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SYNOPSIS

Many results in operator theory for example some perturbation
results, are at present known only in the Banach space case. The aim of
this work is to provide a natural generalisation of such results by
considering operator ranges {(the image of a bounded operator
defined everywhere on a Banach space) as well as investigating and
characterizing some of the properties of operator ranges. For the sake
of generality we will for the most part be considering unbounded or
closed linear operators instead of continuous everywhere defined linear
operators. We will not be attempting to give exhaustive coverage of
unbounded linear operators but will try to give some insight into the
use of operator range techniques in the theory of unbounded linear
operators. The first chapter will be aimed mainly at defining and
introducing concepts used in later chapters. In the second chapter we
turn our attention to the conjugate of a linear operator whilst also
briefly looking at projections in an operator range. Chapter three is
concerned mainly with investigating and characterizing the closed range
property of linear operators whereas in the first part of chapter four
we will be proving some fairly well known results on compact, precompact
and strictly singular operators to be used in chaptler five. 1In the
second half of chapter four we will investigate the relationship between
weakly compact operators and pre-reflexive spaces. Chapter five will be
dealing with perturbation of semi-Fredholm operators by first of all
continuous and then by strictly singular operators. We close with a
discussion of the instability of non-semi-Fredholm operators under‘compact

and a-compact perturbations.
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CHAPTER 1

INTRODUCTION

Before defining and exploring the concept of operator ranges we
first develop the concept of normed spaces, Banach spaces and that of
linear operators. From these the definition of operator ranges will
follow naturally; after which we will briefly explore the properties of
operator ranges, before turningour attention to the closed graph and
open mapping theorems. These we will generalise (partially) to operator
ranges. The remainder of the chapter contains an account of dual spaces

and of reflexive and prereflexive spaces.

I.1 Normed Spaces

I.1.1 Definition (vector space).

A vector space X over a field K 1is a set admitting two algebraic
operations, vector addition (with any two elements x,y of X there
corresponds an element x + y of X which is called the sum of x and
y ) and scalar multiplication (with any element x of X and A of
K we can associate a vector Ax € X called the product of A and x ),

such that the following properties hold :
(1) Xx+ty=y+x
(2) x+ (y+2z)=(x+y)+z
(3) there is a zero element in X , denoted by O , such that for all
x€X, 0+x=x
(4) for each x € X there is an element -x € X such that
X+ (-x) = 0

(we write x -y for x + (-y))



(5)
(6)
(7)
(8)

where

[.1.2

(1)

(ii)

[.1.3

(1)

(ii)

(A)x = A{(ux)

(A + Wx = Ax + px
Ax + y) = Ax + Ay
l.x = x

Remark.
From the definition it follows that the zero element of X is
unique and for each x € X , the element -x € X is unique. It is
easy to show that

0.x

0 and (-1)x = -x for all x € X

and A.0=0 for all X €K .

K is called the scalar field of X and X 1is called a real or
complex vector space, depending on whether the scalar field K of

X 1is the field of real or complex numbers.

Examples.

Space r" , i.e. the set of all n-tuples of real numbers, written
X = (Xl’ x2, ooy xn) Y = (yl, y2, ceey yn) , etc. is a real
vector space with the two algebraic operations defined in the usual

way,

x+y (x1+y1, X2+y21 LA 4 xn+yn)

ox = (ox,, Ox ox ) € IR .
1 n

21 s ooy
The space Cn consisting of all n-tuples of complex numbers,
written x = (xl, Xt eeey xn) , Y = (yl, Yor «ees yn) , etc. is a

complex vector space with algebraic operations defined as in the

previous example where now a €C .



1.1.4 Definition (Normed Space).

Let X be a vector space over the field of real or complex numbers .

A normon X , denoted by ! I , is a real-valued function on X such
that the following properties hold for all x € X and scalars o :

(1) Ixll 2 0 for all x € X

(2) x #0 =2lxll # 0

(3)  loxil = lal lixl

1) Nx + yl<lxll + Iyl (triangle inequality).

The vector space X , together with a norm on X , is called a normed
space or a normed linear space. We will sometimes denote a normed space

together with its norm as (X, ).

Throughout this work X, Y, Z, ... will denote infinite dimensional

normed spaces unless stated otherwise,.

1.1.5 Definition (B, (x,r), U_(x,r), S (r)).
X X X
Let X be a metric space and r a positive number,
We define the set Bx(x,r) = {y € X | d(x,y) <r} to be the closed

r-ball about x € X .

Ux(x,r) = {y €x | d(x,y) <r} will be called the open r-ball about

x €X .,

For x = 0 we will sometimes use the notation Bx(r) and Ux(r) and
refer to the closed- or open r-ball . When x =0 and r = 1 we will

sometimes just refer to the closed (BX) or open ball (UX) .
Sx(r) will be used to denote the set Sx(r) = {y €x I d(o,y) = r}

and will be referred to as the r-sphere of X .



1.1.6 Definition (Subspace, span).

Let X be an arbitrary vector space. Y ©€ X is defined to be a subspace
of X if for all Yir Y, €Y and o,B € X, ay1 + By2 €Y.
For M a subset of X , the span of M written sp(M)

, is the

subspace consisting of all linear combinations of elements of M

[.2 Banach Spaces

[.2.1 Definition (completeness, Cauchy and convergent sequences).

Let {xn} be a sequence contained in the normed linear space X .
We define {xn} to be a Cauchy sequence if for every € > 0 there
exists a positive integer N such that

= - xn" < € whenever n,m >N .
We say that {xn} is convergent if there is an element x in X such
that for every € > 0 there exists N for which

"xn -xll <€ when n=2N,
We will use the notation x = X to indicate that {xn} converges to
x € X . The space X 1is said to be complete if every Cauchy sequence

is convergent. A complete normed linear space is called a Banach space.

[.2.2 Examples.

(i) ®R" and c”
(i1) 2 (W) 1 <p <+

By definition each element in the space 2p is a sequence

x = (A) = (A, A, ...) such that
i 1 2

Ixll = ( of lxi|p>1{g< w

i=1



(iii) &, ,0N). The elements of £, are all bounded sequences, i.e.

sequences X = (kl, kz, ...) such that sup lkil < oo Let
iEWN
ixf = sup llil
i€l

For proofs of the completeness of the above spaces and of some of

their basic properties see for example Kreyszig (16].

1.2.3 Proposition [16],

Let M be a nonempty subset of a metric space (X,d) . Then x €M

1ff there exists a sequence '{xn} in M such that {xn} converges to x.

Proof: Let x EM . If x €M the result is obvious. If x € MNM,
X 1is a point of accumulation of M . Hence for each n=1, 2, ... the
1

ball U_(x,-) contains an x € M and {x} converges to x since i

X n n n n
converges to 0 as n increases.

Conversely if {xn} is in M and {xn} converges to x then
either x € M or x 1is obviously a point of accumulation of M and

thus x € M . a

[.2.4 Corollary. A subspace M of a complete metric space (X,d)

(and thus also of a Banach space) is complete iff M <is closed in X .

Proof: Follows from I.2.3 and the fact that a convergent sequence

will have a unique limit. o



1.2.5 Definition (X/M).

Let M be a closed subspace of a normed space X . Define an equivalence
relation R on X by xRy if X -y €M ., Let X/M denote the
corresponding set of equivalence classes and let [x] denote the set of
elements equivalent to x . Thus

[x] ={x+m | m€EM}=x+M.

Vector addition and scalar multiplication on X/M are defined by

[x] + [y] = [x + y]
alx] = [ax] .
Define a norm on X/M by
HxIl = inf Nx - mll = a(x,m)
m€ M

where d{(x,M) is the distance from x to M . It is easy to verify
that X/M 1is a normed space. M is required to be closed so that

NxIl=0 implies [x] = [0] .

1.2.6 Theorem [11], If x s a Banach space and M 1is a closed

subspace of X , then X/M 1s a Banach space.

Proof: Let {[xn]} be a Cauchy sequence in X/M . There exists a

subsequence ‘{[yn]} of {[xn]} such that

n

It - < 2™ <
[Yn+1] [yn] 2 1 €n .
Hence, since "[yn+1] - [yn]" = "[yn+1 - yn]" = 12? "Yn+1 -y, - mll
mtM
we may choose A € [yn] such that
-n
- < <
||vn+1 vn" 2 1 <n.
The sequence {vn} is Cauchy sequence, since
- < - + - + ..+ -
"vn+i vnll\.an+1 vn" "vn+2 vn+1“ "vn+i vn+i—1"
v . -n- -n+
< z 2 ko 2™ 1, 0 as n 7™,

=0



Thus since X 1is a Banach space, there exists a v € X such that

v = v . But
n

— -_ — = 1 — -— < —
H[vn] (vl Il[vn v]li inf l|v v - mll an vl .
meE M

Thus [vn] .converges to [v] in X/M . Since {[vn]} = {[yn]} is a

subsequence of the Cauchy sequence {[xn]} , {[xn]} also converges

to [v] . Hence X/M is complete.

1.2.7 Definition. (Infinite series, convergence, absolute convergence).

We say that an infinite series

He~14g

Xy of elements Xy in a normed

i=1

space X converges in X 1if there exists an x € X such that

n o
s_ = 2 X, converges to x . We write x = 2 X, .
n L7 b7
i=1 i=1
The series converges absolutely if ) Hxiﬂ <o,
i=1
1.2.8 Theorem [11]. A normed linear space X 18 complete if and

only if every series in X which converges absolutely also converges in

X .
«
Proof: Suppose X is complete and ) "xi" <@, X € X . For
n i=1"
s, = 'z X g
i=1
n+k n+k
Il's ~sll=017§ xI< § x>0 as n~oe.
n+k n , i . i
i=n+1 1=n+1

Thus {sn} is a Cauchy sequence and therefore converges in the space
X . Conversely, assume absolute convergence implies convergence. Let
{yn} be a Cauchy sequence in X . There exists a subsequence {xn} of

{Yn} such that

A
-

-k
"xk+1 - xkn < 2 1



Now
= + . . e - <
Xy X, (x2 xl) + . + (xk xk—l) 25k

and

[oe] [oe] 1

- < R

'Z Ix, = %1 < 'Z 2 1.

i=1 i=1
Thus, by hypothesis, the sequence of partial sums x, - x converges in

k 1

X , or equivalently the sequence {xk} converges to some x € X . Since
{xk} is a subsequence of the Cauchy sequence '{yk} , it is easy to see

that {yk} also converges to x . Hence X is complete. o

[.3 Linear Operators

[.3.1 Definition (l1inear operators).

Let X and Y be vector spaces over the same field of scalars. An
operator T with domain X and range in Y is called liZnear if for all
x and z in X and all scalars & and B ,

T(Gx + Bz) = oTx + BTz .

We will sometimes refer to T as a map instead of an operator.

We will use the following notations :
D(T) denotes the domain of T
R(T) denotes the range of T
N(T) denotes the subspace {x € D(T) | Tx = 0}
- N(T) 1is called the null space or kernel of T .

We will sometimes refer to R(T) as the image or map of D(T).

We will denote the set of all linear operators with domain

contained in the normed space X and range contained in the

normed space Y by L{(X,Y) . We write L[X,Y] if D(T) = X for all



T € L(X,Y). T refers to a non-zero element of L(X,Y) unless stated

otherwise.

[.3.2 Definition (injective, surjective, bounded),

A linear operator T 1is called 1-1 or injective if distinct elements
in D(T) are mapped onto distinct elements in R(T) . Since a linear

operator has the property TO =0, T is 1-1 iff N(T) = {o} .

T is called onto or surjective if R(T) =Y . If X and Y are
normed spaces, T € L(X,Y) is defined to be bounded on its domain if
there exists a positive number M such that

Nrx!l < Ml x| for all x € D(T) .
We will denote the set of all such operators by B(X,Y).
We shall use BIX,¥Y] to denote the linear space of all bounded everywhere
defined linear operators from the normed space X into the normed space

Y , with norm defined as follows:

It = sup HTxll = sup T
Fxll=1 x#0 F

For X =Y we will use B[X] instead of BIX,Xx]. (In general we will

let llTll = sup {llTxll: x € pD(T), IIxll = 1} for T € B(X,Y) .)

[.3.3 Theorem [11]. Let T € L(X,Y) . The following statements are
equivalent:

(i) T <s continuous at a point in DI(T) .

(t2) T <Zs uniformly continuous on DI(T) .

(222) T s bounded on its domain; i.e., there exists a number M such

that for all =x € D(T)

Nrxll < Mixil .
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Proof:

(i) implies (ii). Suppose T 1is continuous at X € D(T) .
Given € > 0 , there exists a O = 6(e) such that
(1) Irx - Tx Il < € if fx - x Il < 6 .
Let u be any point in D(T) . Then for llu - vll < 6 it follows from
(1) and the additivity of T that

v - Tull = "Tx0 -7 (xO +u-v)ll <e v € D(T) .

Hence (ii) is proved.

(ii) implies (iii). The continuity of T at O implies the
existence of a 6 > 0 such that

Tzl = Iz - Toll < 1 lzlI<é

Thus, for x # 0 in D(T) , & = lI6x/ixllll , and therefore

> (6x - Sl rx |l
v (P - S
Hence IlIrxIl < 6_1 fxl for all x € D(T) .
(iii) implies (i). The ‘inequality lITx - Tzll < Mlx - zll for

X,z € D(T) implies (i).

We adopt the following convention: We refer to the elements of

B(X,Y) as continuous operators and the elements of Bl[X,Y] as bounded

operators. .

I.3.4 Theorem. If Y s a Banach space then BIX,Y] s a Banach
space.

Proof: Suppose Y 1is complete and let ‘{Tn} be a Cauchy sequence

in B[x,Y]. Given € > 0 , there exists a positive integer N such

that

vV
=

Il -7l <€ m,n
m n



For all x € X and m,n 2 N we thus obtain
(1) lr x ~Txll <liltr -1 Il lixll < elxlt .
m n m n
It is easy to see that this will imply that {Tnx} is a Cauchy sequence
in Y . By the completeness of Y , Tnx -y €Y ., Thus for each
x € X , there exists y € Y such that T X ?y . Hence we can define
a linear operator by letting Tx = 1lim T x for each x € X . It remains
n—bmn
to be verified that T € B[X,Y] and that Tn - T . Since {Tn} converges
pointwise to T , it follows from (1), after fixing n = N and letting
m > % , that for all x € X
(2) Ilrx =7 xll = ¢ =7 )yxl <ellxll .
n n
Hence T - Tn is bounded and thus so is
T=(-T)+T , i.e. T € BIx,v] .
n n
It follows from (2) that

hr ~ Tn" = sup llrx -7 xll<e if n=2N
fxil=1
Thus T -~ T in Blx,v] . o

I1.3.5 Definition (inverse).

Let T be an injective linear operator with D(T) €« X and R(T) Y ,

1

X and Y normed linear spaces. The inverse of T , written T = ,

is the map from subspace R(T) into X given by T-l(Tx) =x . It is

clear that T—1 is linear.

For a function £ which is not necessarily 1-1 , f—l(B) will

denote the set {x | f(x) € B} .

T—1 will not be assumed continuous unless specifically stated.
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[1.3.6 Theorem [11]. Let T € L(X,Y) . Then vl exists and is
continuous iLff there is an m > 0 such that

lrxil = mlxll (x € D(T)).

Proof: Suppose HITxll 2 nllxll for all x € D(T) . Then x # 0

implies Tx # 0 . Hence T is 1-1 . Since

I lrxll = Wl < m~tirxll
’I'_1 is bounded on R(T) and therefore continuous. On the other hand, if T_1
is continuous, then

Ixl = N~ el <Ml rxll x € X
The theorem follows upon taking m = 1/"T—1H . o

A bounded linear operator with a continuous inverse has some very

special properties. We make the following definition.

1.3.7 Definition (isomorphism),

A linear operator mapping a normed space into a normed space is called
an isomorphism if it is continuous and has a continuous inverse.
The normed spaces X and Y are said to be igomorphic if

there exists an isomorphism mapping X onto Y . We write X =y .

We immediately note the following result.

[.3.8 Proposition [11]. If the normed space Y <is tsomorphic to a

Banach space, then Y 1is also a Banach space.
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Proof: Let T be an isomorphism from the Banach space X onto Y .
X -1 .
Suppose {yn} is a Cauchy sequence in Y. Since T is bounded,
-1 -1 -1
Il - < le "l -y .
T ¥n T n T ¥n n
Hence {T—lyn} is also a Cauchy sequence and therefore converges to

-1
some x € X . By the continuity of T , vy, = T Y, -+ Tx . Therefore

Y 1is complete. o

1.3.9 Definition (X x Y).

Let X and Y be normed spaces. X x Y is defined as being the normed
space of all ordered pairs (x,y), X € X, vy € Y , with vector addition
and scalar multiplication defined as follows :

a(xg,y,) + Bixy,y,) = (ox, + Bx,, ay, + By,)
for Xy x2 € X , and Yy v, € Y and all scalars o , B . We define
anormon X x Y as follows :

hx, )t = Ixll + Iyl .

1.3.10 Remark. The norm WM (x,y) = max {lIxll , Iyl }  Qefines the

same topology on X x Y . (See KreYszig (161, p.75.)

[.3.11 Definition (Graph, closed operators) .

The graph G(T) of T € L(X,Y) is the set {(x,Tx) | x € D(T)}
Since T 1is linear, G(T) is a subspace of X xY .,
If the graph of T 4is closed in X x ¥ , then T is called closed.

We will denote the set of all closed operators with domain in X and

range in Y by C(X,Y) ; or by c[X,Y] in case D(T) = X .
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1.3.12 Remark [11].

(i)

(ii)
(1ii)
(iv)

(v)

T is closed if and only if {xn} in D(T) , X > x , Txn - v,
imply x € D(T) and Tx =y .

If T is 1-1 and closed, then T_1 is closed.

The null space of a closed operator is closed.

If D(T) 1is closed and T is continuous, then T is closed.

The continuity of T does not necessarily imply that T is
closed. Conversely, T closed does not necessarily imply that
T is continuous. This statement can be verified by the following

examples.

1.3.13 Example.

(1)

(ii)

Let X = Y be an arbitrary infinite dimensional normed space.

Let M be an arbitrary proper dense subspace of X . We define

an operator T € L(X,Y) by D(T) =M and Tm=m (Vm € M) .

T is obviously continuous, but not closed.

[11]1. et x =Y = c([0,1]) be the space of all functions which
continuously map the closed interval I = [0,1] into the set of
scalars. Let C1([0,1]) be the subspace of X consisting of the
functions with continuous first derivatives. Define the linear
differential operator T mapping Cl([O,l]) into Y by

(Tx) (£) = x*(8), t € [0,1] , x € ¢ ([0,1]) .

T is closed : Let X X, Txn -y ({xn} c Cl([O,l])).

Then {xn} converges uniformly to x and {xﬂ} converges
uniformly to y on [0,1] . It follows from taking antiderivatives
of xé and y that x € Cl([O,l]) and that Tx = x' =y on

[0,1] . Thus T is closed. However T 1is unbounded, since the
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sequence ‘{yn(t)} = {t™ ({yn} < Cl([0,1])) has the properties

"Tyn" = n and "yn" = 1.

We saw in I.3.12 that T continuous = T closed if D(T) is closed.
The question now arises: When does T closed = T continuous?
We give the following three well known results which we will state
without proof. Two of these will however later be generalised to

operator ranges.

1.3.14 Definition (Open map).

An operator T 1is called open if T maps open sets onto open sets.

(If T 1-1, T open = T_1 continuous by definition of continuity.)

1.3.15 Definition (interior point, rare, meagre, non-meagre)-

We define an element x of a subset M of X to be an Znterior point
of M if for some r > 0 , UX(x,r) M.

We say that M is rare in X if its closure M has no interior

points.

[+-]
The set M 1is said to be meagre in X if M = Ay where Ay is rare

k1

in X for each k=21 .

If M is not meagre in X we refer to M as being non-meagre.

We note that some authors use the terminology nowhere dense, of the
first category and of the second category instead of rare, meagre and

non-meagre respectively.
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1.3.16 Theorem [11] (0pen mapping theorem).

Let T €clx,y]l . If x is complete, Y non-meagre and T surjective,

then T is open.

We note the following:

1.3.17 Theorem [16](Baire's category theorem).

If a metric space is complete, it is non-meagre.

1.3.18 Theorem [11] (closed graph theorem).

Let T €c(X,Y) . If X and Y are complete and D(T) is closed in X,

then T 18 continuous.

The next three theorems will be needed in subsequent chapters.

1.3.19 Theorem [11] (Uniform boundedness principle or the Banach-Steinhaus

theorem) .

Let X be complete and F a subset of BIX,Y] such that for each x € X,

sup ITrxll < o . Then sup ITll < o
TEF TEF

Note that if N(T) 1is closed for T € L(X,Y) , X/N(T) will be a
normed space and T thus induces an injective operator T € L(X/N(T),Y)

where T[x] = Tx for each x € D(T).
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1.3.20 Theorem [11). Let T €L(X,Y) with N(T) closed. Then
() T <¢ closed iff T 1is closed

(iZ) T is continuous iff T is continuous; in which case Tl = lTl .

Proof:

(1) Let T be closed. Suppose [xn] - [x] , [xn] € D(T)/N(T) , and
T[xn] - vy . Then there exists a sequence v € N(T) such that
X - v _=>Xx . Since T(x -v ) = %[x ] -y and T 1is closed,

n n n n n

X is in D(T) and Tx =y . Thus [x] € D(T) ' i[x] =y and

T is closed. Conversely, let % be closed. Suppose X =X
and TX 2y . Then [Xn] -» [x] and T[Xn] =Tx -y . Hence
[x] € D(T) and T[x] = y , i.e. X €D(T) and Tx =y .
Therefore T 1is closed.

(ii) Suppose T is continuous. Then for each x € D(T)

frlx)l= Nzl < TNz z € [x] .

Hence

BTlxIN<I7ll ing Nz
z€[x]

il [x]0.

-~

Thus ITI<ITH . Conversely, if T is continuous, then

Il = ITlx1 < TN [xJ0<NTUN .

Therefore IITI < Tl . Thus we obtain |T| = ||T|. o
We now define a very special kind of operator.

1.3.21 Definition (projection).

Let M be a subspace of X . An operator P € LIx,v] is called a
projection of X onto M if P is a linear map of X onto M such

that P2(=PP) = P . (Our projections need not be bounded, unlike e.g.[11].)
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1.3.22 Remark. It follows easily that P closed implies M closed.

As an application of the closed graph theorem we give the following

result.

1.3.23 Theorem [11]. Let M be a closed subspace of a Banach space X
There exists a bounded projection from X onto M <f and only if there
exists a closed subspace N of X such that X =Me N (M N N = {0}
and X =M+ N) . In this case, there exists a c > 0 such that

Im + nll 2 dim |l mEM, n€EN.,.

Proof: Suppose P 1is a projection from X onto M . Let N = N(P).
Since P 1is bounded, N is closed. Furthermore, N N M = {0} , since
vENMNM implies v = Pv = 0. Since any x € X may be written

X =Px + (x -Px) and x - Px is in N, X =M + N.

Conversely, suppose N satisfies the hypotheses of the theorem.
Then each x € X can be uniquely written as follows

X =m+n mEN, n€EN.

Define the operator P from X onto M by P(m + n) = m . Clearly,

. . 2 .
P is linear and P =P . P 1is closed: Suppose

+ .
Xy my n > X m EM, n, €EN

Pr =m >y.
Since M is closed, y € M . Therefore y = Py and nk > x "Yy.

Since N 1is also closed, x -y € N, Hence 0 = P(x - y)

Px -y .
Thus P 1is closed. By the closed-graph theorem, P is bounded and

IPlim + nll Z1P(m + n)ll = Hmll mEM, n€EN. o
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1.4 Operator Ranges

1.4.1 Definition (Operator Ranges)-

A normed space R 1is called an operator range if it is the image of a

bounded injective operator defined everywhere on a Banach space R We

L
will call R, the pre-image space of R . In general if X 1is an operator

range we will denote its pre-image space by X, . We will denote the operator

1

mapping R1 onto R by aR and the inverse of aR by BR . In

general if l.ll is the norm on R , then H."l'will be used to denote

the norm on R1 .

1.4.2 Remark.

It follows easily that GR and BR are injective, surjective, everywhere

defined, (G.e. D(GR) = R1 and D(BR) = R ) and closed with oo bounded

and BR open.

Note that the injectivity condition in Definition I.4.1 is not too
restrictive since if Y was the image of a bounded linear operator T ,
with D(T) a Banach space, say X , we could consider the injective

operator T which is bounded by I.3.20 with D(f) = X/N(T), a Banach space

by 1.2.6. Therefore Y is an operator range with Y1 = X/N(T)

We will refer to injective surjective operators as being bijective.

1.4.3 Remark.

Operator ranges need not be complete. Consider the natural injection

IE€ B[Zl, 2.1 of %, into &

5 1 5 * I is bounded: Let
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X =(Y11 Y21 cen) € 21

HIxHé = Y ‘Yi|2 < sup ‘Yj| ( X |Yi|)
i=1 jEIN i=1

<.V 2 2
('2 |YJ) = Hle .
i=1

R(I) 1is dense but not complete in 22 since, by the open mapping theorem,

that would imply 21 = 22 , an obvious contradiction.

I.4.4 Proposition. The following are equivalent :

() X s an operator range.

(iZ) There exist a stronger norm W.l on X such that x, M) Zs a

Banach space and xll = Hxll  for every x € x .
Proof': Assume X to be an operator range.
Renorm X with lxll = x|l + "Bxxll1 for x € X . Suppose {xn}

is a Cauchy sequence in (X,ll.lll) . since lxll = "Bxx"1 for every
x €x, {Bxxn} is Cauchy and thus convergent in the pre-image
. : -
space X, . Thus there exists Bxxo in X, s.t. Bxxn Bxxo .
i o - i -
Since O  is bounded , x = x, in (x,ldly . Thus X X,
in  (x,M0.h .

Now (ii) obviously implies (i) since the identity map from (x,M.I)

onto (X,lIl)  is bounded. .

We note the following two resultsdue to R W'Cross [04).

I1.4.5 Proposition. Let R be a subspace of a Banach space Y . The

following are equivalent :
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(¢) R 18 an operator range;
(i2) R is the domain of an operator T € C(Y,X) where X s complete;
(ii2) there s a norm WM on R such that (R,M.Nl) <Zs a Banach

space and WXl =2 llxh for r € R .

Proof: Suppose R is a subspace of a Banach space Y . The
equivalence of (i) and (iii) is immediate from Proposition I.4.4.
Suppose (i) holds. By definition BR satisfies (ii). Next assume
that (ii) holds and let T € C(Y,X) with D(T) =R . Renorm R as
follows ;
iyl = Nyl + iyl for y € R .

Let {yn} be a Cauchy sequence in (R,l.ll) . It follows that {yn}
and _{Tyn} are Cauchy, and thus convergent sequences in Banach spaces
Y and X respectively. Suppose

Y, =y in Y and Tyn - x in X .
From the fact that T is closed it follows that y € R and Ty = x .
Thus by definition of H.M , y,? vy in (R, M. ), establishing the

completeness of (R, Wl ).

[.4.6 Proposition. Let E and F be operator ranges in a Banach

space X . Then E+ F and E N F are operator ranges.

Proof: Suppose E and F are operator ranges contained in a
Banach space X . It is an easily verified fact that for Banach spaces

E1 and F1 , the space E1 x F1 is also complete. Let

T € B[E1 x Fl'X] be defined by

T(x,y) = 0 _x + oLy where x € El' y €EF

E 1°
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It now follows that E + F is an operator range with pre-image
space E1 x Fl/N(T) and GE+F =T . By Proposition I.4.5 there exist
stronger norms ”'"E and "'"F such that (EJL"E) amd (F,W'F) are

complete. We now define the stronger norm MMl , on ENF as

follows
Mzl = llzIIE + IlzllF for z EENF .

It is easily verified that (E N F,Hll.ll) is complete, thus establishing

the fact that E N F is an operator range.

[1.4.7 Proposition. Let T € C(X,Y) .

() If X 1is an operator range, Ta, € c(X,Y).

(22) If Y <s an operator range, BYT € C(x,¥,).

Proof:

(1) This is a consequence of the easily verified fact that for any
bounded operator A € B[Z,X] , the operator TA is closed.
(ii) Assume T € C(X,Y) and Y an operator range. By I.3.20 and

-~

I.3.12, T and thus T © , is closed. By (i) i‘_laY is
closed and thus by I.3.20 and I.3.12 BY% = (BYT)“ and thus

BYT is closed.

1.4.8 Proposition. Let x be an operator range. The pre-image space
Xy 18 unique up to an Tsomorphism.

Proof: Suppose X has another pre-image space, say Xy 1 besides
X1 . Let T be the injective bounded operator mapping X1 onto X

i.e. T = ax , and let U be the injective closed operator mapping X

onto XO . By 1.4.7 S = UT is closed and injective. From the closed
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graph and open mapping theorems it now follows that S is an isomorphism
between X1 and XO . o
We now give a generalisation of the closed graph and open mapping

theorems.

1.4.9 Proposition (generalised closed graph theorem).

Let T € C(X,Y) with D(T) closed in the Banach space X and Y an

operator range. Then T € B(X,Y) .

Proof: Let T € C(X,Y) with D(T) closed, X a Banach space and
Y an operator range. Then by I.4.7, BYT € C(X,Yi with D(T) = D(BYT)
and Y1 obviously complete. Then by I.3.18, BYT is continuous.

Since aY is bounded, T = GY(BYT) is continuous. o

1.4.10 Proposition (generalised open mapping theorem).

Let T € clx,¥]. If X s an operator range, Y non-meagre and T

surjective, then T s open.

Proof: Let T € Cc[X,Y] with X an operator range, Y non-meagre

and T surjective. By 1I.4.7 O, € C[Xl,Y] with R(T) = R(Tax) =Y

Therefore by I.3.16, Ta is open and thus, since BX is open by

X
definition, T = (TGX)BX is open. D
1.4.11 Corollary. An operator range X is non-meagre iff X 18

complete.
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Proof: Suppose X 1is a non-meagre operator range. Consider the

bounded surjective map GX € C[Xl,X] . By I.4.10 GX is open and BX = 0;1

is thus bounded. Thus X = X1 implying, by I.3.8 that X is complete.

The converse follows from I.3.17. a

[.4.12 Definition (restriction, quotient map).

If T is an operator from X into Y and M is a subspace of X ,
we will call the operator Thd defined by Th}m) = T(m) for all m €M

the restriction of T to M , denoted by TlM .

Suppose M 1is a closed subspace of X . We define the quotient map

Ty to be the operator mapping x € X onto [x] € x/M . Since

Ixll = 0[xlI for all x € x , m, is bounded.

1.4.13 Proposition. Let M be a closed subspace of an operator
range X . Then
(Z) M s an operator range

(Z2) X/M  is an operator range.

Proof: Consider BX € C[X,Xl] . By I.4.2, B, is open and thus

X

maps the open set X~ M onto the open set Xl\M1 where M1 = BXM .

Thus M1 is closed in X1 and therefore complete. Consequently M is

an operator range with GM = aX'M and pre-image space M
1

Since M1 is closed, Xl/Ml is a Banach space by I.2.6. Notice that

1 proving (i).

“MGX is a bounded operator mapping X1 onto X/M with N(HMGX) = M1 .

Th - -~ . .
us GX/M (nMGX) is a bounded injective operator from Xl/Ml onto

X/M , proving (ii). D
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I.5 Dual Spaces

These are also referred to in the literature as conjugate or adjoint

spaces.

[.5.1 Definition (bounded linear functional, dual or conjugate space).

A functional on a vector space V 1is an operator mapping V into the
space of scalars. The dual of a normed space X , denoted by X' , is
the normed space of all bounded linear functionals on X , i.e. the space
B[X,K] where K is the space of scalars. Since both IR and € are

complete (see I.2.2) it follows trivially from I.3.4 that X' 1is a

Banach space.

1.5.2 Lemma [11]. Let M be a dense subspace of X . If T € B(X,Y)
with D(T) =M and Y a Banach space, then there exists a unique

operator T € B[X,Y] , which we will call the extension of T , such

that fIM T and Tl =Tl
Proof: Suppose T € B(X,Y) 4is defined as above. Then it follows by
I.2.3 that for any x € X , there exists a sequence {xn} in M such
that x - x . Since T is continuous, {Txn} is a Cauchy sequence
in Y . Since Y is complete, Txn -y for some y €Y . Let
Tx = Yy . To show that T is well defined we suppose that there exists
another sequence {zn} in M , such that z X and as before
Tzn - w for some w€Y, i.e. Tx = w . Consider

lrx -7z I <HTllix -2z Il .

n m n m

As m,n - o we obtain

ly - whh <ldlhix -l =0 .
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Therefore y = w .

Now
ITxll = lim lox I < Tl 1im Iix I = 0Tl Nxl .
n—o n n—o n
Hence [TI<ITH . However since McXx , ITI = sup {ITxll: x € x ,Ixll =
> sup {ltxll: x €M, Il = 1} = ITl . Thus we obtain 0TI = Tl .

1.5.3 Definition (isometry).,

If I 1is an isomorphism between X and Y , we say that I 1is an

tsometry if x|l = llixll for each x € X . X and Y are called
isometric.
1.5.4 Proposition. If M s a dense subspace of X , M' s

isometric to X' .

Proof: Suppose M is a dense subspace of X . Let m' € M' = B[M,K]
where K 1is the Banach space of scalars. By Lemma I.5.2 it follows that
there exists a unique bounded extension m' of m' , to all of X such
that m' € X' and Hm'll =llm'l . Let I be the map which takes each
m' € M' onto its unique bounded extension in X' . Note that I is
everywhere defined on M' . From the uniqueness of the extension and the
equality of norms of say m' € M' and m' € X' ," it follows that I is
well defined and injective. We show that I is surjective. Let

x' € X' . Then Xy = x'|M € M' . Since by Lemma I.5.2 xy has a unique
bounded extension, it follows that Ix& = x' . Thus since lIm'l = llm*ll

for each m' € M' , it now follows that I is an isometry between M'

and X' . o

1}

n]



- 27 -

We state the following important theorem without proof. For a
proof the reader is referred to any of the standard references, e.q.

Simmons [20]. A proof also appears in Goldberg [11], p.17.

1.5.5 Theorem (The Hahn-Banach theorem).

Let M be a subspace of X , a real or complex vector space. Let P
be a real-valued function defined on X with the following properties:
(1) px+y) S<p(x)+ ply) for x,y €X.

(22) p(A x) = IAlp(x) for x €X , A a scalar.

If £ is a linear functional on M such that
<
I£(m) | < p(m) for m &M
then there exist a linear extension £ of f +to all of X such that

lfx)] <p(x) for x €Xx,

1.5.6 Corollary. Let f be a bounded linear functional on M g
subspace of the normed space X . Then there exists £ €x which is

an extension of £ and for which

NEN = Nen .
Proof: Let p be the function which is defined as follows ;
p(x) = llfllIxll for all x € X . Note that f and p satisfy the

conditions in I.5.5, thus proving the existence of £ . Also HEH < |I£Ell

~

by choice of p . However since f is an extension of f , NEN = N€ll .

The corollary follows.
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1.5.7 Corollary[11]. Let M be a subspace of X . Given x € X with
d = d(x,M) >0 , there exists an x' € X' such that

Ix*l=1, xm=0 for m€M, ard x'x = d(x,M) .

Proof: Let M, be the subspace spanned by x and the elements of M .

Define linear functional v' on M1 by

v'(0x + m) = od m€M.
Then v'M =0 and v'x =d . We assert that v' 1is in Mi with
lv'l =1 . For A a non-zero scalar and m € M ,
m
lxax + mll = IAllix + X“ = |xla .

Thus for all scalars A ,

lvtdx +m)l = IMla<lAxx + mll for m €M .
Hence v' € M} and flv'll < 1 . There exists a sequence {mk} in M
such that flx - mk" - d . Since

d =v'(x - mk) <Hvrlllx - rnk|| - llv'llg

it follows that llv'l 2 1 . Thus lv'll = 1 . The corollary follows

upon taking x' € X' to be an extension of v' so that lx'll = llv'll = 1.
1.5.8 Corollary [11]. Given x € x , there exists an x' € X' such
that Ix'Il =1 and x'x =lIxll . In particular, if x # y , there exists

an x' € X' such that 0 #Ilx -yl = x'x - x'y .

Proof: Take M = {0} in Corollary I.5.7. a
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[.5.9 Corollary [11]. For any x € X ,

hxll = sup {Ix'xl: x' € x* , Ix'll =1} .
Proof: For x' € sX,(1) '
(1) Ixtx] < 0x*ll x| < Hxll

By Corollary I.5.8 there exists a z' in the 1-sphere of X' such that
(2) z'x = Il .

The corollary follows from (1) and (2).

As an application of the Hahn-Banach theorem we give the converse

to I.3.4.

1.5.10 Corollary [11]. 1f BIx,v] <s complete, then Y <s complete.

Proof: Let '{yn} be a Cauchy sequence in Y . Choose X, € X such

that "xon =1. There exists an x' € X' such that x'x0 = "x0" =1

Define T € B[x,¥] by
= x! £
Tnx X (x)yn or x € X .

Now

i - xll = vx |l -y I<Uxtll -y il € X .

(T - T) Ix'x| y, ~ v IStxllly -y il for x € x

Hence T -1 I <Ux'llly -y I which implies that {T } is a cauchy

n m n m , n
sequence in B[X,Y] . Thus {Tn} converges in B[X,Y] to some
T € B[X,¥Y] . since

il -Tx =l x - 1x ISlT - Tl 1l
¥y 0 n 0 n 0 !

0

'{yn} converges to Tx0 and therefore Y is complete.
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1.5.11 Definition (natural map, reflexive space).

The linear operator JX from X into X" , defined by
(JXx)x' = x'x for all x€X , x' € X'

is called the natural map of X into its second dual X" . 3, is

obviously bounded since H(Jxx)x'H = Ix'xl<lx'Hlxl .)

If R(J,) = X" , the space X is said to be reflexive.

1.5.12 Remark.

(1) JX is an isometry between X and R(JX) . From Corollary I.5.9
we have that

"JXX" = sup |(Ix)x'l = sup Ix'x| = lixll
I x'il =1 I x*ll=1

(ii) Reflexive spaces are complete. This follows from I.3.8.

From the uniform boundedness principle we now obtain the following

proposition.

1.5.13 Proposition [11]. Suppose K <s a subset of X such that

sup Ix'k| < e for qll x' € X' .

k€K
Then
sup kil < oo,
k€x .
Proof: By considering Jy + the natural map of X into X" the

proof follows immediately from I.3.19 since

sup (I k)x'| = sup Ix'k| <o for x' € X'
k€K k€K

and since

"Jxk" = lkll for all k €K .
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1.5.14 Definition (orthogonal, orthogonal complement).

A subset K of X is said to be orthogonal to a subset F of X' if
x'k = 0 for all k €KX and x' €EF .
We define the set Kl = {x' €X': x'k = 0 for all k € XK} to be the

orthogonal complement of X .

1.5.15 Remark.

1
(i) Irrespective of K< X , K is a closed subspace of X .

e
(ii) Kl = (K) = (Kl) by continuity of the elements of X' and JXX

The following theorem will be used in subsequent chapters.

1.5.16 Theorem [11]. Let M be a subspace of x . Then

() x'/Ml 18 igometric to M' under the map U defined by
ulx'] = %y where [x'] s in x'/Ml and x) s the restriction
of x' to M,

(i2) If M s closed (so that X/M is a normed space), them (X/M)"
18 tsometric to Ml under the map Vv defined by

(vz')x = z'[x] for z' € (g?'

Proof:

(i) Note that U is well defined, since [v'] = [x'] implies
O=y'm-x'm, m€EM . Clearly U is linear with range in M' .,

Given m' € M' , there exists by Corollary I.5.6, an x' € X'

which is an extension of m'. Hence U[x'] = Xy = m' which shows

that R(U) = M' | For any y' € [x'] ,

lolx' N = "y&" <ly'll .
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Thus

(1) lulx*I < inf Ny' I =Ux* .
yelx']

On the other hand, there exists a v' € X' which is an extension

of xﬁ such that llv'll = "xﬁ" . Therefore v' is in [x'] and
(2) Hulx'W = Hxﬁ“ =lv'll 2 0Ix]0 .
By (1) and (2), lulx'Il = I[x"1I .

For z' € (x/M)' ,
J(vz')x] = lz'[x]| <z [x]1 <lz'llixl for x € X
and
(vz')m = z'[m] = z'[0] =0 for m €M .
Thus Vz' is in Ml with
(3 vzl < 1zl
Since
[z'[x]| = | (vz")y| < llvz'llllyll for y € [x],
it follows that
lz'[x]] <Uvz'll I[=]0 .
Thus
Izl < flvz'll
which, together with (3), proves that V is an isometry. Given

x' € Ml s let z' be the linear functional on X/M defined by

z'[x] = x'x . Since
[z'[x]] = Ix'y] <Ux'lyll for y € [x]

it follows that {z'[x]| S<Ux'lWlI[x]l . Hence z' is in (X/M)°'

Furthermore, Vz' = x' , proving that R(V) = Ml
P
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1.5.17 Proposition. Every normed space X 18 a dense subspace of

a Banach space.

Proof: [11]. Given X , consider R(JX) c X" . R(JX) is a closed

subspace of X" and thus complete. Let X = X U(R(JX)\~R(JX)) with

the norm and vector addition and scalar multiplication defined as in

R(JX) . o

1.5.18 Definition (completion).

We define X in the proof of I.5.17 to be the completion of X .

I.6 Finite Dimensional Normed Spaces

1.6.1 Theorem [05]. If two real (complex) normed spaces are of the same

finite dimension n , they are isomorphic.

Proof: et X be a real (complex) normed space of dimension n .

Consider Zn , the space of all real (complex) n-tuples normed by

1
= A
=il |X1| + |X2| + oo+ n| for

x = (s Ay eeus A E 2? .
Let e, e, ...y € be a basis for X . We now define I € [Q?,X]
as follows;

= A A A
I(Xlr X2' et An) 124 + 28y F oees A e for
n
(Xl, X2’ cens An) € 21 .

I is obviously, injective, surjective and linear. Since

ey +Xe, + .oo + A ell< max el (IXII + |X2| oo+ iln|) '
1<i<n
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I is bounded. It remains to show that I_1 is bounded. Define a real

valued function f on Szn (1) by
1
f((>\1, A An)) =||>\1e + >\2e + ...+ Anenll .

2’ LALER Y 4 1 2

By continuity of the norm and of I, £ is continuous on the closed and

bounded and therefore compact subset Sln(l) of Fp(cn) . Thus f
1
attains a minimum, say m , at some point y of Szn(l) . Furthermore
1

m#0 since m =0 would imply that

£(y) =II\r1e1 L PUSE S +Ynen|| =0 fory= (Y;, Yy, «eur Y ).

Thus Y,e, + Y2e + ... +t Y e 0 implying, by the linear independance

11 2 nn
of el, e2, ceay en , that Yl = Y2 = ... = Yn = 0 . An obvious
contradiction. Now for any x € Z? such that lxll = uw > 0 we have
FTi(x) = p ”I(ﬁ)ll Zym=allxl

since (50 € s (1) .
H 1

Thus, by I.3.6, X 1is isomorphic to 2? and the result follows. o

1.6.2 Corollary. All finite dimensional normed spaces are complete.
Proof: Follows from I.6.1, I.3.8 and the completeness of spaces like
lrll, Rn and (Cn . o
[1.6.3 Corollary. A finite dimemsional subspace N of X 1s complete

and therefore closed in X .

Proof: Follows immediately from I.6.2 and I.2.4. s
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We state the following lemma, often called Riesz's lemma, without

proof. For proofs refer to Diestel [05], p.2 or Kreyszig [16], p.78.

[.6.4 Lemma. Let Y be a closed subspace of X such that Y # X .
Then for any 0<06 < 1 , there ie an Xq € s,.(1) such that er - yit> 0

for every y € Y .

1.6.5 Propecsition, The normed space X 1s finite dimensional iff

each closed, bounded subset of X s compact.

Proof: "1f X is finite dimensional, it is isomorphic to ®' or c".
Since closed bounded subsets of R and € are compact and since an
isomorphism maps closed bounded sets onto closed bounded sets, compactness

of closed bounded subsets of X follows.

Suppose now X is infinite dimensional. ILet Xy € Sx(l) . By I1.6.4

there exists an x2 € Sx(l) such that
3
4
since sp(xl) is closed by I.6.3.

lx, - yli=

2 for y € sp(xl) ’

Proceeding likewise there exists X5 € Sx(l) such that
3
- >3
"x3 yil 2 for y € sp(xl,xz) .
Thus by induction there exists an infinite sequence {xn} in §.(1) such
that "xm - xn" > %- for m#n . Thus from the definition of

compactness, SX(1) is closed and bounded but not compact. o

1.6.6. Remark.
Proposition I.6.5 implies that if the closed unit ball of a normed space

X 1is compact then X 1is finite dimensional.
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1.6.7 Theorem [11]). The sum of two closed subspaces of a normed space

is closed whenever one of the subspaces is fintte—dimensional.

Proof: Let M and N be a closed subspace and a finite-dimensional
subspace, respectively, of the normed space X . We define the linear
map A from X onto X/M by Ax = [x] . sSince Waxl =[x}l < #xl,
A is continuous. Moreover, the linearity of A and the finite-

dimensionality of N imply the finite-dimensionality of AN . Hence, by

Corollary I.6.3, AN is closed and therefore AlaNn = M + N is closed.

(Note that A-1 is used in the set theoretic sense.) s

1.6.8 Definition (Kronecker delta).

We define 6ij . the Kronecker delta as follows;

6ij =1 if i=3, 6ij =0 if i # 3 .

1.6.9 Theorem [11]. There is always a bounded projection from a normed

linear space onto any one of its finite—dimensional subspaces.

Proof: Suppose M is a finite-dimensional subspace of X with basis

] [} : '
xl, x2, ey xn . Let xl, X ooy xn be elements in X such that

L}
2I
x!x, = 6,., where §,, is the Kronecker delta. The x' may be
13 1] 13 i

:r X

constructed as follows. Let Mi = gp {x ceey X

1 1-17 Xygppreeer Xpb

Since Mi is finite-dimensional and therefore closed, there exists a

v! € X' such that v'x, =X #0 and v'M, = 0 . Choose x' = l—v! .
i ivi i'i i A i

2!

n

It is easy to verify that the operator P defined by Px = z xJ!_(x)xi is
i=1

a bounded projection from X onto M .
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1.6.10 Proposition. If X 1is of dimension n <« , X' <is also of

dimension n .

Proof: let X be of dimension n < © and let eyr ey

a basis for n . It is easy to see that the functionals

ceey © be
n

xi for 1 <i<n defined by
1] =
xg (Ale1 + A2e2 + ...+ Anen) Ai
for (Ale1 + A2e2 + ...+ Anen) =x €Xx,

are linear, bounded, and form a basis for X' . Thus the dimension of

] o
X' is n . .
[.6.11 Corollary. If x 1is finite dimensional it is reflexive.
Proof: By I.6.10 if X is of dimension n , X' and thus X" is of
dimension n . Thus the natural map , Jx r 1s surjective, proving the
result.

I.7 Reflexive and Pre-Reflexive Spaces

[.7.1 Definition (pre-reflexive).

We define an operator range X to be pre-reflexive if its pre-image

space x1 is reflexive. (This definition is the author's own) .

I.7.2 Example. Consider T € B[£2,21] defined by
T({xn}) = {xn/n} for {xn} 622 .

The operator T is continuous.
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I Gx_/mll | = z |x_/n] < (Of 21°)” (E %, 1%)"

n=1 n=1 n=1

< xli{x M, where X = ( )
n 2 n=1

L2 <

The range of T 1is dense in 21 . Consider elements of 22 , Ssay
y ='{yn} , of the form

y, = 0O whenever n > K for some K EN .
These, when mapped onto 21 , form a dense subset of 21 . We can now
conclude that R(T) is a non-complete pre-reflexive space since if
R(T) = 21 we obtain the contradictory statement 22 = 21 by appealing

to the open-mapping theorem.

We will only make a few introductory remarks on reflexive and pre-
reflexive spaces in this section. More results on pre-reflexive spaces
will be proved in subsequent chapters once the necessary theory has been

developed.
[.7.3 Theorem [11]. 4 closed subspace of a reflexive space is reflexive.

Proof: Let M Dbe a closed subspace of reflexive space X . Given

m" € M" , define x" € X" by

llxl

x"x' = m
M

where xﬁ is the restriction of x' € X' to M. Let m = JX x" .

Suppose m § M . Then there exists an x' € X' such that x'm # 0

while x'M = 0 . Thus xé = 0 and
0 # x'm = Ik = gkt = g = m"0 = 0
X M !
an obvious contradiction. Hence m € M. For each m' € M' , let mé

be an element in X' , which is an extension of m'., Then
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Thus JMm = m" , proving that JM is surjective and M therefore

reflexive. u]

1.7.4 Corollary. A closed subspace of a pre-reflexive space is pre-

reflexive.

Proof: Let M be a closed subspace of R , a pre-reflexive space.

Since R~M 1is open and since B is an open operator, BR(R“M) =

R

R1\~BRM is open and BRM thus closed in R By I.7.3 BRM , which

1 *
is the pre-image space of M , is reflexive, thus proving the corollary.

o
1.7.5 Corollary [07]. A Banach space X 1is reflexive iff its dual X'

18 reflexive.

Proof: Suppose X 1is reflexive. For any xa' € X"' , the functional

xé , defined by xé = XB' JX is an element of X' (since JX is an

s " w1t — | J— 1 = T —
isometry from X onto X"). Thus x xO (Jxx)x0 xox (x0 Jx)x

xé“x" for any x" € X" . Since x}; was chosen arbitrarily it follows

that JX,(X') = X"' , i.e. X' 1is reflexive. Conversely, if X' is

reflexive, X" 1is reflexive by what has just been proven. Thus the

closed subspace JX(X) of X" , and therefore X , is reflexive. (u]

We state the following theorem, which will be needed later, without
proof. For a proof the reader is referred to Diestel [OSLELIB or

Robertson and Robertson [17] , p.73.
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1.7.6 Definition (weak convergence).

A sequence '{xn} < X is said to converge weakly to x € X if

x'xn -+ x'x for any x' € X' .

1.7.7 Theorem. The space X s reflexive iff every bounded sequence

has a weakly convergent subsequence.
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CHAPTER T1I

THE CONJUGATE OF AN UNBOUNDED LINEAR OQOPERATOR

We will not attempt to cover all aspects of conjugate operators but
will only investigate the relationship between an operator T € L(X,Y),

o, B

N and their respective conjugates. For further information on

Y

conjugate operators the reader is referred to Goldberg (111 , pp. 49-75.

IT.1 The Operators T', a* and BQ

We appeal to I.5.2 to make our definition of the conjugate.

II.1.1 Definition. (Conjugate of T € L(X,Y)).

Let T € L(X,Y) have dense domain in X . The conjugate T' of T , is
defined to be the operator with D(T') = {y' € Y': y'T continuous on D(T)}.
For y' € D(T') , let T' be the operator which maps y' onto ;“5 ’
the unique continuous linear extension of y'T to all of X . The
operator T' 1is obviously linear and D(T') is thus a subspace of Y'

We obtain T' € L(Y',X")

ITi1.2 Remark. Let T € L(X,Y).
The condition that D(T) be dense in X for T' to exist is not too

restrictive since if D(T) % X , we could redefine T to be an element

of L(XO,Y) where XO = D(T) . Throughout the remainder of the chapter

we will assume D(T) to be dense in X , unless otherwise stated. We

present the following example, from Goldberg [11], p.51, of a conjugate

operator.
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[1.1.3 Example. Let X =Y = lp , 1 Sp<o ,  and let

u, = (1, 0, 0, ...), u

1 (0, 1, 0, ...), etc.

2:

be the unit vectors in lp . Define T by
D(T) = sp {uk: k €mw}

T(xl, Xor eer Xy 0, 0, ...) = (.

jz jxj, x2, x3, ceay xn, 0, 0, ...) .

1

Suppose y' = (a,, a,, ...) € D(T') . Then for kx =2 ,

2’

' = + > - > = liy*h .
ly'mu | = lajk +a | > lajlx - la | > [a ]k - Uy
Since "uk” =1 and y'T is bounded on D(T) , a, = 0 . Also, any
element (O, b1, b2, ...) € Zp' = Eé is in D(T') . Hence the domain

of T' consists of all the elements in Zp' which have zero as their

firstterm. Suppose T'y' = (cl, Cor «..) , where y' = (0, a,r a ..l)

3’
€ D(T') . Then

= ' ' = ' = >
c T'y Uy Yy Tuk ay s for k 2

and ¢, = 0. Thus T'y' =vy' .

I1.1.4 Remark [11].

It follows easily that T' € L(Y',X') 1is always a closed linear

operator. Suppose {yg} is a sequence in D(T') such that yg - y' €y'
Ty! L] I.T 1 1 1My — ! _ Ml 1

and y, > x €X hen v Tx - y'Tx and ynTx ynTx T y x > x'x

for each x € X . Thus it follows from the density of D(T) in X and

the boundedness of x' that since y'T = x'ID(T) , Y' € D(T') and

I1.1.5 Theorem [11]. Let T € L(x,Y)

Then D(T') =Y' Iff T € B(X,Y) . Also T € B(X,Y) <Implies

T' € B[Y',x'] and NTl = 7'l .
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Proof: Clearly, if T 1is continuous, then y'T is continuous for

each y' € Y' . Thus D(T) = ¥Y' . Suppose D(T') = ¥' . Let

s =38 (1) . For each y' € ¥Y' , sup ly'Txl < llT'y'll . Hence, by
D (T)
x€S
Proposition 1.5.13, IITH = sup ITxll <o . Now, for each x € s ,
x€S

IT'y'x|l < lly'llliTh . Thus HT'y'll < lTllly'll , and therefore
Tl < llTl . By Corollary I.5.9

hrxll = sup ly'Txl = sup IT'y'xl < IT'Hillxll for x € D(T) .

ly'll=1 My'll=1

Hence lITIH < lIT'll and the theorem follows. s
I1.1.6 Corollary. Let X be an operator range. The following are
equivalent :
() By bounded
(i7) Bi bounded
(ti7) X T8 complete.
Proof: The equivalence of (i) and (iii) follows trivially from

the closed graph theorem. We now see that (i) <= (ii) by Theorem II.1.5

since D(BX) = X by definition. o

I1.1.7 Corollary. Let X be an operator range. Then ay s bounded

and injective. ’

Proof: Recall that O € B[XI,X] and is bijective.
A x' = = x'Q = €
Thus X 0 b4 %Xy 0 (for every Xy Xl)
2 x'x =0 (for every x € X)
=x'=0, i.e., ﬁi is injective.

The boundedness of Qﬁ follows from II.1.5. a]
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Note that in the corollary the surjectivity of ax implied the

injectivity of a& . A stronger result holds, that is Lemma II.1.10.

I11.1.8 Definition. (orthogonal complement).

Let W be a subset of X' . The orthogonal complement of W , written

lW , is defined to be the set lw = {x: x€€EX, wx=0 for all w' € W},

1
Compare with Definition I.5.14., Note that W 1is a closed sub-

1 1l -
space of X and that "W =" (W) .

We prove the following two results, stated without proof in

Goldberg [11], p.59.

J'(MJ')

[1.1.9 Lemma. If M s a subspace of X , then =M
Proof: Since M~ = MJ', we only consider
- -1
J'(M'L) = {x: x €EX , x'x =0 for all x' €M }
= {x: x €X , x'x =0 for all x' € X' such that x'M = 0} . (1)

(Note that by XM =0 wemean x'm=0 for all m €M )

- 1l -1
It is clear from (1) that x EM=>x € " (M) .

Conversely if x € M , there exists xé € X' such that xéﬁ = 0 and

xbx =1 .

-1 1 -1 ,
Clearly xb €M and thus x € “(M") , proving the lemma. o
[1.1.10 Lemma. Let T € L(X,Y) . Then

i) R®T=rm?t =N
(i1} R(T) =lN(T').

Therefore T' <is injective iff T has dense range.
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Proof:
(i) Note that
— ] 1 . .
R(T)" = R(T)" = {y': y' €Y', y'Tx = 0 for each x € D(T)}.
1
Thus y' € R(T) iff y'Tx = 0 for each x € D(T)
iff T'y'x =y'Tx = 0 for each x € X

by Lemma I.5.2. Thus R(T)’L = R(T)'L

= N(T') .
(ii) From (i) we have
R(T)'L = N(T') .
Thus
l(R(T)l) = lN(T') .
Applying Lemma II.1.9 the result follows. a

We give the following result which appearsin Goldberg [111].

11.1.11 Theoren. If T and T' each have an inverse, then

(e = ™

Proof: By Lemma II.1.10, D(T—l) = R(T) is dense in Y. Hence

(T—l)' is defined. Suppose x' € D((T')-l) = R(T') . Then there exists
a y' €D(T') such that T'y' = x' . To show x'E€ D((Tnl)') , it
suffices to prove that x'T—1 is continuous on R(T) . This is
certainly the case since

(1) x'Tr%Tx) = x'x = T'y'x = y'"Tx for x € D(T)

(and thus D((T')_l) c D((T—l)')). From (1) it now follows that
(T_l)‘x' = y' on R(T) whence y' = (T—l)‘x' since R(T) is dense

in Y . It follows that (T 1)' = (T')"! on D((T')"}) since initially
we assumed T'y' = x' , i.e. y' = (T')—lx' for x' € D((T')‘l) o1t

remains to prove D((T_l)') c D((T')—l).
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Suppose z' € D((T—l)') . Define v' €Y' to be the continuous linear
extension of z'T_1 to all of Y . Thus T'v'x = v'Tx = z'T—I(Tx) = z'x

for all x € D(T). Since D(T) is dense in X , it follows that

T'v' = z' indicating that 2z' € D((T')_l) , thus proving the result. a
I1.1.12 Corollary. Let X be an operator range. Then o = (B):{)-1
-1
o = '
and (%) By .
Proof: Follows trivially from II.1.10 and the definition of & and
Bx .

We give a generalisation of a result which appears as a corollary

in Goldberg [11] , p.55.

11.1.13 Definition (total set of linear functionals).

A set V* of linear functionals on a vector space V is called total
if for any v € V such that v # 0 , there exists v* € v¥ such that

v¥(v) # 0 .

I11.1.14 Theorem. Let T € LIx,Y] with x complete and Y an

operator range. Then T tis continuous iff D(T') s total.

Proof: Suppose D(T') is total.

Let {xn} be a sequence in D(T) = X such that X - x and Txn 2y .
Then for every y' € D(T') we have that y'Txn = T'y'xn > T'y'x = y'Tx
and y'Txn 2 y'y . Thus y'(Tx - y) = 0 for every y' € D(T') .

Since D(T') is total however, it follows that T is closed. Therefore

by Proposition I.4.9, T is continuous. conversely if T € B[X,Y] ,
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D(T') = ¥Y' by Theorem II.1.5, which is clearly total. (u]

I1.1.15 Remark. The completeness condition on X in Theorem 11.1.14
cannot be weakened to operator ranges. For any operator range X ,

R(ai) = D((ai)_l) = D(Bi) < X is total. Let x, € X such that

1 1 1
' = Ty
Xy # 0 . Thus O # axx1 € X and hence x axx1 axx Xy # 0 for some
x' € D(Gi) = X' . Suppose now that X is a non—cdmplete operator range.
Then BX is an operator from an operator range X onto a Banach space

X1 with D(Bé) total. Note however that since X 1is not complete,

Bx is obviously not bounded.

I1.1.16 Definition (weak* topology).

We define the weak* topology on X' to be the weakest topology such that
every x" € JXX is continuous on X' , i.e. the topology with sets of
the form

S(x,xé,e) = {x': x' €X' and |x'x - xéxl < ¢}

for all x €X , x' €X' and € >0,

forming a subbase. (See simmons [20], p.233). Note that this topology

is weaker than the norm topology.

We note the following result appearing in Dunford and Schwartz fo7],

p.439.

I1.1.17 Proposition. A linear subspace of X' 1is total iff it is

weak*—dense in X'.
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11.1.18 Corollary. Let X be an operator range. Then R(0g) = D(By)
18 weak*-dense in X3 (Z.e. dense in the weak*—topology).
Proof: Follows from Proposition II.1.17 and Remark II.1.15.

I1.2 The Existence of B and B§")

We note from Theorem II.1.5 that for any n €IN , we will always have the

(n)

existence of GX

where a;n)

denotes the nth conjugate of Oy« In trying to
establish the existence of B; we find that D(Bi) is only weak*-dense
in Xi and not necessarily dense in the metric topology, as is required.
In this section we set out to establish conditions for the existence of

B; and B;n) for any n € IN respectively.

11.2.1 Theorem. Let X be reflexive. A subspace M' of X' 1is

total 1ff M' s demse in X'.

Proof: Suppose M < X' is total but not dense in X' . Then there
exists an x" € X" such that x" # 0 and x"m' = 0 for all m' €M .
An obvious contradiction by the reflexivity of X and the totality of
M' . Conversely if M' is dense in X' , then %"m' = 0 for all

m' € M' implies that x" = 0 where x" € X" . Thus by reflexivity of

X , the totality of M' is established.

I1.2.2 Corollary. Let X be a pre-reflexive space. Then D(By)

18 dense in Xi.
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Proof: Follows from Theorem II.2.1 and Remark II.1.15. a

Thus we see that B; exists if X 1is a pre-reflexive space.

I11.2.3 Remark. Let R be a pre-reflexive space. Then

(i) .BE = (GE)— (obvious from Lemma II.1.10 and Theorem II.1.11).

-1, -1

LI n - H 2 " - all " = a J - J R N
(ii) BR JRIBRJR (follows since D(BR) R R1 (JR RJR1 ) ( RlBRR) R )
I1.2.4 Theorem. Let R be a pre-reflexive space. Then Bén)
exists for every n €N <iff R s reflexive.
Proof: Suppose R is a pre-reflexive operator range such that R is

reflexive. By Remark II.2.3 and Corollary II.1.12 we have that

-1 -1 ~

' = Q! " - A" : ' '

(GR) BR and (aR) BR . Since by Corollary I.7.5 , R} and R
(n)

are also reflexive, B exists for every n €IN . Conversely, suppose

R

(n) . . (3) . 1]
BR exists for every n €IN . Since BR exists, we must have D(BR)
dense in R" = (ﬁ)“ . But

n -— " " - ” p— " p— _1 —

D(BR) = aR(Rl) = aR(JRlRl) = aR(JRlBRR) = (JR(xRJRl )(JRlBRR) = JRR .
Thus Jﬁﬁ = D(B;) = (ﬁ)" , proving the theorem. a|
I1.2.5 Corollary. Let R be a pre-reflexive space. Then o™ s

R

injective for every n €N iff R s reflexive.

Proof: Follows from Theorem II.1.11 and II.2.4. a
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I1.3 States of Linear Operators and Characterization of States

We use the following classification of states, the state diagrams
of which were originally obtained by Goldberg [10] . For T € L(X,Y) we
have the following states :

I : Rl(T)

n
s

II : R(T) #Y , R(T) = Y

III': R(T) # Y ;

1 : T exists and is continuous;
2 : T—1 exists but is not continuous;
3. : T does not exist.
\ -1 . , .
Thus T € Il’ iff R(T) =Y and T exists and is continuous. Also

if T € 1, and T' € 1112 we write (T,T') € (112,1112) .

IT.3.1 Remark. Let X be a non-complete operator range. From our
previous results we have

(1) aX € I2 ! BX € Il !

. . ' ‘ , , _ ,
(ii) BX € Iy, ax € (II2 U IIIZ), and GX € 112 if X is pre-reflexive.

[T1.3.2 Proposition. Let T € L(X,Y) where X and Y are
operator ranges. We then obtain the following : .

(z) TELl If Ta, € 1

(i7) T €2 implies Ta, € 2

(¢iZ) T € 1 Zmplies B,T € 1

(zv) T €2 <ZIf B,T € 2

(v) T €3 iff TaXE 3 4ff B,T €3 .
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Proof:

(i) Suppose Tax €1 . Then (T(xx)—1 = (ax)—lT = [3XT_1 is continuous
by definition. Thus T_1 = ax(BxT-l) , the product of two
continuous operators, is continuous and hence T € 1 by definition.

(ii) Suppose T € 2 . Then T is injective and T—1 is not continuous.

From the injectivity of T and « it follows that T« is

X X
injective, and hence (T(XX)—1 exists implying that either Tax €1
or TUX € 2 . Suppose TO,, €1 . Then by (i) T € 1 , an obvious
contradiction. We therefore obtain TUX € 2.

(iii) Suppose T € 1. Then T_1 exists and is continuous. Now since

-1

GY = BY is continuous and injective, it follows that T_laY =

T_18;1= (BYT)—1 is continuous, and hence BYT €1,

(iv) Suppose BYT € 2. Then BYT is injective and (ByT)—1 is not
continuous. ‘It follows that T is injective and hence either
TE€1 or TE 2 . Since by (iii), T € 1 would imply B,T € 1,
we must have T € 2 .

(v) Suppose T € 3 , that is T not injective. Note that since both
o, and BY are bijective, T is injective iff B T is

injective iff TUX is injective, and hence equivalently T € 3

iff BYT €3 iff TO, € 3. o

I1.3.3 Proposition. Let TE€E L(X,Y) where X and Y are
operator ranges. Then

(¢) T €1 <f oL T €1

(iz) T' € 2 <implies O4T' € 2

(i22) T' €1 implies T'By €1

(iv) T' €2 {f T'B) € 2

(v) T €3 {ff WT€ 3 iff T'B) €3 .
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Proof: Recall that for X a non-complete operator range, ai and B§

are injective with ai = (B}'{)—1 and ((x)'()—1 = Bi (Corollary I1.1.12),

ai continuous and everywhere defined on X' and B; surjective and

unbounded (Corollary I1I.1.6, II.1.7 and II.1.12).

(1) Suppose aiT' €1 . Then ((J()'(T')-1 exists and is continuous.

1 1

However since ai is bounded and injective, (GQT')—

1., _ Wl . -1
O = (T7) “(og) ~ay

= (T')
1

(o))

and hence (GiT')_ X'
is injective and continuous, and hence T' € 1 .

(ii) Suppose T' € 2 , that is T' is injective but (T')—1 is not
continuous. Since a; is injective, it follows that aiT' is
injective, that is either G&T' €1 or aiT' € 2 . But since
by (1) ogT! € 1 would imply T' € 1 we obtain G;T' €2 .

(iii) Let T' € 1 . Then (T')—1 exists and is continuous. We know

-1

however that (Bé) = GQ is bounded and obviously injective.
Hence CXS'{(T')—1 = ([31'{)_1(T')_1 = (T'BS'{)_1 is continuous, implying

that T'Bé €1

(iv) Assume T'B; € 2 , that is (T'B;{)n1 exists but is not continuous.

Now since BQ is bijective, (T') 1 exists, and hence either
T'" €1 or T'E€ 2. However from (iii) we note that T' € 1
implies T'BQ € 1 , a contradiction. Therefore T' € 2

(v) Let T € L(X,Y) with X and Y operator ranges.
Note that since ai is injective and everywhere defined with B;
bijective it therefore follows that T' is injective iff T'Bé
is injective iff aiT' is injective; or equivalently, T' € 3 iff

T'BQ € 3 iff aiT' € 3 , proving (v). (a]

-1

o = (r) T Mprar = (e, = ()"

1
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11.3.4 Proposition. Let T € L(X,Y) and Y an operator range.
Then

(z) TE€I1I iff BYT €1

(Z¢) T € 11 ZIf B,T € II

(222) T € 11T <Implies B,T € III .

Proof: Follows easily from the properties of ay and BY . a]
I11.3.5 Proposition. Let TE L(X,Y) and X a non-complete operator
range. Then for T' € Cc(Y',X') we have

3 orp?
() M ¢ 1

(i2) T € 111 ZIf Gin € III and X 18 pre-reflexive.

Proof:

(i) Suppose (JiT' € 1I. It is easily seen that this can only be the
case when Gi € I . In which case we have that Bi = ((X;()—1 is
bounded by the closed graph theorem. But by Corollary II.1.6 this
implies that X is complete, a contradiction.

(ii) Suppose X 1is pre-reflexive, From II.2.2 it follows that
R(qi) = D(Bi) is dense in Xi . Thus if T' € (1 UrII) , i.e.

if R(T') 1is dense in X' , by the continuity of q& it follows
that ai(R(T')) = R(G&T') is dense in R(Gi), a dense subspace
of Xi . Thus it follows that R(G&T') is dense in Xi , and hence

T € II, proving the result. o

For the sake of completeness we give the following state diagram
taken from Goldberg [11], first established by the same in [10]. We will

give a generalisation of a characterisation of states appearing in

Goldberg [11] , pp.72-74.
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[1.3.6 State Diagram for Closed Linear Operators.

%

o
_

1, Y

i,

N\

L

1,

1,

11, //% %
_
-

.

N\

.

/4
1, 1, 1 1, m, u, u, m, I,

Y : Cannot occur if Y is complete.
X - c : Cannot occur if X is complete and T is closed.
X -~R - c : Cannot occur if X is reflexive and T 1is closed.

From the state diagram we see for example that T € III1 iff

T' € I, . For examples of states the reader is referred to Goldberg [11],

pp.66-70.

11.3.7 Definition (Rl, R, D,r D_s Zor zr).

(1) T is called left (right) regular provided there exists an operator
A € B[Y,Xx] such that AT = I, (TA = I) , where I is the

identity map on D{(T) (Y). The set of all left {(right) regular
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elements will be denoted by Rz(Rr) .
(ii) T is called a left (right) divisor of zero if there exists an
A#0 in B[Y,Xx] such that TA =0 (AT = 0) on Y (D(T)).
The set of all left (right) divisors of zero is denoted by DR(Dr)'
(iii) T 1is called a left (right) topological divisor of zero if there
exists a sequence {An} < B[Y,Xx] such that HAnH = 1 and
TA_ >0 (AT-0 in B[y] (B[D(T)X]) . The set of all left

(right) topological divisors of zero is denoted by Zz(Zr).

We will use the notation 3 = D2 to mean that T € 3 iff T € D2 .

We give the following theorem from Goldberg [11]), p.72.

11.3.8 Theorem, Let T € L(X,Y) . Then

(1) IITI = D
r

(i2) 1 = Cz,

(1i1) 3 = D,

(tv) 2 = z, n CD2 .
Proof:

(i) If T € I1I, there exists some y' € Y' such that y' # 0 and
Yy'R(T) = 0 . Define A € Bly,x] by ay = y'(y)x0 , where X #0
is fixed in D(T) . Then A # 0 and ATx ; 0 for all x € D(T) .
Thus T € D, . Conversely, suppose T € Dr . Let A # 0 be in
BlY,x] and let AT = 0 . Then R(T) ©N(A) # Y , whence T € III.

(ii) Suppose T € 1 and suppose there exists a sequence {Aﬁ}C B[Y,X]
such that An # 0 and TAn -+ 0 in Bly] . Now there exists an

m > 0 such that for each y in the l-sphere of Y ,

fra I = lta vyl = nla yl .
n n n
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Hence A_ =0 in BIlY,x] and therefore T € z,

. On the other

hand, suppose T € 1 . Then by Theorem I.3.6, there is a sequence
‘{xn} in D(T) such that ”xn" =1 and Txn - 0. Fix y' € Y°
with lly'll =1 . For each n €IN , define A € Bly,x] by

= y' la I
Any Yy (y)xn . Then An

Hence T € Z, .

(iii) Suppose there exists an x # 0

such that Tx

a € Bly,x] by Ay = y'(y)x , where y'

in Y' . Then A # 0 but TA =

there exists an A # 0 in Bly,x]

Consequently, {0} # R(A) € N(T)

1 and llra ll <lltx Il - 0
n n

= 0 . Define

is some nonzero element

0 . Hence

(iv) 1is a trivial consequence of (ii) and (iii).

[1.3.9 Corollary. Let T € L(X,Y)

() III, =D, n Czﬁ

(17) III,

Dr n z2 n CDQ
(111) III, = D_ n D,

Proof: Obvious from Theorem II.3.8.

I1.3.10 Theorem. Let T € C(X,Y) ,
normed space. Then
(Z) Y complete implies Czr oI

(17) X complete implies I :>CZr .

Proof:
(i) Suppose Y 1is complete, T €I

sequences {An} in B[Y,x] and

.« Then

T €D . If T€D, ,

L L

such that TA = 0 .

X an operator range and Y a

and of class

{y,}

in

Y

Zr . Then there exist

such that
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1
= = > - -

and lla T -0 in Blp(T),x] ,
by definition of Zr . Let T be the closed injective operator
induced by T . For each x € D(T) and n €IN we have that
I ) [x] = lla Tzl <la Tzl for =z€I[x] .
n n n
It follows that
Na T)[xI<#a Tl inf Nzl = Na_ Tl [x] ,
n n n
z € [x]
i.e. that
la o <lla Tl .
n n

Conversely however,

la il =1l (a Ty [xlI<la_Tl W Ixli<ta Tl .
n n n n
Thus lIa TI < IIAn'I"II implying that Ila T = ATl . Since T €I,
there exists a sequence {xn} in D(T) such that Txn =Y, - It

follows that {[xn]} is unbounded in D(T)/N(T) since A Tl = 0
and

1 - %-< HAnynﬂ = "AnTxn" = HAni [xn]HSZHAnﬁI N[xn]H .
Thus for z, = [xn]/"[xn]"

Hi[xn]ﬂ ) x| _ Iy M _ 1 .
H[xn]H N H[xn]H B Il TN - ITx_ T ~ !

Tz I =
n

implying by Theorem I.3.6 that T doesn't have a bounded inverse.
This however contradicts Proposition I.4.9.. It follows that T € I

implies T € CZr .

(ii) Suppose X complete and T ¢ Zr . To prove that T € I it suffices
to show, by I1.3.6 , that T' € 1 . Assume T' does not have a
continuous inverse. Then there exists a sequence {y;} € D(T')
such that "yé" =1 and T'yﬁ -0 . Let Xq be an element of

norm 1 in D(T). Define A € Bly,x] by

= 1
Any yn(y)xo :
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Then ”Anll =1, and for all x in the 1-sphere of D(T) ,
= ' - LIS | = T, - fy! < Ty .
I AnTx" II ' (Tx)x0|| Il yn(x)xoll T AR 1l x0|| T ynxl Ky yn" -0

Hence "AnT" -+ 0 , which contradicts the supposition T € z_ , thus

establishing the result. o
[1.3.11 Theorem. Let T € C(X,Y) where X 18 an operator range.
Then
() X complete implies I, = C(Zr U zy)
(i2) Y complete implies I, =R NR < C(zr Uzg .
Proof: Suppose that X is an operator range, Y complete and T
closed., Let T € I, - Then T_1 € Bly,x] , e e I, , the identity
on Y , and T-lT = ID(T) , the identity on D(T) . Thus by definition
T € R2 n Rr . Suppose now T € Ry n Rr . In that case T must be
injective and surjective. Thus since T_1 is closed with D(T_l) =Y

it follows from the generalised closed graph theorem I.4.9, that T--1

is bounded, i.e. T € I1 . The rest of the theorem now follows from
Theorems II.3.8 and II.3.10. o
I1.3.12 Proposition. Suppose T € C(X,Y) with X an operator range

and Y complete. The states of T are then characterized as follows:

(7)
(i1)
(1iz)
(iv)
(v)
(vi)

I, =Ry n R_© C(zr U zg)

12 cannot exist

13 c Czr n Dy

I, = CzZ n zr n CDr

112 >z, N z, n C(Dr UDy)

II, > z, N D, N CDr .
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Proof:

(i) Follows from Theorem II.3.11.

(iii) - (vi) Follows from Theorems II.3.8 and II.3.10.

(ii) Suppose T € 12 . But then since R(T) =Y and T 1is closed

and injective, it follows from the generalized closed graph theorem

I.4.9, that T € 1 , a contradiction. o

11.3.13 Proposition. Let T € c(X,Y) with X complete. The
characterization of the states of T 1is then as follows :

(i) I, 2 C(zr Uz,

(27) I, > Czr n Zy n CDQ

(121) L Czr n D,

(1v) I, cannot exist

(v) 1, © 2, n zZ, n G(Dr ] DQ)

(vi) 113 c zr n D, n CDr .
Proof:

(ii), (iii), (v) and (vi) follow from Theorems II.3.8 and II.3.10.
(i) Follows from Theorem II.3.11.

(iv) It follows from II.3.6 that II1 cannot exist. ]

IT.4 Projection Spaces

We now take a break from the conjugate operator to take a closer
look at the implications of Definitions I.5.14 and II.1.8. It will be
shown that this is closely related to the existence of bounded projections

in operator ranges, viz. the generalization of Theorem I.3.23 to operator

ranges.,
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I11.4.1 Definition (projection spaces).

Let X be an operator range and M, N any two closed subspaces of X

such that X =M ®N , i.e. MMNN 0 and M+ N =X . We say that
X is a projection space, written X € P, if
1 1
1
DB, N LM ® (B,N) ]

- [o@p n @l e D@y 0 B

11.4.2 Theorem. Let X be an operator range. A necessary and

sufficient condition for X to be a projection space is that the follow-

ing statement hold :

If M and N are closed subspaces of X such that X =M @® N,

then X' = M'L ® N'L

Proof: Suppose X € P. Let M and N be any two closed subspaces
of X such that X =M ® N . It follows easily that X1 = (BXM) ® (BXN)

where BXM and BXN are closed in X1 . (M closed in X implies XNM

open in X . Since BX is open however it follows that BX(X\~M) =

X, N BXM is open in X

1 g ¢ Lee. BXM closed in Xl)' Clearly

(BXM)'L n (BXN)'L = {o} . By Theorem I.3.23 there exists a bounded
projection P , from X1 onto BXM with N(P) = BXN . Given xi € Xi ’
let u' = x!P and v' = x!(I - P) where I is the identity operator
1 1 Xy Xy
mapping X1 onto X1 . Then xi =u' + v' with u' € (BXN)'L and
1 1 1 . ,
v' € (BXM) . Therefore Xi = (BXM) ® (BXN) . Now since X 1is a

projection space, it follows that
p@!) = [b@H N @'l e [b@yH n @ m .
X X X X X
Since Bi is linear, injective and surjective by Corollaries II.1.7 and

I1.1.12, we obtain X' = Bi [D(B%)] = BQ(BXM)l & B)’((BXN)'L where



- 61 -

B)'((BXM)l is used to denote Bi[D(Bi) n (BXM)l] . The sufficiency of

X € P follows upon showing that

il
=

. 1
BX(BXM)
Recall that

Ml = {x': x' €X', xXm=0 for all m € M}

' l_ ' v, ' y - ' —
and BX(BXM) = BX {xl. X € D(BX) , XI(BXm) =0 for all m € M} .

Suppose now that Bixi € B;((BXM)l . Then for every m € M we have that

BQXim = xiBX(m) = xi(me) =0

1

: 0 : l ] 1 l : L] l
by definition of (BXM) . Thus Bxx1 EM , i.e. BX(BXM) cM

Conversely suppose X' € Ml . Then, by Corollaries II.1.7 and II.1.12

(Bi)_lx' = G&x' € D(Bi) and hence for every me € BXM it follows that

Gﬁx'(BXm) = x'GX(BXm) =x'm= 0.

Thus by definition Ojx' € (BXM)l , i.e. yﬁiaix' =x' € B)'((BXM)l , implying
Ml = B;{(BXM)l . Therefore Ml = B)'((BXM)l , and the sufficiency of X € P
follows. Conversely suppose that X =M & N implies X' = Ml ® Nl for

M and N closed subspaces of X .

Suppose now that x € P. By definition there exist suitable closed
subspaces E and F of X such that X = E ® F and

D(Bs) = D(By) N [(BXE)l ® (Bxp)l] 2 [b@H N (BXE)l] o [D(Bs) N (Bxp)l] .
Hence e 0 Fl = X' =B (D(B)) P B;{(BXE)l ® B;{(BXF)l - et o Fo , an

obvious contradiction, thus establishing the necessity of X € P . o

I1.4.3 Remark.
All Banach spaces are projection spaces.

This follows trivially from the fact that if X is complete, BX
would be continuous , and thus D(Bi) = Xi . Obviously

X} n [aeB] = [Xi nale [Xi N B] for any two subspaces of X; such
that A N B = {0}.
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11.4.4 Corollary. Let X be an operator range. The following are

equivalent:

() If M, N are closed subspaces of X such that X =M @& N , then
X'=M-L$N-L .

(12) If M 1is a closed subspace of X , then there exists a bounded
projection from X onto M <iff there exists a closed subspace N
of X such that X=M@®&N .

Proof:

(1) = (ii) Suppose (i) holds. Let .X =M®N for M and N closed
subspaces of X . Then by (i) , X' = M'L ® N'L . But then since

X' € P by Remark 1I.4.3, it follows from Theorem II.4.2 that

X" = (MJ')'L ® (N'L)'L Thus by Theorem I.3.23 there exists a

11
bounded projection, say PLJ' of X" onto (M) . Let

-1 Jl 11

P=2J 1 P ' . We note that J_ M < (M) and consequently
X JXX X

P € B[X,M] . Conversely if there existsa bounded projection P

of X onto M, let N = N(P) . It easily follows that

X=M®&N and that N = N(P) is closed, thus establishing (ii).

(ii) = (i) Suppose (ii) holds and let the closed subspace M be given.

11.4.5
of X
(1)
(i1)

L L
Let N be closed and satisfy M ® N=X . Then M N N ={0}

By (ii) however, there exists a bounded projection P from X onto

M. Given x' € X' , let u' = x'P and v' = x'(IX—P) . Then

L L 1
=u' + v! with u' € N'L and v' €M . Thus X' =M ® N

xl

proving the corollary.

Corollary. Let X be an operator range. If M 1S a subspace

and N, a subspace of X, s then

1
L_ 1
MT = Bl (BM)

L L L
Ny o Nf N R(@) = o’ (@N,)
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Proof:

(i) Suppose M is a subspace of X . It then follows from the proof
1 1
of Theorem II.4.2 that M = Bi(BXM) .
(ii) Suppose N1 is a subspace of Xl' Then from (i)

by 1l _ 1
By (V) = BL(BaN )T = (4N .

From Corollaries II1.1.7 and II.1.12 we therefore obtain

. N I \ 1
O(X((xXNl) = aXBX(Nl) = N1 n R(ax) c N1 . o

Definition II.4.1, Theorem II.4.2 and Corollaries II.4.4 and II.4.5

are by the author.

I1.4.6 Remark. We note that for A, B and C subspaces of X with
A and B closed, c N [a® B] need not equal [c N al @ [cn B] .

2 2
Let X =IR" , the real plane, and A = {(x,y): (x,y) €R" , y = 0} ,
B = {(x,y): (x,y) € R , x=0}. Then X =A®B with both A and B
closed subspaces of X . Consider the closed subspace
c = {(x,y): (x,y) E]R2 , x=y} . Then cNlaeBl=c#[cnal e
[c n Bl = {0} . In fact for D = {(x,y): (x,y) € IR2 , X #0 , vy # 0}

a dense subset of X =1R2 we have that

DN[aeBl= D#[DNAle[DNBl=¢.
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CHAPTER III
OPERATORS WITH CLOSED RANGE

Without attempting to give complete coverage, we will investigate
the closed range property of operators before defining classes of
operators with respect to this property and examining their characteris-
‘tics. Most of the work will be centered around generalising results
previously only known for Banach spaces (cf. [11]) to operator ranges.
Note that in general we will not assume D(T) dense in X unless

stated.
ITT.1 The Minimum Modulus of an Operator

IIT.1.1 Theorem. Let T € C(X,Y) with X an operator range. Then
(i) X complete and ™! continuous implites R(T) closed
(1) Y complete, T injective and R(T) closed implies T -

continuous.

Proof:
(i) Suppose X 1is complete and T—1 is continuous. By Theorem I.3.6
there exists an m > 0 such that
(1) Tl = mixl for all x € D(T) .
Now suppose y € R(T) . Then there exists a séquence {xn} in
D(T) such that Txn 2y in Y .
From (1) we have
||Txn - Txm" = mll xn - xm"
Hence {Xn} is Cauchy and thus a convergent sequence in the

Banach space X . Suppose X X, X €X . Since T is closed
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it follows that x € D(T) and Tx =y € R(T) . Thus R(T) is
closed.
(ii) Next suppose T € C(X,Y) is an injective operator with R(T)

closed and Y complete. It follows from remark I.3.12 that T_1

. . -1 , .
is closed. Since D(T ") = R(T) is closed in Y , a Banach space,

it follows from proposition I.4.9 (the generalised closed graph

theorem) that T_1 is continuous. o

Motivated by the above theorem, we look for a similar way to
characterise the closed range property for T € L(X,Y) when T is not

necessarily injective. We make the following definition:

I11.1.2 Definition (minimum modulus).

Let T € L(X,Y) be a non-zero operator with N(T) closed. Then

the minimum modulus of T , written Y(T) is defined by

Y(T) = inf _mdl

x € D(T)~N(T) &N

I11.1.3 Theorem. Suppose T € L(X,Y) with N(T) closed . Then

Y(T) >0 <Zff v} is continuous.

Proof: We have
B : flrxil
Y(T) = inf {m: x €ED(T) , x € N(T) }
inf {“T£x$|: [x] € %%%% , Xx € N(T) }
S S
ey~

thus establishing the result. 8]
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I11.1.4 Theorem. Let T € C(X,Y) with X an operator range. Then
() if X s complete
Y(T) > 0 <mplies R(T) closed ;
(1) if Y s complete

R(T) closed implies Y(T) > 0 .

Proof:

(i) Suppose T € C(X,Y) with X complete and Y(T) > 0 . Then by
Theorem I.3.20, T is closed and by Theorem III.1.3, %_1 is
continuous. Thus since X and therefore X/N(T) is complete
by Theorem I.2.6, it follows from Theorem III.1.1 that R(i) = R(T)
is closed

(ii) Conversely, suppose T € C(X,Y) with Y complete and R(T)
closed. By Theorem 1.3.20, T is closed, and trivially

R(T)= R(T) 4is closed. It therefore follows from Theorem III.1.1

that f_l is continuous, i.e. Y(T) > 0 by Theorem III.1.3. s]

II1.1.5 Theorem [11). Let T € L(X,Y) with N(T) closed. Then

Y(T) > 0 and R(T) closed imply T closed.

Proof: Suppose T € L(X,Y) with N(T) closed, Y(T) > 0 and R(T)
closed. Then, by Theorem III.1.3 ("f‘)—1 is continuous with
D((%)_l) = R(T) closed. Thus by Remark 1.3.12, ('i‘)-1 and thus T

is closed. It now follows from Theorem I.3.20 that T is closed. a]

IIT.1.6 Remark. It is a trivial consequence of Theorems III.1.4 and
IIT.1.5 that for T € L(X,Y) with N(T) closed and X, Y Banach spaces,
that any two of the following three conditions will imply the third.

(a) T closed, (b) R(T) closed and (c) Y(T) > 0 . *



- 67 -

II1.1.7 Theorem. Let T € L(X,Y) with N(T) closed. Then

(1) <if X 18 an operator range Y(TOKX)< f OKXH Y(T) ;

(22) 1f Y s an operator range Y(T)< | O(Y|| Y(B,T) .

Proof:
(i) Suppose T € L(X,Y) , N(T) closed and X an operator range. Then
since BX is an open bijection from X to X1 , it follows that
By N(T) = N(Tax) is closed, and hence Y(TUX) exists.

(ii)

By definition we
and hence
Il - il
axx Gxn

i.e. d(aXfo(T))

(1)

have

<
HaXxH HaXH IIx||1 for x € X,

<o lthx - nll € € o
GX X nlly for x X1 , D N(T X) '

3 - I x
inf {"Gxx Gxn". x € Xyr n € N(T X)}

< i - .
Haﬂl(lnf{ﬂx n"l'x €x, ,n€ Nﬂﬂxn)

1
= e lld(x,n(Ta ) .

Hence from (1) we obtain

Y(TGX)

x€D (T(XX) ~ N(T(XX)

.

Suppose now T € L(X,Y)

< lla
<l X|I

- "TGXx"
1 d(x,N(Ta,))

I ror xll
g X
*n d(GXx,N(T))>

Il chII Y(T) .
<X € D(T) N N(T)

+ N(T) closed with Y an operator range.

As in (i), we have

(2) Myl < HGY" "BY“H , for y €Y. ]
Thus by (2)
I8, Tl
_ , Il Tl < . Yy
Y(T) = inf Ix N %X, N(T)) < | GY" inf m

xED(T)NN(T)

o (B 1) .

x ED(T) NN(T)
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IT11.1.8 Definition (closable operator).

We define T € L(X,Y¥) to be closable if there exists a linear

extension of T which is a closed operator.

IIT1.1.9 Lemma [11]. For T € L(X,Y) the following are equivalent :
(Z) T s closable.
(Z2) T has a minimal closed linear extenston; i.e. there exists a
closed linear extension T of T such that any closed linear
extension of T 1s a closed linear extension of T .

(ii1) For any y # 0 in Y , (0,y) £ G(T) .

Proof: (i) implies (iii). Let T be a closed linear extension of T.
If y €Y and y.# 0, then (0,y) £ G(T) D G(T). Hence (0,y) € G(T) ,
since G(T) is closed in X x Y .

(iii) implies (ii). Suppose (0,y) ¢ G(T) for any y#0 in Y.
Define T as the operator whose graph is G(T) ; that is,

D(T) = {x:(x,z) € G(T) for some z € ¥} and Tx = z

Then T is well defined and is a closed linear extension of T .
Furthermore, T is the minimal closed linear extension of T ; for if

T1 is a closed linear extension of T , then G(Tl) D G(T) = G(T) .

(ii) implies (i) trivially. ‘
For T a closable operator we will denote the minimal closed linear
extension of T by T . Note from proof of Lemma III.1.9 that

G(T) = G(T) .
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I11.1.10 Theorem. Let T € L(X,Y) be closable with N(T) closed.

Then Y(T) < Y(T) with equality holding if N(T) = N(T) .

Proof: Assume T € L(X,Y) with T closable and N(T) closed. We

will show that

T ()

(1) Y(T) = inf m

x € D(T)\ N(T)
from which the result will follow. (Note that in (1) we use d(x,N(T)) ,

not d(x,N(f)) .) Observe that since D(T)NN(T) < D(f)\~N(T) and

hodl  WTxl
d(x,N(T)) d(x,N(T))

for x € D(T)~ N(T)

I rxll Il Tl
(2) inf — K inf ————
x€ DT ~n(r) TENTND e pmy~ner) ENT)
It ol
= inf ——————— = Y (T) .
x€ p(T)~ n(T) TFNT))
. It sl ' - )
Let 6 = _ inf T N@T Now choose a sequence {xn} in
DI N T gy
D(T)NN(T) such that —————— =6 . (Note that for 6 we take the

a(x ,N(T))

infinum over D(f)\~N(T), not D(f)*~N(f).) Now since G(T) is dense
in G(f) and N(T) 1is closed, it follows that the set
G(T) ~ [N(T) x Y] is relatively dense in G(T) ~ [N(T) x Y]
and hence there exists a sequence {xn} in D(T)~N(T) such that
~ = 1
il ) - <= £ .
(xn,Txn) (xn,Txn) o for n €IN

Hence

»

Mzl -Ix 1<z -
n n n

iz 10 - Nlx 0] <
n n

1 -, 1
l <= and HTd8 -Tx I <= ; hence
n n n n n

and |"fi I~ Nrx "I < l‘; and therefore
n n n

S Bl

=[x -4 < - =
(3) law Ny - = = [Ilx JI -~ Ix 11" = a(x ,n(m)

and lrx I <H0Tx I <07z 0 + L for n em,
n n n n

where "[in]" and "[xn]" are taken over the normed space X/N(T) .

Il TX"
i < L .
Note that from (2) it follows that & Y(T) a0, N(T)) for x € D(Tr\N(T)
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and hence from (3) we obtain 1

< Il oz I + =
n n

(4) fo) < < for n €EIN .
d N(T ~ 1
Car NI g nem) -3 -1
- % 1+ =
17 | o5 i+
But since by choice of {% } , —z———— and thus
n® " dX /N(T)) la ) -
n n
. . "TX" <
converges to & , it follows from (4) that Y(T) = inf as,Nm) 6
r

X € D(T) ~N(T)
thus implying by (2) that Y(T) = & . Now obviously by choice of & ,
if N(T) = N(T) , then

T Tx
- 6= : N S Lo T
inf inf a(x,N(T)

5 = y(T) .
K€D (F) ~n(r)d KN T)

Y(T) - _
x € D(T) N N(T)

If however N(T) # N(T) , then by virtue of the fact that T is an

extension of T we must have N(T) % N(T) , that is

d(x,N(T)) <d(x,N(T)) for x € X .

Hence

<l < lTxI
a(x,N(T))  d(x,N(T))

for x € D(T)~N(T) ,

and since D(T)NN(T) c D(T)NN(T) , we obtain

. Tl . fiTxIl
Y(T) = 6 = inf —_— < inf e
x € D (T) ~ N(r) ¢ KN T x € D (T) ~ n(T) 3 (XN (T))
< inf L Y
x € D (F) ~ N ()3 BN T))
which proves the theorem. . o
ITT1.1.11 Remark. Suppose we define convergence on L(X,Y) as follows.

For {Tn} < L(X,Y)
Tn - T € L(X,Y) if D(Tn) > D(T) for each n €IN

and "Tn -7} -0 in B(X,Y) .
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It will be shown in chapter V, Lemma V.3.5, that if R(T) is closed
with the dimension of both N(T) and Y/R(T) infinite, then we may
construct a sequence {Tn} c C(X,Y) with Tn - T as defined above but

with Y(Tn) = 0»Y(T) # 0 provided X and Y are Banach spaces.

The author believes Theorem III.1.10 to be his own.

IT1.2 Closed Operators with Closed Range
We start off by generalising a theorem appearing in Goldberg [11].

I11.2.1 Theorem. Let T € C(X,Y) with X an operator range.

(z) If X s complete, and ©if T maps bounded closed sets onto
closed sets, then R(T) 1is closed.

(i) If R(T) 1is closed, and if Y is complete and N(T) is
finite dimensional, then T maps bounded closed sets onto

closed sets.

Proof:
(i) Suppose X is complete and T € C(X,Y) maps bounded closed sets

onto closed sets. If R(T) were not closed, then by II1I.1.4
Y(T) = 0 , which implies the existence by I.3.6 of a sequence
{[xn]} in D(T)NN(T) such that
(1) "[xn]" =1 and %[xn] = Tx_ =0
since T_l is unbounded by III.1.3. We will show that the
existence of such a sequence leads to a contradiction hence

proving (i). Let {zn} be a sequence such that z € [xn] and

hz Il <2 . Note that Tz =Tlx 1 =Tx =2 0. 1If {2z} has
n n n n n
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no convergent subsequence, it is a closed bounded set and therefore
by hypothesis, ‘{Tzn} is a closed set, and hence TzN = 0 for
some N . But then [xN] = [zN] = (0 contradicting (1).
if z - 2z for some subsequence'{zn,} of {zn} ;, then Tz = 0
since Tz , 2 0 and T 1is closed. Hence [xn,] = [zn,] »[z] =0
contradicting (1) and establishing (i).
(ii) Suppose Y is complete, N(T) finite dimensional and R(T) closed.
Let B be a closed bounded set in X and let Txn - y , where
v{xn} CcBND(T) . As R(T) is closed Tx =y for some x € D(T).
From Theorem III.1.4 and III.1.3 it now follows that T has a
bounded inverse, and hence [xn] = %_1(Txn) - 5_1(Tx) = [x] .
Therefore there exists a sequence {zn} in N(T) such that
X + z_ <+ x ., Note that {xn + Zn} is therefore bounded and since
'{xn} CB ; {zn} is then also bounded. We note that since N(T)
is finite dimensional, there exists by Proposition I.6.5 a
subsequence >{zn,} of '{zn} such that z , = z € N(T) .
Hence X 2+ x —z . Since B is closed and T 1is closed, it

follows that x -z € DP(T) N B and y = Tx = T(x -~ z) € TB .

Hence TB 1is closed and (ii) is proved. o

I11.2.2 Theorem. Let T € C(X,Y) with X an operator range and Y
complete and let N be a closed subspace of Y such that R(T) @ N

1
i8 closed. Then RI(T) 4s closed and ©f T 1s densely defined T'Y'=T'N .

Proof: Assume T € C(X,Y) , with X an operator range and Y complete.

Suppose now that R(T) @ N is closed for some closed subspace N of Y .

Let T1 be the operator Tax so that R(Tl) = R(T) . Note that T1 is
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closed by Proposition 1.4.7. Now define To € L(Xle,Y) as follows:

D(TO) = D(Tl) x NC X1 x Y

and To(x,n) = T;x +n for each (x,n) € D(TO) . Suppose that {(xk,nk)}
is a sequence in D(To) such that

(xk,nk) - (x,y) € X, Y

and To(xk,nk) >z €Y .

It follows by definition of the norm on x1 x Y that Xy -+ x and

n, -+ y with T1xk + n, 2+ z . Since N 1is a closed subspace of the

Banach space Y , and T a closed operator, it follows that y € N

1
and that Tlxk % z -y implies T,x =2z -y . Hence (x,y) € D(Tl) x N

= D(TO) and To(x,Y) =T, x+y=z implying that T0 is closed. But

since R(TO) = R(T) + N 1is closed by hypothesis, we have by Theorem

I11.1.4 that Y(To) >0 . Since R(T) N N = {0} by hypothesis,

N(T,) = N(Tl)" x {0} . Hence It xll = g (x,0) 1 >IITY>£1I;O) d((x,O),N(TO)) =
1
. . » . - >
Y(TO) d(x,N(Tl)) which obviously implies that ETETETf;ﬁ Y(TO)

for any x € D(Tl)\N(Tl), Therefore Y(T,) = Y(Ty) . Now since

Y(Tl) = Y(To) >0 and T is closed, we conclude from Theorem III.1.4

1
that R(Tl) = R(T) is closed thus establishing the first part of the

theorem.

Now suppose that D(T) is dense in X and let y' € D(T') .
Consider Z to be 2 = R(T) @ N . Notice that 2Z is closed in the
space Y by hypothesis and is therefore also a Banach space. Now by

' \ 1z 12
Theorem 1I1.4.2 and Remark 1I.4.3 we see that 2Z' = R(T) ® N

1z 17
where R(T) and N are the orthogonal complements of R(T) and N
w.r.t. 2. Hence if z' 4is y' € Y' restricted to Z , there exists
Zi € R(T)J'Z and Zé € NLZ such that =z' = zi + zé . Let v' be a

ly
continuous linear extension of Zi to all of Y . Then v' € R(T)
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and therefore v' € N(T') by Theorem II.1.10. Hence T'y' = T'(y' - v').
1) 1) J‘Y s ] ¥ 3 3 3 ]
Moreover y' ~ v' € N since y' -V restricted to N 1is just 22 .
1 : a
Therefore T'Y' € T'N .

I111.2.3 Definition (finite deficiency).

A subspace W of a vector space V is said to have finite deficiency
if the dimension of V/W is finite. We write dim %- < o ,

I111.2.4 Corollary. Let T € Cc(X,Y) with X an operator range and Y

complete. If the range of T has finite deficiency then it is closed.

Proof: Suppose R(T) has finite deficiency in Y . Then R(T) @ N = Y
for some finite dimensional and therefore closed subspace of Y . Hence

by Theorem III.2.2 R(T) is closed. o

Note that Corollary III.2.4 need not hold if T is not closed.

We give the following counter example from Goldberg [11] , p.101.

I111.2.5 Example. The above corollary need not hold if T is not closed.
To show this, we first make the following observations:

(1) Every linear operator defined on a finite—d;mensional normed linear
space V 1is continuous. This can be shown by first taking V to be
the unitary n-space u”  and then using the fact that " is
isomorphic to V .

{(ii) Every linear functional f on X with closed kernel is continuous.
This follows from the fact that the 1-1 operator f induced by £
maps the one-dimensional space X/N(f) (assuming f # 0) onto

the scalars. Hence f 1is continuous and therefore £f is continuous

by Theorem I.3.20.
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(iii) There exists an unbounded linear functicnal on X , provided X
is infinite-dimensional. Take {vl,vz,...} to be an infinite
subset of a Hamel basis {xa} of X , where "xa" =1 . Let f

be the linear functional on X defined by f(xa) = 0 when

xa # vk , 1 <k , and f(vk) k . Then £ 1is clearly unbounded.

By the above results, N(f) is not closed and X = N(f) + sp {x},
x € N(f) . The linear operator T defined on X by T(u + ax) = u

I

u € N(f) , has range N(f) .

II1.2.6 Corollary. Let T € L(X,Y) with Y a Banach space, D(T) = X
and. R(T) closed. Then for any closed subspace M of Y such that

R(T) ® M is closed, T'Y' = pout .

Proof: Let T € L(X,Y) with Y complete, D(T) = X and R(T) closed.
The corollary now follows from the second part of the proof of III.2.2
since for that part of the proof we don't need X to be an operator range

or T to be closed. (]

I11.2.7 Proposition. Let T € L(X,Y) with Y a projection space,
D(T) = X and R(T) closed. If there exists a closed subspace M of ¥

such that Y = R(T) & M ,'then T'Y' = T'M‘L

Proof: Suppose T € L(X,Y) , Y EP , D(T) = X and R(T) closed.
Let M be a closed subspace of Y such that Y = R(T) @« M . Then since
1 1
Yy €EP , it follows from Theorem II.4.2 that Y' = R(T) & M . Hence for
' 1 L
y' €D(T') we can write y' = u' + v' where u' € R(T) and v' €M .

From Theorem II.1.10 it therefore follows that u' € N(T'), that is
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1
T'y' = T'(u' + v') = T'v' € T'M , proving that

1
T'Y' © T'M , i.e. T'Y' =T'M

I11.2.8 Lemma [11]. Let T € L(X,Y) with D(T) dense in X and N(T)

elosed. Then D(T') = D(T') and IT'y'll = N1yl
Proof: Suppose y' € D(T') . Then by definition y'T is continuous
on D(T) . Hence

ly'T 1l = ly'Tzl <lly'Tll .zl for =z € [x] and [x]€D(T)/N(T)

from which we obtain

ly'Tlx]l <ly'tll inf Uzl = ly'oh 0010,
z € [x]

that is ly'Tll <lly'Tll which implies that y' € D(T') . Suppose now

that y' € D(T') , i.e. y'i is continuous. Then

lytrx! = ly'Tlxdl < Uy RHILIH < Hyrmh ixl .
Hence Ny'TIl <ly'Tl and y' € D(T') implying that ly'Tl = ty'Tll and
D(T') = D(T') . From I.5.2 we note that HT'y'll =lly'Tll = Ny'Tl = Tyl
which proves the lemma. o
I11.2.9 Theorem. Let T €C(X,Y) with DI(T) dense itn X . Consider

the following statements :
(1) R(T) <s closed
(s5) R = v
(1) R@) = N
(iv) R(T') <{s closed.
Then :
(a) if X and Y are normed spaces, (i) and (i) are equivalent and

(ii1) implies (iv)
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(b) 1f X s an operator range and Y complete, then we also have (i)
implying (i17)

(¢) if X <s complete and Y a normed space, (iv) implies (ii).

Proof:

(a) Assume T € C(X,Y) with BTE) = X . It is obvious from Theorem
IT.1.10 that (i) and (ii) are equivalent and since N(T)l is always
a closed subspace, (iii) implies (iv) trivially.

(b) Assume also that X 1is an operator range and Y complete. Then
T has a continuous inverse by Theorems III.1.3 and III.1.4, that is
TE1. We note by II.3.6 that this can only be the case if
T €I , that is R(T') = (X/N(T))"' . Therefore
from Theorem I.5.16 it follows that (X/N(T))' is isometric to
N(T)l under the map V defined by (Vz')x = z'[x] for
z' € (X/N('I;))' and x € X , that is V(R(T') = N(T)J' . Now by

Lemma III.2.8 D(T'")

I

D(T') and since T'y'[x]= T'y'x for each
y' €D(T') it follows from the definition of V that
"y = )y = 1
R(T') = V(R(T")) = N(T) .
(c) Suppose now that T € C(X,Y) , D(T) is dense in Banach space X

and R(T') 1is closed. Let Y1 = R(T) and let T1 be T

considered as a map into Y1 . T1 is obvipusly closed and it

therefore follows from II.3.6 that in order to show R(Tl) = R(T) = er

i.e. T1 € I , we need only show that Ti €1, that is (Ti)_1

is continuous. Now since R(Tl) = Y1 , it follows from Theorem

I1.1.10 that Ti is injective. We prove that R(Ti) = R(T")

Let T!v' € R(Ti). Then v'T

1 and thus trivially v'T is

1

continuous on D(T) = D(Tl) . However from Corollary I.5.6 it

follows that there exist an extension y' of v' to all of Y.
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Trivially y'T 4is still continuous on D(T) since yIIR(T) = v

It follows from Lemma I.5.2 that Tiv' = y'T = T'y' € R(T') . Now

let T'y' be an arbitrary element of R(T') . Then y'T and

therefore y'T1 is continuous on D(Tl) = D(T) . It follows that

u is an element of Yi with y'T, = u'T, , and again

1 1

by Lemma I.5.2 we note that Tiu' = T'y' € R(Ti) . Hence

v b =
R(Tl)

R(Ti) = R(T') is closed by hypothesis and we see from Theorem
IIT.1.1 that (Ti)-1 is continuous, that is Ti € 1 . Now since
X 1is complete, we see by II.3.6 that T1 € I , that is

R(T) = R(Tl) = Y1 = ﬁ?%) implying that R(T) 1is closed and hence

proving the theorem. 0

'We note that Theorems III.2.2 and III.2.9 as well as Corollary

.4 aregeneralisations of results appearing in Goldberg

Products of Operators with Closed Range
We first make the following definitions.

.1 Definition (kernel index, deficiency index, index).

Let T € L(X,Y) . We define the dimension of N(T) to be the kernel

index of T , written a(T) . The dimension of the deficiency of R(T)

is defined to be the deficiency index of T , written b(T) . Hence

a(T)

and b(T) will be either non-negative integers or o . If a(T)

and b(T) are not both infinite, we say that T has an index written

K(T)

and defined by K(T) = a(T) - b(T) where r - and o ~-r are

considered to be -9 and +o respectively for r €IR .
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II1.3.2 Definition (normally solvable, Fredholm~ and semi-Fredholm

operators).

Let T € C(X,Y) . If R(T) is closed, we say that T is normally
solvable. We denote the class of all such operators by NS(X,Y) ;
nslx,Y] if D(T) = x .

If T is a normally solvable operator with an index, we say that T 1is

semi-Fredholm, denoted by T € SF(X,Y) and T € srlx,Y] if bp(T) = X

If T is a normally solvable operator with a finite index, we say that
T is Fredholm, written T € F(X,Y) and T € Flx,Y] if D(T) = X .
II11.3.3 Proposition. Let T € NS(X,Y). Then

() <f X <s an operator range TO € NS (X,,Y)

(i2) 2f Y 178 an oberator range ByT € NS (X,Y,) .

Proof:

(i) Suppose T € NS(X,Y) with X an operator range. Since
R(T) = R(Tax) , it follows trivially from Proposition I.4.7 that
Tax € NS(X,Y) .

(ii) Assume T € NS(X,Y) with Y an operator range. By Proposition
I.4.7 it follows that BYT is closed, and since by definition

BY is open, everywhere defined and surjective, it follows that

BYR(T) = R(BYT) is closed, hence proving the proposition. a
I11.3.4 Remark. Let T € L(X,Y) . We note the following:
(i) If X is an operator range, a(T) = a(TGX) and b(T) = b(TGX)

since ax is bijective.
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(ii) If Y 1is an operator range, af(T) = a(ByT) and b(T) = b(BYT)
since BY is bijective and everywhere defined.
(iii) An obvious conseqgence of (i) and (ii) combined with Proposition
II1.3.3 is the following:
(a) If X is an operator range, then
T € F(X,Y) implies TGX € F(XI,Y)
and T € SF(X,Y) dimplies TO, € SF(X,,Y)
with K(T) = K(Tax) in both cases
(b) If Y 1is an operator range, then
T € F(X,Y) implies ByT € F(X,Yf
and T € SF(X,Y) implies BYT € SF(X,Y?

with K(T) = K(ByT) in both cases.

Before coming to the main theorem of this section, we need the
following lemmas. Note that Lemma III.3.6 is a generalisation of a lemma

appearing in Goldberg [11], p.104. The lemma in its current form is due

to J. Jaftha.

II1.3.5  Lemma (111, Let M be a closed subspace having finite
defictency in X . Then
(1)  for any subspace V of X there exists a finite-dimensional
subspace N contained in V such that
V=VNMeN

(i) <f VvV 1s dense in X , then VN M <s dense tn M .

Proof:

(i) The dimension of V/¥ N M does not exceed the dimension of the

finite-dimensional space X/M , since the linear map n from
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V/VNM to X/M defined by n(x + VN M) =x+M is 1-1 .

Hence there exists a finite-dimensional subspace W of V such
that

(1) V=vVvNMew

By Theorem I.6.9, there exists a bounded projection P from v
onto W with P(G NM) =0 . Since PV ;s finite-dimensional and
P is continuous, it follows that

(2) W=PVCDPV =PV

Let wl, w2, ceer wn be a basis for W . Then, by (2), there

exist elements vl, v2, ceer VO in V such that Pvi = W, ¢

1

1<1i<n. Since the set {wi} is linearly independent, the

space N = sp {vl, Vor eees vn} is an n-dimensional subspace of

V and {0} =NNn MNV) . By (1),

dim ﬁ‘%‘;‘= dim W = dim N .

Hence it follows that V=MN V@ N .

Suppose V =X . Then from (i), X =M ® N , where N is a finite-
dimensional subspace of V . Therefore V=MNVe®N. It

follows from Theorem I.6.9 that there exists a bounded projection

P from X onto N and hence IX - P will be a bounded projection
from X onto M . Now by I.3.20 (IX - P)” will be bounded. Note
that (IX - P)" maps X/N onto M by mapping each m + N € X/N
onto m€ M , Now let n—l = (IX - P)" . It is clear that since
HImll < llmll for each m € M , n is bounded. It therefore

follows that X/N =M . For clarity we write

-1
(3) ML%:%=(Mn;)GN ", Mnv.
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Since V 1is dense in X, V/N 1is dense in X/N . Noting that

nMNv) =

z|<

it follows from (3) and the continuity of n and n-1 that
MNV= n_1n(M n v)

is dense in M . o

[11.3.6 Lemma. Let T € NS(X,Y) with Y(T) >0 . If M s a

subspace of X such that M + N(T) <8 closed then T™ 1s closed.

Proof: Assume Y(T) >0 for T € NS(X,Y) . Let M be a subspace

of X such that M + N(T) is closed and let {mn} be a sequence in

M N D(T) such that Tmn -y . Since R(T) 1is closed, y € R(T) and
hence y = Tx for some x € D(T) . We obtain i[mn] = Tm - Tlx] = Tx .
From Theorem III.1.3 we notice that 5_1 is continuous, hence implying
that [mn] -+ [x] in D(T) = D(T)/N(T) . We can therefore choose a
sequence {kn} in N(T) such that mn + kn -» x and hence since M + N(T)
is closed and {mn + kn} C M+ N(T) , it follows that x € M + N(T) .

Consequently y = Tx € TM proving that TM is closed. o

I11.3.7 Corollary. Let T € C(X,Y) with X an operator range. If M
18 a subspace of X such that M + N(T) <sg closed then TM <is closed
1f etther of the following two conditions are satisfied

(i) X s a Banach space and Y(T) >0

(1) Y <s complete and R(T) closed.

Proof: Assume T € C(X,Y) with X an operator range and M a subspace

of X such that M + N(T) is closed. Now if X is complete
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and Y(T) > 0 , R(T) 1is closed by Theorem III.1.4 and therefore by
Lemma IITI.3.6, TM is closed. Alternatively if Y is complete and R(T)

closed, Y(T) > 0 by Theorem IIT.1.4 and hence TM 1is closed by Lemma

III.3.6. o

I11.3.8 Lemma. Suppose T € L(X,Y) , B € L(Z,X) , D(T) =X and
R(B) closed with X(T) and K(B) both finite. Then KX(TB) = K(T) +

K(B) .

Proof: Assume T € L(X,Y) and B € L(Z,X) with R(B) closed and
K(T) and K(B) both finite. It follows that a(B) < implying that
N(B) 1is finite dimensional and hence closed.Consequently N(TB)/N(B)

is a normed space. Now define "N € L(N(TB)/N(B) , R(B) N N(T)) by
n(lx]) = Bx . It is clear that N 1is a linear bijection from N(TB)/N(B)

onto the finite dimensional space N1 = R(B) N N(T) and hence it

becomes clear that
(1) a(TB) = a(B) + n1 with n1 = dim N1 .

Now let N2 be a subspace of N(T) such that N(T) = N, ® N2 . Then

1

(2) a(T) = n, +n, with n, = dim N2 .

Notice that R(B) and N2 are linearly independent since if

Bx € rR(B) N N, C N(T) , then obviously

Bx € R(B) N N(T) N N, = N n N, = {o} .

Since R(B) is closed by hypothesis it follows from the finite

dimensionality of N

5 and from Theorem I1.6.7 that R(B) & N is closed.

2

By hypothesis D(T) 1is dense in X and hence it follows from Lemma

IIT.3.5 that

(3) R(B) @ N, ® Ny = X
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for some finite dimensional subspace N of D(T) . Consequently

3
(4) b(B) = n, + ny with ny = dim N3 .
Now N(T) = N1 ] N2 C R(B) & N2 . This together with (3) implies that T
is injective on all of N, and hence
(5) TX = TR(B) & TN, .
The injectivity of T on N3 together with (5) imply that
(6) b(TB) = b(T) + ny .

From (1), (2), (4) and (6) it follows that

K(TB) = a{(B) + n, - b(T) - n,
= a(B) + a(T) - n2 - b(T) -~ n3
= a(B) + a(T) - b(B) - b(T)
= K(T) + K(B)
hence proving the lemma. o

The following theorem was first proved by Gohberg and Krein [08]
for T and B Fredholm operators. A generalisation of this to
normally solvable operators for the Banach space case appears in Goldberg
[11],p.103. We give a generalisation of the version appearing in Goldberg
by removing the completeness restriction from Y . Notice that although
we make the extra demand that Y(T) > 0 this is still a true generalisa-
tion since the fact that Y(T) > 0 is implicit in the Banach space case

by Theorem III.1.4,

111.3.9 Theorem. Let T € NsS(X,Y) , B € C(Z,X) with X complete,
a(T) < gnd YI(T) >0, Then
(t) TB <4s closed

(¢7) <f B <s normally solvable, TB is normally solvable
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Proof:

(1)
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i1f D(T) Zs dense in X and T and B are Fredholm operators,
then TB <8 a Fredholm operator with

K(TB) = K(T) + K(B) .

Assume T € NS(X,Y) , B €C(Z2,X) , X complete, a(T) <o and
Y(T) > 0O . Now suppose {zn} is a sequence in D(TB) such that
z_ -+ z and Tan >y . Since Y(T) > 0 , we know by Theorem
III.1.3 that T has a continuous inverse and hence it follows that
the sequence {[an]} is Cauchy in D(T)/N(T) and therefore
convergent in X/N(T) by the completeness of X . Suppose

[an] - [x] € Xx/N(T) . Then there exists a sequence {xn} C N(T)
such that Bz + x = x . Assume {xn} to be unbounded and choose

a subsequence {xn,} of {xn} such that
Bz + x_,

. n n
fx ;I > and -0
n "xn,"

t
(1)
Since '{xn,/ﬂxn,"} is a bounded sequence in the finite dimensional
space N(T) , it follows by Proposition I.6.5 that there exists a
subsequence {Xn"} of {Xn'} and a v € N(T) such that

Xn"/"xn"" »v,

and hence from (1) it is obvious that an"/"xn““ -+ -v and
zn"/"Xn"" = 0 . Therefore since B is clos;d, v =B(0) =0
contradicting the fact that llvll = 1 since {xn"/"xnuu} is a
sequence of norm one elements. We conclude that that {xn} is
bounded and consequently, again by Propositibn I.6.5, there exists a
subsequence {Xn'} of .{xn} such that

x . *w€N(T .

nl

implying that Bz , * x - w . Since z_, * z it follows from the
n n
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closedness of B that z € D(B) and Bz = x - w = lim Bz
n'-oo

As T 1is also closed, we notice that since Tan, - y and

Bz , » Bz = x - w, therefore Bz € D(T), i.e. z € D(TB) and
TBz = y, proving TB +to be closed.

(ii) If in addition we assume B to be normally solvable, that is
BZ closed, then since a(T) <o , BZ + N(T) would be closed by
Theorem I.6.7. Hence from (i) and from Lemma III.3.6 it follows
that TB 1is closed with TBZ = R(TB) closed; that is, TB is
normally solvable.

(iii) If T € F(X,Y) , B € F(2,X) with X complete, D(T) = X and
Y(T) > 0, it follows from (ii) and Lemma III.3.8 that TB 1is a

Fredholm operator with

K(TB) = K(T) + K(B) . o

I11.3.10 Remark. Notice that in (ii) and (iii) of Theorem III.3.9 we
don't need X to be complete or B to be closed for R(TB) to be closed
If Y(T) >0, a(T) <, T E€NS(X,¥Y) and B € L(Z,X) with R(B)
closed, then R(B) + N(T) would be closed, and the closedness of R(TB)

would now follow from Lemma III.3.6.

The next proposition appears as part of Theorem IV.2.7 in Goldberg
[11]. 1In this case we have managed to remove the completeness restriction
from the spaces X, ¥, and Z at the same time requiring only that T
and B be linear with b(B) € *® instead of needing T and B to be
semi-Fredholm and closed respectively with a(T) < and b(B) < ®
As with II1.3.9, this is a true generalisation, for although we make the
added assumptions that Y{(B) > 0 and R(B) shall be closed, these facts

are implicit in the Banach space case by Corollary III.2.4 and Theorem III.1.4.
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ITT1.3.11 Proposition. Let T € L(X,Y) , B € L(Z,X) with N(B)
closed, D(T) = X , D(B) =2, b(B) <o » Y(B) >0 and R(B) closed in

X . Then D(TB) <s dense in 2 .

Proof: Assume T € L(X,Y) , B€ L(Z,X) , b(B) <® and Y(B) > 0 with
D(T) and D(B) dense in X and 2 respectively. Then B has a
continuous inverse on the closed subspace R(B) of X by Theorem III.1.3.
Since D(T) is dense in X , D(T) N R(B) will be dense in R(B) by

Lemma III.3.5. By the continuity of 5_1 we now obtain
el ——
B D(T) N R(B)

cd3lpmn R(B) = D(TB)/N(B) .

(1) D(B)/N(B) = B IR(B)

Consequently since D(B) is dense in Z + we conclude from (1) that

D(TB) 1is dense in 2 .

We now ask ourselves whether or not we can possibly remove the
completeness restriction from X in III.3.9. The answer is yes but
unfortunately we have to sacrifice the generality of requiring Y to be

only a normed space. We obtain the following proposition:

I11.3.12 Proposition. Let T € NS(X,Y) , B € C(3%,X) with X an
operator range and Y complete. If a(T) < then

(i7) TB <s closed

(i) TB  is normally solvable if B s normally solvable
(i22) <f T and B are Fredholm with D(T) dense in X

, then TB

ts Fredholm and X(TB) = K(T) + K(B)
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Proof:
(i) Assume T € NS(X,Y) , B € C(z,X) , X an operator range, Y complete
and a(T) <o ., It follows from Propositions I.4.7 and III.3.3

that TGX is normally solvable and BXB is closed. Also by

Remark III.3.4 and Theorem III.1.4 a(TGX) a(T) << and

Y(TGX) > 0 since X1 and Y are complete. Hence by Theorem
IIT.3.9 it follows that (TGX)(BXB) = TB is closed.

(ii) If in addition we assume R(B) to be closed then R(B) + N(T)
will be closed by Theorem I.6.7. Hence by Corollary III.3.7
T(R(B) + N(T)) = R(TB) will be closed and since by (i) TB is
closed the result follows.

(iii) Suppose T € F(X,Y) , B € F(2,X) with Y complete, X an
operator range and D(T) dense in X . From (ii) and Lemma III.3.8
it follows that TB is normally solvable and that K(TB) = K(T) +
K(B) 1is finite since both K(T) and K(B) are finite by

definition implying that TB 1is Fredholm. o

I11.3.13 Definition (polynomials of operators).

k
akT
0

n
k
Let X =Y . Given a polynomial p(A) = 2 a A define p(T) =
k=0 k
where TO is considered to be the identity operator on all of X .

I t~18

The domain of p(T) is the domain of Tn .

II11.3.14 Corollary. Let X =Y be an operator range. If there exists

a scalar Ao such that Agl - T s normally solvable, a(AjI -~ T) <

and Y28 - TO) >0, then p(T) 1<s closed for any polynomial p(A).
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Proof: Assume there exists a scalar AO such that AOI -T is
normally solvable, a(AOI - T) <o and Y(AOGX - TGX) >0 . Let p(A)
be a polynomial of degree n . The corollary is trivial if n = 0 .
Suppose the corollary holds for polynomials of degree k . Let p(A)
be of degree n =k + 1 . Consequently we may write

pA) = (Ag - Ma) + ¢
where q(A) is a polynomial of degree k and ¢ a constant. Hence we
have
(1) p(T) = ,(AOI - T)g(T) + cI
with g(T) a closed operator by the induction hypothesis. Since
XOI - T 1is normally solvable it follows from Propositions I.4.7 and
I11.3.3 that XOGX - T&,  and qu(T) are normally solvable and closed
respgctively. We conclude that since T(XOGX - TdX) > 0 and
a(AjI = T) = a0 - T& ) <w, (A0 - TO)BG(T) = (AT - T)q(T) is
closed by Theorem III.3.9, Now let {xn} < D(p(T)) such that
(2) X = x and p(T)xn 2>y .
Since (XOI - T)q(T) is closed and D(p(T)) = D((AOI - T)q(T)) by
definition, it follows from (1) and (2) that X 2+ x and
(AOI - T)q(T)xn -y - cx , therefore implying that x € D((AOI - T)q(T)) =
D(p(T)) and (XOI -~ T)g(T)x =y - cx , that is p(T)x =y . Hence p(T)

is closed. . D

I111.3.15 Definition (Fredholm resolvent, Fredholm spectrum) .
Let X =Y . The set of scalars A for which AI - T is a Fredholm
operator is called the Fredholm resolvent of T , denoted by Fp(T) .
The set of scalars A for which A € Fp(T) is called the Fredholm

spectrum of T , denoted by Fo(T) .
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The following theorem appears in Goldberg [11] in the Banach space
case. It was first proved for differential operators by Rota [18] ana
later generalised to Fredholm operators by Balslev and Gamelin [01].

We give a partial generalisation to operator ranges.

I11.3.16 Theorem. Let X =Y be a complex operator range and let
T € C(X) . Then for any polynomial P
(i)  p(Fo(T)) € Fo(p(T)) <f Y(da, - Ta) >0 for every A € Fo(T)
(1) Fo(p(T)) < p(Fo(T)) <If D (To, ) 1s dense in Xy and
Y(XGX - Tax) > 0 for every X € Fp(T)
(1i1) suppose D (Tar, ) 1s dense in Xy and Y(Aa, -Ta) >0 for any A .

If there exists a u € p(Fo(T)) , then p(T) is closed and
n

K(UI - p(T)) = ZK(A,I -T) where A, A, ..., A are the zero's
, i=1 i 1 2 n

of the polynomial counted according to their multiplicity.

Proof:

(i) Assume Y(AGX - TGX) >0 for every A €FO(T) . Given V , let
A1'A2' cees An be scalars such that

(1) v - p(A) = (Al - A)(A2 -A) ... (An - A)

and hence

(2) VI -p(T) = QI -T)(A,I -T) ... AI~-T) .

1
Suppose V € p(Fo(T)) . Then by (1) one of the Ai's is in Fo(T),
say Ay . Since A I -~ T commutes with AiI -T, 1<i<n,

we conclude from (2) that

(3) N(A(I - T) © N(VI - p(T))

and R(VI - p(T)) € R(AI - T) .

Now AkI - T and hence Akax - TO, is closed by Proposition I.4.7.
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Consequently since Y(Akax - Tax) > 0 by hypothesis it follows
from Theorem II1I.1.4 that R(AkI - T) = R(Akax - Tax) is closed.
Therefore since XkI - T 1is not a Fredholm operator, a(XkI -T) =
and/or b(XkI - T)= % ., We conclude from (3) that VI - p(T) is
not Fredholm and hence Vv € Fo(p(T)).

Suppose that Y(Aax - Tax) >0 for every A € Fp(T) and D(Tax) 15

dense in Xl. As in (i) consider

v - p(A) (Xl - X)(A2 -A) ... (An - A)

and vl - p(T) (A

11 - T)(XZI - T) ...(AnI -T) .

Since D(TGX) is dense in X1 we conclude that D(Aia

- (x i
" T x) is

dense in X1 . Assuming all operators AiI - T to be Fredholm it

follows from Remark III.3.4 that A.G_ - TG and B_A, - B.T are
i X X X i X

Fredholm for 1 < i € n . Now since Y(Aia - Tax) > 0 for

X

1 <i<n by hypothesis, we see from Theorem III.3.9 that

(A0 = TO) BA =BT = (A

I -T)(A I ~-T) is Fredholm.
X n

n-1

Moreover BX[(An-II - T)(AnI - T)] is Fredholm by Remark III.3.4.

As before we notice that

(A % = Ta)B [(A _

n-2% I-T)(AT -1)]

1

= (A_ I - T)(An_ll - T)(AnI - T)

n-2

is therefore Fredholm. Proceeding likewise we conclude that

VI - p(T) is Fredholm. Hence if Vv € Fo(p;T)) then for some

Ak ' AkI - T is not a Fredholm operator. Therefore

Fo(p(T)) < p(Fo(T)) .

Suppose there exists U € p(FO(T)) and that. T(AGX - T ) >0 for

every A with D(TGX) dense in X Then if we have the

P -
representations given in (1) and (2) for W instead of Vv we

conclude from the proofs of (i) and (ii) that WuWI - p(T) is
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Fredholm iff each AkI - T is Fredholm. Hence from Remark III.3.4

it follows that A, o - TGX is Fredholm with D(de) = D(Ala

- TQ
1°X X)

X

dense in X1 and Y(Alax - Tax) > 0 by hypothesis. From the proof
of (ii) we see that

BX[(AZI - T)(X3I -T) ... (AnI - T)] is Fredholm

and consequently it follows from Theorem III.3.9 that

K(p(T)) = K(A & - To ) + K(BX[()\2I -T)AI -T) ... (AT - T) ]

= KA T -T) + K[(A2I -T)A I =T) ... (AT - T) ]

Proceeding likewise we obtain
n
K(p(t)) = ] KT - T)
i=1
The fact that p(T) is closed follows immediately from Corollary

II1.3.14 since AiI - T is Fredholm and Y(Aia - Tax) >0 for

X

1<i<n, o

I11.3.17 Definition (K-resolvent, x-spectrum).

Let X =Y . The set of scalars A for which AI - T has K(AI - T) <o

is called the k-resolvent of T , denoted by Kp(T) . The set of A

for which A & xp(T) 1is called the x—-spectrum of T , denoted by

Ko(T)

(This definition is the authors own.)

II1.3.18 Proposition. Let X =Y be a complex, normed space with

T € L(X) . Then for any polynomial p , p(Ko(T)) < Ko(p(T)) .

Proof: Assume X = Y to be a complex normed space and T € L(X) .

Then for Vv an arbitrary scalar, we have A, ,A ...,An such that

(1)

1'72'

v - pd) = (A, - A)(Az - A) ... (An - A)

1

and hence

(2)

vl - p(T) = (AII - T)(AZI -T) ... (AnI -T) .
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Suppose now V € p(Ko(T)) . Then by (1) one of the Ai's is in  Ko(T) ,
say Ak . Consequently since AkI - T commutes with AiI -T,
1 <i<n, it follows that N(AI -T) S N(VI - p(T)) and

R(VI - p(T)) < R(AkI - T) and hence we conclude that v € Ko(p(T)) .

IIT1.3.19 Remark. Suppose we define the sets L' (X,Y) and L (X,Y) to
be the sets of linear operators with a(T) < and b(T) < respectively.
Now if X =Y let Kg(T) (KE(T)) be the set of all scalars A such that
a(A\I =T) <© (b(AI - T) <®) and K&(T)(K3(T)) the set of scalars

X ¢ Kg(T)(X € Ko(T)) . We refer to KE(T)(KS(T)) as the K+—resolvent

(K -resolvent) and to Xo(T) (KG(T)) as the K+—spectrw71 (K_—spectrwn);
Proceeding as in Proposition III.3.18 it is obvious that p(Kg(T))C:Kg(P(T))

and p(Ko(T)) < Ko(p(T)) .

The idea for the generalisation of Theorems III.3.9 and III.3.11 is
mainly due to J. Jaftha. Corollaries III.3.7 and 11I.3.14, Lemma I11.3.8,
Propositions III.3.12 and III.3.18, Theorem III.3.16 and Remark III.3.19

are generalisations by the author.
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CHAPTER 1V

WEAKLY COMPACT, PRECOMPACT AND COMPACT OPERATORS
AND PREREFLEXIVE SPACES

In the first section we will prove some results which will be needed
in the next chapter. 1In the second section we will take a closer look at

the close relationship between weakly compact operators and pre-reflexivity.

IV.1 Compact and Precompact Operators

IV.1.1 Definition (totally bounded, precompact operators, compact
operators).

We define a subset S of a metric space to be totally bounded if for

every € >0 there exists a finite number of balls of radius ¢ such

that S is contained in the union of these balls.

For T a linear operator with domain in X and range in Y , we say

that T is precompact if TBX is totally bounded. T is said to be

compact if EE;- is compact in Y . We will denote the set of precompact

(compact) operators by PK(X,Y) (K(X,Y)); PKIX,Y] (k[x,Y])if D(T) = X.

IV.1.2. Definition (strictly singular operators).

Let T € B(X,Y) . We say that T is strictly singular if it does not
have a continuous inverse on any infinite dimensional subspace of its
domain. We denote the set of strictly singular operators in B(X,Y)

by SS(x,Y); sslx,yl if D(T) = x .
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The concept of strictly singular operators was introduced by
Kato [13], a concept which has proved to be very useful in perturbation

theory, as will be seen in the next chapter.

IV.1.3 Proposition [11]. Every precompact operator is strictly

singular.

Proof: Let T € PK(X,¥) . T is continuous since a totally bounded

set is bounded. Suppose T has a continuous inverse on a subspace

M <« D(T) . Then TBM c TBX is totally bounded and hence since T has
a continuous inverse on M , it follows that BM is totally bounded

in M . It is obvious from the proof of I.6.5 that this can only be

the case if M is finite dimensional and hence we conclude that T is

strictly singular. - o

IV.1.4 Remarks [11].

(i) Every bounded linear operator with finite-dimensional range is
compact. For if K: X -+ Y 1is such an operator, then letting B
be the 1-ball of X, XB is a bounded set in the finite-dimensional
subspace R(K) of Y . The compactness of KB is therefore a
consequence of Theorem I.6.5. .

(ii) An operator is compact if and only if it takes every bounded
sequence into a sequence which has a convergent subsequence.

An operator is precompact if and only if it takes every bounded

sequence into a sequence which has a Cauchy subsequence.
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IV.1.5 Proposition [11]. 7The set PKIX,¥Y] s a closed subset of BIX,Y] .

Proof: Let T be a sequence in PK[x,Y] such that T T € Blx,Y]
and let € > 0 be arbitrary. It is obvious that

"TNx - T4l < €/3 for some NEN and x € By -

Since TN is precompact, there exist Xyr X

ot eeer xm in Bx such that

- T < € f € B . .
“TNx inH /3 for x . and some X

Hence it follows that

€ € €
Ty - T < Itk - + I - T . + T . - Tx, < = 4 — + —

showing that T is precompact. 8]

IV.1.6 Theorem [11], A continuous linear operator with dense domain is

precompact i1ff i1ts conjugate is compact.

Proof: Let K be a precompact linear operator which maps X into Y.
We shall prove that KXK' is precompact and therefore compact since X' |is

complete. Given € > 0 , there exist xl, x2, ey xn in BX such that

for each x € BX there is an xi for which

(1) lkx - Kx, l < < .
i 3

Let A be the map from ¥' to the unitary n-space given by

Ay' = (y'le, eeey y'Kxn) .
Since A is clearly bounded and linear, we know by Remark IV.1.4 that
A is compact. Hence there exist yi, ceey yé in By, such that for
each y' € B,, there is a yé for which
€

[ ] i_
Il Ay ijH <3 .
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In particular,

. ’ - ! £ < i<
(2) ly Kx, yij1| <3 1 i<n .

From (1) and (2),

L} L} — ] 1 < L} - [} L} — L} + L] — '.
IK'y'x - K ij| ly'kKx - y Kxil + ly Kx yijil |yiji yJle

< llkx - kxl + &+ llkx, - kxll < ¢ .
i 3 i

Thus [IK'y' -~ K'y%" < ¢ whence K' is precompact.

Conversely, suppose K' 1is compact. Then by what has just been

shown, K" 1is compact. Now, K“JX = JYK , where JX and JY

natural maps from X into X" and Y into Y" , respectively.

are the

Since

JX is bounded, it is clear that K"JX is compact and, in particular,

JYK is precompact. Since J has a continuous inverse, it is easy to

Y

see that K 1is precompact.

The theorem now follows since for any T € PK(X,Y) with D(T)

dense in X , we can consider T +to be in PK[D(T),Y]

. Hence

T € PK(X,Y) iff T € PK[D(T),Y] iff T' € K[Y',p(T)'] = K[Y',X'] . o

IV.1.7 Corollary [11]. Let T € PK(X,Y). If R(T) <is complete,

it is finite dimenstional.

Proof: Let T € PK(X,Y) with R(T) complete. Consider T1

to be

T from D(T) onto Y, = R(T) , that is T1 € PK[D(T),Yl] . Hence

1

\Tl € I and from II.3.6 it follows that the compact operator. Ti

tinuous inverse. From Proposition IV.1.3 and the definition of

singularity it follows that Yi and hence Y1 = R(T) 1is finite

dimensional.

has a con-

strict
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IV.1.8 Theorem [11]. Let 2 be a normed space. If T 1is in KIx,Y]
prlx,Y] , or sslx,yl , then for a € Blz,x], T (s <n klz,v],
pklz,v] , or sslz,¥] , respectively. Similarly, if A is in Bly,z]

then AT s in K[x,z) , PkIx,z], or sslx,z] , respectively.

Proof: We shall only prove the theorem for T € sslx,y] . The proofs
for T in KIx,¥] or Pklx,Y] are also easy. Suppose TA € B[Z,Y] has
a continuous inverse on a subspace M of Z . Then there exists a ¢ > 0
such that for all x € M

C

| TAx |t >C"X">m"AX" .

Thus T has a continuous inverse on 2AM , and therefore BAM is finite~
dimensional. But since TA and hence A is injective on M , it
follows that M is finite dimensional. conversely if A € B[y,z] ,
suppose AT has a continuous inverse on a subspace N of X . Then
there exists a ¢ > 0 such that for all x € N,

at fmd > U0ATdl > cllxl .
Hence T has a continuous inverse on N , whence N is finite-dimensional.

Therefore AT 1is strictly singular. o

The following theorem, which appears in Goldberg [11] is due to
Kato [13] except for the assertion that the operator is precompact. The

theorem and its corollary will be needed in chapter V.

IV.1.9 Theorem. Let T € L(X,Y) . Suppose that T does not
have a continuous inverse when restricted to any closed subspace having
finite deficiency in X . Then given € > Q0 , there exists an infinite-—
dimensional subspace M(e) contained in D(T) such that T restricted

to M(e) 18 precompact and has norm not exceeding e
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Proof: The hypothesis implies the existence of an X, € X such

that Hxﬂ|= 1 and WTx1H< 3_15 . There is an xi € X' such that

Hxi" = 1 and xix1 = Hxlu =1 . Since N(xi) has deficiency 1 in X,
there exists an x2€ N(xi) such that Hx2H =1 and HTx2H< 3_26 .

: ' ' ' "= ' = =
There exists an X5 € X such that Hx2H 1 and XoXo Hx2H 1.

Since N(xi) n N(xé) has finite deficiency in X , there exists an
Xy € N(xi) n N(xé) such that “x3H =1 and “Tx3H < 3_38 . Inductively,

sequences {xk} and {xi} are constructed in X and X' , respectively,

with the following properties.

k

= H = ! = B <
(1) "ka kaﬂ xex, =1 "Txkﬂ <3%, 1€k<ow
k-1
(2) x. € N N(x') or, equivalently, x'x, = 0 1<i<k .
k i=1 i ik

It is easy to verify that the set of X is linearly independent, whence

M = sp {xl, Xor e } is an infinite-dimensional subspace of D(T) . It

will now be shown that the restriction TM of T to M has norm not

m
exceeding €. Suppose x= 2 aixi . Then from (1) and (2),

i=1
(X = ' < [ ] =
I 1I lexl <l = ixll .
In fact,
(3) o | < 22X i« 1<k<u

For suppose (3) is true for k < j <m . Then from (1) and (2),

3
] = [
(4) xj+1x '2 Gixj+1(xi) + aj+1 .
i=1
Hence, by (4) and the induction hypothesis,
| < |xr x| + % lo, |t x| <Hxl + i 2 g = 2Tk
=1+ 3 i=1

Thus (3) follows by induction .and
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g

m . .
I < 7 o fimx i< § 2Tkl < el
i=1 i=1

Hence "TM" < €& . To prove that T, 1is precompact, it suffices to show
that TM is the limit in B[M,Y] of a sequence of precompact operators.
For each positive integer n , define Ti : M5 Y to be T on

sp {xl, X

cener xn} and O on sp {x ...} . Clearly T: is

27 n+1’ *ne2’

. - . . M .
linear and has finite-dimensional range. Moreover, Tn is bounded on

n+k
M ; for if x = z Gixi , then by (1) and (3) ,
i=1

n n . .

Il < § Ja |l < F 221378 ik,

n . 1 1 .
i=1 i=1

Thus T: is precompact by Iv.1.4. Since

oo
M
It x -Txll< § |o] x|
M n . 1 1
i=n+1

0

<ellxl § 2213 5 4 pow

i=n+1

. M . .
it follows that Tn converges to TM in B[M,Y¥] , completing the proof

of the theoren. a

IV.1.10 Corollary [11). et X and Y be complete. If T € C(X,Y)
but R(T) s not closed, then for each € > 0 there exists an infinite—
dimensional closed subspace M(e) contained in DI(T) such that T

restricted to MI(E) 1is compact with norm not exceeding e .

Proof: Let W be a closed subspace having finite deficiency in X .

Assume T has a continuous inverse on W . Then TW is closed; for if

Txn >y, X €w , then {xn} is a Cauchy sequence and so converges to
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some x in the Banach space W . Since T 1is closed, x is in D(T) and
Tx =y . By hypothesis, there exists a finite-dimensional subspace N of
X such that X =W+ N . Hence TX =TW + TN . Since TW 1is closed and
TN is finite-dimensional, TX is also closed by Theorem I.6.7. But this
contradicts the hypothesis that R(T) is not closed. Therefore T does
not have a continuous inverse on W . Hence there exists an M = M(g)
with the properties described in Theorem IV.1.9. Since Y 1is complete
and T 1is closed, and continuous on M , it follows that M is contained
in D(T) . Moreover, ”Tﬁﬂ < e and Egg. = EE;' where TS is the
restriction of T to M . The precompactness of T and the completeness
of Y imply that Eﬁ;' is compact. Hence Tﬁ is compact. a]
IV.1.11 Corollary. Let T € C(X,Y) with X complete and R(T)

-not closed. Then for each € > 0 there exists an 1infinite-dimensional
subspace in D(T), say M(g), such that T restricted to M(e) s

precompact with norm not exceeding € .

Proof: Assume T € C(X,Y) with X complete and R(T) not closed.
Suppose now that W .is a closed subspace having finite deficiency in X .

Proceeding as in the first part of the proof of IV.1.10, the corollary

now follows from Theorem IV.1.9. o
IV.2 Pre-Reflexivity and Weakly Compact Operators
There are quite a few results linking weak compactness of operators

to reflexivity. In this section we give more general results linking

weakly compact operators to pre-reflexivity.
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IV.2.1 Definition (weakly compact operators).

A linear operator which takes bounded sequences onto sequences with weakly

convergent subsequences is said to be weakly compact. We will denote the

set of weakly compact operators in L(X,Y) by WK(X,Y) ; WwK[x,Y] if
D(T) = X .

IV.2.2 Proposition. If T € WK(X,Y) them T €B(X,Y) .

Proof: Suppose T € WK(X,Y) with T € B(X,Y) . Then there exists a

bounded sequence {xn} C D(T) such that {Txn} converges weakly and
IrTan o | But this is an obvious contradiction to the uniform

boundedness principle (Proposition I.5.13). o

IV.2.3 Proposition. If either X or Y s reflexive then

B(X,Y) = WK(X,Y)

Proof: Suppose either X or Y is reflexive. It follows easily

from Theorem I.7.7 and Proposition IV.2.2 that B(X,Y) = WK(X,Y)

IV.2.4 Proposition. If X <s complete and Y pre-reflexive then
Blx,v] = wk[x,v] . '
Proof: Suppose T € BIX,Y] with X complete and Y pre-reflexive.

Since D(T) = X we conclude that T and therefore BYT is closed by
Proposition I.4.7. By the closed graph theorem BYT is bounded and
hence since GY is weakly compact by Proposition IV.2.3, it follows

that T = qY(BYT) is weakly compact. a
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We give an example to show that the completeness on X cannot be

weakened.

IV.2.5 Example. Consider the map T from £,(N) into 2, @)
defined by T({xn}) = {xn/n} . It was shown in Example I.7.2 that T
is bounded with R(T) < 21 being a non-complete pre-reflexive space.
Banach [02] showed that on 21 convergence in norm is the same as
weak-convergence. Hence BR(T) is obviously not weakly compact since
that would imply norm compactness which by Proposition I.6.5 would imply
the finite dimensionality ofb R(T) . This is an obvious contradiction
since in Example I.7.2, R(T) was shown to be dense in Ql . We conclude
that the identity map on R(T) is not weakly compact.

IV.2.6 Lemma [M]. Suppose x <is reflexive. If there exists a bounded
linear operator which maps X onto a Banach space Y , then Y <is

reflexive.

If M is a closed subspace of X , then X/M <is reflexive.

Proof: Assume that T is an isomorphism from X onto Y . It
follows from Theorems II.1.5 and II.1.11 that T" 1is an isomorphism.
Since T“JX = JYT , and both JX and T" are surjective, it follows
that
YY" o= R(T"Jx) = R(JyT) c R(Jy) .
Thus Y 1is reflexive. Let us only assume that R(T) = Y. Then by
II.3.6 T' has a continuous inverse and from II.1.5 we conclude that Y' is
isomorphic to T'Y' . Since Y' is complete, T'Y' 1is also complete

and therefore a closed subspace of the reflexive space X' . Hence T'Y'
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is reflexive by Theorem I.7.3. Thus, by what was just proved, Y' |is
reflexive and therefore so is Y . The last statement of the theorem
now follows, since the map from X onto X/M defined by x - [x]

is bounded and linear. o

Iv.2.7 Corollary. Let the operator range R be pre-reflexive. If
there exists a bounded linear operator mapping R onto a Banach space Y

3

then Y 1s reflexive.

Proof: Follows trivially from 1V.2.6 since if T € B[R,Y] with

R(T) = Y , TGR is a bounded operator from reflexive R1 onto Y .

Hence Y 1is reflexive. °
IVv.2.8 Corollary. If M s a closed subspace of a pre~reflexive space
R, then R/M 18 pre-reflexive.

Proof: Assume M is a closed subspace of pre-reflexive space R .

Then BRM is a closed subspace of the reflexive space R1 . By Lemma
Iv.2.6 Rl/ BRM is reflexive. It is easily seen that RI/BRM is the
pre-image of R/M hence establishing the corollary. o

The following lemma which we state without proof appears as an

exercise in Diestel [05],p.237.

IV.2.9 Lemma. Let T € wklX,Y] with X and Y complete. Then
there exists a reflexive space 2 and operators S € B[x,2] , rR € Bl[zZ,Y]

such that T = RS .
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We obtain the following "converse" to Proposition IV.2.4.

IV.2.10 Theorem. Let R be an operator range. Then R 1is the image
of a weakly compact operator defined on a Banach space iff there is a

pre-reflexive space containing R and contained in R .

Proof: Suppose T € WK[X,R] with X complete and R(T) = R . From
Lemma IV.2.9 it follows that there exist S € B[X,z] , U € B[z,R] such
that T = US with 2Z reflexive. Hence by Lemma IV.2.6 it follows that
Z/N(U) is reflexive and since U € B[Z/N(U),ﬁ} is bounded by Theorem
I.3.20, we conclude that R(ﬁ) = R(U) 1is a pre-reflexive space with pre-
image 2Z/N(U) with R < R(U) < R . Conversely suppose R C W C R with
W pre-reflexive. The map aw is weakly compact by IV.2.3. Consider
the subspace S = BW(R) of Wl. We renorm S with the norm
R

W R W
m. = "."1 + "BRGW ."1 where "'"1 and "."1 are the norms on R, and W

respectively. The injective map, say T , from S into W1 is easily

seen to be bounded, viz.
W R > W for €s
Myl = Byl + WB ol > Tyl y
where Ty 1is just y considered as an element of W1 . Since a is

weakly compact, it follows that awT € wk[s,R] with R(aWT) =R .

Consequently if we can prove S to be complete ynder the norm A '

we are done. Let {xn} be a Cauchy sequence in (s, ll.Lll ). From the
definition of Hl .l it follows easily that {xn}‘and {BRwan} are
Cauchy sequences in both W1 and R1 respectively. It follows that

BRann - x € R1 and X, W € W1

and hence
ax »0xXx€ERCW
Wn R

and awxn - aww €EW.
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Obviously aRx = aww € Rc W and hence x = BRaww , from which it
easily follows that X, ® w in S with w considered as an element

of S . We conclude that S must be complete. 8]

IV.2.11 Remark. Theorem IV.2.10 immediately implies the factorisability
of a weakly compact operator as stated in Lemma IV.2.9. Let T € WK[X,Y]
with X and Y complete. By Theorem IvV.2.10 it now follows that there
exists a pre-reflexive subspace W of Y such that

R(T) CWC R(T)CY .
Let U be aw considered as a map into Y and let S be BwT . U is
obviously an element of B[WI'Y] and since T 1is closed (D(T) = X) ,
BWT is therefore closed by I.4.7. Hence by the closed graph theorem
S € B[X,Wl] with T = US and w1 reflexive.

We state the following theorem which appears in Goldberg [11] without
proof. For a proof the reader is referred to Dunford and Schwartz [07],
Theorem VI.8.12, the remark preceding the theorem on p.508, the remark
following Theorem VI.8.14 on pp.510-511 and the representation of

conjugate spaces in tables on pp.374-379.

IV.2.12 Theorem. Every weakly compact map from x or X' into a

Banach space takes weakly convergent sequences onto norm convergent

sequences whenever X 18 any one of the following Banach spaces:

(1) Ll(s,z,u) and L_(S,Z,u) , where (S,t,u) s a positive
measure space.

(i2) C(S) , where S 18 a compact Hausdorff space.

(i11) B(S) , where s is an arbitrary set.

Thus every weakly compact operator from X or X' <into a Banach space

18 strictly singular.
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1v.2.13 Corollary. Let X be any one of the spaces in Theorem IV.2.12
Then every bounded linear map from X or X' 1into a pre-reflexive space

18 strictly singular.

Proof: Follows immediately from Proposition IV.2.4 and Theorem IV.2.12.
o

IV.2.14 Lemma. Let X and Y be reflexive. Then X x Y 18

reflexive.

Proof: Assume X and Y to be reflexive and let {(xn,yn)} be a

bounded sequence. From the definition of the normon X x ¥ (I.3.9) it
follows easily that {xn} and '{yn} are bounded in X and Y
respectively. From Theorem I.7.7 it is clear that there exists a sub-
sequence {(u ,v.)} of {(x ,y )} such that x' u = x'x for each
n’’'n n’“n n
x' € X' and some x € X and hence a subsequence {(un v )} of
k k
{(u ,v )} such that x'u_ = x'x and y'v = y'y for each x' € X'
n’ n n n,
and y' €Y' and x and y elements of X and Y respectively. Now

let 2z' be an arbitrary element of (X x Y)' and let x' and y' be

elements of ’X' and Y' defined by

z'(p,0) x'p for p € X

and z'(0,q9) yv'q for qe€vY ..,

It is now obvious that for the subsequence {(u_ ,v_ )} of {(x ,y )}
n,''n n’‘n
k k

we have

z'(u ,v. ) - x'x+ y'y = 2'(x,y) where
n n
k k
(x,y) € X x Y . Consequently since z' € (X x Y)' was arbitrary we

conclude from Theorem I.7.7 that X x Y 1is reflexive. D
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IV.2.15 Proposition. Let X and Y be pre-reflexive subspaces of

a Banach space 2 . Then X + Y and X NY are pre-reflexive.

Proof: Let X and Y be pre-reflexive subspaces of a Banach space

2 . By definition the pre-images X1 and Y1 of X and Y are

reflexive and hence from the lemma it follows that X1 x Y1 is reflexive.

Now define the map T from X1 x Y1 onto X + Y as follows

T(Xl’yl) = Gxxl + GYyl with Xy € Xy

and Yy € Y1 .

(X1 X YlyN(T) is reflexive by Lemma IV.2.6 and since T is bounded by
Theorem I.3.20 it follows easily that X + Y is pre-reflexive with pre-
image (X1 X Y1VN(T) . Now consider the subspace

D = {(xl,yl): X, € X0 ¥y € Yo, Ox, = €xnNny}.

x*1 v¥1
It is easily verified that D is a complete and therefore closed subspace
of X1 x Y1 and hence from Theorem I.7.3 we conclude that D is
reflexive. Since TID is a bounded surjection from the space D onto

X NY it follows as before that X N Y is pre-reflexive with reflexive

pre-image D/N(Tlp) . o

Corollaries IV.2.7, IV.2.8 and 1IV.2.13 as well as Proposition

IV.2.4 are by the author. Theorem IV.2.10, Remark IV.2.11 and Proposition

IV.2.15 were established with the assistance of Dr. R. W. Cross.
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CHAPTER V

PERTURBATION  THEORY

As in chapter III most of the results in this chapter are generali-
sations of Banach space results appearing in Goldberg [11]. We start off by
looking at perturbation by continuous operators, and then by strictly
singular operators, after which we take a closer look at the instability

of the set C(X,Y)~SF(X,Y) under compact and &-compact perturbations.

V.1 Perturbation by Continuous Operators

V.1.1 Lemma. Let T € L(X,Y) with D(T) dense in X . Then

() a(T') = dim Y/R(T) (= b(T) Zf R(T) s closed)

(i) <f X <is an operator range, Y is complete and T € NS(X,Y), then
a(T) = b(T') and hence if T has an index, K(T) = -K(T') where we

let o = - (o)

Proof:
(i) Assume T € L(X,Y) with D(T) dense in X . Then
(1) dim Y/R(T) = dim (Y/R(T)) = dim R(T)‘L ‘= dim N(T') = a(T")
by Theorem 1.5.16 and 1I.1.10.
(ii) Assume also that X is an operator range, Y complete and
T € NS(X,Y) . Then from Theorems I.5.16 and III.2.9 we conclude
that
(2) b(T') = dim X'/R(T') = dim X'/N(T)L = Qim N(T)' = dim N(T) = a(T).
Hence if K(T) exists we see from (1) and (2) that

K(T) = a(T) - b(T) = b(T') - a(T') = - (a(T') - b(T')) = - K(T'). O
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V.1.2 Lemma {11]. Let N(T) be closed and let D(T) be dense in X

If Y(T) >0, then Y(T)=Y(T') = and T' has a closed range.

Proof: Let Y1 = R(T) and let T, be the operator T considered as

a map onto Y1 . Then by Theorem III.1.3 the bijection T1 has a bounded

inverse, since Y(Tl) = Y(T) > 0 . Hence, by Theorems II.1.10 and II.1.11,
("I“i)—1 exists and is equal to (%;1)', and by Theorem II.1.5 it now
follows that (E‘i)_1 is bounded. Before evaluating Y(T'") we need the
following observations:

1 1
(i) By Theorems 1.5.16 and 1I.1.10, Y'/N(T') = Y'/R(T) and Y'/R(T)

is isometric to Yi under the map [y'] - yé , where yé is the

restriction of y' to Y, . In particular Nly*l = "yﬁ" .
(ii) It is clear that I (T)'y'l = | (il)'yéll .  Thus, for

y' €D(T") , "(Tl)'yé" = llr'y'll by Lemma III.2.8.
(iii) By Theorems II.1.5 and II.1.11, H((’i‘l)')_lll = (iIl)'II = Ili;lll

From (i), (ii), and (iii) it follows that

)yl
. eyl . )Yy 1
Y(T') = inf : = inf ; = " —
[y lep(@ry MY vy €v; MR o™
= —— =1m
IIT1 Il

Thus by III.1.4, T' has a closed range since Y(T') >0 and T' is

closed.

We will state the following lemma, due to Krein, Krasnoselskii and

Milman ([15]; cf . [11] , p.110), without proof.
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Lemma. Let M and N be subspaces of X with dim M > dim N

(hence dim N < o ). Then there exists an m# 0 in M such that

V.1.4

fm|l = d(m,N) .

Lemma [11]. Suppose ~(T) >0 . Let B be continuous with

D(B) oD(T) . If BN < y(T) , then

()
(17)

Proof:

(1)

a(T + B) < a(T)

dim Y/R(T + B) < dim Y/R(T) .

For x# 0 in N(T + B) and IBll < v = v(T)

’

yHlx I < lTx it = IBxll < IBHiIxl< vixi

‘where [x] € X/N(T) . Thus xfl > I [x]l = a(x,N(T)), and therefore,

(ii)

V.1.5

by Lemma V.1.3, a(T + B) < a(T)

Let X0 = D(T) and let B1 be B restricted to D(T) . Considering

T and B1 as operators with domains dense in X0 the conjugates
T' and Bi exist with domains in ¥' and ranges in Xé . By

Theorem II.1.5 and Lemma V.1.2
Y(T') = y(T) > l=l >=HB1H = "Bi" .

Hence, it follows from (i) applied to T' and Bi and from Lemma

Vv.1.1 that
dim —>— = Qim ————— = a(r' +B}) <a(1') = dim —— .
R(T + B) R(T-+B1) R(T)

Lemma [11). Suppose T has a continuous inverse. If B 1is

. . -1 .
continuous with |Bl <y = 1/IT "I , then T + B has a continuous

inverse. If, in addition, D(B) o D(T) , then

dim Y = dim
R(T) R(T + B)
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Proof: For x € D(T + B) choose a positive integer N so that
i Bl
—_— < - B .
N Y - lIiBll
Now for 0< k <N,

I (T + B —%B)x"? Irxll = Il (1 - §-) Bdll = (v - Bl lxll .

Thus T + B has a continuous inverse and

(1) Y(T + B - %—B) ZY -lIBl for 0< k<N,

Since Il (1/N)Bli < ¥ - lIBll , Lemma V.1.4, together with (1), implies that

for 0 <k <N and b(T) = dim Y/R(T) ,

= k+1 _ T k 1

(2) b(T + B - 5 B) = b(T + B N B N B)

= k

< -

b(T + B N B) .

It follows from (2) and Lemma V.1.4 that
b(T) < b(T + B) < b(T)

and hence proving the lemma. a

V.1.6 Lemma [11]. Suppose that T, <s a linear extension of T such

1
that <« > n = dim D(Tl)/D(T) . Then

(Z) Zf T 1is closed, T, 18 closed

(i2) Zf T has a closed range, T, has a closed range

(222) if T has an index, K(Tl) =K(T) + n .

Proof:
(i) By hypothesis, D(Tl) = D(T) ® N , where N is a finite-
dimensional subspace. Hence, G(Tl) = G(T) + 2 , where G(T) and

G(Tl) are the graphs of T and T respectively, and

1
z = {(n,T,n) | n € N} . Thus, if G(T) is closed, then G(T,)

is closed, since Z 1is finite-dimensional.
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(ii) If R(T) 1is closed, then R(Tl) is closed, since

R(Tl) = R(T) + T1N

and TIN is finite-dimensional.

(iii) It is easy to see that it suffices to prove (iii) for the case when
n =1 . Suppose that D(Tl) = D(T) ® sp {x} , for some x € D(Tl)'

Then T1X =TX @ V, where V = sp'{Tlx} when T1x ¢ R(T) or

v = {0} when Tlx € R(T).

If T, X € R(T) , then it is easy to verify that b(T) b(Tl) +1

and that N(T)

N(Tl) . Therefore K(Tl) = K(T) + 1 .

If T,x € R(T) , then R(T,)

R(T) and there exists a z € D(T)

such that Tz = T,x . Hence N(Tl) = N(T) ® sp {x - z} . Thus

a(Tl) = a(T) + 1 and K(Tl)

K(T) + 1 . o

We now give a partial generalisation to operator ranges of a

theorem due to Kato (c f. [11] , p.112).

V.1.7 Theorem. Let T € SF(X,Y) and S € B(X,Y) with

D(T) = D(S) . If X <is an operator range and if Nsl <

Ta T Y (Toy)
then

(i) T+ S is closed if either Y is complete or if D(T) < D(S)
(i) T + S closed implies T + S normally solvable
(i27) T + S closed implies a(T + S) <a(T) and b(T + S) < b(T)
. _ 1
(Zv) X(T + AS) = K(T) for any X € [0,1] whenever sl o Y(Ta)

X
and Y <8 complete.



- 114 -

Proof:

(i) Assume either Y to be complete or BTEB < D(S) where T € C(X,Y)
and S € B(X,Y) such that D(T) <« D(S) . It is then easy to verify
that T + S 1is closed.

(ii) Assume T + S to be closed and X an operator range.

Now let a(T) = a(TaX) <o . If R(T + 8) = R(T(xX + SaX) is not
closed it follows from Corollary IV.1.11 that there exists a sub-
space M of D(TaX + Sax) such that dim M = o and
e + syoxll < (r(tay) - Hsliliaf)lixll for all 0# x €M .
Hence for each x # 0 in M
Y (Tay) d(x,N(Tay)) < ITodl < liso xl +1 (T + s)a xll
< (HSHHGXH + Y (Ta,) - USHHGXH) .
| Consequently d(x,N(TGX)) < lIxll for each 0 # x € M and hence
dim M < a(TuX) < o by Lemma V.1.3, contradicting the fact that
dim M = ., Hence T + S 1is normally solvéble.

Suppose now b(T) = b(TuX) <o, Let X = D(TaX) and let S

0 1

be Sua restricted to D(TaX) and let T be TaX considered

X 1
as an operator from X0 into ¥ . It now follows from II.1.5 and
v.1.2 that
! = = = = = ' .
Y(T{) = Y(T)) = Y(Ta,) > HSHIth HSaXH "51” "51"

Moreover since a(Ti) = b(Tl) = b(TaX) by, V.1.1, it follows from

the first part of the proof that Ti + Si is normally solvable
since Ti is normally solvable by Lemma V.1.2. It is obvious that
D(Ti + si) c D((T1 + sl)') . Now let y' € D((T1 + sl)') . Then

y'(T1 + Sl) is continuous on D(Tl) = D(T1 + Sl) by definition.

But since S1 is continuous, it follows that

' < ' ' ' '
ly Tlxl < ly (T, + SI)XI + ly SIXl < (hy' (T + s+ lly'sylh) Hixll

for x € D(Tl)
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and hence y'T1 is continuous, i.e. y' € D(Ti + Si) . We
conclude thet Ti + Si = (T, + Sl)' and consequently, since

X = D(Tl) c X

0

1 is complete, R(T1 + Sl) = R(T + S) 1is closed by

Theorem II1I1.2.9. Hence (ii) is proved.

Suppose X 1is an operator range. If T + S 1is closed, (iii) is

a trivial consequence of Lemma V.1.4 and the fact that R(T) and
R(T + S) are closed by (ii).

Assume Y complete. We start off by showing that X(T + S) = K(T)
for |ISll sufficiently small.

Suppose a(T) = a(TOX) < oo | It then follows from 1.6.9 that
there exists a bounded projection P € B[X,N(T)] and a closed
subspace M = N(P) such that P(X) = N(T) and hence X =M & N(T).
Let Ty, be T restricted to M N D(T) . TM is obviously closed
and injective with R(TM) = R(T) closed and by the generalised
closed graph theorem Tgl is continuous. Now since X =M @® N(T),

it follows easily that X, = BXM ® N(TGX) with BXM and N(TGX)

1
both closed. BXM is obviously the pre-image of M . It now
follows easily from (i), (ii), (iii) and Lemma V.1.5 that
(1) a(TM + 8) = a(TM) =0 b(TM + S) = b(T)
1
, < o , ,

provided sl Ua;W' T(TM M) . (T(TMGM) is obviously greater
than zero by I1I.1.4 since X1 and Y are complete, R(TM) = R(T)
closed and TMGM closed .) Now

D(T + S) = D(T) =D(T) N M & N(T)

D(TM + S8) = D(TM) = D(T) nMm.

Hence from Lemma V.1.6 and (1) we have that

K(T)

K(TM) + a(T) = K(TM + 8) + a(T) = K(T + 8)

Suppose b(T) b(TGX) <o,
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Define T1 and 81 as in the proof of (ii). As in (ii) we have

a(Ti) = b(Tl) = b(T) < and hence from the first part of the

proof applied to Ti and Si we have

K(T]) = K(T] + 8]) for Isll sufficiently small.

Consequently from Lemma V.1.1 we conclude that

K(T) = K(TGX) = - K(Ti) = - K(Ti + si) K(TaX + sax)

K(T + S)

for lIsll sufficiently small.

Now let I = [0,1] and let 2 denote the set of integers together
with o and - ., Define ¢: I = 2 by ¢(A) = K(T + AS) and let
I have the usual topology and Z the discrete topology. From
what was shown above we see that

¢ (X)) = K(T + Aos + (A - Ao)s) = K(T + AOS) = ¢(AO)

for A sufficiently close to AO . Hence ¢ 1is continuous from
which it follows that ¢(I) is a connected set consisting of only

one point, that is

K(T) = K(T + AS) for X € [0,1] if sl < HT%TT‘Y(TGX)
X

o

V.1.8 Corollary. Let T € L(X,Y) with D(T) dense, X an

operator range, Y complete and N(T) closed. If y(T) >0

and S € B(X,Y) satisfies D(S) > D(T) and sl <y(T) , then

T' + S' 18 normally solvable with a(T') = a(T' + S') , b(T') 2 b(T' + S'),

and K(T') = K(T' + AS') for X € [0,1] whenever X(T') exists.

Proof: It follows from Theorem II.1.5 and Lemma V.1.2 that
Y(T') = Y(T) > llsll = lis'll with T' normally solvable. The corollary

now follows on applying the theorem. o
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We can now state the following corollary, a special case of which
appears in Goldberg [11], p.114. We reproduce the proof given in [11]

with minor modifications.

V.1.9 Corollary. Let T € SF(X,Y) with X an operator range and Y
complete. If s € B(X,Y) with D(S) o D(T), then there exists a
number p > 0 such that a(T + AS) and b(T + AS) are constant in

the annulus 0 < Al < p .

Proof: The proof of the corollary is a modification of Lemma 8.1 in
Gokhberg and Krein [08], where S was taken to be the identity operator.
We first assume a(T) <o . For x € N(T + AS) and A # 0 ,

Tx = - ASx

whence

Thus

- ASx = Tx € TD, =R and x €S 'R, =D

1 2 2 2 "
It follows that
[e0)
(1) N(T + A8) < N Dk
k=1
where
p, =s ! R, = R(Tf
K Re 1=
and
Reet = ™ -
It is easy to see that i
b
R1 RZD”' and DID DZD... .

We show by induction that Rn and Dn are closed subspaces of Y and

D(S)respectively. R is closed by hypothesis, and D is closed since

1 1

S 1is continuous. Suppose Rk and Dk are closed. By Corollary III.3.7,
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, | . \
Rk+1 = TDk is closed and therefore Dk+1 =8 Rk+1 is closed since S

is continuous. Hence Dn and Rn are closed by induction. Define

X. = N D and Y~ = N R
/0 -
0 k=1 k k=1 k
It follows from the definition of Dk and Rk that TX‘0 c YO and
SX0 c YO . Let T1 and 51 be the operators T and S respectively,

restricted to D(T) N XO with ranges in YO . Since T 1is a closed

operator and XO is closed in D(T), T1 is also closed. We show that

R(Tl) =Y, .
w0

Let y be an element in Yg = n TDn . Then for each n = 1 there
n=1

exists an xn € Dn such that Txn =y . Since N(T) is finite-

. there exists an integer k such that

dimensional and Dn 2D 0

n+1

n = n > .
N(T) Dko N(T) Dk for k ko

From the way the sequence '{xk} was chosen, together with the fact that

D, © Dk'k > ko , it follows that

k 0
- = =
X xkO € N(T) N Dk N(T) N Dk c Dk k kO .
0
€ n = = i i
Hence X S Dk Xp and Txk y , which shows that T1 is
0] k/kO 0

surjective. Thus there exists by Theorem V.1.7,a number 0 > 0 such

that for |M <o

(2) K(T + AS) = K(T)

(3) b(T1+ Asl) = b(Tl) = 0 and a(T1 + Asl) = K(Tl) = a(Tl) .

Now, (1) implies that N(T + AS) = N(T1 + Asl) for A # 0 . 1In
particular,

(4) a(T + AS) = a(T1 + Asl) A #£0.
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It is clear from (2), (3) and (4) that a(T + AS) and b{(T + }8) are
constant in the annulus 0 < lkl <p under the assumption a(T) <o ,
If a(T) = , then b(T) <o by hypothesis. As in the proof of Theorem
V.1.7 we apply the result just proved to the appropriate coniugate

operators in order to prove the corollary when a(T) = o .

V.1.10 Corollary. Let T € L{X,Y) , S € B(X,Y), wtth N(T) closed,
Y(T) > 0 and D(S) D D(T) . If there extsts a number wu > 0 such that
R(T + AS) s closed for |A| <u then there exists a number o > 0

such that b(T + AS) is constant in the anmulus 0 < |A| <p .

Proof: Suppose there exists a u > 0 such that R(T + A3) is closed

for IAI <y . Let XO = D(T) and let S1 be S restricted to D(T)

and consider T to be from X0 to Y. By Lemmas V.1.2 and V.1.1 it

now follows that b(T) = a(T') <o , Y(T') = y(T) >0 and T' is normally

it

solvable. From Theorem II.1.5 we see that "Si" "Sln ;r SO S!

1

is bounded and hence from Corollary V.1.9 applied to T' and S' we con-
clude that there exists a v > 0 such that a(T' + Asi) is constant in
the annulus 0 < |A| <v. Let p = minimum {v,u} . It then follows

from the hypothesis and Lemma V.1.1 that b(T + AS) = a(T' + Asi) is

constant in the annulus 0 < Ikl < p thereby proving the corollary. o

The following proposition is a generalisation of ([11] , v.1.8, p.116):
V.1.11 Proposition. Let S € B(X,Y), T € L(X,Y) with D(S) > D(T) ,
Y complete and X an operator range. If U 18 the set of A for

which T + XS € SF(X,Y) , then



(1)
(iz)

Proof:

(1)

(ii)
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U s an open set

if C 1is a component of U (largest connected subset of U ),
then a(T + AS) and Db(T + AS) will have constant values on C ,
say 1, and n, , except for isolated points. At the isolated

points

a(T + AS) >n, and Db(T + AS) > n

1 2

Assume X €U , i.e. T + AS normally solvable with an index.

(i) is now a trivial consequence of Theorem V.1.7 applied to T + AS
since Y(Tax + ASaX) >0 by 1III.1.4 and hence we can find an

€ >0 such that T + (A + €)S € SF(X,Y) .

Assume C to be a component of U . The component C 1is open,
since any component of an open set in the space of scalars is open.
Let a(XO) =n, be the smallest integer which is attained by

a(A) = a(T + AS) on C . Suppose a(A') # n, . Owing to the
connectivity of C , there exists an arc T 1lying in C with
endpoints AO and A' . It follows from Corollary V.1.9 and the
fact that C is open, that about each u €T there exists an
open ball Uc(u,r) contained in C such that a(A) is constant
on the set Uc(u,r) with the point M deleted.

Since T 1is compact and connected, there exist points

Al' A2( e An = A

on ' such that

A A A r
(1) UC( O’rO)’ U_( 1,rl) cees UC( n,rn) cover and

C

A A < i = -
UgPyrry) MO L g0Tiq) 70 0<is<n-1
We assert that a(A) = a(xo) on all of UC(XO,rO) . It follows

from Theorem V.1.7 that a(A) S a(AO) for A sufficiently close
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to AO . Therefore, since a(AO) is the minimum of a(A) on

c, a(r) = a(AO) for X sufficiently close to Ay . Since af(})

is constant for all A #>A0 in UC(AO,rO) ’

a(ko) . Now a(\) is constant on the set Uc(ki,ri) with the

this constant must be

point Ai ‘deleted, 1 < i< n . Hence, it follows from (1) and
the observation a(i) = a(AO) for all A € UC(AO,rO) ., that
a(A) = a(AO) for all XA # A' in UC(A',rn) and a(A') > n, .
The result just obtained can be applied to Ti + Asi , as in
Theorem V.1.7, in order to prove the analogous results for
b(T + AS) = a(T] + As}) . o
V.1.12 Corollary. Let T € L(X,Y) , S € B(X,¥) with D(S) > D(T),
X an operator range and Y (T, + Asax.) >0 for all scalars A.
If U 48 the set of all scalars X such that T + As € SF(X,Y),>then
(2) U Zs open
(22) Zf C 1Zs a component of U , then Db(T + AS) wtll have a constant
value on C , say n , except for isolated points. At the isolated

points

b(T + AS) > n provided n < .

Proof:
(i) Assume U to be the set of all A such that
T + AS € SF(X,Y)), Since
1
. + AsSo_ ) > .1. &+ ASO
Y (T X S X) 0 we can apply Theorem V.1 7 as “E;“- Y(T - S X)
will still be greater than zero. Hence since T + AS 1is closed by

hypothesis the result now follows from Theorem V.1.7.
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(ii) Let C Dbe any component of U . Observe that N(T(xX + ASGX)
must be closed for each X € U since ’TGX + ASGX € NS(Xl,Y)
by I11.3.3. From Lemma V.1.1 we notice that Db(T + AS) =
b(T(XX + ASGX) = a(Ti + ASi) where T1 and S1 are defined as in
the proof of V.1.7, By an arqument analogous to that in Proposition
V.1.11 being applied to Ti and Si the result now follows with
use being made of Corollary V.1.10 instead of V.1.9. o

Corollaries Vv.1.12, v.1.10 and V.1.8, the generalisation of Theorem
V.1.7, Lemma V.1.1, Corollary V.1.9 and Proposition V.1.11 are by the

author.

V.2 Perturbation by Strictly Singular Operators

The following theorem, due to Kato, is known for Banach spaces (cf.

[11]). we give a partial generalisation to operator ranges.

V.2.1 Theorem. Let T € NS(X,Y) with X an operator range, Y
complete and a(T) <o . If B € SS(X,Y) with D(B) > D(T) then
(Z) T+ B € NS(X,Y)
(22) X(T + B) = K(T)
(i27) a(T + AB) and b(T + AB) have constant values n, and  n,
respectively, except perhaps for isolated points. At the

i8olated points

o > a(T + AB)>-n1 and b(T + AB) > n, .



Proof:

(1)

(ii)
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Assume B € SS(X,Y) with D(T) € D(B) . T+ B is obviously

closed since Y 1is complete. Since a(T) = a(TaX) < o , there

exists a closed subspace M1 of X1 such that X1 = M1 ® N(TGX) .

Let T be TQ& restricted to M, . T is obviously closed
M1 X 1 M1

since TGX is closed and M1 is closed and hence since

R(TMl) = R(TGX) = R(T) ,

TM is normally solvable with Y(TM ) >0 by III.1.4. Suppose

1 1

that R(T + B) = R(TO_ + Bax) is not closed. It follows from

X
Lemma V.1.6 that R(TM + BGX) is then also not closed. Therefore
1
since T + B and thus TGX + BGX and TM + BGX are closed, we
1
conclude from Corollary IV.1.11 that there exists an infinite-

dimensional subspace M0 of D(TM ) = D(T + Bax) such that

1 My
+ BQ < .
II(TM B X)xII (Y(TM V2)ixll  for x € My
1 1
Moreover since Th is injective, it follows that
1
> - >
HBaxxH ”Th x|l II(TM + Bax)xH thM)/Zthlfor any x € My
1 1 1
and hence BGX is not strictly singular since it has a continuous
inverse on MO . Since B € ss(x,Y) iff B € ss[p(),Y] and
o o] .
XID(BaX) € Blp(B X),D(B)] we conclude from Theorem IV.1.8 that

BGX is strictly singular, a contradiction.. Hence R(T + B) is
closed.
We now prove a(T + B) <o , Since N(T + B) N N(T) is finite-
dimensional, we conclude from I.6.9 that there exists a closed
subspace N of X such that

N(T + B) = N(T + B) N N(T) & N .
Let T be T restricted to N . Since Y(T) > 0 by Theorem

N

I11.1.4, we conclude from III.3.6 that TN is a closed and hence



- 124 -

complete subspace of the Banach space Y . Therefore since TN
is injective we conclude from the generalised closed graph theorem
that T;1 is continuous. Since TN = - B on N it is clear
from the strict singularity of B that dim N < e and hence
a(T + B) <o, Since B 1is strictly singular iff AB is strictly
singular we conclude from (i) and theabove that T + AB is normally
solvable with a(T + AB) <o for all X . Consequently applying
Theorem V.1.7 to T + AB , it follows that ¢(X) = K(T + AB) is
continuous from [0,1] into 2 where [0,1] has the usual
topology and Z is tﬁe set of integers and - with the discrete
topology. Hence ¢ 1is a constant function. In particular,

K(T) = ¢(0) = ¢(1) = K(T + B) .

(iii) Since T + AB € SF(X,Y) with a(T + AB) <o for all A , (iii)

is a trivial consequence of Proposition V.1.11. a
V.2.2 Corollary. Let T € NS(X,Y) with a(T) <, X an operator
range and Y(T% ) >0 . If B € ss(x,¥) and D(B) > D(T) ,

then T + B 1s normally solvable.

Proof: Assume B € SS(X,Y) and D(B) > D(T) . Since
a(T) = a(Tax) <o , it follows from I1.6.9 that there exists a bounded

projection P from X1 onto N(TGX) . Let M1 be the closed subspace
N(P) of X1 = M1 ® N(TGX) . Obviously Ix - P is a bounded projection
1

from X onto M with N(I - P) = N(Tax) and hence from Theorem

1 1 X

1
1.3.20 we conclude that (Ix - P)” 1is a bounded bijection from the
1

Banach space xl/N(TaX) onto the Banach space M It now follows from

-
the open mapping theorem that Xl/N(TGx) = M1 . Since Y(TaX) >0 we

conclude from III.1.3 that (TGX)’ has a continuous inverse and as



XI/N(TGX) is isomorphic to M1 it therefore follows that Tao. | has a

X M1

continuous inverse as it is obviously injective. Hence from Theorem I11.1.3

we conclude that Y(TO(XIM ) >0 . Proceeding as in the proof of (i) of
1
Theorem V.2.1, the corollary follows.

o
The following corollary as well as Corollary V.2.5 appear in

Goldberg [11] for the Banach space case.

V.2.3 Corollary. Let T € SF(X,Y) with Y complete, X an

operator range and D(Tal, ) dense in X, . Suppose B € SS(X,Y), D(B)DD(T)

and (Bay)'  strictly singular. Then

() T+ B 18 normally solvable

(Z2) K(T + B) = K(T)
(127) a(T + AB) and b(T + AB) have constant values n, and n,
respectively, except perhaps for isolated points. At the

i1solated points

a(T + AB) > n and b(T + AB) > n

1 2

Proof: Assume B € SS(X,Y) , D(B) O D(T) and (Bax)' strictly
singular. The requirement that (BGX)' must be strictly singular is
not too restrictive since we see from Theorems IY.1.6 and IV.1.8 that we
could consider for example compact operators. Suppose Db(T) < o (the

result follows trivially from v.2.1 if a(T) < ), From Lemmas V.1.1

and V.1.2 we see that

a(T)

a(Tax) b((TaX)')

and b(T)

1 < o
b(TGX) a((TGX) )
and that (TaX)' is normally solvable since Y(Tax) >0 by III.1.A.

The theorem now follows by applying V.2.1 to (Tax)' and (BGX)' and

by considering Theorem III.2.O.
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By discarding the completeness restriction on Y we get a similar

result, namely the following:

V.2.4 Corollary. Let T € SF(X,Y) with Db(T) <o, X complete,
Y(T) > 0 and D(T) dense in X . Suppose B € SS(X,Y) ,
B' € ss[Y',x'"] and D(B) oD(T) . Then
(i) T+ B is normally solvable
(i1) Db(T + AB) has a constant value n except perhaps at isolated
points; at the isolated points we have

o > b(T + AB) > n, .
Proof: Assume B € SS(X,Y) with B' € ss[y',x'] and
D(B) ® D(T) . From Lemmas V.1.1 and V.1.2 we see that b(T) = a(T")
and that T' is normally solvable. Since by III.2.9
R(T' + B') = R((T + B)') closed implies R(T + B) closed, the
corollary now follows by applying Theorem V.2.1 to T' and B' .
V.2.5 Corollary. Let X =Y be an operator range. Suppose there
exists a Ao such that BX(AOI - T)_l is strictly singular on all of

Y . Then for every ) , K(>\IX ~-T) =0 and BX(AIX - T)

is a Fredholm operator.

Proof: Assume we have a xo such that BX(XOI - T)“1 is strictly

singular on all of Y . Then for any X
) 3 -1
(1) ()\IX -T) = (IX + (A ko)(XOIX T) )(XOIX T) .

Since Bx()\OIX - T)_1 is strictly singular and everywhere defined, it

(AT -1

follows from IV.1.8 that GXBX olx ~ T) = ()\OIX - T)—1 is strictly
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singular and everywhere defined. Hence ( - T)--1 and thus

A
o'x
. _ . . - = A - = .
(AOIX T) is closed with N(AOIX T) ={0} and R( 0IX T) Y It
follows trivially that K(XOIX -T) =0 and AOIX - T is Fredholm.

From Theorem V.2.1 we now conclude that

-1
1((1X + (A - Ao)(AOIX -T) )
= KBTI, + (= By (A I, - m 1

0

K(BXIX) = K(IX)

with BXIX + (h - )\O)BX ()\OIX - T)_1 a Fredholm operator.

Consequently it follows from Proposition III.3.12 that
-1
(BXIX + (A - AO)BX-(AOIX - T) )(AOIX - T)
= BX(AIX - T) is Fredholm

and that

| K(AIX -T) K(BX(AIX -T))

-1
K(BXIX + (A - AO)BX (AOI -T) ) + K(AOIX -T)

X
0.

Corollaries V.2.4 and V.2.2 as well as the generalisations of

Theorem V.2.1 and Corollaries V.2.3 and V.2.5 are by the author.

V.3 The Instability of Non-Semi-Fredholm Closed Operators under Compact

and a-Compact Perturbations.

V.3.1 Definition (o - compact operators).

Let X be an operator range. We define an operator T € L(X,Y) to be
o~compact if TUX € K(Xi,Y) . We will denote the set of all X-compact
operators in L(X,Y) by OK(X,Y) ; GK[X,Y] if D(T) = X . (This

definition is the author's own.)
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It follows trivially from Theorem 1V.1.8 that if X 1is an operator range,

T € K(X,Y) implies T € oK(X,Y) .

V.3.2 Definition (separable).

We define a metric space X to be separable if it has a countable dense

subset.

V.3.3 Lemma [11]. The dual space of a separable normed space has a

countable total subset.

Proof: Assume {xk} to be a countable set dense in the normed space
X . For each k there exists an xﬂ € X' such that Hxﬂl =1 and
x]'(xk = kaH . We show that {xi} is total. Assume there exists an

x # 0 in X such that xix = 0 for each k . Since {xk} is dense

in X , there is an x._. such that |lx - xJ|<i Il /2 . Hence

N
I 1>l = x = g >E2L
N 2
But
Ix = x'x. - x'x < lIx. - x| < xl
N N N N N 2
which is a contradiction. Thus {xi} is total. o

V.3.4 Lemma [11]. If N s a finite-dimensional subspace of X' ,

then (lN 1.

) N .

Proof: Assume N to be a finite-dimensional subspace of X' , the

dual of X . It is easily seen that N c (lN)l and hence from Theorem
1.5.16 we have

(1) dim X/lN = dim (X/lN)' = dim (lN)l 2 dim N .
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1
Now let xi, X', cees xé be a basis for N . Themap A from X/ N

into R or cn defined by

alx] = (Xix, XX, ..oy xéx) for [x] € X/lN

2
is easily seen to be linear and injective and hence

(2) dim X/lN <n

dim N .

o o

From (1) and (2) we conclude that N

We observe that this is a special case of a theorem by Dieudonné
_ lN 1 . .
( [06); cf. [11] , p.59) who showed that N = ("N) if N is a

reflexive subspace of X' .

V.3.5 Theorem. Let T € (NS(X,Y)NSF(X,Y)) with X and Y
operator ranges. Then there exists a compact operator B € K[x,Y]
such that for any A # 0, T + AB does not have a closed range. If

N(T) <s separable then B can be chosen so that T + AB 18 injective.

Proof: Assume T € NS(X,Y) NSF(X,Y) with X and Y operator ranges.

Suppose first that Y 1is complete. Since
dim R(T)l = dim (¥Y/R(T))' = b(T) = e by Theorem I.5.16, there is an
infinite linearly independent set yi, yé, ee. C R(T)l . Now choose

Yy € Y such that yiy1 #0 . For k €EN let Y1 be an element in

k 1
_nlN(yi) =" splyyr Y50 --es y,} such that vy, ., €N(yp ,) . The
l=

existence of Vi1 is assured by Lemma V.3.4 and the fact that

yi, yé, ... are linearly independent. Hence
y! R(T) = O for j =1
J
(1) y:'.jyi =0 for i>321
'y, # .
YJYJ
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Now let {xl, x2, ...} be an infinite linear independent set in N(T)

It follows that XO = EE-{xl, x2, ...} 1is separable and by Lemma V.3.3

there is a countable total set v1, V2, ees © Xé where we assume that

A #0 for 1 €EWN . Let xi € X' be an extension of 4 to all of

X . We define B € L[X,Y] aswfollows
]
§ xj ooy,

(2) Bx = _%fl_.______
2%t I
¥y

The existence of Bx 1is assured by Theorem I.2.8 since the series is
absolutely convergent and Y is complete. It is also easily seen that
the absolute convergence of the series implies that B is bounded and

that B is the limit in B[X,¥] of the operators Bn defined by
n

L xj0y,
i=1

ity 0
2% My,

Bn is easily seen to be compact by Remark IV.1.4 and the completeness
of Y , and since Bn - B in B[X,Y] it follows from Proposition IV.1.5
that B 1is precompact and thus compact since Y is complete. Suppose
Bx € R(T) N R(B) . Then by (1) and (2) it follows that

0

] ' ] L =
lex xl(x)yly1 whence xlx o .

Similarly

o
I

I
o

1) v T 1)
y2Bx x2(x)y2y2 whence x!x

5 .
Continuing inductively we conclude that xix =0.for i €W and
consequently Bx = 0 . Hence R(T) N R(B) = {0} . In particular we

notice that B is injective on X, < N(T) since Bx = 0 € R(T) implies

0
xix = 0 for i €N and therefore x = 0 since {xi, x!, ...} 1is total

o) X .
n %9

Suppose now that R(T + AB) = R((T + AB)GX) is closed for some
A # 0 . Since it can easily be shown that T + AB and thus (T + AB)GX

is closed, we conclude from Theorem III.1.4 that Y ((T + AB)ax) >0 .
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Hence

(3) ¢ + A B)GXBXXH > Y-d (B x,N((T + AB)aL))
where Y = Y((T + AB)GX) >0 and x € D(T + AB) ,
i.e. Bxx € D((T + AB)GX)

Now N(T + AB) = N(B) N N(T) since (T + AB)x = 0 implies

Bx € R(T) N R(B) = {0} and thus Tx = 0 . Hence

N((T + XB)(XX) = BXN(T + AB) BXN(B) n BXN(T)

N(Ba, ) n N(Ta,) .
Defining B1 to be the restriction of B to N(T) it follows that
N(Bl) = N(T) N N(B) = N(T + AB)
and hence
N(B,&) = N((T +AB)a) .
Therefore for Bxx € N(TGXT\N(Blax) we see from (3) that

" (X = -_1._. ¥
B, XBXx" Fer + ABI)GXBXXN

Al
> X aq.x, N(B,O)) >0
X' 17X
1Al
which implies that Y(BIGX) > 0 since

I BlaXBxx" Yy

B =
d( XX, N(Blax)) ‘Al

>0 for B.x € D(BIGX)\N(BllXX).

Consequently R(BIGX) = R(Bl) is closed by Theorem III.1.4 since Blax ’

a continuous operator with closed domain,is obviously closed. Since
R(Bl) is closed in the Banach space Y it must Le complete and hence
from Corollary IV.1.7 it follows that R(Bl) is finite dimensional.
But this is impossible since X0 C N(T) while dim XO = o and B is

injective on X_. . Hence R(T + AB) is not closéd.

0
Suppose now that Y is a non-complete operator range. From Proposition

IT1I.3.3 and Remark III.3.4 we see that T € NS(X,Y)™ SF(X,Y) implies

BYT € NS(X,Yl)‘~SF(X,Y1) and hence from what has just been proven we
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we conclude that there exists C € K[X,Yll such that for any X* # O

R(BYT + AC) 1is not closed. It is easily seen that this implies

GYR(BYT + AC) = R(T + XayC) not closed since for any

y € ETE;E—I—XESK\R(BYT + AC) there exists {yn} c R(BYT + AC) such that
y, v and hence {GYYJ' < R(T + Aayc) with Oy - oy ¢ R(T + AaYC).
GYC is clearly compact by Theorem IV.1.8 and now by letting B = GYC the
first part of the theorem is proven.

If N(T) 1is separable, then {xl, X ...} may be chosen so that

2’
X0 = N(T) , in which case T + AB is injective since by construction B
is injective on X, and hence N(T + AB) = N(B) N N(T) = N(B) N X, = {o}.

8]

The theorem just proven is a generalisation by the author of a Banach
space result appearing in Goldberg [11] . Essentially the same construction
is used, suitably modified. The next two theorems and the corollary were
proven by Bouldin ([03], Theorem 2.1) for bounded operators in Hilbert
spaces and later generalised by Gonzalez and Onieva [12] to the Banach

space case. We give a generalisation to operator ranges for closed

operators.

We notice from the above that if X and Y were Banach spaces
and T € NS(X,Y)~ SF(X,Y) then Y(T) > 0 and Y(T+ AB) = 0 by III.1.4,
where T + AB € C(X,Y)~NNS(X,Y) for any A # 0, and hence Remark II1I.1.11
is applicable. Recalling the definition of convergence we gave in Remark

I11.1.11, we obtain the following :
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V.3.6 Theorem. Let T € C(X,Y)NSF(X,Y) where X and Y are

operator ranges. Then

(1) T 1s the limit in C(X,Y) of a sequence of operators {Tn} in
C(X,Y) NSNS (X,Y)

(i7) there exists B € xlx,¥] and A € Cc(X,Y) NNS(X,Y) such that

T=AaA+B,

Proof:

(1) Suppose T € C(X,Y)NSF({X,Y). If T € C(X,Y)NNS(X,Y) let T = Tn
every n€IN . If T € NS(X,Y)~NSF(X,Y) there exists by Theorem
V.3.5 a compact operator B € K[X,Y] such that T + AB ¢ NS(X,Y)
for every A # 0 . It is easy to verify that T + AB € C(X,Y)
since B 1is everywhere defined and hence choosing a sequence
An - 0 such that An # 0 for n EIN it follows that T + lnB > T
where {T + A B} < C(X,¥) NNS(X,Y).

(ii) Assume T € C(X,Y)NSF(X,Y) . Obviously if T ¢ NS(X,Y) ,

T=T+ 0. If T €NS(X,Y)NSF(X,Y) then by Theorem V.3.5 there

exists a compact operator B € K[X,Y] such that

T -B=A €C(X,Y)NNS(X,Y) and T=T-B+B=23a+B.

V.3.7 Corollary. Let X be an operator range and let Y be complete.

Then T € C(X,Y)NSF(X,Y) iff there exists B € K[X,Y] and

A € C(X,Y)NNS(X,Y) such that T =2 + B .

Proof: Suppose there exists B € K[x,Y] and a € C(X,Y)NNS(X,Y)
such that T = A + B . It is easy to verify that T is closed. Suppose
T € SF(X,Y). Then by Theorem IV.1.6 and Iv.1.8 (—Bax)' is compact and

since the hypothesis implies that D(T) = D(A) (because T = A + B and

for
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B is everywhere defined) we see from Corollary V.2.3 that
T -B = A € SF(X,Y) € NS(X,Y) since if D(Tax) was not dense in X1 R

we could replace X1 and X by D(Tax) and ax D(Tax) respectively

and congsider T , A and B to be from GX D(TGX) into Y . o]

V.3.8 Definition (b(T)).

Given T € L(X,Y) , b(T) is defined to be the deficiency of R(T) in Y ,
that is
b(T) = dim Y/R(T) .

Obviously B(T) < 'b(T) .
We now come to the major result of this section :

V.3.9 Theorem. Let x be an operator range and let Y be complete.
Then T € C(X,Y)NSF(X,Y) <Zff there extst B € oaxlx,Y] and a € L(x,Y)

such that Ad € C(X,,¥) , a(a) = b(a) = aud T =2+ B € C(X,Y) .

Proof: Assume there exist B € ok[x,Y] and A € L(X,Y) such that
Ao, € C(X,,¥) with a(a) = b(d) = and T =2+ B € C(X,Y) . Then

a(T - B) = b(T - B) = . sSuppose T € SF(X,Y) . Then by Remark III.3.4
Tax € SF(X,Y) and hence considering TGX as an pperator from

D(Tax) = XO c X1 into Y and taking the restriction of - BGX , a

compact operator, to X it follows from Corollary V.2.3 that

o ’
o - Ba € . i i - =, a - ga < o
T y B X SF(Xl,Y) ; that is either a(T B) a(T . B X) or

b(T - B) <b(T - B) = b(T® - BO) <, a contradiction.

Conversely, assume T € C{X,¥) . If T € NS(X,Y)NSF(X,Y) set

B=0. If T ¢ NS(X,Y) we shall show that there exist two Q-compact



- 135 -

- B.) =b(T - B

operators B and B such that a(T - B1 5 1 9

1 2

Hence

T = (T - B, - B2)+(B1 + B2) .

1
Since T ¢ NS(X,Y) , R(T) is not closed. Suppose Db(T) <o ., Let a
be the sequence of integers defined inductively by

n-1

(1) a, = 2 a =2 (1+ Ja) for n=2,3, 4, ... .
k=1

We claim that there are two sequences {yk} C Y and {yi} < D((TUX)') cy!
such that

1
Iy, Il < a gt =1 T(rax ) 'y Il < yily,) =6,
(2) k k X k 2kak j "k jk

for j,k =1, 2, 3, ... .
Assuming this for the moment we define

n
Vx = z (T

)'y! B.x)y, for n=1,2, ... and for x € X .
n k=1 k X k

X

It is easy to check that VnaX will be a continuous everywhere defined

operator with finite dimensional range and hence compact by Remark IV.1.4.

For n >m we have

"VHO(XBXX - VmO(xBXx" = ”an - me”
n
< z IH(ro,) 'y B xllly. Il
k=m+1 X k X k
n
<( y 2'k) 1Bl
k=m+1 .
< ”BXX”/2m -0 as m - o .,

Hence .{Vndx} is a Cauchy and thus convergent sequence in the Banach
=]
. 3 - o [ )
space B[Xl,Y] In fact if le nZl(T X) Yy (BXx)yk for x € X
it follows from the absolute convergence of the series for BlaX that

Blﬂx(BXx) and hence 'le exists for each x € X . It is easily seen

that VnaX - BlaX in B[Xl,Y] and hence B is compact by Theorem

a
1X
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Iv.1.5 and the completeness of Y . Thus by definition B is o-compact.

1
Now for each x € D(T) and each k we have by (2) that

y;{(le) = (TO(X)'y]'{ (BXX)

I

vy (Tx)
and hence yi (R(T - Bl)) =0 for each k . Since Yyr Yyo ... are
linearly independent and by (2) obviously not in R(T - Bl) , it follows

that b(T - B)) = .

It remains to find sequences satisfying (2). The proof is by induction.
Since R(T) = R(TGX) is not closed, R((TGX)') is not closed (Theorem
IIT.2.9). We verify that there exists yi € D((Tax)') such that "yi" =1
and "(TGX)'yi" < %- . For suppose on the contrary that "(TGX)'y'" => %

for all y' € D((Tax)') such that fly'l =1 . Then (TGX)' has a
continuous inverse by Theorem I.3.6 and since (TGX)' is a closed

operator Theorem III.1.1 implies that R((de)') is closed, a contradiction.
Hence yi exists. We can also verify that Yy € Y exists with Hylﬂ <2
and yj(y,)=1 . Suppose not. Then for every y € Y such that Tyl < 2

we have yi(y) #£1 . 1If Iyi(y)l > 1 let y, = y/yiy . Obviously
1

= e—— J = ] 1 =
"ylﬂ Iyiyl vl <2 and Y1y, yly/yly 1 . Suppose now that
ly'yl <1 for every y € Y such that Hlyll < 2 . But then

2
1 = "yi" = sup |y'yl = sup Iy'<?¥> |
Iyll= 1 fyll=3/2
2 2 2
= sup 3 lyjtw)l =3 ( sup ly' (y) I) <3
IIyll=3/2 fIyll=3/2

by our supposition. This contradiction establishes the existence of Y-

Suppose Yyr Yor «ees Yo 1’ yi, yé, ceey yé_l have been found satisfying

, , 1
(2). We claim that there exists Y € D((T)") n {yl, Yyr eees yn-l}

such that "yé” =1 and "(TGX)'YA" < .  Suppose not. Let

n
2 a
n
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M = sp {yl, Yor oees yn—l} . M is thus finite dimensional and from
TheoremsI.6.9 and I.3.23 we conclude that Y =M & N with N a closed
subspace of Y . Hence by Remark 1I1.4.3 and Theorem I1I.4.2,

. L 1 , . . . , L
Y' =M &N . But dim M = dim ¥Y/N = dim (Y/N)' = dim N by I.5.16.
Hence N is finite dimensional. Since R((Tax)') is not closed,

D((Tax)') is not finite dimensional and therefore D((Tax)') n Ml is

infinite dimensional. If we were now to suppose that (TaX)'Ml is
closed then R((Tax)') = (TaX)'Ml'+ (TO(X)'N’L would be closed by the
finite dimensionality of (TO(X)'N'L . Therefore (TO(X)'M'L is not closed.
Since (TaX)'|M1- is closed by virtue of the fact that Ml' is a closed
and thus complete subspace of Y' , we can now follow an argument similar
to that used in establishing the existence of yi , with use being made of
L L

n ' ' r : ' ]
M D((TA) ') , (TO) 'M-L and (T® )'M" instead of D((T®)') , (T&)
and R((TGX)') respectively. Hence yé exists. As before we can find
a y €Y such that y)(y) =1 and Iyl <2 . Let

n-1

—_ -— ]

y =y _2 vy (Y,

n k=1
Then

n-1
Iy I <yl (1 + kzl "yk”>

n-1
< 2 (1 + kzl ak> =a,
by (1) and the induction hypothesis. Moreover tyé(yn) =1, yé(yk) =0
for 1 Sk Sn-1 by virtue of the fact that yé € Ml and by
construction of Y, - We also have

ty ) = yi(y) - v iy) = <k <
yk(yn) yk(y) yk(y) 0 for. 1 k <n

and hence (2) holds by induction.

Suppose now that a(T - Bl) < since the assertion is trivial otherwise.

We claim that there exist sequences

. 1 .
Footnote: Note that in line 6 dim Y'/M < o and hence since

L
dim D((TGX)') = o , dim D((Tax)’) NM =o .
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[y = P ) ] 1
{xk} D(T) = D(T Bl) and {xlk} < X) such that
k-1 1-2k
= ! < - <
(3) IIBXXk” 1, | xldl 2 , (T Bl)xk" 2
v _ A
Xlk(BXXj) = ij for k,j =1, 2, ... .

Assuming this for the moment we define

) x for n=1, 2, ... and x € X.

k

n
Ux= Y x! Bx)(T-B
n k=1 1k X 1

It is easily seen that each Una is continuous, everywhere defined and

X

has finite dimensional range. Hence since Y is complete, it follows
from Remark 1IV.1.4 that {Unax} is a sequence of compact operators in

B[X,Y] . Consider

B,x = kZ1 xi, Bx) (T - B)x .

It now follows from Theorem I.2.8, the completeness of X1 and the

absolute convergence of the series for Biax , that Béax(Bxx) and thus

B,x exists for each x € X . It is easily seen that {Unqx} converges

to Biax in B[Xl,Y] and hence Biax is compact by Proposition IV.1.5

and the completeness of Y ., Hence B2 is 0 ~compact.

We observe that B, coincides with T - B, on sp {Xl’ X .} and

2 1 A

hence a(T - B

1~ B2) = since {xl, x vl is a linearly

2!
independent set. Moreover R(B2) c R(T - Bl) and since b(T - B1) = o

we therefore have b(T - B1 - B2) =0 , It remains to find sequences

satisfying (3). We start off by showing that R(T - B1) is not closed.

Suppose R(T - B1) = R{(T - Bl)ax)is closed. Since T is closed, TUX and thus

Tax - Blax will be closed since ax and Blax are bounded. Let

XO = D(TcxX - Blax) . Then TGX - Blax € NS(XO,Y) with a(T - B1) < oo

Hence by considering B10(X|X it follows from Corollary V.2.3 that
0
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= - B, + a € Y i.e. X ) = R(T) 1
TGX TGX B1 . B1 . NS(XO, ) , i.e. R(T X) R(T) is closed, a

contradiction since initially we assumed T € C(X,Y)NNS(X,Y) . Since

Tax - B,0_ € C(X,Y)NNS(X,¥) there exists x, € D(T) = D(T - Bl) such

1 X 1
that "Bxxlﬂ =1 and (T - Bl)xH < %— . To see this, suppose the
contrary. Then for every Bxx € D(T(XX - Blax) for which "Bxx" =1
we have
1
- = x - B,& = -
(T Bl)x" Il (T . ~ By X)BXXH 3 and

TGX - Blax therefore has a continuous inverse by Theorem I.3.6 whence

R(TO(X - Blax) ‘is closed by Theorem III.1.1, an obvious contradiction.

Now by Corollary I.5.8 there exists xil € Xi such that ”xilﬂ =1 and

] = =
xll(Bxxl) =1 "BXXH . Suppose we have constructed Xir Xyr eeep X

2! n-1

and xil R xiz 4 eeer xin-l in X and X! respectively such that (3)

1

, . e - ' . ' , ,
is satisfied. Let M sp {Xll' x12, ceor xln-l} . M 1is obviously

finite dimensional and thus closed. From Theorem I.5.16 and Lemma V.3.4
i
we see that dim (X,/M) = dim (xl/im)' = dim (tM)1 = @im M .  Hence

M 1is a closed subspace of X with finite deficiency. Consequently

1

(TOlX - Blax)'lM € C(X,Y) NNS(X,Y) by Lemma V.1.6. Arguing as before

with (To, -~ Blo(x)h_M instead of Ta, - B &, we obtain

L
Bxxn € D(T(xX - Blcx) f ™M such that HBXan =1 and

(T - Bl)xn” < 2i™2n . Now let x! be an arbitrary element of X}

. ' - il =
for which X (Bxxn) 1 and "xlﬂ 1.
Then the functional
n-1
Vo= ot ' '
*In = %1 kz1 Xp By )iy

has the properties that

' = = 2
xln(BXxk) 6nk for k 1, 4, ..., n

L

N

and lIx! |l
in

Footnote (line 1): Recall that D(Tax) = D(T(xX - Blax) c X0 and

hence TGX(XO) = R(TGX) = R(T) .
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Hence by induction we can construct the sequencesin (3) thus proving

the theorem. o

It is easily seen that Theorem V.3.6 and V.3.9 and Corollary V.3.7
contain the result obtained by Gonzalez and Onieva [12] , Theorem 2.1.

In fact we obtain the following partial generalisation to operator ranges

of their result.

V.3.10 Corollary. Let X be an operator range and let Y be
complete. Then
(1) the closure of the set BIX,YI~Ns[X,Y] <s the set BIX,Y]I~NSF[X,Y]
(z2) T € BIX,YI~sFIx,Y] <Zff there exists B € kK[X,Y] and

A € B[x,YI~nNs[x,Y] such that T=2A+B
(127) if X is complete, T € BI[X,YINSFIX,Y] <Zff there exists

B € kK[x,¥Y] and A € BIX,Y] such that a(A) = b(a) = o

and T =A+ B .

Proof:

(i) Assume X to be an operator range and Y to be complete.
Obviously since T € B[xXx,Y]~sF[x,Y] implies T € c[x,Y]I~sFIX,Y]
it follows from Theorem V.3.§ that there e¥ists a sequence {Tn}
in C[X,Y]NNS[X,Y] such that ||Tn - Tl » 0 . Moreover since T
and, from the definition of convergence, Tn - T are bounded, we
conclude that {Tn} < B[X,Y]~NS[X,Y] . From Theorem V.1.7 we see
that B[X,Y¥] N SF[X,Y] is an open subset of B[X,Y] since

Y(Ta,) >0 for T € sF[X,¥] by III.1.4 and consequently

B[x,Y]~NsF[X,Y] is a closed subset of B[X,Y] . From what was

shown aboveit now easily follows that B[X,Y]I~Ns[x,Y] = B[x,Y]~ sF[x,Y].
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(ii) This is an immediate consequence of Corollary V.3.7 and the fact
that T € B[X,Y] implies T € clx,Y].

(iii) Assume that X is complete. It is obvious that B € ak[x,¥] iff
B € k[x,¥Y] if X is complete. Since T € B[X,Y] iff T € cIx,¥]
by the closed graph theorem, the result now follows from Theorem

v.3.9. b

Theorems V,3.6 and V.3.9 as well as Corollary V.3.7 are by the

author.
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