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THE MULTIPLE-RECAPTURE CENSUS
I. ESTIMATION OF A CLOSED POPULATION

' By J. N. DARROCH
Department of Mathematics, University of Cape Town

.~

1. INTRODUCTION

1-1. A primary classification of the many problems which can now be included under the
heading of capture-recapture analysis is the one separating the census which uses multiple
recaptures from the census which does not. : ‘

The best example of the latter type is the ‘fisheries census’, where the main catching is
done commercially and the experimenter’s job is to keep the population supplied with
tagged individuals. In this case, recaptured fish are obviously not available to him for
retagging and all he can hope for is that the captured tags are returned to him. Most of the
paper by Chapman (1954) is devoted to this type of situation and contains some very simple
estimates derived by the use of large-sample large-population Poisson approximations.
Gulland (1955) shows how, if the catching is considered as a continuous-time process
with constant effort, the natural and fishing mortality rates can be estimated from the
behaviour of tagged fish alone, that is without any knowledge of total catches. It follows
of course that with this knowledge estimates of population size are also available.

In the multiple-recapture census it is usually the experimenter who does both tagging
and sampling and it is assumed that he employs a method of capture which does not kill
the animal or affect its future behaviour. The experiment then comprises a sequence of
samples S, ..., S, say, where the members of S, ..., S,_; are all tagged before being returned
to the population, while the members of S,, ..., S, are classified according to when, if at all,
they have been captured before. The majority of papers have discussed this census and
among them may be mentioned Bailey .(1951); Chapman (1951, 1952); Craig (1953);
Goodman (1953); Hammersley (1953); Leslie & Chitty (1951); Leslie (1952) and Moran
(1952). In all of these papers except Goodman’s s is a constant. Goodman sets up a model
in which the number of samples sequentially depends on the total number of recaptured
tags, which is stipulated beforehand. As far as the individual sample sizes are concerned,
we notice that everywhere except in Hammersley’s paper, each sample §; is completed
when one of its statistics attains a prescribed value. This statistic is usually simply the
sample size, but in what has come to be known as the inverse sample census it is the number
of tagged or the number of untagged individuals recovered. In this connexion see Bailey
(1951) and Chapman (1952). It goes without saying that the theory of all these papers can
be applied to the estimation of the number of classés in a population if the classes are of
equal size and sampling is with replacement. The number of classes represented in a sample
constitutes its size and a class is ‘recaptured’ when it is represented in a subsequent
sample.

The latest extensions to the general problem have been made by Chapman who exploits
the natural stratification of animal populations, with respect to type (sex, species) of
individual (1955) and with respect to place (1956, with Junge).
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1-2. Inthe present paper we treat the multiple-recapture census for which the number of
samples sis fixed (except in §§4-4, 4-5 and 5-6). In §§ 3 and 4 the sample sizes are regarded as
constants and in § 5 as binomial variables.

Most of the above-mentioned work on the multiple-recapture census has been applied
to closed populations in which there is neither departure due to death or emigration, nor
. augmentation due to birth or immigration. The restriction to a closed population also
prevails here, but in a second paper we shall take account of both departure and augmen-
tation.

- 1-3. To extract all the information from a multiple-recapture experiment, tagging must
be differentiated in order that the full ‘history’ of any individual can be inferred each time
it is captured. This can be effected in two ways. Either an individual is given a numbered
tag at its first appearance, or, each time it is captured it is given a new mark distinctive of
that capture. For some purposes, however, simslar tagging is sufficient, where all that is
required is that each individual bears a mark after being captured. It need not be remarked
when recaptured.

2. THE ALTERNATIVE MODELS

2-1. Let n be the total number of individuals in the population.

Let s be the total, fixed, number of samples taken.

Let u; be the number of individuals caught in the sth sample but not otherwise, %;; the
number caught in the ith and jth samples but not otherwise and similarly w,;, etc.

Denoting a subset of the integers 1,2, ...,s by , let

r= Zu = Zu + XUyt U e
T <)
the total number of different individuals caught in the complete experiment.

Let a; be the size of the ith sample. Then a, = ¥, u, where summation is over all subsets w
which include the integer s. w31

We derive two probability distributions for {u,}.

Let the probability that any individual is caught in the ith sample be p; = 1 —g,. Thus we
assume that all individuals are equally likely to be members of any given sample. Further,
we shall assume that, for any individual, the events: caught in the ¢th sample, s = 1,2, ...,s,
are independent. _

The probability of any individual escaping capture throughout the experiment is

-l__.[ &= Q, say.
1
The probability of being caught in the 1, ..., ! samples and no others is
b Pig-p say. |
% 4@ ? y

Clearly, the probability density of {u,} is multinomial, viz.

pl{u.}] = @Il P (4)

r)'Hu'

where 0 < u, <n subject to 0< 7 = ¥ u, <n. We notice that

P \%w ANRM N\ a;
e P = @1 (2)° = e (B) - a1 (%) - matae
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Therefore, (4) may also be written
— n! a; n—a; Al
Z_’[{’“m}] = WT—!H%!I;[M i v (4%)
We now find p[{w,} | {a;}], the conditional density of {u,} given {a,}. It is obvious from first

considerations, and is easily deduced from (4), that the a, are independent binomial vari-
ables B[n,p,]. Therefore

pl{a;}] = 11 (:.)pi-’fq?‘“i
1 -1
and Pl od] = i T (2) @
where max{a,}<r<Xa; (strictly, min(n, ¥Xa;)),

O<u;<a;, O<uy<min(a;a;), ete.,

with the linear constraints on the u,

Su,=a;, (¢=12,..,s).

(3=}
(B) is a generalized hypergeometric density.

2:2. Which of models (4) and (B) is appropriate to any given experiment?

In (4) the sample sizes a, are random variables while the p; are parameters. This model
is therefore applicable when the effort put into the catching of every sample is fixed before
the experiment begins since the p, are then fixed, though unknown. (B), on the other hand,
involves the a; as parameters and should be used only when the experimenter is determined
to catch no more and no less than a, individuals at the ith sample; and he will only be able
to do this when animals are fairly easily caught. In fact, if we had to generalize, we could
say that (B) is likely to be appropriate when the main limiting factor on sample size is the
trouble involved in marking animals and (4) when it is the difficulty in catching them.

Most previous work has been based on (B) and (A) is new. (Hammersley (1953) con-
structed a model in which the a; are binomial variables but this model involves a flaw which
invalidates the estimation based on it, as we shall show in paper II.) It has been customary
to derive (B) as a chain of s — 1 hypergeometric probabilities P[S; | 8y, Ss, ..., §;_;], and this
has led to its simplicity being obscured either by the notation employed, by considering
only the terms involving » or by making sampling-with-replacement approximations.

As well as being the exact probability description of the capture-recapture experiment
when the a, are constants, (B) may also be regarded as a very useful device for eliminating
the nuisance parameters p; when the a, are variables; it leaves only = to be estimated and
provides a sufficient statistic for #, namely r. One feels intuitively that to estimate n as if
the a,; are constants, when in fact they are not, is not a serious misrepresentation, and this
feeling is strengthened by the discovery that the two models lead to the same estimate 7
of n, and to the same asymptotic estimate of var (%). Apart from demonstrating this, it
may be wondered why there is any need to consider (4) at all. The main reason is that (4)
is capable of generalizations which (B) is unable to accommodate and it is necessary to
discuss (4) for the closed population before going on to these generalizations, some of which
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" are the subject of paper I1. Also, the ease with which a multinomial probability is mani-
pulated gives it considerable advantage over a hypergeometric probability, even for a
closed population.

3. ESTIMATION USING MODEL B

3-1. Thefact thatrissufficient for n has the important implication that » can be estimated
from similar tagging.
Regarding (B) as the likelihood L(n) of n, and omitting constant terms,

log L(n) = X log (n—a;)! - (s— 1) log n! —log (n—7)!.

An equation for the maximum likelihood estimate % of n can be found by equating
Alog L(n) to zero. This involves an error of less than unity in the solution and is equivalent
to the ‘ratio method’ of maximizing L, which equates L(n) to L(n—1). Since Alogn! = logn,

# must be one of the roots of ,
‘ Il (n—a;) = n*Yn—r). (1).
i
(1) has a single finite root greater than » which maximizes the likelihood, except when r
takes one of its extreme values. (i) If » = 3 a,, no individual is observed more than once
-3

and # is infinite. (i) If » = max{a,} = a,, say, no individual is observed which does not

appear in the mth sample and # = r = a,,. It is of course in the nature of the capture-

recapture experiment that (i) and (ii) are extremely unlikely to occur. ' ’
(1) may also be obtained by equating r to its expected value p, say. For

Il (n—a;)
n—p=En—r]= Lﬁs— .

-1

(2)
This follows from the identity in # and tl.e a;

n\™? n!
(e) 2 e ="
II (n_ai)

' ' n— 1)1 (n—1)!
since E[”f”] = T_f_lzl ( a; ) ,’(%w; (n—1—-1)Tl %,
]'_[(n—ai) o
= ns—l

Mrn-a)(n—a;,—1)

Similarly, E[(n—r)(ﬁ—r—l)]: d T T J S . (3)

with corresponding expressions for the higher factorial moments of n—r.

3-2. To apply maximum likelihood large-sample theory in finding the variance of an
estimate, it is necessary that the following three conditions are fulfilled. (a) The sample
size must be a constant. (b) The likelihood must consist merely of the product of the
individual likelihoods for the separate sample members. (c) The range of summation of the
random variables must be independent of the unknown parameters. Except for one model
discussed in § 5-7, which is artificially constructed for the purpose, no other model of this
paper satisfies these three conditions. In the present context r is the sample size, as distinct
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from the a, which are the separate catch sizes, and (B) obviously does not satisfy (a) or (5).
(It does satisfy condition (c) provided » > 3 a;.) Model (4) breaks all three conditions.
i

We can, however, use the ‘8-technique’ to.find the asymptotic variance and bias of .
(1) may be regarded as defining 7 as a function #(r) of r. By (2), #i(p) = » and we may
therefore expand # about n as a Taylor series in powers of r —p. If we consider # and r as
continuous variables we can say that d#i/dr is finite and differentiable in the range

ap Sr<da;— 1.
. B
Confining attention to this range, that is ignoring the possibility of (i) occurring, we have
N _ dfi L o [4%7 ‘
i-n= )|+ (®)
where ' lies between r and p. Differentiating (1)

a7 1 1 s—1 1 71 1

where f(n) = O(¢(n)) means | f(n) | < K¢(n) as n - o0 and each a;— o0 in such a way that the
a;/n, and hence also p/n, are constant. Also

25 35
d_n= 0(%) and d—7—L = 0(l)

dr? dr? n?
Further, var(r) = var (n—7) = E[(n—r) (n—r—1)]+ (n‘——p) —(n—p)%
Therefore, using (3)- _
var ()~ (v o+ 2t - 5] = o), ©

where f(n)~ ¢(n) denotes that f(n) = ¢(n)[1+0(n1)]. Making further use of factorial

moments we find that
Bl(r—p)*l = O(n) and B[(r—p)] = O(n?).

Squaring (4) and taking expected values
’ 2

di
5 von o
E[(fi —n)?] ~var (r) [dr]p'
(The error in replacing E[(r —p)?] over the restricted range by var (r) is O(n%"), 0<c <1,
which is o(n~1).) Thus, for the limit process stated
1 -1 1 71
B~ [+ -S|

n—p n T N—ay

= O(n). (6)

Let f = E[#i]—n, the positive bias of 7. Then extending the Taylor series by one term
and taking expected values, we find that

pivar (37| =00,

s—1 1 2 Is—1 1
1[ n _zi:n—ai} +[ n? —§ ]
whence /)’~§ T T .
it -3

—p n i n—ay;
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Since £ = O(1) and E[(% —n)?] = O(n), E[(%— n)2] ~ var (). Thus, if makes no difference
whether we speak of mean square error or of variance and (6) is equivalent to

vm@n~[l =1y ]4. (8)

n—p n T n—a,
3-3. When s = 2, r = a, +a,—u,, and (B), written in standard hypergeometric form, is
Gk
\Urg/ \Ag— Uy
W
Oy
(1) is a linear equation with solution % = a, a,/u,,, the familiar Peterson estimate.
Chapman (1951) showed that
: n/=(a1+1)(a2+1)
Up+1
is preferable to 7, since it is always finite and is almost unbiased. This could very nearly be

inferred from (7). For that formula gives (n—a,) (n —a,)/(2,a,) as the approximate bias of
7i» which is estimated by (a; — uy,) (@ — %y5)/u3s, and

-1

PR (g — Ugp) (@5 — Uy5)
Uyg(thyo+1)

We notice that »’ is the solution of (n—a,) (n—a,) = (n+1)(n—r), but unfortunately it
is not true that [T (n —a,) = (n+ 1)~ (n —7r) yields an almost unbiased estimate for general
values of s. ‘ ’

Chapman (1952) showed how =’ can be made the basis of almost unbiased s-sample
estimation. We shall wait until § 5-3 to comment on his recommendations, as they can be
more easily discussed for model (4) than for (B).

3-4. Turning attention now from point estimation to confidence interval estimation
of n, we assume that r is approximately normally distributed about p. We have already
noted that » has moments g, = O(n) and g, = O(n). Therefore

Also, one finds that Vo = /’I—j‘—; -3 =0(n).
2 :
The expected value of 7, regarded as a function of =, is
H (n - aL)
‘L
pln) =n— — 55—,

and in this notation, the equation for # is p(#) = r or % = p~(r), say. Let o2(n) denote the
variance of 7, given by (5). Then
Plr— ko‘(ﬁ) Lpn)<r+kon)] =1—e,
where k& = k(¢) may be read from normal tables. The inequalities are approximately
r—ko(fi) < p(n)<r+ko(f)

or ri<p(m)<ry, say,
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or, since p~1(r) can be shown to be a monotone increasing function of 7,
pHr) Sn<pTiry).
p~Y(ry) and p~Y(r,) (which are precisely the same as fi(r,) and #(r,)) may be regarded as first

approximations to the solutions for n of r — ko(n) = p(n) and r + ko (n) = p(n), respectively.
We may now, if we wish, proceed to better approximations »f and nj say, obtaining

nF<n<ny

as the 100(1 —¢) 9, confidence interval for n.

4. ONE INDIVIDUAL PER CAPTURE

4-1. When each sample is of size one, (B) is the obvious probability model to use, though
(A4) can be adapted for the purpose as we shall show in § 5-6. (B) is the basis of the present

section and is equal to
1 =l 1

— B
nf (n—r)! By
where [] u,! = 1, since every u, = 0 or 1 and therefore every u,! = 1.
w
Summing (B,) over all values of {uw} such that Z w; = f1, 2 %y = fo, ..., We obtain
- . <]
1 =l 8!
9

n (n—r) (1A (2N filfl
as the pfobabih'ty of not catching n—r individuals and of catching f, z times where
x=1,2,...,sand Efx =7, Exfj = §. The step from (B,) to (9) can be made by considering «

the number of ways of dlstrlbutlng 8 balls in 7 cells in such a way that none is empty. The
argument, which need not be included here, follows from putting «, = 1 if the ith ball is
alone, u;; = 1 and u; = w; = 0 if it is with the jth and no other, etc.

Summlng (9) over all Values of {f,} such that E f.=rand E xf, = 8, we obtain (Jordan,

1947, p. 206) o
n:

)i ) (10)

8

as the probability of catching » individuals with s samples, where o7 = A7(0%)/r!, a Stirling
number of the second kind. (10) was found by Craig (1953) when considering the estimation
of a population of butterflies.

4-2. For the purpose of estimating = little alteration is required to the general results of
§§3-2, 3-4.
7 is the solution of =1 =n""Yn—r), (11)

which may be approximately written
v e8n = 1—7/n.
The appropriate limit process is now » — 00, s - co such that s/ is constant, and we find that

var (fi) ~nfes? ~1—s/n]™' = O(n),

ﬂ~%%2§ [esim — 1 —s/n]~2 = O(1).
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Confidence interval estimation may be performed with
pn) =n[l—e-m], o2(n) = ne 2nfesn—1—g/n].
4:3. Suppose now that instead of s being fixed and r variable, sampling is continued until

a fixed number, 7, of individuals have been caught. Then
P[r—1individuals in s — 1 samples and a new one at the sth sample]

1 n! Cean—r+1
T lm—r4+ 1) g
1 n!
_ N r—1 .
T ns(n—r)! Ts-1 (12)

where s = r,r+1,.... -

This model will be referred to as ¢nverse, since the term sequential has already been given
by Goodman to his census which we discuss in § 4-4. We remark that the maximum likeli-
hood estimate of n remains the same as for the direct model (10).

Let ¢(t) be the probability generating function of s. Now

® tT
TIS —
2o = Ay AT =)’
(Jordan, p. 175). It follows that
_(n=1)! tr
plt) = =) m—t)(n—=2t) ... (m—(r—1)¢)"
; ol r—1 .
Differentiating ¢(f), Bls]=n'S 1 ’ (13)
k=0n——k
r—1 k 14
var (s) = ——.
T ey | (o
The method of moments estimation equation, obtained by equating observed and
expected s, is -1 ] s

k=0n——:k=;". (15)

As Craig pointed out, (15) is the exact maximum likelihood equation for the likelihood
%ﬁ and the solutions of (11) and (15) therefore differ by one at most. (15) has no
solution #>r when s>r(1+3+...+1/r) = so(r) say. As far as the method of moments
interpretation of (15) is concerned, this is explained by the fact that, since n > r, E[s] < s¢(7).
That is, there is no expected value of s to which an observed value greater than s,(r) corre-
sponds, and it is therefore meaningless to equate them. It is not likely that s will ever be
greater than s,(r) in practice. '80(100), for instance, is 519. Before making 519 catches to
obtain 100 individuals, the experimenter would be sure to doubt the randomness of his
sampling or the correctness of his (necessary) information that » > 100.

For the likelihood (12), s is sufficient for » and ignoring the possibility that s = » (which
makes 7 = c0), using (14) and the same technique as in §3-2, we find that

var (ﬁ)~n[k§1 WLW]_I — O(n),
r—1 k r—1 L o
ﬁNnk§1 (n—k)? [,El (n—k)z] = 0(1),

where the limit process is now n —co, r —co such that 7/ is constant.
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It is readily shown that s is normally distributed neglecting terms O(n-t), Therefore,
confidence interval estimation of » based on (13) and (14) proceeds as in § 3-4 except that
fi = #i(s) is now a monotone-decreasing function of s. '

All of the formulae appearing in this subsection may of course be simplified by using
integral approximations to the sums of reciprocal powers of n— k.

4-4. The sequential census of Goodman (1953) can be described as follows. Before the
experiment is begun, an infinite sequence {a;} of sample sizes is postulated together with [,
the number of tagged individuals to be recovered. Sampling stops at the completion of the
sth sample, s being defined by

s—1 8
Sa,—re <, Xa,—r.=2l,
i=1 i=1

where r, denotes the number of individuals observed in the first s samples.

When all g, = 1, sampling stops as soon as s —7 = I. We comment briefly on this par-
ticular case using the approach of the present section. We require '

Pfr individuals in 7 +7— 1 samples and a previously caught individual at the (r +7)th]

1 n!
e . AP
nr-l (p—1r)! n

r nl :
= ——'—_—r—)‘ 0';_}_1_1. . (16)

Maximum likelihood estimation remains the same as before and 7 or s (= r + 1) is sufficient
for n. There is, however, a minimum-variance unbiased estimate. Since

noog n!

2

T —
Ry O = 1

is an identity in » for any positive integer 7,

o nl
- T
rgl Py (n-—'r)!o-"”

=Nn.

Therefore o7,;/o7,, , is an unbiased estimate of n. Moreover, it is uniquely unbiased as is
easily seen by induction on n, and because it is sufficient it has minimum variance (Rao,
1952).

Using more general methods, Goodman expressed the same estimate as K (r,1)/K(r,1—1),

where K(r,0) =r and K(r,l) = r £ K(1,1—~1). By observing that o7,, = A-[(r+ 1) o7+}]
4 t=1

—1
(Jordan, p. 171), and defining A—1¢(r) =.TZ @(t) + constant (Jordan, p. 101), it follows that
: t=0 A

K(r,1) = ro7,;, which accounts for the equivalence of the two expressions for the unbiased
estimate. Goodman made reference to tables facilitating the calculation of this estimate.
He also provided another basis for estimation by showing that as #— oo, ! remaining con-
stant, the distribution of s%/n tends to that of 3.

4-5. Does the ratio of two Stirling numbers afford an unbiased estimate of n for the direct
or inverse models? The answer is no, except in one unimportant instance: for the direct
census with s >n, o7, ;/0% is unbiased and has minimum variance.
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The application of the three models of this section to the estimation of the number of
classes may be framed in the language of coupon collecting. (10), (12) and (16) correspond,
respectively, to the collection ceasing when the number of coupons (s), the number of
different kinds of coupon (r) and the number of ‘swop’ coupons (s—r) reach preseribed
values.

5. ESTIMATION USING MODEL A4

5-1. It will be seen from (4’) that r and {a;} are jointly sufficient for » and {p;}. Con-
fidence interval estimation of » is therefore no longer a practical possibility.
Differentiating (4") with respect to p,, we find that the maximum-likelihood estimate of

p;is

Taking the first difference with respect to n of the logarithm of (4'),

) B
]

N
|
=
QO =

Hence, # is again the solution of (1).
The same estimation equations may also be deduced by the method of moments, for
Ela;] = np; and E[n—1r] = nQ. : '
The derivation of formulae for the variance and bias of 7 is much the same as for model

(B). Writing r = ay,; and @ = ¢,,; = 1 —p,,, for convenience, the solution of (1) is
fi = dil{e,}], @« = 1,2,...,s+ 1. fi[{np,}] = nand
oft 0%l 0%
—n = — — 41 - -
e = (0= np) o + S (@t B (@) @ = npg) gt (1)

where all derivatives are evaluated at {a,} = {np,}. It can be shown that any derivative of
7 of order k is O(n—*+1) for the limit process n— o, {»,} constant. Also, that all multinomial
moments of order 2/ are O(n?) and of order 2+ 1 are O(n!). These two facts, combined with
several pages of tedious algebra, lead to

var(ﬁ.)~n[§1+s—l—§qli]_l (18)
| PR R s 7| A

1 172
=+8§—1— —]
[Q zi:qc'
(a;+1)(as+1) 1M
U9+ 1 Uyp+1

52, When s = 2, n' = +r

is again an almost unbiased estimate of n. For

n 72«'
g, gy tzg =0 (0 — T} U LU !

Qn—rPiuPuz Pu212 — 1

where @ = q,9,, P, = 9,45, P, = ¢, 05, Pip = P, P, and it follows easily that
Eln'] = n—ngygs(1—pypy)" . (20)



J. N. DarRroCH 353
Seeing that (1 —p, p,)*! is approximated well by e~Z],
E[n'] = n—E[n—r] e Elndl ‘ (21)
to a good approximation. The negative bias of »’ will in general be small.

Consider now the conditional expectation of »’ given a,. This leads to a slightly different
statement of the last result which we shall require in § 5-3. For this purpose write

Us
Upp+ 1
Given a,, u, and u,, are independent binomial variables B[n — a,, p,] and B[a,, p,], respec-
tively, and

7 =a;+(a;+1)

1 . 1
E =(n— Bl— == [1—qg%t]..
[%l@l] (n—a,) py, [u12+l |a1] (a1+l)p2[ gs11]
Therefore ' En'|a,] = a;+ (n—a,) [1—gpt]
=n- (n‘—_al) Ry ' (22)
=n—E[n—r|a]e Flulal - (23)

to the same approximation as before. The expectation of (22) over a, plainly gives (20)
again, but the inference we wish to make is that the bias may be neglected after taking only
the conditional expectation and, what is more, that the difference between (22) and (20)
is negligible. ,
-1
From (18), var(n’)~n[—l— +1-1—1] ' (24)
. 0192 B 9
= p 92 ,
D1Pg
Eln—r]
=N—.
Blug,)

5-3. In order to consider Chapman’s-recommendation (1952) for an s-sample unbiased
estimate of #, let a_; denote the number of different individuals captured before the kth
sample, k = 2,3, ...,s. (Thus a_, = a,.) Further, let a_; , denote the number of different
individuals captured before and at the kth sample. Thus, for instance, if s = 4,

(25)

Oc3,3 = Uzt Ugg+ Uygg + Uyzq + Ungq + Upozg-
Clearly, Qopy) = O+ — 0 g i
and N—CQcpryy Qe Qcp.ky O~ A<i.ko V<k.k
are distributed multinomially with parameters » and

) Qo =1 Gl (@1 Q) P (L =10 Q) P
Therefore, in the same way as for s = 2 )
’ _(a’<k+1)(ak+l) -
nk———jém——l (k—-2,3,...,8), .
is an almost unbiased estimate of x if, as we shall assume throughout this subsection,
sampling is large enough. We notice that the covariance of any two of these estimates is
negligible compared with their variances. For, if [<k
E[n{(n;c - E[n;c]) | Aoy O, Ocy] = n;(E[n; I a y]— E[n;c]):
which is negligible compared with var (ny). (Compare n times the difference between (21)
and (23) with (25).) '
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More important, from the practical point of view, than knowing how to get maximum
information from fixed effort is to know how the information increases with increased effort.
Supposing that all e; = & say,

2
I = gﬁs(s— De[l+ia(s+e+...]

Thus, if the effort per sample is enlarged to k2, the information is enlarged to more than k1.
While if € is held constant and the number of samples increased from s to s + 1, the informa-
tion is multiplied by more than (s+ 1)/(s—1); in other words, the information is roughly
proportional to the number of different pairs of samples, as might be expected.

5-6. If s is large and each p; is small, the probability that any sample size is one will be
a small quantity of first order, while the probability that it is greater than one will be of
second order. Therefore, in the limit as s >o0 and each p,— 0, sampling becomes ‘con-
tinuous’ and each ‘sample’ is of size zero or one. In this way, we obtain a valid description
of the experiment for which only one individual is captured at a time.

To formulate this idea precisely, let ¢, denote the coefficient of 2 in ls'[ (g; +p;7); that is,
i=1
let Qo=@, @ =X P, @y=X Py, .... Then, summing (4) over values of {u,} such that
B

Ci<g

Su;=fi, 2 uijl= f2s --., the density of {fx}, where f, = n—r, is
1 A<j

1 Q%. - (27)

Hf |a:—0
©x=0

Consider the limit process: s—co0, max{p;} >0 such that [](1—p;) = @ remains fixed
i
and equal to e~ say; that is to say, such that a 3 e, remains fixed and equal to A. For this

k2
process, [] (g;+ p;z)—>e** and therefore ), e~* A%[x!. Thus, the limit of (27) is
i .

! L : fz .
U | (e—k-gc’\-T) : (28)
1 z=0 '
i e
Let us now redefine s as the random variable § af,, the total number of catches made.
=1 .
(28) can then be written ’
nl e Qs ! A
p[{fz}] ( ‘)-fl 2,)}‘2 fl'fz ( 1)

Craig (1953) postulated this model as an alternative to (10) and discussed the estimation of

A and n. Although the sampling is now a continuous process, it is by no means necessary

that it extends over only one interval of time. In practice, the experitmenter will expend

effort until he catches an individual and then will pause while marking and recording it

and letting it return to the population. There is no conflict between this practlce and (4,).
The joint probability generating function of » and s for (4,) is

o)

B8] = [H (fqt%)ff] = L4 fy(eMe— 1)]n,

=1
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We notice that the marginal distribution of s is Poisson with parameter nA and therefore
that the conditional probability of { fz} given s is
nl si

P[{fz}l 5] = ns (n—r)! (17 (21). NATAR

which is (9) again. Thus, there are two routes from (4) to (9): either via (B) and (B;) or via (4,). A
The marginal distribution of r is blnomlal B[n, 1~ e*]. The conditional probability of

{f.} given r is therefore
riAs

PUH ) = iy s @y T -

This density was discussed by Craig from the point of view of the truncated Poisson dis-
tribution defined by the probability of a caught individual being caught x times being
e A%
‘ It:E:X%T ($ ==1,2,“.%
but plainly cannot serve as a probability description of any possible way of conducting a
capture-recapture experiment; for it demands that both the total effort and the total number
of different individuals be fixed in advance, which is impossible.

5-7. We notice that (29) satisfies conditions (a), (b) and (c) given in § 3-2 for the applic-
ability of large-sample maximum likelihood theory. This is also true of the counterpart of
(29) for the general case. From (A4) we have ‘ '

u|r . 30
Pl 11 = 1o 1 (725) (30

(30), like (29), does not mention the uncaught individuals and does not truly describe any
experiment. However, densities of this type are important as theoretical devices, as we can
demonstrate by applying standard maximum likelihood theory to (30).

Maximizing L = log p({u,} | r] with respect to {p,}, we obtain the equations

a; r

— = i=12..,8). 31

= ) (31)
Let 6 = (1—Q)~. Then § = (1 — Q)1 is the maximum likelihood estimate of 6. (31) implies
that  satisfies the equation H (rf —a;) = (r0)s—* (r6 —r), that is 70 satisfies (1). Therefore
r6 = #.

We can obtain the asymptotic mean square error of § for (30) as r oo by first finding
. . 2
the information matrix, V-! say, whose (z,;) element is — E [a—j—gg] . We find that
. g
@
V1=yr—"—-DWD,
(1-Q) :

where D is the diagonal matrix whose (¢,7) element is g;* and W is the matrix whose (7, 7)
element is w; — 1, where w; = ¢,(1 - @)/(p,Q), and whose every other element is — 1.

NOW, as r— oo, E[(é—-— 0)2 l ,’_] ~ d,Vd,
where d is the vector whose ith element is the derivative 36/05; evaluated at {f;} = {p,}.
On differentiating § = [1—IT (1 — $,)], it is found that
)
Q

d~-a-gpP!
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where 1 is the vector all of whose elements are 1. Hence

B[(0—6)2|r]~ ‘(TgQ_)z 1'DD-'W-1D-D1 = Tl?_@)i 1'W-11,

To find 1'W-11,1let W-11 = x. Then Wx = 1 and the ¢th element of X is seen to be

—1

—-1°
Therefore _ Eiwz
Swpl
Q ’ Q i v .
2]~ _
| BO=0p | 7]~ gnl® Mg ser
Substituting for w; v
Q ;111 1111 0
e Pl oy LT 0
B0 r] r(l_Q)Q[gqi] [Q+s -3 i] O, say.
By means of the d-technique we can further say that
(32)

E[(f~0)|r) = Q+’\2+ ]
/

and E(6-0)|r] = ——+ + ( )
Using (32) we can re-derive formula (18) for the asymptotic value of E[(% —n)?]. For,
since 6 = (1— Q) and 7% = rf, o
E[(fi—n)?|r] = r2B[(§ —6)2| r]+ 62(r —n(1 — @))2+ 2r0(r —n(1 - Q)) E[(F—6) | ). (33)
In evaluating the expectation of the right-hand side of (33) over », we consider the range
kn <r <m, where 0 <k <1—@ and kn is integral. This approximation permits the use of the

asymptotic formulae (32) and produces errors which asymptotically are negligible. Two
observations are sufficient to establish the latter claim. First, if P, denotes the probability

of r (n—kn+1)(1-Q)
(n+1)(1-Q)~
(Feller, 1957, p. 140), and the last quantity is O(n—%c?), where

_ l—Q k Q 1-k
-5 (=)
Secondly, § < ¢(s)r provided always that we ignore the possibility that Za = r which
makes 6§ infinite. Substituting from (32) we find that
E[(fi—n)?] = E[r@]+62var (r)+ O(1)
- n[l +'s—1—zl]~1+0(1)
@ .99 ’

(- §

kn
EPT<Pkn
r=0

which is (18).

The rederivation of (18) is not important in itself. However when combined with the
fact that 4 is asymptotically efficient for 6, the above argument has an important conse-
- quence. Namely, that for the class of estimates n* = r6* which satisfy the very reasonable

conditions
A, Ay 1
E[(B*—B)ﬂr] T+ 210 ( )

) (34)
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7 has asymptotically minimum mean square error since  is the minimum attainable value
of A;. (Conditions (34) are sufficient for this conclusion. They are quite possibly not
necessary.) (34) implies that

B{(n* —n)2] = ayn +ay +0(1)
35
and En*—n] = ,6’1+’32+o(n) ‘ (85)

which are even more reasonable. Unfortunately, (35) does not imply (34), though it is
difficult to imagine estimates which satisfy (35) but not (34).

In conclusion: among a wide class of estimates of n, those derived from (4) or (4,) by
the method of maximum likelihood are asymptotically best in that they have minimum
mean square error.

I wish to acknowledge my considerable indebtedness to the referee for his invaluable
comments on two previous drafts of this paper.
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THE MULTIPLE-RECAPTURE CENSUS
IL. ESTIMATION WHEN THERE IS IMMIGRATION OR DEATH

By J. N. DARROCH
Statistical Laboratory, University of Manchester

1. INTRODUCTION

1-1. Inaprevious paper (1958), which will be referred to as (I), we discussed the multiple-
recapture census when the population is closed both to augmentation from outside and
departure from inside. These restrictions are now removed.

Let the experimenter take s samples, as in (I). Also, let 1—¢, be the conditional pro-
bability that an individual dies (or permanently emigrates) between the kth and (£ + 1)th
samples given that it is alive at the time of the kth, k = 1,2, ...,s— 1. Let n, be the size of
the population at the time of the first sample and let n, —n,_, new individuals immigrate
(or be born) into the population between the (k— 1)th and kth samples and be alive at the
time of the kth, k = 2,3, ..., s. Nothing is assumed about the n, —n,_, and they are treated
as parameters of the model. To treat them as random variables would entail assumptions
about the manner in which they vary and would complicate rather than simplify the
probability densities. '

In § 2 we shall take ¢, = 1 in which case n, is the population size at the time of the ¢th
sample, ¢ = 1,2, ...,s. In §3, n, = n and the size of the population at the time of the ith
sample (¢ > 1) is a random variable with expected value n¢, ... ¢, ;. The general case
when there is both immigration and death will be considered in § 4.

1-2. The main aims of this paper, as of (I), are to provide exact, fully stochastic models
for the observed frequencies of individuals, to show how simply these frequencies naturally
group themselves, and to obtain estimates of the unknown parameters. When there is
immigration only or death only, the estimates are shown to be asymptotically efficient
and their variances are found. In addition, a method of performing tests on the values of
the parameters isgiven. When bothimmigration and death are operating, on the other hand,
the complexity of the probability density prevents us from going further than obtaining
the estimates and merely indicating how their variances can be found. :

Both in (I) and in the present work we have been unable to obtain satisfactory tests of

. the underlying assumptions of the models, notably that tagged and untagged animals are

captured with equal probabilities. (The above-mentioned tests on the values of the para-

- meters assume the truth of the models.) We hope to fill this gap at a later date.

1-3. We gave a brief review of the literature and a list of references in (I) but, unfortun-
ately, omitted to refer to a paper by Leslie, Chitty & Chitty (1953), the third of three papers

. by these authors. These three papers contain several ingenious mathematical approaches to
_ multiple-recapture problems, together with a very full discussion of field data on popula-

tions of voles, and are uniquely valuable in the way that they dove-tail theory with practice.
One of the points emphasized by the authors is this: although a basic feature of the multiple-
recapture census is that caught animals are returned to the population alive and unhurt,

. in practice a few are either accidentally killed or have to be removed from the population.
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This eventuality has not been taken account of in the following pages but we note here that
it is easy to do so. Each of the usual observed classes ‘caught in the ¢, ..., I samples but not
otherwise’ is coupled with an extra one for those animals which are caught in the same
samples but killed or removed at the Ith. Also, an additional parameter is introduced to
_ represent the probability that a captured animal is killed or removed at any sample. The
estimates of the other parameters change shghtly but, apart from this, there are no
complications.

2. IMMIGRATION BUT NO DEATH

2:1. In this section, suffices ¢, j take all values from 1 to s while suffices k, l take all values
from 2 to s.

Let p, (= 1—g¢,) denote the probability that any member of the population is caught at
the ¢th sample and let a, be the size of the sth sample. Let a_, be the number of individuals
caught before the kth sample and a_,, ; the number which are caught before and at the kth
sample. Further, let w denote any non-empty subset of the integers 1,2, ...,s and u,, the
number caught in every one of the w-samples but not otherwise. Let

T=Zu Zu+2uz,+ +u12 &
w

i i<j

the total number of individuals caught in the whole experiment. :
The notation thus far is the same as in (I) and suffices for most of § 2. However, for the
purpose of deriving the density p[{u,,}],it is convenient to have a further notation. Namely,
let a,, be the number of individuals caught in every one of the w-samples, regardless of
whether or not they are caught otherwise. °
We begin by finding p[{u,}] for s = 3, using a chainwise argument. The probability of
catching a, individuals in the first sample is

n .
( 1) pirglia,
(1/1 .

Given a,, the probability of catchmg a, in the second, of which a,, are common to the first
and a,—a,, are new ones, is (a ) "
1 ( 2

—n ) phaghia,

12/ \Az— Q1

‘Given a,, a,, a,,, the probability of catching a, in the third, of which a,,; are common to the
first and second, a;3— a4 to the first only, @y —a,e to the second only and of which '
@y — B3 — Qgy + G143 ATE NEW ONES is _ ’

(“12) ( a1 — 09 ) ( Ao — Q2 ) ( Ng— Gy — Ay + Ay ) ' gsqgr"a.: ; .
F125) \G13— G123/ \Bp3— G123/ \A3— Gy~ Bz + iy ‘
Multlplymg these three expressions together, ‘cancelling and renaming the terms.involved,

we obtain y n!l (g—ag)! (ng—ag)! - 1 =0 1)
pl{u,}] = a<2)'(n2—a<'3)! (ng—1)! H H piiqy (

Note that, if n, = n, (1) contracts to

!
n 7t

G g A7

whlch is the model formmg the bams of (I).
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(1) may also be written

n,! . ’ . . )
PHital] = (n—ac )'u1'u12'u13'u123'q <2 (P19295)" (P10295)"13 (P192D3)"13 (D1 P5) 158
(ng—a ,)! n ) '
X 1 %<3 Uy Ugg
(Mg~ Oeg)! Us! thgg! qz (P295) (Pz_Pa)
— !
(ng—as)! a

(ra= )yl B
Another way of exhlbltmg the distribution of the u, is by means of their generating
function y[{t,}] = E[_]'[ ty]. It is soon shown that -

1ﬁ[{tw}] (919295 + 1929581 + P1P293t12 + D192 Pstis + P1P2Pstias
+ 01P205ts + 01 PoDstos + BidaPals)™
X (¢29s + D3q3ls + D2 Psles + 92P3t3)n’_n1

X (g3 +p3t3)ns—nz ()
2:2. Let us define a_, = 0 and a<s+1 = 7. Then forlgeneral 8, (1) becomes :
. (ni—d;i) a : :
p[{uw}] 1'[ ug W, PRET D (3)

Maximizing with respect to p, by equating (0/9p;) log p[{w,,}] to zero,

. Maximizing with respect to n; by equating A ,,,log p [{w,}] to zero,
' y—=OQcivy _ o .
ﬁ‘b a<‘b - q?‘. (5)

The equation for ¢ = 1 in (4) is the same as that in (5) and there is consequently no in-
formation on n, and p, separately. Otherwise, combining (4) and (5) and remembering that

A gy = Qg+ — Qg g, WO Obtain S S , .
: Pr = : e (6)
237
. OO
and iy, = 2<k%
Csg.k

provided a_;, , > 0.
~2-3. Having found maximum likelihood estimates from the density (3) we ¢annot
apply maximum likelihood large sample theory to them directly, for reasons given in
(I) § 3-2. The principal obstacle is the presence of the n, in the factorial terms of (3). To get
over this‘diﬂi‘culty,»we use a suitably modified version of the argument of (I) § 5-7. That is,
we apply maximum likelihood large:sample theory to ‘a density which is conditional on
some of the sample variables and afterwards take expectations over these variables. In
this case, the most suitable conditional density is p[{u} | {#<s41})-
The conditional distribution of a_,,, —a., given a_; is B[n;—a.;, pz] (mcludmg 1=
when the distribution of a., is B[n,, p;]) and therefore -

N

Ny — Ay .
v <t p‘.‘<¢+1—,a<£q§‘i—a<i+1,

pl{aci}] = ( @

<1,+1 a’<z

Hence P[{uw} l {a’<z+1}] H u, Tl H (@cspr— a<z)' lgpk<"’"‘4%<k_a<k'k~ (7)
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Reverting for the moment to the parent density, we see that

Ty, = (Gcpys — B<i) [ Pr+ O<o ' (8)
where f, is given by (6). This equation will prove useful for two reasons. First, a., and
@41 are held constant in the conditional density (7), and secondly, § is the maximum
likelihood estimate of p,, for the conditional as well as the parent density. In view of (8),
it turns out to be preferable to change from p,, to 6, = py1. (8) then becomes

g = (Bepr1— Ccp) b, + 0k (9)
Let L = L{{6,}] = logpl{it,}| {assa} Then
' oL Qe | Qe — O

which, when equated to zero, gives §, = a_,/a; , provided a_, , > 0. Further

Ay

2L
£ [55? | {“<i+1}] = EG.—1)
%L
E[ag 2, I{“<1+1}] =0 (k+1),

yielding the asymptomc formulae
(0,—1
B0~ 0, | {ocsiil] = “—<;*):
E{(0s—0,) (61—0)) | {a<sia}] = 0.

When a_;, , = 0, the Taylor expansion of 9L/26, at §, about its value at 6, is meaningless
since there is no finite solution for §,. However, the resulting invalidity of the last formulae
is easily avoided by changing from &, to

. g - Gopt+1 ,
Gcp.it

since 6}, is always finite and has an asymptotic variance differing only negligibly from that
of G, over the finite part of the latter’s range. (This can be shown using the é-technique.)
Moreover, 6;, has a negligible bias. For, given {a_;,1}, 64 ; is B[ay, p;]. Therefore
E0x | {0 <ir)] = B0k | aci] = 0,1 —gf< ’"+1)
and the difference between this expression and 4, may be neglected. ‘
Two further properties of the 6}, should be mentioned here. First, they are independently

distributed given {a_,,,}. This follows from the independence of the variables a_, ,, a
property which is proved without difficulty. Secondly, using the d-technique, we find that

E[(67.— 0, | {0<i11}] = E[(6r— 6r)? | 0y ]
0%(6,—1) ( 1 )
= ———‘—+0 - I

123" At
as a/<k - 0.

Returning now to the estimation of the n, and recalling (9), we replace #,, by
Mg = (@cprr— Cre) Ok + Oy
(@< +1) (9 +1)
Cepxtl

Now Np— 1y, = (@croir—O<p) (O —0) +0k[(“<k+1"“<k) — (g — @cr) Pi)- (_.11)

that is, by ny, = -1 ' (10)
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Therefore, taking expectations conditional on {a;.,},

Bl (ng—mny) H{oci}] = = @k —0<i) O i<+ + Opl(@cppsr — Gpe) — (M — Bcy) Pi)-
- Now taking expectations over @_y, ..., @c g1, cprys oo syl
E[(np—my) | 6] = — (g — 0p) PO gi<++

— (g — ay) gR<FT,

since @y, — @<y = Blng — <y, ;]. We shall neglect this bias.
Squaring (11) and taking expectations,

El(ny—m)? | acy] = (0 — @cp)? PR+ (g — Gci) Pr Q] E[(0r—0) | a<i]
+ 20, (ny, — @) P4 E (O - 0r) | @<k
+ O3y, — G <) D O (12)

In deriving an asymptotic formula for E[(nj—n;)?], a convenient limit process to use is:
n; — oo such that n;/n; - c,;, constant. To evaluate the expectation of the first term of the
right-hand side of (12) over a.,, consider separately the ranges 0 < a.; < < hn, and
b, <Gy < My_y, Where h < 1—g;...q;_, and hn, is integral. Now a; is the sum of in-
dependent binomial variables B[ny,1—¢; ... ¢4_1], ---» Blng_y — M2, D1l and therefore

o Placy < hny] < P[Blng, 1—¢; ... @] < hng] = 0(:/_ c’h)
' — h 1-h
where ¢ = (1 el h q"_l) (q1 l—q;;— ) <1,

Also 8, can never exceed a.;+ 1. Therefore, for the range 0 < a; < hny, the contribution
of the first term of (12) is at most O(n§ning tem) = (n%c”x) = o(1). For the other part of
the range, we may use the asymptotic formula for the variance of 0. Since the second
term on the right-hand side of (12) is o(1), we may thus far say that

El(n—m)1= E [((n_k — 02 DY+ (M — i) D),

a<r>hn,

(@—(0"———_1)+0( - ))]+ E [9k(nk—a<k)1’k9k]+0 1).

_ A< a%y acr>0
Let acy = Elag] = n(1 =gy o @rog) +ooe + (Mgemg — Mp—o) Ppe—1-
Then, expanding 1/a.; about 1/a., and taking expectations over a,, it will be found that
E[(nf—n,)?] = M+O( 1). (13)
Q<P
Note that, when all n, = %, (13) becomes
Bl(nj,—n)] = m— Ik — 1 o(1),

(L= Qr1) Py
which was derived previously in (I).
Thus, the n}, are almost unbiased estimates of the nk with variances glven by (13) and, as
is easily shown, with negligible covariances. Further, nj, is the asymptotically most efficient

estimate of the class of estimates ‘
nF = (G<pyr— F<k) OF +acy

for which E[(6F —0,)% | 0<ps @cn] = (—;}L + 0(-—:—)
<k

A<k
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and for which E[(0F ~ 6y) | @<y, @<y.,] is negligible. This is a simple consequence of the fact
that, since 67, is asymptotically efficient for ,, 3(0, — 1) is the minimum attainable value
of A;. In (I) we pointed out that n; may be evaluated from ‘similar’ tagging and that, if
n; = n, the n}, contain between them all of the information on n.

2-4. Suppose that catchability is constant throughout the experiment and that e,
units of effort are expended in catching the ith sample. Then

. g; = e, . (14)
where the unknown coefficient of e, is written as a reciprocal parameter for much the same
reason that, in § 2:3, we changed from p,, to 6, = pi*. In previous effort models, it has been
customary to make the expected catch size proportional to the effort. This is equivalent

here to writing p; = e,/y which involves a relative error O(e,/y), and the equivalent approxi-
mation for ¢, is ¢; = 1 which is obviously too severe. Therefore, accepting ¢, = 1—e;/y as

'

a satisfactory approximation to (14), that is, neglecting terms which are relatively O(e?/y?),

~ the approximation of the same order for p, is p, = ¢;/7(1 —e,/2y). When it is expedient to

do so, we shall use these expressions. The fact that they lead to p,+¢; = 1 —e%/292 is not,
of course, inconsistent with our decision to neglect terms O(e2/y2).
Again, consider the conditional density p{{u,} | {a<;.,}] which gives rise to the likelihood

el = T (1 — e~er?)8<k.k (k) 2<k—O<k.k,

Hence . ’ E = _')W

Equating this to zero, the equation for ¥ is

oL 1 a<k.kek;
[% 1 -y % O<rle|-

: Dep. xlr _
LG (1 —e2y) ~ 2Ok

and replacing (1 —e¢;,/29%)~! by 1+ ¢,/27, we find that

% (@ci— %,a<‘k.k) €x

oy
zk:a<k.k

This formula breaks down if ¥ a.. kk = 0 (and so does the whole experiment since it has not
k .
yielded a single recapture). Therefore, instead of ¥, consider

2@k —30cp k) e+ 3e
oy

2

%a<k.k‘+ 1

where € = Y ¢, /(s—1). ' always exists and we-suspect that it is almost unbiased, for the i

k .
following reason. If all ¢, = € and p,, = P say,

Yag+1
I

=f ——
%a<k.k+1

’

Y

€

[

and Za;, , = ZBla, P] = B{Za«;, ] since the a_; ;.are independent. Hence

’ ' 21 = =
ED’ | {a<;‘+1}] e i [1—-gZo<itl]— te.
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Neglecting g=2<#+1 and replacing p by (¢/y) (1 —¢/2y)," N
{ ‘ Bly [{acsd] =
'In the general case when the e, are unequal, it still seems reasonable to assume that y’ is

almost unbiased.

To obtain E[(y' —¥)?| {a<;.,}] we may invert
02L L
-B [W | {a'<j+1}] =yt %‘4 29 eiqk/Pk
=y %‘4 O <rPx

on making use of our approximations for p, and g,. The d-technique shows that

. ’ 2 :
3 B =y o) = 5 o+ 0((Zagp) ).

From now on, the argumént follows very much the same lines as in § 2-3. For the parent

~

density ] X - n;, = (a’<1.+1 a’<1,)/p1.+a’<1.

and ¥ has the same value as for the conditional density. We replace-it by ¢’ and #, by‘m,’; say,
defined as 0} = (@<irs =)l ei/w (1—e,/2y') + .

’ a 1 a -
Home = mj-n = Gsn=dsd e N+ lacin=ac) - (u-acipd (19

Taking expectations conditional on {a_;,,} and then over all a;,, except a;, we see that

my is an almost unbiased estimate of n;. Further, squaring (15) and omitting the region:

0 < agy < byny_y, where by, < 1—gq,...q,_; and hyn,_, isintegral, all k, when taking expecta-
_ tions over {a..;,}, we find that

’ (ng—ac)tp; ¥ » '
Ei(m’—n. )] = ; . - Na.lv. -
[( 1 n‘b) ] e% Zk &< P + (nq. a<1) qz/pz + 0(1) - (16)

for the limit process: n; — oo such that n,/n, is constant, all 4, j. Besides being almost unbiased
m; is also most efficient of the class of estimates m} which satisfy obvious conditions.

. Itis worth examining the gain in information that constant catchability and knowledge
of the effort bring. The information on n, provided by m] represents a total gain as there is
none when the effort is not known. Otherwise,

" var (nj) _ L+ (g — %er)|%<r Py,
: var (m;c) Tl (eepia— “<k)/z “<lpl ’

on replacing (1; — %) Pr. Y %1 — %y and exly? by p%/q;. Inorder to evaluate Fynumeric-
. ally, some assumptions must be made about the p, and about the rate of immigration.
First of all, suppose that p, = p for all k. Secondly, suppose that a.;,, —a., is constant
- for all k; that is, the expected number of new individuals caught at each sample is constant.
Taken in combination with the first assumption, this implies that n; —n;_, = n,p for all k;
" that is, the number of immigrants between consecutive samples is constant and equal to
- the expected size of the first sample. The formula for F; can be shown to be very insensitive
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to the particular assumptions made about the rate of immigration, and we have merely
chosen those which make the formula as simple as possible. It now becomes

J. N. DArrocH

,  1+[(k—1)p]™?
kT T4 [s(s—1)p/2]2

and is tabulated below for s = 5 and three values of p. For p < 0-001, the formula
F}, = s(s—1)/2(k— 1) provides a very good approximation to the previous one.

k
2 3 4 5
P
0-001 9-91 4-96 3-31 2:49
0-01 9-18 T 4-64 312 2:36
0-1 5-50 3-00 2-17 175

When we come to estimate the number of immigrants between samples, knowledge of the
effort is doubly advantageous and results in a very considerable gain in information. For,
var (my—my,_,) = var (my) + var (my_,) — 2 cov (my, my,_,) and not only are the two variances
smaller than their counterparts var (n;) and var (ny,_,), but their covariance is large and
positive whereas cov (ny, nj,_,) is negligible. In fact,

(Fcips—Xei) (Rajr — 2<y) V2 +0(1)
ei6j2“<kpk

cov (my, my) = (¢ % 7), (17)
and, making the same simplifications as we did for F;, we find that

, o var(mp—mpy) . 11 1 ] _
Gh_var(m'h—m;,_l)_ +2p[h-—1+h—2 (b =3,....8).

Gy, is tabulatéd_below for s = 5 and three values of p.

h
3 4 5
P
0-001 751 418 293
0-01 76-0 42-7 30-2
0-1 8-50 517 3-92

2:5. We mentioned in (I) that the capture-recapture model used by Hammersley (1953),
when dealing with a large accumulation of data on the ringing of Alpine Swifts, contains
aflaw. It is appropriate here to show how this comes about.

Hammersley effectively made two postulates: that the overall likelihood could be taken
simply as the product of the individual likelihoods for the captured birds; and that for any
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such bird, its likelihood need only record its behaviour onwards from the sample in which
it was first captured. For s = 3, the likelihood arrived at in this way is

(P1 9293)"1 ( P1P295)"12 (P19203)"13 (D1 P2 P3) 1% (D2 q5)"s (P2 5) s P2, (18)
which may also be written . PirpGrgl<i—pgaq; s, ‘
or, for general s, IT piigi<itri.
: i

The maximum likelihood estimate of p; is a;/a_;,,. Dividing this into a; to obtain an
estimate of n,, we get a_, ;. In other words, the population size at any timeis estimated by
the number of individuals captured up to that time, which is plainly unsatisfactory. The
Teason why this model is at fault is indicated by comparing (18) with (1’) and with (7) for
8 = 3. The latter can be written

!
- g2 py.

(19)

‘ B a,! u u gy, (B3 = O<3)
p[{uw} | {a<i+1}] = ull ulzl u13! u123! (q2q3) 1 (p2q3)um (921)3) 13 (p2p3) 123 uz! u23!

A remark worth making here is fhat, even if (18) is replaced by a true density such as

(19) and n; is estimated by . N
. : ny = ai/ Py

the sampling variance of 7, is not only attributable to that of P, but also to that of ¢, (and
also to their covariance). This remark is of course implicit in §§ 2-3 and 2-4 where, for other

reasons, we took . N
fiy = (@eiyr—0<q) /P +0cye

3. DEATH BUT NO IMMIGRATION
3:1. In this _section, suffices ¢, j take all values from 1 to s and suffices £, [ all values from
1 to s—1. p, is now the conditional probability that an individual is captured at the ith
sample, given that it is then alive. Let a.,, be defined as the number of individuals caught
after the kth sample, with a corresponding definition for g, ., ;.
Let y; be the conditional probability of an individual not being caught after the kth
sample given that it is alive at the time of the kth sample. Then, for s = 3,
X1= 1= +¢195(1—,) + ¢192¢2Q3
=1—¢p;— $1 029203,
Xe=1—¢o+Psgs,
= 1—@yps.
Let 7, denote the probability that an individual is never caught and 7, the probability
that it is caught for the last time at the ¢th sample. Then, for s = 3,
To=q1 X1, T1=DP1Xy To= P1PaXs T3 = P10sPs

and Mo+ + 7y +7 = 1,

- which has an obvious probability interpretation.
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- The probability density of the u,, is

!
P[{uw}]- = (ﬁmﬂg# l;DI Pe, .

where, for s = 3; P = m, Pa = 019273
Py = p,q,7s,
By =q,m,, Py = q,p,7,

Py = pimy,  Prag = p1pemy.
Hence, _
n! :
p[{uw}] = e 6”“"71;—“>17Tg>1“a>27rg>ap‘111.>1])%2.>2q‘11>1—a1.>1qg>ﬂ_aa.>a,
(=) TT u,,!

w

3:2. Definea.,=r and a., = 0. Then, for general values of s,

. (20)°

n! .
Upt] = —=—— A T[] m>i-17%>¢ k. >kqE>k—0k. >k,
p[{ w}] (n—T)'Huw' 0 l;I 1 . , l_kka Qk
w

Besides 7, the original parameters were {¢,} and {p.}, a total of 2s—1. We have now
changed to 7y, {m,} and {p,} subject to the constraints
T+ XM =1, and myp,—mq; = 0.
v .
The eﬂ‘ective_ number of parameters is therefore 2s—2, a reduction of one. The i‘eason for
this is that, if p[{u,}] is written as a function of {¢,} and {p.}, §,_, and p, only appear in

the combination @,_;p, and are therefore really only one parameter. In other words, they
are non-identifiable.

Maximizing (20) with Lagrangian multipliers A,, A, for the two constraints, we find that
Al = O, 'AZ = ﬁ,
s _ >k ' (21)
pk a>k 3 . . .
'71«7?7: -= a>,‘-__1 - d>i'
Let us define ®; = 1 and otherwise -
O =iy Pia )
* the probability of survival up to the time of the ith sample. Then
Q.0 = T+ P+ - + 7_73)?
with obvious probability interpretation. Therefore =
Dy =01y [P+ (W1 + .. + 1),

Now let i, denote the estimate of n®,, which is the expected population size at the time
of the kth sample. Then substituting the above estimates of n,,

Tiy, = (@ g1~ o p) [Pt A5y : ‘ (22)

S N L 00
_ and hence, substituting for ,, Ty, = ak >k
k.>k
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| 3-3. At this stage, the argument becomes so nearly parallel to that of §§2-3 and 2-4 that

we can omit almost all of it. The starting point is the comparison of (21) and (22) with (6)
“and (8). Next, n—r and {a,, ;—a.,;} are distributed multinomially with parameters
| n, my and {m;}. Therefore, - ' '

p[{a>i—1}] = {

n!
776‘" H 77?>i—1-a>£,
n—r)! H (@5im1—54)! i
3 .

i

' 1
Hence - pl{ugt | {asi}] = Tl I (@s; 1 —as)! 1;[ P> kqE>k—0k. >k,
. . w!
w

-which should be compared with (7).
- (ap+1) (@sp+1)

. Let, ny =2k ],
* O >p+ 1

Then ny, is almost unbiased for n®, as n; was for n,. There is, however, an interesting
additional term in the expressions for var (n;) and cov (n, n;) which was not present in the
corresponding formulae for ny, n;. We find that

(n®p — a5 1) Dy g
Q> Pr
as n — oo, all other parameters remaining constant. The second term is the variance of the
actual population size at the time of the kth sample. In the same way,
cov (ny, n)) = n®)(1 - @) +0(1) (k<)

and the first term is the covariance of the actual population sizes at the times of the kth
and lth samples.

In (I) we remarked that, if all ¢, = 1, the ny contain between them all of the information
on n but that their evaluation requires ‘differentiated’ tagging.

3-4. If g, = e~¢/" and the ¢, are known, it is still true that

var (nl) = +nd,(1— B, +0(1)

ATy = Osgy — Oy

Hence Co AD; = (@551 —0sy) [P+ 05y
b % ak1>k + 1 ’

the almost unbiased estimate of y and let m” be the corresponding estimate of n®,. The
terms n®,(1— ®;) and n®;(1— ®;) appear in the formulae for var (m;), cov (m;,mj), + < j, -
in addition to those corresponding to (16) and (17). But, as far as Fy, = var (ny)/var (my) is
concerned, the additional terms may be omitted because, although they are of the same
order, O(n), as the others, they are negligible by comparison. Therefore,

Fl = T4 (s 1 — % p) [0 1Pk
: T+ (ot — “>k)/lz APy

The simplifying. assﬁrhp_tions are now that p, = p and voc>' ,C'_.l.—a> k'. is constant for all k.

Taken in conjunction, these two assumptions imply that n®,(1.—¢;) = n®,p,, that is the

expected number of deaths between consecutive samples.is constant and equal to the

expected size, of the last sample. With these simplifications,, . :
Fr=Fo1 4 (k=12..8-1).
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" var (n;;—l - n;) ’
i — =2,...,,8~1).
Also, Gy, var (ml_,—m?) Gorop (h=2,...,8—1)
The experimenter will probably be more interested in estimating the survival probability
@y_1 than n®,_, —n®,, the expected number of deaths. Both n}/ny_, and mjy/my_; are
biased estimates of ¢,_, but the biases are O(n~1) and can easily be evaluated, if desired,
using the J-technique. The d-technique also shows that, neglecting terms O(n=?),

var (ny/n,_,)  var(ng—@_1Mp1)
” n
var (mh/mh_l) var (mp — ¢p_y Mp1)

énd, provided ¢,_, is not too much less than one, the latter ratio is well represented by G.
3-5. Throughout (I) and so far in this paper, we have been exclusively occupied with

estimation and have said nothing about testing hypotheses. In this subsection, the likeli-
hood-ratio method will be adapted for the purpose of testing hypotheses about the values

of {5} and {p,}.
Consider any density of the form

pl{u}] = Qr H Py

(n— r)1 1'[ Uy,
where ¢ and the P, are functions of parameters {§;} say. Let the log-likelihood of 7 and {6}
be L, = log p[{u,,}]. Next, consider the conditional density
11 Piw

r!
p[{uw}l ] u ‘(1 Q)r’

and let the corresponding log-likelihood of {6} be L, =-log p[{u,} | r].
Let L, and L, denote the maximum values of L, and L,. We show first that, to a good
approximation, L, differs from L, only by an additive constant. Equating 0L, /36, to zero,

n— raQ Uy, OF,

ww 2 i
7w, 2P %6 " " (23)

Equating A, L, to zero, logn—log (n—r)+log@ = 0. (24)
(24) gives (n—1)/Q = /(1 - Q) aﬁd, substituting in (23), we have

T BQ Uy, 0P,
1-ga, 27,7, "
But thisis seen to be the equation 0L,/06, = 0. Therefore, the maximum likelihood estimates
@ and P, of @ and P, are the same for L, and L,; and for L, & = r/(1 — ). To find L, and L,,
an approximation for n! is required, and we shall assume that n! = Ke"n". (This approxi-
“mation is equivalent to our practice of maximizing L, with respect to n by equating A, L,
to zero rather than 0L,/on. For, if the exact identity A,logn! = logn is replaced by the
approximate one logn! [on =logn and the latter is integrated, it leads directly to
. n! = Ke=nn. Using this approximation instead of Stirling’s, n! = ,/(27) e="n"+%, results in



Multiple-recapture census. 11 348

" an increase of % in the maximum likelihood estimate of n, a difference which can be ignored
" as it is O(n!).) Hence,

L, = #flog#— 11— (i —r) [log (% —r)— 1] —log H u,! + (fi—r)log @+ X u,log P,
= rf{logr— 1]—log IT w,! —rlog (1 - @)+ X u,log P,
=L,—logK,

which proves our assertion.

Let H, denote a hypothesis which reduces the number of degrees of freedom of {6} by
v and H the alternative hypothesis allowing {¢,} full freedom.Then, as L, has the properties
required for maximum-likelihood large sample theory, we can say, using self-explanatory

notation, that . - -
@y = —2[Ly g, — Ly 5]
is ap?roximately distributed as y2. More precisely (Bartlett, 1953),
' b
Pla <z, < b|r] =f fOR dxE+0(r1) as r—>oco.
a

Let , xlg,; - 2[Z1,Ho —ZI,H]'
Then, since L, i = L, z— K and, similarly, I, 5 = Ly 5 — K,

Z, = T,

; Therefore, if P, is the probability of » individuals,

Pla<z, <bl= 3 BPla<z,<b|r]+ ¥ PPla<z,<b|r],

r<hn r>hn

where 0 < kb < 1+ such that hn is integral. Now

S PPla<a,<blrl< % P = O@ter) = ofn ),

r<hn r<hn
where. | c = (%)h (%)bh < 1.
| b
Also, 5 BPa<z <= 3 B[ fuda+or)
r>hn r>hn a
b
= 1= o(n] | ) d + O~
Hence, Plagz, <b]= ~[‘bf(xf)dx,?+0(n—1)

' which is in the same form as the usual likelihood-ratio test.

There are two applications of this test for which the algebra has already been performed.
In each case H denotes the hypothesis allowing complete freedom to the parameters {¢,}
and {p,} and it is therefore easy to find L, ;. As the first example, consider Hy: ¢, = 1 all k.
L, 1, can be found from (I) and v = (2s—2)—s = s—2. (If the test dictates that H, be
accepted it will of course not mean that we believe it to be exactly true since this is
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strictly impossible for an animal population. It will mean, rather, that the ¢, cannot be
regarded as reliable estimates of the ¢,.) As the second example, consider Hy: g, = e~¢/7’
where the ¢; are known. This will test whether or not catchablhty is constant. L, H, Can
be found from § 3-4 and, again, v = (2s—2)—8 =8~ 2.

Finally, a remark concerning hypothesis testing when there is immigration but no death. -
The above adaptation of the likelihood-ratio method is not applicable to the density (3).
There is, however, a way round this difficulty. We can set up a formal model for immigration
~ but no death which is the exact inverse of the model for death but no immigration. Namely,
let the population be of size n at the time of the last sample and let 1—1, be the con-
ditional probability that any individual immigrated between the (¥ — 1)th and %th samples
given that it was in the population at the time of the kth, & = 2, 3, ..., s. This model yields
just the same estimates as (3) and any likelihood-ratio test can be written down automatic-
ally from the corresponding one for death but no immigration. (For this model p[{u,}] is
most quickly arrived at directly as a multinomial probability, but it can also be developed
as a chain of conditional probabilities P[S,] P[S, | 841 .- P[S,| 8y, ..., 8,1] just as easily as
for any other model. The main snag about this description of immigration is that it cannot
be combined with stochastic death. To include both immigratien and death, densities (3)
and (20) must be ‘combined’, and we do this in the next and final section.)

4. IMMIGRATION AND DEATH
4-1. For s = 3, the generating function E[]] t%»] of p[{u,}]is clearly (cf. (2))
w

(91 X1+ P1X1b1 + P1P1 D2 Xabiz + P1$192PePstis + D1 P1 02 PaDalass
+q ¢1P2th2 + 41 $1 D2 P2 Pstes + 91 P1 92 P Psts)™
X (g2 Xzt PoXals+ DaPoDslas + o PoPsls)"s ™ (g5 + Pyts)s ™, - (25)
“where y; and ¥, have been defined in § 3-1. The coefficient of H t%w in (25) turns out to be a

double sum of probabilities which only contracts to a smgle probablhty ifn, =n,or¢, =1
and if ny = ny or ¢, = 1.
In general, p[{u,}] is an (s~ 1)-dimensional sum of probabilities Whlch cannot be written

as a single expression unless, in every interval between successive samples, there is either
no immigration. or no death.

4-2. The unwieldy form of p[{uw}] clearly rules out estimation by maximizing the like-
lihood, but there is an obvious pointer to an alternative method. In all cases when there is
no immigration or no death, the method of maximum likelihood is equivalent to equating
some of the class sizes to their expected values.We recall from (I) that, for a closed popula-
tion, these are {a;} and r. It is easily.shown that, for immigration but no death, they are
{a;}, a3, ... a s and r, and, for death but no immigration, they are {a;}, r and @y, ..., @5, 5.
Therefore, when there is immigration and death, it seems eminently reasonable to equate |

{“i}> ' dg;;, ---’d’<s’ Ty Gnieissg . , (26)

to their expected values. We shall indicate how to solve the resulting equations by sup-
posing that there are four samples, this being the minimum number from which the general
solution may be inferred. S
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For s = 4, the aforesaid equations can be arranged as

@y = M P, (27 a)

Gy = [y by + My — 1] Do (270)

ag = [1y$y Py + (Mo~ 1y) Py + 13— 15] P3, (27¢)

ay = [0, $1 9205+ (Mo~ 1) PPy + (ng— M) B3+ 1y — Mg] Py (27d)
F—051 = M P1X1s ’ . (28a)
Ay~ Wsp = [My Py + N5 — 7] PaXay ) \ (28b)
Ao =0y = [ P1 P+ (Mg — 1) Ga+ 13— Np] D3 X3, (28¢)
Oy = TPy, (29a)

Gz —Ocq = [My$1q1 + 7 — 1] Py, - (290)
<=0y = [M1$1929102+ (N —11) Po s+ 15— M) P, (29¢)

where (27a) reappears, for convenience, as (29a). ’
Combining (27 a, b, ¢) with (28a,b,c), we have ¥, = (@~;_1—a-;)/a; orl — ¥, = a;, - ;/ay,
k = 1,2, 3. There is a recurrence relatlonshlp between successive y, which may be written

b1 Qa1 Xk+1)+¢kpk+1 =1-x (k=1,2).

Hence g2y, =B o (30a)
-y a,
Gy >
P2 QS 22 4 $oPs = a5 (300)

If we multiply (29a) by ¢, p,, add it to (29b) and refer to (274), we obtain

Aeg— Qg+ P Palcy = Gy
or .  $1Pelcy = G s " (3la)

Similarly, multiplying (29a) by ¢, ¢,23, (295) by ¢,p, and adding them to (29¢),

" PaPa(@ g — Ocs) + D1 PaPaOcn = Ay 3 . (31b)

Equations (30) and (31) enable us to solve for p,, p, and ¢,, ¢,. Hence, from (275, ¢), we
can estimate n;¢; +n,—n; and n;@;P,+ (ny—n;) Py+ny—n,, the expected population
sizes at the times of the second and third samples. Also 75— n,, the number of immigrants
between these two samples. We note that (27d) has not proved to be of any use.

In general, it is possible to solve for p,, ..., p,_; and hence for the expected population
sizes at the times of all but the first and last samples. Also for the survival rate in all but the
last interval and the number of immigrants in all but the first and last intervals. The re-
maining parameters cannot be estimated and it is fairly obvious that this would hold true
of any method of estimation. :

Since the distribution of the variables (26) is simply a combmatmn of independent multi-
nomial distributions, it is theoretically straightforward to find formulae for the variances
and covariances of all the estimates by using the é-technique. However, it would be too
tedious to compile these formulae for the general case and we shall not attempt it here.
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4-3. If g, = e~*¥¥ and the e¢; are known, we can again appeal to moment equations for
the purpose of estimation. In (I) we remarked that, for a closed population, maximizing
the likelihood is equivalent to equating Z a;¢;/p; and r to their expected values. When there

isimmigration but no death the correspondmg variables are E A€ Ps Ao (= @), ey, ooy a< s

and r, and when there is death but no immigration they are Y a,e;/p;, r and a5y, ..., 05, o,
i

@ss_y (= a,). With both immigration and death we therefore equate Za,e;/p;, d<s, ..., 0y,
T, Qsqs ..., sey tO their expected values, thus providing 2s equations. These enable us to
estimate all of the 2s unknowns v, {n;} and {¢,}; except for s = 2 when the a,e,/p, + a,e,/p,
equation is implied by the a ., and a.,, equations and there are only three equations for the
four unknowns.

Without actually performing the straightforward but tedious task of finding the variances
of the estimates, we can be confident that knowledge of the effort provides very considerable
gains in information. :

I am indebted to the referee for his most helpful comments.
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e In the same way, let n,, = ni‘/ﬁf', n = Z ng.

) J
Thus,{eq}, {p}.} ,{ni}, n are the true probabilities and sizes
when and only when @' = 1,

et L = log p Hc‘).” denote the log-likelihood of
{9.','5 ’ {p}.} » The number of these parameters is st-s (for
the 6 subject to the constraints ): e, =1,1= 1,2,...,5)
plus t (for the p; ), ‘making a total o‘f
N(e,p) = st + t - S.
Compare this"with the number of parameters involved when
(1) is expressed in terms of ¥,.. = 6, p; » namely .
N(¢) = st |
(The‘point of introducing the 1% systefn is that it reveals

in a simple manner certain important features of the 8, p

system, ) We see that

N(e,p) % K(y)

according as S ;‘ -
and the three possibilities:= s¢t, s>t, s=t will be

treated separately.

2.3, When s <t, N(8,p)>N(yf) and {eq‘, , {p) are

W -

‘not identifisble: only N(\f) functions of them are, . The
maximum-likelihood equations in the 1/ system are easily

seen to take the simple form

~

ﬁk,, = C..’. /a‘. ’ . (2)
. N Z -/
and if we try to estimate {p,,j using (2) and 'Y"l/fi =
} .
(or, equivalently, maximising I with respect to {9.,}.) , {p’,} )
we only get s equations Zc‘j “’," = a, for t unknowns.
J
Since  D; cannot be determined, neither can.ﬁi = b,./pl, ,

Be

n= 2 .
J



a . .

2. Whon 8 > ¢, (6,0} m{ i) snd the V., wre mathe-
 matically dependent funtions of {9.) , {p} . e
means that e:;uatime {2) ops invelid since thoy ore aﬁmw

 eoouning the 1{‘3 to be indeponSent. - Conoequentiy,

wmﬁmﬁsﬁa@zaimtxsmmmmtm {s} {9; R
V_.QLf?p mﬁg..?é? - o

2 (‘:“-;’émy?’ﬁ e )
¢ - ..7, v 7’ ' : n ‘

Introd 8 B Mm@mgim mi tipilers {/7} mmsz:mﬁiag
 to the amtmiﬁts Z&; es M_ 2L/20 = 0 gives

(a..-a-.)&-,-p.-t .‘C.,,‘),..e.,. ,' L w

'ﬁ: 1o not posoitle to solve (3) snd {h} wuezszy, except
1n the tiivial osce t = 4.  They tust thevefore be colved
: vméﬁm and the information matriz inverted to ﬁn& orror
voriencos and mrig cog. This 1o not an attrective proe
'maitiﬁn end 16 mmdo oven 1688 60 by tWo furtlior conciderations,
The Piret iz that the solution to (3) and {b) 4s not, in
genorsl, m&qxw though ﬁhem 1o (m ohanda {1554)) only
omo consistent solution {8] , {5,] sav.  Seconmy,
16 may ot to asy to vovognise thio colution since &,
 sné D, eve oot bound to lio in the sntervol ({3,‘3] almm%'
pwvwa& the mla sizen aye S.mvge a0 they mmt be for the ‘
success of any wmomgm ezperinent, they w11 e
veriably do oo sioply beceuce they ave consistent. -
ﬁ'artm%@iy, it io p@sﬂm@ to obtain mush civpler ._
eaﬁmmm mﬁm thm the. a‘bm whon © > & w m&aﬁﬂg

the amﬁiﬁn of ogual ﬁ‘ . %?@ do this tn - § 2.6,




8-

2.5 mm o= t, {e,p) = m( ) nnd tho &0 mmecme
- oycstm& are mterchangeaﬁc *zmvmf:& mﬁy thnt the tﬁaﬁa«-
 formstion Y, =8,p; io me«me. m oatriz m%ﬁi@;
wﬁcr‘%c-ﬂfa(«( s ®o {9, )m& ?11 = (S B, i tho ﬁia{:oﬁal
motriz oloso Gloments are ﬁ%aaae of the m%t* pe {p e ot
| @13.’1 P s:mem _1 o tho meﬁm? ol B 1, s and themmré
- 2_7@*1 =1.  Thorofore, providod thot }E to B
ein@ﬁam t‘%mt ic yﬁmﬂa& @ &ﬁ_~::xngi33&z?,

" e e 1%; e
ﬁhm()ﬁ{(?)ﬂ(’}’ B S
{5) and (6) bhow thet z‘h@ mﬁgfamtmn ie ane—me 12

and mziy ie @ is nm-siagnlnr. | |

Tho eoxtmme11telinood equations for {1& }nm |

| | | 1&;.33 Jo, D

a8 in 5‘ 2.5, “he.? ave 0loo tbc m%bna o7 mnts oquations
g{e,] =e, vhich, in offect, Chapmon ond Junge ucel. %,

 ig ovviously o cmietm% eatimta of ¥, 668, =g, Prone=

elating into the er eyzzm e ﬂaﬂm,fz thot |

~

85 =cy O

- aro tho coxdmm mremm ﬁqua%im mﬁ ewa cmaimtmt

. gptimston of {9 3 {g provided that @ andl @ are

m—-ﬁingu%azf. . - Prom {7) 4t Lolloun Chat TP {aaﬁ thorcfore

alao @ } i nonecingulor AF ood only TS 6 = {o, } doe
 Asouming € to bo ﬁm-smgﬂw, Yot wo £ind p . -

f,m(a),, e hovo _ |

® =0 D@,

vnore B, = (5 Jo  Invovting

4} a,
T ~ A - -
| %,5@9 = @' D5



9=
oo’ @Z :1 tinco Q_l za] N thmfam |
- Ao o "ﬂ" ’ i = ’h?sunﬁn 1}5 [:] e@ﬁ?@ﬁma in probiobility
{0 @D !I:hamﬁ’cfm ir @ io m-vamguiar, F efmvamoa

s gmhabﬁiiw to ’D @'1 = D”i Fz s 00 elroady otated.
on thoe othop ond, ﬁ' @ is Zixsga:m, tho ﬁlmts m‘z C Da
: ‘tm‘i o infinity (cone of them, ot looot) md (7 GLvOnTOn,
| o z:rca mm{'. hsms whon & ﬁ;a cincdior, vo ouod look
at tho mmnm cquations in tho 8p oyoten. Thoee oro
(3} end (la) md, @mng {!.as) ﬁ?@i’ i, we ﬂaﬂ&m fm:z ‘thom thot

, <’) 0@ @, g i,i,u.gm -

If g 1o nonesinguler, ve lmon that O 10 niso ond henco
A =0a1g, Pustting A o 0 in (L) we got 975 me, /oy
 uhish 16 {6) ofetn,  Howovor, 1f O fs cimgulor, not o1
of the A ere noro and thoro is 1o emlicm solution of
uhis 1;12:5 ﬁmegt Mon g e t = 2, '

It is obvious from the i‘amgaﬂ;&_, that the merimﬁeﬁ
must tey and avold stmtii‘ieatiwa thtch moko ©@ oingular;
coé the fapther O 1o from eingulority, tho more roliohlo

ro {aﬁ} {g} , G foet vhich vill Be cenfivmsd by tho

varience fommlco in § 3.  hore nm o fou srivial cosos
of pingulority ijinn my te fhraawa’bm, | P@p emnmplc, ii‘
@ =001l 1, tho Jth otratum io offootivaly nm-oiiotont,
it a‘.}. = % oil 3, tho ith ond ith otmtn ann bo conbinod.
ite,. /a;,,_ BW mﬁﬁmwt of 4, tho jth ond kth airata
con be otebincd 1nto 6 Jth 0oy OLth 6, = 8, ¢ 8, D, =
{wp B * g@k}/( X @ﬁ)w ThO 4070 gmmﬂ. instancon of singwlarity
ars those chich are lops casily ovoldod.

1e ’@ m'mﬁrﬁ;,f ond tho gomplo sizes ope lar”eg
o sﬁn@ﬂar 3 mn to extmw mmzmm ‘tmﬁ, if ‘Bgr some




{0

Prool chomeo, 49 6000 aeour, Sho boob Procodure il
probobiy bo o sroup tue of tho firoteoncplo stvata a:m
tuo of tho ocevmliesarplo stroto In cuch o my a5 to
rannto  tho aﬁnmxnmws xz’ thio fo Cono thon .
oo ds g, the poouls wiil o mﬁmﬁiﬁcﬁ aﬁniyain
ong iﬁ in of intorent that ﬁw mﬁﬁm Iikcmiwa mxuﬁim
e 0, ool 1; ROT-£0T0 throo out otrong hints ima%
thia 4o {’Iim am pmm%&w. - ¥For ﬁm laﬁte? enmﬁim m
8, = 9,, = [(a' ,, =0 &, Yelo, 0,0, 0, )jf(a g, =00, IR
.8, 5.8, = 1-@' ¢ B, =0 fa@u ,p =6 fﬁgus
o {f’mﬁ solutdon eniato trzzan ﬂ in m«uingnlaz’ but iﬁ mﬁ |
_gonelotont o way bf: seon oithor by m.ameﬁim or by oppiging
Chomndn*o z*mm} \"’hm 8, 0, =, 8, = O« bopidos % =8,
a8 8, = &, vhich indicoteo o combimation of o fazm—
N am:z;:»ie atmi‘a, it tupno cut %}mﬁ $ = I?L .‘,/a nﬁw‘z mﬁmﬁm
o n mhimﬁim oL tho neﬁ@ﬁéemm styata. _‘ |
. Fienily, ot no noo {?) to c@ﬁé.mm f = (n ).
iﬁmxza‘*f’biﬁ}ﬁn@ o
Chepgim ﬁﬁ?

- ﬁmﬁfmﬁ%@ﬁmaﬂéﬁﬁm. Alm,aimnnin,
o » ﬂﬁﬁ’ﬁ.’ﬁ; : o - = (“)

2.6, m §2=..£s Chlveis] ﬁnabzu t@ mt} %ho sﬂ.@m agnf:x%im
“Z;,' = e /o, “veeenoo 7(8,p) (1) ¥o noo contrivo to
walo #{®,p) = 1 ¥) by ellovdng the #' %o aiffer, '
et B = (Z'IZ" )/6 and let us vork vith t!m mmmetcm

= Of. ffﬁ' 'ﬁ& ﬁfﬁ B, = ﬂ'i?' |

ﬂs:’izﬁe givaa s totol ui‘ a6 o i: -1 mmt&m. tho cublroction

of ono being Guo. 40 T8, o Bs mma of mﬁfm o ]
L . 7 .
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| constreints @, o f, © see = @, 22 we @i‘f‘wewm am

in  § 2.4, let us Lrotesd only Lposd tel, Then

n(eyp) = ot and {witi coptain pmiﬁosﬂ tho estins
squations ore EVJ B, =0 /av s m tﬂ-i (inﬁepmﬂmﬁ

- oomstreinte will ususlly %eﬁ;& the form #. B =0oF
po 1'2?:!;.:7 ﬁt + P - 2¢L = {3 ot wo writa them gemmny as

Zuhﬁ ﬁﬁg ?iﬂ-‘ “;a,-ca*t“iw o
Moo, | Suf =1

_ if we ﬁaﬁm ' = ﬁff@w “"‘m mtm U 2 (’ﬁk }. P‘ﬁ’i 85 tift’ :
A=14254046 18 OF 1l mﬁk % ‘beoavse 'ﬁha firat M rows

- eve infjopendent omong mm@a and, provided the‘gr ks

 memse a8 constrointa, tho 3.9% row is infcpendont of them,
~ Tor, if not, the firet t=4 rowsoculd bo ecuibined %0 givo
Z g, = 0 vhish is mﬁm&cﬁh |
Lmt y' denote tm-ﬁxt “veotor {@,&im,&e)*

u@1

mg:laeixsg @l »1 of § 2.1:5* ' &ﬁa@%ing the axpment of
§2.5 wo £ing thot, provided U ® ens YP,( ere non-singuler

o~ A

or; in other words, méeﬂ @ ané § are s::f 03l sank €,
constatent cotimstes of 0 e {477, ) s04 ® ero given vy

2 ﬁ(L“)"C)V - ey
@ paCD( SR | | | |

tn tos mviaz. ongo tet, the B, = 6, ere sotimated
@ithout eonstraints ﬁiiﬁi’iﬁg‘*- \ o |
P wiSeuns/ale | B, ool
- Pinnily, !:;Lc {n.-) * '{ja?’?‘/é’f} i cetisated by
- = 0,00, 1% 1 ¢l
Land n = n’fﬁ | '
. '52 {on

'_ :h d" a‘ﬁ'

<Yy o o (1Y)

=



3. Plpst ond Soeond Moments of the Botismbes,
o "§n"§t We ﬁx’f@t ma tho epproziests M&a #:tf () "i’m' tﬁa
- 1mtt procoses {8.] & {p;] oonstant and 6ll 8, =« in
w@awmtafa is fixod. ° Both @mammm

ammmmmmww@swﬁo I ?wbmuc;m»cnv
m-.;.,cwt(c]w‘@ *""‘ i

Mﬁnt,(a{?:aaﬁ L -
= [TA072) (02)- +C) (r"z) Jr ‘@) @ z) c" \
vf%fefm*simc raa() mmve" :
Elp-fl = £l @) <€ cer” € B
wh ’(' = ; r-’Z C | | 2y renteiniey ‘
ere L = () = () [C 2 a]_; ‘w;%mw
et Fe (J) 2(["2)" a8 10t q, dcnots the. comfactor
8P o, in Q. Then, oinoo ] . ’ﬁm Sotermine ,ﬂ%me g8
 sesumed numsrienlly grentor then op oqual %0 anoy
| lfl e IE(Zi,,‘Chm/ (e}« £ ‘E Jqu]fa&
r (EURIELC *
E({k}m the sun of profucts of teres n? r of tetal
mwet’ 2m and momehts of 2 2 of order fm, e formsr are
ole™) snd the latter, dinze they are multincminl m@m@, |
‘gre 0{s™), Alse, ¢, it mrieﬁny less then (Te, Me,
which 38 0fa’' )»  Thewofore |vi]co(a™ #hpma s nr )
i }—re fop 228, 1t 16 memfam Wﬁﬁiﬁﬂmﬂﬁ to
~ write £[f-p] es the tnfintto s@m&a |
EL-C ‘2) (2 (L2)'+ | o
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ohich 10 optirnted by roploetng /3 Lybe Yoyoondnmby N, .
| 1 @ wore in movaont depandonce omeng the nayiod ani.mle.
1t oo o conll bub negligibic offect on tho coeong of the
four terms in {(32) m"zﬁg in view of the fact that the firct
| 5 imm thin

i;cm is “i.'“;i‘ far the 201’{;0&3‘5; oe t‘:ﬂn gortain

ef¥oct. Catdd dependence does im;maz;sa the lopsest tom
homover, ¢o 48 §lube  Fomy i£0,, o, omd p, Gosoto
the nmber of oorked alﬁ,m mc:nﬁ, tho purbor ﬁamj’x“ -sm

- tho mwﬁml probobility of E}Oinf_’ gaoght &0 o g&m subropt
ond, 12 g[(e ~.0.) [0,) 2Ba, By (3P ), tho firod
term in ( .:ﬁ) io multipiiod by Le |

5 mvcm_wx to tha ,ﬂtmt:iﬁiaﬁ arpovinent, vo frn fron
ostimntion %0 teoting hypothoooo. In most onooo, $ho 1ikolie
hooG=-ratio cethed 4o on Mﬁm omo €6 use mé a groot varioty
of Bypotheces chich elsht bo of fntoront in particular
- emnorincato oom bo waﬁéﬁi in {.hiq VLT ‘ﬁﬁé@@%z*, our
- ottention vill be eonlined to thoce teoto vhich beoor on tho
%318%3 .ez_? ?;1, : aﬁ&; tﬂx}m@, vhich involve only éﬁﬁmm
panotions of {a} » {8} » fof  Conaider
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H, o 59 9, = B, coy Hz. p, = poays Bt 288, = an/ng
ﬁ?-z $ ¢,; :a.:@j onys H_s @,:,ﬁ = B/ .
fct I doaote the gemm} hypothesis vhich puts no sooteictions
€57 {9‘,3 - {g’} exc@pw ﬁ‘r GOULDe, Z Q 2 By »_
On 8, the ;=8 p, arc infiopondont cnd, — Atming
Vi = &, fo, o tho P—— velue of the Log-18k61ab00 of

{8} {:@} 1o

wZn 3@3 €

/}

on Iy, the mﬁ«-lﬂn,izhmﬂ in

‘Eﬁ\

+ 2';.(,"& <, )ﬁa@(ﬂ,%; Y=Zfndoga; .

5L, = Zs::;‘,, Yoz 9< e ‘1@3 b fauﬁ}‘.!.cﬂ(%z:}

mioing mﬁ:geet %o Zx, = %, |

vhera X o5 5 /m

S ‘:-;n Z;:mg o; =Ze, leg g+ € 10g o @(aa—-a}mg(awe)uaiﬂg e

Y

Tho nuber of mﬁ@mnﬁﬁnt, ié}m iﬂa‘me mmmi;erw inl
jo B{+ ) = ot and the m‘bm inl, is at-std, To toot H,
ogeinst 11 oo uce the Past fﬁl«z‘%@ on ’ﬂ‘, E(Irsn )= Xﬁ.,
‘opproxtmotely.  Iiow

2(3}5-14,) = 22@ iﬁu(ae /o, e) % 22{3 o )29;,{@3{& -l )!(aﬂ-e}ra )

and Qfsis expwssmn is qmmﬁmw mtzism:icmﬁ fza

Z (c -ty ﬁ,a } Z (o, =, o {o=)a)
- & . S —r————————"
¢ - ;e © o ade=s)fa -
Thercforo, tho toos te neyoptotienily caulenlent €6 G
Fﬂﬂ&ﬁé*ﬁia of £1t oot ""m, rmp@t:namty &m Tons e v
eolumns of (35).
e ‘ﬁ’v:““iif‘“«iﬁ?lt ﬁ"sﬁ‘l/ e,
& » L] _ >
e » o ow ® v o
® & 1* e ] ' )
: {25, 5@"'&'@#’3»#&;" " {1,"‘3, »l‘gs, o . o (3_’5)

ﬂ, &aaat@a cl

- ‘}, aw:wsaﬁt

Shie 40 havdly surpricing vhen it So remevbored that, on

7,y Bfe]



- There 1o no very sotiofoctory test of B, and, to see
why, thres poosibilitics hove to be considered,  Pivet,
SUppoEe %%imtﬁi@ i5 aoswned ebout the ralstive values

of the . . The 1{ . %,,g ar0 ‘tmn mmtiaam
dependent ond L, 1o nbt 1dentiflbly sistinct omls
Therefors K, oannot bo tostod, &m@fﬁm sonstelote

re imposed on t’ﬁs ﬁ whore ﬂ<4§<&-’3; the- mm&mﬁm zxf‘ Iv

is am:m& amx, mm k-] likei;f o6d ratio mm: bas‘ﬁ& on 7\3¢ |
ean ve mtrmmﬁ; 1t goos. mt take 8 nk@i@ For, -~ Lastiy,.
IF it 49 asoumed that &, af& w4, 611 %, o

Za Mga ar * (mﬁﬂs{ﬁ%h
/J

- end thie ic not iﬁﬁﬁt&ﬁab’ls gletinet from L, » ~ harefore,
in ottempting tﬁ test the mﬂthmaiet P infeopendent of §,
Z 8, = 4, one 1a mali,s; mtmg the more geﬁeml hypotimia:

As B, involves the n, ﬁtziaﬁ éo not appenr in p [ {e.3] »
1% m‘b bo tested by the iik&iihcﬂﬂ*mﬂiﬁ mﬁhﬁﬁn Put
E,.[a.j]‘ w{Za@ o, mﬁg[h] =np onda 76(.'., _
tont of pmmrtimlmy in the lest two rows of (33} tests
- the Wﬁheﬁiﬁ Z‘fgz;:@‘.j, , :xy.xx;’.j o %‘a &, = {[ﬁ.g }R/ﬁt
Thio ie not quite the sane as B; and, ﬁ' tm, mm %;hat
. n/(Z“ 4. ) rather than n but, oo we pointod out in § 5.2,
th‘m sort of differonss 10 m risl, o
B, is a pavticulor cas0 of B, and would not thevefore
e tonted unless B, wes sccepted fizet.  On H, . the log-
13ke1Ah008 48 %, = So, o8¢, + {a-ohioglt- zy )s shOTS
1&. =8 XL, {o raxtmteed when Y oa ﬁ / aim
€ Z c 1ogo., 4-(3%)193{&%)-&% on ﬁ,f ’
2(3»-1‘,) = 76“-; ﬁ:{:&pr@umm ang thic ia ﬁmﬂ%imt to o X°
toot on the gontingency teble formed by the first ¢ rows ond
t+% colurms of {33).  The 7(2,-,)&‘,,,»' test on the first e
rous ond ¢ caim, that i on the e, almg. is meﬂy

geen to tost H, ogoinst B, or, ﬂm aifferently, it toote
the _mﬁmﬁaim ,‘.JJ e 9 egaimt He
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- 8 om
from L, .

mot be testsd as L iﬁ ot identifiobly distingt

5.5,  The theoreticsl disouselon of the stratified experi-
ment i ormoludet by @ compariscn of the veriences of R emd & .
Wuch olmpifolty le pelne and IOtHNg eseential is oot by
| a@s@i&ﬂg in what folioes thet a1 B, =¥, One amma
of thies nooumption ia that it makes n o 7 exectly vhenever

,, da v&lid, mmn -n, tnammlaa mm mmﬁ

‘g[ti, )] ~ (pw ¢l wr&&) + ta/w mm
{m—-::3]~ 2»7/4 /a. ¢ an'/p, 1)

=8, st @amzmam g

?’-w 'zi*?‘@* or a'{y @f}“@ | mosovding 85 & = £ or B > by ol

o ZQ,//F, -4, - |
1t was cbaerved in é%m that = {s/7) mp {4—@ )
<(a779 [ (4= f/n) with ecmlim only 1o P, = Pe mmt |
vamas a(;/zr = By B, ﬁ‘/ﬁ ~n, In ouch the seme Way,
‘j(& -1 with am&iwm;? if p :zp,,  Shevefors B, >? »
we oluo cboorved fn §5.3. that P, ((;a/z") Zfﬂ- Y/8) =
-nfr favﬁﬁxﬁmliﬁymwaﬂ P, = Ds Do compars
8, with ® , it m; necesssry 1o camif}ﬁr m&mwxﬁf the condl mm
undey wﬁ:whn 4¢ vnlid ond theme boll dovn to either H, or |

mﬁ‘ ¥ 2@ § *%ﬂ? '
ZG o -9}3 R T &3 3
fow, forn o bc gonsiptont ifb is mcaeaary tha% @ is csf
P11 verk t and, thio being so, (3) dmplieap, = 5.  Thun,
it ip sufficient to consider B, . OnH,, M Ao = a/y =,
Trerefore 8, = {8/y 4)2’7 fa: & (ﬂfo’ ~1){n fa. +32 (8, 7‘-@ 7 }/a,cm]
feten <{E/7 -ﬂn {a s n‘/b’ a-n*fmd? .

. o



B, a8, =6n/n. N |
a0, . zqa =3, .

Thersfore §, = 2(7 .y ) e = (a‘/a‘} Zaﬂ

* ﬁtnfs) Z{»zfu Wﬂa/u * Z‘(q /o n/a) oo v The ﬁmt
eﬁ*mmm {n'/a") [Za‘ U/g wa] ung, mﬁm'ﬁ, .
egnais tnfu} (Zn fp -m] = n/s)s 3/&‘1 ) /a w0 Sy e /‘a.

- Using B and {35), the sboond MiSE'mc The thizd term
- is gmatme then or squel %o aem. (I* equala 2600 vhen 5 = t

since B, and (35) daply that s, =(8/n)7: »  When 5>%,

. howevor, N fa; # nfﬁ in gensral.) ©  Therefore, 8,3 n°/Y

»0 */e P .
m;s, in 611 cases m ne 1.a valiﬁa

\ [(M)Jf«‘ 8 48 3 F w g[{ﬁ .n)‘J -

azztml amms w «P =P 148 %ﬁz@fmmﬁ@‘
Above and, in zsmmm, can %@ quite maﬁantmia

‘,,’t mpnrteﬁ ‘m‘r Soheeffor ii%ﬁ), both

6uts i
‘ ﬁtmtﬁ‘matim were with vegpeot to tiwe instesd of place,

The popula tim mﬂaﬁé al;i»; &mt _smm exinon who pessed

. & cortain point of & river during & perdod of o ~ § wecks on

thety "iagrgg:;;:z-ﬁm; to thely s WnS. Wxﬁﬂ. | s ﬁ,g‘h
were sampled snd iageed socording to the wesk in which they

_pucwed this point, FProvided they succwed in remching the

spawndng grov s, most amm aalyon dle after E’j}m n
fms cass, thy ﬁuams mx; pimm ovey & pariold ﬁi" 4 o 9 wesks,

fsna, &mmhbftamﬁmm, & rapibey of Sesd ﬁ.ﬁﬁm

recovered, xvmm?ns* vary soon after desth, As Schseffer's
pEpeYr 18 not sapily @‘btaimbm for Mm&, the date of ‘hi.a
‘““'tmmw&mamta‘blefc '

: ?ﬁbl& 1 ¢
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The Cyoque fes in sono of the outey vesks ore too il
0 bo usch n whnt is ossontially o Junge-sarple thoory

ond we have thorcforo Mxmcé both o and t to four by
 grouping tho fivet throo and iaot throe mooks of togsing

m%ﬁ pingle otmth and the fipot throo snd inet four m:;tzka :
of recovory dnto oinzle ofmsta.  Tho nov waluwos of [,
{’5;} 4 {%} - ore plvon in teble 2, | .

Toblo 2

N {n‘} ana {‘p"} hove the usunl interprotations but ol
N ] aignifi&n the mha‘binﬁy of dﬁag in tho jth strotun |

) for 6 218h tagpod th tho $th and #}  tho probubility of dying

, fm ‘tho spavning grounds wﬂﬁg tho nﬁm ﬂﬁeko poriok, 1=

' tmamﬁ)ra represents the probobility of dying boforo reoching

_ tming  grounds of of curviving m&til pftor this pmm&

| -(A emnll porecntage of aolimon &a mannpo % posch the son

alive ond return to cpows ogoin. 8o Jomes {1959).)

1% 16 coon opparent thnt the Potorson cotimito fo nob

velid.  Tor, in tosting H, chich speeifies proportionaiity

of tho vootorp {ch }s {o,=0, ), wo obtnin X = 96.9% and the

| o9 value 4o 16,27,  The vactors {c, ), (b ) ore so obvicusly

not proporttoanl that thero is 1o nocd to apply @ 7€‘ oot

o see tﬁaﬁ H, 16 unnooe

[inr ﬁm thooyy s:;f § 25, it ia fmmﬁ, o Waiuat&ng
( ¢" o, t%xnﬁp = 4318, B, = 1.5U61, B, o JANT,

P, = 4063, The unemtisfnotory veluo of P, may bo just a

symptom ﬁf'tm,'gmml insccuracy of eapturc-rosopture

esﬁmﬁtim or it mznﬂieaﬁa thot the mwal 10 incorrost

in nooumdny that the g nre caual, thic being necoseary

for tho compistency of B, «  Bothof theae ‘axplanations

_nro probobly correst but vhile rotidng con be doms shout tho
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AN

g g, B =B .

othor entimstes are

=30~

firet, we can ach on the scoond,  The o, /o, indicote
whers tho possidie differcross in the #' 1e, the widdlo
two baing appreoisbly lovger thon the cuter two, Let us
herefore sstimate mgm ml:q to the two gm@mﬁm; |

t from four to three and, emaaaumﬁy, # & ouping
_«wmzq stratn, bla to goouvp
the ith and kth stenta AF m {8, v,48, kzsk)fta 4@,,‘; 1o
mﬂepmﬂan% cf i, 1n pertd zaler if {41) p, =p, or
(113) 8, /6, 1o Mﬁ?ﬁﬂﬁ%ﬁ of 4e  (11) oconnot bo tested
\“b’ﬁ% (uﬂ can on 4t mnes ?Wﬁﬁﬁ&iity of the Jth and
mh colums of (o ).  In this caes, the colums which are
m&mst to ‘baing pmgmtimi are the mi.gﬂ and fourth snﬂ
e thevefors grouy them, {m hymtmsia of mammmy
18 rejected at the % Yove! ‘but, cven o, Af'p,  is not too

 different from P, s {1) w11 hold aﬁérmmﬁely Lot )

BeBe | &E@m the ﬁ"zﬁﬁ@ of §2c€ 0 :

{1 ° 0 -\ /59 24 7
0= (B"l 40 ), ¢c=(3% B &
.25«»25»235 023 o o 14 gﬂ" f@

aﬁh 53

| ﬁ* & (h%fé?&??m%h bt = (@*‘7§ “’6@* 5;&1}»@}

end evolunting _‘?Fz{m} m Vs WO obtuin -
' -‘(Z" = {53@2‘!* Jit%7’ 6639?} oy 17 = (.‘756’53 062233 31565)t
$. now 2teg in (0,4) but 1o still curfously bighs The
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Alss o' = ('p = (5;999, k,262, aq,zm;)
aizﬁ -_ﬁ‘m 50,585, . ., |
. The estimsted variemse-covarionces matriz oF R
o 696 -4bLBh 6M -
= "‘ﬁhyaﬁ §3l§8‘ &{Q‘g& @
é@% ""9{3@ &t?&

™

Bote the very Bigh vartance 6f (% . It m mxmaiy
thore wns sny esteh ﬁspmﬁma in %‘iﬁs exporinent oo 1
- nesd woke no mﬁs& mmﬂm i;;f ont,

Next,

[OTA6B W3SAT MW\
fﬁ[(n-n){n-n}] = mﬁ ( =B34 1577 TS )
o %i&h’ “fﬁaf‘} Wﬁ.égi;

md {nﬂa)g] = 23.916 x wﬁ

L 18 ﬁmt m{n)mmr{n)ammchgmw
| ssaam’bly ia,; gor thon vardfi). '

Although 7, 1s & walid, it 1s aort&n m&lmﬁng it and
ita ﬁ‘é#“me to emmm mth n wmﬁ m{n}. | Golng tho
widesed vereteon (o iv/(eet), |

- *;5-,;-a-&ez@,9e?.'

"'hs z.att.exi 1@ & geaﬁ &wl g0 3 oz than w{n} ag mght By
sxpacted sinco the ;9 dAfter mﬁ; Wm OTE 65, %m »7 Ja. ;.
For 1"7 i “ﬁ‘fﬁﬂ" @} *3 S @iﬁaﬁs w20y 7285 %6,,&2{3, ‘5%39?3@ o

Bulte  Fiy 133‘, o consider h ﬁar w8 wore ﬁnaﬁiﬁea in § 642
 in fnfereing thot mﬁ -ﬁif?‘ e 1t ot be shown ﬁmt

'miﬁ,) ~ ;z,/aim' (o @3‘%3}19;%' w @3*"“3,
“Wawzcn @Ms, 8

whore 8§ = (ﬁm) and Y, = ( 5“}. Using thte fﬁmaﬁa,
we find -that the eatimascﬁ itendnpd error afﬁq, 185 1509, ang
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themot@ tbe dii’farenc& votaon ﬁ, gaﬁi ond ene o

not cignificant. Howover, this momesigniflennce toy probobly
b attributed zotnly to the insencitivity of tho cotimation,

| The vopinnces of ﬁgg ﬁy #, con bo found by Pormmisc ointl

to (36) ond o usefl chocl on thc c@mﬁaﬁm ia maaa
by voﬂm:zg thot ma:; ore o1l tho GOMGy -

I wich to M’tz Wa&rmﬁ I’;f. S.Mmﬁ fm:r ﬁm vcw

 BEVIRTOY, R.&*.ﬂ,ﬁ _.0n tho
\m‘,ﬁg a0, (3957) 1

| mm, ﬁwﬁi f'fQBM | Hote o1 thnmaimfzy ond woxdnn of
_ ‘ _me vmﬁn ni‘éé?gﬁ%&aﬁ oq&a%ﬁma

GE&FHAI* D.0s O
gamgy%,ﬁ, (1996)

Mﬁﬁﬂﬁ, EAN ﬂ?SB) The mﬁ%ﬂpm«s %um gonous., L |
Egﬁm%ﬁmz of o eloced mpzﬁatim.

t‘.‘ . f e 3‘59"

- (’#95‘9“§ The multiplo-rceaptore concuss I%.
: ) . Betimntion chen t}mm 45 $mml, mﬁim'i
ﬁl’ Acenth, 3 : i % 3 Eg’ﬁ *®

JOING, .7, (4959)  Tho colmon. ZLondons Cell
SCHATFTIR, B, (*??5%) E@ﬁm&ﬁn of the sino ﬁf mm”
| populationo by mopking experdtents,
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