Formulas of First-Order Logic

&

n
Distributive Normal Form

Kareh Nelte

September 1897

A thesis prepared for the degree of Master of Science
Supervisors: Professor Chris Brink and Dr Ilkka Kieseppa

Department of Mathematics and Applied Mathematics
University of Cape Town




The copyright of this thesis vests in the author. No
guotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



Abstract

It was shown by Jaakko Hintikka that every formula of first-order logic can be written as a
disjunction of formulas called constituents. Such a disjunction is called a distributive normal
form of the formula. It is a generalization of the disjunctive normal form for propositional
logic. However, there are some significant differences between these two normal forms,
caused chiefly by the impossibility of defining the constituents in such a way that they
are all consistent. Distributive normal forms and some of their properties are studied.
For example, the size of distributive normal forms is examined, and although we can’t
determine exactly how many constituents (of each form) are consistent, it is shown that
the vast majority are inconsistent. Hintikka’s definition of frivial inconsistency is studied,
and a new definition of trivial inconsistency is given in terms of a necessary condition
for the consistency of a constituent which is stronger than the condition which Hintikka
used in his definition of trivial inconsistency. An error in Hintikka’s attempted proof of
the completeness theorem of the theory of distributive normel forms is pointed out, and a
similar corapleteness theorem is proved using the new definition of trivial inconsistency.
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Introduction

The aim of this thesis is to present the subject of the distributive normal form for classical
first-order logic in a way that is both precise and easy to read. The existence of this normal
form was proved by Hintikka [1953]. In Hintikka [1965a], it was described using slightly
different terminology and some of its important properties were studied. In particular, an
attempt was made to show that a particular disproof method, based on the distributive
normal form, was a complete disproof method for first-order logic. But the attempted
proof contained an error (see p. 114). Hintikka has used distributive normal forms as
a technical basis for his discussion of a number of topics such as information, analysis,
synthesis, induction and deduction. These subjects are discussed in Hintikka [1973d],
Saarinen et. al. [1979], and Bogdan [1987].

The disjunctive normal form for classical propositional logic is well-known. It can be
conveniently described by reference to possible worlds. A possible world for a language
is a possible state that can be described by that language, given by the truth values
of the formulas (for propositional logic) or sentences (for first-order logic). Thus, for a
propositional language, a possible world may be specified by a (propositional) valuation.
If there are finitely many propositional variables py,...,p,, then there are finitely many
possible worlds, and it is easy to find formulas which describe these worlds. We simply
need to say whether each of the variables p; is true or false, so the formulas of the form

(E)pr A A (E)pn

where each occurrence of (&) may be replaced by a negation sign — or by nothing, describe
the possible worlds. Now, any formula is the digjunction of the formulas describing the
possible worlds in which it is true. This disjunction is the (full) disjunctive normal form
of the formula.

The distributive normal form for first-order logic is a generalization of the propositional
disjunctive normal form. It may also be described with reference to possible worlds. How-
ever, the situation here is more complex because there are infinitely many possible worlds,
and each requires an infinite number of formulas to describe it. Thus, it is not possible to
find a finite set of formulas such that each formula can be expressed as some disjunction
of elements of that set. This brings us to the notion of depth. There are different ways in
which the depth of a formula can be defined (see chapter 2). For now, it may be considered
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Chapter 1

Logical background

This chapter gives the basic definitions for classical propositional and first-order logic, and
discusses the propositional disjunctive normal form which is generalized- to distributive
normal form for first-order logic in later chapters. If also considers the normal forms
for the minimal modal logic and monadic first-order logic, both of which can be seen as
generalizations of the propositional disjunctive normal form which introduce some of the
ideas that will be used for full first-order logic in a somewhat simpler setting.

Much of the terminology and notation used in the literature for various logical concepts
is not standard. I have tried to use notation and terminology that at least is somewhat
uniform for the different logics discussed. In this chapter I give the particular forms of
the definitions that I will use, and also indicate some alternative definitions found in the
literature. Most results stated here are well-known and proofs can be found in the various
books cited.

In writing this chapter, I have consulted the following books: Barwise [1977], Boolos and
Jeffrey [1974], Bell and Machover [1977], Bell and Slomson [1971], Church [1956], Chang
and Lee [1973], Fitting [1990], Hilbert and Ackermann [1950], Hamilton [1988], Hughes
and Cresswell [1968], Hughes and Londey [1965], Hodel [1995], Mendelson [1987], Robbin
[1969], Rogers [1971], Shoenfield [1967], Smullyan [1968], van Benthem [1983].

1.1 Propositional logic

Propositional syntax

A propositional language roay be defined in various different ways by taking different sets
of logical connectives as primitive. I use the following definition.







e v(—F) = 0 ?fv(F)zl
1 ifw(F)=0
e U(FVG) = 0 if »(F)=0and v(G)=0

1 ifo(Fy=1o0rv(G) =1

A valuation v : Form — 2 is uniquely determined by the values it takes on Var. For a
function w : Var —» 2, the valuation v : Form — 2 which satisfies v(p;) = w(p;) for each
p; € Var is called the eziension of w to Form. Thus a valuation could also be defined as
a function w : Var — 2. (This is shown, for example, by Smullyan [1968] (p. 10-11).)

If w(F) = 1, F is called true under v and if v(F') = 0, F is called false under v.

The above definition of valuation is simply writing out explicitly the values obtained by
considering 2 as the 2-element Boolean algebra which has 1 as the top and ( as the bottom,
and interpreting — as complement and V as join.

If F' is a conjunction, conditional, or biconditional, the value of v(F) is determined by the
above definition by rewriting the formula that has been defined as an abbreviation in full.
For example,
0 ifo(F)=0o0rv(G)=0
1 fv(F)=1and »(G) =1L
Thus conjunction is interpreted as meet in the Boolean algebra 2.
Given a function v : Var — 2, we can give a definition which is equivalent to the one
above for the truth values of all formulas by the relation = defined by
e v l=p; iffv(p;) =1 ifp; is a propositional variable
svkE-Fiffv}t F
e v E=FVGifvEForvEG,.
Now, for each formula F, v = F iff F' is true under the extension of v to Form. This

form of definition of the truth values of formulas is used later for the modal and first-order
cases.

It is also useful to define a partial valuation on a subset P of Var to be a function from the
set of formulas over P to 2 which satisfies the same conditions given above for a valuation,
or equivalently as a function v : P — 2 extended to a function from the set of formulas
over P to 2 as for a valuation.







some particular generating sets, the basic conjunctions generated will be called primitive
conjunctions. These definitions can be stated just in terms of sets of formulas. But it is
convenient to have the basic conjunctions generated by some set listed in some order (if
the formulas in the generating set are given in some order). So for a definition of the form

Zi=(£)X1 AL A ()X,

we take ¢ = 1 to give the formula with all its conjuncts unnegated and proceed in normal
counting order (the truth values of the conjuncts change more often the further to the right
they are) until 7 = 2" gives the formula with all its conjuncts negated. This order will be
called standard order. For example, a definition like

gives H; :FAG, HzZF/\“"G; Hg :“TF/'\G, Hki:“ﬂF/\"“G

For a set of formulas X = {X,,..., X}, for each valuation v : Form — 2, exactly one
of the basic conjunctions generated by X is true under v: Let F' be the basic conjunction
generated by X such that for each 7 € {1,...,n},if v = X then X, is a conjunct of 7', and
if v & X; then —X; is a conjunct of F. Then v |= £. And if G is any basic conjunction
generated by X other than F, then there is at least one ¢ for which one of the following
conditions holds.

e X, is a conjunct of F' and —X; is a conjunct of G, in which case v = X so v & =X so

v % G

e —X; is a conjunct of F' and X; is a conjunct of G, in which case v = =X so v & X; so
v ¥ G.

Thus v & G.

If X is a finite set of formulas, then for each element X; of X, there is at least one disjunction
of basic conjunctions generated by X to which X is logically equivalent. The disjuncts may
be taken to be all the basic conjunctions generated by X in which X; occurs unnegated. If
any formula in X other than X is valid or unsatisfiable then some of these disjuncts will
be unsatisfiable, so the expression of X; as a disjunction of basic conjunctions generated
by X will not be unique. (This is expressing X; in propositional disjunctive normal form,
as defined in the next section, with the elements of X for the propositional variables.)

Any disjunctions (or conjunctions) which have the same disjuncts (or conjuncts), though
the order in which they occur or the number of times they are repeated may differ, will
be called notational variations of each other. For example, FA FAG and G A F are
notational variations of each other. Whenever a formula is said to be unique, formulas
which are nofational variations of each other are considered as the same.







Propositional logic has complete proof methods of all of the kinds mentioned above (proved
e.g. in Fitting [1990]), and thus is complete.

A decision procedure for a property is a mechanical test, which, applied to any object
of the appropriate kind, after some finite number of steps correctly identifies whether
or not that object has the property. For a logic, a decision procedure is such a test for
determining whether or not a formula is valid. A logic is called decidable if it has a decision
procedure. This use of “decidable” to mean that validity is decidable is found in Hilbert
and Ackermann [1950] (p. 112-113) and Barwise [1977] (p. 16). A proof method may be
called decidable if there is an effective method of determining whether or not any formula
is a theorem (e.g. Hamilton [1988] (p. 43) and Rogers [1971] (p. 215) use “decidable” in
this sense). For a complete proof method these two notions of decidability are equivalent.

If v is a valuation and F a formula, then the value of v(F') depends only on the propositional
variables occurring in F', of which there are a finite number. So to determine whether or not
any formula F' is a tautology, we need only consider those partial valuations v over the set
of propositional variables in F', of which there are 2" where n is the number of propositional
variables in 7. Then F is a tautology iff for each such v it is the case that v(F) = 1. This
decision procedure for propositional logic is essentially the one often referred to as the
truth-table method. This method can also be used to determine whether or not a formula
F'is a logical consequence of a finite set of formulas X since X = F iff = AX = F
(this is immediate from definition and is the version of the semantic deduction theorem as
stated, for example, by Chang and Lee [1973] (p. 16)) iff = A X — F.

A formula or set of formulas X is often called consistent (relative to some proof method)
if there is no formula such that both it and its negation can be derived from X. For any
complete proof method for propositional logic, this notion of consistency is equivalent to
satisfiability:

Let X be a set of formulas. If X is not consistent then there is a formula G such that
both ' and —( can be derived from X. By soundness, X == G and X = ~G. So,
by the definition of logical consequence, if there is a valuation v such that v |= X, then
both v |= G and v = ~G which can not be, so there is no valuation that satisfies X, so
X is not satisfiable. Conversely, if X is not satisfiable then let G be any formula. Then
X = G (and similarly X == —(G) since the condition for logical consequence holds
vacuously because there is no valuation v such that v = X. By completeness, G and -G
can both be derived from X. So X is inconsistent.

Consistent is sometimes used to mean satisfiable. For example, Barwise [1977] (p. 25)
defines “consistent” like this. We could speak of semantic consistency and syntactic con-
sistency, then as we have just seen, for a complete proof method they are equivalent. And
in the literature on distributive normal forms, a consistent formula means one that is
satisfiable, so I will also use “consistent” in this sense.






To show uniqueness, if 7, and F; are each disjunctions of some of the C;’s and 7} includes
some disjunct C; that F, doesn’t, then there is some valuation v such that v = C; by
lemma 1.1, part 2, so v = Fy, and for all j # 4, v = C; by lemma 1.1, part 1, so v & F3.
So Ky =& F. O

For a formula F' and a finite superset P of the variables in /', by theorem 1.2 there is
a unique disjunction of propositional constituents over P to which F' is equivalent. This
disjunction is called the full disjunctive normal form relative to P of F'. Any disjunction of
propositional constituents, not necessarily all over the same subset of variables, to which
Fis equivalent is called a disjunctive normal form of F'.

As a special case of the above theorem, for a language with only finitely many propositional
variables, every formula has a full disjunctive normal form relative to the set of all variables.

Although we already have a decision procedure for propositional logic, for comparison with
later cases we note that converting a formula to disjunctive normal form provides another
decision procedure. :

Theorem 1.3 A formula whose variables are contained in P is (propositionally) valid iff
its full disjunctive normal form relative to P contains all the consiituents over P.

Proor The disjunction all constituents over P is valid by lemma 1.1 (part 1). Any
disjunction of constituents over P which doesn’t contain them all is not valid by lemma
1.1 (parts 1 and 2). O

Theorem 1.2 provides an algorithm for converting a formula to disjunctive normal form,
which theorem 1.3 then provides a means of testing for validity.

1.3 Modal logic

Modal syntax

There are many different kinds of modal logics. I consider just the simplest because it
provides a stepping-stone between the propositional and first-order cases. In particular, it
introduces the form of first-order constituents in a setting which is considerably simpler
than the first-order case, with the result that all modal constituents are consistent (unlike
the first-order case).

A modal language is an extension of a propositional language. The modal languages we
will consider are those which contain the following symbols

11
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A model (W, R, V) is said to be a model over the frame (W, R). A frame {ij‘s}"; R) is said to
have any property that the relation & has, such as reflexivity.

A submodel of a model (W, R,V) is a model (W;, R;,V;) such that W; € W, R, is R
restricted to W, and V; is V restricted to W;. A set of submodels {{W;, R;,V;) i € I} of
a model is said to be non-overlapping if for each distinct 4,5 € I, W, NW; = 0.

For a model M = (W, R, V), the valuation V C W x Var determines the truth values of
all the propositional variables {(and thus of all formulas not containing modal operators) at
each element of W. The truth values of formulas containing modal operators depend also
on the relation R. The full definition of the truth values is given by the relation = defined

oy

e M,w k=piff (w,p) € V for p € Var

e Mywk ~Af Mwp A

s MwEAVBIT MwEAor M,uEB

e M,w = CA iff there is some v € W with (w,v) € K and M,v = A.

If M,w = A then we say that A is true at w in M. If M, w = X for all X € X then we
write M, w = X,

A formula A is valid on a model M if, for all worlds w in M, it is the case that M, w = A
(denoted M k=, A). A formula A is valid on a frame F if, for all models M over F, A is
valid on M (denoted F k=, A).

For this simplest modal language, different modal logics are obtained by considering dif-
ferent classes of frames.

I will be considering the minimal modal logic K as defined in van Benthem [1983].
A formula is K-valid if it is valid on all frames (or equivalently, if it is valid on all models).

As examples of other modal logics: A formula is T-valid if it is valid on all reflexive frames.
A formula is S4-valid if it is valid on all reflexive transitive frames.

A formula is called X-satisfiable (or K-consistent) if there is some world w in some model
M such that A is true at w in M.

There are a number of different notions of consequence for a modal logic. T mention two:

A frame-based notion of consequence for K is defined by: for X a formula or set of formulas
and A a formula, X =g ; A iff for all frames F such that F |=; X, also F =f A. A
corresponding model-based notion of consequence is defined by X ==, A iff for all

13







So for d > 0, a modal constituent C{ is of the form C? A (£)OCT AL A (£)OCF for
some depth-0 constituent C}.

Lemma 1.4

1. For each finite subset py, ..., p, of the propositional variables, for each model, atl each
world in the model exactly one model constituent of depth d over py, ..., p, is true for
each d.

2. Each modal constituent 1s true at some world in some model.

ProoOF

1. Each set of modal constituents of some depth over some set of variables is the set of
formulas of the form ()X, A ... A ()X, for some formulas X,,..., X,,. For any
world w in a model M, the truth values of these constituents depend on the values of
Xi,..., X, as in the propositional case, thus exactly one such constituent is true.

2. We use induction on the depth of the constituent to prove that each constituent is
true at some world w in some model M = (W, R,V) such that there is no world v
in W with (v,w) € R. Each constituent of depth 0 is true in a model containing
only one world with a valuation chosen as in the propositional case. Assume that for
some d, each of the constituents Of"’l (j =1,...,q) is true at some world w; in some
model M; = (W;, R;,V;) where there is no element v in W; with (v,w;) € R;. For

a depth-d constituent Cf = Cf A (£)OCH ' A .. A (£)OC! we construct a model

M = (W,R,V) as follows: for each j such that OCf’l occurs unnegated in C?, let

M; be the model that exists by hypothesis. Let M be the model which contains each

of these models M; as non-overlapping submodels, and also contains one additional

world w with (w,w;) € R for each of these j’s, and V is defined at w according to C}.

Then, since by part 1 above only one formula of the form Cf“’“‘ is true at each world

and each formula (3’;” is consistent, there are no dependencies between the formulas

OC?! where j =1,...,¢, 80 C# is true at w in M. O

Lemma 1.5 If X 1s a finite set of formulas, then each element X; of X 15 equivalent to
some disjunction of basic conjunctions generated by X.

PrOOF As in the propositional case, this is just expressing X; in the propositional dis-
junctive normal form with the elements of X for the propositional variables: If X =
{X1,..., X} then for any world in any model the values of the basic conjunctions gen-

erated by X depend only on the values of X,,..., X, and are determined as in the
propositional case, so X; is equivalent to the disjunction of all the formulas of the form

unnegated). O
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the original formula s K-valid. The K-validity of the disjunctive normal form is then
tested by theorem 1.7.

1.5 First-order logic

First-order syntax
As with propositional languages, first-order languages may be defined in various different
ways. I use the following definition.
A first-order language £ containg the following symbols:
e logical connectives: = V
s existential quantifier: 3
e variables: z; for each 7 € N, with the set {z;};cy denoted Var
e a countable number of constant symbols, the set of which is denoted Const,

e a countable number of function symbols, each of which is associated with some elerent
of N called its arity

e a non-zero countable number of predicate symbols, each of which is associated with
some element of N called its arity

e punctuation: { ) ,
The constant, function and predicate symbols vary from language to language. A function
or predicate symbol of arity n is called n-ary. Instead of l-ary we may say unary, and
instead of 2-ary binary.
The terms of a language are defined by:

e Constant symbols and variables are terms.

e Iff,,...,t, are terms and f is an n-ary function symbol, then f(f;,...,¢,) is a term.

The set of terms of a language £ is denoted Termy,.

The afomic formulas over a subset S of Term, are defined by:

e If 5,,...,5, € S and P is an n-ary predicate symbol, then P{s,...,s,) is an atomic
formula over S.

17







A valuation is uniquely determined by the values it takes on Var, and can also be considered
as a function Var — [ extended to a function Term, — I by the above condition
considered as a definition. In giving definitions of particular valuations it is sufficient to
give the values they take on Var.

If v : Var — D is a valuation, a € D, and z € Var, then v(a/z) denotes the valuation
v’ Var — D given by
u(y) fy#e

a ify=uz.

v'(y) =

A model M = (D, I) and valuation v for M together determine the truth values of all
formulas by the relation = defined by

o M,v Pty ... ty) iff (u(t),...,v(t,)) € I(P)

o M,v = —Fiff M v F

e MovEFVGIiMvEFoaMuvEG

e M,v k= (Jz;)F iff there is some g € D such that M, v(a/z;) = F.

If M, v = F then we say that F' is true in M under v.

For a model M and a formula F, for each valuation v for M, whether or not M,v = F
depends only on the values to which v maps the free variables of F'. In particular, if F has
no free variables, then either M, v = F for all valuations v for M or for no valuations v
for M.

If M,v = F for all valuations v for the model M, we write M = F' and F' is called frue
in the model M, and M is called a model of F'. If X is a set of formulas and M = X; for
each X; € X, then M is called a model of X, and we write M = X. If M  F for all
models M, we write = F', and F is called valid (or logically valid).

There are two different notions of satisfiability for first-order logic. One definition (found
e.g. in Shoenfield [1967]) requires that a formula be true in some model (i.e. for every
valuation for that model) to be called satisfiable. The definition I use (found in Fitting
[1990], Smullyan [1968] and Bell and Machover [1977]) only requires the formula to be
true for some valuation for some model: A formula F is called satisfiable if there is some
model M and some valuation v for M such that M,v = F. A set of formulas X is
satisfiable if there is some model M and some valuation v for M such that M,v = X;
for each X; € X. To show that these two notions of satisfiability are different, the formula
((Fz)—~P(z,z)) AP(z,y) is satisfiable if it is not required to hold for all the valuations that
map z and ¥ to the same element, which is the second sense of satisfiable, but it is not
satisfiable in the first sense.







The following notation is introduced to make the formulas used in the study of distributive
normal forms easier to write.

For first-order formulas we use the same definition of busic conjunciions generated by a
finite non-empty set X of formulas as in the propositional case. We also introduce the
notation AX for this set. So if X = {X),..., X}, then AX = {{(+)X, A... A (£)X, ]}
(The A notation is from Rantala [1987], though I have defined it differently.}

Sets of formulas of the form AX have the following similar property to the propositional
case: For each model M and each valuation v for M exactly one element of AX is frue.
It is the formula F such that for each X; € X, if M,v = X, then X; is a conjunct of ¥
and if M, v = X; then =X, is a conjunct of F. The proof is as for the propositional case.

Also, as for the propositional case, if X is a finite set of first-order formulas, then for each
element X; of X there is at least one disjunction of basic conjunctions generated by X to
which X; is logically equivalent.

For sets A and B of formulas, the set A(A,B) ={AAB|Ac A, B¢ B}

For a set A of formulas and a variable z, the set Jz(A) = {(3z)A | A € A}

Metatheory

As for propositional logic, there are notions of completeness and weak completeness for first-
order logic. In addition, the two definitions of logical consequence give different notions of
completeness. Weak completeness is not affected by the definition of logical consequence,
and is proved for exarnple in Fitting [1990]: There is a proof method such that for every
formula F, &= F iff F'is a theorem. Although the definition of weak completeness does
not involve logical consequence, the following condition holds for weakly complete proof
methods: For any formulas F' and G| since F = G iff = F — G {(shown on p. 20), we
have ' — G is a theorem iff F == (.

The equivalence of satisfiability and the proof-theoretic sense of consistency that we have
seen for propositional logic may be generalized to first-order logic. We get two different
generalizations using different definitions of satisfiability and logical consequence. To state
these results, I introduce the following terminology and notation: A formula F is called
satisfiabley if there is some model M such that M = F. For a formula or set of formulas
X and a formula F', X ==, F iff for all models M such that M = X, also M = /. A
proof method is called complete if (F' can be derived from X iff X == F), and complete,
if (F' can be derived from X iff X ==, F). For any proof method, a formula or set of
formulas X is called proof-theoretically consistent if there is no formula such that both it
and its negation can be derived from X,
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can decide whether or not any formula in the set is valid. Such sets of formulas are called
decidable.

1.6 Monadic first-order disjunctive normal form

A first-order language which contains only unary predicate symbols and no function or
constant symbols is called a monadic (first-order) language.

Let z be a variable which will remain fixed for this discussion. For each fixed finite subset
Py, ..., B, of predicate symbols, a {monadic) attributive constituent relative to Py, ..., P,
is denoted A;(z) and defined by

Ai(z) = (£)P(z) AL A () P(2)

where 1 = 1,...,2" is the index by which the attributive constituents.are listed. A
(monadic) constituent relative to Py, ..., P, is denoted C; and defined by

Ci = (£)(Bz) Ay () A A (£)(3Bx) A ()

where A, (z),..., A,(z) are all the attributive constituents relative to Py,..., P, and 7 =
1,...,2%is the index by which the constituents sre listed.

The terminology of atiributive constituent and constifuent has been chosen because of what
these formulas describe. An attributive constituent describes a kind of individual by saying
what properties it has. A constituent then says what kinds of individuals exist. This idea
is generalized to the whole of first-order logic in the next two chapters.

Lemma 1.8

1. For each finite subset Py, ..., P, of predicate symbols, for each model, for each valuation,

ezactly one monadic constituent relative to Py, ..., P, is true.

2. FEach monadic constituent is consistent.
Proor

1. 'The monadic constituents relative to some set of predicate symbols are the basic con-
junctions generated by some set of formulas, so exactly one such constituent is true for
any given model and valuation (shown on p. 21).

M be a model whose domain contains one element e and whose interpretation [ is
defined by: for each j € {1,...,n}, if P;(z) is a conjunct of A;(z) then I(F;) = {(e)}
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quantification, then transform G’ propositionally, by using De Morgan’s law as many times
as is necessary, to get a formula H in which each negation sign occurs directly before an
atomic formula or a quantifier. H has no irrelevant quantification (because G’ did not),
and H is of a form which I will call intermediate, defined by: An intermediate formula is a
disjunction or conjunction where each disjunct or conjunct is an intermediate formula, or
an atomic formula or negation of one, or a formula starting with a quantifier in which all
atomic formulas contain the variable of quantification or a negation of such a formula. We
use induction on the formation of intermediate formulas to show that for all intermediate
formulas H, (Jy)}H is equivalent to a formula without irrelevant quantification and with
the same free variables as (Jy)H. If H is an atomic formula or negation of one, (£)A(z),
then if z is y then (Jy)H itself has no irrelevant quantification and thus is the required
formula. If z is not y then (3y) H is equivalent to H and H has no irrelevant quantification
and has the same free variables as (Jy)H. If H is a formula starting with a quantifier in
which all atomic formulas contain the variable of quantification or a negation of such a
formula, (+)(32)1, then (y)H is equivalent to H because the only variable which occurs
in Hisz. ¥ His I; VI, or ) ALy then (Jy) H is equivalent to Jy V Jy or Jy Ay respectively,
where for each 1 € {1,2}, J; is (3y)L; if y occurs in I; and otherwise is ;. For each 4, if J; is
I; then it doesn’t have irrelevant quantification, here let K; be J;. If J; is (3y)/; then by the
inductive hypothesis J; can be written as some formula K; without irrelevant quantification
and without changing the free variables. Then (Jy)H is equivalent to K, V K, or K; A K
respectively. 0l

Theorem 1.11 FEvery sentence of a monadic first-order language 1s equivalent to a unigue
disjunction of monadic constituents relative to any finite superset of the predicate symbols
that occur in the formula.

Proor By lemma 1.10, we need only consider sentences of depth 1 whose only variable
is . Let F' be such a sentence. We use induction on the formation of the sentence. The
basic case is when F' is (3z)G for some formula GG of depth 0 whose only variable is z, so
by lemma 1.9 G is equivalent to some disjunction of attributive constituents V,_; 4;, so
(32)G &= (J7) V;ey Aj <> Vs (I2)A; and each (3z)4; is equivalent to the disjunction
of all the constituents C; such that (3z)A; occurs unnegated in C;. So F' is equivalent to
some disjunction of constituents. If Fis GVH and G <= V/,., C; and H <= V/,.; C; then
F &= Vs Ci T Fis =G and G <= /., C; then F <= Vigz C; by lemma 1.8 (proof
is as for corollary 3.2 part 1). Uniqueness follows from the consistency of constituents as
in the propositional case. O

For a monadic formula F' and a finite superset P of the predicate symbols in F, the
disjunction of monadic constituents relative to P to which F is equivalent is called the
disjunctive normal form (or distributive normal form) relative to P of F.

25







For languages with identity, the definition of notational variation is extended so that s = ¢
and t = s are notational variations of each other. So, for example, saying that s =t is a
conjunct of some formula means that either ¢ =1 or { = 5 18 a conjunct.

First-order logic with identity is weakly complete: There is a proof method for which any
formula F' is valid with identity iff F"is a theorem. Fitting [1990] gives both resolution and
tableau proof methods that are weakly complete. So, since F ==. G if =_ F — G, for
any weakly complete proof method, F' — G is a theorem iff # ==_ (5,

There are first-order languages with identity for which the logic is not decidable (Hodel
[1995]).
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leads to the idea of model sets (defined in chapter 4). They achieve partial description by
requiring consistency, but not requiring that they give the values of all the atomic formulas,
as a state-description must. Where partial descriptions of possible worlds are sufficient,
model sets are very useful. For example, construction of model sets provides a complete
method of proof for first-order logic (Hintikka [1955], p. 37-45). However, they have the
disadvantage that they are not mutually exclusive descriptions. Any type of description
which is a partial description just by leaving out some information, as is the case for model
sets, will have this disadvantage.

The other approach is an attempt to provide descriptions, which, while not full descrip-
tions of possible worlds, nevertheless are mutually exclusive. Hintikka calls such descrip-
tions ‘descriptions of possible kinds of worlds’. They are achieved by giving as exhaustive
descriptions of possible worlds as can be done with certain restricted resources of expres-
sion. In particular, the descriptions should be independent of the names of individuals of
the universe, and the number of individuals that may be considered in their relation to each
other should be limited. Without naming individuals, they can still be considered through
the bound variables of quantification, and described in relation to other individuals by
the predicates they satisfy. Thus, the existence, or lack of it, of certain kinds of individ-
uals may be asserted, and a possible kind of world described. Restricting the number of
individuals that may be considered at a time causes the descriptions to, in some sense,
be partial. However, o satisfy the requirement of being as exhaustive as possible, they
must say whether each kind of individual that can be described within the given limits
exists or not. Hence such descriptions are mutually exclusive. A constituent is a certain
generalization of this kind of description that may contain free variables.

Constituents differ from the other descriptions and partial descriptions of possible worlds
that have been mentioned in that they are part of the language, without having to add
extra symbols to it, and so, because they are finite, each constituent can be represented as
a single formula of the language. But, any partial description of a possible world can be
thought of as a description of a possible kind of world, so, for example, any sentence can
be said to describe a possible kind of world. Constituents do not only describe kinds of
worlds in this weakest possible sense of kind of world. We later define a notion of depth and
show that (see lemma 3.1): For any fixed depth (and fixed set of free variables), exactly
one constituent is true for each possible world (and valuation). In this sense constituents
are the strongest (most informative) formulas at a fixed depth.

It was shown by Hintikka that every first-order formula can be written as a disjunction
of constituents, called a distributive normal form of the formula. This corresponds with
the idea that a sentence describes the set of possible worlds in which it is true. To deal
with an infinite set containing all possible worlds may be difficult. In this case we have
the slightly modified view that a sentence describes the set of possible kinds of worlds in
which it is true. Fach possible kind of world is described by a constituent, so a disjunction
of constituents describes a set of possible kinds of worlds.
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For a sentence which expresses a law governing some phenomenon, Hintikka considers
the depth of the sentence to be also the interactional depth of the law. By interactional
depth he means “the number of different entities involved in the laws governing certain
phenomena” (Hintikka [1973e], p. 313). So, for example, Newton’s law of gravitation has
an interactional depth of 2 where the entities or individuals are taken to be point masses.

I now consider the first-order language which has only one binary predicate symbol P and
no function or constant symbols. Constituents are very large and as a result difficult to
write down, so any example I use must be one of the simplest languages. The reason 1
have chosen the very simplest (non-monadic) is that I later (in chapter 4) consider some
limits on the usefulness of constituents and distributive normal forms which are imposed
by their size. For this I return to this example to find certain lower bounds.

The way constituents are constructed is by first defining certain formulas called atiributive
constituents with the intention that each describes some kind of individual (it actually turns
out that only some of them do), and then a constituent says for each kind of individual
whether or not it exists, and thus describes a kind of world. A kind of individual is
described by its relation to other individuals, given by the predicates they satisfy. We
can’t just list all possible kinds of individuals since there are infinitely many, and formulas
have finite length. So the descriptions of kinds of individuals are arranged into finite sets
such that every possible individual is of exactly one of the kinds in each of these sets. This
is achieved by limiting the number of other individuals that a kind of individual may be
described in relation to, which is a limit on the depth of the formulas involved.

To form attributive constituents, we start by arranging the atomic formulas in levels. The
purpose of these levels is to keep track of which variables are used. The atomic formulas
of level 1 are those over z;, and for each greater level k the atomic formulas are those over
Zi1,...,T; that are not on any previous level. For our particular example, we have:

Level 1: Pz, ;)
Level 21 P(zy,2q), P(z2,21), P(za,z2)

Level 3: P(zy,z3), Plzs,z1), P(zq,23), P(zs,z2), Pz3,23)

We next form primitive conjunctions at each level. A primitive conjunction of level k£ has
as conjuncts, for each atomic formula of level k, either it or its negation. So, introducing
a notation to be explained shortly, the primitive conjunctions are:

Level 1. Plzy,z,) = %zy)
““ip(ml,wl) = 72($1)
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Level 3: Yz, z0,33) = (£)P(z1,23) A ()P (23, 71) A () P22, 23)A
(£) P(z3, 32) A (£) P23, T3)A

(:%:)(3@4)7?(:1:1, o ) A A (B F )V s (@1, -, Ty)

These formulas can also be written as
Level 1: +Yzy) = ~APz)A
(£)Fz2)y? (21, 22) Ao A () (Bz2) ¥ (21, 22)

Level 2: Yz, z2) = Y(z1,22)A
(:t) (3$3>7§($1>$2: 333) N A (i)(3$3)7§2($1? L2, .’Eg)

Level 3: Y z1,22,73) = (1, Tq,73)A

(£) Bz )V (1, .., m) Ao A (E)(Fz)V0s(z1, - .., 14)

where the i in the v)(zi,...,z;)’s varies over all possible values. This way of writing
the formulas is shorter and sometimes more convenient, but to count how many of these
formulas there are, we need to know how many formulas there are in the sets which generate
them. This is easily seen when the attributive constituents are written explicitly as the
basic conjunctions generated by some set of formulas. Then, if for some depth and level,
the generating set contains n formulas, there are 2% attributive constituents of that depth
and level. This is how all the numbers of formulas of a particular form in this example are
obtained.

The depth-2 attributive constituents are:

Level 1: +%(z) = ~(z)A
() (Fz2)mi (T1, 32) Ao A () (32) V50 (21, 72)

Level 20 ~*(z1,22) = P (z1,79)A
() (Fzs)mi (w1, 22, 23) A oo A (£)(F23) V108 (1, T2, T3)

Level 3: ~%*(zy,z2,25) = 2(x1,72,23)A

(B)Hz)vi(zr, .. z) A A (E)Bz)Vswe (21, -+, 74)
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define constituents and then take the consistent ones to be the partial descriptions we
want, is not the kind of definition I am referring to. Although it seems to me unlikely that
such sets of partial descriptions can be defined, such questions are beyond the scope of this

thesis.
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Hintikka’s original definition. (The definitions in Hintikka [1953] and Hintikka [1965a] are
the same, though with slightly different terminology.)

Lemma 3.1 For each model, for each set of individual terms zy, . .., zx, for each valuation,
exactly one constituent of the form §%(z1,...,21) is true for each d.

Proor For each depth d and each set of individual terms zi, ..., zx, the constituents of
depth d with free individual terms z,..., z; are the basic conjunctions generated by some
set of formulas, so by an observation in chapter 1, exactly one such constituent is true for
any given model and valuation. 0

We have the corresponding result for attributive constituents:

Lemma 3.2 For each model, for each set of individual terms zy, . . ., 2z, for each valuation,
ezactly one attributive constituent of the form v#(21,..., ) is true for each d.

PRrROOF The attributive constituents of the form v%(z,..., 2 ) are the basic conjunctions
generated by some set of formulas, so for any model and valuation exactly one of them is
frue. 0

Corollary 3.3 For every depth d, for every set of individual terms zy, ..., z,

/\_',}'{id(zlk"-:zk) s \/'Y?(Zl,...,zk).

icl igI

PROOF For some model and valuation, if A,_; =7 (z1,...,2) is true, then 7f(z,. .., z)
is false for each i € I, so v¥(z1,...,%) is true for some i ¢ I by lemma 3.2, so
Vigr Yz, ..., z1) is true. Conversely, if for some model and valuation, Vigr Yz, .0, 2k)
is true, then v#(z, ..., z) is true for some i ¢ I, s0 7% (21, ..., ) is false for each i € I by
lemma 3.2, so A;_; =7z, . .., zk) is true. O

Lemma 3.1 has the following corollary.

Corollary 3.4 For every depth d, for every set of individual terms zy,. .., 2,

1oif Fe Vi 08z, ..., 1), then ~F <= Vigr 63z, ).

2. if F <= Vg 08z, ..., z) and G <= V., 68z, ..., 2), then FV G <
VéeIUJ 5?(21: ey 2R
$ if F &= Vg 64z, ..., z) and G &= Vo, 08z, ...,z), then F A G
\/ing 53(% s 2R
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by distributing the existential quantification over disjunction and since the 87 (z,..., 2)%s
don’t contain z. Now, each 0] {z1,...,z) A (B;ﬂ}yﬁf(zl, ..., 25, ) 18 equivalent to the
disjunction of all the formulas of the form

(gi <.ZL, Ceey 33,)/\
(H)E) 2,z ) A A G2V @z ) AL A () By N a  )

and each of the above formulas is some 5;*[3;; .y 2K), 80 F is equivalent to a disjunction of
some éf{zh oy zi)’s. I Fis GV H then G and H each have depth < d and free individual
terms in zy, ..., 2, 80 each is equivalent to a disjunction of some éf(z;} ..y 2z1)’s, thus so is
F. H Fis -G then G has depth < d and free individual terms in 2y, ..., 2, so is equivalent

<<<<<

to a disjunction of some (5?{_215 ..., 2x)’s, thus so is F' by corollary 3.4 .

An obvious question to ask is whether the expression of a depth-d formula as a disjunction
of depth-d constituents is unique. If there are any inconsistent constituents, then each can
either be part of the disjunction or not without affecting the meaning of fhe disjunction,
so the expression of a formula as a disjunction of constituents will not be unique. To show
that there are inconsistent constituents, here is an example: Consider the language with
just one binary predicate symbol P. §%() = ~2() is inconsistent if it contains an inconsistent
conjunct, so let (3z,)y}(z,) be a conjunct where

i (z1) = Pz, 20) A=z (21, 22) AL AL

where
’y?{x;,xg) = P($1,£3> A F(.‘Eg,&?;) A P(.‘EQ: 3?2)

Now, the inconsistency of (3z1}(P(z1, z1) A ~(Fze)yY (21, z9)) is sufficient for the inconsis-
tency of the whole formula, and this is just
(3%1‘}{}3(3313&1) A ﬁ{aﬁig}{p{xh 3’32) AN P{.?Sg, E;) A P(S{’Ig,i}?g}}}

which is inconsistent.

The next obvious question is whether the set of consistent constituents that occur in the
expression of a formula is unique.

Theorem 3.6 The sel of consistent constituents that occur in the expression of a depth-d
formula as a disjunction of depth-d constituents (with the same free individual terms as
the formula) is unique.

Proor For two disjunctions of depth-d constituents F} and Fy, if F} includes some con-
sistent constituent 67*(zy,. .., z;) that F, doesn’t, then there is a model M and a valuation
v for M such that M,v = 67(21,..., 2), so M, v = F} and by lemma 3.1, for each j # 1,
M, vl 0z, ..., ), s0 M, v Fy so Fy =B . [l
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Theorem 8.8 For two formulas Fy and Fy, one of depth d and the other of deplh e unth

1. For any set representations at depth e of the formulas,

if Fy CFEFy, then Fy = F,.

2. For the set representationy of Fy and any set representation of Iy, both at depth e,

FChR i B = F

Proor

1. If F, C F, then since adding disjuncts to a disjunction gives a formula implied by the
original one, F} == F.

2. For the direction not shown above, if there is a consistent § € 5} \ Fy-then there is a
model and valuation for which 6 is true, thus also F} is true and by lemma 3.1 F; is
not true, so F} =& Fs. ~ 0

In the next chapter I use theorem 3.8 to find a condition for when one formula implies
another that doesn’t require the formulas to be expanded to the greater depth. There are,
however, a number of factors restricting the applicability of this result, the most important
being that we can not determine algorithmically which constituents are consistent. If we
could, it would give a decision procedure for first-order logic (see theorem 4.9). Theorem
3.8 gives another way of showing that the consistent constituents can not be found algo-
rithmically, since if they could, it would give a method for deciding implication between
formulas, which would in turn give a decision procedure for first-order logic. So we can
either look for conditions for implication between formulas that are both necessary and
sufficient, but not eflectively checkable. Or we can look for conditions that are sufficient
but not necessary for implication which are effectively checkable. The two cases in theorem
3.8 are examples of this. Although we do have an effectively checkable sufficient condition
for implication, it is unclear whether this condition would actually occur much in practice.
In addition, distributive normal forms, even if we ignore the size of the constituents and
just look at the number of constituents, are extremely big. I give an indication of their
size in the next chapter.

3.2 The special case for constant-free sentences

In constituents, free variables and constant symbols play the same role. 1 will refer fo
a sentence which does not contain any constant symbols as a constani-free sentence. As
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The atomic formulas of level k are those over the variables x,, ...,z which contain z,. If

there are g atomic formulas of level k, they are denoted *ay, ..., Fa,.

The primitive conjunciions of level k are the formulas of the form

T

where 1 = 1,...,27 is the index by which they are listed. (These are the same primitive

conjunctions as described in chapter 2.)

Now, the above formulas which are in boxes have the particular form
o N ' i d
(::i::) (::f;}‘},;)z";’l AN AN (’i"){«}??,)i’)q

which I have called an existential conjunction. (The term “existential conjunction” is used,
for example, by Brink [1989] to refer just to the case of depth 1, that is “where the v's
are (’s”.) The constituents above are such existential conjunctions, and the attributive
constituents above are conjunctions of a primitive conjunction and an existential con-
junction. These existential conjunctions can be defined without the general definition for
constituents. Those other than %64 can be defined in a way that is a natural extension
of the definition for °§%, and it would be convenient to use the notation #8% for these for-
mulas. However, since I have already used §’s for constituents, and 1 don’t want to give the
impression that existential conjunctions are constituents, I will use ¢’s for these formulas.
So, writing %¢? for 9% and *¢? for the existential conjunctions of other levels, we get

i

bef = () (k) A A () Gy

3

k

i

E? (=) (3:%“{“1)Ic--l,--l,‘/iiwl AN (::i::)(ﬂ:l}kwL‘;‘:}le’)’g"l.

And each *y? has the form ¥ A *¢?, so we can substitute for the above F+lyf~!
the definition:

s to get

The ezistential conjunctions of level k and depth d are denoted *¢ and are defined by

k*‘z e (Iti)(aii;k%.l)k%klﬂl AL A (ZZiZI)(ﬂ:ﬁkqi_l)k%'lﬁ;

t

() @) 18 A PG AL A () Bz ) (B A KT

where **13;, ..., k13, are all the primitive conjunctions of level k+1 and #1271
are all thé existential conjunctions of level & + 1 and depth d — 1.

Now, the depth-d constituents with no free variables or constants are exactly the existential
conjunctions of depth d and level 0. 1 will call these constituents sentence constituents
(since constant-free-sentence-constituents is clumsy).
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a ) A A(E)z =ay). So (Fz)CG = V(E)(GA(L)(z = a)A. . .A{E)(z = qi)). Each
disjunct (3z)(GA (£)(z = a))A.. . A{E)(z = a;)) which contams some z = g; Is equivalent
to the formula obtained from this disjunct by substituting a; for £ and omitting (3z) and
redundant conjuncts (as in the following example). This gives a formula from which the
variable ¢ and the outermost layer of quantification (which had been over z) have been
removed, and the interpretation of deeper quantifiers remains able to be changed, thus
the interpretation of quantiﬁers in this formula can be changed. The only disjunct not of
that form is (3z){(G A {z # a1) A ... A {2z # a)) which is already in a form where the
interpretation of quantifiers can be cha,nged. Thus F'is equivalent to a disjunction where
each disjunct can have the interpretation of quantifiers changed, thus this disjunction is
the required formula. If F' is of the form G VvV H and both G and H have equivalent
formulas for which the interpretation of quantifiers can be changed, then the disjunction
of these formulas is the required formula. If ¥ is of the form —( and G has an equivalent
formula for which the interpretation of quantifiers can be changed, then the negation of
that formula is the required formula. 0

I now give an example of converting a formula to a form where the interpretation of the
quantifiers can be changed: Let F' be (3z)(P(z, ) A Q(z,b)). Then

Fo=

(Fz)(P(z,a) AQz,B)A(z =a) A (z =
(Fz)(P(z,e) NQ(z, b)) ANz =a) Az # b)) V
(H)(Plz,a) ANQ(z, ) Az #£ a) A (z =
F)(P(z,a) AQ(z,b) Az # a) Az #

= (Ple,a) AQ(a,b) Ala=1b))V
(P(a,a) AQ(a,b) Ala # b)) V
(P(b,a) AQ(b,0) Ala # b)) V
(Fz)(P(z,a) AQ(z,b) A (z # a) A (z # b))

Lemma 3.10 For each normal model, for each valuation for it, for each set of individual
terms 21, ..., 2z, ezactly one formula of the form 6%(z1, ..., z) is true for each d.

PRrROOF This result is like lemma 3.1 applied to normal models, except that the formulas

8%z1,...,2;) now have their quantifiers interpreted exclusively. It is true because the
formulas of the form §%(zy,...,2;) are still the basic conjunctions generated by some set
of formulas. 0
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and over some set of individual terms, not even the consistent constituents in a normal
form will be unigue.

Hintikka [1965a] (p. 60) claims that: “Any formula (with identity) whose depth is no greater
than d and whose free individual symbols are all among the g;’s and b's can be converted
into a disjunction of the constituents just described”. Thereby he seerns to say that any for-
mula of depth < d whose free individual terms are in a1,...,ax, b1, ... .0, can be expressed
as a disjunction of constituents of the form §%(ay,...,ax;b1,. .., by). This is clearly false.
For example, the formula z # y can not be expressed as any disjunction of constituents of
the form 4%(z;y) since each such constituent includes the conjunct y = x. It is not even
the case that for any formula of depth < d whose free individual terms are in z;,...,2,
there is some partition into ay,...,ap and by, ... .0y, of z1,..., 2, such that the formula
can be expressed as a disjunction of constituents of the form §%(ay,...,ax; by, ..., by). For
example, to express P(z,y) as a disjunction of constituents of depth 0 over z,y, it is nec-
essary to have both some disjuncts containing z = y (or y = z) and some containing z # y
{or y # z), thus P{z,y) can not be expressed as a disjunction of constituents of only one
form, though it can be expressed as a disjunction of constituents over z,y.

1t seems to me that the result really is that any formula of depth < d whose free individual
terms are in 2y, ..., 2, is equivalent to a disjunction of constituents, where for each of these
constituents there is some partition into ay,...,a; and by,....0y, of 2y,..., 2, such that
the constituent is of the form é%{ay,...,axr;b1,...,bn). This can be expressed more briefly
as: every formula of depth < d whose free individual terros are in 2y, ..., z, is equivalent
to a disjunction of constituents of depth d over zy,..., 2,. The longer form emphisizes the
difference in form of this theorem from the case without identity by showing that this case
involves sets of constituents of different forms.

Although there are different constituents of the same depth and over the same set of
individual terms that can be true together, this only occurs for constituents that are
equivalent. If a formula # implies an identity a = b, then o and b are said to be equal
according to F.

Lemma 3.12 If 6%(z0, ..., 25 2, - -, 24) and 0%(ze, ..., 24; 24, - .., 23) are both constituents
over zi,...,%z, and are both true for some wvaluation for some normal model, then
6HZay o ooy 20y 20y ooy 2a) and 6% (Zey. .., 2520, -, 21) GTE equivalent.

PROOF Let §; be 6%(2q,..., 265 2¢, . - -, 24) and 8; be 6%(ze, ..., 2f; 2g,.-.,21). Bach con-
stituent over 2y, ..., 2z, implies, for all distinct z;, z; € {#1,..., 2.}, either z; = z; or ; # 2
in such a way that it divides zy,..., 2, into equivalence classes with respect to =. So if
6; and &; are both true then they agree on the equivalence classes into which z;,...,z, is
divided by =. So z,,...,2 and z.,..., z; are the same except for possible reordering and
substitution of terms which are egual according to §; (and 4;). Thus, by lemmma 3.10, the
formulas 0%(z,, ..., z) and 6%z, . .., zy) which occur in 6; and 4; respectively are the same
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either implies z; = z; or implies z # z;). Thus the disjunction of these constituents implies
Zi jeeeie 0

Theorem 3.15 Every formula of depth < d whose free individual terms are contained in
21, -, Zn 18 equivalent to a disjunction of constituents, where for each of these constituents
there is some partition {zq, ..., 2}, {2e, - -, Zay of 21, ..., zn such thai the constituent 1s of
the form 6% (za, .. 255 Zg, - - -y 24)-
PRrOOF Let F be a formula of depth < d with free individual terms in zy,..., z,. By lemma
3.9 (and its proof) F can be written in a form in which the interpretation of quantifiers can
be changed without changing its depth or free individual terms. Thus we can take F to be
a formula with its quantifiers interpreted exclusively. We use induction on the formation of
the formula. If F is an atomic formula then F' is equivalent to a disjunction of constituents
of depth d over z;, ..., z, by lemma 3.14. Assume that for each proper subformula G of F,
(& can be expressed as a disjunction of constituents of any depth greater than or equal to
that of G and over any set of individual terms containing those of G. If F is GV H then
(G and H each have depth < d and free individual terms in z,..., z,, so by hypothesis
each can be expressed as a disjunction of constituents of depth d over z,..., z,, thus so
can . If F'is =G then G has depth < d and free individual terms in z;,..., 25, s0 by
hypothesis can be expreséed as a digjunction D of constituents of depﬁh d OVET Zy,..., 2.
F'is not necessarily equivalent to the disjunction of the other constituents of depth d over

normal model and valuation). But, by corollary 3.13, F' is equivalent to the disjunction of
all the constituents of depth d over zy, ..., z, which are not equivalent to any element of
D.

If Fis (d2)G then by changing the bound variables if necessary, we can assume that
z is the first variable not in z1,...,2,. Then G has depth < d — 1 and free individual
terms in 2y, ..., 24, Z. 50 by hypothesis, G can be expressed as the disjunction I of some
constituents of depth d — 1 over z;,...,2,,z. Each of these constituents C is of the form
64 Y zg, ..oy 25 Zey - . -, 24) TOT some partition {24, ..., %}, {2ze, ..., 24} of {z1,. ., 20,2} If
T € {z,...,2q4y then C contains a conjunct z = z; for some z; € {z,,...,2}. Instead
of C we may use the equivalenf constituent which is just like C except that z and z
have been substituted for each other. Thus each constituent € which is a disjunct of

D may be taken to be of the form 6% (z,,..., 22, ...,2q¢) with z € {2z,,...,2}. By
distributing the existential quantification over disjunction, F' is equivalent to a disjunction
of formulas of the form (3z)d% 1z, ..., 2} 2,...,24). For each of these disjuncts, let

Zey. ..y 2 be {z4,..., 2} \ {z} (in any order). Then 64z, ..., 2;%,...,2s) may be
written as 84! (ze,...,25,2; %, . .., 24) and is of the form







62y -y 28) A

()ZCC = Zgl) AL A (.?Zd e ng}).
Because the gquantifiers in ¥ are interpreted exclusively, none of the z;,..., 2, can be z,
thus z,,...,%, € {%,...,2r}. So each disjunct of the above formula is a constituent of
the form §%(z,, ..., 25 20, ..., z4). Thus F is a disjunction of constituents of depth d over

Any disjunction of depth-d constituents over zy, ..., z, to which a formula ¥ is equivalent
is called a distributive normal form at depth d over zy, ..., z, of F.

The following example illustrates some of the steps used in the above proof. It also shows
that even depth-0 formulas may have very large distributive normal forms. To express
Plz)v Qlz,y, z) in distributive normal form:

P@) e (P AG=9)AlY=2)A(z=2)V
(PN =) AT A (e 22 v

(P(z) Az #y) A (?f #F2) Az = Z)) v
(Ple) Az #y Ay #2) Az #2))
- (Po)Aly=z)A(z=2))V
(Pa) Az #2) Ay =12))V
(Pz) Az #y) Az =y))V
(P@) Az #y) AMz=12))V
(Plz) Az #y) Ay # 2) A (3 # 2))

Qlz,y,2) <= Qy,2)ANz=Aly=2)A{z=2))V
Qa,y,z )N =y Ay #2)A(z#2)V
Q,y2) ANz # Y A(y=2) Az #2))V
Qzy,2) AzFNAly£E)A(z=2))V
Qz,y, 2) Az F Y) A (Y # 2) A (3 # 2))

= (Qz,z,2) A (?,/ = 'r} Az = 7;)) v

(Q(z,

(Q(z,

(Q(z, ?J;'E)/\(x%y)/\(éﬁ%))\/

Qg 2) Az #y) Ay # 2) A (3 # 2))
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We consider the disjuncts for P(z) first:
P(z) A (y = ) A (z = z) is equivalent to
(Pz)AQ(z,z,2) A (ly=2z) A (z=1)) V
(P(a) A ~Q(z,5,5) A (y = 2) A (= = ))
which is the disjunction of the constituents of the form

Pz) AN (£)Q(z,z,2) Ay = z) A (z = ).

P{z) Az # z) A (y = z) is equivalent to the disjunction of the counstituents of the form
(z # 2) A P(z) A (£)Q(z, 2, 2) A

(F)P(2) A (H)Q(z,2,2) A (£)Q(z, 2,7) A (£)Q(z, 7, 2) A
(£)Q(z,2,2) A (£)Q(z, 7, 2) A (£)Q(z, 2, 2) A (£)Q(2, 2, 2) A (y = ).

K

P(z) A (z # y) A (z =y) is equivalent to the disjunction of the constituents of the form
(z #y) A Plz) A (£)Q(z, 7, 2) A

(F)P(2) A (F)Q(z,7,9) A (F)Q(z,y,7) A(F)Q(y, =, 2) A
(B)Q(z, v, y) AM(F)Qy, 2, y) AF)QW, ¥,7) A (F)Q(Y, v, 9) Az =y).

P(z) A (z # y) A (z = z) is equivalent to the disjunction of the constituents of the same
form as above except that the final conjunct is (z = z).

Plz)AN(z # y)A (y # 2) A (z # z) is equivalent to the disjunction of the constituents of
the form

#Y)A[y#2)A (3 #2) A6(z,y,2)

where ¢°(z,y, z) has P(z) as a conjunct.
Similarly, the disjuncts for Q(z, v, 2):

Qz,z,z) Ay = z) A (z = z) is equivalent to the disjunction of the constituents of the
form

(B)P)AQz,z,2) A (y=2) A (2 = 1)

Qz,z,2) A (z # 2z) A (y = z) is equivalent to the disjunction of the constituents of the
form

(z # 2) A(£)P(z) AM£)Q(z, 2, 7) A
(B)P(2) A Q(z,2,2) A (£)Q(z, 2,7) A (£)Q(2,2,7) A
(B)Q(z,z,2) A(£)Q(2, 2, 2) A (£)Q(2,2,2) A ()Q(z,2,2) A (y = x)

a7







be disregarded for many purposes”. This seems to say that for many purposes, the only
constituents that need be used are the main parts of constituents. I don't know what
purposes are meant here. The above corollary has the following converse: If a formula
G is equivalent to a disjunction of constituents of the form §%(z;,...,2;;) then G implies
z # zj foreach 4,7 € {1,...,k}, ¢ # j. Thus a formula of depth < d whose free individual
terms are zy,..., 7z may be expressed as a disjunction of main parts of constituents of the
form 68(z, ..., 2;) iff it implies 2; £ z; for each 1,7 € {1,...,k}, i # 4. In particular,
all constant-free sentences can be expressed as disjunctions of main parts of constituents.
Thus, in a context where constant-free sentences are used to express “statements” (some
examples of which are given in chapter 5), only main parts of constituents need be used.
(This could be what Hintikka was referring to in the above quote.)

Languages with function symbols

Here also there are af least two different approaches. The first approach involves con-
structing a new language which does not contain function symbols and does contain iden-
tity. If the original language does not contain identity, we first extend it to contain identity
in order to more easily prove the desired result.

All n-ary operations are particular (n+ 1)-ary relations. To be definite, an n-ary operation
[ is taken to be the relation such that z = f(f;,...,%,) iff ({,...,4,,2) € f. Fora
language I with identity, let L' be the language which contains the same symbols as L
except that for each n, for each n-ary function symbol f of L, L' contains an (n + 1)-ary
relation symbol Ry instead of f. For any model M = (D, I) for L, let M’ = (D, I') be the
model for L where I' is the same as [ for all symbols of L/ that are the same as L and for
each function symbol f of L, I'(Ry) = I{f) (i.e. Ry is interpreted as the relation which is
the function as which f is interpreted).

In the scope A of any quantifier in a formula, the next unused variable is the first variable
z such that A is not in the scope of any quantifier over z, nor does 2z occur free in A.

For a formula which starts with some initial string of quantifiers, the inside of the formula
is that part which is in the scope of all the initial quantifiers. For a formula which doesn’t
start with a quantifier, the inside is the whole formula.

For any formula F of a language L with identity, let F” be the formula of L' defined by:

For each atomic formula A(t,...,%,) of F that contains function symbols
1. for each t;, 7 € {1,...,n}, if #; is a variable or constant symbol then leave it, otherwise

start at the innermost level of nested function symbols and replace each occurrence of
a function symbol and its arguments, which together T will call X, by the next unused
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0, (z) = P(z,2) 100 (z) =

1as(z,y) = P(f(y), f(2))
1(,1’9(17,3}) =

001 (z,y) = P(z,y) 1o (z,y) = Pz, f(y))
002 (z,9) = P(y, ) 10(z,y) = Py, f(z))
003(z,y) = P(y, y) 103(z,y) = Py, f(y))
1ay(z,y) = P(f(z),y)
1o5(z,y) = P(f(2), f(y))
1o (2, y) = P(f(y), =)
(2, y) = P(f(y), )
((
P(f(y),

An atiributive constituent of depth d and functional depth w with free tndividual terms
2i,. .., 2 is denoted ,¥*(zy,. .., 2) and defined by

wﬁyf(zb ceszk) = (Fean(z, .., zm) A A (E)weg(zy, .o 2k)

A, z) = (Eoon(zn, s 2E) A A (F)wg(z1 - 26) A
() @)y (21, 26, D) A A (E)ED) Y 2y, - - 25, 2)

where go (21, ..., Zk), - - -, wg(21, ..., 2) are all the atomic formulas of functional depths
0 to w over {z1,..., 2} which contain z.

A constituent of depth d and funciional depth w with free individual terms z1,..., 2 is
denoted ,,6%(z1,...,2;) and defined by

w5?(zl, vy Zk) = (ﬁ:)gal (Zl) A oA (i)wap(zl, PN ,Z;c)
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and each 6 1(zy,..., 2, z) is of the form 6 (z1,...,2) A WY  (215-- -, %, 2)- So

(3z)G — \/(wégo(zl, oz A G - %, 1)
i€l

Each ,0) (z1,...,2) A (B:f:)w'}fg'l(zl, ..., 2, ¢) is equivalent to the disjunction of all the
formulas of the form

wé?a(zl, vy Zk)/\
() E)wy 2, 2, T) AL A (Eia:)w*yi"l(zl, e ZE ) A LA
(£)3z)urd (21, - 2, T)

and each of the above formulas is some wé;?(zb ..., 2k), s0 F is equivalent to a disjunction
of some 0%(z1,...,2)’s. If Fis GV H then G and H each have depth < d, functional
depth < w and free individual terms in zy,..., 2, so each is equivalent to a disjunction
of some wri;-i(zl, ...,2)’s, thus so is F. If F'is =G then G has depth < d, functional
depth < w and free individual terms in z,.. ., 2, so is equivalent to a disjunction of some
w&f(zl, ..., 2)’s, thus F' is equivalent to the disjunction of all the other constituents of the
form ,,6%(z1, ..., ) by lemma 3.20. O

As before, a disjunction of constituents of depth d and functional depth w with free indi-
vidual terms z,..., 2z, to which a formula F' is equivalent is called a distributive normal
form at depth d and functional depth w with free individual terms zy,...,2z, of F. By
lemma 3.20, the set of consistent constituents in such a distributive normal form is unique.

For a language with both function symbols and identity, each formula is equivalent to one
which contains no nested function symbols (shown by lemma 3.17), so the only constituents
we need are those of functional depth 1. Equality may be taken into account either by
considering the identity predicate as an ordinary binary predicate or by the method using
the exclusive interpretation of quantifiers as before, but now starting with the definition just
given for constituents of functional depth 1. Rantala [1987] (p. 68) mentions this approach
in the context of considering the identity predicate as an ordinary binary predicate.

This chapter has shown the existence of distributive normal form for all first-order lan-
guages. In the following chapter I consider mainly the simplest case, that of languages
without function symbols or identity.







ignores the size of these constituents, although with increasing depth the constituents do
become bigger and not just more numerous.

I consider the case of constant-free sentences first. For each depth d, we ask how many
depth-d constituents there are. To find this we need to find how many existential conjunc-
tions of each depth and level there are.

The number of basic conjunctions generated by a set of n formulas is 2*. This is all we
use, together with the definitions of the formulas involved, to find the numbers of formulas
of various different forms in this section. Let g; be the number of atomic formulas of level
k. Then the number of primitive conjunctions of level k is 2%. If the number of existential
conjunctions of depth d and level k is egy, then

ey = 2

3

since there are 2%+! primitive conjunctions of level k¥ + 1, and for greater depths

egp = 27t ed-rit)

since there are 2%+i.e4_; 541 formulas of the form (¥+18; A ¥+1ed1),

g T}
2(ak+1+20k+2) 2(ak+1+2(ak+2+2 ))

So Cok = 2 and €3k = 2

For a language with only one binary predicate, ¢y = 1, a2 = 3, a3 = 5. And since
constituents are existential conjunctions of level 0,

e the number of depth-1 constituents is 4

e the number of depth-2 constituents is 25'2

36
e the number of depth-3 constituents is 22 ™).

For some indication of how big these numbers are, consider the following. An upper bound
for the number of atoms in the universe may be estimated given an estimate for the total
mass of the universe by dividing it by the mass of a hydrogen atom. Using the values in
the table on p. 30 of Padmanabhan [1993] gives an estimate of 10*° for an upper bound
on the number of atoms. Thus the number of depth-2 constituents is a lot bigger than
the estimated number of atoms in the universe, and with increasing depth the numbers of
constituents grow very rapidly.

There are two extremely compact ways of representing distributive normal forms. We can
either number all the constituents (in a way that we can computably translate between the
number and the constituent) and then indicate the presence or absence of each constituent
by the value of a single bit in an appropriate location. Or we can number the distributive
normal forms themselves and represent the whole formula by a single number. In both
cases we need the same number of bits as there are constituents.
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of €!(z1,...,2,) is the root of some element of €5(z, ..., z) and all roots of elements of
P Y +) 1 “
€(21,. ..,z are elements of €/ (21, .., 2). O

As a special case of the above lemma, we get:

If e > 1, then the consistent constituents that are in the expansion of €}() to depth e are
the consistent constituents €5() such that the elements of €;() are precisely the roots of the
elements of €5().

Let F} and F, be constant-free sentences, F of depth 1 and F; of any greater depth e,
where F} is represented by {€]()}icr and F> by {€2()};es. If {¢;()}ses is the sets-and-trees
representationg of Fy, then Fy == F, iff the expansions of all of the ff () € Fy todepth e
are contained in {€5()},cs HF for each € () € F, all constituents of depth e with elements
the set of whose roots is ¢/ () are in {€Z()}jes. So there is just as much to check as if all
the expanding is actually done. However, if {¢f()} ;s is the sets-and-trees representationg
of Fy, then Fy = F) iff each €§() € F3 is in the expansion to depth e of some ¢ () € F,
and €() is in the expansion of /() iff the roots of the elements of €;() are the elements of
€/ (). So this can be checked with considerably less work than expanding Fy to depth e.

To check if a formula implies one of a greater depth we may as well just expand it to the
greater depth. So from now on I will not consider this case in looking for a more efficient
way of checking implication between formulas. We have just seen that for constant-free
sentences if we have the set representationg of the deeper sentence available there is a much
simpler way of checking if it implies a sentence of depth 1 than by expanding to the greater
depth. But since we generally can’t expect to know which constituents are consistent,
I now state the corresponding partial result for any sets-and-trees representations of the
sentences:

For constant-free sentences Fy of depth 1 and Fy of any greater depth e, where Fy is
represented by {€; () }ier and Fy by {€()}jeu, if for each €5() € F, there is some €}() € Fy
such that the set of roots of the elements of €() is €;(), then Fy = F\.

We now consider depths d > 1.

For a labelled tree 7 = ((N,[,R), f), for d > 1, let N' be {& € N | l(z) < d}, I be !
restricted to N', R’ be R restricted to N', and f' be f restricted to N'. Then the labelled
tree ((N',I', R"), ') with duplicates removed is called the top-d tree of 7. 7 Thus, we can
say less formally that the top-d tree of T is the labelled tree which consists of the top d
levels of 7 (if they exist), with duplicates removed. The fop-d forest of a forest F is the
set whose elements are the top-d trees of the elements of F.

Lemma 4.3 For any depths d and e with d < e, an ezistential conjunction (=, ..., z)
is equivalent to the disjunction of oll the €5(zy,. .., zi)’s such that €/(z1,. .., z) is the top-d
forest of (21, ..., 2).
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PrROOF We first show this for e = d + 1. We use induction on the depth d. The case
for d = 1 is shown by lemma 4.2. Assume that for some depth d — 1, for every set of
individual terms 21, ..., z, each ¢ '(z,...,z) is equivalent to the disjunction of all the

€d(z1,...,2)’s such that the set of top-(d — 1) trees of the elements of 4z1,. .., 2) is

€41 (z, ..., ). Then an existential conjunction €f(zy, ..., 2) has the form

(£)32)(Br(21, s 20 2) A €5z, oy 2k, T)) A LA

(£)Fz)(Bu(z1, - s 2k, 2) A €872, -+, 2, 7))
AN A
(£)@z)(By(z1, - s 20, T) A €5 (21, 0oy 20, T)) A LA

(£)(3z) (Bg(z1,- - -y 2k 2) A €67z, -, 21, T)

and an existential conjunction €]7'(z, ..., z) has the form

() 3)(Bi(z1, - -2k, T) A (21,0025, T)) A LA

(£)3z)(Bi(21,- -y 26, ) A €21, .., 25, 7))
N A
() Az)(By(z1, -y 26, T) A €Xz1y vy 2z, B A LA

() Fz)(By(21,- -y 2, 2) A €2z, ., 28, T))-

By the induction hypothesis, each €?7!(zy,...,2,z) is equivalent to the disjunction

ies. €621, 2, %) of all the €f(z,...,2,z)’s such that the top-(d — 1) forest of

Yo,y 2k, 1) s €7 Hay, ooy 2k, 2). So

&
Bo(z1y oy 20, 7) A€Mz, .o, 25, 1) = \/ (Bo(z1y. sz, 2) A 6?(21, ey 28, T)).
J€Js

And these formulas have the following tree structures, where triangles represent trees the
details of which are not shown.

‘Bb(zg, .. .,zk,x)
Bolzt, oo 2k, )







constituents and by an ezpansion of an existential conjunction, I will mean an expansion
in terms of existential conjunctions.

Restating the above lemma and taking into account that inconsistent existential conjunc-
tions may be or not be in an expansion, we get:

Ifd < e, a consistent ezistential conjunction €(z;. .. ., 2;) 18 in the ezpansion to depth e
of €4zy,...,2) iff €(21,...,2) is the top-d forest of €(z1,. .., zk).

As an immediate consequence of lemma 4.3, we get:

- v . - d
For any existential conjunction €¥(z,, . .., z) and any ¢ < d, the top-c forest of e*(z1, . . ., 2k)
is some ezistential conjunction €(zy,...,z;) and €(z1,. .., 2) => (21,.. -, 2)-

We now combine theorem 3.8 with the special case of lemma 4.3 for which the existential
conjunctions are sentence constituents:

Theorem 4.4 Given constani-free sentences Fy of depth d and Fy of any greater depth e,

1. For the sets-and-trees representationg of Fa and any sets-and-trees representation of Fi,

Fy == F\ iff for each €¥() € Fy, there is some €f() € Fy, such that ¢}() is the top-d
forest of €().

2. For any sets-and-trees represeniations of the sentences,

If for each €4() € Fy, there is some e}() € F, such that () is the top-d forest of €(),
then Fy = F}.

ProOOF By theorem 3.8 and lemma 4.3. 0

Case for formulas with free individual terms

In the general case, a formula can be expanded both to greater depths and to larger sets of
free individual terms. I consider only the case for formulas with the same free individual
terms.

With the sets-and-trees representation, a constituent with free individual terms is repre-
sented by a tree, thus a formula with free individual terms by a set of trees.

We ask the same question as before: If e > d, what is the expansion of a constituent of
depth d to depth €7 In this case, specifically:

Given some 6¢(zy,...,2), which constituents 6%(z1,-..,2) are in the expansion of
6421, - -+, 2;) to depth e?
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and whose interpretation I is defined by, for each formula P(z,,...,%) in the gener-
ating set {c (1), ..., (21, .., 2)}, if Plz,...,2) occurs unnegated in 6z, 2)
then let (eq,...,es) € I(P) and if P(z,...,2) occurs negated in &7(z,...,2) then let
(€, .. ey ¢ I(P). (It may be assumed, for the sake of a complete definition, that for
Ld(h pr@d‘icate .aymbm P I (P) (*011‘1'&11’;«% omiv those tupiw mentimmd above) For those :5;

(Eifz,)f}fq( )} 1 Cach is S‘Ltlﬁﬁﬁ‘d by some model and valuation: For any model M, for each
element @ of the domain, M,v(a/z) = +P(z) for exactly one ¢ € {1,...,¢} because
¥z}, .., q( z) are the basic cumunctmn generated by some set of formulas, so exactly
one of them is true for a given model and valuation {“each a satisfies exactly one v?(z)”).
And each +?(z) is consistent (shown in the same way as the fact that depth-0 constituents
are consistent is shown above). So the formulas (3z)+?(z) can each be made true or false
independently of the others by the existence or lack of it of a suitable individual a. So each
constituent §*() is consistent.

With even one free individual term, there are inconsistent depth-1 constituents. For
example, any constituent of the form ' (z) = 6%(z) A =(Fy)vi(z, ¥) A ... A =(Fy)vg(z,y)
is inconsistent because it implies both the existence of some individual d,:nd that there are

no individuals. For depths of 2 or more there are inconsistent constituents whether there

are free individual terms or not. An example of an inconsistent depth-2 constituent with

no free individual terms is given on page 41.

One possible way of obtaining a lower bound for the number (or fraction) of inconsistent
constituents would be to try to count the trivially wnconsistent constituents, using any
definition of trivial inconsistency (see the next section). I don’t know how difficult this
would be, but a much simpler consideration gives us a lower bound for the fraction of
inconsistent constituents which is extremely close to 1 (shown below). In other words,
for depths of 2 or more, almost all the constituents are inconsistent. With such a high
fraction of constituents inconsistent by this consideration alone, there doesn’t seem to be
much point in looking for higher lower bounds. But it would be interesting to try to find
a lower bound for the fraction of not-(trivially-inconsistent) constituents that are actually
inconsistent. (This would also be considerably more difficult and I have not attempted it.)

Constituents of depths d > 0 are of the form

6?(21

A (‘:3‘.:,)(}{,.(2]_, ey ZE) A

) (@32 (21,20 2) A A (E)FD)Y (3 200 3)

Let p be the number of formulas o,(z1),...,a(21,...,2¢). For & = 1 all the attributive
constituents of the form "yf"i(zl, ey 2R, :,) are consistent, for d > 1 some are inconsistent.
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O
7z, 7) @ (2, ) g
0
#,y) i (@) ]
O
7 (z,y) ; 77 (2, y) .
@]
7i(z,7) i % (2, )
@
So v}(z) can be specified by giving values for: )
1 2 3 4 ) 6 7 8 9

R T S S S S SR

The parts of the above diagram labelled 1 to 9 correspond to the conjuncts of v'(z), where
each conjunct can either contain negation or not. In 1 the presence or absence of negation
says whether or not the individual z is related to itself, represented in the diagram by
the dashed arrow. In 2 to 9 the presence or absence of negation says whether or not an
individual of a particular kind relative to z exists. We now consider what dependencies
there are between (the formulas represented by) 1 to 9. By considering the case in which
y is z, we see that 1 = 2 and =1 = 9. So, to be consistent, if ¥*(z) contains 1
then it must contain 2, and if ¥*(z) contains —1 then it must contain 9. Half of the
constituents / attributive constituents of the form v'(z) do not satisfy this condition and
are thus inconsistent. Since there are no dependencies between 2 to 9, the other half are
all consistent. In particular, each is satisfied in some model of the form

ik
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where the center element in each diagram is z and is part of the model, and each of the
surreunding elements is either part of the model or not.

4.5 Trivially inconsistent constituents

Those depth-1 constituents that were found to be inconsistent in the previous section are
examples of trivially inconsistent constituents. There are no decidable conditions which
are necessary and sufficient for the inconsistency of constituents. But there are decidable
conditions which are sufficient, though not necessary, for inconsistency. (Thus it is neces-
sary, but not sufficient, that a constituent not satisfy these conditions to be consistent.)
Any condition which can be checked mechanically and is sufficient for the inconsistency of a
constituent can be included in the definition of trivial inconsistency. The main significance
of trivial inconsistency is that there are decidable sufficient conditions for inconsistency
which are adeguate for the completeness theorem of the theory of distributive normal forms
(see section 4.7) to hold. Hintikka [1965a] gives two definitions of trivial inconsistency. It
was thought that both were adequate for the completeness theorem, but due to an error
in the attempted proof of this result (which I discuss on p. 114}, it is unclear whether or
not these definitions are adequate. There is, however, a definition of trivial inconsistency
(given in the next section) closely related to one of Hintikka’s which is adequate for the
completeness theoremn. This section gives Hintikka’s definition of trivial inconsistency and
an equivalent formulation of it in terms of the tree-structure of constituents and attributive
constituents.

We consider some necessary conditions for consistency.
An attributive constituent v¥(zy, ..., 2x) is of the form

Pyg(z;} e 2k A

(i){aﬂ:)”‘ff_i{zb ceey Zky .’5} AN A {:}<33’}ﬁ?§“3 (31,: sy By 3}

where for each a € {1,...,7}, ¥4 (2, ..., z, z) is of the form
Y2,y 28, T) A

(t)(ay}ﬁ?fnz(zi: cvey By $5§> Ao A (ﬁxa@’)’}’f“g(% vy By Ty §}

The case we saw in the previous section was when d = 1, in which case each attributive
constituent ¥4z, . .., z, z) is just a root ¥ (21, ..., 2, 7). For v}{(21,...,2) to be consis-
tent, z; must exist as one of the z’s. This can be expressed formally by the condition that
the expanded copy 72(21, . - -, 2, ) of 77(z1,..., z) must be a branch of v9(zy,...,2). In
the general case, instead of the formulas v¢*(z1,..., 2, %) being depth-0 descriptions of
z, they include such descriptions 4 (z1,. .., 2, ) as their roots. And it is necessary that

in ¥ (21, ., 2), Y221, - ., z) have some branch ¥47'(z,,. .., z, z) of which the expanded
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a “repetition requirement” which seems to be the special case of the above requirement
regarding the existence of partial expansions applied to sentence constituents.

In the above definifion of one-trivial inconsistency, the condition regarding the existence
of partial expansions is already expressed in terms of the tree-structure of constituents
and attributive constituents. individual The other condition in this definition, involving
the omission of layers of quantifiers, can also be expressed in terms of the sets-and-trees
representation. For this, we will use sibling-sets {defined on p. 70) and the following
terminology: The predecessor of a sibling-set is the predecessor of each of its elements.
The predecessor-set of a sibling-set A is the sibling-set of which the predecessor of A is
an element. The successor-sets of a sibling-set A are the sibling-sets whose elements are
the successors of the elements of A. These definitions can also be stated as follows: Given
a tree T, let the quotient tree of 7 be the tree whose elements are the sibling-sets of
7 and whose successor/predecessor relation R is defined by: zRy iff the predecessor of
the elements of y is an element of z. (This terminology is chosen because on the set of
nodes of the tree omitting its root, the relation of being siblings is an equivalence relation
and the sibling-sets are its equivalence classes, and the quotient tree is the tree whose
nodes are these equivalence classes which preserves the relation of the original tree.) Then
predecessor-sets in 7 are predecessors in the quotient tree of 7 and successor-sets in 7 are
successors in the quotient tree of 7. The nodes of level 1 in a forest are those of level i in a
tree in the forest, and for ¢ > 1 a sibling-set of level ¢ in a forest is a sibling-set of level ¢ in
a tree in the forest, and the set whose elements are all the nodes of level 1 is the sibling-set
of level 1. In a tree (or forest) 7T, the subforesi generated by a sibling-set S is the forest
whose nodes are the elements of S and those nodes which are below any element of § and
whose predecessor/successor relation is the restriction of that of 7" to those nodes.

The expanded copy 7%(z1, ..., 2k, zx+1) of a depth-0 attributive constituent v°(zy,..., 2)
describes a kind of individual relative to one more individual than does 7%(z, ...,z ).
For an attributive constituent v°(2,..., 2, 2z41), we define a particular attributive con-
stituent v%(zy, ..., z) which describes a kind of individual relative to one fewer individual
than does Y*(z1, ..., 2k, zk+1) as follows: The contracted copy of ¥z, ..., zk, Zks1) is the
formula obtained from +%(21,..., 2k, zk41) by deleting all the conjuncts which contain z
and then, in the resulting formula (which is of the form ~%(zy,..., 2k1,2k41)), substi-
tuting z; for zx,;. Note that if ¥%(z1,...,z) is the contracted copy of v°(z1,. .., 2k, 2k41)
then (Fzp )7 (21, -« -y 2ay zia1) = (Fz)¥%(21, ..., 2) (since any conjunction implies the
conjunction of some of its conjuncts, and a change of bound variable results in an equiv-
alent formula). The definition of contracted copy follows the structure of an attributive
constituent in the sense that in an attributive constituent formulas of the form of the con-
tracted copy of some depth-0 attributive constituent occur at one level of quantification
less, until the outermost level is reached. In terms of the tree-structure, looking at (the
labels of) the nodes of the different levels, going one level further away from the root, they
are of the form of the expanded copies of those of the given level; and going one level closer
to the root, they are of the form of the contracted copies of those of the given level.
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4.7 The completeness theorem of the theory of dis-
tributive normal forms

As for the rest of this chapter, this section deals only with languages without function
symbols or identity, though they may contain constant symbols. We first give some defi-
nitions.

A disproof method for first-order logic is a method of proving the inconsistency of formulas
(as opposed to a proof method which proves the validity of formulas). A disproof method
is complete if for every inconsistent formula, it can show the formula to be inconsistent. As
we will later see, from any complete disproof method for first-order logic, we can obtain a
complete proof method. And from any complete proof method, we can obtain a complete
disproof method.

A disjunction V/ .4 6%z, ..., z) is said to be trivally inconsistent if each disjunct

6%z, ..., z;) is trivially inconsistent.

Every formula can be expressed as a disjunction of constituents. It is inconsistent iff each
disjunct in this disjunction is inconsistent. If any constituent 8%(z,...,z) is trivially
inconsistent, then it is inconsistent. Otherwise, we can expand §%(z1, ..., 2;) to some dis-

junction \/ ¢, 657 (21, ..., z). If each disjunct 627" (zy, . .., z) is trivially inconsistent then

8%z, ..., zx) is inconsistent. If not, then we can omit the trivially inconsistent disjuncts
83%31(z,,...,z) and expand those which are not trivially inconsistent to depth d + 2. In
this way we get a disproof method for first-order logic which can be summarized as follows:

Given a formula F' of depth d with free individual terms 2y, ..., 2,
e convert F' to distributive normal form \/ ., 63z, ..., 2)
® repeat:

e omit all trivially inconsistent constituents
# if no constituents remain, stop (since F' has been found to be inconsistent)

s expand to depth l-greater than current depth.

The completeness theorem of the theory of distributive normal forms states that for each
inconsistent formula F' of depth d, there is some depth d + ¢ at which the expansion of F
is trivially inconsistent, and thus that the above disproof method is complete.

To prove this completeness theorem we make use of model sets. In this context it is
convenient to use a definition of formule which is slightly different from the one given
earlier in that the symbols taken as primitive and defined are different; but it is equivalent
in the sense that, including abbreviations, all the formulas are the same and have the same
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and replacing z by a; in the subforest generated by the sibling-set of level 2 in (9) has the
same effect as deleting all conjuncts which contain z from this subforest. But the first part
of this claim, that substituting a; for z in the root of (9) gives the root of (7), does not
hold except for ¢ = k, because a formula of the form +°(ay, ..., ax,z)(a;/z) contains all
atomic formulas over ay,...,a; which contain a; (with some repetitions) and none which
don’t contain a;; and a formula of the form v°(ay, ..., ax) contains all atomic formulas over
a,...,0; which contain a; and none which don’t contain ay.

However, we do get the following similar result (lemma 4.10):

Ify¥ Mz, . .., 2k, 2) s @ partial ezpansion to depth d—1 of 82(z1, . .., zx) with respect to z;
for some i € {1,...,k}, then substituting z; for = in the root of v *(z, ..., 2, T) gives an
attributive constituent ¥°({zy,..., 2}, z;) which is a part of §%(z1, ..., z;), and substituting
z; for x in the subforest generaled by the sibling-set of level 2 in 'y,‘f"l(zl, ..+, 2k, T) has the

same effect as deleting all conjuncts which contain z from this subforest.

I have not been able to prove the completeness theorem as stated by Hintikka, nor have I
found any counterexample to it. But using two-trivial inconsistency, we do get a complete-
ness theorem. I use a similar method of proof to the attempted proof found in Hintikka
[1965a]. I first describe the method that will be used and give some preparatory explana-
tion.

For a formula of depth d, there are in general many expansions to a greater depth e,
but they can differ only in inconsistent elements. For constituents and attributive con-
stituents, we define a particular expansion as follows: The ezpansion; of a constituent
6%(21,...,2x) to a greater depth e contains exactly the constituents %(z1,. .., z;) of which
6421, ..., 2;) is the top-(d+1) tree (or, top-d forest in the case of no free individual terms),
and which are not two-trivially inconsistent. Similarly, the ezpansion; of an attributive
constituent v4(zy,. .., 2x) to a greater depth e contains exactly the attributive constituents
Y¥(z1, ..., z) of which ¥%(z1, ..., 2) is the top-(d+1) tree (or, top-d forest in the case of no
free individual terms), and which are not two-trivially inconsistent. By theorems 4.4 and
4.8, and the fact that the consistent elements of an expansion are unique, the expansion;
of a constituent to some greater depth really is an expansion. Note that all expansion;s
can be found algorithmically.

The completeness theorem states that if a constituent C' is inconsistent then there is some
depth at which its expansion; is empty. This is equivalent to showing that if there is
no depth at which its expansion; is empty, then C is consistent. If the constituent C
is two-trivially inconsistent, then there is nothing to show. Otherwise, define the tree 7
as follows: the root is C, and the successors of each node X are the constituents in the
expansion; of X to a depth 1-greater than itself. (Thus each node implies all the nodes that
are above it.) Since every expansion has only a finite number of elements (i.e. disjuncts),
T is finitely branching. If there is no depth at which the expansion; of C is empty, then T
is infinite, so by Kénig’s Lemma (lemma 4.17), T contains an infinite path. (Conversely, if
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then consider the first element @, € Q which contains 2. In T, _; is some T}, which is

of some T;,_3 € T,_3, and so on until we reach some T; € T;. Now T; is the result of
omitting a layer of quantifiers from 5, and then taking contracted copies a number of
times. Let v !(z1,...,2;,y1) be that branch of the root of Q; which corresponds to 75,
then ¥4 (z1,..., 2z, y1)(2n/y1) is the result of Q-omitting a layer of quantifiers from @),
and then taking Q-contracted copies a number of times. So v~ (zy, ..., 25, 1) (z/m) € Y.
If h < j then there is some 'yf"l(zl, .o+, Zi, Y1) in Q; which is a partial expansion of the root
82(z1, .. ., 2;) of Q; with respect to z to depth d—1 (since the root of ; is the conjunction
of the root of S; and those nodes above it in R;, and R; is not two-trivially inconsistent). So
by lemma 4.10, substituting 2, for y, in v (21, . ..,2;, ¥1) gives an attributive constituent
whose root is a part of 63(z1,...,2;) and whose subforest generated by the sibling-set of
level 2 is the result of deleting all conjuncts which contain y; from the subforest generated
by the sibling-set of level 2 of v#"'(z1,...,2;,%1). Thus ¥ gy, 25, 1) (20/11) can be
obtained by changing the bound variables of the result of omitting a layer of quantifiers
from a part of Q;. So, by the definition of Y, ¥& *(21,..., 7, y1)(2x/y1) with a change of
bound variables is in Y. Now, if for some A € Y, for each z, there is some v*"!(zy,. .., z;,
y1) in A for which v* (21, ..., z;, v1){(za/y1) € Y, then for A with a layer of quantifiers
Q-omitted, for each zj, v '(21,..., 25,1 )(z /1) with a layer of quantifiers Q-omitted
is the required element of Y; and similarly for the Q-contracted copy of A, for each z,,
the corresponding Q-contracted copy of v*71(z1,..., 2, v1){zn/y1) is the required element
of Y. And if the branches of some constituent A with some substitution are in Y, then
a similar condition holds for each part of A since the branches of the parts of A are the
same as the branches of A. Thus the required condition holds for all elements of Y.

So Y is a constitutive model set. Thus ), is consistent, thus 5 is consistent. That is, B,
is consistent. 7

Recall that a disproof method is a method of proving the inconsistency of formulas. A
proof of the inconsistency of F will be called a disproof of F.

We have the following disproof method for first-order logic:

Method 1 Given a formula F of depth d with free individual terms 2y,.. ., 2,
e convert F to distributive normal form \/,. 4 6¢(z1, ..., z)
@ repeal:

e omit all two-trivially inconsistent constituents
e if no constituents remain, halt

e expand to depth l-greater than current depth.
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If 7 is a permutation of Const,, then the induced mapping between models ©' : 2, — Z,
is the function defined by 7' ((D,I)) = (D, I') where

Ia) = w(I(as))
I'PM = {a| 7 (a) € I(P[M)}

And the induced mapping between propositions n'' : E¢ — ¢ is the function defined by
m"(A) = {7'(Z) | Z € A}.

Two models Z,7Z' € Z, are isomorphic if there is some permutation 7 : Const, —
Const, such that Z’ = 7'(Z). Two propositions A, B € £ are isomorphic if there is some
permutation 7 : Const, — Const, such that A = 7”(B).

A credibility function C is symmetric if for each finite permutation 7 : Const; — Const,,
for each H and nonempty £ in £,, C(H | E) = C(r"(H) | #"(E)). An initial credence
function M is symmetric if for each finite permutation 7 : Const; — Const., for each H
in £, M(H) = M(n"(H)). If a credibility function € and an initial credence function M
are related then C is symmetric iff M is symmetric. :

The basic system of inductive logic described by Carnap [1971] uses credibility functions
that are regular and symmetric, or equivalently initial credence functions that are regular
and symmetric.

We now consider a language with just one family of predicates. Let these predicates be
Py, ..., P (for some finite £ > 2). Thus the universe is partitioned into k cells. We
consider the specific type of evidence which gives, for some finite number n of individuals,
the cells to which they belong. This kind of evidence is called a sample of size n. The
representative function f of some credibility function C gives, for each cell, the probability
that the next individual to be observed belongs to that cell. A representative function f
can be considered as consisting of k representative functions f1,..., fr where each f; gives
the probability that the next individual belongs to the 4th cell. If C is symmetric, then
its representative function f depends on the observed individuals only through the total
numbers which have been observed in each cell, and not on the order in which they were
observed. For the derivation of his A-continuum of inductive methods, Carnap assumes
the stronger condition that each representative function f; depends on the sample only
through its size n and the number n; of individuals which have been observed in the ith
cell. Carnap [1973] shows that with this assumption, the representative functions f; are of
the form (for & > 2)

TL,“F%

filni,n) =

where A € R*; and for k = 2 the functions f; are also of the above form if it is assumed
that f;is a linear function of n;. The values of A and f;(0, 1) uniquely determine each other
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through the equation
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EI

fi<8> 1) -
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A disadvantage of Carnap’s A-continuum is that for an infinite universe, all confirmation
functions based on it assign, on any finite evidence, a value of 0 to all constant-free sentences
which are not logically true. Hintikka [1966] introduces a two-dimensional continuum
of inductive methods which does not have this disadvantage and includes Carnap’s A-
continuum as a limit case.

We consider a monadic first-order language which contains a finite number of predicates
Py, ..., P, but it is not assumed that these predicates partition the universe. Recall, from
section 1.6, the definition of attributive constituents

Ai(z) = () Pi(z) Ao A (E) Bielz)

and constituents
C; = (£)(Fx) A {z) AL A () (He) Ag ()

where K = 2%, A constituent (+)(3z)A;(z) A ... A (+)(Fz)Ax(z) can also be written in
an equivalent form as (3z)A; (z) AL . A (3z)A;, () A (Vo) (A, () V...V A (2)). (Since we
are dealing only with languages with a finite number of predicates, we use the attributive
constituents and constituents relative to all the predicates.) Now, the attributive con-
stituents A4;(z), ..., Ax(z) partition the universe into K cells. We consider evidence which
says, for n individuals, which attributive constituents they satisfy. Let the attributive
constituents which are satisfied by any of these n individuals be 4;, (z), ..., 4; (z); and for
ea,chC j €{l,...,c}, let n; be the number of the observed individuals which satisfy A; (x).
So > n; =n.
i=1

A probability measure p and related conditional probability function p’ which can be used
for credence and confirmation functions respectively will be defined. Carnap approached
the problem of defining such functions by considering the case of defining the probability
that the next individual to be observed belongs to a particular cell, given a sample of n
individuals (called the problem of singular predictive inference). Hintikka [1966] considers
instead the question of (given a sample of n individuals) which constituent should be the
most probable (called the problem of universal inference). It is assumed that constituents
which contain (positively) the same number of attributive constituents have the same
probability on no evidence, and also that p’ satisfies the condition that for n sufficiently
large relative to K:

e If £ is a sample of n individuals which satisfy 4;,(z), ..., A; (z) and C is the constituent

(Fz) Ay () Ao A (Bz)As (2) A (V) (A (2) V...V A; (2)), then for any constituent D
which contains more than c attributive constituents, p'(C | E) > p/(D | E).
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constituents are defined, a distance function between sets of constituents and constituents
can be defined in various ways, as in the monadic case.

The relative verisimilitude of constant-free sentences F' and & of depth n can be defined
as follows: F' has greater verisimilitude than G if

Dn(630), F) < Dn(62(), G)

where 67() is the true constituent of depth n. And sentences of different depths can be
compared by using the distance function D, where n is the greater depth and the distribu-
tive normal formgs of both sentences at depth n. (The relative verisimilitude of sentences
of different depths is defined like this by Tichy [1976], p. 33.) Regarding the dependence of
the distance functions on depth, it seems to me that we have two options. Either we can
accept that in expanding sentences to a greater depth, their relative verisimilitude may be
reversed (which is not surprizing since at different depths they are compared with different
truths). Then equivalent sentences may have different verisimilitudes, so we can not com-
pare the verisimilitude of a sentence with one of a greater depth by using its expansion to
that greater depth. So we have no way of comparing the verisimilitudes of sentences of
different depths. Or (if we want to use definitions relative to depth to compare sentences
of different depths) we can try to find a definition for which the relative verisimilitude of
sentences does not change as they are expanded to greater depths. As far as I know, this
has not been done. But it seems that if we want to compare sentences of different depths,
it would be better to use a definition which is not relative to depth.

At a fixed depth, the constituents are the strongest sentences, but when we consider all
the depths together there are not any strongest sentences. For each model for a language,
exactly one complete theory (as defined below) is true. If a distance function on complete
theories is defined, then they can be used in a way similar to how constituents were used
above. ‘

A theory T of a first-order language £ is a set of sentences of £ that is closed under logical
consequence, that is, if T = X for some sentence X of £, then X € T. A theory T
is complete if for each sentence X, either T = X or T = —X. A subset B C T is
said to generate the theory T if T = {X | X is a sentence and B = X'}. A sequence of
constituents {6™() | n € N} such that

L) = () = ... = 6Y)

is called monotone. A theory is complete iff it is generated by a monotone sequence of
constituents. (This follows from the proof of a similar result in Niiniluoto [1987], p. 77.)
For any model, the true constituents form a monotone sequence. The theory (which is
complete) generated by the set of true constituents of each depth will be the truth with
which other theories will be compared.
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Symbol table

The following symbols are not defined in the contexts in which they are used:

2 ... the 2-element Boolean algebra {0,1} with 1 as the top and 0 as the bottom
B the empty set
e element
Y 5 S subset
e e e e e e e e e e e e e e e e e e e superset
D) e e e e e e e e e e e e e e e binary intersection
0 T 2 binary union
L S © X set difference
1 . intersection
5 P union
[X]foraset X . . .. ... .. the cardinality of X
N the set of natural numbers {1,2,...}
R o the set of real numbers
Rt {zeR|z>0}
P(X)foraset X .. e the powerset of X
D e e L sum
IT - o O product

O p-4
N e e e e e e p. 4
A e e e e e p. 4
e p. 4
2 T p. 4
e e p. 5
D L e e e e e e e e e e e e e e e e e p. 6
o o i e e e e e e e e e e e e p. 6
Ve p. 6









