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NOMENCLATURE

Subscripts

old, 1, t Previous time step

new, i+l AL End of current time step

m Mean value

Superscripts

pl Plastic

el Elastic

* Dimensionless

Notation

_ Underscore - vector

- Bar above - equivalent value
Dot above - rate

ij Indicial notation

it Summation convention

Cijkl Elasticity tensor

Cp Specific heat

i Kronecker delta

A Increment

E Young's modulus

Edissip Dissipated inelastic specific energy

Eintern Specific internal energy

€jj Deviatoric strain

é Total deviatoric strain

¢ Total equivalent deviatoric strain

£jj Strain

Xiti



r},’)]

Dilatation

Mises yield function
Shear modulus

Invariant of deviatoric stress
Bulk modulus

Hardening parameter
Lamé constants

Normal to yield surface
Inelastic heat fraction
Stress power

Poisson’s ratio

Mises equivalent stress
Density

Heat flux per unit volume
Deviatoric stress

Stress

Mean or hydrostatic stress
Yield stress

Time

Tolerance value
Temperature

Melting temperature
Reference temperature
Velocity

Plastic work
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Background and Theory

mean stress and strain values. This is especially useful when dealing with metal

plasticity {see section 2.3). The bulk modulus is used in the deviatoric formulation:

K (2.5)
The elastic deviatoric constitutive formulation is thus:
o, =8, +0,0,

4 i (2‘6)

RS ¥~ ol
...... 1_;{_}'{;’” T f‘s.s.%m o

2.4 METAL PLASTICITY

The term “plastic” comes from a Greek word, nidooe, which means “to shape”
[10]. In this context it is used to describe ductile metals whose shape changes under
application of sufficient force. This deformation is treated as a constant volume
process where the deformation mechanism is predominantly due to slip or shear. It
is for this reason that deviatoric stresses and strains are used when describing
plasticity. The plastic deformation is assumed to be independent of the hydrostatic

or mean stress {7].

Incremental plasticity theory assumes that the rate of deformation can be described
as the sum of an elastic component and an inelastic (plastic) component [7, 8, 11].
The total strain rate is therefore:

g, =& +éf 2.7
where & is the elastic component and £/ is the plastic component. The integrated

form of this additive decomposition is [11}:

— gt ”
5” i 6‘0. +5€§

In order for incremental plasticity models to differentiate between the elastic and

plastic responses the formulation of the following three relations is required:
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e Yield surface: defines when vyi >iding occurs.
e Flow rule defines the directon of the melastic deformation.
s Hardening law: defines how the yield and/or flow definitions vary with

inelastic deformation.

2.41 YIELD SURFACE

The yield surface defines the onset of plastic deformation and separates the elastic
and plastic responses. Yield surface plasticity relies on the fact that it is possible to
clearly define an initial vield point. This value of stress is typically taken to be the

ralue of stress for which a 0.2% value of plastic strain is produced.

The vield surface is described by a yield function which has the following general
form {7, 11}:
flo,,e0 . T,x)=0 (2.9)

The yield surface is therefore a function of the stress state, the plastic strain state, the
temperature and one or more hardening parameters. Stress states for which f <0
indicate that the material is within the elastic region. For stress states which produce
J =0 (ie. on the yield surface) both elastic and plastic conditions are possible. By
definition the stress states cannot be outside the yield surface. The evolution of the
yield surface upon yielding, such that the stress state is never outside the yield

surface, will be described in section 2.4.3.
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2.4.2 FLow RULE

The flow rule defines the direction of plastic deformation (or flow) by defining the
direction of plastic strain. In 1870 Saint-Venant [8] proposed that the directions of

the principal axes of the strain increment tensor coincided with the directions of the

de, =S dA (2.14)
where d4 is a positive scalar which varies during the loading history. This flow rule
assumes that the total strain is equal to the plastic strain (i.e. zero elastic strains).
Prandtl and Reuss extended this flow rule to include both elastic and plastic strains
and the resulting relations are known as the Prandtl-Reuss equations [8]:

del =S, dA (2.15)

von Mises also developed the idea that the plastic strain increments can be obtained

from a plastic flow potential, g. The form of this relation is [7]:

de = dA g (2.16)

50'(},

If the plastic flow potential is equal to f (the yield function), then the plastic strain
increments are associated with the yield function and the flow rule is known as an
associated flow rule. By differentiating the von Mises yield function with respect to
the total stress it is possible to show that the Prandtl-Reuss equation is the flow rule

associated with the von Mises yield function [7. Ch 5].

To find the magnitudes of the plastic strain increment components the scalar value

oy
s

dA needs to be found. This can be achieved by beginning with equation (2.15) |
12]:

10
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3
H

- (2.17)
B :‘ ; Ss a i
5 Vi
(2.18)
(2.19)
The seemingly arbitrary factors of \/2/3 in the equivalent plastic strain increment

and /3 in the Mises equivalent stress are traditionally chosen to give agreement

with uniaxial tension experiments [12}.
2.4.3 HARDENING RULE

The Mises yield criterion presented in section 2.4.1 is only valid for initial yield. If
there is no material hardening then there is no increase in strength after yield and
the material is said to be elastic-perfectly plastic. If this is the case then the yield
surface has a fixed radius in stress space. There are three general models for

hardening {7, 10]:

e Isotropic: the centre of the vield surface is fixed while the surface expands
uniformly (Odqvist 1933) - Figure 2.3 a).

e Kinematic: the yield surface translates with no change of shape (Prager 1956)
- Figure 2.3 b).

o  Combined: involves both a yield surface expansion and translation (Hodge

1957) - Figure 2.3 ¢).

Isotropic hardening is the simplest model to implement and produces satisfactory

results but is not valid for cyclic loading. Experimentally it is found that any strain
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hardening in tension actually reduces the subsequent yield stress in compression

{known as the or effect). Kinematic hardening was dev ‘e;s;‘fea to account

tor the Bauschinger effect in cyclic loading. The material s t0 be considered in

this thesis are based on the isotropic hardening model due to the majority of loading
conditions studied bei“ monotonic. The hardening models can be viewed

graphically in the pi plane as shown in Figure 2.3 below.
&

Lo +do

o o-+deo

Figure 2.3: a) Isotropic, b) kinematic and ¢) combined hardening.

Metals are usually assumed to be strain hardening materials which means that the
yield surface is a function of the integrated plastic strain. The loading history is
therefore captured in this integration along the stress-strain path. The integration

along the stress-strain path may therefore be expressed as an equivalent plastic

— 2 S
g" = J, [ =delde!
3 1 i

strain increment {7]:
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2.5 SPECIFIC FORMS OF THE EQUIVALENT FLOW STRESS

The loading conditions and material type determine which form of equivalent flow
stress, & , is used with the Mises yield criteria. If a metal is deformed at low strain
rate and at ambient temperature then it is possible to use a simple power law flow
stress equation such as the Ludwik (1909) equation [13, 14}

A suitable flow stress equation needs to be able to describe a material’s dependence
on strain rate, temperature, strain and strain rate history and its strain hardening
behaviour [15]. It is extremely difficult to include all these dependencies and it is

usually the strain, strain rate and temperature dependence that is included.

Flow stress equations can usually be split into two types: phenomenological and
dislocation-mechanics-based. The phenomenological types usually describe how the
flow stress changes with plastic strain, temperature and rate of deformation. The
loading history is not explicitly taken into account but is captured, in a sense, in the
plastic strain [13]. With this approach both the form and the magnitude of the curve
are obtained experimentally (i.e. a mathematical representation of the experimental
results). Itis usually quite accurate when strain hardening is the main driving
factor. However, if the internal state of the material is important then a model which
describes the physics of the deformation will give more accurate results. Examples
of this are: if thermal softening is significant or if the deformation history very much
determines the internal state of the material. In these cases the evolution of the
internal state of the material is very important in order to accurately determine the
stress. The material models to be described fall into the two categories of flow stress
equations. The Johnson-Cook model [5] is of the phenomenological type while the

Zerilli-Armstrong model [6] is of the dislocation-mechanics-based type.
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2.5.1 JOHNSON-COOK

subjected to large strains, high strain rates and high temperatures. The model was
intended primarily for numerical computations. It was stated that at the time finite
element codes had developed to the point that the restricting factor in obtaining
accurate results for intensely impulsive events was due to the material model. To
solve this problem the simulations were repeated with small changes to the material

parameters until the results were in agreement with experiments.

Due to its simplicity and the relative ease (in comparison to dislocation-mechanics-
based models) of obtaining its constants, the Johnson-Cock material model has been
very popular. The variables used in the model are also available in most commercial
finite element codes and it is therefore easy to implement. Johnson and Cook
conceded that the use of more complicated models (e.g. Follansbee and Kocks [16])
could indeed give more accurate representations of material behaviour. It was also
stated that the use of different models tailored for individual materials could also
give more accurate results. These more complicated material models are, however,
often much more difficult to implement and it is a much more tedious process to

obtain accurate material parameters for these models.

The Johnson-Cook material model takes the form of a product of dependencies. The
material behaviour is function of the multiplicative effects of the strain, strain rate
and temperature [15]. There is no representation of thermal or strain rate history

effects. The von Mises equivalent flow stress can be written as [5]:

&=ld+Be | l+Cine | i-7] (2.

3
pI
B2
e
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where ¢ is the equivalent plastic strain, & = £/¢, is the dimensionless plastic strain
rate for £, =1.0s"" and 7~ is the homologous temperature. This temperature is

defined as

3 r—7.,
Tt (2.23)

where 7, , is a reference temperature taken as room temperature and 7, , is the

melting temperature of the material. The five material constants are therefore A, B,
n, Cand m. The homologous temperature is zero for temperatures less than the
reference temperature and equal to one for temperatures above the melting
temperature. For temperatures above the melting temperature the flow stress is zero
and there is no resistance to flow. As can be seen from equation {2.22) the term in
the first set of brackets represents the dependence on strain, the term in the second
set of brackets represents the dependence on strain rate and the term in the third set

of brackets represents the dependence on temperature.

In order to see the effect of strain rate and temperature in the Johnson-Cook model
two sets of graphs are shown for Armco-iron. The material constants are given in
Chapter 3.4, Table 3.1. In Figure 2.4 the temperature is held constant at 293K

(assumed room temperature) and the strain rate is increased from 1000s ! to 10,00(

to 100,000s%, while in Figure 2.5 the strain rate is held constant at 1.0s! and the

temperature is increased from 293K to 500K to 800K,












Background and Theory

such as tantalum. The multiplicative form of the temperature dependence was

deemed to be appropriate for most metals [15].

A slightly modified form of the Johnson-Cook equation was later presented by
Holmquist and Johnson [17] in order to better represent the effect of strain rate. It
has been shown that the effect of strain rate on material strength is not a linear
function of the natural log as the Johnson-Cook material model suggests. The
modified form of the equation is shown here for completeness even though it will
not be implemented.

5=la+Be] e ] 1-17"] (2.27)
As can be seen in equation (2.27) the strain rate dependence has been replaced by an

exponential function.

It has been observed that many ductile metals exhibit a sudden increase in strength
at strain rates greater than 10%s-1. It was for this reason that a revised version of the
Johnson-Cook model was presented by Rule and Jones [18]. Essentially this revision
is in the form of additional coefficients to more accurately represent the effects of
strain rate. This revision gives more accurate results for high strain rate applications
such as the Taylor test. This version of the Johnson-Cook equation is not

implemented. The form of the equation is given as:

¥ 1 1 *
g=\C,+Ce" 1+ Cne +C| —————— | |I=-T" 2.28
L e | (A Y
where Cy and Cs are additional material coefficients.
It seems clear from the revision above (equation 2.28) that in order to accurately

represent complicated material behaviour with phenomenological models a large

number of coefficients is needed at increased numerical and experimental cost.
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2.5.2 ZERILLI-FARMSTRONG

The Zerilli-Armstrong [6] constitutive relations were proposed in order to better
describe the individual material responses during the simulation of Taylor impact
tests. The constitutive relations are based on the thermal activation analysis and
incorporate the effects of strain hardening, strain rate hardening and thermal

softening. The effect of initial grain size is also included.

The Zerilli-Armstrong relations are among the more simple dislocation-mechanics-
based constitutive equations. A major aspect of this set of constitutive equations is
that each material structure type (BCC, FCC eic.) has its own constitutive equation
based on that materials particular rate-controlling mechanism {15]. This is a very
important feature because the different materials have different temperature
dependent strain rate effects. For high strain rate and high temperature simulations
this difference will obviously become important. Zerilli and Armstrong [6] state that
the simulation of the Taylor test provides a good test of the material model. This is
particularly valid if the material parameters were not obtained from the Taylor test

but from quasi-static material tests.

The FCC constitutive equation is written as follows [6]:
. % i o e
F=C,+Cuetexpl-C,T+C,Tné) (2.29)

! -4 ‘ T
where C, = Ao, + i /2. The additional component of stress, Ao, occurs potentially
due to the influence of solute and the original dislocation density on the yield stress.

The term k™ takes into account the increase in flow stress at low temperatures due

to the requirement of slip band-stress concentrations at grain boundaries being

needed for the transmission of plastic flow. T is the absolute temperature. The I
model therefore has 4 material constants. From equation (2.29) it is seen that the
dependence of the flow stress on thermal softening and strain rate hardening

mcreases with increasing strain hardening. There are again no strain rate history

effects.

20












Background and Theory

Traditionally the value of the inelastic heat fraction has been assumed to be about 0.9
i.e. 90% of the plastic work of deformation is converted to heat (Abaqus default
valuc [4], [14] etc.). In 1998 Kapoor and Nemat-Nasser [18] reported the details of
the experimental measurement of temperature rise during high strain rate
deformation. An infra-red system was used and it was found that this system
underestimates the temperature rise in a specimen. It was however concluded that
for the purpose of predicting flow stresses it is valid to assume that close to 100% of
the work done during high strain rate deformation is converted to heat. The
simulations of the Taylor test in Chapter 5 of this thesis will however use the
traditional value of 0.9 in order to be able to compare the results with previously

published results.

2.7 TAYLORTEST

In the 1940’s, Taylor [19, 20] used a flat-ended cylindrical projectile striking a flat
rigid target to determine the dynamic yield stress of the projectile. This test is one of
the simplest methods to achieve high strain rates in material testing, typically in the
range 104 - 10° 51, During the test the impact end of the projectile deforms
plastically while the free end is undeformed. The impact end experiences very high
stresses and once the elastic limit is reached, a plastic front moves towards the free
end of the projectile. As more of the elastic rear portion of the material becomes

plastic the cylinder shortens as material flows out radially [21].

The Taylor test is often used to obtain material strength parameters for high strain
rate models and there is an assortment of techniques to optimise these coefficients by
numerically simulating the Taylor test [18, 23, 24, 25]. The Taylor test is also often
used to validate high strain rate material models by comparing the simulation of the
test to the experimental results. The coefficients used in these simulations are those

determined using lower strain rate material testing techniques and then the Taylor

24
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test simulation is used to test the extrapolation of the material model to high strain

rates [5, 6, 17, 26].

I

Figure 2.12: Schematic of Taylor test [22].

Johnson and Holmquist [24] used the Taylor test to determine the constants for the
Johnson-Cook and Zerilli-Armstrong material models. Their method used three
parameters from the deformed specimen and therefore could only predict three of

the material constants [23]. They defined an average error:

51l ol ) .

3l b ow )

where L, D and W are the deformed length, diameter and bulge (diameter at 20% of
the deformed length from the impact end) of the test specimen. The numerators are
the differences between the test specimen and the computed results. A method was
later developed which uses the entire specimen profile for optimising material

constants [23].

25
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2.8 SOLUTION TECHNIQUES FOR NONLINEAR EQUATIONS

The material models in this thesis are metal plasticity models. When the model is
implemented (see Chapter 3) the plasticity component is found by solving the
uniaxial form of the Mises equivalent stress function. Solving this equation gives the
increment in equivalent deviatoric plastic strain. The flow stress equation to be
solved is a nonlinear equation in the equivalent deviatoric plastic strain increment

and therefore a nonlinear equation solving technique is required.

281 BISECTION METHOD

of the oldest and most simple methods of solving nonlinear equations is the

Bisection or interval halving method [27]. This method begins with choosing two
values of x namely x; and x2 which bracket a root of f(x) = 0. The method then
repeatedly halves the interval and replaces one endpoint with the midpoint so that
in each case the root is bracketed. The endpoints bracket the root if the function
values at the respective endpoints are of opposite sign: f(x1)*f(x2) <0. This can be

seen graphically in Figure 2.13.

f{x) 4

v

HES)

Figure 2.13: The Bisection method {27].

26
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An algorithm for the Bisection method is presented in Figure 2.14 [27].

Given values x1 and x2 such that f(x1)*f(x2) < 0:
REPEAT
Set xa = (x1+ x2)/2
IF f(x3)*f(x1) <0

Set x2 = x3
ELSE
Set x1 = x3
ENDIF
UNTIL

| x1 = x2|<Toli or f(xs) < Tol

Figure 2.14: Algorithm for the Bisection method [27].

An advantage of the Bisection method is that it is guaranteed to work if the function
is continuous within the endpoints. Another advantage is that the number of
iterations required to achieve a specified accuracy is known in advance when using
the first convergence criterion shown above. The disadvantages are that this method
requires many function evaluations and that it is relatively slow to converge. With
modern computers and for specific applications these disadvantages can often be

tolerated.

2.8.2 NEWTON’S METHOD

This is one of the most widely used methods of solving equations and is the method
used by Abaqus [11, 27]. This method requires that an initial point is chosen in the
proximity of the root. The slope of the function is evaluated at the current point.

The position where this slope intersects with the x-axis is used as the next point.

27
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This is continued until a suitable convergence criterion is met. This method is

shown in Figure 2.15.

EY) 4

Figure 2.15: Newton’s method [27].

From Figure 2.15 an expression for the slope of the function is given as:

an(0)= (x,)= 2E8) 23)
Xo — X
From this the general form of Newton’s method is [27]:
Xﬂﬂ = .x,, - -/’(Xﬁ) (2 33)
/()

An algorithm for Newton’s method is given in Figure 2.16 [27]. The major
advantage of Newton’s method is that it converges quadratically [27]. In other
words, the accuracy doubles after each iteration. The disadvantages are that it
requires two function evaluations per iteration, it will not converge if the initial
guess is not sufficiently close to the root and sometimes the exact form of the

equation of the slope of the function is difficult to formulate.

28
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Given a value xg close to the root:

Calculate f(xo) and f'(xo)

Set x1 = Xo
IF f(x0) # 0 and f'(x0) # 0
REPEAT
Set xp = X3
Set x1 = Xo ~ f(xg)/f'(x0)
UNTIL

| xo - x1|<Toli or f(x1) <Tol

Figure 2.16: Algorithm for Newton’'s method [27].

2.9 SUMMARY

The background and theory required to implement the Johnson-Cook [5] and Zerilli-
Armstrong [6] material models has been presented in this chapter. The linear elastic
component of the material model was discussed followed by the plasticity
component. The discussion of the plasticity component involved the form and
function of the yield surface, flow rule and hardening law which together define the
plasticity component. Some comparisons were made between the Johnson-Cook
and Zerilli-Armstrong models and these were in turn compared (in form) with the
Cowper-Symonds strain rate model and the Masui et al temperature dependence
relationship. The definition and applicability of an adiabatic analysis was
highlighted and the background to the Taylor test and its usefulness were discussed.
The chapter concluded with a discussion of solution techniques for nonlinear

equations, in particular the Bisection and Newton methods.

29
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CHAPTER 3

IMPLEMENTATION

3.1 INTRODUCTION

Abaqus has a facility which allows users to implement a user-defined material
model as a VUMAT. The VUMAT is then used to supplement the existing material
models in Abaqus. The implementation of the Johnson-Cook [5] and Zerilli-
Armstrong [6] material models will be discussed in this chapter. A VUMAT needs
to solve for the stress state at the end of each time step. The solution scheme to be

used is the elastic predictor-radial return method {26, 28 - 32].
3.2 ELASTIC PREDICTOR-RADIAL RETURN METHOD

The elastic predictor-radial return method is begun by calculating an incremental
change in the stress state assuming that the deformation is purely elastic. This stress
increment is added to the previous stress state (point A in Figure 3.1) to find the trial
stress (point DE). The Mises equivalent stress (equation (2.13)) is then found and
compared to the yield (flow) stress as found using a constitutive equation such as the
Johnson-Cook equation. If the equivalent stress is less than the yield stress the
material is still elastic and the trial stress is set as the new stress state. If the
equivalent stress is greater than the yield stress the material has yielded. The
deviatoric stresses are then reduced such that the equivalent stress is equal to the
yield stress. The stress state is therefore returned to the yield surface (point D). This
reduction in the deviatoric stress is accomplished by reducing the total equivalent
deviatoric strain by the equivalent plastic deviatoric strain increment. The uniaxial
form of the Mises equivalent stress is used to do this (see Appendix A). The return

of the stress state to the yield surface is radial because the plastic strain increment
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correction is in the direction of the deviatoric stress (associated flow rule ~ the
normal is perpendicular to the yield surface). A graphical representation of this

solution strategy can be seen in Figure 3.1 [28].

Length equal to
radius of Mises
yield surface.

Figure 3.1: Graphical representation of elastic predictor-radial return method [28].

The unit normal to the yield surface is n and the yield function at the end of the

previous time step is f, while the yield function at the end of the current time step

is f,

(R A

3.3 USER-DEFINED MATERIAL MODELS IN ABAQUS

Implementing material models in Abaqus involves evaluating the state of the
material at an integration point over the time increment during a nonlinear analysis
[11]. Each material integration point is treated separately and therefore material
behaviour can be assumed to be defined locally. The element behaviours in Abaqus
are formulated in terms of the updated Lagrangian or material description [4]. In
this formulation the element deforms with the material. The state of the element at
the beginning of each time step is treated as the reference state and hence small

strain assumptions are valid throughout the analysis due to the small time steps.
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The total strain increment components for each time step are passed to the user
subroutine for each integration point and these are then used to update the stresses
and any solution dependent state variables (Figure 3.2). Care should be taken when
coding the material model because the model is written in tensor form but Abaqus

passes the tensors to the VUMAT as vectors.

» Strain increments
¢ Solution dependent
state variables
o old stress state
o old temperature
o old energies
o old user state variables

/ » Material constants
. J

FEM model - Abaqus

e geometry

e material properties
¢ loading & boundary VUMAT
conditions

¢ interaction properties
¢« mesh & element type
\ - A

Updated state variables
* new stress state

&  new temperature

® new energies

® new user state variables

A S/

Figure 3.2: Abaqus - VUMAT interaction.

As discussed in Chapter 2 an adiabatic analysis excludes any heat conduction. The
built-in material models in Abaqus can be used in conjunction with the adiabatic
analysis option (also a built-in function). A VUMAT cannot however be used with
the built-in adiabatic analysis option and therefore the adiabatic heat generation due
to any plastic straining needs to be calculated in the VUMAT if it is to be included.
The corresponding increase in temperature in an increment is added to the

temperature from the previous time step and in this way it is possible to include
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adiabatic heating in the VUMAT. The details of this implementation will be

described later.

Abaqus sends a set of fictitious strains to the VUMAT at time = 0.0 seconds in order
to check the VUMAT and to calculate initial material properties. The initial elastic
wave speeds can then be found (which are used to find the stable time increment).
Abaqus uses a co-rotational coordinate system in which the basis system rotates with
the material. All variables (stresses, strains, state variables etc.} are therefore
orientated according to the local material axes and it is not necessary to rotate any
tensors. Abaqus uses the “true” or Cauchy stress which is defined as the force per

current area.

For the 3D case, symmetric tensor components are passed to the VUMAT in the
following order: 11, 22, 33, 12, 23 and 31. It should be noted that Abaqus uses
different component ordering when reporting components elsewhere for example in

the visualisation module.

The VUMAT is required to define the stresses and any solution dependent state
variables at the end of the time increment. It is also possible to update the internal
energy and the dissipated inelastic energy. Even though the documentation states
that the temperature at the end of the increment is passed in to the VUMAT for
information only and that it should not be altered, the author mistakenly used this
variable to store the updated temperatures. Despite the warning in the
documentation, there does not appear to be any adverse consequences by doing this

and this method seems to work correctly.
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The material model is developed in terms of the strain increments (Figure 3.3) as this

I'by Abaqus. The development of the material model

is what is passed to the VUM
is also described in the order in which it is implemented in the user subroutine. The

rolumetric strain increment is defined as:
£ Ay
Ag,, = tracelAg) (3.3)

which is essentially an elastic volumetric strain since the plastic volumetric strain is
zero (Mises yield function with associated flow). The deviatoric strain increment is

therefore:

(3.4)

The elasticity is written in volumetric and deviatoric form. The trial deviatoric stress

increment is therefore:

ﬁé’jﬁ'!d! — 2(;A‘i

The volumetric part is written in terms of the hydrostatic or equivalent pressure

stress increment (note the negative used in the definition):
Ap"™ = -KAg,, (3.6)

It is possible to find the total elastic trial stress which will be set as the new stress if it
is later found that the yield condition has not been exceeded:
(3.7

ridd rricl iriat
- g(».“ci + A§ - ‘&p

e FHE

3.5 JOHNSON-COOK PLASTICITY

The Johnson-Cook constants are entered as user defined material constants in the

Property Module in Abaqus. For Armco-Iron the Johnson-Cook constants are given

in Table 3.1 [5].

The order in which the constants are entered (in the Property Module in Abaqus) is

important since the constants are sent to the VUMAT as a sequence of material

properties. These properties are assigned to the appropriate variables in the
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VUMAT. The density is also entered in the Property Module as 7890 kg/m?3 for

Armco-Iron.

No. CONSTANT VALUE UNIT
1 E - Young’s modulus 200 GPa
2 v - Poisson’s ratio 03 -

3 A - static yield stress 175 MPa
4 B - work hardening coefficient 380 MPa
5 n - work hardening exponent 0.32 -

6 m - thermal softening exponent 0.55 -

7 Tret - room temperature 300 K

8 Twment ~ melting temperature 1811 K

9 1 - inelastic heat fraction 0.9 -

10 | ¢p - specific heat 452 J/ kg K
11 C - strain rate coefficient 0.06 -

Table 3.1: Johnson-Cook material constants for Armco-Iron [5].

For OFHC copper the Johnson-Cook constants are given in Table 3.2 [5]. The density
is taken as 8960 kg/m?.
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No. CONSTANT VALUE UNIT
1 E - Young's modulus 70 GPa
2 v - Poisson’s ratio 0.3 -

3 A - static yield stress 90 MPa
4 B - work hardening coefficient 292 MPa
5 n - work hardening exponent 0.31 -

6 m - thermal softening exponent 1.09 -

7 Tres = room temperature 300 K

8 Tmen — melting temperature 1356 K

9 1} - inelastic heat fraction 0.9 -

10 ¢p - specific heat 383 J/kg.K
11 C - strain rate coefficient 0.025 -

Table 3.2: Johnson-Cook material constants for OFHC copper [5].
3.5.1 YIELD CRITERION

In order to use the yield criterion the Mises equivalent stress is needed (Figure 3.4).
For this to be calculated the total deviatoric stresses need to be found. The total
hydrostatic or equivalent pressure stress can be found from the new trial stress

(again note the negative in the definition):

a1

p= —%irace(c_rm"!) (3.8)

The total deviatoric stress can now be found:

S" =g+ pl (3.9)
An alternative way of doing this (although requiring 7 extra state variables) would
be to save the total equivalent pressure stress and the total deviatoric stress

components as solution dependent state variables. When the respective increments
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are calculated (equations 3.5 & 3.6) they could be added to the old values of the state
variables and the new total values could be found. This method is not used due to
the additional memory usage and the associated increase in computation time for

retrieving stored state variables.

{ Total trial hydrostatic }

stress

[ Total trial deviatoric 1

stress

o Trial equivalent Mises

trial

stress, ¢
e Equivalent uniaxial yield

stress, O
o Johnson-Cook flow rule

trial q wrial < (—7—

- g >0 B R
Plastic @m’&» Elastic

Figure 3.4: Yield criterion algorithm.

Using the total deviatoric stress, the equivalent Mises stress (for an assumed purely

elastic response) can be found:

q(rmf - gguml :§lriuf (310)

The equivalent uniaxial yield stress is found using the Johnson-Cook flow rule as

described in Chapter 2:
5= {A + Ble”Y j {1 +Chlg” )J 7] (3.11)
where ¢” is the equivalent deviatoric plastic strain, 7" is the homologous

temperature as defined by equation (2.23) and & 7" is the equivalent dimensionless

38



Implementation

plastic strain rate (defined as the equivalent deviatoric plast rain divided by the

current time increment). This was initially how the equivalent uniaxial yield stress

was calculated (for the element tests — Chapter 4) but this method was altered by
using the total equivalent deviatoric strain rate instead for the Taylor tests (Chapter

3

5). The reason for this is discussed at the end of section 3.5.3.

........ 5

If 4™ <&, then yielding has not occurred and the material response is purely

elastic. The equivalent deviatoric plastic strain increment is zero and the old
equivalent deviatoric plastic strain is saved as the new value. The new stress is then

re is also therefore no increase in

equal to the new trial stress; o,
temperature. Since there is no plasticity the material model concludes by updating

the solution dependent state variables and the internal and dissipated energies (see

3.5.2 YIELDING

jrusl

The rmaterial is deemed to have yielded if the equivalent Mises stress, ¢, exceeds
the equivalent uniaxial yield stress. If the material has yielded then the material
model needs to solve for the plasticity state. To initiate the iterations, the old
deviatoric stresses are needed. These can be found by first calculating the old total

hydrostatic stress:
i o
Py =——trace(T ) {3.12)
3
and then the old deviatoric stress is:
§m‘a’ - g:n‘u’ + P(;M i ";})‘ ’ “‘}/"l
The total deviatoric strain is then calculated as:
~ ol
g - E::?{f + '&g,

- §m‘:1 +A§
206
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3.5.3 SOLVING FOR THE EQUIVALENT DEVIATORIC PLASTIC STRAIN

INCREMENT

Abaqus uses Newton’s method to solve equation (3.16) [11]. As described in
Chapter 2, this requires the calculation of the differential of the stress with respect to
the equivalent strain which, for complicated material models, is not always a simple
task. The use of the Bisection method is suggested [33] as an alternative to Newton's
method due to its ease of use and stability, but slower convergence. The Bisection
method was therefore attempted first due to its inherent stability. Section 3.5.4
discusses the implementation of Newton’s method and section 3.5.5 discusses an

alternative non-iterative method.

In order to use the Bisection method some initial values need to be defined. The
Bisection method then uses an iterative scheme to solve for the equivalent deviatoric
plastic strain increment (Figure 3.6). The iterations are continued until the
convergence criterion is met. In this case the criterion is met when:

abs(_f(,ep,): abs{BG('é ~Ag"y~ g)

< tol

(3.17)

Equation (3.17) implies that the stress state is not returned to the yield surface

exactly but only to within a specified tolerance.

The tolerance value used is an arbitrary choice of the user and perhaps the most
important factor in determining the accuracy of the constitutive model solution. A
value of 10° was used because for a typical material response the Mises equivalent
stress is in the order of at least 200 MPa. The tolerance therefore ensures that the
solution at the end of the time step is within about: 10°/2x108 = 5x10- = 0.05% of the
radius of the yield surface. Helmut Bowles™ [34] recommended setting the tolerance

value to at least the yield stress divided by 10%.

" Mr Bowles is an employee of FEAS, the Abaqus representatives in South Africa.
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Check for Set initial
convergence {imits

convergence: continue

with VUMAT
IF P
no convergence:
loop begins
y
s count=count+1 Old total deviatoric
o Set Az” = midpoint strain
of limits
no convergence in final :
iteration Old total equivalent
IF deviatoric strain
else g
v v
Qalcfulat?Ci Set Ag " = total
* faand faep equivalent deviatoric
*  foxfaep strain increment
faxfaep<0 else
¥ ¥
Root < midpoint Root > midpoint
N . Ag =nc”

v
F 3

h 4

[ Deviatoric stress

A 4

I Normal to yield surface

Y

l Temperature increment
L and new temperature

I New trial stress ; »

Figure 3.6: Algorithm to solve for equivalent deviatoric plastic strain increment.
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oo

Initially the convergence criterion was based on the successive difference in the

equivalent deviatoric plastic strain increment within the iterations:

(3.18)
After consultation with Helmut Bowles [34] (see footnote, pg 41) this convergence
criterion was changed to equation (3.17). This was done because it was felt that due
to the small values of the equivalent deviatoric plastic strain increments the

tolerance used in equation (3.18) would have to be in the order of 1x10%, at the
highest. This does not however give any indication as to how close the stress state is

to the vield surface and was thus not considered to be as reliable.

The range of interest for the equivalent deviatoric plastic strain increment is set by
the limits chosen for the Bisection method. If the limits are set such that the
equivalent deviatoric plastic strain increment to be solved for is outside the limits

i

then the iterations will not converge. The lower limit is set at zero since the pl
strain is irrecoverable and therefore cannot be negative. The upper limit is set at 10-%.
The closer this value is to the lower value (i.e. the narrower the range) the faster the
iterations will converge. Through experience it was found that the equivalent
deviatoric plastic strain increment value is usually in the order of 10+ due to the

small time steps in the explicit method. The highest value seen was about 10-2.

Once the initial limits are set, the convergence criterion is used to check if the

criterion is met using the initial limits then it is not necessary to iterate. If not then

the iteration loop is entered into to solve for the equivalent deviatoric plastic strain
increment. This loop involves a number of equations because the Mises equivalent
stress is a function of the equivalent deviatoric plastic strain increment, the

equivalent plastic strain rate and the temperature.
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At the beginning of the loop the limits are averaged in order to find the midpoint

value:
_ A+ ae
AgT =l (319)
Z
Equation {3.17) is then used to find the uniaxial form of the Mises stresses for the

lower limit and the midpoint value:

where

(3.21)

The signs of the functions {equations (3.20)) are then used to see if the zero of the
uniaxial form of the equivalent Mises stress is between the lower limit and the
midpoint or between the midpoint and the upper limit. The appropriate limit is then

.....

2).

The deviatoric stress can then be found (Appendix A):

§=29 3.22)
( 1L 3G o
\ c?u‘epi }

From this the normal to the yield surface, which is in the direction of the deviatoric
stress, is found:

3 8
n=-—

323
2=3 (3.23)

dept
In this case the deviatoric plastic strain increment components are not needed
explicitly (they are found implicitly in equation (3.26)) but it is nevertheless possible

to calculate them at this point if required:

Y. (3.24)
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After calculating the deviatoric stress it is possible to find the new trial stress:
g =5-pl (3.25)
The increase in temperature can be formulated for an adiabatic analysis. In an
adiabatic analysis the inelastic deformation produces a heat flux per unit volume [4]:
F =noe” (3.26)
where 7 is the inelastic heat fraction (the fraction of the heat generated due to plastic
work that is added to the thermal energy balance) and £” is the rate of plastic
straining. The plastic strain increment in rate form is:
" =¢"n (3.27)

At the end of the increment, after using the backward Euler method to integrate the

plastic strain, the heat flux is given as:

},{?1 = ﬁnaglﬁ_’z : (ga&[ + gnaw) (328)

Now the heat equation solved at each integration point is,
pe, T =r" (3.29)
where p is the material density and ¢, is the specific heat (which is assumed

constant).

From equation (3.29) and substituting equation (3.28) the increase in temperature can

be found [16, 18]:

AT ;
e, 2 }"‘n
Per At
r‘m’
AT = Mt
oc,
3.30
A! ] 2 ( )
&T = ————'"""T?ASI E : (gn 2 + g”““’)
pc, 20 !

K
AT = ZAS nilg,, + )
<,

45



























































http:Iron-O.lm





















http:Copp�-O.lm












http:lron-O.lm

























Taylor Test

CHAPTER 5

TAYLOR TEST

51 INTRODUCTION

The background to the Taylor test was discussed in Chapter 2. As stated the Taylor
test is often used for material model validation at high strain rates. In this chapter
the Tavlor test will be used both for verification and validation (Chapter 4) purposes.
The implementation of the Johnson-Cook and Zerilli-Armstrong material models as
VUMATs will be verified further by comparing the results of simulations using the
Abaqus version of the Johnson-Cook equation with the results obtained using the
VUMAT implementation. This verification is used to extend the element test
verification in Chapter 4 to a more “realistic” simmulation. Experimental results of the
Taylor test by Johnson and Cock [5] will be used to validate the simulation results
obtained using the VUMAT implementation of the Johnson-Cook and Zerilli-

Armstrong material models.

5.2 FEM MODEL

The finite element model of the Taylor test consists of a deformable 3D cylinder with
an initial prescribed velocity impacting an analytical rigid surface as shown in
Figure 5.1. The cylinder was meshed using C3D8R “brick” elements with an element
size of 0.5 mum x 0.5 mm x 0.5 mm. This is an axi-symmetric problem but the
VUMAT, in its present form, is not able to be used for an axi-symmetric analysis. A
3-dimensional, ¥4 symmetric model was used with all the material models in order to
reduce computational expense, “Hard” contact with separation after contact (the
default setting) was used as the normal interaction property between the deformable

cylinder and the rigid surface. The tangential behaviour between the cylinder and
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Taylor Test

Johnson-Cook | Zerilli-Armstrong
Velocity eqn. eqn.

m/s Ly/Lo Ry/Ro Li/Le Ry/Ry
130 0812(5) | 148(13) | 0.784(2) 1.41 (8)
146 0778 (6) | 1.58(13) | 0.750(2) 1.49 (6)
190 0682(7) | 192(8) | 0658 (3) 1.77 (0)

Table 5.4: Simulation results obtained by Zerilli and Armstrong for OFHC Copper
[6].

The results in Tables 5.3 and 5.4 show that the Zerilli-Armstrong material model

gives slightly better results for OFHC Copper than the Johnson-Cook material

model.
5.4.2 CONTOUR PLOTS
5.4.2.1 VELOCITY = 130 M/S

The contour plot of equivalent deviatoric plastic strain (PEEQ) obtained from the

Johnson and Cook simulation [1] is shown in Figure 5.13 for a velocity of 130 m/s.

e o oy
i B

&

— & @ -

LA Sl TN W %

Y os130M/3

Figure 5.13: Contour plot of PEEQ for OFHC Copper - 130 m/s [5].
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Conclusions

CHAPTER 6

CONCLUSIONS

The Johnson-Cook [5] and Zerilli-Armstrong [6] material models for BCC and FCC
materials were successfully implemented as VUMATs (user-defined material
models) for use with Abaqus, a general purpose finite element program. These

VUMATSs supplement the existing Abaqus material model library.

After presenting the background and theory of these models, the implementation of

7YY

form in which they are implemented so that the coding of the VUMAT could be

easily interpreted.

In Chapter 4 the implementation of the material models as VUMATs was verified by
comparing the results of element test simulations obtained using the Abaqus version
of Johnson-Cook with the results obtained using the VUMAT versions of Johnson-
Cook and Zerilli-Armstrong, The Johnson-Cook VUMAT material model is the
same version of the Johnson-Cook equation as the Abaqus Johnson-Cook material

model and the simulation results obtained using the two material models were

compared to the results obtained using the Abaqus Johnson-Cook material model in

a qualitative sense.

The element tests were performed using a selection of prescribed loading conditions.
The single and multiple element test results showed excellent correlation between
the Abaqus Johnson-Cook results and the VUMAT results. Only in a few cases was
there a deviation between the results and this deviation only occurred after large

deformation at an advanced stage of the simulation. The implementation of the
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Appendix A

UNIAXIAL FORM OF THE EQUIVALENT

MISES STRESS

From the deviatoric form of elasticity:
S =2Ge" (A1}
The integrated (using backward Euler method [4]) form of the flow rule is:

Ae™ =Aen (A.2)

decomposition and equations A1 and A.2:

“

i pl
£E=& +¢&

+ Agd}

LS = 2G(g"’

+ (Ag-AgP‘I))

i

)t (Ag— AE’”&)}

S =2Gle"

§ — QG(Qd

S+ 2GAF" = 26(9»‘“

+ Ag)

Now using the Mises definition of flow direction (from equation (2.18)):

S+ 2@4&5”’(3 % = 26%“” + A€)
2q ’
/ 3
5@ +39 per |2 2Gé“‘f + Ag)
g ) '
Now if we write:
=¢"| +Ae
then:
§[1 + B—QAE’”} =2Ge (A.3)
g
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If we take the inner product of the equation A.3 with itself we get:

( N
S8 +§Aé‘f"J =(2G)é:é (A.4)
Vg

Taking the square root of both sides of equation A 4, using the definition of the

Mises equivalent stress (equation (2.12)):

3
= |=5:5
q 52

and defining the total equivalent deviatoric strain as (equation (3.15)):

equation A.4 can be written as:

/ \
1428 gt ‘\[Zt; = 26\/32“
q V3 2

Simplifying this equation gives the Mises equivalent uniaxial form:
g +3GAE" =3Ge
3G(E -Ae”)—g=0
L3GE-A"Y-5=0
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APPENDIX B

VUMAT AND INPUT DECK CODES

form using Compagq Visual Fortran

The VIIMATs are written in FORTRAN &
Standard Edition 6.6.0. The VUMATs need to be saved with a “.for” file extension
when used with Abaqus/Explicit version 6.3-1. Sample input decks for the element

tests and the Taylor tests are included. Unnecessary geometric and element

decks can be found on the compact disc version of this thesis.
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APPENDIX E

THEORETICAL INSTABILITY ANALYSIS

In Chapter 4 a localisation or instability phenomena is observed to occur in the
tension tests as the number of elements is increased. As the number of elements is
increased the finite element solution should asymptotically converge to a more
accurate solution. The finite element model will also begin to capture the physics of
the problem it is approximating such as localisation (as in this case). A simple
theoretical analysis” is presented which defines the earliest position on the true

stress-log strain curve where the localisation can occur in the tension test.
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Figure E.1: Stretching of circular specimen in tension.

Figure E.1 shows a circular specimen with initial length and area, Iy and Ay, and final
length and area, l and A. An increase in length corresponds to a decrease in cross-
sectional area if the volume is conserved. Beginning with the assumption of
constant volume:

Agly = Al

“ Many of the ideas used i this Appendix were obtained from discussions with Mr Cloete.
References to any origiral contributions towards these ideas are not known but the author does not
claim credit for them.
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Appendix E

If the final length is expressed as the initial length plus a length increment, and

similarly for the area:

4 7 {4 . A 4X . A
Al =4, + A4, + AT)

The product of two incremental values is very small in comparison with the other

terms and therefore is set to zero in all equations. After simplifying and re-

arranging:
) Ayl , Al
Ad = ——— but Ag=—
; ;
ty iy (E.D)
Ad = — A4 Ag
Using the chain rule an increment in stress is written as:
do
Ao = e A g
de

An increment in force is the difference between the final and initial forces:
AF = oA - o, 4,
={0, +Ac {4, + Ad)- o, 4,
=g, A, + 0,04 + AoA, +A/7£§_ oAy

Substitute the area and stress increments defined in equations E.1 and E.2:

|

do

AF = o, (~ d,A8)+ —AJAQ
£

The stability limit is reached when a positive strain increment causes the force

increment to be zero or become negative. This corresponds to the peak of the force-

displacement diagram as shown in Figure E.2.






Appendix E

The simulations of the tension test in Chapter 4 are based on a perfectly uniform
geometry and material homogeneity. The position of the instability in the
simulation results occurs much later along the true stress-log strain curve than the
theory predicts (Table E.1). In an experiment the material and geometry would have
imperfections which would “induce” the instability. The instability would therefore
occur closer to the theoretically predicted position on the true stress-log strain curve.
No experimental results are however available to substantiate this. The instability in
the tension test simulations must therefore be induced by numerical imperfections
{(non-uniform stress distribution) due to any tolerances used as well as round-off

errors as the simulations progress.

. No. of elements | Theoretical stress (MPa) | Simulation stress (MPa)

8 312 No instability
64 310 417
512 314 403

Table E.1: Stress values when theoretical and simulation instability occurs for

Copper at 10 m/s using JC VUMAT.

The theoretical stress in Table E.1 is found by plotting the simulation results of the
slope of the stress-strain curve versus the stress values and finding where they are
equal. In Figure E.4 the curves are for Copper (using JC VUMAT) at 0.1 m/s using

64 elements and the instability is predicted to occur at about 280 MPa in this case.
As shown in Table E.1, as the number of elements is increased the stress where

instability occurs (simulation stress) tends toward the theoretical value (theoretical

stress).
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