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Figure 9: Hypothetical caplet market data 

in the Libor Market Model is usiug the caplet impliod volatilities that are 

quoted in the market. We will see how this is done in Sedion 5.4. Foc 

nOW let us focus on what information ifi aclua.lly provided by the market and 

determine a parsiffiOlliou:s ~pocification for the volat ilit y of Our forward rates 

that might capture the essence of the volatilities of the forward rates. Figure 

9 show some hypothclica.\ caplet data that j,; available in the market. 

We are given thrHl caplets catiet; with expiries 7;-1> i = 2".4, each 

with their own und~.rlying forward rate L; with implied Black76 volatility U;. 

There i>; nO initial caplet C<lpl~tl because by definition it is a caplet On the 

forward rate L) which ~ the (forward) rate from time To to time T j , which 

w known at To. Now the BIac.k76 volatilit.y rr, is just. the "average squared 

volatility over time" of t he underlying forward rate L;, i.e. 

The simplest specification might set ~(u) to the constant rr;, but this 

leads to an instantaneou:s volatility specification that u; not time-homogeneous 
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r59]. This means that at oome snapshot of the future, our model will describe 

forward rate volatiliti<'6 differently than today. \Ve havc no reason to expect 

a forward rate today with onc week to expiry to have significantly different 

behaviour to a. forward rate in a year's time with ooe week to cxpiry. A 

time-homogef>COllS model will ensure that behaviour model.led today is the 

!lame <IS behaviour modelled in the future. Another problem with the con­

stant specification is that it doee not take into account the humped shape of 

the term ~tructure of instantanoous volatility that is visible in the market: 

for long-dated caplets, a largc portion of the total volatility of caplets SCCll1Il 

to be derived in the period from six-months to two-yearn of its inception [57]. 

One method of ensuring that OUf specification is time-homogeneou~ is to 

paramctrise it wHy on the remaining timc to expiry of the caplet, i.e. 

<7,(t) = f(T'_l - t) 

where T' _l is the expiry of the caplet, t is the point where we arc measuring 

the instantaneous volatility of the uncierl)ing forward rate and f is some 

function. 

Mter analysing numerous Bets of market data., [57] suggests the spocifi.. 

cation of 
( I ~j 

which he argues iA A,utable becauoo 

• it is time-homogeneous; 

• it ha.. a flexible form able to reproduce humped Or monotonically de­

crea..ing instantaneous volatilitieA that perv<><le the market; 

• its parameters have relatively tra..t~"parent economic interpretation; and 

• it ha.., an cf!icient analytical representation ofthe square integral I 0",( uJ<:r J (u )du, 

whid is required during calibration and evaluation of the OOIlfll"iances 

during simulation 

An example of the term Atructure of volatilities produced by (19) is shown 

in Figu.re 10. r59] provide; lucid descriptions of the characteristic shape of 
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Figure 10; An example of the term structure of volatilities. Notice the 
chara.cteristic "hump· around the one- to two-yeM period. 

the market insta.utane<lIlS VlJiatilit,je; and of the eronomic interpretation of 

the specification pararneten;. 

The determination of the four pammetere a, b, c, d are covered in Section 

5.4. For completen~ (and fOT practicality's sake), r include not the mathe­

matical representation of the square-integra.l of (19), but father the C# oode 

for it in Section 10.1. The code Wall translated from the c+-I- code available 

at [431-
Although (19) provide,; (\ time-homogellOu.~ description of the volat.ilit.y of 

the market, it is not likely to exactly fit all the market d&ta simultaneously. 

Vllhen pricing certain derivat.ives, especially products similar to caplets (e.g. 

barrier caplets), it is important that the model Cllrrectly calculates the cur­

rent mlUket price of the caplets used for calibration. [591 suggests adding a 

touch of inhomogeneity to the specificat.ion by writing it in the form 

O",(t) = K, ([<1 + b (Ti-l - I}I e-cln->-'l + d) 

where K; is a scaling Clln.~tant that ll..lloWlJ Cllmplete calibration to the market 
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data. Generally speaking, if (19) provides a reasonable fit to the market data 

these K , should be very close to unity. and thus the level of time-inhomogeity 

introduced is minima.!. The addition of this constant does not substantially 

alter the complexity of the square-integral: it merely introduces the factor 

K,K; in front of the integral. 

5.3 Correlatiun specification 

Having specifioo the instanttl.lloous voh .. tilities of the forward rate... in our 

model we are half way to completely describing their dynamics. What re­

main. is the specification of the correlation, and tbus covariance, bet",-een 

the various forward rates. The covariance between tbe forward rates ap­

pears in the deterministic drift adjustmenta that each rate enjoys under the 

terminal measure, and has a particularly large impact of correlation oousitive 

instmment~ ~uch a.. long-dated Bermuda.n ",,·aptlons [59[. 

We are faced with two problems when 8p<lCifying our forward rate corre­

lation matrix: 

• CarreiatloM are not directly visible in the market. They have eitber 

to he approximately deri,·ed from swaptlon prices (cowrod in Section 

5.5), estimatoo by a.n experienced market participant or calculated from 

m..torical data. [l[ de..cribes how ca.libration to historical data leads to 

calibration that is not at all t.ime-homogenous and is rather unstable 

over time . 

• Reing able to specify a large IlIUllber of correlation coefficienta may yield 

an over-calibrated model that may not model tbe future very well. 

Correlations betw"en forward rate.. ca.n become quickly unmanageable: 

given n forward rates, tbere are nlyl! distinct correlation coefficients be­

tween them. For example, a long dated Bermudan swaption spanning 2(l 

years witb six-monthly cMhflows spans 40 forward rates and 780 oorrelatiOll 

coefficienl..'i! Rather th>Ul calibmtc """" individual correlation coefficient, we 

therefore seek a parsimonious specification for the forward rate correlations 

that adequately describes what scant information ~~ available in the market. 
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Such specifications are the topic of active reooarch [II], [8], [14], [15], [43], 

[~91. The model we ~h(){l'le ie 000 dl'BCribed in [59]. It has the fo:rm: 

(2<)) 

where r> ie a long term minimum correlation bet,,'IlIID. two forward rat"" and 

/'1 describes the sensitivity of the correlation between two forward rate" to the 

difference between their expiries. [32[ recommends the parsmeters r> - (:J _ 

0.1 as being reflective oHhe UK market. Under this model two forward rates 

with near~ expiries (e.g. I-year and 2-year) will have a. hi~ correlation, 

while two forward rale:; with grea~ly different expiries (e_g. I-year and 10· 

year) will have a low correlation. ThiB seems in keeping with the market 

[59[. Some author:; argue that the correlation between the 1· and 2-yeru­

forward rat"" should be lower than that of the 19--- and 2O---yea.r forw=:! mtm 

[8] because market participants have more strongly conflicting views about 

the short end of the yield curve than the long end, but [31] and [59] defend it. 

An example of the correlation matrix produced by (20) i" "hown in Figure 

11, where the floor axe.. are the expirie.. of ea.ch of the underlying forward 

rates and the vertical axis is the correlation bctween them. 

We ha.ve chooen this correlation ~pedfication because of it" concise fonnu­

lation and becalllle its financial irnpli=tioIlll can be readily explained. The 

downside of oor choice is that this specification leads to a multi-factor Libor 

Market Model that has as many faewe:; as there are forward rates. Section 

5.6 describes why this mi~t be lmreasonable and show.; haw we can :reduce 

thb nWllber of faewrs. Alternative specifications are presented in [8], [14[ 

and [59] where correlation matrices are prociUCffl that implicitly have a small 

number of facwr:;, but they lose the intuitive relation of their spocificalioll:< 

to financial reality. 

5.4 C alibration to capkts 

We begin the ealibmtioo of OOr Libor 1-farket Model to the market by en­

"uring that it correctly prices a set of caplets available in the market. We 

"hawed in Section 3.4.1 how the market arrives at the Ble.ck76 implied volatil" 
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Figure 11: An example of the parametrisatioo of the correlation between 
forward rates. The floor ax"'l represent the year of expiry of the forward 
rates and the vertical axis their correlation. 

ity fur a caplet. IdcaJ.\y "" would like to find in the markd a sd of capkts 

that span the time period~ over which we wish to price more complex deriv­

atiVffl using our modeL One generally will not go to the market to find the 

market prices for the various caplets as these prices are likely to be biased 

(the Rpread and skews that the trooers add to customer facing priCffi) or stale 

(if they are illiquid and seldom trnded). Generally speaking, these implied 

market volatilities will be provided in-house by the interffit rate traders [101, 

prohably stripped from their cap prices combined with personal adjustments 

applied to cap ,'Olatilities. [91 des<:ribes how to perfonn this stripping. 

Having collected the implied (BIack76) volatilities (7; for 11' spanning 

caplets expiring at T;_l and paying out at T;, our task is simply to lind 

the combination of parameters a, b, c, d of Equation (19) that minimises the 

objective fuoction 
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The loc~tion of the optim~l parameters requires an iterati"" global. opti­

misation method, 5everal of which are described in [54J. We USC the Nelder­

Mead global search algorithm that is descrilx'<1 in Section 6.3. 

Once we have discovered the optimal set of parameters a, b, c, d we Mve 

calibrated the continuous specification for the instantall<.,()us volatility ~uch 

"" T,_ , 

if;T,_l"" J rr;:,,;a.b.r.d)dl1 

" 
Note that it is unlikely that we will have exact parrundril<atiollB for the 

markd; volatilities SO we define K , such that 

I.e. 

7;_, 

if;:I'_1 - K; J O"~ (u; a, b, c, d) dll 

" 

K;= 
7;, 

IO"r(ll;a,b,G,d) dll 

" 

(21) 

Section 7.J shows the results of our calibrating to caplets usffig this tech-

mque. 

5.5 Calibrat ion to caplet s and swaptions 

The previous section showed how to caihrate the lillor Market Model t.o the 

implied volatilities of caplets in the market. That calihmtion ensures that 

Our model correctly prices the c~plet.s. This should then enSUre that the 

prices of more complex dcrivati"", are realistic - especially those that have 

very similar characteristics to caplets. Unfortunately there are many impor­

tam interest rate derivative products that rely on not only the instantaneous 

volatility of the tmdedying forward ratCil but also (and generally more im­

portantly) on the correlations betwrnn them. The instrument of this form 

that haa r«;eived the Il}06t attention is the Bermudan s1Ilaption [2], [36] and 
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[::M. 
One might expoct that the various swap market mooeh; (in cOIItraat to 

the Libor .Market Mood) might be bett.er suited to modelling derivatives 

that exhibit features that are more similar to swaptions thart to forward rate 

derivatives, but [59[ argll"'" that the Libor Market Model is a better modelling 

framework for reasons of simplicity, understandability and efficiency. In 

addition, being able to calibrate the Libor Market Mooel simultaneously 

to caplets and swaptions allows us W automatically price derivath"'" that 

employ features from both markets. 

As WB.'l seen in Section 5.3, our specifica.tion of the cOlTe)ation between the 

forward rates was simply a time-homogenous specification that was monoton­

ically decreasing on the absolute difference between forward rate expiries. 

Other than the broad ma.rket calibration of the parameters 0 and ,8, no at­

tempt was made to capture any IIlOre information that might be available in 

the market. This section motivates an approach that ensures that at leaat 

the ma.rket price of swaptions is OOIToctly determined by our Libor Market 

Model because a large Dlnnber of derivative prooucts behave quite similarly 

to these swaptiol1'l. We showed in Section 3.4.2 hov.' the market arrives at 

the Black76 implied volatility for a swaptkm, 

Now any attempt to jointly calibrate to the market prices of caplets aud 

swaptions a$umes that their prices are mutually consistent. Both [401 and 

[571 describe where this assumption is sometimes violated. Generally speak­

ing, swaptions are priced higher than they should be ~,JSe the market 

requirement for them is very one-sided (everyone is buying), SO we rely heav­

ily on the information provided by the market caplet prices and adjust only 

slightly to the infonnatioo provided by the market swaption priC<':!;. 

We combine the methodologies presented in [33[, [35[, [581 and [321. 

From (3) we have the swap rate 

N 

SR; L wi,jLj 
~, 

N 

= dSR L (dw',;L; + w;JdL; + dW;JdL j ) 
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[59] )';i"'l> the compelling a.rgument. t,h at 11},~ remairu; pretty mudl CUII"taut 

fur first-ortl"r (roughly parallel shift,; 1 and seruud-order (more cumpiex "hape 

changF<) ~hang"s 1.0 the yield curve aHd that I.h""" chang",; a.re most pr~yal~n( 

ill practice. If w" make I.h" II.ssump(ioll tlwt, Wi,; is CUI!1;tu.llt th(~l tlle <ilL';,; 

("rms fall away, lcuvill!( 
s 

<iSR, = L w'J·,lL j 

J._, 

So we know w~ can writ" our swap rata; in (erms uf our forward ;at,e". 

:"/ow a lundam~nl.al AASumption uf the Libor Market :\!udel i" that tIle for­

ward ra(es havc iUI';Hurmai dyu.amics. 130. and r56. show that i[ we IIMllme 

luguormal dynamics lor t,h" forward rata; then th" dynamic" of th" swap 

m(F< Cfl.l1 fI{)( be lo!(normal, Ill"ked Hut ouly are the ~wap rate dyuillHK~ uut 

jugmrIIwl, IJllt their drift a,nd ,'olat,ilil.y tBTms ar~ stochastic 1561. To pro­

CBf'(l with our ~ . .Jihrat,ion 1-0 """'ptio!:>; we IIwke the "implifyiIlg a<>;umptiun 

that, the swap rate.; have loguunnal dYIHlmk.,.. r34j and more recelltly :351 

describe how "-"cumte this assumption i8 in pracl.ic~. 

If we MSUm" (hc forward rates amI swap rates havc IU!(llOnnal dynamics, 

then ,,~, Gl.ll attcmpt to write the "wap raW ,,)I~.tilities in terms of tIl<' l<)[ward 

rate wi"tilitie:>. Focussing only on 1.11<' vola(ility 1.""TlS we ~an wri(" (h" 

dynami(';:J for In S IIi UUdff tIle termillal lllCill<ur" 2>,:,,: 

dS11.-, ,,;'R S R, dWT,,· +( "lSR,dt 
dSR, 

".SJld\~·'~· T( . ) ill 
SRi 

, 

dln8R, "SRdwT", , T( " ) dt 

\Ve call write the e<:Juiv>Jlent expres;ion [or the dyntlmil.'; uf luSR; III 
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dh,SR, -

where 

and 

.f!--. iJ In S R 
L ~l dlnL;-C"jd[ 
,_;vnL, 

2::N iJln8Rdl " ,~, 
iJlnL, ' ,-, 

L Z,dl" {.; 

{., aSH; 
-----
8R aL, 
I~; 

- :sJi; x w;~ 

Wi,; = .;!""F_("T",£)_ 
L 6"P(T,,) 
.>- ; 

(22) 

(2:)) 

\Ve ,,:ish 10 determi"e the ]"€lationship between the oovariance matricL'S 

of sw«p rates and the Libor forward mks, w 

E [dIn Sfl;dln SR;i E [t Zi,,,dlnL,,, t Z,,,dln LoJ m_. O_ J 

E [t t Zimdh, [,,,,Iln LnZ~;J 
m_, n_, 

where CSR fUld CL a]"€ the ~O\"riance matriclli for the ""~P mte! >tIld I.he 

lAbor forward rfl.],es, respectively, 

If we ~Ollsider (22) we fjee ],hal Zi.i is upper triangular: Z'j = 0 for j < ;. 
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(since the "wap rate docs not depend on the forward rates before its initial 

cashHmv) and Z'1 '" I} for i _ j (Ilince the "wap rate is ccrtainiy dependent 

OIl the forward rate of it.~ J"ffiet date). Thus Z is invertible and we C!ill move 

frePly bet"'''l1l the two covariance matriCffi U"ing 

c'" 
C' 

ZCLZ' 

Z-IC5R (Z,) - 1 

(~") 

(Z;j) 

=--ote that the spocific"tiOil of Z by (22) is a continuous time specification. 

More interestingly, it i" "tochastic because it contains L;. This lIle!UlB that 

the covarii\llce matrix for our swap rate8 i" "L'D "tochastic. To avoid the 

theoreticai complexity of Atochaatic mVll.riances and the computational com­

plexity of calculating Z at each timestep we make the further "pproximation 
of using the T _ I} va.ioo of Z throughout the evolution of our forward rates 

and swap rat"". [351 giVllS evidence that this approximatiOil is reasonable 

and d ... cribe:s its (o=ional) shortcoming". ThUil we UAe 

\Ve are now in a po1lition to c,alibral.e to the market swaption prices. If 

rrj is the =kL"t implied volatility ofswaptioll j, then it "hould be equal to 

II is unlikely that the market vol"tility rr; match"" our modPl volatility 

17;, "" we ""t 

A - [~ 
" 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Our swaption calibrated Lioor covariance matrix (:'- is then 

Althoogh this method works well for most yield curves, both [32] and [33] 

suggest improvcment'l in the approximatiOil of the W;j for very stoop yield 

Curve!J. (>.'ote that this metl>od of calibration to ~waption volatilit.ies makes 

no mentiOil of the cm=iancc between the swap rates. The correlations 

between t.he swap rates and the forward rate" a<e determined only by the 

oorrelatiOll..'l between the forward rate.<, with a little infiuence creeping in from 

the calibrate<::! "waption vobtilities. [32] notes that this i:s not completely 

unnatural: coterminal swap prim oovaria.nC>Jfl are not. oomething that are 

rp-adily visible in the madret. 

'Ibc method of calibrating to "waptiOil volatilities 1100<1 in thiil di_rtation 

is by no means the only approoch ooverocl in the literature: [14], [15] a.nd [59J 

present other approoches that they fccl h",,,, more compelling jl18tification. 

5.6 Factor reduction 

As wMi explained in Sections 4.2 and 5.3, we have implemented a multi-factor 

Libm Market Model. That meanS that our forward rates react in different 

ways to several80uroes of noise through their sensitivity (expressed via their 

volatilities oAt)) to earn diIIlCllsion of the Brownian motion dWT, (t). [32] 

,mows how several factor" are indeed nece.'l6ary to adequately capture the re­

lationship betwoou the varioll!; forward rates and oorrectly price derivatives 

such 8.. Bcrnmda.n swaption.~ that are highly dependent on the correlation 

structure bctWlJCll the forward rates. That said, the model we have imple­

mented so far has as many factors as there are forward rates and [32]not.es 

that there is nO noticeable improvement to pricing using more than three or 

fOllr factOl"!J. We really are perlorming llnneceeMrY work and this can slaw 

dawn computatioo aimo.;t linearly in the number of f&tors because we have 

to generate a random number £01" each of the f",,1;ors and u\Xlate the forward 

rates according to their sensitivities to each factor. 
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ThiR Aaction describes a method of reducing the number of facton; rep­

resented by our correlation matrix by picking out the "most important fea.­

tun"," of the correlation specification. There are many approaches in the 

literature to deciding exa<:tly what we mean by the "mORt important fea­

tur<JS" [21], [32] and [59]. We implement the method in [32] that builds a 

correlation matrix by retaining only the eigmvectors corresponding to the 

hugest eigenvalues of the original correlation matrix. 

Aoourne that we have a correlation matrix C of the form described in 

Section 5.3. We find the II' eigenvalues A; and corresponding eigenvectors ~i 

of matrix C: our correlation matrices are real and "ymmetric and .'Q can be 

quickly reduced to HOUilE'holder form and the eigf'nAYRtem efficiently sol""'" 

uRing thf' QL algorithm [511. The matrix R with N columns ,f\j", is a 

pseudo-square root of C. Let R'M) be the matrix whose first M oolunms 

are the Me; corrf'_gponding to the largest (in abRolute value) eigenvalues 

Ai and remaining N - M 001= set to zero. Then R'M) is the M-factor 
po;eudo-square root of C, and ('1M) = R'M) (R'M))T is a matrix with only 

M factorR. ~ote that tiM) will not be a correlation matrix becau.'l<J the 

diagonal elements are not likely to be unity. It will, however, be symmetric 

and SO we can turn it into the correlation matrix ct.M ) by setting 

ct.M ) iA then the .iI-factor correlation ma!.riJ< we URl'l in our Monte Carlo 

RimulatiOlls exactly AA we wonld have uAe<i C before. We ",ill see the effect 

that factor reduction has on option prices in Section 7.4. 
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6 Technical details 

6.1 I\1onte Carlo integratioll 

IdmHy, we would like to he ahle t.o oolve rhe forward ral.e dynamics (13) 

analyrically 30 lhal, we might have" dCl.'lli roml ",lution Lilt) at any time 

t E [0, T,,]. UIl!orlunat"ly (13) i" far too cOlnplL'X tn !,olve analyticfllly, and 

the problem ba:omes worse when we wish to cakllia(~ I,he expedoo value o[ 

d~rkl.t.ive8 with optiOllality, "" we then need al"" to kno\v the di"tribution of 

the Lj(t). 

To tlns elld we have to tum to llumeriealmetholli; to calculate our deriv­

ative prices, These Ilumerieal methods indude the v\\J:ious tree techlliques, 

finit.., difference PDF. methods and l\lonl.~ Carin l.ochnifJu~ [66]. The I.r"" 

I.echniqlle;; MId final.' differ<.'U('~ PDE me\hcxL~ work well [or pWblems wit.h 

low dimcnsionality, but oncc thc n-,llnber of dimen,ious become" too l"rg;e 

I.heir comp1ll.al.ion rime becomeB lmr<'"snnabl~ - th~ so-called cllrse of dimcn­

sionaJi(y :66:, The methcxl of c-noke [01 solving prohlems '" ith complicat,ffl 

dynamic'! and high-dimensionalil,y iI< the l\10nte Carlo tf'Chnique -18]_ 
Let, us examine I.h~ mal.hematie>; of rll<' \fonte Carlo teclmifJne. ,Ne 

shonld like to examine hnw our \fonte Carlo approximation" ('Ollverge to the 

aCI,llal solution. The mathematics il coverl'<i in more derail in [29]. 
\Ve u"'-' Monte Carlo ,inmlatioll" in fintillcc to calculate the exv<-'<.;btion 

or \'><rious deri,.,\I.ive payolTs .f('"), under generally complex di"tribntion" of 

ullderlying procL"~s ·~'}(;d. Over oome domaiu D 

TIle !>',lollte Carlo IIppr<Jxim"tiou to the abo\'e expectation L, "imply 

1 ". 
1\ - .'1' L f(x;) wll<'re '''; ~ 'Nx) 

- , 
If the "'-"(jwllee of random W\riRl.eB j(,",) has mean 

6R 

, 
11 <l,lld varia",ce cr • 
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then the Cenl,ml Limit. Theorem [291 tells us that 

Although we do not. know the variance of /[x;) we can combine the Gm­

tral Limit Theorem and the Gmtinuous Mapping Thoorem [291 to use the 

vari"""" of our r..lontc Carlo simulation"", an "",timate for ,,2, 

\Ve define the standard error 'N 1>S 

Not,e that the standard error does not provide a guaranteed range inside 

whirh the true answer lies; it is a m.ati~tical me1>Sure. TIlls meaIls that there 

is a eh"""" that the simulation answer lies outRide the rilnge of the st.and",.d 

error. \Ve UBe the standard error t.o help determine whell to stop the simula­

tion and !lOme give (lOme indication of the error of the msult. But it is up to 

t.he user of the model to decide on t.he convergence of the Rimulation, gener­

ally by inspocting the "average-1'!O-far" 1>S the simulation progresses. Figure 

12 sho"'" an e=p!e of the convergence of the Monte Carlo simulation. 1\0-

tice h"",- the prioe ~tartR off erratically but after several thousand iterations 

colWCrgct; to",.,.rds a EkJlutiOil. Also note the inverse squam-root behaviour 

of the standard error: it becomes increasingly difficult to further reduce the 

stand",.d error as the number of iterations increases. 

There exiRt~ a vast literature on the wrious techniques that can be applied 

to incr"""e the convergence speed of the Monte Carlo method. [7] COver>! 

these in some detaiL We will make explicit use ollly of antithetic variables 

in Soction 6.2.3 and implicit \l.<Je of moment. mat.clling 'with Sobol """,uen""" 

in s...:,tion 6.2.2. Gmtrol variates are a ro\verful med:tanism for reducing 

simulation variance but arc generally spr."Cific to the product being pricoo, 
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i 

Figure 12: An example of a Mrmte Carlo "iumiation. Notice that the price 
converges towto.rds a oolution as the standard error drops with the inver!Je 
OCjuare-rr>Ot of the lllunber of iteratioll8. 

and !J) are nr>t covered in this dissertation. 

0.2 HandOIH nLllllben; 

This section describes the v""ic>o~~ mechani'illlll we have at r>Hr dispooal for gen­

erating the "random" nnmbern for the Brownian factors ill Our MOIlle Cado 

simul",tirms. Excluding custolIl-built hardwaxe for generat.ing tntly random 

numbers, there is no slIch thing as a computer-generated mndoIIl number: 

the eomput.er has In fnlln", an algorithm to geuemte these sequences, and any 

algorithm is detenninistic and can be repeated. We cover the generation "f 
two hroad categories of rilnci0Ul numbers: pseudo- and qua.si-random. The 

ronner attempts to mimic tnlly random nwnbers by using interesting prop­

ertie< of mathematical coostruct" and is presented ill Section 6.2.l: the latter 

attempts to cOver a domain a. COIIlpreheIlBiveiy "". l'O'lBihle while maintain­

ing the same dist.ribut.ion 11-" II random number and is presented in Seclir)Jl 

6.2.2. Section6.2.:l then explain" h='11 ptJeudcrrandom ."",>TC€ can he made 
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to better cover a domrun through the use 0{ antithetic variables. Finally, 

Section 6.2.4 discusses how lWiformly distributoo numbef!l are cooverted to 

numbef!l from the Gsn""iflll dist.ribution' l,ve need Gll.ussian dral'>'" to simulate 

Brownian motion. 

6.2.1 P seudo-random numbers 

Pseudo-random numbef!l file produced by detemlinistk algorithms to form 

sequence.; that attempt to imitate the distribution of truly random numbers. 

As was said before, there is no such t.hing as a computer-generated truly 

random number. Instead the inventors of the random number generatof!l 

rely on the ingenious manipulation of mathematical properties of numbers to 

extract numbers that awear random. Alt.hough ,!lOOt computer languages 

come with libraries for generll.t.ing unifonnly distributed pseudo-random num­

bers, both [7) and [54] give compelling reasol1'l for why we should implement 

a robust pseudo-random number source for Monte Carlo simulation. The 

moot compelling is probably that some platfOffil provide random number 

generators that are hardly acceptable at all: they may prodll("~ numbers 

that. are not lUliformly distributed; sequences that repeat after ouly !leV­

eral I,housand drll.ws; or oequence.; that exhibit IUldcsirable pattenL'< iu high 

dime:Illlions. Auother useful reason is that if the pseudo-random number 

generator is specified, we can be sure that we will generate ex&etly the same 

ooquence of numbers across two Monte Carlo runs if we wish to. This can be 

helpful for debugging and calculating prices and the Greek!< in a distributed 

computing environment, where multiple comput~rs might need to uoe the 

same set of random number •. 

Wu implement the Mersenne Twister algorithm as presuntod iu [41). [29] 

describes it (II; being the best Il.vailable, both in terms of speed and in terms of 

satisfying the properties we would like from a Monte Carlo random number 

!!Ouroc. The code fur the algorithm is preseuted in Sectiou 10.4. 
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6.2.2 Quasi-raIldonI munbors 

Although the Merscnno Twister random numbers discussed in the previ­

ous section provide a reliable source of uniformly dist.ributed pseudo-random 

numbers, it has been fcllwd that for Monte Carlo integration t.echniqOO!l, bet­

ter r!'SuIt<; are achieved using uniformly distributed qllillli-random numbers 

that bet ter rovpr the region of integration [7]. 1''''-0 of t.be most est.ablished 

sources of thc:sc quasi-random numbers arc the Nicdcrreiter [47] and Sobol 

]61] sequences. [29] argues t.hat the Sobol sequences are better than Niedpr­

miter sajuenCffl for high-dimensional problems as long as they have been 

wrrcctly initialised. ]49] also gives rocommcooatiollS of how the Brownian 

bridge should be uood with high-dimeusional Sobol sequeItCe!l to avoid any 

problems with the higher dimension seqnences becoming ooplanar. 

The next section describes the implemcntat irm of antithetk variables. 

By their nat.ure, Sobol sequences have a degree of implkit antithetics {and 

moment matclLinp; f(}f that matt.".} as long as you take care to run your Monte 

Cmlo simulation with a number of iterations that is a p0"'1Jr of 2. 

Note that if computation speed is important in pricing many diiferent 

derivatives in a portfolio, both the pseudo-random and quasi-random num­

bers cau be precakulated aud used again aud agaiu. 

6.2.3 Antithetics 

The variance of a Montc Carlo simulation can be ro::loced by produdng neg­

ative correlations bet.\\"OOn the numerous paths generated dllring the simula.­

tion. The simplest approa.ch to prooucing these negatively oorrelated paths 

is the met.hod of antithetic VllXiabJcs. It reliefl on the wt that if random 

variable U is uniformly distributed then so is U ... 1- U. This translates to 

Gaussian draws using the tedmique in section 6.2.4 that havc the same mag­

nitude but opposite signs, i.e. Z ;;;; F-' (U) = -F-'(U) == -2, where F-' is 

the inverse transform of the Gaussian distribution. This in tum tran"iat(l>! 

to antithetic sequences of random draws (Z" ... Z ... ) and (Z" .. , ZN) that. 

produce antithetic ~imula.tiOIlll of the Libor rate UBing equation 15. 

These antithetic simulatiorn of the Libor rate, Land i should he nega.-
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tively oorrelated: e.g. a large upswing in L will be associated with a large 

downswing in t. This negath'e oorrelation should be reflected in the pricing 

of the options V and V for that particular simulatiou instance. It should be 

noted that (i) the Libor discretisaLions have a very compllt'( drift term that 

depend on factOT8 other than the Libor rate and (ii) the option prices might 

d"pend non-linearly on the illStance of the simulated Libor rates . This might 

mean that the :resulting option prices are less negaLi"ely correlated than we 

would expect them to be. 

[18] elucidates when the use of antithctias is UlScful. Suppooc that it takes 

twice as long to produce the pair of option prices (V, V) as it o:iofJ; to price 

Valone. Then we cau produce half [IS lllany antithetic simulation pairs 118 

normal simulations in the same amount of time. So using antithetics reduces 

variance if 

Vo, Iv".1 < V ar [V~""[ 

= var[~~(V;;V;)~ < [1 " 1 Var 2n L V; .-, 
1 [ . . . 4~2Var [fv;] - -2Var 2:(V;+V;)j 

4n , ' J .-, .-, 
Vm [t(v;+v)l [ '. 1 = Far 8V;_ 

_ , J 

= vo, In vi < 2Var [v] (since there are 2n i.i.d variables) 

= Var[V[";' Var[V] + 2Covar[V V[ < 2Var [V] 

= 2Var[V] + 2Cm'ar[v, V[ < 2Var [V] (since F, V have the same distribution) 

~ Cm'a,.[v, V[ < 0 

Thus aH long as the covariance of our antithdic simulatiou" is negative, 

we will get a better reduction in variance using anLitheLic variables than by 

doubling the number of simulations. TIlis negative covariance might not 

always be extant, in which ca.'Ie Lhe use of antithetic variabIe. may actually 

inc""",," the variance of the simulation. 
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" .... ,,~.-.. -

Figure 13: Example, of the vari(}lJ.> random nnmher ,;ource".. From iLoft 
1.0 ri);h(; Sobol ~equence: ::vlersenne Twi"te'r; lmd ::VicNCIll!e Twis(er ",il.h 
•. n(il.hel.ic variahles. 

As m~ntion~d in the pre"ious 8I\Ction, Sobol 'lI'<]11enCe8 1111tomfl.ticlIlly in­

dude". the concept 01' antithetic variables, 

6.2.4 GallSl'lian draw" 

[WI di;;cus""" the care that ShOldd be I.aken when generating random llllmbers 

I'r(}ln the ::--'"onnal distribution 11sing nniform draws, especially when it comc'S 

to (he (ranslillion of poinl.s nell,1.' the exl.l.'en"", of (he disl-ributions_ We 

haw selcctlld !>.-Ioro's algorithm for transforming the "11niformly distributed" 

nllmbers be(ween 0 ann 1 (general.e;t ll.>in); I.he "·lel.'r;enne Twisl.er or ,·ill Sobol 

8eqll~nc",,) into Normfllly dis(rib11ted n11mbers fl., it is r~portlldly accurate t (} 

15 decimal ploces, even out in the tails of the distribution! I SllOltld like (0 

thank Dr. Gr"-"m~ \Vest for his c-'--+ ver8ion of t11~ \Ioro al)';orithm, whose 

C# (ransh\(ion is indndErl in &"li(}nlO,2. 

6.3 Global optimisation - Nelder-Mead a lgorithm 

Dnring the process of the calibrlltion of th~ Libor Marlret M(}dd to Cl\f'lcl 

Jnarkd I'ric,-,>, as d=ribed in S€<::l.ion ~A, "',., need U) detllrmine th~ parame>-
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ters a, b, c, d sum error 

2 

error = a, b, c, d) 

error is a 

is to a,b,c,d 

• 

reasons: 

• 

• 

up to 4 dinlen:siOIlS 

• 
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• it is 

is to 

1. 

3. 

'''I',,.,,,.n at 

sort 
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void Li, Matrix Pi, Vector 

trans­

case, we want 

Vector 
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,,"'.'UIJ'''' must 
to cashfloW's vector. 

now eXlmllLne a 

ment to 

use 

void 
{ 

cashfloW's ::: delta 
} 

is a sequence 

void 
{ 

for t = i; t <= j; 

{ 

on 

Li. Matrix Pi, Vector 

* Math. .0, Li 

Li. Matrix Pi, 

rates 

delta 

rates as 

tenor: 

it 

Vector 

Vector 
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cashflows ... delta 
} 

} 

void 

{ 

} 

int ... 0; 

for t ... i; t <= j; 

{ 

} 

if 

{ 

} 

if 

{ 

} 

- strike > 

<= 

cashflows ... delta 

* Math.Max .0, Li 

a sequence 

out: rest 

to V""'V.V~1 

Li, Matrix Pi, Vector Vector 

* Math. .0, Li 

to CniOm!e at 



Univ
ers

ity
 of

  C
ap

e T
ow

n

a KnOCIWllt 

real.CIl~es a sPE~citic .", .... "" .. 

UI1cler.LYUlg is momtc)red to 

uu-

we use 

void Li. Matrix Pi. 
{ 

bool = false; 

break; 
} 

} 

Define the if the barrier was not breached 

if ( ! 

{ 

cashflows = delta * Math. .0, Li 
} 

} 
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t:rw"Iu< ... rI rates 

now move onto a set 

&U..,L,LU.,O a rate terms 

swaptlon on a swap 

rates. 

at 

rates is 

to 

void 

{ 

Li, Matrix Pi, Vector Vector 

} 

int N ... delta.cols; 

Calculate the rate 

'" 0.0; double 

for 
{ 

} 

double 

for 
{ 

double 

} 

cashflows 

+= 

the time 

'" 0.0; 

w_numerator :::: 

+ .. 

k < Nj 

that the 

j < N; ) 

* Pi 

* Li 

'" Math. Max .0, 

,j] ; 
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if 1'1T",r""",'I" 

int,ereJ3t rate 

void 
{ 

int N == delta.cols; 

for 1 == 

{ 

cashflows == delta 
} 

} 

1 

Li, Matrix Pi, Vector delta, Vector 

1 < N; 

* Math. , Li ) ; 

'1'1'1".,"''''''''''''1" rate 
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Fig\ll'e 15; Calibratioll of morl~l vol,,";];,? to m",.k~1 data llRing "sr~ifi=ion 
of the time- homogell(J\L,g forlll (HI). 

Calibration \l.,ing L.il'" X~lrl"r- J\f"Nl. I.ak", " coupl~ of Sf'COIlrlS. Th., fir"1 figm~ 

ROO"'" heJ'''' well the tirnL~h()rn"!l:CllOllS >\.(;L'urnulak..:! vulatility paramctri8>l.tioll 

(oolid linc) of the form ill Equation (19) fit" the lllltrket data (circle.). The 

dashed lille shows the cortffiponrling in.""",,1 anOOllS volatility. To b<' pr...:;ise, 

t he solid line shows Vi + J~J' "'''(u)d" while the clashed lille "hows <r(1l 
The I'e><ultilw p",."met",." fol' F/jllll.!,;OIl (19) at": 

a = -O,0l9!}60735R1G1403 c = 0.959891548008344 

b = Q.:'\Q7959·1Hn6732 d = O.W36fH750097087 
Naturally the jJaIamdrisatioll does Hot fit the market data =adiy, C8-

I'ocially ill th" term Htructurc from yea"" 13 t o 16. Fil',urc 16 shows too 

rem 1tillg crui bral ion one .. "'A add oon"" [,imp.- inhomog"ll"i [,y flo'; prose,.i 00-1 by 

Eq\l>ttWll (21). ]'\utire that the ..:;,.Ung factor" j(; are very d'-""l to unity, as 

"''' "hon1d like. 
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-- """ 
l'igllfC Hi: Calibmt ioll of nmdel volatility In market da.t.a fLftllr (L(jrling tlw 
time-inhoIllugcnou;; fllCwrs (21). 

7.2 Sen .. 'iitivity of caplet calibration to initial condi­

tions 

w~ now r~"i~w how &eIlSit.i ve our calibration metlK.uology i8 to minor cha,nges 

in the underlying caplet. market dat.a. Idp-'l.l1y WP w(mld like small cbang"" 

in the market. u"ta to hm-e "' snmll efl'cd 011 our ~u.librat i[)Il p1J.lllllleters. If 
this is the C"'*', tlwn the hpha\~ollr "f tilf' pricffi fend Grooks gcnp.ratoo by 

our model "oould rellHlin fairly smooth t hroue\!J[)ut the !Jed!,:ir,..; lifetime [)f 

t.he rleriva.t.iv'lS we l!!e modelling. 

\\'c tcst t.hree S('~nari"" in which we would lih thp mndel to remain stable: 

1. There is all inClCl!8C in implied vobt ility across the boart\. T his is 

con"ist~nt. wit.h a significant Aconomic change (hat AJIeet." t.he t.rading of 

inlerest rale ueri""tives ","r= the entire term structure. \Ve simulale 

t.hi" hy incre""ing fill mlJ.tk~1 \olalili tieR h} 1 %_ 

2_ ThAT<' i:l an increa.'J!l in implied volatility over", p",rticH]",r p<'riod nf 

time_ This mighl hlLppen if ll. significun( event is known (0 be h",ppen-
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Original -?~~95607 0.307959 0.959892 0.10358,5 

Bumped up -0.0175795 0.302518 0.953801 0.114031 
Bumped up (few) -0.0121908 0.325393 0,951600 0.100538 
Blllllpcd random -0.0195607 0.307959 0.959892 0.103685 

Table 2: Parameters of the cOIltinuoUll time spcdlkation after va.rious changes 
to the caplet market data, 

iug at It certain time, but the consequenccs of the event Me not known. 

We simulate thill by increasing the market volatilit.iffl of the periods 

from 2 to 5 yean; by 1%. 

3. There arc random challgffl in implied vDlatility. This might be COIl­

sistent with the normal market ow", time: market fortC8 bump implied 

volatilities by "random" alIlounts (the sCH:alleci volatility-of-volatility). 

\Ve aim'llale this by dUlllging the market voiatilitieoJ up or down by IIp 

to 10"10 of theh current value. 

Figure 17 shows the resulting paramctcrn which arc listed in Table 2: 

Natke that the pararnctcn; do not vary wildly a<::roos <'sr-h "';f'nario. MOBt 

important iA the fact that the rMidom bumps of the mBlket data yield a set 

of parameters that is almost identical to the original set. 

Figure 18 shows the term "tl1lcillles of volatility generated by the va.rious 

",;enlU"i08. :"Ioticc the liue secoud-from-top, whith <;orreJponds to the 3 1.0 

5 yea.I bump in markcl volA: the model has done its best to ca,pture these 

bumps while makhing the remaining ydiues as clorely a.>l possible. The top 

line "haws the increase acrOSS the board of the market volatilities. The line 

corresponding to the random bumps up alid down is iudistiuguisha,ble from 

the original.. This is very en<:.ouragllg as it "hows that the p,.,.ametrisatiOll 

is rohust in the presence of oorrectiollS to the market data 

Occasionally (a,bout one out of ewry twenty nlll.), t.he :"leIder-Mead al­

gorithm docs not manage to find an optimal solution to th .. <;alibration. An 

example is shawn in Figure 19. It ill important therefore t o mMlually check 

the reBults of the <;Mibration routine to make sure that this .1m:; not happeued. 

87 
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Figure 17: Pw:amcters of the oontiIluOUS time 8peci1icatioll aI'kr various 
changes to the ntpld market data. 

Figure IS: Ib-m "tracture< or til<' calibra.ted market volat.ilities "fter vanUu" 
chang'" to t.he caplet market data. 
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Fi~ure 19: An ex""'p[~. of ""bpI"<'. too '\P.[rlpx-I, .. !p.oo ~lgorithm nOffi n()! find 
all optimum "",1ll,ion riming ",,1ibm.!.;oJl. 

If we require fI completely auloumtcd "}'Stem, we could rllll the Guibralioll 

routine several lim .... and 5elt'Cl the he8t milltir>!!_ 

7.3 Calibration to caplets and swaptions 

LIlt. us now "'-'" the cffed of calibmtill~ the Libor l>.Iarket :'Ilodd to caplct8 

find swaptir"," in thp, market usinp; the kdmiquc dcocribcd ill Si'j',lion ,~,,~_ 

Thp rl""ign of thp ~,.Jibr~tion "''luir",; that the ""ailability of cohp,,",mt eap[p,t 

a.ud cotermino.l swaptirm m~rket rI~u., somer,hing I w",s !"lOt "hIe to loct,"e: 

unfortunately [1111 wu.s missillp; ",II"es from yet"." 7-9! To this end I havc 

'"imnki.too" "w~ptirm "olMility m~rkp,t riM" by caieu[flting u8in~ Equalir)]l 

(24) the sw"ption volalilil} tlml is implied h)' lhe caplel prim< ,wd thCll 

bnmPf"llh~m down, ll.ivinll. swaption vain"" that harl simi1,,]· sh~p" 1.0 I,hooo 

in [59]' This might )'ieltl markel oonclitiorlS thaI are nol entirel} re,,Jislic. 

but it provides al I"'''""t a tlah,et of market d,l.ta a~aillsl which we ~~II test 

the ~aJ.ibratioll method. 

The first pair of xrie~ ill Figure 2() show the cClplet-implied and my 

89 
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Figure 20: Volatilities o[ the swaptions that are impliOO by the caplet prices 
and the "market" volatilities; and volatilities of the forward rates he[ore and 
after calibratioo to swaption volatilities. 

"bumped" s""'ption volatilitiffi. The graph .ho\,-,; the volatilities over only 

the first time period 0, (from 0 to 1 yearn); there is a similar set of volatili­

ties OVIlr uach time pcriod 0;0 ThcsG swaption volatilitius may seem strange 

at first: you might exped the !lame characteristic hump exhibited by the 

forward rate., hut the weight of each forward rate volatility in the weighted 

SUm of the swaption volatility is determined by the initial forward rate term 

stnlCture and Equation (23). In this case the very non-linear weighting 

mechanism has found that the later swaptKm volatilities are wry dependent 

on the early (and large) forward volatilities. 

The secoud pair of series ill Figure 20 slKM-,; the forward rate volatilitie. 

before and alter calibration to the """,ptions. Note that as the market im­

l'li~d 10000I ~wal'lion yvla(jJitie:. (han did our mouel, the calibration forces 

the forward volatilities lower. Figures 21 and 22 shCM' the diHereuce the cal­

ibration to swaptions has mooe On the corr<"iation matrix for the fir.t time 

period 5,. It has left the correlation structure predominantly untouched 

except in incre>l8ing the correlation bebveen the ",,rulwr (L2 and L3) and later 

00 
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Figure 21: Correlation of forwa:rd rate6 before calibration to ~waptions in tlw 
market" The floor axee repreoont the year of expiry of the fonvard mtee and 
the norticaJ "-'<is their correlation, 

(L4 thro,-,!-,:h L.) forw",rd ra.tes. Thi" i" shown nKlre dearly in l'il':ure 23, 

where the correlation matrix aft~r calihration to "wapti",," has heen "ul->­

tractffi from the init ial corrcill.t ion mat rL" 

7.4 Reduced factor nmtrices 

This cxperiment dctcnnlll"" t h~ dIed of fact(ll: rruncl-ion on t,he prilX'S of a. 

caplet and a "wapt,ion and on tlwir computation time In both "inmlation" 

tbe di"oonnt bond chooen as nunwraire is I,hat maturing in I,en ."·ea.rs, The 

cll.pld run~ from year 8 to year 9. The swa.ption expifL'S on year 2 Me! l""ts 

till year 10, The initial forwanj curno and \ulat ilit ics are Hot tlmt important 

for the r",ill!>; of this f',xpc:riment ,md are chosen arbitmrily: tbe yield curve 

is gen<ly de<:reasing from Y'lo out, 1.0 10 yearn while the voia<ilit-y cur"" is t he 

one calibrated in fJcction 7,l. 

Figures ~l and n "hO'w, resp<'C<i\'ely, tbe correla.l,ion ma.trix before and 

after calibra.tion to sw>tptions, Figure 23 "how" their difference. Figure 2·1 
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FigllT" 22: Corre],,(iCitl (If forward ratffi ,ute1' "a lil-l1',,(ion l·(I "WaptiOIl" in the 
maTket. The Boor ax"" r~prffiCnt the Yf'fl( of f'xpiry of the forw,u-d mk,,; and 
the v&tical a"i" t heir ~olTelation, 

Ji'ignre 2~: DifferetlC,-" in the forwfII:d rat" corrd"tior.,. bf'ior" ",Ild afw,", cilli­
bmtion (0 sw"ption" in the market. 
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Figure 2·1, TIle effed. or the nLunber or roclnrs OIl 1.10<> pric~ of a caplei,_ l'Iwr~ 

i~ only a 0.01% difference ill pl'ice a~r""", ,imu]"l;nn,;, The COlllpul.al';(HI time 
(in """,oori") is almost linear ill the Illllnocr of r""tOl's. 

"l~)ws i,be elT"'l of fa.ctor rf'<lllci.ion on the caplet price. There i" hardly 

"uy cl:",.ngc in th~ caJ!l~t pric~ (Ies.~ I.han 0_01'7,,) M w" lllewe [rom nIle 1<) 

ten [acl.ofo_ \\'e should ""poct almost no dli1.ugc in t he ,_,pI,,! pric~ for 

~ven one fa.dor bc",,,"",, fw;\.or reduction llil'e<::h only tlj~ c()rr~lati()n b~t,,'eCll 

the fol'ward mtlO<: a clIfllej; price ~~ nnt iniluenceU hy correlal.jon, ouly I.he 

vobi-ilitv of the fOl'ward mtc pr~vailiIl~ oyer the liletime of the option. r-;oti~e 

1.i><)1Jgh i,hai, llw change in oomp1Jb.tioll time is almost linc",,' in the ll1,mlwr 

()f fadm,_ 

Figure 25 ~h",v" th~ dIed . of r""tor roollCtion on tl,e "WapthJU price, 

Tlwre is a more "il',Ilificaut. chan,.;c in the ",'",-ptiOll price (arolmd 0.1%) "S we 

n"w~ from one 10 len faci.nr8, wil.h I.he mool. rlramal.ic change a<i8ing [rom 

one to [our ft!Ctor~, Arl~r n,'e 1a.:,I.ors i,here i81i1.'le d'illl~~ to tl,e bwapti()n 

pnce. We woulrl expL'Ct thi" larger influence of the n1Jmber of factor8 on 

tlJC ~w"ption pl'i~ boc.au"", "sw"ption i" "",J1,itiw to tl,e oorrd"ti()n between 

thc forw~rd mtel! prevailing owr it" entil'e lifetime, Again, the ~h"ngc ill 

compul.ation "inl<? is almoot linear in t he ''''mlwr of faci.or8. 
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Figure 25; Thp pffe.:::t of the number of fadars OIl the price of " swaption. 
Tllere i" only l< 0.1% dilfel'ence in prlee acrc& simulmiollii. The oolllputatioll 
time (in seco"d~) iR almmllinear in the mUllloel' or [ado!'". 

7.5 Effect of different randolll llI11nber sources and an­

tithctics 

Let us now [,urn 1.0 examining [,he ellecl I.hal. [,he dilTerent random number 

general,>!'S iw,ve on the pricing or derivatiYffl. \Ve have "t unr di"posal tIn"" 

sourcc," of random numbers: 

• pooudo-randoJll mUllb"rs general.ed loy tll<' :Vkr,.,nne TwiRi.Ar algoril.hm 

(pre:lelitoo ill &",tiou6.2.1j; 

• P"'l'j(.h.>- mndorn IlumLC!ll generated by the MerSCIme T",istE':r algorithm 

wilh antithelie sampling (presenl.ed in Serl.ion 6.2 .. 3): and 

• (ju""i-Ianck!m nll111berll genenJ.t1'(1 by the Soi>oi """1upncee {pl'f'OOnl.f'(1 in 

&'(;timl 6.2.2) 

FiguN.' 26 shows the ,,-'Suits [If pricing a capleot using th<-' thre<-' difl'erpllt 

oources [If randmn numbers, Notice how the Sob<J!-drivAtj simulation Cfln­

verges very quickly, needing"" f<-"y >J.8 10% iterati(jns \(j have settled dovm 
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Figure 26: Illust.ration of t.hc power of wbol sequences and of ant.ithet.ic vari­
able!J, Not.ice how the Sobol-driven simulation COnVlrrgffi very quickly. The 
antithetk-driven simulation ,;eems to converge ahnost "" quickly although it 
exhibit.s a "low drift upwards, The wnilla M,,;rsennc--drivCll simulation has 
t"rrible convergence charact.eri~t.ics. 
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around the option price. The antitbclic-drivcn simulation seems to converge 

almed as quickly although it exhibits a slow drift upward~: it has almos\ c0-

incided with thc SoboJ.-driyen simulation by 16384 eimulations. Thc vanilla 

IIIeroonne--ciriven !\imulation has terrible convergcnce characteriBtics. 

Thffic results spcak of t he power of Sobol-driven Monte Carlo technique!': 

although not truly random, their ability to quickly probe the broadest cro8:J.­

section of the Rimnlation "pace en.sures that they produce prices that takc 

into account most of the features d a deri"doti", proouct. ObviolliSly the 

finer features, c.g. the discont inuities caused ~ barrier options, would be 

dctccied only as more iteratilE' are performoo and the Sobol number mer,h 

becc.nes small enough to apprcromate these features. Pscmlo-ramlom tech­

niques might nncm'er these finer featur"" Rooner as they randomly "ample 

tbe simulation "pace, but in a probabilistic sense they are unlikely to find 

them conRi"tently sooner. 

7.6 The Greeks 

This =peri=t calculates t he Greeks of three options: a caplet expiring 

at TJ with payoff at T2; a caplet e><piring at TJ with payoff at T.; and a 

swaption expiring at T. with payoffs from times Ts to T jo . The Grocks wcrc 

calculated U"llg the different "bump' factors in the underlying forward rates 

as di..cus.'lIXi in Sectioo 4.6: t..L, _ ,ytL; (as reccmmended by [29]); t..L, -

O.OlL, (1% recolllIIlCnded by [49]) and just for good ruc1l.'lure ilL, = O.OOIL, 

(O.l%). I included the third factor to see just how sensitive our estiruatcs of 

t he Grocks are to t he choice of bump factms. 

All three option" were calculatoo using the 1;, discount bond all numeraire 

so that the capldl! might be prioxl in the sarne framework 1l.'l a 5-yc!IJ" swap­

lion starting in year 4. 

Figure 27 shows the calculations for delta. ~otice that the reAult" using 

any of the bump factors are all but identicaL As we WGuld expect, the caple t~ 

optilEiB scn:sitiveprimarily to L, sincc its payoff is ilircctly dependent on that 

forwMd rate. Obviously the rate L, does not play an important enough role 

in the discounting of the payoff t o warrant a. significant SClJ.siti~ity. However 
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the caplet, option does show slight sensitivity to the rates L, through L,: 

they are used to discount the payment to the valuation time. As expected 

the caplet, option is very sensitive to L.. The ~waptirm.. option is the 

Il105t interesting. It generatUl cllllhflOWll from time T5 to Tg dependent on 

the forward rates L, to 4J and so is obviOUllly going to have significant 

sen:sitivity to thooe fonvard rates. It is also rather seusitive to the forwaro 
rat".; before its expiry, probably because 0{ the disoounting of the cMhHows, 

but also because of \he role they play in the calculation of the discount bonds 

used in the valuation of the par swap rate in Equation (3). 

Figure 28 shows the calculations for goonma. Here we start seeing in­

stabilities in the calculatoo w lu".; depending on the size of dlC bump factor. 

Indood, using the ~ bwup factor yields results that are completely UIIlltable 

(in the order of lit) and so have been omitted. There is a slight difference 

between the values of gamma calculated using 1% and 0.1% bump factms 
and it is not clear which values mi&ht be the correct ones to ore when hedg_ 

ing. It might be reMOnable for the hedging trader to estimate the size of 

jump in IUlderlying forward price that she would expect before hedging and 

use that nUlllbm to calculate galluna. We sec sensitivitiUl to the UIlderlying 

forward rates similar to those of dcita. 

7.7 Eft'ect of difiencnt numocraires on accuracy 

This experiment tcsts that our change of nnmeraire mathematics is correct: 

Equation (13) gives us the dynsmics of OUl" forward rates under any choice of 

discount bond as numeraire. This meanH that we should calClllate the same 

price for a derivative no matter which discolUlt bond we use as numer";re. 

Figure Z9 shows IlS the calculatoc! price of a caplet with =piry at the 

end of year 1 and payment at the end of year 2 when priced under different 

dkicOImt bond numeraires with expiries ranging from 4 years to 20 years. 

Notice that the price does indeed remain relatively constant (at least to 

within 0.1%). Wbat we also expect is an increase in the variance of thi~ 

price: as we pllSh the numcrarre further out in time we have to carry our 

caplet cashflow at year 3 forward through many more simulated forward 
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Dltts lor ooplet, explrli"lQ et T, end peyolT ot T. 

~ :t:--~ ; ~-. -,-,--, -,-·-,--11 
,,' L-'---'._"'-_'--"_-"-_'----"_~ 

Fignre 27: This cimrt sh",,,s the delta £01" three diHereIlt options calelllatw 
using the three "bUIllI'" amounts in tIl<' llUd~rlyillg. 
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Figur~ Z~; This r.h..,., shows i,h~ RanUlla for tluw, difl'creut optiou., "akujl!,wd 
uRin g the three 'bump" amouIlts in the ullll~rlyjng_ '\01.., I.h,," i,he vail"," 
calculate'll u"i:llg ~ fl.S th" 1)llmp amollni were completely unstable (in the 
on1,.,- of 10°) and ,.-, hfl.ve b<'€n [)mitted. 
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Fillure 29: :-ioti", I,hat, the cllOke of Ilunlemire 1m" littl" ilIll'llCt on the price of 
the deri,-ati,-", although there ie an ;unease ill the \""~iam'e of oUT ~i1Ilulation 
c"timatc. 

,ates 10 our t.ermrn&\ nW"~Ure and tholl di","Quut it had: to today. The effect 

of the additiollal yuriance of ell.ch simulatoo fonyard rate should cause the 

d~'fivati", variance to increase too, This is e\iident. in Figure 29. 

7.8 Pricing various options 

For completerl€8S, i"igme 30 show" the pri""", anr! Crooks of "a,ioUR interest 

rfl.(e derivatiw.,; prk"".l u"iug the Libor :'vlarkct "'lode!. Although we dOlle:,'D 

illto nl1l<:h detail «bout the properties of these deri,eo.tiYe prices an<'. have not 

own "hown the initial forward ~llrve nor the fo"Yard volatilities that got us 

1,0 l,heRe prif'ffi, it, i. it)strlldive (0 do "'-"n<.' hriefinsper,l.ion of I,he ,emIl,S' 

• Soli"", I.ha«he dowIl-ilml-oul. c«plN is meaper I,han Ihe ~orresponding 

caplet, ,II< we would eoqx'Ct from an option that might betxlllJe v,urthl_ . 

• '\ol.ioo thaI. I,he limit "kiP is c'l1eaper Ihan the oorresponding cap ru; it 

provide; only 2 0\11 of I,he (i payoffs d,«t does lhe ordinary cap. 
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• The two caplet types are sensitive only to the underlying forward rate 

at their expiry (on which their payoff is contingent), where"" the caplets 

are (obviOUBly) sensitive to all the forward rates they span. Interesting 

is the foct that the limit cap with two payoffs is sensitive to the first two 

forward rates it .pan. aud hardly ""ll"itive to the third: this mu.t mean 

that the oomprisi!l,!!; caplets are ra,her in the money and will likely be 

exercised, 

• The swaption is oomitive to all the forward rat"" it spans while the 

trigger swap is sensitive only to the first few. It is uegatively correlated 

to movement. in the laUer forward curves: these must be high enough 

to trigger the fixed swap payment and so their value is reflected only 

in the discounting of the later cashfiOWB. 
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8 Conclus ion 

The intention oft.his dissertation was to dTaw from the literature to bring into 

one body ofwork a treatment of the Libor MMIret Model from start to finish 

SO that the reader might understand the baaies of the Libor Market Model 

MId implement, the model without having to piece together information from 

other oonrc,,". Has this been achieved? Certainly the derivation of the 

mathematicaJ. model in Section 4 has distilled work from several sonrces into 

a consistent notational framework. The sandy ,.,-e!lS in the mathematical 

model where it is left to the implementor to choose specilic specilicatioDll 

for volat.ility, correlation, choices of factors, l'IIOClte Carlo details were !let in 

concrete in Sections 5 and 6. And finally, Section 7 showOO that thu model, 

as implemented, works !IS hypothesised without any nasty snrprises. 

The achievement of the progral1lll1ing effort of several thousand lines of 

code is the simple interface that OIl{] needs to implemunt to price a new inter_ 

est rate prodUct. One needs simply to describe the cashflows of the derivative 

t.o price it. The calibration, [actm rednction, Montu Carlo simulatioIlll, cal­

culation of Greeks and everything else that goes into the implementation of 

the Libor Market l\Iodul is done behind the SCUneB. 

The model has shown itgelf to be extremely flexible in its ability to cal­

culate the prices MId Greeks of a wide variety of options with minimal effort. 

The beautiful simplicity of the modul eDllur"" that it can be uasily under­

stood and quickly and correctly implemented. As computers become faster, 

the time it tllklli to perform the Monte Carlo simulations will drop, allowing 

evun mlm] complex derivativ{)S to be priced without having to make signifi_ 

eMIt chang"" to the model or code. 

There are obviously oome slwrl«lmings of the model, but they are by 

no mcaJlll iDllurmountable. The pricing of American or Bermudan optioDll 

pooes challenges to any model relying on Monte Carlo techniques: signifi­

cant progr£!&'i has becn made in improving thi. statu of affair., e.specially in 

the case of Bermudan options, The calculation of the Greeks using a gen­

eral finite difference approach is risky when there are di",continuities in the 

option payoffs - especially thcoo of path depeudent optioDll: teclmiqU<l8 lilrn 

103 



Univ
ers

ity
 of

  C
ap

e T
ow

n

the pathwise method and the likelihood ratio method help to resolve thiB, 

although in their current form they can not be applied to generaJ options 

without individual changes \.0 their code. Computation time can become a 

problem, especially when caJculating tbe sensitivities of long-term options to 

each of lhe ma.ny forward rale •• they span; distributed computing techniques 

(to which MOllte eMlo lffithods are particularly suited) ean help aJleviate 

this problem by sharing the load acra;s many compnters. 

In addition to the active research being done where the Libor Market 

.),.todel hall its shortcomings, there is significant work being done to advance 

the Libor :Vlarket Model to take into acoolUlt skews a.nd smilffi in the in­

terest riLte voia.tililie!J; to lake advantage of developments in u.vy and jump 

processes; and into using va.-.i, computing grids to use the Lioor ]\,Iarket Model 

to risk manage portfolios of thousands of derivaliVlJ'l. All these areas provide 

scope for some very interesting further rcseMeh. 
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10 Code Appendix 

The source ('<KIlO implemented during lhe developnwnl of Ihis dissertatioll is 

a\iailable online at http://w ... 1.v.jimme .net.. Tnduding the t.housands of luws 

of "OUT"" cooe ill< all app"wlix """mlxi wIIlewhat cOllIlterprooll{;t ive. IIl,tellll, 

indude<l are Il. few snippet. of cOOP that are useful ejl(l\/gh to WIIJ."I"ant lJeing 

puhli'hc'<.\ in print, not readily available in tlle literat ure, and concise enough 

(0 make a reasonable appendix. 

10.1 Integrating J; cr;(u)crJ(u)du 

public double getlntegralDefinite(double s, double t, doublG Ti, double Tj) 

{ 

r eturn getlntegra llndefinlte(t, Ti, Tj) - getlntegrallndefinite(s, Ti, Tj): 

) 

public double getlntegrallndetinit~ (double t, doublG Ti, double Tj) 

{ 

) 

double ctmTi- c*(t-Ti); 

double ctmTj - c*(t-Tj); 

double q- ctmTi +ctmTj; 

doubl .... c_a*c; 

double cd~c*d; 

double f - l.O/(c*c*c), 

doubl .. A-.. c*cd*(exp(ctmTj) +exp(ctmTi) )+c*cd.cdH; 

double B-b*cd*(exp(ctmTi)*(ctmTi-l)+~~p(ctmTj)*(ctmTj-l»; 

double C- e~p(q)~( .. c*(ac+b*(1-q))+b*b*(O.5~(1-q)+ctmT1*ctmTj))/2; 

r~turn f*(A-B+C); 



Univ
ers

ity
 of

  C
ap

e T
ow

n

10.2 Moro's Normal inverse transform 

l>.fow's lUgOTitlull is used w convert. a unifom1ly distribnted number 11l the 

range :0, II to" .'\onnlllly distributed Ilnmber in the ran)',,, [-00,00:. It 
is pHrpork'<ily ",;curate to 11 decimal place;, althougb T would be a lin.le 

S(>?pt.ical ont III the tails of the distrib1ltion. 

public atatic doubl~ InvDist_SN_McTO(doubla yJ 

( 

dcubl~ ""; 

double z - y - 0.5; 

if (f!ath. Abs(z) < 0,42) 

( 

} 

( 

"" ~ f!ath. POli(Z. 2); 

"" ",' (((-25,"410004%37 * "''' + ,.1.39119773534) 

* "'''' + -18,61500002529) * "'''' + 2.50062823884) I 
(( ((3,13082909833 * 2;:" + -21,0022,.101826) * zz + 23.08336743743) 

* z'" + -8.4735109309) * "'''' + 1); 

if ("') 0) "'''' ~ Math,Log(-Math,LogCt - y»; 

~ ls ~ z'" - Math Log(-Math,LogCy)); 

doubl~ build - 2,888167364E-07 + "'''' * 3 %0315187E-07; 

build ~ 3.21767881768E-05 + 2;:" ~ build; 

build 3,951896511919E-04 + "'''' • build; 

build ~ 3,8405729373609E-03 + "'''' * build; 

build 2,76438810333863E-02 + "'''' * build; 

build ~ 0,16079797g91821 + "'''' ~ build; 

build - 0.976169019091719 + "''' • build; 

zz - 0.337475482272615 + "'''' • build; 
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it (z <~ 0) zz ~ -zz; 

) 

r .. turn zz; 

} 

10.3 The Nclder-Mead algorithm 

The r.;duer-'.,.j~wl algorithm is an optimillatioll algot·ithm for l1nrling a global 

milli nlll nl in a hi,,;l.tiy IlOCl-liucar &lU liOn-oi ff~r~ntiabl~ ""arch space. It corne.> 

in two part~: th~ ObjectiveFunC"tion intcd\oc, which IllllSt lHC inlPl~ln<'n'ffi 

to ~VilhJate and cOIllltraiIl the objllCti\'p flln~tion at the poillt p; aud the 

Neld~TM .. "d d"-,,",, whi~h perfol'ms the "dual optimillatiou_ 

u~ing Syste" i 

n~space Utilities.Mathenatic~ .Optinisat1on.NelderMead 

{ 

public interia ce ObjectiveFunction 

{ 

doubl~ .. valuate (double[] p); 

vo i d constTainS~"rch(r~! double r] p); 

} 

} 

""tng System; 

namespace Utiliti ~~ _M"the~atlcs.Optimisation.~elderMead 

{ 

public class NelderM<iad 

{ 

const doubl~ GROW_FACTOR - 2.0; 

canst double REFLEC·LFACTOR - -1.0; 

canst double CONTRACT_FACTOR · 0.5; 
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const double SHRINKJACTOR ~ 0.5; 

public double MAX_lTERATI OliS ~ 10000; 

publ i c doubl . TOLERANCE _ 1E-12; 

i nt d lmen5ion5 ; 

Db j . cti veFunct ion ob j ecti ve_function; 

doubl .. [J [J points; 

double [J BCOreB; 

public NelderMead(int adinensions) 

{ 

} 

dimensions - adimensions; 

po i nta - nell doubl .. [dim .. n5ions"'lJ [J; 

for (i nt i - 0; i < dimensions ... l; ~i ) 

{ 

po i nts [lJ - nell double [ditnens i on~J ; 

} 

scores - ne~ double[dimenaion~"'lJ; 

public double [] [] generateEJnptyStartupPar"-'t\eter~ (do'~ble [J . cal .. ~ ) 

{ 

Utilities.Randon .Rando:nAugmented ra -

Utiliti"s.Random RandonAugmented,getSeededRandonAugnented(); 

double[J [J initiaLpoints ~ n<o" doubl.[dim<onsions"'lJ []; 

f or (int i - 0; i < dimensions ... l; ...... i) 

{ 

init ial_point.[i] ~ n." double[dim. nsions]; 

tor (int j - 0; j < dimensions; ~j) 

{ 

in it.iaLpoint~ [i] [j] - ra, 1I~"tDoubleR"hnced(~cales[j]); 

, " 
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} 

} 

r~turn initial_points; 

} 

public void i ni tialis~Search(Objecti veFunction aobjectlve_fWlction, 

doubler] [] starting_point~) 

{ 

} 

objective_functiDn - aobjectivQ_function; 

II Stor~ our initial conditions 

for (int 1 - 0; i < di~nsiong+l; ++1) 

{ 

tor (int j • 0; j < dim~nsions; ++j) 

{ 

pointdiJ [j] • starting_points[i] [jJ; 

} 

} 

II Evaluat~ our 1nitial conditions 

for (int i - 0; i < dinensions+l; ++1) 

{ 

scores[i] ~ obj ~ctive_tunctlon,evaluate(polnts[iJ); 

} 

sortPoint$ () ; 

public doubler] search(out string errOr_~GSBag~ , out doubl~ optimum_~cor~) 

{ 

// Check that we hav~ been initialised 

if (null -- objective_tunctlon) 

{ 
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thro" ne" 

GenericE::<c"ption('Objective function not ~et. Can not ~u"rch '); 

) 

II Initialise the error meaaage 

" " . • 
II Keepa track ot ho~ many 1t~r"tions ,,~ hav~ don~ 

int num_it~rations - 0; 

II Th~ latest ~idpoint and n~"P0lnt ,,~ h"v~ tor r ~ tl ~ ction~ , ~tc. 

// Det in~d h~ru for n~nory allocation ~ffici~ncy 

double [J mid_point - ne" double [dimen~ioMJ ; 

double[J M"_point - M" doubl .. [di", .. n~ion$J, 

~hlle (tru~ ) 

{ 

// Ch .. ck our tol .. nmc ... If " .. ar .. lIithin it, ruttlrn 

double tolerance - 0.0; 

tor (int j - 0, j < di",,,n$ion~; ++j) 

{ 

tolerance +- to!ath . Ab~(points [oj [jJ - poinh [dim~Mion~J [jJ) ; 

) 

tc1~rance / - dimen~ion~; 

if (tolerance < TOLERANCE) 

{ 

) 

opti=_score - scores [OJ ; 

r~ttlrn polnta[OJ; 

II Ch~ck that II~ hav~ not ~"cMd~d th~ number 01 it~ra:t ions 

++num_it~rations; 

if (num_i"tera"tions ) tUX_ITERATIONS) 
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{ 

} 

e rror_message -

"Exc~~ded m,",.b~ :r 01 ite",rticn3 in "the N"lder-MM.<l. search. RMUlt~ "I 

opt i mum_Bcore ~ s<oores[O]; 

return point~[Ol; 

II Find the mid point of the b~ ~t polnt~ (not ~ n po l n t3 , net n+l, 

II sinc~ we leav~ out the ~o:rst) 

tor (int j - 0; j < dinens i om. ; ...... j) 

{ 

} 

for (int i - 0; i < di"l"n~icn~; ++i) 

{ 

} 

for (int j - 0; j < dlIlonsions; ++jJ 

{ 

mid_point[j] +- polnt~[lJ [j]; 

} 

for (int j - 0; j < dimensions; ~+j) 

{ 

} 

1/ Dc a rdlection "t ~ st 

if (te3tOn~PcintMov"(REFLECT_FACTQR, ref mid_point, ref ne~_point») 

{ 

} 

II If .m managed a reflection, t~st a little further out 

t~stOnaPointMo""(GRO\<lJACTOR, re f "lid_point, r ef ne·"_pcint); 

1/ I1 the reflection t ailed, then try a contract1on 
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} 

else it (testOnePointl'ove(CONTRACT_FACTOR, ref mid_point, ref n~'W_paint) 

{ 

} 

II If reflection and contraction fail~d, th. n shrink to'Wards 

II o~r b.st paint 

alsa 

{ 

doManyPo1ntMc"eO; 

} 

"oid dOManyPointMon() 

{ 

} 

for (int i • 1; i < di~ensions+l; ++i) 

{ 

} 

for (int j • 1; j < dimensions; Hj) 

{ 

pa1nts[1] [j] - SHRIN1(_FACTOR ~ (paintdi] [j] + paints [0] [j]); 

} 

objective.function. constr,,-inSe,,-rch(ref point~ [1]); 

scores[i] - objective_function.evaluate(points[i]); 

acrtPo1nts (); 

bocl t.stOn. PointMov. (doubl. seal., ref do~bl. [] mid_point, 

ref doubler] new.point) 

{ 

II Cale~lat. o~r n.w paint d1m~nsions 

for (int j - 0; j < dimensions; ++j) 

H8 
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} 

{ 

n .. ,,-polnt[j] - mid_po1nt[j] + 

Bcale * (points[dimen~ion~l[jl - mid.point[jJ); 

) 

II Make sur .. our new peint obeys the constraints 

obj ~cti ve.function, constrainSe".ch(r .. f new_point); 

II S~e if our new point 1s better 

double new.score - objectiv".function, evaluate (new.point); 

ii If it: is, replace our old point and return true 

if (ne~_8core < scores[dimensions]) 

{ 

for (int j - 0; j < dimensions; ++j) 

{ 

point~ [dim .. n ~icn~J [j] - nell_point [j]; 

} 

scores[dim .. n ~ionsJ - new.score; 

return tru .. ; 

} 

II If it is not ~na11er, r~turn false 

e ls .. 

{ 

return talM; 

} 

void sortPoints() 
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) 

} 

{ 

} 

II Le't~ do "- ~i .. ple bubble ~oTt 

II This can be i nproved since the only unsorted one is usually at 

II 'the end of the array_ But 1t~ probably not worth it GOS then. 

II are alyay~ ~c fe~ dinen~1on~ 

for (int i ~ 0; i < diJ:lensions; ...... i) 

{ 

} 

for (int j -i+l; j < diJ:l<msions+l; ...... j) 

{ 

} 

if ( ~ cor .. s[il > sGor .. s[j]) 

{ 

slI"pPoints{i, j); 

} 

vo i d sllapPoints(int a, int hJ 

{ 

} 

Utili ties. SI/ap, "lIap(r .. ! SCOTM [al, ref ~core~ [b]); 

fer Cint j - 0; j < dimensions; ++jJ 

{ 

Utili ties, SlIap_ ';""p(r .. f points [al [jJ. ref points Cb] [jl) ; 

} 

10.4 The Mersenne Twister algorithm 

Th~ 1'I~rs'mlle Twister alf\ori t hm is llscful for f\cncTat,inf\ pseudo-random uni­

formly rli"hiblll~rl nUmhA''8 wi(,h ~,xc~11~nt "random' pn>pcrt.ics in a madliuc 

inrl~rendAnl manner. 
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using Syst~m; 

using Utilitie s,GUI.Charting; 

using Utilities,Math~matics,Lin~arAlg.bra; 

namespace Utilities.Random 

{ 

/" 
• This class is an implementation of the pap<lr "M~rsenne Tvister: 

• A 623-Dimension"lly Equidistributed Uniform Pseudo-Random Numbn Gennator" 

* by Matsumoto 

./ 

public class Mers.nn.Twi $t~r 

{ 

IUniformRandomSourc. 

const i nt N - 624; 

canst int M ~ 397; 

const uint MATRIX_ A O,,990SbOd! ; 

canst uint UPPER_MASK ~ 0,,800]000]; 

const uint LOWER_MASK ~ Ox?!!!!!!!; 

canst uint TEMPERING_MASK_B ~ O,,9d2c5680; 

const uint TEHPERING_MASK_C - Ox. !c60000; 

ulong[] mt - nel< ulong[N]; 

int nt i - N+l; 

ulang[J magOl - {G. MATRIX_A}; 

con$t ulong DEFAULLSEED - 4357; 

ulong s e~d_used; 

public MersenneTwi ster() 

{ 

SeedMT(DEFAULT_SEED); 

} 

public l1ersenneTwister(ulong seed) 
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{ 

if (0 -- $ .. d) 

( 

thro" new Utilities ,GenericException("Seed can not be zero. ,,); 

} 

SeedMT(seed) ; 

} 

public void reset() 

{ 

} 

privata '10 1<1 SeedlH(ulong ~ ... d) 

{ 

} 

mt[O] - seed & O%ffffffff; 

for (mti - 1; rnti < N; ++mti) 

{ 

mt[mti] - (69069 • mt[mti-1J) t OxUtfftft: 

} 

public ulong Randomlnt() 

( 

ulong y; 

it CUlt i >- N) 

{ 

int kk; 

for (kk· 0; kk < N-M; ++kk) 
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} 

} 

y 

y 

y 

Y 

Y 

{ 

} 

Y - ( rlt[kk] &: UPPEILMASK) I (mt[kk+l] &: LOWER_MASK); 

mt [kk] - rut [kk+M] - (1 :>:> 1) "magOt [yI<Ox1] ; 

tor C;kk < t<-1; ++kk) 

( 

} 

y - en t [kk] &: UPPER_MASK) I (nt [kk+1J &! LO'o'EIUIASK); 

mt[kk] - mt[kk+(IHI)] -Cy:>:> 1) -magOt[yt Oxl] ; 

y ~ (mtW-ll I< UPPER_MASK) I (",t[O] t LDWEILMASK); 

mt[N-ll - mtlM-1] -Cy» 1) -magOl[y t Oxl]; 

IIti ~ 0; 

- mt [m"tiH J ; 

- (y " 11 ) ; 

- (y « 7) I< TEMPERING_MASK_B; 

- (y « 15) I< TEl1PERING_MASK_C; 

(y " 18) ; 

return y; 

public double RandomDoubl~() 

( 

return «doubl. ) Randomlnt () I (double) Oxtfffffff ); 
} 

public void RandomUniformV~ctor(Vector vector) 

( 

12:) 
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) 

) 

!or (int i - 0; i < v.~tgr.,gl~ ; ++1) 

{ 

v,"ctor[i] - Randor.ll)Ol.lbl,,(); 

) 

pl.lblic doubl" n"xt~do~oubl,,() 

{ 

r"tl.lTn RandomDoubl"O; 

) 

12·1 




