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A r k nnw led g e l lll'II'." 

["w.ld lik~ .. , ,LIi<I:'''''k"ll:;c my s'"'I'pcyi.«)c l'ro' l'(~ ... ])11 ' _I,,· .~",i '''.'' ....,. .. ' .. ;".,.n ... " lk 
$.10k (~'I I"Hi. 1<>1 t hdr in~ightrlll gnidAII,"" .• 'it(-t't.iou .It,oI n __ ;"t",,,l.· 

~ I \. ~,"'Iil' .rk· "I ..... ~ In Ih. .\"k.~. In~tit"lP "I ~L'I' "',,u,1 w.. o.;PlI'"'''' \J~. /'i' '., h, .. 
"",,,~,"I !llP '" ".~".'" 1'.-."" I'''n''~l''''t HI:" studit,>. 
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Th" objl'etiw of thio thec;is is V) ex plorA ""vAral hotly (kb~ted eurrent issues iLL m,><:\em 
coomoJo!',.v, witlL d focus 0" 1(11) M~wi;:"_ 

ILL chapwr 1 we pre...,,,t " ]'Pview of morlmn thKtrPliml CDsmola,,-y, \Ve l,x,1>in by 
intwd UCill!'; >orne lUi "lam£Tlwl rOf,molo8,ir,al r.onr"pts, follow",1 Iw ~ discuSl<ion of t he field 
P'lualiolls of gc"cral rdati"ity, which LLLLderlie both tiw Iwhdvim ()f !,;lnb.,1 m,HlXtlogical 
morlels alld the i>ol~t~d !~mvilatiTlr W,>«',," slld a.; ,>taTs, black holAS "nrl i:1I1,,-xips, In 
par ticul"r we facus on t he sol u tioLL" for ti,e F,-iedmann- HobpJ'\.;nn. \VIIlkpr l: ni VAr>?_ NAxT 
we pra;mt a detailed diocuooio" of the ila,-k HHdler prnblAm_ A,trnphy,klll nb>?,,,,,tinn. 
indieale tlLat tht'Se two cOl1lJXlrLerrts ,,,,eouLLl fo' 25% of IhA tot,,,1 mlLss/pner"v nf thA 
ab""nl1ble Univ",..." We IheLL preseTlt the bi S bn.nr r",'d~l, whirh ],pprp""Tlto thp mnpl\! 
standard madel for the ari1>in aLLd the evolutioLL o[ the UTliver",_ ILL ()ur di <;eu" i()n we 
intl'()ciu,e tilA infimianllr,l' se<:naria in ""!lie detail; spc'<:iJically we p,e'*lIt aLL example of 
quadrati, i"naton t() rlAmnn'll'm~ h()w [hi. scenari() provide, " ""lulion ta some af the 
problcm' wil h t_h~ ,>tanrlllrr! Illo<jpl. Next we rlissu,<;erl the dmk energy modeL which 
ILM bC'l'LL iLLlrnd"cN 10 Wlrll-PS.' [,hp larA-time ac.<'"lprill inn problAm_ WA then prl'SPnt 
Ihe '1"i" \''',* ''l'n mod,'I, which hM b""'LL propr!Sf'<j tn IIdrlrA" the mincidpnC<' lind thA 
llHtgrLltll<le prohlcms, W.' conr.llld~ liLb r,hllpt~r by >t dAtailpri rliocu%!nn ()f \ilp hi,~hA' 
rJ]'(.iPr t!":'<>li",, ()f r'"v!I.>' witil " particular \'"" focu. on f(U)-~rf1V!T.\' which lS Illl.'!xl (In 
tlw ide~ of jnt.r()d"ci"~ "orrecti",,, tv HlP E!n.tPin-Hillw,t anion thllt ilIP npglirih lp in 
\hr p~rl.\' Uniwr"" lind onl,.' IwefJIllA ~fff'<',tivA ill btp Timf'S wh~n thp Rirci CllrViltun' II 
d<:erpaS<"; In our ,\isc.u,si()n Wl' indimw hnw these r.orrr<:tion, mn bp intp,prctcd as an 
efll'(;\ive fluid of p,nrly rpom~trkal ori,~in; w<' fllso di<;cuss thp ph"-'" SP""" and slilbilit,I' 
of deSiul''- 'paL'" '" JUI! gnwi,y_ 

ILL dmpter 2 we ,(r~ue '!"'" owiLL,~ w the c'{ll1lrl pxci\y 01 the lield ('(I" ation', anJ liL e 
lark of "" ,'xrstl'nc'e 01 M ex~~\ ,ol ll tioLL~, dy"amical ~y,tPl1ls aLLaly,i~ i, an exlermel,' 
po\w,rlll; Ilmtil"I1IalrCal m~th",l in r.o,molog:y 1\" .. ery ll",llll in llndN,\""Ji"S 
\[,p '1"alilative I",h,,,-iollr ()f t.he r.o,>mol()rir.lll d vnami", IInri ()hl~,ini:1i( special e~,wl 

sol"tir"" of th~ m_,mo l ,*k~ 1 ~quf\T.ion._ Thi, rh"ptt'r comain, an nwrviAw ()f this 
appma<'h, \\'r star! by introrlulinp; somp of IhA hasic d vnllmiml S,I'st-l'ms mncert. anrl 
clbcu,,> lh~ stability of 2-D line~, J,I'n,unical ',I'stpmo_ \\'~ Ihpn prp'*LLI ,he 11",.lma,,­
GrobmaLL Th<'OTrm, which mmrlp\cly 001""'0 the problem of Jet~rmi"illg the ot~,hilil,y 
and qualital ive l,x,havio'" ,- i" a "'"1>1. bOll T hO<.l<\ of ~, Ilypcrool ic cri tic,,1 poi LLl o[ a m",li "e<lT 
,,'stelll, Finally we pre""nt Ihe l"enter m"i"I'old theoreHl i[[deptiL, which generalizes tiLe 
L,YtLpum'''' theo"'I1I, to tbe e",,* ",he" there exi,k< a center mainfold \ V' tangent to the 
r''''Wr "ll"pfLCC E" III 'lll()lIh.vr ~rb<>lk r,Til.ir,,1 pnint_ 

III d,Rpter 3 a rpport, is prp<;entf\(l, baserl on thp mir!nlll work c()llLplpl<,<j in 
collabomliall wilh Sante C"lo"j ~IlJ Peter Dunsb)' which Wl" recently ,ubmiltAci to the 
CI"-,,ir.lll ""d Q"ant" rLl (;"''''1 1..\' J rJlll nfl:' In Ihi" re'<:arch pop"r w,' ,I udy a ~""I1Iolo~rl'al 
madel bll,,~l ou thp ~xp(-lIr\) "rtion_ W~ apply lhA dynamir_"l "v,t~I1I HPPTO(wh 10 
both the ""c"um lind matt.'r C"-'f'S, ol ,(lIjn m,I' eXfL('t <;nluti()ns of th~ field "'1""tioLL' 
and in""lii:mill~ th~i, .tabilit" in thp finitr ,mel a.\I'mpt.otic rAi(im<>f. These w ill tion' 
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d~rnon,trate in " de«r lllllnnc! how b~he, o,de, g""'ilV ~"" pn,,·iJ,· a n'ry n"l H''''; 
~"-"rnoloJge,,1 "..ltin:;; fo, the cddy ",,,I thc l"t~qim~ ,,,,("dcn~II'l; UUI\"I'><. III p.>.rtinrlnr 
we find tlL l\t lor ~ l",~" !il.'t of imtial mnditioll" " hrtcrodlltir 01h] I.' with " non-lA'''"' 
tC<i1t)r:>iO<J"'><.l eo",!," ,! i. f~tl!ld 10 clt]"1 

J-'il1!d h- j" (blp\ ('r .1 wr (-<)"~:,,, lc ' tili, work l)\' a l)[i.·f d;"·".-.iol1 M th,' po,,;hk 
rw",tr";n" 0" II,,· S~ " rf'\\ Jln~ gmvil '- 1."lSrn ngiall ""d '«"]It· "1"'11 p"oiJie,,,_ 

ThmUlSh(11O"]'i, 1\11.,,;. \I..:' wi!: ~tllplo,- Ilalum],]!"t, (It "U ~,,(; 

th' ;I>"M"t'~(+ __ ,_ -j. 
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Chapter 1 

Introduction to theoretical 
cosmology 

1. 1 [n 1.l'Odurt.ion 

Tlworeli c, tI CWlIwlnl\V i, thp seientific ,llldv which allno to ~xplain Ihe origin. 

cOllLjJo.<itiull, u lti ""\lA hw " lid ""Obl;"" of the mlire (Jnive,.", fl., II single s,'>lem. 

Co.mological theo,i,'" mC' La_l on hyp L)th,·~t"; ,lix)" , (h,- Cnive ,.,e which lTl"k,· "I'ec ific 

prediction:< lor phew'IlL~n" til "" c,," h ~ \est",1 with o"S<'r,·aUons. The f"ndamenta) 

a'C;umptiono of nHxl~rn cLJomolLlgy """ '-mile"li"" in the rL)smologiwi prineipi ,· and 

~:i])s\ein's them,' of CencriI] n ebti\·it~,. Tlw cO:<Ilwjog ic,,: princ ip!~ is HO\ '" prineip:", 

bll1; mt:,0r a " 8.08u ,npt,io n thnt 10:lo\\'0 from the Ob""\'1J.liull" of thl' ("H i,'cr", on :",-g'" 

'CR'es. It Sldll'>; that: 

• The Hnive,,,, is , .. ,tropic. 

]"otropy implil>(; th"t th~fl' i, lL O pn{~rn'd dir,';\;'Hl '" lh" UnhWM' a "d, con"..'quenllv. 

wh~n (he Hn;\,er"" i, v ,cwoo from" punin, lm p"im, it l(}()h thl' "aWl' regmd:,,,, 01 

rli",~nion HOJl\ogmpirv mean, th"t at a giYeIl 'p"~etime l'V~IlI Ih~ CIli,'er"" uppem, 

th" ,,,me cwryw]lC .... , Th p co"TIlLllogir",1 prinr';l'i,' ;, " g,'npr"l;ontioll 0 1' the COI"'",;r,"" 

P rin e; 1' 1" , dlich ,I"t e.; I hM, th" E'IXt h is no" thp N'ntre olt he Univer;e, Homogeneity "nd 

i"'lmp)! l ~nd to T, h~ illvari"ncp of the Hmniituni"n of a frl'l' particle nndl'r traIl.;]mioIl" 

"nd rotation" Tim, the Cusmologic,,: PriIl~ipl~ oimplifirn Ihe otudy of th~ large scrue 

_trmturc of the ("uin'r"" ~'m"idemhly, The ot r(Jug""\ ('vicl~nCf' 1'<" thl' cl>'>mologica] 

priHeip!l' i~ the ob,;erwd ''''>Imp)" "t' th~ C",wic /o.!icr"w,w~ B,' ckgr,,"ud (C/o.fB) [11 
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Clwptur 1 

'j :IF S('Co nd I'll ndo",,'nl.,,1 fli"" ttlpl.i< >11 " Ill" I tb,' GClll'ml Thl'<Jry nf TIdtll ivi: y i, Ilw 

correct. t,hror) of ?;t"Vil"UotL II trpbc~,1 :b~ j\'cwtn" tl"",)" of gn.l\'ity ""lie!l \"RS 

Thc fnlldamcm" . idea ]]j Gcuera.! l1 elcni',i); i, 

I hnl ~m.vil.:-- '" " ll\llui[",tat lon nf \lw cnn-atnrc " I the 'I",cdim~, wlli:e in .\eW1~'" 

lirron 1> "".-ity nct, di,·~",tly ,"'" fmcc betwc",u bolli,-", The freld Njumion, 01 (>"e;''': 

Rclativity coutain all thc idormation ,UJI.lUt the dynamic; of tlw the l n"ocr,",' \1"", 

01' th,-, PIl,lidious of Cenc"J R.elativity, "u('_~ i~' the bcndin~ or ,I " lil':hl by ~""vil\- " "d 

il (iny ,hd in the orbit. of th F Vl".nel. \1~tCllIY h"v,-, ]"'c,, qu""til-J.l.i n' :y {'onic"llI.' by 

PXI}f"'im~nl (ro,. J ,·c'.-ic\'.' "-'-' I~D 

Awund IS:jQ Edwin Hnbble obscrwxl " direct ' Alfl(ion,lli" lw~w""n I]\( ' di,I','LCC 

bet".,,,,,, gabxie, ilnd the vdoci:y wilL w:,ici. : :,FY "rr.' rAC" I:II .~ : Illi, "pla:ion "''', I~' 

wri :l.pn 'IS, 

, I I) 

whe,e l' i, the ,,,cc,,;ional velocity of the gnlil..xy or o·hc, di:<:,Rllt obi""l, j) i, it, ",1'1""""" 

disl.,mc" "nd ff" i, Hllhblp', consto"l H" , , ",,} loo}' !I mu(' L.1J}X' 

':L Hllh"lp ', I".w hl>" :wo I~"sib:r.' ,.'):pln:",:ious. Either we arp fl.: :,hF c<'nt-LF 0" o.n 

pxp]o;;io" or :-ml"xi~s whid) is innnbi,ten: wit:! the (',-,,;,,"o;0l':i('ol p,·itleipl,·, 01' II" , r; tI ',·c,-w 

.s u"ilo", I:Y cAf"",di n~ eWIywhere, This """,,oml iull'l' jHN,J tion of H "hl",'-, ("N'''".' In", 

'''r"-,,,<-'uIS \h,-, cmn~r;:n"c of the Big Ba.n~· 1 iLeo,,- [1], whid, is :.:'A ILl",1 \-j":',k "",;](>1 

in c"""]lJlo~y today_ 

1.2 Basic Cosmologica l Concept.s 

1n thi" ".;]""-",:;n,, we will introduce SOlllP of tllA h",ic ronc"pl, fr~'ju0n:'lY eTllp\owd ill 

cO;;Jt]o:ng,y. 

S pacct ime metric.: i, thp pxrn""ion whir.h d"""i:,,,, I LnW 1<> rnl:ljJ': I ~ I]", 'i'1,,,,,1 j",c 

i utcn-al hdw,.'cu \\<" > i ufinitc;ilJ )ally sc rarn:.()d )loints ': or p ','cnl ,) ," il hi ,opt> 9~." "rl r'.- '" 

I.~,·m, of Ill,-, comdiuat'."B 01 tho,".' [loim;, The "impl",t ~pncetm'" mct,ic, the mel ric of 

liLp 11"1 "p"-".:tim,.', is ~i"" ,, hy 

: I 2) 

where d,' mld dr ,eprespnt :he d if[r n'ncl'fl or lh~ '1'''-''.: o.nd :,itllC cnmdiuHt("'j of the :·wo 

(,",,,nt; ''''p",",t;\-ely, ThF pXplln"ion of the 13 n i, ,'t·,." "o",-in~ 1<> I he cbll " g(' ill till.' si 'ac,-, ):ll(, 
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Cl'''pt('r 1 

mNrir rath~r than objects mm'illg ill space, Th~ lim' e)enJCHt of a homog~:J(XJu~ ilml 

i,otrupir l.j,lI\'pr,'~ is p;i\'cn h,' F·ipdman n- u.lllaitl f'-Rob~"bOn-\\'alhr (FLIl\l' ) n,~tri, 

" J ,1 (' dr' 1 2 0 , 1 '1 ) dr=dt -~il) ---.. +r d8 -"-r-sm 8d9 
1- b" , 

where r,8 and oj arc <Xl,"ovi,,!> polar (X>(,rdina le:;, aft) is the ocal" ractor, which is a 

fULlniotl of the l'O,ILLic tin,e I, 

COllluviLlg eoordinatl'~: This i; a sy~lelJJ 01 coordi"ates fixed with rl"']!l'(;t 10 

th~ overall Hllnbl~ flo\\' of thc Cni,-cr"" so thilt a given galaxy's location ill con,ovitlg 

,omdi"at.." d00, no\ Ch'lllP;A "" lhp ('niw[Sf' px p o.nds, This call n~ picl,llred 'e, a grid of 

line, "pN'ad RCro~S SpilC~, that stretchcs to~ethcr with thc exp,,,,,ioll_ 

Co"",k Time, is tlw prop~r li1ll~ of onsen'crs at rest with r"'poct to thc Hubble 

now 

Scal" ractol" Tb~ largp ,,",alp dynRmic Iwhaviour of thp l,;niwr"", can r", deserib"l 

,,_, B :;in~le ('UlJ('tio" 0(' timc ,,-(tj call"l the sraj~ factor Tlw smlo? fRno,- dpi;rrih", how 

tltc >pallal pan of the Univcr:;c ex]!amb or cO"',rae'-" 

C:ollloving dist.ance, T hp C011,0\-ing dibtance d ('roUl an ob,,'rvcr to a <li"I,,,,\ object 

ie,g, a gal'-L~)-- ) ('!iLl I"" CUB,pulul n," llw fo llow;"1\ forlllllla: 

l ' dt' 
d= --", 

'" a( i , 
(l.! : 

\\'hcre flU') ,,' Ihc s("!Lip fRclOr , to b thp cc.;mir <i nJe of enli",ion of th~ phOtoll~ ,ldoctoJ 

by Ihc (,h:+rwr lind I i, Ih~ cc.;mic till1 ~ "now" Tlw (oll ,m' illl': distancp bNw"",,, two 

point' rcmR, ,, , eOILst »" t du r 'II' ~ 1 hc ,'''Olul ion of I he !illiwrsc, \\' hi Ie '-hA ph"sical dbl ,mrp 

b~tw<'''n t"" poinlo doc, how('vcr d,angc as th,' l.-'lliwrbe expalld", 

1'''''1 k le HOI'i~on: i" lilp lllaximull, inst a"taneous distance m I trm'pll"j by lil':ln 

si ll<'" t = 0 , III te n, ,, OfCOlllOVi'LI\ ,li"lanCA th p parTidp horizoll dH is ff!l"J To 

The partido· hori20n <Xlinci<l~s witl, th" siw of the t:tliverSC' alr~,tdy Six,n "t th~ lilLlc of 

observBti(l]' I 

Redsh if!: The ex p"n~io" of I he en j\'A[,'lf' a il ~r" \ he wavpiell&t h 0(' I he li &ht elLlil tl~1 

I»' ,(" ,,, ,,,- niJ,il,<,r,_ T l,r [nlio 01 Ih~ ol ''''''n'l,l lI'!Lwjpngt h 10 Ihc cB ,ittl-d Or rest 

,,-,,\'d~lll(lh dd,n~, Ilw rAlj"ilifl, " 

(1 G) 
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ChRptPI' J 

wherr Ao nud ~, nee the [)bserved and etllinoo wnwlplL ~th rer<pedinJy_ In ten", of I he 

"cal~ 01 thr Unl\-er8e, the rl'<ishift oh""rved 1iOW is .~ive" by the mtio of the ;c-n.e "f Ih" 

UniW'rse now 10 what it was when the 1i~lll w"s emitted_ 

1.:1 Th e Field Equalium of General Ilelatiyity 

Thr c .... mr"I "'-llJUlimlS for physic~I COStllO;ogy fl.rp thp Ein, .. ein lield f\lllI'lio", "f G""l',"I 

R~btiv;\y. which were liro! pnblish~,{{ in I!Jlfj, TI:e nction Sf,,] <I"" ~jv", flo< ' 10 [.11":"i" 

field eqnations is given by the following inle~rf\1 

S['l] = .I [I{ - ('.1] ,Cfj r/' ,I', 118 ' . , 
where L.\I ;, the m~tter L~~rl" ,gian , R the St:'runr curv£lture {"Il<' trn<'e "r I.Iw ILni leOl 'Dr 

lIij L "nd q is th e drl;:rm:n,,"\ 01 thr 1I1elIlC t~Il"H Y'J- This Jnion i" klJolVU '" Thp 

Ei"slrill-lIiJ\""n aeliau_ Th~ vurin\;on of S[V], with n"'p'--",t to the metric yield, the ii.-ld 

~quatiaus of General Relativi ty 

IV) 

wher<.' R,;, rS Ih~ !licci trn"-,, and T,j ;, the stress-eJlcr~y tellsor. The exprc",jon en I he 

le:t -ide [)f the L'ln~tion I.~ n<""Cr ibe.; the cur vaturp of <p"cet illl e_ \\'hile the ~XPl'<'"';Ol1 on 

the right .'ide rep['e""ms the tllap,e[' (e ne r",· ) co"tenl or ,pArelj",e, Tlte neld '''I\",t""," 

I,!) r"" I hell be i"I ~['p re le<.1 Ie:! " wt of l'<j""t:OtL, ,Iil't" .l ini~ how Ill<' cm\-"llJ'" or 'l'" cctillll' 

,,, ,elnl"'-l V> the ,,,nll.et (ener~.r) content o r \I,~ U",,,,,.o-e, 

Bdme I!JI', . Ei"steill heli even th,,\ the Ull]\WtiP was "hl\ic. 1",\ ti,,· ",lUi,,,,, "r 'h~ 

lield equ"tio"s of Celierall,ebU\,ity 1_9. "lL,,;ged th,,( the t! 'mw,p ,hould I" ,'xI"""""/(_ 

Ein8(ein therefore pWjJ~ ' " UHJdii:c"tioJl a! hi, l~lnatiau,. (f! 

1 10 j 

where ,\ i, " new rt"" p""""etN lh~ "'>R'no:ogjra l con:;1 w ,t The toie of I h .. cl)"tloio~ic'l 

constanl is to bal""ce the "tt['ll.('ti"I) fotr~ 01 ~rn,'ity a nd h~tlr" V> " ilow 1m "i'"I1< 

C'ni",,-e, After the discovery of the H"bblc- rL~I,hifl ~nd tlll' rnlloducti,)[j ot the 

expanding -pace pilIadiglll, Einotein ~b~ndonl'd thi" concept, In IY<J~ 111Cd.'UrellJc"ts 

by Iwo different, gwups of "",emchers of the nppml':lt brig"lllnes, af superno\'ac with 

reel,hifts near z = I ,howl"<i that the expm"ian 0: the Cn;"l'rsc io accelemtlllp, _5]- r h,'",,-, 

r~",ults have generated a new interest in the old ide" of the """tllologic~1 OOll.,I,mt. 
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Clw!,!u 1 

Thp i\('()m~Trir ~llncl1lrp of th~ simplpst l Jnh'pr3f' i~ !lomog~n,'{lLL~ an d ' ''''tro p i~ ITL 

GpnpraI Hdativitr, a spat',,;;), !l[)mogmPOll~ amI isotropic l:n;wrs<, ;" d~'S(' ,ib ('(1 lJ\' the 

FTif'<lm"nn-Lpmaitr[)- l toh~TI""n- \\"fllkpr (l"U\\\") lH~tric_ Throllghout thi" thc»i, we will 

"",tr;ct o LL rsdVl~ 10 s pac~li"",,, which lIrC' d'anl,CI~rizc~l by :;uch" metric, 

1.3.1 '1 'he I·'riedmanll- Lemait re-Ilobertsol ,- \ Valk .. r llwt ri(, 

Thp l"LHW lllP lric L:l TPp,,,,,,,nls 11.11 PXfl,n S(ol LLlio n of th~ EinslC'in lidd t~ILLfl.tion' of 

G~"pral Hpl~liv;lv. It df'SCrillPS a homo~npo"s a nd isotrop ic " Look] of ~ll ~xlMnding or 

ComrllCI i"S 1..1 "in.,."" . 0 f CO LL =, I h is is 0,,1)-, I rLL~ OTL " I"rgc cObmolob';ical S('ak», 

Gi "t" I he ",,,Iter CO"I PTL ' of the 1..1 ""'C"''''. EinotC'iTL fi,'ld ''quat ions aliow us to de{ermine 

a(l), Cco'lLelL'i~ali)', The parameter k whidl appears in FLm\' lllP!ri~ dffiCrihps rilp 

~I Ll \'almp of t,hp ~patial "",(ions of spJ.Ci'\imp (slirps at constant cosmic limp)_ 

IJ)' wi viTLg t I", fi,'ld pq"aUons 1. \1 fo r ,hp background lllP\ric 1 .:J, Alpxanrlc'r I, ,iprimann 

in HJ22 d('ri"l~1 whilt i, now lerrm~1 tiL~ Fri,'dmanTL l'{ILL~tion' "wi "Lo~l GO'J"Lol,,&isb ,~,~~, 

That tiL~ ()bscn'ahle Cni""f"" i" wdi approxilHathi by "u~h " lHo del. 

1.3,2 The F'ric(] Lll allll _'"lodel 

A modc'l of tiLe Cnivcr", is a lHl>th~'!latical dt'SC ,iptio" of Ioow tl,~ 8~alc' fact-or ,,(I). and 

hpncp of how the Uni"PIse, evolve, with time, In order to obtain "<L "pproximatc r",xld 

of bow tile CHIverS'-' cvoh-~", Alc'x~",Jcr Frit~Jo!laJL n con3idPrf'<I " ,implifif'ci riistribnti[)n [)f 

enerK}' antllllatter inliLe ClLiver>;t', 11t- ll,."Ll'!l~d Ihal II", Uniwr"'-' is fillt'd w;lh ~ p Prft,<"t 

llllid wilh n RivCll pnprgy density p and pre.:mre .. knsit}' p, Ca!culat:oll of liLe Eimtein 

{Plbor n,ing Th~ FLRW !lL~tri~ give" 

, (' ) a' i,-+i- (III ) 

G" ' 1'~"'2,) - a' ~("'+" + : :J 12i 

7" = d ingip, 1'.1' 1':,_ (1 Ll ) 

Gin'TL tl", EiTLstt'l" It' ,",o, A.nd an ,'x]>rt""ioTL [0, Iht' ~\rl'S&~nprl\.Y IPHsor, Ein"'Plll 

~'lu",ion' 1 9 yi,'ld liL,' Iwo i1ld,']>('wknl >'<Illatio<L" , 

{U1i 
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,'11. i" lp~ rr '[".\<1." ,)1 ]1 "0 "".If" l,,!'["I'"" " 'll "Lo.q "'''''I' v,..",,," "'U \)~J ,:,,11"'" 11' t<l' ,1) 

111 ' 'I J t,iIW'l L-" 'P"" , "".ll .... ,)' _~l!'''~P HO! 'lll;!,1L ,HIJ. 'I;.,,,.:;J.'! U.'1 ,..'W" """I' ""! It "l"" [)11l' 

J""l' I"J 1'1 

" 1 ,. I " 

"] en llL''''F~l? '! ~;"l "O"l!\"Ix~ ,"P ','''I I '~ l I IWp,,,h-J "''''J IT\.,[)r,\;j "! 11 

, " '" 'J , 

"R'- .":I',-".,!, .\:I"v:.) '''11 ' 
~ », 

~ .)J~'1 _" "'-'''.'!'''l I),dIV""""IH,O:;\I,fA" J'II JQ", \l<)t':tI'<.IX"d 

"1<[' nl[ 

W·I' 

,h,,\<) - ,,~"' ''>-'[' ~,"qo., j("'."~-,L(';' " III ":\(~""I' " 'I I W,!'I ~" '!I'''' If''! I~"!>.> ~!(Il 

u '- "'d , 
... "" ... .),) '1 III t """ .. "t", ''''',M''!''11 p;!1~1"':JO:'>-1'<1l1' ~ JOJ -u = .... l.lj.l('rPJ,'d 

.• ,,-,~ I" "", "1,l>-~ ,,~ .... ">J«ot! '1''''1.\\ .rJl1l!:JJ :l1l~!A:l"F'_HIOU " 01 ~ ""l.)J I'" P ' ........ 1""' ... ..:. "I 

~h ''''-l-,,~-'' >.: d 

,,", .'1" .,~ ""! "1'11 .. "'!l lhl1".1~.)l'" ' 11 ... ~D:l.) lP!)II:tl'KI In"')'lnl: .,nl'li 

n)',' '1"1<' "]I """! ,~-""", .>;),>:'" jV '''''I ')'P" lUlal pnrn,. ,~lP ')1"1 ·\\ -. .... '1"",].) "'''''''!' 
'~'J ''''''I ,', 'I!')' ,/ "' .... , '"'~: '''1.1 .>"'1 umre,''''''''''' _\~.laua '''11 .,,'''', ", ': ~l'l nrmm,I,::! 

r ~ I [I 

" 

(')1 

,,,',,,,,./ 

'Il='-'(·--i-I"l[!:-i- ri 

"",,"TIW ,\llnU,,"'_" "'I' UWj'iO "E' o.>'!~ 11'1'" III ';lQ il"nl~) """.I 

''-'(''1:+ I ;H " 
" 

m"'~I" .1.\\ "<" 11 O1"! Df-I ~'''!ln ·.!; '' I'' " "U W"".I" 1 ,,~]!" "c1~I'''I ~ ! r ~j~q ." 

'(ff"- d 

'alg,. I" ""'Ig"t .... &\('I .\&qo JP11l] l;,ajJad 

',"'I";J:I-l:) '1 '(1'-" d ,""E!al 1"'(1 'IO'I""tJa "" '.nEI_ 10 "O!I\1I1I~~ ~'l :M'kl'P 

HI -,1.""" ", ~I II 'J'''(I'''.'! '<In :lu'l"",d_ JO "'''''1' ;JIIl'''''I __ ! I! "'III"'I~ ",,'( ,,..lill~'[J 

,,.,,,,.,,11. I '''P J<> UOl_3,'(b,~ '''11 JO ",1'1 ')(11 ""'q ' .. ""''' .... 1..p 1I01I"""J lJ"I(I'TlVI(J.(Yti .. 1(1 

"I' 1\ '.""',,'" J"'WJ "1"_1< ~""""J J'I' .n"l( -'''~U_'IOJ r"" "'\1'1'" ".ll,,,,,I,, ""~'''I'''IJ:I 

,'\( 1 ,'I"'''' ,,<I -.., '. ~Oll""'! '" '" ":I" ""f'.' " \:I ,)tIl P II,' """"'1-'<''', I "'/1 I """''''' .)J" '.; I I I" IV 

'/ 1 .'1' ',""h::J I ~''''J .. ,u,.,.->,) ,>ql 01 ,-""I"" '111_" ... \1",.",<>: .. '}'1' .... 'v" .. 1' j''V ".1.1'>\(," 

• " 

·, 

(dt - (/', ~ , " 
" 

r IJjI!mo 
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]'odiMi(]L\ 'i'he I"s t c,,-'£ we ll<,,->d to consider i. that of vaCuum l'nerg.' For" CIliwr:<p 

dO"'lT,,'I~d b,v Ihp cmllloio!,;imi fonst~"t c.' = L it follow" tl"'t, 

!'.\ = C"",I (1 22) 

II is cl .. ~" f]'",,, "'luotion 1.17 lh~t when the Univl'r"" i" dominated by a fluid with all 

ii will be [lositi,'e ~nd th o oxpomjon of tho Unive,se will 

he 1J.C~elemtl'd, Such n Iluid with npgaliw prrs.'u!'p;s !,pl'e,.,.", I!.o "'; dork enNK.V T ho 

rer~1l1 fL,lronomicol ob'l'rvation. strong'iy <upport Ihp viPw IhDI thp Univfl'S(' ., I\OW 

aneler,'li,,~ [5]. whirll ;ndieM", th~t our Uni""rse i" currently dorninmed by ""m' kill<: 

01 dark eHPrg.' 

1 .:J. a Importau[ C()~",ojogkal Parameters 

In t h i. "" h:;ffl "Oil wp w j II inHoduco some of the import,ant ~m"nologiCllI pnrmllct,ers Ihat 

ore frequently utili:;c,d to de:;c"iiw Illp fXI'"nsiot\ of Th ~ Uni""rse_ 

H ubble's paramutcr: io ddiHcd ," 

H ~ n(l) 
a( t) , (1'23) 

whpr~ ,,(I) " ,h~ scale I'oclo" Hnbble', pnmmetl'r i" l\ l.imF-dppPndpnl fun~l.ion wh:~h 

nle,,,,urf', thf mlP or p,p,"'~ion of tho Univeri;e. The Hubble constant II" = [[(/,,) i. th~ 

II"hhlc' p<lr,unNPr u)<'",,,,<'<1 '" th~ l"'"",nl lime. 

Il L 1917, l::insTPin ",nd de Sitter bot,h developed 

m'llloiogirn i model" by as:;uUliIll,( that tli~ CJI;\NSI.' i, do" ,;nal.<,<.1 b\' rnal'O' witil zero 

rlLrVILI"rp (I.- = 11), 13\ SUhS[j[.ILTing (k = 0) illto Frif'<I[t",m, Cquations ~Ild oolvi ll !l lm I' 

we Oblai!] 

c , 

I' = Pml =:3H (I 2_fl 

Th p crilic,,1 dpnsilv Ihir is Ihe amo unt of m~tter r<'quiroo j,,, Ihe Univer~" to be m,,,,;tiy 

!I at (k = 0), Thp re<;~Ill ol~""rv~tion, 01 I he D<,!,;, I'f Angular Smie I lllet'foromOlet' (j) AS' n 
"'!\i!.fsl Jlli, IYI'" of I{<,<nndry :t.:, I'mm 1.24 we not.im th",t 1'"." dopends on the H"bhk' 

P"'·uHlFIPr. which H)~>l nS thai PO'it d,ang~s ""' the Uni""t'"<' pvoive~_ 

Th~ f,-~f'l.i(]lt 0 = 1'./ IJ,~" " kllOWll ,,", the dell,it\' pOrRnlPl!'r, According to thp "('Ulit 

(nASI) ()1"""'~liOll' ,r,:, the [l,e.,elH vnl"e of\! i, OQ = 1--,-,11.111 

III ~Plwr~ 1. ,he [0l~1 density 0 is the ~llUl ofthc com,ibuTion, froIll mdiation, maTtor 

and va{;[JUIlI cnl'rg)', The Fril,jrndnIl Cqllatioll 1-11 C,m now b€ writtcn in thc ,umpact 
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CllII/>rer I 

fo,m 

II - t 

A,<;fl rtl jng tel tlt~ ~qUl\t"-,1L 1 Ui. jf Q < 0 \ h~ll the term 1/ 1 0 , '"' ill "'j:, ",way, be 

d~'<:rl'""j!l~. T!lU'!! w,jlniw"y. ","Ol\"~ away from un;ty. 

It j, dcar from ",<uation ! , ~~ that t he ,';';;!! of k d"pq,d, "II tl", '1\I,,~ {If !! 

\I (II (1 < ('<, •• ,. ~ - I - (11"'11 J,'I" n_ 

, , = VI p .. P_.", 10 = II -. fl,l! :\·'1''''' ..... 

0 )- 01 P > p"", -- 10 = , -- cJo."<'01 ;\·'I>i\( .... 

B~' "'-'h·l1t,~ ~~I' .. \l"J" 1 :1~ tnr ""ch ru~ wh~re nile ,,[ ,h .. th .. , t"Ill),- rl"'IlLlW(l" w~ 

"btlun 

(j fI j , d ,,,di,,t;o:l ,1(J",in:ltNi 

,,\ f) , .I ",,,tt~'r <.io"';!lu\cd, 

a( t) • ,"' COI'IHologica.: ron~t"nt ,lonHII.,((·d 

I" a Umwr>" roUWIIUUII. U\<Iuel "uti ""I;"I.]On. lllllU"r r~H._ "rr ,l'''''tr 'han r,.,rli~li"" 

A~ l'aTI)' tim"",. r"dinti"!! (]O"lI1"'tl~ t !IC ",,,Il el ill l-II ;' .... ...." \.IId "ft", """" 'H'''' f,'."" 
th~ Bi,;; Bn"I';. th~ IC mUtil he ,\ timt' Whl1' Pm."" = P .. ~.,."._, Tln_,. kllnw", .,.; JH~'\o.'I­

I,)(liatioll """ruity ' I !trlf.llftrr, m"!I~r wiil lwp;in to dOlld",tC' ',hr ,'XfHn,j.,n oj thr 

l;ni,'rrflC 

Csi n?; "l lliltio". 1.(i. I ~~ I II." d I.~l. We'mll w,itr tlLr ralio "r "," To I), ,j; 

(I", (INI'J ._, 
-=-0 + :) 
I', I''', 

quantifying the T<lt<.: of CXJ>llIl~'"'' "I t!lC LfliW"...e. w;,i<;h i~ ,I,'HI"'] \Iur , 

"'Iua~iofl 

aa p -.-3P ,,=--= 
,,1 2p 

{1.~6" 

The o1.""'''''tio,,o of ' Ylw /n S llll<'rn",.~ ["~I i"riil'at" tl,"t the Unl"rt._l', •• JCCd"I":ill~ i,~" 

'If) < () 
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('["'I'I('r 1 

1...1 Dark Muttcr 

Dark \j att~r is a hypothetical matter of unknown composition that doc, not emit or 

reflect ClLOllgh ~1t'{;trOnLagIleti~ nldilltioll \0 be ob.erH·d dir~dIY, The 1""'~Ila; of thi' 

kind of Ilmtt~r can only he in f~lT("( 1 froIll its gr,wiwt ion,J effl'<:t, On v;sib:c mlltt~r 

.1 11_ T herc·fme flMronOlllPr'. me fa.coo with quiw a challenge detect ing it, Astrophy"icru 

ol"*rv,, I ion, i"dicate Ihll[ dark milner <1('('0 lint s fo .. 2(i% of the mat[el i n [h~ ou>e r\'llble 

l'Il;ver"" IH][151, 
OIl~ of tht· Hl(l',t iml>ortdIll lochIlique, iIl ,tlldviIlg th~ motio", of g,,1<.xie< is the 

00ppleI Shifl. whid, rcsults i:; either" r""hhift or blu~shift, The slC>eLlrcll lin'" frum 

an nppr""chin~ J..<[J'onolllical li!';ht "ouree resnlt in a ulueshife whil(' thooe of .. ('C{'( lin!,; 

"'urf'e> r~"ilt in Il r('(l"hif\ \\'~ know that . .o;ala.xi'" rotaw be{;A.use, when \'iev.'('(1 <,<.I.o;(>.on, 

the light froIll one sid,- of th~ galaxy;' bl \lr ~hifl ed "ml the lighl from the other ' idr i" 

rClhhiftl'd, In order to determ;Ile the >r){'('(i at which I.he gol"xy i> rot>'tiIlg we: C<lIl u'*' 

Ih~ fOl'llmb y!l 

V= ( 128~ 

,,-hcr~).o Jmi )., me the obsen'('(1 IlIld omitted wave Irngth" rr,prrti,'rlv_ KIlowillg tho 

rot-Mio" "pcecl ot [,he 1':1l1<",,', we' can estirnat~ the mass of a g"h"y, FOI ~xmnple, I~t us 

~ollsidcr ... ~td r of IWIS" '" lWilI' Ih~ "".-Ig(' of a spiral ~alaxy (d istance Rg}. mo\'in.o; in a 

cil'cu lar orhi! fll spl"d v, The ~~"tril'l't"l fora; F, th"t a~t" OIl lili, rn",," i, gi\'('tL by 

From thp Ncwtoni"" 1,11'1 of gr"vit"tion thi" fOIa; i, r'lu ... 1 to, 

G".,\} 
Fe = ----yjl , , (1 . :JO~ 

,,'il~]'r .\I " tbe rnA,'" inside the ol'hit Units haw' b,,,n ro-introduced, By eq\la.tin!'; 

"_ lI~o,2 
. C 

O\,Ar half a centul'Y ago, wh~n thf astronomer Fritl Zwick:, ".,\;j ,tudying th~ motions uf 

di"la,m !',al"xie:;, he e,timmed the total 111= of d group of gal"x;,," h:, I~a;;uring their 

brightn~", Wile" be ~olllpute<:i th~ Ill".'" of the ,alllr duo[er of ga laxies hy ol);;('[\'i"g 

the rotation speed m~thocl. h~ ~alll'" lip with a numlwr that wa;; 400 tinw> h;, origitLlll 

e,ti Illiltc [131, 
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Cimptcr J In 

,\eC\Jrrlin~ t() Kepler's third l"\\' Ihe 'pwd " ()f indi"id,, "1 "ar' i, ]'dllted ]" their' 

Ji .• tan"" R" from the centre 01lhe ~"II\-"y by thf C<J"oti()n 

" 
,'Ai 

\
1- . 
, H'I 

( 1.:12) 

If lo'; .ip., ()"tside the I'i .• ihlc P''''' ()f th~ !,;,Iaxy. we "-"pee, (ll ,,! '/ , I \;11,,_ 1",(,.", 1. in 

m.",t g"hxie8 o"e nll ds t hat" hecome'5 "PI"'Ox;'r<atC'ly eonota"l OlJ, to lh p hrw" t y"l""" 

of liq Wh~f~ lh~ rotl<\iOll o rb.l can he lHea,ured_ Tn son .... galaxhf, the 'tar' ",(1\'" ut 

,pL'€Kls that shou ld ri p \h~ gal,1XY apart Thi, i,lIplips the exH~"'~' nf R dark 1,,,10. \\'111. 

m,,-,s ,\f ex R" 

The natnre of th~ dark "'''Ikr remains 'Ul ullIesolved punk and \Ill' WHelll ('1"ilJ] 

], Illal ""'.'1 "f Ihe dork ",att",r in t,itf llniwr,* is "f an exotic llaU,,'{'_ Cnnsulll~Lllly, 

jn\'c."IJgali'ms of dark malkr is not ouly \-ital \0 €"plaj" Il,~ grayila,io"ol ll)[)f.ioI L'\ of 

~"In.xic", b"t ,,1.'0 imporlant W Ic."t cnrrem thl~\ries of g]'n\-ily, 

S~\'Cral Ci,\egorics of dark matter have beeLl pO.'lnlall~1 

• lI nt da .. k mOIlN, 

• Cnld dark matter, 

Ho\ dm k mal (.er OOlL,ists of parlic[(." lhilt tr"",,1 witl! ,.c lnl iv;;; li" \'Cloeiti'" (t l!e lLeutriu>s 

"-r~ i\ pr imp ~x!\mplc:', On the nlh~]' hnnd. enid cli\J'k Illalte , i, cutn: ">M' ,l "I' "hjeds 

,,,n;eifJllly mas,il'e t.hat t,hfY m,,\'~ "I ''' ])Hfl"livioli,' \-~lll<:J(;~"_ TIl'" Jilr~"'[Jc l~ h,·t.W['-'lL 

cold da' k maliN and hot dark mal ter is ,iglli Ii eaILl i" \1", fopna,ioLJ nf ,tr"etu [C'. b~U.ll"" 

Ihe high wlocities of h[) ~ da,k ma,te' "all""" it In wipe OHI lh~ S1rllnnr~ 0" """II sc,':(",_ 

1. 3 The I~ig I~<tllg Coslllology 

\\'e h",-e ))l'~\'i()usly me11tioned Hubble', di"nwry "f a direct rcinl.i()l1ohip bet,\\-""" the 

dis",nce belw('('ll Ral"";",, IUld t.ll~ ,."locit)' \I';t h w hid, 1110v >1f0 r'\'~di" ,~. j f ''''' CAllL,j, I~l 

thio ob .• ervational fact t.ogether wiTl! tile m'mol()~i~RI p]'i]' ,ipl (> w,' reach 11,,· ('onel""io11 

that the UILiver"", is e"pnndini!:_ COlL\'crsdy. if thi, cxpall"im; llils COlltllllH,rI OWl ~lw 

~ll,ire ag~ or t.he Un;\-~r,*, ,h~n 11\ ,he i>,,,t. \he", d;';\llllt. rL~'~ding ()hjl~'" l:],''"t 0]"'" 

haw hefn do",,"" together Thi, id~a ga\-u rise To Il!~ Bi!', Baag \ hen'.", tIl<' d,,,,,;,,,,,,t. 

mod~l i" ,,-,smology wdav_ In ,h~ n~"t "",,\ion we will Ji~eu"s '0'",' nf the () h"'·rvalwJl~1 

~\'Jde " '-e ror ,his n Lod~l 
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Glwpc('r 1 u 

I.G Sllpporting Evidence for the Big BUllg 

I.G. I TI,e Cosmic l\licrowa\'c I3ackground (Cl\lI3) 

The w:;mic microwa", background ,a<.ii"tion (('1>.113) io " form of ekctrom"g}ll'lic 

mdia{ion {hat fill, {hc cmire l:niwrse and mdiatc3 uniforml,' from all d irc<c t ione in {he 

sh_ j{ jlflS fl t hermal "2.7 K0lvin biftrk bod\' ,pe~trum whi~h pc"ks in thc microwave 

r.mge at a frl'(juen(,' 01 100.'1 Gil, (rN ~ , e" ie"" :;\'f' II]), P"pS('lItl\' 'llf U"i,w,* i' 

dominat~'<i by du,t, bllt j",'Cau&' radiation dilu tes morc quickly with tlw ,'x pall:;itlll, thi' 

impli"" tlmt a t earlie, (im~' tll~ Un i,,,,,.., \Va,; dominawd by rWiMioll, To(by th~ C~1B 

nils lilp lIni\"cr.o.e with photons of tempcrature T ~ 2.7 K. In ordcr to "'-" how the 

C\lIllellJp<'rM lI l'e ,'aries with t.hp expansion of the Llni,'crse let U3 w nsidcr a ,'ojume of 

I'hOt(Hh AL,"ordiTlg to i.lw r,,·~( jow oj tlwrmodyn/lmi~s. thc amount of heat dQ flowinft: 

IIno Or oul or I lip ,'olulIw " iSiwlI b~' 

dQ -IiF -I'dV, 

\\-jwrp dE i., lllp t0~uliaTlt clw,,!,;e in th~ internal cner!':)' insid"the ,-olume. awi PdV io 

il", work dOlLl' by/on th,' s~':;I.eTTL_ By a_" 'lTTLi" g dQ 0, Nju/llion 1..3-1 NLIl I", Wrill~tl ,C' 

dE = _p(,\dF 0 { l,.,·li 
,II ' <It 

l."sing \ ' C( ~(t }", W(; OblaiJl 

",lll~h II"" the solution 

, ,(T 

T dl 

T( tj C( ~Uj j 

( I :15;' 

~ 1.:lIi ;' 

I I. io cie" l.l,tI( I.he (:1<.113 ari.= natma]]y if thc I iniver."" t>c!';Rn in a hot ann nm."" state, 

rile di","own' of thc C\IB radiation, oo:',nrro the ilig Bml~ as thc bC!S\ thoory of the 

oril(iH alld ~vollJt-i(}n 01' the \:ni,,,r,,,,,_ 

1.6.2 Thc 13ig Uallg NudeosyuUlCsis (B UN ) 

:--illclec •• YIlth"",is is \hp I'IOl'e"" of ~rp~liTl!l'ww Momic Tl\lciei fro", I're-cxi~t illg Tl\lchllL~ 

( pl'uton" "TId Tle\ll.rUIl") 13I3:--i or,rm re<:I wit ILln the nrsi. lILl'\'f' ",i"utE'll or the UTI i veroR and 
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(u'Llla'l 1"'" 11aMllp'{'1 '''''I,'' ClU111 CI'pl 110nB1!1'l"''''''' )0 ClU11 ) ~l]l 01 0 = I 'jll ~iIrn:] 'Om 
.1'1! )0 'il"nll11~""l a'll ;>;)111, l-"n~A\1J1 a.WlI p]nm uOlO'ld" ';>;)Ull1,IP ~"l '~P!'UOO CI_" JJ 

""{ ''''ll'':' v[Jn.rud J"-' l\!~dd.l 'I'iiTLOJlP 1"-'"'l"U!la'11 U,"",] ,J"ml ,11010l,d ,"'p H'll uU,Jm 1'1'10'1' 

I[ [Jll1 11,""dwCl1 """J"'Tl" 'P''> III"' PUILO .1\1'."II'I ~,W,"O D11U J IW,OJ ,J'P JJ -,JJ[Ll'.i,l~dmCll 

\![ ll][OJIUTl .,u;x[d1l ':111'01 <>",J.\llL11 vl'l"''''Sf[O ,jIll )0 ""I)]' ~11\o\J d do uo U011"'F"l l 

"'''[OJ10>1 "I'I'iilll '! I! 1IJljl 1~""dJ pm,o,'li~,' uf[ ,J,W,., On ilU "' ,m.o,' Cl ln JO ,U01W~,ld"'IO 

11T01'l",lcl !!OZPC'11 "4.L T"!' 1 

K IOJI[T, ZluU8 Zl!8 Ol{l lP!A\ SlUJ]qOJd L'y 

'_"01"'1 

I n, 'I, I ,j"' ,:"' "lUn' ,)." I"", ,JJ IL ""d d:du lI ' "!'11 '11'-" '"Il[IL"Y!,P ~u",., '~ACI,"Ol[ a_HI aH'l.l. 

''''' J CI_' !U _'1 

llH, .;(, "" IJ ~ [0-,,1 dlf["~ ' '-'F' 10 dlj I jj" !11'1,1, ro;) U! [nJ,','Cl:,);,n, Xi~np.lj"d UdVf[ ,-,,'1 X"w'll i;""H 

~'!lj 10'[ dl l.[ -.\,,·\I\1<I·)lI 1''"''''dQ <[1!," .\"WlP i;,,"U li!U d11l ,l0 .\JUd ).,,'UO"' ,jIll ""111,'1'1'11' 

']-,11 ,\I 'PI""" UHUW]"",,) ~l]l mo,) I >J.\"~P '" .\'.100'[1 ~U":] 'Om Cllj11O) j.1oddll' IIlO'P.1°OljL 

""l~Al "(j l " d>,Jl<l ~'l.l ""'" 010 1 • 

pU'8 "W01" UUO) 01 '~PllU "'11 

<[1'-'\ ,m"I'll();) "H()" lC<'P "',lJ lI~'I." 'lpod~ 1I0!11111!'ImooCl1 ~'l1 lj I,," l1k1P!JlI)'''' " "!'l.1 

ld II ~" l '1I0"J "0' )1J!I"'" JO iii "!dn"",,p '-" II 01 \1" 1,\\0 8)\;) ,J'n JO uOl'j>1W10'1 :>'''CI,j' \-IIT • 

>J~d,i' 101 • 

PliO;>'''' ] • 

',)11'1' .\1! I""I" UO'l',!p~J-J~II'"'' dlj'l ~ I P~d,' "';,'d,\; IV) ,j<[,l, 

':;Q)0Jd ","CllPll_'~'-"pn" 'H]1 RIA '1')1-')\11 'llj~'l ) ,, 110!1""'lO.:f 

:" LO ,'l " ~ ll p ll" ,',IO'IOJ<I 10 \10'1~ " ",0'1 ''-1' \10-''-', ,_or • 

.-"nl ""1~.':n;1 ~'l1 jO .\W)"!'l ~'l l (I! " I" ""~ Jd~ ~ IU. 

1" ""'J.\~ ,l' ''-V, "_1 ,)I[ I _\\nt; JO Jln IJ,ej HlJIJ Xp !e J " '!1',\\ '" ,,,p l.\o'1{[ [vpom \1H ~8 '018 CI'l.l. 

0~J"~!Ilr1 CI \{1 JO ,{ J01 ~ !1I J11J, [: 'rn 

.\'1OJ:[1 ~l1\'8 '018 ~'l)lOJ ""n~p!A~ iiHOJl' "'P!,\o.,tI <h I" NW [ ,'T LlIJ , ''"'''I"mu ""~'[l 

'II'" lll.1)'I,""" ,](1 01 PllI"'] ,)-1\1 .1<1,1,\!H'1 ,1I!'1 "! "'Jt"'rlT""r-< 1"'\""''10 diU, "UI:l1.1~ TL~P 

JO ).,10'(1 ,'[Jll'll!1XOJdd \l PH" 't-UIn!Pl[ %S'(. Jl~ll"" !,x<).,tI <l11 . I -H JO ':"" ~L ,\ Id ,"lUIXO-ldd" )0 

"'~""PU"'I" ",,"n 'P!l',ud _\:\18 J ILl_ ''''''''''''[''(1 d'll "! '(f'-lU mld':) ~ 1-J1 ' puu '(r:-lIIrl!Plj) 

'-)H f: '( lIIlLU))l\,)[l) Il ~ '( \l~iio. , p.';'j) II I JO >O! III' dJ">1pu[Lq~ Cllj l ]<1 lfl"'J! lO) alq!",wd"~J '! 

(.\ I JJj<i&[!(J 
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CIJ"pIN I 13 

atollls begin w form) ("(}mpared 10 the oo!nm'ing mdiuo at the prcsent 

\\'~ rondurJ~ That thp hori7.0n Si2P establishprJ at. The Ipcombinatinn limp (whpn frf'i' 

dp!'!WllS combine WiLh The nndei to form aToms) is mnrh smaller L,h~n neoc""s"ry tn 

"c~uunt IhO' th~ loO!rop,' oh>",,'~d in lh" C~ln Io<iuy This is lh~ 00 c<J.Iled llO,i"o" 

J!robl~JJl 

1. 7 .'.! 1'11(' FI"tlJ(~S.'; 1'['()hl plll 

()b",,,-ations ;;ho,," t.hat (l is dnse to nnc [6[, whidl me~n~ thai it must haw be'Cll mud, 

clo-,pO' 10 'WiTV in tlw post Fm pxampl~, wp "'quirp n - 1 < O(lO-IG) at ,hp PIXlrh of 

lh~ lIlJci('(lO" nlhp,,, [8] "",l n - ] < O( 1Il- 6-1) fll rlw P ian('\( ppoch [ill T !lPqnestioL 

tlwl Mis",; ,." how multi ()1~ a"l'm)!;~ dfnsily 01 th" Un i v",s~ hf "blticill to lh" ",iticill 

d~n'it:,.-;o "':)on ul'll" tiL" Ili)!; ]lOll!.;'.' \\-" know thut Ih" ",itieul d~n'it)' (I ,." dw.JJges ""' 

the C niversc expands: rlms lor the l ilLiwrb(' to he " Ii 'k-l un",l" to thi, pr~'Ci,io11 " hib\hly 

i,nprohab]e, Tilio i8 called t he- Flat ness Prolilcr", 

1. 7, :'; T he Galaxy Form ati ')] l Problem 

Ollf of th,' t,'n"lb of (h~ Dig n ang Ihrory i, That the beginrjnll of r,h~ Cniwrse was 

ollloolh and hO,,>o)!;,,"eoll~ . T lif qllestion thM arise,; iL tiL,,; in.'I<J.ncp is how ro,, ]d llal~rTir. 

ot mclure'S haw miSt'll fro,,, II S'''OOI!l dis!l'i bll( ion 01' HLU\\~l' !{'Jwrgy in lh" ~arly Un iwrs.>'i 

Tillo i~ the w calk.>,j Gilbxy FO""<J.lio11 Probl~,,, 

1.8 Inflatio Jl ary UJli ver::.e 

IJI '.h i~ "'.'diQL \\'~ will "f'i' how (he inlrodnclion of fI.n inAl\tionary s(,agp :LO] iL thp pml" 

Cniwr~~ "Hers an clcganl SOllllioll to Ih~ <J.bo\'P prohlem,;, In Aation is >t gPJJelill t"l'm 

f(}r ot",,,,,rio, 01' th€ wry ~"rl)' U,,,,wS<' . all of which ~hM~ Ih,' co<",,,On f~alur" lh>tl lli e 

Uni,...'",· eXp€[l~ n l~' a [iwl" !l~riod of ilccel~fal",l "x pu<l,ion. whil,' il "in" WlllUHL-li,,, 

s(alP COJ\l~""rLg on]y hOl"O!\~nron' rlllssical fiel,k AITP' inflatinn, Thp iJJiti~] "flCllLlln 

,;tmp rlff"'- inlO dptn~darv p'L[(idps, 

,.\ccmni "I( tn Pq"fLIiOL 1 L\ I hp ar.N]Prfltffl PXparH; iOll nf t he L; ni WI'''' ra n li p ".dM",,] 

if tll~ m,,,litioJL 

fJ + 3P <O (US) 
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Smr,' : I", 

wm"illlllio n" 10 t he en~rp;y den"i!.)' ill" rrd,h ifl ('(1 ilWR\' "-, I,h" l l" i", r", ~xp" "d s (0.', ~ 

,, - 3, P Ii ~ ,, -.; " "d Ih ~ ,, - '.1, I·hp COS lnologiCfl I WT"I·" "t wil l e\ '(' tLl .. ,,,,Jly Iw I it" dOl ni"" III 

fo rm uf energy By i:-;JJu,., 1I !\ " II ,lIe ({l!Hri; .lutioll ~ to thc en" ,!'", el e l"i,,, 0(11 " , ;.hit" , he 

l'0Smulugical cotlstant , th~ Friodmann L"l.nation L [.J bC'COltL L'O< 

:m) 

T il is d iHe1'eTll i,d equBtio" hfl.' ,he "" IU l ion 

1,1 _·; 0 j 

",I, ere II _ (S"- i FroJlL Ihe C<.lu"t ion 1 2,j it.;8 evi<l~T l l 11", 1, c_' (.' "'od II i'-c:-~n",' b\' 

treme ndolls amullnts d nrillll in flatioll , t he righ' hand ,ide of the C" jUH!m:l I . ~J ~::>l'w"d Ll'S 

"~t'O, Th" ., f! is d"i wn t.OWIl.I"), un it~( mId t.hp <pllti ~ 1 "lice of thf' I llli\'('1'''' i< lLark lint. 

b: .. inflal,i em, 

Inilill io" "!'Sll it in an ovprl"" (}f t.he p"" t h i<lori", of ('"-,,,al o i, ,\<ij oiLlI !'('gi()],", '1'1,,,, 
lh""" re,.;ion, can intprilCf. Il.n d makp th e mi('rowaw back ~ ro llJL d Imifot' m 'I .\1",) 

inn".!lo" cxph in" t, he o1'i g;in of lhp ifI]'g;" ""Ie "t]'unn]'c of \1 ,,· "-",Jrlr,, "-' ],p'll lt.in,,; 

frOll L quantu m fl uctua, ioll " n1 the microso ,pLc ilLfi "tion,,,,y ,-~g i[)n 1181 
st", lc'S t hat :bl' Sp0llt illLL'ClUS fi'Jctllalio tLs ill t he jJrc-infla'.ioll llr:, "p u<>; W(" ·~ gr,,',,;I,­

llmg lt'iied by infimiull . III tlL~ p(YSt -idbtimmry ",-",me><, the''"'' filJctu;ttiOlh ;o ru <ilL('ed 

rcgions j us t sligbtly denS'-'r than t h~i r s ll rro '.moin!,:" Ti re ,liffpl P:lC<>< in d~]"i l\' wpre in 

t.urn amplified by ~mv i t.y, whid , pn1l" mll.(w r into lh~ dpnsf'i' ",'gion", Th", 'nih ,Ion 

pwvid<'S a mech " nism 1.0 ~ener,,!.e thp ",,'ds of detl'lly p r l'llJl'bal ion" obs..,,,,,d in ,he 

( ' \lB ani,.-,trop if'lJ, 

C II ]']'e tLll)-' no other lI.('(." )' CaTi exp lBi n bud. why IIIC L niwr;;e i~ 8<.' un;:Orlll ""t'mll 

mal yet CUmaill" cxact ly the kind or "r ip ple,," r~prc"""ted by tl,e d istribnli ult ( ,j' gaj,IXi"" 

t h rong)! 'putt Anu by t hc wria t lon" ill tbe cos mic llLicrowave haekgruulld rw l Hlir))] 

The pr uh leJlL wit h ti-lC pnevi'Ju, inflati (m"r:. lHXld is thm thel'~ ;c.lLO \\'H.,-:O 1'.al1. -neh 

r"piJ cvolu lioTi otr ee i\ I",,, ","rted, CCtl ei <'wILt u"ll" th<' Cni\-~rN" will be ell Lp"- of "wt t l'! 

~1I 0 ],lId ifliiotl , In 1980 G.1 1 h dewl(}ped "tlCw i" ll",- ioll"1'\' "C<'ll ;l1h ,. hy Ill\ Tr)li ]( 'nf!, ""'h' 
', ind of CO$lI\l ,Iog;ical "CallU r, e ld cpU ,-) G"th " ; rLl.('ntW]J w,e' ( 1) Ii rll i ( t b~ ,'I[ II)UIl\ o r I, ' n~ 

d u]' in:-; whi ch t illl.t thb m pid e Xp" lL ,ion oc(,u rs , The mcdHuLi," , of , hc eILII, ,nL.<" ;o,, 

corr""jJomb to II phase t r"n,il ion in \h~ ea rly I.ln ive rsc_ [" t hc ,, ~xt ~\i()11 liT 1"""«'111. 

~ brief review of lh !" sC('nari o_ 
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1."'.1 

S('~I,u' ii,'ld, haw IOH~ h ...... n ",;,\ itl n"If,,· ,utili",1 part,ci<' Iht ..... ,,... I", ,·x,'ftlr~~. lil,· 

Hi!4!(~ lipid of d,c "ta"d:uJ ~ I ""'~-l. .If, wpll "" I , lt~ piu" lidd 1l .... liltt"J !) TI", ~1'I!nJ> ""c1~aJ 

i "I (. , "cl io", ,\s.;u 1tJ; "II \ h~ ~x i'l ,''' t<' of ~ o.c~ lltr lipid ¢{ I). wll il " PU\ClLl iol cn~1J>Y den -i ly 

(..,j. we n'll deli"" it' Lhl'-ldgi,," (\,·,.,ay L "" 

L ,I A I j 

TI ... "rt,,,,, " ,Iw" 

( I 4'.» 

I h~ "'I11,,!ioll 01 It",!ion fuT thi~ th('(JI')' i. obtainoo by cxtr'-'f"izin~ th ... !II;t i"" "h .... " with 

' ''''1''-'('1 10 the :>cal~, lipid " 

¢ ... :j/I.,= \ ''(4)). (1,4.3) 

"'\"', .. Ih,' prime '<'I"'"I;,:lLlo dHf~,""nti«l io" with ~r("rt to Ii> "I h~ l~"n ".,,\lIin;ng lite 

l] ulJ\,l.o> ,.",\.':.\)" """"''''~'' kUld <.oI'I'I[li,,,, I~"" re,ultinl'- fWIlI 11\,· "XII.\"~;(~l III "'Hl/1. 

""~lhi" ~ thf'<"em on" CHn J('hr,~ the 'tr~""eoSl' It'1,,,,,r 

C"IlIpmin; IAI a"d I ]:I \'i~IJ~ 

I' 

l' 1,-J"'= 
3-, 

1 , , , 1 . (6) , 

(1,~4: 

i ll', ' . , 

( IA61 

[n tl~'i\'ing lh,"ljO" .... luM;')JI~ III,V IITadiPllt /Y'''lIib"ti(>lI~ "',. clunin"tl-"!, bC<.'"""" nny 

inhr~"~t'llCin' 111 the field wi.1 '""~1t111~ny I", r...-l,llIft .... ! "',,-o.\' hy th~ ~.,.P"''',' ..... , "11", 

'C'nus ~,i 11m! I (9) can be 1Il'C1I"l'1.c.! ,1>. Ihc kinellc e,,~'tg.y <I""~'t)". 1IIIJ Ih~ potcnlia~ 

<"I1t·rl:,.\· d"II-in' of Ih.· infl" ti"n h~ld r">l~.:ti, ... l~-

1.8.2 Slo\\ Holl Approxlrufllion 

The "'!\tat i0!!' of ",Iiat,,," ('~" b.> . 11t1p li l i(-<l by u81 ng tlw SO {'all<:<1 .• h..M" roll AI'PWXll11 at '0" 

which '~""m"" lbat the ki m'ti~ ('!\~rgy <I,.,,,, ; 'y of t hc in 11~1 ru" li ~ld ,~ i ~ . ",«11 ,''''HpM''' ! 
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Chapter 1 

10 it.' 8 I'"tenlial Ctl~r,,,"' dCllSit ... F(~"), ~nd thai the ill flat ion cquati011 1. -l3 ;- fric"",,­

dmnin ,,('("(L An'Ording t(j tbf'Sf' assuIllpti(jIl" t;)(' ",xc\crat;(jll term ¢ can Iw ip;l1pn,(j 

coJllpam:i to th~ for~" krm V'(oI) and th~ hict;on term :IHq>. lh' ddinill!'; thp ,h~ mil 

parrum't~r" 

, == " 
1 V" 

1).1 , ) 

TltCll t;.~ slow ]'()Il "I'PrrlXimf«,lon i:; "~Iid \\'IWll ,_ I'll « L {nnd 'I ]'".-ic"II,- not,.'nn' 

(he sl(»)l ~ ~ Ild the r"n'''I''r~ofl"r sc,,! ~t· lidd I)[M' tllj;t' l' (,)} \\"h " II' ;;",i 'il 'lTf 'l:J,lli. 

th~ p<>lfnl.ial F( d!} j, rd"t;,,,l,, Ilat dllr i Il,~ "10w wll ilLfI "tion The iHilali'"",ry ~·IL'\s(· 

fncis WhfIl I ami I'll ,~row 10 "I mlkr unity. l 'Ilfortuw,tc],' C 1"1. «: 1 j, il ll~'C'''''Hry 

but nat "UJ!i~il'Il\ to 1>LLMlUl\'''' the "low-mil appr0x'mmi(}n. The paramete]',' L 'I pLLa' 

restriction" on th~ form of th~ potmtiai "o1 i.ll<' dy""m:ml ,01"lio,,~ I t! i\",)('] ,d Ih" 

""helin' of the ,low-mil Il)lproximat ioll ~,!"'r~' a ll ~x i'I.~])[e of "',I'm»lol", "lUll(' 0' 

."fllul:on. j n 1'I~r"I"r~ there i, 1l.(}th~r fnrllL of ,hi' 810w.roll appl'Oxim"tion \I'lIi e], p b , l" a 

",ndirion, on I.h~ ~volution of 1.11<' Hllbble par"mHf'r d"rjtL ~ Ih r jl\ll~li"" [ ,lI ; 

1.8 .3 The amount of inila t ion 

An important qlLantiw th a i d~", rihe" the am,,,, III nf j IlRfi l.ion i,", t he """ Llwr of ,,-fold i Ll~'. 

ddiIli.'d bv 

VI ' 'j-l af , , r;>, - QI, = "z 
., , 

l - J[d! , 
wher~ 1 a]](i f ]'~f~r to th e ,",,1]](· of Ih,· '1lL~nlili'" 1'1 thp l)('p;i""jllp; ami th~ end oj Ih,' 

inflation r",pcrti,"~I:,;. I" nrrln to _""I", lh~ f1l1TnC'>s probbn, 1,1, p mnnj,,-l' ll f ('-f"lllLtJ~.' 

"iL'Jl]jri ':w A, :> 70 :(;2[, 

Fr')!l] the "'1\!ation8 1.45 lUld I Ar, we eilH 0bl"iJl 11 1l' r0110wi llg l~ju"lio" 1'01 lli~ '~~I" oj 

the inflation fic!d 

p 
w= -, ';02 -- 1'(6) 

±O)' + q,~) . 

w = -1_ 

TI"", in I hi" ca.'IC, the innar.ion fidd act, lih a co<mojngical const.ant, 

B)' ulili"in~ the _,jow roll "ppro.."im~tion, the r,!lL~tion" of in nation ar~ rrnlLc",\ to 

H' 
, 
-V 
:l ' 

:1I fr:, - -V' 

.I ~ ) 

(Ull1 

(J ,r,z' 
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CII"II!,'I , 

I )jfr~r~ut mA<lilull"! ,. ~l'<-'II~rir>:, rOlnt'<>pOM 10 the dif(cn"Ul ~hoil'<-'" of 1 ht" ,)«1('/11 loll \ (-;:01. 

"'h,d, ",1'1' usun'h' nu,ti'"alc'tl by m8"1O~"L, ~I~"""in.o; from ;>article P"Y~le:.. To daroh 

thc' 1.1, ... "j lull ... 6.n. fI ,illll"" c=m;>'c ~"n l>e !<Ik"". C'o, •• ;<Io'-I" fI ;>,J,I"nom,al mHuli,,!! 

wher<,; I h,' 1'(" ""Ua1 i~ g;"Pll by ~': e>l ,. ~ ",1,,'. bet' lig [1. I]. E'l"lUinn~ 1.",1 rf'dd 

! 1 ,53) 

Q ::: .\_ '~6'''1' I ,., I 

" ::: (J,pxp[~; (0,1 - :'~11)1 
wll" I" ~'.' I' dn il!~l'l\rp.ti ''' , ~';[I~ta,,1 rr,l" ""ponding to the inj ~ j,,' ,·R lll e;. " I tl ,P IIlA.,l lon . 

T I ... {')..jlltll>'Uli ral C' ,1<,,,,, dow," Wil h l h ~ iUC1WI.'f' of t lw second term in \1 ,,, >'1 u n , ~ ~ r:C('k<'t 

"I' "11l.H.K"l I r;r, T h l' wt ,d tI !!LOun, " I i" llati on i, give n by 

( 1.5(jl 

v 

. ~:p-' 

----u 
---¢ 

I.U [hrk I::n crgy 

~h-.\Ii'I!·'·l\\('n" l,j the' c~m : lIdi r.~ l C th aT the l .' nive,,*, is vcry cit"" 1(, h,wi ll!l II M 'p"li -'l] 

"..,.ti un_ LI Thl' w\,,1 ,,,,,(,,,, ,l 01 ",,,TTor in the Un ivc",,' (ind udinK l,,,,.,,'on' ,,,,,I d ',,'k 
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('I'A)!'''' I I,~ 

n~Ll',cr~, M ", ... u;ur ro bl 1 he ellll I, ItrcilLl"'~ I", .w]y ul)('1'~1 Zij',; .:.1 til<' ( , "I<. ,I.·, ,~, T ,. 

1411151, Thi, 1"'pIiL" Ihe cxi~IP"rp of It" ",10";('1''':.) lo,m of '-n("]~" to .1<"""" ,h.· 

• ... :l~i,· i"& 7,\",. 1I,llI l."] .\l"fl. ,r. A" plfo,l '" ",r",,"" hn'" "lilt';:' t 1..- ""', w,,,,·1 . 'x1'.'''' ." 

h..t> !!o">w •• ;1 ''''\'T the ]"-" i"",' h"hclII ,"MU,,_ .... · lO-O''''''''·,~ n,<cmh' h,·" .. , 'C] "I ... '" .,,' 

h"l\h. "'fe ~uu- ,-,,,i]NI ~"p"rno,-..._ In 19'1b_ ol .. ('nl)I'''''~ of 1_"fH-' La. ~";w,,, ..... ,l', II,,· 

SUlwrn<J\'a ('o-"'tnol"!:.r l 'mjl'("'_ At d,p L.,w,,,,,rc Ek,kdcy N"ti"" ... l L..t><m",,", ",,,J ,h., 

II egh·z SlIpcrn",·>I. ~ilrd, .[ PUI' _. , ~rl'ri"i"Q" imEca.tc.-l chit, 1 I,.. ":0 ".' ..... '1 "_~I ,.U '_'" ,I i, 

sjlM'oh""i " I', or urr..:kcat,"JI (51, T h ...... N .. ",,,,p, '''ti('l'o.a/ '''I''~ i"dxa'<' lhM 'j" I)", \' '",' 

",,,,, c,wwi" " "<.:w f""n of maUp,' ('I" pro'''!,\' tiL,," ie', i:o cfl<·<;t, ~c '" It ... • ,o" • .II~' "P' ,I,; '" 

Thi~ l~ <;~nro dark ellcr~.Y_ All hO" :I,I, n'""cd 1)-' il h"" b,-Vlmc quite d('><l" how "n,l: N"'r>:, 

\\'u-k:<, Its l:al UI <' rl:llll<ill" Atl ' Ir,,,,,I,,,,,,1 1'",1.01,'"" The' ,I" ' pl"",t c;(pb""T~m ,-l,u"" 11:." 

IhI- ~~Il'ol,,!:H " 11 ('011"[,," 1\[ .\ lewl> I,.. th~ SO c"llod ,\CD """Ie! _,7J, 
As w~ [.\I'nt ;'-'"ed prev i()lJ , I,I" l.lL ~ lnll~~'p " of the ,-,-",,,,,, j(,~ i nll {''''''t~:L~ IV'" H" 

i" tn ,,[ u('<'<1 b,I' l;;1"M ~iH "'" as to all()w f", " sUn,ic U"i"er~, ' T( xi,,,-, Ih~ "",n,l.! I, ,d 

('('II' ~ t ."" i~ n'(;o~ "i~l ru; ,·u,."llH\ C"p'n,"n PrlN",,, u,,< ' i1\Tl t'u 10 <'''' ptv "I' ~( ' 1I"h,' ' i, 1<1 

C~ I\lUt I'JI« nr~ rewr i Hell !O-'1 I I, " I 'he rr"' '''oln1\lru I ro:"t"" t "P1W,"" " ll T h ' l'i,, 111 1 L,II' d ,ri, 

uf t he eq"Il\)(\)I. \h~ " th e c""' ''' ('Ilng'c,d C('IllS'..all \ u", b e "-'"-,c l,,,,, l \\'Jlh " "", ",,'" ~h ''''I' 

ric l'-lI)' 111 tl:~ r.o:t "L tbF«:I 1<W. IV" will ,./i,c,,'" t he "()" ""'l"~m'''' ,,'-udllll\ """'1'""", io", 

()f ',]Ir c,~,,,()I,,,,ir~) "0>,,',,:>\_ 

I.U.I 

Cur.-idcr a r.I"~la' fipld <1>_ ",;lh 1>('o<L1Iti,,] 1-'(6). Tht, aCli"" IS Ill", 

.r; = / \ C;; [~,I'" J,,«\.( - \ -~ ... ) 

7;" 

, .-

i 1 :,~ 

TI", '''ICuo.:r:J CI:cr!'\' ,'011\ Ix> olYAinp,[ b.\' '<'l' ;n" ij~O (I, ",,,d \ '! (J; = l -, )"i, "Lnc l' ( .l 

" do<' glvlJ~ll\Utlil:I"'r "f VI",). '[ I,p ""C'"'',, <;n<'TRY "LO"'<"<"U"" h n,..,,- ~ II,,,,, 

w \l"re ",""-C = p,' = Vi"',, : '" A_ Th,,, Ihp pr""''',-e "",,",,-' :au,J Wll b T',,, ", ... ,,(, 1, ' i"il, 

C'<Jll,tam. :. t ben given b!. t ltp rd!<\!"" 

P,I 1 IAII 
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1 !J 

In I his m"nJL~r. the r"'m(~ogiral ronst~,,1 hdL~VPS sr~vi\~r, i ol\~l1v Ii KP m~1.I Pr ~nd p,wrl\.". 

exrepl I hctr i r 1'U5~~ npgati YG l'[(.,;:;u re 1ft he energy den,,!., is pooi t;,;p, I he fLssocia\ed 

nc;,;ativc p"","ure will driw an accelerated expan"ion of empty ~pace, It i:< the fact that 

pres:;urp also coni ribu tes to !',mvit,' that m~ko:< the indusion of the co'molo~icai con'(,Rnt 

inwee,tin!',. The main aHract',o" of the coomologic,d r{> ns\a,,\ tprn> i~ r,har, i\ p",,<de,; ,\ 

remark"ble a~ree!Jjent l)<Ctwee" thl'vrv and ol>servalion, 

The phy~itaI intGrl'rdalio" (,r the r{>smolvgirai con,t"nt fl.' nU'uwn energy (]pnsil\' is 

oupported h~' the existence of Ihe ""ero point" energ"I'[('(l icleri hv 'lu,mtum m('{;h"nk~ 

A major out8wnding prob lem ~ten 'lIli" g from aswcia\i"K the coomolog',cal co"stant with 

<lu~"tum-mpehaniml n.cuum energy appear" whon we m~ cyen a :;imple e:;timate of 

",hal lhi' impliL'f; for it ' ,',due, The followinK pstim"tp is taken from [~:1;. Consider. for 

pxnmpw, "oimple harmonic ",cilJator of rrl~luellcy "": I,h"t i8, a part idp vf lTIfI.% II) ,nc> .. In K 

in" o"e dimensional potential woll V(x) = 1/2 ..... 'x". We have chu;en the polenti,,, such 

\hat it h,,-, ~ ,,,i,,imum \i(Il) = Il. The "acUtn" "tate h,,, a ,,,ro-point enorgy. 

11. G I ) 

.\ rdati"i,!ic field nM)' be IhvuKllI' of HS a collf'<'tion of h~rmonic osdiiat-ors of oli po",ibip 

fr"'lupr.ci," A si rn plc example is ]l"-";id~"l by ~ "cuhr field';' of "H'''~ ",-- For \h i8 sy:lte",. 

Ihe ,'UC'1"" ('nergy i~ ,i,,'ph' ~ sIlm of contributions. 

, 
Eo = L""j' (1-52) , , 

wh"re \lw ~uno is OIW _.11 poss;bic mon"" of the field, i.e. o,'()[ all w~w , -ectors ie. The 

sum Call he calcu lated hy pl~r;,,:s the system in " box of VOIUlllO L:J. and le\tin~ L go 

t.() ;nfmity. 11 we impo", periodic bourJll~r)' (\>nd ilion8, forc;ng the ",,,,,,length (in, ~V, 

the "tlt direc tion) to hp A, = Lin, for ""me inte!',or fl.;, then, :<inee k; = 2p,/)",. there arc 

dk,L/2" discrete vuiu,," of ie, in the range (ki,k, -ilk,) Thercforp, thp expression Ui2 

bc'C orm,« 

The erj('r ~y rlpn~ltv (I"de is ohLti""d h\' INti"g I. _ oc whilp simuli~"C()"sh- di"i<ii"", 

bolh ,id,' , b.Y \lIP yoiump [3 I" orde,. [.() jlPrform the integml, we lllll,t ""'""i = 1"+1,,2, 

and impo,;e a cnlof! al ~ ,,'fl);',mUln waW ,,,,.,tvr klll~X» TrI. Thpn Ihe integ",,, gi ,,,", . 

(l.(j-1 ) 
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/:;' _ we obl.""in 

lib,'» 

Thi, i, "PIHo:{imntdy 1211 ord p],. or "H'gnituJ,> I~ 'g~r thnn is "lIo\',,,d liy OIH''''''II''''~ 

TILi, problem i" ternH'd lh~ "H,41,,; , ,,Je pmbkm, S",dL IL i~hly Ih,'()r~I,ir,,1 ~"l<-d,lh)[ _ oJ' 

1"'-'" ,~,c a reiillimi , 10 Ih0 plfll,L";b iEly 01'" J'()I H~IO U"Hllologie,d ~mlS'!\llt, L>;'-J! til' IJ~II 

theorctiuiJ ~"lcnl"-tione 0: thp NJSmolol!,JC81 COIl,tUllt W'e tLot Enlh' nncln'«J(Jri. th,' folq 

l'~ml\ille "hm ,h~ ,'Re I,L "m ~]w\'gy de: .. " cxist, Silll''' g,'avi!'''- CClllpk, "II form, 01 l'''c'\'~' 

tlw f1)OL1lOlogic"j fDndmLt r~1lLl\in" as l\ pilyeirally plo"ei;}lp 1'8,1 or tnod~m cOolilolo!\,'_ 

A: IhiJUgh I he "J"molo~iou ,()],:,M,]]' " I hl' ,ill pl eot pmad H,Lll Enr '--""'lli, a.u'cl~l ,\ I" "1_ 

,t ;- nol h{fllln,1 bC<.'lmsc of "h~ ,n"""nill.ld,' 01' l ll~ jJI()blt"tll, Funhcrlllorp, Ih" r'f,~ ''''f' 
<"'luation of "t at~ ,I!onld ~\-'()k~ I':i:,h lim" [.Jr, ',':ILil~ w of the lw,nologirnl m,,"!..,,_, is 

tinK~indepcmlpm, Ae It r<'Spon sp i,o ,his p,dMln_ U lWW mode. with dYll~llLiCiII V;lClL"'" 

ellcrgy, d nbb".-I q" imes"""nc.,, h,i.'j bt"eu propoocrl :76 1, In th~ n('xl Sf'Cl ;OtL \'J wdlllr","'lLt 

~ dpLlilrd di"""",eiOIL or Ihi" nj(x1~L 

1.10 Quillw::;sellce Q 

qni nlC'!lSCllCe Q repl PSI'nts d.vn8 rnic"J "I "d,i "Ill' ,nhfl illogelll'-'us, lL"gA, iw PH'._'" I ~ cc>- llli, 

,,-'alm rtdd s Th~ ci,!'<r",.! di",inctiolL b~\.\n"t'" Q mJd ,\ is thai ~' , 'l:~ mlin oj PL'""IlI', 1-' 

~o th~ e"e'-g" d pn<it" p, i, pt'<.'<'isd)' -1 for .\, wherc~s w i< - I ---; _' < n for 'IIIiO::''''''l]l''': 

:,hns <lnim<'SSPllm 1,"'''eJ'''' ,~ tJuL~·vm)'ing l'qnmioll of stm0, An :rnl>llI'l,llll ""> I '-""~;OlL 

for ronddPr in g 1.111> 'luinl ""eIll'e mood is to i\d(h~ss Ih" minci,jPll( ,' pH)bIL'''' 

The kf)' ide H of 'lnintessCll m i. to ",-""n~ ,~ 'I',~hi.l ' i;~l d o(!j ,,,;Ih " pOU'lltinl enCl'!,::" 

del"it,' F(,~;' III ruder 1.0 dpt'i\'~ 'h~ no'<+wuo'J t'ApaIlsioJl. 11,e' "",.em fid,1 ,Ij()nld lOJ 

dm..- " ii" pOI elLt Hl v~ry slowl} The hOlll(j~~l\ro", 001: ' po"('nt of \ hal hdd 1,,"- an ,'qm.t;on 

of lnOI ion 

: it)(ij 

v,hArP Ihp dOl d t"tlOl t"'- " .Ifri\'(l.i,'e ,vith res!'ect to !i'llP mHI" ie li l~ H'Lbbh- 1,,,,,,,nl<"I ," 

u' " i, I :l ~" I " 1'(,);) I - , 
-: I b7j ~ V),.-, - '" 

-, -
V'i 3 3 , 
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II ,. c!C<lr [,om t Ill> that t h" ,'xpau.i(rl' pr""id"" ~ fr iction that pr~'..,nt..' d!~ o;("ala,. fiMtI 

fro'" q"ickl~' wi ling t<> ( h~ mlllulllll11 uf it , potent;,,1. T he p"","ure nnd T h~ ""~I'!I,.V <I~!I"; h' 

I!\ <i,c' field llr~ given by 

I- , I . 2 2'" -<'(4J), (US) 

, = J '1 q) 29 + <> (U9) 

,h fur Ihc mll,II;o" hdd. nil' hH t<"Tm. io1 can tIC illle'lm1~'CI ;~, 11.,· k't1l~i(' "'.crl',.\' 

d<""'t'· "!ld the bfftmd term, 11.' Ihe potent;a' e!lCIR." \\'h,l~ , 1\(' cqun",,,, nf slillc 

p.>J''''''''er _ ;~ r,i"~~1 by 

KE V 
(I 7H\ ,.)/J '" I,E V 

(1 .71\ 

13\' ,Ub.I;IUling for ¢> /rum \ ,(oS "!ld \.L9 we ob,,,;n the cont,mdll' ~~Im"iv" for th~' 

'l"ml"" ... '''('(' fi~1rt 

,,+31/(1'+ P) O. ( I .2) 

p + :jJ/( t + .... 0)" = (I . I 7 ~1 

wh,' re' tl", el m eI"11 01"":, <1r, II'O Il\',< ",ilb r "~ [><.'d w i" ", th"n tli ~ '; I\N~\' d",,,jtl' of t-hr 

,!Ujll'l""'JL(' \ipld n'" b~ , ..... Ll ".,\" ,(\ ~d fl.' 

p{al = !lQ ", ... ,exp (3 / jl , .... Q(a); din a) 

It '" "bo p",,~jlok to n '<:Ol1l>1TUl't til<' p' Ol""uIII \ '(u). k,,,,,,i~' '>lIe,S.'" 1'£«1) lI"d lido.! 

"mlullon Q(a). 

I'{ul 
I 
2' p," I 'I - _0("); I iii) 

1,1::1") 
1 
2' 1':(1) I + ~'Q(")i 11 71i) 

Q(" ) J Jj -l Vll'(o) (1-+ ")Q(,,)I<lI<I ,) ( L77j 
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C/wptcr 1 

If I,he ~OI.CllliIlI Cller~,' d0millate" V »K, the "",lar field wi!: ,'oIl rIowll ilo ]lOl ~lLl i ;d 

slowly ellough: thell the equat;"ll of ,tate pmamcter wiII bemllLc ~'r; < [J, pro,lu('ilL); 1\ 

rosm:r acrek>flltion. 

I'or the quinwsSf'n,c to address the ,oincidence and t,he lllll,,;nitudp pmhlcm" \\T 

"LllSI tl1n~ Ihr pllrmnelcr, of the p"l~nt iElI V(,;,) Elnd t.llC initial ,olldition, in th' ti~',rl '+', 
,.\ tool hpj' ~robl rllL with ql1inl '''''''"IT :" rern]'",] to,.., the ""'llLi,' ('niJLcidCIlC'" IlL,)1 ,hL', 1 hltt 

i" t hp t\~ar "'I' L i vlllrn,e of (hc mill 1 e,' III "I ,\ rontri bl1l.iOll to tLp 101 rJ cn"rgy (i",,,it\ In 

md,'r to ,ok" this problem, "'lniak"..",ac~ mod el klLO\\'n ru; Tl' llfk"r h8.' I" ,·" prop"",] 

1.10,1 Tracker Quime,sence 

Tmcker is a pllrticular class of qninte,,,,"ce models tlmt c"mwin ~ll ''',lu"t ]Ol: or nlOtHlfl 

w: th attr1l£tor '01u tions ill which a \'~ry wid~ rallGe of ,nit;al co",!Jt ion" r"-pid l,' ((In\'~rg'' 

i.o a romrn0n ,oom:e e\,o!ut:onary lmck. "" tlmt tIl(' uucker wlution" ,m' iTL"'n';itwe to 

thr ;nilial ,otHlilion" TO stlLdy _lOW thp trackn so]utinl: i:l apl'roclH'd .1 :0 ",d';1 to 

tcwrilP t,h~ ('(Iunlion 01' mol",n ('(ll1l1tion ],(1[; in tlw form. 

( I ,71'1) 

wh .... p I,hp priLnc d~notrs the dcrim1ive with rpspN't \0 <!" lilA = _il'," d~pend,,,~ w~,('"hcr 

\/' > (] or VI < (] Icspcrt.j\'dy, lind 

,J --
i 1 w() I 

': 1 - w',') 

By \~king Ihe d~[;\'~tive orequal.ion I 7~ wilh [0-ped 1.0 0 \\"P obt";ll 

V"V "-'II "-'Q 
, f- ,,-' Jj ~~ L'r; ~ 

, , . ~ , -
1/" 2( 1 f- "-'Q) 2( 1 ~'Q) (fi i) .: 1 I- ~'Q) (6 

, 
' " I- .{ i 

, I r-o) 

where _i: = <i]nx/<i]na ~nu "'[J is Ihr equ~t;on ofSI~t.r' ~wJl'eler Tracki "g ,>I', ,,'" f,,: ,'n} 

~telltial which "ati,Ii~'l< "--, < "--'[J, r > 1 MU d(r - II/dt« (r -1)/1 "nd 1],.- tL'1l.clw' 

""-ll1l1l;on of 'lnt~ .oJ, is now giWll b,' the formlLh 

Wfj 2(r - ;) 

20:r I) 
(1 ~ I i 

The tracker "'iU~tiOll of st1\\c depe",l" on what is I,"p]l cnin~ ill tlw r~"..t 0f (he l 'n iv[',"e 

If the C:ni\'crsc i.' rarl',ltliOn-,.l0milllltoo wi< = 1/:1, IIIP tfllcbr l,d!>1\"" '" i f " w,'re' 

IIlloth~]' radinti011 COlllp011Cnt with ~', Ie,", t,han or equal to In. am] its Cll('r~\ d,'];-it_, 

dcc[c;r.:;c'l< in parallel with tlw dl.lrnin~nl radi"-til.ln COll'Pl.llll'l:1 \\-heJl II", l-'L1"P",-" 
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mattN-domillllll'd Y.'B = 0, lhf<L ,"', < 0 ~<Ld the e<Lfl'K\" den:;il} in thf lmckfl' fifld I>fi>ino 

to dl'C,.,'n,~ le~s mpidly than the matter dl'nsily. E\'entu~lly p, surP""':;l'l; the matter 

den,ily ~nJ lwroJrlfs thp dom inRnt componenT.. At this poinT the Hubble dampinl': of 

Ih,' field e"OlUlioJl b('OJ]tl\'3 iJlLl'nrt~ll{, (} ,IOI"S (0 a cr~wl Rnd w _ -I "" fl, _ 

and the Uni""r".., i'l dri\'p.JI to ~ll a{'\'\'ler~!lllg plw>R Tlw tmckfl' onl .. bfha\'p,; fl.., " 

nl'gati"" l'""" ure roIILpolLelLt aftfr "'"\\fr r~JiMiol\ "'lul'Llit~" '" that it c"n onl\" oVfrt~ke 

the m~ttcr JeT"it}' ~ml 'ITlJu\,\, (YlSIILir "rceieration ~r'er the mR.ltcr h~s domiJlaT['(1 the 

tiniwl'';<> for some period. This is an imporwnt example of ~ll expl>matioll nf the lilLf­

tuning and f'O!;mir coinddpnrc prnblem,. l'lw point is omnmarized in lig [l.i. Althongh 

Figure 1.2: TILr fnr'KY Jrllsit.", \'frSIlS red shifl fnr tracker field. 

Ilw :;IlC\,\,SS nf quillt<.'~.<"nCi' in a ,calar field explailling the r'-"rnlc (l.crO"lrrR.lio" ~nd the 

coiLlcid('nQ' problfrn I:; eviJ~nl, it, is still not clear whcre the scalar field arioes and 

h"w to rhou-.c tlLr :;elf-imerartinl!, potrnti~L A ditferent means of solv ing the cO<!mic 

arrderatiOlL pwb:eTlL i, r~lled tlw e.'t~llJfJ IlLMrif:; of gr~vity 113 - ~21. In this fralLlP 

wark the swndard theory of gr"yity GR is f'OlL:;iderod as a particular c""'" ()f R TlLDrP 

gell(]ml thf'Ory. III the next "-"-'lion we present a detail~d diorus,ioll 01 fIH}-grlwi" 

whi<:h is one' of the rn",,! fxt~'ll,i\'ely ,ludil'J rxtfml",l liLrorie, of grdvity 

1.11 f(RJ-Gruvity 

Rl'l!,~rJI"1\ 'lL0 ';Cal", on which gr~vjt)' should hchm'e, e,sential d=ical ['(;t;lllolagical 

ol"p[\,"t HlTlo iml irolf t hot Ceneml 1 !i'l al ivic)' appears ,mallie to otTer a ,irnplc explanation 
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Chapter J 2 j 

[)f the phmlom~n" obS<'rved, C' Jn'P,,\lV ,.,rio',,, nttotLtion i, lw:nl( l-",Jd \0 lil" eh"ical 

formulation of gmvi,y, itL panj,,,,a,', "hp dy"arn:c, [)f ~a~n"i"", And Ch,\"" "f ~"'"xi~<,,~ 

wp ~1 as the P,",,""'II! ",cpI~rl\t,,"1 ~xp"tLsio:l of the I1ni ver,e. tlw ""c'\mce of dnri; I"" b'l 

an d , TTI(>';! of " II ,h"l or d",k PtLergy_ 

Recently. w"noI O!';i, l, bdiew (h"t then) '" )I _O"e ere-<lihilily ill ci",,>ieal gm,.,(y Iban 

Jll gcncral relativity; t ;Lcrc!u"c ,hey arc im-cs t-i gal,i"g the 1'C>.>,iliili-ic'll uf f,"IIJ'.l li',t'1 L~ a 

vi"ble altcrna\C\-c thL'0TY of 1\l"Yc!y. whid, cou ld expl"'n lhe low en~rf';Y UlLil"' ''"' witlLollt 

r~ronrse to tLPW, unol-\"",wd part,rll'S, V"r:olls 1tLOfh fL(',tt, i[)ns ["tve ''''''tL prop"·,,,1 ~""L~ 

examplps d tim"" ,derllfl-liv", are dnri< cll mxy nlo,ldb 0" I\"\\' i(\', lUI}-I',":>vL'\' 'r",d,'I, 

of I\rav ll ,l' [13 - 42j, amI bra"p\\'nr :d nl(J(,pl ,. Here WC' \\'ill rl>i\riCi (lur disc lL",,,n I" Ih" 

""rond do.',*" of g rnvil-,Y moJels, 

",lodem ,bef)[ie:< ouch ll-> Sl[in~/"l- l hf'Ot v inJie~ l~ lhlU a Inod i lic~1 iOJ ' (,1' III! ' , I "ad" t d 

gravi!a! ',,"ru action 1,~ apfK'''''s tu hc nCCC'Sbd'-:>', FurtiL~nnor", there" no pri"r "c, 'cun 

10 rpsl,.:ct, lh~ gmvjl at. io tLa] Lilg rnn~,i~n 10 tho sim pk EillSt ritL llilbrrt ~(Tioll \\"H 'IL " 

TTl ore gencrHI fOrTtlllhl ion :, nllcm'€d. Th1l' """""S altell(iotl iw:; 1""'ll pa1(1 I.u Iho 

a ll <, rTlfl\ive 10rTtlu la"ior" of ~rHvit.y wl!:ciL are bH,*,1 011 t.hf Lagl'nllginn to itL clLJe h glle' 

order wl'~dionb wit It "O'r>eCl 10 the Ii tLe(.,- I erTTl in I hr' ~Cl( lar C'''n-,'' urc I Ei ,,,I eIlL· 11 ii' ,,' , l 

,>(;l ion )_ ect hcr in t.he fonn of hcghel' o,'dpl' l'1l l' v~1 11 ,,~ in I'" ria'u , ,>t' 11011-1": 11 i I ,,,,II,' ''''''1 ),\,<1 

",:wm lidrl, [_13, 35, 371, Tb",e tiLeuri~ possc,,, ti nllmb"l of JlLk'rl'l< lilLg i'0'U II W' w;\h 

regards to cosmulogicHI and 1l.,trophysical scale", In f~cl, tbw HIC kUOWlL to adUlit 

lI DI1lrnllTlfl"t.iotL ph1l.-;e, [.13] aJd \0 ex plain tI\e llnlletLillg of the gaLtdic "ol.liio" (111\'0' 

138] Another \-~r)-" interesl mg 1'",,1 11 "" 01 1 be,*, nwdelb i, \but t he I: i1!,her ",-dl'" CUIT,,:T (,'" 

to tb c I1i;''''' 't-Ein''tcin action can be vi~wcd as cffpc!Cl-c!,' "~ lLid ",hiel! could mi mi' ,h,) 

jJ,op~ rl ie:< of Dark Ene[l\)" [_3:'-_ 

1. 1 1. 1 T h e C 'l r "a(lll 'e F I'li d 

Thc :dca "f muddied gnlvity consi,t> ", intmduc'u~ corrcct ions lu thc Ei",lcin-Ilil')('p 

l>c lio:! l hat lin) negligible in lbc catly U"i;T" "", an d ouly b'''-VlllC dfl'<:tiw at lut<- tim"" 

whcll ,i,c R:(O(;; CU1\'lIt~te R J~"'rcHscb, IJcrv "-,, ,dl onil" con,-i ,kr f(Rj ~f<\\-iiy it< the 

FRW 1l11:Wr,*, J n I his ap rro llch t hc cu 1'\-at ure R ill thc Eimtci n- H'lh~rt actlun :n V"CHllllL 

i. replnced by somp I\enerje funeliOTI {(HI_ hi \'''~ U','' (l the fIR) ~ra\;ilv ,,('linn I.,ko, 'he 

form 

slvi I 1.~2 i 
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wh~'fe R" '1 ) == ~/'v R"v(Y)' !fl' ~ kt d"'c''''';''I\'' ~ of ,he m." ric te".." g,.., ;<11<.1 R ",,(g) ;, th~ 

ni' ~'; 1~'''>O1 JdiILc'<.I it. krill' of a (,()I"'C'<;t;D!I r "" 

11".('1) J [ '~ J [ '~ + r'\ ,.. r '\ I'" 
- " ~,,- A ,." I" vA - vr ,. ),. (1.83) 

r) .(1' I" ') J I 
",j T v,.!J"'-'3!J,.. - 1>!J",l (1 M) 

[,; th" Tl}('lrit'-J ( RI 1':' ,,,'It, Vilf)"11l1( I h" ilL1 '011 ] ,1',2 yidJ_ I h .. iield <'<l"~1l0l" ; 

( R I R '",,, , ;~~ ~v-~q_ . =T;...' ( I~ ) 

",h,,,~ . 1 ... pnll,,. d",,01(>; A d~n\"lU\<o:' wit h ""'P"'" 1D R. itnd lhe' rl]n,"l[r~ ,1l-e;'H'r"".,,'S ,.: ...... , 
". "~'r.or " K,,"I, I ... 

/ , ,t, " {~f"" , ., - <: Ukij 

\\" :11< '11 ill llo i" [mm. "<I" ,j 17) havc" dpm i"krprcwtion: \h~ n ah t h" lI <I ";d~ r~prl':;e1Lt' 

tIl!' >«I llt'("''' lil.,,1 Ket l cr;"~ t!,~ .)~""'IHl\C (",valure as;ociated wah lb r~'I)('<;li"" loctria< 

T1lOIII\h "'" initially ,\'''INI with n p'll'~ gravity theory ;n il v,l~"llm, th., hi&hcr order 

t~TH" IllfnO'1.l th(' '~n'u", 1(I,"'il,\' lh('(l'" ;nl0 Ei"~t ein'~ «l"alio,,~ II'llh ~""i,iollill 
...I,." I .~"" ... t"n' _1.-.,,;-cne,l>." I<'r,'or I ,:~ , L,tt ,.CI$ lIS;; ",,,n ... ' !'OIl,,'f' 

Th" uf'\\' <OIl>f'f" "', b(" Ultf'rprrlt'<t M:!." effreti,"<' th",.! Dr purdy g~~"'c·tr i(;ai ori~irl 

Dcp • .'nd;,,/; uu ,hl' """If'>.. ~"d, ;t "'" ,-... tI,,~ A"i.i c-"" pla\ 'he role' of dArk t'11e'r:I" ""d d ""k 

lIl.'!ttcr, \H,,," m"w.:r " ('D,,,id(·,,:..l. th~ ~" jon (1 ,~1 ) ,ak"" 'h~ form 

I JIR(q)) - L", /-gd'1', 

Whl'fl' Lu i, the ,(""J,,!',) " '/1.I'N I."Kr"""i,uL JelLsily. \'MyitLR I,l _b i) with ' ~ Iw'" \Olht' 

,m-tric. we obtain 

j"'''''<) - -'-'1"'" 
,,~ 1'( If) '''' 

11 I~ c~'"r [,om' I Ni, 111,lI. till' ltrlll ~ l'O"pl~ l11.1tt,·, IImHmnin>;\11I Iv &,-'DHlC·try 

O\\in,ll, 10 ,he 1>'''''''''''' of th(' tellll [(R)'W cq"al ;Drl :1.&) ~all k· ","'en ,"''' ,,~,,'eHl 01 

f""nll Vldc ... d,ff<'f.,~,t;,,1 ~~I";\t,ot" "~l ll n.. "'111'1.:1 to 11If' u,.,\I'll' HO\<I~''''''. ",'!'~", J( R) = n. 
1 t~ -, ""'il.lur~ "n- ' ,·,·uuII.." ' -ClI"'" 'J ;:"'""" ,.-I.·"t<<,all~ \,an;,I..." a,;<1 ('(fIlAt 'Oil ( I s,_! ,..'<.InN'S 

Iv the '\iCU,b,d "",'Oud 01'>:1,·, Eiu,'("" fif'lJ ~q"at;o," 

III ~ht· ('OnlOvinK~oo,J in"t~"II.,l.!I.:) lhf' :lfld t'<\Ll~ti01L" (1 ~) J ~(I,,<"I' to 

, I [RJ' - f 
If '" 31' --,- :lH RJ' 11.8!)) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



I . _ I I 
ZH - .I/I~,.. -'"rn,' ZlfR; " - RJ" + ','J nJ" ".J ' . -t 0 , I 

where the rlm rlenn!l~ the d:ffl'relllj,ltion wilh "-'1' ''''-'( to I 

1.11..2 Curvat u re F lu id F.rl',,,t.ioll of St"] ,, 

Th~ field e'lll .. tinIL> Ii ~O' II.m l i !.(lo:f; r~"ll in the ",:edera[;,,!] <"IW" jf>ll 

." 
where 

It i,' clem thm the Il\;('eIPTfllcrl ur tlcr:clCl"tt'd beha'-'o"T nellc."I,. .,,, 110 ... ,i.<:" "r r'\>_ 

l'"ilJg \h~ ""'VillIl'!.,..I, p"'·~n~M;..\' tcn. .... ", one um writ e a run",lOllr pr_nn' J'. H~ J!L(t a 

CHry,,\urf merS,)' den.ity /J,lf, 1M J ill] modeL, 1\.< ln lln\\'_ 

{'(Ill -- f iR" {2 U) i l/"( II1 ... R/": lI' + R"f"' (lI i flf', R: 1 !I:l ' 

I { , 
(J~II' '" f'(lt. :::> fiR) Rj':Rij ,1'1-\, 

Frum "'l. L!l1. the "t,~ll'1atc(1 l..eha'.-iour u; 1I<:iliClcd 11 

. 3 {n·J·" (,,\ . r~ R /111(' . ,lp:n: = p,m . :) I ;;j R} { ,I RI'"I, } " U 

,1 % 

T)']w I~ ""l>prnoya~ y'~I'1 nn "'1,mILun of "'al.e .., "" 1 ,,: 111''>1<'1>\ F." 11,,, ,"",1,1 1{> 

, 
:;,j, f/ ; 

mitnk IIw rlp-SiTT ~r "'l,mwlll nf '\Ilt~ with '*'N = Lit nu, ·! 'H\j'!" 

l.J2 

RH -- R 
ii' 

Til e Phase Spw.;c of f(R} G r;w ity 

fl. !)I;) 

T:,i~ 'It'('Uvll V'~"~ a re"i~"' M w,,~ ph"",' <p.1CC uf fin. '-''''''0)"",'' '2' Th' !idd 

l'<IUllt;on~ • .59 "lid J 9C) ~'!' rourtl, 0' r1~r il1 Ih ,... rt.e r .. "" ,II I , 1Jr: I "-h~,, II ,> ", '" .,' "". 
,udex J; _ 0, Iloc)" r." , It;! c»ml.'rlcr1 t" thinl oalN c<'luaUnO';11 Ihe Jln],],I. ;~".t: "t"P' 

ff == ~ _ In I)';, dlScu~"("I \I .' \I.II.e-tIlel ourselv"" to 11,;, (II .... 1).- ,dli,,~ ~- = (I 110" , . 

mff R) '" 
rU'-I- f,j' H ; 

fiH /" 
1 '17;, 
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o· .' 

h i, cI,,,,, !hal <.h~ d)'''~I"i( ,II vAri.,hk'lj II II. It M~ nO! ",,!.>p"U'\"lIl. TI,OI~ phil'''' '1lAC>' '" 

t h" fidel ~'q"at;"" I.S!J anJ \.00 ",til lo<.: n:d",-,-~I t() t 1'>0 di!lK'll,,,m~ ( J I, Il ), Til<.' ..... Iuti""" 

(,I the 11"ld ('quiltio", ~r<' rOllfinc~l W til(' "urfae,-' defined by the' lhmillonian ro""lraitlt 

,''!UiltlOll I.D' in tl><.' :j.l) ph~ .... , "I ~l""\' (11. If, R). 

It, II. .. 1'1"_,,, ,j"'''-' ( 11./1) 11 ... : rejl;lI'''' <ld'i!lc~1 b\' 

{ill. R) 11j':Rl !(R) 6HR(H.R)j";,R) < U} 

{(lI./{l; II/t) .tlll), or f" Il) >U"f"'>01 rlPht,HI\ 

111 tit,,,,,, "",i.,n~ /I' i~ found to Ix.' k.,.. than zero, Ihc[(:f<J'" dnV "rhit 1I,"'~i"~ through 

,I. .. ,.,: '''I:io,," ",ill 'WI bl' """,\1('1\,<1,,,, H physical ""[,,(jo,, 

lh "'-'!ljl\~ II = (I ,moJ 

1 gO .Ore fOHml to 1><, 

If = () the c'qm!il",um p<Jints of Ill" dyn«lnkui 

(lll)(l) 

~'hc'" In '" f(R.,). II f" 2: 0 .",d "'2.0. IWlJ <1 .. SittH .... jllilihri,"10 ,H"I<I< nl"'~'< .'_~i,t '" 

II", i/ ~ 0 pl.,,,e with If,';'" I = ..t \': If. I I ... • """iii"" si!;]) ('f}tf.."pll"rl"l~ Ill"', PX f"'nrling 

,,,,, ,I~)" ",lnlP Ihc· """,,-j,'\.' ~'o:;r n:p"""Il\> a com"",I;lIg .. ,I1II1Im 

112. 1 .) he Stahilil y or,le Siner Spa,,,· 

'I'll .. "1,,b;lil)' tlr <I .. SiUC'f ~IM"-' e'~n I..., ~tudie..:l .,itl ... " with ml,,'(1 'il II ... I\(" nil<; .. n ..... ·'~ 

!wrtur\""io,;" which de11"'ld< 011\." ">I, lim<'. or wi~h I\."'P<'CI lu the' IUul\.' \,'<-'lIc'rJ..! 

",)...,mo!,;cnc'Ou, pt.'rl.lLrhat","", wl,il'\, <I"I"'n<l< I", l"'lll "P;\.N> n"d ,nlle'. I" i!H ,1 i< 

d""""'_irllINi tlmt ,h~ .\abilily tundil.iolls luI' d\~"", Iwo r,c><'R ,,)i"C,d~ 1>«;",,,,-. tlw 

inl!<,mo!,:clIcilico a.rc fmmd lu 1><: rL~I,hifil'rI away_ Th~ ",,,-,hillIO' r" ,,,li\iou 10' riP Si\lp, 

'I"W~ i, fOllnd 1\, t", 
(j'P'J. J." 

o J~J~" Q:.:: O (1 JOJ) 

Th,~ ->t •• bihl." ('(l])<JitiOIl hdl>" Iu nIl .. ""I ",oopl~ from" Ih<,<»,·"c.,1 ll<llll' ru "j"'" A~ 

"n ,'Xdllll'\c' of II", "Pl,h.al,o!) "I 11K' ,,"hilil\' 0:"," 11;"",. ... :2JI F", JllIl" d"",,,­

d,;ora.:h'r",,'ll h;-

fUI) ,.' R- -
R 

{I l0'2j 

(J 111:1) 
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T I, .. '\01Idi' II.>U I'lf t hc c"i~'~nl" or <k Sil Wr "": mivtls ifi Ii" = \ '3// : L"n,r,,, ~ ,10·' ~'" I" 101 , . 

... ,,, oJit i(~' 1 103 UlU r. ... ""\"I;";" be 'ill i~fiNi J .,is ~', uatioll rAil \,.. mil, I)(·U"\I·'\ ",. " '1"." Ii .. 'i,· 
l"OffCl:t'<ill ;11 the 11>"'-'1)· w,'h 

f(Ri = R 

I h" ("o,n')o'i" .. rM til .. ""i" .. ", ... 0: d .. Si, ..... ' 'I"'"" '" "8"i" R .. 
"""d"lo1. I. 101 f.-.;h" ... ~ 10 

otl"",fwi>" it i ~ ILlJ".Hbk 

2: n. , 
"3 ' \ ", 

I ·I.·.j I 

Oli" of t he' lIl a ili ,)fubkllJ~ OlUIiTilig in t.he ,\nd," of higher (n el d <111'V1I> - Pi ~1' '' ·JI.\·'' 

1.h •• t fi l dmp, p.\,,~t l'v"lIlo1u ~i~itl ,;olmirlll" i" \'Xil ell lel,. d i niclllt lJ W L II~ \I) T 110' I "~ h ,. (~, ,< ,, ' 

n""llll ~": l l y rx h i hJl od hy 1 L o, ~ tLror i", "Hd l tiP 'ud (hu\ 1 h~ held 0'11<,11 I<)]L.; "ri,ili~ 11" 'HI 

I( 11~ /01'1, .. " MP t.\·..,k ..J 1 Y ')1' I h~ '''" n h ",der. TI,i" ? wble,l' """ !;,., pm-tid]\" " , 1<11 r."r,j I'.'" 

~"'l'l"yit ~" ~tiill,blc ~h"",, ,,£ gClll"faii ll"] ()()""d:na,c:; . In Illi- L<,," . Ill<" li<"l<l "1"""'"'' 

'Oil' be " ·,,'It,,, I):j a. ~,.tc", ,,; !,rM ,,,de, .. m oll"''''))) - olilTf'I"e,n ;a) ("<"1~1 i""., \",,,., I,.·, ",.,10 
.. I:J"]n~I.r"lnl f'f\ua llm> 'J!l]' j), Illl~ w",' the mClIo!).:6 "r ,hw",,'q,1 '-,"""I,,, II,,,, .. }" ~".> l". 

<'Xplon r.1 I:IJ I i, onlrr ,n J,nth ",,,I.-~tu,,J IL,> 'ltiu.i, ,,: ll'P IwIHwl"'" "I th" (."." o_,~:i",1 

<in1,,,,,' ~~ Hn,l "btllin ~~lI'<;ial "~,,rl ",,1m i"". or t 10" l"",,,.,;I<>o;;,·;:I HID'V ions Thi' 1<.' ",·ral 

u"1 ,rOi,d, HlI",,· i, "QUC to .. "a1~-Ll' 1"1:].'" "nl .. c l!f....:I1· wi~ I: fl"",,, li,',,\ ".q r:o ,- ," I.,. 1 ,,'" 

I,,~ bO:l1l'rl ..... 1t100 .. J>cWhc", ::12J. Univ
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C hapter 2 

Dyna mical System s 

2. 1 l lit sic Concf'p t ~ 

llti" d'''ptN providL'S nn d~n>\m l"1ry ilLtrudUCIW" to til.: th,,, ,v of d", /l.,lIiClI] "·,t~",, 

T Il(> uuimioll of ph,]",,] ",'.I~IJl' ,. ,-,ften gi\'e!l by Ii ;~l "r <i ill"It,,,l i,,! ~'1UBli(! n , whirh 

(;ll1 HoI ahmys hI' ,.ol""d Hl m1yliCl,\ly. The' J,J"a", ;cllo] ~ ... sl~'" Ilb~j" ~ tL"bl~ no; lo 

IIlld~r~l ~n J the '1''''''' of ",,[utions wIthout roh'ing the ~"lumi()n. thcm""kco [n"4',1d ()f 

I<.>ukiul: lor" par(Orlllar .;(>Iul>"" In 1\ M't of ,jifferpnlin] "'Im,uo,,', d\'nM:kfll S)'st~ms 

t l, .... ,.,.. h)()l,.~ nI II", qUlIliUlI" " prop.:rliUi of the >t'I. uf all ~l"hu"~ n.> ft $)~k'" 

.... UI"",II";( S"~U'''1 i~ a "<': ,,( ~I .'!f'" Ihm nn: normally dL...crilX'tl b)' n 0j0.1 0; r,.,.i"W"" 

r t. ..r. ' ~·"cb 0",," d"'('I.>,,,li,,,, vII 1 i tll" I , .uon~ wLth 1\ ,,,] .. IlInt <k......:nM h",,; ,he p~r.t 

.t.,\. '" ,ktl'rru,ne<J III til .. 11l""i<J"~ ~IIII p "nd I he illil ifll Olndil'''ll~ T hi\ rlli<l "gi",,, ill 

Ic""'" of dilfc"rclih,,] ""'1"""ull' of \",·I(.IiU' 

h{l . .Il ... ,r,,), (2. 1) 

." [1< defim"A " (r, . .. ~")' IIIld F'\I_ x 

If, of, ,J II, I\I .. "."U"" '''ru,. ,h"H<''''': 2. 1 "all he ", . iIH'" II/; 

, FtI· " V)) (22) 

Olle mil}' """ "";(.1", I11clh<.><l s tv ~\udy Ihe syste", 2_2; ge"enl.lly (he" ",e d,"'''ilied,,~ 

Ii} ~u"lit"liw (2} ,,"1L1r\ irill (3) """,,, ,irlLl This dllLptn furn;l'ij v"l l· '-'" (fllillitatiw 

~!l 
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lIIcll1(wl' \rf bc::in 1'>,' (klin"'l: .'.m,p fund"",,,,,,,,: C(mr"v,s ,';"""l,· r .. I'.1n Ih, 

'lP"hl(uI\'<' l<p;r.wdl In .h"a""",,] "'.,.'CIIIS 

Dcll il it io n I Au!m,or.mll~ S,.<!PIl' 

b Ihe' ~~~Inn 2 I if Ilo,npnl thp rO"nlOll-~. f, · dl1><-1ld 011 lilll(' th(' _')""1111- "I "I'<: 

""tnl1(1l1ln,~. ~,,1 )"J"l)"" ~' .... Iell'~ GOI bc w,il:clI 111 !h~ 111m"" him 

x = F i x 

I" '1,,' I()li."·,,;,,,! ,;<'<'t'(m, we "'iIlIOCII~ o"ly 011 "<:U<IIUII\("' .' ,,-,,(n,e_ 

n "I,,, i1 ;. '" :, . Ph" .... S;><tcr· 
Thc ph~e 'IHlre .. the ,et of dl JlOOSibk s( _, ..,; ; r( . 

tl,e ph"~t SJ!"~c '., a "IJ Wpi'.L<: of Hn l<>o JI)'. 

V eil n it.ion ,j : T,o j ..... 1 0 1 ;' 

I J ( 

' J'h,' .... ' 1 or ,"!i Il '" fl. x l. t ::) : ! ~ R dl'eh ""h'c Ih" .'ysl"", 2,:1. a n" '01' \\' :, irl, X, I,,) J ,'J' 

i. "Rlle-d t he tn\j c<.; :ory "f ",I,)\iol1 C ll " ' ~ of ih~ ,!vlla" ,;""i ")'"iPILl 1''''' '''): tlm, ,, ~I, ~o' 

Definition Co , I' ha", j' jov, 

T il t' r<>ll''i" lioll "r nJ l : ".j'" lori ... oi )I"i ,wa hv " uryilL ~ Iv and x" I ILlO I :,;; llI" L I dl ,.[ I, ,'.' , .... 

• "lllf.' 1~ r.~ lrd I.hr now 0: 'hr' " ~'''''''' :Cld ' v' l~m 

2.2 Lill f'A I' D y ll:1II Jic:11 Sy.'j \..Clll~ 

T h, .... r~·' " 1.2 Lel.1 be ,,"y n,," nlo l rix. Th e" fm' " !lit'""", to n'. lilt i,u/itlt 

t'ut"t ,"'01./('111 

x A~ . " j'll = Xn. 

, Hi) 

" '!lCfe "" ~. d~ /e'1"""'d by the ",il;o/ cotod' l'otL' . 

'J'I", .c~ ')~ ''t<;lor~ x ~ R~ ~p""' t he phll.'" .'p~~~ 01 U,,' "",1"1" 1.-1 ~JI'! ,b, 'n ,>I .\11 

!V\loni"ll """ .... xi'., ~ n ' ddiu{"t! ,he pha",. pori 1",' ; nl' , h~ ")"1,·,,, 2A TIl' j,u'r' " 

On the r; sil~-h""" ~ ,d~ of ~. r, define-< ;0 ""I 01 Ij Ll ~M " \ " p pln ~, I n _ H. ' n i- .," 
,)i' tll <l jlpilllO' n"'y lx' n'!;<Lrdctl ,I., lk""" hin ~ t :,P "'wioJ\ or lh l' ;> () i ,, ~, .~ o " 1'(", "hl~ 
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trajectories of 2,·1. where thc point XL> c R", mm'cs to thc point xU) c R", gi\'CJl ',~, 1." 

aftn time t . Thc set of all the mnppi"gs 2.0 is ca)lL'C! the flow of the linfll" "y.'k'fll 2,4 

1)"fillitioIl7: FixIYI/Cl'iticRII'()int 

,\ I~)ill! ,ro i, ciUle.l R fixed ()r cr itical point ()f Ilw RntonOln()ns dy""mi" ,y"t(',n 2 .. J if 

(2.7) 

2,2.1 Diagollalizntion 

If the llLatrix A i, dmgoual thc]) lh" li'W>tr 'l"tcm 2A '" temJ<"] ~" uncoupled linea, 

.y.km. p()r uncoupl",J s}~tcm" it i~ Cil~y to eompnte the matrix ell amI he"ce oLtai]) 

an explicit fm m for the ""lution 2,3. Sinee the matrix elemcm, Uel'eIlU ()J! the bil~ that 

'\.fe u,;ed lo reprc,mLl IhnIl, if .4 is not, rii"~o"RI, we CflJ! look for the transformati()J! that 

rcriu""." the matrix clement~ of A to a uiagoIll<1 f()rIll. This section pm;ems the \'""iou., 

C.c'-<" for wl,ir.h Ihis transformatio" cxi,t" 

TI'l'())'e,1j 2.2 IJ Ih~ ~igpnlJ"l"e-, )'" ... , An of an n X n matr';," A "T'e ,wI "",I 

distmGI. "",[ if the li,,~(!(' II'ar,-,/nrrJwli"" l' If" -., R" ;s ,."p",,~enlcd by the 

/Hah';x ,\ with "'''rJat 10 the ~tan,["rtl Im .. 'i.. Cl""'P~,], then, with T'£5pCct to 

''''!! I,fl si.. of eigCtlUCdm's 1'1" ., c',,] oJ A, T is ffl'rt'SfntNi btl 

",11ft." tile tmn>iormat-ion ",oh~x P ~ [c'l __ "" . 

IYil h "~"pC'Ct to the b,,-,i" -"1. ''"' Vn]. tbe ',V,WIIl 2.4 lakos t,he form 

(2.D) 

where y = p-1 x Tili, llul'Ouph] liIl e"" sy.,\ern h~, 'he .,01.Jti()Jl 

Y f I.) {2,HI} 

It follows tilat the lilJt'3r s),ot,('IIl 2,4 h",; (he solution 

(2. I t 

OdilLil i'lL] fl. An "q ui]]","jum POLllI Xo i" calbl a hyperbolic "CJui'ibri1llr: p()int of 

2.~ il HOLLe oj thr ~iP;PIl\'Rlll~,< ()f tbe m""rix A comain a zcro rFal pan, 

AH ilLlp0r\am pr()jJ~ny ()f nll L~luil ibrillm pvillt i, ib ,tability The followiIl~ Je,;cribe, 

fhe 1).'li<ic cases 
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C'hnj>!N 2 

• [r ".I: 'O[ll l1<J"> 1.",,1. >I.m\ c:ose to m: l'qlliLbri);lll (oE\'crgp 1(. t.h~ ("i"i!:I",,,.,, 

"'y 'npw\'cHlly as t ----> x. the pqlliLkimll i, rlffiC!ih,,1 A.' ns,\'" plnli,"lIv ,Labl" 

• H al[ 'O:ntlOll>;n" ,, __ Jfi~iel\\ly 'lllalll\ei~hhO\;r''')(~: nf tltr ('(pli[IIH1"'" I" ' III ",il1 (leN' 

to t:,c l'<\ll' lih'illm poil'l, tlw ~qll iWH'i "m poi,,· i" likrwl'k nW',rded ."" ,1 nok' :--rotc 

that a'Y1Hptoti~ stabi:-I}, implies slab il i'"I', 

• J r ('I'er), I oe1G"i.>01lI boo, [ of t:1P P'1llil' bri,,". pOilll COl ,t"in.' 'olll I io,,, "ri)i I t <e' il v "[, ,"', 

W be L~\ll ilibrillin poit:t thill 'c"V€; I.:,p EP:~:l~)nW'hl()(i. w" AA,I' Ihf "1,--,'111"",,,,,. 

point's llllsl ai)lr 

",-- tlw m,,\rix.1 I!",'e c, p""i!iw l'e"1 pm: n" d ',I" ,-,"lied" ~"dcl[c jf it i, <\ l.Ypl' rh,lic 

poill! ,md /\ hflS at IPf's(, nH pi~~""a:ll~ lI'il,li n 1''''' livc' """ I p utt ""d;l\ IPH,I nn .111 

a l\c~mlw r~a' part,: il i, (R!lfci R (~ "I rr ;f w[w"eve' A Ii", II P'''' of p",e ima~-lL''' ')' 

12.11 

Tlworelu 3.2 : IJ file ~II Y"" rc()./ moh',:", A ,,"0 ., 2r1 <i i"tind cump/"'" "'!1enval"e~ 

u;-"-iv, and U,'j = 1J,;-''''j,j = L , ,". iI""" '''1.''1, ,u",Vc. (Ire Inc b",,~ oJ 1:". 

1'hc sy,t~'" 2.4 """ b~ ",-ria"" ,,, til" ,! i"yu." ,,! Ju,--m 

whe ,-e P = :U '''' .. 11"1'-,,. allrj 1'-'A I' ;,,' a 2n x 2" .vi/h '2 x 2 bloc/; d;agmurl. 

The soillt, i" " n1 2, 12 i" ",ivel: by 

P diag e"" 

m,h,1 
siniJ,t 

-~"'{Jjl 

('",i}ji, 

l<l·b,! -- ,_illiJ;t 

>inb,-t CO-!,it 

J 
y,,, 

O e tinitiotll0, l.fl ~\ be "" eifcr:.-ulnc of th " Y n. ","IIT{ A 0[' "o"I:;p[j1:ll." 'III ::; " 

T:le', fnt' 1..- c-- [ , " TIl m:y r:oncco ,,)'miml "f ("1--· ~\ 1 :,-"" = 0 I' culled" fClIcm:i,.C'd \'l'~Wl' 

of A 

iJefinit.ion 1 J: A" t;. x t; ,nulT1x :Y is "yd to bp Eiipol.erl nf Oldf" r i[' ,V' 

,'V' = O. 
.I [I ""d 
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Ck'pl,'! :1 33 

, 
, 

/ , 

" / 

, , 

'~, / 
/ , , , , 

" / " , 

" / , /'''"" " , ' . 
, 
Sourc,,-

S aJd I~ 

Fignre 1. ): The phaR' portrait of H ,iuk. :;oun~' saddle, and cente'r [l'bpc~ti",)y 

rheo]""", 1.2' Let .. ) 11<, (I "[(1/ n x" "'(lIT'i:>; wilh T'l(l/ cigcnva/ue3 )" .. )"" 

repmtcd accordi,,!! to Ihe;,' ",,,/lip/icil y. 

ei[J~n1!('do"" , for /I " ~ .,.i .. t., . 

..1 = SIS. 

A - s ;., "i/I'o/ en/ of O'I-d~ ,' J, :'0 n. 

TIL<' 001"li0n of 2A i:< give'n ",\ 

(2.)4) 

Finally let U~ wnsider the case of multiple complex ~igell\·alucs . If the m"t.1'ix A ill 2.4 

is 2" x 2" with multipi~ complex eig~m·Rlue.<. then the .", iU\iOlL of 2 4 is gi,'en by 

x iI) = f' diilg ~"-" 
coso]! 
'inO]i 

- sin o,t 
COf,/J]t 
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whp,p l' = l"'~' .. "~""J nnrl,\' = .. 1 _~- c' nilpotcnl "ro"I,-, k b> 

2.2. 2 Ill\':lri:lnt !:l " h~ l lilr ~' ~ 

,'"m of th re~ ~"h""r. c ~ ar ,,()tca hy 8' , £" 'U1d E 

n" _ E'+ E"+ E' 

oorrc:;potldi,'l: W lhc,<.!j~,-"'·nlu<" u( A l'll\·j"~,, p<.>"j[j,-,. ,.....J 1''''', "lid «-_h_l· ',. ,,<I 
an: doc gCllcraliZ<;d cig~'n'~«'I.u!"ll uf . L CU'''''IJ<,,,,li,~ '" dll,' d-,:"""'~h, .... of A h._, '''@.'' ,'-f<' 

,NIl pan (._ fif. [~_2_1. TI.eo-<' Ih~ ~ut..i"'u" .lte i"".tri~1I1 wjllt r''''J->'<1 ,,, ,h .. lu", 

e 
, 

t 

I. 
-~'" -• • 

/ • 

CAl of 2.J, wl""c tbe ,..,Jllt i("l)l~ "f 2, ~ ",ith initial condit""" ('!1t:!~.v c-onbilL ,-,1 ,n ~;'IK'1 

E' E ". or E ' ll1U.'t fOlCl'1'llc1>lui lJ il. that particular ' 1l \>';1'.,e,· 
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2.:1 _'Ion li nc:lr system s 

11, ~~uu,\1 il ]. uOI ,dwll.\< ]l,"",,,h l ~ to ~!\rl ~n ~n"l)'t;~al ""lntiD" 1m a giwn nOil.;IIm.f 

.I"pm ond in "ll~h [",L."'.< ,."" IS f"ICC'.;! to usc approximation ml·tllud~, Tb~ followin~ 

>('<;ti0!" pr<'>(',,1 ""'He b!~,]r nppwxilnlltl un tl'rhniq,,~ Ill,,! <'I\"hip "Ill' r.n d~" 1 Willl 

1I .... ,li"ear o,·olcm,. 

2.3.1 Litlcariz:ltion 

x I,,. , 

II f{ XII) = U is "" <XJ." lhI,HLIlln 1)11;'" "f 2 16, (h .. " 1» "['fIylur·.< (hf'<lI~ln 

I\x) /JlHJ jx + ~LPrrU 1(x, x } I . 

('/.1&) 

it r"I I"" .. " 1],,,1 til(' li ]1>'" " 1O',"l /)f(O'x ,." good ti,ot ~]Jp, oxiln,lti()" I" tl,,' "n"l i"f,~' 
f""~\](,,, fiX) ,wM X _ II Tlw ll<>nIlIlPi!" "Y'!Cl1l ~,lb co." noW be ;).jJl'n)x itrlut~,1 by the 

I;m'''' "~·,w", 

x =,Ix, 

Uf U, = , 
,"" '" Z!:J 

2.:,,'2 H"rt lll il l] -( :"")",, fUI ' ] ' j' f10l"c m 

Thi. tl"~'re", l'X1"l'l<>It. il"~ "f lh~ Inf>o;{ ""p')fl"m fL'Sllil5 in the I()('Jj tjll:,lil"ti "e Ih!'Ory 

of th~ OIdinaQ' diHl"TeH\"'] "'l" .. tlf'''~ """". ding II) it . n~~" the h.l'f"W'rb.~,r p"int xo, (he 

x = f x .:! 19, 

X Ax . (220) 

whi~h """HI,. t il "1 liLp twO A]l«",,'m"lI" "y,\e,,1S 2,1!J and 2,~() I",\,<, !h~ ,",]t\\.' <luali lat;v~ 

,t."ctur~ ",'M Ihf {'(lll, Ii !,,;,,,,, p"i"t. X<) , 
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C'h"ptrr 2 

2 .. '1.:1 [,yapll1'()v T1H",)r<'1" 

Tr A f) [\ O) ha' no r ill,e'ml [""" wi,h "e ,'O , eRJ p~. 'I; ,hpn I,hpl'e pxi.,L< ,n"h[p nnd 11IL,I.<,,[,' 

majn fol<I' of th e nO lL lineu' 'ptf HL , \V" anJ \\'" which (Ire t"",~~ Lltill[ \0 F.~ ?,,01 ['; " 

rl'l<pfftivcly at th~ fiXLU point (=' fig ~~ :1]), 

• , 
W 

All wp know aboll! thp,"" manifol,h is thp fwt that the~: arp 1<lll!;cnriru to tl LP im'I\lL" LlI 

.'u [,' paces in tllP IlPighboHrhoorl of the fixrol point. . 

2,4 The Center r..,i<lllii"uld Theurem: 

The previoll" "c~t ion pl'csentcd th~ Hart-m"n-G wbman Thror~ll\. whirl) colllplc, ply sn lvPl< 

Lh e l' ,oblfHL of <Im.frllli n in ,,; Lhe "wb iliLv awl qualit'niw lx'lllt\'lolll' in thl' nci~l : hollrLood 

of" h."I'" ,-lH .l ic cdei c,,1 !,uinL, of" "online,,,· ,v,tew In LIIl> ,,"'niOl; VCl' \"ill d ;'CllS.' <I", 

Inoh lrm of rlN cl'Ir linin!,; ilw , t ~I>i l i t y ",[([I 'l"" lit ~\i \'C I>d,,,,,i01" ()f [hp II"", 110 "r " ",Jll­
h:'; per i>olic Ct itic " I point of L. j 9 Il"in~ the ce"l 1 c ttl " " i fo[d "ppt'oil.di. T he rent r~ mn ni f,,:d 

t hrol'Pttl is a gpner alilntion of t he Lye jJllnov lilro''ettl \0 t h~ ,eLW \\' [H'n 1 hprp ('xi,t " ('( ' IL: r(' 

HL ".niro IJ \V' [".ngem; ,,1 (0 tli e ce nlr e ,ub,I'''C(' IC C "t the lixe<1 »oin\. FOt' "",plie]!.\ W'e 

, hal l O."Ullie t hfU I he 01 i,,;i ll i, " nOll -liyperbolic li""<I po i nt M r"'f','" rJ, I.bi, ,y.,tl'tll ,; L.I Li' 
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l'I.%lllnption does nat afkct the g,cllcrali \y "r ou, trea,ment lJl"(;au,,~ it i. alway, puo;"i blp to 

dlfltlgc tILe ~oordinm", to make th~ fixed point the origin of ,he new coordinate "y,tem)_ 

Ir riO ('l{n') nnd 1'(0) = O. !,j,en thc Rj'Otcm ~ ,I !J can bl' writtull in th~ di""on"l fo'm 

'" = .4 w + F(w). (2_2 1 ) 

whcrl' A = Of(O), F :w) = w "Iwand F (O) = DF :U) = 0, !;'ow leI us try to decouple 

the nonline", "",tPlll 2.21 \\'p Call [itld a lin~ar tran,formaTioo T whil'h t" an~fmms ~.1'1 

into the form 

o 
(U~) 

wile,,, Ix_y.zl Co Jr' x R" x {{" s-t u+c 

~i~prj\'aIO]("; wi II, .' ll ~;("' i \'p ,cal pa"t . .4" is a dia~()tlal1J x 11 matrix havitlg ci~unv"lul's with 

" p""i ti\'~ [(, •• 1 pmt, .4 , i5 a dilL.K(XJaI eX c malri_, ha,';ng ~igpn,'a!"," Wilh a Zf'l'O "pal plL.rt 

and F , (x, y, z). F " (x, y , z ), ,md F c( x , y . z) are the '. u and c co"'p"nent" , '€SI ><l<;tiwl~', 

o r 1 he \'f'CtO" T - 1 P(T( x, y. z;'), 

\\'e dul n"t d~""\lplp \hp ~tllblp and llllRtablc statee associatcd wi,h thc ncgati\-c tiud 

p("i\i\'l' eigenvalu", ""'p"cti,'ply, from the ,tatP~ l'I.'lOor.iatM with [hc 7.l'l'O dgctl\'aluc, 

be""",u",, of tl,,' term (F.(x,y.«), Fu{x,y.~J.Fd"',y,z;')T In what [oIlows, W~ will lind 

two func,ion~ h i. relating x and z and h ~ ,elating y and ~ , i.p, x = h~ (<<) and y = h;(<<) 

Tile centrl' ",anifold tl",orl'ltl ~\lU'tint"'" the exi,tetlce of ouch mapp;"g_ 

2.'!,1 The Local Center 1\lanifold Theorem 

SnppoS<' ",2~ is C' r ~ ~, thcn thcse exist a,; ti G" ,-dimensiontillocal stable l!la"ir"ld 

\Vi,dOI tanKPll\ to thc sl.able sn hspa~l' E " at thl' o'i~in, a C " n-dimctlsional local 

,r.able 1Ll~nifoid \\' t~ (0 1 lan~l'ntial to the n tlstabll' suhspace E U at thl' migitl tind C 

('_dlIl'A",,,,nallo~al [",,1,.,- ,,,,,,,'fold \V;,~JO) latlgcm.iai to thc centrc snMpar.e Be ~t lhe 

o n!:i ,,_ In pAl'liclllar , \\,p ha\'c 

WIc.cl O) {(X"y_z) E R' x R" x Kly = h;:x ),z = h ;(x): Dt,; = 0, Oh; = 0: il', < o}. 
\\' '' .(m "~ . 

{I x, y . z1 Co 11' x H' x R'-I x = 1l~( YI,z = h;V': Dh~ = U, Dh~ = 0: Ivl < bJ, 

W ;'",,(O) {:x,Y.Z) E II' x R" x fnx = h~lzl,y = h::'z}, Dh; = U, Dh~ = U:zl < o} 

\\'hp:~ h :(x:, h ;( x),h~(y), h ~(y ), h~(z} and h:(z) arl' C ' ltl order 10 find thc ccntl'e 

t!Janifoid W(' n0<'<1 to solw 
, 

P, Ih~( z), ht{z) z) = 0. (~,2:l) 
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b' (O) '" Dh"(O' = [) , ' ,,). 

J{If) '" Dh"'01 = 0 . v' i ,\ 

In I'''''''ra l ri ....... "'-Iua!io,:~ aR' ,hflirult to 1«.11,,,, """!\-lIclll\', /." \n' .' ",n 1" 

aPI,,",ximIVlOn<. Th .. r~ >It"(' '"11:-.001'< ~ppXl.'{l[n"I;""~ 'n rl". [""'''''1' t~,,,"(, ," '.l.U, 

pmblnu and "p r ..... !nrl ""N'lw ... to ,,,,1,'- 110 .. ,,"'["'''''0I0J ~PI''''''"''M''''' ""., lno.l [" 

this "}ClI,,,,) ..... apl""~ '''la'~ h~, 0 ) "", ) h~1 0 ) a;, 

h~( z : '" " . J' , 
\- --', 

" " 3 Ii!) + h,~ + hz" + ,,,,2 +. 

fUTm the beml\'!"r)" l'-'ndiTiun~ u" '" I.t.., = a, = b, '" I), T'J Ii),,) TIl! ()tllpr l ocHici"ll1. 

~"bs,it.m~ ,h(><J' p"]\""nm,<I.!~ It,'" 2.2:1 "",1 2 .2~ ~",J "'l\ld' Ih~ ,,,('I1i,-'(",,, ",(0\\ Ib(' 

flow 0" tI,(- ""ntr(' <n,lfIij,,),j \\'< (0) '" the n('ighoo"rh<>o<i (,) HI'.' "Iil:in "d., ""I ".' the 

:01 IIll Z l R' SIQ(~' Ih~ rlllm,nwm of tho· ,"'ntre ""'llIfold '~',I·PI.llItl- )"", Ih.m 1;1I~ 

,i",phfi~ Ihp pmL)rm ,,) !I~I ~rn"m"o; t hp 'l""lit1tl iw' \>(>1"""011' "I 1 h~ ""1~'" "2, J 'Ill> '.or II 

,,,>tI·IIY)!l',l;ojir r "lir"II""m 1" 1:\" "('",1. Tile now '>II ,11(' r,'''U'' ''',,'lifO),] 1\(',,' Ihc II"",, ) 

~(lilll tw', th~ 1"1'1>1 

i = nz'+. 

ff r C': 2 and ". / Q, (Ii,," I", , "'f' loan'" ",,,JJlc·,,,,,:~ ,<I [I", lix(-,j p0,"U f," r ,,,101 ,nd 

!I, > 0 \It! hA'" all u"~l;,hl(' 1"",1(· "uri ~"r r ()<Id and a,· .;: 0 "', hm'(''' 1"[>\'h~t"r1 ",~;';I,._ 

No,,' Ipi liS 1'<1IIH"kr lllp r&", ",h..., ",(, ha.'''' a. du". ,[" '.PtO "'~{'u\-_,I"c ;",d ,11"" '·i).,'\"·" ,r.:",. 
'nth .. Ill'!;::ui,.., o r 0 p ... -ih,"(' l"(·aJ pcl ,\"um<' t hai we [""",, 110" ~\"l{,'" 

whell'", ""d z, "f~ th r .;tl1tt- lh~1 ,'mfF_.;pom! lu lh~' ",To "I~('''''"l"r' mLd ,r ' Til(' 

'1,,1(' that l'orrl'Sl' u"d~ lU ,I". el~fT , ndue wit.ll a "egilti,·,· f~'id p"r: 111 tl,i . c/O',' il f"llm'" 
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flUm th~' loe<ll ox'nt", "",mfold dl(.'Qr~·. th"t " 2-<1;" "'''''0",,1 ""'Miant ~"CnlCr IIIa"if"ld 

\\"1""0110 ) ex;,h, dpfinM by 

lor ~,nw ~ > () wC.prf h c: c'(s,ro)). h (O)) = D h (U) = (), In ur,I.-, tn find tl:e (:pntre 

,,, .... ,,(,,ld ;n tl>;, CI'l.'<'. ,," nl'P<l If, ""I\'~ 

1\' ow, tl", flow ,Jtl the c<'!l\rf ,,,,mllold \\"( U) ;n the ](C;gc. bourhuoo n[ the urigin ;, clefinul 

b" llor 'l,lm'eo! ".",~", 

l;xlImplc 2 .1 : 

('utn,ider the f"l\u .... ·;"1; ""!lillle"r .'.t~m 

, (1,~7) 

,r = 

In th;, e;lS" we bave A. = 10) A, = I-I, F, = :'l,t -,". ami F. = =z By ~1lb,;\il\H;On of 

lil,' l'Xp.u",'m 

iut" tl..-- ,~!,I;)I ion 

.... " uhtll;" 

., o 
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Clwplcr 2 

S('\t1U1; the l'Odfitlu'l~ of like p''''" .... of ~ "'lila! '0 ~ero ~'i<'ld, " _ I, It _ , 

toll,),,~ lhul 

.' + t\I-") .=. ",.-

, 

T il j_ e'l'IU\I:>n d"",rib"" 110" H:>,,; of I he "libim,1 n:>nline", ~.''''I~JI II. 1'1.' ,,,,,;:lti> ,.: ,n, ri "I 

the oli;;iu (SO" fib 12 n It i. "k>", Ihlll the <Hi:;in is a ""rldl('.w,<I, III tIl<' ".'X' '" ,,,,', 

Fi~Jtrc :! 1 Tit" ph,c~ portrllit ill the IIc;ghoourhood of tl,.. 0"1;1" "r 11,,· -"h"_' u_ 
<'XM11'1c ~ I 

"'I: "'ill in\ ... "'tl;;.'t~ F,o..xlnmun· !.cl1Jail,c models "ilh ;, """",,,1 ",!inll ,",,,·1, lit ,<It t ,h .. 

• 1 1'1\.~"uca! ~'-~Irms n l'JlT"~"l<"h. 

2 .<1.2 T lte E ins t ci" SI al ;, · IJJli,-c r ~c 

(;)' " 
, , 

- - ---
1 ,,' , 

" , , 
+ :1 /' ) 

, 
: - (; ,.I' + --, 3 

E'l lllllil'lll r~,~CI) m il lx· writ.tell ill " m",e cr;mpact form '" 
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Thi, equali0Il is ,'NY uSl'fui h, ,\\I< il' ,ng Ihe dyw,mir s!l\hili!~' nf !hr l ' lli"~I'''' , For ,.h" 

l:lli"pr",!O be "bli,' ii '" Ii '" 0, t ill ' l'Imliiiio" is ",'Ii.ned wh~n 

,II ' (,,~ __ ",1) 

"" 
<l" - ~(.1-' -2'~. 

wher" -. -'- _' _ 1 Fig [2.':; ~h,>ws th!' p"ph or th" \'(a) a fundioll U:'~ It is dca, fru", 

__ + __ =!!w,,-_ _ .. __ ~ , 

F 'KI,rl' 2.;" Th~ jl,raph 0: I'(a) a function of" 

n)J, ,2_.5ll bal lh ~ Fin"ri" SII,!.,e 1:11""'""-', which take pl"(c!\t ("0'''01 i, "01 "II\LI~. "" 

11"'1" ",mil (hall!!." '" li,e f'I<'rF."\' <I~!l.it .. uf Ihe Uniwn;~ will rL"'ull ill A I,,,,t ~ull"I'"'" 0 ' 

mri"ite l'~jJII"~i<)],, I r t he ;mti.,1 "I'" h! 1£",' /l'~ th"""" i" s1Ir!! 1\ m~1U".r IhM Ih .. U"iWTIlC 

<I."I~ III "",ioll I t!lenlh"re will L<iI thr('e po:;o:;ibl~ evolu t ion' 

Ii lh" ilLl\i~i oondilioll" nrr r) ,<>t;P1l III .uch a IlIl\nner that I.ho t.:lliW'1lC ~tMt~ in regi0!1 

Ii then. 
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CIWpl(,f 2 

• n(1: cOlltrans to a minimulll ",dill" aD and tlH'll expands 

• aU: cOlltra,ts to a miLilLUlll m&.ls a,) wi th q < 11 alld t.!ll:n (onU"'!, to 1,1'],0 \',"ill, 

q> 0, 

• aU) ccmtran , to au in 1111 infLnilP time, 

" • , " 
" • 

----,. -_0 ~_, 

--, 

Figll"" 2 ,6: The e,-o:miOll of the ,;.calc f,,~to, fo, Friedmabll-u,m"itrc Ittode·L;, 

1" r~gion 111 , cl~pcndi nl> on \he iT" ti"l COLlriJ 1 iOT1 ", I hr Un LYe' j '"~ can ci tl"" '-'1',,,,,1 10 

infinity or ~",,\,'act to zero 

2.5 The ~tauilit.y analysis of Friedm untl- Lcllluit.rc lnodcb 

(2,:31) 

In wh"t lollow __ H '" () '" [I."",,m('<1. U'in~ Ih""'.' vA,.inl,I",,_ "qll"liol1 (2_2!1) ,,,,H [,,- ",riUrn 

lIS" ,,'st.rm of fLrsl ordrr (ilrrmfnlid "'1IlA,lion, 

J{' = ([.1~ - 2]!l - 2(!A)(~) + ~).\ - 1:_ 

:J', 2 
11 1 - -'--~) - D, \!l\, 2 ' , 12,32j 

([~~ - 2]n - 2l1,.,rl - f{ - ll,\: , 

where the prime reprment" th£ deri,-ativc \\'ith respect to the lime variable' = 1I--1 ri/dl_ 

TLi, 'y,t£lJl i" l'0mplet£d by the F'ried""Ulll umstra:nt. 

n f)\ K=l 
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Ih cv".;,dulUg a "",~k "11"'11.1' C<'IlUli'i(l" ',/ld ...... ,n'ning \ 2: O. ,h~' (h'n","i(.~ ,·" .. iabl{"o 

prop<k'eJ i" ~2,:H) """ be ,'''" 1'l1Ctili~'\J ~o the ra.nge {il.!:, U.ing d'l' rrl .... lul.1n" ,,,,,,t ",iat 

Ib~ ,ystC1H (2,3~) cnn 1m rM"n,.1 to n Iwo.dim",,,iollai sy"l~m, 

II" ([31 - 2jn - 2!1.IlJ.:. 

:h-2 
2: 1 •. -' 2--fl- n,)n, = 

C,-!nihbr,nlll po,,,t ..oJ"li"u~, ..n<l ttc .. t..J"htv t<I,aJ,.,.i .. (]il1r .. S)">I ('II<, '" (' ~h ... "'n '" Table 

I:! I In "m~r 1<.> rumpnr tily Ihe rl'l;i"n I( • (luI the ph~~"""," Wfl " 'III I><:f,l/l loy ,,'r'tillg 

Fixl~1 po;"" 
(ld!,J 

!l.u] 
1--1.11] 

I,l, 1 

1-:18' ' "VA I '" '" ,..,1",iOIl ~tAb,J,tv 

Il< -r<~, J , J ... '! < 2 
h-'Z.hl r ,addle ,'"',, Ct: 

H:h 21,21 " """Wl' .",Id le 

I , Joy ," "IL~ , in k 

, 3,( 
/J 311' + ----. - .\. 

Q 
II 
1) 

"' 

" 3D' ' 

where D = v'1I1 I· k ;,,:! Th<-" b" \1<; "8 I.h~ new I i me "",inble' = D -l r/ / til, I hp P\,O]"t;OIl 

"'!\lnlion, lor Q ""d n, urc b"'~" loy 

Q' 
3., - 2 

(1- 2'!I-!1,j)( I- Q) 

;I;i 1_ f'\:Q!I, 

I h,· .... t • .:lihr;nm l)Oi" I.-, nnd till' "",1"llu"~ of th;, syst~m. arc dqm1l-d III t;oblp 12 '!1 Th .. 

u~npMt ~r-'lC" I", ;,:1 Fricdln,ll111 mu,Jcl; with 1i3 < '} < '2 '" 1l""/lMoeo,l 'II lig [17 TIlt. 

1,,11 .~n<l "I\hl s;d"" ri Ih .. phflo<' 'IIIU"P wr""'pond to ~'''I'.",d;r~ :Olld (\)mra~t"'1: mode!.,; 

''''"l .. ..- t ;wly. III tit .. f{ < II "",1 II > il rq',;"" UrL i" with j) > 0 aud \ :- 0 c",ol", fmln 

f tl) rI., rur J.: > () allri If > () tkrc' ar~ thre~ pL-,.";ib;lit",,, 
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[1,0[ 
[- 1,01 
[l, I[ 
[-1.I[ 
~JrZ[ 

-F 
+d,' 
- d,' 

" 

Sin k 
~ i nk 

S<ln,rp 
S~(Mlp 

Thl',~ ar~ ~I"() ,,"){kl .... h irh "1",\ ... itlL fI < 0 lind ,"'" I" 11 ~ (I riLe lll" .. d. \\ 'ide 

P''-'!\(U "",ympto li~ l U ,Ill' Ci""," LI .("T JC U ni "","" ar,' r" II" I hddIlL ~I"IL 1."ll,,,'I' r 'Hodd, 

1'1>(' ,t,,,iL~hlli[L(' n 0 I'rull' - d, I{) +<1" ~O '''''S1'',ncl TO ~ 'k-S,tl<'" UB""',.... 
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C hapter :1 

C osmological Dynamics Of 
Exponeutial Gravity 

:j, t 1111 l"udllctiun 

J" thi' ~hnptcr ., d~taikd i TI\"l" ti ~" t io, I (,llli~ rosUloiop;ir,,] d\,natl\ ic,; I ,1I.,c",1 on p.< 1>( - 11/ ,\) 

b'1"m'll\' will e>e p[l1;l;nt c~ Th~ ily"",mil'''] \v<lem "l'prOl<d, I{) All im llOllfl."1 d .. ;.,s 01 

dlf",r;"" wilh l ngmm;inn (kn .... ty \\'1.1 t><; " ppiied 

13 I) 

wl~'rI' .\ i~ the coo;mologin.l ,· .. ""~~"t II i~ : h" Hil'Ci ,..-.. Iit. a",\ 1"1 L~ I J~ L;~r""I:iAll 

"f ,tan,bud nllll1~'r Tb" LUlllnlU:'l~n I"""""'''''' "'~ll" '''k~''''\ ; ''1\ I ... "t"' ..... FI1"h il.' 

(r •• "" '''';:1 " <'<I. ,,;,.~"',,' to unl.' u", ... lvi'" "('O,,,b,,.,.(io,, "f 1""''''' ~ ,.or d,t" lH,,,; .u,I ,,, ""d. 
",,-'on<ll\'. 11 !('(Iole,"; to 

eXl' - -.. l---O[R] ( 
") 11, 
A A 

:l. 2 U;) s ic Equat.iulls 

T
Ial , .. 

(3 .2) 

(33) 

i3~1 
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('I'Al't~ •• 1 

.. , 
T,,~. 

T,~ .. 

-
• 

-'-T" 
j'llIl ",,' 

""d 

, '. 

Th,' pri",,, d<,n"l'~ I h" ,kn\'lll in, ""Ih '''''I",cI W R. T~~ i~ I !I" "'\I·r~\··''''.''"·''I. II, """": 

Il>r ~Ia:ld;\m llmtlef ,,'!l l~-!! m .-umed 10 be" r<-"Tf~'<'t fluid ",,<1 I/!.. IS ,h ... ,I r, ,~,~ .. '­

"',",,," "I o.n .. Jj, ,-1<(', F,,,d ''''-'III''ti",,,,, ,d(',wd W as I he cur,," on .. ru,d), \I h,d, I" ,.. ,r­

.he nVll-Em>"'iniOlll P.VI vi the ';nwitnti"r,nl illteral'li"" nnd n>lt.,'"U1,-.. "II "d,' 

..oulre trrm ... 1 purdv $:t-'U"",mm: " ngi" I-!OJ. By ,,,"umillg J( f( , : l>~ rl-R/ ,\,' ~'\) ubt.ciu 

\1,,· I;~I<I .... [ t "l.li() ,, ~ 

( ;,," = 

17: 

1" the " ,I.'(' u! the Fri~"' m"nn·Ll'I""itre-R{jbcltsull-\y,u~ef (FLlj\,\-) m<:tl" Ill" .,1"",(, 

"1 'I FU I <l II ~ rrd" r(' to; 

o 

., (I, 

.. -hrr~ II ., ~ I~ I!lr Huhhl .. plVlUllf'Tpr. "'S t!,., IL~,,,"l <~aJ, (."tor. ;.- "d,( ,:~ II~, 

run'l\!urf. p I~ the (>UN/!J' d""~:I." of SlAml ... d mAtt .. r ""d u it~ hRlO1ropk I .... ,or I h~ 

II!Mrh, ,<If,,!!I'''''' Appli,..r I" Ih' w",,1 ' ''''''-<0..('''''' 1,:) \(>11'''' T!!n !"nd I., lill' """J,,-,' 
ro""""'l'II;r)l) • ..,,,,))jr)J) If)( dllll"\,,,-,1 ""ule, 131J; 

p-.1Hp(1 w) = !) ,:UI, 

3.:3 The Vacu um Case 

h t he m .... ' I>f 1\ ""ruum. ~I ' "" m Pqlllltio" :1.8 Cf'lJ l bp writt ell M ", d(J '~d " "t.·.n .>( lir,1 

urclel cliff~1C 1JC i :~ ;tqulI.!.ioJl" u"i "~ !h~ ri imp,,,io rrl,,,, "lI.[ iablr" 

'J ~ 
J' = .-\If" )1 '" [jli' 

. , 
() Ii ' " 
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ll<-,~ Ih, ,·",; .. I>I""!I ~nd : ~M II f1l<:.o.'IlM of the> e"IMn..ion norm.,h? ...... 1 Hlrd CIlr\'"lnrc 

", "I t\,.. l<"t"ol«!,;ic~1 ",,',<;l All' ""'P''('t "'ely /{ i, t 11(' 'patial cu ""atIlT" pArA,n('ter Hf the 

Fri"dml\nn t",,Jel. while r ,> ;. " 'C·lI<>u,.e " r tilt' t inoe rate " f II,,· Ch"'L~" of the l1. i<X'i 

C' Hva IU n'. The ,'""l uI" ,, ' '~IU "Ii ,, '" 1'", the '·R,iabl..,. 3.1 2 are .,:i,·,·" h.l 

d.l' 

dS 

<i!l 

dS 

" d.\· 

<IN 
dS 

J '!: + 2~e(2 +!I ~ K ). 

(313 

'!I\~(y+ I-K). 

l_ I' +Y + :~ l' = O , (3 .14) 

whith <kli",,,. ;, h),p"'I'I~1L1' in Ill" loto,l ph ... "" ~paCl' of Ihe "Y~I<'m ConiM:quenlly, all 

,.lluti ... n, «! 111" ,It-n .• ,,,tral <)""'LU ",Ill", IOfRlro in a mJll-<:omp.'~1 ~"hn,"llif()ld ... f the 

IJLc ... SjMl't' "-"-'><ICi""'<i ",I h ;1 ] 3 I 10<' lIm<' 'leri'''I'''' of 3.1-1 ~. !ll>1 hm~ "'Iher I h"" Ihe 

Ba,'d,a"dh"n ("pa,,,,,, 

3 .3 ,1 Fi ni'" "n< , l., ,, i ~ 

Th" r!ill1l'll,io1tl<iily ()f ,10,' .\.1\.' "P'I('(' "f I he w"t('m 3. 1:1 can 1)(' rcdu('('\i 11;' dimin"titl~ 

,'n), , )nc of t he four ""ri"hlc .. u.i n~ t hI' <'~ I "I rai nt e>:'l', ~ tiorL 3. \ ~ 1 r we m,)"-,,,· \tJ ('h " L; nato 

I', the dynamic' equ l\lio rL~ b""~,,,~: 

'" <IS 

dz 
,/.\ 

" <1\' 

= IIcll+2K+2y + z}+,.,(1- 1\'+z). 

= ~ •. d2+I\+y) 

U\«(I+JI.'-y'. 

Th,· ~\,~{<'In .1,1 'J mtILi" t ,,,, in"M;,",' ."llI1'dll1f"ld~ 0 = 0 .",d /( '" U. '\ b. rL,,, .. us tlo .. 1 

! h .. p<,inb '<Jm"inoo in t 10""" ,ul,\tla'llf<>ld. fom, at! invariant •• ,t ull,ker t h" Ir~t",fc<nnat;{)" 

Ot onHI'''' we """kJ loa'" <1" <,,'H !" ""~I1""" "n.v ", bo'f , ,,,,,,hI.· uf 'h¥ 'l"""m n," • I",,,, " n.~'''' ' .. ,j 
I" II ," fae, Ih~I II " oqu:M>on 10' Z i, h)' I~, ,I"' nL&' ,'.>mpl ,,·at..o Q!I¥ I." "'", .• ~"d II .. , ~" I, , I, ,, d>C>i(-." 
,ho ",,,,, I~',· or "" 'a," "'" , ,,I,, ,, .. .; f~kl,,,, ",,,>;,mil" !, A. we w,1I ''''' , th" ... li i """., m LI", i,"'",Ii"atOOl' 
vi >I~' prul~· n ;'" 0/' 'I ... ,,""'n l ,,~)·. J",,'lL.·" lao I. '" ,he ",a1 'c.' "''''' 
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Clwptcr j 

"'''H'' ,~I, A<" con""qll~tL('(', if IW cho(>S<' z = n :/, 
OW 

•• 

OJ ", "" It,i-ihl ('nllriiti,n foJ' 

OJ whiie for O,h,ts "'itlt illl 

initi&! condit.ion z t II (J.; l' 11). tlw o,,!\' W8S \O """'0 Ih l\' appl'0t\ch z 

i8 to "pproach il ~wI" pto\icai l ).' Thie li"pli"" thai no Ulbll cw,,,,-,,, the c _ 01':l\ LLC 

and «)nse<]lIenti\' nn Klnb aJ Httrflctm CHI] ~xis\, bec'Hi,e the pha~~ ~pa("e " dividr'd ItJl['I 

inriepe"de LL t f\€<::tm8 wlLlcl, (';'lIlT.hiLL complete ('{),mwl'>:,(lCallll,t()ri(", 

Sctti"1> Ie = 0, y' = O. z' = n, we vbtai11 f011r fixed point.s rlmt we IRbel wilh c"I,iT.,,1 

letters "nd the sl1b",ript u to il1" i c~tE> Iho,"", wl,;ch 1UF iOIJ"d "m IhR \nenLL'" "D"" >'" 
Thbl€ :\,1 J 

We Can obtai" CXM't cooITLvlogica: ",IUeiO"" at thc",c puints h"'l';n1> the' !b\'{;bnndlllll'i 

~'q11at.;v LL , 

If .= -(y - h' + 2JIf 
, 

In f"ct, al any foxed pcn nt with !I + 1\ - '2 i O. the '''IIlBIIO'' 3,I G ""luu-, 10 

• • • H = -- H­
o 

o=(y. +f(.-2) 

where thc sub"""ipt ." ItHJ ",,,T.e,, lhat. a 'iu",ntit\' ha;o l>eell cnlcuidlf'<l ht the lixnd ]Joint 

E'lu" t ion :U Ii ~pp l ies to hOI h Ihe ",atTN and ':acli U I" CILi;C" ,1.1 '0 d~'l'ri h(', n ~pn'']'nl j"''''('t 

law ew) lu I io n 01 the 8<,-,le faci Or. j n ad d i tin LL. iIltqp ati "1'. wil h "''''pl..:1 to t;l1l(' we Oht.-'ll! 

1:\1", 

This m~"ns I lml by finding the vitinc of Il RI" ~iw ll Ilxrd 11lli'LI, \\'(, mil "Inain Ih(' 

",-,lulion8 "-,,,.:-:.cialed wilh it U"Ilg e<]1mti0n .J.16 "",I Ihi, SOllll:U!) wiL:)c giH'n b,' \ Ib 

1m " '" O. 
In th is W"~'" poinTS 04,- amI B. lire found In j'rp"c>c'lI' \Iilne ""d !'(J\\,rt- Ia\\, ('\'OILLI (,n.' 

resp<'Ctiwly (sw TRble ;l.lj, Howpwr, by d ir('CI 'nbstitnti,'n im(J I;,P ""moJQ_i"al 

equatin1l s i, Cll1l be , hnwLI lhm I he~ fixl~l p O"Jt~ Call1lO! k cOll"i,lc<wi I'll),' l"n,' 1"'''''11*, 

in Nder 1.o Slit" f\' :1.8. nne need" '0 Vi0i"'tp ,he " .. ak ('j!eIKY cn"dlt](jLL P c: U Thlt '~lJ ( '" 

1l 0t ('(Jnet; tn If a proble ' <l b€<:all~, a;o we wi ll >.ee be low, t Ite-.e poi ,,\~ HI(' fl,1" "W (","ltlbl<" 

whiclt ",~"n ~ that WO (f1.1\ ch".--,,;{' iwtJHI ('{\ndiljon8 a-, du"~ to the"" j10iIlI> '''' "." \\'i,h 

FOI' the Ihli"teC" huri D" w€ IH.\,e" 0 ,n Ihat 3, lb Icduce; tv fl = 0 '-H·d the 'cnl .. 

fhc;vr i,; giW'n by 
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The ""I,,~ of tl! .. CQ'I;(:tnt ~ eAtI 1><1 ob,:tlnru by di=t suhs,i,utlon iuro equn,io"" ;I. ~ 

for Ix>th C. "nd :no we "ht.~,n 
,-

,\=;l: V:'~ (3.20) 

"" that the." repr .. ,.m,1 an exl"'r ... ·"! i"l ~'·nl"\lOn The c<>"""n'''K '" ~"l'.~n'li ll~ ","Ul'<· 

of dll, ""lun"n d~p,,,,d ... 0\1 Ihe dJ[t'(tion 01 ~]lproaclo oj ,h" " l hH' \\"jTh ' '''1'('(;1 I" 

th" hyp~,,;url,,~ .... y + /{ - '2 
hllWnll 'u"'" chRrRcl<"rt?ro loy a ,-Ol,t ruuing or apandin& ", .... hu;ol\ lu 1.>:u"licnLlT. ror 

11' -It - 2 ,h .. od",' ,1.-...:'TiI'" ~ routrJ.rltnlt; uni,..""" whil" lor II > -1\ - '2 Ih<J.­

"'1""'''''''' .. " L'pRndinll unc 

Th,· 'l~hili!\' of the hypl'fbu\i" fixo.>d p"illts A , 6 ,. :tad {.I,. I' ohtn.in('.-l hI' ",jlllt; ,10 .. 

II [lrt "',"l·G,,, bmlUl '1o('O'(,nI. Th., pOInt C, ' , n~tead. is nun-byp"riJulk lind [t lll't 'I"" t h .. 

loc:..I l'('1lt lf lnRnifnld Ihro r~m III l)rdcl tu fjlld il:; ,t~bilit y_ :\ brief n',i ,'''' of til;, lli ror<' nl 

("all be fmmd in chapter 2 [ll l, In nUl ~,,*, \l:;in~ the tnln,fol"",t ion 

,=--1",. 

k=" 

", = h. t! + !( 12",) + 2m .. , + 2,,; - 4 ",u~ - lUI). (:U:.! i 

13.13) 

'" = 

F. j I u,. ~'l. m,' = ,121// - '2mu J + 2,,'; - ~11J"1 - 2u I ) • 

"",) + &m' _ U(",' j , 
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CllRp/pl":J :;0 

T"ble- ,J_I_ O.,rdi"u\L,,< or Il~' jixc>J point", l-;gen\'ulu'~, ,whility IHLd ""Iulio<" rOf 
exp(-~)-gnlvily i tl v~n, llHl_ 

PUilll C"'J,di"ale,(y,<,Kj Ei.",,,',,:u,,o St~"ilil\ S,,:\lV(J" 

A" iO, II, II: 2 , ~, 4' ""1 x' II", " 
, 

"d- I" ! 
Il" ill , 0, -'I - 2,2,2' Sarldk " ~ ",J 1 - t" ) 
c,. I 2. II , II' , 2, II] Sadrl]"_j,,,d,, " ~ "", - "-(".' 
Il" 

, 1 0- ::<h,'C;1 2. ::lh'C;:" S"<i(Le " U ,,' , " 
, , , 

i'Lio c~]uation' "_23 and 2.2·) "nd I)"'n ""IVllLl( lur \Il(' "",ffi" iclll,!t. 0, C ' HLd rI, \ye ~'h:ailL 

,. 0 g" -I 
Id-:m! = Jm- 1- 2'" 1- O':m ). h2(m: = O(m": ':UOj 

on the centre n",nilo'd l!" (Oi, arou"d tlte point C, Thi, implil-'; that the poiLl t C,. i< a 

,addle-node, tLat i" it heh ave.,; liKe a ,,,ddle or an attractor dcpo'lLding ot, th(' dinvioll 

from wbieh t 'le orbi, uppwachL'>- Tbe loc'al l"w.,,' pOIlf"it in tlie Jjei~hl~)lL' ll(](1(1 [)r C, i, 

depictf'd in fi.~urp ~,l. 

If Oti P considers the transformation (~,21) no\\' , one rcalill"; that '" x " so tlt"l C, is 

lin "llru" lo r : '( >T ;; > 0 "-I,d" "ud,llc- ror 0 < 0 ' I' b" i, "I~o ri~lIr r",,: l: ii\lJfn :j,e in ""iri_ 

the in"driant ,nbnllujilold f( = 0 i" depiciL-d 

Finally. it i, lJ""lul to der"" an expr""ion for the th:demtion pJramctcr 'I in WILl]S 

"f the d,'municH) ,-ariable",: 

H 
(1=-H2-1-~-:y"'I'.,.l)- :U2) 

Thi, l'llllljion holds for i>o lh t.hp ,'lIr,,,jll] ~L\d th~ ll'~l1cr CH"f' Notr tilett tltat q > II i, 

re~li"f'(1 o)ll:,{ whe n (y 1- r,' 1- I) < 11 _ Thi' c'ond il.ion ;" ,mi,li~d only for the puint C _ ,,~ 

i" exp.)d~d 11:,{ 10oki lL!\ 0\ lite :;o llll. io tL ""oriu l-ed witi, this fix~d ;~)int ,>"" 'j'f,')l~ _:1.1'; 
In Figure 3.3 we ~i",· i,he lo ('al iOll of l il<' 'I 0 pll\n~ '-"!ali"" to ibe fi xl,1 poi'>I< ,,\ . C 

~ tld 13,,, 

In this """tion wo wi'l dpt.ermine tlte fixf'<1 po.'int' at infinity and ,~ud." tlteir ,1"hili1.-,,_ III 

order to "mI' l iry 1110' ""' :11 ptot i ~ analys;, \\,p will compact if,' the pltaf,(' 'PHl'C ""i"~ 1 he 
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('/I"I',rr J 

'" . 
--I--~::~~ __ _ . , 
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.. ~ 

! " \ : ...... j .. , , , , ---:- -- :--:---;--_. ---
, , , ' , 

- - -.---. -- -,- - -,- --, ---, , , , , , , ' .. , 

.. --

Fi~\I",:j 1 Th~ I'hn.'~ I",n,,"it f", the "y" tem ~,l,) in t he neighl){J1l Ih<XXl uf the fL~('d 
IXJLJlt C f,)t "~I'(. fI .\ \·~r~"lIy III ,'w""m, 

f- .. ' .. --_ ..... _..-- .. / ", ,"'-, ~ , . _" ___ \ ___ J_._("_~_;_ , .\ \ /' , I 
,: n:'j': { 

, ,,' , " , ,:\, .. ,, .,:, 
" ,~ " 

, , "\ (' 

--.!- -'~ -\,.-' '. --"-t ' \ \ ,,\ \ . \. -- -- \- \ - '\- ,,\. 
\ \ ; \ : I 

, <', \ \, 

, ".........' ---r------.... ~ \':j --- , , " . --, -: ... -- ~~,-- --_ .. ---
, : ,,-, .------.. 

--h - --.--------.:-,. 
--fl---(' . \ ' 

-- -1-v-- -:~- - "-
__ _ < ---0>-- _ ~ _ __ • __ ~. __ 

, . , 
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fuu 
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K 
, 

\ 

\ · i .~\,r" 3.1 T il,' i' I\',,, i"!Jt , ,,),,,,,mifol" ~ = II. 
'I fI p'nlle' ,dn,i\'I.' l<> ,1Il' flx"d poin, . Av_ C, 

_ / _______ , ..•. 1. 

\y~ ~x!, li ~ ill ,\' itLdi <', , ""Ii,~ I ,~ 

and Ii I",' PXI':: _ /I ,\ I g J "d '.',-

~ -, <::<~(J. n- . r ~i·,iJ <'<>'10. !J _ r ~,,," ,'" ... 

" ,-

",, " ' J' Ill" 

'" "'" I'UII! 

"11'1 ~ ul .. lll~~",~, - ~. tll .. rCgI"''' r ~ '" COr'l"'l>OI"I~ (" r. _ l \ ',i'll; I,,,, 
<'VOr<iuuu .. In<o-furml\t,Ql> m"ll.lIku'e ~"f' H",il -,;: _ L II,,· ",kll' J. I ', ~·.'n "'n"~'u 

- 'HlO I 7 · i,,0+<;,,)8 

I. 13 

TUI' 

Wll~rc' ,\ "" r",,¢, -m () SillC~ ~q\l"' i ')ll ,1 ,:1.1 el Of», llOi, el f !,""'; "" lhe cnM,j iUa'C r. w,' 

(''' \\ fiud th~ fi~,-"l p"illt, <if tlw above ",,"Ifill Ij,it\,~ " 11l'Hi..,,,, 3.->! ,,\\d 3,3", ""iv 1""11' 
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<'<l""'!"'"' {:I.3·1} ","J (J .J~ : i( 

'-\ __ ( otl1=O (:J.J6 ) 

t k u 8' = q/ = O. wh ich 1I ll'" '" thuT O,~ '-" rerOi A 9] 1 ~I'P''''''t n fi~."J ~" I"p,,,"~ Th~ 

.,Ih", fixed ,,,bsp,.cc i, !\'WLL I,,, T:'- ,--, ],,"'1.6]. a "d I hc'r~ Ml' "" ';"1\1.· 1,,,, 1 T''';' LI ' I'"~ 

T .. hl~ 31), 

I.N H.~ HOW d~7i,"C ~he ..mUIIVU fvr 1::'. b Ihi~ ~Ub!.Vd,"" (he fir.L ('<1u;"i(." ,,[ the 

""'~I"nl 3_1:> r.-...I"c"" to 

dy . ? 
d.\' '" 21/,1 \ rot ",-, I I). ,,·herc wI do· "'11· 

- I 
U"'2!11 CU\I'>u){S " " . " 

(:l.37) 

(3_39) 

"'I"~I"l' S "- is lUI I: ,\t>:,:.r "I ;0" (1"I>t.",\ S"I ... \ it"\;HK IJ hark i"IO N1HII\i,,'" :1 :~ .. nd ",.I\'in;: 

f"r .v, .... , "bta", 

\ - .\,. 

n'e """"~ I'ruo:;~d",r ..... " h~ ~nI\ ,lu,....-\ 10 ob."", "'\lItlons rur 0 ,-" (1M' T~I .1c :1.;1 fur th~ 

,\,""It), 

t'_ ;"K tiL" :\ ,:\:\ 10 trLl<~ 1~1·" AC<"OlUl\ th~ ",dial bch~vi,-,,,, (If thc <>rbits. I h~ . t"bi lity 

(JI 1,':'- h 

-" i_I < I' < ,,/2 
,~/2 < 9 < :\1f/_l 

:!.~ \ < 9 < :\r.1! 
:l~/:l. < c>..: ;.~, .. 

S'ahle. 
U,,,'~hle. 

St~hl". 

Un..,.~We, 

WI' obtam the ~tabi1lty of 0;;-- ill tht $d'"'' way frolll ,..hllh, ~ tut"~ om. lhal th""'" poilll­

drc IIP,e 5t.ohlc, F"r Ih .. ,"aloe., 01" for .. ·hic·h L, fo) m,,1 L,IO) (L, :1",1 L, at<: fUIIMi(lll~ 

or., ,,"I~ th,-',· arC '00 ('Umphu\"l to b" rc"",,rdcd h,-~., ;"'-". Filt"'" 3.4 fvr tI"'lt plot,)} 

are hOlh posit i\'e. the poi",. il' 0;"'" a,,' rcpdkfS, ",hill' fo, I he ,"HI""" of ;" !\..r ",hid. 1 hebe 

11I1IC''''''' I",,~ VPI>o>il c " ~' ''. lion' "'~ .addl",,_ 

],' t lw ,,~~[ ".-..:Ii, '" wr wi ll elf)'" .,.,,~ J"." lilr in! , on lI('licm (j r m,lttrl' mn.! iii"! U ... pil't l Lfr 

\\'~ "bt"in~rll" lilr ,."'''''''' (1""-' 
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Ci"'P/.(,1 3 

I -------------/ '~ _, ~ ~~_~_~_~~_/-y"~~:'-"'"' ~_~-";~ .. _' _~ ___ ~ _ " '._-:,.---'"'.C-~. ~ __ "'~;::_~. 

> 

• 
- , "' , . 

1 \11;\lt'~ :3.4: The 1':'''1' 11 or the ~j!\~ nv al \l0J or lilp fixl'" ' pace"",,, IUll(':io Ll of Q. []C'R' L , :, Iil 
i, I'crrc:;elllcJ L:., ~ ,oliel Cmve ami L~( ¢) io \Ire J"",hed (}lle. 

T"hle :l . ~: C()()rdinllte:s. €cp;en\'"llle.' "",I t·ll<' "lab i l_ eY of I I L€ Ii xed p"HL\> in l hr """tI 'I " olio 
l <>gim" 1m exp(-*:i gmvitv in "ilCUlllfi, r: i\JL d I., dt'~ r\lt": ~ ;OLh 01 ,.) wiL i!'l; "". 100 

complicated to 0., l'ecc",]""l her~ (.' coo Fi ~ ure :l.~ i()!' t ileir 1'101,) /, ~ [2 + l'X)i (,'(I + 
rot 8cC!.'cc <\1 + ..10 COO," (\i (I - A;) : U>1' <\,:i I " nd ..10 j, t he "" I u{' nf A in "'u 

F:g.-,:-",:,,,,, 
[O, ::': /1-;"';,;6-f 

'L1(O:' < () \;1o. 

Soh";OlI 
.--~----.----- '" ..• _---,. __ .. -.-~ .. 

(S Y",:' = [.l,i c: :ir'o( il 11) :):' 

If,>: ::,.v - Yw :' = ISf (r:, _L ~:~_;_- ,' c.L'l~ 

3.4 The matter case 

In thi.' ril"e we ra n ul ,li", rhe .'"me d.v""mic"l \·",.i"bles we ",c'<I 10" 'hc' ,-"c1J u'" r: d~~ 

lnge,hc,. \\,;lh o n ~ IId ditional variable f)_ "daled \0 ,he ,,,~t\c" f n,'riSY d~1] , il v 

H 
.r = .\if' 

R 
)/ = 6ft'" 

.\ 
'-6ft" 

The ddir; it i(}Jl of the variable" reveals that H(}t ,,11 (}f tlJe ph ,",c 'pace COrIc'O<po Hd < \() 

phyimlsitul1tioll"_ This b,x:o '"c:l clcar if we di,-idc D by z. \Ve obt"in 

n =~flCXP( R) 
z \ .\ 

which h"-< the 'ilme .';~n "-< (l. This mClln.' th", (.h, ;ect()l'S in th e ph,,-,,' "J1dr.e I" , \I :jich 

Ill!' i';~n () I D is diffcrem from!.lw ,ign (); z comili" o,'b;t.' i" "':l id, .<l1uldmd tl l,\tler 
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vi(olut,,,. Ih" ,,,,,,k "11"'11.' (on!lition ().? n, ,,,,rI haw to be di,;c"rd<.>d ,I/; no' phl".>Ical. A~ 

we will ,,1>W'rv,' . thi.' ""ph"" "',,\rlrl;"'" "It the "o,m;" """lu(;OIl .=nam ... al:\"lwro ;11 

th;, mod,,1 Following the '~!!I,' I'fu<;cdute we uoed in \b" ""eli'"'' t.~"", ,,'P oh t"i" ,lw 

~,,\m!ollIou' o.vst~'" 

d.t 

tiN 

d, 
dS 

~ 

,1.\' 

,!I{ 

d.\" 

dD 
d.V 

=- cl'.l+2:;+2/{J+H{I-.r Iy I/{t-V.(I· ;1«). 

= ~f{£(1I-1+1\1. 

/J ~ ( I 

1 + h+.r+jj-;- J),~ O. 

J.1.1 Fitlite " !lOlly"l. 

TIl<' >\"k~n;\ 13 GU, l.K.. fill ,h"r "imphfi .... [ u~i"~ ,I<" <'<m,"·"'''' ~''''(I'''' ;i.'l: til eliminate 

r W" ub,,,m 

d, 
ciS 

dK 
d.V 

do 

tiS 

dD 
<is 

= 1I((.1+2K+211+:) + u(1+K+ V+:). 

= U,.( l tK+y). 

= D~! 3k,JJ.:+/J-;-3//+:) 

Th.' "nlle\,,", of 3 y. ,,,,,,"I- t l~,t In II"" ,,""-"" we h,,,,, thr(O(' 1n\',1rI1,"l ,.uIJII ~,,"fllld~ 

I( 0.: 0 aud U O. ~.r!,(e al..o in ,h" c,,'" Ilu gluIW ",tl';,Ctut ell" ~'X"! S<:'ni"g 

/{' O. {/ o. z' = (I fwd lY '" (j "u ubtam ,",vel' fi,,~xl PU"'" ("-'" T~I,I~ 3,31 

.. h ;" the v"runm {" ,Ib(', wQ ~',\U '1><: the coOrd;Hm& uf th"-><! fixed 1'0; 1,t. ami eq""tioll 

3. I (; '0 fj"d ,he l>"h.Jviullr "f !],~ ,;c.\lo f"'" or at ,hese PU;Ht _. I II ;«ldlloun, (he beha\"iouf 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Tahk :1:1 ( ...... , ."nA"'" ()f ,lop Ii>;{~i puiut~. the eilf''''''~'''''' >luI ",~",jO'" 1m .'x;,(· R \ I 

M4\',I\' III 'he "1"1"(>0 CII.'P 

1>1>,,,, r. .,,,l. not<., \"_> .KJ I: E.j1ellc-Ln,." ~~- ,n, ,-, 
A •. 10_0_0.0' I' :1,,·,2.4.4J .. ". ~, "y 
Om 10.0_ -\. OJ [1.2, '}'13';J _,- '. - 01. .. "~I I .. 
C,' JO. O. 0, 3w - 21 [3u' - 2.2.4,4[ .. /l u " 

, 
D,,_ 10.0-1 3,,'+ 11 12. 2, -2. :1 , :Iull " ". ~ I .. 
f,~ 1-2.l.U.OJ 1_ ~'J':' -" >'Il'. C' _ -2_ -:1_ 3"J " II",' , . , 
F. 1 'z. u, u. OJ 1-2, -4. -3", - 4, f) n '"' a"I' 

C." -2.0.0,3~ P".: + 4, -2. -4. 1' , 
II .' 

.. 

I<' hNP 1\ i~ d cr."~xl ho' 3.17_ llnwcwr. direct ,,~ I),'tit"t iOll jll tilp rl"- rnolo:':' l1 " : '" fI_," " .,. , 

'<';\','a l ~ Ih ut 1,1:' 11 K' f,)(~xi l'nillts l'.lTTC't'p""d to V'''''Hm ,1",<,>, 

T'_" ,'X"" 1 '>'''\It '0"" "t the tix~-.1 ,K)int- 1\r<""mmM i",'r! i" ['" hi., :1.1 .\- I" : L ,. nt' ,H'" 

(""-'. '''" II"" ,loP II"rt""iJl"CmlJ""", thwr~"'- t"1!ed,,,, ,," '. II", (),,,'.< ,,,: ,,,ii, '_' I (ill"" "" 

to U'",I\'~" th" ""hilil.Y 0: all (h~ fixed !lO;nl.< I' h" " ",,,1,-,< uPP'-'''' in T,lIl<.; J-1. 

a,I:! 

We <;'Vmp",-,«: d,,, unal_''SL' (0, ,10" "l/I.to'" u~,~ I" i"\'CSLi~1 ir:: t hr '""\''''I""t, "pl.~\ i, , ,.. 

the SI",'··m:1. ;'" In m,J", I'" ,I<i,i~""c ,hi:> " "e rum""c.j~y t·he ]lh,,~p~]lItN' 1:>,' 'rn",I"rt,,·m:. 

:11'" .I-I) ,IOIIIT ('(\{)fd,nA'''' T he Ira,,~fuIll",,"or CfJ"atioHs arr 

D-. ''\h~, :_r~"'~ ro<!i_ 1\_.r'H'~ , ,,,(I "",,,. 

"'lle'''' ,. ( 10 ...... · J E 10.".1/ E 10.'1-. m,d <'>" :(1.2"J. " .... 110,,, t"'""")"11 ,1«' T,' I.d 

l""rtil l·"'.e r _ 1~11 li nn", lh- .imi' R - I, the ',v,lem :{'.J.'-) ,.-..h,,,,,, ~o 

Univ
ers

ity
 of

 C
ap

e T
ow

n



, .... ~ 
J," 
(,.~ 

]'",m 

.·to" 
a," 
c,", 
p. 
t:m 
J .. 

"n,~ "",0 1(.i' _ -.----
s:R - 1, 

lUi' -

", 0 
n"IH·llo-! 
~a,j,ll. 

S.,,~lk 

~~, ~I!o­
S;>jt.tl,. 

i;..rIotl,> 'Old< 

l> ... hll" ,.,,10:-

~<1I'_<: 1 
Ikpt:\(', 
:;~ddl<:'C 

S~dd!. 

S~ddl, 

~.,ddl,' 

~"Jd~' lh'Jc 
~."!dk'· I,,,(I ,· 

n'1"'I!e: 
S"JJlc 
S"J J!e 
S~JJle 

S.,Jdl~ 

s."I<!I<'-llod" 
S. .... ldlf>.-II",I~ 

~l,l .... 
S.,,\.ll~-, ~,Je 

S.<I,II<­
~addk 

~addlc- lKJd c 

~~JJ !"-jwJc 

RcpolJc., 
Saddl,· 

Saddll' 
:;~ddr.' 

:;~ddl~ 

S:ulJI .... n,..J~ 
S"dd! ... n,,<I. 

" 1<"'< 
S,,,Mk 
s"dtll., 

Ilel'dl," 
S. .. "kl", 
S,,,],Ik­

S" ,h lk-- , '" J.:o 
S"ddle- ,>(l<J,:o 

.,. 

(JA9) 

wh"re II 00 rnl'O ~in(J ~11l". ;.Iutll~ Ihm the lir.<\ I'qu"-tioll ... { the l)rf'V .... II~ ~)~<Cm d~o('S 

,.UI. JCI"'lId Ull R. ,,-hit'h m<'llns Ihlll Ihe lixro points uf 1111~ .• y><I""" rllU I Of' ,IMPrminctl 

hy the ,'''KIlI,.,- "'l"Il!l""S nlr.r,f' I\~ 111 tile '''''-"tim" (",,---e. the,,, "' ... n.' """1,,,1<,<1 fi .. ~l pc"nt~ 

I"'''' Tfthl .. J.'l} 

Thf' s,-,lmi",,~ at the lixcd pUlllt~ C,'" !,., ubt,,-;,,<'<:! 10;' fulluwill" d,.. .nn,.. Ill"n,..,au,c 

IV(' u.cJ in tboo wc"u,,' e,1>(' 

Tnki np; iB w aC("<lllllt t I ". m(li ,,! I>('h", "H'r " f t hp or bit." WP ,.~ " d(.'(iu,,~ tlie ,tahi ii l \' oi 

th~ fir,t two fixed ~\lh']JII'. 'i< IV, · h .w~ thilt .4,;;, "Old 13,';; IIt t ,nrt",. f.,,' II < 0 < 3rr.' 1 

Univ
ers

ity
 of

 C
ap

e T
ow

n



(,8''' ,,-(,:,,+ d}~:)+IJ,:)+(,'}Ij" Ol'''~ I ¢_~ 'J+rT"i; " _ c_ _ c_ _, _ ,~ , 

' l'n:: "p ("q, 1 ~'q I 6"'l-&t'\q+{'Jl"(i-fr.ci+~\ /(j'11 ijLq:. ,0 

'( II';\(.U+(i" "-;9''' -I-,0 '''' l-g'1J-'/:1'h)+!}1'\V+ "J"" yCD: ' ,£ 

0111 ,~J pU1Lo.,~ : ~ ''''0 'I') ""O,l~q .m~,CK.I J',l "") S""! ,"TtI " 

11011\\[(\\,' ~ 'lll~IJlO PU(\~" d~1 ".1 -dJ"d"I"> I,"'''!! ,n[l [,,,r,on, "un!1n'l,JI\ll~<I II1)'Jl, -'8[MJ 

puo,).),' ~" L":P'\l' Aq ;;'] jO '(".:IH[1I1' "~' 1" w I': U" ,;ell;:; lru~ ~uO ''''Udl ,ru~":lunu "~j 

\q 'l"n,w "dUTUl',lj,'1' " f:1[l"ln~" I!J'[l -01'-'(>:'\ 1dlil0. '" ',W "I'IUI' ."1''' ''1,'11.11, lOll '; 

"111" ,,1 d"" 'I -'''.Il1ldl''\ ~ ,'~j ~1ll[1 <1'ti~Ul '''1.1 0,'"" II " "1" """[U .... ,:cJilJ ,,~~ lmp 'j""J "'I) 

'(0)[/ ""!Pllll,; .' 11 1" "d""i dl l.[ '[.'"!: ~.mj)1J 

00 

>0-

'0-
," , , 0" " "' '" 

,:0 

/ " 
0'0 

/ 
"0 

.11'0'0_ it'8'(O,o.J )'''XYJ,nrl~}J 
cI (('1 ~d/:b" II'1i :",'J(':'Vll0CJJ'"1 -::a 
_ U"I -

I",_,)"J~ =" 
i,I"O:r '0)" 1 = :' y, \. - \{' 
i 1° J'r I~ I :1:.1 _ ,:ex:. "; ,,' _.J -, ,\-:\" 

[,',ll, () 
I,;"~, 0 ~, ,~::(J' (j'(jl I(." ~ '(V -)lOeJJru .;g:J 

"i-

(I'JI -

,I"~,,,, ',/'----"-----1- ,,'x -,,-,,-,\' ,., 
" [(,f'I' Ij'(j_ [~'(i':O,0J - (l11,') 'OCD111 1 :;"g 

"I " ,! c:- V : -, "',.1 = f "'X - .\'} [(Ii:: [i -II ' II , [5 'ij ':(1 "w - 811!' - :il"J"'" 1 .',;'y 
--- ,---
_ _______ ,",')[lncn~ '~nW' ''o~ ! :, (" '& '_~: lTT!OJ 

1::Ij"-"'S'lnCJ +IIO;1OJ --1j10J Il =s 
jl1I'.1 ,'0,""); In,> + 1)ljr10,l +IF"'u "I = s '(~-f I'"" g-e "',''' ~'r.· l d,") ',~ J'-' 1:f,>O'j'J1:n) n '! Ii 
~I"l'-' ~ ,I" HLO)I ,' IL"J d,ll) ~I "", IJ ,l,["H '","'~ "J)1l"H "! .\l!,WJ~ (\'/ 11 - )d",' , ' ~~ 10J "1Ul~bl 

,l1io.ldm_"" ,)1 11 II! "l;'1"d 1~,"11 ,[U) 'lHqr'los ;"I; ?1In ''''IlIIl''Lld~;,' -",'mmp,""':) :'i'1: "lq".1 

,\'1 'Xl'm ''1cil110,' "' ,;:;) ,J.md"lll, d~l 1" ",;,,[Uuu i:11[' 'ln1" ;"i.1 (l-t ~l"~I:l ,=) 9 

Ii' 10.: "['I")"'" ~'" ~'a P"" ,~;) .0J,,-I,'1'" P,'''!! "'lJ. 'jil"_';l:<J,ls;:H t/" > Ij > n pl1U 

~G I.' J~1dmu 
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F;g\JJ~ ;1.1>: Thl' graph of th., knn;on h(IJ), 
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b, 

~ -

" 

d, 

d" 

-Sv h ;n8r,.,. '21'<.'<'11,,: I , Ji lAt</l,.l 
,,~ = - JII + "-'-l1~'i 1 

II; 
';11&,.1"110" 
(11 ... r~B· i I I 

·:"I/" la nU" 

,.,.~ 0,1:1 

~ ""~ 9~ Ii ~i" iI., .,. ... ~, 9~f:1v'22 """ 8t . : 

ZIl ... ;.:'di~)~ 

2 () """2Il0+ ~t-.jn :W., 

~(\ 1 ... ,.."tI,~ 1 

~", ~+~ .... 1I,1 r"",lIo:v':i + \ 1.""'"I'll ~'''2~I~i 
2;\, I I , •• I)';) ..-- , 1 

,2(VJ+lJ'<'tI~) 

(2+J(' ... OJ1'ill&~ 
- -- - I ',. 

"2~V' 1 + .e<;(Ial 

:1 f :; r", 280 

~ ...... IJ,.' ... ~1I' /I" 

v~i\I"' ... '/'8;l) 

h.J= 

t>o= 

~'",If,,'iI\O~ 

\ /1 + "-~ 11,1' 

",'O,.-,jnO" 

ViI 1"'''''5 
"1 = ;> ,,,~,"'"' _c' ~'=,'! ' -" fl" ... ,joe II" i 

~(\ I ...... ' HJ. 
«",lIu + !!I".t~(!r6'~ ..... Od 

.;1\'1 ....... "' Ii.~) 

1 
r'~=-- ,_~ . 

\'1' Sffflij 

c. = 
cot 0" ... 1 (,," 110 

'2,'2\' 1 + "' .. fll 

,"'~(28t-1 • :1)..-rl(Ool (~ 2 !\]u l '2<i.,) - I) 
-[(..-rlUh' +l:"i-

v1 ,;<.",J (80) _ '2 (,/2 _ 2 til" :0,,)) ""0 (ii, ,; - h1 {"~ (Ii,,) I 2 "" il),,) 
.". 2'-«"(iI,.j+i::<-'" 
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ChRI""I' ,'J 

d, 

"'" (08)( /2t"'~!~'JL:+:'2 ) 
:.I (OL'C~ (e,,) + 1) ,:') 

/2 (,-, - :.I Sf(',') (00;) tnn (1)0) + " 
~ (",-~,2 W,! + 11 'i, 

:;<x" (O:! (3,f1 w-' (:.10,,) -'- Hi" (:.10,,) -'- 7\2) tan (/I,,) 

2(",,",1 ::eo::, 1)3/2 

,,-'C(/I,i ( 7v2~m;(18,,: u"in:Z8:: I DJ2) tan (Ii"i 

,\(",,~l (1i8J + Ij" 

(:J/2 :.I1"n(/loi)",~2(/l8J I olan(li;l I 7\'2 
~ {"'-'{;' (0,,) + Ij'''' 

til.!l2 ::0,); 
I ) "/2 , 

fil 

The ~ystem abow i~ very difuclLlt to "'-'Iw l'xaetly, 00 Wl' will limit our8CIVl'~ to plotting 

th ~ solUf.ions for "pc'Cifie valn~s of Ii «1ll1 to rl",lu(;(' the "labil ity from them Fi~u,,' 

:1 S sho"s tlw solutions of Ihp perturbed system :1,:; 1 for spc",ific valu(" of Ii ::i ,e Ii = 

,,-/(i,7[/4 , 7[/ :).:),,/4 and "~ ,,/til;, it is deiJ.l' fro 'H the i(wphs Ihal ,,11 the solntions "rP 

3.3 Discussiull 

\\,p huw Rpplicd Ihe d n)amical "y,tems apprOMh to the ('xponentbl ~ravitv c.osmolO!;k"l 

",,,dp] nnd f""nd pxart Mil,1 iOll,' to!;('thpr with their stahility for bDt h t],~ VRC-UUIrl "nd 

In the Y"t'l",rn cu"e, we idFIl\ifi~,l four fllLitl' cTilicnJ I'oi"t" A ", fJ", C" a[OlI D" of 

whid, ""Iy two C" amI D" arc' fo'md to be physical. TIll'''' lru;t poim" "Wl' l,~t"bli~h,,-I 

to repr,."mt a .<Glution who"" nature depend" or. th(' pur"mCler ~ .. (A): for A > II W(' ~an 

h",," eitiJcr p.xpo rLent ial exp,,"s ion h > 0) or exponentifLl COllll'actioli ::...,. < 0) ",:, ijp rOt 

\ < 0 ,h~ 00],,1;0[1 o>!Ci llHl~'lJ, 

hom !lj(' stahility point. of ,·iew , thp point C,,; whioh resid", in \h e inv"ri"Hi 

sul""atliidd z = O. i" of pankubr ,"(pt'es, bee""",,, sinOF il " "on-h"l' erholic, tI 

repre"""t" an nllmUor fot' , > II il.!ld a sa.ddl(' for, < II. ",bilp the Olloe' physic-al 

point D .. is :'ound to be "omldh 

On the ot hl" hnml. the oollllion cO"Il~ucd with tite non-physical point" ~\v nnd fJ , 

i, fO\lllrl to corrl,>;polLd to power Inw ('\'olution 
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Chapter 3 63 

Tht' ill\'nriflnt SUlllLllULirol<i z = 0 divid~" tiL~ phl'l.'" "r",r;> itLto two r~:>;ioll', z > 0 al,d 

< 0 whiL'h C<lr[(>spoud to .\ > 0 atLd .\ < 0 L'M)""'ti"ply_ TiL~ bet tl>at tLO ol'bit co.tL 

crlt<:lthc plane" = 0 is then "OlLsi~tent ,,-ith th,' fad that.\ must "Iwavs ha,'(' th~sam" 

,il,';n dUling" eo,mic history, 

In th~ \'",,"uum C1l:lC, we llilllbli,hed that the rt'~ion z < 0 doc,> lLOt contain mLy finite 

critical poitLt 'I'h1)s, th~ oll ly o.ll ra-<Oiors in If><> r~gion z < II ar~ asymptotic, whirh mpans 

th"t all th~ HlOdd,> that b"rin tiL~il' ~vo l utioll itL tl>is I'Pl(iOlL wil) rf>-ml l"p"' . H""'P\'~r, itL 

tlj~ plnnc z = II, the physical point C" reprL"K'lLts" ""ddle, and th"lLon-pl>,\,sical poilLt~..1, 

and 6" al'P a rp))pIl~1' and "addlu point resp<x:ti"ely. This melULS that durilL~ t he "volutiolL 

towanb tIl<' Mvm pwtir. aurac.[.Ol'S a lI'allsiPlLt df'-Siu~r or a pO\wr law ph"''lC(sj mi~hf 

be ~r''''''rLt, d"jwndinj\ Un 1'iL,· iLiti a) "o"ditioLl' 

From H phySlcnl JlOlll f or ,'iew. th,' .cl(iou Z > 0 appt'al's '0 I", m'f)r(' i lLT ere,t ilLl( \J<>cau,,' 

Hl th is re~iL)n the' point C, rt'~.e,",'lLt'> " d,'-SitlN aHmcwl' which mii(l>t hp "K<;(>(;iathi 

wit I> a Dark ElL~rgy/inf!atif)n "Tn, The snme region n100 cOlltailLs the ~Olllt 'D" \"hieh 

W~f('~lLt" t<lL u"~!ah),, dc, SiltP' ph""" (SI'C Fi~uw :l ,n This iTTLplil's that tbe ,nb",t of 

the o.bit- which L'ln"r.~" to C, Call also CDlLfai" cosmic hiswri~s that present a 'ccond, 

u"sfahl~, rl~ Sitter pha.>C, In addition. orbits that eyoln' IlPar tb~ "olL-physical p[)im. 8, 

eRIl also p.esent an intcrml,Jiat-e ~ow.c. law ~ha& .. _ 

Fi"ally, it is appnr~nt from Fi ~ure :1 that tlw tic Sit te. pk,"'" C. an d Il,. are '""pMat(,,1 

("0'" !I>~ pa.~T aUril,etal' X,, by th~ plane q = 0: tilcrdow any rnodd with initi"l ",o"clition,> 

""llJ' tl'" ~<", t "1'\rac:1'OI' A, o."d p\'[)h'in~ ",ward tlw futurp dl~Sitwr at,rac:tor C" will cross 

the plnnc q = 0, indicatlIlj(" trll.noitio" rrom a" ar.w l ~rar.i"1 pvolurion to 0. ~I~rating 

o"p, 

!1] t.h~ as,'mpfmic r~gimc, no isolated r,x~d ~oint wwi found, !Jut on l,\' two fixpd 

,,,hepar",,, I,";" ~",l 0;:', Thp ,tability anllly,is .evenl, ,h"t the Oldy MVTTLl'tQL.ic 

at\I'OetuL'S nrP n, I;'" Tl>i, lllc·mlS that nil th~ m[)dels that e,'okc toward, nn "~)'lllplOti .. 

~1,traCtor a,-" !Jound To ,·p--{"{)llap",.. 

The ilLtrodur.!ion or TTLatler ilLtf) thL, mo<i~! ilLCm",'lfS thp dim<'nsi[)nality or ,h~ pll1l_,e 

srace, lILilkin~ it mo.e diJlicu l1. 1'0 visuali?c_ By" dil'''''!. subsl-illl""', ilLtO thp field 

equm.ions we fonnd that nil tilt' fox,,,] ~oints in th~ maltPI' Cl'l.<I' rl[) IlDt rp))cPSI'"t physir.a! 

,0IutiOll>. This SU~"st, that tl>" ~Xp{)lJc"tial lagra"1ia" dOf's "ot prpSl'''! a l''ri""lnlall''­

lik~ ph~.'''_ (In tl>e O,iLN I>a"d, si"c"" tl>pl'P is p"id~IlrR [,har fourT.h-ard~r lagr,Ul~i"n in 

fO'TTL ol' po lynOl ,nais C"n W1111j "t surl, ph",,",, OI,P c"n conci",]p t ilat sonwh[)w t hp prp""nr:c 

of F"if'dlL"onlL-lik~ ph"'''' i, rdated to power-law terms in the gra"illltlUnallll~rmLgi"n_ 
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Glwptcr 3 

III the fi nitl' regime [sec Table :(:1) , we rleteltnined 1.ha: lh ~ fOll" po" . I~ """,. !3" .. F", 

lln<l Em an' 1>'_'lleralinl ion, of thc vacuum fixed !Xl,nl, A /l,. C· I",d IJ , rt.·' I)( x;tm'''­

and prl'Sl'nt th,' smlle solut ions, 

T he !x)ints A" and l3m are found \0 rcpre""tLI '\ liltLr ",-,Iution.' whi\(- C,." 'md I),,, 

rqJt''''-'''nl a power law evolntio n, Fill' ~oi"I " Em, F", illl{] 9", w~ ~'tahli,lwd Ih~\ H - O. 

which mea", that th "'-'" point .. rer r"""tL\ Ei"ol.r in ·dr Sitter ~ollll ioll' 

ItL ;he ,*ym~lol.ic rCi\ ItM \\'~ 'den;ifi ('(1 ~h(f' din~re!Jt da."H'>- of "0\1.\10'-. ' :"'-' Tlhlc 

3_5), The fir,t cll"," umtain~ th,' fixed poillts A~ alld l3~, and the solulions at Ih~"" 

poi nts depc lKls on t he val'J~ of 8 (~, Ii) and S( ,I , 0). TIte solu'-ion ,; rei t h ~e.e po; ttl' r"p"",,"'1L\ 

It" ~~p aT"'OtL ,f S,S > 1, a ro"trnctioll if 5',,5' < 1. Thc"" fj"e<l ~\l~I"'{(" ('O]l'.-,;n 

~lIrarli", P~rl S (sp ecifi~«J I: .. 0 < 0 < _h./~ i'K.4;;; ami 0 <!! < 7f/ i for B::;-i 

TIll' sa;ollll d ws of ""Ia 'ion" ~ontHin~ t :ll' twa fixed poillts C,~ and D;;' Th,",,-, 

,nbspa,"" rcprf>!;o:.'n\ a r","ollal':;;n/( cvolution, but arc Hlwm-~ nl.,t"blr 

The t hird d""s contain" a "inglc fix,'<i ~ubsp",,--' E,,,;,/ and the ,01"lion ~\ tiL;' p"i lLl 

dep ends on the pa ra rnete , 'i' By sub ,:i t"ling :,his SOlll l.ioll "'.10 rlw l1eld 'VllH\f,ioJl" :J_~ 

~nd by ignoring the SIIbdomi,,"nl term, w" obt.a;" 

~, 0 

II. i" d rrer Ih«l tlw only r'Jn"i"l~lJt so lll tiolJ i~ ~i _. 0, Wh('lL I h ~ 'p"ti,,1 Ji«rl ollh" 'l'o,w i'n,­

i" flat k = 0_ T ht, "tability of Ihc p<)ints in (hJ~ "ul"'pace canno' b" pcrfO rttll'd ill 1',"lLl'TaI 

becanse of their non-hyperbol;c characte r, We limi~,('d ,mr",I",'" 10 i ttvp.'li,~a:e i) i('\\' 

,perilk ,AS", """Ip.i " g t. h ~ ('volnl io" of I.hr SLVHlIl order pNIllrbut:oil, arOll]l d " w,.,rn'u 

poinl of E,":; The ..... poin t" ",-",m 10 be relw,,}," Il n, l.\bl e . SllclL "- h~h.w, onr.' j'''~r,,,,' n,,; 

b e"~lle.e it pO, tLt~ tow ar d" (hi.> preb€n('{' or l~)l j !)", ,,.okl,o!)' for this ~~"l1lOl()i!.k.,1 ,"".[,'1. 
il ''<Jnd lJ~io '" e~p(-~ ) !( ,-avily P' 1O;("'*" " wry rirJ, str ll "tHre ,hll-t ilLl'lud,,,. A s<-r,~" 

of dive'.'lI' a tLd 'ntel'cbli",,; ""stnO[OI',:c~1 hi,t ",.il?»_ l' ar li ~ll l ilr l ,r ''''I~ ) n"''1 ",,' t he ,!lLCS 

inrludi,,1', mnlt,~le de S'Lr.e r ~h",,-,~ b T'<'a l)~r II"", ""uld provide ,,, wide ,",,,u,,1 ".odel,; 

d~""rib;'JI', (he early atLd hl~ tim e ¥r,' I ~ratio n of \he 1,:" ;,,<),.,,,,-, UnrO'lll""I ~ly "~ ," 

d ea r from Fi "; I)T'~ :)_2. Ihie ""'n~T'lo d""" no\ :ndud~ a <ll,<:"iuTHt~u exp,,,,,ion pi"",,, 

betwee n these two de Siarr pIL".,., .. _ Tb is ilTL pli",-, (hat tILE'>'.' c.",,,;. h lotori", \\-ili 11-)1.. 

in gpnprai. adm it R ot~lLdm'd s trUClllIC format.ion """ ,,,,r io (ii.' ;1 \ViC' cliULl:~d '1>ill1' "­

diffcrl'lll argumcnt i" [1i·U- OlL thc otill" han d. CIS ,ecent1:, found itL [6~-, the ('volutinn of 

o"alar pcrturb"tiolL~ i!l fourth ordcr gravitv doc" not neoo"arii.v t:~'---.::i the prC:«'llCC of " 
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d .. ,;",kr,,', ... l "'l1iUl<,OIl pion"", Only .. dt1mbl "u,,,~[·ic.al AnAI\",i~ of tl:""" .p~,-,fic OrlJlhi 

(""d 011 th lit" t",I"III ,Oil ","OI"t io" ulm,g t 10"", 1 wiU !,., ,,1.>1., 1<> da"f,· I hl~ milU<,t 
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Chapter 4 

Conclusion 

As alrc",ly l:lCllti":lcd. l'vsmolu;imJ o[l>'Ct'VmilltL" "t'~ hq, ;" "",!; 10 ;l ldi"o'., Ih;o\ 'le" 

.,t~lld,H'(1 ILeot',\' or 1':';Jvit) (Gn) i, I,fI"bl l ' To pnJ\-ir],' a simple cxrimliuiull of 1110 

1': ';JVi!.alio,,"i dYIl"tn i , ~ nf tho" Ie,,," ~""rgy l:lliw,"c. III iU' "\tempi In justify Ih0'e ><'Ill"> 

rr,,"'y mod i ii, " ,t;U"" of th'" G R LllW beG) pWp'-'""l. b genrr aJ , the,,", ,,,,,d i I in'_1 ;0"" [ ClJL 

lw cl11",ificrJ ;fltv ""·u llwilL ~r(}ups, 

The " impl'--~t r xpbnMilJll of da.d, p'wt')( \' i" thl' c",,,wlvgi(''': COHotH"I , which ?«""m, 

I W(: ]fl,t; tI pro b:'"-1'", '.J, e "-0 hl'.'!ll nf rn"f!;l1iucrk (the ca:cdatu] ",",]u!' of t i;,' ,-;w, \I Llll l'll< '1 fl..1' 

using QVl' is ]2(1 o,'de,-" 01 -""i':"i\lLCk JIlore' \La:> tiLat " IN 'l ver! for the l'(",nlOi"~il·"j 

('C"-,,tmll.j ",-,d of ti rn i '-'i< i l h~ ...., ralhl , ~'i flcJdml'l' ;Jroblcm: \\,1,,' dvc' the e, "1\,,, ilL kn' 

('C,,,, tmll \W;d ll I{I domi",'tP .1 '''\ now'i) 0" tfee otl",r lP:ULd, "ml:nr, \\",,, "'PI' ,rt 

Ihe "[10[1",ti" ,' g,"" il .\' " pp n Ja cil ""m:ll' that till' Il":"LLt l'{)'lllOI,)~iCill lJI""-'l\iLlioll" in 

p""I;<",I"r the> dY"aJnil's of p;ruax i"" ~nd ~k.,t~t" of ~~Inxi"" n, " ... 11 ," -h, pl'''''' HI 

"e(d"ratcrJ ~xpilll.'ilJ n " f the ulivc rse , em, k Axpinill PrJ by ,nJd:Jlg '"",ecling IlT"'" '.(, (he 

TTi:lw rt-E' '''k i'' xli"" (wbeh hwe I.]W;'· origin in rno de,·" \ll' '.}! ;'':; ""cb cl." "[[illg ~ \!_ 

1.\0('0".\') Anw" i', tl:~ jJlJ"ibk modili~,\:ions "f tl' A g""l'il.,,:.>o ,," ' ""t ;UIl tlrl<1l' """,,, ,i"g 

"r no ,-');" Par fntH.,\;vll s lJf t L" >l'IIIN' eHrvi\1'd"C r th~ ."(1 ~,j I ,,><1 f( m i.\nl\'j ly) h a\'~ nY'C'Il\ly 

h ro n p",d t~rion' a\\c"tiu" 

'1'1'" k,'y aid' lJf f(R) mudc," i, W <l i",o\'cr "" ex p,icir IUI' II ' () f \hp IlL]lCli"" f(RI 

yirlcli ,-,~ '() lnt io", Ih"\ arc "\abk alJd COl" patible wil.h I he expCI il<W",lill dalO, ('" r" rLLI lv, 

l' W'P is no "'c"r ir:dicilCiull d wL at \h" griwitv Lr,gm tL~ i ~" ,ho ll [d he_ AIlhlJlJgl, Ih' 

;J." ;J ;' " bi e <I""" fWTIl cLc w:ar ,y,,\cm ""li.,lies Ihe ],c~lJit'cd P''''';';lJn, 11l<' f,,<t IlLnl ,l:c 

G6 

Univ
ers

ity
 of

 C
ap

e T
ow

n



li7 

~mvitat~)]jl\) dY1L~ '"i ~" or tili, ~yswm i, ,~,wcrne.1 o"l~- h.Y thc Ol'riin ll. l'.Y mattm' rlll.('(',' Il. 

Htc'jor limit,lt'(l]L a" ,IS viab il '!y ",ilh r"",arcls to f(fll "osmol,\~)' Ho\\'cwr . in ~e"cml 

f(Rl moddo mUot 8atisfy the following ~'(}Jl{litia,," (_ [25,J-

Evol1\tlon of The Universe Constraills: The Ihoory must r~produe," the d",i,~d 

dynamic, or the Univ~r>(' illC ludi ,, ~ a" i"ll alio"al'y era, fo110w",1 by r, rad ialion ~ra 

(roqlLim:l !lnri well-wn'tmin~'<i hy primardi,,1 IMryage1L~s,s alld "lLei"""Ylllh","i") alld 

a mat.t ~r £ra (rC<jui,cd for the fornwtiolL of strunur~s) and . lilLlllly, by the p r~""n\ 

~",'(' l rmliO l\ r poch ('(JIlel.rainro h)' ct-..m 0~~p~rill1ellt", 811pCrlW,-a data. and larg~ "mlo 

"'r"nut~ 'HrWn), 'l'hcr0 i, ,,,,-.em ,,,,iriencc [l7] that the [>op"lar modeis j(R) = 

R _1,2(""1)/ 11" wilh I' " > (I do 11 01 all ,,\\, ~ Il la '10Hiomina.wd er~ ~lJ(1 al'P 'h rrdorp 

ruled out 

f'MI._K e\\'tolliun Constrains: The thL'O':,! mllst have pOJ<t-N~wwniaJl limit , 

"oIlL!,a! .IM wi, h 'he available Sohr S),st0m W.>t8 . In [201 it has bL"-'n shown that only j(R) 

th (loril", with r < 0 exldhi! "Iflbl(' h i~h-"nr,,[\lnr" limi!s anri wcll-heha\'od c'",moloi\ical 

"olutio"" wnh " propcr era ar rMttPr domL"al-io" ln I\enen<l, nn\, fUn modcb "il.h 

term" that h"'::ome dor ni"alll al low ",,, ,,,i,' "ur.'f1111r('S aro not viable a t "(J!ar "vstom 

,,'alp., ln [I !I; i! is ,hown that tlw gravily Lagmll~Ii\!1 ~t inl~rrJLed' al e a wl 'ow ",-.a l~l' 

cmvatmp is r..mnd by 

I' R~ 
- 2,\ :::; j(R) :::; R - 2,\ -,-- 2' 

whcre 1 ,epre""nts a kng!h :.;;,d~, 

(4. I ) 

S! ab ility COII"t rai 110: Thv theo,y ][",,1 he, l ab l ~ al the c]flsskrd all ri 'I"rmtum lewl. 

j n pr incipk. 1 hero mo ,""wra) killds of inotabilit i'-"< to ~'(}nsider [2'1: Dol,,'flv ami J\ ~ww;a.ki 

i2! j di,cm'Olod an inow),i!ity in tho mat te, ",-"tor 101 the H pc(:i li~ modr l J(R) 11-1'</ R. 

" ""'Hlt eo"finncd in [2~;, ill ",hid, it i, al>lO ,hawn thai addi"g a ' ~nH 'I" .. dmlk '" 

11 l'('o]nl'e, tlw ins",hilit:", Thp Doli\ow-K"""""ki instabili,y has b,,,,,, ge"~T" li-,,'d 10 

arbitrary I(Rl !hwri('S h)' l'araoni, whcI'D it is shown in [2 ,1] that thL'<lri~s with r > 0 

aro not viable owin~ to the in'tabi!:t\' at' Ric6 :.;;alar. I ",I ah i' ilie" of de Sit' cr spa"" in tho 

~r~Vil)- S<Y'tor wcre found ill [25], whik stability with rPbp"u 10 bl~ck hole ""deaLio" wn.' 

"udiC'd ill [~G], The l'(}[]sideratioll of phy" i ~ally diff~rrm iw;t~hilil . j 0j \'iplds l'~ 'n~rhhl)­

-"mil", oWLbility CO]](1l11O"H Thl' t h<'Ol'.V "hUll Id ~h;(J be I\h(",t- i'r(>f': tho prc,"-"nce 01 i\h""t-s 

he" he",,, ,11Jllil~1 ,n [27; _ I" ,I", "OJlLll\llnkation wo fcK'uS on tlw Dolgow-Kawa.,aki 

in'tabil ih- oml ,~,'nol'a!i,e ,ueil iu't !l.bii:t), with reSpl'L't to arb,tmry j(R) thL'O,if'lj, 

U" rm' ,,,,~t rlv th0 rxpunential modd which has k"n discu><lC~1 ill the previolLs dmplRr 

doesn't [,uHill" allY of I he ~hOH ''(Jll~'rain;; , \\'0 conclude with a h,id di,cussian of wme 
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(1wp"'r -1 

OP~1l pwbh:m o.>f I:R:, ""'·it)'. Th~ lield "'I:mtion- of IX IIrli"l1 I.,,! rail I". rI.' ;.\('(1 

'''in~ tw" diffcrent "PP!(VIrJI('ol, T'>r Ii,."t " nc is r"I:('(1 Ih,' ",~"d~,,1 ",fr,IIc 1~""":j-11l 

]j j whirl, th~ Mt W't I ~:l ,,; "tln ..... 1 lI'il,h '''' r ''fI 1u I),,· "",', :',(. ·.;;or 1,,"1, I" 1', ,yo' 'ltL 

uf IOIH'I h-order ~ !,l~ I'O"', I h~ "',< '~Il d "I>C j , TI l<" I",ln"" L r." ,,,,,I i,lII . 111 I hi., :'em",) i'lll 

Ihe mc' ri~ .. ltd Ihe rOIlIll'("l inLL nro" .. " lJ nl('(1 to )w i"'I~I"'rLJ" L" Ii, ·td" liw .,.I;on 1,~2;, 

var;{'(1 w:,h "'-'1'('("1. In lK>th 11,<, nlCtd~ and the m",,('("lion, ttl,,· , ..... <11 ''';' "'",,,d.,,,d"r 

fI .. ld ~I'''ll ;Oll~, '1'1 ... ~11\",brrl ""'It K a"d l\'~ Pial"" {omlnli," .. ' 1<-.,,1 In I h., _, "'«' lidd 

' '<In'''''i""" only If I IR) ,·li'l<..<l/" '" n. whil" Ih<'y \>ad to llifr..,n;'nl J\'n.""ic"l.x,w";,,,,· fIJr 

<.'\U"y oth<T ChUl(".C of I:RJ- 111lL~ t'le 1)" .... liun uf ",hut i, lhe n<;:, ph,,",,1 f"",,~.l;.~,,, i, 

~li:l "" opP" 0''" TIo"n> I' r:~"rly m"e" inll-r1':>lm<: work .lil. hI <,I", 
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