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Abstract

It is common to think of our universe according to the “block universe” idea, which says

that spacetime consists of many “stacked” 3-surfaces varied as a function of some kind of

proper time τ . Standard ideas do not distinguish past and future, but Ellis’ “evolving block

universe” tries to make a fundamental distinction. One proposal for this proper time is the

proper time measured along the timelike Ricci eigenlines, starting from the big bang. The

main idea of this work is to investigate the shape of the {τ= constant} surfaces relative to the

the null surfaces, and determine what makes these surfaces timelike or spacelike. We use the

Lemâıtre-Tolman metric as our inhomogeneous spacetime model, and we find the necessary and

sufficient conditions for these {τ= constant} surfaces to be spacelike or timelike. Furthermore,

we indicate whether or not timelike surfaces appear inside black holes and other strong gravity

domains, by determining the location of the timelike regions relative to the apparent horizon.

Based on this idea, we find that the regions where these surfaces become timelike are often

close to the apparent horizons, but always outside them, and in particular timelike regions

occur outside black holes. They are always spacelike near the big bang, and at late times (near

the crunch or the extreme far future), they are only timelike under special circumstances.
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Chapter 1

Introduction

There are numerous theories that discuss the nature of time and the way to measure time.

Rovelli [1] and Barbour [2] assumed that time does not exist and does not “roll on”, according

to the idea of standard block universe. Davies [3] proposed that time is real but flow is not.

Ellis [4] examined the various views and argued that time exists and its flow is real, calling

this the evolving block universe (EBU).

The idea of a block universe [5–7] was proposed by Price [8] and Barbour [2]. This represen-

tation denies that time passes and embodies the idea that the flow of time is an illusion [5]

and time does not really “roll on”. An alternative is the idea of an evolving block universe,

enabling one to envisage the flow of time and give a clear picture of a universe where things

change [9]. This idea allows us to contemplate the different natures of the past and future,

and differentiate between them in our spacetime representation. Moreover, it shows how to

indicate the present “now” in the spacetime diagram.

We briefly summarize the evolution of this theory, based on either classical mechanics [10]

or quantum mechanics [11], and supported by aspects of General Relativity [12, 13]. The

main issue we address is Ellis’s concept [4] of how to characterize a preferred time in a curved

spacetime.

The standard “classical” block universe assumes that spacetime is fixed, which implies that

the past and future are not distinct in this view. This means that space and time are merely

coordinates on an unchanging spacetime entity, and the present has no identifying features in

this picture. Because of causal determinism, the whole of the past and future can be determined

from data given on any arbitrary Cauchy surface. This picture is based on time-reversible local

physics and ignores the issue of quantum measurement and related considerations [14].

1
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(a) Newtonian spaces (b) Newtonian space-time

Figure 1.1: The Newtonian version of the Block Universe.

(a) The Special Relativity version
of the BU.

(b) The General Relativity version
of the BU.

Figure 1.2: Block Universe.

There are versions of the block universe picture based in Newtonian mechanics, Special Rel-

ativity, and General Relativity. Figure 1.1 represents the Newtonian block universe, where

surfaces of constant time are stacked together to form a Newtonian spacetime. We can de-

termine the evolution of physics through the whole spacetime from the initial data at any

time surface [14]. Figure 1.2a shows the Special Relativity version of the idea of a block

universe, where again surfaces of constant time at different times are represented together to

form a single fixed spacetime, with the past and future uniquely determined by the data at

any chosen time. “The warrant for this view is the existence and uniqueness theorems for the

relevant fields on a fixed Minkowski background spacetime; like, the existence and uniqueness

theorems for fluid flows, for Maxwell’s equations, or for the Klein Gordon equation” [13–15]. .

Figure 1.2b shows the General Relativity versions of the idea of block universe where “the war-

rant is the existence and uniqueness theorems of general relativity for suitable matter fields”

[12, 14].

Ellis emphasised that the idea of a block universe is based on time-reversible microphysical

laws, rather than time-irreversible macro-physical laws. He found that time does “roll on”

when coarse-graining and emergent effects such as biology are considered. The block universe
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idea assumes that we can predict the nature of the future and past using any constant time

surface for a simple system, because the equations of state are so easy and ignore friction and

dissipative effects, hierarchical structures, feedback effects, or the causal efficacy of information

[14].

Ellis [16] suggested that this model does not represent a realistic view of the real universe. He

modified the idea of a block universe by considering quantum effects like uncertainty and the

effect of wavefunction collapse when measurements take place. This suggests that the idea

of a block universe does not work and should be replaced by an Evolving “Emergent” Block

Universe (‘EBU’). It is based on time-irreversible macroscopic laws and the uncertainty of

Quantum mechanics [17].

To visualize the idea of an EBU, consider the following scenario [14]. A massive object has

been launched, and is allowed to move either left or right as shown in Figure 1.3. Its motion

is controlled by using a computer that fires rocket engines in response to the random decays

of a radioactive element [11]. According to the basic nature of quantum uncertainty, the path

of the object is then not determined until it happens, which is in total contradiction with the

classical view in which we can determine what will happen in the future from the initial data

at any previous time.

Figure 1.3: The world line of a particle whose motion is controlled in a random way, so that
what happens is determined only as it happens.

This means that the future, according to the EBU, is uncertain because it is undetermined.

The nature of the past is quite different from the future. The past has already happened, but

even though our knowledge about it is perhaps lacking, it is fixed and immutable. Furthermore,

the spacetime structure changes from indeterminate to definite instant by instant [16].
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Let us discuss this proposal in the contexts of Newtonian spacetime and General Relativity.

The Newtonian case is usually considered to be an evolving spacetime changed from indefinite

to determinate as time passes, as shown in Figure 1.4a. The past is fixed and immutable. The

present exists and is unique, but if quantum theory holds the events in it are uncertain. The

future is consequently unknown and mutable, and events in it can be influenced by present-day

events, even though the spacetime itself is immutable and unchanging.

(a) The EBU from the Newtonian
and Special Relativity viewpoints

(b) The EBU from the General
Relativity viewpoint

Figure 1.4: The Evolving Block Universe.

In the General Relativity case by contrast, there is an evolving curved spacetime changed from

indefinite to determinate as time passes as shown in Figure 1.4b. It represents the present as

the locus where events change from indeterminate to definite, but the future is uncertain until

it is determined at successive later times. This case is similar to to the Newtonian case except

the spacetime structure itself is curved and undetermined until the present time.

Ellis and Rothman [16] modified the idea of the EBU to give a clear picture of a spacetime

where foundational features of quantum mechanics are taken seriously, features that indicate

there is sometimes a kind of causation reaching back into the past. A model taking this into

account is known as the Crystallizing Block Universe (“CBU”). When quantum effects are

significant, the EBU is replaced by the CBU, in which the present time, where the transition

take place, can have domains that remain unfixed for some time after events, in general, have

moved on.

According to the EBU, the universe consists of a sequence of curved surfaces, labelled as a

function of proper time τ , which is measured along chosen timelines xi(υ), determined from

the metric tensor gij(x
k) by [14, 18]

τ =

∫ √
−ds2 =

∫ √
−gij(dxi/dv)(dxj/dv)dv. (1.1)



Chapter 1. Introduction 5

Ellis [4] argued that the present time surface at proper time τ is the surface of {τ = constant}

defined in this way, which can be measured by integration along a family of fundamental world

lines from the start of the universe to the present day. The fundamental world lines used in this

definition are chosen to be the Ricci eigenlines, which represent the average motion of matter,

and will be well defined in all realistic spacetimes, because of the existence of an all-pervading

cosmic blackbody radiation in the universe.

This prescription defines a family of surfaces that may be locally either spacelike, null, or

timelike. The main idea of this thesis is to examine the behavior of the {τ = constant}

surfaces S(τc) and find out their nature: are they locally spacelike, timelike, or null? This

is an interesting geometric question that can be asked independently of whether one accepts

the idea of an evolving block universe or not. One might expect that these surfaces will be

spacelike except in the case of very intense gravitational fields. We will show, by investigating

these surfaces in a number of Lemâıtre-Tolman models, that this is not necessarily the case.

The Lemâıtre-Tolman metric is a model for studying the possibility of an inhomgeneous uni-

verse [19–21], or of structures within it. It is very similar to dust Robertson-Walker model,

in that it is spherically symmetric and comoving, but Lemâıtre-Tolman models are generally

inhomogeneous in the radial direction. It was first proposed by Lemâıtre [22] in 1933 and then

Tolman [23] in 1934. A few years later, Bondi [24] investigate this model again in 1947. (It is

sometimes called the “Tolman model”, and sometimes the “Lemâıtre-Tolman-Bondi model”.)

The Lemâıtre-Tolman model is a spherically symmetric dust model, which is widely used

for both large and small scales. Because it is an exact solution, it is good for studying

the non-linearity of Einstein field equations [25]. It has a lot of success in describing the

expansion or collapse of structures of the whole universe under gravity. It gives a proper

physical interpretation for many observations [26–29]. Interestingly, it can be used to describe

a homogeneous cosmology in one limit, and non-vacuum black holes in another limit [30, 31].



Chapter 2

The Lemâıtre Tolman Model and its

Evolution

On a large scale, the Robertson-Walker metric 1 has had much success in giving a physical

interpretation of many phenomena that occurred in our universe, such as the existence of

the cosmic background radiation, but of course it fails on a small scale [12]. An alternative

approach using the Lemâıtre-Tolman model, first proposed by Lemâıtre in 1933, assists in

studying the inhomogeneity and non-linearity of the Einstein field equations. The Lemâıtre-

Tolman metric is a dust model which is spherically-symmetric, but inhomogeneous in the radial

direction [19]. There are several different inhomogeneous metrics such as the Lemâıtre-Tolman

and Szekeres metrics [20]. In this chapter, we are concerned only with the first metric.

2.1 Lemâıtre-Tolman Model

The Lemâıtre-Tolman metric is written in synchronous, comoving coordinates,

ds2 = −dt2 +
(R′)2

1 + f
dr2 +R2(dθ2 + sin2 θdφ), (2.1)

where R is the areal radius, f(r) is a free function determining the local geometry and R
′

=

∂R/∂r. The matter is a pressure-free perfect fluid [32], and the energy momentum tensor is

defined by

T ab = ρuaub, (2.2)

1Based on the homogeneity and isotropy of the universe

6
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where ρ is the mass-energy density, and ua is the fluid’s four velocity, which is defined as

ua = δat , (2.3)

since the spatial coordinates are comoving with the matter [29]. The solution of the Einstein

field equations (see appendix A) gives the evolution equation

Ṙ2 =
2M(r)

R
+ f(r), (2.4)

where M(r) is the gravitational mass within the comoving shell of radius r, and f(r) has

a second interpretation as 2E(r) which is twice the local energy per unit mass of the dust

particles. Also, from solving the Einstein field equations, the density is given by

κρ =
2M ′

R2R′
. (2.5)

The Kretschmann scalar [19] is an invariant measure of spacetime curvature which is given by

K = RabcdR
abcd =

48M2

R6
+

32MM ′

R5R′
+

12(M ′)2

R4(R′)2
. (2.6)

Note that K only diverges where R or R′ are zero, while M and M ′ are not. Similarly, ρ only

diverges where M ′/R′ is zero. The solutions of equation (2.4), when the cosmological constant

Λ is zero, are of 3 types, depending on the value of f (or more correctly, the value of f/M3/2),

• Hyperbolic, f > 0

R =
M

f
(cosh η − 1), (sinh η − η) =

f3/2(t− a)

M
; (2.7)

• Parabolic, f = 0:

R = M

(
η2

2

)
,

(
η3

6

)
=

(t− a)

M
; (2.8)

• Elliptic, f < 0:

R =
M

(−f)
(1− cos η), (η − sin η) =

(−f)3/2(t− a)

M
; (2.9)

where a(r) is the local time of the big bang, i.e. the time on each worldline at which R = 0.

These are very like the 3 Robertson-Walker cases; the hyperbolic evolution is like the open,

ever-expanding, k = −1 model, the elliptic case is like the closed, expanding and re-collapsing,
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k = +1 model, and the parabolic solution is like the borderline k = 0 model.2 Consequently

the parabolic case will not be investigated explicitly in this thesis. The 3 arbitrary functions of

this model each contribute to its inhomogeneity. The contained mass M(r) can increase with r

rapidly, slowly, or even stay constant over some range of r. The local geometry/energy function

f(r) typically increases with radius, but can increase slowly or rapidly. Lastly the bang time

does not have to be the same for each worldline. Usually outer shells of matter “explode”

off the initial singularity at earlier times. The parameter η can be thought of as giving the

stage of evolution, such as “early”, “intermediate”, and “late”. The 3 types of solution are not

mutually exclusive, and it is possible to have a hyperbolic region outside and elliptic region,

with a parabolic locus at the boundary between them. This models gravitational collapse in

an expanding universe [33, 34].

Parametric expressions for the evolution of R′ (see appendix B) will be very useful for deriving

the conditions for no shell crossings [35] and moreover, we will use these expressions to calculate

the radial null slopes for both elliptic and hyperbolic cases in chapter 3. These expressions

can be derived from equations (2.7) and (2.9) which are

• Elliptic, f < 0:

R′ =
M ′

(−f)
ψ1 +

Mf ′

f2
ψ2 + (−a′)

√
(−f)ψ3, (2.10)

where

ψ1 =
2− 2 cos η − η sin η

1− cos η
, (2.11)

ψ2 =
1

2

4− 4 cos η − 3η sin η + sin2 η

1− cos η
, (2.12)

and

ψ3 =
sin η

1− cos η
. (2.13)

• Hyperbolic, f > 0:

R′ =
M ′

f
ψ4 +

Mf ′

f2
ψ5 + (−a′)

√
fψ6, (2.14)

2However, with the LT model, the geometry is not so strongly tied to the evolution type, as it is in the
FLRW model.
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where

ψ4 =
2− 2 cosh η + η sinh η

cosh η − 1
, (2.15)

ψ5 = −1

2

4− 4 cosh η + 3η sinh η − sinh2 η

cosh η − 1
, (2.16)

and

ψ6 =
sinh η

cosh η − 1
. (2.17)

A scale length and time, characteristic for each worldline, are defined as

R̃(r) =
M

|f |
, (2.18)

and

T̃ (r) =
M

|f |3/2
, (2.19)

respectively. Note that the life time from the bang to crunch in elliptic models is 2πT̃ .

2.2 Special Cases

The Lemâıtre-Tolman model has several interesting special cases; the first two below are of

particular interest for the thesis.

• Dust Robertson-Walker: This occurs when

M = M0r
3, f = −kr2, a

′
= 0. (2.20)

• Schwarzschild: If M ′ = 0, then we have at least part of the vacuum spherical spacetime.

To get the full Schwarzschild-Kruskal-Szekeres (SKS) spacetime, requires an elliptic re-

gion, and a worldline where f = −1 and a′ = f ′ = 0 at which R′ = 0, a′ is maximum,

and f ′ and R′ are minimum. One may easily construct a non-vacuum black hole with the

same geomtry and topology, if M ′ is made non-zero and minimum at f = −1 [30, 36].

• Datt-Kantowski-Sachs: There is a well-behaved limit of the Lemâıtre-Tolman model,

occuring if R
′

= 0 and f = −1 globally [36].
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• Vaidya: With appropriate transformations, the limit of infinite local energy f → ∞

gives a model in which the “matter” worldlines are null. For this to work, the initial

Lemâıtre-Tolman model needs to be hollow with vacuum at the centre [37, 38].

2.3 Origins

An origin occurs where R(r0, t) = 0 for all t on a particular worldline, r0 [39]. This implies that

all time derivatives of R along r0 are also zero. Normally r0 = 0. Obviously, even at the origin,

t must vary over a finite or infinite range, and so must the parameter η. So it is clear from

equations (2.7) and (2.9) that, M/|f |3/2 must remain finite and non-zero in the limit as r → r0,

and M/|f | must go to zero to make R zero. Therefore, M ∼ |f |3/2 in the neighbourhood of

the origin, and both M and f go to zero there. But this does not mean that the time evolution

is parabolic [21]. When doing numerical calculations, we need to avoid calculating zero over

zero, so for each choice of arbitrary functions, we need to separately calculate the origin limits

of several different expressions. As an example, consider the following arbitrary functions

M = M0(r
3 +M1r

4 +M2r
5), (2.21)

f = −k(r2 + f1r
3 + f2r

4), (2.22)

where M0, M1, M2, k, f1, and f2 are constants. Note that these functions represent the elliptic

or hyperbolic case, depending on the sign of the arbitrary function f , where f 6= 0, according

to equation (2.22). At the origin where r = 0, M and f are equal to zero, we need to be

able to calculate R and t, for each given η in both elliptic and hyperbolic cases. To avoid the

zero-over-zero problem, we re-express equations (2.21) and (2.22) as

M = M0r
3(1 +M1r +M2r

2), (2.23)

f = −kr2(1 + f1r + f2r
2). (2.24)

so that

M

f

∣∣∣∣
r→0

= −M0r(1 +M1r +M2r
2)

k(1 + f1r + f2r2)

∣∣∣∣
r→0

= 0, (2.25)

and

M

f3/2

∣∣∣∣
r→0

=
M0(1 +M1r +M2r

2)(
− k(1 + f1r + f2r2)

)3/2

∣∣∣∣∣∣∣∣∣
r→0

=
M0

(−k)3/2
, (2.26)
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which means that R and t have a specific value at the origin rather than being undefined

or going to infinity. The combinations of arbitrary functions and derivatives in equations

(2.10)-(2.19) all require this treatment.

2.4 Regular Extrema

In a spatially closed spherical model, such as the k = +1 FLRW model, there must be place

where the areal radius is maximum, decreasing on either side towards an origin. This is like the

equator and the two poles on the surface of the earth. Similarly, in Lemâıtre-Tolman models

of vacuum and dense black holes, there is a minimum of the areal radius at the “throat” or

“neck”. Regular extrema in LT models occur if R′ = 0 at one or more particular rm values

without the density or curvature diverging and without a shell crossing forming [35]. This

means that

R′(t, rm) = 0 ∀ t (2.27)

The conditions for a regular maximum or minimum [31] without shell crossings or surface

layers are

M ′(rm) = f ′(rm) = a′(rm) = 0, f(rm) = −1 (2.28)

2.5 Singularities

A singularity is a location where the Einstein equations break down [12]. This occurs due

to the divergence of density equation (2.5) or the Kretschmann scalar equation (2.6) in the

Lemâıtre-Tolman model. This model has several different singularities.

1. Big Bang : This is considered to be one of the main singularities of the Lemâıtre-

Tolman model. This occurs on each worldline, in both elliptic and hyperbolic cases,

where t = a, causing R(a, r) = 0 for all r. The big bang 3-surfaces are space-like [21] as

will be seen in chapter 3. In contrast an origin is timelike. This Lemâıtre-Tolman big

bang is similar to the FLRW big bang, except it does not need to be simultaneous.

2. Big Crunch : This occurs in elliptic models only, where t = a + 2πT̃ , also causing

R = 0 on each worldline, and these surfaces are also space-like [19]. Note that both big

bang and crunch are singular due to the divergence of the density equation (2.5) and

curvature equation (2.6).
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3. Shell Crossings : These singularities occur due to the collision between an inner and an

adjacent outer shell of constant r [35] where R
′

= 0. They represent a break down in the

Lemâıtre-Tolman assumptions. These surfaces have an infinite density, with a positive

density on the ‘near’ side, while the region ‘behind’ them has a negative density, which

is physically unacceptable. The shell-crossing surfaces are time-like, which makes them

totally different from the big bang and crunch surfaces. Moreover, they have a different

redshift structure and surface density from the big bang. Shell crossings can be avoided

by applying certain conditions on the arbitrary functions which will be discussed in §2.6.

They do not remain at constant r, and are distinct from the regular extrema mentioned

above, which are not singular, i.e. the density ρ does not diverge.

4. Shell Focusing : This can occur on the central worldline (origin), at the moment of

the big crunch. Under certain conditions, many light rays can be emitted from this

one point on the crunch can even travel to infinity, rather than being captured by the

crunch [40–44]. The nature of this singularity and its physical origin are very difficult to

understand.

2.6 Avoiding Shell Crossings

Shell crossing singularities would be extremely common if the 3 arbitrary functions in the

Lemâıtre-Tolman model were chosen at random. They happen at loci where R′ = 0 that

aren’t regular extrema as explained in §2.5 and §2.4. The main idea of this section is to

show how to avoid shell crossings from occurring in our Lemâıtre-Tolman models, by applying

certain conditions, since we want our models to be free of serious irregularities. Now, let us

derive the necessary and sufficient conditions for no shell crossings to occur at any time in an

Lemâıtre-Tolman model, for elliptic and hyperbolic evolution, separately.

2.6.1 Elliptic Regions:

Equation (2.10) can be written as

R′ = p1ψ1 + qψ2 + (−a′)
√

(−f)ψ3, (2.29)

where p1, q are given by

p1 =
M ′

(−f)
, q =

Mf ′

f2
. (2.30)
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We will consider regions where R′ ≥ 0, and the R′ ≤ 0 case then follows in the obvious way.

It is obvious from equation (2.5) that positive density needs M ′ ≥ 0 where R
′ ≥ 0. Figure 2.1

indicates the behavior of ψ1, ψ2 and ψ3 as functions of η.

At early times (η → 0), we find that

ψ1 =
η2

6
+

η4

360
+

η6

15120
+ · · · ≈ η2

6
, (2.31)

ψ2 =
η4

40
− η6

1680
+

η8

67200
+ · · · ≈ η4

40
, (2.32)

ψ3 =
2

η
− η

6
− η3

360
+ · · · ≈ 2

η
, (2.33)

and thus equation (2.29) reduces to

R′ = p1
η2

6
+ q

η4

40
+ (−a′)

√
(−f)

2

η
≈ (−a′)

√
(−f)

2

η
. (2.34)

Note that the third term in equation (2.34) is dominant compared to the first and second

terms, provided a′ 6= 0. This means that a′ ≤ 0 for R
′ ≥ 0.

At late times (η = 2π − δ and δ → 0), we find that

ψ1 =
4π

δ
− πδ

3
+
δ2

6
+ · · · ≈ 4π

δ
, (2.35)

ψ2 =
6π

δ
− πδ

2
− πδ3

120
+ · · · ≈ 6π

δ
, (2.36)

ψ3 = −2

δ
+
δ

6
+

δ3

360
+ · · · ≈ −2

δ
, (2.37)

Figure 2.1: The shape of the functions ψ1, ψ2 and ψ3 for the elliptic case, 0 ≤ η ≤ 2π,
showing early and late time behaviour.
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so that equation (2.29) reduces to

R′ =
4π

δ

M ′

(−f)
+

6π

δ

Mf ′

f2
+

2a′

δ

√
(−f). (2.38)

Since R′ > 0, we find that

a′ ≥ 2πM

(−f)3/2

(
M ′

M
− 3f ′

2f

)
= 2πT̃ ′, (2.39)

which implies that

M ′

M
≥ 3f ′

2f
. (2.40)

2.6.2 Hyperbolic Regions:

Equation (2.14) can be written as

R′ = p2ψ4 + qψ5 + (−a′)
√
fψ6, (2.41)

where p2 is given by

p2 =
M ′

f
. (2.42)

As above, we assume R′ ≥ 0, and it is clear from equation (2.5) that M ′ ≥ 0 must hold for

positive density. Figure 2.2 indicates the behavior of ψ4, ψ5 and ψ6 as functions of η.

At early times (η → 0), we find that

ψ4 =
η2

6
− η4

360
+

η6

15120
+ · · · ≈ η2

6
, (2.43)

ψ5 =
η4

40
+

η6

1680
+

η8

67200
+ · · · ≈ η4

40
, (2.44)

ψ6 =
2

η
+
η

6
− η3

360
+ · · · ≈ 2

η
. (2.45)

Thus, equation (2.41) reduces to

R′ = p2
η2

6
+ q

η4

40
+ (−a′)

√
f

2

η
≈ (−a′)

√
f

2

η
, (2.46)

showing the third term in equation (2.46) is dominant compared to the first and second terms,

if a′ 6= 0, and this means that a′ ≤ 0 is required to ensure R
′ ≥ 0.
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Figure 2.2: The shape of the functions ψ4, ψ5 and ψ6 for the hyperbolic case, 0 ≤ η < ∞,
showing early and late time behaviour.

At late times (η →∞), we find that

ψ4 ≈ η, ψ5 ≈
eη

4
, ψ6 ≈ 1 + 2e−η. (2.47)

This means that the second term in equation (2.41) is dominant compared to the first and

third term and equation (2.41) reduces to

R′ ≈ M ′

f
η +

Mf ′

4f2
eη ≈ Mf ′

4f2
eη, (2.48)

meaning that f ′ ≥ 0 is required. Note that the conditions for no shell crossings for the

parabolic case are similar to those for the hyperbolic case. Finally, we can summarize the

no-shell-crossing conditions in table 2.1.

2.7 Scaled Conformal Time

Below we will numerically calculate and plot results for a number of explicit models, and they

will display a specific range of t and r values. The evolution calculations will be based on the

conformal time η, so it will be necessary to set a suitable range of η and to have sufficient data

points in that range to make a good plot. The relation between t and η depends on the scale

time T̃ , as shown by equations (2.7), (2.9) and (2.19). In addition, near parabolic regions,

where f passes through zero, it can be seen that f → 0 in equations (2.7) and (2.9) implies
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Conditions for No Shell Crossings

R
′

f M
′
, f

′
, a

′

> 0

≥ 0

M
′ ≥ 0

f
′ ≥ 0

a
′ ≤ 0

but not all 3 equalities at once

< 0

M
′ ≥ 0

2πT̃
′
+ a

′ ≥ 0

a
′ ≤ 0

but not all 3 equalities at once

= 0 = 0
M

′
= 0

f
′

= 0

a
′

= 0

< 0

≥ 0

M
′ ≤ 0

f
′ ≤ 0

a
′ ≥ 0

but not all 3 equalities at once

< 0

M
′ ≤ 0

2πT̃
′
+ a

′ ≤ 0

a
′ ≥ 0

but not all 3 equalities at once

Table 2.1: Conditions for no shell crossings.

η → 0. To get a useful parameter in the parabolic case the defintion η = η/
√
|f | is used before

taking the limit f → 0. These two problems are handled numerically by defining the rescaled

conformal time as

η̃ =
f1/2

M1/3
η. (2.49)



Chapter 3

Ricci Time Surfaces in LT Model

In the context of the Lemâıtre-Tolman model, we are next going to calculate the slopes of

the surfaces S(τc)
1 and the slopes of the radial null rays, and find the ratio between them.

This ratio allows us to determine whether each S(τc) is spacelike, null or timelike, for both

hyperbolic and elliptic cases. Furthermore, we derive the necessary and sufficient conditions

for S(τc) being locally spacelike, null or timelike in different time regions.

3.1 Ricci Time

Ellis [4] argued that the “present” is a surface of constant time, and that the time τ for any

S(τc) can be evaluated by integrating proper time along suitable worldlines, starting at the

beginning of the universe up to S(τc). Ellis proposed that the paths to use are the Ricci

eigenlines, that is the integral paths of the timelike eigenvectors of the Ricci tensor. The

resulting time τ will be called the Ricci time. In the Lemâıtre-Tolman model, the Ricci

eigenlines turn out to be the matter worldlines, as shown in appendix A, ua = δat , and the

proper time is just the local cosmic time since the bang,

τ = t− a. (3.1)

Consequently, the slope of S(τc) is simply the derivative of equation (3.1), holding τ constant,

i.e.

dt

dr

∣∣∣∣
τ

= a′. (3.2)

1S(τc) is the family of 3-surfaces on which τ is constant, τ being defined in equation (3.1).

17
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This already shows that the slope of the big bang surface is likely to be very significant in

these calculations.

3.2 Radial Light Rays & the Spacelike/Timelike Conditions

In this section, we are going to calculate the radial null slope, which we will compare with the

slope of S(τc), to obtain the conditions for S(τc) being locally timelike, null or spacelike.

For radial null paths we have, ds2 = dθ2 = dφ2 = 0, and thus, equation (2.1) leads to

dt

dr

∣∣∣∣
n

= ± R′√
1 + f

, (3.3)

where the + sign is used for a radially outgoing null path while the − sign is used for a radially

incoming null path. It is clear from the previous chapter that the appropriate exprtession for

R′ depends on the value of f , so we must consider elliptic and hyperbolic cases seperately.

The ratio of the null slope equation (3.3) to the slope of S(τc) equation (3.2) is2

R =
|R′|

|a′
√

1 + f |
. (3.4)

Since the slopes of the incoming and outgoing light rays in equation (3.3) have the same

magnitude, we only need to compare the magnitudes of equations (3.2) and (3.3). Locally,

the surface S(τc) is timelike if it is steeper than the (radial) null path, i.e. 0 < R < 1, and

conversely it is spacelike if ∞ > R > 1. S(τc) is a null surface only if R = 1.

Next let us discuss equations (3.3) and (3.4) in the contexts of hyperbolic and elliptic cases.

1. Hyperbolic, f > 0: Substituting equation (2.14) into equation (3.3), we get

dt

dr

∣∣∣∣
n

= ± 1√
1 + f

(
M ′

f
ψ4 +

Mf ′

f2
ψ5 + (−a′)

√
fψ6

)
, (3.5)

so that the ratio between the null surface slope equation (3.5) and the S(τc) surface slope

equation (3.2) is

R =
1

|a′|
√

1 + f

∣∣∣∣M ′f ψ4 +
Mf ′

f2
ψ5 + (−a′)

√
fψ6

∣∣∣∣. (3.6)

It is clear from equation (3.6) that both the arbitrary functions, and the evolution

functions will affect R, and the timelike or spacelike nature of S(τc) is likely to vary with

position and time.

2It is convenient to put the simpler expression in the denominator.
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2. Elliptic, f < 0: Using equation (2.10), equations (3.3) and (3.4) evaluate to

dt

dr

∣∣∣∣
n

= ± 1√
1 + f

(
M ′

(−f)
ψ1 +

Mf ′

f2
ψ2 + (−a′)

√
(−f)ψ3

)
(3.7)

and

R =
1

|a′|
√

1 + f

∣∣∣∣ M ′(−f)
ψ1 +

Mf ′

f2
ψ2 + (−a′)

√
(−f)ψ3

∣∣∣∣ (3.8)

respectively.

In the successive two sections, we will discuss the conditions, in certain limits, for S(τc) being

spacelike, null or timelike, for both hyperbolic and elliptic regions.

3.2.1 Hyperbolic Regions

We found in §2.6 that, at early times (η → 0), ψ4 ≈ (η2/6), ψ5 ≈ (η4/40) and ψ6 ≈ (2/η). At

late times (η →∞), ψ4 ≈ η, ψ5 → (eη/4) and ψ6 ≈ (1 + 2e−η). The nature of the ψ functions

is totally different from one interval time to the other one. Therefore, we separate the entire

range of time to three different regions, and we investigate the ratio equation (3.6) for each of

these regions :

• At early times (η → 0), equations (3.5) and (3.6) reduce to

dt

dr

∣∣∣∣
n

= ± 1√
1 + f

(
M ′

f

η2

6
+
Mf ′

f2
η4

40
+ (−a′)

√
f

2

η

)
≈ ±2(−a′)

η

√
f

1 + f
, (3.9)

and

R =
1

|a′|
√

1 + f

∣∣∣∣M ′f η2

6
+
Mf ′

f5
η4

40
+ (−a′)

√
f

2

η

∣∣∣∣ ≈ 2

η

√
f

1 + f
, (3.10)

respectively, assuming a′ 6= 0. It is clear that in the limit, equation (3.10) goes to infinity

provided a′ 6= 0, because ψ6 diverges. This means that S(τc) becomes spacelike because

R is greater than one. If a′ = 0, then equation (3.10) again goes to infinity because the

denominator is equal to zero and R is divergent. Generally, S(τc) is spacelike everywhere

at early enough times.

• At intermediate times we have to deal with the full expression equation (3.6), so it

will not be easy to obtain definite analytical results. Since the initial R is infinite, and

timelike S(τc) requires R < 1, it makes sense to look for the minimum of R as η changes.
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Differentiating equation (3.6), we will need the derivatives of ψ4, ψ5 and ψ6. To find an

estimate for ηmin, we differentiate equations (2.15), (2.16) and (2.17) with respect to η,

obtaining

dψ4

dη
=
− sinh η + η cosh η

cosh η − 1
− (2− 2 cosh η + η sinh η) sinh η

(cosh η − 1)2
=

sinh η − η
cosh η − 1

, (3.11)

dψ5

dη
= −1

2

−2 cosh η sinh η − sinh η + 3η cosh η

cosh η − 1

+
1

2

(4− 4 cosh η + 3η sinh η − sinh2 η) sinh η

(cosh η − 1)2
=

sinh η

2
− 3(sinh η − η)

2(cosh η − 1)
, (3.12)

and

dψ6

dη
=

cosh η

cosh η − 1
− sinh2 η

(cosh η − 1)2
=

−1

cosh η − 1
. (3.13)

Figure 3.1: The shape of dψ4

dη , dψ5

dη and dψ6

dη for the hyperbolic case.

Figure 3.1 illustrates the behavior of dψ4

dη , dψ5

dη and dψ6

dη for a significant time range.

We find that dψ4

dη is monotonically increasing from 0 to 1, while dψ5

dη is monotonically

increasing from 0 to ∞ and dψ6

dη is monotonically increasing from −∞ to 0. These η

functions are multiplied by functions of r, the same ones as in equation (3.6), so the

exact minimum η will be different for each worldline, but if we assume the r functions

are of similar magnitudes, then from figure 3.1 we estimate that ηmin is approximately
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1.7. Now, equation (3.6) reduces to

R =

∣∣AfM ′ +BMf ′ + C(−a′)f5/2
∣∣

|a′|f2
√

1 + f
, (3.14)

where A, B and C are constants defined by

A = ψ4|η=1.7 =
2− 2 cosh(1.7) + 1.7 sinh(1.7)

cosh(1.7)− 1
= 0.46, (3.15)

B = ψ5|η=1.7 = −1

2

4− 4 cosh(1.7) + 5.1 sinh(1.7)− sinh2(1.7)

cosh(1.7)− 1
= 0.22, (3.16)

and

C = ψ6|η=1.7 = − sinh(1.7)

cosh(1.7)− 1
= 1.45, (3.17)

respectively. For S(τc) to be timelike at η = 1.7, R < 1 in equation (3.14) leads to

√
1 + f

f
>

∣∣∣∣(A M ′

a′f3/2
+B

Mf ′

a′f5/2

)
− C

∣∣∣∣. (3.18)

and since the scale time T̃ is defined as M/|f |3/2, equation (3.18) can be rewritten as

√
1 + f

f
>

∣∣∣∣ T̃a′
(
A
M ′

M
+B

f ′

f

)
− C

∣∣∣∣. (3.19)

Where it is true, S(τc) will be timelike, otherwise spacelike.

• At late times (η →∞), equation (3.6) reduces to

R ≈ 1

|a′|
√

1 + f

∣∣∣∣M ′f η +
Mf ′

f2
eη

4
+ (−a′)

√
f

∣∣∣∣. (3.20)

If a′ 6= 0, S(τc) becomes timelike only if M ′ = f ′ = 0. Thus, equation (3.20) reduces to

R =

√
f

1 + f
≤ 1. (3.21)

If a′ = 0, equation (3.20) goes to infinity because the denominator is equal to zero and

the S(τc) surfaces become spacelike everywhere. Generally, S(τc) is timelike at late times

only if M ′ = f ′ = 0, otherwise it is spacelike.
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3.2.2 Elliptic Regions

It was indicated in §2.6 that, at early times (η → 0), ψ1 ≈ (η2/6), ψ2 ≈ (η4/40) and ψ3 ≈ (2/η),

whereas at late times (η = 2π− δ, δ → 0), ψ1 ≈ (4π/δ), ψ2 ≈ (6π/δ) and ψ3 ≈ (−2/δ). Let us

next investigate the ratio R of equation (3.8) for different time domains.

• At early times (η → 0), equations (3.7) and (3.8) reduce to

dt

dr

∣∣∣∣
n

= ± 1√
1 + f

(
M ′

(−f)

η2

6
+
Mf ′

f2
η4

40
+ (−a′)

√
(−f)

2

η

)

≈ ±2(−a′)
η

√
(−f)

1 + f
, (3.22)

and

R =
1

|a′|
√

1 + f

∣∣∣∣ M ′(−f)

η2

6
+
Mf ′

f2
η4

40
+ (−a′)

√
(−f)

2

η

∣∣∣∣ ≈ 2

η

√
(−f)

1 + f
, (3.23)

respectively, assuming a′ 6= 0. Equation (3.23) goes to infinity where a′ 6= 0 because

ψ3 diverges, which means that S(τc) becomes spacelike. If a = 0, equation (3.23) goes

directly to infinity because the denominator is equal to zero, and S(τc) is spacelike in

this case too. Generally, S(τc) is spacelike everywhere at early times.

• At intermediate times, which we choose to mean maximum expansion, η = π, equations

(3.7) and (3.8) reduce to

dt

dr

∣∣∣∣
n

= ±−2M ′f + 2Mf ′

f2
√

1 + f
, (3.24)

and

R =
| − 2M ′f + 2Mf ′|
|a′|f2

√
1 + f

=
1

|a′|
√

1 + f

∣∣∣∣−2M ′

f
+

2Mf ′

f2

∣∣∣∣, (3.25)

respectively, because ψ1 = −2, ψ2 = 2 and ψ3 = 0. Since the scale length is defined as

R̃ =
M

|f |
, (3.26)

where its derivative is given by

R̃
′

=
M ′

|f |
+
Mf ′

f2
. (3.27)
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Equation (3.25) can be written in terms of equation (3.27) as

R =
2|R̃′|

|a′|
√

1 + f
. (3.28)

Applying the timelike condition R < 1, equation (3.28) gives

|a′| > |R̃′|√
1 + f

. (3.29)

and if not true, S(τc) will be spacelike at maximum expansion.

• At late times (η = 2π − δ, δ → 0), equations (3.7) and (3.8) reduce to

dt

dr

∣∣∣∣
n

= ± 1√
1 + f

(
M ′

(−f)

4π

δ
+
Mf ′

f2
6π

δ
+ (−a′)

√
(−f)

(
−2

δ

))
, (3.30)

and

R =
1

|a′|
√

1 + f

∣∣∣∣∣ M ′(−f)

4π

δ
+
Mf ′

f2
6π

δ
+ (−a′)

√
(−f)

(
−2

δ

)∣∣∣∣∣,
=

1

|a′|
√

1 + f

∣∣∣∣∣4πT̃δ
(
M ′

M
− 3f ′

2f

)√
(−f) +

√
(−f)

2a′

δ

∣∣∣∣∣,
=

1

|a′|
√

1 + f

∣∣∣∣∣2
√

(−f)

δ
(2πT̃ ′ + a′)

∣∣∣∣∣ =
2
∣∣2πT̃ ′ + a′

∣∣
|a′|δ

√
(−f)

1 + f
, (3.31)

respectively if a′ 6= 0. It is clear that R = 0 only when 2πT̃ ′ + a′ = 0 and a′ 6= 0, which

makes S(τc) a timelike surface, and otherwise R is divergent. If a′ = 0, equation (3.31)

goes to infinity because the denominator is equal to zero and thus S(τc) is spacelike. We

find that S(τc) becomes timelike near the big crunch only if the crunch time is constant

and the big bang time is not, 2πT̃ ′ + a′ = 0 and a′ 6= 0.

Finally, we can summarize these results in table 3.1.
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Chapter 4

Explicit Models

We considered several different time regimes of Lemâıtre-Tolman models in chapter 3, and

derived the necessary and sufficient conditions for the constant Ricci time surfaces, S(τc), to

be timelike or spacelike. The main purpose of this chapter is to investigate numerically the

detailed behaviour of these surfaces in a range of different explicit LT models, including elliptic

and hyperbolic cases. We will create various models with different behaviors, which allow us

to examine these conditions, and visualize the character of S(τc) in (t, r) plots. We also check

if the regions of timelike S(τc) occur inside or outside the apparent horizons.

4.1 Numerical Calculations

We have developed a numerical code that takes the definitions of the LT arbitrary functions

and calculates dt/dr|n, dt/dr|τ and R, as detailed in chapter 3. The resulting data is plotted

against r and t as a pair of surfaces of different colours, whose heights above the (t, r) plane

are the slopes dt/dr|n and dt/dr|τ . In fact we experimented with several plotting formats, and

we found that this one shows most clearly where S(τc) changes between spacelike and timelike.

In order to check that our model choices were reasonable and free of irregularities, the code

also produces plots of M(r), f(r), a(r) and T̃ (r), as well as the functions that indicate a shell

crossing if they have the wrong sign, M ′(r), f ′(r), a′(r) and 2πT̃ ′(r) + a′(r). Out of these last

4 functions, the first 3 are relevant to hyperbolic regions, and functions 1, 3 and 4 are relevant

to elliptic models (see table 2.1).

The actual code must allow for a few practical numerical issues.

• The slope dt/dr|n diverges near the bang and the crunch, and this must be chopped by

not plotting certain η values.

25
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• In elliptic regions, if the big crunch occurs within the time range plotted, the two surfaces

must be terminated just before the crunch.

• The apparent horizon (AH) is the locus along a radial light ray where R changes from

increasing to decreasing. Using equations (3.3) and (2.4) this gives

dR

dr

∣∣∣∣
n

= 0 = Ṙ
dt

dr

∣∣∣∣
n

+R′ = Ṙ

(
±R′√
1 + f

)
+R′ =

(
∓
√

2M/R+ f

±
√

1 + f
+ 1

)
R′, (4.1)

which leads to

RAH = 2M. (4.2)

By equations (2.7) and (2.9)

cosh ηAH = 2f + 1, tAH = a+ (sinh ηAH − ηAH)M/f3/2 (4.3)

cos(ηAH) = 2f + 1, tAH = a+ (ηAH − sin ηAH)M/(−f)3/2 (4.4)

for hyperbolic and elliptic cases, respectively. Since we are using η in the evolution

calcuations, this is the easiest way to calculate the AH locus on each constant r worldline.

The apparent horizon is a locus in the (t, r) plane. In fact there are two AHs in elliptic

region. For clarity, the AH curves are plotted on the null slope surfaces, i.e. at “height”

dt/dr|n on the plot, otherwise they would be hidden.

• As noted above, the origin and spatial extrema in R generate undefined zero-over-zero

values unless their limits are evaluated properly. Therefore, the various arbitrary fun-

tion combinations appearing in equations (3.5) to (3.8), such as Mf ′/f2/
√

1 + f/a′ and√
f/(1 + f), must be re-evaluated analytically for each choice of M , f and a. Each of

these function combinations must be written into the code explicitly.

The general algorithm is as follows.

1. Define the ranges of r and η, where r changes from 0 to 0.9, while η extends from 0 to

7.2.

2. Define the arbitrary functions M , f , a and their derivatives M ′, f ′, a′ as functions of r.

Moreover, define a number of other ratios like M/f and M/f3/2.

3. Rescale η to be η̃ given by equation (2.49) in order to avoid vastly different timescales

in the same plot. and handle near-parabolic regions without trouble.
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4. In terms of η̃, calculate ψ1, ψ2 and ψ3 for elliptic regions, as given by equations (2.11),

(2.12) and (2.13), respectively. Similarly, evaluate ψ4, ψ5 and ψ6 for hyperbolic regions,

as given by equations (2.15), (2.16) and (2.17), respectively. Redefine these functions as

series approximations when η approaches zero and 2π.

5. Depending on the value of η̃, calculate R, t, dt/dr|n, dt/dr|τ and R for the whole range,

using the appropriate elliptic or hyperbolic expressions.

6. Plot the two slopes as intersecting 2-d surfaces in a 3-d plot.1

7. Evaluate the apparent horizon locus, and draw it as a black line on the dt/dr|n surface.

8. Plot the LT arbitrary functions and the no shell crossing condition functions.

4.2 Hyperbolic Models

4.2.1 Model 1

The arbitrary functions are

M = M0(r
3 +M1r

4 +M2r
5), (4.5)

f = −k(r2 + f1r
3 + f2r

4), (4.6)

a = a0 + a1r + a2r
2 + a3r

3, (4.7)

where M0 = 1, M1 = −3, M2 = 2.4, k = −1, f1 = −2.67, f2 = 2, a0 = 5, a1 = −200,

a2 = 0.5 and a3 = 0.9. This is the first set of coefficients, we will use with model (1). This

is an inhomogeneous model with non-zero density everywhere, so it is a “cosmology”. These

functions were specifically selected so that both M and f have zero gradient at the same r

value, but never have a negative gradient. Therefore we have a worldine (r value) which satifies

the condition M ′ = f ′ = 0, as shown in figure 4.1a, which should make S(τc) timelike at late

times, and the neighbouring worldlines are very close to that condition.

Figure 4.1a shows the behavior of the arbitrary functions M , f and a which represent an

inhomogeneous hyperbolic model where f > 0. Functions M and f increase smoothly while

a decreases rapidly with increasing r. Scale time T̃ is not necessarily increasing, but has a

zero gradient at the same point as functions M and f . Figure 4.1b shows the conditions for

no shell crossings are satisfied, because M ′ ≥ 0, f ′ ≥ 0 and a′ ≤ 0 clearly hold. We ignore the

fourth condition 2πT̃
′
+ a

′ ≥ 0 because we deal only with hyperbolic model where f > 0.

1Several other plots, such as R against t and R, are plotted but not used here.
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Figure 4.1: Hyperbolic model (1) using the first set of coefficients: The behavior of the
arbitrary functions and the no shell crossing conditions.

Figure 4.2 illustrates the relation between the {constant τ} surfaces S(τc) and the radial

null surfaces for each worldline and a sufficiently large range of the evolution. The red and

blue surfaces represent the slopes of S(τc) and the null surfaces, respectively. The black line

shows the apparent horizon, which allows us to indicate whether the timelike S(τc) regions

occur inside (at smaller R) or outside (at larger R) the AH. Our hyperbolic model is always

expanding, so smaller R occurs to the past of the black line. For each world line r, the behavior

of the S(τc) changes depending on the arbitrary functions. To illustrate, let us examine the

nature of these surfaces in three regions. The first region starts from the origin to r = 0.3, the

second region extends from 0.3 to 0.7 and the third region lies between 0.7 and 0.9.

Figure 4.2: Hyperbolic model (1) using the first set of coefficients: The slopes of the S(τc)
and radial null surfaces, dt/dr|τ and dt/dr|n, shown in red and blue respectively, are plotted
against t and r. Where the red surface is above the blue one, S(τc) is timelike. The black line
represents the apparent horizon, and the big bang is where the blue surface rises at the back.
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For the first region (0 < r < 0.3), the S(τc) becomes spacelike at early and late times. For

intermediate times, the slope of S(τc) changes to timelike for at least part of the evolution,

as shown in figure 4.1b. We noticed that the size (duration) of the timelike region, at the

intermediate times, can be increased by increasing (−a′). Conversely, the size of the timelike

region is decreased by decreasing (−a′), and it shrinks towards the bang. This is discussed

further below. For the second region (0.3 < r < 0.7), the S(τc) are spacelike at early times. At

the intermediate times, they become timelike and remain timelike for the rest of the plotted

evolution. It is clear that the r value for which M ′ = f ′ = 0, r = 0.5, as shown in figure 4.2,

is at the middle of this range. The third region (0.7 < r < 0.9) has the same behavior as the

first region (0 < r < 0.3). The black line indicates that the timelike region is located outside

the apparent horizon, at larger R. This model confirms that S(τc) is spacelike everwhere for

early times, but at late times S(τc) can have a different behavior, being either spacelike or

timelike, depending on whether M ′ and f ′ are zero.
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(b) Conditions for no shell crossings.

Figure 4.3: Hyperbolic model (1) using the second set of coefficients: The behavior of the
arbitrary functions and the no shell crossing conditions.

Now, by changing the coefficients of the arbitrary functions in equations (4.5)-(4.7), we can

produce a model for which S(τc) is spacelike area everywhere. For instance, taking M0 = 200,

M1 = 0.5, M2 = 0.5, k = −1, f1 = 0.6, f2 = 0.6, a0 = 5, a1 = −1, a2 = −0.5 and a3 = −0.9

as the second set of coefficients, the behavior of the functions is slightly changed, as shown

in figure 4.3a. Functions M and f increase rapidly while a deceases smoothly as r increases.

The scale time T̃ decreases with increasing r. Figure 4.3b shows the conditions for no shell

crossings are satisfied since M ′ ≥ 0, f ′ ≥ 0 and a′ ≤ 0. The blue dt/dr|n surface in figure 4.4

is everywhere above the red dt/dr|τ surface, showing that S(τc) is always spacelike for each

world line, because M ′ > 0 and f ′ > 0 as shown in figure 4.3a. The bold black line visualizes

the apparent horizon.
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Figure 4.4: Hyperbolic model (1) using the second set of coefficients: The slopes of the S(τc)
and radial null surfaces, showing S(τc) is spacelike everywhere.

By using a third set of arbitrary functions and varying just one of them, we can investigate the

nature of the intermediate time. Choosing M0 = 1, M1 = −2, M2 = 1.4, k = −1, f1 = −1.65,

f2 = 1, a0 = 0, a1 = −200, a2 = 0.1 and a3 = 0.1, the behavior of the functions and the

conditions for no shell crossings are represented in Figures 4.5a and 4.5b, respectively. The

coefficient a1 will be varied.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.2

0.4

M

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.2

0.4

f

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−200

−100

0

a

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
6

8

10

12

r

T

(a) The behavior of M , f , a and T̃

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.5

1

1.5

M
′

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.5

1

f
′

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−200

−199.8

−199.6

−199.4

a′

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−200

−195

−190

−185

r

2π
T̃
′
+
a′

(b) Conditions for no shell crossings.

Figure 4.5: Hyperbolic model (1) using the third set of coefficients and a1 = −200: The
behavior of the arbitrary functions and the no shell crossing conditions.

With a1 = −200, which creates a moderately large value of (−a′), the S(τc) are spacelike

for all r, at both early and late times, but they still becomes timelike at intermediate times.

This is shown in figure 4.6. If (−a′) is made very large by changing a1 = −2000, the S(τc)

are of course spacelike at the earliest times, but become timelike just after the AH, and

remain timelike up to very late times on all worldlines, as shown in figure 4.7a. This timelike
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Figure 4.6: Hyperbolic model (1) using the third set of coefficients and a1 = −200: The
slopes of the S(τc) and null surfaces are shown and here S(τc) is timelike only at intermediate

times.

region is at “intermediate times” since M ′ > 0 and f ′ > 0, so the S(τc) must eventually

become spacelike again. If (−a′) is made small by changing a1 = −0.2, the S(τc) now become

spacelike everywhere at all times, as shown in figure 4.7c. In other words, by decreasing (−a′),

the extent of the timelike region can be decreased and made to vanish for small enough (−a′).

Moreover, the timelike region shrinks towards the origin as (−a′) is decreased.

(a) a1 = -2000 (b) a1 = -200 (c) a1 = -0.2

Figure 4.7: Hyperbolic model (1) using the third set of coefficients and 3 different a1 values:
This is a view looking straight “down”, so the “heights” dt/dr are not seen. The sizes of the
red regions show the sizes of the regions of timelike S(τc). The black line is the apparent

horizon.
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4.2.2 Model 2

The arbitrary functions are

M = M0 exp(1 +M1r), (4.8)

f = −k exp(1 + f1r), (4.9)

a = a0 exp(1 + a1r), (4.10)

where M0 = 2, M1 = 0.01, k = −1, f1 = 0.1, a0 = −0.01 and a1 = 5. As shown in figure

4.8a, functions M and f increase while a and T̃ decrease as r increases. This is a hyperbolic

model with an unusual topology, because the “origin” is asymptotically far away at r = −∞.

However, figure 4.8b shows the conditions for no shell crossings are satisfied.
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Figure 4.8: Hyperbolic model (2): The behavior of the arbitrary functions and the no shell
crossing conditions.

At early times, S(τc) is spacelike everywhere, but S(τc) becomes timelike at intermediate times

for a specific region depending on the arbitrary functions. As before, the size of the timelike

region depends strongly on (−a′), decreasing with smaller (−a′) and increasing with larger

(−a′). Note that the timelike region occurs outside the AH as explained before. At late times,

the S(τc) surfaces eventually become spacelike again.

Generally, for hyperbolic models 1 and 2, the surfaces S(τc) are spacelike everywhere at early

times, and timelike regions seem common at intermediate times unless a′ is very small. However

the S(τc) are nearly always spacelike in the late time limit, except for the rather special case

that M ′ = f ′ = 0 on certain worldlines. For worldlines that are very close to this condition,

the timelike character of the S(τc) can remain until very late times. In the cases looked at,

the timelike region always occurs outside the horizon, but often very close to it.
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Figure 4.9: Hyperbolic model (2): The slopes of the S(τc) and null surfaces are indicated
by the heights of the red and blue surfaces in this plot, and S(τc) is timelike where the red

surface is higher.

4.3 Elliptic Models

4.3.1 Model 1

The chosen arbitrary functions are

M = M0(r
3 +M1r

4 +M2r
5), (4.11)

f = −k(r2 + f1r
3 + f2r

4), (4.12)

a = a0 + a1r + a2r
2 + a3r

3, (4.13)

where M0 = 1, M1 = 0, M2 = 2.4, k = 1, f1 = −0.67, f2 = 0, a0 = 5, a1 = −5, a2 = 0.5

and a3 = 0.9. This is the first coefficient set. This function set represents an inhomogeneous

elliptic cosmology (since ρ > 0), with f < 0 as shown in figure 4.10a. Functions M and T̃

increase while f and a decrease with increasing r. Although these functions would not work

globally, they are entirely valid for the range of r calculated. Figure 4.10b illustrates the no

shell crossing conditions, and here we verify that M ′ ≥ 0, a′ ≤ 0 and 2πT̃ ′ + a′ > 0 hold in

the r range under consideration. For elliptic models the f ′ plot is not relevant.

Figure 4.11 illustrates the relationship between the S(τc) and the null surfaces, whose slopes

are represented by the heights of the red and blue surfaces respectively, in the 3-d plot. The

bold black lines show the loci of the apparent horizons. At early and late times, the S(τc)

surfaces are spacelike everywhere. S(τc) becomes timelike at the intermediate times, for a
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(b) Conditions for no shell crossings.

Figure 4.10: Elliptic model (1) with the first coefficient set: The behavior of the LT arbitrary
functions and the no shell crossing conditions.

range of worldlines (0 < r < 0.3) and remains spacelike through the whole evolution for the

rest. The size of the timelike region can once again be developed by altering (−a′), specifically

the timelike region is expanded by increasing (−a′) and contracted by decreasing (−a′), with

the region near the origin disappearing last.

Figure 4.11: Elliptic model (1) with the first coefficient set: The relationship between the
S(τc) and null surfaces, where the heights of the red and blue colours represent the slopes
of the S(τc) and null surfaces, respectively. The black lines represent the past and future

apparent horizons.

The region of timelike S(τc) lies between the two AHs (though outside them, i.e. at larger

R), but lies very close to them for quite a range of r. Now let us investigate how the size of

the timelike region is affected by adjusting the crunch time. We will keep the scale time T̃

unchanged, but adjust a to make the crunch time constant. We therefore use the same M(r)
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and f(r) as in equations (4.11)-(4.12), but change a to be

a = −2πT̃ = −2π
M

f3/2
, (4.14)

The coefficients are changed to M0 = 1, M1 = 0.1, M2 = 0.1, k = 1, f1 = −0.67 and

f2 = 0, which is the second coefficient set. Figure 4.12a indicates the behavior of the arbitrary

functions for this case; M(r) and f(r) are only slightly different from previously. Figure 4.12b

verifies that M ′ ≥ 0, a′ ≤ 0 and 2πT̃ ′ + a′ = 0, thereby satisfying the no shell crossing

conditions.
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(b) Conditions for no shell crossings.

Figure 4.12: Elliptic model (1) with the second coefficient set: The behavior of the arbitrary
functions and the no shell crossing conditions.

Figure 4.13: Elliptic model (1) with the second coefficient set: The relationship between
the S(τc) and null surfaces. Here the S(τc) surfaces are spacelike at early times, but timelike
at intermediate and late times. The crunch is not included in the plotted range for the larger

r worldlines.
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At early times, the S(τc) surfaces are spacelike everywhere. At the intermediate and late times

they become timelike for a constant crunch time, as shown in figure 4.13.

This situation can be changed if a is made a different multiple of lifetime T̃ . For instance, if

a = −0.9(2πT̃ ), the S(τc) are spacelike at early times, and stay timelike through intermediate

up to quite late times. If a = −0.2(2πT̃ ), the S(τc) become timelike at intermediate times

and return to spacelike quite soon thereafter, as shown in figure 4.14. In this case, we find

two discrete timelike regions. One of these regions is close to the bang while the other is close

to crunch and the origin. If a = −0.01(2πT̃ ), the S(τc) become spacelike everywhere. We

notice that the size of the timelike region in intermediate times, decreases for small (−a′) and

increases for large (−a′). Furthermore, the timelike region or regions are always outside the

apparent horizons (the black lines), though often very close to them.

Figure 4.14: Elliptic model (1) with the second coefficient set and a = −0.2(2πT̃ ): The
character of the S(τc) and null surfaces, showing the S(τc) are timelike only at intermediate

times. The plotted evolution range does not reach the crunch at larger r values.

Figure 4.15 shows the variation of the timelike region size as the strength of the bang time

variation, relative to the lifetime, is decreased; a = −α(2πT̃ ) with α varying. The value α = 1

gives a constant crunch time. Generally in this model, the timelike region extends to late

times (i.e. the crunch) only if the crunch time is constant. The size of the timelike region

can be increased by increasing (−a′) and vice versa, but it is confined to be outside the AHs,

though often lying very close to them.
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(a) a = −0.9(2πT̃ ) (b) a = −0.2(2πT̃ ) (c) a = −0.01(2πT̃ )

Figure 4.15: Elliptic model (1) with the second coefficient set and different bang times: The
extent of the timelike S(τc) region is strongly affected by this variation.

4.3.2 Model 2

For this model the arbitrary functions are

M = M0 +M1 exp(r2/M2), (4.15)

f = −k exp(r2/f2), (4.16)

a = a2r
2, (4.17)

where M0 = 2, M1 = 1, M2 = 0.1, k = 1, f2 = 0.1 and a2 = −1. Plots of these functions and

of the no shell crossing conditions can be found in figures 4.16a and 4.16b, respectively.
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Figure 4.16: Elliptic model (2): The behavior of the LT arbitrary functions that describe a
non-vacuum black hole and the associated no shell crossing conditions.

This choice of functions gives an elliptic model, f < 0, which represents a non-vacuum black

hole, with matter flowing out of the past singularity (or bang) and into the future singularity

(or crunch). The S(τc) surfaces become timelike at intermediate times, while at early and late

times the S(τc) are spacelike everywhere. We notice that the timelike region decreases in size

for small (−a′) and increases for large (−a′).
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Figure 4.17: Elliptic model (2): The character of the S(τc) and null surfaces for a non-
vacuum black hole.

We also have the same situation for the vacuum black hole. It has f(0) = −1 and f ′(0) =

0 = M ′(0) = a′(0), as required to get the full manifold with two asymptotic regions joined

by a “neck” [30]. Note that the vacuum black hole is totally inappropriate for testing Ellis’s

idea [4], because there are no unique timelike Ricci eigenlines. Generally, for the elliptic case,

regions of timelike S(τc) occur outside black holes.

4.4 Discussion

We have found that the {τ= constant} surfaces S(τc) are spacelike everywhere at early times,

in both elliptic and hyperbolic cases. However the behaviour of the S(τc) in the two cases can

differ at intermediate and late times.

For the hyperbolic models examined, the {τ= constant} surfaces are frequently timelike at

the middle times, where equation (3.19) holds, otherwise they become spacelike. At late times

they eventually return to being spacelike, except where M ′ = f ′ = 0, though along worldlines

close to this condition the S(τc) surfaces can stay timelike for a long period.

The result is different for elliptic cases. The crunch time must be a constant to get timelike

S(τc) at late times. The intermediate times could easily have timelike S(τc) regions.

It is notable that with black hole and black-hole-like models the regions of timelike S(τc) do

not occur along worldlines near to the “neck” but they do occur further out.
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In all cases, the size of a timelike region is increased by increasing (−a′) and vice versa,

vanishing completely for samll enough (−a′). Additionally, as (−a′) decreases, the timelike

region shrinks towards the origin.



Chapter 5

Conclusion

The true nature of the past, present and future is a mystery, and how the flow of time can

best be represented diagrammatically remains problematic, so there has been a great effort by

many authors attempting to envisage the flow of time and give a clear picture of our universe

[5–7]. According to the block universe idea [4], the universe consists of a unique family of

surfaces S(τ), and the present is merely one surface of constant τ . Conditions at the present

time can be evaluated by integration from known conditions at any earlier time, possibly the

beginning, up to the present time. The evolving block universe (EBU) and the crystallising

block universe (CBU) take the second law of thermodynamics and quantum effects seriously,

and replace the time-reversible, deterministic model with one that recognises the past is fixed

while the future is highly mutable [14, 16].

The main purpose of this thesis is to investigate the viability of a particular proposition of

Ellis [4], that the correct time τ to use is the proper time along the timelike eignevectors of

the Ricci tensor. This τ , we called the “Ricci time”. It was suggested that if the resulting

constant τ surfaces “sensed” strong gravitational fields, for example by becoming timelike,

this would indicate the right kind of behaviour.

The Lemâıtre-Tolman metric [19–21] was used to generate a variety of models with different

features; some like inhomogeneous cosmologies, and some like matter-filled black holes. The

slopes of the constant τ surfaces S(τ) were compared with the slopes of the radial null surfaces

in order to determine if they were spacelike, null or timelike.

Analytic methods were used to find conditions for the S(τ) to become timelike in two limits:

early times near to the bang, and late times near to the crunch for elliptic models or τ →∞

for hyperbolic models. Intermediate time calculations produced rather complicated results.

40
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Numerical methods were used to calculate and display the full evolution of this relationship

for a variety of explicit LT models.

In summary, the S(τ) surfaces are spacelike everywhere at early times for models that are free

of irregularities. This occurs because the bang 3-surface and the τ = 0 3-surface coincide, and

the bang is known to be spacelike.

In the late time limit, the S(τ) can be timelike, though only under quite strong conditions.

These conditions are totally different in hyperbolic and elliptic models. In the hyperbolic case,

both the geometry/energy function f(r) and the interior mass function M(r) must be (locally)

constant, M ′ = 0 = f ′. This means there is vacuum ρ = 0 on these worldlines. In the elliptic

case, the crunch time must be constant (as it is in FLRW models), even if the bang time is

not constant.

We found that timelike S(τ) regions are common at intermediate times. The “area” of the

timelike S(τ) regions (in the (t, r) plane) strongly depends on (−a′). The range and duration

of the timelike S(τ) regions is increased by making (−a′) bigger, and if (−a′) is sufficiently

small the S(τ) surfaces will be everywhere spacelike. Also as (−a′) is decreased, the timelike

regions sometimes tend to shrink towards the origin (if there is one).

We note that the condition, a′ = 0, i.e. a constant bang time, which guarantees all constant

Ricci time surfaces are spacelike throughout a model, is also the condition which ensures there

are no decaying modes in LT models [45]. The growing and decaying modes have been in-

variantly characterised in [46]; see [47] for the definitions. The asymptotics of LT models,

represented by covariant scalars along radial geodesics, including those with a′ = 0, were in-

vestigated in [48]. Of interest here is the relation to gravitational entropy, which was also

investigated for LT models in [49]. They considered the entropy proposals of [50, 51] and a

modification of the latter in [52]. They found that entropy grows if there anti-correlations

between Hubble and density fluctuations. This requires the decaying modes are sufficiently

suppressed, and near the bang they have to be absent for entropy to grow. They also sug-

gest that regions of decreasing entropy and dominant decaying modes may be associated with

instability. A related result [53] is that for generic inhomogeneous models, the inhomogene-

ity initally decreases and then increases, and that entropy decreases while inhomogeneity

decreases.

The timelike S(τ) regions always appeared outside the apparent horizons, i.e. at larger areal

radius, though they were often right next to them.
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For one specific elliptic model we found there were two discrete timelike S(τ) regions on certain

worldlines, separated by a significant time. One of them was near the past AH and the other

was very close to the future AH.

In the black-hole-like models, we found that the timelike regions not only stayed outside the

AHs, but also did not occur on worldlines at or near the “neck”.

Overall, we found that the Ricci time has the opposite of the suggested behaviour, and if its

{constant τ} surfaces S(τ) become timelike, this is in regions outside the apparent horizons,

where the gravitational fields are not so strong. Therefore this time may not be appropriate

for the EBU.



Appendix A

The Lemâıtre-Tolman Metric

The Lemâıtre-Tolman metric [54] is a spherically-symmetric and inhomogeneous dust model

with line element

ds2 = −dt2 +
(R′)2

1 + f
dr2 +R2dΩ2, (A.1)

where R(t, r) is the real radius and f is a free function determining the local geometry. The

Christoffel’s symbols are

Γrtr = −Γrrt =
Ṙ

′

R′ , Γtrr =
R

′
Ṙ

′

1 + f
, Γrrr =

R′′

R′ , (A.2)

Γθtθ = −Γθθt = Γφtφ = −Γφφt =
Ṙ

R
, Γrθθ =

(1 + F )R

R′ , (A.3)

Γθrθ = −Γθθr = Γφrφ = −Γφφr =
R

′

R
, Γtθθ = −RṘ, (A.4)

Γφθφ = −Γφφθ =
cos θ

sin θ
, Γθφφ = sin θ cos θ, (A.5)

Γtφφ = −RṘ sin2 θ, Γrφφ =
(1 + f)R sin2 θ

R′ . (A.6)

Ricci tensor is given by

Rtt = −R̈
′
R+ 2R̈R

′

R′R
, (A.7)

43
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Rrr =

R
′
[
R̈

′
R+ 2Ṙ

′
Ṙ

]
(1 + f)R

, (A.8)

Rθθ =
1

R′

[
RR̈R

′
+RṘṘ

′
+ Ṙ2R

′ − fR′

]
, (A.9)

Rφφ =
1

R′

[
sin2 θ

(
RR̈R

′
+RṘṘ

′
+ Ṙ2R

′ − fR′
)]

. (A.10)

Note that Ricci time [4] is defined as a time a long unique eigenlines for each worldline.

This can be measured a long set of timelike eigenlines xa(ν) of the Ricci tensor, where the

4-velocities ua(ν) = dxa(ν)/dr satisfy

Tabu
b = λ1ua ⇔ Rabu

b = λ2ua, (A.11)

where Tab and Rab are mapping to each other. Einstein tensor is

Gtt =
1

R2R′

[
2RṘṘ

′
+ Ṙ2R

′ − fR′

]
, (A.12)

Grr = −
R

′2

[
2RR̈+ Ṙ2 − f

]
(1 + f)R2

, (A.13)

Gθθ = − 1

R′

[
R

(
R̈R

′
+ Ṙ

′
Ṙ+ R̈

′
R

)]
, (A.14)

Gφφ = − 1

R′

[
R sin2 θ

(
R̈R

′
+ Ṙ

′
Ṙ+ R̈

′
R

)]
. (A.15)

The main idea is to solve the zero-Λ Einstein field equations, which are given by

Gµν = 8πTµν , (A.16)
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where Tµν is the energy momentum tensor of (2.2). If µ = r and ν = r, equation (A.16)

reduces to Grr = 0 because Trr = 0. Thus, (A.13) becomes

2RR̈+ Ṙ2 = f. (A.17)

Multiplying both sides of (A.17) by Ṙ, we get

2RṘR̈+ ṘṘ2 = fṘ, (A.18)

which can be written as

∂

∂t
(RṘ2) = fṘ. (A.19)

Integration of (A.19), gives

Ṙ2R = fR+ 2M, (A.20)

where M(r) is a function of integration. Thus, (A.20) reduces to

Ṙ2 =
2M

R
+ f. (A.21)

The solution of (A.21) depends on the value of f . For the hyperbolic case, where f > 0, the

conformal time coordinate is defined as

R(η) = (f)1/2
dt

dη
,

dη

dt
=

(f)1/2

R
. (A.22)

Then,

Ṙ =
dR

dt
=
dη

dt

(
dR

dη

)
=

(f)1/2

R

(
dR

dη

)
. (A.23)

Substituting (A.23) into (A.21), we find

f

R2

(
dR

dη

)2

=
2M

R
+ f, (A.24)

which can be written as

dR

dη
=
M

f

√
2Rf

M
+
R2f2

M2
=
M

f

√(
1 +

Rf

M

)2

− 1. (A.25)
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This means that

dη =
fdR

M

√(
1 + Rf

M

)2
− 1

. (A.26)

The solution of (A.26) when f > 0 is

η = cosh−1
(

1 +
Rf

M

)
+ C, (A.27)

where C = 0 from the initial condition η = 0 at R = 0. Now, we can rewrite (A.27) as

R =
M

f
(cosh η − 1). (A.28)

Substituting (A.28) into (A.22), we find that

M

f
(cosh η − 1) = (f)1/2

dt

dη
. (A.29)

We rearrange (A.29) and integrate, to get

t =
M

f3/2
(sinh η − η) + a, (A.30)

where a(r) is another function of integration. Thus, (A.30) can be written as

(sinh η − η) =
f3/2(t− a)

M
. (A.31)

For the parabolic case where f = 0, the conformal time coordinate is defined as

R(η) =
dt

dη
,

dη

dt
=

1

R
. (A.32)

Then

Ṙ =
dR

dt
=
dη

dt

(
dR

dη

)
=

1

R

(
dR

dη

)
, (A.33)

and substituting (A.33) into (A.21), we find that

1

R2

(
dR

dη

)2

=
2M

R
, (A.34)
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which means that

dη =
1√
2M

dR√
R
. (A.35)

The solution of (A.35) is

η =

√
2R

M
+ C, (A.36)

where C = 0 from the initial conditions. Now, we can rewrite (A.36) as

R = M

(
η2

2

)
. (A.37)

We substitute (A.37) into (A.32), and we find that

M

(
η2

2

)
=
dt

dη
. (A.38)

Rearranging (A.38) and integrating, we get

t = M

(
η3

6

)
+ a, (A.39)

and so (A.39) can be written as

(
η3

6

)
=

(t− a)

M
. (A.40)

For the elliptic case, where f < 0, the conformal time coordinate is defined as

R(η) = (−f)1/2
dt

dη
,

dη

dt
=

(−f)1/2

R
. (A.41)

Then

Ṙ =
dR

dt
=
dη

dt

(
dR

dη

)
=

(−f)1/2

R

(
dR

dη

)
. (A.42)

After substituting (A.42) into (A.21), we find

(−f)

R2

(
dR

dη

)2

=
2M

R
+ f, (A.43)
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and this means that

dη =
−fdR

M

√
1−

(
1 + Rf

M

)2 . (A.44)

The solution of (A.44) is

η = cos−1
(

1 +
Rf

M

)
+ C, (A.45)

where C = 0 so that R(η = 0) = 0. Now, we can rewrite (A.45) in the form

R =
M

(−f)
(1− cos η). (A.46)

Finally, substituting (A.46) into (A.41), we find that

M

(−f)
(1− cos η) = (−f)1/2

dt

dη
. (A.47)

Rearranging (A.47) and integrating, we get

t =
M

(−f)3/2
(η − sin η) + a. (A.48)

and thus (A.48) becomes

(η − sin η) =
(−f)3/2(t− a)

M
. (A.49)
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Parametric Expression for R′(r, η)

We now derive the parametric expressions needed in chapters 2 and 3 for both elliptic and

hyperbolic cases. The derivation for the elliptic case, f < 0, is as follows

R =
M

(−f)
(1− cos η), (B.1)

and

(η − sin η) =
(−f)3/2(t− a)

M
. (B.2)

Differentiating (B.1) with respect to r, we have

R′ =
M ′

(−f)
(1− cos η) +

Mf ′

f2
(1− cos η) +

Mη′

(−f)
sin η. (B.3)

Equation (B.2) can be rewritten as

t = a+
M

(−f)3/2
(η − sin η), (B.4)

and after differentiating (B.4) with respect to r we can find the value of η′ from

∂t

∂r
= a′ +

M ′

(−f)3/2
(η − sin η) +

3

2

Mf ′

(−f)5/2
(η − sin η) +

M

(−f)3/2
(1− cos η)η′ = 0, (B.5)

which gives

η′ = − (−f)3/2

M(1− cos η)
a′ − M ′

M

(η − sin η)

(1− cos η)
− 3

2

f ′

(−f)

(η − sin η)

(1− cos η)
. (B.6)
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Substitution of (B.6) into (B.3), leads to

R′ =
M ′

(−f)
ψ1 +

Mf ′

f2
ψ2 + (−a′)

√
(−f)ψ3, (B.7)

where

ψ1 =
2− 2 cos η − η sin η

1− cos η
, (B.8)

ψ2 =
1

2

4− 4 cos η − 3η sin η + sin2 η

1− cos η
, (B.9)

and

ψ3 =
sin η

1− cos η
. (B.10)

The derivation in the hyperbolic case, f > 0, follows from

R =
M

f
(cosh η − 1), (B.11)

and

(sinh η − η) =
f3/2(t− a)

M
. (B.12)

Differentiating (B.11) with respect to r, we have

R′ =
M ′

f
(cosh η − 1)− Mf ′

f2
(cosh η − 1) +

Mη′

f
sinh η. (B.13)

Rewriting (B.12) as

t = a+
M

f3/2
(sinh η − η). (B.14)

and differentiating it with respect to r gives us

∂t

∂r
= a′ +

M ′

f3/2
(sinh η − η)− 3

2

Mf ′

f5/2
(sinh η − η) +

M

f3/2
(cosh η − 1)η′ = 0, (B.15)

from which we find an expression for η′,

η′ = − f3/2

M(cosh η − 1)
a′ − M ′

M

(sinh η − η)

(1− cos η)
+

3f ′

2f

(sinh η − η)

(1− cos η)
. (B.16)
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We substitute (B.16) into (B.13), and we obtain

R′ =
M ′

f
ψ4 +

Mf ′

f2
ψ5 + (−a′)

√
fψ6, (B.17)

where

ψ4 =
2− 2 cosh η + η sinh η

cosh η − 1
, (B.18)

ψ5 = −1

2

4− 4 cosh η + 3η sinh η − sinh2 η

cosh η − 1
, (B.19)

and

ψ6 =
sinh η

cosh η − 1
. (B.20)
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