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Abstract

Perturbative quantum chromodynamics is developed in a spherical cavity using a
symmetric form of the Gell-Mann and Low theorem. This formalism allows one to
generate any desired term in the perturbation series, in a manner which is similar to
the familiar Feynman rules in free space. In this work, all corrections to order eg® in
the electromagnetic and strong coupling constants which contribute to the magnetic
moment of a baryon are generated using this formalism.

The O(eg?) radiative corrections to the magnetic moment of the nucleon are cal-
culated here in an arbitrary covariant gauge. The gauge-dependent parts are found to
vanish identically, and the divergences arising from the loop diagrams cancel amongst
each other, making renormalization unnecessary. However, it is shown here that one
can, if it is necessary, remove the divergences from the cavity diagrams by subtracting
from them a singular factor which is found using dimensional regularization in the
analogous free-space diagrams. ' .

In this calculation, the proton and neutron magnetic moments are found to be

pp = 1924 —0.7530,
pa = —1.284 4 0.5660,

where the cavity radius has been set to R = 1 fm.
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Chapter 1

Introduction

It is generally believed that the dynamics of strongly interacting particles are correctly
described by the theory of quantum chromodynamics [1]. Certainly, QCD can explain
a wealth of experimental observations, such as asymptotic freedom at high energies,
and most people expect that confinement, which describes the fact that quarks and
gluons are never observed in isolation, is contained within the theory at low energies.
This expectation is encouraged by the results obtained from lattice calculations.

However, most of the agreement between experiment and theory, in the physics
of strongly interacting particles, is of a rather qualitative nature: to date, there have
been no precision tests of QCD, which would necessarily take place at low energy.
This is contrasted by the remarkably successful Abelian gauge theory, QED, where
the experimental and theoretical results for the anomalous magnetic moment of the
electron agree to 12 digits! One of the reason for the success of QED is that the
perturbative expansion of the theory converges asymptotically, whereas this does not
appear to be the case in QCD, at least at low energies. Also, the number of graphs
to be considered increases much more rapidly with the order of the perturbative
expansion in QCD, and these graphs are usually more difficult to calculate than the
corresponding ones in QED, due to their non-Abelian nature. Moreover, it seems that
confinement is an inherently non-perturbative phenomenon, and cannot be generated
as a power series in the coupling constant. Thus, as long as it is not understood, one
has to resort to some simplifying assumptions about the confinement mechanism
before QCD calculations are possible, which lead to results which are usually only of
a qualitative nature, or at best are model-dependent.

One particular model which enjoyed a great vogue for a while was the MIT bag
model [2]. Since confinement was required by experiment, and since it could not
be coaxed out of the theory, it was simply introduced by hand with the imposition
of boundary conditions on the colour-carrying particles. Confining particles to a
static sphere breaks both the translational and Lorentz invariance, as well as the
chiral symmetry of the theory, but it does make it possible to calculate the hadron
mass spectrum, etc., within the model. The results, to lowest order in perturbation
theory, are generally in good agreement with experiment. One therefore expects that
higher order QCD corrections should improve the agreement, if perturbation theory
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and the model for confinement are valid. Unfortunately, higher order calculations
within the M.LI.T. bag model are rather difficult, especially if they involve divergent
loop diagrams. The difficulties with higher order graphs are of an even more serious
nature in the ‘improved’, but non-renormalizable, bag models such as the chiral [3]
and cloudy [4] bags, where in addition to the pion-like ¢ excitations already present
in the theory, an elementary pion field is introduced to restore chiral symmetry (see
also [5] and references therein).

Recently, confined QCD has been approached from a somewhat different perspec-
tive. Buser et al. [6] have shown that a consistent theory of QCD can be formulated
in a finite region of space, and Stoddart et. al. [7] have introduced standard renormal-
ization techniques to this cavity field theory. Hence, a fully fledged theory of QCD in
a cavity has evolved from the original, semi-classical bag model, with the advantage
that one is now able to calculate the loop diagrams in a reliable manner. This theory
of cavity QCD can be viewed either as a viable gauge theory, in which the effects
of confining fields to a finite region of space can be studied, or it can be seen as a
reasonable approximation to the observable world.

The basic motivation for this thesis is to make a start towards a precision test of
QCD. An obvious candidate for such a test is the ratio of the magnetic moments of
the proton to neutron, which is known to some 8 digits from experiment, but present
calculations are only at the 3% level. However, there is no hope at present that
a precise, or even reliable calculation of this quantity can be performed using the
full machinery of QCD, so a more modest approach is required. Therefore, in this
paper, we shall restrict ourselves to perturbative QCD in a cavity, and propose to
calculate all the order a; corrections to the proton and neutron magnetic moments.
The purpose of this calculation can be viewed in several ways, such as:

e a model calculation using cavity QCD;

¢ a pedagogical example which hopefully provides some insight into the behaviour
of confined quarks; -

o a gratuitous Ph.D thesis.

If one is inclined to the first interpretation (although the author is not), then there are
some problems, such as dealing with the centre-of-mass motion in a reliable way. The
usual Peierl-Yoccoz method of calculating the centre-of-mass corrections to baryon
magnetic moments appears to be somewhat untrustworthy (see ref. [4] for a discussion
of this point), and no attempt has been made here to calculate them. Furthermore,
the mechanism of confinement is not at all understood, so the method of confining
particles used in cavity QCD is necessarily ad hoc, and while it does maintain the
important BRST symmetry of the theory, this method is not unique. On the other
hand, one might argue that the ratio of p,/u, is not sensitive to the mechanism of
confinement.

As a first step towards the calculation, perturbative QCD in a cavity is developed
using a generalized form of the Gell-Mann and Low theorem. This allows us to
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systematically generate all corrections to a given order in a,. In particular, the
energy shift for first-order interactions is derived explicitly in two slightly different
forms, one of which leads to an expansion of the interaction in time-ordered diagrams.
The other form is closer to the more familiar expansion into Feynman diagrams, and
allows some free-space techniques to be used.

The Feynman diagrams relevant to the anomalous magnetic moment of the quark
are then closely reviewed, since many of the mathematical methods used in the free-
space calculation, and some of the results, will be taken over in the cavity calculation.
An important consideration is that observable quantities should be gauge indepen-
dent, and this question is examined in free space. It is shown that the graphs which
lead to a gauge independent result in free space are also gauge independent in the
cavity. _

Once it is known which diagrams must be included in the calculation, the expres-
sions for the energy shifts of these diagrams can be derived. For the vertex correction
diagram, this is done using both the time-ordered diagram approach, and a quasi-free
space method. For all the diagrams involved, the energy shift is derived using the
gluon propagator in an arbitrary gauge.

The numerical computation of the radial and angular matrix elements forms a
large part of the total work involved in the calculation, so this aspect merits at least
some discussion. Finally, the magnetic moment of the proton, y,, can be found from

the energy shift using AF = —fi - B.



Chapter 2

Quantum Chromodynamics in a
Cavity

As an introduction to this chapter, a review of the some of the familiar properties of
QCD in free space will be given. This will serve to establish the notation used, and
hopefully will also provide a convenient reference for the reader.

Once the free-space theory has been introduced, QCD in a cavity follows on
quite easily since the changes to be made are mainly in the boundary conditions
characterizing the two theories. These changes do not affect the basic algebra of the
fields, but merely change the functional form and some of the internal properties of
wave functions. However, the loss of translational and Lorentz invariance in the cavity
does mean that the approach to particular calculations, e.g. scattering amplitudes in
a cavity, might appear to be rather different to the more familiar free-space methods.
The differences, and more particularly the frequent similarities between the free-space
and cavity theories will be emphasized as a general principle throughout this work.
The notation in this section closely follows that of ref. [6].

2.1 The QCD Lagrange Density
The QCD Lagrange density is given by
L= Dt —m) - 3id, (1Y) — A - P
—128,4%-8,A” —id,x - D*w (2.1)

where 1 is the quark field and my is the (diagonal) mass matrix for the different
flavours of quarks. A* is the gauge field describing the gluons, and x and w are the
Faddeev-Popov ghost fields. D* and D* are the covariant derivatives:

D*p = (8" - %z’g)\-A“)il) ; Dw = 0w+ gA*Xw (2.2)



with the vector dot- and cross products in colour space defined as

8 8
A-B=Y AB, ; (AXB)a= ) faAsB. (2.3)

a=1 : bye=1

The X's are the 8 Gell-Mann matrices, the f,; are the structure constants of
SU(3)colour and A parametrizes the gauge.

The Hamilton density can be derived from the Lagrangean using the Euler-
Lagrange equations (for example, see [6]), and may be written as the sum of two
terms, H = Ho + Hins. The first term Hp is independent of the strong coupling con-
stant g and describes the non-interacting fields. It is given by

Ho = (~hin B am) v+ 3 (34~ 0) - (0! -0 4 110 I

1

- ﬁﬂo ST+ IT5 - 9, A° — IT° - 0, AF —i2 - X —idkx - 0w (24)

In the above, IT*, 2 and X are the canonically conjugate momenta to the gluon

and two ghost fields respectively. The second term, H;ns, describes the interaction

between the fields, and depends linearly and quadratically on g. The explicit form of
this term is

Hiw = —3gbr.d- A — 1g (04" - A%) - (4¥xA4') - gIT*- (A" X A”)
+1g°(AkxA) - (A xA") + 902 (A°%w) +igBx - (A*xw) (25)

The various terms in H,;,; describe: the interaction of two quarks and a gluon; the
elementary three-gluon vertex; the elementary four-gluon vertex; and the interaction
of two ghosts and a gluon respectively.

The Hamilton density is quantized by interpreting the arguments ¢, A*, etc.
as field operators on which are imposed the following equal-time commutation and
anti-commutation relations:

{eral@t), 0l p(§31) } = 8ucr 81160 6D(E — ) (2.6)

The subscripts ¢, f and « on ., denote the colour, flavour and spinor indices of
the quark respectively. Similarly, the commutators for the gluon fields are

[A%(&,4), T (7,1)] = ig" 606 O — 7) (2.7)

Although the ghosts fields have integer spin, they satisfy anti-commutation relations,
and these are given by

(nE0). WD} = xa(@D), XK@ 1)) = —i66OF-7)  (28)



Transforming the field operators and state vectors into the Dirac picture with the
time evolution operator U(t,t,), and denoting quantities in this picture with a hat,
one arrives at the following differential equation for this operator

U(t, tO) — e—iHo(t—to)

.0 -
252 U(t, to) = H;nt(t) U(t, to) (29)

fignt(t) satisfies the same differential equé,tion as H;n;(t) if all the arguments in (2.5)
are transformed into the Dirac picture. The field operators in the Dirac picture satisfy
the non-interacting field equations, given by

(7,0 —m) b = ¥ (m & +m> =0 (2.10)
DA +(A-1)8"9,4" =0 | | (2.11)
D& =0x =0 (2.12)

The properties of QCD which have been discussed so far have been of a rather
general nature, and apply regardless of the volume of space occupied by the fields. It
is appropriate at this point to consider only a finite volume of space and specialize to
cavity QCD. Effectively, this amounts to the introduction of confinement by hand,
and is done by imposing boundary conditions on the fields at some surface S. The
boundary conditions must be compatible with the field equations, and are chosen by
requiring that no colour charge leaks through the surface S. In the case of a static,
spherically symmetric cavity, these boundary conditions are simply those of the MIT
bag model [2]:

(inwk—1)¢|s = {Z(inwkﬂ) L =0 (2.13)
ni (akA”-a"A") = ¢ _=mot(ad) =0 @
nyd wl = 0 0% | (2.15)

The solutions to egs. (2.10) and (2.11) with the boundary conditions (2.13) and (2.14)
are the well-known quark and gluon cavity modes, which may be found in appendix A.

2.2 The Quark Propagator

The quark field ¥ may be expanded in the complete set of cavity modes

sl = T [acpran(@em + Bun(@)e (216)

u>0



where n = {v, &, u} is the set of quantum numbers characterizing the radial, angular
momentum and magnetlc quantum numbers of the quark respectively. The expan-
sion coefficients & and b' are quark annihilation and antiquark creation operators
respectively. The spinors @,(Z) and u,(Z) are solutions to the non-interacting field
equations (2.10) with the MIT boundary conditions (i.e. the quark cavity modes),
and ¢, is the energy of the mode.

The propagator is defined as the tlme-ordered product of the fields

iS(a1,22) = (O[T [des(en)dp(z)]|0) | .17

=6, 5ff’ E [un Z un( )@(tl — t2) — u_n(a;l) —n(a?z)@(tz —¢ )] —ien|t1 —t2]

: V>0

where the spinor indices have been suppressed. Using the integral representation of
the theta function,

-1 'e—-zwt
) = lim — / dw =— 2.1
o) = 0 215 J-oo w + 1€ (2.18)
the propagator may be written in the following ‘way:
) d&) 6—tw(t1—t2) i
25‘(131, :132) Z(Scc 6ffl E un(:lll ( ) o m (219)

The sum over n now includes both positive and negative radial quantum numbers.
The usual Feynman prescription for the poles should be employed when performing
the contour integral, as indicated by the +:0. In other words, poles with positive
energy are given a small, imaginary negative part while the negative energy poles
acquire a positive imaginary part. Of course, the propagator is a Green’s function of
the Dirac equation

(ife — m) S(z,y) = §(z,y) . (2.20)

2.3 The Gluon Propagator

In a similar way, the gluon field may be expanded in the complete set of cavity modes

E\/Eﬁ

Here, the functions a“x(Z) are the gluon cavity modes, where m = {N,J, M}
denotes the radial, angular momentum and magnetic quantum numbers, and the label
T =8,L, M,E denotes the scalar, longitudinal, transverse magnetic and transverse
electric polarizations of the gluon respectively. The propagator in the Feynman gauge

Acl:(x emmE

[, at5(E)e™ " + 2Lt (2)e (2.21)



(A=1)is then
1Dy (21,22) = <6 ‘T {Ag(ml)AZ(m2)}‘ 0> (2.22)

$)))
_— - g —1QZ -
mX m

where ¢g*% is the metric tensor in polarization space given by
55 = gt MM _gfE
FF =0, DY | (2.23)

At this point, it is useful to introduce a vector ¢¥ in polarization space, which may

be defined as
& = (¢ ¢) = (,95,0,0) (2:24)
s = (w,—0Z,0,0)
The vector, defined in this way, satisfies the requirement that
¢ =w—(08) (2.25)

Using this definition of ¢* and the integral representation of ©(t), eq. (2.18), the
Feynman gauge propagator may be written as

dw eiw(tz—tl)
iDL (21, T3) = —1bap E g%% ot o (F) mz(z‘z) Z_Wm- (2.26)

The functions D“}(z,y) satisfy the inhomogenous d’Alembert equations
D (2,y) = g™ §P(z,y) (2:27)

The gluon propagator in an arbitrary gauge plays an important part in many of the
calculations performed here. The cavity version of the propagator in an arbitrary
gauge was derived by Stoddart [8]

D™ (21, 23) = 6ap Y abg(E1)als(T2) /g 7 N g

duw [—g“ 1A )
mIZ’

(2.28)

2.4 The Gell-Mann and Low Theorem

The amplitude for some transition in the cavity, e.g. one-gluon exchange between
quarks, is often expressed as the shift in energy induced by an interaction. In the °
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case of one-gluon exchange, say, the energy shift calculated would be the difference
in energy between a state consisting of two non-interacting quarks, and the state in
which the two quarks exchange a gluon. See Close and Horgan [9] for a discussion of
this particular example.

The usual path to an expression for the energy level shifts is via the Gell-Mann
and Low theorem [10], and the expression which is used most frequently is that given
by Fetter and Walecka in their well-known book [11]. When energy shifts are calcu-
lated in this way, the Feynman diagrams representing the process are expanded in a
series of time-ordered diagrams, and each time-ordered diagram has to be evaluated
separately.

From the Gell-Mann and Low theorem, the energy shift is

E E(O) = lim <¢k, mt(O)U (-—OO 0) l¢k) (2.29)
=0 (34| U(—00,0) | )

where U(t,1,) is the time evolution operator defined in terms of the interaction Hamil-
tonian H;.(t) and Wick’s time-ordered product T by

U¢(—00,0) = Z( ’)n / dty - / dt,T (A () He (1) (2:30)

n=0

In the equations above, the usual adiabatic damping of the interaction has been
introduced, as indicated by the superscript e. Explicitly, the damping factor is
H; . (t) = ‘Eltl Hiu(t). The subscript “c” indicates that only connected diagrams
need be included in the sum, and @ is an eigenvector of the non-interacting Hamil-
tonian; for example ) )
I ¢k> ~ &211'1111 &szznzézafans |0>
for a three-body wave function such as the proton. There is an equivalent form of
the Gell-Mann and Low theorem, due to Sucher [12], which does not appear to be
have been exploited before in cavity calculations. However, Mohr [13] has given a
most satisfying account of the self-energy of an electron and the vacuum polarization
in the strong electromagnetic field of a high-Z atom using this formulation. His work
shows that this approach is eminently suitable for cavity calculations.
The energy shift in the Sucher formulation, given in terms of the dummy variable

£, is

B—E® = lim <X il Set |91 )e/ 08 (2.31)
i:(lj 2 ( ¢k | Sc,€ | ¢k )c

Se¢ is the adiabatic S-matrix and is closely related to the time evolution operator of
eq. (2.30). Expanding S.¢ in terms of the dummy variable ¢,

= 1+ZS‘")

1 At the very least, the time integrals of each diagram must be evaluated separately.
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the similarity to U¢(t, o) is obvious:

—2£\°  poo 00 R R
5 = EE ™ gy [ el eI T [Hy (1) - Hi(t)]
: -0 —00

. (2.32)
The benefit of using this expression is that the Feynman diagrams are no longer
decomposed into time-ordered diagrams. This may be seen immediately from the
symmetry of the limits in the time integrations appearing in the S matrix. However,
the price one pays for this luxury is that the time integrations are often tedious and
more difficult.

2.5 The Energy Shift to Order eg®

The magnetic moment 4 of a particle may be defined as the shift in energy AE = ji - B
which it experiences when it is placed in an external electromagnetic field B. With
this definition of g in terms of energy shifts, eq. (2.31) is particularly useful for
calculating, up to any order in g, the radiative corrections to the magrietic moments
of the proton and neutron. It is the first order in the strong coupling constant,
or O(eg?), which is of interest here.

To this order, there are no gluon-gluon or ghost-gluon couplings which can be
connected to the proton wave function, so the Hamiltonian describing the quark-
gluon and quark-photon interactions is simply given by

Hin(t) = / Pz () lg 2 A () + Q Aext(Z) | ¥(T) (2.33)

Q is the (electro-magnetic) charge matrix of the flavoured quarks, Af(z) is the
potential due to the external magnetic field, A#(z) is a vector in 8-dimensional colour
space describing the colour potential of the gluons and the A,’s are the Gell-Mann
matrices.

The energy shift, correct to O(eg?), may be obtained from egs. (2.31), (2.32) and
(2.33). Taking the limit £ — 1, one obtains

AB = ling 5 [(S0)c + 2. + 35O = (SIN: + (S22 - 3(5D)e(S).]
(2.34)

The terms of order eg? in the expression above which contribute to the baryon mag-
netic moment are

AE®) = lim 3;6

e—0

(S = (SD)e(SP) (2.35)
since the other terms are not connected to the wave function of the baryons. The

second term in eq. (2.35), (SM)(S?)., comes from the denominator of (2.31) and is
possibly singular. It usually serves to cancel divergences in the first term which arise

10



from connected loop diagrams, or from poles Wthh occur when energy denominators
in convergent graphs vanish.

Concentratmg on the first term contrlbutmg to AE®) in eq. (2.35), and omitting
the spinor and colour indices, the energy shift is

e—=0 2

AEO® = —im S Z) / d'c / d'z, / dizg emellnttil+iah (2.36)

(r [(m A, +QAext)¢) ('(g%xﬂwwexoz/)) (Bte e+ Qo) |)

) c

The time-ordered product in eq. (2.36) can now be decomposed into normal-
ordered products using Wick’s theorem. Leaving the details until chapter 4, we
merely note here that the expression above contains 5 Feynman diagrams of O(eg?)
and one of O(e?®). The last diagram is purely a QED contribution, corresponding to
a vacuum polarization insert in the vertex graph. Since it is a QED diagram, it is
suppressed by a factor of a ~ 1/137, and is not included here.

11



Chapter 3

The Vertex Correction in Free
Space

It is well known that the vertex correction and self-energy graphs contain ultra-violet
divergences (see, for example, [14] and [15]) which must be regularized before they
yield physically meaningful results. In this chapter, the calculation of the the vertex
correction in free space will be reviewed, with special emphasis being placed on the
method of regularizing the divergences. This free-space calculation will provide a
model which will be closely followed when the cavity calculation of this graph is
performed.

An important point to note here is that some of the quantitative results obtained
in free space may be used in the cavity. The ultra-violet divergences are a large
momentum, and thus short distance, phenomenon. On the other hand, the radius
of the cavity is comparatively very large, and one does not expect the boundary
conditions on the surface to affect the short distance singularities. In other words,
the ultra-violet divergences should be precisely the same in the cavity as in free
space. Thus, if one can parametrize the free space divergence in some fashion, e.g.
1/¢ for some parametric variable ¢ — 0, then exactly the same parametrization of
the divergence should hold in the cavity.

In some recent work by A. J. Stoddart, the idea of using free-space expressions
in the cavity has been developed upon to yield quantitative results. After isolating
and parametrizing the free-space ultra-violet divergences for some diagrams using
dimensional regularization, Stoddart uses these parametric forms to renormalize the
less tractable cavity diagrams. For a full discussion of this technique, see [7] and [8].
This procedure will not be used here—instead, the free-space results will be used to
check the cavity calculation.

Figure (3.1) shows the three O(eg?) contributions to the anomalous magnetic
moment of a quark. It will be shown in the following sections that the divergences
occurring in these three graphs cancel when they are summed, and that the sum is
also gauge-independent.

12



-—-=x

(b)

Figure 3.1: Feynman diagrams contributing to the anomolous magnetic mo-
ment of a quark. The cross and dashed line denote the external electromagnetic
source, and the gluons are indicated by the wavy lines.

3.1 Cancellation of Divergences

A convenient starting point for demonstrating explicitly how the divergences in the
loop diagrams of fig. (3.1) cancel is with the Feynman amplitudes for these graphs.
The Feynman amplitudes are given by

M* = eg®Ca(p’) Au(p', p,q) u(p)ALu(q) (3.1)
Mb = eg’Cu(p')iv,iS(p)E(p) u(p)Au(q) (3.2)
M = eg?Cu(p') B(p') iS(p') 1y, u(p) Abyi(q) (3.3)

where A% (q) is the potential due the external magnetic field and C is a colour factor
given by '

53,

The vertex function A*(p',p,q) and the quark self energy ¥(p) in D-dimensions are:

Aﬂ. / de . . ’ . . . B aﬁ
(#,2:0) = [ o5 () 1507 — W)iS (o~ R)(ing) iD(E)  (35)
dPk ,. . Y
X(p) = W(Z%)ZS(P—k)(l’Yﬁ)zDaﬁ(k) (3.6)

We have been a bit sloppy in the expressions above in that the arbitrary mass param-
eter x40, which is required if the coupling constant g is to remain dimensionless, has
been omitted. However, the only results which are needed are in D = 4 dimensions,
where this factor approaches 1 when the overall diagram is finite. Hopefully, the

13



omission of this intermediate factor will make formulae more transparent to the eye.
In terms of the gauge parameter A, the gluon propagator is
g™ 1—-)X k*k¥
k2440 X k1440
We shall often talk about the gauge-independent (or gauge-dependent) part of an
expression. By this, we mean the part of the expression containing the first (or
second) term of the gluon propagator (3.7). We have tried to avoid using the term
‘Feynman propagator’ (A = 1) for the first term since it implies that we are working
in a specific gauge. However, the full propagator will be used in all calculations
performed in this work.

In order to show that the gauge-independent, divergent parts of egs. (3.1), (3.2)
and (3.3) cancel, the divergent pieces of A*(p’,p, q) and X(p) must first be extracted
using dimensional regularization. It turns out that the divergent part of the vertex
function is independent of both the mass of the quark and the momentum transfer ¢
of the external field. To simplify the derivation here, m and ¢ are set to zero at the
outset. The quark mass will remain at zero for the rest of this chapter. Note: the
definitions of A# and ¥ above may differ by a factor of —i from some other definitions
used in the literature.

Substituting the quark propagator and the gauge-lndependent part of the gluon
propagator into (3.5), one has

Pk 1 1 g% %k v, (P=F)r(F—E)r"
(@r )D’Yap, ]6 }0’ k‘Yﬁ 2 /(27r)D (p — k)2(p — k)2k? (3.8)

where the factors of (p — k)? in the denominator are written separately since they are
potentially different (recall that we have let p’ = p for the purpose of this calculation).
With the help of some Diracology,

Ty 'y’ = (2 - D)(2a"d — v"a’) (3.9)

the vertex function becomes

D*(k) = —

(3.7)

A*(p,p) =

dPk [2(§—F)(p — k)* — v*(—K)*

The usual trick now is to rotate k and p to Euclidean space, k° — ¢k° and p° — ip°,
then elevate the denominators into an exponential factor using

—z(p—k)? 11
= k / dze ' (3.11)
for each factor in the denominator. A* can now be written as
dPk
M —_ —a _
A*(p,p) = —i(2—D) (QW)D/ dr/ ds/ dt x (3.12)

2(B-B)(p — k) + (P )] e -Craten)
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It is convenient to make two successive shifts of variables, which bring the argument
of the exponent into a more useful form

+t) pr

VI (Ch k) B VNS L 1
- +7‘+s+t Fp r+s+t (313)
roz(l—-z—-y) , 38— 2z t— 2y (3.14)

The exponent in eq. (3.12) becomes zk'? + p?z(z + y)(1 — z — y) using these trans-
formations. The integral over k' is now a standard Gaussian integral and may be
performed immediately to yield

A*(p,p) = —i(2 - D) /Oldx /Ol_zdy /Ooodz 22 (471r_z)D/2 [7: (1 - g) (3.15)

+ (1—z—y)2 2" - ,),upi?)] o= 7P (z+y)(z+y-1)

where the result has been rotated back into Minkowski space. The z-integration is
in the form of another standard integral, the gamma function T', and also may be
evaluated immediately '

—i(2-D) 1- f '
o) = Zp [ e [ a (3.16)

D/2-2

b (1-3) [P+ ) +y-1] "1~ D/2)

D/2-3

+(1-z- 3))2(2 P =) [P +y)e+y -1 TG- D/2)]

Setting D = 4 — 2¢ where € is small (we are discarding powers of €*, n > 1), and
evaluating the remaining integrals, one arrives at

A*(p,p) = - [’r“ (% ~7+1- ln(—p2/47r)) - 2?;“] (3.17)

1672
where 7 is Euler’s constant. The troublesome term 1/e, originating from the factor
I'(2 — D/2) = T'(e) in the first term of (3.17), has now been isolated. Restoring
the integral representation of the gamma function, the singular part (denoted by a
subscript S) of A* in 4-dimensional space may be parametrized as

)~y oo -z
M= -5 [T a: (3.18)

1672 Jo z

In other words, if A*(p’, p, q) was calculated as a function of the parameter z, then one
would see that A#(z) diverges as 1/z for small 2. Furthermore, if the vertex function
in a cavity is calculated, then it should also diverge according to (3.18). This will
turn out to be an important diagnostic for the cavity calculation.
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The quark self-energy Z(p) can be calculated in exactly the same manner. Sparing
the reader the details, it is given by

5(0) = ~125 [£ =7 + 1~ In(~p?/47) (3.19)

The singular part Xg(p) of (3.19) is the same as A%, given in (3.18), if v* is replaced
by p. This is to be expected since, for zero momentum transfer, the vertex function
A“(p',p,q = 0) = A*(p, p) is related to X(p) through the Ward identity

9%(p)
apu

Armed with the explicit forms of A5 and X g, we are now in a position to show that
the singular, gauge-independent parts of M® + M® 4+ M°® vanish. Substituting the
singular part of X(p) into (3.2), and remembering that we are working with massless
quarks for the present, the singular part M% becomes

M = iegC ﬁ(p’)w% B fu(p) AL (q) (3.21)

A(p,p) = (3.20)

where B is the divergent constant I'(€)/1672, and the finite contributions have been
neglected. Unfortunately, eq. (3.21) is indeterminate as it stands. This is easily seen
since the result of § acting on a free particle spinor u(p) is zero, but if the g’s in the
numerator and denominator are allowed to cancel before acting on the spinor, the
result is proportional to u(p). This particular problem was solved by Feynman [16]
with the introduction of adiabatic damping of the interaction—a factor so far omitted
in this section, although it was included when the energy shifts in cavity QCD were
discussed. We more or less follow Feynman’s argument here.

The damping factor eIl of the last chapter has the properties that it tends to zero
as t — £o0, and is ~1 for a time T which is much longer than the interaction time.
It is these properties of the damping factor which are important, not the actual form,
so we may generalize to a function g(t) with these properties. Fourier transforming
g(t) into momentum space,

g(t) = /_ °:o dE G(E)&® = /_ °:o dE G(E)e'™® (3.22)

with s = (E, 6), one sees that G(E) is almost a §-function, and is normalized such that
g(0) = fdE G(E) = 1. When the Fourier-transformed damping factor is included in
the interaction Hamiltonian, the self-energy and quark propagator are replaced by

1,1

N S

The propagator has one factor of s more than the self-energy since it is of order eg®.
The Feynman amplitude (3.21) becomes

Ep)—Epp-s) ,

M = iegCu(y) [ dE dE' G(E)G(E' B—f) u(p)Alule)  (3.23)

e
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One of the ways of evaluating the intégral is to subtract a factor of }pu(p) from
the numerator, which may be done since gu(p) = 0. This allows one to make the

substitution

(=4 — ($—5) — ;¥ = 3(¥ - 29)
Furthermore, the factor of 2 § may be symmetrlzed by making the replacement
24 — 4+4'. The integral is now straight-forward, and yields

Mb = zengu(p)% u(p) A%u(9) (3.24)

The factor of %B is particularly important and should be noted. The same result
holds for M, so that the sum of these two terms contains a factor of exactly B.

The Feynman amplitude M% for the singular part of the vertex correction follows
immediately from (3.1) and (3.18), and is given by

Mg = —ieg?Cu(p') v,B u(p) Abxi(q) (3.25)

This is exactly cancelled by the singularities arising from the two graphs containing
self-energy inserts, i.e. the gauge-independent part of M% + M% + M5 is zero.

3.2 Gauge Dependence

The problem of the gauge-dependent contributions to the graphs shown in figure (3.1)
remains to be investigated. That will be done in this section, where it will be shown
that these contributions vanish identically. This is rather nice since the observables
calculated from these three graphs are independent of the gauge used?.

The Feynman amplitude for the gauge- -dependent part of the vertex correction
graph is

. D al.B
| M -egC(l A) (gw)k -(p)%%,l kw;kvﬁkkf u(p)Aexe(q)  (3.26)

The integral above is much simplified if the p’s are first allowed to act on the free
particle spinors, since gu(p) =0 and p? = 0. Concentrating on the Dirac algebra
in (3.26) for the moment, we have

1 1 kK o KB =Eu(B-K) K
u(p )7"%’ g u(p) = u(p )(p R)2(p — K7kt u(p)

() @2k-p'~p' ¥ = F) (2k p—Fp— k%)
- P (k2 — 2k - p/)( — 2k - )k

T would like to thank Dr. Gary Tupper for pointing this out to me.
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- where p? has been set to zero. Letting §’ act to the left on the spinor #(p'), and #
to the right on u(p) in (3.27) produces a result of zero, and that allows one to cancel
the remaining terms in the numerator and denominator, leaving only the factor of
1/k*. Hence, after rotating to Euclidean space, eq. (3.26) reduces to

a . 1—2A — de 1
M = zeg20 (T) u(pl) Vo U p)Aext q)/(2 )D k4

- () (£5) s fer e

3.2.1 The Gauge-Dependent Part of the Self-Energy Insert

The gauge-dependent part of the graph which contains a self-energy insert, fig. (3.1b),
may readily be calculated. It is given by

) . D alf _ D .
20 =~ (452) [ e e =~ (50) [ o e
3.29)

Using the properties of the Dirac matrices to reduce the numerator, and rotating to
Euclidean space, (3.29) becomes '

_(1=2 Pk pE+ kY
E(p)‘z( 3 ) Gr)P (b= piks (3:30)

where terms which integrate to zero have been dropped. The procedure now is similar
to that used when evaluating A#(p, p): i.e. elevate the denominators into exponential
factors; shift the variables with (3.13) and (3.14); and evaluate the Gaussian integral.
Hence, (3.30) becomes

L T R

Once again, X(p) has the form yA, where A contains a singular piece independent
of p?, and a finite piece which depends explicitly on p?. This differs from the gauge-
independent part only in the factor (1 — A)/A. Hence, when (3.31) is substituted
into (3.2), the result is indeterminate for the reasons given in the previous section.
The cure for this problem is the introduction of adiabatic damping factors. Following
the previous arguments, we immediately arrive at, in D = 4 dimensions

n A
M = —eg2Cﬂ(p)’m§ u(p)Abxe(q)

Y iy T BT

™71 o (p) Al (q) (3.32)
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- Since p? = 0 for the on-shell quarks, this reduces to

M= —-% (-1 o ’\) (e.ng)_ﬂ(p’) Yu p)Aext(q)f dz - (3.33)

167

This result also holds for the gauge-dependent part of M¢. Thus, inspection of (3.28)
and (3.33) shows that M® + M° exactly cancels M°.

In summary, it has been shown here that all the divergences appearing in the
one-loop vertex graphs cancel in free space. Furthermore, the gauge-dependent parts
vanish identically. These results are well known, but have been repeated here to
remind the reader of the mathematical methods used to control the s1ngu1ar1t1es in
free space, since they will be used again in the cavity calculation.
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Chapter 4
Loop Diagrams in Cavity QCD

The full expression for the O(eg?) energy shift in the cavity was given in eq. (2.36)
in chapter 2. Using Wick’s theorem, the time-ordered product of the fields in that
expression may be contracted in all possible ways to yield the sum of normal-ordered
products. Of these, some are not connected to our asymptotic three-body states and
- must be discarded. The remaining terms with the same spatial structure can then be
gathered together in groups of 6 and represented by the Feynman diagrams shown in
figure (4.1).

The three divergent graphs shown in figure (4. la—c) will be examined closely in
this chapter. Discussion of the two finite, one-gluon exchange graphs (4.1d) and (4.1e)
will be deferred until the next chapter.

4.1 The Cavity Vertex Correction

Recall that two equivalent forms of the Gell-Mann and Low theorem for energy shifts
were given in §2.4. While the first expression (2.29) leads to a series of time-ordered
diagrams for each Feynman graph, this can be avoided if the second form, eq. (2.31),
is used. The latter does not appear to have been used before in cavity QCD. In this
section, both forms shall be used as a demonstration of the relative merits of each
method.

Let us start with the Sucher form of the Gell-Mann and Low theorem. The energy
shift for the Feynman graph (4.1a) corresponding to the vertex correction is given by

3
AB, = —lig 220 Z) [dtar [ dia, [ dtagetiutiabiiod (4.1)

c—>0 2
(v (W as) (Fasaw) (B3av) |)
- T

where one of the possible contractions has been indicated. Since the limits of the time
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Figure 4.1: Feynman diagrams contributing to the baryon magnetic moments.
The intermediate quarks are labelled by p and ¢, and the gluon by m, X.

integrals are symmetric, there are 6 equivalent permutations of the space-time labels
T, T, and z3, so we may use the one contraction shown above and omit the factor
of 1/3!, thus including all the permutations. One should note that this expression
is essentially —7 times the Feynman amplitude for the process, with the adiabatic
damping factors written out explicitly.
" Substituting in the cavity mode expansion of the fields, and inserting the cav- -

ity quark propagator (2.19) and the gauge-independent part of the gluon propaga-
tor, (2.26), this becomes

37;6 2 Af Aa Aa ry d\'JJ d\'JJl d\'JJ”
AE 11_{% ) [ <a-c;f,m ( 2 )c,d ( ) Qacfn2> pqzm:zg /dtl dt2 dt3 2 27r o0

——c(|t1|+|t2|+|t3|) ett1(51+w—w ) ettz(w -w') 1t3(w"——w—52)

(W' — €, £10)(W" — g, £ 10)(w? — Q2 4 :0)

/d Ty Un, (T1)7,up(21)a mE(wl)

[ 2 Bz rate(22) Aka(w) [ &5 g(20)1stiny(25) iz () (4.2)
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To reduce somewhat the proliferation of indices, the energy of the outgoing quark
has been written as €, instead of ¢,,, and for the same reason, the energy of the
intermediate gluon will henceforth be written as {} instead of 2%. No confusion
should result since there is only one intermediate gluon in the diagram. The +:0
prescription will be assumed implicit in the propagators, and the summation over the
labels ¢f'nq, and cfn, (i.e. colour, flavour and cavity modes) is also assumed. The
expectation value of the colour, charge and creation/annihilation operators is given
in appendix E, and will henceforth be discarded from the formulae until needed. The
vertex integrals over the space co-ordinates will be written in the short-hand form
introduced in appendix B, eq. (B.1). The energy shift (4.2) can now be written in a
more compact form as

AE, = hr% 326 @Y FEQr mE My, QE x (4.3)

qn2
pgmX

e—c(|t1|+|t2|+|t3{) eth (e14w-uw') eitz(w'—w”) eita(w”-w-—sz)

(W' — ) (W" — gg)(w? — ?)

/_Z dt, diy dis /_Z dw do do”

The integrals [ dt; [ dw’ dw” are fairly straight-forward to evaluate—they may be done
in several different ways, all of which are more or less tiresome. The integral [ dw
is analogous to the free-space integral over the gluon momentum k, and is left until
last.

To evaluate the integrals rigorously, we proceed as follows: perform the contour
integrals over dw’ and dw” to get the sum of 4 step functions involving the energy and
time variables. It turns out that each term gives the same result (up to an energy ©
function) after integrating out all the time dependence, so we may concentrate on a
particular term. For example, one of these terms is

I = lim ¢ [ 4w 9(e,)0(,) 9(54 / dts / dt, [ dty x (4.4)
€— t3 t2

0 2 2 w?-—

o—elltalHtal+is]) giti(ertw—ep) ita(ep—ea) gits(ca—wme2)

After evaluating the three time integrals, and discarding terms which vanish in the
limit € — 0, this yields

I, = lim 26 3ie [ dw 1

22/ 2x [[z’(el S e ;g e S

_ 1 | O(ep)0(eq)
[i(e1 +w —€p) — € [i(er + w — &g) — 2¢€] [i(e1 — €2) — 3€¢]| w?—0?

When the limit ¢ — 0 is taken, this expression is clearly non-zero only if ¢; = ¢,.
Expressing the result in terms of the Kronecker delta 6(e;,¢;) for the discrete cavity
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eigen-energies, one obtains

. E b(ey,€2)
b = —i6(e,)0(e,) / 21 (61 +w —g,)(€2 + w — &) (w2 — O?) (4.6)
where
_ 1 if €1 = &9
8erse2) = { 0 otherwise (4.7)

Note that the factor of 3/2 from the Gell-Mann and Low theorem has cancelled in
eq. (4.6).

The other three terms arising from the contour integration can be evaluated in
the same way and combined to give the complete energy shift as

my [dw A 6(e1,€2) .
™ J 27 (614w —¢€p)(e2 +w —g,)(w? —Q2)

AEa______»ig2 Z gEE AmE Mpq

nip

(4.8)

pgmX

This expression should be compared with the corresponding free-space result given in
eq. (3.8). The analogy between [ dk? and [ dw is immediately apparent, which is to be
expected since both of these arise from time integrals, and the time component has not
been altered in any way in going to the cavity theory. The important point here is that
the close correspondence between the free space and cavity expressions suggests that
the free-space techniques outlined in §3.1 can be applied to the evaluation of (4.8).

Before attempting to apply standard free-space methods to this expression, there
are a few remarks which can be made about eq. (4.8). Firstly, the contour integral
can be evaluated to yield

dw 1 '
ImE = —4 / hatadl : . 4.9
Pq o (61 +w —ep)(e1 +w — gg)(w? — O?) )
1 if sgne ne
fsgne, =s
2Q(e; — Qsgne, — €,)(e1 — Nsgney — &) 8 = %%
— (4.10)

20+ ¢, +¢4
2Q(ey — N sgne, —€,)(e1 — N sgne, —€4)(€p + €4)

if sgne, # sgne,

where the superscript in I;’;E reminds the reader that the gluon energy depends im-
plicitly on these indices. When this result is inserted into (4.8), the energy shift is
expressed purely as a sum of vertex integrals weighted with some energy denomina-
tors. This is the form in which cavity energy shifts are usually evaluated. It will
be shown later that this form arises naturally when the unsymmetric version of the
Gell-Mann and Low theorem (2.29) is used. In this particular case, AFE, diverges
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logarithmically, by which we mean: if it is evaluated up to some cut-off energy A (a
la Pauli-Villars), the result increases logarithmically as as a function of A.

Let us now proceed to evaluate the integral (4.9) as it would be done in free space.
Reducing the +i0 prescription to +:0 in the denominator by squaring the quark
propagator pieces, and Wick-rotating to Euclidean space with the shifts w — iw and
€1 — 1€;, the integral I mE hecomes

_ [ep +i(w + &)l [gg +i(w + &1)]
/ 27 [ (614 w)? + 53] _[(51 +w)2 + 53] (w? + 02) (4.11)

Elevating the denominators, this becomes

me = / le, + i(w + €1)] [, + i(w + €1)] | (4.12)

[ [ ds [ e s s ]
0 0 0 : '
Making the following shifts of variables (c.f. the shifts defined by egs. (3.13) and
(3.14) in §3.1),
roz(l-z—-y) , s—zz , tozy , wow—g(rt+y) (4.13)

we arrive at
S dw o 5 1 1-z . :
L = - / ﬂ/(; dz z /(; d:c/(; dyle, +iei(l —z —y) +iw] x  (4.14)

[eq +160(1 — 2z — y) + 0] o[+ (1-z-y)+ed (+1) (1-o-y)+oed +vel]

The w integral is a standard Gaussian, and yields, after rotating back to Minkowski
space

s _ _/Owdz/oldx/;_zdy [(€p+61(1_$_y)) (eq+el(1—z—y)>z—%]

x /41 6—2[92(1—z—y)—ef(z+y)(1—z—y)+ze}2,+y53] (415)
™

The result obtained from the contour integration of (4.9) could now be recovered by
first performing the z integral, then integrating over = and y in the expression above.
However, we want to have a form in which the ultra-violet singularity is parametrized,
and that results from performing the z and y integrals first, with the integral over z
being left as the very last step in the calculation. The divergence then appears as a
non-integrable singularity in z.

After a somewhat tedious calculation, the integrals over z and y can be expressed
in terms of the error function. The result, unhappily, is not terribly elegant. Writing

2= [T ape
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we have

(€14 €)% — Q + 2e16, e (€1 + )% — N2 + 24¢, - e~
8ei(e2 — e2)\/7z 8e}(e2 —€2)\/72

Ix5(2) =

m
YY)
%

N

(63 e 021;;?;?’2 L(:)l te) - [e_znznerf (\/5A+) + e~**anerf (\/; A-)]
a %

(ef +e2 -+ 2515q) [(51 +e,)2 — 02
16€3(e2 — €2)

[e"mnerf (\/E B.,.) + e~ *nerf (\/E B_)]

(4.16)
where the normalized error function nerf (x) is defined by
nerf(z / (4.17
(2) = \/— )
and the following shorthand has been introduced
Ap = (ef + 02— eg) [2e, , A_= (ef -0 4+ eg) /2€1
B, = (ef + Q2 — 512,) /26, , B_= (ef -0+ 512,) /2e; (4.18)

The apparent singularity which occurs in (4.16) when ¢, = ¢, can easily be dealt with
by expanding the exponential and error functions. However, this special case occurs
again in the diagrams containing a self-energy insert, and will be presented there.

It can be verified numerically that (4.16) is equivalent to the contour-integrated
result (4.10). Analytic proof of their equivalence is possibly not too difficult, but did
not seem altogether necessary to the author.

The final form of the energy shift for the vertex correction graph, figure (4.1a), is
thus given by

A A® A® *° m mX ym
AEa =g2 <aI,f,n1 (?) y ( 2) Qacfn2>[) dZ Z gzz nf;:) M Qqnf I E( )

de pgmX
(4.19)

A small point to note here is that the integrand I mz(z) still contains the Kronecker
delta involving ¢; and &;. This condition effectively limits the outgoing state to be
such that n; = ny, since the cavity modes are discrete in energy.

4.2 Time-ordered Diagrams

The more usual approach to cavity energy shifts is through the expansion of the
interaction in a series of time-ordered diagrams. The vertex correction in the cavity
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has, in fact, already been calculated by Maxwell and Vento [17] in the Coulomb
gauge using this method. As an illustration of the method, the energy shift due to
the vertex correction is presented here. However, the Feynman gauge is used in this
calculation, and the formalism is substantially different from that of ref. {17].

Using (2.29) and (2.30), the energy shift to O(eg?) is given by

g CL [ty [0 [y [#remm a0
<T [(d—)(g:\zi/ﬂa + QAext)zb) («L(g%‘% + Q) («E(g%Ac + Qo)) ] >

where the co-ordinates z, y and z are defined by z = (0, 7), y = (t1,%) and z = (12, 2)
with 0 > ¢; > t,. The vertex correction may be extracted from this expression by
contracting the fields in such a manner that the external operator is always flanked
by quark propagators. The six ways of doing this are shown in figure (4.2).

Choosing one of the possible contractions of the time-ordered product, figure (4.2),
the energy shift is

= lim & n / dt, / dt, / Pz / &y / Bz el (4.21)

<N (302 A0 (302 610 (B (002
L] |

| ] |
) i

AE =

[

C

The appropriate forms of the quark and gluon propagators to use with this expres-
sion are those which contain explicit references to the time-ordering, and are given
by (2.17) and (2.22) respectively. With these substitutions, (4.21) becomes

AEl—hmg E 29/ dtl/ dt, e=cltal+t2]) gits(@—eq—e2) e*t2(epteq) (4.22)

7,90
mX

[ 2t (@ rap@)aten(@) [ Ey @) muns @) (0) [ P2 () mu-g(z) Ad(2)

The time integrals in this case are trivial, leading to

PH N

AB =g* 3 QrE mE g (4.23)
! p%o 1» Mp—9Q@ln, 2Q(ep +€) (R + &5 — €2)

The notation Y, .50 in (4.23) indicates that the summation over the intermediate
quarks p and ¢ includes only the positive radial frequencies.
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Figure 4.2: The QCD vertex correction graph as a sum of time-ordered dia-
grams.

Closely related to the time-ordered diagram given by AFE; is the last one in
figure (4.2). Schematically, the contractions leading to this diagram are

[
| |

(] (36 asterste) (502 mwrot) (31 A}
n - |

and the energy shift associated with it is readily found to be

’ zE
‘ A 9
AE, =g mE M, _, QT - - (4.24)
p%o PPTIE M 90 (ep + €4) (2 + €4 + €1)
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Figure 4.3: The time-ordered diagram AE, contributing to the vertex correc-
tion.

Adding together the contributions from these two time-orderings, one obtains

. - EZ2Q 4 e, +¢
AE12=g2 Z ;T;EM mZ g ( + P+,Q)

0@, T v 4.25)
P,q>0 P ne (ep + eq)(Q + €q-+ 81)(Q + Ep — 62) (
mX .

The sum of these two time-ordered graphs agrees, in part, with the result eq. (4.10)
found in the previous section using a different method. The qualifier ‘in part’ refers
to the fact that agreement between the results is limited to those parts containing
the quark ¢ propagating backwards in time and quark p going forward, since the
two time-orderings calculated contain only this piece. Of course, when the remaining
four time-orderings are calculated and added together, complete agreement is reached
between the two expressions for the vertex correction energy shift.

4.3 The Self-Energy Inserts

The other two divergent diagrams which we need to consider each contain a self-energy
insert on one of the external legs. These are shown in figures (4.1b) and (4.1c). Once
again, the gauge-independent part of the energy shift will be calculated here, using
the Sucher form of the Gell-Mann and Low theorem.

The energy shift for figure (4.1b) is

AB, = lim 3" [d, [da, [ diagetabitaliioh (4.26)

[

(w [(zZ(wl)QAext(ml)zp(lm_l))_(JzZ(m)—*gfa(xz)zﬂzmm)%jrb(xs)w(xa))}>
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where the factor of 1/3! has been dropped since the 3! permutations of the co-ordinate
labels are all equivalent. This immediately yields

J1e 1
22)

AFE, = hI’IOl

pn2

g 3 97 May QFF Qg X (4.27)
pgm¥

e—c(|t1|+~|t2|+|t3|) ettier -w') eitz(w’—w”+w) eita (W’ —w—e2)

(@ — e)(W" — &) (w? ~ ?)

/_ °; dty dt, dits /_ °; dw &’ du”

Some care is needed here when evaluatmg the time and w integrals. Recall that when
this graph was examined in free space, the Feynman amplitude for the divergent piece
was found to be indeterminate because the operator (1 /#) ¥ acting on a free particle
spinor produced the undefined quantity 0/0. The ambiguity was resolved with the
introduction of adiabatic damping factors, which are already included in the cavity
expression, eq. (4.27).

One way (although not the only one) of evaluating these integrals is to Fourier
transform the damping factors into momentum space using the transform

1 o0 %2¢ .
elltl — = / iBt
o dE ke (4.28)

With this transform, the integral becomes

—-3ie 1 00 0
I™® = lim —-—/ dt, dty dt / duw deo’ duo”
e—vO ) (27{‘)3 oo 1 &2 &3 oo
e—c('tll-‘}-.ltz.l-}-lta»l) eitl(el —w’) eitg(w'—w"+w), eita(w"—w—£2)
" (@ = )@ = ep)w? — )
. —-3i€ 7" o0 . oo [ "
= lim— dE / dtldtzdtg,/ dw du' du
% % % etti(e1 HE-u') eitg(w+w'+E'—w”) eita(w”+E”—w—52)
X — — . (4.29)
€2 + E2 ¢2 + En2 g2 + Em2 (wl - 5q)(wn _ 6,,)'((4)2 — QZ)
After some algebra, and allowing € — 0, this reduces to
dw 6(61,82) .
— f
2% (€2 — €4)(w + €1 — €p)(W? — O?) ifeq 7 €2
Iy = | | (4.30)
8(e1,€2) .
2/27r(w+61 £p)2(w? — O2) Hea=e
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The second case of eq. (4.30), ¢, = €2, leads to a logarithmically divergent expression
when inserted into (4.27), while the first case remains finite. In fact, when the former
condition ¢, = ¢, is imposed on (4.27), the result is almost identical to the vertex
correction (4.8), but with equal momenta on either side of the external operator. In
other words, the divergent piece here looks very much like the function A(p, p) in free
space. One should particularly notice that the divergent term has acquired a factor
~of 1/2 relative to the finite term—a requirement for the singularities of the three loop
graphs to cancel. This should be compared to the free space calculation, especially
eq. (3.24).

The remaining integral may now be evaluated in the standard way, i.e. Wick rotate
to Euclidean space, elevate the denominators into the exponent, etc. Changing the
notation slightly to distinguish between the two cases ¢, # €2 and ¢, = ¢,

/ d2KTE(z) e, # e
ImF = (4.31)
/0 dz L™ (z) ife, = e, |
and leaving the technical details aside, the result in this notation is
K¥(z) = ! (e‘“?’ - e‘znz) ' (4.32)

4e1(eq — 5q)\/7rz

e G Vo AR VR

8ei(ex — &)

for the first possibility. The quantities By and B_ were defined in eq. (4.18). The
other possibility, €, = €5, is actually a special case of the analogous integral, eq. (4.16),
for the vertex correction diagram, and is given by

—2L7%(z) = (614 &5 + Q)% + e — )’z + 253] e~ (4.33)

1
16e}\/7z [

e \/_ [((el +6,)% — Qz) ((el ——‘es,ﬁ.)2 + Qz) 7+ 4epedz — 25'{’] e %

[(ef — e+ 92) ((61 +€,)% — Qz) z— 46%] ((51 +¢e,)F - QZ)

3263

X [e'znznerf (\/z_B+) + %5 nerf (\/;B_)]
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Inserting these integrals into (4.27), we arrive at the final form of the energy shift
for the vertex diagram containing a self-energy insert

=0 [ de 2 0 Moo 0% Q2 K(2)
m%
5#"12

+g / dz My, 30 g5 QP QU [E(2) (4.34)

pmX

Once again, the Kronecker delta implicit in the integrands K and L restricts the
modes such that n, = ns.

The diagram with the self-energy insert on the other external leg, figure (4.1c),
turns out to be the same as (4.34). The former will be included by multiplying (4.34)
by a factor of 2. :

As a reasonably independent check on the correctness of eq. (4.34), it may be
derived from a time-ordered expansion of the interaction. Since this yields the same
result, one can be confident that it is correct.

4.4 Gauge-Dependent Terms

Recall that in free space, the sum of the three loop diagrams contributing to the
quark anomalous magnetic moment was gauge independent; i.e. the terms containing
the gauge parameter A cancelled identically. One therefore expects that something
similar will happen in the cavity. It turns out that these gauge-dependent terms also
vanish in the cavity, as will be shown in this section. :

The gluon propagator in an arbitrary gauge was given in eq. (2.28). For easy
reference, the gauge-dependent part is repeated here

1-A
A

dw qEqE’
ot (F)atk (&) [ 2L
m%;' mX ) mX 2) I q4

iD™ (21, T3) = —164 ewltz=t)  (4.35)

where the polarization vector _qz is defined by

qE = (qS,qﬁ’qM, £)=(w,ﬂ,0,0)
(w,—9,0,0)

I

U)
q2 = w2 _ Q2

The gluon energy §) is written here without its indices.
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4.4.1 The Vertex Correction

Tnserting (4.35) into the expression for the energy shift, eq. (4.1), the gauge dependent
piece of the vertex correction diagram is found to be

Bel-—X 1 m
2 —)‘—(2—‘”)—3‘92 Z an Mquan;qZ}qE X (436)

pgmL X!

AE, = 11m

e—c(|t1|+|tz|+|t3|) eit1(51+w—w') eitz(w'—w") eits(w"—w—ez)

(W' — €p)(W" — €g)(w? — 2)?

/ 7 dty dty dts / * dw dw' dw"

From the definition of ¢~, one can see that the sum over gluon polarizations above is
restricted to the scalar and longitudinal modes only, and since the vertex integrals of
these two polarizations are related by current conservation (A.30) and (B.12),

ml _ Eq—&p QmS AmL __ €¢—¢&p @mS

Py ’ pg T

the sum over polarizations may written in terms of scalar modes only.

' 'm 4 €2 — 61
Y QrE QrEEE = QRS Qs [q ¢+ ¢ —2+4¢°
Yy

+ a6 e =)o —eq>]

= (w + €2 — 6?)(w + €1 — 6?) inp qn2 (437)

The integrals over the time and w variables have already been done in §4.1, so we
are now able to express the energy shift as

© dw §(e1,2)(w + €1 — &p)(w + €2 — &)

AEa _ AMS M
pagm mp qn2 —o0 21 (w+ €1 —€p)(w+eEr— £g)(w? N Q)
© dw 8(eq,€;)
B XS 1y 2
= P np M qn2 o 'é; (w2 _._—’ 92)2 (438)

The remaining integral is easily evaluated using standard techniques, and yields

= —i / or (B 92)2 / dz\/‘ - = -—-5 (4.39)

/

Hence, the gauge-dependent part of the energy shift for the vertex correction diagram

is given by
1 m. z -2z
AE, =g =—= /0 de 3 Qs My Qs [ = e (4.40)

pgm
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4.4.2 The Self-Energy Inserts

The final piece needed now to complete the discussion of the Feynman diagrams
contributing to the anomalous magnetic moment is the gauge-dependent part of fig-
ure (4.1b). We shall merely quote the result, which is

2
zg l m © dw b(e1,€3)
AE, = § Moy Qs Qs o 27 (@ — Q)2 (4.41)
o, 1= x % dw é(ey,e2)(w+e, —€p)
—in2 mS NmS 1,2 q P
g X p§m: M.\ Qe Qpn, oo 2T (€5 — £,)(w? — Q2)2

g#n2

After evaluating the integrals, this becomes

g2 1- A ms z —202
ag, = -£ == /0 dz ZM,W e Qe[ e (4.42)

1-2A [z [eq—€\ _,
+92 X ‘[) dZEMqu pn2 4—7I' (6; __——b_:)e a?

q¢n2

The first term in the above expression is singular, and the second is finite. The result
AE, for the other self-energy diagram, figure (4.1c), is the same as AEy, above.

Although it is not obvious from the form of these gauge-dependent terms, the
sum AFE, + AE, + AE, turns out to be exactly zero, as it was in free space. This
result we are unfortunately only able to demonstrate numerically. See chapter 6 for
a discussion on the numerical evaluation of this expression.
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Chapter 5

One-Gluon Exchange Graphs

The remaining graphs contributing to the baryon magnetic moments are the one-
gluon exchange diagrams, figures (5.1a) and (5.1b). These graphs are relatively easy
to calculate, compared to the loop diagrams, since they are convergent and finite.

ng ny ns ny

4 I Ar Ar
m, %
*——- AVaVaVaVAVA
p ' P
AVAVAVAVAN % ———
m, X
Ty (P U D)

(2) (b)
Figure 5.1: One-gluon exchange graphs contributing to the baryon magnetic
moments.

The intrinsic, two-body nature of the one-gluon exchange graphs is of prime im-
portance when the baryon magnetic moments are computed. If these graphs are not
included in the calculation, the ratio of the neutron to proton magnetic moments
will not change from the value of —2/3 obtained by using the naive, non-relativistic
quark model (the experimental value is approximately —0.685). This is because al-
most all such calculations use the standard SU(6) flavour/spin wave functions of the
model, and these yield the ratio of —2/3 if the magnetic moments are supposed to
be due only to the constituent quarks (see, for example, Halzen and Martin [18]).
Several authors have sought to improve the calculation of baryon magnetic moments
by including, for example, relativistic corrections [19] (see also [20] and [21]), but

34



have ignored these diagrams. Of course, no improvement in the ratio has resulted.
However, by including the two-body interactions, one is able to change the ratio since
the origin of the baryon ma,gnetlc moments is no longer due only to the constituent
quarks. :

5.1 The Energy Shift

The energy shift for figure (5.1a) will be derived in detail below. The remaining dia-
gram, figure (5.1b), gives the same contribution if the in-coming and out-going quarks
are all in the same state. This may be also be seen from symmetry considerations,
without performing the calculation directly. Once again, starting with the symmetric
form of the Gell-Mann and Low theorem, eq. (2.31), the energy shift for diagram (a)
is

AFE, = —lim — 3ie g’ —Z) /d"x /d4a:2/d4:1: e~ clltal+itl+ts]) (5.1)

. e—=0 2
< (v| (95 a0) (33a0) (50 hus) |)
-".:1 T2 c

After substituting in the quark and gluon propagators, the gauge-independent part
of this expression may be written in the usual notation as

3e . At A A IE AmE AmE
AE - 111’1'1 —2- g <a’1’f’n1 a’d’g’ng (?) (_2— v Q acfng adgn4 Z g an nap MPM
cle

pmX

o dw dw' e—c(tal+it2l+ta]) giti(e1—e2tw) gito(ea—w—uw') gita(w'—es)

/_ Cdhdpdty | S0 5% e =T (5.2)

More of the tedious time and w integrals have cropped up! They may be evaluated
rigorously, as usual, or in the following rather sloppy way. The latter approach was
inspired by the manner in which these integrals appear in free space, i.e. without
the adiabatic damping factors, and is very simple. First, drop all references to the
damping factor €, then carry out the time integrals

it; (e1~e2tw) eit;(ss —~w—w') eits(w'—e4)

(@ = &)(w? — 02)

I = (%)2 [ dndndty [~ dwdr®

d(e1 — €2+ w)b(es —w — W) (W' —e4)
@ = e — )

(5.3)

ZWX.Zdwdw'
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Since there are no poles on the real axis, the w integrals are trivial, yielding

7 _ 27r/°°dw,5(61+63—62—-w)5(w — €4)
o (@ —g) [ (- e~ 7]

_ 27!'5(61 +€E3—€3 — 64) - 6(61 +£e3, &6+ 64)
(es—e) [~ =] (ea—e) [(e2— 2 — 0]

(5.4)

The last step in eq. (5.4) was to substitute 27 times the delta function, with its
continuous, free-space energies, for a Kronecker delta in discrete cavity eigen-energies.
This result is in perfect agreement with that obtained using the long-winded, rigorous
approach. One can use this method with confidence for almost all Feynman diagrams
if one first examines the free-space analogue of that diagram. If the adiabatic damping
factors are not explicitly required to cure some ambiguity or pathology in the free-
space graph, then this method will work in the cavity. (Clearly, this method will not
work for graphs such as fig: (4.1b), which contain a self-energy insert on an external
leg.)
Discarding the colour and flavour matrix elements for the moment, the energy
shift for the one-gluon exchange graph is given by
AE,=¢*Y FEQrE orS M 6(e1+ €3, €2+ €4) (5.5)

pmX e Tnep R (€4 — 5p) [( €1 — €)% — Qz]

There is a problem with eq. (5.5); it is singular when ¢, = €4. Fortunately, this is
easily remedied by letting e, — €4 in (5.2), then evaluating the integrals (rigorously!).
One then finds that the troublesome term vanishes if €3 = ¢4, which is the case here.
Thus, the term p = n4 is simply excluded from the sum.

5.2 Gauge Dependence and the One-Gluon Ex-
change

In figure (5.1), the virtual gluon is coupled to a conserved quark current, labelled
here by n, and n,. When a coupling such as this occurs in free-space QED, it is well-
known that the piece depending on the gauge parameter is zero, since ¢,j* = 0 for a
conserved current j*. The relation analogous to this in cavity QCD can be written
in terms of the polarization vector ¢z as gsj* = 0. A consequence of this relation
is that these one-gluon exchange graphs are automatically gauge independent in the
cavity.

One may also establish the gauge independence of these graphs by direct calcu-
lation. The proof is rather nice. Writing down the gauge dependent terms in the
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energy shift, one has

Je ,1-A

AB, = -lm 59" == 3 Quh, Qup M 00" (5.6)
pmIL!
foo -f(‘t1l+‘|t2|+|t3|) gitile1—e2+w) pitz(e3—w—w') gita(w'—¢4)
dty dts [ do do! S
s, @ — &) — )

The polarization sums can be expressed in terms of the scalar mode only, as was done
in §4.4.1, yielding

> Omn, Qry € = Qrn, Oy (Wt ey —€3) (wHe1 — £3) (5.7)
o5 .

The integrals may be done rigorously, or in the sloppy manner advocated previously.
The latter is more transparent, where it suffices to evaluate only the ¢, and w integrals.

_ dty (Wt er— ) (WtEp—€3) inurer—en)
1= [laf 5 (@ - )2 ; (5.8)

(w+e —-62) (wH+e,—€3)é(w+ e — €2)
[ (w? — )2

(82—61+$1—52) (62—51+5pf63)
[(e2 —&1)? — 07

Thus, the gauge-dependent term (5.6) vanishes since the numerator of (5.8) is zero.
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Chapter 6

‘Calculation and Results

The expressions for the energy shifts which were given in the previous two chapters
are now ready for numerical calculation. As an example of the numerical methods
used, the calculation of the vertex correction shift, figure (4.1a), will be discussed
briefly below.

- 6.1 Numerical Methods

After summing over the spins of the intermediate quarks and gluon (see appendix
C), the expression to be calculated is

AE = o, [ " dz AE(z) = a, /0 dz 3 g7F ATE [T () 6.1)
0

pgmX

where the factor arising from the colour and flavour matrices has been omitted. The
integrand I77*(z) has been given in eq. (4.16), and the quantity AmE is defined in
terms of radial integrals (see appendix B) and Wigner 3j- and 63-symbols by

X AmE y mE m¥
E g Ay = A Z g nip Mpq Qgn; (6.2)

pgmE pgmi

PO Y pupv z +j2—J— +12(K' +K')"“222
= Y 3 gFESTE Ry S (—1)tEioe /———”2 L 323532 I x
npr.quX;,léq

{jp']jl}(jll jz)(]‘l J jp)(jq J j2)(j 1 jq)
2 1 j p1 0 —po 70 -1 10 -2 10 -2

The notation J is shorthand for v/2J + 1. The sums over v, and v, run over all
integers except zero, and the sum over N is over all positive integers, including
zero. The last 3j-symbol constrains «, such that k, = &, or —k, = &, + 1, while
kp =*1,+2,--- and J=0,1,2--.. The infinite sum in five dimensions must be

3
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truncated at some point, and this is done by introducing an energy cut-off F, ..
such that all terms with a mode energy below E.,,. are included in the sum. In
other words, all cavity modes with €, €,, 9% < E,,, are included. Typically, if one
chooses Emax = 50 (cf. the energy of a quark in the 1s; state, which is 2.04 in these

natural energy units), then there are approximately 12.3 x 106 terms in the series.
Cut-off energies larger than this are impractical because of the rapid increase in the
number of terms which are included. The computer time rises almost exponentially
with the cut-off.

The spherical Bessel functions in the radial integrals are generated by either the
series expansion, forward recursion or reverse recursion [22], depending on the order
and argument of the Bessel function. The energy eigenvalues may be found to any
desired accuracy using these Bessel functions and the eigenvalue equations (A.9)
and (A.21). The integrals themselves are evaluated using Gauss-Legendre quadrature,
and eq. (6.2) can be checked as a whole using the sum rule, eq. (D.18). With an energy
cut-off of 50, the series and sum rule agree to 6-8 digits, depending on the quantum
numbers of the incoming quark, and of the gluon.

‘The remaining ingredient to be calculated is the spectral function I;’;E(z), which
consists of exponential and error functions. The latter are generated from either the
series expansion or a continued fraction development, with much care being taken to
avoid numerical subtraction errors when the argument of the error function is large.
Each term A;’;E I;ZE(z) in the sum is calculated as a function of the parameter z, and
the (infinite) sum of these z-functions yields a smooth curve AE(z) —the parametric
representation of the energy shift.

As previously discussed, AE(z) is singular; it diverges as 1/z for small z. The
functional form of this non-integrable singularity in the cavity should be exactly the
same as the form derived in free space, the latter being given by eq. (3.18). In
order to compare them directly, the singular, free space function A% must first be
transformed from momentum to configuration space by restoring the external legs,
which, of course, are now represented by cavity spinors, then integrated over the
volume of the cavity. Finally, a factor of —: is required to convert the result into an
energy shift. Hence, the singular part A5 becomes

ez

o0 as o0 -
As — AEs = as/O dzAEs(2) = _EM"IM/O dz .
d

- (6.3)

Qg o0
= _2Z;MHIH2A dy

The last step in the above expression was to shift the variable z — y2. The reason for
this shift is that the graph containing a self-energy insert has a finite component, but
the ‘2-form’ A E(2) of this piece diverges as z2~'/?, i.e. it has an integrable singularity.
Shifting the z variable in the above manner transforms the divergent integrand A E(2)
into a function AE(y) which is regular at the origin. Of course, the non-integrable
singularity in the vertex correction diagram is not affected by this transformation.
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- The y-form AE(y) for the vertex correction diagram, obtained by shifting z — y?
in eq. (6.1), can now be computed and compared directly with the singular function
AEs. The results of the calculation are shown in figure (6.1), where the functions
AE(y) and AEs are plotted together against y on the same axes. The initial and

final quark were both in the 1s 1 state with spin up for this plot, and the value of
the energy cut-off used was A Epx = 50. With this cut-off, there are 1.3 x 108 of the
terms A;’;E I;’;E (y) in the sum, i.e. about 4 million radial integrals, and the calculation

took 31 hours of CPU time on an Apollo DN3500 computer.
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Figure 6.1: The vertex correction energy  Figure 6.2: The difference AE(y)—AE;s.
shift (solid line) and the free space diver-
gence AEs (dashed line).

Inspection of fig. (6.1) reveals two important points. The first is that the nu-
merical cavity calculation produces a curve which, for small y, falls exactly on the
one found by analytical means in the free space calculation. If the latter curve is
subtracted from the former, as in fig. (6.2), the result is finite. In other words, the
vertex correction in the cavity has been regularized by subtracting from it the di-
vergent function AEg, which contains no dependence on physical parameters such
as momentum. Integrating the result over y then gives the finite contribution to
the vertex correction. (However, this finite remainder is not unique. For instance,
one could simply subtract an appropriately normalized curve of 1/y and get a finite
result.)

The other point to note is that AE(y) does not extend all the way to zero on
the y-axis. This is an effect of truncating the infinite sum over cavity modes at some
energy cut-off Ep.c. At some point ymin, the error due to truncating the series cuts

)
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in very suddenly and creates a sharp kink in the y-form. By using different values
for Eq.«, one can establish that this point is at

T .
min = 4
8~ Fra ¢4

Apart from bringing the kink closer to the origin, increasing E,,x does not have much
of an effect on the result. The ‘missing’ piece of AE(y) in the interval (0, Ymin ) may
'be approximated by extrapolation using Chebychev polynomials. The appearance of
the error at small y is to be expected, since the spectral function goes like exp(~yE?)
and hence the largest contributions to AF(y) in the small y region are due to the
high energy components, and these have been neglected.

6.2 Calculation of the Self-Energy Inserts and
Cancellation of Divergences

Recall that the vertex graph with a self-energy insert, presented in §4.3, consisted
of two separate terms; a finite one, and a term whose form resembled that of the
divergent, free-space vertex function A*(p,p). After carrying out the spin sums (see
appendix C) and shifting the variable z — y2, the energy shift, eq. (4.34), for this
graph may be computed in the same way as the vertex correction graph. The other
graph with a self-energy insert has the same contribution as this one, and is included.
by multiplying the result by 2. A plot of the results is presented in fig. (6.3), where
the finite and singular contributions are shown separately.

Once again, the cut-off used for this calculation was Ey.x = 50. The part which
is regular at the origin included 7 x 10° terms in the sum and took 10 CPU hours on
the Apollo DN3500, while the divergent part included 3 x 10* terms and needed a
mere 33 minutes of CPU time. One may easily establish numerically that this term
blows up as 1/y for small y.

The contribution from the self-energy inserts must now be added to that from
the vertex correction. When this is done, the 1/y divergences from each diagram are
found to cancel out exactly, as expected, leaving a piece which is regular at the origin.
This can be seen in fig. (6.4). Integrating the finite remainder gives the energy shift
due to the first order radiative corrections.

Finally, the gauge-dependent terms arising from the three loop diagrams can be
calculated as above and added together. Again, the self-energy diagram has both
a finite and a singular component, shown separately in figure (6.5), and these have
been multiplied by 2 since there are two such graphs. When the two self-energy
components are added to the divergent vertex correction, the result is some 8 orders
of magnitude smaller than any of the contributions for all values of y, except where
the usual truncation error comes in at ympn- The area under the resultant curve,
which is the gauge-dependent contribution to the anomalous magnetic moment of a
quark, is found to be —4.8 x 1078, This number was calculated by extrapolating the
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Figure 6.3: The divergent (solid line) Figure 6.4: The result after adding the
and finite (dashed line) parts of the self- energy shifts for the vertex correction
energy inserts. and self-energy inserts.

curve through the region where the error comes in, and is consistent with zero within
the limits of accuracy of this numerical calculation.

The one-gluon exchange diagrams are much easier to compute since they are finite
and absolutely convergent. Conservation of angular momentum constrains the sum
over j and J of the intermediate quark and gluon to a few values, leaving only two
infinite sums over the radial modes » and N, which are simply truncated at the 60t
radial mode. The vertex integrals agree with the sum rule, eq. (D.34), to 8 digits,
and the energy shift, eq. (5.5), converges to 10 digits with this method of truncation.

6.3 Results

As mentioned above, the energy shift due to the vertex graphs is obtained by inte-
grating the area under the curve which results when the y-forms for these graphs are
added together. This has been done in table 6.1 below, where the energy shifts for
the first few quark states are presented. The colour factor of 4/3 is not included.

Similarly, the energy shifts due to the one-gluon exchange graphs for a few quark
states are given in table 6.2. In this case, the energy shift involves a two-particle
operator acting on the quarks between which the gluon is exchanged. Once again,
the colour factor has not been included.

Using the values for the energy shifts given in tables 6.1 and 6.2, and the colour-
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Figure 6.5: The gauge-dependent parts of the vertex correction and
self-energy diagrams.

flavour matrix elements given in appendix E, the first order radiative corrections to
the proton and neutron magnetic moments may immediately be found. The zero’th
order values may be calculated using the quark-quark-photon vertex integrals derived
in appendix B. Restoring all factors of % and ¢, setting the cavity radius R = 1 fm,
as = 2.2 and writing the magnetic moments in the form

pp = pi + b + a6l

for the zero’th order, and first order one- and two-body corrections, the results are

Zero’th | First Order Corrections
Order [, dy 92-bo dy | Total Theory | Experiment
po | 1.924 | —1.683 | 0.0267 | —1.656 | 0.2680 |  2.793
i || —1.282 | 1122 | 0.1238 | 1.245 | —0.0365 | —1.913

The magnetic moments are in units of the nuclear magnetons, un = ek/2m;.
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Cavity mode | Eigen-energy | Energy Shift
ls1 1 2.043 0.06032
lsy | 2.043 —0.06032
2511 5.396 0.01226
1py 1 3.812 0.04035
lps 1 3.204 0.01618
lds 1 5.123 0.01545

Table 6.1: Energy shifts due to the radiative corrections to
the quark-quark-photon vertex in units of e,R. p = 1, and
the arrow indicates the spin projection.

6.4 Conclusion

The proton and neutron magnetic moments, with the O(c;) corrections due to the 5
Feynman diagrams shown in fig. (4.1), are found to be

pp = 0.2680 un
tn = —0.0365 un

The poor agreement between theory and experiment obtained here is immediately
seen to be due to the contributions from the one-body corrections, which are large and
apparently have the ‘wrong’ sign. In view of this discrepancy, some comparison should
be made between these results and other calculations available in the literature.

The calculation of the two-body corrections has been presented in several pa-
pers, the most recent of which are due to Tsushima et al. [5], and to Hggaasen and
Myhrer [23]. The latter is, in fact, a re-calculation and confirmation of earlier results
by Ushio [24] and Krivoruchenko [25]. These authors calculate the contribution to
6@ due to the transverse magnetic gluon, and get 6;4,2) = 0 for the proton, and
a,6u?) = 0.133 un for the neutron. These numbers are confirmed in the present
calculation when the scalar gluon is omitted from the calculation. (The transverse
electric and longitudinal gluons do not contribute anyway.)

The calculation by Maxwell and Vento.(M&V) of these corrections [17] uses a
similar formalism to that employed here, and it includes a rigorous treatment of
the divergent vertex correction diagram. However, the authors have not calculated
the vertex diagrams containing self-energy inserts, so their results for the one-body
corrections are gauge-dependent and thus no comparison can be made between the
current results and their ones for these terms.. On the other hand, the one-gluon
exchange corrections are automatically gauge independent, so thelr results can be
compared with this calculation.
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Cavity mode ; pq pa pia pig | Energy Shift x10~3:
13,;_ ,TTTT —8.0878
Lsy ; 11 —7.1328
Ls1 ; W 7.1328
lsy ; T 0.5020
lsy ; T —0.5020
23,;_ s TITT —1.7751
23; s TTLL —2.4039
-1p% T —2.8374
1p% ;T —5.6727
1ps ; M ~4.9517
1pg ; T4 —2.6862

Table 6.2: Energy shifts due to the one-gluon exchange, with
all quarks in the same cavity mode. The spins of the incoming
and outgoing quarks are indicated by the arrows.

M&V | 0°C
Sp || —0.11 | 0.0267
Sun || 0.22 | 0.1238

Correction due to the one-gluon exchange

Maxwell and Vento’s result for the proton has the opposite sign to ours, and is larger
by a factor of 4, while the neutron correction has the same sign but is twice as large.
Further investigation has not revealed the source of the discrepancy.

The formalism developed here can be extended very easily to the calculation of
other properties of the baryons, such as g4, (r?), etc. In fact, one should be able to
calculate all'one-loop diagrams in cavity QCD using this formalism, provided that the
renormalization scheme employed is meaningful. In the case of the proton magnetic
moment, the divergences arising from the contributing diagrams cancel. Another
example is the gluon self-energy, where the divergences from the ghost- and gluon
loops, and the gluon tadpole all cancel out. The quark loop contributing to the gluon
self-energy may be separated into two components, and the divergences in each piece
are also found to cancel each other [26]. Alternatively, it has been shown here that
the cavity diagrams can be renormalized by subtracting from them the free-space
divergences, but this process is less attractive because the renormalization scheme
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is not well defined. (There may be some unknown constants factors, e.g. Euler’s 7,
arising from the cavity calculation which are not present in the free-space diagram.)
It has also been shown that this formalism enables one to work in an arbitrary gauge
without increasing the difficulty of the calculations, a feature which has proved to be
useful for divergent loop diagrams. _

Another method of renormalizing the divergent loop diagrams in the cavity is the
multiple reflection expansion (MRE) of Hansson and Jaffe [27], where the divergent,
boundary independent contribution to the diagram is isolated analytically. For a
discussion of the relative merits of the MRE and the method presented in this work,
see Stoddart and Viollier [7] [8], who have performed a calculation of the quark self-
energy in a cavity and compared it to a MRE calculation of the same quantity by
Goldhaber et al. [28].
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Appendix A
The Cavity Modes

The quark and gluon cavity modes will be presented in.this appendlx for easy refer-
ence. The source of much of this material is ref. [6].

A.1 Quark Cavity Modes

The quark wave functions are solutions of the Dirac equation, (2.10), subject to the
boundary condition eq (2.13) of the M.I.T. bag model. The time-independent Dirac

equatlon for a quark with flavour f and mass my is

(=579 + my) ua = €ar®un(?) (A1)

where €, is the energy of the quark. The solutions of this equation, subJect to the
M.I.T. boundary condition, are given by the spinors

[ (Xt \
u,(7) = A.2
g ( i ()X 2k (7) ) (A2

and the adjoint spinor by
n(7) = ul (7’ (A.3)
Here, n = {v, k, u} labels respectively the radial, Dirac and magnetic quantum num-

bers of the cavity mode, and x%(#) is the usual two-component spherical spinor. The
radial functions g,(r) and f,(r) are given by

nlr) = s ieoa?) | (A4
1) = () 2 ) )

where j,(z) is the spherical Bessel function and R is the radius of the cavity. The total
and orbital angular momentum j and ¢ are defined in terms of the Dirac quantum
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number £ by

i) = Inl—2 (A.6)
() = j(x)+Lsgn(r) (A7)
ix) = j(x)— sga(x) (A8)

The momentum p, is determined by the boundary conditions imposed on the quark
fields at the surface of the cavity. For a static and spherical bag, p, is a solution of
the transcendental equation

Ln

e (i) = 0 (A9)

Je(zn) +

where, for convenience, the energy, momentum and mass have been written in terms l
of the dimensionless quantities w,, =, and (; respectively. These are defined by

z, = p.R (A.10)
¢ = myR | : (A.11)

wn = &R = sgn(v) Yzl + (3 (A.12)

The positive and negative energy solutions are characterized by v > 0 and v < 0
respectively, and by symmetry, €_, . = —¢, .. Finally, the normalization constant

N, is given by
NE = - ’ ( T )2 (A.13)

The spinors (A.2) form a complete and orthonormal set of states defined within the
cavity. Explicitly, the completeﬁess relation is given by

D un(Pub(7) = 67, 7)1 (A.14)

where [ is the unit 4 x 4 matrix, and the orthenormality by

[ r ot (7Y (7) = S = (A.15)

A.2 The Gluon Cavity Modes

The gluon modes a;,5(7) are solutions of the wave equation for massless vector fields
subject to the M.I.T. boundary conditions (2.14)

(V2+02) ki (7) = 0 | (A.16)

The solutions of these equations are labelled by ¥ = S, £, M, € for the scalar, lon-
gitudinal, transverse magnetic and transverse electric polarizations respectively, and
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m = {N, J, M} denotes the radial, total angular momentum and magnetic quantum
numbers respectively. In terms of spherical Bessel functions and vector spherical
harmonics, the cavity modes are

D5 = 2m () You(5) | (A.17)
ncl?) = J—R——’;fz"‘T—l) [V 55108 4 5) + VT T T (06i) 552 5)
(A.18)
- NmM . M >J /A .
Gmm(F) = oy Jo(Qn'r) Yin(F) (A.19)

(VI F i35 T3 () = VT s (60 VA ()

nelf) = W

The total angular momentum J is defined such that J > 0 for ¥ = S, £ and J >1
for ¥ = M, £. The boundary conditions for a spherical cavity reduce to the following
eigenvalue conditions for the gluon energy

(A.20)

Jis(QR) — Q5 Rjs(5R) =0 r=65,L
(J+1)is(OMR) — QMR (AMR) =0  S=M (A21)
i(QER) =0 £=¢

It turns out that the energies of the scalar and longitudinal modes are equal, Q% =
Q3. The normalization constants are given by

= N = 55 f1- Tt (A22)
D= bl [1—%] (A.23)
'n:g = %j3+1(ﬂfnR) _(A-24)

The set of gluon modes satisfying eq. (A.16) is complete and orthonormal. These
properties are most conveniently expressed by introducing the metric tensor in po-
larization space, g¥*. With its help, the completeness relation may be written as
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X 0% sl () = 9 605 ) (A25)
mE
and orthonormality is then given by
[ € g s () @l (7) = 97 S (A.26)
The diagonal metric g* is represented as
é.s.s____gLL: _gMM — _gEE 1 F =0 T4y (A.27)

Finally, a few useful identities concerning the cavity modes are noted. Using the
properties of the vector spherical harmonics, the complex conjugate of a5 (7) is

057 = (~)MnZalhus(7) (A.28)

with the definition m* = {N, J, M }. The phase n* is shorthand for

-1 if¥=8 M

=9 (A.29)
+1  #E=LE

The scalar and longitudinal modes are related by current conservation in the
following way: '

as() = —a5V dnc(7) (A-30)
Ene() = — gz Vabs() (A.31)
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Appendix B

Vertex Integrals

The integrals associated with the quark-quark-gluon vertex, and the coupling of
quarks to the external operator will evaluated in this appendix.

B.1 The Quark-Gluon Vertex Integral

The interaction between quarks and gluons is described by the integral which is
defined as
n% =i [ Pr (7 () ahs (7 (B.1)

Closely associated with this integral is one in which the gluon field is replaced with
its complex conjugate, which will be written as

=i [ Er (@) a5 () (B-2)

Using (A.28), this may be reduced to (B.1) as follows:

m% = (DM [ @ (Pt (7) e (7) = (~1)M0Q” = —QEE (B3)

Following Viollier et al. in ref, [29], but using a slightly different notation, the
radial and angular dependence of (B.1) can be separated as

mE _  R-3/2pmE / dQ ™ (#) Yo (7) x5 (7) S =8,L,E
| (B.4)
= RPRE [ ) o (F)X e (7) 2= M

nn'

The integral over the angular variables is readily done by expanding the spinors and
spherical harmonics in a Clebsch-Gordan series. In terms of the Wigner 3;-symbols,
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the result is

1 #t1/2 14+(-1 I+t A Ba, |
[ a0t ot est) = = HHE (8.5)

(G NPT
Mo J\7 0 3
where the abbreviation J = v2J + 1 has been introduced. The notation for the 3;-

symbols is that of the encyclopedic Varshalovich et al. [30], and is consistent with
the standard notation of Edmonds [31]. The radial integrals are given by

R
R™ = —Ns /0 dr 12 §5(5.0) St () (B.6)
A< R
mL mS S .2 S
R = ——an /(; drr{[er]JH(er) J]J(Qs )] Uprr (7)

+ (k- ") jJ(anr)Tm:(r)} (B.7)

' R
RoM = _EEE [ drr? Q) Ty () (B.8)

JI(T +1)

nn'

Noe N (e — &) [T 37— QCrj 57; o(r
m/(; drr{( ).[J]J(Qm ) Qm ]J_I(Qm )] Tnn( )
+ U+ 1) is(@r)V(r)} (B9

Three further abbreviations have been introduced here for the radial parts of the
quark wave functions. They are

Snn’ = gngn'+fnfn'
T = Infrr + frgn (B.IO)

Unn' = gnfn'_fngn'

It is convenient to include the phase factor from the angular integration (B.5), which
contains the parity selection rule, into the radial functions by defining a new quantity:

_ _1)¢HI

nn' - 2 nn'

(B.11)

The vertex integrals involving the scalar and longitudinal modes are related by
current conservation, (B.12).

m En' —&n Am
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The angular integrals for the quark-quark-gluon vertex are fairly easy to compute,
either analytically or numerically. This is unfortunately not so for the radial integrals,
which present a formidable numerical task. The main problem here is in achieving
a satisfactory balance between computational speed and accuracy. The integrands
in which the sum of the radial quantum numbers v 4+ v/ 4+ N is large are highly
oscillatory, having approximately (v + v/ + N) oscillations in the range 0 <r < R.
Although the contributions from these terms are individually small, there are a great
many of them, so they must be calculated reasonably accurately. On the other hand,
the computer time increases prohibitively if one tries to integrate the oscillatory
matrix elements with the same accuracy as the smooth ones.

Ideally then, the radial integrals should be done analytically. The basic problem
is to evaluate the following integral of three Bessel functions

I= / dr 12 jm (ar)ju(br)jp (cr) (B.13)

for arbitrary real numbers a, b and ¢ and integers m, n and p. A full fronta] assault
on (B.13) using Bessel’s differential equation and the recurrence relations for spherical
Bessel functions [32] proved to be of no avail, although the definite integral, with limits
0 — o0, has been done recently by Gervois and Navelet [33]. This just recovers the
free space limit. A series solution for the finite integral was tried, but the Appell
functions which resulted were not useful for numerical calculation. The remaining
hope for an analytical solution is that the problem simplifies if the special properties
of the energy eigenvalues are exploited instead of using the general variables a, b and
¢. This has not yet been attempted.

B.2 The Quark-Quark-External Photon Vertex

The integral which describes the interaction between a quark and the external field
is defined here as

My = / &P (P (F) A (7) (B.14)

The external operator used in the calculation of magnetic moments is the potential
due to a static magnetic field oriented along the z-axis. However, the entire formalism
developed so far is quite general: if one wished to calculate other observables in the
cavity, the only change to be made would be to substitute the appropriate operator
into the above expression.

The external field is given by

-

A7) = —=1(y,—2,0) = —17x B (B.15)

Henceforth, the strength of the magnetic field B will be set to unity, since its value
cancels out in any case when the magnetic moment is taken.

An approach to separating the radial and angular dependence in (B.14) which is
both rather elegant and quite fun is to first re-write Aex(7) in terms of the angular
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momentum operator
Aon(?) = —i[3 Ir¥iof#) (B.16)

from which the vertex integral becomes

Mnn,=f [ [gnfnl (3 IrYio) X = fagw x5 (5 IrYio) xnf] (B.17)

where the &’s are the Pauli matrices. Using the shorthand # - & = &, where 2 = 1,
and noting that

-

o, (¢-L)o,=-3-L (B.18)

the second term in eq. (B.17) can be re-written in the following form
x" (&' . ErYlo) x‘,:: = x"o, (a IrY, 0) o, x_ = —xH (&'- ErYlo) X‘:I,a (B.19)

since o, x% . = x%. Hence, (B.17) becomes

Moo = [T [0 (gufur + fugw) [ 4010 (5 E¥aol®) X2ulF) - (B:20

The Hermitean operator & - L acts only on Yo, but it is convenient to change its
action according to

X! (7 LYio0) ¥ = ¥ (5 - Lox’s) —xtYao (3-Lx%,)  (B21)
Recalling that the action of & - Lona spinor is simply
& Lxh(#) = — (x + 1) x4() (B.22)
and exploiting the Hérmitean nature of the operator, eq. (B.21) becomes
(@ Lio) X%y = (3 Lxt) Yo" —xtio (7 £x%)
= ~(s+a)xhoxty (B.23)
Eq. (B.20) now becomes |
M = =[5 [(arr® (guu+ fugus) [ 40+ ) XEWroPIE () (B28)
The total angular momentum of the external field is J = 1, which means that
the angular momentum which can be transferred to the quark field is either 0 or 1.

Because of this, the radial and angular integrals may be evaluated analytically, since
K is restricted to either k = £’ or Kk = —«’ — 1. Defining the angular integral as

Apo = \/; +#) [ dQ X FWia(F)Xu (#) (B.25)
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the explicit results are

__2kp e
Age = 1 if K =k
(B.26)
__sgn(k) 1)2 . _ :
Ag_ 1 = Tln] + 2 (|fc| + 5) —p? if KK=—-xk-1

where the quantity A, _s_1 = A_._) « is symmetric. All other possibilities are zero. .

For the radial matrix elements, the following two integrals involving Bessel func-
tions are needed. They may be derived using only the recursion relations of the
spherical Bessel functions.

| / dr 13 o (ar)jnss (ar) = (B.27)

3

e (2n+1)(2n +3)
4a B

ar

[@n+wﬁﬂww+@n+nﬁ@ﬂ janwmwﬂ

2br?
@ =P (a+h)

/dr 7° Jn (ar)jn+1(b7‘.) = - [jn+1 (ar) jn(br) = Jn (v‘"') jn+1(br)]

- [ar Gns1(ar) nsz (br) + br ja(ar) ja(br) — (21 + 1) ju(ar) jnﬂ((;r)] (B.28)

r

With the help of these two relations, and after much algebra, the radial part
of (B.24) reduces to

, R
RY, = / dr 3 (gn fu + f,,gn,)
0

_ R 4wk —2(; +4k% -1
V2 Ww(wt )+
Here, the dimensionless energy, momentum and mass variables, introduced in equa-
tion (A.10) of appendix A, are being used, and the notation is such that w’ = w,,
etc. The remaining two possibilities for the radial integral are x = &/, v # v/ and
& = —£' — 1. These are

R fr=xrandv=0. (B.29)

RY = —— 2eo K é (B.30)

X
@+ ) [0+ 8) + ¢] [ + %) + ]

—2z2'R [w -+ sgn(ic) (27|K,| + 1)]
(w+w') (22 - :v’2) \/[2w(w + &)+ Cf] [2w’(w’ + &)+ Cf]

RZ’:SI,K'FI = x ¢ (B.31)
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Once again, the radial integral is symmetric, i.e. R” ‘::’K = RZ'Z «—1- These are the
only non-zero matrix elements, which is simply a re-statement of the parity selection
rule: K = &’ or K = —k’ — 1. The factor ¢ is a phase which is given by

¢ = (-1, p = (B.32)

lwl+1 k<0, v<0
|| otherwise

Finally, the radial and angular parts of the integral describing the quark-external
operator vertex can be put together into ‘

My = R Ao ' (B.33)

!
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Appendix C

Spin Sums

The sums over the spins of the intermediate particles in the vertex- and one-gluon
exchange diagrams are presented in this appendix.

C.1 Vertex Correction Spin Sum

The sum over spins in the expression for the energy shift due to the vertex correction
diagram, eq. (4.19), is readily evaluated. In terms of the Wigner 3j- and 65-symbols,
the result is

Am m m vpg QM "'—J— Kp+ Kg) o 5 29293
4 Y QrE M, QnE = Spr R2% Spr (-1 “‘+l/2£”—2—"—)11 123232
Il'pll'qM ’
x{j” J'jl}(jl 1 jz)(jl' J 'jp)<jq J jZ)(jp 1 jq)
j2 1 Jg p 0 —p2 Lo -1 1o -1 Ly -1
' (C.1)

where the labels p, ¢ and m should now be understood to include only the radial
and angular momentum quantum numbers. The definitions of ST7 and RY’, may be
found in appendix B.

C.2 The Self-Energy Insert Spin Sum

Similarly, the sum over spins in eq. (4.34) for the self-energy diagrams yields

AmE nymI __ (K1+f€q) v mI omXI
47 EMM,M o Qs = T Rpvs Sm¥ Sm x (C.2)
Hphq
L a1l B\(h J B)
_1,]””( , )( )( )
(=1) 1J2Jp Jaj2 —u1 0 po _;_-0 _% % 0 _%



C.3 One-Gluon Exchange Spln Sum

In the case of the energy shift for one-gluon exchange, eq. (5.5), the spin sum does
not simplify, and has to be carried out numerically. The expression to be evaluated

is
_ p1tustps+3/2 ('CP + &4) mI mE Dy ‘
47" Z innz 'n.3p P"M - ( 1) 2 Sﬂlﬂz S"3P RKp'ﬂ x
ﬂpM

4 4 A A a9 J j2 j3 J jp jp 1 j4 jp 1 j4
J1J27374) Jz( ) ( , ] X
P YA A A T

2

aoJ jz)(_]’s J J'p) (C.3)
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Appendix D

Sum Rules

The heart of all the cavity QCD calculations performed here lies in the sum of of
vertex integrals, where the sum is over the complete set of quark or gluon cavity
modes. This sum has to be performed numerically, and since an infinite sum cannot
be done on a computer, some assumption has to be made on when the sum should
be truncated. This is a fairly large computational task, and there is a good chance
that errors will occur.

A simple and elegant way of checking both the computer code performlng the sum,
and the method of truncating it is to use a sum rule derived from the original expres-
sion involving vertex integrals. A ‘sum rule’ is obtained by analytically summing over
the intermediate quarks or gluons, using their completeness relations, before doing
the integrals. To illustrate this procedure we shall derive a sum rule in detail for the
vertex correction diagram.

D.1 Vertex Correction Sum Rule

The expression for the vertex correction energy shift was given in eq. (4.19) as

AE,=g / dz Y "2 QTS M,, QrE Im(z) (D.1)

np qnz
pgmX

For the purposes of the sum rule, only the terms containing vertex integrals in the
expression above will be retained. These terms will be defined as

Vm/ = 47:‘ng E sz M qnl (D.2)

pgM

where the sum Y, runs over the gluon spin projections. Writing (D.2) out in full,
one arrives at

VP = —ang™ Y [ doan(@raup(@)atn(@) [ &y TPl

pgM

[ 2,2 1w (Datur (2 (D.3)
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Using the completeness relation for the quark cavity modes (A.14), the sum over p
and ¢ may be performed immediately to give

VaF = —4ng™ Y [ dr an(@ron g (Fass (DAL (ats(®)  (D4)
' M

Instead of summing over ¢, say, the sum over m, ¥ could have been done using the
gluon completeness relations. However, only two of the three intermediate particles
in (D.4) may be summed over if V¥ is to remain finite. The third sum would
produce an inconvenient delta function in co-ordinate space. Hence, one must choose
which two sets of quantum numbers to sum over (p and ¢ in this case), then fix the
remaining one.

Returning to (D.4), the Dirac algebra yields
107NN 10Y @ A% = a-a* (oA - 240) +2 (a0ho + @ - A) yod*
= oA+ 278 Ad* (D.5)

where A2, = 0 since A%, describes the potential due to a static magnetic field. The
sum becomes

Vi = —rg™ 3 [ 0 7) (fenans (9] + 2 () - A7) #15(7) ) ()
\ (D.6)

If the potentials of the gluon fields are now expanded in terms of vector spherical
harmonics and Bessel functions, the sum over spins in the first term of (D.6) can
easily be done. Using

T arwen o 2041
> Vi () Yi#) = yraml)?7 (D.7)
M==J T
the first term is )
47g™ Y |oms(7)] = (27 +1) Bps(r) (D.8)
M N
where ®,,5(r) is given by
Pms(r) = Npsii(Qr) (D.9)
J+1 . J .
_ n2 (2T _J 9
Puc(r) = Nig (575753 (@) + 7 7gia@)  (D.10)
Dom(r) = Njai3(Qr) (D.11)
J . J+1 .
_ 2 (_J 2 YT
Puelr) = Nie(57777n@) + 7g3a00) (D12
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The spin sum in the second term of (D.6) requires a bit more work than the
first one. Consider, for example, the term involving the longitudinal polarization
29L& (7) - Aext(i") g (7). Writing the external field in a spherical basis,

- 1 . [T o\ A Ay
A = 5020 = —infz (-Via@en+¥a@i,)  (D13)
and using the expansion of the gluon potential, the first vector dot product in this

term becomes

— e ) Nm 1 . . N
() - Aesl?) = 5725 [ (@) + Ga-2(00)] M Yone(#) (D.14)

Including the second dot produét, it follows that

irN2,. T . , R
32 | (O +3s-2(Om)] M Yo (5)

- J+1 R J . o N
X9 [V 27 + 1 JJ+1(Q )YJA-IJ-I* (1-) + ‘/}_2(] ) ]3_1(Qr)yij1* (r):l (D.15)

One can now write the vector harmonics in a spherical basis, expand the spherical
harmonics in a Clebsch-Gordan series and establish, after ‘sum’ algebra, that

29 5@ (7) - A‘ext(?) ¥ Gme(F) =

» R J [T+ DT +1 . »
rZMYJM(r)YJJA",I'l*(r) = TZ\/( 325 ) (—Yl_l('r) €41 +Y11(1')e._1)
M

EJ\/(QJ +1)(J + 1) Aexe(F) (D.16)

A similar expression results for the sum Y5, M YJM('I')YJJM1 *(#). Hence, the longi-
tudinal polarization term becomes

o - - N2 JJ+1)T. ) 2.
20 32 e () A7) =~ DTED (00 +30a(@0)] - Aen)
v; T 2J+1

(D.17)

In a similar fashion, the spin sums of the remaining polarizations may be eval-
uated. Combining all of these terms together and adding them to the first term
in (D.6), one arrives at

Vi = = [ &1 () fexl) uw (I @lus(r) (D.18)

[ dr® (£a()gue (1) + 9a() () Vo) [ X2 VaolFIXEH)
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where

&5(r) = Nig7i(@r) (D.19)
Ue) = 50 [T 4D isn@) - Jia@n]  ©20)
& (r) = 0 (D.21)
¥e(r) = N 2D G000 +sa(@n)] (D.22)

and the angular integral may be found in appendix B. Equation (D.18) can readily
be evaluated numerically after choosing the quantum numbers of the intermediate
gluon m, ¥ and the initial and final quarks n and n'.

D.2 Sum Rule for the Self-Energy Inserts

The energy shift for the diagram containing a self-energy insert on an external leg,
figure (4.1), was given by

P"l2

AB, =g / dz Y g% Mo, QT Q= sz(z) (D.23)
mZ
:96712

Defining the vertex integral part of this expression as U,m, one has

Unn' = 47('922 E Q qn' (24)
peM

Writing this out in full, and summing over p and ¢, this becomes
UnE = ~ang™ 3 [ ra @y s (e s@as (AL (D:29)
M

which is very similar to (D.4), with the only difference being in the position of the
external potential A2,(7). This immediately leads to

Uz = —(2341) [ drr® (£a(r)gw(r) + 9a(r)fur(r)) Bms(r) [ A X2 F)Vrol i)t (#)
(D.26)
where ®,,,5(r) was defined in equation (D.9).

D.3 A One-Gluon Exchange Sum Rule

In principle, one of the sum rules above could be modified and used to check the
computer code summing up the one-gluon exchange vertex integrals. However, it is
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much more convenient to check the code with a sum rule which works in exactly the
same way as the code, so a sum rule will be derived from the energy shift

1

AE=¢"Y g™ Qnr, Qrs My, f (D-27)
ot PP (ea— &) [ (61 — €2)2 — ]
The vertex integral part is defined as
W::al:f = 47[.922 Z anz nap MPM (D28)

pmX

In this case, both of the intermediate particles may be summed over using the
quark (A.14) and gluon (A.25) completeness relations. This gives

Wisrs = 4 [ @1 i, (i (7) T (1 0m0n, (D AL(7) (D.29)

At this point, it is convenient to note some of the properties of the external field

AL (7). It was defined as Aext(f’) =-1Fx Bin (B. 15), where B is a static magnetic

field of unit strength along the z-axis. Usmg the properties of the Pauli matrices, one
can derive the following useful identities that the external field satisfies:

05 +3 0, = 2% (D.30)

0, (7 Aew) = — (¢ - Aext) 0 | (D.31)

0,5 (¢ Auxe) = 2# (- Aexe) + 7 (7 + Aers) 0 (D.32)
(7 Aet) = Aer + %azf'— %aréz (D.33) .

The spinors and 4-matrices in (D.29) can now be multiplied out and wrltten with
the help of the preceding identities, in terms of o-matrices as

nn r
Woant =4m / dr % (gny frz + Fra9nz) (s Gns + Frs Fr) [5 / dQ xityi xist o, xhi—
r -
5 ./dQ Xﬁif UZX 52 ngf 5454 + Z/dﬂ X”IT (0’ Ae"t X "2 XZ:::TXM] +
Z/dr 7'2 [2fnlgn_2_qnagn4 + 2gn1fn2f3fn4 - (gmgnz + fnlf‘n2) (gnafm + g"Mf"vIS)] X

/ dQ xi e st (0 : Xext) x4, (D.34)

The angular integrals in the expression above are evaluated here by brute force,
i.e. expanding all the spinors and spherical harmonics as Clebsch-Gordan series until
only two are left, when the integral is elementary. The results are
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AAAAAAA

( 4 % Jl)( 4, % ]2)( 4. L 4, )X
p—m m —p )\ pa—m m —pp J\ m—py p1—pz pz—m

' L ' s L 7 £ by LY\ 14 (—1)s++4
( J3 J4 ) (113 ]: ) ( 1 b2 ) +(-1) (D.35)
—l3 P2 — M1 P4 2 0 —3 0 0 0 2

where the abbreviation ¢ = \/28 + 1 has been used. The other integral needed here
is given by

ir a n o m

47’/dQXﬁ:T(")X (T)Xm(") (5' ex;(r")) Xei(F) = “\7—5( 1)“2“‘ J1j2J3]4

s g B F B (6 bR,
H1

mm/LL! -—m m = Ho—m m —[ip

£ 3 Js 4 3 Ja 4L & L b 4y L y
ps+m' —m' —p; pa—m' m' —py 0 0 0 0 0 O

( 4 L L, ) ( Ly L I ) «
Mm—p1 pa—ps pg—m )\ —pz—m pz—pg+2m' pg—m'

L'1 L r 1 L A A oA a
, , 64,4034, (D.36)
0 0 0 fe — pz —2m' 2m' pz — uy4

One point to note is that the gluon completeness relation used in deriving this
sum rule includes one cavity mode which is riot normally used when a numerical sum
is performed. This mode is a scalar with zero energy, and has the quantum numbers
mg = {0,0,0}. The origin of this term has been discussed by Stoddart [8]. It is given
by

U5 () = V/3 Yoo(#) (D.37)
The contribution to the sum rule from this term is easily found to be
47rgss Z Q::;o’i :?3(;5 MP’M = 36"11‘".2Mn3‘n.4 (D.38)

Hence, this term may be subtracted from the sum rule if the numerical sum does not
include this zero-energy scalar mode.
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Appendix E

Colour and Flavour Matrix
Elements

The matrix elements of the external operator and quark creation/annihilation oper-
ators between proton and neutron states will be derived in this appendix. There are
two distinct types of these matrix elements, corresponding to the one- and two-body
interactions. The former are fairly well known from the non-relativistic quark model,
whereas the latter are rather more complicated since they depend on four variables,
and need to be derived with some care.

E.1 One-Body Colour and Flavour Matrix Ele-
ments

The colour and flavour matrix elements for the one-body interaction are ‘given in the

main text as \e \
<p al’f’nl ('5') g (_2_)d Qacfng P> (El)

where @ is the quark charge matrix, the A*’s are the Gell-Mann matrices and |p) is
the wave function for spin-up protons, given in second quantization by

0) (E.2)

6abc t t t 1 t
|p) = Vis [aa,u,lsT Tp,d,15) ~ aa,u,lsiab,d,lsT] Pou,1s1

The operator al,u,lsr creates a spin-up quark with colour a and flavour u in the 1s

state, and 2% is the completely anti-symmetric tensor of rank 3. The charge matrix
@ for u and d quarks may be written in terms of the unit and isospin matrices as

The action of the diagonal matrices I and 75 can be represented by é-functions which
restrict the flavour f of the quark to either u or d.

I = 6f,'u. + 5de
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T3 = bpu— 614 (E.4)

The external operator @) attached to the quark line n'n does not change the colour

or flavour of the quarks on either side of its vertex since it interacts only through the

colourless electromagnetic field. Furthermore, conservation of angular momentum

and energy at the external vertex, coupled with the fact that the energy eigenvalues

are discrete in the cavity, means that the radial and angular quantum numbers of

the quarks must also be the same on either side of the operator insert. Thus, after
noting the standard relation

().,

the expression for the colour and flavour matrix elements becomes

[ Ae ¢ 4
t A & = =
<p st ( 2 )c’d ( 2 )ch elna p> 3 <p

There is an implicit sum over the colour, flavour, radial and angular quantum
numbers ¢, f and n in eq. (E.6), which arises from the expansion of the field operator
) in terms of cavity modes and creation operators. This sum may be carried out
using the anti-commutation relations for the creation and annihilation operators

{ acfn 3 a:,f,,n, } = 6cc’ 5ffl 5nn’ (E7)

With the help of this relation, the annihilation operators are anti-commuted to the
right, through the wave function, and the creation operators to the left until the
vacuum state is reached, where a., [0) = 0 and (0]a}, = 0. It is rather amusing to
carry out these sums and ordering operations on a computer using REDUCE 3.3, which
is a package that performs calculations symbolically rather than numerically. Some
of these calculations take a surprisingly long time on the computer, although the
matrix elements of I and 73 turn out to be quite simple. Using REDUCE, they are
found to be

t
acfm Q Ocfny

p> (E.6)

E(P aIfn Tacsn p> = (26#.T + 6u,l) bn,1s (ES)
cefn

1
> {p|alinsacm|p) = 3 (45u,r - 5u,1) On1s (E.9)
efn i

The matrix elements of () can immediately be found by using these expressions and
the definition (E.3). The final expression is

Ae Ae '
t (AT) [AD)
= (o]en(3) (5 ) 00

clefn 3
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The corresponding colour and flavour matrix elements taken between neutron

states are
/\a. v/\a. \ .
,ac'fr . Acfr |
2 c'd 2 de

E.2 The Two-Body Matrix Elements

The two-body matrix elements arising from the one-gluon exchange diagrams were

given in chapter 5 as
/1. . A® A® ..
<p aI’f’nl a:l’g’n3 (?) (*2—-) Q Acfry Adgny
ce d'd
The gluon which is exchanged between the two quark lines nan, and nyniz carries
no flavour, and neither does the external operator attached to the line nyns, so the

flavour cannot change along either of these lines. In other words, f'.= f and ¢’ = g.
The A% matrices yield the colour factor

SANAT 1 1 |
NG CUE LD B

which restricts the colour changes along these quark lines. With the help of this
relation and REDUCE, the sum over all allowed colours, flavours and radial states
yields the following matrix element for I:

2 <n n> = —% (801 - m) Soae (ED)

cefr

p> (E.12)

; ; e 2\
E <P Qo fny Adign, (_2—) (?) I Acfna Cdgny
cle /d'd

colours
[ (6u1u3,T + 2641, 6uat + 25#1,1 5#3.,1) Ous iz 5us,u4

flavours

Wil

+ (6u1u3,T - 5#1,T 5#3,1 - 5#1,1 5‘#3,1) '5u2,u3 5#1#4] 5n1n2n3n4,ls (E'14)

where a shorthand netation for repeated é-functions having one argument in common
has been introduced. '

5a.b---c,z = 5a,z 5b,z e 6c,z (E15)
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Similarly, the matrix element containing the operator 73 is found to be
[olat st [A%) (A L
Z p ac’fnl qd’gna 1 9 9 73 'acfn20d9n4 p
ce d'd
2 {

colours
= 9 [2 (5;41143,1 + 261,1 bua,t — bt 6#3,1) P R

flavours

+ (25u1ua,T + 81,1 6a1 + b1 6#3,1) L 6ul,u4] Onynanana,ls (E'16)

A considerable simplification results when these two matrix elements, in conjunction
with the definition of @) in eq. (E.3), are added together. The final result for the

matrix element of @ is
Al A '
~1 ~1 ) A A
ac’fnl ad'gn;; (?) (?) Q Qcfny Adgny P>
V c'e d'd

2
= § (6“_“‘2vT + 61“#2,1) 6#3#4,T 5n1n2n3n4,ls (E.17)

> (v
colours
flavours

In a similar manner, the matrix elements of the colour, flavour and charge oper-
ators of a two-body state taken between neutron wave functions yield

P (A} (X
ac’fnla'd’gna (E—) (?) Qacfngadgn4 n>
c'e d'd

[ (46#1,T 5#3,1 - 26#1yl 6#3,T - 6#1#3,T) 6#1 W2 5#3,114

> (n
colours
flavours

NeN o]

- (26u1,T 6#3,1 + 25#1,1 5#3,T + 6#1 ua,T) 6#2#3 5#1 ,M] 6n1n2n3n4,ls (E°18)
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Appendix F
Conventions and Units

Natural units i.e. A = 1 = ¢ are employed throughout this work. These factors may
be restored at the end of a calculation by examining the dimensions of the quantities
in the formulae. The numerical values of ¢ and the proton mass used here are

he = 197.327 053 MeV fm
m, = 938.272 MeV/d

P

The natural unit of length in the cavity is the radius R, and this unit should
also be restored if c.g.s. units are required. For example, the dimensionless mass
parameter becomes

(s = myRc/h

The usual metric in Minkowski space has been used
9" = g = diag{-1,+1,+1,+1} , g} = &
and the 4x4 Diré,c ~ matrices satisfy
{777} = 2¢*

The v matrices may be represented as

I 0 | 0 of
o __ ‘ E _
T (0 —I)’ ! (-—a’* )

where the o* are the 2 x 2 Pauli matrices:

01 0 —: 1 0
1 _ 2 _ 3 _
R R YR )

o
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