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CHAPTER 1

INTRODUCTION

The presence of periodic oscillations in the earth's
atmosphere has been confirmed in recent years by analysis of
satellite drag data. The amplitudes of these oscillations vary
with height and time in a complex manner with the underlying
physical mechanism of this behaviour not fully understood.

Classical studies have been limited to the lower levels of
the atmosphere, but these have neglected to include the damping
effects of heat conduction and viscosity. These also ignored
the second order terms in the equations of motion which, in effect,
treats an otherwise singular perturbation problem as regular.

Upper atmosphere studies of the diurnal density oscillations
were discussed by Nicolet, on the basis of the mutual diffusion
of the components of a binary gas system, where he compared
different equilibrium configurations. This statical treatment
again ignores the damping effects on mass flow. D.G. Parkyn
reduced the problem in idealised form to that of investigating the
effect of a travelling temperature wave at the base of a Qiscous,
heat conducting, diffusing gas atmosphere. This model excludes
molecular dissociation and ionization in the upper regions and
absorption of solar energy. Incorporation of all these properties
would render the problem impossibly difficult.

As a first step to the development of the analysis for the



complex spherical atmosphere, Parkyn simplified the model to that
of a cylindrical homogeneous atmosphere, and he considered the
effect of forced oscillations about an isothermal equilibriuhv
state. Parkyn showed that this idealised problem is capable of
explicit solution and, contrary to the result of Wilkes, he found
that the amplitudes of the forced oscillations decrease with.height
in the lower atmospheric rsgions. This. implies the importance of
heat conduction and viscosity as damping effects in these reéions.

It is proposed to extend the analysis of Parkyn by simplifying
the geometry, treating one space dimension, so giving more
flexibility to the assumed physical properties.

Continuum equations-of motion will be taken to hold throughout

the range of investigation.



CHAPTER 2

ATMOSPHERIC MODELS AND THE IDEALIZED PROBLEM

As a general investigation is intended, the geometry of the
atmospheric models will be limited to that of a flat earth with an
associated gravitational field. This simplification is not severe
as comparative behaviour between the models is sought and, it
further allows the retention of more physical properties in the
model.

Ignoring the Coriolis force and absorption of solar energy, we
will investigate atmospheric models comprising one and two diatomic
gases in a single dimensional frame of reference, perpendiclar to
a flat earth. The model base level will be chosen at a convenient
altitude where relatively steady atmospheric conditions can be found.

Perhaps the most severe restriction is the specification that
the gases are diatomié._ It is well known that, in the higher
regions of the atmosphere, gas molecules dissociate into atoms and
ionization occurs to a significant degree.

The continuum equations of motion héld throughout the dense
lower regions to the base of the exosphere where the mean free path
and the scale height are of the same order of magnitude. Analysis
will therefore'be valid only in this lower region. However, useful

predictions can be made for the higher regions.



CHAPTER 3

ISOTHERMAL SIMPLE GAS MODEL

As a basis for comparison the first step is to consider a
simple homogeneous ‘gaseous atmosphere undergoing forced oscillations
about an isothermal equilibrium state as a result of periodic

boundary conditions.

3.1 EQUATIONS OF MOTION

We apply the Navier-Stokes equations to the one-dimensional
model and proceed to derive the equations of motion in the (x)
" co-ordinate system. All dependent variables will be functions of
x-and t only. The equations of motion and energy (Chapman and

Cowling) reduce to

Continuity:

-g—x(nU) = Q 3.1.1

1k

+

Equation of State:

P = nkT : 3.1.2
Momentum:

ELQE S L) R L | 3.1.3
Energy:v

g_g+uig+m2mp-g‘_;-§§§3<i9f-N—ﬁn—-g;u%=o 3.1.4



T is the temperature, P the pressure, n the particle number density,
U the mass velocity, p the density and k is Boltzman's constant.
The gravitational field has its only component as =-g. N is a
polyatomicity parameter which has a value 5 for a diatomic gas;

t is the time variable and the particle mass m is defined by
p = nm ' 3.1.5

and assumed to be constant. The molecular coefficients of heat

conduction and viscosity A, U are dependent only on temperature and

vary as its square root. Thus we can express
X
A= A*T?
3.1.6
y
Moo= u*T?

but these can be taken as constant in this isothermal atmosphere.
The preceding equations are accurate to a second approximation with

respect to the pressure tensor and thermal vector.

3.2 STEADY STATE
We shall consider the effect of small oscillations about a

éteady state solution of the equations of motion in which



which can permit a non-isothermal equilibrium state. This will
be investigated in detail in a later chapter. We are now
concerned with the isothermal solution for which T =.To a constant.

Equations 3.1.2 and 3.1.3 become

P = n kT
o o "o
, 3.2.3
dPo
and Ex—' + pog =0
where the suffix 'o' denotes the equilibrium base state. From

3.2.3 we obtain the familiar exponential function for the particle

number density

no(x) = no(o)e-x/H.

: kT : . : : :
where H = EEQ’ the atmospheric scale height. This is constant for

this particular model.
3.3 SMALL OSCILLATIONS

Ve discuss the case of small oscillations about this isothermal

steady state and we define 1, m and n by the relations

T = To(l + T)
P =.Po(l + ) A ' 3.3.1
n =.no(l + n)

and treat T, ﬁ, n, U and their derivatives as small quantities,

For diatomic gases N = 5. On substitution and retention of first



order terms, the equations 3.1.1 through 3.1.4 reduce to

‘ n 2 n
oU _ _o  _ _4u 2971 Oy =
Dojx T F ' T 3kT_ axZz T Hg' ~ °
_ o ,
3T 2 JU 21 9%t _
- + £ gEE; %7 =0 3.3.2 through 3.3.5

A time dependence of the form exp(4iot) is assumed for each of
the dependent variables where o is the angular frequency of the
resulting oscillation. Thus, in general, each of 1, w, h and ﬁ
will take the form f£(x,t) = f*(x)e"'Ot where the f£*(x) may be.
complex. After substitution the asterisk will be dropped and the
complex amplitude factors implied throughout the ensuing analysis.
On substitution, differentiation with respect to t, and dropping

Lot ,
e , We can write

i1 - 8§V - % §21 = 0O 3.3.6 through 3.3.9



where we have defined V = v

oH
y = efX/H such that
_d—-=-.]_'" —-——.]_'.6
d 7Y dy H
e'= 4ou/(3kn_(0)T,)
o = Ho*/g
W =,A/(kno(o)H20) . 3.3.10

The equations. carry only three real dimensionless parameters
€, O, W at.this stage. We eliminate n:between 3.3.6 and. 3.3.7
and-  substitution of 7 into-3.3.§”leéVés fwo equations in T, V.and
their derivatives. By repeafed diffeféntiationvand elimination
of V. and its derivatives, the single equation in 1 remaiqs;_

[62 + 6 + %a. %;?a (6 = 2 (s - 1]t

= - Afse - 1) 2w 2 ._ ] -
= Y[7 S (6 1) + = =—8&%(6 § + a) : ‘3.3.11

We shall- -now pfoceed to investigate solutions of equation - 3.3.11.

Defining % =,%%; and. Y = %§~ | 3.2.12

2712 . )
we note that y = l%%e%—ﬁ which is zero only if u = O (which ignores

viscosity as a dampihg effect).



For typical gas parameter values and assuming a diurnal
oscillationwz|>> 1 at the lower boundary, which suggests that an
asymptotic solution of 3.3.11 will suffice to determine the general
behaviour of the amplitude of the temperature oscillations in the
loWer regions.

Equation 3.3.1ll1 can be rewritten as

[(_62 + 8 +-:;3oz) - -fiil—z—(é3 - 8%+ ouS)]T

= X|Z -1y =9 s - 1ves = ovle _
“z[s‘”“ 1) - gz6(8 = 1) (8 2>]r | 3.3».13

or A(é)f %B‘G)T“

where A(8) = (82 + 6 +‘%a)‘— %2(63 - 8% + aG)i

7 ‘ d _ ‘
£6(8 - 1) —_3—26(6 - 1)(s - 2) | 3.3.14

and B(6)

3.4 NON-VISCOUS HEAT CONDUCTING MODEL
We shall discuss the case where heat conductioh acts alone as
a damping effect. Viscosity is absent and u = 0. This ‘means

that y = 0 and we are left with the degenerate equation:

[(62 + 8 + —.57-0L) - ‘-3—5(53‘- §2 + aG)]T =0 3.4.1

This is a generalized hypergeometric equation and is capable of
expiicit solution.
To summarize the results of Barnes,thé generalized hyper-

geometric equation
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. - BN L= 1) - 1V l+ =
[G+ap.c@ra) -G +0 - 1.3+ og = D]t =0, 3.4.2

where 9 = y(d/dy) and q > p, has (q + 1) linearly indepéndent

solutions

F lo ci.0_3 - ceeD ]
p q[ . % 01 'pq Y:
together with

y qu{ai‘ pmv+"l, ..,ap pm_+ 1;

l

where m.éfl, 2, ...q and among the quantities P - bm +.1, that

correspdnding,to m=1r is oﬁitted. The function
F. [Oi-..v.d. H ceef 3 ]
p g%t oY P,y pq' y

is.defined by

r<?15---r(oq) 3 F(di»+3n)§‘.§(dﬂ + n)

F z

pa T(a)...T{a ] 25 Tle, + m) ... T(p, + n) y

Thus all solutions of 3.4.2 will be bounded as y + 0, if

oy €1 m=1, ...q). ~ 3.4.3

Further, for large values of |y| the asymptoticrbehaviour of oFq

is given by
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B
I =9l 30
l—l

(a1
[

~'u—%(2“)%(§~u)exp[uy1/u]y[2a—2p+%(u—l)]/u '3.4.4

wheré W=-qg+ 1=-pand |arg y| < m.

Equation 3.4.1 is in the correct form with p = 2, q’=.3, and
= 2. We have shoWn that |z| is very large in the lower regions
and it decreases with increasing height. Thus, whatever the

boundary conditions
, Y =% :
T 4 exp (2z%)z * : 3.4.5

This is the exact form that Parkyn obtained from his cylindrical
model, justifying to some ‘extent thevuse of a flat model in this.
context. Thus |T| decreases with height in the range of validity
of the asymptotic ex?ansion.v In the higher regions one will need
to resort to the series solutions of the equation or perform
numerical integration of equation 3.4.1.

We shall consider next the second degenerate case of the

viscous, non heat conducting model.

3.5 VISCOUS NON HEAT CONDUCTING MODEL ’

We refer to equation 3.3.11 and allow A.?iw =-O‘whilei?#-O;
Thus € # 0, and we have
5 ] - _ 4 5e

--[52 +:6 + Za]t = - £ 2868 -1t 3.5.1
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Define z = %%1, and let. & E-z%;. Thus 3.5:1 reduces to - - -

B+ s r23t =G - D | 3.5.2

We are unable to adopt: the .same approach as before in finding'the
asymptotic expansion as the requirement that q 2> p is.not satisfied.
However, with reference to 3.4.3, since g = l and p, =0, all
solutions of 3.5.2 are finite as ]é[ + 0 suggesting that the heat
conduction effect will be dominant.. Parkyn's cylindrical model

gave, for this case:

nw

L -
T ¥ exp(2z?)z

Investigation of the equation Which contains both heat conduction

and viscosity will show thé heat conduction effect to be dominant.

3.6 VISCOUS . HEAT CONDUCTING ATMOSPHERE
We shall now-examine the' full equation 3.3.13 ‘and discuss

the combined effect of viscosity and heat conduction. = We have.

that

2 es e 3a) - S(ev- 67+ o ]e = X266 - 1 - Lscs- 1
[:(6 +-6 + 3a) - F5(8 8§ + ad) |t 256(_6_ 1) dZ(S(G\l)(G‘Z)T
Both sides of this equation have. the same order so- that a
perturbation procedure would not lead to omission-of high order
derivatives and thus does not result in a singular perturbation

problem.



Let T-= T +. YT, + YET 4 eeiin. 3.6.1

Substitution yields

[(52 + 5 + -;’—a) - -21—2(63 - &2 +'a5)]ro =0 3.6.2

and Ts is in fact the solution of the non-viscous heat conducting
case already considered. The other members Tn,'are,obtained by

solution of .

a4

2 5.y -
[(a + 8+ 20) -

3 _ g2, 3 o
(8 52+ aé)]rn

= L|Zs505 - 1y- & - - |
= —Z-[-S-G(G l) dZG(G l)(G 2)]Tn—1

or, in general, the particular integral of

5

7&) - %3(63.- §% + aﬁ)]rn-= F (2) B 3.6.3

‘2
{(6 + § + n-1(

117 _ _d - _ .
where Fn-l(Z) = z[;&(§ 1) ,dz§(6 1) (¢ 2{]Tn_1.w1th‘n > 1.

The above procedure would lead to an explicit solution of.our
generalised problem covering the asymptotic range of the atmosphere.
We can avoid this heavy analysis by re-arranging equation 3.3.13-

as follbws:
2 . 54, -4 ;3 _ g2 2 -2 ]
[(6 + 8§ + 7a) dz(a 84 -+ (o + 5y)6 SY).T

='§[6(§ - 1) - %EG(G -2) (8§ - 1)]1 3.6.4
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OR we can write

A% (8) T =-§B,*(6)T ' 3.6.5

Now A*(§)T, = O-and B*(§)T, = 0 are both generalized hyper- -
geometric equations. It is easily shown that-their asymptotic
solutions are the same as that found for Toe "This means that in

the lower regions where |z| is large

satisfies 3.6.4 exactly as an asymptotic solution,. and hence, due
to the uniqueness of asymptotic expansions,-it is the asymptotic
solution of 3.6.4. B |

‘This rgsult has the implication that heat conduction dominates
the—Qiscosity effect in the iOWef regions and permifs a-aeéailéd

discussion of this case alone.

3.7 DISCUSSION

We have-considered a. dynamic atmospheric model and shown that
forced temperature oscillations about an isothermal steady state
have decréasing amplitudes in the lower regions. We have also
shown that heat conduction has- the major démping-effegt in this
region; while viscosity has a lesser importance. ‘These-results
ére valid only in the range of validity of the asymptotic solution,
which implies a critical level where |z| ~ O(l). We can thus

‘estimate this critical height as being
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7 2
Xc ~ H log(zknoH ag/A) 3.7.1
There is still uncertainty about amplitude variation in the

higher regions of the atmosphere and this will be discussed in the

' next chapter.
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CHAPTER 4

NUMERICAL INTEGRATION OF THE ~ SIMPLE GAS EQUATIONS

We -have shown that the analytic treatment of the previous
'chapter could be applied successfully to the small oscillation
equations 3.3.6 through 3.3.9 only in:the lower regions of our
‘atmospheric model. -

Throughoﬁt this lower region the transformed independent-
variable 'z (definition 3.3.12) is large enabling us. to adopt the
asymptotic solution: for T, -

In the regions above the critical 'height.at which |z]| ~ d(l),
we must resort to numerical integratioﬁ‘of~the equations or,
examine their series solutions.

This chapter will treat the techniques of,hapd the results

obtained by numerical methods.

4.1 OQUTLINE- OF THE METHOD EMPLOVED
The~$¥5tem of.small oscillation equations of Chapter 3 can be
reduced to a single fourth-order ordinary differential equation
in the complex variable T. - (See 3.3.11)) Solution of-this system
in-real arithmetic implies the solution of two simultaneous
fourth-order equations in the real and imaginary parts of T.
Further, this is essentially an initial value problem as we
shall assume lower boundary values at or below the critical level,

to obtain continuity with the asymptotic solution which we have
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shown to hold. from the base of our model to this critical height. -

The Runge-Kutta fourth-order integration procedure will be -
adopted and:it is incorporated into a completely generalised
computer program to perform the integration for various values of
the gas parameters, initial values, height ranges and accuracy:
control parameters. This stable, self-starting method - has
decided advantages over.other methods and considerable background
work was done in order to develope techniques of accuracy control,
which is perhaps its greatest difficulty. Furthermore, accuracy
is given priority over speed of execution.

These techniques were developed specifically for the equations.
under consideration, but they should otherwise have good general .
application..

One restriction of some importance is that”thé standard
Runge-Kutta procedure had to be‘adépted whereas . the modification
of Gill (IBM 1130 Scientific Subroutine'Package_Manual)iis
preferred. This version compensates:for accumulated rounding error.
The equations in their. transformed form required the su?eriér
floating point facilities of the ICT 1361, which,.dué to shortage
of core Storage,:rendered Gill's modification uneéonomical.

However, we will show thét"ekcellent accurécy is still obtainable
in regions of-stability.

In our efforts to maintain a high degree of accuracy, separate.
consideration must be given to the minimisation of the accumulated

\

round-off and truncation errors.:
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The former can be achieved to the extent that, with careful
programming one can minimise the number of round-off errors per
step by ensuring minimal arithmetic operations. This further
implies maximum simplification of the initial set of equations by
transformation, non-dimensionalisation of parameters and similar
techniques..

. Considerable calculation could then be required to transform
the physically meaningful initial values to those now acceptable
to the simplified equations. This applies equally to output,-
but this is considered worthwhile as round-off errors, so
introduced, are_not,éccumulated and propagated through the
remaining range of integration.- This becomes increasingly
important when mény integration steps are required.

Control of accumulated truncation éfror is haﬁdled as follows:
given a step size h, and the-véctor of dependent‘variables‘X(xoh
an approximation for Z(xo+h) called-g(l)(xdfh) is computed. The
step size is then halved, and two integration steps are performed
from”xo,~giving a second approximation.y(z)(xo+h).- From these

two approximations a test value § is calculated as follows:

WYL

=3 (1) (2) _ 5

A=1

where only. the m non-zero y; are included in the summation to

.\
determine §, the average relative error. If none is zero, m =.n,
the number of first order equations. A given tolerance €5 is

specified as a parameter for the procedure and, if
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§ < ¢
o}

then satisfactory convergence has been'achieved, and ¥‘1)(x6¥h) is
available both  for output, and as thé»initial vector for the next
stage.

On failgfeldf'the test, the step-size is halved, and. the
procedure starts again at the point xd.‘ A limit L should be-set
to the number of permitted binary subdivisions of the initial step-
size h, to error-flag an unstable region. |

‘We will show that, althqugh the preceding techniques' ensure-
control of local truncation error, over .many integration steps
this is not" sufficient to maintain good accuracy. This is due.
to the opposing effect of accumulated-rounding‘error which becomes
dominant if €5 is chosen too small, or if L is allowed to be‘too
large.. Ideally the total;number of integration steps should be
minimized, and local truncation error should be of the same order:
as local round-off error.. Optimum values in the choice of'eoi
and L can be found by inspection‘of thé-average relative error,
at each output value of.x,fobtained=by forward integration to
,xl,vthe\end of the range, and then integrating back to the point
X e This is discussed later in further detail.

If L is chosen to be relatively large a significant
accumulated roﬁnd—off error is introdﬁced by repeatéd gubdivision
or doubling of h or both. This.is aVoided-by_keepihg.h:coﬁstént

and using the value h/k as required.. Here.

k = o™ and m £ L.
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This introduces only one round-off error. This can. be important
if full precision-isprequiredvto represent h, often the case where
a transformation has been performed on the independent variable.

Further, .the calculation of. the function derivatives of the‘
dependent variables was'arranged‘so that the non-constant.
coefficients wére computed separately, ana-stored for use by the
second approximation_stagé.~ This led to the saving of'considerable
time, and can better'be.appreciated,when applied to the binary gas
equations - in the next chapter.

Much sophistication can be employed . in this context if the
set of equations under consideration is sufficiently complex to

warrant its implementation.

4.2 PREPARATION OF THE EQUATIONS
We refer to Chapter 3 where the equations,of-motionvare:”(cf}

equations 3.3.6 through 3.3.9.)

in - Vv - v.= 0O

St = T<+1§-62V1- Lav-= 0

Lér - 6v - & §271 =0
2 - Y

These are easily shown to reduce to the féllowing:“

(€ - £)62V =.=. 8T = T + A6V + AiaV

y



SR P R
Y '3':2 '

or,. further we can write

a. 5. - sl
E§K§T). w[&zT GV]

g— ~_—£_+__i"-¥.. S (8% { “'
4dy(§V) Ezf.yz[ St -7 +.4§V + &qy]

Now, if we define

r_‘K
it

yy *+ in

<
n

Y, *+ 4y,

8T + iy,

]
=
- o,

5V + 4y,

i
=
R ~ -

we have, four first order differential equations

dyl 1.
T Ty s
dy, _ l;
Er A
dY; 1
dy ; Y7

) O

'<l‘<:
=
I

<

=

[- -]

4.2

21

.3

4.2.4 through 4.2.7
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by definition.  If .for convenience, we write

= € - :
A"m:-andB-'ET%?.l,

we have the remaining four d.es from 4.2.1 and 4.2.2. .

= Aly, +y, +y, +ay,} - Bly, + oy, - ys - v,}

.’

= Ay, + oy, - v, '(Yz} - Bly, +y, +ye + ay,}

I
|
el
an
-
.
|
el
-
@

— =1 Ve o | 4.2.8 through 4.2.11

ol
<
|

£l

These~eight_equations are in avform;sﬁitable'to the Runge-Kutta

procedure. Probably the most meaningful initial values for this
system of equationsare those of T, m, U and %%; These are easily

transformed to Satisfy equations‘4.2.4 through.4.2.ll-throﬁgh the

following relations

= U
v = oH
= - g 41
§t = - H X
§V = i(m - 1) - & 4.2.12
. : O’H . .

However, as it is also desirable to study the behaviour of equation
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3.3.11 by specifying initial values of 1, 61, 8§27 and §°1, we can
easily calculate the equivalent initial values of 7w, U and %%

using the relations

= Lfwgs, 4 5 € Alewes, _ gWso _ To. _ 1
vV = a[yé Tt 3 yér] + a[ §°t y26 T 25T.2T]

and m =;%T + A=8°T = AV

; = dr__Lls.
with U= oHV and'dxf' HGT _4.2.13'
On output, examination of 1, m, U and-n-will suffice. These

satisfy the following relations:

U = oHV
n ==-4(8V +.V)
'n'=n+"[‘ .' 4.2.14

4.3 INITIAL FINDINGS

Wé Will,perform numerous‘integrations of'the-equétion_sét,
varying the pafameters to obtain some:idea of their.réspective-
effegté.- Reference is made tO»the'U:SjvStandard Atmosbhere;
(1962, USSAB for the structufe énd,Coﬁpdsition paramefer-values,
and we will take the altitude 160 km‘éé~our model base  level .
(x‘=,O).'v‘Valﬁes for the coefficients of molecular viscosity énd
thermal conduction are giﬁen bf Chapman and Cowling for air at 0°C,
and we adjust these for the increased temperature at 160 km. The

effect of a diurnal oscillation will be of prime interest.
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Assuming,rgasonable values for the'tolerance éo’ and a limit
L to the subdivision of a step-size h'equivalent to a transformed
altitude increment of 10 km at the base level, we.find that the
integration procedure is unstable.

It is easily shown that, for this particular parémeter set,
the region of attempted integration is far below the critical
helght, discussed in Section 3.7, in which region the rapidly
decreasing asymptotic solution exists. |

An extremely small step-size is therefore required for
convergence which renders the methbd tot;lly uneconomical.

All attempts to remove this partial inétability by trans-
formation of the equations, and other methods proved fruitless.
However, we will-show-that accurate numerical solutions can be
found which overlap the known solutiohs'of the lower regions,
giving a clear overall picture of the entire range..

One feature, however, is clear: there is a definité 'start
height' of integration near the critical height 3.7.1, and it is
dependent.on the accuracy control parameters €q and L. This
height can also be expected to vary with the various gas parameters
in a mannér similar to that of thé critical height.-

Optimisation of €5 and L, ahd the associated error analysis

is now discussed.

4.4 ERROR- ANALYSIS.

The model critical height was estimated as being

X H log(zknoH g/A)
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in Section 3.7. Now, expecting the start height to have a similar
logarithmic.dependencevon noH?c/A, we pe;form a set of backward
integrations for various values of o to determine the point before
which the limit L is exceeded. This defines the start height for
the particular values of nonc/A, eé-and L, but we still have no
assurance that‘a¢curacy is 'under control.

Table 4.1 presents the start heights found for €y = °01,
and L =4, allowing thus a maximum of 16 integration steps per

10 km. altitude increment. The critical heights are shown for

reference. Both heights are relative to the model base.
TABLE 4.1

'ANGULAR START CRITICAL
FREQUENCY HEIGHT HEIGHT
¢ rad./sec Km Km
727 x 10~ % 550 785
«727 x 10~ ° 500 707
+727 x 10~ " 400 628
2727 x 10~ ° 320 ' 549
+727 x 10°° | . 290 471
«727 x 10~ 210 392
+727 x 10" ° 110 313

+727 x 107 ° 20 |- 235

We notice that the start heighfs are approximately 200 km below

the critical heights which will ensure overlap of the analytic and
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numerical solutions.

We investigate the overall accuracy of the procedure for

-8

g = +727 x 10 rad./sec. This is a representative frequency

since, having a low start height, relatively many steps are required

to reach the arbitary ceiling height of 840 km. (1000 km physical
altitude).
Assuming typical gas parameters, €5 = ¢0l, a set of simple

initial wvalues at 110 km and the above value for g, we integrate
forward to 840 km and then back to 110 km w1th the 1n1t1al values
for the second run_ being the final values of the forward run.

1y

With the superscrlpts and' ' denoting the forward and backward

dependent varlable values: respectlvely at some altitude Xqor we .

generate the average relatlve error § at Xy defined by

Cp Wyt
6=E'.E -—'2—(—x——)--.l,m<-n
i=1
with only the m non-zero yi‘permitted in the summation. There are

n first-order equations.

Log.,d and the number of integrations required per 10 km
increment, are represented graphically in Figure 4.1.

The error function 6, besides incorporating the overall
round-off error comprises also the sum of the accumulated.
truncation error of both phases. This is true to the extent that.
it can be shown to include, per step, the sum of the next orders

of h in the Taylor series expansion approximated by the Runge-Kutta
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procedure. We thus have effectively an average fifth order post-
mortem error term for the fourth order procedure. | |

Examination of the results obtained shows that accumulated
error completely swamps the solution in the lower region.  This
is obviously due to the increased number of integrations per 10 km
increment in this region. If the limit L is reduced to unity,
which increases the start height to 230 km for this case, the
accumulated error will be kept within satisfactory. limits. This
is easily verified by reference to Figure 4.1, where the dotted
line indicates the increased start height. We notice that this is
still well below the associated critical height for this paramefer
set.

Having thus decided on a value for L we investigate the role

of ¢ in the overall maintainance of good accuracy. It will

o
suffice to discuss our findings.

Retaining the parameters of the previous example, two further
error runs were performed; one with €q = *0l1 and the other with

€

o = *001, where the increased start height was taken. No great

difference was found in the higher regions where local truncation
error is less than -00l1. However, in the lower regions, the
stricter tolerance in the second run forced the number of inte-
-gration steps performedvto exceed unity (limit L was increased

for this investigation) introducing more round-off error to actually
decrease the accuracy fractionally compared with the results

obtained for g5 = -Ol. We conclude that a one percent tolerance
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is adequate.

Finally, if all start heights are increased sufficiently so
that no biﬁary subdivision of. the initial 10 km equivalent stéé—
size is required, and if these start héights are re-calculated-

for any change in its functionally dependent parameters, no

further consideration need be given to accuracy.

4.5 ?RODUCTION'rAND -RESULTS .

Resulting from the requirements of,the previous section the
re-calculated start heights for the various angular frequencies
are presented in Table 4.21 Also'calcuiated is the critical

height, the constant’E—, thé valué‘of the independent variable %ﬁ

2w
at the start height, and finally the ratio

sl = - H[@n* - 4

at the start height. This is obtainable from the asymptotic

solution and is valid wherever the solution holds.



30

TABLE 4.2
START |.CRITICAL
ad 3sec HEIGHT HEIGHT = |z | gé%l/lr]
) "Km . Km
©727,-2 680 785 e121, 7 21+8 -+13,-5
+727,-3 600 707 121, 5 22+7 -+13,-5
«727,-4 . | 540 628 °121, 3 | 13-1 -+99,-6
«727,~5 470 - 549 e121, 1 102 -+86,-6
«727,-6 380 471 e121,-1 142 -+10,-5
-727,-7 300 392 e121,-3 147 | =-+11,-5
-727,-8 230 313 .121,-5 | 11+4 | -+92,-6
«727,-9 150 235 °121,-7 11+9 -+94,-6
(The notation a, b means a x lO_by It is noticeable that a

significant range of overlap (the altitude difference between the
critical and start heights) still exists and furthér, that |z]|
is sufficieﬁtly large at the start height to justify the use of.
the asymptotic solution, and -hence of the ratio gé%l/|r[ at_thié
point. ‘

Finally, the relatively lérge variation of %; compared with
|z],haVinq no noticeable effect on the stability of thé equations, -

confirms to some extent the negligible influence of viscosity.

A. Initial Value Variation
It is essential to study the behaviour of the equation set

under various sets of initial values at the start height. As we
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‘are essentially interested in the amplitude of the resulting

: 2 3
temperature oscillation, input of values for T,\%I, %Y% and %;%
is preferred.

The diurnal oscillation frequency - o.= «727 x 10" " is chosen.

Since the equations are linear and homogeneous, it is
sufficient to liﬁit consideration to those sets of initial values
which afe linearly independent.

A consistent overall behaviour pattern can be established
with the results of the folloWing initial value sets. (The

second and. third T derivatives are kept zero for all cases).

dTt

1., T;éo‘,-&-£=o.

This is found to have the trivial solution <t = constant.
_ dt
2. -1 =0, X # O.

Examination of Figure 4.2 shows the solution to be strongly
increasing with altitude. A slight indentation occurs in

the region of the critical height.-

Ry
3. Here %%/T = 10 M0 4, with n=0, 1, -.... 7; and
m= 6, 7 and 8. We thus cover the full relative phase range
for three different relative amplitude values. Reference to

Table 4.2 shows that an appropriate value for m is 6.
Figures 4.3 through 4.5 present the sets of varying relative

phase curves for the various m values.
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Two features are prominent: the first being that,

irrespective of the phase difference between T and ‘an

dt
dx
increasing solution exists in the higher regions. Secondly,
the smaller m (and hence the greater the amplitude ratio) the
stronger the variation. This is to be expected.

Figure 4.4 illustrates best the effect of varying the
initial phase difference and further reflects the presence of

the minimum which exists in the broad region where the

solutions of the two outlined approaches must be joined..'

B. Angular Frequency Vardation

We have seen the important role that o plays in the location
of the critical and start heights (see Table 4,2).

Figure 4.6 represents graphically the family of log T curves
of differing angular freqﬁency. The same set of initial values
has been used for each curve and integration was performed from
each respective start height..

The solution in general is increasing although an indenta;ion
is again present and this is ekaggerated for ¢ = 727 x 10~ °. It
appears that the angular frequenéyahaé é.varying dampiﬁg effect with
varying médnitﬁdé. This is bétte# iiyustraﬁed by Figure 4.7 where,
again, a faﬁily of different cﬁféeé i§¥plotted. r

Howe?ér; these curves are drawn ffém a common base altitude
and they extend through a common altitﬁde range, thus enabling us

better to study this relative effect. 'Unfortunately this

investigation is restricted to the range having as its base the
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largest start height (680 km for o = =727 x 10—2). Further,
there are insufficient points in the region dimmediately above this
base height for any general trend to be discernible in this small
region. However, in.the regions above, we notice that maximum
damping is achieved by values of ¢ in the range <727 x 10”7 tol
*727 x lO_s; and further that in this region their respective
effects are relatively indistinguishable..

Smaller and larger values of angular frequency lead to larger

T amplitudes.

C. Thermal Conduction Coefpicient Varniation

A graphical representation of the effects of varying A, the
thermal conduction coefficient, is éiven in Figure 4.8. .Four
different values of A are considered.

The critical height has been shown to vary with A, and we can

write
X, = X; = H log (A /},)

whicH”enables us to determine the critiCal height shift if A ie
altered from A, to some Valﬁe Ay e (X,, X, are the associated
critical heights respectiVely). For the scale height H = 54917 km
applied;.we’haVe a critical height shift of approximately 79 ki
betweeh adjécent curves in Fiéefe 4.8 Qhere the ratio A,/AX, isle.

. The short vertical lines drawn at specific altitudes through each
curve indicate their respective shifted critical heighté; (FOr

m=1, Xc =2 471 km and it can therefore not be accomodated on this
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‘scale) .

Noticeable is the effect of greater damping with increasing
magnitude of the thermal conduction coefficient.- Further, this
effect carries the minimum into higher regions, and in a direction
opposite to the related motion of the critical height.

Finally, the effect of increasing the magnitude of the
coefficient beyond a certain value appears to accentuate the
damping in a decreasing region around the minimum only.

These results confirm the importance of damping by heat
conduction in these lower regions, and further that, although the
range of damping increases with increasing magnitude of the
coefficient, an upper limit to the location of the minimum is

indicated, above which only increasing solutions are. found.-.

D. Viseosity - Coefficient. Vardiation

The effect of increasiné'the magnitude of the coefficient of
viscosity is similar to that of the thermal conduction coefficient
already discussed, in that both are predominantly damping factors.

However, with reference to Figure 4.9, it is evident that the
location of the minimum is virtually fixed, and that damping
increases with the increasing magnitude of the coefficient.
Further, we notice that with the coefficient zero (m = «) a well
behaved variation exists which is consistent with the‘pattern of

decreasing magnitudes.
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E. Scale Height. Variation.
The critical height variation with scale height can be

represented by

X, ~ H log (AH?)

for some constant A.  Or, we can write
H, H,
X, = (-H—l-)X1 + 2H, log (E)

”

enabling us to calculate a critical height X, associated with the
scale height H,, given X; and H,. The respective critical heights
are again drawn with each of the different H curves. (Figure 4.10).
The criticél height decreases with scale height, aﬂd in this
respect its variation is similar to that of angular frequency.
Increasing the magnitude of the scale height stimulates the
amplitude of the temperature éécillation‘to larger.magﬂitudes.
Again, the minimum moves in a direcfiqn opposite to that of the
increasing critical height.

Since H = any increase in the. temperature T, or decrease

mg’

in the molecular mass m and the gravitational potential g, will

counter@Ct the damping influences of viscosity and heat conduction..
In thé-earth's_atmosphere'eéch of these components varies in

such a way as to increase the scale height with increasing altitude

in the higher regions.
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4.6 DISCUSSION

We have shown that. in the upper regions of our simple gas
atmospheric model, solutions of the forced temperature oscillation
about an isothermal steady state differ markedly from those
arising in the lower asymptotic regions discussed in Chapter 3.:

These higher region solutions of the T amplitude are strongly
increasing compared with the strongly. decreasing asymptotic
solutions of the denser lower regions. We have shown conclusively
the existence of a minimum in the overall solutions, and that its
location is in the region of the critical height. This is where
the two outlined methods of solution.OVerlap.

Further, it has been established that both heat conduction
and viscosity act in such a way as to damp these oscillations,
even in the higher regions with the former effect again dominant.

The location of the minimum is largely governed by the
frequency of the associated oscillation.through its control of the
critical height, with minor displacements arising through related
~ parameter choice. '

Finally, the increasing higher fegion solutions can only be
accentuated by the effect of. local atmospheric scale height

increase with height as found in the earth's atmosphere.
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CHAPTEHR 5

NON-ISOTHERMAL SIMPLE GAS SYSTEM

One of the more severe restrictions imposed on the simple
gas model discussed hitherto is the assumption of constancy of
steady state temperature with height.

We now investigate the effects on the solutions of a simple
gas atmospheric model introduced“by extending the model .to the case
of a temperature gradient in the steady state.

It will suffice to compare asymptotic solutions of the two

systems under the damping influences of thermal conduction only.

5.1 STEADY STATE

dT

Since EYQI#'O"we must allow for the molecular coefficient of-

heat conduction A, to vary thus

L
A= )\*.TO2 . 5.1.1

where A* is a constant. .
The energy equation 3.2.2 yields

. ar
d_p 5 _0

and its solution can be expressed as

T o=6(l - ax)?® | 5.1.3

o e

where e‘is the lower boundary temperature, and a is a constant.

Now, if |ax| << 1, we can write
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TO = (1 - Bx) 5.1.4
1 dTo
where B = -3 EE_’ 5.1.5

the negative sign being chosen in-keeping with standard

meteorological notation.- Further,

|x| << 1 5.1.6
The local scale-height Ho’ at thevlower boundary is defined by
H =.§§ o | 5.1.7

The momentum equation now has the stéady state solution
1
. g, ~ 1 o
no(x) =.n6(OL(l - Bx) v _ 5.1.8
This is not readily suitable for algebraic manipulation so we.

approximate with an exponential f£it of the form

ho(x) = hc<0)e'x/H<x>  5.1.9

which defines some non-constant function H(xX). Now, since

|8x| << 1, we f£ind that

R

H(x) = H_[1 + B - §>] 5.1.10

We define the two dimensionless quantities

y = /B and p = 55— ' 5.1.11
. i |
M



48

and note that 5.1.6 is equivalent to the assumption that
lp| >y 5.1.12

p is the number of scale heights Ho’ at which the lower bound
temperature 6 is reduced to zero. For typical atmospheric values
|lp| >> 1 and, for the isothermal case; |p| is infinite. On

substitution, 5.1.9 can be written as

_ X - X v . _ :
n_(y) = n* &P 2 : : 5.1.13
"o o o
where n* = n(0)e ¥, the isothermal model's distribution function

3.2.4.

5.2 SMALL OSCILLATIONS

The reduction of the small Qscillatioh equatiohs is similar
to that.of Chapter 3. However, we remember that

T, = 6(1 - y/p)

BTO . :

T # O and tha_t

. | |
A = A*p2(1 - L), to first order in l.
2p , P

The equations of motion and energy are:

n

9 - 1 - Yy ' o_ oV _
By{no(l' _p)“} *oagn Hog.at ©
an 1l 29 _

3t ' n -3y (n,V) =0

o



T =T + n
Q-0 -+ 2a -0 - wla
- U_ x _ 2A%0°
where V = Ho and O
‘oo
Define,W.= A=
g?
o =
gHo

and w =

49

> -(1 - x>-r}

‘ 5.2.1 through 5.2.4

¢ is introduced as the angular frequency in the elimination of

" the time derivatives as in Chapter 3.
5.2.5 into .equations 5.2.1 through 5.2.4,

leaves the three equations

We substitute the quantities

and elimination of 'mw

5.2.6 through 5.2.8
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- where the asterisk has been dropped from t* and it is implied

bhereafter.
_ 1 2
-(1 - 2y - &=
Define 6 = e- P 2p’ and
el o
=03 | 5.2.9

(e is not to: be confused with the lower bound temperature which no
longer appears explicitly.)
Elimination of W, n and their derivatives, to first order'inv

‘%, ieaveS'the equation

P(1) .+ wo(t) = O

. I R PR
with P (1) g1+ p‘y l)]A(T)

oy _ Ty . L _ 5 |
Q(T)~—~-l + 55(7y .8)]73;B(T)

| N P 4 . ﬁ_]
where A(T) = -6 + (1 7p)6 751 T

B(1) = |62 + q,6 + qz]azf
L

and - d, = [l +‘T%E(7y + 71)]
d, =-%5(yv+ 5) . : 5.2.10
Thus A{(t) = - gg [l +. ——(3y - 4)]B(T) for whlch we reduire the

asymptotic solution.
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Now, to first order in %,
[1 324 -3y [n_(» = n_(0) (1 + 2o
2p o ° P

l+—2-— . . .
6 P . 5.2.11

where ¢

'%§)6¢, with the sub-scripts 6 and ¢ denoting the

respective independent variables.

Also 86 = (1 +

- - . 7n_(0) 1 _ :
Defining ¢ = = —z=—(1 =~ )¢ o - 5.2.12

we can write

v S ) 2
[52 + 315 + 52]¢ _-E[G + a16-+a2]6 T

where 6,= 6w'E.w%$, and
.29 4
B, =1 ~ Tap’ B, = =35
1 . _ 1, .
a, = e,[i +'TZB(7y + 50)] and o, = §E(Y,+ 5) : 5.2.13

Now,“sincevs.l‘lz requires that |pl >> v, we havé an upper bound
imposed on the model.and, if y is aéfined as an average value of
y,inéthis'range, we . can safely substitutezy for y inéul.and a,
without significantly affecting the form of equatién 5.2.13.  This
is due té the'relatively slow linear variation of y compared with
the exponeﬁtial form of w...

With o, and o, now constant, we can.show 5.2.13 has the
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asymptotic solution

-%[1 - 2G4 3)]

L
T* ~ exp(2y?)y 5.2.14
with the asterisk reinstated.
But, to the first order in %,
T (1+ <)%, or -
1+ P e
-1
T & Y RT*
Substitution for T* in 5.2.14 gives
-%l1 - l(" - 1) a 5.2 15
;, 4 py ) . o & o
T ~ exp(2y*) Y

Reconstruction of ¥ yields

Y = z.exp(- %EY)"'

- 7n_(0) _ '
where z = ——%m——e Y is the independent wvariable in the isothermal

asymptotic solution, and

Y =2+ y+ y? ' ' o 5.2.16
We can .now write 5.2.15 in terms of z for comparison with the
isothermal result. We find .

1
71
€2

%

T ~ exp(2z?e,).z
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where €, = exp(- 7=Y), and
y-1
- 4p 1 i ) o .
€, z .exp(ng) .5.2517

As expected, if p + «, then e,, €, + 1. This agrees with the

isothermal case. We define a ratio function

T
Ripyy) = ?EE
| I

where T.. is the non-isothermal solution and T is the corresponding

NI
isothermal asymptotic solution of the T amplitude factor. Thus

I

; | % - |
R(p,y) = C.¢, exp[Zzz-(s1 - 1)] | 5,25l3

C is chosen so that R(p,0) = 1. We will compute values of this
function‘R to Study'its behaviour for different steady state

temperature gradients.

5.3 RANGES OF VALIDITY
The asymptotic solution 5.2.15 is valid only for [¢| > 1,

and the range of y over which this holds is dependent on p.

Further, 5.1.12 requires that y << |p|. Let us assume that the
latter requirement is satisfied provided that y < e|p|, where ¢
is a small tolerance such that € < 1., . Finally, we define Ynax

to be the largest value of y to satisfy the stricter requirement.
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Tn_(0) —[y + %—(2~+ y + y«z)] | |
We note that ¥ = —g5 e P and consider -

separately the cases of p > O and p < O.

The case 0§ p positive:

For > 0, gy <.0 always and ; Where |y| = 1, is given
P dy y Yy g

max

as the‘positive root. of

y? 4+ (1 + 2p)y +.2(1 - pM) =0 - . 5.3.1

7n_(0O) .

L o ; o n
where M = log(—ngaT). However, the restriction that y < ¢|p|
might be the stricter, giving y__. = €p.

We can show that there exists a critical value p* such that,

for
O < p < P* Yy, = €Pr whereas for p > p¥,
Ypax 1S the positive root of 5.3.1 5.3.2

For typical values, M >> € and

p* ~ M( e) . ‘ E 5-3.3

2 -
2

The case of pnegatives

dT o o
For p < O,.or-azg > 0, Y decreases with y to its minimum at
|p] - %.  But since y << |p| and |p| >> 1, ¢ remains a decreasing

function .in the range of validity of the asymptotic solution.
only for large |p| does ¥ ever approach unity, and only then,

provided that p < p can we derive a value ymax from 5.3.1.

1 ’
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P 1is the negative root of
(1 + p)? = 8(1 - pM) 5,3.4

Therefore, for p < p* < p, <.0, y

max IS the.smaller positive root

of 5.3.1, whereas for p > p*,

= e|p]| 5.3.5

Ymax
similarly p* = - M(EEE) . 5.3.6
These ranges and conditions apply to 5.2.15. For the range of

- validity of the ratio function R(p,y), we must include the

restriction on the isothermal solution, i.e.

which can reétrict further only the case p < O.

5.4 COMPUTATION OF R(p,y) AND RESULTS

.*A short computer program was written to tabulate log R for
.various values of p; vy was limited to the range O € y € Ymax

Reference is made to the COSPAR Internaﬁional Reference
Atmosphere, 1961 (CIRA) for structure parameter values. A
diurnal oscillation is considered and the altitude 160 km is
chosen as the model base. For the parameter set chosen M = 17+7
and we take € = 2,

Figure 5.1 presents a family of log R curves for a number of

p values. Two features are clear: the first is that the sign of
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p separates almost inverse effects and secondly, an inversion is
present in each p curve.  This latter effect is interesting and
can be explained on examination of the function H(y) . From

‘SQl.lO, rewritten, we have

_» 1, _¥ ' :
H(y) -,HO.[l + 20 2)] 5.4.1
where Ho = ﬁg, the local scale height at the model base. We -

distinguish between the local scale height Ho(y) at any pqint and

the function H(y). H, (y) is, by definition, such that
= KT _ k8 Y = - X
Ho(y) = ®g - mg(l p) H (1 ) 5.4.2

whereas the latter, H(y), is that value defined by 5,1.9,

At the lower boundary.

H(0) = H_(1 + p) _ o 5.4.3
and H . (0) = H_, so that for

o o _

ar

== < 0, H(O) > HO(O), ang for

Ix > O H(0) < H_(0)

Further, we note that the gradient of H(y) is one half that of
H (y). From 5.4.1 it is evident that H(y) = H_at y = 2, and in

the higher regiéns,the above inequalities are reversed,
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Figure 5.1 presents curves derived by comparing a non-
isothermal simple gas model with an isothermal model, each having
the same lower bound local scale height H. However, the lower

bound values H(O) differ by a term %HO, which gives rise to the

rapid increase of [log. R|.. This rise:is halted and a maximumvis
reached soon after H(y) and HQ are equal. In the higher regions
the effect is inverted.

As the inversion can be_accounted for by the initial difference
lHO between H(y) and H it is inﬁeresting to compare the non~
isothermal model with an isothermal system, the latter having a
constant scale height Ho(l + %). The lower bound difference is
thus zero.

The results are illustrated in Figure 5.2 Qhere the inverSiOn‘
is noticeably reduced. This suggests that in the immediate lower
regions of the modei, an isothermal model with an adjusted scale
height of Ho(l + %)'gives a far better representation than does
one with scale height H_ .

Finally, in these dense lower fegions the presence of a
‘positive gradient ih the steady stafe temperature is a damping
.effect reducing in mégnitudevwith increasing’p, ahd vice versa,

The opposite is true for a negative gradient. Typical values

of p are discussed in the next section.

»

5.5 GENERALISATION OF .SCALE HEIGHT VARIATION
‘Since the whole effect is virtually explained by examination

of H(x), we can make reasonable preditions by generalising the
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model somewhat.

Increase of scale height with altitude in the thermosphere
is é result of some combination of temperature increase, molecular
weight decrease and gravitation decrease. | |

If we allow these to vary linearly with height, such that

T =6(1 + Bx) (note the change in sign)
m = mo(l - ox)
g = gg(l - vx) - o  5.5.1

where o, B and v .are small quantities, we can show'that, to first

order of smallness, the steady state number density

n(X) - n(.O) e-X./H(X.)
where H(x) =_Ho[(l_- BH_) + ﬁ—ieg-i—ﬁx]' o . 5.5.2
k6

and, H = — as before.
o mg -

The‘only generalisation to H(i).is in the.gradient thch is nowv
one half the sum of the contributing gradients,

We should therefore eXpéct the.set of log R curves'arising
from thlS model to have much the same form as those of Flgure 5.1,
with the turnlng points nearer the baSe level and having 1ncreased
magnltudes overall. To obtain an estimate of the magnitude’of
this effect, we will fit é set of t&pical atmoéphefic paramefers

to the model.
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The COSPAR International Reference Atmosphere 1961 (CIRA) is
used for reference. (Craig p. 268). Figure 5.3 shows the
variation of temperature and mean molecular Weight. The variation
of g is well known, and it can be represented by a linear function.
to a high degree of accuracy.

Specific regions of the model will be examined by applying
the preceding theory assuming that, within these regions, the
variation of T, m and g is linear.

We define the theoretical density p*(x) such that

5*(X) = p(0).(1 - ax)e H(x)

allowing for the variation in m, since p = nm.

In the CIRA, temperéture rises rapidly from 120 km to 160 km;
in this region .p.~.1+¢5 which is unsuitable.  Further |B|'>> o
and the temperature increase dominates the mass decrease;to
increase H(x).

However, from 160 km to 250 km, excellent linear representation

can be made. Using the upper and lower bound parameter values, we
find that
p =.- 19:27 .
|B] = +001406
~ o =.+000936
v = +000301
.. which satisfies all restrictions of the analysis. Table 5.1

presents values of p*(x) and.H(x) for .comparison with the observed
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TABLE 5.1

OBSERVED GENEf{ALISED NON—ISO'I“HEZRM.AL

- ALTITUDE VALUES MODEL MODEL

* o (x) p* (x) Hx) | e*(0 | HOo
160 +111,-13 | +111,-13 | 34-98 | -111,-13 | 34-.98
170 +826,-14 | +829,-14 | 3547 | +836,-14 | 35:24
180 . *659,-14 | +625,-14 | 3596 | *632 -14 | 35-50
190 473,14 | -474,-14 | 36:44 | -480,-14 35.76
200 +361,-14 | +362,-14 36-93 +366,-14 36402
230 +167,-14 -i68,—14 38+39 | -166,-14 | 36-80
250 +103,-14 *103,-14 3937 «995,-15 . 37+32

(The notation a, -b denotes a x 1o'b),

We notice that both models represent the observed denéity
values exceptionally well, confirming the validity of the anélysis
for this case. A bettef fit is obtained with the.generalised
model however, due to the inclusion of the variation of m, and to
é lesser extent, that of g;

Finally, in the higher regions, the temperature gradient’is
"small and, although reasonable results are obtainable if all

effects are considered, the mass variation dominates’ rendering a

purely non-isothermal model inadequate.
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CHA.PTER 6

BINARY GAS SYSTEM

The previous three chapters have treated atmospheric models,
consisting-of. only one diatomiq gas, while, as it is well known,
our.earth's atmoéphere comprises a ﬁixture‘of_gases.

In the regian‘immediateiy above the earthfs“surface,;the
proportion of water. vapour is significant and this-fluctuates
wildly with ﬁhe prevailing local weather conditions. In the
higher regions however,.a binary gas .model, consisting of -the two
major atmospheric components, can be adopted with a reasonably
good . representation.

In this chapter we-will consider a model comprising two
diatomic gases-in a single dimensional- frame of reference, with
the model base level_(iu=‘0) chosen at: a convenient altitude where
relatively stable atmospheric conditions are found. - The
gravitational -potential -g, is constant, and we employ a method

of -analysis similar to that of Chapter 3.

6.1 DEFINITIONS. AND- EQUATIONS OF- MOTION .

We define the following:

U, the mass-velocity of the system; V,r V,, the mean
velocities of the constituent. gases; .. m,, m,, the particle masses;

n- the particle number densities; . T, P, respectively. the

¢ I

oI

temperature and the pressure; . p;, p,, the partial densities
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respectively; . .k, . Boltzman's constant; A, u,; respectively. the
cdefficients of molecular thermal conduction and viscosity; .

D 2,‘the-coefficient,of mutual diffusion; - K

. the- thermal

T»’

diffusion ratio.

The total number density

n=n, +n,,
and,"the totélfdensity*.

_é'='pf'+ sz

The mass‘difference»Am,-is.defineé by
= my.

Am = , miz.

Further, we shall use the diffusion factor a, defined by

o = 6.1:1

throughout as it varies less with density than-does KT.
On reduction of the continuum equations of motion and energy
for a binary gas mixture in a non-uniform state (Chapman and

Cowling) for our one-dimensional model, we have

8n1 5 » ;
T + -s-z[nl (u + Vl)] = 0, ’ 6.1+2-
and FT Ei[ﬁzgu-+ Vz)] = 0 6.1.3

from continuity considerations.
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6.2 STEADY STATE.

We.consider the steady state for which

Oj""

3
ot

and U=V, =V, =0.

-d—’z"l' pg =O, 6.2.1
n nin, n.n
a lap Mm% 1ar |
ST np b S a&x Y nT %7 dx <O 6.2.3
a &I, B  6.2.4
an xz = YV . ) . [
where )\ is assumed to.be*constant.‘ This is true if we consider

the isothermal solution of 6.2.4. -
It can be shown that for T =:To' a, constant, equations'6.2.l

to 6.2.3 are satisfied with

n, () = n, (0)e /"1,

It

and n,(x) = n,(0)e *H, 6.2.5

as the respectivé particle number densities for the two constituent

gases.»f The scale heights H,, H, are defined by

kTo kTo : _
i Hl—g-, and H2 = -ﬁz—g'. 6.2.6
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6.3 SMALL OSCILLATION EQUATIONS
By defining a set of small, dimensionless quantities n,, n,,-
m and T, we can linearize the original set of equations. (The

'o' in the following relations indicates the steady state solutions).

o
n,=n, (1 +n)
n, =__i"120(lv + nz)
P = Po(l + )
T =,To(l + 1) : ' : 6.3.1
Each of n,, n,, ™ and 1-is dependent on both x and t, and we also

have_that U(x,t), vV, (x,t) and Vv, (x,t) must be small'quantities.
We substitute these dependeht variables into the original

set of equétions and retain terms to the first order of small

qﬁantities. This gives, on.SUHstitution and deletion of thé

suffix 'o',"

Ezi + l—‘é—{n (U+V.)} =0 6.3.2
ot n, ax 1 1 ’ S
M, 1.9
3T Y a, mim Ut V)l =0, 633
n n
M =T + n, + T Na2s 6.3.4
d 3%U . U _ .
3% (0T = wsm - elpgn; 4+ PaN,) = e/g.pgz = 0, 6.3.5
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_ an, CUPY | , M, 4
Vi =V, == Dy, | g - 3} +oed—=(n, = n,)
n am 31
+,Am-5-5-z+am-], 6.3.7
,‘ 3T _ ,9%T. 3 DNz : 2930
and, n.at_— B—a—’z-z- - Ez{-—n——(v1 Vz)_} gnﬁ, 6.3.8
where we have defined
w = 4u/3kTO
B = 2A/5k
Y = 2a/5
— = -1 __1
€ *; 9/kT, m,H,  m,H,
and N has taken the value 5. - 6.3.9

A procedure similar to that:- adopted for the simple gas.is-
applied to remove the time dependence. -

A dependence of.the form

£lx,t) = £%(0) e

is assﬁmed-for all the dependent-va:iables with the angular
frequencY-cibeing constant. The.amélitude“factor £*% (x) is now
allowed tb,be'coﬁplex.' |

Labelling the gases in éuch a Wéy that m; is the barticlev

mass of the lighter constituent, we define

;- e‘X/?l,‘ | 6.3.10



and proceed to transform the. independent variable.:

we.can write

a4

a - - L
ax - " H, Y&y

1

Hy

8,

which defines the differential operaﬁer $.

definitions are required to simplify the parameter problem:

8 =

m,/m ,

The following

- the mass ratio which is now greater than unity, and

the lower bound particle number densityiratio.

non-dimensionalise the

and

R = n,(0)/n, (0),

Ux = - 50,
H
1
vV, *¥-= = ETEVI,
V,* = = mV_Z;

w* = ow/n, (0),

D12

B* = B/on, (O)H .

* = D12/0H12'

following by defining

Further, we

70

Therefore,

6.3.11

6.3.12
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We note that all variables and parameters are now dimensionless.-
The asterisks will be dropped and implied hereafter.

Further, we note that

n, (0) = ?_(40'-')3'
_ Rn(0)
and nZ(O) =T+ R

The equations can now be written in a greatly simplified

form
.d ' :
Ny = Agg (YU vV | 6.3.13
n, = iy. ~ T(y°U + y°v,), 6.3.14
S :
T =T+ '“—X——g n, + -Bz———g UPY o : 6.3.15
y + Ry y + Ry .
a :
Y%;[(Y * RYS)TT] - wy—dy_[y%%] - (yn, + sRy®n,) - {&(y + sRy°)U = O,
6.3.16
'- s -1 ,
V, + Rsy" V, =0, 6.3.17

(s -.1)2Ry® T !

(y + Ry®) (y + Rsy®).

d w
VvV, =V, = D12[¥5§‘n1_" Na) +o- (ny = ng)

6.3.18

.S : '
+ (s - ]_)__L_.LBX_ y %_TT. +AOLY%I ’
y,+-sRy'S Y Y .
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y.+ RYS

s d dTt, ~d st to1 ‘
and 4(y + Ry )1 = Bya;(ya;),'~YY3§‘ : (v, = Vo) |
-2y +RYS)y W, 6.3.19
5y yydy. . o« L2

By defining

V=V, =-V,, and

we use edquation 6.3.17 to obtain X in terms of V and thus find

S

Vl = __BEL—S-V
y + Rsy’

V, = —2—vy 6.3.20
y + Rsys

It is convenient to introduce

w=2_ .y | ' 6.3.21
s _
y + sRy
and using equations 6.3.13, 6.3.14, 6.3.15, 6.3.20 and 6.3.21,
we can construct, for later elimination, the following

relationships:

| . o
N, =, == ils - DU + it BV, QW 6.3.22
Ry 4
L d s P ) ' : ,
n=r.+————gy-d—§[(y+Ry)U+ (s—vl)W],_, - 6.3.23

y + Ry
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yn, + sRy°n, =»4Lyg§[(y +vSRyS~-)-U]'- : 6.3.24

By multiplying equation 6.3.23 by (y + Rys) and then operating

with y%;, we obtain

y%'[(y + Ry%)m ] = yg—y[(y + Ry®) :I + ‘ng[ydy{(y + RyS)U+ (s —l)W}]

which, on substitution together with 6.3.24 into 6.3.16 to

eliminate ﬁ, nlfandvnz, leaves-an-equation of the form

Fi(1) + G, (U) + H;(W) =0, | 6.3.25
with F, (1) = ydy[(y_+ RyS)T],
Gl(U) = y§§[{L(y +- Ry ) - w}ydy]-ig(y +.sRyS)U,
_ _ aw
and H, (W) = L(S 1) y== dy{ dy}

Equation 6.3.19 reduces to

F (1) + G, (U) + H,(W) =0, | 6.3.26
with Fzér) = Ly + Rys)% - BY%;(ygi),

éz (U) = %(y + Rys)y%-;—i; and

H2 W) = yy%;(i—”’—-l*—s-‘giv&) .
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And 6,3.18,‘once Ny, N,, ™and (V, - V,) are eliminated, can be

written:
F,(t) + G,(U) + Hy (W) =0, | 6.3.27
T =]
with F, (1) = [(s - DL EIRL a]ygl,
) s dy
y +.sRy

S .
G, (W) =i(s - nLXERY_ & (AU ng

y + SRyS dy “dy

S
W) = Y * SRy y + sRyS (s - 1)2] 4 , W
Hy (W) = =" — i+ = dy( dy)
D;,Ry R y *+ sRy -

Exémining the form of the {GL(U)}~it is easily verified that

the following are two consistent and independent relationships:

G, (U) = i(s - 1)1+_R1-— y & > G, (m| 6.3.28
y + sRy ¥ 2(y + Ry")
oy o 2 s, d
and G,(U) = £(y + Ry )y=— G, (U)
2 5 dy E(y + sRy .[
_ _52_ v %._{———-——(L(y + Ry ) - w)G (U)}]] 6.3.29
Yy +Ry

These produce two final equations of elimination in t and W,

since

-__[FL(T) + HL(W)]' 4=1, 2 and 3.
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The substitution of the {GL(U)} in these equations followed
by the subsequent simplification is an extremely laborious task.

Clearing the denominators equation 6.3.28 can be written in the

form:

F, (1) + H, (W) =0, | 6.3.30
wheré

Fu(t) = £,,6°1 + £,,6%°t + £,,67, and

H, (W) = h,,86%W + h,,6W + h, W.
§ = %;-was defined earlier. The sets {£,}, {hu} are given in
Appendix.A.

Similarly, we obtain from equation 6.3.29 the equation:
F (1) + H, (W) = O, 6.3.31

where

]

F. (1) £,,8%T + f53§3Tv+.f5252T + £5,61 + £,,7, and

3 ) g2
HS(W), h536 W f hszé W +-h516W + hSOW.

Again the sets {f}, {hs}'arekpresented in Appendix A.

6.4 NON-HEAT .CONDUCTING VISCOUS ATMOSPHERE

‘We shall consider two-degenerate cases only:

(i) A non-heat conducting, viscous model; and

(ii) ‘A non-viscous, heat conducting model.



76

The analysis becomes very heavy so case (i) will be discussed

first and the ground work laid for the more involved case (ii).
We discuss the binary gas atmosphere for which
B=y=0, w# 0 and 1/D,, # O.

This is a.nbn—heat conducting, viscous diffusing binary atmosphere
with no thermal diffusion. The reason for ignoring the latter is
to reduce problem complexity. We assume that thermal diffusion
is a relatively small effect, and we shall endeavouf to justify
this later.

For further simplifying the equations of elimination, we

define ' .
;* = 5¢,
we = &0,
o, = -4i/D,,
6 = Ry ',

and y* = - iy/5w. . 6.4.1
This involves no change to ¢, and further
§(6") =n(s - 1)6" | 6.4.2

Apply 6.4.2 to 6.3.30 and write
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a; 81 + a,8°W + a,éW + a,W =0, | 6.4.3

where the asterisks have been dropped, and they will be implied

hereafter. The non-constant coefficients a, are represented by
a, = Ef
a, = E3}
a, = E}
= 3 ., m3 '
a, = aoEu + Es5,. 6.4.4

where the set {Eg} is a subset of a general set of functions

{e]} of the foim

m ‘_ ' i . p m - 1 S
@n(s,e)-— nP1(s) +‘nP2(s)6 + ... + ane._ o 6.4.5
with {nPL(s)},'L =1, ... m; a set of ordinary polynomials in
s having real, integral, constant coefficients.  The set-{Ei},
4 =1, 2 ... 5; is given in Appendix A.

Similarly, 6.3.31 can be written in the form

b18%T + b,8T + byT + by8°W + bs8%W + bedW + byW =0, 6.4.6
o _ d1s2 3
where b‘1 = y21 + 23
1
b2=§2%+23 ,
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b, = L}

b, = 1%

b, = L}

b, = L} 6.4.7
with the set {Zg} a similar subset of {QQ}. The {Zg;: q-= 1,
2 ... 9; are also to be found in Appendix A.

The elimination of W and its derivatives from 6.4.3 and
6.4.6 is greatly simplified with the aid of a computer program

to perform the algebraic and differential operations on and

between members of the set {Qﬁ}. Factorisation for factors of
the form s™(s - 1)™.29.7P is included to remove those factors
common throughout any one elimination equation. This has the.

further advantage of increasing the throughput, and decreasing the

storage requirements.

By repeated differentiation and elimination of W variables

we can verify that equations 6.4.3 and 6.4.6 reduce to:
c 8%t + c,8%T + c; 8% + ¢, 8T + ¢, T = O, 6.4.8

where the coefficients ci_are written in the form

Q,
c, = E}+ lE3° + -2E30 4 o EIL,.
! y y o

o
l.30 On3o 31

E}! + =E}° + —E3® + o E3!,

2 om0 y ° y 7 o™® !

Q
|
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a a :
130 O30 O =30 31 31 31 2531
c, = E3! + =E}] + —E}} + —E}} + & + +a EfL +
3 3 yolo0 y o1 g L1 EEf3 aOEElt a Eis A, Eis,
31 130 %o 30 qu 30 31 31 31 2031
c, = E +.—E + —E + E + EE + o + 0. E + o
" 17+ JFle + SIS v r2e EE31 obE22 o Ejs o Ezus
and c; = EE3} + a EE3: +. o "EE3} 6.4.9

and the set {Ef}, k =1, 2, ... 27; is determined.
To obtain any analytic solution of 6.4.8 we must simplify
6.4.9 by retaining only the dominant terms in each_E?. Now,

X
=—(s = 1)
8 = Re H

and, s = m,/m; > 1,

by specifically labelling the gases to ensure m, > m,;.

Therefore 6 decreases with increasing x. This implies the
existance of a critica1 height XO, above which all of the Eﬂ can
adequately be represented by their respective dominant terms.

We examine

$(s,0) = P (s) + P ()0 % ... + P (50"
= nPk(s)[l + nAl(S)e . ".‘nAm'-lk(s)em.— %]ek -1
where nPk(s) is the first non-zero nPﬁ(é); =1, ... m;
w0y = e

nty T T P (s)
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Consider now the set {jAl(so)}, j =1, ... 27; at some value

of s = s . Let A (s_) be the maximum, and ,A (s _) be the
o ri: o 10

t

minimum element.

Further, let the condition for adequate representation of

m k -1
{En} by {nPkS } be that
m-k Kk
ym,n; . L A D < € 6.4.11
n k
k=1
where -€ is a small tolerance. We can show that on multiplication

of each of the Eﬁ by

e

1+ B,0 + B,0%,
where Bl,= - %[rAl(so) +'tA1(so)]
B, = B, - %[rAz(so) + tAz(so)] 6.4.12

the maximum and minimum elements of the adjusted set {jA1*(So)}'
j=1, 2, ... 27; will have the same modulus. The full set
ALk ] ] i oy :
{jAL (so)} can be derlved from the original set {jAL(so)} using

the recurrence relation:

u’_
*
i

Ry, Be T BuesBr Lt ByegA

g
'—l-
d—
23
S
1
il

O, and .,A_ = 1. : 6.4.13
J o ,



81

Further, we can expect the maximum element of

m-k X

*
kzlnAk ’

to be at approximately its minimum value for all choices of B,
and B,, since 6 < 1, and the major contributions to»the~sum thus
come from the adjusted lower end of the series.

Applying this technique to the homogeneous equation 6.4.8 we
can-expect 6.4.11 to be satisfied at approximately the smallest
value of the critical height Xo’ Thus,-retaining only the

dominant terms in each element.of- Eﬁ , the coefficients simplify

to-
c, =7 + %
) 1
c_2 = 21 —;
Co
c; = 14 + ' + 7(1 + ao) - £
a
cy =7 '_y_o'+’7°‘o - 2¢
cg = - (1 + ao)g

where the terms of the form-%o(e)weredfopped éince

|‘a02-|% >>..0 (“e )

W

for typical values of a- We also removed a factor (1 +‘ao)

common throughout the coefficients. If we now write g = - £/7,
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y* = - 7y, and drop the asterisks on substitution, we have

equation 6.4.8 in the form:

‘[v(a +.1)2 + ao] [(sz' + 5 4 g)]r:.%(az +ag) (6 - 1T

or, on rearrangement
[(Ié,f._l) + ag) [(6, Rt 1)]1 o 6.4.14

or; A(a)[s(a)f] = 0.

Now, Béé)r = O is identical ih form to 3.5.2 found on treating the
simple gas_ﬁodel for the séﬁé degenerate,case; These "two
equations are brought éxactly in'liné if we choose H = H,;, and the
adjusted base number density ho(O) = ng(O) for the-Simpléwgas.
model. |

The implication thus is that,ifor the_region~above'£he:
criticai4heigh£uxo% a,compérative.§implé gasvquel is one with a
constaht scalé_height-H1 and én-adjusted-basepnumberndensity‘ng(05f
Further, the;only‘additional.effects oﬁ T are those introduced by
diffusioh in the binary gas model.- This is clarified if wej

investigate 6.4.14, i:e.

A(a)[B<a>,_r] =0

Now, i€ A(G)V, 0, then

B(§8) T,

V, which, since

T = 2 : & - it
A(S) = (6 +.1)“+ o, and o, B
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adds a particular integral dependent on D;, to the simple gas
solution of B(8)t = O.,
We are unable to determine the asymptotic solution of 6.4.14

for the same reasons as given in Section 3.5.

6.5 DETERMINATION OF X _/H,

‘Xo was introduced in Section 6.4 as the critical height above
which the. coefficients of equation 6.4.8 could be replaced by their
dominant terms, within a maximum relative error of €.

We proceeded to. show that multiplication of the entire
equation by a quadratic function in 6 is used to minimise Xo for
any particular choice of s, € and R..

We shall now determine Xd/Hl numerically for various values
of R, s, .and €. A computer program was written to perform this
task. The coefficients {Eﬂ} calculated in the reduction process, -
were adjusted by multiplication with (1 + 8,6 +.8,6%) for various
mass ra£ios,.s;f Hereafter,,Xo/Hl was determined for a set of
R values to three differént tolerances.

From 6.4.11 we can write

IhAlle +| T oAl =c¢
in the worst case. But since 06 < 1, the summation will become

less important near the critical level. We can therefore write

(s - 1)XO/H1

e = pr(s,Xo,e)
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where p = R/e, and C is.a slowly varying function_ofmxo. We
illustrate graphically log (s - 1) versus XO/H1 for a set of p.

values. (See Figure 6.1).

6.6 NON-VISCOUS HEAT CONDUCTING ATMOSPHERE
The second case for discussion is that for which w = y = 0,
B8 #.0 and ' 1/D,, # O. This specifies a heat-conducting,

non-viscous diffusing atmosphere with no- thermal diffusion.

Define
W o A
yl
a, = - L/DI?,
0 ='RYS'L- ll
and. %,- = {5B/y. o 6.6.1

With the above, considerations, equation 6.3.30 can be‘written-as
a; 8%t + a,8%1t + a;871 + a,8%W + a;6W +-aW =0 6.6.2

where we "drop- the dashes and imply them hereafter. The set

{a;,} is expressed in terms of a set {Ei} which, again, is a

sub-set of {@2}.-- (Refer to - 6.4.5). Thus

W f
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LOWER BOUND OF VALIDITY

Toerance
- n; () /ny (OF

m;/m,
= Minimum ht.

Scale ht.
R/e

FIGURE 6-1



86

as = E3
a, =1Eﬁ
as; = Ei
a, = E¢ + aOEg, 6.6.3

where the set {E%} is given in Appendix A.  Similarly eguation

6.3.31 reduces. to-
b,8*T + b,8%T + b,y8%1 + b,d8r + bt + bg8°W + b,82W + -bydW + bW = O,
6.6.4

with the set {bi} in terms of a.set {2%}, a subset of {®§}. - Here

. 1,

b, = =12

1 v »1
1

b, = £/yI} + Ii

by = EI¢
b, = 33
b, = 53



b, = Zia,

with the set {Z%} again preSented_in Appendix A.

Elimination of W and its derivatives between these two
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equations, using the methods of section 6.5, leads to the final

equation:

p;8°T + . p,8°T + p,8*t + p,8%t+p,8%T + p, 8T + p,T = O
with the,coefficientsw{pi} such that
2
o a
Ou41 . _O ~u1
= —=FE + .. E;
P17y y
141 You1 aozuul
==E3° + —E4° + Es
Pz =y y y
141 % adz 0"OF’ oLOZF’
= =E¢! + —E3}' + ——E§' + E{'! + —E{§ + a E{{ + a_%E
P v 6 v 7 v 8 v 9 v 10 o1l o
2 2
a a. a & a_ “g
1 0 o] : O O
p, = 2B} + =CE41 + 2mil + EmYl o+ 2Dpy) 4+ 2 Tyl
Y Y Y Yy Y B Yy
. L2 L2 . 242
+ Ej§ + CXOEQQ + 0.0 Es1
2 2
a a % a & a “&
1 O °} 0 0
p, = §Bi% + PEiY + il +..§E;é +=2E8d + 2B} + BY3
42 242 L2 2 L2
+ + +
+ o Ezs +.0 "E3d GogEal a,"EE;2
pe = E35 + aoEgﬁ + aozE§§ +. EE%2 + aogEg%_+.aongg%
p, = EE3§ + a EEif + a *EEu}

6.6.6



and the set {E%}‘is_determined,

Retaining only the dohinant,terms in each of the,Ez'and
neglecting those: terms of.O(e) as we did previously, we can
remove a factor (1 + a_) common throughout the set_{pi}‘which

then reduces to

a
- - _9
_ 1, _
P2 —v§(3ao~ 2)
a &
I _o° _ A
p; = =(3 4ao) + v 7ao
= 1 - 1) = 287 - - 7 )
Py = ;(2ao 1) + y‘(l ‘ao) 7‘uo‘+ 2)

ps = S(20, = 1) = T(a, + 3) + Sa.k

- 7(1 +‘do) + 10¢.

ol
<44
]

ol
~3
i3

Let B, = 1/a,, &' ==-¢ and y' =~ Ty, so that
Pi Eu;
Y
Py = - §(3 = 28
Ps =-}l;(4 - 3B,) + -f; -1

 ~5€(1 +0) 6.6.8
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Py = - T(2-8) +25(, - 1) - (1+28)

ps = (2= By) = (1 +‘3so) - 2%

pe = - (1L +8_) - 10£8_/7

p7 =.- %é(l + 8,) : 6.6.9

where the dashes are once again dropped but\impliedﬁ Equation.

6.6.6 can be written

[62 + 286 + (1 + B [6% + & + :;ﬁ]T = %5[52 +2(8, - 18-

- [ 2 - \
+ (2 Bo)] [62 - 6 + g]r
or, on rearrangement

2 ' 2 58, _ 4. 2 _ -
[62 + 28,6 + (1 + 8] [(8% +. 6 + 32) 358 (8 s+ £)]t =0
6.6.10
This is again equivalent to. the solution of

A(8)[B(8)T] =0

or, of B(8)T = V, where A(§)V = O,Whiéh_introduces-a particular

integral over and above the éeneral solution of

B(8§)T = 0. | 6.6.11
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where XO has been discussed in the previous section as the lower
critical height. Xc is determined where the asymptotic solution

breaks down, or . where
|yl ~ o)

However, equation 6.6.10.is valid for all x';,XO,-and a series
solution is required to examine the amplitude of the temperature

oscillation in the regions. where x > Xc'

6.7 DISCUSSION -

We are.now.able to draw certain. conclusions regarding the
comparative behaviour of a binary and a single gas system. .

The general problem of a binary system where both heat-
conductioﬁ and viscosity act together to damp. the oscillations
was not attempted. This would prove exceptionally difficult.

However, for both degenerate cases, it appears that in the
lower regions, -below the'critical-height,Xo, the effect of - -the
heavier constituent gas cannot be ignored. " Analysis in .this
region is extremely difficult and no explicit solution was ' found.

In the regions- above Xo’ where the lighter gas. dominates,
we have that the temperature oscillation is further affected only
by mutual diffusion. The simple gas model otherwise adequately
represents the system, Further, we see that under heat-conduction
alone, . which proved to be the dominant damping effect‘in this
lower region of the ;imple gas .model, the effect of diffuéion is

negligible. This suggests that the general problem should
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similarly.be unaffected by diffusion in this range of the
atmosphere. |

Finally, Fig. 6.1 indicates that the nearer the mass ratio
s-is to-unity, the higher the critical height Xo’which leaves
unexplained-a larger lower region. But the nearer s is to unity,
the better-a simple gas representation should be which, we have
shown, -is still a solution of the binary gas equations provided
that a representative scale height is taken.

Therefore, we can safely propose that, in the lower
: atmospheric regions -  irrespective of. the particle masses of the
constituent gases,;the-variation with height in the amplitude of
a temperature perturbation behaves similarly to that of a:

representative single gas.
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CHAPTETR 7
NUMERICAL INTEGRATION OF THE BINARY GAS EQUATIONS
7.1 SIMILARITY WITH THE SIMPLE GAS SYSTEM

We can show that the set of perturbation equations describing

a binary gas system in which (see definitions 6.1.1)

m =m

o =0

anq D,, ==
reduces identically to that of a simple gas system. Further,

we have shown that the asymptotid sQlutions for the 1t amplitude
termé of the simple and binar&vgés,éyétems are identical in the
lower regions. ~Intuitivel;} therefore, we can expect the beha&iour
of the binary gas system to vary only slightly from that of the
simple gas system in the upper regions Where, as for the simple
gas system, numerical integration of the perturbation gquations is
required for accurate solution.

Finally, if we'consider'thé techniques, methods and results
of Chapter 4 to have been directed towards the solution of a.
binary gas system in the limiting case of a unit mass ratio
ml/mz, and the absence of diffusive effects, then it should suffice
to devote this chapter to the study of the effects of perturbations

of- the mass ratio and the diffusion parameters a and D,,. We
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should examine also the effect of varying the number density

ratio at the base level.

7.2 PREPARATION OF. THE EQUATIONS:
The binary gas small oscillation equations derived in

Chapter 6 can be written as:.

Aon, +.%;(U +V,) +em (U+V) =0
ion, +.-g-3z(U +V,) +em, (U+V,) =0

B n, n,
TETE T Y

o o
S (n_m -G e(p,n, - +.p,n,) = iZp_oU =0
dx'’o - oTdxz TRT1IIC T M2 g o.
p,v, *+ QZV“2 ='0. '
dn, dn, - n;n, n_

-V, = - Bl N _ o dm , 4t
v, v, = DIZ[(dx % ) + elm*- 5 (n, n,) + AmB— Ix T g%
i . o O o
; _ L%t g Mt b 2 au
ton,T = Baxz - ‘Yd—x[—rg‘vl "V | 3%

7.2.1 thiotigh 7.2.7

Using equations 7.2.1 and 7.2.2 we form the following relationships
in order to eliminate Nyr Ny and their derivatives frdm the

remaining equations 7.2.3 through 7.2.7:
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= .'(_’g‘._ B
PaNy TP, T 5 dx(poU),_
+- _'(;.Ei__( U) + .'f:g_( V. +
BNy T 02N, o dx o o dax ‘M1 V)
2 2
irh._in_z__j;(dvl dV2)+i’_€..§‘_( AV V - Amu)
dx dx .o 'dx? dx? o dx MV, T myV, T Am
i dV1 ~dV2 ie .
n, - n, = E(W - ) + -c-j—,(ml_vx - m2V2 - AmU)

7.2.8 through 7.2.11

It is convenient to define

\Y

]

(V, - V,)/2

and W (V1 + Vz)/2, which now allows equation 7.1.5 to be

written as

Ap

W = ‘E—V,- with Ap = p, - p, S 7.2.12
o}
P dn, dn, o
We proceed with the elimination ofin,, Ny I and E?—. Further,

W is eliminated using equation 7.2.12 leaving the four equations
in t, m, U and V. With the dasheé fepresenting differehtiation

with respect to x, we can write:

EP, 2{Amn,n, ZiAmeplp2

L £ : :
mT=1T+ =0' + = U+ V't ————
o . 0 ng on e 0P,
g__ - no_ .ﬁE d_ - '(’_EO =
dx(no")" wy o] dx(poU) g poU ©



1 ; n . 2 h,n
P F AN - NPV iebm? Palz
Vv, = Dlz[gV + 20vdx(2mlm2p,v - AmU) + S o Vv
c . 0" o
P2 2
4Le“Am*nyn, . - n . n _
e (amyn, =2 - o) + 4 S ]
ofPo - - 4Pg S Ps
n,n
Ly ad 1°%2 2.
= | "o Q oL '
and Lon T BT 2de n V) 5nOU
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7.2.13 through 7.2.16

Finally, elimination of 7w and w' from-the above equations, and

algebraic‘manipulation on the remaining 3 equations enables us to

formulate the following:
"= d{a,T + a,U' + a;V" + a, V-

Ull

+ (by + &b, )V' + (b, + £b,,)V

v" = (c, 4

, — ,
+ (¢, + ACIO)V + (c11 + Lclz)v

by + 4by)T' + (b, + 4ib,)T + (by + 4b)U' + (b

7.2.17

, ¢bq)U

7.2.18

+ dc,)T' + (c; + 4c,)T + (c; + dcg)U' + (cy + dcg)U

7.2.19-

The coefficients {a;}, {b,}, and {c;} are presented in

AppendiX‘Bb

By applying the transformation

to the eguations 7.2.17 through 7.2.19, we can write:
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™ = d;1' + qur +-d3U‘<+ d, V' + dgVv : ‘ 7.2.20

noo_ ) 1 ’ . ‘ .
Ut = (e, + Le,)1t' + (e, + Le )T + (e5 + e )U' + (e, + Ley)U

+'(e9-+Le10)Vf + (ell + Lelz)v 7.2.21

v =,(f1 + sz)r' +-(f34=ifq)r +A(f5 + LfG)U' + (£, + LfB)U
+ (f9 + ’(’flo)v' + (fll + Lflz)V 7.2.22
where differentiation is now with respect to y. Again, the

coefficieﬁts {di}’ {eL}, and {fil are presented in‘Appendix.B.
These final three equations are easily prepared for the Runge-
Kutta integration procedure emerging finally as a set of twelve
first-order real ordinary differential equations.  This
preparation, similar in method to that of section 4.2, will not

be discussed.

7.3 SECONDARY. = EQUATIONS
dTt du dav

We require. the 'initial values of T, 5?’ U, 3?’ V. and a§ at
the lower boundary of the model. = Given the physically meaningful.

dr
dx

the initial set of values using the relations which follow:

values of 1, m, U, (V, - V,), and %;(V1 - Vz) we can determine

dr _ 1 at
dy em,y dx
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1 P, n;n
dU _ L0., -_ .\ _ O ... _- 12 da_ _
dy "’e:mly(T ™ mlnoyU ; Amvsmlynopo-dx(VI Vel
n,n, ' ,
- Amemy——(V, - V,) 7.3.1 through 7.3.4
. YPg - |

Similarly, output of the variables 1, U, V, ~vvé, n,, n, and
T can be achieved by calculation of the right hand sides of the

following relations:

1 2
ismly,dU_ €0, 2ebmmy , 2Mmep;p,
™= T + 5 _d_§ + L'En—U + L'Tj-n—o-é-;nanY'Ei; + £ Opoz vV
em 2em, 0,y | 2{em,m,p,n

_ 4 du AR T 1¥24 gy 1772725

n, —vgemly_a§v+ A—U + « oo ay +. 0p02 - V"
. L Eem, S 2emypyy 4, | 24emym,p;n
n, = demy &y (a2 gy 2eMamating
2 " oY dy T Vo op, dy 9P, 2

7.3.5 through 7.3.8

7.4 GA8 PARAMETERS

From definition 6.3:12; we-have that-

R

,nz(O)/nl(O),-the base number density ratio, and

's = m;/mi, the molecular mass ratio. It is convenient to
choose m, .as the mass of the lighter constituent so that s 2 1.
Thus given lower boundary values for the local scale height

H, and. the total number density n (0), we find that
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kT .
_ 1+ R O 4 o
m, =TT SR Hg _an§ m, = sm-1 o 7.4.1
n (0)
Further, n, (0) = T TR and nz(o) = Rn, (0) 7.4.2

where To and g are respectively the isothermal temperature, and
the gravitational constant.

Using equations 7;4.1 and 7.4.2 to determine these four
structure constants, we are free to vary s and R, and investigate
the effects of a_.binary mixture on the amplitude of the 7t
oscillation.. | ‘ |

Furthef,.the coefficient of mutual diffusion D,,, varies
according to

8

s
T
D, = H_'

with index s = ¢792.  (Chapman and Cowling, p: 248). This must
be applied to adjust for the base value of D,,.

Finally, for rigid elastic spheficalvmolecules K (and hence

TI
a) has its sign dependent on the mass ratio s, .or on the molecular
diameter ratio when s is near unity (Chapman and Cowling, p. 254)."

Therefore investigation of both the positive and negative values

of a, the thermal diffusion factor, is required.

7.5  INITIAL PREPARATION -
The simple gas special case discussed in Section 7.1 allows

a most convenient check to be performed between the two entirely
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different theory reductions, and between the computer programs
written to integrate numerically the perturbation equations of
each system.. ..This;check.proved successful although rounding
error increased somewhat with the added complexity of the binary
gas equations.

Background work with regard to error analysis and start height
determination discussed in Section 4.4, applies fully to the
numerical solution of the binary gas equations.

Further, as the soiution for T can be expressed as a linearb
sum of small gquantities arising from the component variations,
those variations attributable to the binary gas mixture and
diffusive effects can safely be taken to be small independent
linear terms.

The effects of varying the following four parameters will be

studied independently:

i. mass ratio s;

2. base number density ratio R;

3. thermal diffusion factor ao;

4. mutual diffusion céefficient D,,-

7.6 'PROﬁUCTION AND RESULTS

| Structure and parameter values for the binary gas model are
those applied to the simple gas model discussed in Section 4.3.

-The model base level (x = 0) ‘is again chosen at 160 km physical

altitude and the remaining parameter values are given‘by Chapman
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and Cowling and these‘;re adjusted for the temperature and density
differences at this lower boundary.

Values of R and s, the base level number density ratio and the
molecular mass ratia respectively are not accurately known, and we
will assume 80% molecular nitrogen and a 20% molecular oxygen
composition to be representative.' Atomic oxygen is well known
to be present in a significant percentage but this is ignored for

the purpose of this investigation.

Again, a diurnal oscillation will be considered.

A, MoLecular Mass Ratio Variation

It is convenient to choose the same initial value set as that
for a representative simple gas model with, in addition, V and %%
zero at the lower bound. This choice allows a direct correlation
between the solutions of the binary gas model and that of the
simple gas model, besides representing the relative effects of the
mass ratio variation.

Figure 7.1 presents graphically the various solutions for
log 1 plotted‘against the model altitude. With the exception of
the simple gas curve all. other curves are solufions of the binary:
gas equations and these curves differ only in the molecular mass
ratio. of -the constituent gases. Fufther, typical diffusion
constants are_present.and-there~iSva four to one dominance of
lighter gas molecules at the base level of the model.

The results are not surprising: increasing valuesof s cause

the upper regions to comprise relatively lighter molecules which,
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LOG T VERSUS ALTITUDE

FIGURE 7
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in turn, gives rise to an increased local scale height H, the
effects of which have been discussed . (See Figure 4.10). .
It is however, interesting to note that the deviation away

from the simple gas curve is attributable very largely to the

non-unit mass ratio. This is:-indicated by the comparative
closeness of the s = 101 curve to that of the simple gas. The
graph s = 121428 is a solution of aAO2 - N2 model. However, a

o - N2 model comprising 80% atomic‘oxygen at the base level could

(if we ignore the fact that one constituent is no longer diatomic)
be represented by the curves = 1<75.

However, we need to investigate the role of R variation before
we draw-ény final conclusions regarding the influence of a binary

mixture on the amplitude of the T perturbation.

B.  Number Density Ratio Variation

Figure 7.2.preséntS<a fémily of log t curves differing only
in the value of R, the lower bound number density ratio. Also
plotted is the representative simple gas solution of the same
parameter set.

We notice that the slightest presence of a heavier constituent
acts in such a way as to increasé,the,magnitude of 7. This - |
continues with anvincreasing percentage presence of this heavier
constituent. - However the“increase slows down when the heavier
gas becomes the major constituent and we can expect that, for
large R, the T amplitude will again approximate.to that of the

simple gas solution for Tt. This.is easily seen to be. true if we
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consider that a simple gas model is the extreme case of the binary.
gas model with R = 0 or. o,

" We can conclude that variations in both s and R induce:
behaviour consistent with that of local scale height variation.

'If the local scale height-at the . base le¥el is Ho’ we can write

, L. s-1 ‘ )
R)( 1l + Ry i) 7.5.1

s
R sRyS_1

H(x) =H_ (

from the définitions of the local scale height H = %g and m = p/n,
the mean molecular mass. |

We can show that H(x) is never a decreasing function of x,
the rate~of increase being dependent on both s and R. |

This means that the presence of a second constituent in an
‘atmospheric model of the upper regions will always lead to
solutions of the perturbation which are larger in amplitude than

those of the original constituent.

C. Thenmazu»viﬁﬁdbion Facton.,Vaniétion

We find that, for the previous initial value set where both
V and %%’are zero, no significant change in the 1 ‘amplitude is
discernible with variations in' the magnitude of a, the thermal
diffusion factor.-

Allowing V to be non-zero however, while'keeping the
remaining initial values unchanged, uncovers the.nature of the
induced effect. | |

‘Figure 7.3 presents the family of curves which arises from

varying a..
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A typical value of |a| is +018 while the single constituent
model has o effectively zero.

Again we find that thermal diffusion tends to increése the
magnitude of solutions.

further,'it appears that the sign of a is not too
influential in affecting the shape of the log T curve except in

the lower regions and for the small values of a.

D. Mutual Diffusion Coefficient Varndlation

Varying the coefficient D,, through a great range of values
from 0«5 x 10°, its typical magnitude, to 1:0%° gave rise to no
noticeable effect. As the simple gas model can be approximated
with D, approaching infinity, it appears that in this altitude
range  diffusion is relatively unimportant. A slight.incteasing
trend was discernible-when-D,, was reduced in value to °5 X 10°.
This result is obtained with both initial valﬁe sets'previously
applied to:the model. | -

We can_safely conclude that;mutual¥diffusion of the-
constituent géses has no effect on thé magnitude of the T
amplitude fantor in the_upper'regioné of a typical binary éas

atmospheric model .

7.7 DISCUSSION
We have studied in some detail the independent role of each

of s, R, o and D,;, in affecting the amplitude of the Tt perturbation.
The extension from a single to &a binary gas atmosphéric modei,

incorporating all the above parameters gives rise to solutions for
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T'in the region of discussion which are larger in magnitude than .
those of the simple.gas system. = Further, :the dominant effect
is due. to the increase in the local scale height H in the regions

immediately below the start height. -



SUMMARY

In an attempt to tie together loose ends we will consider,
whether, ta what extent and in which atmospheric regions the
various models discussed are representative.

We ‘have shown, contrary to the results of Parkyn, that
viscosity plays only a minor role in atmospheric response to
forced oscillations. His apalysis for the degenerate case of.
a noh—heat conducting viscous cylindrical atmosphere gives rise.
to fourth order derivatives of 1 and the subsequent asymptotic
solution of the perturbation equation shows the effect of
viscous damping to be dominant. - In our treatment of flat earth
models these higher derivatives associated with viscosity are
absent. Gréater validity of solution is surely credited to
‘the cylindrical model, it being geometrically closer to the
idealised Sphéfical case.

However, the single dimension limitation 6f the models. we
- have discussed does.nOt detract from the validity of conclusions
drawn from their compafative behaviour.

A'diagram is included (overleaf) to identify the various
atmospheric regions referenced hereafter. This diagram is not

to scale.

108
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CRITICAL HEIGHT Xo

'START HEIGHT

5
|

BINARY GAS . LOWER BOUND Xo

4

¥  MODEIL BASE

EARTH'S SURFACE _

ATMOSPHERIC
REGIONS

Region 1 is a layer of the atmosphere which is in a state of
turbulence and of wildly fluctuating composition. As a result
,no'investigation was attempted in this region, and our model base
level was‘chbsen at 160 km physigal altitude Wherq sfeadier
conditions are found. |

The simple gas atmosPheric model under forced periodic
oscillations at its base level required two distinctfmephods of.
Solutiﬁn; an analytic treatment leading to  an asymptotic'soiufion

for the temperature perturbation in region 2, and a numerical
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approach in region 3. Unfortunately neither technique could treat
the full model atmospheric region but a significant area of over-
lap is found. - Thus a complete picture of atmospheric response

to forced oscillations in a simple gas model is at hand. Strongly
decreasing amplitudes of the temperature perturbation are found

in region 2, substantiating the results of Parkyn, and in the
higher regions, strongly increasing solutions exist. These in-
creasing amplitudes are not entirely. from viscous effects as
suggested, but they result from various mechanisms.

The binary gas model similarly led to both the analytic
and the numerical approaches. In regiop 4, the depth of which
varies considerably with the ratio of the particle masses, no.
solution was found possible, and in this region alone is a binary
gas model required;' However, we did find that in region 5 a
vrepresentative simple gas model is adequate, and further that,
although the depth of region 5 decreases with increasing Xo as
the mass ratio approaches unity, this is compensated for largely
by the fact'that the system as a whole is rapidly approaching
that of a simple gas.

Solutions of the binary gas system in region 3 were shown,
in general, to have amplitudes more strongly increésing-than those
of the comparative simple gas model. This effect is very largely
due to increase of local scale height with altitude. Diffusive
effects were shown to be relatively negligible, except for very
specialised boundary conditions, throughout the entire model

atmosphere.
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Perhaps the greatest limitation of both the simple and the
binary-gés models sumﬁarised this far is the assumption of
constancy of the steady state temperature with height. This
defect is high-lighted in Chapter 5 where a non-isothermal
atmospheric model is considered first before the generalisation
to include both the molecular mass and the gravitational:
potential decrease with altitude. Unfortunately this model
has a restricted atmospheric domain but, as a representative

model, it is extremely good. -
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APPENDIZX A

A.l The sets {£,}, {h,} of equation 6.3.30 are:

= 45D, ,8(s - 1) (y + RyS)RyS * !,

Hh
=
w

4

- 45D ,8(s - 1) (y + Ry®)*(y.+ sRy®)Ry® T,

Hh
]

Hh
||

by Dlz(y +.Rys)3RyS + l[7(5 - Dy + Rys)“+:2a(y +vsRys)],

k=3
n

wy = ADy, (y + Rys)z[?(y + Ry®) (y + sRy®)?

+ 1

4 2(s - 1)2(y + RyS)Ry® = 5y(s-1)(y + sRyS)RyS * 1]'

+:1

o3
|

o, s S\ 2, 8
w1 = AD;,5vls - 1) (y + Ry )[(y + sRy") Ry 

- 2(s ~ 1)2R2y*S Y 2 L gy 4+ Rys)3(y,+ sRys)],

vo = 2(y + Ry®) *(y + sRy®)?

-y
i

.—"54yD12(s~—_l)}R2yzs toe Bs - 2)y + (1 - ZS)Rys],

provided that D,, # O..

A.2 sSimilarly the sets {f.}, {h.} of equation 6.3.31 are:

!

£,, = 58[(y + RY®) + &) (y + RY®) ' (y + sRy®),

f51‘1

-

- SB(Y +'RYS)S(Y +_82Rys) - ist(Y'}' Rys) 3[2(y +'~_sRys)2
+y + RyS) (v + s’Ry®) ],
£5, = 5(y + Ry®)*(y + sRy") [uly + Ry®) - EB(y +‘sRYS)]’

+ A(y + RyS) 2(y + sRyS)[}Ows(y + sRy°)2 - T(y +_Rys)“],
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1l

-

H

Aty +Ry®) [ty + SRy - 0v(s=1)* (y + sRy*) Ry
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o+ Ti(y + Rys)'s[(y + Ry") (y + s’Ry®) =~ 2(y +‘SRYS)2]’

&5E(y + Ry®) S(y + sRy®) 2,

(.y+ Ry‘s)a;(y +. SRYS) [2(5 - 1)(y + Rys)?‘
- 5Y(y + Ry") (y + sRy®) -~ 45yw(y + sRys)],

s + 1

2§s - l)(y + 57 Ry )(y + Ry ) ]

‘+ &Syw(y +- Ry )2(y + SRy )[q(y + SRy )2 - ZR(S - l)2¥s+l]

2 S +.1

5Y€(y + RyD) *(y + sRy )3 + 5YR(s - 1) (y + Ry552

X [(5 - 3s)y? - (s2 - 6s + )Ry® T ! + s(Ss‘— 3)R? zs]

- LSYw[Q(y + Ryﬁ)(y + sRyS)* 4+ (s - 1)2(y + RyS)RyS ¥

+

x {3(s = 3)y + (s - 1l4s + l)Ry Yy3s(1 - BS)yn‘}],

5EY(s - 1>2Rys * l(y + Ry®) 2 (y + sBy®)?
+ s(5 - 48)R%y S § 25)R3y35]
Lo+ o \
r 45Yw(s - 1) *Ry s .1[(5 -~ 2)(s - 3)y?
s + 2 2 s 4+ 1

- 3R(35 - 1l)(s. - 2)y - 3s(2s - 1) (s - 3)R

m£ﬁs(25 ~‘l)(35 - R yaS].
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The set {EL} of eguation 6.4.3 are:

(0) + (-7,7)8 + (-7,7)6%.

=
o
#

B} = (2) + (2,0,2)8 + (0,0,2)6°
B} = (4) + (4,0,4)8 + (0,0,4)62

E? = (2) + (0,4)8 + (0,0,2)6?2
E} = (2) + (2,0,2)8 + (0,0,2)62

wherevthe commas separate coefﬁicients,of increasing powers
Of;s;

The Set_{ﬁi}is simjilarly:

[ne]
N
i

(1) + (0,1)0
£3= (7) + (7,78 + (0,7)8?

£3 = (~1) + (0,0,-1)6

™
. +Fw
4

(7) + (-7,28,-7)6 + (0,0,7)6%
2§ = (-1) + (0,-2)8 + (0,0,-1)0
1§ = (-242) + (0y-2,2)8

L% = (-4,4) + (0,-6,8,-2)0

$}.o= (-2,2) + (0,-6,10,-4)0

[ne]
1ON
)

(0) + (0,-2,4,-2)9.



115

The set_{EL} of equation §.6.2 are:

4
il

E3 = (0)

E§ = (0)

Ey = (2)

Es = (4)

E} = (2)

™
|

+

+

(0) + (~1,1)6 + (-1,1)6°?

(1,-1)6 + (0,1,-1)62

(=7,7)8 + (-14,14)6% + (-7,7)6°
(4,0,2)6 + (2,0,4)6% + (0,0,2)8°3
(8,0,4)6 + (4,0,8)6% + (0,0,4)0°7
cé,o,éﬁe + (2,0,4)62 + (o,o,z)é3

(2,4)0 + (0,4,2)8% + (0,0,2)6°.

and the set {Zi} are:

(1) + (1,1)8 + (Q,1)62

£} = (-1) + (-1,0,-1)0 + (0,0,~1)0>

£} = (~1) + (0,-2)6 + (0,0,-1)6?2

T o= (7) + (14,7)6 + (7,14)8% + (0,7)0°3

N

3= (7} + (0,28,-7)8 + (-7;28)92 + (0,0,7)8°

L4 = (=5) + (=5,-10)8 + (0,-10,-5)82 + (0,0,-5)0°

L} = (=2,2) + (-2,0,2)0 + (0,-2,2)8°

L = (-4,4) + (-4,~2,8,-2)8 + (0,-6,8,-2)6°"
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13 = (-2,2) + (~2,74,10,-4)8 + (0,76,10,-4) 6"

Eio = (0) + (0,72,4,-2)8 + (0,-2,4,-2)6".



The coefficients‘{ai} of equation 7.2.17 are:

n-

N

APPENDTIX

by defining

L N(x)

Q(x)

D(x)

We

e

‘ én1p2
1 + Am ST
ol
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1 - atm et
= oAm m——
o n 14
(oMo ]

It

O2w2N2 + . n 2°
SN

it

can then write;.

1

*.wgzNandD

e 2
Gno-QD

EWwe 2N%p D
6N TPy

and,

B

" The coeffigientsv{bi} of equation 7.2.18 can be simplified
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b, =-€anonD ,
b, 5 - b, /o
b
bg =5
g
b, zabq
‘ g
b ="’§b3
L LY
b, = - 2edm -'n_?D
p_? O -
o}
P1P2
b,, # ZgAquN v nOD
. (@] ;
o P10, n,h,
b,, = = 2Am 32<€2m1m2‘3-?'302 + wo N =—)D, and
o Q. 12
2
Sng P1P2
= Q 2 : a
by, = 24m 5 (e“wom,m,N 57T T D n;n,)D.
o _ o 12

We define the further}twd relations to simplify the
cogfficients of equation 7.2.19:

n

P(x) = a +.Am =2
pO
M({x) = 2N(x) - 1.

The coefficient set {CL} can now be written as:

n 2

c, = - wozém Q0 ——1D




L O, 02 2. 2
= S(w°e"NP.+ an_“)D
W
c, = - £9 Amo2Nn D
2 o)
A Am 2
CM = - e z—v _on D
Cy
Cs = = o~
C:G ""6,'—
C = I¢
7 ) g 4
o = - gc
8 g 3
c, = - emlmzsg(wzo?NM»+ n 2)D
o -
PP,
G, = - €0wAm? ———='n_2D
. os o

11 2

p,p n . 2 n
c,, = E:ZAm2 > (w202AmAp —25N + n_2) + 29 an22-.n n ]D
o] . o] e o] 1772
o) o] 12 e

: p,p,n_3 on

o 2 2 o _ O/, .2, 2 _ 2

c,, = [e wom,m,Am R D;z(c Ww'N +n )]D..
o

The coefficient set {di} of equation 7.2.20 are obtainable

from the set'{ai}, if we define

X 2 =,
emlhy
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and write

d, = X%a,
d, = Xaz.
d, = Xa,
d; = X"a,.

Similarly, the coefficient set {eL} 6f,eqﬁation 7.2.21 can

be expressed as:

e; =.Xb,

e, = Xb,

e; = X2b3

e, ¥ Xzbn

es; = Xbg - %
e, = Xb,

e, = Xéb7



‘e, = X°b

Xb

(]
||

€140 =‘Xb10

. ov2
€13 f.x by,
12

12

Finally, the set {fi} can be;written as:

£, = Xc,
£, = Xc,
£, = ch3
£, =.X2ck
f5 = XCg
£q =‘Xcs
f7 = X2c7
f, 4; che

!l
b
Q

0 10
11

12
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