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Literature: Mechanical Flotation Cells 13 

2.2 Mli:CHANICAL FLOTATION CELLS 

As this ~tudy was conducted in a mechanical flotation cell, this section serves to 

introduce mechanical flotation cells. Section 2.2.1 presents an overview, focusing more on 

general design considerations and developments in mechanical flotation cells. before 

considering the different types of mechanical flotation cells being supplied to<.iay in Section 

2.2.2. ln the next section, the attention will be focused on some of the subpl"l)Cesses occurring 

in mech3nical flotation cells, of which solids suspension is an Impomnt one (ef. Section 2.3). 

2.2.1 Overview of~fechanic"l Flotation Cells 

Mechanical flotation cells are the most \,ideJy used of all flotation m3chines 

[Wills (1997)], being characterised by a mechanically driven impeller, which agitates the 

slurry and disperses the incoming air Into small bubbles. Flotation cells are designed to 

prO<.iuce maximum recovery of valuable mineralK, at high product grades and the lowest 

possible cost. These machines are therefore designed slK:h that the following objedives ~~n 

be achieved simultaneously from the cell [Young (1982)]: 

• Maintenance of parficles ill suspension 

• Dispersion of air into small bubbles in the slurry 

• Creation of aJequate conditionK for particle"bubble contact 

• Creation of quiescent condiLionK towards the froth zone of the cell 

• Ensuring the easy separ:Jtion ofpartides into the concentr<!te and tailings streams 

• Ensuring easy start·up after stoppages caused by breakdown,;, pm." er outages, etc. 

• Ensuring that cell geometnes fit easily into circuits (in serie configurations) 

• Easy froth removal 
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Figure 2.2 Con~' entional mechanical flotation cell 

Chapter 2 
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Discharge 

The benefits of increasing cell sizes were already recogniSCil early in the development of 

mechanical flotation cells. Dcgner and Tre""eek (1976) discussed ' large' flotation cell design 

and development of up to 85 and 14.2 m) (300 and 500n) and listed the following 

advantages: 

• Reduced capital costs 

• Less floor space 

• Reduced operational complexity (less cells) 

• Less m~in[enance 

Degner and Tre"eel (1976) further qualified the aspects given above as advantages only If 

the following two a;;pect~ are not compromi;,ed: 

• Metallurgic~1 performance 

• Solids suspen~ion capability of the cell 

The de"etopment of flotation cells through the years is discussed by Arbiter (1999), Jonaitis 

(1999) and Weber er at. (1999). The cell sizes quoted by these- authors combined "ith the 

latest supplier information are graphically dbplayoo in Figure 2.3 (a). In Figure 2.3 (b) 

approximate tan l diamders or length, T, were included (assumed: V ~ ;r:/4.r\ 
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It follows that cell sizes have dramatically increased ,ince the 1960's when maximum cdl 

,izcs was 1.7105.7 ml, until today with maximum dc,ign cell sizes quoted as 150 [Gilbert 

(2004)1, 200 [Anon (2003a)]. 250 [Anon (2003b)] and SOO ml [Anon (2004)]. This 

gr"phically demonstrates the observation by Arbiter (1999) that flotation cells have increased 

more than ten fold over the last two decades and 1000foid since the 1950's! The mo,t 

dramatic increase in cell sizes occurred since (he early 90's with the advent of round 

mechanical cells. 

2.2.2 Types of l\1et'hanieal Flotation Cells 

Mochanical flotation celb can be classified by the method of air supply to the 

flotation cell. At soffieient impeller speed, the rotution of the impeller causes a pre,sure drop 

in the ,tandpipc dlie to vortex formation and ca, itation behind the impeller blOOcs. With self 

aerating flotation cells this presoure drop, eaw,ed by the impeller rotation, is the only driving 

force for air to 110w into thc cell from ambient pressure. Withfi,rced-aerated cc11~, additional 

p'"itive pressure is npplied to the air feed to the cell by using air blowers. This require~ 

additional energy for the air blowers but allows greater control over the air addition rate into 

the cdl. Further classificntion of mechanical flotation cells can be made in lerms of the 

design of the vessel in which the impeller mechanism is Htted. Pre,iously all mechanical 

flotation cells were square Or rectangular. These convenrional cells ",ere at first fitted 

together in banks of cells in series with or v,.ithout dividing plates between them (,cell-to-cc11' 

YR. 'open-flow'), As the sizes of conventional cells increased, the numbers of cells do",," the 

bank decrea"cd lIntil large single conventional cell units were used separately (cf. Figure 2.2) 
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Conventional flotation cells have hu-gely boon replaced by round flotation cells in re(;oni 

years. Also, "'hile, more than JO supplien. &upplied many different types of conventional 

flotation cells until the mid-90's, have the number of suppliers of round flotation cells 

llecrea.;.ed to around four at the moment. The curront supplier;. of mechanical flotation cells 

and their products are given in Table 2. 1. 

Table 2.1 Round Mechanical Flotation Cells Supplied as at 2004 

Supplier Round Coll Air Feed Cell volumes 

Baicman Round BQR Cen Forced-aerated <5to150m 
~ 

Metso Minerals RCS (l,lachines Forced-aeratcll 5 to200m 

OulokumlJll TankCell Forced-aerated 5to500m 

\\lemco SmartCell Self-aerated 5to250m 

(Dorr_Oliwr Eimco) 

Self-aeral~d ~lH.l Ivrce<1-aeraled Ilotation cells will now be Jiscussed briefly_ 

2.2.2. 1 Self-aeraTed Flo/ation Cells 

Wemco is the only supplier of self-aerated flotation cells today. A schematic of a 

Wcmco SmanCelITM i~ shown in Figure 2.4. It i& clear that with this cell, the mechanism is 

not submerged very deep do"n into the pulp :>:one of the cell. The impeller mechanism 

consists of a rotor with a disperser anll dIsperser hood fitted over it. SIuTTyflo" from the 

bottom of the tank to the rotor is enhance<.l by a draft tube fitted below thc mechanism and 

connectell to a false bottom. This false bottom llirects flo,," along the bottom of the tank for 

solids suspension purposes. 

Degner an<.l Treweek (1976) de&cribed the operation ofWemco self-acratell cells as follows. 

The rotation of tbe rotor generates a liquid vortex from thc llraft tube an<.l extenlling <.Iown to 

the standpipe. The vacuum generated by this vOlicx will <.Iraw air into the stanllpipe and rotor 

corc. This vacuum is strongly <.Iepeoocm on the rotor speed N, and the rotor submergence S] 

below the slurry surface, which is tbe reason for the high mounting of self-3Crdtcll 

mechanisms. In adllition to the air, is &lurry drawn into the rotor from below through the llrdft 

rube. The slurry is mixe<.l with the air before being discharged from the rotor with significant 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Literamre: Me~hanJ~al Flotation CeUs 17 

tangential as "ell as rJdial velocity vectors. When this fluid reaches the disperser. the 

tangential vectors arc turned into radial vectors causing high local turbulence (shear) 

conducive to small bubble generation and good solid-slurry mixing. Once the air-slurry 

mixture leaves the disperser, it enten> the main fluid body of the cell and only specie 

separation is sti ll to be accomplished in the relatively quiescent region above the stator 

mechnrusm. 

•• 

had 
---III"" 

,,,til Do,,,,,,, 

Figure 2.4 Wcmco Smartedl Dl 

Some of the collectIon 7011 ~ bcnelits or the Wemco SmartCell™ can be highlighted as 

follows. 

Wemco Smar/Cell™ [Anon (2D03b)] 

• Blowers are not required 
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• 
• 

2.2.2.2 

Chapter 2 

Rotors arc [OC:ltcd in an elevated position :lllowing easy startup and reduced wear 

Draft tube and bevelled tank improves 

o Hydrodynamic mixing 

o Solids suspension 

o C():lrse partie le recovery 

Forced-aero/i-J Ffola/ion ('el/.,' 

Forced-aerated or supen:hmgrd flotation cells arc currently supplied by Balem,m, 

Metso Minerals and Outokumpu. Examples of their round cells arc shov,.n in Figure 2.5, 

RemarkabJe o\eralJ similarity is clear from these schematics. The basic feature of the forced­

air cells is the impeller mech:mism con~isting of an impeJler-stator combination fitted low 

down in the tank with relatively 10\\ impeller c1e:lrances from [he bottom of the tank. The 

supercharging of the air allo\\s freedom in the vcrtical placement of the impeller mechanism. 

and it is therefore placed lower 1n the cell for effective solids suspension and gas dispernion 

purposes. In addition, supercharging also allows more freedom over the control of the air 

flowr,lIe to the cell. Though differences in the Impeller designs do exist, they all have radial 

blades with vertical profiles reducing the impdk>r diameter from the top to the bottom of the 

blade. The Outokumpu impeller is diffen:ntiated from the other two with the use of a doublc 

blade confib'llTlltion separating the air and slurry flow through the impeller. Other differences 

in the forced :lir cells are differences m the slurry flocd and dJscharge arranb'Cments. froth 

crowding -, and froth laundcr arrangements. 
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(a) Bateman BQR Cell (b) Metso Minerals RCS™ Cell 

(el Outokumpu TankCell" 

I'igurc 2.5 Poreed-aerated round flotation cell' 

Unique features of cach cell's mrdlanism deSlb'l1 are bnd ly given u, follows . 

B(1tem(1n BQR Cdl {Gilbert (2004)J 

• Open rotor 
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o Excellent solids suspension 

o Good air dispersion 

o Roduced power consumption 

• Overhung stator 

o Easier start-up under load 

o Complete mechanism is removable 

o More stable froth-pulp interface 

• Closed stator and open impeller 

Mct<o Minerals RCS™ Cell {Anon (2003a)] 

• Deep Vane DVTM Mechunism 

o Powerful mdial slurry pumping to [he cell 

o The only mf"Chanism to give slurry recirculation to the upper part of the 

impeller 

• Open stator and open impeller 

Oulokumpu TankCelf [Anon (2004)} 

• Free tlow Mechanism 

o For coarse and medium sized particle, 

o Keeps the slurry in motion without excessive turbulence 

• Multi-Mix Mechanism 

o For fine to medium sized particles 

o Maximum contact in the shear zone oot;\\."ccn the rotor and the stator 

o Improved recovery of especially fine particles 

• Open stator (lIld closed impeller 

Apart from these 'unique' features, all the suppliers claim to provide optimum /1otution 

perfonnanC(l through, 

• Maximum particle-bubble contacl~ 

• Effective solids <uspension 

• Effective air dispersion 
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It is thought that forced-aerated cdls can be more effective in fine particle recovery due to (he 

high levels ofturbulcnce possible by placing the impeller mechanisms low down in the tank 

without disrupting the quiescent and froth zone,.; . 

.A.v Ihis slUdy on solids suspension was conducJ"d in a m"chanical jlololion cell, 

&uion 2.2 VlCcifically consider"d mechanical jlo/a/ion cell". 11 sJar/ed by giving an 

o''Cl"I'iew of mechanical jlolwion cells in Section 2.2.1, wh"r" iJ wa,- seen thai solids 

sllspt!nsion is an imporwm obj"cli,·" in Ih" design of mechanical/lotwion celk Thl! incrl!(He 

in mechanicaljlo/alion eel/sizes Jo achieve great"r economi"s of.vcale wavaf\'() highlighuxf 

hal! especially ,"inre Ihe adv"m oj round mechanical jloJalion cell,- in Ihl! early 90's_ Scale­

I1P n{)lmally reql1irl!" a good underwanding of ail Ihe sllbproce,,'ses (incll1ding solid,­

suspension) in order 10 bl! applied sl1cces.ifully. Thl! differem types of round mechanical 

flotalioll cells 1'I'Cre d'S{1issed in &ction 2.2.2 where they werl! diridl!d into self:aerared alld 

forced-aerated cells. The imporlance of solids SI1SPl!nSiOIl as Olle of the subprocesses 

ocrurring in these machin"s is evid"nt from the discussion. This work wa,,' doTU! in ajorced­

a"raleti mechanical flo/ation cell, which in terms of d"sign were shown to he ",jgnificamly 

dij)l!rem from Ihl! self-aerated machines. The work in Ihis /hesi,- is Jhus mare rdall!d 10 the 

jorced-af'rated mechanicaljloJa/ion relfs as ,,'hown in Section 2.2.2,2. 
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2.3 SUBPROCESSES AFFECTING THE COLLECTION ZOl'lE 

As already discussed in Section 2.1.2, the flotation process can be dlvided into the 

stages of conditiomng, collection and separation. Each of the stages consists of a nwnber of 

sub- and microprocesses, which influences the effectiveness of the flotation process (cf. 

Figure 2.1). Compared with the mostly reagcnt controlled conditioning stage, the eolleclion 

and separalion stages are the main functions of a mechanical flotation cell. In terms of 

collection and separation subprocesses, a mechanical flotation cell can be divided into 

different zones as indicated in Figure 2.6. These ZOllCS are not always that clearly definable 

as is especially evident for tbe pulp phase zones (i.e. collectioo and quiescent zones), and only 

domarcate area~" here certain subprocesses are c>.pected to dominate. This study focuses on 

solids suspension, which is an important subprocess in the collection zone of the mechanical 

flotation cell. This section will therefore mainly focus OD the colleclion zone subprocesses in 

a mechanical flotation cell. Considering the collection zone subprocesses as shown in Figure 

2.7, they are solids Sllspl!l'lsian, gas dispersion and particle colleclion. These subprocesses are 

all regulated and controlled by the hydrodynamic conditions in the collection zone, whleh 

should thus form part of an overview of the collection zone subprocesses. The particle 

collection subprocess, consisting of the collision, attachment and detachment microprocesses 

was already discussed in Section 2.1.2.2. Sumce to reiterate here that increased agitation 

increases all the particle collection microprocesses of collision, attachment and detachment, 

but that detachment becomes controlling at high levels of power addition (E). This section 

will thus give an overview of hydrodynamics (Section 2.3.1), gas di,-persion (Section 2.3.2) 

and solids suspension (Section 2.3.3) in mechanical flotation cells. Later, salids suspension 

wi11 be considered in more detail in Sections 2.4 and 2.5 of this chapter. 
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Air 

Stot", 
Impeller 

Froth ~on. 
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l-'i!:lIl"(' 2.6 Schemlltic of a mechanical nfltatifln cell shfllo\' ing different mne, in cell 
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Figure 2.7 Colleclion Lflne ,ubprocesses in mecbanicalllotalion cells. 
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2.3.1 Uydrodynamics 

As ~Iready mentioned in the previous section. the hydrodyn~mico in the collection 

zone of a mechanical flotation cell controls the other subprocesses of solids suspension, gas 

dispersion, and partide collection, Hydrodynamics is the study of fluid motion, In otirred 

tanks, tbis motion is caused by the rotation of an impeller_ Hydrodyn~mics is thus influenced 

by the impeller speed (dynamic variabJc), the properties of the fluid (fluid variables), and the 

geometry of the system (geometrical variables). In flotation, thc tcnn hydrodynamics is oflen 

used more broadly", hen referring to any variable related to the propcrties or motion of thc 

three-phase slurry in a cell, e,g. impeller speed, impeller diameter, slurry density, liquid 

viscosity, liquid surface tension, gas addition ratc, gas holdup, power addition, ete. These 

variables are nonnally combined into certam hydrodynamic parameters. which are then 

norm~l1y rel~ted to other sllbprocesses or over~1l flotation perfonnancc. These parametefo 

llSed to chal'dctctioe the hydrodynamics in ~ mcch~nically agitated flotation cell will be 

discllssed in thio ocction. 

DimellSional analysis is needed in problems that cannot be solved completely or rigorollsly 

with mathemalic~l models [Dc Nevers (199 1)], 11 reduces the number of independent 

variables that has to be correlated, and in this way attempts to simplify the problem. This 

simplification In tum leads to increased understanding of the problem. There are different 

techniques that can be used in the application of dimensional an~lyses, i.e. the method of 

governing equatinllS, the method of force ralio,~, and the Buckingham n method. 

Dimcnsional analysis however still requires good judgement to be applied effectively. The 

Buckingham n-theorem is often used and it states th~t Jf there is a dimensionally 

homogeneous equation relating n quantities defined in tenns of r reference dimensions, then 

the equation may be redllccd to a relationship betwecn n-f independent dimensionless 

products (fl ,), provided that the reference dimensions are independent [Dickey (1992)]. 

The m~jn variables influencing the hydrodynamic~ in a mechanical flotation ccll is indicated 

in Figure 2.8. 
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Jiigure 2.8 Hydrodynamic variabks in a mechanical flotation cell 

The Ihnteen hydrodynamic ,'ariables in Figure 2,8 can be divided into geometric, fluid and 

dynamic \'ariable~_ The geomelric variables include Ihe tank diumeter T (m), impeller 

diameler TJ (m), impeller \\idth W (m), impeller midpomt clearance C (m), and the liquid 

heighl Z (m). Thejluid variables include, slurry density PSL (kg.m-\ the liquid vi~cosity IlL 

(mPa.~ = 0.001 kg.m-1,S"'), and the gas-liquid ~urf<lce tension aGe (Nm-1 = kg.~-2), The t1uid 

density pp and viscosily fl." ~hould theoretically be lile effcclive three-phase fluid values in !he 

vicinity of Ihe impeller bul, due to difficulties of in_situ delerminalion or e~limalion, are ollen 

taken as the slurry densi!y P,'-L amlilie liquid vi~cosity I-'L' The dynamic \'Uriah/e,,- include the 

impeller ,peed N (s·'). impeller slurry di~charge fIowrale Qd (ml/~), gas flow rale QG (ml/s). 

shaft power dr<lW P (kW = 1000 kg.m2,s-'), and the acceleration due 10 gravity g (mls'). 

A,suming Ihal these variables are all related and taking power draw P 10 be ilie dependent 

variable, as i~ tradilionally the case: the lollowing correlation can be propo,ed [Edwards and 

Baker(1992)]_ 

." ..... Equation 2-3 
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It fo11ows from !he Buckingham Il-thcorcm that these thirteen variables in three independent 

dimensions (i,e. kg, m, and s) will1cad to the formation often dimensionless groups as shown 

in Table 2.2. In the formation ofthcse dimensionloss groups, the variables urc combined in 

such a way that the dimensionless groups will have physical meanings (often force ratios) as 

indicated in the last column ofTabk 2.2. 

Table 2.2 Hydrodynamic Dimensionless GrouJH in Me4.'hanical Flotation Cells 

Dimensionless G roup Formula Range Physical Meaning 

Power Number (N~) 
N 

P 05 5 Ratio of actual imposed to inertial , 
p"".v'n' fore"" on """,<lard rOlor 

Reynolds Number (11' •• ) N _PIJ.ND' 5x10 2xlO -hatio "finert;.llo V;'OOllS forces .- p, 

Froude Number (NF,) 'i _1'.(D 01 5 R.tio of inertial to W' vitaljona! 

, '',- forces g , 

Flow Coefficient (NQiI) ';' _ift... 0.56 1.00" Ratio of acmal impeller pumping role 

, Q</ - ",'D' 0.75++' 10 staIlda'd ",tor pwnpmg rote 

Air Flow Number (;" 06'1 -~ 0.01 0.20 R.tio of acm.1 air flowrate 10 
I,""~. 

ND' 0.05-0.30 .. H 
.{""donl rotor pumpIng rate 

, Wcber Number (N~<) , , Ra{io of inertial to rurfi,ce tellSion 

iV" 
= p!:.,N D' 

: "~, 
fore"" 

Geometric Groups: 
, 

o.fiue, the relative geometric setup 

Rd ImpeJler Diameter D/T 1/4 -112*, H 

RcL Impeller Width wm 1/10 - 1 ,',' 

Re\. Impeller Clearance ur 1/6·112* 

ReJ. Uquid Height ZIT 1/3.1.211' 

", Data l.len ti-(]m Arbil<:r Harris and Y 1%9,Jlorris 1974 Koo" 197~ . Mav"" 1992 ~() (), () (), .ud Sc~uhert 
and B;""l>otborger (1<)<)8) . 

.... Derived fmm <lal. giyen in Web"" <I ai, (I 999) fo,. Wemco Impellers (may include indnced ,hmy 
ClrcuIOl;(]nJ_ 

- , Recommended by Edwards and B,,",<:r (i <)92) fat' use wnh rurb'ne "Gllalors (0.2 S orr s 05) fur d",i~'1l 
Jl'liI1X'&"i, Jo'hi. P""dit and Shuma (1982) Ijli= NQd fur propelleB '" 0_65 ~OO 0_78 1(" puched blode turbine"~ 

~, M ~iven by Schubert and n;",hofberg<:r (1998), 
• T~o Weber number "" given in Mayr"" (1992). NO', = t." r?;a i, 001 dimcn';onlo .. ..,d .~ould be pl"lV'J(J .. 

lllven mother t<:x{,_ 
• Ronge n.: stondard ,tJo-ed t2nh rrNJerson (I 991); Old'hlli:, Herb,{ and P<>sl (1995)1. 

•• Range lOT m""harllcal ll,>!.tioo cells os pel' j hlft;,; (J 974), Larger roond eel". im:rod~cod after thi' ",f"""'ce 
have DtT v,""e, below 1/4 (~1I5), 
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mcchanical flotation celis, The airflow number Nf,JIJ is more commonly used than the 

pumping number, due to the relative ease ofmea'iuring thc air 110wratc into thc cell. Hcrc the 

air flowrate is compared to the theoretical fluid pumping rate of the impellcr and is often 

related to gas mduction and dispcrsion, but oftcn als.o to the power draw, impeller pumping 

capacity, and effectiveness of solids suspension. The Weber number N~, relates the inertial 

forces experienced by the impeller to the gas liquid surface tension (TCL· Due to the strong 

ini1uence of (TOI. on bubble size, Nw, is strongly related to bubble formation and dispersion in 

mechanical 11otation cells. However, apart from the hydrodynamic dimensionless numbers 

listed in Table 2,2, other parameters are also commonly used in the hydrodynamic analyscs of 

mcchanical flotation cells as shown in Table 2.3. 

Tahl .. 2.3 Hydrodynamic Paraml'l .. rs Used in Mechanical Flotation Cells 

Property Pormula Range -'lIeaning 

Impeller Tip Speed. urtp II,*, 1[.\'0 50-7.0 indicote ma;o; ,he.r rote 

(m-Is) (turbulence) 

---_._-- .. _. . 

Power Intensity, PIV 
!'/V =~ 1,0 - 3,0 IndicaLe average levet "f 

, 
(kw/m') V"o rurnnl..,c. 

Superficial Gas Velocity. Jo J =Qo 1,0 -2,0 Rd"'-ed Iv lite .vg. g"" rise 

(em!s) G A, ve]<",ity in t~e tan. (.f~''I'G) 

-------.- -Tile air nowTatepeT voh.m,e of Specil1c Air Flow Rate, Q",' _ Qu 0.04 -1.10 

(m1,.'m J/min) 
q,;, 

V slurry sv; 

Gas HoldllP, f!G i -"- 5 • 25 The frocliQn oftlte three-ph"", 
'Po = 

(%) Y.zG 
'lurry occupied by gas 

Shaft Torque, lI-f M=~ 
. Torque requil'od to rotate th.. 

(N.m) hN imp"I]~T against fluid ill¢rti~ 

.. 

Tank Tlll"tlover Timc, Off y\W 30 - 60 "The time (""on to ci,,,ul;t(e the 
0" 

N1",ND
J j""k wlume thT<}ugh the imp-cller (s) 

._---- --
lJala taken from I oIlonlUS (1976). lI'lJm (I 97~), Annt.,. (I 9~9), WebeT el ai, (1m), and !kglon. Egy~ M.nstl!, 

and Fran:adis (21~.)). 

2.3.2 Gas Dispersion 

For flotation to OCCllr, air ha~ to be introduced into the cell in the form of bubbles, 

which form the carriers for hydrophobic particle collection and recovery into the froth zone 

, 
i 
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(cf. Figure 2.7). The mechanism of gas dispersion in a mechanical Ilotation cell b depided in 

Figure 2.9, from which the turbulent nature of this subproce,s j" evident. Air is drawn into 

the low-pressure regions, which form behind the impeller blade, due to rot:ltion, to form gas 

cavities. At sufficient impeller speed, air from the:,e gas cavities is entrained by the fluid 

vortices flowing around the impeller blades into the impeller discharge stream. Further 

bubble breakup occurs in the high-shear stator region. 

Figure 2.9 Si:hematic of the gas dispersion action in a mt>i:hanical flotation ccU 

The introduction of air into a stirred system causes a very noticeable drop in power draw. 

Power draw relates strongly to the hydrodynamic conditions in the cell, which lI'> already 

mentioned, controls the other collection zone :;ubproce~ses of gas dispersion. solids 

suspension and particle collection. The effect of gas addition on the power draw will thus be 

considered in this section. The mechanism of gas dispersion can be considered in a number of 

ways. Gas induction is important for >:;elf-aerating m.achine~, whilst forced air machines are 

susceptible to impeller flooding at too low impeUer speeds andlor too high gas addition rates. 

The dispersion o/bubbles throughout the cell i~ important for particle-bubble interaction. It b 

well known that bubble size as detennined by bubble/ormation is very important for particle­

bubble interaction (cf. Section 2.1 .2.2) and thus flotation kinetics. Gm holdup is a measure of 

the volumetric concentration of ga~ in the three-phaw ~lulTY and is often related to 

hydrodynamics and tlotation pcrfonnance. These aspects related to gas dbpersion will now 

receive some attention. 
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The importance ofthc Froude number NF', and impeller submergence SI D for gas induction ill 

se lfaerated machines is confirmed by Equation 2-8 and Equation 2-9. 

2.3.2.3 Impeller Flooding and LQIlding 

In the same way that self-a\.-'Jated Impellers will only start to induce air above a 

certain impeller speed NGI, will forced aerated Impellers become flooded at a fixed gas 

flowmte QG as the impeller speed drops below a certain impeller speed NF'. Thejfooding 

condition occurs when the ga~ addition rate exceeds the gas dispersion capacity of the 

impeller. Under these conditions, the rotating impeller becomes largely encapsulated by gao 

(flooded) and has a negligible contribution to fluid circulalion in the cell, which is now 

largely gas controlled. A significant drop in power, circulation intensity and solids 

suspension capacity is noticed when the impeller becomes flooded. At higher impeller speeds 

the power draw increases and the impeller thU5 becomes loaded. Under loaded conditions, 

the impeller is able to disperse the incorming air with the slurry discharge leaving the impeller 

and Ihe impeller is Ihu,~ conlrolling thefluid circu/alion palterns in the cell, 

The impeller speed N, gas flovmlte Q(i and impeller diameter D, a~ expre~sed by the air flo", 

numocr NQG and Froudc number N", has been found to correlate [he flooding condition well 

L Warmoeskerkcn and Smith (1985); Wong. Wang and Huang (1987); Hudeova e/ at. (1987)] 

as can be seen from Equation 2·1 O. 

& ( ") =:V,.'f> 
"h F , 

Equation 2-10 

lIudcova e/ ai, (1981) 

Impeller flooding is also of relevance to ,w/ids suspension, due to dramatic 5Cdimentation of 

solids occurring when the impeller gets flooded The 'critical' airflow number, where 

Arbiter, Harris and Yap (1%9) obElerved drastic solids sedimentation is thought to have 

occurred at a point close to the flooding point of the impeller. Harris (1976), Schubert and 

Bischofberger (1978), and Joshi, Pandit and Sharma (1982) also expressed the effect of air on 

wlid, ouspension in terms of air flow numbers, 
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23.2.4 

As flotation is dependent on the contacting of >olid particles with ga, bubbles, the 

dispersion of gas throughout the tank is an important aspect Proper ga~ dispersion can only 

occur if the impeller is loaded at higher impeller speeds as shown in Figure 2.10. 

r 
r 

H 

(b) (d (d) (. ) 

Fligure 2.] 0 Different stages of Impeller flooding and gas dispersion (loading) I adapted 

from Chapman el ul. (198~b)l 

(a) No i05 dl5perslOn (impeller f1ood«1); (h) Minimal ga, dispemoo " bubble oolurnn (impeller flooded); (0) Gos 
dispersion ~OOV. the Imp.tler (impelter tuaded): (d) Co'''pletc gas dispersion (impdler loaded): (ej Uniform gas 

dispersion (in'peller k>lidedJ. 

Two important points can be identified fi-om Figure 2, I 0, i.e. the flooding point Nr and the 

just completely dbpersed point Ned. Although some disagreement existed in literature, N., is 

taken as the (cHb) movement, while N,,j is taken as the (c)-(d) movement [Middleton, 

Edwards and Stewart (1980)]. Most studies have focused on the flooding point, and not many 

correlations ex;,t fur the point of complete dIspersion of gas N,... One >uch study was 

however done by Nienow, Wisdom and Middleton (1977) using a disc tmbine (cf Equation 

2·11). 

,."Equation2·Jl 

Comparing Equation 2-11 to Equation 2·10, it seems that N!'r and DlThas a smaller effect on 

the completely disper>ed point, than on the flooding point Chapman el ai, (1983b) later 

found a similar correlation. Dispersion of bubbles is brought about by both tllrbulent 

dispersion and hulk /low. Turbulent dispersion i, ,trongly related to the power inten,ity, 
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single particle will settle in Ii still fluid, and is determined by doing a force balance as shown 

in Fib'UTC 2.! I. 

Figure 2.11 Balance of forc .. "S at the terminal settling velocity Ur of Ii particle 

p. = gravity force, F~ = buoyoncy force, Po = dro& fur,,, 

Al the terminal settling velocity, the forces acting on the particle are in balance. 

__ "_ .. ,_ .. ,_ ... _ ........ Equation 2-17 

Solving for Ur: 

1<, '" J: -~" -d,' P";L
PL 

-g 

.. ,', .. ,', .............. " .. " ...... " .. " .. " .. ".Equation 2-18 

The value of CD depends on the particle Reynold, number NR., = PLU~)P.L us follows: 

CD= 241NR'P 

C[)= 18.5INR..,.~,6 

CD=- 0.44 

; when 10-4:0: NR", ~ 2 : Laminar regime (Stolo::cs) 

; when 2::; NR'J':O; 500 : Inlermediate regime 

; when 500::; NI/.." S 2xl 0' : Turbulent regime (Newton) 

"'" Equation 2-19 

The terminal settling velocity Ur of spherical particles can be obtained through an iterative 

process, using Equation 2~1 H and Equation 2-19. An alternative and simplitied melhoo for 

eakulating the terminal settling velocity of spherical particles is by using the Archimedes 

number NA,. N", ha, been related directly to the terminal settling velocity of spherical 

partich, and gives a good fit in all three fluid regimes (i.e. laminar, intermediate and 

turbulent). and does not require an iterative procedure as shown in Equation 2-20. 
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aDd 

Smith 

Armeoaote aDd Uehara 0.22-0.24 0.11-0.13 

Shaikh 

0.4 o 

+ + Ur ur 
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DT: 

-1 
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FT: -

HE: -1.62 

-2.0 

DT: 

PT-D: 

PT-U: -0.60 

-0.82 

-0.78 

-0.85 

taken from Rewatkar and of correlations are also in Bohnet and 
and et al. Theoretical correlations summarised in and 

ExpeJimenl:al ranges used in these works are summarised et al. and Rewatkar 
and Joshi (1 

ZW'letl;:rirlg (1 l}IlJ'UU'l.it function as in In the 
T is shown as the variable mdllc~ltlng scale and DIT indicates relative tAu., .. " .... " also 

2-33 and -'-''1 ........ 'u 
** -The concentration of solids is p.Yrll"p.>lc<l.P.tl here as the mass ratio of solids to B= HnWp.'vp.r the 
mass X= ... _,"--+''''' used to express solids concentration in stirred tanks. For 
small values of X:$ for X in the range of 0.05 to 0.50 the relation can be apI)ro:1Urrlat~:<1 
as B a . Thus to obtain the eXtlOnent for X in the latter range, the on B should be 

1.27 Section 
+ - Terminal Ur were used in these studies to describe the effect ofthese variables. 

:::: disc FT :::: flat-blade Pr PT -D :::: turbine PT -U :::: 

can nnUN'V~'r 

« 1 
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ratio, B = mS'mL. However a common \lay of cxpressing solids concentration is to usc the 

solids mass concentration. X= ms/(m • .-+-ml). B vs. X is shown in Figure 2.21. 

10.00 , --------------, 

0,01 

fligun.· 2.21 Solid'rto-liquid ma~s ~ati", R as a function of solids concentration. X 

h follows from Figure 2.21 that if wo~king at low solids coneen1rations up to -5 wt"lo. the 

exponent values quoted ill Table 2.6 can be used 011 X. However, 11' Worklllg at higher X - 5 

to 50 w\"lo, the exponent on X. will be higher than Ihe exponent 011 B. 

N p "" B"lJ "" (x,·,,)"lJ "" X""; for 50/. ~ X ~ 50%; Zwietering (1958) 

E'lualiCl11 2-38 

2.4.4.3.3 Solid-Liquid Density Difference, /!,pIPL 

l! follows from Table 2.6 that the relative solid-liquid density difference, (p.\­

pJlpL o~ 6.plpL. has a relatively large and consistent influence on the critical impeller speed. 

Zwietering (1958) found the exponent to be 0.45, whilst the findings of othen; varied mostly 

between 0.40 and 0.50, with only one worker [Gates. Mortoll and Fondy (1976)] finding the 

effect to be less than 0.40. From a mechanistic point of view, the large effect of solid-liquid 

density difference is to be expected. From a force balance (ef. Figure 2.11), it follo\ls that 

density difference is Ihe real driring force behind phase separation. The other solid-liquid 

variables merely affect the drag force and thus the rate at whieh this separation or 

sedimentation occurs. 
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__________________________ Equation 2-39 

2.4.4 .3.4 Liquid kinemalh' velL'DSily. )'L 

Zwictcring (1958) found the effect of liquid kinematic vj<;cosity Vr. to be a~ 

follows. 

N fr <x VOL"; Zwietering (1958) 

... __ Eqlwtion :-40 

Only some of the authors listed in Table 2.6 studied the effect of liquid viscosity and their 

values of the exponent on )'L varied mostly from zero to 0.10. A number found the exponent 

to be lero (v,. has no elfect On "i,). whilst only Baldi. Conti and Alaria (1978), working \\ith 

very low X (X::; 2%), found the effect to be stronger than 0.10. The effect of )',. thu, seems to 

be relatively ';loall for most 'ystems. However, fGf some system. the viscosity can vary over 

a lurge ,Jnge (more than ten-told), and in lhese cases the influence of viscosity might be 

important, despite the small proportionality exponent These: sIDdies considered the liquid 

phase viscosity on the suspension of solids. The fluid (slurry) viscosity may however abo be 

influenced by the presence of solid, particles in the fluid as ,hown in Figure 2.22. It follows 

fTOm Figure 2.22 that for most ~Iurrics. the slurry vlscosity IS only mt1uenced significantly 

(more than three to four times that of water) once the solids volume concentration Ips increases 

over -25 vo l%. except foc very fine particle size dhtributions with d50 values of30)1m and 

smaller. For a slurry containing solids with an SG of three. a solid, concentration of25 vol% 

(rps = 25%) translates to, 50 wt% so lids (X = 500/0), or a slurry density of 1500 kg/m' (PSL . 

1500 kg/ml). Many slurry mixing sy~tems operate below X = 50%. and therefore if not 

containing large quantities of extremely fine solids (dX! ::; - 30!lm). the effect of ,lurry 

viscos ity on f.ij, seems to be SOla!!. 
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Experimental 125 

dropping below 30).lm. It was thewfom decided to lise a viscosity range that goes beyond a 

relative viscosity of hvO, Le. 2, 4 and 8 (ba:,ed on wlative kinematic viscosities). Dynamic 

vbcosity me<l'>urements were done using a Brookfield viscometer to determine how much 

sugar to add. LiqlIid Sligar solution densities were determined by weighing of SOOml Sligar 

solutions accurately made up in volumetric flasks. These resliits are shown in Table 3.3. 

Table 3.3 Suc rose Sligar Concentrations vs. Solution DClisity and Viscosity 

Sucrose Cone Solution Density Dynamic Viscosity Kinematic Viscosity 

[gll[ IkglmJ
[ [d' [ [x 10" m'lsl 

0 1000 I.OQ 1.00 

100 1037 1.37 1.32 
~ -~ ~ . 

2l~ 1075 1.72 1.60 
-- . _ ... -- -

lim 1112 2.48 2.23 

400 1150 3.79 3.30 

500 1185 6.25 5.27 

600 1220 11.60 9.51 , , 
Note. I oP O.OOI(~)2 ~grrol, 1.002 mP •. s ", OIer. dynamiC ,"sco"!j a120"C 

The sugar concentrations to use for kinematic viscosities of 2, 4 and 8 xlO"" mlis were 

determined by linear interpolation as shown in Figure 3.3 and were found to be 263. 436 and 

564 gp l. 

, ------------------, 1.250 

4 (~1 

StXj'" 0 :"" ((},'I d s,, ) 

1.:->I.i ) 

Figure 3.3 I)etcrmining the sugar concentra tions to use for the viscosity tests 
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The viscosity of water is also influenced by the temperature of the liquid. Due to the large 

,cale of the test tank, these tests were not done in a \later bath to conlrol the temperature of 

the fluid in the tame The tcmperarnrc of the liquid was IlOwe'-cr monitored using a ,tandard 

mercury thermometer dipped into the tank. and controlled by a 3kW heating element and 

ambient cooling to remain within 20 to 25"C as tar as po,siblc. As can be seen from Figure 

3.4 this variation in temperature cau,~s the visco;.ity of the water to be 0.95 ± 0,05 cPo rhe 

temperature for each test was taken and the variation of vi,cosity due to temperature as given 

by the tn:ndline equation was incorporated in the analyses_ 

" " ;; 
" 8 , 

> 
> , 
0 , 
0 

I." 

u 

1.() 

o,~ 

00 

0., 

I),b 

W 

IJ - ~. CIJ;}, " - ~ f).\" T ~ 1.6,,'1 
H2 ' 1 

Figure 3.4 The viscosity of"ater "~So t~mperat.ure (Data taken from Rogers and Mayhe" 

(198ft)J 

3.2.5 Air Addition 

The air addition was adju,ted using a valve in the airline and measured with an air 

rotamder (metric 4SG) as shown in Figure 3.1. rhe pressure of the feed air was kept con8ta.nt 

u,ing a pressure regulator on the air feed line. For the three-pha,~ te8ts. the air was added at 

8upcrficial ga, velocities of 1,1.5 and 2 cmis as shown in Table 3.4. The superficial ga, 

velocity is calculated by dividmg th~ air nowrat~ QG by the crOS!< sectional area of the tank Ac_ 

It follows that the superficial ga, velocilie8 useU rdate~ to specific air flO\vratcs varying 

belween I_I and 2.2 wm. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Tank details: ; Air rotameter: metric 450 

It is a 

to COlncfmtratlon to use some were 

was are ""',,,""" 

1100 

1000 

900 

BOO 30 40 50 
765 770 . 772 

700 

600 635 

500 

400 

300 
0 10 20 30 40 50 60 

Frother Concentration 

on 

It 

<lITn,,,".,, constarlt 

at start a test 



Univ
ers

ity
 of

  C
ap

e T
ow

n

was to 

was IOO:Dea 

was 

to was 

as a 1"1"1"\.1"1'0,0 ... C4::mc:enltrat:lOn as 

16.0 

14.0 40 
14.0 14.0 

12.0 

10.0 

8.0 8.0 

!Q 6.0 
(!) 4.0 

2.0 

0.0 
0 10 20 30 40 50 60 

Frother Concentration 

on 

uv ........ ·"" was measured 

on 

measurement 



Univ
ers

ity
 of

  C
ap

e T
ow

n

measurements. 

It 

on 

more 

nr(lO'1",,,"nTnP are mdlca,ted 

pro,gramnle to 

two 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1 Chaoter3 

SU!menSllon ,",VJ"""lUU'U" on 

are 

was 

camera 

sUlsD(:mdled were 

on 

"'''', ...... ''' ... out a f'P1-t.:ll1n UUI.I"'U'''' 

as 

exact 

was retlearea 

as 

"'-'AlaV'lua .. et as reDleal:aOlle 

as plBmnea. 

it "'uv ....... some not to 



Univ
ers

ity
 of

  C
ap

e T
ow

n

131 

..... ,-"-....... , ......... ,",. .... Olltpllt or 

was to 

to 

at I 

]l;a;~i:)"'U tests. 

I: "" ............ 

I, tests were 

as 

I"'". ............... to an .......... uu .. ,;u II 8 

gassea tests. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1 

6 Ilassea 

'"'v ............ "'., ...... 1 

" ..... uu ..... ,::;.. as 

1 

to 

tests 

*: Water 

test nrr,or,U'YlI1I'np was to test 

were v ........... , ... to 

on 

raw is 

IS a C011centratIc)ns VS. 

were rI""lr"" ... m 

was 



Univ
ers

ity
 of

  C
ap

e T
ow

n

"SQl'llDIIl11? ~ lOx 

a 

near 

z 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

rate 

N 

To n .. ri..t...I'li .. pump 

was 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1 

runs 

to 

two 

Chanter 3 

were 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1.1.1 

1.1 

1.1 

1.1 

.................................. 

...................................................................... 1 

......................................................... 1 

................................................................... 1 

......................................... 1 

1 

'-''U ...... '..., .. ''' ... , .. __ .u on 1 

................................................................... 1 

............................................................................................................................ 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1 4 

a 

case. ""',,>F"""'''. not 

to uu,"' .... ,u .... "" 

It can 

It 11 

most 

un!~asise<1 tests 

as J..J'-!'u.cnlUU 



Univ
ers

ity
 of

  C
ap

e T
ow

n

to most ,",VUU.UVlll, 

as IS • "' .... "'"'''' ..... 

as a ......... "'.,'v .. 

llP'IlPI:nn an eQll1atlOn "'.u ........ to 

to 

a m(;~cnan 

It 

are HI'"'· ........ "' .... 

is a constant 

on 

"''''''''''''.7 VL on 

1 

on 

an S 

a me:ch:amcal 

mass COltlC~mtlratl 

were 

a 

to 

as 

two-



Univ
ers

ity
 of

  C
ap

e T
ow

n

1 4 

on UJU'_UlIU 

not 

0.20. , 

VS. 

1.1.1 to 1. 

."'., ..... .., IS a 

on 

over a 

I 

at 15 

C, d, e, 

a 0.20 

eXl)erlmlental prog;raInmle are 

motor 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Cri tica l Impeller Speed 139 

14C{ :, 
.X-20 

1)00 
" X"15 

,= .a. )(=1(:. 

~!( :.:) 
• X=5 

~ 
"00 
M 

0 HC,:) , 
z 

,iO:) 

' 00 
i a ," 

ri~urc 4.1 The effect of particle ~i~.", rip on th", ungassed critical impcller 'p"cd "~'" for 

solid~ concentrations ranging b"""eeJl 5 and 20 \\t% 

(Exp. Phase J (2ph): d.", = 91. 128, 200. 375, 675~m:X= 5, 10, 15. 20 "''!"/o: JG= 0: Silica ,and) 

Jt follows from Figure 4.1 that very consistent power rclations bet\\ecn Aj,. and dp had been 

found.. varying betwcen N,,,, 0. dr o.,) 10 ,vj ... 0. d/"', for the different solids concentrations 

tested. Taking t h~ average slope from the four curves gives the following relation. 

~'" {J. d/,j ; A ntechanical flota tion cell (graphical analy, is) 

. .............. . " Equation 4-4 

This effect of dp on Ni •• is ,tronger than that found in ,tirred tanh by Zwietering (d Equation 

4-3) and most others, and is thought to be related to the proximity of the stator to the impdler 

in a flotation cell as compared to b~mes in a stirred tank which arc fi tted to the sides of the 

tank. The stator decreases flUId flow in favour of increased turbulenc~ in the vicinity of the 

impeller. Fluid flow is an important suspension mechanism of especially the larger particles, 

with higher se! lhng vclocihcs. 

4.1.1.2 The Effect ofSolid.~ ConcenTralion on Nj,. 

Zwietering (1958) found the effect of ~olids-Iiquid ma~s ratio B as ~hown in 

Equation 4-5(a). which can be converted to the effect of solids concentration X (cf. Equation 
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4-5(b)) as alrcady demonstrated in Scclion 2.4.4.3.2, i.c. B 0: X l7 The findings of other;; in 

stirred tanks varied mostly bern'een If"O and BU''-' . 

N "" X017 : Stirred tanks " . 

(,) 

(b) 

. ... . Equation 4-5 

Z",klormg(l958) 

The relation betwccn N". and X found in the tvvo-pha_e tests during Phase I of the 

experimemal programme is shown in Figure 4.2. As already mentioned in the previous 

section, some of the l'.'p. values could not be determined at X equal to J 5 am-I 20"/0 for the 

coarser particle sizes a, the just suspended COIlditioo~ laid above the maximum power the 

electric motor could deliver. 

'4CC~------------------' 

~ 

x, [wt'l-<J 

• o ~-G!5 

. q< l" 
J. op-2C G 

• q~' < H 

X q~" 1 

i a x" 

y u x 
, 

y" F'" 
y u X'" 
Y 'J ," 

" " 
Figure 4.2 The effect of solids coocentration X on the ungassed cri tical impeller speed 

f\I'pM for a '-erage particle sizes ranging behwen 91 lind 675)1m 

(Exp. Pha", 1 (2ph), dw = 91, 12&, 200, 375. ~ 751111; X = 5, I 0, 15 , 20 "V.; J" = 0; Silica ,and) 

It follow s ITom Figure 4.2 thaI fairly consistent pov.-er relation, between "'p. and X were 

obtained with the exponent varying between 0.10 and 0.14. Taking the average slope from 

the five curve, gives the following relation. 
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.'''1;'" fl X"''"; A mechanical flotation cell (graphical analysis) 

................................................... Equation 4-6 

Comparing Equation 4-6 to Equation 4-5, it follows that the relation betwC<.>fl Ni, and X for 

this flotation cell is slightly weaker than that found by ZwiclCring and others in stirred tanls. 

The smaller effeet of X in this work using a mechanical 110tation cell is difficult \0 explain but 

may be related to the relatively low impeller clearance used in this work (CiT= 0.25 Or Ci,JT= 

0.15) apart from other geometrical differences in impe[kr and baf11ing design. On balance 

though it can be concluded that changes in solids concentration have a relatively small 

inl1uence on the critieal impeller speed in a flotation cel l. 

4.1.1.3 The Effecl of Solid~' Dellsil)' on ,'\j,~ 

With respect to solids density, Zwietering (1958). and others decided to 

incorporJte the effect of solids density in the fonu of relative solid-liquid density difference 

[(p.)-pr)/p,.]. This is tile same fonn lhat solids density affects the temlinal seuJing velocity as 

already shown in Equation 2-18. Zwietering found the proportionality exponent between ~'" 

and the relative density difference to be 0.45 as shown in Equation 4-7, whilst other findings 

varied mOi>ily between 0.40 and 0.50 in a relatively narrow band. 

( ""." 
/Ii.,. "" I PI Pi' ; Stirred tanh 

. ". PL ) 

....................... Equation 4-7 

Zwie!ering (1958) 

Thc effcCl of solids density on Ni ," can be dcrived from the two-phase runs in Phase [1 of the 

experimental program using rutile (ps = 42UO kglm' ) and zircon (Ps = 4700 kg/ml), and 

comparing it to the dpO! tests using silica (Ps = 2650 kg/ml) in Phase [ of the experimental 

program as already sho'Wll in Table 3.7. N, •• could not be rcached atX= 20% for rutile and 

zircon. whieh resulted in only three curves as shown in Figure 4.3 forX= 5, 10 and 15%. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

14~ Chapter 4 

1488 
. X~15 

1788 
' X- 1O 

lOX' . X=5 

l>':l:;' 

- OCO 

" 'CO -
- iJ~) -Z 

~ ;:n) 

~ a ,"':~ 
411~) 

-"U ,"0; 

JX' , , , 

Figllre 4.3 The efi"ecl of relali\e sol id-liquid density difference r (p . .,...p,)lpd on Ihe 

unga.sed critical impeller speed Ni •• for solid. concentrations ranging from S to I S'\I. 

(hp. Phase, I & II (2ph): d" 7 91 ~rn; X= 5, 10. J 5 wt~'o; Ps = 2650, 4200, 4700 "ji/rn' ; p,= I ()()() k!!/m'; JG = 0 
crnJ.) 

Although only three curves were obt~ined. the wn~i~tency of the proportion:llity e~ponent~ in 

the po",er function~ in Figure 4.3 is very encouraging Wilh the slopes varyiug only between 

0,63:md 0.64, with an average ofO.63. 

( \.:;-~, 

A',\. '" 1'\ -PI I ; A mechanical f1ot~tion cell (graphical analysis) 
" Pc " 

.............. Equation 4-8 

Fmm this ~ection on the influence of solids density on the just suspended impeller speed. it 

10110ws that solids deusity has a large effect ou the critical impeller speed. Similar to the 

findings on dp, the effect of [(P~~pf)lpd found here for a f1ot~tion cell, is also stronger than the 

relation found in stirred tanks_ It is interesting to note that dp and [(ps-pr)/pL] are also the two 

main variables affecting the particle settling velocity (c[ Equation 2-18). This supports the 

notion that the reason for the stronger relations between Nfr. and dp, and [(Ps-pd ipLJ in a 

flotation cell may be related to baffiiug arrangements in a fiotation cell vs. bame~ on the side~ 

in a stirred tank. As already mentioned, the stator decreases i1uid flow in lavour of increased 

turbulence in the vicinity of the impeller. This finding sugge~ts that tluid /1ow is an important 
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suspension mechanism oj' e;;pecially the lal'g~l' and higher density particles. with hlgher 

scttling velocities. 

4.1.1.4 11,,' t:/fi'cl of Uquid Vi~'co~i/y on ~ •• 

II was seen in Table 2.6 that only some of the Np investigators considered the 

effect of liquid viscosily in the form of kinematic viscosity, I't , on Np . Of those that did, the 

findings for the power function exponent varied mostly berueen 0 and 0.10. with some thus 

finding VL to have no effe<;t on Ni<' 

N ,,,, '" v",H': Stlrl'~d tanks 

. __ .. __ .. __ .. __ .. __ .. __ .. __ ............ Equation 4-9 

Zv.;etering (! 958) 

The stirred tank solids suspension work thus suggests that Np is either independent of VL or 

the effect ofv,- on Nfl is given by a relatively small proportionality exponent of not more than 

approximately 0.1. A small proportionality expon~nt indicates that only large changes in VL 

will have significant effccts on Nj" Liquid viscosily can display large variations in some 

processes where viscosity lhus might still have a large influence on Ni-~ despite its low 

proportionality exponent. If for eXlll11ple me power relation is given by Ni, (1 vt'O, then N;, 

will only b~ changed by more than 10% if the kinematic viscosity changes by more than 2.5 

limes (consider 2.50 to = I. 10). 

The liquid in /lotalion cells consists mainly of water. The viscosity of water is modified by 

liquid temperature and by dissolved components (cf. Section 3.2.4), but the effects of these in 

industrial flotation cells ar~ nonnally relatively small. However, If the liquid is seen as a 

pselldoj/uid of water and fine solids. the slurry viscosity may be taken as the fkJid viscosity. 

As already shown in Figure 2.22 (cf. Section 2.4.4.3.4), slurry viscosity is increased by solids 

concentration and the effect is more sigrnficant with very fine particle sizes. In flotation cells 

solids concentrations in the region of 40% is commonly uscd, which is comparable to a ips of 

just below 20 vol% given a Ps of 3 kg/I (cf. Equation 3-2 in Section 3.2.3). Al this solids 

concentration the slurry viscosity is only significanlly increased to more than 2 to 3 times that 

ofwatel' when the slurry is very fine with dJO's below 40 and especially 30 ~m. 
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With this in mind, the effect Ofl'L on t.'p in a notation cell "as investigated by varying V,. up 

to 1\ times that of waler during Phase III of the "'''perimenta] programme (cf. Section 3.3.1.2). 

These tests for two-particle ~izes dpOI and dp200 at 20 wt"10 solids are then compared with the 

equivalent tests tests during Phase I of the experimental programme. The "'j", vs. VI results of 

these tests are di~layed in Figure 4.4. 

" ," '"' v",~"o 

" 

figuTt 4.4 !'he efkcl uf kinematic liquid vi~cosil)' Vl (and PI.) on the critical irTIpt'ller 

~peed !\j.. for ds, = 91 , 200 11m 

(h p Ph.",. J and III (2ph): d,. = qj rm, 200~m: X = 20 "'t%: Ps = 2650 l~lm ' ; pI,'-'100(), I 160. 121)6 kg/m' ; .J~ 
= 0 emls; v.@ 20"C = J ~I O" m'/,) 

11 can be ~een from Figure 4.4 that the kinematic viscosities were slightly lo",er than the 

planned 2, 4 and 8 times that of water. This is purely a function of the liquid temperature in 

the tank being mostly above 20"C in the region of25"C (cf. Figure 3.4 in Sectioo 3.2.4). The 

double data points appearing at vLiv" - J is from duplicate runs. Although Figure 4.4 shows 

the results ofNj ,. VS, VL using sugar solll1ions it can not be used to graphically dctermine th ~ 

effect ofv£ on Nfl • . The reason for that being thut the additioo of sugar to modify VL causes a 

simultaneous change inp£ and thus in {{ps-pd1pL 1. The change in the t.j.. values in Figure 4,4 

thus shows the combined effect Of{{PS-PL)/pr) ' .V! Fortunate ly, the effect of[{Ps-prl ipr] on 

Np" was already determined as shown in Equation 4-8. Ni'" u {{Ps .. ptl!pd~ 61 . Removing the 

effect of changes in [{ps .. pdlpLl on the N;," va lues in Figure 4.4 leads to Figure 4,5 to show the 

effect ofv[ alone. 
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• • 
'/ Cl' " 

3lJo'J'c-C-------,----,-----;----,---, 
0.8 ~ 34 li8 

"-I..." [-J 

Figur .. 4.5 The .. neet of kin~mafic liquid "iscosity "L on the critical impeller ~pced ;\j," 

for dji = 91, 200 Jim 

(Exp. P~ases [ and IU (2ph): d", _ 91 I'm, 2(l()~m; X = 20 wto/.; p , = 2650 kgim'; 1'1.=1 000, 1 160, 1206 k2Jm' ;Ja 
= 0 cm/o; v w @2O"c= IxIO'" m'I,) 

from Figure 4.5 it follows that the effect ofhquid viscosity on tbe critical impeller speed was 

found to be slig~tly conflicting. for the flncr tdj(J ::: 91)lm) particle size fraction thc liquid 

kinematic viscosity caused the just suspended impeller speed to increase at a rate of Nl'" !J. 

VO ll , whic~ is similar to that fonnd by Zwictcring (N;.. U ,,0.1,), However, for the coarser size 

fraction (dJO = 200llm). VL gave a slight decreasing effect of"L on Nj •• , (N) •• U V--0
04

), which 

was unexpected, These resnlts show thc effect of VL on Nfl" to bc relatively small but 

inconclu,ive. In comparison, resulls /Tom stirred tank work are also somew~al inconclusive 

with workcrs givcn the proportionality exponcnt of kinematic vi>cosity to be small but mostly 

V'Miable between 0 and 0.10. 

N,,,, = vi'''''' -<10'., 0.11); A mechanical flotation cell (graphical analysis) 

. Equation 4-1 0 

4.1 .2 Critical Impeller Spero Corrt'lation for Two-phase conditions, Nfl. 

In this section, the critical impeller speed correlat ion will be developed for t~e 

two-phase solKls suspension tests in the pilot mechanical flotation cell using multiple linear 

regression. Referring back to Equalion 4-2, it follows lhat l~e aim of t~is two-phase critical 
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impeller speed (N;",) section is to find tbe power function exponents C, d, e, and! Thc:,c 

exponents indicate the relative effects of vari3lions ill partie Ie SiLC dp, so1id~ concentration X. 

ootid-liquid density difference aplpL, and kinematic viscosity I'L 011 the ungassed critical 

impeller speed Np . The value of the correlation cocfticicnt KSL for the specitic geometry 

u~ed here '" ill also be found. 

[ " 
N = K <;ldo"X " Ps - p, )" vi; "here KSL = /(T, Dff. CIT, de,ign) ; Mechanical flotation cell 

I'" ." Po' 

_ (ef. Equation 4-2) 

Multiple linear regression can be u,ed to fit coetricients to tenns in a linear equation (e,g. y ­

m IX/ I miXl -I .. , + m"xn + K). Ho"cvcr, E<.juation 4-2 is not a linear equation, but a power 

function. Power functions can however be linearised by taking logarithms on both sides of 

the equation. 

log "" .... = 
logK", +c.logdr +d_Iog X + e.]Og[P\ - PL '1+ f.logv, (fi-om Equation 4-2) 

p, , 

_______ Equation 4-11 

The following numerical strategy was used for the analysis of the two-pha,;e data. The data 

from all the 0," tesl, during Phase I and 11 of the experiments were analysed first (cf. first 27 

entries in Table A.2). This gave the exponenb for dp • X, and !J.piPL as shown in Table A.12. 

In a second step. the vi~co~ity tests u~ing sugar solutions were included. In thi~ analysis the 

exponents for dp, X, and AplpL were fixed as already determined in the first step. This 

therefore gave the effect of viscosity during all the run~ and not only the runs in Phase Ill. 

The reason for doing this is also to include the effect of temperarure variations on the 

viscosity and not only the effect of the sugar solutions. The results from this sc<;ond analysis 

are given in Table A 13 in Appendix A. These numerical results are summarised in Table 4.1 

and compared with the graphical results obtained in the previous ~ection. 
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Table4.1 T"o-phasc Critical Impeller Speed Corrdation Results 

Analyses E~poDents of fIIj •• Po"er Function 

Nj," = KSl.d/ X" (f¥!IpL)' / 

K. d ' , X (AplpJ' ,,' -
CraphicaL anal)· ... 0.35 0.12 0.63 -0.03 

(o .. n'().J~1 10,1 O.(), 141 (0,6.''().64) (.().QltoO.ll) 

N nmcrieal aoal),,\, 54.1 0.35 _om 0,12 ' 0.02 0.66 H.O' -0.01 ~Qm 
ThL. Wnrk (Propn.rd) 54.1 0_15 0.12 0.66 -0 

• . ValLIC< an: glVctl wah 9~ \'. confldell<~ !nterval. 

It i~ encouraging to see that the numerical results generally agree very well with the graphical 

result~ obtained in the previous scction. The graphical viscosity trends were conflicting in the 

previous section, The munerical results including all the tests confirm that the effcct is still 

conflicting but so small that it can be ignored. The results from Table 4, I can be incorporated 

into a two-phase critical impeller speed corrclation as follows. 

[ )'. N. =K d n,,,X"'" P.-P. . K =54 
. I~ :>L ~ , S1 p, 

...... , .... , .. " .. " ... , .......................... Equation 4-12 

A mechanical flotation cell 

The quality of the lit of the predicted values from using Equation 4-12 to the experimentally 

measured critical impeller speed values are graphically displayed in Figure 4.6. It can be seen 

from Figure 4.6 that the quality of the fit is very good (,-2 = 0.963). Only one value (from the 

viscosi ty tests) lic outside the o!; 10% deviation lines. 
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Hj;urt 4,6 "'p. prt'dicto!<! by Equation 4-\2 n. ull('I"imf'lllatly musund Nft_ "alu~s 

(excludt'S v(5co~ity .. ark) 

FHI~lly, the two-phase crilic~ l impeller speed findings obtained in this llle.::hJtll~al flotation 

cel! carl be CQmp~rcd 10 slaf\dard surred tank r~ su lt5 from litcrnture (cf. Tuble 4.2,. 

, 
R~r~r""re ExpoDents of Varlabl~'!l in Nr_ Power FUnction , 

, 
IV,,,, = K T' d d/ JtI (!:,p/piJ''; , , 

.' 
J ' X (D.p/JltJ • ., (DI1) • ,. , , 

Z."M-Itring ([~~8) 020 u n 0.45 0.10 -235IDT) -0.85 

-2.15 (11 1 
-

~ .. "ma·l "' Stirn" O.l-Oj 0.1-0. _, 114-11.5 OJ.{> , - 1.910- -0.76 10 -
Tu~, tiodiIg' (of. T..., .. 2.4 0.85 
I .• 

.. . I Thl. Wo<k (Pmp"".~) I O.~5 ~Q Q' 0.12 '011; 0,"6 .(1 0.' . 0 

L" _c • OJ. 
. lMlhdo """""'IInI"'" 16 "It", 1II.,)<;orreIOl"" as {r.., e~ "fsohJ5 10 1I~~jd n"""" ' '' ,n B <HI ,'f,.. m ~~ 

r'(lm 8 In X I"" cxponcntJ "'= multiplIed by ' .27 be,,'3 dl<'. p""'crod alloD be""""".8 . ,d \' 'Wcr 11>0 ""1:" 
~·oS.fs.sOO . .. lISCd in IhlS .. <>Ii< >Od "Pp.I",""lc I<> 110'""00 cells I~f. &cl"'~ 2 .4 .'1 3.l~; 

or !)"po"""'" "" ""(Jdle, ')1"'; q .... ,ed here ID, rurb" .. 1)ge ,ad •• 1 .mpel ..... (e '" I1f ~ d ... IUrbllle. Ff = fl .. 
bllo<k l~rbl"'l; 

", "","c. , .. ~ f "".Ie (11 II .., ..,.".nnlCl IIied \(J indi .. te ~.); 
". V.l u .. arc gi ¥e~ "lth 951. c~ ntidoo"". inl<,,'.I. 

Comparing the two-pha~ r~su\ts from this "",k 1<> thHt l(lUnd for s.lirrcd Ulnks as shown in 

Tabl.:" 2 It fOHo"s that sohds particle siz.: (d, ) and lIOJio.ls <.ief1sily dilfe.encc (tlp!pd .<CeDIS to 
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have stronger influences in a mechanical flot ... 1ion cell, than found by mo~t in stirred tank 

work. As already alluded to in Sections 4.1.1.1 & 4.1.1.3 it is thollght that this might be 

related to the proximity of the stator to the impeller in a 110tation cell as compared to bames 

in a stirred tank, decreasing fluid Dow in favour of increased turbulence mostly in the vicinity 

of the impeller. Variations in solids concentration (X) seems to have a relatively small 

innuence on the critical impeller speed in flotation cells, wbich is also smaller than what 

many found in stirred tanks. As already discussed, tbe effect of viscosity on Ni<' wao slightly 

contradicting and inconclusive, but small enough to ignore within the liquid viscosity range 

tested in this work (VL/V .. - 1 to 8). This is in agreement witb what some also found in ,tirred 

tank work. 

In order to extend these two-phu:>\: results to three-phase conditions, gas is added into tbe 

system and the effect of these two-phase variables on !Vj!, under gassed conditions, as well as 

the effect of gas itself On Nj.; will be conoidored in the next sections. 
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4.2 THREE-PHASE CRITICAL IMPELLER SPEED 

In this section the gassed critical impeller impelkr speed (Nfr~) correlation for thc 

pll(\t mechanical flotation cell used in this \\-ork wi!] be developed, N,',~ correlations for 

standard stirred tanks have already been discus>ed in Section 2.4.5 and summarised in Table 

2.1 L It is evident from comparing Table 2,11 with Table 2.6, which summarises the two­

phase critical impeller ,peed findings, that much less work ha, been done in three-pha~e 

environments than in two-phase, s.olid-hquid systems. The three-phase correlations arc 

commonly divided into two parts, A fir~t part, Np .', which incorporates th~ effects of the two­

phasc variables (i,c, dp , X, !!.pIPE, VL) under gassed conditions, and a second part, which 

incorporates the effect of gas addition (QG) on the gassed critical impeller speed. 

As already mentioned in the two-pha~e ~ection of this chapter, Np. for standard stine.] k1nks is 

commonly calculated llsing the Zwietering equation. 

. ... (cf. Equation 4-1) 

[Zwierering (! 9~8)1 

In this work, the effect of geometrical variables (e.g, 1; D l l: Cil', design») on the ungassed 

critical impellcr speed Nj>'" were not c()l1sidered, lhe form in which the solid-liqllid variable~ 

will be inCOlJlorated under gassed conditions is thus given by Equahon 4-13 (a). As was seen 

from Table 2.11, many have found that N,,,, increa~es linearly with gas addition (ef. Equation 

4-13 (b»), although other forms of incorporating the effcct of gas addition have also been 

proposed. 

N j,o_ ~ K,Q d / X " ( PS;,PL r v!'; Where KsL' = fiT, DIT, CIT, design) 

N].V = N po' + K. ·QG 

(,' 
(°1 ) (b' 

, ... ,' ", .. Equation 4-! 3 

' l. Dini,mlliimns OU i j.% = I("i-, Q~) haw ~eD propo..,d (cf. Table 2,tt): (l)K, =a = cons"'" for ~~v.n 
geometry; or (2): K. = K ,N",; or (3): .~'pz = N,,(1 +-QG'}~ : or (4): K. ~ ~ fuuc'ion ofsystem variable., o_g. D, T, UT, 

N~"" ole, 
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The aim of this three-phase section is summarised by Equation 4-13. Equation 4-13 (a) 

suggests that the ungassed critical impeller i;peed correlation, Np" , is used as the starting point 

for the three-phase correlation, N,,~, The applicability of using the Np" equ;ltion as already 

developed in Section 4.1, to incorporate the effect of two-phase variables (e.g. dp, X, (pl?­

pr)iPL, I'L) under three-phase conditions should be considered. Conflicting c, d, e, and f 

exponents for the two-phase variables in gassed conditions have been reported for stirred 

tanks (cf. Table 2.11). Chapman 1't al. (1983c) and Wong, Wang and Huang (1987) have 

proposed that the exponents of some of the two-phase variables reduce significantly from 

two-phase to three-phase conditions, whilst Dutta and Pangarkar (1995) and Dohl et al. 

(2003) used exponents very similar to that proposed by Zwietering for two-phase conditions. 

The other aim of this three-phase section io given by Equation 4-13 (b). Equation 4-13 (h) 

ouggests that the effect of gas addition is incorporated separately from the two-phase effects 

with most finding that the addition of gas causes a linear increase in NJ,!<. The slope of the 

linear increase in Nj,~ is however not a constant under all conditiono and different fOnTIS of 

Equation 4-13 (b) have thus been suggested for stirred tanks, and suitable forms of 

incorporating the effect of gas for the mechamcal flotation cell used here will be considered. 

This section will achieve the aim of finding Equation 4-13 for the mechanical flotation cell by 

firot considering the effect of gas on the critical impeUer speed (cf. Equation 4-13 (b)) in 

Section 4.2.1. Once the effect of gas has been determined. the influence of the solid-liquid 

"driables can be considered under gassed conditions. The effect of the t\O,'o-phase variables on 

the critical impeller speed will be considered graphically in Section 4.2.2. After graphical 

inspection and analyses of the data. multiple linear regression will be employed in Section 

4.2.3 to fine-tune the three-phase critical impeller speed correlation numerically. The three­

phase findings will then be summarised and compared with literdture findings in Section 

4.2.5. 

4.2.1 The ElTed of Gas Addition on the Critical Impeller Speed 

This section will consider the fonn of Equation 4-13 (b), 1.e. the way to 

incorporate the way that gas addition increases the critical impeller speed. Referring to 

Section 3.3.1.2 in the experimental chapter, it follows that the effect of air addition was 

mainly considered in Phases I and II of the experimental runs, where the conditions were 
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changed from ungassed (J" = 0 em/s), to air mJdition rates of Ja = 1.0, 1.5, and 2.0 cmh. The 

vi~eosity tests during Phase III only considered either ung~ed or gassed conditions (.f(j = 1.0 

emis), and will not be used here to determine the etfeet of gas. Two- and three-phase results 

of all three experimental phases arc given in Table A.II in the appendix. In Section 4.2.1. I. 

N;. will be considered graphically ugainst Jc to see how Nj, increases with inerea..ed air 

addition. Thereafter four methods, derived from literature. of ineorporating.f(j into the Njl 

eorrelution will be evaluuted in tum in Section 4.2.1 .2. This will lead to a decision on the 

fonn of Jiquution 4-J 3 (h) 10 adopt here for the pilot meehan ieul flotation cell. 

4.2.1.1 Crilicallmpeller Speed, ,'j" l'erms (;a,f Addilio", Jr.. 

When all the critical impeller speed values (N;.). as given in Tahle A,11, are 

plotted against gas addition, Figure 4.7 is obtained. A couple of observations can be made 

from this figure. Firstly, as expeded. it can be seen that there is a general increase in Nj , 

values as gas was introduced and W> the gas addition rate WW> increased from 1.0 to 2.0 cm!s. 

Secondly. it can be seen that there are less data points at Jc ~ 1.5 and 2.0 cmls. This j~ only 

partly due 10 the 6 additional Phase III viscosity runs thut were only conducted at both.fa = 0 

and 1.0 l'\11iS. Some of the 0, speeds at.lG = 1.5 and 2.0 cm/s could not be reached due to the 

maximum impeller speed of the gearbox (N .. ", - 1100 rpm) heing reached first. As indicated 

in Tahle A.8, could 20 of the 28 tests planned aLIa = I emls be reached (experimental Pbase~ 

I and II). On the other hand could only 14 and 12 tests be reached atk = J.5 and 2.0 cmis 

out of abo 28 tests planned [or both gassing rates (ef. Table A.9 and Tahle A,IO). These 

critical impeller speeds that could not be rellCbed occurred especially at the larger particle 

sizes, solids concentrutions. solids densities, and gas rates. Thirdly, it can be seen thut there is 

a larger ~pread in the .'-", datapoints at.fa = I than for the ungasscd tests. although the same 

number of tests were conducted ut both conditions (34 te:,b, excluding repeats). This is a 

graphical demonstration of the fact that 0, is generally 1lI0re difficult to detenninc during 

gassed tban ungassed conditions, and that gassed Nj , results generally huve lower levels of 

precision than ungassed tests. This is partly the reason, for much solids su,pension work, 

even for tbree-phase processes, being conducted in ungasscd conditions. 
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Figure 4.7 G rapb ical presentation of all Nfl resul ts vs. air lIddilion rail" J G 

Allhough Figure 4_7 give a useful o\'Cr1fiew of the effeets of gas addition on the NF results. the 

specifics of the effect of gas addi lion on the critical impeller speed is hidden by the large 

number of data points obtained under different conditions heing shown together. in order to 

focus on the way that g<l5 addition inCTC'doeS ",'" ~imilar condition~ will be grouped together. 

Results from Phase 1, where in addition to gas addition, the ~o1ido density and partic le size 

was also varied, are given in Figure 4,8, Reoliltl, from Phase II, where in addition to gas 

addition, the so lid~ density was also varied, arc given in Figure 4. 9 . 
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Figure 4.8 Incrense in til;, with air addition (Jc;) obtllioed il) ~'xperimentnl Phnse I, (01)­

(d): X =; 5,10,15, and 20 wto/. 
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Pigure 4.9 Inerea~e i I) 111# Y\ ith air addition (J G) obtnined j n e\ perimen tal Ph ase n 

11 till10wS from Figure 4.8 and Figure 4.9, "hich summarises the effect of gas addition on Nj " 

that the addition of gas causes the critical impeller speed (Np ) to increase and that the increllse 

In N;, i, linear with the gas l10wrate ~J,;), i.e. Np~ = Nj", + Ka.k This agrees with many of the 

findings In ~tirred tanh (cf. Table 2.11) and the fonn of the Nj,g equation a, given in Equation 

4- \3 (b). The ~Iopes of the lines on the graph~ indicate the value of Ka· It can be Seen that Ka 

varies for different conditions. Jt is noticeuble from Figure 4.1'\ that the value of Ka increa,es 

as solids concentration. X. increascs from 5 to 20%. There is also some indication that Ka 

incn:a~e~ ~omewhat with dp• Figure 4.9 indicate, furthermore strong incrca,c, in Ko with 

increusing solids density differences. Aplpf .. It therefore seems that the effect of gas on the 

, 
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critical impeller speed increases with increasing X, dr' and 8(JIPI.. The>;e observation, will 

suffice for now, The K" values indicaTed on Figure 4.8 and Figure 4.9 will be revisiTed in [he 

next section, where diff~rent fonns of Equation 4-13 (b) will be applied to the experimental 

dat:!set [0 see how effective each method is in incorporating the effect of gas addition into the 

Hj'K correlation. 

Table -13 Rate of Linear Increase in Nfl ,,'ilb Gas Addition, K., for Different Condilions 

(Obtained from Figure 4.8 & Figure 4.9) 

- - . ----, " NJ" 0, I 
, '\plp., 

I '"' 44D __ 0' 5 , HS , , H' '" ,n 5 US _._- - . _. -- - --
5 '"' 585 "" S HS , 

'"' 
, m 5' w 1.65 , 

5 '" S2~ "" 
, W 1.65 - - - -

5 m 525 2DO W 1.65 --_._--, 22' 5-:l5 " " 
165 - -

5 '" 5'" "'5 " 1.6~ , '" sse 20IJ 
" 

165 - -
w '" 50S " " 1.65 

" '" "" 'n m 1 ,135 

" 'CO '" 20IJ 20 1 ,135 -

" >OS "" " 5 3.20 

" 5#' '" 0' ., 3JIJ 

4.2.1.2 Ways of Incorporating the Icjfect of Gus ;1110 thl.' J\'j,¥ Correiation 

Four methods for incorporating the effect of gas addition, Jc. OIl the gassed 

critical impeller speed, N",~, will be evaluated in this section. In other words, different fonns 

of Equation 4-13 (b) will ~ evalua~d her~. These four methods can be derived from 

correlations given in literalure for stirred tanks, as summarised in Table 2.11 (d. Section 

2.4.5.4), and will be referred to a~ 0plion I to 4. In the following sections, these four options 

will be evaluated in the following way, The first step i, to fit the specific N" g = f (Hj,", Jc) 

correlation to the expcrimemal dat:!. After determining the correlation coefficient in this way, 

thl.' resultant equation for incorporating the effect of ga, addition can be tested. The testing of 

the equation is done by turning the equation around (i.e. make ~"" the >ubjcet of the equation) 

and calculating the ungassed critical impeller speed from the gassed measurements. These 

predicted or calculated ungassed critical impeller >peeds, Ni ,." can then be compared to the 

I 
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relevant experimentally measllred uligass.ed critical impeller specds, Nfro' The bener the 

parity tit bet\\'eell '''/.' alld Ni ,,, thc more suitable the equation will be judged to incorporate 

the eftcct of gas on NJ>. 

4.2.1.2.1 OpTion 1: N"g =NJ.>. + Ko.k: Ko = a = canst 

OpTi()n 1 assumes that K. = a, is a eOfl"tant for a given geometry. Different values 

of a arc then normally given for different types of impel1o!> and impeller diameters. The 

approach OfOpti011 I has been followed by Chapman el of. (l983c), WOIlg, Wang and Huang 

(1987), and IJtnta and ?angarkar (1995). This approach leads to the following form of 

Equation 4-1 J (b), which will be tested in th is :;ection (cf. Equation 4-14). 

lvj'g = N;- + Ka .. fG; 

0" 

Where, Ko = a = const for certain geometry 

Whcre, K. = a = con,t for certain geometry 

('l 

(bl 

, , ". Eq llation 4-14 

Only one geometry was used ill this work, and thus according to this option, M j> should be a 

lincar full(:tion of k (cf Figure 4.10). 

, -, 

w,,------- -----, 
- ~~ ""'" ,~ Nj~ =:126 x J o 

,;c·c 

',0 "", "" 
R'· C.O";C· 

l'igure 4.10 Nominal increase in critical impeller speed (iVVj') vs. J G 

It follows fmm Figure 4.10 that the best fitted value of 'a' to be osed ill &Juation 4-14 (a) is 

equal to 226 'llm.(cm.s"rl, 
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........... Eql1atMln 4-15 

It follows from Figure 4.10 that the fitted line agrees reasonably with the average increases in 

~, "ith gas addition. However, despite a reasonable coefficient of determination (r = 0.89). 

it can be seen thaT many increases (Mi' valucs) were higher or lower than that predicted by 

the filled line. The effectiveness of Equation 4- 15 to inco'lX'ratc the effect of gas can be 

evaluated by calculating Nfl.' values from gassed M'f: data points and comparing them with the 

equivalent Nfl" measurements (ef Figure 4.11). 

,m 
Ni'''' = Ni'9- 226.J . "o-~ 

}):; 

, 
11)' ,' m, 

~ HC 

• " ,' . "'" w, 

'W • • c'Q) 

,,"J: .1(" ~ @ ,00 .00 ~ , M 

f.I<u(~), ''''' 
Figure 4.11 PredicTed Nj ,., values using ,vI,"' = .'\'r~ - a.J,; 'So ctpcrimentally measured 

Nj •• values; a = 226 rpm.(em/sr l 

The parity chart in Figure 4.11 is reasonable but not very good (r = 0.86). Quite a number of 

duta points fall outsido Tho ± 10% deviation lines. It is noticeable that M" .. values were 

underpredicted at the low end and overprcdictcd at the high end. This means that the effect of 

gas were overprcdieted at the low end and und"'T'redicled at the high end, using the 

correlation, ~'"' = Ni<r - 226.JG. The 'a' value obtained here can be compared with that 

derived from graphical results presented by Weiss ~nd Schubert (1989) (ef Section 2.5 1). In 

the 541 cell they used the slope of the increase in Nj>r with gas addition was measured as, a = 

2.4 wm-l.s-l. Converting the 'a' value obtained in this "ork (124 1 cell) to the same units one 

obtains, a = 3.4 vvm-I.s- J
. It therefore follows mal gas addition caused a larger increase in this 

larger BaTeman impeller. than with the smaller double finger impellers used by Weiss and 
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Schuller[ (1989). One would Donnally expect the smaller impeller, which operates at a higher 

rpm, [0 e"perience a larger Dominal increase with ga,sing_ This may be due [0 the much 

,maller impellcr clearaoce (eb = 0.057) ",ed by Wei,s and Schubert compared to the higher 

impel ler clearance used here (e, = 0.157). 

4.2. 1.2.2 Option 2: Nh = Njt. - KNj,"_Ju-

Option 2 a~,ume, that K. i, propor[ional to N,," (i.e. K. ~ K.N;...) aDd is thu, 

dependent on sy~tem variables in the same way as Ni"" . Chapman et af. (l983c) found that the 

value of K" was influenced by the relative impeller diameter, and found that K" (l (1);1)-2.42_ 

This is the same as the dependency they found for Ni," on I)IT, Nf ," (l (D/ n->-", for di,c 

turhmes. Thus hoth K. and Ni" has the same dependency on DIT from which it can be 

h)1lOthesifled that the same applies to all the variables that influence, 0 .. and thus that K" « 

N i,.. This approach was also proposed by Buja1>ki, Konno and Nienow (1988) and lead, to 

the Equation 4-16 Conn of Equation 4-13 (h), which will he te,ted here. 

0 ,g = Nj ," + K Ni .. -'G = Ni.J. 1 + K-'G); Where, K - const 

Or dividing by N;... , 

Where. K = const 

(,) 

(b) 

........ Equation 4-16 

Whether, K, wa, proportional to Ni," can be tested by considering the K. values ohtalOed from 

Figure4.8 and Figure 4.9 as summarised in Table 4.3. 

'm ,-------------

" NJ 

1(.) 

figur~ 4.12 K. va lues frolll graphical results in I'igur~ 4.8 and Hgur~ 4.9 ". 'Vi •• 
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It follows from Figure 4,12, that the K. values generally incrcased with increasing Nft", 

although it is l'I(lt a very good linear trend. The coefficient to detennme in this equation is the 

value of K, K. = K.hj .. , Figure 4.12, which considers the graphical re~ults, sugge~tl, that the 

value of K should be around 0.40, but using Equation 4-16 (b) the value of K em be fitted w> 

follows. 

, .• r-:c::::-:-:-- ----------, 
-M,",~"'_ 

. '~""" '''l 
\Nj ' _ O.40.Nj ' v.Jo 

-'- 0,00 

/

/T
V 

0 .• 

0.00 

0.0 0.5 1." 

-/C, 1","1 

y ' 0."", 
R'. 0."""" 

Figu r~ 4. U Rclati, ~ jn~rcaw in critical jm pcllc~ sp<:cd (il.'\'j,lt.,j,.) '"S. J G 

Figllr~ 4.13 confirms that the best-fitted value of K is indeed 0.40 (Cm/Srl, a1thOllgh many 

All), values still lie above or below the fitted line, This leads to (he following jbrm or 
Equation 4-16 (a). 

N j'" = N, .. (l + K ,J,,) Where, K = 0.40 (em.s·ll" : (Or, K '" 0,36 vvm·l) 

. "l!qua.tion 4-17 

Again the effcrtiveness of (his equation to mcorpomte the effect of gas addItion can be tested 

by comparing the calculated ungassed critical impeller speeds, Ni,.·, with the experimentally 

mewsured ungassed critical impeller speeds, NftO. 
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Njsu' * Njsg.' 11 + n.40 . .J,) 

Figu re 4.1 4 Pred ic ted "'j,., ,'alues using Nj,.' == "'j'K I ( I + KJG) ,'S, tox periJUtonta lly 

measured Njs. "alues; K == 0.40 (cmJsr1 

It follows from Figure 4.14 that the calculated ungas<.ed l .. ~s.' values using Equation 4-17 

compares relatively good with the re levant experimentally measured ungassed critical 

impeller speeds, Ni,,", The predicted values are generally spread ,ymmetrically around the 

parity line, with only some points at the lower end lying ,l ightly above and below the 10% 

deviation lines. The improved fll compared to Option I is confimled by the bigh~r coefficient 

of detennination, r' == 0.93, A<; with Option 1, this result call again be compared with that 

derived from graphical results presentoo by Weiss and Schubert (191;<). It was seen in Option 

I that the impellers they used cau,ed a lower nominal incr~ase in the critical impe1k>r speed, 

The relative increase can be determined by dividing th~ nominal increase, a == 2.4 vvm·1 s'1, 

by the ungass~d critical impeller speeds of ll.5 and 9.5 s"l obtained for the two types of 

impellers used in their work. This gives the relative increase caused by gas in Weis, and 

Schubert's \\-ork: to vary between 0.25 and 0.28 ''''In·
1

• It ful10ws that the re lative increase in 

Ni, caused by ga, addition ITom Weiss and Schubert's work is smaller than the 0,36 wm'] 

obtained here. Apart from differences in the designs of the impell~n> they used compared to 

the Bateman impeller, the low impelJer clearance of Ct == O.,05.T might also have contributed 

to the smaller effect they found. 

4.2.1.2.3 Option 3: NJSK = N".(1 + Jc)"' 

Option 3 was also proposed by l3ujalski, Konno and Nienow (1988) and is th~ 

only method when: the effect of gas on Ni'g i<; not incorporated as a second lin~ar term but as 
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~nother factor addetI onto the Np product function. Jc can however not be added as another 

proouet term as is, and therefore (l-tJc) is used to prevent the product from becoming zero 

when gassing is removed. This form has the advantage of considering gassing in the same 

manner as the other variab l e~ that influ<.->JlCC Aj" i.e. on log-log basis to determine the 

proportionality exponent. However, most fintlings in literature and the findings as ~Iready 

given in Figure 4.8 antI Figure 4.9 suggests a linear relation ocl\.\'Cen Npj antI JG and nOl a 

po"er function. This form of Equation 4-13 (b) is given in Equation 4-18. 

Ivj,z = NJ>"(\ + Jo)''' 

Or dividing by NjI'" 

.V;,t/lvj •• = (I + JG)"' 

............................... ... ... ...... Equ;ltion 4-18 

The vallie of the e~ponent, m, can be determined by litting a po"er function to the following 

plot. 

, 

'" {"-<Ol. 1_ ' 1 

J.CO 

)" c ".ooT';"· " 
R'· c .• -'" 

fli~llre 4.15 Relatiw increase in critical impeller speed as a PO" er f u ndion of (l-t.J,,) 

It folio" s from Figure 4.15 that the best fiu:ed vallie of m is e'luul to 0_52 (cf. Equation 4-19). 

A linear fit similar to option 2 (dotted line) is also indicated on Figure 4.15, which can be seen 

to gencr~lly be in better ~greemenj with the experimental observations. When comparing the 

po"er function lit to this line, it can be seen th3t a power function fit will generally be 

ove'1lfedicting the effect of gas ~t low gassing and underpredicting the cffrct at high gassing 

rates. 
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. __ Equation 4-19 

One", more, the quali ty of this fi t can be evaluated by comparing the predicted ungassed 

critical impeller speeds, '''1''', using Equation 4-19 with the experimentally measured ungassed 

critical impeller speeds, /'1'" (cf Figure 4 , Hi)_ 

'O:J() 

~js,,· · Nj"U! (t + J,f" , C'.' 

"" 
we . _1(:_ 

I '00 
, 

Ii ~ , , • 0."" = 
M 

~ 

= <00 = = ~ = = ,~ 

Njou I",,", ,~ 

Figure 4.16 Predicted IV),., values us ing :\ '1'" = Aj,~ I (1 + Jw'" \'S. exper imentall y 

mca~urcd Nj>. values; m :0 0.'\2 

It follows from Figure 4.16 that, although the experimelllal observations does not suggest a 

power function relation between N;", and Je, a reasonable fit is slill achieved when the effect 

of gas is incorporated in this way_ However, compared with Option 2 the qUlllity of the parity 

fit is slightly reduced with slightly more points lying outside ± 10% deviation lines. The swne 

is suggested by the very slightly reduced coeffICient of determination,? = 0.92. 

Oplion 4 proposes that KQ is equal to a product function of some system variables, 

Along this theme Rewatkar, Raghavu Rao and Josh i ( 1991) has suggested that K, is equulto a 

power function containing UT, D. and T (i.e. KQ a ul', D -'''.1) whilst Dohi et at. (2003) 

suggested a more compie" function power function containing '~'" UT, and NR"I' (Le. Ka a '" -
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0.2 .NR./4). To develop lhi~ method of incorporating the effect of gil'> for this work, the 

relation between Ka and other variables i~ needed. From the graphical analyse~ done In 

Figure 4.8 and Figure 4.9 it was already noticed that Ka increas.ed with X, dp, and !>.plpe. It 

ean therefore be po~Tula ted that Ka a dp,"l . .\'"'. (Ap/PLlm', which leads to The following form 

of Equation 4-13 (b) as given in Equation 4-20. 

NjSf:=Njm + K..,JG; 

Or dividing by ~"" 

ANj. =~., - Nj>!; = K.JG; Where, K" = K dp ,.'. )("' •• {Ap/prj"'"' 

(a) 

(b) 

................. Equation 4-20 

Con~idering The K" values in Figure 4.8 and Figure 4.9, it can be seen that K., shows the 

lurge~t variation with X and Ap/PL. Taking the Ku values given 00 the figures and plotting the 

relevant ones against X 30d !>.plpL leads to. 

, 

==--====;-._-_. ----.- ._-_ .. - . __ . 
,--: . 'U-, 

"r 
> • 

" 
';" 

,;, 

" • 

"J 

K, 0 (.\pIpl.I'" 

,",'''' 1 
,'1[1; I. 

'''''.':----,;---;-;-'CC-;c-;:c-;c 
'0 1.'" '" 1,0 ~ " IJ 

....'pl, (-

(b) 

Figure 4.17 Variation ofK. vs. (alX and (b) tIp/pI from the graphical re.ult. gi.'cn in 

Figur~ 4.8 and Figure 4.9 

By numerical an31yses ofthe K~ dam (is given in Table 4.3, the dependence of dp• X, and Ap/PL 

can be detennined as. K" = K,dr~'u x0 2J. (Ap/PL)~,62. This le3ves the eorre l3lion coefficient, 

K, still to be detennincd. Aecocding to Equation 4-20 (b). a plot of ANj, I rft,Oll, ,KI2l, 

(Ap/PL)~"' vs, Jc will give the value ofK as The slope of the fined line (d. Figure 4, IH). 
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Chapter 4 

Figurt" 4.18 I)t"tennin ing the correlation coefficienl for Option 4. &'11;. I d~ ' -11. _\,,- "-'. 

(t.plpfl~l \'S..I6 

hgure 4.18 thus gives the correlatioo coefficient to be 54 rpm_()lmO- llcm/s)"l 

___ Equation 4-21 

The e ffecliveoes~ of u~ing this &jualion 10 incorporate the effect gas into the Nj >;< correlation 

can be tested onee again by revers ing the equalion and comparing the cakulaled Np.' value~ 

w ith the experimcntally measured !\"~ values (ef. Figure 4. 19)_ 

' Y~ TI---------~,.c~,'.C' .. ~ 

Ni~u' = Nj~g • 54_dp' ";.;' "-LIp.' pLI"" ,J~ 

• _le" 

",,-, 

'C'_' 

1(,) 

Fi~ure 4.19 Predicted Nj,.' values usillg {\'r<.' = Nj.~ _ 54.J,'-", X'-13. (t.plpL)'_'l J(; \'~. 

c,verimelltall~' measured Nj ,. values 
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It follows from Figure 4.19 that despite the relativc complexity of Equatioll 4-21, it doeSll't 

necessarily lc(l(! to a large improvement in the way that the effcct of gas is accounted for. A 

fair number of calculated valll<:s an: outside the 10% deviation lincs and the': value is 

slightly lowcr than both Option 2 and Option 3. 

In conclusioll. if all four options abovc are considen:d, a decision should be made of how to 

illcorporate the cffect of gas in this work. A number of aspects should be considered. Firstly, 

by considering the experimental observations on the effcct of gas as shown in Figure 4.8 and 

Figure 4.9, it was seen that.l(l caused a linear increase ill the critical impellcr speed. The 

slope of the linear increase was ho\\ever not constant for this geometry. This observation 

agrees with Option 2 and Option 4. Secondly, the quality of the parity fit of calculated 

ungassed critical impeller speeds, Np.." vs. experimentally measured values should be 

considered. and thirdly the simpliCity of the final consideration should be considcn:d. Option 

2 fairs the be;;t in all these considerations and is thus selected as the way to incorporate the 

effect of gas addition on thc critical impeller specd in this work . 

........... ........... ................. .. (d Equation 4-17) 

4.2.2 Graphical Analyses of the Effeer of Solid-Liquid Variables under Gassed 

COlldhions 

Now that Equation 4-13 (b), i.e. the effect of gas addition on the critical impeller. 

has been correlated (ct: Equation 4-17), can the Nfl" part of the gassed critical impeller speed 

be revisited (cf. Equation 4-13 (a». The M," correlatioll. indicating the effcct ofrn'o-phase 

variables, has already been developed in Section 4.1 (cf. Equation 4-12). The question to 

consider here is whcther thc Np. part to be used in the three-phase correlation is the samc as 

that developed in ungas:sed conditions, or whether the effects of some two-phase variables 

change on gas,ing. As already mcntioned. havc some [Chapman el al. (l983c); Wong, Wang 

and Huang (1987)J found the effect of some !Moo-phase variables to reduce on gassing. whilst 

others [Dutta and Pangarkar (1995); Dohi er aI. (20U3)] have found these eft\:cts to be very 

similar to that proposed by Zwictcring for rn'o-phasc conditions (cf. Table 2.1 I). For this 
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reason, the etTee! of the wiG-phase variables Cd", X, .iplpJ, VI.) on the critical impeller speed 

llnder gassed conditions will be considered grJphically in thi~ l.ection. 

4.2.2.1 TIle Effect (}j'Parlicle Size on /"j", 

The effect ofparlicle ~ize, dp, at different gass ing rates (Jc - 0, 1.0, 1.5. and 2.0 

cmls) is considered in Figure 4.20. 

_ )(>. ,0 

""'c"c--"--""", --",-,,-c,.:o:~-"'-,l 
'" 100 200 """ 400 """ 000 OOJ 

! 
! 

• x· ", 

. x·" -,..,.." 
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.." 1""'1 

(a) 

(c) 
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101'-= 
- 1~,p"'; 

Y ,ne,'" 

I , , 

l ~::'r 
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1 ~:O 

= 
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' 00 
~.", 
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&.::..1J! .. 

'"' • X03) Y a x' H' 

• X_to -yax" 
• x·", 
."", ya,("m 

',,, --c;c--'''-'-c;;;c--c;;;--;;;;co';;;;;-c, 
'" 1"'- 200 300 400 """' """, "'" 

( iP, i""i 

(b) 

,...;0 
,~ 

100" 
'OJ:' 

I = 
'00 

• "'.' ; '"'' 

(ell 
-----

I';~"rc 4.20 fhecffcd of particle SiT,c, dp on 1\';, at diffH~nt !:llssiog rates, (aj JG= 0, (b) 

h = 1.0, (e) JG= 1.5, (d) k· = 2.0 em!, 

It can he seen from Figure 4.20 that the effect of dp on ,"'p seems to increase slightly from 

ungassed conditions (a) to Je; = 1.0 cmls (b), from where the effect decreases relatively 

quickly on further increase in k . [t therefore folJo ... s that the relative effeet of dp on "j, under 

gassed conditions s=s to vary betv.'een dp"4G to J/" depending on the gas addition rate. 
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From the flotation literature (cf. Section 2.5.1), a relation could be c.tlractcd from the work 

done by Schubert (1985). 

d (H! 
Hj,~a p ; For a 541 flotation cell in three-phase conditions 

...... Equation 4-22 

Extr.octed ti-om Sc~ub<rt (1985); Q,," = 0.45vvm 

This finding was at a volume based ga~ oddition rate of Q"v = 0.45 vvm. In flotation, surface 

based gos additIOn nileS, Ja, are commonly used. Chapman etal. (ln3c) found in Nf<~ work 

done on different ~ca1es of ~tirred tanks, that the Ni'~ relationships remaint.'<i much more 

~imilar when ~aling on a constant QGV basis l'mher than a constant JG basis {Jc basis: QG (l 

D'; Qav basis: QG!l D\ This suggests that solids suspension (Hj,g) scales with the volume 

based gas addition ratc, QGV, rather than with the surface based gas addition rate. Je. The 

surface based gas addition rates used in thi~ work of 1.0, 1.5, and 2.0 em/s are equivalent to 

relatively high QGV values of 1.1, 1.7, and 2.2 mJ/mJ/min (or vvm). The glL'> oddition rate 

used by Schubert is equivalent to a low ga:;sing rote of around Jo ~ 0.5 em/s in this tank. By 

interpolation between the result obtained at k = 0 and JG = 1.0 cm/s, it is expected that the 

effeet of dp at JG = 0.5 cmis should be around Nj,g (J, d/'''. The finding derived from Seubert 

on the effect of dp on Nf"" thus agrees very well with the finding of this work. This suggest.> 

that the effect of particlo size on the critical impeller speed is most probably consistent in 

different flotation cells. as is the case with standard stirred tanks. 

4.2.2.2 The EffecT of Solids Concenlralio" on /IIj..g 

The effect of solids coaeentrarion on ,,,,. at different ga'>sing rates IS gIven In 

Figure 4.21. 
. _ .. 
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~~ 

". "00 

,= Nj. g a X "" ,= Nj.., oX '·" 

--< ,= 
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E: ." "'" ~ 100 
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Figure 4.21 The effect of solids concentration. X on N;, at different gassing rates. (a) J(i 

= 0, (b) JG = 1.0, (e) JG= 1.5, (d) lG = 2.0 cmls 

From Figure 4.21 it follows that the effect of solids concentration also seems to increase Ii-om 

ungassed to a gassed condition of k = 1.0 crn/s. As the gas addition rale i~ increa~ed further, 

the relative effect of X decreases similarly to what was ob,erved with d~, No relation between 

.'-1j.~ and X could be found in or derived from the flotation literature . 

.1.2.2.3 rllt< Effect ojSo/uN Demit), on N~ 

The effed of~olids density difference t:..plpL on .'v,. is shown in Figure 4.22. 
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~ 
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Figu~~ 4.22 The dYed of ,olid, density difference, !:>plpL on ;\j. at different gassing rates, 

(al Jc = 0, (b).I,; = 1.0, (c) .1,;= 1.5 

Again, a, with tft, and X, the efred of 81"""- ~eem~ to m,c()me ~lronger at the ga., rate of Je; = 

1.0 em/s. On furthu in<:rea~es in ga~ r.lle5 th~ effect of gas 3<ldion drops ()ff (}Ile~ mOre. As 

alr~ady mentioned in S~ction 2.5 1, althollgh Schubert (j 91(5) give . .vi' data li,r two d~nsiti~~ 

of materials (ballotini and ~ylvinitc) a relation between 1\'1-, and Ps can n()t easily b~ derived 

du~ 10 in~uflici~nt information given on the dcnsity and particle size fruction ofthc sylvenity 

or~. 

4.2.2.4 

,= 
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"'"m '= , •• , <00 
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The Efrert oILiquid Viscosity on /.lj '1 

Th~ elf~ct ()[liquid kinematic ,iscosity VL is shown in rigurc 4.23, 

Nj"" ~ [vLlvH~of" . [(p5_pLlpLJ "." 

, , 
"'-,>HXl, [-I 

( ' J 

, 

&:..QJl 
~OX ~·"7 

yor'" 

,"" ,.,,,,, Nj.o" [vLIvH20] •. " 1{pS->,-~pLJ ,' ... 

!""'" = , = , = , = 
= , , = 

(bJ 

Fil:ure 4.23 Th~ effect of liquid ki ncmatic vi~cosity, I',. un '''j. at differcnt gassinl: rat~"', 

(a) Jc = 0, (b) JG= 1.0 cmls 

, 
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The elTeet or liquid kinematic viscosity at ungassed conditions was somewhat conflicling and 

inconclllsive. A more consistent increasing trend is observed at Jc= 1,0. For both partcle 

sizes, N;, increased with increasing VL, Nonetheless, still stronger for the finer particle sIze 

fraction. suggesting that turbulent effects, which is reduced by increasing VIscosity, playa 

larger role in the suspen~ion of especially the smaller particle~. No correlations relating 

liquid visco~ity V1 10 the just su~pended impeller speed N" could be found in the flotation 

literature, 

The results of the graphical analyses of the eft"'Ct of rno-phase variables on the critical 

impeller speed under ungassed and gassed conditions can be summarised as in Table 4.4. 

rable 4.4 Graphical Analyses of the Effed ofTl'io-Phase Variables at Different Gassing 

Rates 

j' --
1V~ (l X" T Gas Addition Rat,*" Nfl 0: d/ ,~, (l (t:.plpt)" Nfl (l (vc}v .. ) , 

Jr.; 0.0 cmis (QGV- 0,0 V,l11) 0,35 (0.JHI 1~ 0.12 (G.lO .. (Hli 0,63 (0.6J·M4) 0.03 (_0,05 '" 

0.111 

Ie 1.0 cmls (QCF 1.1 vvrn) 0.40 (0.'3-<1.44) 0.22 (O.l4-<UI<) 0,84 (0,14_.U9) 0, 15 (O.GJ to 

0.24) 

k 1.5 cm/, (QUY 1.7 vvrn) 0.25 !O,22_G,29) 0.14 (0.12·0, l~) 0.56 -
.Ic ~ 2,0 cmls (QCY 2.2 vvm) 0.17 \0 11'{)2G) 0,11 (O.lQ..(),12) -

4.2.3 Numerical Anal)ses of the Effect of Solid-Liquid Variables under Various 

Gassed Conditions 

The form of the Equation 4-13 (a), which consider~ the effect of two-phase 

variables under gassed conditions is still oul~tanding. Some pointers of' how these variables 

behave under gassed conditions were obtained hum the graphical analyses in the previous 

~ection. From these graphical analyses it was seen that the etTeet of all the two-phase 

variables increased fi-om the ungassed conditions to an air addition nile of' k = 1.0 (Q(;y = 1.1 

vvm), where after the elTccts decreased again on further in crea~ed aeration. The best-fit 

values of these exponents at ditTerent gassing rates and the statistical significance of the 

observations arc however not easily obtained quantitatively Ii-om the graphical analyses. For 

this reason, numerical analyses will be employed in this section. Multiple ~near regression 

wi ll be u~ed to find the best-fit coefficients under various gassing conditions. The regression 

, 
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routine obtains the best-fit coefficient;; by minimising the ,urn of the squared differences 

betl.o.een the predicted and observed values. As the name of this numerical method implies. a 

linear correlation is required. So before applying this technique the gassed critical impeller 

speed correlation should be lincariscd. In Section 4.2.1.2. the fonn of Equation 4-13 (b), 

which best described the effect of gas in Ihis \lork \las found to be Equation 4-17, which 

leads 10 the following foml oflhe ga,sed critical impeller speed correlation, 

N , . = K ~ ,d " X d ' [P9 -PI. )" v i' ; Where KSL' = f (T, Dff. Cff, design) (a) 
,.' ~ r Pc 

(b) 

_____ ,,_ Equalion 4-23 

Combining Equation 4-23 (a) and (b) give Equation 4-24, 

_-., ... , ............... Equation 4-24 

Where K", = itT. DIT. en, design) 

Equation 4-24 can be linealised by taking logarithms as follows. 

10gN;., = logK ,",' + " '_logd~ +d'.log X +e'.Iog ( P';:' J+ f'.Iogv + logO +0.40.1G ) (a) 

0,_ 

lo~ .. \' ' y 10gA-' i,.' - 10gKsL-+ c'.logdr +d'.logX +e' .IOgles ;:')+ f'.logv (b) 
~(I+0.40.J,,'J 

.. ____ . ______ Equation 4-25 

It is important 10 use Equalion 4-25 (h) \lhen different gassing rates :Ye considered together_ 

If Equation 4-25 (a) is fitted 10 a dataset containing different gassing rates. the effect of 

changes in gassing (last tenn on the RHS) will incorrectly be attributed to the other 

coeffICients (i.e. c', d', e',f'), Equation 4-25 (b) first removes the effect of gas addition before 

fitting the coefficients_ It should also be noted that the \lay in which the gassed critical 

impeller speed is linearised (cf. Equation 4-25) is dependent on the way that the effect of gas 
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is incorpcratcd into the three-phase cri ti cal impeller speed ~oTTelalion (cr. Oplion 1 (04 in 

Section 4.2.1 .2). 

Another roin! thai ,hOllld be dis~w.sed berore cOllliidering the rc;;ults of the numerical 

analyses is the strategy that wa~ used in the numerical analyscs of the data. All numerical 

analys"', of dat:J.scts were done in the followi ng two-stcp manner. The effc~ts of d".. X !J.P/PL 

were considered during Phases I and II of the experimental programme (cf. Se~tion 3.3.1.2). 

As a first step, the cocfficieolli of these variubles will (hus be filled by consid",ring data from 

Phu.ses 1 u.nd 11. The crfec! of viscosity was t<lSt~d by adding Phase III to the above. In this 

second analysis, all the lests in Phases I, II, and III arc considered. However. the exponents of 

dp , X, Ap/jh are fixed a~ found in the tirst step and this analyses thus only considers the effect 

of viscosity. The reason for considering viscosity on the full dataset and oot ooly the Phase 

II I reduced datasct is io ordcr to incorporutc the viscosity effe~ts due to temperature 

vlll1atioo~. whkh oc,urred io all runs. in addi tion to the sugar te~lI;. 

The resull, of these analyses on different datasct, arc given in Section A.S in the Appendix 

and is summarised in Table 4.5 and displayed graphically in Figure 4.24. 

'1 ab!\' 4.5 Nnrocrkal ,\nal~~cs of thc Effcd of Solid-Liqnid Variabks nndcr Varions 

Gassed and Ungas~ed Conditions 

/'1j'K KSL" d," X'" {t'J.plpd' (vr/;' .. lr (t + 0040 JG) 

Datasct 1(,,, " d' e' r 
-- -- -- -~- 0, 12 ~O-O2-Jo 0.0 emls (Q",-_U n-.. ) 54.1 0.35 _C'Ol 0.66±(w -0.0 I ±(10' 

- --

'" 1.0 emls (Qo>' 1.1,,,.) 28.7 0.39 ±<}OJ 0.25 <0<)<; 0.115"".11 0.13 ±ow 

Jo 1.5 emls (!/., _1" "".1 80.7 0.27 J.O.~' 0.14 w03 0.61 J.O.]) --- - , ----;- -
Jo 2.0 Cln/S (Q. •• l.l '-'*J 185 0.17 "" (14 0.11 ""0) - -

All Gassed (k > 0) 53.1 0,31 -Kl.M O.111",u3 O.73.u:ut9 O.IJ -Kl<)<; 

All Ungassed & Gassed 51,6 0.33 JJ}~) 0.17 J.O.O) 0.70 JJ},o.; I O.os W.Q4 I 
-
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JG=OO JG=,.O .!G='.5 JG=2.0 =0 £>0 

Gas Add~Orl 

Figure 4.24 "U mericlil analy""'s of the .,fleet of solid·liq uid ,'ariables under various 

gassed and unJ::assed conditions (Jc= 0.1.0.15,2.0 cm/s: Or QGv= 0.1.1.1.7.2.2 Hm) 

It is important 31ways to check th3t numeric31 results 3grcc with what was obscrvcd 

gmphi~al1y in order to enSlire that numerical rcslllts arc rctlective of rcality and not just a 

nl11\lerkally optimllm combination, It is thereforc cncouraging "hcn comparing Table 4.5 

(numerical) & T3blc 4.4 (graphical) to see that the exponent results are very smlliar. The 

ungasscd resllits (Jc. 0 cm/s) were already di>;cussed in Sectwn 4.1 but lS mcluded here as 

rcfercnce. Considermg the exponent~ of particle ~i/e (dpJ. solids con~entmtion (X), ~olids 

den~ity dliTerence (!'J.P''1'!)' and kUlemati~ viseosity (v,i)·".) for.lu = 0, 1.0, 15, 2.0 ~l\lis, 

similar trcnds arc observed, All the exponents increased from ungassed to Jc 1.0. where 

after it decreased on further inneased g:a,~ing. The mcrease fHMn unga~sed to k · = 1.0 (Qcv = 

L I vvm) is interesting. In stilTed tanks, Ch3pm3n e/ al. (19H3c) and Wong. Wang and Huang 

(1987) have propo~ed that the effed of ~ome hn>·phase variahle~ reduce In gassed condition~, 

whilst Oliita 3nd Pangark3r (1995) and Oohi dal, (2003) pror<Jscd exponents very similar to 

that of Zwidering (1958) for unga~sed ~{)nditions (cf. Tahle 2.11). It should be noted that 

these increases in Ihe effects of all thc two-pha~e variables from ungasscd to a g3%ing rate of 

1 cm/s arc signifICant for all variables except dp at the 95% confidcnce level. Above Jc co 1.0 

the effect of all Ihe two-phase variahles ~tarted to de~rea.~e relatively quickly. It can further 

he noted that the ~5% eonfidcnce intervals on the gassed rcslllts arc widcr than for the 

ungassed condition, "" hi~h lS indicative of the inneased dimcllity of doing solids suspenslon 

,,"ork under gassed conditions. In the bSI two columns of Figure 4.24 data from ditrerelll 
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gassmg rates ",ere also analysed together. In the first instance. all gass~d results wer~ 

considered together (k :> 0) and in the second case the full dataset of both ungasscd and 

gassed tests (Jo ~ 0) wen: eon,iden:d together. The results from these combined gassing rates 

are averaged values /Tom the different gas,ing "ltc, and the confidence in the values will abo 

increase dlw to thc:>~ re~ulto being based on larger data sets. The critical impeller speed 

correlations that can be denved from these re8ults ",ill b~ con8id~red in the n~xt section. 

4.2.4 Critical Impeller Speed CorreJation~ for T"o- aDd Tbree-Pbase Conditions 

Now that the df~ct of t\Oio-phase var iable~ have been con,idered under gas>cd 

condition, (Table 4.5 and Figure 4.24). can the compicte critical impdler ~pocd correlation 

(ct: Eqlmtion 4-24) be test~d for both gassed and unga,:;ed conditions. From the numerical 

analyses in the previous ~ection, a number of correlation, can be d ... "wn. The unga,sed 

correbtion (k = 0.0) was already considered in Section 4.1.2. rile unga~sed correlation wi ll 

however be compared to the gassed correlations. which will be tested here. Fir.~r1y, the 

correlation developed for a constant ga,smg rute of I cm."s (k = 1.0). will be tested here. All 

the variables tcst~d during ungassed conditions (Ja = 0.0) were a]"o Ie,ted at this gassing rate 

and the total num her of test, at each condition is very simi lar (i.e. datasets are similarly sized; 

cf. Tables A.12 to A1S). Correlations tor con~tan( gassing r"tes of 1.5 and 2.0 cmJs will not 

be tested bere because the number oftcst<; were less (not aI10,'11 values could be reached), and 

not all variable, could be considered at these higher gas~ing rates. Secondly. the correlation 

developed from all the gassed runs together (J():> 0) "'ill be tested. and thirdly the correlation 

developed from the full dataset. of ga"ed as "ell a~ ungassed tests (Jo ~ 0), will be tested. 

From Table 4.5 the following N;,. correlation is obtained for a const3nt gassing rate of k = 

1.0 cmls (QGI' = 1.1 vvm). 

[ ]'." N!v = K"" dp"-"' X"" Ps;:, (ViYw)"'''(I+K".J,,); 

Wbere, Ksv = 28.7: KG - 0.40 (em/sf' 

'-'-"" Eqnatl<ln 4-2(, 

Urlly for Jc - 1.0 cmi. CQG ' - 1.1 "m) 
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If this correlation IS applied to the experimental resuits obtained at k = i ,0 em/s. the parity 

chart as sho .... n in Figure 4,25 is obtained, 

1:UI 
+IC % . . 

1200 J~=1,O • 
11C'J 

·I U I 
·10 '/, 

e • 0 

" 7 
'.iC(I 

- COO , • , 
0 700 • •• r' = 0,89 , 

we 
we • ~hn,~ I 

", Pt""e II 
41)J 

'" P t"' s~ III 
300 
,~ .CC = ~C '00 = = 'OOC 11 00 1200 1300 

~,go::mo) l'r' ''1 

I'igure 4.25 The quality of the J"'j.~ corrt'lalion fit obtainoo from tbt' Je = 1.0 cm/s data 

It f01l0\l s from figure 4,25 that a relatively go<xl. fit is obtained when applying Equation 4-26 

to the Je = 1.0 cm/s data. Only 3 data points are outside the ± 10% deviation lines. rno of 

which arc from the viscosity work in Phru,e III. The coefficient of detennination, r", of 0.89 

also indicates a reasonably good fiL The ql1alily of the fit of this equation obtained at .Ie = 

1.0, is however not a~ good as the quality of the fit of the ungassed equation (cf. Figure 4.6), 

where r" was 0.96 and only 1 viscosity datapoint d~viated outside ± 100/0 of experimentally 

obs~rved. This is very normal when comparing NiO- and three-phase solids suspension \lork. 

and is also expected when considering the wider confidence limits of the resl1its obtained atJr; 

= 1.0 compared to.le = n.o (cf. figure 4.24). 

From Table 45 th~ correlation filled from considering all the three-phase data combined (k > 

0) is given by Equation 4-27. and testing this correlation against the experimentally observed 

values under gassed conditions leads to the parity chart given in Figure 4.26. 
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A" 
N,.. '" K " .. d /'1 X~" ( PS~:L J (v I V,. )'''I (1 + K{i .J ,J : 

Where, Ksl' = 53.1: Kv = 0.40 (em /Sr i 

Equalion 4-21 

D Ol! . 
J c > 0 '10 ')', . " 

12ft! 

1 ;00 

~. 

,~ 

e .. ,' & 0.81 • "" , ., 1W , • PI_I, n~< I) 
;00 

. P~I, J:;:' ;, 

"" . Plm',I, ) ::;:2.0 

= " PI"", II 

.!. ?In"" III 
~ 

"'" '" "" ;00 roo .., '00 ,~ '100 'ID" '''' tweot>: .... , 
f1ll:ur~ 4.26 Tbe quality nf tho. !'wi« correlaflon Ht olJtai ned from all thrc~- phHW data (J" 

> 0 ~m/~J 

II is interesting 10 sec Ih~! even thuugh lho: c~ (IOn.:n ts. o f the solid-liquid variabks are 

Illnut nted by gas r .. tc. a Ii, o f all the data combined ~[I II !!I'CS II. rd:llively good fi t as shown 

in Figure 4.26. Most of the predicted values are wlth ill the 10% de' ;"lIon hnes and ",,,enly 

spread around the parity line. It seerns as if there IS some lrt:nd to ovc rprcdic[ [he critical 

impeller >peeds sligh Tly 1II1l1e lo"cr end, "hich in Ihi ~ "ork will be the finer ['article sizes at 

a g;.lS r~re of I cmls <luring !'Ila'-C L Over3H, tile fi r i. I'ta.>.onab!y good ;.IS a lr;o in~ ic~re~ by the 

coeffiCIent of deICnnin3hon (; =Q.87). 

Fln:l/ly. Ihc Ctlrrelation deve loped by considering All til.:: critICal impeller spee.J cla""- m this 

lIork combined ~an be wkcn from Tahle ·U !I$ given in Equation 4·28, and tC$ling this 

c0rrcbtion against tile full da ta>ct of gassed and unga~sed tests lead' til the parity ch:ut in 

Fisun: 4.27. 
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." .. _Equation 4-28 

Fo< both gassed and ""gassed conditio," (J" ~ 01: G .... itlg rang •. QGr: 0 to 2.2 Will (JG' 0 to 2 emfs); 
1(, 1; = f(T, DiT. CiT. imp_ do.ign); K.o = f(C/T , imp design) 

1300 

"'00 
" 00 
lin ! 

~ = 
~ = 
< TOO 
z 
~ 

= 
400 

30(1 

= ' 00 ~[l: ) GI;() 

r' = 0.92 

• pt""", I, JC - O 

,) =-t-ase I, JG>O 

, pt_~ II JC- O 

O Ph3se II JG~ O 

.. Ph3se III JG~lI 

fo. pt..se III. JG>O 

(I;(; air ) goo ' C«! 1100 1?OJ 13DO 

,!":e>:p\ loo "'1 

Figure 4.27 The quality of !Ii}. correlation tit obtained from the full data~d of ga~sed and 

ungassed tests (JG;:: 0 cm!~) 

It follows from Figure 4.27 that the correlation for two-- and three-phase tests combined, as 

given by Equation 4-28, gives a good fit to the experimentally measured critical impeller 

speeds_ Again. the predicted values arc spread relatively symmetrically about the parity line 

with most of the 92 predictions within the 100/. deviation lines, Apart from one gassed 

viscosity test outlier (Phase 1Il, JO>O), the other points falling outside the 10% deviation lines 

are relatively close to these lines. There seems to be some over prediction of values at the 

lower end_ These overpredicted values consist of gassed tests duri ng Phase I (Phase 1, JG>O), 

which will be the finest si lica fraction under ga~sed conditions, as wel1 as some lUlgassed test 

from the viscosity Tests during Phase III (Pha.c Ill, JG=O)_ Overall, as also indicated by the 

coefficient of determination (r' = 0.92) this correlation gives a good fit to all the measured 

data. 
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4.2.:; Sum Ill,.,. ~ of Fin tli rig, and eompa ri~on with l.i I,'ratun, 

In this section, the W.o- and three-phase correlations developed in this wOrk wJlI 

be summarised and compared against ~tirred tunk findings from literature. The two·phase 

correlation given by Eqlmtion 4-12, together with the three·phase correlations testcd in the 

previolls section (cf. Eqillltion 4·26 to Equation 4-28) is summariscd in Table 4.6 and 

compared with stirred tank findings from Table 2.11, 

Table 4.6 Comparison of Three-phase Correlation Results with Findings from 

Lile-rature 

F.fferl~fG .. ,,' 
. __ . 

Ref.rence 
! 

Eifert T"'o-Pba,e V .. iable1 OJl, Ni<f 

.~:'" 0 d/X.f(t"Ji/,v ·",J 

, ' X " , (t.p1p,f 'i N". - f(Hi,. . Qm') , 
~!.t.ri n~ {19.~8l." (PO 0.17 045 0.1 Qy, , 

< 

Clta '''lIdal. ';19S3a) ' ' 0,) 5 0,15 0.40 , '''-- , 
Cbpm ... n iiI, \1983<) 0,]2 0.)5 0.22 , ,-u;,- a.Qr,.; I - c"n.l; (a 

=0.Q4.2A) "' , 

Wong. Wing ud Iluog 0, )2·0,)6 0.14 0.20 ,-\N~ _ a,Q".; 8 _ 0011",; (8_ 

. (1987) 2.0,5.01 .. 

BujaMJ. Konuo .. , N • r.j" (0,82 +0,3LQm); 

NiellO'" (1988) " N -N· {I+O(, )~11 .•. ,. "" 
R""athr, Ragha~a """ (].O\l-l1.l2 ~' .. - N j.M + K.J" 

and Jo.hi (1991) K. = 132.7 ,,,l' ,V.L".T: Or: 

K" = 33(l,6.u "'.ff'·" 
Dut'" and Panga"kar ; 0.1 & 0.21 0.4 : aN], "'Q,,:. c"nit (I 

JI99~) , 3,15,4,47, 3.16,2.H1" 

VOM n Ill. (2003) 020 o.n 0.45 n.] N", . 

~. 
N,'~·fl 1'0, 0 3 (,J cfr., ) "N ~ .. /1 , 

Ga ... d Stirred lank ' .09-'.20 • . t3~.21 0.10~A5 '-0.10 

RlDgr 
.< 

J).rived from I'lolatiou 0,33 t.N" '" •. Q6'·; 

Iitrraturr: [Scbubert a=2.4vvm''-'-' 

(t9S~)I: Wri .. .. , Q" 

S<bnbert (1989) '\j", = N,;.. (1 + I(.Q",); 

K = 0,2 5 to 0.28 .. m·': 

K = O,2~ and O.3t (em}.) ' 

Tbis WorL (h-O <mi. ) 0 .. 15 *'l,12 IU2 *'l.1I2 • . 66 .... ;)5 -O.Ot a,ll Jc; , 
',,', 
I bl. Work (J(~ I ernl.) .. 0.39 *'l.IS O.2~ ~.IS e.~~ 4 ,11 0.13 *'l.'~ 

Thi. W .. r~ (An G",,,,,dj " D.tS .... ", lUI ><l." 
,"~ = II,J*.{t + D.40J,,) 

D.31 ><l .... 0.7.1 a,t9 
0" 

Thi, Work rh.o- .. , 0.33 ±I.m 0.17 ±1.(1-' 0.70 a,'" Il.O~ ill .... 

T~rr<- ba,r eOlllbi.cdj " 
N", = ,\j,.r( I + O.JIi.Q",) 
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N"t.' to !'able 4.6 
" ; T wo·phase, N;,» colTelations 

" : Solids concentrati<>n i, often also correlated .., the . ffect of solids to liquid moss ratio B on N"", 1<> ch.nge 
from B 10 Xtbe exponent. were mu11iplied hy 1.27 being l~e p<"" er relati<>n t>et .... . en B and X over the '''''g. 

5%;;.\",.,0% .., """d in this wml and applK:able to flotation cells (ef. Section 2.4.43.2). 
" ; In "" lids suspe1l si,,,, [he effect of g"" adJirion i. most commonly i~corpo'ated lD tenns of the tonk volume 

nmmali sed g.., f!<,wrate, Qoy, in m'/rn' /min ,,,- \ ' 'ffll. To convert: Qov= Jo I Z x 60 simtn x 0.01 m/cm. 
": .~' .... "" round to he con .... nt [(" con,t..,t lleomot'Y, but elwl ged "ith Impeller type ""d 1mpeller diameter 

(00") 

L ______ ____ "c·~v,.")~,.,.,",'. '),"',~~»:~~1!.9 '% confidenc,.) """'~e."""'--_________ ~ 

The two-pha~e findings, included for reference in Table 46, have already been discussed and 

compared to two-phase literature findings in Section 4.1.2. Here, the discussion and 

comparison will focus on the three-phase correlations results. That is.. the effects ofvariab!es 

under gassed conditions and the effect of gas itself. As with the two-phase results, the effects 

ofparlicle size and solids den~ily under gassed conditions have been found to be stronger than 

reported in stirred tallks. Ali speculated before, this may be antibuted to the proximity of the 

stator mechanism to the impeller, leading to increased turbulence in the impeller region and 

reduced nuid flow further away for solids suspension. Another interesting finding from this 

work compared to literdture, is the increa<;e in the effect of all solid-liquid variables from 

unga.~sed conditions to a ga.'I;ing rdte of J(j = 1.0 cm/s (or Qcv = I. I wm). Considering the 

95% contidence limits. it can be seen that these increu.<;ed effects are very significant. 

Reductions in the effects of these solid-liquid variables to below the two-phw,e condition.'­

only occurred (relatively quickly) on further increased gassing to.la = 2.0 cm/s (or Q", = 2.2 

vvm). No reports of increased effects of solid-liquid vatiabk:s could be found in stirred tank 

work. Report, have only been made, about reductions in the observed efkcts of some 

variables from ungasscd to gasscd conditions [Chapman et aI. (1983c); Wong. Wang and 

Huang (1987)]. Chapman et al. (1983c) reported this reduction to be relatively strong for the 

solids density difference, for which the exponent almost halved, and to a lesser extent for 

particle sizc (ef. Tabk: 4.6). Solids dellsity difference, "",lpL, and particle size dp , remain the 

variable.'- ",ith the large~t exponent" also for ga,sed conditions. Although having smaller 

exponents than, "",lpL, and dp , it can be seen that the effect of solids eoncentration, X, and 

liquid kinematic viscosity increa,ed signifkantly from ungassed to gassed conditions. The 

tv.o-phase viscosity results showed conflicting but relatively small trends with kinematic 

viscosity, which could be best fitted by making Nj< independent of viscosity if = 0.0). 

However, under gassed conditions viscosity consistently caused ~,g to increa~e. The value of 

this exponent for all the gassed conditions together (i.e. 0.1 t) is almost the same as the upper 

limit found in two-phase work. i.e. 0.10. The relations a~ given in the la,t row of Table 4.6 
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were developed by considering all tbe [esls (lwO- and thrcc-pha~e) combined. O,erall, this 

correlation gives good predictions under all conditions (cf. Figure 4.27), and is ther<;lfon" 

recommended tor general two- and three-pbase use. 

4.2.6 Application of {\Ii" Correlation 

In tbis section, the 11)'11 correlation wIn be applied to different conditions. T~is 

will serve as a brief demonstration case study of how to usc the ].,'p" correlation. The ~'11 

correlation, which was developed from all the t\vo- and tbree-pha,e data combined, will be 

used here (eI: Equation 4-28). Two sets ofvariab1e values were ,elected for this case study 

(cf. Table 4.7). A base case condition wa, ,elected to represent a low critical impeller speed 

coodition in a mcch<U1ical fiotation cell. Increased value.f were then se lected to represent bigb 

values tor each variable, which may be likely in a mechanical flotution celL Calculating the 

critical impeller speeds using these .. ariable values leads to the critical impeller speeds given 

in Table 4,8. To demonstrate tbe effect of eacb variable. Npg vallie, were calculated by 

changing only one variable at a time /Tom the base case condition, The dramatic effect of 

moving all variables together from a set of low Aj., variable, to a set of high ~'" variable~ is 

also given. It sbould be notoo that although each variable is likely to vary within these ranges, 

it 1S highly lInlikcly in reality that all variables wi11 vary logether from the low ba,e ca,e to 

tbe mcrea,ed vallies. The increased critical impeller speeds caused by changing each variable 

on iffi own from the base case is shown graphically in Figure 4,28. The large effects of solids 

density followed by gas addition and particle size can clearly be seen, The very small eJJ~cfs 

of solids concentration and kinematic viscosity are also evident 

K d OJJ XO,I7[ PS-PL]O.", (,/o> )'"'(I+lt J )'Wbere K =52 K =040(=,")' IlL F ,,',,{;" G ' ,Sl ,G . 
p, 

.. (cf. Equation 4-28) 

Table 4.7 Base Case and Increased Values used in Ihis Case Sludy 

4. [~ml X 1"t.%1 IIP/I'e I-I vI~w [ J Jo [om/,j 

t&,~'C,..e y~tu~.-' " '" 1M , o,~'l 

In.N~,.d y"tu"" "" '" 4,60 • , 
'" . . , Crn.racl<:nsltc ,"e tor upper 20";. or S<ll,d" where ooild, ""p"nslOn problems m.y be «peeled, . The 

avc-rage densily or sitko; .'; roo avenge densl1y or cilrom'tite [Will. (I ~7)]; "'; FqUlvak:nllo Q~, = 0.56 V'1ll; 
": Eq\!'nlonllo QGV= 2.2 vvm 
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Table 4.11 Calculatl.'dAj", Values using Equation 4-28 and the Case Study' ariabll' 

Vahll'S in Tabk 4.7 

,"'j., Co"dilion ,,,,-- I rpm I ,"Ii." (rpnll I N", / '''';", 

B~.c Cue (0) o.,q 639 , , .00 
~ -- ~ ~ 

In<r<a,ed..,only - "" ~~- "" 1 . .lS _ .. -
lu<I'''''," X ouh 6.l9 ." 1()9 

lucre~.c ~ , L oul> ~39 1303 Z,04 

~""'~_ Y ~ul)' 639 
I- '" 1.07 

~~ 

iI.erea", J oAIl 6.19 95q I 50 

All Variabl~, COll1bi.<>d oA 3140 4,91 
, I)",,!o N ,kin " , eo ><iLLd fimcri,JIl of ,"ri.ble,. is {ile c,,,,,bined relalive e noel" r all til< vari . bk" 

"'00 

,= 
,~ 

~ .00 
, , 
~ , 
'00 

'00 

p",dLLC! onile relali,'e dkCl< oi'each variahle (Hl ito own, 

Base Case d90 ooy xO<ty .:.piplooy ~onIy 

~g r.omtion 

H 

", 

Figure 4.28 Critical impeller speeds determined frum Equation 4-211 by changing olle 

variable at a time from a base condition (d". ('able 4.7& Table 4.8) 

~~ 
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4.3 CO:-.!CL USIONS 

Thi~ chapter formed the primal)' aim ot'this thesis, i,e, the development of an .'ip 

correlation for a mechanical flotation cell. In thIS way, off-bottom solids suspension, and how 

it was affected by the solid· liquid-gas variables in the 1241 pilot mechanical flotation ccll that 

was used in this study, was evaluated, This "as achieved in thi~ chaptcr by first considering 

two·phase solids suspension and then solid~ suspension under gassed conditions. 

4.3,1 1\\o-Pbase Cciticallmpcllec Speed 

rhe aim of this section was to investigate the effects ot· dp, X, ¥PL, and VL on 

_~,., Ibese findings can be compared with a large body of ~tirred tank Np• work and 

specifically to the work of Zwietering {195lll. The '~" correlation also f01TIlS the basis from 

"hich the .iV;,g correlation can be developed. The following Ni", cOlTeiation was develeved by 

first considering the cffects of the differcnt variables graphically and then developing the final 

correlation through multiple linear regressi(m. 

[ l
o.~'"' 

N == K d 0,""-'" X~l2±o", P5 ~ PL • K == 54 and N- in m 
- i'" SL P , st ,, " rp p, 

.... (cf. Eql1ation 4-12) 

A mecll.DlcoI flotation cell (th," wort); K",. = f (T. Dtr, CIT, imp. design) 

The follo"ing specific observations could bc made about the Hj,. results. 

• Good agreement between graphical results and numerical results "ere obtained, 

which validated the numerical fit. 

• Nauow 950/0 confidence limit'> were obtained for the effects of the solid-liquid 

variables, which confirmed the high accuracy at which two-phase critical impeller 

speed work can be done. 

• The effect of viscosity was found to be conflicting, with an increasing trend 

observed tor the smaller 75-1 O!i )lm ,iLe traction (Np• (l VL U.ll) and a decreasing 

trend observed for the coarser 150-250 )lm size fnlCtion (NjSl<!l VL -<) ,0'). This may 

reflect a difference in the suspension mechanism for finer and coarser particles 

under tv.·o-phase conditionR. If finer particles are suspended more by mrbu1ent 
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action and coarser particles more by fluid fiow drag. these positive and negative 

trends would be expected (mcreased viscosity decrease~ turbulence and therefore 

is an increa~e in impeller ~peed required for the t1n~ partieles; increased viscosity 

increases drag, cf. Equation 2-19, and therefore can the impeller speed he rcdueed 

for the coarser particles), 

• The I,vo-phase correlation fitted the cxperimental data very well with only one 

predicted value oul,ide the 10% deviation lines and a good coefficient of 

determination (? = 0,9(3). 

• The effoct ofpartic1c size (~,. (l dp 0.3l) is ~tronger than that found by Zwictering 

(N,,,, (l dp 0.2(l) and most others in stirred tanks (Njn< (l dp 0\0 to Njn< (l dp Q,~. 

• lbe effect of solid-liquid density difference found here (Nj ", (l Api{JL°"') i~ 

stronger than found by Zwietering (Njn (l i'JptAOA5
) and all oth~rs in standard 

stirred tanks (Nj,. u !¥>I {JL 04{j to ."'j", (l tJpi Pi OSIJ). 

• The larger influence of particle ~ize and especially solid-hquid density difference 

is thought to be related to the proxImity of the stator to the impeller in a t1otation 

cell decrea~ing the fluid flo,," from (he impeller in favour of increased turbulence. 

Particle si.le an<.l den~ity difference are the IWO main variable~ influencing the 

tenninal ~ett1ing velocity of a particle (cf Equation 2-1 g). 

• lbe effect of solids concentration (Nt .. (1 X 012) wa~ foun<.l (0 be ~mall. smaller 

also thaD found by Zwietering (Nj,. D. X O.,,) and most other fmdings (Nj •• (l XO,10 

to ."'ft. n XO.3<) in stirred tanks. 

• Although confiicting trends were obseT1led fur viscosity, Wa\> the overall effect of 

viscnsity found 10 be ~maJl enough to ignore in the two-phasc "ork, which 

di~agrees with Zwietering (Nj.>f< D. VL01~ hut agrees with some others [Cbapman et 

at. (I983a)J in stirre<.l tank "ork. 

4.3.2 Three-Phase Crilicallmpeller Speed 

The aim of this section was fwo-fold. Firstly. the effect of gas addition On Ni<~ 

should be de(ennine<.l, and socondly the effect of (he other solid-liquid variables should be 

tested under gassed conditions. 

Gas addition was seen to cause a linear inr:rease in Ni'~' but the rate of the inerea~e varied for 

different conditions. Four options for incorporating the effect of gas was evaluated. i.e, linear 
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with a constant slope. ("'''' = Nj,. + aJo), Jinear with the ~Jope proportional to Nj,., (~,,~ = "'ft. 
I K.N; ... ,k), a po"er relation, (lIj" = N,...{ 1 + Ja)"'), linear with the slope being a functioo of 

system variable" (N;.: = Nj "" -I K6 _k; where K. - f(system variabks», Option 2, where the 

,lope of lh~ linear increase caused by gas addition was taken a, proportional to Nfl' was 

,dec(cd as the best way in this work to account for the effect of gas. This lead to . 

. (cf. Equation 4-17) 

Air addition had a strong~r effect on Npl in this wock than the efti:ct taken from Wei,s and 

Schubert (19~9), which varied ben-.. ren K = 0.25 to 0.28 vvrn-'. The very low impeller 

ckarance, Cb = O.05T, they used might have contributed to the smaller effect of air addition 

they observed in addition to difference, in the impeller, they usC<.! (double finger imp<:llers) 

compared to thi, '''J'rk . 

Secondly, the effect" of the other solid-liquid ,'ariahles were con,idered under different 

gassed conditions (cf. Figure 4.24). 

',-

, 
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co ,_, .0' 
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, 
, ~ o. ~( 

l U.30 
" ," 0.20 
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U. OO 

_u. 1 0 

I T 

I 
; I I ! 

. '\ f>V 

I . cp"< , 
I I ' X'I:,' 

I I • ';.'f 

I I I I ! I 

1 -r- -
,I(;=U.O .: (; =1.0 JG= 1.~ .!G=2.0 JG>O JG~O 

Gas Addition 

(f. Figu rt' 4.24 'I u ",eritai an al y,e, or 1 h., t'fr~tt of solid-liq uid variables under variou_ 

!:as~~d and unga'~ed condition_ (h; = 0, 1.0. 1.5. 2.0 ~mi'; Or Q(" = 0. Ll , L 7, 2.2 nm) 

It followed that: 
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• Good agreement bet\lcen the graphical observations and numerical results 

validated the numerical analyses. 

• The effect of an solid-liquid variables consistently increased from ungassed to a 

gassing rate of 1 cmls, before starting to decrease relatively quickly as the gassing 

rate was increased further. 

• The increased effect of the solid-liquid variables at a gassing rate ofl cm/s or 1.1 

vvm \lere unexpected but ",ere significant at the 95% confidence \evel for aU 

vwiables except dp. In stirred tank work, the effects of solid-liquid variables are 

either taken as very similar as two-phase or decreasing for some variables, rum,t 

notably dplpL [Chapman er al. (l983c); Wong, Wang and Huang (1987)]. 

• Where kinematic viscosity (I'£) gave contradicting effect~ on N". for the finer 

(positive) and the coarser (negative) size fractions in the two-phase work. it now 

caused the critical impeller speed to increase for both size fractions. Still the 

increase was larger for the finer particle fraction, which may again indicate a 

largcr influcnce of turbulent action on the su,-pcnsion of the finer particles. 

• Although, the gassing rate affected the influence of solid-liquid variables on ~.g, 

were the average effects of these so lid-liquid variables for al1 gassed conditions 

combined (Jc > 0) very similar to the two-phase findings (Jc '" 0). It was 

therefore decided to base the final Njlf: correlation for use in three-phase (and two­

phase) conditions on all the data comhined (JG ~ 0 cm/s), which gave. 

N = K .d'~1li<""X~"±iUl>( ps-p" l"-('I' )"·"""·<J.I (I+K . J)· 
J'" stp ~ <J'G' p, 

Where, KSI' = 52, KG = OAO (cm!sr! or 0.36 vvrn-1 

" " .......................... " ..... (cf. Equation 4-28) 

For both gassed ond Ullljl"-'<5e<! conditions (hi':. 0); GassiTIIjl .onljle. Qar. 0 10 2.2 vvm (Ja: 010 2 cmlo); 
K ... , = f (T, DIr, C/r, imp. dc,igJl); Kr. = f (CIT, imp deSIgn) 

• The three-phase corre lation predicted the experimental observed ~. valucs very 

well with most predictions lying within 10% or very close to 10% of the 

experimental va lues. The good fit is also confirmed by the good coefficient of 

detennination (,.1 = 0.92). 

• Similarly to the two-phase findings, the efft-'Cts of particle si7e and espccia!iy 

solid-liquid density difference found here, were stronger than that found in stirred 

tank work. Again, this is thought to be related 10 the proximity of the stator to the 
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impeller in a flotation cell, decreasing the fluid flow fmm tbe impeller in favour of 

increased turbulence, which effect is more limited to the impeller region only than 

the further reaching effect of fluid circulation. 

• n1e avcr<lgc eITect of particle size on 0w, Njlg a d/ 3
" is the same as that 

extracted [rom Schubert (19H5) in a 541 mechanical flolalioD cell at a gassing rate 

of Qrw = 0.45vvrn. The good agree-men! implies that these findings arc generic 

for dinercnt flotation cells (as is the case in stirred tanks) and thai the effect of 

particle size in flotation cells are generally higher thall in stirred tanh. 

• The effects of both solids concentration and kinematic viscosity increased from 

the two-phase correlation. where both were low compared to ~tirred tank findings. 

10 being very similar to average ,tirrcd tank finding, under gal<,ed conditions 
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Thi, chapter discusses solids concentration profiles that "ere measured in a 1241 

pilot scale mechanical flotation ceU as used in this "wk. In the previous chapter, complete 

ojfbottom suspension conditions as charactenzeu by the critical impeller speed (11\,) were 

related to solid-liquid system conditions and gas addition. The critical impeller speed is 

important for the perfonnance of many multiphase processes, as is evident from the large 

body of work that has been done on the critical impeller speed in standard stirred tanks. 

However, some processes are not only influenced by the extent of otT-bottom solids 

sllspen,ion, bUI also by Ihe dL~rribulion afsolids throughout the vr.\',~eI. In this chapter, the 

axial (or vertical) distribution of solids in the tank is con,idered. Although the critical 

impeller speed was the main focus of this thesis, some concentration profile measurements 

were also done, Four sets of concentration profiles, consisting of a finer and coarser particle 

,ize traction under two·pha,e and gassed conditions, will form the main discussion in this 

chapter. The mostly qualitative discussion and analyses of these four sets of concenlraliofl 

profile.! at different impeller speeds win be done in Section 5.1. Axial solids concentration 

profiles focus on the ,erticaJ distribution of solid,. When concentration profiles are however 

used in conjunction with critical impeller speed measuremcnts, a more complete quantitative 

picture of the ejJeclivenes,~ 0/ ,~olids suspension can be determined by deriving some 

effectiveness measures from the concentration profiles, "hich will be discussed in Section 

5.2. 

5.1 SOLIDSCONCENTIUTiON PROfllLES 

A number of axial solids concentration profilcs will be considered in this section. 

The solid, concentration profile data is given in Appendix B. The prot1les formed part offour 

sets of profiles done at impeller speeds ranging from 300 rpm to a maximum of approximately 

J tOO rpm. Two particle size fi-action, (75-106Ilm, 150·250llm) were tasted under both Iwo­

and three·phase COnditionS (k = 0, I cm.is), These particle sizes are commonly encountered 

in flotation and "ere selected to present a finer and a coarser feed in terms of solids 

suspenSIOn, For gassed condition" the gas flowrate 01'1 cm.is (or 1,1 vvm) " ere selected as it 

i, commonly m ed in flotation cells, For each of the four conditions, the solids concentrations 

(X) "ere measured at ten relative vertical heights (hi/) in the tanl: to form vertical .I'olid~ 

concenTration profile.! (cf. Fib'ure 5.1 to Figure 5.4). As per the convention used by Arbiter, 

Harris and Yap (i %9) and others, hil' will be u,ed here to indicate relative height as an 

alternative to hlZ. Using the tank diameter, T. has the advantage of being a fixed value, 
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whereas the lOp of the pulp phase, L, may be variable during operation. Vessels with different 

aspeet ratios (Nil) can also he compared directly on this hasis, In this work Z = T, and hIT 

thus reached '1 .0' at the top of the slurry in the tank. The two-phase profiles will be discussed 

in Section 5,1.1 and the three-phase profiles in Section 5,1.2. A potential j~, criterion linking 

solids concentration profile mea;mrements to off-bottom suspension is the 'concentration 

3bove the base' criterion, which will be tested in Section 5.1.3. In Section 5.1.4 the 

sedimentation-dispersion model will be briefly considered to aid in the mechanbtic discussion 

of venical solids distribution. This model attempts to model the vertical distribution of ~o1ids 

in a vessel as a balance bew'cen the opposing mechanisms of upward turbulent dispersion, 

and downward particle settling, and has mainly found some application in high aspect ratio 

vessels such as columns. 

5.1.1 T"o-I'hll~c Profilc~ at Variou~ Impeller Specd~ 

In this section, the w'o-phase concentration profiles will be introduced and 

discussed. The two-phase concentration profile data is given in Table B.l in Appendix 8. 

The two-phase profiles were done together with critical impeller speed runs 77 and 29 as 

indicated in T:!h le 8.1. The profiles as displayed in Figure 5.1 and Figure 5.2 plot the 

measured solids concentrations, X, on the horizontal axis versus the relative heigh t in the cell, 

hIT, on the venical axis. The impeller speeds (e.g. 300rpm) as well as the percentage~ of 

critical impeller speed (e.g. 60o/ofI.}.) arc indicated on these figures for each concentration 

profile. The bulk solids concentrations line eX"", = 20%) represents the theoretical vertical 

profile for the condition where the solids are completely suspended and homogeneously 

distributed throughout the tank, 
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H::urc 5.2 S .. ljrl~ nmcenlnllion profil~, for Il,... .... (154) - 2StJ pm) a' vwrK,,,~ .\ under "'0-
ph ... ..., .·o"dit ...... s 

I t 'Mould he no.te..! that .IV" for the linen/,..., ,..:e fmcuoll t cf. hgun: :5_ 1) \\ a, 500 /'JIm and 675 

rpm fOl the ~oa,""er dp::oo fr:lction (ef. Figure ~ 2). This CfIllSCS the per~e~\ug~ llf cntl':al 

impeller 'peed (%.'''1,) to t,., lower lo r the conr~r compared 10 the finer size f,"act,on al the 

""m~ imrcllcr speed, It is therdive expec ted thM the extent of on~h"l\()m slI srcll,km wi ll be 

lower for the <:tlar>ol!r ~ize fraction than foo· the fin~r Ibellon at the 5ame Impeller ~!"I~.J The 
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exlent of off-bol/om suspension for each Slze fraction will be evalurued at different impeller 

speeds in Section 5.2.1 II Can be seen Ii-urn Figure 5.1 and Fib'llTe 5.2 that the solid\ 

concentrations in the profiles remain relatively uniform from the bottom uf the lank up to a 

certain height before dropping uffrapidly. It fulluws that the suspension height (h,) to whieh 

solids arc distributed vertically in the tru\k can easily be extracted Ii-om these cOncentrdtiun 

profiles. At N=~, (100% ~,) sulids were just noticeable at hIT ~ 0.95, indicating that a 

relation between suspension height and Ai, may e>.ISt. These suspension height (h,) 

observations will be analyzed further in Section 5,2.2. It is also noticeable how the profiles 

approaches the homogeneous suspension line (X"",) as the impeller speed increases, especially 

at N above~" and especially for the finer particle size fraction (cr Figure 5.1). At relative 

impeller speeds below 50 percent of critical (d. Figure 5.2) solids concentrations up the tank 

are very low and most of the solids are clearly still sedimented on the base. At 100 percent of 

critical impeller speed the solids are well distribukd although slightly above the bulk 

concentration with a drop-off in concentrations at the very top. It can be seen from Figure 5.1 

how a homogeneous suspension is approached as the impeller speed is increased to 150 

percent of criticaL This agrees well with observations already made in Table 2,4 (cf. Section 

2.4.1) that a homogeneous ,uspension is nonnally approached as the relative impeller speed is 

mcreased to approximately 150 to 170 percent of the critical impeller speed, Njs, depending on 

particle properties and concentration [Oldshue, Herbst and Post (1995); Shaw (1992)]. 

Comparing Fib'llre 5.2 to Figure 5.1 it fol1ows that slightly mOre variations in the vertical 

concentru.tions of the coarser dp2Q() fraction arc also noticeable compared to the finer dp91 

fraction. Variation in the verttcal ConCl>fltrations as mca\ured by the RSD will be considered 

further in Section 5.2.3. 

5.1.2 Three-Phase Prolilt'!; at \ arious Impc1kr Sp~~ds (JG = 1 em/s) 

In this section, the three-phase concentration profiles for the dp91 (75-1 06)1m) and 

dpJQ() (150-250)lm) fractions at a gassing rate of Jo = I cmls (or 1.1 vvm) obtained at various 

Impeller speeds ranging rrom 300 to approximately 1100 rpm will be introduced and 

discussed. The three-phase concentration profile data is given in Table B.2 in Appendix B. 

These profiles were done together" ith critical impeller speed runs 71\ and 30 as indicated in 

Table B.2. The profiles are displayed graphically in Figure 5.3 and Figure 5,4. 
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Fi!::lIre 5.4 Solid, concentration proJlle, for Jp21K! (150 - 250 ~m) at \'3riou\ \' under 

three-phase c"mlitions 

The three·phase profiles, Sho"ll in Figure 5.3 aI'ld Figure 5.4. display somewhat different 

characteristics compared to the two-phase profiles in Figure 5.1 and Figure 5.2. The effects 

of gas on the solid-liquid hydrodynam i~ were already considered m Section 2.4.5.3. The 

introduction of ga.\ causes both a reduction in turbulent dispersiOJl, through increa:;ed 

turbulence dampening by the presence of gas, as weI! as a reduction in (he impeller discharge 
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mass f1owrate, through the reduction of the effuctive slurry density and the formation of g<lS 

c~vities behind the impeller bbdes_ SoUd~ are suspended off the bottom and distributed 

throughout the tank by a combination of turbulent dispersion and fluid circulation. The 

presence of gas thus reduces both these meehanism~ of solids suspension and it is therefore 

expected thnt thc effectiveness of solids suspension ~t the Same impeller speed will deteriorate 

with increased gas addition. The reduction in off-bottom suspension Can be seen by 

comparing the percent of critical impeller speed (roN;.) values at the same impeller speed (N) 

from the ungassed (Figure 5.1 and Figure 5.2) to the gassed (Figure 5.3 and Figure 5.4) 

conditions. This reduction 1fl percent critical is the result of the gassed critical impeller 

speeds, "'Pt, being higher (782 and I 012 rpm) than the ungassed critical impellcr speeds, ~" " 

(500 and 675 rpm). The reduction in the effectiveness of solids distribution can be seen from 

comparing both the po~ition and the shape of the thrcc-ph~se profiles with that of the two­

ph<lSe profiles. In terms of position, the lower section~ of the thrce-ph~,;e profiles are 

gener~l1y further above the homogeneous sllSpension line (X"".,) than for the 1\\-·o-phase 

profiles. This indicates less vertical distribution of solids with more solids remaining in the 

lo",er 1:>ections_ The shape of the curves indicntes slightly decreasing slopes in the lower 

M:c!ions with the drop-off in vertical solid, concentrations occurring ~t lower levels th~n for 

ungasscd cases, which are mdicative of turbulence dampening and reduced circu1ation c~use<l 

by the addition of gas. A further noticeable feature of the three-phase profile is th~t ~llhough 

il generally starts to drop-off a! lower levels than the comparable rn·o-phase profile the drop­

otT is less r~pid than for rn·o-phase with the solids concentrations at the top generally not 

dropping off to zero as for many two-phase profiles. This additional solids distribution effect 

in the case of the Ihree-pha\e profiles is due to rising bubblc.~ having a solid;, dispersion 

effect, ",hich Can be seen to be more significant for the finer particles (cf. Figure 5.3) than for 

the coarser size fraction (cf. Figure 5.4). 

5.1.3 Coneen trati"" a1>", e the Base,s, Increasing J rnpeUer Speed 

It c~n be noted, Cl>peci~l1y in the tw,,-phase solids concentration pmfiles in 

Section 5.1.1, but also to some extent in the three-phase profiles in Section 5.1.2 that the 

vertical concentrations in the lower sections of thc profiles are rclatively uniform, and 

change~ with increasing impeller speed. This concentration above the base is determined by 

the interaction hetv.-ecn the extent of off-bottom suspension and the extent of solids 

distribution. As more solids arc suspended from the base the concentration above the base 
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increases, and a.~ the solids an: distributed higher up in the cell. this concentration above the 

base lends to decrease. As already discussed in Section 2.4.3 this conr:enlraliofl above {he 

base craerion has been used and tested by some as an alternative method for identifying ~, 

[Chapman ct aL (J983c); Ayazi Shamloo and Koutsukos (1989)]. This criterion equutes the 

point where a plot of solids concentration above the base vs. impeller speed show~ a 

maximum or a discontinuity to the just suspended condition (NFl . This cfltenon can be tested 

for the two- and three-phase profiles in the previous two sectiOils by choosing a poiot above 

the base (c.g. hIT = 25%) and plotting the solids concentrations at thiS height (Xm ) vs. 

increasing impeller speed. Plotting the values as given in Table 8.1 and Table 8.2 leads to 

toc plots as given in Figure 5.5. 
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Iligure 5.5 Solids concentrations (X,vJ) at a point hiT'" 25°/. abo\"t~ the bast' vs. rt'latiw 

impeller speeds (NI~,) 

It follows from Figure 5.5 that plotting the solids concentrations at a relative height of 0,25 T 

above the haw against impeller speed did fOl1Il discontinuities in the curves as predicted. 

However, it is elear that these discontinuities occurred relathely consistently at points fur 

helow Ni• and not at Ai,· The dlscontinuities for the three-phase curves occulTed at a point 

close W 60"/0 of N}, and it seems that the same applies for the two-phase conditioo. This 

finding is in agreement with the finding of Ayw.i Shamlou aDd Koutsakos (1989). "00 also 

found thut the conccntrdtion above the hase criterioo often gave a predicted N;. value lower 

than that obtained from visual observation. 
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5.1.4 Tes ting the Sedimentation-Dispers ion Model for Vertkal Solids Distribution 

The sedimentation-dispersion model for vertical solid, distribution has already 

been introduced in Section 2.4.6.3 in the Chapter 2. Barresi and Baldi (19~7a) and Ayazi 

ShamJou and Koutsakos (1989) modclled the distribution of solids vertically in stirred tanks 

by applying the sedimentation-dispersion model. Both used relatively dilnte 80lids 

concentration systems (X :o: 6 wt,%) in small vesse ls (T :0: 0.39 m). The sedimentation­

dispersion model relies on the assumptions of, negligible r<ldial profiles. negligible solid-solid 

interaction and isotropic turbulence. These assumptions \-\-ere approximately met in thesc 

works. In the current 51udy, a larger tank (T = 0.54 m) and a higher solid:> concentnltion (X = 

20%) were used. Applying the sedimeutation dispersion model here is therefore not expected 

to agree with an idealized turbulent suspension as referred to by Schubert (1999) in his 

diseussion of the sedimcntation-dispersion model. Still, the sedimentation-di,pcr,ion model 

will be applied here to the rcsnlts obtained, This while keeping in mind that although not 

incorpora/cd into Ibis model the contribution of bnlk fluid circulation to solids distribution 

should not be forgotten. especially at larger scale. higher solids concentrations, and gassed 

conditions. 

The ba,ic balancc equation from which the sedimentation-dispersion model is derived is as 

given in Equation 5-1 (sedimentation flux v,. dispersion flux of solids). 

. . .. . Equation 5-1 

With some manipulation of Equation 5-1, it can be wrnten as Equation 5-2, ,howing how the 

change in so~d:> eonccntmtion with height is detctmined by the ratio of the solids slip 

velocity, u" and the 50Iids dispersion cocfficieut, Ds. 

dIn X I = _.!!...; Where u, = solids sedimentation veloe ity; Ds = solids dispersion coefficient 
dh D, 

.. ... Equation 5-2 
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Schubert ( 1999) used modified Peele! numbers, }/p •• =0 u. TIDs, to define three different types 

of vertical solids distributions. High u, and low D5 (Np,_ > 100) will lead to aU :,olids 

remaining on the bottom oflhe tank. WW u, and high fJs(Np , . < 0.1) will lead to a constant 

vertical solids distribution. Ratio:, of u, and Dol between thes.e extremes will lead, under 

idealized turbulent su,ypensian condition~, to exponential decays in solids cODcentratioos from 

the holtom of the tank. 

Eqlmtion 5-2 thu, suggests that a plot of InX vs. Ii will give the rutio u, I D, as the ~lope. 

Ayazi Sham lou and Koutsukos (1989) did the same (ef. Figure 2.32). It ohould be 

remembered that they worked in a ~mal\cr vc~sc1 at very low solids concentrations (X 7 I 

wt %). Plotting the natural logarithms of the wlids concentrations against height for the two­

ph;),e profiles already dis.cussed in Section 5,1. L fib 'lire 5,6 is obtained. 

' .• 
o. ~.) o. 
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;r; O.Oi 

. -~ ~ >- 0.50 

£ O.'i -+- . ",.,.. ,.,... I 
0.10 • -.~ 
0.20 --0 ~ 1M< .n 0.1 i -,_ ' 00% 

Ii 
0 00 o. .00 •• 

{ai 1 b) 

Figu rc 5.6 .. \ ppl) ing the ,cdi men t"tion-di'per,ion rnodd to the vertical solids 

distribution of the (a) d
"
,/ and (b) tlplliD size fractiOlls under h"'-pha~c conditions 

It can be seen from figure 5,6 (a) and 0) that most of the data poinl~ g;)ve very uniform 

vertical profile~, and thu.s by ;)pplying Eql1<!tion 5·2 th;)t, d.lnK i dh - u, I Ds - O. It follows 

that in mo~t of the profi les tested, the upward turbulent dispersion coefficient (f)~) was totally 

eon trolling ;)nd much larger than the solids slip ve locity (u,). leading to very uniform vertical 

protilc~. It shol1ld he noted that ,lope of d.lnK i dh, as referred to by Equation 5·2. i~ the 

slope oJf the vertical due 10 lhe orientation of the axeo in figure 5.6. Only at very low 

impeller speeds and higher up in the eell doe~ the slip velocity of the solids become 

controlling causing the oolids concentrations to drop off. Overall, the application of the 

sedimcntation·dispen;ion mOOcl 10 two' ph;)sc ,uspen,ion conditions at high solids 
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concentration and turbulence can be evak.lated rn; to provide mechanistic insight into the 

opposing proccsNes of sedimentation and dispersion. However. due to the very flat profiles 

observed in most of the tank at impeller speeds above 60% of N;, its practical value is limited. 

The three-phase solids concentration profiles as already discussed in Section 5.1.2, will now 

be considered in terms of the sedimentation-dispersion modeL The model is still the same as 

that used for the two-phaoo conditions; however, equating upwards solids dispersion to 

turbulent difftmion action of the impeller only. will now change. The additional dispersion 

effect of gas bubbles, as obs(:rved in threl~phase bubble columns [Smith and Ruether (1985); 

Reilly et aL (\990)] >Il1d three-pha.;.e fluidized beds [Kim, Kim and Han (1992); Matsumoto et 

aL (1997)] should now also be considered in :Jddition to the impeller action. It is however 

thought that the dispernion of solids by air will only become prevalent under lower turbulent 

conditions rn; existing in the upper part~ of a mech:mical flotation cell. 

", o. ,. ,. 
om ,m 
'.'0 '.'0 

0: '.60 
-+-3ropm, """" 

:!: '!I(l 
e 
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0.' 
...... 4"-"'"', ""'" ", ---6-- !i<)l')-pm, ,,% ," ---+- 751>pm. "" k ," __ ,~_ 1DO'!:. 

'.10 ---+-""'_ 11 .... 
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-+-""""",,,-...... -.. .... 
I' ---6-- """",,","" --""""'"', ' .... --"""""', .... -+- ,,,,,,,.. 100% , .• ,. 

'00 000 ,. ,. ,. o. ,. ,. ,. 
"' 

(a) (b) 

Figure S.7 Applying the 5ediment .. lion-dispeNion model 10 Ihe ve rlicol solids 

dislribution of the (a) dr'll and (b) dp 2H size fractions under three-pha~ conditions 

Applying the sedimcnlation-dispersion model to the three-phase profiles for the dp91 and dp2fJC 

size fractions leads to Figure 5.7 (a) and (b), Considering Figure 5,7 (a) and (b) it can be seen 

that most of the plol1> at higher impel1er speeds above approximately 60% of N;. gave very flat 

slopes (off the vertical) in the lower 6()<'1o of the t:mk with increased slopes in the upper 30% 

of the celL This indicates that the dispersing action was (Controlling in the lOWl'!' part of the 

cell. with the solids shp velocity sl<!rting to compete higher up in the cell. The dispersing 

action in the lower part of the cell is due to the rotation of the impeller at these relatively high 

speeds, ,,"d the wry fut profiles indicate that the impeller action was totally controlling over 
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the solids ,lip velocity. However, the solids drop-off occurred consistently at lower levels 

than in the hyo-phasc cases, pointing to the rurbulcnce dampening effect of the gas. In tbe 

upper 30% of the cell, the profiles dropped off at almost constant slopes, but not as sbarply as 

in the two-pha~e cases, with solids being di,persed in all cases to the very top orthe cell. This 

indicates the disrer~ing action in the upper part wa>; mo,tly due to the rising gas bllbbles. 

Only at very high impeller speeds (e.g. 115% of " j,J can it be seen that the dispersing action 

of the impeller is extended into this llpper section of the cell. On the other hand, at very low 

impeller speeds (N < 50% of Nj» , the rising gas bubbles become the main dispersing action 

again,t solid, settling. The larger ga, bubble, that fonn at these low impeller ~peeds abo 

have larger dispersing actions, However, under the,e conditions most solids arc settled out on 

the bottom of the tank. 

Overall, it was shown how tbe sedimentation-dispersion model, mO!<'hauistically. explains the 

opposing effect~ at work in >nlids distribution. Ills practical apphcation to model vertical 

solids distribution however seems limited in mech(l[]kal flotation cells. It 1, further thougbt 

Important to acknowledge the solids di,per~ion elTect ortbe rising ga, bubbles as this ellcct is 

at the top of the cell, below the froth, and might interact with <.eparation and recovery into the 

froth (entrainmcnt). 
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5.2 E)<' HCTIVENESS OF SOLIDS StSPEJ\SION 

In Section 5.1 the solids concentration profiles obtained for the four different test 

conditions were discussed mostly qualitatively to give a better mechamstic understanding of 

solids suspension and specifically solids distribution as measured by concentration profiles. 

In this section. quantitative measures of the effectiveness of solids slL~pension as derived Ii-om 

the concentration profiles will he evaluated both in terms of increasing impellcr speed (N), 

and increasing percentage of critical impeller speed (N/~.). The four different test conditions 

had different critical impeller speeds (Np ), and it will be shown how the effectiveness of 

solids suspension is normalized if benchmarked in terms of percentage of critical impeller 

speed (NINj,). The solids suspension efjcctiwme.H , .. riteria that will be quantified here arc 

exTent of ofj~botlom sllspension (cf. Section 5.2.1), extent of axial solids distribuTion (ef. 

Section 5.2.2), and variability ofaxial solids conc&I(ralio»s (cf. Section 5.2.3). 

5.2.1 Extent of Ofl~bottom Solids Suspension (X.,IX ... ,) 

The extent of off-bottom solids suspension can he determined from concentration 

profiles done at different impeller speeds by calculating the mean solids concentration from 

eaeh profile (X .. ). As mOre and more solids are suspended off the bottom, X .. will increase 

until all the solids arc suspended at or above the just suspended condition. Within sampling 

error, X .. will remain constant at a constant mean suspended value of X"" at or above Np . 

Comparing X"" to the actual bulk solids concentration XXI"' which was known in this work, 

indicated that the relative sampling error was generally less than five percent (cf. Tables B.I 

& B.2). The average profile concentration under complete ofT·bottom conditions. X...,. was 

taken at the just suspended condition in this work but can also be taken at any point above. 

Plotting the mean profile concentrations (X .. ) against increa~ing impeller speed (N) results in 

Figure 5.8 from which it can he seen how the average profile concentrations (X .. ) generally 

increase with i!Jl.Teasing impeller speed (N) until the solids are full suspended. However these 

fully suspended conditions (N;.) occur at different impeller speeds and It i, difficult to identify 

a general trend off this Ilgure. Figure 5.9 plots the extent of off-bottom solids suspension 

(XIX...,) again,t percentage of critical impeller speed (NINfr ). In so doing, much clearer trends 

emerge. As per definition, off-bottom solids suspension is complete (X"/X"", - I) when the 

critical impeller speed is rcached (NiNj, = 100%). Below N". the extent of solids 
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sedimeotation (l-X./X ... ) can be derived from this figure, The extent of solids sedimentation 

increases relative ly slowly until the impeller speed drops to around 60 percent of Nj., below 

.... hich solids sedimentation becomes much more dr<lStic, 10 gassed conditions the fraction of 

sedimcntcd solids incrc3~cs r:lptdly from less than ten percent, whilst for ungassed conditions 

the fraction of sedimcntcd solids increases rapidly from around 20 percent 3S the impeller 

speeds drops below 60 percent ofN!,~ (Ja '" 1 emi s) and Npo. respectively. This would suggest 

that in order to prevent significant sanding and associated losses in a flotation ccll, it should 

be operated above at least 60 percent of the gassed critical impeller speed (N:> 0.60 x Aiv). 
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Figure 5.11 Average profIle solids cOrlcenlraliorls (X .. ) versus incr~a~ing irnpdler speed 
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5.2.2 E~te nt of Vertical Solids Distribution (Su~pc nsi o n Heights) 

The suspension height (h,) is a solids ~uspension effectiveness measure that 

quantifies the extent of vertical di~tribution of solids rather than off"bottom ~u~pension of 

solid,. Similarly, concentration profilc, arc also me3sures of solid~ distribution rather than 

off-bottom suspension. In th is regard Arbiter, HlliTis and Yap (1969) suggested that off­

boltom suspension conditions, whether complete or not, should always be noted together with 

~olids distribution mca~ures, in order to obtain a more complete picture of the effectiveness of 

solids ~u~pen,ion, both off-bottom and dbtribution. The su,pension height h, is per definition 

the upper height from the b3se to which solids arc distributed to in a vesseL It is sometimes 

mea~ured visually and is also referred to as cloud height However. the visual measurement is 

somewhat subjective and very dlflicult under three-phase conditions. In this \\-ork the 

suspension heights were determined from the concentration profiles (cf Tables 8.1 & B.2). 

Relatively sha!]> drop-offs were already noted in the profile~ higher up in the tank and the 

suspension height was taken as the height \\- here the profile dropped below a certain 

concentration. Here this detcction conccntration was taken a~ X = I () perccnt, which wa~ half 

the bulk solids conccntr3lion. Suspension heights are often made relative by dividing it by the 

tank diameter (h,iT) [Arbiter, Harris and Yap (1969)]. When plotting the relative suspension 

heights (hi T) vs. impeller speed (N), Figure 5.10 is obtained. As can be expected, h, for (he 

four different test conditions increases with increasing N until the solids reach the top of the 

liquid surface (h/l' = ZIT = I) at high impeller speeds. Figure 5.1 1 ~hows how h,/T change~ 

versus percentage of critical impeller speed (N/ii;,). As with extent of off-bottom solids 

suspension. the suspension height drops off dramatically as the lmpeller speed drops below 60 

percent of ~" 11 is further noticeable that the suspension height (h,) consistently reached 3 

height equivalent to 90 percent of the tank diameter (T) as the critical impeller ~pecd i~ 

reached. As already discusscd in Section 2.4.3.6, thi, finding i~ in good agreement with the 

90% ,u,pension height criterion proposed by some to identify the just suspended condition in 

standard stilTed tanb. Weisman and EfTerding (1960) and Einenkel (1980) have proposed the 

90"10 suspension height as !lll alternative Nj> criterion to the visual Is criterion. whilst 

Chapman et aI. (1983c) and Hicb, Mycrs lUld Bakker (1997) have found that the relation 

betv."cen h,iT= 90% und the directly ob~erved~, i, not always th31: consistent. Still i( is 

thought that the 90% suspension height criterion may be worth considering in testing solids 

suspen~ion condition~ in indu,trial ,c3le flotation cells, but should always be chocked against 
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some other direct measurement of the conditions on the bottom of the tank, cg visua~ contact 

with the tank bottom, ultrasound, or mdiation. 
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5.2.3 Variability of Vertical S ... lid, Concentration, (RS!) ) 

Finally, the variation of the solids d istribution can be considered by calculating a 

rebtive standard deviation RfiD of the solids cOllcentrations in each profile (Tables 8.1 & 

8.2). II should be remembered that OIlly 'measurable' solids concentrations were included in 

these profi les and not the sedimcnted solid, on the bottom of the tank as the sedimented layer 

will normally not be sampled, Plolling the calculated RSD values of the concentrations in the 

profiles versu.~ inerea'iing impeller speed (N), Figure 5.12 is obtained. The RSD value is a 

measure ofthc variation of thc solids concentrations within the distribution. When low RSD 

value~ arc reached, which remains constant with increasing impeller speed, the homogcneous 

~u.~pension cOlldition i~ normally assumed. 11 can be "cen that the N 'o-phase RSD values are 

initially hIgher but then decreases morc quickly with increasing impeller specd compared to 

the three-phase RSD values. The three-phase RSD values on the other hand, are initially 

lower at very low impeller speeds due to the dispersing action of the rising gas bubbles. but 

then remains constant or decreases at a much slower rate versus increasing impeller speed due 

to the presence of gas inhibiting both the fluid circulation and the turbulent dispersion actions 

produced by the Impeller. Figure 5.13 shows t11e RSD \alues from each profile versus relative 

impeller speed (NINJ.». Once again, the usefulness of benchmarking solids suspension 

conditions versus percentage of critical impeller speed becomes clear as all condlliOlls display 

approximately the same RSD value when the critical impeller speed is reached. In this work 

the RSD value at the ju.\t suspended condition was in the region of 30%. Other~ working in 

ly,o-phase standard stirred tanks [Eincnkcl (19HO); Bohnet and NieMllak (19HO); Barre~i and 

Baldi (i987a)] have also reported that they observed consistencies in the calculated variation 

10 solid~ concentrations in profile~ obta ined at the just suspended condition (cf Section 

2.4.3.8). Howevcr, the actual RSD value at the just suspended condition does depend amongst 

other t11ings on the number of measurement:<. in the profi le, and the repeatubil ity of the 

sampling; and a generally applicable value does not seem to exist. For a given system this 

RSD value may be found and mighl be u...eful in indirectly identifying the just suspended 

condition. However, this critcrion is nOl widely csmb1i~hed, especially nOI for ga.'sed 

condilions. and as seen for the finer particle size fraction under gassed conditions. the same 

RSD values of close to 30% are obtained, e\-en with the impeller speed dropping to almosl 

50% of critical. 
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Run Njs min max x pL TL vL JG Cl>G 

#I rpm % kg/l kg/l °c kg/m/s m2ls em/s % 

-3 480 106 150 5.0 2.65 1.000 16.0 1.107 1.107 0.0 0.0 

-2 560 106 150 5.0 2.65 1.000 19.0 1.026 1.026 1.0 10.4 

-1 755 106 150 5.0 2.65 1.000 18.7 1.033 1.033 1.5 13.7 

478 106 150 5.0 2.65 1.000 24.6 0.893 0.893 0.0 0.0 

2 570 106 150 5.0 2.65 1.000 26.0 0.864 0.864 1.0 10.7 

3 798 106 150 2.65 1.000 24.6 0.893 1.5 16.7 

4 900 106 150 5.0 2.65 1.000 25.0 0.885 0.885 2.0 21.6 

5 525 106 150 10.0 2.65 1.000 26.1 0.862 0.862 0.0 0.0 

6 665 106 150 10.0 2.65 1.000 25.5 0.875 0.875 1.0 12.2 

7 845 106 150 10.0 2.65 1.000 24.8 0.889 0.889 1.5 15.9 

8 927 106 150 10.0 2.65 1.000 24.8 0.889 0.889 2.0 18.4 

9 545 106 150 15.0 2.65 1.000 25.5 0.875 0.875 0.0 0.0 

10 695 150 15.0 2.65 1.000 25.6 0.873 

11 875 

12 1010 

13 587 

14 865 

15 985 106 150 2.65 1.000 24.7 0.891 0.891 1.5 

16 1048 106 150 19.9 2.65 1.000 26.4 0.856 0.856 2.0 

17 585 150 250 5.0 2.65 1.000 26.5 0.854 0.854 0.0 0.0 

18 777 150 250 5.0 2.65 1.000 25.3 0.879 0.879 1.0 14.6 

19 920 150 250 5.0 2.65 1.000 24.7 0.891 0.891 1.5 18.6 

20 975 150 250 5.0 2.65 1.000 26.1 0.862 0.862 2.0 21.5 

21 625 150 250 10.0 2.65 1.000 25.2 0.881 0.881 0.0 0.0 

22 850 150 250 10.0 2.65 1.000 26.6 0.852 0.852 1.0 13.3 

26 937 150 250 15.0 2.65 1.000 26.3 0.858 0.858 1.0 14.4 

27 1030 150 250 15.0 2.65 1.000 25.3 0.879 0.879 1.5 18.1 

28 1115 150 250 15.0 2.65 1.000 25.1 0.883 0.883 2.0 21.9 

29 675 150 250 19.9 2.65 1.000 26.4 0.856 0.856 0.0 0.0 

30 1016 150 250 19.9 2.65 1.000 26.3 0.858 0.858 1.0 15.0 

30' 1012 150 250 19.9 2.65 1.000 26.5 0.854 0.854 1.0 13.9 

31 1107 150 250 19.9 2.65 1.000 24.8 0.889 0.889 1.5 17.3 

32 1100 150 250 19.9 2.65 1.000 25.1 0.883 0.883 2.0 21.5 
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dp, dP. 

Run Njs min max x pS pl TL vl JG 

33 756 250 500 5.0 2.65 1.000 26.5 0.854 0.854 0.0 

34 991 250 500 5.0 2.65 1.000 28.2 0.822 0.822 1.0 

35 1105 250 500 5.0 2.65 1.000 28.4 0.818 0.818 1.5 

37 820 250 500 10.0 2.65 1.000 25.5 0.875 0.875 0.0 0.0 

38 1089 250 500 10.0 2.65 1.000 27.4 0.837 0.837 1.0 16.7 

41 850 250 500 15.0 2.65 1.000 25.3 0.879 0.879 0.0 0.0 

49 815 500 850 5.0 2.65 1.000 25.0 0.885 0.885 0.0 0.0 

50 1030 500 850 5.0 2.65 1.000 25.7 0.870 0.870 

855 75 106 5.0 2.65 1.000 24.0 0.906 0.906 2.0 20.4 

69 485 75 106 10.0 2.65 1.000 25.8 0.888 0.888 0.0 0.0 

70 600 75 106 10.0 2.65 1.000 25.8 0.868 0.868 1.0 11.2 

71 795 75 106 10.0 2.65 1.000 24.8 0.889 0.889 1.5 15.5 

72 885 75 106 10.0 2.65 1.000 23.9 0.909 0.909 2.0 19.4 

73 505 75 106 15.0 2.65 1.000 24.9 0.887 0.887 0.0 0.0 

74 670 75 106 15.0 2.65 1.000 25.0 0.885 0.885 1.0 12.2 

75 847 75 106 2.65 1.000 24.5 0.896 0.896 1.5 16.7 

79 905 75 106 20.0 2.65 1.000 25.5 0.875 0.875 1.5 18.1 

77" 505 75 106 20.0 2.65 1.000 17.0 1.079 1.079 0.0 0.0 

78" 770 75 106 20.0 2.65 1.000 17.5 1.065 1.065 1.0 15.0 

79" 920 75 106 20.0 2.65 1.000 18.0 1.052 1.052 1.5 19.2 

80 1000 75 106 20.0 2.65 1.000 25.5 0.875 0.875 2.0 23.1 

81 663 75 106 5.0 4.20 1.000 25.8 0.868 0.868 0.0 0.0 

82 983 75 106 5.0 4.20 1.000 27.6 0.833 0.833 1.0 15.8 

83 1085 75 106 5.0 4.20 1.000 27.9 0.827 1.5 20.0 

0.0 

16.7 

17.7 

0.0 

17.2 

97 735 75 106 5.0 4.70 1.000 24.5 0.896 0.896 0.0 

98 1045 75 106 5.0 4.70 1.000 25.5 0.875 0.875 1.0 16.9 

101 805 75 106 10.0 4.70 1.000 28.0 0.826 0.826 0.0 0.0 

105 835 75 106 15.0 4.70 1.000 28.5 0.816 0.816 0.0 0.0 

113 480 75 106 18.6 2.65 1.096 25.5 1.923 1.754 0.0 0.0 

114 740 75 106 18.6 2.65 1.096 25.5 1.923 1.754 1.0 20.0 
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Run Njs min max X pS pL TL ~L vL JG CDG 

# rpm j.lm j.lm % kg/l kg/l "e kg/m/s m2ls em/s 
""" 115 494 75 106 17.7 2.65 1.160 25.5 4.089 3.526 0.0 0.0 

116 870 75 106 17.7 2.65 1.160 25.5 4.089 3.526 1.0 18.2 

119 560 150 250 18.6 2.65 1.096 21.0 2.145 1.957 0.0 0.0 

120 930 150 250 18.6 2.65 1.096 22.2 2.082 1.899 1.0 26.0 

121 510 150 250 17.7 2.65 1.160 24.0 4.238 3.655 0.0 0.0 

122 920 150 250 17.7 2.65 1.160 25.2 4.118 3.552 1.0 22.9 

125 510 150 250 17.2 2.65 1.206 25.7 8.421 6.980 0.0 0.0 

126 830 150 250 17.2 2.65 1.206 25.8 8.401 6.964 1.0 21.7 

Note: Phase I: Roo 1-80; Phase II: Roo 81-112; Phase III: Run 1 n·126; * - indicates .1; runs. -r 
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(pS-

# *1 Run *1 X 

pm . -
1 -3 480 128 5.0 2.65 1.00 1.65 1.107 0.0 

2 1 478 128 5.0 2.65 1.00 1.65 0.893 0.0 

3 1* 487 128 5.0 2.65 1.00 1.65 0.885 0.0 

4 5 525 128 10.0 2.65 1.00 1.65 0.862 0.0 

5 9 54 28 
I 

2.65 1.00 1. 0.0 

6 13 19.91 2.65 1.00 1.65 0.0 

7 17 5.0 I 2.65 1.00 1.65 0.0 

8 21 625 200 10.0 2.65 1.00 1.65 0.881 0.0 

9 25 656 200 15.0 2.65 1.00 1.65 0.858 0.0 

10 29 675 200 19.9 2.65 1.00 1.65 0.856 0.0 

11 29* 670 200 19.9 2.65 1.00 1.65 1.093 0.0 

12 33 756 375 5.0 2.65 1.00 1.65 0.854 0.0 

13 37 820 375 10.0 2.65 1.00 1.65 0.875 0.0 

14 Ai 2.65 1.00 1.65 0.879 0.0 

15 49 815 I I 
2.65 1.00 1.65 0.885 0.0 

16 53 900 2.65 1.00 1.65 0.893 0.0 

17 65 440 91 5.0 2.65 1.00 1.65 0.864 0.0 

18 69 485 91 10.0 2.65 1.00 1.65 0.868 0.0 

19 73 505 91 15.0 2.65 1.00 1.65 0.887 0.0 

20 77 500 91 20.0 2.65 1.00 1.65 0.887 0.0 

21 77* 505 91 20.0 2.65 1.00 1.65 1.079 0.0 

22 81 663 91 5.0 4.20 1.00 3.20 0.868 0.0 

23 85 

~ 
91 ~4.20 1.00 3.20 0.864 0.0 

24 91 4.20 1.00 3.20 0.0 
I I 

25 97 7351 91 4.70 1.00 0.0 1 

26 101 805 91 10.0 4.70 1.00 3.70 0.826 0.0 

27 105 835 91 15.0 4.70 1.00 3.70 0.816 0.0 

28 113 480 91 18.6 2.65 1.10 1.42 1.754 0.0 

29 115 494 91 17.7 2.65 1.16 1.29 3.526 0.0 

30 119 560 200 18.6 2.65 1.10 1.42 1.957 0.0 

31 121 510 200 17.7 2.65 1.16 1.29 3.655 0.0 
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Run .1 x 
rpm em/s 

32 125 510 1.20 6.980 0.0 

II: 6 additional 

# Run JG 

emls 

1 65 1.65 0.864 0.0 

2 .65 1.00 1 

3 .65 

4 .65 

5 17 0.854 

6 33 756 375 5.0 0.854 0.0 

7 49 815 675 5.0 1.00 1.65 0.885 0.0 

8 69 91 10.0 1.00 0.0 

9 5 525 128 10.0 1.00 1 0.0 

10 21 625 10.0 2.65 1.00 0.0 

11 37 820 375 10.0 2.65 1.00 0.0 

12 900 675 10.0 2.65 1.00 1.65 0.893 0.0 

13 91 15.0 1.00 1.65 0.887 0.0 

14 15.0 1.00 1.65 0.875 0.0 

15 

16 

17 

19 1.00 

20 1.00 0.856 

21 29* 670 1.00 1.093 0.0 
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# Run 

1 65 

2 69 1.65 0.0 

3 73 1.00 1.65 0.0 

4 77 0.0 

5 0.0 

6 0.0 

2.65 0.0 

2.65 

2.65 1.65 

10 

11 2.65 1.65 0.0 

12 17 1.65 0.0 

13 21 200 1.65 0.0 

14 

15 1.00 

16 2.65 1.00 

2.65 1.00 

I 

# 

1 1.65 0.864 0.0 

2 5.0 4.20 3.20 0.868 0.0 

3 91 5.0 4.70 1.00 3.70 0.0 

4 91 10.0 2.65 1.00 1.65 0.868 0.0 
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". Run X 

% kg/l 

5 85 750 91 10.0 4.20 

6 101 805 91 10.0 4.70 

7 73 505 91 15.0 2.65 

8 89 778 91 15.0 4.20 

9 105 835 91 15.0 4.70 

". Run x 
rpm Jim % kg/I kg/l 

1 77 500 91 20.0 2.65 1.00 

2 77* 505 91 20.0 2.65 1.00 

3 113 480 91 18.6 2.65 1.10 

4 115 494 91 17.7 2.65 1.16 

5 29 675 200 19.9 2.65 1.00 

6 29* 670 200 19.9 2.65 1.00 

7 119 560 200 18.6 2.65 1.10 

8 121 510 200 17.7 2.65 1.16 

9 125 510 200 17.2 2.65 1.21 

(pS-

kg/I - -
1.00 3.20 0.864 

1.00 

1.00 

1.00 

1.00 

(pS· 

pU/pL 

3.70 

1.65 

3.20 

3.70 

0.826 

0.887 

0.885 

0.816 

I 

JG 

• - em/s 

1.65 0.887 0.0 

1.65 1.079 0.0 

1.42 1.754 0.0 

1.29 3.526 0.0 

1.65 0.856 0.0 

1.65 1.093 0.0 

1.42 1.957 0.0 

1.29 3.655 0.0 

1.20 6.980 0.0 

JG 

em/s 

0.0 

0.0 

0.0 

0.0 

0.0 

251 

254 

268 

296 

340 

337 

313 

305 

321 

Note: Njs" == Njsl[(pS-PI)/PLt"", Njs" is needed to remove the effect ofthe simultaneous variation in the relative 
difference due to the addition for the vi",,,,,~,,,itv work. 
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# Run 

1 -2 

2 -1 480 275 

3 2 570 478 92 

2" 570 

9 7 320 

10 8 402 

11 10 150 

12 11 875 

13 12 

14 

15 

16 

17 18 777 

18 19 920 585 

19 20 975 585 

20 22 850 625 

21 23 0.875 625 

22 0.885 625 

23 .858 

1.57 

1.70 

1.51 

27 675 337 1.50 

675 432 1.64 

675 

670 

670 
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# Run X pL)/pL JG 

rpm pm % - - em/s rpm rpm -
32 34 991 375 5.0 1.65 0.822 1.0 756 235 1.31 

33 35 1105 375 5.0 1.65 0.818 1.5 756 349 1.46 

34 38 1089 375 10.0 1.65 0.837 1.0 820 269 1.33 

35 50 1030 675 5.0 1.65 0.870 1.0 815 215 1.26 

36 66 526 91 5.0 1.65 0.864 1.0 440 86 1.20 

37 67 750 91 5.0 1.65 0.885 1.5 440 310 1.70 

38 68 855 91 5.0 1.65 0.906 2.0 440 415 1.94 

39 70 600 91 10.0 1.65 0.868 1.0 485 115 1.24 

40 71 795 91 10.0 1.65 0.889 1.5 485 310 1.64 

41 72 885 91 10.0 1.65 0.909 2.0 485 400 1.82 

42 74 670 91 15.0 1.65 0.885 1.0 505 165 1.33 

43 75 847 91 15.0 1.65 0.896 1.5 505 342 1.68 

44 76 965 91 15.0 1.65 0.896 2.0 505 460 1.91 

45 78 782 91 20.0 1.65 0.885 1.0 500 282 1.56 

46 79 905 91 20.0 1.65 0.875 1.5 500 405 1.81 

47 78" 770 91 20.0 1.65 1.065 1.0 505 265 1.52 

48 79" 920 91 20.0 1.65 1.052 1.5 505 415 1.82 

49 80 1000 91 20.0 1.65 0.875 2.0 505 495 1.98 

50 82 983 91 5.0 3.20 0.833 1.0 663 320 1.48 

51 83 1085 91 5.0 3.20 0.827 1.5 663 422 1.64 

52 86 1076 91 10.0 3.20 0.846 1.0 750 326 1.43 

53 86'" 1084 91 10.0 3.20 0.917 1.0 750 334 1.45 

54 90 1095 91 15.0 3.20 0.885 1.0 778 317 1.41 

55 98 1045 91 5.0 3.70 0.875 1.0 735 310 1.42 

56 114 740 91 18.6 1.42 1.754 1.0 480 260 1.54 

57 116 870 91 17.7 1.29 3.526 1.0 494 376 1.76 

58 120 930 200 18.6 1.42 1.899 1.0 560 370 1.66 

59 122 920 200 17.7 1.29 3.552 1.0 510 410 1.80 

60 126 830 200 17.2 1.20 6.964 1.0 510 320 1.63 
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1.0 478 

3 2" 1.0 478 92 

4 2" 1.0 487 113 

5 6 1.0 140 

6 1.0 150 

7 

8 

9 

10 

11 1.0 

12 1.0 

13 1.0 

14 1.0 

1.0 

1.0 

1.0 

18 

19 

20 1.0 

21 1.0 

22 5.0 1.0 

23 1076 91 10.0 3.20 1.0 

1084 91 10.0 3.20 1.0 750 

1095 91 15.0 3.20 1.0 778 

1045 91 5.0 3.70 

1.0 

200 17.7 1.29 1.0 

200 17.2 1.20 1.0 

thus 31-7=24 test done at JG = 1.0 Phase I: 15 out of20 tests IJl.'uucu, 

II: 5 out of 8 Phase III: 5 out of 6 tests 1J'<>llUo;;U. 
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# '1 '1 X JG 

rpm pm % - - em/s rpm rpm -
1 -1* 755 128 5.0 1.65 1.033 1.5 480 275 1.57 

2 3 798 128 5.0 1.65 0.893 1.5 487 311 1.64 

3 7 845 128 10.0 1.65 0.889 1.5 525 320 1.61 

4 11 875 128 15.0 1.65 0.866 1.5 545 330 1.61 

5 15 985 128 19.9 1.65 0.891 1.5 587 398 1.68 

6 19 920 200 5.0 1.65 0.891 1.5 585 335 1.57 

7 23 960 200 10.0 1.65 0.875 1.5 625 335 1.54 

8 27 1030 200 15.0 1.65 0.879 1.5 656 374 1.57 

9 31 1107 200 19.9 1.65 0.889 1.5 675 432 1.64 

10 31* 1060 200 19.9 1.65 1.093 1.5 670 390 1.58 

11 35 1105 375 5.0 1.65 0.818 1.5 756 349 1.46 

12 67 750 91 5.0 1.65 0.885 1.5 440 310 1.70 

13 71 795 91 10.0 1.65 0.889 1.5 485 310 1.64 

14 75 847 91 15.0 1.65 0.896 1.5 505 342 1.68 

15 79 905 91 20.0 1.65 0.875 1.5 500 405 1.81 

16 79* 920 91 20.0 1.65 1.052 1.5 505 415 1.82 

17 83 1085 91 5.0 3.20 0.827 1.5 663 422 1.64 

'I: Include 3 repeat runs; thus 17-3-14 tests done atJG - 1.5 cmJs; Phase I: 13 out of20 tests pl$1nnp.ti· Phase II: 1 
out of8 tests planne<1; Phase III: No VlSC()Sltvwork 1.11 ... ':11,"," at = 1.5 cmJs 
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4 16 

5 20 1.67 

6 1.66 

2.0 

11 2.0 460 

12 2.0 495 

Vlllllnca;; Phase II: 0 out of8 tests 
= 2.0 cm/s 
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(ps-

# X t'llJ3/Njsu 

rpm pm % . - em/s rpm -
1 5.0 .107 0.0 480 0 1.00 

I 2 -2§t1~ 5.0 I ~026 1'0§t 80 1.17 

I 3 -1 128 5.0 .033 1.5 275 1.57 
J 

I 4 1 128 5.0 .893 0.0 0 1.00 I 
5 2 570 128 5.0 1.65 0.864 1.0 478 92 1.19 

6 2" 570 128 5.0 1.65 0.954 1.0 478 92 1.19 

7 1" 487 128 5.0 1.65 0.885 0.0 487 0 1.00 

8 2* 600 128 5.0 1.65 0.891 1.0 487 113 1.23 

9 3 798 128 5.0 1.65 0.893 1.5 487 311 1.64 

10 4 900 128 5.0 1.65 0.885 2.0 487 413 1.85 

11 5 525 128 10.0 1.65 0.862 0.0 525 0 1.00 

12 6 665 128 10.0 1.65 0.875 1.0 525 140 1.27 

13 7 845 128 10.0 1.65 0.889 1.5 525 320 1.61 

14 8 927 128 10.0 1.65 0.889 2.0 525 402 1.77 

I 15 128 15.0 0.875 545 0 1.00 

I 16 1 ~12B 15.0 I 1.65 0.873 1.0 545f 150 1.28 1 I 
17 11 128 15.0 I 1.65 0.866 1.5 545 330 ~ I 
18 12 128 15.0 I 1.65 0.887 2. 465 1.85 i 
19 13 587 128 19.9 1.65 0.887 0.0 587 0 1.00 

20 14 865 128 19.9 1.65 0.896 1.0 587 278 1.47 

21 15 985 128 19.9 1.65 0.891 1.5 587 398 1.68 

22 16 1048 128 19.9 1.65 0.856 2.0 587 461 1.79 

23 17 585 200 5.0 1.65 0.854 0.0 585 0 1.00 

24 18 777 200 5.0 1.65 0.879 1.0 585 192 1.33 

25 19 920 200 5.0 1.65 0.891 1.5 585 335 1.57 

26 20 975 200 5.0 1.65 0.862 2.0 585 390 1.67 

27 21 625 200 10.0 1.65 0.881 0.0 625 0 1.00 

28 22 850 200 10.0 1.65 0.852 1.0 625 225 1.36 

29 23 200 10.0 

~ 1.5~ 
335 1.54 

30 24 I 1035 200 10.0 2.0 625 410 1.66 
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# Run 

31 25 1.00 

32 26 15.0 1.43 

27 15.0 1.57 

34 28 15.0 

35 29 

36 

1.0 675 1.50 

1.5 675 1.64 

2.0 1.63 

0.0 

1.0 

1.65 1.093 1.5 

1.65 0.854 0.0 

1.65 0.822 1.0 756 235 1.31 

0.818 1.5 756 349 1.46 

0.875 0.0 820 0 1.00 

820 

850 0 1.00 

675 1.65 815 0 1.00 

675 5.0 1.65 1.0 675 355 1.53 

0.0 

0.0 

1.0 

1.0 

1.5 

72 885 91 485 400 1.82 

73 505 91 505 0 1.00 

670 91 505 165 1.33 

1.5 342 1.68 

2.0 460 

0.0 0 

782 1.0 282 1 

79 905 91 1.5 405 1.81 

77* 505 91 0.0 505 0 1.00 
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I Run X pL)/pL JG 

rpm % - - em/s rpm rpm -
68 78* 770 91 20.0 1.65 1.065 1.0 505 265 1.52 

69 79* 920 91 20.0 1.65 1.052 1.5 505 415 1-:-82 

70 80 1000 91 20.0 1.65 0.875 2.0 505 495 1.98 

71 81 663 91 5.0 3.20 0.868 0.0 663 0 1.00 

72 82 983 91 5.0 3.20 0.833 1.0 663 320 1.48 

73 83 1085 91 5.0 3.20 0.827 1.5 663 422 1.64 

74 85 750 91 10.0 3.21i 0.864 0.0 750 0 1.00 

75 86 1076 91 10.0 3.20 0.846 1.0 750 326 1.43 

76 86* 1084 91 10.0 3.20 0.917 1.0 750 334 1.45 

77 89 778 91 15.0 3.20 0.885 0.0 778 0 1.00 

78 90 1095 91 15.0 3.20 0.885 1.0 778 317 1.41 

79 97 735 91 5.0 3.70 0.896 0.0 735 0 1.00 

80 98 1045 91 5.0 3.70 0.875 1.0 735 310 1.42 

81 101 805 91 10.0 3.70 0.826 0.0 805 0 1.00 

82 105 835 91 15.0 3.70 0.816 0.0 835 0 1.00 

83 113 480 91 18.6 1.42 1.754 0.0 480 0 1.00 

84 114 740 91 18.6 1.42 1.754 1.0 480 260 1.54 

85 115 494 91 17.7 1.29 3.526 0.0 494 0 1.00 

86 116 870 91 17.7 1.29 3.526 1.0 494 376 1.76 

87 119 560 200 18.6 1.42 1.957 0.0 560 0 1.00 

88 120 930 200 18.6 1.42 1.899 1.0 560 370 1.66 

89 121 510 200 17.7 1.29 3.655 0.0 510 0 1.00 

90 122 920 200 17.7 1.29 3.552 1.0 510 410 1.80 

91 125 510 200 17.2 1.20 6.980 0.0 510 0 1.00 

92 126 830 200 17.2 1.20 6.964 1.0 510 320 1.63 

Note: Phase I: Run 1-80; Phase II: Run 81-112 Phase III: Run 113-126; * - indicates~,."tP runs. 
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Data taken from Table A,2 

I, 

Data taken from Table A,2 

=1 I, 

) 

I, 

Data taken from Table A.8 
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Data taken from Table A.9 

I, 

) 

Data taken from Table A.I 0 

I, 

) 

Data taken from Table A. 7 

I, 

Data taken from Table A.7 
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Data taken from Table AlI 
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T RSD 

% % 

77 91 0.0 0.0 0.0 0.0 0.8 20.7 23.8 23.7 24.6 24.2 24.8 24.8 16.7 19.9 84.0 0.70 68 

2 77 91 20.0 2.65 0.902 0.0 0.0 0.3 15.4 22.6 22.6 22.4 22.1 22.4 22.2 22.8 22.2 19.5 19.9 97.9 0.88 36 

3 77 91 20.0 2.65 1.00 0.887 0.0 0.0 1.5 20.5 22.5 22.3 22.3 22.3 22.2 22.0 22.0 21.7 19.9 19.9 100.0 0.91 33 

4 77 91 20.0 2.65 1.00 0.898 0.0 0.0 15.8 20.5 20.8 20.5 20.4 20.3 20.3 20.3 19.9 19.8 19.9 19.9 99.7 1.00 7 

5 77 91 20.0 2.65 1.00 0.893 0.0 0.0 16.9 20.2 19.6 19.5 19.2 18.7 19.4 19.9 97.3 1.00 5 

6 29 200 19.9 2.65 1.00 0.889 0.0 0.0 0.0 0.0 9.0 5.1 19.5 26.1 0.10 82 

1.00 0.891 0.0 0.0 0.0 0.0 94.8 0.73 61 

0.87 39 

0.92 28 

1.00 10 
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25 78 782 782 100 91 20.0 2.65 1.00 0.885 1.0 13.7 6.5 14.4 21.1 23.3 24.3 24.6 25.1 24.7 25.7 25.3 21.5 21.5 100.0 29 

26 78 900 782 115 91 20.0 2.65 1.00 0.885 1.0 15.1 12.0 18.8 21.4 22.8 23.5 23.1 23.9 24.1 24.5 24.2 21.8 21.5 101.6 0.97 18 

27 30· 300 1012 30 200 19.9 2.65 1.00 0.868 1.0 4.1 1.0 1.2 1.4 1.4 2.1 2.0 2.2 2.5 3.9 2.0 20.3 9.7 0.10 45 

28 30· 450 1012 44 200 19.9 2.65 1.00 0.873 1.0 6.7 1.9 3.6 6.9 12.5 15.9 17.1 16.7 18.6 20.6 23.0 13.7 20.3 67.4 0.69 53 

29 30· 600 1012 59 200 19.9 2.65 1.00 0.875 1.0 10.3 2.3 5.2 14.8 20.8 22.4 22.6 23.9 24.3 24.7 25.1 18.6 20.3 91.7 0.80 45 

30 30· 750 1012 74 200 19.9 2.65 1.00 0.875 1.0 11.9 2.6 7.8 16.7 21.8 23.1 23.0 24.5 24.6 24.9 24.9 19.4 20.3 95.7 0.83 41 

31 30· 900 1012 89 200 19.9 2.65 1.00 0.868 1.0 13.2 3.0 11.6 18.4 22.4 23.8 23.7 24.6 24.5 25.0 24.1 20.1 20.3 99.2 0.87 36 

32 30· 1012 1012 100 200 19.9 2.65 1.00 0.854 1.0 13.9 3.8 14.5 19.4 24.0 24.0 23.1 24.3 23.7 23.6 22.4 20.3 20.3 100.0 0.89 32 

... 1: Run no's as per critical work 
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