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APPENDIX A. APPENDICES 65

Proposition A.3.1. Let F be a number field, I an integral ideal of Op, and R an
element of Op/I. Then the restriction of the signature map sgnp : F* — Sgnp to
R~ {0} is onto.

The following theorem can be thought of as a variation on the strong approximation

theorem.

Theorem A.3.1. Let F be a number field. Then for any finite set S of non-archimedean
places of F, any {a, € F:v € S}, N € N, and s € Sgnp, there ezxists x € F* such that:

e ordy(z —ay) > N forallvesS,
e ord,(z) > 0 for all non-archimedean places of F' not in S,

e sgnp(z) =s.

We first prove the theorem in a simple case:

Lemma A.3.1. The theorem is true if a, =1 for allv € S.

Proof. Let I be an integral ideal satisfying ord,(I) > N for all v € S. By proposition
A.3.1, there exists a non-zero y € 1+ I such that sgnp(y) = s, and such a y satisfies the
conditions of the theorem. O

Proof. (of theorem A.3.1) The strong approximation theorem implies that the first two
conditions can be satisfied, say by y € F. By the lemma above, we can find z € F'*
such that:

e ord,(2 — 1) > N —ord,(y) for all v € S,
e ord,(z) > 0 for all non-archimedean places of F not in S,
* sgnp(z) = ssgnp(y).

Since ord,(yz — a,) = ordy(y(z — 1) + (y — ay)) > N, = = yz satisfies the conditions of
the theorem. O

A.4 Unit and Picard groups of commutative rings

This section is not essential for the study of Stark’s conjectures, but some of the results
will be used in the remaining appendices. Most of the results in this section can be
found in the exercises in [Wei].

Let A be a commutative ring (possibly without a unit), and let R be a commutative
ring with unit. If 4 has an R-algebra structure, we may form the R-algebra A +1 R,












































