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2.2: Points VI and V2, with 11 and The v 1 and V2 are 
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as A is a 4-vector x = 

. The dual is a 1l, is by 

, H2, H3, of 

4 

HjXj O. 

i 
I 
i 
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x c 
and the point x is the pole 

Intersects 

,-p'",,"rt to the conic and 
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A x is locate:Q on a if ""l'"""'"'VU is true: 
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As was the case transtormatlons T x Tl are as 

"" Tx (2. 

to a in is a A is x 
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or 

=0, 

Q is a 4 x 4 synlme:tnc to a scale A on 9 
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T 0 

and therefore 
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The ",,,,,,,..,,,, can be 

space to 

next ch<lPt(:r. 

as a surface 

As was VU"HUVU, the l'1'n.''''_1'ClT1lro 

hPt·",,,.,,,, the 1'"I1''''\1pr-t, 

n1"£"p,'t1\,,, stratllm, but less 

CHAPTER 2. 

createld, it is to 3D 

to nrf\1p,'tnTp tr'an~;ro:rm:atl(ms 

are 

and ge(}mt!tm~s and COlltains more structure 

bUC11<lea;n ones. 

X3 = 0 is at or It is repres(;ntf:d 

a COITeSDOll-

. There a one-to-one 

at 

a is not on the line at pa-

rameters can be ,",''',",UJlUl',U 

To calculate line needs to be If such 
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a is emloelam:o in 
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2.3. AFFINE 

two IJ<UUU'~' 

the same ~~'~'"''''VH to the vector 

of the 

A X IS 

must 

intersect at a 

.-"U'n1Q,r1 in the affine as 

BX+b, 

B a 2 x 2 

the 

of rank 2, and b a 2 x 1 vector. 

group of the 

line at infinity invariant [8, 

In space it is then to a COllllll:':atllon 

cOIHn,:,:atiLon IS n"',,,Q'r1 by a 3 x 3 A rank 3: 

As in the 

be considered to be emloelC1at~a 

17 

space, they must have 

as 

That shows that two 

a 

group and which leaves the 

X= "This is the one-fo-one cm're:m()'naem~e 

space and the space minus = 0" 

x = [Xl, X2, X3, that is not in that the affine 

XI X 
X4' 2 

As rise to the if 1l 00 is the 

at 

each intersects the a line that is its line at ---------J 

As in , it can be seen that any 

to the vector 

considered as two 

X 

This means that two affine IJ"'<'<H''''' 

the direction 

can be 

at a line in the at ,nr.ntl-" 1l 00' 
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can as in "1.j1",U.,'Vll withB a 

3x3 3, b a 3 x 1 vector. 

can rewritten as 

To a ","p'r, • If{' ",-niprti"p rt:prt~Se]UarlOn to an replres,em:au,on, a 

o 
o 
o 
1 

The above "''-I'-'"'''VH determines 

to 0, 

The 

an Iml)ortant 

:rr: 00 is 

stratum are 

camera 

or 

row of T 

[ l 

o 
o 
o 
1 

elements are not COIlsu-airled 

I can 

¥: 0, map 1C oo 

These 

rec:onstnlction, as 

to an affine rej:'re~;enlanon. ,nJ-ITnlru can be 

more the HH,,,,,,,,,'" This will 
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3x3 3, b a 3 x 1 vector. 
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2.4. 

transtonnatJOIlS can 

n"~""'>1""" two 

.u,"u"".,,,, use 

is obtained: 

Then 1- + 

>0 O:::;a 

is first rotated an 

h. 

The traltlsflJrnlations in 

«U"'V''""'"' to not 

the L"/<>U">$.'" 

=0 

and ImlDOSmg 

1 

1 

-i 

the 

c[ cos a 

a 

a around the 

+ b21 ) 

+ 

cos: ] X 

can be 

then 

can 

stratum 

I J 

0 

O. 

is 

as 

c 

to the 

to 

are 

a 

the 

2.4. 
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two 

m-----::'t-______ _ 
'1 

2.4: Illustration of the obtained 
from [8, 

two are pel:penOlcu:alar if ,j is to 1, 

= cos TC + i sin 1 

two 

m-----::'t-______ _ 
'1 

2.4: Illustration of the obtained 
from [8, 

two are pel:penOlcu:alar if ,j is to 1, 

= cos TC + i sin 1 

In 

absolute Q is vU,cUU',",,, 
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2.4. 21 

I 

'LUI,,,",,,'LL to 

a= 1) 

Illustration of the ~ulsu~uvfonnu1a in obtained from 

are as 

c > 0 Cis affine 

can 

-[ b l 1 

absolute Q is two as 

can be as a 

1 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 0 
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22 VISION 

is 

are are: 

Woo "'" and 

To to a one, 

or stated to 

affine 

is 

~[B bJ[ 
0 J[ 1 ] [ o l 

conic dual have then 

Woo and 

It is to to metric 

[ o l 
Bean As seen in 

to camera 

is the stratum. other UB£tHUWL" 

not mentioned before are relative distances and 

re]:lre~;enrn(]lOn """,n",,,",,,,,, the camera ,",UlCUJ!.au.vu 1U<l'U',"-, 

to of camera which 

6. 

22 VISION 
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and 
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[ o l 
Bean As seen in 

to camera 

is the stratum. other UB£tHUWL" 

not mentioned before are relative distances and 

re]:lre~;enrn(]lOn """,n",,,",,,,,, the camera ,",UlCUJ!.au.vu 1U<l'U',"-, 
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same as metric gec)mc:try the that 

l1;;>U:it',UI" are upj~raljed to a.U.,UIILUI;;> A_"''''''''~ 

is the same as in \AlIAa"LVll the """'lilliit', 

bold represent vectors In 

a vector: 

m [x, 

gec)mc:try the that 

is the same as in \AlIA;:l<JLVU the " .. "'Ull:r; 

represent vectors In 

a vector: 
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ch~lptf~r 1IltrCIQUces the camera 

A J)t:I:SDt~l:U 

camera. It is 

and are 

A camera is 

a COJlllneatlOn 

Then the COClrdlnatc~s 

and the 

is 

a3D M 

coordinates m = 

t::/Jj:/JULUf or two view gel)ll1letl:v 

to 

cameras. A "1J'_"~';.u 

ch~lptf~r 1IltrCIQUces the camera 

A J)t:I:SDt~l:U 

camera. It is 

and are 

A camera is 

a COJlllneatlOn 

Then the COClrdlnatc~s 
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is 

a3D M 

coordinates m = 

t::/Jj:/JULUf or two view gel)ll1letl:v 

to 
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CHAPTER 3, 

s is a v, 

nates of vector m and P is a 3 x 4 

is 

the 

u= v 

P 

between centre 

}' 

Camera 

Pis 

centre or camera, 

The 

-Olrec:llclnis n,.".,nt"n 

into 

Retinal 
Plane 

are the 

,p 

centre is 

is at Z f L 

c is ortllo~:on:al to 

is 

Axis 

"""AU'2''-', it is YV""H.J.Lv to recover 

-Oll:ectlon is pointirlg 

-Qu'ectlonis pOlntlrlg 
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3.2. 27 

Hn ... ">.",, par<llmt3teJrS of the camera 

is used to convert between the and the 

o 

camera, the 

an 

Pv represent the c= 

is the pnnclpal a is the skew 

3.2: Illustration skew. 

It is to above 

I s Uo l K= l 0 Va 

0 0 

are the in of the s 
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28 "",,r1J.¥LL.,.L'\..C1 H.LL'-1JL"--' AND EPIPOLAR 

the of the camera. 

It is p~UUL~"L~ the to 

on the 

The estima1tion camera '-'<U1V"""""'" is 

a a rotation R and a IHJ.fL,\"luu:un vector t. The 

the camera to is as 

R is 3x3 the Y - and Z- uU",",,,'UU;) 

motion scene is to camera 

as way 

[ 1 ] 
and 

[R t ] 

p [R t l 

two cameras are re}:'re~;ented 

between a two camera 

and 

m 1 in the first and m2 in the second 

M. el and e2 are the so-called "',",.'vu.,"'} 

two cameras and with both 

to 

are 

or the nrr>1P,-tu\.., cameras 

the 

28 "",,r1J.¥LL.,.L'\..C1 H.LL'-1JL"--' AND EPIPOLAR 

the 

It is p~UUL~"L~ 

on the 

The estima1tion camera '-'<U1V"""""'" is 

a 

the camera 

R is 3x3 

motion scene is 

as way 

p [R t l 

two cameras are re}:'re~;entcd 

m 1 in the first 

a rotation 

to is 

to 

[ 1 

and 

[R t ] 

between a two camera 

and 

M. el and e2 are the so-called "',",.'vu.,"'} 

two cameras and 

of the camera. 

the to 

R and a IHJ.fL,\"luu:un vector t. The 

as 

the Y - and Z- uU",",,,'UU;) 

camera 

] 

to the 

cameras 
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The < > is 

are called and are 

are 

m2 is to on the of ml; 

line is the 

ml can < 

e2 

< >. 

are away must on the 

m2· 

the to 

ml m2 to 

is a 3 x 3 matrix called holds: 

10) 

ml c01Te~;poncl1m~ to m 1 DeIOn~!S to line role of the 

3.3: nplpm.ar ueorneD~ 

The < > is 
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30 

Imalges can 

shows the 

use if 

then 

are 

to one. The 

F 

where is the as 

A note on 

as in pn''''lTlll"\n 

Another nr ... ,nprhl 

the'Vl .. aIJV,", 

is 

Canlera 

[ R 

to its 

the world 

] 
t ] 

each camera, R 

2 

o. 

camera are 

matrix [3 

and 

t a 

(3.11) 

is 

such 
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The ona the 

is 

the tundanlent:al is calculated 

'"'''''!-IC'_' is on and 

with a comer 

the second can be u!r.np>r\ as 

=0. 1) 

31 

The ona the 

is 

the tundanlent:al is calculated 

'"'''''!-IC'_' is on and 

with a comer 

the second can be u!r.np>r\ as 

=0. 1) 
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prn",t",.,n can rewritten as a homoigene()us "',-!I.tal"Vll 10 9 unknown 

of 

where 

j= 

is the v,,,,,,,,,,,, 

where 

If 8 or more corner 

,'''.,,,. _'''''I1l,<:I".,''' ITlettloa can 

can rp",!r,ttpn as: 

are ne(~aea to 

solves vl..ll.t<1"'LUU 

to 

0, 

'""v.,,""" j. If n corner 

is obtaIllle(i: 

0, 

, ... , 

cOITesp011aenCt~S are pre:sellt 

to 

min 
F 

A second memOiQ llllVU"\," a constraint on 

a 

as 8 or more 

"'V\~lU"'l"'U'" of F to 1 

The solution will 

linear 

be the 

A reason for is 

the are 

can be via 

a number 

turldanumt:ai matrix 
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MINIMISING THE 

"~'""LLU'~'''r, the coordinates 

HU''''''''H)'H tf~chl111Qlues he is 

are obtained. 

which is scaled such it appears to 

two pnnCIPal 

is 

A is 

I is 

that 

moments are both 

transformed 

To the rank-2 constraint 

N 

i=1 

F can 

[ -ax,:- cy, 

b 

d 

F 

is Tn"n"I",r! 

result 

"''l"J.a",uu can be rewritten: 

the 

As this 

ceIltr()lQ at 

tralnstornl1mJionis"~"H~"~ 

and the two LI",m .• '''"' 

in 

F correSIPOl1lctulg to 

F can be written in terms 7 

as 

-aXr l -eXr 

+ + + 

MINIMISING THE 

"~'""LLU'~'''r, the coordinates 

which is scaled such 
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I is 

that 

moments are both 

transformed 

To the rank-2 constraint 
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i=l 
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[ -ax,:- cy, 
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4. FUNDAMENTAL 

the in absolute value. 

""",",«U'U is used as an 

to calculate 

is a 

° ~ ] 
° 

is the v.U"'SV'U~' 0, 

V are onnm~onal nf'<lh .. "~ .. ,, 

F 

where 

f'".""tr'<l'n of the rullloalmelltal are 

=0 = 0, 

are to the 

and for i = 1,2. 

to 

two 

are found r1'''~'''''' (UU .... UL<U matrix 

seven 

are .... ,U'"UJ.<LLI..U 

, Yl, X2, 

HU.UIJJL'-'''JU1iS the sum of "t<l1"If'P'" nPt'm",,>n corner 

u 
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the in absolute value. 
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~ IT 
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° ~ ] 
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where 
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=0 

and 
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(UUvUL<U matrix 

u 

v 



Univ
ers

ity
 of

 C
ap

e T
ow

n

is 

can 

min 
F 

'-')J1)JV1<U line 

IS eXlen(lea to 

The mentH)ne:Q methods 

are ore:serlt. 

is detemlim~d 

The '-'''LUU'CH'-' of is UUUUJlUll m 

is 

the 

comer 

is for the next 

is 

can 

min 
F 

'-')J1)JV1<U line 

IS eXlen(lea to 

The mentH)ne:Q methods 

are ore:serlt. 
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the 

comer 
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All 

m C. 

Bucket le<~nnlqtle 

a Monte iSlmPJe:ml~ntlea. A~'JU"~H' IS 

!>f'rm"""" a more 

et. aL 

This rrlP'thr.rI on I)W;Ke:t1n,g It:Cll1[Uql The minimum and maximum ",",V'JLULHU",,,,,, of 

sutJ!sarnplles m is deternlin(~d the 

is 

account. 

All 

Bucket le<~nnlqtle 

a Monte 

P 1 [1-

Wi 

at one 

and 

it is 

! 01 if 

nttl""''''''''' 

to a 

(a 

set of correspon­

p= 

Rousseeuw 

corner 

are not taken into 

Imt)Jel1l1enteG. A <JUJU,"'.'" IS 

This rrlP"thr.rI on I)W;Kf:t1n,g It:Cn1[Uql The minimum and maximum ,",V'JLULHU",,,,,, of 
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4.4. LEAST-MEDIAN-OF-SQUARES METHOD 37 

the comer points in the first image define a region which is divided into b x b buckets, as seen 

in figure 4.1. 

Figure 4.1: Illustration of bucketing technique. 

Each bucket contains a number of corner points and indirectly a set of matches. Buckets 

having no matches are ignored. Then to generate a subsample, 8 mutually different buckets 

are randomly selected, and then one match is randomly selected in each bucket. 

Due to a different number of matches in each bucket, a match in a bucket having only a few 

matches has a high probability of being selected. But it would be better if a bucket having 

many matches has the higher probability to be selected than a bucket having only few matches. 

This will guarantee that all matches have almost the same probability to be selected and this 

is achieved by the following: if a total of l buckets are available, then [0, 1] is divided into l 

intervals such that the width of the i lh interval is equal to ni / Li ni, where ni is the number 

of matches attached to the illl bucket [54]. In the selection process, a number produced by a 

[0, 1] random generator and falling inside the jill interval, implies that the jill bucket has been 

selected. Figure 4.2 illustrates this process. 
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5.5. RESOL VlNG FALSE MATCHES 45 

either in place of the correlation score or in conjunction with equation (5.5). 

Here we use the latter idea, and the following is an outline of how equation (5.5) is combined 

with the strength measure to select 'good' initial matches. Basically three criteria have to be 

met. If 

I. P ij is the greatest element in both row and column, 

2. Cij is greater than some correlation threshold (~ 0.7), 

3. and the considered match (i, j) has the greatest strength, 

then this match will be included in the list of initial matches. 

In effect, the above procedure replaces the relaxation process of Zhang et. al. [54], which 

consists of minimising an energy function summing up the strengths of all candidate matches. 

5.5 Resolving False Matches 

The method described in this section makes use of the epipolar geometry which exists between 

the two images in helping to resolve false matches. The fundamental matrix is calculated 

on the initial matched points estimated in section 5.4. The method used to calculate the 

fundamental matrix is the Least-Median-of-Squares (LMedS) method described in section 4.4, 

which discards false matches or outliers. 

The initial matching algorithm described in sections 5.2 to 5.4 is then renm on all comer points 

in both images, but the search window of section 5.2 is replaced by the epipolar constraint in 

the following way: the epipolar line for each comer point in the first image is calculated. If 

Pi = [Ui Vi I ] 

is a comer point in the first image in homogeneous coordinates, then its epipolar line is defined 

by 

where F is the fundamental matrix. Then the matched comer in the second image should, if it 

is a perfect match, lie on the epipolar line in the second image. A threshold determines whether 

possible points should be accepted or discarded. This threshold is in the form of a narrow band 
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is a comer point in the first image in homogeneous coordinates, the n its epipolar line is defined 

by 
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is a perfect match. lie on lheepipolar line in the second image. A threshold determi nes whether 

possible points should be accepted or di scarded. This thresho ld is in the form of a narrow band 
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46 CHAPTER 5. CORNER MATCHING 

of width 2E pixels centred on the epipolar line [54]. If a corner point falls within this band, it 

is accepted. 

The value of E is chosen to be 3.8d for a probability of 95%, where d is the root of mean 

squares of distances between the comer points and their epipolar lines defined by the recovered 

fundamental matrix [54]: 

d = j'Lw;rll'Lw;. 
I I 

For a better understanding of the variables in the above equation, refer to section 4.4. 

The fundamental matrix can now be refined after the second matching process, and matches 

which are still not close enough to the epipolar line are discarded. 

5.6 Results 

The matching algorithm can be summarised as follows: comer points established in each image 

independently are matched up using a correlation technique to find initial matches. Making 

use of the robust Least-Median-of-Squares method described in section 4.4, which takes the 

epipolar geometry between the two images into account, it is possible to determine false matches 

in the initial group of matched comers. The algorithm is then rerun, but this time the epipolar 

geometry is used to select the final matched corners. 

Good results have been achieved by the above algorithm. It only fails if the images contain a 

repetitive pattern, as seen in figure 5.2, where all matches are incorrect. 

Figure 5.2: Repetitive Pattern (INRIA-Robotvis project). 
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5.6. RESULTS 47 

Due to the fact that all corners of the checkered pattern have nearly the same correlation, it 

is nearly impossible to match up the corners perfectly. The corner points in each image are 

represented by a specific pattern and colour. In this way matched points are easily identified. 

Better results can be achieved with a repetitive pattern if it is placed in a scene containing 

different structures and patterns. 

For a scene with a uniform background, some markers need to be put up in order to find 

corresponding corners. This is seen in figure 5.3(a). Here all corners have been perfectly 

matched. Figure 5.3(b) shows the camera translation (arrows point to the right) between the 

two images. The matching algorithm also has a 100% success rate for the same scene under 

camera rotation (arrows point in clockwise direction) and zooming (arrows point inwards), as 

seen in figure 5.4 and 5.5. 
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correspondin g corne rs. This is seen in fi gure 5.3(a), Here all comers have been perrectly 

matched. Figure S.3(b) shows the camera translation (arrows point to the li ght) between the 

two images. The matching algorithm also has a 100% success rale for the same scene under 
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(a) 

(b) 

Figure 5.3: Uniform background scene with markers (Camera Translation). 

48 CHAPTER 5. CORNER MATCHING 

(,) 

(b) 

Figure 5.3: Uniform background scene with markers (Camera Translation). 
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5.6. RESULTS 49 

(a) 

(b) 

Figure 5.4: Unifonn background scene with markers (Camera Rotation). 

5.6. RESULTS 49 

(a) 

(b) 

Figure 5.4: Uniform background scene with markers (Camera Rotation), 
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(a) 

(b) 

Figure 5.5: Unifonn background scene with markers (Camera Zooming). 

50 CHAPTER 5. CORNER MATCHING 

('J 

(b) 

Figure 5.5: Unifonn background scene with markers (Camera Zooming), 
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Chapter 6 

Camera Calibration 

6.1 Introduction 

This chapter covers various camera calibration techniques. 

Calibration is a fundamental property of 3D reconstruction. Usually the internal parameters 

of each camera are very accurately known beforehand and the whole environment is highly 

controlled, or a calibration object in the scene is used to calibrate the camera. But in many 

situations the source of the images is not known, which means that the camera's internal 

parameters are also not known, or it is desirable to change a camera midway through an image 

application. This means that the internal parameters of the camera can only be extracted from 

the images themselves . 

Section 6.2 gives a background to calibration, explaining original calibration methods. Section 

6.3 describes camera selfcalibration and the theory behind Kruppa's equations. In section 6.4 

selfcalibration is explained in terms of scene and auto-calibration constraints from only a single 

Image. 

A planar object is used in section 6.5 to estimate the camera calibration matrix. The planar 

pattern consists of a grid pattern, which is imaged from different points of view. From each 

view, corner points are extracted in order to calculate the correspondence between the image 

plane and the planar object. The correspondence is in the form of a homography matrix. Then 

for each view, a homography is established and allows for camera calibration. 

51 

Chapter 6 

Camera Calibration 

6.1 Int roduction 

This chapler covers various camera calibration techniques , 

Calibration is a fundamental propeny of 3D reconstruction. Usually the internal parameters 

of each camera are very accurate ly known beforehand and the whole environment is highly 

controlled, or a calibwtion object in the scene is used to ca librate the camera. But in many 

situations the source of the images is nO! known, which means thaI the camera's internal 

parameters are also not known, or il is desirable to change a camera midway through an image 

application. Tnis mC<lns thai the imemal parameters of the camera can only be ex tracted from 

the images themselves. 

Section 6.2 gives a background to calibration, explaining original ca libration methods. Section 

6.3 describes camera selfcalibration and the theory behind Kruppa's equatiolls. In section 6.4 

selfcalibration is ex.plained in terms of scene and auto-c3libration constraints from on ly a single 
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52 CHAPTER 6. CAMERA CALIBRATION 

6.2 Classical Calibration Methods 

6.2.1 Introduction 

The classical calibration method makes use of a calibration pattern of known size inside the 

view of the camera. Sometimes this will be a flat plate with a regular pattern marked on it [32] 

(see figure 6.I(a» or a scene containing some control points with known coordinates [29]. A 

disadvantage of these methods is that it is impossible to calibrate a camera while it is involved 

in some imaging task. If any change in the camera's settings occur, a correction is not possible 

without interrupting the task. The change of the camera's settings may be a change in the focal 

length, or small mechanical or thermal changes affecting the camera as a whole. 

(a) Calibration Pattern. (b) Coordinate System on Pattern. 

Figure 6.1: Common Calibration Pattern. 

As seen in figure 6.1, two flat planes are assembled with an angle of 90° between them. These 

two planes define a coordinate system as seen in figure 6.1(b). The coordinates of the corners 

of the white squares on the planes are known in terms of this coordinate system. It is then 

relatively easy to extract those corners in the image, and the correspondence between the 3D 

points and the 2D image points gives a projective map from p3 -+ p2, which is the perspective 

projection matrix P mentioned in equation (3.1). Having calculated this projection matrix, it 

can be decomposed into the form of equation (3.8) by means of QR decomposition [1]. 

52 CHAPTER 6. CAMERA CALIBRATION 

6.2 Classical Calibration Methods 

6.2.1 Introduction 

The classical calibration method makes use of a calibration pauem of known size inside the 

view of the camera, Sometimes this wili be a flat plate with a regular pattern marked on it {32] 

(see figure 6. 1 (a») or a scene containing some control points with known coordinates [29]. A 

disadvantage of these methods is thal it is impossible to calibrate a camera while it is involved 
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Figure 6, I: Common Calibration Pattern. 

As seen in figure 6.1, two flllt planes Ilre assembled wi th an angle or 90" between them. These 

two planes define a coordinate system as seen in figure 6. 1(b). The coordinates of the comers 

of the white squares on the planes are known in terms of this coordinate system. It is then 

relatively easy to extract those comers in the image, and the correspondence between the 3D 

points and the 20 image points gives a projective map from pJ __ 1'2, which is the perspective 

projection matrix P mentioned in equation (3.1). Having calculated this projection matrix, it 

can be decomposed into the form of equation (3.8) by means of QR decomposition [I]. 
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6.2. CLASSICAL CALIBRATION METHODS 53 

6.2.2 Estimating the Perspective Projection Matrix 

By minimising the image error, the perspective projection matrix is estimated for n 3D points 

Mi corresponding to image points mi. This image error is the distance between the actual 

image point and the projection of the world point onto the image plane using P [I]. 

Making use of equation (3.1), withm = [u, V, 1]'1" and it = [X, Y, Z, 1]'1", three equations can 

be obtained, but dividing by the third one gives two equations in the 12 unknown parameters 

of P: 

u= 

V= 

PllX + P12 Y + P13 Z + Pl4 

P31 X + P32 Y + P33 Z + P34 
P21 X + P22 Y + P23 Z + P24 

P31 X + P32 Y + P33Z + P34 

(6.1) 

The function which needs to be minimised is defined as the squared geometric distance between 

the actual image points and the projected image points: 

(6.2) 

The above error function is non-linear and can be minimised using the Levenberg-Marquardt 

minimisation algorithm described in appendix C. Between iterations, the matrix P is usually 

scaled (II P II = I) or one parameter of P can be fixed (P34 = I). 

To find an initial estimate, the equations of (6.1) are rearranged, so that instead of minimising 

the geometric distance Eg , an algebraic distance Ea is minimised [1]: 

1 II 

Ea = - L [(Ui(P31 X + P32 Y + P33 Z + P34 ) - (P11X + P12 Y + P13 Z + P14 ))2 + 
n i=l (6.3) 

(Vi(P31 X + P32 Y + P33 Z + P34 ) - (P21X + P22 Y + P23Z + P24 ))2]. 

This error function is linear in the unknown parameters of P and can be rearranged into the 

following form: 

(6.4) 

subject to IIpl12 1. The vector p is a column vector of the elements of the perspective 
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image point and the projection of the world point onlo the image plane using I' [1]. 
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(6.2) 

The above error function is non-linear and can be minimised using the Lcvenberg-Marqu:Jl'dl 

minimisation algorithm described in appendi x C. Between iterations. the matrix [' is usu[lily 

scaled (II P II = I ) or one parameter of P can be fixed (P34 = I). 

To find an initial estimate. the equations of (6.1) are rearranged. so that instead of minimising 

the geometric distance E,. an algebraic distance Eo is minimised [\ J: 

1 " 
EQ = - L [(Il/(P3I X + P32 Y + PllZ + PJ~) - (PIIX + P12 Y + Pnl + PI4)~ + 

n,. , ~» 

(v,(PJjX + PnY + p))Z + PJ4) - (PH X + P21 Y + P.nZ + P14)f]. 

This error funct ion is linear in the unknown parameters of P and can be rearranged into the 

following foml: 

m;n IlZpll', 
p 

(M) 

subject to Iipl12 _ I. The vector p is a column vector of the elements of the perspective 
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6.3. SELFCALIBRATION USING KRUPPA'S EQUATIONS 

Figure 6.2: Six images of a calibration object from the department of geomatics 
at UeT. 

6.3 Selfcalibration using Kruppa's Equations 

6.3.1 Introduction 

55 

In the case of selfcalibration, the known object in the scene is replaced by an abstract object, the 

absolute conic mentioned in chapter 2. The absolute conic is a particular conic in the plane of 

infinity, which is invariant to transformations of 3D space (see figure 6.3). This means that the 

image of the absolute conic Woo is independent of the position and orientation of the camera. 

In figure 6.3, if the camera moves from position C, to position C2 and provided the internal 

parameters of the camera stay constant, the image of the absolute conic will be the same in 

both image planes. 

The image of the absolute conic is related to the camera calibration matrix in the following 

way: 

- K-TK-' WOO - • (6.5) 

The calibration matrix can then be extracted from Woo by Cholesky decomposition [15]. Thus 

6.3. SELFCALIDRATION USING KRUPPA'S EQUATIONS 

Figure 6.2: Six images of a calibration object from the department of geomatics 
at ucr. 

6.3 Selfcalibration using Kruppa's Equations 

6.3.1 Introduction 

55 

In the case of se lf calibration. the known object in the scene is replaced by an abstract object. the 

absolute cOllie mentioned in chapter 2. The absolute con ic is a particular conic in the plane of 

infinity, which is invariant to Iransfonnalions of 3D space (see figure 6.3). This means thallhe 

image of the absolute conic Woo is independent of the position and orientation of the camera. 

In figure 6.3, if the camera moves from position C 1 to position C2 and provided the internal 

parameters of the camera Slay constant, the image of the absolute conic wil l be the same in 

both image planes. 

The image of the absolute conic is related to the camera ca librat ion matrix in the following 

way: 

- K - TK - 1 
WOO - • (6.5) 

The calibration matrix can then be extracted from Woo by Cholesky decomposition [15]. Thus 
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6.4. SELFCALIBRATION IN SINGLE VIEWS 59 

translations) of space. They arise from the following: a plane in space intersects the plane at 

infinity 7C 00 in the line at infinity 100 which intersects the absolute conic in two points, which 

are the circular points. A vanishing line of a space plane intersects the image of the absolute 

conic Woo in two points, which are the imaged circular points. 

Knowing that a world plane is mapped to the image plane by a projective transformation or 

homography (H) [28], the imaged circular points are defined as 

(6.9) 

and J = conj(l). Additionally, 

H = SAP, 

with 

where R is the rotation matrix, t the translation vector and s a scale factor. The matrix 

(6. 10) 

where 100 = [11,/2, 13fT is the vanishing line of the plane. Usually 100 is normalised, such that 

13 = I. Finally, 

(6.11) 

where f3 and Ct define the image of the circular points [27, 28]. Matrix S represents a similarity 

transformation, A an affine transformation and P a projective transformation. The homography 

matrix H is stratified into the 3 geometries. This is similar to the description of the stratification 

of 3D space in chapter 2, but in this section only the 2D space is stratified. 

6.4.3 Calibration Method 1 

The first method presented here requires three planes in the image to be orthogonal to each 

other. In a room, this could be two walls and the ground plane, as seen in figure 6.4. To be able 

to extract many features from these planes, a calibration pattern is placed on each plane, such 

that they are also orthogonal to each other. 
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translat ions) of space. They arise from the following: a plane in space intersects the plane at 

infinity Keo in the line at infinily 100 wh ich intersects the absolute conic in two points, which 

are the ci rcular points. A van ishing line of a space plane intersects the image of the absolute 

con ic W oo in two points, which are the imaged circular points. 

Knowing that a world plane is mapped 10 the image plane by a projective transformati on or 

homography (H) [28], the imaged circular points are defined as 

(6.9) 

and J = conj(l ), Additionally. 

H=SAP . 

wi th 

s = [SR ,] , ' 
0) I 

where R is the fmatian matri x, t the translation veclOr and s a scale faclor. The mauix 

(6.10) 

where 100 = [II, f2• IJ]'I' is the vanishing line of the plane. Usually 100 is normali sed, such that 

I) = I. Fin31ly, 

11 = U " ~l -Ii 
I (6.11) 

0 

where f3 3nd a define the image of the circular points [27, 28]. Matri x S represents a si milarity 

transformJ tion. A an affine IransformJtion nnd P a projective transformation. The homogra phy 

nlJlrix H is stratified into the 3 geometries. This is similar 10 the description of the stratifi cati on 

of 3D space in chapter 2. but in thi s section onl y the 2D space is strat ified. 

6.4.3 Calibration Method 1 

The first method presented here requires three planes in the image to be orthogona l to each 

other. Tn a room. this could be two walls 3nd the ground plane. as seen in fi gure 6.4. To be able 

to e)(tract many features from these planes, a calibration paltern is placed on each plane, such 

that they arc also orthogonal to each other. 
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60 CHAPTER 6. CAMERA CALIBRATION 

Figure 6.4: Image illustrating three orthogonal planes. 

It is then necessary to extract all parallel lines in three orthogonal directions from the image. 

This is done with the help of the line algorithm of Burns et. aI., as described in Appendix A.2. 

The lines extracted using this algorithm are seen in figure 6.5(a). 

(a) Parallel Lines in three orthogonal di­
rections. 

(b) Triangle with vanishing points as ver­
tices and showing the principal point (or­
thocenrre of image). 

Figure 6.S: Three Orthogonal Vanishing Points. 

For all the parallel lines in each orthogonal direction, the vanishing point is calculated, i.e. the 

intersection of all parallel lines in the same direction is found. Appendix B outlines a accurate 

method of calculating vanishing points from a set of parallel lines. 

The following assumption is then made: if the camera has a unit aspect ratio and zero skew, 

60 CHAPTER 6. CAMERA CALIBRATION 

Figure 6.4: Image illustrating three onhogonal planes. 

It is then necessary 10 extract all parallel lines in three orthogonal directions from the image. 

This is done with Ihe help of the line algorithm of Bums et. aI., as described in Appendix A.2. 

The lines extracted using this algorithm are seen in figure 6.5(a). 

(a) Parallel Lines in three onhogonaJ di­
rections. 

(b) Triangle with vanishing points as ver­
tices and shOWing the principal point (or­
thocenlrc of image). 

Figure 6.5: Three Orthogonal Vanishing Points. 

For all the parallel lines in each orthogonal direction, the vani sh ing point is calculated. i.e. the 

intersection of all parallel Jines in the same direction is found. Appendix B outlines a accurate 

method of calculating vanish ing points from a set of parallel lines. 

The follow ing assumption is then made: if the camera has a unit aspect ratio and zero skew, 
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6.4. SELFCALIBRATION IN SINGLE VIEWS 61 

the principal point of the camera will be at the orthocentre of the triangle formed by the three 

vanishing points [27,29,5]. This can be seen in figure 6.5(b). 

The principal point is calculated by combining a set of constraints: writing the image of the 

absolute conic as follows: 

Woo = [:: : :: ] 
(6.12) 

and the three vanishing points as u = [UI, U2, u3f, v = [VI, V2, v3f and w = [WI, W2, w3f, 

then the following three constraints arise: 

u T 
Woo V = 0 

T 
U WooW = 0 

vT 
WooW = o. 

(6.13) 

This means that a pair of vanishing points arising from orthogonal directions are conjugate 

with respect to Woo [27]. (See also section 2.2.2 on poles and polars.) 

Expanding the first equation to 

and then writing the elements of Woo as a vector 

and the coefficients of the elements of Wv as 

the linear constraint is written as: 

(6.15) 

Thus for each pair of orthogonal vanishing points, an additional constraint is obtained. Assum­

ing a unit aspect ratio and zero skew for the camera, W'2 = 0 and WI - W3 = 0 are two additional 

constraints. These two constraints can be found by expanding Woo in terms of the parameters 

of the calibration matrix K. This means for three vanishing points and the two assumptions 

from above, five constraints are obtained. This will determine Woo and then K. 
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the principal point of the camera will be at the orthocentre o f the tria ngle formed by the three 

vanis hing points {27, 29. 5]. This can be seen in fi gure 6.5(b). 

The princi pal point is calculated by combin ing il set o f conslrainls: wriling the i m~c of the 

absolute conic as follows: 

[ w, "" w. ] Woo = (V, lV] lV, (6.12) 

"" "" "" 
and the three vani shing points as tt = [ l l), // 2, 11 31 r, v -= [ UI, 1)2, IJj f and w = r WI, 1J/2, I/JJ]T. 

then the fo ll owing three constraints arise: 

r - 0 u WooV-

'f 
U woo w =o 

,. 
v Woo W = O. 

(6.13) 

This means that a pair of vani shing points arisi ng from orthogonal directions are conjugate 

with respect to WOO [27J. (See also section 2.2.2 on poles and polars.) 

Expanding the fi rst equ~l ion 10 

and then writing Ihe elements of Woo as a vectOr 

and the coeffi cients o f the ele me nts of 6)11 as 

the linear constraint is wrilten as: 

(6. 15) 

T hus for each pai r o f orthogonal vanishing poi nts, an addi tio na l conSlrni nt IS obt.a ined. Assum­

ing a un it aspect ratio and 'Zero skew for thecamem, W1 = 0 and (Ul -w) = 0 arc two additional 

constra int s. These two constraints can be fOllnd by ex panding Woo in terms of the parameters 

of the calibration mat ri x K. Th is means for three vanishi ng poi nts and the two assumpti ons 

from above, fi ve constraints are o btained. This will delennine Wee and then K . 
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6.4. SELFCALIBRATION IN SINGLE VIEWS 63 

Figure 6.6: Image illustrating three planes in the scene. 

(6.10), it is possible to affine rectify each plane in the image, as seen in figure 6.7 for one plane. 

This makes it possible to calculate, for example, length ratios on parallel line segments in the 

image. Interpolation methods can be employed to fill in the gaps in the rectification process. 

Figure 6.7: Back wall (plane) affine rectified. 

The task now is to calculate from the affine rectified image the a and f3 values, which define 

the two circular points. Three methods are outlined which provide constraints to calculate a 

and f3 [28]. These constraints are obtained as a circle: 

Known Angle: If angle e in the scene between two lines imaged as la and lb (lines are homo-

6.4. SELFCALIBRATION IN SINGLE VlEWS 63 

Figure 6.6: Image illustrating three planes in the scene. 

(6, to), it is possible to affine rectify each plane in the image, as seen in figure 6.7 for one plane. 

This makes it possible to calculate, for example, length ratios on parallel line segments in the 

image. Interpolation methods can be employed to fill in the gaps in the rectification process. 

Figure 6.7: Back wall (plane) afnne rectified. 

The task now is to calculate from the affine rectified image the a and f3 values, which define 

the two circula r points. Three methods are outlined which provide constraints to calculate a 

and p (28). These constraints are obtained as a circle: 

Known Angle: If angle () in the scene between two lines imaged as la and lb (lines are homo-
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6.4. SELFCALIBRATION IN SINGLE VIEWS 65 

Two independent constraints are required to solve for a and f3, as seen in figure 6.9. If all 

constraint circles have centres on the same axis, then only intersections in the upper half plane 

need to be considered. 

-2 

-3 

Figure 6.9: Constraint Circles. 

In figure 6.6, the ratio of lines and also the angle of each corner of the A4 paper on each plane 

are known. These can be taken into account in the above equations. 

Then it is possible to calculate the circular points as in equation (6.9). Because I and J contain 

the same information, one takes the real and imaginary parts of either of them to obtain two 

constraints on Woo: For I, 
l' I wool = 0, 

and the real and imaginary parts are: 

(f32 - ( 2)wl - 2aW2 - W3 + 2(11 (a 2 - f32) + (12)w4 + 2(all + 12)ws + (1~f32 - (all + 12)2)w6 = 0 

2af3wl + 2f3W2 - 2(f312 + 2af311 )W4 - 2f311 Ws + 2(af3l~ + f31112)w6 = 0 

It can be seen then that each rectified plane provides two constraints on Woo. These constraints 

can be combined as in section 6.4.3. 

6.4.5 Conclusion 

The two calibration methods described are well suited to images where the origin is not known. 

But for normal applications these methods are quite complex. Rectifying each plane in the 

image poses some problems, as it can happen that a vanishing line lies between the origin and 
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'1\vo indepe ndent constrainls are required to solve fo r a and P. as seen In fIgure 6.9. If al l 

cons traint circles have centres on the same axis, then only intersections in lhe upper half p lane 

need 10 be considered. 
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" - - ,---:----c;--c I 0 - , .. 
Figure 6.9: Conslfaint Circles. 

In figure 6.6. the ratio of lines and also the angle of each comer of the A4 paper on each plane 

are known. These can be taken into account in the above equations. 

Then it is possible to t.:alculate the ci rcular points as in equ:J.tion (6.9). Because 1 and J contain 

the same infonnation. one takes the real and imaginary paris of either of them 10 obtain two 

constraints on Woo: For I . ., 
I Cl}0CJ I = 0, 

:.nd the real and imaginary parts are: 

(.' ') , ') , , '0 v - a w, - 2aw, - "" + 2(/, (a - n + al,)w, + 2(al, + I, )"" + (Ii n- - (ai, + i,)-)w, = 

2anw, + 2Pw, - 2(PI, + 2aPi,)eo, - 2ni,ws + 2(an1i + nl,/,)"" = 0 

It can be seen Ihen Ihat each rectified plane provides two const raints on Woo. These constraints 

can be combined as in section 6.4.3. 

6.4.5 Conclusion 

The two ca libration methods described ate well suited to images where the origin is nOl known. 

But for normal applications these methods are quile complex. Rectifying eac h plane in the 

image poses some problems. as it can happen Ihm a vanishing line lies between the orig in and 
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6.5. CALIBRATION USING A PLANAR PATTERN 

Calibration Image 1 Calibration Image 2 Calibration Image 3 

Calibration Image 4 CaltbraUon Image 5 Calibration Image 6 

Calibration Image 7 Calibration Image 8 Calibration Image 9 

Figure 6.10: Planar Calibration Patterns. 

equation is obtained: 

S IL~ll l ~ K [ r, 

x 
Y 

o 

67 

In this case, because Z = 0, the homogenous coordinates of point M are written as M 

[X, Y, If. Then a planar object point M is related to its image point m by a 3 x 3 homography 

matrix H: 

siiz=HM, (6.17) 

with H = K [rl r2 t J. 
The homography for each image in figure 6.10 is estimated by selecting the 4 corners of the 

imaged planar object and refining these 4 comers to subpixel accuracy using the method outlined 

in appendix A.I.3. The world coordinate points M 1...4 are defined as in figure 6.11. 

Zhang [51, 53] uses a maximum likelihood criterion to estimate the homography. As the 
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Figure 6.10: Planar Calibr:nion PaHems. 

equation is obtoined: 

s [ : J ~ K [ , I " ' J I 1 
x 
y 

o 

~ K [ , I " I 1 [ ~ l 

67 

In thi s case. because Z = 0, the homogenous coordinates of point M are written as M -

[X, Y. If' . Then a planar object point M is related to its image point In by a 3 x 3 homography 

malrix H : 

siir = HM , (6.17) 

withH = K [ r l r2 t l 
The homography for each image in figure 6.10 is estimated by selectmg the 4 corners of the 

imaged planar object and refining these 4 comers to subpixel accuracy using the method out li ned 

in appendix A.1.3. The world coordinate points M L..4 are defined as in figure 6. 11. 

Zhang [51. 53] uses a maximum like lihood criterion to estimate the homography. As the 
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68 CHAPTER 6. CAMERA CALIBRATION 

(0,0) (1,0) 

(0,1) (1,1) 

Figure 6.11: World Coordinate Points of Planar Pattern. 

image points mi are corrupted by noise, a maximum likelihood criterion of H is obtained by 

minimising the following: 

where 

min L Ilmi - mill 2
, 

H . 
I 

with hi the i1h row of H. This nonlinear minimisation can be solved using the Levenberg­

Marquardt algorithm described in appendix C. 

With x = [h i, hf, hfV, equation (6.17) can be rewritten as follows: 

T - T ] o -uM 
_ T - T X = 0. 

M -vM 
(6.18) 

For n points, n above equations are obtained and can be written as a matrix Lx = 0, where L 

is a 2n x 9 matrix. The solution is then defined as the eigenvector of L T L associated with the 

smallest eigenvalue. It should be noted that better results can be achieved by normalising the 

image points as described in section 4.2. 

Once the homography for the 4 comers of each planar pattern has been estimated, it is possible 

to extract all the remaining comers on the grid, as the number of blocks for each side and the 

68 CHAPTER 6. CAMERA CALIBRATION 

(0,0) (1,0) 

(0,1) (1 ,1) 

Figure 6.J 1: World Coord mate Points of Planar Pallern. 

Image points fII j are conupted by noise. a maximum likelihood cri terion of H is obtained by 

minimising the following: 

mjn L li m, - ';' ,112
, 

, 
where 

"" = "r~ i [ ::I:; ] 
with " , rhe i,lr row of II . This nonlinear minimisation can be solved using the Levenberg­

Marquardt algorith m described in appendix. C. 

With x = [h i ,Ir I, Ir ~'f , equation (6.17) can be rewritten as follows: 

o -uM T - T ] 
,.. 'f _ T X = O. 

M -IJM 
(6. 18) 

For /I points. II above equations are obtai ned and can be written as a matrix Lx = 0, where L 

is a 211 x 9 matrix. The solution is then defined as the eigenvector of I .. T L associated with the 

smallest eigenvalue. It should be noted Iha! belief results can be achieved by normalising the 

image points as described in section 4.2. 

Once the homography for the 4 comers of each planar pattern has been estimoted. it is possible 

10 ex tract all the remaining comers on the grid. as the number of blocks for each side and the 
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7.2.2 Affine Reconstruction 

This step involves finding the plane at infinity. As mentioned in section 2.3.2, to upgrade 

a specific projective representation to an affine representation, a transformation needs to be 

applied which brings the plane at infinity to its canonical position. This can be achieved with 

the matrix T PA defined in equation (2.27). The two affine projection matrices can then be 

defined as follows [37]: 

PA;=P;T;1 for i=I,2. (7.3) 

The plane at infinity can be calculated if three or more points on that plane are known. These 

points are points at infinity and are projections of vanishing points in space. Vanishing points are 

the intersections of two or more imaged parallel lines (see appendix B). In order to determine 

the three vanishing points, Faugeras et. aJ. [11] state that three non-coplanar directions of 

parallel lines need to be established. 

This can easily be verified: as figure 7.1 shows, it can happen that imaged parallel lines from 

two different planes but pointing in the same direction intersect in the same vanishing point. 

In the figure, the green and blue imaged parallel lines, although on different planes, intersect 

in the same vanishing point. 

Another problem observed is the one illustrated in figure 7.2. Although all imaged parallel lines 

lie on three different planes and point in three different directions, all three vanishing point lie 

on one line, as the normalised vanishing points show. A plane can only be estimated with two 

or more lines, thus with only one line the plane at infinity cannot be accurately defined. 

A correct estimation of the three vanishing points is shown in figure 7.3, where the normalised 

vanishing points clearly illustrate that they lie on two lines which define the plane at infinity 

very accurately. 

Lines in the image are found with the algorithm by Bums et. al. [4] outlined in appendix 

A.2. Parallel lines in three different planes and directions are selected by the user as figure 7.4 

shows. 

Projecting the three vanishing points into space with the two projection camera matrices of 

equations (7.1) and (7.2), the points at infinity are estimated. Triangulation (see appendix D) 

is employed to find the best estimate of each point in space. From the three points at infinity, 

the plane at infinity is calculated as follows: 

T V;7C oo =O for i=I .. . 3, (7.4) 
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7.2.2 Affine Reconstruction 
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points are points at infinity and are projections of vani shing poin ts in space. Vanishing points are 

the intersections of two or more imaged parallel lines (see appendi x B). In order 10 determine 

the three vanishing points. Faugeras et. al. III J scate that three non-coplanar directions of 
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two different planes bu t pointing in the same direction intersect in the S>lmc van ishing point. 
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tie on three different planes and point in three different directions. >I II three vnnishing poim lie 

on one line. ns the nomlaJised vani shing points show. A plane can only be estimated with two 
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very accurately. 

Lines in the image are found with the algorithm by Bums et. al. [4} outlined in appendi x. 

A.2. Parallel lines in three different planes and directions are selected by the user as figure 7.4 

shows. 

Projecting the lhree vanishi ng points into space with the two projection camera matrices or 

equuti ons (7. 1) and (7.2), the points at infinity are estimated. Triangulation (see appendix D) 

is em ployed to find the best estimate of each poi nt in space. From the three points at infinity. 

the plane at lnl1nllY is calculated as rollows: 
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Figure 7.1: Synthetic corner illustrating the vanishing points. 

where V; are the points at infinity. Then 7r oc is the non-zero solution of the above linear 

homogenous system [11]. 

7.2.3 Metric Reconstruction 

After the camera is calibrated and the camera calibration matrix is estimated, it is possible to 

upgrade the affine representation to a metric representation. The transformation matrix from 

equation 2.37 achieves this, with matrix B being replaced by the camera calibration matrix K. 

The two metric projection matrices can then be defined as follows [37]: 

PM; = P A;T~ /~ for i = 1,2. (7.5) 

Each individual point is then reconstructed with the help of triangulation methods (see appendix D). 
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Figure 7.1: Synthetic corner illustrating the vanishing points. 

where Vi are the points at infinity. Then 1too is the non-zero sol ution of the above linear 

homogenous system {tl]. 

7.2.3 Metric Reconstruction 

After the camera is calibrated and the camera ca libration matrix is estimated , it is possible to 

upgrade the affine representat ion to a metric representation. The transformation matrix from 

equation 2.37 achieves this, with matrix B being replaced by the camera calibration matrix K . 

The two metric projection matrices can then be defined as follows [37]: 

PMi=PAi T A"1 for i=I,2. (7.5) 

Each individual point is then reconstructed with the helpoflriangulation methods (see appendix D). 
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Figure 7.2: Vanishing points defining one line. 

7.2.4 Reconstruction Results 

For the stereo image pair already shown in figure 7.4, and being only interested in the box in 

the images, the convex hull for all point matches on the three sides of the box is calculated. 

(See figure 7.5.) 

Reconstructing the points will give a 3D model of the three convex hulls, as seen in figure 7.6. 

From the 3D model, it is possible to verify that the convex hulls lie at 90° to each other. Table 

7.1 shows the results and clearly indicates that the reconstruction has been successful, as the 

walls of the box are orthogonal. 

Angle between Red & Green Plane: 
Angle between Red & Blue Plane: 

Angle between Green & BIlle Plane: 

89.98° 
90.02° 
90.03° 

Table 7.1: Angles between the three reconstructed convex hulls. 
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7.2.4 Reconstruction Results 

77 

For the stereo image pair already shown in figure 7.4, and being only interested in the box in 

the images. the Convex. hull for all point matches on the three sides of the box is calculated. 

(See figure 7.5.) 

Reconstructing the points will give a 3D model of the three convex hulls, as seen in figure 7.6. 

From the 3D model. it is possible to verify that the convex hulls lie at 900 to each other. Table 

7.1 shows the results and clearly indicates that the reconstruction has been successful , as the 

walls of the box are orthogonal. 

Angle between Red & Green Plane: 
Angle between Red & Blue Plane: 

Angle between Green & Blue Plane: 

89.980 

90.020 
90.030 

Table 7.1: Angles between the three reconstructed convex hulls. 
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Figure 7.3: Correct estimation of vanishing points. 

7.3 3D Textured Model 

The 3D model of figure 7.6 does not provide a good visualisation of the actual object in the 

stereo image pair. Figure 7.6 is only suited to verify that the reconstruction was successful. 

This section will show how to map the texture from the stereo image pair onto the 3D model 

and in that way provide a better way to visualise the reconstructed object. 

The matching algorithm for uncalibrated stereo images outlined in chapter 5 results in only a 

few point matches. In order to perform dense stereo matching, the stereo images need to be 

rectified in a way such that the search space is reduced to one dimension. Section 7.3 .1 outlines 

a rectification method that transforms each image plane such that the epipolar lines are aligned 

horizontally. Once the images are rectified, it is possible to obtain a match in the second image 

for nearly every pixel in the first image, as section 7.3.2 explains. 
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Figure 7.3: Correct estimation of vanishing points. 

7.3 3D Textured Model 

The 3D model of figure 7.6 does not provide a good visualisation of the actual object in the 

stereo image pair. Figure 7.6 is only suited to verify that the rcconstmction was successful. 

This section will show how to map the texture from the stereo image pair onlO the 3D model 

and in that way provide a better way to visualise the reconstructed object 

The matching algorithm for uncalibrated stereo images outlined in chapter 5 results in only a 

few point matches. In order to perform dense stereo matching. the stereo images need to be 

rectified in a way such that the search space is reduced to one dimension. Section 7.3. I outlines 

a rectification method that transforms each image plane such that the epipolar Jines are aligned 

horizontally. Once the images are rectified, it is possible to obtain a match in the second image 

for nearly every pixel in the first image, as section 7.3.2 explains. 
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(a) 

(b) 

(c) 

Figure 7.4: Parallel lines estimated in three directions for a stereo image pair. 
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(,) 
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«) 

Figure 7.4: Parallel lines estimated in three directions for a stereo image pair. 
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Figure 7.S: Three convex hulls representing the three planes of the box . 
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Figure 7.6: Reconstructed convex hulls illustrating the relationship between the 
three planes of the box. 

7.3.1 Rectification of Stereo Images 

There are many stereo rectification algorithms which make use of the epipolar constraint to 

align the images. Pollefeys, Koch and van Gool [39] present a rectification method that can 

deal with all possible camera geometries with the help of oriented projective geometry [26]. 

The image is reparameterised with polar coordinates around the epipoles. A somewhat simpler 

rectification algorithm is presented by Fusiello, Trucco and Verri [13, 14], which only needs 

80 CHAPTER 7. STRATIFIED 3D RECONSTRUCTION 

Figure 7.5: Three convex hull s representing the three planes of the box . 

.... 

Figure 7.6: Reconstructed convex hull s ill ustrating the relationsh ip between the 
three planes or the box. 

7.3.1 Rectification of Stereo Images 

There afe many stereo rectification algorithms which make use of the epipoJar constraint to 

align the images. Pollefeys, Koch and van Gool (39] present a rectification method that can 

deal with all poss ible camera geometries with the help of oriented projective geometry [26]. 

The image is reparameterised with polar coordinates around the epipoles. A somewhat simpler 

rectification algorithm is presented by Fusicllo, Trucco and Verri [13 , 14], which only needs 
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the two camera projection matrices to rectify both images. Both algorithms are able to rectify a 

stereo rig of unconstrained geometry. The latter algorithm was chosen as it did not not employ 

oriented projective geometry and produced two new rectified camera projection matrices from 

which a 3D reconstruction is directly possible. 

(a) EpipoJar Geometry. (b) Rectified Cameras. 

Figure 7.7: Rectification Process. Figure obtained from [13, 14]. 

Figure 7.7 shows the rectification process. In figure 7.7(a) the stereo rig is calibrated and the 

two camera projection matrices are known (from equation (7.5)). After rectification, two new 

rectified camera projection matrices are obtained by rotating the old ones around their optical 

centres until the focal planes become coplanar [13, 14]. The epipoles are now situated at infinity 

and therefore the epipolar lines are parallel. This introduces a problem when the epipoles before 

rectification are situated inside or very close to the images, as pixels surrounding the epipoles 

get mapped to infinity. This results in very large images, which are difficult to operate on. 

In order to have horizontal epipolar lines, the baseline < C 1 C 2> must be parallel to the new X­

axis of both cameras. Conjugate points in both images must have the same vertical coordinate. 

This can only be achieved if the camera calibration matrix K is the same for both images. That 

means the focal length is the same and the two image planes are coplanar. (See figure 7.7(b).) 

From equation (3.8) and (7.5), it is possible to rewrite P: 

P = [Qlq]. (7.6) 

Knowing that the focal plane is parallel to the image plane and contains the optical centre C, 

7.3. 3D TEXTURED MODEL 81 

tile twO camera projection matrices to rectify both images. Both algorithms are able to rectify a 

stereo rig of unconstrained geometry. The latter algorithm was chosen as it did nOf nO( employ 

oriented projective geometry and produced two new rectified camera projection matrices from 

which a 3D reconstruction is directly possible. 
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Figure 7.7: Rectification Process. Figure obtained from (13. 141. 

Figure 7.7 shows the reclilication process. [n figure 7.7(a) the stereo rig is calibrated and the 

(wo camera projecti on matrices are known (from equation (7.5)). After rectification. two new 

rectified camera projection matrices are obtained by rot.,1ting the o ld ones around their optical 

centres until the focal planes become coplanar [13 , 14J. Theepipoles are now sitUflted al infini ty 

and therefore theepipolar lines are parallel. This inlroduces a problem whclIlhe epipoles before 

rectification are situated inside or very close to the images, as pi;(els surrounding the epipo\es 

get mapped to infinity. This results in very large images, which are difficult to operate on. 

In order to have horizon tal epipoiar lines. the baseli ne < C I Cz > must be parallel to the new X­

a;(is of both cameras. Conjugate points in both images must have the same vertical coordinate. 

This can only be <lchieved if the camera calibration matrix K is the same for hoth images. Thai 

means the focal length is the same and the two image planes are coplanar. (See figure 7. 7(b).) 

From equation (3.8) and (7.5). it is possible to rewrite P: 

P=IQ lqj· (7.6) 

Knowing that the focal plane is parallel to the image plane and cOrllains the optical cen tre C. 
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the coordinates c of C are as follows: 

(7.7) 

P can then be rewritten: 

P=[QI-Qc]. (7.8) 

The new rectified camera projection matrices are then defined as in equation (7.8): 

P Ri = K[RI- Rcd for i = 1,2. (7.9) 

The optical centres are calculated for both cameras from equation (7.7) and the rotation matrix 

R is the same for both cameras. The row vectors of R, r1...3, represent the X, Y and Z axes of 

the camera reference frame in world coordinates. 

Fusiello et. al. [13, 14] define then three steps for rectification: 

l. The new X-axis parallel to the baseline is rl = (Cl - c2)/lIcl - c211. 

2. The new Y -axis orthogonal to X and to any arbitrary vector k is r2 = kl.1l. 

3. The new Z-axis orthogonal to XY is r3 = r l l.r2. 

(x l.y describes that vector x is orthogonal to vector y.) 

The vector k above is set equal to the Z unit vector of the old left matrix, and as such constrains 

the new Y -axis to be orthogonal to both the new X and old left Z-axis. Fusiello et. al. [13, 14] 

point out that the algorithm only fails when the optical axis is parallel to the baseline (when 

there is forward motion). 

Writing the old camera projection matrices and the new rectified camera projection matrices 

as in equation (7.6), the rectifying transformation matrices are as follows: 

(7.10) 

This transformation maps the image plane of P MI.M2 onto the image plane of P RI,R2. 

When rectifying an image pair, an arbitrary translation needs to be applied to both images to 

bring them into a suitable region of the image plane. Figure 7.8 shows the result of rectifying 

the stereo image pair of the previous section. The epipolar lines for the points in the first image 

82 CHAPTER 7. STRATIFIED 3D RECONSTRUCTION 

the coordinates c of C are as follows: 

(7.7) 

P can then be rew ri tten: 

P = [QI - QcJ. (7.8) 

The new rectified camera projection matrices are then defined as in equation (7.8): 

PHi = K{RI- Re;] for i = 1,2. (7.9) 

The optical centres are calculated for both cameras from equation (7.7) and the rotation matrix 

R is the same for both cameras. The row vectors of R, r J .,3. represent the X, Y and Z axes of 

the camera reference frame in world coordinates. 

Fusiello et. a!. [13, 14] define then three steps fo r rectification: 

I. The new X-axis parallel to the baseline is r l = (el - ez)/lle] - czll. 

2. The new Y-axis orthogonal to X and 10 any arbitrary vector k is r 2 = k l.rj_ 

3. The new Z-axis orthogonal to XY is r ) = r jl.r z. 

(x.1y describes that vector x is orthogonal to vector y.) 

The vector k above is set equa l to the Z unit vector o r the old left matrix, and as such constrains 

the new Y -ax is to be orthogonal to both the new X and old left Z-axis. Fusiello eL al. [13, 14] 

point out that the algorithm only fails when the optical axis is para llel to the baseline (when 

there is forward motion). 

Writing the old camera projection matrices and the new rectified camera projection matrices 

as in equation (7.6), the rectifying transfonnation matrices are as fo llows: 

T ; = QR;QM; for i = 1,2. (7.10) 

This transformation maps the image plane of P Ml.M2 onto the image plane of P RJ,R2. 

When rectifying an image pair, an arbi trary translation needs to be applied to both images to 

bring them into a su itable region of the image plane. Figure 7.8 shows the result of rectifying 

the stereo image pair of the previous section. The epipolar lines for the points in the fi rst image 
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are displayed in the second image. Note that due to calibration inaccuracies some of the points 

in the second image do not lie on their corresponding epipolar lines. 

Fusiello et. al. [13, 14] show in their paper that reconstmcting directly from the rectified 

images does not introduce any major errors and compares favourably with the reconstmction 

from the original images. 

Figure 7.8: Rectified stereo image pair with horizontal epipolar lines. 

7.3.2 Dense Stereo Matching 

Many different problems arise when attempting dense stereo matching. The most notable 

problem is occlusions in the images, which simply means that points in one image have no 

corresponding point in the other one. Ambiguity is a problem when a point in one image can 

correspond to more than one point in the other image. The intensity can vary from one image 

to the other and makes the same point in both images look different. Fusiello, Roberto and 

Tmcco [12] have developed a robust area-based algorithm, which addresses all these problems. 

They assume that the intensity stays the same for each point in both images and then calculate 

similarity scores. As the images are rectified, the search space is reduced to the corresponding 

horizontal line in the right image of each pixel in the left image. Then a small window placed 

7.3. 3D TEXTURED MODEL 83 

are displayed in the second image. Note that due to ca libration inaccuracies some of the points 

in the second image do nOI lie on their corresponding epipolar lines. 

Fusiello et. a!. {13. 14] show in their paper thai reconstructing directly from the rectified 

images does not introduce any major errors and compares favourably with the reconstruction 

from the original images. 

Figure 1.8: Rectified stereo image pair with horizontal epipolar fines. 

7.3.2 Dense Stereo Matching 

Many different problems arise when attempting dense stereo matching. The most notable 

problem is occlusions in Ihe images, which simply means that points in one image have no 

corresponding poi nt in the other one. Ambiguity is a problem when a point in one image can 

correspond to more than one point in the other image. The intensity can vary from one image 

to the other and makes the same point in both images look different. Fusiell o. Roberto and 

Trucco (12J have developed a robust area-based algorithm, which addresses all these problems. 

They assume that the intensity stays the sa me for each point in both images and then calculate 

similarity scores. As the images are rectified, the search space is reduced to the corresponding 

horizontal line in the right image of each pi)(el in the left image. Then a sma ll window placed 
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84 CHAPTER 7. STRATIFIED 3D RECONSTRUCTION 

on each pixel in the left image is compared to a window placed in the right image along the 

corresponding horizontal line. The similarity measure employed is the normalised sum of 

squared differences or SSD error: 

n m 

L L (f1(X + i, y + j) - [,(x + i + d, y + j)]2 
i=-n j=-m 

C(x, y, d) = ----;================== 
n m n In 

L L [leX + i, y + j)2 L L [,(x + i + d, y + j)2 
i=-n j=-m i=-n j=-m 

To obtain the disparity for a pixel in the left image, the SSD error is minimsed: 

de(x, y) = arg min C(x, y, d). 
d 

(7.11) 

(7.12) 

In order to obtain subpixel precision, a curve is fitted to the errors in the neighbourhood of the 

mInimum: 

1 C(x, y, de - I) - C(x, y, de + 1) 
Dx,y = de + - . 

2 C(x, y, de - 1) - 2C(x, y, de) + C(x, y, de + 1) 
(7.13) 

Multiple correlation windows are used to find the smallest SSD error. For each pixel in the 

left image, the correlation is performed with nine different windows, as figure 7.9 shows. The 

disparity with the smallest SSD error value is retained. As Fusiello et. al. [12] point out, a 

window yielding a smaller SSD error is more likely to cover a constant depth region . 

••• 
••• 
••• 

Figure 7.9: Nine different correlation windows. The pixel for which disparity 
is computed is highlighted. Figure obtained from [12]. 

Occlusions are detected by reversing the images and then rerunning the algorithm. This process 

is called left-right consistency. For each point in the left image the disparity dt (x) is computed. 

Then the images are reversed and the algorithm is rerun. If d/(x) = -d,(x + dt(x», then 

84 CHAPTER 7. STRATIFIED 3D RECONSTRUCTION 

on each pixel in the left image is compared to a window placed in the right image along the 

correspond ing horizontal line. The similarity measure employed is the normalised sum of 

squared differences or SSD error: 

, eo 

L L [l,(x+i,y+})-I,(x+i+d, y+})I' 
i=-II j:- m 

C(x, y, d) ~ r==,,=============== 
" m " III L L I,(x+i , y+j)' L L I,(x+i+d,y+})' 

;=-11 i=-III i=- ni=- m 

To obtain the disparity for a pixel in the left image, the SSD error is minimsed: 

dc{x, y) = arg min C(x, y. d) , 
d 

(7.11 ) 

(7.12) 

In order to obtain subpi xel precision, a curve is fitted to the errors in the neighbourhood of the 

minimum: 

~d.+~ C(x,y,dc -J)-C(x,y,dc+l) 
D~.y , 

2 C(x, y, d, - I) - 2C(x , y, d,) + C(x, y, d, + I) (7. 13) 

MUltiple corre lation windows are used to find the smallest SSD error. For each pixel in the 

left image, the correlation is penomlcd with nine different windows. as figure 7.9 shows. The 

disparity with the smal lest SSD error value is retained. As Fusiello et. al. [1 2] point ou t, 3 

window yielding a smaller SSD error is more likely to cover a constant depth region . 

••• 11.11 
••• 

Figure 7.9: Nine different correlation windows. The pixel for which disparity 
is computed is highlighted. Figure obtained from [12J. 

Occlusions are detected by reversing the images and then relUnning the algorithm. This process 

is called Ie/I-right consiSTency. For each point in the left image the disparity d,(x) is computed. 

Then the images are reversed and the algorithm is renm. if d,(:e) = -d,{x + d,(x», then 
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7.3. 3D TEXTURED MODEL 85 

the point will keep the left disparity. Otherwise the point is marked as occluded. Fusiello et. 

al. [12] assume that occluded areas occur between two planes at different depths and as such 

assign the disparity of the deeper plane to the occluded pixel. 

From the two rectified images in figure 7.8, the common region of both images is selected 

(figure 7.10(a)). Then from the few point matches used in the reconstruction algorithm, the 

minimum and maximum disparity values are calculated to limit the horizontal search space. 

Figure 7.1O(b) shows the resultant disparity map. 

(a) Common Region of Rectified Stereo Images. 

(b) Disparity Map. 

Figure 7.10: Disparity map calculated on stereo image pair. 

If the maximum disparity value is relatively large, then the disparity map is small. As figure 

7.1O(b) shows, both sides of the disparity map are cropped. Due to the rectification process it 

is sometimes possible that the disparity is larger than the size of the common region, in which 

case no texture map can be obtained. 
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the point will keep the left disparity. Otherwise the point is marked as occluded. Fusiello et. 

31. [12] assume that occluded areas occur between two planes at different depths and as such 

assign the disparity of the deeper plane to the occluded pixel. 

From the two rectified images in figure 7.8, the common region of both images is selected 

(figure 7.IO(a», Then from the few point matches used in the reconstruction algorithm, the 

minimum and maxi mum disparity values are calculated to limit the horizontal search space. 

Figure 7. IO(b) shows the resultant disparity map. 

(a) Common Region of Rectified Stereo Lmages. 

(b) Disparity Map. 

Figure 7.10: Disparity map calcu lated on stereo Image pair. 

If the maximum disparity value is relatively large, then the d isparity map is smal l. As figure 

7. IO(b) shows. bOlh sides of the d isparity map are cropped. Due to the rectification process it 

is sometimes possible that the d isparity is larger than the size of the common region, in which 

case no texture map can be obtained. 
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7.5. CONCLUSION 

(b) Reconstruction View 1. 

(a) Stereo Image Pair. 

II. I.ljl. +. 
Z;I ••• f1' •••• 

Ij~ ••• 
I +. 

(c) Reconstruction View 2. 

Figure 7.12: Simple Reconstruction of a calibration pattern. 

7.5 Conclusion 

87 

There are various reasons why the reconstruction and rectification algorithms may fail. As 

pointed out in section 7.2.1, it is possible to obtain a distorted reconstruction when the plane at 

infinity crosses the scene. This can only be solved with the help of oriented projective geometry, 

which is not considered in this thesis. 

Obtaining a texture map also proves to be very difficult. First of all the rectification process 

can result in very large images due to epipoles lying too close to the image plane. Also, when 

the disparity values become larger than the rectified images, no texture map can be obtained. 

7.5. CONCLUSION 

(b) Reconstruction View 1. 

(3) Stereo Image Pair. 

II. 
~~/. +. 
1:1. + • f§ ••• 

~"/ • +.+ 
I +. 

(c) Reconstruction View 2. 

Figure 7.12: Simple Reconstruction of a calibration pattern. 

7.5 Conclusion 

87 

There are various reasons why the reconstruction and rectification algorithms may fail. As 

pointed out in section 7.2.1. it is possible to obtain a distorted recollStruction when the plane at 

infinity crosses the scene. Th is can on ly be solved with the help of oriented projective geometry, 

which is not considered in this thesis. 

Obtaining a texture map also proves to be very difficult. First of all the rectification process 

can result in very large images due to epipoJes lying too close to the image plane. Also, when 

the disparity values become larger than the rectified images, no texture map can be obtai ned. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

made it to more 

ways 

made it to more 

ways 



Univ
ers

ity
 of

 C
ap

e T
ow

n
The thesis the 

1S 

tasks. 

The 

is the 

are 

The 

in 

direction but 

lines in 

The 

It is 

the as are 

of 3D 

user 

is not 

to 

same 

way to solve this is 

use 

The 

from stereo 

is 

is the 

a 

correct 

on a 

most 

om~ral~e on a 

the 

the same 

The thesis the extJract.lon of 3D gec)me~try from stereo uu,,,},;,",,,,, 

tasks. 

COITeSpOltldemcles are nee,ded most 

om~ral~e on a 

automlated is the selleClLOn the 

the same 



Univ
ers

ity
 of

 C
ap

e T
ow

n

and van rather im]llernerlted as the 

a certain H"UAU'5""V~'" 

the dense stereo 111"""111115 alll:Otlltlnll1 irnpllerrlented 

stereo 

of 

a reclonstru(:tl 

as POlnte:C1 out in Se(:tlOin 

as 

An 

it 

when to anew 

A scenes can be 

a scene would cause 

the area. 

must a scene a 

is 

scene. 

n"''''''''IF' to 

a 

would 

area 

is that it 

at same 

and van rather im]llernerlted as the 

a certain H"UAU'5""V~'" 

A llllllLa~l VB scenes can be COlnSlde:red 

a scene would cause 

area. 

vv.alJllllJlJ;<. a 



Univ
ers

ity
 of

 C
ap

e T
ow

n

A aenOltU)n 

.... ~ .. "b comers 

detectl)r to 

a comer. An eXllffi1ple rF1Y''''.rFn to 

with HU",F'o"" and 

rr'lrl,nrt<>,.,t to find a comer 

are 

comer aetectors The latter one can also be to comers 

to 

to extract initial comers the 

accuracy. This aet,ectl)r to gray 

the '"'U'"""F'o'''' should to turns in the 

an can be W."I£Iv"v,", HU'UllJ'5 the 

detectl)r to 

with HU",F'o"" and 

rr'lrl,nrt<>,.,t to find a comer 

to 

to extract initial comers the 

accuracy. This aet,ect()r to gray 

to turns in the 

an can be W .. ,IU'-",,",,", HU'UllJ'5 the UU'v,-,.,'VH in 



Univ
ers

ity
 of

 C
ap

e T
ow

n

is 

I y are the first 

to 

FEATURE 

opt~rators to measure the 

"'VIJU-.',.. to the 

curvature measure, 

The 

",.,."tnrl", measure. 

tUllctlOIlS are nrnittp.rl 

1) 

can 

comer m<.crl111tJl,rlP is ,",vAAU",'"" as 

The or 

curvature. It is 

The HLV''''''-

window in 

found to 

circular 

K = --";---";--

It can re~;ar(1ed as 

curvature 

also comers 

comer de1tector 

a contour 

comers 

a some 

the de!nrea comer 

to the rec:tarlgullar nature of the Wlltld()W. 

an autocor-

was 

the ope:ratiJr is very 

a 

FEATURE 

is 

1) 

I y are the first The can 

",.,."tnrl", measure. 

tUllctlOIlS are nrnittp.rl 

comer m<.crl111tJl,rlP is UvAAU .... · .... as 

K = --";---";--

a contour 

comers 

also comers The or 

curvature. It is comer de1tector 

The HLV''''''-

window in 

found to 

circular 

a some 

an autocor-

was 

the ope~ratiJr is very 

a 



Univ
ers

ity
 of

 C
ap

e T
ow

n

A.I. CORNER DETECTION 93 

Their autocorrelation function is as follows: 

E(x, y) = Ax2 + 2Bxy + ci, (A2) 

where 

A=I;0 w 

B = Ixy 0 w 

C = I; 0 w, 

w = e-(winx
2
+winy2)/2a

2 
is the smooth Gaussian window and 0 is the convolution operator. 

Variables winx and winy define the window size. The autocorrelation function can be rewritten 

for small shifts: 

where 

T E(x, y) = [x, y]G[x, y] , 

is a 2 x 2 matrix. The following operator is then used to extract corners from the image: 

R(x, y) = det(G) - k (trace(G»2. 

(A3) 

(A.4) 

(AS) 

The value for k is usually taken to be 0.04 to take into account high contrast pixel step edges 

[54]. Thresholding R will then give the desired comers. 

A.I.3 SubpixeJ Corner Detection 

To refine the corners estimated by the Kitchen and Rosenfeld or Harris-Plessey corner detectors 

to subpixel accuracy, an algorithm is implemented which was developed by Jean-Yves Bouguet 

and included in the Open Source Computer Vision Library (©2000 Intel Corporation) 1 [6]. With 

reference to figure A.I, it can be observed that every vector from the centre q to a point p in 

the neighbourhood of q is orthogonal to the image gradient at p and subject to image and 

measurement noise. Point q is the subpixel accurate corner location or sometimes also called 

the radial saddle point. 

IThe Open Source Computer Vision Library (©2000 Intel Corporation) can be downloaded from the official 
website: http://www.intel.comJresearchimrUresearchlcvlib/ (accessed November 2000). 

A.!. CORNER DETECTION 

Thei r autocorre lation function is as foll ows: 

where 

£(x. y) = AX2 + 2Bxy + cy'l. 

A=i;®w 

B = /r y®w 

C = I} ® II), 
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(A.2) 

w = e- Cwlrlx2+willy2)/2fT ! is the smooth Gaussian wi ndow and ® is the convolu tion operator. 

Variables winx and winy define the window siz.e. The autocorrelation functi on can be rewritten 

for small shifts: 

£(x. y) = [ •. ylG[x. y]', (A.3) 

where 

(A.4) 

is a 2 x 2 matrix. The following operator is then used to extract corners from the image: 

R(x, y) = del (G ) - k (tr,cc(G»'. (A.5) 

The va lue for k is usually taken to be 0 .04 to take inlO account high contrast pixel step edges 

[54] . Thresho lding R will then g ive the desi red come rs. 

A.1.3 Subpixel Corner Detection 

To re fine the comers estimated by the Kitchen and Rosenfeld or Harris-Plessey comer detectors 

(0 subpixel accuracy. an algorith m is im plemented which was developed by Jean- Yves Bouguet 

and incl uded in the Open SOllrce Computer Vision Library(~2000 Tnlel Corpor~Iion)1 [6]. With 

reference to figure A.I, il can be observed (hal every vector from the centre q to a point p in 

Ihe neighbourhood of q is orthogonal 10 Ihe image grad ient at p and subject (0 image and 

measurement noise. Point q is the subpi xel accurate comer location or sometimes :lIsa ca ll ed 

the radial saddle pain!. 

'The D,nn Souru Ctlmp!!/u Vision Library (1tl2000 Intet Corporation) can be downloaded from the official 
website: hHp:llwww.il1tel.com/resl!archlmrllresenrch/cvHbI(xcessed November 2()(X»). 
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(red arrows) 
gradient direction 

q 

APPENDIX A. FEATURE EXTRACTION 

Pi 

Po 

Figure A.I: Illustration of subpixel comer estimation (©2000 Intel Corporation). 

The following equation can be defined: 

(A6) 

where 'V I Pi is the image gradient at point Pi in the neighbourhood of q. To find the best estimate 

for q, Ci needs to be minimised. Equation A6 defines a system of equations where Ci is set to 

zero: 

(A7) 

where the gradients are summed up in the neighbourhood of q. Using G (defined as in equation 

(A A)) for the first gradient term and b = Gpi for the second one, equation (A7) can be 

rewritten: 

(AS) 

Variable q defines a new neighbourhood (window) centre, and the above process is iterated 

until q does not move more than a certain threshold. This threshold is set to a resolution of 

0.05 in the implementation of the Open Source Computer Vision Library. 
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(red arrows) 
gradient direction 

q Pi 

Po 

Figure A.I: Illustration of subpixd comer estimation (©2000 Intel Corporation). 

The following equation can be defined: 

(A6) 

where 'V J Pi is the image gradient at point Pi in the neighbourhood of q . To find the best esti mate 

for q , ei needs to be minimised. Equation A.6 defines a system of equations where 6, is sel to 

zero: 

(A7) 

where the gradients are summed up in the neighbourhood of q. Using G (defined as in equation 

(A.4» for the first gradienl term and b = Gpi for the second one, equation (A.7) can be 

rewritten: 

(AS) 

Variable q defines a new neighbourhood (window) centre, and the above process is iterated 

until q does not move more than a certain threshold. This threshold is set to a resolution of 

0.05 in the implementation of the Open Source Computer Vision Library. 
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A.2. EXTRACTING STRAIGHT LINES 95 

A.2 Extracting Straight Lines 

This section explains the straight line algorithm of Burns et. al. [4]. An implementation of this 

algorithm can be found in the DARPA Image Understanding Environment software package 

(©Amerinex Applied Imaging? [2]. 

The use of the Hough transform was considered for finding straight lines, but it was found that 

it was not accurate enough. The lines were not perfectly parallel to an edge. 

The algorithm described here makes use of the underlying intensity surrounding each edge and 

uses this information to extract a straight line parallel to the edge. The algorithm is divided 

into two parts: 

I. Grouping pixels into line-support regions. 

2. Interpreting the line-support region as a straight line. 

A.2.1 Line-support Regions 

The image is convolved by a mask (Sobel mask) in the x and y direction to find the gradient 

magnitude and orientation. The gradient orientation is calculated as in equation (A. I) of section 

A.I and is then grouped into regions. This is done using fixed and overlapping partitioning: the 

360° range of gradient directions are quanti sed into a small set of regular intervals (8 intervals 

of 45° each) and each gradient vector is labelled according to the partition into which it falls 

(see figure A.2). 

This means that pixels on a straight line will fall within a certain partition, whereas adjacent 

pixels that are not part of the same straight line wilI usually have different orientations and thus 

fall into a different partition. 

A problem with this fixed partioning is "the arbitrary placement of the boundaries of the 

partitions and the resulting insensitivity to the possible distributions of edge directions of any 

particular straight line" [4]. As an example, a straight line can produce fragmented support 

regions if the gradient directions lie across a partition boundary. To remedy this, two overlapping 

sets of partitions are used. This means that for the first partition the first bucket is centered at 

0° and for the second partition the first bucket is centered at 22.5°. If one partition fragments 

one line, the other will place that line entirely within a partition. 

2For more information and to download the software package go to: http://www.aai.comJAAIIIUE/ (accessed 
November 2000). 
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A.2 Extracting Straight Lines 

This section explains the straight line algorithm of Bums ct. al. [4J. An implementation of this 

algorithm can be found in the DARPA Image Understanding Enllironmellt software package 

(©Amerinex Applied Imagingf [2]. 
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The image is convolved by a mnsk (Sobel mask) in Lhe x aod y direction to find the gradient 
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360" range of gradient directions are quanti sed into a small set of regu lar intervals (8 interva ls 
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A problem with this fi"ed partioning is "the arbitrary placement of the boundaries of the 
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sets of partitions are used. This means Ihal for the first partition the first bucket is centered at 
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A.2. EXTRACTING STRAIGHT LINES 
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(]rMJ.~iIfI 
ilt~lie5 

Figure A.3: Two planes intersecting in a straight line. Figure obtained from [4]. 

97 

The intersection is a straight line, which is parallel to the edge in the image. Once all these 

lines have been found, only lines of a certain length or orientation are retained. 

A comparison with the Hough transform is shown in figure A.4. The Hough transform is clearly 

not as accurate as the algorithm outlined here. The reason for this is that the Hough transform 

only searches for an edge and fits a line to it, while with the Burns line algorithm, the whole 

area surrounding an edge is taken into account when fitting a line. 

A.2. EXTRACTING STRAIGHT LINES 97 

Figure A.3: Two planes intersecting in a straight line. Figure obtained from [4]. 

The intersection is a st raight li ne, which is paralle l to the edge in the image. Once all these 

lines have been found. on ly tines of a certain length or orientation are retained. 

A comparison with the Hough transfonn is shown in figure A.4. The Hough transform is clearly 

not as accurate as the algorithm outlined here. The reason for Ihis is that the Hough transfonn 

only searches for an edge and fits a line to it, while with the Bums line algorithm, [he whole 

area surroundi ng an edge is taken into account when fitting a line. 
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98 APPENDIX A. FEATURE EXTRACTION 

(a) Hough Transform. (b) Burns Line Algorithm. 

Figure A.4: Comparison between the Hough Transform and Burns Line 
Algorithm. 

98 APPENDIX A. FEATURE EXTRACTION 

(a) Hough Transform. (b) Bums Une Algorithm. 

Figure A.4: Comparison between the Hough Transrorm and Burns Line 
Algorithm. 
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