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Chapter 1

Introduction

This thesis is devoted to the construction of periodic solutions for partial
differential equations. The study of periodic solutions was introduced by
H. Poincaré in the memoire he presented on the three body problem!. By
looking at periodic and asymptotics solutions he discovered what today we
call chaos, and showed that these special solutions were a powerful tool to
resolve questions in the theory of ordinary differential equations.

Unlike the case of ordinary differential equations, there does not exist a
theory of periodic solutions for nonlinear partial differential equations; until
the sixties the construction of periodic solutions was only known in special
cases. Rabinowitz was the first to prove a theorem in that direction. He
considered the problem:

3‘;:&:3;;’&— f(u)
0<z<r zteR (1.0.1)
u(0,t) = u(m,t) =0

using variational methods he was only able to prove that (1.0.1) admits peri-
odic solutions with rational frequency?. However, this was quite surprising
since these restrictions never occur when dealing with ordinary differential
equations. The technique that we present here was introduced by Craig and
Wayne who constructed periodic solutions with frequency @ in a Cantor
set of non-zero measure (see [9]). So they proved that there are periodic

'One may consult the book [1] for more detalls about the memoire
?A survey of all the results using variational methods can be found in [6], but they all
have the that restriction the frequency is rational
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8 CHAPTER 1. INTRODUCTION

solutions with irrational period as well. They considered the problem:

Orgu = (Ozz — v(z))u ~ g(u, z)
. 0<z<nr 7,teR
w(0,t) =u(m, i) =0
Dirichlet boundary condition.

(1.0.2)

and proved that (1.0.2) has solutions, provided that it satisfies both a nonres-
onance and a twist condition. The first advantage over variational techniques
in (1.0.2) is the fact that the linear operator (9, — v(2)) depends on z. This
technique has also showed great flexibility if one wants to generalize these
techniques to higher space dimension. In 1994 Bourgain was able to gener-
alised the technique to higher dimensional space domain in [2], and in 1996
to construct almost-periodic solutions for one-dimensional problem (see [3]).
Recently Li-Ta-tsien, Shi Yumming and Qin Tiehu considering a nonlinear
wave equation (with a nonlinearity depending on u only), were able also to
construct periodic solutions for equations in higher dimension (see [16]).

Another advantage of this technique is its applicability to the nonlinear
Schrédinger equation. In the case of one space dimension Schrédinger equa-
tions, Crailg and Wayne showed that the technique can contruct periodic
solutions. Once again Bourgain extended these techniques to higher dimen-
sional spaces problem for periodic solutions and to two spacial dimensions
problems for quasi-periodic solutions in [3],[4],[5]. Grébert and Guillot also
proved that the technique can be used for coupled nonlinear Schrddinger
equations in [12] and [13].

Kuksin has also contributed to the field by extending the traditional
KAM approach for ordinary differential equations to the construction of peri-
odic and quasi-periodic solutions for one-dimesional wave and Schrédinger
equations in [14] and with Péschel in [15].

As in [9] we start with an ansatz u = 3, @(j, k)v;(z)e**¢, where the
¥;(z) are the eigenfunctions of the Sturm-Liouville operator (Jz, — v(z))
with the boundary conditions ¥;(0) = ¥;(r) = 0 and eigenvalues denoted
w?. The solution of (1.0.2) must satisfy:

F(u) = (! = Q%k*)a(j, k) - W(u)(5,k) = 0, (1.0.3)

where W(u) is the nonlinear operator resulting from expanding the non-
linearity g(u,z) in terms of the eigenfunctions. The values w? — Q%k? ac-
cumulate at zero, a phenomenom called the small denominator problem in
partial differential equations [18], making it difficult to compute the inverse



of F'{u). One of the amazing features of this technique is the method of
inverting the linearized operators® during Newton’s method (in fact we use
a variant of Newton’s method called the Nash-Moser method) which origin-
ally comes from Quantum Mechanics and the work of Fréhlich and Spencer
n [11]. The main difficulty in this technique is to prove that the sequence
converges and to find suitable normed spaces to which 4(J, k) must belong.
Instead of using the normed spaces H,:

= {2 e PINx Z) ||u]l2 =3 |a(s, k)22 WD < 00} (1.0.4)
ik

as in [9]; we will use the spaces. H™*:

me—fae BNx )k, =a 3 (402 < oo)
1eNxZ

(1.0.5)
which have the advantage of being a Banach Algebra and also simplifiy the
relationship between the function » and its lattice representation 4(j, k).
Most of the properties of the spaces H, and H™* depend on the fact that
the eigenfunctions ;(z) decay very rapidly. We prove this property, which
was enunciated without proof in [9] and this constitutes the whole of chapter
7. The change from H, to H™* leads to various changes. We redefine the
sequence p, which measures the domain of analaticity of the approximate
solution u, at the n'” stage and consequently modify the proof of that New-
ton’s method converges. The spaces H™* were introduced in [10] in the case
of the nonlinear Schréedinger equation; here we show that they are also suit-
able for the wave equation and the proof of the construction of the solution
to (1.0.2) presented here is simpler than the one in [9].

We end the introduction with an outline of the thesis. In chapter 2,
assuming some properties on the eigenfunctions (which we prove in chapter
7) we show some propeties of the spaces H™* (many of theses properties
were enunciated without proof in [10]). Then we introduce a new norm,
[|S||m,s slightly different from the operator norm used in [10]. This norm
has the advantage over the one in [10] to be sub-multiplicative {||ST||m s <
US1m,sl|Tllm s} At the end of the chapter we prove a lemma on the inverse
of self-adjoint operators and prove inequalities which will be used in the
thesis. In chapter 3, using the Lyapounov-Schmidt decomposition we split
{1.0.2) in an infinite dimensional and a finite dimensional problem. The

*The technique is used in chapter 4 to get a good estimate on the inverse of F'(u)



10 CHAPTER 1. INTRODUCTION

infinite dimensional problem is solved using the Nach-Moser method with the
assumption that the derivative of F'(u) is invertible at each iterative step, and
assuming a nonresonance condition on g;(z). To ensure the convergence of
the Nash-Moser method with theses new normed spaces we have introduced
a new sequence p,, so the proof of the convergence is the Nash-Moser method
differs from the one in [10]. The chapter 4 proves an estimate used in chapter
3 to ensure the convergence of the Nash-Moser scheme. In chapter 5 we
find the parameters for which the derivative of F'(u) is not invertible and
the Twist condition is used to extract them from the interval to which the
parameters belong. In chapter 6 we solve the finite dimensional problem
and hence finish the construction of the solution of (1.0.2). The last chapter
is the proof of an estimate of the rapid decay of the eigenfunctions. We
choose the frequency (2 close to wy the first frequency of the spectrum of
—3‘% + g1{z). For @ = w; and & = £1 we have a solution of the linear
problem in (1.0.3) and thus we construct our solution as perturbation of the
linear solution. As in [9] we get to the conclusion that:

Theorem 1.1 Let |p| < rg, there ezists a Cantor set M of measure non-
“zero such that for p € M there exists a periodic solution of (1.0.2) denoted

-

&(p) + u(p, Q(p)) which satisfies the following estimate:
|@(p, p))| < Clpf?, (1.0.6)

and
1Q(p) — wi| < Clpf?, (1.0.7)

where ¢(p) = ‘%xbl(x)em‘ + By (x)e—im



Chapter 2

Preliminaries

In this thesis we will construct time-periodic solutions of the Wave equation:

Ouu = (02, — v(z))u ~ g(u,z)
0<z<n z,teR
u(0,t) = u(m,t) =0
Dirichlet boundary condition.

(2.0.1)

Our assumptions on the v are:

v is analytic in the strip [Im z| <7

v is real on the real axis

v is even

v(0) = v(7) =0 and v is 27r-periodic.
We call L, the Sturm-Liouville operator —%—}-v and we label its eigenfunc-
tions(respectively eigenvalues) 1; (respectively wf, in the case of Dirichlet
boundary condition there are only a finite possible number of negative ei-
genvalues), 7 € N, 7 > 1.

The preceding conditions ensure that the eigenfunctions of the Sturm-
Liouville operator can be analytically extended to 27 odd analytic functions
and admit an expansion of the form (see[9])

Yn(z) = Z Palp)sinpz (x € C.) (2.0.2)

p2l
The inner product is defined as

1

(u,v) = Dy 'Eﬂ u(z)v(z)dz

11



12 CHAPTER 2. PRELIMINARIES

and we normalize our eigenfunctions such that

(Tz}j& ¢J) = 1

And if » and v are two sequences in {%(Z) we define the inner product as

(u: v)(?(Z} = Z u(k):u(—) |

ke
The nonlinearity g{u, z) is assumed to be polynomial of the form

k

glu,z) =Y ap(z)e? (2.0.3)

p=d
where the a,(z) satisfy the condition
ap(0) = ap(r) =0, (2.0.4)

g(z,u) = —g(—=z, —u) and the nonlinearity g is of atleast order 3 .
Rescaling the coordinate ¢ — %, the partial differential equation (2.0.1)
becomes
Qzé?geu = (82, - v(z))u - g(u, z)
and we search for solutions of period 27 in £. In this thesis we construct
solution with frequency §2 close to wy, which we suppose positive (with little
loss of generality). The frequency € is choosen very close to w; so that
W1/2 € Qnin € @ < Qpaz < 2wy We start by an:ansatz and search for
solutions of the form
Pl
u(z,f) = ., aj, fc)wj(z)-‘/—f (2.0.5)
jeNkel 4

and obtain formally

ike o ike

. -7 € "y e
%Qz(zg‘%z)u(% k)%(i’?)ﬁ = "'LU(; u(},k‘)‘{b}'(z) \/2—?;) - g(u, 58)

Z —Q2k%;(z) \/-— = > a4, k) \/_wgzz);( - g(u, )
nk ik

giké
D a(g, k) (w? - Q%) V/?_K?,z)j (z) + g(u,z) =0 (2.0.6)
7.k
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QOur aim is to find the coefficients 4(7, &) and then go back to get a solution
in the z and £ variables. The solution that we construct is an eigenfunction
expansion so we will need a rapid decay of the eigenfunction to ensure the
convergence of the series and so a solution in z and £ variables. We will
thefore define suitables spaces to which 4(j, k) will belong.

2.1 Functions Spaces

The properties of the functions spaces depend heavily on some estimates on
the eigenfunctions. However the proof of these estimates is very long so we
have put it in chapter 7. ‘

Let H™* be:

™= {e PN Z) |lullZ =0 Y. L+ [IAa@)Pem M < oo}
1elNxZ
(2.1.7)

Theorem 2.1 [10] Let m be a positive integer, and a real number s > 2.
We denote by H™* the space of sequences

‘= e PNXZ) [lullh = Y A+ < o).
1eNxZ
(2.1.8)
There exists a positive real number «, such that H™* is a Banach algebra.
Furthermore if m’ < m then V

H&Hm’,s < lﬁ"

_ (2.1.9)

Proof:
Let (#,)n be a Cauchy-sequence in H™*.

Ve, 3N(e) such that p,g > N == |jup — ugllm,s < €

which can be rewritten as

D (L2 — ug) ()22 < e
leﬂ\sz

So
up —ug)(l)] <& VieNx Z.
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For a given I, {un{l}}n is a Cauchy-sequence in C which is complete and therefore
(un())n is convergent. Let us denote u(l) its limit u(l) := lim{u,(1}),. We have to
prove that u € H™*. {u,)s is a Cauchy-sequence in H™* and therefore is bounded

jie)
o Y (14 P fua ()PP < oo,
1eNxZ

and passing to the limit we deduce

limo S+ ua®Pe™ < oo

1eNxZ
a Y (L4117 limfun ()P < oo
€EN><Z
o 3 (L IR e < oo
1eNxZ
so u € H™’. Let u(z,€) be
ke
u(z,§) = ;f{(j, k)%(x)e——\/g_?;
where . »
/ / u(z, £)¥5(z \/“"dzdé,
and y
sfat Lt e ?
v(l‘,f) = Z v(] ,k )Qﬁ}:{z} m .

j‘|kl
Let bk = (ky, k) € Zz, T=(l,l) € 7 and m = (my,mp) € 7’

gimat gilag e-ikat

" 2w
(UU)A(@:/;[O ;fi(ﬂ,fz)tﬁu($)ﬁ(m1,m2}¢mx(1:)\/2?V,.w i, (T) rdxdf.

We denote here by ¥, the coefficients of the eigenfunctions in the basis ¢*7 and we

have the expansion
z) = Z Yr(r)e'™.
rez

We now prove that there exists o such that [[uv||m,: < ||ullm,slv]m,s

(uo)(k) = (27) 3“/[ Z (1, L2)B(my, m2) ¥, (2)Wm, (2) Py (z)e Fatma=kadbgzge,



2.1. FUNCTIONS SPACES 15

We expand these eigenfunctions as Fourier series

= 2&51{?1}6@1x
F1
Ym, (z Zwml (B

i, (2 Zwk r)ein

i d
Wi = @ Dt bitmm) [ [T du@m 80300
Im 91,581,712
PRIt +13;—r13x6£(l:+mz~ka)€d$d5
= 3 allhb)d(mima) Y W, (@1)dm, (81, (r1)
Am - P
T 2%
f ef(th +§x-’1)£[ e£(£3+m2-kn}§dzé£
0 0
Jo elnthi-rlide = nif fy =11 —q
{ N gllatbi=ri)e = ( otherwise (2.1.10)
and as well
fsﬂ 8£(£2+m7-k’)€dé =2 if mg = kg — g (2 1 11)
[y ettiatma=kalide = § otherwise. o

We can eliminate the summation over £ and ms to get

(woytk) = D D Voma(ly, b)i(m, ka—L2)1, (91)m, (11— 1) () (2.1.12)

Iyl my oy

(oK)l = Z Vo (I, 12)9(my, by 53)@;;(91)11:%1(?1 - 61);;;;1(7‘1“:

E; la,my 1,13

applying now the estimate on the eigenfunctions (7.1.4) we have

(wol(B)] < € N [, R)ilmy, ky — Ip)|em o (e -ni=imaD

qurndidamy
o= (ltsl=igsl) g=a (ks =Irsli)
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We now obtain an estimate of ||uv||,,,. If denote D = {{uv]|%, , we now obtain

D < Ca) (L4 k[P 3" fa(l, b)i(m, by = b)em o Ula-nil=lmid)
k -

fdamy,qn

e~ Hai-lgll) gmo (llkaf—~in i) Z fa(ly, 15)o(m), k2 — 15)]

i i i # ?
45, mlq5,r]

o=+ Ula=ril=Imi Il g = (16 1=1g411) o= (k| =it (2.1.13)
1} < fka| = [raf + 1]
terl < | kaf = Iral [
(o] < kil = Ird [+ I = aa] + s
kil < | Jea] = Ira] [+ 1m0 = gl + Haof = [l] + 1]
el < Tkl = Iral 4 I = gul = [ma] 4+ Ima | + Haal = [l + [
k1l k2| < ko] = froll +firs = @l = [ |l + maf + llgu] = ] + G ] + [h2 — 2] + |12]
k1 [+ [kl = 1| = [i2] =[] = [ka=la| < [kl =Irill+[Iri—gu] = mall+{ma)+ g1 [ = [hll.

If we denote the left hand side by B and the right hand side by A, and let 4 = o, —~m
the preceding inequality can be rewriten as 4 < B which implies that

mA < mB
mA —~mB — pB < ~uB
mA ~ (m+ p)B < —uB
mA — 0,8 £ —uB,
inserting this bound into the exponential we obtain
ekl g=mill pmmi{myka=ia)l oo (i =iralHliri-gu]=pmafl+m g )
< e Bkl =niir —ql=imadiimad+ila =10 11D
which implies that
eIkl =0uB ¢ g=hB gmlil gmi(m kamia)]

The same inequality holds when I, my, g1,y are replaced by I, m{, ¢}, r}. Let

B' = |k1| + [ka| = [11] = li3] = |mi| = [k2 ~ 1] (2.1.14)

and
A = [[ka] = 411+ 117 = gl = Il 4+ T+ flgh] = 11 (2.1.15)
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we have
4 i ? 7 ?
emlk{ewo'.B S e»—;;B emH |em((ml,k;~l,)[.

Now inserting this into (2.1.13) and splitting the product

(1+ |H2)362m|k3 =(1+ jkt2)s/2emik§(l + |k}2)’/2e”‘“‘|

we have
D < aC®y > (@A) (L + |(ma, ke = 1) 22 (1 4 [(ma,
k iy da,my,q,r
kg = 1)[2) 2 2 |a(ly, )| [6(ma, ka — 1g)|e™ emlimada=tall g=nB (1 4 |k|2)¢/2
Do W WPYPAF PR+ |(mh, ke = 1)) (1 + |(mi,
1 dh,m gl
ka — 1) (2) 72 a(ly, B 15(m}, ka — By)]e™ ! ] emltmka=tllg=uB (1 4 | |2)2/2
< aC®y ST L+ P all, )1 + [(ma, ke = 1) [?)* 2emimaka=ta)l

k lita,miq,r

[6(ma, k2 = 1) |e ™ 2PN+ (K772 (14 1P 72 (14 |(ma, bz = ) ) /2

eH2B o ST (1 PR, )L + [(mh, ke — 1)) 2emIm ke h)]
1dhmi gl

|6(m, k2 — 1) e 2P [(1+ [RPY 21+ [F1P) =2 (1 + [(m), k2 = 1)) ™72,
(2.1.16)

we can now apply the Cauchy-Schwarz inequality to get

D < oGSl T (IR L)L+ [,k = b)) edmimakata

k Ay lamyqurs

|0(ma, ko = 1) P P12 D0 (L4 R (1 +117)

idamygrry

(L4 [(my by = L)) 0¥ B2 [y 0 (L UPY ey, 1)

£ £ ¢ i i
Llgamy gy

(1+ [(m), ka = 1) [2)* 2l 0maka= Ll (i ky — 1) |26~ HB]1/2,

[ D R A+ WP (L [(m), ke = )P) e 402

i 7 i i H
Hdymignr;

If we call

Bi=0 3 (LR A+ D)L+ [y, kp — 1) |2) e H B/

fida,my,qu,m
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then @ < C{u,s). {The proof is provided in the next lemma.}

D < oCC?y > (LI, )P+ [(my, ke — 1))
k Iy la,myg,m

g2mllmy, k:-—t:}{i (ml ky — 12)!26—;38}1}2
x[ D (TP, )P+ [(mh, k2 = 5))
Holpmiglir]

e2mltmika=)|g(m! | ky — 14)|2e=#B]H/2
Now applying the Cauchy inequality on the sum over &

D < aC%C*( > X+ P ath, )P (1 + [(ma, k2 = 12) )

kykadydamy,qr

ezml(mx.k:—h)llﬁ(ml,kz - 52”26-#8})1/2

x( ) [(1+ WPy [a, )P (1 + [(ml, k2 = 1))
k; k: ll,in,mx ‘?1 ?‘1

Ik it by — 1) [P B2

< aC®C(u)? ST Yl )P+ [(my, ke — B)]P)
ky,kadyda,my,qy,ry
e2mf{m1,kq—£;)|,ﬁ(mi’k2 - I2)|2e—,uB
< 200 S lall + [ il ) FemI i kata)
i ds
x 3 a(l+|(my, k= b)) ek T g (my by — )2 Y em#P)
ka,my r1.91,%1

< CGC(/j) u“ y” Z !e—‘“{ frimqul=fmall) g~ slllgai~ hll)ze—u( ~lrifh)

g1
if we denote by C)(g) the sum 37 e~#/¥l then
kel

SCw)2Cumllell?, llell2,, 3 lemsllin-a=imil) g=alilal-lalh)

g1,

1 - - - —q:]—|m
-&C‘SC(;:)QQ(#)Hui%,,iivii?ﬂ,,Ze #(lig] ifxfl}ze plllrs—gal=imil})
L3 r

D

IA

IA

< =CC(*CYlullm,slivll -
We can then choose a(u) greater then 1 such that we have the conclusion

vl , < [lullZ ]I,
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and hence

[luv[lm,s < |tllm,sl[0]lm,s-0

The next lemma was enunciated in [10] whitout proof, here we provide a
proof.

Lemma 2.1.1 Let s > 2 and u > 0, then we have the following estimate:

(14 |k[?)e™ Bl ~ril—mi i =la k=)

P <elps)

>

21122
g1, 7, Ty

Proof:

B

i

<

>
31352
q1, M, 7y

(L4 1A+ (ma] + k2 — 1))

(2.1.17)

2
1+ 4| = Sl =ril=mu I = laull+ I D]s

(1

+ A+ (Ima] + k2 = 12])2))

L+ [kif® + 14 [of? e Sllas=ral=ml i =las 411k -l D)

2 TR+ Gl T —TDD)

fy,da,q1,m,m

Using a Clarkson-like inequality from [7]:

la+06]" <27 (a]* + o[}, (2.1.18)

we now split the sum into 4 and B where

A

IA

IA

>
L1z

g1,71, 71

hh
g1, m1, 7T

h,la
T, ™My, Ty

4,0
g1, 7,73

[

[

[

251 + [k [2)e Sl =ral=mallitsl=lasll+lkal=iral)

(L+ P A+ (fma] + k2 — 12])2))

2‘%’(}};‘1[2 + [klF)g'%{“91"?’1l"mxH‘”‘x|”|Q1f!+llk11“’[’!m s

(L+ 1A+ (] + k2 — 12])%))

9[ky[2e- Ellla=ral=mibii =lasl+lkal=lrsll)

(142 + (Ima] + [k2 = 120)2))

22(Jky — ri? + rifBe Sl —rif=-mal+ih]~lali ik -l .

(1 + A+ (fmal + k2 - L)2)
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Let E be 4
E=—=(llgr = ri| = mi| + [[l] = |l + [|o1] = Im]])
s
by — 1 + || o
< 2°12
4 2 { TF IR + (Jmul + k2 = LD2) ]
llv[:.’
g1, ™My, Ty
k —3"152
B l 15_: { (1+il}2)(1+(§m1§+§k9*[2|)2})e}
1:¢2
91,7, 7y
T 2 |ri|? ¢E]*
i (L4 PN + (fma] + [k2 ~ 12])?))
1:¢2
g1,7, Ty
|k1 "?'122 B
< 22 K}
- 2 | T+ B+ (Il + ez = LD )
11:£2
g1,y T
+ z 223[ {?‘;F GE]"
3 Y
TR IR+ (ml + R~ B2
< AL+ A
ky —r)?
— 22.1 l 1 1 Es
ne ,‘Z T e (e ey
1,42
g1, My, 7y
and as 1 i
5 S 3
L (lmal+ k2 = &) = 1+ [k — 1]
we have
1 1 - &lqf-n] 2~ Eflkr|=lIrl]
A < 3 1 ] k e g ]
b= §1+ili21+!kg~zzl2§e ';“ nl
Ze'%iif}l—ﬁi*ml[
1 1
= C(”)Zwlzi?lﬂkz—zzg%

Ida

< Clp)
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Irl < = a+lald
< lm =@l + el
< Al =l = ] + Imal + o] = ]+ 4]
< = gu] = fmafl 4+ Ima ]+ gl = [+ i
< Hir =@l = Imall+ fmal + llga) = i+ ] P
< 2l = a1l = P+ ma)? + ] = [0l + P
< 4l = @l = ImaiP 4 b P+ gl = ]+
- s !7‘1’2 LE1s
T i ?: a {(1+I‘I2)(1+(im1¥+ik2“12|}2))»}
1,42
g1, ™My, 7y ’
asrg lIr = @l = Imal2 + a2+ ] = G+ 0P g,
. UZ S e Ty vy ey oy ) e
1:42
gy, my, ™

As we have 4 terms in the sum we establish the inequality

fa+b+c+d)?’ < 27N {a+b) + (c+d))

S 2"1(2“‘"1(03-}-5’}-{-2’—1(0’ _{__ds))
< 22(‘”1)(0’ + 8+t 4 d) (2.1.19)
and we deduce
2
A < 22:22{3—-1) HT’} - QIi - lmlii SE s
— 1 z}: (L4 U2+ (Jmaf + k2 — 12])2) }
1:%2
§1,M, 71
- L2
925 92(s=1) Hgr — |4 Eys
' [ 12: (1“““?2)(1+(Em13+§k2—12|)2))e !
1452
g1, My, 7y
2
+ 9%s92(s~1) | | LB
| zz L+ [P+ (Jma| + k2 = 12])7)) :
1,42
1.y, 7 )
lilig E1s
P T+ TP+ (fma] + k2 — 2])7) X

i, 1y
q1, ™M1, 7y
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the first two terms can easily be bounded by a constant dependent on u. We call
the next two terms Agy and Agz

2
A — 22322(3—1) - imli eE 3:
22 z g: (14 {21 4 (| + ko — £2])2)) }
1
g1, My, Ty

cancelling mny by the term in the denominator containing my

Any < 22992~ l)m e #lllar-ril-mu+ih~ladl HHe =il
< 92sg2s=1y__~ e Aith il
T ,%2 (1+ |1¥ Z
.ze‘#f“‘x}‘!ﬁ".ze'ﬂ ‘?i“"'l!"mll
1 Ty
< Cly)
Ass follows similarly by cancelling now by ;.
2"%1'(1 + |k2}?) &
B = . e~ Fllgrmril=mal 4l ~{a ik =1 i
2 TR T+ B ]
1,462
gy, My, 7y )
- 4(lkg — L2 + [L]?)
< 93 1 SE 3
S P N e
1,42
g1, My, 7y .
4ky = 15]*
< 9% Al B
= IZ i Gl + e = a2
1562
41,1, Ty
+233 Z 23{ 222‘2 eE}s
L (L4 (L + (| + k2 = L])7) 7
1;82
1,7y, 7Ty

If we call these two terms By and B then we can see that B is estimated as Aqgo
and B3 as Asj 50

B < Cp).0 (2.1.20)
Lemma 2.1.2 {10} Let f(u) be a polynomial in u of at least order 2 and of

the form f(u) = Z ag(z)uP, and suppose that there is a constant M such
p....
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that ||4]|m,s < M. We have the following inequality
1f(@)llm,s < Crlialls

where f{u) denotes the coefficients of the eigenfunction ezpansion of f(u).

Proof:

W (w)llms =

I Z ap () ||m,s

=, 1@ ap(@) v *)llme

IA

IA

IA

IA

I~

<

p=0

k-2 :
Ml 1Y ap ()22 =) llm, o)

p=0
k-2
llall7s D Hlap(z) e~ Tllm,e)
p=0
kw2
“ﬁ”fna Z ilap(x)ﬂm.all(u”"gﬂim,s)
p=0
k-2
12,0 3 lap (2)1lm o 121122)
p==0
k2

llallz.,o D lap(z)llm,o M7~

=(

llal1%,.Cr

which implies that || f{u}]lm ¢ < [|&]|m,l]*Cy.
As we have a norm on H™* we now define a new operator norm as follows:

15117 =1 max(sup

S (1= FPRS 1P

sup Y _(1+ |1 = I'[)*[S (L, 12?1y,
l’ [

23

(2.1.21)

0

(2.1.22)

We show that we can choose ¢; such that this norm is submultiplicative that

is:

15T |lm,s < {ISllm,olIT1}m,s-

Lemma 2.1.3

ST llm.s < 1[SHm T llm,s

(2.1.23)

(2.1.24)
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Proof:
ISTIZ,, = exmax(sup 3 (1 + [ = U2 |ST(L, 1)Fe2mH=41),
v
L [l = V)2 ST, 1) 2e?mit=tD
sup (14 U= UPYISTQ )t
Consider '
Xt = supZ(l + [~ 1“2)’f5T(I,!'){zegm““i )
7 .
then

X2 =sup Y (L4 1= 0% S S RYT(k, 1) Pe?mi=0D
H 1 A

3 H 1 2 mll-t
X% = sup 3 (14 = U1 32 S BT U () P ReP ™ (2.1.26)
[ k

We now want to have the product of 5% and T%. We thus have to find a suitable
and break the sum in (2.1.25) two parts using Cauchy-Schwarz to get the product

1+ =)0+ =k
s0 we choose
j:eg(l + |- f’fz) = {1+ k{g)(l + - k{z)
we now have to prove that our (yx)™? is summable
g = (LA = RP L+ 0 = KL+ = 0P
o Q+p-rP
ok (L~ R A+ - k]2
1200+ U=k + 200+ ' = k2

Yk T (L= R - R

1 1 1
e Sy Ty
Let
2 RIRY
G = };(7{%)
, 1 L
D R =L

8298 - 1 3 l 3
s 227 ) (o)

& < 9% 9 (2.1.26)
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where 7 is the sum of the double series 3 {iﬂl;{}—}’ which converges if s > 1.

ke
We can now continue the proof.

1 .
= (su 14+ 1=V ST SU BTk, 1)y 2 ()2 2 2e2mil =]
(1p %,( ! I)%ik (4, k)T }*nk(m) i

and applying Cauchy-Schwarz ot follows that
X*< (SUPZ 1+ —I' Veh Z{S L k) )[ - e2mlt=i])

X?< 4%y supzz (14 [ = BB + | = kDS k) PIT (k, 1) 2e2mii =kl g2mik =]

X < 4%y sup21+|1 kR e =R S k)P ST Tk, P+ 11— k|)e?mik=r

i

If we choose ¢; = 4%

aX?<e supz (1+[I—k[2)etmli=F) c;Z)T (kY P+ =k [2)ermik=E

ISTIIZ, s < SHANTE
ST lm,s < ISl ,s[[T]lm,s.0 (2.1.27)

Definition 2.1 Let 1w, 0 two elements of H™* and their corresponding func-
tions in the z and & variables be v and w. We define an operator on this
space W as follows

W (3) = (wo)
Where the hat denotes the coefficients of the eigenfunction ezpansion of the
product of v and w.

The next lemma was enunciated in [10], we provide a proof
Lemma 2.1.4 There ezists a constant C,p such that:
W (k, 1) lm,s < Copl{Dllm,s- (2.1.28)

Proof: .
Wﬁ( (wv){k) ZW (k, m)o

We now show some properties of this operator:
If we consider W as a matrix aperator then we can write

m) = Zw(k,:‘)am
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where 6, (7) = 0 if m # j and §;(j) = 1. Recall now (2.1.12)

(wo)(k) = V21 Z W(l, 1) 0, k2 = L)y, (a0 = ro, (91) 9%, (r1)

g rndnia

If
9= &y withm = {my, my)

then
j1 = my, and ko — {3 = mq so ly = ky — iy

Wikm)= > oy, k2= ma)1dbm, (g1 ~ )%, (0¥, (r1)

g

W (k,m)| < C® Z [l , kg — ma)|e~ - ikil=Inli+in —al=imdi+ia - i)

Iy,q5,m1

Wk, < aCsup 3L+ = mPe D k- ma)]
m 21:‘?1;"111;:9;:?;

[B(I], Ky — mg) =7+ (IEsl=lrallHllri=al=lms 1 +ila: 14216

e Uk =Irili+liri ~ gt =lmill+llgi = 111D

Iri] < 1r = a1l + @] = [ | + ||
[rif = || < |r1 = aof = || + |g1]
el = [maf] < Hry = a1 = || + lu
lIr1] = lmall < Hlry = qul = [mull + [laa] = Had] + 1

As the eigenfunctions are numbered only by positive integers ky,my,{; the sub-
scripts are all positive

ey —mu| = |Jki| ~ ||
= k] = o] + | = ]
by =mi] < k] = [mfl + e = qol = Ja]] + Haad = 100+
(2.1.29)
Let A be
A = mlk —mu|+ ks — ma|) = m(lk2 = ma| + ]} = ou([[k1] = [ri]]
+lre = g1 = [l + ol = 1)) (2.1.30)

A=m(lky —my|) = mlly] = oo (|[k] = [rall +HIrs = al = [l + [laa] = [4]])
using the inequality (2.1.29)

A < m([lka] = [l + s = @] = Il + g ] = [ f] 4+ [0])
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=ou{{lki] = m ]+ llre = g = [mal] + [laaf = 1))
A< =p(lk] = Im L+l = @] = o]+ Hlga |~ (4d])
where y = o, —m

Wl mliE, < aCsup) 3o (14 (fl+ [k —ma)?)rentisttiaa)

m Ly,
[(ly, ky — mp)|e~mUblHka=mal) gmlk=ml(] & (11| 4+ Jky — mg|)?)~°
X3 (L (] + [k = ma])2) em bt bammalg k) — my).
e
e=m(l+lka=mal) gmik=mi() & (11| + |ky — ma])?)~*
(2.1.31)

B = k] = il + {lry = @] = [mall + llga] = [l

Wl < aCsup Y 0 [0+ (] + ke = ma))2em W m D ity — )]

m 1,7y

[(1+ [k = mI’) 264128 (L4 (1] o+ k2 = mal)?) /]
x 3 (1 (1] + kg = my) )/ 2em Utk =maD g ky — mi)).

1o
fi)qi ,rl

[(1+ [k —m! )72/ 2B (1 (|1 + k2 = m3))?) /7]

Now applying the Cauchy-Schwarz inequality over the sumon Iy, ¢y, 71

Wk, m)li%, < CICSS‘;F}Z > (L ([la] + [k2 = ma])2)se2etitslHka=mali(ly, kg — ma)|?

m 11,917

Z (L+{lLh]+ k2 —ma)?) (1 + [k — m;z)se-@

L9171 .
X [ ST (U (] + ke — my[)2)se2ehil+ika=mab (i), ky — my) |2
gy
S (1 (] + k2 = mal)?) =2 (1 + [k — m2)7e=»B
gy

o 616'38!;9 Z Z (1+ (L] + k2 - mgi)?)seza(lhlﬂ&a-—m:])h_b(gl’ ky — m3)|?

mo1y,g1,7

x 3 (L4 (Il ke = ma))®) 70 (1 + [k — mf?)ems?

f,q1,7y

C Y (14 (] + [k = ma)?)* o Unsltba=mabiqy ks — mg)|?

f1,mg

IA
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Do (L (L] + ke = ma)) 7 (L + [k — m[?)rem#B
o (L4 J& = mf)re=s2
Clillns D T o = roa)

m1,41.71

" {1+ k1 = ma )2 + (L + [kg = mg|)]Pe~#5
cllallz, > I
(1+ (] + k2 — m2])?)

IA

A

L Mg

- m FPy
CHJ&’H? Z ({(1 + i;‘:l ])2} €

IA

™ e (U (Dl + [k — ma])?)
B
.12 e’
FCllellm, m§ (1 (L] + k2 = ma)2)e

We will denote these two sums A and B. As
ey = my | < k] = I+ s = @] = [ma -+ g = ]+

we have

2
(1+ Wiil:]ii?znm mal)?) Z gl - filnze“t‘fsllqli—n,u
q1

Z llry = qu] = Jmy|[Ze=#/elln=ail=lmall Z k| = |rq]]2e#ltRai=irdl

< elp, )]z,
and similarly for B. Then
W (k,m)||% s < elu, )11,

A < Clldlfz,,

hence R
Wk, m}lim,s < c||d]|m,s.0

The next lemma was enunciated in [10] without proof. Here we provide one.

Lemma 2.1.5 Let S be an operator acting on H™° and denote by ||S]|°P
the standard operator norm, we have the inequality

15117 < |1 S]lm,s (2.1.32)
Proof:
ISullZ, = e D (1+ Py e|(Su )
i

e (L2 37 S kyuik)f?
i i

i

i

, , 1
ey (L4 [IPyre s, k)u&‘*‘)’ﬁ;?vs/z *
; & ik
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We decide to choose v = (A= OHET) 514 5o applying Cauchy-Schwarz we get

1+i]?
Sullt, < SO(1+ U et T SE Bu(k) P %
; P Yik
as we did before we can prove tha.tz <4’:§z—cl and so
ISullf7, < e Z(l + (172 Z 1S, k)yu(k)Pver
< ZZ;szk (1 + [17) i e
< ZZ st ety .(“zf:!~ iugﬁ K (1 e
< Ziﬂki ? k) ZJ (LEP(L+ |1 — k[?)reroti=Hlg2elkl
< c121+;;cg )* el u(k) chzsm (14 I — k|?)*e2oli=*l
ISull5, < Hu!!m,,iié‘ttm,,

because we can always suppose e > ¢; hence
IS < 1Slm,s B (2.1.33)

Lemma 2.1.8 Let mg,s,m > 0 such that m > mg and W a vector in H™*.
Then we have the following estimate:

15%lloo < (1= -mofllsllmsllwlloo (2.1.34)
Proof:
1S9ll30 = aZ (Sp) ()P
QZIZsz,,zg

= QZIZ L4 | = 12 2emin =118 1) (1 + [l — 15]?) = 2e=mi=hly 1),

i I3

i

Applying now Cauchy-Schwarz to the sum over [y we get

IS¢l < @D D (1+h -1z ”*’*“*-“*tsm l5)|?

Iy g
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Z(l + izl __32i2}~36—2m§£1~£31;¢(32}]2
i3

In

Z ISII2, e ;(1 il = 2= e= it =tal |y 2, |2
< iilsnfn,, Zah;(ag};? Y;(l Iy = L) e 2miti=a]
[151]7,5 Za[«p(zz)ﬁ Z g=2mll=ta]
SIS (i 3 e-2relicta

- -

| 1
< NSIG G ol =)

IA

VAN

and we conclude 1

[1S¥llo.0 < NiSllm.sll#lloo(;—==5) @ (2.1.35)

Lemma 2.1.7 Let X be a vector space of dimension n, and its canonical
orthonormal basis (e;); 1 < i < n. Let A be a self-adjoint operator defined
from X to X, and (A;); its eigenvalues . We denote by A(i, ) the matriz
elements of the representation of the operator A in the basis (e;)i, and we
define an inner product {,) and thus ¢ norm.

Suppose || > 6 Vi, 1 < i < n, then we have the relation

|A™ (5, 5)] < (2.1.36)

!
5

Proof:
As A is self-adjoint there exists a basis of orthogonal eigenvectors ¥ and corres-
ponding eigenvalues A; which we normalize (¥;, %) = 1. Let z € X

1
z = z ity
t=1

k1
Az = fo,\fw;
f=1

n

(Az, 4z) = 3" [zihil?

i=1

[l4z|® < m;‘ixi&‘fzz ENE

f=1
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fiAzll? < max|Aif*(z, 2) (2.1.37)

We have as well

lAedl? = 3 Al )P so
Jm=1

[JAeil] > [AGL DI (2.1.38)
and combining (2.1.37) and (2.1.38) we have
|G, 3)] < lldeill < maxilfed? = max A (2.1.39)

Now A is self-adjoint and invertible, its inverse A~} has eigenvalues 'ﬁ-, and using
{2.1.39) we get

A7 ) S max

1A
and so 1
A7) € ;Y
2.2  Some useful estimates
Lemma 2.2.1 For 0 < v < 1 we have
5 el < % (2.2.40)
eZ?
and
4 ‘
e < —. (2.2.41)
¥
Proof:
Let §:= y e M (2.2.42)
e’
& = Z e~
e’
< 2 Z e~1h2 Z e~
htSN hEN
1
< Hy—=)
64
< == (2.2.43)
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We now prove that for
1 4
< -,
R R e S5
" Let
9(7) =4-4e77 —v
9(0) =0
gly) =477 -1
asy < 1lthene” <e
and e77 > !
e
S0

1
g’(-}«)=4e“*—1g4g—1>0.
We can then conclude that g{y) > 0 for 0 <y < 1 and
4-4e"7~y2>0

PRELIMINARIES

50
l-e") 2y
hence
1 4
I—~e™7 ™
16
S5 < 4.;5
64
< 3 (2.2.44)
Let
£y = e (1 > 0)
f‘(f) — 4136—-7i _»}c{‘;e"f‘
Fl)=Pe (4~ )
f'{1) = 0 implies | = % which is a maximum because v > 0.
We can deduce that 4
4
e~ < f(=) = —e*
< f(,y) o
44
P < YT.D (2.2.45)

We denote the weights (14 |y1 — y2|?) by (y1 — yz2). In the lattice Z x N we
consider a path from y; to y, with ¢ steps. That is we number g = yy, till
Bg = yz. The object of this is to derive some properties of the weights. The
next lemma was enunciated in [8] without proof. Here we provide one.
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Lemma 2.2.2 We have the properties:
(1 = 32)° < ¢(@Q;s Jqu Bo-1)®
ge=1
where By = y; and fg =y, and
- S
) wowl ¢ g,
&

Biyy,yr Qsteps Hc?:l(ﬁq - ﬁq—-1>

Proof:
From [7] we have the relation

la+86)* <2’ +b*)fors >0

14 fyl —yziz

- l"i”lz ﬁq—

1+2Q-‘Z 1By = Bg-s|?

g=1

g
29715 (14 |8y — o)

il

{y1 - y2)

IA

EA

Q
29713 (B, — Ba-1)

g=1

IA

Q

=1 gml

m-w) < (29 zz = By-1))°

IA

o(@3) Z(ﬁq — 1)’

g1
and (2.2.46) is proved.

Q
(Y By = Bg=1))* < 2@ Uy — By-r))*

33

(2.2.46)

(2.2.47)

(2.2.48)

We here make the summmation over all the paths from y; to ¥y with @ steps . Let

A be

{y1 —y2)’
A= .
Z g {Bg ~ Bg-1)°

Biyyya Qsteps HQ'?'-I

(2.2.49)
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Using {2.2.46) we deduce

Z (yl - yz) < Z

o(Q,5) g (B — Bo1)’

B:yi.ya Qsteps H‘?:l('gq - ,&;—i}" Biyy,ya Qsteps I{f?:l (Bq — 4(30”1)3
(2.2.50)
and
1
A ,
< (@ S)ﬁzyl,gr;}step: (By — B2y (B2 — Ba)*..(y2 — Bg—1)*
1
R Py E N R T
< e(@,s) Z !
= ' Py (81 ~ B2y B2 — Ba)*..{y2 — Bg-1)®
1
R Py N EO M E
1 i 1
. C(Q’S)ﬁ;,.gg_‘ (B2 — B3)*..{y2 — Pg-1)* %: (B — Ba)*
1 ‘ 1
e +ﬁ;..§q-= (1 ”‘331)3“'(39‘7-2 ~ Bq-3)° g_% (Bg—2 = Bg-1)°
< (@, 8)n7
where 7 is the sum of the series Y iy =

ke’
We now define a new diagonal operator V(§2). Let z = (j,&) and y =

(7" k)
V(Q)(z,9) = (w! ~ Q%2)é(z, y) (2.2.51)

We have the following property:

Lemma 2.2.3 Q
V(@) 0llmrs < <210l (2.2.52)

v
Proof:

WV(Qul_y, = a) 1+ ey Q)wi)

{
= oy (L4 7m0 S " v@)(l, kw(k) P
! k
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= ) (14 [ XM v @), ()
i

""""""" "y

-
i

(14 Jif2) 2= (wf ~ K2Q%w ()

From [9] we have the asymptoticsw? = j2+v* +d(j). Sofor j large enough v} < 257

and so there exists ¢ such that w? < (24 c)j? for any j > 1.

=5
2

IV(QulliZ, < ko) (52 + K2Q%) P |w(i) 2

Tw(l)?

jj# o=l

§ C(Qmar} ! 282011!
< Cmeslyye
o ,,,)ﬂ e

and

HY (@)l < ) Hwllm,s-0

e,
]
]
on
a2
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Chapter 3

Construction of the solution

In this chapter we start the construction of the solution of (2.0.1). We use
the technique outlined in [9] which we adapt to the spaces H™* which are (as
we proved in chapter 2) a Banach algebra. This property simplifies the proof
of the construction of the solution. First we find an approximate solution
ug, then using the Nash-Moser method we construct a sequence u, which
converges to the solution of the infinite dimensional problem. Let L be a
positive integer then we define B(L) as

B(Ly={(j,k) e Nx Z, |j|+ k| < L}. (3.0.1)
Here we use the sequence L, = 2P°Lg. Let N = {(1,1),(1,-1)}; we denote
by B(L) :== B(L\ N)

Definition 3.1 A sequence (w;); is (dg, Lo) nonresonant with wj, if there
ezists T > 1 such that for all (j,k) € B(Lg) we have : :

K2} — Wi > do, (3.0.2)
and ,
s do . '
lkwio = 71> DG for (4,k) # (0,0). (3.0.3)

As in [9] we take jo = 1.
Definition 3.2 A site (j, k) is said to be d,-singular if |k2Q? — wf[ < ds.

37
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As we said in (2.0.5) and (2.0.6} we transform a continuous problem into a
discrete one, which we solve. The systems of eigenfunctions ;(z) and e'*
are complete; and we can say that

w p2n ek
Lk =/ f 2)d; drde. 3.0.4
NG = [ [ glma)s(z)—dade (3.0.4)
We rewrite (2.0.6) as a vector equation to get
V(IQu+Wu)=0 (3.0.5)

where V() is the operator defined in (2.2.51). W is the nonlinear operator
defined by

T 2w e-ir'c€
wwlGe=[" [ (s 2)3(e) =dadt (3.0.6)

We linearize the operator F(u) about u = 0 to obtain the operator H{u) =
V() + DW (u) which we call the Hamiltonian. We will have H(0) = V(Q),
which we will need to invert to apply the implicit function theorem. This
leads us to find the kernel of V(§2), that is the functions ¢ such that:

V(Q)p = 0. (3.0.7)
We choose our frequency § very close to wy hence (3.0.7) implies that
(w? = Q**)o(5,k) =0 (3.0.8)

which has two solutions = +%2 = +w; and ¢ has support in V so we split
the space I?(N x Z) to get

BINxZ)=P(N)e?(Nx Z)\ V). (3.0.9)
Definition 3.3 Let z = (j, k) we define the vector ¢ip) as follows

1 . 1 .
5(101 +ipa)é(1,1y(2) + (1 — ip2)é(1.—1)(2). (3.0.10)

¢(p)(z) = 5

#(p) spans the subspace [2(IV). Now followimg the Lyapounov procedure we
split the problem (3.0.5) in a system of two equations:

PV(Q) +W(u)) =0
{ QV(Q) +W(u) = 0. (3.0.11)
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P is the projection onto B((N x Z) \ N) while ) is the projection onto
N. Having transform the problem into the form (3.0.11) we apply the
Lyapounov-Schmidt procedure to solve it. It is solving the Q-equation that
restricts the existence of solutions for ¢ = {2(p) a smooth curve which Taylor
expansion is given in chapter 6 in (6.0.16). For any @ € I*(N x Z) we have
the decomposition:

(z) = ¢(p)(z) + u(z) (3.0.12)

i
where © € [2((N x Z) \ N) and ¢(p) € I*(N). We denote by * the lattice
involution:

z=(j,k) = =" =(4,—-k)

Let p = (p;, pz2) and we will also denote by p* = (py, —p2). Let y = (1,’1) to
write

¢(p)(z) = %(?1 +1p3) 6, (z) + %(Pl — ip2)dy« (). {3.0.13)

The following covariant properties exist:

Lemma 3.0.4 [9]

¢(p)(z) = 6(p*) () = 6()(z"). (3.0.14)
Proof:
TR = 50+ () + 5T~ Ty (2)
= ST+ TP (2) + 5 (7 — TP (2)
é(F1, —pa)(z) (3.0.15)
= #7)(e)
¢(p*)(z) (3.0.16)

Weknowthat r=y =2 2" =y andz = ¢* & " = y so:

1

P, () + 3 (7T + i75)6, 2°)

W@ = - |
= ¢(B) ") V (3.0.17)
Hence we have ¢(p}{z) = ¢(p*){(z) = ¢({F)(z"). O

Furthermore if p is real the property

¢(p)(z) = 8(p)(z"). (3.0.18)
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holds.
We denote by T}, the translation acting on sequences u(7, k):

[Tou) (5, k) = e*0u(y, k). (3.0.19)
For p = (py, p2) we define
Top = (cos(8)p; — sin(8)p2,sin(8)p1 + cos(8)p2) (3.0.20)
where the following property holds

Lemma 3.0.5 [9]
Tog(p) = ¢(Tsp) (3.0.21)

Proof:
H(Tip)(z) = d((cos(8)ps — sin(O)pz, sin(8)pr + cos(0)p2)) z)
= 5l(cos(0)pr — sin(8)pa) + (sin(@)ps + cos(@)p)léy (=)
 tleos(O)pr — sin(@)pz — i(sin(8)py + cos(B)pa)léye (2)
[cos(8)ps + i sin(8)py + i(cos(6)pz + 7sin(0)p2)ld, (z)
[(cos(@)ps  isin(@)pu) ~ i(cos(@)pz = isin(O)pa)liy- (z)

)
) . 1
2

_i.
1
2
+
1 8 i8

5{6 P+ eVip)dy(z) +

[e“gpl - e”‘”ipg]éy. ()

= o1t ipa)dy(z) + e (o1~ ip2)3 - (2)
= Té(p)(=).0

et

Now if we denote by ¢(p)(z) a function associated with a vector ¢(p)(z)
then we have the relation:

Lemma 3.0.6

4(p) = 4(9) (3.0.22)
Proof: . .
. ¢(p) = 5{?1 + ips) 1 (z)e* + -2-(331 = ipg)y (z)e (3.0.23)

(p1 +ip2)¥r(2)e + ‘.i;(?z — ipa)ihi(x)e

e i

= ST — el + S+ P (o)

3]
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because the eigenfunctions are real on the real axis ¥;(z) = ¥, (z) whenever z € R
and

i

(7 + 9309 (2)° + 55T ~ 7)o (a)e

= ¢(p).0 (3.0.24)

é(p)

We have now a relation between the norm of ¢(p) and the modulus of p:

Lemma 3.0.7

ll¢(p)llz,s < 2v/a52e?|p| (3.0.25)
Proof:
. 1 . .
BN, = all+2) 2o +ip2) P70 a(l + 2[5 (pr — ipa) 270+
1 . .
< a5‘ezw§(ip1 +ip2|* + |1 — ipal?)
=1
< 05’8“-2—{2(Ep1|2 + |p2l?) + 2(Ip1|* + |p2/*)]
< 205 [(Ipi]* + |p2l?) + (Ip21? + Ip2] )]
< 4a5°%*7|p|?
so we have the relation B
¢(P)llz.s < 2v/@5°/2e%%|p. (3.0.26)
We will denote by Ko = 2,/a5°/%¢% and by ||p|| := ||¢(p)||z,s For any ¢ < 7 we

also have
[18(P)lo,s < Kolp|.O

3.1 The approximate problem

The method of the construction of the solution uses Newton’s method. We
need to find a good the first approximate solution {called ug) to ensure that
iteration converges very rapidly.

3.1.1 Existence of the Solution

We denote the projection onto B(L,) by P, and by Vp(resp Wp(u)) the
projection of V{resp Wy(u)) on B(Lo). We want to solve

P(V(Q) + W (u)) = 0. (3.1.27)
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First solve the approximate problem FoF(¢(p)+u) = 0. In this case we are
resticted to a finite part of the lattice N x Z and the proof is an application
of the implicit function theorem. We solve the approximate problem:

Po(P(W (@) +V(Q)(%)) =0 (3.1.28)
on a finite dimensional subspace B(Lg). We can decompose
@ = ¢(p) +,

where ¢(p) is the projection of % on the sites N = {(1.1),(1,—1)} and u has
support in (B(Lg), we then have :

BoW(¢(p) + ) + V() (¢(p) +u)) = 0 (3.1.29)

PoW( (p)+u)+ PV (Q)(p(p) +u) =0
W (8(p) +u) + FoV () (¢(p) + u) = 0

this is because PV (92 )(qS(p)) = 0. Let F} be
Fi((p, ), u) = PW((p) +u) + BV (Q)(u) =0 (3.1.30)
and differentiating (3.1.30) with respect to u we get
Fi((p, Q),u) = Vo(Q) + RW,((p, Q) u).

We have
Filp=0,Q=w,u=10)=0.

We linearize the solution about v = 0 and (p=0,Q = w;) to get
F{(p: 0,2 =wy,u=0)=Vo(w)
Now (w;); is (dg, Lo)-nonresonant so that

(7, k) € B(Lo \ N), [V(w1)((5, k), (5, k)| = do

and Vp(w;) is invertible; we can apply the Implicit Function Theorem to
obtain an approximate solution on B(Lg \ N) which we call ug. We want
now to find a neighborhood in which the solution lies. For this we use the
following lemma:
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42
Lemma 3.1.1 If|Q —wy] < %%, and |p| < m%éz; we have

lolloos < 57 i (31.31)
4]

Proof:
We have
PoW(é(p) + u) + Vo(Qu =0,

adding ~Vo{w;)u to each side,
~Vo(wi)u = PgW(}é(p) +u) + V{Qu — Volw)u
-—Vo(wl)u = poW(qﬁ(p) + u) + V(Q)u - Vo(u);}u
u = =Volwi) ™ [PoW(¢(p) + 1) + Vo(Q)u - Vo(wi)y]
so solutions of the approximate problem are fixed of the operator S defined by
S(u) = =Vo(w1) T PoW ($(p) + u) + Vo(Q)u — Volwi)u]. (3.1.32)

To get a neighborood in which the solution lies, we must find the conditions on p
and {3 which will ensure that this operator is a contraction. Let

S=51+85
where
Sy = ~Volw1) 1 PW (8(p) + u) and Sy(u) = —Vo(wy) [V (Q)u — Volw: )ul..
Sz is a diagonal operator; let { = (7, k)

L
w? - wik?

S, 1) = w? - QPR - {w? — wk?))

a6, KL GRS 107 = EIK
]

k2
< -d—lﬁ+wxi-lﬂ —wy |
]
2
< Llnelbog_,p
- dg

IS (@)]12,, = ey (L+ 1} e |(Sa) (D))
{

= ay (L+ [ el 3 S0, ()
{ £
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= oy (L+ I el s, na@)?
[

< (QmedlSio a3 (4 et ian?
!
< (Ciﬂn;_:x)%;sz wil)*llall
hence
C(Qmaz) L}

1S2(@)lloc.s € ——3—— 12 —wnlliillo.
Si{d) = *%(wl)_IPoW(ﬁ}.

Here —Vo{w;)™! is a diagonal operator which satisfies the property

1

[Volwr) ™M, ), (G RN < -, (3.1.33)

0

applied to the vector PoW (i), so as we proved for S we have

“Sl(ﬁ)ifao: “PGW({‘)H%:

-
Using now the lemma 2.1.2 and the fact that our nonlinearity is of at least order 3
we deduce that

H ( }”0033 < i Hags

and as @ = ¢{p) + ug we have

151l < SE16() + ol

”Sl(ﬂ)uac H < _22(“975( }i q,$ + ”uOHac,J)

We have the following restrictions [p| < '1?0"175%57' so using lemma (3.0.7) we have
w

3
liell < E—;‘%g. We have [{1 —uw| < %o& we impose an additional one |[uglloo,s < %

to prove that
1

=2 |lp|f* and [[Suolloss < 5

8CW

l1Suollos,s <

which will imply the statement in the lemma

IA

1
Cw . 2(llpll + luoll3,..)
0

4cwi(11pzz3 + (%:’—)%zpug)

SRl (3134

Hslu“ae.s

IA

IA

4Cw—llp§i (1+(
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G
Under the following restrictions on |p}] < ﬁggr which we introduce into (3.1.34)
W
we get

1 3 8CW
[Siulloas < 4Cw -1iplP(1+ (=3 Hm?c?))
L s, 8C%  db2
< 4CW3’{;HPH (1*‘_@8240‘1&,2))
< 40wl + B
< do''P 821CY,
CW 3 dg
< g lRIP + ).

Now if we have dg small enough then

3 CW 3
“Slu“i’o, = 24 d Hpi ag,8

And on the other term we had the following estimate

C(Qmaz)LE

2220010 — gl

“521‘“00,3 <
If we add now the fact that |} —wy| < %},— we can say that
o

C{Smas) L3 do .

Szl < =28

which implies that
C(Qmaz ) LE do 2.4Cw

[1S2uflg,s < 2 Zg? d llpll".
So for Ly large encugh we will have C(n‘;:’)l‘g zfél = C(Q';‘“} < %
and hence
1Sl < (5 + 3) 2 5IP
and
1510 < 222 pI°

and as |ipl] < ﬁ%&- we have also

3 1.8Cw, dl
274 Ueicr

l1Sllos.s < (5 ?
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. 3 1.8Cw d§
154l a‘sm(z 2) dy 165C6,
ds
ISelloo.s < 558
7ot = 165CY,
and for dy small enough we have

N 1
“53“0’0,3 S § .
which proves that the solution will lie in this neighborhood of the origin. We show
now that S is a contraction to prove that the fixed point lics in the ball Y of centre
0 and raduis 8% [|p{|3. Let

Blu = w1) 1= = Vo(w1) "MV (@) (uz = u1) = Vo(wr)) (w2 — u1)

1B(uz — u1)lloo,s [l = Volws) M V(Q) = Volwn) (2 ~ u1)lloo,s
1

In i

sup {=Vol(w1) T V(Q) — Volwr)]) (I, Dl vz — uilloo.s
te Lo\ :

< sup = Volwi) ML) sup [V(9) — Volwi)]( Dllluz = uilios,s
le Lo\ N lELo\N

< Lca.@

= &;go’ (Qmaz J(Q = wi)]Jluz — u1floq,s

= i‘!LgC(Qmax}f%nu? = Ui floo,s

e

So for Lg large enough

1
[|B(uz — u1)llag,s < -2"““2 ~ t1]log,s-

Let
Aluz = w) =V Hw)(Wo(d(p) + u2) = Wo(8(p) + u1)).

To apply the fixed point thecrem we need to show that S is a contraction from Y
to Y

[|A(uz = u1)]log,s EEVG_I(‘*"I)(WG(MP} + uz) — Wold(p) + willloo,s

< sup |~ Volwi)"HELDIWe(8(p) + uz) — Wold(p) + 11)llog,s
e Lo\N

IA

1 1
I / DW ($(p) + uz + 7(2 = u1)) (2 — 1) log.s
1

I

77 SUp [DuW(g(p) + w1 +7(uz ~ u1)(uz = u1)lloo,s
0 0<r<i
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< o sup IDLW(B(P) + s+ (s = )l lollus = valls
0 0<Lr<t
< S Cowll)+ huall + s = wal) o = walloes

dy

The C,p comes from the fact that we have replaced the operator DW by the poly-
nomial DW as in lemma 2.1.4,

C 8C 8C ‘

Az = w)llos: € =ZCow(llpll + ——{lpl® + 2. =122 w1 — vallogs-
do dy dy

We have assumed that the nonlinearity is a polynomial of order 3 at least and the

first derivative is of at least order 2 then fact that ||p|| < i‘s%%’-““ implies
w
24Cw
do
24Cw

11?1l ~ vallo,s

d8

Co
[A(uz = u)llos,s < d: CDW”?“E{I +
43

Cop 2 242

< KC‘DW{HQC‘%’) ( do (16203‘,) ) “ul —“2”60,3
Copdy 2443

s 164}::‘?{[ (1 + 164{:‘%; )“ul - ﬁf-’“o’a,:-

So for dy small enough we have
1
HA(u2 = wi)lle,s < 5llu1 = u2llo,s

[1S(uz) = S(ull < |A(u2 — ui)llos,s + [[Blua — wi)llog,s < lur = ualeg,s

hence § is a contraction. -0
Let ro = min( , we now define Ay as

d
11} YRy,
Mo = {(p,Q) € R? x R such that |p| < ro and |Q —w;] <o}  (3.1.35)

and the pg complex neighborhood of Ay, (AN, po) by:

(Mo, po) = {(p1, ) € C*xC where (p1, ) € No and \/ip =2+ = Qi |? < po}
(3.1.36)

We will for convenience take pg = rg and we have the following corollary:

Corollary 1 For (p, Q) € (Ng, po) we have the following estimate

Cw
Hollog,s < S”QO—HPHS ; (3.1.37)
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Proof:
As long as (p, Q) € (N, po) we have

dg
lpl <rot+po < =5 I (3.1.38)
and as well
|2 ~wi| <ro + <% __ (3.1.39)
“HSToT P S RI62CE, .
so we can use the lemma 3.1.1 to deduce that
luolloo,s € 8—!!9% (3.1.40)

We also define rewrite rg 1= LO 27 For any 7 greater than 2 we can take Lo
large enough such that rg := L ~". We now show sonie covariant properties
of the solution ug.

3.1.2 Properties of ug

Lemma 3.1.2 [98] The solution ug of (3.1.28) satisfics the following covari-
ant properties:

W (Toug) = TgWLﬁO)_
V{Quo(z) = V(Q)ug(z)

_(Uo) W (uo(z)) (3.1.41)
u0 ped ’u,g
uo (B, 2, z) = uo(p, Y (z*) (3.1.42)
uﬂ(}?;x ﬁ» fL‘) = uO(p) Qv l‘) (3143)
and furthermore
VIQ)Ts = T4V (Q). (3.1.44)
Proof:

The relation in (3.1.44) comes from the fact that V(Q) and Tj are diagonal. Let
u(j, k) be the lattice representation of a function U(z,£). Then ¢*%u(j, k) is the
lattice representation of U(z, & + 8):

Wz, €) = > ulj, k)e €y, (z)

j!k

Uz, £ +0) =D u(j, ke €0y, ()

ik
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Uz, +0) =) e u(j, k)e* ;i (z)
ik
weG = [ [ T T gz, €))dude

i 2
LW, k) = & / f 5(a)e g(i(a, £))drde

T i
/0 [ Br@)e <€ g(ii(z, €))dude.

We now make the following change of variables n = £ — 8 and we get

an In-8
W,k = [ / T gz, 0+ 0))dadn

2 2w -8 . — .
f f Wi (z)e™*g(Tou(z, n))dzdy
o J-s
and as the integrand is of period 27 in n we have

n plw . o
= f e g Ttz n))dsdn
= W(Tsu). (3.1.45)

Now going back to equation (3.1.29), ug satisfies

PoW ((p) + uo(p, ) + V(Q){d(p) + uo(p, Q) =0 (3.1.46)
Ty PoW (¢(p) + uo(p, 2)) + V{(Q){(p) + velp, Q) = 0 (3.1.47)
PeW(Tg qb(p) -+ Tgﬂg(?,m)) -+ Tg V(Q)(é(})) + Ug{p, Q}) = 0. (3‘1.48)

As V() is diagonal it commutes with Ty so
PoW(Ts¢(p) + Touo(p, ) + V() (Teé(p) + Touo(p, Q) =0 (3.1.49)
and as Ty¢(p) = ¢(Top)
PoW (8(Top) + Touolp, Q) + V{(Q)(¢(Top) + Toua(p, Q) = 0. (3.1.50)

The Implicit Function Theorem provides the uniqueness of the solution so we can
conclude that Thue(p, ) = ue(Tep, ) . Restarting again by 3.1.29 up satisfies

™ 2 —
/0 /0 ¥;(z)e* g (U + ¢(p)) (x, €)dzdf + V(Quo(j, k) = 0 (3.1.51)
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/Gx /0 i b;(z)e~*Eg (g + $(p))(z, €)dzde + V(Quol(s, k) = 0 (3.1.52)

fa ' L 9 (2)e* (@ + 82)) (2, E)dzd + Va5, B = 0. (3.1.53)
Now we evaluate i{p, )
©Wp, ) = Y ulp, N, k)p;{z)eik
ik
= 3 alp, ), k)ps(z)e~ ™
.k

= 2 Ep ), ~k)Ps ().

Gk

So 35, )4, k) = F(p, Q) (j, k) and 5(p, 0, 2) = u(p, 0, )

2w m—
f [ (@) s (@5l 20(e) + 6 )z, €)dzde + VIl D EI G F) =
e (3.1.54)

LA o P— g, P
[ [ i@t 0] + 60)e)) e, dadt + V(Do @G A) =0
v (3.1.55)

n  pdw ot e " .
fo /0 ¥j(z)e™ g (uolp, Q)(z)+4 (P} (2))(z, §)dzde+V (Q)uo(p, Q) (z*)(j, —k) = 0.
{3.1.56)
By the uniqueness of the Implicit Function Theorem we know that the only function
v that satisfies

4 an — _
; fg fa bi(z)e™*g(T + ¢(p)(2)) (=, §)dzdE + V(Q)v(j, k) = 0 (3.1.57)

or
L[ v+ o@) e dnde + v@oti-b =0 (3.158)

is uo(P, 2, 2) so we conclude that uo(p, &, z) = up(p, Q){(z") and we can as well
deduce another property of ug from (3.1.58):

" Iw e ——————
[0 [ %3 (2)e* g (uo(p, ) (@) +6(7) (2)) (z, £) dede +V (@) ae (7, ) (=) (G, —k) = 0

so if we change z — z* then

/ / 0;(2)e™ € g(aalp, D) + 6(5) (=) (x, g)dxd§+V(Q)ua(p,ﬂ)(x}(.?, ~k) =0
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//”w % g2l Q)(E] + 6(7) (2)) (=, E)dzde + V () ua(p, @) (G, ) =

=
_:)I
B
i
=
20
5
©
3

and as before we deduce that ug{p”

n plr
u{j,k):[g/a Wi (z)e *Eu(z, £)dzde

3 2#___ I
- [ / B (@) e €ulz, ) dzde = (T)(j, ~k)

50

(53]
il

> u(G Rywi(z)e ¢

= Z"" j —k)y (a)e ke

3.2 The Nash-Moser method
Our aim is to solve the problem
F(i)=PW(R)+V(Q)4) =0
Having solved the approximate problem
Po(P(W (1) +V(Q)(a)) =0 (3.2.59)

on a finite dimensional subspace B(Lg), we now construct a sequence un,
which will converge to u the solution of F(u) = 0.
Taylor’s formula states that:

F(¢(p)+untdu) = F(p(p)+un)+F ($(p)+un)but /0 1 F(¢(p)+un+Tdu)du.budr
(3.2.60)

we write
Up + U = Upyy (3.2.61)
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and we can then rewrite
1
F(¢(p)+tnt1) = F(O(0)+un)+F'($(p)+un)dut /O F'($(p)+un+76u)ubudr

our goal is how to prove that:

Jim F($(p) + ungr) = 0.

We denote the projection onto B{(L, \ N) by P, and by P the projection
onto [2(Nx Z\ N). Lo will be chosen very large to ensure that our algorithm
to construct the solution converges. We know that F'(u) = V(@) + DW (u)
which we have to invert at each iterative step of Newton’s method to get a
better approximate solution. As we just proved in the lemma 2.2.3 V(Q) is
a mapping from H?™7* to H%® so its inverse (whenever it exists) will be
from H* to H7™"*, We will have to choose the sequence v, carefully so
that ¢ — 3, 7= > 0. Before we start Newton’s method we already expect
some loss of decay at each stage of the iteration. We now start by a simple
lemmas ‘

Lemma 3.2.1 Let v > ( and denote by 11, the projection on L, then
1 = M) ullos < €775 [l (3.2.62)

Proof:
Since [ ((/ — IT,)u) = 0 then

I =Tl = 32 (W) ) e
2 La
D L+ ufly2e3letr-it
(01> Ln
= ) (LI Ju()Pedle il e= 2l
e~ 21k Z (l+lggz)aiu{l)|282(g+ﬂ|;1
(2L
e—z'vL..“uuz (32_53)

i

IA

IA

and

I — n)ullo,s < e""L"Huﬂa,!_%,,D (3.2.64)

-~ We now prove an estimate on F/(¢(p) + ug).
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Theorem 3.1 Let ug be the solution of the approzimate problem (3.1.28).
Then there exists £y such that we have the following estimate

|F($(p) + 10)|leg—2v0.s < Ilpl]%e0 (3.2.65)
Proof: :
Since
PoF(¢(p) +uo) =0
then '
HF(¢(p) + volllog-210s = (1= Pro)F(é(p) + vo}lloo-2v0.s

11~ Pro)(V{2){uo + ¢(p)) + W(d(p) + uo)llooo.s
V({1 is diagonal so
(1= Pro)(V(Q(uo + 6(p)) = (V1 = Pro){uo+ ¢(p)) =0 (3.2.66)

11 = Pro) W ($(p) + uo)lloo=r,s

i

17 (¢(p) + to)llsa-2v0.s

< e 1Ll ((p) + uo)lloo—ors
< el Cwllg(p) + uoll3,-r.s)
< e Cyw(llpll + 8Cw IIpII =)

e~V Lo ColIplP(1 + 8Cw HPH “)3 (3.2.87)

7Y

For Lg large, ro becomes very small, and as ||p|| € rp we can deduce

“F(ﬁi’(p}'{'uﬂ)”ao~2yo,s S [Ipllze""“z"’
| < lpl’eo- (3.2.68)

where £g = e~ %L and ¢ < 7. o
At each iterative step we want to get an estimate of the norm of
F($(p) + tnt1) which is of the form :

]lF(¢(P) + an-’rl)“an.s g €n+1HPH: (3'2*69)

where oy, is a sequence with a strictly positive lower bound (o, > % > 0 Vp)
and £, is a sequence converging towards zero as n tends to infinity. We will

proceed in two steps :
First we split the operator F into two parts

For1 F((p) + ung1) and (I = Poy1) F($(p) + tngr)
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and we want to get the estimates
1
1Prt 1 E((p) + tnti)llonss < 5Ensrllpll

(T = Py F(8() + sl < 5earallsl

where the sequence u,, converges so that its limit u satisfies:

F(é(p) + 1) = 0. (3.2.70)

Poi 1t F(9(p) 4+ tns1) = Pop1(F(S(p) + un) + F'(9(p) + un)du)
Pusa( [ F'(6(9) + va + 760) bu.budr)

(3.2.71)
We now decompose Ppy1 F(¢(p) + tny1) in two parts:
Fay1 F(¢(p) + tnt1) = Ant1 + Brg

where

{ Angr = n+1(§;(¢(p) + un) + F'(¢(p) + un)du) (3.2.72)

Bny1 = Pag1 [ F'(&(p) + tn + Téu)dududr.
The Nash-Moser method consists of finding du such that
{ Anti =0, - |
and support of 6u C Lpyy with Poyqdu = éu.

Now

Ant1 = Pap1 F($(p) + un) + Pop1 F'(6(p) + ta)bu (3.2.73)
and also

Ant1 = Pay1 F(3(p) + tin) + Pasr F'(6(p) + tn) Pay1du
because Ppyqdu = du. We take

§u = =(Poy1 F'($(p) + un) Pat1) " Papr (F(8(p) + un)). (3.2.74)
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and we need the restriction of the Hamiltonian H to L4

Hﬂ+l = Pn+1 Ff(gs(p) + un)Pn+l {32?5)

-

to be invertible. (3.2.74) can be rewritten as
bu = -H;,:IPMIF(gb(p) + Un) - {3.2.76)
and substituting (3.2.76) into (3.2.73) we have

Anti = Past(F($(0) + tn)) = (Past (F'(tn) Prst) (Pasr (F($(5) + n) Prgs) ™
Part (F($(p) + un)) ; (3.2.77)

30
A1 = Pay1(F(8(p) + ©a)) = Papr (F($(p) + un)) = 0.

We denote by G4y the inverse Hypy. We check now that at each iterat-
ive step all the conditions are fulfilled to invert the Hamiltonian and we
introduce now the following sequences

En
Ep = go
— B¢ F S T Xt
5?1 — Lﬂa =92 naLO

Tn = T

Ontl = On — 57n
which are used during the iteration. where Mn is defined by
My = ||ua + 6(0)|on- (3.2.78)
Taking the norm of (3.2.76)
H%ntillon—2va < HGnt1(un)llon=2ynl | Prt1 F (2n)lsp=27s (3-2.79)

Since || F(un + ¢(p))|lo, < €n]lp]] we want to prove that at the n + 1'* stage
we still have

1F (g1 + @) llons < Ensallpll (3.2.80)
The estimate on ||Gry1(un + ¢(2))lon~2vns

2
G (n + S llonez < % (3.2.81)
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that we use in the next equation is the object of the whole of chapter 3. We
use it here and provide the proof later.

unsillonzre € VP |1B Plus + 6(m)]
Atlilon=2Ya = d0§n+17n t " on
a5 || Pat F(un + $(@)| < [|P(tm + $(5))]| 50
2
Binsilloncans < g —zeallel (3.2.82

We have
Tn = 29 2 Ont

Mn+1 - Huﬂ+1 + é(p)llgnﬂ
Mn+1 < Hun + ¢(p)116n+1 + ”‘Suﬂ-Hho'nH
Mn+1 ﬁ Mn -+ H(Sunﬂl]gﬂ“. (3283)

We derive another estimate of M,

May1 € Mo+ 7 !pll 51:”?”
< Mo+ i HPHQ o6, 2e el
= d
< il + s%ﬁn u3+ Nl (3.2.84
where -
N= D Eéfiv—,%’ (3.2.85)
and we define the number Cs by
Cs= S%ZV—KO + N (3.2.86)
and we choose Lo very large such that
Carg < % (3.2.87)

We now have to prove an estimate on ||4nt1|lopy~2vmsrs

k11
where 2,41 = uo+ Z Upyy.
ro=(
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We note that the sequence o, — 27, is decreasing :
On41 ™ 27n+1 = Gp 5V — 27n+1
Tng1 ™ 27n+1 _Tpn Qﬂfn - 3n — Q'Yn-\\—l
Tngt ™ 27n+1 S Oy = 2')’n (32.88)

T

[luollog—2v0 + Z Héur'%lndwz—?’rw:
ra=0
llpl]?

VAN

2nt1 Hdn-;-x-z’?nﬂ

< Ugila, + e £ ,
= ” OH 0 2% §d05r+1(27r+ )2 71”?”
and so
IplP & &
L e < Ty
”R +1H‘7n+1 2"}’n+i o HuOH a2 + 4d 5"—{-1(73‘.{»1)
32] ip ! ok lne
< luollog-2v + “Adnon 570 zﬂ;} e
e-rc:anQeainLo.e ]n(l-}-r?}. {3289)
Since Lg large, 1 < k, and k" Ingg = —coLok”™, €¥ "% dominates the other
terms in the sum. Hence
Hun‘*"lHUn-{vl—?"ln-{-i < ]lp[12 (3°2'90)

And similarly as for Ly large enough the sum in (3.2.89) is convergent and
the condition of equation (3.2.87) is as well satisfied. We continue from
(3.2.84) to get

M, < 2||p|| Vn. (3.2.91)
Let .
Ry = | Pap1 F(#(p) + tnt1)llon=21a (3.2.92)
1
Ru = [|Porsl /G F($(p) + i + T6Unt1)8Un1.6Uns1d7) |l m2
< Sl[lp , HFﬂ(fﬁ(p) + Uy T Tgun{—l)éun-&-béun«}-lHan—?yn
r&l0,1
< 2‘{10?1} HF”(QS(P) + Uy + Téun-i-l)lldn*hn 'ngn-}-l”en—hn-l[(Sun+lnan~2'7n
< sup Cpullg(p) + un + Tfsunﬂ”an~2*:n=“5“n+1”§ﬂm2«;ﬂa

r€[0,1]
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where Cpv is the constant corresponding to the polynomial F”. Therefore
R, < C(HP” + Hunl[anm?% + H‘S’unH”an-?’vn ‘”}5“n+1“§n——2'y;{3-2-93)

We have the relation

| 2l
ﬂ e < ’-——0
[|Gra1(#(p) + tnt1}llon—29n < dobnirn
This implies that ,
&allpl|
£ On—2Yn S e T 2.94
tnsslenmzn < 25 2L (3299
Recalling (3.2.93) we deduce
enllpll® enllpll® 1o

A

| Pas1 F($(0) + tngt)lon29a < cmpuwpﬂ”doam(«fn) doGnt1 (Tn)

CUIAI+ 1l + Clpl (212

AN

As we want

| Past F(6(5) + tnsa)l] € semsa il

the following condition is needed

eallpll® .2 1
M”pH(doén-{»l('}'n)) S 2£n+l“p”

5‘?1 15 kn»}»lH
By S A€o
d§5§+1’}’§ 2

(n+1)2a_32(1+n2)2 < 18:@““

M||pll i

M||p|[°es*" 32

ok = 20
8,.{2-K}k" 52{n+1)a~1 7 2a 32 2In{147?)
Mi|pl|*eq 2 L™ — e <1

]

2
32 ML 616(2=Rk" nco 2ntta=1)in2 +2alnle < |

E

22 ]2 n '
%%_M%m 6mg=coLo(2-k)E" 2(n+1)a=1)In2 +2alnlo < (3.2.95)
For n large as 1 < k < 2 we have (2 - k)k™ > 2(n + 1)a — 1 and (3.2.95) is
satisfied. For n small the linear growth of Lo in —cgLg{2~k)&™ will dominate
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2aln Lg so choosing Lo very large (3.2.95) holds any n.
We now prove that

(I ~ Pay1) F(@(p) + tnt1)llon < 2€n+1l|pH

Applying now the formula on the residuum, we now want an estimatoe of the
form

CeLrrijpl] < Senallzll (3.2.96)
Let I = H(I Pn+1)F(¢{p) + u‘n+1)”6n+1
Ingi = ||(I = Pog)[V(Q) ttng1 + WI(S(D) + tnsr)llony

17 = Past)V(@Qttnss + (I = Past)W(9(8) + sl
(I = Pay1)W(d(p) + tns1)llons
7 = Pa)W (6(p) + vnt1) llon-s,
g™ Entimm) |y (8(p) + tnt1)llon=3vnt7m
B—Ln+1’¥n}|(W(¢(p) + tnt1)llon=-2va
e~ Lot Cly [16(p) + wnia |2, _3n)
Ce Loty lid(p) + un + Stnpt |3 _as,
CeErt1mCp (Il + Il -2 + 1601111, 3,
el Cip (llpIP + P11 + 15n 1112, -20,)
Ce~ et Coy([[p]1° + |[211® + |G (¢(B) + un) I3, —24
X || Pas1 F(6(p) + wa)lI3, 24

1Ealls

-Ln-l-l"!n 3 6 3
CembrrCop (ol + ol + 7 25 —elalf)

< Cemlmtimn| |3 (3.2.97)
and we now go back to (3.2.96) and require

I

VAN VANEE VNN VAN VAN VAN VAN

IA

IA

- 1
Ce™tm+ 2 |lpl| < Sensallpll (3.2.98)

We need: .
Cemanty 2 b =k Hhiney <
As 2 > k, 2™ grows quicker than k™*! and by choosing ¢ < % and Lo
large we have
oo 2n+1

Lo > ~lneo k™! = coLok™!
32L0(1+n2) > ~lneo coLo
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and (3.2.96) is satisfied.
We will denote §uny; by v, so that we can write

Un41 = Un -+ Uy (3299)
In Newton's method we find the "correction” v, such that
Pn+1<F(¢(p)+uﬁ(p, Qw x)+DF(¢(p)+uﬂ(px Q! x})”n(ps Q) x)) =0 (3'2'100)

Lemma 3.2.2 [10] The spectrum of DF(¢(Tep)+u(Typ, 1)) is independent
of .

Proof:
Ty F(8(p) + ulp, Q) = F(To(¢(p) + u(p. ) (3.2.101)

We differentiate (3.2.101) with respect to ¢(p) + u(p,?) and apply the chain rule
to the right hand side to get

Ty DF(¢(p) + u(p, Q) = DF(Ty(6(p) + u(p, 2)))Te (3.2.102)
Ty DF (¢(p) +ulp, W) Ty 1_ = DF(é(Tsp) + u(Top, Q)).

DF(é(p) + u(p,)) and DF(6(Typ) + u(Typ,2)) are unitarily equivalent. The
spectrum of an operator is independent of the basis in which it is written so
DF(¢(p) + u(p,Q)) and F(¢(Tsp) + u(Typ, ) have the same spectrum. o

Lemma 3.2.3 [10] The correction v,(p,§2) satisfies the property
Tovn(p, ) = v, (Typ, §2) (3.2.103)
Proof:
Poy1(F(8(p) + un(p, Q,z) + DF (¢(p) + ta(p, Q, z))un(p, 2, 2)) =0 (3.2.104)
We start by multiplying {3.2.104) by T} to get
Ty Pray1 (F((p) + un(p, Q 2) + DF (¢(p) + un(p, 2, 2))vn(p, Q, z)) = 0. (3.2.105)
Since Ty and P,4q commute
Pri(ToF(6(p) + unlp, @, 2) + To DF (¢(p) + ualp, Q. 7))vn(p, 0, z)) = 0
So we can use {3.2.102) to deduce that
Pni1(F(6(Top) + un(Top, Q, z) + DF($(Top) + un (Top, 2, 7)) Tovalp, @, 2)) = 0

and hence Tyva(p, 2, ) = v, (Tep, Q, z). A 0
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Lemma 3.2.4 The "correction” v, satisfies the following covariant prop-
erty:
fpeERXR and O € R we have v, € R

Proof:

Prii(F(6(p) + un(p, @ 2) + DF(4(p) + un(p, % 2))va(p, 2, 2)) =0 (3.2.106)

50
Praii V() (un + 6(p) + vn) + Pap1 W (un + 8(p) + vn)

+Pn+1V(Q}Un + Pn-i—IDW{Un + é(p) -+ Un)vn = 0.
At the site (j, k) € B(Zn41) we have

2w
(wj? - sz?)i’“n()» + VUn .32 / / 1‘!)} ‘kﬁ u" + v" + é( ))(f&‘:df

2 " pr——
+(w§-92k2)vn(j,k}+/o /o bi(@)e=*€ ¢! (U + 5 + S(p)) mdade = 0 (3.2.107)

and taking the conjugate of (3.2.107) we get

AT AR e e
{w§ = Pk [un (G, k) + vn ), K)] +/0 /0 Yi(z)e~* gy + Un + ¢(p))dedé

Ir  pw S —
HT TR A + [ [ G@e e (@ + 55+ 6lp) indade = 0.
o (3.2.108)

27 s PP,
@ - @GO + R + [ [ G+ T+ 5

n pw JP—
(! = Tk )un (G, K) + f / b3 ()™ g (Tn + Tn + 6(p))Tndzdé = 0. (3.2.100)
0 g

We now make the restriction € R and p € R so we can use (3.1.42),

un(J, k) = un(d, =), in, é(p) € R, - (3.2.110)

and introduce these relations into {3.2.109) to get

2
(w} ~ Q2% (un(j, k) + vaG, k / / Ui (2)e g + Tn + 6(p))dudt

2n S P
(2 ~ QYo G ) + fo /0 T @) (T + T + B(p))iedede = 0. (3.2.111)
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Since v, is unique we deduce that

V(G —k) = va (4, k). {3.2.112)
Now consider = € [0, 7]
Tz ) = Y vali k()™
C GkreNxZ
= Z ¥z Z (va (4, k)™ + va (4, —k)e™*¢)
JEN kez
= > i) > (vald, B)e™E + va (7, k)et*E) (3.2.113)
jelN kel

and since v, (j, —k) = va (7, k) and ¥;(z) is real when z is real we have v, € R for

real z. .0

Lemma 3.2.5 For (pg,Q0) € (Na, ) we have the following estimates on
Un

Jun 4 r3

oty < 2.114
”8 (P, )H nt1™2Ya+r TPni1 d0511+1’)‘}2;£n (32 )

dvy, 4 r3

a - < n 2.
” 19 (p! )HO’mH e D TPmit dg5u+1'y§€ (3 2 115)

and therefore there ezist constants Mj, M}, and Mjq such that

o0

S la(®, Wllanpi-2vas: < Mird <7d (3.2.116)
n=0
6un 1
Z H Han.;,l—%n.;,l < M}’pro < 57‘0 (3.2.117)
n=0
8vn 1 o
Z[ 3Q (p, Q2 [{O’n+1—2‘fa+1 < Mggrg < 5?’0 (3.2.118)

nz(

Proof:
Let {p1, 1) € Ny, denote R by R := p,. Take (po, ) € (Ny, B), Ci{resp C2) to
be the circle of center py( resp Q1) and radius R( resp R). 'The analytic dependence
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of v, with respect to the parameters helps us to derive the estimates on v, (p, Q)

using the Cauchy estimates.
Recalling (3.2.82) we have

lIpll?

”Uﬂuan—%a s d0§n+ zsﬂ”pii (32.119)

when (p; + Re'®, Q; + Re'¥) € (WMo, pn), and when p is on the circle Cy

lp—pil=R=pn (3.2.120)

50

b=y
=]

lp—pol=lp—pr+p—pol > lp—pl—Ip1 —po|] > R~ =7 (3.2.121)

and also when 2 € ¢,

|~ Q| > g (3.2.122)
Using the Cauchy integral formula we have : '
v(p, ) A
,Q f[ dpdQ 3.2.123
“’“ )= o ch e PP (@ =T%) " (32:129)
and we deduce the formula
dv —R2 g v(p1 + Re'®, Q; + Re'¥)

Q) = . ' : dédy (3.2.124
dp ap 70 ¢ / ./ (1 + Re'? — po)?(S1 + Re™¥ — Q) pav (' )
8 . Tl A u(py 4 ReP?, Q0 + Re)(j, k)

Gp o WG = g / f (s + Rer® — po)? (2 + Rew — 52 oY)

_ !f% /2” wpit BP0t RGE
%z (o1 + e — o) (h + Fe'? — o)

. wa /2« ( p1+Re‘¢ 2 +R8‘¢)(3:k}i dody
S 4 [Py + Re'® = pol?[C01 + Re¥ = Qo]

When p is on the circle Cy, |p — pol > & and when Q € Cp, | — Qo] > £ So we
have:

g 2n  pdw
oo, Q)R < W 2 [ o R0 R Rdndy

2r p2nm
R?r? / v{pr + Re'®, Q1 + Re™¥)(j, k)|dgduv.

VY
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Figure 3.1: The circle Cy of center py and radius R
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Applying Cauchy-Schwarz we get

8 ) 9 2w 2
520 WG KIP S () )" f | toor+ Re®, 00 4 R, gy

P

P
nnnnnnnn W/ / o(py + Re'®, Q1 + Re™)(j, k) [2dddy (3.2.125)

We are now able to get an estimate on the norm o

and using the estimate (3.2.125)

ssg—g}aﬁfsaﬁo)iiiﬁ < Z(Hifi"’)’ez”’ - [o(py + Re™, 0, + Re™)(j, )P dgdy
Vi 2
nnnnnn / [ Wﬁf + Re . Q 2, ,ddv (3.2.126)
1]

Asin (3.2.126) we can write

Ovn 2 .
”%(p’ Q:}llt}f‘m.%,]‘mw‘“fﬂ_,}.y 'ﬂ"

e +Rei¢,91 + ﬁmwmgwﬂW?,VWIMq‘;i(j)dg{b

(3.2.127)

and using (3.2.82) we get

Hin 2 16 5 9 ey e
15y Wl < Era g, 3% 12428

We now introduce the value of R = p,4; and get

Sy

H%(p, DMlonm=2vmss < (3.2.129)

y, ]
We define 1 = Poannritla—
P4 £0 EV) 2[‘"*&5"4“

Frgl

s [*&-2{3 22(31-{»1}(-0 -28-12}
64

AUy mam2f-2 (n41){~a—20-2}1n2

e e .

64 °
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Let us define

a") 4 327’ n o -
Sm :Z“ n(PO)QO)||an+1 = 2% 41,8 < S Z k'ncag-naln?

g 8}0 s 4d00‘0
ea!nLoezm(lw’)p;}H. (3.2.130)
Once again as k" Ingg = —cgLok™ and k > 1 so ¢*” e dominates the other terms

in the sum and we will prove that

1

§ =limSn < 1o (3.2.131)
m
4rde
5. < L L
"= ,;)Pn-&ldo'sn-&l’?rz;-pl
S ZG4TOLG+2§+2 (n+1)(a+28+2)In2 Y= 32 ek"!neo e—ncsln2 alnLg 82ln(1+n2)
= o 4doog
< 647‘0 32 i};a%-?ﬁ'f‘? mco{mk" —-na(nZ c:lnLq 2n(l+n’)5(n+l)(a+2;3+2)ln2
= po 4doog
647'0 32
— e I (3.2.132)
where Ty = Lg+2l3+ge—c(,bok"_e—-natn 2z puin Lg'eQ!n{l+n’)e{n+1}(a+2§+2)in?»

T will converge—to a number, say T. Hence we have the estimate:

avn 5121‘8
’;}” ¥;0n+1“27n+: S Tpodoa'o . (3.2.133)

Now rg = pg and for Ly very large we have
v 1
Zi n p) }Hau«m-gﬁnﬂ S 51‘04 (32134)
nxl
Similarly we derive estimate for the derivative with respect to §2, and

Hun 4 3

“ (9Q (p)Q)|‘0n+|‘2*fn+; S mmen, {32135)
hence
v 1
Z” ag p! ||an+l"‘27n+1 S 'Q-TU- (3.2136}
n=0
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Lemma 3.2.6 ug salisfies the following estimate

vl
||8auo(po, Dlog,s < Cﬁ (3.2.137)
Proof:
Here R = pg and (p, Q) € {No, po). From (3.1.37) we have
Hu(po, Q}||m,s £ Si—wré (3.2.138)
0

so as in (3.2.126) we get

16 2 ir . ;
18auo(po, Qo)llZ, s < / / l[u(pr+Re'?, Qu+Re™)|2, ,dédy (3.2.139)
o Jo

= 7ZR?
implying
[1Bauo(po, Q)I12, s < %Zgzxzsi—?rg (3.2.140)
and pp = rg s0 .
6ato(po, Dlleqs < €720 (3.2.141)
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Chapter 4

The inversion of the
Hamiltonian

We have constructed the solution of the P-equation provided that we have
a good estimate on G,41 (equation (3.2.81)) and in this chapter we provide
the proof of this result. ,

The Hamiltonian H can be written in the form H = V(Q) + DW(u). We
make the distinction between the sites ! at which |V(Q)({[,1})] > d, , (called
nonsingular sites) and the one at which they are small. Intuitively we can
see that, when v is very small, H(p, Q) is just a perturbation of V{({2) and
therefore on nonsingular regions the operator H(p, Q) will be easy to invert.
In this chapter we start by inverting the operators on nonsingular regions
and afterwards we proceed to the singular ones. Let us denote by ¢;(p, Q)
the eigenvalues of H(p,). In this chapter we invert H(p, Q) for values of
(p, Q) such that e;(p, Q) satisfies |e;(p, Q)| > én. In the next lemma we prove
that DW (u) is self-adjoint.

Lemma 4.0.7 [9] DW (u) is a self-adjoint operator

Proof:
Let

h = hipji(z)e*'é (4.0.1)

and 4 the function associated with the lattice vector u{j, k). We have:

e
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We denote by W(u) the vector

W(u)(s, & afhf ¥;(z)e ¥ g(i)dzde (4.0.3)

and D, W{u)(7,k)(j', k') is the partial derivative of W(u)(j, k) with refer to the
component {§', &),

2 T .
Dy W {(u)(5, k) (7, &) =/Q /O Wi(z)e~* i (z)e™* ¢ Dg(a)dzde. (4.0.4)

Indeed let | be defined by:
Wiu+h)(5, k) — W(u)(5, k) — DuW(u)h(j k)

t=jim A (4.0.5)
We have
(= Jim Wiu+h)(j, k) — W(ui(j,k} — D W ()R(j, k)
V 2 E ~ 1 ) ik’
. /0 /0 e-;xgmg(u + k) — g(u) -hDg(u)%;{z)e k fhdzd{;‘

-/ 2”/ T lim o ()‘“g(ﬁ ;,;;((;i;f? R g
[ [ i e SR =00 = Dolelh
_ /f ey ()€ i SR

hes

- « (4.0.6)

)= Dg(u)?tdzdg_

‘ca
e d
i

Now we prove that the operator DW{u) is self adjoint.

DWEGAGF) = | ) [ )6 ()€ Dg i) dadé

2n
B /0 /O'J’i(f)e‘“?/)j'( Je~*¢Dg(w)dzds

and as 1 is real on the real axis we get

2w
DW@G R F) = ] [ e kwj Te=ik'€ Do () dade
= DW{u){j', k)7, %) (4.0.7)



4.1. INVERSION OF THE LOCAL HAMILTONIAN ON SINGULAR REGIONST1

4.1 Inversion of the local Hamiltonian on singular
regions

4.1.1 The nonsingular case

The estimates of G4 where A is a nonsingular region are easily coinputed
using Neumann series:

Lemma 4.1.1 [8] Let A C N x Z be a nonsingular region, denote by G (resp
G 4) the inverse of H (resp Ha) then for ry small enough we have the follow-

ing estimate:
4

{4.1.
< (4.18)

HGA“ams

Proof:

Ga = (Va()+ Wile(p) +un))™
[(I+ Wa($(p) +un) Vi )Va]™!
Vil + Wé(é(ﬂ) +ua) V)
lz — Wi () + un) V1P, (4.1.9)

il

it

As DW is a polynomial of at least order 2 we get
IDWa(6(p) + un)lllon,s < Cowllé(p) +unll7, .-

A'is nonsingular, we have |V/(2)(j, k)(j, k)| > d = % for (j, k) € A, hence

Vet @, < \/_ ¥
From (4.1.9) we deduce the inequality:

G allows < NIV lowsll D [-DWa($(p) + ) Vi Pllos- (4.1.10)
P .

We must now prove that the serie (4.1.10) converges for rg small enough., We require
that
1 do

| = DWa(8(p) + un)llon.s < de; 2

however it is known that

| = DWa(¢(p) + un)llons < Cowe, ll(6(p) +un)llZ,,
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So and use {3.2.91} to require the condition:

Cowel9(p) + w2, . < T2 gl < %2

This will be satisfied for r¢ small enough (which means Lo large), then

5

L3 ]

H - DWA(é(p) + un)v‘a—lﬂama <
our series converges and the following bound follows:

2 1
“GAHC’M*’ S g;l .

i
Z

4
e [
”GA“O-R'” ..<.. dO

4.1.2 The singular case

Let S5 be a region containing only singular sites. We define the [;-
neighborhood of S, Cy:

Ci,=C(S)={z=(j,k) e Nx Z dist(z,S) < I,}.
In the case of case of Dirichlet boundary condition (u(0,t) = u(r,t) = 0)
the singular sites consist of isolated points but for other boundary problems
(for example periodic boundary condition »(0,t) = u(r,t)) they may consist
of bounded regions of the lattice. In this thesis we assume only that the
singular regions are bounded so the proof provided here is applicable to a
large variety of boundary problem.
Here the technique that we use relies on the fact the the sites [ = (4, k) at
which {V(Q)(,{)] is small are very far from each other making, the Neumann
series used to invert it convergent.
This chapter is about getting an upper bound on ||G, 4+1}|sn -2+, S0 We start
by getting an estimate on the matrix elements |Gg, (/1,/2)]:

Lemma 4.1.2 [§]

C o .
G, (L b)] < e nlhbl() 4 - 7)ol (4.1.11)

n
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Proof:
As in the Poschel lemma from [17] we will use a decomposition of the local Hamilto-

nian in block diagonal and off-diagonal parts :
He,, =Hp®Hs+Tsp (4.1.12)

where C;, = SU D, D is the nonsingular region around S in Cj,,. (4.1.13)

We use the following resolvent identities
GC;R =(Gs @ GD) - {Gs & GD)I‘S,DGC,n,

or

Gey, = (Gs ®Gp) —Ge, T's,0(Gs ® Gp). (4.1.14)

(The proof of these identities is provided in chapter 6 in (7.1.30).) These formulas
are combined to get :

Ge,, = (Gs®Gp)—(Gs®Gp)Ts,0(Gs®Gp) +(Gs@®Gp)ls,pGe,, (Gs ®Gp)
(4.1.15)

We will consider the 4 cases that can occur when [; and {; are in

Case 1. Iy, [, € 8

Case 2. L8 L g8

Case 3. 1; ¢ S ,l; € 5 this case is similar to case 2
Case 4. 1,1, ¢ 5.

Starting with Case 1

Let e; an eigenvalue of H¢, . We have the property that |e;(p, Q)] > & for

(p, ) € Mas1, (see the lemma 5.0.5 and equations (5.0.5) and (5.0.25} }, further-
more He, s self-adjoint so using the lemma 2.1.7 we have the inequality

[Ge,, (L, 12)] € 31; (4.1.16)
Let Cg be the constant
Co= sup (717121 4|1y = 17)/?)
ly,02€8
The property
1< Colem b1 4|l =L)"Y V1,1, e S (4.1.17)

then implies that

C - -
IGe, (hl2)] € -gge“’“”! Ll(] 4 |ty = L)~/

i3
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Case 2
{y and I3 are not in the same blocks

(Gs ® Gp)(li,12) = Gs(h,12) + Gp(ly, 1) =0,
applying (4.1.14) the relation
Ge, k)l =1 > Ge, (BT p(B, B2)Go (B, ). (4.1.18)
£1€5,02€D
follows. Now using in addition
He, =Hp®Hs+Tsp

we get an estimate on the norm of I'g p. T's p is given by:

Tsp = Hg, ~Hp®Hs

(PV(Q) + DPW(4(p) + u)) |ci, —(PV(2) + DPW(¢(p) + u)) Ip
—(PV(Q) + DPW(s(p) + u)) s -

Using the fact that V{{2) is diagonal we deduce
Tsp = DPW(8(p)+u))lc, ~DPW(d{p) +u) o
DPW(¢(p) +u) Is,
and thus
3[|[DPW (8(p) + w)ll,,s
3Cw.owll¢(p) +ullZ, .

Cw,owllpll*
2{lp. (4.1.19)

”PS‘D i iaﬂ.a

IA A IA A

D is a nonsingular domain so using (4.1.8) we have

4
“69”6%;,8 é go‘

and the following estimates are deduced:
4 .
Gp(z,y) < LU+l y?) o Remon byl

I'so(z,y) < ClIplP(L+ |z = y|?)~*/2emnl=msl,
 Now introducing (4.1.17) into {4.1.18),
Co_—gnti- -
o)l < 30 Lleonh=Bl(t s — gy )
p1€5,026D "

—s77 a4 4 B _ B
(1-}—[[31 __!32]2} [2g~cnlfs ﬂ"%(l'é‘};?z _5212} $/2g=0nlBa~1a]
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n L D Nk

® piespaeD
(1 + |81 — Ba|?) 2 2emnlPri=Pal (] 1 |g, — 15[2) /2= P2 tal

4
< Pl 3 el

Bi1€5, 860 .
(1+ I3 "511 )14 |G = B PR 4 |8y — 1|72

ii H "““""I >

B €8, 426D
(14— ﬁzlg)"n(l + 161 = BT + |82 ~ L1~ 2,

using the lemma 2.2.2 finally find

iGCsn(gls{?)i

IA

IA

C 4 - -
|Ge, (b, 2)] < 5—0HP||2§;€ alli=lal(] 4 )iy~ 1pf?) /2,
n

Case 3:The third case is similar to the second one.
Case 4:We now consider the fourth case, we use the formula on the weights and

(4.1.14).

Ge,, = (Gs®Gp)~(Gs®Gp)ls,p(Gs®CGp)
+(Gs® Gp)TspCe, (Gs®Gp)Tsp).

As ly and l; are in the same block D we have

(Gs & Gp)Ts,p(Gs ®Gp)(ln, )= Y. Gplh,f)Ts.p(B1,B2)Gp(B1, 1)
Bu.B26D

but I's p(F1,2) = 0 because §; and G are in the same block. This means that
(Gs @ Gp)Tsp(Gs & Gp)(l1,{2) = 0. The estimate on (Gs & Gp)(ly,12) can be
found by using (4.1.8) as D is a nonsingulat region.

We now establish the estimate on the third term. Let

2(l1,12) = (Gs ® Gp)Ts,pGe,, (Gs ® Gp)Ts,0)(11, 1), (4.1.20)
z(ly ) = > Gp(l1,81)Ts,0(61,82)Gc(B2, B3)T 5,0(Bs, Bs)
B1.84€D;05,0265
xGp(Ba,l2) (4.1.21)
[z(l1,1)] < 3 L emonln=Bil(1 4 [ty — B 7)ol

81.04€D:83,8265 0
(1 -+ iﬁl _182‘ } 3f2 ~d|fr—B2] CO<1+ iﬁ? "ﬁ3¥ ) 3f2e*¢n3,§;-;33{
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4
”9”2(1 + |8 — ﬁs}z}“sme—c”lﬁg'%l3‘0'8-6"“53'5’1

(14|85 = lp|)*/2
C
< é_e-vuihwlzl(l +, - 1212)-3/2

7%

hence we have shown that:

|Ge, (h, 1)) < Jge““»*‘i-‘ﬂ{l +h =L (4.1.22)

k]

4.2 The general case

Lemma 4.2.1 ! If Iy and I, are two distincts singular sites in L, \ Loy
then [l; - !2] 2 Zn.

. We have proved an estimate on G¢,_(I1,1s) for I}, 1y € C(S), we must extend
this estimate for any Iy, {3 in L, \ Ln-y. Let us denote by S, any singular
region. Here A = (B, \ N)\ (U;5;) is a nonsingular region surrounding the
S; and A’ = (B, \ N)\ (U;C(8;)) a region surrounding the ,-neighborhood
of singular region. We write the region L, in two ways :A U (U;S;) and
AU (U;C(S;5)).

Now we prove an estimate on |G(ly,15)| for any I},ly in L, \ Lp-y and we
deduce an estimate on [|Gni1llon—2yn,s: ‘

Lemma 4.2.2 [10] We have the following estimate of the Gnyy:

Gt llonmroms < B (4229
ntlilon=29n,8 > d?} 5n(2'7n)2. v hen
Proof:
H,, the local Hamiltonian can be written as:
Hyo=Hpa® Hs + Tas
or Hy=Hs @ Hs+T 45
where § = U;5;. Now as in (7.1.29), we have
" Ga41 =G4 ®U;Gs; - (G4 ©U;Gs,)TasCns1. (4.2.24)

. 'This lemma is proved in theorem 4.1
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and
G =Ga ® Uch(sj) —{(Ga ® chc(sj)}rAran.;.l. (42.25)

Now we put (4.2.24) into (4.2.25) to get:
Gap1 = Ga@®U;iGeisy = (Ga @ Uch(sj))[‘Aﬂs’[(G,q ®U;Gs,)
~(Ga ®Ust,)FAan+1}
= Gu ®U;Gcs;) — (Gar ®U;Gos;))TarsGa & U;Gs;,
+{Ga @ U_,‘Gc(gj})I‘A:gG,q ey UstjI‘,qan.,.l. {4.2.28)

In (4.2.26) we have a formula of the form:

Gn+1 = ﬁGn.H_ (4.2.27)
where
a=Ga B U;Ges)) — (Gar & Uch(gj))FAszA @& U;Gs;, {4.2.28)
and
8= (GA* 5] chc(gj))r,qtscg & Ung}.I‘As; (4,2.29}
so we have
(I- PG =a (4.2.30)
and formally
G = (I-fta
O
= ) fre. (4.2.31)
=0
Therefore
Gnt1 = Gar®U;jGos;) +(Ga @ U;Ges))Tars(Ga @ U;Gs;)
o5
Z{(G*’" S Uch(sj))f,q:S{GA & UjGSj)FAS})m (Gar® UjGC(S:‘} +
vzl

Ga ®UjGes)TarsGa ® U;Gs;).
Let define the matrices r, g and 5 as follows:

5= Ga ®U;Gesy)
r=(Ga ®U;Ge(s;)Lars(Ga @ U;Gs,)
§= {G-“' & UjGC(Sj))PA’S(GA 5] UjGSj}FAS)

gl l2) == ((Gar ® U;Ges,))Tars(Ga ®U;Gs; )T as)(ly, la). (4.2.32)
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We show that this geometric series converges; that is ||g(ly, 2)|lo..« < 1,

glli,l) = ) (CGa®UiGorsy)h, Bl ars(Bs, Ba)
B1.83.8s
(Ga ®U;G(S5)(B2, Bs) T as (Bs, 1) (4.2.33)

Here we have to consider 4 cases:

.’:1EC(S} or l'lEA;
£QESO7’12€A

We start by t, € C(S),1; € A;

Ge(s) has only terms in C(S) so 1 € C(S). Then 8; € 4’ and I'4:¢(sy has only
interactions terms between A’ and S so f; € A’. Now starting from the left, s
has only interactions terms between A and 5, as i3 € .1 we have f3 € A and
hence fA; € 5§ which contradicts the fact that § should be in A’ therefore the case
[, € C(S),1; € A is impossible.

Ly € C(8),1; € 5,

1 € C(S) = B2 € A’ and I'45 has only interactions terms s0 Iy € S = f3 € A.
B2 € A because of G4 and recalling the fact that A C A’ it is clear that the length
of the path taken from [; to !5 is longer than {, because € A’ and Iy € 5.

le(h, )l = | Y. Gesyll, Br)Tarcis)(Br, B2)Ga(Bz, B3)T as (85, 12))|
Bv.,82.8a
S Z ieﬂan“l—ﬁif(l o+ !31 __[3112}-3;*’2{}}3”%"0,\};91—;3,{
on
talntg?alg!

C
(L+ 18 = Baf*) /2 el M1+ 18 — o) ™2
e~ Fshal(1 4|85 — 1))~ /2
Let
B=1l=Bi|+ |6 — Bol + B2 — Bal + |Ba — 1) (4.2.34)
Here we have ) = 4 steps while § > I, and 8 > |} — I3| then

g Inh el ontTnvn )8

e~ On="1a)8 g1

e~ Tnln o= (@n=vn)l1 ~ta] {4.2.35)

A A

Using (4.2.35) we deduce

4
o)l < D Lottt 51y - gy
¢ fn B1.fa,8s

(L4181 = Bo|2) /(1 + B2 = Ba[) ™ * (1 + |8 — Lo|2) */?
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and recalling now lemma 2.2.2, we get

4
oty 1) < B%’Lg(ie-mng-(en-mm-eau(1+;31_52‘23..,;2_
4 n .
(4.2.36)

Now consider the case: [y € A’ and [, € 5

[, € A" and G4 has only terms in A’, so §; € A" and §; € C(S). Now fa € A as
{3 € § and T 45 has only interactions terms between A and 5. The length of the
path (which we will call 8) is greater than [, because [y ¢ A’ and [ € §:

lgltn, la)] = | Z Gar(l, B1)T arcisy(Br, B2)GalBz, B3)T as (B3, 12)]
81,8285

. 2

Z ie-an}h-—ﬁ;](l + ffl _ﬁ”Z}—'Sf?i?pH 8““?nml"99§
do d{}

81.83.0s

IA

. o
(1 -+ !ﬁl - ﬁgig}wsRLG-onlﬁz—ﬁaf(l + fﬁz _ 5312)-332 ”3 ”
dg I

dy
e=nB=03l(1 4 18, — B5]2) 012
and using lemma 2.2.2 we get
gl )] < Cllplftemmineton=mmi=hl(1 4 j1; — 1) =2, (4.2.37)

We consider now : [} € A" and [, € A.
This leads to 8y € A’ and f; € C(S), P53 € S. The path g > [, because !}, € A" and

Bse S

late i)l = | D Gally,B)Carc(s)(Br, B2)Gs (B2, B3)Tas(Bs, o)
B1.82.0s

< Z -;—oe"’““l'f"i(l + |l = BB |p||2em o 1P =Fal -
81,8283

7l

(14181 = o) */2Coe=onP27Pol(1 + 6 — fs[*) /2
. (fg

emor Pl (1 418y — ")~/
< We"’“‘“e”("““’“)“‘”m(1 + | =153, (4.2.38)
combining (4.2.36), (4.2.37) and (4.2.38) we deduce:
lal,12)] < 1'—{3})‘—4Qe'*ﬂ‘"e*““‘"’”"*““*0 + = b)), (4.2.39)

n

for any 1;,1;. We now use the estimates on the matrix elements of G4 to get an
estimate on the its norm; so we start by getting an estimate on the norm of ¢
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If
lal1Z,~2yn.s -—SHPZ L by = P e?ntamilt=tal g 1))

251

then, using (4.2.38) we continue and deduce

2 -~ - 1 p - e 4 A 1=
{[qngn_z,,m_, ﬁ S}ipZ(l“}‘ ill —Izl ) 2(6n ~2va )} fzié_z(iidit )2 2val ne Hon—ra)llr s}
(L4 L =5
< ng{iiiizi }2 ~2%nin supZe Fyalls ~13]
2 zl
pll* 2 —ayut, 80q
ﬁ 52( dg ) € S;‘ip (21?“}2
el 2 —2yarn 1
ﬁ 5—20( )26’ ) W (4240}
Hence
1 ii?!i .1
T — 2.
H‘?H " 2"}*3.3 < Cé dg '}n (4 41)
and if

lallZ =20 -SUPZ A A e TN AT

iz

the estimate (4.2.41) follows in the same fashion. To ensure the convergence of the
series {4.2.41) we require that

1

.}%e—mé <3 (4.2.42)
as ||pl| € Cro we impose the condition
51 ;‘;e*%‘n L ¢ % (4.2.43)
Replacing each sequence by its definition we get
ganpa é:i_ir}_e mz-w%ﬁ(w)ﬁ < 1
dc o 2
gnain2ta InLo'E(—é—er)InLog‘m2“n§LE e 2in—’§"§—” < 1

2
- o —nf g - 33(idn?
enaln 2+alnLge{—-4—2n)InLc‘e 3—2'(;_3-;5-)-2 L] ‘EZIn —-(T}-‘glni < 1.
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As
—am S0 _gensp=B gy, 211 _
(=4=27n)In Lo+naln2+aln Lo 32{1+n2)2 LgP+21n o +In2 — ~co

when n ~3 oo the inequality (4.2.43) will be satisfied for n large enough. For the
first steps of iteration we can choose Lg very large so that the condition (4.2.43) is
satisfied.

Grny1 = Ga ®U;iGes)) + (Ga ® UiGesTas(Ga ® UiCs, )
i (Ca ®U;Ges))Tars(Ga ® U;Gs; )T as))™ (Gar @ U;Ges)y +
gj ® U;Ges)TarsGa ®U;Gs;)
We now estimate [s{l;, &)}
s=GCa ®U;Ges,); (4.2.44)
ifly,1, € A’ then
Is(ly, 19)] < %(1 + = |33 2emonltal (4.2.45)

because A’ is a nonsingular region. And if Iy, € C(8)) then

Is(ly, 1)) < 39(1 Fll =) 2emenltimtal T (4.9.46)
i
i
”5“3"_2‘3 — Sup282(0,,*2%)%—1:}}3(‘:1,[2”2
iy f
then
Hs”in_z,yms - supze!(a“whn}iiwéz[ls([l312)!2
iy I
C
< S:‘?Z 5—(1 + Ill - 3212)-”8'2"’“’_131(1 + igl - 1222)362(6,‘—2}’?n1f1~‘:|'
RN i
< -C—supze“’%“*“‘ﬁ, (4.2.47)
- Jﬂ ‘3 {1
¢ C
Ty g e 2.4
”3“3-& 2%, S (5}7. (2,}‘“)2 (42 8)
And if
lIsl12,_5,, = sup Y _ eXon=2mmlli=tai|5(, 1))2 (4.2.49)
i

iz
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the estimate on 5 follows in the same fashion. Now consider r,

r(ll) = Y Galac(sy(Br, B2)Galbala). (4.2.50)
81,82

We will consider the four possibles cases:

1.hed l;e A
2.LedA el
3LeCE) heA
4 5L eCSYhes

Westart by 1: [ €A and b e A

= | 3 Galaces)(B1,82)Galfa, 1))

Ir(t1, 1)

IA

<

81,82

)D 2?;(1 +1l = Bu?) 7 e G P (L + (61— Bf?) 2

B1.82

e-adﬁx-ﬁ:[i@ + 1 — 12§2)—s;’2e-anlﬁz—lﬂ
dg
?’§ 2\~ 3/2 w0y =ia]
C-&-ﬁ(l‘-{-t{l—lg!) e EnitiTial
o

2: heAandlbhe 8

Ir(t, 82)]

IA

<

| Z GesyTare(s)(Br, B2)G alBa, 12}
1,82

> @(1 F il ~ By 24 2eonlis =61l Callp|P(1 + 161 — B2|?) /2
81,82 " do

e-onlﬁx-ﬁaldi(l + ’,32 - 2‘2I2}—3/28-au{§2‘—'£s{
]
Crg 1

D (Ll = et

3: L, eC(S) and iy € A:

(1, 12)]

IA

IA

Z Gar(l, B1)T acc(s) (1, B2)Gs (B2, i2)
81,083 '

4
Z — (1 - ,61*2)—3326—6”“1_ﬁI]Cg}H}}‘H?(l + 16 - ﬁ2§2}—5/26-0n!51~§91

B1.82 do
Co(l + |8z = o |2)~*/2¢0nlPa=1al

2
clo

F(+]h - I|?) /2= onlli-hal (4.2.51)
a
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4.1, € C(S) and L e §:
[, € C(S) so B € C(S) and f; € A'. However beginning from the left in (4.2.50)
we have 3 € 5 which contradicts f2 € 4’ s0

T(ll,lg) = {.
As we did in (4.2.48), we can conclude that for any [, and I,

2
C rg

[r{l1,2)] < 5—"'302‘(1 | Y A I ]

2
Ta C
HT“U«-?&.S S d(% 67;{2’}’8)2.

Using (4.2.41), (4.2.48) and (4.2.51) we are now able to get an estimate on Gayg

o0
“Gn-HHon—hn,s < Isllon=2va,s + Hrlloe2vya,s + H?'“onﬂhma Z ¥¥Q¥}?n-z7n.,'
m=1

1
HGn+1Hon-2‘vms < I8l pm2yn,s + “7‘”0,‘—2%,3 + “7‘”0.“2%,81":'}7
3

2 C

[1Gasillon—2va,s < 25 (4.2.52)

We have assumed that the sites iy, /3 € Lns1 \ Ln such that [V(Q)(, /)| < ds
were such that |I; —Iy| > [, to ensure the convergence of the Neumann series.
Now we provide the proof:

Theorem 4.1 [9] The Singular sites are well separated if Lo 1s large
enough.
Let z = (3,k) and 2’ = (§', k') two singular sites in By \ By, then

|z — 2| > 2np1 (Inpr = L5,) : (4.2.53)

The point of the lemma is to show that the sites where |V (Q2)(7, k) (7, k)| < d;
are very far from each other. This property will help us to get an estimate
of the inverse of the local Hamiltonians.

Proof:

We proceed in two steps. We first prove that singular sites are well separated for
n < Ng a constant that we define later in the proof.

Assume that |z ~ 2] < 2l,4,. We will prove that if Ly is large enough and 4 small
enough we have a contradiction.

Let x == {4, k) singular in Bny1 \ Bn, { 50 [2] > Lo) and we have

W? - K207 < d,
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—d, < —w}+ FQ? < d,
~d, +w? < KQF < d, + W}
~dy + 77 + 0" +d(j) < KQP < ds + 71 + 0" + d(5). (4.2.54)

We have here used the asymptotics of w_ff given in [9]. The sequence d(j) satisfies
S 1d{5)|? < oo hence |d(j)} is bounded and there exists an M such that for j > M

Fi
we have

%jz < —dy 4+ 72 0" +d(5) < K2 < dy + K240t +d(5) < 252 (4.2.55)
and thus 1
5;'3 < k0P <252 ‘ (4.2.56)

‘We have also
E2Q% < d, + 5 4 0" + d(j)

and so
K Qhn < KQP <dy + 57 +0" + d()) (4.2.57)
1 92 12
K< o (di + 52+ v" +d() < g (4.2.58)

min ”In

so that whenever z is singular |k| < ¢[Qmin, M). If we choose now
LQ 2 M+C{Qmin;M) 2 i.?i + g*{"f;

we are sure that if = is singular in B,41 \ B, then |k] > M. If this was not the case
then we would have had |z| < Lg which contradicts the fact that z € Bnyy \ Ba.
Recalling now (4.2.58) we have

. . 2 .

Lo < il + 1K < K| < 7]+ \f 1]
Lo < (14 /=2l
"= Qmin J

Ln < c(Qmin)lsl.
And we conclude that {§] > ML, whenever z is singular where M, = c(ﬂ,lm-“

Similarly using (4.2.56) we can see that |j| < V2Qunac|k|, hence L < c(Qmaz)lk]|
so there exists My such that whenever z is singular

k] > MyLn. (4.2.59)

For the Dirichlet problem we have

g =91 < S (G 2 1) see 9], (4.2.60)
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z isin Bpy1 \ By singular then [Q%k? — w?| < d,
) ds
O -l <

and !
5t <wp <257

so when k, &' > 0 we have

,[kg-f-ij:kQ-}'Wj 2 kain+

v

inf($min,

-5l

v

C(Qmin s ’\';,»——E)

4
IkQ 4 wﬂ
d,

[kQ —wj| <

T wk]

Ik + inf(@
inf (@i, 7-)(!3! + Ikl)

(151 + 1k

C{Qmim é‘z‘)(b[ + lk')

4
C(Qmin> 71‘2‘}143 ’

(k=K = (=5 = [(kQ~w;) = (K Q=wp)+(
< (k2= wy) - (k'Q wir)| + (wj — 5) -

(Qmm)
s % Ln L,,
C

Ly

74N

Now we consider the case &, &' <0
(k202 —-wff < d,
[RSY = wi | JEQ + wy| < d

| — kSY 4+ w;] |RQ + wj] < dy

wj —wje) =

85

(4.2.61)

=)l
mm;ﬁ 1

(4.2.62)

(4.2.63)

G-l
(wse = 7)1

+ 2 using (4.2.63) and (4.2.60)
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d
=G . S A—
and —k is positive so
[EQ +wj| < 4 (4.2.64)

ﬁ'(Qms'n’ :}5}1;” )

We now evaluate

(k=kNQ+ (G =) = [(kQ+w;) — (KQ+wi) + (~w;j +w;e) + (7= 1)
< (RS2 +wy) - (k9+% N+ = wj) + (w0 - 7))
< 2 (Ln n) 2;:—— using (4.2.60) and (4.2.64)
C
S I
k=K== 2 (k=K = (=)= G- INQ=w]l =

If k& and &’ are of different sign they are necesserely separated;

this can be shown as for Ly large enough, recalling (4.2.56} we have :
%jz < E2Q% <252 (4.2.65)
hence
j? S QQZ’k?
5] € V2naz 4|
and as
Ln <151+ [k < (14 V2maz) K]
1

k| > e [ 4.2.66

{ i— (1+\¢‘/§ch2) § ( )
Now we want to get the estimate

1

—Ln > a1 = 2(2L,)° (4.2.67)

C
where C = 1 + vV2{nqz, which is equivalent to
L, >C22°1F
Ly P > 2t
We will take 8 < 3 so

L > /I, > CottE > 2P +!
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and

VIn2VIo> C2?
Vie>C2

and thus L
e =k = k| + K] > 2-6,'1 > dlngg. {4.2.68)

This condition is fulfilled for Ly large enough and so
L8> /L, > Lg > C2% > C2tHE > ¢.27H!

and 4.2.87 is satisfied.

We decide to choose Ny = [%ﬁ} where [ ] denotes the integer part of a real number
AUnger = 2(2NF1Lg)?
< 29927 Lo)?
< gftignlolnzpf
< 2§+1L§+3n 2
< Ly (4.2.69)

for #small and 8+ 1n2 < 1 and 20, < Le.
. We have assumed the following non-resonant condition

dg . .
W for (7,&) # (0,0} and {5} + [k < L¢ | (4.2.70)

so as long as 2,41 € Lo we have

[jwi — k| >

7= 3"+ k= k] < 2ng1 < Lo

k=K =G =7 > (k=K = (k= k)| = (G = 7')/Q — w1 4.2.71)
>

d ,
A )

dg )
2 W—l(k—&}{ﬂ*“l“ (T{}>O)
As [k = K] < 2nyt
"ik"kgl 2 —2n 41
=k = K'[](Q = w1} > ~2n 41 [(2 = w1)]
and
‘ ' dO
(k= k)R = (k= k) > 72— 20 = )]

(2n41)
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We want 2ln 41 [(Q —uwy)| < W ie

1 d
(2 —wi)l <

[ ————
Aoy ()™
as AUnpy < Lo, L—lo- < 55—:—;—; We will require

1 d

Q= wi] <
which is the case for 7o = 1 and d, = £ and we have the estimate

IR
=k =(G—7) > bt (4.2.73)
= 2(2Unga)7
We then have the following inequality

1_ ds ' . C
s, Sk KR =0-< - (4.2.74)

1o g
P S

1 1
22 Tan£;o§ il

i< §

LiAme < amet2 2 (4.2.75)

this leads us to the condition:

c

1—fgr
Ln+l ’

(4.2.76)

dp < gret?

and we choose dy = —m = L()'O'S and for £ small, 1— 87 > 0.8 and Ly large enough
Vis < 2 5

97e+2 C
L% > S > —_— (4.2.77)
L8R5 ST LT
and we have a contradiction. Hence The singular sites are well separated for n < Ng.
For larger values of n we will require some restrictions on 2. We denote by

I} = [wy — ro,wy + ro}, we have the lemma:



4.2: THE GENERAL CASE _‘ 89

Lemma 4.2.3 Let ] be

. d .
I={Qeh,lk-j< GIF ™ for lp <|jl + |kl < 4lny1} (4.2.78)
then 0d
Meas I < 1613,“?; (4.2.79)
Proof:

Let (j, k) be a site such that [, < |jl+ k] < 4l,41 and Q4 and §); two reals numbers
in 7, and such that
VCQl - _}% < m and ikgg ‘“‘}! < W%W We then have

d d
G+ R0 =7 7 = W+
and J 4
B TR Y LY I B
T+ 16D =77 77 = i+ 1A
So adding the two inequalities we get
d d
PSS S £ 9 PSS 9 FR Y g S —
e < 0 = 0% < 2y
(9 = QK| < 2t
N T TG
2d -
[E T § 1Y IR ————
192 =l < g

We can suppose that [k} > 1 because:
ifk=0,00-j < mffW is impossible for d < 1 (this condition is required for

(7,k) # (0,0) ), and as {, < |j]+ |k] we have

Qy— | < ?g 4.2.80
&

There are at most 1612, sites that satisfy I, < [7]+ k] < 4l s0

Meas I < 16t§+1§§ (4.2.81)

We define the set A\, by

N = MO\ {Q € Mo [kQ = 5| <d(j]+ 1K])™75 In < [5] + 1] < dlngr} (4.2.82)
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For 2 € N,E:_)l we have
d
Q- j| 2 e
=2 Ty
We can now continue the proof of the separation of sites for values such that n >

Ng + 1.
If {yg41 < Ij| + |k| < 4lnyy then from the left expression of (4.2.71) we get:

d

2 — hen { < b=k +]i—5] < dlpys.
SUE=F[+15 =41 when Ing41 < [+17=7"] < 4l

|(k~ &= (-7

We now derive an inequality like (4.2.75) where 7 replaces 75 and we choose again
d=d, = %‘l but 7 > 0 is now very large with the condition 1 — A7 > 0.8 we have

again a contradiction:

d &
L k- K== < (4.2.83)
ST I,
but
21’;\164.1 < Ly (4284)
% d 1 c
—_< 4.2.85
I5 = Blver)” = 7'l (4.2.85)
then as nL
No = [229 (4.2.86)
B
we have .
1 1
STt < —L'“ 73 {4.2.87)
o
hence J c
e o e © (4.2.88
LD - Lg‘ 2!’5‘[10 ( }
and by choosing again d = d, = $ L7 %% and @ very small so that
r—In2/f-1<~1 (4.2.89)
we have a contradiction.
if
0 <[k =K+ [i=J1<Ingsr Slwgr < Lo (4.2.90)
then going back to (4.2.72) we get
¢ , . ds
1Qk-K) =G == (4.2.91)

(2nge1)
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hence
1 d, 1 d . C
- - H — kt Q — o # < — <
MR FICTER Ik —K)2- (=7 < ;- <
and
1 d, < - C
2 (LQ)TO = 2o+l ],
thus oL
0
do < NI T,
CLy®
do < oInLo/B [,
and since my = 1 we have c
b < 375
Lgﬂ /8

c
2N+ L,

91

(4.2.92)

(4.2.93)

(4.2.94)

(4.2.95)

(4.2.96)

s0 for dg = L(}'o's, 8 < 0.5 and Lo large we have a contradiction; hence we conclude

that:
il‘ - :c'§ S 2!34.1. 0

(4.2.97)
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Chapter 5

The extraction of parameters

To invert the locals Hamiltonians He gy at each iterative stage we needed to
extract from My the values of parametetrs (p, Q) such that |e;{p, )| < §,. In
this chapter we prove that we have not excised all the values of (p, Q) € M.
Most of the lemmas we enunciate here were originated in the paper [9] here
we prove that they still hold using the norm spaces H™7,

The excised set

Let us denote by e;(p, () the eigenvalues of Hg(s). We have the following
lemma.:

Lemma 5.0.4 [9] For (p,§)) € Ny each eigenvalue e;(p, Q) is strictly mono-
tone decreasing in Ref).

Proof:

We denote by (, ) the {?{Nx Z) inner product. For S a singular region S C B,,41\Bn
every singular site z = (j, k) € S satisfies |k| > 2M3L, with M3 = M;, M, is the
constant introduced in (4.2.59). The radius of C(S) is ln41 € L, then we have
[k| > M3 Ly also for z € C(S). The Hamiltonian H¢(s) is monotone in Ref2:

Let € be real, then

Hes)y(p, S ua) = VI(Q) + DuW(6(p) + ua) les) (5.0.1)
80
8 Hes)(p, Qi un) = 0aV(R) losy +DIW (6(p) + un)(daua) losy  (5.0.2)

and for every

z={j,k) € C(S), so k| > M3Lln

93
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8aV (D) ic(s} {z,y) = -—29&25(2,9} < —QQm,‘nM:?Lié(z,y} (>0). (503
The second term in (5.0.2) has a norm bounded by
| DW ((p) + un)(Barn, wlloa/2,s < ellGattnllossz,:ltlloosz,s (5.0.4)

dntyn is bounded using the Cauchy estimates whereas u, is bounded in norm by #.
Let denote by #;, the normalized eigenfunctions ((¢:, %) = 1) of Hersy. Hes) is
self-adjoint so its eigenvalues e;{p, 2} are reals and satisfy the relation

ei(p, ) = (i, Heesybi). (5.0.5)
We now show that dne;(p, Q) <0
Onei(p, ) = (i, 0n[He(syil) + (Oni, Hesydi)
(i, 0aHesy¥:) + (s, Hes)0adi) + (Oni, Hes)di)
(¥i, OnHesy¥:) + (Hegs)yvi, Oavs) + (Onti, eits)
(i, OaHe sy} + ei{wi, Oas) + ei(Oabi, ¥i)
(i, OnHesy¥) + eil{, Favs) + (Oavi, ¥i}).

{(¥:,¥i) = 1 and we differentiate with respect to Q so
(Oathi, i) + (i, Oati) = 0,

it

it

i

and then

Faei(p, Q) = (i, OaHesyb:). {5.0.6)

Oaei(p, Q) = (¥i,(8aV(Q) + DIW(6(p) + un)(Baun)wi)
and now using (5.0.2)
Baei(p, ) = (i, 0V (Q)) + (i, DIW((p) + un)(Baun)ws)
Vand using (5.0.3)

Onei(p, Q) < =2Qnin MELE(%:, %) +
(i, DIW ($(p) + un)(Baun)ts) (5.0.7)
< =2Qmin MFLE + (i, DLW (6(p) + un)(Brtin) i)
< =2nin MELE + |[%illo,ol| DEW (8(p) + un)Batintilloo
< =2Qmin M3 LE + [|DIW (8(p) + un)dauntillo,o

Now using the lemma 2.1.6
CopCpaw
1 —g90/2

CopCDQW
] — g%0/2 !

Baei(p.Q) < —2minMILL + IDEW (#(p) + n)Batinllog/z,sll%illo,o

S -EQminM:?L% + W{‘ﬁ{?) + uﬂ)ndog’&siiaﬂun”eo{‘?,r
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We know that

llua (P, Wlioosa.s < Il (5.0.8)
and we now define the following numbers
M = Sup “un(P:Qmao;z (509)
(pxﬂ)eMﬂ N

My = sup ||Gptn(p, )loor2 (5.0.10)

(p.)ENA
Mo = sup ||8aun(p, Dllos/2 (5.0.11)

(P.R)EN,

using lemma 3.2.5 and 3.2.6 we can say that for rg small enough M’, M, W <2
hence :

C,.C
~Onei(p, ) > 2Qm=’nM§Li - MHQ?;WM(P) + "-‘nmvc/&s”aﬁuﬂ”003’2.:

1 — goo/2
> WminM3L7; ~ C(DIW, 00, 5)M Mg|ipl]
> QuminMZLL for rg small enough. O (5.0.12)

We define the sets Z; by
Z; ={(p,Q2) € No, e(p,Q) =0} (5.0.13)

We have proved that for fixed p the e;(p, ) are monotone decreasing in {2
so for each p there is at most one ; hence Z; defines a surface (p, Qi(p)).
Furthermore since lemma 3.2.2 the spectrum of H is invariant under T hence
the sets Z; are also invariant under Ty,

It is important to locate the values of (p,§2) for which |e;(p, ©2)| is small and
then excise them at each iterative stage so that the remaining parameters
satisfy |ei(p, )| > é,. We now have the lemma:

Lemma 5.0.5 [9] Let e;(p, 1) be an eigenvalue of Heysy such that
le:(p, Q)| < 28,41 then there ezisis g with

é
2~ 2l < C57 (5.0.14)

T

such that e;(p, Q) = 0.

The point of this lemma is to show that small eigenvalues of Hc(s)' lie in
small neighborhoods of the set Z;:

Proof:

By the Fatou lemma we have

0

e(p, ) —e(p, Q) :/a ~Jnei(p,w)dw. (5.0.15)
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We take now a small positive eigenvalue ¢;(p, ;)
0 <ei(p, ) < 20041 (5.0.16)
then by substract{ng ei(p, ) from (5.0.16) we obtain
20041 —€i(p, Q) > eip, ) —€i(p. Q)
using now Fatou’s Lemma we obtain

a
2n41 —ei(p, ) 2 /“‘3n€i(P,w)dw
o

> (2= ) Qnin MELE using (5.0.12).
Then
Wns1 — € (2, Q) > Qmin MELE(Q - Q) (5.0.17)

and
Ci(p, Q) < 2§n+1 - QmmM;’?L?;(Q - Ql) (5018)

This shows that when {2 increases, the second term in the right hand side of (5.0.18)
becomes very large and thus the right hand side of 5.0.18 vanishes for a value, say
{2.. This implies that e;{(p, ) will vanish for a value Oy close to Q.

0= 20n41 = Qmin MELE(QW ~ Q) (5.0.19)

and ; <y < Q. because for p fixed e;(p, ?) is decreasing in 2, and from (5.0.19)
we have

25n+1
Qo —Q = 2t 5.0.20
YT Qin MELZ (50-20)
then 0
- =Q -0 < Q- = ntl (5.0.21)

Qnin MZLE"
If now e;(p,€2;) is a negative small eigenvalue

—28n41 < ei(p, 1) <0

then 28,41 > —eilp, ;) > 0.

2é.n+l +€{(p,Q) 2 ei(pr)—ei(P)Ql)
O,
> f ~nei(p, Qldw
Iy
> (U~ Q) QminMELE

8,'('[), Q) > (Ql - Q)QmmMszLi - 2(51;4.1
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and similarly, for some value (5 < 3y, &;{p, ) will vanish. Once again we have

257&-{»1

G MILE (5.0.22)

Q2 — ] <

and 5.0.14 is deduced. = We can conclude that the values of (p, 2} which
provide small eigenvalues lie in a neighborhood of width Cé,y1/L% of the
surface Z;.
The number of singular regions in Bpy; \ B, is bounded by L2, . For each
singular region we excise a neighborood of width Cd,41/L2 of all zero sets
Z;. There are at most 2 eigenvalues for S, at most 4l§+1 for Ct,,,,, because
the radius of C(S) is I,4; and each of these neighborhood is invariant under
Ty. Thus the total measure excised of M is bounded by

Liﬂf?iH (5n+1/zf§)7”'§~ | (5.0.23)

MNp41 is then inductively defined by the parameters that remain after extract-
ing the singular and almost singular eigenvalues from the local Hamiltonian
at the n + 1** stage and the values of Q so that our singular sites are separ-
ated.

As 6, = LZ% the excised region is inversely proportional to « and a choice
of a large value of & will allow the sum of all the excised regions to be less
than ro (Increasing the value of @ means increasing of tolerance to the small
eigenvalues.)

The subset of A, obtained by excising the neighborhood of Z; is called N,,Ei)l.

For (p, ) € NE‘SI we have:
lei(p, )] > 2én41. (5.0.24)

We define M, by: ,
Npyy = N8 n A (5.0.25)

We want to extend the estimate in (5.0.24) to the p,4+; complex neighbor-
hood of My, (Mat1,Pne1). We have the following lemma:

Lemma 5.0.6 [9] For (p,Q) € (Mpy1, pns1) we have |e;(p, )| > 41

Proof:
Let (p, Q) € (Nng1,Pn+1), then there exists (py, 1) € Nnyq such that

VIP=p1P+ Q= Q1 < posr. . (5.0.26)
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We show that when (p, Q) € (Ma41, pnt1) then

On
“HC(S)(P‘:Q: “n) - HC(S)(PI,leun)”O S M (5.027)
n+

and thus for [§| < dn41, Hogsy(p, ©, un) — €1 is invertible using the Neumann series.
[[Hes)y(p, 2, un) — Hegsy (1, S, un)llo S V() sy = VIQi)es)llo

HIDuW ($(p) + un) — DuW(é(p1) + us)llo

sup 3 [V(Q)es) = V{)es) (i, )]

i

V(e = V(e

[

sup WV{Q)crs) — V()eos)(h, i)l

sup [(Q%? —w) — (@14 — )| (= (5,4))

9

i

< (- 00k
< 2 -aljk?
<6 - )6+ QdLﬁH
< pn-}—lG(Qma::)Li.;,y (5.0.28)
Taylor formula states
1
fe+hyt B = fe) = [ fa+rhy+ )b dr (5.0.29)
0

Let § := D W(p(p) + un) — DuW(o(p1) + tn)

1
§ = /DQW(%(m+?”(P—P1},Q1+1’(Q-Q1))3pf£n(331+?’(P—Px)391
)]

+7(Q = Q) p— p1) + D*W(un((pr + 7(p ~ p1), U + 7(2 — Q)
Baun((p1 + 7(p ~ 1), Q1 + T{Q = Q))(Q = U )dr.

Taking the norm of § we get

61,5 sup |[D*W (ua(py + 7(p ~ 1}, 01 4 7(Q = 21))Gun(p1 + 7(p = p1),

r€[0,1]
+7(Q = Q))(p — pi)llo,s + [ID*W (un((p1 + (0 — p1), 1 + 7(2— )
Faual((py + r(p — p1), 1 + 7(2 = Q1)) = Qi)lfo,s

. 1D*W (un(p1 4+ 7(p = p1), U + 7(Q2 = Q))os||Gpun(pr + 7(p — p1),
r£{0,

Q4+ 7(Q =) -l

In

IN
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+HD*W (un((p1 + 7(p—p1), 1 + 7(Q = Q)0
x|10aun((pr + 7{p — p1), Qa + 7{Q = Q1)) {2 ~ Q)flo,s

< s?p ID*W (unlpy + m{p — p1), Q1 + 7{Q2 = Q2 ))o.sl|8punlpr + T(p ~ p1),
7£{0,1

Q + 7(Q — Q))llos[p = prl +{ID*W ual(p1 + 7(p — p1), Q1 + T(Q = Q)] lo.s
x|[0aun((pr + (2 = p1), Q1 + (2 = Q1))lo.s |2 — 2y

S}ZPICDQWHun(Pl + 7(p = p1), 0 + 7(Q2 = Q)llo,s]|Gpun(pr + 7(p — p1),
TE

Q1+ (2 = QWMlo,spns1 + Coaw lua((pr +7(p — 21}, 4 + 7{0 = Q1) }o,s
x||0nun{pr + 7(p — p1), Q1 + 7(Q = Q1))lo,s8n41

I

and as p; + 7(p — p1) € (Mas1, Pny1) we call My the supremum of the sequence u,
when (p, () € Moy and M3 the supremum of ua (7, Q) € (NMag1, pat1).

[l6llo,s < sup Cpaw MaMzpayi + sup Cpaw MaMapayy
reln,1] rE[0,1]
< 2Cprw MsMapayy.
So we can now say that

IIHC(S}(p;Q:Bn) - HC(S}(prl; un)”D < pn+lc(ﬂmar)[fi+1 + 2Cpaw MaMapnyy.

We want this quantity to be less than %gﬁ& so we require that
o |

‘Sn+1
pﬁ+IC(Qm°3}L +1 = o 3212
and 5
2CD=WM4M2pn+1 € ntl
32%,,
and we choose Lg large so that My, M; < 1. Then with payy = pon—m‘s"i’—l,—: we
4l on

get the result we want:

18041
2802,

HHcs)(p, Q un) = Hosy(p1, Q1 ua)llo € 5 {5.0.30)

We want to extend the bound on the eigenfunctions to the complex plane so we want
to prove that (Hesy(p, Q,un) — £1)71 exists whenever (p, Q) € (Mnt1,pn41). In
the next lines we will denote by H := He(sy(p, Q, ua) and Hy := Hesy(pr, U, ua).

(H—&n™ = (H-H+H-¢&)™
= [(H~&eN((H &N~ (H - H)+ DI
= [(H—€D"YH - Hy) + 17} (H, ~ €1)7?
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and formally we have
(H=en™ = Y U-1)(H-&)H - H)J (- €)™
P21 .

We will use the inequality 5.0.30 to get the estimate
”{H"‘Q‘HE(IS)HO S “Z H 51 C(S)("H Hl)C(S] HO H(Hl ﬁf)c(s “0
p>l

Y M(-1)(H = D= (H — HOWBIH: = €D gis)llo

21

IA

Using the lemma (2.1.7) and (5.0.24) we have the inequality
2

[(Hi = €055} < T (5.0.31)
ndl
and as the dimension of C‘{S} is 4i2,, we have
8i
16 = €035 o < 3222, (5.0.3)
We are now able to get an estimate of [|[{—1){(H — &)~ (/7 — H1)l|lo
W(=1(H =D~ H -l < H =D llH — Hillo
< 8i%4, 1én41
- 5n+1 2 81721-&-1
1
= 0.
< 3 {5.0.33)
and the Neumann series converges. Thus
(H - 51)553) exists and for [£] < 20n41. (5.0.34)
Hence any eigehvaiue of H, satisfies
fei(p, )] > 2611 (5.0.35)
as long as (p, ) € (Nag1, Prs1 ) o

We have estimated the measure of the region A that has been excised
in (5.0.23) to ensure that the eigenvalues of the Hamiltonians are not too
singular {|e;(p, )| > d,.). We have to solve the (J-equation as well; that is
we still have to prove that the intersection of the curve C, (p, (p)) of the
(J-equation results in a non-zero measure set. The Taylor expansion of the
curve C is computed in chapter 6 in (6.0.16) and is

Q(p) = wy + Kp* + o(p*). (5.0.36)
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We have
Hesy(p, Qi un) = V(Q) + DWW (9(p) + ua) lcs) - (5.0.37)

For p = 0 we have u, = 0 so Hg(s)(p,%0) |o(s)= V(Q) |¢(s) hence the
eigenvalues g; are

ei(p, Q) = w? - Q*m? for (I, m) € C(S) (5.0.38)
so if {p,§%(p)) € Z; we have
0=0Pm?—w?e Q= % (5.0.39)
hence
0;(0) = ‘% for some (I, m) € C(S). (5.0.40)

We now describe the geometry of the set Z; which have to be excluded.

Lemma 5.0.7 [9] There is a constant Cy for every zero set Z;, there exists
(l,m) € Ci,,, such that Z; lies between the cones

i =
;{ + EIPI (3.0.41)

Proof:
(0, w;/m) = 0 for some z = (I, m) € C(S). Westart by proving that the eigenvalue
e;(p, ) is monotone decreasing along the line:

(p(s), 2% (s)) = (spo, wi/m +sC/LL) € No. (5.0.42)
We have
d df2 dp
EHC(SKP(S)’ Qs);un) = d_s"af?HC(S) + d—sapﬂc(s)
C »
= L_gi“8ﬂHC(S) + podpHe(s). {(6.0.43)

The p derivative is bounded by

< |DEW(8(p) + n)(8p(un + 8))lloos2, 1Po]
< Cowlpolll@p(un + #))livos2.s
prro. (5044)

We show that we can choose Cy such that the monotonicity of V{{) dominates the
other operators in $ Hc(sy. As in (5.0.6) we have

1Padp He(s)lloos2.e

IA

d d
d—sef(p, Q) = (W, E;HC(S}?;&:‘) (5.0.45)
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and recalling (5.0.43)

Tealp(s),20s)) = (W, (FroaHos + mody Hos) )

= (191:( 5ﬂV( Je(s) + DEW(8(p) + ua)(Baua)c(s)
+P05 Hc y)i)

= w,, 8nV( Ye(s)¥i) + (i, DEW (6(p) + un)(Battn)c(s)
+Po3pH0(5))¢i)- (5.0.46)

Using now {5.0.4) and (5.0.44} we deduce that the second term is very small.
Furthermore recalling (5.0.3) we can see that taking C) large the variations of
%%:&IV(Q)C(S) will dominate the variation of pd, H¢(s) and hence

d o
Eei(P(s),Q(s)) < —QmenLiL—;(w,',w;) + Cwro
< =20minCy + Cwro < 0. (5.0.47)

Thus the eigenvalues are decreasing along the lines (spo, wi/m + sC/L2).
Now to show that Z; lies to the left of the cone “’;11 -+ %|p[ consider:

ei(p(s), 2*(s)) = ez(p s), Q7 (s)) ~ & (0,wi/m)
= $), % (s)) — ei(p(0), 2(0))

(1]
@
]
—

3

VAN VAN
o

ei(p(s), 27 (s)) < 0 = ei(p(s), Qi(p(s))) where (p(s), Q(p(+))) € Z; but for fixed p
ei(p, Q) is decreasmg in Q2 so Qi(p(s)) < Q*(s). Hence the set Z; lies to the right
of the cone w;/m — sC;/L%. The operator Hc(s) is monotone increasing along the
curve

(p(s), 927 (s)) = (spo, wt/m — sC1/L}) € No.

In the same way we have

d ) 40 dp
d—SHc(S)(P(S),Q (s)yun) = EaﬂHC(S) + EEGPHC'(S) ,
C

= —L—ZlaﬂHC(S) + pabp He(s)

so as in (5.0.46) and (5.0.47) we have $e;(p(s), 27 (s)) > 0.

ei(p(s), 7 (s)) ei(p(s), 27 (s)) — (0, wi/m)
= ei(p(s), 27 (s)) — e:(p(0), 27(0))
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and as ¢; is increasing along the line {p{s}), 17 (s))

ei(p(s), 27 (s))

1A
O:;_.,,\‘;
&)
i1
o~
o
e
N
2
—
N
&

2

ei(p(s), 07 (5)) > 0 = e,(p(s),2) where (p(s), Q) € Z, but for fixed p, e;(p, ) is
decreasing in £ so 1™ < (2. We can then conclude that Z; lies between the cones

(5.0.48)

The sets Z; are restricted by paraboloids when they intersect AVy4, we have
the lemma: ‘

Lemma 5.0.8 [9] Let (py, ) and (p2, ) lying in Z; N Npy, then we
have the following property

Cy

[ = Qf < Z3lIpal” = o) (5.0.49)
2
Proof:
Let {p1, ) € Z; " Myp1 and consider a path:
(p(s), x(5)) = (p1 + sp1/|pal, Q£ Ca(lp(s)1* = |p1|?)/2L2) (5.0.50)
d. Qs dp
L4 = dneigs t+Oeig

= (i OnHobi) T3 Hep(s) /ds,p(s)) +
(1#5,395011){)?:/?;1[

= (b, BaHow) 21/l + 5p1/ I
+(¢e,5pfx’c?é'i>m;lmi

= (gi,nHod) T (mi /il +5) +
(tbs,é‘pHc%i’f)Pl/f;ﬂ

= s, OnHow) T (| + ) + (i Gy Hedm /o

= £{¥, 5:136??5}%1?(5)] + (5, G Hevi)pr /Imls

i
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we then take the line (p(s), Q4(s)) = (p1 + sp1/Ip1l, 2 + Co(lp(s)? — Ipa|*)/2L3)

%eg = (¥ 3&1’0%}%@(3)( + (i, 3&%%}?1;’191(
= e Thip(e)] + (91, Bp Howidpr /I (5.0.51)

We now start by getting an estimate of the second term of (5.0.51):

s, 8o Hedidpi /ol | = Wi, BpHets)

(i, B Hewi)l < (i, DAW($(p) + un) (B (un + $(p)) i)

< #illo, ol DEW (¢(p) + un)Bp(un + #(p))dillo,0
< IDIW(6(p) + un)Bp(un + $(p)¥illog
< BN (4(5) + un)y (8(5) + unloosnslillno
CopCps
< T o)+ unllow2,s185(6(P) + wa)lloo2.s
hence
(i G Hevi)pr /Il | < Calp(s)l. (5.0.52)
Recalling (5.0.12) we deduce that
St S ~OmndLA(C/LA)Ip(s)| + Calpls)
< {=Qmin M3Cy + Ca}lp(s)]. (5.0.53)

If the constant Cy is chosen sufficiently large i.e MaflpinCy > Cy then de;/ds <0
along the curve (p{s},{l:{s)} and

ei(p(s), 24 (5)) = ei(p1, ) < fo %e;(p(t), Q(t)dt < 0

80
ei(p(s), 24 (s)) < 0 = ei(p(s), Qlp(s)) (5.0.54)

hence Q4(s) > Qi(p(s)) and Z; remains to the left of (p(s), 24 (s)). Similarly Z;
lies as well to the right of the curve (p(s}, Q2. (s)).

Let (py, %) and (p2,2) € Z; N Nayy with |py] < |p2|. We can assume that p; and
pa are parallel since Z; is invariant under Ty so on the curve {p{s}, Q4 (s}) there
exists t such that p{t) = pe. If (p(t), Q1(t)) € Ny41 then

Qo{t) <02 <L) {5.0.55)
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from which we can deduce that

Q1) <
Q = (C1/2LL)(Ip2l? = Im|®) < Qs (p(t) = p2)
U-Q < CJ2Lip2)® — Im]?). (5.0.56)
From (5.0.55) we have:
Q2 < Q401 (5.0.57)
then
Q < Cillp2)® = Ip1]?)/2L2
Q- < Cillpal® = ipaf?)/2L2
hence
Q= Q| < Ci/Lipl* =Pl O (5.0.58)

Let two points (p1, Qp;)) and (p, Q(p)) on the curve C that may have
been excised to ensure that the Hamiltonians have eigenvalues such that
le:(p, )| > &,.. Since the lemma 5.0.5 we have the inequalities:

Q(p1) = Qpi)| < Copyr /L (6.0.59)

and

() - Qp)| < Clpyr/ L1 (5.0.60)

As (p1,Q(p1)) and (p, Si(p)) are on the curve C we can use the Taylor expan-
sion (6.0.16) to deduce that

K
[9(p) = p)| 2 llp* = [paf] (5.0.61)
Since lemma 5.0.8, we have also the relation

|Q(p1) = u(p)| < F31IPI° = 22l (5.0.62)

on Z; so we will get an estimate of ||p|? — |p;|?| and deduce an upper bound
of the measure of the set of points on the curve € excised.

1(p) - Qp1)l = 19(p) ~ Q(p) + lp) — Qulpr) + Qilpr) — Qp)|
< Clpy /L2 + %1|p12~!plt2l+can+1/.z:§. (5.0.63)

n
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Now for Lg large enough we have

K]

Lo )
< (5.0.64)

3@

so we have
Ky,
908) - Ap)l S Cbua/ T2+ L ol? 1]+ Conia /12

and using now equation (5.0.61) we have

]I(i ]Ki

1p1* = 1] € Consr /Lo + = llpl* — PPl + Cbnyr /L7 (5.0.65)

hence |K|
~—llp|* = |p1|*| € 2C8n41 /L7 "~ (5.0.66)

We have the estimates

8
lp|* = |p|?| < WC%H/Li

C’5n+1/L2 > lplz |P1]2 C(Sn+l/L2

K] | K]

cfsw/L2 +p1? < Ip|* < C’5n+1 JLE + ;| (5.0.67)

T K] | K|

If

2

then we can say that

8 8 .
\/_17505"“/];3‘ +lml? <pl < \/WC‘SM-I/L% + |paf?.

The length of this interval is

— 2 2 2 2
[ = \/lI{|C5Tl+1/L +|p1| \/ [I(]C’dﬂ+l/L +‘pll

wCont1/La +1p1]? = (=& COn1 /L2 + p1]?)
VRICOnet /L2 + p1f? + /= 21 Cns i /L2 + 1)
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2]78{‘[05?1-}-1/-{‘31
VECa1 /L2 + Pl + [~ Clnst /L2 + |pa]?
2}2_}65714-1/{‘3;

/E1COn1 /L2

<_: ” II{[CérH_I/L (0.0‘68)

We sum now for all singular sites and all possible eigenvalue e; and get an
estimate of measure of the excised set which we denote by Meas

Mees < L%, 122 C‘5n+1 JL2. (5.0.69)

| K|
And if

e Oy /L2 2 0.

then from (5.0.67) we have

Ip|* < C5n+1/ff + | |?

- K]

and now using (5.0.70) we deduce

PP < 2 Gl /L (5.0.71)

K]

hence

lp| < \/ KlC&m/L (5.0.72)

So the measure of the excised set satisfies also (5.0.69). We have to prove
that at the end of the iteration there is a non-zero set of parameters for

which we have solution .

Va = (2" Lo)%4(2"Lo)?\/C(2°Lo)=8(27 Lo)~24L}

= 4CQMrH) [2agind [Wgne/2p ~elZy-np gy ]2
64CL§8+2+u/2-a/222n+2n;3-a/2-n

il

54CL[2}3+2+U;’2—&f22n(1+;3-c:/2)

i

Lgml+2+v!2—a/22n(1+ﬁma32}_ - {5.0.73)

(AN
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We first require that
1+8-a/2< -1 (5.0.74)

and as we want an the measure of the excised set to be less than rg impose
the condition:

1
— 0.7
anvn < 1570 (5.0.75)

and we will require that
26+2+v/2—af24+1+1<—(2+7). (5.0.76)

That will be enough to ensure that 3"V, < {570. We now prove that the

measure of the set excised to ensure thg separation of sites has a measure less
than ro. Let (4, k) a site such that I, < |§]+|k| < 4ln4y, and two frequencies
Q(p1) and $2(p2) eventually excised so that we have the separation of sites.
These frequencies satisfy:

d
Q-] < 5.0.77
=91 Gy 00
But we have proved in (4.2.80) that this implies
2d
Q2(p1) — (p2)l £ T (5.0.78)
On C we have also the estimate:
2
lip1)? = [p2l?] € m]ﬂ(pl) — Q(py)] (5.0.79)
then ' 5 94
2 2
- R 0.

so as before we deduce that the length [ of the segment has the estimate:

[2 24
1< 4y ——=. : 0.
<4 TalE (5.0.81)

Now to get an estimate of the measure of the excised set. There exist at
most 16/2,, sites (4, k) such that I, < |j|+ |k| € 4l,41. Then the measure
of the excised set is bounded by

L =128, L

7 (5.0.82)

5] e
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We want the serie of general term 1282, ﬁ\%fﬁ- to be less than f—oro =

T%ng-" so we will prove that for r large enough and Lg the series:

[1d 1,
sve = 5. 12812 S 16k = (5.0.83)
7

n>Ng+1

This is equivalent to the condition

sy, =10 > 12812, IKI — < Lg%, (5.0.84)
n>No+1

E

sy = 3 V12802%dLy [ (Lo2n)te-rh

n>N0+l
= VIZBOVALY/*9%0, [(Lo2No+1)4h=1
X Y \/(Lo2m)48-78, (5.0.85)
nz=0
Now In L
No=[ “ﬁ o (5.0.86)

so Ng+ 12> 15‘-5{'—& and as 40 — 70 < 0 for v large we deduce that

V2560v/d L"”\/ (LOQ )4;8-7132 (Lo2n)4p—8

Shp S
n=0
S 2560\/&1:;{’2‘5;;2\/61“2 2inlog~In2inLor Z (Logn)t&,@—'rﬁ
n=0
< \/2—5('5__\/_wale/2\/ng“2£57 an\/Léﬁ—Tﬁ Z \/ on(f-r 3}
n=0
< LOLEO.SLS;‘Q’Fl/?’f‘lI{sz—T ln2} V (5,0.87)

for Lg large enough.

We want
L;/Z-{-Sf?Lgran < L3P (5.0.88)

so we choose 944
e i

T2 (5.0.89)
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| Chapter 6
The Q-equation

The P-equation has been solved, and after having extracted from Aj the
values of parameters providing the small eigenvalues we remain with a Cantor
set. The Lyapounov-Schmidt scheme requires that we now solve the Q-
equation. Let u(p, ) the solution of the P-equation. We have at this stage
7 and ) independent and now a simple application of the Morse-Lemma will
restrict the existence of solution for a curve Q2 = Q(p). We will prove that
there are solutions for p = (p;,0),p; € R. We denote by

G(p, Q) = Q(W(e(p) + u(p, ) + V()4(p)).- (6.0.1)
Using lemma 3.1.2 we have the property
TyG(p, 1) = G(Typ, Q)
so the zero set of G is Ty invariant. We also have the property
G N1, -1) =G0, 1) (6.0.2)

so we can just study the zero set of G(p,2)(1,1). At p = 0 we have up = 0
and hence u = . This means that we have a trivial branch of solution p = 0,
Q € [wy = rg,w; + rg). We now find another family of nontrivial solutions.

G = W) +uE2)(1,1) + (- 242,

T = DI+ u(p D)0 +up )(11) - 205 1,

w? - Q2
5

111
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At p= 0,2 = w; we have up = 0 and hence u = 0.

oG 401
55 Q1Y) = DW(0)(8,6(0) + G,u(0,e1))(1,1) = Zwr 5050
w% - wf
: 2
=0 (6.0.3)

gg—(p, 0)(1,1) = DW(¢(p) + ulp, ) (0ad(p) + daulp, 1))(1,1) - QQ%m
= DW(4(p) +u(p, ) (Guu(p, 2)(1, 1)~ 295, (609
and at p= 0,9 = w;, u = 0 hence again

8G
50w = o (6.0.5)

*G

Tam QL1 = ZEDW(S(E) +u(p, ) (Easle, D)1, 1) - 205

o0
= D*W(¢(p) + u(p, 2))(8a9(p) + daulp, Q))(Sau(p,«1))(1,1)
+DW (8(p) + u(p, 2))(3aQu(p, V) (1, 1) - p1-
At p=0,02=w;, u=0so we have
gz—g(ﬂ,wl)(l, 1) = 0. . (6.0.6)
LG )(11) = G(TmpQ)(1,1)
= W(é(-p) +u(-p, Q)+ V(Q)e(-p))

and G(p, ) is odd in p thus §Z(0,w1)(1,1) = 0 and £F(0,w1)(1,1) =0.

9'G

m(?ﬁ) = D'W(8(p) + u(p, ) (0p6(p) + Spu(p, Q) (Oau(p, 2))(1,1)

+DW (¢(p) + u(p, 2))(8:0aulp, Q))(1,1) - Q. (6.0.7)
Sj{} at @ =w; and p = 0 we have

oG
50 0 en) = —wr # 0 (6.0.8)
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Hence the Hessian is invertible and we can apply the Morse Lemma and
deduce that there exists a curve Q{p) in a neighborhood of the origin on
which G(p, 2(p)) = 0. This means that there exists ¢ such that for

lpl <&, G(p,2(p)) = 0. (609

ro < € for Ly large enough
We denote by €, 1= 3 . Let us now compute the derivatives of Q(p).
At p=0,0 = w, we haveu.-()so Q0) = wy.

(4)1—92 '

3G (p,Qp)) = DW(e(p)+u(p, ) (pb(p) + Fpu(p, ) -QQQP% +

3G (P, QPN (L1) = D*W(e(p) + ulp, 2))(06(p) + Gpu(p, W) (3,6(p)
- +0,u(p, Q)+ DW (¢(p) + u(p, 2)) (9ppé (p)
3 +0ppu(p, £2))(1,1) = Q?;P — QQppp — 0
-0Q, {6.0.10)

8pG(0,2(0)(1,1) = -2 Q(0,w1).  (6.0.11)
For |p| < € we have G(p,2(p))(1,1) = 0 hence all the derivatives of G with
refer to p also vanish and we deduce that '
—leﬂp(ﬂ,wl) = {
thus ‘ : ,
Q,(0,w1) = 0. : (6.0.12)
We now evaluate the second derivative of ©(p). Let denote by
Gpr = OpppG(p, 2(p)) (1, 1)
Gp = D*W(g(p)+ u(p, ) (00(p) + Opu(p, )’
- +2D*W((¢(p) + u(p, Q) (9 b (P)$(P) + Fppu(p, )
‘+3pzﬂu(i’a Q2)) + (=2p2p — (D) = Qo (Qppp + Q) — U Qpppp
+$pp + pp) — 02 + D*W W (#(p) + u(p, 2))( 9(35(15‘) + Opu(p, 2))(Gppd(p)
+0ppu(p, Q) + DW(8(p) + u(p, 0))(Opppd(P) + Fpppru(p, 2)) (6.0.13)

so we have

E?png(O, w))(1,1) = D>W(0)(8,6(0) + 8pu(0,w1))® — wi192,,(0)  (6.0.14)
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and hence 1
Qpp(0, 1) = —D*W(0)(8,0(0))°(1, 1) (6.0.15)
Wy

We now require the condition K = D*W(¢(0))(8,¢(0))3(1,1) # 0 which
we call the Twist condition to ensure that in the process of excising the
parameters we end with a non-zero mesure set. For any v > 0 we can find
Lo large enough such that |K| > Lg”. The curve §)(p) has the following
representation )

Qp) = w1 + Kp* + o(p?). (6.0.16)
To conclude we now have an estimate between the function iz, &) a,nd its
lattice representation. : :

Lemma 6.0.9 For any o > 0, there exists C(a‘, s) such that we have the
relation
sup }ﬁ(xch)l < C(o, ) ||ulla,s (6.0.17)
x,(e‘R -

" Proof:

Let z,& € R we have
la(z,6) = iz u(j, k) (z)e™¢]

< Z’u ], iz,&] zm:x: zkf;

< Z [u(d, k)| Y Ceorbimimlljeime]
o m .

< ZM&‘» Zce~<’°1f—lm“

< Cz fu(j, k)

CZ (i, £) 1L+ (1] + [])2) 72 WD 4 (1] 4 [y 2) =/ 2o +IAD)

IA

. and now applying Cauchy-Schwarz we obtain

C\/Z (g, B) (1 + (1] +[k[)2) e2oQHI+IED

iz, €)]

1A

Ik

D1+ (U k) e 2o kD

< Cllullos. © | - (6.0.18)

5 . E %
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‘We started our proof of the convergence of the solution by writing a decom-
position of I?(N x Z) into:

PINxZ)=P(N)Yal*(Nx Z)\ N). (6.0.19)
And as in (3.0.12) any function 7 can be decompose as:

i(z) = ¢(p)(z) +u(z). (x € Nx2Z) (6.9.‘20)}

The restriction of the solution to {2((IN x Z) \ N) was called u(p, Q) so the
solution of (1.0.2) is ¢(p) + u(p, Q(p)). We enunciate the final theorem of
the thesis. After having done all the excisions for the separation of sites and
for the singular eigenvalues of the Hamiltonians at each iterative step, the
parameters which remain will provide the solutions of (1.0.2):

- Theorem 6.1 [9] Let |p| < rq, there exists a Cantor set M of measure non-
zero such that for p € M there exists a periodic solution of (1.0.2) denoted

RS

#(p) + %(p, U(p)) which satisfies the following estimate:

|%@(p, Qp))| < Clpl*. (6.0.21)
‘and :
Q) = wil < ClpP | (6.0.22)
where %} =Ly (z)e™¥ + §¢1(x)e~—ifzt ‘
Proof:
Now we have 0, > % Vn and recalling (3.2.90) we have ‘
lunlloor2,s < Hlpll* (6.0.23)

Now using the lemma 6.0.9 we have |

sup_[u(z, &)} < O s)llulle o (6.0.24)
z',f;'eER
Hence we can conclude that
sup [@(z,€) < Clipll?, (6.0.25)
x,&E[R

and using the lemma 3.0.7 we can conclude that

sup |i(z,€)| < Clpl* (6.0.26)
) x,{GR ‘

The relation (6.0.22) is deduced by using (6.0.16) a.
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Chapter 7

Estimates on the
eigenfunctions

This chapter is devoted to the proof of a technical estimate of the exponen-
tional decay of the eigenfunctions.

The following theorem was enunciated without proof in [9], and we provide
a proof:

Lemma 7.0.10 Let o, be a normalized eigenfunction of the Sturm-Liouville
problem. 1, admits an expansion of the form :

Pn(z) = z Yo (p) sin pz ~

pzi

which converges uniformly for z € [0, 7] and its derivative has the ezpansion

V'a(@) = D piba(p) cospe (7.0.1)

p21
which also converges uniformly for z € [0, 7]

Proof: Let v, is an eigenfuction of the Sturm-Liouville problem with Dirichlet
boundary condition, ¥, satisfies ¥,(0) = ¥n (7} = 0 and

Yn(z) = Z dn(p)sin pz
p21
where ¢, € 12(Z). Writing the sine function in the exponential form, we can rewrite -
this as o

CYn(z) =Y Un (p)%(e,-p; _emire)

P2l ’

117
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- 1, - 1
¥nlz) = Z*ﬁn(p)-é;e"” = ¥n(p)gze™™
pzi
YalT) = D Xn(m)e™
: mez

where 1 .
Xn(m) = S-da(m) i m=p > 1, xa(0) =0

Xn(m) = "Xn("m) Hfm<~—1 (?.02)
1 T pln

Xn{m} = 5 J, Un(z)e™ M dz.

We consider only the case m > 0 since for m < —1 we can use (7.0.2) to get
the estimate for nonpositive m . This integral over the rectangular contour 0 —
4G~y D — 16 —> 27 — O is zero because the integraund is analytic. V
Denote by Cy the straight line 0 — —i7F, by {» the strai~ht line —i¢ — 27 — 7,
by Cs the straight line 27 — {F — 2w. Then we have

1 2

2m Jo

T ™ (z)dz = -2—1;(/;1 e~ (z)dz - /02 e M Y (z)de

+~/63 e Mg (2)dz). “ (7.0.3)

Using the fact that ¢, is of period 2 and the fact that the first and the third
integral are oriented in opposite directions we have .

. 1 )
Xn{m) = g/c‘ e " e (2)dz.

We parametrize (s by':: = 2y - 10, O g z; < 2m.

1

xn(m} - 5;

2
f e~ ImE=MT Y (g - ii7)dz
0 .
1 27 . _
Pealm)l = 52| [ ey (o= 7l

1 2r - .
[xa(m)] < gfa ,e ln{z — &) |da.
As i, is analytic it is bounded on the line £; and so

Ixa(m)] < C(n)e™™

-

" and é.lso )

[$a(p)| < Cn)e™?
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Figure 7.1: the rectangular contour
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1
Ze-w = 1-e-%’

g2l B

By Weierstrass M-test the serie }: Wa(p)sin pz converges uniformly on the real

- line. The expansions of the first and second derivative are established smrularly -

7.1 Properties of the eigenfunctions

Theorem 7.1 The Fourier coefficients of the ez'genfunctz'ons of the Dirichlet
problem decay ezponentially. More precisely they admit an ezpansion of the
form Pn(z) = 3 xn(m)e'™* and for any . , 0 , such that 0, < 0 < @

me
there is a constant Cy(v) independent of m such that

[xn(m)] < Cre=orln=lmll, (7.1.4)
Proof:
Let v, an eigenfunction of the Sturm-Liouville problem with Dirichlet boundary
conditions: )
= Z ¥n(p) sin pz
P21

where 9, € I*(N) . P
| (4 0(&)) () = w2 (2)

. dz N - -
(g (@) ) dalp)sinpz =wl ) dnlp)sinpe.

p21 ' p2l

As the first and the second derivative have expansion that converges uniformly we
can differentiate and get

“ Z'pzﬁn(p) sin pz + v(x} > balp) sin pz = w2 > ¥n(p)sinpz.

p>1 ] szl p21

If we now use the 1dent1ty smpx = 1( eiP? e~*P?} as in the preceding lemma we
get a sum over Z : oo

tpx‘_ ~ipT etPT . H ipT . oipT
5 2200 ) ) T e —i—f-_-il_f}:% (—”—e—p—}

el ~p21 P21

Un(2) = 3 ) o (€77 — e 77)

p21
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- i - 1 .
Yn(z) =) tn (Pyg;¢" = ¥n(p)gze™"
p21 .
Yale) = Y xa(m)e™
mel

where x,(m) is as before. Then
> (M xa(m) + v(2)xa(m)e'™ = wl Y xn(m)e™

Let denote by e, = ¢**7 and take the inner product of this equation with ¢*** we
get

> (v(@)es, ex)xald) + (K — wh)xal(k)y = 0.
i
This is an operator equation
(Vi+ Dixn=10 . {7.1.5)

where V, is a diagonal operator from 13(Z) to 1*(Z)
Valk, k) = k? — w2 and V,(m, k) =0if m# k (7.1.6)

and D : I*(Z) — 1*(Z)
2m
D5, k) = / e #U=K)y(z)dz
0

|D(5, k)| < C(v)e™WkL. - (7.17)

Assume: j—k > 0.

The integral over the rectangular contour § — iF — 27 +iF ~ 27 —3 0 is zero
because the integrand is analytic. Denote by ; the straight line 0 — &, Cy the
straight line & — 27 + i, C3 the straight line 27 + i ~— 27

. . .
/ e*U=Fly(z)dz = / e == y(z)de +/ e )y(z)dz +/ U5y (z)de
0 Cy ’ Ca Cs .
: (7.1.8)
As v is 2r-periodic and since the first and the third integral are oriented in opposite
direction we have '

x
/, e"“’(j'k)v(:r)d:z:zf e U=Fly(z)dx
0 Cz o

T opaw : an 2y ’
/ =Ry (z)dz = / 70Ky (o) dg = / oz + 7)1 =R TG -K) gz
0 Ca 0 .
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>

wherez =z + w0 and 0 <z, < 2r

22 27 )
zf 6"("‘*>v(x}dzzs/ (21 + @) ||e= 0 H)e TR 4z,
¢ ¢

. 2n rin
§f e’z(g‘k)v(x)dxjgf [u(z, + i7)||e"TVU~F)|de,
0 0

since v being analytic is bounded on that line segment

27 2
;/ d*i-Ry(z)dz| < | C(v)le=70~")|dz,.
4] 0

2w
]/ e=U=Ry(z)dz| < Cv)e~ TV,
g
Assume now : j—-k < (.

We must use the rectangle contour 0 — —iF — 27 — 16 — 27 — 0 and we get
the estimate

27
/ e=UKly(z)dzr < C(v)e™7*~9) = C(v)e~ -7l
0

The equation (7.1.5) can be multiplied by
~(Va + D)xa = 0. (7.19)

This means that x, is a zero-eigenvalue eigenfunction of 2(V, + D), our x» € *(Z)
and our eigenfunctions 4, are normalized, so that

1o . .
1= (¢n, ¥n) = 5;/ ZXn(k)e‘kzZXn(m)e‘”‘xdx
0 k m
1 2 .
_— ; i{k—m)z
= LT [ e
1
= gzxn(k)k"n(k)%'
o k

= D lxn(R)P
k B

= %Xn;f,,{z)

and s0

X2z, = 1.0 - (1110)
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Let us define the operator H, by
L
H, = =(V, + D).
i

We now define P the projection of the operator. H, on the small eigenvalues.
We prove in the next lemma that when £ is in an annulus 4 which we define
later. (H, —€I)7! is self-adjoint and compact and so P can be writien as

1 d¢
P= M/c Tt (7.1.11)

where C is a circle surrounding the small eigenvalues of H, .

The operator H, is a perturbation of -};Vn, we must study its properties.

Lemma-7.1.1 LV, is a diagonal operator which has a gap in his spectrum,
that 1s, there is a constant ¢; > U so thal:
for |k # n |2V (k, k)| > ¢ and when |k| =n, |2V, (k k)| < 2.

Proof:
Assume (k] < n: N
w? satisfies the following formula, (see(9]) -

wi=gvt+dy) , (7.1.12)
where v* = [ v(z)dz and d(j) are the terms of a sequence in {?(IN)
1 1 '2 2
Lvakml = ol
-1
=~k = (n® 40" +d(n))|

= I == (0 + d(o)

n
1 2 2 1 *®

2 =] = (07 +d(n))]

> ' %(}kz —n?|) —.005 for n large enough
o2 g2y |

> ~(n® - k%) - 005

> -};(nz—-(n—l‘)z)-—.(}%

> —{(2n -~ 1) - .005

> Z(n-1)
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Thus LV, (k, k) is greater than a given positive constant smaller than 2, say ¢; (for
n large enough).
Assume now |k| > n

k=n+pork=-n-pandk?=n?+ 2np+ p° where p > 0.

L~ )
k13

1
GVt B =
1
= [k = (n® + 9" +d(n))]

1
= Ein2+2np+p2——n2—v'—-d(n){ ~

2 ® d
- [n+2p+p-——-v——ﬂ§
- n n n

R
In+2p+ ”—|—.005

v

for n large enough, n independent of p). Hence |1V, (k, k) > ¢
Assume k=n: :

1 / / d(n
|=Va(k, k)| = -tn—-n 1+—+—|n+n\1+—+ ();
vt din)
= nll-4/1 +-—-—+—H1+\/ + =+ .

Let us first prove that the product of the two terms of the preceding product
converges to zero.

Let
*, dn)
1-(1+ % + 42

IA

which tends to zero.
Let B the second term in the product

e
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Then B < 3 for large n. So L1V, (k, k) < % for n large enough. The case £ = —n
follows similarly. .

Therefore we can conclude that there is a a gap in the spectrum of the diagonal
operator —V,, between -82 and ¢y, o
We now define an operator norm |7}z

IIT|lz = max SHPZ§T 7, k)|e7li A supz (7, k)| kY,
J

Lemma 7.1.2 Let S, D two linear operators on [*(Z). We have the following prop-
erties !

I1DSNlor < 12]lo+]ISlor (7.1.13)

and for o’ > 0,
1Sllep < (o)1 Slfor

where ||S)|op denotes the standard operator norm.

Proof:
Let u € 1*(Z)

- 2
ISz, = 31sulb

= > 1> SkDu)?

PR

= SIS S(k, el kel 2l ty ) 2

~ PR ‘ ‘
STSTIS(R D NN " e ey (7.1.14)
P . : <
We now consider the inequality

SISk, 1]e? 1 < 18] o
k i A

IA

Isull z,

Hence we have

|S(k, )e” =1 < 18] o
1Sk, 1)]2e> 51 < |52,
= |S(k, D27 * =1 < | S] |2 e

and introducing this estimate into (7.1.14) we get

||SUH:2{Z) ' S %:zi:e'o'lk'-ﬂlu(g)izz “S“Z’e-a’jk—»li
. {

EN
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< IS 0 e e
< S;Q.ZZzu ‘-’-*”**w )

< |IS1e(e ZZS"’ =t )2

< IS5’ Z 1226“"“

< ISIZ e’ Ziu e(o

Hence

ISull,z, < SIEIE, g,
15ull < e(0)ISllr 14l sz, a0 0 11Sllop < e [S]lar

For the case

IDSllz = sup ) |DS(j.k))e” "
7ok ;

we have

IDSllz = supZzsz /1S k) "““‘i
S“PZZ S(t, k ie“‘?:*fl FH k|
supZiD Al "‘-"qZES’i k)| e+l

SUPZID (4,1 |e—”"'§§3||- '

HSHoHDHa
and if ||DS||z = sup 5" |DS(j, k)|e7¥=*! the result follows similarly, so
. L j .

I

IA

I/\

IA

1DSllz < |IS|l=|Dll0 (7.1.15)

Lemma 7.1.3 There is an annulus A around the origin such that for £ € A the
operator (H, — €)™ is compact.

Proof:

Let A be the annulus between the circles of radius 3—"1 and 3-31 and £ in A we have:

[~ Al > -2 for any X elgenvalue of LV, so

<

&

Y (7.1.16)
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We choose the circle C to be a circle centered at the origin of raduis %, this circle
is a subset of the annulus. We have the following diagram and let V¢ := 2V, — €.

Then V! := (V. —€)~! exists and hence

1
~(K - wd) - € £0.

1
Vg (k. k) =
¢ (7 —wl) - €
Ik k) =
Vg (koK) = - wE — nf

For given £ and n, and & large encugh we have

k7 ~wl ~n€| > |k? = |wh - n€]
¥~ wZ — ne] > -;-kz

k

which leads us to the conclusion that V. & is nuclear and so bounded and compact.
Using the relation (7.1.16), V, and the fact that 1V, is diagonal we get

Ve §a=§§V;,,§|tes§; | (7.1.18)
(Ho~€n~' = (anf‘*%”
= [+ Qvn‘,;)vng}—i
= v+ 2vzh

and formally
(Ha— €D~ = V,:,;(}:(—--—V 7).
: P

We now have a decomposition of (H, — £)™! in two operators. V"E is a Compact
operator so to prove that (H, — £/)~! is compact we prove that (I + £ =V )“ is
bounded. By the hypothesis of the lemma o < 7 so there exists v > 0 such that
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Figure 7.2: circles
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if
D : 1 S
ol 1 1 o o Ly (T=1)i =k]
IFlle-y = sup Xk: =G, F)le
< sup 1 Z C(u)e~TH—KlgZ=vli-k|
i ne
1 ‘
ol =ikl
< n;(;(v)e
1
< ;C(v)c(’y) v {7.1.19)
and if
}}w Is = supz D{j, k) e(" MR {7.1.20)

then the estimate (7.1.19) follows similariy, and as before we conclude that
D 1 : ‘ :
lI=—llz~y £ =C(v)c()- : (7.1.21)

We rename the preceding constant C) := C(v)c(y). Then

b
12Vl < 12 oIVl

G4

- n ¢y )

< %fornlarge enough. (7.1.22)

Thus we can conclude that (H, — £1)~! is compact and

1(Hn =D ey < 201V ellz-n

< 22
. €2
8
I(Ho =07 o=y < (7.1.23)
and also L 8
(8 ~€nlo < S0 RECAEY
Lemma 7.1.4 For & real, & € A the operator (H, — &I)~! is also self-adjoint.

Therefore for any € € A,(H, — £)™* has a cozmtabfe basis of eigenfunctions.
Moreover Hy, Hn — &, (H, — €)™} have the same eigenfunctions.
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Proof
H, = %( n + D). We start by proving that D is self-adjoint:
D(j,k) = fozw v(z)e*U~*)de so .

- n T 2w . )
D(j k) = / v(z)esli=k)dz = / v(z)e*F=dz = D(k, ) |
0 0

because v is real on the real axis. V,(k,k) = wn — k% so V,(k, k) is real and thus
H.,, is self-adjoint.

(Hn—~EoI)! is then a self-adjoint compact operator and has a basis of eigenfunctions
{#p}. Let p, be the eigenvalue corresponding to ¢,.

(Hp = &) ¢y = ppd, and p, # 0 because (H, — &)™ " is invertible
i (Hn "50)(er - on—IQSp = (Hn - fo]ﬂp¢p
g ﬁbp = Hn#p¢’p —Eoppdyp
& #pHn¢p = (1 +€0ﬂp)_1¢p

1+
& Hn(ﬁp,: w%
o Hp .
1+ (6o —
& (Hy = &)¢, = M(pp
. Hp
so Hy, Ho = &I, (H, ~ €I)7! have the same eigenfunctions, O

Lemma 7.1. 5 Let C be the circle of radius . The operator

= 2m fc H d{ is the pro;ectzon on the ezgenvalues which modulus is less thcm
21
2"

Proof: o
Let (xp)p a basis of eigenfunctions of H, and their eigenvalues A,.

Haxp = Apxp and

. 1
(Hn —f)»—-IXp = mXp
Xp = 271'1_/ H ~—<f

We have |),] < 32 < 2 or [A,] > 3%1 and so

Pxp(k) = xp(k) for [Ap] < (7.1.25)
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and for 5

‘ ;,\ | > ﬂ > 5 Px, A (7.1.26)
Let xp an elgenvector of assocxated with the eigenvalue A, of Hy such that [\, | < %
and Hxniip(z) . We augment this vector by elgenvectors {(Xpu )i to form a

basis of M the eigenspace spanned by the eigenvectors corresponding to the smalls
eigenvalues. Let z € [?(Z) we have a decomposition

o= Z:cpjcp
»
Pr=P Z ZpXp
: p
and using (7.1.25) and (7.1.26) we get

Pz = Z Zp Xps
k

so P is the projection on the small eigenvalues, O
We introduce now a relation between the coefficients of the eigenfunctions and the
projection operator. It was first introduced in [9] for the case of periodic boundary
condition. "

Lemma 7.1.6 Let ¥, be a normalized eigenfunction of the Sturm-Liouwville prob-
lem. We have the following inequality:

xn ()] < VIBG. ] | (7.1.27)

This inequality will be very useful in proving-(7:1.4) because it shows that if we can
compute the matrix elements of the projection operator we can have an estimate

for [xn (7).
Proof:

Let us denote by €/ an element of the canonical base of 1?(Z),
PeeM

(gxpej);ﬁ(Z} = (Z(ej:Xp)XpsZ(ejvx.vk)x.vk)

? k

= Z( 7 xe) (& X0 ) (Xox 1 X1)
= Zl{e’ xp,Juxp,J
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We know that x, is a zero-eigenvalue eigenfunction of H, (7.1.5) and (7.1.10} and
antg:(Z) = 1 §C .
(¢7, Pel }gQ(Z) (e? xn) P Ixal® = 17, ) %
At the site
() = f(ej,xn)p(z)§
< e Pa), 7.

We compute the k** components of the vector P(e?).

Z Pk, (1) = P(k, j)

Then
(85:Pej)p(z) = 83 Z Pe g:{Z) . .
kel
= (¢, ) Pk, j)e"")p(z)
kel :

i

(¢, Pl e z,
P(j,7). (The basis & is orthonormal.)

Then (B3, 7)| = |(¢/, Ped)| so

(D < VPG m - (7.1.28)

and this proves the Iemma : ]

We know that P = 5t [. 5= 7o—¢d€ and we had established that

W(Hn ~ €)7o £ —8; in (7. 1 23} But we need a stronger estimate, an estimate

which proves the exponentxonal decay of the coefficients of the exgenfunctlons We

denote by G(€) = (H, — €)™ Let § = {n,~n} and NS = Z \ S, we split the
Hilbert space 12(Z) into a direct sum of two subspaces

(Z) = (S) @ I*(NS).

Where {2(S) (resp 1?(NS)) is the set of square sommables sequences u(k) with
k € S(resp £ € NS) only. To get an estimate on P(}c k) we need an estimate on
Gk, fc} In the case k = %n the estimate (7.1.4) is easy to prove

Sy e ;
el = 1 [ va(eretnan
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Tplw
) < 5z [ @)t

2w .
)| < 52 [ Wn(o)lds

2% 2
kwﬂNS%¢LW%wW&Jde

1 2r
o) < g/ [ e

1
ﬁe—mllnl-nl (> 1)

so in this case the inequality of the theorem is satisfied. We now want to get an
estimate on Pk, k) when k € NS§. We denote by Gyg the restrictions of (7 to the
sites in NS, lL.e

Gws(i k) = G(j, k) if (j,F) € NS x NS and 0 otherwise.

1
[xa(£n)| € ol

We prove that the operator G(£) satisfies
 G(&) =Gs(6) @ Gns(é) - (Gs(€) ® Gns(€))LG(E) (7.1.29)
where -
I'=H,~Hnys & Hs.
Let R = G.(H, — &I} we have to prove that R = I

R = [Gs(€)® Gus(€) — (Gs(€) ® Gns(@)TG(E)].(Ha — 1)
[Gs(&)® Gns(E)[(Hn —ED)s + (Ha — ENns + T
—[(Gs{€) ® Gns(€)T)
= Is +Ins +[Gs(€) @ Gns(E)]T - [(Gs(€) ® Gns(€))T|
= . o
We just proved that

G(€) = Gs(€) & Gns(€) — (Gs(€) & Gns(6))TG(E) (7.1.30)

| (I + (Gs(&) ® Gns(E)T)G(E) = Gs(€) & Gns(€) (7.1.31)
G(&) = (I + (Gs(&) & Gns(€))T) " (Gs(€) ® Gns (£)) (7.1.32)

" and formally we get

[»]

GE) = 3 (~1)(G5(6) ® Gus(E)TF(Gs(€) ® Gws(€)) (7.1.33)

le=0

s
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G{ff) Gs(§)®GNs €)+Z( DY (Gs(€)@Gns (€T Y(Gs(§)@Cns(£)). (7.1.34)

fz=1

To prove the convergence of the series we need an-estimate on the term (Gs(¢) ©
Grns(€)TY(Gs(€) ® Gns(€)) so we enunciate the following lemma on the first term
of the product. .

Lemma 7.1.7 Forp € NS, m € §, | > 0, there exits a constant ¢/(Ny) such that
forn > Ng

[(Gs(é) & GNS(G}}TJ'(mfP)! < (%}‘ B (7.1.35)
Proof:.

If I = 0 the result is trivial because the matrix is the 1dentlt;y We start by proving
now the case { = 1. We have the following operators

1
Hy= =Vq |ns
non

1
Hg = ;;(Vn-i-D} is

Hys = = (Vo + D) lns
which we call Hamiltonians and their inverses,
Gol€) = (Ho - €1) 55
Gs() = (Ho-E&I) |57
, 'Gws(f) = {(Hns —~£I) !“1
GO = (Ha—en
o (7. 1 23} we have estabhshed the result
- -8
(Ha =D lo < =
ez
which implies that - ;
GG K< . (7.1.36)
‘ 2. : :
GE) = Gs(0) ® G;\;s@) (Gs(6) ®GNsENT(Gs() @ Gs(e)
+Z &) ® Ons(ET) (Gs(6) & Ghs(8).  (7.1.37)
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Assume now k€ N§:
Gk k) = Gns(€)(k, k)~ (Gs(§) ® Gns(E)IT(Cs(§) ® Gns(E))(k, k)

fee]

+> (-1)'(Gs(6) ® Gns(6)T) (Gs(€) ® Gns () (K, k). .

{=2
We must first get an estimate on [ and on (Gs(€) @ Gus(E))T
; r = Hn--HNs@Hs.
Since V() is diagonal V() = V(Q)s & V(Q)ns and

D D D
T = === |Ns®— |5
n n n "

so we can deduce that

2_,

Clg,m) = 2(a,m) = 2 s (a,m) & 2 |5 (g, m)

n
and using and estimate like (7.1.21) we have

CL)CE - (T -1/2)

HNICSPES -
1Tl < SC072

ID(g, m)| < SLem@=1/2la=ml,
where C) = C(v)C(y/2). Let p€ NS and m € S:
(Gs(&) & Cuns(@T(pm) = 3 (Gs(€)® Gus(€))(p,9) (g, m)
q

pE€NS = g€ NS = m € S (I has only interaction terms.) Using now the
estimate on the resolvant established in (7.1.23) we have

G5(6) ® Gs (©)(p. )| < o=

(Gs(6) ® Gus(E)T(p,m) = 3 (Gs(€) @ Gus(€)(p, a)T(g, m)

gENS .7

< 18, —@onip-a C1 - -1/Dlg-mi
< 7 -

C_’ § :8;(F-‘Y)!P—QQe-(’c‘r’-'y)[qu[em-f;zgq._m[
n
q

IA
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-

I3 -
< N ~E=n)lp-al+lg-ml) g=v/2lg=m|
< Iy e
q
, .
. _ ,
< SN ~E=mp=ml =/ 2la-m|
< ,,-Z
q
7
< Le-@-le- mzz ~~/2lg=m|

< @F-)lp- mlz ~~/2q

(Gs(€)® Ons(@)I(p,m) < %e-w-ﬂ'v-mle_e;_m. (7.1.38)

If we take now the particular case v = 3/2 we have as well

1
1—e9/4

1 .
1 —e5/4"

(Gs(€) ® Gns(€))T(p,m ,)S% ~(3/2)lp=mlq

4
<&
- n

The ¢ in the lemmais in fact ¢’ We consider now the case ! > 2

0'/1

H((Gs(ﬁu)@Gws(ﬁ))l‘)‘tta-_zw < |[(Gs(€) ® Gns(€))T |- 2y
If :

1(Gs(€) ® Gns(E))llz-2y = SUPZ F=2)l=~ ”’l s(§) ® Gns(€))T)(z, 9))

“then using (7.1.38) we geﬁ

. eyl © (T —
I((Gs(€) ® Gus(E)T) llr—2y < (sup Y e 2lemul S = Elevly!
v oz
(F=27)lz =yl g~ (F=-27)lz =yl £ g=lz-yly!
< ) ¢ R
. ,cl
< (E)

We have used here the inequality Z e""“' < §§- which we prove latter in this chapter.
For n large enough we will have E;f < 1 and we expect that the Neumann sum
will converge. This proves the lemma. O
We are now in a p051t10n to prove the theorem 7.1. It

1((Gs(€) ® Gns(E)D)lls-2y = supz 7=2)e=y|
(G5 (6) @ GasEND) = ).
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then the estimate follows similarly. We now consider the product.

B(l) = [(Gs (&) ® Gns (€)Y (Gs(€) & Gus (©)I(k, k)

which can be rewritten as a sum

Y. Gws(k,4,T(j, m)(Gs(€) ® Gns(€)T) 2 (m, p)
m??trrq}}.
Gs(p,r ‘E)F(r Q)GNS{‘?) ‘f)

We have k € NS = j € NS = m € S and beginning from the nght
EeENS=> geNS= reS=> p€ Sso

= Y Gns(kiOT([,m)(Gs(E) & Grs(€)T)*(m,p)
mp,reSiqieNS '
Gs(p,r;€)T(r, 9)CGnslg, k;€).
In the next lines we show that the integral over the contour C of the two first terms
in the Neumann series (i.e for { = 0 and { = 1)in (7.1.33) vanish whenever k € NS
. We start by proving that == [. Gns(£)(k, k)dé = 0: We established in lemma
1.1.1 that the eigenvalues of ~Va Iws are greater then co (the restrictions on N S
correspond to the case [k E n} Let €] < 322, we have again the relation |6~ A| < 2
for any A eigenvalue of >V, |ys thus like in (? 1.18)

_ 4
WVig Ins [lo—vy < .

and

Hys(E) = Vot 2 ~€l) s

1 D
= (gVn - €1+ ?;—) Ins
D
= (Vaelns += [vs)
D -
= (= —lvs Vag IN5)Vai Ins
‘ and formally we get

Hys(€)™ = Vag Iis Z lzvs — |ns)'.

For n large enough as in (7.1.22) we have once again

Cy 4
e s

ne

[
(2 I

H— Vag s llzoy < ii—- Ins Hc~~,iiVnsl ll7—v <
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This shows that this operator will be invertible whenever £} < §£3 and

1I(Ha - éﬂ‘“‘ita < —8- (7.1.39)

The circle € has radius 2 < %2 so the operator fc Guns(§)dé which defines the
projection on the eigenvalues of Hys which modulus is less than the raduis of
that is 2. But as we just proved that if [{] < ——1 the operator Hys(£) is invertible
there are not any eigenvalues of modulus less than < therefore

[ Cus(€)(k, k)de = 0

Purthermore as k € NS and T’ has only interactions ferms between S and NS we
also have

(Gs§) @ GNs(E))T(Gs{S) & Gns(€))(k. k) =0

hence the second term in the infinite sum in {7.1.33) vanish and so the infinite sum
starts with [ = 2. We can use now (7.1.36) to get the estimnate on G5 since the
circle C lies in the annulus A and for Gys we use (7.1.39)

sy Y Beeu- 4Ct -z i€ L 216

n n
mpréSigieNs 7’ Ci

1 air-g 16—kl
n Cy
< (__ 23 é"j il 151 -ﬁ?w)ljv—kle-‘&‘lj-ml% Ze-alr-qré_fe-ca—mk-qy
m.pres J - q o
Let E be defined by
E = —(F- ’r)!kﬂi—m—ml
= —(@=)(k~jl+i=m]) =) —m]
< ~(F-7lk-Ji+j—m|—~j-m]|
< =T~ 1)k = m| = 7]j -~ m]|
< = (@ = )k = [ml| = 7|7 = m]

as m, p, r can only take the values +n we have |m|=|r|=|p| =n (n > 1) and so

E<~@ =)kl = nl -l - m]

¢ 1l ._.16 C]_ 16 C1 P g 16 _ & -
By < (—. -2 (T bl =nl - TFlr—g] 2~ (F-r}lk~q|
4 (n'y?) Cy Z n C1 I ¢ Cle

mprES
1 "~

(ET)E—%-?{v—v)Hkl—nl
5
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The same techmque i5 applied to get an estimate for the sum over g.
Pk, k) = 77 Jo. G(E)(k, k)dE we will start the expansion at | = 2.

o0

Ge) = Gs()® Gns(E) + Y (1) (Gs(6) ® Gs(E)D)(C5(6) ® Cns(6))

{a=]

Ans ke NS Gs(‘f)‘@ Gns(E){k, k) = Gns(€)(k, k) which implies that

GE)(k k) = Gns(E)(k,k) +§j @GNS(G)I‘)!

(Gs(§) ® G;\fs(f)}(k>k)

1P R = I [ Gwste)(k, e
+2im‘ CZ(‘UI(GS(&)@GNs(f}f)f(Gs(f)@Gws(f))(k,k)dgg
fz=1 V

(5, PeA)] = | / Z Gs( f)@GNs(f)T) (Gs(€) @ Cws (©)(k, k)ds).

(e, PR =I5 [ iz

(64, PR < m2n sup 3 1BO)

T2 Rc%in
o o I R -
K?%,Pek)k S EQZC(;:;Q')‘ 2, V2(c' k| nl‘
{e=2
For n large enough (n > No) £27 < § and we deduce =
I(e*, Pe¥)| < e=2@-Milki=nlc

[xn (K)| < /(" Pe¥)]

and hence
Ixa (k)] < Vem2E=Dilki=nl¢"

xn (k)] < Ce@=Dlikl=n]

and we have the estimate of the theorem since for any o. < o there existed ¥ such
that ¢ < & — 7 and hence 0. < 7~ 7. So we have prove that the estimate (7.1.4)
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holds for large enough n.
For n < Ny it is very simple to check that we have (7.1.4)

27 .
Yn(m) = / e M Yn(z)dz (7.1.40)
: 0
and using contour integration as before we get obtain

[a(m)| < Clgn)e=™
. < e?nc(wn)e—?n—?ﬂml_

We ha..\;e as well

In = |mll < n+|m| = ~F(n + |m|) < =F|n — |m||

and thus
{a(m)| < sup (egnc(wn))_e—ﬁn—ﬁ'}m|
. n<No'
< sup (eaﬂc(w"))e—?ﬂn—[m”
n<Ng

Ce~7In=Imll o

[¥n (m)]

IA
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