanding over the velocity, v, the action in the lab frame is needed.
Therefore we start by pointing out the covariant building blocks and basic ingredi-
ents of the theory in the proper frame, and then transform to the lab frame.

The Proper Frame

In the proper frame of the particle, the effective action for the most general com-
pact object allowed in an effective theory of gravity as general relativity with elec-
trodynamics, from eq. (3.61), reads

Se f f = SCO + S0, (4.2)

with S0, the interaction Einstein-Maxwell action,

S0 =
∫ √

−g d4x
{
− 1

4µ0
FµνFµν +

1
16πG

R + . . .
}

, (4.3)

where Fµν = ∂µ Aν − ∂ν Aµ, is the electromagnetic field tensor, and R, the Ricci scalar.
The worldline point particle for the compact object, SCO, reads

SCO =
∫

dτ

{
−mc2 + qũa Ãa +

I
4

Ω̃abΩ̃ab + IΩ̃ab ãa ũbũ0

ũ2

+ nq,ΩΩ̃aẼa + ng,ΩΩ̃aΩ̃bẼab + nqẼaẼa

+ngẼabẼab + P̃ aẼa + D̃abẼab + . . .
}

,

(4.4)

with, ũa, the velocity of the object, Ω̃ab, the relativistic angular velocity, and Ãa,
the gauge field of electromagnetism. The electric like parity tensors, Ẽa and Ẽab,
correspond to the electromagnetic dipolar and gravitational quadrupolar moment
respectively. The composite operators, P̃ a and D̃ab, encode the dissipative degrees
of freedom. The action describing the compact object, lives in the worldline, while
the underlying theory, eq. (4.3), lives in the bulk.

The first three terms of eq. (4.4) describes the LO correction of a charged spinning
point particle, with mass, m, charge, q, moment of inertia I, and angular velocity,
Ω̃ab. The fourth term is a higher order correction to the spin which is necessary for a
correct description of the dynamics at the order that we consider. The first term in the
second line is a spin correction due to the electromagnetic coupling, while the second
term is a spin correction due to gravity. The last term of the second line corresponds
to the coupling between electromagnetism and the ensuing dipole, while the first
term in the last line corresponds to the coupling between gravity and the ensuing
quadrupole. The last two terms couple the degrees of freedom which are responsible
for the electromagnetic and gravitational dissipation during an interaction.

All the terms from the second and third line, encode the fact that a compact
object is not truly a point particle, and therefore are finite-size corrections [29, 30].
We refer to the size effects due to gravity as tidal effects, while for the ones due
to electromagnetism, we refer as polarization effects. The internal structure of the
compact object is encoded in the coefficients of the theory, nq, ng, nq,Ω and ng,Ω, and
the coefficients, cq and cg, which come from the operators that encode the dissipative
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effects. The explicit expressions of the operators due to dissipative effects can be
obtained using the in-in formalism [90]. These coefficients, as well as the ones from
the corrections from the first line, nΩ = I/4 and nΩ,a = I, have been identified in
Chapter 3.

The explicit expressions of the covariant building blocks included in the effective
action reads

ũa = ∂τxa, (4.5)

Ãa = Λ a
b Ab = Λ a

b e b
µ Aµ, (4.6)

ãa = ∂τ ũa + ũµω ab
µ ũb (4.7)

Ω̃ab = Λ a
c (ηcd∂τ + ũµω cd

µ )Λ b
d , (4.8)

Ẽa = F̃abũb, (4.9)

Ẽab = W̃acbdũcũd, (4.10)

P̃a = icq
˙̃Ea, (4.11)

D̃ab = icg
˙̃Eab, (4.12)

with Aµ, being invariant under the gauge transformation, Aµ → Aµ + ∂µξ, and
Ω̃0i = ãi = 0, by definition. The relativistic angular velocity can be expressed in
terms of the epsilon tensor, Ω̃ab = ϵabcΩ̃c. The Lorentz matrices, Λ b

a = B c
a (βi)R b

c (θi),
are parameterized by the product of a boost and a rotation matrix, with βi, the veloc-
ity as a function of the rapidity, and θi, the Euler angles that describe the orientation
of the compact object [1].

The field, ea
µ, is the vierbein from the tetrad formalism, which defines the metric

as, gµν = ηabea
µeb

ν, and used to change from the local to the general orthogonal frame,
i.e. Vµ = e b

µ Vb, and vice versa. The spin connection, ωab
µ , is defined in terms of the

vierbein field [1],

ωab
µ (e) =

1
2

{
eνa(∂µe b

ν − ∂νe b
µ ) + eµceνaeλb∂λe c

ν − (a ↔ b)
}

, (4.13)

for the theory of General Relativity. The Christoffel symbol in terms of the vierbein
and the spin connection is identified,

Γa
µν = ∂µe a

ν + eµbωab
ν , (4.14)

from which one can recover the space-time Christoffel symbol, Γσ
µν = eσ

aΓa
µν, or ob-

tain the spin connection in terms of the Christoffel symbol.
The electric parity tensors in the proper frame, Ẽa and Ẽab, for the electromagnetic

and gravitational case, depend on the electromagnetic strength field tensor F̃ab, and
on the Weyl tensor, W̃abcd, respectively. The dissipative operators in eqs. (4.11) and
(4.12), are the in-in expectation values at the initial state of the internal degrees of
freedom, which are defined through the in-in path integral [90], and which are in
general a function of the building blocks, Ẽa and Ẽab, respectively [30, 42]. The dot
denotes derivative with respect to τ. The dissipative degrees of freedom are encoded
in the imaginary part of the action.
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The Lab Frame

In our effective theory, the position of the particle, xµ, is not affected by the local
Poincaré group, but it is transformed under diffeomorphisms [1]. To transform the
rest of the building blocks from the proper frame to the lab frame, we use the Lorentz
matrices, Λa

b = Ba
c(βi)Rc

b(θ
i). The covariant building blocks in the lab frame are

given by

va = ∂txa, (4.15)

Aa = Λa
b Ãb, (4.16)

aa = Λa
b ãb = (∂τva + vµω ab

µ vb) (4.17)

Ωab = Λa
cΛb

dΩ̃cd = Λ a
c ∂tΛcb + vµω ab

µ , (4.18)

Ea = Λa
bẼb = Facvc, (4.19)

Eab = Λa
cΛb

dẼcd = Wacbdvcvd, (4.20)

P a = Λa
bP̃ b, (4.21)

Dab = Λa
cΛb

dD̃cd, (4.22)
(4.23)

with t, the time measured by the observer, and the dot denotes derivative with re-
spect to t. Given the usual notation of the PN expansion, we have denoted the veloc-
ity, ẋa = va, with v0 = 1. Having transformed the covariant quantities, the worldline
action that describes the compact object in the lab frame now reads,

SCO =
∫

dt
{
−m + qAava +

I
4

ΩabΩab + IΩab
aavb

v2

+ nq,ΩΩaEa + ng,ΩΩaΩbEab + nqEaEa

+ngEabEab + EaΛa
bP̃ b + EabΛa

cΛb
dD̃cd + . . .

}
.

(4.24)

To reproduce the well known results in the current literature on the PN expan-
sion for spinning objects, it is necessary to introduce the relativistic spin degree of
freedom [43, 41, 17],

Sab = 2
∂L

∂Ωab
, (4.25)

which is the conjugate variable of the angular velocity. Then, by Legendre trans-
forming the Lagrangian that describes the compact object, we obtain

LCO = −m +
1
2

SabΩab + . . . = −m +
I
2

Sab(Λa
c∂τΛcb + ∂txµω ab

µ ), (4.26)

where we have inserted the explicit expression of the angular velocity, eq. (4.18).
This is the minimal spin coupling, and the ellipses denote the rest of the terms, which
are taken into account when obtaining the PN expansion. The spin minimal coupling
correction, eq. (4.26), is equivalent to the one in [41, 80].
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4.2 Binary Inspiral

The effective action, eq. (4.24), describes the EFT of a single compact object,
with their coefficients, n(ℓ), encoding the internal structure. For a compact object,
ℓ ∼ Gm. To describe a binary system, we construct the effective action

Se f f = S0 +
2

∑
n=1

SCO, (4.27)

where the first term, S0 = Sg + Sq, is the Einstein-Maxwell action in eq. (4.3), and
the second term is the action describing each of the compact objects that form the
binary system, with SCO the worldline point particle action, eq. (4.24). The operators
that appear in SCO, depend only on the scale of the binary, r, the orbital separation
between the two compact objects. At the scale of the inspiraling binary, which is
bound gravitationally, the virial theorem holds, Gm/r ∼ v2 [29]. Therefore, we
encounter the first hierarchy of scales, ℓ ≪ r.

The gravitationally bound system composed of compact objects, will shrink its
orbit due to the loss of energy and momentum through gravitational wave radia-
tion, whose frequency is fixed by the orbital frequency of the binary, ωs. The emitted
radiation is ultimately observed by our GW detectors, which implies that these ra-
diation modes are on shell, satisfying the momentum relation, k0 = |⃗k|, for its four
momentum vector, k = (k0, k⃗). This is in contrast to the modes that mediate the
gravitational interaction, which are off-shell and therefore its momentum, k0 ̸= |⃗k|.
Therefore, we can establish the next hierarchy, r ≪ λ, with λ the wavelength of radi-
ation, scaling as λ ∼ 1/ωs ∼ r/v. Thus, an inspiraling binary made up of compact
objects, satisfies the hierarchy of scales [29],

ℓ ≪ r ≪ λ. (4.28)

Given this hierarchy, we expand the gravitational field around flat spacetime
[29],

gµν = ηµν + Hµν + hµν, (4.29)

where Hµν, are the potential modes that mediate the interaction between the two ob-
jects, and hµν, the radiation modes, which are finally observed by the GW detectors.
The latter modes are on-shell, while the former ones are off-shell, which imply that
its components scale as [29]

∂tHµν ∼ v
r

Hµν, ∂i Hµν ∼ 1
r

Hµν, (4.30)

hµν ∼v
r

hµν. (4.31)

To obtain the conservative dynamics of the binary system, we are interested in inte-
grating out the orbital modes.

The photon field, Aµ, is decomposed analogously to the gravitational field. It is
separated into [63]
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Aµ = Aµ + Āµ, (4.32)

with Āµ, the radiation modes, and Aµ, the potential modes that mediate the interac-
tion. Their scaling is equivalent to the ones in eq. (4.30) and (4.31), for each mode
respectively,

∂tAµ ∼ v
r

Aµ, ∂iAµ ∼ 1
r

Aµ, (4.33)

Āµ ∼v
r

Āµ. (4.34)

Therefore, the conservative dynamics of the interaction of a binary composed
of charged spinning compact objects, is obtained in a diagrammatic approach by
integrating out the potential modes of the gravitational and electromagnetic field,
which removes the orbital scale of the binary. The procedure of integrating out the
orbital scale, is defined by the functional integral

eiSbin =
∫

DHµνDAµeiSe f f , (4.35)

with, Se f f , the action defined in eq. (4.27). The action, Sbin, describes the conserva-
tive dynamics of the binary system. In this interaction, only tree diagrams contribute
to the dynamics, given that these objects are described classically, and that any quan-
tum effects [101, 102], at least during the inspiral, can be neglected. After integrating
out the orbital modes, the effective theory of the binary system will be given by the
action,

Sbin = S0(ηµν + hµν, Āµ) +
2

∑
n=1

SCO(ηµν + hµν, Āµ). (4.36)

4.3 The Post-Newtonian Expansion

In this thesis, rather than obtaining high order PN corrections, we show the pre-
dictivity of the theory by recovering well known results. We derive new results on
the finite-size structure of charged spinning compact objects. The computation of
higher order PN corrections for such objects will be approached elsewhere.

In this section we will be as explicit as possible on the derivation of the Feynman
rules and the computation of the Feynman diagrams, to provide a step-by-step de-
scription of a binary system composed of compact objects. For a thorough review on
the PN expansion we refer the reader to [80, 81]. The code EFTofPNG package [103]
for computing the post-Newtonian expansion, was extensively used to cross check
results.

4.3.1 Non-relativistic General Relativity

In the non-relativistic regime of gravity [29], the time dimension can be regarded
as compact in comparison to the spatial dimensions [62]. Thus, we switch to a
Kaluza-Klein (KK) parameterization, with the metric [62],
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gµνdxµdxν ≡ −e2ϕ(dt −Aidxi)2 + e−2ϕγijdxidxj, (4.37)

which defines the KK or non-relativistic fields: ϕ, the Newtonian scalar, Ai, the grav-
itomagnetic vector of the KK parameterization, and γij ≡ δij + σij, the tensor field
with, γijγjk ≡ δi

k and Ai ≡ γijAj. The matrix form of the metric is given by,

gµν =

(
−e2ϕ e2ϕAj

e2ϕAi e−2ϕγij − e2ϕAiAj

)
. (4.38)

From eq. (4.38), the vierbein in the KK parameterization can be read off. As
pointed out in [41], the vierbein can be gauge fixed using the time gauge of Schwinger
[104], which fixes the time axes of the local coordinate system to the one of the gen-
eral coordinate frame. In equations, we fix e a

0 , and choose a local frame in which
their spatial components are zero,

e i
0 = 0. (4.39)

Using this constraint, altogether with eq. (4.38), and gµν = ηabea
µeb

ν, the vierbein reads
[41]

e a
µ =

(
eϕ −eϕAi
0 e−ϕ√γij

)
, (4.40)

which completely fixes the redundant degrees of freedom.
To extract the Feynman rules and obtain the propagators of the theory, we need

to fix the gauge of the interaction action, S0, to remove the physically equivalent
field configurations. For the gravitational action, Sg, we choose the harmonic gauge
[29]

Sg = SEH + SGF,g =
1

16π

∫
d4x

√
−gR − 1

32πG

∫
d4x

√
−ggµνΓµΓν, (4.41)

with Γµ ≡ Γµ
ρσgρσ. Then, by parametrizing Sg in a KK fashion, the gravitational

action can be cast as [62]

Sg =
1

16πG

∫
dtd3x

√
γ

(
R[γ]− 2∂iϕ∂iϕ +

1
4

e4ϕF 2
)

, (4.42)

with ∂i∂
iϕ = γij∂iϕ∂jϕ, and where we have defined the analog of the field strength

tensor, Fab, but in terms of the KK gravitomagnetic tensor, Ai, such that, Fij = ∂iAj −
∂jAi.

On the action for the photon field,

Sq = SM + SGF,q = − 1
µ0

∫
d4x

√
−g
(

1
4

F2 +
1

2ξ
(∂µ Aµ)2

)
, (4.43)

we choose the Feynman-’tHooft gauge, which implies ξ = 1.
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4.3.2 The Feynman Rules

We start by extracting the propagators of the effective theory. From the gravi-
tational action in the KK decomposition, eq. (4.42), the propagators can be read off
from the terms that are quadratic in the fields. The non-relativistic field propagators
in the harmonic gauge reads [62]

= ⟨ϕ(x1)ϕ(x2)⟩ = 4πG δ(t1 − t2)
∫ d3⃗k

(2π)3
ei⃗k·⃗r

k⃗2
, (4.44)

=
〈
Ai(x1)Aj(x2)

〉
= −16πG δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗2
δij, (4.45)

=
〈
σij(x1)σkl(x2)

〉
= 32πG δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗2
Pij;kl , (4.46)

with Pij;kl =
1
2 (δikδjl + δilδjk − 2δijδkl). We have used the scaling of the orbital modes,

k0 ≃ v/r and |⃗k| ≃ 1/r, and expanded over, k2
0/⃗k2 ∼ v2, such that

∫ d4k
(2π)4 e−i⃗k·⃗r 1

k2 =
∫ dk0

2π

d3⃗k
(2π)3 e−ik0

ei⃗k·⃗r

k⃗2

(
1 +

k2
0

k⃗2
+ . . .

)
= δ(t)

∫ d3k
(2π)3

ei⃗k·⃗r

k⃗2
+ . . .,

(4.47)

and therefore the propagator is instantaneous, with the relativistic time corrections
to the propagator being considered as quadratic perturbations [29].

The propagators obtained in the KK parameterization have a simple form, in
which the fields, ϕ and Ai, dominates the interaction. The time relativistic correc-
tions can be read from eq. (4.44) and (4.47),

= 4πG
d

dt1dt2
δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗4
. (4.48)

From the electromagnetic interaction action in a non-relativistic parameteriza-
tion, the propagators can be read off from the quadratic terms as well. We separate
the time dimension of the photon field from the spatial ones, such that the propaga-
tors reads

)( 
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= ⟨A0(x1)A0(x2)⟩ = −µ0 δ(t1 − t2)
∫ d3⃗k

(2π)3
ei⃗k·⃗r

k⃗2
, (4.49)

=
〈

Ai(x1)Aj(x2)
〉
= µ0 δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗2
δij. (4.50)

The time relativistic correction,

= −µ0
d

dt1dt2
δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗4
. (4.51)

Having derived the relevant propagators, we express the worldline action of the
binary system in terms of the non-relativistic fields, from which we can read off the
vertices. We do so by considering term by term from the action in eq. (4.24).

Point Particles

We start by expressing the mass coupling, from the worldline point particle in
eq. (4.24), in terms of the non-relativistic fields [62]

Spp = −m
∫

dt

√
−gµν

dxµ

dt
dxν

dt
= −m

∫
dt
{

eϕ
√
−(1 −Aivi)2 + e−4ϕγijvivj

}
,

(4.52)

which is then expanded in the velocity and the KK fields,

Spp = −m
∫

dt
(

1 − 1
2

v2 + ϕ −Aivi − 1
8

v4 +
3
2

ϕv2 +
1
2

ϕ2 − 1
2

vivjσij + . . .
)

.

(4.53)

The ellipses denotes higher order corrections.
From the last expression we can extract the vertex for the one graviton coupling

to the worldline mass,

=− m
∫

dtϕ
{

1 +
3
2

v2 + O(v4)

}
, (4.54)

(4.55)

-·-·-·X-·-·-· 
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where the bold vertical line represents the worldline of the compact object, the black
dot represents the mass coupling and the horizontal line the scalar propagator.

Higher order corrections are obtained from the mass coupling vertex with the
vector propagator,

=m
∫

dtAivi (1 + O(v2)
)

. (4.56)

The mass coupling vertex containing the tensor propagator, σij, can be read from eq.
(4.53) as well, ∝ vivjσij, but will not be necessary for the computations of this work.
Then we extract the two graviton exchange,

= − 1
2

m
∫

dtϕ2 (1 + O(v2)
)

. (4.57)

We have extracted the necessary pieces only required for the computations of
this work. Nevertheless, higher order PN corrections to the point mass coupling can
be obtained by extracting higher order corrections from the worldline point particle
action.

Spinning Particles

We have cast the minimal spin coupling Lagrangian in a suitable form for the
PN expansion in eq. (4.26). In order to extract the correct vertices, it is necessary to
take into account the higher order spin correction, ∝ Sabvaab [41]. This term arises
by Legendre transforming eq. (4.24), to express it in terms of the spin, such that the
relevant corrections reads

LS =
1
2

Sab

(
Ωab +

aavb

v2

)
=

I
2

Sab

(
vµω ab

µ + 2(∂τva + vµω ac
µ vc)

vb

v2

)
, (4.58)

where we have neglected the term, ∝ ΩΛ∂tΛ, given that it does not contribute to the
dynamics.

Before parametrizing the spin Lagrangian in terms of the KK fields, we recall the
spin condition of our effective theory,

√
v2S0b + viSib = 0, (4.59)

which implies the expansion [71]

S0i =
1
2

Sjivj +
1
4

ΩjiAj + O(v4), (4.60)

t------­

t< -
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= ∫
d

tϵ
ijk S

kv
i (2

∂
jϕ

+
v

2∂
jϕ

+
... )

,
(4.61)

= ∫
d

tϵ
ijk S

k (
12

∂
iA

j+
34 v

iv
l(∂

l A
j−

A
j∂

l )
+

v
i∂

t A
j+

... )
,

(4.62)
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Sq =
∫

dtqva Aa = −
∫

dtqA0 +
∫

dtqvi Ai, (4.66)

parameterized in the non-relativistic parameterization, the vertices for the photon
coupling to the worldline charge can be extracted,

=− q
∫

dtA0, (4.67)

and

= q
∫

dtAivi. (4.68)

Polarizability

An external electromagnetic field in an extended object generates size effects as
well, which we will refer as the polarization. The polarizability is encoded in the
terms of the worldline action that are made up of the the electromagnetic tensor,

LF = nq,ΩSaBa + nqEaEa + . . ., (4.69)

which are invariant under time reversibility. There is a term ∝ BaBa in the ellipses,
but we have neglected to keep the discussion short. We obtain the scalar spin-
polarization coupling

=−
∫

dtnq,Ωϵij00Si∂j A0, (4.70)

while the two scalar polarization vertex,

=
∫

dtnq∂i A0∂i A0. (4.71)

Just as in the gravitational case, the coefficients nq,Ω and nq, encode the internal
structure of the compact object.

t----­
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Dissipation

The vertices encoding the dissipative effects, can be obtained from the Lagrangian,

LP ,D = EaΛa
bP̃ b + EabΛa

cΛb
dD̃cd = icqEa

d
dt

Λa
bẼb + icgEab

d
dt

Λa
cΛb

dẼcd. (4.72)

With the purpose of recovering the LO known results for a slowly rotating object
[46], we promote the partial derivative in eq. (4.72) to be covariant, such that

D
Dt

Λ a
c Λ b

d Ẽcd =

(
2Λ a

c
D
Dt

Λ b
d Ẽcd + Λ a

c Λ b
d

D
Dt

Ẽab
)

(4.73)

=
(

2Ea
cϵbcdΩd + Ėab + . . .

)
. (4.74)

Therefore, for the gravitational case, there are two LO vertices contributing to the
dynamics, the two scalar vertex due to dissipation,

= i
cg

4

∫
dt∂i∂jϕ∂i∂jϕ̇, (4.75)

and the two scalar spin dissipative coupling,

= i
cg,Ω

2

∫
dt∂i∂jϕ∂i∂kϕϵjklSl . (4.76)

On the electromagnetic side, a spin dissipative part is not generated in the LO
correction. Therefore, the only vertex to be considered, reads

= icq

∫
dt∂i A0∂i Ȧ0. (4.77)

4.3.3 Dynamics of Compact Objects

In this section we show the computation of the Feynman diagrams relevant to
obtain some of the very well known results for the PN expansion, and to derive
new LO PN corrections on charged spinning compact objects. The higher order PN
expansion is left for a future work. Although throughout most of the work we have
worked with units c = 1, when showing the final Lagrangian or diagram due to each
effect, we will include the c, in order to stress the PN order at which the effect enters
into the dynamics. Finally, we point out that in the computation of the diagrams, we
connect two vertices with a, × symbol, i.e.

t< -
{< -

t:::::: 
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(a) (b) (c) (d)

FIGURE 4.1: Feynman diagrams to obtain the 0 and 1 PN corrections
to the dynamics, from which the Newtonian and the Einstein-Infeld-

Hoffman Lagrangian are derived.

∫
dt1ϕ(x1)×

∫
dt2ϕ(x2) = 4πG

∫
dt1dt2δ(t1 − t2)

∫ d3⃗k
(2π)3

ei⃗k·⃗r

k⃗2
,

meaning that the relevant propagator is to be inserted. The time relativistic propa-
gator is denoted as ×|t.

The Newtonian Potential

The simplest example is the Newtonian potential, which is contained in the di-
agram (a) of figure 4.1, by neglecting the corrections due to velocity in eq. (4.55).
Therefore the diagram reads

Figure 4.1(a) = m1

∫
dt1ϕ(x1)× m2

∫
dt2ϕ(x2)

= 4πGm1m2

∫
dt1dt2δ(t1 − t2)

∫ d⃗k3

(2π)3
ei⃗k·⃗r

k⃗2
=
∫

dt
Gm1m2

r
,

(4.78)

with r = |⃗x1 − x⃗2|, and where we have used

∫ d⃗k3

(2π)3
ei⃗k·⃗r

k⃗2
=

1
4π

1
r

. (4.79)

The Newtonian correction, eq. (4.78), is a 0 PN correction.

The Einstein-Infeld-Hoffman Correction

The 1 PN correction, known as the Einstein-Infeld-Hoffman correction [67], in
the KK parameterization is encoded in the diagrams of figure 4.1. For the diagram
(a), by considering the velocity corrections in eq. (4.55), up to order v2, the diagram
reads
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Figure 4.1(a) = m1

∫
dt1ϕ(x1)

(
1 +

3
2

v2
1

)
× m2

∫
dt2ϕ(x2)

(
1 +

3
2

v2
2

)
= 4πGm1m2

∫
dt1dt2δ(t1 − t2)

∫
k⃗

ei⃗k·⃗r

k⃗2

(
1 +

3
2
(v2

1 + v2
2) + . . .

)
=
∫

dt
Gm1m2

r

(
1 +

3
2
(v2

1 + v2
2)

)
.

(4.80)

The next diagram with the dotted propagator, yields

Figure 4.1(b) = m1

∫
dt1Ai(x1)vi

1 × m2

∫
dt2Aj(x2)v

j
2

= −
∫

dt
4Gm1m2

r
δijvi

1vj
2 = −

∫
dt

4Gm1m2

r
(⃗v1 · v⃗2).

(4.81)

Then, we obtain the diagram with the time relativistic correction

Figure 4.1(c) = m1

∫
dt1ϕ(x1)× |t m2

∫
dt2ϕ(x2)

= 4πGm1m2

∫
dt1

∫
dt2

d
dt1dt2

δ(t1 − t2)
∫ d⃗k3

(2π)3
ek⃗·⃗r

(k2)2

=
∫

dt
1
2

Gm1m2

r

(
v⃗1 · v⃗2 −

(⃗v1 · r⃗)(⃗v2 · r⃗)
r2

)
,

(4.82)

where we have used [80]

∫ d⃗k3

(2π)3
kikj

k⃗4
ei⃗k·⃗r =

1
8πr3

(
r2δij − rirj

)
. (4.83)

Finally, we compute the last diagram which is a non-linear static contribution,

Figure 4.1(d) = −1
2

m1

∫
dt1ϕ2

1 × m2
2

∫
dt2ϕ2ϕ2

= −
∫

dt
1
2

G2m1m2
2

r2 .
(4.84)

By obtaining the mirror image of 4.1(d), and gathering all of our results, we obtain
the 1 PN, Einstein-Infeld-Hoffman Lagrangian,

LEIH =
1
c2

(
1
8 ∑

1,2
mv4 +

3
2

Gm1m2

r
(
v2

1 + v2
2
)
− 7

2
Gm1m2

r
(⃗v1 · v⃗2)

− 1
2

Gm1m2

r
(⃗v1 · r⃗)(⃗v2 · r⃗)

r2 − 1
2

G2m1m2(m1 + m2)

r2

)
,

(4.85)

where the higher order kinetic term has been obtained from the worldline point
particle in eq. (4.53).
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(a) (b)

FIGURE 4.2: The LO PN correction from the spin-orbit coupling,
which is encoded in (a), and the LO PN correction from the spin-spin

coupling, encoded in (b).

Spinning Objects

For spinning objects, two effects come into play in the dynamics from the spin-
orbit and the spin-spin coupling. The LO terms are contained in the diagrams of fig.
4.2. We start by considering fig. 4.2(a), which yields the well known LO spin orbit
contribution,

Figure 4.2(a) =−
∫

dt12ϵijkSk
1vi

1∂jϕ(x1)×
∫

dt2m2ϕ(x2)

=−
∫

dtGm22ϵijkSk
1vi

1∂j 1
r

=
∫

dt
2
c3

Gm2

r2 S⃗1 · (⃗v1 × r̂),

(4.86)

with r̂, the unit radial vector, and where we have used, ϵijkaibjck = a · (b × c). To
obtain the dynamics of the binary, the mirror image of the last diagram is needed as
well.

The next LO correction, from the spin-spin coupling, is encoded in fig. 4.2(b).
This diagram yields

Figure 4.2(b) =
∫

dt1
1
2

ϵijkSk
1∂i Aj(x1)×

∫
dt2

1
2

ϵlmnSn
2 ∂l Am(x2)

=−
∫

dtGϵijkSk
1δjm∂i∂l

(
1
r

)
ϵlmnSn

2

=−
∫

dt
1
c4

G
r3

(
S⃗1 · S⃗2 − 3

(
S⃗1 · r̂

) (
S⃗2 · r̂

))
,

(4.87)

as expected [41]. Therefore, the LO spin-orbit contribution, eq. (4.86), enters at order
1.5 PN, while the LO spin-spin contribution, (4.87), enters at 2 PN, for a maximally
spinning compact object. If the star is slowly spinning, then these effects will enter
into the dynamics at a higher order.

Size Effects

The LO size effects due to gravity are contained in the diagrams of fig. 4.3. The
correction from the spin-gravity coupling, reads
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(a) (b)

FIGURE 4.3: Corrections due to size effects. In (a), the LO spin-size
correction, while (b), the LO static size correction.

Figure 4.3(a) =
∫

dt1
nΩ,g

2
Si

1Sj
1∂i∂jϕ(x1)×

∫
dt2m2ϕ(x2)

=
∫

dt
nΩ,g

2
Gm2

r3

(
−S⃗2

1 + 3
(

S⃗1 · r̂
)2
)

.
(4.88)

The second diagram encodes the size effects of an extended object, even if it is not
rotating. We obtain,

Figure 4.3(b) =
∫

dt1
ng

4
∂i∂jϕ(x1)∂i∂jϕ(x1)×

∫
dt2m2ϕ(x2)m2ϕ(x2)

=
∫

dt3ng
G2m2

2
r6 .

(4.89)

Both of the size corrections agree with the literature [41, 46]. The mirror image of
both diagrams are needed for a complete description of the system.

For the correction in eq. (4.89), due to static tides, it is commonly said that it
enters into the dynamics at 5 PN order. This is because the coefficient, ng ∝ ℓ5/G,
with ℓ the radius of the object. For a compact object, ℓ ∼ Gm, for which altogether
with the virial theorem, v2 ∼ Gm/r, implies the parameter expansion, ℓ/r ∼ v2.
Therefore, one can identify that eq. (4.89), will be of order v10, which according to
the PN counting, it is equivalent to a 5 PN. Nevertheless, this is not strictly speaking
a 5 PN correction, although it helps us to understand the order at which this effect
will play a role in the dynamics.

A similar analysis can be done for eq. (4.88). For instance, for a NS, the coefficient
nΩ,g ∼ ng [47], and therefore one can conclude that the spin-size effects roughly
enters at 2 PN order. The magnitude of the spin and the radius of the star will
change the order at which this effect enters into the PN expansion.

Charge

Moving into the dynamics of the electromagnetic interaction, the 0 and 1 PN
corrections are encoded in fig. 4.4. We start with the diagram (a), which yields

Figure 4.4(a) =
∫

dt1q1 A0(x1)×
∫

dt2q2 A0(x2)

=−
∫

dt
µ0

4π

q1q2

r
,

(4.90)

the Coulomb potential, which is 0 PN order.
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(a) (b) (c)(a) (b) (c)

FIGURE 4.4: Corrections due to charge. The Coulomb interaction,
which is 0 PN order, is encoded in (a), while the 1 PN correction is

encoded in the last two diagrams.

Then, we obtain the diagram (b),

Figure 4.4(b) =
∫

dt1q1 Ai(x1)v1i ×
∫

dt2q2 Aj(x2)v2j

=
µ0

4π

q1q2

r
(⃗v1 · v⃗2) .

(4.91)

The diagram (c), with the time relativistic correction, yields

Figure 4.4(c) =
∫

dt1q1 A0(x1)× |t
∫

dt2q2 A0(x2)

= −µ0q1q2

∫
dt1

∫
dt2

d
dt1dt2

δ(t1 − t2)
∫ d⃗k3

(2π)3
ek⃗·⃗r

(k2)2

= −
∫

dt
µ0

2
q1q2

4π

1
r

(
v⃗1 · v⃗2 −

(⃗v1 · r⃗)(⃗v2 · r⃗)
r2

)
,

(4.92)

where we used eq. (4.83).
Gathering our results, we obtain the 1 PN correction of the electromagnetic in-

teraction [63]

Lq,1PN =
1
c2

{
µ0

2
q1q2

4π

1
r

(
(⃗v1 · v⃗2) +

(⃗v1 · r⃗)(⃗v2 · r⃗)
r2

)}
. (4.93)

Polarizability

The polarization induced by an electromagnetic field is encoded in the diagrams
of fig 4.5. For an object that is spinning, the LO correction is given by

Figure 4.5(a) =
∫

dt1nq1,Ω1 ϵij00Si
1∂j A0(x1)×

∫
dt2q2 A0(x2)

=
∫

dt
µ0

4π

q2nq1,Ω1

r3 ϵij00Si
1rj,

(4.94)

The LO polarization correction when an object is not rotating, reads

■-■-■-■-■ 
■-■-■-■-■ 
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(a) (b)

FIGURE 4.5: The LO correction due to the polarization for a spinning
compact object in diagram (a), and for a non-spinning in diagram (b).

(a) (c)(b)

FIGURE 4.6: The LO corrections due to dissipative effects. For the
gravitational case, the LO correction receives two contributions, (a)
and (b), the first one due to the gravitational interaction, and the sec-
ond one due to spin. For the LO dissipative correction in the electro-
magnetic case, the spin part does not contribute, thus having only the

diagram (c).

Figure 4.5(b) =
∫

dt1nq1 ∂i A0(x1)∂i A0(x1)×
∫

dt2q2
2 A0(x2)A0(x2)

=
∫

dtnq1

(µ0q2

4π

)2 1
r4 ,

(4.95)

Both diagrams show that an extended object, even without charge, will be polar-
ized if the companion is charged and the coefficients are different from zero, nq... ̸= 0.
The coefficients, nq and nq,Ω for a BH are zero. [93, 92], while for a NS are unknown.
By dimensional analysis we find that, nq,Ω ∝ nq ∝ ℓ3, which implies that, eq. (4.94)
and eq. (4.95), enter roughly at 1 PN and 3 PN respectively. The magnitude of the
charge and the spin will change the order at which these effects enter into the dy-
namics.

Dissipative Effects

We consider both electromagnetic and gravitational dissipative effects. For a
non-spinning BH, dissipation takes into account for the absorption of electromag-
netic and gravitational waves. For a non-spinning NS, we can think of this effect as
the energy loss due to its equation of state of the matter during an electromagnetic or
gravitational interaction. Dissipation on spinning objects, arises given that the spin
of the body has a time dependence between the object and its tidal environment.

The dissipative correction for the gravitational case, even if the object is not ro-
tating, reads

.... ... 
... ___ .,,. . 

........................ 

.... ... 
.. . ... ... 

........................ 
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Figure 4.6(a) =
∫

dt1
icg1

4
∂i∂jϕ(x1)∂

i∂jϕ̇(x1)× m2
2

∫
dt2ϕ2(x2)

=
∫

dt
icg1

4
∂i∂j

(
Gm2

r

)
∂i∂j∂t

(
Gm2

r

)
=
∫

dti9cg1 G2m2
2
(⃗r · v⃗)

r8 .

(4.96)

For a BH, the coefficient, cg ∝ ℓ6
s /G, due to the absorption of GWs [30], and therefore

its dissipative effects enter at 6.5 PN order. For a stellar object that is described by
an equation of state of matter, in the weak friction model, the coefficient cg = Θng,
with Θ, being the time lag [94]. Thus, by using the Love coefficient, for which ng ∝
ℓ5/G, we conclude that if a NS is described by the weak friction approximation, its
dissipative effects will play a role at ∼ 5.5 PN order. The intermediate line of eq.
(4.96), is used to obtain the equations of motion below.

If the object is spinning, the dissipative correction yields

Figure 4.6 (b) =
∫

dt1
icg1,Ω1

2
∂i∂jϕ(x1)∂

i∂kϕ(x1)ϵ
jklSl × m2

∫
dt2ϕ(x2)

=
∫

dt
icg1,Ω1

2
∂i∂j

(
Gm2

r

)
∂i∂k

(
Gm2

r

)
ϵjklSl

=
∫

dt
icg1,Ω1

2
G2m2

2

(
δjk

r6 + 3
rjrk

r8

)
ϵjklSl .

(4.97)

For a spinning BH, ng,Ω ∝ GM2ℓ5
+/c5(ℓ+ − ℓ−), depends on both of its radi, ℓ+ and

ℓ−[19]. A careful analysis shows that this effect scales as a 5 PN order effect, with
two prefactors, Ω/c and ℓ+/(ℓ+ − ℓ−), and where we have considered, ℓ+/r ∼ v2.
For a NS this coefficient is unknown.

In what follows, we derive the equations of motion due to the dissipative effects.
The equations of motion due to the gravitational dissipative effects were derived
in the Newtonian limit of a spinning star [46], and therefore our LO corrections for
dissipative effects should reproduce the results as well. For a dissipative system, the
equations of motion can be obtained from the modified variation [100],

δS + i
∫

dtdt′δJab(t)G̃
ab,cd
R (t − t′)Jcd(t′) = 0, (4.98)

where Jcd = Λe
cΛ f

dEe f , and G̃R, the retarded correlation function of the operators
D̃ab [30].

Then, using eq. (4.96) and (4.97) in the modified variation, (4.98), and varying
with respect to xi, one obtains the expected equations of motion due to dissipation
for a gravitationally interacting spinning star [46],

m1v̇1i

∣∣∣
D
= −

cg1

2
∂i∂j∂kΦ1∂i∂jΦ̇1 − cg1,Ω1 ∂i∂j∂kΦ1∂i∂kΦ1ϵjklSl (4.99)

with Φ1 = Gm2/r, the Newtonian potential. The mirror image of the last two dia-
grams is needed for the complete description of the binary.

Moving into the electromagnetic case, the LO dissipative contribution reads
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Figure 4.6(c) =
∫

dt1icq1 ∂i A0(x1)∂
i Ȧ0(x1)×

∫
dt2q2

2 A2
0(x2)

=
∫

dt icq1

(µ0q2

4π

)2
∂i

(
1
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)
∂i∂t

(
1
r

)
.

(4.100)

For a BH, the coefficient due to the absorption of electromagnetic waves, cq ∝ ℓ4
s

[30], and therefore enters roughly at 4.5 PN order. Of course this order will change
depending on the charge of the object. The equations of motion from the modified
variation leads to,

m1v̇i
1

∣∣∣
P
= cq1

(µ0q2

4π

)2
(

vi

r6 +
3(⃗r · v⃗)ri

r8

)
. (4.101)

4.4 Gravitational Radiation

From the EFT perspective, we can obtain the PN corrections to each of the terms
in the action, eq. (4.24). The PN expansion to the point mass can be expanded in a
series as

a⃗PN = a⃗PP + c−2⃗a2 + c−4⃗a4 + c−5⃗a5 + O(c−6), (4.102)

where, a⃗PP = a⃗N , is the point particle acceleration or Newtonian term. The terms
a⃗2 and a⃗4 are the first and second order PN contributions of the conservative sector
which accounts for, i.e. the periastron shift. The leading order term that accounts
for radiation of energy and momentum through GW radiation is the 2.5 PN term, a⃗5,
which we denote as, a⃗GW = a⃗5.

To obtain the leading order GW radiation correction in the EFT, one needs to inte-
grate out the radiation modes of the gravitational field as well [65]. This computation
is beyond the scope of this work, but it is extracted for completeness. Nevertheless,
we can extract this correction from the literature, which reads [65, 51]

a⃗GW =
4
5

G2m1m2

r3

[(
2Gm1

r
− 8Gm2

r
− v2

)
v⃗ + (r̂ · v⃗)

(
52Gm2

3r
− 6Gm1

r
+ 3v2

)
r̂
]

.

(4.103)

For the numerical experiments in the late inspiral, we will make use of the modified
acceleration, a⃗ = a⃗⋆ + c−5⃗aGW , where a⋆, is the acceleration which includes the New-
tonian term and the properties and stellar structure of the star that we have taken
into account in eq. (3.83). We neglect the PN contribution from the conservative sec-
tor given that it does not contribute to the decay of the binary. The GW decay due to
the 2.5 PN term is shown in Fig. 1.1 for an equal mass BBH.
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Chapter 5

Compact Object Evolution

5.1 Numerical Simulations

We implement a 4th order Hermite integrator [82, 105] which can solve the dy-
namics of point-like particles numerically. We briefly review the basics to evolve a
system of point particles numerically and then solve for the dynamics of the compact
objects in a binary system.

5.1.1 Point Particle Simulations

Position, Velocity and Acceleration

In the point particle approximation, the predicted values of the position, velocity
and acceleration for the next step are obtained from

r⃗i+1 = r⃗i + v⃗i∆t +
1
2!

a⃗i∆t2 +
1
3!

j⃗i∆t3 + . . . ,

v⃗i+1 = v⃗i + a⃗i∆t +
1
2!

j⃗i∆t2 + . . . ,

a⃗i+1 = a⃗i + j⃗i∆t + . . . ,

(5.1)

where j⃗ = ˙⃗a. The force calculation is computed as

a⃗i =
Gm2r̂

r2 + . . . ,

j⃗i =
Gm2

r3 {v⃗ − 3(⃗v · r̂)r̂}+ . . . ,
(5.2)

with the position and velocity from the previous step. The ellipses denote all other
effects we have taken into account: GW radiation, spin size corrections, dynamical
tides and dissipation. The force calculation, a⃗i+1 and j⃗i+1, is done using the predicted
values, r⃗i+1 and v⃗i+1, to get the corrected position, velocity and acceleration

r⃗i+1,c = r⃗i +
1
2
(⃗vi + v⃗i+1)∆t +

1
12

(ai − a⃗i+1)∆t2,

v⃗i+1,c = v⃗i +
1
2
(⃗ai + a⃗i+1)∆t +

1
12

(⃗ji − j⃗i+1)∆t2,

a⃗i+1,c = a⃗i +
1
2
(⃗ji + j⃗i+1)∆t,

(5.3)
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FIGURE 5.1: Simulation of the coalescence of a BH-NS binary and
the measurement of the dimensionless static tidal number k of the
NS during the interaction. The binary is composed of a BH of mass
m• = 5M⊙, and a NS of mass m⋆ = 1.2 M⊙ and radius ℓ⋆ = 8.89
km. The simulation has an initial orbital distance of d = 8 ℓ•. The
figure on the left illustrates the trajectories followed by the binary
until the LSO orbit is reached. The purple and cyan line represents
the trajectory followed by the NS and the BH respectively. On the
right figure the coefficient k is measured at each fixed time-step in the
simulation. The theoretical value of the coefficient for the NS used in
this case is k = 2.59909, which can be measured with high accuracy
with an appropriate time step, dt. For this simulation, dt = 0.1 in

code units.

up to the jerk correction. With this very simple framework we are capable of numer-
ically evolving the equations of motion of the effective theory, obtaining the desired
accuracy by using a specific time-step ∆t.

Spin Evolution

We solve for the angular velocity, Ω⃗, in a similar fashion as above. We define
b⃗ = ∂tΩ⃗ and correct the angular velocity as follows

Ω⃗i+1,c = Ω⃗i +
1
2
(⃗bi + b⃗i+1)∆t +

1
12

(
˙⃗bi − ˙⃗bi+1)∆t2. (5.4)

5.1.2 Numerical Tests and the Matching of Coefficients

Many Newtonian and PN codes have been implemented to do numerical experi-
ments. Testing the Newtonian limit is straightforward. To test the PN corrections we
use the GW time decay eq. (5.18). In figure 5.4, we show that our implementation
reproduces the leading order waveform as a function of the coalescence time tc.

To test the rest of the effects we can match the coefficients of the theory from
the corrected position, velocity and acceleration at each time-step, which serves as
an internal test of the implementation and shows the accuracy of the simulation.
From an EFT perspective, we can follow the energy hierarchy to measure different
coefficients. Consider for instance a BH-NS binary without any spin, and neglect for
a moment the GW radiation effects. The dynamics of the NS will change due to the
static tidal effects, and the matching of the dimensionless coefficient reads

k =
1
6

m1

m2

(
r
ℓ

)5 ( a⋆,j

aN,j
− 1
)

, (5.5)
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FIGURE 5.2: Simulation of the parabolic encounter of a giant with a
BH using hydrodynamical code [106]. On the left figure the trajec-
tories of the parabolic encounter of the star with a BH. On the right
figure we have the energy deposition or energy lost during the en-

counter due to the internal structure of the star.

where aN,j is one of the spatial components of the Newtonian term (j = {x, y, z})
without any other effect, and a⋆,j = aN,j + aT,j is the total acceleration of the star,
with aT,j being the acceleration due to static tides. Thus, if we solve our system in
the x − y plane with these coordinates, we are to match to coefficient for each spatial
component. Then we add GW radiation effects and measure the coefficient as

k =
1
6

m1

m2

(
r
ℓ

)5 ( a⋆,j

aN,j
−

aGW,j

aN,j
− 1
)

. (5.6)

Figure 5.1 shows the time evolution measurement of the dimensionless static Love
number, k, from a BH-NS coalescence. The matching of coefficients from static tidal
effects is the simplest, but we can add all other effects and go order by order in the
energy hierarchy to measure the coefficients and test the implementation.

Although it might seem trivial to match the coefficients within the simulation, the
matching of coefficients from simulations can be done to compare, i.e. our state of
the art hydrodynamics or numerical relativity codes to the EFT for compact objects,
a first step towards matching the coefficients from GW observations.

5.2 Phenomenology of the Internal Structure

The action for the stellar objects without spin and without charge in gravity has
the schematic form

S = SPP + ST + SD, (5.7)

where, SPP, is the action for a massive point particle, ST, the action describing static
tides and SD, dissipative effects. We consider each of the leading order terms for
these effects in turn, to study their overall role during a parabolic encounter. There-
fore, the effective action in the Newtonian limit reads

m1 ˙⃗v =− Gm1m2r̂
r2 − 9nEG2m2

2r̂
r7 − 9ηEG2m2

2
r8 (⃗v + 2r̂(r̂ · v⃗)) . (5.8)
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FIGURE 5.3: In this figure, the green line shows the total energy de-
position during a parabolic interaction including all the effects due to
the stellar structure, and the rest of the lines are each of the different
isolated effects. The yellow line is the energy change due by consid-
ering only the Newtonian term. The cyan line is the energy change by
adding static tidal effects to the Newtonian term, while the magenta

represent dissipation.

To better understand the role of each effect, we compared our simulations to
the state of the art hydrodynamical simulations. Therefore, we show the role of the
different effects due to the internal structure of the stellar object. We start by showing
numerical results from a hydrodynamical simulation, of the change of orbital energy
during a parabolic interaction of a giant star, determined by an equation of state of
matter with polytropic index n = 1.5, mass m = 1M⊙ and radius ℓ = 1R⊙, with a
BH of mass M = 1000M⊙.

The tidal radius distance for the star due to the presence of the BH is dτ ≃ 10R⊙.
The interaction starts with an initial distance of di = 100R⊙, and have a pericenter
distance or distance of closest approach of dp = 30R⊙ ≃ 3dτ. In fig. 5.3, we show the
energy loss during the parabolic encounter, ∆E, due to dynamical tidal effects from
the data given of a simulation of the above initial conditions using the numerical
code Cholla [106]. The energy loss is measured as

∆E = −Eorb − Eorb,i

E0
, (5.9)

with

Eorb = −GMm
r

+
1
2

Mm
(M + m)

v2, (5.10)

and

E0 =
(−3 + n)m2

(−5 + n)ℓ
, (5.11)

.
with n, the polytropic index. Thus, our purpose is to reproduce the energy deposi-
tion with our framework.

/\ ; \ 
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5.2.1 EFT Simulations

We do a simple but illustrative study of each effect individually. Figure 5.3 shows
the role of each effect, where we have considered a constant value of cg = ng/3,
and ng = 2ℓ5k/3G, with k = 0.143279, which corresponds to the polytropic index,
n = 1.5. We have chosen the coefficient cg given the weak friction model [94] for
dissipative effects due to the formation of a tilda bulge.

In figure 5.3. The yellow line shows the change of energy by considering only
the Newtonian term in the equations of motion, eq. (5.8). The cyan line is the energy
change with the inclusion of static tides, which as we can observe, the second term
of eq. (5.8) generates the positive bump. The magenta line is due to dissipative ef-
fects, the third term in eq. (5.8), which generates energy loss during the interaction
as expected. Nevertheless, although we have obtained a similar plot to the one in
5.2, we struggle to reproduce the peak due to tidal effects as in the hydrodynamical
simulations, as one can see by comparing fig. 5.2 and fig. 5.3, for which our re-
sults are two order of magnitude below. This might be because we need to consider
dynamical tides as in [17], but this implementation into our framework is left for a
future work. And also because the simulated star with hydrodynamical simulations
is used for non-compact objects, and a comparison to numerically general relativistic
simulations needs to be carried out. But for now, we proceed to implement the EFT
framework numerically.

5.3 Waveforms and Observational Signatures

5.3.1 Waveform Extraction

Gravitational radiation is produced at lowest order by the time varying mass
quadrupole moment. An analytical expression for the quadrupole gravitational
waveform from the inspiral of a binary can be obtained in the setting of flat back-
ground spacetime with linearized gravity. One can solve the linearized Einstein’s
equations in the presence of the binary as a matter source and obtain a solution for
the amplitude, project it into the tranverse-traceless gauge, and expand it as a mul-
tipole expansion. The solution is the amplitude for each polarization mode, h+ and
h× [107].

Binaries whose orbital distance is large enough, such that changes in the orbital
distance due to GW radiation over several periods are small, can be considered as
binaries with fixed orbits. In this scenario, the quadrupolar, + polarized, GW am-
plitude for an inspiral binary in a circular fixed orbit reads [107]

h+(ωs, t) =
2
ro

G5/3

c4
m1m2

m1/3 ω2/3
s cos(2ωst) =

2Gµx
c2ro

cos(2ωst), (5.12)

where ro, is the distance from the observer to the binary, µ, the reduced mass, m,
the total mass of the binary, and ωs, the orbital frequency. We have introduced the
dimensionless variable, x ≡

(
Gmωs/c3)2/3. Furthermore, we have chosen the incli-

nation angle, ι = π/2, such that, the × polarized amplitude, h×, vanishes.
For the late inspiral regime, where the changes in the orbital distance and fre-

quency are relevant, it is necessary to take into account for the orbital decay in the
waveform. This can be done by obtaining the radiated power, the amount of energy
radiated through GWs per unit time, and relating it to the change of energy of the
system, Ėorb, as P = −Ėorb. From the latter equality, an expression for the change of
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the orbital frequency in time, ω̇s, is obtained in terms of ωs. By integrating it over
the coalescence time measured by an observer, tc = Tc − t, with Tc, the time that the
binary takes to merge, one obtains the relation between orbital frequency and the
time of coalescence,

ωs(tc) =
1
8

(
5c5

G5/3
m1/3

m1m2

)3/8

t−3/8
c . (5.13)

Then, in eq. (5.12), one replaces the phase, 2ωst → φ(t), with the accumulated
orbital phase,

φ(t) = 2
∫

t
dt ωs(t) = −2

∫
tc

dtc ωs(tc), (5.14)

where we have used dt = −dtc. By substituting eq. (5.13) into last equation, solving
the integral for the time of coalescence, and expressing it in terms of the orbital
frequency, one obtains the accumulated orbital phase,

φ(x) = − 1
32

m2

m1m2
x−5/2 + φ0 = − 1

32
m2

m1m2
x−5/2 − 2Gmωs

c3 log
(

ωs

ω0

)
, (5.15)

where φ0 has been fixed from [51], and with ω0, a constant frequency that is chosen
as the frequency at which the binary enters into the detectability band.

Thus, the gravitational waveform that takes into account for the GW decay, reads

h+(x(ωs)) =
2Gµx
c2ro

cos 2φ(x). (5.16)

with µ, the reduced mass. We simply denote, h+(x(ωs)) = h+(ωs). This expression
is the lowest order or 0−PN waveform in the PN approximation. By writing x =
((Gm/r)(rωs/c3))2/3, we find its scaling given that, Gm/r ∼ v2, and rωs ∼ v. Thus,
every x scales as x = O

(
v2/c2), meaning that corrections in powers of v/c can be

expressed in powers of x1/2. The PN expansion of the + polarized waveform in
powers of x, reads [51]

h+(x) =
2Gµx
c2r0

(
H0

+ + x1/2H(1/2)
+ + xH(1)

+ + x3/2H(3/2)
+ + x2H(2)

+ +O(c−5)
)

,

(5.17)

with H0
+ = cos 2φ. The last expression shows the program to extract high order PN

waveforms that matches observations. Nevertheless, for the purpose of this work
we consider only the amplitude in eq. (5.16).

5.3.2 Comparison to Known Results

Working with the amplitude formula as a function of the orbital frequency, ωs,
we need to generate the input numerically by solving the equations of motion as
shown in the numerical section. This is in contrast to the amplitude as a function
of the time of coalescence, tc measured by the observer, which can be obtained via
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FIGURE 5.4: Comparison of the leading order gravitational wave-
form as a function of the time of coalescence, tc, and of the orbital
frequency, ωs. Using the same equal mass BBH as in figure 1.1, we
extract the orbital frequency and time of coalescence to obtain the
waveforms. The cyan line is the waveform as a function of ωs, input
generated with our numerical simulations. The magenta line is the
waveform as a function of tc, which is obtained from using eq. (5.18)

as the only input.

eq. (5.13) in eq. (5.16). In this case, the waveform can be simply extracted if the
coalescence time is known. The analytical formula for the time of coalescence for
two point masses orbiting each other in a circular orbit, which approximates very
well to a binary black hole, reads [108]

Tc(d) =
5

256
d4c5

G3m1m2(m1 + m2)
, (5.18)

with d, the orbital distance of the binary. Nevertheless, the stellar structure changes
the merger time, and deriving analytical expressions becomes a hard task. Thus, to
measure the imprints of the stellar structure in the late inspiral of the binary, it makes
sense to extract the waveform as a function of the orbital frequency, ωs.

To compare our methodology to known methodologies, we show the extraction
of the orbital frequency from the decay of a binary from the simulations. Consider
a binary with masses m1 and m2, and relative distance, r⃗ = r⃗2 − r⃗1, in some inertial
frame. Then, considering only Newtonian gravity, the relative motion, a⃗N = a⃗2 − a⃗1,
reads

a⃗N = −G
m
r2 r̂. (5.19)

with m = m1 + m2. The Newtonian orbital frequency, ωN , is simply obtained from
Kepler’s law, by equating the centripetal to the Newtonian relative acceleration. The
centripetal acceleration, ac = v2/r, is a radial force that has the opposite direction to
the gravitational radial acceleration. Furthermore, the relative velocity, v, is related
to the orbital frequency as v = ωr. Thus, the Newtonian orbital frequency is simply
given by

ωN =

√
Gm
r3 . (5.20)

Using the above reasoning, we proceed to obtain the orbital frequency with the
GW effects included. This can be done by equating the total radial acceleration,

-1.0 -+---~--~-~--~-~----~-----.--------' 
-0.16 -0.14 -0.12 -0.10 -0.08 -0.06 -0.04 -0.02 0.00 

tc (s) 
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including the radial term in (4.103), to the orbital frequency, ωs. Thus, the orbital
frequency taking into account gravitational radiation, reads

ωs = ωN+GW =

√
Gm
r3 − 4

5
G2m1m2

r4 (r̂ · v⃗)
(

52Gm
3r

− 6Gm
r

+ 6v2

)
. (5.21)

In figure 5.4, we show the comparison of our method for GW extraction dependent
on the orbital frequency using eq. (5.16) and eq. (5.21), to the leading order ampli-
tude as a function of the coalescence time, tc [107].

Given the initial distance, d = 10ℓs, of an equal mass binary BH, with m• =
20M⊙, we can obtain the coalescence time and extract the waveform, h+(tc) [107].
To extract the waveform as a function of the orbital frequency, h+(ωs), we generate
eq. (5.21) numerically with our code described below, and then evaluate it in eq.
(5.16). Both waveforms matches on most of the inspiral, with some discrepancies
near the coalescence time, which is due to the lack of the rest of the PN corrections.
Recall that we are only using the leading order GW radiation correction, or 2.5 PN
term, which is the lowest order term that drives the decay. With these results, we
can safely proceed to study, to leading order, the effects due to the stellar structure
in compact object interactions.

5.3.3 Observational Signatures

There are observable consequences due to the internal properties of the star that
can be quantified. The effective potential changes the acceleration on each object,
making the frequency and amplitude of the GW to shift. To obtain the frequency
shift, we include the stellar structure and derive the orbital frequency in the same
way as for the GW decay. We only show the static tidal effects for simplicity, but all
other effects are incorporated in the same manner. The contribution from static tidal
effects is purely radial, such that the orbital frequency now reads

ωN+GW+T =

√
Gm
r3 − 4

5
G2m1m2

r4 (r̂ · v⃗)
(

52Gm
3r

− 6Gm
r

+ 6v2

)
+

9nEG2(m2
1 + m2

2)

r8 ,

(5.22)

where the subindex, T, in this example, is referring to static tidal effects.
To quantify the phase shift, ∆φ, generated in the waveform (5.16), we compare

simulations of binaries including different effects, but same initial conditions. For
instance, consider the orbital frequency from two binaries, one with GW radiation
only, ωN+GW , and the other with GW radiation and static tidal effects, ωN+GW+T.
From equation (5.16), we find the change in the phase shift due to the additional
effects,

∆φ = (φN+GW+T − φN+GW). (5.23)

The phase shift is to be measured at each time step of the simulation. In general, the
phase shift due to the contribution of an additional effect is measured as

∆φ = (φb − φa), (5.24)
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where the a and b refer to different effects in the simulations to be compared.

5.4 The Late Inspiral

5.4.1 Numerical Experiments and Observations

The LIGO-Virgo observatories detect gravitational waves from distant astrophys-
ical sources in the frequency range, fGW ∼ [10, 10000] Hz [109], with fGW = ωGW/2π =
ωs/π as in [107], and ωs the orbital frequency. Thus, for the purpose of waveform ex-
traction and measurement of the different effects, we run illustrative simulations of
the coalescence of various systems with initial and final frequency inside the LIGO-
Virgo band. We systematically add the stellar structure effects and extract the lowest
order gravitational waveform for different systems, (5.16). We choose an arbitrary
distance to the system, ro, that makes the system detectable in the LIGO-Virgo band.

Each binary system is set in a circular orbit, with initial conditions generated by
a simulation with twice the distance of the shown examples. This is done with the
purpose of avoiding numerical errors that can be generated in the first orbits of the
system.

Neutron Star - Black Hole Interactions

In this interaction, all the effects we have considered play a role in the dynamics:
static and dynamical tides in the NS and dissipation in the BH. Although in principle
dissipative effects can play a role in NSs as well, given that the corresponding coef-
ficient is unknown, we do not include such effect. We divide the BH-NS simulations
into two sets, one set to show the role of each effect due to the internal structure of
the objects, and the other set to compare the role of different static Love coefficients
by considering different equations of state of matter for the NS. In each simulation,
we have the same initial conditions of a NS-BH binary, with the mass of the BH,
m• = 5 M⊙, and the mass and radius of the NS, m⋆ = 1.2 M⊙ and ℓ⋆ = 8.89 km. The
simulations start at an initial distance of d = 25 ℓ• and initial frequency of fGW = 40
Hz. The simulations are finished when the NS reaches the dLSO of the BH. Further-
more, we have included slow spin to the NS, Ω = [0.1, 0.2], aligned to the orbital
momentum of the binary.

First we consider the BH-NS system without any spin. In Fig. 5.5, we compare
the phase evolution in the waveforms and quantify the phase shifts from the binaries
with different effects: GWs, GWs + static tides, GWs + dynamical tides, and GWs
+ dissipation. The effects due to the internal structure are small, as one can not
distinguish a difference by eye in the waveforms of the upper plot of fig 5.5. In the
lower plot of fig. 5.5, we measure the difference of the accumulated orbital phase,
∆φ, due to the different effects. As expected from eq. (3.81), the major contribution
comes from the static tides term, having a final phase shift, ∆φST ≃ 0.2 radians, in
our simulations, which is depicted with cyan color. The addition of dynamical tides
contributes, ∆φDT ≃ 0.009 rad, with respect to the static tides, which is shown by
the green line. Finally, the effects of dissipation from the BH contributes the least,
shifting the waveform by ∆φDiss ≃ 0.0018 rad.

Then we add the dimensionless spin, χ = [0.1, 0.2], to the NS in the same BH-NS
system. This is a restricted case in which the spins are aligned to the orbital angular
momentum. From the definition in eq. (3.75), we obtain the angular velocity of the
NS, Ω1 and Ω2, for each taken value of χ. On the top figure of fig. 5.6, we show the
extracted gravitational waveform from simulations containing the different effects.
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FIGURE 5.5: Gravitational waveforms and phase shifts from the late
inspiral of a BH-NS coalescence with m• = 5M⊙, m⋆ = 1.2 M⊙ and
ℓ⋆ = 8.89 km, at an initial distance of d = 12 ℓ•. The time to the
LSO is Tc ≈ 10.096 sec. We show the very last part of the simulation.
On the top figure, each waveform color is extracted from simulations
with different effects. The green waveform includes only GWs, the
magenta GWs + dynamical tides (which includes the static part), and
the yellow GWs + dissipation. On the plot below, the phase shift
is measured. The cyan line is the wave shift generated by including
static tidal effects to the GWs, the magenta line by taking into account
static and dynamical tides, the yellow line by dissipation, and the
green line is the phase shift that dynamical tides generate with respect

to the static part.

The green waveform contains GWs + dynamical tides (DT), the cyan GWs + DT + Ω1,
and the magenta GWs + DT + Ω2. On the plot below, the phase shift is measured.
The green line is the wave shift generated by DT, the cyan line is the wave shift
generated by the angular velocity Ω1, while the magenta line is the wave shift due
to Ω2. The wave shift generated by dynamical tides is the same as before. The spin,
Ω1, generates a wave shift of ∆φ ≃ 0.45 rad, while Ω2, generates a wave shift of
∆φ ≃ 1.8 rad. Therefore, the corrections due to spin-size effects, can be the leading
order contribution from the stellar structure. The spin evolution is negligible, having
the same final value as the initial, which is expected from the aligned spin case.

Finally, by considering static effects, as well as spin-size effects, in figure 5.7,
we show the role of different Love coefficients in the waveform by measuring the
phase shifts from the late inspiral of the same BH-NS interaction described in figure
5.5 and 5.6, but with different dimensionless Love numbers, with corresponding
polytropic index, n [14]. In all the figures, the line color refers to different polytropic
indices for the NSs. The cyan line for n = 0.5, the magenta for n = 0.7 and the
yellow for n = 1. On the top figure we show the different phase shift generated
by considering only static tides given different equations of state, without any spin.
The phase shift generated, ∆φ ≃ [0.346, 0.278, 0.200] rad, for each q = [0.5, 0.7, 1],
respectively. The middle plot is the phase shift with respect to the top figure due to
the inclusion of spin/size effects, for which we have added Ω1. On the plot below
we show the phase difference from the top plot and the inclusion of Ω2. The effects
of Ω1 generates a wave shift of ∆φ ≃ [0.808, 0.649, 0.458] rad, while Ω2 generates a
wave shift of ∆φ ≃ [3.136, 2.555, 1.851] rad, for each n = [0.5, 0.7, 1]. As it is expected,
our results shows that the smaller the value of n, the more compact the star, leading
to stronger signatures in the signal.
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FIGURE 5.6: Gravitational waveforms and phase shifts from the late
inspiral of the same BH-NS interaction described in figure 5.5, but
with dimensionless spin χ = [0.1, 0.2] on the NS. On the top figure,
each waveform color is extracted from simulations with different ef-
fects. The green waveform is GWs + DT, the cyan is GWs + DT + Ω1 ,
and the magenta is GWs + DT + Ω2. On the plot below, the phase shift
is measured. The green line is the wave shift generated by dynamical
tides, cyan line is the wave shift generated by the spin Ω1, while the

magenta line is the wave shift by Ω2.

FIGURE 5.7: Phase shifts from the late inspiral of the same BH-
NS interaction described in figure 5.5 and 5.6, but with different
dimensionless Love numbers, with corresponding polytropic index
n = [0.5, 0.7, 1]. In all the figures, the line color refers to different
polytropic indices for the NSs. On the top figure we show the differ-
ent phase shift generated by static tides given different equations of
state. The middle plot is the phase shift with respect to the top figure
due to the inclusion of spin/size effects, for which we have included
the angular velocity Ω1, to the NS, with χ1 = 0.1. On the plot below
we show the phase difference from the top plot and the inclusion of

the angular velocity Ω2, with χ2 = 0.2.
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FIGURE 5.8: The phase shift of the gravitational waveform from the
late inspiral of three different BBHs that contains dissipative effects
due to GW absoprtion. We have performed three different simula-
tions, each of them starting with initial fgw = 10 Hz, but differing
in the mass ratio, q = m2/m1, of the binary. The cyan line is for an
equal mass case, q = 1, with m1 = 20M⊙. The magenta line is for the
unequal mass case, q = 1/2, and the green line for q = 1/4, both with

m1 = 20M⊙.

FIGURE 5.9: Phase shifts from simulations of a NS-NS coalescence
with an initial frequency of fgw = 40 Hz. We add GWs, DT and
then spin to the NSs, first only to one member and then to both. The
magenta color is the phase shift due to static tides, the cyan for dy-
namical tides, and the green the difference between both. The blue
line is the phase shift due to one spinning star with χ = 0.2, and the
orange line for the case in which both stars are spinning with same

magnitude and direction (aligned spins).

Binary Black Hole Coalescence

We have performed simulations for three different nonspinning BBHs to study
the effects of dissipation due to GW absoprtion in the waveform, which differ in the
mass ratio of the binary, q = m2/m1. All of the simulations are set with an initial
gravitational wave frequency, fgw = 10 Hz. The cyan line is for an equal mass case,
q = 1, with m1 = 20M⊙. The magenta line is for the unequal mass case, q = 1/2, and
the green line for q = 1/4, both with m1 = 20M⊙. The phase shift due to dissipative
effects is, ∆φ ≃ [0.0009, 0.0013, 0.0018], for each q = [1, 1/2, 1/4] respectively. Our
results shows that the effect of dissipation can increases for more unequal cases, but
this also depends on the mass ratios taken into account. For instance, a simulation
of the first detected binary black hole merger, GW150914, shows that dissipative
effects makes a phase shift of ∆φ ≃ 0.0004, which is the smallest phase shift of all.
The study of spin in BH interactions is left for a future study.

Neutron Star Binaries

We set an equal mass NS-NS binary with initial frequency of fgw = 40 Hz. In
order to illustrate different scenarios, we run four different simulations that includes
GWs, DT and aligned spin, χ = 0.2, to the NSs, first only to one member and then
to both. In figure 5.9, we show that for tidal effects, the contribution to the wave
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shift due to the static term is of ∆φ ≃ 1 radians, while the dynamic part contributes
to the latter by ∆φ ≃ 0.1 rad. By comparing to the wave shift of the BH-NS case,
we find that tidal effects in a NS-NS binary have a stronger effect on modifying the
waveform. The role of spin-size effects is also enhanced in the NS-NS binary case,
for which the waveform is shifted by, ∆φ ≃ 8 rad, with only one spinning star, and
∆φ ≃ 15 rad, from both spinning NS with same Ω2 aligned to the orbital momentum
of the binary. Each NS contributes the same phase shift, and just like in the BH-NS
system, the spin evolution is negligible, having the same final value as the initial
one.
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Chapter 6

Summary and Outlook

6.1 Summary

In this thesis, we have reviewed and extended the model for spinning extended
objects introduced in [1], which is derived using the coset construction [36, 86], a
very powerful method that allows us to construct an effective theory from the sym-
metry breaking pattern as the only input. In this approach, a spinning extended ob-
ject whose ground state breaks space-time symmetries, is coupled to a gravitational
theory formulated as a gauge theory with local Poincaré symmetry and translations
being non-linearly realized. We have included the internal structure [29, 30, 46] and
electromagnetic charge [30, 63], such that we describe charged spinning extended
objects, the most general extended object allowed in a theory of gravity such as gen-
eral relativity with electrodynamics.

We have derived the covariant building blocks of the effective theory, to build
up invariant operators and form an action. We built the underlying theory and
matched the coefficients to the full known theory, to obtain the Einstein-Maxwell
action in the vierbein formalism. Then, by recognizing the symmetry breaking pat-
tern of a charged spinning extended object, we have built the leading order invariant
operators that are allowed by the symmetries, to describe it as a worldline point par-
ticle with its properties and internal structure encoded in higher order corrections
in the action. Such corrections take into account for the basic necessary ingredients
to completely describe an extended object in the developed EFT. By matching the
coefficients of the effective action from the literature, we have described charged
spinning compact objects, such as BHs and NSs.

Although this effective theory for spinning extended objects [1] by construction
is a low energy description of the dynamics, we have shown that spinning compact
objects, which are described classically, fit into the description of "slowly" spinning.
We have shown the equivalence of our effective theory to the ones currently used
to obtain state of the art perturbative results of the binary dynamics [43, 41], with
the advantage that the covariant building blocks to construct the tower of invari-
ant operators to all orders have been derived. Therefore, our work complements
the aforementioned theories for spinning extended objects, and lays on the founda-
tions for a full description of the possible compact objects that can exists, including
modified theories of gravity.

The most direct application of the derived action is on the PN expansion. By
matching the coefficients from the currently used effective theories for extended ob-
jects [29, 30], which can be spinning [43, 41] and charged [63], our theory reproduces
the well known results. In fact, we have shown that the EFT for spinning extended
objects in [1], is equivalent to the one in [41], when considering higher order correc-
tions of the bosons, from which the spin-acceleration correction arises. Therefore,
our work serves as a bridge between the different effective theories, to provide a
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better understanding of the description of compact objects. Nonetheless, this equiv-
alence is only for a special case of the theory developed from the coset, and the
vierbein formalism can be exploited for a deeper understanding of the problem.

Moreover, the development of the EFT allowed us to obtain new results on the
dynamics of charged spinning compact objects as NSs. Particularly on the conserva-
tive and non-conservative polarization effects, due to the presence of an electromag-
netic field and spin. These results are essential to probe whether or not charged BHs
can exists in nature, and to describe appropriately NSs, or any other extended object
that could possibly exists in nature within the current known laws of physics. Given
that from the coset construction one derives the basic covariant building blocks, it
gives the possibility to construct the tower of higher order invariant operators to all
orders. Therefore, this works sets the basis to obtain the state of the art PN results
for charged spinning compact objects.

On the numerical side, in this work we have implemented the numerical evolu-
tion of the late inspiral of compact objects within the EFT framework using a high
accuracy 4th order Hermite integrator for point particle simulations. We have suc-
cessfully included in the dynamics, leading order spin corrections due to gravity,
dynamical tidal and dissipative effects, and the 2.5 PN correction due to GW radi-
ation. We have tested our implementation with analytical results, and matched the
coefficients of the effective theory at each time step from the numerical simulations
as an internal test. We have extracted the leading order gravitational waveform as
a function of the orbital frequency of the binary, and showed the role of the coeffi-
cients of the theory by studying the overall phase evolution of the waveform due to
the different effects.

Although our current implementation is inaccurate for reproducing high order
PN waveforms, what can be learned from our numerical experiments is the order at
which the effects of the stellar structure arise in the gravitational waveform. For in-
stance, we have found that in the BH-NS case, the coefficients due to static tides can
be measured if LIGO-Virgo observatories, and future detectors, are sensitive enough
to measure a shift in the waveform of, ∆φ ≃ O(10−1) radians, which will allow us
to constrain between different Love coefficients. Furthermore, the stellar structure
of spinning NS plays a role on shifting the waveform at order, ∆φ ≃ O(1) radians,
which suggest that the spin-size effects, with coefficient nΩ, can be the leading order
effect due to the stellar structure, depending on the value of the spin. On the other
hand, to detect dynamical tides (quasi-static) and better constrain the EOS of matter
in the NS-BH case, it is necessary to measure, ∆φ ≃ O(10−3) radians, same as for
dissipative effects due to the GW absorption of the BH.

In the case of the NS-NS binary, the wave shift due to tidal effects is enhanced,
with the static tidal effects generating a shift on the wave of, ∆φ ≃ O(1) radians,
while the dynamical tides, ∆φ ≃ O(10−1) radians, from the contribution of both
stars. Just as in the case of the BH-NS, the gravitational spin correction is leading
order, and could generate a wave shift of ∆φ ≃ O(10) radians. Nevertheless, the
dynamics of nonaligned spins with different magnitudes may complicate this task,
as well as binaries with members described by different equations of state. Finally,
from the BBH simulations including dissipation, we have shown that their effects
generate a shift in the waveform at order, ∆φ ≃ O(10−3) radians.

Thus, we conclude that the first coefficient to match, given the order at which
it contributes and which requires the least sensitivity, is the coefficient, nΩ, from
the spin-size effects of spinning NSs, both in BH-NS and NS-NS binaries. Then the
static tidal coefficient in BH-NS binaries, and the dynamical tides coefficient in NS-
NS binaries. Finally dynamical tides in BH-NS interactions, and dissipative effects
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in both BH-NS and BBH, which play a role roughly at the same order, and which
requires the most sensitivity for the observatories to measure. We argue that the
sensitivity required for the LIGO-Virgo and future GWs observatories to constrain
the stellar structure of the compact objects with high precision, needs to measure
wave shifts with an accuracy of at least, ∆φ ≃ O(10−4) radians.

6.2 Outlook

This master’s thesis is an exploration for extracting accurate GWs within the
EFT framework for a wide class of astrophysical objects, in the region in which the
dynamics can be described by the post-Newtonian expansion. In this sense, this
framework can allows us to create a rich template bank of waveforms for different
classes of systems, such as the ones described in this work, and many others that
can be detected by ground and space based GW detectors. There is plenty of room
for improvement on our implementation and gravitational wave extraction, and this
will be pursued in future work.

On the development of the EFT for compact objects, the special case that we
considered here to obtain the PN expansion, was only to show the predictability of
the theory. Nonetheless, at the time this work is being finally submitted, we have
further developed the EFT to introduce a new methodology that does nos introduce
new additional degrees of freedom, like conjugate variables, and which is based
solely on the construction used in this work. We are currently obtaining state of the
art post-Newtonian and post-Minkowskian results, showing their connection, and
performing an exploration to use the developed EFT in the Effective One Body as an
input.
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