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ABSTRACT
Exact Non-Equilibrium Solutions of the Einstein-Boltzmann Equations

In this thesis we use the exact solution of the Boltzmann equation, with a relaxation-
time model of collisions, to find solutions of the Einstein-Boltzmann system of equa-
tions. A covariant harmonic decomposition of the distribution function is used to obtain
exact results. The conditions imposed by the conservation of particle number and
energy-momentum, and by the H-theorem are determined. The properties of exact
truncated Boltzmann solutions with first and second order anisotropies are investigated.
Exact entropy results are obtained for the solution with first order anisotropy; and the
solution with second order anisotropy is shown to obey exact thermodynamics laws. The
Einstein-Boltzmann equations with relaxation-time model of collisions are solved in
FRW and Bianchi I spacetime. In FRW spacetime, a general anisotropic solution and
an isotropic solution are obtained. The non-equilibrium anisotropic solution with
arbitrary isotropic relaxation function has vanishing particle flux and an equilibrium
energy-momentum tensor. Specific forms of the relaxation function permit tilted
solutions and solutions with non-zero bulk viscosity. Exact entropy results are derived
for the isotropic solution showing that the H-theorem is satisfied. The non-equilibrium
isotropic solution has vanishing non-equilibrium pressures and fluxes. The FRW and
Bianchi I solutions are used to demonstrate the generation of anisotropy in FRW
cosmologies. A relaxation length model of collisions is introduced. This model is used to
obtain solutions of the Einstein-Boltzmann equations in static spherically symmetric

spacetime. In this static model, anisotropic pressure comes from the bulk viscosity.
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INTRODUCTION

In many cosmological and astrophysical situations, an idealised fluid model of the
matter is inappropriate, and the self-consistent microscopic model of relativistic kinetic
theory [Ehlers (1971), Israel and Stewart (1980), De Groot, Van Leeuwen, and Van
Weert (1980), and Israel (1989)] gives a more detailed physical description. An obvious
example is the case of collision-free particles, such as cosmological neutrinos (when the
temperature is < 10'° K) and photons (after recombination) [Thorne (1967), Ehlers,
Geren, and Sachs (1968), Misner (1968), Matzner (1969) and (1972), and Stewart
(1972)], or stellar clusters in equilibrium [Zeldovich and Podurets (1966), Fackerell
(1968), and Ipser and Thorne (1968)]. Other examples arise in transitional situations,
such as the transition from the early-universe collision-dominated era to a collision-free
phase for photons [Peebles and Yu (1970), and Peebles (1980)] or neutrinos [Stewart
(1968)]. There are also other non-equilibrium evolutions, such as stellar clusters with
collisions [Podurets (1970)], or the evolution of an FRW early universe into an
anisotropic Bianchi universe or an inhomogeneous universe via a disturbance of the
equilibrium collisional balance [Matravers and Ellis (1989), Ellis and Matravers (1992)].
Other non-equilibrium situations suited to a kinetic approach are interaction problems,
such as the relativistic transport of photons [Lindquist (1966), Dautcort (1969), De
Groot et al. (1980), Kichenassamy and Krikorian (1985), Schweizer (1988)] and cosmic
rays [Webb (1985)], or mixtures of cosmic elementary particles [De Groot et al. (1980),
Bernstein (1988)]. Further details of and references to these and other applications may
be found in Israel and Stewart (1979, 1980), De Groot et al. (1980), Israel (1989), and
Schweizer (1988).

A kinetic approach is in general more fundamental and consistent than the
phenomenological fluid picture and its associated thermodynamics. For example, the
standard (Eckart) thermodynamics of fluids violates causality and is unstable [Hiscock
and Lindblom (1983)]. A causal and stable generalisation emerges clearly from kinetic
theory, as developed by Israel and Stewart (1976). In some cases, a fluid model leads to
the loss of information and certain effects. For example, a Landau-type damping of
gravitational perturbations by a kinetic gas is not present in the fluid models [Stewart
(1972)]. Kinetic theory incorporates the particle structure of matter, dispenses with the
additional phenomenological equations required in the fluid model, and allows a unified

treatment of massive and massless particles (radiation).
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Much of the work referred to thus far, and indeed most of the major results in
relativistic kinetic theory, rely on near-equilibrium approximations, since the full
equations are enormously complex. The foundations of relativistic kinetic approximation
theory were laid by Israel (1963), Marle (1966), Anderson (1971), Stewart (1971), and
others (see De Groot et al. (1980)). Very few exact solutions are known and nearly all
of them equilibrium solutions. Equilibrium arises either from detailed balancing of
collisions, or the absence of collisions. In the former case, it is a standard result [Ehlers
(1971)] that the distribution must be relativistic Maxwell-Boltzmann (or its quantum
counter part), and that such solutions can only occur if the spacetime admits a timelike

Killing (non-zero mass particles) or conformal Killing (zero mass) vector.

The exact collision-free equilibrium solutions of the Einstein-Boltzmann equations
known to us are: isotropic [Ehlers, Geren, and Sachs (1968), Hakim (1968), Bel (1969),
and Treciokas and Ellis (1971)] and anisotropic [Ellis, Matravers, and Treciokas (1983a),
and Maharaj and Maartens (1987)] solutions in Robertson-Walker spacetime; isotropic
[Zeldovich and Podurets (1966) and Fackerell (1968)] and anisotropic [Ray (1982) and
Maharaj and Maartens (1986)] solutions in static spherically symmetric spacetime;
anisotropic solutions in spatially homogeneous spacetimes with local rotational
symmetry [Stewart (1973), Berezdivin and Sachs (1973), Ray and Zimmerman (1977),
Maartens and Maharaj (1985)]. The general solutions of the Liouville or collisionless
Boltzmann equation has been found in Robertson-Walker [Maartens and Maharaj (1987)
and Maharaj and Maartens (1987)], static spherically symmetric [Maharaj and Maartens
(1986)], and Bianchi I (non-axisymmetric) [Maartens and Maharaj (1990)] spacetimes.

We know of only two exact non-equilibrium Einstein-Boltzmann solutions. Stewart
(1968) presented a solution in Bianchi I axisymmetric spacetime. The harmonic expan-
sion methods of Ellis [Ellis, Matravers, and Treciokas (1983a,b) and Ellis, Treciokas,
and Matravers (1983c)] were used to outline a (formal) solution in Bianchi I (non-
axisymmetric) spacetime [Matravers and Ellis (1989)]. In this thesis we give some new

exact non-equilibrium solutions of the Einstein-Boltzmann equations.

In order to have any hope of finding an exact non-equilibrium solution, simplifying
assumptions must be imposed on the spacetime geometry and on the collision term. In
most physical applications, approximation methods are needed. The applicability of
exact solutions is limited. However, exact non-equilibrium solutions and exact proper-

ties of non-equilibrium solutions are important for other reasons also. Unlike the
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approximate solutions, they are not limited to be close to equilibrium. Thus one can
hope to gain a better insight into the nature of fully non-equilibrium situations, or
transitional situations that contain a highly non-equilibrium phase. Furthermore, there
are a number of fundamental questions, not resolved by approximation methods, about
the general effect of collisions on the distribution. In particular, there is the question of
whether and under what conditions collisions tend to isotropise the distribution [Ellis et
al. (1983c)]. Another issue is the relation between approximations and exact results,
involving questions about the consistency of the approximations and the assumptions
involved in them [Ellis et al. (1983c)].

The basic laws of non-equilibrium kinetic theory, such as the H-theorem (positivity of
entropy production) for the Boltzmann collision term, were established by FEhlers
(1961), Tauber and Weinberg (1961), Israel (1963), Chernikov (1963), and others (see
De Groot et al. (1980)). There has been much progress in approximation methods,
but very few further exact properties of non-equilibrium solutions have been derived.
Most of those known to us are due to Ellis and co-workers [Treciokas and Ellis (1971),
Ellis et al. (1983a,b)]. Their work is a large part of the foundation for this thesis.
However the aim of this thesis is more modest than to advance on the major established
results. Our aim is to derive some exact properties of Einstein-Boltzmann solutions
with a relaxation time (relativistic BGK) model of the collision term [Marle (1969),
and Anderson and Witting (1974)).

In Chapter 1 we start by presenting those general aspects of relativistic kinetic thebry
on which the subsequent chapters depend. We present the concept of a particle
distribution function, the Liouville operator, the relativistic Boltzmann transport
equation, and the associated concepts such as the phase space and the use of a tetrad
basis. The use of the first two moments of the distribution function to determine the
kinematics and the dynamics of the gas is presented along with a discussion of the
Boltzmann and other collision functionals. An improved and clearer approach is used to
introduce the concepts of equilibrium and non-equilibrium solutions. The possible
approaches to solving the relativistic transport equation, such as truncation methods
and the covariant harmonic expansion method, are presented. Chapter 1 also contains
new relations relating the dynamical and kinematical quantities as measured by
different observers, as well as the harmonic forms of the H-theorem, entropy density,
and entropy flux. This chapter is concluded with a discussion of the known exact

solutions of the Boltzmann equation.



In Chapter 2 we discuss the general integro-differential system of equations that must
be solved in order to obtain equilibrium Einstein-Boltzmann solutions. In order to
obtain exact Einstein solutions it is necessary to apply simplifying assumptions to the
spacetime. We present the metrics describing the Robertson-Walker, Bianchi I, and
static spherically symmetric spacetimes for which exact Einstein-Boltzmann solutions
are presented in the remaining chapters.. We also present the field equations in the
above-mentioned spacetimes in harmonic form. As the exact solutions are based on
exact isotropic and anisotropic equilibrium solutions, we also include a summary of

those solutions used in this thesis.

Chapter 3 contains the first comprehensive exact analysis of the BGK model. We
introduce the BGK collision functional and derive a formal solution of the Boltzmann
equation with BGK collision functional. We also introduce the Anderson-Witting (AW)
form of the BGK relaxation function. The restrictions placed on the solution by the
conditions for the conservation of particles, energy and momentum are obtained in
harmonic form. These restrictions give matching conditions for linear relaxation
functions and allow the definition of a new local rest frame. We derive harmonic forms
for the entropy quantities and show that, to the lowest order (and using the AW BGK
model), anisotropy in the distribution tends to increase the entropy production rate. We
find closed form entropy expressions for a first order truncated AW BGK solution and
show that the H-theorem is identically satisfied. Furthermore, we use a second order
truncated AW BGK solution to derive the harmonics of the Boltzmann equation and
show that these equations take the form of thermodynamics laws. The consistency
conditions resulting from the truncation of the distribution are determined. This
solution is further investigated on @ FRW background. The chapter is concluded with a

discussion of the Einstein-Boltzmann problem with a BGK collision functional.

In Chapter 4 we find an anisotropic, non-equilibrium Einstein-BGK solution in FRW
spacetime. We start by deriving the results using an arbitrary, isotropic relaxation
function. We show that the conditions for the conservation of energy and particles lead
to vanishing bulk viscosity and an equilibrium energy-momentum tensor. The
conditions for conservation of momentum and zero particle drift lead to vanishing first
order anisotropy in the distribution function. The field equations require zero energy
flux and anisotropic stress which, in turn, also require vanishing first order anisotropy as
well as vanishing second order anisotropy. We restrict the relaxation mechanism and

show that solutions exist allowing non-zero bulk viscosity for a massless gas. Using the
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AW relaxation model we also show that it is possible to obtain tilted solutions and non-

equilibrium isotropic solutions for massless gases.

In Chapter 5 we use the isotropic, non-equilibrium AW BGK solution and derive exact
properties. This solution is a special case of the anisotropic solution of Chapter 4. We
find that the solution has zero bulk viscosity, number flux, energy flux, and anisotropic
stress with equilibrium energy density, but that it is still non-equilibrium. An explicit
expression for the entropy production rate is obtained. We show that the entropy
production rate satisfies the H-theorem and that it could be large (even in the case of a

massless gas).

‘In Chapter 6 we obtain an anisotropic Einstein-BGK solution in Bianchi I spacetime.
Using an AW collision model we show that the solution has equilibrium particle number
densify, energy density and energy flux. We present a particular solution that would
satisfy all restrictions due to the field and conservation equations. We also derive the
first two harmonic equations determining the inter-dependence existing for the
harmonics in Bianchi I geometry. We furthermore use the AW FRW solution from
Chapter 4 and the particular Bianchi I solution to provide a non-equilibrium model for
the evolution of anisotropy in FRW geometry. This mechanism can force an isotropic
universe to evolve to an anisotropic universe. We also suggest a physical mechanism

that could trigger this evolution.

In Chapter 7 we obtain a non-equilibrium, anisotropic Einstein-BGK solution in static
spherically symmetric spacetime. In this case the relaxation occurs with changing radius
and we introduce the concept of relaxation length. The condition for the conservation of
particles requires that the solution is non-tilted, and along with the condition for
conservation of energy, leads to vanishing first order anisotropy. The field equations
require vanishing heat flow and we found that anisotropic stress comes from bulk

viscosity.

For all of the solutions we also discuss possible physical applications. The thesis is

concluded in Chapter 8 with a summary of the main results.
The content of Chapters 1 and 2 is a review of existing material except for the relations

for the dynamic quantities, the entropy quantities in harmonic form, and the improved

discussion on equilibrium (taken from Maartens and Wolvaardt (1994a)). The new work
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developed during the course of the project is given in Chapters 3 through 7. Chapter 3 is
taken largely from Maartens and Wolvaardt (1994a), while Chapter 5 is based partly on
Maartens and Wolvaardt (1994a). Joint publications are also in preparation based on
Chapters 4, 6 and 7 [Maartens and Wolvaardt (1994b,c), Wolvaardt and Maartens
(1994)].

With regard to conventions and notation, we follow Ellis et al. (1983a,b). In particular,

the metric signature is taken as (—,+,+,+), the curvature tensor is given by

Rijk, = — I‘ij,‘c,, +..., and the Ricci tensor by R;;= R*4;. Late Latin indices
(4,4,...=0,1,2,3) denote coordinate components with late Greek for spatial components
(p,v,...=1,2,3). Early Latin indices (a,b,...=0,1,2,3) denote components of a general
or tetrad basis with early Greek for spatial components (¢, f,... = 1,2,3). We use units

in which Einstein’s gravitational constant, the speed of light in vacuum, and
Boltzmann’s constant are all unity. Also note that throughout this thesis the terms
Robertson-Walker, RW, or FRW are used when we refer to Friedman-Lemaitre-

Robertson-Walker spacetime geometry.
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1.0 RELATIV ISTIC KINETIC THEORY
1.1 Introduction

In this chapter we present an outline of relativistic kinetic theory. For a full treatment
see Ehlers (1971) and De Groot et al. (1980). Only those issues relevant to this thesis
will be discussed more fully. Some new approaches and results will be given. We will
;)nly consider a simple gas of uncharged identical classical particles with mass m
(m >0). The extensions to the charged case, to quantum statistics, and to mixtures
with a range of masses are fairly straightforward [Ehlers (1971) and De Groot et al.
(1980)].

Any attempt to go beyond the highly idealised fluid picture of matter to a self-
consistent microscopic picture faces the enormously complex problem of modelling the
collective interactions of particles with the gravitational field. The actual ‘gravitational
force’ on each particle is a very complicated functional of the world lines of all the other
particles. Although progress can be made in attempts to deal with particle correlations
and field fluctuations [Israel and Kandrup (1984), Kandrup (1984, 1989)] one needs
more drastic simplifying assumptions in order to set up and solve physical models. This
leads to the no-correlation, mean-field description of general relativistic kinetic theory.
Essentially we neglect particle correlations and use a one-particle distribution function f
[Ehlers (1971) and Stewart (1971)].

The particles are assumed to move in the mean field generated by themselves
collectively (or in a background field in the case of a test gas), and to interact directly
only at very short range. The effect of the short-range forces is approximated by
instantaneous point binary collisions (and annihilation and creation processes). In
between collisions, the particles’ motion is approximated by test particle motion
(geodesic) in the mean field. This mean field is the approximation of the effect of the
very long range force of gravity. In order for these assumptions to be reasonable
(although it can be argued that some of them are inherently unreasonable - see Kandrup
(1984)), the system cannot be too far from equilibrium. Furthermore, the mean free
path of particles must be much greater than the range of interparticle forces, and the

gravitational field should not vary significantly across this range. Also, the gas cannot



be too dense and cold, so that particles which are about to collide have uncorrelated

momenta.

We can describe the range of possible behaviours of the gas qualitatively as follows
[Stewart (1969), De Groot et al. (1980)]. If € is the ratio of the mean free path to a
characteristic macroscopic length (or the mean collision time to a characteristic
macroscopic time), then: -

(a) €>>1 is the free flow (or Knudsen) regime, where a fluid description is completely
inapplicable. In the limit e—oo we get collision-free equilibrium.

(b) e< 1 is the hydrodynamic regime, where collisions dominate. This is where the
Chapman-Enskog approximation is applied, giving a kinetic foundation to first-order
Eckart thermodynamics [Stewart (1971), De Groot et al. (1980), Israel (1989)]. The
limit e—0 describes collision-dominated equilibrium (‘detailed balancing’).

(c) e~1 is the transition regime. The Grad method of approximation applies here,
giving a kinetic theory foundation to the second-order Israel thermodynamics [Stewart

(1971), De Groot et al. (1980), Israel (1989)].

Note that a fluid description is only valid for e < 1.
1.2 Relativistic Boltzmann Equation

Given a point z in a spacetime manifold X, one can define a vector space P, as the
space spanned by the tangent vectors to all particle worldlines through z. The tangent
vectors can be identified with the particle 4-momenta, making P, the momentum space

at z. From the relation

gij(m)Pin = —m?, (1.1)
where g;; is the metric tensor, m the particle rest mass, and p' the components of
particle 4-momentum, we can deéfine the mass shell P,(m) as a hypersurface in P,.

For a simple gas, we are assuming that the particle restmass remains unchanged.
ple g g g

The next step is to introduce at z an arbitrary observer moving with a 4-velocity u®

where u,u® = —1. We can now define an invariant 3-dimensional volume element dV/



in the spacelike hypersurface orthogonal to u® (ie. in the rest space of u®) as
dV = \f[Tapeq®d12°dy7°d 5z (1.2)

where €, 4 is the Levi-Civita tensor density, |g|= det(g,), and dyzb, dyz°, and dsx?

abce
are arbitrary displacement vectors at z which span an element of the hypersurface
orthogonal to u®. We also define an invariant 3-dimensional volume element on the

mass shell as

B

dP =

= poffesrrp dap’dsp’. (1.3)

where d,p*, dyp”, and dsp” are arbitrary and independent momentum displacement

vectors on P,(m) and p° > 0.

We are now in a position to introduce the one-particle distribution function f(z,p),
which determines the number of particles near event z with 4-momenta near p. More

specifically,
AN = f(',p?)( — ugp*)dPdV | (1.4)

is the number of particle worldlines crossing a volume element dV in the rest space of

the observer u' at event & with 4-momenta in the range d% about p’.

If the phase space density of collisions is given by the collision term C[f], then the

change in dN due to collisions 1s
ClfN — up*)dPdV. (1.5)

Furthermore, Liouville’s theorem states that for an arbitrary observer wu?,
( — uxp¥)dPdV is conserved along the worldlines. As the particles follow geodesics (free
fall motion in the mean field or background field) in between collisions, the change in
dN along a worldline is, by (1.4)

L(dN) = L(£)(— up*)dPdV, (L6)

where the Liouville operator L is the derivative along the geodesics followed by the

particles in between collisions and is given by



ia._»ri. jki' (1.7)

The affine parameter is given by v = (proper time)/m for m >0, and is any suitable
affine parameter for m = 0. Note that £ is a coordinate-independent operator as it is
the directed derivative along the world Lines. Also, since (1.1) is a first integral of
geodesic motion, £(m) = 0. Thus at each event z, the 8/8p’ in (1.7) may be restricted
to the mass shell (1.1). Usually, asin (1.3), the spatial components p* are taken as

coordinates on the mass shell, and the time component p° is then fixed by (1.1).

If we now equate the change in dN along the particle trajectories (1.6) to the change in
dN due to collisions (1.5), we get

L(f)( — up*)dPdV = C[f]( — up*)dPdV,
and the Boltzmann transport equation governing the evolution of f can be written as

L(f) = C[f]. (1.8)
1.3 3+ 1 Decomposition

One or more 4-velocity vector fields are usually picked out by the geometry or the
dynamics. Given any 4-velocity u®, where vy, = —1, we can project orthogonal to u®

into the instantaneous rest space of a co-moving observer with the tensor
hab =4dab + UqUp, (19)

and thus define a 3 + 1 splitting of space-time [Ellis et al. (1983b)]. In particular, any

particle 4-momentum p® may be decomposed as
p* = Eu®+ Xe?, e, =1, e®u, =0, A >0, (1.10)

where )e® = h%p® is the relativistic 3-momentum and F the energy, both as measured



by a comoving observer:
E = —uyp®, A= (E*—m?2 (1.11)
As a result, the distribution function f(z*,p®) can be written as a function f(z',m, E,e®).

Any vector has a decomposition of the form (1.10). Any symmetric tensor 7'y, can be

decomposed as
Tab = [UgUy + phab + Tab + qaUp + Gy, (112)

where 7, =0= T’ = 7,% = qu®. The covariant derivative of u® itself splits into

kinematic tensors describing the evolution of u* world-lines:
ua;b = Wgp + Oab + %ahab - i‘aua (113)

where w,, is the rate of vorticity tensor (w(ab) =0=wyub), o, is the rate of shear

®=0,%, 0 is the rate of expansion (6 =u%,), and i, = u,,u’

tensor (0p,; =0 = 0ogu
is the 4-acceleration (#,u®=0). The tensors 7, and o, are examples of the projected
symmetric trace-free (PSTF) parts of rank two tensors. In general, if A, is any such

tensor, its PSTF part is

A <ab> = -hachbdA(cd) - %Acdthhab (1140,)
so that 7 =T cap 5, Tap = Ucqps- The definition (1.14) may be extended [De Groot
et al. (1980), Schweizer (1988)] to higher rank tensors A, ., whose PSTF parts

satisfy

A<ab...c>:A<(ab...c)>’ A<ab...c>uc=O=A<ab...c>hab' (1146)
1.4 Orthonormal Tetrad Approach

A tetrad basis is used in most of this thesis. In most cases it is specialised to an
orthonormal basis. By attaching an orthonormal spatial triad {E,} to u® we get an
orthonormal tetrad {E,} = {u, E,}. (Notice that indices a, b, c,... are used for the



tetrad basis and indices i, j, k,... are used for the coordinate basis.) We obtain the

following tetrad components:
E, - E,=g,=diag(—-1,1,1,1), u*=6%, hgy=dag(0,1,1,1). (1.15)

Tetrad ‘and coordinate components of tensors are related by the quantities E,}, E<,

where

Ea = Eaiaii, EaiEaj = 617‘7., EaiEbi = 6ab- (116)

The connection components and the tetrad commutation functions, defined by

\4 Eb = FcabEm [Em Eb] = ’YcabEc

a

are related by

Fabc = %(’Yabc + Yeab — ’cha)
and have the symmetries

_ a _ a
Fcba_ —Fabc 3 Yeb= —7 ber

These tetrad equations together with (1.11) and (1.13) allow us to express the Liouville
operator (1.7) as [Ellis et al. (1983b)]:

2 =FEdy+ Xe®d, — )\{%)\9 + Eue® + Aaaﬂeaeﬂ}a% + { - A" Y E*u® + Xa*) —

E(0% + w5 + €25, 07)ef + A~ E%ig+ Nag)ee’ — Ae“ﬂ5n676ﬂ67 +

« 0
Ecg.e e%”}w . (1.17a)
The additional quantities in (1.17a) are the tetrad derivatives

0
oz’

: aaf = Eai

the rate of rotation of the triad



2° = 1ME,-E, (1.170)
and the spatial parts of the commutation functions
a, = yﬂ;ﬂ , n*= *y(a%eﬂ)ﬁ . (1.17¢)
We can also use (1.11) to express the mass shell measure (1.3) in tetrad form:

dP = \dEdQ (1.18)

where df) is the solid angle spanned by two independent de®, which are tangent to the
unit 2-sphere in the rest space. A useful integral identity over this sphere is (in any

basis)

9 O — __4m plagaypa3ay g4, qa)
/dﬂe e = (r‘+1)h R34 .k , T even

=0 _ r odd. (1.19)
1.5 Kinematics and Dynamics of the Gas

The kinematics ‘and dynamics of the gas are determined by the moments of the
distribution function. For the distribution f to be physical, it must be nonnegative
and vanishing for £ -+ oo so that its moments on the mass shell are bounded. The
fundamental macroscopic tensors defined by the micfoscopic distribution are the

particle 4-current vector

n® = / pofdP | (1.20)
the energy-momentum tensor
T — / ppb AP, (1.21)
and the entropy 4-current vector
so=- [ pf(log f —1)dP. (1.22)



For a given 4-velocity u®, T has therefore the form (1.12), with p the energy density,
p the isotropic pressure, 7, the anisotropic stress tensor and g, the energy flux, all .

measured by a comoving observer. The vectors (1.20), (1.22) decompose as
n® = Nu®+ 5%, %, =0 (1.23)
St=su’+%% Tu,=0 (1.24)

where NV is the number density, s the entropy density, j® the number flux, and X° the

entropy flux, all as measured by a u® observer.

If % is any other 4-velocity, then

u u* = —~ cosh ¥

where 1 is the hyperbolic angle between u® and %* (cosh ¢ = (1 — v?) ~'/2 where v is the
instantaneous relative speed of @® in the u® rest space). The tensors (1.20) - (1.22) may
also be decomposed with %® and %ab = g + U,Up, leading to different kinematic and
dynamic quantities measured by a %, observer. It is possible to derive the relationships

between the two sets of kinematic and dynamic quantities by following the procedure

outlined below.

Let ¢, and ¢, be spacelike unit vectors orthogonal to u, and %, respectively (i.e.

utc, =0, c,c®=1,u%, =0, and €,¢*=1). Now, using u,u® = — cosh 3 we find
u, = cosh 9 ¥, — sinh ¢ ¢,
U, = cosh ¥ u, + sinh ¢ ¢,
¢, = —sinh ¢ U, + cosh ¢ ¢,

¢, =sinh ¥ u, +cosh 1 c, .

We now equate the decompositions of the tensors 7%, n® and $



Ty = Hlatly + Phay + Tap + qatly + gy,
=l iyl + Bhop + Fop + T4y + 7,
n® = Nu®+ j° = Ngo 4 J
59 = su® 4+ % =300 + $e.

Using the relations between u, and %,, all u® in the above three equations can be
expressed in terms of @® Next, by applying the projections ¢®®, %° and b
respectively to the above equations it is possible, through some algebraic manipulation,
to determine the relationships between the dynamic quantities [Maartens and

Wolvaardt (1994a)):

N = N cosh 9 — 5, : (1.25q)
Ja = Ja+ (G538 = N cosh )i, + Nu, ’ (1.25b)
§=s cosh ¢ — X u° | (1.25¢)
8, = 5,4 (5 — s cosh ¥, + su, (1.25d)
B = p+ (u+ p)sinhZp + 7, 7%%° — 2¢ Uscosh 1 (1.25¢)
3% = 3p + (p + p)sinh? 4 7, 7%U° — 2q,%cosh 1 - (1.251)

d, = q,cosh ¥ — 7w, U + [2¢,UPcosh 1 — (,u + p)cosh®p — m, WU, +
[+ p) cosh ¥ — gl | (125g)
Rab = Tap + 20 (4T3 ¢ + 3[2g8cosh ¢ — (u + p)sinh®p — 7 0k, +
[( + p)cosh®p + m % — éqcﬁccosh Wi, + 20g 3¢ — (1 + p)cosh Y] Uattp) +
(1 + P)uqy + 2q(4uy) — 2q( lpcosh (1.25h)

The exact relations (1.25) generalise the previously given special cases of ¢, =0 =,



(‘tilted’ perfect fluid spacetimes [King and Ellis (1973), Maharaj and Maartens (1987)])
and of near-equilibrium first-order relations between the Eckart and Landau-Lifshitz
frames [Israel (1989)].

The distribution defines at least two 4-velocities. A kinematic average 4-velocity,

defined by the particle flow, is the Eckart 4-velocity u% :
n?=Ngu% (j%=0). (1.26a)

Alternatively, a dynamic average 4-velocity, defined as the unit timelike eigenvector of

T, 1s the Landau-Lifshitz 4-velocity u%:

ab)

Touy = ~ppug (g8 =0) (1.260)
The relations between the two sets of kinematic and dynamic quantities may be
deduced from (1.25), using j% =0=4q}. In equilibrium, v} =wu}, and this remains

true to first order near equilibrium [Israel (1989)]. Also near equilibrium, the Eckart
energy flux is related to the Landau-Lifshitz number flux by [Israel and Stewart (1979)]

qy~ — N '(pp+pr)it - (1.27a)

Using (1.25), we can give the exact relation of which (1.27a) is a limiting case. Writing

¢* = ¢% and u® = u§, and using cosh 9 = N/Kf, we get
— Ny = N[N =2(uN* + pjss® + mue5%) = plua
[N =2(uN?+ pjiys® + 1335 + Plia + 7o (1.275)

which gives (1.27a) on neglecting terms of second order in j,, T, N /N.
1.6 Equilibrium State and Isotropic Distribution Functions

The first two moments (1.20), (1.21) of f are sufficient to determine an equilibrium
distribution, but for non-equilibrium all the higher moments in general are needed for a

complete specification of f. For small deviations from equilibrium, such complete

10



knowledge is unnecessary, and one uses truncated expansions. In any case, the
following identity is crucial [Ehlers (1971), Stewart (1971)]:

([ p'pu($)d®) | = [ FU(N)LS)IP (128)

where ¥ is any scalar function of f. Using the Boltzmann equation (1.8), (1.28) gives
the following divergence relations for (1.20)-(1.22):

ne, = / C[f)dP (1.29)
T, = / pC[f]dP | (1.30)
§e, = — / log f C[f]d. (1.31)

By the definition of C[f] (leading to (1.8)), it follows that /@C[f]d?P is the rate of
production per unit volume of the property ® by collisions. If this rate is zero, then @
is known as a collisional invariant. Thus, n%, is the particle number production rate,
T“b;b is the 4-momentum production rate. If particle number and p® are collisional
invariants, then by (1.29), (1.30) we get conservation of particles and of energy-

momentum in the form
n?,=0 (1.32)

T, =0 (1.33)

Se.,=0. (1.34)
Following Maartens and Wolvaardt (1994a), we will call this kinematic equilibrium (it is
sometimes called ‘local’ equilibrium [Israel (1989)]). By (1.29)-(1.33), we see that the
Maxwell-Boltzmann distribution is a kinematic equilibrium for any collision term C[f],
provided there is conservation of particle number and energy-momentum:

f =explo(z) + B,(2)p?] = 5%,= —an®,—B,T%,. (1.35)

For the Boltzmann collision term, Chernikov’s theorem [De Groot et al. (1980)] shows

11



that (1.35) is the only possible kinématic equilibrium. This is not true for other collision
terms. The Maxwell-Boltzmann distribution (1.35) is a particular case of an isotropic
distribution f = F(z,u,p®), which has, by (1.20)-(1.22), isotropic moments (with

u® = uf = u}):
n® = Nu®, T = puub4 pht, 5% =su®. (1.36)

A distribution is unchanged by collisions if

Clf]=04 L(f) =0. (1.37)

Following Maartens and Wolvaardt (1994a), we will call this dynamic equilibrium since
it obeys the Boltzmann equation (sometimes it is called global equilibrium [Israel
(1989)]). By (1.31), dynamic equilibrium implies kinematic equilibrium, but the
converse is not true. There are two types of dynamic equilibrium: (a) Liouville
equilibrium due to the absence of collisions; (b) collision-dominated equilibrium due to
the detailed balancing of collisions. In case (a), many distributions other than (1.35)
may arise. In case (b), for elastic binary point collisions (Boltzmann model) only (1.35)

is possible. In this case C[f] vanishes identically and £(f) = 0 implies

Q;q = 0') ﬂ(a;b) = 6mo¢gab . (138)

which lead to the restrictions (8% = T ~ ', T = temperature):

o =0, 6= —3%, T = —6_¢T?. (1.39)
In particular, an expanding gas cannot be in collision-dominated equilibrium unless
m = 0. These restrictive results have led some authors to question their foundations.
For example, the possibility of further collisional invariants is raised by Schucking and
Spiegel (1970) and removed in Abellan, Navarro, and Alvarez (1977). More
fundamentally, Alvarez (1976a) postulates a new scalar entropy for which the
equilibrium is the Bel distribution [Bel (1969)], allowing for  # 0 when m >0. The
definition (1.22) of entropy is certainly open to question [Schucking and Spiegel (1970)],
but we will follow the standard approach of accepting it. The circumstances under
which the equilibrium distribution can be used approximately in cosmological
calculations, and how departures from this distribution can be calculated, are

investigated in Bernstein (1988).
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We now turn our attention to isotropic distribution functions. A distribution function is

said to be isotropic if a 4-velocity vector field u® exists such that
f=F(.'I?,E) ’ E= _uapa .

The distribution function is isotropic about u, in momentum space as all components of
p® not parallel to u, cancel in the averaging process. The isotropic distribution function
has special properties, some of which are presented by Treciokas and Ellis (1971) and
Ehlers, Geren, and Sachs (1968). A particularly interesting result which we shall just
state here, is that a solution of the Boltzmann transport equation (1.8) with an isotropic
distribution function implies that the 4-velocity u® is shear free: o, = 0; furthermore, if
the solution also satisfies the Einstein field equations, then fw,, = 0 [Treciokas and Ellis

(1971)]. The motion is either non-expanding (8 = 0) or non-rotating (w,, = 0).

Isotropic distribution functions may be applicable to the early stages of cosmological
models, where high collision rates are assumed to isotropise the distribution, or in later
stages (like the current epoch) where the non-interacting background radiation has a
high degree of isotropy. The isotropisation of the microwave background radiation is a
motivation for the study of non-equilibrium relativistic kinetic theory. These issues are
further discussed in Chapters 4 and 5 of this thesis. Some exact equilibrium solutions in

different spacetime geometries are presented in Chapter 2.
1.7 Boltzmann Collision Functional

The Boltzmann model of elastic binary point collisions with incoming momenta

uncorrelated leads to the Boltzmann collision term

Clfl= [(f.fu F1)WdP'dD,d9, (1.400)
where p, p’ are the incoming and p,, p, are the outgoing 4-momenta, f, = f(z,p,)

etc., and W(pp',p,p,) is the transition probability (containing the cross-section) which

is taken to obey microscopic reversibility

W(pp', p.p.) = W(p.ps, pp') (1.400)

13



(The consequences of relaxing (1.40b) are investigated by Alvarez (1976b).) If h(z,p) is

any phase space function then (1.40) implies
JHCLAdP =4 [ (bt b = b, = B W (1. f. — ££)dPAP'd2, 4P,

This identity together with (1.29) -and (1.30) show that the conservation equations
(1.32) and (1.33) hold identically for the Boltzmann collision term (1.40). Furthermore,
(1.31) gives '

§%0 =14 [ Wllogf.fi~logf f)(f.f..~ fF)dPAP'd. 4P,
so that
Sa

>0 (1.41)

ja =

since (z —1)log z > 0 for all positive z. Thus the H-theorem (1.41) follows identically
from (1.40). Note that (1.41) does not tell us whether the entropy increase reaches a
maximum, i.e. whether there will be an approach to (kinematic) equilibrium. It is
usually assumed that collisions (i.e. in the Boltzmann model (1.40)) tend to bring about
(kinematic) equilibrium, but we know of a proof only in the very special case of a test
gas in a static background [Alves (1985)].

For small deviations from equilibrium
f=Ff1+e¢ (1.42)

where €(z, p) is small and f is the kinematic equilibrium (1.35) (with o, B3, not subject
to the global conditions (1.38)). Then (1.42) in (1.22) gives

S% 5% = _a(n®— 7% + B,(T — T*) — Q° (1.430)

using (1.20), (1.21), where 7% T are given by (1.36). The second order deviations

from equilibrium are contained in the last term of (1.43a), which is to lowest order

Qr 1 / Fe2pod<P. (1.43b)
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* This is independent of the form of IC [f]-

For the Boltzmann collision model (1.40), the approximation (1.42) leads to the linear-

ised Boltzmann equation
_F(f) =l = / WF(e+¢—e, —€,)dPIPIP, 4P, (1.43¢)
on which the Chapman-Enskog and Grad methods are based.

In the Chapman-Enskog kinetic theory approximation, or in quasi-stationary thermody-
namics, % is assumed to be zero, leading to acausal equations for viscosity and heat
flow of Eckart and Landau-Lifshitz. In transient thermodynamics or in the Grad 14-
moment approximation in kinetic theory, the causal Israel-Stewart equations arise when
Q® is not set to zero [Israel and Stewart (1979)]:

M= — €0+ Bl - g’ — 124"4a) | (1.43d)
Qo= — XhIT,s + Tty + Byl — Il — Ty’ ]

+ 11T + 5T ap e + Bawasd” (1.43¢)

Top = — N0+ ﬂshachbdﬂ'cd —Y3d <ab> — V4l <allp > - 2B37° ¢ oWp > c] (1~43f)

Equations (1.43d — f) hold for small deviations from equilibrium. They are given in the
Landau-Lifshitz frame (so that (1.27a) holds), with II = p—p, ¢ the bulk viscosity, x
the thermal conductivity, n the shear viscosity, and ¢, 8;, 7, the transient coefficients.
Note that the assumptions involved in the Israel-Stewart (and non-causal) theories
imply that a non-equilibrium state is determined by II, 7, g, (or j,). In particular if
M=74=¢,=Jj,=0, then S%,=0. It is important to realise that this is an
approximation which is not an exact result in kinetic theory (and this opens up
questions about phenomenological thermodynamics that assumes it is an exact result).
In general a non-equilibrium state cannot fully be specified by II, 74, g, (or j,).
Consequently (and this is often obscured by extrapolating near-equilibrium results
beyond their validity), it is possible for a non-equilibrium distribution to have n®, T®® of
equilibrium form (1.36) (with Il =0 i.e. p= 7). In particular, a gas may behave on the
average like a perfect fluid (with p =P ) and not be in equilibrium. In Section 5.5 we will

present an exact Einstein-Boltzmann solution with just this property (see also Section
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4.6 and Maartens and Wolvaardt (1994a)).

An alternative approach is to use an exact linear collision term, as in the relativistic

BGK model:

Clfl=+(f - f) (1.44)

where « determines the average collision rate, and f is relaxing towards the giveh fixed
distribution f, which is independent of f. We shall discuss this model in detail in
Chapter 3.

Apart from the Boltzmann and BGK collision terms, there is also the transport
collision term, modelling the passage of particles through an emitting and absorbing
medium. The general form of this term is [Ellis et al. (1983b)]

Clf] = n(@)Qz, p) — (=, P)f (2, p) + [ Z(p,p)f(@:p)d9] (145)

where n is the medium’s number density, ) describes spontaneous particle emission, &

describes absorption, and ¥ describes scattering.
1.8 Covariant Harmonic Decomposition

A useful technique is Ellis’ harmonic decomposition method [Ellis et al. (1983b,c)].
Given any 4-velocity field u®, with its associated 3 + 1 splitting (1.10), the distribution

is expanded as
f(z,p) = F(z,E) + F,(z,E)e® + F y(z,E)e%® +... (1.46a)

where the harmonic coefficients are isotropic PSTF tensors (Fo. . 3=Fcq . b>) with
suitable asymptotic behaviour to ensure convergence of the series. Note that F >0,
but the higher harmonics need not be positive. If collisions tend to isotropise the
distribution (which is usually assumed, but not proven [Ellis et al. (1983c)]), then the
harmonics F,, Fg, ...above the zero order harmonic F will die out as the gas evolves.
(Also, the shear of the preferred 4-velocity will have to die out [Treciokas and Ellis
(1971)].)
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Using a harmonic expansion of the collision term,
Clf] =b(z,E) + b,(z,E)e® +... (1.46b)

and the tetrad form (1.17) of £, the Boltzmann equation splits into a sequence of
harmonic equations [Ellis et al. (1983c)]. By (1.18), (1.19), and (1.46), the moments
(1.20) and (1.21) give the following harmonic forms [Ellis et al. (1983b)]

N =4r / :E/\FdE (1.47a)
ju=1z / :AzFadE (147b)
o= dr / :Ez/\FdE (L47¢)
p="F [ "XFdE (147d)

s / :EAZF,,dE (1.47¢)
T =3F / NF,,dE (147f)
M=4 / :A3(F _F)dE (1.479)

It is striking that the kinematics and dynamics are determined directly only by the first
three harmonics (scalars are determined by F', vectors (fluxes) by F, and second rank
tensors (anisotropic stresses) by Fg). The higher harmonics play an indirect role via
any interaction with F, F,, F, in the Boltzmann equation. Because it is nonlinear
in f, the entropy 4-current involves in general all the harmonics. By using the
covariant harmonic decomposition (1.46), we can derive useful expressions for the
and §¢, in (1.24) and (1.31) [Maartens and Wolvaardt
(1994a)]. Starting with the definition of the entropy 4-current vector (1.22) and using
(1.46a) we find

entropy quantities s, X

a’ a

F
log f =log F +log(l+—4 e +...)

F_ F
=logF+ e® + ;be“eb IRttt
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where the series expansion log(l + z) = z — 32® +32® — ... is utilised (note that this series

expansion converges for —1 < z <1). After some algebraic manipulation we find
f—flog f=(F—Flog F)—(log F)F " —[(log F)F s+ ;5=F ,Fyle®e® + ...
Now, inserting this into (1.22) and using (1.18), (1.19), and (1.10) for p°, we find
s=dr / :EA [(F~ F log F)— (1/6F)F F*+..]dE (1.480)
Y= -4 / :)\2 (log F)F,+..]dE. (1.48b)

Taking a similar approach we can write S, in harmonic form. The integrand of (1.31)

becomes

log f C[f]=blog F +(b, log F +b )" +

[b (Flgb -1 % %) +b, % + by, log F]e“eb +...
Inserting this into (1.31) and using (1.18) and (1.19) then gives
o, = —4r / "N log F + (1/3F?)(Fb,—%F)F*+..]dE . (1.48c)

Notice that the deviations in entropy density (1.48a) and entropy production rate
(1.48¢) from the isotropic values are of second order. Furthermore, (1.48a) shows that

to the lowest order
s < Siso (].4:8d)

i.e. the entropy density for the isotropic distribution (not necessarily equilibrium) is a
maximum. Anisotropy in a distribution therefore tends to decrease the entropy density.
Conversely, the isotropisation of the distribution is accompanied by a growth in

entropy density.

Note that by (1.47e,f), F,=0= F, implies that the energy-momentum tensor has
perfect fluid form. The converse is not true, since non-zero F,, F,, can sometimes lead
to the integrals in (1.47e, f) vanishing (see [Ellis et al. (1983a), Maharaj and Maartens
(1986)]). Note also that (1.47c,d) imply the useful identity
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p=Yu—m:M), M=4nr / “\FdE (1.47h)

where M = / fd® >0 is the zeroth moment of f, and it follows that 0 < p < 3u.

1.9 Main Exact Results

We conclude this review by citing the main exact results of relevance to our work.
(Thus, we leave aside the general theorems on existence and uniqueness of solutions to
the full Einstein-Boltzmann equations [Bancel and Choquet-Bruhat (1973)], and on the
properties of approximations [De Groot et al. (1980), Majorana (1988)]). Treciokas and
Ellis (1971) showed that for isotropic solutions of the Boltzmann equation, with any
(isotropic) collision term, the shear of the preferred 4-velocity vanishes (see also Section
1.6):

2(f) = C[f] and f = F(z, — ugp®) = 0,5 = 0. (1.49)

If m =0, then u® is parallel to a conformal Killing vector. If f satisfies the Einstein

equations

Gu=Tw= [porufd® = (1.50)

then fw,, =0. (These results generalise the collision-free results of Ehlers, Geren and
Sachs (1968)).

Ellis et al. (1983c) showed that for solutions of the Boltzmann equation with BGK

collision term (1.44)
f has a finite number of harmonics
or: F,=F,;=F,.=0 } = 0,4 =0 (1.51)

or: f has 4 consecutive harmonics zero

We turn now to a detailed study of the BGK model (Chapter 3).
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1.10 Summary

In this chapter we presented the main principles of Relativistic Kinetic Theory which
are required for the rest of the thesis. The Boltzmann transport equation and the
related issues such as the Liouville operator and the collision functional (in full,
~linearised or approximate form) were presented. Useful techniques such as the 3+1
decomposition, the orthonormal tetrad approach, and the covariant harmonic
decomposition were outlined. The moment approach to the determination of dynamic
quantities was presented along with a discussion of equilibrium and isotropic

distribution functions.

Original contributions of this chapter include the equations (1.25), relating the dynamic
quantities as measured by different observers u, and u,, as well as the harmonic forms
of the entropy quantities. This allowed us to show that anisotropy in a distribution
tends to decrease the entropy density. We also presented an improved and clearer

discussion of equilibrium.
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2.0 EXACT EQUILIBRIUM EINSTEIN-BOLTZMANN SOLUTIONS
2.1 Introduction

In this chapter we present the relevant known exact equilibrium (collision-free)
solutions to the Einstein-Boltzmann equations (i.e. the Einstein-Liouville equations)
that will form the basis for the exact non-equilibrium solutions presented in the
remainder of this thesis. We start by presenting the coupled set of integro-differential
equations that must be solved. In order to obtain solutions,‘ it is necessary to apply
simplifying assumptions to the spacetime. The Robertson-Walker (k=0), the Bianchi
I, and the Static Spherically Symmetric (SSS) spacetimes are considered. For each
case the spacetime metric, the Einstein field equations in harmonic form, the moments
of the distribution function, and the solutions of the Einstein-Liouville equations are

presented.
2.2 Einstein-Liouville Model

The discussion of Chapter 1 concerned the solution of the Boltzmann equation in a
given spacetime geometry with metric g;;. For the self-gravitating gas, the spacetime
geometryv is determined by the mean field generated collectively by thé gas particles
themselves. The interaction between the gas (represented by the one-particle
distribution function), and the spacetime geometry (represented by the metric g;;), is
described mathematically by the coupled Einstein-Boltzmann system of integro-
differential equations and the contracted Bianchi infegrability conditions. We restrict
ourselves to collision-free distribution functions satisfying the Liouville equation as
discussed in Section 1.6. The discussion of Section 1.6 showed that the conservation
equations (1.32, 1.33), and thus the contracted Bianchi idenfities, are identically |
satisfied as C[f] = 0 (for the Liouville case) in equations (1.29, 1.30).

The Einstein-Liouville set of equations is given by

£(f)=0 , (2.1a)
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Rab - %Rgab : Tab _ ‘ (21b)
T = /p“pbfdfP ‘ (2.1¢)

where R, is the Ricci tensor (R = R%,). Equation (2.1a) is known as the Liouville
equation (see also (1.35)). Also note that the entropy production rate is zero for this

equilibrium model as C[f] =0 in equation (1.31).

For the discussion in this chapter it will be necessary to decompose the Einstein field
equations (2.15) with respect to some preferred 4-velocity. We usually consider those 4-
velocities picked out by the geometry of the spacetimes under consideration. Using

(2.15) and the dynamic quantities of (1.12), the field equations can be decomposed as:

- Rauu® =1(u+3p) (2.2a)
Ryuhte = — g, - (2.2b)
Roph hy =4 —phea+7eq - (2.2¢)

2.3 Exact Equilibrium Solutions in Robertson-Walker (k = 0) Spacetime

The discussion of this section is largely based on that of Ellis et al. (1983a) and
Maartens and Maharaj (1987). We consider the Robertson-Walker metric with flat

spatial sections and standard coordinates z* = (¢,2"):
4 = — dtt + RAL|(d) + (d)! + (4] (23)

The symmetry of Robertson-Walker spacetime defines a preferred 4-velocity

The orthonormal tetrad of (1.16) can now be chosen as

E,={u,R-()8/0c"} & E"=6%, E,S =R, (2.5)
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This allows one to write the particle direction of motion as
e® = (0, sinfcosg, sinfsing, cosg),
where 8, ¢ represent the direction of e relative to the axes E

v

The Ricci tensor for (2.3) is given by

Ruub = —3R(t)/R(t) (2.6a)
Rutht, =0 (2.6b)
Roph®htq = [R(D)R(2) + 2R* ()| R (t)h,q - (2.6¢)

For the discussion here, we furthermore decompose f using the covariant harmonic
expansion of (1.46) and we make use of the harmonic forms (1.47) of the dynamic
quantities. The general approach for finding the Einstein-Liouville solutions is to find
restrictions on the dynamic quantities using Ricei tensor symmetries in the decomposed
Einstein field equations (2.2). The conditions on the dynamic quantities result in
conditions on the distribution function f which are imposed by the Einstein equations.
It is during this process that the important feature of the covariant harmonic
decomposition, i.e. the non-mixing of harmonics in the integrals determining the
quantities (1.47) (as discussed in Section 1.7), allows us to obtain exact solutionms.

However, it is first necessary to find f satisfying the Liouville equation (2.1a).

To construct solutions of the Liouville equation we note that f(z*,p®) solves this
equation if and only if it is constant on all geodesics. @ The particle mass
m = (- p*pa)"?
Furthermore, if ¢ is a Killing vector (£ =0), then £,(z")p* is constant along

is constant on all geodesics z‘(v) with tangent vectors p® = dz®/dv.
geodesics since
L(fa(2)p?) = £aop®P° = E(anyp®P" = 0. | (2.7)

Thus, in a spacetime admitting r Killing vectors {4,(A =1 to r), any positive function
h of r variables defines a solution f(z, p®) = h(m, €, - p) of the Liouville equation [Ehlers
(1971))].
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The Robertson-Walker metric admits six Killing vectors, three of which are £, = §/dz"
(& €, =§',). Thus, the components R%p” are constants of the motion; equivalently we
can take the direction (relative to E,) and spatial magnitude as the constants:
£(0) = £(¢) = L(P) =0. P represents the total linear 3-momentum of the gas particles
(P =AR(t)). As a result any function f = h(m,P,0,¢) is a solution of the Liouville
“equation. In this case we are interested in the covariant harmonic decomposition of f.
Using (1.46a) it is clear that f(z*,p%) is a solution of the Liouville equation if [Ellis et al.
(1983a)]

F

a...b

(¢, B) = F, uP), P=AR()=(E*-m)/’R(t) . (28)

P and therefore F, ,(P) are spatially homogeneous (0P/0z” =0) and isotropic
(0P/0e® = 0). Thus, f is a spatially homogeneous distribution function. However, f is
dynamically anisotropic (0f/0e® # 0).

We are now in a position to specialise the equationé (1.47) to the Robertson-Walker

case. Using the solution (2.8) we obtain

= / PF | (2.9a)

p= [ PP 4 mi R0 (P)P (29%)
p—sgjf(t) " PYP? + m2R(t)]"Y2F(P)dP (2.9¢)

jo=0, by =3 [ PPt miRY) "V F,(P)P (2.94)
0=, 9,=3 :Pe’F,,(P)dP (2.9¢)
Moa =0, 7 = 22 / PA[P? + m2R¥(t)]~/2F , (P)dP (2.91)

Equations (2.8) and (2.9) represent the Liouville solution. Notice that for the Liouville
case the kinematics and the dynamics are determined directly only by the first three
harmonics. The interaction between the harmonics does not occur as in the general

Boltzmann equation. The next step is to find the Einstein-Liouville solution.

In order to ensure that the structure of the kinetic energy-momentum tensor (1.12),

(1.21) matches the geometrically determined structure of the Einstein tensor we restrict
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f by restricting the dynamic quantities (2.9). This is done by comparing the Ricci
tensor (2.6) with the Einstein field equations (2.2), obtaining

9, =0 (2.10a)
T =0 (2.100)

1 =3R?/R? (2.10¢)
p+3p= —6R/R . (2.10d)

The conservation equations (1.33) then become
f+(u+p)3R/R=0 (2.11a)
(u+ p)u® +h%p =0 (2.110)

and are identically satisfied by virtue of Liouville’s equation. Equation (2.115) is
satisfied trivially by symmetry, while (2.11a) can replace (2.10d). (Equation (2.11a)
implies that (2.10¢) is the first integral of (2.10d)).

By (2.9b) and (2.10¢) R(t) is implicitly determined by
R?
t=(3"2) | [47r [ P+ P F(P)IP i (2.12)
0 ‘ .
Equation (2.12) implies that for any choice of F(P), the two field equations (2.10¢) and
(2.10d) are satisfied. This is somewhat analogous to choosing an equation of state
p = p(p) in a perfect fluid solution. Furthermore, it is clear from equations (2.9¢) and

(2.9f) that the remaining two field equations (2.10a), (2.10b) are satisfied if
/ :°P3F,,(P)dP =0 (2.134)
/ :°P4[P2 +m2RY(t)]~'/*F,(P)dP = 0. (2.13b)
It is remarkable that the full Einstein-Liouville solution can be obtained by

appropriately restricting the first and second order harmonics only. Also note that as

the restrictions (2.13) apply to the integrals of F, and F,, , it is possible to find non-
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zero solutions for F', and F,,. This and the fact that no restrictions are placed on the
higher order harmonics, allow the existence of:a dynamically anisotropic particle
distribution function in a spatially homogeneous and isotropic Robertson-Walker
spacetime. However, although the distribution of particles may be anisotropic, the
average energy, momentum, and stress distributions must be homogeneous and

isotropic to satisfy the field equations for a Robertson-Walker universe.

- We now turn our attention to finding F, and F,, that satisfy (2.13). For the case
m =0, the equations (2.13) reduce to

“P3F (P)IP =0 (2.140)

0

/ “PF,(P)P =0. (2.14b)

A large number of non-zero F, and F,, can be found to satisfy (2.14). For m #0,

non-zero F, can be found for a specific ¢ to satisfy (2.13b). However, when ¢ changes

iy
this is no longer true. The general solution therefore requires that F',, = 0 when m > 0.

We have reviewed exact anisotropic Einstein-Liouville solutions in Robertson-Walker
spacetimes; the properties of these solutions are discussed further in Ellis et al. (1983a).

2.4 Exact Equilibrium Solutions in Bianchi I Spacetime

The discussion of this section is based on that of Matravers and Ellis (1989). We

consider the Bianchi I metric with standard coordinates z* = (¢, z,y, 2):
ds? = — dt? + X(t)dz® + YX(t)dy* + Z°(t)d2* . (2.15)
The Bianchi I symmetry defines the preferred 4-velocity
u = 8, . (2.16)

This vector field is geodesic and irrotational, and is orthogonal to the surfaces

t = constant. In general the shear is non-zero and its evolution is given by
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Gi5— a0t +3hio” =y + By =0 (2.17)

where E;, = C,-jk,ujul is the electrical part of the Weyl tensor C,;; and the dot denotes

the covariant derivative of the tensor along the 4-velocity field:
Ut] = (a‘,-j);kuk . (218)

The Einstein field equations for this metric are

'{§+¥+%=%u+w) (2.19q)
g; =0 (2.190)
XZ( +}};§+§§> 3k — P)X T T (2.19¢) |
Yz( +}};§+ §Y> Hp—p)Y? + 1y (2.19d)
ZZ( + g‘)}g +§ ) N —p)Z% + 35 (2.19)
with a first integral
YX  ZX  ZY _
vxtzxtzv=+ - (2.195)

Unlike the Robertson-Walker case, the trace-free pressure tensor m,, is not zero for all

u,v ; instead it is given by
m;; = diag(0, myq, o, Ty3) > ;=0 for i#£7 . (2.19g)-
As m;; is trace-free
X 2, +Y gy + 2 Pmg3 =0 . (2.19h)
Furthermore, the conservation equations give
p+(u+p)f+mc?=0. (2.19:)

The dynamic quantities are given by (1.47). Also, (2.194) is identically satisfied if
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(2.19a- f) are satisfied.

The approach to finding solutions for the Einstein-Liouville equations in Bianchi I
spacetime is analogous to the Robertson-Walker case. The 3 Killing vectors £, = 0/0z"
of Bianchi I spacetime generate three constants of the motion p, = ¢, -p. Agan, any
function f = h(py,Ps,p;) then represents a spatially homogeneous solution to the

Liouville equation for Bianchi I spacetimes.

For our discussion on non-equilibrium Bianchi I solutions, it is also useful to define the
solution f = K(P), where P is the constant of the motion given, as in Robertson-

Walker spacetime, by
P* = (py)? + (p2)* + (ps)’
= X*(t)(p")* + Y1) (p")* + Z*()(p°)’ (2:20)
(It is interesting to note that K (P) is also a spatially homogeneous solution in Bianchi
IX spacetimes [Maartens and Maharaj (1990)]). However, unlike the Robertson-Walker
case where P is dynamically isotropic (R=X =Y =Z), P is clearly anisotropic (f is
thus also anisotropic).
In order to investigate the restrictions placed on the dynamic quantities by the Einstein
field equations (2.19), we use the general expressions (1.47) for the dynamic quantities
and obtain (from (2.19b), (1.47¢))
/ “ENFJE=0 (2.224)
and from (2.19¢), (1.47e)
o
/ NF,dE=0 for a#b . (2.220)
X, Y, and Z are in principle determined, once F and F,, are specified, by the

remaining field equations. Of course we are unable to give explicit solutions analogous
to (2.12) in the Robertson-Walker case.
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2.5 Exact Equilibrium Solutions in Static Spherically Symmetric Spacetime

The discussion of this section is based on Maartens and Maharaj (1985), Maharaj and
Maartens (1986), and Misner et al. (1973, p679). The metric for static spacetimes with
spherical symmetry is given in standard coordinates ' = (t,r,0,4) = (t,2%) by
ds? = —e’dt? 4 e¥(Ddr? 4 r2(d6? + sin?6d¢?) (2.23)
The static spherically symmetric (SSS) geometry defines a preferred 4-velocity
u=e""?9,. (2.24)
Then an invariant orthonormal tetrad is

w? = {e"/%dt,e¥/*dr,rd8, rsinfd$} , (2.25)

giving the Einstein tensor components

GP=r=2—e ¥r~2—r 1Y) (2.26a)
Gl= —r 24e Y 2+r~Y) (2.26b)
GP?=CB®=c" V2 +(V — zb’)(u’l +2r~1)]/4 (2.26¢)
G®t=0 for a#b . (2.26d)

The Killing vectors of the metric (2.23) are given by [Maharaj and Maartens (1986)]
& = cos¢ By — sing cotd
&, = sing 9y + cos¢ cotd I

(2.27)
&= aqS
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The static spherically symmetric solution of Liouville’s equation in SSS spacetime is
then given as f(z,p%) = K(Y , Y3+ Y35+ Y3), with Y, = &, - p, and can be written

f=K [e”pvt, r#((p%)? + sin’0(p®)?)]
= K[e"*p% r((p*)* + (*))] (2.28)

using (2.23), (2.25), and (2.27) [Maharaj and Maartens (1986), Misner et al. (1973,
p680)].

By equations (1.20) and (1.21), with d%P = dp'**/p°®, we obtain
o = /palK [e/2p° 2((p2)2+(p3)2)]dp123 (2.29)
= [ LKl A+ (R (2:30)

Considering the integrand of (2.29) for a =1,2,3 it is clear that it is odd in pl,p?, and
p which implies that n' =n? =n® =0. As a result the kinematic average 4-velocity 1is
u=e~"/?8,, the geometrically defined 4-velocity. It is the collision-free property that

forces the 4-velocity to be orthogonal to the surfaces ¢ = constant.

Similarly, since K in (2.30) is even in p',p?, and p’® and symmetric in p? and p3, the

following holds
T = T9(7) = diag(T%, T", T, T%), with T2 =73 . (2.31)

The form of (2.31) is consistent with the Einstein field equations (2.26) without
additional restrictions on the functional form of K. In fact, any function
K[e*2p°, r*((p?)? + (p®)*)] gives a solution of the Einstein-Liouville system of equations,
ie., if K is specified then T and G® are consistently determined by (2.26) and (2.30)
in terms of v, ¥, and so in principle we get a solution v, 9 for any choice of K. (This is

analogous to specifying an equation of state in a fluid model).

It is possible to obtain expressions for the dynamic quantities -as defined by (1.12),
(1.21). The symmetry of (2.31) implies that the heat flow ¢' =0, without restricting f.
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By defining new variables
B=e2p?, =m0+ (), 2=rJ7Hp"+ip’), (232)

new coordinates can be introduced on the mass shell

pr=le VB2 —r 202 —m%'/? p?=r"1J cos O, pd=r~1J sin &,

with B representing the emergy at infinity and J the angular momentum (see also

[Misner et al. (1973, p681)]). It is now possible to write the dynamic quantities as
u(r) = 2mr 2 "—3"/2/ /'EJ(e"’E2 —r 2% — mz)_l/zK(E,J)dEdJ , (2.33)

p(r):%m‘"ze_"/z//J(e"’fﬂz—mz)(e‘"Ez—r”sz—mz)_l/z_K(E,J)dE’dJ, (2.34)

(2¢~VE? — 3r ~2J2 — 2m?)

(e—uE2 _pr—2J2 _m2)1/2

JK(E,J)dBdT,  (235)

7 = (cle? — I )mr ~%e T "/2/

with ¢=e " ¥/?9,. Note that this model has non-zero (but static and spherically
symmetric) anisotropic stress. Perfect fluid results (i.e. zero anisotropic stress) can be
obtained by taking f as dynamically isotropic: f :F(E) [Maharaj and Maartens

(1986)]. Note that we could rewrite the above expressions in terms of the harmonics of

f:
f = K[e"E, J) = F(r,E) + F.(r, E)e" + .

In principle one can determine the form of the harmonic coefficients by harmonically

expanding the angular momentum J. One would then find that

Ja=0=¢s, ma=P(r)(cacs— 3hab)
follow without restrictions on F,, F. Essentially this happens because K is invariant

under the full group of motions (unlike the Robertson-Walker distribution discussed in
Section 2.3)
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2.6 Summary

In this chapter we preéented the equilibrium solutions that will be used in the
remainder of the thesis as part of the relaxation collision term (1.44). The relaxation
collision term consists of a distribution function f, typically taken to be dynamically
anisotropic, relaxing towards an equilibrium distribution function f, with characteristic
relaxation time 7. The relaxation collision functional is investigated in general in
Chapter 3, while its application to the Robertson-Walker, Bianchi I, and SSS

spacetimes is presented in the subsequent chapters.

We have concentrated here on specific dynamically anisotropic solutions. Further
details on the solutions for Robertson-Walker spacetimes can be found in Maartens and
Maharaj (1987a, 1987b,), and Maharaj and Maartens (1987b). An exact inhomogeneous
Robertson-Walker solution is presented in Maharaj and Maartens (1987a), while a
detailed discussion of Liouville solutions in Bianchi spacetimes is given in Maartens and
Maharaj (1990).
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3.0 THE RELATIVISTIC BGK COLLISION TERM

3.1 Introduction

Since C[f] models the self-interaction of the gas, it should in general be nonlinear in f.
The linear BGK model (1.44) is certainly a drastic simplification. It is a macroscopic
relaxation-time approximation to the detailed, microscopic collision mechanism.
However, the BGK approximation, though rough, gives sufficiently accurate order of
magnitude results to deal with many physical problems [Marle (1969), Anderson and
Witting (1974), Anderson and Payne (1976), Dominguez-Tenreiro and Hakim (1977),
Majorana (1990), Nightingale (1973)]. Approximations based on the BGK model give
results close to those based on the Boltzmann model (1.40) [Anderson and Witting
(1974), Anderson and Payne (1976), Majorana (1990), Nightingale (1973)]. It is
therefore worthwhile to investigate exact solutions and their properties in the BGK
model - an aim which is impossible for the microséopic Boltzmann model. These exact
results could then provide indications of the behaviour of the Boltzmann model, and
hopefully throw light on some of the unresolved questions. Furthermore, the BGK
model arises from the transport collision model (1.45) when scattering is elastic and
isotropic - for example, isotropic Thomson scattering [Peebles and Yu (1970)] and free-
free Bremstrahlung [Schweizer (1988)].

In (1.44) the distribution f is often taken to be dynamic equilibrium: £(f)=0. If this
is a collision-dominated equilibrium the spacetime will have to conform to the tight
restrictions of (1.37), (1.39). If it is more generally an isotropic equilibrium, then by
(1.49) the shear must vanish. Alternatively, Stewart (1968) has f isotropic but non-
equilibrium (necessary since o, 7 0 in Bianchi I spacetime). Consequently, Stewart

modifies the Boltzmann equation so as to preserve a simple exact solution:
Lf—f)=f—F).

This amounts to taking f = 2f in (1.44) (let f » f — f) so it is in fact a particular BGK
model. Anderson and Witting (1974) take f to be a kinematic equilibrium (1.36) which
is not dynamic (£(f) # 0) so that (1.37), and (1.39) do not apply. They use (1.44) to
find approximate solutions f of (1.8) close to local equilibrium f. We will not impose

these restrictions on f.
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The results of this chapter are based on Maartens and Wolvaardt (1994a).
3.2 Formal Solution of BGK Equation

The Boltzmann equation (1.8), with BGK collision term (1.44), is a linear first order

differential equation given by

%+7f=7? :

The exact formal solution of this equation is (writing f(v) for f(z(v), p(v))):
v T
f(’l)) = he—r(”) + e_F(”)/ f(u) d(il’li ) du :

= F(v) + he T 4 E(v), - (3.1)

where

2(h) =0, T(v)= / () du, ko) = —e T / "L 2(F(w))du.
If f is dynamic equilibrium, then we get the simple solution
f@)=F+heT® (3.20)
In (3.1) and (3.2¢), h and the arbitrary constants implicit in the integrals are

determined by the initial conditions. For example with (3.2a), if f is initially
fin( = £(0)) and relaxes towards f, then

h=fu—F, T0)= [ Aw)dv (3.25)

and I'(v) represents essentially the number of collisions that have occurred. If f relaxes

away from f towards f,,, ( = f(co)) then

34



o8}

h=fou—7F, D(v)= / y(w)dw (3.2¢)

v

and I'(v) represents essentially the number of collisions still to occur.
3.3 BGK Relaxation Function

The relaxation function 4 contains all the information about the collisions. Marle
(1969) initiated the relativistic version of the BGK model, and took v=+(z). As
pointed out by Anderson and Witting (1974), this leads to an energy-dependent
relaxation time - and furthermore, gives functionally different transport coefficients

from the Grad results in the relativistic limit. They propose

¥z, p) = (= up®)/7(z) = E/r(x) (3-3)

where u® is a mean 4-velocity and 7 is the mean collision time or relaxation time. This
can be seen clearly in the flat space case with 7 constant. Since E = p* = dt/dv, (3.2a)
and (3.3) give I' = t/7 so that 7 is the relaxation time. Anderson and Witting take u®
to be defined by f which is a kinematic equilibrium. We will not make these
restrictions on u® or f. The AW form (3.3) of the BGK model (1.44) gives transport
coefficients that functionally agree with the Grad results in the relativistic regime
[Anderson and Witting (1974)]. We will usually use the AW form when it is necessary
to specify 7. '

The harmonic decomposition (1.465) of the BGK collision term (1.44) with isotropic
4(z, E) (including (3.3)) gives

b ..a :7(Fa1...a —F ..a) . (34)
If f is isotropic then F“l' .a, =0, r>1. Otherwise we can rewrite (3.4) as

b a, — _71'F

al.. r al...ar

with v, = v(1 - F"r--“r/ F “1""‘r)' This may be interpreted as the different harmonics
of f having different relaxation times. Ellis et al. (1983b) refer to this as the
generalised BGK model, but it can always be put into a BGK form with anisotropic f.
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In any case, (3.4) reflects the simplicity of the BGK model through the absence of
‘harmonic mixing’ - the collisional harmonics depend only on the distribution harmonics

of the same order at each level.
3.4 Conservation of Particles and Energy-Momentum

The microscopic Boltzmann collision medel (1.40) guarantees that the comservation
equations (1.32), (1.33) and H-theorem (1.41) are identically satisfied. This is not the
case with the macroscopic BGK model. Additional conditions on the relaxation
function v and distribution f arise from imposing (1.32), (1.33) and (1.41). In certain
cases, these conditions serve to fix arbitrary parameters. For example, Anderson and
Witting (1974) take f to be of the form (1.35) and the conservation equations fix the
arbitrary quantities «, B,. In the general case, the conservation equations (1.32), (1.33)
for the BGK model (1.44) give

[ =Frap=0= [p(F-Fraz. (3.50)

 The restrictions imposed by (3.5a) depend heavily on the relaxation mechanism +.
Roughly, (3.5a) limits the arbitrariness in the local rest frame and temperature and
density of the non-equilibrium distribution. It is reasonable to assume that ~ is
isotropic. For a general isotropic relaxation function v(z,E), (1.46a) in (3.5a), using

(1.18) and (1.19), gives the harmonic forms of particle number and energy-momentum

conservation:
/ :7(F —F)\E =0 (3.5b)
/ :7(F ~ F)\EdE =0 (3.5¢)
/ :7(Fa —F)NdE =0 | (3.5d)

(where we have used uaT."b;b =0 and habTbc; . =0 to obtain the conditions for energy

and momentum conservation respectively).

If we further take « to be linear, we can encorhpass the Marle and AW models:
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¥z, F) = E/r(z) + v(z) . (3.6a)

Using (1.18)-(1.21), (1.46), (1.47a—g), (1.47h) we find that (3.6a) and (3.5) give
matching conditions that link f and f:

7N - N)+v(M - M)

=0 (3.6b)
T p—g)+¥v(N-N)=0 (3.6¢)
T 1(qa - qa) + V(ja - 3a) =0. (36d)

For the Marle model (r~!=0), taking j, =0, we see that momentum conservation
determines the local rest frame to be the Eckart frame (1.26a). On the other hand, in
the AW model (v =0) with g, =0 (when, for example, f is isotropic), the Landau-
Lifshitz frame (1.26b) is picked out. In both cases the number densities of f and f are
matched: N = N. Also note that for the AW ca,se,' (1.47h) shows that p =g implies
p=p when m =0 (i.e. zero bulk viscosity). The general linear model (3.6a) allows the

interesting case (with 5, =0=1g,)

9o = _TVja

which defines a new local rest frame, neither Eckart nor Landau-Lifshitz, in which the

energy and particle flux directions coincide. In summary:

The conservation of particles gies (3.5b) for a general isotropic relazation function and
N =N for the AW relazation function. The conservation of energy gives (3.5¢) for a
general isotropic relazation function and p=p for the AW relazation function. The

conservation of momentum gives (3.5d) for a general isotropic relazation function and

qo = G, for the AW relazation function.
3.5 Entropy

By (1.31) and (1.41), the H-theorem for the BGK model implies

S, = /»ﬂf—f)log fd® >0 | (3.7a)
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which in general is a further restriction on v and f. In the AW case (3.3), (3.7a)

implies
§%0= =", | [ 9*f(og f~ )42~ [ 77 (log £ ~1)d9)
=l [sa + [ p Fiog] 7 (1-+6)] - l]d@}
— oy [sa =54 [ ]_flog(l—i—e)d@}
= 1y, (S5 54 7% > 0 (3.76)
where

and we used (1.11), (1.20), (1.22), (1.24), (3.1) and (3.56). (Note that € need not be
small, unlike in (1.42). If € is small, then (3.7b) is consistent with (1.43a,5).) The H-
theorem therefore imposes restrictions on f, f in general. Unlike the restrictions (3.5b),
(3.6) from the conservation equations, it is not possible to say in general what these
restrictions are. What we have achieved in (3.75) is to separate the term containing

only f (i.e. §¢) from the term containing only f and 7 (i.e. $¢+ n?).
The harmonic form (1.48¢) for the AW BGK case gives
5, = dnr~? / °°EA{(F ~ F)log F + (1/3F*\}(F + F)F*— FF*|F,+..JdE>0 (3.7¢)

using (3.3), (3.4). From (3.7¢) we can deduce the conditions for the H-theorem to
lowest anisotropic order. If f is isotropic (F, =0), then (3.7c) shows that to lowest
order, anisotropy in f tends to increase the entropy production rate. Conversely, in
the AW BGK model, isotropisation of f is accompanied by a decrease in the entropy

production rate, as might be expected in general.
We can give exact entropy results for a particular AW BGK model [Maartens and

Wolvaardt (1994a)]. If f has only first order (‘dipole’) anisotropy and is relaxing

towards the isotropic f, then
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f=F+Fe* f=F=F. (3.8)

The conditions for (3.8) to satisfy the Boltzmann equation are dealt with below. Now
with (3.8) we can evaluate the series in the entropy density (1.48a) and entropy
production rate (3.7¢). The entropy density becomes:

o) oo a a2
s=4r [“F(1-log PABE—4r [F (Lo & T Npam
—5 —dn / “AEF¢(F F*|F?)dE (3.7d)

while the entropy production rate becomes:

oo _ F,F° =
Se, =4rr 1/m<(F—F)log F+}=5(F+F)+
F F? = F F%?
1 }4)(F+3F)+§i—g( }6)(F+5F)+...)AEdE
=775 —S)+47TT-1/00/\EFC(FaFa/F2)dE (3.7¢)

where the functions £, ( are defined by the power series

n

(z) = i:: (2n — 1);!;;(277, ¥1) {(z) = im(;;—+1) = 2z€'(z) — {(x) . (3.71)

Then from (3.7d — f) it follows that for a first order (‘dipole’) anisotropic distribution
(3.8) in the AW BGK model, the relation (1.48d) for entropy density holds exactly and
the entropy production rate satisfies the H-theorem identically. Furthermore, the
1sotropisation of the distribution strictly increases the entropy density and decreases the
the entropy production rate. These results hold for any F, F, (noting that F >0,
F,F? >0 always). The forms of F', F, will be determined by the Boltzmann equation.

It is striking that the H-theorem is satisfied (and that isotropisation increases entropy
density) without restrictions. However the distribution (3.8) is very special: by
(1.47f,d) it has no anisotropic stress (m,, = 0) or bulk viscous pressure (Il=p—p = 0).
Without these conditions we are unable to find the closed forms (3.7d,e) from the series
in (1.48a), (3.7c). We cannot extrapolate from these special conditions to find explicitly

the conditions for a general distribution to obey the H-theorem.
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3.6 Exact Truncated BGK Solutions

In the approximate solutions of the linearised Boltzmann equation (1.43¢) (with the
Boltzmann term (1.40)), the deviation from the local equilibrium distribution is taken
as quadratic in the 4-momenta [De Groot et al. (1980)]. Using the harmonic

decomposition (1.46), this corresponds to the truncated distribution
f=F+F "+ F_ e%" (3.9)

(of which (3.8) is a special case). In fact, (3.9) is more general than the usual
approximations, in which the energy dependence of the coefficients is restricted. By
investigating exact truncated Boltzmann solutions in ‘the BGK case, we can hope to get
an idea of some of the (currently unknown) consistency conditions that operate for
truncated solutions of the full Boltzmann collision model [Ellis et al. (1983c)].

The first condition is given by (1.51), which shows that the shear of the preferred 4-
- velocity vanishes: o4, =0. In other words, truncated Boltzmann solutions in the BGK
model are only possible in shear-free flows (and this holds true even if a finite number of
higher order terms are added in (3.9), by (1.51)). This is a severe consistency
constraint, and although it does not carry over exactly to the full Boltzmann collision
model, it indicates that stringent consistency conditions are also hidden in the standard

approximate solutions (see [Ellis et al.(1983c)]).
Suppose that (3.9) is relaxing towards the isotropic distribution f = F, with AW BGK
collision term (3.3), (3.4). Now it follows from (1.17a) that the Liouville operator
raises the order of anisotropy by 2. Thus £(f) has 4 harmonics and is, by (1.17a), (3.9)
L(f) =[A(F) = 2k°F J+[ A J(F) + A(F,) — I Fy — 2K F ) e +
[ = XN040F[OE+ A y(Fy) + A(F ) —20,F ) e +

[ = X0y, 0(AIF,) OE + A (Fop) + 2k F oy — 20 1 Fy | e%ebec +

[~ Mo 4(\72F ;) /O] eebeced (3.10)
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where
ka = Ezaa + /\zaa 9 lab = E(Uab + Wap + 6abc‘QC)7
A =E, 0,—1\08/0E, A,=\(,8,— Eu,d/0E),

and L (...) denotes projection into the rest space after differentiation. Now the
coefficients in (3.10) are by construction symmetric and spatially projected. However,
the last three are not trace free. The trace of the e%® term feeds into the zero-order
term, that of the 3rd order feeds into the first-order term, and that of the 4th order
feeds into the second- and zero-order terms. The result is the harmonic decomposition
of the Boltzmann equation. The complete set of equations representing the harmonic
decomposition of the Boltzmann equation is given by Ellis et al. (1983c, equation (21)).
Using this result or by implementing (3.10) directly, the 4th harmonic gives:

/\—20 < achd > = aabcd(x)
Now ag.q =0, otherwise F;, will not die away when E -+ oo. Thus o . 4F .45 =0,
and since 0, =0 cap>, Fap=F cap> #0, this implies o4, =0 (if Fy, =0, then the

3rd harmonic gives o, = 0). This is a particular case of the general result of [Ellis et al.
(1983c)]. Now with o,, =0, the harmonics of the Boltzmann equation (1.8) with AW

BGK collision term (1.44), (3.3) give, by (3.9), (3.10), (1.46), (3.4) and (1.17b,c):
D(F) —LEATY(\2F,) + Dk F,, = 1~ E(F - F) (3.11q)

D(F,) — 2Bu® Fy — EXit F' + \RY,F 4 — 2EA 202 (N3 Fy,)’ + IAh PR Py g = — 7'EF,
- (3.110)

D(F o) = 2Bw’( Foy. + AF ¢ o5 — EX(V Tl G Fy ) = —77'EF (3.11¢)
F<ab;c> _E)‘z()‘—za<anc>)I:O (311d)
where a prime denotes /0F and

D=FE, (u"V,) —1)\%0/0E
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The equations (3.11) are in agreement with the general results of Ellis et al. (1983c,
p492-4, p501-2). (Note the third term on the right of their equation (24a) (p494) is

identically zero.)

The exact truncated solution for the AW BGK collision term therefore satisfies a4, =0
and equations (3.11) - in addition to the matching conditions imposed by the
conservation equations. These are given by (3.6b) with v =0 and g, = 0:

N=N, ,U:,l_t, qa=0 (=> ua:u%)‘ (3120’)

The Eckart frame energy flux ¢, is given in terms of the number flux j, by (1.275). By

(1.47), the conditions (3.12a) may be expressed as integral constraints on F', F';:

/ “E(F -~ F)\E=0= / “EYF — F)\E (3.120)
/ “EF NdE=0. (3.12¢)

The energy conservation result u = i shows by (3.12b), (1.47d) that for m = 0, we have
p = p. Thus in the AW BGK model we have the (exact) result:

m=0= II=0. (3.13)
Before tackling equations (3.11) in general, we look at some particular solutions. If
F_=0, then (3.1la) integrates (assuming £(F)=0 which requires o, =0 and u,
parallel to a conformal Killing vector [Ehlers et al. (1968)]):

F(t,2°,E)= F + H(z*,R\e"T, T'= / dtjr, L(H)=0

where H is arbitrary, ¢ is proper time along the mean flow (u'=§*,) and R(t) is the
average expansion scale factor: 6 =3R/R [Ellis (1971)]. (Note that this also holds if
'l.lva = 0 = habFa;b )
In FRW spacetime (with orthogonal u,) @, = wy, = 04 = 0. Taking the spatial sections
to be flat (k=0), we have the preferred triad E, = R(t)0/0z* , so that v%3, =0 (=

a, =0 =mn,4) and Q, = 0 (see (1.17b,c)). Thus

habFa;b = hababFa, hathdec;d = hathdadec,
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F<a;b> :8<an>a . F<ab;c> Za<aF‘bc>,

with the metric given by (2.3). If the harmonics are spatially homogeneous, i.e.
f = f(t,E,e%), then all these quantities vanish, together with A,°F, , so that (3.11d)
is identically satisfied, and (3.11a —c) decouple, each being of the form (assuming F' is

dynamic equilibrium, £(F) = 0):
L(K)=EBK/0t— ) (R/R)OK/OE = — 7 'EK .

These equations integrate to give

F=FR)N+HRNe Y, F,=H,(R)Ne™ T, F,=H_,(R\e " (3.14a)
where I'(t) = /tdt’/r(t’), and H,H, H,, are arbitrary solutions of £(K) = 0.

0

Thus there are no integrability conditions for the ezact truncated solution in k = 0 FRW
spacetime. (In fact, (3.14a) holds also for k=1, but not for k= —1, since in the
latter case ay # 0. (Compare [Ellis et al. (1983a, c)]). If Hy, =0 and F = F then the

entropy density and production rate are given by (3.7d — f).

By (1.47), the dynamics of the exact truncated FRW solution (3.14a) are given by

M=42R-1c-T / (PP 4+ m?RY) V2 PH(P)AP (3.14b)
ja=4TR=%T / :"(zﬂ +m?R?) V2P H (P)dP (3.14c)
Ty = $TR ™" [ "(P* 4 m?RY) TV PAH (PP . (3.14d)

The Boltzmann solution (3.14) is further subject to the conservation conditions (3.12).

Energy conservation (¢ = fi) implies by (3.12b), (3.14a) that
/ “(P? + m?R)/2P2H(P)dP = 0 | (3.14¢)
0
which for m >0 ( and R #0) forces H =0 (& F = F) and for m = 0 implies II = 0 by

(3.14b) (thus confirming the general result (3.13)). Hence I =0 for all m. Number
conservation (N = N) follows from H = 0 for m > 0 while for m =0 it gives, by (3.12b)
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and (3.14a)
/ :onH(P)dP =0 (m=0). (3.14f)
Momentum conservation (g, = 0) implies by (3.12¢), (3.14a):

/ “P*H (P)dP =0 . (3.149)
0

Note that H; is unrestricted. Einstein’s field equations will place conditions on H,, and
further conditions on H (for m = 0) and H, (see Section 3.7 for a general discussion). In

summary:

For a test gas relazing towards isotropic equilibrium on an FRW (k = 0) background, the
ezact truncated solution of the Boltzmann equation with AW BGK collision term, subject
to conservation of particle number and energy-momentum, is given by (3.14a, f, g) (with
H =0 for m>0). The bulk viscosity vanishes (I =0) for all m>0. The anisotropic
pressure 7, 18 non-zero even though o4, = 0. Both my, and the heat flow diverge at the

big bdng and die away with the ezpansion of the universe.

The result that II = 0, although emerging from a relaxation-time model, has interesting
implications for FRW solutions with bulk viscosity, in both the non-causal and causal

thermodynamics [Pavon, Bavaluy and Jou (1991)].

We turn now to (3.11) in the general case (without assuming £(F)=0). Equations
(3.11) are equations for the harmonics of the truncated distribution. By integrating out
the energy over the mass shell at each Spacetime event, we can derive equations in the
moments of the distribution, some of which will take the form of thermodynamics laws.
Multiplying (3.11) by appropriate factors before integrating leads to the following
relevant set of equations, on using (1.47) and (3.12) [Maartens and Wolvaardt (1994a)]:

IT + €0 + dm?r M = m?B (3.15a)

hapd® + (771 4 0)5q + 2wap® + Py + nit, + %) BE = m?C,, (3.15b)
h’achbdﬁ-cd + (T -1 + %e)ﬂ-ab + 2w(ac7rb)c + %mzeﬂ-t(llb) = mz‘Dab (3156)
T cabie> + 60 ¢ gMpes =5mPu o  ibes (3.15d)
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where

£ = %ﬁ%pM +15m243Y)  (3.15¢)
B =5h%A%Y (3.15%)
C,=5hA0Y — gaAff*” +2h thed A{LY) (3.159)
Dy = ALy, +1miAGY (3.15h)

and we have defined the moments (r,s =1,2)
Ar =1L / _ETNF, 4dE (3.150)

and the 7 ,;-like non-equilibrium quantities

o0

) =81 ETTIF 4B (3.157)
Comparing with the Israel-Stewart thermodynamic laws (1.43), we see that (3.15a —¢)
have a similar structure. In particular, they also involve a coupling of non-equilibrium
quantities to vorticity and acceleration, and transtent time-derivative terms, both of -
which are absent in the non-causal theories. The equation for Eckart-frame energy flux
follows from (3.156) on using the (exact) relation (1.27b). For near-equilibrium

conditions, we can use (1.27a) to get the approximate equation

hopd® + (771 + 30+ 3m?(u + p) T Mg, + 2wapg” — $hhon y — nhit, — 73 B = —m?hC,

| (3.150")
where h = (u+ p)/n. Our exact coefficient of bulk viscosity (3.15e) vanishes when
m = 0, like the approximate coefficient [Israel and Stewart (1979)]. Close to equilibrium,
(3.15¢) could be evaluated using F' = exp(a — BE).

Comparing (3.15 ') with (1.43¢) and (3.15¢) with (1.43f), we get equations for our

coefficients of conductivity and ‘shear ’ viscosity (noting that o, = 0):

X =B85 r 7 430 +3m*(u+p) "M
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n=p5"(r""+36)7"
where §,, (5 are the Israel-Stewart transient coefficients.

The non-equilibrium pressure excess II does not vanish for § =0 (unlike the non-causal
II = — £60 law). But it does vanish for m =0 (see (3.13)), an exact result that is in line
with the approximate results. Furthermore, m = 0 reduces the right sides of (3.156 — d)

to zero, so that the thermodynamic laws for a massless gas are considerably simplified:

=0 (3.16a)

holdy + Vg, + 2wapg” — Shhbn, — nhi, — k') B =0 (3.16b)
hothy i oq + v g + 20, Ty = 0 (3.16¢)

T <abe> T 60 oo =0 (3.16d)

where v =7~ +20. Equation (3.16b) only holds near equilibrium, the exact relation
following from (3.15b) with (1.27b) and m = 0.

The Israel-Stewart approximate laws (1.43) carry implicit but unknown consistency
conditions following from truncation of the distribution. In our exact model, the
cdnsisi:ency conditions are explicit: o, =0 and equation (3.15d) governing =,. The
existence of anisotropic stress m, in the absence of shear, although impossible in the

non-causal theories, is also admitted in the Israel-Stewart theory. In summary:

The ezact truncated solution of the Boltzmann equation with Anderson-Witting BGK
collision term, satisfying conservation of particle number and energy-momentum, obeys
the thermodynamic laws (3.15a — ¢), and is subject to the consistency conditions o,, =0
and equation (3.15d) for 4. 4

3.7 Einstein-BGK Model
The considerations of the previous section apply to a gas in a given spacetime with
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metric g;;, When g;; is the mean field generated collectively by the gas itself (as
discussed in Chapter 1), we have the self-gravitating case. Further dynamical
restrictions, in addition to the kinematic restrictions discussed in Section 3.4 and 3.5,
arise from the Einstein equations. In the Einstein-Boltzmann system (1.8), (1.50) with
BGK model (1.44), the integrability conditions (1.33) do not follow identically from the
field equations (1.50). As pointed out in Section 3.4, this is a consequence of the
macroscopic relaxation approximation imposed upon the microscopic collision mec-
hanism (which, in the Boltzmann model (1.40), does lead identically to (1.33)).
Energy-momentum conservation imposes the condition (3.5a) as an additional, un-

avoidable component of the model. Therefore the Einstein-BGK model is described by

the system
Lf)=~F-f) | (3.17a)
Gop = / PaPpfdP (3.170)
/p“v(f —-f)d?=0 (3.17¢)

Note that (3.17¢) may be replaced by the equivalent equations following from the
decomposition (1.12) of T',, [Ellis (1971)]:

A (p+p)8+ 7004+ g%+ g%, =0 (3.17¢")
(,U, + p)aa + hab(p;b + 7T'bc;c + qb) + (wab + T ab + %0hab)qb =0 (3'176”)

The point is that these do not follow identically from (3.17a,b). If (3.17c¢) is satisfied,
then (3.17¢/,¢") do follow identically as a consequence of (3.17b).

Now from a physical point of view, the system (3.17) should be supplemented by the

further, independent kinematical restrictions of particle number conservation (3.5a)
and the H-theorem (3.7a):

[ -Trap=0 | (3.17d)
s, = /7(f _Plog FdP >0 (3.17¢)

(Recall that both of these hold identically in the microscopic Boltzmann collision

47



model.)

The full Einstein-BGK system is completed by a prescription of the relaxation model
(7,f). Then the method of solution is clear in principle. We start with an appropriate
symmetric geometry so that the form of g,; is known in terms of as yet undetermined
metric functions. Using this form, we solve the Boltzmann equation (3.17a) for f. The
solution involves g;; implicitly, and is taken into Einstein’s equations (3.17b) to solve
for g,;, with restrictions on f. These restrictions arise in general from the need to
match the structure of the kinetic energy-momentum tensor to the geometrically
determined structure of the Einstein tensor. The degree of arbitrariness involved in f
reflects the fact that it is not f directly, but only an integrated average of f, that
enters the field equations. The Einstein-Boltzmann solution f is then subject to the
further restrictions imposed by the energy-momentum conservation (3.17¢) and the
kinematical conditions (3.17d,e). These restrictions may make the Einstein-Boltzmann
solution impossible. It would be possible to argue for suspending the kinematical

conditions (3.17d,e), but not the integrability condition (3.17¢).

The only exact Einstein-BGK solution known to us, namely Stewart’s (1968), was not
subjected to the integrability conditions (3.17c), or the kinematical restrictions
(3.17d,e). This solution needs to be completed by applying these conditions. The only
other exact non-equilibrium Einstein-Boltzmann solution known to wus, that of
Matravers and Ellis (1989), does include the conservation equations (but not the H-
theorem). However this solution remains in a sense formal since the collision term is
not specified and consequently the restrictions from energy-momentum and number
conservation are not explicit. In the exact solutions which we present in subsequent

chapters, we aim to give explicit solutions to the full Einstein-BGK system (3.17a —e).

In Section 3.2 we have discussed the solutions of (3.17a) (see (3.1), (3.2)). In tackling
Einstein’s equations (3.17b), it is often useful to decompose them using a preferred 4-
velocity (for example, the one occurring in the AW relaxation model (3.3)). By (3.17b)
and (1.12) we get the decomposed Einstein field equations (2.2).

The right hand sides of (2.2) are given by phase space integrals of f, using (1.10),
(1.12) and (1.21):
p= /E2fd‘ﬂ> (3.18a)

p=%[xfi? (3.18b)
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t.= [EAfed® (3.150)
ma= [N fer—Hha)d® (3.184)

The harmonic forms (1.47c— f) follow from (3.18), and these are usually the only

practicable way of approaching the solution of the field equations.

Finally, the kinematical conditions (3.17d,e) have already been dealt with in Section
3.4 (see (3.5), (3.7)). This completes our general discussion of the Einstein-BGK
model. In the subsequent chapters of this thesis, we will derive specific exact solutions
and investigate their properties, using the formalism and insights from the general
discussion of this chapter. In Chapter 5, we look at isotropic non-equilibrium solutions
in FRW spacetime, which could provide a kinetic theory model for the viscous fluid
early universe models (see Pavon, Bafaluy, and Jou (1991) and references quoted
therein). In Chapters 4 and 6 we find anisotropic non-equilibrium solutions in FRW
and Bianchi I spacetimes, and use these to generalise the anisotropy-production model
of Matravers and Ellis (1989). (A special case of the anisotropic Einstein-BGK solution
of Chapter 4 is given in Maartens and Wolvaardt (1994a) using the truncated solution
(3.9)). In Chapter 7 we consider non-equilibrium solutions in inhomogeneous static
spherically symmetric spacetime, which apply in the study of non-equilibrium stellar

clusters.
3.8 Summary

Closely following the results of Maartens and Wolvaardt (1994a), the foundations for
this thesis were presented in Chapter 3. It gives a comprehensive exact analysis of the
BGK relaxation-time collision term (complementing the work of Anderson and Witting
(1974) which is in approximations). We found the matching conditions imposed by the
conservation equations for linear relaxation, including an interesting case which defines
a new local rest frame, neither Eckart nor Landau-Lifshitz. The entropy was
investigated and conditions were given for the H-theorem to be satisfied. These show
that to lowest order (if f is isotropic), anisotropy in f tends to increase the entropy
production rate and that in the AW BGK model, isotropisation of f is accompanied by

a decrease in the entropy production rate, as might be expected in general. In addition,
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closed-form expressions for a distribution with only ‘dipole’ anisotropy were derived.
These show that the entropy production rate satisfies the H-theorem identically and
that the isotropisation of the distribution strictly increases the entropy density and
decreases the the entropy production rate. Finally, the main results of Chapter 3 were
the conditions on an exact truncated distribution that obeys the Boltzmann
conservation equations in the Anderson-Witting BGK model. The conditions were
integrated for £k =0 FRW spacetime, and the solution was shown to have zero bulk
viscosity for m >0 and m =0 (and no integrability conditions are imposed). In the
general case, the conditions were used to derive a new set of exact thermodynamic laws
(equations (3.15)). These laws have similarities with the Israel-Stewart extended
thermodynamic laws. In particular, they contain time derivatives of the non-equilibrium
quantities, unlike the Eckart/Landau-Lifshitz laws (which are consequently acausal).
Unlike the Israel-Stewart laws, ours do not require near-equilibrium conditions.
Furthermore, the consistency conditions following from truncation of the distribution
are given explicitly. They are o = 0 (shear-free flow) and a condition on 7. Finally, the
further conditions imposed when Einstein’s field equations are added to the Boltzmann

and conservation equations, were derived.
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4.0 EXACT NON-EQUILIBRIUM EINSTEIN-BGK SOLUTIONS IN
ROBERTSON-WALKER SPACETIME

41 Introduction

In this chapter we consider Einstein-BGK solutions in Robertson-Walker (k= 0)
spacetime. We seek to extend the work of Ellis et al. (1983a) and Maartens and
Maharaj (1987) on equilibrium solutions in Robertson-Walker spacetime to the BGK
case. The solution we obtain is spatially homogeneous and dynamically anisotropic, and
relaxes towards isotropic equilibrium. The relaxation mechanism is taken to be an
arbitrary, spatially homogeneous, isotropic function. We investigate the restrictions
placed on the solution by the conditions for the conservation of particles, of energy-
momentum, and zero particle drift. In order to obtain an Einstein solution, we also
determine the conditions placed on the distribution function by the field equations. We
find that a solution that satisfies these conditions must have vanishing dipole and
quadropole anisotropy, vanishing bulk viscosity and an equilibrium energy-momentum
tensor. We also show that an isotropic, non-equilibrium solution can exist only for a
massless gas with a restricted relaxation function. Restricting the relaxation mechanism,
also allows an example of a massless gas which produces non-zero bulk viscosity. We
show that for the FRW metric, the AW form of the BGK collision functional allows the
existence of tilted solutions. The chapter is concluded with a discussion of possible

applications of the solution.
4.2 BGK solution in Robertson-Walker Spacetime

In Robertson-Walker spacetime with standard coordinates z* = (¢,z',2% %), the metric
is (2.3) '

ds’ = —dt* + R*(t)[(dz')? + (d2?)? + (d=?)?]

with a preferred 4-velocity (2.4): u' = 6%, and an orthonormal tetrad basis given by
(2.5).

51



We are seeking a solution representative of the physical situation where a spatially
homogeneous, dynamically anisotropic distribution function f is relaxing toward an
equilibrium solution f with increasing time. The equilibrium solution may be taken as
dynamically isotropic. While we present the BGK solution for a general anisotropic f,
the properties of the solution are investigated using an isotropic f for the sake of
clarity. The possible applications of this solution are numerous; one example being the
relaxation, due to the decrease of collisions via expansion, of the distribution function
describing the distribution of particles in the early universe. The formal solution of the
Boltzmann equation with BGK collision functional is given by (3.2a) for the case where
f is a dynamic equilibrium solution. For the Robertson-Walker case we use the Killing

vector first integrals p, = {,%p, to define dynamic equilibrium functions

h=h(p,) and f=f(p,). (4.1)

From (2.7) we know that h and f defined in this way are dynamically anisotropic
spatially homogeneous solutions of the Liouville equation (i.e. satisfying the conditions
of (3.2a) and (3.2b)). If the particular application of the solution requires the relaxation

toward an isotropic (dynamic) equilibrium distribution, f may be defined as

F=rp), (4.2)

where P is isotropic and is defined by (2.8).

We next investigate the term I'(v) in the solution (3.2a). We assume that the collision
rate v is isotropic and spatially homogeneous, but not restricted in any other way.
Thus, we are not imposing the AW model (3.3) or the linear model (3.6a) of v. For this
model I' is taken to represent the number of collisions that have occurred in the
relaxation toward the equilibrium f (3.2b). Furthermore, because P is a constant of

the motion (£(P) = 0), we can write I' as follows
I(t, P) = / “y(t, P)dv’
0

_ / A, P)
o p°(t', P) P)
- / :y(t’,P)[mz+R‘2(t’)P2]“/2dt’, (4.3a)

where we used (1.1), (2.3), and (2.8). Notice that I' is isotropic and spatially
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homogeneous. We are finally in a position to write the solution of the BGK equation in

Robertson-Walker spacetimes. By (4.1);-(4.3) and (3.2a):

- t
£,2) = Fp) + blpJess| = [a(e, Pl + R=A)PI 0] (a9
Clearly f is spatially homogeneous but dynamically anisotropic. Note that f must

depend explicitly on the cosmic time if it is non-equilibrium.

Using (4.3a), (4.4) the following useful relation can be obtained:

-T
Oe = TPyt PYm? 4+ R¥()P?) 12

giving

-T "
—y IR =[PP PR (1) 2T D). (4.3b)

The approach to finding the solution presented'here,_; is to specialise the general BGK
solution of (3.1); an alternative approach would be to first specialise the Boltzmann
equation (1.8) with BGK collision term (1.44) for Robertson-Walker spacetimes, and
then to solve it. The discussion around (3.14) illustrates a similar approach for the exact
truncated case. In that case the harmonic decomposition of the BGK equation is
obtained for the truncated case, specialised to the FRW case, and then the solution is
obtained.

For the remainder of this chapter it is assumed that f is dynamically isotropic
(f = F(P)), i.e. we are investigating the case where an anisotropic distribution function

is relaxing towards an isotropic distribution function.
In order to find exact solutions to the Einstein-BGK problem and to investigate the
kinematics and the dynamics of the solutions it is necessary to decompose f(t,p,) using

the covariant harmonic decomposition. For clarity both sides of equation (4.4) are

decomposed and then the terms of equal order are equated. The decomposition of

f(t,p,) yields
f(t,p,) = F(t,P) + F (t,P)e® + F(t,P)e®e® +.... (4.5)

To decompose the right hand side of (4.4) it is necessary to decompose f and A(p,).
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This decomposition yields
F(P)+h(p,)e TP = F(P) + e T“PIH(P) + H(P)e® + Hy(P)ee" +...]  (46)
Equating (4.5) and (4.6) we obtain
F(t,P) = F(P)+ H(P)e T®F)
F, 4t,P)=H, 4P)e """ (4.7)
It is exactly this decomposition of the solution that allows us in the following section to
investigate the kinematics and the dynamics of the particle distribution.

4.3 ‘Kinematics, Dynamics and Entropy

The kinematics of the distribution function are determined by the particle 4-current
vector as given by the first moment of the distribution function (1.20). With respect to

a given 4-velocity this vector may be decomposed as given by equation (1.23)
nt= Nutt j*,  jfu,=0,
where N and j* are determined by the general integrals (1.47a) and (1.47b). These

integrals may be rewritten by changing the variable of integration and by using the
BGK solution in Robertson-Walker spacetimes (4.7). Thus we obtain

N =g [ “PUF(P)+ H(P)e" " ")dP (480)
R°®)J o »

- __an [T p3p2 2p2/4\1-1/2 —I(t, P)

o= s [ PP+ R0 H(P)e P (4.8b)

where j, = 0 as u® = §% for the Robertson-Walker case. A non-zero number flux gives a
particle drift that is out of keeping with FRW symmetry, and although it is possible to
satisfy the field equations for j, # 0 (see the fluid solutions of Calvao and Salim (1992)),
we regard this as unnatural. From equation (4.8b) it is clear that in order to get a zero
number flux which gives a non-tilted kinematic average 4-velocity either the integral in

(4.8b) must vanish or H, must vanish. For any particular ¢, non-zero harmonic
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coefficients H, may be found that give a zero integral in (4.8b); however as ¢t changes
the condition will no longer be satisfied. In order to have a vanishing number flux for all

t, (4.8b) requires that H, vanishes:
Ja =0, mno restrictions on (¢, P) = H,(P)=0. (4.9)

Thus, a zero H, will give a non-tilted 4-velocity. This condition 1s investigated further
in Sections 4.5 where it is shown that the Einstein field equations require a zero energy

flux vector which in turn requires that H, = 0.

We next investigate the dynamics of the solution as determined by the quantities y, p,
qa and m, as given in the decomposition of the energy-momentum tensor (1.12), (1.21).
These dynamic quantities are determined in general by the integrals of (1.47¢— g)
(including the bulk viscosity). These integrals can be specialised to the Robertson-
Walker case by changing the variable of integration and by using the solution (4.7) as

follows
h= / :°P2[P2 +m?RY )] F(P) + H(P)e " P)dp, (4.104)
p= #;m/jp‘*[zﬂ + m2RY)] " VF(P)+ H(P)e~ " Phap, (4.100)
0= / :oP?’H,,(P)e‘ CBPp. gy =0 (4.10¢)

_Sr__ / OP“[P'Z+7n2R2(t)]‘1/2HW(P)e_r“’P)dP, Toa =0, (4.10d)

mesRY(

= ﬁm / PYP2+ m?RY ()] V2H(P)e """ Pg P, (4.10¢)
0

It is the Einstein field equations that determine these dynamic quantities via interaction

with the distribution function. The discussion of the properties of the dynamics is

therefore postponed to Section 4.5 where we present the Einstein solution. The

discussion of the conservation of energy and momentum is also delayed to Section 4.4.

Next, we investigate the entropy quantities: the entropy density s, the entropy flux
3¢ and the entropy production rate S, (as given by the general expressions (1.22)
and (1.24)). This investigation is necessary as we are dealing with a non-equilibrium

solution in which the entropy production is expected to be positive.
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The entropy density s is given by (1.48a). By changing the variable of integration and

introducing the Robertson-Walker solution.(4.7),” we can write it as

s == [“PH[P(P)+ H(P)e "1 ~log( F(P)+ H(P)e ") )]

TRt o

YF(P)+ H(P)e™ "1~ &PH e 4 P, (4.11q)

The entropy flux X, is given by (1.48b). Again, by changing the variable of integration

and using the solution (4.7), we can write

N, = '31:;@) :°p3 {Hae—r(t,P) log| F(P)—i—H(P)e—I‘(t,P)]+'_.}[P2+m2R2]_1/2dP
(4.11b)

Similarly, the entropy production rate (1.48¢) can be written as

S5%.= %/:H(t, P)PYP* + m2R2]—1/2{H(P)e—r(t,P) log| F(P) + H(P)e—F(t,P)] n
LH Hoe ™ T[F(P) + H(P)e ™" P)~2F(P) + H(P)e """ .. }dP
(4.11¢)

It is not clear in general from (4.11¢) whether the H-theorem (1.41) is satisfied for the
BGK solution (4.7). If H, = 0 (see equation (4.9)), then to first anisotropic order (4.11c)

gives

X

§e iz / “A(t, P)P?[P? + m?R?|~ \2H(P)e ™ "®F) log[F(P) + H(P)e " P1dP.
0
. (4.11d)

In Section 5.6 we show that with the AW relaxation function, F' Maxwell-Boltzmann
and m = 0, (4.11d) satisfies the H-theorem identically.

4.4 Conservation of Particles, Energy and Momentum

In establishing the conditions placed on the distribution function (4.7) by the
conservation equations several different approaches are possible. One can start with

equations (2.11a) and (2.115) and insert the appropriate expressions for the dynamic
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quantities using equations (4.10), or one can start from the comservation equations
(1.32), (1.33). We follow the alternative of directly implementing the results derived in
Chapter 3 (3.5b —d) for a general isotropic relaxation function. In Appendix A, we
derive the energy-momentum conservation equations for FRW spacetime using (1.32),
(1.33), as an alternative check of the results of Chapter 3.

The harmonic form for particle number conservation is given by (3.5b) for a general

isotropic relaxation function. On using the FRW BGK solution (4.7), we get

/ " P P? + m2R? ~'/2%(t, P)e " "> P)H(P)dP = 0 (4.124)

0
which implies (by (4.3b))
2 / “P2H(P)e~ T P)p = 0. (4.12b)
t) o

For any particular ¢, non-zero harmonic coefficients H may be found that give a zero
integral in (4.12a); however as t changes the condition will no longer be satisfied. In
order to have conservation of particles for all ¢, (4.12a) requires that H vanishes:

n®,=0 for arbitrary (¢, P) = H(P)=0. (4.12¢)

The harmonic form for the conservation of energy is given by (3.5¢) for a general

isotropic relaxation function. On using the distribution (4.7) we find the condition

/ “a(t, P)e TGP H(P)P2P = 0 (4.134)
0
which implies
/ “H(P)P[P 4 m2 R [ G =T )] 4P = 0. (4.13b)
0

Consistent with the condition for number conservation (4.12), the condition for the

conservation of energy also requires that H vanishes:
u, T, =0 for arbitrary 4(t,P) = H(P) =0. (4.13¢)

Momentum conservation, by (3.5d), gives directly using (4.7)
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/ :°7(t, P)e~T®P) g (PYPYP? + m?R?|~1/2dP = 0 (4.14a)

which implies
a * "F(t) P) 3 —
3t/0 e H, (P)P°dP =. (4.14b)

Condition (4.14a) implies, consistent with the condition for a vanishing number flux

(4.9), that for a general isotropic relaxation function H, must vanish:
hT?,. =0 for arbitrary (¢, P) = H,(P) =0. (4.14¢)
In summary:

For an arbitrary isotropic relazation function ~(t,P), the conservation equations place
the following restrictions on the FRW BGK solution (4.7): particle number and energy
conservation requires that H vanishes, and momentum conservation (and the condition
for vanishing particle drift) requires that H, vanishes. It is not possible to obtain non-
equilibrium, isotropic FRW BGK solutions for an arbitrary, iSotrépic relazation

function (as H must vanish).
4.5 Einstein-BGK Solution in Robertson-Walker Spa.cetime

The Einstein field equations for the Robertson-Walker spacetime are given by equations
(2.10). In order to ensure that the structure of the kinetic energy momentum tensor
(1.21) matches that of the geometrically determined Einstein tensor we restrict the
distribution f by imposing conditions on the dynamic quantities determining the kinetic
energy-momentum tensor (4.10). This is done by comparing the quantities (4.10) with
the Einstein field equations (2.10). Using (2.10a) and (4.10¢) we find that

/ “P*H (P)e"TbFP)gp = (. (4.150)
0

A vanishing energy flux is thus given by a distribution function that satisfies (4.15a).

Also, for an arbitrary isotropic relaxation function, (4.15a) requires H, = 0.

Similarly, (2.10) and (4.10d) give
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/ “PYP? + m2RY(t)]"Y2H 4 (P)e "B PP =0 . (4.15b)
0

By using the relation (4.3b), we can write (4.15b) as

/ :"7 -1, PyP* 9 g _(P)iP = 0. (4.15¢)

ot

Thus, to obtain a vanishing anisotropic stress, the distribution function must satisfy

(4.15b). Also, for an arbitrary isotropic relaxation function, (4.15b) requires H,, = 0.

As we know that the field equation (2.10¢) is a first integral of equation (2.10d) (using
the conservation equations) only one field equation remains to be investigated. Using

(4.10a) in equation (2.10c) we can write it as

by — ) ax [ Cp2p2 2 p2 \ /2 F
R(t)—{st(t) , PP +m R F(P)dP +
P °°P2[P2+msz(t)]l/zH(P)e‘F(t’P)dP}1/2 (4.16a)
0

Making the simplifying assumption that the isotropic part of the distribution that is
undergoing the relaxation is zero, H(P)=0 (see also (4.12¢), (4.13c)), we can re-
arrange this equation and find an expression for t:

2

\/:; R [eS) _ -1/2
t=Y" / |:47r / . PYP? 4 m2u]1/2F(P)dP] du . (4.16b)
, L

Note that (4.16b) takes the same form as for the dynamic equilibrium Einstein solution
(2.12). The assumption H(P) =0 is a weak restriction and is also required by the
conservation of energy and particle number for an arbitrary isotropic relaxation
function. We have thus shown that if the cosmic time is given by (4.16b) and the
distribution function (4.4) satisfies equations (4.15a) and (4.15b), then aoll the field
equations will be satisfied. For an arbitrary isotropic relazation function (t,P), a
vanishing energy flur requires that H, vanishes, while a vanishing anisotropic stress
requires that H,, vanishes. By specifying F, R(t) can be determined in principle, and
the metric (2.3) will be known - completing the Einstein solution. This is analogous to

specifying an equation of state in a fluid model.
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4.6 Properties of the Solution for Arbitrary Isotropic Relaxation Functions

In Chapter 3 we have shown that, for the BGK model, it is necessary to consider the
field equations as well as the conservation equations. In this section we investigate the
implications of the restrictions imposed by the field and the conservation equations. In
order to get a clear picture, these conditions are repeated below. The conditions are also

used in Section 4.7 to investigate special solutions by restricting the relaxation function.

Conservation equations:

/ :o P[P? + m?R?) ™ /?4(t, P)e """ PH(P)dP = 0 (4.12a)
/ :ov(t,P)e'r“’ P)H(P)P2dP =0 (4.13q)
/ “(t, PYe ") H(P)PIP? 4+ mR? 2P =0 (4.14a)
Field equations:
/ :°P3H (P TBPgp =g (4.154)
/ :o PY{P? + m*R* "’ H (P)e " T PdP = 0 (4.15b)
R2

3 1/2

A / [47r / :°p2[P2+m2u]1/2F(P)dP] “"du  with H(P)=0.  (4.16b)

These integral equations can be satisfied without restricting the relaxation function «
only if H=H,=H, =0. We start our investigﬁtion with (4.12a) and (4.13a) which
require that H(P) =0 for an arbitrary isotropic relaxation model 4. The implication of
this is that (4.16b) holds and that the isotropic part of the Robertson-Walker solution
(4.7) is the equilibrium distribution F(P). This result has the further implication that
the particle number density N (compare the results of Section 3.4), the total energy
density u, and the isotropic pressure p take the same form as the equilibrium

dynamically isotropic Liouville solutions (2.9¢, b, ¢) i.e.
N=N,u=%, p=p =1=0. (4.17)

Thus H(P)=0, which follows from number or energy comservation for the general
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isotropic v, leads to vanishing bulk viscosity (m > 0). Furthermore, by symmetry, the
energy flux and shear viscosity relative to u® = §% vanish. The solution has vanishing
non-equilibrium pressures and fluxes (H =1y =qa= Tgp = 0), but is still non-equilibrium
as by (3.4), C[f] #0. Thus the distribution has an equilibrium energy-momentum tensor
if the solution is to hold for all v. Note that special forms of 4 will change these
conclusions. However, for m > 0, there is no v that can ziyoid H(P) =0, since this is the
only solution to the number conservation and energy conservation equations (4.12a),
(4.13a), which implies that isotropic non-equilibrium solutions are not possible for
m > 0. Thus, any spatially homogeneous Einstein-BGK solution in FRW with m > 0 and
particle number conserved, that is relazing towards isotropic equilibrium, has zero bulk

viscosity:
m>0=II=0. - (4.18)

This raises questions about the kinetic basis for bulk viscous fluid solutions in FRW (see
Pavon, Bafaluy, and Jou (1991) and references quoted therein). For m =0 the
approximation schemes of kinetic theory give Il = 0 (see for example Israel and Stewart
(1979)). However, our treatment shows that it is in principle possible to have exact non-
zero bulk viscosity for a massless gas. We need to find a non-zero H and a relaxation
model v such that (4.12a), (4.13a) are satisfied and II # 0. Now by (4.15¢) we have that
(4.12a), (4.13a) imply

2 / P H(P)e TOPP =0 n=2,3 (4.19)
0 .

while (4.10e) gives

4n_ [T p3g(p)e=T:P)gp, (4.20)

= 3rR*t) /) o

Then (4.19), (4.20), (2.9b,¢) and (2.11a) show that

where II, is a constant. In order to have. i'Io #0 and (4.19) satisfied we try
e~T = A(P)+I(t) so that by (4.15¢), y= — PhR~Y(A+h)~1. Choosing A(P), h(t)
appropriately, we can find a solution. For example, with A(P) =ae~F and h(t) =bR ™!

(a,b constant) we get the following
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— 4o / PPH(P)e~PdP (4.22)

3u0
from (4.20), where p = poR ~*, and from (4.19) we see that H must satisfy
/ “PrH(P)AP =0 n=2,3. (4.23)
0 .

It is certainly possible to get non-zero solutions of (4.23) such that II; # 0. The relaxa-

tion function is

bPR
= 4.24
T=®BOR T +ac D) (424)
which shows that v + 0 as ¢t @ 0o and v - 0o as P - 0o. Of course we do not claim that
(4.24) is a fully physical reasonable model - but it does at least have acceptable

asymptotic behaviour, and produces non-zero bulk viscosity for a massless gas.

We next investigate the conditions placed on the distribution function by the first and
second field equations (4.15a,b). The only solution valid for an arbitrary isotropic

relaxation model (¢, P) is
H/(P)=0, H,(P)=0. (4.25)

In Section 4.7 we investigate special forms of the relaxation function + that allow non-
zero H,, H,, The conditions (4.25) imply that the first and second order harmonic
coefficients of f(t,p,) (4.7) are zero: F,(t,P)= F,(t,P)=0. By (4.80), H, =0 implies
J, =0, i.e. the kinematic average 4-velocity is the preferred velocity. Furthermore, by
(4.14a), H,=0 ensures that the momentum conservation equation is identically

satisfied.

In fact for the case where f is a Einstein-Boltzmann solution in Robertson-Walker
spacetime, the condition F,=0 is a sufficient condition to guarantee a perfect fluid
form for the kinetic energy—momeﬁtum tensor. This can easily be confirmed as follows.
Using the average 4-velocity @® as determined by the particle distribution function and
the 4-velocity u® as determined by the Robertson-Walker symmetry we can write the

following expressions

Tab —_ Nuaub+phab — ,U ub+phab+_ab+2'(j(a ’(_J,b) (426)
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n® = Nu®+ j= Na% .- S (4.27)

We have already shown in (4.9) that the condition H, = F, = 0 implies a zero number
flux vector and thus a non-tilted kinematic average 4-velocity, u® = @%, by (4.27). Using
this result in (4.26) it is clear that 7, = g, = 0, which leads to perfect fluid form of the
energy momentum tensor. Furthermore, from (1.47b), (4.26), (4.27) it is clear that this

conclusion is valid for any collision term C[f].

To show that the energy momentum tensor takes the perfect fluid form in FRW
spacetime, it is therefore sufficient to show that the first order harmonic coefficient of

the distribution function is zero.

The conditions for the conservation of energy-momentum and the field equations place
no restrictions on the collision rate 7. The solution is therefore not forced to isotropise
nor are collisions forced to die away. However, a requirement that the solution generates

entropy S%a > 0, may pick out special behaviour of 7 (eg. isotropisation).

We have therefore found an exact Einstein-BGK solution (4.7) in Robertson-Walker
spacetime with F,=F,, =0 and t related to R(t) by (4.16b). This solution is
dynamically anisotropic and the energy-momentum tensor takes the perfect fluid form.
An example of such a solution is given by Treciokas and Ellis (1971). However, in our

case the solution is non-equilibrium as C[f] # 0. In summary:

The results hold for a spatially homogeneous, dynamically anisotropic BGK solution with
arbitrary spatially homogeneous, dynamically isotropic relazation mechanism, relazing
towards isotropic equilibrium. We have shown that if the solution holds for arbitrary ~,
then II =0, T =T, n*=n° for all m > 0. Particular forms of v may allow us to get
n® # 1% II # 0. However, for m >0, there is no «y for which II # 0.

4.7 Special Cases of the Solution

In this section we consider special forms of the relaxation model «(¢,P). First, we
investigate whether v may be chosen such that the kinematic average 4-velocity @* is
tilted, i.e. j, # 0. In this case, the energy-momentum tensor takes an imperfect fluid

form with respect to @®. Now j, # 0 requires H, # 0 by (4.80). Furthermore, we must
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show that it is possible to have H, # 0 and still satisfy (4.15a). Solutions of this kind
are possible if : S

I(t, P) = C(t) (4.28)

where C is arbitrary. This restriction allows one to take I' outside the integral in (4.15a)
and therefore many solutions H, # 0 are possible. This restriction on I' restricts v as

follows. By (4.3),
D¢, P)= [ A(t,P)lm® + R=*#)P*~V/*dt,
the condition (4.28) implies
371, P+ AP = r(t)
where 7 is arbitrary. Re-arranging this expression we find
(4, P) = E/(1),
I(t) = / ;dt'/v-(t'). - (4.29)

It is remarkable that the form of v required is exactly the Anderson-Witting form
(3.3). Tt is for this reason that we have kept the relaxation model general so far in this
chapter. The interesting conclusion is that for the Robertson-Walker metric, the AW
form of the BGK collision functional allows the ezistence of tilted solutions with
imperfect fluid energy-momentum tensors (with respect to the kinematic average 4-
velocity). Of course it is also possible to have solutions with j, = 0 with the AW BGK
model. By (4.8b) we simply take H, = 0 for m > 0 and

/ “P*H (P)dP =0 for m = 0,
0
In fact we can prove the following general results about spatially homogeneous AW

BGK solutions of the Einstein-Boltzmann equations in FRW. By (4.26), (4.8b), (4.12a),
(4.13a), (4.14a), (4.15a —b): '
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for m > 0,
H=0(=0=0),
Ju=0= H,=0,
H,=0, (4.30)
for m =0,
/P”HdP:O, n=23 (=I=0)
/ PPH P =0, |
ju=0= /PzHadP =0,
/ P*H ,dP =0, | (4.31)
(i.e., I = 0 for m > 0).

Thus for non-tilted solutions (7, =0), we see that the m > 0 distribution is equilibrium
up to the second order anisotropy. This means that for truncated quadratic distributions
(as in Chapter 3)

f=F+F. "+ F e’

there is no non-equilibrium AW BGK solution of the Einstein-Boltzmann equations when
m > 0. The AW BGK solution produces zero bulk viscosity for m > 0 and also- permits
an isotropic, non-equilibrium distribution for m =0 (taking H #0, but H,  , =0).

By restricting the collision rate it is possible to find solutions in which relaxation leads
to isotropisation. Isotropisation is not in general required by the conservation or the
field equations (such a requirement may result from the H-theorem). By (4.7), isotropi-

sation requires e~ T

-+ 0, i.e., ' » 00 as ¢t + 0o. For applications to an expanding
universe, it also seems natural to have a collision rate that decreases with increasing
expansion (i.e., 7 » oo with expansion). The mean time between collisions could be

associated with the natural time rate defined by the expansion, R/R (compare Hawking
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(1966)), by for example taking

r=7oR/R, T=log[R/Ry|"™ (4.32)
with Ry = R(t,), R(t,=0)=1. By inserting 7 into (4.29) and taking the limit as ¢
increases from %, to oo, we find that isotropisation indeed occurs. Thus, if the relaxation
time is related to the expansion as in (4.32), the expansion is accompanied by relaxation
and isotropisation of the distribution function, the collisions disappear, and the number

of collisions that have occurred increases.

For the AW collision model, an example where the distribution function does not

isotropise with increasing ¢ is

T =Tt . (4.33)
In order for the distribution function to remain anisotropic, (4.7) requires that e~ T
approaches some finite, non-zero value (i.e. I' & some finite, non-zero value). In this
instance, (4.29), T + 1/7; as ¢t + oo and it applies to both m =0 and m # 0. This

example also leads to the disappearance of the collisions as 7 + oo with ¢ -+ co. -

Thus, by appropriately restricting the collision rate +, it is possible to obtain tilted
Einstein-BGK solutions, which could be considered as tilted analogues of the tilted fluid
solutions of Coley and Tupper (1984a,b). (See Coley and O’Neill (1991) for further
discussion.) Further restrictions on 7(t) determine whether the solution will isotropise or
whether the collision rate will decrease with increasing ¢. The specific case will depend

on the specific cosmological situation to which the solution is applied.
4.8 Application of the Non-Equilibrium Robertson-Walker Solution

Most modern cosmological models are based on the Robertson-Walker geometry (see for
example Weinberg (1977)). The spacetime may be sliced into hypersurfaces of constant
time which are homogeneous and isotropic, and the mean rest frame of the galaxies is
assumed to agree with this definition [Shutz (1985)]. The particular significance of the

Robertson-Walker model is that it can be used to describe an expanding universe.
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In the ‘Standard Model’ for the evolution of the universe, it expands from an early
radiation dominated era to the current matter dominated era [Weinberg (1977)].
During the radiation dominated era the universe is filled with a soup of matter and
radiation particles. Because of the high density and temperature the particles collide
very rapidly, are in thermal equilibrium and behave as radiation. The matter
dominated era starts after the universe has expanded and cooled to such an extent that
stable atoms can be formed. At this point the universe becomes transparent to radiation
and the matter and the radiation decouple. The matter dominated era as it currently
exists is essentially collision-free, and a collision-free equilibrium exists.  The
equilibrium kinetic theory Robertson-Walker models described in Chapter 2 could be
used to describe the universe during these two types of equilibrium situations. During
the radiation dominated era (m =0) collision dominated equilibrium exists and the
. Maxwell-Boltzmann distribution (1.35) can be used, while the collision-free equilibrium

existing during the matter dominated (m > 0) era implies C[f] = 0.

During the evolution from the radiation era to the matter dominated era a number of
non-equilibrium processes occur. In the first part of the evolution the universe is
dominated by electrons, positrons, neutrinos and photons. These particles are in
thermal equilibrium and above their threshold energies. The particle energy due to the
high temperature is so high compared to the particle rest mass that all particles behave
as radiation. The first non-equilibrium process that occurs is the decoupling of the
neutrinos and the anti-neutrinos when the temperature decreases to about 10'° °K. At
about 3x 10° °K the threshold temperature for electrons and positrons is reached, and
they begin to annihilate each other rapidly. This is the second main non-equilibrium
process that occurs. A short time after the universe has cooled to 10° °K, deuterium
nuclei can hold together. This allows the formation of tritium and helium through a

series of two particle reactions and represents a further non-equilibrium process.

The need to model these non-equilibrium processes occurring in the Standard Model of
the universe suggests that potential exists for the use of non-equilibrium BGK-
Robertson-Walker models as the mathematical background for a cosmological model of
the universe during some of its phases of expansion. Bernstein (1988) gives a
comprehensive analysis, but his treatment uses approximations, whereas we are

pursuing exact models.

In conclusion, the model has potential application for non-equilibrium processes in

cosmology. If the model is extended to include inhomogeneous distributions and
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mixtures of particles, further areas of application could be found.

T Ly

4.9 Summary

In this chapter we presented a non-equilibrium Einstein-BGK solution (4.4). in FRW
- spacetime. The solution is spatially homogeneous and dynamically anisotropic, and
relaxes towards isotropic equilibrium. The relaxation mechanism was taken to be an
arbitrary, spatially homogenous, isotropic function. We showed that for such a
distribution function the conservation of particles and energy requires that the isotropic
component H of the relaxing distribution f vanishes, implying that non-equilibrium
isotropic solutions are not possible (unless m = 0, and ~ restricted). The conservation of
momentum and the condition for vanishing particle drift in turn requires that the first
order anisotropy H, of the distribution f vanishes. In order to obtain an Einstein
solution, we showed that if the cosmic time is given by (4.16b) and the distribution
function (4.4) satisfies equations (4.15a) and (4.15b), then all the field equations will be
satisfied. For an arbitrary isotropic relaxation function +(t,P), a vanishing energy flux
requires that dipole anisotropy H, vanishes, while a vanishing anisotropic stress requires
that quadropole anisotropy H,, vanishes. Furthermore, we showed that for arbitrary
isotropic relaxation mechanisms, the condition H =0 leads to vanishing bulk viscosity
and an equilibrium energy-momentum tensor. By restricting the relaxation mechanism,
we found an example for a massless gas which produces non-zero bulk viscosity.
However, for a massive gas, it is not possible to satisfy both number conservation and
energy conservation and have non-vanishing bulk viscosity. Furthermore, we showed
that for the FRW metric the AW form of the BGK collision functional allows the
existence of tilted solutions with imperfect fluid energy-momentum tensors (with
respect to the 4-velocity determined by the particle distribution), and that no non-
equilibrium solutions with quadratic truncation (and m > 0) exist. Some special forms
of the relaxation function giving isotropisation of the distribution function were also
identified. We also found that to show that the energy momentum tensor takes the
perfect fluid form in FRW spacetime, it is sufficient to show that the distribution

function has vanishing first order anisotropy.
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5.0 EXACT ISOTROPIC EINSTEIN-BGK SOLUTIONS
IN ROBERTSON-WALKER SPACETIME

5.1 Imtroduction

In this chapter we extend the work of Chapter 4 and obtain an isotropic but non-
equilibrium solution in Robertson-Walker spacetime. The solution represents an
isotropic distribution function relaxing toward an equilibrium isotropic distribution
function. It is expected that this solution may find application to the non-equilibrium
conditions in the early universe. Although the solution could be viewed as a special case
of the anisotropic model of Chapter 4, its simple nature allows us to derive its
properties explicitly, and a separate treatment is justified. The isotropic solution has the
further advantage that it is exact. The truncated solutions (see for example Bernstein
(1988)) are limited in the sense that only small deviations from equilibrium are allowed.
In the exact case the deviation from equilibrium may be large. The solution lacks the
precision of the approximate theory [Bernstein(1988)], but its exact nature allows more

flexibility and generality.

The approach taken here generally follows that of Chapter 4. We present the solution
in Robertson-Walker spacetime, investigate the kinematics, dynamics and entropy
properties, and finally obtain the Einstein solution satisfying the conditions for the
conservation of energy and momentum. We have shown in Chapter 4 that the particle
number and energy conservation equations require that H(P) (i.e. the zero order term
in the covariant harmonic expansion of h(p,)) must be zero if v is arbitrary. A non-
equilibrium isotropic solution requires H #0 and thus will only be possible for a
particular class of . A related result from Chapter 4 is that the conservation of particle
number and energy requires that H(P) =0 for m >0 (for any ~). It implies that non-
equilibrium, isotropic, spatially homogeneous Einstein-BGK solutions (with m > 0) are
not possible in FRW spacetime. This extends the result of Maartens and Wolvaardt
(1994a), on the AW relaxation function, to hold for a general isotropic relaxation
function. In our investigation of isotropic, non-equilibrium solutions, we therefore
restrict ourselves to the case m =0 with a particular v (AW form). One of the key
things done in Chapter 5 and not in Chapter 4 is a detailed investigation of the entropy
production. In principle this could be applied to finding a model to account for the high

entropy per baryon (i.e. the massive photon to baryon ratio). The m = 0 isotropic, non-
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equilibrium f provides a possible model for: photons from the radiation era through
decoupling to the collision-free blackbody microwave background [Peebles and Yu
(1970)]; neutrinos in the same scenario [Bernstein (1988)]; the non-equilibrium ultra-
relativistic plasma (electrons, photons etc.) in the radiation era, up to the decoupling of
the first species (note that n? , # 0 here since photons are produced in various reactions)
[Bernstein (1988)]; and also for gravitons [Hawking (1966)].

Some of the results of this chapter are based on Maartens and Wolvaardt (1994a), and
Maartens (1994).

5.2 Isotropic BGK Solution in Robertson-Walker Spacetime

As for Chapter 4 the spacetime geometry is determined by the metric (2.3) and the
preferred 4-velocity is given by (2.4). We are secking a solution where an i‘sotropic
distribution function f is relaxing toward an isotropic equilibrium distribution function
f as the number of collisions that have occurred increases. The formal BGK solution

(3.2a) takes the following form for this application
(£, P) = F(P) + h(P)e~T®F) (5.1a)

where P is an isotropic constant of the motion defined by (2.8) and the number of

collisions that have occurred is given by (4.3) as
t N
T(t, P) = / (', P)R(')P ~\d¢/, (5.1b)
0

for m =0. For the sake of easing the derivations that follow we define g =hA/f and

write (5.1a) as

7t P) = F(P)1 + g(Pe 7)) (5.1¢)

Note that for an approximate treatment one could take g <« 1. Because of the isotropic
nature of the solution, only the zero order terms remain in a covariant harmonic
decomposition of the solution (it is not strictly necessary to perform this decomposition
in order to obtain the solution, but-it helps in making conclusions about the kinematics

and dynamics of the solution)
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f(t,P) = F(P)[l +G(P)e T®F )] . (5.1d)

The solution (5.1a) requires that f is dynamic equilibrium (see (1.37) and (3.2a)). In the
discussion following (1.37) we point out that dynamic equilibrium can occur due to the
absence of collisions (Liouville equilibrium) or due to the detailed balancing of collisions
(collision-dominated equilibrium). As we wish to develop a model that could be applied
to both collision-dominated equilibrium conditions in the early universe and to collision-
free equilibrium in the late universe (see discussion of Section 5.1), we take f to be the
Maxwell-Boltzmann distribution (1.35). The Maxwell-Boltzmann distribution is the
only valid collision-dominated equilibrium model for elastic binary point collisions and
could for example be used in (5.1a) to model a non-equilibrium distribution of photons
relaxing towards collision-dominated equilibrium in the high collision conditions of the
early universe. The Maxwell-Boltzmann distribution is also one of many distributions
that may arise in the case of collision-free equilibrium. It could be applied to a
distribution of photons relaxing towards collision-free equilibrium in the late universe as

the microwave background radiation is blackbody (i.e. Maxwell-Boltzmann).

Furthermore, in selecting the Maxwell-Boltzmann distribution the important conditions
(1.38) must be considered. In particular, in a FRW spacetime the application of such a
model is restricted to radiation (m = 0) since an expanding gas with m > 0 cannot be in

collision-dominated equilibrium. Also, we have already shown in Section 5.1 that non-

equilibrium, isotropic Einstein-BGK solutions are possible only for m = 0. We thus take
F = expla(z) + B,(z)p°].
For the case of the Robertson-Walker metric this reduces to
F(P) = exp(a— P) (5.1e)

where we used m =0, E= PR~ B,=pu,,and 8 =R.
5.3 Kinematics, Dynamics, and Conservation of Particles, Energy and Momentum
This section follows Chapter 4 and investigates the kinematics and dynamics of the
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solution as well as the conditions for the conservation of particles and energy-
momentum. We postpone the discussion of entropy until after the Einstein solution is
determined. Using equation (4.8a) it is easy to see that the particle number density is

given by

—_ ™ -—F(t,P
N =t [“pR( )[1+_G(P)e )] ap

=N+-4

e OOPZF(P)G(P)e_F(t’P)dP. (52)
Given that the harmonic decomposition only has the zero order terms it is clear from
equation (4.8b) that the number flux is identically zero yielding a non-tilted average 4-

velocity as required.

By applying the same argument to (4.10a — d) it is clear that the energy flux vector ¢,
and the trace free pressure tensor m,, are zero while the energy density, the isotropic

pressure, and bulk viscosity are given by

R4(t) / P3F( )[1+G( Je TP )] dP

=+ [ TPR(P)G(P)e TWF) gp (5.3)

p=3h (5.3b)
ar [T p3 ~T(t,P)

~ i [TPR(P)G(P)e dP (5.3¢)

Using the conditions for the conservation of particles, energy and momentum (4.12),

(4.13), and (4.14), we get

nt,=0 = / * PF(P)G(P)(t, P)e "¢ P)gp = 0 (5.40)

0
u T, =0 = [ :onF(P)G(P)fy(t,P)e_F(t’P)dP ~0 (5.40)
hatT*,. =0 identically satisfied as h is isotropic. (5.4¢)

The implications of the above conditions are discussed in Section 5.5. We have shown
that if the distribution function (5.1) satisfies the conditions (5.4a) and (5.4b), then

particle number is conserved and energy-momentum is conserved.
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54 Einstein—BGK Solution

The Einstein field equations are given by equations (4.15a — ¢). Again, as the harmonic
decomposition only contains the zero order term it is obvious that equations (4.15a,b)
are identically satisfied. The field equation (2.10c¢) together with the conservation
equation (2.11a) and (5.3b) gives R = Ryt'/? so that by (5.3a) we get

/ :°P3F(P)[1 +G(P)e” F‘“’)] dP = ?;TRE . (5.5)
Now by (5.18) it is clear that 9T/t # 0 so that (5.5) implies
[T PR(P)G(P)e -TP) g4p_ g (5.6)
and using (5.3a), (5.3¢)
| p=pg, II=0. (5.7)

We have thus shown that if the distribution function (5.1) satisfies the condition (5.6),
then all the Einstein field equations are satisfied, the energy density u takes the

equilibrium form and the bulk viscosity vanishes.
5.5 Properties of the Isotropic BGK Solution

The isotropic Einstein-BGK solution is therefore subject to the conditions derived in
Sections 5.3 and 5.4. We now investigate the implications of these conditions. In order

to get a clear picture, the conditions are repeated below

/ :oPF(P)G(P)fy(t, P)e"TP)gp —0 & 2 / :onF(P)G(P)e'F(t’P)dP =0  (54a)
[TPRE)GEN, PR T6Plgp 0o 2 / :P3F(P)G(P)e_r(t‘P)dP 0 (54b)

/ “P3F(P)G(P)e"¢F) dp = 0 (5.6)

0

73



It is clear that (5.6) implies (5.4b). We can satisfy (5.4a) and (5.6) for non-zero G if

e T = A(P)B(t) = v= — 5P (5.8)
where we have used ve T = —% %e_r The relaxation function in (5.8) is the AW
form 4 = E/7(t) and using this in (5.15) we find

dtl .
I= / S (5.9)

so that A’(P) = 0. Then (5.4a,b), (5.6) will hold provided
/ P"F(P)G(P)dP =0 n=23. (5.10)

(Note that if the requirement for number conservation is dropped, only n = 3 remains).

It is remarkable how the AW model emerges as the most simple possibility.

As pointed out in Section 5.4, (5.10) implies vanishing bulk viscosity II (Note that this
is true in general for the AW model - see (4.30), (4.31)). Thus the isotropic non-
equilibrium  distribution f has zero non-equilibrium pressures and fluxes
(Il = j, = q, = Tg =0), but is still non-equilibrium, since C[f]= —;(—SEFGe_F # 0.
This shows that II, j,, q,, Ta @re not in general sufficient to characterise a non-
equilibrium state - it only holds approximately in the near-equilibrium theories of
Eckart/Landau-Lifshitz and Is\rael—Stewath. In Section 5.6, we show that f also

generates entropy.

Now, we know that f(P)>0. This and (5.1d) implies that G(P)e™"®F) > — 1. This is
consistent with the conditions (5.10) which in fact require that G(P) < 0 for some P for

non-trivial solutions to exist. It is possible to define the solution further. We have

f(4,P) = F(P)[l + G(P)exp[ - [lat /T(t')ﬂ (5.11)

where F' is equilibrium (see (5.1e)), 7 >0 gives the mean collision time (unrestricted)
and G is subject to (5.10). If f models a high-collision non-equilibrium phase relaxing
towards collision-free blackbody equilibrium (eg. photons from the early to late
universe) then F is given by (5.le) and 7 should increase from 0 to oo with the

expansion of the universe. The natural time rate defined by the expansion is R/R, $0
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that we could take (compare [Hawking (1966)])
7= 1oR/R = 214t (5.12)

then

f(t,P) = e2=P [1 4 Ry Y7oG(Py 0] (5.13)

Furthermore, by recognising that (5.10) defines orthogonality between F' and G, we can
find an explicit solution for G(P). Using (5.1¢), we can write (5.10) as

/ “Pre~PG(P)dP =0 n=2,3 (5.14)
: 0

Now, a system of polynomials f,,(z) (degree m) is orthogonal on the interval a <z <b,

with respect to a weight function w(z), if [Abramowitz and Stegun (1970, p773)]

[ wle)f i) i)z =0,

where w(z) >0 (and m #k; m,k=0,1,2,...). Comparing (5.14) and defining P =z,
w(P)=Pre~%, f(P)=1, and f,(P)=G(P), we find that the weight function and
the limits of integration define the orthogonality relation for which the system of
polynomials f,, are generalised Laguerre polynomials i.e. w(P)= P"e~F (with n =2,3)
and 0 <z <oo. We can therefore satisfy (5.14) if G is expanded as a generalised

Laguerre polynomial
G(P)=L{(P)= Y- (~1) (D)4 P,
=0 ,

[Abramowitz and Stegun (1970, p775)]. Note that the polynomials are different for
n =2,3 and thus care must be taken if both energy conservation and particle number

conservation are imposed.
5.6 Entropy

For a physically reasonable non-equilibrium model, the solution must have positive

entropy production. In order to confirm this we investigate the entropy production rate
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S¢ ., given by (4.11c). This expression can easily be re-written for the isotropic case, by

setting the higher order harmonics to zero and using the solution (5.1):

ja = R2

ga_—ix / YF(P)G(P)e~"P log{F(P)[1 + G(P)e~"]} dP

= f(t)R3(t) - Jaime / P)p? log{F(P)[l +G(P)e” J /() ]} dP

Now, taking F' as (5.1e) allows us to write

_ ‘%

o= TRt

a

I +1,) (5.15)
where
I =™ 4@ / *F(P)G(P)P¥a— P)dP
I,=¢e / P’e~PK log(1+K)de K=G(P ) =~ Jar'/=()

Now I, =0 by (5.10), and I, > 0 since K log(1 +'K) >0 for K > —1 (we have already
shown that Ge~T > —1 - see Section 5.5) and P?%~F > 0. We have thus shown that the
isotropic non-equilibrium model can lead to positive entropy production. In principle,
the entropy production rate S°, can be very large, even for @ m =0 gas. This is in
contrast to the Eckart bulk viscosity model which gives an entropy production rate that
is too small [Weinberg (1971)]. The isotropic solution f is neither in dynamic nor in

kinematic equilibrium, but has vanishing non-equilibrium pressures and fluxes.
5.7 Summary

In this chapter we presented an isotropic non-equilibrium Einstein-BGK solution. This
solution represents the relaxation of an isotropic distribution function to an isotropic,
equilibrium distribution function which is taken to be Maxwell-Boltzmann. Using
results from Chapter 4 we showed that such a solition is only possible for the radiation
case (m =0). This solution may find application in the early universe for modelling
photoﬁs and neutrinos in the radiation era relaxing through decoupling to the collision

free blackbody background radiation.
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The particle number density for the solution was determined (5.2) and it was shown
that the number flux is zero. Equations giVing the energy density, the isotropic
pressure, and the bulk viscosity were derived (5.3). The energy flux and the trace free
pressure tensor were found to be identically zero. Applying the conditions for the
conservation of energy-momentum and particles, resulted in the restrictions (5.4) on the
distribution function. The Einstein field equations required condition (5.6) and this gave
an equilibrium form for the energy density and vanishing bulk viscosity. We found that
the AW relaxation model gives a solution that satisfies the conditions (5.4) and (5.6).
These conditions yield a non-equilibrium solution with zero non-equilibrium fluxes and
pressures (Il = j, = ¢, =7, =0). We have thus shown that these non-equilibrium
fluxes and pressures are not sufficient to characterise a non-equilibrium state.
Furthermore, using the AW model we were able to associate the relaxation time with
the natural time rate as defined by the expansion of the universe. It was also found that
the distribution function can be expressed in the form of generalised Laguerre

polynomials.

The particularly simple nature of the model allowed the derivation of an explicit
expression for the entropy production rate (5.15). We found that the entropy production
rate is > 0 and that it can be very large (even for a m = 0 gas). This is consistent with

the non-equilibrium nature of the model.
The solution is particularly significant as it is not restricted to be close to equilibrium,

unlike the standard linearised approaches which consider small deviations from

equilibrium.
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6.0 EVOLUTION OF ANISOTROPIES IN ROBERTSON-WALKER
COSMOLOGIES

6.1 Introduction

In this chapter we extend the work of Matravers and Ellis (1989) and Ellis and
Matravers (1990, 1992) in which they demonstrated that a number of exact equilibrium
solutions allow the situation where the universe started off being smooth and then
developed inhomogeneity and anisotropy. This is in contrast with the work of Misner
(1968) in which it is considered that the universe started off in a chaotic state and then
evolved to a smooth state. The aim was to explain for example the isotropy of the
microwave background radiation. Several smoothing mechanisms such as the vast
expansion associated with an inflationary universe [Guth (1981)], or ideas from kinetic
theory such as viscous dissipation of anisotropy during the lepton era [Caderni et al.
(1978)], have been proposed. On the other hand Penrose (1989, 1979) has suggested,
based on entropy arguments, that the universe may have started off in a smooth state.
The approach of Ellis and Matravers utilises kinetic theory to show that mechanisms
exist which allow the universe to evolve from a smooth state to an inhomogeneous or

anisotropic state. This in turn could provide the seeds for galaxy formation.

The basis of the approach is the assumption that the universe is described at early
times by an equilibrium solution to the Einstein-Boltzmann system of equations. Such
solutions as presented in Chapter 2 of this thesis can be anisotropic or inhomogeneous.
The idea is that models can be constructed where the universe initially has an isotropic
and homogeneous geometry (i.e. a Robertson-Walker metric) but with anisotropic or
inhomogeneous distribution of matter. Several mechanisms exist that could commun-
icate the anisotropy or inhomogeneity of the matter distribution to the spacetime
geometry, forcing the universe to evolve away from the smooth state. These
mechanisms are described further in Section 6.3. To demonstrate the generation of

anisotropy a Bianchi I geometry is used.

The contribution here is to extend the work to the case where the initial isotropic and
homogeneous phase of the evolution may be described by a non-equilibrium Einstein-
BGK solution. We then illustrate how this model can be used to describe the evolution

of anisotropy. In order to achieve this the Einstein-BGK solution in Bianchi I geometry
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is utilised. We therefore start the discussion with a presentation of the formal non-
equilibrium Bianchi I solution in Section 6:2, while the mechanisms for the evolution of

shear are given in Section 6.4.
6.2 BGK Solution in Bianchi I Spacetime

In Section 2.4 we presented the equilibrium Einstein-Boltzmann solutions in Bianchi I
geometry as developed by Matravers and Ellis (,1989) and Maartens and Maharaj
(1990). Taking an approach similar to the one used for the Robertson-Walker solutions
of Chapter 4, these equilibrium solutions are used along with the formal solution of the
BGK equation of Chapter 3 to determine an Einstein-BGK solution in Bianchi I geome-
try. The Bianchi I metric in a spacetime with standard coordinates ' = (t, 2,22, 2%), is
given by (2.15) as

ds’ = —dt* + X?(t)dz? + Y2 (t)dy? + Z*(t)d=* .
with preferred 4-velocity (2.16): ui = &%,

We are seeking a solution representative of the physical situation where a spatially
homogeneous, dynamically anisotropic distribution function f is relaxing toward an
equilibrium solution f (or the case where the relaxation is away from the equilibrium f
toward an anisotropic f). To find it, the set of coupled Einstein-Boltzmann equations
(3.17) must be solved for the metric given by (2.15). We start by finding a distribution
function that satisfies the BGK equation (3.17a). In Chapter 3 it is shown that the -
solution of the BGK equation is given in any spacetime by (3.2a) as
f(v) = f(v) +he_r(v) with £(k) = £(f)=0 (i.e. f and h are Liouville solutions). We
must thus find solutions fand % in Bianchi I and express I in its appropriate form.
Now, we have also shown in Chapter 2 that the three Killing vectors, €, = 8/0z", of
Bianchi I spacetime generate three constants of the motion p, = £, - p. Therefore, any
function f = F(py, p,,ps) then represents a solution to the Liouville equation for Bianchi

I spacetimes. We therefore define fand % as

f

F(P), h=np,) (6.1)

where P is a function of p, (and thus a constant of the motion) given by

79



P? = X*(t)(p")? 4+ Y*(t)(p?)? + Z2(t)(p?)%, (see (2.20)). Note that

E =[m? + X ~2(£)(p)* + Y ~2(t) (ps)? + Z () (51

P =[(p)*+(ps)* + (P3)2]1/2

are both spatially homogeneous. However, there is no simple relation between the
anisotropic constant of motion P and the isotropic non-constant energy E, unlike the

FRW case. This happens since h,, is anisot;‘opic:
X = E?—m? = h*p,p,
P?=§"p,p,, |
(in the FRW case h*” = R™%(¢)§").
Also, the equilibrium solution f is generally dynamically anisotropic except for the
FRW case where X =Y = Z. This form of the equilibrium solution is selected to ensure

that the Bianchi I solution matches with the Robertson-Walker solution at their

interface - see Section 6.4 for more details.

Next, the form of the time-dependent relaxation term I' must be determined. If the
mean collision rate is spatially homogeneous and isotropic, i.e. v = v(t, E), then (3.2b)

gives

_ t 7(tlaE) /
I B) = / 0 [m2+X "2(t)(p)2 +Y ") (py)2 + Z ~ 2(t')(ps)?) 2 @t (6:2)

In the integration, p, are constants.

Based on the discussion above a spatially homogeneous dynamically anisotropic BGK

solution may therefore be given as

f(t,p) = F(P) +h(p,)e~ "5, (63)
In order to find solutions to the Einstein-BGK problem and to investigate resulting

conditions on the solution it is convenient to perform a covariant harmonic

decomposition. Unlike the Robertson-Walker case of (4.6), f is also anisotropic. The
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decomposition is therefore
f(t,p,) = F(t,E) + F(t,E)e® + F (¢, E)e®e® +...
where

Fo t,B)=F, t,BE)+e TOEIH, (¢ E). (6.4)

a.

Although the solution and its decomposition do not take the convenient form of the
Robertson-Walker case, it gives us the necessary tools to investigate the conditions for

an Einstein solution.

Ellis et al. (1983c) and Matravers and Ellis (1989) show that the first two Boltzmann
harmonic equations for a homogeneous distribution function in a Bianchi I spacetime

(for which 4* =0 = w,), are
—2X\"19(X30F ;) /OE + EF —1)\00F |0E = b
V,+ Eh4F,—)(0F,/0E)-Q,=b, (6.5)

where V,=£X"20(Mo"F,)/0F and Q,= %)\1/20(/\3/2Fd0da)/0E. For the BGK
collision term with isotropic v, b and b, are given by (3.4), so that (6.5) become

2X19(X30%®F ) /0F — 15EF + 5)*0F |0E = 15v(F — F)
3V,+3EhAF, — )\0(0F,/0F)—3Q, = 3v(F,—F,). (6.6)

The higher order harmonics equations [Ellis et al. (1983c, p492)] together with (6.6)
show that if F, F, are specified, then the harmonic equations place a chain of
restrictions on the second and higher harmonics. The important point is that if the

b

shear o® is non-zero, the harmonics are no longer independent.

The kinematics and dynamics of the solution are given by equations (1.47a — g), using

(6.4):

N=N+4r / “Exe "D H(t E)E (6.7a)
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- 23‘a+ﬂ )\2 - T E)H ot E)dE (6.7b)

b= +4r / EZAe-F“ E)H(t E)dE (6.7¢)
p=p+4L :)\3e‘r(t'E)H(t,E)dE (6.7d)
Ga=T,+4I / :E)\Ze ~TB Y (4 E)dE (6.7¢)
M =Ta+ 5 [ XeTTOPH (4 E)IE (6.7f)
=4 / :)\36_ LB g (4, B)IE (6.79)

The conservation of particles (3.5b), energy (3.5¢) and momentum (3.5d) respectively

place the following conditions on the solution (6.4):

/ A(F ~ F)ME =0 (6.8)
°°7F F)\EdE =0 (6.8b)
“y(F,~F)NdE =0 (6.8¢)

Note that F,#0 in general, since f is anisotropic. If we use the AW model
(v = E/7(t)), then (6.8) give, by (3.6)

N=N,p=F, ¢,=Ta (6.9)
The kinematics and dynamics of the non-equilibrium BGK solution in Bianchi I are
given by (6.7) while the conditions for the conservation of particles, energy and

momentum are given by (6.8). For the AW collision model, the solution has equilibrium

particle number density, energy density, and energy fluz.
6.3 Einstein-BGK Solution in Bianchi I Spacetime

The Einstein field equations for the Bianchi I metric are given by equations (2.19a — f),

with the conservation equations yielding (2.19¢) and are not repeated here. The
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conservation equation contains the non-zero shear o'/ which is of importance for our
discussion here. In turn the Einstein field equations determine the form of the trace-free
pressure tensor as given by (2.19¢,hk). It is important to keep in mind that the shear is
non-zero in general and its evolution is determined by (2.17). The non-zero shear
implies that the harmonic coefficients in the covariant harmonic decomposition are no

longer independent of each other.

We next investigate the conditions placed on the solution by the field equations. The
equation (2.19b) along with (1.47e), (6.7e) requires that the following condition be

placed on the first order harmonic coefficient of (6.4)
/ “ENF (t,E)dE =0, (6.10)

while the equations (2.19g), (1.47f), and (6.7f) require that the second order harmonic

coefficient satisfies the following relation
/ UXOF 4t E)AE = 3 diag {0,713, mp5, — Z(X “Pmyy +Y mp)b . (6.10)

The trace-free condition (2.19h) is identically satisfied since h**F,, =0, which means
that at most two of the F,, are independent. Then (6.5), (6.6), (6.8), (6.10) and (6.11)
are the restrictions on the harmonics for an Einstein-BGK solution. Once F' and F,, are
specified, the remaining field equations in principle yield a solution {X(¢),Y(t),Z(t)}

(this is analogous to specifying equations of state for p and 7, in fluid models).

The Einstein field equations are satisfied by a Bianchi I BGK distribution that satisfies
conditions (6.10) and (6.11).

The restrictions (6.8), (6.10), and (6.11) on the harmonics may for example be satisfied
by the choice

F=F, Fo=0=F, F4=0, Hy=diag{0,V,,V,, - 2(X "2V, + Y-, (6.12)

where V(t,E) are such that =, is non-zero. For this choice it follows from (6.7b) and

(6.7¢g) that the number flux and bulk viscosity vanish:

j,=0, I=0.
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Furthermore, by (6.7a), (6.7¢c) and (6.7¢), the AW matching conditions will hold (even
if v is not of AW form) for this choice:: " - -

N=N, p=p, ¢a=7,=0.
The BGK harmonic equations (6.6) reduce to
20030 F ;) |0E — 15AEF 4+ 5X300F |OE =0 (6.13)
O(No*F 4.)/0F = 0. (6.14)

The higher order BGK harmonic equations become conditions on the fourth and higher
harmonics which may always be satisfied, since these harmonics are otherwise
unrestricted. The condition (6.14) gives 0*F,, =0 while (6.13) is a constraint on F
and F,,. Once F F,, are specified subject to (6.13), the remaining field equations

determine g, ,(t) in principle, thus completing the Einstein-BGK solution.
6.4 Anisotropy Generation in Robertson-Walker Cosmologies

The approach we use to show that a universe could evolve away from an initial isotropic
state to an anisotropic state is to assume that the universe has initially Robertson-
Walker geometry, while the matter distribution is described by an anisotropic
distribution function which is also compatible with Robertson-Walker geometry. It is
then shown that mechanisms exist which can communicate the anisotropy of the
particle distribution to the geometry of the universe, forcing it away from the isotropic
state to a Bianchi I geometry. Ellis and Matravers (1992, 1990) and Matravers and
Ellis (1989) propose two main mechanisms. They start with a universe that is initially
Robertson-Walker with an equilibrium particle distribution that is inhomogeneous and
anisotropic, but the anisotropy and inhomogeneity is not communicated to the
spacetime geometry as the particle distribution is effectively collision-free, since the
particles enjoy asymptotic freedom under high temperature conditions (such as would
exist in the early universe). Now, as the universe expands, the temperature drops and
the collisions become significant, allowing the anisotropy to be communicated to .the
geometry. Secondly, while the temperature is very high the particles effectively behave

as if their rest mass is zero. As the universe expands and cools, and the threshold
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energies of different particles are reached, their rest mass becomes significant. Again,
this effective change in the zero rest mass allows the inhomogeneity and anisotropy to
be communicated. Ellis and Matravers show that both anisotropy and inhomogeneity
can be generated. In this section we show that the generation of anisotropy can be
modelled starting from an anisotropic, non-equilibrium BGK solution. We will first
describe the model mathematically, and then discuss possible physical mechanisms. A
non-equilibrium model allows us to overcome some of the drawbacks of the equilibrium

model - for example, the difficulty in motivating a collision-free early-universe phase.

We assume that the universe initially (¢ <¢;) has Robertson-Walker geometry and that
the particle distribution is given by (4.7) with AW collision model (4.29). This solution
is dynamically anisotropic and has Bianchi I symmetry. For the high temperature
conditions in the early universe, the particle rest mass becomes insignificant and an
Einstein-BGK solution may be chosen that is consistent with the Bianchi I solution

(6.12). By Chapter 4 we can take (see equations (4.31))
H=0, H,=0, / “P*H_,(P)dP =0, (P = R()E). (6.15)
0

Thus, for high temperature conditions for which m = 0, it is possible to find distribution
functions with non-zero second order harmonic coefficients, but for which the condition
T = 0 is satisfied. We need non-zero H,, in order to ‘switch on’ 7, (the mechanism
for this will be described below). Then by (2.17) the shear anisotropy o, will emerge
and the geometry will evolve to a Bianchi I phase. By (6.12) and (6.15), we could take
H, of the form

H 4(P) = diag {0,V,(P),Vy(P), — Vy(P) = V,(P)} (6.16)
where V; are non-zero but satisfy
/ “ P (P)dP = 0.
0
We now have two solutions. For ¢ <{; the universe is considered Robertson-Walker,
while for ¢ > ¢, it is Bianchi I. On the hypersurface ¢ =1, the geometry and the
distribution function symmetry must satisfy both the conditions for Robertson-Walker

and Bianchi I spacetimes. Matravers and Ellis (1989) show that this is the case if the

following matching conditions are satisfied
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X(to) =V (to) = Z(to) . and  X({to) = Y (to) = Z(to). (6.17)

These matching conditions become the initial conditions for the Bianchi I phase. At the
interface o,(ty) =0, and o, remains zero unless 7, becomes non-zero to force the
universe to evolve to the Bianchi I geometry. In the Bianchi I phase t > ¢;, the solution
is described in Section 6.3 and it clearly reduces to the Robertson-Walker solution at
t =1, as a result of the matching conditions (6.17). Because P becomes isotropic and
reduces to the Robertson-Walker form with the application of the matching conditions,
the Bianchi I equilibrium solution f reduces to the Robertson-Walker equilibrium
solution at ty. Also, the AW T for the Bianchi I case reduces to the AW T' for the

Robertson-Walker case.
Before investigating possible physical mechanisms which could trigger the generation of
anisotropy, we provide a summary of the mathematical model presented so far. The
collision model is AW, i.e.,
v(t,E) = E/7(t) for all ¢ >0,
I(t) = / Yav/r(t')  forall t>0. (6.18)
0

The particle 4-momentum is given by

R™Y)(p1)? + (p2)* + (ps)]? (m=0) t <t
E = —-'u,apa:po_-:{
[m?+ X ~2()(p,)* +Y ~X(@)(pa) + Z (8wl t2 1
with P? = (p;)? + (p)® + (ps)* for all t > 0 (note that P = R(t)E for ¢t <t,).

The particle distribution function is given by

f(t,p,) = F(P)+h(p,)e™"®

where
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with Py o (tnE)=0 (> 1), FltgB) = F(R{t)E); aiid
h(p,) = H(t,E)+ H,(t,E)e® +...

with Hy o (4 E)=Hq, . o(R(H)E)) (r20) for t <t,. Note that in the Robertson-
Walker phase (t <t,) each Fal.--ar and Hy . g is a Liouville solution (hence functions
of P only), because the harmonics decouple in £(f) =0 as o, =0. This is no longer
‘true in the Bianchi I phase (t > ¢,) and hence Fal._-ar and Hy . o are functions of ¢ and
E (unknown).
The distribution is specified to yield an Einstein-BGK 'Solution for t > 0:

H(t,E)=H,(t,E)=0  forall t>0

- F(t,E)=F4(t,E)=0 for all t>t,

where F,, F,, are identically zero for ¢ <t,. (This condition implies that the Liouville

solution F in Bianchi I has 7, = 0 = g,). As a result the solution is

f(t,p,) = F(t,E)+ e TOH (¢, E)ee® + ... (6.19)
(with F = F(R(t)E), H,, = H(R(t)E) for t < 1,), and H ,, obeys

H ,(t, E) = diag {O,vVl(t, E),{/z(t,E),Vs(t,E)}
where for t < 1,

V,(t,E) =V, (R(#)E) not all zero
Va==V,=V,
/ :P3VI(P)dP —0 (P=R({E) I=12. (6.20)

and for t > 1,

‘V3 = - ZZ(X_2V1 + Y—2V2)
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7p(t) = 85 &1 / (P —m® V(t, B)E

£0. (6.21)

It is clearly possible to find V; such that (6.20) and (6.21) are satisfied (and therefore
all field and conservation equations will be satisfied). The solution has zero number

flux, bulk viscosity and energy flux for all £ > 0.

We now investigate a physical mechanism that would make 7, # 0 at t,. Suppose the
universe with Robertson-Walker geometry is in an early phase and the temperature is so
high that the particles have m = 0; and that the matter distribution is described by the
distribution function (6.19) with I' of AW form (6.18). The conditions (6.20) and (6.21)
can be satisfied by appropriate H,, # 0 and thus the field and conservation conditions
are satisfied for both the FRW and Bianchi I phases. As the universe expands and cools
below the threshold energy (at t=1,) for the particles under consideration, the
distribution is no longer effectively of zero rest mass particles and the condition (6.20) is
no longer satisfied. Condition (6.21) is required to ensure vanishing anisotropic stress in
the FRW phase (i.e. the field equation 7y = 0 is satisfied). For the AW collision model
(6.20) is satisfied by H,, #0 only if m =0 (see (4.31)). Thus, as soon as the particle
rest mass is no longer effectively zero, the anisotropic stress becomes non-zero (7, # 0)
and is given by (6.20). As a result shear anisotropy emerges, forcing the universe to
evolve away from the FRW to the Bianchi I phase. Notice that as the solution satisfies
(6.21) also for ¢ <t,, condition (6.21) is satisfied for ¢ > #;, and hence the evolution is
towards Bianchi I (this ensures that the conditions on the second order harmonic
component match at the interface).

I' may become small

During the phase t <, the collision rate is high and therefore e~
(as the number of collisions that have occurred I' becomes large). This forces the non-
equilibrium, anisotropic distribution function f(¢,p,) to approach the isotropic,
collision-dominated equilibrium distribution f(P). However, as long as e >0 (even if
it is very small) the model presented here works. The model therefore represents a high
temperature situation where the matter distribution is nearly isotropic (forced by the
high collision rate). The distribution function has Bianchi I symmetry but satisfies all
the conditions for a Robertson-Walker universe. As the universe cools the particle
threshold energy is reached and the Robertson-Walker condition is no longer satisfied.

The remnant of the initial anisotropy therefore acts as the seed for the change to
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Bianchi I geometry as the particle mass becomes significant, communicating the
anisotropy of the distribution function to the spacetime geometry. The small anisotropy
in the microwave background radiation could be a physical example of exactly the
remnant anisotropy considered here (see Caderni et al. (1978) for a related discussion).
Hence, this model suggests a mechanism by which anisotropy present in the radiation
era (of which the anisotropy in the microwave background radiation may be a remnant)

could act as the seed for anisotropy generation in the spacetime geometry.
6.5 Summary

In this chapter we presented a formal Einstein-BGK solution in Bianchi I spacetime.
We determined the kinematics and dynamics of the solution (see (6.7)) as well as the
conditions for the conservation of particles, energy and momentum (see (6.8)). We
found that for the AW collision model, the solution has equilibrium particle number
density N, energy density fi, and energy flux g,. In the Bianchi I model the shear is
" non-zero, and the harmonics are not independent. The solution must therefore also
satisfy the harmonics equations. Hence, we determined the first two harmonic equations
for the Bianchi I BGK solution (see (6.6)). The conditions required to satisfy the
Einstein field equations were determined (see (6.10), (6.11)), and an example of an

Einstein-BGK solution that would satisfy all restrictions was given.

This solution, with an AW collision model, along with the anisotropic AW FRW
solution, was used to demonstrate a model where the anisotropy of the distribution
function is communicated to the spacetime geometry forcing it away from isotropy. We
showed that it is possible to find a non-equilibrium anisotropic distribution function
(with m = 0) that would satisfy the conservation and field equations in FRW, but has
Bianchi I symmetry (see (6.20)). We showed that if non-zero anisotropic stress is
generated (and thus non-zero shear), the solution would be forced to become Bianchi I
(the solution also satisfies the conservation and field equations in Bianchi I geometry).
An example of a physical mechanism that would generate non-zero anisotropic stress
was presented. In this model the particles initially have effective zero restmass, but as
the universe cools and the threshold energy is reached, the communication between the
matter distribution and the geometry is triggered. Other mechanisms within the BGK
framework presented here may exist and would merit further investigation. An example

may be a change in the collision rate 7.
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7.0 EXACT SPHERICALLY SYMMETRIC
EINSTEIN-BGK SOLUTIONS

7.1 Introduction

In this chapter we consider BGK relaxation solutions in static spherically symmetric
spacetimes. We seek to extend the work of Fackerell (1968), Ray (1982), and Maharaj
and Maartens (1986) on static spherically symmetric Liouville solutions to the BGK
case. The spherically symmetric Liouville solution given in Section 2.5 is used as a basis
~ for the BGK solution. The solution we present consists of a dynamically anisotropic
distribution function relaxing with changing radius towards a dynamically isotropic
distribution function. In order to obtain a static relaxation solution, we introduce the
concept of the relaxation length collision function, extending the AW relaxation time
concept. The conditions imposed on the distribution function by the conservation of
particles, energy and momentum are derived. In order to investigate the restrictions on
the distribution function required to satisfy the Einstein field equations, the dynamic
quantities determining the energy-momentum tensor are derived. These are used to
show that if the isotropic part of the distribution function is specified along with the
relaxation function, the spacetime metric function can be determined in principle. We
conclude with a brief discussion of the possible physical applications of a non-
equilibrium spherically symmetric relaxation model. In Appendix B, we give an

alternative model using a more general form of the AW relaxation function.

7.2 Static Spherically Symmetric BGK Solution

In static spherically symmetric (SSS) spacetimes with standard coordinates z'=(t,r,8,¢),
the spacetime metric is given by (2.23)

ds? = —e’(de? 4+ ¥ dr? 4 r2(d6? + sin2 dg?).

The SSS symmetry defines the preferred 4-velocity u = e~/ ?9,, while an orthonormal
tetrad basis can be defined as follows (2.25)
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w? = {e"/*dt, */%dr, rdh, rsinf dg¢}.

In this section we obtain a BGK solution for a single-component gas in a SSS space-
time. The solution is restricted to ensure the conservation of particles, energy and
momentum. As for the FRW and Bianchi I examples presented previously, the solution
is based on the Liouville solution for the SSS case as given in Chapter 2. The solution
represents the situation where a SSS but dynamically anisotropic distribution function
relaxes towards an equilibrium distribution function with increasing or decreasing
radius. We build on the relaxation time approach of the nonstatic models by
introducing the new concept of relaxation length for the SSS case. The relaxation
mechanism is taken to be collisions between the particles of the gas. We further assume
that the equilibrium distribution function is isotropic, implying that the effect of
collisions is to isotropise the distribution of particles. The distribution function and the
space-time remain constant in time while the effect of the collisions is reflected in an
increased tendency towards isotropy with changing radius. At this point we do not
specify whether anisotropy lessens with decreasing or increasing radius. We also do not
specify the nature of the gas particles. In order to achieve a stationary solution in the
case of a bound system, it is assumed that for each particle escaping the system,
another enters [Misner, Thorne, and Wheeler (1973, p.680)]. These issues are discussed
further in Section 7.6, where the possible physical applications of the solution are

outlined.

In order to obtain the model described above, the BGK solution (3.2a) requires
specialisation to the static spherically symmetric case. In terms of the standard
coordinates (2.23) and the orthonormal one-form basis (2.25) for SSS spacetimes, a SSS

distribution has the form
f = K[r,e’p',r*((p%)? + sin* (p%)?)]
= K" (0?)? + (%)) (71)

K is independent of ¢ because it is static, and independent of spatial angles 8, ¢, and
momentum-space angle O = tan™(p3/p?) because of spherical symmetry. Note that the
non-equilibrium nature of f leads to an explicit r-dependence unlike the equilibrium
solution (2.28). The equilibrium distribution function f is taken as the dynamically
isotropic case of (2.28):
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f=F(e'p') = F(e*p°) (7:2)
which is a Liouville solution since e”p’ ;é (see (7.5.) below) is a constant of the motion.
The dynamically anisotropic part h of the distribution function is given by
b= Qlep,r*((p")? +5in® (p))
= Q"% ((9°)’ + (#°)°)]. (7.3)

~ As the arguments of () are constants of the motion, @ is a Liouville solution. By (3.2a)
the conditions for (7.1) to be a SSS BGK-solution are therefore satisfied if we take f
and h of the forms (7.2), (7.3), and if the v is a SSS function

7 = Glr,e’p';r¥((p°)” +sin’0 (p%)7)]. (74)

It is useful to follow (2.32) and define

~

E = e”/2p0
It = r(p?)? + (%)Y (7.5)

where E is proportional to the energy, E = — u,p®= Ee~*?, (E > me”/?) and J is
the angular momentum of the particles as measured by static observers (J > 0). E and
J are constants of the motion generated by the static spherically symmetric Killing
vectors (2.27) [Maharaj and Maartens (1986)]. An alternative approach to obtaining a
solution is to first write the BGK equation explicitly in terms of the SSS metric and

then to solve it.

As our aim is to find a general solution, no attempt has been made so far to restrict the
variable dependence of the relaxation function «. It is assumed only that 7 is a general
function of r, J, and E. A new and more explicit form (the relaxation length form) of
7 is discussed in Sections 7.3 where ~ is restricted in order to satisfy the conditions for

the conservation of energy and momentum and the Einstein field equations.

Using these variables and (3.2) we can write the BGK-solution (7.1-4) in the following

form
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f(r,E.J) = F(E) 4 h(E,J)exp[ — T(r,E,J)] (7.6)

where

I' = /vfy(u)du .

Before we write down the final form of the solution we require an expression for the
radial component of particle momentum in terms of particle rest mass. Using (1.1) and

(2.23) the particle rest mass is given by
—m? = —e‘”E2+ (p1)2+r'2J2.

It is easy to rewrite this as an expression for the radial component of momentum

~ 1/2
pl = :t[e_”E2—~r—2J2——m2] / =e¢/2p'. (7.7)

Furthermore, because E and J are constants of the motion, and + is independent of ¢,

we may use (7.7) to rewrite the integral along the phase flow in (7.6) as

/v’ydu = /r’y %dr
_ /re —(r')/2 [e - V(r')E'2 o m2g2 m2] - 1/? ’y(T",E',J)dT". (7.8)

Note that the £ sign in (7.7), which refers to out- or in-going particles is absorbed into
the collision rate v in (7.8).

Using (7.6) and (7.8) we can now write down the final form of the static spherically

symmetric BGK-solution as proposed earlier

~

f(r,EJ) = F(E) +h(E J)exp| — T'(r,E,J)]

where

I(r,E,J) = /r e'/’(rl)/zfy(r’,E,J)[e —vEr_p-2g2 m2] B 1/2dr’. (7.9)

The BGK solution is not complete until the conditions for the conservation of particles,

energy and momentum are determined. However, in the solution (7.9) I is dynamically

anisotropic. The general case for which I' is dynamically anisotropic is basically
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intractable. In order to investigate the conservation equations and to obtain exact
Einstein-BGK solutions, we introdii¢e *the relaXatibn length collision function in the

following section.

7.3 SSS BGK Relaxation Function and Solution

In order to use the SSS BGK solution (7.9) to obtain exact Einstein solutions that
satisfy the conservation of particles, energy and momentum, a more explicit form of the
relaxation function is required. We wish to obtain a static collision function that yields
a dynamically isotropic I'. Such a collision function is given by a modified form of the
AW model, adapted to the static case. Since the relaxation function is SSS, it is no

longer meaningful to use the AW form

Y= —uep?/7(2).

Instead we will take
v = c,p*/8(r) (7.10)

where,

¢, = unit radial vector

§ = relaxation length,
so that the collision rate depends only on radial position and the radial component of
momentum. This seems reasonable for a static relaxation process and introduces the
concept of relazation length §(r), analogous to the mean time between collisions 7(z) (in
fact, we show (see (7.13)) that &(r) reduces to a relaxation length in Minkowski space).
In Appendix B we present an alternative model using a more general AW type

relaxation function v = — u p?%/7(r).

Using the 3 + 1 decomposition of (1.10) the projection of the 4-momentum onto the unit

radial vector ¢, yields
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¢ p® = Acge® = pl. ' (7.11)

Using (7.11) and (7.7) the relaxa:tioﬁ functlon becc.);nes
v =61 re~ B2 —r-2 ] " (7.12)
It means also that the collision rate depends explicitly on the angular momentum. In

addition, the form of v yields a I' that is dynamically isotropic as required. Using (7.9)

we find
D= [" e §-2r)dr = [ea (7.13)

where [ = proper length. It is clear that § reduces to a relaxation length in Minkowski

spacetime (§ = constant).

It is also useful to note that the angular momentum (7.5) can be written in terms of the

unit radial vector as
J? = %r2)\2 + rz)\"’(%hab — cgcp)e’el .
Using v and T' as defined by (7.12) and (7.13), we can rewrite the BGK solution (7.9) as
F(r,EJ)=F(E)+h(E,J)exp[ - T(r)] . (7.14)
One of the advantages of having a dynamically isotropic I' is that the covariant
harmonic decomposition of the solution (7.14) takes a convenient form similar to the
case for the FRW spacetime of Chapter 4. Note that the model in Appendix B leads to
anisotropic I', which complicates the harmonic form of f.
In order to find exact solutions to the Einstein-BGK problem and to investigate

kinematics and dynamics of the solutions, it is necessary to decompose f (T‘,E,J ) using

the covariant harmonic decomposition as follows
FrEJ)=F(E)+e "OHE) + Hy(E)e* + Hy(E)e%e® + H o (E)eebe +...]  (7.15)
where the H, , are chosen so that h(E ,J) is non-negative for all E. Notice that as F' is

taken to be isotropic its decomposition only contains the zero order harmonic.
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7.4 Conservation of Particles, Energy and Momentum

We have shown in Chapter 3 that the BGK solution does not guarantee the
conservation of particles, energy and momentum. It is therefore necessary to impose

these conditions on the solution (7.15) to ensure that it is physical.

The conservation of particles is investigated first. Using the solution (7.15) and

(1.47a,b) the particle number dehsity and number flux are:

N = 4 dre-T0) / :EAHdE

jo =4~ TC) / :E/\2HadE. (7.16a)
Although we already know the condition resulting from the conservation of particles

from (3.5b), we present a more complete derivation for the SSS case because a new
collision function is introduced. We know from (1.29) and (1.44) that

ntu= [ [ers™r)F ~ HAIEAQ

= —c7Y(r) / / pee  TOIH(E) + H (E)e® + H ,y(E)ee® +.. ]\dEdQ

— c6 ™ Y(r)e T4 / :HC(E)WE
=0 : (7.160)
where we used c,u® = 0. In general, this condition requires
/ :caH“(E)/\2dE =0 (7.16¢)
of which H® =0 is a special case. By (7.16a), (7..160') gives c,j® = 0, which in turn gives
j*=0 by SSS. This condition implies a non-tilted kinematic average 4-velocity. Unlike

the result (3.5b), the conservation of particles places a condition on the first order

anisotropy of the distribution (justifying the more complete treatment followed here).
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The condition for the conservation of particles (7.16¢c) for a SSS relazation length model

requires a distribution with a non-tilted kinematic average 4-velocity and a zero number

fluz.

Again, as we have introduced a new form of the collision function, we provide more
complete derivations for the conditions resulting from the conservation of energy and
momentum (instead of using the general results (3.5¢,d)). Using the condition (3.5¢) for

the conservation of energy-momentum and the SSS solution (7.15) we get
T, = — /p"v(f—?)d‘ﬂ’
= —c§ Y (r)e T / / poe[H(E) + H (B)e + H,(E)ee’ + .. ]\2d EdQ
=0 (7.17)

By projecting T“b;b onto the preferred 4-velocity u?, the condition for the conservation

of energy can now be written using u,p® = — E:

u T, = 6} (r)e ™) / / Eef[H(E) + H (E)e® +.. ]NdEIQ
= ¢,6 ™ (r)e” T4 / :EHC(E“)AZdE
The condition for the conservation of energy requires

/ Y e H(E)NEJE =0 (7.18b)

with .H“(E )=0 as a special case. In fact, both the conditions for conservation of
particles and energy can be satisfied if we have c,H*(E) =0 (or H%(E) =0). Unlike the
result (3.5¢), the conservation of energy restricts the first order anisotropy of the

distribution.

By projecting T"b;b onto the 3-surface orthogonal to the preferred 4-velocity using the

projection tensor h,9, a condition for the conservation of momentum can be obtained:
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R AT, = — ¢, 6~ 1(r)e ™) / / e (H(E) + H(B)er +.. |NdBdQ
o cca-l(r)e-””%” /. mhch(E)X‘dE
= — 5\ ()e T [ " H(B)NE
=0 (7.19a)
The condition for the conservation of momentum requires |
/ :H (B)NdE =0 (7.19b)
with H(E)=0 as a special case. Unlike the general result (3.5d), conservation of

momentum restricts the zero order harmonic of i. An alternative approach to follow

when investigating the conditions for conservation of energy-momentum is to use

co(T® =T =0. | (7.20)
This relation can easily be obtained from (7.17). We next investigate the conditions
imposed by the Einstein field equations. |

7.5 Einstein-BGK Solution

In order to obtain an Einstein solution it is necessary for the energy-momentum tensor
to satisfy the Einstein field equations G = T%®. The energy-momentum tensor in SSS
geometry with BGK solution (7.14) is given by

/p“ i 1 F ) + h(E,J)exp| — I‘(r)]] dp'® . (7.21)
The Einstein tensor G* is given by (2.26) in the orthonormal tetrad (2.25) as

G = diag(G",G',G*2,G*) (7.22)

with G, G, G?? = G** determined by (2.1).
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To find the conditions imposed by the Einstein field equations we use the decomposition
(and resulting average dynamic quantities) of T°° with respect to u® (as given by
(1.12)). The heat flow is investigated first. Note that as for the conservation of energy-
momentum we provide a more complete derivation in order to ensure that the collision
functional is properly considered. The heat flow is given by
qt —_ htrTrsus

- / / E[F(B)+e "W[H(B) + H,(B)e* +..]] Ne'd B

—dr / BH'(B)NE . (7.234)
Using (7.23a) and the condition for the conservation of energy (7.18b), we find c,¢® = 0.
Since ¢* is SSS this condition gives ¢* = 0. The condition for the conservation of energy

for a SSS relazation length solution requires that the heat flow vanishes.

Note that the same conclusion can be obtained using (7.20); i.e., using c,u®=0,
Tabe, = pe® (as f = F(E)), and (1.12) it is easy to show that (7.20) implies

2, =0. (7.23b)

- We continue to investigate the dynamics of the solution by calculating the energy

density:

41 oI / E? H(E) ME . (7.24a)

To obtain an equilibrium form of the energy density it is necessary that

/ E* H(B) ME=0. | (7.24b)
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This condition along with the condition for the conservation of momentum (7.19b) can
be satisfied by taking H = 0. '

We continue our investigation of the dynamics of the solution by calculating the

isotropic pressure:

p=7gh,T"
=4 ["x [F(E) +e TOH(E)|dE. (7.25)

From (7.25) it is clear that the bulk viscosity is given by

H=p-p
—dx =) / :A3H(E) dE (7.26)
and that taking H = 0 (as suggested by (7.19b) and (7.24b)) yields zero bulk viscosity.
Instead of using the relation

7.‘.ab — harhbsTrs _ %hrsTrshab

to investigate the anisotropic pressure, we use (7.20) and (7.23b) to find
7.‘-abcb = (I_) - p)ca : (727)

Furtherrriore, SSS implies that the anisotropic pressure must take the form [Maharaj
(1986, p74)]:

Tap = Q(r)(hap — 3cqch) _ (7.28)
where () is some function of r. Now, (7.27) and (7.28) give:
oy = $10(hap — 3cacy) - (7.29)

From (7.29) it can be concluded that in the SSS model under consideration, the

anisotropic pressure comes from the bulk viscosity. Zero bulk viscosity (H = 0) implies
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zero anisotropic pressure. Note that taking H = 0 ensures that momentum conservation
is satisfied, the energy density has equilibrium form, the bulk viscosity is zero, and that
the anisotropic pressure vanishes.
Thus, in an orthonormal basis (2.25) and with 7, =0, (7.29) implies
7o = diag(0, — I, 411, 111) . (7.30)
Comparing to (1.47f), (7.30) shows that one may take
F . = diag(0, Fyy, — 3F1, —3F11) - (7.31)
Using (1.47f) and (1.47g) it is easy to show that (7.30) also leads to the condition
[ R[5 - F)+2F, B =0. (7.32)
In terms of the SSS solution (7.15) the conditions (7.32) and (7.31) can be satisfied if

H,, = diag(0, —5H, 2H, 3H) . (7.33)

The dynamic quantities discussed above allows us to write the energy-momentum tensor

as follows:
Tab = KU Uy + phab + %H(hab - 3Cacb) (734)
with T,, = T's3 and T',;, = 0 for a # b.

Given the energy-momentum tensor, we can now investigate the Einstein-BGK solution
by comparing (7.34) to the Einstein tensor (7.22), (2.26). Using G*® = T® we get:

GOO—_—/L
G'=p-T (=p)
G =G = p+ .

The equations for G°° and G'' contains five variables v, ¥, u, p, II. By specifying
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F(E), I_{(E), and §(r) the variables p, p, and II can be written in terms of v and 9.
Thus, in principle the equations for G® and G (7.22) determine v and ¥, and as a

result the spacetime metric (2.23) for the SSS relaxation length model is known.

By specifying the isotropic part of the distribution function as well as the relazation
length, one can in principle determine the spacetime metric for the SSS relazation

model.

7.6 Application of the Spherically Symmetric Solution

In this section we briefly discuss three possible applications of the static spherically
symmetric solution: the spherically symmetric accretion of a gas around a star, a
spherically symmetric star cluster, and the formation of stars out of large clouds of gas
particles. A critical component of the solution is that it is static. We are therefore
limited to those physical situations that can approximately be described as static. In
other words, the model requires that the number density in phase space describing the
gas or cluster and the gravitational field of the system must be independent of time
[I[pser and Thorne (1968), and Misner, Thorne, and Wheeler (1973, p680)]. For every
particle that leaves the bound system another must enter. Unlike the Liouville
solutions, which require the further idealisation that the collisions or interactions
between the particles can be ignored, our model can be applied to non-equilibrium cases
where collisions are significant, such as the example of the non-equilibrium situation
described by Podurets (1970). In fact, the interactions between the particles is the
mechanism responsible for the relaxation or thermalisation in the distribution function
with changing radius. Examples of the application of the collisionless case or Vlasoff
equations to spherical star clusters are presented in Misner et al. (1973, p679), while
the Liouville equation is also applied to spherically symmetric accretion in Saslaw (1985,
pl21). The relaxation process could lead to an equilibrium distribution function taking
the Boltzmann form [Misner et al. (1973, p685)], so that F' can be taken to be the
isotropic ‘thermalised’ Boltzmann distribution. However, the Boltzmann distribution
assumes that an equal number of particles will escape the system due to high particle
energy E > E,,,, as the number of particles (with the same energies) entering the
system. As such a system is not very realistic it may be necessary to use a truncated
form of the Boltzmann distribution as described in Misner et al. (1973, p685) and the

references therein.
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One further idealisation to consider is the assumption that all the stars or gas particles
have the same mass. This is, however, not a serious limitation as the solution could be
extended to the more general case without changing the basic results. So far no
distinction has been made between gas particles, atoms or molecules, or stars. Care
must however be taken if stability calculations are performed, as the results for gas
spheres cannot diréctly be applied to star clusters [Ipser and Thorne (1968), Kandrup
and Morrison (1993)].

The first application that we discuss is the spherically symmetric accretion of a gas
around a star. A number of authors have examined this form of accretion using the
collisionless Liouville or Vlasoff equations - see Saslaw (1985) for example. Demianski
(1985) describes the spherically symmetric accretion of matter into neutron stars or
black holes. Neutron stars are formed during super-novae explosions where part of the
stellar mass is blown into the space surrounding the star, while the central part
contracts to form a neutron star or black hole. This explosion and contraction process
results in a spherically symmetric situation where a dense central core is surrounded by
a cloud of gas. Depending on the density of the gas the interactions between the
particles may be significant and a treatment allowing for collisions may become
important. Far from the centre the particles experience disordered thermal motion.
Beyond a certain critical radius r, the thermal energy of the particles exceed their
potential energy and the escape velocity of the particles is the same as the thermal
velocity. Inside r_ the particles are falling towards the centre. During this fall the
particles then collide or interact with each other with greater frequency resulting from
denser particle distributions. The interactions between the particles then result in
relaxation in the velocity distribution of the particles, with particles closer to the centre
having undergone more collisions and therefore a greater degree of relaxation.
Furthermore, as particles fall into the centre from r, other particles can freely enter
from beyond r, due to the random thermal motion and a potentially static situation can
result. Under such circumstances it should be possible to find a relationship between

the accretion rate and the relaxation or collision rate.

Further interesting cases can result where accretion of matter into a black hole or
neutron star in a binary system occurs. In such cases the distribution of particles may
take the form of a rotating disk. A distribution function that depends on the orientation
of the particle’s orbital plane (i.e. the magnitude and direction of the angular

momentum) could be used [Misner et al. (1973, p681)]. It would then be necessary to
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specialise the SSS solution which depends only on the magnitude of the angular momen-

tum.

The second example that we present is the SSS star cluster. Collision free examples of
SSS star clusters have been described in a number of publications (see Misner et al.
(1973, p679) and the references therein). Also, the interactions between stars would
have the effect of relaxing or thermalising the distribution function [Misner et al. (1973,
p685), Podurets (1970), Saslaw (1985)]. This implies that non-equilibrium situations
can exist and that the collisionless treatment may not be sufficient. Different
interactions between stars are possible. Saslaw (1985) describes gentle relaxation
situations where the stars in a cluster are far enough apart to act as point masses and
thus alter each others orbits through deflections or scatterings. Podurets (1970) on the
other hand describes situations during the late evolutionary stage of stellar systems
where inelastic two-body head-on collisions become significant. Different possibilities
also exist for obtaining a static situation. As discussed above, Misner et al. (1973)
describe the situation in which a star cluster relaxes toward a truncated Boltzmann
distribution where stars with energies higher than a critical value are able to escape the
system, while they are replaced with equal numbers of stars with the same energies
from r =oo. On the other hand the situation as described by Podurets (1970) is
perhaps more applicable. During the late stage of stellar cluster evolution the situation
exists where the number density of the stars is high and inelastic two-body head-on
collisions are frequent. Under such circumstances the mean time between collisions is
much shorter than the relaxation time of the system as a whole. The conditions for an
equilibrium distribution function are no longer satisfied. However, the conditions for a
quasistatic distribution function is satisfied almost throughout the system because the
characteristic hydrodynamic time is considerably shorter than the mean time between
collisions. Podurets presents a Kinetic theory approach to this situation. The possible
application of the BGK-solution as described in this chapter could yield interesting

results as the model here represents the physical situation closely.

The third possible application that we briefly mention is the non-equilibrium processes
during the early life of stars. Stars condense under their own gravity from large
molecular hydrogen cloud complexes. These isolated condensations are known as dense
cores. A gradually outward moving region of collapse then develops around the dense
cores. A protostar begins to form from the collisions of the gas. The object formed then
behaves much like an ordinary star surrounded by an incoming accretion flow. This

process then continues until the temperature in the protostar is high enough such that
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first, fusion of deuterium and later, fusion of hydrogen occurs. During this accretion
process a quasistatic non-equilibrium situation may develop to which a BGK type of
treatment may be applied. However, it must be pointed out that the processes
occurring during the early life of stars are very complicated and still not well

understood.

7.7 Summary

In this chapter we presented a non-equilibrium static spherically symmetric BGK
solution. The solution is dynamically anisotropic and relaxes toward the equilibrium
with changing radius and is given by (714) In order for the solution to be physical it is
necessary to impose the conditions for,the conservation of particles, energy and
momentum. By performing a covariant harmonic decomposition of the distribution
function it is possible to determine these constraints on the solution. The conservation
of particles imposes the condition (7.16¢), which implies (along with SSS) that the
particle number flux vanishes and the kinematic average 4-velocity is non-tilted. The
condition for the conservation of energy requires (7.18b), which along with the condition
for the conservation of particles can be satisfied by taking F', = 0. The condition for the

conservation of momentum leads to (7.195).

If the solution is applied to self gravitating situations, then it must also satisfy the
Einstein field equations. Using the decomposed form of the energy-momentum tensor,
we showed that the condition for the conservation of energy guarantees a zero heat flow
and that anisotropic pressure comes from the bulk viscosity. Comparing the dynamic
quantities to the Einstein field equations, we showed that the SSS metric may be
determined in principle by specifying the isotropic part of the distribution function as

well as the relaxation length component of the relaxation function.

Finally, we presented possible applications of the SSS BGK solution. The three cases
briefly discussed are; the SS accretion around black holes; the early life of stars; and
SS star clusters with particular emphasis on the conditions persisting during the late

evolutionary stages of stellar clusters.
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8.0 CONCLUDING REMARKS

8.1 General

We have achieved our objective of finding (and investigating the properties of) exact
Einstein-Boltzmann solutions with a relaxation model of the collision term. We started
with an overview of relativistic kinetic theory and a summary of the known exact
Liouville solutions of the Einstein-Boltzmann equations. This was followed by a
presentation of the solution of the general BGK problem and a discussion of its
properties. The BGK solution and the known Liouville solutions were used to construct
exact Einstein solutions in FRW, Bianchi I, and SSS spacetimes. For the FRW
geometry, both anisotropic and isotropic solutions were obtained. The Bianchi I and
FRW models allowed us to construct a non-equilibrium model for the evolution of

anisotropy in FRW geometry.

In addition to the review of kinetic theory and the useful techniques (such as the
covariant harmonic decomposition, the 341 decomposition, and orthonormal tetrad
approach) presented in Chapter 1, we have also given equations relating dynamic and
kinematic quantities as measured by different observers u, and %,. These quantities
appear in the decomposition of the energy-momentum tensor and the 4-current vector
with respect to a chosen 4-velocity. Further contributions were the harmonic forms of

the H-theorem, entropy density, and entropy flux.

8.2 BGK Collision Term

A comprehensive analysis of the relaxation-time model for collisions was presented. We
provided an overview of the BGK relaxation function and introduced the Anderson-
Witting form of the relaxation time. The solution of the BGK relaxation equation was
obtained in general as well as in harmonic form. This established the foundation of the
thesis. The general conditions for the conservation of energy-momentum and of particles
were derived for the BGK solution. We also found the matching conditions imposed by

the conservation equations for linear relaxation terms. One of these conditions allowed
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us to define a new local rest frame, which is neither Eckart nor Landau-Lifshitz. This
analysis is complementary to the work in approximations of Anderson and Witting

(1974).

Entropy production results were derived in general as well as for a first order truncated
distribution function (with dipole anisotropy only), and the conditions were given for
the H-theorem to be satisfied. Using the AW model we found that, to the lowest order,
anisotropy in the distribution tends to increase the entropy production rate. Also, the
isotroﬁisation of the distribution function leads to a reduction in the entropy production
rate. For the first order truncated AW model, we were able to derive closed form
expressions for the entropy density and the entropy production rate which showed that
the entropy production rate satisfies the H-theorem, isotropisation leads to increased

entropy density, and isotropisation also decreases the entropy production rate.

Furthermore, an exact second order truncated solution (quadrupole anisotropy) with
AW collision model was used to derive the harmonics of the Boltzmann equation. The
resultant set of exact harmonic equations is particularly important as they allow
comparisons with the results of other approximation methods, and are not restricted to
near equilibrium conditions. The matching conditions imposed by the conservation
equations on this model were determined. The harmonic equations were also integrated
to obtain equations in the moments of the distribution, some of which take a form
similar to the Israel-Stewart thermodynamics laws. The consistency conditions following
from the truncation of the distribution were found and include shear free flow and a
condition on the anisotropic stress. The consequences of these results were investigated
for an exact truncated solution on a FRW (k=0) background. We found that no
integrability conditions are imposed on the solution, and that the bulk viscosity

vanishes for all m > 0.

The Einstein-Boltzmann problem was presented for the BGK relaxation function. The
conditions placed on the distribution function by the field equations and the
integrability conditions were derived in harmonic form using the decomposed Einstein

field equations.

It is exactly the AW relaxation function that allowed us later in the thesis to find a
tilted solution with imperfect fluid energy-momentum tensor in a FRW geometry, made
the isotropic, non-equilibrium FRW solution possible, allowed us to find a non-

equilibrium model for the evolution of shear, and guided us in finding SSS solutions.
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8.3 Einstein-BGK Solutions

In the remainder of the thesis we obtained exact Einstein-BGK solutions in FRW,
Bianchi I, and SSS geometries. We accomplished this by specifying the geometry (i.e.
the form of the spacetime metric in terms of unknown metric functions) and then
solving the BGK equation for the distribution function. The restrictions placed on the
distribution function by the Einstein field equations and the conservation equations
were then determined. We found that these conditions in general lead to a degree of
arbitrariness in the distribution function because they are applied to an integrated
average of the distribution function. In each case we showed that once the arbitrariness
is specified (analogous to specifying an equation of state in a fluid model), the unknown
metric functions could be obtained in principle, yielding the Einstein solution. For each
case, we also determined the kinematics and dynamics of the solution, and investigated

their properties.

For the FRW geometry we presented an isotropic as well as an anisotropic solution. We
found the anisotropic solution using an arbitrary isotropic relaxation function and for
the AW relaxation function. For the arbitrary isotropic relaxation function we showed
that the conditions for the conservation of particles and energy lead to vanishing bulk
viscosity and an equilibrium energy-momentum tensor, while the conditions for
vanishing particle drift and conservation of momentum require vanishing dipole
anisotropy in the distribution function. The condition for vanishing energy flux
(resulting from the field equations) also requires vanishing dipole anisotropy. Similarly,
we found that the condition for zero anisdtropic stress requires vanishing quadrupole
anisotropy. We showed that appropriately restricting the relaxation mechanism yields a
solution with non-zero bulk viscosity for. a massless gas and that no such solution exists
for a massive gas. The AW relaxation model allowed us to obtain tilted solutions with

imperfect fluid énergy-momentum tensors.

Our investigation of the anisotropic FRW solution also showed that an arbitrary
isotropic relaxation model as well as the conditions for the comservation of particle
number and energy, do not permit isotropic non-equilibrium solutions for a massive
gas. We used this conclusion to find a non-equilibrium isotropic solution with an AW

relaxation model for a massless gas. The solution was found to have vanishing bulk
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viscosity, number flux, energy flux and anisotropic stress. The solution also has an
equilibrium energy density. This showed that the non-equilibrium fluxes and pressures
are not sufficient to characterise a non-equilibrium state. For this solution, we were able
to find an explicit expression for the entropy production rate which satisfies the H-

theorem (even for a massless gas).

We also presented a formal anisotropic BGK solution in Bianchi I geometry. We found
that this solution with an AW relaxation model gives a solution with equilibrium
particle number density, energy density, and energy flux. In addition to determining the
restrictions resulting from the field and conservation equations, a particular solution
that satisfies all conditions was presented. The Bianchi I geometry leads to non-zero
shear and as a result the harmonic functions are no longer independent. The first two
harmonic equations, illustrating this dependence, were presented. The solution with an
AW collision model, along with the anisotropic AW FRW solution, was used to
demonstrate a situation in which the anisotropy of the distribution function is
communicated to the spacetime geometry forcing it away from isotropy. We showed
that it is possible to find a non-equilibrium anisotropic distribution function (with
m = 0) that would satisfy the conservation and field equations in FRW spacetimes but
has Bianchi I symmetry and that if non-zero anisotropic stress is generated (and thus
non-zero shear), the solution would be forced to become Bianchi I. An example of a
physical mechanism that would generate non-zero anisotropic stress was presented. In
this model the particles initially have effective zero rest mass, but as the universe cools
and the threshold energy is reached, the communication between the matter
distribution and the geometry is triggered and the spacetime is forced to evolve away

from isotropy.

We also obtained an anisotropic, non-equilibrium SSS solution with relaxation of the
distribution with changing radius. The concept of ‘relaxation length’ as opposed to
‘relaxation time’ was introduced for the static model. We found that the condition for
the conservation of particles leads to a non-tilted solution, and along with the condition
for the conservation of energy, can be satisfied by vanishing dipole anisotropy. An
integral condition for the conservation of momentum was also derived. We showed that
the field equations (along with the conservation of energy) require vanishing heat flow

and that anisotropic pressure comes from the bulk viscosity.

For all of the above geometries, we also suggested physical situations to which the

particular models may be applied. The FRW models and the model for evolution of
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shear may be useful for descriptions of the early universe and ‘standard’ model of
universe evolution, whereas the SSS solution may find application to star clusters,

spherically symmetric accretion, or the early life of stars.
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APPENDIX A
Conservation of Energy-Momentum in FRW BGK Model

As confirmation of the results of Chapters 3 and 4, we now obtain the restrictions
placed on the anisotropic FRW BGK solution (4.7) by the conditions for the
conservation of energy and momentum. We follow an alternative approach and start
directly from the basic condition (1.33), instead of using the results of Chapter 3
(3.5b — d). Using the general expression for the 4-momentum production rate (1.30) and
the solution (4.7) we obtain:’

T, = — / +(t, P)p®e "GP H + H e + .. )P?R~}(t)[P? + m*R? ~'/2d PdS)
= 0. ' (A.1)

In order to obtain an expression for the conservation of energy, T“b;b is projected onto

the preferred 4-velocity
u T, = — / v(t, P)e VO P H + H e + .. Jugp®P* R ({)[P* + m?R?] - 24 pd§)
= Rt / v(t, P)e TGP H 4 H e +...] P2dPdQ
—0,
where the relation u,p® = — E = — R™(t)[P? + m*R*(¢)]"/? is used.
Using (1.19) all the odd terms (except for the zero order term) in this expression for are

zero. By using H, 4h°® =0 and (1.19) it is evident that all the even terms are zero.

The only term that remains is the zero order term

u T = 4 :°7(t, P)e~ TGP (PYP2P

=0.

- The condition for the conservation of energy is thus given by

/ “a(t, P)e" TP H(P)P2P =0 . (A.2)

0
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Note that (A.2) confirms the result (4.13).

- Next, we investigate the conservation of momentum condition. This time T"b;b (A1) is
projected onto the rest space orthogonal to the 4-velocity using the projection tensor A,°

to obtain
R = — / v(t, P)e TGP H + H et + .. )(h,°p%) P*R~%(t)[P? + m*R? ~/?d PdQ
= — / v(t, P)e "GP H 4+ H e + .. Je°PPR~3(t)[P? + m?R? ~/2d PdS)
=0,

where h,°p® = Ae® = PR~ '¢° is used. Using (1.19) all the odd terms in this expression
are zero. By using H, ;% =0 and (1.19) it is evident that all the even terms are

zero except for the term containing H zede®

BTy = — Kot [ "5(t, P)e™ O DH(P)PU(P® 4 m?R?) ~*/%dP
=0.

The condition for the conservation of momentum is therefore given by

/ ot P)e TGPV (PYPP[P? + m?RY " /2P =0 . (A.3)

0

Using the expression (4.15¢) this eQuation can be written as
9 / “e~TPH (P)dP =0 .
at/) o

Note that (A.3) confirms (4.14).
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APPENDIX B
Alternative Static Spherically Symmetri(; BGK Solution

We now investigate the properties of an alternative SSS BGK solution. In Chapter 7 we
obtained the SSS BGK solution f(r;E,J) (see (7.9)) ‘using a general SSS relaxation
function y(r, E,J) (see (7.4)). In order to obtain exact Einstein solutions that satisfy the
conditions for the conservation of particles, energy and momentum, a more explicit
form of the relaxation function is required. In Chapter 7 we used the convenient form
v = c,p?/8(r) which gave an isotropic I For the alternative approach we use a

relaxation function that is more general, i.e.,

7= —ugp®/r(r), (B.1)

which is by (7.4) compatible with the SSS geometry. This form leads to an anisotropic

', which complicates the harmonic decomposition of the distribution function f:

£(r,B,J) = F(B) + h(B,J)exp| - T(r,BJ)]
where
T(r,E,J) = /r e‘l’(rl)/zfy(r’,E)[e “vE2_pr-2g2 2l T 1/2dr'. (B.2)

Next, the covariant harmonic decomposition of f is obtained. We decompose h(E,J ) as

follows -
WE,J) = H(E) + H,(E)e* + H 4 (E)e%® + H,, (E)etebes + ... (B.3)

where the H, , are chosen so that A(E,J) is non-negative for all E. Unlike the FRW

r

case it is also necessary to decompose e ™" as it is a function of the angular momentum

J, as follows
exp| — P(T,E,J)] = f‘(r,E) +T,(r,E)e* + I‘ab(r,E)e“eb + I‘abc(r,E)e“ebec +... (B4)
The SSS BGK solution can therefore be written as

f(r,B,J) = F(E)+[HE) + Hy(E)e* + .. JIT(r,B) + T,(r,B)e + ... (B.5)
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Notice that as F' is taken to be isotrObic 1ts decompdsition dnly contains the zero order
harmonic. In order to investigate the properties of the solution, it is necessary to expand
the product of the two sums in (B.5):

e~Th = HT + HTe* + HTeke! + HT yetele™ +
HTe*+ HT e+ H Jieteke +
H e+ H ,Tetebe® +

H , Tebe +...

abc
= AT + (AT, + H,T)e® + (HT g+ H, Ty + HopT e + ...

= K+Ka€a+Kabeab+Kabc€abc+... (B6)

‘Notice that the K, , as defined here are not trace-free. Next, we investigate the
properties of the solut1on Because of the more complex decomposition and the new

relaxation function, we derive the properties instead of using the results from Chapter 3.

We determine the conditions imposed by conservation of particles, energy and
momentum first. Using condition (3.6) for the conservation of energy-momentum,

(B.5), and (B.6) we get
T, = ~ [ 92 = 1)
_— //pa Tﬁ (K + K 6%+ K e + K e +.. ])AdEdQ)

=0 (B.7)

By projecting T“b;b onto the preferred 4-velocity u® and using u,p® = — E, the condition

for the conservation of energy can now be written down:
ab EZ | a ab abc |
u T, = / / BLIE 4 Ko+ e+ K™ . JNEdQ = 0. (B.8)

Using (1.19) and (B.6) it is easy to show that all terms odd in e* are zero, while (1.19)

and the relations H o 5P =0 and T, ,.h* =0 ensure that all terms even in e* are
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zero except for the terms HT + H I‘ke“ k. The condition for the conservation of energy

can now be written as
uT?= [ | E° THT 4 H,Tje| \dEdQ
a 3b 7_(,,.) a* k
_4 E* a
=43/ %5 [3AT + H,Ih*| AE
= 0. (B.9)
In order to satisfy the conservation of energy condition, we therefore have that

[ 3T + H T b A\E =0. (B.10a)

Now, as Ty, =T, . 3(r, E), non-zero terms 3HT + H,I' can be found satisfying (B.10a)
at any one radius r,. However, at a different radius ', T'® will be different and these
equations will no longer be satisfied. As r varies on an open interval, (B.10a) can only

be satisfied if the integrand vanishes 1dent1cally, that is when
3HT + H,I*=0. (B.10b)

By projecting T. ;3 onto the 3-surface orthogonal to the preferred 4-velocity using the

d 4 condition for the conservation of momentum can be obtained

projection tensor k.,

hodTb, = — / / hApo K + K 60+ K ye® + K ppee™ + .. N EdQ
S / / MK 4 K e+ K e® + K g™ + .. Je*d EdQ
=0, (B.11)
where h;dp“ = )e?. Again, by using (1.19) and (B.6), the terms containing odd numbers
of ¢® are zero, while (1.19), H, ;A =0and T, »ch?¢ = 0 ensure that all terms even in

e% are zero except for the terms HTe* and H aI‘e . The condition for the conservation

of momentum can now be written as
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dpab E [ k T .a
BT, = —[/‘m‘[HI‘kei-‘HGI‘g]/\ZeddEdQ
_ _47 [ _E [gAT. A* = 7 ad] \2
= -4 /T(T) [BT % + H T hed] \dE
=0, | (B.12)
which implies the general condition

/ E[HT k¥ + H,The¢) NdE = 0. (B.13a)

Now, as [, , =T, 4, E), non-zero terms HT4 4+ HT can be found satisfying (B.13a)
at any one radius r,. However, at a different radius ', T'® will be different and these
equations will no longer be satisfied. As r varies on an open interval, (B.13a) can only

be satisfiéd if the integrand vanishes identically; that is, when
HT¢ + HT =0. (B.13b)

Next, we investigate the condition for the conservation of particle number. We know

from (1.29) and (1.44) that
a _ E (7_
nd, = //T(r) (F — f)\dEdQ
_ / / %{K + K e+ K ye® + K e + .. ]\dEdQ
=0 (B.14)

Using (1.19) and (B.6) it is easy to show that all terms odd in e® are zero, while (1.19)
and the relations H, ,.h* =0 and T, k% =0 ensure that all terms even in e are

k

zero except for the terms AT and H,I'je’e”. The condition for the conservation of

particles can now be written as
a __ F [m1 4 a k
n® ., = / / = [BT + H,Iie%e| \EdS
_4r [ _E _[3FT ak
=4 / = [3AT + H.I}h | \E

=0. (B.15)
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In order to satisfy the conservation of particles condition, we therefore have that

[ E[3HT + H.Ih™| ME = 0. (B.16)
Comparing (B.16) with the condition imposed by the conservation of energy (B.10), we
find that both the conditions for the conservation of particles and energy require that
3HT + H,I®=0. The three conditions (B.10), (B.13) and (B.16) can be satisfied by
taking for example ' =T, =0= H=H,. Such a SSS BGK solution satisfies the

conditions for the conservation of particles, energy and momentum.
The conditions for the conservation of particle number and energy require that
SHAT + H I =0.
The condition for the conservation of momentum requires that
HT¢+HT =0.
We now investigate the dynamics and kinematics of the solution. To ;'mccomplish this
the decomposition of T° with respect to u?, as given by (1.12), is utilised. We .
investigate the average dynamic quantities of the gas, as given by this decomposition,
individually. The heat flow is investigated first and is given by

qt — — htrTrsus

= [ [B[F+ K+ Ko +.. ] Xie'dBdQ

=4 / E| AT + H'T| XdE, (B.17)

where ki p" = )ef, p’u, = —E. By the condition for the conservation of momentum
(B.13) it is clear that ¢* = 0.

We continue to investigate the dynamics of the solution by calculating the energy

density:
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uw=T"uu,
=/ | [F+K+K,,;“+...] MEdQ
= d4r / B? [3F + 3T + H,L4h™] MdE
= 4 / E?F)E, (B.18)

where E = — p"u, and the condition for the conservation of energy (B.10) is used. The

expression for the energy density takes the equilibrium form.
Next, we find the isotropic pressure:
_1 rs
pP=3 hysT
:%/ //\3 [F+ K+ K,e®+..] dEdQ

u / X2 [3F + 3HT + H,T',h**] dE, (B.19)

where the conditions for the conservation of energy and particles (B.10b), (B.16) can be

used to simplify the expression to
p=4r / NFdE. (B.20)

In this case, the isotropic preséure takes the equilibrium form. As a result the

distribution in general has vanishing bulk viscosity II = 0.

To complete our investigation of the dynamics of the solution we calculate the trace-free

stress tensor. This tensor is given by: (nezt page)
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7% = ha Rb T — % b, T"*het
= / / N[F+K +Ke +...] ea;b@m =
| L[ [hX[F + K + K e +..] dEdQ
= [ [R[K+Ke+ ] e*e’d EdS —
L [k FK et dBAD
=4 / 23 [%(Er,s + H,,D)h*hb + H, D hh™)| dE —
%f N3H, T h®hmdE
=& / X2 [(HT,, + H,D + HT)heh LH b dE. (B.21a)
Furthermore, SSS in general implies that the anisotropic pr.essure must take the form

Tap = Q(r)(cacb - %hab) (B2lb)

where Q is some function of r and ¢, is the unit radial vector [Maharaj (1986, p74)] (see
(7.28)). The form of (B.21a) is clearly consistent with this, so that

70 =0, 7= %Q(r), 722 =738 = —%Q(r), (B.21c)

place restrictions on H, H,, H,, T, T}, and I'y,. These symmetry conditions can be
satisfied by taking for example T =T, =T, =0=H = H, = Hy,.

To determine the kinematics of the solution we utilise the decomposition of the 4-

current vector (1.23). The particle number density is
N = —uyn'
= [ [B[F+K + K. +..] MEdQ

4 in T a
—4r / H[3F + 3HT + H,[;,h*]| ME, , (B.22)
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where E = — u,p’. The conservation of particles (B.16) leads to

N =4r / EF/\dE. (B.23)
The particle number density takes the equilibrium form.
Next, we turn our attention to the particle number flux, which is given by

]‘t — htrnr

= [ [ [F+ K+ K+ ] ¥idBag
=4 / [AT k¥ + H TR NdE
o / [HT* + H'T] \dE, (B.24)

where ht,p" = Ae’. The condition for the conservation of momentum (B.13b) requires
that the number flux (B.24) vanishes. Hence, the distribution has a non-tilted

kinematic average 4-velocity.

The condition for the conservation of momentum requires a distribution with o vanishing
heat fluz and a mon-tilted kinematic average {-velocity. Conservation of energy and
particles give equilibrium energy density and vanishing bulk viscosity. The conservation

of particles gives equilibrium particle number density.

In order to obtain an Einstein solution it is necessary for the energy-momentum tensor
to satisfy the Einstein field equations, i.e. G = T where the Einstein tensor G is
given by (2.26) in the orthonormal tetrad (2.25) and takes the form

G = diag(G*,G1,G?,G%), with G?2 = G*®. (B.25)

As T is anisotropic, we take a different approach than in Section 7.5. We first verify
that T is consistent with the general form of (B.25). First, it is necessary to determine
T using (B.2) and (2.30): v
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/pa b1 f[r R O,TZ((p2)2+ (pS)Z)]dplzs
= [p bl F(E)+ h(E, Jexpl - I(r, B, J)]}dp'®
=T 4 T, (B.26)

Since the integrand of 7% is odd in p', p?, and p® for all a # b, even in p', p?, and p°
for all a = b, with T =T?2 =T33, it follows that

1

— diag(T* T, 72,1%). (B27)

The equilibrium part T2® of 7 is thus consistent with the Einstein field equations and

therefore imposes no additional restrictions on the functional form of f.

On the other hand, the integrand of T is odd and symmetric in p? and p® for a #b
and even and symmetric in p? and p® for a = b. This implies that T2 =T%=T"'2 =

T3 =T =0 and T?2 =T #0. Because of the dependence of I' on p' (see (7.7),
(B.2)), the off- diagonal term T is therefore not identically zero. However, since
G® =0 for SSS spacetimes, we need a zero T term in order to satisfy the Einstein
field equations. Now, by spherical symmetry, a zero heat flow ¢* = 0 implies T = 0.
We have already shown that the condition for conservation of momentum gives a
vanishing heat flux. The energy-momentum tensor is therefore consistent with the

functional form of the Einstein tensor.

Using the dynamic quantities (B.17), (B.18), (B.20), and (B.21), the energy-

momentum tensor is:
Tab = /—‘Lu’au’b + phab + Tab (B28)

where i,p indicate the equilibrium energy density and isotropic pressure. The Einstein

field equations can be obtained using (B.28):

GOO

Il
=I

G =75 +2Q(r)

G? = G% =5 —1Q(r). (B.29)
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Taking G and G', we have tiwo eéquations in five variables v, ¥, E, P, Q. By
specifying F, H, H,) H,, T, T, and T, (according to the conmservation conditions
(B.10), (B.13), (B.16) and the symmetry condition (B.21c)), the variables , &, and Q
can be written in terms of v and . Thus, in principle the equations for G® and G
determine v and 1, and as a result the spacetime metric (2.23) for the SSS relaxation
model is known, completing the SSS Einstein-BGK solution. Such a solution can be
obtained by taking for example I' =T,=T,, =0=H = H, = H,. Specifying these

qua,ntitiés is analogous to specifying an equation of state in a fluid model.
By specifying the zero, first, and second order anisotropy of the distribution function

according to the conservation and symmetry conditions), the spacetime metric can be
g Y Y ’ D

obtained - completing an Finstein solution.
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