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Abstract

This project aimed to investigate multi-objective optimisation of the generalized bin packing
problem, which involves the allocation of compulsory and non-compulsory items into a set of
bins. The items have characteristics such as weight, width, height, and due date, while the bins
have characteristics such as capacity and cost. The main objective of this problem is to minimize
cost which usually corresponds to minimizing the number of bins used. However, in many real-
world applications there may be multiple objectives that are trying to be met, and these may be
competing such as item due dates and load balancing objectives. Classical methods for solving
such problems involve combining the objectives into a single objective or converting some of
the objectives into constraints with associated goals. Both approaches require one to have
prior knowledge of the decision-makers’ preferences in terms of a trade-off between the different
objectives which are often difficult to obtain. In this work, a multi-objective evolutionary model
is proposed to tackle the generalized bin packing problem. The proposed approach optimises
the problem across multiple objectives, allowing decision-makers to make a trade-off between
solutions presented as a Pareto front. Two objective combinations were considered: cost and
item lateness, and cost and load imbalance. The developed model was tested on one- and two-
dimensional problem instances, demonstrating its ability to minimize objectives and provide a
set of conflicting solutions in certain cases. The results also highlighted potential limitations of
the algorithm, such as premature convergence and a lack of solution diversity. Potential reasons
for these limitations and recommendations for future research to improve the current algorithm
are discussed. This work contributes to the limited literature on multi-objective optimisation
of the generalized bin packing problem, providing a multi-objective evolutionary algorithm for
the problem, while also highlighting some of the problems encountered when performing multi-
objective optimisation.
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1 Introduction

Logistics and distribution activities make up a large part of many businesses, with the logistics
industry being worth an estimated 8.4 trillion euros in 2021 (Placek 2023). A very common
problem seen in logistics, distribution, transportation and planning is the packing problem.
Packing problems are optimisation problems that require a number of items to be packed
into containers while minimizing some objective subject to a number of constraints. A two-
dimensional representation of a packing problem is shown in Figure 1 where items in (a) need
to be allocated to bins in (b).

Figure 1: An example of a two-dimensional version of a bin packing problem. (a) represents the set of
small items and (b) represents the bins into which items must be packed.

Packing allocation decisions are often on a large scale and optimal solutions are not trivial or
easy to find. In many cases the decision on how to best allocate items into different bins, needs
to be made in a relatively short amount of time. For example, courier companies receive items
from suppliers and the turnaround time for delivery is often short. It is therefore necessary to
have models and algorithms developed that are able to handle large problems and give optimal
or near optimal solutions in reasonable time frames.

1.1 Problem statement

The classic bin packing problem aims to load a set of items into a set of bins while minimizing
total cost (Lodi, et al. 1999). In this work a particular type of bin packing problem known
as the generalized bin packing problem (GBPP) is investigated. As the name suggests, it is
a generalization of the classic bin packing problem and includes a set of compulsory and non-
compulsory items along with a set of bins (Baldi, et al. 2012). The aim of the GBPP is to allocate
all the compulsory items along with some non-compulsory items into the bins in such a way as
to minimize costs. The non-compulsory items give additional profit if they are able to be packed
and no cost is associated with them if they are not allocated to a bin. The cost that is being
minimized in the GBPP is therefore the difference between the cost of the bins used and the
profit of the non-compulsory items that are allocated.
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A GBPP can be one-, two-, or three-dimensional in nature and this dimensionality refers to
the item and bin capacities. In a one-dimensional (1D) bin packing problem, the items have a
single dimension: volume or weight. Similarly, the bins will have a single capacity dimension such
as volume or weight capacity. In this case, the sum of the weight or volume of the items packed
into a specific bin must not exceed the bin’s weight or volume capacity. In a two-dimensional
(2D) GBPP, items and bins have two parameters or attributes: length and width, length and
height or width and height. In such a case the sum of the lengths of the items in a bin must
not exceed the bin length and the sum of the item widths must not exceed the bin width, or
whichever attributes are being used. There are however specific requirements to calculate this as
items can be stacked on top of one another and rotated. A three-dimensional problem follows on
from the 2D problem, where length, width and height are all simultaneously taken into account.
The sum of the item heights, widths and lengths must not exceed the bin height, width, and
length, respectively. The focus of this work is on the 1D and 2D variants of the GBPP.

1.2 Motivation of the study

The basic version of the GBPP is to load compulsory and non-compulsory items into a set of
bins constrained by volume or weight attributes (Baldi, et al. 2012). Since its first appearance,
different extensions of the problem have been proposed. Particularly, Baldi, et al. (2019) consider
a model for the single objective GBPP which includes bin-dependent item profits, where the
profit gained depends on which bin (in their example transport company) is used. A number
of heuristics were explored to solve this problem. In 2020, Gradisar & Glavan investigated a
model with variability in bins and items where bins and items were not identical and different
bin sizes existed. A year later, Crainic, et al. (2021) explored an extension of the basic version
of the GBPP by considering time constraints, adding due dates to the items and introducing
multi-period problems. Their model includes item attributes such as the earliest and latest
delivery date as well as travel times. Adding such extensions make the problems more complex
but makes them more realistic and applicable to real world scenarios.

Another way in which the complexity can be increased is through the dimensionality of the
problem. As previously discussed, the GBPP can be modeled in 1D or higher dimension
depending on the practical problem under consideration. As the dimensionality increases there
is an increased number of constraints which need to be taken into account, and this introduces
complexity particularly in terms of how to represent the problem and the heuristics used to
allocate items into bins.

Though these extensions have been investigated, the multi-objective GBPP (MOGBPP) has
seldom been studied in the literature despite its practical application. In particular, the MOGBPP
describes the fundamental role played by the trade-off between shipping costs and item profits,
which arises in all transportation settings. To the best knowledge of the author, only Liu, et
al. (2008) have addressed the 2D MOGBPP with multiple bin sizes in the literature. Kaabi, et
al. (2018) and Erbayrak, et al. (2021) consider the 3D multiple bin size MOGBPP. Other work
and extensions focus specifically on single bin size packing problems or cutting problems. This
work, therefore, attempts to fill in that gap by investigating the 1D and 2D MOGBPP with
multiple bin sizes and three conflicting objectives: cost, load imbalance, and time constraints.

In terms of solution techniques, a recent survey by Ali, et al. (2022) indicated that most of
the algorithms put forward in the literature consider single-objective problems with only a few
studies considering multi-objective cutting and packing problems. A number of classical methods
exist to solve multi-objective problems with two common approaches being to either combine
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the multiple objectives into a single objective or to select one objective to keep as the single
objective and convert the other objectives into constraints. The appeal of these methods for
solving multi-objective problems is that existing methods for solving single objective problems
can then easily be applied. However, the problem with these classical methods is that they
require prior information from the decision-maker about the objectives in order to weight the
objectives when combining them or to select bounds on the new constraints. This is not ideal as
it requires the decision-maker to have some tolerance for the different objectives beforehand and
this is not always known. An ideal solution for multi-objective problems would be to present
a decision-maker with a set of solutions. When a set of solutions to such a problem is found,
the solution set can be presented as a Pareto front which a decision-maker can use to make
a trade-off between objectives and gain a visual representation of the trade-offs that could be
made. Being able to obtain solutions in this way does not require one to have prior knowledge
of the decision-makers’ preferences.

The focus of this project will be to consider multi-objective methods to solve the MOGBPP that
give such a solution set. Multi-objective evolutionary algorithms (MOEAs) are heuristic methods
that have shown much promise for multi-objective optimisation problems (de Armas, et al. 2010).
These algorithms simulate the process of natural evolution and make use of a population which
iteratively creates generations of candidate solutions that move toward the optimal solution
(Zitzler 1999). These algorithms are particularly useful because they are able to handle large
scale and difficult optimisation problems, which is often the case in the real world. These
algorithms are also ideal as they are able to keep the multiple objectives separate and thus
present a set of solutions to the problem which can be used to make trade-offs. This research
will unpack the algorithms that have already been used in similar projects as well as develop and
test algorithms specifically for the MOGBPP. By doing this, this research will also contribute
toward the gap in the literature in terms of MOGBPP solution techniques.

The GBPP is an important problem because of its large application in the area of logistics,
but in addition because it generalizes a number of classical bin packing and knapsack problems
(Baldi & Bruglieri 2017). This generalization is of an advantage because it means that the same
solution techniques can be used for a large number of problems. These problems may vary in
some aspects but if a problem can be modeled as a GBPP then GBPP solution techniques can
be used to optimise that specific problem. Optimisation of such problems helps companies to
make better decisions and plan for their distribution activities more efficiently.

1.3 Aims and objectives

The aim of this project is to develop a mathematical model to represent a GBPP with multiple
objectives and to conduct a computational study to evaluate the efficiency of the proposed model
with respect to suitable test instances. One and two-dimensional MOGBPP are considered,
with three objective functions including cost, time, and load imbalance. The research focuses on
outlining methods that can be used to optimise the MOGBPP, considering the various constraints
of the problem, and discussing how well these methods performed. In particular, the focus is on
the application of evolutionary algorithms, specifically the genetic algorithm. In the context of
multi-objective optimisation, the genetic algorithm is able to solve multi-objective problems and
produce a set of Pareto optimal solutions in one run due to its ability to simultaneously search
different regions of the solution space (Rajappa 2012). The efficiency of the proposed model and
algorithm will be evaluated with respect to the solution quality and computational time. This
is important as many logistics and distribution decisions need to be made on-the-go, within a
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short time frame.

The above-mentioned aims are accomplished by pursuing the following six objectives:

1. To conduct a review of the relevant literature.

2. To develop a mathematical model for the MOGBPP.

3. To identify algorithms to solve the MOGBPP model developed in fulfillment of objective 2.

4. To implement the algorithm identified in objective 3.

5. To assess the performance of the developed algorithm in fulfillment of objective 3 and 4 in
terms of computational requirements as well as quality of solutions.

6. To recommend future research directions. This includes methods to use to solve real-world
MOGBPP problems.

By developing a multi-objective model along with suitable algorithms and achieving the objectives
that have been set out, this research aims to contribute towards the area of MOGBPPs. This
contribution aims to fill a gap in the current literature and provide recommendations for real-
world multi-objective optimisation problems.

1.4 Thesis structure

The remainder of this thesis is structured as follows. Chapter 2 contains a brief review of the
relevant literature to the MOGBPP. Chapter 3 outlines the methodology adopted in this work,
highlighting the mathematical model for the problem and outlining the different algorithms that
will be applied. Chapter 4 outlines the test instances and implementation of the algorithm.
The computational results are presented in Chapter 5 which are then discussed in Chapter 6.
Chapter 7 draws conclusions on the research and highlights the contributions of the work as well
as recommendations for future research.
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2 Literature Review

This section aims to outline research on the GBPP, specifically the MOGBPP, as well as to
discuss existing solution approaches that could be used to solve the problem. First an overview
of the GBPP along with its variations and extensions will be given. Following this, existing
methods used to tackle multi-objective problems are discussed, specifically comparing classical
methods with evolutionary algorithms. Finally existing work on the MOGBPP will be discussed,
unpacking the work that has already been done in this area and highlighting gaps in the
literature.

2.1 Overview of the GBPP and its variants

The GBPP as discussed in the introductory chapter consists of loading a set of compulsory
and non-compulsory items into a set of bins, subject to constraints, in order to optimise
some objective. This packing problem falls into the broader context of cutting and packing
(C&P) problems within operations research. C&P problems are prominent in many real-world
applications, particularly logistics, manufacturing and design. Cutting problems refer to small
items that need to be cut from a larger sheet while packing problems refer to fitting small items
into a larger bin. Thus, while the applications may look different the actual problem is very
similar; namely, fitting smaller objects into larger ones. There are various types of C&P problems
and Wäscher, et al. (2007) came up with a well-known typology of the problem, identifying six
different kinds of C&P problems, as shown in Table 1.

Table 1: Types of C&P problems according to the typology of Wäscher, et al. (2007).

Output Maximization Input Minimization

Assortment
of Small
Items

Identical
Weakly

heterogeneous
Strongly

heterogeneous
Arbitrary

Weakly
heterogeneous

Strongly
heterogeneous

Identical item
placement
problem

Placement
problem

Knapsack
problem

Open
Dimension
Problem

Cutting
Stock

Problem

Bin
Packing
Problem

Assortment
of Large
Objects

Identical - MILOPP MIKP - SSSCSP SBSBPP

Weakly
heterogeneous

- - - - MSSCSP MBSBPP

Strongly
heterogeneous

- MHLOPP MHKP - RCSP RBPP

One large
object

IIPP SLOPP SKP ODP - -

The GBPP is an input minimization problem with strongly heterogeneous items where the bins
can be either identical, weakly or strongly heterogeneous. Depending on the heterogeneity of the
bins, Wäscher, et al. (2007) identify three types of bin packing problems as seen in Table 1. The
Single Bin Size Bin Packing Problem (SBSBPP) has identical bins, and a real-world example
would be loading boxes into trucks, where the trucks are all of the same size or capacity. In
the case of weakly heterogeneous bins, a few bins are identical and the problem is called the
Multiple Bin Size Bin Packing Problem (MBSBPP). An example of this kind of problem would
be a courier company deciding which boxes to pack different items into with a set of five standard
box sizes. Finally in the case of strong heterogeneity where few of the bins are identical, the
problem is called the Residual Bin Packing Problem (RBPP). The problem being considered in
this research is the MBSBPP where the bins are weakly heterogeneous.

The majority of research on the GBPP focuses on the single objective case and its extension
to accommodate real-world scenarios. Crainic, et al. (2021) explore a multi-period bin packing
model and also consider item-to-bin assignment costs. They included a temporal aspect to
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their model to account for the fact that the availability of items and bins may vary over time.
Additionally, by incorporating a time component, they modeled how the cost of assigning an
item to a bin can fluctuate, as in cases where a shipping company may increase container usage
fees during periods of high demand. To model the GBPP including multiple periods, Crainic, et
al. (2021) make use of attributes of items such as availability time, earliest and latest delivery time
and item-to-spot-market-bin assignment costs which change over time. They consider a number
of heuristics to optimise the problem, and they consider the single objective of minimizing cost.
In addition to considering a multi-period model, Gradisar & Glavan (2020) incorporate due date
attributes to items in their framework. This means items need to be packed in order to meet
their due date for delivery and their model aimed to minimize the lateness of items.

Gradisar & Glavan (2020) also considered the grouping of items or bins. They considered the
GBPP with variable sized bins and formulated a model where items can be assigned to only one
single group of bins to accommodate the grouping constraints. This grouping constraint means
that items and bins are grouped into families and the constraint requires that all items from one
family of items must be packed into bins that belong to the same bin family. Items and bins
within the same families do not need to be identical to one another. The specific application area
considered is steel-processing products where a group of orders (family of items) for one product
need to be produced from the same batch or raw material (family of bins), where a batch of
raw material consists of several material stocks (bins) which have a few common characteristics
(Gradisar & Glavan 2020).

Baldi, et al. (2019) extend the standard GBPP by including bin-dependent item profits. In their
problem formulation, the aim is to minimize a single objective which is the cost of using the bins
that are selected minus the profit obtained from the items that are packed. The item profits,
however, are dependent on which bin they are allocated to. An application of such a problem
is a courier’s choice of transport company, in which one must minimize the overall cost taking
into account both the transportation costs and the service quality. They consider two heuristic
and two metaheuristic approaches to solve the problem.

Having outlined the GBPP in the broader context of C&P problems and introduced some of its
extensions, the multi-objective setting will now be discussed.

2.2 Multi-objective C&P problems

While there are very few studies on the MOGBPP, a number of studies exist on multi-objective
modeling for other types of C&P problems. These works will be documented in this section,
highlighting the types of problems and objectives considered.

2.2.1 Multi-objective cutting problems

Tiwari & Chakraborti (2006) consider a multi-objective 2D cutting problem. The problem that is
considered involves the cutting of different shaped rectangles into a sheet of paper. The objectives
are to minimize the length of the sheet of paper that is used and minimize the number of cuts
made. The problem is therefore finding the best way to layout the rectangles on a sheet with
fixed width and variable length so as to minimize the number of cuts that a machine needs to
make and to minimize the length of paper used in order to use as few resources as possible. Both
guillotine and non-guillotine cutting techniques are considered as two variations to the problem.
De Armas, et al. (2010) extended the work of Tiwari & Chakraborti (2006) by also considering a
multi-objective 2D cutting problem. The difference in their research is that they make use of a
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slightly different MOEA algorithm particularly with differences in the selection and replacement
steps of the algorithm.

Zheng, et al. (2012) also consider a 2D cutting problem and the objectives they consider are
minimizing wasted sheet material and minimizing the total processing time. They propose
a hybrid heuristic method for solving the 2D steel coil cutting problem. The proposed hybrid
heuristic has three stages: initialization, optimise and match, and execute cutting process. These
steps consist of clustering, ordering, striping and integer programming methods and in this way
combine a set of techniques into a hybrid method for solving the problem.

Gomez & Terashima-Marin (2012) also consider the use of hyper-heuristic methods for multi-
objective cutting problems, specifically making use of the NSGA-II MOEA algorithm. The
objectives that are considered are minimizing the number of sheets used and the time required
to perform the placement of the pieces onto the sheet. The problem also considered solving for
irregular items that need to be cut from the sheet. To test their hyper-heuristic method, Gomez
& Terashima-Marin (2012) generated 18 different types of problems, with 30 instances of each
problem on which to run their algorithms. The proposed method produced efficient results after
using NSGA-II in a training phase, and the results of the method applied to the test set solved
the problem efficiently taking into account the trade-off between both objectives.

2.2.2 Multi-objective packing problems

Most of the literature on multi-objective C&P problems is specifically considering the bin packing
problem, with the two main objectives outside of cost that are studied being the minimization
of load imbalance and time-based objectives. The majority of work models the cost objective as
minimizing the number of bins used, as in general the more bins that are used the more costly
the solution to the packing problem is.

Liu, et al. (2008), Fernandez, et al. (2013), Trivella & Pisinger (2016) and Kaabi, et al. (2018) all
consider the second objective of minimizing load imbalance. This objective aims to get the
overall centre of gravity of the bins as close as possible to the desired centre of gravity. Trivella
& Pisinger (2016) and Kaabi, et al. (2018) consider the 3D packing problem trying to minimize
load imbalance while Liu, et al. (2008) and Fernandez, et al. (2013) consider the 2D variant of the
problem.

An additional objective that has been considered is to incorporate time into the second objective,
along with minimizing the number of bins used. Naderi & Yazdani (2014) and Gomez &
Terashima-Marin (2018) incorporate time in their model by having the second objective of
minimizing the time required to complete the task. These studies attempt to reduce the time
it takes to make the allocation of items to bins, which is important due to the short time frame
in which packing decisions often need to be made as discussed previously. Bennell, et al. (2013),
Arbib & Marinelli (2017) and Arbib, et al. (2021) incorporate time into the second objective by
minimizing the maximum lateness of items according to a pre-defined schedule. In such a case,
each item is given a due date and the aim is to minimize the lateness of items with respect to
their due dates.

A few studies have been done considering other types of objectives. Geiger (2008) and Khanafer,
et al. (2012) both consider the objective of minimizing conflict between items in bin packing
problems. Minimizing the conflict between items is accomplished by minimizing the average
heterogeneity of the bins (Geiger 2008). Other objectives that have been considered as the
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additional objective are: minimizing the cost of the packing process (Sathe, et al. 2009) and
maximizing the bin space utilisation (Leung, et al. 2008).

Three studies have been conducted considering three objectives for the bin packing problem.
El Yaagoubi, et al. (2022) considered a barge convoy container stowage planning problem. The
three objectives consider shifting movement, convoy stability and the number of barges used.
Erbayrak, et al. (2021) introduced the concept of a family unit to their packing model and the
three objectives considered where minimizing the number of bins and the load imbalance as well
as maximizing the family unit ratio. Maximizing the family unit ratio encourages the packing of
a family of products together. The final paper that considered three objectives was the model
proposed by Dahmani, et al. (2014) which focuses on a 2D packing problem and aims to minimize
the number of bins used, the maximum length of a bin and the load imbalance.

2.3 Multi-objective methods

The multi-objective setting allows for a problem to be optimised in such a way that all objectives
are taken into account at once, and the overall problem is tackled as a whole. This provides a
better approach than solving a problem according to each objective separately and then trying to
decide on which solution is best to use, as this often results in very imbalanced solutions in terms
of the different objective values. The aim of multi-objective models is to find a good balance of
all the objectives present in a particular problem. In many cases the multiple objectives may
be conflicting or competing but must be optimised simultaneously (de Armas, et al. 2010). It
is often impossible to find a single optimal solution that is better than all others, or dominates
all others. This means that a trade-off needs to be made between the objectives.

There are two main approaches that are used in the literature to solve multi-objective cutting
and packing problems. The first approach is to transform the problem into a single objective
problem and then apply classical solution methods to the single objective optimisation problem.
The second approach is the use MOEA algorithms which try to find a set of well-distributed
non-dominated solutions. Instead of a single solution, a set of solutions is found using this
method and this allows a decision maker to make a trade-off between the different objectives
(de Armas, et al. 2010). This solution set contains only non-dominated solutions1. The two
approaches to solving multi-objective problems are now discussed in further detail.

2.3.1 Classical solution approaches

One common approach to problems with multiple objectives is to combine the objectives into a
single objective (de Armas, et al. 2010). This approach, however, requires the decision maker to
have prior knowledge of the problem and decide on the trade-off between the different objectives
beforehand. Most research overcomes this issue by designing a mathematical model which
contains the multiple objectives in order that the solutions can be presented as a set and then
a trade-off can be made. Solutions to bi-objective optimisation problems can be presented as
Pareto fronts as done by de Armas, et al. (2010) and Tiwari & Chakraborti (2006) in their multi-
objective cutting problem as well as by Liu, et al. (2008) considering a particular method to a
bi-objective bin packing problem. These Pareto fronts are useful as they can give a decision-
maker a visual representation of the solution set and the trade-off between the objectives. In
addition, one can compare Pareto fronts resulting from different methods or algorithms to one

1A solution x is non-dominated if there does not exist a solution y that performs better in at least one objective
and equivalently well as x in the remaining objectives.
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another to identify if one method results in better solutions compared to another. By keeping
the multiple objectives separate and not combining them, it results in greater solution diversity
than when objectives are combined (de Armas et al. 2010).

Another approach to solving multi-objective problems is goal programming, where one or more
objectives are treated as goals and the deviations from these goals are minimized, by minimizing
a sum of the deviations. This approach allows multiple objectives to be addressed at once
and one does not have to convert them into hard constraints. However, a challenge with this
approach is that appropriate target levels for goals need to be specified and if they are not
chosen appropriately it can result in no solution being found (Zitzler 1999). This means the
decision-maker must know and provide suitable ranges for each of the objectives and this can
be challenging to obtain for complex problems or problems that change over time.

These two classical approaches are often used because methods, such as exact methods or
metaheuristics, used for single objective optimisation problems can then be easily used to solve
the problem without needing to make any changes to the existing methods. Exact methods
include dynamic programming, branch-and-bound, and linear and integer programming methods
among others (Zitzler 1999). These exact methods are, however, often impractical for many
real-world scenarios because they cannot handle large problems and require a large amount of
computational time in order to run. If these methods are run on the problem multiple times
and the weights on the combined objectives or goals in the constraints are changed, then a set
of solutions can be found which can be used to make trade-offs. However, doing multiple runs
can be costly in terms of computational time and resources. It is therefore beneficial to make
use of other methods of solving optimisation problems that can handle all of the objectives
simultaneously and present a set of solutions that form a trade-off in a single run. Such methods
would not require a large amount of prior information about the problem or the decision-makers’
preferences.

Exact algorithms are based on mathematical programming approaches and are guaranteed to
identify an optimal solution or show that no feasible solution exists. Heuristics, on the other
hand, refer to any set of rules that may generate good feasible solutions to the optimisation
problem but without any proof of convergence to optimality. These methods provide satisfactory
but not necessarily optimal solutions. Metaheuristics refers to the combining of different heuristics
into one algorithm and many advanced types of such algorithms have been proposed such as
simulated annealing, genetic algorithms and ant colony optimisation. (Meta)Heuristic methods
therefore provide one with a trade-off between computational time and solution quality, taking
less time and resources than an exact method but the solution not necessarily being the precise
optimal solution.

2.3.2 Multi-objective evolutionary algorithms

The main approach to solving multi-objective optimisation problems is the use of evolutionary
algorithms. The use of evolutionary algorithms, namely MOEAs, is because classical methods
are not ideal as discussed above. Evolutionary algorithms have been shown to be useful for
finding solutions to large and difficult optimisation problems and have been successfully used in
many real-world applications (de Armas, et al. 2010).

Evolutionary algorithms are population-based heuristic methods, and they aim to simulate
the process of natural evolution (Zitzler 1999). Evolutionary algorithms include the genetic
algorithm (Holland 1975), particle swarm optimisation (Kennedy & Eberhart 1995) and ant
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colony optimisation (Dorigo 1992) among others. The basic principle is to move a population of
solutions towards good regions of the search space, towards the optimal solution.

The basic MOEA algorithm framework is depicted in Figure 2. A population of solutions is
created as the initial step. Following this, the algorithm works iteratively with four steps:
selection, crossover, mutation, and replacement (Deb 2008). These steps are applied to the
current population to create a new population, the next generation of solutions. In order to
perform the selection step, fitness scores need to be given to each candidate solution. Fitness
scores are obtained using an evaluation of how that particular solution does at meeting the
objectives of the problem. The fitness score can also be used to indicate whether a solution is not
feasible by giving it a very low score. The selection process chooses the best candidate solutions
in a population based on the fitness scores they are assigned. Once candidate solutions have been
selected, a crossover operator is used to create a new generation of solutions. Crossover refers
to taking two parent genes, and selecting parts of each parent to create a ‘child’ solution. The
mutation step further perturbs the new population of solutions based on a mutation probability.
Finally, the replacement step selects the best candidate solutions from the old and new sets
of solutions and makes the new population of solutions. The entire process is repeated until
a termination criteria is reached (Deb 2008). The multi-objective version of these algorithms,
MOEAs, have been shown to behave better than blind search strategies for multi-objective
problems (Zitzler 1999).

Figure 2: Basic MOEA algorithm framework consisting of four steps: selection, crossover, mutation,
and replacement.

Four classes of MOEAs have been utilised in the context of C&P problems (Zhou, et al. (2011),
Huang, et al. (2019)) The difference between these methods lies in the way the four operators
outlined previously are handled. The first MOEA class of algorithms are known as domination-
based MOEAs. The main differential characteristics for such algorithms occur within the
selection step. Selection is applied based on the Pareto dominance principle, where dominant
solutions are chosen over dominated solutions. This selection based on dominance is done in order
to achieve good convergence of the algorithm. Examples of such domination-based algorithms
are NSGA-II (Deb, et al. 2002) and SPEA2 (Zitzler, et al. 2001). The second class of algorithms
are called indicator-based MOEAs. These algorithms make use of performance indicators to
guide the search to the optimal solution. This algorithm approach again focuses on the selection
step of the algorithm, assignment of performance indicators to each solution effects how they are
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selected for crossover. An example of an algorithm in the indicator-based class is the indicator-
based evolutionary algorithm (IBEA) (Zitzler, et al. 2004). Decomposition based MOEAs are
the third class of evolutionary algorithms identified by Huang, et al. (2019). The algorithms
split the optimisation problem into multiple smaller sub-problems. These sub-problems are then
solved simultaneously by performing evolutionary operations among neighbouring sub-problems.
Co-evolutionary genetic algorithms are in the decomposition-based class (Zhou, et al. 2011).
Each sub-problem is optimised by using information from its neighbouring sub-problems, by
performing genetic operators to the solutions of neighbouring sub-problems. There is usually
a memory component to the algorithm, where the best solution so far is stored for each sub-
problem. The final class of algorithms identified are hybrid-MOEAs which combine aspects of
different algorithms into one method, using advantages of each algorithm to help with complex
problems. An example is combining local and global search methods to improve the speed of
convergence and accuracy, as done by Lara, et al. (2009). Other hybrid approaches combine
different algorithms to obtain better diversity, as done by Elhossini, et al. (2010) who implement
a hybrid EA-PSO algorithm for a multi-objective optimisation problem.

Zitzler (1999) highlights two major issues that must be addressed when using an evolutionary
algorithm. The first is how to implement fitness assignment and selection in such a way as to
move the search towards the Pareto-optimal set. This refers to how the objective evaluation is
carried out and how individual solutions are chosen based on how well they meet the objectives.
The second problem that needs to be addressed is how to ensure that the population remains
diverse. Maintaining a diverse population is important to ensure premature convergence does
not occur and to obtain a well distributed non-dominated set of solutions.

Having outlined the GBPP and introduced multi-objective optimisation as well as evolutionary
algorithms, applications of MOEA algorithms specifically to C&P problems are now presented.

2.3.3 Application of MOEA in C&P problems

Tiwari & Chakraborti (2006) use an optimisation strategy that is a modified version of NSGA-
II2. The algorithm sorts through a population according to their rank, where solutions are ranked
based on their dominance with non-dominated solutions being assigned a better rank. When
individual solutions have the same rank, a crowding measure is calculated, this measure gives an
indication of the density of the solutions in that particular space. Solutions with higher crowding
distances are preferred because they help maintain diversity. The highest ranked solutions are
chosen to create a new population. Tiwari & Chakraborti (2006) include elitism in the algorithm
to ensure good solutions remain in the population and they use a partially mapped crossover
technique.

Tiwari & Chakraborti (2006) tested their evolutionary algorithm along with their method of
evaluation and mutation on five test cases. They compared this method using differing numbers
of generations. In general, it was observed that as one increased the number of generations
from 100 to 1000 to 10000, the Pareto-front became more optimal, decreasing in terms of both
objectives. No further improvement was found in the Pareto-front after about 10000 generations
and so they concluded that the Pareto-front for 10000 generations was the near optimal solution.

De Armas, et al. (2010) tested three existing optimisation algorithms on the multi-objective 2D
cutting problem. The first was NSGA-II (Deb, et al. 2002). The second optimisation method

2Deb, et al. (2002) introduced the NSGA-II algorithm which is a non-dominated sorting-based MOEA
algorithm.
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tested was SPEA2 (Zitzler, et al. 2001). This algorithm makes use of a population and an archive.
The fitness scores used in the algorithm are assigned using the sum of the raw fitness score plus
a density estimation. At each iteration of the algorithm, the non-dominated individuals are
used from the original population and the archive of solutions is used to update the archive,
following certain criteria for the number of solutions present. Following this the usual procedure
of selection, crossover and mutation are performed on the archive to create a new population of
offspring. The final algorithm tested was IBEA (Zitzler & Kunzli 2004). This algorithm allows
the optimisation goal to be defined in terms of a quality indicator, which is used to calculate
the fitness score. It also performs binary tournament selection and does the selection process by
iteratively removing the worst individual from the population and updating the fitness values
of the remaining individuals. De Armas, et al. (2010) tested these algorithms by repeating each
test case for each MOEA algorithm 30 times and average values were considered. In order to
compare the results of the three algorithms, hypervolume and binary multiplicative ϵ−indicator
metrics were used. The hypervolume refers to the size of the objective space that is dominated3.

From the tests conducted, de Armas, et al. (2010) found that the NSGA-II and SPEA2 algorithms
performed similarly, and the results showed that they were a slight improvement on the IBEA
algorithm, considering the hypervolume and binary multiplicative ϵ−indicator. In addition, it
was found that it requires less computational time and effort than the other two algorithms. De
Armas, et al. (2010) found that their implementation of NSGA-II was an improvement on that of
Tiwari & Chakraborti (2006) because they got better results with a fewer number of generations
used.

The algorithm put forward by Liu, et al. (2008) is a Particle Swarm Optimisation (PSO)-based
algorithm which makes use of some evolutionary algorithm concepts such as mutation. PSO is
based on swarming theory where all particles in a neighborhood depend on the discoveries and
past experiences of their neighbours (Liu, et al. 2008). The MOEPSO algorithm is marked by
the fact that the changes in genes (which are referred to as particles) are directed by personal
best or global best solutions in each instance. The particles (or genes) have a memory of their
best position so far and this is called its personal best (pbest). The global best (gbest) is the
particle out of the whole population with the best fitness score. The steps of the algorithm are
as follows: build an initial population, evaluate this population based on the objective function,
archive the particles (used for finding personal best and global best later), perform the PSO
operator, perform the mutation operation, implement the bottom left fill heuristic. If a stopping
criteria has been met then end the algorithm or else go back to the evaluation step (Liu, et
al. 2008).

Liu, et al. (2008) use an order-based variable length particle structure to represent the solution
for bin packing problems. Each particle includes the number of bins used in the solution and the
order in which the items are packed into the bin. They choose the variable length representation
because it is versatile and allows their selected algorithm to manipulate the permutation of items
in each bin without affecting the other bins. The particle is made up of several strings of distinct
integers, each string represents a bin, and an integer represents an item. They make use of the
bottom left fill (BLF) heuristic to generate the variable length solutions. The BLF heuristic
adheres strictly to the bottom left (BL) condition, which implies that an item cannot be moved
further down or to the left (Jakobs 1996). This heuristic method works by keeping a list of

3This metric evaluates the algorithm by considering the diversity and spread of the points and how close they
are to the Pareto front (Guerreiro, et al. 2021). It is preferable to obtain higher hypervolume scores as this indicates
that the solution found covers a larger proportion of the Pareto front. The binary multiplicative ϵ−indicator is
another metric that can be used to compare algorithms and smaller values of this indicator are desirable.
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insertion points which get updated as new items are packed. These insertion points, that are
kept track of, are used in order to identify if any intersection exist when new items are packed
into a bin and in this way they control where items can be placed in a bin.

Liu, et al. (2008) ran a computational experiment to examine the performance of their MOEPSO
algorithm. They considered six different classes of problems which were associated with different
widths and heights of the objects and bins. As the evolution progressed, i.e. as the iterations
of the algorithm increased, the number of non-dominated solutions increased. Liu, et al. (2008)
compared their algorithm with and without the use of the PSO operator. The use of the PSO
operator was found to bring a slight improvement to the algorithm, in terms of the spread of
the Pareto-front and the quality of the solutions. The size of the improvement gained using
the PSO operator depended on the class that was being tested, however in general the use of
the PSO operator which allows for information sharing between particles, helped improve the
quality of the solutions obtained. Their work also showed that the mutation operators used
in the MOEPSO algorithm allowed the algorithm to achieve better convergence and diversity
which increases the algorithm’s ability to explore the solution space.

Bennell, et al. (2013) propose a multiple crossover genetic algorithm (MXGA) for the 2D bin
packing problem with due dates. The representation of the problem is a gene of length n (the
number of items), where each value indicates which bin it is packed into. The Best Fit Bin
heuristic is used in decoding from the gene representation into a packing layout. The MXGA
uses probabilistic binary tournament selection as the selection step of the algorithm. This
means two candidate solutions are chosen, and one is selected over another based on a selection
probability. The main differential for this algorithm is its crossover step. MXGA, as the name
suggests, uses a multicrossover algorithm. The crossover process is repeated t times to produce 2t
temporary offspring. Probabilistic binary tournament selection is then used on these 2t offspring
to select a single candidate offspring solution. This crossover procedure is applied to parents
with a particular crossover probability, pc. Bennell, et al. (2013) introduce a swap operator to
produce two offspring that are different from their parents by selecting a swap point and swap
substrings of parents. This swap operator is introduced in the algorithm to increase diversity
in the search space. Mutation occurs to each candidate solution with a probability pm, as for a
usual evolutionary algorithm. Fitness is calculated based on the two objectives being explored
by Bennell, et al. (2013), namely number of bins used and maximum lateness of items. Finally,
the MXGA uses elitism in the replacement step. This means that parents and offspring must
compete for a spot in the next generation. Parent and offspring candidate solutions are combined
into one population of size 2n and are ordered according to their fitness, with the half with the
highest fitness scores being selected to be in the next generation. The final step of the MXGA
algorithm is a filtration to ensure no solutions are identical to one another. If there are identical
solutions, they are replaced with randomly generated solutions to avoid premature convergence.

After running a computational experiment on a number of different classes of problems, Bennell,
et al. (2013) found that their multicrossover genetic algorithm with single point crossover exhibited
better performance compared to the single crossover genetic algorithm and the Unified Tabu
Search (UTS) algorithm which were used as benchmarks to test against. This better performance
was for the 2D BPP when due dates were not considered and only the number of bins and bin
utilization was considered. It was found the the relative quality of the results was not clear cut
for the 2DBPP when due dates were added to the problem where the MXGA had mixed success
when compared to the UTS.

Fernandez, et al. (2013) proposed a multi-objective memetic algorithm (MOMA) to optimise a
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2D bin packing packing trying to minimize load imbalance and the number of bins used. The
memetic algorithm is a population based meta-heuristic method. A population of solutions is
initialized using two strategies: random insertion of items and Bottom Left Level (BLL) which
is modified version of the BLF heuristic. The BLL heuristic uses a parameter ‘level’ to establish
the maximum height of bin where items can be packed, and this helps with the optimisation of
the load imbalance objective.

In terms of the implementation, Fernandez, et al. (2013), used a real-valued representation of the
problem where the problem was represented in matrix form with columns for the object number,
the height, width and weight of object as well as the bottom left and upper right position of
each object. This method differs from the usual approach of having a gene representation in a
single string. The proposed algorithm has four mutation operators which mutate the candidate
solutions, a crossover operator and makes use of two local search optimisers. All of these are
specifically designed to improve the distribution of the items in the bins. The proposed MOMA
makes use of an archive instead of using roulette-based selection. The archive of non-dominated
solutions is continuously updated to store those non-dominated solutions found in the search
process. The size of the archive is managed by a niching strategy to ensure that the best non-
dominated solutions are kept and the size does not exceed the maximum size. An additional
algorithm that they proposed was a parallel version of the MOMA where the population is
divided into sub populations and then the sub populations evolve, where migration between sub
populations can happen at various points.

Fernandez, et al. (2013) ran computational experiments using a population of 200. They found
that most of the non-dominated solutions obtained using their proposed MOMA for the 2DBPP
dominated the solutions found when using a MOEPSOmethod, a hybrid PSO-based evolutionary
algorithm developed by Wang, et al. (2010). It was also found that the MOMA obtained better
non-dominated fronts in terms of coverage and hyper-volume metrics compared to the MOEPSO
algorithm. In terms of the parallel MOMA, good performance was found and this technique
improved the quality of the non-dominated fronts compared to both the proposed sequential
MOMA and the MOEPSO algorithm.

2.4 Packing heuristics for the 2D problem

The 2D problem needs to consider the layout of the items in the cutting or packing problem.
There are a number of different packing heuristic methods that exist that aim to pack a set of
items as efficiently, in terms of space, as possible. These methods will be briefly outlined. The
method adopted in this research is outlined in more detail in the methodology section.

A well-known packing heuristic is the BL algorithm, introduced by Baker, et al. in 1980. This
method aims to pack items into the lowest and leftmost possible position. The BL-condition
which has to be met in this heuristic method, means that no items can be shifted further down or
to the left of the bin. Another 2D packing heuristic method is the heuristic recursive algorithm
introduced by Zhang, et al. (2006). This algorithm adopts a divide-and-conquer strategy and
decomposes the original packing problems into sub-problems and then combines the solutions
of the sub-problems to create a final packing solution. The algorithm works by recursively
partitioning the problem and forming bounded and unbounded regions which have different
packing strategies.

The best-fit (BF) algorithm, proposed by Burke, et al. (2004) differs from the previous two
algorithms as it does not go through a sorted list of items to be packed but rather searches
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the list of unpacked items for the best-suited item to be placed in the current available position.
Like the other algorithms, the BF algorithm looks in the leftmost lowest position to pack the
next item and decides on the most suitable item based on item width. The constructive heuristic
(CH) proposed by Leung, et al. (2011) is an extension of the best-fit algorithm. It makes use of
a skyline which is made up of segments and the algorithm attempts to fill the lowest left most
segment first. Items are scored according to a scoring rule which considers the dimensions of
the item, along with the segment and the height of its neighbours. The item with the highest
score is packed and if no items can fit in the segment, the segment is raised to the height of its
lowest neighbour. According to the literature, the CH algorithm outperforms the other methods
on average (Rakotonirainy 2018) and is thus adopted in this research.

This literature review has aimed to outline the GBPP and its application areas as well as
highlight the relevant existing work in the area of multi-objective C&P problems. From a
review of the literature, it is clear that there are still gaps in terms of the multi-objective GBPP.
This research will aim to contribute towards some of these areas. Specifically, this research will
add an additional study in the area of C&P problems, assessing the use of MOEAs for solving
these problems. This research will consider both the 1D and 2D variants of the problem. The
test instances to be used will include bins of various sizes contributing to the gap for the variable
bin size problem. In addition, this research will highlight where some of the challenges lie when
it comes to optimising the MOGBPP.
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3 Methodology

The methodology used in this research for solving the MOGBPP is now presented. First, the
mathematical formulation of the GBPP is given. Following this the multi-objective extension
is presented, together with the problem constraints and specific packing heuristic. The non-
dominated MOEA algorithm adopted in this research is then outlined. In particular, a linear
relaxation of the problem was investigated in order to generate initial solutions and lower bounds
for the problem.

3.1 MOGBPP Notation

As stated in Section 2.1, the GBPP is concerned with allocating a finite set of items I into a finite
set of bins J . Each item i is characterized by weight (resp.width and height for the 2D case),
and profit while each bin is characterized similarly by capacity (resp.width and height for the
2D case) and cost. The set I is split into two subsets, compulsory items IC and non-compulsory
items INC . There are different types of bins where T denotes the set of bin types. Bins belonging
to the same bin type t ∈ T have the same dimensions and cost. For each bin, j ∈ J , its type
is denoted by σ(j) ∈ T , this function indicates what type of bin it is. A maximum number of
Ut bins can be used for each bin type t ∈ T . In the case that the number of bins of type t is
unlimited then Ut = |I| because each bin must contain at least one item. The MOGBPP focuses
on allocating items to bins in such a way that minimizes or maximizes all specified objectives,
depending on their nature.

The mathematical formulation of the MOGBPP makes use of the notation presented in Table 2.
Details of the model, including the objective functions and constraints, are provided in the
following sections.

3.1.1 Objective Functions

Three different objective functions are considered in this work, namely the total cost, load
imbalance, and maximum lateness of packed items.

Objective 1: Minimize Cost

The main objective considered in this work is cost minimization, which relates to reducing the
number of bins used in the packing process. Minimizing cost is relevant in practical applications
in logistics, inventory management, and resource allocation where stakeholders are interested in
keeping costs as low as possible in order to increase profits. The overall cost is the difference
between the cost of the bins used and the profits obtained by the loaded non-compulsory items.

The cost objective is given by: ∑
j∈J̃

Cj −
∑

i∈ĨNC

pi +
∑

i∈INC

pi,

where J̃ refers to the set of bins used in solution and ĨNC the set of non-compulsory items
packed in solution. The last term, the sum of profits of all items is added as a constant and
ensures that the objective remains non-negative. This simplifies to:∑

j∈J̃

Cj +
∑

i∈INC\ĨNC

pi,
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which is the sum of the bin costs along with the profit of the unloaded non-compulsory items.

Table 2: Notation used in mathematical formulation of the MOGBPP as presented by Baldi, et al. (2012).

Variable/Set/Parameter Description

I set of items

n = |I| number of items

IC ⊆ I set of compulsory items

INC ⊆ I set of non-compulsory items (IC ∪ INC = I, and IC ∩ INC = ∅)

nc = |IC | number of compulsory items

J set of bins

m = |J | number of bins

T set of bin types

σ : J → T function indicating which bin type each bin is, e.g. σ(j) = t if bin

j ∈ J is of type t ∈ T .

pi profit generated by each item when allocated

di due date of item i ∈ I

wi width of item i ∈ I

hi height of item i ∈ I

γi weight of item i ∈ I

ai area of item i ∈ I

Wt width of bin of type t ∈ T

Ht height of bin of type t ∈ T

Ct cost of a bin of type t ∈ T

Γt weight capacity of a bin of type t ∈ T

At area of bin of type t ∈ T

Ut maximum number of bins to be used of type t ∈ T

U ≤
∑

t∈T Ut maximum number of bins to be used

J̃ ⊆ J set of bins used in solution

Ĩ ⊆ I set of items packed in solution

xij binary decision variable that indicates whether item i is packed into

bin j (xij = 1) or not (xij = 0)

yj binary decision variable that indicates whether bin j is used (yj = 1)

or not (yj = 0)

Zi binary decision variable that indicates if non-compulsory item i is

packed (Zi = 1) or not (Zi = 0)
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Objective 2: Minimize Load Imbalance

The additional objective considered in this work is the minimization of load imbalance. Load
imbalance is defined as the deviation of the center of mass of the loaded items from a desired
center of gravity (Fernandez, et al. 2013, Kaabi, et al. 2018, Liu, et al. 2008, and Trivella & Pisinger
2016). The load imbalance objective is only applicable to the 2D variant of the problem as it
requires the geometric layout of the items in terms of their actual coordinate positions within
the bins. The load imbalance formula is given by:

b =

m∑
j=1

√
(λx,j − λdx,j)2 + (λy,j − λdy,j)2

m
,

where

λx,j =

n∑
i=1

xijλx,iγi

n∑
i=1

xijγi

,

and

λy,j =

n∑
i=1

xijλy,iγi

n∑
i=1

xijγi

.

(λx,i, λy,i) represents the x-y coordinates of the centre of gravity of item i, (λx,j , λy,j) represents
the x-y coordinates of the centre of gravity of bin j, and (λdx,j , λdy,j) represents the x-y
coordinates of the desired centre of gravity of bin j.

The desired centre of gravity of a bin is defined as the middle point of the width of the bin and
at the bottom side of the bin, as follows

(λdx,j , λdy,j) = (
W

2
, 0) ∀j ∈ 1, 2, ...,m.

As discussed in the literature review this objective is important in real world applications to
ensure stability of bins and avoid unsafe scenarios. It is important to note at this point that in
order to calculate the load imbalance for a particular bin, one needs to have the center of gravity
of each of the items in the bin which means one needs to know exactly where it is placed. This
will be important when considering the constraints of the problem; when checking if items fit in
a particular bin, the position of each item must be determined and stored to be able to calculate
the load imbalance objective.

Objective 3: Minimize Item Lateness

In many application areas of bin packing problems, time is an important factor. For example,
courier and shipping companies have to schedule when items are sent and factor in how long
they will take in order to make deliveries before due dates. This time component can be added
to the MOGBPP model to make it more applicable in real-world scenarios and add a scheduling
component to the problem.
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The temporal characteristic is included in the MOGBPP model as an additional objective. It
can be framed in two ways: Either in terms of due dates by minimizing the maximum lateness
of items according to a pre-defined schedule (Bennell, et al. 2013, Arbib & Marinelli 2017 and
Arbib, et al. 2021), or in terms of minimizing the time required to complete the task of packing
(Naderi & Yazdani 2014 and Gomez & Terashima-Marin 2018). In this research, the former
approach is considered, where each item has an assigned due date, and the objective consists of
minimizing the lateness of the items. The maximum lateness of an item is defined as the largest
deviation from its due date, di.

Two assumptions are considered in the model, taking into consideration practical application,
as suggested by Arbib, et al. (2021). The first assumption is that there is a bin processing time,
τ , a positive integer which is the time required to fill a bin with the assigned items. The value of
τ is known, constant and independent of the items packed. This implies that bins are completed
and delivered at a constant rate with an interval that cannot be smaller than the actual time
required to pack the bins. The second assumption is that the completion time of any item i in
the j-th bin is Ki = jτ . This assumption implies that all the packed items in a bin are released
simultaneously once the bin is packed. Based on these assumptions, the maximum lateness of
an item is defined as

Lmax = max
{i∈I}

{Li, 0},

where Li = Ki − di is the lateness of item i.

3.1.2 Constraints

The first constraint is that all the compulsory items must be packed and items must be assigned
to only one bin. This can be achieved by enforcing the following constraint in the model

∑
j

xij = 1 , for i ∈ IC .

For the non-compulsory items the constraint is modified slightly as these items do not have to be
allocated, however if they are allocated they must only be allocated to one bin. The constraint
is given as:

∑
j

xij ≤ 1 , for i ∈ INC .

The second constraint is that the number of each type of bin used must not exceed the
available number of bins of that type. It is defined as

∑
j:σ(j)=t

yj ≤ Ut, ∀ t.

The third constraint of the problem is that the items allocated to a specific bin must fit in
that bin. In a 1D problem, this means that the sum of the weights of the items allocated to a
bin does not exceed the bin’s capacity, as follows
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∑
i

γixij ≤ Γjyj , ∀ j.

In a 2D setting this constraint means that for some packing configuration in bin j, say Fj with
width wFj and height hFj , the following inequalities must be satisfied

hFj ≤ Hσ(j) , ∀ j,

wFj ≤ Wσ(j) , ∀ j.

3.2 Constructive Packing Heuristic

As mentioned in Section 2.4, the CH algorithm is adopted in this research to generate the
packing layout from the 2D problem. The CH makes use of a skyline approach which represents
the contour of already packed items, and it can be expressed as a sequence of horizontal segments.
The CH treats all items as compulsory when packing. The non-compulsory items are accounted
for by the gene representation of the MOEA discussed in Section 3.3.1.

The initial skyline for a bin is a single segment representing the bottom of the bin. Each segment
sj is characterized by its x and y coordinates, its width, and the left and right-hand heights as
shown in Figure 3.

x y ω h1 h2

s1 0 2 3 4 2

s2 3 4 3 0 0

s3 6 1 2 3 2

s4 8 3 2 0 3

Figure 3: Skyline matrix information along with visual representation for four segments. Orange lines
show skyline, and dots show left hand coordinates. The left-hand wall of the first segment and the right-
hand wall of the last segment are equal to the difference between the bin height and the y-coordinate of
the segment.

The algorithm starts by ordering the list of items according to non-increasing height, and where
items have equal heights according to decreasing width. The skyline is initialized to be a single
segment that represents the bottom of the bin. While there are unpacked items, the lowest
and left most segment is selected. A check is done to see which items fit into the segment by
comparing their width with the width of the segment. Items that could fit in the segment are
assigned scores according to the scoring rule illustrated in Table 3. This scoring is based on the
dimensions of the item as well as the dimensions of the segment. The item with the highest score
is then chosen. If no items are found to fit into the segment, the skyline is updated by merging
the selected segment with its lowest neighbour. This process is repeated until all items are
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packed or until h > H, (the height of the bin). The pseudocode representation of the algorithm
is provided in Algorithm 1.

Table 3: Scoring rule for determining the best item to fit into an available skyline segment. Parameters
h1, h2 and w refer to the height of the left wall, height of the right wall and width of the segment
respectively. This scoring rule is used by Leung, et al. 2011.

If Conditions Score

ω = item.width and h1 = item.height 4

ω = item.width and h1 < item.height 3

h1 ≥ h2 ω = item.width and h1 > item.height 2

ω > item.width and h1 = item.height 1

ω > item.width and h1 ̸= item.height 0

ω = item.width and h2 = item.height 4

ω = item.width and h2 < item.height 3

h1 < h2 ω = item.width and h2 > item.height 2

ω > item.width and h2 = item.height 1

ω > item.width and h2 ̸= item.height 0

The CH algorithm returns the positions of the items in the bin as well as an indicator as to
whether all the items in a set of allocated items fit into that bin. This algorithm is beneficial for
checking whether the constraints are violated but in addition, it gives the position of the items
which then allows the load imbalance for a particular bin to be calculated. The load imbalance
calculations requires the centre of gravity of an item, which in the 2D case is the midpoint
of the item. Because the CH returns the bottom left corner of each item, the midpoint can
be calculated using the items dimensions and therefore the load imbalance calculation can be
performed. This means that this CH must be done, and the constraint check completed before
the load imbalance objective can be calculated for a particular solution.

3.3 The MOEA algorithm

The MOEA algorithm considered in this work is based on NSGA-II proposed by Deb, et al. (2002).
This algorithm is used as it is able to maintain a better spread of solutions and converge to
a better non-dominated front in many cases when compared to other elitist algorithms. In
addition to its diversity maintaining mechanisms, the NSGA-II algorithm is more efficient than
some other approaches with an overall complexity of O(MN2) (Deb, et al. 2002). The steps and
components of the adopted MOEA algorithm are outlined in this section with a large focus on
the non-dominated sorting that needs to be done before selection is performed.

There are a number of parameters that need to be selected for the MOEA algorithm and the
different steps of the algorithm require different parameters and variables. The parameters used
in this work are specified in the sections that follow. The results obtained may be sensitive to
these parameters however the extent of parameter tuning was limited by the scope of the project.
The specific parameters were selected based on best practices and guidelines established in the
literature.
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Algorithm 1 Constructive Heuristic (CH)

1: Initialize the skyline;
2: set h = 0
3: set numPackedItems = 0
4: while there are unpacked items do
5: if h >= H (bin height) then
6: return h, numPackedItems, list of (x, y) coordinates of packed items
7: else
8: find the lowest and left-most segment s of the skyline;
9: if there is an item that fits into s then

10: for each unpacked item i do
11: si = score(i, h1(s), h2(s), ω(s))
12: end for
13: Select the first item R with the maximum score;
14: if y + h(R) > h then
15: h = y + h(R)
16: end if
17: if h1(s) ≥ h2(s) then
18: pack R against the left wall;
19: numPackedItems = numPackedItems + 1
20: store (x, y) coordinates of bottom left hand corner of item;
21: update the skyline;
22: else
23: pack R against the right wall;
24: numPackedItems = numPackedItems + 1
25: store (x, y) coordinates of bottom left hand corner of item;
26: update the skyline;
27: end if
28: else
29: update the skyline;
30: end if
31: end if
32: end while
33: return h, numPackedItems, list of (x, y) coordinates of packed items

3.3.1 Gene Representation

A gene representation of solutions is required in the implementation of the MOEA algorithm.
A permutation representation is adopted in this work, where a solution is represented by a
sequence of integer numbers of length n. The index position refers to the item number and the
value at that position gives the bin number to which the item should be allocated. In this case
the items are listed with the compulsory items first followed by the non-compulsory items at the
end, and the items numbered from 1 to n. Bins are similarly labeled from 1 to m where m is
the total number of bins available across all the bin types. If a value of 0 is assigned it means
that that particular item is not packed. For a feasible solution, only the non-compulsory item
indices may have zeroes to indicate that these non-compulsory items are not allocated while all
compulsory items should have a bin number assigned to their index position. An illustrative
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example is given in Table 4, where a packing solution of 10 items, of which 7 are compulsory
and 3 non-compulsory, is given. In this case, the gene representation is given by 1131244023.
That is, bin 1 contains items 1, 2, and 4; bin 2 contains 5 and 9; bin 3 contains items 3 and 10,
and bin 4 contains items 6 and 7. Item 8 has not been allocated to a bin.

Table 4: Example of gene representation solution for packing 10 items, 7 of which are compulsory and
3 non-compulsory.

Compulsory/Non-Compulsory C C C C C C C NC NC NC

Item 1 2 3 4 5 6 7 8 9 10

Bin 1 1 3 1 2 4 4 0 2 3

3.3.2 Initialization

Two approaches to creating an initial population were considered in this work. The first approach
was the use of a random initial population. A population size N is specified and for each of
the N solutions, items are randomly assigned to one of the available bins by sampling from the
available bins at each index position in the solution.

The second method to generating an initial population is by using the solution to the linear
relaxation of the packing problem. The motivation for using the linear relaxation and details
of it can be found in Section 3.4. The rationale for using this to generate an initial population
is that it gives the MOEA algorithm a good starting point for the solution instead of starting
randomly. Once the solution has been obtained from the linear relaxation, the population is
created by sampling from the total number of available bins for each item where the sampling
probability is given by the linear relaxation result. This can be done because the linear relaxation
gives the proportion of each item to be allocated to each bin and these proportions must add up
to one. In order to increase the diversity in this population, for each solution in the population
a quarter of the items are randomly selected to be moved and are randomly allocated to one
of the available bins. In addition, a number of random solutions are added to the population.
This ensures diversity in the population to avoid premature convergence and ensures more of
the solution space is searched.

After the initial population of solutions has been created, it needs to be sorted based on its
objectives function values as well as on how many constraints are violated, i.e.how feasible the
solution is.

3.3.3 Constraint Violation Scoring

To ensure solutions that violate constraints are not selected as parents or have less chance of
being selected, one needs to calculate a violation score which will be used as almost an additional
objective value when doing the non-dominated sort of the population of solutions.

A violation score of 50 is added to a solution for each of the compulsory items that have not
been packed. For the constraint that ensures that items fit in their assigned bin, an additional
violation score of 100 is added for every item allocated to a bin that is not able to fit in that
bin.
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3.3.4 The non-dominated sorting approach

Within a MOEA algorithm, at the selection step the best or ‘fittest’ solutions need to be chosen
to be used in crossover to create the offspring population. In order to determine which solutions
are ‘fittest’ when there are multiple objectives present, a non-dominated sorting approach is
used to compare the solutions with one another.

The non-dominated sorting method proposed by Deb, et al. (2002) is adopted in this work. It
requires that for each solution p, a domination count (np) is calculated which is obtained by
summing the number of solutions which dominate the solution p. In addition to this quantity,
the set of solutions that solution p dominates is also recorded, Sp. By calculating these two
quantities, the solutions can then be sorted into different non-dominated fronts that will each be
given a different rank. Specifically, the solutions that fall into the first non-dominated front will
have a domination count of 0. Then for each of the solutions p in the first front, each solution
in Sp is visited and its domination count is reduced by one. Any solutions that now have a
domination count of 0 are in the second front and so the process continues until all solutions
have been categorized into fronts. The first front is given a rank of 1, second front a rank of 2
and so on. The pseudo code for the fast-non-dominated-sort is given in Algorithm 2.

According to the non-dominated sorting approach, solutions with the lowest rank are preferred
and should be selected in the selection process. To resolve ties and to maintain diversity of
solutions, an additional criterion for selecting solutions, known as the crowd comparison approach
(Deb et al. 2002), is also adopted. This approach computes the density estimation by means of
a crowding distance. The crowding distance is the average distance of two points on either side
of a particular solution along each of the objectives. The overall crowding distance value for a
solution is the sum of individual distance values corresponding to each objective. Algorithm 3
shows how the crowding distance is calculated on a set of non-dominated solutions.

Based on the two aforementioned criteria, a solution with the lowest rank is preferred, and if the
solutions belong to the same front, the solution with a higher crowding distance and therefore
in a less crowded region is preferred.

3.3.5 The selection process

The binary tournament selection operator is considered in this work. This operator chooses
two random solutions from the population. These two solutions are then compared using their
rank and their crowding distance. The better solution according to the non-dominated search
strategy outlined in section 3.3.4 is then kept as the ‘winner’ and becomes a member of a parent
in the crossover step.

3.3.6 The crossover step

Uniform crossover is used to create an offspring solution from the selected parent solutions.
For each gene (index position) in the parent solutions, a random number is drawn from a
Uniform(0, 1) which is used as an indicator to determine which gene from a particular parent is
allocated to one or other child. This crossover operator was chosen because it helps maintain
diversity in the population by mixing the genes of the parents in a more scattered way as
opposed to 1-point or n-point crossover. In addition, the gene representation for the GBPP does
not contain clear structure or parts that could be split into the different n-points for crossover
so uniform crossover is adopted.
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Algorithm 2 Fast-non-dominated-sort

1: for each p ∈ P do
2: Sp = ∅
3: np = 0
4: for each q ∈ P do
5: if p ≺ q then
6: Sp = Sp ∪ {q}
7: else if q ≺ p then
8: np = np + 1
9: end if

10: end for
11: if np = 0 then
12: prank = 1
13: F1 = F1 ∪ {p}
14: end if
15: end for
16: i = 1
17: while Fi ̸= ∅ do
18: Q = ∅
19: for each p ∈ Fi do
20: for each q ∈ Sp do
21: nq = nq − 1
22: if nq = 0 then
23: qrank = i+ 1
24: Q = Q ∪ {q}
25: end if
26: end for
27: end for
28: i = i+ 1
29: Fi = Q
30: end while

Algorithm 3 Crowding-distance-assignment

1: l = |I|
2: for each i, set I[i]distance = 0 do
3: for each objective m do
4: I = sort(I,m)
5: I[1]distance = I[l]distance = ∞
6: for i = 2 to (l − 1) do

7: I[i]distance = I[i]distance +
I[i+ 1].m− I[i− 1].m

fmax
m − fmin

m
8: end for
9: end for

10: end for
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3.3.7 The mutation operator

The mutation step adds small random changes to the individual genes in a solution within the
MOEA algorithm. The mutation step adopted in this work is summarized in Figure 4. The
mutation step is not applied to all members of the population, but only to some based on a
mutation probability. The mutation probability is set to 0.3. Often this probability is made
slightly smaller with a standard value being 0.1; however, to ensure diversity and particularly
to ensure a set of solutions in the form of a Pareto front is obtained, this probability was set
to 0.3. If a single solution is selected to be mutated based on this probability another random
number is generated from the Uniform(0, 1). Based on its value, one of four mutation operators
is performed on the single solution. The first mutation operator is the swap mutation, and it
occurs with a probability of 0.2. The swap mutation selects two random items and swaps which
bins they are allocated to. The second mutation occurs with a probability of 0.3 and merges
two bins together. Two random bins are selected that are already used in the solution and the
contents of the one bin is merged with the other, placing all items into a single bin. The third
mutation operator also occurs with a probability of 0.3 and this mutation splits the items in a
bin. A random bin is selected and approximately half the items in that bin, which are chosen
randomly, are placed into a different bin. The final mutation type is to move some items to
a different new bin, and this occurs with a probability of 0.2. The number of items that are
selected to be moved and the bins to which they are moved are chosen randomly.

Figure 4: Summary of the mutation step adopted in the MOEA algorithm.

Once one of the four mutations have been applied to a single offspring solution, a rotation
mutation is then performed. A random number of items in the solution are selected and rotated
by 90 degrees. This means the item width becomes the item height, and the item height becomes
the width. The rotations of the items are kept track of by a vector of 1s and -1s, with a 1
indicating that the original dimensions of the items hold and a -1 indicating that the item
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should be rotated.

All of the specific mutation methods and the rotation of the items helps to maintain diversity
in the population of solutions to ensure diverse Pareto fronts are obtained when optimising the
problem.

3.3.8 The replacement operator

The NSGA-II uses elitism, and this is introduced by comparing the current population with
previously best-found solutions. At the replacement step the best N solutions across the parent
population and offspring population are chosen and kept for the next generation. In order to
choose the best N solutions, the non-dominated sorting approach is implemented.

3.3.9 The main loop

A pseudocode representation of the MOEA algorithm is presented in Algorithm 4. For each
generation t, the main loop of the algorithm starts with the replacement step which requires
solutions from both populations to be sorted.

The incumbent and newly generated solutions are combined and scored (resp. sorted) according
to the scoring system (resp. sorting strategy) presented in Sections 3.1.1 and 3.3.3. The best
N solutions are chosen according to the sorting process (Section 3.3.4), which keeps the better
solutions from lower fronts.

The new population returned from the elitism replacement is subject to selection, crossover, and
mutation processes to form a new generation. The entire process is repeated until a pre-defined
stopping criteria is satisfied. In this work, the algorithm is terminated after a set number of
generations is run.

Algorithm 4 Genetic Algorithm: Main Loop

1: Rt = Pt ∪Qt

2: F = fast-non-dominated-sort(Rt)
3: Pt+1 = ∅ and i = 1
4: while |Pt+1|+ |Fi| ≤ N do
5: crowding-distance-assignment(Fi)
6: Pt+1 = Pt+1 ∪ Fi

7: i = i+ 1
8: end while
9: Sort(Fi,≺n) where ≺n is the crowd comparison operator

10: Pt+1 = Pt+1 ∪ Fi[1 : (N − |Pt+1|)]
11: Qt+1 = make-new-pop(Pt+1)
12: t = t+ 1

3.4 Linear Relaxation of the Problem

As mentioned in Section 3.3.2, a linear relaxation (LR) of the problem is used to generate an
initial population for the MOEA algorithm. In addition, the LR provides a lower bound for the
problem. Because the optimal solutions for the test instances generated are not known, one does
not know how good the solutions of the final Pareto front are, however the LR can help give an
indication of how good the solutions are based on how close they are to the LR objective value.
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A LR is adopted in this work as it is much easier to solve than an integer linear program (ILP)
and it does not require a packing heuristic to be used to check that items fit. The LR is done
by checking whether the sum of the weights (for the 1D problem) or area (for the 2D problem)
of the items fits into the weight or area capacity of a specific bin. The lower bound is generated
by allowing the decision variables to take on continuous values instead of constraining them to
be integers. The rationale behind this is that the lower bound provides a benchmark against
which solutions from the MOEA algorithm can be compared. Note that the lower bound will
in general be an infeasible solution as it allows for fractions of bins to be used and fractions of
items to be packed into different bins. The solutions from the MOEA algorithm on the other
hand will be feasible solutions and not allow for fractions of bins to be used. In addition, the
MOEA algorithm considers the dimensions of the items and how they are packed and not just
whether the sum of the area of the items fits into the area of a particular bin (for the 2D case).
Because of this, the solutions generated by the MOEA algorithm will not have objective values
as small as the LR objective.

While the LR simplifies the problem, the way it is calculated using item areas means that the
exact packing layout will not be solved, hence the load imbalance cannot be calculated for the 2D
case. The LR is done using the cost objective without considering the other objective functions,
as it simplifies the problem to be a single objective problem. This does not negatively impact
the solution, as the LR is used only as an initial solution to guide the search. Since the MOEA
algorithm deals with multiple objectives which may be conflicting, there could potentially be a
deviation from the lower bound given by the LR objective. This is, however, not an issue since
the LR is being used as a lower bound for comparison purposes.

An ILP model of the problem is given as follows:

Minimize
∑
j

cjyj +
N∑

i=nc+1

Zipi,

subject to: ∑
j

xij = 1 for i = 1, 2, ...nc,

0 ≤
∑
j

xij ≤ −(Zi − 1) for i = nc + 1, nc + 2, ...n,

∑
i

γixij ≤ Γjyj ∀ j,

(
∑
i

aixij ≤ Ajyj ∀ j),

xij ∈ {0, 1},

yj ∈ {0, 1},

Zi ∈ {0, 1}.

This ILP aims to minimize the total cost of the packing allocation subject to the constraints
previously outlined. The first two constraints ensure that each item must be packed into exactly
one bin and all compulsory items must be allocated. The remaining constraint ensures items
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fit into the allocated bin (with the 2D variant dealing with item area given in brackets above).
The decision variables must take on binary values.

The LR model is similar to the ILP model except that now the integer constraints are removed
and the variables xij and yj are allowed to take on continuous values between 0 and 1. These
variables now represent fractions of items or bins. The main difference to obtain the relaxation
is therefore the following two constraints:

0 ≤ xij ≤ 1 ∀ i, j,

0 ≤ yj ≤ 1 ∀ j.

Using the solution returned by the LR problem, an initial population to the MOEA algorithm
can be generated and a lower bound for the problem obtained.

Another way to evaluate the solutions obtained from the proposed method would have been to
compare them with solutions from alternative methods. One such method would be to combine
the objectives using various weights and solve multiple instances to form an approximate Pareto
front. This Pareto front could then be used as a baseline for comparison. However, implementing
such an approach would have introduced computational challenges as this approach would
require multiple optimisations to be run for each instance, one to test the proposed method
and multiple to produce the baseline Pareto front from various weightings. Additionally, the
method of combining objectives and solving the single objective problem with a linear relaxation
could not be used because, as previously mentioned, the linear relaxation is not feasible for the
load imbalance objective which requires the position of items to be known. Because of the
computational costs associated with the approach of varying weights to form a baseline Pareto
front, this method is not implemented and the linear relaxation on the cost objective is instead
used as a basis for comparison.
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4 Test Instances and Implementation

This chapter outlines the 1D and 2D test instances that were used in this work and details the
implementation of the MOEA algorithm, specifying various parameters. The 1D instances were
optimised across the objectives of cost and lateness while 2D instances were optimised across
cost and lateness or cost and load imbalance. Cost and load imbalance can only be considered
for the 2D case and not the 1D case as calculating load imbalance requires the position of each
item in a bin to be known.

4.1 1D Test Instances and Implementation

The 1D test instances are the same instances used by Baldi, et al. (2012) which are based on
the instances by Monaci (2002). Specifically, four classes of instances are considered, as detailed
below.

• Class 0 instances are the ones by Monaci (2002) and there are 300 instances in total.
The number of items is varied between 25, 50, 100, 200 and 500. The item volumes come
from one of three distributions: U(1, 100), U(20, 100) and U(50, 100), which are specified
as problem 1, problem 2 and problem 3 respectively. All items are compulsory and so a
profit is not defined. The problems consider three and five bin types with volumes of 100,
120 and 150 for the three types and 60, 80, 100, 120 and 150 for the five types.

• Class 1 uses the same instances as Class 0 except all items are now non-compulsory. Item
profits are generated according to a uniform distribution, pi ∈ [U(0.5, 3)wi].

• Class 2 similarly uses the same instances as Class 0 with all items non-compulsory and
item profit generated according to a uniform distribution, pi ∈ [U(0.5, 4)wi].

• Class 3 is a selection of 12 large instances (500 items) from Class 1 and Class 2 with
a representative mix of the different characteristics such as volume, profit and bin types.
For each of the 12 instances, five instances are generated with 0%, 25%, 50%, 75% and
100% of items being compulsory. The items have the same profit and volume across the
five variations of compulsory proportions. This gives a total of 60 instances for this class.

These four different classes for the 1D problem are important as they represent increasing levels of
complexity and capture different practical scenarios. Class 0 covers scenarios where all shipments
are mandatory, with all items being compulsory. Class 1 and 2 are more complex than Class
0, introducing profit-driven decisions which capture scenarios where trade offs need to be made
between profit from non-compulsory items and cost of additional bins. Class 3 reflects more
realistic scenarios with a large number of items and a mixture of compulsory and non-compulsory
items. Including these different classes allows one to evaluate the proposed solution method
across various levels of problem complexity.

There is a specific naming convention used in this work to identify specific instances. The naming
convention for Class 0, 1 and 2 instances is prob x Y a b c where each component provides a
specific detail about the instance. The first number, x, can be 1, 2 or 3 and identifies if it is
problem 1, 2 or 3 which corresponds to the item volume distribution used. The letter Y can
be A or B where A indicates instances with three bin types and B means it is an instance with
five bin types. The next number, a, can take on the values 0, 1, 2 or 3 corresponding to 25,
50, 100 or 200 items in the instance. The letter b, indicates which class the instance belongs
to 0, 1 or 2 and the final letter, c, gives the specific instance of the given combination ranging

38



from 0 to 9. Class 3 has a different naming convention. Class 3 contains 12 problems which
are repeated five times each with varying proportions of compulsory items. These instances are
labeled C3 comb a.b, where a takes on a value between 1 and 12 identifying the instance and b
takes on a value between 1 and 5 giving the proportion compulsory, either 0%, 25%, 50%, 75%
or 100%. For example, C3 comb 4.1 is the 4th instance in class 3 with all items non-compulsory,
while C3 comb 1.4 is the first instance in class 3 with 75% of items being compulsory.

Certain aspects of the problem needed to be simulated to apply to multi-objective optimisation,
specifically for the calculation of the time-based objective. Bennell, et al. (2013) and Arbib, et
al. (2017) use a bin processing time τ , of 100. The same is done here. Instead of using the bin
number j to get the completion time of an item in a specific bin, an availability characteristic
is added to each bin type, which represents the time at which the bin becomes available for
packing into. This availability (or shipping time) characteristic is used as the j variable in the
maximum lateness calculation. The assumption is made that more expensive bins will have
an earlier availability while less expensive bins have a later availability. This is assumed as in
general if one requires faster shipping or availability it comes at a premium. For the five bin
types this time availability is set to 20, 15, 10, 5 and 1 for the least expensive to most expensive
bins respectively. For three bin types 10, 5 and 1 are assigned for this availability characteristic.

The due dates are simulated using a Uniform (τ +1, τβLBbin), where LBBin is the maximum of
the availability time characteristic of the bins following the approach outlined by Bennell, et
al. (2013). The parameter β is set to 0.6. This parameter scales the upper bound of the
distribution of due dates and setting it to 0.6 makes the assumption that the due dates are
moderately close to the maximum bin availability time, mimicking a practical scenario where
due dates are neither very restrictive nor very lenient.

For the first three classes (0-2) only the 25, 50, 100 and 200 item instances were run. The 500
item instances were only considered for Class 3. This is because the algorithm takes longer to
run for larger instances and so in the interest of time 500-item instances were only considered
in Class 3. For each combination of number of items, number of bins and volume distribution,
there were ten instances. Of these ten instances, five were run using a random starting point for
the MOEA and five were run using the LR starting point. The population size for the MOEA
algorithm was set to 200 and the algorithm was run for 500 generations.

4.2 2D Test Instances and Implementation

Test instances for the 2D problem were generated using the 2DCPackGen proposed by Silva, et
al. (2014) with some modifications. This problem generator is able to generate 2D and 3D test
instances for different cutting and packing problems and defines the problems according to the
typology proposed by Wäscher, et al. (2007). The bin packing problem being considered here is
a MBSBPP according to this typology and so these types of instances were generated using the
2DCPackGen.

A feature of interest of the 2DCPackGen is that it makes use of the Beta distribution as opposed
to the uniform distribution when it comes to generating the dimensions of the items and bins.
This means that different kinds of shapes can be specified, and the items and bins can then
be generated based on those shape specifications. Silva, et al. (2014) specify 16 different types
of shapes that the items and bins can take on and they use different parameters in the Beta
distribution to ensure these shapes are created.

The generator allows one to generate different problems by varying many different parameters,
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including: a seed for reproducibility, the number of test instances to generate for the particular
combination, the minimum and maximum integer values for the size dimension of the bins and
items, the shape and size of the items and bins for which there are 16 options, the number
of different types of bins, the number of available bins per type, the cost of the bins, and the
number of different items.

Doing many different combinations of all the available parameters leads to a large number of
test instances which soon becomes infeasible to run in a realistic amount of time, particularly
because the code for the 2D problem takes longer to run than for the 1D problem. Because
of this only specific combinations were considered and fewer test instances were run overall in
the interest of time. Despite fewer test instances being run, the results of those that are shown
here allow one to see how the algorithm works, where there is room for improvement and how it
optimises the multi-objective problem. The purpose of using the specified generator was mainly
to generate the different item shapes instead of generating item dimensions using the uniform
distribution. These instances were generated using the code given by Silva, et al. (2014) which
needs to be run on a Windows machine.

The combinations considered are given in Table 5. From the table it can be seen that multi-
objective optimisation was done for 180 2D problems. The size interval for the item shapes was
[20, 60]. Three bin types were considered which were square with side lengths of 200, 300 and
400. The number of available bins varied depending on how many items were considered with
less available of each type when there were fewer items and more available when more items
needed to be packed.

Silva, et al. (2014) make use of a Beta distribution varying the α and β parameters to create
different item shapes given the input item size interval. Three different item shape categories
were used for the 2D instances in this work, namely:

1. Long and narrow,

2. Average size and square,

3. Small and square, short and tall, long and narrow, or big and square.

The last category can be thought of as a ‘mixture’ of item shapes and will be referred to as
the mixture category throughout the rest of this work. This mixture item shape category likely
represents the most realistic packing scenario where items of various shapes and sizes need to be
allocated and packed into bins. The shape of the Beta distributions to obtain these three item
shape categories is given in Figure 5. In terms of the parameters’ values in the Beta distribution,
the long and narrow shape uses parameters α = 2 and β = 5 for the item width and parameters
α = 5 and β = 2 for the item height. The average size and sqaure shape distribution uses
parameters α = β = 2 for item width and height. The mixture category which has items
that are small and square, short and tall, long and narrow or big and square has parameters
α = β = 0.5.

As seen in Table 5, fewer instances were run for cases with larger numbers of items. For 20
and 50 items, 30 instances were optimised under each objective, 10 from each different item
shape category. For 100 items, 20 instances were optimised under each objective, 10 from two
of the item shape categories. For 200 items, only the mixture-shape category was optimised
with 10 instances under each objective. In the results and discussion these instances will be
named according to their combination number and specific instance (between 1 and 10) in that
combination. For example, Combination 2.2 refers to the second instance in Combination 2
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which has 20 items, a mixture of item shapes, three bins available of each type and is optimised
over cost and lateness. The combination numbers will be given in the results tables which
correspond to those given in Table 5.

(a) Long and narrow (b) Average size and square (c) Mixture of item shapes

Figure 5: Beta distribution shapes for three item shape categories. The dotted line is for the item width
and the solid line for item height.

Table 5: Test instance combinations for 2D variant of the problem outlining the number of items,
item shape, number of available bins per bin type and objectives considered. For each combination, 10
instances were generated and optimised giving a total of 180 2D instances.

Problem Characteristics

Combination Items Item Shape Bins Available per Type Second Objective Number

Comb 1 20 Mixture 3 Lateness 10

Comb 2 20 Long and Narrow 3 Lateness 10

Comb 3 20 Average size and square 3 Lateness 10

Comb 4 20 Mixture 3 Load Imbalance 10

Comb 5 20 Long and Narrow 3 Load Imbalance 10

Comb 6 20 Average size and square 3 Load Imbalance 10

Comb 7 50 Mixture 3 Lateness 10

Comb 8 50 Long and Narrow 3 Lateness 10

Comb 9 50 Average size and square 3 Lateness 10

Comb 10 50 Mixture 3 Load Imbalance 10

Comb 11 50 Long and Narrow 3 Load Imbalance 10

Comb 12 50 Average size and square 3 Load Imbalance 10

Comb 13 100 Mixture 5 Lateness 10

Comb 14 100 Long and Narrow 5 Lateness 10

Comb 15 100 Mixture 5 Load Imbalance 10

Comb 16 100 Long and Narrow 5 Load Imbalance 10

Comb 17 200 Mixture 10 Lateness 10

Comb 18 200 Mixture 10 Load Imbalance 10

The profit for each item was generated by simulating pi ∈ [U(0.1, 0.3)ai] where ai is the area
of the item as done by Baldi, et al. (2012). This was done as it is assumed that larger items
generally are associated with more profit than smaller items.
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In terms of compulsory versus non-compulsory items, the proportion of compulsory items is set
to 80%. Due to time constraints, variations in this proportion were not able to be considered.
80% was chosen so that most items were compulsory, but some were allowed to be unallocated
to see how the algorithm handled these types of items.

For the maximum lateness objective, the due dates for items were simulated in the same way as
the 1D case discussed previously. Bin availability or shipping time also needed to be assigned
for the different bin types. For the three bin types the bin availability value was set to 15, 8 and
1 for the least expensive to most expensive bin. Again, more expensive bins are assumed to be
able to be sent earlier while less expensive bins come with the trade-off of later shipping time.
This is done to ensure that the objectives are conflicting for the purpose of this multi-objective
optimisation. In addition, it is likely that if one were to require a faster shipment it would be
at a higher cost, as is the case with courier companies for example.

In terms of the cost of the bins, the smallest bin was given a cost of R100, the medium bin a
cost of R500 and the largest bin a cost of R2000. The costs were assigned in this way as the area
of the bins does not increase linearly. In addition, varying the costs in this way ensured the true
Pareto front of solutions would be diverse and ‘stretched’ out and so these values were chosen to
see if the MOEA was able to find a diverse set of solutions for each test instance. Within each
type of bin, the cost was increased by a small amount to ensure preference of using the first bins
within a specific bin type set. This was done in the LP formulation and the MOEA algorithm.
These were small increases and would not affect which overall type of bin was used.

For each of the ten instances of the 18 combinations, five instances were optimised starting with
a random initial population and five instances were optimised with an initial population based on
the linear relaxation solution. These runs were done in parallel across five cores. The population
size for the MOEA algorithm was set to 200 and the algorithm was run for 500 generations.

The code for the multi-objective optimisation of the GBPP was coded from scratch in R. The
optimisation code for the 1D and 2D problems along with the text files for the respective test
instances and the raw data results can be found in following Google Drive link:

https:

//drive.google.com/drive/folders/1uuGVpHLAP1lMD2-AknYMJd791XnlVnST?usp=sharing
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5 Results

This chapter contains the results of this work, starting with the 1D problem, followed by the
2D problem. Within each section, the results are organised according to the different problem
variants, including the number of items and objectives considered. In each case, the results
are presented in tabular form and specific instance results are highlighted. Key themes and
comparisons across the results are addressed in Chapter 6, where the main results of the work
are discussed.

5.1 1D Results

The 1D results are presented by class, starting with Class 0, followed by Class 1 and 2, and
then Class 3. Within each of these classes, the results are further detailed by instances size,
with varying numbers of items present. As previously discussed, the 1D problem considers the
optimisation of the cost and lateness objectives.

5.1.1 Class 0

The objective values obtained for the different instances in Class 0 Problem 1 are presented
in Table 6 along with the lower bound obtained by the LR solution of the problem. Table 6a
contains results for instances with three bin types and Table 6b contains results for instances
with five bin types. Table A and Table B in the Appendix contain these results for problem 2
and problem 3 for Class 0 instances. For those instances that have a set of solutions only the
lowest cost solution is given for the purpose of the tabular presentation of the results.

From Table 6a, it can be seen that as more items are present in a problem the cost and maximum
lateness both increase as expected. In terms of the difference between the cost objective and
its lower bound, this value also increases as the number of items increases when looking at
the actual cost value. The second last column in the table gives the percentage deviation of
the cost objective from the lower bound, calculated as Cost−LowerBound

LowerBound . The overall deviation
from the lower bound varies between 6.91% and 22.84% across all instances in Table 6a. The
deviations increase as the number of items increase but they are not as large as it initially looks
upon inspection of the cost values. This result indicates that the MOEA algorithm performs
relatively well at getting a cost objective close to the lower bound.

The percentage deviation is slightly smaller for the five bin types (see Table 6b) with the highest
deviation across all instances being 18.88%. Again this points to the MOEA doing relatively
well at finding a solution as close to the lower bound as possible while ensuring the solutions
are feasible and do not violate any of the problem constraints. Interestingly when there are
more bin types the deviation from the lower bound is smaller. This may be because there is
more flexibility in terms of how to pack items with more different types of bins available and
specifically for these instances, with smaller bin types available and therefore potentially less
wasted space.

The change in objective function values across generations for test instance prob 1 B 3 0 8 is
shown in Figure 6a. As one iterates over the generations, an improvement is seen in both
objectives with the objective function value decreasing as expected and desired. Of interest here
is the fact that 100 generations displays the characteristics of a Pareto front with the solutions
showing a curve across the two conflicting objectives. The remaining 200 to 500 generations
have a single objective value across all members of the population.
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The remaining instances with 200 items exhibit a similar result except for 3 out of the 60 instances
which displayed some form of Pareto front in the final generation. Two unique conflicting
solutions were present in the final generation for instances: prob 2 A 3 0 3, prob 2 B 3 0 3, and
prob 3 B 3 0 9. The evolution of the objective values for prob 3 B 3 0 9 across the generations
is shown in Figure 6b.
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Figure 6: Comparison of two 200 item instances from Class 0. (a) shows prob 1 B 3 0 8 containing only
one unique solution in the final generation. (b) shows prob 3 B 3 0 9 containing two unique solutions in
the final generation.

The test instances with fewer items were analysed to identify if Pareto fronts were present more
frequently in the 500th generation for these cases. The 25 and 50 item instances had more cases
where a desirable Pareto front was obtained in the final generation as seen in Figure 7.
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Figure 7: Evolution of objective function values for the test instance prob 1 A 0 0 4, which has 25 items
and 3 bin types.
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This is for instance prob 1 A 0 0 4 and here the Pareto front is more clearly seen. Again, it
is seen that as one increases from 50 to 500 generations there is improvement in the objective
function values, however, as opposed to the instances shown in Figure 6 this improvement is
much smaller, with objective function values of the different generations solutions being much
closer together.

Table 7 presents the distribution of instances with specific counts of unique solutions across
various item number categories in the 500th generation. This table shows that as the number
of items increases, the number of unique solutions in terms of objective values decreases, with
more Pareto front type solutions sets being present for problems with 25 and 50 items and much
fewer present for 100 and 200 item cases. However, even over all the combination types, there
are many instances that had only a single unique solution in the final iteration of the MOEA
algorithm.

Table 7: Number of unique objective values across different item number instances in Class 0.

Number of Items Number of Unique Objective Values

1 2 3 4 5+

25 25 17 10 3 5

50 30 20 4 4 2

100 49 9 1 0 1

200 57 3 0 0 0

A comparison of the results with the LR starting point and a random starting point is shown in
the convergence plots in Figure 8. The plots show the mean lateness (left hand side) and mean
cost (right hand side) across the generations for two combinations, 50 items (top) and 200 items
(bottom). The red lines indicate those runs that had the initial populations based on the linear
relaxation solution while the blue lines indicate those runs starting with a random population
of solutions. As expected, for the cost objective, the blue lines are in general above the red lines
for the first few generations as those solution populations based on the linear relaxation would
be expected to have better cost objective values even if they are constraint violating. After
100 generations there is less visible difference between the two different line colours for the cost
objective.

It can be noted here that the mean cost decreases more smoothly than the mean lateness which
has a more ‘jumpy’ convergence plot. The cost objective shows convergence with few changes
after 300 generations while the lateness objective has not settled in the same way. A potential
reason for the changes in the lateness objective with an unchanging cost is that items may be
moved between bins that are already being used in the solution. Because extra bins are not
added or current bins used not taken away, the cost remains the same, but the lateness objective
can change if items are moved within the same set of bins. In terms of the mean lateness and
mean cost at generation 500, there is not a clear difference between those populations that
started with a random initial population and those that had a starting point based on the LR.
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Figure 8: Mean lateness (left) and mean cost (right) over 500 generations for 10 instances of two specific
feature combinations. The top two plots are for prob 3 A 1 0 which has 50 items and three bin types.
The bottom plots are for prob 1 B 3 0 which has 200 items and five bin types.

5.1.2 Class 1 and Class 2

Problem 2A instances are specifically considered to investigate the effects of having all items
being non-compulsory and to understand the differences between Class 1 and Class 2 instances
resulting from different profit distribution. The results of the multi-objective optimisation of
these specific instances are presented in Table 8, highlighting the number of unallocated items,
the cost found by the MOEA algorithm, along with the LR lower bound solution, and the
maximum lateness. These results are given for both Class 1 and Class 2 across the different
categories of the number of items in an instance. For those instances that had more than one
unique objective function value in the final generation, the lowest cost solution and associated
maximum lateness value is reported here to see how close to the lower bound the MOEA
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algorithm gets. The final two columns of Table 8 contain how many unique solutions exist
in the final generation of the solution population, in terms of their objective function values.
There may be multiple solutions in the population that result in the same objective function
values so this unique column refers specifically to multiple objective function values, indicating
a non-dominated front or set of solutions from which a decision-maker can make a trade-off.

Examining the number of unique solutions across both classes, a similar observation can be made
as was done for Class 0. As the number of items increases there is a decrease in the number of
unique solutions present in the final generation with very few instances, particularly in Class 2,
showing any kind of Pareto front for 200 item instances. The evolution of the objective function
values for prob 2 A 0 2 7 is shown in Figure 9 and the evolution of the objective function values
for prob 2 A 3 1 1 is shown in Figure 10. Both plots show a Pareto front solution set in the
500th generation. While many of the instances in Table 8 have only one unique solution, these
two examples show that the algorithm developed is able to produce a Pareto front as desired
in some cases. The lack of Pareto front for many of the examples here may be as a result of
the test instances. To investigate this further, different costs and shipping times are considered
in the 2D case to ensure a larger conflict in objectives and to see if this changes the diversity
present in the final iteration of the algorithm. It can be noted in Figure 10 that a non-dominated
front containing four unique solutions is obtained in the 500th generation while in the 300th and
400th generation the fronts only contain two unique solutions and in generation 200 only one
unique solution is present. This shows that the algorithm developed can find more diversity in
later generations even if diversity is not present in earlier generations.
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Figure 9: Evolution of objective function values over generations for prob 2 A 0 2 7.

Since Class 1 and Class 2 instances contain non-compulsory items, the number of unallocated
items was monitored. As expected, when the total number of items increases there is an increase
in the number of unpacked items for some instances but interestingly for a few of the 100 and
200 item instances all the items are packed while that is not the case for any 25 item instances.
This may be due to the trade-off mentioned previously that the cost of leaving the items out is
greater than the cost of the bins required to allocate the items. Across both classes and all items
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Figure 10: Evolution of objective function values over generations for prob 2 A 3 1 1.

combinations, in the 40 instances presented here, 31 instances have equal to or fewer unallocated
items in Class 2 than in Class 1. This could be due to the fact that Class 2 items are more
expensive and so leaving more items out leads to a higher cost incurred than in the Class 1 case.
It may therefore be that in Class 2 more items are packed as the cost of the used bins is less than
the opportunity cost of leaving the items out. However, there are some exceptions, for example
prob 2 A 2 1 7 packs all items while in Class 2 items 13 or 14 are left out for this instance.

The average percentage deviations of the cost obtained by the MOEA algorithm from the cost
lower bound are given in Table 9 for different item categories across the two classes. Again, it is
noted that this deviation from the lower bound increases as there are more items in the problem.
Across Class 1 and Class 2 the percentage deviations are very close together with Class 2 having
a slightly smaller deviation for all except the 200 item case. The average deviation from the
lower bound is less than 20% across both classes and the four item categories.

Table 9: Class 1 and Class 2 average deviation from lower bound on cost objective.

Items Class 1 Class 2

25 9.91% 9.71%

50 13.25% 12.61%

100 15.42% 15.16%

200 18.1% 19.6%

In terms of the maximum lateness objective, there is no clear difference or pattern between Class
1 and Class 2 in terms of which class performs better on this objective. This is expected because
the differing profit values should not impact on the lateness calculations. From Table 8 it is seen
that the lateness objective increases as more items are present, as expected. When more items
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are present, more bins are required which have later shipping times if all shorter shipping time
bins have been used.

5.1.3 Class 3

Similar to what was seen in the results of the previous classes, out of the 60 instances in
Class 3 only seven instances displayed conflicting solutions in the final generation of the MOEA
algorithm. The remaining instances only gave one unique non-dominated solution (in terms of
objective values) in the 500th generation.

Table 10 gives the cost and maximum lateness objective values for each of the 12 instances
across the different proportions of compulsory items. The lower bound using the LR could not
be calculated for this class because the constraint matrix grew very large, and the computation
would not run. This issue was particularly evident when all 500 items were non-compulsory,
as this required a large number of additional columns to be added to the constraint matrix.
For those combinations that have more than one non-dominated front, the additional objective
values are given in rows underneath respectively.

There are a few anomalies that can be noted from the results presented in Table 10. First, it is
seen that two instances where all items were compulsory have one unallocated item, this means
the solution obtained is not feasible and has a constraint violation score of 50. Particularly
odd is to note that for C3 comb 6 where this occurs in the 100% instance, the 50% and 75%
compulsory item instances had all items packed. Therefore, feasible solutions packing all items
were possible and found but were not found by 500 generations in the last case.

In addition, there are some instances where all items are packed no matter how many items are
compulsory, and these solutions are not the same as each other or do not contain additional
solutions in the set. For example, C3 comb 8.1 (0%) has a cost of 37632.53 and a lateness of
871. The results for 25% and 100% cases have worse objective values but all items are packed
so it should have reached the same objective values as the 0% results. The results for 50% and
75% cases are in between in terms of cost but worse in terms of lateness. These are therefore
solutions that could form part of a Pareto front with the first solution but were not found as a
set of solutions in each case. There is therefore room for improvement and more diverse solutions
could be found in some cases.

In general, it can be seen that when less items are compulsory there are more unallocated
items but in this case the number of items left out is relatively small. It is thus unlikely
that the obtained results represent the true underlying Pareto front. Considering C3 comb 5
for example, the lowest cost is achieved when 25% of items are compulsory and the minimum
lateness is achieved when 75% of items are compulsory (see Figure 11). The red triangle, which
is the solution for all items being non-compulsory, falls in between the 25% and 75% solutions
with a slightly lower cost than the 75% but a higher lateness, while compared to the 25% it has
a lower lateness but higher cost. There is not a clear pattern as to how the cost and lateness
changes as the proportion of compulsory items increases and this is due to how the cost objective
is calculated. If the cost objective only considered bin costs, one would expect the overall cost
to increase as more items become compulsory. Since the profit of the unpacked items is added to
the bin costs, there is a trade-off between packing the items which leads to additional bin costs
and leaving them unpacked, resulting in a ‘lost profit’ cost. The reason there are differences
between the solutions for 50%, 75% and 100%, despite the three variants all resulting in all
items being packed, is because the allocation of items to bins is different in each case. However,
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ideally the algorithm would have selected all the non-dominated solutions across these variants
to be potential solutions for each of them.
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Figure 11: Objective function values in generation 400 (circles) and generation 500 (triangles) for
C3 comb 5 for the varying proportions of compulsory items indicated in the legend.
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Figure 12: Evolution of objective function values for C3 comb 3.3

Another interesting result is the evolution of the objective function values across generations
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for C3 comb 3.3 which has 50% of items compulsory as displayed in Figure 12. There are two
unique solutions in generations 200 and 500 and only one unique solution in generations 300
and 400. In the 500th generation the difference between the two objective values came from
having three items in different places. Specifically here it was found that two solutions that
produced one of each of these had different allocations only for item 53, item 227 and item 413.
The difference in the objective function values is small and comes from only a small change in
the packing allocation. As was seen previously, if there is only one unique solution, in terms of
objective function values, in a previous generation it does not stop the algorithm from finding
more diverse solutions, as seen here from generation 400 to 500. Ideally one would want to see
Pareto fronts across all generations showing a good diversity in the solution population, but this
instance shows that more diversity in objective function values can appear in a later generation
even if in a previous generation diversity in objective values did not exist.

5.2 2D Results

Having presented the 1D results, the 2D results are now presented. These results are presented
according to the size of the test instances first considering 20 items, then 50, 100 and 200 items.
In each of these size categories, both the cost and lateness optimisation and cost and load
imbalance optimisation results are presented.

5.2.1 20 Items

Table 11a shows the cost and lateness optimisation results for 30 20-item instances that were
considered while Table 11b gives the cost and load imbalance optimisation results.

Optimising Cost and Lateness Objectives
First considering the cost and lateness results, out of the 30 instances, 15 instances found three
conflicting solutions, 14 had two conflicting solutions and one instance converged to only one
unique solution. The % deviation from the lower bound is larger than was seen in the 1D case
but this is due to the lower bound being the linear relaxation. If one were to consider only
feasible solutions (where the whole bin and not just a fraction must be used), the lower bound
for these instances would be 100 which is the cost of one small bin. Many of these solutions were
able to get to this feasible lowest cost of 100. However, 11 instances had a lowest cost of 500
which is a large deviation from the lower bound, using a medium sized bin instead of a small
bin.

The packing configuration for Comb1.1 with three conflicting solutions in terms of the cost and
lateness objective values is shown in Figure 13. Two other such instances are presented in the
Appendix in Figure A and Figure B. The packing layouts given shows how the constructive
heuristic starts packing from the bottom of the bin and shows that there is some favouring of
the left hand side.

Optimising the cost and lateness objectives for 20-item instances had fast convergence with the
three unique solutions often being found in earlier generations, by generation 50 or 100. This
is likely because the problem only has 20 items and so is small in scale. It is expected that
only three solutions be found for these instances, packing items all into the smallest, medium or
largest bin. The instances that have fewer than three unique solutions suggest that there is not
enough diversity present in the population and the algorithm may have converged prematurely.
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Figure 13: Instance Comb1.1 solutions and packing configurations. The top left plot shows the set of
solutions found in the final generation of the MOEA. The remaining three plots show the packing layout
of each of the three solutions.

Optimising Cost and Load Imbalance Objectives
Considering the optimisation of the cost and load imbalance objectives, it can be seen that across
all instances the lowest cost option found is to pack all items into the smallest bin. Across the 30
instances, only six instances show more than one solution. Here, these differences occur because
different non-compulsory items are allocated, which changes the cost objective due to the ‘lost
profit’, as opposed to items being packed into different size bins. As an example, the objective
function values and three associated packing configurations for Instance Comb6.2 are given in
Figure 14. From these packing configurations the difference in the three objective values results
from leaving different items out of the bin allocation. In the first case item 17 is left out, the
second option leaves out item 17 and 18 and the last option includes all items resulting in the
lowest cost but the highest load imbalance. All solutions here use the same bin size and there is
no variation caused by using different numbers of bins. Considering the other five instances that
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have more than one unique solution in the final generation it was found that all the variation
was from different non-compulsory items not being allocated and from differing item rotations
as opposed to using various bin sizes.
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Figure 14: Instance Comb6.2. The top left plot shows the set of solutions found in the final generation
of the MOEA. The remaining three plots show the packing layout of each of the three solutions.

5.2.2 50 Items

Table 12a shows the cost and lateness optimisation results while Table 12b gives the cost and
load imbalance optimisation results for the 50-item instances that were considered.

Optimising Cost and Lateness Objectives
Out of the 30 instances in Table 12a, four showed three conflicting objective values, 22 had
two conflicting objective values and four had only one unique objective function value found by
the MOEA algorithm. In those instances where three conflicting solutions were found, it can
be seen that the lowest feasible cost was obtained. There are two instances where a deviation
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greater than 800% from the linear relaxation results is seen. In both cases, all items have been
allocated the largest, most expensive bin, but obtain a minimum lateness value of zero. While
such solutions are good if a decision-maker wants to minimize lateness, it is desired that the
developed algorithm should also have found the lower cost, greater lateness solutions so that a
trade-off could be made.

Figure 15 shows the packing layouts of the three unique solutions for instance Comb7.1. The top
three boxes are for one solution, using the three lowest cost boxes resulting in the largest lateness.
The medium box is the next solution followed by using the largest box which has greatest cost
but lowest maximum lateness objective function value. These are three packing configurations
that could be used by the decision maker depending on the trade-off they want to make between
the two objectives. For the first packing option, there are many different ways the items can be
allocated to the three bins that result in the cost and lateness given, the configuration shown
here in the top three plots is just one such option. All three of the packing configurations shown
here include all the non-compulsory items in the allocation.
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Figure 15: Three Packing Layouts for Instance Comb 7.1. The first packing solution is the top row,
using three small bins, the second packing solution is the bottom left bin which is a medium sized bin
and the final solution is the largest bin shown on the bottom right.

Optimising Cost and Load Imbalance Objectives
Many instances in Table 12b have a lowest cost option of 307.5 which is when three small bins
are used. Slightly more variation is observed here compared to the 20-item case as more than
one small bin is required to be used to allocate all the necessary items. Across the 30 50-item

59



instances, 11 have just one solution after 500 generations, 18 have two unique solutions and one
instance has three unique solutions. In some cases the different solutions are a result of using
different bin types, for example Comb10.1, the one solution places all items in a medium bin
(cost 500) and the other in three small bins (cost 307.5), while other times the unique solutions
are a result of leaving out different non-compulsory items as in the case Comb10.7. Overall,
there is limited solution diversity in the final generation.

The deviations from the lower bound are relatively large but once again, because of the nature
of the linear relaxation bound it is difficult to judge how good the solutions found are compared
to the true optimal Pareto front. For example, in instance Comb 10.2, the sum of the item areas
is 80856 units squared. The area of one small bin is 40000 units squared which means that if
only using small bins all three bins would be required to be used leading to a cost of 307.5 if
one takes the relaxation away in terms of fractions of bins being used. Therefore, while this
instance says there is a 50% deviation from the lower bound, in terms of a feasible solution the
lowest cost option has been found. Limitations of using the linear relaxation lower bound will
be discussed further in Section 6.

5.2.3 100 Items

The results for optimising 100-items for cost and lateness and cost and load imbalance are given
in Table 13a and Table 13b respectively.

Optimising Cost and Lateness Objectives
For the 100-item instances, one would expect that a more diverse Pareto front would be found
because there is more variation in how one can pack items which should result in different
cost and lateness objective values. From Table 13a it is seen that only two instances had four
solution options after 500 generations, with three instances having three solution options, 11
having two conflicting solutions and four instances having only a single solution identified in
terms of objective function values.
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Figure 16: Evolution of objective function values for Comb14.10. Generation 300 and 400 values are
the same as generation 500 values.
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Figure 16 shows different generations’ objective values for instance Comb 14.10. The objective
values obtained in generation 300, 400 and 500 are the same, which is why the generation 300
and 400 values cannot be seen. The shape of the collection of points at each generation shows
the conflicting nature of the cost and lateness objectives. However, more diversity is required
potentially in previous generations to find a more diverse final Pareto front. The lowest cost
option here is 1001.25, however with five available small bins there should be a lowest cost option
of around 500 with a larger maximum lateness if all items are allocated to the smallest bin size.

Figure 17 shows the mean cost and lateness over the generations for ten instances of Comb 13.
The blue lines are those instances that had an initial population based on the LR of the problem
while the red lines are those instances that started with random initial solution populations.
Considering the mean cost on the right, it can be noted that for the first 200 generations, the
instances that started with a random solution population generally have a higher cost value
than those that started based on the linear relaxation solution. This is intuitive because the
LR solution is minimizing cost. The opposite is seen on the left plot for mean lateness. Due
to the conflicting nature of the objectives this also makes intuitive sense. Generally there is
convergence from 300 generations onward.
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Figure 17: Mean lateness (left) and mean cost (right) over 500 generations for 10 instances of Comb
13. Blue lines represent instances that had initial populations based on linear relaxation while red lines
represent instances that had random initial solution populations.

Optimising Cost and Load Imbalance Objectives
Table 13b shows the results for the 100-item instances optimising over the cost and load imbalance
objectives. As seen with the previous results for load imbalance again here there is limited
diversity in terms of the unique solutions found, with eight instances having only one unique
solution, 11 having two conflicting solutions and one instance having three unique solution.

Figure 18 shows the evolution of the population in terms of objective function values for instance
Comb 15.2. It can be noted here that the structure of this plot is different to what was seen
previously for cost and lateness in Figure 16. There seems to not be the same pattern of
conflicting objectives in the earlier generations. In addition, it can be noted that for certain
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costs a number of different load imbalance values are obtained as seen by some horizontal points.
In the final generation there are three unique solutions but two of them are very close in cost
and load imbalance values with a cost of 803.75 with load imbalance of 436.78 while the other
has cost of 810 and load imbalance of 436.38. The third solution is more obviously different from
the other two with a cost of 1005 and load imbalance of 294.19.
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Figure 18: Evolution of objective function values across generations for instance Comb15.2.

Considering the LR starting point (instances 1-5) versus random initial starting point (instances
6-10), it can be noted that there is not a clear difference, with one class not having much lower
deviations from the LR than the other but rather relatively similar deviations, particularly for
the Long and Narrow items. For Comb15, the mixture of item shapes, one could observe that the
solutions based off the linear relaxation have slightly smaller deviations from the lower bound
than the remaining solutions, but this could also be a feature of the instances themselves. The
convergence plots for these instances are shown in Figure G in the Appendix. As noted with
other examples there is not much difference between the evolution of solutions that had an initial
population based on the LR solution compared to instances with initial random population of
solutions, except for the first few generations, where in general those that had random initial
populations performed worse on the objectives than the LR solutions, as was expected. For this
particular case, convergence happens very quickly with not much change after 100 generations.
While it is desired for an optimisation method to converge, quick convergence may point to some
solutions not being found in the search space and prematurely settling on one set of solutions.

5.2.4 200 Items

Optimising Cost and Lateness Objectives
Ten instances with 200 items were run optimising the cost and item lateness objectives, with the
item shape specified to be a mixture of shapes. The results of these instances are presented in
Table 14a. It is seen that in the final generation, there are relatively fewer packing configurations
than what would have been expected. Some very large deviations are seen from the LR lower
bound and this points to there possibly being lower cost options that the MOEA algorithm is
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not able to find and a lack of diversity in the final solution set. All the costs found by the MOEA
algorithm are above 2000. Comparing the first five and last five instances in this group, it is
again seen that there is not a clear difference in the deviation % values between those instances
that started with a population based on the linear relaxation solution and those that had random
starting points.

The evolution of objective function values across generations for instance Comb 17.10 is shown
in Figure 19. The evolution of the objective function values across generations shows that the
MOEA algorithm is moving towards solutions with lower cost and lower maximum lateness and
the conflicting nature of the objectives is seen in this specific instance, even if in other instances
there is sometimes convergence of solutions. Of importance to note here is that the solutions
of the 500th generation cover four of the five solutions in the 400th generation. The remaining
visible solution from the 400th generation is not dominated by any of the solutions in the 500th
generation and should not have been ‘lost’ as was the case here. This again points to some
potential problems with the MOEA algorithm which will be discussed in Section 6. The four
packing configurations associated with the four solutions found in the final generation are given
in Figure C, Figure D, Figure E and Figure F in the Appendix.
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Figure 19: Evolution of objective function values across generations for instance Comb17.10.

Optimising Cost and Load Imbalance Objectives
Finally considering cost and load imbalance optimisation for 200-item instances, shown in
Table 14b, again one can note there is limited diversity in the solutions after 500 generations,
with six instances having only one unique solution in the final generation, and four having only
two conflicting solutions. Here all the instances that had random starting points converge to
a single solution while the first five instances that had initial populations based on the linear
relaxation have four cases where at least two solutions are found. There are not enough examples
here to conclude that this difference in starting point has caused this, and it is likely just a feature
of the test instances as this was not found in earlier examples with fewer items.
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Figure 20 shows the evolution of the objective function values across different generations for
instance Comb18.1. As was seen in Figure 18, it is again seen that there does not seem to be a
conflict between the two objectives. Additionally, there is not much change between 200 and 500
generation, pointing to early convergence of the MOEA algorithm. One of the packing solutions
in the final generation is given in Figure H in the Appendix. There are no obvious changes that
should be made or certain bins that are very empty which suggests the solution is potentially
close to what is optimal, and it is a feasible solution.
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Figure 20: Evolution of objective function values across generation for instance Comb 18.1, minimizing
load imbalance and cost.

Having presented the results obtained from the computational experiments using the developed
MOEA algorithm, and having highlighted specific attributes of the results, a discussion of these
results including limitations and implications for future research or improvements is given in
Sections 6 and 7.
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6 Discussion

The results presented in Section 5 are discussed in this section. Some features of interest related
to the choice of objectives under investigation, the computational efficiency of the proposed
model and the lower bound computation are presented first. This is followed by a discussion of
the limitations and strengths of the developed MOEA algorithm.

6.1 Cost and lateness objectives

The results of the multi-objective optimisation for the objectives of cost and lateness show
promise for the MOEA algorithm particularly for the 1D case where certain instances show
diversity in the final generation. These objectives are conflicting in nature based on the way the
bin availability characteristic and costs have been assigned. It was found in some cases that there
was convergence to a single solution. This could have been a characteristic of the instances or a
result of not enough diversity being introduced into the population in the MOEA algorithm. In
the 1D case it was found that the MOEA algorithm seemed to perform well, particularly in terms
of minimizing the cost objective. The deviation from the lower bound in the 1D case showed that
the solutions found by the MOEA algorithm were nearing the true optimal solution in terms
of cost. Slightly harder to assess is the lateness objective which did not have a lower bound
calculated. Interestingly it was found that as the number of items increased from 25 to 200,
the number of unique solutions in the final generation decreased. The population size remained
constant across all item size instances, and this leads one to the idea that the population size
compared to the number of items matters. In terms of the matrix of solutions in the population
this would mean having many more rows than columns and this would potentially increase the
initial diversity and different solution combinations in the population. However, the way in
which the algorithm works, diversity should theoretically still be able to be found through the
outlined crossover and mutation operators.

Moving to the 2D case, it was found that in some instances the MOEA algorithm successfully
identified multiple solutions in the final generation while in other instances there was convergence
to a single solution when in reality multiple solutions were available. An example of an instance
where the MOEA algorithm successfully finds all possible solutions is Instance Comb1.1, which
is shown in Figure 13. Here three solutions are found which correspond to three different cost
and lateness objective values. For most of the 20-item instances one expects this kind of solution
to be the case as they should fit into the smallest bin, medium bin, and then the largest bin,
which increases in cost and decrease in lateness. However from Table 11a it was noted that
not all instances had this occur and this points to the MOEA algorithm not always finding all
the possible solutions that it should. One such example is instance Comb2.7 which is made up
of long and narrow items. Here only one solution is found and all items are allocated to the
medium size bin resulting in a cost of 500 and a lateness of 683. However, upon investigating
this instance, it was found that it would be possible to fit these 20 items into all three bin
sizes, shown in Figure 21. This means that there are additional solutions that the MOEA is not
finding in its optimisation, and this is a flaw of the developed algorithm.

For 50, 100 and 200 item instances, it was seen that in some cases a set of solutions could be
found, as shown in Figure 16 for example. However, in many cases the number of conflicting
solutions found was only two or three, with four solutions being found for only a few of the
100 and 200 item instances. It would be expected that as the number of items increased, more
unique solutions would be found depending on how items are arranged. One possible reason for
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Figure 21: Three Packing Layouts for Instance Comb2.7. These are all feasible packing solutions, but
only the middle solutions was found by the MOEA algorithm.

the lack of solution diversity is that if a set number of bins are being used and the MOEA is
only changing the item allocation within these bins, then it would not change the cost objective
and may only change the lateness objective value.

The results from optimising instances based on cost and lateness show that the developed MOEA
algorithm can find a set of solutions across conflicting objectives; however, there is room for
improvement as it is not finding all the possible solution options. Specifically, for what could be
seen as a trivial case of 20 items, the MOEA should be finding all three possible solution options
but in some instances it is not. Work therefore must be done on how to ensure a broader search
space is considered so that the algorithm does not converge prematurely. Despite this flaw, the
developed MOEA shows promise, decreasing the objective function values across generations
and finding feasible solutions in both the 1D and 2D cases.

6.2 Cost and load imbalance objectives

A major feature of the cost and load imbalance results shown in Section 5 is a lack of diversity
in solutions in the final generations. This is evident in some cases for cost and item lateness,
but it is particularly evident for the load imbalance objective with many cases having only one
unique solution in the final generation. A potential reason for the lack of diversity in solutions
is because the cost and load imbalance objectives may not actually be conflicting based on how
the instances have been set up and item weights assigned. Intuitively, if a bin is packed more
tightly or densely it will likely be less imbalanced from the bottom center of the bin compared
to a bin with fewer items in it which may be packed to one particular side. More full bins have a
lower load imbalance, and more full bins are lower cost solutions overall compared to distributing
items across many bins, thus the objectives are not conflicting. The weight of the items was
made to be 0.1 multiplied by the item area so the weight was proportional to the area of the
item. By filling as much area as possible it gives an alignment between the cost minimisation
and load imbalance objectives. If the number of bins is minimised, therefore minimising the
cost, the items are packed more densely and this would lead to a more balanced load.

However, Liu, et al. (2008), were able to get clear Pareto fronts with sets of solutions that were
conflicting in their objective function values. Their objectives were minimising the number of
bins used and the load imbalance. A difference in what has been done in this research compared
to their work, is that here the weight is proportional to the size of the item. Liu, et al. (2008)
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have item weights that are randomly generated from a Uniform(0, 20) or a Uniform(0, 100). In
addition, they had a PSO operator4 as part of their MOEA which was shown to help improve
the diversity of the Pareto front.

A test was done on one of the 50-item instances, Comb10.6 which as shown in Table 12b had
only one solution found with a cost of 502.5 and load imbalance of 145.23 when the weights
were 0.1 multiplied by the item areas. Changing the weights to be randomly generated from
a Uniform(0, 100) instead of being proportional to area, resulted in two unique solutions being
found, one with a cost of 505 and load imbalance of 125.6 and the other with a cost of 307.5 and
a load imbalance of 247.36. The MOEA algorithm was able to find two solutions in the Pareto
front where previously only one solution had been found and this shows how the test instance
and way in which the weights are simulated can impact the results. However, it should be noted
that this is still not a very diverse Pareto front with only two solutions present.

Because multiple tests were not done using different weights it is difficult to tell if the lack
of conflicting objectives is due to the proportional relationship between weight and item area,
leading to objectives that are not actually conflicting or if the MOEA algorithm is lacking the
diversity one expected to see. It is likely that as seen with cost and lateness, the MOEA is not
finding as much diversity as it should and in addition, the way the weights are simulated here is
leading to non-conflicting objectives, which together lead to the problem of only single unique
solutions being found in many cases for the minimisation of cost and load imbalance.

6.3 Computational efficiency of the MOEA algorithm

A boxplot of the time taken for Class 0 instance runs across the different number of items is
shown in Figure 22. It can be noted that as expected, the 200 items take the longest to run while
25 items runs the fastest. This is due to how the solution matrix is set up with more columns
when more items are present. Because more items need to be checked in terms of whether they
fit in particular bins the algorithm takes longer to run for larger instances.

Figure 23a below gives boxplots for how long the 500 generations took to run for different size
instances for the cost and lateness objectives while Figure 23b shows the time taken for instances
optimizing cost and load imbalance. Like what was seen in the 1D case, as the number of items
increase, the time taken to perform the optimisation using the MOEA algorithm increases. Note
that the relationship shown between time and number of items is not of linear complexity but
sublinear complexity because the increase in number of items is not uniform. However it is still
seen that as the number of items increases, the time taken to run also increases. For 20-item
instances, the 500 generations took less than an hour to run. 50-item instance took between 3
and 4 hours to run, 100-item instances took between 5 and 7 hours to run and 200-item instance
took 9-10 hours to run. The reason for this increase is because of the structure of the gene
representation. The gene representation gets longer as more items are included. In general,
this means more bins are used which require more constraint calculations to be done checking
that items fit into the different bins and this requires the constructive heuristic. The 20 items
had the smallest variation in time taken to run while the 200 items had the largest variation
in run time. Because these runs were done in parallel across different cores this may have been
the reason for some variation in run times. The parallel runs were done for the same instance
size, i.e. 20 item instances in parallel and then 50 item instances in parallel and so on to ensure
evenly distributed load across cores.

4Particle swarm optimisation (PSO) is based on swarming theory where all particles in a neighborhood depend
on the discoveries and past experiences of their neighbours (Liu, et al. 2008).
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Figure 22: Time taken (in minutes) for the MOEA algorithm to run on 25, 50, 100 and 200 item
instances in Class 0.
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Figure 23: Time taken (in minutes) to run the 2D MOEA algorithm for different item numbers,
optimising cost and lateness objectives (left) and cost and load imbalance objectives (right).

From the boxplots, it can be seen that the MOEA algorithm had reasonable run times for the
1D case, with the 200-item instances completing optimisation in around 8-10 minutes. However,
when moving to the 2D case, it was found that 200-item instances required nearly 10 hours to
run. This large difference between the two problems occurs because of the added complexity
that comes with the 2D case, which requires item dimensions and positions within a bin to be
taken into account. The 2D problem requires the use of the constructive heuristic to ensure
feasible packing configurations, while the 1D problem only requires a check to be done that the
sum of the total weight (or volume) of the items is less than the capacity of the bin. This check
done in the 1D case is much faster to perform. While running the constructive heuristic for one
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bin does not take particularly long, applying the check to every solution in a population and to
each bin within each solution, increases the overall computational time.

To improve the time and efficiency of running all the test instances, the instances were run in
parallel with five instances optimised simultaneously across five cores. Within each instance, the
optimisation method using the MOEA algorithm was not parallelized. In real-world scenarios,
such as optimising different warehouses or shipments concurrently, this parallelisation strategy
would be beneficial. An alternative parallelisation approach would be to perform parallelisation
on a single instance at the constraint check step of the algorithm. This parallelisation would
split the population of solutions between the cores which would perform the constraint check
using the constructive heuristic for each solution in the population. If there are N solutions in a
population and four cores for example, each core would calculate the constraint violation score
for N/4 solutions. However, due to the iterative nature of the MOEA algorithm which would
require the constraint violation scores to be regrouped at the end of each iteration, it might be
found that the synchronization overhead associated with regrouping the results from each core
may outweigh the benefit of parallelizing the constraint check.

Despite the MOEA algorithm taking a long time to run for large instances, exact methods are
very computationally expensive for large scale problems and in some cases become intractable.
This means that the MOEA algorithm is still a suitable optimisation technique for bin packing
problems, particularly 1D problems.

6.4 Usefulness of the linear relaxation lower bound

The LR of the problem was solved to derive a lower bound for the cost objective and to be used
as a base off which to get an initial solution population for the MOEA algorithm for certain
test instances. The purpose of computing the lower bound is to evaluate how well a particular
solution performs relative to the theoretical optimum, which in this case is given by the LR
optimum.

For the 1D case the percentage deviation from the lower bound was at most 23.69% which
indicates that the lowest cost objective was not too far off from the LR optimum found. In
addition, because the LR solution will allow for a fraction of a bin to be used (and therefore a
fraction of the cost), it is expected that there will be a slight deviation from the lower bound
present when looking at the MOEA algorithm solution as this does not allow for a fraction of
a bin in the solution and therefore it accounts for the full bin cost resulting in a higher cost
objective than the LR solution.

For the 2D case, it can be noted that the deviation from the lower bound is much larger with
many values above 50% and 100%. Despite some of these values being quite large, in certain
cases, the lowest possible cost that is a feasible solution has actually been found and the deviation
value is a result of having to account for the full cost of the bin where previously a fraction of
the cost was accounted for in the LR. An example is for instance Comb1.7 which has 20 items
and was optimised over cost and lateness objectives. A lowest cost of 100 is found by the MOEA
algorithm while the LR had an optimal cost of 61.96 (see Table 11a). This results in a 61%
deviation value however the cheapest bin does cost 100 and because a fraction of the bin cannot
be used, this is the lowest feasible solution.

The LR is a 1D problem as it considers only the item area and not the shape of the items. This
means that the LR allows for fractional use of bin space which cannot be replicated in a feasible
solution by the MOEA algorithm. When these infeasible solutions are changed to be feasible
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packing configurations, there is often more bin space that is not used and therefore a higher
cost than for the LR. The 1D case does not have this spatial complexity and so there are not
‘wasted’ space areas that are seen in the 2D case. This means that it is the nature of the 2D
problems that lead to larger deviations from the cost lower bound and it is likely not the case
that these instances are simply obtaining worse final solutions than those in the 1D case.

In addition, some of the convergence plots (see Figure 8 and Figure 17) indicated that the use of
the LR solution as a starting point for the MOEA algorithm did not lead to a large difference in
terms of the final solution obtained or to greater diversity of the final solution set. Thus while
the LR can give some indication of how good the MOEA algorithm solutions are, because of
the deviation that occurs when solutions need to be made feasible, this lower bound is not as
useful at face value and some further investigation needs to be done in order to understand if a
particular solution is good or not.

6.5 Limitations and strengths of the developed MOEA algorithm

The MOEA algorithm shows promise for solving the MOGBPP but there are certain areas that
need improvement. One limitation of the work is the lack of solution diversity in the final
populations which may be due to premature convergence. Another limitation related to the
computational testing is the population size and number of generations adopted. In most cases,
convergence was seen and so the number of generations run is less of a concern; however, in some
cases it may have been seen that running the algorithm for more generations would have led
to further improvements in the objective function values. An alternative stopping criteria, such
as returning the results after there has been no change in the objective values after a specified
number of generations, could have been explored. The population size of 200 is potentially a bit
small, particularly for instances involving 200 items or more. If more items are added, a larger
population may be required to maintain solution diversity.

A further limitation of the proposed model is the number of instances that were able to be tested
and the amount of variation of characteristics that could be tested, particularly for the 2D case.
The computational time required for the 2D tests made it impractical to explore a wider variety
of test instances. Additionally, for the 2D case, no variation in the number of compulsory items
was considered, with all instances having 80% of items compulsory and 20% non-compulsory.
It would have been of interest to see how the results differed if all items were compulsory, or
all non-compulsory. A further limitation of the instances optimised here is that only one profit
distribution was considered which was based on item size. More variation in profit would have
allowed one to extract further results about how the profit along with proportion of compulsory
items changes the item allocation.

An additional limitation of this study is that no performance metrics such as general distance
or hypervolume measures were calculated for the results. Such measures help one to understand
how close the results obtained are to the true underlying Pareto front. These measures assess
the spread and density of the resulting Pareto fronts. As seen in the results many of the Pareto
fronts obtained here had very few solutions in them. Calculating these performance metrics
would therefore have likely resulted in very poor measures contributing little meaningful insight
to the current results analysis. The current tabular and visual presentation of the results allow
one to assess the performance of the algorithm and see where some of its limitations lie. Given
this, and the time constraints of the project, adding these measures was out of the scope of this
work. Future research could consider such measures if greater spread in the Pareto fronts is
obtained.
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Despite these limitations, the main objectives of the work have been achieved, developing a
mathematical model and algorithm to solve the multi-objective GBPP. The mathematical model
and algorithm developed in this work provide a good framework and base for solving the problems
and one can change certain components of the MOEA from how it has been coded and set up.
For example, substituting the mutation operator for a different operator would integrate into
the current developed algorithm, provided it outputs the results in the expected format.

In terms of strengths, the algorithm successfully minimized the objectives, with solutions showing
decreasing objective values across generations. In addition, it was able to effectively find feasible
solutions, achieving constraint violation scores of zero within the first 50 to 100 generations in
many instances. Although it was found that there was a limited diversity of solutions in the final
generation for some cases, the MOEA algorithm was able to account for conflicting objectives
and simultaneously optimise them. The limited diversity does not come from the way in which
the algorithm evaluates and sorts solutions but rather there being a need for more diversity to
be introduced, or to slow down the rate at which the solutions converge.

Depending on the problem size, the developed algorithm can be run on real-world cases and is
able to give an indication of some of the available solution options for a decision-maker without
requiring explicit preference weightings for the objectives. While testing more diverse scenarios
would have led to potentially interesting insights, time constraints made this infeasible. The
scope of the project was to develop a mathematical model and algorithm and conduct initial
testing which has been accomplished. The identified limitations could be further explored in
future work.
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7 Conclusion

This section provides a summary of the work presented, highlighting the objectives that were
achieved and the contributions that have been made. In addition, future research directions and
recommendations are given.

7.1 Summary of work

This work has explored the multi-objective GBPP, specifically considering the 1D and 2D
variants of the problem. The objectives that have been considered are cost and maximum
lateness as well as cost and load imbalance. The specific aims and objectives of the work
outlined in Section 1 have been achieved.

A review of the relevant literature was done in Section 2, highlighting the current literature
on cutting and packing problems and multi-objective optimisation techniques. A mathematical
model and MOEA algorithm were developed to solve the 1D and 2D MOGBPP. This algorithm
was implemented in R and a number of runs done on various test instances. The performance
of the algorithm was assessed both in terms of computational efficiency and in terms of solution
quality. The discussion in Section 6 highlighted interesting features of the results and specific
strengths and limitations of the developed algorithm.

The developed algorithm was able to minimize the selected objectives and in many cases present
a set of solutions from which a trade-off could be made. It was found that the algorithm
was better at doing this when optimising over cost and lateness as opposed to cost and load
imbalance and this was because the cost and load imbalance objectives may not have been
conflicting. While some Pareto front sets of solutions were found, the discussion emphasized the
need for an increase in diversity in the set of solutions, particularly for test instances with a
larger number of items. In terms of the computational results it was found that the developed
algorithm had reasonable run times for solving the 1D variant of the problem but took much
longer to run when moving to the 2D variant particularly for instances with 100 and 200 items.
Some of these limitations identified could be studied further in future work as discussed in the
following section.

7.2 Recommendations for future work

As pointed out in Section 6.5, there exist a few areas where future work could be beneficial
to improve the current MOEA algorithm. These areas, along with a few other suggestions for
future research, are outlined below.

Use of variety of test instances: It is recommended that the MOEA algorithm be run on a
wider variety of test instances, varying the different components of the problem to see how this
effects the optimisation results. This would help highlight what types of problems work best
with the current developed MOEA algorithm.

Investigate hyperparameters in the MOEA algorithm: Hyperparameters of the MOEA
algorithm should be further investigated to find what parameter values work best for the multi-
objective optimisation. This includes parameters such as mutation probability, the size of
the population and the number of generations run. It is hypothesized that a larger solution
population and a larger mutation probability would lead to greater diversity in the set of solutions
found, however this might require the algorithm to be run for more generations to minimize the
objectives function values as much as possible. For example, instance Comb17.8 which has 200
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items was rerun with a population size of 400, double the previously run population size and
the mutation probability was increased from 0.3 to 0.8. Figure 24 shows the objective function
values of the population across generations and Figure 25 gives the mean cost (left) and mean
lateness (right) across the generations. An increase in the diversity of the population can be
seen in Figure 24 and it was found that the final generation contained eight non-dominated
solutions which varied across the cost and lateness objectives. This is four times more solutions
than were present when the MOEA algorithm was run with 200 generations and a mutation
probability of 0.3. The lowest cost solution had a cost of 2505.56 where previously a lowest
cost of 2005.56 was obtained, so there is more diversity but it has not reached as low a cost.
This means it should be run for more generations. Also, the convergence plots in Figure 25
indicate that the algorithm has not yet converged. Running for more generations would likely
decrease the objectives further, however, it might also then be found that the diversity decreases.
This relationship with the hyperparameters of the algorithm would therefore be interesting to
research further.

It may be interesting to implement a similar MOEA algorithm to the one developed but to
change the mutation probability as the generations continue, starting out with a larger mutation
probability that encourages diversity and decreasing this as more generations are run to try
and encourage convergence of the algorithm. Additionally, one could investigate implementing
something similar with how much crossover is performed between parent solutions.
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Figure 24: Evolution of objective function values across generation for instance Comb17.8, while
minimizing cost and lateness. Here the population size is set to 400 and the mutation probability is
set to 0.8.

Explore different solution selection techniques: As highlighted in the results, the lack
of solution diversity was one of the major limitations of the developed algorithm. In addition
to considering how changing the population size and mutation probability effect the results
diversity, further research could also consider other ways to increase diversity such as introducing
new sub-populations of solutions at different points in the algorithm. However, it must be noted
that increasing the diversity brought into the solution population needs to be balanced with
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Figure 25: Mean cost (left) and mean lateness (right) over 500 generations for instance Comb17.8, with
population size of 400 and mutation probability of 0.8.

finding solutions that minimize the objectives as much as possible and converge to a stable set
of solutions.

The developed algorithm compares solutions with one another by considering their constraint
violation value and objective function values. First, their constraint violation scores are compared,
one solution is preferred over another if it has a lower constraint violation score. If both have
a score of zero or if the solutions have the exact same violation score, the objectives are then
considered and the lower objective value solution favoured. A potential problem with this
selection technique is that one solution may be much better in terms of objectives but be slightly
constraint violating, with a score of say 50, while another may be feasible but a really poor
solution in terms of objective values, in such a case the poor solution is favoured. While it is
good that the algorithm ensures solutions are feasible, this comparison could be an area of future
research to investigate what happens if at first solutions with constraints under a certain value
are allowable focusing on comparing objective values and then later there is more strictness in
terms of constraint violation scores. A balance must be found between selecting good solutions
and feasible solutions.

Improve the packing heuristic: A final area for future work would be to improve the speed of
the algorithm, and this would be best improved if a more efficient packing heuristic method was
found. As previously discussed, the constraint check involving the constructive heuristic slowed
down the algorithm, particularly as the number of items increased. Finding a faster packing
heuristic method would speed up this check and the overall algorithm. In addition, a packing
heuristic method that does not necessarily favour the left side, as most heuristics currently do,
may also improve the optimisation of the load imbalance objective.

7.3 Contributions to the field

This work makes the following contributions to the field of multi-objective optimisation specifically
of the MOGBPP.
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Contribution 1: A review of the relevant existing work on the MOGBPP and various extensions
of the problem.

One of the main aims of this work was to develop a mathematical model and MOEA algorithm
to solve the MOGBPP. In order to do this a review of relevant literature including existing work
and methods for solving multi-objective optimisation problems was done in Section 2. This
review helps one to better understand the MOGBPP problem and the methods that have been
put forward for solving it.

Contribution 2: Design of a tailored MOEA algorithm for the MOGBPP with implementation
in R.

The second contribution of this work is a mathematical model and developed MOEA algorithm
to solve the 1D and 2D MOGBPP problem. This developed algorithm has been implemented in
such a way that it can be used as a foundation by others and parts of the MOEA algorithm easily
adapted to the users specific problem. For example, one could change the selection or mutation
step and still use the overall algorithm as these smaller functions are easily integrated into the
overall algorithm. While the focus of this work is the MOGBPP, the implemented algorithm
could also be adapted to other multi-objective optimization problems by changing the constraint
violation calculations and objective evaluation functions.

Contribution 3: Generation of test instances for the 2D GBPP.

To the best knowledge of the author there were no previous 2D GBPP test instances available in
the literature and existing repositories. A further contribution of this work is thus the generation
of 2D test instances, with variation in the number of items and item shapes. The 180 instances
generated can be used to test different optimisation algorithms and can serve as a standard set
of instances for the 2D GBPP.

Contribution 4: Introduction of linear relaxation model as a lower bound.

The use of the linear relaxation model and the LR result as a lower bound for the MOEA
algorithm is a further contribution of this work. While there were in certain cases large deviations
from this lower bound, the use of the LR result allows one to understand more about how a
solution performs. This is particularly beneficial as the generated test instances do not have
known solutions and the LR model offers a relatively simple technique to obtain a lower bound.

Contribution 5: Highlights on limitations of the MOEA algorithm and challenges faced when
considering multi-objective optimisation.

A further contribution of the work is that it has highlighted limitations of MOEA algorithms for
solving the MOGBPP and has shown the challenges that can be faced when performing multi-
objective optimisation. These limitations and challenges include early convergence and limited
solution diversity in the final iterations of the algorithm. By highlighting the limitations, one
can better understand the complexities of performing multi-objective optimisation.

Contribution 6: Identification of future research areas.

Linked to Contribution 5, this work has identified areas where improvements can be made and
where future work could be done. Section 7.2 highlighted four specific future research areas.
These areas would help improve the developed MOEA algorithm and allow for more robust
testing of the algorithm, making the algorithm more applicable to real-world problems.
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[47] Wäscher G, Haubner H & Schumann H, 2007, An improved typology of cutting and
packing problems, European Journal of Operational Research, 183(3), pp. 1109-1130.

[48] Zhang D, Kang Y & Deng A, 2006, A new heuristic recursive algorithm for the strip
rectangular packing problem, Computers and Operations Research, 33(8), pp. 2209-2217.

[49] Zheng W, Ren P, Ge P, Qiu Y & Liu Z, 2012, Hybrid heuristic algorithm for two-
dimensional steel coil cutting problem, Computers and Industrial Engineering, 62(3), pp. 829-
838.

[50] Zhou A, Qu BY, Li H, Zhao SZ, Suganthan PN & Zhang Q, 2011, Multiobjective
evolutionary algorithms: A survey of the state of the art, Swarm and evolutionary computation,
1(1), pp. 32-49.

[51] Zitzler E, 1999, Evolutionary algorithms for multiobjective optimization: methods and
applications, PhD Thesis, Swiss Federal Institute of Technology Zurich, Zurich.

[52] Zitzler E, Deb K & Thiele L, 2000, Comparison of multiobjective evolutionary algorithms:
empirical results, Evolutionary Computation, 8(2), pp. 117-132.

[53] Zitzler E & Kunzli S, 2004, Indicator-based selection in multiobjective search, Proceedings
of the 8th International Conference on Parallel Problem Solving from Nature, Birmingham, pp.
832-842.

[54] Zitzler E, Laumanns M & Thiele L, 2001, SPEA2: Improving the strength Pareto
evolutionary algorithm for multiobjective optimization, TIK Report, 103, no page.

81



9 Appendix
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Figure A: Instance Comb2.3 solutions and packing configurations. The top left plot shows the set of
solutions found in the final generation of the MOEA. The remaining three plots show the packing layout
of each of the three solutions.

82



T
a
b
le

A
:
O
p
ti
m
is
at
io
n
R
es
u
lt
s
fo
r
C
la
ss

0
P
ro
b
le
m

2
In
st
a
n
ce
s.

P
ro
b
le
m

2
A

re
su
lt
s
a
re

sh
ow

n
in

th
e
le
ft

ta
b
le

(a
)
a
n
d
P
ro
b
le
m

2
B

re
su
lt
s
a
re

g
iv
en

in
th
e
ri
gh

t
ta
b
le

(b
).

T
h
e
li
n
ea
r
re
la
x
at
io
n
b
ou

n
d
o
n
co
st

is
g
iv
en

in
b
ra
ck
et
s
(L

B
).

T
h
e
%

d
iff
er
en
ce

is
ca
lc
u
la
te
d
a
s

C
o
st
−
L
o
w
e
r
B
o
u
n
d

L
o
w
e
r
B
o
u
n
d

×
1
0
0
.
T
h
e

‘u
n
iq
u
e’

co
lu
m
n
re
fe
rs

to
th
e
n
u
m
b
er

of
d
is
ti
n
ct

so
lu
ti
o
n
s
fo
u
n
d
in

th
e
fi
n
a
l
g
en
er
a
ti
o
n
in

te
rm

s
o
f
o
b
je
ct
iv
e
fu
n
ct
io
n
va
lu
es
.

(a
)
P
ro
b
le
m

2
A

R
es
u
lt
s

I
t
e
m

s
I
n
s
t

C
o
s
t

(
L
B
)

L
a
t
e
n
e
s
s

%
D

iff
e
r
e
n
c
e

U
n
iq

u
e

2
5

1
1
5
7
6
.4
6

(1
3
5
7
.8
9
)

5
7
5
.7
7

1
6
.1
6

2

2
1
5
8
5
.1
5

(1
3
7
0
.0
2
)

4
2
3
.0
0

1
5
.6
9

1

3
1
6
9
7
.1
6

(1
4
8
1
.9
1
)

4
8
1
.4
3

1
4
.4
7

1

4
1
7
9
6
.9
1

(1
5
7
6
.4
4
)

6
3
2
.0
0

1
4
.0
0

5

5
1
9
9
5
.0
4

(1
7
0
7
.3
6
)

7
3
7
.0
0

1
7
.0
0

3

6
1
6
5
6
.8
3

(1
4
8
2
.9
2
)

4
7
5
.5
7

1
1
.6
8

1

7
1
9
6
9
.1
6

(1
7
4
6
.6
9
)

5
0
5
.7
6

1
2
.7
4

1

8
2
0
0
3
.7
4

(1
7
4
3
.6
5
)

5
8
4
.7
6

1
4
.8
8

3

9
1
6
2
4
.6
0

(1
4
4
5
.7
3
)

4
5
3
.5
7

1
2
.3
9

2

1
0

1
6
4
1
.6
7

(1
5
0
6
.2
3
)

2
6
2
.0
0

9
.0
3

1

5
0

1
3
5
8
7
.7
2

(3
0
2
7
.9
3
)

7
5
6
.6
7

1
8
.5
2

1

2
3
8
4
6
.5
5

(3
2
9
8
.2
0
)

7
0
6
.0
0

1
6
.6
0

1

3
3
4
8
5
.7
4

(2
9
6
0
.8
2
)

7
8
5
.5
2

1
7
.7
4

2

4
3
3
0
8
.9
8

(2
9
7
0
.9
4
)

8
4
8
.0
0

1
1
.4
2

1

5
3
8
4
5
.7
7

(3
2
2
8
.5
7
)

6
9
8
.0
0

1
9
.0
9

1

6
3
4
2
8
.5
8

(2
9
6
5
.8
8
)

6
0
1
.4
1

1
5
.6
1

1

7
3
2
7
6
.9
2

(2
8
4
3
.1
3
)

7
1
7
.2
9

1
5
.2
3

2

8
3
2
9
8
.3
9

(2
9
4
4
.6
2
)

5
6
9
.6
7

1
2
.0
0

1

9
3
5
9
9
.8
8

(3
0
4
4
.1
5
)

5
8
7
.6
7

1
8
.2
3

1

1
0

3
2
1
9
.6
7

(2
7
5
3
.4
0
)

6
5
9
.8
1

1
6
.8
7

1

1
0
0

1
7
5
4
1
.8
0

(6
1
5
2
.3
9
)

7
1
0
.1
0

2
2
.6
1

1

2
6
9
0
5
.1
8

(5
8
1
6
.9
7
)

6
1
1
.6
1

1
8
.6
8

2

3
7
7
3
2
.2
9

(6
3
0
0
.2
4
)

7
7
7
.8
1

2
2
.8
0

1

4
7
7
1
3
.4
3

(6
5
2
3
.5
5
)

8
0
6
.7
5

1
8
.2
0

1

5
7
3
2
0
.3
3

(6
0
7
5
.5
6
)

7
1
8
.6
7

2
0
.4
6

2

6
7
1
8
1
.1
8

(6
1
7
4
.4
2
)

7
5
6
.2
6

1
6
.3
6

1

7
7
3
4
9
.5
4

(6
1
6
9
.3
5
)

8
2
3
.0
0

1
9
.1
7

1

8
6
9
0
7
.7
3

(5
9
1
1
.6
3
)

7
6
4
.1
7

1
6
.8
2

1

9
7
3
3
0
.6
4

(6
1
8
4
.5
5
)

8
6
9
.3
0

1
8
.5
4

1

1
0

7
2
4
1
.2
7

(6
0
9
3
.8
0
)

7
7
6
.3
3

1
9
.0
1

1

2
0
0

1
1
4
3
7
1
.9
4

(1
2
2
2
3
.0
6
)

8
4
0
.5
6

1
7
.6
3

1

2
1
5
1
5
5
.6
1

(1
2
4
2
9
.3
9
)

8
8
2
.8
8

2
1
.8
8

1

3
1
5
0
0
1
.1
5

(1
2
3
9
8
.9
9
)

8
6
1
.0
7

2
1
.0
9

1

4
1
4
2
3
3
.5
3

(1
1
8
7
5
.7
4
)

9
2
0
.9
6

1
9
.8
5

2

5
1
3
4
7
4
.4
1

(1
1
3
1
2
.0
5
)

8
0
3
.8
6

1
9
.0
7

1

6
1
4
4
3
5
.0
4

(1
1
8
3
9
.2
6
)

8
8
9
.2
2

2
1
.9
4

1

7
1
3
6
7
9
.4
4

(1
1
5
5
2
.5
6
)

8
9
9
.1
9

1
8
.3
9

1

8
1
5
1
4
3
.1
5

(1
2
4
2
2
.3
0
)

9
5
6
.4
2

2
1
.8
6

1

9
1
4
5
6
9
.9
3

(1
2
4
2
1
.2
8
)

8
8
1
.2
6

1
7
.2
5

1

1
0

1
4
3
2
1
.7
8

(1
2
0
7
0
.3
1
)

9
7
3
.0
7

1
8
.5
9

1

(b
)
P
ro
b
le
m

2
B

R
es
u
lt
s

I
t
e
m

s
I
n
s
t

C
o
s
t

(
L
B
)

L
a
t
e
n
e
s
s

%
D

iff
e
r
e
n
c
e

U
n
iq

u
e

2
5

1
1
6
8
3
.7
7

(1
4
9
3
.1
4
)

1
1
8
3
.1
1

1
2
.7
9

2

2
1
8
0
3
.0
7

(1
5
8
5
.5
0
)

9
8
3
.2
3

1
3
.7
3

1

3
1
7
4
4
.1
9

(1
5
4
2
.2
1
)

9
4
8
.0
5

1
3
.1
2

4

4
1
6
9
7
.2
7

(1
5
4
6
.2
5
)

5
9
2
.0
5

9
.7
7

1

5
1
6
5
7
.7
4

(1
4
8
9
.1
1
)

1
3
3
4
.6
7

1
1
.3
7

1

6
1
5
5
8
.3
3

(1
3
8
2
.5
9
)

9
5
1
.2
7

1
2
.7
0

3

7
1
7
9
1
.3
0

(1
5
9
2
.5
7
)

5
1
8
.0
0

1
2
.4
6

2

8
1
9
2
6
.8
1

(1
7
1
7
.1
7
)

6
8
1
.5
7

1
2
.2
6

1

9
1
7
7
2
.7
1

(1
5
7
0
.3
6
)

5
1
5
.3
3

1
2
.8
7

2

1
0

1
6
8
6
.5
8

(1
5
2
2
.0
9
)

1
1
5
.6
7

1
0
.8
1

1

5
0

1
3
7
3
6
.7
9

(3
2
2
6
.5
2
)

7
0
0
.0
0

1
5
.8
4

1

2
3
4
9
4
.2
0

(3
0
7
2
.6
9
)

1
5
5
1
.4
1

1
3
.6
5

4

3
3
2
0
8
.6
4

(2
8
9
0
.9
9
)

8
5
2
.5
3

1
1
.0
0

1

4
3
3
5
8
.4
4

(2
9
7
4
.3
6
)

1
4
2
0
.0
8

1
2
.9
4

1

5
3
5
1
4
.4
7

(3
0
8
5
.8
2
)

1
1
6
1
.8
2

1
3
.9
1

2

6
3
4
9
2
.1
0

(3
0
8
5
.8
2
)

1
0
3
6
.3
7

1
3
.1
9

2

7
3
4
0
6
.9
0

(3
0
0
6
.6
4
)

9
2
7
.8
0

1
3
.3
7

2

8
3
3
3
2
.9
7

(2
9
5
8
.2
7
)

1
0
4
2
.6
7

1
2
.7
0

3

9
3
2
6
4
.5
8

(2
8
9
3
.8
2
)

1
1
9
0
.1
7

1
2
.8
3

2

1
0

3
6
1
6
.9
2

(3
1
6
8
.1
5
)

1
1
0
9
.3
9

1
4
.2
1

2

1
0
0

1
6
7
5
5
.6
6

(5
8
6
2
.5
1
)

1
1
9
2
.6
2

1
5
.2
7

1

2
7
5
0
3
.4
2

(6
3
5
1
.6
9
)

1
0
9
9
.8
5

1
8
.0
9

2

3
7
4
8
3
.8
3

(6
3
4
9
.6
7
)

9
6
1
.7
1

1
7
.6
8

1

4
7
0
4
9
.9
6

(6
1
0
0
.5
9
)

1
0
8
4
.7
6

1
5
.6
1

1

5
6
9
0
0
.0
5

(6
0
4
3
.1
0
)

9
1
4
.3
3

1
4
.2
1

1

6
7
4
9
7
.1
3

(6
4
0
3
.0
1
)

1
4
4
6
.5
8

1
7
.0
9

1

7
7
4
7
8
.1
3

(6
5
0
4
.5
8
)

1
3
5
4
.6
3

1
4
.9
5

1

8
6
9
0
4
.6
4

(6
0
7
5
.3
9
)

1
4
5
6
.0
0

1
3
.6
6

1

9
6
7
5
0
.2
5

(5
9
2
4
.6
8
)

1
1
7
6
.7
8

1
3
.9
8

1

1
0

6
8
8
4
.5
0

(5
9
9
9
.1
9
)

1
1
9
2
.1
8

1
4
.7
9

1

2
0
0

1
1
3
9
8
5
.7
0

(1
1
8
5
4
.6
7
)

1
7
2
7
.9
4

1
8
.0
8

1

2
1
4
7
9
3
.9
4

(1
2
2
8
6
.7
8
)

1
2
0
0
.2
6

2
0
.4
1

1

3
1
4
1
2
0
.2
2

(1
2
1
1
6
.8
9
)

1
3
4
2
.6
3

1
6
.6
1

1

4
1
3
6
8
9
.2
3

(1
1
7
7
0
.0
8
)

1
3
9
8
.5
1

1
6
.6
2

2

5
1
4
4
8
7
.8
6

(1
2
1
4
2
.0
7
)

1
1
8
7
.1
5

1
9
.3
4

1

6
1
4
1
8
3
.5
3

(1
2
0
8
9
.6
7
)

1
3
8
5
.0
0

1
7
.2
9

1

7
1
3
8
5
0
.7
9

(1
1
8
7
5
.7
5
)

1
5
2
8
.5
1

1
6
.5
8

1

8
1
4
6
5
2
.8
2

(1
2
3
0
2
.7
1
)

1
4
3
2
.0
3

1
9
.1
1

1

9
1
3
7
5
8
.1
0

(1
1
8
9
1
.9
1
)

1
6
7
2
.0
0

1
6
.0
0

1

1
0

1
3
4
5
3
.2
8

(1
1
4
9
8
.8
1
)

1
3
1
8
.7
0

1
7
.0
3

1

83



T
a
b
le

B
:
O
p
ti
m
is
at
io
n
R
es
u
lt
s
fo
r
C
la
ss

0
P
ro
b
le
m

3
In
st
a
n
ce
s.

P
ro
b
le
m

3
A

re
su
lt
s
a
re

g
iv
en

in
th
e
le
ft

ta
b
le

(a
)
a
n
d
P
ro
b
le
m

3
B

re
su
lt
s
a
re

sh
ow

n
in

th
e
ri
gh

t
ta
b
le

(b
).

T
h
e
li
n
ea
r
re
la
x
at
io
n
b
ou

n
d
o
n
co
st

is
g
iv
en

in
b
ra
ck
et
s
(L

B
).

T
h
e
%

d
iff
er
en
ce

is
ca
lc
u
la
te
d
a
s

C
o
st
−
L
o
w
e
r
B
o
u
n
d

L
o
w
e
r
B
o
u
n
d

×
1
0
0
.
T
h
e

‘u
n
iq
u
e’

co
lu
m
n
re
fe
rs

to
th
e
n
u
m
b
er

of
d
is
ti
n
ct

so
lu
ti
o
n
s
fo
u
n
d
in

th
e
fi
n
a
l
g
en
er
a
ti
o
n
in

te
rm

s
o
f
o
b
je
ct
iv
e
fu
n
ct
io
n
va
lu
es
.

(a
)
P
ro
b
le
m

3
A

R
es
u
lt
s

I
t
e
m

s
I
n
s
t

C
o
s
t

(
L
B
)

L
a
t
e
n
e
s
s

%
D

iff
e
r
e
n
c
e

U
n
iq

u
e

2
5

1
2
3
3
4
.1
5

(1
9
4
9
.0
7
)

8
4
0

1
9
.7
5

3

2
2
1
6
8
.3
9

(1
9
3
9
.9
5
)

8
8
3

1
1
.7
6

4

3
2
1
3
2
.1
4

(1
8
9
9
.8
2
)

5
3
4
.8
9

1
2
.2
4

1

4
2
4
0
7
.2
5

(2
0
6
0
.7
5
)

7
8
7

1
6
.7
7

1

5
2
2
7
0
.1
1

(1
9
8
0
.1
3
)

8
8
0
.3
2

1
4
.6
8

5

6
2
3
3
0
.4
5

(2
0
3
9
.7
2
)

6
4
5

1
4
.2
6

2

7
2
2
2
2
.0
8

(1
8
4
6
.1
2
)

5
0
2
.5
6

2
0
.3
7

1

8
2
1
0
3
.9
7

(1
7
8
3
.1
3
)

5
6
5

1
8
.0
4

2

9
2
2
2
5
.7
7

(1
9
7
0
.0
0
)

6
6
1
.6
3

1
3
.0
0

5

1
0

2
2
5
5
.7
2

(1
9
0
3
.8
8
)

5
0
2
.8
9

1
8
.5
5

1

5
0

1
4
5
0
4
.7
9

(3
9
7
8
.7
1
)

8
4
9

1
3
.2
1

2

2
4
6
0
7
.6
7

(3
7
5
2
.1
0
)

7
7
2
.4
6

2
2
.8
3

1

3
4
4
6
5
.5
0

(3
9
1
2
.4
1
)

7
1
2
.7
9

1
4
.1
6

1

4
4
4
4
2
.0
3

(3
7
8
2
.1
3
)

8
3
3

1
7
.4
2

2

5
4
3
3
1
.6
4

(3
8
3
8
.7
0
)

6
6
2
.5
3

1
2
.8
6

1

6
4
1
9
6
.0
6

(3
5
3
7
.5
7
)

5
7
5

1
8
.6
0

1

7
4
4
8
3
.6
8

(3
8
0
6
.4
5
)

8
8
3
.1
6

1
7
.7
8

2

8
4
3
7
1
.7
4

(3
6
8
0
.6
0
)

9
2
7
.8
9

1
8
.7
5

2

9
4
3
9
8
.3
9

(3
7
3
7
.1
5
)

6
6
7

1
7
.7
1

1

1
0

4
3
9
1
.8
6

(3
7
1
4
.0
1
)

6
6
9

1
8
.2
8

1

1
0
0

1
9
0
8
7
.1
1

(7
5
7
1
.6
3
)

7
1
4
.3
3

1
9
.9
7

1

2
8
9
0
1
.8
3

(7
4
1
7
.5
9
)

8
3
7
.2
1

1
9
.9
3

1

3
9
0
6
5
.6
9

(7
3
6
5
.5
6
)

7
0
3
.9
2

2
2
.8
1

1

4
9
1
9
8
.6
5

(7
5
4
2
.8
1
)

7
4
6
.2
2

2
1
.9
6

1

5
9
1
4
2
.7
9

(7
7
8
9
.2
3
)

8
7
7
.0
5

1
7
.3
7

3

6
9
1
1
4
.5
4

(7
6
5
6
.3
1
)

8
3
2
.9
5

1
9
.0
4

1

7
9
2
8
4
.0
9

(7
5
0
6
.3
3
)

8
2
8
.2
7

2
3
.6
9

1

8
9
2
1
4
.1
2

(7
5
5
5
.4
2
)

7
8
1
.3
3

2
1
.9
3

1

9
9
0
5
1
.9
4

(7
5
5
3
.3
9
)

8
3
0
.6
7

1
9
.7
4

1

1
0

9
1
0
1
.5
5

(7
5
7
8
.7
2
)

8
4
7
.6
7

2
0
.5
2

1

2
0
0

1
1
8
2
3
4
.6
4

(1
5
2
2
7
.1
2
)

8
5
5
.5
4

1
9
.7
5

1

2
1
8
3
7
3
.9
7

(1
5
4
3
2
.4
3
)

8
7
6
.2
8

1
9
.0
6

1

3
1
8
2
5
8
.1
3

(1
4
8
1
0
.1
3
)

8
7
8
.8
0

2
3
.3
3

1

4
1
8
3
3
9
.6
6

(1
5
1
8
0
.9
5
)

9
2
7
.3
3

2
0
.9
4

1

5
1
8
4
8
2
.6
4

(1
4
9
8
6
.3
8
)

8
8
2
.8
4

2
3
.3
1

1

6
1
8
7
0
8
.9
7

(1
5
1
7
3
.8
5
)

9
3
6
.6
7

2
3
.3
4

1

7
1
8
2
9
9
.9
5

(1
4
9
3
8
.4
0
)

9
1
6
.8
6

2
2
.5
5

1

8
1
8
4
7
3
.7
3

(1
5
0
9
2
.6
1
)

9
2
9
.4
0

2
2
.3
9

1

9
1
8
6
6
3
.4
1

(1
5
2
0
3
.0
6
)

8
9
0
.7
4

2
2
.8
6

1

1
0

1
8
5
0
2
.5
4

(1
5
1
9
8
.1
7
)

8
7
1

2
1
.9
1

1

(b
)
P
ro
b
le
m

3
B

R
es
u
lt
s

I
t
e
m

s
I
n
s
t

C
o
s
t

(
L
B
)

L
a
t
e
n
e
s
s

%
D

iff
e
r
e
n
c
e

U
n
iq

u
e

2
5

1
2
0
9
4
.9
2

(1
8
4
0
.8
0
)

9
5
5
.3
3

1
3
.8
3

3

2
2
1
8
8
.1
6

(2
0
3
3
.6
8
)

1
3
5
0
.0
6

7
.5
9

2

3
2
1
3
3
.5
6

(1
9
1
6
.2
6
)

1
3
2
6
.3
9

1
1
.3
5

3

4
2
1
8
8
.0
1

(2
0
2
7
.6
4
)

9
9
5
.0
0

7
.9
1

1

5
2
1
8
4
.0
4

(2
0
1
5
.5
4
)

1
1
8
9
.3
0

8
.3
6

3

6
2
0
7
0
.7
7

(1
8
7
2
.9
9
)

1
0
6
4
.7
1

1
0
.5
7

3

7
2
1
2
0
.9
7

(1
9
6
8
.3
3
)

9
3
9
.5
0

7
.7
8

4

8
1
9
6
7
.2
5

(1
8
2
8
.7
0
)

1
1
7
9
.0
0

7
.5
9

2

9
2
1
3
4
.1
8

(2
0
0
8
.4
9
)

1
0
6
4
.0
0

6
.2
7

2

1
0

2
0
3
0
.2
3

(1
7
9
0
.7
2
)

8
4
7
.9
0

1
3
.3
8

2

5
0

1
4
2
7
0
.0
8

(3
7
7
9
.1
5
)

1
7
1
1
.2
6

1
3
.0
2

2

2
4
5
2
8
.2
5

(3
8
3
5
.5
6
)

8
9
0
.8
4

1
7
.9
8

1

3
4
3
7
2
.7
9

(3
6
6
0
.6
0
)

1
1
0
9
.0
0

1
9
.4
7

1

4
4
3
2
0
.0
1

(3
6
4
7
.4
8
)

1
1
8
1
.6
7

1
8
.4
2

4

5
4
3
0
2
.0
8

(3
7
7
4
.1
6
)

1
0
3
4
.1
6

1
4
.0
2

2

6
4
1
7
5
.2
3

(3
7
2
7
.0
5
)

1
1
3
6
.1
8

1
1
.9
9

3

7
4
3
6
0
.3
7

(3
8
5
5
.7
4
)

1
4
0
8
.8
1

1
3
.1
5

6

8
4
1
6
4
.8
5

(3
7
4
3
.0
5
)

1
4
5
0
.0
7

1
1
.2
9

5

9
4
3
9
3
.6
4

(3
8
3
8
.5
8
)

1
3
5
9
.0
5

1
4
.4
4

2

1
0

4
4
3
0
.6
4

(3
9
6
9
.2
0
)

1
6
1
2
.6
9

1
1
.6
3

2

1
0
0

1
9
0
7
9
.0
0

(7
7
0
4
.3
8
)

1
1
2
7
.8
0

1
7
.8
6

1

2
9
4
8
6
.5
6

(7
9
6
8
.6
5
)

1
3
8
7
.2
7

1
8
.9
9

5

3
9
0
7
0
.2
5

(7
5
1
2
.5
2
)

1
2
8
5
.4
8

2
0
.8
2

1

4
8
8
9
8
.3
5

(7
7
3
1
.4
3
)

1
1
3
3
.9
4

1
4
.9
9

1

5
8
8
8
9
.7
9

(7
5
0
8
.4
8
)

1
7
0
6
.6
8

1
8
.4
6

2

6
8
8
0
0
.7
7

(7
7
0
9
.4
3
)

1
1
6
4
.2
0

1
4
.1
4

1

7
8
9
1
5
.3
6

(7
6
5
9
.1
6
)

1
5
2
2
.7
7

1
6
.3
2

2

8
8
7
6
4
.0
5

(7
5
8
2
.7
9
)

1
1
3
7
.4
0

1
5
.5
8

1

9
9
2
3
8
.1
5

(7
7
9
0
.8
7
)

1
3
6
9
.1
2

1
8
.4
6

1

1
0

9
0
1
4
.6
6

(7
8
5
6
.0
0
)

1
7
8
4
.4
6

1
4
.7
5

1

2
0
0

1
1
8
0
1
3
.2
6

(1
5
2
9
8
.4
4
)

1
4
5
1
.4
2

1
7
.6
8

1

2
1
8
2
9
0
.1
5

(1
5
3
7
5
.6
1
)

1
2
3
4
.1
4

1
8
.9
9

1

3
1
8
0
5
3
.7
2

(1
5
0
8
5
.2
1
)

1
6
4
8
.2
0

1
9
.7
4

1

4
1
8
0
3
3
.4
8

(1
5
0
6
8
.5
2
)

1
3
0
6
.5
5

1
9
.7
5

1

5
1
8
2
7
8
.0
3

(1
5
0
4
4
.2
8
)

1
3
1
1
.2
5

2
1
.4
7

1

6
1
7
8
6
0
.3
8

(1
5
1
2
0
.4
9
)

1
4
4
2
.8
3

1
8
.2
6

1

7
1
8
1
7
3
.1
6

(1
4
9
9
0
.8
7
)

1
6
0
3
.3
2

2
1
.2
8

1

8
1
8
4
0
7
.7
6

(1
5
2
6
5
.2
8
)

1
6
6
5
.8
7

2
0
.6
4

1

9
1
8
4
7
1
.7
7

(1
5
3
4
2
.6
9
)

1
8
2
6
.1
8

2
0
.4
2

1

1
0

1
7
8
1
1
.6
5

(1
4
9
4
8
.7
8
)

1
5
1
7
.0
8

9
.1
9

2

84



0 200 400 600 800 1000 1200

50
0

10
00

15
00

20
00

Maximum Lateness

C
os

t

1

2

3

4

5

6

7

8

9

10

11

12

13

1415

16

17

18 19

20

0

50

100

150

200

0 50 100 150 200
X Coordinate (Width)

Y
 C

oo
rd

in
at

e 
(H

ei
gh

t)

1
2

3

4

5
6

7

8

9

10

11

12

13
14

1516

17

1819
20

0

100

200

300

0 100 200 300
X Coordinate (Width)

Y
 C

oo
rd

in
at

e 
(H

ei
gh

t)

1

2

3

4

5

6

7

8

9

10

11

12

13

1415

16

17

18 19

20

0

50

100

150

200

0 50 100 150 200
X Coordinate (Width)

Y
 C

oo
rd

in
at

e 
(H

ei
gh

t)

Figure B: Instance Comb3.1 solutions and packing configurations. The top left plot shows the set of
solutions found in the final generation of the MOEA. The remaining three plots show the packing layout
of each of the three solutions.
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Figure C: Instance Comb17.10, final generation packing solution option 1.
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Figure D: Instance Comb17.10, final generation packing solution option 2.
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Figure E: Instance Comb17.10, final generation packing solution option 3.
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Figure F: Instance Comb17.10, final generation packing solution option 4.
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Figure G: Convergence plots for 100-item instances, mixture item shapes, Comb13 (left) and long and
narrow items, Comb14 (right) for cost (top) and load imbalance (bottom).
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Figure H: One packing configuration for instance Comb18.1, minimizing cost and load imbalance.
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