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Shear-Free Perfect Fluid Theorems in General Relativity

Abstract

We present a detailed method for proving shear-free perfect fluid theorems in General

Relativity. This method uses the (1 + 3)-covariant formalism to establish the con-

sistency of the Einstein gravitational field equations under the barotropic shear-free

perfect fluid condition. Using a Mathematica package xTensor, we were able to prove

the following cases: the case where the pressure is constant, the acceleration vector

is parallel to the vorticity, the components of a rescaled acceleration vector field or-

thogonal to the vorticity are basic and the case where the dot product of the rescaled

acceleration vector field and the unit vorticity vector is basic, leading to the existence

of a Killing vector along the vorticity.
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The contemplation of celestial things will make
a man both speak and think more sublimely and
magnificently when he descends to human affairs.

- Cicero

1
Introduction

1.1 The Historical Perspective

In general relativity, the shear-free perfect fluid conjecture states that a shear-free

velocity vector field of a barotropic perfect fluid with energy condition µ + p(µ) ∕= 0

is either non-expanding or irrotational. The shear is the symmetric trace-free part

of the spatial gradient of the velocity vector field, with µ and p(µ) being the energy

density and pressure of the perfect fluid, respectively.

Let us begin by reviewing the historical background of the shear-free perfect fluid

conjecture to gain some historical perspective. Gödel in references [1, 2], gave the

first indication that the shear-free perfect fluid condition can have restrictive prop-

erties on the expansion and vorticity of a relativistic cosmological model. Schücking
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in reference [3] used a coordinate representation approach to prove the shear-free

perfect fluid conjecture for spatially homogeneous spacetimes with zero pressure, the

so-called dust solutions. Ellis in reference [4] used an orthonormal tetrad system and

an associated coordinate system to prove the shear-free perfect fluid conjecture in

general relativity for spatially inhomogeneous dust solutions. This proof generalised

the Schücking result mentioned above. White and Collins in reference [5] showed that

the Ellis result remains true even if the cosmological constant(Λ) is non-zero.

Banerji in reference [6] showed the validity of the shear-free perfect fluid conjecture for

spatially homogeneous perfect fluid cosmological solutions with a γ-law equation of

state of the form p = (γ− 1)µ, where γ ∕= 10
9

. Using a similar approach as Schücking,

Banerji constructed this proof using a coordinate representation approach. Ellis and

Treciokas, in reference [7], provided proof of the conjecture in the case of incoher-

ent radiation, which has an equation of state of the form p = 1
3
µ. They also used an

orthonormal tetrad formalism and a specific coordinate system to establish the result.

Furthermore, in reference [8], Coley extended the Ellis -Treciokas result for incoherent

radiation in the case of a non-vanishing cosmological constant. In Ellis and Treciokas,

an outline of a proof, where the acceleration potential is given by r =
󰁕 p

p0

1
p+µ

dp and

obeys the propagation equation uc∇cr = β(r) was presented. In the case of spa-

tially homogeneous spacetimes, this result suggests the validity of the conjecture for

a general equation of state p(µ), see the following references [5, 6, 9]. The details of

the proof outlined by Ellis and Treciokas [7] were provided by Lang and Collins in

references [10, 11], where they verified the conjecture in the case where the expansion
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scalar Θ is a function of the energy density µ1. Sopuerta gave a fully covariant proof

of the above result in reference [12]. The work done by Sopuerta and that of Senovilla

et al. in reference [13] provided the necessary motivation for using covariant methods

in the search for the proof of the shear-free perfect fluid conjecture.

Following the work done in references [5] and [13], which proved the conjecture where

the acceleration vector field (uc∇cua) is parallel to the vorticity vector field (ωa) and

where the magnetic (Hab) or the electric (Eab) parts of the Weyl curvature tensor

(Cab
cd) vanish - see references [11, 14, 15]. Collins in reference [16] conjectured that

shear-free perfect fluid solutions which rotate and expand simultaneously do not exist

in general except in exceptional conditions, and this is the subject of our investigation.

The journey to the full proof of the shear-free perfect fluid conjecture has taken

many twists and turns, and a wide range of special cases exist where the conjecture

has been proven in the literature. Specifically, the cases where dp
dµ

= −1
3

were shown

in references [11, 15, 17] and where Θ is functionally dependent on the modulus of the

vorticity ω, see Sopuerta [12]. The proofs for the Petrov type N and III spacetimes

were provided in references [18--20]. Coley proved the case where a conformal Killing

vector field parallel to the velocity vector field exists in reference [8].

The case where the divergence of the electric part of the Weyl tensor vanishes was

shown in reference [21] and the case where the divergence of the magnetic part of the

Weyl tensor is zero as shown in reference [22], the case of a solenoidal magnetic part

of the Weyl curvature and a γ-law equation of state was presented in reference [23].
1Where the conservation equation uc∇cµ = −(µ+ p)Θ implies uc∇cr = β(r).
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Slobodeanu in reference [24] provided a proof of the conjecture for a γ-law equation

of state with a vanishing cosmological constant, where the following cases were ex-

cluded (γ − 1 = −1
5
,−1

6
,− 1

11
,− 1

21
, 1
15
, 1
4
). Nzioki, Goswami, Dunsby and Ellis, in

reference [25], proved the conjecture for the case where the Einstein field equations

were linearised with respect to the FLRW background spacetime.

Carminati, in reference [26], tried to prove the conjecture in the case of a linear

equation of state with a zero cosmological constant. Unfortunately, the proof was

faulty because there was an inappropriate use of an equation-solving command in

Maple. Van den Berg and Slobodeanu in reference [27] completed the proof that

Carminati attempted in reference [26], proving the conjecture in the case of a linear

equation of state, including the non-vanishing cosmological constant case. They re-

duced the problem to a Lemma, stating that if a rotating and expanding shear-free

perfect fluid has a linear equation of state of the form p = (γ − 1)µ + constant and

some defined basic2 variables go to zero; then, a Killing vector field exists parallel to

the vorticity vector field. They argued that this Lemma is valid even for a general

barotropic equation of state, but the proof remains elusive.

In a recent paper, Sikhonde and Dunsby [28] presented a more compact and neat

proof of the conjecture for constant pressure spacetimes using the (1 + 3)-covariant

approach, followed by the case where the acceleration vector field is parallel to the

vorticity. In both these cases, a non-vanishing cosmological constant was considered.

These proofs were given by Senovilla et al. in reference [13] in their (1 + 3)-covariant

form, without including the cosmological constant. The proof of the case where the ac-
2The Lie derivative of a basic variable vanishes.
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celeration vector field is orthogonal to the vorticity was provided by Van den Berg and

Slobodeanu in reference [27] using the orthonormal tetrad approach. Consequently,

this proof leads to the existence of a Killing vector field parallel to the vorticity. Re-

cently, another attempted proof for a general equation of state came from Goswami

and Ellis in reference [29], where a factorisation of the vorticity scalar Ω into a gra-

dient-free part Ω1 and Ω2 which is constant in time was assumed. Unfortunately

a counter-example of Ω was found, namely, 1
2
µ−1

6 by Van den Bergh and Carminati

in reference [30], so clearly Ω does not admit this factorization for a general function µ.

Restricting the matter equation of state to that of a barotropic perfect fluid leads

to a set of new constraint equations on the full Einstein field equations. For example,

all non-rotating and expanding shear-free perfect fluids obeying a barotropic equa-

tion of state are known to exist; see Collins in reference [16]. On the contrary, not all

rotating and non-expanding shear-free perfect fluids obeying a barotropic equation of

state are known to exist; see Karimian in reference [31]. In particular, all stationary

and rigidly rotating perfect fluids belong to this class. Additionally, a rotating and

expanding shear-free perfect fluid (Bianchi IX) model obeying an equation of state

of the form (p = −µ = constant) exists. However, this matter equation of state is of

the cosmological constant type and is outside of the scope of this thesis; see Obukhov

et al. in reference [32].

The validity of the shear-free perfect fluid conjecture would be a striking feature

of the full Einstein field equations. Contrary to Newtonian cosmology, where there

exists rotating and expanding shear-free perfect fluids obeying a barotropic equation

of state, see references [13, 33--35] for details. Whereas in the f(R) theory of grav-
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ity, where R is the Ricci curvature scalar, there exist no analogue of the conjecture

see counter-examples by Sofuoğlu et al. in reference [36], and in the case where the

equations of f(R) gravity were linearised about the FLRW background spacetime.

For the details of this proof, see Abebe et al. in reference [37] where counter-exam-

ples were found. However, it would be interesting to consider extensions of General

Relativity, for example, f(R) gravity theories where f(R) ≈ Rδ and δ is constant

to investigate the stability of the GR results. Furthermore, it is interesting that the

conjecture is a property of the Lorentzian signature since for the Riemannian signa-

ture, we can obtain a Ricci-flat metric where shear-free perfect fluid, rotating, and

expanding solution exists, see Pantilie in reference [38].
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1.2 The Consistency Check Procedure

In General Relativity, there are ten Einstein (gravitational) field equations (EFE)3.

These equations are fully consistent provided one does not impose any geometric con-

straints on them and that the energy-momentum tensor (EMT) is conserved4. The

EFE is a coupled system of quasi-linear second-order differential equations, four of

these are the constraint equations, and the remaining six are the evolution equations.

Owing to the conservation of the EMT, spacetime evolves in a particular way from

the initial conditions that satisfy the four constraint equations.

Furthermore, since the solutions to the EFE are subject to diffeomorphism invari-

ance, they can be expressed in various ways for the same geometrical framework.

Therefore, one needs to answer the following question, which aspect of the solution

is due to the choice of a coordinate system or the physical degrees of freedom? To

successfully answer this question, one needs to choose an evolution scheme for the

four constraint equations of the EFE; see MacCallum [39], Ellis and Van Elst [40].

Imposing physical or geometric constraints on the EFE breaks the complete sym-

metry of these equations. Hence the consistency of the EFE is compromised. Forcing

these restrictions on the EFE produces new constraint (NC) equations 5, which may

result from transforming a propagation equation into a constraint equation, for in-

stance by setting the shear to zero.

3Rab − 1
2gabR = Tab − Λgab.

4Meaning ∇aT
ab = 0, where T ab is the EMT.

5Of the form F (gab, Tab) = 0.
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Therefore, to investigate the consistency of the EFE under the NC, we consider

the time evolution and the spatial gradients of the NC subject to the time propaga-

tion and constraint equations. When these are identically satisfied, we have shown

consistency. If not, one has to time propagate the remaining constraint equations

repeatedly until we have either shown consistency or inconsistency, in which case the

solution does not exist.

Sometimes it suffices to use the Extended Einstein Field Equations (EEFE). Here

we relate to the metric tensor and matter fields the components of the Weyl cur-

vature tensor6 together with the Bianchi identities7. These equations determine the

divergence of the Weyl curvature tensor, where the EMT is the source term, and they

represent the field equations for the Weyl curvature tensor.

Subject to these new constraint equations, we can proceed to investigate the re-

sulting consistency relations as described in the preceding paragraph. Furthermore,

one requires the other evolution and constraint equations resulting from the electric

and magnetic parts of the Weyl curvature tensor to close the system. In practice, this

is an enormous amount of calculations, requiring significant computing power. As a

result, consistency has been shown only under extraordinary simplifying assumptions.

6Cabcd is the trace-free part of Rabcd
7Rab[cd;e] = 0
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1.3 The Different Formalisms For Establishing Consis-

tency

Here, we will discuss the three main formalisms for checking the consistency of the

EFE in light of the imposed constraints. These constraints can determine which one

of these formalisms we will use in our investigation. Firstly, we have a co-ordinate

representation formalism, the traditional framework. In this framework, one needs to

be careful in keeping track of the coordinate degrees of freedom the geometry allows.

Then we need to discern which effects are due to the choice of coordinates or are

physical.

Secondly, we have the tetrad formalism, where one requires additional variables: the

tetrad rotation coefficients. They only have physical meaning if we choose the tetrad

vectors in a physically meaningful way. For instance, this can be done either for a null

tetrad in the Newman-Penrose (NP) formalism or the analogous spinor formalism or

an orthonormal tetrad (OT) formalism, see Ellis and MacCallum in references [4, 41]

respectively. The NP formalism is appropriate for studying gravitational radiation

and vacuum solutions. The OT formalism, on the other hand, is suitable for investi-

gating the shear-free perfect fluid solutions, which are the subject of this thesis.

Lastly, a third formalism exists, the (1 + 3) - covariant formalism. It is described

in the following references; Ehlers et. al [42], Kristian and Sachs [43], Trümper [44],

Hawking [45], and is summarized by Ellis and Van Elst in references [40, 46]. In the

(1+ 3)-covariant formalism, decomposing all the kinematical and curvature variables

of the theory into a one-time direction and three spacial directions proves beneficial.
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For example, the Weyl curvature tensor is decomposed into its electric and magnetic

parts, which are orthogonal to the chosen 4-velocity vector field.

We can then derive propagation and constraint equations for Eab and Hab resulting

from the imposed geometric or physical constraints. Ellis and Van Elst, in refer-

ence [40], provided a comprehensive account of the full set of the (1 + 3) - covariant

equations of GR. These equations can be examined covariantly as far as possible,

and then they can be developed appropriately in terms of either a specific coordinate

basis or a tetrad frame. Furthermore, the (1 + 3) - covariant formalism is especially

appealing when viewed from a pedagogical standpoint, as discussed in Van Elst [47].

The rest of the thesis is organised in the following way. First, we present the next

Chapter (2), which discusses the (1+3)− covariant formalism, including the relevant

covariant kinematic and dynamical variables together with their time propagation and

constraint equations. Then Chapter (3) follows; this chapter discusses the shear-free

perfect fluid kinematic and dynamical variables, including their corresponding time

propagation and constraint equations.

In Chapter (4), we provide a covariant proof of the conjecture for the case of a

constant pressure shear-free perfect fluid. Then we get to Chapter (5); this chapter

discusses the general shear-free perfect fluid conjecture and the time propagation of

the resulting new constraint equations. In Chapter (6), we present the proof of the

general barotropic perfect fluid equation of state where the vorticity is parallel to the

acceleration vector field.
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In Chapter (7), we investigate the case for a general perfect fluid equation of state,

where the vorticity is not parallel to the acceleration vector field. This reduces to the

case where a Killing vector exists along the vorticity. We first show that the conjec-

ture is true when the orthogonal components of a rescaled acceleration vector field

lying in the space orthogonal to the vorticity are basic8, where the rescaling function

depends on the energy density explicitly. Then we show that one can draw the same

conclusion even when the rescaling function implicitly depends on the energy density.

In addition, we repeat the same procedure for the case where the dot product of the

unit vorticity vector and the rescaled acceleration vector mentioned above is basic,

ending the chapter with a discussion of the results.

In Chapter (8), we conclude our discussion by providing a summary of our previ-

ous proven theorems' results. A discussion about possible future work follows just

before we put the Appendices, where we compile all the necessary propagation equa-

tions, the constraint equations and some identities required for the calculations. Then

we provide an outline of a Mathematica code implementing xTensor, which we have

used to do our calculations.

8Meaning their spatially projected Lie derivatives vanish.
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The circumstance that there is no objective, ra-

tional division of the four-dimensional continuum

into three-dimensional space and a one-dimen-

sional time continuum indicates that the laws of

nature will assume a form which is logically most

satisfactory when expressed as laws in the four-di-

mensional space-time continuum. Upon this de-

pends the great advance in method which the the-

ory of relativity owes to Minkowski.

- Albert Einstein (The Meaning of Relativity)

2
(1 + 3) - Covariant Approach

2.1 The Basic Covariant Variables

2.1.1 Preliminaries

For simplicity, we have chosen to work with units where
󰀅
c = 1 = 8πG

c2

󰀆1. In addition,

we consider a space-time manifold M endowed with a metric g. Furthermore, we

define a co-moving future directed time-like four-velocity vector field u on M, which
1Where c and G are the constant speed of light and Newton's gravitational constant respectively.
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is normalised in the following way u · u = −1. The vector field u characterises a

chosen reference congruence2 on the manifold M.

The constitution (M,g,u), forms the basis for our relativistic cosmological model.

The metric g is subject to the following second rank tensor equation of motion,

Gab = Tab − Λgab. (2.1)

These are the legendary Einstein Field Equations (EFE) presented in index form [40],

where Gab = Rab − 1
2
gabR is the Einstein tensor, Tab is the energy-momentum tensor,

Λ is the cosmological constant and gab represents the components of metric tensor g.

The curvature tensor Rab and the scalar curvature R are the first and second metric

contractions of the Riemann curvature tensor Racbd. They are called the Ricci tensor

and scalar, respectively.

2.1.2 The (1 + 3) - Formalism

During the 1950s and early 1960s, Raychaudhuri, Schücking, Ehlers, Sachs and

Trümper developed a (1 + 3) - foliation of (M,g,u) by means of fundamental ob-

servers, see Ehlers [48] for references. In 1971 Ellis [49] showed how to apply this

formalism to the framework of relativistic cosmology. This formalism has proven

very useful in addressing many problems in relativistic astrophysics and cosmology;

see a few of such applications of the (1 + 3)-covariant formalism in the following

references [28, 37, 50, 51] and references therein. This is why we use this frame-

work to address the problems discussed in this thesis. Namely; the problem of time

propagating the spatial constraints, calculating the time-space derivative commuta-
2A co-moving observer geodetic curve.
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tion relations of our (1+3)-decomposed kinematic and dynamical variables and their

space-space derivative commutation relations, see references [28, 40, 47].

The four-velocity vector field u induces two relevant projection tensors: Ua
b = −uaub

and ha
b = δab − Ua

b, where δab = gacg
c
b. The projection tensor Ua

b projects tensors

parallel to u, whereas ha
b is a projection onto the spatial 3 dimensional hyper-surface

orthogonal to u. These projection tensors obey the following metric contraction rules,

Ua
bu

b = ua , Ua
cU

c
b = Ua

b, Ua
a = 1 (2.2a)

ha
bu

b = 0 , ha
ch

c
b = ha

b, ha
a = 3. (2.2b)

The projection tensors mentioned above allow us to define a 3-volume element for the

3-hyper-surface orthogonal to u from the spacetime 4-volume element defined as 󰂃abcd.

The 4-volume element has the following properties 󰂃abcd = 󰂃[abcd] and 󰂃0123 =
󰁳

|detgab|.

Hence we can define the 3-volume element as,

󰂃abc = ug󰂃gdefh
d
ah

e
bh

f
c. (2.3)

Therefore, the 4-volume element can also be written as 󰂃abcd = 2󰂃ab[cud] − 2u[a󰂃b]cd.

The 3-volume element satisfies the following useful and well-known metric contraction

identities:

󰂃abc󰂃def = 3!h[a
dh

b
eh

c]
f , 󰂃abc󰂃cef = 2!h[a

eh
b]
f , 󰂃abc󰂃bcf = 2!ha

f , 󰂃abc󰂃abc = 3!. (2.4)
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Owing to the four-velocity u and the projection tensor ha
b, one can define two covari-

ant derivatives, which are the covariant derivative along u (this will be denoted by a

dot (·) as an operator) and the fully orthogonally (to u) projected covariant derivative

(denoted by ∇̃ as an operator). Therefore, any tensor T ab
cd can be differentiated as

follows,

Ṫ ab
cd = ue∇eT

ab
cd, (2.5a)

∇̃eT
ab

cd = ha
fh

b
gh

p
ch

q
dh

r
e∇rT

fg
pq. (2.5b)

Furthermore, we make use of angle brackets on the indices of tensors to denote or-

thogonal projection of vectors and the fully orthogonally projected symmetric trace

free parts (PSTF) of tensors in the following way, T 〈ab〉 =
󰀅
h(a

fh
b)
g − 1

3
habhfg

󰀆
T fg

and v〈a〉 = ha
fv

f . For convenience, we use the same brackets to denote orthogonal

projection and the fully orthogonally PSTF parts of the Fermi derivatives of vectors

and tensors as follows: Ṫ 〈ab〉 =
󰀅
h(a

fh
b)
g − 1

3
habhfg

󰀆
Ṫ fg and v̇〈a〉 = ha

f v̇
f . From

equation (2.5a) and (2.5b), it is evident that the following structural identities hold,

these are ∇̃ahbc = 0 and ∇̃a󰂃bcd = 0.

2.2 The Kinematics

2.2.1 The Kinematic Quantities

The covariant derivative of u can be decomposed into its irreducible kinematic vari-

ables using the (1 + 3)-covariant formalism, see equation (2.6a) below. These quan-

tities describe the acceleration vector field (u̇a), the expansion scalar (Θ), the shear

(σab) and rotation (󰂃abcω
c) tensors of the fluid respectively and are defined by equa-
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tions (2.6b):

∇aub = −uau̇b +
1
3
Θhab + σab + 󰂃abcω

c, (2.6a)

u̇a := ub∇bu
a , Θ := ∇au

a , σab := ∇̃〈aub〉 , ωa :=
1
2
󰂃abc∇̃buc. (2.6b)

In equations (2.6) above, we have chosen to define the vorticity as ωa = 1
2
󰂃abc∇̃buc

whereas in the literature it might be defined as ωa = −1
2
󰂃abc∇̃buc, one has freedom of

choice in this regard as long as the chosen convention is maintained.

2.2.2 The Energy Momentum Tensor

The matter in the universe can be described by a symmetric divergence free rank two

tensor Tab, the energy-momentum tensor (EMT). The EMT appears on the right-hand

side of equation (2.1). This tensor can be decomposed into its fundamental matter

variables, which are given by equation (2.7b) below,

Tab = µuaub + phab + 2q(aub) + πab, (2.7a)

µ := Tabu
aub , p := 1

3
Tabh

ab , qa := −Tcbh
caub , πab := Tcdh

c
〈ah

d
b〉, (2.7b)

where in line (2.7b), µ is the energy density of matter, p is the pressure of the fluid,

qa is the energy flux density, and the anisotropic stress tensor is defined by πab.

2.2.3 The Riemann Curvature Tensor

The curvature of spacetime in General Relativity3 is encoded in a four-dimensional

rank four tensor, this tensor represents the extent to which commutativity of double
3The assumption here is that ∇a is torsion-free.
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covariant differentiation of a vector field fails. This tensor is called the Riemann

curvature tensor, and it can be represented in index notation as Ra
bcd. The following

equation captures the role played by the Riemann tensor for any covariant four-vector

field Va,

2∇[a∇b]V
c = Rab

c
dV

d. (2.8)

Equation (2.8) above is called the Ricci identity for covariant vectors. As a result of

the skew-symmetrised second covariant derivative on the left-hand side of equation

(2.8), the Riemann tensor is antisymmetric over its first two indices. Therefore, it

obeys the following tensorial identity Ra
[bcd] = 0. The covariant derivative of Ra

bcd

fulfils the following structural Bianchi identity ∇[aRbc]e
d = 0, from which the Einstein

tensor Gab can be derived. The Riemann curvature tensor can be Ricci spit into its

trace and trace-free parts as follows,

Rab
cd = Cab

cd + 2R[a
[cg

b]
d] − 1

3
Rga[cg

b
d]. (2.9)

The fully trace-less part Cabcd on the right hand side of equation (2.9) is the Weyl

curvature tensor, this tensor can itself be decomposed into two symmetric trace--

less spatial rank-2 tensors, these are the electric
󰀃
Eab := Ccdefh

c
au

dhe
bu

f
󰀄

and the

magnetic
󰀃
Hab := −1

2
󰂃cdghC

gh
efh

c
au

dhe
bu

f
󰀄

parts of the Weyl tensor as follows,

Cab
cd = 4E [a

[c

󰀃
hb]

d] + ub]ud]

󰀄
− 2󰂃abeH

e
[cud] − 2󰂃cd

eHe
[aub]. (2.10)

Equation (2.9) can be fully decomposed using equation (2.10), the EFE (2.1) and

the EMT (2.7a) which gives us the Riemann curvature tensor in its (1 + 3)-covariant
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decomposition as follows,

Rab
cd = 4u[au[c(E

b]
d] − 1

2
πb]

d]) + 4h[a
[c(E

b]
d] +

1
2
πb]

d])

+ 2
3
(µ+ 3p− 2Λ)u[au[ch

b]
d +

2
3
(µ+ Λ)h[a

[ch
b]
d

+ 2󰂃abeu[c(Hd]e +
1
2
󰂃d]efq

f ) + 2󰂃cdeu
[a(Hb]e + 1

2
󰂃b]efqf ). (2.11)

This form of the Riemann curvature tensor will prove useful when performing calcula-

tions related to the propagation scheme of the constraint equations. For convenience,

we shall also define the following useful scalars, namely; the vorticity modulus squared

given by ω2 = ωaω
a ≥ 0, the shear modulus squared given by σ2 = 1

2
σabσ

ab ≥ 0 and

the modulus squared of the acceleration as u̇2 = u̇au̇
a ≥ 0.

2.3 The Dynamics

2.3.1 The Ricci identities

The following propagation and constraint equations arise from the Ricci identity for

the four-velocity u, i.e.,

2∇[a∇b]u
c = Rab

c
du

d, (2.12)

by using the covariant derivative of u given by equation (2.6a) and the Riemann

curvature tensor decomposition given by equation (2.11).

Time propagation equations:

Taking the trace of equation (2.12) with respect to the indices b and c, and then pro-

jecting the remaining free index parallel(to u), we obtain the Raychaudhuri equation

18



(2.13) shown below

Θ̇− ∇̃au̇
a = −1

3
Θ2 + u̇2 − 2(σ2 − ω2)− 1

2
(µ+ 3p) + Λ, (2.13)

which describes gravitational attraction and illustrates the repulsive nature of a pos-

itive cosmological constant (Λ), a possible candidate for the dark energy density

of spacetime. Then by extracting the orthogonally projected symmetric trace free

(PSTF) part of equation (2.12), this gives us the shear propagation equation as fol-

lows

σ̇〈ab〉 − ∇̃〈au̇b〉 = −2
3
Θσab + u̇〈au̇b〉 − σ〈a

cσ
b〉c − ω〈aωb〉 − (Eab − 1

2
πab), (2.14)

this equation plays an important role in discussing shear-free perfect fluids since it

gets converted into an extra constraint equation where the shear tensor is absent. The

orthogonally projected antisymmetric part of the parallel(to u) projection of equation

(2.12) gives us the vorticity propagation equation (2.15) below,

ω̇〈a〉 − 1
2
󰂃abc∇̃bu̇c = −2

3
Θωa + σa

bω
b. (2.15)

Constraint equations:

Orthogonally projecting equation (2.12), then contracting indices b and c with the

metric tensor, we obtain the following constraint equation;

0 = (C1)
a := ∇̃bσ

ab − 2
3
∇̃aΘ+ 󰂃abc

󰀓
∇̃bωc + 2u̇bωc

󰀔
+ qa, (2.16)

and by contracting equation (2.12) with 󰂃abc, we obtain the structural vorticity diver-

gence equation (2.17) below,

0 = (C2) := ∇̃aω
a − u̇aω

a. (2.17)
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Furthermore, contracting equation (2.12) with 󰂃abe and taking the PSTF part of the

resulting equation, one arrives at the constraint equation for the magnetic part of the

Weyl tensor Hab shown in equation (2.18) below,

0 = (C3)
ab := Hab + 2u̇〈aωb〉 + ∇̃〈aωb〉 − 󰂃cd〈a∇̃cσ

b〉
d. (2.18)

2.3.2 The (Contracted) second Bianchi identities

The second set of propagation and constraint equations result from the Bianchi iden-

tities expressed by (2.19) below,

∇[aRbc]d
e = 0. (2.19)

This can be achieved by applying equations (2.6a) and (2.11) into equation (2.19),

then performing the relevant metric contractions.

Time propagation equations:

Contracting indices a and e in equation (2.19) above and projecting parallel(to u), one

obtains two propagation equations. The first is the time propagation of the electric

part of the Weyl tensor plus half the anisotropic stress tensor and is given by the

following equation,

(Ė〈ab〉 + 1
2
π̇〈ab〉)− 󰂃cd〈a∇̃cH

b〉
d = −Θ(Eab + 1

6
πab) + 1

2
∇̃〈aqb〉 − u̇〈aqb〉

− 1
2
(p+ µ)σab + 3σ〈a

c(E
b〉c − 1

6
πb〉c)

+ 󰂃cd〈a
󰀅
2u̇cH

b〉
d + ωc(E

b〉
d +

1
2
πb〉

d)
󰀆
. (2.20)
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The second is the time propagation of the magnetic part of the Weyl tensor given by

equation (2.21) below,

Ḣ〈ab〉 + 󰂃cd〈a∇̃c(E
b〉
d − 1

2
πb〉

d) = −ΘHab + 3σ〈a
cH

b〉c + 3
2
ω〈aqb〉

− 󰂃cd〈a
󰀅
2u̇cE

b〉
d − 2

2
σb〉

cqd − ωcH
b〉
d

󰀆
. (2.21)

The two above equations (2.20) and (2.21) describe gravitational radiation and tidal

effects, i.e their second time propagation form wave equations for Eab and Hab tensor

fields respectively. Contracting the Bianchi identity (2.19) twice gives us the energy

momentum conservation equation (∇aT
ab = 0). Projecting ∇aT

ab = 0 along u, we

obtain the energy density conservation equation below,

µ̇+ ∇̃aq
a = −Θ (p+ µ)− 2u̇aq

a − σabπ
ab. (2.22)

Furthermore, if we project ∇aT
ab = 0 orthogonal to u, we arrive at the momentum

flux propagation equation shown below,

q̇〈a〉 + ∇̃ap + ∇̃bπ
ab = −4

3
Θqa − σa

bq
b − (p + µ) u̇a

− u̇bπ
ab − 󰂃abcωbqc. (2.23)

Constraint equations:

Contracting equation (2.19) once and projecting the leftover free index orthogonal to

u, one obtains two constraint equations (2.24a) and (2.24b) for the divergence of Eab

(which is sourced by the spatial gradient of the energy density) and the divergence of
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Hab (which is sourced by the vorticity vector field) shown below respectively,

0 = (C4)
a := ∇̃b(E

ab + 1
2
πab)− 1

3
∇̃aµ− 1

3
Θqa − 1

2
σa

bq
b − 3Ha

bω
b

− 󰂃abc
󰀅
σbdH

d
c − 3

2
ωbqc

󰀆
(2.24a)

0 = (C5)
a := ∇̃bH

ab + (p+ µ)ωa + 3ωb(Ea
b − 1

6
πa

b) + 󰂃abc
󰀅
1
2
∇̃bqc

+ σbd(E
d
c +

1
2
πd

c)
󰀆
. (2.24b)

2.4 Time Propagation of the constraints

The constraint equations (C1)
a to (C5)

a are close under time propagation and hence

the EFE are fully consistent. This can be achieved by applying the commutation

relations given by Van Elst in reference [47], where the modifications suggested by

MacCallum in reference [39] have been taken into account. This gives us the following

well-known propagation equations below,

(Ċ1)
〈a〉 = −Θ(C1)

a − 3
2
σa

b(C1)
b + 1

2
󰂃abcωb(C1)c − 8

3
ωa(C2)

− 󰂃abcσbd(C3)c
d − 3ωb(C3)

ab − (C4)
a, (2.25a)

(Ċ2) = −Θ(C2), (2.25b)

(Ċ3)
〈ab〉 = −Θ(C3)

ab + 3σ〈a
c(C3)

b〉c + 󰂃cd〈aωc(C3)
b〉
d +

3
2
ω〈a(C1)

b〉

+ 1
2
󰂃cd〈aσb〉

c(C1)d, (2.25c)

(Ċ4)
〈a〉 − 1

2
󰂃abc∇̃b(C5)c = −4

3
Θ(C4)

a + 1
2
σa

b(C4)
b − 1

2
󰂃abcωb(C4)c − 1

2
(µ+ p)(C1)

a

− 1
2
πa

b(C1)
b + 2󰂃abcEbd(C3)c

d + 3
2
󰂃abcu̇b(C5)c, (2.25d)

(Ċ5)
〈a〉 + 1

2
󰂃abc∇̃b(C4)c = −4

3
Θ(C5)

a + 1
2
σa

b(C5)
b − 1

2
󰂃abcωb(C5)c − 1

2
󰂃abcqb(C1)c

+ 3
2
qa(C2) + 2󰂃abcHbd(C3)c

d − 3
2
󰂃abcu̇b(C4)c. (2.25e)
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The closure under time propagation of constraint equations (C1)
a to (C5)

a is not

surprising since, at this stage, we have not broken any symmetry of the EFE, also

none of the geometric and matter extra constraints have been imposed. It shall be

seen later that when these additional constraints are set, the constraints (C1)
a to

(C5)
a no longer fully close under time propagation. Being able to show that these

equations hold is a good exercise before we can start to tackle the cases where the

symmetry has been broken. In this regard, we have written a Mathematica code to

reproduce these calculations, outlined in Appendices (10).
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``I have become imbued with great respect for

mathematics, the subtler parts of which I had

in my simplemindedness regarded as pure luxury

until now.''

- Albert Einstein (letter to A. Sommerfeld 1916)

3
The Shear-Free Perfect Fluid Equations

We are now ready to set up all the required equations to investigate the consistency

of the EFE under shear-free perfect fluid conditions. Here, we have used a symbolic

computer algebra package for handling tensors in Mathematica to obtain the results

appearing in this chapter. This package is called xTensor, a sub-package of xAct, a

platform for symbolic tensor calculations in Mathematica.
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3.1 The Kinematics

Restricting the propagation and constraint equations appearing in section (2.1) above

to those of a perfect fluid with vanishing shear, we obtain the modified four gradient

of u in equation (3.1a), the EMT in equation (3.2a) and the Riemann curvature tensor

shown in equation (3.3a) below,

The shear-free covariant derivative of u:

∇aub = −uau̇b +
1
3
Θhab + 󰂃abcω

c, (3.1a)

The energy-momentum tensor for a perfect fluid:

Tab = µuaub + phab, (3.2a)

The Riemann curvature tensor for a perfect fluid:

Rab
cd = 4u[au[cE

b]
d] + 4h[a

[cE
b]
d] + 2󰂃abeu[cHd]e + 2󰂃cdeu

[aHb]e

+ 2
3
(µ+ 3p− 2Λ)u[au[ch

b]
d] +

2
3
(µ+ Λ)h[a

[ch
b]
d], (3.3a)

Eab := Ccdefh
c
au

dhe
bu

f , Hab := −1
2
󰂃cdghC

gh
efh

c
au

dhe
bu

f . (3.3b)

We obtain the shear-free perfect fluid dynamical equation appearing in the following

section (3.2), with an extra constraint equation given by equation (3.6).
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3.2 The Dynamics

3.2.1 Ricci identities for a shear-free (σab = 0) perfect fluid

The following equations are the time derivative equations for the expansion scalar

Θ (3.4a) and the vorticity vector field (3.4b) respectively.

Θ̇ = ∇̃au̇
a + u̇2 − 1

3
Θ2 + 2ω2 − 1

2

󰀃
µ+ 3p

󰀄
+ Λ, (3.4a)

ω̇〈a〉 = 1
2
󰂃abc∇̃bu̇c − 2

3
Θωa. (3.4b)

Equation (3.5a), (3.5b) and (3.5c) below are the spatial constraint equations for the

quantities appearing in equation (3.1a) and (3.3b) in the previous section.

0 = (C1)
a := −2

3
∇̃aΘ+ 󰂃abc

󰀓
∇̃bωc + 2u̇bωc

󰀔
, (3.5a)

0 = (C2) := ∇̃aω
a − u̇aω

a, (3.5b)

0 = (C3)
ab := Hab + 2u̇〈aωb〉 + ∇̃〈aωb〉. (3.5c)

Setting the shear to zero in equation (2.14) gives us a new constraint equation, which

needs to be checked for consistency. This is expressed by equation (3.6) below,

0 = (C6)
ab := ∇̃〈au̇b〉 + u̇〈au̇b〉 − ω〈aωb〉 − Eab. (3.6)

Equation (3.6) together with equation (3.5c) relate the Weyl curvature tensor electric

and magnetic parts to the acceleration and vorticity of the perfect fluid in question.

In our investigation, we shall exploit the symmetrical nature of these equations. This

will become clear in the following chapters.
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3.2.2 (Contracted) second Bianchi identities (σab = 0)

The following are time derivative equations for the electric (3.7a) and magnetic (3.7b)

parts of the Weyl curvature tensor, including the energy density conservation equa-

tion (3.7c) followed by the energy density time propagation equation (3.7d) for the

shear-free perfect fluid,

Ė〈ab〉 − 󰂃cd〈a∇̃cH
b〉
d = −ΘEab + 󰂃cd〈a

󰀃
2u̇cH

b〉
d + ωcE

b〉
d

󰀄
, (3.7a)

Ḣ〈ab〉 + 󰂃cd〈a∇̃cE
b〉
d = −ΘHab − 󰂃cd〈a

󰀃
2u̇cE

b〉
d − ωcH

b〉
d

󰀄
, (3.7b)

∇̃ap = − (p + µ) u̇a, (3.7c)

µ̇ = −Θ (p+ µ) . (3.7d)

The two equations below are the spatial constraint equations, which indicate that

the gradient of the energy density µ source's the divergence of electric (Eab) Weyl

curvature tensor field (3.8a) and that the vorticity is the source of the magnetic (Hab)

Weyl curvature tensor field (3.8b),

0 = (C4)
a := ∇̃bE

ab − 1
3
∇̃aµ− 3Ha

bω
b, (3.8a)

0 = (C5)
a := ∇̃bH

ab + (p+ µ)ωa + 3Ea
bω

b. (3.8b)

Now that we are done setting up the shear-free perfect fluid equations, we are ready

to time propagate our original constraint equation, including the new constraint (3.6),

subject to the evolution equations given in (3.4) and (3.7).
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3.3 Propagation of the shear-free constraints

Time propagating constraint (C1)
a in equation (3.5a) result in equation (3.9) below,

(Ċ1)
〈a〉 + ∇̃c(C6)

ac = −Θ(C1)
a − 1

2
󰂃acb(C1)

cωb − 8
3
(C2)ω

a − 3(C3)
a
cω

c

− (C4)
a − (C6)

a
cu̇

c, (3.9)

where relation (9.29), (9.31), (9.26b), (9.26e) and (3.4a) have been used. Equation

(3.9) indicates that if constraint (C1)
a is zero initially, it remains zero at a later time if

and only if the divergence of our new constraint (C6)
ab vanishes. The scalar constraint

equation (C2) closes under time propagation as shown by equation (3.10) below,

(Ċ2) = −(C2)Θ. (3.10)

In order to establish this relation (9.31), (9.26b) and (9.26e) have been used. The

time propagation of (C3)
ab can be achieved by using relation (3.7b), (9.31), (9.26b)

and (9.26e) to obtain the propagation equation (3.11) below,

(Ċ3)
〈ab〉 − 󰂃cd〈a∇̃c(C6)

b〉
d = −Θ(C3)

ab + 󰂃cd〈aωc(C3)
b〉
d + 󰂃cd〈au̇c(C6)

b〉
d

+ 3
2
(C1)

〈aωb〉. (3.11)

Equation (3.11) states that as the universe evolves, (C3)
ab will remain zero at a later

time if and only if 󰂃cd〈a∇̃c(C6)
b〉
d vanishes. Propagating constraint (C4)

a along u and

using relation (9.38), (9.29), (3.7d), (3.7b) and (9.26e) for substitution, together with
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identities (9.40b) to (9.40f), one obtains the time propagation equation (3.12) below:

(Ċ4)
〈a〉 − 1

2
󰂃abc∇̃b(C5)

c = −2󰂃acdEb
d(C3)

bc + 󰂃acdHb
d(C6)

bc − 3
2
󰂃abc(C5)

bu̇c

− 4
3
Θ(C4)

a − 1
2

󰀃
p+ µ

󰀄
(C1)

a + 1
2
󰂃abc(C4)

bωc. (3.12)

This propagation equation indicates that 󰂃abc∇̃b(C5)
c must be vanish for (C4)

a to

remain zero under time propagation. Since (C5)
a is one of our original constraints,

then (C4)
a closes under time propagation. Time propagating constraint (C5)

a along

u, and using relation (9.37), (3.7d), (3.7a) and (9.26e). Then applying the identities

from (9.40g) to (9.40k), we obtain equation (3.13) below:

(Ċ5)
〈a〉 + 1

2
󰂃abc∇̃b(C4)

c = −󰂃acdEb
d(C6)

bc − 2󰂃acdHb
d(C3)

bc + 3
2
󰂃abc(C4)

bu̇c

− 4
3
Θ(C5)

a + 1
2
󰂃abc(C5)

bωc. (3.13)

Complementary to (Ċ4)
〈a〉, equation (3.13) shows that 󰂃abc∇̃b(C4)

c must vanish in

order for (C5)
a to remain zero under time propagation. Finally, time propagating

our new constraint equation (C6)
ab which arises from setting the shear to zero, and

applying the following relations for substitutions (9.32), (3.7a), (9.26e) and (9.26b)

as a means to write the resulting expression in terms of the original constraints as

much as possible, one arrives at the following time propagation equation,

(Ċ6)
〈ab〉 = −Θ

󰀅
(2φ+ χ)u̇〈au̇b〉 + (2− 4β + φ)ω〈aωb〉 − 1

3
(2− 3φ)Eab + (C6)

ab
󰀆

+ β∇̃〈a∇̃b〉Θ+ 2(β − φ)u̇〈a∇̃b〉Θ+ 1
2
∇̃〈a(C1)

b〉 + (C1)
〈au̇b〉

− 󰂃cd〈a∇̃c(C3)
b〉
d − 2󰂃cd〈au̇c(C3)

b〉
d + 2󰂃cd〈aωc(C6)

b〉
d. (3.14)
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This result will play a central role in proving the shear-free perfect fluid theorems

presented in this thesis. In equation (3.14) above, the terms on the right-hand side,

which cannot be expressed in terms of our original constraints, form the next level

constraint equation (3.15) below.

0 = (C7)
ab := −Θ

󰀅
(2φ+ χ)u̇〈au̇b〉 + (2− 4β + φ)ω〈aωb〉 − 1

3
(2− 3φ)Eab

󰀆

+ β∇̃〈a∇̃b〉Θ+ 2(β − φ)u̇〈a∇̃b〉Θ. (3.15)

Equation (3.15) above together with the spatial gradient of equation (3.6) must be

time propagated in order to establish the consistency of the full EFE. Furthermore,

equation (3.15) and (3.14) above have been simplified by defining
󰀓
p′ = ∂p

∂µ

󰀔
and

󰀃
β = 1

3
+ p′

󰀄
together with the following scalar variables;

E := p + µ, (3.16a)

φ :=
1

3
+ E p

′′

p ′ − p ′, (3.16b)

χ := −5

3
− E2p

(3)

p ′2 + φ

󰀕
φ

p ′ −
5

3p ′ + 2

󰀖
+

4

9p ′ + p ′, (3.16c)

φ is exactly the same as the variable G(µ) defined by White and Collins [52]. Another

useful scalar to define is J , which represents the divergence of the acceleration vector

field,

J := u̇2 + ∇̃bu̇
b. (3.17)

The scalar J vanishes in the dust case or in situations where the pressure is con-

stant. This is the next chapter's subject, where we prove the shear-free perfect fluid

conjecture for these exceptional cases.
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The chief support of the theory is to be found

less in that lent by observation hitherto than in

its inherent logical consistency, in which it far

transcends that of classical mechanics, and also

in the fact that it solves the perplexing problem

of gravitation and of the relativity of motion at

one stroke in a manner highly satisfying to our

reason.

-H. Weyl (Space,Time, Matters)

4
Constant Pressure Shear-Free Perfect Fluid

Theorem

In his seminal paper, titled The Dynamics of Pressure-Free Matter in General Relativ-

ity [4] George F. R. Ellis showed that if a space contains shear-free dust1, then either

the vorticity or the expansion scalar vanishes. This proof was obtained by setting up

an orthonormal tetrad and associated coordinate systems. In a recent paper, Senovilla
1Pressure is zero.
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et al., in reference [13], provided a covariant proof of the Ellis result mentioned above,

extending it to the constant pressure case. The following is an improved version of

the proof given by Senovilla et al. [13], which contains some added details that serve

to illuminate the computational process followed to obtain the proof of Theorem (1)

stated in the following section.

4.1 The Theorem

Theorem 1. In general relativity, if the velocity vector field of a geodesic barotropic

perfect fluid is shear-free with µ + p ∕= 0, then either the expansion or the rotation

vanishes.

The velocity vector field in our cosmological model described in Chapter (2) is

the four-velocity unit vector field ua, whose covariant derivative can be irreducibly

decomposed in the following way,

∇aub =
1
3
Θhab + 󰂃abcω

c. (4.1)

Where Θ and ωc are the expansion scalar and the vorticity vector field, respectively.

The condition described by Theorem (1) above can be encapsulated in the following

statement below,

µ+ p ∕= 0, p = constant, u̇a = 0 and σab = 0 =⇒ ωθ = 0. (4.2)

Since by equation (3.7c) the geodesic condition implies that ∇̃ap = 0. If ṗ ∕= 0, we

have that ∇ap = −uaṗ and ua is hyper-surface orthogonal hence ω = 0 unless p is

constant.
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4.2 The Proof

Proof. For this proof, we shall focus our attention on the time propagation of con-

straint (C1)
a. From equation (3.9) it is clear that the resulting constraint equation

comes from the divergence of (C6)
ab. To obtain this divergence, we substitute Hab and

Eab from equation (3.5c) and (3.6) into equation (3.8a), which yields the following

constraint equation,

(C4)
a = −3(C3)

a
bω

b + 3ωb∇̃〈aωb〉 − 1
3
∇̃aµ− ∇̃b(C6)

ab − ∇̃b

󰀃
ω〈aωb〉󰀄. (4.3)

Upon rearranging the terms in equation (4.3), we can write down the divergence of

(C6)
ab in the following way,

∇̃b(C6)
ab = −(C4)

a − 3(C3)
a
bω

b + 3ωb∇̃〈aωb〉 − 1
3
∇̃aµ− ∇̃b

󰀃
ω〈aωb〉󰀄. (4.4)

Expanding out the angle brackets, which indicate the PSTF part of tensor fields,

equation (4.4) can be rewritten as

∇̃b(C6)
ab = −(C4)

a − 3(C3)
a
bω

b − 1
3
∇̃aµ+ 13

6
ω∇̃aω + 1

2
ωb∇̃bω

a − 2ωa∇̃bω
b. (4.5)

Buy using the commutation relation (9.34) and constraint (C2) from equation (3.5b)

one then arrives at the following equation,

∇̃b(C6)
ab = −(C4)

a − 2(C2)ω
a − 3(C3)

a
bω

b + 1
2
󰂃abc(C1)

bωc

− 1
3
∇̃aµ+ 8

3
ω∇̃aω − 1

3
󰂃abcω

b∇̃cΘ. (4.6)
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The last three non-zero terms on the right hand side of equation (4.6) form our next

level constraint equation (Cv7)
a as shown below,

0 = (Cv7)
a := ∇̃aµ− 8ω∇̃aω + 󰂃acbω

c∇̃bΘ. (4.7)

Equation (4.7) is similar to equation (29) of Senovilla et. al [13], the only difference

is the sign of the last term on the right-hand side. This depends on the definition

of the orientation of the vorticity vector field ωa. To establish consistency, we time

propagate equation (4.7) and apply the following relations; (9.29), (9.31), (9.29),

(9.26e), (9.26f) and (4.7) itself, in order to eliminate terms containing ω∇̃aω. This

gives us the following time propagation equation;

(Ċv7)
a = −5

3
(Cv7)

aΘ− 1
2
󰂃acb(Cv7)

cωb −
󰀃
p + µ− 29

6
ω2

󰀄
∇̃aΘ+ 1

3
Θ∇̃aµ

+ 1
2
ωaωc∇̃cΘ. (4.8)

In equation (4.8), we proceed in a similar fashion to equation (4.6); where we extract

the non-zero last three terms on the right hand side of (4.8) to form the next level

constraint (Cv8)
a shown below;

0 = (Cv8)
a :=

󰀃
p + µ− 29

6
ω2

󰀄
∇̃aΘ− 1

3
Θ∇̃aµ− 1

2
ωaωc∇̃cΘ. (4.9)

The above equation (4.9) resembles equation (31) in Senovilla et. al [13]. Further-

more, we take the time propagation of equation (4.9), and we use relations (9.29),

(9.29), (9.26e), (9.26f), (4.7) and (3.7d). Subsequently, we multiply by 12Θ in order

to apply equation (4.9) to get rid of terms involving Θ∇̃aµ. This gives us the following
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constraint equation;

12Θ(Ċv8)
a = −6ΘP1(Cv7)

a + 2
󰀃
P2 − 14Θ2

󰀄
(Cv8)

a − 3Θ
󰀅
4󰂃acb(Cv8)

cωb

− ωa(Cv7)
cωc

󰀆
− 2

󰀅
P1(P2 − 4Θ2)− 58

3
Θ2ω2

󰀆
∇̃aΘ

+ 6ΘP1󰂃
a
cbω

c∇̃bΘ+ P2ω
aωc∇̃cΘ, (4.10)

where we have defined the following scalars;

P1 = p + µ− 29
6
ω2, (4.11)

P2 = −6p + 6Λ− 3E1 + 4Θ2 − 5
2
ω2, (4.12)

for simplicity. Equation (4.10) above may seem like a long and complicated equation,

but the non-zero terms on the right hand side form a linear combination of the

following three vectors; ∇̃aΘ, 󰂃acbωc∇̃bΘ and ωa, which form our next level constraint

equations (Cv9)
a below,

0 = (Cv9)
a := −2

󰀅
P1(P2 − 4Θ2)− 58

3
Θ2ω2

󰀆
∇̃aΘ+ 6ΘP1󰂃

a
cbω

c∇̃bΘ

+ P2ω
aωc∇̃cΘ. (4.13)

In equation (4.13) above, we observe that the second term which contains the vec-

tor 󰂃acbω
c∇̃bΘ can be removed by contracting with ωa, since these two vectors are

orthogonal to each other. Contracting equation (4.13) with ωa gives us the following

scalar constraint equation,

0 = (Cs9) :=
󰀅
1
4
P2ω

2 − P1

󰀃
1
2
P2 + 2Θ2

󰀄
+ 29

3
Θ2ω2

󰀆
ωa∇̃aΘ. (4.14)
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The constraint equation (4.14) presents us with two options, either ωa∇̃aΘ = 0 or

the terms within the square brackets must be zero. Let us consider each of these two

cases separately; (i) when the terms within the square parentheses in equation (4.14)

vanish, we have the following new scalar constraint equation (Cs10) shown below;

0 = (Cs10) :=
1
4
P2ω

2 − P1

󰀃
1
2
P2 + 2Θ2

󰀄
+ 29

3
Θ2ω2. (4.15)

By time propagating equation (4.15) and making use of relations (9.26f), (3.7d), (3.4a)

and (4.14), we obtain;

(Ċs10) = − 1
24
Θ
󰀅
24(Cs10) + 36P1

󰀃
P1 − ω2

󰀄
− ω2

󰀃
64P2 − 512Θ2 − 9ω2

󰀄󰀆
. (4.16)

From equation (4.16) above, we can extract the non-zero terms from the right-hand

side to form the following constraint equation;

0 = (Cs11) := − 1
24
Θ
󰀅
36P1

󰀃
P1 − ω2

󰀄
− ω2

󰀃
64P2 − 512Θ2 − 9ω2

󰀄󰀆
. (4.17)

For consistency, equation (4.17) is identically satisfied when Θ = 0, in which case,

we have the proof or when the terms in the square brackets vanish. Then from the

latter, we form the following consistency constraint equation;

0 = (Cs12) := − 1
24

󰀅
36P1

󰀃
P1 − ω2

󰀄
− ω2

󰀃
64P2 − 512Θ2 − 9ω2

󰀄󰀆
. (4.18)

Furthermore, time propagating (4.18) and using the following relation; (3.7d), (9.26f)

and (4.18) itself, gives us;

(Ċs12) = −2Θ(Cs12) + 8Θω2
󰀃
µ+ 7

3
p − 40

9
ω2 − 4

3
Λ
󰀄
. (4.19)
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In (4.19) above, we have substituted for P1 and P2 using equation (4.11) and (4.12),

and then by extracting the non-zero part of equation (4.19) above we obtain the

constraint equation similar to equation (48) in reference [13];

0 = (Cs13) := Θω2
󰀃
µ+ 7

3
p − 40

9
ω2 − 4

3
Λ
󰀄
. (4.20)

Equation (4.20) gives us two cases to consider; either Θω2 = 0 and we are done, or

the terms within the brackets must vanish, in which case we have the following new

constraint equation;

0 = (Cs14) := µ+ 7
3
p − 40

9
ω2 − 4

3
Λ. (4.21)

Time propagating equation (4.21) and using equation (3.7d) and (9.26f), we obtain

the following equation;

(Ċs14) = −Θ
󰀃
p + µ− 160

27
ω2

󰀄
. (4.22)

Similarly, in equation (4.22) we require that the terms in the brackets on the right--

hand side be zero; otherwise, the conjecture is true, giving us the new constraint

equation shown below,

0 = (Cs15) := p + µ− 160
27
ω2. (4.23)

The time evolution of equation (4.23), where relations (3.7d), (9.26f) and (4.23) itself

have been used, gives us the following constraint equation;

0 = (Ċs15) := −(Cs15)Θ+ 160
81
Θω2. (4.24)

The non-zero term on the right-hand side of equation (4.24) clearly shows that Θω

must vanish, and we have the proof. For completion, we also need to consider the

other option given by equation (4.14). This is the case where the terms in the brackets

do not vanish; then it follows that ωa∇̃aΘ must be zero. From now on, equation (4.13)
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becomes the following constraint;

0 = (Cv10)
a :=

󰁫
116
3
Θ2ω2 + 6

󰀃
p + µ− 29

6
ω2

󰀄 󰀃
3p + µ− 2Λ− 4ω2

󰀄 󰁬
∇̃aΘ

+ 6Θ
󰀃
p + µ− 29

6
ω2

󰀄
󰂃abcω

b∇̃cΘ. (4.25)

The vectors ∇̃aΘ and 󰂃acbω
c∇̃bΘ in equation (4.25) above, are orthogonal, then by

contracting equation (4.25) with 󰂃acbω
c∇̃bΘ and applying the condition ωa∇̃aΘ = 0,

we obtain the useful constraint equation;

0 = (Cs17) :=
3
2
Θω2

󰀃
p + µ− 29

6
ω2

󰀄
∇̃aΘ∇̃aΘ. (4.26)

Equation (4.26) presents us with three cases; either (1) Θω = 0, which proves the the-

orem or (2); the term within the brackets vanish, and this gives us our new constraint

equation;

0 = (Cs18) := p + µ− 29
6
ω2, (4.27)

or (3); ∇̃aΘ∇̃aΘ = 0 which completes the proof. In case (2), we need to time

propagate equation (4.27) again to reach the desired restriction on the expansion and

vorticity. This gives us the following;

(Ċs18) = −(Cs18)Θ+ 29
18
Θω2. (4.28)

As in equation (4.24) above, we have that Θω = 0 as our consistency condition,

which completes the proof. Finally, in case (3) we can see that the norm of the

spatial gradient vector of the expansion is zero, hence we have that ∇̃aΘ must vanish,

then by equation (4.7) and (4.9) it follows that ∇̃aµ = ∇̃aω = 0. Thus, according

to relation (9.30), we have that ω̇ = 0, which indicates that the vorticity is constant

under time propagation and hence Θω = 0 by equation (9.26f). Alternatively, one
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can take the spatial divergence of constraint (C1)
a and by using relation (9.33), we

obtain another useful constraint equation below;

0 = −3
2
∇̃a(C1)

a := Θω2 + ∇̃a∇̃aΘ. (4.29)

It is clear from equation (4.29) above, that when ∇̃aΘ is zero, then Θω must vanish

and this completes the proof.

We have proved the conjecture for the constant pressure case above, and we are now

in a position to address the case for a general equation of state, which is a subject of the

next chapter. Theorem (1) above is a source of inspiration for developing the covariant

proofs, which are the subject of Chapter (6) and (7). The next chapter discusses the

general shear-free perfect fluid conjecture indicating the necessary constraint equation

to investigate for consistency of the EFE.
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Quicquid excessit modum pendet instabilli loco.

(Whatever has exceeded its proper bounds is in a

state of instability.)

-Seneca

5
The general shear free perfect fluid

conjecture

5.1 The Conjecture

The theorem discussed in the previous chapter is a special case of a more general

shear-free perfect fluid conjecture which states that In general relativity if the velocity

vector field of a barotropic perfect fluid is shear-free, then either the expansion or
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the rotation vanishes. Under the shear-free condition, the covariant derivative of the

velocity vector field is given by the following equation;

∇aub = −uau̇b +
1
3
Θhab + 󰂃abcω

c, (5.1)

and the statement of the shear-free perfect fluid conjecture can be stated symbolically

in the following way;

µ+ p ∕= 0, p = p(µ) and σab = 0 =⇒ ωθ = 0. (5.2)

5.2 Time Propagation of Constraint (C6)
ab and it's Spatial

Gradients

By time propagating equation (3.7c) and applying relation (9.29), (3.7d) and (3.7c)

itself, one obtains the propagation equation for the acceleration vector field as shown

below;

ü〈a〉 = −u̇aΘφ− 󰂃abcu̇
bωc + p ′∇̃aΘ. (5.3)

The time evolution equation (5.3) is essential to our discussion in this thesis since the

presence of the acceleration provides a point of departure from the constant pressure

situation described by Theorem (1) in the preceding chapter. Equation (5.3) allows us

to compute the time evolution of the scalar J given by equation (3.17), by using the

time-space covariant derivative commutation relation (9.32) given in the Appendix

by equation (9.32). This gives us the following time evolution equation;

J̇ = −Θ
󰀃
J
󰀃
1
3
+ φ

󰀄
− (1− 2φ− χ)u̇2 + p ′(1− 9p ′)ω2

󰀄
+ (1− 2φ)u̇a∇̃aΘ

− 3p ′(C1)
au̇a − 3

2
p ′∇̃a(C1)

a. (5.4)
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Furthermore, equation (3.4b) can be simplified by substituting u̇a from equation (3.7c)

and applying equation (9.30), (3.7d) and (3.7c) itself. We then obtain the following

evolution equation for the vorticity vector (5.5) and scalar (5.6) respectively,

ω̇〈a〉 = Θωa
󰀃
p ′ − 2

3

󰀄
, (5.5)

ω̇ = Θω
󰀃
p ′ − 2

3

󰀄
. (5.6)

Using the time propagation of constraint (C6)
ab along u, given by equation (3.14) and

upon extracting the non-zero terms, then what remains become our new constraint

(C7)
ab, which is given by equation (5.7) below;

0 = (C7)
ab := −Θ

󰀅
(2φ+ χ)u̇〈au̇b〉 + (2− 4β + φ)ω〈aωb〉 − 1

3
(2− 3φ)Eab

󰀆

+ β∇̃〈a∇̃b〉Θ+ 2(β − φ)u̇〈a∇̃b〉Θ. (5.7)

Equation (5.7) contains terms involving the expansion scalar's first and second spatial

gradients Θ. These terms are problematic under time propagation because of the

presence of the scalar J in equation (3.4a). Therefore, we would like to eliminate

these terms if possible. In our pursuit to simplify equation (5.7), we are led to the

realisation that we need to obtain other complementary constraint equations arising

from taking the divergence and curl of constraint (C6)
ab. We will then compare these

equations to make progress towards the proof. For the rest of this chapter, the scalars

(ψ) is given by the equation (ψ = 1
3
(4 − 18φ − 9χ)). Time propagating constraint

(C1)
a given by equation (3.9) and applying the relations (9.35), (3.8a),(3.5c) and (3.6)
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itself, gives us the divergence of (C6)
ab as follows;

∇̃b(C6)
ab = 2

9

󰀃
3Λ+ 3J −Θ2 + 3µ+ 6ω2

󰀄
u̇a − 1

3
Θ (2− 9φ) 󰂃abcu̇

bωc

+ 1
3

󰀓
2∇̃aJ − 2p ′Θ∇̃aΘ− ∇̃aµ+ 8ω∇̃aω

󰀔
− (C4)

a

− 1
3
(1− 9p ′) 󰂃abcω

b∇̃cΘ− (C6)
a
bu̇

b − p ′Θ(C1)
a

− 2(C2)ω
a − 3(C3)

a
bω

b + 1
2
󰂃abc(C1)

bωc. (5.8)

Equation (5.8) above contains the first spatial gradients of scalars, which are the

expansion scalar (Θ), the scalar (J ), the energy density (µ) and the vorticity scalar

(ω). Upon extracting the vanishing terms on the right-hand side of equation (5.8),

we arrive at the following constraint equation;

0 = (C8)
a := 2

9

󰀃
3Λ+ 3J −Θ2 + 3µ+ 6ω2

󰀄
u̇a − 1

3
Θ (2− 9φ) 󰂃abcu̇

bωc

+ 1
3

󰀓
2∇̃aJ − 2p ′Θ∇̃aΘ− ∇̃aµ+ 8ω∇̃aω

󰀔

− 1
3
(1− 9p ′) 󰂃abcω

b∇̃cΘ. (5.9)

To compare equation (5.7) and equation (5.9), it suffices to take the curl of constraint

(C8)
a in order to generate second order spatial gradients of (Θ). Upon taking the

curl both sides of equation (5.9) above, then taking into account the integrability

conditions (9.30) and (9.36) for any scalar (S) and the acceleration vector field (u̇a)

respectively, we arrive at following constraint equation on the next page;
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󰂃abc∇̃b(C8)
c = 󰂃abc(C8)

bu̇c +
󰁫
(1− 13p ′)(C1)

bu̇b +
1
2
(1− 13p ′)∇̃b(C1)

b
󰁬
ωa

+ 1
3
(C2)

󰁫
(1− 9p ′)∇̃aΘ−Θ(2− 9φ)u̇a

󰁬
− 1

3
Θ(2− 9φ)ωb∇̃bu̇

a

+ 1
3

󰁫
2Θ(1 + 3p ′)E + 1

3
Θ(2− 39φ)J − 1

9
Θ(16− 162φ− 39ψ)u̇bu̇

b

− 1
3
Θ
󰀃
29 + 18p ′ − 351p ′2󰀄ω2 + 2(5− 9p ′ − 13φ)u̇b∇̃bΘ

󰁬
ωa

−
󰁫
Θψu̇bωb +

1
3
(2− 9φ)ωb∇̃bΘ

󰁬
u̇a + 1

3
Θ(2− 9φ)u̇b∇̃bω

a

+ 2
9
Θ(1 + 3φ)󰂃abcu̇

b∇̃cΘ− 1
3
(1 + 9p ′ − 9φ)u̇bωb∇̃aΘ

+ 1
3
(1− 9p ′)ωb∇̃b∇̃aΘ− 1

3
(1− 9p ′)∇̃bΘ∇̃bω

a. (5.10)

The terms on the right-hand side of equation (5.10), which cannot be written in terms

of our previously established constraints, give us the following;

0 = (C9)
a := 1

3

󰁫
2Θ(1 + 3p ′)E + 1

3
Θ(2− 39φ)J − 1

9
Θ(16− 162φ− 39ψ)u̇bu̇

b

− 1
3
Θ
󰀃
29 + 18p ′ − 351p ′2󰀄ω2 + 2(5− 9p ′ − 13φ)u̇b∇̃bΘ

󰁬
ωa

−
󰁫
Θψu̇bωb +

1
3
(2− 9φ)ωb∇̃bΘ

󰁬
u̇a − 1

3
Θ(2− 9φ)ωb∇̃bu̇

a

+ 1
3
Θ(2− 9φ)u̇b∇̃bω

a − 1
3
(1 + 9p ′ − 9φ)u̇bωb∇̃aΘ

+ 2
9
Θ(1 + 3φ)󰂃abcu̇

b∇̃cΘ− 1
3
(1− 9p ′)∇̃bΘ∇̃bω

a

+ 1
3
(1− 9p ′)ωb∇̃b∇̃aΘ. (5.11)

The last term on the right-hand side of equation (5.11) contains the second-order

spatial gradients of the expansion scalar (Θ), with one index projected along the

vorticity direction. We also observe that upon taking the symmetric trace-free curl
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of constraint (C6)
ab in equation (3.6); the term that appears on the left-hand side of

equation (3.11) results in the following constraint equation;

󰂃〈acd∇̃c(C6)
b〉d = 󰂃〈acdu̇

c(C6)
b〉d − (C1)

(aωb) − 6Θp ′(C2)h
ab − 3Θφu̇〈aωb〉

+ p ′Θ∇̃(aωb) − (2
3
− 3p ′)ω(a∇̃b)Θ+ 󰂃〈acd∇̃dEb〉c

− 2󰂃(acdu̇
c∇̃du̇b) + 󰂃(acdω

c∇̃dωb)

+ p ′󰀃Θu̇cωc − 6ωc∇̃cΘ
󰀄
hab. (5.12)

Furthermore, as we have done previously, we can extract the non-vanishing terms

from the right-hand side of equation (5.12) to form the constraint (C10)
ab below;

0 = (C10)
ab := −3Θφu̇〈aωb〉 + p ′Θ∇̃(aωb) − (2

3
− 3p ′)ω(a∇̃b)Θ+ 󰂃〈acd∇̃dEb〉c

− 2󰂃(acdu̇
c∇̃du̇b) + 󰂃(acdω

c∇̃dωb) + p ′󰀃Θu̇cωc − 6ωc∇̃cΘ
󰀄
hab. (5.13)

Incidentally, taking the divergence of (C10)
ab in equation (5.13) above gives us double

spatial gradients of the expansion scalar (Θ), which is what we are looking for. Here,

we used the following key relations; (9.33), (9.35), (9.39) and the identity (9.40a) to

obtain equation (5.14) shown in the next page. This equation may look long and

complicated, but all it represents is a constraint equation involving the acceleration

(u̇a), the expansion scalar (Θ), the vorticity (ωa) combined with their spatial gradi-

ents. This represents a milestone in our journey towards the proof of the shear-free

perfect fluid conjecture since these equations have never been seen before in their

present covariant form. These appear in our paper; see Sikhonde and Dunsby [28].
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∇̃b(C10)
ab = −1

6

󰀃
2− 9φ

󰀄
Θu̇b∇̃bω

a − 1
2

󰀃
2− φ

󰀄
Θωb∇̃bu̇

a

+ 1
6

󰀃
1− 9p ′󰀄∇̃bΘ∇̃bω

a − 1
6

󰀃
5 + 3p ′󰀄ωb∇̃b∇̃aΘ

− 1
2

󰀃
1 + p ′ − φ

󰀄
u̇bωb∇̃aΘ− 1

9

󰀃
1 + 3φ

󰀄
Θ󰂃abcu̇

b∇̃cΘ

+
󰁫
1
6

󰀃
2 + 9φ

󰀄
ΘJ − 1

3

󰀃
1 + 3p ′󰀄ΘE − 1

2

󰀃
6φ+ ψ

󰀄
Θu̇bu̇

b

+ 1
6

󰀃
19− 18p ′ − 81p ′2󰀄Θω2 − 1

3

󰀃
5− 9p ′ − 9φ

󰀄
u̇b∇̃bΘ

󰁬
ωa

−
󰁫

1
18

󰀃
8− 36φ+ 3ψ

󰀄
u̇bΘωb +

1
6

󰀃
2 + 12p ′ − 3φ

󰀄
ωb∇̃bΘ

󰁬
u̇a

− 󰂃abc

󰁫
ωb∇̃c(C2) +

3
2
(C8)

bu̇c + 1
2
p ′Θ∇̃c(C1)

b + 1
2
∇̃c(C4)

b
󰁬

+
󰁫
2󰂃acd(C3)b

d − 󰂃bcd(C3)
ad
󰁬
u̇bωc − 2󰂃acd(C6)b

d
󰁫
u̇bu̇c + ωbωc

󰁬

− 1
4
ωb
󰁫
2∇̃a(C1)b + 5∇̃b(C1)

a + 2󰂃bcd∇̃d(C3)
ac + 12󰂃acd∇̃d(C3)b

c
󰁬

− (C1)
b
󰁫
1
4
∇̃bω

a + 1
2
󰂃abcp

′∇̃cΘ+ 1
2
(5− 9p ′)u̇bω

a + 3
2
(C3)

a
b + u̇aωb

− 1
6
󰂃abc

󰀃
1 + 3φ+ 9p ′󰀄u̇cΘ

󰁬
+ 󰂃abd

󰁫
− 1

2
ωb∇̃c(C3)

cd + 3
2
(C3)c

d∇̃cωb
󰁬

+ 1
4

󰁫
(C1)

au̇bωb − 4p ′Θ∇̃a(C2)− 4(C3)
a
b∇̃bΘ

󰁬
− 1

4

󰀃
2− 9p ′󰀄ωa∇̃b(C1)

b

+ 1
2
(C2)

󰁫󰀃
3φ− 2p ′󰀄u̇aΘ+ 1

2
(C1)

a +
󰀃
1− 3p ′󰀄∇̃aΘ

󰁬

+
󰀃
1 + p ′󰀄Θ(C6)

a
bω

b (5.14)

In our usual fashion, we extract the non-vanishing terms from the right-hand side of

equation (5.14) to obtain the following equation (C11)
a below, which is the divergence

of the curl of (C6)
ab, where the seventh term on the right-hand side of constraint equa-

tion (5.15) below, is of interest since it contains the p′′′ term in (ψ).
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0 = (C11)
a := −1

6
(2− 9φ)Θu̇b∇̃bω

a − 1
2
(2− φ)Θωb∇̃bu̇

a

+ 1
6
(1− 9p ′)∇̃bΘ∇̃bω

a − 1
6
(5 + 3p ′)ωb∇̃b∇̃aΘ

− 1
2
(1 + p ′ − φ)u̇bωb∇̃aΘ− 1

9
(1 + 3φ)Θ󰂃abcu̇

b∇̃cΘ

+
󰁫
1
6
(2 + 9φ)ΘJ − 1

3
(1 + 3p ′)ΘE − 1

2
(6φ+ ψ)Θu̇bu̇

b

+ 1
6

󰀃
19− 18p ′ − 81p ′2󰀄Θω2 − 1

3
(5− 9p ′ − 9φ)u̇b∇̃bΘ

󰁬
ωa

−
󰁫

1
18
(8− 36φ+ 3ψ)Θu̇bωb +

1
6
(2 + 12p ′ − 3φ)ωb∇̃bΘ

󰁬
u̇a. (5.15)

To compare equation (5.7) , (5.11) and (5.15), we need to contract constraint equation

(C7)
ab in equation (5.7) with ωb. This leads to the constraint equation (5.16) below,

and the fifth term on the right-hand side is the term of interest.

(C7)b
aωb =

󰁫
1
9

󰀃
2− 9φ+ 3ψ

󰀄
Θu̇bωb +

󰀃
1
3
+ p ′ − φ

󰀄
ωb∇̃bΘ

󰁬
u̇a

−
󰁫
1
9
(2− 3φ)ΘJ − 1

27
(4− 3ψ)Θu̇bu̇

b +
󰀃
7
9
− 2p ′ + 3p ′2󰀄Θω2

− 2
3
φu̇b∇̃bΘ

󰁬
ωa +

󰀃
1
3
+ p ′ − φ

󰀄
u̇bωb∇̃aΘ+

󰀃
2
3
− φ

󰀄
Θωb∇̃bu̇

a

+ 1
3
(1 + 3p ′)

󰁫
ωb∇̃b∇̃aΘ− (C1)

bu̇b +
1
2
∇̃b(C1)

b
󰁬
ωa. (5.16)

Note that, at this point, we have what we need to eliminate the double spatial gradi-

ents of the expansion scalar from constraint (C7)
ab to retain terms only involving the

spatial gradients of the acceleration vector (u̇a), the expansion (Θ), the vorticity (ωa)

and its spatial gradient. The terms on the right-hand side of equation (5.16) above,

which cannot be written in terms of our original constraints, are extracted to form
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our new constraint equation (C12)
a below,

0 = (C12)
a :=

󰁫
1
9

󰀃
2− 9φ+ 3ψ

󰀄
Θu̇bωb +

󰀃
1
3
+ p ′ − φ

󰀄
ωb∇̃bΘ

󰁬
u̇a

−
󰁫
1
9
(2− 3φ)ΘJ − 1

27
(4− 3ψ)Θu̇bu̇

b +
󰀃
7
9
− 2p ′ + 3p ′2󰀄Θω2

− 2
3
φu̇b∇̃bΘ

󰁬
ωa +

󰀃
1
3
+ p ′ − φ

󰀄
u̇bωb∇̃aΘ+

󰀃
2
3
− φ

󰀄
Θωb∇̃bu̇

a

+
󰀃
1
3
+ p ′󰀄ωb∇̃b∇̃aΘ. (5.17)

Combining equation (5.17), (5.15) and (5.11), yields the following constraint equa-

tion (5.18) below. This is a much simpler constraint equation, since the double spatial

gradients do not have coefficients involving the pressure derivative with respect to the

energy density.

0 = (C13)
a := 1

2
ωa

󰀅
1
3
(2 + 15φ)ΘJ − (1 + 3p ′)ΘE + 1

9
(2− 81φ− 15ψ)Θu̇2

+ 1
3

󰀃
25− 18p ′ − 135p ′2󰀄Θω2 − (5− 9p ′ − 10φ)u̇b∇̃bΘ

󰀆

− 1
4
u̇a
󰀅
(2− 9φ)Θu̇bωb + (1 + 9p ′)ωb∇̃bΘ

󰀆
− ωb∇̃b∇̃aΘ

− 1
2
u̇bωb∇̃aΘ−Θωb∇̃bu̇

a − 1
4
(2− 9φ)Θu̇b∇̃bω

a

+ 1
4
(1− 9p ′)∇̃bΘ∇̃bω

a − 1
6
(1 + 3φ)Θ󰂃abcu̇

b∇̃cΘ. (5.18)

We have shown that whenever {σab = 0, Tab = ρuaub+phab} the following constraints

must be satisfied; (C1)
a → (C5)

a and (C6)
ab. The time propagation of these con-

straints is identically zero if (C7)
ab holds true, otherwise the next level consistency

relations (C8)
a → (C13)

a then follow. We still have to compute the time propagation

of constraint (C13)
a given by equation (5.18) to establish the consistency of the EFE

under the shear-free perfect fluid condition.
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``If only it weren't so damnably difficult to find

exact solutions!''

-Albert Einstein (letter to M. Born, c. 1936)

6
The case where the vorticity and

acceleration vector fields are parallel

6.1 The Theorem

In this chapter, we impose a simplifying assumption to prove the conjecture in the case

where the acceleration and vorticity vector fields are parallel; see the original proof

by Collins and White in reference [52] given using the orthonormal tetrad formalism.

49



This scenario can be stated in the following theorem, provided in its covariant form

by Senovilla et al. [13]. Here we included more details of the proof for completeness

and clarity. This theorem states that,

Theorem 2. If a rotating and expanding shear-free perfect fluid obeys a barotropic

equation of state and u̇a = ψωa, then Θω = 0.

6.2 The Proof

Proof. Let us consider the case where the acceleration vector field is proportional

to the vorticity vector field with a proportionality space-time scalar field ψ given as

follows;

u̇a = ψωa. (6.1)

The symbol ψ in equation (6.1) is not the same as the one from the previous chapter,

where the choice of ψ is so that we mimic the calculation done in reference [13], with

the condition that ψ ∕= 0. Henceforth, equation (9.26b) and (9.26e) can be rewritten

as two evolution equations for the acceleration vector field in the following way;

ü〈a〉 = −3
2
p ′(C1)

a −
󰀓

1
3
+ Ep′′

p′ − p ′ − 3p′2

ψ2

󰀔
Θu̇a +

3p ′

2ψ
󰂃abcω

b∇̃cψ, (6.2)

ü〈a〉 =
󰁫
ψ̇
ψ
−

󰀃
2
3
− p ′󰀄Θ

󰁬
u̇a. (6.3)

The comparison of equations (5.3) and (6.3) above yields the following information

about the space-time scalar ψ shown below;

󰂃abcω
b∇̃cψ = 0, (6.4)
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ψ̇ =
󰀓

1
3
− Ep′′

p′ + 3p′2

ψ2

󰀔
Θψ. (6.5)

The constraint equation (6.4) indicates that the spatial gradient of ψ and the vorticity

vector field are parallel, and equation (6.5) is the evolution equation for ψ. By

applying equation (6.1) and (6.4) to constraint (C1)
a given by equation (3.5a), we

obtain the following simple-looking equation for the spatial gradient of the expansion

scalar Θ, which is parallel to the vorticity vector field as well.

∇̃aΘ = −3
2
(C1)

a + 3p′

ψ
Θωa. (6.6)

By substituting for ∇̃aΘ which is given by equation (6.6) above, into the integrability

identity (9.30), leads to the following evolution equation for the expansion scalar Θ,

Θ̇ = 3p′2

ψ2 Θ
2 + 3

4ω2 󰂃abdω
a∇̃d(C1)

b. (6.7)

Upon taking the spatial divergence of constraint (C1)
a given by equation (3.5a), and

using the following relations; (9.36), (9.34) and (9.33), we arrive at the constraint

equation below;

0 = ∇̃c(C1)
c := −2

3
∇̃2Θ−

󰀃
2
3
− 6p ′󰀄Θω2 − 4

3
u̇c∇̃cΘ− 2(C1)

cu̇c. (6.8)

When substituting for equation (6.6), (6.1) and (3.5b) into equation (6.8) above, we

obtain the following constraint equation;

0 = −2p′

ψ
Θ(C2) +

3p′

ψ
(C1)

cωc − 2
󰀓

1
3
− Ep′′

p′ + 3p′2

ψ2

󰀔
Θω2 + 2p′

ψ2 Θωc∇̃cψ. (6.9)
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From equation (6.9) above, we can write down the following constraint equation (6.10)

resulting from the terms on the right-hand side which cannot be expressed in terms

of our original constraints,

0 = (C14) := Θ
󰁫

p′

ψ2ω
c∇̃cψ −

󰀓
1
3
− Ep′′

p′ + 3p′2

ψ2

󰀔
ω2

󰁬
. (6.10)

From the constraint equation (6.10) above, it is clear that either Θ = 0 and we are

done with the proof, or the terms within the square parentheses must vanish. This

will result in the following constraint equation;

0 = (C15) :=
p′

ψ2ω
c∇̃cψ −

󰀓
1
3
− Ep′′

p′ + 3p′2

ψ2

󰀔
ω2. (6.11)

Another expression for ωc∇̃cψ can be found by substituting for Θ̇ from equation (6.7)

into the Raychaudhuri equation (3.4a) and applying the condition (6.1) to obtain the

following,

0 = Λ− 3
2
E + µ−

󰀓
1
3
+ 3p′2

ψ2

󰀔
Θ2 + 2(1 + ψ2)ω2 + ωa∇̃aψ + (C2)ψ

− 3
4ω2 󰂃abcω

a∇̃c(C1)
b. (6.12)

From the terms on the right-hand side of equation (6.12) which cannot be expressed

in terms of our original constraints, we can extract the constraint equation which

involves the expression ωc∇̃cψ shown below;

0 = (C16) := Λ− 3
2
E + µ−

󰀓
1
3
+ 3p′2

ψ2

󰀔
Θ2 + 2(1 + ψ2)ω2 + ωa∇̃aψ. (6.13)
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Comparing equation (6.11) and (6.13), we can eliminate ωa∇̃aψ. The resulting terms

form the following constraint equation;

0 = (C17) := −
󰁫
3p ′2󰀃2 + 3p ′󰀄ψ2 −

󰀓
3Ep ′′ − p ′ − 6p ′2

󰀔
ψ4

󰁬
ω2

+ p ′2
󰀓
9p ′2 + ψ2

󰀔
Θ2 − 3

2
p ′2ψ2

󰀃
2Λ− 3E + 2µ

󰀄
. (6.14)

Operating on equation (6.14) with the operator 󰂃abcωb∇̃c in order to eliminate 󰂃abcωb∇̃cψ

and ∇̃aΘ according to equation (6.4) and (6.6) respectively, yields the following con-

straint equation;

󰂃abcω
b∇̃c(C17) = 2ψ2

󰀗󰁱
3p ′2󰀃2 + 3p ′󰀄−

󰀃
3Ep ′′ − p ′ − 6p ′2󰀄ψ2

󰁲
ω󰂃abcω

b∇̃cω

− 3
2
p ′2

󰀓
1 + 9p′2

ψ2

󰀔
Θ󰂃abc(C1)

bωc

󰀘
. (6.15)

We proceed similarly as before to extract the non-zero terms on the right-hand side

of equation (6.15) to form the constraint equation shown below;

0 = (C18)
a :=

󰁫
3p ′2󰀃2 + 3p ′󰀄−

󰀃
3Ep ′′ − p ′ − 6p ′2󰀄ψ2

󰁬
ω󰂃abcω

b∇̃cω. (6.16)

Equation (6.16) presents us with three options for consistency, either ω = 0 and the

proof is finished, or the terms in the square brackets must vanish (i), or the spatial

gradient of the vorticity scalar is parallel to the vorticity vector field (ii). We shall

discuss these cases separately as follows;

(i) Letting the terms within the square parentheses in equation (6.16) go to zero

leads us to the constraint equation below;

0 = (C19) := 3p ′2󰀃2 + 3p ′󰀄−
󰀃
3Ep ′′ − p ′ − 6p ′2󰀄ψ2. (6.17)
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Taking equation (6.17) into account, equation (6.14) becomes the following

constraint equation;

0 = (C20) := Λ− 3
2
E + µ−

󰀓
1
3
+ 3p′2

ψ2

󰀔
Θ2. (6.18)

The time propagation of equation (6.18) results in the following instructive

consistency constraint equation;

(Ċ20) =
1
2

󰀃
1 + 3p ′󰀄ΘE − 1

2ω2

󰀓
1 + 9p′2

ψ2

󰀔
Θ󰂃abcω

a∇̃c(C1)
b. (6.19)

The first term on the right-hand side of equation (6.19) becomes our new con-

sistency constraint equation as shown below;

0 = (C21) :=
󰀃
1 + 3p ′󰀄ΘE , (6.20)

where either Θ = 0 and the proof is done, or p′ = −1
3

which by equation

(6.14) implies that ψ2 + 1 = 0, which is not allowed since we are restricted

to real number solutions. Therefore we must have Θω = 0 as our consistency

condition, which completes the proof.

(ii) Or we have the following;

0 = (C22)
a := 󰂃abcω

b∇̃cω. (6.21)

In this case, we need to go back and time propagate equation (6.14) which gives

us the constraint equation below;

(Ċ17) = Θ

󰀝
E
󰁫
9p ′3(4 + 3p ′) + 9

2
p ′2(1 + 9p ′)ψ2

󰁬
−

󰀃
Λ+ µ

󰀄󰁫
6p ′3(4 + 3p ′)

+ 2p ′2(1 + 12p ′)ψ2
󰁬
+
󰁫
4p ′3(2 + 3p ′ + 18p ′2) + 18p′5

ψ2 (4 + 3p ′)

+ 2
3
p ′2(1 + 12p ′)ψ2

󰁬
Θ2 −

󰁫
27p ′4(2 + 3p ′) + 3p ′3(7 + 15p ′)ψ2

+ 1
3
p ′(1 + 6p ′)(−2 + 9p ′)ψ4

󰁬
ω2 + 4

3p′Z2ω2 + 3E2p(3)ψ4ω2
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− Z
󰁫
4p ′󰀃Λ− 3

2
Ep ′ + µ

󰀄
− 4p ′

󰀓
1
3
+ 3p′2

ψ2

󰀔
Θ2 −

󰀓
p ′(8− 3p ′)

+ (2 + 3p ′)ψ2
󰀔
ω2

󰁬
− 3p′2

2ω2

󰀃
9p ′2 + ψ2

󰀄
󰂃abcω

a∇̃c(C1)
b

󰀞
. (6.22)

In equation (6.22), we have defined Z as a linear combination (6.23) below since

it repeatedly appears in calculations to follow.

Z = 3p ′2󰀃2 + 3p ′󰀄−
󰀃
3Ep ′′ − p ′ − 6p ′2󰀄ψ2. (6.23)

From the terms on the right-hand side of equation (6.22) which cannot be

written in terms of our original constraint, including those we have constructed,

we have that either Θ = 0 and the proof is done or the non-vanishing terms

within the curly brackets must vanish. This gives us the following constraint;

0 = (C23) := 9E
󰁫
p ′3(4 + 3p ′) + 1

2
p ′2(1 + 9p ′)ψ2

󰁬
− 2

󰀃
Λ+ µ

󰀄󰁫
3p ′3(4 + 3p ′)

+ p ′2(1 + 12p ′)ψ2
󰁬
− Z

󰀝
4p ′

󰁫󰀃
Λ− 3

2
Ep ′ + µ

󰀄
−

󰀓
1
3
+ 3p′2

ψ2

󰀔
Θ2

󰁬

−
󰁫
p ′(8− 3p ′) + (2 + 3p ′)ψ2

󰁬
ω2

󰀞
+ 2

󰁫
2p ′3(2 + 3p ′ + 18p ′2)

+ 9p′5

ψ2 (4 + 3p ′) + 1
3
p ′2(1 + 12p ′)ψ2

󰁬
Θ2 −

󰁫
27p ′4(2 + 3p ′)

+ 3p ′3(7 + 15p ′)ψ2 + 1
3
p ′(1 + 6p ′)(−2 + 9p ′)ψ4

󰁬
ω2

+ 4
3p′Z2ω2 + 3E2p(3)ψ4ω2. (6.24)

Furthermore, when applying the operator ωa∇̃a in equation (6.14), and using

equation (6.11), (6.1) and (6.6), we obtain the following constraint equation;

ωa∇̃a(C17) =
ψ
p′ω

2

󰀝
9p ′2E

󰁫
p ′(4 + 3p ′) + 1

2
(1 + 9p ′)ψ2

󰁬
− 2p ′2󰀃Λ+ µ

󰀄󰁫
3p ′(4

+ 3p ′) + (1 + 12p ′)ψ2
󰁬
+ 2p ′2

󰁫
2p ′(2 + 3p ′ + 18p ′2) + 9p′3

ψ2 (4
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+ 3p ′) + 1
3
(1 + 12p ′)ψ2

󰁬
Θ2 − p ′

󰁫
27p ′3(2 + 3p ′) + 3p ′2(7+

15p ′)ψ2 + 1
3
(1 + 6p ′)(−2 + 9p ′)ψ4

󰁬
ω2 − Z

󰁫
2p′ψ
ω

ωa∇̃aω−

4p ′
󰀓

1
3
+ 3p′2

ψ2

󰀔
Θ2 + 4p ′󰀃Λ− 3

2
Ep ′ + µ

󰀄
−

󰀓
p ′(8− 3p ′)+

1
3
(2 + 15p ′)ψ2

󰀔
ω2

󰁬
− (C15)ψ

2
󰁫
6p ′2󰀃2 + 3p ′󰀄+ 4Z−

p′2

ω2

󰀃
6Λ− 9E − 2Θ2 + 6µ

󰀄󰁬
+ 3p′3

ω2

󰀓
9p′2

ψ
+ ψ

󰀔
Θ(C1)

aωa

+ 4
3p′Z2ω2 + 3E2p(3)ψ4ω2

󰀞
. (6.25)

From the constraint equation (6.25) above, one can see that either ω vanishes

and we have the proof, or the non-zero terms within the curly brackets must

vanish. This results in the constraint equation shown below;

0 = (C24) :=
ψ
p′ω

2

󰀝
9p ′2E

󰁫
p ′(4 + 3p ′) + 1

2
(1 + 9p ′)ψ2

󰁬
− 2p ′2󰀃Λ+ µ

󰀄󰁫
3p ′(4

+ 3p ′) + (1 + 12p ′)ψ2
󰁬
+ 2p ′2

󰁫
2p ′(2 + 3p ′ + 18p ′2) + 9p′3

ψ2 (4

+ 3p ′) + 1
3
(1 + 12p ′)ψ2

󰁬
Θ2 − p ′

󰁫
27p ′3(2 + 3p ′) + 3p ′2(7+

15p ′)ψ2 + 1
3
(1 + 6p ′)(−2 + 9p ′)ψ4

󰁬
ω2 − Z

󰁫
2p′ψ
ω

ωa∇̃aω−

4p ′
󰀓

1
3
+ 3p′2

ψ2

󰀔
Θ2 + 4p ′󰀃Λ− 3

2
Ep ′ + µ

󰀄
−

󰀓
p ′(8− 3p ′)+

1
3
(2 + 15p ′)ψ2

󰀔
ω2

󰁬
+ 4

3p′Z2ω2 + 3E2p(3)ψ4ω2

󰀞
. (6.26)

Equations (6.24) and (6.26) when compared, yield a straightforward constraint

equation shown below;

0 = (C25) := Z
󰁫󰀃

2
3
− p ′󰀄ω3 + p′

ψ
ωa∇̃aω

󰁬
. (6.27)

Since Z is equal to constraint (6.17) and thus Z cannot be zero, in this case,
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only the terms within the square parentheses in equation (6.27) must be zero;

this leads us to the following constraint equation,

0 = (C26) :=
󰀃
2
3
− p ′󰀄ω3 + p′

ψ
ωa∇̃aω. (6.28)

At this point, equation (6.21) and (6.28) become our new constraints which

require our attention. As a result, the time propagating equation (6.21) above

gives us the following constraint equation;

˙(C22)
〈a〉

=
󰀃
2p ′ − 5

3

󰀄
Θ(C22)

a + ψ
p′ (C26)ω

a +
󰀃
3
2
p ′ − 1

󰀄
ω󰂃abc(C1)

bωc

+
󰀃
1− 2

3p′

󰀄
ψω3ωa − ω2∇̃aω. (6.29)

The terms on the right-hand side of equation (6.29) which cannot be written in

terms of the other constraints, give us the new constraint equation below;

0 = (C27)
a := ω2

󰁫󰀃
1− 2

3p′

󰀄
ψωωa − ∇̃aω

󰁬
. (6.30)

From equation (6.30), we can see that either the vorticity scalar ω vanishes and

we are done or that the terms within the square brackets must vanish, giving

us the following constraint equation;

0 = (C28)
a :=

󰀃
1− 2

3p′

󰀄
ψωωa − ∇̃aω. (6.31)

Equation (6.31) above shows that the spatial gradient of the vorticity is parallel

to the vorticity vector field. The time propagation of the constraint equation

(6.31) above vanishes as shown by the equation (6.32) below;

˙(C28)
〈a〉

=
󰀃
p ′ − 1

󰀄
Θ(C28)

a − 󰂃abc(C28)
bωc +

󰀃
3
2
p ′ − 1

󰀄
ω(C1)

a. (6.32)

Equation (6.31) is closed under time propagation and does not give us any new
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information. Similarly, equation (6.28) also closes under time-propagation and

does not give us any new information either, as seen from equation (6.33) below;

(Ċ26) =
󰀓
− 2 + 2p ′ − 3p′2

ψ2

󰀔
Θ(C26) +

p′

ψ

󰀓
1− 3p′

2

󰀔
ω(C1)

aωa. (6.33)

At this point, it seems we cannot proceed further. However, we can consider

one more integrability condition. This is the Ricci identities for the vorticity

given by equation(9.33), together with all the relations we have obtained up to

this point. This leads to the following constraint equation;

0 = (C28)a(C28)
a − 2

p′

󰀓
1 + 1

3p′

󰀔
ψ2ω(C26) +

2
3

󰀓
2− 1

p′

󰀔
ψω2(C2)

− 2

3p ′

󰀓
1 + 1

p′

󰀔
ψ2ω2(C15)−

󰀓
2
3
(C18) + E − 2p′2

ψ2 Θ
2
󰀔
ω2

−
󰁫

2
9p′2 (C17)−

󰀓
1 + 2

3p′2 − 4
3p′

󰀔
ψ2

󰁬
ω4 + (C6)abω

aωb

− 2
󰀓
1− 2

3p′

󰀔
ψω(C28)

aωa − ωa∇̃a(C2)− ω∇̃a(C28)
a

− ∇̃bωa∇̃bωa. (6.34)

Extracting the non-zero terms from equation (6.34) above, we are left with the

new constraint equation shown below;

0 = (C29) :=
󰀓
− E + 2p′2

ψ2 Θ
2
󰀔
ω2 +

󰀓
1 + 2

3p′2 − 4
3p′

󰀔
ψ2ω4 − ∇̃bωa∇̃bωa. (6.35)

Equation (6.35) is equivalent to equation (79) in [13], if we defined a projection

tensor Qab, which is orthogonal to both ua and ωa as follows;

Qab = hab − ω̂aω̂b, (6.36)

where we have defined ω̂a to be a unit vector in the direction of the vorticity,
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which has the property that ˙̂ω〈a〉 = 0. Finally, the time propagation of equation

(6.35) leads us to the following constraint equation below;

(Ċ29) = E
󰀃
1
3
+ p ′󰀄Θω2 − 2

󰀃
1− p ′󰀄Θ(C29) +

󰀃
2− 3p ′󰀄ω(C1)

a(C28)a

+
󰀓
(C2)−

󰀃
3− 4

3p′ − 3p ′󰀄ψω2
󰀔
(C1)

aωa − (C1)
aωb∇̃bωa

− 2
󰀓

5p′

ψ
+ ψ

󰀃
4
3
+ p ′󰀄+ Z

3p′ψ

󰀔
Θω(C28)

aωa

− 2
3
(C2)󰂃abcω

a∇̃cωb + 3p′2

ψ2 Θ󰂃abcω
a∇̃c(C1)

b

− 2
󰀓

p′

ψ
+ 1

3
ψ
󰀔
Θω2(C2). (6.37)

From equation (6.37) above, it is clear that the proof is done since we can extract

our new constraint from the non-zero terms on the right-hand side, giving us

the following constraint equation;

0 = (C30) := E
󰀃
1
3
+ p ′󰀄Θω2. (6.38)

We have shown in case (i) above that the constraint equation (6.38) leads to

the required condition for the theorem to be true; hence we have that Θω2 = 0.

This finishes the proof. The discussion of this section follows that of section

(4) in reference [13]. But, we have provided a neat proof and more details

than in [13]. The case where the acceleration and vorticity vector fields are

orthogonal will be addressed in the next chapter. This leads to the situation

where a Killing vector along the vorticity exists.
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In my opinion, the theory presented here is the

logically simplest relativistic field theory which is

at all possible. But this does not mean that na-

ture might not obey a more complex field theory.

-Albert Einstein (The Meaning of Relativity)

7
The case where the vorticity and

acceleration vector fields are not parallel

In their work, see reference [27], Van den Bergh and Slobodeanu provided two general

proofs for the following theorems; the first states that if for a shear-free perfect fluid,

obeying a barotropic equation of state,
󰀓
U̇1 =

u̇1

p′λ

󰀔
and

󰀓
U̇2 =

u̇2

p′λ

󰀔
are basic, then

(ωΘ = 0), where the word basic means that
󰀓
∂0(U̇1) = 0

󰀔
and

󰀓
∂0(U̇2) = 0

󰀔
. The

second theorem states that if for a rotating and expanding shear-free perfect fluid,
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obeying a barotropic equation of state,
󰀓
U̇3 =

u̇3

p′λ

󰀔
is basic, then a Killing vector along

the vorticity exists. These proofs were produced using the orthonormal tetrad formal-

ism mentioned in Chapter (1), where
󰀃
λ = exp

󰁕
dµ
3E
󰀄

and the tetrad fixing convention

is such that the vorticity is aligned with (∂3), see reference [27] for details. Hence-

forth, in this chapter, we shall use the following general definition for a basic tensorial

object;

Definition: A spatially projected tensorial object ζ on a manifold (M,g,u) is called

basic if its spatially projected Lie derivative along (u) vanishes [24], with this def-

inition, we proceed to provide covariant versions of the theorems mentioned above,

extending these results to the case where the acceleration is rescaled by a general

function of the energy density f(µ).

7.1 The case where the components of the (rescaled) ac-

celeration orthogonal to the vorticity are basic

If a barotropic equation of state governs a rotating and expanding shear-free perfect

fluid with energy condition that (p+ µ ∕= 0), then there exists a unit vorticity vector

field defined as follows;

ω̂a =
ωa

ω
. (7.1)

The unit vorticity vector defined by equation (7.1) has the property that ( ˙̂ω〈a〉 = 0),

and it can be used to construct a projection tensor (Qa
b) which projects vectors onto

the space orthogonal to the vorticity and is expressed in the following way;

Qa
b = ha

b − ω̂aω̂b. (7.2)
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The projection tensor (Qa
b) has the following properties; (Qa

a = 2), (Qa
bQ

b
c = Qa

c),

(ωa
bQ

b
c = ωa

c), (ωc
aωc

b = ω2Qa
b), (Q̇〈ab〉 = 0) and (Qa

b) is naturally orthogonal to

the unit vorticity vector field (ω̂a). The tensor (ωab) is the rotation tensor defined as

(ωab = 󰂃abcω
c). Let us use (Qa

b) to provide proof of Theorem (3) below, which is a

covariant version of Theorem (1) given in reference [27].

Theorem 3. If for a shear-free perfect fluid obeying a barotropic equation of state

(U̇Q)
a or (U̇ω)

a is basic, then ωΘ = 0.

Proof. Let the rescaled acceleration vector field be U̇a = u̇a
󰀓

1
p′λ2

󰀔
, notice that the

rescaling factor differ by a factor of ( 1
λ
) from the one used in reference [27]. This is

because, here, we are dealing with projected (by ha
b) Lie derivatives of vectors instead

of Lie derivatives of scalars, as in the orthonormal tetrad formalism. However, this

does not affect the results of the proof, as we shall see. In addition, this allows us to

write the evolution equation for (U̇a) in the following way;

Ü 〈a〉 =
F a

λ2
+

1

3
ΘU̇a − ωa

cU̇
c, (7.3)

where equation (3.7d) and (5.3) have been used and the vector field (F a) is defined

as (F a = Θu̇a + ∇̃aΘ). Equation (7.3) gives us the projected Lie derivative of (U̇a)

along the velocity vector field (ua) shown below;

ha
bLuU̇

b =
F a

λ2
. (7.4)

Let (U̇Q)
a = Qa

bU̇
b and (U̇ω)

a = 1
ω
ωa

bU̇
b be the component vectors of the rescaled

acceleration vector field lying on the plane orthogonal to the vorticity. Therefore,

equation (7.4) together with (Q̇〈ab〉 = 0) and
󰀃
ω̇〈ab〉 =

󰀃
p′ − 2

3

󰀄
ωab

󰀄
allow us to calcu-
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late and write down the projected Lie derivative of (U̇Q)
a and (U̇ω)

a as follows;

ha
bLu(U̇Q)

b =
F bQa

b

λ2
, (7.5)

ha
bLu(U̇ω)

b =
F bωa

b

λ2ω
. (7.6)

The premise of this proof is that (U̇Q)
a or (U̇ω)

a are basic, which implies that the

left hand side of equation (7.5) and (7.6) above must vanish, giving us the following

constraint equations;

F bQa
b = 0 = F bωa

b. (7.7)

The time propagation equation for the vector field (F a) can be achieved by applying

equation (5.3) and (5.9) resulting in the following evolution equation;

Ḟ 〈a〉 =

󰀕
p ′Θ̇−

󰀕
Ep ′′ +

1

3
p ′(3p ′ − 2)

󰀖
Θ2

󰀖
λ2U̇a − 9

2
Ep ′′Θωλ2(U̇ω)

a

+ (2p ′ − 1)ΘF a. (7.8)

Aided by the propagation equation (7.8) above, we can propagate equation (7.7) on

both sides and upon applying equation (7.7) itself to eliminate vanishing terms, we

arrive at the following constraint equation;󰀕
Θ̇−

󰀕
Ep ′′

p ′ +
1

3
(3p ′ − 2)

󰀖
Θ2

󰀖
(U̇Q)

a =
9Ep ′′

2p ′ Θω(U̇ω)
a. (7.9)

Assuming that Θω ∕= 0, constraint equation (7.9) above is impossible since (U̇Q)
a

and (U̇ω)
a are orthogonal non-zero vector fields by definition, except if their scalar

coefficients vanish. It follows that p ′′ = 0, which is equivalent to equation (49) given

in reference [27]. This condition leads to the following propagation equation for the
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expansion scalar (Θ);

Θ̇ =

󰀕
p ′ − 2

3

󰀖
Θ2. (7.10)

By applying the Raychaudhuri equation (3.4b) into equation (7.10), we can show that

equation (7.10) is equivalent to equation (50) in reference [27]. Furthermore, we note

that equation (5.9) can be written in a much simpler form as follows;

0 = Θ

󰀕󰀓2
3
− p ′

󰀔
F a +

9Ep ′′

2p ′ u̇bωa
b

󰀖
+ ∇̃aΘ̇

− u̇a

󰀕󰀓2
3
− p ′

󰀔
Θ2 − Θ̇

󰀖
. (7.11)

Upon applying equation (7.10) together with the condition that (p ′′ = 0) in equa-

tion (7.11), we obtain the following instructive constraint equation;

0 =

󰀕
2

3
− p ′

󰀖
ΘF a. (7.12)

Equation (7.12) above, implies that either (F a = 0) or (2
3
− p ′ = 0). The vector field

(F a) can be written alternatively as
󰀓
e−γ∇̃aF

󰀔
, where

󰀃
γ =

󰁕
dp
E
󰀄

and (F = e−γΘ).

The evolution equation for (F) can be obtained by applying equation (7.10) giving us

the following equation;

Ḟ =
2

3
eγ (3p ′ − 1)F2. (7.13)

In the case where (F a = 0), we have that (∇̃aF) vanishes, implying that the covariant

derivative of (F) is given by the equation (∇aF = −uaḞ). This shows that the velocity

vector field (ua) is hypersurface orthogonal, hence the vorticity (ωa) vanishes unless

(Ḟ = 0), whence by equation (7.13) we have that either (F = e−γΘ = 0) or
󰀃
p′ = 1

3

󰀄
,
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see reference [8] for the proof, in both of these cases, the shear-free perfect fluid

conjecture is valid. Thus, if (ωΘ ∕= 0) in equation (7.12), we only have the case where
󰀃
2
3
− p ′ = 0

󰀄
to investigate. Under this condition, equation (7.10) together with the

Raychaudhuri equation (3.4b) gives us the following constraint equation;

0 = Θ̇ = −1

3
Θ2 + J + 2ω2 − 1

2
(µ+ 3p) + Λ, (7.14)

this equation can be rewritten for convenience in the following way;
1

3
Θ2 − 2ω2 − Λ = J − 1

2
(µ+ 3p). (7.15)

In equation (7.15) above, we have written the left-hand side such that its time prop-

agation vanishes, since (Θ̇ = 0 = ω̇). Furthermore, the evolution equation for (J )

which appears on the right-hand side of equation (7.15), originally given by equa-

tion (9.26d) can be simplified to give us the following evolution equation;

J̇ =
5

3

󰀃
F au̇a + 2Θω2

󰀄
. (7.16)

Time propagating both sides of equation (7.15) and using equation (7.16) gives us

the following constraint equation;

−2Θω2 = F au̇a +
9

10
Θ(p + µ). (7.17)

In order to time propagate equation (7.17) above, we need to rewrite equation (7.8)

and (5.3) into their simplified form as follows;

Ḟ 〈a〉 =
1

3
ΘF a, (7.18)

ü〈a〉 =
2

3
F a − 1

3
Θu̇a − u̇cωa

c. (7.19)

Time propagating equation (7.17), and using equations (7.18) and (7.19), we obtain
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the following constraint equation;

0 = FaF
a − 9

4
Θ2(p + µ). (7.20)

Upon time propagating equation (7.20) above, and applying equation (7.18) and using

equation (7.20) itself to eliminate the variable (F aFa), we arrive at the following

constraint equation;

0 = Θ2(p + µ). (7.21)

Therefore, (Θ) must vanish since (p + µ ∕= 0) and we have the proof.

The above theorem (3) inspired the following theorem (4), where we generalise the

acceleration vector field rescaling function to f(µ).

Theorem 4. If for a shear-free perfect fluid obeying a barotropic equation of state

(V1)a = Qabf u̇
b or (V2)a = 󰂃abcω̂

cf u̇b are basic, then ωΘ = 0.

Proof. It is useful to note that (V1)
a(V2)a = 0. This observation will become useful

later in the proof. The requirements that vectors (V1)a and (V2)a are basic, implies

that the following equations must be satisfied;

ha
bLu(V1)b = 0, (7.22)

ha
bLu(V2)b = 0. (7.23)

Equation (7.22) and (7.23) above can be shown to be equivalent to the following

constraint equations by using equation (5.3) given in Chapter (5);

Qab∇̃bS = 0, (7.24)

󰂃abcω̂
b∇̃cS = 0. (7.25)
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The scalar (S) appearing in equation (7.24) and (7.25) above is defined by the fol-

lowing equation;

eS = e−γ (p ′fΘ) , (7.26)

such that the time and space derivatives of (S) are given as follows;

Ṡ = −SΘ+
Θ̇

Θ
, (7.27)

∇̃aS = −S
u̇a

p ′ +
∇̃aΘ

Θ
. (7.28)

In equation (7.27) and (7.28) above the scalar function (S) is given by equation (9.2) in

Appendix (9), these equations can be used to obtain the time-space derivative com-

mutator of (S) shown below;

ha
b

󰀃
∇̃bS

󰀄.
= (g1)u̇

a + (g2)ω(V2)
a + (g3)∇̃aS. (7.29)

The scalar coefficients (g1), (g2) and (g3) appearing in equation (7.29) above are

given by equation (9.6), (9.7) and (9.8) in Appendix (9) respectively. To obtain

equation (7.29) above, we take the time propagation of the constraint equation (3.5a),

which can be written as follows;

∇̃aΘ̇ = Θ
󰁫
(g3 + g4Θ)u̇a + (g2)ω(V2)

a + (g5)Θ∇̃aS
󰁬
. (7.30)

In equation (7.30) the scalars (g4) and (g5) are given by equation (9.9) and (9.10)

in Appendix (9) respectively. Furthermore, equation (7.24) and (7.25) above can be

rotated into each other by the rotation tensor (ωa
b), hence we shall time propagate

only one of them to check for consistency. Therefore, taking the time propagation of

constraint equation (7.24) and applying equation (7.29) gives the following constraint
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equation;

0 = (g1)(V1)a + (g2)f ω(V2)a. (7.31)

In equation (7.31) above, we note that since (V1)a is orthogonal to (V2)a then con-

sistency requires that the scalar coefficients (g1 and g2) must vanish otherwise (V1)a

and (V2)a vanish, which implies that the acceleration vector field is parallel to the

vorticity completing the proof by Theorem (2) discussed in the previous Chapter (6).

Therefore, the (g1 = 0 and g2 = 0) requirement leads to the following new evolution

equation for (Θ) and the energy density constraint equation respectively;

0 = HΘ2 +SΘ̇, (7.32)

0 = (2− 9φ)p ′ −S(1− 9p ′). (7.33)

In equation (7.32) above, the scalar function of the energy density (H) is given by

equation (9.5) in Appendix (9) and the time propagation of equation (7.33) above,

gives the following constraint equation;

0 = I(2− 9φ)p ′ + (1− 9p ′)
󰀃
9p ′2χ+ H(1− 9p ′)

󰀄
, (7.34)

where the scalar (I) is given by equation (9.11) in Appendix (9). Furthermore, we

can substitute for (S) and (H) from equation (7.33) and (7.34) respectively into

equation (7.32) giving us the following evolution equation for (Θ);

(2− 9φ)(1− 9p ′)Θ̇ =
󰀃
I(2− 9φ) + 9p ′(1− 9p ′)χ

󰀄
Θ2. (7.35)

Therefore, substituting for (Θ̇) and (S) from equations (7.35) and (7.33) into equa-
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tion (7.30) we arrive at the following constraint equation;

0 = (A)u̇a +
1

3
(D)(2− 9φ)(1− 9p ′)∇̃aS. (7.36)

The scalars (A) and (D) appearing in equation (7.36) above are given by equa-

tion (9.19) and (9.17) in Appendix (9). Upon projecting with (Qa
b) and applying

equation (7.24), equation (7.36) simplifies to the following constraint equation;

0 = (A)(V1)
a. (7.37)

Equation (7.37) above presents us with the following cases; the first case is where

(V1)
a = 0, and we have the proof according to Theorem (2) appearing in the pre-

vious Chapter (6). The second case is where (A = 0), which by equation (9.19) in

Appendix (9) gives us the following constraint equation;

0 = D2 + (2− 9φ)

󰀕
2

3
DK+

1

36
L(2− 9φ) + 324αp ′2(1− 9p ′)2

󰀖
, (7.38)

where the scalars (K), (L) and (α) are given in Appendix (9) by equation (9.14),

(9.15) and (9.20) respectively. Furthermore, when (A = 0) equation (7.36) reduces

to the following constraint equation;

0 = (D)(2− 9φ)(1− 9p ′)∇̃aS. (7.39)

Equation (7.39) above gives us four cases to consider; we shall begin with the case

where (D = 0), whence by equation (9.17) in Appendix (9), we have the following

equation;

0 = J(2− 9φ) + 54p ′(1− 9p ′)χ. (7.40)

Time propagating equation (7.40) above and applying the evolution equation for (J)

given by equation (9.27) in Appendix (9), and upon using equation (7.40) itself in
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order to eliminate the variable (χ) we arrive at the following constraint equation;

0 =

󰀕
1

36
L(2− 9φ) + 324αp ′2(1− 9p ′)2 + 6p ′(1 + 3φ)(2− 9φ)(1− 9p ′)2

󰀖
Θ. (7.41)

The scalar function of the energy density (L) appearing in equation (7.41) above is

given by equation (9.16) in Appendix (9). In addition, setting (D = 0) in equa-

tion (7.38) gives us the following constraint equation;

0 = (2− 9φ)

󰀕
1

36
L(2− 9φ) + 324αp ′2(1− 9p ′)2

󰀖
, (7.42)

and since we are looking at the case where (9φ− 2)(9p ′ − 1) ∕= 0 in equation (7.39),

equation (7.42) implies that

0 =
1

36
L(2− 9φ) + 324αp ′2(1− 9p ′)2. (7.43)

Equation (7.43) above enable us to write equation (7.41) as follows;

0 = (1 + 3φ)(2− 9φ)(1− 9p ′)2Θ. (7.44)

In equation (7.44) above, we have that (1+3φ) must vanish since (9φ− 2)(9p ′− 1) ∕=

0 in this case, implying that (0 = φ̇ = p ′χΘ), where either (χ) vanishes or the

conjecture holds. Under these conditions equation (7.40) implies that (J = 0), where

by equation (9.13) in Appendix (9) together with the condition that (1+3φ = 0), we

obtain the following constraint equation;

0 = (2− 3p ′)(1 + 3p ′). (7.45)

Equation (7.45) above, gives us that either (2−3p ′ = 0) and then (Θ) vanishes by the

previous Theorem (3) or that (1+3p ′ = 0), implying that (Θω = 0), see the following

references [11, 15, 17, 53] for further details. The second case in equation (7.39)

is where (2 − 9φ) = 0, which by equation (7.33) implies that (S = 0), as a result
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equation (7.25) and (7.28) give us the following constraint equation;

0 = ωa
b∇̃bΘ. (7.46)

Upon taking the spatial divergence of (7.46) above, one obtains the following con-

straint equation;

0 = Θ̇ω2 − 1

3
∇̃aΘ∇̃aΘ. (7.47)

Time propagating equation (7.47) above and using it to eliminate the
󰀃
∇̃aΘ∇̃aΘ

󰀄

terms, we arrive at the second order evolution equation for the expansion scalar (Θ)

shown below,

0 = Θ̈+
2

3
ΘΘ̇. (7.48)

Furthermore, equation (5.9) can be rewritten in terms of (Θ̇) in the following way;

0 = ∇̃aΘ̇+ u̇aΘ̇+

󰀕
2

3
− p ′

󰀖
Θ∇̃aΘ. (7.49)

Time propagating equation (7.49) further and projecting with (Qc
a) leads to the

following constraint equation;

0 = (V1)
a

󰀕
Θ̈− 1

9
ΘΘ̇

󰀖
− 1

2
(V2)

aΘ̇ω +
1

2
fQa

c∇̃cΘ̈− 1

6
f
󰀃
Qa

cΘ+ 3ωa
c

󰀄
∇̃cΘ̇. (7.50)

Applying equation (7.48) and (7.49) to substitute for (Θ̈) and (∇̃aΘ̇) into equa-

tion (7.50) above, we obtain the following instructive constraint equation;

0 = (V1)
aΘΘ̇. (7.51)

The only interesting part of equation (7.51), is the case where (Θ̇ = 0) since where

(V1)
aΘ = 0, the conjecture is valid. Therefore, where (Θ̇ = 0) equation (7.47) gives

us the following constraint equation;

0 = ∇̃aΘ∇̃aΘ, (7.52)
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The condition (7.52) above implies that (Θ) is a spacetime constant. Consequently,

constraint equation (3.5a) takes the following form;

0 = 2󰂃abcu̇
bωc + 󰂃abc∇̃bωc. (7.53)

Taking the spatial divergence of both sides of equation (7.53) above, we arrive at the

following illuminating constraint equation;

0 = (1− 9p ′)Θω2. (7.54)

In equation (7.54) above, we have that either (Θω = 0) and we have the proof or

(1 − 9p ′) = 0, this case has been dealt with in reference [54], therefore (Θω) must

vanish. The fourth and the last case in equation (7.39) is where (∇̃aS = 0), implying

that (ωa = 0) unless (Ṡ = 0). This means (S) is a spacetime constant. Therefore,

equation (7.26) implies that
󰀓
Θ = 1

p′f e
γ+S

󰀔
indicating that (Θ) is a function of the

energy density and the shear-free perfect fluid conjecture holds, see references [10--12]

for further details.
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7.2 The case where the component of the (rescaled) ac-

celeration parallel to the vorticity is basic

The component of the acceleration vector field (u̇a) which is parallel to the vorticity

vector field (ωa), is defined in the following way;
󰀃
u̇bω̂b

󰀄
ω̂a. (7.55)

It has been shown that if the time evolution of
󰀓

u̇3

λp′

󰀔
vanishes, a Killing vector parallel

to the vorticity exists, the proof can be found in reference [27] where (u̇3) represents

the dot product (u̇bω̂b). This section aims to prove that we can draw the same

conclusion for the case where the time evolution of
󰀃
f u̇bω̂b

󰀄
vanishes, where the scalar

function (f = f(µ)) is purely a function of the energy density. Before we proceed, let

us first prove that when the time evolution of
󰀓

u̇bω̂b

λp′

󰀔
vanishes, a Killing vector exists

along the vorticity. The following theorem is a covariant version of Theorem (2) in

references [27], produced using the orthonormal tetrad formalism.

Theorem 5. If a rotating and expanding shear-free perfect fluid is obeying a barotropic

equation of state and
󰀓

u̇bω̂b

λp′

󰀔
is basic, then a Killing vector parallel to the vorticity

exists.

Proof. The scalar field
󰀓

u̇bω̂b

λp′

󰀔
is called basic if its time evolution vanishes. Hence, by

applying equation (5.3), this property leads us to the following constraint equation;

F cω̂c = 0, (7.56)

where the vector filed (F a) appearing in equation (7.56) above is conveniently defined

as (F a = Θu̇a + ∇̃aΘ). The time evolution equation for (F a) can be obtained by

applying equation (5.3) and (9.29), where the expansion scalar (Θ) is used instead of
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(S), giving us the following time evolution equation;

Ḟ 〈a〉 = (2p ′ − 1)ΘF a +
󰀓
(1− φ− 2p ′)Θ2 + Θ̇

󰀔
u̇a

+
3

2

󰀓
(3p ′ − 1)F c + (1− 3φ− 3p ′)Θu̇c

󰀔
ωa

c. (7.57)

The evolution equation (7.57), allows us to time propagate equation (7.56) on both

sides, giving us the following constraint equation;

0 = u̇aω̂a

󰀓
(1− φ− 2p ′)Θ2 + Θ̇

󰀔
. (7.58)

Therefore, in equation (7.58), we have that either (u̇aω̂a = 0) or the term enclosed by

the brackets must vanish, resulting in the following constraint equation;

0 = (1− φ− 2p ′)Θ2 + Θ̇. (7.59)

Equation (7.59) above is equivalent to equation (48) in references [27]. From the time

propagation of equation (3.5c), one obtains the following equation;

∇̃aΘ̇ =

󰀕
p ′ − 2

3

󰀖
ΘFa +

󰀕󰀕
2

3
− p ′

󰀖
Θ2 − Θ̇

󰀖
u̇a

+
1

2

󰀓
(9p ′ − 1)F b + 3(1− 3φ− 3p ′)u̇bΘ

󰀔
ωab. (7.60)

Upon taking the spatial gradient of equation (7.59) and applying equation (7.60)

above, we arrive at the following constraint equation;

0 = (1− 3φ− 3p ′ + χ)Θ2u̇a −
1

3
(4− 6φ− 9p ′)ΘFa

− 1

2

󰀓
(9p ′ − 1)F b + 3(1− 3φ− 3p ′)u̇bΘ

󰀔
ωab. (7.61)

Therefore, contracting equation (7.61) above with (ω̂a) and taking equation (7.56)
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into account, we obtain the following constraint equation;

0 = (1− 3φ− 3p ′ + χ)Θ2u̇aω̂a. (7.62)

Since we have chosen the case where (u̇aω̂a ∕= 0) in equation (7.58), then the following

constraint must be satisfied for the consistency of equation (7.62);

0 = 1− 3φ− 3p ′ + χ. (7.63)

Equation (7.63) above is equivalent to equation (51) appearing in reference [27], where

the full expressions for (φ) and (χ) given by equations (3.16b) and (9.1) have been

used. This allows us to simplify equation (7.61), giving us a new constraint equation

shown below;

0 =

󰀕
4

3
− 2φ− 3p ′

󰀖
ΘFa +

1

2
(9p ′ − 1)F bωab

− 3 (1− 3φ− 3p ′)Θu̇bωab. (7.64)

Substituting for (Fa) into equation (7.64) above, one obtains an equation which

corresponds to equation (52) and (53) in reference [27]. Aided by equation (7.64)

and (7.59), equation (7.57) simplifies and can be written as follows;

Ḟ 〈a〉 =

󰀕
2φ+ 5p ′ − 7

3

󰀖
ΘF a − ωa

bF
b. (7.65)

Time propagating equation (7.64), and applying equation (7.65), (7.59) and (7.64)

itself in order to eliminate the (u̇bωab) terms, we arrive at the following constraint

equation;

0 = (h1) ωabF
b + (h2) Fa, (7.66)

where the scalar functions (h1) and (h1) appearing in equation (7.66) above are given
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by the following equations;

h1 = φ− 2

3
(1− 6p ′), (7.67)

h2 =
2

3

󰀓󰀃
9h1

2 + h1(1− 27p ′) + 5p ′󰀄Θ+ 18ḣ1

󰀔
. (7.68)

Therefore, equation (7.66) implies that either (Fa = 0) and then the vorticity vanishes

by Theorem (3), and we are done or (h1 = 0) and (h2 = 10
3
p ′Θ = 0) implying that

(Θ = 0) and we have the proof. Finally, we need to return to the case where (V =

u̇aω̂a = 0), which implies that (Z = ω̂a∇̃aΘ = 0) since (ω̂aF
a = 0) by equation (7.56).

Hence, it can be shown that (Ż = 0) and (V̇ = 0) by employing equation (5.3)

and (9.29). In addition, the spatial gradients of (Z) and (V ) must vanish, giving us

the following constraint equations respectively;

ωc∇̃c∇̃aΘ = Hac∇̃cΘ, (7.69)

ωc∇̃cu̇a = Hacu̇
c − 1

3
Yωa. (7.70)

The scalar (Y) appearing on the right hand side of equation (7.70) above is defined

by the equation (󰂃abcu̇
b∇̃cΘ = Yωa). Equation (7.69) and (7.70) allow us to rewrite

constraint equation (5.17) and (5.11) appearing in Chapter (5) in the following way;

Ha
b

󰀓
(2− 3φ)u̇bΘ+ (1 + 3p ′)∇̃bΘ

󰀔
= h3ω

a, (7.71)

Ha
b

󰀓
(2− 9φ)u̇bΘ+ (9p ′ − 1)∇̃bΘ

󰀔
= h4ω

a. (7.72)

Equation (7.71) is associated with equation (59) and (60) appearing in reference [27],

the extra constraint equation (7.72) is necessary to simplify our analysis from now
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on. In equation (7.71) and (7.72) above, the scalar functions (h3) and (h4) are defined

as follows;

h3 =
1

3
Θ
󰀃
(2− 3φ)(J + Y)− 3u̇2(2φ+ χ) +

󰀃
7− 18p ′ + 27p ′2󰀄ω2

󰀄

− 2φu̇b∇̃bΘ, (7.73)

h4 =
1

2
Θ
󰀃
2E(1 + 3p ′)− 8J − (8− 15φ)Y + 36φu̇2 − 8(5− 9p ′)ω2

󰀄

+ 6(1− 3p ′)u̇b∇̃bΘ+
13

2
h3. (7.74)

Furthermore, equation (7.71) and (7.72) can be simplified further, giving us the fol-

lowing two constraint equations;

Ha
bu̇

bΘ = h5 ωa, (7.75)

Ha
b∇̃bΘ = h6 ωa, (7.76)

where the scalar functions (h5) and (h6) are given by the following equations;

h5 = − 1

12

p ′

Ep ′′ (h4 (1 + 3p ′) + h3 (1− 9p ′)) , (7.77)

h6 =
1

4
(3h3 − h4)− h5. (7.78)

It is useful to define scalars (B = e−γ(1− 3p ′)Θ) and (G = e−γ(1− 9p ′)Θ), such that

the evolution equations for (Hab) and (∇̃aΘ) are given in the following compact form;

Ḣ〈ab〉 = (p ′ − 1)ΘHab + 2ωc
(aHb)c + eγω(a∇̃b)B, (7.79)

ha
b(∇̃bΘ)˙ = (p ′ − 1)Θ∇̃aΘ+ ωc

a∇̃cΘ+
1

2
eγωc

a∇̃cG. (7.80)
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It is also useful to note that the scalar (G) can be used to rewrite equation (7.72) as

follows;

Ha
b∇̃bG = −e−γh4ω

a, (7.81)

and equation (7.76) can be rotated by contracting both sides by the rotation tensor

(ωe
a), giving us the following constraint equation;

0 = ωa
dH

d
b∇̃bΘ. (7.82)

Time propagating equation (7.82) and applying equation (7.79), (7.80), (7.81) and

equation (7.76) we obtain the following constraint equation;

0 =
󰀃
HcbQcb

󰀄
∇̃aG. (7.83)

In equation (7.83) above, one can show that (HbcQbc = Hbcω̂bω̂c = ω̂b∇̃bω). Fur-

thermore, equation (7.83) indicate that either (∇̃aG = 0) then the vorticity vanishes

unless (G) is a constant, then (Θ) is purely a function of the energy density, and we

have the proof (see references [10--12]) or that
󰀓
HcbQcb = ω̂b∇̃bω = 0

󰀔
. Upon taking

the spatial gradient of (ω̂b∇̃bω = 0) both sides, we are lead to the following equation;

ωb∇̃a∇̃bω = Ha
b∇̃bω +

1

3
Wωa. (7.84)

The scalar function (W) appearing on the right hand side of equation (7.84) above

is defined by the equation (󰂃abc∇̃bΘ∇̃cω = Wωa) because both (∇̃aΘ) and (∇̃aω) are

orthogonal to the vorticity. Equation (7.84) above is essential in the following proof

of the existence of a Killing vector (Ka) parallel to the vorticity, this Killing vector

(Ka = ω̂aK) must obey the Killing equation (∇(aKb) = 0). This leads to the time

evolution equation for (K) (when we contract the Killing equation with uaω̂b), the

spatial gradient equation for (K) (when we contract the Killing equation with ω̂b and
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project with he
a) and to the (Hab) constraint equation (when the Killing equation

is fully projected by (hb
a) and we substitute for Ka = ω̂aK). This can be shown by

taking constraint equation (3.5c) and writing it as an equation for the magnetic part

of the Weyl tensor as follows;

Hab = −∇̃〈aωb〉 − 2u̇〈aωb〉, (7.85)

then by substituting for
󰀃
ωa = ω

KK
a
󰀄
, we obtain the following equation for (Hab) in

terms of (Ka) and scalar function (ζ);

Hab = −ω

K∇̃〈aKb〉 + ω〈a∇̃b〉ζ. (7.86)

Therefore, since ∇̃〈aKb〉 = 0 and ωb∇̃bζ = 0, the Killing equations can be written as

follows:

K̇ =
1

3
KΘ, (7.87)

∇̃aK = −Kω̂b∇̃bω̂
a, (7.88)

Hab = ω(a∇̃b)ζ. (7.89)

Equation (7.89) satisfy our constraint equation (7.82) where equations (7.87) and (7.88)

are equivalent to equation (61) which appears in reference [27], and in equation (7.89)

the scalar (ζ) is given by (ζ = ln (e2γKω−1)), where its spatial gradient is given below;

∇̃aζ = −2u̇a +
1

K∇̃aK − 1

ω
∇̃aω. (7.90)

The vector field (ω̂b∇̃bω̂
a) seen on the right hand side of equation (7.88) is orthogo-

nal to the unit vorticity vector (ω̂a), this is analogous to the acceleration vector (u̇a)

being orthogonal to the four velocity vector field (ua). To show that the integra-
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bility conditions given by equation (9.29) and (9.30) in Appendix A (9), for equa-

tions (7.87), (7.88) and (7.89) are satisfied, we need the following evolution equation

for the gradient of the unit vorticity vector field;

ha
eh

b
c(∇̃eω̂c)˙ = −1

3
Θ∇̃aω̂b − ωa

d∇̃dω̂b − ωb
d∇̃aω̂d − 1

3
ω̂aF b. (7.91)

Time propagating both sides of equation (7.88) and applying the propagation equa-

tions (7.91) and (7.87) above, we obtain the following propagation equation for the

gradient of the scalar function (K);

ha
c(∇̃cK)˙ =

1

3
KF a − ωa

b∇̃bK. (7.92)

Equation (7.92) above is equivalent to equation (9.29) appearing in Appendix A (9)

when (K) is substituted for (S). Furthermore, equation (9.33), which is also in

Appendix A (9) together with equation (7.84) and (7.89), enable us to write the curl

of the acceleration-like vector field (ω̂b∇̃bω̂
a) lying on the plane orthogonal to the

vorticity as follows;

󰂃abc∇̃c(ω̂d∇̃dω̂
b) = 2ωa K̇

K . (7.93)

Therefore, taking the curl of both sides of equation (7.88) and applying equation (7.93)

and (7.88) itself, we recover the usual integrability condition for the scalar function

(K) shown below;

󰂃abc∇̃b∇̃cK = 2ωaK̇. (7.94)

Finally, by contracting equation (7.89) with the vorticity vector, we obtain the fol-

lowing equation for the spatial gradient of the scalar (ζ);

∇̃aζ =
2

ω
Ha

bω̂
b. (7.95)

Time propagating equation (7.95) above, then applying equation (7.79) and (7.95)
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itself to substitute for terms containing (Ha
bω̂

b) , we obtain the following equation;

ha
c

󰀃
∇̃cζ

󰀄.
= eγ∇̃aB− 1

3
Θ∇̃aζ − ωa

b∇̃bζ, (7.96)

where
󰀃
B = e−γ(1 − 3p ′)Θ = e−γ ζ̇

󰀄
. Therefore, equation (7.96) is the usual time

space derivative commutator for a scalar field given by equation (9.29) appearing in

Appendix A (9). In addition, taking the curl of both sides of equation (7.95), it can

be shown that the curl of the spatial gradient of (ζ) is given by the following;

󰂃eab∇̃a∇̃bζ = 2ωeζ̇, (7.97)

this implies the existence of a Killing vector field (Ka) parallel to the vorticity. How-

ever, it remains to show that if (Ka) exists, then either (Θω = 0) or (Θω ∕= 0). In

this case, we must investigate the consequences of equation (7.75) and (7.76).

The following theorem (6) generalises the previous theorem (5) above, where the

generalised acceleration vector field rescaling function is f(µ).

Theorem 6. If a rotating and expanding shear-free perfect fluid obeys a barotropic

equation of state p(µ), and
󰀃
f u̇bω̂b

󰀄
is basic, where f = f(µ). Then either; a

Killing vector parallel to the vorticity exists or F = F(µ, p′, p′′, f ′) = 0 or S =

S(µ, p′, p′′, p(3), f ′, f ′′) = 0.

Proof. We begin our discussion by noting that if
󰀃
f u̇bω̂b

󰀄
is basic, then the following

constraint equation must be satisfied;

0 = Cbω̂b, (7.98)

where equation (5.3) and (ḟ = −f ′ΘE) have been used in the time propagation of
󰀃
f u̇bω̂b

󰀄
. The vector field (Ca) appearing in equation (7.98) above, is given by the
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following equation;

Ca = FU̇aΘ− ∇̃aΘ, (7.99)

where (U̇a) is a rescaled acceleration vector field defined as follows;

U̇a =
1

p ′ u̇
a. (7.100)

The scalar function (F) appearing in equation (7.99) above, is defined by the following

equation;

F = φ+ E f
′

f
, (7.101)

where (f ′ = ∂µf). Constraint equation (7.98) above implies that there exists a vector

field (Ca) which is orthogonal to the unit vorticity vector field (ω̂a) and that its time

evolution is also orthogonal to the vorticity (0 = Ċbω̂b). Therefore, we need the

time propagation equation for (Ca), where equation (7.99) shows that we require the

time evolution equations for the vectors (U̇a) and (∇̃aΘ). The following equations,

respectively, give these;

Ü 〈a〉 =

󰀕
F + p ′ − 1

3

󰀖
ΘU̇a − ωa

cU̇
c − Ca, (7.102)

ha
b(∇̃bΘ)˙ = (1− p ′)ΘCa +

3

2
(1− 3p ′)ωa

cCc − F(1− p ′)Θ2U̇a

− 1

2

󰀃
3F(1− 3p ′)− (2− 9φ)p ′󰀄Θωa

cU̇
c. (7.103)

Therefore, the time evolution equation for (Ca) can be obtained by the use of equa-

tion (7.102) and (7.103), giving us the following;

Ċ〈a〉 = −(F + 1− p ′)ΘCa − 3

2
(1− 3p ′)ωa

cCc +
󰀓
IΘ2 + FΘ̇

󰀔
U̇a

+
1

2

󰀃
F(1− 9p ′)− (2− 9φ)p ′󰀄Θωa

cU̇
c. (7.104)
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Time propagating constraint equation (7.98) and applying equation (7.104) yields the

following constraint equation;

0 = (Ccω̂c)
˙ = U̇ cω̂c

󰀓
IΘ2 + F Θ̇

󰀔
. (7.105)

For consistency, equation (7.105) requires that either
󰀓
U̇ cω̂c = 0

󰀔
or

󰀓
IΘ2 + F Θ̇ = 0

󰀔
.

Following work done by Van den Bergh and Slobodeanu in reference [27], let us pro-

ceed by first considering the case where,

0 = IΘ2 + F Θ̇. (7.106)

The scalar (I) appearing in equation (7.106) above is given by the following equation;

I =
1

3
F(2 + 3F) + G, (7.107)

where (G) is given by the evolution equation Ḟ = GΘ and can be written as follows;

G = (F − φ)(F − 1− φ− p ′)− E2 f
′′

f
+ p ′χ. (7.108)

Time propagating equation (3.5a) given in Chapter (1) and applying equation (7.99),

we obtain the following equation for the spatial gradient of the time evolution of the

expansion scalar (Θ);

∇̃aΘ̇ =
1

9
(5−M)ΘCa − 1

2
Mωa

bCb +
1

2
NΘωa

bU̇
b

+
1

9

󰀓
F(M− 5)Θ2 − (1 +M)Θ̇

󰀔
U̇a. (7.109)

In equation (7.109) above, the scalar functions of the energy density (M) and (N )
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are given as follows;

M = −1 + 9p ′, (7.110)

N = (2− 9φ)p ′ + FM. (7.111)

Acting on equation (7.106) with the operator
󰀃
ω̂a∇̃a

󰀄
and applying equation (7.109)

,(7.99) and equation (7.106) itself, one obtains the following constraint equation;

0 = LU̇aω̂aΘ
2. (7.112)

In equation (7.112) above, the scalar function of the energy density (L) is given by

the following equation;

L = −FO+
1

108
F2(M− 5)(3+ 6F +M)− 1

18
F(2+ 27F +2M)K+

1

4
K2, (7.113)

where the scalar (O) appearing in equation (7.113) is defined by the evolution equation

(İ = OΘ). The scalars (K) and (O) are given by the following equations respectively;

K =
1

9
F(M− 5) + 2I, (7.114)

O =
2

3
(1 + 3F)G +H. (7.115)

In equation (7.115), the scalar (H) is defined by the evolution equation (Ġ = HΘ) and

is shown in Appendix A (9) by equation (9.21). Furthermore, equation (7.112) implies

that (L) must vanish since we are dealing with the case where (U̇aω̂a ∕= 0). Therefore,

taking the spatial gradient of equation (7.106) and applying equation (7.109), (7.99)

and equation (7.106) itself, we obtain the following constraint equation;

0 = F
󰀕
KΘCa +

1

2
F
󰀓
MCb −NΘU̇ b

󰀔
ωab

󰀖
. (7.116)
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Equation (7.116) above gives us two cases to consider, namely; the case where (F = 0)

and the case where the following constraint equation holds;

0 = KΘCa +
1

2
F
󰀓
MCb −NΘU̇ b

󰀔
ωab. (7.117)

The time evolution equations for the scalars (F), (M), (K) and (N ) which appear

in equation (7.117) above are given by the following equations respectively;

Ḟ =
1

2

󰀕
K − 1

9
F(7 + 18F +M)

󰀖
Θ, (7.118)

Ṁ =

󰀕
N − 1

9
M(1 + 9F +M)

󰀖
Θ, (7.119)

K̇ =

󰀕
K2

2F − 1

6
K(3 + 18F +M) +

1

9
F
󰀕
N − 1

9
(5 + 5M+ 9FM)

󰀖󰀖
Θ, (7.120)

Ṅ =

󰀣
−N

󰀕
1

9
M− F(1−M)

1 +M

󰀖
− FM

󰀕
F(2 +M)

1 +M +
1

18
(9 +M)

󰀖

+
N 2

1 +M − 1

9
(1 +M)2χ+

1

2
MK

󰀤
Θ. (7.121)

In addition, we can use equation (7.106), (7.117) and (7.110) to simplify the evolution

equations for the vectors (U̇a) and (Ca) which appear in equation (7.117), resulting

in the following evolution equations;

U̇ 〈a〉 =

󰀕
F +

1

9
(M− 2)

󰀖
U̇aΘ− U̇ cωa

c − Ca, (7.122)

Ċ〈a〉 =

󰀕
1

9
(M− 8)− F − K

F

󰀖
ΘCa − Ccωa

c. (7.123)

Equipped with equation (7.118), (7.119), (7.120), (7.122) and (7.123), we can time

propagate the constraint equation (7.117) and by applying equation (7.117) itself in

order to eliminate terms containing only (U̇ cωa
c), we arrive at the following constraint
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equation;

0 =

󰀣
Ṅ
N +

2

9

󰀕
F
18K (5 + 5M+ 9FM− 9N ) + (1 + 18F +M) +

9

2

K
F

󰀖
Θ

󰀤
KΘCa

+

󰀣
FM
2

Ṅ
N +

󰀕
1

12
F(3M+ 18FM+M2 − 12N ) +

1

4
MK

󰀖
Θ

󰀤
ωabCb.

(7.124)

Equation (7.124) above, is impossible unless either (Ca = 0) and then the vorticity

vanishes because (Ca) can be written as
󰀓
− eγ

λp′f ∇̃aC
󰀔

, where (C = λp′f
eγ

Θ). If (C) is a

spacetime constant, then (Θ) is a function of the energy density, and the conjecture

holds (see references [10--12]) or the terms enclosed by the brackets must vanish,

giving us the following evolution equations;

Ṅ =

󰀕
2

MN 2 −N
󰀕
1

6
(3 + 18F +M) +

K
2F

󰀖󰀖
Θ, (7.125)

Ṅ =

󰀕
F
9KN 2 −N

󰀕
2

9
(1 + 18F +M) +

1

81
(5 + 5M+ 9FM)

F
K +

K
F

󰀖󰀖
Θ,

(7.126)

Consequently, subtracting equation (7.125) from equation (7.126), we obtain the fol-

lowing constraint equation;

0 = N
󰀕
1

9

󰀕
FM+

5

9
(M+ 1)−N

󰀖
F +

󰀕
F +

1

18
(M− 5) +

2N
M

󰀖
K +

K2

2F

󰀖
.

(7.127)

Equation (7.127) above gives us two cases to consider. The first case is where (N = 0),

in which equation (7.117) can be written as follows;

0 = FMω2Ca − 2KΘCbωab. (7.128)
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Equation (7.128) above implies that (M = −1 + 9p ′ = 0), and the shear-free perfect

fluid conjecture is true, see reference [27]. The second case of equation (7.127) is

where the term within the square brackets vanishes, giving us the following constraint

equation.

0 =
1

9

󰀕
FM+

5

9
(M+ 1)−N

󰀖
F +

󰀕
F +

1

18
(M− 5) +

2N
M

󰀖
K +

K2

2F . (7.129)

Equation (7.129) above can be time-propagated further until one establishes consis-

tency. This can be achieved by applying the following new evolution equations for

F , M, K and N ;

Ḟ =
1

2

󰀕
K − 1

9
F(7 + 18F +M)

󰀖
Θ, (7.130)

Ṁ =

󰀕
N − 1

9
M(1 + 9F +M)

󰀖
Θ, (7.131)

K̇ = K
󰀕
K
F −

󰀕
1

9
(7 + 18F +M)− 2N

M

󰀖󰀖
Θ, (7.132)

Ṅ = N
󰀕
2N
M − 1

2

󰀕
1

3
(3 + 18F +M) +

K
F

󰀖󰀖
Θ. (7.133)

Time propagating equation (7.129) above, and applying evolution equations (7.130),

(7.131), (7.132) and (7.133). By using equation (7.129) itself to eliminate the (K2)

terms, we obtain the following constraint equation;

S =

󰀕
3N 2

M − 1

6
(5 + 18F)N − 5

108

󰀃
9 + 36F + 10M+ 18FM+M2

󰀄󰀖
F

−
󰀕
81N 2

M2
− 3(5− 2M)N

M − 5

4
(1 + 6F +M)

󰀖
K = 0. (7.134)

As illustrated above, equation (7.134) can also be time-propagated as we have done
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for equation (7.129). Where at each stage of propagation, the scalars K, N and F are

eliminated in favour of M. This process eventually leads to a vanishing polynomial

of M, which either has no solutions or has a linear equation of state solution for

the pressure p(µ), where the case of a linear equation of state has been proven in

reference [27]. However, we will have to show that this is true, the details of which

will come as part of our future work. In an exceptional case, we can compare the

coefficients of (N ) and (N 2) on the right-hand side of equation (7.125) and (7.126),

thereby obtaining the following equations for (F) and (K) respectively;

F = −(40 + 30M+ 3M2)

108M , (7.135)

K = −(40 + 30M+ 3M2)

1944
. (7.136)

Equation (7.135) and (7.136) above can be time propagated by applying equation (7.118),

(7.119) and (7.120), then using equation (7.135) and (7.136) themselves to substitute

for (F) and (K) leads us to the following two equations for (N );

N =
(−10 + 3M)(−320− 240M+ 9M3)

108(−40 + 3M2)
, (7.137)

N =
5(320 + 256M+ 36M2 + 12M3 + 3M4)

216M(5 +M)
. (7.138)

The difference between equation (7.137) and (7.138) gives us the following constraint

equation;

0 = (40 + 30M+ 3M2)(1600 + 880M− 200M2 − 60M3 + 3M4), (7.139)

this equation has linear equation of state solutions since (M = −1 + 9p′). Thus,

(Θω = 0) by Theorem (4) in reference [27]. However, when (40 + 30M+ 3M2 = 0),
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equation (7.135) implies that (F) must vanish, which is a contradiction since we are

looking at the case where (F ∕= 0). Let us turn back and look at the particular case

of equation (7.116) where (F = 0). In this case, equations (7.98) and (7.101) imply

the following constraint equation;

0 = ω̂b∇̃bΘ, (7.140)

Taking the spatial gradient of both sides of equation (7.140) gives us the following

constraint equation;

0 =
Uω
f

∇̃aΘ+ ωb∇̃a∇̃bΘ−Ha
b∇̃bΘ. (7.141)

The time propagation of equation (7.141) above requires the evolution equation for

(Ha
b) and (∇̃aΘ) which are given by equation (7.80) and (7.79) respectively, and

the evolution equation for (ωb∇̃a∇̃bΘ) can be obtained by applying evolution equa-

tion (9.28) for (∇̃a∇̃bΘ) given in Appendix A (9). Time propagating equation (7.141)

and applying equation (7.79), (7.80), (9.28), (5.3) and (5.5) one can show that equa-

tion (7.141) is closed under time propagation and is identically satisfied. Alterna-

tively, taking the spatial gradient of (U) and applying equation (3.5c) and (3.6) we

obtain the following constraint equation;

∇̃aU =
f

3

󰀃
J + 2ω2

󰀄
ω̂a + U

󰀕
(φ− 2p ′)U̇a − ∇̃aω

ω

󰀖

+ f

󰀕
Ea

bω̂
b − u̇b(3Ha

b − 󰂃abc∇̃cΘ)

3ω

󰀖
. (7.142)

Given equations (7.141) and (7.142) above, we can rearrange and then simply equa-

tions (5.11) and (5.17), making the curvature terms containing (Ha
b) the subject on

the left-hand side, we obtain the following constraint equations to be time propagated
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to establish consistency of the EFE in this case, where (F = 0);

Ep ′′

p ′ Ha
bf ∇̃bΘ =

1

3
Rf ωa +

1

3
Θ
󰀓
(2− 3φ)(2− 9φ)∇̃aU− U(f1)U̇

a
󰀔

− U
󰀃
2− 5φ− 9φ2 − 3(2− 3φ)p ′󰀄∇̃aΘ

− 1

36
Θ(2− 3φ)(1− 12φ)󰂃abcf u̇

b∇̃cΘ. (7.143)

Ep ′′

p ′ Ha
bf u̇

bΘ =
1

3
Rf ωa +Θ

󰀓
(2− 5φ− 10p ′ + 9φp ′)∇̃aU− U(f2)U̇

a
󰀔

+ U(1− 5φ+ 9φp ′ − 9p ′2)∇̃aΘ

− 1

12
Θ(1− 5p ′ + 12φp ′)󰂃abcf u̇

b∇̃cΘ. (7.144)

In equation (7.143) and (7.144) above, the scalar function (U = 1
8
Uω), (R) and (R)

are given by equations (9.22) and (9.23) in Appendix A (9) respectively. Additionally,

the scalars (f1) and (f2) which appear in the coefficients of (U̇a) on the left hand side

of equations (7.143) and (7.144) are given in the Appendix A (9) by equations (9.24)

and (9.25) respectively. At this juncture, one can investigate special cases of the en-

ergy density function (f), say
󰀃
f = 1

λp′

󰀄
which is the case exhibited by Van den Bergh

and Slobodeanu in reference [27]. It remains to show whether the (F = 0) consistency

condition leads to the situation where there exists a Killing vector along the vorticity

or not. This we shall leave as future work. In the other case of equation (7.105), we

have that (U̇aω̂a = 0) which leads to the existence of a Killing vector parallel to the

vorticity vector field by Theorem (5). Whether the shear-free perfect fluid conjecture

is true in this case is still an open question.
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7.3 Discussion

This chapter aims to shed some light on the shear-free perfect fluid conjecture where

the acceleration vector field is not parallel to the vorticity. We began our discussion

with the case where some energy density function (f) rescales the acceleration vector

field. Then we require that the dot product of this rescaled acceleration vector and

the vorticity be basic, meaning that (fu̇cω̂b)
. = 0. Incidentally, this leads to the case

where (u̇cω̂b = 0) and the existence of a Killing vector along the vorticity; otherwise,

the conjecture holds, and we have that (Θω = 0).

For completeness, we first showed that if the components of the rescaled accelera-

tion vector field orthogonal to the vorticity are basic, then the conjecture holds. In

Theorem (3), we prove that if the scaling function (f) is equal to
󰀃

1
λ2p′

󰀄
the conjecture

is true. Whereas in Theorem (4), we prove the conjecture in the case of a general

function of the energy density f = f(µ). These theorems are important because

we developed many techniques and gained some intuition for proving the subsequent

theorems which are the subject of this chapter.

In Theorem (5), we proved that the conjecture is valid for the case where
󰀃
u̇cω̂b

λ2p′

󰀄.
= 0,

otherwise (u̇cω̂b = 0) and a Killing vector parallel to the vorticity exists. However, the

conjecture's validity is still an open question in this case. Finally, in Theorem (6), we

proved that if (fu̇cω̂b)
. = 0, then (u̇cω̂b = 0) implies the existence of a Killing vector

along the vorticity by Theorem (5), on the other hand, the cases where (F = 0) and

where (S = 0 given by equation (7.134)) remains elusive and has been left to the

interest of the reader and future work.
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8
Conclusions and Future Work

8.1 Conclusions

In Theorem (1) of Chapter (4) of this thesis, we used the (1+ 3)-covariant formalism

to establish the consistency of the Einstein Field Equations under the shear-free per-

fect fluid condition, by providing a covariant proof for the case where the pressure

is constant, and the cosmological constant is non-zero. This theorem incorporates

the Ellis result for the dust case; see reference [4]. Senovilla et al. and Sopuerta
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in references [12] and [13] respectively, also used the (1 + 3)-covariant formalism to

establish this result.

We then proceed to provide proof of the conjecture in the case where the acceler-

ation and the vorticity vector fields are parallel, given in Theorem (2) of Chapter (6)

of this thesis. This proof was first presented in its covariant form by Senovilla et

al. in reference [13]. However, it lacked some details and did not include the case of

a non-zero cosmological constant. This theorem is one of the milestones toward the

proof of the shear-free perfect fluid conjecture. It provides confidence that the conjec-

ture might be true in complete generality, even though this is still an exceptional case.

In Theorem (2), we saw that the conjecture is true when (u̇a) is parallel to (ωa).

A natural alternative to this is to investigate what happens when the acceleration

is not parallel to the vorticity. Following the method provided by Van den Bergh

and Slobodeanu in reference [27], we began by showing that if the components of

the rescaled acceleration vector field lying in the plane orthogonal to the vorticity

are basic, then the conjecture holds. In Theorem (3), we proved that if a function of

the energy density, namely,
󰀃

1
λ2p′

󰀄
rescales the acceleration vector field the conjecture

holds or a Killing vector exists along the vorticity. In contrast, in Theorem (4), we

prove the conjecture where a general function of the energy density f = f(µ) rescales

the acceleration vector field. In Theorem (5) and (6), we assumed that
󰀃
u̇aωa

λ2p′

󰀄
and

(fu̇aω
a) are basic scalars, respectively, these lead to the existence of a Killing vector

along the vorticity, where we still need to check if the conjecture is true or not. In

addition, the latter case (Theorem 6) leaves the question of the validity of the con-

jecture where (F = 0) or (S = 0, given by equation (7.134)) open for investigation.
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8.2 Future Work

We want to extend this work by looking at the case where a Killing vector exists

along the vorticity, and the perfect fluid obeys a general barotropic equation of state.

In addition, we would like to complete the proof of Theorem (6) in general and show

whether (Θω = 0) or not in this case. The so-called basic variables may play an

essential role in developing the proof of the shear-free perfect fluid conjecture in gen-

eral or, at the very least, show that a shear-free perfect fluid obeying a barotropic

equation of state can simultaneously expand and rotate.

Furthermore, we want to include modified gravity theories such as f(R) gravity.

Although counter-examples exist, see reference [36], the conjecture might still be true

for some exceptional cases. As a start, we will begin by investigating the dust (p = 0)

case first. Then we will examine whether the proofs provided here are stable under

small perturbations of General Relativity, showing us if the shear-free perfect fluid

conjecture is a property of GR or is general to relativistic theories of gravity.

There is some indication that another formalism might be necessary to get down

to the core variables of the theory, and some aspects of the conjecture might be more

apparent in the (1+1+2)-covariant formalism briefly outlined in reference [29]. This

formalism provides a new arsenal for attempting the full proof of the shear-free perfect

fluid conjecture in General Relativity and beyond.
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9
Appendix A

Definations

X = −5

3
+ 2φ− E2p(3)

p ′2 +
4

9p ′ −
5φ

3p ′ +
φ2

p ′ + p ′, (9.1)

S = −1

3
+ φ+

f ′E
f

(9.2)
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Ṡ = −Rp ′Θ (9.3)

R = −S2

p ′ +
S(1 + 6φ+ 3p ′)

3p ′ +
f ′′E2

p ′f
+

(1− 3φ)(2 + 3φ+ 3p ′)

9p ′ − χ (9.4)

H =
1

3
S(2 + 3S)−Rp ′ (9.5)

g1 = − 1

p ′

󰀣
HΘ+S

Θ̇

Θ

󰀤
(9.6)

g2 =
1

2f

󰀕
2− 9φ− (1− 9p ′)

S

p ′

󰀖
(9.7)

g3 = −(1 +S− p ′)Θ− Θ̇

Θ
(9.8)

g4 = 2

󰀕
1− 3p ′

1− 9p ′

󰀖󰀕
3φ+

2g2f

3

󰀖
− (1 + 18p ′ − 27p ′2)

3(1− 9p ′)
(9.9)

g5 = −1

3
(2− 3p ′) (9.10)

I = φ (1 + 9p ′) + 5p ′ − 1 (9.11)

J = 6I+ (2− 3p ′)(1− 9p ′) (9.12)
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J = −4 + 9p ′ + 27p ′2 + 6φ(1 + 9p ′) (9.13)

K = 6J+ 7− 54p ′ − 81p ′2 (9.14)

L = K2 + 2K(11 + 72p ′ − 81p ′2)− 5112p ′ + 15390p ′2 − 46656p ′3

+ 32805p ′4 + 1141− 3744φ+ 2592φ2 (9.15)

L = 3888φ2(1 + 6p ′ + 27p ′2) + 144φ(−29 + 9p ′ + 324p ′2)

+ 12(88− 630p ′ + 1431p ′2 − 2916p ′3 + 2187p ′4) (9.16)

D = −J(2− 9φ)− 54p ′(1− 9p ′)χ (9.17)

D = (2− 9φ)(6φ(1 + 9p ′) + 9p ′(1 + 3p ′)− 4)− 54p ′(1− 9p ′)χ (9.18)

A = − D2

36p ′ − (2− 9φ)

󰀕
DK

54p ′ +
(2− 9φ)

1296

L

p ′ + 9αp ′(1− 9p ′)2
󰀖

(9.19)

α =
E3p(4)

p ′3 − φ3

p ′2 +
φ2(4− 3p ′)

p ′2 − φ(13− 21p ′ + 9p ′2)

3p ′2

+
χ(12φ+ 6p ′ − 13)

3p ′ +
(1− 3p ′)(28− 24p ′ + 9p ′2)

27p ′2 (9.20)
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H =
f (3)

f
E3 + (3G − F2)F − 3(G − F2)

󰀃
(1 + φ) + p ′󰀄

− F
󰀕
2 + 6φ+ 3φ2 +

1

3
(13 + 15φ)p ′ + p ′2 + 3p ′χ

󰀖

+ φ

󰀕
(1 + φ)(2 + φ) +

1

3
(13 + 6φ)p ′ + p ′2

󰀖

+ p ′
󰀕
2

3
(5 + 3φ) + 2p ′

󰀖
χ+ αp ′2. (9.21)

R =
1

4

󰀃
12− 40φ+ 21φ2 − 36p ′ + 54φp ′󰀄u̇b∇̃bΘ

+
1

4
Θ

󰀕
E(2− 3φ)(1 + 3p ′)− 1

6
J (2− 3φ)(2 + 21φ)

− 1

6
ω2(86− 213φ− 36p ′ + 270φp ′ − 594p ′2 + 567φp ′2)

+
1

2
u̇2(28φ− 66φ2 − 22χ+ 21φχ)

󰀖
. (9.22)

R = −3

4
(2− 5φ− 7φp ′ − 18p ′2)u̇b∇̃bΘ− 3

4
Θ

󰀕
1

6
J (2− 15φ− 10p ′ − 21φp ′)

+
1

3
E(1 + 3p ′)2 − 1

6
ω2(5 + 89p ′ − 225p ′2 − 189p ′3)

+
1

2
u̇2(2φ+ 22φp ′ − 5χ− 7p ′χ)

󰀖
. (9.23)

f1 = (2− 9φ)(2φ− 3φ2 − 4p ′ + 18φp ′)− 3(2 + 9φ)p ′χ. (9.24)

f2 = 2φ− 5φ2 − 4p ′ + 4φp ′ + 9φ2p ′ + 20p ′2 − 54φp ′2 + p ′(5− 9p ′)χ. (9.25)
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Propagation Equations

The following are some useful time propagation equations used in this thesis.

uc∇cU̇
a = λp ′uaU̇cU̇

c + p ′U̇aΘ− 󰂃acbU̇
cω̂bω + Zaω. (9.26a)

ü〈a〉 = −u̇aΘφ− 󰂃abcu̇
bωc + p ′∇̃aΘ. (9.26b)

ha
bLuV

b = V̇ 〈a〉 − 1
3
V aΘ+ 󰂃abcV

bωc, (9.26c)

J̇ = −JΘ(1
3
+ φ) + 1

9
u̇au̇

aΘ(5 + 3ψ)− p ′(1− 9p ′)Θω2,

+ (1− 2φ)u̇a∇̃aΘ− 3p ′(C1)
au̇a − 3

2
p ′∇̃a(C1)

a, (9.26d)

ω̇〈a〉 = Θωa
󰀃
p ′ − 2

3

󰀄
, (9.26e)

ω̇ = Θω
󰀃
p ′ − 2

3

󰀄
. (9.26f)

J̇ =

󰀕
6φ2(1 + 9p ′ + 162p ′2)

1− 9p ′ − φ(16 + 126p ′ + 567p ′2 − 3645p ′3)

3(1− 9p ′)

+
8 + 81p ′ − 378p ′2 − 1701p ′3 + 4374p ′4

9(1− 9p ′)

󰀖
Θ (9.27)

ha
eh

b
d

󰀃
∇̃e∇̃dΘ

󰀄.
=

󰀕
p ′ − 4

3

󰀖
Θ∇̃a∇̃bΘ− ωa

c

󰀓
∇̃c∇̃bΘ+ u̇b∇̃cΘ

󰀔

+
3

2
ωb

c

󰀕
(3p ′ − 1)∇̃a∇̃cΘ+

󰀕
2

3
− 3φ

󰀖
Θ∇̃au̇c

󰀖

− 3

2
ωb

c

󰀕
3φ∇̃cΘ+ u̇c

󰀕
2

3
+ 3φ+ 3χ

󰀖
Θ− 2eγ∇̃cH

󰀖
u̇a

− 8

9
Θu̇a∇̃bΘ−

󰀕
1

3
Θu̇b −

󰀕
1− 9

2
φ

󰀖
ωb

cu̇
c +

11

9
∇̃bΘ

󰀖
∇̃aΘ

− eγ

2

󰀕
5

9
∇̃bΘ∇̃aG− 󰂃bcdH

ad∇̃cG−
󰀓
∇̃cΘ∇̃cH

󰀔
hab

󰀖

+ (u̇cωc)󰂃
ab

d

󰀓
u̇dΘ− 3

2
eγ∇̃dH

󰀔
+
󰀃
u̇c∇̃cΘ

󰀄
ωab. (9.28)
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9.0.1 Commutation relations

Time-space and space-space derivative commutator for any scalar S.

ha
b

󰀅
∇̃bS

󰀆·
= ∇̃aṠ + u̇aṠ − 1

3
Θ∇̃aS + 󰂃acbω

c∇̃bS, (9.29)

∇̃a∇̃bS = ∇̃b∇̃aS + 2󰂃abcω
cṠ (9.30)

Spatial gradients of 3-vectors: Time-space derivative commutators.

The following equation is the time-space derivative commutator for the vorticity vec-

tor field;

ha
eh

b
d

󰀅
∇̃eωd

󰀆·
= ∇̃aω̇〈b〉 + u̇aω̇〈b〉 − 1

3
Θ∇̃aωb + 󰂃acdω

c∇̃dωb + 󰂃abdω
du̇cωc

+
󰀅
(C3)

ad −Had
󰀆
󰂃bcdω

c + ωa
󰀅
1
2
(C1)

b − 1
3
Θu̇b

󰀆

− hab
󰀅
1
2
(C1)

c − 1
3
Θu̇c

󰀆
ωc. (9.31)

The following equation is the time-space derivative commutator for the acceleration

vector field;

ha
eh

b
d

󰀅
∇̃eu̇d

󰀆·
= ∇̃aü〈b〉 − 1

3
Θ∇̃au̇b + 󰂃acd

󰀃
ωc∇̃du̇b − u̇bu̇cωd

󰀄
+ 󰂃abdω

du̇cu̇
c

+
󰀅
(C3)

ad −Had
󰀆
󰂃bcdu̇

c + u̇a
󰀅
1
2
(C1)

b + ü〈b〉 − 1
3
Θu̇b

󰀆

− hab
󰀅
1
2
(C1)

c − 1
3
Θu̇c

󰀆
u̇c. (9.32)

Space-space derivative commutators:

The following equation is the space-space derivative commutator for the vorticity
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vector field;

∇̃[a∇̃b]ωc = E [a
cω

b] + h[a
cE

b]
dω

d + 1
3
(Λ− 1

3
Θ2 + µ)h[a

cω
b]

− 1
3
Θ󰂃[acdω

b]ωd + 󰂃abdω
dω̇〈c〉. (9.33)

The following equation is the anti-symmetric spatial derivative for the vorticity vector

field;

∇̃[aωb] =
1
2
󰂃abc(C1)

c − 2u̇[aωb] +
1
3
󰂃abc∇̃cΘ. (9.34)

The following equation is the space-space derivative commutator for the acceleration

vector field;

∇̃[a∇̃b]u̇c = E [a
cu̇

b] + h[a
cE

b]
du̇

d + 1
3

󰀃
Λ− 1

3
Θ2 + µ− 3ω2

󰀄
h[a

cu̇
b]

− 1
3
Θ󰂃[acdu̇

b]ωd − 1
3
Θh[a

c󰂃
b]
deu̇

dωe − u̇[aωb]ωc

+ u̇dωdh
[a
cω

b] + 󰂃abdω
dü〈c〉 (9.35)

The following equation is the anti-symmetric spatial derivative for the acceleration

vector field;

∇̃[au̇b] = 󰂃abcω
cp ′Θ. (9.36)

Spatial gradients of 3-tensors: Evolution of spatial divergence terms

The following propagation equation is the time-space derivative commutator Hab;

ha
b

󰀅
∇̃cH

bc
󰀆·
= ∇̃bḢ

〈ab〉 + u̇bḢ
〈ab〉 − 1

3
Θ∇̃bH

ab − 󰂃bcdω
b∇̃dHac

+Θu̇bH
ab + 󰂃bcdH

adu̇bωc + 󰂃acdHb
du̇bωc
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− 3
2
Ha

b(C1)
b − 󰂃acd(C3)

bcHb
d. (9.37)

The following propagation equation is the time-space derivative commutator Eab;

ha
b

󰀅
∇̃cE

bc
󰀆·
= ∇̃bĖ

〈ab〉 + u̇bĖ
〈ab〉 − 1

3
Θ∇̃bE

ab − 󰂃bcdω
b∇̃dEac − 󰂃acdHb

dEbc

+Θu̇bE
ab + 󰂃bcdE

adu̇bωc + 󰂃acdEb
du̇bωc − 3

2
Ea

b(C1)
b

− 󰂃acd(C3)
bcEb

d. (9.38)

Space-space derivative commutators: The following equation is the space-space deriva-

tive commutator for Hab;

∇̃[a∇̃b]Ecd = −2E [a
(cω

b]ωd) + 2h[a
(cE

b]eEd)e +
2
3
h[a

(cE
b]
d)

󰀃
Λ− 1

3
Θ2 + µ− 3ω2

󰀄

+ 2h[a
(cω

b]Ed)eω
e − 2

3
Θ󰂃[a(ceω

eEb]
d) +

2
3
Θh[a

(c󰂃
b]
ejω

eEd)
j + ωabĖ〈cd〉

(9.39)

Identities

The following algebraic and differential identities have been applied in the time prop-

agation of constraint equations see reference [47, 50].

0 = 󰂃abc∇̃〈bωd〉u̇cω
d − 󰂃abc∇̃〈bωd〉u̇

dωc − ∇̃〈aωb〉󰂃bcdu̇
cωd (9.40a)

0 = 󰂃abdu̇
b∇̃cH

cd − 󰂃bcdu̇
b∇̃dHac + 󰂃acdu̇

b∇̃dHb
c (9.40b)

0 = 󰂃abdω
b∇̃cE

cd − 󰂃bcdω
b∇̃dEac + 󰂃acdω

b∇̃dEb
c (9.40c)

0 = −󰂃bcdH
ad∇̃cu̇b + 󰂃acdHb

d∇̃cu̇b − 󰂃abdHc
d∇̃cu̇b (9.40d)

0 = Ec
d󰂃abd∇̃cωb − Eb

d󰂃acd∇̃cωb + Ead󰂃bcd∇̃cωb (9.40e)
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0 = −Ec
d󰂃abdu̇

bωc + Eb
d󰂃acdu̇

bωc − Ead󰂃bcdu̇
bωc (9.40f)

0 = 󰂃abdu̇
b∇̃cE

cd − 󰂃bcdu̇
b∇̃dEac + 󰂃acdu̇

b∇̃dEb
c (9.40g)

0 = 󰂃abdω
b∇̃cH

cd − 󰂃bcdω
b∇̃dHac + 󰂃acdω

b∇̃dHb
c (9.40h)

0 = 󰂃bcdH
ad∇̃cωb − 󰂃acdHb

d∇̃cωb + 󰂃abdHc
d∇̃cωb (9.40i)

0 = −󰂃bcdH
adu̇bωc + 󰂃acdHb

du̇bωc − 󰂃abdHc
du̇bωc (9.40j)

0 = −Ec
d󰂃abd∇̃cu̇b + Eb

d󰂃acd∇̃cu̇b − Ead󰂃bcd∇̃cu̇b (9.40k)

103



10
Appendix B

Mathematica pseudocode for the case where the pressure is constant.

The following describes the code used in this thesis to evaluate the space and time

covariant derivative commutation relations. To perform these calculations, one needs

to download and install a Mathematica package named xTensor, and all the neces-

sary sub-packages, which can be found on the following xAct website:

“http : //www.xact.es/′′; this package can be called inside a much broader package
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called xTras. Additionally, one can download some smaller contributed packages,

which can be found at “http : //contrib.xact.es/′′.

We first load some required packages into Mathematica before we start; this can

be done by typing the following in the Mathematica notebook command line.

<< xAct`xTras` (*xAct is a set of packages for performing

symbolic computer algebra for tensors in the Wolfram Language*)

<< xAct`TexAct` (*TexAct is a package for printing output in

Latex format for typesetting*)

<< xAct`TraceFree` (*TraceFree is a package for defining traceless

tensors*)

After loading the above packages, we are now ready to set up our scenario (M, gab, u
a),

followed by the definition of all necessary tensorial objects which are required for

describing the General Theory of Relativity as follows,

dimension = 4;

DefManifold[M4, dimension]; (*Defining a 4 dimensional manifold M4*)

DefMetric[-1, gab[-a, -b]]; (*Defining the metric tensor on M4*)

DefTensor[ua[-a], {M4}] ; (*Defining the velocity 4vector on M4*)

DefMetric[1, hab[-a, -b]]; (*Defining the spatial induced metric*)

DefTensor[uadot[-c], {M4}, OrthogonalTo -> {ua[c]}, ProjectedWith ->

{hab[c, -a]}]; (*Defining the acceleration vector*)

DefTensor[\Theta[], {M4}]; (*Defining the expansion scalar Theta*)

DefTensor[Eab[-c, -d], {M4}, Symmetric[{-c, -d}],

TraceFree -> {{{-c, -d}, hab}},
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OrthogonalTo -> {ua[c], ua[d]},

ProjectedWith -> {hab[c, -a], hab[d, -b]}]; (*Defining

the electric part of the Weyl tensor*)

The above rules of defining tensors are general; we can similarly define any tensor

we require. To do any useful calculations in this framework, it suffices to define

some tensorial identities in the form of automatic rules so that we don't worry about

these identities from now onwards. These automated rules can help significantly

simplify our calculations, and we can accumulate some of them as we go along. The

Mathematica code and notebooks used to perform the calculations in this thesis can

be found here: https://www.dropbox.com/sh/ckzjqwudynlrjhd/AAAsw2DU22C3

LkfDpitdPJ4fa?dl=0.
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