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Abstract

This work outlines the development of a general imaging model for use in autofocus,
astigmatism correction, and resolution anelysis. The model is based on the modulation
transfer function of the imaging system in the presence of aberrations, in particular
defocus. The extension of the model to include astigmatism is also included.

The signals used are related to the ratios of the Fourier transforms of images captured
under different operating conditions. Methods are developed for working with these
signals in a consistent manner.

The model described is then applied to the problem of autofocus. A general autofocus
algorithm is presented and results given which reflect the predictive properties of this
model.

The wmaging system used for the generation of results was a scanning electron micro-
scope, although the conclustons should be valid across a far uwnder range of instruments.
It is however the specific requirements of the SEM that make the generalisation pre-
sented here particularly useful.
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Chapter 1: Introduction

1.1.2 Generally applicable methods

A second class of autofocus methods involves the use of techniques that can be applied to
imaging systems in general. This is not to say that an implementation on one system can
be applied unmodified to another, merely that the principles used are usually universally
applicable. There are two major categories. The first uses a predefined focal measure and
searches some image-dependent parameter space for the condition of best focus. The second
uses knowledge of the image formation process to infer the degree of defocus from some given

images.

Use of focus measures

A common approach to autofocus is that of defining a focus measure that exhibits a maximum
when the image is in best focus {7, 26, 10, 30, 2]. A search is then made through the range of
possible focal lengths, and when the optimal position is found the focus is set to that. Since
these methods usually require very little knowledge of the specific imaging system they are

often termed passive.

In developing such an algorithm the emphasis shifts to optimising the focus measure. In

particular, positive features of a good focus measure are that

e It exhibits a sharp and well-defined peak at the position of best focus.
e It decreases (preferably monotonically) as the defocus increases.

e It is resistant to noise in the images.

The preference that the measure decrease monotonically would allow for easy implementation
of an intelligent search procedure to find the best focus. In practice this is usually impossible to
achieve. The image often has high energy frequency content in sidelobes around a main central
lobe, which has the effect of both shifting the peak of the focus measure and introducing local
maxima {30].

Some examples of focus measures that have been considered in the literature are the
e Variance of pixel values
e Energy of image gradient

e Self-entropy of the phase of the Fourier transform

As can be seen from these examples, the focus measure can be as simple or complex as desired,

and the choice becomes a very important design parameter.












Chapter 1: Introduction

1.3.1 Starting points

Many classes of imaging systems can be very accurately characterised by means of the notion
of a point-spread function. Effectively this is a function which represents the image which
results when an infinitesimal spot is imaged by the system. For any real system this function
will never be a spot, but will be spread out in some characteristic manner. The shape of the

PSF is a good indicator of the configuration of the system at any time.

Equivalent to the PSF is the system modulation transfer function. This is just the modulus
of the Fourier transform of the PSF. The MTF is also an indicator of the configuration of the

system, but in terms of spatial frequency rather than spatial coordinates.

The starting point for the proposed methoa involves the use of two images, Fourier trans-
forming them, and forming the ratio. It is shown in this thesis that if this is done properly,
the result approximates the ratio of the MTFs corresponding to the two images. Since each
of these MTFs is an indicator of the imaging configuration at the times of capture, it may

also be expected to contain data pertaining to the level of defocus in each of the images.

1.3.2 Development

It is in what occurs after these ratios are formed that this work deviates from the usual
depth-from-defocus approaches. In most cases the width of the resulting ratio signal is found,
and related directly back to the distance of the images from best focus. Alternatively, in the
more general case the ratio signal is compared with a table of stored signals, each of which

corresponds to a different out-of-focus distance for a given set of imaging conditions.

The approach followed differs from these two scenarios. Instead, a small number of assump-
tions are made which represent what is felt to be the absolute minimum that ensures a
solution. These assumptions stem from experimental data obtained from the SEM, all of
which are presented in this text. It is likely that most imaging systems will conform to them.
The key attributes of these assumptions are that they allow for an essentially parameter in-
dependent model of the imaging system to be developed. This model can then be used to
make predictions about the distance of the images from best focus.

1.4 Outline of thesis

In order to analyse the effects of defocus on images, it is necessary to have a sequence of
test images with progressively differing degrees of defocus. Such a test sequence has been

captured using the S440 and a silver grid for a specimen. This sequence will be referred to












Chapter 2
Image Formation in the SEM

In the SEM, a beam of electrons is used to form an image of a specimen. The SEM is a
point-source (type 1) scanning microscope, which means that at any time the illuminating
beam is focussed to a small spot on the object. This results in a signal which can be detected.
The spot is then scanned across the specimen and an image built up. Depending on the
confizuration and the detectors used, the signal can provide information on a number of

physical characteristics of the specimen, such as topography and atomic composition.

For the purposes of this report, image formation in terms of the detection of secondary
electrons {SEs) with an Everhart-Thornley (E-T) detector is discussed in more detail. For an
account of image formation in terms of other signals, see any of the standard introductory
texts [24, 11].

This chapter first describes the overall configuration of the SEM. The notion of an image field
is defined, which allows the specimen to be regarded as a two-dimensional entity without any
ambiguity. It is shown that if secondary electron imaging is considered, then a point spread
function for the system can be determined. This point-spread function corresponds directly
to the current density distribution of the beam at the position that the image was formed.
The linearity of the detectors is then verified. The chapter closes with a brief outline of the
basic principle that is used in the autofocus method developed in this thesis.

2.1 Detection of Secondary Electrons

A diagram of the layout of the SEM is shown in Figure 2.1.

An electron source emits electrons, usually by either thermionic emission or a strong electric

field. An overall potential bias in the direction of the specimen accelerates these electrons,
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Chapter 2: Image Formation in the SEM

which are made to pass through a two- or three-stage electron lens system. These lenses have
the effect of demagnifying the minimum beam cross section at the gun (the crossover), so
that a very narrow electron probe is formed at the specimen surface. A deflection coil system

in front of the last lens can scan this probe across the specimen.

Where the electron beam impinges on the specimen, atomic interactions occur. The secondary
electrons, which will be discussed here, are generated by inelastic excitation of atoms to such
high energy levels that electrons can overcome the work function and escape. By convention,

SEs are considered to be those electrons with an energy of less than 50eV.

The SEs are usually collected by means of an E-T detector. The detector consists of a
positively biased grid which attracts the low energy secondaries, which are subsequently
accelerated onto a scintillator biased at about +10keV. The light quanta generated are then

recorded by a photomultiplier.

2.2 Linearity of the image formation process

For a single electron with energy F incident at a point on the surface of a specimen, there
exists a probability d’n(E, ¢,(, x, Eg)/dEgdQ of a resulting electron being emitted within
the energy interval (Fg. Fg +dFEg) and inside the solid angle element dQ?, with an exit angle
¢ relative to surface normal and an azimuth x (here ¢ is the tilt angle between surface normal
and the incident electron) [24, p.128]. Thus every point where an electron enters the specimen

will have an associated electron emission probability distribution.

Now, for a three-dimensional specimen being viewed from a particular direction (say along
the z-axis) by electrons as shown in Figure 2.2, it is possible in a fairly natural way to define
a corresponding two-dimensional image field as follows: Consider an incident electron with
trajectory parallel to the z-axis and passing through the point (z,y,0). When this electron
strikes the specimen, atomic interactions occur which contribute to the resulting signal. The
two-dimensional image field will shortly be defined in terras of this response for any electron
incident at position (z.y). Note however that such an approach eliminates the need to
consider details of the effect of the z-value of the surface not being a single-valued function

of the position (z,y).

Since all incoming electrons are assumed to come from the same direction, the angle between
the surface normal and the incident electron is fixed for any entry point. The dependence
on ¢ can then be absorbed into z,y, z. Also, if all incoming electrons are considered to have
the same energy, then the dependence on E will fall away. Finally, as discussed above, if the
specimen is regarded as a two-dimensional image field for incident electrons, then the effect of

z is implicit in (z,y). Taking these factors into account and explicitly introducing positional

13




































Chapter 3: Noise

3.2.2 Reduction of noise during or after formation of ratio

Since the system is characterised by a PSF which is invariant with respect to the images
formed, there is no reason to use the same area of the specimen repeatedly. Any image
formed on the SEM will exhibit the same MTF, as long as the imaging parameters are not
changed. This presents two additional scenarios which will be analysed.

The first is to capture many image pairs, each taken at the same focal lengths, and to form
the MTF ratio for each case. Since each image pair corresponds to the same area of the
specimen, they are all estimates of this ratio. The piece of specimen imaged need not be the
same from one pair to the next. The natural thing to do would then be to form the average of
these estimates, effecting noise reduction in this manner. It will however be shown that this
operation is invalid, and under a few general assumptions will result in no noise reduction at
all.

The second scenario, which appears to offer an optimal solution, lies somewhere between this
method and the method of averaging the numerator and denominator transforms that was
presented in the previous section. Here, image pairs are captured as described before, each
having possibly different content. The average of all the numerator transforms is then formed,
and divided by the average of the denominator transforms. Although each of the numerator
and denominator averages contain a combination of information relating to different specimen
areas, it turns out that the ratio is a noise reduced estimate of the required quantity. This is

discussed in detall in section 3.4.1.

Before the justification for statements made in this section can be given, a detailed discussion

of the effects of noise in the division process must be provided.

3.3 Effect of division on noise

Having introduced the subject of noise that occurs in the Fourier transforms of images in
the SEM, the effect on the noise of dividing one of these transforms by another has to be
considered. This is important in the formation of the ratio of MTFs discussed in section 2.5.

In the previous sections it has been shown that, in the transform domain, the images formed
have some very definite characteristics. There is a central lobe of low frequency data, which
carries the information that was preserved in the conversion from object to image (and then to
Fourier) space. Qutside this lobe the signal falls to a roughly constant value which indicates
the presence of a uniform white noise background in the images. Also, contaminating the

entire signal is a random fluctuation, the distribution of which is given in Figure 3.2.

To avoid having to deal with two separate cases, only the more general case of the probability

25



Section 3.3: Effect of division on noise

distribution of the fluctuations having a Gaussian profile is considered. Even if this is not
exactly correct, the distribution is close enough to Gaussian that some general conclusions
may be drawn. If averaging is performed the assumption becomes even more accurate. This
follows from the property of sums of random variables: if two variables are added the re-
sulting probability distribution is given by the convolution of the probability distributions for
each [22]. In conjunction with the central limit theorem this guarantees that if enough random
variables are added togéther, then the resulting distribution will tend towards a Gaussian [5].
The probability distribution of the mean will then also be a Gaussian.

3.3.1 Division of two Gaussian random variables

Consider the random variable Z = X/Y, where X and Y are random variables with associated
probability densities px(z) and py(y). The probability distribution of Z is then

p2(2) = [ lulpxr(yz,n)dy (3.2

where pxy{z,y) is the joint probability density of X and Y, and is equal to

pxv(z,y}) = px(z)py (v) (3.3)

for the case where they are statistically independent [22, p.196].

For X, Y normally distributed with means z¢ and yg and standard deviations o, and o, the
precise probability distributions are given by

e e (3.4)

Substituting equation 3.4 into 3.2 and letting o, = oy = 0, the distribution of Z becomes

1

sze-%("’f-ﬂ})?e—%fi-%ﬂ)zdy (3.5)

pz(z) = /_i vl

Normalising the variables by setting p = y/o, 2 = zo/o, and yj = yo/o, and regrouping

terms, this expression for pz{z) can be written
% e~ (522 -2~ Lazh— Lublp :
pr(z) =K [ Iple” (3t -2ta- by (3.6)
. hade e)

where

1 : :
K = s-e a5 e (3.7)
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Chapter 3: Noise

From tables of integrals, a solution to this equation can be found (see Appendix D) to be

B v(iz) | = V“(zz)z v(z) 1
pz(z) = 2K {Mz) a)° ”q’( u(Z))+2u(z)} (3.8)

where u(z) and v(z) are

1 4

1

p.(z) = -2—2’ + 5 (39)
1 1
v(z) = —52556 - '2'?,!6
and ®(z) is the usual error function defined as

2 T2
bz :—/ e Vdt 3.10
=== (3.10)

In the following two sections this expression for pz(z) is used to analyse the use of the mean

of this distribution to reduce noise, and then the use of the median and mode.

3.3.2 The mean as an estimator

The expression for pz(z) given in equation 3.8 will be analysed in two stages, firstly for the
special case of zero-mean random variables, and then for the general case where the means

can be nonzero.

Ratio of zero-mean normal random variables

If zp = yo = 0, then v(z) = 0 in equation 3.9 and the probability density for Z reduces to

1 1

pz(z) = -5 (3.11)

This is a case of the Cauchy probability distribution. It is discussed in some of the texts
on probability because of its fairly singular characteristics [27]. A plot of this distribution is

shown in Figure 3.3. .

A characteristic of the Cauchy distribution is that its mean does not exist (although it does
have a principal value of zero). This non-intuitive fact can be simply observed if an attempt
i1s made to find the mean by usual computational methods. This is demonstrated in Ap-
pendix C.1. Of course the median and mode of the distribution exist and are both equal to
zero. It can also be shown that the standard deviation of a Cauchy-distributed variable is

infinite.
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Section 3.3: Effect of division on noise
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Figure 3.3: Plot of Cauchy probability distribution

Related, but of more interest to us, is the fact that the variable formed by taking the average
of n variables with Cauchy distributions is itself Cauchy-distributed. In order to show this
a fundamental theorem in statistics needs to be observed which states that, if the random
variables X and Y are independent, then the density of their sum Z = X + Y equals the
convolution of their respective densities. Since convolution corresponds to multiplication in
the Fourier transform domain, the transform pair

1 7

—_— 2 eale| :
P &= e @ {3.12)

is used to show that the Fourier transform of the Cauchy distribution in equation 3.11 is
Fipz(z)} = e 1l (3.13)

Thus if prz(z) is the distribution of the sum of n variables with probability distribution pz{z),
then
Flpnz(2)} = e (3.14)

Performing the inverse transform the form of the resulting distribution is found to be

1
Pnzlz) = Az2+n?
1 2
- KT (3.15)

(z/n)?+1
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Chapter 3: Noise

where K is chosen to normalise the distribution. Since this is the distribution for the sum of
the variables, the form for the average, prz(z), is obtained by compressing the distribution
in the z-direction by a factor of n. Thus the distribution of the average after normalisation

becomes

(3.16)

which is identical to pz(z).

The previous discussion demonstrates the possibility of an apparently reasonable distribution
having some non-intuitive properties. It is a widely known principle that for normally dis-
tributed noise added to a signal, the signal-to-noise ratio can be lmproved by a factor of \/n
by means of averaging over n samples. Here, however, is a case of a distribution which looks

simiiar to a Gaussian distribution, but where averaging will have no effect whatsoever.

Ratio of nonzero-mean normal random variables

In the preceding section the case of forming the ratio of zero-mean random variables was
discussed. It was observed that the probability distribution of the resulting variable was such
that it had no mean or standard deviation, and that averaging could in this case not improve
the signal-to-noise ratio. In this section it will be demonstrated that a similar situation occurs

for the more general case of nonzero-mean Gaussian variables.

Appendix C.2 provides the proof that even if the restriction of zero-mean is dropped, the
expected value of the ratio of two normally-distributed random variables is still undefined.
The indication is thus that there would continue to be some complications in attempting noise
reduction by means of sample averaging. It is not expected that the corresponding results of
the previous section will carry over entirely unmodified, and that averaging will have no effect
whatsoever on the probability distribution. However, the fact that the mean does not exist
suggests that no theoretical justification exists for assuming that the operation will produce

the desired result.

It is concluded that in this situation it is incorrect to attempt to reduce noise by means of
averaging over a number of samples. The sample mean is not an estimator of the distribution
mean, because this latter quantity does not exist. This is not just a theoretical complication
with no practical relevance; simulation shows that the process of averaging does not result in
a reduction in the spread of values that the variable takes on.

There are other measures of location that can be used to describe the distribution of a random
variable. In the section which follows, the median and mode are discussed as estimators of

the ratio of the noise-free values.
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superimposed on the actual signal. Furthermore, this entire resulting signal is contaminated

by random noise. The representation in the frequency domain can be modelled by the equation
]Fimage(wrva)l = ]F<wx;wyn + n(wmwy) +C ’ (3~18)

with | Fimage (wg, wy)| the modulus of the transform of the image f(z,y), [F(w;,w,)| the desired
modulus of the transform without contamination, n(ws,wy) a zero-mean random noise variable
and C the overall offset. In order to successfully utilise the signal, |F(w;,wy)| needs to be
approximated from |Fingge(wz,wy)| by minimising the effect of the two undesirable factors C

and n{ws, wy).

The first factor can be eliminated fairly simply: as long as the value C is known, it can just
be subtracted out from the signal. In practice this value can be found by considering the
transform of an image which is known to have a large degree of defocus. In this case the
signal |F(wz,wy)| is approximately zero everywhere, except at very low frequencies. Hence
for large wy, wy, .

| Fimage(Wz, wy)| = nfwz,wy) + C (3.19)

Since n(wz,w,) is zero-mean, the average over a large number of such pixels will be an

approximation to the value C.

A simple approach to reducing the effect of noise n{w;,wy) would be to run a smoothing
kernel over the entire image |Fimgge(ws,wy)|. The problem with this is that it might change
the signal in such a manner that it is no longer a good approximation to |F(wz,wy)|. The

better solution was introduced in section 3.2.2 and is »here discussed in detail.

3.4.1 Reducing noise in formation of ratio

Assuming the imaging system to be isoplanatic and linear, the image formation process can
essentially be viewed as a convolution of a point-spread function by an image field. This
point-spread function is independent of the position in the image, and depends only on the
configuration of the imaging system. This makes it possible to use a number of image pairs

with differing content but which have been formed with the same PSF.

There are a nuraber of ways in which these pairs can be obtained. They could be completely
independent samples, simply captured at the same focal lengths. Alternatively, they could
be obtained from tessellating a numerator and a denominator image into subimages, and
regarding each subimage as a separate sample. Whatever the means, it will be assumed for
this discussion that there are p image pairs available. The transforms of these images will be

designated Ny(image)(wz,wy) and Dy image)(wr, wy) for the numerator and denominator images
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Section 3.4: Methods of reducing noise

respectively {(where £ = 1,2,...,p). From equation 3.18,
| Nitimage) (Wa, wy)| = | Ng(wz, wy)| + ng(wz, wy) + C (3.20)
Defining Ny (wz, wy) to be |Niimage) (W, wy)| — C it can be written that
Ni(wz,wy) = [N (we, wy)| + 1g (we, wy) (3.21)

This quantity N;{(wz,w,) can be calculated directly from the data once the constant C is
known. The desired signal is then given by

[N (we, wy)g e ‘M}s’;(wxawy) - na(w:cswy) (3.22)

The same procedure can be used on the denominator subimages to find values for the expres-
sion
le(wmwy)‘ = D;k(w:c}wy) —na(wx:wy) (3.23)

The signals | Ny (wg, wy)| and | Di(wz, wy)| are now the quantities which are assumed to conform

to the linear convolution models

i

lka(wx»wy)i
le(@’zawy)l

le (O)J;, wy)Hn(wxs wy)i
iFk(wmwy)Hcf(wx;wy}l (3.24)

Il

with Hy(ws,wy) and Hy(wg,wy) the Fourier transforms of the PSFs that were used in the

formation of the numerator and denominator images.

To find a noise-reduced estimate of the MTF ratio |Hy(wz,wy)/Hy(ws,wy)| a simple method
that might be considered would be to form p independent estimates of the ratio

]Hn(wmwy)f _ lNk(&"x;wy)}
T | S (3.25)
IHd(“-’:c)wyM k le(wxawa
and then to calculate the average. This would result in the expression
| NE(
IH (wxewy _ Z i k { (3.26)

?Hd(wx:wy> pk 1 'Dk wmwy)!

However, considering the discussion in section 3.3.2 it is apparent that the noise in each
estimate of | Hy (wz,wy)/ Hal{wy,wy)| has the approximate probability density given in equa-
tion 3.8, and the mean of these estimates is undefined. A valid way of estimating the ratio

will now be considered.

34



Chapter 3: Noise

Taking the modulus and forming the average over all subimages, equations 3.24 become

14 2
1
Z lNk<wwiy)| = - wxzwy Z Fy wx:wy)
k=1 p k=1
p 1 P
Z 'Dk(wmwy)i = Z-} Hd wz:wy Z ch ch:wy
k=1 =

(3.27)

The MTFs |H,(w;,wy)| and |Hy(w,,wy)| have here been taken out of the summation because
they are assumed independent of the subimage. The MTF ratio can then be written

lHn(wz:wy)i _ Zi:lek(wmwy}}
IDk(wx»wy)l Zi:l 1Dk(wm:wg}i

(3.28)

This demonstrates how the MTF ratio can be estimated by forming the average of all the
numerator and denominator modulus transforms before performing the division, even in the

case where the image content for the subimages is not the same.

The reason why 5% _, | Ng{wg, wy)l/ S8_ | |Dk(wz. wy)| is a better estimate of the MTF ratio
than [Ny (wz, wy)|/| Dy (ws,wy)| is the same as for the case of averaging across similar images
to reduce noise. The noise contributions are statistically independent in each case, so the
average of the images has less noise than each independent image. This holds, despite the
fact that the signal content is not in each case equivalent. When the ratio is formed the
most probable value for any pixel is the mode of the corresponding distribution. Since after
averaging there is less noise in the quantities forming the ratio, this mode becomes a better
estimate of the actual pixel value. This fact is clearly demonstrated in Figure 3.5.

The use of this technique in the extraction of MTFs has been noted by Lim [19, p.559]
without justification. This discussion however shows incontrovertibly the reasons why it is an

improvement on the ratio estimated without the averaging.

3.4.2 Reducing noise after formation of ratio

The point-spread function of a monochromatic imaging system is circularly symmetric in the
absence of coma, astigmatism and distortion. This can be deduced from the discussion in

Appendix E: For this case the modified aperture function is
Ymoa(s,m) = Me*H AT A (e, m) (3.29)

which can be seen to be circularly symmetric in the (£, 7)-plane. Since circular symmetry is
preserved by the Fourier transform, and the PSF of the system is dependent on the scaled
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Fourier transform of 1,04, the PSEF will be symmetric about the origin. This will also be
the case for the MTF, which is also related to the PSF only through the Fourier transform.
Hence the ratio of two such MTFs will have circular symmetry.

In lieu of this symmetry, there is redundancy in the 2-dimensional MTF ratio data. In the
absence of noise, a l-dimensional signal formed by considering the ratio along a line from
the centre outwards will fully specify the MTF ratio. For the case of noise, the additional
information present can be used to improve the estimate of this signal. Another advantage

with using the 1-D representation is that it is easier and faster to manipulate.

If astigmatism is introduced, this symmetry ceases to exist. However, since the point-spread
function of an astigmatic beam is a physical observable {and is often assumed to be a roughly
elliptical Gaussian (7]}, discontinuities would not be expected in the distribution. Addition-
ally, since the PSF is band-limited in space, the MTF can also have no discontinuities. When
the ratic of MTFs is considered, the same can be said for 2all points in the ratio where the
denominator MTF is nonzero. This stems from a theorem in real analysis which states that

if two functions f and ¢ are continuous, then the ratio f/g is continuous for all points where
g #0[9, p.252].

If an outward radial line from the centre of the MTF ratio is considered, the profile of the
data along this line would thus not be expected to change dramatically as the angle of the line
is slowly varied. Thus the MTF ratio can be assumed approximately circularly symmetric as
long as only the data within a small angle of the required line is used. Figure 3.7 demonstrates
a possible area from which data can be used in making an estimate of the MTF ratio along
the solid line.

Given the radial redundancy it should therefore be possible, in the presence of both spherical
aberration and astigmatism, to use closely-spaced neighbours to a given pixel to reduce noise
in the estimate of its value. These neighbours should be at the same distance from the
centre of the MTF ratio, but at slightly different angles from the line along which the ratio is
required. In this way a noise-reduced profile of the MTF ratio can be formed given the angle
at which this profile is needed.

The complications that arose in the previous section in forming averages of ratio signals also
occur in this case. The independent samples to be used in the averaging process have all been
subject to the division process which invalidates the procedure of taking the mean. For the
reasons discussed in section 3.3.3, the median of the samples should therefore be used to form

the noise-reduced estimate.
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Chapter 4
Determinism in Image Formation

The image formation process is now analysed to identify underlying consistency which can
be made use of in an autofocus context. Before continuing with this, however, the effect of

the Fourier transform having to be discrete for calculation purposes is discussed.

The chapter opens with a short discussion of the effects of windowing in the discrete Fourier
transform. This is for completeness only; windowing is not considered in any detail in this
thesis. The fact that results obtained later do not seem affected by windowing is seen as

justification enough for this omission.

A complete procedure for forming the MTF ratios using all the noise reduction techniques is
then presented. Procedures to follow in exception situations {such as division by zero) are
also defined. It is shown how this procedure can be used to find the effective MTF of the

system for any defocus level. Examples of two such MTFs are shown.

The section following that analyses the MTFs obtained for trends in the MTF width with
respect to defocus level. Two cases are considered, one using the assumption of a Gaussian
MTF and the other using a template. It is shown that for both of these characterisations
the width of the MTF varies approximately linearly with changing focus level. Furthermore,
it is demonstrated that the MTF profile along the length of the beam is essentially constant
except for a scaling in the overall width. This is referred to as the self-similarity property.

These findings are then used in the construction of an extremely general beam model. This
model uses only the assumptions of linearity of width with respect to defocus, and self-
similarity. The model is additionally extended under the optional restriction of a Gaussian

beam profile.
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Figure 4.1: Effect of finite extent processing of infinite extent signals
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Chapter 4: Determinism in Image Formation

The resulting signal is then considered to be the noise-reduced profile of the MTF ratio along

a line at that specific angle.

Calculation of the MTF

By dividing each transformed out-of-focus image by the transform of the in-focus image, the
dependence on the specimen is effectively removed and what remains is the ratio of the two
MTFs used to form the original images. However, insofar as the denominator MTF is a
uniform constant, this quantity is just the MTF of the microscope for the out-of-focus level
at which the numerator image was taken. This corresponds to the assumption that the image
taken at best focus is a good approximation of the image field itself, or equivalently, that
the image was formed using a PSF that very closely approximated a point. It should be
noted that in fact the dependence on the specimen is not entirely removed by this process;
the windowing discussed earlier prevents this from being exactly possible. For now this fact
is ignored. The favourable results obtained later in this chapter suggest that this omission is

not too detrimental.

This procedure was followed for the eight images far2 to far9, dividing their transforms by
the transform of farl. The division process used is the one described above, where a constant
value is subtracted from each transformed subimage average before ordinary division is done.
This results in 8 representations of the MTF of the system for the 8 corresponding out-of-focus

levels. Two such MTF representations are shown in Figure 4.2 and Figure 4.3.

Generating 1-D representations

To reduce noise further, the radial averaging technique that was discussed is employed. Here,
pixels in an entire sector surrounding a line are considered, and for all pixels the same distance
from the origin the median is formed. In doing so the points further from the origin are
subjected to a greater degree of averaging (and hence noise reduction) than those nearer the
origin. However, since the signal is so much higher nearer the origin, the signal to noise ratio
here is fairly high in any case and less averaging is needed. For the case of an astigmatic image
where radial symmetry does not exist, there is a limit to the angular size of the sector that

can be used in this process before this averaging begins to significantly corrupt the signal.

For each of the MTFs generated in the previous section, this radial averaging process was
performed. Four of the resulting MTF profiles are shown in Figure 4.4 for the first four

out-of-focus levels.

Also shown on these plots is the best-fit Gaussian to each of these transfer functions. They

are best-fit in the least-squares sense, which means they minimise the sum of the differences
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Chapter 4: Determinism in Image Formation
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Figure 4.11: Profiles of the electron density of the beam for the 5440 for varying distances
from the Gaussian image plane
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Section 4.5: Computed beam profiles

changed. The distribution quickly becomes bimodal, and eventually tends to uniformly flat

distribution as the defocus becomes large enough.

Although these data may seem to refute the self-similarity assumption, this is not the case

for two reasons:

e Despite the fact that the PSFs vary widely with changing defocus, the transformation to
the frequency domain reduces this variation. Thus the MTF's may still exhibit significant

self-similarity.

e The secondary electron yield has been shown to be a linear convolution of the image
field with the electron density of the beam. This does not necessarily apply o the final
detected signal, however, since the transfer function of the rest of the system has still
to be included. The effective PSF is thus the electron density modified by this transfer

function.

56



Chapter 5

Autofocus Method

In section 2.5 the approach to developing an autofocus algorithm was presented. It was shown
that if two images are taken of the same area of the specimen but using different focal lengths,

then the ratio of the transforms

Fl(wxawy) — Hl(w$va> (5 1)
F2<wx>wy) H?(w$>w’§) ‘

might be useful in finding the position of the crossover of the beam, which is the position of

best focus.

Methods were then discussed of how a reduction of noise can be effected in the formation of
a 1-dimensional representation of this ratio. This 1-D signal is only representative of a radial
cut through this ratio at a specified angle, due to possible astigmatism in the beam.

Finally in the previous chapter it was shown that the MTF (and hence the PSF) of the system
is roughly the same for varying out-of-focus levels, except for a change in the overall width.
Thus each MTF can be considered to be a stretching or compressing of any other MTF in the
horizontal direction. Furthermore, it was shown that the width of the PSF is approximately

proportional to the distance from the beam crossover.

In the sections which follow, all these findings are brought together in outlining ways in which
knowledge of such ratios and the associated positions of their formation can be used to find the
position of best focus. The methods presented in this chapter assume that the electron beam
forming the images is free from astigmatism. The case for the introduction of astigmatism is

deferred until later.

The chapter begins by formalising the linearity criterion. It is shown that this linearity
assumption can be used even if it is only differentially valid. The self-similarity condition is

added, effectively resulting in a situation that can be modelled by the equation f(kz)/f(z) =
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Section 5.1: Development assuming linear model

5.1.4 Results of general autofocus method

The search method described in the previous section was implemented and tested on a
through-focus image series. It was found that it worked poorly, generally returning estimates

for best focus which were very far from the actual distances.

An in-depth analysis was made of the process and the cause of this failure isolated. It was
found that the process of extracting the estimate of the MTF from the ratio (given the stretch
factor) was susceptible to the large degree of noise which is to be found in the MTF ratio

profiles.

Figure 5.3 shows the actual MTF associated with image far 4 (0.5mm from crossover). The

T T T

QOriginal MTF —
1B /\/\ Recovered MTF - -+ - ~
WL \;’I\/"\
e N, )

MTF
value

i 1 | ! |

0 10 20 30 40 50 60
Pixels from centre

Figure 5.3: MTF's before and after extraction from ratio

ratio of this MTF to the MTF corresponding to far 3 (0.2mm from focus) was then formed,
and the theory presented in section 5.1.2 used to extract what should again be the original
MTF, using the knowledge that k& should here be 2.5. This recovered MTF is also shown
in the figure. The two MTFs should be identical. It can, however, be seen that there is a
significant difference between these two profiles, particularly at low frequencies. No analysis

was made as to the degree to which these profiles are different.

The difference is coming about because the self-similarity assumption is in practice not per-
fectly accurate. It is felt that the major cause for this is noise in the MTF ratio profile. It
could also partly come about due to the rectangular windowing, which results in the image

dependence not being completely removed from the ratio. The procedure might however work
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Chapter 5: Autofocus Method

for an imaging system where there is less noise present.

5.2 Development assuming Gaussian beam profile

The use of an implicit template, although theoretically sound, was shown in the previous
section to be ineffective in the presence of noise. It therefore becomes necessary to explicitly

specify the template before continuing further.

A widely made assumption is that the MTF has a Gaussian profile. For this assumption,
the problem of autofocus takes on a closed-form sclution if the relation between the standard
deviation of the PSF and the distance from crossover is specified. Even if the assumption is
not accurate enough to be used in a final implementation, this case is of theoretical interest

in finding trends which may be of use in the development of other methods.

5.2.1 Gaussian development with no linear assumption

For now consider only the case of a rotationally symmetric beam profile (no astigmatism). In
this case (see section 4.4.2) the beam current density profile can be written as

1 —(z%1y%) .
he,y) = 5—ae =7 (5.20)

It is assumed that some criterion has been used to sensibly and accurately relate the standard
deviation o(d, f) of the beam to the distance d of the specimen from the lens for a beam of
focal length f. In the frequency domain the MTF is then

(5.21)

For the ratio of two MTFs |Hy(ws, wy)| and |Ho(ws,w,y)| with corresponding focal lengths f;
and f» and a specimen at distance d,

El—iw Wyl = e
iHﬂ( =1 y)

cr2 d, 2o-a-2 d,
{e®( fx)z { fz}){{,z 5) ( ‘ )
WhiCh h&S a resulting Ual‘i&nce Uf

1
gg(ésfl) - Jg(d}fz}

Ggss(da flaf?) = (523)

It is useful at this point to permit this variance to take on negative values. This will occur
when the numerator MTF has a standard deviation greater than that of the denominator. In

this case a Gaussian with a negative variance will just be a curve which grows exponentially
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Section 5.2: Development assuming Gaussian beam profile

1/(kky) respectively. The accuracy of each possible position d,ss can be assessed by forming
the two ratios from these representations and comparing them to the actual ratios. The value
of d,s; for which these two sets of ratios are identical should be the required value d, since

this position has been shown to be unique.

Furthermore, it can be shown that this best distance implies a unique value for k (or at least
for ka where o is a constant). Assuming that the template MTF has standard deviation
o:, the standard deviation of MTF; will then be koy. In terms of a model including this
additional parameter k, Equation 5.24 for the standard deviation of the PSF can be written
—d
old, f) = ka]f—E (5.29)
f
Thus all the results from section 5.2.2 carry forward by simply substituting ka for a in all the

equations. In particular, it can now be said that

1 9 1 1N o ( 2 2 ) }
e = = - | A+ === d
a2~ e Kf{* f:f) A Ja
1 9 1 Iy 5 2 2
el — — = | d ———d .
vz~ = |(7-7) 0 (75 (530
and as before the ratios will be identical only for a single assumed distance. The right hand
side of these equations are therefore unique. The quantity £%a? must then also be unique for
the correct position. That is to say, in the two-dimensional space of d versus k%a? there is
only one point where the consistency criterion of equations 5.28 can hold. Since negative k

has not been defined, the resulting negative solution to % is invalid. Therefore this unique
point also maps uniquely into the space of d versus ka where k is restricted to be positive.

It has thus been demonstrated that insofar as the beam is linear and the profile Gaussian,
there is only one combination of d and ka which is consistent with the actual data. In every
other case the generated and actual ratios will differ from one another. Thus an exhaustive
search through all possible values of d and ka will ultimately vield the required specimen
position. As long as the distance measure which is applied to the ratios is exactly zero if and
only if they are identical, the global minimum of the distance measure will necessarily yield
this point.

Finally, as long as the distance measure is well-behaved it might be expected that it would
be continuous in {(d, ka)-space. This means that at worst the required point will be a local
minimum in this region. If this is the case then it will facilitate 2-D searches being made in
the space to find the minimum. The proofs of continuity and local and global extrema are
dependent on the distance measures used, and will not be presented. The reason for this
omission is because no distance measures have yet been defined. In Chapter 6 where some

distance measures are introduced, these factors are discussed again.
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5.3 Development using linear assumption and specified tem-

plate

The method proposed for finding the specimen position in the previous section was indepen-
dent of the assumption that the template be Gaussian. The search method proposed did at
no stage rely on the Gaussian limitation. The assumption of a Gaussian MTF was only made
use of in the proof that the method results in a unique and correct solution for the unknown

aperture-to-object distance.

It is therefore possible to propose a more general method not making the assumption of a
Gaussian beam profile but retaining the condition of linearity. This can be achieved by simply
allowing the template MTF profile Hy(x) to take on any shape. The cost of this generalisation
is that it is no longer possible to prove that the solution obtained will be unique.
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Chapter 6

Algorithm Implementation and

Analysis

There are a number of factors that need to be discussed concerning the details of an imple-
mentation. The most important of these is undoubtably the definition of a distance measure
for assessing the degree to which a generated set of MTF ratios match the actual pair. This
chapter discusses the distance measures, and once suitable ones are defined, they are assessed

in terms of their effect on the resulting search space.

The chapter begins by defining two distance measures: the absolute and the squared difference
metrics. The Gaussian approximation is used to derive closed-form solutions to the resulting
distances over the search space considered. These solutions are then used in a sensitivity
analysis for a specific imaging configuration. It is seen that in this case the point of best focus
corresponds to a well-defined and unique minimum in the search space. The analysis is then
repeated for the general case where the Gaussian assumption is dropped, and experimental
results obtained.

The metric distance measures presented do not work as required. The reason is that the ratio
signal is not equally valid across its length, as the metric measures assume. Corresponding
modified measures are then proposed which weight the ratio functions accordingly before
finding the distances. It is shown that these measures appear to overcome the difficulty. The
same analysis of the search space is then made as before, but this time using the modified

distance measures.

Results are given of the effectiveness of the distance measures in predicting the point of best
focus. It is seen that over a large range the accuracy is good. The conditions under which

the prediction fails is discussed, and a method proposed for overcoming this.

Finally, it is explained how the search can be done using an intelligent gradient method to
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reduce the number of function evaluations required.

6.1 Preliminary distance measures

For the developments of the previous chapter it was shown that a preference for the distance
measure is that it is zero if and only if the generated MTF ratios are identical to the actual
ratios. In this situation the position of best focus in (d, ka)-space is guaranteed to be a unique

global minimum.

6.1.1 Definition of distance measures

There are definite advantages to using a metric distance measure for this purpose, since
theoretical analysis is simplified by the general conclusions that may be used, particularly
in demonstrating properties such as uniqueness. Perhaps the most natural and analytically

tractable of these distance measures is the

b
do(,y) = / o (t) — y()]dt (6.1)

metric in function space. This corresponds to the city block metric in Euclidean space, and
here do(z,y) is just the absolute area between the curves z(t) and y(¢) within the limits
a <t < b. This will be referred to as the absolute difference metric. Alternately, the metric

b

dy(z,y) = / (w(t) — (1)) 2dt (6.2)

is similar but weights large differences more strongly. This will be called the squared difference

metric.

It can be seen that both of these measures conform to the requirement that
dlz,y)=0<=>z(t) =yt) fora<t <b (6.3)

which ensures a unique solution.

6.1.2 Analysis for Gaussian case

Under the approximation that the MTF profiles be Gaussian, the MTF ratio is also Gaussian
(or the inverse of a Gaussian), which is normalised to being unity at the origin. In order
to apply the distance measures to the required problem, let the two MTF ratios which are
derived from the actual image data have variances p? and p3, while the respective ratios
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Chapter 6: Algorithm Implementation and Analysis

dictated by the current position in (d, ka)-space have variances of and o3. The function
g,2{z) will be defined to be the Gaussian in z with variance ¢2, such that

-

go2(z) =€ 27 (6.4)

In all cases the variances are permitted to take on negative values, as discussed in section 5.2.1.
This corresponds to a curve which is at each point the reciprocal of a Gaussian with a positive

variance of the same magnitude.

Using the absolute difference metric

Consider initially just the first ratio, where the actual variance is p? and the estimated variance
cr%. These ratios are strictly positive over all space. The distance between the ratios in the
dyo(x,y) metric in equation 6.1 is just the absolute area between the curves. If both of the
variances are positive, this is equivalent to saying that it is the absolute difference between the
areas under each ratio. This is the case because a Gaussian with a larger standard deviation
is always greater than or equal to one with a smaller deviation for any given value of z. In
this case the area under each Gaussian is finite and the limits ¢ and b can be chosen to be

negative and positive infinity respectively.

A complication arises if the variances are both negative. In this case the ratios grow without
bound with increasing distance from the origin, and the area is not finite unless p? = o
precisely. This problem can be circumvented by considering the distance between the inverse
of the ratios, for which the integral will converge. Finally, if the variances are of opposite sign
then there is no possible match between them and the distance can effectively be considered

to be infinite.

By allowing a match to either the ratio or the inverse ratio, an area for the Gaussian can

always be defined. Thus the distance between these two ratios can be defined to be

| /2% 952 (2)da — [22, 9,2(z)dz| pt > 0,07 >0
agyario 109021 902) = < | [20g(g,2(2) "z — [, (g,2(z) " Vde| o} <O,0f <O (6.5)
00 pio? <0
Since
so 2
/ e widr =V 2ro (6.6)
-5

this can be simplified to

da(mtia n (gpi ! ga?) 00 otherwise (6

:{ verllp| = lowll piot >0
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Similarly, for the second ratio a corresponding relation is defined for the quantity dﬂ(mzioz)’

which is the distance between the curves gpg(ac) and gag(zz).
Since there is no reason to favour the ratio corresponding to ¢? over that of o2, an overall

distance between both pairs of ratios can be defined as the sum of the distances between each

pair. This leads to the expression

dg = +d (6.8)

G ratio 1) % ratio 2)

Using the squared difference metric

In a similar manner to the previous case the squared difference metric dg(z,y) of equation 6.2
can be applied to the two pairs of MTF ratios. Again negative values for the variance are

permitted, and the use of ratios and inverse ratios is similar to that of the previous section.

In this case,

JZoc19,2 (@) = g2 (2)}Pdz pi> 0,07 >0
s rasio 1 (992 902) = 4 J2o{(9,2(2)) 7" = (g,2(2)) 7 }2dz p} < 0,07 <0 (6.9)
0O pro? <0

which after some manipulation and simplification evaluates to

VIR {(m1/VE) = 201/ (& + 1)) +
ds(mtio 1)(9,;%790%’) = 0

o1l/vV2 252 > ()
e 11/v2)} pioi (6.10)
50 otherwise

after using equation 6.6 to calculate the area under a given Gaussian. Again the overall
distance between the two pairs of ratios is defined to be the sum of the distances between the
respective ratios .-

dy +d (6.11)

= ds(m!io D S(ratio 2

6.1.3 Results for Gaussian case

Using the two distance metrics that have been defined, it is possible to undertake an analysis of
how sensitive the search for the position of best focus in (d, ka)-space will be. The expressions
for obtaining ¢ and ¢ for the positions in this space are as presented in section 5.2.2, where
the assumption of a linear beam is also made. Unfortunately due to the complexity of the
situation there appears to be no means of assessing this sensitivity for the general case. An
analysis can however be done for any specific case of focal lengths for the three images and

specimen position,
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Figure 6.7: Prediction results for the farfocus image series under the weighted squared
difference distance measure.
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Section 6.3: Results for the autofocus algorithm

The cause of the first trend can be explained in reference to the width of the MTF as a
function of the distance from the crossover. In a previous chapter it was shown that this
relation is hyperbolic. Thus, near to focus the MTF is very wide, falling off rapidly as the
distance is increased. The effect of the template MTF being restricted to go to zero at some
point is that the first zero of the ratio will be the same as the first zero of the numerator MTF.
Thus the basic shape of the ratio is dictated by the numerator. The effect of the denominator
MTF is then to alter the shape of this ratio between the origin and the first zero. Clearly
this is a far smaller effect to detect than the change in the zero position. If the numerator
MTF now becomes narrow, the deviation caused by the denominator MTF profile becomes
less significant. Huge changes in this denominator will then cause only marginal changes in
the ratio signal. In the presence of noise this becomes catastrophic to the prediction process

because the distance measure no longer exhibits a suitable minimum.

The observation that the prediction fails more readily if the images forming the ratio are close
together can also be simply explained. In the limit as the distance between the images goes to
zero, no prediction can be made because data has been irrecoverably lost. It follows then that
if the images are close together then the effectiveness of the prediction will be hindered. The
discussion of the first trend also makes it apparent that this closeness has to be considered in
relation to the actual distance of the images from the crossover. MTFs separated by a fixed
distance far from focus will differ from one another far less than MTFs separated by the same

distance but nearer to the beam crossover.

In the case of the microscope, this fact that prediction fails more readily for image sets far
from the crossover is not as catastrophic as it might be. This is because of the ability to
change the magnification of the instrument, and hence affect the overall MTF width. The
use and effect of magnification on the MTF and the autofocus algorithm will be discussed in

section 7.1.

Figures 6.8 and 6.9 contain additional results based on the use of other distance measures. In
particular, the results for Figure 6.8 are for the weighted absolute difference distance measure,
and Figure 6.9 for the normalised weighted squared difference measure that was mentioned
towards the middle of section 6.2.3. This latter plot is shown mostly for interest, since the

distance measure has neither been properly defined nor discussed.

These plots serve to show that the precise details of the distance measure do not play a critical
role in the prediction process. All that is required is that it takes into account the features of
the signals that are being matched. No results could be generated for the unweighted metrics

because of their failure to successfully match the generated ratios to the actual ratios.
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Chapter 6: Algorithm Implementation and Analysis

6.4 Extension to optimised search

The results that were generated in the previous section were obtained by an exhaustive search
through the (d, ka)-space in the vicinity of the known point corresponding to focus. The
process of exhaustively searching is computationally expensive, and it is possible to improve

the speed by means of an intelligent 2-dimensional search.

The success of the search relies on finding a suitable starting point. This is necessitated by
the fact that the search space may contain local minima, as was seen to be the case for the
situation of Figure 6.6. Having verified that the Gaussian approximation results in a search
space which closely resembles that of the experimental cases in the vicinity of the point of
best focus, a possible solution to this problem is presented: if a best-fit Gaussian is fitted
to each ratio, then a closed-form solution to the minimisation problem exists. Equation 5.27
relates the standard deviations of the ratio signals to the distance of the required point in the
search space. Thus knowing d, the k-value of this point can then be calculated by means of

equation 5.30.

Such a 2-dimensional search algorithm was implemented and applied to the problem. The
algorithm used was a modification of the method of steepest-descent, called Praxis{4]. The
results are in most cases very similar to those presented previously in this chapter, with the
search failing in only a few cases where the minimum is not adequately bounded by steep
enough sides in all directions. It was found that approximately 50 to 100 distance function
evaluations were required in each case to find the local minimum given the calculated starting
conditions. The function evaluations are sufficiently fast that the entire search typically takes

considerably less than a second.
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Chapter 7
Further Developments

There are a few additional sections required to clarify the use of the algorithm in a real
situation. The first of these is the dependence of magnification on the image formation. The

extension to astigmatism correction is also discussed.

The chapter begins by again using the Gaussian MTF assumption, this time to analyse
the effects of magnification on the MTF. It is shown that in theory if the magnification is
increased by a factor of two, then the MTF width (in pixels) will increase by the same factor.
Experimental results are then given which demonstrate that even though this prediction is

not entirely accurate in practice, the trend is at least valid.

The extension of the autofocus algorithm to the problem of astigmatism correction is then
presented. The algorithm essentially requires no modification, but the procedure is now

performed in three different planes through the optical axis.

The chapter concludes with a complete outline of the proposed algorithm.

7.1 Effects of magnification

It was mentioned in the previous chapter that changes in magnification can be used to improve
the prediction of the point of focus. This will now be discussed in greater detail.

In the electron microscope the magnification is altered by simply changing the distance be-
tween successive samples of the specimen. Presumably reducing the distance between samples
by a factor of z > 1 will therefore increase the magnification by this same factor. Effectively
this results in the width of the PSF (in pixels) also increasing by the factor z. In the frequency
domain this corresponds to the relative width of the MTF decreasing by this same factor.
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7.1.1 Analysis under Gaussian assumption

In order to assess the effects of magnification on the image formation process, the assumption

of a Gaussian beam profile will once again be used.

Suppose that the PSF at a distance d from the aperture has a standard deviation of opgr(d).
If this standard deviation is directly proportional to the distance from the beam crossover,

then
a

4 ldf —d| (7.1)

opsr(d) =

where a is the standard deviation of the PSF as referred to the aperture plane, and df is
the beam focal length. Defining dd = dy — d to be the distance of that beam position from

crossover, it can be written that
opsp(8d) = kidd] (7.2)

with & a proportionality constant suitably defined. Although the linear dimensions of this
PSF are fixed, the width in pixels depends on the magnification in use. If the magnification is
M pixels/metre and the quantity opsp(dd) is in metres, then the standard deviation in pixels
will be

OPSF(pizels) (0d, M) = kM |éd] (7.3)

Here the dependence on magnification has been included explicitly in the relation.

It should be apparent from equation 7.3 that a change in dd can be counteracted by a particular
change in M. The quantity opgr(pizets) Can be kept constant through changing dd as long as
the product M|dd| is not changed. Thus for distances far from focus where |6d| is large,
the width of the PSF can be kept within a reasonable range by reducing the magnification
accordingly.

This observation can be extended to the MTF in the frequency domain as well. Increasing
the magnification by a factor M will here decrease the width (in pixels) of the MTF by the

same factor.

7.1.2 Experimental results

The accuracy of this previous observation can be analysed by locking at two images taken
at different magnifications, and comparing the corresponding MTFs. The MTFs can be

extracted from the images by the same methods as were used in section 4.3.

Figure 7.1 shows MTFs obtained from images far3 and far 12. Both of these images relate
to a distance of 0.2mm from focus, with the first at a magnification of 500x and the second
at 1000x. According to the theoretical discussion the first MTF should have twice the width
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1.2 1 1 [ ¥ I
Magnification 500x ——
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Figure 7.1: MTFs corresponding to two different magnifications at the same distance from
focus {0.2mm)

of the second. In practice it is found that for this case the actual difference is only 1.551x.

The reason for this discrepancy has not been investigated. It could, however, possibly be
a result of the beam not remaining stationary at the point which is being sampled. This
movement may be introduced by the scanning motion. The contribution to any given pixel is
then a combination of the actual desired value as well as the specimen characteristics in the
close neighbourhood. This factor could cause a deviation from the theoretical case presented
in the previous section. The overall principle does still however apply, namely that in terms
of the MTF width the effect of a change in distance from crossover can be counteracted by a

change in magnification.

In terms of the autofocus procedure, the effect of this deviation from ideal is that images that
were captured at one magnification cannot be modified and reused along with images taken

at a different magnification. In practice this should not present a problem.

Being able to control the width of the MTF without changing the distance can allow the
accuracy of the prediction process to be enhanced. This is done by adjusting the magnification
to result in MTFs that have widths most suited to the focusing procedure.

7.2 Extension to astigmatism

The autofocus procedure that has been presented thus far takes three images, and explicit

information is returned about the distance of the intermediate image from crossover, as well
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as the width of this MTF with respect to some template MTF profile. Also implied by this
data is equivalent information regarding the MTFs corresponding to the other two images

involved in the prediction.

It must be noted that this entire procedure operates in a single arbitrarily oriented plane
which passes through the optical axis of the microscope. Thus the data obtained relates
only to the beam as considered within this plane. In the case of the beam being circularly
symmetric it is completely specified by this information, however in general this assumption

cannot be made.

More generally, by considering a number of such planes at different angles through the optical
axis a complete representation of the MTFs can be developed. For every extra orientation
considered, more data can be built up about the actual shape of the MTFs at the position
of the specimen for the three focal lengths. However, if some prior knowledge of the pos-
sible beam shapes is known, then only a small number of such samples may be required to
adequately specify the beam.

In particular, in the presence of astigmatism it is no longer necessary that the PSF be cir-
cularly symmetric. Instead the beam current density profile becomes elliptical, with more
blurring resulting in the direction of the major axis than in that of the minor. For the
Gaussian approximation, this density profile has sometimes been assumed to be that of a
two-dimensional Gaussian, with a specific eccentricity and orientation [7]. The corresponding
MTF in the frequency domain will also be such a Gaussian. There are three independent pa-
rameters to describe this profile, namely an overall width parameter, an eccentricity, and an
orientation. Therefore, under this model the MTF can be completely specified by analysing
the beam in three independent planes, and solving for the unknowns.

It should be possible to avoid the Gaussian restriction by simply forming a more general
expression for the beam width as a function of rotation angle. Good starting points for this
analysis are presented in [31, 1].

Thus the autofocus method that has been presented in previous chapters can be extended
to the astigmatic case by simply repeating the procedure for three different planes. The
information that is thereby obtained is firstly three independent estimates of the distance of
the images from crossover, and secondly the complete MTE representations of the beam at
the corresponding locations., All this can be obtained from just the three images. The MTF

representations can then be used to analyse the astigmatism in the beam, and to correct it.

Most autofocus algorithms which rely on searching for extrema in a criterion function can at
best only optimise the focus or the astigmatism at any one time. For this reason they are
forced to iterate repeatedly through cycles of alternately correcting the astigmatism and the
focus {7]. For the method proposed here the beam is considered in its entirety, and no such
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co-dependence exists. It is therefore possible to change both of these factors in the same pass.

7.3 Proposed autofocus algorithm

An implementation of the overall technique developed in this thesis has not been attempted.
It was found that the available software for the microscope did not lend itself to easy in-
terfacing to such an algorithm. The discussions do, however, lead towards a fairly natural
implementation, the rough details of which will be discussed here.

It must be emphasised that without physically trying such an implementation it is extremely
difficult to anticipate the areas where problems might occur. Also, numerically quantifying
some of the factors is impossible. When putting the algorithm into practice, the particulars of
the implementation would have to be arrived at experimentally. The following stages comprise

the outline:

e Capture a single image and transform a portion of it. If there is enough high frequency
content in this transformed sample, then the chances of success of the prediction is
good, and the image can be used. If there is not sufficient high-frequency detail, then

reduce the magnification until there is.

e Capture the remalining two images needed for the prediction. The amount to change the
focal length from that of the first position would have to be found by some means. A
possible solution to this problem would be to grab an image at some arbitrary distance
and to form the MTF ratio. Once this is available, it can be decided if the ratio falls
within a width range that is deemed suitable. If not, the distance can be adjusted and
the process repeated. If so, the final image can just be taken the same distance from

the first, but in the opposite direction.

o Once the images are captured, they can be tiled, transformed and averaged, as described
earlier. The two ratios can then be formed. In order to take into account possible astig-
matism, three l-dimensional representations of these ratios can be formed at varying

angles by means of the radial averaging procedure cutlined.

» The autofocus procedure can then be applied to each of these cases independently. This
will give three independent estimates of the position of the beam crossover in the case
of a non-astigmatic beam. For an astigmatic beam the average of three should be a
suitable estimate until such a time as it is corrected for. Additionally, a reasonable
model of the beam can be created from the now known MTFs at the locations of the

images. This can be used to correct for the astigmatism.
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e After making corrections to the focal length and astigmatism, it is assumed that the
instrument is now closer to best focus and zero astigmatism. The magnification can
therefore be increased and the process repeated until the desired degree of accuracy is
achieved. Furthermore, as successive iterations are undertaken, a progressively more
in-depth model of the beam can be built-up, which can be used to intelligently refine
the subsequent searches.

It is anticipated that the bulk of the time spent in this loop will be during the image capture.
At least three images have to be captured for every iteration. A huge speed difference could
be gained if, instead of capturing three complete images, line samples are made at the focal
lengths and orientations desired. Effectively, to reproduce the situation that was obtained
above, § line samples are required, three for each angle around the optical axis. The noise
distributions will however differ for this case from the one presented in the algorithm.
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but no justification was given that this is indeed the case. The problem can be seen in
the search spaces under the modified distance measures: whereas in the metric measures
the global minimum is steeply bounded and therefore accurately and easily found, for the
modified cases this accuracy is compromised. The distortion of the search space to contain
multiple global minima is also a compromise that should be addressed. There is naturally a
heavy bias towards the use of commonly encountered metrics or distance measures (such as

squared difference), where less known but more applicable measures might be more suitable.
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Appendix A

Test Images

A.1 Image series: farfocus

Two sets of nine non-astigmatic images were taken of the silver crystal specimen at magnifica-
tions of 500x and 1000x. The first image in each set was taken at best focus, using a working
distance of approximately 15mm. Subsequent images were then taken progressively further
from best focus, corresponding to a greater degree of out-of-focus. The most out-of-focus

image taken was at a distance of 1.2mm from best focus.

The microscope operating conditions were as follows:

e Operating voltage: 15kV
e Beam current: 100pA

e Aperture size: 30um

Noise reduction in the form of frame averaging was employed, with a complete image acqui-

sition time of about 4.8s. The size of each image was 1024 x 768 pixels.

The astigmatism was manually corrected, and the first image was taken at best focus as
determined by eye. The focal length as reported by the microscope was then recorded. Eight
images were then taken at progressively greater distances from this position of best focus,
and the corresponding focal lengths recorded. At no point was the direction in which the
focus was changed reversed. Tables A.1l and A.2 give the reported focal lengths used for the

images in each set.

Figure A.1 shows the centre 384 x 384 pixels of the in-focus image.
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Appendix B

Additional Results

B.1 Scale in the Fourier transform domain

Given an image in the continuous spatial domain, the scale in the Fourier transform domain
is unambiguously defined. However, for a sampled image, the sampling frequency needs to

be known for this to be the case.

If the continuous space image is sampled such that one pixel represents m metres, then the
entire image of N x NV pixels represents a square of side Nm metres. For k = 0 to (N —1), the
transform coefficient k then determines the number of cycles in Nm metres. This identifies

frequency f as
k

f=m{

Thus in the frequency domain a single frequency interval (one pixel) corresponds to

m™1 (B.1)
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Appéndix C

Random Variables

C.1 Ratio of zero-mean normal random variables has no mean

The mean of a distribution is given by
E{z} = f 2p,(2)d2 (C.1)
-0
which can be split into the two integrals

E{z} = Ei{z}+ Ex{z}

ord! 0
= / z2p,(z)dz + / z2p,(2)dz (C.2)
0 -0
Considering just the first of these integrals, for the Cauchy distribution we have that
E{z} = /0 zp,(z)dz
1 > =z
= — ——d .
- /0 o z (C.3)
which can easily be shown to evaluate to
1
Bz} = g{ln(zz + D5 (C.4)
1 )
= 5 Zli)rgo In(z + 1) {C.5)

This limit does not exist, and hence the integral does not converge. This is sufficient to prove
that the mean E{z} does not exist. In a similar manner it can be shown that the second

central moment (or the standard deviation) of the distribution is infinite.
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Because the integrand z/(z% + 1) is an odd function of z, the integral

oo F4
Lw£+1@ (C.6)

does however have a principal value of zero, since

. ooz
nlLI& o ;mdz =0 (C?)

C.2 Ratio of nonzero-mean normal random variables has no

mean

In section C.1 it was shown that

I {1 ! }d = (C3
0 # wzt 41 ? o0 8)
Thus, using equation 3.11, and equation 3.6 with zj = 0 and yj = 0, it must be the case that
=0 S0 12,2 L2
/ z /c/ lple™2P % e 2% dpr dz — (C.9)
S0 -0

or rewriting in a more immediate form
1

oo [0 2,2 _ 1,2
/c/ / zlple TP P eT 2P dpdz — oo (C.10)
0 —-00

Consider now finding the mean M of the general distribution in equation 3.6 by forming the
integral
o0 i ~Ln2,2 1,2 z1 ’
M = k:/ / z|ple” 2P 7 e 2P PP o ePYdpd 2 (C.11)
0 —00

This can be split into the two components

M = M+ M
o roo R T S W N
k/ / z|ple P F e 2P P R 0ePYodpd 2
o Jo

oo r0 _lp22 12 oo .
-Hc/ / zlple 2P * e 2P eP*ToeP¥odpdz (C.12)
0 —

Taking just the term M, within the integration limits the conditions exist that p > 0 and

z > 0. If z{, and y; are now restricted to be positive numbers, then

ePEE0ePlo > | (C.13)
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and
L2

z|p|e’%”2zze_%7’261)”66”% > zlple™ 2P’ e3P (C.14)
for all regions over which the integral is performed. Since by equation C.10 the integral of
the right hand side tends to infinity, the integral of the left hand side over the same limits

will also diverge.

It has therefore been shown that M; does not converge, which is sufficient to prove that the
mean M does not exist. Thus the mean of the ratic of two nonzero-mean normal random

variables does not exist.
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Appendix D

Integration Results

This appendix describes the derivation for the closed-form solution of the probability distri-

bution pz(z) used in section 3.3.1.

The required integral was given by
% e+ Dpt—2(= L aah Lyl )p
pole) = K [ jple = H b hbngy 0.1)
—O0

Defining u{z) and v(z) as per equation 3.9, this can be written

il

pz(2) K/OO [ple~HEP -2 gp
-0
> ; 0 )
_ Kf pe.—u(g)p _2”(z}pdp+K/ _pe*‘%{z}?-—?v{z}?d}}
0 —00
- K/Oope‘p(z}pg-?u(z}?’dp+K/m?€_”(3)p2+2”(z)pdp (D.2)
0 o

where this second term is obtained by a change in the sign of the variable to be integrated

over. This allows for the expression to be simplified as
[e.0]
pzlz) = K f peHP (= Wp | (2P g
— O

o0
= QK/ pe"“{z}?zccsh(%(z)p)dp (D.3)
O

The result then follows from tables of integrals [12, p.365] that

_ v(z) [m aar u(z)) 1 }
pot = | S5 e () + o o4
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Appendix E

Diffraction as a Fourier Transform

It is possible, under some restrictions, to view diffraction as a Fourier transform operation.

Suppose the optical disturbance in a given plane 1 is known, and is given by ¥;(e,n,2). If
the origin of the coordinate system is chosen to lie in this plane, then this disturbance and
be written 9, (e, n,0), or just 11(g,n). It is assumed that 11(e,n) is defined over some region
of support R in the plane, which usually represents the physical aperture.

The resulting effect at a general point (z,y, z) is then given by [35]

z&r(s,qx)
wwu2) = [ [ oo n S dean (E.)

In this equation, r(g, 7, x) represents the length of the line segment from (£,7,0) to (z,y, 2).
x(e,n,x) is an inclination factor which depends on the angle between this line and the normal

to plane 1. & is the usually defined wave number.

1f the observation points are restricted to lie in a second plane 2 a distance z from plane 1,

Y(z,y,z) can be written as ¥s(z,y) and equation E.1 becomes

akr( 71,3
wafo.n) = [ [ wrtemxten i ; Sdedn (E.2)

The distance r is given by the expression

r(e,mx) = \/(z = )2 + (y = n)? + 22 (E.3)

which in a different form is




Under conditions of large z, the binomial approximation 1+ a &= 1 + «/2 can be used on
equation E.4 to give

(c—o  fy—n) -

r{e,n,X) =~z (1 + 552 Y

This previous approximation is used in the exponential term in equation E.2, which is a
dominant term since k£ is a large number. For the denominator term the cruder approximation
r = z is made. Furthermore, the term x(e,n,x) is assumed to be constant, and approximately
equal to x. The validity of these assumptions is confirmed in [35]. The resulting expression
after using these approximations is

xe“‘z ik 2 2
Pa(z,y) = f f i (e, n)yeE = ey (E.6)
R

Z

With some manipulation this can be written in the form

ikz . o ; :
Yalz,y) = Xez 6%{22%‘)/] ?/)1(8,?;)e5’5(52"""9)6"‘?{“””)(15(177 (E.7)
R

Defining an aperture function

1 (e, €R
Ale,n) = E.8
(&) { 0 otherwise (£8)
and from this a modified aperture function
Yrmoale, ) = Y1 (e, m) Afe, m)e 747 (E9)
the equation E.7 can be written
[oe] [o.a] .
Va(,0) = C) [ [ Gmoale, e F F ey (E.10)
-0 o 00
where C(x) is _
Cix) = X gika g 35 (e2+y") (E.11)

Z

The form of this last equation for 19 (z,y) can be seen to resemble that of a Fourier transform,

with respect to frequencies (kz—“’, %’-’5). If the symbol F; represents the Fourier transform with

the frequencies scaled by a factor £, then

2/)2(% y) = C(x):’rs ['&moa’(g» 77)] (E-lz)

Using this form of the equation, diffraction under the conditions presented here can be rep-

resented and calculated as a modified Fourier transform operation.
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Figure E.2: Image formation in terms of wavefronts

4

Spherical aberration ¢ = ~Kp

Coma & = K p? cos(6)

Astigmatism ® = — K, p? cos?(6)

e Curvature of field ® = —Kp?

Distortion & = Kyp cos{f)

where p = /e2 +1? and @ is the angle of the point of interest in the (e,7)-plane. Since
these equations represent the aberrations on a point source being imaged by the system, the
image resulting from the wavefront will be the PSF of the system in the presence of these
aberrations. It will now be shown how the functions here can be used to calculate the PSF
of the system.

In the previous section it was shown how the Fourier transform can be applied to a modified
aperture function to find the resulting diffraction pattern at any point far from the aperture.
What then had to be known was the disturbance function 9, (e, 7) in the plane of the aperture.
To present aberrations in terms of this previous discussion, it is necessary to find this distur-
bance function given the location of a wavefront. This can be done if the following is noted;
moving from the wavefront to the reference sphere represents a phase shift of £®, and then
back to the {z,7)-plane a shift in the opposite direction of kq, where g is the distance from

the reference sphere to the aperture plane. The combined phase shift can thus be represented
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