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Abstract

The Hubble constant Hj is the rate of expansion of the universe today. The discrepancy between the
early universe Hy value, inferred using ACDM from Planck observations of the CMB, and the late
universe Hy value, obtained using luminosity and distance measurements from a Type Ia Supernova
(SNIa) distance ladder, has now reached 4.20. Despite improvements in precision, this tension has
increased. This thesis studies these two measurements, as well as various other HO determinations,
which are independent of both the CMB and the SNIa distance ladder and corroborate the Hubble
tension (with the caveat that many have large uncertainties), with a particular focus on lensing and
gravitational waves. Some of the very many solutions proposed to resolve the Hubble tension are also
explored, with an emphasis on late universe solutions and Early Dark Energy. The improvement in
precision, the growing discrepancy, and the supporting independent measurements of the Planck and
SNIa distance ladder Hy values are strong evidence that a significant tension between the early and
late universe exists. This indicates that some modification to or expansion of ACDM is required. A
great deal of models and solutions have been proposed to do so, however none have managed to fully

resolve the tension yet.
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Chapter 1

Introduction

The aim of cosmology is to describe the universe around us: what is there and how it came to be.
Theories are proposed to explain astronomical observations. If observations and theories do not align,
the theories need to rethought and adjusted, and the uncertainties and precision of the observations
examined and improved. This thesis will focus on a recent instance of theories and observations not

agreeing: the ‘Hubble tension’. First, however, the accepted model of the universe will be introduced.

The universe when observed on large scales by fundamental observers is homogeneous and isotropic,
that is, it looks the same when observed from any position. It is smooth on large scales but full of
structures, such as galaxies, on small scales. The geometry of the universe is well-approximated by
the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:

dr?

2 2 2

+ 7% (d6* + sin® 0 d¢?) (1.1)

where t is the proper time measured by fundamental observers along their worldline dr = df = d¢ = 0,
a(t) is the scale factor which describes the change in the distance between two points with time,
r is the coordinate radial distance, K € R gives the curvature of space, and the solid angle is
dQ? = df?> + sin?0dp?. In the FLRW metric, the Einstein Field Equations (EFE) reduce to

the Friedmann equation and the covariant energy conservation equation:

Ht)? = 87T3Gp(t)—a(lt{)2 and (1.2)
0 = (t)+ BH() (o(t) +plt)) (13)

where p(t) is the matter density, p(t) is the pressure, and the dot denotes the derivative with respect

to proper time t.

The physical distance between two spatially separated (i.e. dt = 0) fundamental observers, located
at r and r + Ar, with Ar < 1, and ¢ = ¢g, 0 = 0y (where the subscript 0 denotes the current value,

so d¢? = df? = 0), is given by A
”

Adpps(r, 1) = a(t) ————
th(T) a()m

(1.4)



The conformal time 7 is defined by

dt
dn = al) (1.5)
t dt'
n—"n = /to (") and (1.6)
dt*> = a(n)*dn? with a(n) = a(t(n)) . (1.7)

The scale factor a(t) can be factored out of the FLRW metric (1.1)) when using conformal time:

dr?
2 _ 2 2 2 (102 1 win2 742
ds® = a*(n) [ dn +1—K7’2+r (d6” +sin® 0dp*) | . (1.8)
The radial coordinate x is defined by
dr
dy= —2 1.9
and, setting x(r =0) =0, is
_ / T (1.10)
X Vicke ‘
Integrating (1.10) and defining Sk (x) = r(x) results in
\/% sin(vVK x) K >0
Sk(x) =4 x K=0 . (1.11)

\/ifK sinh(v-Kyx) K <0

Note that for K > 0, r € [O, \/—%} and x € [0,7]; and for K < 0, r € [0,00) and x € [0,00). The
FLRW metric (1.8) can then be written in terms of x as

ds®> = a*(n) [—d772 +dx? + S%(x) (dﬁ2 + sin? 9dd>2)] . (1.12)

For K = 0, the metric represents standard Fuclidean flat space, for K > 0 a round metric on a
3-sphere S? with radius #, and for K < 0 a standard metric on a hyperbolic space H3. The radius
of a 2-sphere at a coordinate distance x from the origin is given by Sk (x): the physical area of a

2-sphere located at dn = dx = 0 is then
S%(x) (d6? + sin® O dp?) = 47 S%(x) . (1.13)
The metric (1.12) yields for radial light rays, where ds?> = df = d¢ = 0,
X —Xo==£(n—m) - (1.14)
The 4-velocities of fundamental observers are given by
0 . p
u= —  with components v = (1,0,0,0)¢,94) =3 - (1.15)

ot

In the x and 7 coordinate system, the components are given by

1 1
u* = (=,0,0,0 =6 . (1.16)
a a 0
(m,x,0,9)

4



The physical separation of two fundamental observers at time ¢ and located spatially at position

vectors I1 and ¥z that are constant with respect to time is given by
T2 = a(t) (¥1 — 72) . (1.17)

The time derivative of this physical separation is

Gry = 2 falt) (31— 7o) (118)
= a(d - ) (1.19)
- %Fm . (1.20)

Equation ([1.20)) is called the Hubble-Lemaitre law. The Hubble rate, which describes the expansion
of the universe, is defined as '
Hp =2 . (1.21)
a

At the current time, the Hubble-Lemaitre law is
v=Hy7T . (1.22)

Cosmological objects move with respect to each other with a velocity that increases the further they
are apart. In an expanding universe, Hy > 0 and the velocity is a recession velocity. A galaxy recedes
faster the more distant it is. The discovery that the universe is expanding is usually attributed to
Edwin Hubble in 1929 [72], but it was also as a result of joint efforts from, for example, Slipher [130]
and Lemaitre [84]. The Hubble constant Hy = 100 hkm s~ Mpc ™! gives the rate of expansion today,
and H s a time-scale for this. Essentially, it is the time at which all galaxies were together [50], and
so it provides an estimate for the age of the universe. Hubble in 1929 found Hy = 500kms~! Mpc !
with huge errors. In 1958 Sandage [123] found Hy = 75kms~! Mpc™!. For Hy = [value] km s~ Mpc™,
the units indicate that for each Mpc away a source is, the source recedes with velocity [value] kms™!
faster. A parsec (pc) is the ‘distance at which the radius of Earth’s orbit subtends an angle of one
second of arc’ [13], and 1pc = 3.26 light years. The Hubble radius is where the recession velocity
reaches the speed of light and no objects further away than that can be observed by us [109]. Hj
normalizes all other values. The uncertainties in Hy propagate into other cosmological parameters,

and h is used to follow them.

In the geometric optics limit, where the wavelength of light considered is small with respect to the
typical curvature radius of spacetime, the propagation of electromagnetic waves is well-approximated
by the properties of light rays. Light rays are null curves with a tangent vector field k with components
kKt = di;’ where A is an affine parameter along the light rays considered. k* is also called the

separation vector because it describes the relative behaviour of two neighbouring light rays. The

tangent vector field k satisfies

gk,k) = k" =0 and (1.23)
Vik = KV, kM =0. (1.24)

Equation ([1.24) is called the geodesic equation.



The projection tensor h projects orthogonally on hypersurfaces of constant proper time ¢ or,

equivalently conformal time 7, and is given by

h = g+u®u , (1.25)
hw/ = Guv T uply = gu + 5u05y0 . (1.26)
Note that hg, = —1 +1 = 0. The metric tensor in conformal spacetime is given by
-1 0 0 0
0 1 0 0
2
Juv = @ (1.27)
8 0 x2 0
0 0 0 x2sin®6

The spatial components of h are thus

1 0 0
0 X2 0 . (1.28)
0 0 x2sin?0

hij = a

That is,
hij = dyij (1.29)

where 7;; is the metric of conformal space.

For a future directed light ray measured in the rest frame of a fundamental observer, the energy F

and momentum p* of a photon are defined by

E=—k"u, and p'=hM k" (1.30)

"
where % are the components of the instantaneous direction of the propagation of light rays in the rest

frame of the fundamental observers. Furthermore, p* is orthogonal to the velocity of the observers:
plu, =0 = =0 . (1.31)

Therefore the components of the 3-momentum of photons are given by p#, and their 4-momentum can

be written as

k= Eut +p" . (1.32)
Using equations (1.32)) and (1.30)), equation (1.23]) can be written
0 = kuk' =k, E+ kupt (1.33)
= ku(=Fruy,)u” + kP kY (1.34)
= —E*+hyp'p . (1.35)
Then, using ((1.29)),
— B>+ a*yp'ph =0 . (1.36)

Projecting the geodesic equation ([1.24]) along u:
EE = +d? Hyijp'p’ (1.37)
B o
E? :—fEHwﬂﬂ. (1.38)



Then, using ((1.36)), this results in the following:

avyp'p = —a® £ H i Py (1.39)
1 = Fy (1.40)
E
E g
E _ _a 1.41
= ” (1.41)
E = g, CeR . (1.42)
a

For a light ray with frequency v, the energy of a photon is £ = i v, where A is the reduced Planck mass.
Then, following from (1.42)), the frequency of light is affected by the expansion along the trajectory of

photons according to

v(te) (1.43)

where t is the time of observation and ¢, is the time at which photons are emitted. A fundamental
observer located at the centre of the coordinate system, at x = 0, receives a light ray at t = ¢y (today)
with wave length A(tp). The redshift z is defined by

)‘(tO) — )‘(te)
Alte)

z (1.44)
1

Noting that wavelength and frequency are inversely related through A\ = —, and using (1.43]), the
v

wavelength today is given by

-2

In FLRW, the ratio of the scale factor at observation and emission is therefore, substituting (1.44)) in

to (T13)

Alte) - (1.45)

a(to)
alte)
The effect of redshift is time dilation: all observed phenomena of a source will appear to be slowed

14+2= (1.46)

down by the same ratio (1 + z). Radiation is redshifted as it propagates from a distance source to
an observer. In an expanding universe, a(tg) > a(t.) which, by (L.45)), shows that A(tg) > A(t.). The
observed wavelength is larger, and therefore redder, than the emitted wavelength. Thus z is called
redshift. The scale factor a and the radial coordinate distance y are only defined simultaneously up
to an overall scaling. Then, setting units for x appropriately at ¢ = ¢, the scale factor today can then
be set at a(tg) = 1. Then,

14+2= 2 : (1.47)

The coordinate distances, given by radial coordinates r and y, are not observable in general rela-
tivity (GR) because they are calculated only by the spacelike separation of two events in spacetime.
Physically meaningful distances in GR should include timelike separations, and so in cosmology are
obtained by determining distances measured along the past light cone of an observer. A light ray
observed by a fundamental observer at x = 0, n = 19, emitted at time ¢ corresponding to redshift z
and propagating radially with df = d¢ = 0, will have ds? = 0 along it. Then, the FLRW metric (1.12))
will reduce to
dt da

dy = ) =—ag - (1.48)



The minus sign ensures that the ray propagates forward in time from the source at x > 0 to the
observer at x = 0. Differentiating ((1.47)) results in

da
and so equation ((1.48) can be written
dz
dx = . 1.
X= T (1.50)

x(z) = /OZ Hfl(i’) . (1.51)

Note that x(z) is not an observable.

Consider a comoving 2-sphere with dn = dx = 0, located at x = x(z). Because it is comoving, the

scale factor a(n) can be ignored, and so the metric ([1.12]) gives the line element

dsZym = Sic(x) (d6® +sin®0d¢®) . (1.52)

com

Let there be a small source located on the sphere which is observed at the centre under a small solid
angle ngbs that subtends a small transverse area portion of the sphere. The line element of this
source will be

dssouree — 62 (v)d02, . (1.53)

com obs

The comoving angular distance between the source at redshift z and the observer, Rang(%), is defined

as

dssource
R2 (2)= —m (1.54)
® ngbs

Using equations ([1.52)) and ([1.53)), this reduces to
Rang(2) = Sk (x(2)) - (1.55)

This indicates that objects of the same size located at the same comoving distance y(z) will have
different angular distances Rang(z) in spaces of different curvature. Rang(2) is not directly observable
because it depends on the comoving size of the source which is not observable. The actual physical

size of the source is related to the comoving size through

d.gsource _ a2 dSsource . (156)

phys com

The angular diameter distance of an object located at z with respect to the observer, Dj(z), is

observable and is defined as
d source

hys
D3%(2) = d;z;/ . (1.57)

obs

Using equations ([1.54)) - (1.56)), and the definition of the redshift (1.47)), this reduces to

Dy(z) = aRang(2) (1.58)
Da) = 11— Sk(x(2) (1.59)



The angular diameter distance D4(z) is, in principle, measurable: if an observer can measure the
apparent angular size of a source on the sky while also having knowledge of the absolute physical size
of the source from theoretical modelling, then D4(z) can be deduced. Objects whose physical size
is both known and stable are called standard rulers. For example, CMB fluctuations have a length
scale that is determined by early universe scales [128] and so are standard rulers. Similarly, standard
candles are objects whose absolute luminosity is both known, from theoretical modelling, and nearly
constant over their position in the sky. Assume an observer at x = 0 and t = ¢y observes a source
located at a comoving radial distance x(z), which is a standard candle and radiates isotropically with
absolute luminosity Lgource photons with frequency v, at time ¢t = t.. In a small time interval ¢, the
number of photons emitted by the object in a spherically symmetric manner is given by

Ote

hv,

where h is Planck’s constant. Integrating over the sphere with radius D,, (the metric distance D,, =

N=1L

(1.60)

ap r, where r is the proper distance) occupied by these photons at observation by the solid angle line

element of the FLRW metric a% r2 dQ?, the area of a sphere is then:
A=4nD? . (1.61)

The frequency of the photons has been reduced by 1+ z to vy, and they arrive in time interval dtg
which has been stretched out by (1 + z). By equation ((1.43)),

hve
hl/o = 112 and (Sto = (5t5 (1 + Z) . (1.62)

The observed flux is the energy received over a time interval in the detection area, and the luminosity
is the energy emitted per unit time. The total energy that is detected by the observer is N hv. Then,
the flux is given by:

Nhl/()
d = Tite (1.63)
N huv,
d = 1.64
(I1+2)Adt. (14 2) (1.64)
Lsource

Substituting the area of the sphere given in (|1.61)), the observed flux of a source with luminosity Lsource

at redshift z and coordinate distance D is then

LSOurCe
b=——""—- . 1.66
47 D2, (1 + z)? (1.66)

Defining the luminosity distance

Dy(2)=D,,(1+2) , (1.67)
the observed flux is then given by
Lsource
Pops = ———5 - 1.68
obs 47_[_ DL(Z)2 ( )

Dy(z) is the luminosity distance between a source and an observer: it is an observable that can be
directly measured. Luminosity is the rate of emission of radiant energy, the rate of change of energy,

and so can be written
AEomit _ AE(Z)

L — —
source Atemlt At(z) bl

(1.69)
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where AFEgnit is the change in energy over an emission time period Atepis. The redshift (1.46)

experienced by light between emission and observation results in a change in the observed energy of

AEiemit
142

AF,ps = (1.70)

Two light rays emitted from a source at an interval of Anemit are observed in an interval of Ang. Light

rays are straight lines in conformal spacetime so Ang = Anenit- In proper time, however,

Aty = (1 + 2) Atemic - (1.71)

This, and equations (1.70]) and (1.69)), results in the observed luminosity:

AFE AFEemi 1
Lobs _ obs _ emit (172)
Atg 1+ 2z (14 2)Atemit
Lsource
Lobs —_— 1.73
obs (1 + 2)2 ( )

The observed flux, ®.s, is the ratio of the total observed luminosity Lohs to the surface area over

which this luminosity is distributed. The latter is the physical area today of a sphere centred on

Rang(2) = Sic(x(2)), which, using (T53) and ([:56), is given by

SPhys — g2 geom — 4782 (x(2)) . (1.74)

The observed flux is then, using (1.74]) and ([1.73]), given by

L obs L source

P = = 1.75
b= S0 - IS 0e) (1 2P (1.75)

Comparing (|1.75)) with (1.68]), the following expression is obtained for the luminosity distance:
Dp(z) = (14 2) Sk(x(2)) - (1.76)

Substituting in to this the expression ((1.59)) for the angular diameter distance D 4(z) gives Ethering-

ton’s reciprocity relation (also called the distance-duality relation):
Di(2) = (1 +2?Dalz) (1.77)

which is true in any spacetime and metric gravity theory, as long as the number of photons is conserved
during the propagation of light between the source and observer. In flat FLRW, the angular diameter

and luminosity distances are given by

Da(z) = 1;/02 }fé) and (1.78)
Dr(z) = (1+z)/0 Ij(zz,) . (1.79)

The angular diameter distance D4(z) is defined along a future-directed light ray bundle diverging
from the source: it measures the distance between the observer and the source at the time when light
was emitted. By comparison, the luminosity distance measures the distance between the observer and

the source at the time when the light is observed.

10



To determine the nature of the angular diameter and luminosity distances, the dynamics of the

FLRW universe, through H(z), are required. The Einstein Field Equations are
1
RHV+§R9MV+A9MV =8rGTu . (1.80)

The components of the Ricci tensor R, are

R = -32 and (1.81)
a
2 o @ K i
and its trace the Ricci scalar is
8K
R:6<H2+a+2> : (1.83)
a a
The energy-momentum tensor 7, is given by
TS = (pi + pi) vty + Di G (1.84)

where dark matter and dark energy are treated as independent, non-interacting perfect fluids with

energy densities p;(t) and pressures p;(t). The conservation of energy-momentum equation is
VIR =0 . (1.85)

Each fluid has an equation of state
_n
Pi
Then the conservation of energy-momentum equation ([1.85)) can be written

Wi

(1.86)

pi + 3(1 + wi)Hpi =0 . (1.87)

The total energy density p and pressure p are the sums of the pressures and energy densities of the

individual fluids:

p=> _pi and p=> p; . (1.88)
i i
Then, w = B, and the equation for the total conservation of energy-momentum ((1.87)) is then
p
p+3(1+w)Hp=0 . (1.89)

In non-relativistic fluids, the particles move slowly with respect to the speed of light. This leads to
a pressure p; ~ 0 and therefore equation of state w; ~ 0. Standard baryonic matter (for most of the
history of the universe) and neutrinos in the very late-time universe are two examples of non-relativistic
fluids. Non-relativistic matter is usually called dust. On the other hand, particles in relativistic fluids

1
move with velocities close to the speed of light. The pressure in relativistic fluids is p; ~ 3 pi, which

1
gives an equation of state w; = 3" A more exotic fluid can be considered when rewriting the Einstein
Field Equations (1.80) by moving A g,,, to the right hand side. Then, the cosmological constant A
can be interpreted as a perfect fluid with pp = —pa and the equation of state wy = —1. Barotropic

fluids are perfect fluids with a constant equation of state. Dust, relativistic fluids and the cosmological

11



constant are thus all barotropic fluids. Solving equation (|1.89)) for dust (‘NR’ subscript) and relativistic

fluids (‘R’ subscript) with their respective equations of states results in

PNR — pNR70a_3 and (1.90)
pr = proat (1.91)

where the 0 subscript denotes the present day value. The solution for non-relativistic fluids
indicates that in an expanding universe, dust is diluted by a factor a®. This means that the number
of particles remains constant while the volume increases. The solution for relativistic fluids (|1.91])
shows that relativistic matter receives extra dilution compared to dust through a~!, which comes
from the redshift of the energy of individual photons in the fluid. From now on, the subscripts m (for
matter) and r (for radiation) will refer to non-relativistic and relativistic matter respectively. The
conservation of energy and momentum equation can also be solved for the cosmological constant

with wy = —1, resulting in py =0, i.e. pp = constant = ——.
87G

The dynamical equations governing the dynamics of the FLRW universe are the Friedmann equa-

tion,
Ny
a 8t K A
H=(-) =—p-=+= ; 1.92
(a) 5P 2 t3 (1.92)
the Raychaudhuri equation, . A
a 47
e = (A R (1.93)
and the continuity equation,
p=-3p+p) H . (1.94)

This system of equations ((1.92)) - (1.94) is not independent: only two independent equations need to
be solved for the three unknown functions. To solve the system, a constant equation of state needs to
be assumed. Then, the continuity equation (1.94) can be solved:

P —3(1+w)gp (1.95)
p(t) = poa(t) 0T (1.96)

Assuming K = A =0 and w # 1, the Friedmann equation ((1.92)) can then be solved:

¢ 2/3(14w)
2

Hit) = ——— . 1.
O = sawn (1.98)
More specifically, for dust with w = 0,
£\ 2/3
a(t) = <to> — axt?’? (1.99)
and for a relativistic fluid with w = —,
P\ 12
a(t) = <t> — axt/? | (1.100)
0



The dimensionless density parameters are defined by

Qi(2) = w . (1.101)

The total energy content from all matter and radiation is given by

81Gp(z)
Qz)= ——+~~L = Q, 1.102
)= J ~ L) (1.102)
and the dimensionless density parameters of the cosmological constant and curvature are given by
81Gpa(2)
Q —_— d 1.103
A(2) sH2(:) ™ ( )
—-K
Q = —_—— . 1.104
) = e (1.104)
. . A . . )
These density parameters, together with py = el can be substituted into the Friedmann equa-
T

tion ([1.92)), resulting in
1=Q+ Qg+ . (1.105)

Furthermore, again using the subscript 0 to denote the present day value,

1= Z Qio+Qgo+Q%o - (1.106)

7

Using equation ([1.96)), the dimensionless density parameter (1.101)) for each barotropic fluid with

constant equation of state w; can be written

Qi(2) = Qip <H}€2)>2 (14 2)30+w) (1.107)

The dimensionless expansion rate E(z) is now introduced as

E(z)=—— . 1.108
()= (1.108)
Equation (1.107)) can then be rewritten as
Qio 3(14w;
Qi(z) = 0 (14 2)30+w) (1.109)

Then, using this and equations (1.103)) and (1.104]), and recalling that ag = 1 and pp is a con-
stant, (|1.105) can be rewritten as follows:

1= > 2+ +Qk (1.110)
%
1

1 = ZQZ»,OET(Z)(Hz)“HW) +Qp + Qx (1.111)

H2 H2

2 — . 3(1+w¢) = =
E*(z) = ;Qz,o(lJrZ) + g + g (1.112)

. 81G K(1+ 2)?
2 _ . 3(1+w;) PA

EX(z) = ;QZ,O(l“‘Z) + 31 i (1.113)
E*(z) = > Qio(1+2P0) 4 Q)0+ Qro(1+2)* . (1.114)

)
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For barotropic fluids with K = 0, the critical density of the universe is defined as

3H?
= — 1.115
Pe,0 81G ( )
Then, from (1.101]),
3H?
Pm,0 = 787&(; QDm0 = Peo o (1.116)
and, using (T.90),
Pm = Qm,O Pc,0 a73 = Qm,O Pc,0 (1 + Z)g . (1117)
Similarly,
pr = Qopeo P Q0 peo (1+ 2)4 and (1.118)
pn = Qapeo - (1.119)

An expanding universe undergoes three phases: the radiation dominated era (RDE), the matter
dominated era (MDE) and the dark energy dominated era (ADE). In the radiation dominated era,
the energy content and dynamics of the universe are dominated by a relativistic fluid with energy
density p(z) ~ (1+ 2)* at early times (i.e. at high redshift). In the matter dominated era, dust
starts to dominate with p(z) ~ (1 + 2)3. The energy densities of all the fluids decay, except for that
of the cosmological constant py which is constant: thus, at very late times (i.e. low redshift) the
cosmological constant dominates in what is called the dark energy dominated era. The MDE occurs
between the RDE and the ADE. Naturally, an expanding universe was smaller and hotter with denser
fluids in the past. When the temperature T is much greater than the mass, p o< T? for relativistic
particles. Thus (from the Friedmann equation ) during the RDE, H o T?. The timescale of the
universe is then 77 = H~! oc T72: the hotter the temperature, the younger the universe. The rate
of interaction between particles is represented by I', which has units of inverse time. When I' > H,
particles have enough time to interact before they are separated through expansion. However, when
I' < H, the interactions stop and the particles evolve independently, decoupling from each other.
Matter-Radiation Equality occurs when the energy densities of the relativistic and non-relativistic
fluids agree. This occurs at z = 3400. Later, at z = 1100 — 1400, electrons and baryons combine
to form atoms in the recombination era. Prior to recombination, photons and electrons are tightly
coupled via Thomson scattering. Free electrons become scarce during recombination when matter
becomes neutral, and Thomson scattering is then inefficient. Photons thus decouple from the rest of
matter after recombination at z = 1000 — 1200, forming the Cosmic Microwave Background (CMB),
a thermal bath of free streaming radiation that permeates the universe. The temperature of the
CMB is the common temperature of all matter species in the universe as long as they all remain in
thermodynamic equilibrium: when baryons and photons decouple at recombination, their temperature
is no longer equal. After photon decoupling, ordinary matter is no longer influenced by radiation and
structures can begin to form. Dark Energy-Matter Equality occurs at z = 0.4, when A starts to

dominate the dynamics of the universe.

To explain the behaviour of the universe and its objects, at least two new sources of gravity are
required. These are dark matter and dark energy, so called because they are felt only through their

gravitational interactions and do not seem to have any significant electromagentic interactions. In
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ACDM, they compose 95% of the universe. Dark matter is a non-relativistic fluid whose nature is
not yet known, however it is standard to assume that it exists. Dark matter is needed to explain the

formation and the structure of the universe. The deceleration parameter is defined by

1 i
__la 1.120
1="Hg2q (1.120)

and today, where €2, o ~ 10~* can be neglected,
1
qo = QQm’O — QA,O . (1121)

Because qo and ), ;o are observables, equations and can be used to determine A
and Qg o. Observations give gop < 0, which indicates that, in FLRW, the universe is expanding more
slowly at larger z than nearby. This is only possible if Q5 o # 0, that is, A # 0. It also means that
a > 0: the expansion of the universe is accelerating at present, which does not arise from standard
sources of gravity. If it is assumed A = 0, for & > 0 to be satisfied either gravity needs to be modified,

or a non-standard, exotic source of matter called ‘dark energy’ needs to be introduced.

The concordance model of cosmology, ACDM (A Cold Dark Matter) is the ‘simplest’ model that
accounts for most (if not all) current observations of the universe from very different epochs, char-
acterizing phenomena such as accelerating expansion, structure formation, big bang nucleosynthesisis
(BBN), the lack of curvature, CMB fluctuations and the combination of baryons into atoms. It is the
FLRW universe with A # 0, some cold dark matter and K = 0. It generally contains six free parame-
ters, determined through observations or principles, and five fixed parameters. The pre-recombination
model makes assumptions about dark energy and dark matter, with a universe consisting of 63% dark
matter, 15% photons, 12% atoms and 10% neutrinos. It is used to predict the physical size of fluc-
tuations in the sound horizon and the baryon density [I39]. When this model-predicted fluctuation
spectrum is compared to the CMB-observed angular spectrum, the 6 free parameters are set and the
ansatze about dark energy and dark matter are tested. All other parameters are determined through
calculations. However, there is a problem. The value of the Hubble rate today, the Hubble constant
Hy, determined by measurement in the late universe does not concord with the value inferred from
the CMB, assuming ACDM, in the early universe. This tension, called the ‘Hubble tension’ or ‘Hj
tension’, between the early and late universe value has increased over recent years to 4.20 despite
progress in reducing uncertainties and increasing precision. Values obtained through different meth-
ods on different data sets support the tension. This suggests there might be something wrong with
the current model: the test of a model is how well it reproduces observations. New physics to resolve

the tension have been proposed.

This thesis is about the Hubble tension. The ways in which the Hubble constant is measured and
inferred are discussed in chapter [2] starting with a broad overview of various methods and results -
the latter of which is displayed in figure The inference of Hy from the early universe, particularly
the Cosmic Microwave Background (CMB) and Baryon Acoustic Oscillations (BAO) observations, is
explained and some results given in section Some supplementation to the introduction to distance
measurements given in this chapter is provided in section after which there is a discussion of
the methods and Hy results from the Type Ia supernova distance ladder in lensing in [2.2.2]

15



and gravitational waves in The many solutions that have been proposed to resolve the Hubble
tension are introduced in chapter 3, beginning with what requirements a suitable solution needs to
meet. Following that is an attempt at categorising the solutions, although this is not intended to be
exhaustive. Late time solutions, and why they are unlikely to be successful, are examined in section|3.1
Early Dark Energy and its application to the Hubble tension is discussed in section A summary
and conclusion appear in chapter 4] which includes placing the tension in a wider cosmological context

with a brief overview of related tensions.
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Chapter 2

Measurements

An accurate measurement of the Hubble constant Hy is needed as it is an important part of our
understanding of the universe. There are two ‘main’ ways of measuring Hy. The first is indirect: the
inference or prediction of the value from the Cosmic Microwave Background (CMB) as interpreted
by ACDM. It is a non-local, early universe measurement that is dependent on flat-ACDM. The final
value obtained by the Planck collaboration, released in 2018, is Hy = 67.36 &= 0.54kms~! Mpc~!
when the Planck data includes CMB lensing [§]. The second way is to directly measure the value
using the local distance ladder and Type Ia supernovae (SNIa). It is a local, late universe and
model-independent measurement. In 2020, the SHOEs (Supernovae, Hy, for the Equation of State
of Dark Energy) collaboration released their most recent value obtained using this method: Hy =
73.2 + 1.3kms™! Mpc~! [TI5]. If this is the true expansion rate, the universe may be up to ~ 10°
years younger than previously thought [114].

The latest Planck and SHOEs values are in 4.20 (4.2 standard deviations) tension with each other.
This tension has increased from the tensions between earlier results of 3.40 in 2016 [117] and 3.7¢ in
2018 [I18]. In 2019 the tension was 4.40 [116]. The Hubble tension was apparent from the first Planck
results, which produced Hy = 67.3 = 1.2kms™' Mpc™! [5], which was in tension with the then recent
distance ladder value of Hy = 73.84+2.4kms~! Mpc™* [119]. These are, of course, improvements from
the first values obtained when, in 1929, the initial estimates of Hy indicated that the universe was
newer than the Earth and the Sun [I14]. Significant work has been performed by the SHOEs team to
reduce uncertainties and systematic errors to improve precision, with a goal of achieving a 1% precision
measurement of Hy [I15]. The SHOEs data has also been re-analysed multiple times since the project
began in 2005, none of which have significantly changed the value of Hy. The precision of late universe
Hj values have improved from 10% twenty years ago [114]; and specifically for the SHOEs distance
ladder from to 2.4% in 2016 [117] to 1.8% in 2020 [I15]. However, doubt has recently been cast on
the accuracy of SHOEs with regard to dust extinction [91] and the choice of Cepheid colour-luminosity
calibration [92]. A discussion of systematic errors in SNIa observations that could resolve the Hubble
tension if identified and accounted for appears in [120]; however, no such systematics have yet been

conclusively identified (as shown in, for example, [4], [77] and [II6]). Multiple CMB observations
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have been re-analysed and cross-checked: for example, potential systematic errors in the analysis have
been tested and found not to affect the Hy tension in [7]. The precision of the Planck 2018 value is
0.8% [§]. Both the early universe (Planck CMB) and the late universe (SHOEs) measurements have
been supported and checked by independent measurements performed by other groups using different
methods and/or data sets, which may all have different systematics. The increase in precision and
reduction of errors, combined with the many supporting measurements, strongly suggests that the
tension is not a result of observational or calculation errors. Solutions that have been proposed to

resolve the tension by adapting ACDM are discussed in chapter

The value of Hy that is obtained from the CMB is indirect because it is not constrained directly by
CMB observations, but is inferred by finding the best value to fit the ACDM model to the CMB. The
CMB Hj value is non-local because it depends on the entire expansion history. The SNIa distance
ladder by comparison is a direct measurement of Hgy because it directly measures the fluxes and
luminosities used to obtain distances and therefore Hy from SNIa. Furthermore, it depends on the
local expansion rate and is thus a local measurement. ACDM describes the evolution of the late
universe and uses this to predict Hy from the parameters derived using the early model from CMB
data. As the predicted Hy value differs from the late universe value, the tension could signal an error
in standard ACDM.

Measurements that are independent of the Planck CMB data set and the SHOEs distance ladder are
important as a check on them. Alternative measurements need to have a high precision comparable to
the precision of SHOEs in order to be considered to be either reinforcing the existence of the tension or
resolving it by showing it does not exist. Blinded analyses are also important to prevent experimenter
bias and provide credibility for results. In a blind analysis, procedures for a measurement are fully
established before the data is examined. In this way, decisions regarding the method are not influenced
by intermediate results. For credibility for the existence of the Hubble tension or in a resolution of
the tension, the authors of [19] insist that all relevant measurements contributing to these must be
reproducible and potential causes of their systematic errors thoroughly investigated to ensure their
accuracy. This is because ‘extraordinary claims, like physics beyond ACDM, require extraordinary

evidence’ [19].

Every determination of Hy is based on an absolute distance scale to which other distances are com-
pared. For determinations made using the CMB and Baryon Acoustic Oscillations (BAO), this scale
is the physical size of the baryon-photon sound horizon at recombination r4(z,) obtained from these
observations. Instead of using the CMB to set the sound horizon, an alternative method is to derive it
by relating the predicted baryon density to measurements of primordial deuterium abundance [114].
The sound horizon predicts the expansion history from z = 1000 to z = 0 which means that distances
cannot be measured directly. The absolute distance scale in the distance ladder is obtained either by
geometric parallax to the Milky Way Cepheids or Tip of the Red Giant Branch (TRGB) stars (see
figure ; or by the distance to a nearby star galaxy measured using detached eclipsing binaries or
via maser emission. The value of Hy is only as accurate as the value of the absolute distance used in

calibration.
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The methods to obtain the SHOEs and Planck Hg values are discussed in detail later in this
chapter, as well as those of some alternative measurements. They are divided into ‘early’ and ‘late’
measurements following the definitions given in [43]. ‘Early’ measurements are those that are made
by early universe (z > 1000) physics which are described by ACDM; whereas a ‘late’ measurement
is one which is measured in the late universe (0 < z < 1000), with or without the inclusion of the
late-time behaviour of ACDM. ‘Early’ and ‘late’ refer to the epoch of the ACDM model used (e.g.
post- or pre-recombination), not the redshift where the measurement is made. A test is whether
or not a measurement depends on the number of neutrinos in ACDM: if it does, then it belongs in
the ‘early’ category. Tracing the chain of calibration is also useful in establishing to which category
a measurement belongs. In general, early universe measurements give lower values of Hy than late

universe ones - this indicates their corroboration of the Planck and SHOEs values.

The underlying method to measuring Hy directly is to use independent measurements of redshift
(to obtain the recession velocity) and distance in Hubble’s law ([1.22). In 1929, Edwin Hubble made
the first Hy measurement using 18 galaxies with known z and distance of Hy = 500 km s~ Mpc~! with
large errors [72]. He determined the distance to other galaxies by observing their Cepheid variable
stars [50]. Measurements of redshift can be made by comparing observed spectra with known spectra
for different elements, assuming the latter were the same in the past. Flux is dependent on the
distance from the source. For standard candles, flux is related to distance by the inverse square law:

intensity o Flux can also be given as u, the source’s apparent magnitude: therefore,

distance?’
magnitude can be used as a proxy for distance. For intrinsically alike, relatively nearby sources, the
magnitude is linearly related to redshift [50], like Hubble’s law which is a linear relation between
velocity v and distance d:

U:Hod . (21)

This is a result of the expansion of the universe [50].

Determining cosmological distances is a challenge because they cannot be measured directly. A
distance ladder, a succession of techniques to determine distances, is one way of addressing this. Each
rung of the ladder provides information to determine distances at the next rung: local objects with
known distances are used to calibrate objects that are further away. In the SHOEs distance ladder,
variable stars Cepheids are used to calibrate Type Ia supernovae in the Large Magellanic Cloud
(LMC). This distance ladder is discussed further in section Alternative distance ladders use
a different type of star instead of Cepheids to calibrate SNIa; and others substitute another distant
object for SNIa. The Carnegie-Chicago Hubble Project (CCHP) [55] calibrate SNIa with Tip of the
Red Giant Branch (TRGB) stars instead of Cepheids. TRGB is where peak brightness is acheived
by red giant stars when they transition from burning hydrogen to burning helium in the core, and
is observed in SNIa host galaxies by the Hubble Space Telescope (HST) up to ~ 20 Mpc. TRGB
distance measurements in the LMC are used to calibrate 18 SNIa across 14 host galaxies, with a result
of Hy = 69.8+ 1.9kms 'Mpc~!, which supports the early universe value. Different estimates of dust
extinction of the TRGB in the LMC and calibration changes [I14] lead to a different result from the
TRGB distance ladder of Hy = 72.4 4+ 1.9kms~'Mpc~! [145] which supports the late universe value.

Miras are also used instead of Cepheids to calibrate SNIa in distance ladders. Miras are oxygen rich
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variable red giant stars that come from older stellar populations and are brighter than Cepheids. They
are present in ellipticals and halo spirals. The Hy value obtained using a Miras-based distance ladder
is Hy = 73.3+3.9kms™ ! Mpc™! [71]. It is anticipated that the TRGB- and Miras-based distance
ladders will improve with data from the recently launched James Webb Space Telescope and new

Gaia data releases [139].

Surface Brightness Fluctuations (SBF) is an alternative distance ladder which is calibrated by
Cepheids or TRGB stars, but is independent of SNIa. This method is based on the fact that the reso-
lution of stars in astrophotography depends on distance: the luminosity of each pixel is due to a given
number of stars, and the Poisson fluctuations from one pixel to another depend on the distance to the
host galaxy [I07]. A recent result using this method is Hy = 76.54+4.0kms™! Mpc~! [139]. The Tully-
Fisher relation is a strong correlation between the maximal rotation velocity of spiral galaxies and their
absolute luminosity: a brighter, and therefore more massive, galaxy must rotate faster to compensate
for the gravitational attraction of its mass [107]. It is used in distance ladders calibrated by TRGB stars
and Cepheids. A recent result using the Tully-Fisher relation is Hy = 75.1+ 2.8kms~! Mpc™! [124].
Type II supernovae (SNII), which are formed by the explosion of massive stars which leads to a resid-
ual black hole or neutron star and differ from SNIa in that their optical spectrum includes hydrogen
traces [107], can also be used as the last rung of a distance ladder instead of SNIa. A recent result of
this is Ho = 75.875 5 kms™! Mpc™! [37].

There are various direct methods of determining Hy that do not rely on a distance ladder. The

Megamaser Cosmology Project [106] measures Hy = 73.9 + 3.0kms™! Mpc~!

using geometric dis-
tance measurements to six megamaser-hosting galaxies which are in the Hubble flow: the distances
are measured using observations of water masers orbiting supermassive black holes. The preci-
sion of this method is limited by sample size and may not reach below 1% [139]. A method us-
ing cosmic chronometers is also independent of a distance ladder. Cosmic chronometers are also
called cosmic clocks because they are objects, for example the oldest elliptical galaxies, whose time-

evolution is known or well-modelled. This method determines Hy by finding a change in a cosmic
dz

dt
Hy=71.0+ 2.8 km s~! Mpc~! [139]. There are many systematic uncertainties in all the astrophysics

chronometer across a change in redshift, using H(z) o [43]. A recent value, assuming ACDM, is
in this method and more work on uncertainties is still needed [43], [139]. Age estimates of the oldest
objects in the universe can be combined with measurements of the present day matter density £, o
to determine the Hubble constant: globular clusters give Hy = 71 4 2.8 km s~ Mpc™!, whereas very
low metallicity stars give Hy = 69.3£2.7kms~! Mpc~! [76]. The use of y-ray attenuation data under
the assumption of flat ACDM gives Hy = 68.0'511:% kms~! Mpc~! [46]. Other examples of measuring
H, without a distance ladder include the expansion of the photospheres of SNII [57] and the Sunyaev-
Zel’dovich effect [82]. Lensing is a major method in this category of direct measurements that are
independent of a distance ladder - it is discussed in detail further in this chapter in section The
latest lensing result from TDCOSMO IV, which includes information from SLACS (the Sloan Lens
ACS sample), is Hy = 67.4f§:% kms~! Mpc~! [19]. Tt seems to support the early universe value.

Averaging various measurements together in different combinations by excluding a particular
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method (distance ladders with: Cepheids, TRGB, Miras or SNIa; lensing), geometric calibration
(parallaxes, masers, detached eclipsing binaries) or a team in each combination to avoid overlapping
data gives a tension with Planck of 4.5 — 6.3¢ [114]. A similar averaging is performed in [139] which
finds tension between the early and late universe of 4 —5.80. This suggests that the the tension is both
highly significant and does not seem to be the fault of an error with any one method or calibration.
Even if there are multiple systematic errors in the different measurements, taking them into account

is unlikely to resolve the Hubble tension [43].

The inverse distance ladder uses absolute distance measurements from lensing or BAO calibrated
by the CMB at high redshift as an anchor for the supernovae relative distances, and then extrapolates
to z = 0, assuming a prior on the sound horizon at recombination rs(z.). Using an inverse distance
ladder and blinded analysis on BAO, Dark Energy Survey (DES) and low-z SNIa data results in
Hy = 67.8+ 1.3kms~! Mpc™! [88], which is consistent with Planck.

Most of the values of Hy that appear in this chapter are shown in figure divided into the early
and late universe with the ‘main’ Planck and SHOEs 2020 data shown as shaded bars for comparison.
In general, the early universe values agree with the Planck value and the late universe values agree
with the SHOEs 2020 value. However, many of the late universe values have much larger error bars
than the early universe values, and some agree with the Planck value but do not have good enough

precision to resolve the tension.

The rest of this chapter is divided into discussions of early universe measurements in section [2.1
and late universe measurements in section 2.2} In the early universe section, the inference of Hy from
the CMB and BAO is explained. In the late universe section is a summary of distance cosmology,
followed by a discussion of the SNIa distance ladder in section the determination of Hy from
gravitational time delays, referred to as ‘lensing’ in [2.2.2] with a summary of the different lensing

results in figure 2.6} and then finally gravitational waves in section [2.2.3
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Ho values for various analyses and data sets

inverse distance ladder: 67.8+1.3
BAO + BBN: 68.4+1.1

BAO + CMB WMAP: 68.3+0.72
BAO + CMB ACTPol: 67.23+0.8
BAO + CMB SPT-SZ: 68.52+0.9
BAO+BBN: 67.6+1.1

non-flat Planck CMB 2018: 63.673}
DES + BAO: 67.4+13

WMAP: 71.0%38

EARLY

Planck 2018 + CMB lensing: 67.36+0.54

LATE

GW170814 reanalysis: 68.9737

GW170814: 70.0+3%°

Tully-Fisher: 75.1+2.8

gamma ray attenuation: 68.043
globular clusters: 71.0+£2.8 =

very low metallicity stars: 69.3+2.7 = I-
Cosmic Chronometers: 71.0£2.8 =

Megamaser Cosmology Project: 73.9+3.0 —

SNII distance ladder: 75.8133
Miras: 73.3£3.9

TRGB: 72.4+1.9 —

CCHP TRGB: 69.8+1.9 —
SHOEs 2020: 73.2+1.3 —

SHOEs 2019: 74.03+1.42 -

TDCOSMO + SLACS: 67.4+41 o

HOLICOW XIII: 73.3%}7 =

Al

65 70 75 80
Ho (kms~tMpc™1)

Figure 2.1: Many of the values of Hy that appear in chapter 2, divided into early and late universe
values. The shaded bar represents the Planck CMB value, while the cross-hatched bar represents the
SHOEs 2020 value.
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2.1 Early universe measurements

Prior to recombination, hot hydrogen and helium plasma oscillated between the competing effects of
gravitational collapse and radiation pressure [50]. This resulted in density waves in the plasma with a
relativistic sound speed that allowed them to propagate over cosmological distances: they did so until
free electrons and protons combined to form neutral atoms. The photons were then free to stream out
of the baryonic density fluctuations to form the cosmic microwave background (CMB). The reduced
photon pressure resulted in a decrease of the sound speed of the density waves, which were then
frozen into the distribution of baryonic gas at the last scattering surface z ~ 1100. As the gas cooled
and formed stars and galaxies, the memory of the early plasma waves imprinted into the large scale
distribution of galaxies, causing small oscillations in the galaxy power spectrum called the Baryon
Acoustic Oscillations (BAO). The BAO evolves with redshift whereas oscillations imprint in the CMB
at the redshift of decoupling only. BAO is a standard ruler (i.e. absolute distances are known)
and it can probe greater redshifts than SNIa. BAO can be understood with linear analysis, and is

independent of the highly nonlinear astrophysics of individual objects like supernovae or galaxies [50].

The angular scale 6., the angular size of the sound horizon, shown in figure corresponds to
how far a plasma sound wave could have travelled before the epoch of recombination. It is related to
the baryon-photon sound horizon 75 and the angular distance D4 to the redshift when photons and

baryons decouple z, ~ 1100 as

Ts
0, = , 2.2
where the definitions of ry and D4(z,) are
® csdz
L= d 2.
r () an (2.3)
= dz
Da(z) = —_— . 2.4
R (24)

The sound horizon depends on ¢, the sound speed at which the acoustic waves travel in the plasma,

which depends on the ratio of the baryon and photon densities py, p, and is given by
1
V3 (L + 3pp/4p)

Big Bang Nucleosynthesis (BBN) gives the ratio of baryonic matter to radiation in the universe, and

(2.5)

Cs —

the CMB is then used to infer the amount of radiation.
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Figure 2.2: The angular scale 0, is the angle subtended by the sound horizon rg at decoupling and

the angular diameter distance D 4. The dotted section represents the surface of last scattering.

The angular scale is precisely known from CMB anisotropies and can be directly read off the peak

spacing of the CMB as
T

~ a0
where ¢ are CMB modes [81]. It is clear from equation (2.4) that D4(zs) is sensitive to H(z) at
late times (post-recombination); whereas in equation (2.3)) r is sensitive to H(z) at early times (pre-

recombination). This shows that rs is independent of Hy. From equations (2.2)) - (2.4), the angular

scale is proportional to Hy as

0. (2.6)

0, xrsHy (2.7)

and the value of r is needed in order to infer Hy from the CMB. In summary: Hj is estimated from
CMB data, assuming a model, by first deriving rs at z, from measurements of baryon and matter
density; 0, is read off the CMB peaks and D 4(z,) is derived from ; then H(z) is derived from .
Similarly, the angular scale for the BAO is related to the comoving sound horizon 75 at decoupling,
which is provided by the BAO scale, and the average angular diameter distance to a sample of galaxies

used for measurement D (zg) as:
Ts

DA(Zgl)
The above shows that the inference of Hy from CMB and BAO data is only as good as the knowledge

Oao = (2.8)

of the baryon-photon sound horizon. As will be discussed in chapter [3, many attempts at resolving
the Hubble tension involve increasing the value of r; by adjusting the early physics and background
parameters, such as the density of matter and baryons, in order to realise a higher CMB-inferred
Hy value. The sound horizon r, is constant after recombination: the tension is mostly independent

of H(z) between z ~ 0.7, the redshift of BAO observations, and recombination. Thus, a proposed
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solution that significantly changes the value of the early universe Hy to resolve the Hubble tension

should rely on new physics before recombination.

The Hubble constant is not a free parameter: the Friedmann equation shows that it cannot
be varied independently of the matter content of the universe. The influence of Hy on the angular
power spectrum of the CMB depends on the dimensionless densities that are kept constant when its
value is varied. If the early Hj is decreased, matter-radiation equality occurs later, which increases

the amplitude of the acoustic peaks in the CMB [107].

The CMB allows a precise and indirect inference of Hy to be made under the assumption of a
cosmological model. The angular size of the sound horizon and constraints on the energy density of
each component of the ACDM model derived from the Planck 2018 analysis of the CMB give a value
of Hy = 67.36+0.54kms~! Mpc ™! [8]. This is for a fit of flat ACDM to the CMB. A fit of the non-flat
ACDM to the CMB results in Hy = 63.6753kms™! Mpc~! [§]. The Planck CMB observations give
the best current calibration of ACDM parameters which give the most precise estimate of Hy; however
the observations rely on the assumptions that ACDM makes about the nature of dark matter, dark
energy and relativistic particles. Thus, the Hubble tension appears to indicate some inaccuracy or

omission in the ACDM model.

The Hubble constant is inferred from BAO using equation (2.8)): it is the same way as from the
CMB, but without the CMB anisotropy data. A measurement of the baryon density in the early
universe inferred from BBN data is combined with late universe measurements of matter density
to calibrate the BAO-measured sound horizon to give a value of Hy. This method, independent
of the CMB and distance ladder, is anchored in the early universe using a combination of galaxy
clustering and weak lensing measurements from the Dark Energy Survey (DES) data, BAO from
the Baryon Oscillation Spectroscopic Survey (BOSS) and BBN measurements gives a result of Hy =
67.47 13 kms™! Mpc™! [3] - a nearly identical value to the Planck CMB value but with error bars of

double the size.

Other sets of data combined with BAO data give varying values of Hy. BOSS BAO data anal-
ysed with a weak BBN prior gives Hy = 67.6 + 1.1kms~' Mpc™! [35]. Under the assumption of
flat ACDM, a combination of the full-shape analysis of BAO in the BOSS data set and BBN data
gives a 1.6% precision measurement of Hy = 68.6 + 1.1kms~! Mpc™! [I08]. Galaxy and Lyman-a
forest BAO data together with a precise estimate of the primordial deuterium abundance result in
Hy = 66.98 + 1.18 kms~!Mpc™! for flat ACDM [4]. Note that the above four results are com-
pletely independent of the CMB. The following three results combine BAO data sets with CMB
data that do not come from Planck: SPT-SZ (South Pole Telescope SZ camera) CMB data gives
Hy = 68.52 4+ 0.9kms™ ! Mpc™!; CMB data from ACTPol (Atacama Cosmology Telescope Polariza-
tion camera) results in Hy = 67.23 £ 0.8kms™! Mpc~!; and Wilkinson Microwave Anisotropy Probe
(WMAP) CMB data gives Hy = 68.30 & 0.72kms~! Mpc™! [4]. The result from the WMAP CMB
data set alone is Hy = 71f§l kms~' Mpc™! [I34]. Early universe inferences of Hy tend to be larger
than the Planck value when CMB polarization (EE) data, BAO data or additional freedoms in ACDM
are included in the analysis [43]. When the BAO are calibrated with supernovae from the Pantheon
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compilation, the BAO sound horizon measurement is in tension with the CMB value [105].

2.2 Late universe measurements

The test of ACDM and the assumptions made in it is a late universe measurement of H, that is
independent of the CMB and has a 1% precision that is comparable to that of the Planck CMB value.

This section will discuss some of the ways astronomers have attempted to do this.

Distances to objects in small regions around the sun are measured as proper distances, which are
instantaneous distances between source and observer at the time of detection and are expressed in
parsecs. Cosmological distances in an expanding universe are a different matter. It takes a long time
for light from distant objects to reach us, and their separation from us may be much more than when
it was emitted (indeed, the object may no longer exist!). For local measurements, the immediate
separation between us and an object makes sense but not for greater distances. The redshift z of

the spectrum of light emitted by an object is a different measurement of separation. Larger redshifts

imply larger distances. Redshift is defined in equations (|1.44) and (1.47)). A measurement of redshift is

performed by identifying the absorption or emission lines for certain elements in the spectra of distant
objects, measuring their wavelengths and then comparing this with the wavelengths of the absorption

or emission lines.

What is the appropriate way to measure distance when the separation is so vast on cosmological
scales? The coordinate distance cannot be measured and neither can the proper distance: because
light travels along null lines, the proper distance is 0 between emission and observation. Instead,
measurements of the luminosity of objects in nearby galaxies are used to infer the distances to them,

which were introduced in chapter

In FLRW, the angular and luminosity distances are given by

or = s ([ ) 2

D, = (1+z)f</oz;l(il)> . (2.10)

with, as in ,
\/% sin(vVK x) K >0
F) =9 x K=0 . (2.11)
\/iT sinh(vV-Kx) K <0
Using , and noting from that K > 0 if Qiota1 > 1, the luminosity distance as a function
of redshift in FLRW spacetime with K > 0 is given from as

1+z2 . # Hodz'
Dy = ——n— v =0 . 2.12
g Ho/—Qko o < Ko/o H(') > (2:12)

The equation for the source’s observed or apparent magnitude is

= —2.5logq ® + constant . (2.13)
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Substituting (1.68]) into this leads to

i = —2.5logg Lsource + 5 logy D1, + constant (2.14)
i = M+ 5logy Dy, + constant (2.15)

where the source’s intrinsic or absolute magnitude is
= *2510g10 LSOUI‘CG . (216)

This shows that the luminosity distance Dy (z) is directly observable from flux measurements. The
expansion history H(z) is given by [50] as

H?(2)

A7) (14 2% 4+ Qoo (14 2)° + Qo (14 2)2 + Qomoexp (3 [ |20 0} am)
H02 = 34r0 m,0 K,0 DE,0 €XP . . .

1+ 2

The source’s absolute and observed magnitudes, p and M, constrain Dy (z) and thus constrain H(z)

for a given Qo and dark energy with equation of state w(z).

2.2.1 Type Ia supernova distance ladder

The Hubble Space Telescope, a telescope that has been orbiting the Earth since 1990, was the first tool
that was able to measure Cepheids further away than a few Mpc. The final result of the Hubble Space
Telescope Key Project [54] using Cepheid distances with a variety of methods and objects (namely,
SNIa, Tully-Fisher relation, SBF, SNII and the fundamental plane) was Hy = 72 + 8kms~! Mpc~t,
which improved to Hy = 74.342.1 kms~! Mpc~! when recalibrated to use improved geometric distance
calibrations to the LMC [56]. The SHOEs project, begun in 2005, is an advanced distance ladder
consisting of improved geometric distances to: the LMC using detached eclipsing binaries, the host
galaxy NGC 4258 using water masers, and Milky Way Cepheids using European Space Agency (ESA)

Gaia parallaxes.

From , a measurement of the flux ® leads to an inference of the absolute luminosity of a
source. If the luminosity is already known and the object is a standard candle, a measurement of the
flux leads to an inference of the luminosity distance D (z). The luminosity of an object can be known
from theoretical modelling or from reliably calibrated distances to nearby examples of it. The distance
ladder starts at the nearest stars, whose distances are measured by parallax, and continues to very
distant galaxies. Parallax is a geometric distance measurement to nearby stars that is independent
of luminosity. As the Earth orbits the Sun, the apparent change over six months in the sky position
of nearby stars as they appear to move with respect to more distant objects can be calculated. This
is the parallax distance and is shown in figure 2.3 The parallax distance is inversely proportional to
the parallax angle p: stars that are closer to us have a larger parallax angle. This means that the
parallax can be measured to any visible object but is only useful within part of the Milky Way [114]:

otherwise the angle is too small to be measured accurately.
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Figure 2.3: The parallax distance is obtained by calculating the apparent change over six months in

the position of nearby stars as the Earth orbits the Sun.

The distance ladder is made up of brightness measurements. For each rung, a standard candle
is identified. The object on the next rung is calibrated by the previous one, which allows objects
at greater distances to be observed. In the SHOEs distance ladder, Cepheids are used to calibrate
the luminosity curves of Type Ia supernovae in the LMC. Cepheids are young and bright variable
supergiant stars that are abundant in nearby and spiral galaxies. Their external atmosphere pulses
with a period of 2-100 days: this pulsation period is independent of distance and is correlated to the
intrinsic luminosity of the star through Leavitt’s law [107], also called the period-luminosity relation,

which can be converted to the period-magnitude relation:
M ~ —3[logo(P) —1.0] —4 (2.18)

where P is the period of the star and M its absolute magnitude. The exact expression depends on
the photometry [89]. The luminosity and absolute magnitude are related through equation .
The luminosity of Cepheids is bright enough that they are visible with the HST up to 40 Mpc. Type
Ta supernovae are supernovae without hydrogen lines in their optical spectrum. SNIla originate from
binary systems where one of the stars is a white dwarf which accretes material from its companion
until its mass exceeds the Chandrasekhar mass limit of 1.4 M. Then it collapses and explodes in
a supernova. The luminosity of an individual supernova is equivalent to or brighter than that of an
entire galaxy (~ 106 LQ), which allows them to be observed up to several hundred Mpc. Supernovae
are the brightest objects in the distance ladder. They are also rare, only occurring once in a century in
a typical galaxy, and so are the last rung of the distance ladder [43]. SNIa allow the Hubble diagram
to be extended to large redshifts (z ~ 2 and further) for which the luminosity-distance relation is no

longer viable [107].
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Figure 2.4: The Type Ia supernova distance ladder. The distances from Earth to nearby Cepheids,
the first rung on the ladder, are obtained using parallax. The parallax distances are used to calibrate
Cepheids in galaxy NGC4258, the second rung on the ladder. The period measurements of the
Cepheids are converted into luminosity measurements which are used to obtain the absolute distance
to the galaxy. The absolute distance to the galaxy calibrates SNIa in NGC4258, the final rung on
the ladder. The flux from distant SNe in the Hubble flow is used to to obtain the luminosity distance
Dr(2) to the SNIa.

The SHOEs distance ladder, shown in figure starts when distances to nearby Cepheids are
obtained using parallax. These distances are used to calibrate Cepheids that are in the same galaxy as
the SNIa. Leavitt’s law is used to convert the Cepheids’ period measurements into luminosity
measurements. This luminosity is then used to obtain the absolute distance to the galaxy, which
in turn is used to calibrate the SNIa. The flux from distant supernovae in the Hubble flow is then
used to obtain the luminosity distance Dy,(z) to the SNIa via equation (1.68). This and the recession
velocity of the galaxy obtained from the redshift finally give Hy via Hubble’s law (1.22). Note that the
distance ladder does not directly measure Hy: it directly measures the absolute luminosity of SNla,

or, equivalently, the distance modulus u — M which is given by equation ([2.15|).
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Questioning the existence of the Hubble tension, [I12] indicates that the Hy value from the SNIa

distance ladder varies depending on the SNIa catalogue used.

2.2.2 Lensing

The light rays emitted by a source, a background object such as a supernova or quasar, are affected
by the gravitational potential of a mass in between the source and the observer, called the lens. The
source is thus observed at different positions to where it actually is, as images. For the purposes of
measuring Hy the source is usually a quasar - the reasoning for this is discussed later in this section.
The light rays emitted by lensed a source take different paths, that have different lengths and pass
through different gravitational potentials, to arrive at different image positions — that is, arrive at an
observer at different times. The difference in the time the light rays take to arrive is called the time
delay At. Hj is inversely proportional to absolute scales of the universe, and as such At oc Hy ! [19].
Time delays rely on late universe physics only, so lensing provides a late measurement of Hy that is
independent of the CMB and distance ladders. This alternative measurement of Hy to SHOEs and
Planck is important as it does not share any source of systematic uncertainty with them [105], and
the distances lensed objects are observed at are larger than those found in the distance ladder [141].
The observables required to obtain Hy from lensing are: the time delay At, the distance between the
observer and the source Dg, and the distance between the observer and the lens D;. If the brightness
of the source varies with time on short scales (weeks - months [121]), the time delay can be measured
by observing the fluxes of the images [141]. The distance between the lens and the source Dy is also
required - it cannot be directly determined from observations but can be derived from D; and Ds. In

addition to these, a lens of the model is needed.

For a source a distance D, from the observer that is lensed by a lens a distance D; from the

observer, as shown in figure the lens equation is
B=60—ad) |, (2.19)

where 5, 6 and « are the 2-D vectors on the plane of the sky of, respectively, the source plane, the
image plane and the change between the original unlensed and the lensed observed position on the

sky of the object. For a single lensing plane,

B=0— g; a0) (2.20)

where & is the physical deflection angle. The lensing potential 1, defined by
a(f) = V() (2.21)

defines the lensing convergence

5(0) = %v?w(a) . (2.22)
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Figure 2.5: The observation of a lensed source. D and D; are the distances from the observer to the
source and the lens respectively; D, is the distance between the source and the lens; 3 is the angular
position on the sky of the source; 6 is the angular position on the sky of the image (where the lensed

source is observed); and & is the physical deflection angle.

The possibility of determining Hy from lensed galaxies was first proposed by Refsdal in 1964 [113].
Refsdal suggested that for a supernova lensed by a galaxy located between it and an observer, the
difference in time that light from the supernova takes to travel along the two paths it follows to the
observer, At, could be measured and used to calculate the Hubble parameter. Refsdal showed that the
Hubble parameter could be expressed by observable quantities only: At, the redshifts of the source
zs and the lens z; (which are assumed to be small), the luminosities of the images L; and Lo and the
angles 1 and 6y at which the images are observed, which sum to 6. Refsdal expressed the Hubble

parameter first as
Zs 2] 0 (91 — (92)

At (zs — 2)

The angles 61 and 65 are almost equal, so their difference would be difficult to measure, Refsdal instead

L Ly(t
used the luminosities of the images L; and Lo. Using the notation L—; = Lg(tl—i(—gt)

between the angular positions of the images can be expressed as follows:

H= (2.23)

, the difference

Ly 02 Ly 6,

-4 71 [Z—) _ d 6, = : 2.24

I, 02 = =0 Is an 1 = (2.24)
V L2

0=0;+60, = 0,=0—-0, and 60, =60-6, . (2.25)

Substituting equation ([2.25]) into equation (2.24]) results in

0/ 1 0
0= ——=——" and fp=—— . (2.26)
B+l A+l
Then,

g
Lo

0 — =10 (2.27)
e+l
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The equation for the Hubble parameter in terms of the luminosities of the images, the redshifts of the

source and the lens, the time delay, and the sum of the angular positions of the images can then be

obtained by substituting equation (2.27)) into (2.23) as

Ly _
25 21 02 L, 1

At (z5 — 2) Ligg
2

H= (2.28)

Present day lensing determinations of Hy use the distances D;, Ds and D;; described in the introduction
to this section instead of the luminosities that Refsdal used. Refsdal made the assumptions that the
lens is spherically symmetric, and that the redshifts of the supernova and the lens are small. Most
galaxies are not spherically symmetric and so information about the mass distribution of the lens needs
to be included in the lens model. Modern lens models are far more complicated and are matched to

observations.

The following is drawn from [33] and uses the FLRW metric (1.1). The dimensionless distance

between the source and an observer at the lens is
D(z,25) = (1+ 25) HoDa(z1,25) (2.29)

where Dy(zy, z5) is the angular diameter distance (1.78)) of a source as observed at the lens. Us-

K
ing (1.104) to obtain /Qx o = 2 and the FLRW metric, equation (2.29) can be written
0

D(z, 2z5) =

\/Qi sinh (\/ " @ dt) . (2.30)

Denoting D(z) = D(0, z), D; = D(z;) and Ds = D(z5), equation ([2.30) is simplified to:

Dls—Dzl,Zs = \/1—|—QK0D D“/l—I-QKoD2 (2.31)

In this way Djs can be obtained from observations of D; and D;.

The time photons arrive at the observer depends on the path length and the gravitational potential
1 (0) the light rays pass through, the latter of which is determined from a mass model of the system.
In strong lensing, the light ray from a source splits into several bundles. The difference in the arrival
times t1 and ty of two light bundles at angular coordinates 61 and 62 on the sky is

1 DDy
Hy Dy,

At(01,02) = f(61,62) (2.32)

where f(61,02) depends on the structure of the lens. Given observations of At, D;, Dy, Qo and a

lens model, Hy can be found using equation and ([2.32)) as
D, Dy f(6h,62)

Hy = 2.
T DL At (2.33)
The excess time delay of an image is given by [121] as
D 0 — B)>
wo.m =22 O v (2.34)
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where Da; is the the time delay distance

Dac = (14 2) 2 ZDS (2.35)
The time delay of the two images is the difference between their excess time delays [19]:
at =2 5001, ) 9002, )) (2.30)
where ¢ is the Fermat potential
o0.0)= | C5 v (287

When constraints on the lensing potential are provided, the time delay distance in equation ([2.36])

becomes [19]: A
cAt
= Ag

c
Hj is inversely proportional to Day as Day = FZ [19], therefore Hy can be determined through
0

Day (2.38)

z A
Hy = . 2.
0="2; (2.39)

Strong lensing time delays between multiple images of lensed quasars are used in determining the
Hubble constant. To avoid bias on the part of experimenters, best practice is to construct a lens model
for each system individually to enable blind analysis [I39]. More recent results employ this. The results
from each individual lens are combined to obtain stronger constraints. The more lenses used, the better
the precision obtained. STRIDES (STRong-lensing Insights into Dark Energy Survey) analysed one
single quadruply lensed quasar resulting in measurement of Hy = 74.2 + 3.0kms ™' Mpc~! with 3.9%
precision [129]. Using three lenses, SHARP (Strong-lensing High Angular Resolution Programme)
obtained Hy = 76.8 + 2.6kms~ Mpc™! [28]. The HOLICOW team were a major collaboration in
finding Hp using lensing: HOLiCOW stands for Hp Lenses in COSMOGRAIL’s Wellspring, with
COSMOGRALIL standing for COsmologial MOnitoring of GRAvitational Lenses. HOLICOW analysis
is completely independent of the SNIa distance ladder and the CMB. HOLiICOW XII [121] is the blind
analysis of one quadruply-imaged gravitationally lensed quasar, with a 6.6% precision result of Hy =
71.6735 kms~! Mpc~!. With four lenses, HOLICOW IX [18] determined Hy = 72.5732 kms~! Mpc ™!,

a 3% precision determination.

HOLiCOW XIII [I41] is a joint analysis of six gravitationally lensed quasars with measured
time delays. All lenses except one are analyzed blindly. Hy in each lens individually is measured
to a precision of 4.3 — 9.1%. In the joint analysis, the Hubble constant found in flat ACDM is
Hy = 73.3'3:; kms~! Mpc~!. This 2.4% precision value agrees with the SHOEs 2020 value, and is in
3.10 tension with the Planck CMB value. In [90], all six lenses are reanalysed blindly, and the the

precision improves to ~ 2% [19].

The TDCOSMO collaboration is formed by members of HOLICOW, STRIDES, COSMOGRAIL
and SHARP, and has reanalyzed their lens systems to obtain new values of Hy with a focus on the

inclusion of all uncertainties. The dominant source of residual uncertainty in lensing is the mass-sheet
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transform (MST) — a discussion of the MST appears later. TDCOSMO deals with the effect of the MST
differently than HOLICOW. The time delays in the TDCOSMO 1V [19] sample of seven lensed quasars
(6 from HOLiICOW) gives Hy = 74.572%kms™ Mpc™!. The inclusion of observations of kinematics
from an independent set of 33 gravitational lenses in the Sloan Lens ACS sample (SLACS) to constrain
the galaxy lens mass profiles substantially lowers the value to Hy = 67.4'_%% kms~! Mpc™! [19]. This
is performed under the assumption that the TDCOSMO and SLACS galaxies are originate in the
same underlying parent population in terms of mass profiles and kinematic properties. HOLiICOW,
TDCOSMO and TDCOSMO + SLACS agree statistically; and the TDCOSMO-only analysis is con-
sistent with HOLICOW /STRIDES/SHARP, the only difference being a significantly larger uncertainty,
which is expected because of the reduced assumptions. The addition of SLACS to TDCOSMO reduces
the uncertainty to 5% and reduces Hy by ~ 6. The collaboration suggests that the reason for the
lower value could be either that elliptical galaxies are more radially anisotropic than the prior used to
model TDCOSMO galaxies, or that TDCOSMO and SLACS galaxies are different. The late universe
TDCOSMO + SLACS Hj value agrees with the early universe value; however, the uncertainties are

so large that it cannot be said to resolve the Hubble tension.

The different Hy values and the varying sizes of their uncertainties obtained using lensing data
are depicted graphically in the top half of figure It is clear that the large uncertainties mean it is
difficult to compare lensing results with the high precision SHOEs and Planck values; and thus they
do not contribute much to the Hubble tension debate beyond that the values tend to be large like the

late universe SNIa distance ladder value.

Lensing Hq results

% LENSING ONLY
SHARP: 76.8+2.6 — % ® :
TDCOSMO + SLACS: 67.4+41 — : é :
TDCOSMO IV: 74.5+3¢ - % I_ :
HOLICOW XIII: 73.3+}7 %
STRIDES: 74.2+3.0 - %
weak lensing + BBN + BAO: 67.74+0.9 - LENSING +
OTHER DATA
HOLICOW XIll + SNla: 73.8+1.1 —
1 1 1 1 1 1 1 1 1
64 66 68 70 72 74 76 78 80

Ho (kms~tMpc™1)

Figure 2.6: The values of Hy found using lensing data, divided into those found using only lensing
data and those determined with lensing data in combination with other data sets. The shaded region

represents the Planck CMB value, while the cross-hatched region represents the SHOEs 2020 value.
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The combination of constraints from lensing and other probes improves the precision and re-
duces the uncertainty of Hy results, as can be seen in figure [2.6| which shows Hy from lensing data
only as well as Hg from lensing data combined with data from other sources. When the HOLICOW
XIII analysis time delay distances are used to anchor the SHOEs SNIa distance ladder - something
that can be performed because the two data sets are independent of each other - the result is
Ho= 738 4+ 1.1 km s~! Mpc™}, which is in 5.30 tension with Planck [141] and has a smaller
uncertainty than HOLICOW lensing alone. As might be expected, the result from the addition of late
universe (SNIa) data agrees with the SHOEs 2020 value; and the addition of early universe (BAO)
data results in values in agreement with Planck. Using weak lensing and BBN to calibrate the sound
horizon measured by BAO, [61] finds Hy = 67.744+0.9km s~ Mpc~!. Using an inverse distance ladder
with lensing and SNIa distance measurements, [I35] consistently find Hy = 73 — 74 regardless of the

cosmological model used.

A main source of uncertainty in time-delay cosmography is the mass-sheet transform (MST), a
mathematical degeneracy that is the addition of a uniform mass sheet which adjusts the absolute time-
delay while not changing the lensing observables [121], [I9]. This results in the rescaling of the inferred
Hy. The MST can be broken by stellar kinematics, which is the approach taken by TDCOSMO. It can
also be broken by making assumptions about the mass-density profile of the lens. This is the strategy
adopted by HOLICOW and STRIDES, where the mass density profiles of the lenses are described
by either stars, or a power-law with standard dark matter halos. All other mass along the line of
sight between the observer and the source besides the mass of the lens explicitly included in the lens
model also contribute to the gravitational potential ¢ that light rays traverse. They cause additional
focussing and defocussing of light rays, which affects the observed time delays. If the effects are small,
they can be approximated using an external convergence term (the lensing convergence is defined

by (2.22) in the lens plane, Kext, defined by [141] with

Dmodel

Dy = —Bt 2.40
At 1 — Kext ’ ( )

where Da;¢ is the true time delay distance and Dgfdel is the time delay distance inferred from
the lens model and the measured time delays. If lenses are randomly distributed, the average of
Kext Over a large enough sample should be 0. However, lens galaxies tend to be located in overdense
environments which means kext Will not average out, resulting in a bias on Da; which needs to be
corrected for. The external convergence term keyxt cannot be constrained from a lens model and must
be estimated using other methods. The effect of the MST can be alleviated by estimating the mass
distribution along the line of sight and assuming the physical mass of the lens approaches 0 at a
large radius. Furthermore, if the integrated contribution of the line of sight structures approximates a
uniform mass-sheet, the bias on Hy is corrected for by kext [85]. But, a realistic line of sight consists of
many galaxies at different redshifts, and ke over estimates the bias. The authors of [85] recommend

that multiple lens planes be included in lens modelling to account for this.

When Refsdal [IT3] first proposed the use of gravitational lenses to determine Hy in 1964, it
was with supernovae as the source. However, lensed supernovae with multiple resolved images are
extremely rare - only three have been observed so far: SN Refsdal, LSN Ia iPTF16geu, and AT2016jka,
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only one of which is confirmed to be Type Ia [73]. Therefore lensed quasars are used instead due to their
abundance, as well as their brightness and variability which allow for observations at greater distances
than supernovae would [I41]. These greater distances mean that it can no longer be assumed that z
is small, and the results depend on the choice of cosmological model. This allows models to be tested.
Quasars or ‘quasi-stellar objects’ (QSO) are very active galactic centres which are bright enough to
be observed at redshifts of up to to z ~ 7 [47]. Astronomers believe that quasars are created by the
accretion of gas on to massive black holes, typically 10° Mg [128]. Double or multiple images of distant
quasars were the first astronomical gravitationally lensed phenomena observed (besides solar light
bending) [50]: QSO 09574561 (known as the Twin Quasar), at redshift z = 1.41, discovered in 1979,
was the first observed gravitationally lensed object, and more than 10* quasars have been observed
since [107]. The advantages of strongly lensed SNIa over quasars is discussed in [73]. Supernovae
fade away over time, and thus allow for measurements of the stellar kinematics of the lens galaxy
and the surface brightness distribution of the lens galaxy. These break model degeneracies such
as the mass-sheet transformation. An upcoming survey, the Rubin Observatory Legacy Survey of
Space and Time [I], expects to find ~ 10? lensed supernovae, of which 10-25 are expected to be
Type la and yield accurate time delay measurements. In anticipation of this, [73] present a machine
learning approach to measure time delays in strongly lensed SNIa. Other lensed sources that could in
the future be used to measure Hy are those that emit both gravitational waves and electromagnetic
radiation [34], [69]. The rate of lensing of gravitational waves is expected to be slow, but [34] find that,
in ACDM, even with only one single gravitational waves lensing event (combined with a Planck €,
prior), the uncertainty of the Hy measurement will be comparable or better to current independent
probes. A significant time delay could be expected from a supermassive binary black hole emitting
electromagnetic radiation and gravitational waves with very small frequencies of ~ 10~® Hz, lensed
by a galaxy of mass Mjeps ~ 1011MO [34]. The probability to observe such an event is of order
1073 — 10~* [34], and could possibly be detected by future Japanese space-based interferometers
DECIGO and B-DECIGO [69].

The aim of the lensing collaborations, as with all independent measurements, is to achieve a 1%
or better precision determination of the Hubble constant for comparison with the SHOEs and Planck
values. The precision of lensing is limited by sample size, but a future expected sample of forty
lenses will deliver 1% precision [I141], and no systematic errors have been discovered in the time delay
cosmography method to prevent this [139]. A plan to improve the methodology to achieve the desired
1% precision is outlined in [19], in addition to the improvements already made with uncertainties as
discussed above. When this precision is achieved, lensing Hy values will contribute significantly to the

Hubble tension conversation.

2.2.3 Gravitational Waves
In 1986 Schutz [126], [127] first described how Hj could be determined from gravitational wave data

and other data gathered from a gravitational wave source. In 2017, the GW170817 neutron star

merger event was the first time a source was measured through both its gravitational waves (GW)
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and electromagnetic (EM) radiation. With the GW data providing the luminosity distance to and
the EM data the redshift of the source, the Hubble constant could be obtained. The result was
Hy = 70.0fé%0 kms~! Mpc™! [2]. While the error bars are large, this independent measurement is in
line with the Planck and SHOEs values.

The tensor field h,, describes gravitational waves and their dynamics in general relativity. The
quadrupole formula, which consists only of spatial components because GW are orthogonal to their
propagation direction and so the components of h,, with time indices do not radiate, is [67]
2G 1 d?I

it = A D, A

(2.41)

where G is the gravitational constant, Dy, is the luminosity distance to the source given by equation

(1.79), c is the speed of light, and I, is the mass quadrupole moment of the source given by

1
Lik =/ pm [7"}7“2 - g(r')zf% } : (2.42)

The quadrupole moment shows that the amplitude of the GW is inversely proportional to the
luminosity distance to the source. If the variation of the quadrupole mass moment with time is known,
a measurement of the GW amplitude results in a value for Dy, and therefore of Hy, without the use
of a distance ladder. Schutz [126] showed that the measured data from gravitational waves emitted by
neutron star binaries just before coalescence can be used to derive this. He considered a neutron star
binary in a circular orbit. The frequency of the orbit f depends on the masses of the stars m; and
mo and their separation. The gravitational waves emitted by the binary take energy from the orbit,
which causes the stars to spiral towards each other and reduce their separation. As this occurs, they

orbit each other more quickly: the orbital frequency increases on a timescale 7 (illustrated in figure

and is given by

T = ; , (2.43)
where the rate of change is [67]
.96 (GM\/®
(plus correction terms), with M the chirp mass:
3/5
Mo lmma)” (2.45)

(m1 + m2)1/ 5
The increase in the orbital frequency increases the energy loss of the binary due to the GW, which
further decreases the separation and so on. This is referred to as the binary ‘chirping’: the gravitational
waves transition at a high rate, as can be seen in figure from being emitted at low frequency to high
frequency whilst increasing their amplitude. The rate of change of frequency relies on one parameter
only, the chirp mass M. Figure 2.7 shows that a binary with a smaller chirp mass has a larger initial
time scale over which the orbital frequency increases as compared to one with a larger chirp mass. But,
regardless of the chirp mass, the time scale decreases rapidly and the time it takes for the frequency
with which the components orbit each other to increase becomes very small. The larger the chirp
mass, the more rapidly the time scale decreases: the merger takes less time to occur for larger chirp

masses.
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Figure 2.7: The timescale 7 over which the frequency f of the orbit of a binary increases when
gravitational waves are emitted. The upper plot has a chirp mass of M = 0.83 M (individual masses
0.5 My, 2 M), while the lower plot has M = 1.3 M (individual masses 1.4 M, 1.6 M).

The binary inclination ¢ is the angle between the line of sight to the source from the detector and
the normal to the binary’s orbital plane (conventionally, the z-z plane [67]). The binary is viewed
head on if + = 0° and edge-on if ¢ = 180°. Gravitational waves have two polarizations given by the
amplitudes hy and hy which, for GW propagating along the z-axis, act along the x and y axes, and

along axes rotated 45° from the z and y axes respectively. The equations for the amplitude are

9 5/3
hy = ch (GC;M> f2/3 (1+ cos®t) cos2®(t) and (2.46)
L
5/3
hy = éic (Gé%) F23 cost sin28(t) (2.47)
L C

where ®(t) is the accumulated orbital phase which is obtained by integrating f over the total time

the measurement occurred [67].

When gravitational waves are measured, the wave form is matched to a model template. In this
way, the frequency f and its rate of change f are obtained and the chirp mass M is determined
through equation . If more than one polarization of the GW is measured (i.e. from different
detectors in different places), a ratio of their amplitudes and determines the inclination
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angle ¢. Then, substituting M and ¢ into or , the luminosity distance to the source Dy,
can be obtained. In this way, GW act similarly to SNIa standard candles. GW detection is more like
hearing than seeing and so GW are called ‘standard sirens’ [67]. Standard candles and standard sirens
are both used to determine Dj with a constant known quantity, which is luminosity for standard
candles and the chirp mass for standard sirens. The advantage of gravitational waves is that they are
understood from first principles whereas Type Ia supernovae are not [67]. If the gravitational wave
event has an electromagnetic counterpart that is observed, a measurement of its or its host galaxy’s

spectrum results in the redshift z of the event. The recession velocity of the galaxy is then used in
Hubble’s law ([1.22]) to obtain Hy.

In 2017, a gravitational wave signal from a neutron star binary merger was detected and named
GW170817, and the results presented in [2]. The location of its source was derived using three GW
detectors: LIGO Livingston, LIGO Hanford and Virgo. A few seconds after the signal was detected,
a gamma ray burst was observed in a region consistent with the derived location of the GW source.
The galaxy NGC 4993 was observed optically in a similar region and it is assumed that it is the host
galaxy, and the location of the GW source on the sky is fixed to its location. The recession velocity v
is estimated at the position of NGC 4993 and corrected for local peculiar velocities which come from
the random relative motions of nearby galaxies; and Hy is then obtained using Hubble’s law
as Hy = 70.073%°kms™' Mpc~!. An improvement in radio signals [68] resulted in a final value of
Hy = 68.9'511:(75 kms~ Mpc™! from GW170817, consistent with both Planck and local values due to
the large errors. Discussions on the reduction of systematics in GW standard siren measurements

with regards to peculiar velocities appear in [64] and [94].

Hjy has also been measured from binary black hole mergers observed by LIGO and Virgo. The
luminosity distance from binary black hole merger GW170814 and redshift information from the DES
galaxy catalogue produced Hy = 75Jj§g kms~! Mpc~! [133]. Hy has been estimated from binary black
hole merger GW190521 with similarly large uncertainties in [58] and [93]. A combination of the three
events GW170814, GW170817 and GW190814 resulted in Hy = 72.07 33" kms~! Mpc ™! [100].

At present, the precision of the GW determination of Hy means it can neither confirm not deny
the existence of the Hubble tension. The expected increase in the event rate and combinations of
sirens should improve the constraint on Hy from GW events. It has been calculated that 20 - 30
observations of GW events will yield Hy to 2% precision [29], which will make it comparable with
SHOEs and Planck and able to contribute to the study of the Hubble tension. KAGRA and LIGO-
India are planned detectors that will join Virgo and the current LIGO detectors. Future ground-based
detectors the Cosmic Explorer and Einstein telescope will be able to measure practically all neutron
star mergers in the universe. The planned space-borne LISA will also be able to detect more GW

events.
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Chapter 3

Solutions

The reduction in the uncertainties and increase in precision for both the CMB and local values of
the Hubble constant Hy, as discussed in chapter [2| suggests that the tension between them is likely
not due to errors in measurements but rather either an error in or an exclusion from our current
cosmological model. The inference of Hy from the CMB depends on the entire expansion history and
so modifications to increase its value are to the cosmological model: an introduction of some kind of
new physics to expand ACDM may relieve the tension. The early universe Hy relies on angular scales,
such as 6, as shown in equation (2.7). The angular scale depends on equation , the ratio of the
sound horizon rg to the angular diameter distance D 4(z4), at z, the redshift of recombination. For
the angular scale to remain fixed while the Hy value is increased, rs and D 4(z,) must both decrease.
For the early universe Hy value to be reconciled with the late universe value, the CMB inferred sound
horizon must be lowered by ~ 7% [139]. As introduced in Section both the CMB and BAO values
of Hy rely on the value of the sound horizon rg after decoupling. For the BAO Hj value to agree
with the low Hy value inferred from the CMB, the BAO must constrain a large r; value; however
for it to agree with the SHOEs high Hy value, it must constrain a low r; value. This is called the
‘sound horizon problem’ [43]. For there to be agreement between these three data sets (BAO, CMB
and SHOEs), the CMB, assuming a specific model, needs to produce a larger Hy value and lower 7
value [43]. Any new physics or models proposing to do this must ensure that the structure of the CMB
temperature and polarization spectrums, as well as the consistency between Big Bang Nucleosynthesis
(BBN) and the observed abundance of light elements, are preserved. They must be at least as good
as ACDM at describing other cosmological observations. Models containing new physics should only
make changes prior to recombination because any changes to any other period will result in a worse fit
to the CMB - that is, any change to the physical densities must be performed mostly through Hy and
the density parameters themselves [I139]. Some proposed solutions to the Hubble tension could create
new tensions between the CMB and BAO data [43], which must be guarded against. This chapter
will provide an overview of the many schemes that have been proposed as solutions to the Hubble
tension. It is not intended to be exhaustive. Comprehensive reviews of proposed solutions to the Hy
tension appear in [39], [81] (which provides guidance on model building), [43] and [125]. The focus in

this chapter will be on late time solutions and why they do not seem viable, and on early dark energy.
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The first question to be considered is: what qualifies a theory or model as a potential solution?
What does it need to satisfy? It is necessary for solutions to reproduce standard cosmological results.
For example, models whose early universe is different from ACDM must be in good agreement with
the CMB. In [14], a list of seven assumptions has been compiled, of which it is proposed at least one
needs to be broken for a model or theory to possibly alleviate the Hubble tension. These assumptions

are listed below.

1. The laws of General Relativity and Einstein’s Field Equations (EFE) in equation (1.80) are a

good approximation of the physics of the universe on cosmological scales.

2. The universe is spatially isotropic and homogeneous at large scales. Then, the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric (1.1]) applies.

3. The universe has no significant spatial curvature: that is, K = 0 and the FLRW metric (1.1
reduces to
ds® = —dt* + a(t)? [da® + dy* + d2?] (3.1)

and the Friedmann equation (|1.2]) reduces to

1) =22 00e) (3.2)

4. The relationship between the scale factor and redshift is:

1
t) = .
alt) =1
This means that z can be used as a time variable. The angular diameter distance ([1.78]) can be

re-written using (3.2)) as

(3.3)

Zx dzl
D = _— 3.4
S S () (34)

3 2 d
Dy = 4 / , 3.5
A 871G 0 p(z/) ( )

where z, is the redshift of recombination.

5. The variation with redshift of a model specific density p, is constrained by

0py

> i .

5 0 for z<z, with (3.6)
1+ 2 3

p) = )+l (152) (3.7)

The total matter density p(z) is the sum of model specific effects, given by p,, and the dilution
due to expansion of p,,(z«), the matter density at decoupling. The change in p, after decoupling
is shown in equation (3.6)): after decoupling there is no net matter creation due to p, and no
decay from p,, contributing to p,. Using the total matter density given in in equation ,
and applying assumption 5 as given in , results in the following constraint:

Dy < 3/ dz . (3.8)
\/; ot (12) 400
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The remaining two assumptions are observational not theoretical.

6. There are no significant unaccounted for systematic or model-induced errors in the Planck anal-
ysis of the CMB.

7. There are no significant unaccounted for systematic or model-induced errors in the distance
measurements of late-time measurements, especially for measured redshifts and absolute lumi-

nosities.

From equation (3.2)), p(z = 0) and Hj are directly related. Then, under the seven above assump-
tions, the following holds: for a given Hy value, there is a maximal value of D 4 in the analysis of the
CMB under the assumption of ACDM. This means that any other model will have a lower D 4 value.
However, D4 is fixed by observations, so any model satisfying all seven assumptions would need a
lower value of Hy than the CMB value in order for equation to hold. But late time observations
measure an Hy that is larger than the Planck value. Thus, for a model to obtain a larger value of Hy

from the CMB, it must break at least one of the seven assumptions.

These assumptions provide a framework in which a proposed model can immediately be dismissed
as a possibility if it does not break any of the assumptions. A model that does break one of the
assumptions can then be examined further. The assumptions also provide a starting point from which
a new model that may resolve the tension can be developed. For example, as shown below, there
do not appear to be any proposed theories which break assumption 4 and a potential solution could

possibly start from there. Solutions can be categorised according to which assumptions they break.

The wide variety of independent late universe measurements that are in agreement makes it un-
likely that assumption 7 is untrue, i.e. that there are significant systematics affecting late time distance
measurements. However, effects that act in a similar way to systematics in the late universe could
decrease the angular diameter distance and cause late measurements to overestimate the value of Hy.
Once the overestimation is known and compensated for, a lower value of Hy can be obtained. Exam-
ples of this include photon brightening [81], a local matter void [45] and screened fifth forces [38]. It
is also unlikely that there are significant systematics affecting early observations such that breaking
assumption 6 will resolve the Hubble tension. However, the effects of modifying the sound horizon
could result in apparent systematics that may provide a solution. The lowered sound horizon decreases
D 4, which then results in a larger early universe Hj value. Examples of proposed solutions where the
sound horizon is modified by changing the time of matter-radiation equality include neutrino mass
mechanisms [51] and additional light particles [143]. The sound horizon can also be changed by dark
energy models that change the evolution of the universe just after matter-radiation equality such as
early dark energy [111], which is discussed further in section Modifying the mechanism of recom-
bination by producing a different temperature of recombination or a more stretched recombination
would change the interpretation of the CMB resulting in a different D 4 value. This mimics the effect

of systematics, and would produce a larger early universe Hy value [14].

Some proposed solutions modify the relationship between D4 and the elements of H(z). Examples

of these that change this relationship by breaking assumption 1 are alternative gravitational theories
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that modify GR such as those that appear in [140], [78], [99], and [98], or those that go beyond GR,
such as WACDM, based on tiber-gravity [80]. These types of models have also been used to explain
different phases of the universe such as acceleration at late times. Other proposed solutions that deviate
from perfect spatial flatness or isotropy such that evolution is affected break assumptions 2 and/or 3,
for example an ‘effective’ curvature type contribution from matter dumping [65] and a solution that
breaks isotropy that appears in [I1]. Another category of proposed solutions is those that break post-
recombination assumptions. A model which contains decaying dark matter does not obey and
breaks assumption 5. In these kinds of models, dark matter decays to some component that dilutes
more slowly. This increases the early universe Hy. Part of dark matter decaying into dark radiation
are included in the models proposed in [104], [32] and [62]. In [12], it is shown that cold dark matter
that decays before recombination cannot resolve the tension, and so in [I38] and [20] warm decaying
dark matter is introduced, with constraints provided in [27]. Other kinds of exotic dark energy fall into
this category, such as late dark energy [15] (this is disfavoured according to [96]), time varying dark
energy (vacuum phase transitions) [40], dark energy with phantom crossing [44], as well as coupled or
interacting dark energy in [60], [42], [101], [I02] and [41]. Dark energy with an equation of state w
that is less than the vacuum energy could cause stronger acceleration and resolve the Hubble
tension, however this solution is strongly disfavoured by intermediate redshift measurements [114].
Interacting dark matter and dark energy are models that have also been proposed in [137] and [144],
as well as one where the transfer of energy between dark matter and dark energy changes sign [103].
Interacting dark matter has also been suggested in [70], with self-interacting neutrinos [24]. Other
models could break assumption 4 such that the relationship between the scale factor and redshift
does not hold true. Smaller than expected values for a(z,) will result in larger z, values and
thus a larger integration range in equation . This produces a larger Hubble parameter without
decreasing the fixed D4 value. The Hubble tension is reduced because a larger early universe Hg value
is obtained. There does not appear to be any current research on this approach [14], however it is

difficult to imagine such a scenario where equation (3.3)) is not obeyed.

Solutions to the Hubble tension can also be divided into ‘early’ and ‘late’ categories. Late time
solutions make modifications to the expansion history after recombination to increase the value of the
early universe Hy without altering the sound horizon. These types of solutions, for example wCDM
where the dark energy equation of state w is free to vary, could solve the tension between SHOEs and
the CMB but they disagree with BAO data [43]. On the other hand, early solutions also raise the value
of the early universe Hy but do alter the sound horizon, decreasing it by increasing the expansion rate
H(z) prior to recombination. An increase in the energy density (such as through an early dark energy
component) around recombination will increase the expansion rate, as will the introduction of extra
radiation. These kinds of solutions can alleviate the tension to below 3o [43], but cannot fully resolve
it: models which only reduce the sound horizon can never fully resolve the tension because they do not
agree with other data sets [75]. A model which increases Hy by decreasing the matter density will be
in tension with BAO data because the slopes of the rs — Hy degeneracy lines for BAO and CMB data
are completely different: the CMB and SHOEs cannot be reconciled through a reduction in the sound
horizon without disagreeing with BAO data [75]. If instead the matter density is increased to raise the

value of Hp, the model will be in tension with weak lensing data [75]. Furthermore, the introduction
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of new particles such as additional neutrinos would create new conflicts with the CMB [114]; and the
addition of an extra new exotic energy or an increase in the density of a known energy would affect
the gravitational potentials such that the CMB anisotropy spectra are modified. Thus, a viable model
needs to do more than just modify the sound horizon. These examples again reiterate that proposed

solutions to the Hubble tension need to agree with all current data sets in order to be successful.

One of the early solutions mentioned above is a category of models that introduce extra dark
radiation around recombination. This is quantified by the number of relativistic degrees of freedom

Negr, also known as the effective number of neutrinos. The radiation density is given by

1+ (141>4/3 NQH] , (3.9)

where p,, is the photon density. The ratio of the background temperature of neutrinos 7, to that of

Pr = Py

photons T is given, under the approximation of instantaneous photon decoupling [43], by

T, 4\ 4/3
T = <11> : (3.10)
gl

The standard model has three active massless neutrino families. Introducing additional relativistic
degrees of freedom to this will produce more radiation. The effect of this will be to smear and shift
the acoustic peaks in the damping tail of the CMB temperature power spectrum, as well as to delay
matter-radiation equality [43]. There is a strong degeneracy between Hy and Neg: additional radiation
at recombination could result in a larger early Hy value. A model with additional Neg used to analyse
Planck 2018 will produce an Hy value that is in 3.60 tension with the SHOEs 2020 result [43]. This
is not much of an improvement on the current 4.2¢ tension; and, as mentioned above, this type
of solution will create new conflicts with the CMB. This category of models with additional dark
energy at recombination include sterile neutrinos [59], self-interacting neutrinos and various kinds of
decaying dark matter as mentioned above. If extra free streaming neutrinos are introduced in order to
alleviate the Hubble tension, the fit to the high-¢ CMB angular power spectrum is degraded. However,
the fit can be improved if the neutrinos are instead self-interacting: not free streaming but instead
behaving like tightly coupled radiation (see [24], [21], [22], [63] and [87]). The delayed onset of neutrino
streaming until close to matter radiation epoch requires strong self-interacting neutrinos and produces
Negg = 4.02 £ 0.29 [83]. The introduction of self-interacting neutrinos and additional neutrino species
could result in a larger CMB-inferred Hy value and reduce the tension. Note, however, that the very
strong coupling this requires is difficult to achieve while adhering to other constraints on neutrino
physics [139].

There are other models that have been proposed to resolve the Hubble tension that introduce extra
non-gravitational interactions between components of the universe besides self-interacting neutrinos.
Some, such as interacting dark matter and models where dark matter and dark energy interact have
already been referenced. The latter has also been studied as a way to solve the cosmological constant
problem, the cosmic coincidence problem and to explain phantom dark energy [43]. The basic frame-

work of interacting dark energy, as described in [43], is that the coupling of dark matter and dark
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energy require the continuity equation ((1.94) to be rewritten for dark matter (DM) and dark energy
(DE) as

pom+3Hppm = aQ (3.11)
ppg +3H (1 +wpg)ppr = —aQ (3.12)

where the prime denotes the derivative with respect to the conformal time 7, Q is the interaction rate
which characterizes the energy and/or momentum flow between dark energy and dark matter, and H

is the conformal Hubble rate, given by

a/

=— . (3.13)

a
In standard ACDM, dark matter does not collide with anything. Interacting dark matter is an exten-

sion of this, where dark matter interacts with other components of the universe.

An underdense local universe seems to have been ruled out as a solution to the Hubble tension [114].
The extreme underdensity required for a void like the one proposed in [142] is very unlikely to exist
in the large scale structure (LSS) fluctuations of the ACDM universe [43]; and the SNIa luminosity
distance-redshift relation is in 4 — 5o disagreement with the kind of void that could explain
the tension [79]. Furthermore, there is a lack of evidence for the existence of such an underdensity,
and the probability of such an occurrence exceeds 100 [142]. A similar type of solution is the Swiss
cheese model [53], [52], which is inhomogeneous on small scales but isotropic and homogeneous on
large scales. It has been used to reconcile the value of €2, o obtained by direct measurement with the

inferred value from the Planck results in 2013, but did not do much to resolve the Hubble tension.

The ‘Swiss cheese’ models were proposed to address the ‘Ricci-Weyl” problem. The problem is that
observations of the CMB and supernovae have different sizes of light beams: ~ 5 arc min compared
to ~ 10~7 arc sec. These two observations probe the universe at very different scales, so inhomogeneity
will affect them differently via gravitational lensing. The Riemann tensor R,,,3 can be decomposed
into the Ricci R, and Weyl C),,n3 components. The evolution of the separation vector k# is governed

by the geodesic deviation equation:

uuP VoV = Rﬁaﬁ wu kP (3.14)

The Sachs equation is obtained by projecting the geodesic deviation equation (3.14]) on to the Sachs

basis (s'4) ae1,2 and is:

——— =Ruapk 3.15
d’l}2 AB Y ( )

where
Rap = Ruvap k” k5% 55 (3.16)

is the optical tidal matrix and can be decomposed into the Ricci and Weyl terms which are given by
P 0 —Re ¥y Im ¥
Rag=| + 0 o . (3.17)
0 (I)OQ Im \IJQ Re \I/Q
The first term of (3.17) is the Ricci term and the second term is the Weyl term, with

1
Dy = _iRW k" k¥ and (3.18)

Yy

1
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The Riemann curvature experienced by a light beam is dominated by the Weyl term in a universe with
discrete matter distribution, and by the Ricci term in a universe smoothed on large scales. The Ricci
term focusses light beams, and acts on large beams such as CMB observations; whereas the Weyl term
shears and rotates light beams, acting on narrow beams such as supernova observations. Light beams
behaving differently based on whether they experience Ricci- or Weyl-dominated lensing is called the
Ricci-Weyl problem. Swiss cheese models proposed to address the problem consist of a universe which
is homogeneous on large scales but very inhomogeneous on small scales. In [52] and [53], the Swiss
cheese universe is made of the FLRW universe with multiple holes or spherical voids. The geometry
inside the holes is governed by the Kottler metric, which is an exact solution of the Finstein Field
Equations and is an extension of the Schwarzschild metric with A # 0:

ds® = —A(r) dt® + A_l(r) dr? + r? dQ? (3.20)
with A2
rg r

A =1-—- - — 3.21

=1-"5 A (3.21)

where rg is the Schwarzschild radius. Inside the holes are clumps of matter which model systems
such as clusters of galaxies. The introduction of holes with a Kottler geometry have a negligible
effect on redshift but a significant effect on the luminosity distance Dy (z): reduced Ricci focussing
increases Dr(z). This could result in a smaller direct measurement of Hp, reducing the Hubble
tension. Compared to a homogeneous universe, sources are demagnified: the effect increases with
redshift, and the more lumpy the universe, the greater the effect. In the Swiss cheese models discussed
here, light propagates only through underdense regions. This is different from Swiss cheese models
where the holes exist in a Lemaitre-Tolman-Bondi universe, where light propagates through both and
underdense regions, and is demagnified only if light passes through underdense regions. Ultimately,

the Swiss cheese models do not seem to resolve the Hubble tension.

The effectiveness of various solutions at resolving the Hubble tension can now be considered,
guided by analysis in [43]. Models that are based on introductions of new kinds of dark energy, such
as dynamical or interacting dark energy, appear to be better at resolving the tension than those based
on early dark energy or neutrino-dark matter interactions when considering only their agreement with
the Planck data set. However, this classification ignores the physics behind the model, any tension
with other observations such as BAO and the effect of correlations between data sets. Models that
appear successful at resolving the Hubble tension often disagree with other data sets such as BAO and
the Pantheon supernova catalogue: and often the tension is alleviated because of a larger error bar and
not necessarily by actually changing the Hy value. Considering both Planck and external data, [43]
find that no one solution appears superior to any others at resolving the tension. In comparison,
solutions that introduce additional components in order to increase the expansion rate H(z) in the
decade prior to recombination, including early dark energy and extra relativistic species, are found
by [R1] to be most likely. Again, however, these solutions do not actually increase the early Hy value:

the tension is reduced because of the increase in uncertainty in the values.

This chapter continues with a discussion of the problems facing late time solutions following analysis
in [49] in section and then a comprehensive study of Early Dark Energy in section
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3.1 Late universe solutions

Late universe solutions are those that change the physics in the post-recombination universe, resulting
in a lower Hy value measured at late times. However, these solutions often overlook the fact that the
distance ladder does not directly measure Hy: instead, it measures luminosity. The changes made by
models attempting this approach by rapidly increasing H(z) close to z = 0 do not seem to take this
into account, as discussed in [36] and [49], which results in a suggestion of a resolution to the Hubble
tension when there is none. Luminosity depends on the the integrated expansion history, not just on
Hj. Simply increasing H(z) as z — 0 will not result in a redshift-distance relation that is compatible

with the one that is inferred from the distance ladder [36].

The ‘SNIa luminosity problem’ is a particular interpretation of the Hubble tension [36]. It suggests
that the luminosity inferred from the distance ladder is too dim. A brighter luminosity from SNIa that
are further away would result in a lower late universe Hy value. A possible cause of this is that in the
underlying geometric distance measurements underpinning the distance ladder there are significant
errors [48], [49].

Figure [3.1] shows the Hubble parameter at low redshift, giving the best fit of ACDM from Planck
data in one curve, and the Hubble rate produced with parameters that are chosen to give the SHOEs
2019 Hy value whilst maintaining the fit to BAO constraints at z > 0.3 in the other curve. The latter
curve could be interpreted as a variation in the equation of state of dark energy requiring w < —1
at low z, or as a result of the transference between dark matter and dark energy. These have been
proposed as solutions to the Hubble tension and change the late time dynamics to obtain a lower Hy
value like in the lower curve. Analysis performed using the inverse distance ladder (see chapter [1)
in [49] indicates that changes like these to physics in the late universe cannot resolve the Hubble
tension. Proposed solutions that do so are not viable because the distance ladder does not measure
Hj directly: it directly measures luminosities, or equivalently magnitudes, as discussed in section|2.2.1
A SHOEs Hj prior is imposed in these models whether or not they are consistent with the magnitude-
redshift relation of SNIa, which they need to be. The SHOEs distance ladder in fact measures Mpg, the
absolute peak magnitude of SNIa. Mp is converted to an Hy value via the magnitude-redshift relation:
magnitude and luminosity distance are related through equation . If changes to late time physics
are explored and the results compared with SHOEs results, [49] recommend that Mp should be used
as a parameter instead of Hy (see also [25]); and that when SHOEs data is combined with other data,
a SHOEs prior should be imposed on Mp not Hy. A late time solution that results in Mp agreeing
with SHOEs measurements may resolve the tension. If a SHOEs Hj prior is imposed on a data set that
excludes the Pantheon supernovae sample, evidence for a phantom-like dark energy could be inferred.
However, the Pantheon sample is an essential element in the SHOEs distance ladder, and such dark
energy is strongly disfavoured by the Pantheon magnitude-redshift relation [49]. Furthermore, post-
recombination solutions could introduce new CMB anisotropies at late times which may confuse the

inference of cosmological parameters from the CMB [&1].
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Figure 3.1: The Hubble rate at low redshift. The points are BAO constraints, and the solid line gives
the best fit of ACDM from Planck data, while the dashed curve is produced with parameters chosen
to match the SHOEs 2019 H value whilst fitting to the BAO constraints at z > 0.3. From [49].

Theoretical explanations for the tension that focus on new physics in the decade of expansion
preceding recombination instead seem more plausible, and one example of this is early dark energy,

which is discussed in the next section.

3.2 Early Dark Energy

The introduction of new physics into the early universe seems more likely to be successful at resolving
the Hubble tension than into the late universe. An example of this is to introduce a new source of
energy density that increases the Hubble parameter H(z) just prior to recombination. As can be seen
in equation , a smaller sound horizon will result in an increased early universe Hy value. Early
dark energy (EDE) is a popular new source of energy density. The aim of EDE is to obtain an Hy
value which is larger than the one inferred when fitting ACDM to the CMB, while maintaining the
overall fit to the CMB. EDE is constructed such that the energy density of the EDE component is

only relevant between matter radiation equality and recombination.

As introduced in chapter [2] the angular scale 6, is an observable, and so the ratio between the
sound horizon rs and the angular distance D 4, as given in equation , must remain constant when
new physics is introduced. For the value of Hy to be increased by the ~ 10% required to eliminate
the tension [66], and for 6. to be kept fixed, there needs to be a corresponding ~ 10% decrease in rs.
This requires a change in the expansion history prior to recombination. For this to occur, while also

preserving the rest of CMB physics, an extra contribution to the total energy density is required for
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a brief period just prior to recombination which would be =~ 10% of the total [66]. The new energy
density would need to rapidly decay after the required decrease in r4 is obtained. This new energy is
referred to as early dark energy. It behaves like dark energy at early times, and rapidly decays and
becomes subdominant after a critical redshift z.. EDE changes both the shape and amplitude of the
Hubble parameter [81].

The new source of energy density introduced by EDE models are ultralight scalar fields ¢. They
are much lighter than ultra-light axions and fuzzy dark matter [66]. Various different models of EDE
have been proposed. These include unstable dark energy [10]; New Early Dark Energy [97]; acoustic
dark energy [86]; EDE from massive neutrinos [122]; and monomial potentials [9] - the latter was found
in [I31] to be unfavourable compared to other models. A model presented in [IT1] has a scalar field
that rolls slowly down its potential which is linear at early times and approaches 0 at late times. A
similar model is explored in [66]: ¢ is displaced from its minimum at early times, and once H(z) drops
below the mass of the field, ¢ rolls downs its potential and starts to oscillate around the minimum. If
the potential around the minimum is steeper than a quadratic, the EDE field is dominant in the early
universe only. The oscillating EDE scalar field with potential V (¢) oc ¢?" that appears in [I11] (and
is also discussed in [I10] and [I31]) has been chosen as an illustrative model and will be expanded on
further in this section. This model finds a higher value for the CMB-inferred Hy that alleviates the
Hubble tension whilst preserving the fit to relevant observations. The authors of [ITI] estimate that
for the 2018 SHOEs value, the tension with Planck can be reduced from 3.60 to less than 1.60 by the
introduction of EDE. The specific details of the model do not affect how well the tension is resolved
- as long as at z ~ 5000, approximately 7% of the total energy density comes from EDE, and that
afterwards the EDE decays like radiation or faster. However, n = 3 is favoured because the tension is

then further reduced to 1.20.

Oscillating scalar fields are presented in [I36]. A scalar field ¢ with a potential V(¢) has a
Lagrangian

c:-%m¢W¢—V@). (3.22)

The stress-energy tensor of the scalar field is
T =0Fpd"¢ + Lg" . (3.23)

The equations of motion for the scalar field are obtained by varying its action or from the conservation
of the stress-energy tensor. In a homogeneous and isotropic FLRW cosmology the scalar field is

necessarily homogeneous and its equation of motion is the Klein-Gordon equation

av.

b +3HP+—— =0 3.24
d+3HO+ o (3.24)
where the dot denotes the derivative with respect to proper time ¢. Equation ({3.24]) can be re-written
as follows:
d 1 '2 '2
Rl = 3H? . 2
7 <2 o+ V) 3H ¢ (3.25)
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The energy density ps and pressure py of the scalar field are given by

1.
P = 5 $* +V(¢) and (3.26)
1 -
po = 57V (3.27)
Then, from equation (3.25),
dp
2 = —3H (ps + o) (3.28)
Furthermore,
d _ (dps da” 3.29
7t (Pe @) <dt @ Py (3:29)
= —3H (py +pg)a® +3psa’a (3.30)
= —3H (py+py)a’ +3pga’ H (3.31)
_ sHpd (3:32)
and
da’ 2. 3
P = —3pypa”a=—3Hpgya® . (3.33)
Therefore
4 (ppa’) = —p 4 (a®) (3.34)
e\ ¢ dt ' ‘

Equations (3.25)), (3.28]) and (3.34) show that the energy density pg4 of the scalar field decays because
of the redshifting away of the kinetic part % @2

The scalar field ¢ oscillates about the minimum of V' (¢). Assume the frequency of the oscillations
w is always much larger than the Hubble rate, such that
¢
W p >H . (3.35)

As the scalar field oscillates, the energy density varies slowly with time, decreasing on a time scale
characterized by H~'. However, (py + py) = $? varies rapidly on a time scale characterized by
w™! <« H~'. Introducing w,, the average of (pp + pe) over an oscillation, and wy,, which represents
the periodic part of gﬁQ, as

¢ = Pp+ P = (Wn + Wip) Py (3.36)

equation (3.28) can be rewritten and integrated as follows:

d
% —3H (wy, + wnp) pop (3.37)
td t - t
/ s —3/ Swpdt—3 | Huwyydt (3.38)
to Po to @ to
t d t
In <%> - —3/ wo = =3 [ Huwppdt | (3.39)
p¢,0 to a to

where py(to) = pgo. The periodic nature of wy, means that its integral over time is:

t
/ Wppdt S O (w_l) . (3.40)
0

50



The final term of (3.39) can be integrated by parts, and, using (3.40)), the leading term will be of the

order —. By assumption (3.35) w > H, so this term is much less than 1 and can be neglected with
w

respect to the first term on the right hand side of (3.39). If w,, is constant, than integrating (3.39)

results in:
a —3wn
ag

where a(tg) = ag. If the oscillating scalar field energy density p, dominates the total energy density
including pp, then, in the limit where curvature can be ignored, the Friedmann equation ((1.92)) can

N\ 2 —3wnp

a a

- = — . 42
(a> 51G Pp0 <a0> (342

a®wn/? V871G pg o
3w, /2 Cngn/Z

be written

Solving this for a(t) results in

t . (3.43)

This indicates that
a(t) oc t2/3wn (3.44)

On time scales much smaller than H~!, the scalar field energy density ps is constant - that is,
conserved. ¢max is the amplitude of the oscillations, occurring at ¢ = 0. Then, from (13.26))

P = V(d)max) = Vinax - (345)

Using (3.36) and (3.26), and recalling that the contribution from wy, can be ignored, w, can be

written as
Vv
=2(1-— . 3.46
o ( vmax> (3.46)

12
Averaging — over one cycle, w,, is then given by
P¢

1=V Vmax 1/2
wy, = 2 Jo™ /Vinax) : (3.47)

J"O max (1 _ V/Vmax)_1/2

For a potential with the form

V(g) x o™ | (3.48)
equation (3.47)) can be integrated to obtain
2n
— 3.49
R (3.49)

The oscillating scalar field presented in [I11], [I10] and [I31] has a potential

V(g) =m? f? <1 — cos [ﬂ >n : (3.50)

where f is the ultra light axion-like decay constant. The field is flat and acts like a cosmological
constant at early times, but when H(z) drops below a certain value at some critical redshift z. = 3000,
the field begins to oscillate and behave like a fluid. The Friedmann equation can be rewritten,
in the limit where curvature can be ignored, as

81G

H? = == (pm+pr+pa+ po) (3.51)

H(z)=HoE(z) = Ho\/Qm (1 +23+Q (1+2)4+Q2+Q, (3.52)
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where, as in chapter[I pm, pr and py are the energy densities of matter, radiation and the cosmological
constant respectively; and the dimensionless density parameter (1.101]) and dimensionless expansion
rate E(z) (1.108) are used. Redefining the variables to be dimensionless as in [110] with

@:? , « / xr = Hpt and MEE

f Mp; ' Hy
where Mp; = (87G)'/? is the reduced Planck mass, the scalar field’s potential (3.50), equation of
motion (3.24) and energy density (3.26|) can then be written:

(3.53)

V(©O) = p?a®(l—cosO)” (3.54)
noo_ I i ﬂ
0" = BEO - -5 (3.55)
1/1
Q4(a) = 3 <2 a?0? + V(@)) , (3.56)

where the prime denotes the derivative with respect to z. The potential of the scalar field during the

oscillating phase in the terms of the dimensionless variables (3.53|) has the form

L 5 942
V(©) ~ g H @ e . (3.57)
For n = 1, the oscillations are simple harmonic oscillations and their frequency is independent of their
amplitude; whereas for n > 1, the oscillations are anharmonic with a frequency dependent on their

amplitude. Setting wy, = 1, the energy density (3.41)) can be written
p g Wnp ) gy Yy

a —3(14wn)
Py = Pp0 () : (3.58)
ag

This indicates that the energy density of the scalar field decays as a=3(1*%»)_ Solving (3.47) with the
potential (3.57)), w, is

n—1
n+1
The EDE energy density (3.56|), in an effective-fluid approximation [IT1] (i.e. approximating EDE

as an anisotropic fluid which behaves like an ordinary liquid such as water, but whose properties are

(3.59)

Wy =

different in different directions), is given by [110] as

2Q4(ac)

(a%>3(wn+1) o

The EDE model is parameterized by fgpg, the EDE field’s maximal fractional contribution to the

Qy(a) = (3.60)

energy density of the universe, which is defined by [IT1] as

(3.61)



The sound horizon vs fgpg for different n values
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Figure 3.2: The sound horizon, normalised as rs Hy, for an oscillating EDE model for different values
of fepge(2e) at critical redshift z. = 10*. Models with n = 1 are plotted with a solid line, n = 2 with
a dashed line, and n = 3 with a dotted line.

In figure the sound horizon rg is plotted for different frpr(z.) values at critical redshift
2. = 10%. The greater the value of fgpg(z.), that is, the greater the contribution of early dark energy
to the total energy density, the lower the value of r5. The claim that EDE reduces the sound horizon
is proved. It is somewhat surprising that the n = 1 model appears to have the most effect on the

sound horizon.

The EDE energy density has an equation of state wy = @:
P
(@) = —— (3.62)
wpla) = — .
L (g%
The behaviour of the equation of state parameter of the EDE energy density (3.62) is
-1 a—0
Wy — . (3.63)

Wy, A Qe

This indicates that the energy density in the EDE scenario is constant at early times (i.e. when a — 0),

but decays like a—3(1+%n) once the field is dynamical (i.e. when a > a,). Posterior distribution shows
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that the EDE field must become dynamical around matter-radiation equality [111]. For n = 1, the
energy density decays like matter (a=2). For n = 2, the energy density decays like radiation (a~%),
and faster than radiation for n = 3 and beyond. This is apparent in figure where is plotted
for three different values of fepg(z.) (with critical redshift z. = 10%) and then for the three different n
models (n = 1, n = 2 and n = 3). The shape of the energy density is, as expected, the same for each
feDpE(z2:) value: EDE is constant until it reaches z., when it decays to 0, and the n = 2 and n = 3
models decay faster than the n = 1 model. Also as expected, the larger the fepr(z.) value, the larger
the EDE energy density before the critical redshift. Similarly, the Hubble rate for different
n EDE models with various fgpg(z.) values (with critical redshift z. = 10%) is plotted in figure
Again, as expected, the shape of the Hubble rate is the same for all the frpg(z.) values: constant
until z. and then decaying as the EDE is diluted; and the rate is larger for larger fgpg(z.) values.
The values of the parameters used in producing these plots (and figure appear in table in
appendix [A]

EDE energy density

>
o
W N -

Q4(z) 1012

0
103

10°

Figure 3.3: The energy density of early dark energy €4(z) for different n and frpg(z.) values, for
critical redshift z. = 10*. A model with fgpg(z.) = 0.05 is plotted in the top graph, fepg(z.) = 0.1
in the middle graph, and fgpg(z.) = 0.15 in the bottom graph. Models with n = 1 are plotted with a
solid line, n = 2 with a dashed line, and n = 3 with a dotted line. The plot starts at z = 10 because

it converges after that.
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EDE Hubble rate
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Figure 3.4: The Hubble rate H(z) for a model of early dark energy, normalised as H(z)/Hy, with
different n and fgpg(2.) values, for critical redshift z. = 10%. A model with fepg(z.) = 0.05 is plotted
in the top graph, fepgr(z:) = 0.1 in the middle graph, and fgpg(z.) = 0.15 in the bottom graph.
Models with n = 1 are plotted with a solid line, n = 2 with a dashed line, and n = 3 with a dotted

line. The plot starts at z = 10% because it converges after that.

The n = 2 EDE cosmology behaves like additional radiation density, that is, increasing the effective
number of neutrinos Neg. In this case the tension is increased [I11]. This suggests that the EDE
solution (for other n values) resolves the Hubble tension better than solutions which increase Neg,
such as those that appear in [43] and [I14]. However, in [110], n = 2 is found to be the most

favourable model.

A reduction in the Hubble tension using an EDE model is also found by analysis performed
in [I31], [30], and [31], the latter two finding that EDE reduces the tension without degrading the fit
to large scale structure (LSS) data. However, the authors of [66] and [74] suggest that current large
scale structure (LSS) data exclude EDE as a potential solution to the Hubble tension: claiming that

the ACDM parameter shifts required for the theory to preserve the fit to the CMB, quantified with
Q. \1/2
Sy = s 3.64
=o(53) (369
are not compatible with LSS data, and that EDE models which use a distance ladder Hy prior and
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fit well to the CMB have a worse fit to LSS data. This is repudiated in [132] and [95]. There already
exists a mild tension between the CMB and LSS inferences of the amplitude of perturbations og (see
chapter : the required increase in the og value in EDE models further exacerbates this tension.
During the pre-recombination period, EDE is dominant and so contributes non-negligibly to the total
energy density. Dark energy in the early universe suppresses the clustering of dark matter and baryon-
photon fluid on small scales, and slightly suppresses growth perturbations. In order to preserve the
fit to the CMB, og in EDE models must be increased to make up for the loss of growth perturbations.
For an EDE with an oscillating scalar field, [66] found, for n = 3, Sg = 0.842 £+ 0.019. This is in
2.10 tension with the Dark Energy Survey Year 1 (DES-Y1) data [3]. Any model that tries to reduce
the sound horizon by increasing H(z) with a new dark energy-like element will encounter the same
problem as EDE: in order to realise a good fit to both the CMB and SHOEs, the ACDM parameters
will need to be shifted in such a way that is not compatible with LSS data [66]. A further problem
with EDE is that it requires a lot of fine tuning.

data used result
no evidence for EDE
CMB data
fepe < 0.087
primary CMB + CMB lensing; BAO; | =~ 30 evidence for EDE
Pantheon SN; SHOEs 2019; BOSS 1.90 Hubble tension
above + LSS data (DES-Y1) < 20 evidence for EDE
above + HSC and KiDS priors fepE < 0.103
(cosmic shear measurements) 2.30 Hubble tension
< 0.53
above without SHOES 2019 H prior fepe
increase Hubble tension

Table 3.1: Evidence for early dark energy in various data sets, with the SHOEs 2019 H{ value as prior,
as well as the Hubble tension between the Planck 2018 and SHOEs 2019 values with an EDE model.
KiDS is the Kilo-Degree Survey and HSC refers to the Hyper Suprime-Cam survey. Results from

analysis in [66].

The evidence for EDE in different data sets and combinations of data sets, quantified by frpg
defined in equation , is analysed in [66]. Their results are summarised in table Ann =3
oscillating EDE model was fitted to various data sets with the SHOEs 2019 Hy value as a prior. No
evidence for EDE was found in primary CMB alone. The Hubble tension is reduced to 1.9¢ when
the EDE model is fitted to the second data set (comprising the CMB, BAO, BOSS and supernovae
observations), although this is partly due to the large error bars. The evidence for EDE in this data
set is 2.70. However, the addition of LSS data substantially weakens the evidence for EDE and the
Hubble tension is less reduced. This is shown in the third and fourth row of table 3.1l The exclusion
of the SHOEs 2019 Hj prior from the data set results in no evidence for EDE. An increased early

universe Hy value with a good fit to the CMB requires an increased fgpg and the shift up of other
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parameters. However, the CMB and LSS data do not favour a large fgpgr and the parameter shifts
conflict with LSS data constraints. A larger neutrino mass would allow larger fppg values [66], but it

is still to be established if this will be consistent with observations.

In summary, a particular EDE model with V(¢) o« ¢*" could reduce the Hubble tension rather
drastically, through an increase in the early universe Hy value by a reduction in the sound horizon
at recombination. This is done via via an injection of dark energy just prior to recombination, which
is constant until a critical redshift when it decays like radiation or faster. However, the increase in
the values of ACDM parameters that is required to accommodate this is not compatible with various
large scale structure data. This indicates that current observations do not allow for EDE, or at least
this specific EDE model.

If EDE does turn out to be a feasible solution to the Hubble tension, then what could cause it?
Parametric resonance driven by an anharmonic oscillating field could cause the rapid, scale-dependent
growth of the EDE field perturbations [I31], as could the dynamics of an interacting dilaton and
axion [I0]. A rolling axion coupled to a non-Abelian gauge group is a further suggestion in [16]. The
physics of matter-radiation equality and EDE are seemingly unrelated, and fine-tuning is required
for them to occur at the same time. The non-trivial coupling of neutrinos to the EDE scalar is
proposed in [122] and [26] as an explanation for the near simultaneous occurance of EDE and matter-
radiation equality. It is suggested in [I11] that the oscillating EDE field could naturally occur in the
‘string-axiverse’ scenario, noting that the n = 1 EDE cosmology is the standard axion potential. The
existence of EDE would have some further implications for our understanding of the universe. The
EDE model, the current accelerated expansion and early universe inflation all taken together could
suggest that the universe experiences episodic periods of accelerated expansion [I11]. The presence of

EDE might imply the existence of isocurvature perturbations in the CMB according to [I31].
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Chapter 4

Conclusion

Cosmology describes the nature of the universe. In chapter[l] the homogeneous and isotropic Friedmann-
Lemaitre-Robertson-Walker (FLRW) universe is established. The Hubble rate H(z) (defined in equa-
tion ) is introduced, as well as distance measurements. The dynamics of the FLRW universe
is discussed. The ACDM model, an FLRW universe with A # 0, some cold dark matter and no
curvature, is the generally accepted model to describe the universe. The test of a model is how well it
reproduces observations. ACDM is the accepted model because it accounts for most current observa-
tions. However, there is not an agreement on the Hubble rate today, Hy. The value of Hy inferred by
assuming ACDM in the Planck observations of the CMB is Hy = 67.36 + 0.54kms~! Mpc ™!, which
is in 4.20 tension with the most recent value measured by SHOEs using direct observations of the
SNIa distance ladder, which is Hy = 73.2 + 1.3kms™! Mpc~!. The ACDM model does not appear to
reproduce observations of Hy in the late universe. The tension between the early and late universe Hy
values persists even when different data sets and methods are used: this is shown in figure where
the values obtained using late universe data favour larger Hy values than those inferred using early
universe data. Note, however, that many of these values do not have the ~ 1% precision required for

comparison with the SHOEs and Planck values.

How Hj is inferred from the CMB, as well as from BAO data, is discussed in section Elabora-
tion on the distance measurements introduced in chapter [T]appears in section [2.2] to enable a discussion
of how Hj is obtained from late universe measurements: the SNIa distance ladder in lensing
in and gravitational waves in [2.2.31 The Type Ia supernovae distance ladder, and its use in
determining Hy, is explained in section with figure An introduction to lensing, and how it is
used to obtain distance measurements is given in section The Hy determinations from different
lensing data sets, as well as from lensing data sets combined with other data sets, appears in figure [2.6]
with a comparison to the Planck and SHOEs values. It shows that the uncertainties associated with
this measurement are large, and the precision is not quite good enough to allow definitive comparisons
with Planck and SHOEs. However, lensing does seem to favour larger Hy values. In section
gravitational waves and their use in determining Hy are discussed. There are many systematics re-

lated to the detection of gravitational waves, and as such the associated Hy measurement has large
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error bars. As more detections are made, the precision should improve in order for the gravitational
wave Hj determination to be comparable to Planck and SHOEs. A discussion of how the remainder
of the values appearing in figure [2.1] are obtained appears in the introductory pages of chapter [2
Determinations of Hy that are wholly independent of both the CMB and the SNIa distance ladder are
needed to confirm that there is indeed a tension between the early and late universe that is manifested
through the Hubble tension. As already stated, the measurements need to have a comparable precision
of ~ 1% in order to do so. Few do, especially in the late universe. In chapter [2| the plans to improve
the precision of and reduce the inaccuracies in various measurements are outlined. The SHOEs team
has managed to improve the precision of their result to almost 1%, and work is being performed to

achieve 1% precision.

If one accepts that there is a tension between the early and late universe (and the growing dis-
crepancy despite improvement in precision are compelling evidence that it does exist), an enormous
number of possible new physics and models have been proposed to resolve it. Some of these are dis-
cussed in chapter [3] which begins with a discussion of what a possible solution needs to achieve in
order to be considered viable. At the most basic level, it must not result in a worse fit to observations
than ACDM. It is worth noting that many purportedly successful solutions do not in fact change the
value of the early or late Hy determinations, but instead increase the error bars so that the results are
in statistical agreement but no resolution has in fact been obtained. Selected proposed solutions to
the Hubble tension are loosely categorised in chapter |3] however it is not intended to be an exhaustive
list. Solutions that change post-recombination physics are discussed in section These solutions
are not viable because they do not take into account the fact that the SNIa distance ladder does not
measure Hy directly, and so impose a SHOEs Hy prior without ensuring that the model is consistent
with the magnitude-redshift relation of SNIa. In section models that introduce a form of early
dark energy (EDE) are explored, with specific attention given to those whose EDE scalar field ¢ have
a potential V(¢) oc ¢*". Just before recombination, these models inject additional dark energy which
is constant until a critical redshift and then decays like radiation or faster. This lowers the sound
horizon at recombination and results in a larger early universe Hy value which reduces the Hubble
tension. However, current observations do not appear to allow for EDE because the required ACDM
parameter shifts to accommodate it are not compatible with various large scale structure (LSS) data:

see table for evidence (or rather the lack thereof) for EDE in various data sets.

In conclusion, there is strong evidence - namely, the improvement in precision resulting in a larger
discrepancy between Planck and SHOEs and various corroborating independent measurements (albeit
with large uncertainties, but these are projected to improve) - that there is a significant tension
between the early universe and late universe determinations of Hy, the present day rate of expansion,
that indicates a need to modify or expand ACDM. A vast array of solutions have been proposed to

resolve the tension, however none seem able to do so yet.

The tension between the Planck and SHOEs values of Hy is not the only indication that there is
a conflict between the early and late universes that might necessitate a modification or expansion of

ACDM. There are several other tensions between parameters inferred from the CMB while assuming
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ACDM and those obtained from high redshift LSS observations.

As briefly mentioned in section [3.2] there is a tension between the inferences of og, the amplitude
of density fluctuations, made by the CMB and by LSS observations. The values of og, or equiva-
lently Sg which is given by equation , obtained by the CMB are slightly greater than those
found by LSS observations. The ACDM analysis of the CMB observations made by Planck [§] infers
Sg = 0.830 £ 0.013; whereas a combination of three independent LSS measurements together give
Ss = 0.77073918 [66]. The early and late universe values are in 2.70 tension with each other. Other
LSS measurements, such as galaxy cluster number counts, also tend to favour lower og values [17].

Furthermore, there is a tension between the values of og and €2, o that are predicted from the CMB

and those determined from galaxy clusters. The value of oy \/% inferred from the CMB by Planck
in 2015 is 0.851 £ 0.013 [6] is in 2.50 tension with the value from clusters of 0.745 + 0.039 [23]. The
og tension varies depending on the data set used and assumptions made, but remains below 3¢0. This
tension is not as large as the Hubble tension but is still significant. Analysis in [17] shows there is a
strong positive correlation between Hg and og which is prevalent across data sets, regardless of the
cosmological model used. This correlation indicates that if Hy increases, then og also increases. But
low redshift data, as shown in chapter 2] and figure 2.1} prefers larger Hy values whereas galaxy clusters

prefer low og values. This appears to indicate that these two tensions cannot be resolved together.

Another anomaly arises with Aje,s, a nuisance parameter used to match CMB anisotropies and
CMB lensing data. A value of 1 is expected from ACDM but Planck 2015 gives a value of 1.22 4 0.1 [6].
Additionally, when Ajeg is inferred from the smoothing of high and angular temperature power spec-
trum peaks, the value is in 2 20 tension with the value inferred from CMB lensing data [139]. If
this tension is confirmed, it could be evidence that our knowledge of the relationship between CMB
anisotropies and structure growth is somehow lacking [139] and could point towards a need for new
physics. Another tension is one between the BAO (at z < 1) inferred cosmological parameters and
those of Lyman-a forest BAO data at higher redshifts [139].

The statistical errors in both early and late universe measurements have, as discussed, decreased.
The increase in the Hubble tension at the same time indicates that this tension is not as a result of a
statistical fluke or unaccounted for systematics but as a sign of the need for new physics. The various
other tensions between high redshift CMB data and low redshift direct measurements given above
seem to further support some further error or omission in ACDM. A proposed solution to the Hubble
tension would be more credible if it also resolved these tensions - at the very least it should not make
them significantly worse. Future surveys and observations, the improved precision in measurement
and analysis, and the blind reanalysis of existing data taking into account previously unaccounted for
systematic errors will either further confirm the existence of the Hubble tension, or show that it is in

fact a coincidence or the result of an error.
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Appendix A

The parameter values used in creating figures and [3.4] appear in table

parameter value

curvature K 0
matter density (present day) | Q0 | 0.32
dark energy density Qp | 0.68
radiation density (present day) | Q.0 | 1074

baryon density (present day) | Q0 | 0.05

)

Table A.1: The values of the parameters used
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