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Absiract

The objoctivee of this thesis 15 wo explore several hotly debated current issues in modern
cosmoiopy, with a focus on f(/7) graviev

Lit chaprer 1 we present a review of modern theoretical cosmology, We begin by
introducing some indamental cosmological concepts, foliowed by a discussion of the ficld
eruations of genera! relativity, which undertie botl the behavior of global cosmological
madels and the sobated yravilating systems suel as stars, black heles and galaxies. In
particular we focus on the solutions for the Friedmann-Robertson-Walker Universe. Next
we presont a detailed discussion of the dark maller problem. Astrophysical observations
indicate that these two components accounl for 25% of the total mass/energy of the
observable Universe. We Lhen present tlie big bang model, which represents the current
standard model for the origin and the evolution of Lhe Universe. In our discussion we
intraduce the inflacionary scenario in some detaily specilically we preseot an example of
quadratic inflaton to dermonstrare how chis stenario provides o solution to some of the
problems with the standard model. Next we dissussed the dark encrgy medel, which
Lias been inlbroduced Lo address the lare-time acceleration problem.  We then prosent
Lhe epnotessence inodel, which has been proposed to address the coincidence and the
maznitinde problems, We conchinle 1his chapter by a detailed discussion of the higher
order theories of gravity withoa particular we focus on fiR)-gravity, which is based on
the idea of introducing corrections to the Einstein-Hilbert action that ave negligible in
the early Universe and only Become effective at late times when the Ricci curvature f7
decreases. 1u our diseussion we ndicate how these corrections can be interpretod as an
eflective fluid of purely geometrical origing we also discuss the phase space and stability
of deSitter space - f (12) pravity.

In chapter 2 we arcue that, owing e the complexcity of the field equations, and e
lack of s existence of i exact solutions, dyvoamical systems analysis is an exlenmely
powerimll mathematical method o omosmology. 1 s very useful in understanding
the qualitative behaviour of the cosmological dvnamics and obtaining special exacl
solutions of the oosmological equations.  'This chapter contains an overview of this
approach, We start by ntroducing some of the basic dyvnamical systems concepts and
dlisenss the stability of 2-1) linear dynamical systems. We then presenl the Tlartmas-
Crrobinan Theoram, whicl completely solves the problem of determining the stabilivy
and quabitative behavioar o a netehbourhood of a Tiyperbolic erivieal poinl of & noonlinear
svstern, Finally we present the center mainlold theoremn indepth, which generalizes tho
Lyapuncy theorem. o the eose when there exists o conter mainfold W tangent to the
cegter subspace B at o nonhyperbobo orttical pojnt.

In chapter 3 a report is presented, based on the original work cownpleted in
collaborilion with Sante Cacloni and Peter Dunshy which was recently submitted to the
Classical and OQuantimn Gravey Jouenal In Uis cesearch paper we study & cosmolopcal
mordel based o the exp {—£/A) action. We apply the dynamical svstem approach o
both the vacmum and matter eases, obtam my exact solutions of the febd eqguations
aid investizating their stabilice in the finite and asymptotic regimes, Tiese sohitions




demonstrate in a clear manner how Ligher order gravity ean provide a very natsrad
cosmological setting for the carly and the late-time accelerating Universe. In partioular
we find that for a large set of initial conditions a beteroclinie orbits with & non-zera
cosmologieal constant is found to exist,

Finally in ehapler 4 we conciude this work by o brief discussion of the possible
eonstrainls on e general (7] gravity Loageangiog and some open probiesns,

Throughout 1his thests we wili employ vatural units (8 ¢ - kg o 8267 - 1) and
the signature (+. —, —. — .
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Chapter 1

Introduction to theoretical
cosmology

1.1 Introduction

Theoretien] Cosinology is the sclentific study which aims to cxplain the origin,
composition, wtiate [ate and evabution of the entire Universe as a single system.
Cosmological theorics are based on hypotheses abour the Universe wlich make specific
predicsions [or pheuomena thay can be fested with observations,  The findamental
assumptions of modern eosmalogy are embodied w1 the cosmaologieal principle and
Kinstein's theory of Genceral Relativity, The cosmolopica! prneiple 18 uol a prineiple,
but ratiier an assutnption that follows from the obscreatious of the Unhwerse on large

seates. It statoscthat:
o The Tlniverse is isetropic,
e The Tnyiverse is homogeneos,

[sotropy amplies that there s no preferred divection i the Universe and, consequently,
when the Universe s viewod from o particular point, it looks the same regardioss of
divection, Homogeneity means that at a given spacetime vvent the Universe appoars
the same everywhere, The cosmological prineiple is 4 generalization ol the Copernican
Prineipte; which states that the Earth is noo the centre of the Universe, Homogeneity and
sl rapy lead to the invariance of the Hamiltonian of a free parttele under translations
atd rotations, Thus the Cosmelogical Principle simplifics the study of the laree scale
structure of the Unbverse considerably, The strougest evidence {for the cosmological

prineipie is the cheserved tsotropy af the Cosiaic Microwave Backgrooud (CMB) {1].
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e secord [iedamenial assumpuion 1= it che General Theory of Relativity is the
correct theory of pravitation. T replaced the Newton theor of gravite which was
presented it the Principla n 1687, The fundamental idea i General Relativity s
that gravity s A mantfestation of the curvature of the sprectime. whie i Newiow's
Hheory gravity acts direetly a2 s force between bodics, The field equations o Goneea
Relabivicy contain all the inforation albout the dynmnics of the the Universe, Many
al the prodictions of General Relativity, such as the bending ol starlight by grovily aod
a diny shitt in the orbiv of the placet Mercury. have been guantitaudvely conlime, Ly
experiment {for 3 review. see [

Around 1930 Edwin Hubhle observed a direct relationsiiy between 1he distitice
between galaxies and the vwelochy with which Saey are rececing: (lis relation e be

writlen as,
1 AR . i1.1)

where v is the recessional velocity of the galaxy or nther disiant object, 2245 its appasen
distance atul Hy is Hubble's eonstant, o 00h Kmsee Wdpe 1 (h = 0,72 = 0407

stance aral Hp is Hubble's eonstant, Hy, o 1W00A Kmsee "Ape 7 0h =078 = 047
. Hubble's law has dwo possible explanasions. Either we are a% the contre of an
axplosion ol galuxics whicl i3 ineonsistens with the cosmwoingical principle, or (e Universe
i usilormiy expanding everywhere, This second interpretation of Hubliv's anservations
reprosents the cornerstone of the Big Bang Lheory [4], whicl: is shie most viable ttslel

in costmntogy today.

1.2 Basic Cosmological Concepts

In this subseetion we will introduce some of the basic concepls lraguently enploved 1
COSHIH LY.

Spacetimc metric: s the expression which descrizes how to cotspeie e spacel e
interval hetween two infinitesiinally separated points (or events) in s given geoneiry, tn
terrms ab e conrdlingtes of those peints, The siiplest spacetime metrie, the meteic of

the flar spacctime, 18 given by
ds? = dt* —ar?, (1.2

where dr and df represent she diflerevees ol 1he space ard Sine eoordinates of the two

events respectively, The expanaion of the Universe 1s owing to the change in the spaee e
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metrie rather than objects moving in space. The line elemene of a homogeneous aad

isctropie Liniverse (s given by Friedimann-Lemaitre- Robertson-Walker (FLEW) metric,

+ 2382 £ v e’ g :1:,:5?] : (1.3

; 3 o dr?
5% = ]I‘J—rx'fz — :
: : 3 v ;

where v f and & are comoving polar coordinates, alll s the seale [actor, which 15 a
funetion of the cosmic time §,

Comoving coordinates: This 15 o systom ol coordinates fixed with rospect to
the overall Hubble How of the Universe, so that a given palaxy’s location in comoving
cocrdinates does nol change as the Universe expands, This cal be pictnraed as a grid of
lines sproad across space, that stretches together with the expansion.

Cosmie Time: (s the proper tine of ohservers at rest with respect to the Hubble
Henw,

Scale mctor: The large scale dynamic behaviour of the Universe can be escribed
= A single lugetion of tme ) called the seale factor. The scale faclor deseriles how
thie spatial part of the Universe expands or contracts.

Comaving distance: |'he comoving distance d [romn an observer to a distant abject

(e a galaxy) can be camputed by vhe following formnla:

T
foes f ) 3
t Lis a‘“‘ﬂ: : J

where af (1) 13 1 he seale Tactor, tg is the costmic tme of cnitssion of the plhotons detectod
by e ahserver and s the cosmic time "now” . The camoving distanee between two
puints rernaiys constant doring the evalution of the Universe, while the physieal distance
hetweon bwo points does however cliange as the Universe expands,

Particle Horizon: iz the maximoun instantaneous distance at ¢ travelled by light

sinee £ =10. In tenns of comoving clistance the particle horizen dy s equal to

. r
= alt) /z o (L5
Lrg=0 a(#)
The particle horizon coineides with the size of the Universe already scen at the tine of
oheervation .
Redshift: The expansion of the Unjrerse alters {he wavelength of the lght eno ted
by dlislont abyjects. The ralio ol the observed wavelengeth (o the cnitted or "rest”

wivvelepglh dehites the redshilt =

i
1 Sia e 1.0
+z 5 (1.0
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where Ay pudd A, are the observed and emitted wovelength respectively. In tems of 1he
seale of the Uriverse, the redshift observed vy is given by the catio of the scaie of 1he
Uruverse now to what it was when the lizht was emicted:

iy

Ftap— Fii (1.7
e i1.7)

1.3 The Field Equations of General Relativity

The central equations for physical cosmolpgy are the Einseein field equiations of General
Relusivity, which were first published in 1015, Tle action S[y| el gives cise to Enisteir

ticld couations is giver by the following intecral

Slu] = f " [~ Ly =gt (1.8

where Ly s the matter Lagrangian, [ the scalar curvature [ohe trace ol e leat Lensor

fi; 1o and g is the delerminamd ol the metnc tensor g;. This action 1= kuown as the
Eiustetn-Thibert activy. The vanation of S[y|. with respect to the metric yields the leld

equations of General Relativity
1 i
R:‘g—zl?!?;j=—f'z:j1 (1)

where f;; 15 the Thca tensor and T, is the stress-energy tensor, The expression on 1he
left sicdle of the equation 1.9 describes the curvature of spacetinie. while the expression on
the right side represents the matter (energy] enttenl of spacetime. The leld wpuations
1.9 cat then be iuterpreled as a set of equations dictating how the eurvature of spacetine
15 related to the matter (enerey) contert of the Universe,

Belore 1015, Einsteb heligved that the Tluiverse was static, but the solutions of the
field equatins of General Relativity 1.9, suggest thatl the Usiverse shonld D oxpandimg.

Einstein therofore proposes aasodibeation of his equatious, 1o
; L : )
It — 3 Mgy + Agys = =155 (110

where A iz a new [ree parameter, the ensmoiogical constant. The raie of [he ensanoiogtoal
comstant s to balance the attractive force of grasity and heuce o allow frooa siacle
Universe,  After the discovery of the Hubble recdshife and the introcduction of the
expabcding space paradipny, Einstein abandoned this cencept.  In L9 1peasurincents
by two different groups of rescarchers of the apparceat brightriess of supernovacs with
redshifts near © = 1 showed that the expanston of the Universe is aceelerating, 5]. Those

rosults have generated a new interest (0 the old idea of the cosmological constat.
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The geometric stricture of the simplest Universe iz homogenceous and isolropic. In
General Relativity, a spatiadly homogeneous and solropic Universe 15 deseribed T the
Lriedmann-Lemaitre-lobertson- Walker (PLIRW ] metvic. Theonghont this thesis we will

restrict owrselves to spacetimes wlich are characiered by such a metric,

1.3.1 The Fricdmann-Lemaitre-Iobertson-Walker metric

The PLEW meiric 1.3 represenis an exact solution of the Finstein field equalions of
General Relativity, Tt deserilies a homogeneous and isotropic meedel of au expanding or
coutracting Universe, Of course, this is only true on a lange cosmotorical scales,
Giiven the matter content of the Universe, Einstein lield equations allow us to determine
aif). Geonervically, the parameter & whicll appears in FLEW metric describes the
cirvature of the spatial sections of spacetime {slices at constant cosmie time).

Py solving the field equations 19 for the background metrie 1.3, Alexander 1riedmann
in 1922 derived what is nosw termed the Frcdmann equations and most cosimclogists agroe

that the obseryvable Universe is well approximated by such a model,

1.3.2 The Pricdmann Madel

A model of the Universe s a mathematical description of how the seale factor ait), and
henee of how the Universe, evolves with time, In order to obtain an approsdmate model
of bow the Tiaverse evolves, Alexander Friedimann considered a simplified distrilmtion of
cnerey and matter inthe Universe, He assumed that the Universe 8 illed with a perfect
fhuid with a given energy density g and pressure density P Caleulation of the Einstein

tenEnT 115't.11g_ the FLEW metric gives
3 T
i R (.10
= (@ +4) _
S1 SRS r_r.zz = f_;"“ “—— L2t1u+uz + .f.t) ) :‘3_12}
i
The stress-energy tensor for a perfect Huid is given by

T = dinglp. P.P. P}. [3.13)

Givent the Einstein feosor and an expresston e 1he stress-cuergy lensor, Finstemn

cquations 1.9 yield the two independent egnations,

P i
g%}y = .~ (1,14)
Lo 3w : J
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radiation. The last case we need to consider i3 that of vaeuum energy. For o Universe

donanated by the engmalagical constant w = - 1, it follows that,
= Clomnast (122}

I is clear from equation 1.17 that when the Universe is dominated by a Huid with an
equation of state (w < —% it will be positive and the expansion of the Universe will
bie accelerated, Such a (luid with negative pressure is reloveed to as dark energy, [he
renent astronomical observations stronzly =upport the view thal the Universe is pow
avcelerating [5]. which indicates that our Universe s currently dominated by some ki

of dark energy.

1.3.3  lmportaul cosmotogical Parameters

I this subsection e will lteoduce some of the wportant cosiologieanl parameters that
are frequently atilised o deseribe the expansion of the Universe.

Hubble's parameter: is defined as
1= —, {1.23)

where nll) 15 the seale lactos. Hnbble's parameter is a time-dependent fubetion which
measures the rate of expansion of the Universe. The Hubble constant Iy = H(4,) 1s the
Huhhle parnmeler messured at the present time.

The Depsity parameters 1 1917, Einstein and de Sitter boih developed
comtnolosienl wndels by asswning that thie Uneverse s dosinaded Dy malter with aero
eiurvalure (& = 01, By substitnting (5 = 0) into Friedmann Eguations and solvipg for g

we: crhatatin
=il = 3H [IE_H

The eritical densily g s Lhe amount of matter reguired for the TToiverse to be exactly
Hat [ = (). The recenl observations af the Degree Angular Seale hulerferometer (JAST]
suguest tiis type of geometry 6 From 1.24 we notire that g, depends on the Hubble
patimeler, which means thal g changes as the Universe evolves.

The fraction £ = pd e is known as the deusity parameter, According to the recent
(DAST) obsepvatious 6, the present valae of € s £, = 1 = (101

In genoral, the totat density § s the sun of the contributions from racdiation, mattor

and vacuum energy, The Fricdmann Bouation 114 can now be written in the compact
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form

. e
fl—1 == ﬁ, 'I.H:J-]

According 1o the equation 115, if @ < 0 then the term H7e? = @ will dways be
decreasing, Thus £ will always evolve away from unity,
It is clear from equation 1,25 that the sign of & depends on the valun of 12

£ < 1 0rp<pei — k=—1+— apen J-=paces.

1 = lorp=peip — k= 00— Al d-spaces ,

et
¥,

1 01 g > peeit = k=41 ~»elosed 3-spaces.

By solving cquation 1.25 for each case where one of the throo tenns dominates we
nbtain

afl) ™ 14 caclintion dominater .
alt] !-i matter dominated ,

alt) Yok ! Cosmological constant donymated .

T a Universe dontaining matter and radiation, matter fulls off slower thao radiarion.
At carly times, fadintion dominstes the matter in Universe, and after sonie e from
the Big Biing, there must be a time when gmarer = Prodianon. This is knowtt as matter-
radiatien equality,  Thereaftor, matter wiil begin to donsinete the expansion of the
U hiverso.

Lsing equations 1.6, 1.200 and 121, we ean write the ratio of g, to g as

fn_ Ol Lo (1.26)
He Heli
The Deceleration parameter: Tlie deceleration paramcter ¢ is anothior e of
quantifving the rate of expansion of the Universe, which is defined for & = 0) by the
cquation
oA (1.97)
i 2
The obscrvations of type fe supernova [7] indicate thar the Universe is aceelerating i,
oy = 1.
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1.4 Dark Matter

Dark Matter is a hypothetical macter of unknown composition that does not emit or
refect cnoilgh electromaguetic radiation Lo be abserved directly, The presence of this
kind of matter can only be inferred from its provitational effects on visibie matter
A1, Therefore astronemers are faced with quite a challenge detecting it Astroplysical
observations indicale that dark matter accounts for 26% of the maiter in che observalile
Unigverse [14][15].

Oue of the wost important techuigues in stiudyving che motions of galaxies is the
Droppler Shaft, whicl results i either a redshifc or blueshift, The spectral lines from
an appraaching astronomical light source result in a blueshift, while those of receding
sources resdlt in a redshift. We know that galaxies rotate becanse, when viewed edge-on,
the light from one side of the galaxy s blue shifted anud the light from the other side s
redshifted, In order to deterinine the speed af which the galaxy is rotating we can use
the formmula [12]

- Ao — Al

28
FY (1.28]

o

where A, and A, are the observed and emitted wave lengths respectively. Knowing the
rivtation speed of che galaxy, we can ecstimate the mass of a galaxy, For example, lec us
il

consider o star of mass wy near the edge of a spiral galaxy (distance R}, moving in a

circutlar vrhit at speed v, The centripetal force Fo that acts on this moass i given by

2

T
B (1,24
"SR, e

From the Newtontan liw of gravitation this force i equal to,
(il

Fo= 21— L 1.300
o RE L )

wlhiere A ja the mass inside the oebit, Units have been re-introduced, By equating
vruaticns 129 and 1,30 and solving for 3, we obrain
R

&

Crver half a century ago, when the astroncmer Fritz Zwicky was studying che motions of

ﬁr}f = l1.31. :I

distant galuxies, he estimated the total mass of o groap of galaxies by measuring their
brightness, When be comnputed the moass of the same cluster of galaxies by ohserving
the rotation speed wethad, he came up with a number that was 400 times his original

estimate [13],
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According to Iepler's thied law the speed o of individual sears is related o their
distance 1, from the centre of the galaxy by the equation

i3 -
P= ) — (1.42
i I||'||I R, ! ]

IF 44, Ges ontside the visible parn of the galaxy, we expect that v oo 1/ 1 Tistead n
most galaxies one lods that o becomes approshinately constant out to Lhe fargest valnes
nf £, where the rotalion orbil can be measured. Tnosonwe galisios, the stars move at
speads that should rp the galaxy apart. Tlos nnplies the existence of a dark lale. witl
mass M x R,

The nature of the dark matter remains an unreselved puzzle and the current ¢laiin
15 that most of the dark matrer in cthe univarse is of an exoric nature. Consequently,
mveskigations of dark mattor 78 not ouby wital to explain the gravitational motions of
gataxics, lut also important to fest current theories of gravity,

Several catcgorics of dark matter e beer postilatod:
o Tloi dark matier,
o Cold dark matter,

Hot dark matter consists of particles that travel with relativistic velorcitios (the neutiivos
are a prime examplel, O the other haud. cold dark matter is comuosed of aljects
snffictently massive thar they move at snb-relalivistic velocities. The differvtice betweon
cold dark matrer and ot dark malter 13 sanificant in the formatiou of strusture, becase
1]]é'high velneities of ko dark macter causes it Lo wipe ol Lhe strucire on siall secdes.

1.5 The Big Bang Cosmology

[t

We have proviously mentioned Hubble's discavery of a direct relationship between the
cdistance hetween palaxies and the velocity wilh which they are ceceding. [F we consider
this ohservitional fact together with the cosmological principle we rench the concluzion
that the Universe is expanding. Conversely, if this expansion has eomtinned over the
eutire age of the Unbverse, cthen m the jast, these distant, receding objects niast onee
hiave been closer together, This idea gave rise 1o the Big Bang theory, the donuant
model 1 ensmedogy tondan. In the next seetion we will discuss some of Lhe observtions)

cvidense [or chis todel,
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1.6  Supporting Evidence for the Big Bang
1.G.1  The Cosmic Microwave Background (CMB)

The cosmic microwsve backeround radiation [CMB) is o form of clectromagnetic
raciation that fills the entire Universe and eadiates untformly from all directions in the
gkv. [t has a thormal 2.7 Kelvin black body spoctrum which peaks in the microwaso
range at a frequency of 1602 GITe (fot a review, see [1]1. Presently (he Universe is
dominated by dust. burt beeause radiation dilutes more quickly with the expansion, this
implies that at earlics times the Universe was dominated by radiation, Today the CMB
fills the Universe with photons of temperature T~ 2.7 K. In order to see how the
CAMD temperatinree varies with the cxpansion of the Universe let oz consider a volume of
photons, According {o the firat Taw of thermodynamics. the anount of heat 462 flowing

into or out of the volume 15 given by
dQ - dlfs — v (1.3

where 7 15 the resuliant c¢hange in the internal encrgy mside the volume, and PdV s

the work done by fon the systen. By assuniing d@ = 0, equation 134 can be written as

dE a4V
— =Pt —. 134
elt el! 3 !
By substituting E =« and P = %Lr’f"*, the equation E34 can be writton as
e csq RS L,
ATV + T — = - — (1.3
a’ T TR G
Using ¥ acalt)?, we obtain
Ll 114V
Eihs ot (E.46)
T dt IVt :
wlirh has the solution
Tt ecalty b (147}

It is elear that che CMB arises naturally if the Universe hegan in a hot aned donse stace,
The diseovery of the CMB radiation, seoured the Big Bang as the best theory of the

atigiy and evolution of the Dniverse.

1.6.2 The Big Bang Nucleosynthesis (BBN)

MNueleosynthesis 15 the proeess of creating new atomie nuekel from pre-cxisting nucleons

{protons and neutrons). BBN oceurred within the fiest three minutes of the Universe and
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atoms begin to fonn) compared to the comoving radius at the prosent

/ o /-*-u dt
o aif) trec A1t}

we cotchude that the horizon size establishier] at the recombination time (when free
electrons combine with the nuelel to form atoms) is mneh smaller than necessary to
acenunt for {he sotopy ohserved i the CMDB today. This i3 Lhe so called Liorkon

protle,

1.7.2 The Flatness Prablem

Observations show that £ is close to one [6], which means that it must have been much
closer to unity in the past. For example, we require & —1 < Q{118 at the epoch of
the wmclessyinhesis [8] and © — 1 < Q{1075 at the Planck epoch [, The guestion
thit arscd ¢ how could the average densily of the Universe be identical to the critical
density so soon alter Lhe T3y Bang? We know that the critical density g changes as
the Universe expands: thus for the Ungverse to be "fine-tuned” to this precision 1s highly

inprabable. This is called the Flatness Problear,

1.7.3  The Galaxy Formatinn Problem

Chie of the tenels of the Big Bang theory is that the beginving of the Universe was
amoolh and howogeneous. The question thal arises jc tles instance is how could galactic
structures havearsen from & smooth distribulion of matter fenergy i Lhe early Universe?

Thes is the soealled Galaxsy Forwalion Problen.

1.8 Inflationary Universe

I this sectine we will see how the inrroduection of an inflationary stage LY ir 1he early
Universe offers an clegant solution to the above problems. Inflation is a general term
tor seenarios of the very early Universe, all of which share the conimon fealure Lhal Lhe
Universe experiences a luite period of acceleraled expansion. while it 15 in g vacnmn-like
stale eonLaicing ouly hocopeneons classical fields, After inflation, the initial vacuuwn
state decay imo elementary partictes,

Acoording to eguakioe 115, the aceelerated expansion of the Universe can be achiesid

if the conedicion

g+aP < (1.35)
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i# satisfied.  For exatnple. let ns consider the Friedmann BEouation 1L Sinee the
comtribitions to the energy density ave redshifred away ns the Universe expatds (o0 ~
13, g e 0T and ~%, the gostological cons il aally be the domine

cip e 0T and pr o~ a7, the gosmological eonstant will eveutaally be the domineann
form of epergy. By ignorg all the contributious to the energy depsity otior thas the
cosmological constant, the Friedmann canation 1.14 beconies

L 2 oA .
o) = (5.39)

This dillerential equation has the solution
alt) ~eflt (1.40]

where fT — (5], From he equation 1.23 i s evident 1hial, &5 o and A jvevesse by
tremetndons amounts during inflation, the Ilg;h:: tand side of the equation 1,25 soproaces
zovo, Thus, Q is driven towards unity and Lli‘m spatial sliee of the Universe i< ade flat
by tnflation,

Liflation result in an overlap of tlie past histories of casual disadjoint regions. s
Lthese regions ran interagt and make the microwave backeronnd uaiforn (7. Also
inflafion explains the origin of Lhe large scale struchie of the cosimos as resaliing
fromi gquantuin Auctuations in the 1nicroscope intlationary region [18] Flie thoory
states that ihe SPONtAILEOS flactuattons i the pre-mfationary epocls were proaily
magnified by wmfacton, o the post-inflationary cosmos, these fluetuntions srodnceed
regions just slightly denser than their surroonaings, The differences in densily were in
rurn amplified by gravity, which pulls matter into the denser regions. This nflaion
provides o mechanism to generate the seords of censity perturbations observed o che
CMIY anisotropies.

Cuorrently no olher theory can explain bath why the Universe i2 so uniform overall
andd yot cottains exactly the kind of "ripples” represcuted Sy the distribution of gelaxies
theoupl spage and by the variations in the cosinie miicrowave backerouud eadintion,

The problent with the provious inflationary model is that there s ne way o laly =uch
rapid evalulion otce 1 has started, and eventually che Universe will be cnpty of nietier
ana radiation, I 1980 Gaith developed @ new nllationary scenatio. by infrolacing Sonte
aind of cosmnalogical scalar Beld gt ). Guth's fntention was Lo e the amoant of Hpe
during which that this rapid expansion occurs. The mechanism of the Gl inlaizon
corresponds to a phase transition in tne eatly Universe. To the next section we present

a birief review of Lhis scenario.
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1.8.1 Iaflation and Scalar Fields

Sealar lields lave long been nsed in many anifled pactide theones, [or example, the
Higes field of the Standacd Model, as well as the pion fleld mediating the strong nuclear
interaction, Assmining the existence of a scalar tield S(t), with a potential energy density

V@), we can define its Lagragian density L oas
) :
L ;B,,d}":;r—‘.’{a}- {141y
The action 15 chen

) 1 \
s= [t - [ dit [ 50,000- G (142)

The equation of wotion for this theory is obtained by extremizing the action ahove with

respect to the scalar field ¢
v dH@ = <V'(e), (1.43)

where the prime represents differeptintion with respect to @ The term containing the
Hubble constane servies as a kind of friction term resulting from the expansion. By using

Noether's theorem one can Jofine the stress-energy tensor
T = Pad’sn — L. (1-44}
Comparing 1.44 and 113 vields

- 1., _ .
p o= T"=-e"+V{g). (1.4

=
P o= %Z;r'"z;im? Vig), (1.461

In deriving these equations any gradient contributions are climinated, because any
inhomogencity in the field witl eventually be redshifted away by the expansion. The
terins 22 and V{g) can be interpreted as the kinetic cuergy density. and the potential

energy density of the inflation field respectively.

1.8.2 Slow Roll Approximation

The equatious of inflatiot can be simplilied by ssing the so called slow-roll approxamation

whiel assumes that the kinetic energy density of the inflation leld %r.:: s sl conipared
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to it's potential encrwy dengity Vig), and that the inflation cquation 143 &= friction-
domitated.  According to these assuinptions the acecleration term & can be mnered
compared to the force form V(@) and the friction term 35, By definiug the slow rall
paramnciors
w2 4

(= g l—\ ; 1y s SLTEI; 1.7
Then the slow roll approximation is valid when e, |n] <= L ¢ anel g hasically nwesure
the slope and the eurvature of 1he seadar lield porential Vgt Whan e snel | are seali,
the potential Vi) is relatively [lat during slow roll inflation: The inflalionary zlose
ends when ¢ and [g) grow to of omler unity, Unfortauately e, ln < 138 0 necessury
but not sutficient to guarantee the slow-roll appreximation. The parameters ¢ ' phce
restrictions on the form of the potentiat not the dynamical sobations. Inoseneral 1l
vahrlity of the slow-roll approximation cegires an existence of asvmpilolze atoeaelor
solition. ln Eerature there is anther farin of che slow-rodl approsimation wlinel places s

comditions on the cvalution of the Hubble parameter during the nillation[79)

1.8.3 The amount of inflation

An important guantity that describes the amonnl of inflation is the nunder of e-foldines,
delined by
: X i ot $r High 1 ,
N, [ — tar) = In—L j If it [ = Sl =t [ = tlar: LB
oy t, dae @ Jo, ¥

where ¢ aud [ orefer to the valiue of the quantities at the beginaing and the end ol 1he

inflating vespectively. In arder to solve the flatness problem, the monber of o-foldings
slenilel e N = T 62),

From the equations 145 and 146 we can obtain the Jollowing equation lor the state of
the inflation ficid

P _ 347 - Vi)

2 %@z + Vi)

P18
Il the fnflation leld varies slowiy o s Vig) then the equation of state becomos
i=—3. H,r.l']]

Thus, in this case, the inflation field acts like a cosmological constant,

By utilising the slow roll approximation, the equations of inflation are reduced to

H> = -V, (1.61)

e
b
L
=

I = =¥ (1.
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Iifferent inflationary scenurics correspond to the different choices of the potential V{d).
which are usually motiveted by arguments stemming from particle physics. To elanly
the idea of inllation, a simple example can be taken. Consider a polynomial inflation
where the potential is given by Vie) = %m“cfz. see ig [1.1]. Equations 1.51 read
3.4 :
(7S .
y? ~ = = 3HS +mis~0. (1.53)

}

By combining these cquations we obtain the solutions

g =~ gy - 3 met. L)
TLE . ?]’1_ 3 - -
i = exp E ot — \_Et NI {1.53)

where & is an iuregration censtant corresponding to the initial values of the inflation,
The expansion eate slows down witl the inerease of the second termm in the souare bracket

of eepuation 160, The wotal ameuny of iullation is given by

1 .
NSridd = 3, (1.56)

from whiel a constraint onpcan be placerd.

‘r*

0

Figure 1.1: Toy models for a guadratic infationaey potential

1.9 Dark Energy

Measuromenss of the CNMO belicate that the Universe is very close 1o having llat apatial

seetions 6. The total winount of matter in the Universe {including barvens and dark
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nuttrer), as measured by the CMB, acconnts for orly aboat 265 ol the critical dossite
14][15]. This insplics the existence of an addifionz] form of energy to acconne o 1 he
rewiving T14% [14](13). Alsa, in an elfort to neasure how much the ntversal expansion
has slowerd over the lase few bitlion yvears. astroncmess mocently began to oleorve wry
bright rare stars cailed supernova. In 1995, obserwtions of type la supenma by the
Supernova Cosmology ’roject al the Lawrence Berkeley National Laboratory andd the
Iligh-z Supcrnova Search Tear:, surprisingly indicated thac the wawersal expansion is
speeding up, or aceelerating [6]. These two abservational fucrs indicare that the Unoverse
ey contuin o new form of matter or erergy than is, in effuct, gravitationelly vepulsive,
This is called dark energy. Ahhough recently in has heeome quite cloar how dirk encrgy
works, its nature romains an unsolved problems The Stiplest explanation clas that
the cosimological constanl A leads 1o the so colled ACD madel 77

As we wentioned previously, e u:iu.qééﬁi of the costanlogical constant was st
inteoduced by Binstein so as tw allow forea static Universe. Today, the cosmeloyical
constant 18 recognized as vacinim ehergy, an energy assigned to cnupty space. 10 che leld
ctjuations are rewrilten so 1.]IF!__L.;.¢_flE., costlomical constant appears en the vight ol < de
of the equation, then the costmlagical constant can be associated willh o vacimune energy
deesity, In the next subsection. we will discuss the corsequences of such anisrerpretation

of the cosmological Conglasit,

1.9.1  Vacuwn Energy

Consider a'sealar field é. with porential Vis). The action is then

] e -
s=[v= [E,ﬁma,,aay@_ Vie) - (1571

The eorresponding energy-momentum tensar s
Toir - E':%f-'f'd;"? & E J‘-qlwdpmdﬁ'?} [ f‘?}ﬁul' ‘ (1.0%;

The vacuzm energy can be obrainel by setcing d,¢ - 0, and Viad = Via,) where V{a,)

in the global minirmmre of Vie), The vacuntm energy momestuns tensor s theln

T = factio s 159}

where peae = pa = Vide! = A Tlns e pressure associated swith the cosmolozion!

constant 8 then given by the relation

Fa= F1.00)
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[t this manner. the cosmological coustan! hehaves gravitationally like malter and energy,
exrepl that it possesses uegadive pressuce. 1f the etergy deusily is positive, Lhe associaled
negative prossure will drivie an accelerated expansion of empty space. Tt is the fact that
pressure also coutribites to gravity that makes the inclusion of the cosmological constant
interesting. The main atiraction of the cosmological coustant term is that il provides a
remarkabile agreement between theory and abservalions.

The phyvsical imerpretation of the cosmatogical coustant as vacuum energy densily is
supparted by the existence of Lhe "wero point” energy predicled by gquantum mechanics,
A major outstanding problesm steroring from associating she eosmalogical constant with
quantum-mechanical vacuum energy appears when we make cvenr a simple estimate of
what tlids implies for jts vaive. The following estimate is taken from [531 Consider, for
example, a simple harmonic sseillator of [requency @) Lhat 15, & particle of mass m moving
i a one dimensional potentiad well Viel = 1_5’21.;."‘!.?1’""1, We have chosen the potential such

that it has & miniruun V(0) = 00 The wacnnmg stare has a zero-point cnergy,

A relativistic field may be thoughl of s a collection of harmouic nsctiiators of ali possible
frequencies. A simple examplods provided by o scalar field é of mass i For this swstens,

the v energy 18 sirpiv a sum of contributions,

N
=t 302 (1.62)
FHEL

where U sum is over all possibie modes of she field, 1.e. over all wave vectors & The
sum cin be caleulated by placing the svstem in a box of volume LY, and letting L go
to infinity. If wo impose periodie boundary conditions, forcing the waveleugth {in, say,
the ith direction) 1o be A; = L/n; for some integer n;. then, since & = 2p, /A, there are
i L /27 discrete salues of &, in the range (A & — diy). Therefore, 1he expression .62

hecomes

ak

v Laa i
bu — '-EL . L'E;T:I:-j vhefa '-.l"[-""-;jl

The enerey density pvac 15 obiained by letting L — oo while simulianeoisly dividing
bioth sides by the volume L2, In order to perform the iutegral, we must use wf = &2+ m®,

and impose a eulodl al A waximun wave veclor Binax >> . Then Lhe jntegral gives,

=g Ey j,_-ﬂn” g
fhrryee = ﬂ;IEI”.!t;: E = IE;IT_Q X []..{Ji_,l
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[t i widely beiloved (hat the Planck energy B s IHYGel = 1%y mavks a point
where conventional Geld theory breaks down owing to quantum gravicasional ellects. By

choosing faax = 1. we oblain
mvae s TP Gl e |08 aiem™ WY

This 15 approximatcly 120 orders of magnitude larger than is allowed b ohzorentions,
This problem is termed the magnionde problem, Sed Lighly theoretieal calocltions of
fhne Ate a Toal limic ro the plausibility of o non-zero cosmelogical cousiant, Even theagl
theoretical calenlations of the cosmological eonstant areoaot flly understooed, the faer
remaing char che vacunm energy does exist, Shuce g:'z'i'v'-.i"t'*':-' conples all forns of erneray
the costmologicn] constanl rewaing as o phvsically [}|HIIE:13}|E‘. parl ol moders cosmelog:.
Although the cosmelogical constant 35 thesineplest paradigu fr costuic aceelerat o,
et i< nol favonred boeanse of che mugniide of Le problem, Furthermare, the efecnive
squation of state shonld evelve wishime (31, while w of the eostnolagical constarr =
time-independent, As a response tooches probler & new mode. with dynsnden]l vaciim
encrgy, duihed guintessence, has been proposcd [ 76]. In the next section we will present

A detailecd dizenssion of s model.

1.10  Quintessence Q

Cnintessence Q'mﬁreﬁents dynamitcal. spatiallv inhotcgeneeus, negative pressnee cosmie
scalar ficlds  The eritical distinction betweer: @ aud A is that w. e ratio of pressiue P
30 the cuergy densiry g is precisely —1 for A whereas w s 1 = <08 far quiisesson ce;
shns qiincessence possesses A e varving cqnation of stare, An fnportant wolivalion

for conztdering 1he guintessence wodel is to address the roincidlence problep.

The key iden of quintessence is to assnme a scalue Geld &ff) with & potential enerpy
densisy Vel In order 1o derive the acceleraved expansion, the scazar field shonld 101
dewen its potentind very slowly, The homogeneons corpeonent of that held hes an cquaetion

ol 1noiion

d—ame- Y _ 1.46)
e

where Lhe dol detoles aodenvacive with respeet to titne andd 77 is the Hubble paramerer

PR ;
B FENT. BT 10— j T
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It is clear from 166 that the expunsion provides « friction that prevents the scalar field
from quickiy rolling to the minimum of its potential, The pressure and the encrgy density

in the field are given by

1

Po= ﬁ.;ia*—v{m, (1.68]
p! = %5%‘-’{*3*}- (1.69]

As for the mflation field, the first term, 5@9 can be interpretedsas the kinetic cneroy
density and the second term, as the porential cnergy. While the equation of state
parameter < is given by

.
Wy = % . (1700

By amltiplying 1.66 by d, pgnalion | G6 can be written as

[%&:*1 G Eqﬂ = 3 {171}

By substituting for & from 168 aud 1.69 we obtain the continuity cquation for she

(uintessence feld
a4 3{p+ P) 0. (1.72)
Using the generaleguation of state for a perfect fuid equation 1.72 reduced to
P4+ 3H(L +wlp=10. {1.73)

where the dos denotes o derivalive witly respect o lua, then the energy density of the

guintessence bBeld can be reconstructed as

pla) = ¢ perexp (3/ i1+ wolal] din ﬂ) ! 1174

It is abso possible to reconstruct the potential Via). kinetic energy KE(a) and ficld

evolution (Q{a).

Via) = %u{a] 11— »ﬂq{[ﬂ; g (1.75)
KE(a) = %.ﬂiﬂl L+ wepla)] - (1.76)
Qi) - /H‘lv-"f)[:ﬂ} [| + weolal]dinn. (.77
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[F the petentinl enerey dominates Vo= K the scalar field will voll deswn its potential
slowly ennught then the equation of state parameter will beconie g o I producing a
COSIILC accelaration,

Loy the guintessence tn address the onincidence and the magnitude probloms, we
st tine Lie parameters of the potential Vo) and the initial conditions in the feld ¢
Anolher problem with guintessence s referred 1o as the cosiic colncidence problon, hiat
is. the near eeitivalence of the smalter ael A eonteibaition to the tolal eneregy densic, In

order te solve this problem, a gquintessence model known as Tracker has been proposed.

1.10.1  Tracker Quintessence

Tracker is a particular class of quintessence models thiat contiin an egquation of moetion
with attractor solutions in which a very wide range of initial conditions rapid]y converge
10 a commaon cosmic evolutionary track, so that the tracker solutions are fusensitive to
the initial cotdilions. TO stidy ey the tracker solution s approched it is nsefsl to

rewrtte the equation ol motion equation 1.66 i the form,

i 2)! Hr il | wa) [ L dlne” 1R
VT a0g | T Gdlad '

where the pritne denotes the derivative with respect 1o o, the = sign depends on whbesler
i ; } K }

V= Dor Vo= 0 respectively, and

= 1_.9"2&‘2 B (1~ gl

= e L (3,70
=T (1T—ay) A
Bv tﬂkf@g the dervative of equation 1.73 wilh respect to & we obtain
o= i-'.--.f-' L-" Ll L"-"G' 1 |- [ e 2_...5'[2 i‘ 2 ol "J hUl:l
= = == T 5 = 7 = ) £ Ll b r T 4% -
1772 201 weg) 1 . 1 ST R ) W b W R o T B s

where & = dinx/dlne and wg is the equation of state parameter, Tracking oceus for any
potential which satisfies w < wp, T > 1 and fT" — 1) /et << (T — 1177, and e {racker

equation ol state wy Is now given by the lnrmnla

b ) ,
wh T — i1.EL)
S R A

The tracker equation of state depends oo what is happening i the rest of the Universe
Il the Universe iz radiation-deininated wy = 173, the trackor hehaves as GF b0 owore
anather radiation component with . less than or equal to 1030 and its cnergy density

decreases in parallel with the dominant radiation componest. When the Universe s
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matter-dominated way = 0, then wy < 0 and the energy density in the tracker field Legins
Lo deerense less rapidly than the matter density, Eventually gy surpasses the matter
density and hecolnes the dominant component. At this point the Hubble damping of
the feld evolution becomes ngportant, o slows to a crawl and w — —1 a3 9, — |
and the Unmverse 3 driven to an acceleratimg pliase, The tracker only beliaves as a
pepativie pressure component alter matter radiation equallty, so thab it can only overtake
the matter density and induce cosmic acceleration alter the matter has dominated the
Universe for seme period. This is an imporcent example of an ceplanation of the Rue-

tuning and eosmic eoinetdence problems. Lhe point is summarized in g (1.2 Although

S0 . < fzphwsn !
o % . |
tacke: |
| 1
=
- |
B
a 3
31
2
i
T
1E
oy
e
L w 3 i :
g a 13 o 3] 10 L5
ZA4!

Figure 1.2: The energy density versus red shift for tracker Beld.

vhe suceess of guintessencr in o scalar field explaining the cosmic acceleration and the
colncidence proldem i3 evident, it is still not clear where the scalar feld artses and
hows to choose the seli-interacting potential. A diferent means of solving the cosmic
acecleration problent is called the extended theories of gravity |13 — 42|, In this frame
work the standard theory of gravity GR s considered as a particular gase of a mwore
general theory, In the next section we present a detaded discussion of fIR -pravity

wluch 15 one of the most extensively stadied extendeod (heories of gravity
1.11  f(R)-Gravitly

Regarding the scales on which gravity should behave, osseatial classical cesmelogical

vhservalions indicate that Goneral Relativity appears unable to effer a simple cxplanation

T L P S M

L%
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of the phenomena ebserved. Cuorrently serious atfention is being paid 1o Ghe elissical
tormulation of gravivy, in pacticuiar, che dynamies of galaxies and clasters of galasies as
well as the present accelerated expansion of the universe. the existence of dark nalier
and, mest of all. that of dark energy.

Recently, cosmelogists believe that tiere s core ereditality o classical grovity (han
in general relativity; tacrefore they are nvestizalicg the possibiliies of formalating a
viable alternative theory of gravity, which could explain the los enersy nniverse witheit
reconrse to new, unobserved particles. Varous ioadfications Love been proposed. Soine
examples of these aiternatives are dark energy models of gravice (U Fgravey midels
of gravily [13 —42), and brateworid models. Here weowlll restnct aur discussion o1 e
recon:d classes of gravity models,

Medern theories such e String/M-Lheoty indicate Lhal amodilication ol e stadard
gravitational action 1.8 appears to he neeessary, Furthereore, there i no prior voeson
1o restrzet the gravitational Lagrangian fo the simple Einstew-Hilbert action wiwn s
mate general formiation s allowed. © Thius senons allention has been pad 1o the
alternative lorrdacions ol gr.-aﬁir.;»_.t whizeh are based on the Lagraggian o inchude bgher
order correclions willl respect ba the linear lerm in the sealar carvataee [ Einstein-TTL werd
action). elther in che foren of Wigher order curvatnre ivartant s or non-teinially couped
sealur fckids {35, 306, 37]. These theuries pessoss a anmber of uteresting featies with
regards to cosmulogical and astrophysical scales, In fact, they are known teo adit
nattiral imflation phases [33] and 1o explain the flattening of the galactic rolation curves
[38]. Another very interesting fealure of these models is that the Ligher ovder correct ons
tu the :I'Ii':':scl't—E-inst,cin action can be viewed as effectively a Huid which could minic the

preperiies of Duarle Enecgy [34 .
1.11.17  The Curvature Flnid

The tdea of modified pravity consists of introducing corrections to the Einstein-Tlberr
acticn that are neglizble in the catly uaiverse and ouly beeome effective at [ade ties
when tie Rieol curvature B decreases, [Tore we will onby consider fi0) wravity o the
FEW tuiverse. Tu Hlds approach the cutvature £ in the Einstein- Hilbert action 1 vacin
ia replaced by some genetic [unction f{R) In vacuam, the [ R) gravily action lakes 1he

[ETH

Sl f IFCRa V=g e (12)
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where fig) = "™ Rlg). o is the determinant of the metric tensor g, and R, (g) 1s the

Ricel teusor delined 1o terms of a conuection I as

N ! 5 i WA L 1 L 1 y
”-,rwl:.‘n’l = -E},u.[ iu g "-]A[ i +1 :lpI f,}, =7 ;p[ ::},1 (1.83)
where
& g™ ) :
rn.i‘ = [L*c-.'::’mi = d-'iﬂpu = Jpﬂn.‘i] ' “.34]
Irs the metric- f{ R) gravity varying the action 1.82 yields the feld equations
. 1 L .
Gu  Rus— SR =TS, (1.83)
where the pnme denotes a derivative with respeet to At and the curvarure stress-energy
TJ:.:.'"H tensor is piven by
- [ 1 : o E /8. T ia
ot R {‘Q‘H:w Sy = 1T A AR Qe s -y,w.r;naJ} o (1B6)

Waithor in this form, eqs (2,17) have o clear ipterpretation: the right hand side represents
the soirces that generate the spacotitie (orvature associated with its respective metrics.
Though we initially started with @ pure gravity theory in a vacoum, the higher order
terins turned the vacoutn gravity theary into Einstein's equations with additional

i CLFu)
CUTVATIIT Stress-energy tensong .

that acts as a matter source,
This uew source cad Bednterpreted as an effective flnd of purcly geometricai origin.
Depending on the scales, such a corvature fluid can plav the role of dark energy and dark

matter. When matrer is cousidered, the action [1.82) takes the form
Sq = [ JR@)~Lu V-gd'z, (187!

where £ag 1s the standard malter Lagrangian density, varying (1.87) with respect to the
mitrio, we obtain

L_pom (1.88)

l Lok
— Tploure)
) 5 _fr{R] jlie

G_u:ﬂ = pr- - E.?;wﬁ e
It is cleur from [1.88] that the term F'.!T} couples matter non-minimally to peometry.
Owing to the presence of the term f'(R})* eqnation [1.88) can be seen as a system of
fourth order differentiad cquations with respect to the metrie. However, when f(R) = R.
this CUTVILUTE SITESS-EHETKY LeUSOr 'I;'if,"”"‘ identically vanishes and equation (1.88) reduces
to the standard second order Einstein Aeld equations.

Iy the comoving coordinates (4,0, 4, 2} the Seld equations (188 reduce to

1 R =t - r‘ ‘k 3
He = ﬂf" ""IP—E'—JI dHHf'li e [1.80)

-
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3 2 I : =t - i e .
2H + 3117 = —— "RV + 2R — Rf" + - ',i' nr T 3 10
J

where the dot denates the differentiation with respect to f.

1.11.2  Curvature Flnid Fquation of State

The field eqnations (1,897 and (1.9 result in the acecleration cquation

il 1 i .
("} - "E ]r‘;m': + | o flam:
where
Pira) = Piwy = Pomy Pitos = it P - (LU2)

It is clear that the accelerated or decelerated behaviour depends on 1he sign of rhs
Using the curvaliire sl 1ess-energy teNsSor, oneesn write 4 curvatiure pressue pop and a

curviiure energy density gy for fiR) models g5 ollows:

' ! :
Py f,,IR { () e« @yl + B2 - 5 pr) Ry s
atid o curvalure density
aY . .
o = Ry Rf“R)|--3(-)|Rs" } LEY
a1 4y f’l’ﬂ { i)y RiR)| ("JHI{H 1.4
From eq.1.91, the ua-eltram-:l behaviour 1s acliieved if
¥ .\ o gt « = el . I = ¥ e
o - o A {n-;" R) 1 (SYRg"R) 1 RIUR) - 5 R RS L < 0
1 1.95]
Type Lla snpernovie yield an equation of state w = -1 at present. For the model to
mimic 1he rle-Sitter aquation of state with we =« 1,8 must satisfy
,.'H“ R H - R i
e (106

1.12  The Phase Space of f(R] Gravity

Thiz section presents 4 review of Lhe phase space of F{R) cosmology [281. The Hicld
equalions 1.59 and 1 %) are fourtl order in the scare lactor et f) Bet when tie cnrvitine
Index £ — 0, they can be converied to thint order equations i the Hubble sarameter
I = ‘-;‘_ In this discussion we wilt restriet oursebves Lo this ense. By setting & = (1 the

[Tamiitouian constraint 1.89 can now be weillen as

. " = =Gi'H- s
Rt R = GHT ; {1075
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It 1% clear that che dyuamnical variables 1. 1. It are not independent. T'lms phase space of
the field cquutien 1.89 and 1,90 can be reduced to two dinensions (H, 1Y), The selutions
of the Aeld equations are confined to the surface defined by the Hamiltonian constraine
equation 1,97 tn the 8- phase of space (H, R, R).

It Lhe phase space (7.0 the regions defined by

{;;H. R):Rf'\R) f(R) 6HR(H.R)f'(R) <0}, (1,18)
Alll.l
{(i. Ry : [(R). L'(R), or FY[R) are not defiued] | {1.95)

It these regions H7 is found to be bess than zero: thércfore any orbil passing throngh
these regions will not be considered as & plivsical solution.
By setting H = 0 and & = U the equilibrium puints of the dynamical svstem 97 and

1.800 are fonnd o be

"71':1_ ﬁfuj :
(4 B)= ( \”f 7, { 10K

where fo = F(Ry). It fu 2 0 and j&r____{i bwo de Sitter eguilibrintm points always exist in
the & = 0 plane with H,* =) = i‘t i'%" the positive sign corresponding to an expanding
salution while the aegative &cgn represents a contracting sobation.

1.12.1 The Stability of de Sitter Space

The stability of\de8itter space can be studied either with respect to the homogeneo s
perturbations,, which depends only on time. or with respeet to the more genera
inhomogchesus perturbations, wlicl depends en both space and time, In [28) it is
demonstrated that the stability conditions for these two coses coitnciede, hecaise the
mlmogeneitics are found to e redshifted away. The stability condition for de Sitter

space is found to be
[fp} ~ 2fufd >0
fofg

This stability condition lielps to mle our medels from a theorctical point of view. As

(1.101)

un example of the application of the stability condition see (28] For f(R) a theoty.

churactermed by
.ﬂ

_—— )L
fm=r- L. el
Tlie stability condition 1101 reduces to

A )
L4 S g;_% <0, (1.103)
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The condition for the existenes of de Sitter sulntions is fip = /3 ;12 - skerelore ehe stalility
cordition 1.103 can neves be satisfied. 1Zis situation can be comnpensated by o quadietic

correction in the theory with
1 .
fiRi=R *R -alt® . (1.1M)

Ihe conditioz for the existence of de Siwer space is again Ry = v3ud, the stalility

condition 1107 reduces 1o

- l,. =15 (1,435
Iviapu-—-1
wid thercfore the de Sitter space is stable only it
| .
B ey f1 10
KEVR TS

otherwise it is uustable,

One of the imain sroblens ﬂutli{'ﬁt&ﬂgf‘l.ﬂjfﬁt? study of higher crder theories of craviny s
that fivding exuct vosmoelogical solutions i= exiremely difticult owing 10 the gl degroe or
nonlinessity exhibited by thesedbeories aud the fsct thet The feld cquations acising lron
LU -actiom are typieally of |Lefonrth order, This problem can be particlly addressed by
ernployirg w suitable choiee of generalized coordinares. In this case, the (el oot ions
vir be written as au;vsﬁ.:m of first order antonomeans different ial ecnations toget her with
1 consuraint n{n_:_aﬁhn irﬂ]]. In this wav the methods of dyieanicenl systemns theory i be
exploited {31 it order to both understand the quaitative beliwvionr of the vosologicul
dynauenies s obtain specisl cxacl solutions of the vosicalogicel equations The general
asproach sllowirg one to sualyze lighes ordes gravity wizh: dyiaaical sestems techinignes

liss been presented elsewhere 32
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Dynamical Systems

2.1 DBasic Concepts

This chapter provides an elementary introduetton to the theory of dynamieal systems.
Tle cvolution of phvsical systems is oftengiven by a seu of dilferential equations whick
can not always he solved anadytically. . The dydoamical systew theory enable us o
iuderstand the space of solutions without solving the cquations themschves. Instead of
louking for a particular solution to7a set of differential equations, dynaniieal systems
theory lonks at the qualitative propertics of the set of all solutions to a systemn.

A dynamic system is 4 setof stares that arc normally deseribed by o set of variables
T4+ ceonr Tp. caach one depending un time (, along with & mle that describes how the present
stute is deterniiged by the previous state and the initial conditions, T'his rule is given in

terms of differcitial equations of the form:

i‘[ = fl{lfr-r] ---- -1'TJ'I:I'|
TN, .
j‘h = f...i!,f] ...... TI"}q.

wherex, cRand [, : R—R. i 1,...,n By defining x  (rg, ..., ry )7 and F{t. x!

[(Fi. . f 30, e the matrix lorm, the systen: 2.1 can be writlen as
% -+ Ft.x{t}) . (2.2)

Chie may use various methods to study Lhe svstem 2.20 generally they nre classilied as

(1 gualitative (20 apalytical {3) uunerival. This chapter foenses only on gquahitative

29
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methods.  We begin by defining sonie lundamental concopts closely relute 19 1he
quelitative approach to dvnamical sysicins.

Dcfinition 1. Autanomous Syster

In the system 2.1, if none of the lunclions. f,. depend ou time. the systom 14 tonined

attonomons. Aulonomous systetis can be written i the matrix form:
x = Fix}. 33

In the following sections we will tocus only on actonemeons svsien:s.

Delinition 3 Phase Space

The phuse spuee is the set of all possible states {7 L. oy | ol the systent gepesolly
thie phase Space 3 a subapace of R loeally.

Definition 4: Trajectony

Uhe st of soitts (6 x(15 4 & Rowhich solve the avstorn 2.3, and for watch x4q) = v,
is callod the trajectory or solitinn etirve i | he dyvirical system passtug throngh xg,

Definition 5 Phase Ilow

The collection of all lt'Hliﬂn#fjf.-iIPﬁ obtained by varying tp and xq theovghout vl sllowed

values is called the Bow of the {"-,-"3,,- natieal system.

2.2 Linear Dynamical Systems

Theorem 1.2 .Eei A be any nx n matriz. Then for a given £ R", the initinl

vaduc problom
x  Ax, xiil] =Xn. {2.4)
has o unigque solulton given by
Xity -e%xg, {2.5)

where xq 15 delermained by the inttiol conditions.
The set n! vectors x € R"™ spans the phase space of 1he syslem 2.4, and rhe set of all
solution enrves xit] € R". dehiues the phase parirad of the svstem 2.4 The feeton

fla)=o 1206

On the rignt=hund side of 2.5 defines a set ol linesr mappings [ R® — R, This ses

ol mppings may be regarded as describing the matkon of the points xp € R wlong
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trajectorics of 2.4, whore the point x; ¢ R", moves o the point x(2) © RY, ghven by 2.0
after time t0 The set of all the mappings 2.6 is called the How of the linear svatem 2.4
Drefinition 7: Fixed /Criticat 'nint

A pennt e s ealled A fixed or eritical potnt o Lhe Aautonomous dynaanic system 2.0 if
x=0+= dx; =10, (2.7
whichh means that o & system s al a hxed point zp 1 will reman there lorever.

2.2.1 Diagonalization

If the matrix A ts5 dingonal then the linear system 2.4 s termed an uncoupled linear

A and hence obtain

systenn., For uncoupled systems it 18 casy to compute the matrix ¢
an explicit form for the soliution 2.5, Stnee the matrix clements depend on e bases that
are used o represenl them, if 4 s not diagonat, we can took for the transformartion that
reduees the matriz cloments of A w4 diagonal form. This section presents the various

cases [or wlich this teansformation exists,

Theorent 2.2: If the eigenvalues A, A, of an nxn matric A are real and
distiel, and if the linear fransformation T R" - R" is vepresented by the
rratrie A with respecd fo e slondard bosis '_r-31,...:f:n_]: then, with respect o

any Gasis of cigem:,c—ﬂm‘s ooty of A4, T is represented by
LT OO o Y L (2.8

where the transformation malvie P = (v, .

Willi respect to the basis v, ..., 1. the system 2.4 Lakes the Jorm
P la=P'APP %y fip v = diag[A, o Ay (2.4
whore y = P~ % This uncoupled linear system has the solation
yii) o dingle™t, et i) ALY
Tt Followes thiat she Hnear system 2.4 bag the solution
R E= F_'[a'ﬁ”t,.,.,ﬁj‘”l]f’x(ﬂj. EE TN

Delition 8. Ao eqguiliteinm point oy s called s hvperbolic equitibrime point of
2.4 1 noue ol the eigenvatues of the masrix A cuntein a zero reat part.
An hmportant property of au equilizrinem point is s stalnlity. The following describes

the lasie cases:
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o [[ all sobilbions that start close to arn cquilibrivm converge 1o the eguililivioa

asvinptotically as t — oo, the equilibrinm is described as asvipinbically slablo.

o Il all solutions in 4 sufficient]ly small neighbouraood of the equilibinn remam close
to tac equilibzinm paiet, the eguilibrinm peind is likewise regurded as stable. Note

that asvinptotic stability implies stability,

o Il every teighbourhood of the egnilibriun. point contains solulions ariitrarily close
3 114 1 I v Yo rmae ' Tl W H = - i1, " %
to tae couilibriun poiet thet lesves 1ae ceiehbochoned, we say |he eouilibieanzs

point s nnstarsle.

Dasfinition & An equilibrnium point og of 2.0 is catled & sin I all of he elgeivalics of
the matrix A contaic a negative real parl, it s colfed o souree i all of the cioonnlies
of the matrix A4 have & positive real part and it s called a saddle if it s a byperbolic
point and A has at least e eigenvaine will A posilive resl part ard ot leasl ore with
a negative real part: it iz called acenter il whetever A has a puir of pore imagiuary
enmplex conjugate eigenvalies. The phase Hows of hese ciffereny cases are shown 1o fig
[2.1].

Theorem 3.2 If the 2o % 2n real matriz 4 hos 20 distinet compler ergenvalues
Ay =y il and A= — il ond corresponding complez eigenvectors w; =
w; Hiy and wy = g o ivg, p= 1w, then wpv, v ere the basis of 1

The systemn 2.4 ran be writhen in the diagonal form
P lx=PlAPP xg =  § dingh, Ay, ey

where P = uym. gty and P7VAD b5 o 2% 2o with 2 x 2 block dicgonal.

The solution of 2,12 is giver by

a8t —sinhd

[ F2 3 !
VIO 5 T e : P
S e osindgd o bt ] ¥i
It ther odieass thal 2.4 has She solntion
L . Lo toshid —sinkgr oo
xth = diag g% o S PN

cosindet owosbir
E A

Definition 10:  Lel A be an cigorvalue of the n % 0o matrix 4 of meuliphioty o <2 g
Then Inr & — |, o aey vorzero solution of (A - X % = 04 called a senetadized veetor
of A,

Definition 11: An v somalnx Vs said $o be rilpotert of arder &0 NY - /0o
NE =1,

]
g
g

Ty o Rl L, 03
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Figure 2.1: The phase portrait of a sink, source saddle and center respectively

I'heoremyd.2s Let A be a veal vo= n omatriz with real
repotted aecording to thetr multiplicity

cigenvalues Ao A,
cigenvectors for 11" erists

Alsa, «

If [y, ] forms any basis of generafized
o the matesz P oda snverdioble

fersiz of generafized
rigesrvactord foe [

A.=E40

(2. 13)
where N = A — 5 48 ralpofend of vvder § < n

The salution of 2.4 is glven by

Wt =P diug:EAJ’] P!

‘,v.,..fk— lfi.'— 1
T S R U 2.14]
# Y T T W=t
Finally lot us consider the case of multiple complex eigenvalues. If the matiiz & in 2.4
s 2n = 2n with multiple complex eigenvalues, then the sohution of 2.4 is given by
) = Bt ORGP =i ] o [

NEg
, il 4+ N |
st conli | A, R Bl Xi

43
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where I” = [y, tug| and N = A4 S i= nilpotent of order & < 2n,

2.2.2  Invariant Snbspaces

Thoeorem 5.2 Led A be a vead v« nomabedr, Ther Y ean he wvitlen as b direct

sum of three subspaces denoted by B EY and B

RF=E'+E“4+E". itE

[+
=
&

where
o L =spari 6y...., ¢y, the stable subspace.
o Y =span €, 10ty pu, Wi nnstable sihspoce,
L P P ) (SR N 1 cﬁﬁ&ﬂi'—-ﬂﬁg;m?ﬁ,

1, ey] are the generalized elgetvectors of A corresponding to the eipenvalies of
A having a negative veal pare [.rfﬂ.,,;s..;;._..t:HuJ are the generalized eigenvectors of A
corresponding o the cigenvalyes of A having a positive real ity nid [Fegepe oo fes g ee]
are the generalized cigenveetors of A correspending to the eigonvalues of A laving aozera
real part (zee fig [2.24.\Thesc threc subspaces are invariant with respect o the Jow

Figure 2.2: The stable, unstable and center subspaeces.

el of 2.4, where the solutions of 2.4 with initial conditions entiresy contained in oisher

E* E", or EY must forever remain it that particular subspace,




Chapter 2 35

2.3 Nonlinear systeims

In general it 3s not always possible to fAnd an analytical solution for & given noncinear
system. and in such cases one is foreed to use approximation methods. The following
sections preseul some basic approximation techniques that enable one to desl with
tonlinear systems.
2.3.1 Linearization
Let us consider the n dimensional nonlinear system
x - fixi. (2.161
If fixy) = 0 is an equilibrium point of 2,16, then Iy Tavior's theorem
Lo NC T
flx) = DROX + SDH0IR X} 1 o (2.17)

it follows that the linear term DE0)x 45 a_good first approximation 1o the nonlinear
funetion fxi near x = 0. "The nonlilear system 2,16 can now bhe approximated by the

lincar svstem

x = Ax, {218
wh
i afi daf.
1 E> B a.f
df: glz
x e

_
s
£

A= 000;=

ol
His
QE:
:

[ %)

s
i

This is called the Jacoblan matrix,

2.4.2 Hartinan-Grobman Theorem

This theerem expresses one of the most important resulis in the local qualitative theary
of the ordinary differentinl equations: accarding to it. near the hyperbolic point X, the

nonlinear system

% =F(%). (2,19
is topologically equivalent to the linear system

x  Ax. (2.20)

which enns that the two antonomons systems 2,19 and 2,20 hove the same qualitative

structure near Lhe equilibeiun point Xq,
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2.3.3  Lyapunov Theorem

1A - D0} has no eigetvaluies with zero real part; then there exists stable and nustasle
mainfiolds of the nonbnear system, W and W, which ate tangential 1o E7 el E"

respectively at the fixed poine (soe fiz (2.3]).

Fipure 2.3 The stabie, unstable and center i folds.

All'we know abont these manifolds is the fact that they are tangential to the nmvaruwl

subspaces in the neighbonrhaod of the fixed point.

2.1 The Center Manifold Theoremn:

The presvions seetion presented the Hartman-Grobman Theoren, which complerely solves
the problem of detertniuing the stability and gualitatve beliavionr in the neighhonrliood
of a hyvperbodic ericical pomt of & nonlinear systern. Tn Los seotion we will discuss the
prablem of detennining 1he stability and qualitative bebiaviont of the How wear a wone
iy perbalic critical point of 2.19 using the centre wmanifold approaacl. The centre manitodd
theorets is a peneralization ol the Lyapunoy theoret 1o the case wlen Lhere exisf a conor
manilold W Langential 1o the centre subspace B at the lixed point. For siaplicily we

shall agsmne thal the ovigin s & non-hyperbolic fixed point as repatds this svstong (Uis
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assumption does not affeet the generality ol cur treatmnent because itis alwavs possible to
change the coordinates to make the fixed point the origin of the new coordinate system).
I[Te CYE) and KO) = 0. then the system 2,10 can be written in the diagonal form
w=Aw+ Flw], (2.21)
where A= DEQ), Fiwl =w  Aw and F(0) = DF{0) = 0. Now let us try to decouple
the monlinear svstem 2.21. We can lind a linear transformation T which transforns 2.19

inta the formn

e Ao 0 0 [ x ' Fy(x.y.2)
¥ 52 R S ¥ + | Fuix.y.zl | (2.22)
s o A z F.lx yo2

where [xy.z2) £« A% = B < R s+ u+ o =mn, A, is & diagonal s = & matrix having
eluenvalues willi a negative real part. A, 15 a diagoeal < e matrix having cigenvalues with
o positive reat part, A 5 a diagonal ¢ x o malrix having eigenvalues with a zero real part
and Folx, v 2) IPuix.y.2), and Fa.x, y.2) are the s, v and ¢ components, respectively,
ol the vector T Tix.y.2}).

We did] not decoujde the stable and nnstable states associated with the negative and
positive cigenvalues reepectively, from the states associated with the zere eigenvalue,
because of the term (F, {x_,-y,z},'Fu{x, ¥, z],FE[x,y,z}]T. In what (oflows, we will find
two funceions hi relating x and z and hj, relating y and z, i.e, x = hilz) and y = bjlz).

The centre manifeld theorem gnarantecs the existence of such mapping.

2.4.1 The Loeal Center MManifold Theorem

Suppese 222 s C° r = 2 then these exist as o ©F s-dimensional loval stable manilold
Wi 0] tangent to the stable subspace E° at the ariging a C" n-dimensional local
stable wanitold WIRID) tanwential to the upstable subspace E* at the arigin and C°

loe

(S

e-dimpensional Tocal centre marifold i1 tangential to the centre subspace EY at the

Lias
otight. In partienlar, we have .
Wi o) = {{x__}'_zj € R« B" « Rly = hjix).z = hi[x]); Dhy = 0. Ph = 0; i} < 4
WED = lixyzle B x 8%< Be=hilyle=hl{y Dhi=000h!=0 |y| <3
W0 = {[x,y,z] € ftf % R x f|x = hilz),y = hiiz): Dh] = 4. Dhy = 0; 5| < 5} .

where hi{x} hifx]. hi(y). hi{y]) hiiz) and hi{z] are C". In order to find the contre

manifold wo neerd to solve

Dh(z! .q{z.—;:;;{h;-:z'Lh;Lz],z}J — A S (z) - £ [:h;;(z},hg{z):z:l il 2R

2

by
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Dhjiz} [Az+ F. bz}, hiz), z:l:-' Auhl(z) — FulhS(z) hi(2), 2l = 0. (224
with the baundary conditions

he(0) = DhE(0} = 0.

hyi0; = Dhi{0l =0,

[ geueral. these eguations are dillieult to solve anulvtically, so wo resort o
approximaricns.  There are various approximations to the previous boundiay vone
problem and we restricl ourselves to only the polvsamia) Approximation metaod. [u

this method we approximate hS(0) and hii0} as

hi{z, = ay-nz~ a-z° + u,-;.za Zf— {2.25)
hiiz) = by+ bz + b2 byz + ... (2.26)

furm the boundary conditions my = 'Em' =m = & =1 Todind the other coctlicient,
substitute these palviomiala iy 29 and 224, and mateh the voellictins: Now 1o
flow o the centre anifold W"J:U] in the neighbourhood of 1he arigin is defned 2 the
systom

2= Ace+ F, (2. hiiz) hi(z) .

‘or all 2 ¢ R“. Since the dimension of the centre manifold is 1 ypically less than n, this
simpliﬁea—ﬁ&n.pmhlnm al dletermining the qualicative behaviouy of the svstem 2,19 near a
tothyperbolie critieal pamt, In general. the flow on the contre manifold nea the lised
paiut takes the form

g=az 4 ...

e > 2Zand o, 4 0, then lor v we have o saddlenoce al the lixed point, for ¢ odid and
oy > 0 we have ap unstable node and for r odd and o, < 0 we have o topulogicn] sadele.
Now let us consider the case when we have a doudle zero pigenvalue and ane cigenvalue

with a ncgative or 2 positive real pact. Assume that we have the system

" A 0 0 5 fxy f Fuezn.z) b
4 0 Aa 0 || 2| =] Fabram) J
£ 0 0 Aw i\ \ Featr; 2y, 1) |

where zp and 23 are the states that eorrespond to the zero elgenvalnes and o s the

state that corresponds to the eigenvilue with o negative real part. In tlis cese 10 follows
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from the local centre manifold theory, that a 2-dimensional invariaut center manifold
(orar| 0] exists, defined by
Eaat ) = {(r 2y, 29) € B x 1% & = h(zy.ze) for|z | |2g| < 0}

for some ¢ = 0 wkere b C'(N(0)), hi0)) = Dh{0) = 0. In order to find the ventre

mantold in this cnse, we need to solve

| e S | | 293 ) Az Efr bl a)) |
21 Acazz '

with the boundary conditions
hizi,22) = Dhiz|,z2) =1
By considering these boundary conditions the functioe hiz), ) can be appraximated by
A SHE D 2
iz, 23) = asp="0y + d2; .

Now, thee flow un the centye muntfold We0) in the neigbhourhood of the origin is defined

by Lhie reduced system

o

= '4|:|:1 - F.(r, h{zl.z-;] .

= daza—F.dx. hiz, 2).

Example 2.1:
Cunsider the following nonlinear system

3 = -, (2.27)
o= -kt (2.28)

In this case we bave 4, = [0], 4, = [-1, F. = 2%¢ — 27, and Fy = 2% By substitution of

the expansion
ho{z) = a2 +ay2’ — ... DhS(z) = 203z 4 a3z +.
e Lhe equat ion
ﬂh.ﬁ.f;}[ = Fe(h§ (=) h5i2) 2} — Ay BG(z) — F (hw-; K (z) ) =0,
wi uhtain

(2az + 305 + et + 0P = =) de 4t~ =2t =0,
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Sctting the coctficients of like powers of : equal to zera vields a = Lh=v¢ = 0. . | it

follows that
hi(z) = 22— 0z9).
Substituting r = hSiz) into 2.26 yields
F=2V 4 0(:7).

This eymation describes the How ol the original nonhnear systen: i the neighbonehood of
the origin (see fig [2.1). [ is clear that the origin is a saddle-tinde. In the next socti,

‘\\ ‘* .

Figure 2 The phase portrait in the neighbourhood of the arigin of the systen in
example 2,1,

we will investigate Friedmann-Letvaitre models with & cosmological constont usir g the
dynamical svstems approach,

2.4.2 The Eiustein Static Universe

For the FRW metric background. the Einstein ficld equation 1.9 takes the fornm

" 1 1.
(f) =L & 4 (2.4
1 3 w* 3
a ! A
2 o= —Ithpa el (2,30}
i t[:"'r ) 3 /

Equation (2.29) can be written in a mere compact form as

a® + Via) = —k,
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where
e U |
Vig) = Meg—il=8i . T g2
(] 3 3
This equation is very useful in gtudying the dynamie stability of the Universe, For the
Universe to be static i = a = 0, this condition is satislied when
dVial

= 1)
idu

Thus the radius of the Einstein Static Universe is consequently given by

whete 5 = == 1. Fig |25 shows the graph of the V{a)a function of w, It is clear from

v
i R,
'—*Iy*" i
.-
My === — oy - -
= ==
If. . I
T
/ \
/
:I
|

Figure 2.5 The graph of Vial a function of a.

figg 2:5] thag the Finstein Static Universe, which take place at (vg, ap) is not stable, so
thit a sued] change i the energy density of the Universe will result in & [ust collapse or
infinite expanston. If the initial conditions are chosen in such a manner that the Universe

starts in region 1, then there will be three possible evolutions.
e ait! expands up to a maxinum radins ag and then re-collapses,
e uit) expands np to n maxinn radius ap with ¢ < U and then éxpands with g > 0,
e oif| cxpands La ag n an inlinite time.

[ the initial eonditions are chiosen in such a manner that the Universe starts in region

11 then,
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s alt) contracts to a mininnun radins ag and then expands

o oit) coutracts to a nizimaun radias ap with g = 0 and then contracts to zera with
gz 0,

e ait) contracts to ap in an infinite time.

Mg (2.6 shows schematic diagrams of all hese cases.

T e T ; " o =
4 el % / %
: o ,.f'/
P R - - o e 28 - - e O LE
/“—'Q\ ‘,-"'-f : #:_'_'_,_,_o-_
& ] i ./
i W
de—————————————iier .\-:i"-\-"-" _\:i'L'JT q:_:f’. - T Siad i o
i a i
4 ol & / \\‘:
e P ot B e .
Byl - — T = T - - —— - By —— == Db —— - = = == !
N
et I
L i
e - ooy .;.I_I.ﬁ_ e i A, UL

Figure 2.6: The evoiution of the scale factor for Priedmanu-Lomaitre wodlels,

Iy region 1T, depending en the nttial conditions, the Universe can either sxpand Lo
mbnity or conlract to zero.

2.5  The stability analysis of Fricdmann-Lemnaitre models

Letus define the dimensinnless parametors

_,!T\F " .;C 0 ) Iﬂ ‘ E A

S 2oL P o LA
E Y s e WL

In what follows, H = (1 is assumed. Using these variables. equation (2.29) cau be writien

as a svstem of first order dillerentiz] enuations

F s B Bl Rk T, 1
, e dmee 2 N
Q) = 21— =50 0ald, (2.32)
0 = (B — 2001 — 200400t — K — 81y

where the prime represents the derivative with respect to the time variable ' = H ' /dt

This system is coanpleted by the Priedimann constraing

0f el =1,
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By considering a weak energy condition and assuming A 2 0, the dynamical variables
proposed in [2.31) can be compactitied to the range [6,1 . Using the Fricdmann constraint

the systein (2.32) can be reduced to a two-dimensional system,

o

([3v = 200 — 204K,

gy —2
% = 2+ TS0 -0,

Egnilibrium point solutions, snd the stability analysts af this systew, sre shown in Table
[2.1 . Inu order te compactify the region K = (hof the phase space we will begin by writing

Table 2.1- Coordinates of the fixed points, cizenval(is. solutions and the stability.

Fised points  Flgenvalues  Solution Stability
() B O)T<cr<ys <y
] 3y — 2.3 7/ saddle sonroe
[“1:0] [=(3y=12).2 A SOITCe stdelle
[, 1 [~2, -3y s st sink
{2.30) as
ak

p= IH* 4 — — AL
at

Let us define the cantpact variahles

If . A
(AR D 0y - EYoT
where = TIZ F ka2, Then by using the new time variable’ = D1 /dt, the evolntion
eruations for £ and (14 are given by

Qi = [I— ?[I_EE_,\]]{I—QZ],

Oy, = 3W1=00Q %%

The equilibrium points, and the solutions of this system, are depicted in vable [2.2] The
compact space for all Friedmann models with 273 < 5 < 2 is Sllustraved i fig [2.7 . The
left and right sides of the phose space correspond to expanding and contracting models
respectively, 1u the K < 0 and I > O region orbits with € > 0 and A > 0 evalve from

F ruds, For K >0 and If > 0 there are three possibilitics:

o I A s sofficiently sicoll, we obtain Friedmann-Lemaicre models
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Table 2.20 Coordinates of the fixed points, solutions <00 the stabidity,

Coordinates| €2, 240 Solution  Stability

[l,ifl"] +F Senirer

[-1.0 -F Sink

(1. 1] +il Sink

[=1,1] —ils Senree
1055 £ Sadle

M

Fipure 2.7:0\The\full phase space of Friedmanu-Lemaitre models.

s ITAIS larﬁé. we obtain Lemaitee models,

3-.'!—2 EJ" , we obtnin the Finstein static Universe .,

o Ford=

There are atso models which start with & < G and cross 1o £ 3 0, The models whiel
passed asvmptolie Lo the Einstein stutic Universe ace calted Fddinglon-Lenctre mosdels,

The straight line §2 <0 O from —dy 4o 4ds correspond to a de-Sitter Universis,
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Cosmological Dynamics Of
Exponential Gravity

3.1 Introduction

In this chapter a detailed tivestigation of thecosimological dynarmics based onexpl =12/ A
aravity will oe presented,  The dyniunical svstem approach to an bmportant class ol
theories with Lagrangion density wi.] be applicd

n
A

A= _I‘J',rf: = f 1y —g i_f_ I LM] & i3.1)

where A is the cosmwlogicil constunt. f? is the Rirci scalar and Ly is the Lagrangian
of standard mattet, “This Lugrangian possesses some inleresting fesinres. Firstly, its
{reatment is equivalens to one involving n combisation of powers of the Rivel scilar and,

secondly, it rednces to

um(-g)zl—%+amﬁ (3.2)

i the sieall enrvatiro lmit, which is equivalent to the Hilbert-Einstein action,

3.2 Basic Equations

The general action tor a fourth order theory of gravity in a homnogeneous and isotropic

spacetinne is:

A=/mﬁﬁaﬁm+Lm. (3.3)

where f{R) is a function of the Ricel scalar £ Varviog this action with respect to the
tetrie wives
G = Tl R (3.4)

i i JheE 1

15
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where (7, is the usnal Elnstein tensor, and

A | AT g

I;m - mf’l’”}ﬂw . o W1
th = .1 Lo 1FRY RPRY - FORYSS( Chame)l.  B6
iy f’iR: 2 s 51| 4 a1t BanQiv — Juidn- | n:e Lk

The prime denotes the derivative with respect o R. Tjj is the corrEy-momentinn oiss
for standard matter, which is assumed to be a perfeet fluid and 'I;f, is the stross-cnmey
tensor of an effeetive flued (somnetites referred to as the curvatiare furd), whicl roprosoaies
the non-Einsteinian part of the gravitational interaction, auch constitutes an acditiogl
souree term of purely geometrical origin [40]. By assuming f( 1 = exp{—R/A) we obrain

the leld equations:

G = AeMATI
A v NN s o
= e TN SN 1 Rid G L AR (g~ gaaget| o A7)

In the vase of the Fricdniann-Lemaitre-Roberison-Waliier (FLIEW ) metric, the alive
apiations reduce to;
b e B A Ap

'2 P i i
H —E—IH-FH‘FE—M—HH = W, 3.8
@ fO. 1t .. L. Ap ... . A
25+§_I!£+PR —IH—H’—R“"I'FJ!i'!'i":'i' = (), am
with,
- B -
n —E(E—H-+"—2). g4 10t

where H = &

is the Hubble parameter. a s the usual scale factor, & 5 the spatiat
curvature, p is the energy density of standaid marter and « irs harotropic lactor. The
Bianchi identities applied to the wial stresseuergy tensor T)0! loend 10 the energy

conservalion equalion for standard inatter [31]:

p—3Hp(l | wi=0 (.41

3.3 The Vacuum Casc

I the case of o vacuum, [p = 0) equation 4.8 can be written w5 n closed system ol st

order differentiol equations using the dimensionless variables:

It It A ) I
i =

a
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Here the variables ¢ and = are & measure of the expansion normalized Ricci cnrvature
and the cosmolagical constant respectively, K is the spatial curvature parameter of the
Friedmami model, while & is a measure of the time rate of the change ol the Rice

curvibure, The evolution equakions [or the variables 3.12 are given hy

Eih.; (242N -+ zxe(l-x+y—~K).

[fl“'

diy

B e vl LY TV - R

35 s+ 2ye(2+ g - K).

& e DBy ) (3.13)
gay: e T S
dK — .

= 2Ka(y+1 - K).

where the prime represents the derivatives with respéct to the time variable N = In af

andl € = [H[/H . This system is comploted with she Friedmanu eonstraing,
1=K ypta—2=0, (3.14)

which delines a hyvperplane in thé total phase space of the system. Consequently, all
solutions of the dynamical syston: will Le located in a non-compact submanifold of the
phase space associated withad'13 The time derivative of 3.14 is nothing other thim the

Raychandimri equatiog,
3.3.1 Finite analysis

The dingensionality of the state space of the system 3.13 can bo roduced by eliminating
any one of the four variables using the constraint equation 3.14. 17 we chuose 1o eliminate

o', the dynamic equations become;

j

g = e F2K + 2+ )+ ze{l=K+2),

L 224+ K+ ) (3.15)
AN = ol s i)l yuke
dK .

e = IR e Y

e U Ui

The system 3.15 admits two invariant submanifolds: z = 0 and K = (. This means that

the points contained in these submanifolds form an invariant set under the wranstormation

U eonrae we eould bave chiomn el iminate any otber wviarichle af fhe system: oo chowss s motivaged
by the facr chat the equalion for 2 bs by far the most complicated one to solve and Lhat, with this cholee,
the nnbser o varient sulaprnifolds b masdmized, As we will see, this will assist in Lhe lnvestigaticn
al the properties of the cusmoligy, pactieulazly b the mallee cuse
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defined by the system 3.15, that is. 315 sencds points on these sets enly 1o potms of Lhe
same ser. As g consequence, il we choose 2 = O LR = () ag s inasial eopedition for
an ovbit, this orbic wili never leave the plane = = 0 (K 0), wiite for orbits with an
initial condition £ # 0 (& # 0), the only way o smoothly approach = = 0 (K = U)
is to approach 1 asvioptotically. This juplies 1hal ne orbil crosses the @ = 0 plae
ancl eonsequently no global attractor can exisl, becaise the phasze space s divided inte
indepencleut sectors wlich coatain complete costologienl lustories,

Setting ' =0, y' = 0. 2’ =0, we obtaiu four fixed points that we label with capital
letters and the subseript o to indicate those wlich are lonznel for the vaciitu vase L0
Table 3.1 5

We can obtain exact cosmolegical solutions ar these points by asing the Ravelmed i

eojuat oL,
I = —(y =N+ 20" (3.16°

In fact, al any fixed point with g+ = 2+ 0 1he equation 3016 teduges 1o

H:-#H? ooy + K—21 (4.17)

o
where the subseript " indicates 1lat a quantity has been caleutated at the fbed pot.
Equation 316 appliesta both the matter ane vaenur cases and describes o genernl power

lasw evolulion of the scale lactor. Tn addition, imegrating with respect $0 tine we obtiin
o= aglt =151 w0 ERES

Thiz means that by finding the vaine of & at & given fixed poinl. we can obtain 1the
anlulions associated with it usimg equation 316 aod Lhas selition will be given by B8
for o # 1.

In this way, points A, and B are found to represens Miloe aed power-law ovnli fons
respectively (see Table d.1).  However, by direct substitution inco the cosmolosical
equatinng L can be shown 1hae these fxed poiuts cannot be covsidored pliveiead beeise,
it order 4o satisly 38, one needs to viclale the weak cnergy condition g = 0. This does
naol constibinie a probletn because, as we will see below, these points are always unstable,
which means that we can choose imtial conditions us close te these poiuls as we wish

Far the points Oy aud Towe hove ¢ == 080 that 3,16 reduees to I =0 and the <cule

laesor 35 piven by

g e (3.19)
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Tle value of the constant ~ can be obrained by direct substitution into equations 3.8

For both €, and D, we obtain

y = ;t\v:; . (3.20)
o that they represont ab expotentinl evalution. "The contraccing or oxpanding nature
of this solution depends on the direction of approach of the orbits with respect to
the hypersurbice y + K = 2 = 0. This hypersurface divides the phase space into two
hypervolimes charactorized by a contracting or expanding evolition. In particular, for
y < —K — 2 the orbits describe a contracting universe, while\for y > —K — 2 they
represent at expanding one.
The stabilitv of the hyperbotic fixed points A, B, and T, is obtained by using the
Nurtwan-Grabman theorem. The point G, i'li:it_i',ﬂd__.-‘i'ﬁ not-hyperbolic and must use the
local centre manifold theorem in order tu findits stability. A brief review of this theorem

can be fonnd in chapter 2 [41], In our ease, msing the transformation
Y =y — 2ug—mi,
s =dm. (a.21)
i =us

the systent 3.15 can Wefwritten in the form

dy = dwe+ 2(12m* + 2muy + 2ui — dmug — 2uy), (4.22)
s = —2ugs + £(~2mug + 2uyuy — 2l (3.23)
o= Ef 2m + 2wy — 2o, (3.24)
wliore
Fuy(uy, iy, m) = 2(12m” = 2w, + 2ui — dmug — 2wy}, (3.25)
Foaluy, up, m) = 2( =2z + 2uq 12 — ?‘u%} ‘ 13.2G)
Fuiuy ug,m) = ={ Im® + Qmay — ). 13.27)

represent Lhe nonlinear tenms. By substituting the expansions
Wl(m) = am? +bmt =00t | (3.28)

W2im) oot = et 4+ Opmd) [3.29)
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Table 2.0 Coordinates of Lhe fixed poinds, cigenvalues, stability aud selutions lor
EKIJI:—%:I-EI'H‘JEL}' T wvacuLTn.

Point  Coordinales{ye ) Eleenviues Skahility Sulitlion

A [tk (0, 1 o vopelles 6= ralt - ] :
B, £ 0. — 1] 122 Saddle &=l — 1)
i | 2.0.0 k) Saddle-node o = e
Dy =210 —l) g BT geddie o= e e

inlo cquations 2.23 and 2.24 snd 1hen selving for the coetficients a, b, ¢ aud o, we obitain
¥ o . > 9 - 4 . H| Fog e
RlimYy=4dm + U + (Fim™). Wi =m0y (380

Substituling {his result inle equation 3.24 then vields
v = =2 4 (im (3,319

or the centre manifold W50, _?{-Rgrurlﬂ the poitst &, This implics that the poine C, is a
saddle-node, that i) it behaves (e o saddle or an attractor depending on the divecnion
from which the crbit approaches. The local phase portrait in the neighbourhood of & s
depicted in fpure 3.1

If ene considars the transformation {3.21) now, onc reabzes that mox 2, 5o that O 8
an allractor for 202 0 and o saddle for 2 < 00 Thas isoalso clear Troe, Fignre 3.2 mowlael:
the invariant subvnanifold £ = 0t depicted.

Finally. it is useful to derive an expression for the deceleration parameter ¢ in terins
of the dvnamical variables:

q=—%—1 — =i+ K+ (3.42)

This equation holds for both the vacmun awd the matter case. Note tiat that g > (0 18
realized oply when fy + K + 1) < (. This condition is satisfied ouly for the puint &, as
is expecled by looking ot the solntion associuted wiels this fxed point (see Teahie 41
In Freure 3.3 we give the location of Lhe ¢ = 0 plape reladive to the Dxed points oL O
and 3.

4.4.2  Asymptotic analysis

In this section we will determine the fixed points at infinity and stady theic stalalite To

crder 1o simplily the asymprotic analysis we will compactify the phase space using he
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Fignre 3.3 The invarisnt subwanifold = = 0. We explicitly indicate the loeation of 1he
g — 0 plane relative to the fixed points A, C, and B, lor exp{— 140 gravity {5 vactun,
Poincard method., Trg!mfurming to poiar coordinales (r 0, &0

s—r o, K -»7r sinfl cosa. 3 —r sinf sines

and sulstitating r — -:E,—t the remime r — 20 corresponds (¢ ® — | Usiog Uhis

coordinate transformation and taking the limil ® — 1. 1he svstem 3.3% can be writton

as
» 1 ..a Y .
R — -{{Sr.masm'ﬂ —sine | T=inf 4 2in38
4+ 8Acos?d sind + AAcos 0 sin® 0 sin g M B 0 M 5

- ¥ Ew i e
Ry SEE f;“_?—'“n& (4 —couf) - (4.94)

Eeusar ool ff

e —
=1

{A+cold) [H.045!

where o = cos@ 4-4ind . Sines equation 3.33 doss not depend on the eoardinute | we

con fine the fixed points of the above svstem using equations 3,54 and 385 onlv. Trom
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equations (3.34} and (3.35] il
A=~cnf=10, (4.36)

thew @ = @' = 0, which means that OF - "—arccol A, ¢ represent a fixed subspace. The
other fixed subspace is given by I = [7/2. 8], and there are 1o single fixed poins (see
Table 3.2).

Let us now derive the solution for 77, In this subspace the firsl equation of the
system 3.1 meduces o

dy

e = Zeyticotdn | 1), where cotog — Ny, (3.37)

and equation 316 becones
H = —y{cotin — 1H? BRLE

Integrating equation 3,37 we obiain
. =]
T 26 = ot gV — Ny

U (3.30)

where Ny 15 an imtegration copstant. Substivuting ¥ back into equation 3,38 and solving

fur N, we vbtain
; p | i .
W\ = Ny = [g—{m et =)= (3.40)
L5

The same progedure can be employed to obtain sulutions for O (see Table 3.2 fur the
result].
Usine the 3,34 to toke into account the radial behaviour of the orbits, the stability

of I3 is:

—nfd<p< /2 Stable,
2o <dnid Uistable,

dr/d < ¢ < 352 Stable,

Irf2< o< Tvid Unstable,

We obtain the stability of O in the same way from which it Luras out that these points
are never stable, For the values of ¢ for which Li(o) and La(¢) (L; and L; are functions
af ¢ only they are too complicated to be recorded here (see Figure 3.4 for their plots))
are hoth positive, the poiuts iu OF are repellers, while for the values of ¢ for whichs these
lnetions have opposite sigas, they are saddles.

i the next section we will observe how the intreduction of matter modifies the pictnre

wo ahtajned o Le vaouun onse,




Chapler 3

[wiry }
e

Ll Ea b

GRS T,
S,
1 Y i (LI e \_:.'_,..--"T | I A Py Tt ket ol [,,_._;,_._._L_:;Z‘I.._I___._I_A_L ¢
L 1 / @ N @ 1 s T
g e b T f
b _' i !
—d [_ .-I t I' |
) i
II ¥ 4
i ' - ;
;J, & .
e : P
- Ll
r il
B T
7 .

Vigure 3.4: The graph of {he elgenvalues ol Lhe fised spraeg as @ [unesion of @, Hore £dd
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Table 3.2: Coordinates, elgenvalues and the stabilivy of the fixed pounds in Lhe asvingotic
regime for {:xp::—— ! gravity ip vacuim, Looand Looare Tunetiouns -DI @ owlieh are 100
complicated to be recorded here (sce i]gme 34 for iheir plos). £ = [2 4+ 2ot o +
oot feosec ag + A cnsma'tﬁ,ﬁ“ - 45 " co8 dgi| and Ag is the value of 4 in ey

[t He .llri' (.').I j.'tij_!:'iill‘~:Il:ll[-E:-¥ Soilntion _
Im [ . —Acosd ] [NV Ny [ i + fu fl Ir];] 12
O o 4] a0} <0 Yo 1o 20 Yol_{N = s = [0 Lty )7

3.4 The matter casc

I thiz case we can utilise the zamce dyonamical variables we uzed lor she wen case
Logether wilh one additional variable £ relaled Lo the matter encrgy densiny:
gn B e B e SR e B e (AR (1]
AHEHT T BHE G6H a-H AH el i
The definition of the variables reveals that not all of the phase space coresponds to

phvsical situations. This bocomes clear if we divide D by 2. We obtain

—2p Exp[; f) . (12

whiclh has the samic sign as po This means thas che scetors inothe phase space for wlich

the glan of L2 s differcnt from the sipgn of £ consain orbita i wiich standard puocier
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violates the weak energy condition p > (), and have to be discarded as not physical. As
we will almerve, this implies restrictions on the cosmic evolution scenarios aliowed in
this model Following the same procedure we used i the vacuwim case, we abtain the

AT IOUs systeln:

j:: = 2242 42K)+asll—r by | Ki-De(l - 3uw),
dy .
= rze+yel2+y—K),
.~ et ty=k)
d=
. Oa D ] B3
- 22¢(24y+ K), (3.13:
di
& e—— 3 - v
o 2K e(y—1+K),
D -
S = De(l - Bu+ 2+ 2K - 8
il N .

towether witl) the constraint eouation

wliere the prime again denotesthie derivative with respect to the logarithmdc time variable
N.
3.14.1 Finite analvsis

‘The systan 3,48 ean be further simplified using the constraint equation 3.11 to elinunate

1, We olram:

;—: = prd+ 2K+ Y+ +zE(l+ K+ D04 2),

di o L
7 2Ke(l 1 K+, (3.45)
dz , .

E = 2-!{-’+y‘ b -Fi}.

j—f = Dei2-3w + IK+D+3p+z2).

The structure of 3.45 reveals that in this case we have three invariant submanifolds:
K =0, z - 0and £ = 0 bence also in this case no glohal attractor can exist, Setting
Koo ¢ =0,z =tand DY = we obtain seven fixed points (see Table 3,31

As in the vacnum case, we can use the coordinates of these fixed points and equation

3.1 to find the behaviour of the scale factor at these points, In addition, the behaviour
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Table 3.3: Convdinates of |he fixed points, the cigenvalues, atd somtions for exa( = 7/ A )-
aravity in the matzer case.

_Puim - Coovdinatesivz 1K Ejrenvelnes Sooution
A, [0.0.0,0 [2 Sw.2.4.4] @+ uglf = £2)3
B, [0.0.-1.0] [2,2,-:2. <11 —3ie}] a .= ayle =)
Cn  0.0.0. 30 — 2] [3ur — 2.2.4.4] @ it — 05
D,  [0.6.—=1.34+1] [2,2,-2.11 3] no eyt =1,
Enm [=2.1,0,0] = J"i%:;g: "il'-} 2 =2.-83-3u| @ et
Fa | 2.0.0,0] |-2, —d. — 3w — 4.0 . n=ge it
g =2,0,0,3 - l C Be 4 -2 4 e g i)

of the wnergy deesity o can be obtained froou equation 311, which st o fixed poie? tends

i L. ) .o U

— = =l ) — [+3 il

ey, UuER Bt

where o 18 defined by 317, [lowever, divect substitution in the cosmologion: vt lons
veveals thot wll the Exed pointscorrespond to vacuinm states,

The oxaet saiutions at the fixed points are summacized i Tilde 3.3, As e vae

cnse, we use e Hartuan-Grobman theoren: together with the conere monlfonl theora

to analvar the stabilies of all the fixed points. The resilts appear in Table 3.4,

3.4.2 As ;._P-l__npi.al,ic analysis

We cnppicte the analysis lor the matier case by investigating the asymptotic beliavion of
the system 3.15. [n otder 10 achicve this we compactify the phise space by tronsformmg

it te 4-D polar coordinates. The transfornzation. cquations are
D—rowsd, c —rsind osh. K —r smd sint) woso.
y v osind s d osin g,

where v ¢ [0l d e [0.7.0 € [0.7. and & ¢ 0,25, We thea transorm the raclal
courdirate r — é&- and iy tle dimit R — 1, the system 3,45 teduens o
R =g’ 4 cosd ooeh 0% F $in @ sing - cost 6 sinbioos (i
4+ A ki E:I-I'-HEII'?-'E =11 [:;m:ﬂﬁ[ﬂ | Hi R

| sing (8 oos f 4 2sinld +B'}J i
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Table 3.4: Stability of the fixed poiuts fur exp{—RA}-gravity in the matter case.
Tolny =0 -t i% W= .
Ay Repeller Ttepelley Repeller
Hos Sutlille Qadddle Saddly
5 Baddle Saddle Saddle
Thiy Siwckdle Saddle Suddle
& Saclelle Sadedle Suddle
Fr fSaddle-node  Saddle-uode  Saddle-nods
Gin Saddlv-pocde  Saddle-unde ._"‘i.‘idﬂ!t'*ﬂl.ﬂll‘.
ju.nt i <w < % w= ‘; 5' < |
A Repelley Saddle-node  Saddld
B, Saddlee Saddie Saddle
[ &% Saddle Saddle-node  Repeller
D Saddle Snddle Saddie
& Saddle Soddle Saddle
e Sudldle-node  Saddle-node Saddic-pade
G, Saddedle-poile __Sug]fi_t_e-undc Raddli-node
RS, Bt ke {8cosd (B — 1) —sind jpos 36 + Seos ¢ sind
3R -1;
+8sindd sing | Teosf + deal sin? 0 (cos 20
—sin2d; ) . 3481
oL |
o — E:;:__ﬁ” {20088 sing —sind [2eusd sing
+ sinl (1 —eos2e —sin2 )]}, {3.49)
Re' — casgr {eos b cot b + cos @ sind [A + cot 8] 1 (350)

R=1
where 13 = cos# sin @ sin@. Notice that the first equation of the previous system does
not depend on R, which means that the fixed points of this system can be determined
by tle sgular equations alone. As in the vacuum case, there are no isolated fixed points
{se¢ Table 3.5).

The soluticns at the fixed ponts can be obtained by following the same procedure
we uscd in the vacuun: case,

Taking inte aceourt the radial behaviour of the eebits we can deduce the stability of

the first two fixed subspaces. Wo have that A%, and B atteactors for U < # < dr il

L
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RN Deldy B 4 6dy8 + Gidrd + 0y + Grls - 08dy + 6% dy + ddz + Buiy) |

where
L3t cus 20, see B2(—4 = /2 sin 260}

. ol
M1 sl

fd o oow 26 see hi—4 + v 2sin 28 ¥ tain H;:f \

Bi1 o+ see )2

iy = e |

= 1 & 3
V2 cos 2 + | =2 + secfl ) tan by

(1 + sec G217

g =

(4cus 200/ 2sin 28y — dran ) tan 6
41— secB2)

g =

(2w By = 2ain By ) van &

301 ) sec Ry

ug =
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Ty =

h =

e =

£y =

dy =

ety =

_5.~| "*“ﬂl'i'."gwn[hl 1 \JI“I'_'I.HI’”“}
401 + sec i) 3

iy =

si0 i V2 sec flg — st by tan &,
i, s : flg = .= v s
(1| ser Eg}-{ (1§ sectlfi

i B

V2 cosby — ﬁﬁ[h flo + ses ﬂn'{i\!ﬁﬂ tan f;y}
2(1 + soc B3] )

__sinflprosfly o 2 bros 24+ ».Eﬁmlﬂn
e G
f{1,1+m# VAR
l:'nﬁﬂu+w.uﬂﬂa by = r‘mﬂé 'J.‘?-!- 'n..e ‘umﬂf | hlu”fdj
x!l‘g]+ﬂﬁl“ﬂd} 2;-,'11 | see )
{2 +3maﬁ'¢jsmﬂn W sy sin
Va1 + secB3) T sech?
A Sros 28 be — _aosfhysin Ein
4\-;2.[1“!"11 +ng: \V 1 1 ‘N"t“ﬁ"
2ser fhy + gind ) Embﬂu F V2 =Dose By + s g )
e T, = ——=... —
V2(1 1 Swied) 2041+ sec )

coslly  Zeot i cse by — secty
VE o)

| i{ﬂ—q“:—-ﬂg s,r"'-n#tﬂntmb‘u sinfp) — u"ﬁ Ehmﬂn

y l + s fI2)
I r 1
T el A= ; = L
1 et + 2 ranfly
o e RS ——=a
v sec 221 4 500 0}

{cos (260) « ) sec?(fo) ( v2sin (26) - 4)
o dfsec? (B 413372 )

(e (26,) « 3) ave ) | l{\, 2 tan () + 2;
-lHﬂHCE {ﬂn:] + 1 42

Efﬂpr-‘im 1+ 1:' s

E;

Gal
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v iy (v"ﬁ tan () + '3)

= s il
' 2 (see? (8, + 1,94
L V2[5 — 2sec® (#a)) tan (Hq) + 2
A A (see? (fry ) + 11572 |
see? (B ( 3v/Teos (200) = sit. (200) = Tv2) tan (6y)
rfﬁ £= 7 Eﬁﬂﬂz :"IEII:I:: 3 ]__:I 3),-’2 L
seo () {Tv"ﬁmsf‘zﬁ'u] - fisin {204) | EFVE} tan (fy)
i - . 1
v 4 (secd (fy) + 1)442
[4v/2 - 2tan I:H,J}J soc? (#5) | Btan (6 | T2
ds = - s e
2 2isect (By) + 1)444
o tan® ::E[J::

T T CE 7 .
(sec? (th) = 1) 472

The systemn above s very difficult to solve exactly, so we will limit oursebves to plotting
the solutions for specific values of ¥ and to deduce the stability frore them, Figure
4.5 shows the solutions of the perturbed system 3.51 for specific values of # 1e. 8 =
a4 w307/ and b/t it s elear from the graphs that all the salutions are

ueslalle,
3.5 Discussion

Wi have ﬂppliﬁ,‘_d tle dvnamical systems approach to the exponential gravity cosmological
nmodel. and foursd exact sobyrions wogether with their stabilily for both the vacuum and
il Lo cases,

In thie vacunm coase, we ddentified {our fintte entical poicts A, 8, O and T, of
which only two O and Dy, are found to be physical, These last points weee established
to represont a solution whose nature depends on the parameter (A6 for A > 0 we can
have either exponential expansion (4 > ) or exponential contraction {4 < ), while lor
A < 0 the solutiog oscillales.

From the swability paint of view, the point O, which resides in the nvariant
submanifold = = 0, s of particutar mlerest because. sinee It s pon-livperbolic. it
reprosents an attractor for @ o= 0 and a saddle for 2 o< (), while the other plivsical
peint Dy is found to be o saddle,

O the other hand, the solution connected with the non-physical points A, and 8,

i found to correspoud to power law cvolution,

:
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i
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The juvariant subnpaniloli = = 0 divides the phase space iuto two regions, 2 > U and
2 < D wlhieh correspond to A = 0 and A < () respectively. The [act that uo arbit can
erogs the plane @ = 015 then cousistent with the faet that A mest abwavs have Lhe same
sign during o cosmic history,

D the vacuum case, we established that the region 2 < 0 does not contain awy finite
critical point. Fhus, the only attractors in the region = < (] are asymptotie, which means
that all the tnodels that begin theiv evotation in this region will re-collapse. However, iu
the plane z = (0, the physical poinl &, represents a saddle and the noa-physical ponds A,
and £, are a repeller and saddle point respectively, This means that doring the evolution
towards the asvimprotio antrantors a transient de-Sitter or & power law phasc(s] might
b preseut, depending on the iitial eonditions,

From o physical point of view, the region =z = U dppears to be more hiteresting becaase
i this rogion the point O represends a de-Sitder attracoor which might be associated
with a Dack Evergy/inHation cra. The same rerion alse contains the poeinl T, which
represents an unstable do Sitter phase (see Figure 3,10, This implics that the subscet of
the orbits which converge 1o €, cawabse coutain cosmic histories that present a sccond,
unstable, deo Sitter phase. In addition. orbits that evalve near the now-pliysical poine 55,
can also present an intermedinte power oy phase.

Fiually, it is apparent from Figure 3 that the de Sitter pliases C and T, are separated
fronn the past attractor A, by the plane g = 0; therefore any medel with initial conditions
near the past attractor A, and evolving toward the future de-Sitter ateractor G, will eross
the plane ¢ =0, indicating a transition [con an accelerating evolution to a decelerating
oL,

Iy the asymptotic regime, no solated fixed point was found, bol anly two fixed
subapaces: I and O, The stability analysis reveals that the ouly asvmplotie
attractars are in T2 This means that all the models that evelve towards an asvmptotic
attracior are haund 1o re-collapse.

The nidroduction of matter o this model inereases the dimensionality of che phase
space, making it mere diflicult ta visualize. By a diveet substitution o the ficid
cquations we found Lhat al} the fixed points in the matter case do not represent physical
sulutions, This suggests that the exponential lagrangian does not preseut a Friedinasm-
like plig=e. On the orher band, sinee there 13 evidence that fourth-order lagrangian in
form ol polynomials can sdming such pliases oue can conclude that somehow the presence

of Friedinann-like phase is related to posser-law terms in che gravitational lagranpgion.
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[n the finite regime (sce Table 3.3). we determined that the fonr potets A, B 05
and £, are generalizations of the vacuum fixed poiuts A, 8. C. and D, respostiviyv
and prosent the same solutions,

The points Ay and B, are found 1o represent AMilne solutions while O, wel 7,
represent, & power baw evobition, For poinls £, F and G, we established (Ll 7 =0,
which means Lhat these points represen). Hipslein-cde Sitter solutions,

It the asvinplobic regime we dentificd Llree diflerent classes of solitions [see Tablo
3.53). The first class containe the fixed points ASS and BIY, and the solutions at these
points depends on the value of 5{4 4] and S(d, 5. The solutions al these points ceprosend
at expansion if 8.8 = 1, & contracilon if 8,5 < Ao These fized subspaces conrain
atlractive parls (specifically 0 < 0 < 37/4 for AR wud 0 < @ < 774 for B,

The sceond class of solutions contains tae two fixed poiuts 057 and IS These
subspaces represent a recollapsing evolution, Bitt are always urstable.

The third class contains a single fixed subspace £77 and the solution at this powt

depends on the parameter =, By subsiitoting this solution ivto the field eonations 5k

anc by ignoring the subdominant terins we abtain

o

= s (.52]

- T4 7k 32 @s b
A TV it O e . R, . ap e
) e (u!) +2L,(a2ﬂ .;(az) 0. (55

[L is clear Lhat theonly congistent selution =y - 0, when [he spatial paet of the space: e
is Hat & = 0. The stability of Lhe poines in this subspace cannot be performed in general
becanse of therr non-hyperbolic character. We Hinited ourselves (o investigate a fow
specific cases analysing the evohition of the second vrder perlirbotions around o groeral
poinl of £ These puint.&; seem Lo be always inslable. Suehl o behavionr (= interesiiny
hecanse it points towards the presence ol bounes solcbons for this cosmoloeical ol

It conelusion, exp{—4) gravity possesses a very rich strurture that ineludes @ senes
of civerse and nteresting coswologionl histories. Daclienlarly hoporian are the oues
incluring multiple de Sicter phases becawse They could provide us with naviral wodels
describing the early and late time accelecation of the Universe. Unlorlunately. s s
clear from Tigure 3.2. 1hiz scenario does nol include a decelerated expansion pluse
between these fwo e Sitter phases. This bnplies that these roseie Historios will narn,
i general, admit a standard structiure formation scenario (as i1 was claimed nsine a
different argnment 1o (64 ). On the other hand. as recently found in (65, the evolution of

scalar perturbations in fourth order gravity doos not necessarily coecd the presence of a
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develerated expansion phase, Ounly a detailed uwinerical analysis of these specific urbits

and on the perturbation evelution along them) will e able 1o clanfv 1his matver,
P i
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Conclusion

As already mentioned, cosinological observationsare beginmning 1o dndivate that cbe
standared theory of gravity (GR) is cnable e provide o simple cxplanation of 1he
gravitaticnal dynnnie: of the low energy U;li\_{.vrsu. T an attempt to justify these isaues,
many modilieaticns of the GR bkave heen propesced. In general, these suodiliceions can

bar classificd into twe maii groups,
s Dark Energy Approack:, aund
o Alternative Cravity ﬁpprnada.

The simplest explanation of dark esevsy i3 the cosmologicn! constant, which prosents
b nadn probiess: che srablem of mapnicede felie caioclaced wabue of the vacioin crorgy
using QLT is 120 ordess ol magnitude mmore than that obzerved for the cosnolosival
comstant} and of timing ithe so called coincidence prablem: why does the costuolozica:
constant begin to dominate just now?). On the other hand, authors who snppoct
the alternative gravity spproach assmne that the recent cosmelocical observations, m
parlicalar the dyvoasmics of palicies and clesters of ealaxies as oaell as cbe presont
arcelerated expanzion of the vuiverse, can be pxplained by adding correcting torms o the
Milbert-Eingtoin actinn (which kave thelr origin In madesn theories such as string & M-
tleory). Among the pussible modifications of 1le gravitstional action. theae consisting
of nonlinear funetions of the sealar corvature {the so calied f{RT wravity) have recently
heen psid 2ecions attenticn.

The key atin of fIR) modeis 18 to discover an expiat form of the funciiow (7
vielding solutions Lhat are stable and compatible with the experimental data, Correwly,
there ig no ciear dication of whkat the gravity Legrangian chonid beo Althongl b

avaiiahle data from the solar syvstom satisfies the reguired precision, the fact that (ke

i
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aravitational dyvnamics of this system is governod only by the ordinary matter places a
major limitation on ds viabiliy with regards (o f(R) cosmology. However, in genoral
Fii) models must satisfy the following conditions {see [25 ).

Fvolution of The Universe Constrains: The theory must reproduce the desired
dyvnamies of the Universe meluding an indlationary era, followed by a radiation ora
(roquired and woell-constrained oy primordial baryogenests and nuclecsynihesis) and
a matter era (roguited for the formation of structures! and, Hually, by the present
acveleration epoch (constrained by CMEB cxportments, supornovis data, and larpe scale
sirticiure surveys).  There is rocent cvidence [17] that the popular models f(R) =
= 201 with gm0 do onol allow a martor-dominatod ora and arve therefore
ruled gut.

Post-Newtonian Constrains:  The theory must have post-Newtonian  limnits
vonipatihle with the available Selar Systom tests, In [20] it has been shown that only f{R)
thearies with /7 < 0 exhibil stable high-enrvatnre lmits and well -hehaved cosmological
solutinns with a proper era of matter demination. In general, any S8 models with
terms that hecome domipan at lpwe cosmic curvatures aro ned. viahle at solar systom
seales. lo [19 it s shown that the gty Lagrangian at itermedate and low sealar
curvatire is bound by
[*R*

2

LS SR -3 (4.1)

whore { represents a length scale

Stability Constrains: The theory st he stable at the classical and quantum bovel,
tr prineiple, there are several kinds of instabilities to consider (215 Dolgoy and Kawasaki
122 discovered an instability in the matter seetor for the specific inodel F(R) - ! i—pi/R,
a result confinned in [23 in which it is also shown that adding a term quadratic in
12 reminves the instability, The Dolgos-Kawasaki instability lins been generalived to
arbitrary f( ) theories by Faraoni, where it is shown in [24] that theorics with " > 0
are not viable owing to the instability of Ricei scalar. Instabilities of de Sttrer space in the
gravity sector were found in [25], while stability with respect 1o black hole naclealion was
studicd in [26], The consideracion of physically different instabilities vields remarkably
similar stability conditions. The theory should alse be ghost-[ree: the presence of shosts
b been studied m [27. In chos comnmication we focus on the Dolgow-Kawasaki
instalility and genoralize such instability with respeet to arlutrary fIR) theories,

Unlovtunately the exponential model which has heen discussed o the previous cliapter

doesn't fullills any of 1he above consgtraing, Wo conelnde with a briof discussion of sorme
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open problem of fiR) gravity, The ficld cquations of the action 182 can be derived
nsing two different approaches, "Ihe first eoe is called the standard wetric tormalism
i which the action 182 s waried with respect to the meise; bt lowds Lo & svesein
of fomrth-order equations, T'he second one s the Palatind forsadiste, [ this Sommalism
the metrc and the connection are assimed to be dependent ficlds: the action 1,52 s
varied with respect 1o beth the metric and the conmection, that resull m g seeond-order
field egnations. The standard meteie and che PMladm lormalisns lead vy e samie teld
vquations only if fIR) is lincar in R, whilc they lead to diwurﬂqt dynauieal ecouations for
cvery other choioe of f{/7). Thus the guestion of what is the'vighs physical formelisim is
stiil an open one. There is clearly much interssting work il te do.
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