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Abstract

The relatively young field of quantitative finance has grown over the past
thirty years with the cherry-picking of a wide variety of techniques from the
disciplines of finance, mathematics and computer science. The Libor Market
Model, a model for pricing and risk-managing interest rate derivatives, is
a prime example of this cherry-picking, requiring an understanding of the
interest rate markets to understand the problem to be modelled, requiring
some deep mathematics from probability theory and stochastic calculus to
build the model, and requiring a level of computer expertise to efficiently
implement the computationally demanding requirements of the model. This
dissertation intends to draw from a wide literature to bring into one body of
work a treatment of the Libor Market Model from start to finish.
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1 Introduction

The relatively young field of quantitative finance has grown over the past
thirty years with the cherry-picking a wide variety of techniques from the
disciplines of finance, mathematics and computer science. The Libor Market
Model, a model for pricing and risk-managing interest rate derivatives, is
a prime example of this cherry-picking, requiring an understanding of the
interest rate markets to understand the problem to be modelled, requiring
some deep mathematics from probability theory and stochastic calculus to
build the model, and requiring a level of computer expertise to efficiently
implement the computationally demanding requirements of model.

This dissertation intends to draw from a wide literature to bring into one
body of work a treatment of the Libor Market Model from start to finish.
Careful attention has been paid to ensuring consistency in style and notation
in the material sourced from different works in the literature. It is intended
that the reader will, by the end of this dissertation, have understood the
basics of the Libor Market Model and be able to go about implementing
a reasonable version of the model for themselves without having to piece
together information from other sources. That said, where one approach
has been chosen over another, references are made to those alternatives in
the literature.

We start in Section 2 with a brief history of the field of interest rate
derivative modelling. Section 3 then presents the financial background and
mathematical foundation required for the mathematical development of the
Libor Market Model in Section 4. Section 5 goes into the details of the model,
turning the mathematical model into something that can model the market.
Section 6 covers some of the technical details required in the implementation
of the model, mainly topics from computer science but also including the
code for modelling some interest rate derivatives. Section 7 discusses some
results from using the model. We close with Section 8, which summarises
the work done and points to potential areas of further research.



2 A brief history of interest rate models

In 1979 the Fed changed their monetary policy from one where interest rates
were historically static quantities to one where interest rates play a vital role
in the steering of economic variables. Since then there has been a consid-
erable increase in the volatility of interest rates inside the USA and around
the world [50]. Market players have become more and more dependent on
interest rate derivatives as vital sources of insurance against adverse moves in
interest rates. This huge increase in demand for interest rate derivatives has
inspired a lot of research into creating new and useful interest rate products
and into how these derivatives should be priced.

This research has spawned a plethora of models that are used as "extrap-
olation tools" to determine the prices of exotic interest rate derivatives, each
with its own set of assumptions and solutions. No model solves all problems:
traders regularly use several similar but inconsistent models to model secu-
rities with the same underlying [17]. Indeed, [65] states that all models he
has ever seen can go wrong under some circumstances: its just a question of
how wrong, and whether or not it is a problem for the pricing task at hand.

The modelling of interest rate derivatives has up to now fallen into two
broad categories: those modelling instantaneous spot and forward rates, rates
which are themselves not visible in the market but can be used to synthesize
market rates; and those modelling rates that are visible in the market, like

Libor and swap rates.

2.1 Instantaneous spot and forward rate models

The first category of models contains the spot and forward rate models.
They model an instantaneous interest rate (be it the instantaneous spot rate
or forward rate) to generate the term structure of interest rates. An instan-
taneous rate is the amount of interest one earns on a risk-free investment in
an infinitesimal amount of time. Because of the simplicity of the underlying,
these models generally have elegant closed form solutions for the instanta-
neous spot rate and forward rates - rates that are mathematical constructs
that do not really exist in the market. However, it becomes quite com-
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plicated to price real-world instruments like caps and swaptions using these
models. Another problem is that their elegantly simple structure limits their
pricing potential and those few models with a rich analytical structure do
not describe interest rate derivatives very well [50].

These models started emerging in the late 1970s and are still used today
[65]. Although they started as a hodgepodge of different approaches using
PDEs, equilibrium models and expectations, most have been resolved into
the single HIM framework [24] that prescribes arbitrage free dynamics using
equivalent martingale measures with the risk-free bank account as numeraire.
[28] shows how all forward rate models can be written as a spot rate model.

Although a detailed treatment of the various spot and forward rate models
can be found in [55] and [62], we present a brief chronology of the models that
we feel were significant in leading to the development of the market models
described in the next section, and which form the subject of this dissertation:

e 1977 - the Vasicek model [63] introduces the technique of valuing in-

terest rate derivatives using partial differential equations.

e 1985 - the Cox-Ingersoll-Ross model [16] models an equilibrium model
of the economy and then derives bond prices from variables in this

economy.

e 1986 - the Ho-Lee model [25] models the entire yield curve rather than
just the instantaneous rate.

o 1990 - the Hull-White model [27] adds reversion to a time-dependent
drift. This allows for much simpler calibration of the model to the
initial term structure, allowing the model to correctly price products
in the market.

e 1990 - the Black-Derman-Toy model [6] introduces a discrete time
model of the term structure.

e 1992 - the Longstaff-Schwartz model [39] extends the Cox-Ingersoll-
Ross model to model the dynamics of the short rate and its instanta-

neous volatility.



e 1992 - the HJM framework [24] provides a single environment inside
which the arbitrage-free dynamics of most of the previous models could
be compared.

e 1997 - the market models emerge, as described in the next section.

2.2 Market models

The second category of models contains the market models, so called be-
cause they model interest rates that are visible in the market, not the non-
observable mathematical rates that were the foundation of the models in
the previous section. Several market models, modelling either the Libor
forward rates or the market swap rates, emerged almost simultaneously in
1997: the BGM model [4], Jamshidian’s swap rate model {30], the Milterstein-
Sandmann-Sondermann model [45], and the model of Musiela and Rutkowski
[46]. These models follow the spirit of HIM [24], where the drift conditions of
the modelled rates are forced by arbitrage considerations once the numeraire
and volatility structure is specified. However they model the dynamics of
discretely compounded forward and swap rates that are directly visible in the
market rather than instantaneous continuously compounded forward rates of
the HIM framework. Although more complicated to derive, they can repro-
duce the market prices of common interest rate derivatives with very little
effort and so have become the methods of choice for pricing complex interest
rate derivatives [59]. Because of the complexity of these models, no useful
analytical solutions to derivative prices are available in the literature, but
rather Monte Carlo techniques are relied on for their solution.

The model implemented in this dissertation is a combination of those
introduced by [45] for the single payoff derivative model presented in Section
4.2 and [4] for the general Libor Market Model presented in Section 4.3. The
model presented in [4] is straightforward to derive and can be implemented
very efficiently.



3 Financial and mathematical foundations

This section presents the mathematical and financial foundations that we will
require when we build the Libor model in the next section. It starts with
an introduction to the financial concepts that are relevant to pricing interest
rate derivatives. It then presents in Section 3.2 the main theorems and
results from probability theory and stochastic calculus that will be used in
the pricing of simple options in Section 3.3, pricing simple options on interest
rate products in Section 3.4 and then in constructing the mathematics of the
Libor Market Model in Section 4. Section 3.3 shows how to price general
options, which is then used in Section 3.4 to price caplets and swaptions
using the Black76 formula.

3.1 Simple finance

This section introduces the various financial instruments that are relevant
to the design and implementation of the Libor Market Model. The most
important concepts introduced are the forward rates and caplets: the forward
rates form the crux of the Libor Market Model as they are the quantity that
we model, while the caplets help describe the behaviour of the forward rates.

3.1.1 Tenors and time spans

The tenors T; are simply names for specific points in time that correspond to
some interesting event in the market such as the payment or receipt of cash-
flows, the expiry of an option or the reset of an interest rate. In the interest
rate markets these may be spaced roughly every three, six or twelve months,
depending on the market and the instruments in which we are interested.
Note that although they are generally spaced fairly equally apart, they need
not be and will generally be influenced by the day-count-convention for each
market.

This dissertation regards tenor T as today and it is sometimes written
as t. The tenors are generally written in units of years, so for example, the
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Figure 1: Tenors T; and time spans 4;.

first two tenors, in six months and twelve months, will be written

T 0.5
T, = 1.0

The time span §; is simply the space of time between tenors T;_; and Tj

and is defined as
0 =T; = Tj

The §; are generally not equal since the tenors are generally not equally

spaced. Figure 1 illustrates tenors and time spans.

3.1.2 Discount or zero-coupon bonds

Discount or zero-coupon bonds are instruments that are bought at less than
face value and at their expiry they pay their face value. This implies that
some interest is earned over the period between paying for the bond and
receiving a larger payment on expiry of the bond. Generally speaking,
these instruments are not traded in their own right, but rather are stripped
from the more common coupon-bearing bonds and interest rate swaps using
methods like those described in [22].

The discount bond P(t, T};) is the time-¢ value of the bond with face value
1 expiring at time Tj, i.e. P(T},T;) = 1. Note that if positive interest is
accrued in the market, P(¢,7;) < 1 fort < Tj. Also P(t,T;) > 0, or we have
arbitrage where zero money at time ¢ is worth 1 at time T;. Using arbitrage
arguments, P(t, T;) is the amount by which we multiply any cashflows arising
at time 7} to calculate their equivalent value today at time t. See [26] for
more details on bond mathematics.
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Figure 2: The forward continuous discount where a cashflow of 1 at time

. P(t,T; .
Tj-1 is worth P;(t) = ——}(,(—t—ﬁ,;)‘—) at time 7.

Theorem 1 In an arbitrage-free bond market we have that P(t,T;.1) >
P(¢,T;).

Proof. This proof is adapted from [46]. Suppose, on the contrary, that
P(t,T;—y) < P(t,T;). Then purchase one P(t,T;-;) bond and sell one
P(t,T;) bond for a positive initial cashflow. At time T;_; we receive 1 unit
cash, which we store (or invest for further profit) until time 7}, when we pay
1 unit cash and pocket the interest gained over the period [T;-1,T;]. This
is an arbitrage.

Note that if we have zero interest rates then no arbitrage implies only the
weaker P(t,Tj—1) > P(t,T;). m

3.1.3 Forward continuous discount
The forward continuous discount P;j(t) = P(t, Tj_1, T;) is defined as

P(t! 7}'—1)

Filt) = P(6. T, T3) = gy

It is a shorthand notation for calculating the time T; value of cashflows
at time 7;_;. Figure 2 shows this relationship: a cashflow of 1 at time T;_;
is worth P(t,T;_;) at time ¢ and f},%%;—)‘) at time T;. Note that P;(t) > 1is
a direct consequence of Theorem 1.

10
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Figure 3: The forward rate L;(t) is the simple rate of return agreed at time
t that an investment of 1 earns from time T;_, till 7j.

3.1.4 Forward rate and Libor forward rate

Having defined our discount bonds and our forward continuous discount, we
are in a position to define the rate that is the foundation of the various Libor
Market Models: the forward rate. The forward rate L;(t) (or equivalently
L(t,T;-1,T;)) is the simple rate of return agreed at time ¢ that an investment
of 1 earns from time T;_; till T}, as shown in Figure 3.

Notice that the cashflows in Figures 2 and 3 are identical and so we can
write the forward rate L;(t) = L(t, Tj—1,T;) in terms of discount bonds as

146,L;(t) = —_-_-Plgt(fg)‘)
= L) = %[Pj(n—u (1)

Note that L;(t) > 0is a direct consequence of Theorem 1. So the forward
rates can be calculated from the various discount bonds, and we would expect
different institutions to agree on them. [59] describes how these rates are
actually determined by market forces, derived not only from discount bonds,
but from a variety of instruments such as FRAs, swaps and secured deposits.

So far we have talked only about forward rates. The BBA Libor (London
InterBank Offer Rate) is a reference forward rate calculated daily from the
interest rates that banks lend unsecured funds to other banks on the London
interbank wholesale money market, although there are different Libor rates

11
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Figure 4: Synthesizing P(T;, T;) discount bonds from the forward rates span-
ning from times T; to Tj.

in many currencies and markets. Practitioners of the Libor Market Model
use the Libor rates of the market to which they have access.

The next theorem gives us the ability to synthesize P(T;,T;) discount
bonds from the forward rates spanning from times T; to T;. This relationship
is shows graphically in Figure 4.

Theorem 2 Given a set of forward Libor rates, Ly(T;), k =i+ 1...j, we
can calculate the value of P(T;, T;) by

P(TuT?): 3 1 (2)
H (1+ 0 Li (T3))
k=i41
Proof.
P = T
_ P(T,T;.)  P(T,Tj2)
= P(LT) = —pay “P,-(n)f’j-l?n)'”
_ P(T,T)
= B@P(T) - Pan(T)
1
H P (T;)

k=i41

12



Now from (1) we have P;(t) = 1+ §;L;(t), so

1

H (1 + 8Ly (T,))

k=i+t1

P(T’;’TB) =

]

Note that this formula only holds for 7; falling on a Libor reset date.
For an arbitrary t < T; we require the existence of an additional bond in the
market P(t,T;) to calculate P(t,T;) by

P(t: T?) = P(t!Ti)P(TivY}i)

Now that we have a definition for P(t,T;) and L;(t) let us briefly show
that the quantity L;(t)P(t,T;) is an asset that is traded in the market. We
will use this fact in Section 4.2 to create ratios between two traded assets,
L;$)P(t, T;) and P(¢,T3).

Lemma 3 L;(t)P(t,T;) is a tradable asset.

Proof. From (1) we have

P(t,T;.1) — P(t, T;)
d;

— L®)P(T;) =

Note that L;(t)P(t, T;) can be written as a portfolio of tradable assets, and
is therefore itself tradable. m

3.1.5 Swap

Swaps are simply financial commitments to exchange one set of cashflows for
another over a given period of time. They are used primarily in the risk
management of future cashflows, examples of which are covered in [26]. In
our case we are interested in vanilla interest rate swaps where one counter-
party pays a fixed rate of interest at each period while the other counterparty

13
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Figure 5: The cashflows of a payer swap with fixed rate SR; from period T;
to TN.

pays the floating Libor rate. A payer swap is one that is valued from the
viewpoint of the counterparty paying the fixed rate. Figure 5 shows the
cashflows of a payer swap with fixed rate SR; from period T; to Ty. Upward
arrows represent positive cashflows, while downward ones represent negative
cashflows. Notice that while the negative cashflows (downward pointing ar-
rows) are at the constant rate SR; the positive cashflows (upward pointing
arrows) are variable, depending on the Libor rate L;(T;—;) set at time T;_;.

We should like to calculate the swap rate SR; that balances the positive
and negative cashflows. The fixed leg of the swap from time T; to Ty pays
SR;0; at time T for j =14...N. The present value of all these cashflows is

N
Valuegeea = SRi Y _ 6;P (Tj)
=i
By converting each of the floating rates of the swap into a fixed rate using
a FRA (a zero cost structure that locks in future forward rates - see [26] for
details), the floating leg of the swap pays L;d; at time T for j = i... N.
The present value of these cashflows is

N
Varlueﬂoating = Z LJ'(SJ‘P (T.'T)

3=t

14



We set these cashflows equal, yielding

Valueggea = Valueﬁoating
N N
SR;Y &P (T}) = ) Li6;P(Ty)
Fe=i J=i
N
> Lis;P(Ty)
= SR, =
> 6P (Ty)
=i
N
=z S& = Z'w,',ij (3)
Jr
where
v, = 9P &)
TN
> 6P (T)
e
Note that
N
Zw,-,,- =]
Jr

so our swap rate is just a weighted average of our forward rates and so must
always lie between the lowest and highest forward rates.

We have seen that the swap rate SR; is chosen to make the swap initially
worthless. As time passes and the underlying interest rates move with
market pressure, the swap may gain or lose value. Consider if we entered
into a swap at time ¢ at fair swap rate SR;, which initially had zero value.
Lets imagine that at some later time ¢’ (still before the first swap payment)
we wished to enter into the identical swap and found that its fair swap rate
is SR;. What is the value of our original swap? We follow the argument
presented in [32]. Write the original swap rate as SR; = SR+ (SR; — SR]).

15



Then our original swap will be paying on the fixed leg the amount

N N
SRy 6;P(Ty) = [SRi+(SRi—SR)|Y &P (T))

=t =i

N N
= SR;) &P (T;)+(SRi— SR) ) | 6;P(T)

Je=i j=i

where the first term is the same as what a swap entered into today would pay,
and the second term is some extra payment. Note that the floating legs will
pay the same amounts. Thus if the fixed leg is paying some extra amount
on top of an initially worthless swap, then the value of the swap entered into
at time ¢ must be equal to the negative of that amount, i.e.

N
Vit) = —(SRi—SR)Y 6;P(T;)

N
= (SR~ SR:)} 4P (T)) (4)

J=t

We will use Equation (4) when calibrating to swaptions in Section 5.5.

3.1.6 Coterminal swaps

The concept of coterminal swaps is important when we come to calibrate our
Libor Market Model to swaptions in Section 5.5. Coterminal swaps are a
collection of swaps who have different initial payment dates but identical final
payment dates. Figure 6 shows a set of coterminal swaps SR;for j =i... N,
where the first cashflow for swap SR; is at time T} and final cashflow is at
time Tx. As you might imagine, and as will be seen in Section 5.5, given two
consecutive swap rates SR;(t) and SR;;1(t) it should be possible to determine
some of the properties of the one forward rate L; (¢) in which they differ.
Indeed, the entire latter part of the yield curve can be bootstrapped from a
set of coterminal swaps [22].

16
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Figure 6: Coterminal swaps are a collection of swaps who have different
initial payment dates but identical final payment dates.

3.1.7 Caplets and caps

A caplet is an option on a forward rate. A caplet caplet; pays 6; (Li(Ti—;) — K)*
at time T;. It is generally used to hedge future payments of interest on bor-
rowings: buying a caplet caplet; with strike K in the same quantity as the
amount borrowed ensures that the maximum interest payable over the period
from T;_; to T; is capped at the caplet strike K since the caplet would pay
out the same amount as would be incurred by any interest rate higher than
the caplet strike.

Single caplets are not generally traded but rather come in bundles of con-
secutive caplets called caps, designed, for example, to last the same amount
of time as an interest bearing loan. Caplet prices (or implied volatilities) can
be approximately stripped from market cap prices using the various methods
described in [26] or obtained directly from the trading desk. They are gener-
ally priced using the Black76 model with the assumption that the underlying
forward rates are lognormal, as is described in detail in Section 3.4.1.

17



3.1.8 Swaption

A swaption is an option on a swap. The holder of a European call swaption
on a payer swap has the right at option expiry to enter into an underlying
swap at a predetermined (fixed-leg) swap rate. Clearly the option will be
exercised only if the option strike is lower than the prevailing par swap rate at
option expiry. Swaptions are generally priced using the Black76 model with
the assumption that the underlying swap rates are lognormal, as is described
in detail in Section 3.4.2.

A set of coterminal swaptions have corresponding coterminal swaps as
their underlyings. These instruments are used to calibrate the Libor Market
Model to market swaptions, as will be seen in Section 5.5.

3.2 Stochastic calculus

This section presents the main theorems and results from probability theory
and stochastic calculus that will be used in the remainder of the disserta~
tion. Most theorems are stated without proof. Generally, the results from
stochastic calculus can be found in [48] and [44] while the probability theory
is concisely covered in [3].

Let us first introduce some definitions that are used by several of the
theorems in this section. Let W(t) = (Wy(t), ..., Wa(t)) be an n-dimensional
standard Brownian motion and ft(") be the g-algebra generated by W(t).
Let X (t) be the n-dimensional It6 process of the form

dX(t) = p(t)dt + o(t)dW,

where X (t), u(t), and dW; are n-dimensional vectors and o(t) is an n x n
matrix.
u(t) is the drift of the stochastic process and is

o F™-adapted

t
o P{/Iu(s)ds[<ooforallt>0 =1
0

18



o(t) is the volatility of the stochastic process and determines the exposure
of X(t) to the underlying Brownian motion, and is (see [48] for technicalities)

e F™_adapted

o cadlag

e E U lol? (s)ds] < 00

The first three theorems cover the dynamics of a stochastic process. Itd’s
Theorem provides us with the chain-rule equivalent of calculus and allows us
to build up the complex functions of underlying random processes that we
will use to model forward rates. Theorems 5 and 6 show how the stochastic
components of a stochastic process behave under the expectation operator.
We use these when calculating the expected values of our models.

Theorem 4 (Ité’s theorem) Let g(t, ) = (g1(t,z), ..., gp(t,x)) be aC?
map from [0, 00) X R™ into RP. Then the process Y (t,w) = g(t, X (t)) is again
an Ité process given by

Ag 391: gy _
d¥e = —2(t, X dt+2 “(t,X) dX+2Zaxiax3 (t, X)dXdX;, k=1...p

The proof of this theorem can be found in [{8].

Theorem 5

Ee { / o(s)dW (s) | 7,

t

The proof and more rigorous technical specification of this theorem can be
found in [48].

Theorem 6 (The It isometry)

Ep (/Ta(s)dw(s)) ’ g - [ia2(s)ds |

t i
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The proof and more rigorous technical specification of this theorem can be
found in [48].

The martingale representation theorem tells us that if we have a martin-
gale process with mild restrictions (and in our case we are going to use the
fact that various ratios of the forward rates fit this description) then that
process can be written as an integral equation of Brownian motion. Once
we are in the world of Brownian motion we have at our disposal the tools of
stochastic calculus.

Theorem 7 (The martingale representation theorem) Suppose M, is
an F™ martingale (w.r.t P ) and that M, € L%(P) for allt > 0. Then there
exists a unique previsible stochastic process o(s,w) such that

M(w) = B [M) + /a(s, w)dW (s) a.s., for all t > 0.
0

The proof and more rigorous technical specification of this theorem can be
found in [48].

A process that is a martingale under one probability measure is generally
not a martingale under a different equivalent probability measure. Gir-
sanov’s theorem tells us how to change the drift of the process so that it is
again a martingale under the new equivalent probability measure. We will
use this to turn all our forward rate processes into martingales under a single
"terminal" probability measure.

Theorem 8 (Girsanov’s theorem) Let W¥ be a standard d-dimensional
Brownian motion on (2, F,P,{F},) and let ¢, the Girsanov kernel, be any
d-dimensional adapted row vector process. Define the process L on [0,T] by

dL; = thtdW’}P (5)
g = 1

t L

1
=3 L, = exp /cpﬁWf*ﬁ/ ]lwsllzds
[i] 0
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Assume that
EF [L] =1

and define the probability measure Q on Fr equivalent to P by

dQ
Ir = —
== d = LpdP
— Q(4) = [ Le(w)dP(w), A€ Fr
A
Then,
AW} = p,dt + AW

where WQ is a Q-Brownian motion. That is,
¢
thQ = W/tP - /‘psds
0

is a Q- Brownian motion. The proof and more rigorous technical specification
of this theorem can be found in [3].

By putting an integrability restriction on the Girsanov kernel, the Novikov
condition ensures that things don’t blow up when performing the Girsanov
transform. We will see in Section 4.3 that the kernel we use in the Libor
Market Model is a combination of our forward rates and the discount bonds,
a combination that satisfies the Novikov condition.

Lemma 9 If the Girsanov kernel @ is such that

.\ T
1
od [exp (5 / nqstn?dt)] <o
4]

then L, defined by (5) is a martingale and EF [L;] = 1. The proof of this
theorem can be found in [3].

The change of numeraire is a powerful technique for valuing derivatives
using the martingale approach to arbitrage pricing theory. We first define
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what a numeraire is, show that an equivalent probability measure does indeed
exist for this numeraire, and then describe how to use them to price arbitrary

derivative products.

Definition 10 (Numeraire) A numeraire is simply the unit of measure in
terms of which we find the worth of financial instruments, be it in terms of
currency, gold, index levels, etc. In arbitrage pricing theory, risk-neutral
valuation uses the risk-free bank account as the numeraire, but pricing prob-
lems can sometimes be significantly simplified by using a different instrument
as the numeraire. In an arbitrage-free market any traded asset can be used
as a numeraire [23]. The Libor Market Model uses various discount bonds

as numeraire.

Theorem 11 (The First Fundamental theorem) A financial model is
arbitrage free iff there exists a (local) martingale measure Px (equivalent to
the risk-neutral measure P) for the numeraire X. The proof of this theorem
can be found in [3].

Theorem 12 (General pricing formula) Let X andV be the price processes
of two assets in our financial model. Let X be the numeraire with a cor-
responding martingale measure Px. Then the price of V(t) at time t with
arbitrary payoff V(T') at time T can be calculated using

V(T)

V() = X(WEes | o) 1 7]

The proof of this theorem can be found in [3].

The abstract Bayes theorem allows us to find the expectation of a random
variable under a probability measure we know little about by finding rather
the expectation of the variable under a known equivalent probability measure
but weighted by some known likelihood process. We need it to prove the
theorem that follows.

Theorem 13 (Abstract Bayes theorem) Assume that X is a random
variable on (Q, F,P) and let Q be another probability measure on (Q, F) with
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Radon-Nikodym derivative L = %ﬁ on F. Assume that X € LY(Q, F,Q) and
that G is a o-algebra with G C F. Then

Ep[L-X |G
EelL|G] ’

The proof of this theorem can be found in [3].

Eq[X |g] = Q-a.s.

The following theorem helps us choose the likelihood ratio that will gener-
ate a new numeraire’s martingale measure from an existing one. We will use
this result repeatedly to move between the equivalent martingale measures

where each discount bond is the numeraire,

Theorem 14 We have a probability measure Py for the numeraire Sy and
wish to generate a new martingale measure Py for the numeraire S;. If we
define Py using Girsanov’s theorem (Theorem 8) with the likelihood process

So(0) Si(t)
5.0 5@ CStsT

Ly(t) =
then Py is a martingale measure for numeraire S;.

Proof. Consider any arbitrage free price process II. 'We wish to show that
the normalised process II(t)/S;(t) is a Py-martingale. Note that II(t)/Sp(t)
and L}(t) are Py-martingales. For s < ¢, using the Abstract Bayes theorem
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(Theorem 13), we have

) EP L5 | 7
& [5:(5”" ] = TR | 7

[EFo _Lg(t)gli(% | 7|

Ly(s)

" So(0) 81(e) Ti¢t

B (38459 1 %)

Li(s)

[Se(0) 1T

EPO _S_(:%ﬁ%goi(tt)). s fs]
Li(s)

0B 5517

(
0 Ly(s)
(

Thus I1(¢)/5:(t) is a P;-martingale and P; is a martingale measure for
numeraire 5;. @

3.3 General option theory

This section presents two important results from stochastic calculus for the
pricing of vanilla European options. The first describes the statistical qual-
ities of lognormal processes and the second uses these qualities to obtain a
closed formula for a vanilla European option. For an in-depth treatment of

martingale pricing theory, refer to [23].
Theorem 15 If we have a process with the following dynamics

dL(t) = L(t)o()dW ()
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where W (t) is a standard Broumian motion under some probability measure
P and o(t) is deterministic, then L(T') is lognormal under P with

T
Vareln (D) | 7] = [ o)l ds
T

Belln L(T) | ] = InL() - 5 [ (o) ds

Proof. We have dL(t) = L(t)o(t)dW(t). Put Y(t) = In L(t). Let us find
the P-dynamics for In L(T") using It6:

1 11

Y = gdl-357
1

= - o (@)||? dt + o(t)dW (t)

d (L)

— d(nL) = -%na(t)u?dtw(t)dmt)

T T
= InL(T) = InL(t) - %] lo(s)l|? ds + /J(s)dW(s)
t t
Consider the mean of In L(T") under P

T T
Ep[lnL(T) | )] = Ep [lnL(t) —% / lo ()| ds + / o(s)dW (s) |.7~}}
T

fi

t

ll

T
InL(t) — -;—/Ha(s)][2ds +0

[(In L(t) is Fi-msbl) + (deterministic fns msbl) + (by Theorem 5))

T
InL(t) - 5 [ Ilo(s)IP ds
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Consider the variance of In L(T") under [P

Vare[In L(T) | 7] = Ep{flnL(T)—-Ep[lnL(T)]-ﬁ])zl-ﬁ]
T 2

/ T
InL(t) - %/ ]la(s)“2 ds + /U(s)dW(s)
t - t

= Ep | Fe

\ —lnL(t) + ) / lo(s)|? ds

[T :
- & \ /a(s>dW<s)) |7
T

= Ep / o?(s)ds | f;} (by Theorem 6)
K

T
= / 0%(s)ds (deterministic functions are always measurable)
t

i
Theorem 16 Suppose In X ~ N(u,0?%). Then for any z > 0,
E[(X—2)*] =E[X]®(d) — 2®(da)

where dy = (p+ 02 ~Inz)/o and dy = dy — o = (u—Inz)/o. Note that
(X — z)* = max(X - x,0), and is used throughout the text.

Proof. Let Z;x>,) be the indicator function on the set {X > x}, i.e.

I _ 1 whenX >z
X221 =% 0 when X < &
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Then,

E[(X~-2)"] = B[(X -2)Tx>s]
= E[XT(x>z}) — E [2Z{x>52]
= (A)—(B)

Let us first consider (A). We modify a proof from [26]. Let g(X) be the
probability distribution function of X. Now InX ~ N(u,0?), so define

the standard normal variable @ = (In X ~ u)/o, whose probability distribu-

2
tion function is simply h(Q) = \/%e“gz'. Note also that a property of the

lognormal distribution is that p = In [EX] — %02. Then we can solve

(A) = B[XTjxou)]

= /ong(X)dX

- | e

(lnz—u)/o

2
= / et e~ FdQ

(Ine=p)/o

= ettio’ / = 6%['@"")2]6@

(nz-p)/o

_ etie? / hQ - 0)dQ
(nz—p)fo

= ettic? 1-®((Inz—p)/o— o))

= 1'% (0 — (Inz — p)/0)

= ehnlBXl-3o’+io%g (0 - (Inz — p)/o)

= EX® ((p+0®—Inz)/0)

= E[X]®(d)
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Now let us consider (B). We could solve this in the same way we solved for

(&), but we will use a more elegant measure theoretic approach:

(B) = E [mI{ X>:z:}]
= B [T{x>s] (z is constant and thus measurable)
= zQ(X > )
= zQ(InX > Inz)

_ xQ(ln}i-—p>lna:—,u)

o
_ xQ(u—lnX<,u,—lnac)
o o
— 10 (u—lnx)
o
= m@(dg)

3.4 Using Black76 to price interest rate options

The Black76 model [5] is the industry-standard method for pricing European
options on a number of underlying instruments [26]. Its sole assumption is
that the underlying is lognormally distributed under the risk-neutral measure
at expiry. No restrictions are placed on the behaviour of the underlying
before expiry. In addition, it assumes that the risk-neutral interest rate is
a non-stochastic process. We shall see during the following derivations of
the Black76 formula that this assumption does not make sense when pricing
two common interest rate derivatives: caplets and swaptions. In fact, some
motivation for the development of the Libor Market Model was to address
the problems of using the Black76 model for interest rate derivatives [4].

3.4.1 Derivation of Black76 for caplets

Let us first derive the Black76 formula for caplets. It is a worthwhile exercise
to derive the Black76 formula for caplets because we will need to use market

28



implied volatilities of the caplets when we calibrate our Libor Market Model
in Section 5.4. This market volatility is the implied volatility that is used
in the Black76 formula to correctly price the caplet at market value. So let
us now derive the Black76 formula for caplets.

Consider a caplet V (t) on the Libor forward rate L;(t) with strike K and
expiry Tj_; with payoff §; (L;(T;_;) — K)* at time T;. We assume that
the forward rate L;(T};-;) is lognormal in the risk-neutral world, so that its
logarithm In L;(T;_,) has variance 62_,T;_; and hence mean E [L;{T;_)] —
102 T;_;. Note that the variance 02 ;T;_; will generally be dependent on
the time span [t, T;_;). Suppose Q is the risk-neutral measure for the bank
account (earning the risk-free rate ;) as numeraire. Then by Theorem 12
we have

V() = 1xEQ[VT(F[}) l.?‘}}

eftjrgdt

Bq eI ™45, (L,(Ty-1) - K)* | 7]

The first assumption in using Black’s formula is that the option payoff, a
function of the underlying, is independent of the prevailing interest rates,
and so we can split the expectation. This assumption has proved to work
with a variety of European options on different underlyings such as equity
and commodities [26], but when the underlying is an interest rate itself (in
our case a Libor forward rate) this assumption is clearly absurd. The inde-
pendence assumption implies

V) = Bole k| ] o [6 (Li(Ty) - K)* | A
= P(t,T;)é;Bo [(L;(Tj-) — K)* | 7]

Now using the fact that L;(Tj—,) is lognormal in the risk-neutral world
and the results of Theorem 16,

V(t) = P(t,T;)6; [B [L;(T;-1)] @(d1) — K ®(ds)]
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where

1
di = (ln(E[Lj(Tj-) | F]) - 50?»17}-1 + 05 T — K)o 1T

= (0(BLi(T3) | F)/K) + 303iTy1) 013/ T

dy = dy—0j1/Tj

The second assumption that is made when using Black’s formula is that
the expected future value of the underlying is equal to its current forward
rate, i.e. that E(L;(Tj-1) | ] = L;(t). However the expected value of
an instrument under the risk-neutral measure is its futures price, not its
forward price. So this assumption is reasonable only if interest rates are
non-stochastic since then the futures price of an instrument is the same as
its forward price [26]. In the case of modelling interest rate derivatives we are
modelling stochastic interest rates so this assumption is invalid. Substituting

our second assumption we arrive at
V(t) = P(t,T;)8; [L;(£)2(ch) — K®(dy)] (6)
where

1
dy = (In [L;(t)/ K] + 50?_13’}-1)/05—1\/7}-1, dy =dy —0j1/Tj1

3.4.2 Derivation of Black76 for swaptions

When it comes time to calibrate our Libor Market Model in Section 5.5 we
will need to use the market prices for swaption volatilities. This market
volatility is the implied volatility that is used in the Black76 formula to
correctly price the swaption at market value. So let us now derive the
Black76 formula for swaptions.

To derive the analytical Black76 price for European swaptions we follow
a very different line of reasoning to that which we followed in the previous
section when we determined the Black76 caplet pricing formula. In the case
of pricing the caplet we used the risk-free bank account as our numeraire,
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which required several ugly assumptions about the relationship between the
risk-free interest rate and the forward rates. To price the swaption we
will make use of a different numeraire to obviate the need for any of these
assumptions. This will lead the way to the next section where we again
price the caplet, but in the framework of the Libor Market Model, and in
the process we will find that we do not need to make any assumptions about
the interaction between the different interest rates.

The only assumption we do have to make is that the swap rates are
lognormal. It can be shown that swap rates and forward rates can not simul-
taneously be lognormal, but this will be covered in Section 5.5.

From (3) we have that the swap rate for a swap from time 7} to T is

N
L;é; P (T;)
=i
SR, = 2=
8; P (Ty)

j=i

But from (1) we can write L; in terms of our zero coupon bonds P(7T}) as

P(T;-4)

P(T)

e Ljéj
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hence

N
> |- P

=i

SR = -
> 6;P(Ty)
F=i

N

> [P(T-1) = P(Ty))

j=i

> 5P (Ty)
P(Tos) - P(Ty)

EN:%'P (Z3)

So our swap rate SR; can be written as the ratio of two tradeable assets

N N
P(Tiy) — P(Ty) and »_6;P(Ty). Let X;(t) = Y 6;P(T;) be our nu-

meraire and invoke Theorem 11 to note that there exists a measure Py under
which SR;(t) = (P(Ti-1) — P(Tw))/ X:i(t) is a martingale (as are all tradable
assets divided by X;(¢)). Notice that SR; > 0 since P(T;—;) > P (Tx) and
P(T;) > 0 (Theorem 1). Let us pick (as a basic assumption of our model) a
deterministic form for ¢;(t), and use Theorem 7 to write

dSR;i(t) = SR;(t)o:(t)dWXi ()
where WXi(t) is an Py,-martingale. Since o0,(t) is deterministic, we use
Theorem 15 to find that SR;(T;-;) is lognormal under Py, with

Tima
[ los(s)|2ds

i

Varpy [InSRi(Ti-1) | i

Tia

Br, l0SR(Ts) | 7] = WSRO - 5 [ (o)l ds
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Now using (4) a swaption whose strike is K is worth at time T;_; the amount
Vi(Ti-1) = Xi(Ti-1)(SRi(T;-1) — K)*. Using Theorem 12 we get

Vit) Vi(Tioy)
%G = T x@ |7
= Vi(t) = Xi(t)Epy, [(SRi(Ti-1) — K )" | 7]

And using Theorem 16 we have,

Vi(t) = Xi(t) [SR:(1)®(d1) — K®(d3)] (7)
where
Ty
dy = IB(SRi(t)O{K) + 503, dy=dy—0, o0l= / ]|J,-(s)|]2 ds

4
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4 'The Libor Market Model

This section is the most important of the dissertation: it derives the Libor
Market Model. We start off in Section 4.1 with an outline of the procedure
we will follow when deriving the Libor Market Model. Section 4.2 derives
the equivalent of the Black76 formula for caplets using the P(t, T;) discount
bond as numeraire instead of the risk-free bank account as was done in Sec-
tion 3.4.1. We find that we arrive at the same expression as (6) without
having to make the unrealistic assumptions that we did before. Section
4.3 then uses change of measure technology to be able to price more com-
plex derivatives with payoffs at multiple time periods. This leads us to a
stochastic differential equation that describes the dynamics of the forward
rates when using any arbitrary discount bond as numeraire. This stochas-
tic differential equation is too complex to solve analytically, so Section 4.4
describes how to discretise the stochastic differential equation into a form
that is compatible with the Monte Carlo integration technique. Section 4.5
shows how we transform the multiple cashflows from different time periods
to payoffs at the same time as the expiry of the numeraire so that we can
use martingale theory to calculate the time-¢ prices of a derivative product.
Finally Section 4.6 shows how we calculate and use the Greeks to hedge our

derivative products.

4.1 The plan

® Section 4.2 prices a simple caplet caplet;. This is rather straightfor-
ward because it has one payoff &; (L;(Tj-1) — K)™ at time 7j.

— Choose the discount bond P(t,T;) to be our numeraire because
it has the value of 1 at time T} coinciding with our caplet payoff.
This will greatly simplify our expectation integral.

— Divide the tradable asset L;(t)P(¢,T;) by our numeraire to show
that L;(t) = L;(t)P(t,T;)/P(t, T;) is a martingale under the mea-
sure Pr; (corresponding to the numeraire P(¢, T})).
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— We choose an equation whose solution is a positive lognormal mar-
tingale for L;(t) under Pr,.

— With the dynamics of L;(t) in hand we can calculate the distrib-
ution of L;(T;-1) and hence find the value of the caplet.

e Section 4.3 shows how to price the more complex derivatives that use
more than just one forward rate and generate payoffs at more than one
time. This requires that we find the dynamics of all our forward rates

under a single measure.

— We find a suitable Girsanov transform to move our forward rate

dynamics from one measure Pr; to its neighbouring measure Pr,_, .

— We use this transform inductively to move from any measure Pr,
to any other measure Pr,, and specifically choose the terminal
measure Pr, as that in which we will work.

4.2 Pricing a single caplet

The derivation in this section follows closely the treatment presented in [13],
although we present the market model in discrete time. We showed in
Lemma 3 that L;(t)P(t,T;) is a tradable asset. Let V(t) = L;(¢t)P(t,T;) and
let the numeraire be X (t) = P(t,7;). Then we have that our forward rate
can be defined by L;(t) = V(t)/ X (t). Since both V' (t) and X (t) are tradable
assets we invoke Theorem 11 to note that there exists a measure Pr, under
which L;(t) = V(¢)/X(t) is a martingale (as are all tradable assets divided
by P(t,T;)). We call Pr; the forward measure because we are using the
discount bond P(t,T;) as numeraire. Since P(t,Tj-1) > P(t,T;) (Theorem
1), we know that L;(t) > 0 and because L;(t) is a positive Pr,-martingale we
can use Theorem 7 to write

dL;(t) = Lj(t)a;(t)dW™ (¢) (8)

where W7 (t) is a correlated M-dimensional Pr,-martingale and o,(t) is some
deterministic vector of functions. Note that W7 (t) models M sources of
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noise with correlation matrix p (p;; is the correlation between noise source
¢ and j). When modelling only a single caplet we could replace this with
a single source of noise and adjust o;(t) accordingly. However, in the next
section we will be pricing more complex derivatives based on multiple forward
rates with multiple payoffs at various times, and for this we require several
sources of noise so that the correlation between the forward rates can be
modelled realistically [59]: we derive a so-called multi-factor version of the
Libor Market Model. In Section 5.6 we will describe a technique that reduces
this number of factors.

Since o;(t) is deterministic, we use Theorem 15 to find that L;(Tj-1) is
lognormal under Py, with

T
Vare, InLy(Ti) | 7] = [ ool ds

t

T
1
Ber, InLy(Ty-1) | 7] = L) - [ oyl ds
t
Now a caplet pays at time T; the amount V(T;) = 6;(L;(Tj-1) — K)*. At
time T;_, < t < T; we have V(t) = P(t,T;)8; (Lj(Tj-1) — K)*. Using the
numeraire X (¢) = P(t, T;) we use Theorem 12 to get

V) = Pt T;)8Ee, [F%;%') | F‘}

= P(t,Y}‘)5jEP1~j [V(T?) lf.t]
P(t, T3)6;Bey, [(L;(Tj-1) — K )* | 7]

And since L;(T;,) is lognormal under Pr; we use Theorem 16 to obtain

V(t) = P(t,T;)6; [L;(t)@(d1) — K®(dy)] 9)
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where

Tyt
In(L;(t)/K) + Lo?
dl = ( J( ){; ) 2 3 d2 = dl — Ty, 012) == ”gj(s)uz dS

t

Notice that the equations for the Libor caplet price (9) and the Black76
caplet price (6) are identical. However their derivations are quite different:
in the case of the Black76 derivation, we make two messy assumptions when
taking expectations under the risk-neutral measure (Q; in the case of the
Libor derivation, we make no such assumptions under the forward measure
Pr,. Also, when pricing several caplets simultaneously under the risk-neutral
measure we assume that all the forward rates are simultaneously lognormal,
leading to explosive rates; under the forward measure, each caplet expiring
at T}, is lognormal under its own measure Pr,, avoiding the problem [59].

The fact that the Black76 equation can be used to correctly price caplets
under their own measure is fundamental to the calibration of the Libor Mar-
ket Model to current market data. We will see this used in section 5.4.

4.3 Pricing more complex instruments

The previous section has built a model that describes the dynamics of each
L;(t) process under its own measure Pr;. The model can price only relatively
simple derivatives (e.g. caplets) that depend on the process L;(t) with a
single payoff at time T;_;. We wish to develop the model further to allow
us to price more complex instruments that depend on several L;(%) processes
with payoffs at arbitrary times 7T,. The derivation in this section follows
closely the treatment presented in [3].

Assuming L;(t) dynamics of the form (8), where we have no drift term,
we use successive Girsanov transforms to arrive at the dynamics with drift

of the form:
dL;(t) = L;(t) [p;(t)dt + o;()dW T (2)] (10)

Since we can apply Girsanov’s theorem in either direction, we will have devel-
oped a suitable choice of y;(t) that will allow us to move between dynarmics
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of the form (8) and (10).
From (1) we have that

Ly(t)

= B(t)

1
s J-j[P,-(t)—l]
= 14 8L

(11)
(12)

Instead of jumping directly from the measure Pr, to Pr, lets see what

dynamics we find for a single step in change of measure from Py, to Pr,_,.

Define the likelihood process:

() =

= dpi7'(t) =

P(0,T;) P(t,T;-1)
P(0,T;-1) P(t,T;)
P(0,T;)
P(0, 7}--1)})"“)
P(0,T;)
P(0,T;-,)

P(O, Tj)
PO 8;dL;(t)

P(Ov T.,’I) i
PoT LW ()
(14 6;L;(2))

i1 &;L;(t)
O s LE)

(14 6;L;(t))

8;Li(t)o;(t)dw T (¢)

() dwTi(t)

Girsanov’s theorem (Theorem 8) tells us that a kernel of

(14+46;L;(2)

5.7'L.7'(t) o;(t)
) 7

which we will ensure satisfies the Novikov condition (Lemma 9) in our choice
of o;(t), will give the relation between the Brownian motions under two

38



successive measures as

0;L;(t)

W) = T 5L @)

oj(t)dt + dWTi-1(t)

Rearranging to get dW7i-1(t) in terms of dW 7% (t),

8;L;(t)

Similarly for dW7Ti-2(t),
Tia(yy — T, 8i-1Lj-1(t)
W) = W) ~ R )t
g GL® &L
= WO -G L)Y T T gL O

We can now apply this single time step transformation inductively to

move from any measure Pz, to Py, using the relation

4
8L
awT () - Z oy (t)dt for j <p
k=j+41
dWTi(t) = dWT(t) for j=p
AW (t) + Z (1i§Lz:(t op(t)dt forj>p
\ k=p

Plugging this into (8) we obtain dynamics of the form (10):

dL;(t) = L i(t)o;(t)dWT (8)

L;(t)o;(t)dWTr(t) — L;(t) Z ﬁf_’js%%gmaj or(t)pjdt for j <p
k=j+1
= q Lij(t)o;(t)aW™ () forj=p
j-1
L;(t)o; ()W (8) + L;(8) ) sl o;(t)or(t)ppdt  for j > p
\ k=p

(13)

39



where we have used the convention ZP (..)=

In general (13) will not have a solutlon except in the special case when the
oi(t) are bounded over any time interval [0,¢]. Fortunately this special case is
relevant to most practical finance and the proof of the existence of a solution
is given in [28]. Although we are only interested in the derivation of the
dynamics of the forward rates, [28] proves in detail that the model is arbitrage
free by showing that all discount bonds P(0,7;) divided by the terminal
discount bond P(0, Tly) (as defined by our forward rate dynamics) are indeed
martingales under the terminal measure and then extends the proof to all
numeraire-rebased assets in the economy. It is also worth mentioning that a
large motivation for the more complex Libor Market Model presented in [30]
is that we makes absolutely sure that his mathematical model is descriptive

of the market and is arbitrage free.

4.4 Discretisation

In the previous section we derived Equation (13), which describes the arbitrage-
free simultaneous dynamics for all our Libor forward rates L;(t) under any
chosen measure Pr,. Ideally, we would like to find a closed form solution
to the stochastic differential equation, but in the case of (13) the dynamics
are too complex to solve analytically. Instead we have to resort to approxi-
mate numerical schemes where we discretise the dynamics so that they can
be simulated in software. We follow the treatment in [46], where we focus
on discretisation under the terminal measure Pr,, corresponding to a nu-
meraire of P(0,Tx). The arbitrage-free dynamics of the forward rates under

the terminal measure are

N
dL;j(t) = L;(t)o;(t)aW ™ (¢) = Ly(t) )
k=541

_ &Le(t)

(1+5 L (t)) (t)Uk(t)ijdt (14)

The first thing we notice in our dynamics in (14) is that both the drift
(the dt) and the volatility (the dW ) terms are state dependent since they
contain L;(t). This state dependence make it difficult for us to discretise
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the dynamics accurately because we have to approximate the continuous drift
and volatility terms over discrete time intervals. We should like to remove
as much state dependence from our discretisation as possible.

Using the very useful structure of the Ito derivative of In L;(t), we can
eliminate the state dependence of the volatility term by discretising In L;(¢)
rather than just L;(t). Putting X;(t) = In L;(t), we have by Ito,

aX() — L(t) dLy(6) = 5 (s(0)

- |- 3 Amaen o or] asoyomno
k=gl

Notice that the state dependence (the L;(t) factor) has fallen out of the
volatility term but we are still left with a state dependent drift term.

To begin our discretisation we integrate both sides over our discretisation
timestep and apply a truncated Ito-Taylor expansion [37] to get

tit1

Tl & oule(wo;or(ups 1 y
X(tu) = X5t + | [—Z T o) | dut [ o w)aw ™

t; £y

We now approximate the stochastic terms Li(u) over the time period
u € [t;, tiy1) with constants L} to get

big1

tig1 N * o (u wo.
Xi(t) = X(t)+ [ {— > M, ——;naj(mﬂ dut [ ayw)aw

4 ke=j+1 (1 + 0k Ly) 7
N tiv1
SiLy,
Xi(t) - 3 Trstpn [ oo
Sty T+ )
tib1 tit

-3 [ Noswidu+ [ o;aw™

ti t;

How do we choose these L;? The simplest choice would be to use
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+ = Li(t;), since we know this information at time ¢;. [32] states that most
banks use this approach and that, with a step size of about three months, the
error in the drift approximation is negligible. However [59] found that this
approximation is inaccurate for discretisations of three months or more (be-
tween two Libor reset dates) and recommends that the Predictor-Corrector
(PC) method be used. This method works as follows:

1. Initially, choose Ly = Lg(t;) to evolve X (t;41) and hence L}(tiy1) =
exp(X; (tiy1))-

2. Repeat the computation using L} = 1 [Li(t:) + L;(t,;H)] to evolve
Xj(ti+1) and hence Lj(ti+1) = exp(Xj(t,-H)).

As can be seen from the PC algorithm, we are effectively using the "av-
erage" Libor rates between times ¢; and ¢;;; to determine the Libor rate
Lj(ti41). It is not the true average because we have to estimate L;{¢;1;)
using L}(t;11) but [59] notes that this improved approximation of Li(u) with
L} yields very accurate results when compared to improving accuracy by
using much finer discretisations.

So the discretised dynamics we implement are of the form,

(798 tig1
1
Xi(tn) = Xt) =5 [ ol du+ [o@aw™
t 15
N tit1

OxLy, /
-> TPk | oi(u)or(u)du
—h (1+6:L7)" /
Li(tiv) = eXi(tit1)

(15)

When performing our discretisation we chose to apply a truncated Ito-
Taylor expansion to our stochastic differential equation. This generally
obtains an order of strong convergence -y = 0.5 [37], which describes how the
error in discretisation diminishes with the decreasing size of the discretisation
mesh. It is possible to apply discretisation expansions that have better
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orders of convergence: [37] recommends using the Milstein scheme as it is
hardly more complex than the simple Euler scheme and has an order of
strong convergence v = 1. However [29] shows how we are already applying
the Milstein scheme to L;(t) by our simulating its logarithm, X;(t): little
advantage is realised applying the Milstein approximation to Xj(t).

Of more concern than the errors introduced by our discretisation is the
fact that our discretisation removes the martingale property from the dynam-
ics of X;(t): the model is no longer arbitrage free [20]. Two adjustments
to the discretisation process are described in [20], where an adjustment is
made to the drift of X;(t), and [43], where a completely different transform
of L;(t) is discretised. Both describe how their improvements are marginal
under most conditions. We implement neither approach in this dissertation.

4.5 Pricing financial instruments

Equation (15) of the preceding section allows us to calculate L;(t) at any time
t € T;. The market data we have available are the initial term structure
L;(T;) and the various modelled volatilities and correlations that allow us
to calculate the various integrals. These then allow us to build up an upper
triangular matrix of forward rates as shown in the left-hand matrix of Figure
7. Using (2) we can calculate the discount bonds P(T;, T;) in terms of these
forward rates as shown in the right-hand matrix of Figure 7.

Using these forward rates and discount bonds we should be able to model
the cashflows of pretty much any interesting interest rate derivative. Section
6.4 explains what interest rate derivatives can be priced using the Libor Mar-
ket Model. We saw from Theorem 16 that if P(t, T) is our numeraire and
Py, its corresponding equivalent measure, then the value of our derivative
V(t) is calculated by

V(T)
P(Ty,Tn) | ft]

So to price a derivative for a particular set of evolved forward rates and

V() = P Tn) (0B, |
discount bonds at time ¢, we have to:
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- i

Figure 7: Examples of the matrices of forward rates and discount bonds that
are generated with each evolution of the forward rates. The rows correspond
to measurements at particular points in time while the columns represent the
future time periods at which the rates are relevant.

1. Calculate the cashflows of the derivative at each time T;.

2. Transport these cashflows forward to time T by dividing by our evolved
discount bonds P(T;, Ty).

3. Transport the combined Ty payoffs back to today (time ¢) by multi-
plying by today’s discount bond P(t, T ).

4.6 Hedging financial instruments: the Greeks

Section 4.5 describes how to use the Libor Market Model to calculate the price
of a financial instrument. This is the "fair" price of the instrument because
it is the same amount that theoretically can be realised in the market by
a synthetic instrument with identical payoffs constructed using (dynamic)
hedging [42]. So it is important that once a trader has sold a financial
instrument (at a slight premium) she is able to lock in her profit by hedging
the instrument: she requires some recipe for her hedging activity. It is almost
certain that the ability to calculate a hedging strategy is more important than
the ability to calculate a price: often prices are visible in the market, but
it is the hedging strategy that allows the trader to mitigate risk and realise
profit. This section describes this hedging process.

Continuous-time arbitrage theory states that we need to be able to hedge
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continuously to realise exactly the theoretical price of a financial instrument.
Hedging is achieved by shorting the delta of the instrument, making the com-
bined portfolio "delta-neutral®™. This means that the portfolio value should
remain almost constant over a small change in the value of the underlying
variables. Delta is calculated as the first derivative of the instrument price
with respect to its underlying variables. Delta is one of the "Greeks", a
collection of sensitivities of the option to various underlying variables that
are used for hedging purposes and risk management. In the case of the Libor
Market Model we have many underlying variables, the forward rates L;, so
we require a delta for each of them:

av

Ai:a_Li

Obviously it is impossible to hedge continuously, and once liquidity re-
strictions and transaction costs are taken into account it might be impractical
to hedge more often than every few hours or days. This discrete delta-
hedging strategy is inaccurate and it is necessary to attempt to mitigate the
costs that are incurred by the less frequent hedging. To this end traders
also look at the gamma of the instrument and ensure that their portfolios
are both delta- and gamma-neutral. Gamma (another Greek) is calculated
as the second derivative of the instrument price (or the first derivative of
delta) with respect to its underlying variables. Notice that for each delta we
have one gamma for each underlying variable, so we have very many gammas
(equal to the square of the number of underlyings):

v

Vi = BLaL,

Among other reasons (as is discussed in Section 4.6.1), this explosive number
of gammas makes them difficult to work with, and generally only the diagonal
gammas are calculated. In applications where the off-diagonal gammas
are required, they are referred to as cross-gammas. [18] briefly discusses
how response surface techniques can be applied to approximate these cross-
gammas more efficiently.
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In addition to neutralising her portfolio against changes in the underly-
ing forward rates, the trader is generally also interested in the effect that
changes in the market volatilities (vega is the Greek that measures sensi-
tivity to volatility) and correlations will have on the value of her portfolio.
By calculating sensitivities to these values the trader can attempt to hedge
against them. In the Libor Market Model we have to decide whether we wish
to calculate the sensitivities to the model volatilities (i.e. those of the for-
ward rates) or to the market implied volatilities (i.e. those of the caplets and
swaptions to which we calibrate). The first option, although computation-~
ally straightforward, yields sensitivities to rather ephemeral measurements
of volatility: they are not readily visible in the market and so it is hard to
get a feel for them. The second option is extremely computationally expen-
sive because it requires recalibration of the Libor Market Model each time
a volatility is bumped. [51] and [53] present very lucid discussions of these
problems and the trade-offs involved.

Once we have the Greeks in terms of changes in the underlying forward
rates, we can quite easily calculate the Greeks in terms of discount bonds,
swaps and other market instruments used to build the yield curve by a simple
application of the chain rule [19)].

In general, calculating the Greeks inside the Monte Carlo framework faces
several challenges: it can be slow and inaccurate compared to other pricing
techniques in the literature [18]. Additionally, Monte Carlo techniques are
normally required once a pricing problem becomes too complex for other
methods. When calculating the Greeks this complexity brings to the table
complications, like discontinuous payoffs, where the Greeks are not smooth
or even extant! Although some progress has been made at improving the
performance of calculating the Greeks inside the Monte Carlo framework [19],
the complexity of the Libor Market Model renders most of these techniques
impractical.

There are two fundamental approaches to calculating the Greeks inside
the Monte Carlo framework:

o Finite difference approximations. This is certainly the simpler of the
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two approaches, that naively uses the existing Monte Carlo pricing
methodology and calculates the value of a derivative at several points
in the underlying. A finite difference calculation then provides an
approximation of the Greek. This method is discussed in Section
4.6.1.

e Simulation of Greeks. Here numerical differentiation is replaced with
exact calculation. The pathwise method differentiates each simulated
outcome with respect to the parameter of interest by placing the depen-
dence on the parameter as a drift change in the process. The likelihood
ratio method differentiates the derivative price by putting the change
in the underlying into the probability density function. These methods
are covered briefly in Section 4.6.2.

4.8.1 The finite difference method

The finite difference method is not specific to Monte Carlo simulation: it can
be used with any option valuation method as long as we can recalculate the
option price after varying the underlying parameter of interest. A simple
finite difference approximation gives an estimate for the derivative. OQOur
treatment of the finite difference method combines material from [18] and
[29].
As it is the most fundamental Greek in the hedging of securities, let us
focus on calculating delta:
po
oL,
We can approximate this continuous derivative with the simplest finite
difference calculation, Newton’s forward-difference formula using one addi-

tional valuation at L; + AL;:

Ao VILi+AL) — V(L)
P AL;

(16)

A better approximation is Stirling’s central-difference formula, although
it requires the computation of the option value at two additional valuations

47



in the underlying at L; + AL; and L; — AL;:

-~ V(Lg -+ AL,) - V(Lz — AL,)

Ai 2AL;

(17)

Figure 8 provides a visual comparison of the two approximations. No-
tice how the central-difference formula is superior to the forward-difference
formula when approximating the tangent of a curve. Although it may seem
inefficient to do twice as much work to calculate two additional points for
approximating delta using Stirling’s formula (17) its bias and variance proper-
ties are vastly superior to that of Newton’s formula (16) [18], and in addition
we can reutilise the same points when calculating the major gammas using
the approximation

A%
OL;0L;
V(L, + AL,,) - 2V(L1,) + V(L, - AL,,)
(AL;)?

I'y =

(18)

To determine how well our approximation of delta matches the actual
delta of the option we consider the bias and the variance of our approxima-
tion. The bias tells us to what error our approximation will converge, while
its variance tell us how quickly we will converge there. Let us first examine
the bias of our delta approximation:

bz'asi = E[A,] - ‘g%—
—~ V(Lz -+ AL;’) - V(L, - ALi) N7 )
~ E [ SAL V(L)
- EA_L,-E [V(Li + AL) = V(Li = AL)] — V'(Li)

where V is the average of the Monte Carlo simulations, and then Taylor
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Price of option

Price of underlying

Figure 8: Comparison of Newton’s (dotted) and Stirling’s (dashed) approxi-
mation to the actual (solid) gradient of the curve. Notice how much better
the approximation is when using Stirling’s central difference formula.

expanding our values around L; we get

bias, — L [_(V(La+AL:-V<L,;>+%AL3V"<L,:)+O(AL?))) } V(L

2A0L; (V(L:) — ALYV (L;) + 3AL2V"(L;) — O(AL?)

1 V(L) + ALV (L) + ALV (L) + O(ALR) | V(L)
20L; | —V(Ls) + ALV'(L) — ALV"(L;) + O(AL?) '
= L ERALV(L) + O(ALY)] - V(L)

2AL;

1
sAL B [OBLY)]

= O(AL)

So we see that we can arbitrarily reduce the bias of our estimate by
reducing AL;, although we must remain aware of machine precision issues
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[7]. Let us now consider the variance of our delta approximation:

variance; = Var[A|]
o yar [VLi+ ALY = V(Li = AL)
N 2AL;
- L2 = Var [P (L + AL) - V(L — AL)|
= - AL2  Var[Va(Li + AL) — Va(Li — AL

The last step assumes that the V,,, which comprise the average V are i.i.d
as is argued in {18]. The '-—g' term suggests that variance might become
explosive as we reduce AL unless the variance term contains a AL; or AL?
term in the numerator to compensate for the AL? in the leading denominator.
[18] gives three scenarios for the order of Var [V(L; + AL;) — V(L; — AL;)]:

e O(1): If Vo(L; + AL;) and V,(L; — AL;) are computed independently.

o O(AL;): ¥V, (L;+AL;) and V,(L;—AL;) are computed using common
random numbers.

o O(AL?): If Vo (Li+AL;) and V,(L;—AL;) are computed using common
random numbers and that V,, is sufficiently smooth in L;.

Clearly the third scenario would be optimal, but we can only guarantee
the second scenario, where we use the same random numbers when calcu-~
lating the value of our option at the different points of the finite difference
approximation. In this case our variance is:

variance;

4AL2 ———O(AL;)

- °(az)

So although we can improve our bias arbitrarily by decreasing AL;, the
variance of our measurement simultaneously grows as we decrease AL;. So
we have to trade-off between reducing bias and increasing variance. [49]

50



claims that market practitioners use the arbitrary choice of a 1% shift (i.e.
AL; = 0.01L;). [18] gives a fairly comprehensive account of basing this
trade-off on an optimal mean square error procedure. [29] describes a more
compact and lucid approach, balancing bias, variance and machine precision.
His choice of AL; is

AL; = el

where ¢ is the smallest number that the machine can differentiate from zero
(we use the C# constant Single.Epsilon).

It is all fair and well to naively use the finite difference method to cal-
culate the Greeks: calculating delta and gamma are rather straightforward.
However, for most option payoffs the first derivative (delta) of the payoff
with respect to the underlying price is not continuous (specifically Lipschitz
continuous) and hence the second derivative (gamma) may not even exist at
some points (or at least behave with a Dirac delta spike). Path dependent
options like the barrier options have even more ill-behaved Greeks. The
finite difference method is not well equipped to detect these "spiked" deltas
and gammas and can simply generate garbage results. A large value of the
variance of the Greeks estimates might be useful in detecting this problem.
[49] and [51] discuss how the pathwise methods (discussed in the next sec-
tion) are better alternatives in these circumstances. [29] describes how to
use importance sampling to focus the Monte Carlo simulations on the sam-
ple space where the Greeks are significant (e.g. in the region of the gamma
spike) rather than wasting time in its usual broad evaluation of the entire
sample space where the Greeks are uninteresting. This technique generally
takes advantage of the structure of the process being simulated and of the
structure of the derivative being priced and it is not clear how easily this
might be applied to the Libor Market Model.

One might expect that having to calculate three times as many prices to
generate the Greeks might cause a threefold slowdown in computational time,
but this is certainly not the case. A large proportion of time in the Monte
Carlo simulation is spent generating the random numbers that are used to
build each simulation instance. It is rather fortunate that our estimates of
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the Greeks are better when we reuse these random numbers. Experimentally
we found that the computation of delta and gamma for each forward rate
takes only around an additional 30% of the time it takes to price the option
itself.

4.6.2 Other approaches: the pathwise method and the likelihood
ratio method

Not implemented for this dissertation, but worth describing briefly are two
other methods exist for estimating the Greeks of various derivative products.
They attempt to produce unbiased estimates by replacing numerical differ-
entiation with exact calculations. The pathwise method differentiates each
simulated outcome with respect to the parameter of interest by placing the
dependence on the parameter as a drift change in the process; the likelihood
ratio method differentiates by putting the dependence in the probability den-
sity function. The two methods are covered in detail in [12]. The pathwise
method seems to be the more stable of the two approaches [51] and is ap-
preciably faster to calculate than the finite difference method [49]. Its only
drawback is that it requires continuous derivative payoffs. The likelihood
ratio method works well with options with discontinuous payoffs but can
generate unstable estimations for the Greeks. Neither method is as gen-
eral as the finite difference method, which can be applied to any derivative
product. Both the pathwise method and the likelihood ratio method require
some mathematics to be performed on the payoff of each derivative being
priced.
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5 Model details

The Libor Market Model requires several inputs: today’s forward rates, for-
ward volatilities and correlations between forward rates. These three sources
of information can not simply be looked up on a market data terminal. They
are instead derived using somewhat complex procedures from instruments
traded in the market. Forward rates are bootstrapped from deposit rates,
bonds and swaps; forward rate volatilities are estimated from caplet volatili-
ties, which are in turn bootstrapped from traded caps; forward rate correla-
tions can be inferred from swaption volatilities. All these choices of market
data, bootstrap procedures and inference algorithms can yield vastly differ-
ent input parameters for the Libor Market Model, and understandably can
lead to hugely varying estimates for modelled derivative prices. Indeed [60]
presents a study on how many different prices one can arrive at for the same
option using different calibrations that are consistent with market data. [59]
and [60] describe how successful application of the Libor Market Model lies
somewhere between science and an art. This unfortunate state of affairs is
summed up by [65], who states that all models he has ever seen are demon-
strably wrong, but in experienced hands they are powerful pricing tools.

This section describes how the information in the market is intelligently
translated into a form that is acceptable and reasonable as inputs to the
Libor Market Model.

5.1 The initial forward rates

Forward rates lie at the heart of the Libor Market Model and are generally
implied from the market yield curve. This yield curve is built up using
a variety of techniques from the deposit rates, bond prices and swap rates
that are available in the market. There are a plethora of techniques in the
literature on how to bootstrap this yield curve, each with its advantages and
disadvantages: [22] presents many of them in detail. On top of the choice of
bootstrap methodologies to use, the implementor must choose between the
"grade" of interest rate product that is used in the bootstrap. Government
bonds yield lower returns than riskier corporate bonds; swaps between A-
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grade counterparties carry different rates to those between less credit-worthy
customers; overnight Libor rates are available only to the larger banks. Also,
[59] explains how each investment bank might have its own views on the
future realisations of the yield curve and so when pricing, a trader might
not want to use the equilibrium rates in the market caused by supply and
demand, but rather might wish to incorporate her own subjective view of the
future forward rates.

Once the forward rates prevailing today have been established we can
move on to describing the dynamics of the forward rates, first as solitary en-
tities (by looking at their volatilities, see Section 5.2), and then as a group of
entities that influence each others’ behaviour (by looking at their correlation,

see Section 5.3).

5.2 Volatility specification

Probably the most important parameters of the Libor Market Model are
the volatilities of the forward rates. They play a role not only in the sto-
chastic part of the evolution of our forward rates, but more importantly in
the deterministic drift adjustments that each rate enjoys under the terminal
measure. Inside the model, the specification of the instantaneous volatility
o;(t) for each forward rate L;(t) is pretty flexible, with the only pressing req-
uisites being that it be deterministic and integrable (the Novikov condition
of Lemma 9).

This infinite-dimensional (over continuous time) instantaneous volatility
parameter allows us great flexibility in calibrating the forward rate volatilities
to those found in the market. When deciding how we want to specify our
forward volatilities we have to be careful that we do not give our model so
much flexibility that it is easily allowed to become over-calibrated. An over-
calibrated model generally performs poorly at modeling the future because
it has learned the temporal (and even noisy) characteristics of the present
market rather than the general time-invariant characteristics of the present
market that might model the future market effectively.

The primary means of calibrating the volatilities of the forward rates
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Figure 9: Hypothetical caplet market data

in the Libor Market Model is using the caplet implied volatilities that are
quoted in the market. We will s8¢ how this is done in Section 5.4. For
now let us foeus on what information is actually provided by the market and
defermine a parsimonious specification for the volatility of our forward rates
that might capture the essence of the volatilities of the {orward rates. Figure
9 show some hypothetical caplet data that is availabile in the market.

We are given three caplets caplet;, with expiries T,_y, ¢ = 2...4, each
with their own underlying forward rate L; with implied Black76 volatility o;.
There is no initial caplet capiet; because by definition it is a caplet on the
forward rate Ly which is the (forward) rate from time T to time T}, which
is known at Ty, Now the Black76 volatility o; is just the "average squared
volatility over time" of the underlying forward rate Ly, i.e.

; 1 i, -
Uf = —/ Fr{n)du
IT::—]. o TD T

The simplest spectfication might set o7{u) to the constant &7, but this
leads to an instantaneous volatility specification that is not time-homogeneons
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[69]. This means that at some snapshot of the future, our model will describe
forward rate volatilities differently than today. We have no reason to expect
a forward rate today with enc week to expiry to have significantly different
behaviour to a forward rate in a year's time with one week to capiry. A
time-homogencous moedel will ensure that behaviowr modelled today iz the
mame as behaviour modelled in the future. Another problem with the con-
stant specification s that it does not take into account the humped shape of
the term structure of instantanesous velatility that is visible in the market:
for leng-dated caplets, a large portion of the total volatility of caplets scems
to be derived in the period from six-menths to two-years of ita inception [57].
Cne method of ensuring that cur specification i3 time-homogenecus is to
paramectrise it solcly on the remaining time to expiry of the caplet, i.e.

gift) = f (i1 = f)

where T, .., is the expiry of the caplet, f is the point where we arc measuring
the mstantancous velatility of the underlying forward rate and f is some
function.

After analysing onmerous sets of market data, [57] suggests the specifi-

cation of
gilt) = [a+b (T — )]l o (14]

which he argues is suitable because
s it is time-homogeneous;

» it has a flexible form able to reproduce humped or monotonically de-

creasing instantanecus volatilities that pervade the market;
» its parameters have relatively transparent economic interpretation; and

# it has an cfficient analytical representation of the square integral | o;(u)o;{u)dy,
which is required durmg calibration and evaluation of the covariances

during simnulation

An example of the term structure of volatilities produced by {19) is shown
in Figure 10. [5Y9] provides lucid descriptions of the characteristic shape of
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Figure 10: An example of the term structure of volatilities. Notice the
characteristic "hump" around the one- to two-year periad.

the market instantaneons volatilities and of the economic interpretation of
the specification parameters,

The determination of the four parameters a, b, ¢, d are eovered in Section
5.4, For completeness (and for practicality’s sake), [ include not the mathe-
matical representation of the square-integral of {19), but rather the C+# code
for it in Section 1(11. The code was translated from the ¢+ code available
at [43].

Although (19} provides a time-homogenous description of the volatility of
the market, it is not likely to exactly fit all the market data sinultaneously.
When pricing certain derivatives, especially products similar to caplets (e.g.
barrier caplets), it is important that the model correctly ealeulates the eur-
rent market price of the eaplets used for calibration. [59] sugeests adding a
touch of inhomogeneity to the specification by writing it in the form

oift) = K {[a+b(Tiey = )] e 0178 4 )

where K is a scaling constant that allows complete calibration to the market



data. Generally speaking, if (19) provides a reasonable fit to the market data
these K; should be very close to unity, and thus the level of time-inhomogeity
imtroduced is minimal. The addition of this constant does not substantially
alter the complexity of the squarc-integral: it merely introdnces the factor
KK in front of the integral.

5.3 Correlation specilication

Having specified the instantapeous volatilities of the forward rates i our
model we are half way to completely describing their dynamics. What re-
maina is the specification of the correlation, snd thius covarlance, hetween
the various forward rates. The covariance between the forward rates ap-
pears in the deterministic drift adjustments that each rate enjoys under the
terminal measure, and has a particularly larpe mpact of correlation sensitive
instruments such as long-dated Bermudan swaptions [5)].

We are faced with two problems when specifying our forward rate corre-

lation matrix:

s Correlations are not directly visible in the market. They have either
to be approximately derived from swaption prices (vovered in Section
5.5}, estimated by an experienced market participant or caleulated from
historical data. [1] describes how calibration to historical data leads to
calibration that is not at all thne-homogenous and is rather unstable

over fime,

» Beingable to specify a large number of correlation eoefficients may yield
an over-calibrated model that may not model the future very well.

Correlations between forward rates can become quickly unmanageable:
siven n forward rates, there are M distinet correlation coefficients be-
tween them. For example, a long dated Bermudan swaption spanning 2()
years with six-monthly cashflows spans 40} forward rates and 780 correlation
coefficients! Rather than calibrate each individual correlation eoefficient, we
therefore seek a parsimonious specification for the forward rate correlations
that adequately describes what scant information is available in the market.
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Such specifications are the topic of active research [11], [8], [14], [15], [43],
[39]. The model we choose is one deseribed in [58]. [t has the form:

iy =+ (1= a) e #TT (20}

where n i3 a long term minimnm correlation between two forward rates and
/7 describes the sensitivity of the correlation between two forward rates to the
difference between their expiries. [32] recommends the parameters n = 4 =
0.1 as being reflective of the UK market. Under this model two forward rates
with nearby expiries (e.g. l-year and 2-year) will have a high correlation,
while two forward rates with greatly different expiries (e.g. 1-year and 10-
year) will have & low correlation. This seems in keeping with the market
[39]. Some authors argue that the correlation between the 1- and 2-year
forward rates should be lower than that of the 19- and 20-year forward rates
[8} because market participants have more strongly conflicting views about
the short end of the yield curve than the long end, but [31] and [59] defend it.
An example of the correlation matrix produced by (20) is shown in Figure
11, where the floor axes are the expiries of each of the underlying forward
rates and the vertical axis is the correlation between them.

We have chosen this correlation specification because of its concise formu-
lation and because its financial implications can be readily explained. The
downside of our choice is that this specification leads to a multi-factor Libor
Market Model that has as many factons as there are forward rates. Section
5.6 describes why this might be unreasonable and shows how we can reduce
this number of factors. Alternative specifications are presented in [8], [14]
and [59] where correlation matrices are prodneed that implicitly have a small
number of factors, but they lose the intuitive relation of their specifications
to financial readity.

5.4 Calibration to caplots

We begin the calibration of our Libor Market Model to the market by en-
suring that it correctly prices & set of caplets available in the market. We
showed in Section 3.4.1 how the market arrives at the BlackT6 implied volatil-
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Figure 11: An example of the parametrisation of the correlation between
forward rates. The floor axes represent the year of expiry of the forward
rates and the vertical axis their correlation.

ity for a caplet. Ideally we would like to find in the market a set of caplets
that span the time periods over which we wish to price more complex deriv-
atives uging our model.  One generally will not go to the market to find the
market prices for the various caplets as these prices are likely to be biascd
{the spread and skews that the traders add to customer facing prices) or stale
{if they are illiquid and seldom traded). Generally speaking, these implied
market yolatilities will be provided in-house by the interest rate traders [10],
probably stripped from their cap prices combined with personal adjustments
applied to cap volatilities. (9] describes how to perform this stripping.
Having collected the implied (Black?6) volatilitics &; for ¥ spanning
caplets expiring at 7;_, and paying out at T}, our task is simply to find
the combination of parameters a, b, ¢, d of Equation (19) that minimises the

objective function

Tig

N
error = Z (E'fT;_l — / at (uya,b, e, d) du

=l ﬂ
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The location of the optimal parameters requires an iterative global opti-
misation method, several of which are deseribed in [54]. We use the Nelder-
Mead global search algorithm that is described in Section 6.3.

Omnce we have discovered the optimal set of parameters a, b, ¢, d we have
calibrated the continuous specification for the instantancous volatility such

that
Tia1

72Ty o / 7tz boe d) du
o
Note that it is unlikely that we will have exact parametrisstions for the
market volatilities so we define K such that

Ty
3t = K} /a? (50,0 ¢, d) du

[

Le,

72T
Ki= | (21)

[ o (ua, b, o, d) du
[

Section 7.1 shows the results of our calibrating to caplets using this tech-

nigue.

5.5 Calibration to caplets and swaptions

The previous section showed how to calibrate the Libor Market Model to the
implied volatilities of caplets in the market. That calibration ensures that
our moedel correctly prices the caplets.  This should then ensure that the
prices of more complex derivatives are realistic - especially those that have
very similar characteristics to caplets. Unfortunately there are many impor-
tant interest rate derivative products that rely on not only the instantancous
volatility of the underlying forward rates but also {and generally more im-
portantly) on the correlations between them. The instmument of this form
that has recejved the most attention is the Bermndan swaption [2], [36] and
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(54

One might expect that the various swap market models (in contrast to
the Libor Market Model) might be better suited to modelling derivatives
that exhibit features that are more similar to swaptions than to forward rate
derivatives, but [59] argnes that the Libor Market Modet is a better modelling
framework for reasons of simplicity, understandability and efficiency. In
addition, being able to calibrate the Libor Market Model simultaneously
to caplets and swaptions allows us to automatically price derivatives that
employ features from both markets.

As was seen in Section 5.3, our specification of the correlation between the
forward rates was simply a time-homogenous specification that was monoton-
ically decremsing on the absolute difference between forward rate expiries.
Other than the broad market calibration of the parameters o and 3, no at-
tempt wias made to capture any more mformation that misht be available in
the market, This section motivates an approach that ensures that at least
the market price of swaptions is correctly determined by our Libor Market
Model because a large number of derivative products behave quite similarly
to these swaptions. We showed in Section 3.4.2 how the market arrives at
the BlackTs implied volatility for a swaption,

Now any attempt to jointly calibrate to the market prices of caplets and
swaptions assumes that their prices are mutually consistent. Both [40] and
[57] describe where this assumption is sometimes violated. Generally speak-
ing, swaptions are priced higher than they should be because the market
requirement for them is very one-sided (everyone is buying), so we rely heav-
ilv on the information provided by the market caplet prices and adjust only
slightly to the information provided by the market swaption prices.

We combine the methodologies presented in [33], [35], [58 and [32].

Irom (3) we have the swap rate

N
SRy = Zwi,ij
j=i
i
= d5F ol z {dwidLj —+ ?.U;JdLJ =+ d‘!ﬂ,ddLJ]

i=

G2



[59] gives the compelling acgument. thak w, , vemains pretty neh constant
for first-order {ronghly parallel shifts) and second-order (more complex shape
changes) changes to the yield cunve aud that these chanpes are most prevalend.
i practice. 1 we make the assimpiion that w; ; is coustant then the duwy
leamng Tall away, loaving y

;
dSR; = > wigihy
Jiot

Sc we knosw we can wrile our swap tates o Lerms of our Torward rates.
Now a lundamenial assumption of the Libor Marker Model is that the for-
warr rates have loguormal dynamies, |30 and '36 show that if we assume
lognormal dynamics for the forward rates then the dimamics of the swap
rabes ¢an nod be lognormal.  Tudeed non only are the swap rate dynomics not
lopnormal, but their drift and volatility terms are slochastic (56, 'lo pro-
ceed with our caltbration to swaptions we make the simplifving assumption
that the swap rates have lognonnal dynamics. 34 and more recently [35]
deseribe how aceurate this assumgtion 4 in practice

I we assiune (he forward rates and swap tates have lopuormal dynamics,
{hen we can attemmpt to werite the swap tate volatilities in terms of the Forward
rate volatilities,  locussing only on the volatility lterms we can write ihe

dynamies for In 512 under the terminal measure Pg.

dSt, = otASRAWTY 4 (. ) SRt
dSR;
SE;
dnSR, = offdWT (... )dt

gfﬂdl‘iﬂh’ o e Tl

Wo can write the equivalent expression for the dynmmics of lnSH; in



torins of forward rates as,

o .
; Jln SR,
dinsp, = § - dlnk;— (bl
J

= 3 Zdln iy

=t
where

&y 90K

SR; 0L,
£

S '?"'. A [22}

ar

> 8P (T)
k=i

We wish to determine the relationship between the covanance matrices

of swap rates and the Libor forward rates, so

n=]

Moo N
EdnSRdn SR = By Zidinl, Y Zydink,

o
= EIY Y ZidnLdln L"z;j]

=1 n=jy

sty C_rSIE o szz"

where (7gp and O are the covariance matrices for the swap rates and the
Libor [orward rates, respectively.
I we congider (22) we see that Z; is upper triangular, Z; =0 for j < ¢

61



(sinee the swap rate does not depend on the forward rates before its initial
cashflow) and Z;; = 0 for ¢ = j (since the swap rate is certainly dependent
ont the forward rate of its reset date). Thus Z is invertible and we can move
freely between the two covariance matrices using

cHF = 20kZ (24)
oy =1
cb = z—lc:'-“(z) (23)

Note that the specification of Z by (22} is a continuous time specification.
More interestingly, it is stochastic because it contains ;. This means that
the covariance matrix for our swap rates is also stochastic. To avoid the
theoretical complexity of stochastic covariances and the computational com-
plexity of caleulating Z at each timestep we make the further approximation
of using the 7" = 0 value of Z throughout the evolution of our forward rates
and swap rates. [3b] gives evidence that this approximation is reasonable
and deseribes its {occasional} shorteomings.  Thus we use

G5B, T;) = Z(0)CH(0,T;) 2 (0)

We are now in a position to caljbrate to the market swaption prices. 1If
4 is the market implied volatility of swaption j, then it should be equal to

T
7= 4/ m G0 1)
b

It is unlikely that the market volatility 5; matches our model wvolatility

&5, 50 we sot

5
Ao il
1 7,
and 5
Ao
] 0
o 0 A



Qur swaption calibrated Libor covariance matrix C% is then
2 A1
CH0, T} = Z2(0) "AZ(0)C 2(0)'A (2(0) )

Although this method works well for most yield curves, both [32] and [33]
sugpest itnprovements in the approximation of the w, ; for very steep vicid
curves. Note that this methad of calibration to swaption volatilities makes
no mention of the covariance between the swap rates.  The correlations
hetween the swap rates and the forward tates arc determined only by the
correlations between the forward rates, with a little influsnce ereeping in from
the calibrated swaption volatilities. [32] notes that this is not completely
unnatural: c¢oterminal swap price covariances are not something that are
readily visible in the market.

The method of calibrating to swaption volatilities nsed in this dissertation
is by no means the only approach covered in the literature: [14], [15] and (58}
present other approaches that they feel have more compelling justification,

5.6 Factor reduction

As was explained in Sections 4.2 and 5.3, we have implemented a multi-factor
Libor Market Model. That means that cur forward rates react in different
ways to several sources of noise through their sensitivity {expressed via their
volatilities o;(t}} to cach dimension of the Brownian motion W7 (#). [32]
shows how several factors are indeed necessary to adegnately capturc the re-
Istionship between the various forward rates and correctly price derivatives
such s Bermmidan swaptions that are highly dependent on the corrciation
structure between the forward rates.  That said, the model we have mmple-
mented so far has as many factors as there are forward rates and [32] notes
that there is no noticeable improvement to pricing uging more than three or
four factors, We really are performing unnecessary work and this can slow
dosyn computation almost lineatly in the number of factors because we have
to generate a random number for cach of the factors and update the forward
rates according to their scnsitivities to cach factor.
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This section describes a method of reducing the number of factors rep-
resented by our correlation meatrix by picking out the "most important fea-
tures" of the correlation specification., There are many appreaches in the
literature to deciding exacily what we mean by the "most important fes-
tures" [21], [32] end [59]. We implement the method in [32] that builds &
correlation matrix by retaining only the eigenvectors corresponding to the
largest eigenvahues of the original comelation matrix.

Assume that we have a correlation matrix £ of the form described in
Section 5.3. We find the N eigenvalues A; and corresponding eigenvectors e;
of matrix C: our correlation matrices are real and symmetric and =0 can be
quickly reduced to Householder form and the eigensystemn efficiently solved
nsing the QL elgorithm [54]. The matrix # with N ¢olumns ke, is a
pseudo-sgnare root of €. Let B be the matrix whose first M ecolumns
are the /e, corresponding to the largest (in absolute value) eigenvalues
A and remaining N — M columns set to zero.  Then R} is the M-factor
pseudo-square root of €, and ¢ = RM) (R(M}]T is a roatrix with only
M factors. Note that C) will net be a correlation matrix hecause the
diagonal elements ate not likely to be unaty, It will, however, be symmetric
and so we can turn it into the correlation matrix C2) by setting

s
GLn
=AY A M)

izdial

€M) ig then the M-factor correlation matrix we use in cur Monte Carlo

(M) _
C‘i_f —

simmlations exactly as we would have used C' before. We will see the effect
that factor reduction has on option prices in Section 7.4.
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6 Technical details

6.1 DNonte Carlo integration

Ideadly, we would like to be able to solve the forward raie dynamics {13)
analytically so that we might have s closed form solution L{#) at any time
t € [0, Ty|. Unfortunately (13) is far too cownplex to solve analytically, and
the problem becomes worae when we wish (o calculate the expected value of
derivatives with optionality, as we then need alse to know the distribution of
the L;(t}.

To thas eud we have to turn to nnmerical methods to caleulate aur deriv-
ative prices. These numerival methods include the various tree techuiques,
finite difference PIE methaods and Monte Carlo technique [G6].  The tree
technigues and [nite dilference PDE miethods work well [or problems with
low dinensionality, but once the manber of dimensions becomes too large
their compulaiion time becomes unreasonable - the so-called curse of dimen-
sionality 66, The method of choiee [or solving problems with complicated
dynamics and high-dimensionality is the Monte Carlo lechnigque 18]

[et us examine Lthe mathematies of the Monte Carlo technigue.  We
shonkd like to examine howr our Moute Carlo approsinstions couverge to the
actual solution, The mathemalics is covered In more detail in [29].

VW use Monte Carlo sinmlations in finanee to ealeulate the expectation
ol various derivative payolls flx), under generally complex digtributions of

underlying processes o(c), over some domain T

V = B lfiz)]
2= flx)wix)de

aa b

The Moute Carlo approximastion to the above expectation is simply

o
Vi = %X flz;) where z; ~ iz}
=t

If the sequence of random variates f(#,) has mean p and varlanee o,

L



then the Central Limit Theorem [29] tells us that

g T
e — A (. 2]

Although we do not know the variance of f(x;) we can combine the Cen-

tral Limit Theorem and the Continnous Mapping Theorem [29] to use the
varianee of our Monte Carlo simulation as an estimate for a2

NES TS

i=lI
We define the standard error ey as

=2

Naote that the standard error does not provide a guaranteed range inside
whirh the true answer lies; it i3 a statistical measure. This means that there
is a chance that the sinmlation answer lies outside the range of the standard
error. we use the standard error fo help determine when to stop the simula-
tion and some give some indieation of the error of the result. But it is up to
the user of the model to deeide on the convergence of the simmulation, gener-
ally by inspecting the "average-so-far" as the simulation progresses. Figure
12 shows an example of the convergence of the Monte Carlo simulation. No-
tice how the price starts off erratically but after several thousand iterations
converges towards a solution.  Alse note the inverse squarc-root behaviour
of the standard error: it becomes increasingly difficult to further reduce the
gtandard ervor as the number of iterations increases,

There exists a vast literature on the various techmiques that can be applied
to increase the convergence speed of the Monte Carlo methed.  [7] covers
these in some detail. We will make explicit use only of antithetic variables
i Section 6.2.3 and hmplicit use of moment, matehing with Sobol sequences
m Section 6.2.2. Control variates are a powerful mechanism for reducing
simulation variance but are gencrally specific to the product being priced,
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Figure 12: An example of a Monte Carlo shoulation. Notice that the price
converpes towards a golution as the standard error drops with the inverse
aquare-root of the number of iterations.

and 50 are not coversd in this dissertation.

6.2 Random nwnboers

T'his section describes the varions mechanisms we have at onr disposal for pen-
eratitg the "random" nnmbers for the Browvmian factors in our Monte Carlo
simulations. Excluding customn-built hardware for generating truly random
tmbers, there is no such thing as a computer-generated random nuinber:
the ecomputer has to follow an algorithin to generate these sequences, and any
alporithm is deterministic and can be repeated. We cover the generation of
two hroad ecategories of randon munbers: pseudo- and quasi-random. The
formner attempts fo mimie truly random munbers by using interesting prop-
erties ol mathematical comstructs and is presented in Section 6.2.1; the latter
attempts to cover a domain as comprehensively as possible while maintam-
inp, the same distribution as a random number and is presented in Section
6.2.2 Bection 6.2.3 then explaing how a pgeudo-randnm souree can be made
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to better cover a dommain through the use of antithetic vatiables. Fimnally,
Section 6.2.4 discusses how uniformly distributed numbers are converted to
numbers [rom the Ganzsian distribution: we need Ganssian draws to siimulate

Brownian motion.

6.2.1 Pseudo-random numbers

Pseudo-random numbers are produced by deterministic algorithms to form
sequences that attempt to imitate the distribution of truly random mumbers.
As was said belore, there is no snch thing as a computer-generated truly
random number, Instead the inventors of the random number generators
tely on the ingenions manipniation of mathematical properties of numbers to
extract numbers that appear random. Althourh st computer languages
comne with libraries [or generating nniformly distributed pseudo-random num-
bers, both [7] and [54] give compelling reasons [br why we should hmplement
a robust psendo-random number source for Monte Carlo simmlation.  The
most compelling is probably that somne platform provide random number
generators that are hardly acceptable at all: they may produce numbers
that are not nniformly distributed; sequences that repeat after only sev-
eral thousand draws; or sequences that exhibit undesirable patterns in high
dimensions. Another useful reason is that il the pseudo-random number
generator is specified, we can be sure that we will generate exactly the same
sequence of numbers across two Monte Carlo runs il we wish to.  This can be
helpful for debugging and calculating prices and the Greeks in a distributed
computing environment, whers multiple compnters might need to use the
same set of random mmmbers,

We implement the Mersenne Twister algoritlun as presented in [41]. [29]
describes it as being the best available, both in terms of speed and in terms of
satisfying the properties we would like [rom a Monte Carlo random fuuber
source, The code for the algorithm is presented in Section 10.4.
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G.2.2  Quagi-randorm munhoers

Abhough the Mersenoe Twister random numbers discussed in the previ-
ous section provide a reliable aource of uniformly distribnted pseudo-random
numbers, it has been fonnd that for Monte Carlo integration techniques, bet-
ter results arc achieved using uniformly distributed quasi-random numbers
that better cover the region of integration [7]. Two of the most established
sourees of these quasi-random numbers arc the Niederreiter [47] and Sobol
[61] sequences.  [29] argues that the Sobol sequences are better than Nieder-
rejiter sequences for high-dimensional problems as long as they have heen
correctly initialised. [49] also gives recommendations of how the Brownian
bridge should be used with high-dimensional Sobol sequences to avoid any
problems with the higher dimension sequences becoming coplanar.

The next section deseribes the implementation of antithetic varables.
By their nature, Sobol sequences have a degree of implicit antitheties {and
moment matching for that matter} as long as youn take care to run your Monte
Carlo simulation with a number of iterations that is a power of 2.

Note that if computation speed is mportant in pricing many different
derivatives in a portfolio, both the pseudo-random and quasi-random mm-
bers can be precsloulated and used again and again.

6.2.3 Antithetics

The variance of & Monte Carlo simulation can be reduced by producing neg-
ative correlaiions between the mumercus paths generated during the simila-
tion. The sunplest approach to producing these negatively correlated paths
is the method of antithetic variables. Tt relies on the fact that if random
variable {7 iz uniformly distributed then sois € = 1 — /. This translates to
(zaussian draws using the technique in section 6.2.4 that have the same mag-
nitude but opposite signs, ie. Z= F(U) = —F~Y(I) = —Z, where F'~' is
the inverse transtorm of the Gaussian distributicn. This in turn translates
to antithetic sequences of random drases (27, ... Zx) and EZ’I, cvo 23} that
produce antithetic simulations of the Libor rate using equation 15.

These antithetic simulations of the Libor rate, L and £ should be nega-
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tively correlated: eg. a large upswing in L will be associaled with a large
downswing in L. This negative correlation should be reflected in the pricing
of the options V and V for that particular simulation instance. It should be
noted that (i) the Libor discretisations have a very complex drift term that
depend on factors other than the Libor rate and (ii) the option prices might
depend non-linearly on the instance of the simulated Libor rates. This might
mean that the resulting option prices are less uegatively correlated than we
would expect them to be,

[18] elucidates when the use of antithetics is useful. Suppose that it takes
twice as long to produce the pair of option prices (V, V) as it does to price
V alone. Then we can produce half as many antithetie simulation pairs as
normal simulations in the same amount of time. So using antitheties reduces

variance if
Vﬂ?' [fﬁm] < Vﬂ?' [VE-'I'.IE-]

1 n V;+1}; 'l 1 2

2

= Var

e #Vﬂi" 2 (1’: .0 f’:jl-i e 4;1—21-"&:" il—'}
_ [ ( n\l-i o T iv-l
= Vi _;: V‘+H;J' : 2, i,_
= Var [V + ff] < 2Var[V] (since there are 2n i.1.d variables)
— Var[V]=VarV] + 2Couar[V.V] < 2Var[V]
— 2Ver(V] + 2Covar[V.V] < 2Var([V] (since V,V have the same distribution)
= Covar[V.V] < 0

Thus as long as the covariance of our antithetic simulations is negative,
we will get a better reduction in variance using antithetic variables than by
doubling the number of simulations, This nepative covariance might not
always be extant, in which case the use of antithetic variables may actnally
increase the variance of the simulaiion.
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Lo riphi: Sobol sequence; Mersenne Twister; and Mepseume Twister with

anlithelic variahles,

Ag mentioned in the previous section, Sobol seguences antomatically in-

cludes the concept of antithetic variables,

6.2.4 QCaussian draws

[6id] discusses the care thal should be Laken when renerating random numbers

from the Nommal distribution nsing uniform deavws, cspecially whon it comes

to the translation of points near the extremes of the distributions.

We

have selectad Moro's aleorithm for transforming the "uniformly distribuced”

numbers between 0 and 1 (generated using Lhe Mersenne Twister or via Sobol

gecirences] into Normally digivibuted numbers as it i3 reportedly accurate to

15 decimal places, even out i the tails of the distribution! I showld like o

thank Tr. Graeme Wagt for his e+ wersion of the More algorithm, whose

C# translation s included in Section 10.2.

6.3 Global optimisation - Nelder-Mead algorithm

Thiring the process of the calibration of the Libor Market BModel to caplel

markel prices, as described in Seclion 5.4, we need to determine the parame-



ters a, b, ¢, d that minimise the sum of squares error

N i 2

error = E G, — fa? (v;a,b,¢,d)du
i=1 2

This error surface is a highly non-linear surface in five-dimensions (four
parameter variables plus one objective value) with many local minima. The
calibration process has two broad objectives:

e The first and most important is to locate the a,b, ¢, d that gives the
smallest error value;

e The second, and of less importance, is to locate the a,b, ¢,d that not
only give a small error value, but which are also quite stable around
their target: generally we would like our calibration to be robust enough
that a small change in one of the &% does not significantly alter the
optimal parameters.

[54] dedicates an entire chapter to the various optimisation techniques
available in the literature and the Nelder-Mead algorithm was chosen for our

calibration process for the following reasons:

e It is a stochastic global search algorithm designed to locate a global
minimum on highly non-linear surfaces with high probability. No
global optimisation algorithm can guarantee an optimal solution [54].
Owing to the random nature of the algorithm, chance of locating the
global minimum the procedure can be increased by repeating the search
from different initial configurations.

e It is easily scalable to problems of high dimension, so can be tested
visually and intellectually in two or three dimensions and then scaled
up to the 4 dimensions we require.

e It does not require the gradient (first derivative) of the objective func-
tion as do some of the stochastic steepest-descent algorithms.
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® Due to the random nature of the algorithm, it is most likely to find
the floor of the larger, flatter basins in complex search spaces, which
translates into optimal and stable results.

e Although it is not the fastest of the global search algorithms, it is
relatively simple to implement, and it is more than adequate for the
task of calibration, as will be seen in Section 7.1.

The working of the algorithm is rather straightforward. Please refer to
Figure 14 during the discussion.

1. An optimisation in N dimensions requires NV + 1 sample points, so we
have N + 1 sets of points (a, b, ¢, d).

2. Initialise these points randomly inside the search space, ensuring that

no three points are colinear.

3. Repeat the following steps until the N + 1 sample points are close
enough together, i.e. inside the precision wanted from the optimisation.

(a) Evaluate the objective function at each of the sample points and
sort them.

(b) Transform A: Move the worst of the sample points (always point
3 in Figure 14) to its reflection in the plane through the remaining
points. The motivation is that we want to move as far away (in
a stable fashion) from our worst point as possible. If this yields
an improvement in the objective function, keep the new point and
try Transform B. Otherwise try Transform C.

(c) Transform B: Double the reflection jump that was done in Trans-
form A. The idea is that if Transform A found an improvement,
then it is likely that there will be an even bigger improvement if
we reach out a little further out. If we found a better point still,
keep it. We are done with this step, so jump back to the top of
the loop.
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(d) Transform C: Move the worst of the sample points halfway to the
plane through the remaining points. We are doing this step only if
Transform A failed, which means that a minimum lies somewhere
between the worst point and the other points. If the objective
function is indeed reduced by this point, keep it and jump back
to the top of the loop. If there is no improvement, do Transform
D.

{(e) Transform D: Move all the points but the best point towards the
best point. This transform happens only if the other three trans-
forms have failed to locate a better point. In this case, we want
to close in on the best point. Jump back to the top of the loop.

The Nelder-Mead algorithm can we easily modified with constraints on
the underlying parameters. After each transform has been performed, make
sure that the transformed point is inside the search domain. If it is not,
bump it into the search domain. Always ensure that no three points become
colinear because otherwise it reduces the number of dimensions inside which
the algorithm is able to search.

The C# code for the Nelder-Mead algorithm is given in Section 10.3.

6.4 Interest rate derivative products

The Libor Market Model can be used to price any instrument whose payoffs
can be decomposed into a finite set of forward rates [32]. Ideally, these
payoffs should occur at the same time as the expiry of liquid interest rate
products (bonds, swaps, caplets and swaptions) so that we glean from them
accurate descriptions of the forward rates around the payoff (in terms of the
initial forward rates, their volatilities and their correlations). If a payoff
falls on some arbitrary date we can still interpolate these parameters ap-
proximately from known neighbours [22], [59).

The model as we have implemented it requires that all interest rate deriv-
ative products implement the following simple interface:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

(i



Figure 14: The four transforms of the 2D Nelder-Mead algorithm. Under
Transforms A, B & C the worst point (labelled 3) is moved to point 3’ in an
attempt to find an improvement in the error function. Under Transform D
all points but the best are moved towards the best point.
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The input variables Li and Pi contain matrices of the forward rates and
discount bonds of the form shown in Figure 7. The input variable delta
contains a vector of the length of the periods between each of the rates as
shown in Figure 1. The output variable cashflows is where the product
implementation code must insert the payoffs corresponding to each tenor:
e.g. cashflows[2] should be assigned the cashflow occurring at time 75.

The developer of a new interest rate derivative does not have to worry
about how these cashflows are taken forward to the numeraire tenor and then
discounted back to Tp: that is all covered by the pricing engine itself. All
the developer must do is calculate the cashflow at each tenor and assign it
to the cashflows vector.

We now examine a few interest rate derivatives on the market and imple-

ment the code to price their cashflows.

6.4.1 Caplet

Probably the most straightforward interest rate derivative to price using the
Libor Market Model is the caplet. To price caplet; expiring at T;.., with
strike K on the forward rate L;(T;_;) and payoff &; (L;(Ti—1) — K)" at T} we

use the code:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

{
cashflows[i] = delta[i] * Math.Max(0.0, Li[i-1,i] - strike);

6.4.2 Cap

A cap is just a sequence of caplets. To price the cap containing caplets
caplet; to caplet; with strike K we use the code:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

{
for (dnt t = i; t <= j; ++t)
{
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cashflows[t] = deltalt] * Math.Max(0.0, Li[t-1,t] - strike):
}

6.4.3 Limit cap and chooser limit cap

A limit cap is the same as a cap in that it is comprised of a sequence of
caplets, but only the first M caplets that are in the money pay out: the rest
expire worthless. To price the limit cap containing caplets caplet; to caplet;
with strike K we use the code:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

{

int limit_count

0;

for (int t = i; t <= j; ++t)

{
if (Li[t=1,t] - strike > 0)
{
++1imit_count;
}

if (limit_count <= limit)

{
cashflows[t] = deltalt] * Math.Max(0.0, Lif[t-1,t] - strike);

The chooser limit cap allows the holder of the option to choose at each
caplet expiry whether or not she wishes to use the expiring caplet towards her
limit. This American feature adds complications that are outside the scope
of this dissertation. To see some approaches to pricing American options
using Monte Carlo techniques and the Libor Market Model see [32] and [55].
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6.4.4 DBarrier caplet

A barrier caplet is a path-dependent caplet that has either: a knockout
feature that causes the option to immediately terminate if the underlying
reaches a specific barrier level; or a knock-in feature that causes the option
to pay out only if the underlying has reached a specified barrier level during
the lifetime of the option. It must be carefully stated in the option contract
how often the underlying is monitored for a breach of the barrier. Due to
the contingent nature of the option they tend to have lower prices than their
corresponding vanilla options.

To price a discrete knock-out barrier caplet with inspections of the un-
derlying for knock-out only on tenor dates we use the code:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

{

bool barrier _breached = false;

// Check for a breach in barrier
for (int j = 0; j < i; ++j)

{
if (Li[j,i+1] < down_barrier)
{
barrier_breached = true;
break;
}
}

// Define the payoffs only if the barrier was not breached
if (!barrier_breached)

{
cashflows[i] = deltal[i] * Math.Max(0.0, Li[i-1,i] - strike);
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Up to now we have priced only derivatives that work directly with the
forward rates and look and behave very much like the vanilla caplet. We
now move onto a set of products that work with swap rates.

6.4.5 Swaption

The formula for determining a swap rate in terms of the forward rates is (3).
The time T; payoff a swaption on a swap with cashflows from time T; to time
Ty is just the positive part of the value of the swap at time 7; minus the

strike price.

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)

{

int N = delta.cols;

// Calculate the swap rate

doubls w_denominator = 0.0;

for (int k = first_included_time; k < N; ++k)
{

w_denominator += delta[k]=#Pi[first_included_time,k];

// Loop through the time periods that comprise the swap
double swap_rate = 0.0;
for (int j = first_included_time; j < N; ++j)

{
double w_numerator = delta[j] * Pi[first_included_time,jl;
swap_rate += w_numerator / w_denominator * Li[first_included_time,jl;

cashflows [first_included_time] = Math.Max(0.0, swap_rate - strike);
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6.4.6 Trigger swap

The trigger-swap provides interest rate protection while ensuring full benefit
if interest rates move in a desired direction. A trigger-swap is an agreement
whereby the borrower pays the lower of the Libor rate (plus some margin)
or a specified fixed level. By entering into a trigger swap, the borrower may
benefit from a decline in interest rates while still being protected against an
interest rate hike. The Tp value of the trigger swap on a nominal of 1 with
cashflows from time 7} to Ty can be calculated with the code:

void priceAgainstCurve(Matrix Li, Matrix Pi, Vector delta, Vector cashflows)
{
int N = delta.cols;
for (int 1 = first_included_time; i < N; ++1i)
{
cashflows[i] = delta[i] * Math.Min(ceiling, Li[i-1, i]);

6.4.7 Bermudan swaption

Bermudan swaptions are probably the most popular of the exotic interest rate
products in the market as they are fundamental to the pricing of home loans
where the borrower can pay off their loan early. This ability to settle a loan
at any time gives the holder of the loan an American (or Bermudan) option
on the underlying interest rate. This American feature adds complications
that are outside the scope of this dissertation. The pricing of Bermudan
swaptions is currently an area of active research: [2], [36], [38] and [52] treat
specifically the pricing of Bermudan swaptions using the Libor Market Model.
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0.180253 | 11 0.137982
0.191478 | 12 0.134708
0.186154 | 13 0.131428
0.177294 | 14 0.128148
0.167887 | 15 0.127100
0.158123 | 16 0.126822
0.152688 | 17 0.126539
0.148709 | 18 0.126257
0.144703 | 19 0.125970
10 0.141259
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Table 1: 20 year caplet volatility view of the Banca IMI traders at 16 May
2000

7 Results

This section presents the results of several experiments. They were im-
plemented in C# and run on a 3.0GHz Pentium 4 with 1Gb RAM. The
first four sections examine the issues around the calibration of volatility and
correlation matrices to caplets and swaptions and also the effects of factor
reduction on the correlation matrix. Then Section 7.5 shows the effect of
using different random number generators on the prices calculated by the
Monte Carlo method. Section 7.6 shows the various issues surrounding the
calculation of the Greeks. Section 7.7 shows that the Libor Market Model
generates the same price for different interest rate derivatives no matter our
choice of numeraire. Finally, Section 7.8 shows the prices of the various

options covered in Section 6.4.

7.1 Calibration to caplets

We first calibrate our model to some caplet market data using the method
described in Section 5.4. As was explained, caplet market data is generally
obtained from the trading desk. Table 1 shows the market data supplied
by (10}, which contains the 20 year caplet volatility view of the Banca IMI

traders at 16 May 2000.
Figures 15 and 16 show the results of calibration to caplet market data.
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Figwre 15: Calibration of model volatility to markel data using a specification
of the time-homogenous form (19),

Calibration using Lhe Nelder-Mead takes a couple of seconds. Thhe firsl figure
shows how well the fime-homopenous sceumulated wolatility parametrisation
(solid line} of the form in LEguation (19) fita the market data (eircles). Lhe
dashed line shows the corresponding inatanl anecus volatility. To he precise,
the solid line shows v"l} anf o2{u)dy while the dashed line shows o{17).
The resulting parametera for Equation (19} are:
o= -0L0195607358161403 o= 0.9595891548098344

b= (L307959411926732 i = (L1036 THONDTORT
Maturally the parametrisation does not fit the market dats cxactly, os-

pecially in the term structure from years 13 to 16, Figure 16 shows the
resulting calibralion once we add some time-inhomageneity as proscriberd by
Fauation (21), Notice that the sealing factors /G are very elose to unity, as

we gshould like,
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Iigure 16: Calibration of model volatility to market data after adding the
time-lnhomogenous factors (21).

7.2 Sensitivity of caplet calibration to initial condi-

tions

YWe now review how sensitive our calibration methodolopy i3 to minor changes
in the underlying caplet market data.  Tdeally we would like amall changes
in ithe market data to hove o small effect on our calibration parameters, If
this is the case, then the bebhaviowr of the prices and (Gresks generated by
out mode]l should remain fairly smooth throushout the hedpging lifetime of
the derivatives we are modelling.

We test three scenarios in which we would like the mindel to romain stable:

1. There & an merease m implied volatility across the board.  This s
cemststent with a significant economic change that affects the trading of
interest tale derpvatives actoss the entire term sttucture,  We simnulate
this by tncreasing all matket volatilities by 1%

2. There is an increass in implied volatilily over a particular period of
Lime. This might happen if o sientlicant evenl is koown 1o be happern-
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| E¥ a b C d
: Original -0.0195607 0.307959 0.959892 (.103685
Bumped up -0.0175795  0.302518 0.953801 0(.114031
Bumped up (few) | -0.0121508 0325393 0.851690 0.100538
Bunped random | -0.0195607 0.307959 0.950882 (.103685

Tahle 2. Parameters of the continuous tine specification after various changes
to the caplet market data,

ing at a certain time, but the consequences of the cvent are not known.
We simulate this by iucreasing the market volatilities of the periods
from 2 ta 5 vears by 1%.

3. There arc random changes in implied volatility. This might be con-
sistent with the normal market over time: market forces bump implied
volatilities by "random" amounts (the so-called volatilitv-of-volatility),
We simulate this by changing the market volatilities np or down by up
to 10% of their current value.

Figure 17 shows the resulting parameters which are listed in Table 2:

Notice that the parameters do not vary wildly aeross each seenario. Most
important s the fact that the random tumps of the market data yicld a set
of parameters that is almost identical to the ariginal sef.

Figure 18 shiows the term struetures of volatility generated by the varions
scenariog.  Notlee the line second-from-top, which corregponds to the § to
5 vear bump in market vols: the model has done its best to capture these
bumps while matching the remaining values as closely as possible. The top
linc shows the increase across the board of the market volatilities. The line
corresponding to the random bunps up aud down is wdistinguishable from
the ariginal. This is very encomraging as it shows that the parametrisation
iz robust in the presence of corrections to the market data.

Occasionally (about one out of every twenty runs), the Nelder-Mead al-
gorithm does not manage to find an optimal solution to the calibration. An
example is shown in Figure 19. It is important therefore to manually check
the results of the calibration routine to make sure that this has not happened.
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Firure 189: An example of where the Nelder-Mead algovithm does oot find
an oplimnm solution during calibration.

If wo require a complelely aulommated system, woe could run the calibration

routine several Lmes snd select the best anluting.

7.3 Calibration to ecaplets and swaptions

Let us now sce the offect of calibrating the Libor hMarket Model to caplets
and swaptinns in the market using the technigue described in Section 5.5,
The design of the calibration requires that the availability of coherent capleat
and coterminal swaption market data, something | was nol able Lo locate;
nofortunately [10] was missing values from years 7-90 To this end 1 have
"gimmlated" swaption volatility market data by caleulating using Equation
{24} the swaplion volatility thal is lmplied by the caplel prices apd then
bumped them down, giving swaption valnes that had similar shape to those
in [50%]. This might vield markel conditions thal are not entirely realistic,
but it provides al least a datasel of market data against which we can test
the calibration method.

The first pair of scrics in Figure 20 show the caplet-implicd and my
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Figure 20; Volatilities of the swaptions that are implied by the caplet prices
and the "market" volaiilities; and wolatilities of the forward rates hefore and
after calibration to swaption volatilities.

"bumped" swaption volatilities. The graph shows the volatilities over only
the first time period 4; (from 0 to 1 years); there i3 a similar set of volatili-
ties over each time period 4;. These swaption volatilities may seem strange
at first: you might expeet the same characteristic hump exhibited by the
forward rates, tul the weight of each [orward raie volatility in the weighted
sum of the swaption volatility 1s determined by the initial foreard rate term
structure and Eguation (23). I this case the very non-linear weighting
mechanism has found that the later swaption volatilities are very dependent
on the early {and large} forward velatilities.

The second pair of series in Figure 20 shows the [orward rate volatilities
before and after calibration to the swaptions. Note that as the market im-
plied lower swaplion volatilities than did our model, the calibration lorces
the forward volatilities lower. Fipures 21 and 22 show the difference the cal-
ibration to swaptions has made on the correlation matrix [or the first time
period 4. It has lelt the correlation structure predominantly untouched
except in increasing the correlation between the earlier (L5 and L3) and later
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Figure 2]: Correlation of forward rates before calibration to swaptions in the
market, The floor axes represent the yvear of expiry of the forward rates and
the vertical axis their correlation.

(L4 through Lg) forwued rates.  This is shown more clesrly in Lipure 23,
where the correlation matriz after calibration to swaptions has heen sub-

{racted from the intia] correlation mastric,

7.4 Reduced factor matrices

This experiment determines the elfect of lactor reduction on the prices of &
caplet and a swaption and on their computation tine. In both sipmlatinns
the disconnt bond chosen as numeraire is that maturing in len vears, The
caplet runs from vear 8 to year 9. The swaption expires on yvear 2 and lasts
till year 100 The mitial forward curve and volatilitics are not that important
for the results of this experiment and are chosen arhitrariy: the yvield curve
is genily decreasing from 9% ont fo 10 vears while the volaiility curve i3 the
one calibrated in Section 7.1

Fisures 21 and 2¢ show, respeciively, the correlaiion matrix before and
after calibration to swaptions.  Uigure 23 shows ther dilference. Figure 24
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the vertical axis their correlation,
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Figure 23: Differences in the forvard rate correlations before and after cali-
bration to swaplions in Lhe marked.
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Figure 24 The effect of the nunber ol faclors an the price of a caplet. There
15 only a 0015 difference i price across simulatons, The eommputation fime
(in seconds] is almost linear in the munber of factors.

shows the effect of factor reduction on the caplet price.  There is hardly
any change in the caplet price (less than 0.01%) as we move from one 1o
ten lactors.  We should expect almost no change in the caplet price for
even one factor beeause fuctor reduction atfects anly the correlation betwoeen
the forward rates: a caplet price is nod influenced by correlation, only the
volatility of the forward rate prevailing over the liletine of the option.  Notice
thonugh that Lhe change in computation time 1s alinost linear in the number
iof factors.

Figure 25 shows the eftect of lactor reduction on the swaption price.
There is a more significant change in the swaption price (around (1.1%) ag we
move [rom one Lo len factors, with the most dramatic change arising from
ome to [our factors,  Aller five lactors there 13 Hidle change to the swaption
price.  We would expect this larger influence of the mumber of factors on
the swaplion price Decause a swaption is sensitive to the correlation between
the forward rates prevailing over its entire lifefine,  Again, the change m

compilation iime is almost linear in the number of faciors.
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There ia only & 0.19% difference in price across sinlations, The computation
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7.5 Effect of different random number sources and an-
tithetics
Let us now turn to examining the effect that the dilferent random mumber

generators have on the pricing of derivatives. We have at our disposal three

gources of randaorm numbers:

o preldo-random mimbers genevated by the Mersenne Twister algorithin

{presented m Section 6.2.1);

o peetldo-randon namnbens gencrated by the Mersenne Twister algorithun

with antithetic sampling {presented in Section 6.2.3): and

o quasi-random munbers gegerated by the Sobol sequences {presented in
Section 6.2.2}

Figure 26 shows the results of pricing a caplet using the three different
sources of randoin numbers,  Netiee how the Sobol-driven sunulation con-

verges very quickly, needing as fow as 4096 erations to hase settled down
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Figure 26: [llustration of the power of Sobol sequences and of antithetic vari-
ables. Notice how the Sobol-driven simulation converges very guickly. The
antithetic-driven simulation scems to converge almost ms gnickly although it
exhibita a slow drift upwards. The vanilla Mersenne-driven simulation has
terrible convergence characteristics.
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around the aption price. The antithetic-driven simmlation scems to converge
almost a8 quickly although it exhibits a slow drift upwards: it has almaost co-
incided with the Sobaol-driven simulation by 16384 simulations, The vanilla
Mersenne-driven simulaiion has terrible convergence characteristics.

These results speak of the power of Sobol-driven Maonte Carla techniques:
although not truly random, their ability to quickly probe the broadest cross-
section of the simulation space ensures that they produce prices that take
into account mast of the features of a derivative product. Obvicusly the
finer features, c.g. the discontimntics caused by barmer options, wonld he
detected only as more iterations are performed and the Sobol number mesh
becaimes small enough to approxdimate these featurcs. Pseudo-random tech-
niques might uncover these finer features soomer as they randomly sample
the simulation space, but in a probabilistic sense they are unhkely ta flind
them consistently soonor,

7.6 The Greeks

Thiz experiment calculates the Greeks of three aptions: a ecaplet expiring
at Ty with pavolf at T5; a caplef expiving at T3 with payoff at Ty; and a
swaption expiring at Ty with payoffs from times 75 to Ty, The Grecks were
ealculated using the different "bump” factars in the underlying forward rates
as discussed in Section 4.6: AL; = YEL; (as recammended by [28]); AL; =
0.01L; (1% recomumended by [49]) and just for good measure AL, = 0.001L;
{0.1%}. I'meluded the third factor to see just how scnsitive our estimates of
the Grecks are to the choice of bump factars.

All three aptions were caloulated using the 1y discount bond 85 numeraire
so that the caplets might be priced in the same framework us a 5-year swap-
tion starting in year 4.

Figure 27 sheews the caleulations for delta.  Notice that the results using
any of the bump factors are all but dentical.  As we would expect, the coplets
aption is sensitive primarily to Ly siitece its payoff is directly dependent on that
forward rate. Obviously the rate £, does not play an Important enough role
in the discourting of the payoff to warrant a sienificant sensitivity. However
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the caplety option does show slight sensitivity to the rates L; through Li:
they are used to discount the payment to the valuation time. As expected
the caplet; option is very sensitive to L,.  The swapfiong option is the
most interesting, It generates cashffows from time T3 to T3 dependent on
the forward rates Ly to Ly and so is obviously going to have significant
sensitivity to those forward rates. It is also rather sensitive to the forward
rates bofore its expiry, probably because of the discounting of the cashflows,
but also because of the role they play in the calculation of the discount honds
nsed in the valuation of the par swap rate in Equation (3).

Figure 28 shows the caleulations for gamma. Here we start sccing in-
stabilities in the caleulated values depending on the size of the bump factor,
Indeed, using the ¥ bump [actor yields results that are completely unstable
(in the order of 10°) and so have been omitted. There is a slight difference
between the values of gamima caleulated using 1% and 0.1% bump factors
and it is not clear which values might be the correct ones to use when hedg-
ing. It might be reasomable for the hedging trader to estimate the size of
jump in underlying forward price that she would expect belore hedging and
use that number to calculate gamma.  We see sensitivities to the underlying

forward rates similar to those of delta.

7.7 Lifect of different muimeraires on accuracy

This cxperiment tests that our change of nomeraire mathematics is correct;
Equation {13) gives us the dynamics of our forward rates under any choice of
discount bond as numeraire. This means that we shonld calculate the same
price for a derivative no matter which discount bond we uze as numeraire.
Figure 29 shows us the calculated price of a caplet with oxpiry at the
end of year 1 and payment at the end of year 2 when priced under different
discount bond numeraires with expiries ranging from: 4 yoars to 20 years.
Notice that the price does indeed remain relatively constant {at least to
within (.1%). What we also cxpeet is an jnerease in the variance of this
price: as we push the numereire further out in time we have to carry our
caplet cashflow at year 3 forward through many more simulated forward
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Figure 28: This chart shows the gaynma for three different options caleulated
using ihe three "bump" amouits in the underlying.  Node thai the values
caleulated using = as the bump ameonnt were completely unstable {in the
order of 10%} and 8o have been omitted.
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Figure 29: Notice that the choice of numieraire has little iinpact on the price of
the derivative, although there i5 an increase in the variance of our stimlation
tstinate,

rates to our terminal measure and then discount it back to today., The offect
of the adelitional variance of each simulated forward rate should cause the

derivative variance to increase too.  This is evident in Migure 29.

7.8 Pricing various options

For completeness, I'igure 30 shows the prices and Greeks of various interest
rale derivatives priced wsing the Libor Market Model, Although we done vo
wte feh detail about the propertics of these dervative prices anc hase not
cven shown the initial forward eurve nor the forward volatilities that got us

to these prices, it is instruclive Lo de some brisf inspection of the resulla:

s Nofice thai the down-and-oul caplel is cheaper Lhan 1he eorresponding

caplet, as we would expect from an option that wieht becorne worthless,

e Noliee thal the limit rap is cheaper Lhan the eorresponding cap as it

provides only 2 ot of the 6 payolls that does Lhe ordinary cap.
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s The two caplet types are sensitive only to the underlying forward rate
at their expiry (on which their payoff is contingent ), whereas the caplets
are {obviously) sensitive to all the forward rates they span. Interesting
is the fact that the limit cap with two payoffs is sensttive to the first two
forward rateg it spans and hardly sensitive to the third: this must mean
that the comprising caplets are racher in the money and will likely be
exercised,

e The swaption is sensitive to all the forward rates it spans while the
trigger swap is sensitive only to the first few. It is negatively correlated
to movements in the latter forward curves: these must be high enough
to trigger the fixed swap paymeni and so their value is reflected only
in the discounting of the later cashflows.
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& (Conclusion

The intention of this dissertation was to draw from the literature to bring into
ane body of work a treatment of the Libor Market Model from start to finish
so that the reader might understand the basics of the Libor Market Maodel
and implement the model without having to piece together information from
other sources. Has this been achieved? Certainly the derivation of the
mathematical model in Section 4 has distilled work from several sources into
& consistent notational framework. The sandy areas in the mathematical
model where it is left to the implementor to choose specific specifications
for volatility, correlation, choices of factors, Monte Carlo details were set in
concrete n Sections 5 and 6. And finally, Section 7 showed that the model,
as mmplemented, works as hypothesized without any nasty surprises,

The achievernent of the programming effort of several thousand lines of
code ia the simple interface that one needs to implement to price a new inter-
est rate product. One needs simply to describe the cashflows of the derivative
to price it. The calibration, factor reduction, Monte Carlo simmlations, cal-
culation of Greeks and everything else that goes into the implementation of
the Libor Market Model is done behind the scenes.

The model has shown itself to be extremely flexible in its ability to cal-
culate the prices and Greeks of a wide variety of options with minimal effort.
The beautiful simplicity of the model ensures that it can be easily nunder-
stood and quickly and correctly implemented.  As computers become faster,
the time it takes to perforin the Monte Carlo siinulations will drop, allowing
even more complex derivatives to be priced without having to make signifi-
cant changes to the model or code,

There are obviously some shorteomings of the model, but they are by
no means insurmountable. The pricing of Americsn or Bermudan options
poses challenges to any model relyving on Monte Carlo technigques: signifi-
cant progress has been made in improving this state of affairs, especially in
the case of Bermmdan options. The caleulation of the Greeks using a gen-
eral finite difference approach is risky when there are discontinuities in the
option payoffs - especially those of path dependent options: techniques like
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the pathwise method and the likelihood ratioc method help to resolve this,
although in their current form they can not be applied to general options
without individual changes to their code. Computation time can become a
problem, especially when ealculating the sensitivities of long-term options to
each of the many forward rates they span: distributed computing techniques
{to which Monte Carle methods are particularly suited) can help alleviate
this problem by sharing the load across many computers.

In addition to the active research being done where the Libor Market
Model has its shorteomings, there is significant work being done to advance
the Libor Market Model to take into account skews and smiles in the in-
terest rate volatilities; to take advantage of developments in Levy and jump
processes; afd into using vast computing prids to use the Libor Market Model
to risk manage portlolics of thousands of derivatives. All these areas provide

scope for some very interesting further research.
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10 Code Appendix

The source code implemented during Lhe developmen! of Lhis dissertation iz
available online at http://sww.jimme.net. Tncluding the thousands of lines
of source codis as an appendix seemed souewhat counterprodoctive,  Instead,
inchuled are a few snippeta of code that are useMl encugh to warrant being
published in print, not readily available in the literature, and concise encugh

L make a ressonable appendix

10.1 Integrating j;’ oo, (u)du
T caloulate j: (e, {uldu use:

public double getIntegralbefinite{deuble s, deuble t, double Ti, double Tj}

i
return getIntegrallndefinite{t, Ti, TJ) - getIntegrallndefinitef(z, Ti, Tj):

public double getIntegrallndefinite{double t, double Ti, double Tj}
£
double ctmTi=c#(t-Ti);
double ctmTj=c*{t-Tj);
double g=ctmTi+ctmT];
double ac=a#®c;
double cd=c*d;
double f=1.0/(cec*e);
double A=acrcds{exp(ctmTi)+explctmTi}}+crcd*cd+t;
double B=b#cd+{exp(ctmTi)*{ctmTi-1)+exp(ctmTj)*{ctmTj-1)7;
double C=exp(q)*{ac*(ac+bs{1-q}}+bsb*{0.5+{1-g}+ctmTi*ctmTj}}/2;
raturn £*{A-B+C);
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100.2 Moro’s Normal inverse transform

Moru's nlporithm is nsed to convert a uniformly distributed pumber 1o the
range (0, 1] to & Normally distriluted number In the range [—oo,00, It
is purportedly aceurate to 14 decimal places, althongh T would Le a little

sceptical ot in the tails of the distribution.

public static double InvDist_SN_Mero{double y)
{

double zz;
double z = ¥ - 0.5;

if (Math.Abs(z) < 0.42)

{
zz = Math.Pow(z,2);
zz = z * (({-25,24106040637 & zz + £1,30119773534)
* zz + —18, 61500082529 % =z + 2. B0662E238R4) /
((((3,130829009833 * zz + -21 0622£101826) # zz + 23.08336743743)
* zz + —8.47351083048) x zz + 1)
¥
else
1

if (z » @) zz = Math.Log(-Math,Log(il - ¥));
else zz = Math.Leg(-Math.Leg{yl);

double build = 2.8BB1673684E-07 + zz ¥ 3, 86031B187E~-07T;

build = 3.21767881768E-05 + zz + build;
build = 3,951896511518E-04 + == * build;
build = 3,2405720373600E-03 + zz * build;
biild = 2,76438810333862E-02 + z= * build;
build = ¢,160797971481821 + zz * build;
build = ¢.976163018091719 + zz # build;

zZ = .337V4TEaBZ272615 + == * bulld;
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it (= €= Q) zz = —2=;

return Zz;

ks

10.3 The Nelder-Mead algorithm

The MNulder-Mead algorithio is an optimisation algoeithim for linding a glabal
mindming in a hivhly non-lincar and non-differentiable search space. It comes
in two parts: Lhe ObjectiveFuncvion interface, which must be implemented
tn evaluate and constrain the objective function at the point p; and the

HelderMead class, which poerformms the actual optimisation.

uzlng Systen;

namespace Utilities.Mathematics.Optimisation.Neldertead

{

public interface QObjectiveFunction

1
double evaluats(doublel[]l p};

void constrainSearch{ref deuble[] pi;

by

using System;

namespace Utilities Mathematics.QOptimisation.NelderMead
{
public class NelderMead
gk
const double GROW _FACTOR = 2.0;
const double KEFLECT FACTOR = -1.03
const double CONTRACT _FACTOR = 0.5;
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const double ZHRINK_FACTOR = &.5;

public double MAX_TTERATIONS = 10000;
public double TOLERANCE = 1E-12;

int dimensions;
UbjectiveFunction objective_ fuonction;
doubla[] []1 points;

deouble[] acorea:

public NelderMead(int adimensions)

1
dimensicns = adimensieons;
pointa = new deouble[dimensions+1][];
for (int i = 0; 1 < dimensiena+ly ++i)
1

points[i] = new double[dimensiens];

+
scores = new doublel[dimensions+1];

¥

public double[][] generateEmptyStartupParameters(deublel] scales)

{

Utilities.Handeom. Randondugmented ra =
Utilities.Random. Randomdugmented. getSeededRandomdugmented() ;

deutle[] [] initial points = new double[dimesnsions+1][];
for (int i = 0; 1 < dimensions+l; ++i)
4
initial_peoints[i] = new double[dimensions] ;
for (int j = 0; j < dimensiens; ++j)
1
initial_peints[i] [j] = ra.NextDoubleRalanced(zcales[3]):
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return initial_points;

piublic wvoid initialiseSsarch(UbjectiveFunction aobjective_function,

double[] [] starting_points)

oblective_function = acgbjective_functiom;

// SBtora our ipitial conditiomns

for fint i = Q: 1 < dimensions+l; ++i}

1
for {int j = 0; j < dimensionsz; ++j)
{
points[i] [§] = starting points{i] [i];
)
+

// Evaluate our ipitial conditioms
for {ipt 1 = 0; i < dinensions+l; ++1i)
{
scores[i] = objective_function, evaluate(points[il);

¥
sortPoints (] ;

public double[] search(out string error_message, out double cptimum_score)

{
£/ Check that we have been initialised
if (null == objective_function}

{



throw new

GepericException{"DObjective functien net set. Can pet search.");

// Initialise the error message

Error_message = "My

// Keeps track of hew many iterations we have done

int num_iteratioms = 0;

/¢ The latest midpoint and newpoint we have for reflecticns, ete.

// Defined hers for memery allocation efficiency

deuble[] mid_point = new double[dimensions];

new double[dimensions] ;

deuble[] new_point

while (trued
1
/f Check our tolerance. If we are within it, return
deuble tolerance = 0.0
for {(int j = 03 j < dimensions; ++j)
.k
tolerance += Math.dbs{peintz (0] [§j] - points[dimenaiona] [j]);
7
talerance f= dimensisns,
if (telerance < TOLERANCE)
{
optimm_score = scores[0];

return peints (0] ;

// Check that we have not exceeded the number of iterations

++pum_iterations;
if (pum_iteratiens > MAX_ITERATIONS)
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error_message =
"Exceeded number of iterations in the Nelder-Mead search. FRezults m
optimim_score = scores[(] ;

return peintz[0];

// Find the mid point of the best pointz (note n points, not n+l,
// since we leave ocut the worst)

for {int j = 0; j < dimensions; ++j)

1
mid_point[3) = 0.0;
1
for (int 1 = Q; i < dimen=iona; ++i)
i,
for (int j = 0; j < dimensions; ++3)
1
mid_point[j] += peint=[i] [j];
1
}
for fint j = 0; j < dimensions; ++j}
{
mid_point[j] /= dimensions;
}

/¢ Do a reflection test
if (testOnePointMove (REFLECT _FACTOR, ref mid_point, ref new_point))
{

/¢ It we mamaged a reflection, test a little further out

testOnePointMove (GROW_FACTOR, ref mid_point, ref new_point);

/7 If the reflection falled, then try a contraction

11F:



else if (testOnePointMove (CONTRACT _FACTOR, ref mid_peoint, ref new_point)
1
}

/4 If reflectien and contraction failed, then shrink towards
/! cur best point
else
1
doManyPointMaeve(} ;
+

vaid doManyPointMove()

%
for {int 1 = 1; 1 < dimensigns+l; ++i}
{
for {int | = 1; 3 < dimensions; ++j)
{
painta[1] [1] = SHRIN¥_FACTOR * (paints[1][31] + pelnts[0] [3]3;
k
objective_function.cohstraingearch(ref points(i]};
scores[i] = cbjective function.evaluate(points[i]l);
3
gortPaints(l;
}

hool testinePointMove{doubla scala, ref double[] mid_point,
ref double[] new_point}

// Calculate our new polnt dimensions

for {int j = 0; j < dimensions; ++j}
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nev_point[j] = mid_point[j] +

scale * {points[dimensions][j] - wid_peint[jl};

// Make sure our new point obeys the constraints

sbjective _function.constrainSsarch{ref new_point);

/7 Sse if our mew point is better

double new_score = abjectivﬁ_function,avaluata(new_point];

/f 1f it is, replace our old point and return true

if (new_score < scoresl[dimensiena])

1
for {int j = 9; j < dimensions; #+j3
!
points{dimensions] [j] = new_point([j];
I;

scores [dimensions] = new_score;

sortPoints();

return truea;

Jf If it iz not smaller, return false

alza

1

return false;

void sortPoints()
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// Lete do a eimple bubble sort
/¢ This can be improved since the only unsorted cne is usually at
/f the end of the array. But lts probably net worth it cos there
// are always so few dimensions
for {int 1 = 0; i < dimsnsions; ++i}
1

for (int j=i+l; j < dimensioms+l; ++1)

{

1f {ecore=s[i] » =cores[il}

1

swapPoints{i, jl;

void swapPeints(int a, int b)
{
Utilities.Swap. swap(ref scoresla], ref acoresfb]});
for (int j = 0; j < dimensiocns; ++])
{
Utilities.Swap.swap(ref pointsial [1], ref points(bl [31);

10.4 The Mersenne Twister algorithm

The Mersenue Twister algorithm is nsctul for generating pscudo-random uni-
formly distribuied numbers with excellent "random” propertics n a machine

independent. mannear.
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using System;
using Utilities, GUI.Charting;

using Utilities Mathematics. Lineardlgebra;

namespace Utilities.Random

{

FEES
# This class is an implemsntation of the paper "Mersennse Twister:
# A 623-Dimensionally Equidistributed Uniform Pseudeo—Random Number Gensrator"

# by Matsumoto

+/
public class MersenmneTwister . IUniformBandomBource
L

const int N = 824

const int M = 397;

const uint MATRIX & = OxB90Zb0Odf;

const uint UPPER_MASK CaBOo00oGs

const uint LOWER_MASK = OxTEffffiif;

const uint TEMPERING _MASE B 0x242=5880;
const uint TEMPERING_MASK_C Dxef 0000,
ulong[] mt = new uleng[N];

]

int mti = N+1:
wlong(] magtl = {0, MATRIX_A};

const ulong DEFAULT SEED = 4357;

ulong seed_used;
public MersenneTwister()

{
SeedMT (DEFAULT _SEED) ;

public MersenneTwister (ulong seed)
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if {0 == =zaead)
{

throw new Utilities {enericException("Seed can not be zero."};

SeadMT (ased) ;

public void reset()

{
SeedMT(seed_naed}:

private void SeedMT(ulong sesd)
{

seed_used = seed;

mt[0] = seed & Qxffffffif;
for {mti = 1; mti < W; ++mti)
1
mt[mti] = (69069 * mt(mti-1]) & Oxffffffff,

public ulong RandemInt()

{
uwlong y;

if (mti »= M}
{
int Ll

for (kk = 0; kit < N-M; ++kk)
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¥ = (mt[kk] & UPPER_MASK) | (mt[kk+1] & LOWER_MASK);
mt (k] = mt[kk+tM] “(y >> 1} "mag01[v&0xi]);

for (;kk < N-1; ++kk]

{
y = (mt[kk] & UPPER_MASK} | {(mt[kk+1] & LOWER_MASK):
mt [kle] = mt [kle+(M-W)] ~(y >> 1) “mag0l{y&0x1];

¥ = {mt[N-1] & UPFER_Ma3K} | (wti0] & LDWER_MASK)
mt[N-1] = mt[M-1]1 “(y >> 1} "mag0llygox1];

mbti = 0;

¥y = mt[mti++];
y "= {y »» 11},
¥y "= {y << 7) k& TEMPERING MASK B:
y "= {y << 15} & TEMPERING_MASK C;
¥y "= (y > 1B

return ¥;

public double RandomDouble()

{
return {{double) RandomInt() / (double} Qxffffffff):

s

public void ReandomUniformVector{Vector vector)

i
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for {int 1 = 0; 1 < vector.cols; ++i)
{

vactor[i] = RandermDoublal);
¥

public double nextHRandomDoublae()

{
return RandomDouble() :

124





