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THE MULTIPLE-RECAPTURE CENSUS 

I. ESTIMATION OF A CLOSED POPULATION 

BY J. N. DARROCH 

Department of Mathematics, University of Gape Town 

1. INTRODUCTION 

l·l. A primary classification of the many problems which can now be included under the 
heading of capture-recapture analysis is the one separating the census which uses multiple 
recaptures from thf.'l census which does not. 

The best example of the latter type is the 'fisheries census', where the main catching is 
done commercially and the experimenter's job is to keep the population supplied with 
tagged individuals. In this case, recaptured fish are obviously not available to him for 
retagging and all he can hope for is that· the captured tags are returned to him. Most of the 
paper by Chapman (1954) is devoted to this type of situation and contains some very simple 
estimates derived by the use of large-sample large-population Poisson approximations. 
Gulland (1955) shows how, if the catching is considered as a continuous-time process 
with constant effort, the natural and fishing mortality rates can be estimated from the 
behaviour of tagged fish alone, that is without any knowledge of total catches. It follows 
of course that with this knowledge estimates of population size are also avail.able. 

In the multiple-recapture census it is usually the experimenter who does both tagging 
and sampling and it is assumed that he employs a method of capture which does not kill 
the animal or affect its future behaviour. The experiment then comprises a sequence of 
samples 8 1, .•. , 88 , say, where the members of Sv ... , 88 __:1 are all tagged before being returned 
to the population, while the members of 8 2, ••• , 8

8 
are classified according to when, if at all, 

they have been captured before. The majority of papers have discussed this census and 
among them may be mentioned Bailey .(1951); Chapman (1951, 1952); Craig (1953); 
Goodman (1953); Hammersley (1953); Leslie & Chitty (1951); Leslie (1952) and Moran 
(1952). In all of these papers except Goodman's sis a constant. Goodman sets up a model 
in which the number of samples sequentially depends on the total number of recaptured 
tags, which is stipulated beforehand. As far as the individual sample sizes are concerned, 
we notice that everywhere except in Hammersley's paper, each sample Si is completed 
when one of its statistics attains a prescribed value. This statistic is usually simply the 
sample size, but in what has come to be known as the inverse sample census it is the number 
of tagged or the number of untagged individuals recovered. In this connexion see Bailey 
(1951) and Chapman (1952). It goes without saying that the theory of all these papers can 
be applied to the estimation of the number of classes in a population if the classes are of 
equal size and sampling is with replacement. The number of classes represented in a sample 
constitutes its size and a class is 'recaptured' when it is represented in a subsequent 
sample. 

The latest extensions to the general problem have been made by Chapman who exploits 
the natural stratification of ariimal populations, with respect to type (sex, species) of 
individual (1955) and with respect to place (1956, with Junge). 
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1·2. In the present paper we treat the multiple-recapture census for which the number of 
samples sis fixed (except in§§ 4·4, 4·5 and 5·6). In§§ 3 and 4 the sample sizes are regarded as 
constants and in § 5 as binomial variables. 

Most of the above-mentioned work on the multiple-recapture census has been applied 
to closed populations in which there is neither departure due to death or emigration, nor 

. augmentation due to birth or immigration. The restriction to a closed population also 
prevails here, but in a second paper we shall take account of both departure and augmen­
tation. 

• 1·3. To extract all the information from a multiple-recapture experiment, tagging must 
be differentiated in order that the full 'history' of any individual can be inferred each time 
it is captured. This can be effected in two ways. Either an individual is given a numbered 
tag at its first appearance, or, each time it is captured it is given a new mark distinctive of 
that capture. For some purposes, however, similar tagging is sufficieil.t, where all that is 
required is that each individual bears a mark after being captured. It need not be remarked 
when recaptured. 

2. THE ALTERNATIVE MODELS 

2·1. Let n be the total number of individuals in the population. 
Lets be the total, fixed, number of samples taken. 
Let ui be the number of individuals caught in the ith sample but not otherwise, uii the 

number caught in the ith andjth samples but not otherwise and similarly uiik' etc. 
Denoting a subset of the integers 1, 2, ... , s by w, let 

r = ~Uw = ~ui+ ~Uij+ ... +ul,2, ... , 8, 
w i i<j 

the total number of different individuals caught in the cqmplete experiment. 
Let ai be the size of the ith sample. Then ai = ~ uw where summation is over all subsets w 

which include the integer i. w::>i 

We derive two probability distributions for {uw}· 
Let the probability that any individual is caught in the ith sample be Pi = 1-qi. Thus we 

assume that all individuals are equally likely to be members of any given sample. Further, 
we shall assume that, for any individual, the events: caught in the ith sample, i = 1, 2, ... , s, 
are independent. 

The probability of any individual escaping capture throughout the experiment is 

n qi = Q, say. 
i 

The probability of being caught in the i, ... , l samples and no others is 

Pi Pt - ... -Q = R 1, say. 
qi ql ...... 

Clearly, the probability density of {uw} is multinomial, viz. 

[{ }J _ n! Qn-r II puw 
p uw - (n-r)!IIuw! w w' 

w 

where 0:::::; uw:::::; n subject to 0:::::; r = ~ uw:::::; n. We notice that 
w 

(A) 
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Therefore, (A) may also be written 
n! 

p[{uw}] = (n-r)! IT u) fJ-P~iqf-ai. (A') 

w 

We now find p[{uw} I {ai}], the conditional density of {uw} given {ai}· It is obvious from first 
considerations, and is easily deduced from (A), that the ai are independent binomial vari­
ables B[n,pi]. Therefore 

(B) 

max{ai}::;;r::;;~ai (strictly, min(n,2;ai)), 
i i 

with the linear constraints on the uw 

~ Uw = ai (i = 1,2, ... ,8). 
W:Ji 

(B) is a generalized hypergeometric density. 

2·2. Which of models (A) and (B) is appropriate to any given experiment? 
In (A) the sample sizes ai are random variables while the Pi are parameters. This model 

is therefore applicable when the effort put into the catching of every sample is fixed before 
the experiment begins since the Pi are then fixed, though unknown. (B), on the other hand, 
involves the ai as parameters and should be used only when the experimenter is determined 
to catch no more and no less than ai individuals at the ith sample; and he will only be able 
to. do this when animals are fairly easily caught. In fact, if we had to generalize, we could 
say that (B) is likely to be appropriate when the main limiting factor on sample size is the 
trouble involved in marking animals and (A) when it is the difficulty in catching them. 

Most previous work has been based on (B) and (A) is new. (Hammersley (1953) con­
structed a model in which the ai are binomial variables but this model involves a flaw which 
invalidates the estimation based on it, as we shall show in paper II.) It has been customary 
to derive (B) as a chain of 8- 1 hypergeometric probabilities P[ si I Sv 82, ... 'si-1], and this 
has led to its simplicity being obscured either by the notation employed, by considering 
only the terms involving nor by making sampling-with-replacement approxirp.ations. 

As well as being the exact probability description of the capture-recapture experiment 
when the ai are constants, (B) may also be regarded as a very useful device for eliminating 
the nuisance parameters Pi when the a,i are variables; it leaves only n to be estimated and 
provides a sufficient statistic for n, namely r. One feels intuitively that to estimate n as if 
the ai are constants, when in fact they are not, is not a serious misrepresentation, and this 
feeling is strengthened by the discovery that the two models lead to the same estimate n 
of n, and to the same asymptotic estimate of var (n). Apart from demonstrating this, it 
may be wondered why there is any need to consider (A) at all. The main reason is that (A) 
is capable of generalizations which (B) is unable to accommodate and it is necessary to 
discuss (A) for the closed population before going on to these generalizations, some of which 
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are the subject of paper II. Also, the ease with which a multinomial probability is mani­
pulated gives it considerable advantage over a hypergeometric probability, even for a 
closed population. 

3. ESTIMATION USING MODEL B 

3·1. The fact that r is sufficient for n has the important implication that n can be estimated 
from similar tagging. 

Regarding (B) as the likelihood L(n) of n, and omitting constant terms, 

log L(n) = ~log (n- ai)!- (s -1) logn! -log (n- r)!. 
i 

An equation for the maximum likelihood estimate n of n can be found by equating 
illog L(n) to zero. This involves an error of less than unity in the solution and is equivalent 
to the 'ratio method' of maximizing L, which equates L( n) to L( n- 1). Since~ log n! = log n, 
n must be one of the roots of 

( 1 ). 

( l) has a single finite root greater than r which maximizes the likelihood, except when r 
takes one of its extreme values. (i) If r = ~ ai, no individual is observed more than once 

i 

and n is infinite. (ii) If r = max {ai} = am say, no individual is observed which does not 
appear in the mth sample and n = r =am. It is of course in the nature of the capture­
recapture experiment that (i) and (ii) are extremely unlikely to occur. 

(l) may also be obtained by equating r to its expected value p, say. For 

11 (n-ai) 
n-p = E[n-r] = _i----:----:;-­

ns-1 

This follows from the identity inn and tLe ai 

since 

Similarly, 

11 ~ . = l, (n) -1 nl 

i ai r,{uwl (n-r)! 11 u) 
w 

11 (n-a.) 
i t (n-l)-1 (n-l)! 

E[n-r] = s-1 11 ~ I I . n i ai r,{Uw) (n-1-?:). 11 Uw. 

11 (n-ai) 
i 

11 (n-ai) (n-ai-1) 
E[(n- r) (n- r- l )] - ~i---=--:-----::-:------::--. - ns-1(n-l)s-1 

' 

w 

with corresponding expressions for the higher factorial moments of n- r. 

(2) 

(3) 

3·2. To apply maximum likelihood large-sample theory in finding the variance of an 
estimate, it is necessary that the following three conditions are fulfilled. (a) The sample 
size must be a constant. (b) The likelihood must consist· merely of the product of the 
individual likelihoods for the separate sample members. (c) The range of summation of the 
random variables must be independent of the unknown parameters. Except for one model 
discussed in § 5·7, which is artificially constructed for the purpose, no other model of this 
paper satisfies these three conditions. In the present context r is the sample size, as distinct 
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from the ai which are the separate catch sizes, and (B) obviously does not satisfy (a) or (b). 
(It does satisfy condition (c) provided n > ~ ai.) Model (A) breaks all three conditions. 

i 

We can, however, use the 'a-technique' to. find the asymptotic variance and bias of n. 
(1) may be regarded as defining nasa function n(r) of r. By (2), n(p) = n and we may 
therefore expand n about n as a Taylor series in powers of r-p. If we consider n and r as 
continuous variables we can say that dnjdr is finite and differentiable in the range 

am ::::; r ::::; ~ ai - l. 
i 

Confining attention to this range, that is ignoring the possibility of (i) occurring, we have 

[d-] [d2-] n-~ = (r,-p) d~ p +t(r-p)2 dr: T,' (4) 

where r' lies between rand p. Differentiating (1) 

[
dn] 1 [ 1 8-1 1 ]-1 (1) - =- -+--~-- =0- O(n)=O(l), 
dr n-p n-p n · n-a. n p ~ ~ 

wherej(n) = O(¢(n)) means I j(n) I< K¢(n) as n~oo and each ai~oo in such a way that the 
a.Jn, and hence also pjn, are constant. Also 

Further, var (r) = var (n-r) = E[(n-r) (n-r-1)] + (n-p)- (n-p)2. 

Therefore, using (3) 
I 

var (r)"' (n-p)2
[-

1-+ 8-
1

- ~ - 1
-] = O(n), 

n-p n i n-ai 
(5) 

where j(n) "'¢(n) denotes that j(n) = ¢(n)[1 + O(n-1)]. Making further use of factorial 
moments we find that 

E[(r-p)3] = O(n) and E[(r-p)4] = O(n2). 

Squaring (4) and taking expected values 

[d-]2 
E[(n-n)2],..,var(r) d~ P. 

(The error in replacing E[(r-p)2] over the restricted range by var(r) is O(n2cn), O<c< 1, 
which is o(n-1).) Thus, for the limit process stated 

E[(n-n)2]"' -+--~-- =O(n). [ 
1 8-1 1 ]-1 

. n-p n i n-ai 
(6) 

Let fJ = E[n]- n, the positive bias of n. Then extending the Taylor series by one term 
and taking expected values, we find that 

[
d2n] fJ"'!var(r) dr2 P = 0(1), 

whence 
[8_-1 - ~ _1 ]

2 + [8--1-~ .,----1-----:-;:] 
1 n i n-ai n2 i (n-ai)2 

fJ"' 2 [ 1 8- 1 1 ]2 . 
-+--~--
n-p n i n-ai 

(7) 
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Since P = 0(1) and E[(n-n) 2] = O(n), E[(n-n) 2] "'var (n). Thus, it makes no difference 
whether we speak of mean square error or of variance and (6) is equivalent to 

[ 
.1 8-1 1 ]-1 

var(n)"' --+--2:-- . 
n-p n i n-ai 

(8) 

3·3. When 8 = 2, r = a1 + a 2 - u12 and (B), written in standard hypergeometric form, is 

( 1) is a linear equation with solution n = a1 a2Ju12 , the familiar Peterson estimate. 
Chapman (1951) showed that 

n' = (a1+1)(a2+1)_1 
u12+ 1 

is preferable to n, since it is always finite and is almost unbiased. This could very nearly be 
inferred from (7). For that formula gives (n- a1) (n- a2)j(a1 a2 ) as the approximate bias of 
n,. which is estimated by (a1- u12) (a2 - u12)ju~2 , and 

- , (a1-ud (a2-u12) n - n = '---=---=::_---'---'=---,-----== 

U12(u12 + 1) 

We notice that n' is the solution of (n-a1 ) (n-a2 ) = (n+ 1) (n-r), but unfortunately it 
is not true that II (n-ai) = ('n+ 1)"-1 (n-r) yields an almost unbiased estimate for general 
values of 8. i 

Chapman (1952) showed how n' can be made the basis of almost unbiased 8-sample 
estimation. We shall wait until§ 5·3 to comment on his recommendations, as they can be 
more easily discussed for model (A) than for (B). 

3·4. Turning attention now from point estimation to confidence interval estimation 
of n, we assume that r is approximately normally distributed about p. We have already 
noted that r has moments ;t2 = O(n) and ;t3 = O(n). Therefore 

Y1 = ;t = o(Jn) · 
Also, one finds that Y2 = Jl! -3 = O(n-1). 

f£2 

The expected value of r, regarded as a function of n, is 

II (n-ai) 
p(n) = n- i ns-1 

and in this notation, the equation for n is p(n) = r or n = p-1(r), say. Let o-2(n) denote the 
variance of r, given by (5). Then 

P[r-ko-(n) ~p(n) ~r+ko-(n)] = 1-e, 

where k = k(e) may be read from normal tables. The inequalities are approximately 

r-ko-~)~p~)~r+ko-~) 

or 
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or, since p-1(r) can be shown to be a monotone increasing function of r, 

p-l(rl) ~ n ~p-l(r2). 

p-1(r1) and p-1h) (which are precisely the same as n(r1 ) and n(r2)) may be regarded as first 
approximations to the solutions for n of r- kO"(n) = p(n) and r + kO"(n) = p(n), respectively. 
We may now, if we wish, proceed to better approximations n[ and n~ say, obtaining 

n[~n~ni 

as the 100(1-£)% confidence interval for n. 

4. ONE INDIVIDUAL PER CAPTURE 

4· I. When each sample is of size one, (B) is the obvious probability model to use, though 
(A) can be adapted for the purpose as we shall show in § 5·6. (B) is the basis of the present 
section and is equal to ' 

1 n! 1 

n8 (n-r)! II uw!' 
w 

where II uw! = 1, since every uw = 0 or 1 and therefore every uw! = 1. 
w 

Summing (B1) over all values of {uw} such that 2: ui = fv 2: uii = f 2, ... , we obtain 
i i<j 

1 n! 8! 
n8 (n- r)! ( 1 !)11 (2 !)12 ... fi!f2! .. · 

(9) 

as the probability of not catching n- r individuals and of catching fx x times where 
x = 1, 2, ... , 8 and 2:fx = r, 2: xfx = 8. The step from (B1) to (9) can be made by considering• 

X X 

the number of ways of distributing 8 balls in r cells in such a· way that none is empty. The 
argument, which need not be included here, follows from putting ui = 1 if the ith ball is 
alone, uii = 1 and ui = u1 = 0 if it is with the jth and no other, etc. 

Summing (9) over all values of Ux} such that 2: fx = rand 2: xfx = 8, we obtain (Jordan, 
1947, P• 206) X X 

1 n! r 
---(}" 

n8 (n-r)! 8 (10) 

as the probability of catching r individuals with 8 samples, where O"~ = .6.r(08 )fr!, a Stirling 
number of the second kind. (10) was found by Craig (1953) when considering the estimation 
of a population of butterflies. 

4·2. For the purpose of estimating n little alteration is required to the general results of 
§§ 3·2, 3·4. 

n is the solution of (n-1)8 = n8- 1(n-r), (11) 

which may be approximately written 

-. e-s/n = 1-rfn. 

The appropriate limit process is now n-+oo, 8-+00 such that 8/nis constant, and we find that 

var (n) "'n[es/n_1-8/n]-1 = O(n), 

182 . 
,8,..., 2 n2 [es/n -1- 8/n]-2 = 0(1). 
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Confidence interval estimation may be performed with 

p(n) = n[1-e-sln], 0"2(n) = ne-2s/n[es/n_1-sjn]. 

. 4;3. Suppose now that instead of s being fixed and r variable, sampling is continued until 
a fixed number, r, of individuals have been caught. Then 

P[r- 1 individuals in s- 1 samples and a new one at the sth sample] 

1 n! r-1 n- r + 1 
n 8- 1 (n-r+ I)! O"s-1 n 

1 n! r-1 
= ns (n-r)! O"s-1, 

(12) 

where s = r,r+ 1, .... 
This model will be referred to as inverse, since the term sequential has already been given 

by Gooqman to his census which we discuss in§ 4·4. We remark that the maximum likeli­
hood estimate of n remains the same as for the direct model (10). 

Let ¢(t) be the probability generating function of s. Now 
oo tr 
~ O"r fS = -;-::-----,---,-----:,.-,---:---

s=r 8 (1-t)(1-2t) ... (1-rt)' 

(Jordan, p. 175). It follows that 

Differentiating ¢(t), 

(n-1)! tr 
¢(t) = (n-r)! (n-t) (n-2t) ... (.n-(r-1)t)' 

r-1 ·1 
E[s]=n~ -, 

~=0 n-k 
r-1 k 

var(s) = n ~ ( k)2 • 
k=1 n-

(13) 

(14) 

The method of moments estimation equation, obtained by equating observed and 
expected s, is r-1 1 s 

k~on-k=n· (15) 

As Craig pointed out, (15) .is the exact maximum likelihood equation for the likelihood 

!.__( n! )I and the solutions of (11) and (15) therefore differ by one at most. (15) has no 
n8 n-r . 
solution n:~ r when s > r(1 + i + ... + 1/r) = s0(r) say. As far as the method of moments 
interpretation of (15) is concerned, this is explained by the fact that, since n ~ r, E[s]::::; s0(r). 
That is, there is no expected value of s to which an observed value greater than s0(r) corre­
sponds, and it is therefore meaningless to equate them. It is not likely that s will ever be 
greater than s0(r) in practice. s0(100), for instance, is 519. Before making 519 catches to 
obtain 100 individuals, the experimenter would be sure to doubt the randomness of his 
sampling or the correctness of his (necessary) information that n ~ 100. 

For the likelihood (12), sis sufficient for nand ignoring the possibility that s = r (which 
makes n =co), using (14) and the same technique as in §.3·2, we find that 

var(n)"'n[~:(n~k)2r
1 

= O(n), 

r-1 k [:r-1 k ]-2 
jJ"'nk~dn-k)3 k~dn-k)2 = 0(1), 

where the limit process is now n-')-co, r-')-CO such that rfn is constant. 
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It is readily shown that 8 is normally distributed neglecting terms O(n-!). Therefore, 
confidence interval estimation of n based on (13) and (14) proceeds as in§ 3·4 except that 
n = n(8) is now a monotone-decreasing function of 8. 

All of the formulae appearing in this subsection may of course be simplified by using 
integral approximations to the sums of reciprocal powers of n- k. 

4·4. The sequential census of Goodman (1953) can be described as follows. Before the 
experiment is begun, an infinite sequence {ai} of sample sizes is postulated together with Z, 
the number of tagged individuals to be recovered. Sampling stops at the completion of the 
8th sample, 8 being defined by 

s-1 
~ai-rs-1 <l, 

i=l 

8 

~ ai-r8 ?; l, 
i=l 

where r 8 denotes the number of individuals observed in the first 8 samples. 
When all ai = 1, sampling stops as soon as 8-r = l. We comment briefly on this par­

ticular case using the approach of the present section. We require 
P[r individuals in r + l- 1 samples and a previously caught individual at the (r + Z)th] 

1 n! r 
= ----- ur -nr+l-1 (n-r)! r+l-1n 

r n! 
=----a'r nr+l (n _ r)! r+l-1· (16) 

Maximum likelihood estimation remains the same as before and r or 8 ( = r + Z) is sufficient 
for n. There is, however, a minimum-variance unbiased estimate. Since 

is an identity in n for any positive integer Z, 

n r n! r 

r~1 nr+l (n-r)! a'r+l = n. 

Therefore u~+zlu~+l-l is an unbiased estimate of n. Moreover, it is uniquely unbiased as is 
easily seen by induction on n, and because it is sufficient it has minimum variance (Rao, 
1952). 

Using more general methods, Goodman expressed the same estimate as K(r, l)fK(r, Z-1), 
r 

where K(r,O) =rand K(r,l) = r~K(t,l-1). By observing that u~+l = l1-1[(r+1)u~+D 
- t=l r-1 

(Jordan, p. 171), and defining L1-1¢(r) = ~ ¢(t) +constant (Jordan, p. 101), it follows that 
t=O 

K(r, l) = ru~+z, which accounts for the equivalence of -the two expressions for the unbiased 
estimate. Goodman made ·reference to tables facilitating the calculation of this estimate. 
He also provided another basis for estimation by showing that as n-HXJ, l remaining con­
stant, the distribution of 8 2/n tends to that of X~z· 

4·5. Does the ratio of two Stirling numbers afford an unbiased estimate of n for the direct 
or inverse models? The answer is no, except in one unimportant instance: for the direct 
census with 8?; n, u~+lfu~ is unbiased and has minimum variance. 
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The application of the three models of this section to the estimation of the number of 
classes may be framed in the language of coupon collecting. (10), (12) and (16) correspond, 
respectively, to the collection ceasing when the number of coupons (8), the numbe~ of 
different kinds of coupon (r) and the number of 'swop' coupons (8-r) reach prescribed 
values. 

5. ESTIMATION USING MODEL A 

5·1. It will be seen from (A') that r and {ai} are jointly sufficient for n and {pJ. Con­
fidence interval estimation of n is therefore no longer a practical possibility. 

Differentiating (A') with respect to pi, we find that the maximum-likelihood estimate of 
Pi is 

Taking the first difference with respect ton of the logarithm of (A'), 

n 1 1 
n-r=Q=llqi· 

i 

Hence, n is again the solution of (1). 
The same estimation equations may also be deduced by the method of moments, for 

E[ai] = npi and E[n-r] = nQ. 
The derivation of formulae for the variance and bias of n is much the same as for model 

(B). Writing r = a8+1 and Q = q8+1 = 1-p8+1 for convenience, the solution of (1) is 
n = n[{aa}J, a= 1, 2, ... , 8 + l. n[{npa}] =nand 

0- ()2- ()2-
n-n=L;(aa-npJ':ln +tL;(aa-nPa)2 ':l ~+ 2: (aa-npa)(ap-npp)~+ ... , 

a uaa a uaa a<fi uaa uap 
(17) 

where all derivatives are evaluated at {aa} = {npa}· It can be shown that any derivative of 
n of order k is O(n-k+l) for the limit process n~oo, {Pa} constant. Also, that all multinomial 
moments of order 2l are O(nl) and of order 2l+ 1 are O(nl). These two facts, combined with 
several pages of tedious algebra, lead to 

var (n) "'n [2 + 8- 1- 2: 2.]-
1 

Q i qi 

[8 -1- ~ 2.]
2 

+ [8 -1- ~ i] 
fJ-~ ~qi ,q, 

2 
[2+8-1-2:2.]

2 
. 

Q i qi 

and 

5·2. When 8 = 2, n' = (a1 + 1)(a2+ 1) _ 1 = u1u2 +r 
u12+ 1 u12+ 1 

is again an almost unbiased estimate of n. For 

where Q = q1 q2, P1 = p 1 q2, P2 = q1p 2, P12 = p 1p 2, and it follows easily that 

E[n'] = n-nqlq2(1-plp2)n-1, 

(18) 

(19) 

(20) 
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Seeing that {1-p 1p 2)n-l is approximated well by e-E[u12J, 

E[ n'] = n-E[ n- r] e-E[""tzl 

to a good approximation. The negative bias of n' will in general be small. 
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(21) 

Consider now the conditional expectation of n' given a1. This leads to a slightly different 
statement of the last result which we shall require in § 5·3. For this purpose write 

n' = a1 +(a1+1)~1 . 
U12+ 

Given av u2 and u12 are independent binomial variables B[n-avp 2] and B[avp2], respec­
tively, and 

Therefore E[n' I a1] = a1 + (n-a1)[1-q~1+l] 
= n-(n-a1)q2(1-p2)~ (22) 

= n- E[n -r I a1] e-E[u121all (23) 

to the same approximation as before. The expectation of (22) over a1 plainly gives (20) 
again, but the inference we wish to make is that the bias may be neglected after taking only 
the conditional expectation and, what is more, that the difference between (22) and (20) 
is negligible. 

From (18), (24) 

(25) 

5·3. In order to consider Chapman's·recommendation (1952) for an 8-sample unbiased 
estimate of n, let a<k denote the number of different individuals captured before the kth 
sample, k = 2, 3, ... ,8. (Thus a<2 = a1.) Further, let a<k.k denote the nuniber of different 
individuals captured before and at the kth sample. Thus, for instance, if 8 = 4, 

Clearly, 

and 

a<s.s = Uls+U2a+u12a+u134 +u2a4 +u12a4· 

are distributed multinomially with parameters n and 

ql · · · qk, ( 1-ql · · · qk-1) qk, (ql · · · q1c...:1) Pk• ( 1 - ql · · · qk-1) Pk· 

Therefore, in the same way as for 8 = 2 

'=(a<k+1)(ak+1)_1 (k--2 3 ) 
nk 1 ' ' ... ,8' 

a<k.k+ 
is an almost unbiased estimate of n if, as we shall assume throughout this subsection, 
sampling is large enough. We notice that the covariance of any two of these estimates is 
negligible compared with their variances. For, if l < k 

E[nf(nk-E[nk]) I a<l• a1, a<k] = n;(E[n~ I a<k] -E[nk]), 

which is negligible compared with var (nk). (Compare n times the difference between (21) 
and (23) with (25).) 



356 Multiple-recapture census. I 

More important, from the practical point of view, than knowing how to get maximum 
information from fixed effort is to know how the information increases with increased effort. 
Supposing that all ei = e say, 

Thus, if the effort per sample is enlarged to ke, the information is enlarged to more than k2 I. 
While if e is held constant and the number of samples increased from 8 to 8 + 1, the informa­
tion is multiplied by more than (8+ 1)/(8-1); in other words, the information is roughly 
proportional to the number of different pairs of samples, as might be expected. 

5·6. If 8 is large and each Pi is small, the probability that any sample size is one will be 
a small quantity of first order, while the probability that it is greater than one will be of 
second order. Therefore, in the limit as 8-*00 and each Pi-*0, sampling becomes 'con­
tinuous' and each 'sample' is of size zero or one. In this way, we obtain a valid description 
of the experiment for which only one individual is captured at a time. 

8 . 

To formulate this idea precisely, let Qx denote the coefficient of zx in IT (qi + piz); that is, 
i=l 

let Q0 = Q, Q1 = ~~' Q2 = ~~1, .... Then, summing (A) over values of {uw} such that 
i . i<j 

~ ui = f 1, ~ uii = / 2, ... , the density of Ux}, where fo = n- r, is 
i i<j 

n ' 8 _._ ITQ'~ 
8 X' 

IT fx! x=O 

(27) 

· x=O 

Consider the limit process: 8---'700, max{pi}-*0 such that IT (1-pi) = Q remains fixed 
i 

and equal to e-il. say; that is to say, such that .a~ ei remains fixed and equal to A. For this 
i 

process, IT (qi + piz) -'reA<z-l) and therefore Qx-*e-il. Axfx!. Thus, the limit of (27) is 
i 

--IT e-il._ n! oo ( Ax)fx 
oo I ' IT fx! x=O X. 

x=O 
00 

(28) 

Let us now redefine 8 as the random variable ~ xfx, the total number of catches made. 
X=l 

(28) can then be written 

Craig (1953) postulated this model as an alternative to (10) and discussed the estimation of 
A and n. Although the sampling is now a continuous process, it is by no means necessary 
that it extends over only one interval of time. In practice, the experimenter will expend 
effort until he catches an individual and then will pause while marking and recording it 
and letting it return to the population. There is no conflict between this practice and (A1). 

The joint probability generating function of rand 8 for (A1) is 
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We notice that the marginal distribution of 8 is Poisson with parameter nA. and therefore 
that the conditional probability of Ux} given 8 is 

1 n! 8! 
p[{Jx} 1

8J = n8 (n-r)! (1!)fl(2!)f2 ... fi!N ... ' 
which is (9)again. Thus, there are two routes from (A) to (9): either via (B) and (B1)orvia (A1). 

The marginal distribution of r is binomial B[ n, 1-e-A]. The conditional probability of 
Ux} given r is therefore 

(29) 

This density was discussed by Craig from the point of view of the truncated Poisson dis­
tribution defined by the probability of a caught· individual being caught x times being 

e-A A_x 

1-e-Ax! 
(x = 1, 2, ... ), 

but plainly cannot serve as a probability description of any possible way of conducting a 
capture-recapture experiment; for it demands that both the total effort and the total number 
of different individuals be fixed in advance, which is impossible. 

5·7. We notice that (29) satisfies conditions (a), (b) and (c) given in§ 3·2 for the applic­
ability of large-sample maximum likelihood theory. This is also true of the counterpart of 
(29) for the general case. From (A) we have 

rl ( p )uw 
p[{uw}lrJ= II~)IJ 1-wQ . (30) 

w 

(30), like (29), does not mention the uncaught individuals and does not truly describe any 
experiment. However, densities of this type are important as theoretical devices, as we can 
demonstrate by applying standard maximum likelihood theory to (30). 

Maximizing L = logp[{uw} I r] with respect to {Pi}, we obtain the equations 

ai = _r_ (. 1 2 ) 
Q ~ = ' ' ... ,8. 

Pi 1-
(31) 

Let e = (1-Q)-1. Then 0 = (1- Q)-1 is the maximum likelihood estimate of e. (31) implies 
that 0 satisfies the equation II (rO-ai) = (re)s-1 (rO-r), that is rO satisfies (1). Therefore 
rO = n. i 

We can obtain the asymptotic mean square error of 0 for (30) as r-Ht) by first finding 

the information matrix, V-1 say, whose (i~j) element is -E[_, 02~ ] . We find that 
. opiup1 

V-1 
= r( 1 ~Q)2 DWD, 

where Dis the diagonal matrix whose (i, i) element is q-:;1 and W is the matrix whose (i, i) 
element is wi -1, where wi = qi(1- Q)j(piQ), and whose every other element is -1. 

Now, as r-H:t:J, E[(fJ-8)21 r]"'d'Vd, 

where dis the vector whose ith element is the derivative oOjopi evaluated at {Pi}= {Pi}· 
On differentiating e = [1- II (1- pi)]-1, it is found that 

i 
Q 

d =- (1 -Q)2 Dl, 
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where 1 is the vector all of whose elements are l. Hence 

E[(0-8)21 r]"' Q 1'DD-1W-1D-1D1 = Q 1'W-11. 
r(1- Q)2 r(1- Q)2 

w:-1 
To find 1'W-11,let W-11 = x. Then Wx = 1 and theithelementof~isseen to be 

1
_ ~w. 1 . 

Therefore i ~ 

Substituting for wi 

~ -1 
Q Q "-:'wi 

E[(O- 8)21 r] "'r(1- Q)21'x = r(1- Q)21 ~ ~wi1 
i 

E[(0-8)2IrJ- ~.....! -+s-1-~- =-, Q [ P·] [ 1 1]-1 
0 

r(1-Q)2 i qi Q i qi r 

By means of the a-technique we can further say that 

and 

E[(0-8)21 r] = ~+ ~~ +o(~) l 
E[(0-8) I r] = ~+ v!+o(~) .I r r r 1 

say. 

(32) 

Using (32) we can re-derive formula (18) for the asymptotic value of E[(n-n) 2]. For, 
since 8 = (1- Q)-1 and n = rO, 

E[(n-n)21 r] = r2E[(0-8)21 r]+8 2(r-n(1-Q)) 2 +2r8(r-n(1-Q))E[(0-8) I r]. (33) 

In evaluating the expectation of the right-hand side of (33) over r, we consider the range 
kn < r:::::; n, where 0 < k < 1-Q and kn is integral. This approximation permits the use of the 
asymptotic formulae (32) and produces errors which asymptotically are negligible. Two 
observations are sufficient to establish the latter claim. First, if Pr denotes the probability 
ofr 

~P.<R (n-kn+1)(1-Q) 
r:"o r kn(n+1)(1-Q)-kn 

(Feller, 1957, p. 140), and the last quantity is O(n-icn), where 

= (1- Q)k (..!L)1-k 
c k 1-k <l. 

Secondly, 0<¢(s)r provided always that we ignore the possibility that ~ai = r which 
makes 0 infinite. Substituting from (32) we find that i 

E[(n-n) 2] = E[r0]+82var(r)+0(1) 

[
1 1 ]-1 

= n -Q +s-1-~~ +0(1), 
. ~ q~ 

which is (18). 
The rederivation of (18) is not important in itself. However, when combined with the 

fact that 0 is asymptotically efficient for 8, the above argument has an important conse­
quence. Namely, that for the class of estimates n* = r8* which satisfy the very reasonable 
conditions 

E[(8* -8)21 r] = ,."\1 + "-2 
+o(_!_)} r r 2 r2 

(34) 

and E[(8*-8)jr] = v1 +v2+o(!._) . r r2 r2 ' 
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n has asymptotically minimum mean square error since 0 is the minimum attainable value 
of A.1. (Conditions (34) are sufficient for this conclusion. They are quite possibly not 
necessary.) (34) implies that 

and 

E[(n*- n)2] = cx1 n + cx2 + o(l)} 
E[n* -n] = f31 +~ + o(~), 

(35) 

which are even more reasonable. Unfortu~ately, (35) does not imply (34), though it is 
difficult to imagine estimates which satisfy (35) but not (34). 

In conclusion: among a wide class of estimates of n, those derived from (A) or (A1) by 
the method of maximum likelihood are asymptotically best in that they have minimum 
mean square error. 

I wish to acknowledge my considerable indebtedness to the referee for his invaluable 
comments on two previous drafts of this paper. 
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THE MULTIPLE-RECAPTURE CENSUS 

II. ESTIMATION WHEN THERE IS IMMIGRATION OR DEATH 

BY J. N. DARROCH 

Statistical Laboratory, University of Manchester 

1. INTRODUCTION 

1·1. In a previous paper (1958), which will be referred to as (I), we discussed the multiple­
recapture census when the population is closed both to augmentation from outside and 
departure from inside. These restrictions are now removed. 

Let the experimenter take s samples, as in (I). Also, let 1- ¢k be the conditional pro­
bability that an individual dies (or permanently emigrates) between the kth and (k+ 1)th 
samples given that it is alive at the time of the kth, k = 1, 2, ... , s- 1. Let n1 be the size of 
the population at the time of the first sample and let nk- nk_1 new individuals immigrate 
(or be born) into the population between the (k-1)th and kth samples and be alive at the 
time of the kth, k = 2, 3, ... , s. Nothing is assumed about the nk- nk_1 and they are treated 
as parameters of the model. To treat them as random variables would entail assumptions 
about the manner in which they vary and would complicate rather than simplify the 
probability densities. 

In § 2 we shall take ¢k = 1 in which case ni is the population size at the time of the ith 
sample, i = 1, 2, ... , s. ·In§ 3, ni =nand the size of the population at the time of the ith 
sample (i > 1) is a random variable with expected value n¢1 ... ¢i_1• The general case 
when there is both immigration and death will be considered in § 4. 

1·2. The main aims of this paper, as of (I), are to provide exact, fully stochastic models 
for the observed frequencies of individuals, to show how simply these frequencies naturally 
group themselves, and to obtain estimates of the unknown parameters. When there is 
immigration only or death only, the estimates are shown to be asymptotically efficient 
and their variances are found. In addition, a method of performing tests on the values of 
the parameters is given. When both immigration and death are operating, on the other hand, 
the complexity of the probability density prevents us from going further than obtaining 

1 the estimates and merely indicating how their variances can be found. 
Both in (I) and in the present work we have been unable to obtain satisfactory tests of 

the underlying assumptions of the models, notably that tagged and untagged animals are 
captured with equal probabilities. (The above-mentioned tests on the values of the para­
meters assume the truth of the models.) We hope to fill this gap at a later date. 

1·3. We gave a brief review of the literature and a list of references iri (I) but, unfortun­
ately, omitted to refer to a paper by Leslie, Chitty & Chitty (1953), the third of three papers 
by these authors. These three papers contain several ingenious mathematical approaches to 
multiple-recapture problems, together with a very full discussion of field data on popula­
tions of voles, and are uniquely valuable in the way that they dove-tail theory with practice. 
One of the points emphasized by the authors is this: although a basic feature of the multiple­
recapture census is that caught animals are returned to the population alive and unhurt, 
in practice a few are either accidentally killed or have to be removed from the population. 



337 j. .. •. . J. N. DARROCH . 

This eventuality has not been taken account of in the following pages but we note here that 
it is easy to do so. Each of the usual observed classes 'caught in the i, ... , l samples but not 
otherwise' is coupled with an extra one for those animals which are caught in the same 
samples but killed or removed at the Zth. Also, an additional parameter is introduced to 

• represent the probability that a captured ani~al is killed or removed at any sample. The 
estimates of the other parameters change slightly but, apart from this, there are no 
complications. 

2. IMMIGRATION BUT NO DEATH 

2· I. In this section, suffices i, j take all values from I to 8 while suffices k, l take all values 
from 2 to 8. 

Let Pi ( = I - qi) denote the probability that any member of the population is caught at 
the ith sample and let ai be the size of the ith sample. Let a<k be the number of individuals 
caught before the kth sample and a<k.k the number which are caught before and at the kth 
sample. Further, let w denote any non-empty subset of the integers I, 2, ... , 8 and uw the 
number caught in every one of the w-samples but not otherwise. Let 

r = ~ uw = 2: ui + ~ uii + ... + u12 •.. 8 , 
w i i<i . 

the total number of individuals caught in the whole experiment. 
The notation thus far is the same as in (I) and suffices for most of§ 2. However, for the 

purpose of deriving the density p[{uw}J,it is convenient to have a further notation. Namely, 
let aw be the number of individuals caught in every one of thew-samples, regardless of 
w:hether or not they are caught otherwise. • 

We begin by finding p[{uw}] for 8 = 3, using a chainwise argument. The probability of 
catching a1 individuals in the first sample is 

Given av the probability of catching a2 in the second, of which a12 are common to the first 
and a 2 - a 12 are new ones, is 

Given av a2, a12, the probability of catching a 3 in the third, of which a 123 are common to the 
first and second, a 13 - a 123 to the first only, a 23 - a 123 to the second only and of which ' 
a 3 - a 13 - a 23 + a 123 are new ones is 

.. 
(

. a12 ) ( al - U12 ) ( Uz - U12 ) ( na - al - az + a12 ) . a n -(l Pasqas s. -
a12a ala-: a12a . Uza- a12a aa- ala.- Uza + a12a 

Multiplying these three expressions together, cancelling and renaming the termsinvolved, 
we obtain 

(I) 

Note that, ifni = n,, (I) contracts to 

w 

.which is the model forming the basis of (I). 
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(1) may also be written 

n' 
p[{uw}] = (n -a )lu 11~ lu lu ,qfca<•(p1q2q3)ul(p1p2q3)ul•(p1q2p3)ula(p1P2P3)uua 

1 < 2 ° 1 ° 12 ° 13 ° 123 ° 
(n -a )' 

X 2 <2 0 q~a-a<s (p2q3)u• (P2P3)usa 
(n2-a<3)! u2! Uz3! 

. X (n3-a<3)! qna--rpua (1') 
(n3-r)!u3! 3 3 0 

Another way of exhibiting. the distribution of the u~ is by means of their generating 
function lfr[{tw}J = E[II t~]. It is soon shown that 

·w 

lfr[{tw}] = (q1 q2q3 + P1 q2qat1 + P1P2q3t12 + P1 q2p3 t1s + P1P2Pat12a 
+ q1p2qat2 + q1P2Pat23 + q1 q2pata)n1 

X (q2q3 + P2q3t2 + P2P;J2a + q2pata)ns-ri1 

X (qa + p3ta)ns-nzo 

2°20 Let us define a<1 = 0 and a<s+l = ro Then for generals, (I) becomes 

1 · (n.-a o)' 
p[{uw}] = --, II t <t 0 I pfiqfi-a;, 

II Uwo i (ni-a<i+l). .. w 

Maximizing with respect to Pi by equat~ng (ofopi) logp[{uw}] to zero, 

nd\ = ai. 

Maximizing with respect toni by equating ~ n;logp [{uw}] to zero, 

ni-a<i+l -- = qi. 
ni-a<i 

(2) 

(3) 

(4) 

(5) 

The equation fori= 1 in (4) is the same as that in (5) and there is consequently no in­
formation on n1 andp1 separately. Otherwise, combining (4) and (5) and remembering that 

(6) 

and 

provided a<kok > 0 . 

. 2·3. Having found maximum likelihood estimates from the density (3) we cannot 
:ipply maximum likelihood large sample theory to them directly, for reasons given in 
(I)§ 3·2. The principal obstacle is the presence of the ni in the factorial terms of (3). To get 
over this difficulty, we use a suitably modified version of the argument of (I)§ 5·7. That is, 
we apply maximum likelihood large· sample theory to a density which is conditional on 
some of the sample variables and afterwards take expectations over these variables. In 
this case, the most suitable conditional density is p[{uw} I {a<i+l}]. 

The conditional distribution of a<i+1- a<i given a<i is B[ni- a<i' Pi] (including i =d 
when the distribution ofa<2 is B[nvPi]) and therefore · 

p[{a<i+l}] = IJ,(·a· ni--: ~<ai ) p?<i+l~~<iqfi-a<i+l, 
t <i+1 <i 

Hence 
.... 1 . . .. . . 

p~{uw} I {a<i+l}] =II uw! I} (a<iH-:_a<i)! f}P~<Uq~<~-a<kok, . 
w 

(7) 
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Reverting for the moment to the parent density, we see that 

fik = (a<k+l- a<k)/Pk + a<k> (8) 

where Pk is given by (6). This equation will prove useful for two reasons. First, a<k and 
a<k+1 are held constant in the conditional density (7), and secondly, Pk is the maximum 
likelihood estimate of Pk for the conditional as well as the parent density. In view of (8), 
it turns out to be preferable to change from Pk to ek = P"k 1• (8) then becomes 

fik = (a<k+l- a<k) ek +a<k' 

Let L = L[{Ok}] = logp[{uw} I {a<i+l}]. Then 

oL _ a<k a<k-a<k.k - --+--2:'-",---------"= 
oek - ek ek- 1 ' 

which, when equated to zero, gives ek = a<kfa<k.k provided a<k.k > 0. Further 

-E[~~ I {a<i+l}J = e~(~=~ 1)' 

-E[ 0~
2

~e 1 {a<i+l}J =0 (k * Z}, 
k l ' 

yielding the asymptotic formulae 

E[(O -e )21{a . }] =e~(ek-1) 
k k <t+l a<k , 

E[(Ok-Ok) (Oz-Oz) I {a<i+l}] = 0. 

(9) 

When a<k.k = 0, the Taylor expansion of oLJoOk at ek about its value at ek is meaningless 
since there is no finite solution for ek. However, the resulting invalidity of the last formulae 
is easily avoided by changing from ek to 

e' _ a<k+l 
k- , 

a<k.k+ l 

since e~ is always finite and has an asymptotic variance differing only negligibly from that 
of ek over the finite part of the latter's range. (This can be shown using the 8-technique.) 
Moreover, e~ has a negligible bias. For, given {a<i+l}, a<k.k is B[a<k>Pk]. Therefore 

E[e~ I {a<i+l}] = E[e~ I a<k] = ek(1-q~<~+l) 
and the difference between this expression and ek may be neglected. 

Two further properties of the e~ should be mentioned here. First, they are independently 
distributed given {a<i+l}. This follows from the independence of the variables a<k.k> a 
property which is proved without difficulty. Secondly, using the 8-technique, we find that 

E[(Ok-Ok)2 1 {a<i+l}] = E[(Ok-Ok}2
1 a<k] 

= e~(ek-1) +o(-i-). 
a<k a<k 

as a<k -+ oo. , 
Returning now to the estimation of the nk and recalling (9}, we replace fik by 

that is, by 

Now 

nk = (a<k+l-a<k)Ok+a<k> 

nk = (a<k+ 1} (ak+ 1) -1. 
a<k.k+ 1 

(10) 

(ll) 
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Therefore, taking expectations conditional on {a<i+l}, 

E[(nk-nk) I {a<i+l}] =- (a<k+l-a<k) ekq~<k+l+Ok[(a<k+l -a<k)- (nk-a<k)Pk]. 

Now taking expectations over a<2, ... , a<k-1> a<k+l' ... , a<s+1, 

E[(n~-nk) I a<k] =- (nk-a<k)Pkekq~<k+I 

= -(nk-a<k)q~<k+I, 

since a<k+l-a<k = B[nk-a<k,pk]. We shall neglect this bias. 
Squaring ( 11) and taking expectations, 

E[(nk-nk)2
1 a<k] = [(nk-a<k)2p%+ (nk-a<k)pkqk]E[(Ok-Ok)2

j a<k] 

+20k(nk-a<k)pkqkE[(Ok-Ok) I a<k] 

+0%(nk-a<k)pkqk. 

340 

(12) 

In deriving an asymptotic formula for E[(nk-nk)2], a convenient limit process to use is: 
ni --+ oo such that nifni --+ cii' constant. To evaluate the expectation of the first term of the 
right-hand side of (12) over a<k' consider separately the ranges 0 :::;; a<k :::;; hn1 and 
hn1 < a<k:::;; nk-1> where h < 1-q1 ... qk_1 and hn1 is integral. Now a<k is the sum of in­
dependent binomial variables B[nv 1-q1 ••. qk_1], ... , B[nk_1-nk_2,pk_1] and therefore 

P[a<k :::;; hnd :::;; P[B[n1, 1-q1 ... qk-1] :::;; hnd =:= o(.J~1 Cnl)' 

where = (1- q1 ... qk-1)h (q1 ... qk-1) 
1
-h 1 

c h 1-h < . 

Also ek can never exceed a<k + 1. Therefore, for the range 0 :::;; a<k :::;; hnv the contribution 
of the first term of (12) is at most O(n%nin1lcn1) = O(nfcnl) = o(1). For the other part of 
the range, we may use the asymptotic formula for the variance of ek. Since the second 
term on the right-hand side of (12) is o(1), we may thus far say that 

E[(nk-nk)2] = E [((nk-a<k)2p%+ (nk-a<k)pkqk) 
a<k>hn1 ' 

(O%(Ok-
1
) +o(-i--))J + E [O%(nk-a<k)pkqk]+o(1). 

a<k a<k a<t;;.O -

Let a<k = E[a<k] = n1(1-q1 ... qk-1) + ··· + (nk-1-nk-2)Pk-1· 

Then, expanding 1fa<k about 1fa<k and taking expectations over a<k' it will be found that 

E[(nk-nk)2] = nk(nk-a<k)qk+0(1). (13) 
a<kPk 

Note that, when all ni = n, (13) becomes 

E[(nk-n)2] = nqi··· q,c .f-0(1), 
(1-ql ··· qk_I)Pk 

which was d!'lrived previously in (I). 
Thus, the nk are almost unbiased estimates of the nk with variances given by (13) and, as 

is easily shown, with negligible covariances. Further, nk is the asymptotically most efficient 
estimate of the class of estimates 

n~ = (a<k+I-a<k)O~+a<k 

for which E[(O~-Ok)2 1 a<k,a<k+ll =~+a(-!-) 
a<k a<k 
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and for which E[(OZ- O~c) I a<k' a<k+l] is negligible. This is a simple consequence of the fact 
that, since Oi is asymptotically efficient for O~c, O%( O~c- 1) is the minimum attainable value 
of A.k. In (I) we pointed out that ni may be evaluated from 'similar' tagging and that, if 
ni = n, the n~ contain between them all of the information on n. 

2·4. Suppose that catchability is constant throughout the experiment and that ei 
units of effort are expended in catching the ith sample. Then 

(14) 

where the unknown coefficient of ei is written as a reciprocal parameter for much the same 
reason that, ill § 2·3, we changed from Pk to Ok = P'k 1• In previous effort models, it has been 
customary to make the expected catch size proportional to the effort. This is equivalent 
here to writing Pi = eJy which involves a relative error O(eJy), and the equivalent approxi­
mation for qi is qi = 1 which is obviously too severe. Therefore, accepting qi = 1- eifY as 
a satisfactory approximation to (14), that is, neglecting terms which are relatively O(eUy2), 

the approximation of the same order for Pi is Pi = eijy(1- eif2y). When it is expedient to 
do so, we shall use these expressions. The fact that they lead to Pi+ qi = 1 - e~J2y2 is not, 
of course, inconsistent with our decision to neglect terms O(e~Jy2 ). 

Again, consider the conditional density p[{uw} I {a<i+l}] which gives rise to the likelihood 

eL<y) = fl ( 1 - e-ek/y)a<k. k ( e-ekfY)a<k-a< k. k • 

. ·. k 

oL 1 [ a<k.kek ] 
Hence oy =- y2 f 1-e-ekh- f a<kek . 

Equating this to zero, the equation for y is 

This formula breaks down if~ a<k.k = 0 (and so does the whole experiment since it has not 
k. 

yi_elded a single recapture). Therefore, instead of y, consider 

~ (a<k-ia<k.k)ek+te 
.' ' y'-= k . ·- . . 

. . ~a<k.k+1 
k 

where e = ~ e~cJ(s-1). y' alw;:tys exists. and we suspect that it is almost unbiased, for the 
k 

following reason. If all ek = e and Pk = p say, 

~a<k+1 
I - k I-

y =e~a<k.k+1-2e 
k 

and l:a<k:k = l:B[a<k,p] = B[l:a<k,.p] sinQethe a<k·.k·~re.independent. Hence 

1 
E[y' I {a<i+l}J =;= e= [1-ql:a<k+l]-te. 
. p 
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~eglecting qEa<k+l and replacing p by (efy) (1-ef2y), 

E[y' I {a~H1}] = r: 
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' In the general case when the ek a~e unequal, it still se~ms reasonable to assume that y' is 
almost unbiased. 

To obtain E[(y' -y}21 {a<H1}] we may invert 

[
'02£ ] . 

_ - E Oy2 I {a~i+l} = y-4 f a<ketqk/Pk 

= r-2 1: a<kPk 
k 

on making use ofour approximations for Pk and qk. The 8-technique shows that 
. . 2 

E[(y' -y)21 {a<i+I}] = ~ y +O((~a<kPk)-2). 
a<kPk 

From now on, the argument follows very much the same lines as in§ 2·3. For the parent 

density 

andy has the same value as for the conditional density. We replace it byy' and ni by mi say, 

defined as 

Hence (15} 

Taking expectations conditional on{a<i+I} and then over all a<'i+1 except a<i' we see that 
mi is an almost unbiased estimate of ni.- -Further, squaring (15} and omitting the region: 
0 ~ a<k ~ hk nk-v where hk < 1-q1 ... qk_1 and hk nk_1 is integral, all k, when taking expecta-

, tions over {a<i+I}, we find that 

( )2 2 2 
E[(m'-n.)2]= ni-a<i.Pi • Y · +(n.-a .)q.Jp.+O(l) 

i t e2 "'a p t <t t t i .::..... <k k 
k 

(16) 

for the limit process: ni-+ oo such that nifn1 is constant, all i,j. Besides being almost unbiased 
mi is also most efficient of the class of estimates mi which satisfy obvious conditions. 

It is worth examining the gain in information that constant catchability and knowledge 
of the effort bring. The information on n1 provided by mi represents a total gain as there is 
none when the effort is not known. Otherwise, 

Fie= var (n~) =:= 1 + (a<k+l-a<k)fa<kPk , 
var (mk) 1 + (a<k+l- a<k)/1: a<zPz 

l 

, on replacing (n/C- a<k) Pk by a<k+l- a<k a~d etfy2 by ptfqk. In order to evaluateF£numeric­
ally, some assumptions must be made about the Pk and about the rate of immigration. 
First of all, suppose that Pk = p for all k. Secondly, suppose that a<k+1 -a<k is constant 
for all k; that is, the expected number of new individuals caught at each sample is constant. 
Taken in combination with the first assumption, .this implies that nk _: nk_1 = n1p for all k; 
that is, the number of immigrants between consecutive samples is constant and equal to 
the expected size of the first sample. The formula for F£ can be shown to be very insensitive 
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to the particular assumptions made about the rate of immigration, and we have merely 
chosen those which make the formula as simple as possible. It now becomes 

F' _ 1+[(k-1)p]-1 

k-1+[s(s-1)pj2]-1 

and is tabulated below for 8 = 5 and three values of p. For p ~ 0·001, the formula 
Fi = s(s-l)/2(k-1) provides a very good approximation to the previous one. 

I~ 
I 

2 3 4 5 

0·001 9·91 4·96 3·31 2·49 
0·01 9·18 4·64 3·12 2·36 
0·1 5·50 3·00 2·17 1·75 

When we come to estimate the number of immigrants between samples, knowledge of the 
effort is doubly advantageous and results in a very considerable gain in information. For, 
var (mk-mi_1) = var (mk) +var (mk_1)- 2 cov (mk, mk_1) and not only are the two variances 
smaller than their counterparts var (nk) and var (nk_1), but their covariance is large and 
positive whereas cov (nk, nk_1) is negligible. In fact, 

cov (mi, mj) = (ct<i+l- ct<i) (ct<i+l- ct<i) Y
2 
+ 0(1) (i =1= j), 

eiei"'2:,ct<kPk 

and, making the same simplifications as we did for Fi, we-find that 

G1 • var ( nh- nh_1) 1 l [ 1 l ] 
h = I I = +- --+--var(m,.-m,._1) 2p h-1 h-2 

(h=3, ... ,s). 

Gh is tabulated below for s = 5 and three values of p. 

X 3 4 5 

0·001 751 418 293 
0·01 76·0 42·7 30·2 
0·1 8·50 5·17 3·92 

(17) 

2·5. We mentioned in (I) that the capture-recapture model used by Hammersley (1953), 
when dealing with a large accumulation of data on the ringing of Alpine Swifts, contains 
a flaw. It is appropriate ·here to show how this comes about. 

Hammersley effectively made two postulates: that the overall likelihood could be taken 
simply as the product of the individual likelihoods for the captured birds; and that for any 
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such bird, ·its likelihood need only record its behaviour onwards from the sample in which 
it was first captured. For s = 3, the likelihood arrived at in this way is 

which may also be written 

or, for generals, n pfiqf<i+l-ai. 
i 

The maximum likelihood estimate of P; is a;fa<i+1• Dividing this into a; to obtain an 
estimate of n;, we get a<i+I·. In other words, the population size at any time is estimated by 
the number of individuals captured up to that time, which is plainly unsatisfactory. The 
reason why this model is at fault is indicated by comparing (18) with (1') and with (7) for 
s = 3. The latter can be written 

A remark worth making here is that, even if (18) is replaced by a true density such as 
(19) and n; is estimated by 

the sampling variance of n; is not only attributable to that of P; but also to that of a; (and 
also to their covariance). This remark is of course implicit in§§ 2·3 and 2·4 where, for other 
reasons, we took 

3. DEATH BUT NO IMMIGRATION 

3·1. In this section, suffices i, j take all values from 1 to s and suffices k, l all values from 
1 to s- 1. P; is now the conditional probability that an individual is captured at the ith 
sample, given that it is then alive. Let a>k be defined as the number of individuals caught 
after the kth sample, with a corresponding definition for ak.>k· 

Let Xk be the conditional probability of an individuai not being caught after the kth 
sample given that it is alive at the time of the kth sample. Then, for s = 3, 

X1 = 1-¢1+r/J1q2(l-¢2)+¢1q2¢2qs 

= 1- r/J1P2- r/J1 r/J2q2p3, 

X2 = 1-¢2+r/J2qs, 

= 1-¢2Ps· 

Let rr0 denote the probability that an individual is never caught and 7T; the probability 
that it is caught for the last time at the ith sample. Then, for s = 3, 

and 

7To = q1X1, 771 = P1Xv 1T2 = r/J1P2X2, 7Ts = r/J1 r/J2Ps 

77o+1T1 +1r2+1Ts = 1, 

which has an obvious probability interpretation. 
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· The probability density of the uw is 

where, for 8 = 3, 

Hence, 

n! 
p[{uw}J = (n-r)! ll uw! 1T8-r g P;t;w, 

w 

fa=:= q1q21Ta, 

pl3 = plq21T3, 

P2 = q11T2, P2a = q1P21Ta, 

P12 = P11T2, P12a = P1P21Ta. 

3·2. Define a>0 = rand a>s = 0. Then, for general values of 8, 

'(20)' 

Besides n, the original parameters were {¢k} and {Pi}, a total of 28-l. We have now 
changed to 1r0, {1ri} and {Pk} subject to the constraints 

1To+ ~1Ti = l, and 1ToPl-7Tlql = 0. 
i 

The effective number of parameters is therefore 28- 2, a reduction of one. The reason for 
this is that, ii p[{uw}J is written as a fu~ction of {¢k} and {Pi}, ¢8_ 1 and Ps only appear in 
the combination ¢8_ 1 p8 and are therefore really only one parameter. In other words, they 
are non-identifiable. 

Maximizing (20) with Lagrangian multipliers A1, A2 for the two constraints, we find that 
' •• , 4 • ' ., 

A.1 = o, A.2 = n, 

P
- ak.>k 
k=-a-' 

>k 

n1Ti = a>i-1- a>i· 

Let us define <1>1 = l and otherwise 

' <l>i = ¢d~2 ... ¢i-Cl> 

the probability of survival up to the time of the ith sample. Then 

<l>kPk = 1Tk+Pk(1Tk+l + .. _. +1rs), 

with obvious probability interpretation. Therefore 

n<l>k = n1Tk/P~c + (n1Tk+l + ... +n1Ts)· 

(21) 

Now let nk denote the estimate of n<l>k, which is the expected population size at the time 
of the kth sample. Then substituting the above estimates of n1Ti, 

(22) 

and hence, substituting for pk, 
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3·3. At this stage, the argument becomes so nearly parallel to that of§§ 2·3 and 2·4 that 
we can omit almost all of it. The starting point is the comparison of (21) and (22) with (6) 

· and (8). Next, n-r and {a>i-1-a>i} are distributed multinomially with parameters 
n, 1r0 and {rri}· Therefore, 

n! 
p[{a>i-1}] = (n-r)l II (a . -a ·)' rr8-r I) 1T~>i-ca>i. 

. >t-1 >t . t 
i 

w 

·which should be compared with (7). 
Let n~ = ( ak + 1) (a> k + 1) - 1. 

ak.>k+ 1 

Then nZ is almost unbiased for n<Pk as nk was fornk. There is, however, an int~resting 
additional term in the expressions for var ( n~) and cov ( n~, n;) which was not present in the 
corresponding formulae for nk, ni. We find that 

(n<Pk- a ) n<P q 
var(nZ) = a>; ""+n<P~c(1-<Pk)+0(1) 

>k k 

as n -+ oo, all other parameters remaining constant. The second term is the variance of the 
actual population size at the time of the kth sample. In the same way, 

cov(n~,n!') = n<P1(1-<P~c)+o(1) (k < l), 

and the first term is the covariance of the actual population sizes at the times of the kth 
and lth samples. 

In (I) we remarked that, if all ¢k = 1, then~ contain between them all of the information 
on n but that their evaluation requires 'differentiated' tagging. 

3·4. If qi = e-e;/y and the ei are known, it is still true that 

Let 

fi;Tii = a>i-1- a>i· 

ncl>i = (a>i-1- a>i)/Pi + a>i· 

.I: (a>~c-!ak.>k)e~c+le 
y" = k . . 

I;ak,>k+ 1 
k -

the almost unbiased estimate of y and let m~ be the corresponding estimate of n<Pi. The 
terms n<PA1- <Pi) and n<P1(1- <Pi) appear in the formulae for var (m;), ~ov (m~, mj), i < j, 
in addition to those corresponding to (16) and (17). But, as far as FZ = var (nZ)fvar (m~) is 
concerned, the additional terms may be omitted because, although they are of the same 
order, O(n), as the others, they are negligible by comparison. Therefore, 

FZ = 1 + (a>k-1- a>k)fa>kPk . 
· 1 + (a>k-1- a>k)/I; a>zPz · 

l . . -
The simplifying assumpt_ions are now that P~c = p and a>./c-1.-a>k.is constant for all k. 
Taken in conjunction, these two assumptions imply that n!.l>~c(l-:-¢1,;) = n<P8ps, that is the 
~xpected number of. <;lea~hs between cons~cutiv~ samples. is c<?nst!Lnt and. equal to the 
expect.ed ['ize of the la~t sample. With these .simplifications,, 

FZ = F~+l-k (k = 1, 2, ... ,s-1). 
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Also, 
( II ") 

G11 var nh_1 - nh G' h 
h= ( 11 11)= s+Z-h ( =2, ... ,s-l). var mh_1 -mh 

The experimenter will probably be more interested in estimating the survival probability 
rfih-1 than n<l>h_1 -n<l>h, the expected number of deaths. Both n~fn~1 and m~fm~-1 are 
biased estimates of rfih-1 but the biases are O(n-1) and can easily be evaluated, if desired, 
using the a-technique. The a-technique also shows that, neglecting terms O(n-1), 

( Ill II ) ( II A, II ) var nh nh_1 _ var nh- 'Yh-1 nh_1 

( Ill II ) - ( II A, If ) var mh mh_1 var mh- 'Yh-1 mh_1 

and, provided rph_1 is not too much less than one, the latter ratio is well represented by G~. 

3·5. Throughout (I) and so far in this paper, we have been exclusively occupied with 
estimation and have said nothing about testing hypotheses. In this subsection, the likeli­
hood-ratio method will be adapted for the purpose of testing hypotheses about the values 
of {rpk} and {Pi}· 

Consider any density of the form 

where Q and the Pw are functions of parameters {81} say. Let the log-likelihood of nand {81} 

be L1 = logp[{uw}]. Next, consider the conditional density 

1 TIP;t;w 
p[{uw}ir] = llr~w! (~-QY' 

w 

and let the corresponding log-likelihood of {81} be L 2 =·logp[{uw} I r]. 
Let L1 and L2 denote the maximum values of L1 and L 2• We show first that, to a good 

approximation, L1 differs from L2 only by an additive constant. Equating oL1fo81 to zero, 

n-roQ+~uwoPw=O. 
Q '081 w Pw '081 

(23) 

Equating tlnL1 to zero, logn-log(n-r)+logQ = 0. (24) 

(24) gives (n-r)fQ = rf(l-Q) and, substituting in (23), we have 

But this is seen to be the equation oL2fo81 = 0. Therefore, the maximum likelihood estimates ' 
Q andPwofQ andPwarethe same for L1 andL2 ; and for Lv n = rf(l-Q). TofindL1 andL2, 

an approximation for n! is required, and we shall assume that n! = Ke-nnn. (This approxi­
mation is equivalent to our practice of maximizing L1 with respect to n by equating tlnL1 ' 

to zero rather than oL1 fon. For, if the exact identity tlnlogn! = logn is replaced by the 
approximate one ologn!fon = logn and the latter is integrated, it leads directly to 
n! = Ke-nnn. Using this approximation instead of Stirlip.g's, n! = ,J(277) e-nnn+t, results in 
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· an increase of! in the maximum likelihood estimate of n, a difference which can be ignored 
as it is O(n-1).) Hence, 

L1 = fi,[log n- 1] - ( n- r) [log ( n- r) - 1] -log II Uw! + ( n- r) log Q + ~ Uw log p w 
w w 

= r[logr-1] -log II uw! -r log (1-:-Q) + ~ uwlog P w 
w w 

= L2 -logK, 

which proves our assertion. 
Let H0 denote a hypothesis which reduces the number of degrees of freedom of {01} by 

v and H the alternative hypothesis allowing {01} full freedom. Then, as L 2 has the properties 
required for maximum-likelihood large sample theory, we can say, using self-explanatory 
notation, that 

is approximately distributed as x;. More precisely (Bartlett, 1953), 

P[a~x2 <blr]= J:f(X~)d%+0(r-1 ) as r-?>oo. 

Let 

Then, since L1,H = L2,H-K and, similarly, L1,Ho = L2,Ho -K, 

Therefore, if P,. is the probability of r individuals, 

P[a ~ x1 < b] = ~ P,.P[a ~ x2 < b I r] + ~ P,.P[a ~ x2 < b I r], 
r"'hn r>hn. 

where 0 < h < 1.L- Q such that hn is integral. Now 

~ P,.P[a ~ x2 < b:l r] ~ ~ P,. = O(n-!cn) = o(n-1), 
r~hn r~hn 

where - (1-Q)h ( Q )1-h 
c- -h-. 1-h < l. 

~ P,.P[a ~ x2 < b I r] = ~ P,.[Jbf(X~)dx;+O(r-1)] 
r>hn r>hn a 

Also, 

= [1- o(n-1)] J:!(X;) d% + O(n-1
). 

Hence, P[a ~ x1 < b] = J:!(x;)dx;+O(n-1
) 

which is in the same form as the usual likelihood-ratio test. 
There are two applications of this test for which the algebra has already been performed. 

In each case H denotes the hypothesis allowing complete freedom to the parameters {¢k} 
and {Pi} and it is therefore easy to find L1,H. As the first example, consider H0 : ¢k = 1 all k. 
L1,Ho can be found from (I) and v = (28- 2)- 8 = 8- 2. (If the test dictates that H0 be 
accepted it will of course not mean that we believe it to be exactly true since this is 
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strictly impossible for an animal population. It will mean, rather, that the cPk cannot be 
regarded as reliable estimates of the ¢k.) As the second example, consider H0: qi = e-elr' 

where the ei are known. This will test whether or not catchability is constant. Ll,Ho can 
be found from§ 3·4 and, again, v = (2s- 2) -8 = 8-2. 

Finally, a remark concerning hypothesis testing when there is immigration but no death.' 
The above adaptation of the likelihood-ratio method is not applicable to the density (3). 
There is, however, a way round this difficulty. We can set up a formal model for immigration 
but no death which is the exact inverse of the model for death but no immigration. Namely, 
let the population be of size n at the time of the last sample and let l - 1h be the con­
ditional probability that any individual immigrated between the (k- l)th and kth samples 
given that it was in the population at the time of the kth, k = 2, 3, ... , 8. This model yields 
just the same estimates as (3) and any likelihood-ratio test can be written down automatic­
ally from the corresponding one for death but no immigration. (For this model p[{uw}] is 
most quickly arrived at directly as a multinomial probability, but it can also be developed 
as a chain of conditional probabilities P[S1] P[S2 j 8 1] .... P[S

8 
I Sv .. . ,88_ 1] just as easily as 

for any other model. The main snag about this description of immigration is that it cannot 
be combined with stochastic death. To include both immigration and death, densities (3) 
and (20) must be 'combiped', and we do this in the next and final section.) 

4. IMMIGRATION AND DEATH 

4·1. For 8 = 3, the generating function E[Il t~w] of p[{uw}J is clearly (cf. (2)) 
w 

(qlXl + P!Xl tl + Pl ¢IP2X2ti2 + Pl ¢Iq2¢2p3t13 +PI ¢IP2¢2P3t123 

+q1 ifJ1P2X2t2 +q1 ¢1P2ifJ2Pst23 + ql ¢Iq2¢2Psts)n1 

X (q2X2 + P2X<t}i+ P2ifJ2P3t23 +q2¢2Psts)n•-n1 (qs + Psts)ns-ns, (25) 

where x1 and X2 have been defined in § 3·1. The coefficient of Il t~w in (25) turns out to be a 
w 

double sum of probabilities which only contracts to a single probability if n1 = n2 or ¢1 = l 
and if n 2 = n3 or ¢2 = l. 

In general, p[{uw}] is an (8- l )-dimensional sum of prob~bilities which cannot be written ' 
as a single expression unless, iri every interval between successive samples, there is either 
no immigration or no death. 

4·2. The unwieldy form of p[{uw}] clearly rules out estimation by Jll,aximizing the like­
lihood, but there is an obvious pointer to an ~lternative method. In all cases when there is 
no immigration or no death, the method of maximum likelihood is equi~alent to equating 
some of the class sizes to their expected values. We recall from (I) that, for a closed popula­
tion, these are {ai} and r. It is easily shown ~hat, for immigration but no death, they· are 
{ai}, a<3, ... a<s and r, and, for death but no immigration, .they are {ai}, rand a>v ... , a> 8_ 2 • 

Therefore, when there is immigration and death, it seems eminently reasonable to equate 

(26) 

to their expected values. We shall indicate how to solve the resulting equations by sup­
posing that there are fovr samples, this being the minimum nun;1ber from which the general 
solution may be inferred. , • 
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For s = 4, the aforesaid equations can be arranged as 

a1 = n1Pv 

a2 = [n1cft1 +n2-n1JP2, 

aa = [n1 cft1 cft2 + (n2- n1) cft2 + na- n2JPa, 

a4 = [n1 cft1 cft2cfta + (n2- n1) cft2cfta + (na- n2) efta+ n4- na]P4, 

r-a>1 = n1P1Xv 

a;1-a>2 = [n1cft1 +n2-n1JP2X2' 

a>:2-a>a = [n1 cft1 cft2+ (n2-n1) cft2+na -n2JPaXa, 

a<2. = n1Pv 

a<a-a<2 = [n1cft1q1 +n2-n1JP2, 

a<4-a<a = [n1¢1¢2q1q2+(n2-n1)¢2q2+na-n2]Pa, 

where (27 a) reappears, for convenience, as (29a}. , 
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(27 a) 

(27 b) 

(27 c) 

(27 d) 

(28a) 

(28 b) 

(28c) 

(29a) 

(29 b) 

(29 c) 

Combining (27 a, b, c) with (28a, b, c), we have Xk = (a>k-1 -a>k)fak or1- Xk = ak.>kfak, 
k = 1, 2, 3. There is a recurrence relationship between successive Xk which may be written 

Henqe 

¢kqk+I(1-Xk+I)+¢kPk+1 = 1-Xk (k = 1,2). 

¢ q a2.>2+cpp _a1.>1 
1 2. a2 1 2- a1· ' 

If we multiply (29a) by ¢ 1p 2, add it to (29b) and refer to (27b), we obtain 

or 

a<a-a<2+¢1p2a<2 = a2 

cft1P2a<2 == a<2.2· 

Similarly, multiplying (29a) by ¢ 1 ¢ 2p 3 , (29b} by ¢ 2p 3 and adding them to (29c), 

(30a) 

(30b) 

(31a) 

(31b) 

Equations (30) and (31) enable us to solve for p 2, p 3 and ¢v ¢2 • Hence, from (27 b, c), we 
can estimate n1 ¢ 1 + n 2- n 1 and n1 ¢ 1¢ 2 + ( n 2- n 1} ¢ 2 + n 3 - n 2, the expected population 
sizes at the tim~s of the second and third samples. Also na-n2, the number of immigrants 
between these two samples. We note that (27 d) has not proved to be of any use. 

In general, it is possible to solve for p 2, ••• ,p8 _ 1 and hence for the expected population 
sizes at the times of all but the first and last samples. Also for the survival rate in all but the 
last interval and the number ofimmigrants in all but the first and last intervals. There­
maining parameters cannot be estimated and it is fairly obvious that this would hold true 
of any method of estimation. 

Since the distribution of the variables (26) is simply a combination of independent multi­
nOinial distributions, it is theoretically straightforward to find formulae for the variances 
and covariances of all the estimates by using the 8-technique. However, it would be too 
tedious to compile these formulae for the general case and we shall not attempt it here. 
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4·3. If qi = e-e;~y and the ei are known, we can again appeal to moment equations for 
the purpose of estimation. In (I) we remarked that, for a closed population, maximizing 
the likelihood is equivalent to equating~ aieifPi and r to their expected values. When there 

i 

is immigration butnodeaththecorrespondingvariables are~ aiedpi, a< 2 ( = a1), a<3 , ... , a<s 
i 

and r, and when there is death but no immigration they are~ aiei/Pi• rand a>v ... , a>8_ 2, 
i 

a>s-1 ( = a8 ). With both immigration and death we therefore equate 'Zaiei/Pi• a< 2, ... , a<s• 
r, a>v ... ,a>s-1 to their expected values, thus providing 28 equations. These enable us to 
estimate all of the 28 unknowns y, {ni} and {¢k}; except for 8 = 2 when the a1 e1jp1 +a2e2 jp2 

equation is implied by the a< 2 and a>1 equations and there are only three equations for the 
four unknowns. 

Without actually performing the straightforward but tedious task of finding the variances 
of the estimates, we can be confident that knowledge of the effort provides very considerable 
gains in information. · 

I am indebted to the referee for his most helpful comments. 
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;p = ~-4.pJ • In the same way, let n. = n.' !¢', n = ~ n; . 
J I J 

Thus, te,j}, {Pj} , {n,J, n are the true probabilities and sizes 

when and only when¢' = 1. 

denote the log-likelihood of 

t9•;} , {PJ . The number of these parameters is st-s (for 

the e.j subject to the constraints [ 9.:; = 1' i = 1 ,2, .•• ,s) 
J 

plus t (for the p. ), making a total of 
I 

N(9,p) = ~t + t - s, 

Compare this with th~ number of parameters involved when 

( 1 ) is expressed in terms of Y.:; = 9 .. P·' 
"J J 

namely 

N( 'f) :::: st. 

(The point of introducing the tf system is that it reveals 

in a simple manner certain important features of the 9, p 

system.) 

according as 

We see that 

N(9,p) ~ N('f) 

s ~ t 
> 

and the three possibilities:~ 

treated separately. 

s < t, s ~ t, s=t will be 

When s < t, N ( 9, p) ~ N ( lf ) and ' 
are 

not identifiable: only N(Y) functions of them are. The 

maximum-likelihood equationS' in the 'f system are easily 

seen to take the simple form 

'1f. .. = c .. /a.. , 
.J ·J 

(2) 

and if we try to estimate {PJ using (2) and J-"~'~1? = 1 

(or, equivalently, maximising L with respect to f9•j} , {PJ) 
we only get s equations f c,,j;-• = a.; for t unknowns. 

Since p. cannot be determined, neither can n. = b./p. , 
J J J J 

ii = r n.;. 
J 
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· e.b.. Wben • 't, lf(tJ,p) <!f( 1f} and tbe . 'lf~·; ·are atbe-
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.m must Gnmtee ~. 61Fentl»" tritb re8il9Qt to {9.:;) ·, f~l .• 
~. L/IJ pi . • 0 BlveJ ... 

L (et;;- Co.·· ) 6'.:,-tt· : c .. • . (3) 
; I - 4 B .. ;p; . •. J 

J . 

ln~ ·~. ~1&n tmllttp11em {::l.J eo~tmifaw 
~· tho~ oonnt.Snta ·fS.:; c:: •• JL/J~.:i!# .fJ. eivee 

J . 
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' . ' 
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OJ!e. cOP..s!e~t eOl~ttm . {~J • {ij) say. aeco..~. 
:tt _, root ba $t;W to ~~e tbio colnttoo mme· i .... 

. J 
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. J . . . ' 
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Fortutm~el7• 1~~ !a poss!bl~ to obtrd.n muob alupioi'' . 

estl~ttm equatt~ tbn!l -tlle abOV<9 wb$ll e > t bu m1adt1Q 

tba e~tton of equal -! •• Ws. co mte ln f 2.6., 
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tr0t1 @ 1. e 1 o1rme fiJ 1 # 1. • tborotoro ,.,,... .- ,..,,...... .... 

· ~ e ~-·]11. = ~~q (9) 
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~ -
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l)l'obablzt bo. to ~ .tuo of too ftrot-clO!:tilo stttltn ar.t« 
too Of! tho· GooC!Xl•~l.o ottnto. !n CUell 0 tley 00 ·to 

ol~to too o1~a'-1tu. xc.tMo ~o ~an tlhon '> 

tma 1 t io ci" tn~at toot tho nn~tnn:l 1~11h006 aotutton 
' . • ' Jl ' ' . . I' 

t~ith 1, .. a.-?.6 ·.),. l'l01l.;.;zoro ~- wt o~ l'dnta Uln~. 

tbit1 S:o .. ~. c~ t~~ce&m,. • Fol1- tbo lotte? nol~t1rm so 

. .i" ~.9 .... ; c ~n, o,., ~~o~~. )<·(ere o~., -e;1 Cz.., )j/(o., cz., ~2. c,; ) 11 
~ AW' . ,._ , .,., _,., ·.· ~ • 

9," c.9n :a1-G,. vP, =c~,/n9,. ;P~ oe,z./afi,~~ . 
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. ~tont · a~J tr$Y 'be··. aeon nithci' 'bV J..n-~011 or b:J !lY'blYf.ncr - ,.. 
ctJ:!ltl~•o ~t~) OhO'tl o,,_ o,~ -c.~. c", = o-. oo:o14os. "·• c i'1, 

,., -
M6 ~., c 9,, Pblob intliooteo o oombtmt!Qn of' tOO. ftVot.-
. . . 

~1o a$filto .•. 1t tumo out· trrot.i; .o V2. c ·t:J/a.ohioh 1Un:1ootoa 

n ~blnt.itlcm otl tho oGCOM~~lO ntrotn .• 

. , .... , ._ tam:l~t~' ).ot oo ·UJ:Jo (9) _to.oot~to!! c- (n;>·• 

&lnco -~ = CbJIPf > t:t ~k f ,., .. 
ii = D ,.ft.., fltc . . (tO) ,.,. ~,_, ~ 

ftmt fimmli bU otl!6~~ ena· ~tl'Cf,,, 
ii c. b 'O.,, n• ,..., ~ ...... ' 

2.6,.. In § 2.4 ~o ooro. tmablo tO. uoo tho s1mP1o oqust1cm.o 

(u) 

ij t:t C:;/o~ .. ''bacO\lOG U(3;p) <U( 'J/)• UO BOO ctmt~\70 to 

matte t7(9,p) = n( "() b,- o:uontna tttc ~~~ ·to t1tfter. 
. .• . . ~ 

Let jt =: ( !' -~ )/G tml{ 1~t U$ tloS tJ1 tb thO pn~tc~G 
. . ., ~ ~ . . 

~ · of · ldt ·I'A . ~ fi ~ • rlf'ftt 
'lB' • , e v .. rp · .- p · -~ t, • .. • · li'J ~ P .v, , .. 

~ J . ..I · . . " . ' "I . . J 
. . J 

. i.'b!a n{vos e totnl of' st ~ t - 1 pa~'temt tllo auo'(;roctton 

of. ens· beine ann. to ! · G.. o n'. Inoto:l4 ot ~o1ng .o•1 ", • J . -.. , 

I . 



.• t i 

oonst.-t.ntm -·II, .:: If z. tZ _ • •• = ; 1 ea we flffrotl~ aitl 

1n f 2.4,. 1•t us i.r.late.tl ~ !m.PGe&· t•1 :o · ~n 

u(e1p) ~· st anti {wlth cm?tnln provlso sJ) ·tb~ esttma.tien. 
. . - - . . 

oquotff}fi$ :nm.a~/:P;. = o~ite.~ •. -~-- t>-i (.l~ent) 

conatmmte will llS11allN ·Mka tbe ftfmi·JI.: .: ~l e ·o ott 

~b~ ;1 ~ + ,. k. · - 21~.- -=: 0 but wo· ul te th$m_ eenomtly u 

If ·sq deflM u ~( c its., i"ne matms l! ¢;- Cn~e.: ), tt=1 ;2•··~·-•·t• 
_!;:1··2-~,.,..,,a ·s.s ot Ml m»lt t ~cauae ~n ftJtat t-1 ~tt 

. ~ 

e~ lftBepentlent -~ ~elv~ anti,. :p~dat'l .tbW sa~ 

~- as cOnet.rnlnta.. tbO l.Qet -row: 1& Snl~5t of! tl"~~ 

FoF• Sf no·t, ·the fiJ?Gt ~1 ~s-OOUic·be·- ct'd>Smtl_ to Ill~@ 
. . . r 

· ~ f ~ e 0- •b1~b is limlsen&ical. 
~ . . 

14t ~~ aenote.-tbG1n _''fee~ (~.,o, ..•. -.,~1). 

fMn 'U@1t.;v· 
, ,., "' ~"a' 

ttepleci:DH @ ~ ·e. 4 of'' J 2.5~ At~Qptlng the· fl!'~nt cf 

~ 2.,5 " ftnll' t~t, piOV1ilmd u ® Qn(i y 1'; c $~8 ~!JB~it r ..... ...... ,--.................. ~. 

eli, tn ·at~ wooo~;. ~4$\ @ ~ o ·~ or run .l'lUl't. t, · - - -

oonalatent~ Getlmatea (If. ~ · e (i/fJ· ) and ~ SRi glvon bJ" 
,.. ---. Gl I ~-_,_ c)·v1 D - ~v (9_•) 

. . 1-:-- - • - -1. "" ' . 
"" •I 

~ :: :Q~ ~]~ ' 
!n ·tbe t-.lvlal <mOO t=t ,, t~$' ,, • 9~, &W 8&titnate4 

wl·tt:tout const1'$1nta stnns -
- ~ . f· • ( ~ c,,/n.~ )/a . ' ff.: = c~. /a~p, ~ 

ftJlal]U,. '! .~ (n;) • '(~Jlj') :la cstl.r:.iltod bJ · 
.. 

n • ·n -c·mr• c1r~ . "" ,.,~ ............ ~. ,..... ....... ,.., 
( i<'i') 

·. Mtt n = n'/j' bV · 

ii ~- ,. (mf~ c~ r'v 
~ ................. -: ~ . ~ 



3,, Dl:d· aa i~ ~t:t;tJ.,pt t)a ~A· 

·S·i• we ft~et ~tt tb& ap~.t& Mas .. 9'£,. f- "*>• tht 

l!tdt P~J { 3~J ; {pi J f..l03mtant cntl all o ( ~ ~ Ia 

en® a ~ tl:Ult a../e is ftxai.. 
1 

• ltrth €J QU4 .o wm be .. \ . ,., ... ..... 

G~ to be .or. ~--t•. ~· ·wt. ~~ ~~~ fC~t-:*·c ~ 
~.., - . r ·. = ~:: ( cJ .. = ~ &"D l . 

1 ·- ,.., ,Jl4 ,.., ."" -p.. 1 • • 

1 

tm6 c- _r 1= · -z = {}.:;)·- · ,... 
,_. . _, ' ' 

1 When c = t. t2. = C -• a an! . r-. . - .... 

~-· ., • r r-rc~J +(Cf r-· · · + t i)"'·rc~r-·Jr + ~~ nczJ'f"'. . 
.. - r·' 1 •• -

~~ef~, etma . a = rz • w bave · - ,.. \~ 

£~ ·f] ·0? · E[- (("'£) +(!:.'?)'- · · · + EJJ" .. '(C£)) F · ~ r 
.dltma t: 'c (~·) • tl)~£[([:'1)-~·q] ' tt"W-. ~:wr 

1 ·111.eeW:. 

L.1· et. _F c ~( r ... ) olf-'2)'"" ana let C... ~at-G tAl$. ~fsrJtol~ 1,.J l..... ... . •) . . . - 1 •. ,· 

• 

1o:t o lt tn 9ti; ~, !Jinee 
1 I 0 1· .•. tbo ~~t 1~ t.t ls ' 

, ~ AI', 

eoeumed ~cs117 :t~ter tl$n O? e®td. to 1 OflO;~· 

I'') ., IE ( f,J;~t c.,l:t../1 cl] /. ~ ~) E ( f; k c,.) I~' 
.~ . ~ r ( E l£~1£ [c:~JJ\t.. 1 • • • 

l!oW .
1 

£-L~:J~ltbe· Sml 1cf'p~tGl of Wn&l of ' r·· o-f total 
pow<"m. ~ ana ~nts of z· at- ort~W ~.. 1'fhe toms!' tU.?$ 

,.., 1 

O(~-t-} a« tb• 1•tte,.,, 
1

atnc• ttt~ a~ multlftcmtal moments,. 

Qlte O(aM.),. Also~ "~" to .n'tln0~1crlllt leas 1tban1 (T[cc )/o,. 
~ i ~ 4 "( ~., ) . - . I ,. -~- ,. -~ .J '"'., S·• .,. I ) wn eu- 6:ti. -u a " · • ~ttsf'ON 1 v-; ' o a " . ·· , = 

O(li'1,MH )_,o foF a 7 2a.- It ia tbGrefore ponnl~tmble ·to 

wFits _ £ L ~ -~ J . · t!'O the lnftld ta neriea: . . 

e. L.-o:·'~) .,. cc··~J~~ c.r-'?/ ~ .. · 1 fl · 
9la ftwt- tem lo zeFO stnea · E [ 1]. = ~' the (2in)tb ta O(a -~) 
· sna. tbe (an+1 )tb ,ts O(!iW'-i ),, m ~ 1.~. 

'-

\. 



~~ tht. Was ot 0 · ·~ 1/p/ Is_ G(·a·') .-Kl 

. ~~e, ia a~totlediu neSlts1b1e c~L"''d with ita ttOOt 
' . f 

~· eqoo!a.dllch_~ eb:all dl.OY_in., §, •. a _to bQ O(a-... '" ),. 

Tba .GfJl\G bel«s trw:t; -~--a-.,t,, ot· ~- (tm~ c·!r'v -• 
.t- .,..,A ,_ . " 

·aext. lift tte. a~t- the ~'bove Utt4t proceaa ~- · 

f?nppos-11\1 ·th$t ell n i -I!)~ 1n aueb .. a wa, that n; /n ~na· .a/n 
·f'etnQin. ~ea. . tet ~ :C) I fli]• Ae b te 1t'l4epen6en:t or o •. · ~- l • A · -

' -

£ [~ -~ 1 * p~ £{~ -~) , £[~ ~~] = ~'£[~ -~) 
tibtcb·llt'e· both 0(1) tma n-egl:ts11l1"e compaNd wttb tbe root 

I 

meoo sqtl&re:a Wll1cb GP"e·. O{tf~ ). .. · 

.3~2·· 'B0caU$e tile bins at 0 I.e r.0gl!Jtlb1<7. ~to 11a~anc~ 

oovnnmlOs matZ'lx ie £~-~)~-f)'] • ~- esv. end,-&~ 
a• 1n § l•"• ·tb.\a tnltMx can be ~aoa n~ s t10\ibts' toftntte· 

- ' . . ' 



Sfl'btJtitlltitlrl in C1J). ~· CS!l ~ tbet 

~ "' r··~ a 1) r'-r 
/'!"'. ,.... .J( ,. ~ r- I'"' 

• J> e·'1) 1'_, ®-''D · (t6.) 
-~ '"' -p --~ . ,.... --~ ' 

Bottce tttst, When @ J.e nen." to at.l'Jgtllarit¥· antS "he el~tll -
~ @ ., al'e lfarge, ~ ·f1Ul be . an m.tflcient estimate of (2 • 

. lbEti Q. ? t, (.1G) ta abimg¢6: to 

~. - 1p.(!f@>r'~ 12~.:I~ l,!'~t!'t:]?f! (W) 

,.,~ · r.t 11 4t'!iinte til& ~uon ot 11~~ .f..ts ~o~ 
~ . N 

vsln. e 1':, = ~ .-t ·· • ~-.· · . . I ~ l!rz. ~ *' . ·. . ll\l~U 

·~-~ oJLkf- .. ]~r =.~~(~-~}-r']J~;:'. 
fh&Nt'ON 

[~ -~x~--~)'7 e· J2(! ~12a t ~ (]'f~f'~1J ' (,7) 

i'be 1ea6blg ·t&xm tn (17) l$ O(n) (:eO( a)) :sn4 tbe :Others are 

O(n~ )11 m. ~o. Retain!l'lg o~ tbe ft.>fm$r, tbo seeon4 tlm1l 

tn (t7) ~ tse· repluetl b:1 £L1'1 ~r-''"Q:t) • 12~_ (]r -I) Jatme 
£l~j~~J= sjkV\Jf_;(,-p;) • . .$Ub0t1tuttrlg <•G> •• 

s c t, 

£ ['0 •1'\)'-] ;,_ ~I~~]?~ 12~ @'·•~ . + ~~ ( {! ·J) 
. 

(i9) 

;_ .. 

I . J . . I rdt .. f 1 c ' YJ.:) ~ ~ \f ... (20) 

t:f @ itt ~ to ai~ttl.ty tbe a~sed Gfftolencw 
~ . 

-of! ~ ~"s ·flt:.t o~ ~ = (n; ) aa ia to be ~ota1. 1_>ut 



0~ t~o trt ~~!?:.:..,'"'(} b:!:!viQcr'llO :·ofN'OC:"'. t·~o \t~.~ ~cr::)lCO 'tt~to to 

o.;r.J!cm cr:a loot ::c::o~t, ~:.)o~c -c:~r~t ct:~ t:cvo t;:o or:-.o 

• "J.'""""""O I ""'t ~V'- fl 

tll!nt: et"? n! cc n ~--:-~on vr~ic~~(' ,;~ t~~ c:: ~~atotion r 0 .Q~. J 
J . . ~ " ~ 

bot tb,.c 1:2 -,--!\O:J cone ~:lror::a:.'O f' ·Q t'!l!l.::.;o1 to·.:'.t ccrD11cnt~cr~,. 

In::tonQ ·· ·o r·~.-~11 Ctn~UO to t::-:1.r~~-: 0':: n~ CO 0 [:(!::c'C....Y:tCI-- t .. ---...~ .J 

( &~} ~ C:"' ~C":1.ont ~ t:~ 
~ n .Q!. c n~ or f o.9 .. c o~ 
~ "" "J J ~ " "J J 

o n•. -
':boo, 1~ tto oova::c:1t D'Jttom·~ cro c·:o ccr:-_a, ~ o Q• 

Zlo ~ l)Oint 'JO u1~ to co~'!ilir:b f.'!:co t·~c:::;o com~Corot!cmo 

io tOOt, O't"C':l 1:? tile OOVCOJ.!t !_Y'tto~n Cr'O Clft'Uro:lC, t!lo j.: 
oro lit-.nlv to l!c V!)01tivo 0!10 0 r.9..~o f 7~ c tl., tto f'cot 

ttot C2 1o ~cnJ? to oin[UlC'.::it:J bco no ~t on (19). en 
t:::o o~~:J t:--.,a, 1~ ~ coil @ cro ntn'10::t~ot1bld' in t?:o co:' .... ~o 

<J2~ooont r~e::c::C iXlttcmo o• 'Cc~n:o ~ ~I.'Ir':Jtc i:~oroc!:!!~ 

tho m:c'Dc:.10 o~ :ln(l~v!t'l:mlo tn \... 'O t c~TUtn :::cv::-o:.~c:Jt!tr'..ctc~, 

tM::; Cooa ir'~rozo :-1((n-nfJ tcc~cco t~o Goo~r .. cnt r£ 7! 
1n (19) f.n :;.o::1tivo. 01? cc:-·.~:co. C:c~o ccnolno1on0 roJzy 

ovZ?lU to ~"'-0 lcoC!!"'.;: totol o!1 L~r:o O(n) ln · ~ [(n-ot] • ~cy 
/10 not "' - ,"\1~ ("" c~n ~I'Y!'r~Q ""'"' -r:"l<:lr-, 0" 1 'c'!') ,...,1'1 t~ ....... ,,,.., ... ,....'" .....,., ~"lt u t...;._"""J~ ~"'..,J ......,_ tJVw--:-; .. v...l \ .... ..__ ""'& ... -w - ...... u. " _·;..4 ... ·J 4,..1r.,. • U U-..L L.4..1.. t 

llovo to i'o c-- t.cn mto cc-oount !C CZ ·. e~ vc:rJ nom; oo c~n,~mty. 

""hen 0 >t, 

(10 1 ) 



go, £!1?1noe tiwa lines after (20'} on ooge 16. 

From (20') we have ~ = ~· aTld, if' the ~emente ot tbe 
market\ nnd unmarked o le are the o0t1e1 n' (8} = n'. 
However, bos1deS m, tbere 1o now tm. 1nfin1 ty of VeOtOJIS 1 
such that 1'@ ""= n • ond we oennot infer that ":/ = m. " 
i'b.erefore, tire ,.above-remarkS for e=t cannot be extendia for s, t. 



f 1•1.r~ fa~ 
~~ (~CZJ'.u 

~ 

Ei? C?J(l t:::--11:-::D r: "D ~ .... m:t:c-J d....-~o r:::wo b ~ c:::::r· ,-C'70 

~ o ~ c~C ell -:::-u c"i>0\1'0 ttc.:_~L"~; f'c:J ~ · c t t-:j t'.o tC::J~a.~ 

llo en o~c-2~ c--J :t:? o ' t. 

~1Utt 5 ~o c c-~2-obt c::~\:~ c~ a b \.:~ oc-;s::l 

Ct.::lto fr>:) c·n ~.b.~~t ::_.~o~o \•0 c:-.o c-.:~0 5/o c:::vc:c:;o 18 

vro~~Mcy D C20e 

~ • .go En o:tl~r-; v [{o.:;l] co c v~~t cC c:!lM~oa 
£!071.0~ tSlc::> ( c~ ( 'J)) 2. c c:Jo oc::~a ~.t t"~o a ~ ~1 mc.:a~o 

rolcn~a Qn c~~ & a cC!:::1~ [""_:..:vn c:::.;.~~ o;;o c:--t"~~t o!? ~Qt crr-_;'i:t 

(i) &~OJc.~c~C!s-- c:::' tt:oco z:c2ccca ~'J c:-...v at~=- cti?::'.tt:_; r:~ 

(2-il) m::o_c:.:Wl~lil o~ c~c~. o~oi?. (2.) ~a a voey ~t:r.:-..3"D:!o 

OCm::::J.)~!O ~t ( ~~) S!.o !O:JG ~~~ to b!C C..~ ~'1 D:AOC~co 

c'.lO Sb. U."":~o ceo tiro ~o o~u:l t~ c~-c~~~ o':: ::--o!r:-::l"::'0 ~Co 

r..o~ ~ r:vfui? to too o. ~2-V'!~:.o co E, o Ete••oo1:a.- • 
~ . 

Xn oc:2n2.Cc~':2 hro 0 Co:? fuln~~Oo Ctl:::l u~~;.~ Mr:to~c~f' 

o;? Lr~ r:~:e n ~ r..:Q t;o C:::Jc:::2ac::!~ t)O c~~ C:'lo~&ru t.'Oc~ 

t~ t::o c~-J;~:: ~v~t t:> c:::l c~: (.~ C ~:L~t:l t.:~0 c-:--:::> 

Sln:~0!.1:)ro~C(l ~:l ~ c;.~ 1\, IT'C-..'":'l.,-1lig t~OCo 

. :o t:::JOO ~~Co c"'-!lOOVO!:l r'Q:n t:~ CO.)C~c::::o t:Jt:oo0 

n (c.J u Q .0~. l)~ 
" •J J 

co ilo 



-l7-

ana t~orot:'oro t!.!.o f;· o~ ot:'lll crr--=:J~otc:lt v~ca t~:ow 

vaviO!!cco o~m ~tl to co:ao co a . -9 ttO o Xt io U!c~o trm::J.c.:leco 
~ 

m ~Sell co c~~ll t"' co!nl.v t:~to:"otd1o c~:1 ;;inco t~v 

Vt'lnci~Jl.V ~on vov(o,J )., cCN(c,1 eC;k) co r:1!rit ~ 

~ tb lottw oro c~~-oa t>.:/ Co:;c~~~ f?ro:1 o .e' .. l/
1
1 (1-G!. v!) 

'"' ~ ~~ ~~ J 

c'"'o -o .e~ vi•e:" 1): rooDcict!vol:l. 

4.n. c:o cc:!Gt!'mt v {{o.JJ !~ So DCCOOtr'-'-~ to ~L.""i7 

00t1 ono::. D".:.'C~~C:l~ co I?[tt~~jJ!fJ-.t,oz~....,L](o.n~ c co2.C-

oavlonnt~ DO~":t!co) G!~t» Cr0G 9~ • ~o OOOU::::.l~~<n '\;~:C 

ti!oro no n3 c::0.'ln~~o w I?L.flll:.t j:D~~!cC a:1J:9 !!? i!, ,x2.••• .,~a. 
oro coo> r-o?.~caa ot c r:tn<!cn vo:lnt !i:) c~o o~rot::n C"""~1 t!"'-2.a 

w.!o'b oro oo::u Utolu coo ~oc t20'"J cro o2 C~'OO rolccccG clooo 

toco~"lov b a t'C2C021V' c!loom ~ o:.' GV'OV a ~~!v 

o;:;oooa ~c c"? uotnt!J. tn t::o Cc:t:ei? o~co oo dloolO c:R[:cot 

ta"!ot 9 S?or:? &n.::ltcnco 

1[ r~ _, j 1 r~....., j, r, _, j] ,, 7' LI""' ~ j /If$~ J J ~ g:J , 

ana !n t~o lottot' aoco o t'O'V0!2~l o~ tt.oco i:::o(it!O!it!cn. rn 
ot:->o1J co:'Qn0 1~ t'?!o cll1c:\1o em~ c!c~ toJ;'t..~oo, ~r oro 

coro Utrolir t!1r:n Ot!!oroilco t? CO"i77 to 'tii~o c~n otL~\.w 

~o~o0 1~ ti~ ot.at't o1 t~ ~.rmn pooW.b!o (l~o~ccc \)otr:cc:.J 

Ci!C!J• t'hcy c.ro t:n:.'"'O llt:ol:l a.m ot-~oro~co \%l oovo \:o r.r.r.~:O!'C.'C 

tl'..o ~~.r-~ ~to~ on C'-:t\r;":! to t~o <:=tat t:nt ~o 

loCtov Ccj{ti'::J mo:J GOl7 ~ c-.....a':' ar:...~:J uo w_}O~~ • t7.:CO 

or c~~. ~r:c~~~. t':lc 2.oc~ <:bo:J aso~'tta~ro. "D:JC c;'!co, 

Oc;:?C01C!JQ fu'7 t~O C'VQCiO:J !O ~~. o:::\ ~00 l00::1t2.m ("::Cl 

novCDO:lC o~ t7'o ncCL~:Jt CJ!?Ot'J o~ t::::::"~:::t:ca r::!oo.lo. \X~ 

dlonla t!o ~'C~ ~~cc co oro fb::~ee~ me roc.uiDca co t::g C2ld 

aor;omto C'2o VGfU co::::olcc ~t<m:!~~(J.Ico o~ tho oOV<:r"'.£).~0 

o:':' t!w tt:i:J!:'lw ~to no~ C:c • )CJ~C::!co o:!? t'llo au:LcQ en 

too mx:z:mt:ca, o:nly ~::o mCc~c::~~=eo of? t::c m~oa. ) 



' 

~t us co11 thC7 above too tm)o-o of! 4oz;ontlonoe trpOOt·tf.vcw 

ona ~tlfllJGttvon ft)Gpct:tl.Vt';)lU• . ~Iltt 00 0 fimt oppro~tiat, 

otJ ~ Geoe!ll'be thain 1n tv~ of tho sfllt1,o.ticnl atmeavt otl 

MntoJI1..m bU a ait01a ecna~Uzattoa ot Jo.l.Bn''o ~m ~~· 
Olnoo ·clonill 1s a vooaible· ow~ lt to t'OOOODnblo to 
cosumo ttlot 1t ia coJ'Atnat<m.o also tlilG it ooo bo ~.or· 

fomaU¥ no m1o (~1)tih atmtm, 1otttna o,'" ( :c. tL -~n~-
. . ld· .. ; J 

.... ..n n'f A. . L't• . · · tlu.~u, .. c::r1•p.; •· ·' ...... . ~ \ . 

O<mo1Go9' nu. ~ ~tatnmo £ bono ~ t?bioh fa. al'Q 

mt!~ rtf,('· ·roll tltlOOO fk. I f.: ::r 9!~ ~ b e: t 0 2.t ••• •fhi • . 

~o tho P~l*titmo ~ bello in the ·urn. oro tiro .tr.!l~ 
. . 

p+'Obabi1!.tios~ !f thoro !a; poo1Uvo contG(l1on, tho QUA6!.tlonol 

Pft>'MbWtg P [x,..~h ... 1 J,..., tt, •••.•• x,..~, -:,by~· J f.8; tho P~l"tton 
. . - . - ., .. .. ··- -

l!Ul·~ nb"'0 nftol? oe!lim s~ mtitoa h,, 6.: mal?ttoti '~t'••·~•n.-
u •• 

rnnlittcil b .... , ... tn · tblo rmg oo Obtoin-
, [ 1· · · · , _ . /) _ ] _ TTt-+' '.f.-k / • .,. a.-"' -1 Jj" ( f !~.: + ct: -1) J 
r ""'-" /-\., 'Y'. 1,2, ... '"'· - !L 

. • ~-:.I .:k I,. -I ) ! . { ~ t,~ -I)! 
(!f uno(1U01 n.umbom g., ,(!:, f••~·, s,., · . ~·1m11o btO 

. '"'' ~ .. ~ ....... , ·. ' 

Gt1dofl, the PO$Ulting detioity lo VBPJT dlfticult to llonQl.e &atl,: 

cmooval', 4~tl on. tt:e or6e~. of tbG in61.vi4uols, o 
footu.ro oo dO r;.o't 6ea1m.) Ikmea 

. ' 

r-[ {a~~JJ =· Tf'.(Lk!J.: + a.i1 _, )V(.!.!g.: +a.-), . 
- ~~, a.-t. · ), a.- · (22) 

. . 

tt 1o ~1" OOGuooG ·from (E2) 'tbnt ·vop(o;~.,.) = 
.,. · at (•· _ll'!!i't ) .-.-.I · ·"'· )· .. n ~- ~• fij• . .n.~0~'!:7~1... t~tt... ,1J UVV\0("•""•~ = •.»c:-u .. ~~"'- [/c. ·t 

~bow K.: = ( !:/B.: '!}·,a.-)/(· f. ja,. ~ 1 ),. ~ 1 ~it,; n~ • tho 

· ed~ volnoo c~lnt! ~QOOtivolu to no con~m. 
· an& 16cntlco1 botxnr!Ott!' oe tho o .: Snlll'V1aualo• 

Xf thoro 1G .nogntt:vo eontooton; bolls o~ Olbtmcton 

. tnotenG of o0€!00 ottd Pm.JVi~ .f.: > a, o, t: on. obvtouslN nocoassrs 

~t.ttm,. (e.s) stlU tiolso oitb It~· ~ C!:jc, -a
4
.)/( f/s. ~1)• 

«£bus 1t £ 4f sn6,l' in pfQot.too, tmnla be mtbotnnt1a11" 8POOto'X' 

\ 



' ' 

bttt 1s cooccntmtoa 1n ono ov ttot<t o~rooa (l!1(t JJ:t., ht\vtug 

o cotll!lOn o~~ G3 ot?it::flnt ~ n:- m6:1'\116uolo om not, 
. . J ~ 

unt~to1:1 atotttbu~e in tho 3tb ot!iet~~ ~ mu ba-

a q·omtn ~- or pootttw aoponaonon s.n tthetv being 

:onuebt Olti· 1lOt ~t. Ot~1oo11 '!t to Co.!» to. 000\mo 

· intieponnomro. (t:o nboll .tnm:uJG tbo ponolblo nos:nttvo· 

tto~ o1! too cotchtns ot !11tiS:v1a1mlo ~ atetomut 

otmta ce tJrigtn.) A ~ ~ onologmJo to l22) -con be 

.comtmetao fo1t p(c~; J n.:;] onfl 

__ . E [(c~i-·a~,p;)'"la~i] () L.:1 a.:1 pf { t-p;) (24) 

t!llero I ~ t . , ' n . , ,. "1 . ' '; ·-

4.4 •. · xn · the f<Jll<Ptna no, -can.· conotnl.too ftOm ~tftoa11$" 

contoatollO ~omo £to ~abed ~- ttt'1l t1Qflolc to ~- ~Qr:ttl 

of dopoUJJ.cneo· JJbieh sltel'S tllo vntsionoos o.oo c~ itt 
tbo oln\'91o m!!rle~ ft1von bU (25) sna (~)ti ohm!O lt,-. ~ 1 ·tmtl 

L .:; ~ t (but ·p~1.1.1Q not ~ ~tot' tbon enol. · 
<Jcob~ (23) ana (24),. 

VtW{c,i) .t; _ L·.:; a.: ~~-p/ D-p;) + k,·a.: &; {1-~~;)Jf/ 
( ~I 

CJv{c .. -;~C.:~c..)e .... ko: a-. :Q.:/f/ .:j(f~. 

Gnppooe a -~ t~ $bon -no1rt.0 thooo noo vnnMGos .ana 
I 

·C~~ 1n plooo of (i4), tiO OOQ!J.u find tbctt it 10 

attn ~o toot 
- . · L ~ 1J Gr'v· 1)_, &-'~ 

· N . . . "'~ ~ . ~J! ow~ - f~ 
t\l20G.Pt that., -.innteotl, of ( 15.)• 

}"• "' f L)J.;/p, '" (f L)J<;)/tf +- !<, ( 1/ <17 -I J. 



• 

'' 

. . Po ·om'! non noto tho mtomott,na n~t ttnt tho 

f'ootot' It~ ~c bn~lt nnr oftbOt an. tho 04~<'1Gil07 0'9 

thO 0- tttlG t1bot 1ti7~o Q1foot .. tt;om is. ·con 110 ·s!lcDn \' . . . 

to be etto to. aapooaont nozttnii tu (.o~ -cot.e.mti()!)) ont.i no·t 

to ~t ~t.. ~<mt eo~, on tho · 
othor hnnG. inct'OOSO!l the .la~t .talmo tn. r~· in tbo 

mtlon lie a ~.· nna ttle:a::ttom ntro !nolUloos · 1 om;~t· 
) ~ 

mn~ ln tbo rt1'tio LJ 1·· nlwro :t to o ·onltob:W 6~· · 

avomeo Of tht'> t. ... ,. 
"J 

. r~ s ;> t, inotosii of. (1i•·>.: 

. .U; ~ L L.;' {).:;IP; - 4 L~; s~i I?>' r k: (¢~14>' - (/J/) 
I . J " r. J . 

antl s1mtlov cMGloolons obtain, 

c-c' mve,. of oouroo, ~ 4oo1t tiitll too lood!.ns tctOo 

in tho ~~on .f# ~ bnt tbo t>tooro may EJ.tiU w ncjl®toa 
. . ""' . . 

tinl<Iao oi tboo ~ ot ~tkm.oo 1a votf!/ eotw.t.domb1o •. 
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5. !o~!fJ&tN:.,Of ;bbg,,ft!:AemoD,~.~~~" 

s~rt. It \iBJJ) taken for granted 1n f§ 2.,,5,4 tbot tho 

experltl!ontoP llnctio ·l'i.oo the· population ·J.a otmtt.tleu nnS•. 
. . 

.to -nbl·e to cmdttct tho onpol'ltilont m tho· mql#.s!te ~ •. 

soppoeo, l1.0'00V01?:; tbot oo dooa· not tnov -ct." tbot be to 

-unablo to on~h thO tl~la ~~ o. aiatl~t w~e ona ~ 
t sopa-mto .ootohco,.- no o111 ~o. uco tl'ltl: uotoroon eottonte 

i1' c eb/o (o!'J S.ts ·tulbtnaott ~,on (o*i· )b/(o~1 )J. 
ltt, § 5.2ilo· o~mlna too Ioatttmncy of ttoit'JB · tb!o end 

then, t.n ~ S•Ji tbo npp~QpriotGiilouo fll thO cCl'l'eBP01161M 
. . . ,., 

foamt1a for·. va~(n 1 ) • 

·· Tho: Potoroon. ootimto not CC1l$_- hoa o~llct ey- to rocor4ii021fl 

1 t bG:oauao oven tf o atmt1f10li o~t ia porfoitnell • 

. pm5uellna on eattonte it,. np to ttrei'oroblo 11t it 1o vn114 

oa tt ta een~llU mol'O. eccumto · thtln ii. · · In § 5.4, 

1 

testa are nlao · nacaosa!W to. e-omvlenont tho ootL"n..tlon t.ooocy 
of. §.§a.; ·t:tna·· roveol ~nt ~oto obout ·tiJO f:lOVomcnt and 

oa tcbi.ng of'· tho CDl?keti. ln-divldunlo.,; Tho Oxteti t ·to tlb1crb 

vo.(nf·) io 10oo~t~1t\ VOP(n) tJtU bo e!oouoood in. § $.5 •. 

EJcwir ®oro otl}~lse otntoa. ·~hero m11 bo no rootrietlcm 
. . . 

on tbo retnttvo voltWG ;of o ona 't mr on tbo .;rolntf.vo v:oloon 
. . . 

~or tbQ t't • . t'O. e'ha11 o01tt tJI tb t'bo pnnnotcro 

o.. ~ &~. !'¢:• • .; t(_ o !.e.. , p. ~ ij•p• .- n. .c:i· n~tj•,. n ;;:; -~ n. 11 
"J . 'J . . . j . ·J J J . J J ; . ~ 

""""~ .a. ~- ·(· ~ .at )' 1l't . "'~V!AJ;IiV. TJ . ~·~ . :' /:., 'ff'J.lj ., i.J. 
. '•J ·. 

g .• ,a_ tat ~ = 8(b) .Q ~ n;P; nntl i c n (c J = ·! 0:9•.; P; 
. J ~ 

Md·1ot .;; -

nr =:Of/i. 

. F01' the l.lmi t prooeoot e .. ~ &ftj · cma o . ---9 i?O in ouch n V1f.rt!, . - - . . -~ " . . .J 

t.i}at o ;,/c~ nj /n .cntl G/n aro nll eonotont, n, /n t:a.'1&irls 

aonetont and ii1' /n convcmeo _ln pmbobtlitu to nr /ri •. 



~ It4 Q .. '". :c tt i ttJ'"'· (25_) 
• • "J r I · I J ' · 
'JJ J 

(25) bno m Snftntt:r t:Ji "soottionto.ln soluttoM bat: no oboll 

bo eoncomoa otJ3.1! u1 tb tb~e htlvina o otSZ)1o p}\7stool :lntov­

~to't!tm. ·ono ·ot -~ i.e 

tllnt: ta1. tho ~totl ~~' or miftotl ~ in tilO 3th 
atmtum. ·to ~~onn1. to · tbo tl.Udbor <fl ta:e*«l• · A O])OOial 

ouoo ot (2G) ta 
Q .. -~ Yl; Ill\ 

"J . ~I j • ! "· 

N'e:t• conaitlor tbo eon61 tf.fm tbet 

(27) 

~10 tnnlt(lS. tlf : rf/ f ~ "· C: n'~/2 ty ¢,.' \'Jbicb iS Gqoo1 tO 
. ~ - ' 4 .. . 

n ~ n'/ ~ (11! /a) if ttt..a -~· ott tbo ,ni nve ·Of!Un,l-ami 6iftem 
" 11ef!!/ltttl.e tf' ~boy- ore not.. f.!ol?eOVOt', ovett tb!c rtrnU 

a!.fl'~ ia ~1,- irmlsvant stme, no oo: connote ootiur:tto 
. . 

n' itsel~ rJ1tbont iib.e e&1itiom1 ~aflvne toot -oU ¢! .t:l 1,_. · . .. 

n.'/ ~ ~4P; ls 3uot as soon n anbntitttto oo •nt:/ ~ ( 4>: /a:).· (In . ~ . ~ 

· § 2.,G tJa f)culd oow· c~son to out!ri.rlto tbQ' tomnv tnotond 

.ot the lntto~ ,.. nr!tiQS" u,;. -~ ·n./n. inotood of nt. ~ i/a.) 
. . . "". " .. . 

A turtbtlt.?· contl1t1on fo1' t!lo · ttt;tl,$;.d1t:r of· iii' unn ·bO 

ob~1nc6 ·- mtit\1) t1 Dbloi' n~lon ~boui the , ralntlve 

ftiuc;s of ~ .nn<l ~ ·• It 'lo tmt tho~: axtnts f '= ( 1.: ) -
snehtbat 

(28) 

1 nloo,o om.ato lf tho· movomonts OfP tbo roo~~ nn6 umnnritc6 -
~le; OM· tho oomo .alnco, 1 t on~ tbon 'be tntton equol 'to l!lt 

. . .,.,_ 

ttw v~to~ 9f n .. s.t·p~lE) atmtn ctnoee ot-b&mloo, It' a~ t, 

, f ed&to ~v16eG ~ 1a ,ot Ml 1?0nk t. ·(\7tl$ a = :t• 
r' =: VI' c !l t @f OnCi when S ~ t tbette is 00 ~- Of m.teh f ( . + A' ........ - ~ -



- . 

. . 

eema· of· Vihlch nt l~ost are tn too tom n' ~. n•(uer u 9he~ . 1' .. .,.... "' 

~ is ~- mav!a or th.e tNPQ descrt'be6 in § a.G)., tf G< t.. 
tf tlooo not ~ nn-ttwv -.r;ot~.' . . ·~~ : ........ -~ ....... ·~"""t \ . . . _ ~w'l:,i'G""""-1.·• u \;J\A._ ~-~ lf.#,"ii.tll.tJ•Y'.f •.s~JtC. uuu _ 

~to a.fl!l&t1~.(l:!B)0 (:<;).~ 
. n !a--b'~,··p· Je~_ a I r, B.:,·1J. . . .. ' .. ~... rJ · "IJ . '-4 . · 

4.B-1·f; ~- f •• (30) 

fills mn-0' n1 ~ J f. f. -e; · n'/4 ( }i. <P! ) oo:t<Jb GQuele tt lf' ttvt 
. .. . " ~{~' . ... 

91~- or t. a~ ·0qun1 sntl_, lfh• .. :t t atff0m~c l"' ee - a 

Sttbo'tl tute tor ~n• as; n '-'· n'/( 4 </{! s ) • Jfote tlu:rt. Wbile 
. . " . 

. (27) ··£Wooiftes f!qUtll p~btibiUttes (of· bebV caught ln ·tbt! 
. ' 

oocooo esrnpl.e') at the t1m of tbe e~ntJ sempl~. (SO) 91)Sc1ftes 
- . , . . . . 

· eguel ·;;ft'lbabtlt..ttes at tbo t10» of -tb& firat sampl-e. If 

1; e,j c 1, _ (27) la a special cn~a ·of' (30),.. liatltbGJ! 

. a'.ooelol 9Qse ot (~)- to 

6J~; ~- ~ S9E· . 

Loatl.v., ·l'ban tho nv:.Nennnt ps-tt~:r.Ji\·:s ore tbo tl~ (26) 

beOf'All!)& 44~ D .. lo ~"') ~"'t:·Q .. i~atut a pstrtieulo~ OQ1Qtton of · " . ~ . 

this e:quatl.oo -!a 

a..j~. 0 a.f#;\ .• 

tbe f1ret-~ count~rt ce 'fJ a; r : 
s •. ,. BBV!n3 -l·Ostec1· -the vat-1·o~ omditi~ unaov wblob ~ 
l& vallft1, ~- (~l:t· (21) im-4 (".)• let tts .GtJPP0$8 that· 

the ~~tep; av;sunas. aG G mt~ off N tb- tbot one oE t.twm 

hoW·s tme and-ctm.tlootG en U'natNt1f1Gtl ~~t. we 

now check ttmt the tol\\'1Uln fot'v4<r'(A;,)Cbat he f.a ~llad to n.ae 
le on t~ipprop.p!attt,-.oDi!e. 

It: tc tm ea«V mtteX' · to show tbat 

.. 
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'bJ" mtntm~ ·onJ.u lenstne ten:rm oe in .f3.2,. ~§3.3. t!oo 

vo~(e) ~ fvet:(o~.) ~!n.( Iil .. p~)(i·~~~- p. ) 
;, ,;"j"IJ · j'JI 

~ ( ~ tt/8.:,- P; '(!• ~.tl.:S'~. P; /n} ~ n 1/o(1""' ~n) ~vw(c)nt1!lV,._ 
. 1,1) • "'.tJ 

V'ilr( c) .e: fl'w~( e )fl· onl:;- tihon ~ Q .:; P,· r.:: p DG;'lv the.t i.o ooou 
J . ' 

a· i'a o t11Uo bin«.l!al '\'JO~!n'blo.. ·Tho onvc~oontot~ b.Os no 

otbor con~oo 'but to ·ooc nvo~(o)tt tn (1J.i.) rod oe OC(P tito;t, 

tn uclna so'ji tlO cvomottmotoo ·vol?{o) 11' ~ cru1 ~..oro.rooo 

$~ on ttlo ~ .. cut oitlo.; but tho al!fo~o 1o C'8t~l$ 

omn. .· i.~lolttY', n·wr(b}1l ·.~ n f/n( i- f/tl). -ovaooo~to-s 
~(b);;; !·n.p:(1•vJ.} ol4dhtll! uoloso p c P· ontr. tn~ttnp, · • I I ""'U ~ · ._. 

J . 

tt~c)n c~~a «vc7:l(b)(f tn (3'f). 

,, " 
E [(Pi1 -n,J} ~ (p,_a~jr 1 )(1- lf~} +· {A,f/}') {1- PI"'} (32) 

'db!eb 10 oot!t!ntcG ··by· ~plsetnc f b~y ,_ Ybz' e nnll n by n, • 
If tbo:ro is .~t dop~mlee oo~..e tbG movkG<i Mimalo; 

1 t tma ·n €ll!lfl:U but D£S11Siblo ofraet .oo t11o aooon.tl of t'tw. 

-row tomn 111 {:52) Slid;:. 1tJ; v!erJ at the fact tbot tbe first 
' 

tom it1 \.17 fat"!! tl'>.o lnrgost., ee con cen9inl.v :tenore tblo 
. I 

~ffoct. Co.tdb dape!l..dtmeo doos 1rae~Ato~ tlto l9moat toltll 

btmOiiel'~,,. eo :m f4..tk For., if ow., ow tlnd ll~ aoooto 
tt"le fllJ'ltbe~· of mrll~iad n..~l.s ~t."nt, t'to nu.tnbeti ooti(.iht '011li 

tbo ~rg!mll pmbnb11.itu of belna oonebt m o oivon· oobrosltJn 

ona, if B ( ( Ou -o~ Pw )'" f ow) w L o~ :&~ ( -v,.P.,. ) ·~ ttlO t'imt. 
tam tn (Sf!) t..o m'!llt1Plio6 b1t t. 

5.4.. r.ov~ to tbo otmti:f10'6 cJ:::p~t, oo · t!L'f'!l frool 

ostlrnot1an to ~oott.,'l!'lD toi'DDtlloooo. ln. moat oooollt .tflo 1!ttcl1• 

hooti•mtit? o:otb.()(l to on dbvlom OflO to uoc nna £l aroot vnrtotiJ 

of ~tooooo ob1ob. ~ebt bo or- tntoroot in r;nrtiouln~ 

~!lO~to can oo toe.te6 tn ~ o 0011. Honevev-, onr 
ottontloo nill bo ~lk..~ to tboce taots 't:ib1ch bear on ·tho 

. . 

'VOlidi tzr . o'f n1' end, ttlOreove!-, tilliCb i.nVOlV() Olll,U ~!L:l,plS 

f'uno:t!ono of faJ ,: { '1J. • {~Jt - Crmsitle? 



.. 
~I # f 9~;Pi c p,. SOFt n.t.: pi = p 001} KJ: {eis~j ~- fm;/n' 

R't: 9.:,- ;;; @j Ol.W{ t'if"! Q~f 1:8. ft;/YL • 

Let Ii ·tJel!Ota the genom! l\Y9et·theais 1:'111op vn.ts oo t\eotnattons 

011 {q'Jl · llf [P;} 0XC(3pt~ Of' OO'~SG~ r G,1 ~ o. 
"~i 

On B. the ''./·-:t: Q .. n_-.·. oro ........ n-nmd<m.t ;t"'.'Jr'>~ .. """'":bsti~t•.~ ·'.· . .,. . . 'f~) . "J ·~I . . ,.WJiUYN'. . . . ~tl,. ~1.4. ""'7 ~ . ,.., . . 

'h; ~ ~~ lu.: • tt.JGt .ttnttltWm value or:· tno l<>z•U.kelJl:woa, of' 

[ 9.:j} . t fP;} lG 

t., ;= ~ c,; 1ou k.:; ·. + o t~s P + (:a-a)lonC•-v> 
. . ~ . . 

wheife · · X.:;~ 3.:J-pi/p. ~~ mibt~oct to 4 ~/ . :::; i • 
. J 

~ . . . 

L, c ! C.:.10S a~,·· '41». fro, leg C.:. + c l.og e •·(~-o)locs(n~)-alog 'a., 
.•• · J • • . • 
~J . ~ • . .. 

~o ntlillbcr of lndepenaont, !tlcntiftablo po:ror".teters 1n J, · 

i.G D( y ) =. st anti tho .nt1mbc-,: !n L, is et-s+t. )Jo teat 11, 

ngaiftst !I oa uee tllo i"oot t'batt on n ,, 2(~L,) =X~-'­
nppr.oztliiDtel7. now 
S(:fr-L,) ~· 2LC· .lOrt(_ae.-~ I(J.e) + 2 2(n."'<i. )l~(e.(n -""'0\.:.)./·(a-c)n .) , "" _,. . .. _,.~ " , ' " .. ... -' ' .,. .. . .. ~ . " .. 

' . . 1 

~ (a; -c::. -a.-~ (_:o_ .-.~_JA_ n) 
L . ., · : •-. · nw ~. · wrw.- :• 

: - a 3n-e)/G: -

~ro1\'>l'V:)• tho· teat ;ta, n~totitmll$ oqUt~ent tn o 
e-oo&toe.s of: fit toc_t !?\>:r pm.po:rticna;1it;J in tbn lnot t;:ro.· 

m>~t11Jtm of (5S) •. 

C~, ;j~V··· ... ~',-t- &, -of/ Ct. 
4lt .. •· • . . . . . : 
0!1 ·•••~••C!t ·. 0:1 -6s. ·Os. 

o., ·(1··•·0-t­
b I iiiW'c-.,iftob t 

~e to tw~lU WS$X~~"leing men it ~s ~:oorea tbot, on 

I n, ,.. E [ c~J e til.: P• 



. Tbette Is no vrJ111! sntlsfaotoey teet t1f Hz. an4; to see 

l'ibTt tbftt poss!b111 Uea lmve to 'be ~taema. ft.!fet, 
' ' 

~ee: that notbtng 1a eo~· dbont t~ .rnlatlvo val.ueG 

ot the Jl, • The· tf.:; ~ ~~~~ p ·aite tbon nn~ttcnti;v ~· 
~-t .tmt1 L J..la not t<JIJ1~flt1.lJlt lll~t ·~ L. · · 

rm...-__._ ..... r.·ffti c · 0 .... ~~• ""'"' •--•.-.•, · . n .. ..-~ .. ~ 1·..-·llf: ·U.'rt·.~ .. ~~"". :&u:I'&~'Y' ·""' Ut. ~'\' .~ ;\I\7Q~· Qq\iiW~~t '"tS 'loiiY~~~; 

aftJ: ~etl cu. t'htt -~· eere· o·<u<M · tbe·~tm1~u. 01 ~ · . .. . ' . . .. . : ' ·. '' .. '. : . . ' {.. . . . . . . . 1 

te a~a~. ~4,. tttd.hl • lltteUboofl t"!lt.~o ~et bae111 on x;_ 
can. ·t.e. oonstw~tell., ··:s..t 6oes. aot take~ ·& :e;tmpltt.· f'om •. · · L&e~t-. 

' 
it' lt ia a~ thtl~ J,· =%&~~~ • i,. ~l~.t,, 

I . 

It L :c::. ~ c,i leg 9q • - + (~)1og{1~l.,. · 
. 'd . . . 

· en« tbte ·se Mt lftntlftftblN m.ettnc' ~ r., , fltaHf'OM., 

ill attEmJ;Ung tc.test t~ ~thec8t:~J PJ · i.DSfjl)Gnlfent· of 3t 

4 Q.:'J· = 1.- tms le re&Ug ~b\g· tbe mo~ generol bB:POtllid.a: 
) . ' . . . 

r 0 .. p. l.ftaepen&mt ot· '* . ' . 
j "J I . . -) . . 

. · Aa B~ trNolvo.s tie ra'i lth1eh Be tAOt ElP.Jfellt' 1u p [{o;_;}) ., 
lt f!ml'OOt be· tested·b; tbe 11kelihootl•~~rtto motbod. 1lnt 

B [c.J·J ·~ (! a.e .. ~. enG ll [bJ·J ,. ... u.p. nM a X
1

t-1 ' ' "} lli', . . J . .I 

test of p~ttomltta in the tsot two rows of ('.S) teste · 
tbe ~thesis [ Q .• 9.. c )In., or ra .9 .. =· (r fl:.J. )n /n.. . . . .. ·. . .. i . ··~ ... , . . J· ' : . • ., .- • ' • ...,... '". 

ibia le •t qUtte t~ ~~as B3 M4t it'·tWe• ~:~·that 

nf •t=. i\l(f~ cf: ) mtlleP ·tbfm n :t;ut,.· tae WE; pointoa 9Ut in J ;5.2 •. 
tbl ... rt of' 41~ .·. . 1' ~ ............. . a so. _ ~· ·._ ..... ~ · o ·. .. ~...-., 
· · u 4 le. • pa~ttoulatt· C$SQ ot· n , sue ~4 not· tbel.~to~s 

lUJ• •tmt un10so B, •e: $CCepted f!Jfet.. ,On a it ·•· tbe tog-· 

·llbU~ is· t;u. a, fc ... 1otr1f.,· + (a-o)1C€(i- 2;.1/',J- ),. ~m 
• -r j I ) 

1t. c a.». '* & L< la sJdmlet« •hen 1L. tll c,· /a 11~ '11 J I . ..,. 0 ' 

t '+ a. r 10,. 10SO~' +(fl""i(J)log(.ti..,)-doga. . On It.,. • 
I J J. . .. , . 

:a(i.-i,..) .;:: :t-~t--t . .-ppftldrog;teJ$ ~ thta ls $qu1V&l:$llt to a ;rz . 

test m thee~.~ tabl.$ ton~ea bF the i'1rst ~.!·rowe una 

t+i co~Q?rne tit (3,), «me 'XJ-,JLt--1J test on the :tlnt e 
ttOWe itll'ld. · t columna., tbat. i.s 1m tbe o :/ &lona·• l& ~ei.tv . 
seEil to ·teat B 1f ogmmt H, ·or,. 'ftaett 4irferentJ.7, It ·teats 
the hJ:potheete' ·~· ~ 9t9i egatnst u. 



Hf ~t be tata4 en £~ ts not 14m'tifltlbl$ disttuot 

~~.4 ·• 
S.S. · Wbe ti\fJO"'lc.al Jli.Ut.m~81tJn iJre the· Gt~ttft«1: ap~;­

ment is ~e1Uil~ ~ Q ·OomiWJi«~ 14· the·. V~tm01J$ t4 U Gft: S11 •· 

JIUQb filmPitett7 ltl p~ afl4 .. t'Dtbi.I)(S .. e~ti(4 ·is lOst b~ 
' . . ' .. 

. ODe·· a!Vant&tge: 

or tbts nea1.1mptt01t is tbat it mtiu·s :n.; ~. n a.a~ -~ . 
·iif . ·t.e ~ta.. ' m~ n, : n,- ttut' :fo~e' to be ~~ 
:SM 

\, B [-Cn,~tJ - lp'G;I'r~). ve~(c). + (a/'~·~l w.r("b) 

• P, + P1. :aq,. enG 

i.~J<n-nfJ ~ '!- -v;0:!a~ • fn1( 11p,., •1) 

. t:::f'. s I + B 1. Sl!t'T:. Whe%1$ 

. I 

1, e n•®af or n•(u 6'fq . a~ortitug es ;S- • t • s 7 -t, .anti·· 
"" ... All.o' -............... ' ~ 

....... 

. t·ii:J 1Q.!.It1J . . --t:. 
" • "J ''r J . 

J 

!t W&$ obael'Yet~ m. {;.;, •. tbat ~~. . ~ (~1i) 7 n;:t~((:!-P1i 
!-(ti{r' ~ (i•f/n) \l1tb. e:(J3f41ta' onlN tt' »J .. =' P• ~~. 

st.me. a.~/~ ~: Df-.1'1:. .·~ n:.lf ~· !n muob ·tm same •a:~• 
·s~ 1- n1./~ -n w.ttb. equal.ttv «J.b· iff ·1'/·~· ... P.;,. 11mtte~. s~ ""P~ • 

. we elt10· ~beofW4 tn §5·>• that P, · ~ (~81-~"') "t(i- r/s) ;ea 

n1./r 41.-/s wttb m~tq· -~· if' 5; e~; »; If; P• !eo c~ 
J I 

s, · ·wt.tb ~', lt ts· uece~ to oonet~-aePara.tf11U tllce condlttons 

~- 1illch ll is wil8 nnil thttue boll ·&Am. to .estbel' U, , cw 

B:~·· 

~ s~, (P; ,.p) • o. · (34) 
J . 

!fC.;t fru:t n to 'bO OMaletent lt le UCeS$$!7 that. ~ U of. 

M! rtm.k t er~ •. tbis bet'Qfl eo_, (34) iq,lS.ea 'P 1 c P• ·fbun,~ 

. tt :ta suff1e1eat to~. eons Iter !I z.. • On a 1.- ,, ~fii 'tl· 1/P-'1 • a/Y ... 1 .• 

Tbe~m s, -~ (fJ/r --4) 41l(ct.: ·~·- (9/f' -il(n1./tt.+ f (a.:1' -e~7.: )/'4'4~ . ~ .. . . L ~•'- ·. 
1~ a a ~ (e/)' •1)n" /o. = a.,/r -n-z-/s ~»,. · 



Also, f '?~~~.:i o u 1 • . '· . ( 35). 
. . . .. ~ . . . . 

f~~fOM $, • ; (YJ.:/A.; )··~.J.t.:. ~. (n~/a~~ ~ &~.: 

·• ·acnt~) f<~;l•.:·~•t•~r~ ·• f<,;/•i~·t ·~ • • fh4 ~t 
pt these ttmu b (:n,./e~) ft•i'\·IPj .-.J anti.;'~ HJ ~-
equate (n/•) ( f n 111!, .n J = (c/aJI, ~ rl /ap ~~/a ~ n~ /7 •1.1••,· 
V~ng H, tuld. (l!l)., tM· lbcdrld. - te s~. . fbtl· thid· ten. 

is g~at&• tbln ol" equal to 801'0~· (X.t .equ&la :zol'O wbm s == t 
. . ' 

·, $tnoe Rl · entl (35) .t.DWJN that ·~ ;= (a/n)j.: · • 1hffa e > t, 
,ba~,<o ~.:/«;,.~nl• fagtmlfml~) · --~re. S,)n"'/t 

.., •. n"'/a ~P .. 

\, ftttn. 1n n11 oases tihen n 1' ts vQlta •. 
l .~ . . 

~-<,, B {(i-ot)N S, +8& ~ P,_+~- t[(_fi,-nfj 
·-

\'11 tb. ~litJ" onlV tf p. • p tWtl · n;/a. • 1Va. the ,: · 
J J ., . 

actud. 'dtft~ 8, • s, • ..P, ·• P._ le ea~ touna hOm ~ 

· ~ebove· ana, 1n PMOtiMt aan ·be <:tUt te- ,fJlibstantt.nl. 

6.1 .•.. xn nu.· ~~t ~po~tl 'br S.Ollaef2er. (19St). beth 
' . ' 

. stratt.flqa~ioos teex»e wttb. res.pect. to 'tlmt: ~nst~d ot· pleee. 

De ~tlr.rn -vlas4 :all adUlt S®~· · ooltrJOtt 11h:o 1J!S&etl 

s c~1n point of • rtttGr a~· a per~oa ~ 9 .#1 a IJ$Gtts oo 

tl'letl' •av qp-stfterl to tbetr' ~. grottrsdm.. ft'Jl fiSh 

were samplfl4 ~ t~ &COO~' to tbe w<tek m Whl<lh ttev · . . . . . . 

. smaeea t¥• pOint. ~VSikta tb!IW anoc.e4 l.n ~btJW· tlW .. 

~ng s~. Ul08''· e4Ult "~ iie attev -.r;~. 1D 

tid.$ caS$,, tM 4eatba took »'l.aee tJnr a part.Oft ot t • 9. w~. 

-anti-, dUring ~b :Of ~ w"m, .. a ~l' ·~t cestl ~- Wtlft' 

'fte:Ove1'etl,._p'"'lldnib1J' -~ som et~ !eatb. Aa scbaer:ter•·a 

paper ts no:t eae117 obtainable fa1t Nf~e. tbe aata o't hie 

~t are .... ~4 ifl. table t. 

'fable f., 
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!he ~1-ea SJl S.omG of' tbG OUtett neel.ro nl"' ·too t'tJilU. . 

to bo uaca 1n nMt le· QanonUallg.o la~~1~lQ thooru 

~ ue bnVf) tborofoM· ~oood. bOth a .ana t to to'tlr, w 
sroUI~Sna tt1o tl~t tbmO (lntJ 'last ~ U®k.G ut· t~ 

tato rAn81(') otm.te nna tbe··fkmt tb.roa tanG 1n,e$ f~ ·wooks 

ofW ·i'~OL"'9 mtc clna'iG _otrottl. l.'bo nou vnluctt .~ { n.:} , 
{bJ • (c.A · tJ~ ctvon ln. tol:4o a •. 

f'oble 2•· 

"'· {nj} ·Mil. [»JJ bo~ ·tho ummttnterptaoUttlonn but e: 

\\,uor1 ntf#d.ftcc the probnbtltey of ~q.Ju tbo :jtb stratum 

'"'of! a ·f"tsb tom!06 1ft tbo . tth ana If:! tbo probdbll1 tu of iiJtng \ ' . - ... . . ' 

-oi~ tbo ~ng ~tis &lrlntJ tb*' ntnt: \.,oako ponca .•. 
' 

· therefore rop~sonts tho probnbllt..tu of a~· bofo~ roocbmg 

tho spurft1lntt cmtmt~a ·or ot m.tf'V1vtng untl1 efto». tbltJ. ·pe.~. 

· (A annU poNmttige &t' anlmon 40 tnollafjO 'tf). ~Ob tbo· son 
o11vo oM rotttm to ep~tm ·Utrnin. So~ Jonee: (1959)~) 

tt 1'G noon apparent tmt the Petowon cotlBt\to· · lo not 
mt4. 1?01";, t.n totlU~tJ H. uhlab opac.ftt~n ·propwttomli.t$1 

ot tho vootot'P (c.i. ), (G~--ai. >- ve <ib'ttlln ;(" t: t6.91 end. tho 
.t~ value l.o i6~V/. i'he·· vootoJ1t} (cj· ), (1).) .ere so ctvtouolV · 
mt ~;,ttam-:tl ·\\bot tb&M 1o nc nooa to tlVPl$ e .Jt test 

to ~ce thtlt B ~ to unn~bte., 

6~2· A~Dtl tbo ~oxw of . § 2•5j'· ·l.t is fotma_, <m cvoluot!ntl 

~ c ~·r 9.t tbnt P, ·. :a .1)18, P~. c 4:.9461 •. ~ o .t$)47 •. 

;"i = .toGs. lbo t.mOtttiatnotol.'W vs1uo of P1 me,- bo ~unt n 

~tan of tbe goneml J.neccul'Q~ .of eo.pttti'O•I"'OOPture 

estltnntlon or 1t ~ i~et1to tbnt tbo mo6ol to il1eorroct 

lri. nsomntrss that tbe rtt· ae ot;!unl, tblo betns .nece~flQW 
t.,_l' the eonoistency of p"' ~ Both of those il!mPl.t'lftatit.:t1lB 

a-re pro'babl;v co~t but while. notl'lltle oon ·be <iolle· n1tou11 tho 



ftret, wo can set on :tb~ e~.. 9!:te oi./n, lndico.te 

•~ tb.a pOSsible 41fferome:a 1ft the ¢! l&e.. the· ~(ttlle: " . 

two beSng eppnoiebl7_lnpgett tlltm the outett two. t$t t1Q 

-tmmn'~ est!mt$ aub~ct -onlU· tQ tbe two o~tva~ltm' 
m dt •• ..n •-·a_·- aeftel\ .. st.··· te.,...._--_, s a ;m_:Gu_ ·c .. tkll of 7'1 1: P~ -.t P-z. = P} _. ~ -~ 

t ·~tom· ~- to ~ nna,. con-qoontitt .• a sNU»lns ot fllo· 

ot the ~~119' Ctftlttt. rt ·ts. pat.tnf.$'JJJ1ble to group 

the' "tb ~· ktb ettnfA !I (l) (~G .. p.+Q.~..p 'If•·· .f9 . ._) 1~ ,., . .., J ""' ... .It J, - . "J ...... 

\\ !nt!~ent·Cf' 4.,. 1ft pWti4l4$1t" u· (M) ».1 cr Pk Ct'-
\, 

''\.. (•·••.) ........ J&. .. ........ _._~-·-· ft•_4*., (-•_.· •. , .• -. - .... -~-- '1ot.ft •_-....... . . ·-\. :a. ... "'•J /'V&..ft. iliv NJ,QJI!ii.II!'P.U~ll v~ Jitj.if, _a."'- -~~·v VliO! 'WCH?VU 
'\.. . 
'"~t (US .. ) -osn. Be- it !m.Pliet »~omdttJ'· G'f tbe 3th $!11 

tt~ oolunna Of (o.~j )"· In tbis c••• tbe eolmms ebteb ~re. 
·aesms·t to bct'lll -PltO»>Pti(tJJ:tl ~- tbt tbtrtl •mt fcurtb e.ftG;_ 

we -~r.e ·pcmp thm. (b 1\YPOt.besls. f4· -~oJ'tl<ma~*tN 

la · ~3eetea et _ tbe • f" ~ bu~, ®'GO so,. sc· p J 1s not too 

4lff&rent from ·P.,.- :• (S) will 11016 appr=iuntelv two,.) 

A~ th9 _tr-~qr or f 2.6 ·to 

$9~ 
,:47'!) 
1.i .. 14 
0 1b 

a• c (4e4.$5 .• 173~:3J9l•· ~· = (;8471: 2.t>G4, G,~t) - . 

-.b ...,._ .... ~,. .. ...,.. .. ~~-1 l'f,.,., . ...ct...a.-:1!- . . 
-~~ e_. '¥~_,...-~, P. = \UNa v· . . v, we '\AI~ .. r· . ....... """jel ""'· ...... 

. . ~l ·= (6t.021';f· ... soy, s~m> or ~~ ~- c~·1'66i, ..• sao. •''563). 
p~. ·f.10W Uee 'ln {0.,1' J · bu.t ta st!U cnr.toudr' bt.g-b. . ~a 

ot1':tl.wl' eattaltfxs ~ 

.· •4 .-.._ .... t'Lo.- ,~ .... !lu. t --~ •tJU ~"VWQI· 
' 

.7339 ·0797 ·092.5" 

.2945 •. 1827 .6167 

.oasr .1S:J .a68g 

.• 0000 ,.0564 .8497 



A lao 
· ed 

!• c=J: ~·~! # (5,099. 4.,282. 41;.204) 

i ·• ;o,sas. 
!be eet1~ vaM.encs-covat*ltU1Qfl· mrlt~h tit. F . ·tn 

aote tb<i¥ VePJ Nsb ·•~•~ ~·· p.. • tt t~ .-sW:r · 'bt 
theftJ Vlltl ·mil'· Ofl'tl:b 4~~!1. $G. -tbts ~~t eb~ .. t. W~ 

·,,.___ . ·neea ·mote m tt~eAtat ~muons~ -i un<Jemsttma~ 2 • 
'· •,"""" - ...... 

- (·(·~"' \21 . . - - . 6- . G · B n-n1 J =. _20.,.9t 2t tO •· 

!t i~_,t!Ote..,.tlb,J tlm.t- ~(i~) ·Mti va,r(i1 ) .• fRN fmCb c-. 

s!~dtimbb le~ ·ttmn ••.Ca)~ 
A1tb.Quab i 1, ls 1nvalla,. ~ ~~ la •o:rth &Valstibg it i\ll4 

'· ' . . - .. """ - - -

f. tn va'P.lance • cClllPG:m with n Mft ~{n). tJO'l~ tbe 

1.11f";f;ta~a: verdon (a.t· )b/( c.1 ) , _ -_ _ 

' ' ft -. ~· "'927. 
t:!t (("" ' }2 J' ~ -. ~- . JfA.t; 
·•L~~ .·~:""·''""·'·X ,"1-. 

flm· latw- 1t! e 11~- S.l ·•uatt tl.lan V@{ii). ·~ mt;bt be . - -

• 

6.4. ~~. - ~aw ~mw· &tt ·we lf!Ol'e ,3uattft.~' m J 6.2 

_ Sb lflteMtJS tbrlt tbe• J ilitt~* It t!tlil be· .Obotfn tbat 
' _, 

-.Jd ) A.' u./e . ..a•·cu G>J•1on~·· · ;o.1u'(v e>•-·'• . va..-\P.t · j 'J- 1 -if - - · · """" . a - - • -1 
. ~ . .,. ~ . : 

.. 21-..; 1a ... &l(U t'H')'*tu s _(36)_ 
7~L1~ _q ~ ~· 

\ihG~ !t e (·f·3) 81lfi· ' -~, • ~ St.-,>· tf$lftg tbts ftol'mUln, 
""- . 

we ftfttl-tbst tba eotl$a~6: a~ error or~~ t.e .'f509; tma 



th~08 tbo 6t:ttoPonce betn«m ji e' ·~ on4 ·~ la 
.not Gicntftcont. Hotmvtn.'t, t~a l'lOlt-~d.snlft.onnQO mov· probo:blv 
btt· attt*lbu'totl lnlnllf tQ: tbe ~otttVl\V or thO oetltrot£on. 

- t~ . 

. . ~ N 

ibe vo)'timlaee ot 12, 11:;, ' ~n bo ~011Dfl ·by eo~o oitltlnr . 
. to. (36) -en6 C\·®~ ohQClt on tbc ~atl<m la ~40G 

. .. f . ~ 

1 'riioh to ·~ ~osaotf o.s.~ott fott oomo: <r~~ 
help:t\11 ~to. 




