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Mixed regime shJITies are those slurries comprised of broad particle size 

distributions. Slurries of this type with voluoe concentration up to 50% 

(relative density of approximately 1.8) are considered.. An analytical model 

has been developed for such slurries. The inputs to the model are mean 

mixture flow rate, delivered. concentration and the particle and pipeline 

characteristics.. In order to calculate in situ concentration, the 

concentration distribution is found by using a diffusion model. A 

logarithmic velocity distribution is also required. and is used to ascribe 

velocity values to volune elements in a concentric computational grid. 

Calculated values of mean mixture flow rate aid delivered concentration are 

compared to the input values aid an iterative procedure is employed to 

ensure equality with a result being the computation of in situ 

concentration. The model is applicable over the ccnplete range of flow 

regimes including stationary bed, sliding bed aid susperded flow. 'lbe 

particular regime prevalent for the input values will be ascertained by the 

model aid the energy gradient calculated. 

The model is compared to 3 existing correlations in the literat'lll'e, for 

mixed regime flow, using 1345 data points collected. at the University of 

Gape Town test facility and 1630 data points from other institutions. 

The test facility used comprises two systems each with two pipelines and 

separate centrifugal punps. The four pipelines range from 50am inside 

diameter to 140nm inside diameter. A data acquisition system continuously 
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BK>ni tors pressures, velocity and temperature. Mixture concentration and 

velocity are checked using a weigh tank which is filled over a time interval 

by diverting the slurry flow. Pressures are checked with water manometers. 

'nle data acquisition system is interfaced to a microcanputer that calculates 

required. values and outputs tables and graphs of measured. values. Detailed. 

observations of the flow conditions are made through clear viewing sections 

in each pipeline. 

A qualitative investigation of periodic flow phenomena observed. is 

presented..· 'nlese are a result of sliding bed flow and incltde dunes, waves 

and slugs. A two-fluid model is proposed and the mechanisme whereby these 

structures form, grow and eventually disperse is discussed.. 
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(m) 

(m) 

(m) 

(m) 

(m) 

(m) 



Univ
ers

ity
 of

 C
ap

e Tow
n 

xx 

9 angle between vertical a.xis and a point on the computational 
grid from the point of maximum velocity 

K van Kannan constant 

µ 

dune wavelength 

dynamic viscosity 

viscosity of pseud.ohomogeneous suspension 

coefficient of sliding friction between bed load and 
pipe wall 

kinematic viscosity = µIp 

~ friction factor ratio = 2fb/fw (equn. 1.21) 

~ hiding factor (equn. 2.115) 

n 3.146 

p 

~ 
0 

density 

density of bed material 

density of suspended material 

shear stress 

shear stress at pipe wall above interface 

shear stress at pipe wall below interface 
(hydrodynamic) 

shear stress at interface between bed load and suspension 
load 

wall shear stress 

yield shear stress 

(i -i )/(Cd i ) m w V< w 

intensity of interface load transport 

intensity of shear on individual particles 

intensity of shear on individual particles located 
in the bed 

SlJMCRIPI'S 

a lighter phase in 2 phase flow (suspended) 

b heavier phase in 2 phase flow (bed) 

(m) 

(Pas) 

(Pas) 

(m 2 /ms) 

(kg/mi) 

(kg/m,) 

(kg/mi) 

(Pa) 

(Pa) 

(Pa) 

.(Pa) 

(Pa) 

(Pa) 
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i i-th component 

Ill mixture 

0 pipe wall 

c,f coarse, fine 

max maximum value 

v volLUDetric basis 

d delivered (at outlet of pipe) 

t in situ (spatial) 

f fluid phase 

s solid phase 

w water 

w weight basis 

ave average 
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The design of hydrotransport systems has historically been achieved by 

scaling the energy gradient and mixture flow rate obtained from a model or 

prototype pipeline. In the last two decades academic research has become 
I 

more sophisticated, as shown in the proceedings of the numerous 

hydro transport conference series, al though the use of empirical design 

equations continues in industry. A major advance in hydrotransport research 

was the developnent of models that describe the internal mechanisms of 

pipeline flow. In the early 1970s this mechanistic approach produced a 

two-layer model which divided a slurry into a stationary or sliding bed with 

clear fluid flowing in the remaining pipe area. 

By the late 1970s a method of quantifying the suspension of bed nateri.al 

improved the two-layer model. The two-layer two component model led to the 

developnent of a two-layer multicomponent model for aixed regime slurries. 

At present problems still remain in the precise modelling of mixed regime 

slurries. Mixed regime slurries are composed of solids with well graded 

particle size distribution. The finest fraction often modifies the rheology 

of the fluid phase. 'nle vehicle, produced by the fine fraction and the free 

fluid, and its effect on the transport mechanism has been neglected.. 'nle 

difference between 1n s1 tu and delivered concentration bas also been 

neglected. 

1. 'nle problem and its setting 

'nlis research identifies ard. evab.ates a mathamtical model for the 

hydrotransport of hiO, coricentration mixed regi.m! slmTies. A two-layer 
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Table 1 Parameter range of the data base used to evaluate the 
mathematical model 

Parameter Range 

I.Dcal data Imported data 

cvd [%] 0% - 54.6%. 4% - 51% 

d50 [µm] 9 - 8280 9 - 4500 

D [m] 0.045 - 0.142 0.052 - 0.315 

s 1.90 - 2.96 1.34 - 5.25 s 

Temp [°CJ 16. 7' - 58.7 17 - 42 

V [m/s] 0.05 - 6.87 0.1 - 6.1 
m 

Number of data 
points 1345 1630 

Table 2 Mathematical D:>dels used for comparative purposes 

Author and R.ef erence 

1. Wasp et al. (1963, 1970~ 1971) 

2. Wilson (1974, 1976, 1978, 
1979, 1980) 

3 • La2.aI'llS (1986 ) 

The two-layer mechanistic model is a simplification of the Jiiysical flow 

condition. Periodic }ilenomena such as <hme, wave and slug flow may occur. 

Detailed observations of the flow were made through viewing sections in all 
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is discussed for increasing mean mixture flow rate fran stationary bed 

th.rough part stationary bed, fully moving bed and fully susperded flow. 

Conclusions and recomnendations arising fran the literature review are 

drawn. 

'lhe second part presents the analytical and experimental investigation. A 

q~litative hypothesis for heterogeneous slurry flow for increasing mean 

mixture flow rate is presented. 'lhe analytical model and mathematical 

procedures employed are discussed in detail. 'lbe hydrotransport test 

facility. is then presented. 'lhe experimental method is aocompenied. by a 

detailed error analysis. 'lhe data produced is then presented and discussed. 

'lhe third pert presents an evaluation of the mathematical model. 'lhe 

mathematical description of the vehicle is evaluated against experimental 

data. 'lhe complete model is then caopared. to the other presented. 

.correlations on the basis of : 

1. F.nergy gradient prediction. 

2. In situ concentration prediction. 

3. Flow regime classification. 

Concentration and velocity profiles are presented. for selected. tests. A 

design example for constant solid mass flow rate and for constant 

concentration is presented to concllde the evaluation. 

Conclusions and research recoam.endations complete the investigation. 

Volune 2 rontains the Appendices. A glossary is contained in Appendix 1. 

Appendices 2 to 5 present a detailed description of the test facility and 
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be undertaken without the use of a computer program and the output from the 

program can be tailored as required. 

This research comprises a detailed investigation of mixed regime flow. It 

identifies and evaluates ma.n,v of the phenomena present in the flow and 

suggests methods for modelling these. With careful evaluation conclusions 

are drawn and further research recommendations are made. As with research 

in any. field this work represents a contribution to knowledge rather than a 

definitive study • 

. --. 
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PART 1 LITERA'I\JRE REVIEW 

CHAPl'ER 1 

EXISTING ANALYTICAL CXERELATIONS FCE MIXED REGIME ~ 

INTRODUCTION 

Over the past 100 years a large body of literature on the hydraulic 

transport of solid-water mixtures has been produced. Significant 

eontributions were made in the 1940s and 1950s by workers such as Durand in 

France and Newitt in England. Research became more sophisticated as shown 

in the proceedings of. the numerous conference series begun in the 1970s 

namely the Hydrotransport series organised by the British Hydromechanics 

Research Association and the Slurry Transport Association conference series 

in America. The possibility of pipeline deregulation in the U.S.A. gave the 

industry new impetus at this time which was later to be destroyed by right 

of way and access disputes. Today significant work is still being produced 

by many prominent researchers. 

1.1 DEFINITION OF MIXED REGIME FLOW 

Mixed regime slurries, by definition, display heterogeneous and homogeneous 

flow phenomena simultaneously. Particle size distribution, volumetric 

concentration and mean flow velocity influence the regime ratio and hence 

energy gradient. Wasp et al. (1963) describes mixed regime flow as a two 

phase transporting medium (called the vehicle) with suspended solids carried 
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in this medim. 'lhe concentration ard particle size distribution at the top 

of a horizontal pipeline define the vehicle for a particular flow velocity. 

'lhe asyometrical part of the concentration profile is ascribed to the 

heterogeneously transported coarse suspension (see Figure 1.1). 

y 
o------

0 Cv 

a) Heterogeneous b) Mixed regime 

Figure 1.1 : Definition of mixed regime flow according to the concentration 
profile at constant mean velocity ard particle size distribution 

1. 2 BENEFIT OF MIXED REGIME Fl.OW 

Mixed regime flow results in a decreased energy gradient and a higher total ·: 

solids concentration than an equivalent mixture of mri.sized particles. 1he 

increased concentration depends on particle size distribution. 'Ihe 

increased carrying capicity results in a decrease in Specific Energy 

Consumption where 

SEC [Ws/kgm] ( 1.1) 
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'!his leads to an overall increase in the transport system efficiency. 

Abrasive wear and particle attrition are also ~ (Charles and Charles, 

1971). 

1. 3 MIDIANim-E D~ING BNl!BlY GRADIBNT 

'lhe mechanisms decreasing the energy gradient for equivalent concentrations 

of mixed regime slurries compared with unisized slurries are predominant at 

low velocities when the flow would be heterogeneous (Kazanskij et al., 

1974). 

'lbe mechaniSIBS causing this decrease are listed below 

1.3.1 

1.3.2 

1.3.3 

- --- . 

The fines content results in an increase in the apparent viscosity 

and a damping of turb.tl.ent eddies (Wasp et al., 1970; Hanks, 

1981). 

There is a decrease in density differential between vehicle and 

suspended load (Hanks, 1981). 

Mixed regimes eliminate, or significantly reduce coarse particle 

settling resulting in a decrease in the relative slip velocity of 

the coarse canponent and a decrease in t\ll'htlent suspension 

requirement (Wasp et al. , 1970; Hanks, 1981; Stepanoff, 1964) • 

The vehicle may exhibit non Newtonian behaviour with a yield 

stress which results in a central core containing coarse solids 

(Stepanoff, 1964). 
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The increase in the mixture energy gradient over the carrier fluid 

(water) is due to a homogeneous non Newtonian vehicle with large 

particles being. transported with little settling requiring low 

additional energy to keep them in suspension. Cheng and Whittaker 

(1972) exploited this fact in analysing mixed regime flow as a non 

Newtonian fluid if a specified settling interface criteria could 

be met. 

There may be a reduction in pipe wall roughness due to the 

entraµnent of fines in the pipe_ wall irregularities. 

Plate and needle like fine· particles (d < lOµm.) cause a 

lubricating effect. 

The ratio of particle size to the viscous sublayer 

thickness (l5 = 5µ/pu*), causes a pressure reduction if d/l5 ~- 5 for 

pseudohomogeneous flow which will occur if Vt/u* ~ 0.11 (Thomas, A 

D, 1978). 

Examples of the pressure reducing phenomena are 

1. At Cvd = 15. 7% and 

For sand only 

V = 1.5 m/s m 

i = 0.012 m/m m . 

For sand and bentonite i = 0.008 m/m (Kazanskij et al., 1974). m 

2. An increase of up to 15% by voltnne of large particles in a mixture 

of fine particles has little influence on hydraulic gradient. An 

increase of up to 20% by volume of fines in a coarse mixture 

significantly reduces hydraulic gradient (Smoldyrev, 1982). 
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3. A clay content of 7% decreases the hydraulic gradient by 10% 

at Vm ~ Vcrit and Cvd ~ 20% (Smold.Yrev, 1982). 

4. Klose (1982) has reported a decrease in hydraulic gradient caused 

by the attrition of coal particles. Figure 1.2 shows the particle 

size distribution of the coking coal tested. Figure 1.3 shows the 

decrease in pressure loss associated with the change in particle 

size distribution. 

999 ....---..--~---.----....---..--......---......---. 

~-1---1---+----1----1---+---+----l--I 
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;~+---+--+-----+----i---t---+----.t----1 
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I a) (b) 

Fi.Erure 1.2 : (a) Particle size distribution for coking coal 
(b) Change in PSD for ultra fine fraction of coking coal 

(from Klose, 1982) 
.. 

1.4 EXISTING CORRELATIONS FOR HYDRAULIC GRADIENT PREDICTION 

1.4.1 Introduction· 

Table 1 . 1 presents some correlations for mixed regime flow. The 

correlations used for analysis are marked by an asterisk. The models 

presented were chosen on the basis of requiring more information than a 

single particle size to describe the solid phase. 
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Figure. 1.3 : Changes in pressure loss for coking coal slurry with 
time (Cvd = 33%, Vm = 1.75 m/s, D: 400om) (from Klose, 1982) 

Table 1.1 Some correlations for mixed regime flow 

Type of Correlation Author 

Empirical non dimensional Bonnington (1959) I 

Durand &. Condolis 
Zandi. &: Govatos 

2. Semiempirical non dimensional Clift et al. (1982) 
Vocadlo &: Charles (1972) 
Smoldyrev (1982) 

3. Two component Faddick (1982b) 
- Hanks (1981) 

Newitt et al. (1955) 

+ 
a + 

D 

+ 

+ 

+ 
Wasp et al.(1963,1970,1971)* 

4. 

5. 

6. 

Two layer, mixed regime Wilson ( 1974, 1976) 
(1978, 1979, 1980) * 

Two layer, rm.tlti-component, mixed regime IAmrus ( 1986) 

Multi layer, rm.tlti-component, Roco & Shook (1982) 
heterogeneous flow only 

* - correlations used to analyse data in this thesis 
+ - correlations canpared by Wani et al. (1982) 
a - in Zandi (1971) 

* 
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Hanks ( 1982 l noted that the choice of a "favourite mean diameter'' would not 

sufficiently describe the Particle Size Distribution ( PSD) of any slurry. 

The only way to describe the PSD is by taking points along the distribution 

and actually using these in the analysis. The models presented fulfil this 

condition. 

1.4.2 The Wasp et al. Model (1963, 1970, 1971) 

Wasp et al. presented an iterative methcxi for calculating the rheologically 

active part of a mixture. The procedure used is as follows 

. ' 

1. 

2. 

3. 

4. 

Guess initial value of C f (say, cvf = cvd1 . . v 

8mf = s + cvf (S - s w) w s 

µmf = µ (1 + Cvf/Cb)-2.5 
w 

p f V D 
Calculate f from Colebrook-White equation for R = m m . 

m e ~ 

( 1.2) 

( 1. 3) 

Calculate Vti the settling velocity for each particle diameter for 

8mf and µmf 

5 • Calculate 

6 . 

7. 

vti 
- 1.8 where j3 :::: 1 . ( 1. 4) 

K ,l3 V .JT72" m m 

Sum all the values obtained in 5 as follows 

cvf = ~ [c: ]. mi CVd 

1 

( 1. 5) 

c vb. = ( 1.6) 
1 

m. = 
1 

percentage of each particle size retained. 

Compare Cvf in Step 6 to Cvf in Step 1 and if Cvf (from 6) minus 

Cvf (from 1) is greater than 0.001 then recalculate from Step 2 

using new Cvf from Step 6. 
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2f s fv
2 

8. Calculate: imf = 
mm m ( 1. 7) 

gD 

9. • 82 cvb. 
[gD(S. -Sw)f 5 

( 1.8) = 
1 v2~ .. 

m . 
1 

• 10. "l'=Xf. . (1.9) 
1 

11. _im = imf + i ., . 
w 

(1.10) 

12. 'Ibe equation for stationary deposit is given by 

• 1/2fdj1/6 
vo = FLLgD(ss - sw>] ln (1.11) 

I 

where FL = fn(Cv) 

if · Vm ~ v0 then a stationary bed exists. 

1.4.3 'Ibe Wilson fot>del (1974, 1976, 1978, 1979, 1980) 

Wilson presented a mechanistic model for the analysis of sliding bed flow. 

The analysis has an inherent method for stationary bed classification. 

Wilson presented nomograJiiic charts to alleviate the need for a computer 

analysis. The analysis presented here is for a computer and required 

considerable interpretation of Wilson's :pipers. 

1. Calculate the bed load concentration Cvb by averaging the equation 

c v 

This was interpreted (Sive and Lazarus, 1986) as 

cvb 
zf~ir 

vmti v t' 
for-> 1 1 t m 1 - 1 -- e --

c n v v v m m 

( 1.12) 

( 1.13) 
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~ 45di 
where V t• = 0.6 Vt. (2/f ) exp --

m i. i. w D 

and n - nunber of groups with :plrticle size d. • 
l. 

2. ~ = n Cr the bed load area 

cvb 
where C = - • 

r ~ 

cvb is obtained fran equn. (1.13). 

( 1. 14) 

( 1.15) 

( 1.16) 

3. Calculate T (see Figure 1.4) for a given bed load using an iterative 

methcxl where 

~ = r - cos r sin T • (1.17) 

Figure 1.4 Definition of terms 

4. Determine the friction factor associated with the interface 

( 1.18) ' 

5. Calculate the head loss gradient for the suspended loed portion 

i = ((S - S )(C - Cvb) + 1) i . susp s w v w ( 1.19) 
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6. Calculate the head loss gradient for plug flow of solids from 

i = 2 µ (S - S )C. • p s s w -b 
( 1.20) 

7. Calculate the ratio (t) fran 

( 1.21),. 

8. Wilson defined non dimensional hydraulic gradient parameters given by r-~' 

_ i _ sin T - T cos T Y--------------
i ~ t sin T 
p 1-~+------

1r - p + ( sin T 

ard x = 

9. 'lhe total hydraulic gradient is calculated from 

10. 

i = y s i + i 
(1 - ~) 

m m p susp 

The value of X at the bed slip point 

(sin T - T cos T) (1 - ~) 2 

x = . s t sin T 

is calculated from 

If X < X then a stationary bed exists. 
- s 

1.4.4. 'Ihe Umlrus lt:>del (1986) 

( 1.22) 

( 1.23) 

(1.24) 

( 1. 25) 

Lazarus presented a modification of Wilson's method. The three canponent 

model consists of the vehicle plus susperded load portion ard a stationary 

bed load portion. 
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1.4.4.1 'lbe vehicle portion 

The initial separation of solids is arbitrary and is carried out using a 

grading curve and selecting all those particles which ·are less than the 

particle size corresponding to hindered. settling particle Reynolds nllDber of 

tmity. 

The ·following steps are followed in the calculation procedure 

(1. 26) 

'lbe ratio (Rf) of fine material in the vehicle portion to the total solids 

component carried as suspension or bed load is 

1 

10 r- 1.5 • log !tl/log !d:~JJ ( 1. 27) 

where i = integer number of components of particle size just greater than 

~ 
and d. = particle size of component i . 

1 

'lbe relative density (Smf) and viscosity (µmf) of the fines and water (i.e. 

the vehicle) arising from this initial separation is calculated, assuni.ng a 

Newtonian vehicle for the first trial from 

smf = 
S + Cvd (Rf S -S ) w s w ( 1.28) 
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and 

( 1.3) 

( 1. 29) 

The friction factor ( f ) for the asstmed Newtonian vehicle is determined 
m 

from the Colebrook.-Whi te equation with the relative density and viscosity 

calculated for the fine particles (i.e. Pmf and µmf) • 

1.4.4.2 'Ihe suspended portion 

The ~uspended portion is obtained by di yiding each size fraction into a 

suspended portion and a bed load portion using the mean mixture velocity at 

the threshold of turbulent suspension as the criterion. 

The threshold of turbulent suspension is given for each particle size d. , 
1 

( 1.14) 

I 

Vti = hindered settling velocity for the i-th size fraction. 

I 

The ratio of solids in the bed load for each size fraction ( C . ) is f owrl 
ri 

from 

The value of (V t'N ) -.mt be less than miity. m 1 m 

( 1.30) 
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The fraction (C b') of each solid size fraction m. in bed load is 
v 1 1 

I 

Cb' = C . * m. v 1 ri 1 
r ( 1. 31) 

The total fraction of solids in bed load is 

= x [c'. *m.] =:rcb. ri 1 v 1 
( 1. 32) ·-

The above procedure is repeated for each size fraction. 

The total fraction of bed load solids in the mixture is 

= ( 1.33) 

The value of Cvl:m must be less than Cvd • 

By subtractioA the concentration of fines is given as 

= ( 1. 34) 

A new value for the relative density of fines in the suspended portion (Smf) 

and the viscosity (µmf) may now be determined from this new value of Cvf and 

equns. (1.29) and (1.3) respectively. 

The values of Smf and µmf for the suspended portion are used in an iterative 

procedure for determining a new friction factor 
I 

( f ) ' m 
a new hindered · 

settling velocity (Vt) , a new fraction of solids in bed load (Cvb) and a 

new fraction of bed load solids in mixture (Cvl:m) . 
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1he above procedure is continued lmtil the change in the concentration of 

the suspended portion for successive iterations is less than a prescribed. 

tolerance 

ICvf(New) - Cvf(Old)I < 0.01 

or cvb > 0.99 

where Cvf(New) = Cvf for the latest iteration 

and Cvf(Old) = Cvf for the previous iteration • 

1.4.4.3 1be bed load portion 

Once the suspended portion has been finalised, the bed load portion is 

detennined. 

1he area occupied by the bed of solids is given by 

cvbn 
'\ = A 

1 • 4 • 4. 4 'Ihe two ocaponent .:xiel 

( 1. 35) 
;t• 

... · ~ 

'lbe three component model is reduced to a two component model by canbining 

the vehicle arxl suspended load portion as one component occupying the ~ 

above the bed, arxl the bed load portion as the other component. 
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1.4.4.5 Calculation of shear stresses at the pipe wall and interface 

'lbe shear stress on the vehicle plus suspended portion at the pipe wall 

above the interface is given by 

"t' = f P. f v212 a m m m 
( 1. 36) 

'lbe shear stress at the interface between the bed load and su8perrled load is 

given by 

-rl = ( 1. 37) 

where ( 1.18) 

1. 4. 4. 6 Force balance for two cc:•pouent mechanistic model 

Application of a force balance to a control section of slurry is shown in 

Figure 1.5 and represented by 

( 1. 38) 

'lbe resisting force for a pseu:iobomogeneous suspension above the bed load 

may be f O\.U'ld from 

FRH = "t'a (w D - D T) ( 1.39) 

• t .. ·· 

'lbe weight component down the slope of an upward sloping pipe is determined 

from 

W sin 9 = p A g sin t m 
(1.40) 
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'lbe bed resistance in a horizontal pipeline is integrated to yield 

FRB 

1.4.4.7 

1. 

= g (p . - p ) c. µ A. cos • s w -b s --b 

(2) 

I 

Figure 1.5 : Force balance on control section of three 
canponent two-Jiiase flow (Lazarus 1986) 

Equations for the four modes of flow 

~~!:!~~-~-~!~-~~-P2~i~_above 

(1.41) 

In the region above the bed Lamrus ( 1986) presents a force 

balance on the s~ion enabling the pressure gradient 6P to be 
L 
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calculated 

6P i) A = i;a (tr D - D T) + FRB + (A - '\) sin 8 pmf g 

2. !!_lciE!~~-~!!~-~ 

A force balance on the bed yields 

6
p '\ + 't'I D sin .., = FRB + wb sin • 

L 

where wb = '\ pmb g 

( 1.42) 

( 1. 43) 

( 1.44) 

When an incipient sliding bed exists, equn. ( 1. 43) is true and may be 

used to find the incipient sliding bed velocity (Vdep) • 

If the left hand side.is less than the right hand. side then the bed is 

stationary and~ is given by equn. (1.42). However, if the left hand 

side is greater than the right hand side then the bed is sliding and 

equn. (1.45) is used. 

3. ~~-~~~!~~-~~-~!!~-~ 

A force balance on the entire flow with a sliding bed yields 

6P A 

L 

4. ~!l_~~~!!!~_!!~-~th~-~-!~ 

A force balance for fully .suspended flow yields 

APA D W • -- = 't' 11 + b sin 9 
L a -

'Ibis occurs when 

r ... oand'\ ... o 

i.e. FRB -+ 0 and i: (1r D - D T) -+ i: • D • a a 

, In this case 6P is determined fran eqtwl. ( 1. 46) • 
L 

( 1.45) 

( 1.46) 
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1.4.4.8 Friction head loss gradient 
'\ 

The head loss gradient may be found for all modes of flow from 

i m = tiP 

1.5 CONCLUSIONS 

( 1. 47) 

An understanding of mixed regime flow phenomena may encompass single regime 

flow as a special case. The method ascribed to Wilson and presented in this 

chapter was adapted from a correlation for heterogeneous flow of unisized 

particles. The concentration equation used by Wasp et al. (1.4) was also 

developed for unisized particles by Ismail ( 1951). This study of mixed 

regime flow phenomena is an attempt to produce a unified model. 

The three models selected represent those which use a full description of 

the particle size distribution. The models are also all computer based and 

can therefore be used to assess any further analytical computer based models 

developed in this thesis. The models presented are not considered to be the 

only available but are considered to be representative of those available. 
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CHAPrER 2 

ANALYSIS OF HIGH cna!:N'IRATION MIX1ID RBJIMB F1Di 

This chapter is divided into four sections 

2.1 Flow observations 

2.2 Particle properties 

2.3 Vehicle properties 

2.4 Two phase flow 

2.5 Conclusions 

The first section serves to define the region of interest. The flow 

phenomena observed will suggest the active flow mechanisms and indicate the 

lllOdus operandi for the analytical investigation. The next two sections 

analyse the major constituents of the mixture. The last section 

investigates the physical phenomena that exist in pipeline flows and forms a 

basis for the analytical model presented in Chapter 3. 

2.1 ~ OBSERVATIONS 

Flow observations are an essential part of any hydrotransport system 

investigation. A qualitative understanding of the flow phenomenon serves as 

a basis for the analytical model. Ca.re must be taken to ensure that the 

clear viewing section used does not interfere with the slurry flow (i.e. 
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changes in diameter, pipe joint misalignment) , The length of the viewing 

section is important in that the flow condition observed must be y 

extrapolated for the complete pipeline. This means that periodic phenomena 

observed at the viewing section will be part of a more complex overall 

system. 

The flow observations of several authors are presented in this section. The 

literature presented was chosen because of the similarity to materials 

tested at the University of Cape Town. 

Boothroyde et al. (1979) presented a description of the flow of solids with 

two different size ranges in a 200nm nominal bore pipe (see Table 2.1) and 

found that material moved in contact with the bed invert up to the highest 

velocity tested ( 7 m/s) • A description of the flow is presented in Table 

2.2. 

Table 2.1 Materials tested by Boothroyde et al. (1979) 

Material descriptions 

Gravel . 
d50 = 4, 3DIII . 
s = 2.55 s 

Granite . d50 = 12nm . 
s = 2.80 s 

Markham 
fines . 

d50 = 200µn . 
I s = 1.50 s 
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Table 2.2 : Description of flow of coarse particles 
after Boothroyde et al. (1979) 

Velocity 

Gravel 

7.0 

3.5 

3.2 - 3.3 

2.9 - 3.0 

2.5 

1.5 

v [m./s] m 

Granite 

7.0 

4.3 

4.0 

3.8 

3.0 

2.3 - 2.5 

Flow description 

Some particles slide on pipe invert. 

Fully moving bed - uniform velocity. 

Some material stops instantaneously. 
Velocity of continuously lllOvi.ng material 
fluctuates. 

Velocity v1 • Bed moves in jerky fashion 

described as "slip-stick" behaviour. 

Velocity v2 • The whole bed remains 

stationary from 1 to 5 seconds and moves 
again. A build up of "dunes" is apparent. 
"Dunes" move downstream. More conspicuous 
at low concentration. 

Stationary bed. 

Boothroyde et al. ( 1979) also presented results for mixtures of solids 

comprising 14nm granite and "Markham" fines. Table 2. 3. presents the 

velocity values v1 and v2 , described in Table 2.2, for the coarse mixture. 

Baker and Jacobs ( 1979) presented a set of diagrams, reproduced. as Figure 

2. 1, for tHe flow regimes observed. in a mixture. The figure presented by 

Baker and Jacobs ( 1979) , when compared with the descriptions of Boothroyde 

et al. ( 1979), appears to be simplistic. The non uniform, unstable flow 

concli tions that prevail between heterogeneous flow and stationary bed flow 

are neglected. 
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Table 2.3 Effect of fine particles on the transition velocities 
as described by Boothroyde et al. (1979) 

Figure 2.1 

Volume percentage of coarse 
material (Granite) 

4.3 

11.0 

20.0 

Coarse material only 

"' "' 0 ..... 
Q) ... 
::l 

"' "' Q) ... 
c.. 

C (Granite) 
v 

4.6 

9.3 

20.2 

Saltation 

v
1 

[m/s] v
2 

[m/s] 

4.30 2.62 

3.03 2.50 

3.30 2.50 

V1[m/s] V2[m/s] 

3.30 3.00 

3.50 3.00 

3.80 3.00 

' 
Velocity 

f 
Homogeneous 

~ iii iii • Flow regimes 

Sliding bed Heterogeneous 

Velocity profiles 

-Flow 

Descriptio~ of flow regimes after Baker and Jacobs (1979) 
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2.1.1 Pericxlic Flow Phenomena 

Early researchers such as Howard 11939), Smith (1955), Sinclair (1962) and 

D.G. Thomas (1964a), 11964b) noted flow instabilities but none except Thomas 

advanced an explanation. Howard (1939) distinguished "three tYPes (sic.)" 

of transportation one of which was described. as "spasmodic movement" in 

which sand layers moved forward slightly and then stopped. Smith ( 1955) 

found particles "sliding slowly and jerkily over the bottom" prior to any 

particle settling. He expressed a difficulty in finding a deposit velocity, 

especially for particles with d > 1 - 2mm since "these tended to collect 

momentarily into batches which either slid or rolled into motion again". 

Finer particles with d < 300µm settled into "evenly spaced mounds which 

slowly moved along the pipe". Thomas ( 1964a) described the motion of 

"clumps or islands" which formed within seconds to minutes of the flow rate 

being adjusted to a value "at which a single particle is transported without 

sal tation and without obvious rolling or bouncing on the bottom of the 

pipe". Table 2.4 presents some of the results Thomas (1964a) found from his 

experimentation. Thomas conducted tests with two sizes of glass bead 

(S = 2.65) in pipelines ranging in diameter from 25mm to lOOnnn. Particles 
s 

with diameter greater than 750µm did not fonn dunes. 

Various terms are used for the non· unif onn , flow condition described. by 

Thomas ( 1964a). These include islands, clumps, mounds, ripples or dunes. 

It is also important to note that the formation of these occur both above 

and below the velocity associated with particles remaining completely 

stationary at the pipe invert. These terms therefore are ·used in a very 

loose context to describe any bedfonn or instability observed. 
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Table 2.4 : Dune (island) formation in pipelines after Thomas (1964a) 

a) Typical dune dimensions for material tested 

Particle Mean dune Dune Mean 
diameter wavelength velocity velocity 

d [µm] A [nm] [m/s] V [m/s] 
m 

' 565 100 0.01230 0.45 
100 46 0.00045 0.33 

b) Average velocity range for dune formation. A small diameter 
dependence was found 

Particle Velocity 
diameter range 

d [µm] V [m/s] 
m 

565 0.30 .... 0.65 
100 0.15 .... 0.45 

c) Dune dimension ratios 

9 5 ~ 5 40 Wavelength to height 

h ratio of dune 

0.06 5 ~ 5 0.7 
D\me height to pipe D 

diameter ratio 
h 0.2 average -::::: 
D 

.. , 
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Figure 2.2 presents a graph prcxiuced by Shook et al. (1973). The formation 

of "dlmes" occurs above the velocity associated with the fonnation of a 

stationary bed. Figure 2.3 presents similar graphs prcxiuced by the csm in 

South Africa (1975). Ponce-campos and Wall (1984) conducted tests above the 

pa.rt stationary bed condition and found that dunes formed on a slow moving 

bed with saltating particles overhead. The mixture was a sand-water slurry 

with 92% of particles between 0.811111 and l.2nm. 

, Wallis (1969) suggested that the motion of particle clusters as described by 

Shook et al. (1973), the CSIR (1975) and Ponce-campos and Wall (1984) 

resemble a Helmholtz instability in the flow. This fonn of instability is 

associated with Wa.ve motion and in the case of two-phase pipeline flow, with 

interfacial waves. Wallis ( 1969) observed pressure fluctuations caused by 

this instability at velocities "above the deposit velocity and below the 

velocity at which stratification disappears". Wallis ( 1969) simulated the 

phenomenon by using a model with two inviscid fluid layers flowing between 

infinite parallel flat plates. Televantos et al . ( 1979) confirmed this 

approach and found that the bed load in a pipeline would slide en bloc 

before being dispersed. In their description of the phenomenon Televantos 

et al. ( 1979) reported a distinct change in the velocity profile visible 

near the midpoint of the pipeline (C :::: 20%). The interface between the two 
v 

, ·layers seemed to' occur higher than the point of abrupt velocity change. 

This phenomenon can be interpreted as a shear stress distribution acting in 

the bed layer causing it to flow much like a fluid with density greater than 

the overhead mixture. 
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Locus of dl.ll'le formation (reproduced fran 
Shook et al. (1973)) 
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so ____________ ._..------------...-----------..... ---------. 

D 250nnn 

I 

55% 

Slight dune movement 

I I 
I 

Sliding bed 

dune movement 

35% 

Stationary bed 

OL---------...L----------"-------------------
0 

Figure 2.3 

1 2 3 4 

Mean velocity [m/s] 

Flow }'.Btterns associated with particlllar flow rates 
(after csm Report ME 1386 (1975)) 

Gold slime tailings : 
Particle size tested: d

50 
:::: 50µm 

dlOO :::: 3nm ( d
99 

:::: lnm) · 
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At velocities below which some material remains stationary Newitt et al. 

( 1955) , Acaroglu and Graf ( 1968) , Shen and Wang ( 1970) and Wan ( 1985) 
I 

reported ripple and dune formation. 'lbese formations are associated with 

the ripple and dune formations observed in open channel flow. 

Newitt et al. ( 1955) described a rippled surface, that moved sfowly 

downstream, on a stationary bed with low solid mass flow rate. Acaroglu and 

Graf ( 1968) presented their observations at various values of a shear 

intensity parameter. Table 2. 5 presents these results. The def ini ti on 

given for ripples and dunes is of triangular shaped bedfOI'DLS with gentle 

upstream and steep downstream slopes travelling in the direction of flow. 

These bedfonns are associated with weak sediment motion. 

.., 

Table 2.5 : Observations made by Acaroglu and Graf (1968) 
for uniform gravel (S = 2.67) in a pipeline of 76IDD 

s 
diameter at various values of shear intensity 

'(S - S ) d s w = 2 
u* Flow description 

d = 2.00nm d = 2. 78nm 

> 23 - liquid flow only 

23 21 Few particles move, no bed forms. Considered 
"critical shear intensity" 

16.4 - Longitudinal 'waves' A ::::: 0.5 m 

4.9 - Dwles more pronmmced A ::::: 0.5 m . Particle· 
sliding and saltation. 

2.3 2.5 Limit of dune formation. Plane bed forms. 

1.35 1.35 Flat bed, particles move in suspension. Bed 
moves slowly and intermittently. 

< 1.35 - Solids gradually suspended, bed disappears. 
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Shen and Wang (1970) observed ripple formation at the velocity for incipient 

particle motion for 0.2nm sand particles. No ripples formed for a particle 

mixture with unifonn diameter greater than 0.6nm, or if the overhead fluid 

was in laminar flow although "long low amplitude dunes eventually appear". 

Ripple fonnation was therefore associated with the fluctuating flow 

·r-' <Jomponent in turbulent flow. 

bn 

Wan (1985) associated ripples with the presence of a viscous layer and dunes 

·· .··with the presence of hydraulic roughness. Wan ( 1985) found that an increase 

; 

in the suspended load over a bed favoured the transition from dune fonnation 

to plane bed at lower flow intensities. 

Wan (1985) observed that the flow of a bentonite-mixture over a granular bed 

resulted in differences when compared with clear water flowing over a 

granular bed. These include 

1. Incipient particle motion occurred at higher velocities. 

2. Dune f onnations transf armed to plane bed at lower velocities. For 

a bentoni te concentration of greater than C = 1% , no dunes 
v 

formed. 

~ ........ ' 

: 

3. Dunes are SJOOOther in shape and are synmetrical. 

Kazanskij et al. (1974) presented observations in the fonn of flow pattern 

, maps (Figure 2.4 and Table 2.6). The complexity of these flow pattern maps 

: substantiates the difficulty in defining a single velocity that is 

associated with a stationary deposit. 
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(b) Influence of concentration and vel(X]ity of flow regime 

Figure 2.4 Flow pattern maps after Kazanskij et al. (1974) 
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Table 2.6 

Region 

1 

2 

3 

4 

5 

6 

7 

:38 

Description of regions shown in Figure 2.4 

Description 

Stationary bed with ripples. 

Flat stationary bed. 

Stationary bed with macroturbulence 

Slug flow. 

Sliding bed with sand waves, macro­
turbulence and saltation. 

Saltation. 

Heterogeneous suspension 

Stationary Deposit Velocity 

The concept of a deposit velocity has received significant attention by 

researchers in the field of hydraulic transportation. The subjective nature 

of the measurement of deposit velocity by observations has been discussed by 

Sinclair (1962), Kazanskij et al. (1974), Shook (1976), Goedde (1978) and 

Carleton et al. ( 1978). 

Sinclair (1962) overcame the problem of dune formation, if it occurred, by 

defining the deposit velocity at a value just above that at which dunes 

formed. The velocity at which "flow particles remained stationary" was 

otherwise used. Kazanskij et al. (1974) noted the fundamentally different 
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behaviour of medium (d
50 

> 500µm) and coarse (d50 > lrmn) slurry flows and 

corrunented on the difficulty of defining "the well known and often used 

critical velocity of deposition"', Shook (1976) suggested that the 

discrepancy in observation and measurement of the deposit velocity could be 

found in 

1. Subjectivity of observation. 

2. Difference in roughness for the pipeline and observation sections. 

3. The fact that the minimum energy gradient point was taken as the 

deposit velocity point without observation. 

4. Pressure fluctuations can become pronounced. especially in 

stratified flows. 

Goedde (1978) also discussed. the subjective nature of the observation of 

deposit velocity and devised a method for measuring the bedload height at 

different stationary bed load velocities. By extrapolating the linear 

relationship to zero bed height, the deposit velocity was ascertained. 

Carleton et al. (1978) found that their deposit velocity measurements could 

vary widely due to "jerky, unstable" motion as the bedload started to move. 

No clear definition for deposit velocity exists except for single particles 

in water and even then problems of definition and observation occur (Zenz, 

1964). 

In an effort to simplify· the analysis of hydraulic transport modelling in 

the past the observations made in pipelines have been largely neglected.. A 

simple deposit velocity has been used to describe the complex flow changes 

that occur as material is initially taken into suspension and until 

stratification finally disappears. It is suggested. that a region of flow 
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velocity exists in which particles may become stationary, This region is 

associated with periodic phenomena. The use of a single "deposit velocity" 

is discouraged 8!ld the use of a velocity range suggested. If particles 

exist in the flow that remain completely stationary then stationary bed flow 

exists. If all. particles move, albeit intennittently, sliding bed flow 

exists. Sliding bed flow will persist until no periodic phenomena are 

observed. At this and higher velocities fully suspended flow occurs. Fully 

.suspended flow may be heterogeneous or pseudohomogeneous. 

The loose usage of the term "dune" in describing any periodic bed form has 

led to confusion since the phenomenon below the point at which particles 

remain stationary is very different from that which occurs if all particles 

are moving albeit intermittently. Dune flow may occur in the stationary bed 

flow region. Wave and slug flow may occur in the sliding bed flow region. 

·These terms are used in this thesis and are described in detail in Chapter 

3. 

2.2 PARTICLE PROPERTIES 

Particle size and particle size distribution can be measured and presented 

in many different ways. The degree of sophistication increased 

significantly with the advent of particle image analysis (Kesten and Klose, 

1982). The m.unber of different dimensional measurements made on a sample of 

,particles is limited only by the ingenuity of the operator using an image 

analyser. The measurements required for analysing slurry flow systems are 

somewhat less sophisticated. 
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Particle properties and mixture concentration are the two essential elements 

that govern the mechanisms in slurry flow. A thorough investigation of 

particle properties is the key to understanding the differences in the flow 

regimes encountered. 

2.2.1 Particle Size 

Two aspects of particle size are important 

1. A satisfactory definition. 

2. ·The maximum permissible size for any particular transport system. 

For spherical particles a definition of size is inherent. For non spherical 

particles many definitions exist. The following three are commonly used : 

1. The particle whose volume or mass is equal to the average volume 

of all the particles. This may be measured by fluid displacement 

of a known mnnber of particles. 

2. For sieved particles the average size between two consecutive 

3. 

sieve sizes or the geometric mean size. 

A percentage passing size. This is a diameter ( d. ) such that 
1 

i per cent of the particles in the distribution will be smaller or 

would pass through a screen having openings that size. This is 

the preferred definition. 

The essential requirement for maximum particle size is that there should be 

sufficient room above a sliding or stationary bed for the largest particles 

to turn over freely. For example, in a 150nun diameter line with the flow 

condition being such that the delivered concentration (Cvd) is 20% and the 
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in situ' concentration (Cvt) is 28%, coal will occupy a depth slightly more 

than half the piPe diameter for a loose packed concentration (Cb) of 50%. 

The 75Illll clear space above the bed will therefore accoomodate a particle 

with a ma.ximtnn diameter of about 50nm. 

2.2.2 Particle Shane 

Particle shape affects two parameters required in the description of 

hydraulic transport systems : 

1. Particle pa.eking density. 

2. Settling velocity. 

The effect of particle size alone on pa.eking density is complicated. The 

-effect of including particle shape can only be found by experimental 

.measurement of the packing density. A statistical approach can be used with 

some success in analytical computations (see Section 2.2.5). 

Particle shape has a marked effect on settiing velocity. The pu-ticle shape 

is taken into account when comparing spherical and non spherical particle 

settling. Reliable methods exist for calculating spherical particle 

--settling velocities but no agreement has been reached on the analysis of non 

spherical par~icles, particularly those of complex shape. An effective way 

of accounting_ for particle shape is by using a particle shape factor defined 

as 

(2.1) 
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where 

(V ) - calculable settling velocity for spherical particles t spherical 

(Vt)actual - actual settling velocity of the particle investigated 

SF - particle shape factor. 

A complication in the definition of particle shape is the result of particle 

surface interactions with a carrier fluid. These interactions are gove~ 

by complex phenomena such as zeta-potential 1 and the adsorption layeZ:. 

Dabak and Yucel ( 1986) point out that "the effective shape of a solid 

particle thus formed in a fluid could be drastically different from its 

original dry shape" . These phenomena will affect particles in inverse 

proportion to their diameter. 

The non spherical particle shape factor can be found. experimentally by 

defining a percentage passing spherical particle diameter and then comparing 
' 

the theoretical spherical settling velocity to the actual settling velocity 

from experiment. 

2.2.3 Relative Density 

In any material comprised of a range of particles, variations will exist ih 

the re la ti ve density of each particle. The variation may be based on 

1 'zeta-potential' is a measure of the small electrostatic charge that 
inherently adheres to particles in a suspension. Since all charges are of · 
the same sign (usually negative) they have the effect of ca.using the, 
particles to repel each other. This enables free liquid to occupy the, 
spaces between the pe.rticl~s therefore increasing fluidity. The smaller· · 
the particles the greater the effect. .: 
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particle size or it may be based on a difference in chemical composition of 

the particles. The concept of a global relative density is therefore not 

accurate but may be real is tic or· convenient. The variation can be taken 

into account by careful investigation of the particle size distribution or 

may be included in the distribution of settling velocity where each particle 

group can be ascribed its unique relative density. 
~- <·,· 

A global re la ti ve 

'.?:~nsi ty is however needed for the calculation of concentration and mass flow 

·rate. 

.. 2.2.4 Distribution of Particle Properties 

2.2.4.1 Distribution of size 

Various single values have been used to describe particle size distribution. 

The simplest of these is to define a representative size for the sample viz. 

,d50 o~ d85 . This value on its own gives no inf orrnation as to the shape of 

the particle size distribution curve. A single value that can be used to 

2 describe the shape of a well graded distribution curve is the grading 

coefficient (Gd) . The grading coefficient is defined by the ratio of two 

particle sizes that represent the cumulative percentage passing equal to 

some smali and some large value. 
r:; 

2J3y a well graded sample is meant one that exhibits a particle size 
distribution curve that spans ~rticle diameters of more than one order of 
magnitude (see Figure 2.5). 
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Examples are the ratio 

. r. ,· . .-{ 

(2.2) 
· 1_, ·~ • :r.· 

or the reciprocal, 

The grading coefficient is of limited use since it gives no accmmt of th~.:·:.:, 

quantity of the fine or coarse material in the sample. 

Shook et al. (1973) used the empirical Rosin-Ramnler equation 

m. = exp (- z) 
l 

where z = r:i r 
and m. - mass fraction coarser than d. , 

l l 

d. - i-th particle diameter . 
l 

~ : ':·.' 

(2.3) 

The constants n and B can be fotmd for a particular sample. The breadth of 

the size distribution is governed by the exponent n • Examples of possible 

values of n are; 

n = 5 c0111Dercially screened sand (narrow) 

n = 0.7 single stage grinding process (broad). 
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Shook et al. < 1973) maintain that the Rosin-Ranmler distribution "has been 

shown to represent the output from commercial grinding circuits reasonably 

well". The Rosin-Ranmler distribution is restricted since it cannot 

accOOmodate bimodal distributions, ·a feature Hanks and Hanks ( 1982) maintain 

is advantageous in slurry pipeline transpc>rt. 

There is no generally acceptable theoretical correlation which can 

satisfactorily describe particle size· distributions and for this reason 

HarudiV and Hanks ( 1982) suggest that "the safest and simplest method of 

presentation of particle size distribution data is graphical''. 

Two graphical presentations are shown in Figure 2.5 

1. Cumulative percentage passing. 

2. Percentage retained. 

100 

80 
., 
co 60 <11 .., 
i: ., 

Well graded u 40 ... ., 
"'" 

20 

0 

0.01 0.1 1.0 10.0 0.01 0.1 1.0 10.0 

Particle size d [mm) Particle size d [mm) 

Figure 2.5 Graphical presentation of particle size distribution 
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spheres that filled the voids left by the next larger size of spheres that 

the final filled material was somewhat higher in pecking concentration Uian 

a mixture comprised of mid-size particles only. Table 2. 7 presents the 

findings of Elliot and Glidd.on (1970). 

Table 2.7 : Properties of densist possible pecking of spheres 
(Rhombohedral Arrangement) from Elliot and Gliddon (1970) 

Primary Secondary Tertiary Quaternary Qui.nary Filler 

Radius of Sphere R 0.414R 0.225R 0.177R 0.116R Very small 

Relative nl.lllber of Volune added 

spheres 1 1 2 8 8 = ·.622 r 3 

Voidage of packing * 25.95 20.7 19.0 15.8 14.9 3.9 

" Weight of spheres 
in mixture 77.1 5.5 1. 7 3.3 0.97 11.4 

* - voidage of packing = 1 - ~ 

The particle pecking concentration can be found experimentally or 

analytically. Two methods of experimental detennination are by 

sedimentation or by centrifuge action. Dabak and Yucel ( 1986) point out 

that "it is not really known as to which of these methods determines the 

true value" of ~ • An analytical analysis can only be achieved by making 

certain ~implifying assumptions. The most important assumption is that the 

particles are nearly spherical 1 non porous and have negligible surface 

chemistry effect.S. Experimental constants are usually also required making 

the use of analytical analyses of Cb limited. 
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2.2.6 Unhindered Particle Settling Velocity 

The settling of single particles in fluids can be analysed theoretically for 

laminar settling only. In the transition and turbulent settling regions a 

mechanistic or continuum approach is required. 

It can be found from a force balance on a sphere moving through a viscous 

fluid that the drag coefficient (CD) is related to the particle Reynolds 

number (R ) only ep 

CD = fn(R ) ep 

and R 
pf Vt d 

(2.7) = ep 
µf 

The variation of drag coefficient (CD). with Reynolds number (Rep) , obtained 

from experiments involving a variety of Newtonian fluids and a range of 

particle diameters, is shown in Figure 2.6. Graf (1971) stressed that this 

curve applies only to smooth, non rotating spheres, moving in a fluid free 

.. of disturbances with a constant relative velocity. 

The variation of CD with R is not a simple one. ep 
It is possible to 

approximate the variation by fitting several straight lines to the curve 

shown in Figure 2.6. Three convenient straight lines are given by 

CD = 24/R Stokes' law 12.8) 
ep 

CD = 14/ (R )~ Intermediate law (2.9) 
ep 

CD = 0.44 Newton's law (2.10) 
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Figure 2.6 Drag coefficient as a function of particle 
Reynolds number for s}'.ileres 

The tenninal settling velocity may be calculated by using the applicable 

drag laws at various particle Reynolds m.mbers. 'lbe terminal settling 

velocity is calculated from a force be.lance on a sphere moving with constant 

velocity, 

Vt = J! gd ( S - S ) 
3 CD s w 

(2.11) 

It is possible by making Vt and d dimensionless, in an appropriate manner, 

to present the information of particle settling in the three regions 

(defined by eq'W'lS. 2.8, 2.9 and 2.10) by a curve as shown in Figure 2.7. 
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Figure 2.7 : Non dimensional tenninal settling velocity (Y) as a 
function of non dimensional particle size (X) 



Univ
ers

ity
 of

 C
ap

e T
ow

n

53 

In Figure 2.7 

[ 2 r3 (S - S ) p g 
x = d s w (2.12) 

. 2 
µ 

~ p 

1/3 
y = 

Vt µ g(Ss 
( 2 .13~) 

- s ) 
w 

For Stokes' law x < 3 ; y = o.0556 x2 (2.14) . ~ ~\ 

Allen's law 3 < x < 70 y = 0.21 x (2.15) 

Newton's law x > 70.; y = 1. 739 JX < 2 .16L ..... ; 

2.3 THE VEHICLE 

••\. 

Mixed regime slurries are comprised of mixtures with a rheologically actiye 

component. The rheologically active pa.rt or vehide can be thought of as a, , ., 

fictitious, new, conveying fluid composed of some of the particles and all,·; ·.:' 

the free liquid, in which the remainder of the particles are heterogeneously 

or pseudohomogeneously suspended. The vehicle produced has very different;. 1 '· 

flow characteristics from the free liquid used to mobolize .the solid. 
. .t;;' 

It is important that the flow characteristics and vehicle-particle. . .. 

interaction are well understood for a description of the flow of mixed 

regime slurries. 
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It is expedient then to investigate the following topics 

2.3.1 Physico-chemical effects. 

2.3.2 Rheological parameters. 

2.3.3 Rheological equations. 

2.3.4 Hindered tenninal settling velocity. 

2.3.5 Definitions for the coarse-fine particle split. 

2.3.1 

2.3.6 Velocity distribution for the flow of vehicle in pipes. 

2.3.7 Vehicle friction factors. 

Phygico-chemical Effects 

As particle size is reduced toward colloidal dimensions D G Thomas ( 1963b) 

points out that physico-chemical effects become significant and that, in the 

absence of a stabilizing electrolyte, particles agglomerate into floes. A 

floe is a network of solid particles enclosing water in the interstitial 

spaces. A floe can be considered an integral unit causing an increase in 

the 'effective diameter of particles in the mixture. Floe formation or 

particle dispersi~n of colloidal size particles is manifest by particle 

surface and body electric charges. 

Particles will be attracted to one another by van der Waals forces (body 

charge) , but a dominating repulsive component (surface charge or zeta­

potential) may also be present, preventing coagulation. Molecules dispersed 

in water can acquire surface charge' dependent on the acidity of the 

dispersion medium, by ionization. Due to the strong electrostatic 

interaction between ions, whichever ionic group is present will have it 
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counterions of opposite charge giving an electric double layer. Figure 2.8 

is a schematic representation of the region very close to a solid. 

Figure 2.8 : Schema.tic representation of the region very close 
to a solid, showing the shear plane where the :Potential is ~ (zeta) 

(from Murrel and Boucher, 1982) 

The specific adsorption of hydrated ions.affects the mobility of the surface 

relative to the liquid, since movement is expected to occur at the shear 

plane where the potential is ~, • The zeta potential is the most important 

single measurable characteristic of charged surfaces. A rapid decay in the 

surface potential associated with a compression of the double layer leads to 

colloid instability and flocculation. 

Horsley and Reizes ( 1978) and Horsley ( 1982) reduced the yield stress of 

gold slime slurries by dispersion of the floe structure. This was achieved 

by modifying the zeta potential using soditnn hexametaphosphate. This 

resulted in a substantial reduction. in the laminar flow energy gradient. 

The effect could be reversed using calciwn hydroxide. Their work shows the 

importance of zeta potential on the fonnation of floes. 
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Horsley and R.eizes (1978) found that for slurries with vol\.llle concentration 

less than 30% and for turbulent flow that the zeta potential modification 

had no effect. They suggested that an equilibri\.111 floe size might develop 

that persists in turbulent flow. Reich and Vold ( 1959) found in contrast 

that at a certain turbulence level anY f loc f orma.tion, in any slUITY, will 

break down completely. 

Another method of zeta potential modification is by a change in acicli ty. 

Duckworth et al. (1983a) found a strong relationship between yield stress 

and acidity. Figure 2. 9 shows this rel':ltionship. Table 2. 8 presents the 

particle characteristics for the material.tested. 

30 0 Coal slurry 
c 51% 

w 
,......., 

Ctl 
0 0 

p.... ..__. 

Cl) 20 Cl) 

QI 
~ 
.µ 
Cl) 

'"C 
,...; 
QI 

.,..; 
:;..... 10 

0 

2 3 4 5 6 7 8 9 10 11 

Acidity [pH] 

Figure 2.9 Yield stress versus acidity for fine coal slurry 
(from Duckworth et al. 1983) 
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Table 2.8 : Particle size distribution for fine coal tested in 
Figure 2.9 above (from Duckworth et al. 1983) 

d Cumulative percentage 
[µm] passing 

80 99.2 
50 96.3 
35 89.4 
25 72.8 
20 54.2 
15 0 

D G Thomas (1963b) found a contradiction to the work of Duckworth et al. 

(1983) when testing a range of slurries including kaolin. He.found that for 

a variation in acidity from pH 4 to pH 10 the rheological parameters varied 

by less than 20%. He concluded that acidity was of secondary importance. 

Duckworth et al. (1983) derived Figures 2.lO(a) and 2.lO(b) from Elliott and 

Gliddon (1970). The effect of acidity on two different coal water mixtures 

is shown, one having properties highly dependent on acidity, the other 

having weak dependence. It should be noted that the slurry that exhibits a 

yield stress shows a high degree of dependence on acidity. 

The complexity of physico-chemical effects is evident. These effects 

account for the difference between theoretically and experimentally 

detennined rheological parameters such as yield stress (T ) 
y 

fluid 

consistency index (K) and flow behaviour index (n) • 
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Filrure 2.10 : Effect of acidity on (a) yield stress and 
(b) viscosity for two coal types (after Duckworth et al. (1983)) 
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D G Thomas ( 1963a) described the laminar flow characteristics of a 

particular slurry by using the true volume concentration or particle 

diameter and floe structure and found that satisfactory definitions could be 

found from either. It seems justified that an analysis of the fine material 

can be made by rheological considerations only without the necessity to 

account for acidity and zeta potential as long as these remain essentially 

constant for all tests. 

2.3.2 Rheological Parameters 

2.3.2.1 Fluid consistency index (K) 

The fluid consistency index (K) of a fluid is a measure of its fluidity. 

The larger the value of K the thicker or more viscous or less mobile the 

fluid. 

Fluid consistency index is effected by the following 

1. Particle size 

Decreasing particle size increases the degree of non Newtonian 

behaviour of a mixture affecting both the fluid consistency index 

(K) and the flow behaviour index (n). Resistance to flow 

increases as particle size decreases. 

2. Particle solid density 

Particle density is significant and smaller particle sizes and 

higher concentrations are necessary for homogeneous flow as 

particle density increases. This required increase in mixture 

concentration results in increased values of the fluid consistency 

index (K). 
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3. Shape 

Particle shape has the single greatest influence on K • The 

particle shapes that will result in decreasing K are : 

1. Glass rods 

2. Glass plates Decreasing fluid consistency index 

3. Quartz grains 

4. Glass spheres 

The rotation of non spherical particles in a velocity gradient 

causes an increase in the frequency of interparticle contacts and 

an apparent increase in the effective concentration and hence 

fluid consistency. At low concentrations where hydrodynamic 

effects predominate this effect is small. 

4. Particle roughness 

Rough grains do not slip or roll easily over cme another. The 

effect of adding a lubricant (e.g. soap) to the mixture 

demonstrates this. The lubricant will cause a substantial change 

in K for rough particles but will have a limited effect on smooth 

spheres. 

5. Size distribution 

The addition of a relatively small quantity of fine particles to a 

mixture of coarse particles will result in a significant decrease 

in K. Addition of a small quantity of coarse pll-ticles to a mix­

ture of fines will produce very little change in the value of K , 



Univ
ers

ity
 of

 C
ap

e T
ow

n

61 

Castillo and Williams ( 1979) fOUOO. that the ftmetional 

relationship between relative . 't 3 and V1SCOSl. Y concentration 

(qr = fn (Cvt)) has a steeper slope in general for narrow size 

distributions than for broad size distributions that contain fine 

particles. A broad particle size distribution results in a 

mixture with a higher packing density ~ so that at a given 

concentration Cvt the mixture exists in a lower Cvt/<1, stB:te than 

a narrow distribution mixture. Tile dependence of qr on Cvt is 

therefore best correlated in terms of Cvt/~ if ~ can be 

realistically evaluated in a fluid mediun. 

6. Particle interactions 

Particle interactions cause discrete particles to be sporadic8.lly 

retarded and then accelerated again. In both stages inertia 

affects the amount of energy required by the interaction. 'Itiis 

dissapa.tion of energy is manifest as an increase in fluid. 

consistency. 

Clarke ( 1967) found that for granular materials a critical 

concentration of Cvt ~ 25% existed below which the increase in the 

value of K with concentration ~ small but above which K 

increases rapidly with increasing concentration. He associated 

this with the fact that particles would undergo impacts above this 

3 1 t' : 't K qr - re a ive viscosi y = - . 
µw 
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critical concentration below which particles could move freely. 

From his experimental work he f otmd the critical concentrations 

shown in Table 2.9. 

Table 2.9 Critical concentrations after Clarke (1967) 

cvt Material 

i .· ~ ·,-: 

15% Glass rods 
40% Plastic beads 

Castillo and Williams ( 1979) reported the same critical concentration 

.Jiienomenon which they found to occur above Cvt ~ 30%. 

Ward and Whitmore ( 1950) suggest that the increase in relative viscosity 

(qr) of a suspension arises from : 

1. 'Ibe presence of the particles in the liquid. 

2. 'Ibe i.nmobile liquid layer held in the irregularities of the 

particle surface which leads to an increase in the effective 

volume conoentration. 

;nte liquid layer has the following characteristics 

1. For a particular material it remains at lD'lif orm thickness over a 

wide concentration range. 

2. For coarse particles the layer is practically of the same 

thickness for a broad range of particle sizes. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

63 

3. For fine particles the layer thickness decreases with decreasing 

particle size but the relative thickness increases continuously 

with decreasing size, 

4. 'nle layer thickness is substantially indeperxient of the D:>bilizing 

liquid viscosity. 

2.3.2.2 Evaluation of fluid consistency index 

Table 2. 10 (a) contains the mathematical correlations considered for the 
; I 

calculation of relative viscosity in dispersed systems. 

Hirshfelder et al. require evaluation of an empirical fl.UlCtion of 

concentration (see Table 2.lO(a)) for the calculation of relative viscosity. -

For C > 0.1 Table 2.lO(b) is used. v . 

D G 'nlORBS' (1963b) correlation for relative viscosity using the true vol\.IDe 

concentration and particle diameter (eqllll. 2.20) or the floe characteristics 

(equn. 2.31), has inherent the fact that the volune concentration and 

particle diameter are related to the floe characteristics of a mixture. 

Alessandrini et al. ( 1985) presented a means for relating these two groups 

using a ratio of volume concentrations where this ratio is defined as 

(2.28) 

and CvF - floe volune concentration 

cvt - particle vol~ concentration. 
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Table 2.lO(a) Relative viscosity correlations for dispersed suspensions 

Correlation Original Author Equation 
m.mber. 

1. flr = 1 + 2.5Cv for C < 2% ' monomodal rigid spheres with no Einstein 1 (2.17) v surf ace charge 

2. flr = 1 + 22.4C for C < 15~ , clay-water slurries only Michuyoshi et al. (2.18) v v 1966) 

·;:.•· 

14.1C2 for C Guth & Simha1 3. flr = 1 + 2.5C + < 20% , corrlitions as for 1) above (2.19) v v v 

4. flr = exp (k2Cv) ~ = 2:5 + (14/.fc{)?2 D G Thomas (1961) (2.20) 

? 2 = Js/s
0 

where s = surface area of actual 
particle for c < 30% 

so = d/6 
v 

5. flr = 1 + 2.5C + 10.05C2 + 2.73 lo-• exp(16.6Cv)for full range of Cv D G Thomas (1965) (2.21) v v 

6. fJ = 4C (0.8 + 0.767(fn(C ) - 1) + (fn(C ) - 1)-l) Hirshfelder et aJ. 2 (2.22) r v v v 

fn(Cv) = 1 + 1.4C + 10C2 + 18.36C3 + 29.44C4 for C < 0.1 v v v v v 
fn(C ) v from Table 2.lO(b) for C > 0.1 v 

-2.5 
Lande! et al. 1 

7. fl = (1 - CV/~] (2.23) 
r 

~- [1 + o. 75 C.f°i, r Chong et aJ. 3 (2.24) fl = r 
1 - CV/~ 

9. 9 [, IC.J"i,1
113

] Frankel and Acrivos 1 (2.25) " = -r 8 
(Cv/~)1/3 -

[ lql"i,Cv J" n ~ fn(du/drl - I 
10. flr = 1 + [fl] = · lim lL_J - intrinsic viscosity Dabak and Yucel (2.26) 

n(~ - C ) C ... 0 C (1986) v v v 

[ (q]"i,Cv r Find [fl] from fl~ : 1 + 
2(~ - CV) 

11. k = (µ + A) exp (BCV) Weltmann and (2.37) 
Green (1943) 

1. from Govier and Aziz (1981); 2. from Givler et al. (1986); 3. from Castillo and Williams (19791 
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Table 2.lO(b) fn(C ) for C > 0.1 for use with equn., (2.22) v v 

c fn(Cv) v 

0 1 
0.0884 1.44 
0.1583 1.91 
0.2128 2.39 
0.2618 2.89 
0.3060 3.40 
0.3443 3.91 
0.3818 4.43 
0.4160 4.93 
0.4513 5.44 
0.4835 5.95 
0.5145 6:46 
0.5400 6.99 
0.5695 7.50 
0.5968 7.93 
0.6390 00 

Alessandrini et al. (1985) confinning the work of D G Thomas (1963b) stated 

that "under varying shear conditions the flow units (or floes) of a 

suspension undergo def onna.tion as well as aggregation-disaggregation 

processes". In steady state the shear dependence can be adequatelY, 

described by equations of the f onn 

where q - relative viscosity of the suspension. r 

(2.29) 

(2.30) 
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Table 2.11 presents three sets of equations of the form of equn. (2.29) and 

(2.30). In Table 2.11 the following nomenclature applies : 

cFP,O 

c FP,oo 
I " K ,K 

[:] 
c 

Table 2.11 

C = C + K[du] FP FP,~ dr 

" 

CFP for the ma.ximtun degree of aggregation, ~ ~ 0 

C f th · · d f di t' du FP or e lllln:unum egree o sa.ggrega ion, ar ~ oo 

constant based on particle shape and electric charge 

shear rate beyond which the disaggregation process of the 
disperse phase prevails over aggregation. 

Viscosity correlations for flocculated suspensions, 
after Alessandrini et al .. (1985) 

Correlation Original Author Equation 
No. 

(2.31) 

-m 
Under certain conditions m = 1/2 D G Thomas 

Three adjustable. parameters 

(2.32) 

Smith and Bruce 

k2 : 2.5K Cvt/(l - Cvt/C\i) c =landC. =l FP,.. -b 

n = e[3 - ~] 
where 

0.3 ~ B ~ 1 

0.05 $ A $ 0.37 

Three adjustable parameters 

[
(1 - K .. Cvt/21[:jp1[[:]p + r:1:1]-

2 

Under certain con-
ditions P = 1/2 

2 
cFP,O"' -, -

K Cvt 

Three adjustable parameters 

*Alessandrini et a.I. (1985) found this set of equations to give the best fit for their data 

(2.33) 
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Two approaches to evaluating the fluid consistency index are presented. The 

first is based on the particle characteristics, the second on the floe 

characteristics. The equations based on floe characteristics rely on the 

evaluation of the ratio CFP at zero and at infinite rate of strain (i.e. 

cFP,O and cFP,~) as well as the in situ concentration of the mixture. The 

first approach requires the evaluation of a ma.ximlllll packing concentration 

and in situ concentration. 

The equations presented in this section for fluid consistency index are 

evaluated and compared in Section 2.3.2.6. 

2.3.2.3 Flow behaviour index (n) 

The f loc radius ( r F) can be related to the µ:irticle radius ( r) by the 

equation 

r = r NA 
F p (2.34) 

where 0.05 ~ A ~ 0.37 

N number of µ:irticles contained in the floe p 

r - µ:irticle radius. 

Combining equns. (2.28) and (2.34) 

(2.35) 

:i 'i '\ 

'. ~ 

,, 
·, ,,.,. 

. -·,' ~. > "1 ·' '. 

.n'..:..· 
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The f loc radius is dependent on the rate of strain such that 

(2.36) 

0.3 < B < 1 • 

The flow behaviour index (n) , therefore has some physical meaning (i.e. 

n =-Bin equn. (2.36)l. 

2.3.2.4 Evaluation of yield stress 

Yield stress is a phenomenon closely associated with electrical attractions 

of particles and hence flocculation. The existence of a yield stress is 

therefore exclusive to flocculated mixtures. Tadros ( 1985) suggested an 

equation for yield stress of the f onn 

3Cvtn 
T : E 

y 
3 

sep 
8 n r 

(2.37) 

r - particle radius 

n - average number of contacts per particle 

:::: 8 for random close packing 

:::: 12 for hexagonal close packing 

E - energy required to totally separate the floes into single 
sep units. 

Equn. (2.37) is presented because it shows the essential relationship 

between yield stress and floe strength. 
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This model assumes that at shear stress values above the yield stress all 

contacts are broken. Most estimates of E · result in ~ predictions that sep y 

are high except for low values of Cvt • The assumption is therefore only 

valid for low concentration. Although it is all.but impossible to calculate 

E this equation serves as an indication of the nature of the yield stress sep 

and emphasizes the fact that the yield stress is a direct consequence of a 

floe structure in a fine particle mixture. 

D G Thomas suggested two equations for yield stress the first based on the 

particle parameters (D G Thomas, 1963a) i.e. 

3 
~ = kl cvt y 

where 

and 

-3 
kl = 2.1 10 .,, 

2 1 
d50 

1' 1 = exp 0.7((s/s ) - 1) 
0 

s/s
0 

- actual particle surface area per spherical particle 
surface area (s = 6/d) • 

0 

k1 is a constant for a particular mixture. 

The second based on the floe parameters (D G Thomas, 1963b) i.e. 

(2.38) 

4 3 
TY = kl cFP,o cvt (2.39) 

- 2 k1 - 0.7421 N/m 
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70 

d - apparent particle diameter app 

~ - f loc diameter 

a logarithmic standard deviations of particle size 
distribution. 

(2.40) 

(2.41) 

Another approach to the calculation of yield stress is by empirical 

correlations derived from experimentation. Caldwell and Babitt (1941) 

presented an equation which, when converted to S.I. tmits~ is given as 

(2.42) 

the weight concentration. 

2.3.2.5 Fmpirical evaluation of rheological pu-ameters 

Slatter (1987) tested kaolin slurries in the Balanced Beam Tube Viscometer 

developed at the University of Cape Town (Lazarus and Sive ( 1984), Lazarus 

and Slatter ( 1986) and Slatter ( 1986)). Table 2.12 shows the results 

obtained for these tests. 
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Table 2.12 Rheological parameters for kaolin test by 
Slatter ( 1987) 

cvt (%) 1:' [Pa] K [Pasn] n s 
y m 

17.71 80.00 2.290 0.430 1~256 

14.88 44.00 1.170 0.490 1.215 

12.08 23.00 0.500 0.500 1.175 

5.88 3.00 0.201 0.474 1.085 

4.03 1.40 0.061 0.593 1.058 

2.05 0.60 0.018 0.663 1.030 

"C 100 
QJ 
c 

·1"'1 

ra 
.µ 
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Figure 2.11 Particle size distribution of kaolin 
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The kaolin tested has a relative density of 2.445. The particle size 

distribution is shown in Figure 2.11. The mixture pH of 6.8 was maintained 

throughout the tests. 

Slatter (1987) proposed the following empirical correlations for the 

rheological parameters for kaolin mixtures 

"t = ezj> (- 0.7851 - 0.1133 en(C) + 0.6687 (en(C )) 2 ) (2.43) y v . v 

K = exp (- 6.7970 + 1.4628C - 0.1207C2 + 3.545.103c3 ) (2.44) v v v 

n = exp (- 0.2222C + 0.2163C2 - 6.640.10-4c3 ) (2.45) v v v 

In all three equations C is entered as a percentage value. These ~quations v 

are only valid in the concentration range tested viz. 2.0% < C < 18.0%. 
v 

Hisamitsu et al. ( 1978) presented experimental data for a clay and a 

limestone slurry. The data is presented in Table 2.13 and Table 2.14. 

Table 2.13 Experimental results of Hisamitsu et al. (1978) 

cvt [%] "t [N/m2] K [Pas] y 

6 0.88 4.1 10-3 

8.3 2.84 7.0 10-3 

10 5.20 9.0 10-3 

12 9.81 10.5 10-3 

14.5 17.66 14.0 10-3 
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Relative viscosity (ry ) as a function of concentration 
r 

from Hisamitsu et al. (1978) 

Relative viscosity (q ) 
cvt [%) 

r 

Clay Limestone 

() 1 1 

1.0 1.08 1.07 

2.0 1.19 1.15 

3.0 1.32 1.21 

4.0 1.50 1.28 

5.0 1.70 1.34 

6.0 1.91 1.42 

7.0 - 1.49 

8.0 
~ 

1.55 -
9.0 - 1.61 

10.0 - 1.69 

The clay used (Table 2.13 and 2.14) has a relative density, S = 2.65 and s 

mean particle size d50 < lµrn • 

The limestone powder (Table 2.14) has a relative density, S = 2.74 and mean s 

particle size d50 = 7,um · 

2.3.2.6 Comparison of evaluation methods for rheological parameters 

Figure 2.12 shows a plot of equns. (2.17) through (2.25) (Table 2.lO(a)). 

Equns. (2.26) and (2.27) are correlations that require experimental results 

in order to evaluate the relevant constants (CFP,O and CFP,oo) and are 

therefore not considered. Figure 2.13 shows the data of Slatter (1987) and 
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FiJtUre 2.12 : Compe.rative plot of relative viscosity equations 
presented in Table 2. lO(a). 'ftie ntlllbers presented refer t.o the 

equation ntlllber given in Table 2. lO(a). 
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Figure 2.13 : Comparative plot of fluid consistency index fran 
the data of Slatter (1987) and Hisamitsu et al. (1978) 
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Hisamitsu et al. (1978) for fluid consistency index compared to equns. 

(2.21) and (2.25). The significant difference in the equations taken from 

Table 2.lO(a) ~ the data of Slatter (1987) can be accotmted for by the 

flow behaviour index (n) • The equations of Table 2.lO(a) have inherent in 

them that n = 1 where Slatter (1987) has n = fn(C ) • Slatter (1986) made 
v 

the assl.Ullption that the kaolin slurries he tested were best represented by a 

yield pseudoplastic rheology. The values for yield stress (-r ) , flow 
y 

behaviour index (n) and fluid consistency index (K) were treated as 

constants to be found from a best fit of the experimental data. Figure 2.14 

shows the data of Hisamitsu et al. ( 1987) for relative viscosity (Table 

2.14) compared to equns. (2.17) and (2.18). 

2.0 

1. 9 

1.8 

1. 7 

2" 1.6 

:>-. ... ..... 1. 5 
"' 0 
u 

"' ..... 
1.4 > ., 

> ..... ... 
1. 3 Ol .... ., 

ix: 

1. 2 

1., 

1.0 

0 2 3 4 5 6 7 8 9 10 

Volumetric concentration C~ [%] 

Figure 2.14 Comparative plot of relative viscosity from the data of 
Hisam.itsu et al. (1978) 
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Figure 2. 15 shows a plot of yield stress versus concentration for eq\BlS. 

(2.38) and (2.43) and the experimental data of Tables 2.12 and 2.13. 

Ctl 
p... 

:>-, 
r-
Cll 
Cll 
QJ 
l-1 
+.I 
~ 

"O 
..-l 

QJ 
·~ 
:>< 

500.-------------------,..------. 

Equn. 

100 

10 

• 

with s = s 
0 

• Slatter ( 1987) 

Hisami tsu et aZ. 
0 (1978) 

0.1 ........... __ ................................ __ ........ __ 

0 5 10 15 20 25 

Volumetric concentration C [%] 
v 

30 

Figure 2.15 : Conlpu'ative plot of yield stress from equns. (2.38) 
and (2.43) and the experimentdal data of Slatter (1987) and 

Hisamitsu et al. (1978) 
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From a comparison of the fluid consistency index prediction equations two 

types are apparent. One for which the flow behaviour index is \D'li ty (i.e. 

Table 2. lO(a)) and a second for which the flow behaviour index is less than 

tmity (i.e. the data of Slatter (1987)). Figure 2.13 shows the difference 

between these two prediction types. It is suggested that experimental data· 

be used for the rheological characterisation of the vehicle if such data is 

available. If not, the flow behaviour index should be assuoed equal td' 

unity and one of the equations in Table 2.lO(a) should be used. Equatidn· 

(2.23) is suggested because of its simplicity and the fact that the DBXi.muin 

particle packing density will ensure that relative viscosity values tend to 

infinity as Cv tends to ~ . 

The equations for predicting yield stress are not considered. reliable and; 

should not be used. Experimental data should be used to predict the yield 

stress. If no experimental data is available the yield stress should be 

taken as zero. For the turbulent flow conditions that exist in the slurry' 

systems investigated herein, the floe structure will probably be canpletely 

dispersed so that the yield stress will be zero. 

2.3.3 Rheological Equations 

".The central problem in the field of rheology, " states D G 'lbOBBS ( 1963a) , ' 

"is the derivation of general equations of state relating the rate of shear­

strain, the ~hear stress, the composition and time". Newton postuiated that 

fluids might be expected to respond to an applied shearing stress by flowing 

in a manner such that the velocity gradient is strictly proportiOllal to the 
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applied stress. Pseuiohaoogeneous suspensions of smooth, 11}'.ilerical 

particles in simple liquids will behave as Newtonian fluids (Oovier and 

Aziz, 1981). Any fluid that has a nonlinear relationship between shear 

stress and rate of strain is called a non Newtonian fluid. Table 2 .15 

presents the rheological equations considered herein. 

liershel and Bulkley proposed an equation for a general non Newtonian fluid 

tp,at described the behaviour of yield psel.doplastics reasonably well except 

B;~ high strain rates. Cross ( 1965) and Wilson ( 1986) proposed equations 

ttµit overcame this problem and predicted yield psel.doplastic flow over the 

entire measurable range. The model proposed by Newton is a special case of 

that proposed by Hershel and Bulkley. Cross ( 1970) . presents an even more 

generalized model for viscoelastic, time indeperdent fluids. Using· a 

kinematic interpretation of non Newtonian flow, Cross ( 1970) proposed a 

model for a given system which "may exhibit shear thirming in one range of 

shear rate. and shear thiclteni.ng in another". Aqueous suspensions of 

titanitun dioxide and fine coal (Hanks, 1982) have this characteristic. Bach 

stage of sophistication includes those previous models as special cases. A 

description of each model is presented in the following section. It is 

important to remember that none of the presented equati<mB are laws, states 

Schowalter (1960), "but merely an empirical description" which in some cases 

is.not entirely adequate. 
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Table 2.15 Rheological equations 

1-k>del Equation Camel ts 

Newtonian (2.60) Proposed by Newton 

Yield pseuioplastic T = T + K 
y [- dudrln 

(2.61) 

(IJO - IJ.,) 
Cross model ( 1965) K = IJ + -----• 

(2.62) 

(2.63) 

Proposed by Hershel and 
Bulkley 

• K = T/-u 
cir 

• I}• , = apparent vis­
cosity at infinite 

f'J 
0 

and zero rate of 
strain respectively 

- l: 

• n 

... l: as K ... q y 0 

= constant 

= exponent which 
is a function of 
size distri'b.ttion 
grading 

intercept of 
high strain rate 
rheogram asymp­
tote 

• T = yield stress y 

= rheogram shape 
factor 

"r_:: .-:: 

-.. : , 

-~· ; :. f,;. 

' .. ., 
"·-' .' ··1, 

' , 
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Wilson (1986) pointed out the two ma.in shortcomings of equn. (2.61) 

1. The tangent is vertical at a strain rate value of zero, while 

actual mixtures typically have a non vertical tangent at this 

location. 

2. The viscosity decreases indefinitely with increasing strain rate 

leading to inaccuracy at high strain rates. Cross (1965) and 

Wilson (1986) proposed methods to overcome these problems. 

Flocculatio~ behaviour provides a qualitative explanation of yield pseudo­

plastic flow which Cross ( 1965) considers the largest and most important 

class 'of non Newtonian fluids. Under steady state shear conditions there is 

an average floe size dej:>endent on the ma.gni tude of the strain rate. Cross 

assumed that at very high rates of shear the system would become completely 

dispersed. 

The Cross model is presented in terms of viscosity (K) which is the ratio of 

shear stress to rate of strain (equn. (2.62), Table 2.15). 

The iiidex 2/3 was found to be applicable over a large range of mixtures 

although no physical reason is apparent. Cross found that in fact m = 1 for 

uniform sized particulate mixtures and varied as a continuous fraction for 

well graded systems. 
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At low shear rates it is possible to make the assumption that K >> q • It 
00 

is further usual that a 1 is very large for particulate mixtures so that a 

plot of low strain rate data can be approximated by 
j 

A graph of log K against log [~) should be linear at low shear rates with a 

slope (- m) • Eqtm. (2.62) can be solved using three data points forming 

three simultaneous equations once the value of m has been fmmd. 

Wilson's model uses a description of the rheological ftmction at the 

extremes of the range tested and fits an exponentially decreasing function 

to join these extremes. Figure 2.16 defines the tenn T. in equn. (2.63). 
l. 
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At high strain rates 

't" = 't'. 
1 

+ K du 

dy 

At zero strain rate 

T. 
1. 

T 
y 

82 

du 
dr 

Definition of tenn 't'. in Wilson model 
1 

The resultant equation is shown in Table 2.15. 

Equation ( 2. 63) can be solved by using viscometer data to f onn three 

simultaneous equations for the three tmknown constants. 

The Cross ( 1965) model and the Wilson ( 1986) model are in fact equivalent 

except for the ftmctional fonn of the rheogram. Cross used a power law 

where Wilson used an exponential ftmction. This equivalence is shown 

below. 
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du 
dr 

Figure 2.17 : Definition of tenns to assist in understanding the 
transformatidn from q to r in the Cross model 

From the tangent at 

du 0 + du -- 't' = r q -
dr 

y 0 dr 

and du du -- 00 r = r. +" -
dr 

1 00 dr 

Figure 2.17 shows the viscosity values q and q • 
0 00 

Substituting for q and q in eqllll. (2.62) 
0 00 

K = 
r - r. 

1 1 + ---
D 

Rearranging 

't'. - r 
1 y 

't' = 't'. 
1 

(i;. - r ) + K du ___ i ___ Y_ 

dr 1+ al [:r (2.63a) 
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Equation (2.63a) is therefore of a similar form to eqt.m.. (2.62) except for 

the ft.m.ctional form of the intermediate portion of the curve. 

Rheological equations are significant for two reasons : 

1. They embody a description of the viscous forces in a fluid that 

are needed to describe turbulent flow; 

2. They describe conditions in the laminar sublayer of turbulent 

flow. 

If it is presumed that if the . fluid t.m.der investigation does not change 

fundamentally when changing from laminar to turbulent flow then rheological 

parameters found for laminar flow always embody a description of the viscous 

forces in the fluid. Turbulent flow data of fine particulate slurries is 

important so that the usefulness of the rheologi~l equations presented can 

be ascertained. Such tests will also result in an understanding of the 

vehicle in mixed regime flow. The results for tests conducted on turbulent 

flow kaolin clay slurries are presented in Chapter 5 and discussed in 

Chapter 6. 

2.3.4 Hindered Settling Velocity 

The free terminal settling of particles in fluids is discussed in Section 

2.2.6. As the concentration of particles settling in a fluid increases so 

the settling path of a particle is interrupted and its average settling 

vel~ity changes. O'Brien and Folsom (1937) concluded from their work that 

terminal settling velocity (Vt) of solid particles in a transporting fluid 

was an important variable in understanding the flow of slurries. The fact 
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that a calculation of the settling velocity includes the difference in 

solid-liquid relative densities, the particle size and shape in a single 

quantity make it essential to any correlation for slurry flow. A 

theoretical model for hindered settling can be found if C < 2% or 3% • v 

Higher than this, too many effects are present and a mechanistic or _ 

continUt.Dn approach is required. Figure 2.18 shows a relational diagram for 

particle settling in fluids and a list of the authors work discussed in this 

section. 

Particle settling 

I 
Hindered Unhindered (free) 

I I 
I 

I 
I 

I 
Coarse particle Flocculation non Newtonian Newtonian 

I I I 
Richardson & Zaki (1954) Valentik & Whitmore (1965) Section 2.2.6 
Maude& Whitmore (1956) 
Richardson & Meikle (1961a) 

du Plessis & Ansley (1967) 
Wan ( 1985) 

Dedegil ( 1986) 

D G Thomas ( 1963b) 

Figure 2.18 Relational diagrams for particle settling listing 
authors cited in this section 

Table 2.16 presents the equations for hindered settling velocity. 

For non spherical particles or particles with large surface roughness the 

value of k1 (equns. 2.64 and 2.65) will increase compared to those in Table 
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2.16. The suggested reason for this increase is that suspended liquid will 

be trapped by the particle surface increasing its apparent diameter4 . The 

increase in the value of k1 will be mediated by a decrease in the relative 

density of the particle. 

'I'homa.s ( 1963b) in his investigation of flocculated suspensions fmmd that 

the attractive forces associated with flocculation modify laminar flow 

settling properties and increase the settling rate of' dilute suspensions 

(C < 5%) by a factor of 10 to 100 over the Stokes settling for single 
v 

particles of which the floes are comprised. 
' 

Equn. 2.66 is only valid for Cvf< 2.5% above which the floe interaction 

becomes complex and the "unique characterization of floe properties"5 is not 

valid. 

Valentik and Whitmore (1965) drawing on earlier work suggested that when a 

body moves in a yield pseudoplastic "some of the suspension may be carried 

along with the body, increasing its effective size ( deff)". From their 

experimental results this concept of an envelope of suspension was 

confirmed. The value deff (eqnn. 2.67) is therefore always greater than the 

diameter of the settling particle. 

The shortcomings of this approach are : 

1. The need for experimental results to define deff (see equn. 2.67). 

2. The choice of Reynolds number. 

4 cf Valentik and Whitmore ( 1965) • 

5o G Thomas ( 1963b). 
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The Reynolds m..unber chosen will not produce a llllique function of CD since 
I 

the large transition region from laminar to turbulent settling and the yield 

stress effect are not included. 

Wan ( 1985) found that his data lay on a line for typical natural sand 

settling in a Newtonian fluid. Wan suggested that "a particle settling in a 

· Bingham fluid obeys the same law as one settling in a Newtonian fluid if a 

proper lllliversal Reynolds number is adopted". The implication of this is 

studied by Dedegil ( 1986) • Wan ( 1985) conducted his tests for particles 

settling in a fluid that undergoes shear. This shear may have destroyed the 

floe structure and hence produced a Newtonian fluid. Dedegil ( 1986) used 

the data of Valentik and Whitmore (1965) for which the fluid was quiescent. 

Dedegil's (1986) method is analogous to settling in Newtonian fluids. It is 

important, to complete this analogy, that the correct def ini ti on of the 

Reynolds mnnber is used. This definition is in fact what Wan ( 1985) should 

have used, 

R = ep 
( 2. 71) 

where ~ = fn (~) the rheological equations discussed in Section 2.3.3. 
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A representative shear gradient can be given by 

(2.72) 
dr d 

I 
For a Bingham plastic the appropriate Reynolds m.unber is then 

(2.73) 

This is the reciprocal of the plasticity number of du Plessis and Ansley 

(1967). For a Newtonian fluid the Reynolds number is given by 

I 2 

R 
(Vtl pf 

= ep 

µ[:~] 

So R 
Vtdpf 

the familiar fonn. (2.7) = ep 
µ 

Both Steinour ( 1944b) and Richardson and Meikle ( 1961a) found that the 

buoyancy force on a sedimentary particle in a suspension is determined by 

the density of the suspension and not by the density of the pure liquid. 

Richardson and Meikle (1961a) conducted some tests on a system with two 

distinct particle sizes to confinn this. The free settling velocity must 

therefore be calculated for settling in the suspension. 
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Maude and Whitmore ( 1958b) made the implicit assumption, in studying the 

sedimentation of complex mixtures, that no ordering of particles would 

occur. They gave two reasons for this : 

1. If one portion of the mixture forms an array which settles at a 

different rate to the rest of the mixture it would mix with 

further particles as it settles and so destroy the array. 

2. Any particle system will contain particles with slightly different 

settling rates which would ensure that no possible pattern could 

develop. 

If the mixture comprises 2 sets of unifonn particles that are similar in 

size but have different free settling velocities· then stratification will 

6 
occur . .An explicit assl.Ullption in this thesis will be that no ordering of 

particles will occur on sedimentation. 

The equations for settling velocity 8.nd hindered settling velocity can be 

compared using some of the data available in the literature. Valentik and 

Whitmore ( 1965) produced data that Dedegil ( 1986) considers reliable. An 

extract from the data of Valentik and Whitmore (1965) is presented in Table 

2.17. 

The data of Table 2. 17 is presented graphically in Figure 2. 19. The 

correlations for hindered particle settling presented in Table 2.16 are also 

shown. No correlation fits the data although two equations (2.69 and 2.70) 

show the correct trend. 

6Richardson and Meikle (1961a). 
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Table 2.17 : Settling velocity data for a sphere of 57.lnm diameter 
(S ::: 2.7) settling in kaolin clay, after Valentik and Whitmore (1965). 

s 
All tests were conducted for a quiescent mixture. 

Fines concentration Coarse settling velocity 
[%] [m/s) 

10.35 1.51 
12.78 1.57 
14.38 t.45 
15.69 1.33 
17.64 1.14 
19.44 0.51 

Equations ( 2. 69) and ( 2. 70) inch.de a te:nn for the mixture yield stress. 

'lbe data of Valentik and Whitmore (1965) was obtained for particles settling 

in a quiescent kaolin mixture. For a mixture of kaolin which undergoes 

shear the f loc structure may break up reducing the yield stress and allowing 

the particles to settle DK>re quickly. For this reason two equations are 

required for the calculation of hindered particle settling. 

The non dimensional approximation for particle settling (equns. 2.12 to 

2.16) with increased relative density and fluid consistency index is 

recoomended for use with mixtures that have no yield stress or mixtures 

undergoing shear. For unsheared mixtures with a yield stress, the 

correlation of Dedegil (1986) is recannended. 

2.3.5 Vehicle Concentration 

In Section 2.3.4 a conclusion reached by both Steinour (1944b) and 

Richardson and Meikle (1961a) was that the b.ioyancy force on a settling 
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•Data, Table 2.17 
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Volumetric concentration 

Equn. 2.11 for S and K 
m 

c 
vt 

• 
• 

15 

% 

20 

Figure 2.19 : Hindered velocity equations for 57.lnm diameter 
sphere settling in a kaolin mixture 

particle is determined by the density of the suspension and not by the 

density of the liquid. A method for calculating the fluid consistency of 

the suspension, an integral part of settling calculations, was not 

suggested. In the analysis of suspensions with broad particle size 

distributions only a certain quantity of the mixture will be rheologically 

active and contribute to the fluid consistency of the mixture. The 

remaining particles constitute the coarse fraction and have no effect on the 

viscosity of the vehicle but contribute to the particle interactions and 

mixture density. 
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Table 2. 18 lists some of the fine-coarse split definitions that have been 

proposed. The ratio of fine material, or material.that contributes to the 

vehicle can be calculated from equn. ( 2. 7 4 ) which relates to the particle 

size distribution 

[

F -· 1 + log 
10 ]

/log 
1) 

(2.74) 

where F - integer number of components of particle size distribution 

just greater than d* 
• 

d (I) - particle size for 10% passing 

Rf - ratio of fine material to total solids content 

d* - diameter defining coarse-fine split. 

This equation was proposed by Streicher ( 1984) • Figure 2. 20 presents a 

graph to aid in the understanding of equn. ( 2 • 7 4) which simply calculates 

the correct ratio between intermediate size groups and adds it to the 

previous highest fraction. 

40 
00 Rf c .... 
"' 30 "' "' p. 

QJ 
00 

"' 20 I F - 4 
= d30 I ... 

c 
QJ d 1 (F - 1) = d' (3) CJ .... 
QJ 

p.. 10 

o.__~~~~ ....... ~~•*~__,.__~~~--

Figure 2.20 

d30 d d40 

log(Particle diameter) 

Definition graph for equn. (2.74) showing 
Rf as a percentage 
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Table 2.18 : Criteria for distinguishing vehicle in a 
mixture with a broad particle size distribution 

Definition Remarks Reference 

5 d Homogeneous suspension 
< d 5 50µrn Intermediate Durand (1953) 

d > 50µm Heterogeneous suspension 
(2.75) 

R 
pfVmd 

= ep K 

5 2 so d 5 
2K Duckworth <1978) --ep 

pfVm 
(2.76) 

Conservative estimate Boothroyde 
d 5 lmm cvtf predicted will be et al. (1979) 

high as will K 

Maximum particle diameter 

!)2 s for Stokes'settling i.e. l 18 r3 ~ 
w 

R 1 Faddick ( 1982b l = 5 
g(Ss - s ) 

ep 
w 

d < dLmax 
( 2. 77) 

Transition diameter a . 
r~ 28 0.0056. v vmr function of material 

d 5 Weber ( 1986) 
l4 g s - s 

density, mixture velocity 
s w and fluid consistency 

(2.78) 
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D G Thomas (1962) proposed a method for d.isti~ishing the fine component or 

suspended component of a slurry by using the shear velocity as parameter. 

The miniurum transport velocity for flocculated particles which are both 

smaller than the laminar sublayer and settle according to Stokes' law is 

Vt du
0
p 

[ 
* ]2.61 

~ = o.oos3 K (2.79) 

0 

where R ep 

and u* = 
0 

$ 1 

friction velocity for minimum transport condition for the limiting 
case of infinite dilution. 

The value of u * can be specified in eqn. ( 2. 79) and a particle diameter 

Ca.lculated. The functional relationship between u * and V must be known. 
m 

For equn. (2.79) d-$ 5 is a condition so the functional relationship between 

i} and V is 
m 

* * u = y 

2 

=> v 
yu*p 

= m 
K 

and 5 
I 11.6 IJ 

= 
u* 
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For particles larger than the laminar sublayer D G Thomas ( 1962) gave two 

equations 

1. For infinite dilution 

[

du:] [ v ]0.60 [ _ ]0.23 
4.9o - :-T s sf 

lJ Du s 
0 

2. For concentration dependence 

* u 
c -,--

u 
0 

* u = friction velocity at minimum transport condition 
c 

(2.80) 

(2.81) 

* u 
0 

must be calculated from equn. (2.80) and then substituted 
into equn. (2.81)·. 

The vehicle definition ( equn. 2. 77) proposed by Faddick ( 1982b) can be 

extended to a broad particle size distribution system. Figure 2.21 presents 

a plot of hindered settling velocity as a function of particle diameter with 

concentration as parameter. The points corresponding to a particle Reynolds 

number of unity are connected f onning a bmmdary between particles that are 

rheologically active (crosshatched region) and coarse suspended solids. 

This approach supposes that the flow velocity of a mixture has no effect on 

the vehicle constitution. This may be a shortcoming of the method but it 

could serve well as a first approximation. 
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Figure 2.21 : Hindered settling velocity (Vt) as a f\IDCtion of 

particle diameter (d) with concentration as parameter. Region 
of particle suspension shown crosshatched. 

Wilson (1972) investigated the velocity for particle suspension and arrived 

at an equation of the fonn 

v susp 

k
2 

= 100 , a constant 

(2.82) 

f = friction factor for clear fluid flowing at velocity, V w susp 

V = velocity for initiation of turbulent suspension of particle 
susp size d • 
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This equation can be represented by a graph shown in Figure 2.22 with the 

region of suspension marked by crosshatching. A particle diameter can be 

selected and the corresponding velocity calculated or the maximum suspended 

particle size can be found for a particular velocity. 

12 

10 

8 

v If 6 susp w 

2 v 
t 

4 

2 

0 

0 20 40 

= 100 

60 

D/d 

v d 
t 

If D 
w 

80 100 120 

Figure 2.22 Suspension region after Wilson (1972) shown crosshatched 

Wilson and Watt (1974) extended this work and suggested a threshold velocity 

for turbulent suspension of the form 

v J? susp w . - = k 1 exp Ck2 d/D] 
Vt 2 

where k1 = o.s 

k2 = 45 • 

(2.83) 
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The constants were considered only provisional values by Wilson and 

Watt(1974) because of the limited e}cperimental data used in their 

assessment. 

Equation ( 2. 83) is a generalised equation for predicting the velocity for 

turbulent suspension. It is recommended that this equation be used for 

calculation. Equation (2.78) is for the specific test conditions 

encountered by Weber ( 1986) . The method of Thomas ( 1962) is useful only if 

a relationship between the shear velocity and the mean velocity can 0e 

found. 

Wilson ( 1976) completed his analysis of ·the split between suspended and 

contact load material by suggesting that for values of the mean velocity 

progressively higher than the suspension velocity, a greater fraction of .the 

particles in the system are silspended. For particles of uniform size 

cvtf 
1 - -- = 

c 
v 

k 1 - constant with a value just less than 2 <~ 1.9) 

Cvtf - concentration by voltnne of suspended material. 

(2.84) 

V is calculated from equn. ( 2. 83) . This equation ( 2. 84) , for uniform 
susp 

sized particles, can be used for a mixture of sizes in the form 

cvtf 
1 - -- -

c 
v 

n 
for 

v 1· susp 

v 
m 

v susp i 
1 ' > 

v 
m 

= 1 ·( 2. 85) 
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where n number of particle size groups 

Vsusp i - Vsusp for particle size di 

Hanks (1982) presented a method for determining the effect of particle size 

distribution on the rheology of a slurry, based on his work using pulverized 

coal mixtures. Hanks ( 1982) stated that "the key concept [in slurry flow 

analysis) is that the division between 'vehicle' and 'coarse' material 

should be based upon rheological behaviour, and not upon any arbitrary dry 

solid size measure". The concept of an equivalent slurry concentration was 

introduced for this purpose. 

Hanks defined a value for the fraction of rheologically active slurry where 

a = 
n 
z 

i=l 
m. 

1 

and n - maximum size group of rheologically active particles 

m. - mass fraction of particles of size d. 
1 1 

The volume concentration of rheologically active material ( Cvtf) can. be 

calculated from the sum of the product of the ratio a and the total weight 

of solids plus the water of saturation and all the free water. 

So 
a C 

v 

1 - (1 - a)C 
v 

(2.86) 
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Changing the subject of this equation we obtain the equivalent slurry 

concentration 

I 

c 
v = 

a. + 
(2.87) 

(1 - a.)Cvtf 

Cv - equivalent slurry concentration for a given value of a. and Cvtf . 

I 

The equivalent slurry concentration (Cv) is the total slurry concentration 

that is equivalent to the concentration of fine (Cvtf) , or rheologically 

active material for which viscometer data has been obtained. 

Hanks suggests its use in the following way : 

1. Divide the material to be transported into various size groups in which 

the particle diameter can be considered constant. 

2. Test the finest component in a viscometer at various mixture 

concentrations. For this finest fraction a. = m1 , the mass fraction of 

the smallest size group. The test concentration equals Cvtf so an 
I 

equivalent concentration ( C ) can be calculated ( equn. 2. 87 ) . 
v 

should be conducted at various values of Cvtf • 

Tests 

3. Add to the first size fraction the next highest size fraction in 

correct proportion to the particle size distribution. Now a = m1 + m2 

and. Cvtf is obtained from the concentrations at which the mixture is 

tested. More C values can be obtained from this set of tests. 
v 

4. A rheolo~ical equation that best describes the mixture must now be 

chosen and the rheological parameters plotted as a function of 

equivalent concentration in each case. 
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5. The size fraction after which no change in the rheological parameters 

is apparent with the addition of even larger fractions is the maximum. 

size fraction that is rheologically active. 

. . i. 

Figures 2. 23 is extracted from Hanks ( 1982) for coal-water slurries that ... 

exhibit a rheology best described by the Cross ( 1970) model. Only 'the;-;· :·.J 

d < 44 µm fraction is rheologically active since the rheological parameters 

are effectively constant for the addition of larger fractions. This is seen 

in the graphs by virtue of their particle diameter independence. 

nomenclature used in the graifis is ascribed to Hanks (1982). 

1000 

800 
du [s -1] 
dr 600 0 

400 

0.003 

K ~as] 0.002 

0.001 

15 

;"} 10 
1 o9a [Pas

512J 5 
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0 

0 

• 44µm 

0 63µm 

fl 74µm 

• • • ti ·ci· • 
el a • • .<J • 

20 40 60 

Equivalent concentration c' 
v 

• 

• 

Figure 2.23 &moary of results for rheological parameters as 

defined by Hanks (1982) for three partaicle size groups of a coal sample 

,,,__ .. • 
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The method of distinguishing the rheologica.lly active part of a slurry 

accorP.ing to Hanks ( 1982) is not discussed further herein. The method 

requires that the material investigated needs to be carefully tested in a 

laboratory. For select cases this may be possible but for the developnent 

of an analytical model for generalised mixed regime flows this method would 

be impractical. 

2. 3. 6, Vehicle Velocity Distribution 

The v~locity distributions considered are quasi-one-dimensional descriptions 

of the flow since velocities are only allowed to exist in the principle 

direction of motion. Any motion across the pipe is either neglected or 

accotinted for by parameters such as the eddy diffusivity, associated with 

turbulent mixing, or the mixing length. 

Table 2. 19 presents the velocity distribution equations considered. The 

distributions fall into two broad catagories; power law or logarithmic 

distributions. The shape of the distributions presented can be modified by 

changing the Newtonian value (t< = 0.38) for the von Karman constant (Vanoni 

(1946), Ismail (1951)). Einstein and Chien (1954) correlated the reduction 

in the von Karman constant ( t< ) by the ammmt of turbulent energy spent per 

tmi t weight of fluid per lmi t time in supporting a sediment suspension. 

Figure 2.24 presents a graph of the variation of (K) • 

A reduction in the value of (t<) has been ascribed to 

1. a less effective moment\.Dil exchange due to a reduction of mass of 

the exchange flow in the presence of a heavy fluid zone; 
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2. a transmission of shear to the }:x)undary partly through sediment 

particles in motion; 

3. a decrease in turbulence levels because of the energy spent in 

keeping sediment in suspension. 

A comparison of the equations presented in Table 2.19 is required. This 

could best be achieved by using , actual data rather than by creating 

fictitious 'constants' to be substituted into the equations. This 

comparison will need to form part of future research work. In order to 

limit the number of constants requir~ equns. (2.88), (2.89) and (2.90) were 

selected for calculating U · . The velocity defect law (equn. 2.94) was 
max 

selected for developing the velocity profile. 

2.3.7 Vehicle Friction Factor 

Table 2.20 presents the friction factor equations considered for the 

vehicle. A comparison of these equations will best be achieved with actual 

data derived from a test facility. The comparison is presented in 

Chapter 6. Equations ( 2. 99) and ( 2. 104) can be used as a first 

approximation in the solution of a friction factor. 

2.4 TWO PHASE SOLID LIQUID ~ 

Soo (1986) suggested that three general slurry flow regions can be 

identified with low, intermediate and high concentrations of solid. For low 

concentration (dilute) suspensions the fluid motion is essentially 

unaffected,by the particles. The very dense suspensions tend to be in a 
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Table 2.19 Velocity distribution equations 

Velocity distribution equations 

Universal velocity profile 
+ + + u = y for y < 5 

u+ = 2 •0 l:'n y+ - 3.05 for 5 ~ y+ ~ 30 
K 

+ 1 . + + u = - en y + 5. 5 for y > 30 

+ u 

K 

u and 
+ u* p Y 

y = 
K 

For pseudoplastic fluids 
+ (y+)l/n for 0 y+ < 5n u = 

+ 5.0 + 3 0 n 
u = -- l:'n y - • 5 for 5 

n 

+ 2.78 e + 3.8 f + u = -- ny + -- or y 
n n 

< 

> 

+ + y ~ Y2 

+ 
y2 

+ y2 found from experimentation 

+ where u 
= [:.] 

Defect velocity law 
For ~ = 0 at y = R 

m 

umax - u 1 R 
----= - l'n -

K y 
~ ~ y < R 

Equation 
Author No. 

2.88 

2.89 

2.90 

2.91 

2.92 

Clapp 

(from Govier 2.93 
and Aziz, 
1981) 

2.94 
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Table 2.19 contd. 

Velocity distribution equations 

Defect velocity law 
For ~ ¢ 0 at y = R 

m 

u 
max - u ----= 

1 - a 1 aR + - fn -
21<a K y 

2&a( ~ - a) [ 1 - if aR ~ Y < R 

a= 0.7 to 0.97 

Distribution including concentration gradient 
and particle lift effects at bed interface 

For 0.05 R ~ y < aR 

Author 

Zhao yin 
and Ning 
(1984) 

u 
max - u 1 - a + 1 t aR _ 5 d

2 
[R + 2y 1 + 2a y

2
] 

2Ka ; n -; ~ [ R - a2 . ifJ ----= 

For aR ·~ y ~ R 

u 
max - u ----= -2K_a_(_~---a-, [ 

1 
- ~f 

u* 
a= 0.7 to 0.97 

Zhaoyin & 
Ni.ng (1984) 

Equation 
No. 

2.95 

2.96 

2.97 

2.98 
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Table 2.20 Friction factor equations for pseudohomogeneous mixtures 

Friction factor equations 

Blasius (1913) 

f = 0.079 R - 0 •25 for 3000 < R < 100 000 e e 

Colebrook-White equation after Colebrook (1939) 

.!._ = _ 4 log f. k + 1. 26J 

Jr l3.7 D irelfj 

Torrence equation (1963) 

.!.. - _2_.6_8_7 - 2.949 - 1.966 en (1 - a) 

Jf n n 

+ 1.966 ln (1 - a) (Re Jf2 - n) 
n 

+ 0.682 (5n _ 8 ) 
n 

T Dn V2-n 
a:2 and Re= p 

T 
0 

Rough wall Rek > 70 

1 1.767 en~+ 6 
2k 

Rek = !: Re [!: 
D J2 

2.65 ---
n 

Govier· and Aziz (1981) 

f m 

f w 

Equation 
No. 

2.99 

2.100 

2. lOl(a) 

2. lOl(b) 

2.102 

2.103 

2.104 
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state of pseudo-non Newtonian viscous motion • Both the dilute and the very 

dense suspensions can be modelled mathematically7 . Steady motion is 

sustained by a balance between diffusion, shear lift and gravity effects. 

Table 2. 21 presents some information on the low and high concentration 

regions. 

At intermediate concentrations between these two extremes Soo (1986) 

suggests that the situation becomes complicated. Steady flow is replaced by 

wavy stratified flow in a horizontal pipeline. Availability of vacant 

spaces in the suspension for re la ti ve motion amorig particles as well as 

multiple interactions between the particles and the fluid become important. 

The intermediate concentrations range is that in which most industrial 

hydraulic transport systems operate. It is therefore important that this 

region of flow is investigated. 

2.4.1 Stationary Bed 

2.4.1.1 Particle suspension mechanism 

The entrainment of particles into a turbulent flow stream is considered to 

be related to the turbulent fluctuating flow components rather than the 

average values. Sl.Uller and Oguz ( 1978) , proposed a mechanism for particle 

suspension close to the bottom of a smooth channel. 

7Dilute phase, Shih and Llmlley (1986). 
Dense phase, Elliot and Glidden (1971), Shook (1985), Streat (1986) 

Thomas ( 1979) • 
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Table 2.21 Comparison of dilute and dense suspensions 
After Soo (1986) 

Relative motion between 
particles 

Particle-particle 
interaction 

Particle diffusivity8
, E s 

A 
. . 9 ppa.rent viscosity 

Flow regime in applica­
tion 

Motion above minimum 
transport velocity 

Volumetric concentration 

range 

DILUTE SUSPENSION DENSE SUSPENSION 

Small 

Weak Strong 

Large Small 

Due to particle fluid Due to pa.rticle-
interaction, µPL = Cvf>sEs particle interaction 

1 

Steady, Turbulent 

Stable 

c ~ 10% v 

µPP a€ 
s 

Pseudo laminar 

Stable 

C > 40% to 75% 
v 

depending on particle 
size distribution 

Sumer and Qguz ( 1978) suggested that the turbulent fluctuations at the 

bottom of a smooth channel take the form of a "bursting" (ejection) and a 

"sweeping" process. The observed repetitive nature of the flow patterns 

8Diffusion refers to the net transport of material in the absence of mixing 
(by mechanical means or by convection) • The proportionality constant 
between the flux and potential is the diffusivity. 

9 See Glossary, Appendix 1, for definition of apparent viscosity. 
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10 suggest a quasicyclic process A bursting process is initiated by the 

upwelling motion of fluid in the subboundary layer. This upwelling is 

caused by an adverse pressure gradient in the subboundary layer. A local 

convected recirculation cell will inunediately fonn below the lifted fluid 

(see Figure 2.25). As the ejection progresses the lifted fluid and the 

recirulation cell will move away from the wall and grow in size. The flow 

along the lowest porti.on of the recirculation will be in the reverse 

direction with respect to an observer moving with the cell. The relative 

reverse flow near the wall implies a temporary local adverse pressure 

gradient. When the correct conditions exist the next ejection will occur as 

the existing structure continues to pass overhead. The previously lifted 

fluid then breaks up as it interacts with the next burst. Some fluid from 

both bursts returns to the wall where it spreads out sideways. This 

+ sideways spread gives the flow in the viscous sublayer ( 0 S y S 5) a 

streaky character with lateral variation in the streamwise direction of the 

velocity. Sumer and Oguz ( 1978) viewed the streaks of high and low speed 

fluid as a subboundary layer phenomenon. A burst will occur from a low 

speed streak. The fluid returning from the burst to the wall is called a 

sweep process. The burst and sweep processes, although discussed in a two 

dimensional sense, are in fact three dimensional. 

A generation region (5 ~ y+ S 70) coincides with the position of the 

majority of so called fluid burst and sweep phases. In the burst phase low 

lOA d .. t' that d ml . d . eternunis ic sequence occurs ran o y in space an time. 
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Figure 2.25 : Instantaneous views of a burst as it progresses 
downstream. Local convected recirculation cell forming below 

fluid lifted by an adverse pressure gradient. 

x4 

XS 

speed fluid is ejected away from the lower zone of the generation region. 

This burst can have an instantaneous velocity component perpendicular to the· 

wall which is as high as 30% of the longitudinal component. Shear varies as 
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a square of the velocity so the instantaneous shear can be up to 70% higher 

than the average. 

The fluid returning to the wall from a sweep will quickly be retarded and 

may be the source of new low speed streaks further downstream. Sweeps 

therefore represent the passage of a previous burst from further up the 

stream. Sumer and Ozuz (1978) reported the distance between low speed wall 

streaks to be ~ . 
u 

The spreading fluid in a sweep :p.lShes particles 

(wandering in the immediate vicinity) to an adjacent low speed wall streak. 

If the particle size is such that it projects above the edge of the viscous 

sublayer, particularly above the passive region (0 ~ y+ ~ 2.5), it will be 

exposed to the pressure gradient in this region and therefore the mechanism 

which brings about bursting. If the particle size is less than the 

thiclm.ess of the viscous sublayer it is not expected to be lifted into the 
•" 

.l:xJdy of the flow (i.e. d < ~) 
¢~ u 

Observations showed that a particle originating in the region 0 5 y+ 5 50 

could reach y+ values of 100 to 200 which is the height at which the bursts 

break up. + Most ejected particles observed reached at least y values of 80 

to 100. From this ·position the particle returns to the region near the 

bottom. In the downward motion the fluid instantane0usly in the particles' 

vicinity consists of high speed flow penetrating towards the wall (sweep 

phenomenon) . A particle on the way back to the wall is expected to meet the 

next ejection which may cause the particle to have another upward motion. 
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If the particle reaches the bottom it will eventually be lifted again by the 

process described. 

Sumer and Deigaard . ( 1981) extended this work to accotmt for heavier 

particles and wall roughness. In the case of a rough wall the theoretical 

bottom was fotmd to be located at a distance of 0.25k11 below the roughness 

tops. For rough wall flow particles, in a single continuous motion achieve 

much higher average elevations than in the case of smooth wall flow. The 

streamwise distance travelled is f otmd to be slightly smaller. The mean 

'rise' time also appears to be smaller for the rough wall case. Particle 

upward velocity in the case of a rough bottom is appreciably greater. In 

the rough wall case the lateral flow of fluid along the neighbouring sides 

of two adjacent high speed zones is likely to be retarded by the roughness 

form drag thus causing the disappearance of the smooth boundary wall 

streaks. Particles will be swept laterally from a high momentum fluid 

envirorunent into a localized low momentum zone (known as the 'crossing 

trajectories effect' ) from where the lift mechanism is similar to that of a 

smooth wall case. The bursting period shows no sign of dependency upon the 

bed roughness. The mean burst periodicity and the mean characteristic 

wavelength of the bursting process seem to scale with the outer flow 

parameters V and D irrespective of the bed roughness. 
m 

11k - mean height of roughness tops above base plate (k ::: d) • 
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Particles that are relatively heavy12 yet still not heavy enough to move 

constantly in contact with the bottom by rolling or sliding trace a plth 

'pattern of short 'hops'. These JBrticles reach only low values of y+ since 

an appreciable slip between the fluid and the plrticle exists. The plrticle 

cannot be maintained in the lifted fluid of the a.ccompanying burst and 

leaves the main body of the lifted fluid due to gravity before the 

accomplnying burst breaks up (see Figure 2.26). 

+ y 

150 

Time : t + T 
(a) Suspension 

Flow 1 ~~ 

70 

c::=:;:::> Time t + t ....-~· 

Lifted fluid of fi<_ / break up 

the accompanying 
burst ,/' sµspended particle 

10C 

,/' 

40 Time: t / 

Time : t + T 
(b) Saltation 

70 

Ti~,,.,• /@ 0/ 
150 

100 

Time 

/ / _ _ Rela~ively heavy 
: t/ ,.. _....- - -<particle 40 

_.,,. 

x 

Figure 2.26 : Fluid burst process showing a) the JBth of a plrticle 
small enough to remain entrained, b) a plrticle undergoing saltation 

l~izk and Elghobashi (1985); 
du* 

Particles with d+ = = 0.02 follow exactly the fluid plth in the wall 
v 

region. 
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It should be noted that the bursting event is not of constant cycle but 

rather is highly irregular both in time and space and is interactive with 

similar surrounding structures. Particles entrained by one bursting cycle 

can be intercepted by similar surrounding structures. 

2.4.1.2 Incipient particle motion 

Shields' criterion for incipient suspension of tmifonn, spherical particles 

is presented in Figure 2.27. This is considered to be of the most reliable 

criterion by Shen and Wang (1970), Graf (1971), Francis (1973) and Bonapa.ce 

( 1981) . Shields' criterion is based on the bed interface shear which was 

shown by Sumer and Oguz ( 1978) to reach 70% of its average value due to 

turbulent flow fluctuations. 
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Figure 2.27 : Shields' diagram; dimensionless critical shear stress 
vs. shear Reynolds m.unber for fully developed turbulent velocity 

profile (after Vanoni, 1964) 
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The Shield criterion for incipient particle suspension is 

('T:o)crit 

(S - S )d 
s w 

(2.105) 

The shear Reynolds number can be presented in tel"llL9 of the laminar sublayer 

thickness 5 by the relationship 

d 
11.6 -

5 
(2.106) 

· ... -." ·.Three zones are recognized in Figure 2. 27. These are discussed in Table 

2.22. 

The line represented in the Shield diagram is the line for the minimum shear 

: : .: '. stress required to move a particle. For any particular system the actual . .,."....... , 

i ... ·!_shear stress required to JOOVe a particle may be well above this line. 
i -'. 

-~ :_; _Ippen and Verma ( 1953) find the Shield diagram untenable for beds where the 
' 
, : , particle size in the bed is of a different size and texture to material 
L. ······-

Ca.rried as suspended load. Extreme density differences between the fluid 

and the bed are also considered to cause anomalies. For material that is 

well graded, non spherical, sticky or flocculated the critical shear stress 

for suspension will be higher than that suggested. 
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2 

3 

Table 2.22 

Particle 
size 

d < 0 

d::: 0 

d » 0 

119 

Zones distinguishable in the Shield diagram 

Shear Reynolds 
Number 

Intennediate 

High 

Conunents 

Particles enclosed in laminar 

sublayer. Movement is mainly 
due to viscous action and in­
dependent of turbulence. 

Laminar sublayer 
covers particle. 
(Figure 2.27) has 
Re* ::: 10 

partially 
Curve 
a minirm..un at 

('t' ). t o in 
::: 0.03 

Below this value no scour 
should occur. 

Dimensionless shear stress in­
dependent of shear Reynolds 
number for Re* ~ 400 

(7:0) int = Oa06 
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Egiazaroff
13 

(1965) presented a modification to overcome the anomaly for a 

well graded mixture where 

(T ) . t o in = 0.1 

[
log 19 ~] 

d50 

2 

d - diameter of particle in the bed to be "picked up". 

( 2.107) 

For particles smaller than ct50 the resistance to particle motion will be 

increased, for coarse particles (d > d
50

) the opposite is true. 

Other phenomena not taken into account by the Shield criterion are 

1. Small particles are subject to cohesive forces. 

2. Large particles are less readily eroded than smaller particles. 

The top layer will fonn a protective layer over the underlying 

particles. This is known as "armouring of the bed". 

A mathematical description of incipient particle motion is very complex for 

all but the simplest case of unifonn spherical particles on a flat bed. It 

is therefore desirable to use a bed scour model that does not require the 

calculation of incipient particle motion conditions. 

13 from Graf (1971). 
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2.4.2 Part Stationary Bed 

2.4.2.1 Interface load mcx:lel 

'lbe interface load is the sediment material the weight of which while in 

motion is supported by the non moving material or pipe bottom. Individual 

particles move by rolling, sliding and occasionally saltation. 

Graf ( 1971) found that all interface load equations predict the maxinn.m 

interface load that a stream ·in equilibrium can possibly carry. The 

transport capacity may or may not be equal to the actual load. Most of the 

work done on interface load flow14 is for open channels. 'Ibis work is 

directly applicable to pipeline flow since the free surf ace has no effect on 

interface load flow. 'Ibis condition holds true only until the stationary 

bed begins to move and does not apply to the suspended load above the bed. 

A comprehensive interface load model was developed by Einstein ( 1942) , 

Einstein ( 1948) and Einstein ( 1950) . Ashida and Fugi ta ( 1986) have extended 

this model suggesting advances that can be incorporated but need a computer 

to obtain the solution. 

Einstein's model has the following benefits : 

1. It avoids the difficulty of defining a critical value for 

initiation of sediment motion. 

14rn the open channel flow literature this term is called bed load flow. A 
change in terminology herein is to avoid confusion with the stationary bed 
load. 

I 

--
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2. It suggests that the interface load transport is related to the 

velocity fluctuations in turbulent flow rather than the average. 

From experimental observation the following was found : 

1. Intensive exchange of _particles is observed. between the interface 

load and the bed. 

2. The interface load moves slowly downstream, the motion of 

individual particles is one of quick steps with intermediate rest 

periods. 

3. Average step length is independent of flow conditions. 

4. Different transport rates are achieved. by changing the average 

time between successive steps and by a change in the thickness of· 

the moving layer. 

For interface load equilibrium the mnnber of particles deposited. per unit 

time must equal the number of particles eroded per unit time. This is taken 

to occur over a unit bed area. 

The number of particles deposited per unit time and unit area is given by 

(2.108) 

The number of particles eroded per tmit time and tmit area is given by 

(2.109) 
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fraction of interface load of a given grain size 

fraction of bed material in a given grain size 

probability of grain being eroded 

time for each exchange 

bed load rate in voltune per unit time and width 

step length constant, where step length = ~ 
constant of particle volt.nne 

constant of grain area. 

Einstein suggested a dependency of t on the settling velocity of the 
e 

particles Vt such that 

d 
t a - = 

e V 
t 

and k3 - a constant of time scale. 

The rate of deposition is equal to the rate of erosion so 

This then is Einstein's bed load equation. 

( 2 .110) 

(2.111) 
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The exchange probability pn has the following effect; 

If p is small => low sediment transport n 

is high pn => high sediment transport 

so pn can be used to calculate the distance ~d • 

For small p , i.e. single particles being transported 
n 

~ d = Abd where from experiment Ab :::: 100 

If p is large, ( 1 - p ) particles find a chance of deposition after 
n n 

.travelling Abd while pn particles stay in motion. At another step again 

some particles will be able to settle i.e. (1 - pn) in 2Abd but pn will stay 

in motion for another step. This distance travelled can be expressed by a 

series relationship as 

~d ( 2 .112) 

Substituting this equation into equn. (2.111) yields 

(2.113) 

Einstein introduced three correction factors : 

1 . ~ - hiding factor. This takes into account the fact that small 

particles tend to "hide" between larger ones or in the laminar sub 

layer. The function for~ is given in Figure 2.27. 
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Figure 2.27 Hiding factor as used in eqtm. (2.115) 
Einstein (1950) 

2. h - a logarithmic velocity distribution correction factor shown in 

Figure 2.28. 

h 

Figure 2.28 
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k 
/::, = 2-

h 
100 

Correction factor in the logarithmic velocity 
distribution (Einstein (1950)) 
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3. Y - pressure correction factor. This correction factor describes 

the change of lift coefficient in mixtures with various grain 

roughnesses. Y is given in Figure 2.29. For uniform sized grains 

t and Y are both unity. 

y 

1.0 
.7 -.5 
.4 
,3 

.2 

5 4 3 2 1.0 0.5 03 0.2 0.1 

d65 - 8 

Figure 2.29 Pressure correction factor as used in equn. (2.115) 
(Einstein (1950)) 

The final analytical equation presented by Einstein (1950) is given by 

-t2 
e 

A* 4>* 
dt = ----

1 + A* 4>* 

A* , B* and k1 are universal constants where 

A* 
1 43.5 = = 

0.023 

B* 
1 0.143 = = 
7 

kl = % 

(2.114) 
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The shear intensity on individual particles located in the bed is given by 

'/'* = 
' y [:;] 

'/> (2.115) 

where 1' IS - s ) dg 
= s f 2 

u* 

B = log 10.6 

B = x 
log (10.6 X/6) 

and a is given in F-igure 2.28. 

The intensity of interface load transport on individual particles in the bed 

is given by 

(2.116) 

x 
s This method gives the transport rate of individual components X:- within a · .. ':, 
b 

mixture. The total transport rate of the mixture as interface load can be 

determined by surruning up these fractions for the complete particle size 

distribution. 

Wilson (1966 and 1987) suggested that the predictions of eqtm. (2.114) may 

be incorrect at the high shear rates encountered in pipe flow and suggested 
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the use of the Meyer-Peter and Muller (1948) equation. 'Ihis is an empirical 

equation given by 

= (!_ - 0.188) 312 

"'* 

Figure 2.30 shows a canparison of these two equations. 

-----·-Einstein bed load function with A.=4350 

eqn(2.114) B.=0·143 

=J4~21:"tt-~~~~oJ~..... kro-s 

0·0001 

Meyer-Peter bed load formula 

I eqn { 2. 11 7) I 
Symbol Material 

• Grovel 
t Sand 

d Ii? 11lIIl 

28·65 
5-20 

x Lignite breeze 5 -20 
_q Boryto 5 ·20 
o Sand 0·?85 
* Polystyt'ene 475x3l8x2-38 

0·001 0·01 

s 
s 

2·68 
2·68 
1·25 

4-22 
2·68 
1052 

Source of 
data 

} Meyer-Peter 

Gilbert 
Chien 

0·10 /·O 
K. C. Wilson do to 

Symbol Material d in mm 
¢ + Sand 0·42 

x Nylon 3-88 

s 
s 

2·61'2 

1·138 

(2.117) 

/·0 10 100 

Figure 2. 30 : Caoparison of the bedload. transport intensity 
equations of Einstein (1950) and Heyer-Peter and Muller (1948) 

(from Valin, 1972) 

1000 
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2.4.2.2 Bed forms 

Bed form geometry in open channel flow is critical to an understanding of 

the friction losses associated with these bed forms. In pipeline flow dunes 

will form but only at low Froude numbers. Graf (1971) suggested that dunes 

would form at 

F < 1 . 
r -

For a pipeline of D = 0.139 m 

u = .Jg]) 

= 1.17 m/s. 

2.4.2.3 Interface friction factor 

The resistance to flow of the mixture over a bed is the sum of the surf ace 

drag and form drag. The reistance to flow caused by the pipe perimeter 

above the bed can be calculated by using the fully suspended flow equations. 

1. Lazarus (1986) and Doren et al. ( 1986) used the Colebrook-White 

friction factor equation for rough wall flow (equn. 2.100 for Re ~ ~) 

and partially rough wall flow (equn. 2.100) respectively. Doron et al. 

(1986) suggested that this friction factor might in fact be doubled to 

achieve the correct value. 

2. Richardson and Simons ( 1967) broke the friction factor prediction 

equation into regions. For a plane bed with no sediment transport 

E = i.415 ln _E._ + 1.36 
jfl d85 

( 2 .118) 
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For a plane bed with appreciable sediment transport 

J:I = 1.85 ln ~5 (2.119) 

2.4.2.4 Bed fluidization 

The plane bed created by dune "wash out" will be fluidized and begin to 

move. This designates the transition from part stationary bed flow to fully 

moving bed flow. Two mechanisms may be responsible for this fluidization 

either occurring exclusively or simultaneously 

1. Force balance on the bed 

Consider a force balance on the bed shown in Figure 2.31. 

AP~ + Ti D sin T = FRB .+ wb sin 9 
·L 

T - bed half angle 

B phase 

Figure 2.31 Force balance on an incipient stationary bed 

(2.120) 

(2.121) 

(2.122) 
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,;; When equn. (2.120) is true then the incipient sliding bed condition 
i ~-·· 

exists. If the left hand side of the equation is less than the right 

hand side the bed will be stationary. The incipient sliding bed 

condition is considered to be the incipient bed fluidization condition 

as well. 

2. Percolation flow 

The pressure drop along ·the pipe will cause a pressure drop along the 

bed. This pressure drop will be manifest as percolation flow through 

the bed. 

2.4.3 Fully Moving Bed 

2.4.3.1 Two-fluid approach 

In particulate fluidization the particles are uniformly dispersed in an 

expanded mixture. The mixture expands because the particles no longer rest 

on one another but are partially supported by the interstitial fluid and are 

free to move about. This freedom of movement will allow a shear field to be 

created in the fluidized material. For a fluidized bed, which is considered 

to occur when th~ stationary bed starts to move, the bed will act as a fluid 

of a higher density than the overhead suspended mixture. A two'.""'fluid model 

is then applicable. No mass transfer between the phases is considered 

because any movement of one phase into another will cause an equal and 

. --. 
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opposite migration back to occur. In the two-fluid system described the 

force per unit volume on the fluid or particles is a function of the 

velocity, concentration and concentration gradient. These are necessary and 

sufficient conditions for dynamic and continuity waves to occur 

simultaneously (Wallis ( 1969)). A mixture of these waves will cause the 

interface to develop ripples and "roll" waves which may become unstable and 

disperse or cause slug flow. 

Figure 2.31 shows the convention used in describing the two-fluid phase. 

The flow of o: phase liquid over {J phase affects the interface by the 

presence of tangential forces ( interfacial shear) and nonna.l forces which 

develop due to variation of pressure in the flow due to turbulence. Many 

investigators consider the effects of shear to be secondary. The pressure 

variations caused by turbulent fluctuations nonna.l to the interface will 

cause the interface to develop small ripples. These small ripples may grow 

to f onn a wavy interface depending on the stability criterion for wave 

formation. 

The small ripples will cause pressure variations in the o: phase which are in 

phase with the slope of the ripple. This pressure variation will cause the 

ripple to grow into a wave structure and will eventually be accompanied by a 

pressure variation 180° out of phase with the wave. This second pressure 

variation may cause a further interfacial instability and cause exponential 

amplitude growth leading to slug flow or {J phase dispersion. 

exponential growth is attributed to a Kelvin-Helmholtz instability. 

This 



Univ
ers

ity
 of

 C
ap

e T
ow

n

133 

2.4.3.2 Fluid phase distinction 

A slurry comprised of a well graded material in water will produce a mixture 

with some part of the particle size distribution contributing toward the 

vehicle on a phase and the rest contributing to the bed material on p phase. 

Three methods of distinguishing between the a and ~ phase are : 

1. Hindered settling velocity (Figure 2.21). 

2. Method ascribed to Wilson (1976) (Equn. 2.84). 

3. Method ascribed to D G Thomas ( 1962) ( Equn. 2. 79) . 

2.4.3.3 Wall shear stress 

The stratified flow of the two fluid components will produce a wall shear 

stress component for each phase. Different mechanisms creating this shear 

stress are active for each phase. 

1. ~-E~~~~-~E-~~~~~~-~!~E!~! 

Three different approaches have been proposed for describing the a 

phase hydrodynamic wall shear stress (see Table 2.20) : 

1. Blausius type (Equn. 2.99) 

2. Colebrook-White equation (Equn. 2.100) 

3. Torrence (1963) equation (Equns. 2.101, 2.102) 

2. e_E~~~-~E-~!!~!~-~-~!~E!~! 

The shear stress of the p phase is more complicated than that of 

the a phase since it is comprised of two components. One due to 

the mechanical friction of the bed material sliding along the pipe 

and the other due to hydrodynamic friction effects. 
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Doran et al. (1986) presented a method for calculating the force 

FRB 

Fbd 

=> Fbd 

required to drive a moving bed 

FRB - force resisting bed load motion 

'T - shear stress between bed material and pipe wall 
/3 

p/J - pipe perimeter in contact with bed load. 

= Fbd + FbL 

= r; N s 

= r;s {2(p8 - pa)~R2 [~b -1 ][r + ~] + cos r] + :::I.} 

(2.123) 

(2.124) 

(2.125) 

(2.126) 

The first term in eqrm. (2.126) is the normal force caused by the 

hydrostatic weight of the bed material. The second tenn is the nonnal force 
I 

on the bed surface created by the material impacting with the bed. This 

contribution to the nonnal force was first described by Ba.gnold (1954). 

The Ba.gnold stress can be described by the equation 

TB = PB tan 4> 

where tan 4> = coefficient of dynamic friction 

= 0.32 for a2 > J700 

= fn (G
2

) for 28 < a2 < 3700 

= 0.75 for a2 < 28 

a2 - dimensionless group = 

(2.127) 
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a - average distance between particle surf aces 

(2.128) 

'!he hydrodynamic force on the bed DBterial due to the presence of the pipe 

wall is given by 

FbL = 'T:/JLPp 

-cpL is described by a Blausius type friction factor (Doron et al. 1986) 

1 2 
'T:/JL = 2 f tf'pvp 

where 

f/J = 0.046 (R )-0• 25 
ep 

and Rhp -- 4Ap .... ~-.1 - the .. ..,.'-U.QU.Lic radius of the bed 111Bterial. 
Pp + wi 

2.4.3.4 Wave stability 

Figure 2.32 presents the data of Hanratty and Engen15 for the interface 

structure of stratified flow. 

15
From Govier and Aziz (1981). 
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Figure 2.32 : Interface structure in stratified flow (after 
Hanratty and Engen in Govier and Aziz (1981, p.573) 

Kordyba.n (1985) suggested that the tangential force at the interface between 

a and p phase contributed only slightly to the f orma.tion of waves and can be 

neglected. Normal forces on the interface caused by turbulent eddies 

manifest as pressure variations in the a phase. These pressure variations 

bear a definite phase relationship to interfacial waves and may be 

considered to consist of two components; one 180° out of phase with the wave 

and one in phase with the wave slope. 
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1. ~~~~-~~!~~!~~-!~Q~-~~~-~f-~~ 

Figure 2.33 shows the flow configuration for interfacial waves. 

v 
a phase c 

----4~ 

D 

phase 

Figure 2.33 Flow configuration for interf acial waves 

From Figure 2.33 a defining equation for the wave may be written as 

P 2 * /3 a Y ---+ - p (2.129) 
k at2 

a 

where k - wave number 

* y -

T -
/3 

wave profile 

surface tension between an air-water interface in the 
original derivation. For slurry flow it is difficult 
to conceive of a surface tension as such but a general­
ized tenn must be included in the equation to allow for 
a discontinuity in the fluid shear stress at the inter­
face. 

The pressure in the ex phase 

p 
a 

,.. = constant. 
~a 
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Substituting this into equn. (2.129) 

Pp a2y* 2 . * 0 
- -- + (p~ + T/.lk ~a)y = 
k at2 

'Ibis equation has a periodic form of solution if 

~a < p~ + T/Jk2 

'Ibe solution is exponential if 

~<X > p~ + T/.lk
2 

(2.130) 

(2.131a) 

(2.131b) 

'!bus equating the two sides of equn. ( 2. 131) represents the onset of 

·instability which is known as a Kelvin-Helinholtz instability. 

'Ibe Kelvin-Helmholtz instability may be interpreted physically as the 

instability of the wave which occurs when the low pressure at the 

crest, resulting from higher a phase velocity there, overcomes the 

stabilizing effect of gravity. 

'Ibe celerity of the waves is given by 

At the point of instability c = 0 and the wave should travel at the 

liquid velocity. 
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Kordyban ( 1985 ) presents the component of pressure in phase with the 

.wave slope as 

p 
a 

If ~ /3 is small 

p - -a. 

* ~/3 ay 

c at 

where c - wave celerity 

and ~ - constant. 
/3 

Substituting this value 

PfJ a2/ * ~/Jay 
---- ---+ 
k 

at2 c at 

of P into the a. 

(p~ + 2 * T/3k )y 

This has a solution of the f onn 

* . [~ kt] y =a exp _/3_ 
2cp/J 

sin k (x - ct) 

(2.133) 

initial equn. (2.129) 

= 0 (2.134) 

(2.135) 

The wave stability is dependent on the value of ~ /3 as shown in Table 

2.23. 

The waves will retain their periodic characteristics as the amplitude 

changes slowly. This mechanism describes the generation and at least· the 

initial growth of interfacial waves. 
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Table 2.23 ~/J as a measure of wave stability 

~ /J Stability 

Positive. Unstable, slow growth 

0 Stable 

Negative Unstable, slow attenuation 

2.4.3.5 Slug flow pattern 

Govier and Aziz (1981) present the work of Hubbard and Dukler on Slug Flow. 

A schema.tic representation of the slug flow pattern is shown in Figure 2.34. 

The length of the fJ phase slug is significantly smaller than that for the a 

phase "bubble" . 

explanation. 

This is shown distorted. in Figure 2. 34 to facilitate 

Slug flow is a· consequence of interfacial waves. The waves may, under 

certain conditions, grow in amplitude and eventually bridge the pipe 

blocking the stream of a phase flow. The fJ phase material in the bridge is 

then acceleratE;!d unifonnly to the velocity of the overhead flowing a phase. 

A consequence of this acceleration is that more fJ phase material is picked 

uµ and the slug develops further. 
) 

As the slug moves down the pipe fJ phase 

liquid is shed from the trailing edge of the slug and falls under the 

influence of gravity to the bottom of the pipe. A following slug will pick 

up material fr.om the base of the pipe. Since this material is only the 

amount that the preceed.ing slug deposited. the slug length will eventually 
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(a) Actual slug flow 

Slightly slower moving 
liquid slug 

Fast moving bubble 

(b) Hubbard and Dukler (1968) model 

L 
s 

Figure 2.34 : Schema.tic representation of slug flow 
after Govier and Aziz (1981)) 

stabilize. A consequence of the accelerating film ahead of the slug is that 

it will penetrate a short distance into the slug as it is accelerated to the 

slug velocity. A mixing vortex is therefore developed at the front of the 

slug in the absence of a pressure gradient. a phase material will therefore 

be entrained into the slug. As the slug velocity is increased the 

entrainment of a phase liquid into the slug will eventually f onn a 

continuous a phase stream along the top of the slug. The slug no longer 

maintains a bridge across the pipe and slug "blow through" occurs. The slug 
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velocity begins to decrease but the p phase material dissipates by 

entrainment due to the high velocity of the a phase. This entrainment 

begins the transition to heterogeneous flow and the two-fluid analogy breaks 

down. 

v 

2.4.3.6 Slug stability 

Slug flow develops as a result of Kelvin-Helmholtz instability of the 

interfacial waves enhanced by the presence of the top of the pipe. 

Once waves have formed and grow they begin to occupy a significant 

portion of the pipe cross section and the pressure distribution in the 

a phase deviates considerably from the smooth interface or open channel 

flow cases. From the Bernoulli equation, if the velocity of .the a and 

p phase differ, the pressure component 180° out of phase with the wave 

increases rapidly. 
-

As the wave crest approaches the top of the pipe 
\ 

they must eventually reach a condition at which the Kelvin-Helmholtz 

instability may occur. 

Va,rious authors, listed by Kordyban ( 1985) , have found that slug flow 

occurs somewhat before the pressure variation, due to a velocity 

difference between the crest and the trough, is sufficiently high to 

overcome the effect of gravity. 

At the point of instability the celerity c = 0 and the waves should 

travel with the liquid velocity. The stationary wave requirement for 
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the Kelvin-Helmholtz instability has never been observed experimentally 

when applied to the whole wave. Kordyban ( 1985) suggested that it may 

occur locally over a small pa.rt of the wave. 

Consider the vertical forces on a liquid element (shown in Figure 

2.35). 

- -- ~p(x) 

dp dx " 

dx 

* y (x) 

\ 

* dy 

Figure 2.35 Forces on a liquid element 

At the point of instability 

* (p/3 - pa)gdy _dx = - dp dx 

=> (2.36) 

The interface is particularly susceptible to instability at locations 

* where the profile ~ is high. 
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The one dimensional Bernoulli equation can be used to determine the 

pressure of any point at the interface 

p - p = 
0 

Kp 
~(V2 

2 a 
(2.137) 

K - constant allowing for the effect of velocity distribution 

p
0 

- reference pressure . 

Differentiating for p with respect to x and after some manipulation the 

stability criterion becomes 

(2.138) 

Applying this equation to a wave appr~hing the top wall of the pipe 

the crest will become unstable before the main portion of the wave 

* since both the velocity V /3 and the wave profile y have the highest 

values there. 

Kordyban (1985) investigated this wave crest phen~non using a series 

of motion picture photographs. A wavelet was found to appear on the 

wave crest of the smooth face wave approaching the conduit upper 

surface. This was proposed as the onset of Kelvin-Helmholtz 

instability. 
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Kordyban (1985) found that the velocity of the wave trough (considered 

to represent the whole wave velocity) had practically the same velocity 

as the wavelet on the wave crest. The disturbance therefore fulfills 

the requirement that the celerity c = 0 when the Kelvin-Helmholtz 

instability occurs. 

Kordyban ( 1985) stressed the importance of including the interfacial 

surface tension tenn in the analysis of stability at the interface. 

The wavelets are small and their stability will be affected strongly by 

this surface tension. 

The value of K (in equn. (2.138)) can be estimated at the crest from 

data collected by Kordyban on the transition to slug flow. Kordyban 

found a value 

K = 1.80 . 

This value may be high because the waves considered in calculations 

were the highest waves just prior to the fonnation of slugs and it wa.S 

usually the next highest wave that produced the slug. 

Kordyban (1985) conducted his experiments using air-water flow. 

Viscosity does not enter the analytical considerations and it was 

asstuned by Kordyban that the results should be valid for a broad band 

of viscosities. interfacial surface tension tends to stabilize the 

liquid surf ace. For liquids with small interfacial surface tension 

(such as in the case of the proposed slurry system) the mechanism 
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should be valid. For greater surface tension it is possible that the 

instability of the whole wave will occur before formation of the crest 

wavelets. 

Slug dispersion occurs where 'blow-through' becomes pronounced due to 

increasing entrainment of a. phase into the p phase slug. This 

entrainment begins the transition from slug flow to heterogeneous flow. 

No method based on the mechanics of flow exist for predicting this 

transition. The equations developed for predicting the limit of 

heterogeneous flow can be used for this prediction. 

2.4.4 Fully Suspended Flow 

Heterogeneous flow has been well studied by many authors. The particles are 

considered to remain in suspension at all times due to the turbulent mixing 

of the surrounding fluid. The concentration distribution will 

asymmetrically increase towards the bottom of the pipe. This regime has 

been considered to be the operating regime of slurry transport systems 

conveying settling particles. This is however not necessarily the case. A 

complex analysis is required to find the best operating point for a pipeline 

system. 

2.4.4.1 Concentration profile 

For open channel flow the vertical diffusion equation for particles can be 

written 

E dC + V C = 0 
s dy t 

(2.139) 
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This equation has been used and is found to be satisfactory if a description 

of both es and Vt can be found. Vanoni ( 1946) , Ismai 1 ( 1951) , Einstein 

(1950) amongst others have made use of this description. 

For pipeline flow the diffusion equation is represented by a second order 

homogeneous differential equation of the fonn 

V dC = 0 
t dy 

(2.140) 

This is' confirmed by Ismail (1951), Okuda (1980) and Doron et al. ( 1986). 

The differentials in the equation should. be partial differentials but two 

dimensional flow is assumed and the full differential applies. 

The settling velocity can be found for particles in quiescent Newtonian or 

non Newtonian fluids. The settling velocity found can be modified to take 

into account the concentration and a hindered settling value found. The 

diffusivity is more difficult to define. 

The diffusivity for various sytems (i.e. heat flow, fluid flow, sand 

movement by wind) has been found to be of a similar fonn although not 

necessarily having the same value. The diffusivity for turbulent fluid flow 

(called the eddy viscosity) can be related to the particle diffusivity in a 

slurry by the equation 

E : RI: ·s ,-- (2.141) 
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It is now generally agreed that the value of p is close to llllity. 

For fine particles 

or E = E • s 

For coarse particles 

p < 1 or E < E • s 

If . the particles are fine enough they will follow the fluid turbulence 

exactly and p = 1 • The value of E for turbulent fluid flow can now be 

found. 

In a two dimensional flow situation which is approximated in a pipeline the 

shear stress between the wall and the point of maxinn.nn velocity in the pipe 

is given by 

r 
w 

where y - distance from the wall to the point of maximum velocity. m 

(2.142) 

Boussinesq suggested a relationship between the turbulent stress and the 

gradient of the mean velocity, analogous to the laminar flow relationship. 

The turbulent stress is written in the fonn 

du 
(2.143) r:pE '• 

dy 

'\ 
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Assuming a logarithmic velocity distribution of the form 

* u 
u = - en y +A 

K 

Differentiating gives 

du = * u 

dy KY 

(2.144) 

Combining equns. (2.141) to (2.144) inclusive, for p = 1 it is found that 

A plot of this equation is shown in Figure 2.36 for a synmetrical velocity 

distribution. 

Figure 2.36 

E 
s 

Plot of equn. (2.145), y versus E 
s 
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The value of e is in fact not defined at y = y • This is because the s m 

Boussinesq hypothesis is only valid near the walls and does not hold at the 

point of maximum velocity where both i; = 0 and du ~ 0 . From experiments 
dy 

conducted by many researchers it was found that e ha.S a finite value across 

the pipe centre. e must therefore also exist at this point. 
s 

Ismail (1951) 

presented a means for defining e across the pipe. 
s 

Figure 2.37 was 

presented by Ismail (1951) as describing the particle diffusivity. Near the 

wall the Boussinesq hypothesis holds and the diffusivity is a ftmction of 

position. Across the pipe centre (the area of maximum velocity) the 

diffusivity was found to be constant. 

y 

Figure 2.37 

00 

NN 
N \JI 

E 
s 

Dimensionless form of e plotted against position 
s 

in the pipe (from Ismail (1951)) 
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Three regions are distinguishable in Figure 2.38. Two outer regions 

comprising approximately one third of the pipe diameter each where E = s 

fn(y) and a centre third where e is constant. The concentration profile 
s 

can now be found for the pipeline from the definition of Vt and es 

D 

~ c (y) E: fn(y) 
.µ v s 
I-< 
Q) 

g; ..... 
Q) 
p.. 

E: constant ..... 
p.. s 

s ym ---
0 
H 
~ 

Q) 
C) 

0 
<1l 
.µ 
CJl III ..... 
Q 

fn(y) a 

0 
c a 

Concentration Diffusion coefficient 

Figure 2.38 : Pipeline divided into the three regions where different 
definitions of the particle diffusivity e apply 

s 

In region I and III 

In region II 

e = fn(y) s 
e = constant s 
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Four different concentration profile models are presented : 

1. The integration of the diffusion eqtm. (2.139), if e is assumed a 
s 

function of y , yields C (y) throughout this section 
v 

c (y) ra(ym -yT v 
= 

c y(y - ya) va m 

where 
Vt 

z = ---r 
/JKU 

and C is the concentration at reference level y • 
va a 

(2.146) 

(2.147) 

Carlton et al. (1978) fotmd this equation to give a poor fit for the 

transport of limestone with a }:8rticle size of 10nm to 20nm at 4 m/s in 

a pipe of internal diameter 154111ll. Figure 2.39 shows the curve which 

Figure 2.39 

0.150 

g 
::: 0.100 
0 

A 

QI 
c. .... 
c. 
QI 
:> 
0 

A 
ru 0.50 ... 

.c: 
00 .... 
QI 

::c 

0 

0 

• 

10 

e EXPERIMENTAL POINTS 

20 

D " 154 mm 
v a 4.0 m/s 

m 

30 40 

Volume concentration [%] 

50 60 

Concentration profile for lOnm to 20nm limestone 
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was made to fit at y = 50nm and C = 0.21 (line A). By taking a value of 
. a v 

the friction velocity 15 times that of the value given by turbulent theory 

the curve, line B, was obtained. 

2. Carlton et al. (1978) presented a method ascribed to Shook for the 

prediction of concentration gradients. 

It is asstuned that a large particle falls a short distance (a) before 

coming into contact with another particle and that this fall time is 

insufficient for a boundary layer to form. The velocity achieved by 

the particle is 

(2.148) 

The mean separation between particles has been found empirically to be 

(2.149) 

The average "fall" velocity is taken to equal half of the above 

velocity 

v = 1/2 v . 
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This velocity can be substituted for the settling velocity in the 

diffusion equation 

=> 

dC (y) 
e _v __ + VC ( y) = 0 

s dy v 

dC (y) 
v ---= 
dy 

c (y) 
v 

E 
s 

Integrating for C (y) with the condition that C = Cb at y = 0 
v 

c (y) 
v 

y 2gd 

+ 1 

-3 

. 

(2.139) 

(2.150) 

(2.151) 

Curve C in Figure 2.39 for C = .21 at y = 50mn was plotted using equn. 
v 

(2.151) and shows good agreement'with the data. 

3. Newitt et al. (1962) presented a concentration profile of the form 

1 
-----= (2.152) 

dC (y) 
v 

c (y) 
v dy 
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where y and d have units in inches 

K, fJ are constants 

« = 0.4 - von Karman's constant. 

4. Daron et al. ( 1986) assuned that concentration depends only on its 

vertical position and that a mean diffusion coefficient and tenninal 

velocity can be applied (i.e. e = canst. ) . Integrating equn. ( 2. 140) 
s 

twice 

(2.153) 

Doran et al. (1986) expressed the mean cross flow diffusion coefficient 

as 

D 
where Rh = -

4 
(2.154) 

Integrating the equation across the pipe area yields the mean in situ 

concentration 

(2.155) 
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In tenns of the bed load angle T 

2 C R2 
b 

cvt = --­
A 

µ 

2.4.4~2 Average in situ concentration 

2 cos Tdr (2.156) 

The average in s i tu concentration can be obtained by integrating the 

concentration profile ( equn. 2 .156). Two empirical equations for in situ 

concentration are : 

1. Newitt et al. (1962) 

The slip velocity S 
v 

where 

S - slip velocity 
v 

v 
-m = 3.70 - 0.0397 (1 - cvd) 
v t 

V - solid phase velocity 
s 

vf - fluid phase velocity. 

<2.157) 
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2. Wani et al. (1983) 

Wani et al. presented an empirical equation for in situ concentration 

0.1509 (V
1 

)N 
t 

(2.158) 

The equation used by Wani et al. (1983) for hindererd particle settling 

is 

(2.159) 

where Vt is the settling velocity, . based on a volume surf ace mean 

diameter 

n 
z m. 

i=l 
l. 

d = (2.160) 
v n m. 

E 
l. 

a. 
i=l l. 

The exponent N is given by 

N = 0.541~:] - 0.223 (2.161) 

These two empirical models are compared with experimentally detennined 

values in Chapter 6. 
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2.5 CONCWSIONS 

The literature review serves to outline the main constituents of the 

analytical model. Some of the equations presented require evaluation using 

experimental data but conclusions can be drawn from the material presented. 

Test data will be required for mixtures which constitute only vehicle, a 

mixture of coarse and fine material and coarse material alone. From flow 

observations a qualitative model, can be produced for the periodic phenomena 

in slurry flows. Detailed observations will have to be made to evaluate the 

two-phase model. 

A list of conclusions and reconunendations can be drawn from the work 

presented in this chapter : 

Particle characteristics 

1. Particle size is described as the size of the screen on which the 

particle is retained. 

2. The Rosin-Rammler distribution equation can be made to fit a set of 

random numbers. Its use is accordingly limited. 

3. The graphical represen~tion of particle size distribution is the 

safest and simplest method. 

4. A constant rela:ti ve density for a particular mixture is not accurate 

but is realistic and convenient. 

5. The maximum particle packing concentration (%) for spheres is 63.9% by 

volume. For real particle mixtures 

50% ~ % ~ 70% 
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The' vehicle 
6. Physico-chemical effects account for the difference between 

theoretically and experimentally determined rheological parameters. 

Analysis of fine material can be made by rheological considerations 

only without the necessity to account for acidity and zeta-potential as 

long as these remain essentially constant for all tests. 

7. Kaolin clay can be described by a yield pseudoplastic rheology, 

8. Relative viscosity (!J ) as a function of concentration has a slight 
r 

slope for well graded particle mixtures but a steep slope for poorly 

graded mixtures. 

9. The equation chosen to represent Newtonian relative viscosity is given 

by 

- [ CV]-
2

·
5 

- 1 -
% 

(2.23) 

10. Fluid consistency increases with : 

1. increase in particle size up to approximately l6JA11 . 

2. increase in particle density. 

3. increase in particle roughness. 

4. needle shaped particles as compared to spherical particles. 

5. increase in particle interactions - a consequence of 
increased concentration. 

11. Yield stress is a function of flocculation and floe structure. 

Increasing floe strength increases yield stress. 

12. Floe radius is inversely proportional to strain rate and consequently 

yield stress. 

13. Hindered settling veloei ty is described by an increased concentration 

only, The equations for non Newtonian settling are all derived for 

particles se~tling in a quiescent vehicle and produce hindered settling 

veloei ties much smaller than would occur if the mixture undergoes 

turbulent flow. 

14. The vehicle concentration, if a Newtonian rheology is assumed, is the 

total suspended solid concentration. 

15. The vehicle concentration for a non Newtonian rheology comprises the 

concentration' of all particles smaller than~. 
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Particle suspension 

16. The mechanism for particle suspension is an adverse pressure gradient 

which causes a burst and subsequent sweep process. 

17. The threshold velocity for turbulent suspension is given by 

V = 0.6 Vt ~exp (45 d/D) 
susp Jf 

(2.83) 

18. The interface load is modelled by the Meyer-Peter and Muller ( 1948) 

equation modified by three correction factors ascribed to Einstein 

(1950) for low mixture concentrations. 

Sooradic flow 

19. Dunes form on the stationary bed interface for Froude numbers less than 

one and progress downstream at a fraction of the mean flow velocity. 

20. A two-fluid model is proposed to describe periodic flow phenomena. The 

sliding bed material is fluidized to create the heavier fluid with 

suspended material above the bed. 

21. Interfacial shear and the normal forces due to turbulence (bursts) 

cause small ripples to form on the interface. These ripples initiate 

flow instabilities. 

22. Pressure variations in phase with the interface ripples cause them to 

grow forming interface waves. 

23. Pressure variations 180 ° out of phase with the interface waves cause 

exponential amplitude growth. This is known as a Kelvin-Helmholtz 

instability. 

24. Slug flow will result from exponential wave growth if sufficient bed 

material exists. 

25. Slugs and waves move downstream at the mean flow velocity. 

26. Slug dispersion will lead to heterogeneous flow. The entrainment of 

the lighter phase mixture into the slug will eventually form a 

continuous stream resulting in slug blow through. 

27. Periodic phenomena exist until all particles are maintained in 

turbulent suspension. 
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Velocity distribution 

28. The universal logarithmic velocity profile with a von Karman constant 

predicted using the approach of Einstein and Chien (1954) best 

describes the maximum velocity. 

29. The velocity defect law is used to model the velocity profile. 

Concentration profile 

30. The concentration profile can be modelled using a diffusion equation. 

31. The particle diffusivity is a function of distance from the outer 

thirds of the pipe diameter to the pipe wall and a constant for the 

middle third. 

32. The concentration distribution varies in the plane of the pipe axis but 

is assumed to remain constant in the transverse direction. 
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PART 2 MIXED REGIME INVESTIGATION 

CHAPl'ER 3 

A NEW ANALYTICAL APPROACH 

INTOODUCTION 

The analytical modelling of hydraulic transport systems is a difficult if 

not elusive problem. The large nl.llilbers of variables involved require that 

some assl.Uilptions will have to be made to avoid closure 1 problems in the 

mathematical description. Even for the simple case of Newtonian flow the 

concept of the Prandl mixing length had to be included to ensure closure. 

Roco and Shook ( 1982) discussed four possible approaches to analytical 

prediction of slurry flow parameters : 

1. Empirical correlations derived from full scale experimentation. 

2. Semiempirical dimensional analysis employed to extrapolate 

experimental results. 

3. Mechanistic models of simplified flow conditions satisfactory for 

the calculation of some parameters. 

4. Integration of the governing equations of motion by using computer 

based n\.Uilerical methods. 

1 Closure occurs when the nl.llilber of independent descriptive equations equals 
the nl.llilber of variables. 
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The first correlations derived for slurry flow used only the discharge 

parameters to describe the flow. This led to simplistic models that 

appeared to work only in the case of the researchers own data. The 

necessity to investigate in .situ phenomena led to a significantly better 

understanding of the flow phenomena. It is in fact due to the work of 

investigators in open channel flow (Vanoni ( 1946), Ismail ( 1951)) that these 

internal investigations were started. The excellent work of the 

Saskatchewan Research Council has improved this approach with the 

development of concentration and velocity profile probes for internal 

measurements. The starting point for an analytical model is therefore to 

specify the in situ concentration and the mixture flow rate for a particular 

set ·of material and pipeline geometries. The final products of the model 

will be energy consumption and delivered concentration. 

3.1 OBSERVATIONS OF MIXED REGIME SLURRY FLOW IN PIPES 

An understanding of the complex flow phenomena in hydraulic transportation 

can only be gained from detailed observations. Purely analytical methods 

will never be able to include all the intricate dependencies that the many 

flow variables have on each other. The flow patterns observed determine the 

type of analytical approach most applicable at a particular concentration 

and flow rate. In Section 2.1, the visual observations of Boothroyde et al. 

( 1979), Thomas (1964a) and Thomas (1964b) are presented. That discussion 

forms an introduction for this section. 
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The observations discussed in this section are applica.ble to a slurry with a 

narrow or broad particle size distribution that will not flow as a 

stabilized mixture or dense phase. It is inherent in this investigation 

that a near planar bed will fonn at, the no flow condition. Figure 3.1 is a 

block diagram that shows the different flow regimes 'encountered with 

increasing mixture flow rate. 

3.1.1 Stationa.ry Bed 

Two conditions for flow over a stationary bed may exist which, depending on 

the flow history : 

1. Pipeline start up after all solids have settled i.e. after a 

stoppage duration of several hours. 

2. Pipeline start up after only coarse material has settled i.e. 

after a stoppage duration of minutes. 

'Ibe first condition will ensure a plane bed interface with clear fluid above 

while the second condition will be represented by a non Newtonian vehicle 

over a plane bed of coarse particles. 'Ille fine particles which contribute 

to the vehicle will fill the interstitial gaps between the coarse particles 

in both cases. 

3.1.2 Incipient Particle l"k>tion 

As the pipeline flow is initiated the fluid oVE!r the bed,will begin to move. 

Particles that protrude through the laminar sublayer will be subject to 

turbulent bursts and will eventually be dislodged and mobilized. Finer 

particles will be affected by surface drag due to laminar flow (in the 
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sublayer) and roll over the bed. It is the particles affected by turbulence 

that have the most profound affect. Since the turbulent burst process is a 

detenninistic.process that occurs randomly in space and time, particles will 

not be suspended en mass but simultaneously at many discrete locations 

throughout the pipeline. 

3.1.3 Dune Formation 

An increase in flow rate will produce a bed interface which may fonn dunes. 

These dunes move downstream at significantly lower velocity than the 

overhead fluid. The dtme dimensions are dependent on solid mass flow rate 

(M ) which is directly related to in situ concentration. The dune heights s 

are a fraction of the pipe diameter. The dune length is of the order of 10 

pipe diameters. Coarse solid particles are transported by rolling, 

saltation and occasionally suspension. At low concentration (C < 5%) dune 
v 

formation is almost non existent. At higher concentration dunes will be 

produced and may grow to dimensions that will produce. a trough that 

coincides .with the pipe bottom. Further growth may cause the dunes to 

separate (called islands by Thomas ( 1964a)). Particle motions will be 

visible at the bottom of the pipe if this occurs. As the flow rate is 

further increased the bed. will become planar and the dune formation will 

cease. 

3.1.4 Flat Bed Formation 

A further increase in flow rate will result in the dunes being washed out 

and a plane bed observed. Material is transported over this bed by rolling, 

saltation and suspension, as before. 
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3.1.5 Incipient Bed Fluidization 

The plane bed will fluidize with a further increase in flow rate. The bed 

will then begin to act as a t'luid of higher density than the overhead 

vehicle. The exact mechanism of bed fluidization is tmknown but can be 

ascribed to percolation through the· bed and the transmitted bed shear 

causing particles to slide over each other. 

3.1.6 Fully Moving Bed 

The pipeline will behave as a two-phase mixture ccmprised of a lighter 

fluid, the vehicle (a phase) and a: heavier fluid, the fluidized bed (p 

phase) . No mass transfer occurs between phases since the migration of a 

particle from the a phase to the p phase will displace particles back to the 

a phase. The system is subject to all the instabilities of two-}ilase, two 

fluid flow. 

3.1.6.1 Interface waves 

The interface between the two phases will form a wavy surface with further 

increases in flow rate. These waves are spaced several pipe diameters apart 

·but have a width of the order of one diameter. The SJBCing and geometry for 

the elements are random for an individual, but uniform in the statistical 

sense. This wave IOOtion is associated with a periodic bed load 110tion that 

may be associated with instantaneous bed material stoppages. Boothroyde et 

al. (1979) described this as a 'slip-stick' bed flow condition although they 

did not describe wave motions in the flow. 
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3.1.6.2 Wave stability 

The condition of ·wave flow may be stable but a further increase in flow rate 

will cause wave instability. 'Ibis will be manifest by secondary small waves 

located on the peaks of the main formation. Kordyban ( 1985) interpreted 

this instability physically 'when the low pressure at the wave crest, 

resulting from the higher velocity there, overcomes the stabilizing effect 

of gravity' (Section 2.4.3.4 refers). This 1nstability has tw0 effects that 

are concentration dependent. At high concentration the tmstable wave will 

·grow until the bed material fills the pipe completely. A slug will then 

,develop and slug flow will follow. At low concentrations the resulting wave 

,_growth will produce a. very steep struct.ure which will be toppled by the fast 

·.~moving liquid phase a • 'Ibis will result in the wave returning to stability 

-·imd may again become tmStable resulting in a cyclical process if the flow 

conditions remain constant. 

3.1.6.3 Toppled or breaking waves 

The condition where insufficient material exists to cause slug formation 

. will, with an increase in flow rate, produce heterogeneous flow. The 

;toppling waves will disperse the fJ phase into the vehicle and produce a 

;system where turbUlent particle suspension predominates. 

3.1.6.4 Slug flow 

Slug flow is characterized by a series of large distorted a }i1ase "bubbles" 

which nearly fill the pipe cross section and which ~ separated by slugs of 

fJ phase which entirely fill the pipe cross section. 'Ibe a pmae may be many 
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nearest particle size of the actual distribution for mixtures with unknown 

rheology. This ensures that only whole groups of particles initially 

constitute the vehicle. Figure 3.4 shows the process diagramnatically. 

0. 1 0.2 0.3 
1- -r· .,.~ -1 

I 

[i]'°' d1 dz ~d~ d4 

Figure 3.4 : Diagram 
If c\.ma.x 
If c\.ma.x 

to explain the 
= d vehicle a 
= ~ , vehicle 

initial vehicle ratio Va.lue 
ratio, Rf = 0.2 

ratio, Rf = 0.4 

For mixtures with known vehicle rheology, the fractional pa.rt of the <1.ma.x 

split is included. The estimate of vehicle ratio made in this way is 

considered conservative for two reasons : 

1. The viscosity and density of the carrier fluid and not the vehicle 

are used to find ~· • 

2. No turbulent suspension due to pipeline flow is included. 

This conservative estimate will therefore ensure that all pe.rticles ascribed 

to the vehicle in this way definitely fonn pa.rt of it. 

3.2.4.1 Mixtures with vehicle ratio (Rf) equal to unity 

Mixtures of this type are considered pseudohomogeneous and various 

simplifying assumptions can be made : 

1. The concentration ratio Cr = 0 , recalling that Cr = ~/A • 
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2. 1he vehicle concentration, Cvdf = Cvd and from this value the 

vehicle density and viscosity can be found. 

3. Ma.te~ial will be evenly distributed throughout the pipe. 

4. 1he in situ. and delivered concentrations will be equal (a result 

of condition 3) • 

The effect of setting C = 0 means that the bed area will be set to zero. 
r 

3.2.4.2 Mixtures with vehicle ratio (Rf) different fran unity 

Mixtures of this type are analysed in three different stages 

1. Ascertain bed geometry. 

2. Calculate forces on pipe wall and bed. 

3. Obtain velocity and concentration distribution. 

1he energy gradient calculations and velocity distribution can be found in 

the same manner irrespective of the vehicle ratio value. 

3.2.5 Bed Load Geanetrx 

'!he bed load geometry is found by an iterative procedure. An initial 

quantity of bed material is assuned. and a new bed load is calculated lDltil 

consecutive values of bed load volune are within a prescribed fraction of 

each other. 

1he concentration ratio, C , is defined from eqmi. (2 .• 5) as 
r 

c = cvtb = ~ = .,.b 
r 

A .,. 
m 

(3.4) 
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The bed load half angle (Tb) can be calculated from the bed area and the bed 

geometry can be found in the following .way. 

I 

Figure 3.5 shows a schematic diagram of a planar bed in stratified pipeline 

flow. 

R 

Figure 3.5 Schema.tic diagram of pipe cross section 

The area of the bed can be calculated from 

~ 1 
C = ~ = ~ (2 Tb - sin 2 Tb) 

r A 2n 
(3.5) 

This equation can be solved for rb by using Newton's method since rb is an 

implicit function of the bed area, ~ . 
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The geometrical relationship between the bed half angle rb and the 

quantities shown in Figure 3.5 are : 

1. The bed height, 

~ = R(l - cos Tb) 

2. 'Ihe interface width, 

3. The pipe perimeter, 

p = nD 

4. The pipe perimeter in contact with the suspended me.terial, 

5. The pipe perimeter in contact with the bed, 

6. The area above the bed, 

(3.6) 

(3.7) 

(3.8) 

. (3.9) 

(3.10) 

(3.11) 

The concentration ratio is therefore the only value needed to completely 

describe the bed geometry. 

3.2.6 Initial Bed Volune 

The initial estimate of the bed volt.me is made by assuning that all material 

not part of the vehicle, as described by the initial' vehicle ratio, forms 

part of the bed load. The bed concentration ratio C is therefore 
r 

(3.12) 
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The vehicle concentration can be found from the vehicle ratio 

'V 
SS (3;13) 

The bed concentration then comprises the remaining material 

(3.14) 

The vehicle relative density is given by 

= Cvtf(S - S ) + S s w· w 
(3.15) 

A critical aspect of hydraulic transportation is to be absolutely clear on 

the definitions used for various; volume concentrations. Each concentration ' 

is a ratio of voll.Ulles. These are shown in eqns . ( 3 . 12 ) to ( 3 • 14 ) • 

overall concentration values are 

c = vt 

1f 
s in situ 

1r 
m 

y 
s delivered 

1r 
m 

An example of the various concentration relationships is given 

for Rf = 0.3, s = 2.65 and cvt = 0.25 s 

cvtf = 0.075 

cvtb = 0.17'5 

8mf = 1.124 

( 3.16) 

(3.17) 

i ,. ~ ~· 

·c 

.I 
~.j,ff .. l 
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The vehicle viscosity (assumed Newtonian rheology) is given by 

(2.23) 

Eqtm. (2.23) should only be used if experimentally detennined values are not 

available for the slurry under investigation. 

3.2.7 Calculating the Bed Wad Volune 

The mixture flow rate above a stationary bed (i.e. in area A ) is greater 
a 

than the mean mixture velocity and can be calculated from continuity by 

~ v - -a 
A a 

(3.18) 

'Ibis flow causes a shear stress ("t'
1

) at the stationary bed interface. The 

associated turbulence causes bed particles to be entrained into the flow 

reducing the bed voltune. An iterative procedure is needed to find the final 

bed volume. Two theories are considered to model the entrainment of 

particles. A combination of the Meyer-Peter.and Muller (1948) equation and 

the Einstein (1950) approach to interface load1 transport is considered for 

concentrations at which interparticle interactions can be neglected. At 

concentrations above 10% by volume the model ascribed to Wilson and Watt 

(1974) is used. 

1
Interface load is the material load that moves at the bed interface and is 

supported by interparticle contact with the bed. Particles move by rolling 
and sliding. This tenn is called "bed load" in open channel flow literature 
rut has been changed to avoid confusion with the "stationary bed load". 
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3.2.7.1 l.Dw Concentration Determination of Bed Wad Volme 

1 • Determination of interface load 

Calculation of the interface load requires a knowledge of the shear velocity 

at the interface. Fran the flow velocity in the area above the bed (V ) the 
a 

interface friction factor and the shear velocity can be calculated. The 

fully rough wall equation of Colebrook-White is applicable 

1 
- 4 log 

where.k - sand roughness 
B 

and 

= d65 after Einstein (1950) 

Rh - hydraulic radius above bed a 
A a =---

'lhe bed shear velocity 

(3.19) 

(3.20) 

(3.21) 

'Ihe bed shear velocity can be used to find the laminar sublayer thickness. 

This is required so that an apparent roughness diameter and a characteristic 

grain size can be found. 
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11.6 "mf 
6 = ----

The apparent roughness diameter is 

k' s 
6 - -

h 

184 

(3.22) 

(3.23) 

where h is a correction factor , (Einstein ( 1950) ) derived from the 

experiments of Nikuradse. The function of h is shown in Figure 2.28. 

From Figure 2.28 an empirical equation for h was found. 

For 

k s < 0.2 h 0.1 = 
6 

k 
k • [ k r 0.2 < ~< 10 h = 1.59 - 0.12 log 
6

s - 2.27 log 
6

s (3.24) 
6 
k 

10 < s h 1.0 = 
6 

The characteristic grain size (X) is 

x = 0.77 6 for ~~ 1.8 
6 

or x = 1.398 6 for ~ < 1.8 (3.25) 
6 
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The apparent roughness diameter 8lKi ~e characteristic grain size modify the 

velocity distribution above the bed. This modification accO\mts for the 

presence of solids above the bed. 

The shear intensity on each individual particle size group can now be found. 

For a single :µ:lrticle being suspended in clear fluid the shear intensity is 

given by 

(3.26) 

For the bed particles 

(2.115) 

B log 10.6 
where - = ------ , the velocity distribution correction factor 

Bx log [10~6 Xl 

(3.27) 

( - hiding factor described in Figure 2.27 

Y - pressure correction factor described in Figure 2.29. 

An empirical equation was derived for both ( and Y . 

d. 
The hiding factor, t , is given by Einstein ( 1950) as a function of ..2. (see 

x 
Figure 2.27). 
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The empirical fit used in the computer program is given by 

For 

d. 
1 < 0.01 

x 
~ = 102.3 

For 

d. 
0.01 < 1 < 2 

x 

log t = 0.06 - 0.96 log r:ii + 2 [d ] 2.31 log xl 

+ 0.40 log 3 
[dx·il 

6 [d.] - 0.27 log x1 

For 

d. 
' 1 

> 2 
x 
~ = 1.0 (3.28) 

The pressure correction, Y , is given by Einstein (1950) as a function of 

d65 
(see Figure 2.29), where ks is assumed to be equal to ct65 • 

5 
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The empirical fit used in the computer program is given by 

k 
For __=. < 0.2 

0 

y = 0.1 

k 
For 0.2 < --=- < 4 

0 

log Y = 0.11 + 2.3 log ~s] - 2.02 log2 ~s] 

+ 0.26 loi ~s] + 2.10 log
4 ~s] - 0.41 log

5 ~s] 

k 
For __=. > 4 

6 

y = 0.504 • 

From the work of Meyer-Peter and Muller (1948) 

.,,*i = 8 [-
1
- - 0.047] 1. 

5 

"P *i 

(3.29) 

(3.30) 

The interface load rate in weight per unit time and unit width can be 

calculated from ~*i 

~bi 
3/2 = m. I>* . p ( gd. ) JS 

1 1 s 1 s ~] (3.31) 

The interface load volume per metre length is given by 

~bi WI 'V sbi = _ __.._ ___ _ 
11.6 gu*I PS 

[:3J (3.32) 
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2. Determination of SUBpended load 

The concentration distribution equation used in the model should be divided 

into three regions each occupying approximately one third of the height 

between the bed interface and the pipe soffi t (see Figure 2. 38) • Figure 3. 6 

shows the concentration distribution geometry. The concentration 

distribution assuning E is a function of y across the whole pipe is also s 

shown in Figure 3.6. The 8mall difference in the two distrihltions does not 
I 

warrent the added complexity of the three region approach and a single 

flmCtion was used • 

. 0.14 

0.12 

E 0.10 -
1:J 

Cl> 
..0 0.08 

z = 0.15 
-0-

u* = 0.03 mis 
Cl> 
> 
0 

..0 
0.06 0 -.s:.:. 

v 
-+- t 

13.7 - = 
E: 

s 
CTI 

~ 0.04 z = 0.25 ....... 
0.05 mis u* = 

0.02 

0.1 0.2 0.3 0.4 0.5 0.6 
Concentration Cv 

Figure 3.6 Concentration distribution geometry 
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In Figure 3.6 the three equations used are given by the following. 

In region 1, y < y < 1/3 h a a 

(3.33) 

where 

(3.34a) 
K U*l 

u*I is the shear velocity at the bed interface 

and 

(3.35) 

This equation is also shown extended throughout the region in Figure 3.6. 

In region 2, ~ h <''y < ~ h 
3 a 3 a 

Vti' - hindered settling velocity of the particle 
size group i 

where E - diffusion coefficient 
s 

= 0.052 u*I Dafter Taylor (1954) 

and c113 h can be found from equn. (3.33) at y = 1/3 ha • 
a 

(3.36) 

(3.37) 
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In region 3, ~ h < y < D 
3 a 

r. D/y - 1 l z2 

lD/(D - 1/3 ha) - lj 

where z 2 = = 

and c2/3 h 
a 

can be found from equn. (3.36) at y = ~ h 
3 a 

shear velocity at the pipe soffit. 

(3.38) 

(3.34b) 

The reference concentration ( C eq1.m.. ( 3. 33) ) can be found from the 
a 

interface load volume since it is from within this layer that the material 

to be suspended originates. 

The reference concentration is given by Einstein (1950) as 

'V b' s l c = ----a 
(3.39) 

The quantity of material suspended can now be calculated from the 

integration of the concentration profile over the flow area A The a 

concentration distribution is assumed to be planar with curvature in the 

vertical plane of the pipe only. 

particle size group is 

dA a 

The suspended solid volume for each 

(3.40) 
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Figure 3.7 shows the region of integration. 
r 

dy 

y 

w 
y 

Suspended load 

-+­
I 

dA 

h 
a 

Figure 3.7 Region of integration for suspended solid volune 

C (y) is found fran the three equations presented (3.33, 3.36 and 3.38). v 

In equn. (3.40) the integrand can be changed whence 

dA = w dy a Y 

'Ibe width of the area element is a fWEtion of y only where 

(3.41) 

(3.42) 
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[:3] (3.43) 

This integral is solved m.unerically using Simpsons 1/3 rule over 30 

intervals. 

3. Calculating the resultant bed voltune 

For each size group only a finite quantity of material is available. This 

must reside in the bed or be part of the interface or suspended load, or a 

combination of the three. The total volume available for each size group 

per unit length is given by 

3 [m /m] (3.44) 

From the reference concentration ( C . l the volume of each particle size 
ai. 

group suspended ( r . l 
SSl. 

can be calculated and from the interface load 

equations the interface load volume ('Y b') -can be found. If the sum of the s 1 

suspended and interface load volume is less than the total solid volume then 

the remaining solid must reside in the bed. 
1 

So = r . - (r b' + r . ) 
Sl. S l. SSl. 

(3.45) 

The limiting condition for material removed from the bed is if 

v si = l' sbi + 'Y ssi (3.46) 

and rs bed i = O 
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A unique relationship exists between 'Y b' and 'Y • such that s 1 SS1 

.,. 
ssi = fn(C .) a1 

/ 

and c. = f n ('Y b. ) a1 s 1 

so that .,. 
ssi = f n ('Y sbi) (3.47) 

Use is made of an iterative method for solving the two equns. ( 3. 46) arvi 

(3.47) simultaneously. A guess is made of the value of the interface load, 

the reference concentration is calculated and the suspended solid volume 

found. The initial guess for 'Y b' is zero since all material is asst.med to s 1 

reside in the bed. The sum of the two volumes 1' . arvi 'Y b. are then 
SS1 s 1 

compared to the voltnne of solid available ('Y • ) tmtil the guessed and 
81 

calculated values of 'Y b' converge. s 1 

The total volume of bed load per metre is given by 

'Y . = 
s bed 

n 

x 'Y bed' 
i=n +1 s 1 

v 

3 [m /m] 

The total interface load can be calculated empirically from 

n 
'Ysb = Z 11.6 u*I w1 2 d. 

i=n +1 1 

v 

3 [m /m] 

(3.48) 

(3.49) 

where. nv - nt111ber of particle size groups that constitute the vehicle 

arvi n - total nt111ber of particle size groups. 
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The value of the total bed volt111e calculated is compared to the volt111e 

initially asstuned. For any particular flow rate a unique bed vol\.Dlle will 

exist. This bed voltune will be found by successive iterations in which the 

bed geometry is calculated from the concentration ratio C 
r When 

successive values of the bed volume are within 1% of each other the 

iterative procedure is stopped and the current bed volume is taken to be the 

actual bed voltime for the prevailing conditions. 

As the bed volume varies so too does the concentration of suspended 

material. For each iteration new values of vehicle concentration and 

viscosity must be found. These new values will have an effect on subsequent 

I.iterations. 

From. the new bed volume rs bed the bed concentration can be found 

(3.50) 

The vehicle concentration, relative density and viscosity can be found in 

the conventional way from 

= cvt - cvtbn 

= Cvtf(S - S ) + S s w w 

=µ 1---
[ 

cvtf]-2.5 

w ~ 

(3.51) 

(3.15) 

(2.23) 
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The bed geometry must be recalculated for the new bed voltne. As previously 

the bed geometry is a fllllCtion of the ratio C only. The new value for this 
r 

ratio is obtained from 

(3.4) 

where 

r 
'41' - s bed 
rbed -

~ 
(3.52) 

3.2.7.2 High concentration determination of bed load volt111e 

1. Determination of suspended load 

To account for particle-particle interactions at volumetric concentration 

above about 10% a semiempirical approach is needed to find the split between 

bed load and suspended material. The method ascribed. to Wilson and Watt 

(1974) is used. The equations were presented in Chapter 2 as 

(2.83) 

where kl = 0.6 and k2 = 45 

n rs~fl x 

cvt 
i=l v v 

and 1 - for susp i susp i -- - > 1 = 1 (2.85) 
c n v v v m m 

where 
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An initial bed load voltune is found as described before and the appropriate 

vehicle viscosity and relative density calculated. The mean velocity is 

calculated from Q and a friction factor based on the vehicle properties is rn 

found 

pf V D 
Re= _rn __ m_ 

f:!= = - 4 log ~ + 1. 266 ] 

J f rnf l 3. 7 Reff rnf 

(3.53) 

For each particle size group not included in the vehicle a suspension 

velocity (V ) is found susp 

The value is substituted into an equation of the form of equn. (2.85) 

2 

cvtf i!l r s~p i] 
1 - -- = ------~ 

c 
v 

n - (n +1) 
v 

(3.54) 

(3.55) 

v i 
For those particles d. that prcxiuce a ratio susp > 1 , all particles d. 

1 1 v 
a 

v i 
are suspended so the value of susp is set equal to the limiting value of 

v 
a 

unity. 
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From the new value of Cvtf calculated by equn. (3.55) the value of Cvtb can 

be found along with new values for the viscosity and relative density of the 

suspended material. 

The volume of suspended material per metre length of pipeline is given by 

rss = cvtf *A 
3 [m /m] (3.56) 

where A is the total area. 

The concentration distribution is found using equns. (3.33) through (3.38). 

A characteristic particle diameter is required since the suspended load 

concentration Cvtf in this case is for all suspended particles. 

'The reference concentration is found by an iterative procedure from the 

simultaneous solution of the two equations 

V = fn(C ) 
SS a (3.57) 

and 

't'ss = Cvtf * A (3.56) 

This procedure is used irrespective of bed dimension. 

2. Calculating the resultant bed volume 

The total solid volume per metre length of pipeline is given by 

3 [m /m] (3.57) 
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The bed solid volume can be calculated from the difference in the total 

solid volume and the suspended solid volume 

= 1" s 1" 
SS 

The value of successive calculations of 'Vs bed are compared tmtil they are 

within 1% of the pipe area. The vehicle parameters are adjusted for each 

iteration and the bed geometry is mcxiified by the concentration ratio (C ) 
r 

where 

and 

3.2.8 

c 
r = 

'tfbed 

A 

tr s bed 
'tfbed = --­

c 
b 

( 3. 4) 

(3.52) 

Force Balance for Two Component Mixture with Prescribed Bed Geometry 

The energy gradient for the calculated bed geometry can be found from a 

force balance on the mixture flowing over the bed. The bed motion either 

stationary, sliding or suspended can be fotmd from a force balance on the 

bed. Figure 3.8 shows the bed geometry and the force balance that exists on 

a length (L) of the pipeline. 
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.. 
'· 

Figure 3.8 Force balance on two component two-phase flow 

3.2.8.1 Wall shear stress 

The wall friction factor is calculated. by the partially rough wall Colebrook 

White equation ( 3, 53) . . The wall shear stress is then found from the 

equation 

(3.58) 

and the wall shear velocity from 

(3.59) 
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3.2.8.2 Interface shear stress 

The interface friction factor is calculated. from equn. (2.118) ascribed to 

Richardson and Simons ( 1967). This equation accounts for the interface 

layer in which a higher shear stress will exist than for a solid botmdary. 

The interface shear is calculated from 

(3.60) 

and the interface shear velocity from 

(3.61) 

Doron et al. (1986) suggest that "t'b might.be larger than predicted using f
1 

multiplied by a factor of 2 (Section 2.4.2.3). 

3.2.8.3 Fqrces associated with the pipeline transport of solids 

1. The resisting force for pseudohomogeneous flow above the bed is given 

by 

FRA = "t' p a a (3.62) 

2. The resisting force for pseudohomogeneous flow on the interface is 

given by 

(3.63) 

3. The total mixture weight component acting down the slope of an inclined 

pipeline is shown in Figure 3.8(b). The weight of mixture per unit 

.length is given by 

W =pfgA m m (3.64) 
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The slope of length, L , of pipeline between elevation z1 and z2 is 

given by 

(3.65) 

The total weight component acting along the pipeline is given by 

W = W sin 8 ms m 
(3.66) 

This is the weight component if all the pipeline material is moving. 

For the stationary bed condition different components act on the 

flowing and stationary bed material. 

' 4. The bed resisting force is calculated from the subnerged weight of the 

bed 

(3.67) 

It is important that the sul:merged weight of the bed is calculated from 

the difference in density between the solid pirticles and the total 

mixture relative density. The resisting force on the stationary bed is 

indetenninate until the incipient sliding condition and once the bed is 

~ving. 

The equation presented by Wilson et al, ( 1972) was carefully 

considered. Although it has been widely used it does not produce good 

results· for mixed regime slurries. The measurement of the coefficient 

of sliding friction (µ equal to the subnerged angle of repose of the s 

coarse solids) and a change to the subnerged weight tenn ( S - S s w 

changed to S - S ) in the present investigation justifies the use of s m 

equn. (3.67). 
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5. The driving force on the bed results from a pressure difference along 

the pipe, OP , and the shear stress at the bed interface 

aP 
FDB = ~ ~ + ~I WI 

L . 

3.2.8.4 Forces acting under different flow conditions 

(3.68) 

The driving force for stationary bed flow equals the sum of the 

resisting forces. The mixture flowing above the bed is assumed to be 

pseudohornogeneous. The driving force is given by 

(3.69) 

At the point of incipient sliding the bed resisting force is given by 

I 

F 
RB 

where pmb = cvtb(p - P l + P s w . w 

(3.70) 

(3.71) 

The total driving force on the bed can be found from equn. (3.68) where 

aP (3.72) 
L 

Sliding bed flow will occur when 

(3.73) 

3. Sliding bed flow ----------------
The driving force for sliding bed flow is given by 
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where FHB - hydrodynamic friction force between the sliding bed and the 
pipe wall 

FHB = 't'b/pt, 
1 2 

't'b = 2 fb Pmb vm 

and fb can be found using the Colebrook-White equation. 

(3.74) 

(_3. 75) 

The mean velocity V is used in the calculation of friction factors for -m 

The driving force for fully suspended flow is given by 

='t' nD+W a ms 
(3.76) 

5. ~!!!~~-!~-~!!~-~-!~-!~!r_~~~~-!!~ 

The transition from sliding to fully suspended flow is dependent on the 

relative magnitudes of the driving forces associated with the two 

conditions. The transition is assl.Dlled to ~ur when 

(3.77) 

This transition criterion is justified because the highest driving 

force active at any time will be the force required to ensure flow at 

the prescribed flow rate and concentration. 

3.2.9 Delivered eonCentration Calculation 

In order to calculate the delivered concentration for any given flow 

condition both the concentration and velocity profiles must be modelled. 

.. ; 

... ' :· ~· 
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The delivered volumetric flow of solids can then be found from an 

integration of the product of the two profiles over the flow area 

Qss = J u c dA (3.78) v 
A 

'\. = J u dA (3.79) 
A 

'lbe delivered concentration can be found from the ratio of the sum of 

suspended and interface load solids to the sum of suspended and interface 

load mixture. 

For the low concentration approach 

Qsb + Qss 
c = ----
vd '\ib + '\. 

(3.80) 

where ~sb = 11. 6 .,,.sb u*b and the value of ~b , is given by the empirical 

equation 

2 d. 
1 

(3.81) 

For the high concentration approach Q
8
b and~ equal zero in equn. (3.80). 
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3.2.10 Velocity.Profile 

A logarithmic velocity profile is assumed for the flow. This is justified 

if no slip occurs between the particles and the transporting fluid. In 

mixed regime flows the density differential between particles and fluid is 

small thus minimising'the particle slip. 

'Ihe velocity distribution will be symiietrical about the vertical axis only. 

The reduced area caused by a bed load and the difference in roughness 

between the bed interface and pipe wall will cause the maximum velocity to 

be vertical displaced from the pipe centre. 

To ensure that a single maximum velocity point was found for the flow model 

it was considered best for the maxi.mum velocity, U , and the location of 
max 

this maximum to be fotmd and then to model the surrounding velocity 

distribution using a logarithmic defect law. 

3 . 2. 10. 1 F.ocentrici ty of maxi.nun velocity point 

D 

'O .. 
.0 .. 
> 
0 
.0 Yo <U 

.... 
,c: 
ell ..... .. 

:>:: 

Wall shear stress 

Figure 3.9(a) 
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L 
,_ 

(b) 

T 
a :I 

Figure 3.9 : Geometry for calculating the zero shear position 
assl.IDed to be the point of maxilDlDD velocity 

Figure 3. 9 shows the shear stress distribution in the flow area above the 

bed. The wall and bed shear stress are calculated from equn.s. ( 3. 58) and 

(3.60) respectively. If a linear shear stress distribution is assl.IDed then 

the value y the point of zero shear can be found by geometry fran the 
0 

equation 

where h 
1: 

1: - 1: a I 

height above the pipe invert at which i:1 exists, 

hi: = ~ for stationary bed flow, 

h = 0 for sliding or suspended bed flow. 
1: 

The eccentricity of the point of zero shear is given by 

e = y - R 
0 

where R = D/2 the pipe radius. 

(3.82) 

(3.83) 
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The ma.ximtDil velocity is fotmd from the universal velocity profile given by 

+ + for y+ < 5 u = y 

+ 2.0 t + - 3.05 for 5 < y+ u = -- n Y 
K 

and 
+ 1 + + 5.5 for + > 30 u = - tn y y 

I< 

For the velocity profile equations 

and 

+ u 
u max 

+ u* pmf y 
y = ----

< 30 

where y is measured. from the surface at which u* exists. 

(2.88) 

(2.89) 

(2.90) 

The maximllD velocity is calculated from a profile associated. with the pipe 

soffit as shown in Figure 3.10. 

T 
a 

D - h 
T 

Figure 3.10 : Calculation of U from the universal velocity 
max 

distribution associated. with the pipe soffit 
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3.2.10.2 Evaluation of the von Karman constant 

The von Karman constant for slurry flow is lower than that for clear fluid. 

The approach of Einstein and Chien (1954) is used to obtain the value of K 

to be used to calculate the maximum velocity (Figure 2.24). 

An empirical fit of the graph presented by Einstein and Chien is shown in 

Figure 2. 24, Chapter 2. The function evaluation was interpreted for low 

concentration mixtures to be 

fn(1<) = 
i=n+l 2 

S V u* s a 

(3.84) 

For high concentration calculations Vt is found for the characteristic 

particle diameter and no sllllDB.tion is necessary. 

A simple empirical fit of the data in Figure 2. 24 can be given by the 

following 

if fn(1<) < 0.002 then K = 0.38 otherwise 

K = 0.1689 - 0.0782 log (fn(1<)) (3.85) 

The maxi.mum velocity is calculated fran the pipe soffit since the roughness 

size is lmown at that point. '!he shear velocity value used in eqtm. (3.84) 

is consequently u*w the wall value. 
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3.2.10.3 Velocity at any point in the flow 

The velocity defect law is used to calculate the velocity at any point in 

the flow. This type of profile ensures the integrity of the maxi.mum 

velocity point. 

The velocity at a point y from the flow boundary located on a line, length 
I I 

R drawn from the maxi.mum velocity point through the point y and 

intersecting the flow boundary is given by 

u = u max 

y• 

I 

R 

(3.86) 

I 

u* is the shear velocity value at the point of intersection of line R with 

the flow boundary. 

k1 is the von Karman constant in clear fluid flow but is a velocity profile 

shape factor for slurry flows. The value of k
1 

is f01.md by an iterative 

procedure such that the value of mean mixture flow rate input to· the model 

(~) equals the calculated mean mixture flow given by equn. (3.79). Figure 

3.11 shows a plot of eqtm. (3.86) for various values of k1 showing that a 

decrease in k1 for fixed U results in a decrease of the total discharge. max . 

3.2.11 Concentric Canrut.ational Net 

The integration of the concentration and velocity profile over the flow area 

can be achieved ntmerically. This may be done' in any systematic way that 

will involve the sunmation of the product of concentration and velocity over 

a defined area. 
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1. 0 --- - - - - --

u* 0.2m/s 

0.8 u 3.0m/s 
max 

0.6 

k1 

0.4 

k1 
0.2 

o+-....--+-=:::;:::::::+:~:::::;~...-+.-....-..J.-~-f 
0 0.2 0.4 0.6 0.8 1. 0 

u/U 
max 

Figure 3.11 Defect logarithmic velocity profile showing the 
constant k1 as parameter 

A concentric computational grid is used for this purpose. Figure 3.~2 shows 

the computational grid. The system is concentric to simplify the 

calculation of each elemental area. The vertical flow symmetry is utilised 

and the elemental areas on either side of ,this symmetrical axis are 

accounted for by doubling the area of the right hand half. 

The elemental area can be calculated from 

A .. = R. aH ar (3.87) 
lJ J 

where 

6H R 1,2, .•• ,10 (3.88) = n = 
n 

t-Jr 
n 1,2, ••• ,9 (3.89) - m = 

m - 1 
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Figure 3.12 : Concentric computational flow net used to integrate 
the concentration and velocity profiles 

For radials R2 to R8 

I 

A .. = 2 A .. 
1J 1J, 

and for radials R1 and R9 

I 

A .• =A .. 
1J 1J 

• where A .. - total flow area for each element. 
1J 

(3.90) 

(3.91) 
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3.2.12 Computational Net Calculation Geometry 

For each of the 190 points on the computational net (Figure 3. 12) a 

concentration and velocity value must be _ found. These values are then 
I 

assumed to occur across the calculated area A ... 
1J 

To define the concentration at any point in the pipeline requires a 
,/ 

knowledge of the height of that point above the bed. This height value is 

then used in a linear interpolatiop of the two proximate points from the 30 

points at which C (y) is known (see Section 3.2.7.1, page 192). 
v 

The velocity at any point can be found from the velocity defect law centred 

on the point of maximum velocity and terminating with the "no wall slip" 

condition at either the pipe wall or the bed interface. 

Figure 3.13 shows the notation associated with a point on the computational 

net. The point , i , is defined by R. and r. on the computational net. The 
1 1 

velocity profile is defined by a line at an angle e. to the vertical. The 
1 

distance from the point of maximum velocity to the pipe wall (or bed as 
I 

shown in Figure 3.16, pdint Ri , c1 ) is given by R The distance from the 

pipe wall to the 'point of interest is given by the distance y The point 

is located at a distance h. above the bed interface. 
1 

Figure 3. 14 defines the angle ( eb) between the bed interface-wall inter­

section and the point of maximum velocity. The bed load half angle Tb is 

calculated from the bed geometry as described by equn. (3.5). 
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Figure 3.13 Notation associated with a point on the computational net 

Figure 3.14 Definition di~ram for bedload half angles Tb and eb 
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From the geometry of Figure 3.14 

(3.92) 

• 
Figure 3.15 Definition diagram for radial-bed intersection angle 8 

Figure 3.15 defines the value 8 where 

9 

where 

r--h tanr.] 
l R - ~T + e 1J 

hT = hb for stationary bed flow 

h = 0 for sliding or fully suspended flow. 
T 

(3.93) 
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Four different bed geometries exist depending on the values of r. and 9. in 
l. l. 

I 

relation to the value Tb' eh and 9 Each geometry will be dealt with 

separately .. 

The radials associated with this condition all intersect the pipe wall above 

the bed thus ensuring that no calculation points on them will be located in 

the bed. For a radial of this type a further condition exists 

1. 9. < 9b 
l. -

'Ibe velocity distribution for a point of this type will intersect the 

bed interface. For condition where h 'I: 0 , the shear velocity is 
""C 

calculated at the bed interface where as for h = 0 , the shear 
""C 

velocity is calculated at the pipe wall. The points Ri c1 in Figure 

3.16(a) and 3.16(b) are of the type described. The following equations 

apply 

R - (R. cos r. 
l. l. 

y = 
cos 9. 

l. 

I e + R - h 
""C R = 

cos 9. 
l. 

For points above the bed, 

at the height 

h. = R - R. cos r. 
l. l. l. 

+ h ) 
""C (3.94) 

(3.95) 

i.e. h. > 0 , the concentration is calculated 
l. 

(3.96) 
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For points located in the bed, i.e. hi S 0 , the concentration is equal 

to the maximum pa.eking concentration ~ • 

(a) (b) 

Figure 3.16 : Calculation geanetry for Ti > Tb 

In both diagrams for Ri c1 
and for Ri c2 

R. 
l. 

The velocity distribution for a point o( this type will intersect the 

pipe wall and the shear velocity will be that associated with the pipe 

wall. . Points Ri c2 in Figure 3. 16 are of this type. The following 

equations apply 

y 2 R R. cos llT 
1 

(3.97) 
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R = JR2 + e
2 - 2 Re cos (n - r. + or) 

1 
(3.98) 

where or = r. 
. 1 -[·i + 

. -1 sin (3.99) 

Figures 3.13 and 3.17 show the detailed geometry associated with equations 

(3.97) to (3.99). 

Figure 3.17 

e 

.R 

Identical geometry exists for all points with Ti > Tb 
and Bi > Sb (see Figure 3.13) 
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3.2.12.2 1 s 1b 

The radials associated with this condition may result in points being 

located in the flow area above the bed or in the bed. Points of this type 

always have ei s Sb • For radials of this type a further condition exists 

1. ~ 

Points that fulfill this condition will be located in the bed. Figure 

3.18(a) shows a point that is of this type (Ri , c2) If stationary 

bed flow exists all points of this type will have zero velocity and 

concentration equal to the maxiDllllll ~ing concentration % . If 

sliding or fully suspehded flow exists then eqtmS. (3.97), (3.98) and 

(3.99) apply. 

(a) (b) 

Figure 3.18 Calculation geometry for (a) 9 > 9 , (b) 9 S 9 
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2. 8 $ 8 

Figure 3.18(b) has a point (Ri , C1) that fulfills this conditions. 

The point will be located above the bed. The velocity distribution 

will intersect the bed interface if hT = ~ or the pipe wall 

for h = 0 . The equations of condition 3. 2 .12 .1, point 1, will apply 
T 

if hT = hb while those of condition 3.2.12.1, point 2, will apply for 

h = 0 . The concentration can be found at a height h. above the bed. 
L 1 

The concentration is calculated using the equations (3.33) to (3.38) at 

30 points vertically across the flow area. The concentration at a 

height h above the bed or pipe invert, depending on prevailing 

conditions, is calculated from a linear interpolation of the two 

proximate concentration values around h .. 
1 

The velocity defect law is used under all conditions to calculate the 
I I 

velocity of the point under consideration using the values of y and R 

given. 

3.2.13 Calculation of the Delivered Concentration 

The delivered concentration is found from the ratio of solids voltune flow 

rate to mixture volume fiow rate 

(3.80) 
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From the computational net 

9 10 
I 

Qs = x x u .. c .. A .. (3.100) 
i=l j=l 1J V1J 1J 

and 

9 10 • 
~ = x I u .. A .. (3.101) 

i=l j=l 1J 1J 

3.2.14 Iterative Procedure to :Ensure Correct Concentration Values 

The solution procedure described has mixture flow rate and delivered 

concentration as input. The in situ concentration is required to find the 

correct bed geometry and in situ flow parameters. The mcxiel assunes that no 

slip occurs between the suspended particles and the vehicle so a difference 

in in situ and delivered concentration can only exist if a bed exists. An 

iterative procedure is used to solve for in situ and delivered 

concentration. 

For the first iteration the in situ and delivered concentration are assumed 

to be equal. A new value of delivered concentration is calculated. and 

compared to the input value. If the new value is below the input value by 

more than 1% then the in situ and delivered concentration differ and a new 

and higher value for the in situ concentration must be input to the mcxiel 

until the.actual and calculated. delivered concentration values are within lX 

of each other. 
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The method used to solve this procedure is a modified linear interpolation 

or reguli falsi. The two equations that must be solved simultaneously are 

1. 

2. 

cvd = cvd input 

Cvd = fn(Cvt) 

The function evaluated for the linear interpolation is the error in the 

calculated value of the delivered concentration 

Error function = 
c - c vd calculated vd input (3.102) 

cvd input 

The iterations will continue until the err.or function is below 1%. The two 

start values for the procedure must ensure that the error flID.ction is of 

opposite sign. This is achieved by using the input value of Cvd as one of 

the start values and Cvt = Cb the ma.ximLnn packing concentration as the other 

value. Cb is the highest possible concentration that can exist in the 

pipeline and will ensure a positive error function (equn. 3.102). 

Appendi~ 7 contains the mathematical routines of the Bisection method or the 

modified linear interpolation used. 

3.3 CDNCLUSIONS 

This chapter presents two models 

1. A qualitative model of the flow phenomena including periodic flow. 
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2. An analytical model for slurry flow of materials with broad 

particle size distribution. 

The qualitative model propose~ a two-fluid approach for periodic flow 

phenomena. The wave and slug flow can be explained by instabilities 

associated with pressure variations along the pipeline. The concept of a 

stationary deposit velocity is not required since a transition occurs from 
I 

stationary bed to heterogeneous flow through a succession of regimes 

assoc~ated with periodic flow. The analytical model predicts the velocity 

range over which periodic flow occurs without modelling the phenomenon 

explicitly. The model is ther~fore applicable for all flow regimes 

'including stationary bed, sli~ng bed and fully suspended flow •. 

The inputs to the analytical model are mean mixture flow rate, delivered 

concentration and the particle and pipeline characteristics. Use is made of 

the Meyer-Peter and Muller ( 1948) or Wilson and Watt ( 197 4) equation, for 

low and high mixture concentration respectively, to calculate the suspended 

material load. The concentration distribution is fotmd using a diffusion 

model with a diffusion coefficient that is a function of the height above 

the bed. A logarithmic velocity distribution is used to ascribe velocity 

values to volume elements in a concentric computational grid. Calculated. 

values of mean mixture flow rate and delivered concentration are compared to 

the input values and an iterative procetdre is employed to ensure equality 

with a result being the computation of- in situ concentration. 
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CHAPrBR .4 

EXPERIMENTAL INVFSI'IGATIOO 

This chapter describes the experimental investigation undertaken. A 

description of the measured variables ' is followed by a summary of the 

equipnent and the experimental procedure. A detailed description of the 

experimental equipnent is contained in Appendix 2. The experimental 

procedures and equipnent calibration techniques are also contained in 

Appendix 2 which should be studied in conjlll'lction with this chapter. The 

measurement philosophy adopted in this experimental investigation is 

discussed and a detailed analysis is presented. 

4. 1 INDEPENDENT ·VARIABLES 

Figure 4.1 shows the relationship between independent variables and response 

variables. Errors can be ascribed to unknown variables. Both indeperdent 

and response variables must be carefully chosen according to the nature of 

the physical system under investigation. 

Independent ----~-­
variables 

Experimental 
Wlit 

t 
------t--Responses 

Uncontrolled or 
tmknown variables 

F_igure 4.1 Representation of an experimental nm (after MurJiiy (1977)) 



Univ
ers

ity
 of

 C
ap

e T
ow

n

224 

The delivered volumetric concentration is defined as the ratio of solids 

volume flow rate to total mixture volume flow rate 

cvd 

i.e. 

Qs 
= 
~ 

4 M s = 2 v 1T D p 
m s 

= fn(M s 
v 

m 
D 

Equation 4 .1 is a form of the continuity equation. 

(3.80) 

(4.1) 

Any four of the 

variables presented must be known· to find the fifth. These five variables 

were chosen as the independent variables. 

It was found impractical to maintain a constant mass flow rate (M ) while s 

varying the mean mixture velocity (V ) for a system containing a large m . 

slurry volume. This would require continuous adjustment of the slurry 

concentration. Consequently a decision was taken to maintain a constant 

concentration (Cvd) while the mass flow rate varied. It was considered 

important to measure all the independent variables during a test. This 

means that each data point can be considered a llllique measurement 

independent of the test during which it was made. The independent variables 

are 

1. Pipe geometry. 

2. Solid properties. 

3. Mean mixture velocity or more correctly mean mixture flow rate. 

4. Delivered volumetric concentration. 
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4.2 DEPENDENT OR RESPONSE VARIABLES 

The analytical method described in Chapter 3 is particularly concerned with 

in situ parameters and an endeavour must therefore be made to measure in 

situ response variables. Table 4.1 presents the response variables 

considered for measurement. Thomas Murphy ( 1977) suggested that response 

variables 'can be classified, according to measurement scale, into three 

1, 
main tYJ)es : quantitative, qualitative or quantal . Table 4. 1 uses this 

classification of variables. 

4.3 DESCRIPI'ION OF THE HYDRAULIC TRANSroRT TEST FACILITY 

(see also Appendix 2 for a detailed description of the test facility 
and operating procedures) 

Figure 4.2 reproduced from Appendix 2 shows an overall view of the hydraulic 

transport test facility. The test facility comprises an Fast System with 

two pipelines of 90mrn and 160mrn nominal diameter and a West System with two 

pipelin~s of 50nnn and 63uun nominal diameter. Each system has its own feed 

hopper and centrifugal pump. A weigh tank, manometer control boa.rd, and 

data acquisition facility are common to both systems. 

1Relating to a sensitivity response marked by the presence or absence of a 
definite reaction. 
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Table 4.1 Experimental investigation variable list 
~,· J 

.. f 

Response variables Independent variables 

Quantitative 

1. In situ concentration 1. Vollllletric flow 
2. Vertical flow energy gradient 2. Delivered concentration 
2. 1 Up.ra.rd 3. Solid characteristics 
2.2 Downward 4. System geometry 
3. Horizontal flow energy gradient 
4. Bed material velocity 
5. Temperature 

Qualitative 

1. Flow visualization 

I 2. Periodic phenomenon 

Quanta! 
,!.', 

1. Bed movement condition 

4.3.1 ~trifnpl ppre 

The East System is supplied by a 200 x 150nm pump with a Ni-ha.rd impeller 

and powered by a 75kW variable speed hydraulic drive. The West System is 

supplied by a 100 x 75Dlll rubber lined JJllllP powered by a 15kW electric motor 

at constant speed. Both pumps are specifically designed by their respective 

manufacturers to pump particulate solid slurries. 

4.3.2 Pi reline 

The pipeline is constructed of Polyvinyl Chloride (PVC). 
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4.3.3 Pressure Tappin.gs 

Pressures along the pipeline are measured by static pressure tappings 

located in the pipeline wall. Each pressure tapping is provided with a 

solids trap to ensure that the mixture under test is isolated from the clear 

water in the manometers and manometer supply lines. 

4.3.4 Manometer Board 

The manometer board serves as a centralised point for measuring pressure and 

flow. The pressure transducers and flow meter signal processors are located 

on the manometer board and electrical signals generated here are fed to the 

data acquisition unit. Flushing water and air pressure is supplied by the 

water main (400 kPa) and a compressor (800 kPa). 

4.3.5 Pressure Transducers 

Three pressure transducers measuring differential water pressure are used. 

The transducers are connnon to both systems. 

4.3.6 Counter Flow Meters 

A counter flow meter is provided on each pipeline for measurement of 

delivered concentration. Two of the differential pressure transducers are 

used to measure the energy gradient in the vertical upward and downward 

flowing pipelines to determine the delivered volumetric concentration. 

Appendix 2 contains a sub-appendix with a detailed account of a counter-flow 

meter. 

4.3.7 Magnetic Flow Meters 

The magnetic flow meters which consist of a detection head and a signal 

processor provide a direct current output which is proportional to the mean 

volumetric flow (Q ) , 
m 
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4.3.8 In situ Concentration Meters 

In situ concentration can only be measured in the pipelines of the F.a.st 

System ( 90nm and 160nm nominal diameter). Three methods are employed. 

4.3.8.1 Suspended pipe 

A 20 metre section of both F.a.st System pipelines is suspended by 

equidistantly spaced tie wires. Load cells are located on the central three 

tie wires. Tile tie wires are approximately 5m long and attach to the 

laboratory roof. Tile load cells are calibrated for the zero load case when 

the pipeline contains clear water only. Any increase in pipeline weight 

after calibration represents an in situ concentration. 

4.3.8.2 Articulated pipeline 

An articulated joint section of pipe is provided as an alternative method 

for measuring in situ concentration. Tilree rubber joints between two 2 

metre lengths of pipe result in a weighing system with bending moment relief 

at the joints. A load cell is located at the central joint. Any increase 

in pipeline weight after calibration represents an in situ concentration. 

4.3.8.3 Gaoma ray densitaoeter 

A g811111a ray densitonieter is located in the 160mn nominal diameter pipe in a 

horizontal orientation. Tilis measures in situ concentration. 

4.3.9 Clear Viewing Section 

Flow patterns must be noted for each flow rate at which a slurry is tested. 

Clear viewing sections are provided in both horizontal and vertical sections 

of each pipeline. 
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4.3.10 Probe Test Section for Deposition Velocity 

Brown et al. ( 1983) and Brown and Shook ( 1982) presented a method of 

measuring particle velocity that has been adapted for measuring the bed 

material velocity. 

When a particle agglomeration moves past a conductivity probe a random noise 

wave signal is generated. As long as the particle agglomeration remains 

essentially coherent this noise signal can be repeated at a second probe a 

short distance downstream of the first probe. The noise signals generated 

by the two probes can be cross-correlated and the time shift ascertained. 

With this information and the probe spacing the particle agglomeration 

velocity can be determined. The particle velocity probe is specifically 

used to determine the bed velocity. 

4.3.11 Weigh Test Eguipnent 

This equiµnent in the form of a weight and volume measuring tank is used to 

verify both mean mixture flow rate and delivered concentration. A pneumatic 

actuator diverts flow from the feed hopper to the sampling tank triggering a 

timer. The timer is stopped when the actuator returns the flow to the feed 

hopper. The weigh tank is circular, has a 1.5m3 volume and is located on a 

1750 kg mass scale. 

4.4 EXPERIMENTAL PROCEDURE 

Table 4. 2 is extracted from Appendix 2 and presents an outline of the 

experimental procedure. For a detailed explanation of the physical test 

procedure Appendix 2 refers. This section is concerned exclusively with the 

measurement philosophy adopted. All measurements were made using 
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PIPELINE TEST SYSTEM DATA LOGGING COMPUTER PROGRAM 

Input required test constants: 

1. Test number (e.g. F1572503 

2. System and pipeline (e.g. West or East System, 

3. Date 
large or medium pipeline) 

4. Particle size (e.g. d = 0.061mm) 
so 

5. Relative density (e.g. s = 2. 269) 
s 

6. Material description (e.g. flyash - F1) 

Initialise program: 

1. Self test data logger 

2. Create a data file 

3. Read all necessary system (calibration) 
,constants 

4. Scan all inputs to check values 

OPERATOR'S EXPERIMENTAL PROCEDURE 

Bleed pressure tappings 
and differential 

pressure transducers 

Switch on power supplies to 
magnetic detector heads, 
pump motors, pressure trans­
ducers and load cells 

Load 11RUN 11 program. 

Input required test constants: 

1. Test number (e.g. F1572503 

2. System and pipeline (e.g. West or East 
system, large or medium pipeline) 

3. Date 

4. Particle size (e.g. dso 0.061mm) 

5. Relative density (e.g. s = 2.269) 
s Set variation tolerances 6. Material description (e.g. flyash - F1) 

y 

Read all voltage outputs 
from required system 

Calculate percentage 
drift of readings 

Is data to be stored? 

N 
Is a weigh test 

required? 

N 

Set timer and read 
time averaged values 
of velocity and pres­
sure differential 
during weigh test 

Is weigh test 
data to be stored? 

y 

Is another data 
reading to be taken? 

Print data, 
tables and graph 

N 

Start pump motor and open gate 
valve of selected pipeline 

Set pinch valve to obtain 
required flow rate 

Rebleed pressure lines if necessary 

y 

y 

Is weigh test 
required? 

Respond to computer requests 
while a data point is obtained 

Is data to be stored? 

N 

reading required? 

N 

y 

Read initial values of 
mass and weigh tank level 

Switch pneumatically activated 
ball valve to divert flow into 
weigh tank and close after suf­
ficient sample has been taken 

Read final values of mass and 
weigh tank level and enter into 
computer 

Pump slurry in weigh tank 
back into f eedhopper 

Is weigh test data stored? 

N 

Table 4.2 Major sequence flow charts for conducting a test on the 
Hydrotransport Research Unit Facility 

Store weigh 
test d'•t• 
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transducers connected to a data acquisition tmi t. The computer program 

written to control the data acquisition unit is presented as Appendix 3. 

Observations made of slurry pipeline flow show two distinct measurement 

regimes, time averaged and periodic. These two measurement regimes require 

.. different instrumentation for data capture. A decision was taken to measure 

time averaged values quantitatively while pericxlic phenomena were 

investigated qualitatively. Reasons for measuring time averaged values are: 

1. A reliable data bank for mixed regime slurry flow was required to 

augment existing slurry flow data of time averaged values. 

1,. •• 2. The m.nnber of parameters to be measured was large and high speed 

data acquisition equipnent, at great expense, would have been 

required 

3. The objective of the analytical work was to obtain a general 

understanding of mixed regime flow and the experimental work 

should reflect this. 
,- ··--.·-··-. 

The objective of the analytical model prodt£ed is to design a 

slurry pipeline system. The experimental test facility would be 

required to give prototype results that would be of an acceptable 

industrial standard. 

The decision to investigate only time averaged values of the experimental 

parameters required that the periodic :i:ftenomena present did not affect the 

values measured. 

\ ,, .. '. ... 
·-:-··Table 4.3 lists the possible ways of taking a measurement of a typical 

parameter with the data acquisition unit; The measurement technique is a 

statistical evaluation of readings taken over a pericxl of time. 
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Table 4.3 Measurement techniques 

Number of readings 

1. Single reading 

2. Average of two readings 

3. Reading over long periods 
!many minutes) 

4. Reading at high rates 

5. Physical instrumentation damping 
(i.e. clamping pressure lines) 

6. Electronic damping 

7. Statistical evaluation 

Comments 

Subject to periodic phenomenon 

Worst case gives one value 
positive and the other equal in 
magnitude but negative so the 
mean value is zero 

1 • Uneconomical 
2. System variable (i.e. temp.) 

may change over long periods 
of time 

1. Uneconomical 
2. Require special equipnent 
3. Subject to periodic pheno­

menon 

Response might change with 
temperature and time 

Might overshadow system 
changes and result in 
incorrect interpretation 
by operator (also applies 
to 5 above) 

1. Statistical parameters 
available to operator to 
accept or reject reading 

2. Approach is consistent since 
the same set of mathematical 
f onnulae are applied to 
every point 

4.4.1 Stabilization of Data OUtput Signals from Transducers 

Before a time averaged value can be obtained a check must be made to ensure 

that the pipeline is operating in a stable condition. This is the first 

check to ensure that the physical system will not change during an 

accumulation of values. Four voltage outputs are checked for stability. 
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I 
These voltages are output from the following transducers 

1. Flow rate. 

2. Vertical upward flowing energy gradient. 

3. Vertical downward flowing energy gradient. 

4. Horizontal energy gradient. 

The Data Acquisition Unit collects a set of voltages from the four 

instruments and passes them to the computer where a local average t'alue is 

obtained. The set of voltages measured is comprised of readings taken in 

quick succession for each of the four instruments. The actual number of 

readings is discussed in Section 4. 5. 1 of this chapter. Another set is 

taken a short time later, again averaged' and compared to the initial set. 

tf the two consecutive averaged sets are within a preselected tolerance of 

each other, the data reading procedure can continue. The computer program 

used for data acquisition is designed to perform this comparison test three 

times after which operator action is required if the percentage deviation 

remains above the preselected tolerance. The tolerance value is discussed 

in Section 4.5.1. 

4.4.2 Data Collection 

Most test institutions accept the stabilization prCXJedure described above as 

necessary and sufficient for data collection. The second data · point 

reading, if it is within the required percentage of the first, would be 

accepted as representative of the actual data. Figure 4.3 shows that this 

can lead to recording erroneous data. 

The two points (1 and 2) shown in Figure 4.3 are within a small percentage 

of each other but are both below the time averaged value. 
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Time averaged 

}_value 

Time [s] 

Idealized output of a single transducer 

This problem can be overcome by taking a global time average value over a 

number of cycles of the local average (e.g. points 1 and 2 in Figure 4.3) 

comprised of sets of readings. Figure 4. 4 shows a typical output from a 

test. The data point voltage outputs include the two vertical differential 

pressures, the horizontal differential pressure, the load cells and the 

magnetic flow meter. All other parameters although not represented on the 

graph are read in exactly the same way. 

The real time monitoring of local average values, on the ccxnputer screen in. 

an analogue format, allows an i.mnediate response from the operator if any 

changes or instabilities in the systems are detected during a test. 

In Figure 4.4, "Loop Number" represents the record of local average values: 

plotted against time. The m.miber of times this procedure of obtaining a .. 

local average occurs, corresponds to the number of "data read loops". 
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------ PRESSURE Ch> 

---- PRESSURE Cv> 

· VELOCITY 

- - LOAD 

Figure 4.4 Example of transducer output voltages during 
a data point reading 

When the required m.miber of loops or local averages have been collected, the 

global average is obtained. Various data acceptance criteria are now 

aj:>plied. A linear least squares fit shown in Figure 4. 5, of the local 

average value, is calculated for the flow meter and horizontal energy 

gradient transducer outputs. The global average value is compared with the 

least squares values at the graph extremity. This gives a percentage.drift 

of the voltage during the data acquisition period. If a maximum percentage 

drift criteria is met the complete set of global average values is 

transf armed to physical uni ts ·by the calibration transformation equations 

and stored on computer disk. The maximum percentage drift value is 

discussed in Section 4.5.1. 
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% Drift 

Mean 

Drift 

least squares 
line· 

Time [ s] 

Figure 4.5 Voltage as a function of time for a typical transducer 
showing drift selection criterion 

From the description of the procedure used to read a global time averaged 

value, the following tolerances need to be defined : 

1. Stability check tolerance 

!Last reading - This readingj < Maxi.mum stabilization tolerance 
This reading 

(4.2) 

Points 1 and 2 in Figure 4.3 would comprise such a set of readings. 

2. Global average drift tolerance 

I
V(t2) - V(t1)I 

~-~~~~~~....... < Ma.xi.mum drift tolerance (4.3) 
v<t1) 

t 1 and t 2 are defined in Figure 4.5. 
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Figure 4. 6 serves as a def ini ti on sketch for the terms 1oca1 average and 

global airerage. The time taken to acquire the values for a local average is 

of the order of a few seconds. The time taken to acquire the global av~rage 

value for a particular data JX>int is of the order of minutes. 

4.4.3 

Transducer 
output 

[V] 

Global average 

~ Local average 

Time [s] 

Figure 4.6 Typical transducer output with time showing 
applicable terminology 

Local average value 
Global average value 

= average of M transducer voltage values 
= average of N local average values 

Weigh·Test Sampling and Sample Analysis 

Appendix 2 contains a detailed description of the method used to conduct a 

weigh test. A pnetmlatic actuator diverts flow from the return line into the 

sampling tank triggering a timer in the data acquisition unit. When the 

sample tank is full the flow is returned to the feed hopper switching off 

the timer. The weigh tank weight and volume are ascertained and typed into 
I ' 

the computer. The mean velocity and delivered concentration calculated for 

the weigh test are compared to the measured values. 
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4.5. EXPERIMENTAL ERROR 

This section is divided into two subsections. The first deals with the 

statistical analysis required to ensure the best possible global average 

values while maintaining an economy of measurement. The second deals with 

instrument error. 

4.5.1 De.ta Acquisition Tolerances 

Observation of the analogue output of all the transducer signals from the 

pipeline system showed small variations with time. These fluctuations exist 

in any measurement system and can be ascribed to a large number of factors. 

The fluctuations in transducer signals when converted to digital signals by 

the data acquisition unit may be in error since the data acquisition Wlit 

may read the value at a time when the variation is at some extreme position. 

The error caused by these fluctuations are accoWltable and can be han:iled by 

statistical techniques. 

Accountable errors are of five possible fonns 

1. Scale error. 

2. Static response error. 

3. Dynamic response error. 

4. Interference. 

5. Personal error. 

Unaccountable errors can be of two DBin types 

1 • Mistakes. 

2. Random error. 
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If a large number of experimental measurements are made the sample error may 

be distributed according to a norma.l or Gaussian distribution. If this is 

I 

the case then the statistical techniques applicable to normally distributed 

systems can be applied. 

It is not possible to assess if the data is normally distributed by 

inspection. The most reliable test for normality is to plot the output of a 

transducer on probability graph paper. Appendix 4 contains plots of the 

transducer outputs on probability graph paper as well as a worked example on 

testing for normality. 

Jn Section 4.4 two types of average value were discussed 

L Local average. 

2. Global average. 

The local average value was chosen to be the average of 3 readings taken at 

the maximum read rate of the data acquisition unit. These readings are 

taken within 2 seconds of each other. The statistical data presented in 

Appendix 4 shows that an average of only 3 readings is insufficient to 

ensure accuracy. The global a\'erage was taken to be the average of 11 local 

average values. A total of 33 readings from each transducer was found 

necessary to obtain a reliable global average value. The local average is 

obtained in less than 2 seconds . A wait period of 10 seconds is then 

introduced before the next local average is taken. The time taken to 

measure a global average is therefore of the order of 130 seconds. 

The two tolerance values discussed in Section 4. 4 were ascertained from 

experiments with clear water. It was found that the maximum stabilization 
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tolerance that would ensure good quality readings was 15%. The maximum 

percentage drift tolerance was found to be 10%. The ma.xinrum percentage 

drift tolerance of 10% was only necessary at low mixture flow rates where 

the energy gradient was of the order of a few millimetres head of water per 

meter length of pipe. For most data readings the actual drift tolerance 

was below 1%. 

The test facility operator is required to accept each global average by 

typing, an acceptance to a request by the computer's interactive program. 

Acceptance is judged on the basis of the system stabilization, the analogue 

output that was monitored during the accumulation of a global average, the 

drift tolerance and an assessment of the system equipnent condition. During 

a reading pressure lines, solids traps and associated equiµnent are 

continually checked to ensure that no blockages occur. If any doubt existed 

in the quality of the data point or it falls outside the maximum allowable 

tolerance values, the data point is rejected. Table 4.4 presents an outline 

of the data reading philosophy. 

4.5.2 Test Facility Calibration Methodology 

Frequent accurate calibration of all measurements ensured reliable results. 

For this reason all transducers are equipped with calibration devices that 

could be easily used and intepreted. 'I:he overall system calibration is 

checked by running clear water tests and comparing the data thus derived to 

theoretical predictions. 

Appendix 2 contains the physical procedures used when calibrating the test 

facility instrumentation. An abbreviated description is included here. 
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Table 4.4 : Data acquisition procedure. 'Ihe measured parameters are 
converted to a digital signal and then beck to an analogue grapi on the 

COOipUter screen for operator interpretation during a measurement. 

Real time 
Analogue acquisition 

t 
Physical 

}'.ilenanenon 

Transformation 
equations -----~ 

Real time 
Digital transfer Analogue ,--, 

Raw data 
Local average 
of 3 voltages 

~ 

Local averages 
plotted in real 

ti.me 

' Operator interpretation 

Reduced data ~ Global average of 
11 local average 
values transformed 
to J:ilysical units 
(i.e. load· [NJ) 

! Prinery data stored 
on disk 

Analytical Calculations of relationships ____ _. _ _.required parameters 

4.5.2.1 Pipeline 

1. Diameter 

(i.e.Cvt) ~ 

Secondary values 
stored on disk 

'lhe pipeline diall'ieter is measured. by weighing a known length of pipeline 

filled with water at a measured temperature. 'lbe weight of the pipeline is 

subtracted from the total and the volume of water calculated. From the 

water volume the pipe area and hence its diameter can be found. 
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2. 

The pipeline wall roughness is calculated from the velocity and headless .. ,. ··. 
! ~ . ",, 

measurements taken during clear water tests. f.• 

. . ~; 

For partially rough wall turbulent flow from the Colebrook-White equation 

1 - 4 log [_!<__ + 1.26] = 
.[f 3.7D Re.[f 

(3.53) 

where 

f = 
6HgD 

2L v2 
(4.4) 

m 

so 

k 3.7D [10(1/4.fil 1.26 ] = -
Re.ff 

(4.5) 
•. ; !. 

4.5.2.2 Differential pressure transd~r 

The differential pressure transducers are calibrated using air over water 

manometers. The manometers are 1. 5m long which corres1xmds to the range 

setting of the transducer. The air in the manometer tubes in pressurized to 

200 kPa which is the average working pressure (gauge) of the transducers. A 

differential head is created across the transducer and the corresp:mcling 

electrical out~t is measured using the data acquisition unit. A linear 

calibration equation is found from the output electrical signals and the 

measured differential head; 

4.5.2.3 Temperature 
·.: • ~~ l .• , .• 

The temperature of the mixture in the deli very hopper is measured by a 

thermistor ( teinperature dependent resistor) supplied with a constant 
'' 
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current. The thennistor is calibrated by inmersing it in a variable 

temperature water bath. The data acquisition unit is used to measure the 

voltage output from the thennistor over the expected temperature range, and 

calibrated against the actual temperature. The thennistors used produced a 

logarithmic calibration equation. 

4.5.2.4 Counter flow meter 

·The delivered concentration measured by the cotmter flow meter is dependent 

on the accuracy of the pressure transducers. The calculated concentration 

is, however, compared to weigh test measured values during both clear water 

and slurry tests in the pipeline. 

4.5.2.5 Magnetic flow meter 

The magnetic flow meters are calibrated by taking timed mass samples using 

the weigh tank equiµnent. During a weigh test the deli very hopper level 

decreases changing the suction conditions of the prnnp and hence the flow 

delivered by the pump. The magnetic flow meter electrical output is read at 

1/2 second intervals by the data logger during the weigh test and the 

readings taken are averaged. This yields the time average voltage during 

~e weigh test and corresponds to the time averaged mass sample taken. 

The calibration equation calculated for clear •water is checked during slurry 

testing by taking weigh samples of the mixture. 

4.5.2.6 In situ concentration 

1. ~~~~~-E!~!!~~ 

Figure 4.7 shows a schematic of the pipeline weighing system. Three of the 

tie wires are instrumented by load cells. The load cells are calibrated on 

the pipeline. 'Ihe suspended pipe is treated as a complete measuring system. 
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The load cells which support three of the pipeline brackets are zero set 

when the pipeline is filled with water only. Two different techniques were 

used to calibrate this system : 

(a) 'Calibration weights plaCed at 1/4 points between the wires. 

(b) Calibration weights placed Wliformly along the pipeline not in sympathy 

with the load cell positions. 

2 3 ' 4 ' 5 
i 

6 

A B c D E F 

7 
Concrete anchor blocks 

8 

H G 

Figure 4.7 : Notation for tie wires and load cells of pipe weighing 
sections (on 90om and 160nm nominal diameter pipelines) 

The load cells are located at positions C, D and E (Figure 4. 7) • For method 

(a), only spans 3 to 6 were loaded at their quarter points. For method (b) 

loads were placed at intervals of 0. 9m along the full length of the pipe 

centre line including the bends. The 0.9m spacing was determined by the 

number of weights available and the total suspended length. Method (b) was 

adopted as the more successful. 

2. Articulated section 

The articulated section can be modelled as a two member system with bending 

moment relief (and a small capability for temperature compensation). Since 

_,,, .• 1 . ' , ... , 
··' 1 .' 

~"'. ·• 
i ....... :,.-:t 
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the members are considered rigid, loads placed at the 1/4 points will 

approximate a tmifonnly distributed load. 

section and loading positions. 

Rubber 
joint 

2000 

-Flow 

Rubber 
joint 

Figure 4.8 shows the articulated 

I 

2000 

Rubber 
joint 

Figure 4.8 Side view of articulated in situ concentration 
meter showing calibration loading position ntDbered 1 to 4 

(not to scale) 

A single load cell is located above the centre rubber joint. The single 

load cell output is read by the data acquisition tmit and a calibration 

curve set up with these values and the load applied. The load cell can be 

considered a zero deflection device (deflection is in fact of the order of 

lOµm} and therefore abk:>st complete bending moment relief can be achieved at 
I 

the rubber joints. Any inaccuracy in this ass1..W11ption would be aa::xxmted. for 

by the calibration procedure adopted (i.e. load cell is calibrated in situ}. 

4.5.2.7 Particle velocity probe 

The particle velocity probe requires no ca.libraticm. Two measurements are 

required for the calculation of particle velocity. These are the tiIE taken 

to traverse the distance between the probes. The time is measured. by a 

cross correlation analyser. 'Ibis instrt1Dent has an inherent electroriic 

timer with a predefined accuracy. The distance between the probes is 

measured on a milling machine bed to ensure accuracy. 
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4.5.2.8 Weigh test equipaent 

The timer used during a weigh test. is built into the data acquisition lmit 

and, as for the cross correlation analyser, has an inherent accuracy". 

1. ~~!~-~!~ 

The weigh scale is factory calibrated but was checked by placing known 

weights on the scale bed and comparing these to the registered. scale output. 

2. ~~!~-~ 

The weigh tank, located on the weigh scale, has an acrylic wirrlow located co 

the side of the tank (full depth) • A measuring rule is affixed to the 

window and a depth of mixture can be measured. and related to the measured. 

mass. The weigh tank volume versus ru.l,e reading is calibrated using 

quantities of water at a measured. temperature. 'lhe water mass is converted 

to a volune and plotted against scale reading to produce the desired 

calibration curve. 

Calibration equations are presented in Appendix 5 for each of the 

transducers used. 'lhe calibration · graph, calibration equation and 

correlation coefficient are presented. Calculated residuals between actual 

and calculated y-axis values are also presented. 

4.5.3 Instnment Measurement Error 

4. 5. 3. 1 Maxi.nun and expected error (after Bri.nkworth ( 1968) ) 

The expected error -for a particular measurement can be determined if the 

functional relationship which def_ines the measurement is known. 
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In general for a given quantity X which is a fl.UlCtion of several variables 

(measurements) 

X- = f n (a , b , c , • • • , n ) 

The error in X due to measurement n (i.e. (AX) ) can be found by 
n 

(AX) 
n = r::1 

on 
x x 

or expanding 

(6X) 
n 

x = r::i . ; on 
n 

(4.6) 

(4.7) 

(4.8) 

The ma.xi.mum possible error in X is given by the sum of errors of the n 

contributory measured quantities 

= :z [ax . ~ . 0n] 
an X n 

(4.9) 

The expected highest error is given by the square root of the sum of the 

squared values of each tenn which ensures that all contributions will be 

positive. 

So 

(4.10) 
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where x overall result 

6x error in the overall result 

n quantity measured (e.g. flow, weight, etc,) 

lm error in the quantity measured in uni ts of the measurement. 

4.5.3.2 Linear regression analysis (after Lipson and Sheth (1973)) 

The calibration equations for the various transducers is derived from a 

regression analysis. This is either linear or logarithmic. 

For the linear regression the method of least squares is employed.. The sum 

of the squares of the deviations (~) is minimized. in the y-direction. This 

is done since the random variation exists in the y values while the x values 

are held constant (see Figure 4.9). 

The resulting equation is 

y=mx+C+~ (4.11) 

where ~ is the measure of deviation of the data points in the y-direction 

(Figure 4.10). 

y 

Figure 4.9 

x 

Variance distributed. normally on y 
Regression of y on x , y = f (x) 
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250 

"Best fit" curve 

x 

Sllll of squares of deviations in y direction 
for least squares approximation 

4.5.3.3 Correlation analysis 

The correlation coefficient ( r) is defined as the quantitative measure of 

association between two vari~les x and y 

r = + 1 perfect correlation. 

r = 0 no correlation. 

r = + 
explained variation 
total variation 

In tenns of variables 

r = :!: 
Z:(y est - y) 

- 2 Z:(y - y) 

(4.12) 

(4.13) 

' 



Univ
ers

ity
 of

 C
ap

e T
ow

n

251 

where y actuaJ measurement 

y mean value of y 

~ - correlation estimate of y . ·est. 

Expandir~ 
n Exy - Exiy 

(4.14) 

The value of r is significant in that r 2 of the total variation in y can be 

accounted for by the least squares line, and ( 1 - r 2 ) is unaccountable. 

Therefore, physical (explained) variation is r 2 while random (unexplained) 

variation is (1 - r 2 ) , 

4.5.4 Errors in Measured Parameters 

Systematic errors will appear in the mean value of any measurement and 

statistical methods will not disclose them. These errors are accountable 

and are of the following fonns; 

1. Scale errors 

2. Static response errors 

3. Dynamic.response errors 

4. Interference 

5. Personal error. 

Clear water tests, in which experimental results and theoretical predictions 

could be compared, were perfonned in each pipeline to ensure that systematic 

errors were minimized. 

4.5.4.1 Pipeline diameter 

The pipe diameter is calculated by the equation; 

Possible errors exist in the measurement of L and M where 
w 

L length of pipe 

M mass of water contained in the pipe. 
w 

(4.15) 
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Calculating the expected highest error as discussed in Sectioo 4. 5. 3. 1 of 

this chapter. 1be expected highest error in the pipe diameter is therefore 

where 

. BO 

clD 

clM w 

(4.16) 

. For the 50nn nominal diameter pipe the following data was obtained 

Nominal size Pipe mass Total mass Length Volune Diameter 

50mn 0.611kg 2.385kg 1095.0mn 1.779€ 45.418Dm 

c I Horizontal flow ±0.25% 
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6L 0.001 = 0.0009· = 
L 1.095 

= 0.0128 

where p = 998.68 kg/m• 
w 

= 0.0208 

253 

·[:( = 
-4 3 -5 -4 

1.638.10 * 2.757.10 * 1.764.10 + 4.326.10 * 
2 -7 

5.813.10 * 8.1.10 

-6 = 8.170.10 

l\D 
-3 = 2.858.10. * D 

6D -4 = 1.298.10 m 

= 0.286 % 

Table 4. 5 shows the expected highest error values for the four pipelines 

used. 

Table 4.5 Expected highest error for a chosen diameter 

Nominal L[m] M [kg] w 
Diameter ±0.001 

[urn] 

50 1.095 1. 77±0.01 

63 1.217 3.13±0.01 

90 1.419 7.07±0.01 

160 1.538 23.41±0.01 

Water temperature 18°c 

Actual Error in % 

Diameter Diameter Error 
[mm] [nun] 

45.418 ±0.130 0.286 

57.206 ±0.252 0.441 

79. 715 ±0.084 0.106 

139.300 ±0.077 0.054 

Water density 3 998.68 kg/m 
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4.5.4.2 Differential pressure transducers 

The error in differential head is given by the accuracy of the pressure 

transducers and the accuracy with which the calibration manometers can be 

read. 

The calibration equation is of the form 

H = av + B 

H differential head output 

V transducer output voltage. 

The maximLUD expected error for this equation is 

(4.17a) 

The error term for the vol~e output llV/V can be found frooi. the calibration 

manometer reading error 

(4.17b) 

L .J measured differential head, input. 

The manufactured accuracy of the pressure transducers is given in Table 4.6. 

Table 4.6 Differential pressure transducer accuracy 

· Transducer Orientation Accuracy 

A Vertical upward flow ±0.1% 

B Vertical downward flow ±0.1% 

c Horizontal flow ±0.25% 
I 
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The calibrated range for the pressure transducers is 1. 5m 

measurement is therefore expected to be 

6H = 1 . 5mm for Transdticer A and B 

6H = 3.75mm for Transducer C • 

Combining equations (4.15a) and (4.15b) 

[
aH av v L ALL]

2 

av aL H v 

The error in 

(4.18) 

For Transducer A , aH is the slope of a graph of measured head versus actual 
aL 

head. 

So aH 

aL 
= 1.0002 

asstuning aH ::::: 6L 

where 

AL - accuracy with which the calibration manometer can be read, 

AL = ±1.0nm 

For Transducer B and C 

1.0004 and 1.00063 
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So = ( 1. 0002) 2 

similarly for B and C • 

Figure 4.11 shows a plot of expected highest error for the three 

differential pressure transducers. 

'-
D 
'-
'-UJ 

""" Ill 
QJ 

.c. 
Cl .... 
J: 

'C 
QJ 

""" u 
QJ 

Q 
x 
u.. 

1.00 

.10 

•0.tlo 

Key 
~ - Transducer A 
6 - Transducer B 
+ - Transducer C 

.50 1.00 
Measured Differential Head [m] 

1.50 

Figure 4.11 ·Error graph for differential pressure transducers 

4.5.4.3 Temperature 

Figure 4. 12 shows the · error graphs for the two thennistor calibration 

equations. Tiie curves are calculated from the equation 

[~T]2 = 
out [

aT out] 

2 Fin l 2 16T] 
2 

aT. T t T . 
l.Il OU l.n 

(4.19) 
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T - measured temperature [°C] out 

From the thermometer used to measure the actual temperature t:.T = ± 1 °c . 

The slope of the curve of actual temperature versus measured temperature 

aTout 
yields the value of ~~-

aT. 
1n 

aT t OU For the F.ast System = 0.99953 
aT. 

1n 

aTout 
West System = 0.99838 • 

aT. 
1n 

For the East System 

[
:TJ

2 
= ( 0. 99953 )

2 

out [:Tin]
2 

out 

and similarly for the West System. 

L 
0 
L 
L 

~ UJ 

"' A 
ID 

A ID 
s:: A 
OJ .... 
:r 

Key 

- East 
- West 

~!!tml . 
'C 
GI l!l~ Ill ,µ 
u 
ID 
a. .o~o x 10.0 20.0 30.0 40.0 Lu 

Thermistor 
Thermistor 

l!J A&Jl!J A 

50.0 60.0 70.0 
Measured Temperature [C] 

Figure 4.12 : Error grapi for thermistors 
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4.5.4.4 Magnetic flow meter 

The equation used to detennine the mean velocity (V ) is 
m 

where 

4 M 
m 

vm = ----2 
p t n D · 

m 

r 
Ill =---

t n n2 

M 
m 

sample mass [kg] 

r sample volume (in weigh tank) 
m 

Pm - sample density [kg/m3 ] 

t time taken to collect sample 

D - pipe diameter [ml 

[m,] 

[sec.] 

The error in the given variables are listed in Table 4.7. 

Table 4.7 Error in variables used to measure mean velocity 

Variable Error 

6M ±250 g 
m 

6t ±0.001 sec 

61) See Table·4.5 

6'Y -3 3 3.8.10 m 
m 

(4.20) 
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The maximum expected error in V is given by 
ID 

[
[)Vm]

2 
= [ 4 ]2 [Vm]

2 

[6Vm]

2 

+ [- 4 Vm ]2 [!'.__]2 [t>t]2 
V t n Dz V V t 2 n D2 V t 

m m m m 

Figure 4 .13 shows the experimental error for the flow meters in the test 

facility. 

4.5.4.5 Delivered concentration 

The equation used to calculate the delivered concentration (Cvd) is given by 

= 

and for s 
ID 

s = m 

s - s m w 

s - s s w 

the delivered relative density by 

[OH - OH ] s up ,down 
+ 1 w 

2 L 

(4.22) 

(4.23) 

where L distance between differential pressure measuring tappings. 

The relative density (S ) is checked using the weigh tank where m 

s = m 

M m 

1f 1000 m 

(4.24) 
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( 4. 25). 

Figure 4.14 shows the.experimental error for the counter flow meters in the 

test facility. 

4.5.4.6 In situ concentration 

The error in the load cell calibration equations can be calculated from 

[~L]2 = 
out Id Lout] 

2 

[Lin l 2 [ 6L] 
2 

aL. L t [L . in OU l.D 

(4.26) 

This equation is represented. in Figures 4.15 and Figure 4.16 for the 160nm 

nominal diameter pipeline and the 90nm nominal diameter pipeline 

respectively. The graphs are produced. in the same way as that for the 

thermistors (Section 4.5.4.3). 

The equation used to calculate the in situ concentration from the load 

values is given by 

L (4.27) 

where 

L - pipeline weight per metre length 

A - pipe area. 
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CHAPrER 5 

EXPERIMENTAL RESULTS 

IN"IIDDUCTION 

An important aspect in the verification of an analytical model is the 

availability of a large, reliable data base for comparison with analytical 

predictions. Data used for this .verification were derived from two sources: 

1. Local data, presented in Voltune 3 and produced at the University 

of Cape Town. 

2. Imported data, presented in Appendix 6 and assembled from a survey 

of data produced at other test institutions. 

The local data serves to provide the exact requirements to best verify the 

analytical model. The imported data serves to broaden and verify the 

available local data base. 

This chapter is divided into the following sections 

5.1 Materials tested 

5.2 Clear water tests 

5.3 Test observations and discussion 

5.4 Secondary measurements 

5.5 Conclusions • 

. The data base of Voltune 3 should be used as a reference to actual tests 

discussed . 
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5.1 MATERIALS TESTED 

5.1.1 Coal Fired Power Station Ash 

Coal fired power stations produce ash as a by-product of the combustion 

process. Two types of ash are produced by the boiler furnaces 

1. Clinker ash commonly referred to as bottom ash. 

2. Fly ash. 

Bottom ash is that portion of the coal ash that falls to the bottom of the 

boiler furnace. A high velocity, and vertically upward flowing, gas draught 

exists in the furnace. Consequently only large ash particles (with a to,p 

size of up to 25rrnn) which overcome this high velocity draught will fall to 

the ·bottom of the furnace. This ash constitutes 20% of the total ash 

production. Power stations have a grinding facility to process this ash 

prior to transportation. 

Fly ash (constituting the remaining 80% of the production) is that portion 

that is fine enough to be taken with the high velocity gases leaving the 

furnace. This ash is extracted from the flue gases by mechanic.al or 

electrostatic precipitators denoted ash fields. 

collecting increasingly finer product. 

Four ash fields exist 

Table 5 . 1 shows the average production quantities of a typical coal fired 

power station boiler. Fly ash derived from the precipitator of fields 1 and 

3 as well as bottom ash was tested. 
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Table 5.1 : Average production quantities of ash and typical 
particle size for a coal fired power station boiler 

Clinker Field 1 Field 2 Field 3 Field 

% 20 64 12.8 2.6 0.4 

Tonnes of ash per 
100 tonne of coal 5 16 3.2 0.64 0.13 

d50 (,um) 380 45 35 20 15 

4 

'JM Galvin (1982) describes the ash used in tests at the University of Cape 

'( ' 
Town. The fly ash tested was obtained from the electrostatic precipitators 

of boiler units 3 and 5 at the Grootvlei Power Station1• 

c'ialvin ( 1982) reported a relative density of 2.2 for all fly ash samples. 

More accurate values have been used for calculation purposes. A close 

inspection of dry fly ash reveals particles ranging in colour from white to 

black. This could indicate a change in particle relative density, the black 

particles being unburned coal which has a re la ti ve density of 1. 4 and the 

white particles being silica in the form of Si02 (quartzite) with a relative 

density of 2.65. The concept of a global relative density is therefore an 

approximation. The variation in particle relative densities can be taken 

into account by a careful investigation of particle size distribution only. 

Bottom ash consists of pitted conglomerates of burnt ash and silica and, 

when dry, is loosely bonded and granular. Grains of "glass" form during the 

1Located in the southern Transvaal coal fields of South Africa. 
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Figure 5.4 Clear water test for 0.141 m diameter pipeline 
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The dark colour of the slurry made observations difficult but stationary bed 

flow was inves:t,igated. for each test conducted. Periodic flow was apparent 

for ·all low veloeity points although the flow features could not easily be 

seen. 

5.3.1.2 Field 1 fly ash 
I 

Slurries of field 1 fly ash are considered to be mixed regime. Small 

lumps exist in the material due to its pozzolanic activity. The material 

had to be broken up prior to testing but some lumps persisted throughout the 

test program. The slurry is a two phase mixture made up of a heavy medium 

(vehicle) supporting suspended coarse particles. The rheologically active 

part of field 1 ash·can be considered to be as field 3 ash. 

Figure 5. 6 shows energy gradient versus velocity graphs with delivered 

concentration as parameter. The_ graphs were generated from a concentration 

contour plot of the field 1 fly ash data. The data points have not been 

plotted for better clarity. The incipient stationary bed velocity decreases 

with decreasing. concentration. No strong periodic flow was experienced in 

an.Y test although weak, high frequency fluctuation.8 were visible at high 

concentrations (above Cvd = 20%). The ash lumps could be seen settled on 

the pipe invert at the lowest velocities tested. These lumps may have 

caused a reduction in the flow area with an increase in the measured energy 

gradient at these low velocities. 
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Figure 5.6(a) : Field 1 fly ash, 45.4mm diameter 
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Figure 5.6(b) : Field 1 fly ash, 57.2rrnn diameter 
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Figure S.6(c) : Field 1 fly ash, 81.Smm diameter 
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Figure 5. 6 (d) : Field 1 fly ash, 141. 7nnn diameter 
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5.3.1.3 Field 3 fly ash 

Slurries of field 3 fly ash are considered non settling and pseudo-

homogeneous. Small lumps did exist in the material due to its pozzolanic 

activity as for the field 1 ash. The material had to be broken up prior to 

testing and some lumps persisted throughout the test program. 

Figure 5.7 shows energy gradient versus mean mixture velocity with delivered 

concentration as parameter. The graphs were generated from a concentration 

contour plot of the field 3 fly ash data. The data points have not been 

plotted for better clarity. Fly ash slurries characteristically have a low 

yield stress and so the energy gradient should approach zero as the velocity 

is reduced. The apparent increase shown in energy gradient at velocities of 

0.5 m/s in Figure 5.7, is therefore ascribed to the reduction in flow area 
. 

due to the lumps. Any analytical analysis of this fly ash slurry will 

therefore underpredict at low velocities because no information on the lump 

size could be obtained and therefore no information is contained in the 

particle size distribution. For the field 3 ash no periodic phenomena were 

apparent. 

5.3.2 Ocean Bed Material 

The ocean bed material tested comprised rounded pebbles and shell material. 

The shell material was rapidly ground to fonn a fine 'clay'. All tests were 

conducted once the shell had been ground to fines, · to ensure a constant 

particle size distribution during the tests. A slurry concentration of 

around 12% by volume (delivered) was tested because this is representative 

of the commercial pipeline application envisaged. 
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'!be slurry is highly heterogeneous with a sliding bed existing up to the 

highest velocity tested (:::= 6 m/s). '!be energy gradient is approximately 

constant for the velocity range 2 m/s to 5 m/s after which it becomes 

parallel to the clear water curve and approximates the psetrlofluid curve. 

5.3.3 Uranium Mine Tailings 

Uranium mine tailings slurries with three different particle size 

distribution were tested. All slurries were considered to be of the mixed 

regime type. Atdelivered volumetric concentrations of above 30% the energy 

r 
gradient, velocity curve is relatively flat showing no change in energy 

gradient between 0.5 m/s and 2.5 m/s. Flow observations were made difficult 

by the oi::e.city of the high concentration mixtures tested. No stati'onary bed 

deposit was evident since a bed deposit probe registered DK>vement at all 

velocities tested. Highly periodic flow was experienced which on sev~ral 

occasions resulted in pipeline blockages. '!be blockages were probably 

caused by a mismatch in the pump and pipeline characteristics. '!be periodic 

phenomenon was considered to be slug flow. 

5.3.4 Kaolin Cla.y 

Kaolin clay slurries show highly non Newtonian flow characteristics in 

laminar flow (Slatter, (1986) ) • 'Mle slurries tested all showed 

characteristic floe structures4 in the delivery hopper prior to starting the 

pump. '!be concentrations tested were the highest achievable for two 

reas<>ns 

1. the kaolin was received as a filter cake and had a high DK>ist\ll'e 

content. 

4nie interface between the settled clay aBi supernatent liquid showed a 
'cracked' surface with agglomerations of particles. 
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2. the high yield· stress made mixing in the tank difficult and 

limited the stirring action of the return line. 

All tests were conducted for turbulent flow. The floe structure may have 

been broken down by the turbulent action of the flow. At the lowest 

velocities tested (< 0.5 m/s) a sliding bed of impurities was visible 

(~ 15rrun wide, comprising fine black and grey particles). 

5.3.5 Beach Sands 

Flow regime maps for the two sand types tested are shown in Figures 5.8(a) 

.. ;md 5.8{b) for sand type 1 and in Figures 5.9(a) and 5.9(b) for sand type 2 . 

. !fable 5. 3 presents a description of the flow regime present in each region 

.of Figures 5. 8 and 5. 9. These graphs were produced by plotting the 

e:;q>erimental data on the required axes and ascribing a number, which 

corresponds to the prevalent flow condition, at the location of the data 

point. Lines are then drawn demarcating the areas in which a particular 

flow condition predominates, Figure 5. 8 for sand type 1 shows the data 

plotted on the graphs. For the other graphs the data points have not been 

plotted to ensure better clarity. 

Condition 4, described in Table 5.3, is a transition condition and was not 

clearly defined for type 2 sand. Velocities below 1 m/s were not tested so 

no flow descriptions are shown for this region. Figures 5.8 and 5.9 show 

clearly the relatively large areas in which periodic phenomena are prevalent 

(Regions lb to 4 inclusive). An increase in concentration has the effect of 

stabilizing the mixture, reducing the periodic flow region and decreasing 

the velocity of transition to fully suspended flow. The transition f,-:-om 

heterogeneous flow to pseudohomogeneous flow is a gradual 
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one that cannot be visualised. For this reason no transition line is shown 

in Figures 5.8 and 5.9. 
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Flow conditions for sand type 1 and 2 shown in 
Figures 5.8 and 5.9 

Region Number Condition description 

la 

lb 

2 

3 

4 

5 

5.3.6 

Stationary bed with slow variation in bed height caused by 
rolling and saltating particles. Dune lengths are of the 
order of several pipe diameters. 

As for la but bed slides as bed height reaches maximum 
then refonns as stationary bed and slides again as bed 
height reaches maximum. 

Sliding bed flow with instantaneous stoppages occurring 
just after a wave or slug. The pulses (wave or slug) 
are of the order of one diameter long and are spaced 
several diameters apart. 

Rhythmic periodic flow with no periods of stationary bed. 
May be waves or slugs. 

Irregular fluctuations causing waves or slugs with inter­
spersed heterogeneous flow. 

Fully suspended smooth flow - heterogeneous or pseudo­
homogeneous. 

Kaolin-Sand Mixtures Prepared in the Laboratory 

Kaolin clay was added to the beach sands tested to evaluate the following 

effects 

1. Increase in the maximum concentration pumpable. 

2. Reduction in the strength and range of periodic phenomena. 

3. Increase in the solid mass flow rate for the equivalent specific:, 

power consumption. 

4. Reduction in the slip velocity of the coarse components. 

The grading coefficient (<lg0Jd10 ) calculated for each test is a measure of 

the fines content of a particular mixture. For low grading coefficients 
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(Gd ::: 5) the fines content is low and high (Gd ::: 300) for high fines 

content. 1bis value is limited in its application as demonstrated by the 

following example : 

From Table 5. 4 it can be seen that the two tests have similar average 

particle sizes (d50 ) and grading coefficients (Gd) • The mininaJm particle 

sizes are significantly different. 'Ihe effect of this on the mass flow of 

solids at equal head loss values is shown in Table 5.5. 

Table 5.4 : Comparison of average particle size (d50 ) and 

grading coefficient (Gd) for two tests 

Particle size 
·Test m.unber Material type Grading d50 

' 

i 

coefficient Mini.mum Maximum 

KS31021A Kaolin-,sand 2.8 970JA11 ::: 1 /All ::: 2 Diil 

81303317 Sand type 1 3.0 851~ ::: 280 l.6Il ::: 2 llJl 

Table 5.5 Mass flow rate values (Ms) for similar energy 

gradients for two different tests 

KS31021A 81303317 

[m/m] M (kg/s] 
SJ«) ~ .;] i [m/m] M (kg/s] 

SJ«) ~ .;] m s m s 

0.400 10.0 12.51 0.380 6.09 19.58 

0.134 2.2 5.48 0.136 1.6 5.60 

0.130 3.6 4.50 0.131 2.7 4.47 -

0.113 1.2 4.88 0.108 0.53 32.57 

-
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The specific energy consumption was given in Chapter 1 by 

SEC""' --- [Ws/kgm] ( 1.1) 

The sand type 1 results consistently show lower solid mass flow rates for 

similar or higher specific energy consumption values when compared to the 

kaolin-sand results. ' The only difference between the two tests is the 

finest size component, described in Table 5.4. The values of d50 and Gd are 

therefore limited in their application. 

A second example comparing the solid mass flow rate and specific energy 

consumption for high concentration mixtures is shown in Tables 5.6 and 5.7. 

Table 5.6 : Comparison of average particle size (d50 ) and 

grading coefficient (Gd) for two tests 

Test Material Grading d50 
Number type coefficient size 

KS43619C Kaolin-sand 5.4 490µn 

S243012C Sand type 2 6.1 425µn 



Univ
ers

ity
 of

 C
ap

e T
ow

n

291 

Table 5.7 : Mass flow rate values (M ) for similar energy gradient s . 
values with specific energy constmption as parameter 

KS43619C S243012C 

i [m/m] M [kg/s] 
sg; ~ .;] 

i [m/m] M [kg/s] SEC ~~ m s m s 

-

0.195 76.0 1.91 0.195 64.5 2.64 

0.158 65.5 1.51 0.158 61.3 1.89 

0.127 56.8 1.22 0.125 45.8 1.28 

This second example confirms that the fine component, produced by the 

addition of kaolin, increases the carrying capacity of a particular mixture. 

The coarse fraction (Sand - type 2) considered was similar in both tests as 

confinned by the d
50 

particle size in Table 5.6. 

Figures 5 .10 and 5. 11 show flow pattern maps for the kaolin-sand tests 

conducted in the 90nm nominal diameter pipeline and the 160om nominal 

diameter pipeline respectively. 'lbese graphs were generated in the same way 

as those for sand types 1 and 2. 'lbe data points have not been plotted to 

ensure better clarity. These figures are presented. only to show general 

trends since the average particle size changed for each test. Table 5. 8 

presents a description of the conditions encotmtered in each region. The 

condition 2 presented in Table 5.3 for Sand types 1 and 2 is divided into 

.two separate regions 2a and 2b in Figure 5.10 and 5.11. 'Ibis is as a result 

of the stabilizing effect of the fine component on the periodic flow 

phenomenon. At delivered concentrations of above 30% the sliding bed 

condition becomes a stable phenomenon. This is a distinct change from the 

type 1 and 2 sand tests which always demonstrated fltEtuations. 
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Table 5.8 Flow condition descriptions for kaolin-sand tests· 

Region No. Condition description 

la As for condition la in Table 5.3 

lb As for condition lb in Table 5.3 

2a Smooth sliding bed flow 

.. 2b As for condition 2 in Table 5.3 

3 As for condition 3 in Table 5.3 

4 As for condition 4 in Table 5.3 

5 As for condition 5 in Table 5.3 

5.4 SEOONDARY MEASUREMENTS 

Various secondary measurements were made· for each test. conducted. 

include 

1. Pump characteristics. 

2. Bed particle velocity. 

3. Gamma ray density measurements in horizontal orientation. 

These 

The ptUilp characteristic results are outside the scope of this thesis and 

therefore not included but the other two topics fulfil important roles in 

llllderstanding· the flow conditions encountered. 

5.4.1 Bed Particle Velocity 

The bed particle velocity was measured for the beach sand and the 

kaolin~sand mixtures only. The cross correlation technique used to measure 

the bed velocity (refer Appendix 2, Section 2.9.2) required sever:al seconds 
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to make a single velocity measurement. For this reason only steady state 

flow conditions could be analysed. Figure 5.12 shows typical cross 

correlation output for test 81430068. Three correlations for decreasing 

mean velocity are shown. Figures 5.13 and 5.14 show some of the results 

obtained for kaolin-sand mixtures in the 160nm nominal diameter pipeline. 

Figure 5.15 show results obtained for the Sand type 2. 

The bed velocity is directly related to the velocity profile. Figure 5.16 

shows three velocity profiles based on the mixture concentration. All 

velocity profiles are for turbulent flow. 

The trends in Figures 5.13 to 5.15 can be explained in the following way : 

1. ~!~E~~-~~!~L-~~-~~~~~!~!!~~-~~~!!~:~~-~!~!~~ 

For a low fines content the velocity profile for low concentration 

mixtures will approximate the turbulent logarithmic velocity profile 

shown in Figure 5.16(a)'. For a high fines content the von Karman 

constant would be reduced resulting in a more conical velocity profile 

(Figure 5.16(b)) with an increase in the difference in the mean and bed 

velocity. 

2. ~!~~-~~!~i-~!~-~~~~~~!~!!~~-~~!~~ 

For high concentration mixtures of kaolin-sand the particle slip will 

be negligible so that the velocity profile experienced will be that 

shown in Figure 5. 16 ( c) . For the Sand types '1 and 2 the bed concen­

tration will decrease with increasing velocity resulting in increasing 

particle slip. The larger particles (Sand type 1) will have a greater 

slip component. 
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Figure 5.15 shows a decrease in the slip value for increasing 

concentration and velocity. For low concentration mixtures the slip 

remains constant at all velocities. The velocity effect is largest for 

the highest concentration tested. The velocity distribution is of the 

type shown in Figure 5.16(a). 

400 

Correlation time step 

200 

214 RUN1 

Figure 5.12 : 

182 
RUN3 

0 

Cross correlation output for test 81430068. The horizontal axis is 
divided into 400 points. The numbers shown (i.e. 214 for RUNl) is the 
point at which maximum correlation occurred. The step length was set 
at 50µs so the delay between the two noise signals is 214*50 = 0.0107 
sec. 
The distance travelled (between probes) is 19.65nm so vb = 1.84 m/s. 
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Figure 5.14 : Bed velocity versus mean velocity for high 
concentration mixtures (Cvd > 30%) 
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Figure 5.15 Bed velocity versus mean velocity for Sand type 2 
mixtures with concentration as parameter 
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Figure 5.16(b) : Logarithmic velocity distribution K:::: 0.25 with 
asynmetric concentration distribution 

I 

) 

' 

I I 

Figure 5.16(c) : Plug flow velocity distribution associated 
with high concentration mixtures 

Figure 5.16 Idealised velocity profiles based on mixture concentration 

5.4.2 Horizontally Oriented Ganma. Ray Densitometer 

Manufacturers of gamma ray densitometer equipment specify in their 

applications brochure that gamma ray equipnent should only be installed in 

vertical pipelines where no stratification occurs. This limitation can be 

used to advantage if stratification and the conditions under which it occur 

are sought. Figure 5.17 shows a layout sketch for the gamma ray 

densitometer used. 

Figure 5.18 ~d Table 5.9 present some of the ganma ray densitometer results 

produced. The in situ concentration measured by the suspended pipeline is 
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Figure 5.17 .Layout sketch of ganma ray densitaneter 

used for comparison. Any deviation of the g8111DB. ray measurements from the 

suspended pipeline measurements can be ascribed to either stratification or 

experimental error. 'Ihe deviations presented in Figure 5.18 are considered 

too large to be accountable to error alone. Stratif ica.tion of the 

transported mixture would account for the deviation. 

Figure 5.19 shows two possible flow conditions. For Figure 5.19(a) the two 

in situ concentration values would be equal but for Figure 5.19(b) the g8Dllla 

ray density measurement would always be greater than the susperded. pipeline 

measurement. Figure 5.18 confirms this since all points lie above or on the 

line of equal concentration. 
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Figure 5.18 : In situ concentration for g8lllJB ray densitaneter 
versus suspended pipeline (Cvt given as a percentage) 
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Table 5.9 : In situ concentration results for g8DIJIB. ray densitometer 
and suspended pipeline (160nm nominal diameter) 

CJ TEST NUMBER 

Vm 
mis 

Cvt 
% 

: f<S42003A 

: Cvt--Gc:\mma : 
% 

-------~----·-----------------
.1. .13:57 .113. 90 22.85 
::::.4:c:<:? l7 .20 1.8.95 
2. 7:33 17.(l'.~ 113.25 
3.340 1.6 .Bl 17.05 
., ._\. 580 .16.75 17 ~ o~' 
3.92)3 17 .26 17. 4:l 
4 107 16. 71 16 .95 
4.490 .1.6 .97 1.7 15 
4. f38l 16.63 16.75 
5.486 .1.6 .96 1.6.95 
6.289 16 .9'.j 16 .95 

(!) TEST f\IUMBF~R : f<S42106A 

Vin Cvt : Cvt-Gamma ! 
mis 

1. 44:,-; 28 2~~ 32 25 
l 971. :?.7 62 29 ::::,5 
2 3".;6 24 1.2 25 55 
2 872 :26 02 25 45 
3 . 18L1 2::::; 57 2~.) 95 
3 769 :>+ 1.8 ..-.-=" ..;;.._;. 75 
4 44.1. 24 03 24 35 
4 5~~l6 :23 98 2.3 75 
5 131 ;~::; 49 :24 1 :1 
~5 493 '"i°":" .. ::. . ...:· 66 2~5 55 
5 887 :::::::. 78 24 1 5 

b, TEST f\IUMBEF: 

Vm Cvt : Cvt-Gamma : 
mis I. ~-:. 

l. .423 2.1 .93 27.85 
l .s·73 .1."7. :35 22.85 
2.:::20 16.21 19.85 
2.79.t 15.0:3 17.35 
3.21.7 15.01 ' 1·6.65 
3.651 14.80 16.25 
4.U:;: 1.5. 08 16.45 
4.48:.:: 14.34 15.85 
5. 129 15. .l2 16.45 
c•.4.t3 l.4. 16 15.65 
5.956 15.31 .16. 55 
6.538 15.09 16. 55 

+ TEST f\IUMBEF: 

l 
1. 
l 
1 
.1 
2 
2 
2 
-.:. 
3 
4 
4 
4 
5 
~ 

Vm 
mis 

5:27 
.654 
699 
850 
927 
2~17 

274 
595 
162 
847 
00.t 
46.1 
784 
30<) 
524 

Cvt 
% 

.:;4 69 
35 25 
::;5 30 
31. 26 
31 79 
31. 42 
31 36 
27 03 
29 42 
26 83 
28 66 
24 46 
26 00 
23 13 
23 O.t 

X TEST NUMBER 

: S1.41501.8 

I Cvt-Gamma : 

34 
34 
3.3 
32 

., 
" 

65 
05 
55 
85 

32. 05 
31. 85 
~52 05 
29 O~i 

29 25 
26 85 
26 75 
27 35 
28 25 
27 85 
27 25 

S1430068 

Vm Cvt : Cvt-Gamma : 
mis % 'l. 

1 530 :::;,9 47 41 55 
1 657 36 90 40 35 
1. 874 37 26 40 35 
2 3.32 .35 96 38 75 
2 3::'0 6 36 02 38 25 
2 4:.::7 3~5 S:3 37 95 
2 75,+ 34 28 36 75 
3 .t90 29 17 ~,.., 

·~·..::. 45 
3 576 31 35 36 85 
<l 047 27 81 31 85 
4 475 31 07 36 25 
4 832 30 69 35 35 

~ TEST f\IUMBEH : S.1435148 

Vm Cvt : Cvt-Gamma : 
mis 'l. 'l. 

1.786 47.53 46.85 
1.963 46.74 46.65 
2.301 46.66 46.65 
2.689 45.57 46.25 
3.117 43.64 45.35 
3.659 42.79 44.45 
3.6T.:: 41.96 44.25 
3.679 43.25 44.25 
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(b) bed load flow either 
sliding or stationary 

Figure 5.19 : Possible flow scenarios for gamna ray densitooieter 
results presented in Figure 5.18 and Table 5.9 

1. ~-~-~ 

For the beach sand tests stratification would disappear both with 

increasing velocity and concentration. Although some scatter exists in 

the data shown in Figure 5 .18 these general trends are discernible. 

The scatter can be ascribed to the highly periodic flow that exists for 

much of the range of the results shown. The g8DID8. ray densitometer 

employs integrating circuitry that would smooth the output from the 

device. The suspended pipeline output was read over a period of time 

to develop an average value. These two ways of generating in situ 

concentration values could accm.mt for the scatter. Figure 5 .19(b) 

would be considered applicable to the flow of Sand type 2 slurries. 
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2. Kaolin-Sand Mixtures 

The kaolin-sand results show very clear trends ·in Figure 5. 18. The 

fines in the slurry tend to stabilize the periodic flow phenomenon. At 

low velocities the gamma ray densitometer results are higher than the 

suspended pipeline values. This condition is shown in Figure 5.19(b) 

as before. 

The gamma ray densitometer operates by measuring a reduction in radiation 

due to attenuation of the collimated beam as it passes through the mixture. 

For stratified flow the concentration of the mixture contained in the region 

of the beam is higher than the overall concentration. Duckworth et a.1 • 

( 1985) presented a mathematical method ·for correcting the concentration 

measurements made using gannna ray densitometers in stratified flow. 

Appendix 8 contains an extract from Duckworth et al. (1985) presenting this 

method. 

5.5 CONCLUSIONS 

This chapter presents a comprehensive data base of the industrial and 

laboratory fabricated slurries tested. 

drawn : 

The following conclusions can be 

1. The polyvinyl chloride pipes used can be considered essentially smooth 

walled. 

2. The clear water tests conducted at intervals during the test program 

are consistent with expected theory confinning the operation of 

transducers. 
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3. Bottom ash slurries are generally stratified and demonstrate pericxiic 

flow for most velocities tested. 

4. An inspection of the percentage retained curves show that the PSD for 

the fly ash tested is generally bimodal in character (Voll.lllle 3, p.13 

5. 

6. 

and 84). The fly ash PSD is therefore well graded and will yield 

particles of widely varying settling velocity. This phenomenon will 

have a marked effect on the hydraulic characteristics of fly ash 

slurries and must be carefully considered. 

The field 3 ash is considered non settling. 100% of the sampl~ is 

rheologically active and will be analysed as such. Although particles 

exist up to 200 µm in size, those above 40 µm constitute a small 

proportion of the total sample and can be neglected in the analysis. 

Tests conducted in the viscometer confirm the non settling character of 

field 3 ash ( Sive and Lazarus (1985)). The field 3 ash has an average. 

particle size of 17 µm and a relative density of 2.233. 

The field 1 ash is well graded. This ash forms a slurry which is 

considered to be in the mixed regime. Viscous as well as mechanistic 

effects prevail. The slurry is considered a two phase mixture made up 

of a heavy medium or vehicle supporting suspended coarse particles. 

The field 1 ash has an average particle size of 61 µm and a relative 

density of 2.269. The rheologically active part of the field 1 ash can 

be considered. as field 3 ash. Field 1 ash slurries demonstrated 

pericxiic flow over a limited range at low velocity. 

7. The ocean bed material was tested as a slurry with a volume 

concentration of 12%. The slurry remained in the sliding bed · flow 
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regime up to the highest velocity tested (~ 6 m/s). No periodic flow 

was evident. 

8. Uranium mine tailings slurries were tested at high concentrations 

(Cvd = 35%). Highly periodic flow existed causing pipe blockages on 

several occasions. A stationary bed was never evident. The slurry is 

highly abrasive causing pipeline failures at bends and pipe joints. 

9. The flocculated kaolin slurries tested produced a homogeneous mixture 

with impurities visible as a small sliding bed at velocities below 0.5 

m/s . 
. · . . t 

10. Sand-water slurries demonstrate periodic flow over the velocity range 

in which particles form a bed, be it stationary or sliding. 

11. Transition criteria (from one flow regime to another) occur at higher 

velocities for larger diameter pipelines. The effect is reduced with a 

decrease in particle diameter. 

12. An increase in the fines content of a slurry has a stabilizing effect 

on periodic flow phenomena. 

13. The minimum particle size is an important factor in determining slurry 

behaviour. 

14. The addition of fine particles to a coarse particle slurry reduces the 

specific energy consumption (SEC) for an equivalent mass flow of 

solids. 
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15. At high concentration (above 30%), kaolin-sand slurries produce a 

stable sliding bed down to velocities below 0.5 m/s. This was not true 

for the beach sand slurries tested. 

16. The bed velocity probe proved a successful instrument for use in the 

sliding and suspended flow regimes. 

17. The bed velocity results show trends that can be predicted from an 

understanding of the velocity profile that exists in a pipeline. 

1s: A gamma ray densitometer mounted in a horizontal pipeline, with the 

beam passing vertically through the pipe, will overpredict the in situ 

concentration for stratified flow mixtures and can be used to determine 

the point at which stratification occurs. 
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PART 3 EVALUATION 

CHAPI'ER 6 

CCMPARISON OF EXISTING AND PROPOSED ANALYTICAL 

APPROACHF.S USING EXPERIMENTAL DATA 

The analytical component of this thesis, presented in Chapters 1 to 3, and 

the experimental component, presented in Chapters 4 and 5, can be used to 

complete the analysis of mixed regime slurries by comparing the results of 

the two components. Important aspects to consider are : 

1. 

2. 

Energy gradient calculation. 

Bed condition prediction be it stationary, 

interfacial wave phenomena, or suspended flow. 

3. In s i tu concentration. 

4. Concentration and velocity profiles. 

sliding with 

In Chapter 2 various models were proposed for the vehicle of a mixed regime 

slurry. Evaluation of the vehicle prediction equations can now be achieved. 

Topics to be considered are : 

1. Newtonian and yield pseudoplastic rheologies. 

2. Colebrook-White and Torrence friction factor correlations for the 

vehicle. 

3. Particle suspension models. 

These different approaches can now be compared and a choice made as to the 

most successful, based on the correlation of experimental data. 
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The chapter concludes with system designs using the proposed analytical 

model for two flow conditions : 

1. Constant mass flow of solids. 

2. Constant delivered concentration. 

6 • 1 CXliPARISON OF cx:>RRELATION ERRORS 

A graphical and an analytical technique are used to compare the errors 

between experimentally determined and analytically derived values. 

A graphical presentation is shown in Figure 6.1 for observed energy gradient 

versus calculated ene:rgy gradient. The calculated energy gradient is 

derived from a pseudofluid approximation.which is used for example only. 

The most meaningful analytical comparison was considered by Lazarus and 

Nielson ( 1978) to be a log standard error rather than a correlation 

coefficient. The equation used is given by 

Ji~l [log(observed) - log(calculated)J
2 

s = ~~~~~~~~~~~~~~~~~~~- ( 6.1) 

(n - 1) 

where S is the root mean square deviation of the log of observed points from 

the log of calculated points. 

Figure 6.2 shows the value of S in the logarithmic domain and its 

transformation into the linear domain. The value ·~ is the expected average 

error above (positive) and below (negative) the actual value. 
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Figure 6;1!c) : Kaolin clay 

Fili!Ure 6.1 : Calculated energy gradient (pseudofluidl versus 
observed energy gradient for three of the slurries tested 

Logarithmic domain 
I I I 

- s 0 + s 

Linear domain below above 
I I I 

- E. = n - 10-si* 100 1 + E. = (1 - 10+~)*100 

Figure 6.2 Definition diagram for log standard. error 

The log standard error values for the graphs shown in Figure 6.1 are 

presented in Table 6.1. 
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Log standard error and percentage error values for the 
graphs shown in Figure 6.1 

Figure Material Log standard Average error Average error No. of 
mnnber description error above [%) below [%) data points 

6 .1 (a) Bottom ash 0.00786 1.83 1. 79 49 

6. l(b) Field 1 ash 0.01709 4.01 3.86 383 

6.Uc) Kaolin clay 0.05937 14.65 12.78 51 

A comparison of the graphs of Figure 6.1 and the error values shown in Table 

6.1 suggest that the log standard error should be used with some care since 

the error values are average values and not maximum expected values. 

Average error values of below 2% should be considered the upper limit for a 

good correlation of the data. 

The kaolin clay results show the highest error and on the graph (Figure 

6.l(c)) the data points confirm this. For the Field 1 ash a large scatter 

is apparent from Figure 6.l(b) but an expected average error of 4% is found. 

From the large number of data points tested only a small percentage (± 15%) 

show error values larger than 4%. The log standard error is therefore 

weighted by the number of data points in a particular region. 

6.2 EXPERIMENTALLY DERIVED DATA REQUIRED BY THE OODEL 

Samples of the material to be hydraulically transported must be available 

before any system design can be initiated. The simplest hydraulic transport 
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,..,_, 
' ·~ .. 

models require only a knowledge of the average particle size and relative 

density. The models presented in Chapters 1 and 3 require various values 
'l",' •• 

from the following list ! .:.< 

:~' .: -~·:, 

1. Particle size distribution and material constants. 

2. Coefficient of sliding friction. 

3. Loose packed bed concentration. 
.t · . 

. ; L 

4. Particle shape factor. 

A small quantity of material is required to ascertain the values listed. It 

is the ultimate objective of any analytical model that from this small '. r<: 
; ...,. ... 

sample a complete, accurate design can be achieved without the need f ~~r"~:t ; . 

expensive prototype or laboratory testing. 

6.2.1 Particle Size Distribution and Material Constants 

The particle size distribution used for each test was achieved by wet. ( .' ·:· 

screening material down to 400µm. All material less than 400µm was then 

analysed using a Malvern 2600/3600 Particle Sizer VF.6. As a calibration 

check, standard latex calibration particles were analysed using the Malvern 

particle size analyser. Table 6. 2 shows the actual and measured particle 

sizes (Slatter (1986)) which compare very w,ell. 

Table 6.2 Check calibration on Malvern Particle Size Analyser 

dlO d50 dgo 
[,um] [µm) [,um] 

.... (·:··,. 
Actual 64.43 75.21 87.70 

Measured 66.93 76.09 92.70 
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The particle size distribution data is input into the computer programs, as 

required, in the form of percentage retained values and the screen size on 

which the material was retained in micrometers. The particle size 

distribution is divided into 5 or 10 particle size groups depending on the 

grading coefficient. 

The particle relative density is fotmd by displacement of a measured volllllle 

of de-aired, distilled water at a known temperature. Air was removed from 

the sample by applying a vacuum to below the vapour pressure of the water. 

6.2.2 Coefficient of Sliding Friction 

Brisco et al. (1983) conducted tests to measure the coefficient of sliding 

friction. Experiments were conducted on two types of sand with mean 

particle diameters of 0.68mm and 1. 7mm. The following coefficients were 

proposed 

Static friction, 

Dynamic friction, 

µ = 0.65 + 0.25 s 

µ = 0.22 + 0.05 s 

Televantos et al. (1979) found, 

µ for gravel ~ 0.32 
s 

µ for coal ~ 0.4 • s 

For ·the materials tested at the University of Cape Town the coefficient of 

sliding friction was detennined by finding the angle that a pipe, of similar 

roughness to the actual pipelines used, needed to be tilted to achieve 

sliding motion. The coefficient of sliding friction was then found from 

µ = tan 9 (6.2) s 

B - the angle defining pipe slope. 

The coefficient of sliding friction was determined for different parti9le 

size distributions but was found to be affected by man..Y other factors 

including particle shape, bed packing concentration, bed dilatancy and the 

mixture flow rate. A simple desk top test was considered the best way to 

measure an apparent value for this coefficient. The particle size 

' ' 
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distribution of the observed stationary bed deposit in the actual flow 

situation, which contained only traces of kaolin, was used to measure the 

coefficient of sliding friction. Floe structures which exist for mixtures 

in a quiescent state do not exist in the pipeline due to the turbulent 

nature of the flow. Inclusion of the fine component in a tilting tube test, 

in a quiescent state,· would therefore have given erroneous results. The 

coefficient of sliding friction obtained in this way is equal to the 

sul::merged angle of repose of the coarse component. 

Analysis of the imported data is achieved by asslDiling values for sliding 

friction based on available literature. 

Sliding friction values used are presented in Tables 6.11 and 6.12. 

6.2.3. Loose Packed Bed Concentration 

The loose packed bed con~entration (~) was found in Chapter 2 (Literature 

Review) to vary between 0. 5 and 0. 7. Measurement of this value in a 

quiescent state by bench top tests is difficult because the value required 

is a function of the flow conditions. Two complicating factors are 

1. Shearing of the vehicle with a consequent breakdown in the floe 
stn.10ture 

For the kaolin-sand mixtures with concentration (Cvt) above about 10%, 

stabilized mixtures were obtained for quiescent samples. If these samples 

were subject to vibration the coarse fraction settled until the vibration 

stopped. This effect demonstrates the difficulty in measuring ~ since the 

point at which sufficient settlement has occurred is subjective. 

During a pipeline test in which a stationary bed occurs, a clear distinction 

exists between the bed and the suspended mixture indicating that the bed is 

composed primarily of the coarse material. Some fine material may be 

trapped in the interstitial spaces between coarse particles. The removal of 

the fine component to measure ~ is therefore also subject to error. 

2. Dilatancy of the bed due to percolation and applied shear stress 

The effect of dilatancy on the value of ~ can only be inf erred but not 

measured. The only way of measuring Cb would be by sampling the actual bed 

material- in a prototype pipeline. The concept of deriving constants for an 
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analytical model from simple bench top tests alone is therefore not possible 

unless a constant value of ~ can be chosen. Table 6.3 shows a sensitivity 

analysis for~ varying from 0.5 to 0.7 for a type 1 sand mixture using the 

Lazarus model (Section 1.4.4). For the same material the change in average 

error is different for different concentrations. This highlights the 

problem of measuring ~ using a bench top test. A value of ~ = 0.67 was 

chosen as being representative of the mixtures investigated. By using a 

constant for all calculations no subjective bias is included in the 

analysis. 

Table 6.3 

·Test 

NlDilber 

S142023A 

S1430068 

Variations in log standard error values for two type 1 
sand tests for different values of Cb 

Ma.ximlDil bed concentration Change in 
average 

Cb = 0.5 ~ = 0.6 ~= 0.7 error 

0.00979 0.01057 0.01123 0.34% 

o·.06831 0.05899 0.05371 3.87% 

6.2.4 Particle Shape Factor 

The particle shape factor (SF) can be measured by allowing particles to 

settle in water and comparing the measured settling velO?ity to the settling 

vel(X)i ty calculated for. spheres of a diameter equal to the mean ·of the 

particles tested. This can be achieved for each particle size group found 

between successive screens when doing a particle size analysis. The 

particle size is considered to be the screen size on which the particles are 

retained. 
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The following observations can be made from shape factor experiments 

conducted 

1. Shape factor is inversely proportional to particle diameter. 

2. Shape factor is invariably less than unity for naturally occurring 

materials. 

3. A shape factor of unity is suggested. herein if no other 

infonnation is available. 

Figure 6.3 shows the shape factors for the uranit.un tailings as an example of 

the tests done. 
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6.3 PREDICTION OF VEHICLE FRICTION FACI'ORS 

6.3.1 Rheological F.guations 

Figure 6.4 shows a plot of two rheograms 

1. A Newtonian fluid with viscosity determined by 

µ = µ [1 - Cv] 
m w C 

b 

(2.23) 

2. A yield pseudoplastic (kaolin clay) with constants derived from Table 

2.12 for C = 14.88%. If the two rheograms intersect at a strain rate v 

similar to that expected in the pipeline flow then the two rheograms 

will have similar wall shear stress values and no further investigation 

is necessary. 

-
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Figure 6.4 : Rheogram for Newtonian and yield pseudoplastic 
showing point at which rheog:rams intersect 
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Table 6.4 shows the data represented in Figure 6.4. 

Table 6.4 Shear stress as a function of strain rate for 
two rheologies 

Strain rate Newtonian shear Yield pseudoplastic 
[s-1) stress (Pa] shear stress [Pa] 

1.10-l 2.04.10 -4 44.38 

1.10° 2.04.10 -3 45.17 

1.101 2.04.10 -2 47.62 

1.102 2.04.10 -1 55.17 

1.103 2.04· 78.59 

1.104 20.43 150.71 

1.105 2.04.10 2 373.75 

1.106 . 3 
2.04.10 1063.03 

1.107 
2.04.10 4 

3192.10 

The two lines intersect at a strain rate of 3.105 per second. For turbulent 

flow in a pipe of 150nm inside diameter the mean velocity required to 

prcxiuce this strain rate at the wall can be calculated. 

For the laminar sublayer 

u ~* p y 
----- (2.88) 

µ 
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du 
Differentiating, = 

dy ti 

"r = 

1 ' 2 
By definition T = ...;. f p V 

So 
du f v2 

m = 
dy 2v .. 

2 

For the kaolin slurry; 

so 

-3 µ = 2.04.10 Pas 

p = 1214 kg/m
3 

t1 = 1.68.10-6 m2/s 

For smooth wall flow after Colebrook-White, (i.e. k = 0) 

1 

where 

4 log Re JT 
1.26 

VD 
m 

Re--

(3.58) 

(6.3) 

(6.4) 

Equations (6.3) and (6.4) can be solved simultaneously to find V = 19.49 m 

m/s • This velocity is significantly higher than the maximum velocity value 

of interest. The maximum strain rate expected at V = 6.5 m/s is 
m 

du 
~ 4.104 

dy 
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Over the velocity range tested the two rheological equations will produce 

significantly different results. 1be turbulent flow data for kaolin clay 

slurries should now be investigated.. 

6.3.2 Analytical Description of the Vehicle 

In Chapters 2 and 3 equations were given for predicting the wall friction 

factor qf the vehicle : 

1. Blasius type. 

2. Colebrook-White equation. 

3. Torrence equation. 

Figure 6.5 shows a comparison of the Colebrook-White and Torrence equations 

for a Newtonian fluid (i.e. i: = 0 , n = 1 ) • These equations produce 
y 

similar results over the Reynolds number range of interest. 

- Colebrook-White 

-- Torrence 

Reynolds number 

Figure 6.5 Comparison of Colebrook-White and Torrence 
equations for a Newtonian fluid 

Using a Newtonian rheology with viscosity predicted. by eqtm. ( 2. 23) , the 

Colebrook-White equation is compared. to the kaolin clay data in Figure 6.6. 
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j 

For Reynolds1(i'.unber values greater than 2.10
5 

the prediction is gcxx:l. Below 

this Reyn~ number the data varies shai-ply from the prediction. 

I 
,/ 

/~.Oe-01r--~~~~~~--,~~~~~~~~~~~~~~~---. 
I l!l 

L 
0 .., 
u 
CD 
~ 

l!l 

Colebrook-White 

1.0e+04 1.0e+05 
Reynolds number 

Figure 6.6 Kaolin clay data and Colebrook-White prediction 
(equn. 2.100) 

1.0e+OS 

From the discussion on rheological equations (Section 6. 3 .1) the close 

agreement for Re > 2.10
5 

in Figure 6.6 cannot be ascribed to a convergence 

in the rheological equations at high shear rate and hence the laminar 

sublayer effect on the wall shear stress. A possible explanation is that a 

Newtonian rheology best describes the mixture at Re > 2 .105 while non 

5 Newtonian effects occur for Re. < 2 .10 • 

physical change occurs in the mixture. 

This is only possible if a 



Univ
ers

ity
 of

 C
ap

e T
ow

n

322 

\, 
The kaolin slurries tested were always flocculated when at rest. In,Chapter 

2 the effect of strain rate on floe size was discussed. The two ~ions 
presented are 

fddrul CFP = fn l 
and 

(2.36) 

The floe structure that exists in the slurry will therefore break up .with 

increasing strain rate. The break up of the floe structure appears to be 

5 
completed for Re = 2. 10 . It is important in this argument that the 

maximum concentration of kaolin tested in the pipeline was only Cvd ~ 6% • 

The viscosity used to calculate R is predicted by equn. (2.23) as before. 
e 

Figure 6. 7 shows field 3 fly ash data for the 50mm and 160mm diameter 

pipelines for concentration up to Cvd. = 35% • Good agreement · is again 

apparent for Re > 2 .105 although no significance can .be attached to this 

particular value. The data points vary, both above and below the 

prediction, below this value of Reynold number. 

calculate R is predicted by equn. (2.23) as before. 
e 

The viscosity used to 

Viscometer tests conducted on field 3 fly ash by Lazarus and Sive ( 1984) 

show no yield stress for Cvd ~ 16% . At Cvd = 28% , the yield stress 

"t' ~ 2.5 Pa • Yield stress and the existence of f loc structures are y 

synonymous and so the explanation for the discrepancy in friction factor 

below Re = 2.105 cannot be ascribed to floe destruction alone for the field 

3 fly ash. 

'( 
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[!] 

[!] 
[!] 

[!] [!] 
c1.0e-02t--~--1"--..;;:a,,,-.::::-~~t--~~~~~.....L:.L--+~~~~~~~---t 
0 ...... 
.µ 
u ...... 
'­

IL. 
[!] 

Colebrook-White equn. 

1 · Oef.9re+03 1.0e+04 1.0e+05 1.0e+06 
Reynolds number 

Figure 6.7 Field 3 fly ash data and Colebrook~White prediction 

Shook ( 1985) suggest that particle migration away from the pipe wall can 

account for the reduction in friction factor for the field 3 ash for low and 

moderate concentrations. "For particles of diameter greater than 50µm floe 

f onnation becomes less likely and particle migration more likely to occur 

(Shook 1985)". Different mechanisms therefore exist for the two mixtures. 

The kaolin is comprised of particles with a maximum size of approximately 

50µm (ct50 = 9 µm) • High yield stress exists at low concentration (see 

Table 2.12) and floe destruction is the governing mechanism. 
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More than 20% of the particles in field 3 ash slurries are .greater than 

50µm. The particle migration hypothesis is therefore considered\applicable 
\ 

and the friction factor reduction can be accounted for. The mechuiism of 

particle migration can only occur for re la ti vely low concentrations. This 

is borne out by the field 3 ash data which show a friction factor reduc\;\on 

\ only for mixtures with delivered concentration less than about 28% (Sive an. 
\ 

migration hypothesis 
\ 

high ' 

""· 

Lazarus 1985) . 

Shook ( 1985 j rejected the particle for 

concentration slurries because no such segregation was measured by 

isokinetic sampling for C = 35% . 
v 

At concentrations greater than 35%, 

Shook ( 1985) suggested that the particles would be even more uniformly 

distributed. 

Shook ( 1985) suggested that heterogeneity would only occur in the space 

between the pipe wall and the first layer of particles for high 

concentration mixtures and that these particles would penetrate the viscous 

sublayer. The local concentration in the "penetrated layer is determined by 

the balance of repulsive effects (Shook 1985)". From lubrication theory, 

Shook (1985) points out thB.t this repulsive effect is associated with an 

increase in local wall shear stress. 

From lubrication theory Shook ( 1985) derives an equation for the friction 

factor of high concentration mixtures 

[

d]m-0.5 0 5 
f = (1 - x) ff+ k3 Ax D Re- ' (6.5) 
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where x fraction of pipe wall area with increased boundary stress due 
to particles 

A - linear concentration parameter -- ([~cv] 1/3 1]-1 

~3 ,m - constants . 

!la.king a simplifying assumption for high concentration where the distance 

between particles and the pipe wall will be small, for a particular diameter 

ratio (d/D) , Shook (1985) gives the following equation 

(6.6) 

Figure 6.8 shows a plot of field 3 data for C > 28% and equn. (6.6). The 
v 

value of k
4 

= 3 was empirically chosen from the field 3 ash data. Equation 

(6.6) predicts the friction factor for the field 3 ash data. The accuracy 
.:, 

of equn. (6.6) is dependent on a choice of the value of k
4 

• The viscosity 
; 

used to calculate Re (equn. 6.6) is that for clear water. 

Figure 6.9 presents a plot of the kaolin data and predictions based on the 

Torrence equation for 

Re = Replc = (2.lOlb) 

The values of the rheological parameters are based on the data of Slatter 

(1987). The prediction shows good agreement with the data for 

Re plc < 3.104 The Reynolds number values (equn. 2.101) for this 

prediction are lower by an order of magnitude then for those of Figures 6.6, 
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c 
t> 

\ 

\ 

1.0e+05 1.0e+06 1. Oe+07 
Reynolds number 

Field 3 ash data for C > 28% showing Colebrook­v 
White and equn. (6.6) prediction 

C!J 
C!J 

c1.0e-02t-----------'~IM--t----------------+---------------~ 
0 

·r"f 

+' 
u 
·r"f 

t.. 
LL 

C!J 

C!J 

Torrence (1963) 

1 · Oef.Cb'3e+03 1.0e+04 1.0e+05 
Reynolds number 

Figure 6.9 Kaolin clay data and Torrence prediction 

1.0e+06 

-



Univ
ers

ity
 of

 C
ap

e T
ow

n

327 

6.7 and 6.8.- The Torrence (1963) prediction is low for R.e 1 pc 
4 > 3.10 . The 

Colebrook-White equation prediction was better for the higher Reynolds 

numbers. A mixture of these two equations might be considered to achieve 

the best fit. 

Figure 6.10 shows a plot of F.ckalite clay dB.ta from the M.D. Research 

Company (see Appendix 6, pg. 7) with the Torrence equation. The rheological 

parameters presented by Slatter ( 1987) were used. The same trends shown in 

Figure 6.9 are apparent in Figure 6.10. 

t. 
0 
.µ 
u 
l'O 
~ 

ci.Oe-02~~~~~~1--~+-~~~~~~~-+-~~~~~~~--1 

0 ..... 
.µ 
u ..... 
t. 

LL. 
Eckali te clay 

Torrence (1963) prediction 

1.0e+04 1. Oe+05 1.0e+06 
~Reynolds number 

Figure 6.10 F.ckalite clay data and Torrence prediction 

Table 6.5 presents the log standard error values for the predictive 

approaches to the kaolin clay slurries. 
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Table 6.5 : Log standard errors for the prediction of energy 
gradient values using four models for kaolin clay slurry 

No. Predictive model Log standard error 

1 Colebrook-White 0.04902 

2 Torrence 0.02186 

3 The greater i 
ID 

prediction from 0.01355 

Colebrook-White 

or Torrence 

4 Pseudo fluid 0.07350 
·-

' " 

\ 
\ 
'· 

Table 6. 6 shows log standard . error values for field 3 fly ash. The 

rheological parameters used were derived from Si ve and Lazarus ( 1985) . 

Slatter (1986) suggested that these values might be incorrect due to 

viscometer entrance effects that were not accounted for. For all the 

mixtures tested which did not have a kaolin vehicle the prediction· of 

Colebrook-White is used for the vehicle friction factor. This would ensure 

acceptable results as long as the mixtures being investigated do not show 

high yield stresses. 

For field 3 ash data the Colebrook-White equation produces the best results. 

The empirical choice of constant in equn. ( 6. 6) and the exclusion of the 

ratio (d/D) adversely affects this approach. The Colebrook-White equation 

will therefore be used in the analysis of high concentration mixtures of 

field 3 ash although the use of equn. (6.6) with the correct constants 

appears advantageous. 

\ 
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Table 6.6 : Log standard error for the prediction of energy gradient 
values using three models for field 3 fly ash slurry 

Pz·edicti ve model Log standard error Reynolds number 

Colebrook-White 0.00817 Re = pm V DIµ f m m 

Torrence 0.01512 Re plc (equn. 2.lOlb) 

Colebrook-White 

for c < 28% Re = p V DIµ f m m m v 0.01064 for c < 0.28 else v 

Equn. (6.6) for Re = p V DIµ m m w 
c > 28% v -

Different predictive approaches need to be used in the analysis of mixed· 

regime slurries depending on the nature of the slurry vehicle. For kaolin 

clays, non Newtonian behaviour is apparent at low velocities due to the 

formation of floe structures which break up with increasing shear rate. 

For mixtures with particles greater than 50µm particle migration away from 

the wall will occur for low and moderate concentration mixtures causing a 

reduction in the mixture friction factor below that the for the fluid alone 

with increased density. At high concentration, particle-wall effects 

predominate and an approach suggested by Shook (1985) based on lubrication 

theory will model an increase in the mixture friction factor above that for 

the fluid alone. 
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6.4 PROFOSED ANALYTICAL M:>DELS 

6.4.1 Particle Suspension and in situ concentration \ 

In Chapter 2 two approaches to the sus~ion of bed load particles is 
I 

presented. The particle suspension equations of Einstein ( 1950) ' arrl 

Meyer-Peter and Muller (1948) based on the shear intensity of the flow ~ 
essentially similar but for the calculation of the shear intensity parameter 

on individual particles. In Chapter 3 an alternative method based on the 

velocity required for turbulent suspension (Wilson arrl Watt, 1974) is 

proposed. These models can be compared using experimental data for which in 

situ concentration measurements have been made. 

Recapping, the proposed models are 

1. Einstein's approach (1950) 

The analytical expression relating the shear intensity on. individual 

particle sizes to the intensity of bed load transport for the 

individual size is given in Chapter 2 as 

where A* = 43.5 

B* = 0.143 

kl = 0.5 • 

-t2 
e dt = (2.114) 

The integral in eqmi. (2.114) was solved using third order Gauss 

quadrature over 10 intervals. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

331 

2. Meyer-Peter and Muller aporoach (1948) 

The Meyer-Peter and Muller (1948) equation that relates shear intensity 
I '--

to the intensity of bed load transport is given in Chapter 2 as 

(2.117) 

3. Present approach based on turbulent suspension velocity 

Wilson (1972) and Wilson and Watt (1974) presented a semi empirical 

model for the turbulent support of solids in pipeline flow where the 

velocity for turbulent suspension is given by 

Vsusp = 0.6 Vt J! exp (45d/D) 

w 

This equation was implemented as 

(45.d/D) 
1 

(2.83) 

(6.7) 

For the purpose of comparing the three methods presented, two sand type 1 

tests are used. The complete tables produced for tests Sl42023A and 

S1430068 are presented in Appendix 9. Table 6.7 and Figure 6.11 present the 

measured and predicted in situ concentration values for test Sl42023A. 

Table 6.8 and Figure 6.12 present those for test Sl430068. 
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Table 6. 7 In situ concentration value predictions , 
for test nl.lllber Sl42023A 

I 

cvt [%] 

Measured Einstein Meyer-Peter Present 

11. 77 16.47 13.05 10.45 

14.36 20.72 14.63 8.22 

7.94 11. 76 8.52 6.09 

7.45 9.84 6.80 5.47 

7.31 9.00 6.52 5.14 

11.36 14.71 20.40 9.15 

10.72 12.16 16.78 8.74 

5.81 4.61 4.61 4.67 

5.22 4.50 4.50 4.43 

7.44 8.90 8.90 9.59 

6.11 9.51 9.51 10.23 

6.90 5.74 5.74 7.88 

5.09 4.99 4.99 6.69 

6.65 7.03 7.03 8.77 

v m . 
[m/s] 

1. 78 

2.20 . 
2.40 ' 

2.52 
: 

2.56 

2.65 

2.87 

3.14 

3.51 

3.69 

3.78 

4.47 

4.74 

5.50 
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Table 6.8 In situ concentration value predictions 
for test number 81430068 

- cvt [%] 

Measured Einstein Meyer-Peter Present 

39.47 43.14 46.26 35.37 

36.90 42.84 48.51 37.04 

37.26 42.63 43.59 41.25 

35.96 44.12 46.54 35.39 

36.02 44.06 46.02 34.46 

35.83 42.64 45.30 34.19 

34.28 43.07 43.07 33.86 

29.17 37.75 37.75 28.46 

31.35 35.11 35.11 30.95 
I 

27.81 31.15 31.15 27.57 

31.07 30.56 30.56 34.96 

30.69 31.47 31.47 35.20 

v 
m 

[m/s] 

1.53 

1.66' 

1.87 

2.33 

2.34 

2.44 

2.75 

3.19 

3.58 

4.05 

4.48 

4.83 
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H In situ Concentration Observed [%] 

Figure 6.11 Observed in situ concentration versus calculated 
in situ concentration for the three predictive methods 

presented on the data of test S142023A 
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Figure 6.12 : Observed in situ concentration versus calculated. 
in situ concentration for the three predictive methods pre::1ented 

on the data of test 81430068 
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The log standard error between the measured and calculated values of in situ 

concentation are presented in Table 6.9. 

Test 

Number 

S142023A 

81430068 

Table 6.9 Log standard error values for in situ 
concentration predictions 

I 
Diameter Nominal cvd Log standard error 

[mm] [%] Einstein Meyer-Peter 

139.3 5.0 0.03249 0.03207 

139.3 25.0 0.02653 0.02653 

of cvt 

Present 

0.03776 

0.00972 

For the low concentration test, all three models predict with the same order 

of accuracy, the Meyer-Peter and Muller approach (1948) being most 

successful. From Table 6. 7 it can be seen that the shear intensity 

equations overpredict the in situ concentration at low velocities. This can 

be interpreted as an underprediction in the suspended load flow rate. An 

increase in the in situ concentration causes an increase in the bed height 

(stationary bed) with a consequent decrease in the flow area. This causes 

an increase in mean velocity above the bed. This .increased velocity causes 

an increase in the solid flow rate. The models presented predict in situ 

concentration as a consequence of ensuring that the calculated and actual 

delivered concentration are equal. An overprediction in Cvt is therefore a 

result of an underprediction in the quantity of solid suspended. The 

present model predicts in situ concentration values lower than those 
I 

measured. An over.prediction in solid flow therefore exists. 
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For the data of Table 6. 8 the shear intensity equations still underpredict 

the solid flow rate but by a smaller margin as borne out by a decrease in 

the log standard error values (Table 6.9). The present model successfully 

predicts the in situ concentration for this test. The log standard error 

value is less titan half of the other predictions. 

The poor results at high concentration for the shear intensity approach can 

be ascribed to the fact that both these models were develoi:;ed for open 

channel flow where delivered concentration values in excess of :5% by volt.nne 

are rarely encountered. The effect of interpu-ticle interaction is 

neglected resulting in errors for flows where these interactions 

predominate. The equation of Wilson and Watt ( 1974) is semi-empirical and 

was derived for mixtures with concentration similar to test 81430068. 

Two empirical correlations for the prediction of in situ concentration are 

presented in Section 2. 4. 4. 2. Figure 6. 13 shows a comparison of observed 

and calculated in situ concentration values. Table 6.10 presents the log 

standard error values for the predictions. 

Table 6 .10 Log standard error values for empirical in s.! tu 
concentration prediction 

Test Newitt et al. Wani et al. 
(1962) (1983) 

i 

Sl42023A 0.13303 0.05812_: 

81430068 0.11554 0.02334 
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Figure 6.13 : Empirical correlations of Newitt et al. (1962) and 
Wani et al. (1983) for in situ concentration 
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For the low concentration test the empirical prediction is poor but for the 

high concentration test the prediction of Wa.ni et al. (1983) iB of the same 

order as that for the Einstein ( 1950) or Meyer-Peter and Muller ( 1948) 

prediction (see Table 6.9). Newitt et al. derived their correlation for 

coarse gravel in a 25Dlll nominal diameter pipeline. It is therefore unlikely 

that this correlation would be applicable for much larger pipe diameters. 

The correlation of Wa.ni et al. has a much broader data base and predicts 

accordingly better. 

6.4.2 Energy Gradient Comparison 

The prediction of energy gradients for a particular set of physical 

conditions is the fundamental requirement of any correlation. For this 

purpose a data base of 2975 individual data points derivE!d from five 

different test institutions was assembled. The results will be discussed in 

two sections, namely those results produced at the University of Cape Town 

(local data) and those produced elseWhere (imported data). 

The computer programs used to generate the energy gradient results are 

presented in Appendices 12 to 16. Appendix 12 contains the computer code 

for the Wasp model, Appendix 13 for the Wilson model, Appendix 14 the 

Lazarus model and Appendix 15 the Meyer-Peter and Muller model. Appendix 16 

contains the computer code for the present analytical model. 

6.4.2.1 Local data 

Table 6.11 presents log standard error values for the prediction of energy 

gradient using the correlations investigated. The pesudofluid eorrelation 

is included for comparison. The log standard error values are for each 
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material in each pipe diameter for which results were obtained. Information 

relating to each test is also presented. The sliding friction coefficient 

h f (S ) values were ob.tained from bench top tests as (µs) and s ape actor F 

described in Section 6.2. 

I 

1. 

The minimum log standard error value for each test group is sho~m italicised 

in Tables 6.11 and 6.12. In Table 6.11 the model ascribed to Wasp et al. 

produced the lowest overall log standard error value. The present 

correlation and that of Lazarus have overall error values comparable to that 

for Wasp et al. 

The Wasp et al. correlation was developed.specifically for the heterogeneous 

flow of mixed regime slurries. The field 1 ash and the uranium tailings fall 

into this category. The semi-empirical approach of Wasp et al.· is therefore 

ideally suited to these mixtures. The present correlation and that of 

' Lazarus are generalised approaches and considered applicable for all slurry 

flows. 

6.4.2.2 Imported data 

Table 6. 12 presents log standard error values for the energy gradient 

predictions for the imported data. The sliding friction coefficients (µ ) 
. s 

presented in Table 6. 12 were chosen from a review of relevant literature. 

The choice is considered convenient rather than absolute. This is justified 

since all correlations presented used identical values and so are useful for 

comparative purposes. The shape factor (SF) .was taken to be 1mity for all 

materials. This again is convenient for comparison and is justified in that 

any deviation from unity would be arbitrary and may bias a particular model 

unfavourably. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

I 
S

ou
rc

e 
o

f 
F

lu
id

 
H

at
er

ia
l 

P
S 

,,
s 

S
h

ap
e 

d5
0 

d
at

a 
p

h
as

e 
d

es
cr

ip
ti

o
n

 
[k

g/
m

3]
 

fa
ct

o
r 

lm
nl

 
-
-

C
oa

l 
oc

 
14

5i
 

0
.4

 
0.

20
3 

C
oa

l 
R

; 
15

60
 

0
.4

 
0.

13
5 

g
: 

r:s 
S

li
m

es
 G

l 
27

40
 

0
.5

 
0.

05
7 

.....
. 

....;
 

~ 
cil c.5

 
~ 

S
li

m
es

 G
2 

27
25

 
0

.5
 

0.
04

9 

S
li

m
es

 S
l 

26
50

 
0

.5
 

>
 

0.
11

3 

e--
S

li
m

es
 S

2 
26

50
 

0
.5

 
0.

19
4 

~ 
.....

 

31
: 

-
-
-
-
-

z 

8 
F

.c
k

al
it

e 
EC

 
23

70
 

-
=>

 
0.

00
9 

I <
 

F
.c

ka
li

 te
 E

S 
24

40
 

0
.5

 
0.

85
4 

.....
. I 

Il
m

en
it

e 
IL

 
44

70
 

0
.5

 
0

.1
2

7
-0

.1
7

0
 

C
oa

l 
RW

 
14

00
 

0
.4

 
0.

18
0-

0.
18

7 
,· 

Q
 

:£ 
lD

am
 W

L 
25

40
 

0
.5

 
0.

34
8 

-
-
-
-
-

C
o

a
l 

a
: 

14
16

 
0

.4
 

1
. 5

38
-5

. 3
32

 

C
o

a
l 

CN
 

13
40

 
0

.4
 

0
.2

7
5

-0
.3

0
8

 

W
AT

ER
 

/N
aO

C
l 

C
oa

l 
FC

 
15

31
 

0
.4

 
0

.3
8

2
-2

.6
8

8
 

..:
i 

! 
Ir

o
n

 C
on

.I
C

 
52

45
 

0
.5

 
0.

03
7 

.....
 ~ 

31
: 

i i 
C

oa
l 

KC
 

13
i0

 
0

.4
 

>
 

1
.8

5
-0

.2
0

i 
W

AT
ER

 
e--

I 
/N

aO
C

I 
.....

. z 
S

an
d

 S
A

 
26

58
 

0
.5

 
=>

 
0.

17
4 

! 

~ 
C

oa
l 

SC
 

15
12

 
0

.4
 

1.
23

1-
2.

61
1 

31
: 

S
an

d
 S

M
 

26
50

 
0

.5
 

0
.1

6
8

-0
.2

6
5

 

-
-

W
IT

S 
F

ly
 a

sh
 

FW
 

22
00

 
-

0
.0

2
i 

G
d 

N
um

be
r 

O
f 

D
 

k 

d
at

a 
p

o
in

ts
 

c-
1 

[m
u]

 

1
6

.5
 

12
 

10
4.

9 
0.

03
67

 
12

 
20

6.
6 

0.
03

72
 

12
 

26
1.

0 
0.

03
65

 

2
5

.3
 

18
 

20
6.

6 
0.

03
72

 
18

 
26

1.
0 

0.
03

65
 

1
3

.5
 

22
 

10
4.

6 
0.

03
67

 
20

 
20

6.
6 

0.
03

70
 

23
 

26
1.

0 
0.

03
65

 

14
.1

 
23

 
10

4.
6 

0.
03

67
 

26
 

20
6.

6 
0.

03
72

 
21

 
26

1.
0 

0.
03

67
 

8
.0

 
30

 
20

6.
6 

0.
03

72
 

26
 

26
1.

0 
0.

03
67

 

5
.4

 
29

 
20

6.
6 

0.
03

72
 

21
 

26
1.

0 
0.

03
67

 

1
1

.9
 

25
 

10
5.

0 

2
.2

 
11

 
10

5.
0 

1
.2

3
-1

. 7
3 

35
 

5
3

.0
 

25
 

10
5.

0 

1
5

.3
-1

7
.7

 
51

 
10

5.
0 

1
9

.2
 

70
 

10
5.

0 

81
.8

-2
87

 
39

 
10

7.
57

 

3
1

.3
-3

6
.6

 
10

 
10

7.
57

 

55
 

20
9.

32
 

37
 

31
5.

21
 

i 
14

.3
-3

09
 

16
 

52
.2

2 
54

 
10

7.
57

 

I 
1

4
.6

 
44

 
10

7.
57

 
40

 
15

8.
5 

33
 

20
9.

3 
37

 
26

3.
14

 
I 

30
 

31
5.

21
 

I 
4

3
.4

-4
9

.4
 

34
 

15
8.

5 
29

 
20

9.
3 

22
 

26
3.

14
 

33
 

31
5.

21
 

2
.1

 
30

 
52

.2
2 

25
 

10
7.

57
 

27
 

15
8.

5 
20

 
20

9.
3 

29
 

26
3.

14
 

25
 

31
5.

21
 

4.
27

-4
38

 
13

8 
10

7.
57

 
32

 
15

8.
5 

3
3

.1
-4

3
.3

 
78

 
10

7.
57

 
58

 
15

8.
5 

42
 

26
3.

14
 

1
6

.3
 

83
 

10
1.

7 
0.

00
76

 

T
O

I'A
L 

16
30

 
O

v
m

A
L

L
 

E
 

Q
 

u 
A

 
T

 
I 

P
ae

u
d

o
fl

u
id

 
W

as
p 

e
t 

e
l.

 
W

ils
on

 

0.
02

72
3 

0.
01

85
7 

0.
02

41
8 

0.
02

29
6 

0.
02

48
5 

0.
02

07
2 

0.
02

62
5 

0.
07

90
7 

0.
01

81
4 

0.
03

23
3 

0.
01

40
0 

0.
02

80
7 

0.
03

70
3 

0.
05

36
2 

0.
02

48
2 

0.
01

89
4 

0.
02

93
9 

0.
01

24
8 

0.
00

83
5 

0.
03

26
2 

0.
00

87
6 

0.
01

41
2 

0.
10

42
7 

0.
02

14
7 

0.
01

62
3 

0.
00

67
0 

0.
01

45
4 

0.
00

76
1 

0.
02

55
3 

0.
00

71
4 

0.
01

48
3 

0.
08

95
7 

0.
01

45
4 

0.
00

84
5 

0.
05

38
2 

0.
00

61
5 

0.
01

59
9 

0.
11

46
3 

0.
01

26
0 

0.
02

14
3 

0.
05

69
2 

0
.0

0
9

1
8

 
0.

01
07

0 
0.

11
08

2 
0.

01
27

4 

0.
21

01
1 

0.
10

90
6 

0.
12

75
4 

0.
10

66
2 

0.
02

75
8 

0.
15

19
5 

0.
02

42
3 

0.
02

51
3 

0
.0

1
7

0
7

 
0.

05
80

0 
0

.0
4

9
7

7
 

0.
05

06
1 

0.
07

25
1 

0.
03

88
1 

0.
03

75
8 

0.
07

36
1 

0.
03

52
9 

0.
03

29
8 

0.
06

70
2 

0.
02

11
1 

0.
07

82
7 

0.
08

30
0 

0.
05

44
8 

0.
05

86
5 

0.
02

67
5 

0.
01

70
6 

0.
02

61
8 

0.
02

48
8 

0
.0

3
5

8
6

 
0.

02
26

7 

0.
05

05
4 

0.
04

32
6 

0.
04

43
9 

0.
04

06
7 

0.
00

67
0 

0.
06

01
5 

0,
01

61
2 

0.
04

98
6 

0.
01

74
2 

0.
00

92
8 

0.
05

76
2 

0.
01

67
5 

0.
01

25
6 

0.
09

79
1 

0.
02

64
9 

0.
01

26
0 

0.
08

75
8 

0.
02

74
0 

0
.0

0
8

9
6

 
0.

13
22

4 
0.

04
44

5 

0.
03

86
2 

0.
01

81
6 

0.
03

63
1 

0.
03

99
0 

0.
02

41
3 

0.
03

82
2 

0.
03

94
1 

0.
04

28
9 

0.
03

48
6 

0.
04

35
4 

0.
04

12
4 

0.
03

98
0 

0.
03

80
6 

0
.0

1
8

1
7

 
0.

03
02

1 
0.

02
97

0 
0

.0
1

1
0

9
 

0.
02

45
9 

0.
02

34
9 

0.
01

51
4 

0.
01

84
1 

0.
02

23
1 

0.
04

35
3 

0.
01

43
9 

0.
02

10
0 

0.
03

44
2 

0.
01

63
0 

0.
01

58
8 

0.
05

41
3 

0.
00

82
4 

0.
04

65
4 

0
.0

1
4

4
1

 
0.

03
12

6 
0.

10
29

5 
0

.0
1

7
4

9
 

0.
06

39
6 

0.
01

50
8 

0.
00

85
2 

0.
00

79
6 

0.
01

78
8 

0.
01

52
7 

0.
00

98
7 

0.
01

37
4 

0.
02

14
1 

0.
00

71
7 

0.
00

90
0 

0.
00

73
8 

0.
00

89
1 

0.
00

74
9 

0.
00

64
4 

0.
00

55
0 

0 
N

 

lA
z
a

ru
s
 

0
.0

1
6

7
4

 
0

.0
1

6
1

4
 

0
.0

1
0

9
9

 

0.
01

62
0 

0.
01

65
0 

0.
01

02
7 

0
.0

0
5

5
6

 
0.

00
92

5 

0.
00

83
9 

0
.0

0
3

4
4

 
0.

00
69

1 

0
.0

0
3

8
8

 
0.

00
73

8 

0.
01

32
8 

0
.0

0
5

1
8

 

0.
13

60
4 

0.
03

87
6 

0.
02

47
3 

0.
05

96
2 

0
.0

3
3

2
3

 

0
.0

2
1

0
3

 

0
.0

1
1

9
6

 

o.o
3B

BB
 

0
.0

0
8

4
5

 
0

.0
0

1
9

9
 

0.
04

12
3 

0.
00

89
7 

0.
00

94
6 

0.
01

07
0 

0.
01

68
7 

0.
01

92
3 

0.
03

08
7 

0
.0

0
6

4
9

 
0

.0
0

3
7

9
 

0
.0

0
5

4
2

 
0

.0
0

5
6

3
 

0.
02

95
8 

0.
02

01
9 

0.
01

70
7 

0.
01

35
9 

0.
01

21
9 

0.
00

79
8 

0.
01

55
1 

0.
02

35
1 

0.
00

64
3 

0.
00

54
5 

0.
00

69
9 

0.
00

73
7 

0.
00

33
3 

P
re

se
n

t 

0.
02

15
1 

0.
02

09
7 

0.
01

65
4 

0.
01

04
3 

0
.0

J
li

6
 

o.
ho

rn
; 

0.
00

84
8 

o.
po

51
6 

o.
j1

o5
60

 
0.

00
53

2 
o.

'p
o6

oo
 

I 

0.
00

57
5 

0
.0

0
6

3
8

 

o.
b1

49
7 

o.
po

80
4 

' 

o.
p1

45
1 

o.
b2

73
6 

o.
b2

38
1 

o.
p5

85
1 

O
.P

52
96

 
I 

0.
04

33
4 

0.
01

48
4 

0.
04

13
2 

0.
01

13
7 

0.
!0

12
72

 

0.
'()

38
15

 
O

.'f
)(

J1
01

 

o.
~6
52
 

o
.
~
5
5
 

o
. 

97
 

0.
'()

12
46

 
0.

10
12

39
 

0.
00

96
3 

0.
00

92
4 

0.
:0

10
05

 
0.

:0
06

09
 

0.
10

27
97

 
0.

10
16

24
 

0J
01

27
9 

0
.0

0
8

7
6

 
0.

,0
08

71
 

0.
00

53
1 

0.
02

07
7 

0.
03

35
5 

0
.0

0
5

4
7

 
0.

01
05

2 
0

.0
0

5
3

0
 

0.
00

65
5 

0.
00

35
1 

34
1 

T
ab

le
 6

.1
2

 
: 

E
ne

rg
y 

g
ra

d
ie

n
t 

lo
g

 

st
a
n

d
a
rd

 e
rr

o
r 

v
a
lu

e
s 

fo
r 

im
p

o
rt

e
d

 

d
a
ta

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

34! 

For the broad set of conditions represented by tests in Table 6 .12 the 

correlation of Lazarus produces the lowest overall log standard error value. 

'Ihe present correlation produced an error value comparable to that of 

Lazarus and predicted better in more than half of the tests (55%). 'Ihe 

correlation of Wasp et al. shows an overall log standard error of 1.6 times 

greater than the minimum. 

6.4.2.3 Detailed investigation of selected tests 

Table 6.13 presents the tests used for a detailed investigation of the 

present correlation. These tests were selected on the basis of increasing 

concentration. A mix of pipe diameters was inclu::led to ensure that no 

diameter dependence was overlooked. 

Table 6.13 List of tests used for detailed investigation 

Test D Nominal Cvd L.S.E. Figure 

number [nm] [%] number 

KS410299 139.3 12.4 0.01520 6.14 

KS316269 79.7 13.9 0.01141 6.15 

KS43014A 139.3 29.6 0.02232 6.16 

KS34022C 79.7 39.2 0.03430 6.17 

KS44522C 139.3 43.4 0.02815 6.18 

S142023A 139.3 5.9 0.01544 6.19 

81430068 139.3 29.4 0.07320 6.20 

For the low concentration tests (Cvd < 15%) the correlation is good for both 

poorly and well graded mixtures. For the highest concentrations the 
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correlation performs less well. . For the sand type 1 test ( S143006:B) this 

reduction in perfonnance of the correlation can be explained by the 

following effects : 

1. Energy is expended by the particle-particle interactions within a 

stationary or sliding bed that undergoes a shearing procesi;. 

2. Energy is expended in the wave or slug action in the flow. 

3. Particle-wall interactions discussed in Section 6. 2•. 2 and 

represented by eqllllS. (6.5) and (6.6) after Shook (1985) .are not 

taken into account. 

In a recirculating slurry test facility the rate of heat generation in the 

slurry can be related to the internal friction in the slurry since no other 

work is done on the system (e.g. a change in potential energy) . Fa·r a test 

such as 81430068 (Cvd = 29%) the particles have pure water as an inter­

stitial fluid. The rate of heat generation was found to be much higher for 

this test than for tests at an equivalent concentration (KS42613A, Cvd = 
27%) that contain kaolin-water mixtures as an interstitial fluid. The 

difference in the rate of heat generation cannot be ascribed to the 

difference in wall friction alone. A reduction in heat generation rate for 

the kaolin-sand tests (and consequently energy gradient) can be partly 

ascribed to a lubrication effect as discussed in Section 2. 3. 2. 1. At low 

concentrations, interparticle interactions are reduced and this effect is 

therefore less intense. 

For the case of kaolin-sand mixtures the kaolin acts as a lubri1Jant when 

mixed with the interstitial water. For this reason only a small quantity of 

kaolin is needed to produce this effect. This fact was presented in Section 

\ 
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1.3.6 (Kazanskij et al., 1974 and Smoldyrev, 1982). For test KS44522C the 

lubricating effect of the kaolin is insufficient and an increase in the 

actual energy gradient over the predicted energy gradient is apparent. 

Shook (1985) suggests that equns. (6.5) and (6.6) are equally applicable for 

coarse as well as fine high concentration mixtures. The lubricating effect 

of kaolin will have an effect on the liquid film between the coarse 

particles and the pipe wall since the kaolin particles will be of the same 

order of magnitude as the laminar sublayer. The increased heating could 

also be accounted for by this approach since particle migration away from 

the wall is said to occur at low to moderate concentrations with a reversal, 

with particles penetrating the laminar sublayer, for high concentrations. 

Slug. and wave flow would result in a further dissipation of energy 

particularly in the transition to heterogeneous flow where slug blow through 

and dispersion occurs. This mechanism would enhance the energy loss due to 

shearing of the bed particles. 

An empirical method for the measurement of internal mechanisms in the 

pipeline would destroy the purely mechanistic character of the present 

correlation. For this reason it was decided not to include an empirical 

energy loss term to account for the particle interactions. Newitt et al. 

- (1955) later confirmed by Babcock (1970) presented a semi-empirical 

correlation for sliding bed flow 

i = i gD 
m w k (S s ) ( 6 .8) = -

cvd i 
1 s w 

v2 1: 

I' w 
I' m 
IJ 



Univ
ers

ity
 of

 C
ap

e T
ow

n

345 

where k
1 

= 66 after Newitt et al. (1955) 

k
1 

= 60.6 after BaOOock ( 1970). 

This correlation was developed for fully developed slidi~: bed f l<>W. 

Babcock ( 1970) suggests that this equation represents the maximum energy 

gradient for sliding bed flow. . For the condition of transition between 

sliding bed flow and homogeneous flow "the head loss may or may not be 

proportional to the volumetric concentration depending on the i:e.rticle size 

and on the concentration and velocity (Babcock, 1970)". There is no simple 

transition from equn. ( 6. 8) to the mechanistic approach of the present 

model~ An understanding of the internal mechanisms of this transition type 

flow is therefore required to model the Condition. Figure 6.21 shows the 

data of test 81430068 compared with the correlation of Newitt et al. (1955) 

(equn. (6.8)). Test 81435148 is shown in Figure 6.22. 1his test is 

included because it is the only test for which fully developed sliding bed 

flow occurred. The prediction of equn. (6.8) is accordingly good. Table 

6.14 shows the log standard error values for these two figures (Figures 6.21 

and 6.22). 

Table 6 .14 Log standard error values for energy gradi1ent 
predicted by equn. (6.8) 

Test D Nominal cvd L.8.E. Figure 

m.mber [nm] [%] number 

31430068 139.3 29.4 0.02931 6.21 

81435148 139.3 42.1 0.01172 6.22 
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Figure 6.23 shows the data of test 81435148 compared to eqtm. (6.6) for 

The slope of the correlation appears to be in error. This is 

because the definition for the Reynolds number may be incorrect. The 

concept o~ high concentration mixtures causing a penetration of the sublayer 

by particles with lubrication occurring over the contact distance appears 

1attractive and should be investigated further. For mixed regime slurries 

,(with fine material producing a vehicle) the present correlation is a 

consistent mechanistic approach which produces accurate energy gradient 

prediction over a broad range of materials. 
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Figure 6.14 Kaolin-sand test, nominal concentration Cvd = 12.4% 
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Figure 6.15 : Kaolin-sand test, nominal concentration Cvd = 13.9% 
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Figure 6.16 Kaolin-sand test, nominal concentration Cvd = 29.6% 
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Figure 6.17 Kaolin-sand test, nominal concentration Cvd = 39.2% 
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Figure 6.19 Sand type 1 test, nominal concentration Cvd -· 5.9% 
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Figure 6.20 Sand type 1 test, nominal concentration Cvd. = 29.4% 
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Figure 6. 23 Friction factor versus Reynolds m.unber for test 
81435148 with equn. (6.6) 

Bed Condition Prediction 

A clear distinction between stationary and sliding bed flow and sliding bed 

and fully suspended flow does not exist. For a slurry flow system to bE; 

modelled mechanistically a distinction must be made so that the correct 

force balance on a pipeline of unit length is used. Table 6. lc, details the 

transition criteria for each of the correlations presented. Table 6. 16 
i 

' presents a set of results comparing the percentage of correct predictiorui 

for the complete data base (imported and local) for the flow condi tlon8 

existing at any particular point. 
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Table 6.15 : Transition criteria for stationary, sliding and fully 
suspended flow for the correlations investigated 

Correlation 

Wasp et al. 

(1970) 

Wilson 

Lazarus 

Present 

Stationary to sliding 
bed flow 

For Cvd ~ 5% 

FL= 3.67 Cvd + 1.1633 

For Cvd > 5% 

FL = 3 

vd =FL [d:o]l/6J2gD(SS-SWJ 

(1.11) 

If X < XS then bed is 

stationary where · 

x = 
i susp 

i 
p 

( 1. 23) 

2 
(sin T-r cos r)(l-~) 

XS = ---------
~ sin 1 

( 1. 25) 

Bed is stationary if 
6P A D . - __ b + 't'I sin r 
L 

< FRB + wb sin e (I. 43) 

Bed is stationary if 
FDB < FRB ( 3. 73) 

Sliding to fully 
suspended flow 

None 

None 

Fully suspended flow if 

~ ~ O.OlA 

Fully suspended flow if 
FD ~ FD (3.77) 

FS SL 
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. Table 6.16!al : Prediction of three transition flow conditions. 
The results are presented as a percentage of the total i:ttunber of 

predictions that are correct. The 3 conditions are stationary bed, 
sliding bed and fully suspended flow. 

Correlation Local data Imported data 

Wasp et al. 77. 31% 70.32% 

Wilson 77. 70% 74.23% 

Lazarus 14.72% 15.66% 

Present 62.16% 43.17% 

Number of 
points 1345 1304 

Table 6.16(b) : Prediction of two transition flow conditions. 
The 2 conditions are stationary bed and non stationary bed. 

Correlation Local data Imported data 

Wasp et al. 93.30% 83.67% 

Wilson 95.32% 90.41% 

Lazarus 89.29% 81.50% 

Present 94.42% 90.57% 
-

Number of 
points 1345 1304 

In many cases periodic phenomena exist in the flow down to very low . . . 

velocities. The predictions of stationary bed, shown in Table I>. 15, should 

not be over emphasized because of the subjective nature of their 

measurement. 
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The correlation of Wilson and Wasp et al. have only one transition criterion 

from stationary to fully suspended flow. The Lazarus model, although having 

two transition criteria never predicts fully suspended flow. The criterion 

set by Lazarus (Table 6.15) is therefore in error. For the imported data 

the sum of the number of points in each flow category is less than the total 

m.nnber of data points. This is because some of the data had no given flow 

condition so none was ascribed. For the single transition criterion the 

present correlation predicts with the same order of accuracy as the best 

correlation (Table 6.16(b)), For the two transition criterion the present 

model predicts better than the Lazarils model. 

The present model predicts sliding bed flow for a large number of the Points 

where suspended flow was recorded. This is why the error shown in Table 

6.16(a) is large. The distinction between sliding bed and fully suspended 

flow is subjective. In Table 6.16(b) where this transition (sliding to 

suspended) is suppressed, and only the transition from stationary to non 

stationary bed is included, the present correlation perfonns as well as the 

best presented. 

6.4.4 Velocity and Concentration Profiles 

Figures 6.24 to 6.26 show velocity and concentration profiles for the flow 

of a slurry from stationary bed (Figure 6. 24) to pseudohomogeneous flow 

(Figure 6. 26). These profiles are generated from a concentric grid with 

nine radials on 10 circumferential elements (190 points in total). The data 

Used is presented in Appendix 11. The profiles presented are a consequence 

of the calculation of in situ and delivered concentration. Profiles are 

therefore available automatically for every point processed using the 
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present model. Table 6. 17 shows the good agreement between measured and 

calculated concentration values obtained from integrating the profiles shown 

in Figure 6.24. 

0 

2, 8m/ s ____ _. 

2. 7m./s +----~ 
2 .6m/ s J.-----~ 
2. 5m/ s ._.__ ____ _.... 

2. 3m/s-
1 
------

2. Om.ls+-------

20 40 60 

Volumetric Concentration 

Figure 6.24 : Concentration and velocity profile for 
stationary bed flow. Test Sl42023A, V = 1.78 m/s. 

m 

Table 6.17 Measured and calculated. concentration values for the 
flow conditions shown in Figure 6.24 

Measured Calculated. 

cvt 11. 77% 10.45% 

cvd 2.49% 2.48% . 
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(b) 

V = 1.60m/s 
m 

v 
m 

3.07m/s 

Figure 6.25 Concentration and velocity profile from 
sliding bed flow 
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7~~ --+--1 

0 10 20 30 4. Om/ s 

Volumetric concentration. 

Figure 6.26 Concentration and velocity profile for fully 
suspended flow (pseu:iohomogeneous) 

6 • 5 HYDROTRANsroRT SYSTEM DESIGN 

.·_ J. 

The ultimate objective of any predictive mcxiel is its use as a E~ystem design 

tool. The computer programs used for this purpose are presented in Appendix 

' 16. Two design conditions are considered, one for ·constant 1nass flow of 

solid and the other for constant delivered concentration. 'lbe~e quantities 

can be related by a fonn of the continuity equation 

4 M s -------
V TI" n2 

p m s 

( 4 .1) 

\ 
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Examples of the two design conditions would be the transport of mine 

tailings where a specified mass of ore is prooessed which results in a fixed 

mass flow of solids. A constant concentration is required if a mine 

tailings slurry is used to backfill the undergrotmd works for strata 

contro1. 'Die quality of this placed material is critical and is directly 

related to the slurry concentration. 

For a fixed diameter pipeline a series of design graphs can be drawn to show 

some general trends. Figure 6. 27 presents the par!-icle size distrirution 

for the material considered in the . sample calculations. 

produces a typical mixed regime slurry. 

'O 100 
Q) 

c 90 ·r-f 
Percentage Particle 

Passing Size 
m [mm] 
+' 80 Q) 10 .003 
0: 20 .009 

t.. 70 30 .624 
40 .709 

0 50 .794 

Cl 60 60 .882 
70 .978 

c 80 1.074 
·r-f 50 
U> 

90 1.169 

U> 
m 40 CL 

Q) 30 
Cl 
m 
+' 20 c 
Q) 

u 10 
t.. 
Q) 

CL 
o .Cbo1 0.010 0.100 

Particle Size 
1.000 

[mm] 

'Dlis mixture 

passing 

Percentage 

retained 

10.000 

Figure 6.27 : Particle size distribution of the material 
considered in the sample calculations 
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Figures 6.28 and 6.30 show delivered concentration as parameter for graphs 

of mean velocity versus energy gradient and specific power const1Dption 

respectively. Fi~s 6.31 and 6.32 show the B8IDe ordinate and abscissa but 

with mass flow of solids as parameter. In Figure 6. 28 tile expect.en trend for 

the energy gradient to increase with increasing concentration fELils at mean 

velocity around 2 m/s for concentration between 20% and 30%. Th.i1:1 is because 

the bed condition that exists is different for the two concentJ('Stions. At 

E ........ 

~ -..P -~ 
i:: 
Q) 

•.-( 

"Cl 
Cll 
J..j 
00 

>, 
bO 
J..j 
Q) 

. i:: 
~ 

150 

100 

50 

• Stationary bed 

e Sliding bed 

o Suspended flow 
••. !, 

' 

5.0 6.0 
Mean velocity (Vm) m/s 

Figure 6.28 : Energy gradient versus mean mixture velocity with 

delivered concentration as parameter. D = 250om, k = 7. 6. H>-6 m 
w 

Points shown designate the flow regime for the prevailing flow •oonditions. 

.; 
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Figure 6.29 : Energy gradient versus mean mixture velooity with 
delivered concentration as parameter from Kazanskij et al. 

(197 4) D = lOOnm 

V = 2.0 m/s for a concentration of 20%, a stationary bed exists. At a.· 
m 

concentration of 30% the bed is sliding, the flow area is increased with a 

resultant decrease in velocity and a drop in energy gradient. 'Ibis 

crossover is not tmique to the mixture used here but is-...a coamon phenomenon 

for most mixtures in which stationary beds will form at low velocity. 

Figure 6.29 shows a similar graph to Figure 6.28 extracted. fran the work of 

Kazanskij et al. (1974). A crossover is also demonstrated by this 

sard-water mixture. 
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Figure 6. 30 shows a graph with the same pmmieter as Figure 6 • 28, plotted 

against specific power consumption 

i 
m 

SPC = --- (6.9) 

Cvd Ss 

An optimum specific power consumption is evident near Cvd = 30%. It is 

usual for a fixed diameter to find that the maximtun obtainable concentration 

produces the minimum specific power consllllption. In this example the non 

Newtonian character of the vehicle results in an optimum concentration lower 

than the maximtun pumpable. 

Figure 6.31 and 6.32 are produced by changing the .subject of the continuity 

eqtD'l. (4.1) to mass flow of solids. In Figure 6.32 for a mass flow rate of 

25 kg/s the specific power consumption is 0.0582 Ws/Nm • This point appears 

to be the optimum. The flow condition at any point on the itraph is 

important in selecting the optimum specific power consumption. At M = 25 s 

kg/s stationary bed flow exists up to a mean velocity of 2.5 m/s. The 

stationary bed flow condition would need further investigation as to its 

stability in tenns of pipe blockage and in the case of a centrifUJial p..mp 

applfcation whether the pump characteristic might not result in a pum:ir 

system mismatch and pipe blockage. 
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FiltUre 6.30 : Specific power consunption versus mean mixture 
velocity with delivered. c6ncentration as parameter D = 250nm, 

k = 7 .6.16-6 m. Points shown designate the flow regime for 
w 

the prevailing flow conditions. 

l 
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Figure 6.31 : Energy gradient versus mean mixture veloci1c.y 

with solid mass flow rate as parameter D = 250nm, k = 7.6.11)-6 
w 

Points shown designate the flow regime for the prevailing 
flow conditions. 

m. 
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Figure 6.32 : Specific power consunption versus mean mixture 
velocity with mass flow rate of solids as parameter D = 250nm, 

-6 k = 7.6.16 m 
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6.5.1 Constant Mass Flow of Solids 

Figure 6. 33 shows a design graph for a fixed mass flow rate of solids. To ' :' 

avoid the problem of pipe blockage a shaded area is shown in which all 

points have stationary bed flow.and should be considered only if the 
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problems connected with pipe blockage can be accO\mted for. Two candidate 

points exist for minimum specific power constmption : 

1. V = 1.5 m/s in a 250mn diameter pipeline. m 

2. Vm = 2.0 m/s in a 200nm diameter pipeline. 

Streicher (1984) points out that mini.nn.un specific power consumption is only 

one of the many variables that must be accounted for in the complete 

economic optimisation of a hydrotransport system. The study of hydro-

transport design optimisation is at present in its infancy and may 

eventually result in designs where the operating point is well away from the 

minimum specific power constunption. For this study it is expedient to 

present specific power constunption to show the general trends predicted by 

the present correlation. 

6.5.2 Constant Delivered. Concentration 

Figure 6. 34 shows a design graph for a fixed delivered concentration. A 

shaded region in which stationary bed flow occurs is shown. From this graph 

the minimtun specific power consumption occurs at the maximum pipe diameter 

and ma.ss flow rate of solids. Specific power consumption decreases with 

increasing pipe diameter. For diameters ranging between 200um and 400ntn 

specific power consumption varies between 0.09 Ws/Nm and 0.05 Ws/Nm • If 

care is taken an operating point in the shaded region may be selected. 
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Figure 6.34 : Specific power consumption versus pipe diameter 
with delivered concentration as parameter Cvd = 25% , kw = 0 

6.6 CONCWSIONS 

The level of sophistication of energy gradient prediction has in recent 

years improved significantly. The problem of overall design and 

optimisation of hydraulic transport systems needs to be a.ddresBed in order 

that the improvement in energy gradient prediction can best be utilised. 
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From this chapter on comparisons between the analytical and experimental 

results the following conclusions can be drawn : 

1. Log standard error is a successful technique for comparing 

observed and predicted quantities. 

2. The Malvern 2600/3600 Particle Sizer VF.6 is an accurate 

instrument for measuring particle size less than 400µm . 

3. The coefficient of sliding friction was measured for the tests 

conducted. Table 6 . 18 presents the results. For the imported 

data the value of the coefficient of sliding friction was assumed 

to be 0.4 for coal and 0.5 for all other tests. 

Table 6.18 Measured values of the coefficient of sliding friction 

Material µs 

Bottom ash 0.47 

Fly ash 0.42 

Sand and 
kaolin-sand 0.49 

Ocean bed 0.39 

Uranium 
tailings 0.53 

4. The maximum bed concentration (Cb) was assumed to be constant and 

assigned a value of Cb = 0.67 . 

5. A sensitivity analysis on the variation of the maximum packing 

concentration showed that this value has a complex relationship to 

mixture concentration, vehicle floe structure and dilatancy of the bed 

caused by shear stress. A measurement of the actual value of Cb is not 
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possible at present and so the use of a constant value al though not 

accurate is found to be realistic for comparative purposes and 

convenient for design purposes. 

6. Particle shape factors are presented in Table 6.19 for those materials 

for which it was measured. Although constant values have been assigned 

the shape factor usually varies in inverse p~oportion to the particle 

size. A shape factor of unity should be assumed if a value is not 

measured. 

Table 6.19 Particle shape factors for the material for 
which it was measured 

Material SF 

Bottom ash 0.80 

Fly ash 0.90 

Sand 0.95 

Ocean bed 0.80 

Uranium 
tailings 0.45 -+ 0.90 

7. A Newtonian and a non Newtonian rheogram fqr kaolin clay will intersect 

(giving the same shear stress for the given strain rate) at a strain 

rate significantly in excess of the strain rate encountered in pipeline 

flow. 

For example, a kaolin clay slurry for C = 14. 88% the two rheograms 
v 

du 5 -1 intersect at a:r = 3 . 10. s . This is equivalent to a mean mixture 

velocity of 19.49 m/s in a 150nm inside diameter pipeline. 
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8. The Colebrook-White and Torrence equations produce similar predictions 

for Newtonian fluids. 

9. For kaolin clay the Colebrook-White equation prediction is satisfactory 

for Reynolds numbers greater than 2 .105 Below this value the 

prediction is too low by an order of magnitude. 

'.)O. Kaolin slurries are flocculated at rest. With increasing strain rate 

the floe structure is broken down until at a Reynolds number of 2.105 

the floes are completely destroyed and the flow becomes Newtonian. 

11. Field 3 ash slurries deviate above and below the Colebrook-White 

prediction for Reynolds numbers less than approximately 2.105 . 

12. The yield stress and hence floe fonna.tion for field 3 ash is weak (at 

C = 28%, T ~ 2.5 Pa) , 
v y 

Field 3 ash data points below the Colebrook-

White prediction have low and mod.erate con.Centrations (C < 28%). 
v 

For 

these concentrations particle migration away from the pipe wall occurs 

reducing the friction factor. At concentrations above 28%, particles 

are forced against the pipe wall and a thin film lubrication friction 

component between particles and the pipe wall must be. added to the 

hydrodynamic friction already present. This mechanism accounts for 

data points above the Colebrook-White prediction. 

13. Kaolin clay can best be described by a combination of the Colebrook-

White and Torrence friction factor predictions. Both should be 

calculated for any point and the higher value assl..Dlled. 

14. The prediction of suspended flow concentrations was tested using three 

equations 

1. Einstein ( 1950) interface load model. 

2. J Meyer-Peter and Muller ( 1948) model. 

3. Wilson and Watt (1974) model. 
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The first two approaches ovetj>redict the in situ concentration and 

hence underpredicted the suspended flow concentration at low delivered 

concentrations. The third model underpredicts in si tu concentration 

and hence overpredicts the suspended concentration at low delivered 

concentrations. 

At high delivered concentration values the first two approaches still 

overpredict in situ concentration. The third model successfully 

predicts in situ concentration for intermediate and hi!~ delivered 

concentrations. 

15. Two empirical correlations for in situ concentration are tested 

1. Newitt et al. (1962). 

2. Wani et al. ( 1983) .. 

The correlation of Newitt et al. ( 1962) und.erpredicts the in situ 

concentration at all values of delivered concentration. The 

correlation of Wani et al • ( 1983) predicts in situ concentrations 

within the correct order of magnitude of the actual values but shows 

large· scatter. 

16. For the local data base the energy gradient log standard error values 

for the correlations selected are shown in Table 6.20. 

Table 6.20 Log standard error for all local data points 

Equation L.S.E. 

Pseudof luid 0.00858 

Wasp et al. 0.00422 

Wilson 0.00591 

Lazarus 0.00435 

Present 0.00442 
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1 7. For the imported data base the energy gradient log standard error 

values for the correlations selected are shown in Table 6.21. 

Table 6.21 Log standard error for all imported data points 

Equation L.S.E. 

Pseudo fluid 0.00749 

Wasp et al. 0.00644 

Wilson 0.00550 

Lazarus 0.00333 

·Present 0.00351 

18. Tables 6.20 and 6.21 show that the present correlation predicts energy 
\; ~ 

gradient values with a log standB.rd error approximately equal to the 

minimum obtained. The correlation therefore fulfills the requirement 

that it should predict at least as well as any existing correlation. 

The present correlation predicts better over a broader range of tests 

as shown by the percentage of the m.unber of tests for which it 

predicted a minimum log standard error (Table 6.22). 

Table 6.22 : Percentage value for which each correlation 
predicted a minimum log standard error 

Equation Percentage of tot.al of 71 tests 

Pseudofluid 1.5% 

Wasp et al. 24.0% 

Wilson 4.0% 

La7AI'US 32.5% 

Present 38.0% 

1UI'AL 100.0% 
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19. The present correlation predicts better at low and intermediate 

concentration than at high concentrations. 

20. Two energy terms may be required to improve the present accuracy of the 

model : 

1. A shear stress exists between the sliding bed and suspended 

material that depends on the difference in mean velocity between 

these components. 

2. At high concentrations particles are forced against the pipe wall 

and a thin film lubrication friction loss must be added to the 

hydrodynamic and sliding friction loss terms. 

The exact nature of these two terms is at present tmknown. 

21. The sliding bed flow equation of Newitt et al (1955) predicts the 

energy gradient for a mixture where pure sliding bed flow occurs. One 

such test was conducted (Sl435148) and an accurate prediction found. 

22. The present correlation is the only correlation that predicts the range 

of velocities in which periodic flow phenomena are expected to occur. 

23. Table 6.23 shows the percentage of correct predictions out of the total 

nLUDber of points for a particular flow regime. 

Table 6.23 NLUDber of correct predictions for each particular 
flow regime as a percentage 

Equation Stationary Sliding Suspended 

Wasp et al. 41% 0 94% 

Wilson 30% 0 98% 

Lazarus 72% 56% '0 

Present 28% 77% 48% 
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24. Concentration and velocity profiles can be produced from the present 

correlation. The accuracy with which these are predicted will require 

further investigation. · 

25. The present correlation can be used as a design tool by selecting the 

,._ . .... : 

input conditions based on the continuity equation given in the fonn 

4 M 
s 

cvd = ~~~~~­
· 2 

V rr D p m s 

( 4.1) 
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CHAPI'ER 7 

OONCWSIONS AND RECXM-IENDATIONS 

INTOODUCTION 

The study of mixed regime flow is important because of the significant 

advantages for this type of flow when compared with the flow of uniform 

sized particles. The analysis of mixed regime flows introduces complications 

in tenns of describing the mixture to be transported since a single particle 

size is no longer sufficient. A description of the vehicle is also required 

as well as the relative quantities of vehicle, bed load and suspended load. 

This research makes a contribution to the \IDderstanding of mixed regime 

flo-WS. Both a quantitative and qualitative analysis is presented. The 

quantitative analysis is based on a mechanistic model of the flow. The 

qualitative analysis describes the complexity of the flow phenomenon. The 

transition conditions from one regime to another, the physical change in the 

transported fluid due to the applied shear rate and the periodic flow that 

exists for sliding bed flow demonstrate this complexity. 

Simplifying assumptions to make a quantitative analysis possible introduce 

the need for semi-empirical equations. The constants required for solid to 

pipe wall friction factor, velocity distribution and concentration 

distribution equations can only be found from experimental results. A 

detailed experimental investigation of mixed regime flow was \IDdertaken to 

assess the various equations available in the literature and to assist in 

the developnent of new equations. These equations form pa.rt of the 

analytical model of mixed regime flow. These equations form pa.rt of the 
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analytical model of mixed regime flow. 

used to evaluate the final model. 

The experimental resul t:s are also 

This chapter serves to sunma.rise the main concepts discussed in this thesis. 

The decisions made and conclusions drawn are presented. Recommendations for 

future research work are also presented. 

The major contribution made by the thesis is the development of a 

consistent computerised mathematical model for the flow of mixed regime 

slurries. Important aspects include : 

1. The linking of in situ concentration (Cvd) and delivered concentration 

(Cvt> with the in situ value being used for calculation of the energy 

gradient. 

2. The prediction of energy gradient for stationary bed flow, sliding bed 

flow and fully suspended flow. 

3. The prediction of three dimensional concentration and velocity profiles 

for slurry flow in circular conduits for all flow conditions. 

4. A thorough investigation of the mechanism involved in the turbulent 

suspension of particles and interfacial wave and slug formation. 

5. The development of a sophisticated test facility for the measurement of 

slurry flow parameters. 

6. The development of a novel technique for measuring data which ensures 

that the data is evaluated during the experimental stage. 
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7.1 MIXED REGIME FI.DW 

7 .l.1 Mixed regime flow must not only comprise a mixture of well graded 

particles but must contain particles smaller than the maximum size 

for laminar settling (<\.max). 

7 .1.2 

7 .1.3 

7 .1.4 

7.1.5. 

7 .1.6 

7 .1. 7 

7~ 1.8 

Fine particles are suspended from the bed surface drag due to 

laminar flow in the sublayer. 

Coarse particles, protruding through the laminar sublayer, are 

suspended by turbulent bursts. Particles will not be suspended en 

mass but simultaneously at many discrete locations throughout the 

pipeline. 

Dunes will form in a pipeline for Froude numbers less than unity. 

Dunes move downstream at a fraction of the mean velocity. The 

dune amplitude is a fraction of the pipe diameter while dune 

length is of the order of several pipe diameters. 

For stationary bed flow for Froude nwnbers greater than unity, a 

plane bed is observed. 

Sliding bed motion is caused by percolation through the stationary 

bed and the applied interface shear. 

Sliding bed flow can be modelled as a two-fluid system, the bed 

mixture fonning a denser fluid than the suspended mixture. 

Interface waves occur due to the adverse pressure gradients ca.used 

by turbulence. 
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Interface waves are spaced several pipe diameters ape.rt but have a 

width of the order of one pipe diameter. 

Interface waves grow initially due to the low pressure at the wave 

crest, caused by an increase in velocity of the suspended mixture 

as it flows through the reduced area, overcoming the stabilizing 

effect of gravity. 

A secondary mechanism producing exponential amplitude growth is 

associated with a pressure variation 180° out of phase with the 

waves in the pipe. This produces a Kelvin-Helmholtz instability. 

If sufficient bed material exists the wave amplitude grows until,, 

it fills the pipe completely and slug flow occurs. If 

insufficient bed material exists the bed will be dispersed and 

heterogeneous flow will occur. 

The waves or slugs move downstream at approximately the slurry 

mean velocity. 

Slug flow is dispersed by the entrainment of the suspended mixture 

into the upstream end of the slug eventually producing a 

continuous stream of suspended material. Heterogeneous flow then 

occurs. 

Heterogeneous flow can only exist if all particles are maintained 

in turbulent suspension. 

7.2 THE VEHICLE AND ITS ANALYSIS 

7. 2. 1 The vehicle fraction of a mixture is comprised of at least all 

particles with diameter less than the particle size for unhindered 

laminar settling in the fluid phase «\.max). 
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7.2.3 

7.2.4 

I 

7 .2.6. 

7.2.7 
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For a vehicle modelled a.S a non Newtonian fluid, the vehicle 

concentration is f otmd from the ratio of particles smaller than 

·c\max . The rheological equations must be derived for that pa.rt 

of a mixture with d less than ~ screened out of the total 

sample. 

For a vehicle modelled as a Newtonian fluid the vehicle concentra-
, 

tion is equal to the suspended solid concentration ( Cvtf) . The 

viscosity is folllld from an equation of the fonn q = fn(C f) • 
r vt 

For Newtonian vehicle rheology the vehicle relative viscosity is I . 
I 

calculated from the equation 
;I 

/ qr = [1 - c~f r 2.5 (2.23) 

Kaolin clay is best described by a yield pseudoplastic rheology. 

For turbulent flow kaolin clay surries can best be described by a 

combination of the Colebrook-White and Torrence friction factor 

equations. Both values should be calculated and the higher value 

assumed. 

For a vehicle with llllknown rheology the mixture relative viscosity 

should be calculated as a function of the suspended material 

concentration. The Colebrook-White equation should be used to 

predict turbulent flow friction factors. 

7.3 THE ANALYTICAL OODEL 

7. 3. 1 Particle size distribution is best represented analytically by a 

particle size and a mass fraction of that particle size. This is 

usually divided into equal mass fraction increments, e.g. if m. = 
l. 

0.1 then ten diameters are required to describe the distribution 
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7.3.l .The concentration distribution can be calculated using the 

equation 

c (y) = c 
v a (3.33) 

(3.34a) 
K U*1 

The concentration distribution · varies in the xy plane only and is 

constant in the z direction. 

7.3.3 The suspended load voh.nne· is a f'lmction of the ratio of velocity 

\ required for turbulent suspension of a particular particle size 

and the mean mixture velocity. 

7.3.4 The energy gradient is calculated from a force balance on the 

prevailing flow conditions over a 'lmit length of pipeline. 

' ' ' 

7.3.5 For stationary bed flow the driving force is equal to the fluid 

shear force on the pipe wall above the bed, plus the interface 

shear force acting on the bed interface, plus the weight component 

of the suspended slurry. 

7.3.6 For sliding bed flow the driving force is equal to the fluid shear 

force acting on the pipe wall above the sliding bed, plus the 

fluid shear force acting between the bed and the pipe wall, plus a 

solid sliding friction force between the bed and the pipe wall, 

plus the weight component of the slurry. 

7.3.7 For fully suspended flow the driving force equals the fluid shear 

force acting on the total pipe perimeter plus the weight component 

of slurry. 
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Stationary bed flow occurs until the driving .force on the bed, 

ma.de up of the interface shear stress acting on the interface and 

the pressure differential along the bed, overcomes the resisting 

force of the bed, made up of the friction force between the bed 

and the pipe wall and the weight of the bed acting down the pipe 

slope. 

Fully suspended flow occurs when the driving force for fully 

suspended flow becomes greater than the driving force for sliding 

bed flow. 

The velocity distribution is symmetrical about the vertical axis. 

The ma.Ximwn velocity occurs at the point of zero shear. 

The maximum velocity is calculated from the \ll"li versa! velocity 

distribution associated with the top of the pipe and a von Karman 

constant derived from the expirica.l correlation of Einstein and 

Chien (1954). 

The velocity distribution is calculated using the velocity defect 

law from the location and value of the maximum velocity. The 

distribution shape is found by ensuring that the input mixture 

flow rate equals the calculated mixture flow rate by varying the 

constant. (the von Kannan constant in single phase flow) in the 

velocity defect law. 

The velocity and concentration distributions are integrated 

ntlmerically over a concentric computational grid which is 

independent of the existing flow regime and syrrmetrical about the 

vertical axis. 

j 

i 
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In situ concentration is found by ensuring that the input 

delivered concentration and the calculated delivered concentration 

are equal. For stationary and sliding bed flow the in situ and 

delivered concentrations differ. 

and fluid phase is accounted for. 

No slip between the particles 

7.4 EXPERIMENTAL INVESTIGATION 

7. 4. 1 Tests were conducted at constant concentration and varying mean 

mixture velocity. 

7.4.2 

7.4.3 

7.4.4 

7.4.5 

7.4.6 

F.ach data point was subject to a stabilization check before a 

measurement was initiated. 

F.ach data point reading was made from the average of 11 groups of 

3 readings. The sub group of three readings was made at the. 

maximum read rate of the data acquisition unit. The 11 groups of 

readings were made at 10 second intervals. 

The average value adopted from the 11 groups of readings was 

checked for drift over the time taken to make the reading. The 

maximum drift allowed being 10%. 

All transducers could be calibrated in position on the test 

facility. 

The expected highest error in the measurement of pipe diameter is 

below 0.3%. 
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The expected highest error in the measurement of differential 

pressure is 1% at a measured differential head of lOnnn and less 

than 1% for larger differential heads. 

The expected maximum error in the measurement of slurry 

temperature is 0.1%. 

The expected highest error in the measurement of velocity is 5% 

for the 50nnn and 63mm nominal diameter pipelines and 1% for the 

90nnn and 160mm nominal diameter pipelines. 

The expected maximum error in the measurement of delivered concen­

tration is 4. 5% for the 50nnn and 63uun nominal diameter pipelines 

and 1% for the 90mm and 160nnn nominal diameter pipelines. 

The expected highest error in the measurement of in situ 

concentration is 1%. 

The experimental test facility constructed for this research is a 

complicated apparatus that requires careful operation to achieve 

good results. 

The data acquisition philosophy adopted ensures the best quality 

results and gives the system operator information to assist in the 

deeision of data acceptance. 

The test facility proved successful in the measurement of the 

required parameters for mixed regime flow. 
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7.5 EXPERIMENTAL RESULTS 

7.5.1 

7.5.2 

7.5.3 

7.5.4 

7.5.5 

7.5.6 

The 

1. 

2. 

3. 

4. 

5. 

6. 

materials tested for this research include : 

Coal fired power station ash, both bottom ash and fly ash. 

Ocean bed material. 

Mine tailings. 

Kaolin clay. 

Beach sand. 

Beach sand and kaolin mixtures. 

Clear water energy gradients were predicted with highest expected 

error of 10% for energy gradients of lOmm/m For energy 

gradients above lOOmm/m the highest expected error is below 1%. 

For bottom ash flow observations were difficult due to the dark 

slurry colour. Fl~w instabilities were apparent at low velocities. 

Field 1 fly ash formed a typical mixed regime slurry with at least 

70% of the mixture contributing to the vehicle. Slight high 

frequency fluctuations were visible at concentrations above 20% by 

volume. 

Field 3 fly ash formed a typical non settling mixture which is 

assumed to represent the vehicle for field 1 fly ash. 

The ocean bed material f onned. a stationary or sliding bed of 

coarse material at all velocities. No periodic flow was apparent. 
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7 .,5. 9 

7.5.10 
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The energy gradient remains constant for mean mixture velocity 

between 2 m/s and 5 m/s at the concentration tested (Cvd ~ 12%) • 

Uranilnn mine tailings f onned typical mixed regime slurries. No 

stationary bed flow occurred at the concentrations tested 

(Cvd ~ 20%) . The slurry demonstrated highly periodic flow at low 

velocity (V < 2 m/s) . The energy gradient remained relatively 
m 

constant for velocities between 0.5 m/s and 2.0 m/s for tests with 

cvd ) 30% . 

Kaolin clay slurries demonstrated characteristic f loc structures 

in the delivery hopper before a test was conducted. The flow was 

homogeneous and turbulent for all points tested. 

Beach sand forms a purely heterogeneous mixture. The particles 

are poorly graded and no vehicle component exists. Dune, wave and 

slug flow all occur and are easily discernible. At concentrations 

about 42% by volume a stable sliding bed occurs at all velocities 

and the energy gradient remains constant. 

Kaolin-sand mixtures from typical mixed regime slurries. Dune, 

wave and slug flow are demonstrated although the range and 

strength of these phenomena is mediated by the kaolin component'. 

The minimum particle size and not the grading coefficient or mean 

particle size determines whether the beneficial qualities of mixed 

regime flow will exist. 
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7.5.16 
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The characteris.tic particle size for a slurry is taken to be the 

d10 particle size as a consequence of conclusion 7 .6.11. rhe 

suspended component in the two-fluid multicomponent model is 

assumed to be pseudohomogeneous. The d10 particle size will 

ensure that this occurs for mixtures with fine components. 

For an equivalent energy gradient the carrying capacity (or solid 

mass flow rate) is always higher for a kaolin-sand mixture than 

for the sand alone. 

consequently lower. 

The specific power consumption is 

The kaolin-sand mixtures demonstrate stable, non pulsatile sliding 

bed flow for delivered concentration above 30%. 

In the 90mm nominal diameter pipeline no pulsatile flow phenomena 

occurred for kaolin-sand mixtures at any mean mixture velocity for 

delivered concentration in excess of 40%. 

Particle bed velocity is directly related to the velocity 

distribution shape. The flatter the velocity distribution, the 

closer are the values of mean and bed velocity. 

A horizontally mounted gamma ray densitometer always overestimates 

heterogeneous in situ concentration. 

The actual in situ concentration measurement approaches the g~ 

ray densitonieter measurement with increasing mixture flow rate or 

decreasing particle size. 
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7.6 ANALYTICAL f'UDEL EVALUATION 

7.6.1 The log standard error .is a successful tool for comparing observed 

and calculated quantities. 

7.6.2 The interface friction factor is given by the equation 
) 

~f = 1.475 ln ~ + 1.36 
Jr d85 

( 2 .118) 

7.6.3 The coefficient of sliding friction is assumed constant for a 

particular mixture. It is measured by the tangent of the angle 

that a pipe of similar roughness must be tilted to initiate motion 

of the stationary bed. 

7.6.4 The ma.Ximum bed packing concentration was assumed to be constant 

where Cb = 0.67 . 

7.6.5 Particle shape factor is less than unity for naturally occurring 

particles and may be an inverse function of particle size. 

7.6.6 The Meyer-Peter and Muller (1948) and the Einstein (1950) bed load 

model overpredict in situ concentration and hence underpredict the 

suspended material concentration at all velocities. 

7.6.7 The Wilson and Watt (1974) equation, for the velocity for 

turbulent suspension, is used to describe the relative quantities 

of bed load and suspended load. 
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The Wilson and Watt (1974) equation underpredicts in situ 

concentration at low delivered concentration but predicts in situ 

concentration successfully for intennediate and high delivered 

concentration. 

The empirical correlation for in situ concentration of Wani et al. 

( 1983) predicts well for a first approximation. The scatter in 

the calculated results is high. 

The present correlation predicts the energy gradient for the l(X)B.l 

data base with a log standard error of 0.00442 and for the 

imported data base with a log standard error of 0.00351. 

The lowest log standard error value for the calculation of the 

energy gradient is the model ascribed to Wasp et al. (L.S.E. ~. 
\ 

0.00442) for the local data base and the model ascribed to Lazarus 

(L.S.E. = 0.00333) for the imported data base. 

The Wasp et al. model was developed specifically for mixed regime 

slurries with a high proportion of fine material. Most of the 

tests in the local data base are of this type so it is justified 

that this model predicts best over this limited range. 

The log standard error values for the prediction of energy 

gradient are of the same order of magnitude for the present model 

and for the lowest values obtained frC?Dl the other correlations. 

presented. The present correlation predicts better over a 
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broader range of tests as shown by the percentage of the number of 

tests for which it predicted a minimum log standard error. 

Equation 

Pseudofluid 

Wasp et al. 

Wilson 

Lazarus 

Present 

Percentage of total of 71 sets of tests 

1.5% 

24.0% 

4.0% 

32.5% 

38.0% 

The present correlation predicts energy gradient better at low and 

intermediate concentration than at high concentration. 

The sliding bed flow equation of Newitt,et al. (1955) predicts the 

energy gradient for mixtures where pure sliding bed flow occurs. 

The present correlation is the only correlation that predicts the 

stationary, sliding and fully suspended flow regimes. The 

correlation predicts sliding bed for 72% of the points where 

stationary bed was observed. The correlation predicts sliding bed 

flow for 52% of the points where suspended flow was observed. The 

subjective nature of observing the transition from one regime to 

another must be taken into account when accessing these results. 

Concentration and velocity profiles can be predicted by the 

present model. Although these are not confirmed by experiment 

they seem reasonable and are of the shape that would be expected. 
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The correlation presented can be used as a design tool by 

selecting the input conditions in accordance with the continuity 

equation. It is ~he only model at present that predicts energy 

gradient, in situ concentration and velocity and concentration 

profiles for all flow regimes. 

7.7 FUI'lJRE RESEARCH RECCMfilNDATIOOS 

7. 7 .1 The methcxi of calculating the ma.ximlllll velocity and its position 

7.7.2 

7.7.3 

7.7.4 

7.7.5 

needs to be evaluated. This will require experimental 

measurements. 

The velocity distribution prcx:luced by the mcx:lel should be 

evaluated and compared with experimental measurements at all flow 

regimes. 

Particle-particle interactions at high concentration need to be 

investigated so that a concentration distribution for ea.ch 

particle size group can be prcx:luced for all flow regimes. 

The concentration distribution prcx:luced by the model should be 

evaluated and compared with experimental measurements at all flow 

regimes. 

The energy term associated with high concentration sliding bed 

flow (thin film lubrication between particles and pipe wall) 

should be investigated and the reasons for the slope of the data 

being different from that predicted should be ascertained. 
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A method for accurately measuring the maximum bed concentration 

and the sliding friction coefficient should be found. These terms 

are functions of particle size distribution, in situ concentration 

and mean mixture velocity. 

Pulsatile flow should be investigated fully. A surf ace tension 

tenn or equivalent measure must be found to allow. for a shear 

stress between the bed material and suspended material. The 

stability criteria can then be checked. The relative velocity 

between the bed and the suspended material must be evaluated and 

the energy tenn associated with the interfacial shear detennined. 

Transition criteria between the different periodic flow regimes 

must also be ascertained. A mechanistic model of the periodic 

flow phenomenon can be developed if the governing equations 

produced for the system are too difficult to solve. 
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