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ABSTRACT

In this thesis an approximation method, the method of
spherical currents, is advanced for the determination
of scattered fields (acoustic and electromagnetic)

from convex bodies for plane harmonic incident waves.
The method is worked out for the scalar (acoustic)

case and applied to sound soft and sound hard obstacles
of a given shape. The surface fields and backscattering
cross sections of these obstacles are calculated
according to fhe method and the results are compared
with those of other methods. For the vector (electro-
magnetic) case only the basic theory is worked out for

a perfectly conducting convex body.



CHAPTER I

INTRODUCTION

In this thesis an apprbximation method, the method of spherical
currents, is advanced for the determination of scattered fields
{acoustic and electromagnetic) from convex bodies for plane
harmonic incident waves. The method is worked out for the
scalar (acoustic) case and applied to sound soft and sound hard
obstacles of a given shape. The surface fields and back-
scattering cross sections of these obstacles are calculated
according to the method and the results are compared with those
of other methods. For the vector (electromagnetic) case only
the basic theory is worked out for a perfectly conducting

convex body.

The emphasis on scalar theory is a natural consequence of its
greater simplicity compared with electromagnetic theory.
During the past few decades however the emphasis in the
literature has been mainly on electromagnetic scattering and
it is in this field that most of the experimental data is
available for comparison. Since the advent of the use of
radar as a means of target identification this emphasis on
vector theory is understandable, and has in addition led to

many experimental results being published in this field.

The limitations imposed above on the incident field and the
boundary conditions are not stringent. Not only are they

good approximations to a wide variety of practical situations;
they are also amenable to analytical treatment. The
approximation method investigated here is however not
intrinsically limited to plane incident fields and soft or hard
or perfectly conducting_bodies. As will become clear in the
following chapters, the method can be applied to a convex

body for arbitrary incident fields and boundary conditions
provided that the surface field for a sphere under the same
conditions is known. Being based on the solutions fdr spheres,

the method is limited to convex bodies.



In the following paragraph a survey of the field of Study is
given with particular reference to the scope of this investigation

as outlined above.

(1.1) Methods for the determination of scattered fields.

The basic equation of acoustics is the scalar Helmholtz

equation

Vl§ -+ kﬁg@ = O ——— (1.1.1),

where ¢ is the velocity potential of the sound field

and k = 2n/X is the wave number.

Two fundamental problems of particular relevance to

this investigation is to find solutions of (1.1.1)
exterior to a closed, bounded surface S of sufficient
smoothness on which either (a) ¢ assumes a pre-assigned
value on S (the exterior Neumann problem for the Helmholtz
equation) or (b) the normal derivative of ¢ assumes a
pre—-assigned value on S (the exterior Dirichlet problem
for the Helmholtz equation). It is further required

that these solutions satisfy the Sommerfeld radiation

conditions

[RE 1 =0Ci/R)
R/@%+¢kj§>;0<'\/m -—- (1.1.2),

to ensure a unique solution in the infinite exterior

‘region.

It can be shown that the second equation of (1.1.2)

implies the first.

The Dirichlet and Neumann problems outlined above are

the mathematical formulations of the physical problems

of finding the scattered fields produced by respectively
sound soft and sound hard bounded obstacles. [HOnl,

Maue and Westpfahl (1961), Stratton (1941), Kellogg (1929)].



Proofs of the uniqueness and existence of the Dirichlet
and Neumann problems proceed from the Helmholtz integral
representation of the field, here given for points

X exterior to S.

b - j{% 5@ 10 - 6019990 |44

--- (1.1.3)

In (1.1.3) n; is the point of integration on S and
3/3n = n. B/Bni is the normal derivative with n. the

outward pointing unit normal on S.

| Let Ei be a point on S and take the limit Xi-*gi in
(1.1.3). The resulting equation makes it clear that
it is not possible to assign arbitrary values to ¢

and 3%/3n on S. Consequently there must exist a
functional relationship between ¢ and 93%/9n. If
however we assign a value to either ¢ or 3%/3n, the
limiting process creates integral equations in resp.
90/3n and ¢. It is on the uniqueness and existence
of the solutions of these integral equations that the
uniqueness and existence of the exterior Dirichlet and
Neumann problems for the Helmholtz equation ultimately
devolve. These problems have received considerable
attention and have recently been studied by Ahner (1975),
Ursell (1973) and Kleinman and Roach (1974).

Solutions of these integrai equations may be substituted
into (1.1.3) with the pre-assigned values of ¢ or

9®/3n to provide the scattered field exterior to the
obstacle. The analytical solution of these integral
equations are howéver limited to but a few obstacles -
those for which the scattered field may be determined

by the method of separation of variables. The scattered
field exterior to a obstacle can be solved by the

method of separation of variables for only those cases



where the surface of the obstacle coincides with a
coordinate surface in a system of coordinateé in Which
the scalar Helmholtz equation (1.1.1) separates, i.e.

in which it is possible to separate the second order
partial differential equation into second order ordinary
differential equations, each involving a single
coordinate as independent variable. Notable examples
of closed, bounded obstacles for which exact'solutions
have been found are the sphere and the spheroid. Even
in those cases where an exact solution is obtained,
these solutions are of limited practical value for large
values of_ka, where a is a significant body dimension.
This is due to the fact that the solutions are found in
the form of infinite series which converge progressively
more slowly with increasing ka. To obtain insight in
the high frequency behaviour of scattered fields for
which an exact solution is known, these exact solutions
have to be asymptotically approximated. Basically what
is needed here is a series representation of the solution
in increasing powers of 1/ka. Asymptotic representations
of the exact solutions of the cylinder [Franz (1954)]
and sphere [Imai  (1954)] problems‘were obtained by
representing the series solution as the sum of the
residues of a contour integral, and then applying the
Watson transform. Kazarinoff and Ritt (1959) developed
an alternative method applicable to separable scalar
problems and applied it to the prolate spheroid. Here
the theory of complex resolvents of Sims and Philips

was used to replace the Watson transform.

By aésuming that & in (1.1.1) has an asymptotic expansion

for k>« of the form

5o 58S Bt
=g CeR)™ , |

--- (1.1.4),



Keller, Lewis and Seckler (1956) managed to obtain high
" frequency solutions of a large number of scalar
scattering problems, of which the leading term is the

geometrical optics solution.

By directly finding the asymptotic expansion it is

avoided to first find the exact solution and then expanding
it'asymptotically. However the calculations involved
become laborious except for the simplest geometries,

and the results are incomplete where diffracted rays

occur. Lee (1975) has generalized and developed this
method for the case of electromagnetic scattering from

a conducting surface.

On inserting (1.1.4) into (1.1.1) and equating to zero
the coefficient of -each power of k, the following equations

are obtained:

%S3:S=(VS)" = | -——= (1.1.5)

and ;{/aci}wads—(-'ph,,a(; 9(,'31 _95304,,_,)
W=o0,1,2,---- ; tq_,:O

Equation (1.1.5) is the eiconal of geometrical optics,

and determines the phase function S.

A field of the form (1.1.4) is called a ray field and
the functions An are amplitude fun?tiohs. In the case
of electromagnetic scattering these coefficients are
vectors. The first term in (1.1.4), Aoeiks, is the
geometrical acoustics (optics) field, and describes

the behaviour of scalar (vector) wave fields in the
limit as the wavelength tends to zero. The problem of
geometrical optics is therefore to find these phase-

and amplitude functions. A brief description of thé
geometrical optics field as applied to scattering problems
is given in sections (2.2) and (3.6). The value of the

methods of geometrical optics in the determination of



scattered waves lies chiefly in the near field. The
specular returns of the reflected rays in the far field
contains a minimum of information about the shape of

the scattering object.

The results of geometrical optics may be extended to
lower frequencies by general asymptotic methods such as
those described above, or by generalizing Fermat's
principle so as to include "diffracted" rays. The
eiconal (1.1.5) is a direct consequence of Fermat's
principle, and if this principle is applied to incident
rays not tangentially striking a smooth interface,
"reflected rays" are created at the point of incidence
in accordance with Snell's laws. These reflected rays
are the scattered field of geometrical optics. According
to geometrical optics no contribution is made by points
on the interface situated (a) where the incident rays
are tangential to the surface, (b) at vertices and

(c) at edges. Keller (1958) postulated the creation
of diffracted rays at such points and generalized
Fermat's principle to include them. This method has
been applied to a variety of shapes, and a brief '
description with special reference to the spheroid is

given in section (3.6).

Geometrical optics and its extensions into the resonance
region are generally referred to as "ray optics", for
which even wider applications is being found. Recently
particular attention has been paid to the problem of
diffraction by a wedge, and the fact that Keller's
geometric theory of diffraction solution is not valid

near to a shadow bbundary. [Lee and Deschamps (1976)1.

Apart from asymptotic methods and those of fay'optics
improvements to the geometric optics solution can be

made by utilizing and modifying the surface field

predicted by it. The method of spherical currents belongs

to this class of approximation method.



According to geometrical optics, the surface field on

an ideally reflecting object is twice the incident

field on the illuminated region and zero on the shadow
side. Physical optics (Kirchhoff theory) uses the
surface field predicted by geometrical optics in the
Helmholtz integral representation (1.1.3) to predict

the field exterior to a scattering object. This method
is obviously also a high frequency approximation, but

it is a great improvement on geometrical optics,
especially as far as the determination of scattered far
fields is concerned. The method of physical optics is
discussed in section (2.4) and applied in section (3.6)
to calculate the backscattering cross section of a hard
prolate spheroid fof axial incidence. Physical optics
has been extensively used for a wide variety of shapes
in cross section estimation. In this regard see the
survey by Senior (1965). and the reports by Sleator (1964)

and Kleinman and Senior (1963).

The main weakness of physical optics is the discrepancy
between the assumed surface field and the true surface
field. Two aspects may be singled out here. In the
first place the surface field assumed by physical optics
on the illuminated part of the obstacle is a good
approximation only at such points at which the radii of
curvature are large compared with the incident wave-
length. In this regard see section (2.4). A second
weakness lies in the discontinuity of the surface field
at the penumbra, i.e. the neighbourhood of the shadow

curve.

This is a violation of the true boundary condition, and
Jones (1957) avoids this discrepancy by assuming that
the penumbra of a smooth convex body is locally that

of a cylinder whose generator is tangent to the shadow
curve and whose radius of curvature is that of the given
body in a plane normal to this tangent. Another method

to estimate the contribution of the penumbra was developed



by Fock (1946), and is based on the surface field induced

on a paraboloid of revolution.

A third weakness of the surface field assumed by physical
optics is that it does not discriminate between objects
having identical illuminated surfaces but different
shaded surfaces. For example, physical optics predicts
the same radar cross section in the backscattered
direction for axial incidence for both flatbacked and

double~-backed cones with identical illuminated surfaces.

According to Blore (1964), Adachi (1960) derived an
approximate general solution for the backscattering
nose-on cross section of axially symmetric thin bodies
having sharp apices. Blore states that "essentially
this approximate solution is tHe physical optics
solution, but the physical optics current is assumed
over the whole surface of the scatterer". Unfortunately
the author has not yet received a copy of Adachi's
report, but presumably Blore means that the approximation
of twice the incident field (for ideal reflectors) is
used over the whole surface of the scatterer. If

this is the case Adachi's theory removes the latter

two of the three weaknesses of the physical optics
surface field mentioned above. In this respect see
also section (2.4). As the method is applied to long
thin bodies, at least one of the principal radii of
curvature is large compared to the incident wavelength
over most of the surface. This restriction should
bring the assumed surface field closer to the true
surface field. Blore confirms that for such bodies
Adachi's theory gives an accurate prediction of the echo

area in the resonance region.

The approximation methods mentioned above are all
essentially high frequency methods which to a lesser or
greater extent successfully penetrate the resonance region

of scattered fields for different bodies.



Dawson and Turner (1960) proposed a cylindrical current
method to predict high frequency scattering with greater
accuracy than physical optics. This publication is
classified, but a condensed version of this method is
given in the report by Kleinman and Senior (1963). The
method is based on the éxact solution for the infinite
circular cylinder, is limited to bodies of revolution

and cannot be used for axial incidence.

None of these limitations apply to the method of spherical
currents, which in addition circumvents the latter two

of the three weaknesses in the surface field of physical
optics mentioned above, and at least partially, compensates

for the finite radii of curvature of smooth convex bodies.

The examples of approximate solutions mentioned above
clearly emphasize the importance of exact solutions.
Although rigorous solutions of scattering problems have
been obtained in but a few examples, many features of

these solutions can be applied to more complex shapes.

At the other end of the frequency spectrum we have the
RaYleigh region, that is the long wavelength at low

frequency region where the wavelength of the incident
field is large compared with the body dimensions. A

brief outline of Rayleigh theory is given in section (4.1).

Kleinman (1965) gives a definition of the Rayleigh region,
and an outline of general methods is given for obtaining
successive terms in low frequency expansions. Basically
the problem consists of finding a series in ascending
powers of k for the scattered field satisfying (1.1.1).
The first term in the Rayleigh expansion can be obtained
by several methods, notably the empirical method of
Siegel (1958).

Low frequency techniques have also been applied success-

fully to penetrate the resonance region from the low



(1.2)

10

frequency end of the spectrum, and to provide information
in other directions than the backscattered one. In this
respect Senior (1973) for scalar scattering from soft

and hard objects, and Keller, Kleinman and Senior (1972)
for electromagnetic scattering from perfect conductors

must be mentioned.

An approximation method not easily categorized is impulse
analysis, iniated by Kennaugh and Cosgriff (1958). This
method has been applied to predict the radar cross section
in the backscattered direction for several shapes,
notably the spheroid [Moffatt and Kennaugh (1965)] and
the cone sphere [Kennaugh and Moffatt (1962)]. Con-
siderable success has been achieved with this method in
the resonance region for some simple shapes [see

Blore (1964)]. The limitations of the impulse
approximation technique are diécussed in the survey by
Senior (1965). '

Recent attempts [Burnside, Yu and Marhefka (1975)] to
bridge the resonance region gap have used the moment
method [Harrington (1968)] in combination with Keller's

geometric theory of diffraction.

Finally it should be mentioned that although rigorous
solutions by analytical means are obtainable for few
shapes, the direct numerical solution of the integral
equations satisfied by the surface field for other
shapes may lead to estimates of scattered fields which

for practical purposes could be considered exact.

Over the past few years this problem has received the

attention of several authors, e.g. Burton and Miller (1971).

Summary of contents.

In Chapter II thé method of spherical currents is
developed for the scalar scattering of a plane incident
wave by bounded convex acoustically soft and hard obstacles.
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As the method uses the exact surface fields on spheres,
a reasonably detailed account of the scattering of a
plane wave by soft and hard spheres is given. The
method is then applied to approximate the surface field
on arbitrary bounded convex softand hard obstacles for
plane incident waves. The Helmholtz integrai
representation is then used to obtain expressions for
the near and far scattered fields. These results are
finally specialized for bodies of revolution for axial

incidence.

It was felt to be essential that the method should be
compared with results obtained from a shape for which

an exact solution exists. Such a body is the spheroid,
and the surface field and backscattered cross section

for axial incidence by a plane wave according to the
method of spherical currents was compared with exact
results for the spheroid in Chapter III. In this chapter
comparisons are also drawn between the method of spherical
currents and physical optics and the geometrical theory

of diffraction in the high frequency range.

In Chapter IV the method of spherical currents is applied
to the flatbacked cone and the cone sphere and comparisons
are made with Siegel's empirical formulae in the Rayleigh
region. The method is applied to these shapes to test
its applicability in the presence of vertices, edges,
plane surfaces and surfaces on which one of the principal
radii of curvature become infinite. As results are
obtained in the Rayleigh region, it is doubtful whether
any meaningful conclusion can be drawn from the way in
which edges and vertices are accomodated in the method

of spherical currents.

The basic theory of the method in the case of electro-
magnetic scattering for a plane wave incident on a
bounded, convex perfect conductor is developed in
Chapter V. The surface current is constructed for

the general case and then specialized for the case of an
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axially incident wave on a body of revolution. The
far field is then derived for bodies of revolution for
axial incidence by using the integral representation

of the electromagnetic field.

In Chapter VI the results of the previous chapters are
summarized and integrated, and some conclusions are

drawn from them.
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CHAPTER 1II

THE METHOD OF SPHERICAL CURRENTS - SCALAR CASE.

The main purpose of this chapter is to explain the application
of the method of spherical currents to the problem of deter-
mining scattered scalar waves, in particular for plane inci-
dent waves impinging on acoustically soft and hard convex
obstacles. This is done in section (2.4) for the surface
field, and in section (2.5) for the exterior field by using
the surface field  according to the method of spherical
currents in the Helmholtz integral representation for the
scattered field. As the method of spherical currents is
based on the exact solution of the sphere problem, a fairly
detailed account of the scattering by hard and soft spheres
for plane incident waves is given in section (2.2). As
background to this, and partially also because some of the
motivation behind the method of spherical currents demands it,
it is necessary to give an account of the basic theory of the
boundary value problem of acoustics in section (2.1). As it
appears in section (2.5), it was not possible to complete
analytically the integration over the surface of the scatterer
in order to determine the scattered field, far or near. As

a consequence of this recourse had to be taken to automatic
compufation to determine e.g. far fields and cross sections.
This involves the computation of the surface fields on spheres
and consequently also of sphefical Bessel functions and their
derivatives over a wide range of argument so0 as to maximize
the frequency range over which the method is applicable. An
account of the methods of computation used for the surface
fields of spheres and spherical Bessel functions is given in

section (2.3).

(2.1) Basic theory - the boundary value problem.

For monochromatic, harmonic scalar waves in isotropic,
homogeneous media the wave equation reduces to the

scalar Helmholtz equation
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o}
»vg’@ +k§ =0 ——— (2.1.1)

The time dependency of ¢ is expressed by the factor
exp(-iwt), where w = 27nv is the angular frequency,

and v the frequency. In (2.1.1) k = 2n/)X is the

wave number where ) is the wave length, and ¢ represents
the velocity potential of acoustics or the scalar

potential of electromagnetic theory.

The fundamental problem of the scattering of harmonic
waves by bounded obstacles (scatterers) is to find a
solution of (2.1.1) exterior to the obstacle of which
¢ or its normal derivative (or a linear combination
of both), assumes pre-assigned values on the surface
S of the obstacle. These boundary conditions may be

reduced to two fundamental types:

é:o on S --=- (2.1.2s),
or, 0P _0 ons | --— (2.1.2h),
on
where 9¢/9n is the normal derivative of ¢ on S. If

S divides space into an interior region D and an
exterior region D', we assume the normal derivative

to be taken in the direction pointing away from D.

In acoustics scatterers on which the field exterior
to S satisfies (2.1.2s) or (2.1.2h) are respectively
referred to as "sound soft" (e.g. air bubble in water)

or "sound hard" (e.q. a rigid body in air).

The problem relevant to scattering or diffraction, that
is finding a solution of (2.1.1) with the boundary
conditions (2.1.2s) or (2.1.2h) at points exterior to
S, is referred to as the "exterior problem". It is
convenient to approach this problem by way of the

"interior" problem: find a solution of (2.1.1) with
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bodndary conditions (2.1.2s) or (2.1.2h) at points

interior to S, i.e. in D.

Let X (xieD) be the point at which a solution of
(2.1.1) is sought, and let Y, be any other point such
that Y;€D, then

V’ZGCL;,‘Q;_)-F k&@(u,‘g;) :O,’QJ&’(‘L ——- (2.1.3),

CRixe-9¢ kR
where G=c¢e g = g__k
- Yel R

and in Cartesian tensor

<
Y

o .0
T4 7Y< '

notation.

We now apply Green's Theorem to the two scalar fields
¢ and G in D bounded by S.

jc@vl@ 6T+P)AT = i@% 538 )44

( Y,

=== (2.1.4)

In (2.1.4) d1 is the volume element with Yy, as variable
of integration, n; is a point on S and dfi = nidf is
the vectorial surface element where n. is the unit

normal vector to S pointing away from D.

Let o be a small sphere of radius 5,centred at xi)with
interior region 4. Applying (2.1.4) to the region D-g

we have:

f(ﬁ%‘— 6VIF)AT = <§ o - 622)d4,
d

- 21

--= (2.1.5)
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In (2.1.5) n, now also refers to points on 0, on which

n, points towards X, Now (2.1.1) is valid in D, and
in D-4a

26+ K0
\VJ + =0 5 hence (2.1.5) becomes:

i(é‘gé_

9 ), =§(§%~G S )d.

oN¢ s

\Y
~S

=-= (2.1.6)

By introducing spherical polar coordinates centred at
X for the integral on the left hand side it is easily
shown that

- G
i 5(8%- 628 g - 4 Foaw

Hence, from (2.1.6)

4
N
jﬁ:

jzg(h):— i (éa&_’ G0

a?c aV}L
= — L 26
#ﬂ§3(§5ﬁ"ég—%>d£ --= (2.1.7)
In (2.1.7) Bi D§ was used.
| 2 04

For the exterior problem let xieD', where D' is the
region exterior to S but interior to the arbitrary
closed surface I. On applying (2.1.7) to D' bounded
by S and ¥, we get:

i“i(xa)—-,;'-,—rjiéﬂz%.—ég;%)m@ e,

In (2.1.8) the normals to both S and I are directed
into D'.



Consider the case where I is taken to be a sphere of
radius R = |x. - ngle By choosing spherical polar

coordinates centred at X it is readily shown that

Jim &(éaéf GB@M

R~>c0
provided that
|R® = OCI/R)

--= (2.1.9)

R(0S L ik )= oCi/p)

oR -
The conditions (2.1.9) are the Sommerfeld radiation
conditions which give expression to the physical
requirement that there can not be any contribution to
the field from infinity. These conditions are also
sufficient to guarantee a unique solution of (2.1.1)

exterior to S.

Hence, for all fields satisfying the radiation conditions

exterior to S, we have

L b ®AG_ 62
EP(X) §( 2n @)

--=- (2.1.10)

The integral on the right hand side of course vanishes

identically for all xieD.

Let us refer to the prevailing (given) field pfior to

the introduction of the obstacle as the incident

field Q(i). By introducing, the scatterer this field

is modified, and we refer to the resultant field exterior
to the obstacle as the total field, Q(t). The

scattered field ¢'®)is now defined by

é&) =§Q)+-§(Q | --= (2.1.11)

The boundary conditions (2.1.2s) and (2.1.2h) refer to

the total field, and they may now be written as:

17



EEECS) éﬁ:(é)
T on S ——— (2.1.12s)

s) <) :
Eﬁg_.: “%iii_ on S
on on

-—- (2.1.12h)

It is of course required that all these fields satisfy
the scalar Helmholtz equation exterior to S. If the
radiation conditions apply to both é(s) and Q(L),

then (2.1.10) applies to all three fields.

On using (2.1.12s) and (2.1.12h) equation (2.1.10)

becomes for the scattered field:

) T ) = (s) :
N —-L 26 ¢+ 60
(x;) M_gf §K+ é% Jd#
--- (2.1.13s)
(s) (s) ¢d)
(x) = L oG é;25§§
“i@ 26+ 6987 a4
--- (2.1.13h)
For the total field we gét:
& (t)
Fly-- L b6 28 g
s on
-—— (2.1.14s)
{ T (t)
8- 4§ 26 44
| > ——— (2.1.14h)

Should the radiation conditions not apply to the
incident field, then (2.1.13s and h) continue to hold
for the scattered field, but (2.1.14s and h) are no
longer valid for the total field. The plane wave is
an example of a field which is a solution of (2.1.1),

but which does not satisfy the radiation conditions.



However, as it is a good approximation of an incident

field reaching a target from a distant source, it is

of great importance. Only plane incident waves will
be considered here. Let the plane incident wave V¥
be defined by

CRUX, ' .
éP’: < --- (2.1.15),

where u is the direction of propagation.

The equations (2.1.9) do not apply to Y. It is

however ea51ly shown that

lim §§a& @aﬂ;f) - T

R—>o0
-== (2.1.16)

This may be shown directly or by using (2.1.8) for the
incident field. In this case the integral over S is

zero - this integral is related by Green's theorem to

a volume integral over D which vanishes owing to

Xi¢D'

Hence for a plane incident wave (2.1.8) becomes for the

total field:
¢)

A GB—M
=g 462874 4

-—= (2.1.17s)

&) )
R

-—- (2.l.l7hj

On using (2.1.11), (2.1.17s) and (2.1.17h) become for
the scattered field:

(s) (€)
)= -LoGoad as s (2.1.185)
4”5 on

) (¢) :
y= L - (2.1
@“‘"Lﬂfj(é g4 A
=
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Equations (2.1.13s and h) could be used to calculate

‘¢(S)(xi), xiEDU,if respectively Bé(s)/an and Q(S) are
known on S. In the sound hard case we may find
¢(3)(gi), Eies, from a singular integral equation of

the second kind obtained from (2.1.13h) by taking the
limit as Xi_*gi' Similarly we may obtain an integral
equation of the second kind for BQ(S)/Bn (gi), gies,
from (2.1.13s). In this case however we first operate
with n. B/BXi on both sides of the equation before

taking the limit as xi-+£i.

However, we may also use (2.1.18s and h) to calculate
Q(S)(xi), xisD','if we respectively know the values

of the normal derivative of the total field and the

total field itself on S. These may be obtained from
integral equations arising from (2.1.17s and h) as

we take the limit as xi-+£i. Owing to the simpler
nature of the "free" term (that is the term not con-
taining the unknown function) in (2.1.17s and h) compared

with (2.1.13s and h), this latter procedure is followed.

Operate on both sides of (2.1.17s) with Hi B/BXi, where
n. is the unit normal to S at gi, the line segment
xi-gi being normal to S at gi r and take the limit as
Xi-+gi of the resulting equation as well as of

(2.1.17h).

Hence we have:

or

) - : |
Bcb( éb) = BW(@— - {l m . ﬁb %—é(x‘-.llz{) @_é((k%t) dj(e
— = X In

=== (2.1.19s)
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and

T&) —_— o (t)
4_2(%‘—) = ’}E(é)—f—iﬁj(—g‘% § %—YG;,:(XL/?L) iF(?c) i“ﬁ
i --=- (2.1.19h)

For the limits of the integrals in (2.1.19s and h) we
have (see HSnl, Maue & Westpfahl (1961) pp. 233 - 236
or Kellogg (1967) Chapter VI, Theorems VI and VIII
with G = 1/}Xi - yi|)

im o6 n $
j( %fgmf(xcm)afﬁm #“&W@(g §n é%<‘s’o7)§%((zdd¥

S

Li%M«%LP%BG”(XL/‘? )d>(q Jdd = o jﬁ_( )(% >+§ BG(EU’I >j1_5((+7))

S

Using these equations (2.1.19s) and (2.1.19h) respectively

become:

aé%‘;% §m9éﬂm >a@<7 ydf +Q B@g)
S

e (2.1.20s)

&) T
S = L %%(%;/);)3@(?’794;8 ra g
S
=== (2.1.20h)

The problem of the exterior boundary value problem
with sound soft and sound hard scatterers has therefore
been reduced to solving the singular integral equations
(2.1.20s) and (2.1.20h). The integrals in these

equations, though improper, do exist.



It can be shown that the kernels BiaG/agi and

9G/%n = niaG/ani haye the same properties as the
analogous kernels of potential theory where

G = 1/[£i - yi]. Kellogg (Kellogg (1929), Chapter XI)
has shown that the kernels of potential theory behave

like continuous kernels.

Although the equations (2.1.20s and h) are indispensable
for proofs of existence and uniqueness, they are of
little value where an analytical solution to a particular
problem is sought. Other methods, such as separation

of the variables, are more convenient for the achieve-

ment of Such results.

Scattering by sound soft and sound hard spheres.

As the method of spherical currents is‘based upon the
exact solution of the scattering problem for spheres,
a derivation of this solution is given below.  This
procedure is that of HOnl, Maue and Westpfahl

(H6nl, Maue and Westpfahl (1961), pp. 532 - 535) .which
ties Up with the theory of the preceding paragraph.

Consider a sound soft or sound hard sphere of radius
a being illuminated by an incident plane wave. The
origin of the system of axes is chosen at the centre
of the sphere, and spherical polar coordinates are

introduced defined by the equations

C’Q/X&v 15):: (Y 5@{9%¢) 'S &9344))?@;9)
&, , ‘i;) 3;’3‘): (aSmelnd , eS¢, a Co>®)

), 0,5 1,) = (A6 Cod' ) o S S9!, A Goe')

--=- (2.2.1)
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The direction of propagation of the incident wave is
chosen to be that of the negative 3-axis, hence

(ul, Uy, u3) = (0, 0, -1) in (2.1.15) and we have

?: é‘Lsz ——(..k\'C5>e

= & _ -—— (2.2.2)

With this choice of coordinates the equations (2.1.18s
and h) for the scattered field, now 1ndependent of the

azimuthal angle, become:

) L M 4R
(rle):~if?_§_(3// S0'de % dg'

AT on '
--=- (2.2.3s)
i [ o 2
(539)— (¢') 5g' do' ‘g J (etk )dcﬁ'
o
--- (2.2.3h)

where

Ro= Dt =1l = (Maxe 9., — Qi )k
= (r*1+a*-2ar (np ©) R
and
Gos® = @y Jav —%si‘we (¢ Crg'+ S 5ig')
+ CnoCho’
:Cmecmo’+§a{9§~"e’63(d>-<b’) |

--=- (2.2.4)

® is the angle included between the position vectors

gi and n;-
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In (2.2.3h) we used 3/3n = n,3/3f, = 3/3a.  This result
is directly obtained by expressing the gradiént operator

in terms of spherical polar coordinates.

The surface fields Bé(t)/an and é(t) in (2.2.3s) and

(2.2.3h) respectively are now determined by means of
(2.1.20s) and (2.1.20h).

With the choice of coordinates (2;2.1), and using (2.2.2)
and Eia/agi = B/Ba, (2.1.20s and h) become:

27

) (Ra [2-Cro /
3@9) =-& bé(e’)%ede -a—[L__ d¢
T da| a I-(po
0 —ck@qpe
— A hCre
-—= (2.2.45s)

”m | AT Lka - Coo
@ce)—j&_ é(d}%e’def ] ¢’

_Qk Cmé
+ole *

--= (2.2.4h)

Owing to the similarity of these two equations, only
‘the procedure by means of which the latter is éolved

is given. The method consists of representing the
functions in the integral equations by their expansions
in terms of Legendre polynomials. For the kernel of
the integral equation this is achieved by means of

the expansion.

AR R (rats dar Cn o)
_6_2__. = € (rra*— 2arGr0)%
=k ) Q)R wo)jkah(kr) | r>a
h=o
-—= (2.2.5)

(Magnus and Oberhettinger (1954), p.21)



In (2.2.5) Pn(x) is the Legendre polynomial of degree
n, and jn(z) and hél)(z) are respectively spherical

Bessel functions of the first and third kinds. The
(1)
n

spherical Bessel function of the second kind, by means

function h (z) is related to jn(z) and yn(z), the

of the equation
Ga) . )
) = @@ - (2.2.6)

These functions can be expressed in terms of the half-

order Bessel- and Hankel functions as follows:

——

cjh(l) =\ /az -\Jn’fﬁ)

9.21=jaz Y, (D

N+
HU( — )
W=/ 1T (2

--= (2.2.7)

As series of ascending powers of z)jn(z) and yn(z) are

defined as follows:

h

JF)=_2 E—cm)z‘ + (Lzvr oo ]
.35 (qn+1) [TCan+d)  AT@nt3)@n+s)
= . 5. _ 2 ’ A
T R e = A .
7" [[C1-2n)  2L(1-An)3-2n)
-—= (2.2.8)
(Abramowitz and Stegun (1965), Chapter 10)
With the representation (2.2.5) of G = eikR/R, it is

necessary to define
D [Lha2-Cn & J Y |
Ja. ;:a V2 = Com ® da

in (2.2.4s and h).

oaC
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From (2.2.5) we have:

lim 26 = ck* Z(anm? (Go)jerh e

F=a bY

and

00
Il m 00 & _ _ (k? Z_Co? n—H)thLCCm @)J:L(é) h(: (e)
n="0

DA B

where
i/ - 5{ \
= ’k&/ J,&(e) &-{—G‘JR(G)} etc.
Hence

[ 5(7— [T ,a.ﬁ‘ = (K Z(a?ww)’PKCCb@)W{J{U/L\(Z(é}}

V4 7 voa 24

where

.\/\/,N;(e)/ Lf:ce)?s : —(Jet

--= (2.2.9)

is the Wronskian determinant of the functions j (e) and
(1)( ). It follows that

lim 06 =+ i 0C .

yoa O7Y Y a O&

We define

26 :¢<ﬁa@_§+%2§,)
D a iY=a o Fr—a Jr roa pPa )

—

06 = (,}& Z(o?n-r{)?(Cob@){)Cf) h%(é +J/(€)L] (6)%‘
oA

--=- (2.2.10)
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With Cos ® defined by (2.2.4) the Legendre polynomial
Pn(COS(D ) may be expanded in terms of associated
Legendre polynomials Pﬁ(Cose) and Pi(Cose') by means

of the addition theorem for spherical harmonics

(Magnus and Oberhettinger (1954), p. 55):

n /Q _ L Y
Poe)= p 1) Pilne) B (mey 1OF)
e:-fl .

--= (2.2.11)
By means of (2.2.10) and (2.2.11) and using

LT .

A(p—o'! -
J e ¢ )0{({5/ =X d’:Q/o , we get
0

od
6-1 . G/ o/ Q ’
= %&w ) vEf)hh(é)—f—JnC(-)lf\n(e)S—Ph((me} P.(los)

-—-= (2.2.12)

The plane incident wave is expanded in terms of Legendre

polynomials as follows:
. DA ..
SHRPe_ S ) @) J kD) P, (o)
n=o
~—-= (2.2.13)

For Q(t) on the surface we assume an expansion

o
Blor= I O, Pllme)

-~= (2.2.14)

27
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We have to find the expansion coefficients as functions

of ka = ¢. Substitute the expressions for

) QA | . :
L g%§§d¢/} e}kaC%e and

(8), given respectively by (2.2.12), (2.2.13) and
(2.2.14), into (2.2.4h), and then integrate w.r.t. 6',
using the orthogonality relation’

+| |
j’P,gme dx = 2 - (2.2.15)

nm
N+

We get, for each n,

ah::gg*{JSJHZ&J+JSEWﬂk£)%Qn”‘iJQ%J

Solving for QV we get, by using (2.2.9):

| b
Q,=(c/€%) h,.ce)

hence the total surface

field is, from (2.2.4):

a)/
R ce

(t) - N
Blo) =S (-0)" Qe By Coe)
- € n=o

--- (2.2.16h)

By following the same procedure we obtain the following

expression for BQ(t)(e)/an, the normal derivative of
the total field on the surface:

1) L0 | .
00 o) =~k E )" (@n+) Pl o)
L —_—
on s W)lce)

- (2.2.165)
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The expressions for the surface fields are now substituted

into (2.2.3s and h) respectively, and after integration

w.r.t. 6' and ¢' we get the following solutions for the
 scattered fields exterior to sound soft and sound hard

spheres respectively:

CJT)((SerL Z‘” (), L8 R, (kr) P.CCoo)
L l’\(')(e/

--- (2.2.17s)

(rs)— ZE}—L) (Qn+lj /Ce) %f”(k)NP (Co>®)

n=o L\('/(é)

--=- (2.2.17h)

The far field S of a field ®(Xi) is defined by the equation

liw B = &2 S

ADod k)c -—= (2.2.18),
where x = |x.].
, 7
v oty ckr
Using /’Lkar)fU <) € S r>»n
Rr --= (2.2.19),

the following expressions are found for the far scattered

fields of sound soft and sound hard spheres:

S@—c Z( ) M@an+0 1) P ((no)
h= A(U(é)

--- (2.2.20s)

Sl =i (0" @nin) JL6o) P(Coo)
h=0 AON{G)

--=- (2.2.20h)
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The backscattered direction is the direction opposite

to the direction of incidence, and in this case is

defined by 6 = 0. Hence, on putting Pn(l) = 1, we have
for the far field in the backscattered direction:
o0 " - |
_ — | (¢€)
SCO)_L-E ( ) CA‘H’)J(K -—— (2.2.21s)
:() ”
h.'(e)

o - -
So) = E (“)WCQ'\-H)J,,{(G) —-= (2.2.21h)
mw=e h'ce) |

The backscattering cross section o is defined by the

equation

¢=VILM Jares | WS

>0d TW | --- (2.2.22)

(s)

Here W is the power flux density of the scattered

field at a distance r from the obstacle in the back-

(7)

scattered direction and W is the power flux density
in an incident plane wave field. If @(s) is the
scattered wave and ¥ the incident wave, then

X*
l W (9| : 1 éiSCs) éi?ct)l

ILVCUI r;i;:i?rrd , wWwhere the asteriék

indicates the complex conjugate. With ¥ defined as in
(2.2.2) and using (2.2.18), (2.2.22) becomes

J = % I SCO)IQ/ ——— (2.2.23)

It is frequently convenient to use the normalized back-
scattering cross section o/g, , where o, is the back-

scattering cross section according to geometrical optics.
(S)
(GO)
to geometrical optics, then

Hence, if ¢ is the scattered field calculated according
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) ¢s) *ﬁy ~ |
(/“0=r’l;:o4ﬁr‘ ] Q(GO‘) §(&o)f : --=- (2.2.24)
N

In geometrical optics the scattered field at a particular

point is the sum of the fields of the reflected rays
intersecting at that point. Hence only surface elements
perpendicular to the incident beam can contribute to the.
backscattered field. The points at which the incident
direction of propagation is perpendicular to the surface

are known as specular points.

smooth convex body has only one such point for a given
incident plane wave. Consider a narrow bundle of‘
incident rays striking the surface very nearly perpendi-
cular around the specular point. The area of the surface
element containing the specular point can be written as
dSldS2 = plpzdeldez, where Py and p, are the principal
radii of curvature at the specular point, and dSl‘= pldel
and d52 = p2d62 are arcs taken along the principal
directions which are perpendicular to each other.
Each incident ray of the bundle now gives rise to a

reflected ray according to Snell's Law.

Hence the rays reflected from the extremities of the arc
dSl
from the extremities of .the arc d82 diverge with an
angle 2d62.
element the cross sectional area of the incident bundle

remains dSldS2 = A(l), but the reflected rays now have

(s)

diverge with an angle of 2d61, and those reflected
At a distancer>>pl and P from the surface
a cross sectional area of approximately 4r2d61d62 = A

Let W(S) and W(i)

densities of the reflected (scattered) and incident waves

respectively be the power flux

at the distance r from the surface element, then energy
conservation demands that M/G)H(ﬁ:: ¢ H(”,

LoWE LAY S A4S, pf
_W“) 'EK} [ r*de,ds, 2Ard,

———>(2.2.25)
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From (2.2.22) and (2.2.25) we now have:
To = TP A ——= (2.2.26)

.. for the sphere g; = Tﬂii‘ -—= (2.2.27)

From (2.2.23) and (2.2.27) we therefore have for the

normalized backscattering cross section

7/v, = _Lt, | S(o)z h_[Slo]*
é

--- (2.2.28)

The computation of spherical Bessel functions and the

surface- and scattered fields of sound hard and sound

soft spheres.

As the method of spherical currents is based on the
surface fields of spheres it is essential that efficient
methods for the numerical computation of these fields be
used. The methods have to be accurate over as wide a

range of ka as possible, and preferably also uniform.

Fortran programs were written for execution either on.
the UNIVAC 1106 of the University of Cape Town or the
UNIVAC 90/30 of the University of the Western Cape.

These programs are listed in Appendix A, and the page

numbers are prefixed by an A.

The formulas (2.2.16s and h) were used to compute the
surface fields. These involve Legendre polynomials and
spherical Bessel functions of the third kind and their

derivatives.

The Legendre polynomials were computed by means of the

recurrence formula
n P 0c) — Can~1) %R_F X)+ -0 _(x)=0
-— (2.3:.1)

witﬁ Ti(XJ =| and fR(xJ =X
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The program PLEG is listed on p. Al. Excellent
correllation was found between values computed with this
subroutine and those listed in existing tables [British
Association Math. Tables, Partfvolume A, (1946)].

Very close agreement was also found between values of
Pn(x) computed by means of PLEG and the subroutine LEGEN
from the standard Univac software package MATH-PACK for
-l1<x<i1and n= 0,1, ... 110.

No restrictions are indicated for LEGEN.

By utilizing (2.2.6) and the equations

LLC:/(Z) ‘:(J‘/t(l) 'l“‘-‘ﬂm(z) . —_—— (2.3.2)

fm’(z_) = £K—§L) _(_V—%‘—):Em(z) ——— (2.3.3)

(:ﬁw(z)zc)‘néz) ’ ‘jk(z)) 'flc,l)(i); M:)(z) )

(Abramowitz and Stegun (1965), Chapter 10), the computation
] L]
of h(l)(Z) ana h‘1) (z) is reduced to computing j (z),
n . nl n
yn(z), Jn(Z) and yn(z).

Initially jn(x) and yn(x) (real argument) were computed
by using the power series expansions (2.2.8). Computed
values (see subroutines PSI and ZETA on pp. A2 and A3)
were compared with existing tables (N.B.S. Math. Tables
Project, Tables of Spherical Bessel functions, Vols. I
and II). For 10-'2 <x <1 agreement with tabulated

values (0<n< 30) was established up to 8 significant
digits. With increasing x the computed values become
less reliable - at about x = 8 there is agreement to

5 -6 significant digits (depending on the order) and this.
decreases to about 4 significant digits at x = 10. This
error spreading is caused by the iterative factor x2 |

when x> 1.

The lowest value of x for which jn(x) and yn(x) can be

computed using PSI and ZETA is determined by the under-




and overflow limits of the computer - jo(x) diverges as
x>0 and'jn(x), n>1 tends to zero more rapidly with
increasing order as x~+ 0. The functions yn(x) diverge

more rapidly with increasing order as x~—+ 0.

The derivatives were computed by using'(2.3.3). The
subroutines DPSI and DZETA for the respective compu-
tation of jé(x) and y;(x) are listed on pp. A4 and AS5.
The reliability of these values is entirely dependent
on those of jn(x) and yn(x).

Subsequently the subroutine BESJ from MATH-PACK was used
to compute jn(x) and yn(x). The output of BESJ was
compared with the tabulated values in the N.B.S. Math.
Tables. Excellent correllation was found. The sub-
routine BESJ basically uses the recurrence equation for

regular and irregular Bessel functions fv(x):

%_{UW-WQW,(U =£YV‘:€V(X) ——= (2.3.4)

[Goldstein and Thaler (1959)].

'
For large values of the argument the so called phase-
amplitude method is employed. [Goldstein and Thaler
(1958)1. The definition of the Hankel functions (or
Bessel functions of the third.kind) in terms of Jv(x)

and Yv(x) viz.
() LN

S0 =J,G0+¢ Y00

Hv (X') = 'JV (K) — C yvoﬁ) ! .

suggest an alternative definition in terms of an amplitude

function A (x) and a phase function o, (x):

L+(” _ : iéﬁv ‘
y ~— v €

H\(/l_) = p(v- éci)v'l
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It then follows that

j:(l)--: Ay C—h§v ;y,(x/ = Hy g“"“ IQFU

Differential equations are obtained for Av and ¢V from
Bessel's differential equation and the Wronskian of Jv
and Yv' It turns out that these equations are readily

solved for large x.

It was found that subroutine BESJ gave incorrect values_
of Jv(x)-= Jﬁ+%(x) for x>50, n» 64 - for these values
of x the magnitude of the computed values of Jn+%(x)
increased with increasing n where it should decrease
as n increases. This is clearly seen from (2.2.7) and
(2.2.8) with v = n + . In fact, if v>>x/2, the |
function Jv(x)~'(2v/x)_v decreases very rapidly with

increasing order. Hence if given Jv(x) and J (x),

v+1
(2.3.4) will give poor accuracy for Jv+n(x)' On the
other hand if Yv(x) and'Y\)+l

can be used to generate Yv+n(X) as for v>>x/2,

(x) are given then (2.3.4)

Yv(x)n,(Zv/x)V increases extremely rapidly with increasing
order.
If however one is given J (x) and J vn +l(x) where

n>> (x/2), one might recur w1thout loss of accuracy
provided it is done in the direction of decreasing order.
Such a method is derived by Goldstein and Thaler (1959)
on which BESJ is based.. However, for x> 50 it was
neglected in BESJ to recur for Jv(x) in theldirection of
decreasing order. This explained the erroneous values
of Jv(x) and the correct values of Yv(X) for v>>x/2,

x > 50, as computed by using BESJ.. The subroutine BESJ
was then modified to ensure recurrence in the direction
of decreasing order for J (x). The output of the
modified BESJ (pp. A6 - A8) for x> 50 was then compared
‘with the Debye asymptotic approximations of 3, (x) and
4yn(x) (Honl Maue and Westpfahl (1961) pp. 501 - 503):
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. —-.I"/LfC _
e (1-4%) 2?‘ (n<x-1)

(2.3.5)
CER R _ 1
) /.,21 (n>w—*%)

2y Y .
Y Wn (r-t*) ‘/Sj__;g (n<x—1)

| (2.3.6)
Loy o

———(’6‘/) e /)( (n)l___d[,\_)
In (2.3.5) and (2.3.6)
t=Q@ny)/x

= x(lr_—,,t,__—td,,c‘cmt)_ﬁ/ér . (2.3.7)
T =x(tLn(t+Ve—=1") ~ =)

These asymptotic approximations are obtaihed by applying
the Saddle point method to the Sommerfeld integral

representations of the Bessel functions.

The computed values of yn(x) for x> 50 using the modified
BESJ were the same as the values computed when using the
original BESJ and agreed with values obtainediby using
(2.3.6) to two significant digits. The computed values
of jn(x) for x> 50 using the modified BESJ displayed the
expected behaviour of decreasing with increasing order
when v >> x/2 and agreed with values obtained from (2.3.5)
to two significant digits. In BESJ thé.restriction
0<x<88.028 is placed on x, and it is mentioned that

care should be exercised when calculating Béssel functions

of high orders for x< 2.

The derivatives j;(x) and y;(x)_were computed by means
of the subroutine DBES (p. A9) based on (2.3.3).

The surface fields on hard spheres were calculated by
means of the subroutine POTAS (p. Al0) based on (2.2.16h).
The output of POTAS is QR and QI respectively, the real -

and imaginary parts of the surface field. As the terms
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of the real and imaginary parts of the surface field
involve the same functions, and as the two series
converge at roughly‘the same rate, they are computed

in the same subroutine and the two series are terminated
by a single convergence criterion. To be able to0

apply the method of spherical currents to surfaces with
vertices [see section (2.4)], it is essential to compute
surface fields fdf very small values of ka, 'if possible
including € = ka = 0. Owing to the restriction on the
argument of the Bessel functions, this cannot be achieved
by using (2.2.16h). However from (2.2.16h) a power
series expansion in increasing powers of ka may be obtained
by taking the inverse of the power series expansion of
'jé(x) + iy;(x). This expansion'(2.3.8) was used,
neglecting terms of the fifth and higher degrees in ka,

to compute the surface field for 0<ka< .01

(t) |
blo) 2 [ +(12 = £ DLlome) )€+~ L Covo -5 Ploe)

+1. FP,)L( (e )
525

. N
+ €3 Cpe ~ (F +F R (lwole ]
——- (2.3.8)

Surface fields cdmputed.using POTAS were compared with
existing tables [Schwarz (1943)]. Complete agreement
with the tabulated values of the real and imaginary parts
of the surface field was established. In Fig. (3.1)

the graph of the surface field amplitude of a sound hard
sphere (ka=5) is plotted as a function of the polar

angle.

For sound hard spheres the normalized backscattering
cross section was computed by utilizing (2.2.28) and
(2.2.21h), the latter equation giving the far field

amplitude in the backscattered direction. Subroutine



(2.4)

SP on p. All generates PR and PI, respectively the real
and imaginary parts of the far field amplitude. The
graph of the normalized backscattering cross section

for sound hard spheres for 0 <ka <10 is given in

» Fig. (3.6). As far as can'be judged, this graph is

identical to the one given by Senior (1966), Fig. 5
p. 660.

For Sound soft spheres the normal derivative of the
surface field (real and imaginary parts) was computed

by means of subroutine PUT, p. Al2, baséd on equation
(2.2.165). The normalized backscattering cross section
for sound soft spheres was computed by using sﬁbroutine
SPS, p. Al3, to generate PR and PI, respectively the
real and imaginary parts of the far field amplitude.
This subroutine is based on equation (2.2.21s). The
graph of the normalized backscattering cross section of
soft spheres as a function of ka (0 <ka<10) is given in
Fig. (3.5). This graph agrees with that given by
Senior (Senior (1961) Fig. 1, p. 657).

The method of spherical currents - the surface field.

In what follows a method is 'described by means of which
the surface field of an obstacle is approximated by
utilizing the surface field of spheres with the same
physical properties as the given obstacle and illuminated
by the same ihcident field. For this reason the method
is referred to as the method of spherical currents.

The particular way in which the surface fields of spheres
are used to approximate the surface field of a given

body makes it clear that the method is applicable only to
convex bodies possessing a continuocusly definéd normal
except at certain isolated points (vertices) or lines
(edges) . Methods are devised to deal with the field

at vertices and edges. As far as physical properties
(apart from shape) and incident fields are concerned

the method is limited only in as far as the corresponding
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problem for the sphere has been solved.

The method of spherical currents is outlined below for
sound hard convex bodies impinged upon by a plane incident
wave. A similar argument applies to convex bodies with
different surface properties subject to different incident

waves.

Consider a sound hard obstacle scattering a plane incident
wave. If ®(Ei) and W(Ei) are respectively the total

and incident fields at a point gi on the surface S of the
obstacle, then ®(Ei) satisfies the integral equation
(2.1.20h):

Ble)-+ %% (§:,1) Pl + 2V (£)
\)

-—- (2.4.1)

4

In view of the singularity of the integrand at n; = Ez

the major contribution to the integral in (2.4.1) can
be attributed to a surface element o of S (gi,nieo)

of which the points n, are situated in the immediate

proximity of Ei‘

Hence éél'ég):z M~(éd> | -—-= (2.4.2),

where U(Ei) satisfies the'integral equation
R -
W) = 77 r%—%(éq‘h)l/u?;) 5(:@ +9\”E(%L,)

-—= (2.4.3)
&R |
In (2.4.3) G’(é’c'/7¢'):% | ) Q :/Sgc'—VZc.( .

o6 - n. %;1& _ %Mau—;)(ﬂ—gyn;

--- (2.4.4)



Should ¢ be a plane surface element, then (ni - Ei) n, = 0,
and (2.4.3) becomes _

U(gi) = ZY(Ei)_ --=- (2.4.5),
The assumption that (ni - Ei) n, = 0 has approximate

validity over. the whole of the convex surface only to the
extent to which the radii of curvature at Ei can be
considered as large compared with the wavelength. Under

these conditions we may write

XSHESERIZED | ——- (2.4.6)

The approximation (2.4.6) for the surface field is based
on local considerations. In physical optics the
approximation (2.4.6) for the surface field is used

only on the illuminated part of the convex body. On the
part in the geometrical shadow of the body the surface
field is taken to be zero. Hence physical optics, while
using the correct form of Huyghens' principle [equation
(2.1.18h)] for the scattered field exterior to the hard
obstacle, approximates the surface field by that predicted
by geometrical optics, i.e. zero in the éhadow region

and twice the incident field in the illuminated region,

in accordance with Snell's laws.

Equation (2.4.3) defines an approximation of the surface
field at the point &i of an arbitrary, smooth convex
body. It follows that any two bodies with identical
boundary properties sharing the same surface element

o at Ei will have the same approximated surface field

at Ei. Construct a sphere passing through Ei with its
centre in the region interior to S and situated on the
normal to S at gi., The radius p of the sphere is now
chosen in such a manner that if ¢ be taken small enough,
it can be considered as common to both S and the sphere,
henceforth referred to as the representative sphere.

The equation (2.4.3) now defines the same approximate

surface field for the obstacle and the representative
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sphere at gi. The method of spherical currents now
consists of approximating the surface field of S at
g% by the surface field of the representative sphere at
Ei’ thus compensating in a sense for non-local effects
which would be ignored should the approximate field as
defined by (2.4.3) be used. Hence

@(Sgb-);‘\: b ) | - .(2.4.7),

—(s¢)

where, on using (2.2.16h)

- |
@(i%d):_’g__ XC&MI)C? F.(Cna)
TR Lo K (he) o2 (24,8

"In (2.4.8) p is the radius of the representative sphere
(as yet undefined) and a is the angle between the normal
to the representative sphere (and S) at gi and the
direction of propagation of the plane incident wave.

In the special case where S is the surface of a hard
sphere of radius a and the incident wave is propagated

in the direction of the negative 3-axis (origin at centre
of sphere), then Cosa = Cos(n-6), where 6 is the polar
angle, and (2.4.8) reduces to (2.2.16h))after using

B Cn(T0) = R(—Crp) =C-0)" Pllns).

The choice of p, the radius of the representative sphere,
must obviously depend upon the principal radii of curva-
ture at the point &i on S. As a first approximation

o can be considered as so small that for all

n €0, (ni - gi) n, = 0. As one moves away from &i,

the most rapid deviation from planeness will occur in
the principal direction associated with the least of

the principal radii of curvature. Hence a sensible
choice for p would be the least of the principal radii
of curvature. In addition, surface fields of sound
hard spheroids were computed by the method of spherical
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currents using the least principal radius, the maximum
principal radius and the Gaussian curvature. These
surface fields are graphically compared with those
obtained from exact solutions for sound hard spheroids
in Figures (3.1) to (3.3). The choice of least princi-
pal radiﬁs of curvature for the surface field according
to the method of spherical currénts gives the best
approximation of the surface field on sound hard
spheroids. The least principal radius of curvature is
also chosen when one of the principal radii of curvature
tends to infinity. At vertices or sharp points both
principal radii of curvature tend to zero. At such
points and in their immediate neighbourhood the low
frequency expansion of (2.4.8) is used. From (2.3.8)

we then have

@(&C% 2 4048 Belot) Kyt (—L—+J—Ce>a< $ PG

3 1A
5
5257)CC642)k,f

—ka[ 2Cna - (L —ZLPClna) K- ]

--=- (2.4.9)
At points where the surface of the scatterer is locally
flat, that is where both principal radii of curvature
tend to infinity, the approximation (2.4.6) for the

surface field is used.

As far as edges are concerned, a surface field will be
assigned to points in the neighbourhood of the edge

in accordance with the procedure outlined above. The
presence of an edge will therefore introduce a dis-
continuous change of surface field across the edge.

By the same reasoning as outlined above it follows that

in the sound soft case the normal derivative of the surface



field is given by

. (3]
| h .() n=o0 LLCL,(b“f>

--- (2.4.10)

For a sphere (2.4.10) becomes (2.2.16s) with o = m- 6.

It now remains to derive expressions for Coso and p for

an arbitrary convex scatterer with a continuously defined

normal except at certain isolated points and lines (edges).

Choose a Cartesian system of axes with origin in the
interior of S. Let n; be an arbitrary point on S with
polar angles 6 and ¢, then the parametric equations of

S can be written as

N,="10e,95ne Cod

N .76 )5 B 5 = (2.4,
1, = 164) (oo

where n is the distance from the origin of the coordinate

system to the point n; -

Every point on S is uniquely characterized by a pair of
parameters 6 and ¢ of which the respective parametric

lines are ¢ = const. and 6 = const.

The tangent vectors ani/ae and ani/3¢ along the para-
metric lines satisfy the equation

O 24, _ 01 24 2412
o8 249 206 /545 o

The vector product of the vectors ani/ae and Bni/8¢,
respectively the tangent vectors to the parametric
lines ¢ = const. and 6 = const., in this order, defines

an outward pointing normal vector
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L ) P 5@ (2.4.13)

The outward pointing unit normal vector n, is defined by
ng = N /€., 2% 2% -—= (2.4.14)

If the incident plane wave is propagated in the direction

of the unit vector ui, then

T . (’.k('{fxb. v
b)) = e ——- (2.4.15),
and COSO& = ML.V(C --— (2.4.16)

In the particular case of an axi-symmetric obstacle we
choose the 3-axis of the coordinate system to coincide
with the symmetry axis. Now n is a function of 8§

only, and (2.14.12) becomes

04, 2,
_2_1 _iZ_ =O -—= (2.4.17).
o 2¢

If in addition the incident direction of propagation is
parallel to the 3-axis, i.e. (ui) = (0,0, +1), then
(2.4.16) simplifies to: '

(e =1 30 + 9 Crp
/47 + g%

In (2.4.18) the positive sign is taken if the incident

--= (2.4.18)

field is propagated along the positive 3-axis, and the
negative sign is taken if the incident field is propagated
along the negative 3-axis. The prime indicates
differentiation w.r.t. 9. It follows that in this case

Cosa is independent of ¢.

The curvature of a surface at a given point can be
investigated by considering the radii of curvature of
the normal plane curves of the surface at the given point.

These curves are the intersections of the surface with



those planes cdntaining the normal line through the

given point.

From the differential geometry of surfaces we have that
the reciprocals of the roots of the 2nd degree equation
in A below are the least and greatest radii of curvature

of the normal plane curves (i.e. the principal radii of

curvature) with parametric equations n, = ni(e,¢) at the
point (6,¢) on the surface. It can be shown that these
roots are real. This equation has the form:

(LN=MB)=A(EN - 2 FM+GL)+ A* (E6-F?) =0

--- (2.4.19)
(Duschek and Hochrainer (1961) pp. 37 - 44).
In (2.4.19)
E—*é@%@)F:é@?ﬁd(;réﬂaﬂ
26 26 26 2¢ 2¢ 26 »-—— (2.4.20)
. DRy, . dy, .
L-: DO?‘ZU WL /H—a 7(,”1_'/ N:a”(,n,"
d0* % O 2 g*
The vector n, is the unit normal to the surface defined
by (2.4.14) and (2.4.13). With this choice of unit
normal the roots of (2.4.18) will be negative. This is

due to the fact that n. has an opposite orientation to

.=Al"l& d_,j’bl_c
to- 2 1]

the unit normal to the normal plane curves at the given
point. Let A, and A, (|x;1 < 1A,| be the roots of
(2.4.18), then the greatest and least principal radii of

curvature, resp. Py and P, are given by

7o'_—-l'//\I AV ——— (2.4.21)

In case of axial symmetry with the choice of axes as
above,n in (2.4.10) is not a function of ¢. All the

quantities in (2.4.20) become independent of ¢, and in



addition, F, G, M and N simplify considerably.

The unit normal now becomes

(h)=

L (- d(qoae)c% A (100/5p ) & (159))
-HZ/

-——- (2.4.22)

As (%u} ( (DI/;MS)(M# b(yz%ng)%cﬁ d ("LCn@))

the scalar product

| =

l
W( (1%9)9 QC@&/ (PLGD&)Q (QS-“sj)

is independent of ¢.

Also
qud )__ J . .
(agaw”j;(imf(';ﬂ% Cog,0),
P10 _ é(zgw&)ay /4 Sue
28 D¢ ’aq
As n. involves the vector product of ani/8¢ with ani/ae,

it follows that ..

M=

From

a"l/{(; . Vlc' frmng O
06 0¢

(2.4.12) we have that F = 2

Lo =
e 2¢

46



(2.5)
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For axial symmetry (2.4.20) becomes:

E=9%¢* = F=o0 , =yl

L= t Cre) 2 & & &
@f’( (4 ),iﬁa) zanegqaaﬁj

29”
M=0 W=

15‘%6 (LLCng) ——= (2.4.23)
Viff* »

For axial symmetry the coefficients in (2.4.19) are
independent of ¢ and it follows that the principal
radii of curvature are independent of ¢. Consequently,
bearing (2.4.18) in mind, we have from (2.4.8) and

(2.4.10) that the surface fields are also independent
of ¢.

The scattered'field.

The equations (2.1.18s) and (2.1.18h) respectively define
the scattered fields exterior to sound soft and sound

hard obstacles illuminated by a plane incident distur-
bance.

é(”t)““’ G a@t)d¥ -—- (2.1.18s)
S - '

Cs) (¢)
cm)~ #Vigé G- d_£ ——— (2.1.18h)

1

»Invthese equations C; _ eé{k/xU'Td' _ éiékﬁ;//g; )

[ 2e — 4.
X. is exterior to S, n. is the point of integration on
7 7 D
S, df is the surface element and 355 7L)/Bn and @ 211 )
are respectively the normal derivative of the surface
field in the sound soft case and the surface field in the
sound hard case.



We now introduce a system of axes as in the previous

section. Then
(X)) =(roeland,r moSid , (Cro)
( "ZQ)Z(VL%"Q/GMP// LL%&’Q;CF', »LCe:e')

--- (2.5.1)
In general n is a function of 6' and ¢'.

With this choice of coordinates we have df = Idfil,

where dfi is the vectorial surface element defined by

d%‘ = &')‘k 24 91k de'd¢' = N, Ade'dp!

ael ¢l - (2.5.2)

L dEf= ffc‘;k@_’f&' O ' de'dg
de' ¢’

= (2.5.3).
R
C =/ R,

uhere R = (¥ 47— 21 (56516 Cnlp-¢) )+ Corolne'))

-—= (2.5.4)
Also
Q_GZCKJ,‘[L-):”«L?_G: = N, 0 2R
on 24 2R 2.
where n is the outWard unit normal to S.
Hence, from (2.4.14) and using
bR,
06 — e kR~ 1)
oR R* '
and M = (7L -—YL')_/ R ) we have:
7. '
DG-:: ( < ¢
> (737 Jk 174204 ©  (chR-1)
on [Ec)k%z_,d%%[ %' 26° R

--- (2.5.5)
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We now replace 3¢(t)/3n and ®(t) in (2.1.18s and h)
by their values calculated according to the method of
spherical currents. These functions are defined by

(2.4.10) and (2.4.8) respectively and are in both cases
indicated by F(6',¢').

Hence

P19/¢)-,__ (an+1) (™ P (Cot) .
kf — lf')(k : -——- (2.5.6s)

in the sound soft case and

Floj) = £ Gr) i Pl

h‘f ‘= K Cky) e

in the sound hard case.

If the scattered fields according to the method of
spherical currents are indicated by ¢(Sc)(r,6,¢), then
we have from (2.1.18s and h), (2.5.6s and h), (2.5.3)
and (2.5.5)

w 2w
o = H Flo g2, @—Z:' CLe| 4ol
--— (2.5.7s)
_in the sound soft case and
(e |
((s“:fe/w: ﬁjﬁ? (CkR-1) Fo ¢')5%(’z xa)a_’? gg}dg/dcp’
---= (2.5.7h)

in the sound hard case.



These equations are now specialized for the case where
a plane wave travelling in the direction of the negative
3-axis [(ui) = (0, 0, -1)] impinges on an axi-symmetric

" obstacle with choice of axes as in the previous section.

Cosa is now given by (2.4.18), taking the negative sign.
Also, p is now independent of ¢', and consequently the
surface fields in (2.5.7s and h) are independent of ¢'
and indicated by F(8'). The integration w.r.t. ¢' can
be performed if the representation (2.2.5) for the
Green's function is used in (2.5.7s) and in (2.5.7h)

before taking the normal derivative.: In (2.5.7s) put

cRR 0D
_g — (R C&n-{-:)?(c«os()u Ck"L)L‘l (kr) r')l?,

$C W=o0

——- (2.5.8)
where Cos@=0rolog + %050 Gs(p-4') ana

according to (2.2.11),

Pllpo) - Z(/ B0 B on) £74F)

In the axi-symmetric case

(/V,;): (Eo}l@ onj 21 Q).

Del 3¢/
= 7%9’(-2(4,—961@6‘/ Cng!, —Z%IULQ»&’)%{U) 5-5/(7 % & ))
--- (2.5.9)

LN =€ Jkgzl} %q_b/e | = 1 Se(y? +(_L)) 3

--= (2.5.10)



On using (2.5.8) in the sound hard case the normal
derivative 93/9n = n; B/Bni must be expressed i.t.o. the
variables n, 6' and ¢°'. In the case of axial symmetry
n, is defined by (2.4.22). In spherical polar
coordinates (n, 8', ¢")

3 . 7 9 _L 9/2 / ¢/ a
= = €21 =, & L
31. oy 0 S Tisme T g
' -——- (2.5.11),
where |
(€7 ) = (56 (ng) Suie i), Cont)
&%)fa%d&¢CQwﬁ%¢;Xw ~-= (2.5.12)

(?{) = (-5, Cogl, o)

From (2.4.22), (2.5.11) and (2.5.12) we have

02 -t 0
on o1, /214,%/.2 (25{ - é’%/;—g/)

--- (2.5.13)

ckf .
On substituting for &€ /R, and ffc:}'k az_;.z,'} %f[
according to (2.5.8) and (2.5.10) and integrating w.r.t.

v/ LQ( 9
¢' where fe ¢~¢d¢, :,27/‘0;0 is used,
o

/

(2.5.7s) becomes:

LT w0 o
S e - —%f { Z@v.J,x)ﬂ,l(a')?,Lcow)hﬁ'f(k,)%ds’
o h=0

Q’n(ﬁ'):?{(ﬂ&'}éy{kl) F(el}\)"[j'fg,g)l /ZSM.&/ ---(2.5.14s)

(r >7/)
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For the sound hard case we get for the external field
according to the method of spherical currents from
(2.1.18h), on using (2.5.3), (2.5.10), (2.5.8), (2.5.13)

and integrating w.r.t. ¢':

Bener - ik 5 » Z@Hoﬂh(au? (o)) Lo

hilel) = (k2 P, (o) [ Cky) +$¢e’§ ;/ BLGo) (1) ) Flo) S’

(T>U

--- (2.5.14h)

Equations (2.5.14s and h) can also be written in the
following form by interchanging the processes of

integration and summation.

,(r,e) = -—ck ZC&A—H)B ?CC;;@) L‘(’/ (er)

(s¢)

.—~

Bk“ g h(e )dﬁ'

o --- (2.5.15s)

where An(e') is defined in (2.5.14s).

od
?(rje) = LK ZC;M—H)%W—P%CQ;&) L](:)(Qr)

(sc)
B = Me/)cw',,
° ' ~== (2.5.15h)

where An(e') is defined in (2.5.14h).

Hence, in agreement with symmetry considerations, the

exterior field is independent of the azimuthal angle.

(2.6) The far field.

The far fields can be obtained from (2.1.18s) and (2.1.18h)



by replacing G and 3G/9n by their asymptotic values

for |x7,| >2 |n7,|

@_ Lk, 1—7{‘[ (,.kr —-(,.k,lzée

v € . e ——= (2.6.1)
/ Ao~ 7(.l r
. ler —Lk,q e :
@.GLA/——JL«@ ne. e ——— (2.6.2)
on r |
In (2.6.1) and (2.6.2) r'= |x |, e; = x,/r and n; is

the outward unit normal vector to the obstacle surface
S. If the far field amplitude [see (2.2.18)] by the
method of spherical currents is denoted by S(Sc)(6,¢),
we get from (2.1.18s and h), using (2.6.1), (2.6.2) and
(2.5.3): ’

S92 [ [ oo e

Gk Dg!

--=- (2.6.3s8)
TAT |

Ste ) = -Ck* r SRE
P I [ Fle o £ a'L,Du 1441
<7 ) /¢>){ W5k Ol doldg

(2

==- (2.6.3h)

These results are now specialized for axially symmetric
obstacles with the incident plane wave travelling in
the direction of the negative 3-axis coinciding with the
axis of symmetry. On using (2.5.10), (2.4.22) and
(ez) = (Sin6Cos¢, Sin6Sin¢, Cos6), (2.6.3s and h) become:

5(52)9) = - é _L (86 F(él/e C”e("g’ /Zif(%gl)ﬂ ZSAB%G’

——= (2.6.458)



(55?/=—<A ofi(se’/o(('l&»a )Coop - I(eg')_@l(,,g);;g}

In (2.6.4s and h)

AN
I‘(Q/Q’)——j gl oo Cots-4)

T (58)= C@(qﬁ 4>’) Ck‘z%%y&:@ ¢I)4£

In Appendlx B it is shown that
I(@e’:»»ﬁ C') (k_i&e%e o
" ) (Cnlﬂ)& /f

-== (2.6.5)

-0 kg S Sag P
I(ga’)— o?ﬁrczm(n - (e S0 S |

--- (2.6.6)

From (2.6.4s and h), (2.6.5) and (2.6.6) it follows that
the far field amplitude.is independent of ¢.

Formulae fqQr the far field can also be obtained from

(2.5.14s and h) by using Acu(ér)n/(+d)hr’636é;4£r')
h

but the equations (2.6.4s and h) are simpler and more

suitable for automatic computation..
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CHAPTER III

SCALAR SCATTERING BY A PROLATE SPHEROID.

(3.1)

The exact solution.

In scattering problems the prolate spheroidal shape
occupies a position of prominence. Not only does it
approximate a finite rod (a simple antenna) in its

limiting form, but since the advent of radar its importance
has increased as many aerodynamically efficient shapes

are more or less prolate spheroidal.

Perhaps most important of all, the prolate spheroid
can be identified with a coordinate surface belonging to
a set of coordinates, the prolate spheroidal coordinates,
which separate both the scalar- and electromagnetic

wave equations.

The prolate spheroidal coordinates £, n, ¢ are related
to the Cartesian coordinates Xl’ Xy x3 of ‘a point by

the transformations

%, = FLUE= D~ 1R

XQ:FfLC%L'—I)Cl— f)]v-l?wlq') ——— (3.1.1)
X, = F€1 | '

with 1 <E<®, -1<n<l, 0<¢<2m.

The surfaces £ = const., n = const. and ¢ = const. are
respectively confocal prolate spheroids of major axis

2a = 2Ff and minor axis 2b = 2F(£2-1)%, two-sheeted
hyperboloids (one sheet corresponds to a positive n,
other to a negative n), and azimuthal planes originating

in the z=-axis.
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Let the surface of the prolate spheroidal obstacle be
defined by the eguation

% = %o -——= (3.1.2),

° at- B ——— (3.1.3)

where € is the eccentricity and a and b are resp.
the semi-major and semi-minor axes. The interfocal

distance, 2F, is related to a and b by the equation

F = ae = daf—-BL

-—= (3.1.4)
(EI’LNM ?2
(r,8,¢) b
7 r A/%:éo
3 =)
¢+— ae - qge -/a
4&——+} 2F »
-b

In the prolate spheroidal coordinate system the scalar

Helmholtz equation V2®-+k2® = 0 becomes:

N0 4+ 0 (-
[ag(% )%‘(‘— q 1&3'14_(;5 IX'Z— b@ +E(& »ch_@ o

--- (3.1.5)

The separation of (3.1.5).is achieved by putting
d(E,n,¢) = U(EIV(NIW(P).

The resulting ordinary differential equations may be

written as follows:

[C%—( d,t(;\,[/\ ~ et +—%3—2-/}(L =0

-—= (3.1.6)



%@Bl VLMJV JjL [ —CL?L’(T

--= (3.1.7)

2 /

oﬂLLWL+WLQW:o —-= (3.1.8),
¢

Cc=RF | | ——- (3.1.9).

moé

The functions W(¢) are therefore of the type e’ , wWhere

m is an integer to ensure single-valuedness. In the

notation of Flammer (1957)

uﬁ%) :'RJMQCV%)
V(9) = 9,1

where the prolate spheroidal wave functions Rmn(c,g)

-—-=- (3.1.10)

and Smn(c,n) are respectively referred to as the radial
and angular solutions. The separation constants Amn
are to be determined so that Rmn(c,g) and Smn(c,n) are

finite at £ = 1 and n = 11 resp.

The incident and scattered fields are now expanded in
prolate spheroidal wave functions and the unknown
coefficients of expansion for the scattered wave are
determined by means of the boundary conditions (2.1.12s
and h) which, for the prolate spheroid (3.1.2) become:

3" e-g, 2

I %==%p -=-=- (3.1.11s)
/(‘)@CS) 65(@
2% lg-g. 28 lg-s, T

With a time-dependency exp({(-iwt), the incident plane

wave travelling along the 3-axis in the negative direction
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is defined by

ZE(C)__ —chxy éékl:‘gv,

= & --- (3.1.12)

The expansion of this wave in terms of prolate spheroidal

wave functions is given by

. o8 :
—ccky con —~o(t) R . .
e FL ) @un)-0" S0 psiy, psaci,e)
_ n=o
~-= (3.1.13)
" (Jones (1964), p. 89).

The notation used in (3.1.13) is that of Meixner and
Schifke (Meixner and Schafke ﬂ954».

Sg(l)(g,c) is the radial solution of the first kind and
is denoted by Réi)(c,i) in Flammer's notation. The

angular solution psn(n,cz) is denoted by Son(c,n) in
Flammer's notation. The normalization convention for
the angular functions differs in the two schemes.
(Abramowitz and Stegun (1965), Chapter 21).

In the Meixner-Schafke scheme
+1

j L pse (q c*)]ldtl =_2 .

- " / K+ \

In the Flammer scheme

SOn(C'O) Pn(O) if n even,

' [} .
SOn(C’O) = Pn(O) if n odd)

| 1 2
and \f [Som(c/ ‘L)]dl?/ = Non, .
—| ,

Hence in the Flammer scheme (3.1.13) becomes:
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4,3 oS SiovRlcon

Nown
--- (3.1.14)
Let the expansion for the scattered field Q(S) be given
by |
XU &E €™ PSS ) K k)
Now
' -—= (3.1.15)
Here
) Ct) . k) |
WCC/%) = K/ovucc/%)—{_(’ R’omcc/%> -—— (3.1.16)
is the radial function of the 3rd kind and R( )(c £)

is the radial function of the 2nd kind. The choice of

Réi as radlal function in (3.1.15) is dictated by the
( )

vradlatlon conditions which R, satisfies.

For large cg

Ril(c/ié) n éj—%—C@[:C% —iCn-H)Tﬂ

RMCC/% ’J—‘gmﬂdg ~DLLCn+|)TT]

%' --=- (3.1.17)

Hence, from (3.1.16) and (3.1.17) it follows
(3) el o
RMCC/%’) o (-c) e(’c(;
C
% el .'k --= (3.1.18),
v ( () a

“RkRr

where c& ~ kr follows from (3.1.1) (r™ = Xixi)°



From (3.1.14), (3.1.15) and the boundary conditions
(3.1.11s and h) we get

va: —_Smg(/() (R/Co‘ri CC/ %o)

(3) | : |
R’on Cc/ééo) === (3.1.198)

B, = — SOWCC/I)@R/O)(C ¢ )/ 0k,
ok,cc,5,)/08,

—-—'(3.1.l9h)

These latter equations give with (3.1.15) the following

expressions for the scattered fields:

@ﬁé ”L -~ — (=¢ )W Scmc C)‘) R:)(C/%,) So "’CC/Z) R?*(ic/%)
= Mon Ralcc5.)

——— (3.1.20s)

od
@Lf),w ., Z(_g)”g O )'3R:i<9‘§o>/5%o SomCC)‘L)RS»)E%)
= Mooy 28,

--- (3.1.20h)

Let Q(t)(n) be the surface field in the sound hard case,

then
_&aﬂ

CU = ey +@ e, 7,
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and from (3.1.14) and (3.1.20h) we have

_ [7ad]
B -2 ZL-L)”SMC—C')S@‘U W(RS, S:)/&:%
o Mo 2REC0S,)/0E, °

~== (3.1.21),
where
a) 3) C') (3) iy
WCRM/ Dn) E D'L-— o»aRom
2& ot
-—= (3.1.22)
is the Wronskian of Réi) and Réz).

From (3.1.16) we have _
(v (3) Q)] (€]
0’»/ )" l/\/( OL/R ) --- (3.1.23)

It is easily shown that if wland w, are two independent

solutions of

L. -I—FCZ)% +9,)w =0,

Az*
then OLW(W:;%) :-*:>(Z)l4/
&(7_5 |
— \pAz
bv #Q‘éz , where k is a constant. From

(3.1.6) we have that for the radial functions

F<§)=f§(%ir)/(§‘ft_)}
W = k,/({;L_U, = (3.1.24)

(1)

It remains to find k for the two solutions ROn

of (3.1.6).

(2)

and ROn
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On using (3.1.17) we find for cg -

WCRS. Rel) v e/ 57 . hence,

comparing with the asymptotic value of the right hand side
of (3.1.24), we have R = I/c.

. t (> '
.. VV (:4{03‘) ﬁio: ) e [//C;Cj% L {) ,
and from (3.1.23) |
WCRZ:} Vo= L/c(ggt_() ——- (_3'.1.-25)

Hence, using (3.1.25) in (3.1.21) we get for the surface

field on a sound hard spheroid

(t) _ ) o ) |
()= L& O™ S0 S, (Cy)

clg1) L— N, 2R &k, /0 €.

——— (3.1.26)

The far field amplitudes [see (2.2.18)] are obtained
from (3.1.20s and h) using (3.1.18) and n ~ Cos6 for r-w.

(=20 I RUGIS, VS, (¢, oo
weo  Non KZZZCC» €,)

--= (3.1.27s)

L | |
S(Q) -y Z—l )W'a?\i‘zg(_,%o)/a %o— SOVL(C/') go%(c)Cme)
f— Mo dRZAE) /D4,

=== (3.1.27h)
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The method of spherical currents applied to the spheroid.

Let n; be the Cartesian coordinates of a point on the
surface of the prolate spheroid E==£0, where go is
related to the semi-major and semi-minor axes a and b
through (3.1.3).v With the choice of axes as in the
previous paragraph the Cartesian equation of the spheroid

is given by:

& X~ a .
_?j’_ + %+ 2 ——— (3.2.1)
]a,;_, 5:} Q,A

Now (2.4.11) becomes:

N, =10) %io Cog

L= '(8) S St —-- (3.2.2)
15:,Qﬁ0)6999 |

where (n,8,¢) are the spherical polar coordinates of a

point on the spheroid. From (3.2.1) and (3.2.2) the

"

equation of the spheroid in spherical polar coordinates

is obtained:

a b

VL (a2 Swto+ b (o6 )*

-—=.(3.2.3)

The normal derivative of the surface field in the sound
soft case and the surface field in the sound hard case
are respectively defined by (2.4.10) and (2.4.8), now

written as:

< .
20 &) _¢ 7 v+ P, (low)
N a)
b n. R_f u =0 L‘V\. C kf)

-—-=- (3.2.4s)

od

&ﬁ'CQ) =:‘_£;_, ;E (e (n+1) PaClex)

&3 L px T\
> RY — W5 Cep)

-—= (3.2.4h)



64

It remains to calculate Cosa and p for the prolate

spheroid.

For the incident plane wave propagated parallel to the
3-axes and in the negative direction, we get from

(2.4.18) and (3.2.3)

C@';o& = — 19"26@9
(1t 20 + btCa)

--- (3.2.5)

The principal radii of curvature are found as functions
of 6 by solving (2.4.19). Using (3.2.3), the equations
(2.4.23) become:

F =2 b*(atodo+hYCn o) So+ b"zCevaleg3

F=20O

G = @Sl (5le b (nte)”

| = BB (atSerbiwe) * (5ot b (a?e)T?

M=o0

V= b S (atwle+ yf(n)&}(/'z'(a* Sl + b2 lne) %
--- (3.2.6)

On Substituting these expressions for E,F, G, L, M and N

into (2.4.19) and solving for A we get:

3/

e o [25e bn]
2t oo +b54(n"e

R [cwm L>Ca's ]/"L
oL b | 2% %20 + 5¢4Ca6 )

and hence from (3.4.21)
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%él

£, = 1 Laﬁ SR> +é*&>‘9]
o | g> Smre +bCae

= b T St t (o =2
]0& e &S‘m&-kb sze]

VS e + bl

—-= (3.2.7),

%:L[&?;“jg{—‘é+c&19]
a at ol 4 b Cpm o
where p = /o, P, 1is the Gaussian curvature.

The scattered fields according to the method of spherical
currents are defined by (2.5.14s and h), with n defined
by (3.2.3). These equations now become: '

T oo |

@é(‘; &) = —c kjo‘ '? hzzfalwl)pr,l('&')?h((ma) l’&)(kr)}ﬂ(e’

Ry) = F(o) Pllos)jfy) LV (aY S’y b¥Gats!)
(a3l e' +b* Gose fb

F:GBv = 2)§§:téy)/ﬁayL

--- (3.2. 85)

((S?)e} - ij {Z@"*')pfh(@/?ha”&)h l)(lu) %

© n=o

A, (o')= E“L P (o)) (th )+ Bt )| ()2 b(b )52 ’[na]{f(él/gwy
(a® Sute' +AIC,;, A |
f(s') = EEWC&’)

¢
59 ——- (3.2.8h)



The far field amplitudes are obtained from (2.6.4s and h)

~in conjunction with (3.2.3). We get:

S(e)—-k %@)F/e SthyCros

(se)

i%ed&

Rlow) = 4 (af5.264 7 Covs ) B T (00

AA}

5 |
Flo') = 2 &, (6)/on

--- (3.2.9s)

S, (e --ijpr(g e)p/al)ecklzcba@a%&w&/da

/0,9') —Z—;( 2 oS B’ -&(499'/+Z;°2Q>9Q>9’I(&, '})
' (t ‘
F{&') ) @(sc))( 'é')

—=- (3.2.9h)

In (3.2.9s and h) I, (6,0') and I, (6,6') are defined by
equations (2.6.5) and (2.6.6).

(3.3) The surface field on a sound hard prolate spheroid.

In this section surface fields on sound hard prolate
spheroids computed by means of the exact expression
given by (3.1.26) are graphically compared with those
computed by means of the method of spherical currents.
The graphs of the surface field amplitudes according to

(3.1.26) given in Figures (3.1) - (3.3) are from
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Senior (1966), Fig. 7. The expression used by Senior
in this paper differs from (3.1.26) in that i should be
replaced by -i. This is due to assuming a time dependency

exp(-iwt).

The graphs of the surface field amplitudes in Figures
(3.1) - (3.3) are plotted as functions of the angular
position n on the surface for ¢ = 5 and a:b = 2:1; 5:1
and 10:1 ( .. from (3.1.3) EO =1,155; 1,021 and 1,005
resp.) This choice of ¢ is in the resonance region, at
least as far as the major dimensions of the spheroids

are concerned.

For the method of spherical currents'the surface field
amplitudes were computed by means of equation (3.2.4h)
with Cosa given by (3.2.5) and p by the equations (3.2.7).
The real'and imaginary parts of thevsurféce field were
computed as the output of subroutine POTAS (p. AlQ).

The main program calls on subroutine RAG (p. Al4) to
provide the different radii of curvature and Coso as
functions of ¢, b:a and n as input for POTAS. Subroutine

RAG is based on the formulas (3.2.5) and (3.2.7) with

'COSS —_ <§opl/
(g2 + 9 - 1)

On comparing the surface field amplitudes according to

the method of spherical currents with those according to
the exact theory for the various eccentricities it is
immediately apparent that the choice of least principal
radius of curvature as radius for the representative
sphere affords the best approximation under the given
conditions. With this choice>of p the following
correspondences with the graphs according to the exact

theory are observed:

For a given eccentricity (or choice of a:b) the surface
field amplitude has a maximum at the front tip (n=1)

where the incident wave is perpendicular to the surface.



As n decreases, so does the surfacevamplitude decrease at
progressively more glancing incidence of the impinging
'plane wave. Apart from slight undulations this decrease
‘continues nearly monotonically until well in the
geometrical shadow region (n < 0) where the surface field
amplitude reaches a minimum just before the rear tip
(n=-1) after which it rises more sharply to a value =1

at n=-1.

With increasing eccentricity the surface field curves
level out, the amplitudes near the front tip dropping
most rapidly. The slight undulations referred to above
are more apparent in the fatter obstacles, but they are
still visible on the curve of the 10:1 spheroid in Fig.
(3.3). ‘According to Senior these undulations are due
to interference with a backwards travelling wave on

the surface. With increasing a:b the minimum in the
surface field amplitude in the geometrical shadow region

near the rear tip becomes less pronounced.

The maih differences between the surface field amplitudes
as resp. calculated according to exact theory and the
method of spherical currents using the least principal
fadius‘of curvature are the following: (a) For a given
eccentricity the intensity of surface activity in the
shadow region relative to the illuminated region is
greater in the case of the method of spherical currents
than in the exact theory; (b) the decrease in surface
field amplitude with increasing eccentricity is much more
rapid in the method of spherical currents than in the
exact theory. ' At the front tip the surface field
amplitudes for a:b = 5:1 and 10:1 are both practically
equal to 1 according to the method of spherical currents -
below the front tip surface field amplitude according to

exact theory for the 10:1 body.

The fact that the surface field amplitude is relatively

more intense according to the method of spherical currents
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may be accounted for as follows. The point at which
the surface field is calculated is closer to the shadow
boundary of the repreéesentative sphere measured along
the surface than the shadow boundary of the spheroid;
consequently waves travelling along the surface from
the shadow boundary suffer less attenuation on the
representative sphere than on the spheroid to reach the

same point in the shadow region.

The principal radii of curvature of the prolate spheroid
have their (equal) minimum values at 8 = 0,7 and their
maximum values at 6 = n/2 [see eq. (3.2.7)]. For
c =5, atb = 2 : 1,44§kp1_<_11,54

1,44§kp2_<_ 2,89

c =5, atb =5 0,20§kpl_<_25,5
‘ 0,20 < kp, < 1,02
c =5, a:bb=10: 0,05§kpl_<_50,3

0,05<kp,< 0,50.

With increasing eccentricity the method of spherical
currents utilizing the greatest principal radius of
curvature therefore involves pfogressively more of the
high frequency behaviour of spheres, while the choice of
least principal radius of curvature tends to involve more

of the low frequency behaviour of spheres.

The effect of creeping waves on spheres, though noficeable
at fairly low frequencies becomes more prominent at higher
frequencies. This accounts for the more undulating
behaviour and sharper fall-off of the surface field

amplitudes.

For all subsequent calculations the least principal radius
of curvature will be used as radius of the representative

sphere in the method of spherical currents.
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Fig. (3.1) surface field amplitude for a sphere with ka=5 (-+--- ) and a 2:1 sphergid with ¢=5 according to
Senior (——) and the method of spherical currents: least principal radius of curvature (---),
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" Surface field amplitude for a 5:1 spheroid with c=5 according to Senior (——) and the method of
spherical currents: least principal radius of curvature (---), Gaussian curvature (¢see°), greatest
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spherical currents: least pr1nc1pal radius of curvature (-—-), Gaussian curvature (eee), greatest
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Scattering patterns of hard prolate spheroids for axial

incidence.

In Fig. (3.4) scattering patterns, which show the
directional behaviour of the scattered radiation, are
reproduced. The curves give |S(6)|/c£0 = |s(8)|/ka

as a function of 6 for different values of EO and c.

The solid lines are the scattering patterns according to
Spence and Granger (1951) and are based on the exact
expression for the far field amplitude S(6) given by
equation (3.1.27h). The notation for the prolate
spheroidal wave functions used by Spence and Granger is

that of Stratton, Morse, Chu and Hutner (1941) .

The dashed curves represent the scattering patterns
according to the method of spherical currents with S(8)
given by (3.2.9h). The spheroids chosen are EO = 1,020
(a:b = 5,07) and EO = 1,077 (a:b = 2,69) with ¢ values

of 1,2 and 3. For EO = 1,020, 1,020« cEO = ka< 3,06 and
for EO = 1,077, 1,077< c£0‘= ka < 3,23, hence just beyond

the Rayleigh region for spheroids.

On putting Cos6' = z, (3.2.9h)can be written in the form
l
LY - 5 (FR(D, 4/, 6,2)+ £ FL (D44, 82) Jdz
- : .

-—= (3.4.1)
where

FR+FI=
(@Q(P/b/«;l)ﬂ‘—C PLCD, y‘/l))(HK(D,bfﬁ,&)L) v HI(D/%/S)L))

--- (3.4.2),

and D = ka.



In (3.4.2) QR and QI are the real and imaginary'parts of

the surface field F(6') = @Ezl)(e')_  This is the output

of subroutine POTAS (p. Al0).

HR = (}(}Z‘L FC@((@Lfose) oégm(lcltl&ag)%
(ba)”
L= ’(EU A (o (kiz%a)ﬂg, Sin(kyzlrs) %
01(}2«
| --- (3.4.3)
<§l . ) 3;\ An—a
— o2
- ZCM#:.(( e J
An-—|
iR - \
@'(%)""Zlghg fl’()n;)i[kbl r &8]
- =1 : -—— (3.4.4)

The functions HR and HI are computed as the output of
subroutine HASH (p. Al6) which calls on subroutine

RAD (p. Al5) to provide kn as a function of D, b/a and
Z. The real and imaginary parts of the integrand in
(3.4.1) are computed by subroutine GRIND (p. Al7) which
calls on HASH and POTAS to provide HR, HI, QR and QI

as input. GRIND also calls on RAD to provide kp and

Coso as functions of D, b/a and z, as input for POTAS.

In subroutine GREAT (p. Al8) the real and imaginary parts

of the integral in (3.4.1) are computed using Simpson's

1/3-rule. = The summation process is terminated by applying

a convergence criterion to the sum of the squares of the

real and imaginary parts} which forms the output of

71
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GREAT as a function of D, b/a, 6 and the limits of

integration.

The main program calls on GREAT to provide |S(S )(6)|2
as input and computes (S sc) (8) )|/D as a function of c,

go and 6 by utlllzlng the equations

D=tbha = &,

ana b = VA~

_ : ——— (3.4.5)
5

which are readily obtained from (3.1.9), (3.1.4) and
(3.1.3).

It is clear from Fig. (3.4) that the best correspondence
between the scattering patterns according to exact

theory and those according to the method of spherical

currents are obtained for the lowest frequency (c = 1)
on the illuminated side of the scatterer. Except for
c=1, 0°<0<90° |S(8)|/D is less than lS(SC)(G)I/D.
The fact that ls )(e)l/n > |s(8)]|/D for

90° < 9 < 180° for all values of ¢ could be attributed to
the relatively greater surface field intensity in the
shadow region in the case of the method of spherical

currents, observed in the previous section.

The method of spherical currents displays the lobed
structure of the scattering patterns, but to a much less

marked degree than the exact theory.

The computation of the scattering patterns according to
the method of spherical currents were checked by computing
lS(Sc)(6)|/ka with ka = 1 and a = b and comparing the
results with |S(8)|/ka, where S(8) is the far field of

the sound hard sphere defined by (2.2.20h). Good

correlation was established.



Fig. (3.4) |S(8)]|/ka as a function of 6 for €9 = 1,020 and 1,077, ¢ = 1, 2, 3.
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Backscattering cross sections for sound soft and

sound hard prolate spheroids for axial incidence.

The backscattering cross section according to geometrical
optics, Oqr is defined by (2.2.26) where Py and oy

are the principal radii of curvature at the specular
point. For axial incidence on a prolate spheroid we
have from (3.2.7) for 6 =0 (the specular point)

Py = Py = b2/a, hence (2.2.26) becomes for both. hard

and soft spheroids:

J, :TU’/&C’L == (3.5.1)

The backscattering cross section accordingvto the exact
theory of section (3.1) is denoted by ¢ and defined by
(3.2.23):

7 = 1#7’3(0)/9‘ == (3.5.2)
k&
In (3.5.2) S(0) is the far field in the backscattered

direction and is obtained for the soft and hard cases
from (3.1.27s and h) by putting 6 =0:

S(e) = QLEC—D Ron(C)5.) § 5,000,

h=o on K/(Eﬂ )%

--- (3.5.2s8)

Slo)=2i > (-0 3R E)/35. I, cont
hZ-—o Non 0 R ‘”cc%n/a%{ ;

--- (3.5.2h)
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From (3.5.2) and (3.5.3) we get for the normalized

backscattering cross section 0/0O

T/V’ = { S Co)
-D (b --- (3.5.3)
where D=ka=cg,

The normalized backscattering cross sections of soft
and hard spheroids were calculated by Senior (1966)
using (3.5.2s and h) and are shown as functions of

D, 0<D<10, for a/b = 2, 5 and 10 in Figure (3.5) for
soft spheroids and Figures (3.7) - (3.9) for hard

spheroids.

Using the method of spherical currents the normalized
backscattering cross section is indicated by 0(300/00
and defined by

--- (3.5.4)

where S(Sc)(O) is the far field in the backscattered
direction and is obtained from (3.2.9s) and (3.2.9h)

by putting 6 =0. These equations become:

\ ky G of 1
Scch()) ;5'151:(9) 1 f"tg w6 de

Flo)= —C S (M anin Bllo)
hf w=0 l/LEL()Chf)

--- (3.5.5s)



75

and

_,—-

S (o) = —¢R” F{e‘ ‘”LC”"V Cro 0/ S8 d '

(se) ;Lak
YZU‘(& 1) P, C ot
kal_fl n=o | LL(”:)/( k—f)

Fle') =

--- (3.5.5h)

The graphs of 0/00 in Fig. (3.5) with S(0) given by
(3.5.2s) are taken from Senior (1966), Fig. 1.
o(sc)/o was calculated using S(sc)(O) in (3.5.5s)

after putting Cosb6' = z. From (3.5.5s) we then get:
11

S (0)= ﬁcpa (D bhz)+¢ @I(D/A/a,z)g—{Hl\(D/ a2+ HI Dbtz

(sc¢)
!

== (3.5.6),

where
hp= kP (o (kyz)
2 D*(Ha)* ¢ -
HT = (R Sul(ky2)
| 2D>Cb/a)*
—em (3.5.7)

and OR and QI are the real and imaginary parts of
—oF(8') = -p30 P (ar)/on,

@R+c@l ’__ t(Qn+ P (Co)
' nza RS (kp)

--- (3.5.8)
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The functions QR and QI are computed as the output

of subroutine PUT (p. Al9). PUT calls on subroutines
PSI (p. A2) and ZETA (p. A3) to provide the spherical
Bessel functions. As mentioned in section (2.3) PSI

and ZETA are accurate to only four significant digits
at an argument value of about 10. However the
largest value attained by kp is 5 for a:b = 2:1 at

8 = n/2 with D= 10.

Subroutine HURI (p. A20) calls on RAD (p. Al5) to provide
kn as a function of D, b/a and z, and has HR and HI of
(3.5.7) as'output.

The subroutine SYMINT (p. A21) calls PUT and HURI

to compute the integrand of (3.5.6) and then integrates
this function by using Simpson's 1/3-rule. In

SYMINT use was made of the fact that HR is symmetric

in z and HI anti-symmetric in z. This did not lead

to a significant reduction of CPU time. The summation
is terminated by the same method as in GREAT (p. Al8).

The output of SYMINT is (S (O)I2 as a function of

(se)
D and b/a. The main program calls on SYMINT and
computes o/co. The subroutines involved in computing

0/00 for soft spheroids were checked by computing
0/00 for a=b and comparing this with the output of
subroutine SPS (p. Al3) which gives 6/00 for a soft
sphere as a function qf D. Very good agreement was
found. The normalized backscattering cross section
for a sphere as a function of ka is reproduced in
Fig. (3.5).

The following points of agreement between the curves

of 0/00 and 0(3@)/60 can be observed in Fig. (3.5).

For a given eccentricity the normalized cross sections
have a maximum at D=0 and display a sharp fall-off

" with increasing D. The oscillations in the curves

also tend to flatten out progressively with increasing D.

With increasing a:b the normalized cross sections
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increase (in the case of 0/0O this is entirely due to
the normalization) and the oscillations become more
pronounced. The separation (in D) between adjacent
maxima and minima also tend to become more constant

after the first maximum is ignored.

The main differences between 0/0 and o /o is

firstly that 0 /0 > Q/oO - thlS dlfference increases
with 1ncrea51ng eccentricity - and secondly that the
separation between adjacent maxima and minima differs
considerably in the two cases for fixed a:b. It is

a peculiar fact that the separation distance for
O(Sc)/OO is very nearly double that of 0/00 ~ this is
especially noticeable in the thinner bodies (a:b = 5 and

10).

In spite of these differences it is perhaps fair to
say that the method of spherical currents discriminates .
between the various soft spheroids in qualitatively the

same way as exact theory.

In Figures (3.7) to (3.9) the normalized backscattering
cross sections for hard spheroids according to

Senior (1966) (Figures 4, 3 and 2 resp. in this paper)
are plotted as functions of D for 0<D< 10. The far
field in the backscattered direction is defined by
(3.5.2h).

(0)

O(sc)/Oo for hard spheroids was calculated using S(Sc)
as defined in (3.5.5h). On putting z = Cos6' in
(3.5.5h) we get: _
-+
SCCO)) = 5 FR(b/a,2)+ F:I("D/b/a,z)g Az
sc :
--- (3.5.9)

where

FK*FI (GR+CPI)HR + (HI)

--- (3.5.10)
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In (3.5.10) QR and QI are the real and imaginary parts

of QEEL)(G') and form the output of POTAS (p. AlOQ).

HQ:‘(bUE;;%(kFU

2 )P~

HrI — _(miz Cg:(k»zz

P | -—- (3.5.11)

The functions HR and HI are computed by means of
subroutine FAR (p. A22) which calls on RAD (p. Al5) to
provide kn as a function of D, b/a and z. The real
and imaginary parts of the integrand in (3.5.9) are
computed by subroutine GRAND (p. A23) which calls on
FAR and POTAS to provide HR, HI, QR and QI as input.
GRAND also calls on RAD to provide kp and Cosa as
functions of D, b/a and z as input for POTAS.

In subroutine GRATE on p. A23 the real and imaginary
parts of the integral in (3.5.9) are computed and
combined in the single output |S(SC)(0)|2. This
subroutine is very similar to GREAT (p. Al8) which has
been discussed in section (3.4). The main program
calls on GREAT to provide IS(SG)(O)|2 as function of

D and b/a and then computes 0(30)/00"

The subroutines involved in computing 0(30)/00 for hard
(se)/%

for a=b and comparing the result with 0/00 for spheres,
using (2.2.28) and (2.2.21h). Subroutine SP (p. All)

has the real and imaginary parts of the far field in

prolate spheroids were checked by computing o

the backscattered direction as output. The graph of
o/ob for a hard sphere as a function of D is shown in
Fig. (3.6). This agrees well with O(sc)/OO with a=Db.
For purposes of comparison the graph of 0(sc)/00 for a
a:b = 100:99 hard spheroid as a function of D is also

shown in Fig. (3.6).
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In Fig. (3.7) o/o0 and o(sc)/o0 are shown plotted as
functions of D, while in Figures (3.8) and (3.9) 0/0O

and o )/200 are plotted as functions of D.

(sc

Superficially the differences in backscattering cross
sections according to the two methods employed are
quite marked. There is however a fair agreement for
ka <1, hence in the Rayleigh region, which improves as
the spheroids become fatter - for the 2:1 spheroid

[see Fig. (3.7)] there is close agreement for ka<'1l.

Regarding the curves of o/oo against D, Senior

[Senior (1966)] comments as follows:

"Taking first the 10:1 spheroid, we observe that the
curve oscillates between maxima that, after the first,
are slowly decreasing in magnitude as c&o(ka) increases,
and minima that are indistinguishable from zero. The
osciliation is extremely regular and if the first
maximum is ignored, the seperation (in cgo) of adjacent
maxima and minima averages 0,780 with a standard
deviation of only 0,008. This value is compatible

with the interference between two individual sources

of scattering whose phase centres are coincident with
the ends of the spheroid. If the phase of excitation
were the same as that of the incident field, the
separation of the maxima and minima would be 0,785

(i.e. w/4). This is quite close to the value deduced
from the data, and since thé distance from tip to tip
measured along the surface.exceeds the straight line
distance by only a factor 1,016, it is almost impossible
to distinguish between direct excitation of the rear tip
and the excitation through a travelling wave supported

by the surface.

The results of the 5:1‘spheroid are similar, but the

maxima now decrease more rapidly and the minima are no
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longer zero. When a:b = 2, the differences from the thin
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body behaviour are very marked, and since the minima
increase with cgo, the two dominant sources of the

scattering are no longer of equal magnitude".

The conclusion is that for the fatter spheroids the
scattering is no longer determined by travelling waves
whose attenuation can be ignored. Here one must turn
to the sphere where a second contribution (the first is
the specular return) arises from waves creeping along

the surface from the shadow boundary and back again.

Concerning the curves of ¢ sc)/OO against D, much the

same remarks may be made. ( For the 10:1 spheroid

this curve also oscillates between maxima that, after
the first, are slowly decreasing in magnitude with
increasing D and minima that are indistinguishable

from zero. If the first maximum is ignored the
oscillation is very regular. However here the separation
between adjacent maxima and minima average about double
that of exact theory. This value is compatible with
the interference between two individual scattering
sources separated by an optical path length of 2ka and
‘not 4ka (i.e at the tips of the spheroid) as is the

case in exact theory.

The results for the 5:1 spheroid are similar to that

of the 10:1 spheroid. As in the case of exact theory
we observe that the maxima now decrease more rapidly and
the minima are no longer zero. Again, the average
separation between adjacent maxima and minima is about

double that of exact theory.

- For the 2:1 spheroid we find, as in the case of exact
theory, an initial decrease of maxima followed by an
increase, and a steady increase in minimé with increasing
ka. The separation is also less constant than in the
case of the thinner spheroids, but here too we find that

the separation is roughly double that of exact theory.
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For the three spheroids considered here the corresponding
maxima and minima of 0/00-and 0(80)/00 can be brought
practically in phase by plotting O(SG)/OO against ka/2

on the same system where 0/00 is plotted against ka.

Although the maxima of 0/00 and O(Sc)/oo differ markedly
and increasingly so as the bodies become thinner, there
is nevertheless, for a particular eccentricity, a fairly

constant relationship between these maxima.

Let the i-th maxima of 0/00 and 0(30)/06 resp. be
denoted by a and Ai for a fixed value of a:b. It is
then found that for ‘

a:b = 10 : A-l/al =.3,85; A2/a2 = 3,82; A3/a3 = 3,80
a:b = : Al/al = 3,56; Az/a2 = 3,43; A3/a3 = 3,36
a:b»= : Al/al = 2,35; A2/a2 = 2,15; A3/a3 = 2,40

By affecting two simple scale transformations it is
therefore possible to bring o(sc)/oo and 0/00 into
fairly close correspondence for a particular value of
a:b over the range 0 < ka< 10. This correspondence

should increase with increasing a:b.

It should also be noted tnat as the only difference
between exact theory and the method of spherical currents
lies in the surface field, there should be close
correspondence between the backscattering cross sections
_if there is a small vériation between the surface fields.
In Figures (3.1) to (3.5) the surface fields are shown

with ¢ = kF =k a2F-b2 = 5 for a:b = 2, 5 and 10 respective-

ly. The respective values of D=ka are 5,77, 5,10 and
5,03, and the respective yalues of O(SG)/OO - 0/00

are approximately 0,07, 1,9 and 0,58. For a:b = 2 and
c=5 it can be seen that there is a close correspondence
between the surface fields, especially in the illuminated
region. . For a:b = 5 the variation between the surface
fields is larger and this is reflected in the larger

value of o(sc)/ao.— 0/00. For a:b = 10 there is a
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smaller variation between the surface fields than in the
5:1 case and the normalized backscattering cross sections

have a corresponding smaller difference.

Finally it can be said that the method of spherical
currents discriminates between hard prolate spheroids
of different eccentricity in qualitatively the same way

as exact theory.

Backscattering cross sections of hard prolate spheroids

at high frequencies for axial incidence.

One of the classical high frequency scattering theories
is physical optics or Kirchhoff theory. As explained
in section (2.4), this consists of replacing the
surface field with twice the incident field on the
illuminated side and zero on the dark side of the
scattering object. Lét the direction of propagation
of the plane incident field be U, then we have from
(2.1.18h):

(s) kU
@ (=L be Gl dd
(%) LT dn

s!
--- (3.6.1),

where S8' is the illuminated part of the surface S of

" the sound hard obstacle.

With (ui) = (0,0,-1) and using the asymptotic expression
for 3G/9n given by (2.6.2), the following equation for

the far field according to physical optics is obtained:

Lt Y —‘;k(qs_‘-{l,é@)
52?0): —c R (n"ed) < ol £

T J

~-== (3.6.2)
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In the backscattered direction [(e?) = (0,0,1)]

this becomes

. L — kl/l
S(o)= —<Rom,e” 1y
/
E -~ (3.6.3)
If the obstacle has axial symmetry, we choose the

3-axis to coincide with the axis of symmetry.

The equation of the surface of the obstacle is

defined by V(g — ? Cf)

2

where f _ [,(("-_‘_yl:: 7/7—;4-&25

——= (3.6.4)

Now

not = €, a?aah(hoo(#) = papds

--- (3.6.5),

and (3.6.3) becomes after integration w.r.t. ¢:

p—;k(

C L Cf)“()

WKy e Ty
ol

--- (3.6.6)
The limits of integration o and B are so chosen that
the integration extends only over S', the illuminated

part of S.

Equation (3.6.6) is now specialized for a prolate
spheroid with centroid at the origin, semi-major axis
a and semi-minor axis b. In the form (3.6.4) the

equation of the spheroid'is

1= _&_ml e (3.6.7),

b



and (3.6.6) becomes
b
S) = —ikt [@HOINTE
(po) N fd‘()

o

After integrating w.r.t. p we get:

. e
S (o) = _ e ]
cw) | C(Jracka)e
--- (3.6.8)
From (2.2.23) with S(0) = (Po)(o) we get for the

backscattering cross section ¢

¢ = ‘|b+ 1 S | — \
(Po) [ k‘tng;zbk*_;_l—[b\—’ilm C@Qb@J

a%
--=- (3.6.9)
From (3.5.1) wé have 0g = ﬂb4/a2,
60 /9 == 'a%&.kﬁw ku(l-szk«)J
--- (3.6.10)
From (3.6.10) it follows that 11m 0(70)/0 =1,

and that the normalized backscatterlng cross section
according to physical optics cannot distinguish between
spheroids of differing eccentricify. In Fig. (3.10)
G(Po)/oo is shown plotted as a function of D=ka for
10<D< 80 with o

-7 - (se
computed by means of subroutine PHYSOP (p. A25).

)/oo_for a:b = 5. 0(?0)/00 was

A significant high frequency scattering theory is J.B.
Keller's geometric theory of diffraction [Keller (1958)].
This theory was applied by Levy and Keller (1959) to

84
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smooth objects, and these results were specialized
for spheroids by the same authors [Levy and Keller
(1960) 1.

The geometric theory of diffraction is a generalization
of geometrical optics in the sense that Fermat's
Principle is extended to apply to "diffracted rays",

in addition to reflected and refracted rays.

If Fermat's Principle is applied to optical paths which
must pass through two fixed points, it is found that
these extremals obey the eiconal equation. This
equation may also be obtained by applying Maxwell's
equation in integral form to the discontinuity across
the wave front of a propagating electromagnetic
disturbance. The rays of optics are the extremals of
Fermat's Principle as well as the orthogonal trajectories
of the wave fronts of an electromagnetic field. If
Fermat's Principle is applied to two fixed points on
the same side of a surface of discontinuity with the
additional restriction that the optical paths must
touch the surface of discontinuity, it is found that,
in addition to the eiconal, the rays must obey Snell's
laws of reflection at the point of incidence on the
surface. Thus an incident ray gives rise to a ray of
reflection. This method however breaks down if (i) a
normal to the surface cannot be defined - hence at
edges and vertices, and (ii) if the incident ray strikes
the surface at a tangent. By postulating the creation
‘of "diffracted" rays in such cases of incidence and
applying Fermat's theorem to them, Keller succeeded

in generalizing geometrical optics and also extending

its range of applicability to lower frequencies.

As the spheroid is a smooth body, diffracted rays can
only be produced by tangentially incident rays. A
tangentially incident ray gives rise to a surface ray

which travels around the body, continuously shedding
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diffracted rays and becoming progressively attenuated.
The rate at which diffracted rays are shed at a
particular point is determined by the incident field,
the material properties of the surface and the curvature
of the surface at the point. The phases and amplitudes
- of the diffracted rays at the surface are found by
matching them with those of the surface rays, using

the boundary conditions.  The phases and amplitudes

of the surface rays are found by calculating optical
path lengths from the point of incidence and applying
energy conservation, taking continuous attenuation

into account.

The exterior field at a given point is found by adding
together the fields 0of each reflected and diffracted

ray passing through the point. The amplitude and

phase of the field associated with each ray is determined
by applying energy conservation to bundles of rays and
calculating optical path lengths from the givén point

to the point on the surface which gave rise to the

rays.

If the point at which the exterior field is to be
calculated is situated on a caustic of the diffracted
rays, the field becomes infinite at the particular point.
By a modification Levy and Keller however succeeded in
obtaining a finite field on caustics (Levy and Keller
(1959), pp. 186 - 187). In the particular. case of

the backscattered field for axial incidence, the axis

of symmetry is a caustic of the diffracted rays.

From Levy and Keller (1960), equation (16), we have for
the total backscattered far field from a hard prolate

spheroid for an axially incident plane wave:

S (o) = Ralbla)* SR 2772 (Ra) 4 CQCkA{-c;_;_T-f-ldt(RA)VsF
RGN NeNE

--- (3.6.11)
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In (3.6.11):

3 /2
F = (bfa)”

s

Ay
(= o)) (Lol 1 $%)

|—(bfa)*
9 =1,1+69351
A= 1)166%0
o (TR
L= AL < |
--- (3.6.12)
2.k 2
In (3.6.11) _k_{t_(b/&)le, c t’k,éfel ke is
A 2 A

the contribution of the geometrical optics field.
The notation used here differs from that of Levy and
Keller. The spherical coordinates used by them are

defined by the equations:

N = k/(gﬂwh,% CQ:VL
- h Sk & Sy Ce/>¢
2 = h Pk Sy S

In addition, a few corrections have been made, mainly

.

printing errors. The factor in front of the square
brackets in (3.6.11) is erroneous in Levy and Keller -

they give the factor appropriate for an oblate spheroid.

The integrand of the elliptic integral in (3.6.12) is
computed by subroutine ELLIP, p. A26. The elliptic
integral is computed by means of subroutine GREER (p. A27),
ﬁsing Simpson's 1/3-rule. The output of subroutine

AMPLI (p. A28) is the real and imaginary parts of the

far field as functions of D=ka and b/a. The main
program calls on AMPLI and computes the normalized
backscattering cross section G(GfD)/OO according to
(3.5.3).

In Fig. (3.10) O(GTD)/OO is shown for the 2:1 hard
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prolate spheroid plotted as a function D=ka,

10 <D< 80. 9 (grp)/ 9 for the 5:1 and 10:1 spheroids
are not shown, as the results were poor. For the

5:1 spheroid values of O(GTD)/OO were found which

were of the order of 20, while for the 10:1 spheroid
values of the order of a few hundfed were found.

This is in agreement with the finding of Kazarinoff and
Ritt (1959) that Keller's theory is applicable only
when the wavelength is small relative to the radius

of curvature at the tip of the spheroid, i.e. for fat

spheroids in the high frequency range.

To compute o(sc)/o0 for 10 <D< 80 the same sub-
routines were used as for the range 0<D< 10. For

the 5:1 and 10:1 spheroids the computations were
terminated respectively at ka= 75 and ka = 55. Owing

to the increasingly oscillatoty nature of HR and HI in
(3.5.10) With increasing ka and eccentricity, the
computations became excessively laborious. For instance
atb = 10 at ka=60 the integral in (3.5.9) had not
converged sufficiently after 215 divisions of the
interval, which took 30 min. CPU time on the Univac 1106.
This is also the reason for the relatively few values

of o(sc)/ob computed for the thinner spheroids.

The range of values of ka for which o(sc)/o0 was computed
is well within the range of values of kp for which

BESJ (pp. A6 - A8) accurately computes the spherical
Bessel functions. For instance, for a:b = 5 at ka= 80,
20 < kp < 40.

Looking at the curve of o )/00 for the 2:1 spheroid,

the oscillations become péi;ressively damped with
increasing ka, and the end of the resonance region is
reached at ka =~ 60, when the curve is practically level.
For a:b = 2:1, o(sc)/00~.2,4 for ka= 80 can be inferred
from the graph. This is a failing of the method of

spherical currents but is about the same as the maximum
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amplitude ratios measured in section (3.5).

As the eccentricity increases the minima tend to

increase at a slower. rate and the oscillations retain
their regularity for larger values of ka. This is
consistent with the model of two individual, interfering
sources of scattering situated on the axis which

produces regular oscillations and becomes more applicable

with increasing a:b
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CHAPTER IV

AXIAL BACKSCATTERING FROM HARD FINITE CONES.

(4.1)

Rayleigh scattering - Siegel's empirical formulae for

hard flatbacked cones and cone spheres.

Consider a finite, closed, acoustically hard body,

surface S, illuminated by a plane wave

()
(x¢) = Cku X¢ —— (4.1.1)

The incident field may be expanded as a power series in

k.
o . m tc)
DTSR NEN
m =0

-——- (4.1.2)

(€) _ (0 _
In (4.1.2) @0 =1, @1 =n_.X., etc.

A similar expansion can be made for the scattered field
(see Kleinman (1965), pp. 848 - 849). ’

. (2]
é(z)xﬂ = Z(Ck)m é(&c) -—= (4.1.3)
. nmn=0 h

This series has a finite radius of convergence as a
function of k. The total field Q(t) = ¢(1)4_¢(s)

may now also be represented by a power series expansion.

CK., E(CR)Mé ) ——— (4.1.4)

For a sound hard obstacle the boundary condition is:

égg&) _ 4
o n

)

-——- (4.1.5)



The Rayleigh series (4.1.3) is essentially a near field

result. In order to determine the far field the
problem resolves itself into two parts: firstly the
determination of the near field terms, and secondly
their extension to the far field. Here we merely
wish to prove one of Rayleigh's scattéring laws, i.e.
that the scattered field varies invérsely with

the square of the wave length. The procedure is due
to Senior (1973). |

On substituting the expansions (4.1.3) and (4.1.4)

into the Helmholtz equation and equating like powers of

k it is found that @és), @{s); @ét) and Q{t) satisfy
Laplace's equation. From (4.1.5) it follows that
Y

P | —o

on Is
and it is easily shown that @és)is zero everywhere,
hence @ét)= 1.

The coefficient of the next term of (4.1.4) is found
by utilizing the integral equation (2.1.20h) for the
" surface field on a hard object. In this equation the
fields and eikR/R are expanded in powers of k, and like

powers of k are equated. For the terms in k we get:
(t) . )

jz;;( )= U, ..(___L,§ (19 [
(%c) %L QT Sél ‘ZL ah(R)d.:f

where 3/3n = n;3/3n. and R = Ixi-.nil'

The extension to the far zone is achieved with the aid
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of the integral representation (2.1.18h) for the scattered

field. If, in this equation, we use (4.1.5), the
expansion (4.1.3) and the asymptotic expansion (2.6.2),

we get:
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) ckr

G e pt “6) 7 <
Er‘{ k’i[e¢7d—§‘(7d)]n()€()4£

+ higher order terms in,k‘}

--- (4.1.7)

The far field amplitude S(6,¢) is defined by the

equation ¢(S) = etkrs/kr. From the preceding it
therefore follows that S will have a power series

expansion
3 Wi
S:k Zk' :g-tm, ‘ --- (4.1.8),
. m=o0

where the coefficients fm aré functions of the angular
variables 6 and ¢, the body parameters and the incident
field. Since S is a dimensionless function the
coefficient of each power of k must be proportional to
a like power of a body dimension.

For sufficiently small values of k S may be approximated
by the leading term, and it follows from (2.2.23) that
the so-called Rayleigh cross section is then given by

g = 4—71_&‘#_[‘%12{ -—- (4.1.9)

For axially symmetric bodies with axial incidence Siegel
(1959) devised a method for the estimation of Ifol in
the backscattered direction. At wavelengths large
compared with the greatest linear dimension of the
obstacle, the obstacle appears as a singularity to the
wave and shape factors appear as essentially second

‘ . It follows from (4.1.8)

must have the dimensions of volume, and

order corrections in |f0
that fo
consequently |f0| is taken as proportional to the volume
"of the obstacle in (4.1.9).
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- = CRF(VE)? ——- (4.1.10)

In (4.1.10) C is a pure proportionality constant, V is
the volume and F a dimensionless correction factor
that takes into account the dependence of the cross
section on the shape. The shape correction factor

F for elongated bodies is now determined by examining
its form for the spheroid, of which the exact result
for f0 is known [Rayleigh (1897)]. As the flatness
of the scatterer increases the approximation is
expected to get worse as an infinitely flat body like
a disc has a zero volume but a non-zero cross section.

It turns out that for the spheroid

F= 1+ 55/11—3

--- (4.1.11),

and Cl = ’//Tr- -—= (4.1.12)

In (4.1.11) y = b/a, the ratio of the semi-minor axis
to the semi-major axis. In the electromagnetic case
C = 4/7 owing to the presence of a magnetic dipole
in addition to the electric dipole. Hence, for a
hard prolate spheroid, the Rayleigh backscattering

cross section is given by

— 12 —L/a 2
T= & K (4Tab) 1 + ¢ Vs A

--- (4.1.13)
With a=Db we get for the sphere

T = 1,243 ?kr_‘* (Erad)*,

compared with the exact result obtainable from (2.2.21h),
(2.2.8) and (2.2.23):
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.
7= %'%—(%HQ)

= 1,503 V7

Siegel now assumes that (4.1.10) with C=1/7 (for hard
obstacles) and F defined by (4.1.11) is a valid
approximation of the Rayleigh cross section in the
backscattered direction where y is a constant times a
length-to-width ratio, where length is associated with
the maximum dimensions of the body in the direction

of propagation of the incident wave and width is
éssociated with maximum dimensions of the body in a

direction perpendicular to that previously mentioned.

Hence for the on-axis excitation of bodies of revolution

-_—_k‘f 2L — 2
v 'T?V ['+e/7'—?]
' -——= (4.1.14)

Consider the case of the right circular cone (flat-
backed) of hight h and base radius a. From (4.1.14):

UVeome =£%(J3;Tl'&‘k);[{ ST T
™ | Trh/da

—-——— (4.1.15)

To compensate for the loss of accuracy as the body

becomes flatter, Siegel requires that

[i VZ

h->o one

- V;.

[R-14

- Lt (4a)t

- (4.1.16)J

the backscattering cross section of a hard circular



95

disc of radius a. This enables us to calculate r
and we find r=5%. Hence from (4.1.15)
Yy o2\ —h/4a 4 L
OZW:E(%GJL) [l + e
T Th [4a
Th [4a.
-——— (4.1.17)

On putting a/h = tanB we have from (4.1.17)

'qc;ne :(R‘L)+ -_,//'f_'f'“’*ﬁ 2
Ta> W;sDJr?‘rLL—mFe -] |

--- (4.1.18)
ocone/na2 was computed using program SIEG1l (p. A29)
and is shown as a function of ka for 8 = 12°, 45° and

60° in Fig. (4.1).

For the cone sphere the Rayleigh backscattering cross
section was derived by Siegel (1963). Here the
hemispherically capped cone is used to calculate the
cross section of the cone sphere on the grounds that

in the long wavelength limit the matching of the first
derivatives at the join of the hemisphere and the cone
has no bearing on the first term in the Rayleigh series
in view of the consideration that the body as a whole

appears as a singularity to the wave.
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It should be noted however that the difference in
volumes between hemispherically capped cones and cone
spheres with the same base radii and total lengths

increases with decreasing length.

Firstly Siegel calculates the Rayleigh cross section
for the hemispheroid, semi-major axis b and semi-minor

axis a.

From (4.1.14) we have for the hemispheroid

L AL

4 2]\ - 2
W:%_(%—Ta b) ((+€‘3/5v)>3:r_5,

The factor r can be found by requiring that lim o = O3isc"
b0 isc
It follows (using 4.1.16) that r=1.

Hence, for the hemispheroid

-——5/024 2
= Rf(aw |+ e
r(g ( L J2a

Next, the Rayleigh cross section is found for the cone

spheroid.

—
\0
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From (4.1.14)

(T=_%j (Jgﬁa&k+%—ﬁa‘£)l(l -+ 55/3).1

--- (4.1.19)

In this case however y is not found by putting it
equal to r.(b+ h)/2a and then requiring that in the
limit as h> 0 and b~ 0 the crpss section must equal
that of the disc of radius a. Rather it is noted
that with y =(h+ 2b)/4a in (4.1.19) the cross section
of the flatbacked cone is found with b=0 and that
of the hemispheroid is found with h=0.

The cross section of the cone sphere (hemispherically
capped cone) is obtained from (4.1.19) by putting b=a
with y =(h+ 2b)/4a.

_ () g 1A
Uc—c;ne SPher€= LL(kQ)LF(hWLQA)A[‘ + fa C( ! )/MJ
1 T(ht2a)

With a/h = tanf we have

— (2+1 /+ump )5 1%
OC\cme‘ Spkefe :(hq)‘f-(‘l'f'l/mp)aﬂ -+ [[ e( +l/ ﬁ}“/‘
Ta? q (24 1/Fang)

--- (4.1.20)



(4.2)
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2 3 p
O cone Sphere/ﬂa was computed using program

SIEG2 (p. A30) and is shown as a function of ka for
8 = 129, 45° and 60° in Fig. (4.1).

Scattering by a hard flatbacked cone - the method of

spherical currents.

. Consider a right circular cone of base radius a and

altitude h. Choose a Cartesian system of axes with
3-axis coinciding with the axis of symmetry of the
cone, origin at the apex and the base intersecting
with the 3-axis at Xy = -h. Let 1, 8', ¢' be the
spherical polar coordinates of a point on the cone.
The equation of the cone in these coordinates is given
by

-~= (4.2.1)

*w
\fp
i)

Let the cone be sound hard and illuminated by an on-

axis incident plane wave e_zkxa, then the far field

amplitude is given by the equation

E%gﬁ%‘?) ='<:-<65‘¢) ‘FIJD(EbC#)

--- (4.2.2),
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where C(6,¢) is the contribution of the conical part
and D(86,¢) is the contribution of the flat disc of
radius a. The contribution C(6,¢) cannot be calcu-
lated by means of (2.6.4hj) as in this case n is nof

a function of e'; However, (2.6.3h) may be used with

' replaced by n.

Jad+nz am o :

C(9<P-~_¢Kf & R 3
L S T
-——— (4.2.3)

In (4.2.3)

1,= 0 S0, Cosd’

o= g 96, Sing’ - (4.2.4)
1, =y Cooo,

and W& =€, 2%;Ole
}"a{aqy/

o o4; 0 is
€ gti g1c |

the unit outward normal to the conical part. F(n)
is the surface field on the conical portion and is
defined by (2.4.8). In this case we have for the radius

p of the representative sphere

f=} ”LthT——&,,):"LMfZ'
——- (4.2.5)

This follows from (2.4.21) or directly from the geometry
of the cone. Here the angle between the normal n.

and the direction of propagation of the.incident wave
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is 3m/2 -9, . Hence, from (2.4.8):

Fr= S ans) B (=548,
Q)= Ry P twle, — 17 (= kiftans, )

--- (4.2.6)

With the choice of coordinates (4.2.4) it follows that
C is independent of ¢ and (4.2.3) becomes:

U+
C(g =-(R V( = ckyColns, [C,)e 56, 1"—51;6(@9,,1,1} F(I)S;,;aovld

[o}

1

-—- (4.2.7),

" where

ar!

T [ahsomacnts, J”ic " nsese
1 ¢'= (m)')l< 9>

o

and

T
by 5050, (n(p-¢) & In-t
" e o)
T Joﬁn(tb ¢)e A= .mé Ly = ,(ktaeaao)

as shown in Appendix B.

In the backscattered direction (6=0) we get from
(4.2.7):
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| ( f — /: Con
— L o,
(©) = Lk S8, 1 1 f:(v[)kldvl
0]

--- (4.2.8),
where F(n) is defined by (4.2.6).

The contribution D(6,¢) of the circular base of the
cone can be obtained from (2.6.4h) with

y = ~h/lmel  ——— (4.2.9)
and (') = Qedkh’ -—— (4.2.10),

from (2.4.6). It follows that D is independent of
¢ and is given by: '

R
D(e)= (KhCoee Chb CrtComo) 1&6 T de'
AT

—— (4.2.11%
where I is defined in Appendix B.

Integration w.r.t. 6' is easily carried out by introducing

the variable r = ~h tan6'. We get .
K e SRA(1HGe) N D" -
Dle)= L%Cm Zh ((n- n)’)l\ 1 B)

—— (4.2.12)

In the backscattered direction

. Ackh
Do) = C_@__L -—— (4.2.13)
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Hence, from (4.2.2), (4.2.8) and (4.2.13), the

following expression for the far field amplitude of
a flatbacked cone is obtained:

a3l
_ pzcoa —CkyCpp, ; v Akl
S(gg)-~<_:i'%_ %GOJ efhl ° F(z)qdrrcl%t_e
--=- (4.2.14)

For computational purposes the variables B and z were

introduced to the expression for ( (0) defined in
(4.2.8), where

B =7-6, and z = kn.
ka./(.;-.\'r!.
MAORIRS j e PoG)zan, G- Fo)

o

With ka =D, (4.2.14) now becomes:

RS TASN:
S 2 2D e
S = | S ()5 gy g (2 8
oy
--- (4.2.15),
where, from (4.2.6)
. 120 . |
Gr)=_¢ (2n+) (™ B, (—5ip)
o (Zdanf)t L W (2t )
--- (4.2.16).

The integrand of the integral in (4.2.15) was computed

by means of subroutine GRAND, p. A31, source module

name CONEF1. This subroutine callgqon POTAS (p. AlO)
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to produce the real and imaginary parts of G(z)

after supplying POTAS with -SinBf and z tanf as input.
G(z) is then multiplied by —(i/2)Sin28eichSB to give
FR and FI, the real and imaginary parts resp. of the
integrand, as output of GRAND, source module name
CONEF1. The integral in (4.2.15) is computed by
subroutine GREAT, p. A32, which calls on GRAND (p. A31)
to provide FR and FI as input and has as its output

TR and TI, resp. the real and imaginary parts of the

integral.

The main program, MAIN2, p. A33, computes o(sé)/waz,
where 0(30) is the backscattering cross section of
a hard flatbacked cone for axial incidence according to

the method of spherical currents.

From (2.2.23) we have

hence UESL//TQl = j%l ] S (o) (oz -—— (4.2.17),

with D=ka and S(0) defined by (4.2.14). MAIN2 calls
on GREAT (p. A32) to provide the real and imaginary
parts TR and TI of C(O), adds to this resp. UR and UI,
the real and imaginary parts of D(o)= %ib_a e‘l‘.b/ﬁ"‘ﬁ

and computes o(sc)/wa% according to (4.2.17).

In Fig. (4.1) o(sc)/'rra2 is shown as a function of D=ka
for g = 12°, 45°, 60°. For 0<ka<1 the graph is a
straight line, as it should be in the Rayleigh region,
and the slope is approximately 3, i.e. 1 less than 4
predicted by the fourth power law of the Rayleigh cross
section. Apart from this difference in slope the cross
section predicted by the method of spherical currents

is considerably larger than the Raleigh cross section.
With increasing B there is a shift to the right of the

graphs, that is for fixed ka, o/'rra2 decreases with
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increasing 8. Hence the two methods discriminate
between the different cones in qualitatively the
same way. There is therefore a reasonable correspondence
between Rayleigh theory and the method of spherical

currents in the range 0< ka< 1.

For ka>1 the method of spherical currents gives
results which deviate from Rayleigh theory in a correct
way. The curves of o(sc)/'na2 begin to oscillate,

indicating the low frequency end of a resonance region.

Scattering by a hard cone sphere - the method of

spherical currents.

Consider a cone sphere of semi-vertex angle B and base
radius a. A system of axes is chosen with origin at

the centre of the spherical base and 3-axis coinciding

‘with the axis of symmetry such that the vertex points

in the positive direction.

?sZ

o
* u, \a

»

n

£

3 ;

< d =
a

We now calculate the far field for a hard cone sphere
in the backscattered direction for nose-on incidence

of a plane wave. Let s(sc)(e) be the far field
amplitude, then

(4.3.1),

S(sgjg) = Cle) + B (o) _—
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where C(8) is the contribution of the conical part
(0<8'<m/2-8) and B(0) is the contribution of the
spherical part (n/2-8<6'<m).

The parametric equations of the conical part are

1y = 4(0) Sl Congl

Ny = 1(6") S Sup!
lls = 7(9/)&91
with ’1: &Cmc(9’+ﬁ), --- (4.3.2)
On using these equations in (2.6.4h) we get:
a3
Clo)= -k —CkyCnolpe
A {i Coonp+1L, %49&;5%' F(DI/Z
--- (4.3.3),
~with I, and I, defined by (2.6.5) and (2.6.6). The

total surface field F(6') is defined by (2.4.8) in
which p and Cosa have to be expressed as functions
of 8'. '

From (2.4.18) and (4.3.2), or by direct inspection,

we have:

Copol =~ P — (4.3.4)

The radius of the representative sphere may be
obtained from (2.4.21), or can be obtained directly

from the figure above. We find

P= 'zgu;a’/C@F - -—- (4.3.5),

where n is given by (4.3.2).
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Hence (2.4.8) becomes:

Flo)e ¢S (Rny & Pulop)
LI

--- (4.3.6),
where p is defined by (4.3.5).

In the baékscattered direction (6 =0) we‘have from
(4.3.3):

2 1Ui‘ﬁ vaD /
C(O)—"w”‘ﬂ‘(—LM aF(e’)bf%e%@’

--=- (4.3.7)

The contribution B(8®) of the spherical part of the

cone sphere is given by (2.6.4h) with n=a. Hence
i beoot
C RA o'
B(e)= —‘*k‘L ‘({I (rolpo’ 1 Sme st F(g/g 3::9/49/
Tr/.z—/g '
--- (4.3.8).
In (4.3.8)

F(t‘i’) _,., z (oZnﬂ n("@n&‘)
et = [ (k)

=== (4.3.9)

This result follows from (2 4.8) with p-é -and

Cool = — o o
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In the backscattered direction we have from (4.3.8)

B(s)= ~cke | S ‘“Q”‘?F(af)cmg (ol dp!
=
2~

--=- (4.3.10)

From (4.3.1), (4.3.7) and (4.3.10) we get the following
expression for the far field amplitude in the back-

scattered direction with Cos8' =z:

S<o)~c<o)+660) ~CSmp ‘k7G(L)(kMz

— CE_&L ELML G-(z)z dz

--- (4.3.11)

In (4.3.11) G(2z) = F(8') where F(6') is defined by
(4.3.6) for 0<6'<m/2-B8 and by (4.3.9) for
T/2=-B8<08'<m,

With the input integer JJ =1 subroutine GRAND, p. A35,
source module name CONES, computes the real and imaginary
~parts of the integrand of the first integral in (4.3.11).
GRAND calls on STRAL, p. A34, to provide kp and kn as
functions of the variable z and the parameters D=ka

and RB. With Cosd = -Sinf the necessary input for

POTAS, p. Al0, is provided, and GRAND calls on POTAS

for the real and imaginary parts of G(z). G(z) is then

multiplied by . (_%‘vp —-('.'klzz 3
Tre € Gt

to give FR and FI, the real and imaginary parts of the
integrand. The first integral in (4.3.11) is then
computed by subroutine GREAT, p. A32. GREAT, with



input integer JJ =1, calls on GRAND to provide the

real and imaginary parts of the integrand as input.

The integrand of the second integral in (4.3.11) is
also computed by means of subroutine GRAND, p. A35,
source module name CONES, by putting input integer

JJ = 2. With kp =ka and Cosa =-z GRAND calls on POTAS
(p. Al0) to provide the real and imaginary parts of
G(z). Multiplication of G(z) by — C KLa}z_éZCkﬂzyzL
gives the real and imaginary parts of the integrand as
output of GRAND with JJ=2. - The second integral in
(4.3.11) is also computed by subroutine GREAT by
setting JJ = 2. '

By consecutively putting JJ =1 and 2 the main program,
MAIN3 (p. A36), calls on GREAT to give the real and
imaginary parts of the contribution to the far field

in the backscattered direction of respectively the

conical and spherical parts of the cone sphere. These

are then added together and (4.2.16) is used to compute
2

o(sc)/ﬂaA.

In Fig. (4.2) o(sc)/ﬂa2 for the hard cone sphere is
shown as a function of D=ka for B = 120, 45O and 600.
For 0 <ka< 1 the graph is a straight line very closely
adhering to the fourth power law. Moreoﬁer the values
of the cross sections calculated by means of the two
methods are much closér than in the case of the hard
flatbacked ¢one, the greatest difference being the case
B = 12°, As ka approaches unity c(sc)/ﬂa2 deviates
from the Rayleigh law in the desired direction and
begins to oscillate for ka> 1, indicating the low

frequency end of a résonance region.

As in the case of flatbacked cones, the Rayleigh law
discriminates between cones of different B in that the
cross section for fixed ka decreases with increasing R.

This is also evident from the graphs of o(sc)/ﬂa2

108
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against ka in the Rayleigh region, but to a less

marked degree than in the case of flatbacked cones.

Using Rayleigh theory and in particular Siegel's
results as a criterion it is clear that the method of
spherical currents gives a better prediction of the
behaviour of cone spheres than of flatbacked cones.
From the viewpoint of the method of spheridal currents
the main difference between the flatbacked cone and
the cone sphere for nose-on incidence is the surface
fields used on the surface in the shadow region.

As the edge of the flatbacked cone has a negligible
effect at long wavelengths, this could imply that

the method used to assign the surface field at points
at which both principal radii of curvature tend to
infinity is unsatisfactory irrespective of the position
of the point on the surface. On the other hand it
may point to the surface on the shadow side as being
the critical one as far as assigning boundary values
according to the method of spherical currents is

concerned.

Finally it should be pointed out that the Rayleigh
cross sections are the same for both nose-on and base-on
incidence. This result has been experimentally verified

for radar cross sections in the low-frequency range.

For the hard cone sphere for B = 120, 45° and 600,
0<ka<1, the graph of o(sc)/ﬁa2 for base-on incid;nce
is virtually coincident with the graph of o(sc)/ﬂa

for nose~-on incidence. Only for ka > 1 does the

difference between the two graphs become apparent.

~In the case of hard flatbacked cones however the graphs

of o(sc)/'na2 for nose-on and base—on incidence do diffe;
in the range 0<ka<1l. In the range O0<kac<1 o(sc)/ﬁa

for base-on incidence is actually numerically closer

to the Rayleigh cross section o/ﬂaz, and the best

agreement between the three graphs of 0/ﬁa2, O(Sc)/ﬁa2
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Fig. (4.2) Nose-on backscattering from hard cone spheres
' Siegel (—)
Method of spherical currents (---)
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C ' 2
for nose-on incidence and o c)/wa for base-on

incidence in the range 0 < k;i 1 is found for 8 = 12°.
Now the ratio of the areas of the flat part of the
flatbacked cone to the conical part is equal to SinB;
hence in the case of 8 =Al2o the approximation of the
surface field as twice the incident field is used over

the smallest part of the total surface.

The good numerical results obtained for the hard cone
sphere for both nose-on and base—on incidence indicate
that the position of the point at which the approximation
is made (i.e. whether the point is in the illuminated
region or shadow region) is of negligible importance

in the Rayleigh region. The poorer results for the
flatbacked cone indicate that thé method of approximation
at points where both principal radii of curvature tend

to infinity is unsatisfactory, at least in the Rayleigh

region.
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CHAPTER V

THE SCATTERING OF ELECTROMAGNETIC WAVES BY AN IDEALLY
CONDUCTIVE CONVEX BODY ACCORDING TO THE METHOD OF
SPHERICAL CURRENTS.

(5.1)

The integral representation of the field at points

exterior to an ideal conductor.

The fundamental equations of electromagnetic theory
are Maxwell's equations. In differential form for

stationary media they are:

E.;()'B ad,H'k = aal?t‘-; -+ JL',

--=- (5.1.1)
v >E (5.1.2)
where the symbols have their usual meaning.
On using the equation of continuity
a—('éﬂ:o -—- (5.1.3
de 2€ (5.1.3)
we get from (5.1.1) and (5.1.2)
oD =F ——- (5.1.4)
J. B =0 | ——- (5.1.5)

With a given current density ji the two vector
differential equations do not form a soluble system -
they must be amplified by the material equations which

for homogeneous isotropic media have the form
D, =¢E; - (5.1.6)
= wHe o ——- (5.1.7)

Here € is the dielectric constant and p the permeability
of the medium. In the case of a conducting medium we
have in addition to (5.1.6) and (5.1.7) j. = oE,,
where ¢ is the conductivity.
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If a time dependence of exp(-iwt) is assumed and then
eliminated, (5.1.1) and (5.1.2) become:

Ecjp O My = — coDi + e ——= (5.1.8)
ﬂg&kb&Ek: Cw B¢ | --- (5.1.9)

The field vectors in (5.1.8) and (5,1;9) are now

independent of the time.

Let S be a closed surface interior to which the current
and charge densities are zero, then the field at points
X interior to S may be represented i.t.o. their values

on S by the following equations:

Fxy = §@m£¢mrape+gai +iwbes, B2,

-—-— (5.1.10)

A1) =—-L , : '
H )= k”i@°3?H¢£°kFaPG+H3 BLG—LwGEA)‘L Dkﬂ_\&trft}
‘ ~== (5.1.11)

In (5.1.10) and (5.1.11):dfj is the vectorial surface
element, .. df . = nidf.whefe n. is the unit normal
pointing away from the interior of S.

ckixc-1: |
6‘._— . vl and 0. r:'_é, , where

—_ L

[xe-qcl 04
n; is a point on S.

Equations (5.1.10) and (5.1.11) may be derived by using
(5.1.8) and (5.1.9) with ji = 0 and a vector analogue
of Green's Theorem, or see Jones (1964), pp. 43 - 55.

We now apply (5.1.10) and (5.1.11) to the region

exterior to S but interior to the closed surface I.



Let

ndé = Cujy E,2ck, a,;é’ﬂ- E, 0,6 +(w Gegn B

By =Cujy Hyfup 2,6 + H0,6— Cw G E5 D

—- (5.1.12),

then
Eé(lc)fﬁ?r§fijd£&*ﬁﬁ%IHC&A—% ;—— (5.1.13)
Hotr)= 258 B dd - L 68,42, .

/,er§$ .) + Lmi: YAty (5.1.14)

The normal to S points away from the interior of S,

and the normal to I away from the interior of I.

If S is the surface of a scattering object and the
field in (5.1.13) and (5.1.14) is the scattered field,
then the radiation conditions (Jones (1964), p. 57)

apply:
[RE4K, [RB] LK }, | --= (5.1.15)
R/(W&'J'he? Bk +kRE.) —o0
K,(Ri(;ﬂe;’ Ey —w B ) —>0

uniformly w.r.t. direction as R-»>w.

--- (5.1.16)

Here % is chosen to be a sphere of radius R, Ri is
the position vector of a point on I w.r.t. its centre

R _
and e; = Ri/R'

Let R+» in (5.1.13) and (5.1.14), then the integrals

over I tend to zero, and these egquations become for the

(s)

scattered fields Ei (S):

and H.
1
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(s) (s)
EL (xe) = §P’ -—= (5.1.17)

1"_{5)(15) = %8“’ -—= (5.1.18)

We now apply (5.1.13) and 5.1.14) to the field incident
on the surface S of the scatterer. This field is chosen
to be a plane electromagnetic disturbance propagated

in the direction u. with electric vector defined by

E” __f' cka X

Uk =0 --- (5.1.19)

The magnetic vector is then defined by

Ho = V& Egrty Eo ——= (5.1.20)

The vectors Ei’ Hi and u,; form an orthogonal triad.

The plane wave does not satisfy the radiation conditions
(5.1.15) and (5.1.16), and consequently the integrals
over I in (5.1.13) and (5.1.14) do not vanish as

u) (L)
However R = O for the

plane incident wave as thlS wave satisfies Maxwells
equations in the region interior to S, and G has no
singularity in this region - X in (5.1.13) and (5.1.14)
is exterior to S. Hence the volume integrals vanish
to which these surfaces integrals relate via the vector
analogue of Green's Theorem. Fér the plane field
(5.1.13) and (5.1.14) become: ‘

) (0
E00) e @9

~-- (5.1.21)

@, -l
H. (x;) = - Zlﬁr BC; d#’} ~—= (5.1.22)
5 |
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Equations (5.1.21) and (5.1.22) may also be verified
directly by integrating over the sphere I.

The total field exterior to the obstacle is defined
by '

() (s)
Eft) = E;: + EEC

L

Hf” - B oLy - (5.1.23)

For the total field equations (5.1.13) and (5.1.14)

become:

g ¢
£ = B+ § R A4,

--- (5.1.24),
u) |

o) = H9(e) + ik rgﬁw

where we have used (5.1.17), (5.1.18) and the fact
that the radiation conditions apply to the scattered
field.

The scattered field outside S can now be defined in

terms of the boundary values of the total field.

From (5.1.23), (5.1.24) and (5.1.12) we have with
f. = n.df:

d 3 nJ

6) .
E o= mrj([ibu 1 £y 0,6+ E)(t)ai(’““’&i“%"dﬁ‘?}-]#
—;— (5.1.25)

6
H & 51?“31”‘}““&*109#@*"3“ o —(w GE%/\ gjdq‘:

-—= (5.1.26)
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Let S now be the surface of a perfect conductor, i.e.
a body for which the total electric field tangential

to the surface vanishes.

. (€, | -

Lo €k Ek(‘?) ——- (5.1.27)

For a perfect conductor it can be shown (Stratton (1941)
pp. 483 - 484) that:

n; '5,;(15) = O --- (5.1.28)

The surface current S, is defined as follows:

D= : &) .
S¢ = gc‘()k Ny Hk - --- (5.1.29)

Using (5.1.27), (5.1.28), (5.1.29) and the material
equations (5.1.6) and (5.1.7) in (5.1.25) and (5.1.26),
the following expressions for the scattered field of

an ideal conductor are found:

ECS)(XL = me[”(} 2G+Uu/& GSe JC{i

- (5.1.30)
(s)
L Q) = ;F‘T—riéa}LS.&Bk G44

--- (5.1.31)

By multiplying (5.1.31) vectorially by n. and then
taking the limit X, > Ei where Ei is a point on S,

a vector Fredholm equation is obtained which may in
principle be solved for the surface current S;. This
solution may then be substituted into (5.1.30) which,
after scalar multiplication by n; and taking the limit
X; > Ei’ will yield an integral equation in n.E, = o/e,
where o is the surface charge density. Substitution

of the surface fields into (5.1.30) and (5.1.31) will
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yield the field vectors Ei and Hi at exterior points.
To find Ei and Hi at exterior points it is however
sufficient to know Si alone. If Si is known, Hi

is given by (5.1.31). The electric field may then
be found from (5.1.8) with ji = 0.

The surface current according to the method of spherical

currents.

We now calculate the surface current S gcd I'IJ H(H

at the point P on the surface S of the convex ideal
conductor according to the method of Spherical currents.
As in the scalar case, section (2.4), a representative
sphere of radius p is constructed passing through P.

The centre of the sphere is situated on the normal to

the surface at P and p is the least of the principal

radii of curvature. A Cartesian coordinate system
S is chosen with origin at the centre of the represen-
tative sphere such that the incident plane wave has

the following orientation w.r.t. S:

p——

(E?v:; ékx/ o, 0)

(BY) = Co )\//Eefﬁ‘,'o)

W.r.t. S the direction of propagation is defined by

——= (5.2.1)

the unit vector ﬁi,

(Q_b)-—-,ﬁo) o, 1) Cemm (5.2.2)

The direction of propagation is therefore along the

positive 3-axis.

Let ﬁi be the Cartesian coordinates of an arbitrary
point on the representative sphere, and in particular
those of P, w.r.t. S. Spherical polar coordinates

p; B, ¢ are now introduced by the following equations:
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=
\
o
8

6

——= (5.2.3)

Py r
16

bl

fl

E )
I
S b %

Let §i be the surface current on a perfectly conducting

sphere such as described above. Then

—_—

'Su: eé-z, 55 +'é$¢ Sz - (5.2.4)
(8.) = (G 8Cnf , (B 5T ,~5ub)
(&)= (—54d, (rd, ©)

Sé is the component of the surface current in the

direction of the parametric line 5 = const, and Sa

--=- (5.2.5)

is the component of the surface current in the

direction of the parametric line § = const.

According to HOnl, Maue and Westpfahl (1961), p. 559,
eqg. 154.1, these components of the surface current

on an ideally conducting sphere of radius ¢ illuminated
by a plane incident wave travelling along the positive

3-axis are defined by the . equations:

ob .
S_=J§ g_aé Z(&Ml)i“é(;thCCwé) —T,(e)
& VA k'f __,n(n-u) &_‘fm(kf_)j/ W)

€ Sud Yy Gt (T(nE) _ T, (n3)
K 'Rf KZ;\”‘“*" [Rekakell RphSChe)

--- (5.2.6)

In (5.2.6) the prime indicates differentiation w.r.t.

kp and
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To(rs) = — A& _f,(C5) = - 4*F, (&) |
4o 45° (5.2.7)

r,bccm), P(Cm) 9{7 %fh 46)

Let S be a Cartesian system of arbitrary orientation
with origin in the region interior to the obstacle,

and let points on the surface of the obstacle, in
particular P, have coordinates n, w.r.t. S. Spherical
polar coordinates are introduced in S by means of the

equations

f/L":lfLim'eCew

(R

9, = ,,LC%Q - (5.2.8)

On the surface of the scatterer n = n(6,¢). A point
Q with coordinates x. w.r.t. S has coordinates §i
w.r.t. S and these sets of coordinates are related by
means of the orthogonal transformation

x¢ —ag} X(}“Lb : -~ (5.2.9)

In (5.2.9) a_. i is the cosine of the angle less than
m between the positive i-axis of S and the p051t1ve
j-axis of S. The nine matrix elements are not

independent - they-saéisfy the orthogonality relations

Qdaiajk=é;}£ -—= (5.2.10)

In (5.2.9) bi is the position vector of the origin of

the representative sphere w.r.t. S.

The surface current at P on the scatterer is now defined
by (5. 2.6) and (5.2.4) as a vector function of p, 6 and
. We wish to find the coordinates S of the surface

current, expressed as functions of 9 and ¢.



From (5.2.9) it_follows that Si'and §i are connected

by the transformations

S, = = A (}(f, 3)

--- (5.2.11)

Hence, from (5.2.4)

S, = QUJ (e S Cr,6,8) +§ 54, (10,9/d>))

--- (5.2.12),

]

where the unit vectors e and e% are defined by

(5.2.5). In (5.2.12) p, 6 and ¢ must now be expressed

as functions of 6 and ¢. The least principal radius
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of curvature is found as a function of 6 and ¢ as described

in section (2.4), and is defined by (2.4.21). The
angles 6 and ¢ may be found as functions of 6 and ¢
from (5.2.3), (5.2.8) and (5.2.9), but it is simpler
to proceed as follows. From (5.2.12), (5.2.5) and
(5.2.6) it follows that s, depends on ® and ¢ through
the functions Cos6, Sin6, Cos¢ and Sing.

W.r.t. S the outward unit normal has coordinates ﬁi
defined by:

N =564

V_l B S d —— (5.2.13)
- _(ne | |

W.r.t. S the unit normal has coordinates n, defined
by (2.4.14), i.e.

ng = N@/N - (5.2.14),

~ and N=—lNul
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From (5.2.9) it follows that the coordinates of the

unit normal in the two systems are related by the

transformation equations n_. = .n., or, making use

_ iJ J
of the orthogonality relations (5.2.10),

Fﬂ,=a}é"l —— (5.2.15)

From (5.2.13), (5.2.14) and (5.2.15) we find:

Coé = My = AN /N

B = (1-Cota)h = (W (2 1)) "y

Q’D(g:i :4' ::‘fl_i,—/_’/_‘/’___
S éfv 8 (qh/}/)‘)/"L

;M,[;:Ei“ a""*” = qca,/y'

BV g )
-—= (5.2.16)

In Sé and S$ (5.2.6), we substitute for Cosb, Cos¢ and
Ssin¢ according to (5.2.16), and from (5.2.5) and
(5.2.16) we get: '

(e(,);’lv('vl—](ab .1)'/} (403” QJJNJ,)QHNQ&J N'f'(acsh/))

= ———J———
€] (W@ P) (4 ey @, 0)

-—= (5.2.17)

It now remains to relate the coefficients a.. to the

directions of propagation and polarization of the’
incident wave.
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Let the direction of propagation w.r.t. S be defined by

the unit vector

= (oY,

--- (5.2.18).

If the 3-axis is rotated through Y3 about an axis
perpendicular to the plane spanned by the vectors

(e ) = (0,0,1) and (u ) = (Cosyl, Cosy,, Cosy3), then
the 3-axis has the same direction and orientation as
the 3-axis. The unit vector in the direction of the

axts of rotation is
e, = cXLé}LLK/I&'JLe; el --- (5.2.19)
o (i) = (~Cags, Conpr, 0)

Lo lEgwéui] = Sy s ans

(e,) - "o = (e, oy, 0)

-—= (5.2.20)

i | | . 3
The rotation tensor Dij (ei, y3) mapping e onto u.
is given by the equation (see Duschek and Hochrainer
1960, pp. 87 - 89)

)dé(Q)DQ):e;e"(l'C@?bﬁ)*f' Q&'meg — 5»»;3/52 LKL&

--- (5.2.21)

u. and eg are related through

[AL:}é

YTy ' | —— (5.2.22)
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From (5.2.20) and (5.2.21) we have: .

[Dg)] =[ C’”K&’*’ Sy, -Coylny,  Cn a,‘"'
I+ 1+ CaYs

—'CC>U(C33K} CLDY;4—beJ] C;?
lﬂLCLQJE [—FCﬂX3 Eﬁ/

- Cb:bﬂ - 63953. CLQ X%—

—— (5.2.23)

-

This rotation tensor may be used as an orthogonal
transformation matrix to define a new Cartesian system

S' related to S by the orthogonal transformations

thl'é?t('} | | | ——= (5.2.24),

where x% are the coordinates of a point w.r.t. S'.
Should S' share the origin with S, then (5.2.24) has

the form
')C(: =:D(,}X§ —+ b"_ .

The 3-axes of S' and S have the same direction and
orientation. Assume that the angle less than T
between the positive'directions of their l-axes is a,
then the incident electric vector includes the angle
o with the l-axis of S'. The axes of S' and S can
be made to coincide by a rotation through o about

the 3~axis of S'. Let this be achieved by the rota-

tion tensor dij(egl,a) where
4 / 4 . /
de()'éei,%) = éiej (|- (o) + CQ}Cna(— S@a&_&}"kef

-== (5.2.25)
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. ]
The tensor dij maps (ei )= (1,0,0) onto

(t%) - (Cosa, Sina, 0). Here t% is the unit vector
defining the direction of polarization of the incident
electric vector - w.r.t. S it is (E;) = (1,0,0) and
w.r.t. S it has coordinates ti [see (5.1.19)].

't‘,, = dt) eal

--- (5.2.26)

Hence, from (5.2.25) or by inspection from the figure:
[dej] = (ono,  -Sdl O
S Cond O

o o l

— -

--- (5.2.27)

The equations connecting the coordinates of a point in

S' and S are now given by
/ v
A, = OLL} X -—- (5.2.28),

where it has been assumed that S' and S share a common

origin.
‘From (5.2.24) and (5.2.29) it follows that
Xy =1>Cj Ot}kxk“’bi —— (5.2.29)

Comparison of (5.2.29) with (5.2.9) yields

ack = :D.;} OL('}k -—- (5.2.30)
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The equations (5.2.30) define the aij's in (5.2.12),

(5.2.16) and (5.2.17) as functions of the y, and a.

Explicitly we have, using (5.2.30), (5.2. 27) and
(5.2.23):

a, = Cm(@a;b/ﬁ (Y ) — S Goy Cols
+Crly |+ Com 3

Az = = ol (G 0 1o Y Co Croy Cnpy
l-#Cn%} ' l*—CLe}}

Con X,

i

Q_B

Ay, = — Gt Gy, Coolpa —\—%.w'%(cla\(g-\‘— C’;()/l)

| [+ Conl FCrys
CLJQ -shbﬂfgkb]ﬂ_l} 4_C13d_61n63_+ 6&337 )
Pf'CQEBQ ’4'C6X§

2, = Coy,
Ay = -Cralay, S X Gy,

= 2y, —GodCrYy

0.33 = CO$ Xa
-== (5.2.31)
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The surface current (5.2.12), expressed as a function
of 6, ¢, Y and a is deflned as the surface current of

the perfectly conducting scatterer and denoted by S(sc)

The unit vector t, in (5.1.19) defining the polarization
of the electric vector may now be expressed in terms
of the Y; and o. From (5.2.9)

f = 5(,,} ;. | —— (5.2.32)

where t = e

;=& (d=(10,0)

and the aij's are given by (5.2.31)

"‘ t'_—: Q“ ) t,l :-a.a,“ and ts.:agl

or C¢= ag» | --= (5.2.33).

The results obtained above are now specialized for an
axi-symmetric perfect conductor for axial incidence.

The system of axes are chosen such that n in (5.2.8)

is a function solely of 86 [see section (2.4)].
Furthermore, the 3-axis is taken with positive difectidn
in the direction of propagation of the incident wave

and the incident electric vector is polarized in the

direction of the l-axis.

Hence Y1=Y2=% r Y3 = 0 and o= 0, and (5.2.31) becomes

A é»or"} ——- (5.2.34)
Equations (5.2.17) and (5.2.16) now become:

(e)“m; '/AC LAY Nhs %J,/v‘)
Sy (=N v, , 0)
(é?c) '(ﬁvl—'le) ly - 2 )

-== (5.2.35)
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Crg=MIN | Sun& = CNA= 1R/
Cobm N IV Ys | Sind = W, N

-== (5.2.36)

N, and N = |N.| are defined respectively by (2.5.9)
and (2.5.10):

(0;) = 4 S0 (- (1Cm0)inp )~ (1Cm0) 55y, A (y501)
N =g 5o (fe )R

Using these expressions for N, and N in (5.2.35) and
(5.2.36) we find:

EVe | (S6)nt  A(4Sa0)Snds , A(nCo
( )(fw*)"*(dez T L gt 9))’

(@gdﬁ (-S-d, Crp, 0)

- (5.2.37),
and ' - _
(oo = d(4 50)/de | Smé = -4y Cre)/de
Coey)% (ot )=

Cng = (o y T b=

--- (5.2.38)
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From (5.2.12) and (5.2.33) the surface current Sésc)
is now defined by

(s¢) & E; é%h 25‘
S¢ =CL 2 TS <% . - (5.2.39),

¢

where eg and e, are given by (5.2.37), Sg and S+

¢
by (5.2.6) and the trigonometric functions by (5.2.38).

The far field in the backscattered direction for an

axially symmetric perfect conductor.

Denote the magnetic field vector of the scattered field
according to the method of spherical currents by Hi’
then it follows from (5.1.31) that

Hit LI-T o}k S(ﬁc()’?a)g—————c'("’m-)- A%
2 r

- (5.3.1),

where (Xi) = (rCos¢, rSin® Sin¢, rCos6) is a point

exterior to S and
= (&) Sme Crg', y(6) Smie 54, Y (6) Cael )

is a point on S.

(sc)

The surface current Si is defined by (5.2.39) as a

function of 6' and ¢',

' Ck/h—'\_;\
G=¢e
IXL/IZLI ’

and from (2.5.10)

for the axi-symmetric obstacle we have

A= e

D ) ’ "o 2 2 ¢
€5k ﬁ%%\dew IN:\dddg'= Y St (‘L*@i%')‘ Vo't
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Hence (5.3.1) becomes:-

nman
=L | e Sor o) (e A R )R
HL( c) lﬁ(‘( (,)k S(;O?L) _8_76_;(7( )I?L)(q’_i_{z—g”) 15""'9,5(0,405’
o0
--- (5.3.2)
For r >>n
~ — (LR ‘_kv.‘ —_L‘w e e
Bm k3 | ——- (5.3.3)
In the backscattered directioh (6 = m),
(€)= (o0,0,-1).
L ) Lﬁr c.k?fjbe :
RGN %
=T :
-== (5.3.4)

Denote the magnetic far field in the backscattered

direction vector byjig,then it follows from (5.3.2),
(5.3.4), (5.2.39),

H =0

!

(5.2.6) and (5.2.37) that

| ckr (,k CR
= . "k Jﬁu L (7/ +‘Z/")/"1/Z$we'de
kr

:&*5 = O

--- (5.3.5),
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where

() < & Cob i@nﬂ)gc'tn(émé‘) Then]
YRR w2 Ll [T k)] kg ()

ol
FE Ry 7 Q) SCT(Ged) T, (Gs)
T = mot) el el k%) S

-—- (5.3.6)

and

Cood = A(YSne)/de -
Syt Ay & VR -—= (5.3.7)
Cov () -

From (5.3.2) and (5.3.3) it follows that

B ) ﬂdf_f“ --- (5.3.8)
r
T 2T v
Ao b e Siod & o yscomy

where the unit vectors are defined in (2.5.12). Hence

it follows from (5.3.8) that

v ler oy
%H,@Q)v e)ﬂk%’r@r’ )fv Lke}H;@ T (5.3.9)



From the Maxwell equation (5.1.8) with ji = 0 we have
that '

(#))]

hence, using (5.3.9)

EL;’V -_(:);&é Edék e’; H_Pv

——- (5.3.10)
&, = 'D%HL:‘EH@

£,.= O |

Eié = O , ~-== (5.3.11)

where EL is the far field electric vector in the

backscattered direction.

The radar cross section is also defined by (2.2.22):

S /l'm [7L’(Tr-” JW(S), ,
r—=a0 I h/(w[

but here the power flux densities for the harmonic
electromagnetic field are given by the time average

of the Poynting vector %R(e.

E.HY), wh R
’ij j k y where means

take the real part and the asterisk denotes the complex

conjugate. Denote the radar cross section according

to the method of spherical currents by 0(80)’ then

g lim larr? l&&;h EﬁH:I
r—-20d - %
IR Ecin E;”H,:dl

--- (5.3.12)

Here &¢ and Jt: are defined by (5.3.5) and (5.3.11),

(7) (7)
and E_ and H,
- magnetic field vectors.

are the incident electric and
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From (5.2.1) in the backscattered direction,. with
directions of propagation and polarization as chosen

above,

BN =(%, 0, 0)

(K= (o )J‘ ‘”"Z

-—- (5.3.13)

By us1ng these expressions for the scattered and

incident flelds in (5. 3 12) we get

T 9 = {SCTF)!
k?.

===~ (5.3.14)

where

¢k.Cﬁ6’

A ” |
S(m)= ¢ \f/‘_—g\— o (Uleve t (q*+ ‘Lf"‘.)/ﬁﬁ;e’de’

o.
--- (5.3.15)

and U(8') is given by (5.3.6).

132
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parameters characterizing the surface of the obstacle.

In the elecéromagnetic case it is also possible to

complete the integration w.r.t. one of the variables

for axial incidence on bodies of revolution, and it is
shown that in such cases the far field in the backscattered

direction has the same polarization as the incident field.

It is a disadvantage of the method that it was not always
possible to complete analytically the integration referred
- to above. This makes the physical interpretation of

the results more difficult as the contribution of various
scattering centres such as.specular points, shadow
boundaries, edges and vertices are not separately dis-

played.

An advantage of the method is that it is not highly

body specific. Apart from the outward unit normal, the
least principal radius of curvature and the distance
from the origin to the surface, which have to be found
as functions of the surface parameters, the formulae

for the fields referred to above are the same for all

convex bodies.

Another advantage of the method is that the integrands
of the integrals in terms of which the exterior fields
are expressed, always involve Legendre polynomials,
spherical Bessel funqtions and the derivatives of
spherical Bessel functions. This is a natural conse-
quence of the method, being based on the solution for
the sphere. This leads to a standardization ofr '
computational techniques and subroutines. In addition
methods of computation for these functions exist over

a wide range of argument which in turn makes it possible
to calculate the surface and scattered fields over a
wide range of ka. At large values of ka (ka> 10) the
integrands of the scattered field integrals oscillate
very rapidly and consequently the integration becomes
very time consuming. This may possibly be avoided if -

numerical techniques specifically designed to cope with
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rapidly oscillating integrands are employed.

Numerical results of surface- and backscattered fields

from spheroids and cones.

The numerical results obtained for the surface fields

on hard spheroids according to the method of spherical
currents compare well with those of exact theory. For
the 2:1 hard spheroid at c=5 (ka=5,77) there is

a close agreement in the surface field amplitudes on the
illuminated side calculated by the exact method and the
method of spherical currents. The largest'differences
are found in middle portion of the shadow region. With
increasing eccentricity the surface field activity
according to the method-of spherical currents drops

more rapidly than in the case of exact theory, but on

the whole the surface fields compare reasonably well fbr

" the thinner bodies.

It should be borne in mind that the good correllation
between the method of spherical currents and exact theory
in the prediction of surface fields at c=5 could be
fortuitous. In section (3.5) it is pointed out that at
c=5 the normalized backscattering cross sections
according to the method of spherical currents are
relatively close to the values of exact theory. At
other values of ¢ the surface fields according to the
two methods could differ far more than at c=>5.

From the graphs of the surface field amplitudes it is
apparent that the main difference in a qualitative sense
between the surface fields according to'eXact theory and
the method of spherical currents is that in the latter
case there is a relatively greater activity on the ‘
shadow side. This observation is best seen in the case

of the 2:1 spheroid.

The results obtained for the scattering patterns of hard
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spheroids in section (3.4) tend to reinforce the con-
clusion drawn above. The best correspondence between
the scattering patterns according to exact theory and
those calculated by means of the method of spherical
currents are obtained on the illuminated side of the
scatterer for the lowest frequency. In addition it
is found that on the whole, for all frequencies, there
is stronger scattering in the forward directions
according to the method of spherical currents than

according to exact theory.

The frequency response of soft and hard spheroids
according to the method of spherical currents are shown
and compared with the results of exact theory in section
(3.5). Although the numerical discrepancy between the
normalized backscattering coefficients calculated
according to the two methods is large oVer the full
range 0 <ka <10 for soft spheroids, the method of
spherical currents discriminates between soft spheroids
of différing eccentricity in qualitatively the same way
as exact theory. For a given eccentricity the
normalized cross sections have a maximum at ka=0 which
decreases rapidly with increasing ka, and the separation
of their maxima became more constant as ka increases.
With increasing eccentricity the oscillations become

more pronounced.

As far as hard spheroids are concerned, both normalized
backscattering coefficientsc(sc)/o0 and 0/00 tend to
zero as ka—+ 0, and their numerical difference in the
range 0 <ka<1l is relatively small - this difference
also decreases with decreasing eccentricity and ka. In
contrast with soft spheroids, the method of spherical
currents gives a relatively good account of the back-
scattering behaviour of hard spheroids in the Rayleigh

region.

For 1<ka< 10 the numerical discrepancy between O(Sc)/OO

and 0/00 is large, and increases with increasing
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eccentricity. However, as described in section (3.5),
the method of spherical currents gives qualitatively

the same description of the frequency response as

exact theory for a given hard spheroid, and also discrimi-
nates between hard spheroids of differing eccentricity

in qualitatively the same way.

It should be noted however that, especially in the case
of the thinner bodies, the separation distance in ka
between successive maxima for o(sc)/oO is very nearly
double that of 0/00. This fact is also discernible

in the acoustically soft case.. Extensive checks were
made so as to éxclude the possibility of residual
manipulative or computational errors. The surface fields
of hard spheres were compared with known results, and
the backscattering cross sections for soft and hard
spheroids were computed with b = a. These results com-
pared excellently with those obtained using the exact
expressions for the backscattering cross sections of
spheres. Furthermore, by considering spheroids close
to the spherical shape, the results for such spheroids

merge continuously with those obtained for spheres.

A possible explanation fdr the abovementioned discrepancy
is that for a given ka, where a is the semi-major axis

of the spheroid, ka > kp, where p is the least of the
principal radii of curvature of the spheroid at an
arbitrary point. Now p is the radius of the
representative sphere of which the surface field is

used to represent the surface field of the Spheroid,vand
consequently relative to ka a lower frequency behaviour
of spheres is used to describe the surface field on the

given body by means of the method of spherical currents.

The higher average values of o(sc)/oO than those of o/oO
could be attributed to the relatively more intense
surface activity on the shadow side predicted by the
method of spherical currents. This could be caused by
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the fact that the point on the representative sphere

at which the surface field is taken to represent that
of the given body is closer to the shadow boundary of
the representative sphere than the shadow boundary

of the given body as measured along their respective
surfaces. If creeping wave theory is used to explain
the surface excitation on the shadow side, this implies
that the surface field on the shadow side according to
the method of spherical currents is relatively less

attenuated than is the actual case.

In section (3.6) the frequency response of hard prolate
spheroids for axial incidence at high frequencies is
discussed. Here the graphs of o(sc)/o0 plotted as
functions of ka (10 < ka < 80) show in a correct way the
dampening of the oscillations as ka increases for the
2:1 body. The end of a resonance region is displayed,
but an incorrect high frequency limit is indicated -
more than double that of the correct value of 1 for the
normalized backscattering cross section. As the
eccentricity increases, the method of spherical currents
correctly shows that the oscillations retain their

regularity over an increasing frequency range.

At high frequencies the ﬁethod of spherical currents
using 0(30)/00' discfiminates between spheroids of
different eccentricity which physical optics, using
G(PO)/00, fails to do. The method of spherical currents
also provides a better description of the backscattering
behaviour of hard spheroids, in particular for‘the thinner

bodies, than the geometric theory of diffraction.

In sections (4.2) and (4.3) the frequency response of
resp. flatbacked cones and cone spheres according to the
method of spherical currents in the Rayleigh region is
compared with Siegel's low frequency method.

In both cases the method of spherical currents discriminates.
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manner similar to that of Siegel's method, and the _
curves of o(sc)/'na2 deviate from the Rayleigh results
at about ka=1 in the correct way, indicating the low

frequency end of a resonance region.

The results obtained for the cone sphere are considerably
better than those obtained for the flatbacked cone. For
the cone sphere the method of spherical currents displays
the fourth power law and for 0<ka<1 there is very little
difference between nose-on and base-on incidence -

thesé results agree with those predicted by the Rayleigh
cross sections according to Siegel's method. For the
flatbacked cone o(scj/ﬂa2 varies proportionally to about
(l/)\)3 for 0<ka< 1, and there is reasonable agreement
between base-on and noée—on backscattering only at

very long wavelengths.

From the low frequency results for finite cones we
conclude that the method of apprdximation of the surface
field on flat surfaces is unsatisfactory, and that the
better results for cone spheres is due to the spherical

termination of the body.

Combining the results obtained for spheroids and finite
cones, oné concludes that the best results according to
the method of spheriqal currents will be obtained for
those bodies over which the ratio of the principal

radii of curvature remain fairly close to one. This
conclusion is nearly self-evident, considering the nature
of the method of approximation. It is also likely

that the method of spherical currents gives a better
description of the scattered field in the low frequency

range.

Numerical results are however obtainablevover a wide
range of frequencies, and even for relatively elongated

bodies a qualitative insight into the behaviour of

139



(6.3)

scattered fields is obtainable by means of the method

of spherical currents.

Conjectures on possible improvements of the method.

In the light of the results given and the conclusions
drawn in the previous section, a few ways suggest
themselves by means of which the method of spheridal

currents may be improved.

In spite of the fact that the choice of least principal
radius of curvature for the'representative sphere leads
to a good approximation of the surface fields on hard
spheroids for c=5, the frequency response may improve
if.a larger quantity (such as the Guassian curvature)

is used as radius for the representative sphere. This
would incorporate more of the higher frequency behaviour
of spheres into the surface field of the body, and

could possibly lead to a relatively less excited shadow
region as creeping waves would suffer more attenuation

on larger spheres.

At those points on the obstacle at which one of the
principal radii of curvature becomes infinite, the
surface field on an infinite circular cylinder might be
used in a way analogous to that used for spheres in the
method of spherical currents. The theoretical results
of Wait (1955) for the scattered fields of infinite
cylinders for oblique incidence can be used as a basis
for this method.

Another method, which could be considered a generalization
of the method of spherical currents, would be to use
spheroids to approximate the surface field of a convex
body at all points at which both principal radii of
curvature are different but finite. Such a method is
however more complex, and would also be computationally
more laborious than the method of spherical currents,

owing to the presence of spherbidal wave functions.
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A much better insight into the method of spherical
currents can be obtained if its results could be
compared with other theoretical and also experimental
results of a wider choice of bodies and fequency ranges.
In this study for instance no conclusions regarding
the effect of an edge could be drawn by using the method
of spherical currents, as results for the flatbacked

cone were interpreted only in the Rayleigh region.

A much more comprehensive test of this approximation
method can be carried out by using equations (5.3.14)
and (5.3.15) to calculate the radar cross sections

in the backscattered direction for axial incidence

for a variety of shapes for perfect conductors.
Theoretical and experimental_resﬁlts are available for
perfectly conducting spheroids, flatbacked cones, cone
spheres, ogives, double-backed cones and double-rounded

cones over a wide frequency range.

Recent exact theoretical results on the electromagnetic
scattering of spheroids are those of Sinha and MacPhie
(1975) and Asano and Yamamoto (1975). Many results
concerning scattering from prolate spheroids are
contained in the report of Sleator (1964), and Moffatt
and Kennaugh (1965) have applied the method of impulse
analysis to obtain the frequency response in the
backscattered direction of a perfectly conducting prolate

spheroid.

For the cone sphere shape results on the backscattering
radar cross section have been published by Senior (1965a),
and Moffatt and Kennaugh (1962), have applied impulse

analysis to the cone sphere.

The report by Kleinman and Senior (1963) is a comprehensive
survey of results, both theoretical and experimental, on

the scattering behaviour of a variety of cone shapes.
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Bechtel (1965) evaluated the ability of the geometrical
theory of diffraction to predict the radar cross section
of a perfectly conducting flatbacked cone by comparing
computed results with measured values, and Hong and
Borison (1968) published experimental measurements of
short-pulse scattering by a slightly blunted flat-

backed cone.

Experimental measurements of the nose-on backscattering
‘radar cross sections of ogives, double-backed éones,
double-rounded cones and cone spheres were made by

Blore (1964), and compared with Rayleigh theory, impulse
analysis and Adachi's extension of physical optics.

The reviews of Crispin and Maffett on radar cross
section estimation also contain many results with which
the method of spherical currents may be usefully compared.

A better evaluation of the limits of applicability of
the method of spherical currents is possible by comparing
its predictions on radar cross sections with the results

mentioned above.
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209044
jcJlaus
200046
0U0Ce T
bIvkIE:)
0poCH9 -

ENO ELT.

303
2012
302
J03
303
piepp!
302
plaie iy
300
303
303
202
303
3073
701

3013

203
201
009
903
203
203
203
283
302

2032

01 -
203 .

202

203’

- 003

20) -
103

.363Y

03

3072
. 203
303

302
309
003
303
209
303

302

201

3013

3032
301

43

44
45

45

47

SUSBRIUTINE POTAS(X,Y,Q0R.2I)

DIMENSION F(202).G(220),0PS1(2001,2ZITA(20))
IF{Xe6GToad.31) 30 TO 4O :
AR=14(+e5-0555556¥PLES(3,Y))aXEX+(o125-425%PLEG(2,Y)
~eJ)3)B54%XPLES(3.Y)+a3171430PLEG(S,¥)IxX%*0Y
2121e5¥PLES(2,Y) X -(e3333334.126567%2LIG(4,Y))eXex3
RE TURN

NNZINT((9%X+122)77)

CALL BESJU{Xya5¢NN,F)

CALL BISJ(XseSe=NN(G)

CALL DBES (04NN, X, F.a'DPSI.DZETA)

SR=0«

SI=0. , A

DO 43 NZ1.NN

A= (24N-1)2PLEGAN,Y)

Y=OPSI(N)

VZIDZETAIN)

Rz1/7(UsU+VEV)

WUZUSR

WVzVeR . .
XZMOD(N.4)+]

30 TO-(QH.HS,H&.M7)'K
FR=WU : :
FIz=dV

50 TO 48

FR=WYV "

F1zwy
60 TO 48

FR==¥U ~
FIZWYV

50 TO 48:
FR' WV -

CFIzedU

43.

53

43
42

TR1ZA®FR
TI1=A=F1
SRZSR+TR1

31’51¢r11

IF{N.EQ.1) GO T0O 5]
rR‘(ABS(TRI)#ABS(T??))IABS(SR)

CEIZ(ABS(TILL)+A3S(TI2))/7A85(S1)

IF(ERLESILE-S.ANDJET.LEL1.E=5) B0 TD 32
TR2=TR1

TI2=TI1

CONTINUE

BZ1/(X#¢X}

JR=BHSR

31:2B#ST -

RE TURN

END.

o



SPUT

GELT.L DIFF«SPJT

ELTOTT? RLIB7] 16/23-39:49:32-(1,)

090031
903002
900023
050034
563035
303036
6038327
062028
3C¢3039
000010
9C0011
363C12
203013
000014
000015
009316
000017
G018
000019
009020

800021
000022
000023
300024
300025
000026
003027
ocoo2e
000029
302030
263631
000032
903033
053034
053635
363036
315617
203538
302039
303040
c20041
203042

END ILT.

3HDG SRAD

303
3012
203
3012
302
Blol]
3032
303
132
2013
02
7012
102
203
203
701
3013
301
1013
02
201
201
207
1012
02
201
301
193
203
201
201

01

101
301
a0

1032
222

3C1 -
J0l

101
103
203

99

4y

‘4%

4s

47

48

53

43
42

SUBROUTINE PUT (X4Y42QR4QI)
SR=0.

S1z0.

00 43 NZ=1,2017
AZ(2%N~-1)%PLZG(N,Y)
YZPST(N.X)

VIZETA (N, X)

WUZCe

dVZ1/V

VUZ(V/7Y) %2

CALL OVERFL(M)
IF(M.EJ.1) GO TO 93
WUZ1/tJ+VURU)
dVZ1/7(Vev/VU)
K=MOD(NU4)+1

50 TO (44,45,45447)4K
FRZMWY

FIz=dVv

30 T) 48

FRzwWV

FI=Wy

30 TD 48

FRz-WU

FIzwV

30 TO 48

FRz=uV

FIz=-WU

TR1=4%FR

TI1ZA%Ff

SRZISR+TR1

SI=SI+TI1
IF(NJEQ.1) GO TO SO

- ZRZ(ABS(TR1)+A35(TR2))/ABS{SR)

SI=(ABS(TI1)+A3S({TI2)1/ABS(STI)
IFIEReLE el e ~5.ANDET.LE.T1E-5)
TR2=7TR1
T12=7T11

"CONTINUE

JRZISR/X
AI:=SI/X
RETURN
END

30 T) 42

DATE D62476

4

34

LV



BLK

001398
901398
ac1398
061399
301369
3G1399
001299
901399
001399
001395
001399
901399
3014730
an1430
30149C
9014230
751490
0C 1430
001400
001400
01491
261491
2014131
01491
JC1421
a51431
061431
301412
361432
201432

REC

123
181

23
335
124
351
Jgy

108 -

133
152
171

195

J95
333
157
392
117
139
162
185
205
249
293
147
171
192
217
305
324
a44

CONTROL COMMAND

90

50

43
42

OPERAND RECORD

SJUBROUTINI SPS(X.Y.PR,PI)
SR:JO ‘ °

SI=3.

D2 43 NZ1,220

AZ(22N~1)PLES(N,Y)

UZPSTI(N,X)

VZ2ZETA(N,X)

FR=2.

FI=D.

VUZ(V/U) %%2

CALL JVERFL (M)

IF(M.Z0.1) 30 TJ 90

FRIA(V/UI/(1+Vi))

FIZ1/7(1+Vv3)

TR1IZA%FR

TI1zA%®FI

SRzZSR+TR1

SI=SI+TI1 :

IF(N.E0«1) 30 TD 50
ERZ(ABS(TR1)+ABS(TR2))/ABS(SR)
EIZ(ABS(TI1)+ABS(TI2))/A85(SI)
IF(ER.LE.IDE-SIANDIEI.LE.IOE—S) G:) T0 42
TR2=TR1 )
TI2=TI1

CONTINUE

PR=SR

PIZSI

- RETURN

END

TYPE

NAME

$93s

PAGE # 0139
DATE

24714776

03090310
n3020323
0loln33n
02030340
030230359
03000363
03030370
010300380

.03020490

03020100
010920110
0l0J%0120
0In30130
01030140
03030150
03030163

‘03000170

03030180
nlnlolen
03030200

03000210

03000220
03030230
03030240
11030250
030930260
03c3n270
n3Na028a
01030290

TIMS

15.15

ELV



303324
3623324
3003258
300325
203325
763325
003325
000328
203325
100326
7003326
JCQa326
003326
003326
003326
000326

J03326

133
191
3as
Jul
Jaz7
123

153

179
211
gos
227
369
391
124
165

207.

227

CIMTROL COMMAND

31

32

33
36

OPERAND RECORD TYPE

S50R

RECROZ1/SART(1~-3A%BA)
Z-RECRO#E/SJIRT(RECRO*RECRO-1+Zx%I)
ENUZ1+(BA®RY=1)&2%2
DENZ1+(BAGBA-1)%Z%7

BRAK=ZENU/IEN

GJ TO (32+,33,31),1 "
RHOZC*RECRO/BA%SQRT(3RAK*%3)

60 TO 36
RHO=C#RECRO*BA*SQRT(BRAX)

GJd TO 35

RHOZC*RECIO*BRAK
ETAZC*BA*IECRI/SQRTIDEN)
CANZ(1/SQRTLENU) ) *=(~-B3Aa%3A%Z)
RETURN

END

NAME

RAG

PAGE # D3J25
" DATE

12718775

016303119
03020220
n30202330
03090340
03090150

‘03030263

03030173
0303023890
23030390
03030100
03030110
03090123
n1030133
010301493
030001590
03030160

TIME

12.136

v



SRAD

RELT,L DIFF.SRAD
ELTOT7 RLIB73 16/24-29:49:34-(1,)

000031 03 SUBROUTINE RAD (D,BA,Z4+RHOETA4CAN)
0o0002 203 ENU T 1o + (BA%RE - 1,)%Z%%2
000093 303 DEN = 1. + (BA®%2 --1.)%Z%#2

000004 703 8RAK = ENU/DEN

000095 302 RHO = D®BA%SORT(BRAK)

000036 . 303 ETA = D#BA/SART(DEN)

303007 Ja03 . CAN = (14/SQRT(ENU))&(-BA%%22Z)
Jac3038 302 RE TURN

o009 0a3 ' TND

END FLT.

GHDG SSCAPA

DATE

362476

PASFE

35

SIV



‘SHASH

FELT,L DIFF.SMASH

ELTQT7 RLIB7O 16/24-39:49:27-11,)

. 2002091

1393032
2000903
200094
360035
900096

. 000037,

. .000038
000pa9 -
-agooic
000011
200012
000013
‘200014
3023015
300016
003017
Jcacis
303019
3023020
000021
.. aua022.
303023
‘900024
0532025 .
103626 .
200027
. L0gg2e
309626
.'003036.
000031
. DGAo3Z
361333
565034
2063035
050036
3930137 .
"uoob3s
302038
3C0040

END ZLT.

oHD3 SPTTAS

702

B 1o !

302
203
Jboa
202
302
203

303
203 -

003
20

- 903
S [

2092

003

203

0ol . -
303
303
903 -
203
302"
©9a0)

“ 30
"30)
1303

103
303

20
90
902
207
plolet
103
20

103
003
203

203

o 21

SUBROUTINE HASH(DsBA+Z4s THE « HR 4 HI)
TALL RAD(D.R&,Z,3HI, Y4 CAN)

DDZeD1745329%THE
AIZSART(]- Z#Z)tSIN(DD)
813Z2%C25(DO)" -
AZY#A1/2: o

8zY=31.

IF(BLINE.D.) sixtaﬂéx

ALPZJw |

50 T3 S1.-

S1z-1+

$$S=S1

DO 41 NZ1,103
S1=-SI$ABA/ (N#N)
SS=S5+4S51

IF(SS5.EQ.0,.) 6 TO 81

- ETMBS(S1/SS)

41
1t

13

IFCEsLEoYoE~5Y) 63 TO 1

CONTINUE.
ALPZ+B1%35S
IF(ALINESD.) 62 TO 13

“BETZJ.

50 1) 14
Siz-a

EXEI S :
D0 42 NZ1.100

Sl‘-SltAtA/(NtVOV)
552583451 - '

'IF(SS--U.O.) G)tTO 42'

EZABS(51/SS)

‘IF(E. L-.l.;-S)”so T0 12

CONTINJE

BET=81¢SS/(DA%3A)

COIZYney/(24D%2) -

‘£B=CO0S(H)

SBZSIN(B)

* HRZCOE® (BET#CE-ALP*S3)

HI‘-COr*(ALP¢C$03ET#SB)

“RETURN

IND.

DATE

062476

giv



PAGE

61

41
51

9001 DATE 76/07/37 :
SUBROUTINE GREAT(D.BA+THE.A.B.S)
EVR=D,

ODR=0.

EVIZ=Td.

001=3.

CALL GRIND(D BAJAZTHELAFRJAFI)
CALL GRIND(D,BAB,THE,8FR.BFI)
NZ1

D0 41 1I=1.20

MZN

N=2%N

EVR-0DR+EVR

EVIZODTI+:cVI

C=(B-A)/N

DGOR=D. '

0CI=3.

DO 61 JZ1,M

I=A+Cx{(2%d~1) R

CALL GRIND(D+BA4ZsTHEXR,XI)
ODR=0DR+XR '

00I=0DT+xI
TRIZC#(AFR+BFR+2%EVR+4*0DR)/ 3
TI1=CH(AFT+BFI+2%EVI+4#*0DI)/3
SSI-TR1*TR1+TI1%*TI1

WRITE(S5,1) NsTR1,TI1,SS81
FORMAT(1Xe*NZ',19," TRIZ®*,E12.6,"
IF(I«EJ«1) GI TO 41
TF(ABS(S31/5352-1).LEa14E-~3) GO TD
§52=591

§ZS86§1

RETURN

END

TI1=*¢E12.64°% SS1T',E12.6)

51

8lv



293056
¢ 3056
303056
0002056
200056
350057
3C3G57
08o%0us7
102057
502057
2902057
0G00s7
003657
000057
0Q0G58
000058
0C36G58
003052
2000586
300058
gua0ss
JC 0058
300058
ocoose
000a059
3C2059
p0oQgos9
800059
JC3G6S9
gGoG6s9
360059
onuoas9
32335%

© 000060

- 000050
800060
300060
Joo0ns0

3030568 -
363360

363651
J0Jusi
303051

RECT

Jey
142
182
201
2213
305

. 133

J62
387
125
125
151
179
212
a0s
J32
J61
395
118
138
163
182
201
223
Jas
J24%
J4s
169
89
11%
136
159
122
305
49
293
147
171
192
217
35S
32

45

CIONTRIOL COMMAND OPERAND RECORD

30

44

45

46

47

48

SUBROJTINT PUT (X,YW+TReDI)
SR=J.

SI=1J.

D2 43 NZ1,210
AZ(22N=-1)}4PLES(N,Y)
UZPSTI (N4 X)
VSZETA(NGX)

WJdZ3e

WVz1l/V

VU= (V/U)B82

CALL JVERFL (M)
IF(MeECG,1) 30 TJ S0
WU 1/ (U+VI%T)
WVZ1/(Vey/Vvd)
KZMOD(Ns4)+1

GJI TO (4b4,45,36,47).K
FR=WU

FIz-WV

GJ TO 48

FR=WV

FIzWU

60 TO 48

FR=-WU

FIzadV

GO TO 48

FRZ-WV .

FIz-WU

TRIZA%FR

TI1=ASFI

SRZ=SR+TR1

SI=SI+TI1

IFINJECL1) 30 T 506
ERZ(ABS(TR1)+ABS(TR2))/A3S(SR)
EIZ(A3S(TI1)+ABS(TIZ2))/ABSK(ST)
IF(EReLEeleZ~5eANDeETelZelaZ=3) GI TO 42
TR2=TR1

TI2=7TI1

CONTINULZ

QR=SR/X

QI=SI/Xx

RITURN

END

TYPE

NA4E

PJT

PAGE # 0321
DATE

12/28775
33030717
01030322
3630330
3302002430
03030353
03030360
03000370
03Jini1018a
013103023%9
030130109
03030119
01030123
plocani3o
03000140
03030153
03030160
03030170
03030180
03030190
03020200
n3jnigz1o0
03030220
030920230
023030240
03030250
03030260
03000270
03030280
03030250
063lCc30300
nlnan3iag
0I1N3IN324
01010339
020720340
n1nainN3so.
030130380
031030399
2In3040d
01520419
03030420
nInNiIneIn
03630440

TIMZ

13.50 ¢

6LV



SHURT : o - ' _ ' . DATE 062476

GELToL DIFFLSHURT
ELTOT? RLIB7I J16/24-19:49:21-(3,)

0000731 303 SUSRIUTINE HJURI(Ds3A4Z4HRLHI)
000012 © 202 . CALL RAD(D,BA,Z4RHD4Y,CAN)
8020733 - . 302 ASY2%3/(2%D9D%3A#BA)

309024 © 30 Szy%z

.00000s - 002 HRZA$CIS(S)
© 333026 - 002 ' HIZ-a%SIN(S)

" QC00371 203 . RE TURNM:

Jed028 . .. 003 o TCEND
. END ZLT.

© @HDG SLEG

ozy



SFAR

RELTLL CIFF.SFAR

ELTOT? RLIBTY 16/24-39:49:16-(14)

0C3a571
Jcoca2
000033
060034
000a3s
0ooo36
2030217
203028

END ELT.

AHDG SGRAND

J0)
pleie]
Jol
Elsn]
Jol
303
03
BIo

SUBRJUTINE ASH(D,BA«Z HRLHI)
CALL RAD(D,BA,Z,RHO,Y,CTAN)
Az-Y¥x4%Z/(2%D*D)

SzY=Z

HRZA%SIN(S)

HI=A%CJIStS)

RETURN

- IND

DATE 062476

Pa

20

XA/



SGRAND

ELTsL DIFF.SGRAND

SLTOTT7 RLIB?I 16/24-39:49:17-(1,)

063031
302032
330033
000034
04ag03as
aoagoe
300017
302038

END ELT.

aHDG SGRATE

303
o3
2012

303

301
303
302
209

SUBRJUTINE GRAND (De3A,Z.FRWFI)
CALL RAD (Dy3A,Z+XsETA,Y)

CALL POTAS(X,Y,Q3,2I)

CTALL ASH(D.BA.ZsARLAIL)
FRZQR*AR-QI*AI ’
FIZQR*AI+QI%AR

RETURN

END

DATE 062476

PASE

21

ezv



HO,Y,CaN)

SGRATE ) : ' DATE 362476 PASE 22
FELTsL CIFFeSGRATE,y«SGRATE : _ »
ELTCTT RLIBT7I 36/24-29:49:18-(1,3) ~
0063031 Jod. SUBROUTINE GRATE(D,B8,A,3,5}

363032 3013 CVRzJ.

00a0ol3 bl ] 20R=].

J0302J4 J0) ©ZvIzd.

0oooas. 303 0DI=J. .

aco003e - 3013 CALL GRAND (D,3A,A,AFR,AFI)

003037 30) CALL GRAND (D,32A,B,BFR,BFT)

54o02Je 202 NZ1 '

039229 03 DO 41 I=1,20

302010 : 703 MZN

J00011 203 N=2%N

003012 191 " IVRZDDR+EVR

000013 201 EVIZODI+EVI

302014 302 -C=(B=A)/N

0092015 302 J0R=3.

0G2G16 N3 00I=0.

a0a017 302 DO 61 Jz1l4M

900018 301 ZIA4CH(Z2RJ-1)

269019 - ]+ 1 B CALL GRAND (D¢3A42¢XR4XI)

063020 02 ODR=JDR+XR

200621 703 61 JDI=ODI+XI

0303022 302 TRI1I=C*(AFR+BFR+24EVR+4%0DR)/3

263023 101 . TTI=Cx(AFI+BFI+2%EVI+4*0DI)/3

3023924 102 WRITE(5,1) NoTR1,7T11,551

aoanp2s 302 1 FORMAT{LX,*NZ*,I9,"' TR1Z'¢Z12.54" TILIZ',512.5," SS1=°*,712.5)
JL30626 1013 SSIZTR1%TR1+TII*TI}

502027 193 IF(I.EQJ.1) G2 TO 41

I0IU28 S s I IF(ABS{SS1/552-1)eLEs1.E-3) 30 TD 51

3Gauze 303 41 552=5S1

703030 202 51 §=SS1

200031 plsks} RETURN

3063332 - 9012 END

END =L T.

aHDG SGREAT

eV



BLK

Jpade6ss
032613¢
Q0g68s
100638
JC06358
Jaa63e
000638
202689
000689
2092689
303689
003689
CGUe689
303689

REC

345

J63
391
115
175
201
221
305
335
J61
791
129
154

172 .

CINTRIL ZOMMAND OPERAND RECZORD

PROGRAM PHYS0P
WRITE(3,2)

FDRHAT('U'.3X.'D'.IJX.'CR3$S'.7X.'LDGCROSS')

CJY 41 u=1,71

0=G.+4J

SZSIN(2%D) .
FZ1-S/0+S%S/(D%D)
G=ZALOG1I(F)
WRITE(3,4) D2,F,3
FORMAT(1X4F5.24,2F15.6)
CONTINUE

sSToP

END

TYPE

SGR

NAME

PHYS0?

PAGE 8 NJ33
DATE

31/06776

030950210
03000320

230930330

01020340
nly030350
03030260
03030370

03020980

030380990

03030100
03090110
013030120
02000139

TIMZ

12.46 €

1A



A 26

J 15°%1

ZINIL

cecocuto
ascococo
ch00coCo
gecococo
cZecocoLo
cigcococo
9L/827%C

340
SECU # 39Vg

dl173

ETR A

40s

3dhil

aNni3

NY¥ML3Y
(S#S+(28-1)/235)14405=113
vaxygE=23a

(2INIS=S

(T3*VE*2Z2*T)INNZ ZNILMOYHrS

gros3x ONVE3IQ0  GONYWKOZ  TCHINCD

SC1
$8C
ént
Lac
soc
Le1
651

hh6C00
ht6COC
hh6COT
wWhs6CO0
ht6C00
£heCOC
£4600C

LR



300733

gco783
3092783
360733
000783
a0a37e3
303783
0G3734
0Gcd784
303734
000784
3003784
GG0734
‘300784
Jod784

N00784
CO0734

00ag78¢
J0978s%
gpg7ss
000785
000785S
300785
0oa78s
003786

003786

A
m
o)

J0s
163
101
121
141
177
213
J0s
132
349
Jo8
293
115
13%
161
188
223
105
3438
183
119
153
188
212
2gs
325

CONTRIL COMMAND

51

41
51

OPERAND RECORD

FUNCTION 3RZER(I.A.By34)
EVR=0.

0DR=C.

CALL ELLIP(I.A,3A,AFR)
CALL ELLIP(I+B,BA,BFR)
NZ1

DY 41 KK=1,11

M=N .

NZ2*N

EVRZ0ODR+EVR

C=(3-A) /N

0DR=0.

DO B1 UZ1.M
ZZA+CH¥(2#%4-1) )
CALL SLLIP(I.Z,BALXR)
ODR=00DR+XR

TRIZC*(AFR+3FR+2%EVR+4%00R) /3

IF {(KXK.Z0,1) 30 TO 41
IF(TR2.EQ404) GI TO 41
DRZABS{TR1/TR2~1)

IF(DR.LE.14E~-4) GD TO 51

TR2=TR1
GREER=TR1
RETURN
END

TYPE .

SOR

NAME

GREER

PAGE # 0133
DATE TIMZ

83/712/76 12.35 ¢
pi02a310 '
03080920
07000330
0n3Inialuo
(030302353
03690360
03020370
02000080 .
03030093
0IN90100

‘030301190

03030120
03020130
03030140
010020159
03030160
03090170
naoanisn
0306230190 .
0lo0dn200
03000210
0303n220
01030230
03000240
03030250

LV



PAGE # 0334

BLK REC  CONTROL COMMAND OPERAND RECORD TYPE NAME DATE TIMZ

o786  a42
goo7se 1023
000786 142
100736 163
000786 184
000786 201
00786 233
003787 005
ooo787 233
Joo787  3s7T -
080787 291
000787 123
0oOo787 - 162
000787 204
-a0a787 229
J00788 245
000788 D4y
gp3788 384
000738 104

SUBROUTINZ AMPLI(D,BA+SR,S5T)
Az=Q. .

" BZ1.570795%

Iz1

F1ZGREER(I4A4B8,8A)
BAZ2=BA%BA

AIZSQRT(1-BA2)

A2=CBRT(D)
CZA2*CBRT(BA2)%F1/A1
CIlZEXP(-1.43057%C)
C2z2%D+1.3471 98+,808617%C
C3-5.4303364A2/CBRT(RBAZ *BAZ)
CUZ «5%p%BA2

CSzC1%C3*Cy

- SRZC4#COS{2#D)=~C5%COS(C2)

SIZ-Cu%SIN(2%D)-CS5%SIN(C29

" RETURN

END

SOR

AMPLI

13724

03030010
030930320
03020230
031020340
0l03035¢0

03030360

038000270
03030980
03030390
03020100
a3Ingo1l1o
03000120
03090130
03000140

03030150
03030160

03000170

- 03020180

/76

gy



BLK

- 001635
001636
001636
001636
001636
J01636
001636
301636
001637
001637
001637
001637
001637
001637
001637
001637
001637
001638
001638
001638
001638
001638

REZ

178
Jos
232
359
288
115
157
181
365
332
255
109
129
154
176
200
226
Jo0s
341
103
124
142

CINTRIL COMMAND

£

OPERAND RECORD

PROSRAM SIES]

READ(1,1} SvaA

FORMAT(F13.3)

WRITE(3,2) SVA

FORMAT(26X,* SVA =',F5.2)

WRITE(3,.3)

FORMAT( 0 413Xy "D e 10Xe*SSy13X,* DL »11Xe"SSL")
ZeJ17453%SVR

TAZTAN(T)

Fo(1+42TAEXP(=1/(4%TA))/3,14159) 7 (3%TA)

FF=FaF :

DO % I=1,40

Dz.025=1

SS=FF&0%*%y

DLZALOG10(D)

SSLZALOG13(5S) :

WRITE(3,5) Ds5S+0LSSL

FORMATILIOX,F6e2¢2X0E120542XoeF10e6+¢2%X,51245)

CONTINUE '

STOP

END

TYPE

SOR

NAME

SIE3

PAGE # 0Jul
DATE

Ju /15776
02030310
olegogzo
630230339
03020040
613030350
030309360
03000272 -
2310303810
03030990
07030100
03030110
03J0In123
03000130
83090140
0Jodn1s0
03030160
030920170
03000180
03020190
030306200
0J1n3c210

TIME

G9. 30

c

6V



8LK

001638
0C1e38
201639
001639
001639
001639
001639
go1639
301639
J01640
301640
001640
001640
pDole40
.001640

.001é640.

g01640
001640
001641
001641
gotie41
001641
001641

-159

217
305
232
61
J89
130
154
217
Rleg-
228
356
112
130
155
177
201
2217
00s
041

100

124
142

CINTROL COMMAND OPERAND RECORD

PROGRAM STES2
READ(1,1) SvVa
1 FORMAT(F11.2)
WRITE(3,2) SVA
2 FORMATU(26X," SVA =*,Fb6.2)
WRITE(3,3)
3 FORMAT('0's13X, 0" ¢10Xe"SS5%, 13X, 0L 411X,*SSLY)
TZ.0174534SVA
T3ZTAN(T)
TASTB/(1+22TB)
FZ(144%TASEXP(~1/(4%TA)}/3.14159)/(3%Ta)
FF=FaF
DO & I=1,%0
Dz.025%1
SSTFFeD%®Yy
DL=ALDG10(D)
SSLZALOG13(S5S)
WRITE(3,5) D,5S5.0L45SL
5 FORMAT(10XKoF6e292XsE512¢692XeF10e6+2X051245)
4 CONTINUE
sToP
END

TYPE

SOR

NAME

SIES52

PAGF # 0242
DATE

J4 /7157176
030303210
0303092239
630130030
03090340
03020350
0303032610
03030070
030900980
010303940
03030108
03J0d0110
03000120
03030130
03030140
03000150
03030160
61090170
03020180
03030190
63030200
03000210
030130220

TIMZ

D%.32 C

OtV



SCONEF1 ’ DATE 072676 PAGE 15

SELT,L DIFF.SCONEF1+.SCONEF1
ELTOT7 RLIB70 07/726-14:57:21-(3,0)

goooo: aoo SUBROUTINE GRAND(JJ,DsSVAZoFR,FI)
000802 000 X=TAN(SVA)I*Z ’
Q00003 ooco Y=-SIN(SYA)

000004 guao CALL POTAStX,Y4s0R,QI)

000005 000 A=Z#COS(SV¥A)

000006 1] AA=.58Z%Y3Y *
goaoo7 000 ' HR=AA#*SIN(A)

oocooDe goo HI=—AASCOS(A)

ogouooY 0G0 'FR=QR#HR-QI#*HI

000010 000 FIZQI#HR+ORsHI

agoo11 goo RETURN

000812 000 END

END ELT.

4HD6 SCONES

IEY



SGREATY

SELTotL DIFF.SGREAT,.SGREAT
ELTOT7 RLIBTO 07/26-164:57:36-(1,0)
SUBROUTINE GREATIJJDoSVALALB,TR,TI)

000001
000002
000003
000008
000005
000006
000007
000008
000009
000010
000011
000012
000013
000014
000015
000016
000017
000018

000019
000020
000021
000022
000023
0o0c24
000025
000026
000027
oo0o28
000029
000030
000031
000032
000033

ENO ELT.

8HDG SGRIND

0co
000
goo
000
aoo0
a00
000
gGo
ago
000
00D
aoo
000
aoo
ooo
000
0a0
aao
ooco

000
000
000
000
000
ono
000
000
000
ooo
000
000
goo

EVR=D.

ODR=0.

EVI=0e.

0DI=0.

CALL GRAND(JJ,OoSVALALAFRLAFI)
CALL GRAND(JJ D+SVAB,BFR.BFI)
N=1

DO &1 I=1,20

M=N

N=23N
EVR=0ODR*EVR
EVI-ODI+EVI
C=¢B—AJ/N
ODR=0.
0DI=-0.

DO 61 J=1l.M

 Z=AeCHi2%J-1)

61

51
51

CALL GRANDUJJ,D4SVALZyXR,XI)
ODR=ODReXR

0DI=0DI+XI

TRISCE (AFRBFR*2*EVR*430DR)/3
TILI=C*(AFI*BFI+2%EVI+&»0DI)/3

. SSI=TR1*TR1+TI1»TI1

MRITE(S,1) N,TR1,TI2,SS1

FORMAT(1Xo"N="419,° TR1Z",E12.64° TI1Z*,F12.64°% SS1=",E12.6)

IF{1.EQ.1) 60 TO &1 .
IF(ABSI1SS1/5S52-1)LE.1.E-3) 6O
$52=S8s1

TR=TR1

TIZ=TI1

RETURR

END

T0 S1

OATE 072676

PAGE

ZEV

23



SHAINZ

SELT,L DIFF.SMAIN2,+SHAINZ
ELTOT? RLIBTO 07/26~18:57:88-13,0)

000001
000002
000003
00000%
000005
000006
000007
000008
000009
000010
000011
Q00012
000013
000014
000015
000016
000017
000018
000019
000020
000021
‘000022
000023
‘000024
000025
000026
000027

END ELT.

@HDG SMAIN3

000
000
000
000
a0o
0ao
000
000
oag
000
aoo
000
000
000
oop
ooo
aco
ooo
000
000
000
000
0oo
ago
000
000
opo

1

2

DO & I=1,15

READUB,1) S¥A

FORMAT(F10.0)

URITE(S,2) SVaA

FORMAT(26Xs® SVYA =°*,F6.2)

HRITE(S, 3}
FORMAT(°0%413Xe°D*410X4°*SS®y10X,"DL"911X,*SSL"*)
T-a0174533%SVA

SN=SIN(T)

D=l¢+.2%1

A=0.

B=D/SN

CALL GREAT(JJGEsToAgBsTRLTI)
Al=D*D/2

AZ=2%D/TANLT)

UR=~-A1SSIN(A2)

UIZA1#%COS(A2)

SR=TR+UR

SI-TI+UI
SSZK*(SR*SR+SI*SI)/(D*D}
DL=ALO0G610(D)

SSL=-ALOG10(SS)

HRITE(S5¢45) DeSSoDL 4SSL
FORMAT (10X oF6a2¢2X 3E£120692XeF1lUe692X4E1246)
CONTINUE

sTOP

END

OATE 072676

PAGE

EEV

29



UgnDygEG.3)

SSTRAL

FELT L DIFF.SSTRAL

guu

HRllibttoec?

ELTOT7 RLIB7O 07/26-14:58:00~(0,)

000001
0go002
goooa3
000004
0coooos
goooae
aoaoo7
gdacos

END ELT.

9HDE SSYMINT

0co
000
000
000
ooo
ana
00o
aao

SUBROUTINE STRALU(D SVASZRHOLETA)
SESIN(SVYA)

€C=CQS(S¥A)

SZZSQRT(1-2Z%2Z)

ETAZDZ/(Z%5+SZ*C)

RHO=SZ*ETA/C

RETURN

END

RATE 072676

PAGE

eV

37



SCONES

BELToL DIFF.SCONES,.+SCONES
ELTOT7 RLIB70 08/09-17:10:07-(1,0)

000001
000002
000003
000004
000005
000006
000007
000008
000009
000010
000011
000012
000013
000014
000015
000016
000017
000018

END ELT.

aHDG SDBES

0o
000
coo
oo
ooo
kel )
ooo
000
000
oco
0o0o
0go
0ao
coo
ood
000
000
ooa

SUBROUTINE GRAND(JJ+DsSVA,2Z,FR,FI)
IF(JJ.GT1) GO TO 1

CALL STRAL(DySVA,Z,RHO,ETA)
S=SIN(SVA)

AAZ,S*S*ETA*%3/]D
AR-=-AA®SIN(Z%ETA)
AIZ-AA%COS(Z%ETA)

CALL POTAS(RHO,~-S+QR,QI)

GO T0 2

CALL POTAS(D,-24QR,0Q1I}
D2=0%2Z

0DZ=-e5%D%DZ

AR-DODZ*SIN(DZ)
AI=DDZ%COS(D2Z)
FRZQR®AR-QI%AI

FIZQR*AI +QI%*AR

RETURN

END

DATE 080976

PAGFE

GEV.

16



SMAIN3

@ELToL OIFF.SHMAIN3y«SMAINI
ELTOT? RLIB7Q 07/26-14:57:51-13,0}

000001
000002
000003
0000C4
000005
gocooe
ooocoo7
go0008
000009
000010
aoo011
ooon1l2
000013
* g0001&
0ag015
0043016
aoco17
cogols
000019
000020
ocoo21
000022

END ELT.

aHDG SMASH

111 ]y
000
goo
aoo
000
aoo
ago
ooag
0ao0
aca
000
000
000
000

0o0a

goo
ano
000
000
000
oao
000

1

2

READ(8,1) SVA

FORMAT(F10.0)

WRITE(S5,2) SVA v
FORMAT(Z6Xs® SVA =%,F6.2)
WRITE(S,3)
FORMAT(*0°413Xy%0° y10X,°SS®, 10X *DL® 411X4*SSL")
T=.D1745338SVA

SI=SIN(T)

00 &4 11,15

D=1e.2%1

CALL GREAT(1,40,T,STs1e,TR,TI)
CALL GREAT(240,To~144SI,UR,UTI}
VR=TReUR

VIST1eUX
SS=4*(VR*VReVISVI)/ (D*D)
DL=ALOE10(D) .
SSL=ALO610(SS)

WRITE(S,5) DySS.0L,SSL

FORMAT (10X sF642,2XgE120692XoF10e642XoE12:6)
CONTINUE

ST0P

END

DATE 072676

PAGT

otV

3o



Bl

APPENDIX B

From section (2.6) we have

2"-(.[?@*:(
S P 95)0( ¢/ ——= (1)
T .
_ ~CRCor(g-¢' |
L.- SiCnap_w e ? -¢)A @' -—- (2)
wﬁere A= kng-;wgg-m &' v ' -—= (3)
21 .
. aI, :_chm(qs 4 e CACos(p- ¢2{¢/
= — ¢ 1T,
I#v:(:ag/aﬁ | —— (4)

¢' - ¢ and using the periodicity of the trig.

By putting a
functlons it can be shown that

I f —Lnfgpcﬁldcﬁl . _-7—. )
2T
._c_ﬂ __C' /
Now j d¢/+ ‘[6 AC”¢4¢1

]

- [l 1) 4

m
:ozf Cos (A Cond) A’ —= (6)

00 :
In (6) we use (o % = z C_\’)”'XQ'L :
: h =o CQDL)!

and interchange the order of the integration and the summation.



(6) becomes

An _
L= *?—f c'infi ( W’)"“‘M’ — @)

m e T jccmqv)“‘dqsf.

438

On integrating by parts this gives.

Tm' = j(u—t) Cesci;T_L S@lgﬁ/dqgl
::(M'0<g(;;%jli¢/——(wwr)jﬂCnM¢'d¢/

A e P s N ST )

or TM‘T’I = _T_u,j_m .
.+ 2
As tj;: o, :TL& = ¢©  for m odd.
) - 2+l T -—- (8
¢ j_ZVL‘f'.'L - 9‘—:_',‘9:’ \)Qr\, : (8)

using JO =T, we.get

];h’:: m)’ T

Q?m(nE;L' -== (9)
+» from (7) and (9)
A - n el
T (sp)=ar> D Pf) 21T GDA (ﬁ:)
__L(/@) 20&[) e ((‘n-n)'.)"' ‘;z,

-——= (10) ,

From (4) and (9) we have

IoL(é/Gl) = LT _gf_l_)_, (74‘)02" !

=== (11)

B2
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