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Abstract

This thesis is grounded in the fundamental observation that biological data has shape and this shape
matters. Beneath the high-dimensional, often noisy landscape of gene expression profiles lie hidden
topological structures (connected components, loops and voids) that capture the complex relationships
driving cancer development and progression. By embracing this perspective, we position Topological
Data Analysis (TDA) and persistent homology at the core of a novel analytical framework designed

to tackle two key challenges in cancer research: clinical outcome prediction and biomarker discovery.

In this study, we employ Weighted Gene Topological Data Analysis (WGTDA) to extract
topological features from gene expression data, which serve as prognostic biomarkers for cancer
classification, staging, and treatment response. Moreover, by integrating these topological features

with machine learning models we aim to enhance the predictive accuracy for clinical outcomes.

For clinical outcome prediction, we transformed gene expression profiles into topological fingerprints
using multiple co-expression measures—namely, Pearson Correlation, Distance Correlation, and
Weighted Topological Overlap (wTO) computed with both Pearson and Distance-based adjacencies.
These topological features were analyzed using Random Forests. In parallel, we compared the
predictive performance of traditional machine learning models (SVM, Gradient Boosting Decision
Trees, Random Forest, and Neural Networks) trained on raw gene expression data against models
incorporating the topological fingerprints. This comparative analysis was conducted across three
classification tasks: cancer type (using TCGA-SARC, TCGA-PCPG, and TCGA-ESCA datasets),

cancer staging (using TCGA-HNSC for stages I-1V), and treatment response (responders vs. non-responders).

For biomarker identification, the same three tasks were applied using the best-performing
co-expression measure to generate a global topological representation of the patient population.
This provided a disease-level view, highlighting shared homological patterns to facilitate biomarker
discovery. Additionally, a dedicated visualization tool has been developed to aid in interpreting
these topological signatures and identifying critical biomarkers. The tool is available at https:
/Mnyase.github.io/MSc-Thesis/

WGTDA significantly enhanced phenotype prediction tasks by overcoming common pitfalls of

traditional ML models in RNA-Seq data, such as overfitting and poor handling of class imbalance.


https://nnyase.github.io/MSc-Thesis/
https://nnyase.github.io/MSc-Thesis/

TDA-derived features improved generalizability of ML models in tasks such as cancer staging and
treatment response prediction. Our findings strongly support the integration of TDA into clinical
outcome prediction, demonstrating its value in capturing nuanced patterns that allow ML methods to

learn more effectively.

Moreover, WGTDA remarkably identified key gene signatures for cancer type, staging, and
treatment response without relying on pre-existing biological assumptions—yielding biomarkers that
are strongly supported by the existing literature. These results underscore the method’s reliability and

potential clinical utility in precision oncology.
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Chapter 1

Introduction

1.1 Background

I encourage you to take a moment and look around. The physical world is filled with shapes — from
the contours of a mountain to the structural design of a bridge, and the intricate folding structure of
a protein molecule, these shapes and structures are fundamental to how we understand and interact
with the world around us [1]. This principle extends beyond the physical world as it permeates into
the domains of science where the study of shapes - topology - becomes a powerful tool in analyzing
complex systems and data. Topology is the mathematical study of shapes and spatial properties
that remain invariant under continuous deformations [2]. To many, it may seem like a fascinating
but abstract and impractical field of study. Perhaps topology was only a brief module in a dense
mathematics course in university. However, upon closer examination, topology reveals itself as both
ubiquitous and deeply embedded in nature, science and data. Its principles are essential for unraveling
the hidden patterns, structures and relationships that govern complex systems we seek to understand.
In an era dominated by big data and interconnected relationships, topology stands not as an obscure
mathematical curiosity, but as a transformative framework with profound implications for scientific

discovery.

This is where Topological Data Analysis (TDA) comes into play. TDA leverages the concepts
of algebraic topology to uncover and analyze intricate structures and features embedded in complex
and high-dimensional data [3]. At the heart of TDA lies persistent homology, a technique that
tracks the emergence and closure of topological features across different scales. Conventional
bioinformatics, statistical, and machine learning techniques often rely on linear correlations, network
analysis, or iterative optimization processes like backpropagation. While effective in many scenarios,
these methods often encounter limitations when confronted with high dimensional data, noise and
the interpretability of results [4—6]. On the contrary, TDA focuses on capturing both local and
global topological features, thus extracting structural properties embedded in data that conventional

techniques may overlook. By analyzing the topology of the data, TDA identifies key homological and
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geometric features, such as cycles, loops, voids, tunnels and higher dimensional surfaces, offering a
different perspective to data [7, 8]. These topological insights are particularly useful in the context of
omics data, where understanding the interactions between molecular components is key to uncovering

important biological processes.

Omics studies provide a means to decipher the intricate interactions within cellular and molecular
systems that drive diseases such as cancer. As one of the most prevalent non-communicable diseases
worldwide, cancer remains a critical global health concern [9]. As such, omics studies are crucial
for identifying novel biomarkers and accurately predicting clinical outcomes, both of which are
important for advancing drug discovery and bridging the gap between cell biology research and

clinical applications [10].

However, identifying biomarkers and predicting clinical outcomes poses a formidable challenge
due to the high-dimensional nature of omics data [11, 12]. Additionally, researchers must discern
meaningful signals from noise and validate biomarkers across diverse populations and conditions.
Moreover, analytical techniques are required to detect subtle yet clinically relevant patterns within
the data [13]. These challenges are particularly evident in gene expression studies, where the sheer
volume and complexity of the data necessitate innovative analytical frameworks [11, 12]. This is
where TDA emerges as a transformative approach. By characterizing topological spaces and structures
in omics data, TDA can help interpret biological processes, potentially leading to earlier and more
accurate disease diagnoses, a better understanding of disease mechanisms, and overall improvements

in patient care.

The primary goal of this thesis is to leverage TDA to advance biomarker discovery and enhance
clinical outcome predictions in cancer research through the analysis of gene expression data. As such,
this thesis focuses on addressing two primary research objectives. First, we explore the application
of TDA for biomarker discovery through the use of Weighted Gene Topological Data Analysis
(WGTDA), which I co-developed with IBM Research [14, 15]. WGTDA serves as both a data mining
methodology and an open-source Python package, designed to uncover key topological features within
gene expression data that can potentially serve as prognostic biomarkers for complex diseases!?.
Additionally, we are developing an accompanying visualization tool to facilitate the analysis and
interpretation of these topological features, providing an intuitive means to explore gene-phenotype
relationships. Once identified, these topological interactions will undergo validation using external
literature to assess their prognostic value and clinical relevance. Importantly, we focus on uncovering
biomarkers associated with distinct cancer types, cancer stage, and treatment response, laying the

foundation for downstream predictive modeling.

IFor access to the WGTDA tool on GitHub: github.com/IBM/WGTDA
ZFor the original paper on WGTDA, see: arxiv.org/abs/2402.08807


https://github.com/IBM/WGTDA
https://arxiv.org/abs/2402.08807

1.2 Research Objectives 3

Building on these insights, the second research objective focuses on extending the application
of TDA by integrating topological features with machine learning models to predict key clinical
outcomes. These outcomes mirror the three tasks addressed in the first objective — cancer type,
cancer stage, and treatment response, with each becoming progressively more difficult to determine.
While the cancer type is relatively easier to predict, cancer stage requires a deeper understanding of
tumor progression, and treatment response presents the most significant challenge due to the complex
and often unpredictable biological factors involved. In addressing this objective, we systematically
compare the performance of machine learning models both independently and in combination with
topological features. This comparative analysis evaluates how the inclusion of topological descriptors

impacts predictive accuracy across these diverse clinical outcomes.

Therefore, this thesis demonstrates how TDA can be effectively applied to both biomarker
discovery and clinical outcome prediction. Through the WGTDA method, we approach biomarker
discovery from a disease-level by converting the gene expression profiles of all patients into a single
topological space. This global disease view allows us to identify shared patterns and structures
across the entire patient population. In contrast, for predicting clinical outcomes, each patient is
assigned a unique topological fingerprint, derived from their individual gene expression profile. This
patient-specific representation captures variations and nuances essential for personalized predictions
of cancer type, cancer stage, and treatment response. Together, these complementary approaches
showcase the versatility and power of TDA and WGTDA, bridging population-level biomarker
discovery with individualized clinical predictions, ultimately contributing to more precise diagnostics

and identification of better biomarkers.

1.2 Research Objectives

1.2.1 General Aim

The overarching aim of this thesis is to leverage TDA to advance biomarker discovery and improve
clinical outcome predictions in cancer research through the analysis of gene expression data. This
approach seeks to uncover prognostic biomarkers and improve the predictive power of machine

learning models in clinical applications.

1.2.2 Specific Aims

This study is structured around two interrelated areas: Biomarker Discovery and Clinical Outcomes.
Each area addresses key challenges in applying TDA to gene expression and cancer research and,

together, they form a comprehensive framework. The specific aims are as follows:
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e Biomarker Discovery

1. Identify prognostic biomarkers in gene expression data using WGTDA for cancer type,

cancer stage and treatment response.

2. Develop a visualization framework to represent topological features in gene expression as

a complex network.
* Clinical Outcomes

1. Evaluate the impact of integrating topological descriptors on the predictive performance

of machine learning models for clinical outcomes.

2. Compare different co-expression measures in constructing the simplicial complex and

assess their influence on model performance.

The following section provides a detailed exploration of each aim, outlining their significance,

and expected contributions to biomarker discovery and clinical outcome prediction.

1.2.3 Biomarker Discovery

1.2.3.1 Identify prognostic biomarkers in gene expression data using WGTDA for cancer type,
cancer stage and treatment response.

A key objective in biomarker discovery is determining whether an analytical method can reliably
identify clinically relevant markers across diverse phenotypes [16]. In this study, the phenotypes
under investigation are cancer type, cancer stage, and treatment response and they vary in complexity.
By employing WGTDA, we aim to extract topological features from gene expression data that serve
as robust biomarkers for these phenotypes. To establish the practical utility of WGTDA, we will
validate the identified biomarkers against published literature, assessing both their clinical significance
and generalizability. We hypothesize that WGTDA will uncover gene signatures associated with the
proposed phenotypes, establishing it as a powerful framework for biomarker discovery across diverse

clinical contexts.

1.2.3.2 Develop a visualization framework to represent topological features in gene expression as

a complex network.

In tandem with identifying biomarkers, visualizing gene expression networks is critical for deciphering
the complex interactions and relationships between genes, proteins, and other molecular entities. These
visual representations are a powerful means of interpreting biological systems, enabling researchers
to map gene-gene interactions, uncover molecular pathways, and pinpoint potential biomarkers that

are pivotal in disease phenotypes or therapeutic responses [17, 18].
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Tools such as Cytoscape [19], Ingenuity Pathway Analysis (IPA) [20] and STRING database [21]
have become important for visualizing these networks. In this thesis, we aim to utilize the topological
features derived from WGTDA to construct and visualize gene networks similar to the tools mentioned
above. We hypothesize that such topological gene networks will reveal critical genes and key patterns,
thereby facilitating a deeper exploration of gene-phenotype relationships and broadening our capacity

for effective biomarker discovery using TDA.

1.2.4 Clinical Outcomes

1.2.4.1 Evaluate the impact of integrating topological descriptors on the predictive performance

of machine learning models for clinical outcomes.

Predicting clinical outcomes with machine learning is challenging due to the high dimensionality
and complexity of gene expression data, which can lead to overfitting and reduced generalizability
[11, 12]. To address these issues, we propose incorporating topological descriptors derived from
TDA as features in random forest models. By integrating these descriptors, we aim to enhance model
robustness and improve predictive accuracy for key clinical outcomes, including cancer type, cancer

stage, and treatment response.

To test this hypothesis, we conduct a comparative analysis of machine learning models with and

without TDA-derived topological features. The evaluation includes the following models:

* Support Vector Machines (SVM)
* Light Gradient Boosting Machines (LightGBM)
e Neural Networks (NN)

e Random Forest (RF)

This analysis will assess whether integrating topological descriptors improves traditional machine

learning models for clinical prediction tasks and measure the extent of their impact.

1.2.4.2 Compare different co-expression measures in constructing the simplicial complex and

assess their influence on model performance.

One critical challenge in TDA is selecting the most appropriate measure to construct the simplicial
complex. A simplicial complex is a fundamental topological structure that encapsulates both geometric
and relational properties of the data. While we formally define the simplicial complex in the
Theoretical Framework (Chapter 2), it is essential to note that the choice of metric significantly
affects the resulting topological features. Different measures may emphasize different patterns within
the data, making the selection process non-trivial and application-specific. Despite its importance,

there is a notable gap in the literature regarding systematic comparisons of these measures for
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constructing informative simplicial complexes for downstream tasks [22].

To address this gap, we investigate the utility of four co-expression measures:

* Pearson’s Correlation
* Distance Correlation
* Weighted Topological Overlap (wTO) using Pearson-based adjacency

* Weighted Topological Overlap (wTO) using Distance-based adjacency

Our goal is to evaluate how each measure influences the construction of topological descriptors
and, consequently, the performance of the machine learning models in predicting clinical outcomes.
By systematically comparing these approaches, we aim to identify the most informative co-expression

measure for clinical prediction tasks.

We will then adopt the best-performing measure to generate global, population-level biomarkers
using WGTDA, directly addressing research aim 1.2.3.1. This strategy ensures that the resulting

biomarkers are maximally robust and biologically meaningful.

To our knowledge, this is the first work to apply TDA to different phenotype predictions while also
integrating a visualization framework for biomarker discovery. This innovative approach highlights
the versatility of TDA in genomics and personalized medicine, effectively bridging the gap between

fundamental TDA research and clinical applications within a unified analytical framework.

1.3 Motivation

The rapid advancement of digital technologies, coupled with the decreasing costs of sequencing and
data acquisition, has resulted in an explosion of biological data. This data explosion encompasses
next-generation sequencing (NGS), enhanced medical imaging, and a growing emphasis on personalized
medicine [23]. Simultaneously, the scientific community has embraced a culture of openness,
fostering the development of open-source tools and the sharing of vast datasets in publicly accessible
repositories. Prominent examples of these repositories include the National Center for Biotechnology
Information Gene Expression Omnibus (NCBI GEO) [24] and Genomic Data Commons (GDC)
[25]. This era of big biological data has placed a need for advanced analytical techniques capable
of extracting meaningful insights from these vast datasets [6]. Although artificial intelligence (Al),
machine learning (ML), and statistics have advanced our understanding of big biological data,
effectively interrogating complex, high-dimensional datasets still remains challenging [11, 12]. In

this context, TDA has emerged as a promising approach for exploring the shape and structure of
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high-dimensional omics datasets [26].

With that being said, while TDA offers a powerful framework for uncovering hidden structures
in data, it has not gained the same widespread recognition or level of adoption as other data-driven
techniques, such as Al, ML and statistics. The irony is that the same intricate and rigorous theoretical
framework that gives TDA its strength also renders it less accessible to researchers outside of pure
mathematics. As a result, TDA has gained far less recognition compared to more user-friendly and

widely adopted techniques, limiting its adoption and application in life sciences research [26].

Moreover, a natural extension of this is the recognition that biological data itself, much like the
biological entities, has an inherent shape and structure that can reveal valuable insights. Researchers
often study how the shapes of biomolecules, cells, tissues, and organisms arise from the effects
of genetics, development, and environmental factors. Consequently, it is less common to consider
that biological data also has shape and structure [27]. Just as biological forms can be analyzed
and interpreted, so too can the structure of data be measured, explored and transformed to uncover
underlying patterns and hidden relationships. Recognizing that data has shape, particularly in
high-dimensional and noisy datasets, offers a new and powerful perspective that opens doors to novel

discoveries in biology and medicine [23].

However, these challenges also present an opportunity to advance biological research by positioning
TDA as a robust methodology for analyzing complex biological data, such as gene expression. In
this thesis, we embrace this challenge by proposing that biological data is best understood through
the lens of shapes, networks, interactions, and homology groups. As data scientists, we bear the
responsibility to rigorously test and validate new methodologies across diverse applications to ensure
their robustness and broad applicability. By doing so, we aim to bridge the gap between theoretical
advancements and practical use, contributing to the wider adoption of TDA in life sciences and
demonstrating its value in analyzing complex biological systems. Ultimately, this thesis is grounded

in the belief that biological data has shape—and that shape matters.

1.4 Thesis Outline

* Chapter 1: Introduction

This chapter establishes the foundation of the thesis by introducing topology and TDA. It
outlines the research aims, presents the motivation behind the study, and highlights the

significance of applying TDA in biomarker discovery and clinical outcome prediction.

» Chapter 2: Theoretical Framework



Introduction

This chapter provides the theoretical underpinnings of the research, introducing key topological
concepts such as simplicial complex, persistent homology, and betti numbers. These mathematical
foundations are essential for understanding how TDA is applied to omics datasets.

Chapter 3: Literature Review

This chapter critically examines the current state of research in areas central to this thesis,
including cancer biology, statistics, machine learning and bioinformatics. It explores key related
works that inform this study while identifying existing gaps and opportunities that this research

aims to address.

Chapter 4: Methods

This chapter details the research methodology for both biomarker discovery and clinical outcome
predictions. It covers data acquisition, preprocessing and preselection steps, co-expression
measures, and the corresponding TDA pipeline, evaluation metrics and the visualization
framework built for WGTDA.

Chapter 5: Results

This chapter presents the experimental findings for both biomarker discovery and clinical
outcome prediction. Exploratory Data Analysis (EDA), visualizations, statistical analyses, and

comparative results are included to support the conclusions drawn.

Chapter 6: Discussion

This chapter provides an in-depth interpretation of the results, connecting them to the research
objectives and situating them within the broader context of cancer research and bioinformatics.

The implications, limitations, and potential future directions of the study are also discussed.

Chapter 7: Conclusion

This chapter summarizes the key findings of the thesis, emphasizing its contributions to TDA,
biomarker discovery, and clinical outcome prediction. It concludes by highlighting the impact
of the research and its potential for future applications in bioinformatics, oncology and TDA

research.



Chapter 2

Theoretical Framework

In this chapter, we establish the theoretical foundation underpinning the methodologies employed in
this thesis. We introduce essential concepts from topology and TDA that are crucial for uncovering
the intrinsic structure of complex data. In particular, we examine key constructs such as network
theory, simplicial complexes, persistent homology, and betti numbers, that serve as powerful tools
for this purpose. This framework is vital for understanding the methods used to achieve the research

objectives outlined in Chapter 1.

2.1 Topology

As in any branch of mathematics, determining which objects are equivalent is essential. In topology,
this equivalence is explored using properties such as continuity, compactness, and connectedness
[28, 29]. Topology studies the inherent features of geometric objects that remain unchanged under
continuous deformations—such as stretching, twisting, crumpling, or bending, without concern for
precise measurements or size [2, 28, 29]. A topological space is a collection of open sets equipped
with a topology. This space provides a framework that enables us to define and analyze concepts like
continuity, convergence, and connectedness independent of any notion of distance [28, 29]. Common
examples of topological spaces include the Euclidean spaces (R") and metric spaces, where the
topology is induced by a distance function, or a measure. This discipline, often called "rubber-sheet
geometry," focuses on an object’s connectivity and overall structure rather than its exact size and

measurement details.

These observations naturally lead us to ask: How can we classify topological spaces? One
powerful approach is to examine their "holes" or voids. The presence or absence of holes provides
crucial insight into the structure of a space and serves as an invariant under continuous deformations.
This concept is central to algebraic topology, which offers robust methods for detecting, counting, and

comparing these holes [28, 30].
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A well-known joke in mathematics captures the essence of this approach: "Topologists can’t tell
the difference between a coffee mug and a donut!" This joke highlights the essence of topology. As
illustrated in Figure 2.1, a coffee mug and a donut are topologically equivalent because each possesses
a single hole (the mug’s handle and the donut’s central hole). Consequently, through continuous

deformation a coffee mug can be transformed into a donut, and vice versa without any tearing or

@?éf

Fig. 2.1 A topologist’s favorite joke

re-gluing.

Having established the foundational concepts of topology and the role of holes in classifying
spaces, we now turn to how these ideas can be applied to real-world data. TDA extends these
principles to uncover complex structures and relationships within datasets, revealing hidden patterns

while preserving their geometric and connectivity properties.

2.2 Topological Data Analysis (TDA)

At its core, TDA translates raw data into topological spaces, where we can analyze its shape and
connectivity. Just as topology classifies spaces based on properties that persist under continuous
deformations, TDA identifies stable topological features such as connected components, loops, holes
and voids within data. These features provide a robust representation of the dataset’s structure across

multiple scales [31-33].

A key technique in TDA is persistent homology, which tracks how topological features evolve as
we vary a scale parameter [32, 34]. Essentially, we construct a sequence of nested topological spaces
using data, and analyze how features like holes appear and disappear. The persistence (lifespan) of
these features is represented in a persistence diagram or persistence barcode, providing a concise

summary of the dataset’s topological structure [30].

In essence, TDA extends the principles of topology beyond theoretical spaces to real-world data,
allowing us to classify and interpret complex structures through the lens of topological invariants. To
effectively apply these ideas, we must first establish how data points relate to one another—Ileading us
to network theory, which provides a foundational framework for representing complex relationships

within datasets.
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2.3 Network Theory

Networks are essential for representing complex systems by capturing the relationships between
elements within a dataset. Formally, a network is defined as a graph G(V,E) where V is a set of
nodes or vertices (v; € V) and E is a set of edges or links (e; € E) that connect pairs of vertices. The
connectivity of a network is often represented through an adjacency matrix A = a; ;, where a; ; # 0, if
there exists a connection between the pairs of vertices. By capturing interactions, dependencies, and

associations within a system, networks become a powerful framework for analyzing complex datasets.

While networks are typically represented as graph, it can also be used to form a topological space.
[35]. By analyzing the relationships encoded within a network’s structure, we can extract meaningful
topological features that reveal the underlying shape of the data.

2.3.1 Weighted Networks

An important extension of networks is the concept of a weighted network, denoted G(V,E,W). In a
weighted network each edge ¢; ; € E connecting vertices v; and v; is assigned a weight w; ; € W that
represents the strength, frequency, or significance of the relationship between the connected nodes v;
and v;. he weights provide additional insight into the connections between pairs of nodes, allowing

for a more nuanced representation of the underlying data.

2.3.2 Network Filtration

To analyze how a network’s topology changes given different scales, parameters or thresholds, we
employ a procedure known as network filtration. This approach is relevant for weighted networks,

where each edge’s weight influences how and when that edge enters or exits the network [35, 36].

Network filtration is a process that systematically tracks geometric and network properties as the
threshold values imposed on the network vary. In practice, this method involves constructing a series
of networks by iteratively adding or removing edges below a specific threshold. For example, edges
with weights lower than 0.2, or 0.8 are added or removed. By generating these threshold graphs, we
can identify persistent network metrics - local and global properties of the network that remain stable
across a range of threshold values. These persistent features can be plotted or tracked throughout
the filtration process, providing valuable insights into the network’s structure [35, 36]. An intuitive
example of network filtration is analyzing social networks. By examining how connections persist
across different threshold levels, we can gain insights into the strength and stability of social ties

within a group.

This approach mirrors the concept of filtrations in topology, where one explores how a topological

space evolves by continuously adding or removing elements. To better understand the structural
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evolution of these spaces, we must first introduce their fundamental building blocks: simplices and

simplicial complexes

2.4 Simplex

A simplex is a geometric construct that generalizes the notion of points, triangles or tetrahedrons to
arbitrary dimensions. It serves as a foundational element in the construction of simplicial complexes,

which are crucial for analyzing topological properties in data [29, 37].

Formally, a k-simplex is defined as the convex hull of k4 1 affinely independent vertices in
R". The dimension of the simplex corresponds to the number of vertices minus one. Simplices can
exist in infinite dimensions. As illustrated in Figure 2.2, we begin with a 0-simplex (point), and it
evolves through higher dimensions including a 1-simplex, 2-simplex, and a 3-simplex. These figures

demonstrate how simplices encode geometric structures across varying dimensions.
* A 0-dimensional simplex is a single point.
* A I-dimensional simplex is a line segment connecting two points (an edge).
* A 2-dimensional simplex is a triangle, which includes its three edges and the interior region.

* A 3-dimensional simplex is a tetrahedron, the 3-dimensional analog of a triangle, consisting of

four triangular faces and the enclosed volume.

Fig. 2.2 Simplices of different dimensions. (A) a vertex (0-simplex), (B) an edge (1-simplex), (C)
a triangle (2-simplex), and (D) a tetrahedron (3-simplex). We note that an edge has two vertices, a
triangle has three edges, and a tetrahedron has four triangles as faces.

Suppose the points ug,uy,...,u; are affinely independent, meaning the vectors u; — ugp,uy —
up, . ..,ux — ug are linearly independent. The simplex determined by these points is the set of points C
defined as:
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k
C= {90u0+---+9kuk ) 6;=1and Gizoforallizo,...,k}. 2.1)

i=0
The equation 2.1 represents the convex combination of the points ug,uy,...,u;, where the
coefficients 6y, ..., 6 are non-negative and sum to 1. The convex combination ensures that the

resulting point lies within the simplex, rather than outside of it.

To elaborate on definition 2.1:

1. Convex Hull: The convex hull of a set of points is the smallest convex set that contains all the

points.
2. Affine Independence: The points ug,u,...,u; are affinely independent, meaning the vectors
uy — ug,uy — Uo, . . ., Uy — Up are linearly independent. This ensures that the points span a space

of the correct dimension (e.g., three non-collinear points in R? form a triangle).

3. Convex Combination Condition: The condition Y'¥_, 6; = 1 ensures that we are forming a
point inside the convex hull of the given points. Each 6; is a non-negative scalar that assigns a
weight to each point u;, and the sum-to-one condition guarantees that the point lies within the
boundary of the simplex.

Simplices are the building blocks of simplicial complexes, which allow for the computation of
homology and the extraction of topological features from data [34]. By combining simplices of
different dimensions, a simplicial complex can reveal intricate structures and relationships within the
data.

2.5 Simplicial Complex

A simplicial complex is a fundamental mathematical construct that extends the concept of a simplex by
assembling simplices in a structured, combinatorial manner. It serves as a framework for representing
geometric and topological spaces within data. Intuitively, a simplicial complex can be visualized
as a structure built from points (0-simplices), edges (1-simplices), triangles (2-simplices), and their
n-dimensional counterparts, all interconnected to form a coherent mathematical object [29, 30].

Formally, a simplicial complex X in R" is defined as a finite collection of simplices that satisfies

the following two conditions as outlined in Elements of Algebraic Topology by James Munkres [29]:

1. Face Condition: Every face of a simplex in X must be an element of X. This ensures that if a
simplex is part of a complex, then all of its lower-dimensional faces (such as edges and vertices)

are also included in the complex.
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2. Intersection Condition: The intersection of two simplices in X is either empty or is the face of
both simplices. This means that if two simplices share a common part, that part must be a face
of each simplex involved. If they do not share a common part, it must be empty.

These conditions ensure that the simplices are consistently connected, avoiding ambiguities or

overlaps that violate the integrity of the complex.

Figure 2.3 illustrates a valid simplicial complex with a filtration at K = 0.06. The structure
includes points, line segments, triangles, and tetrahedrons, all of which satisfy the two key conditions
for a simplicial complex: the face condition, where every face of a simplex is included in the complex,
and the intersection condition, where any two simplices intersect only at a shared face or not at all. In
contrast, Figure 2.4 depicts a geometric configuration that fails to meet both the face and intersection
conditions. Specifically, one simplex is missing a face, and two simplices intersect improperly in a

non-face region. These violations render the configuration invalid as a simplicial complex.

Several types of simplicial complexes exist, each with unique properties and computational
requirements, including the Vietoris-Rips (VR) complex [38], Cech complex [39], Alpha complex
[40], and Witness complex [41]. Among these, the Vietoris-Rips (VR) complex is particularly
well-suited for analyzing high-dimensional data due to its computational efficiency in calculating

persistent homology through pairwise connections [42, 43].

Simplicial Complex Example (K = 0.06)

0.50
0.45
0.40
L]
035
0.30 °

0.25 1

0.20 1

0.15 T T T T T T T
015 020 025 030 035 040 045 050 055

Fig. 2.3 Example of a simplicial complex with K or € = 0.06. The structure includes points
(0-simplices), edges (1-simplices), and filled triangles (2-simplices) that represent complete pairwise
connections. This structure satisfies the conditions of a simplicial complex: (1) Every face of a
simplex (e.g., edges and vertices of triangles) is included in the complex, and (2) the intersection of
any two simplices is either empty or a shared face.
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Not a Simplicial Complex

07

0.6 1

051 °

0.4+

0.3 4

0.2

0.1

0.0 T T T T T T
0.0 01 0.2 0.3 0.4 05 0.6 0.7

Fig. 2.4 Example of a structure that is not a simplicial complex. This structure violates two key
conditions of a simplicial complex: (1) The face condition is violated as one triangle is missing an
edge and (2) the intersection condition is violated as two triangles improperly share an edge without
fully sharing a face.

2.5.1 Simplicial Filtration

To analyze how the topology of a simplicial complex evolves across different scales or thresholds, we
use a method known as simplicial filtration. This process is analogous to network filtration (Section
2.3.2) and allows us to study the progressive evolution of the complex as additional simplices are
incrementally added and connected. Mathematically, a filtration is represented as a sequence of nested

simplicial complexes:

X=Ky— K| —...—K, (2.2)

Here, Ky represents the initial set of simplices, K, represents the final complex after all simplices
have been connected. The parameter K or € serves as the filtration parameter, which determines
when a new simplex is introduced. As K or € increases, additional simplices are incorporated into
the complex, and new topological features (e.g., connected components, loops, voids) emerge. These
features can persist across multiple filtration scales, highlighting robust structures in the data, or they

may disappear quickly, representing transient noise.

Figure 2.5 visually demonstrates the evolution of a VR complex as the filtration parameter K
increases. The progression of VR complex showcases how increasing K gradually reveals more

complex topological features. For instance:
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Fig. 2.5 Evolution of the VR complex.

Each subplot represents a different threshold K or €

incrementing by 0.02, with circles illustrating the neighborhood radius, edges connecting points within
K and filled triangles (2-simplices) highlighting complete pairwise connections. The progression
showcases how increasing K gradually reveals higher-dimensional simplicial structures and more
complex topological features.

1. At smaller thresholds (K), the complex consists mostly of disconnected points.

2. As K increases, these disconnected points become connected components. This is shown by the

edges between points that begin to form.

3. At higher thresholds, loops, filled triangles (2-simplices) and tetrahedrons (3-simplices) emerge,

marking the transition to higher-dimensional simplicial structures and more complex topological

features.
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2.6 Vietoris-Rips (VR) complex

A VR complex is a specific type of simplicial complex that is better-suited for high dimensional data
analysis due to its computational efficiency [23, 43]. It is constructed by a set of points in E" and &,
which represents a proximity threshold. For a given €, an edge is drawn between every pair of points

that are within a distance € of each other.

Mathematically, for a set of points X, the VR complex VR, (X) at scale € is defined as follows:

* asimplex with vertices {xo,x1,...,x;} is in VR (X) if and only if the pairwise distance between

each pair of points x; and x; is less than 2¢.

The VR complex offers significant computational advantages over alternatives like the Cech
complex. Unlike the Cech complex, which requires explicit calculation of higher-dimensional overlaps,
the VR complex uses pairwise distances to infer the presence of higher-dimensional simplices,
reducing computational overhead [23, 43].

2.7 Chains and k-Chain Groups C;

We may ask: how do we translate topological spaces into algebraic objects for easier manipulation?
This is achieved using chains and chain groups, which allow us to convert geometric and topological
problems into algebraic ones. By operating on these chains, we can apply tools such as addition and

subtraction of chains to gain deeper insights into the shape and connectivity of a space.
A chain is a formal linear combination of simplices of a certain dimension within a topological
space, where the coefficients are elements from a specified coefficient group [28]. Intuitively, a

chain represents a "sum" of geometric objects such as points, line segments, triangles, and other

higher-dimensional simplices. A typical k-chain ¢ € Cy is given by:

Cc= Z a;0; (23)
i=0
where a; € Z and o; are the k-dimensional simplices.

Moreover, the chain group Cy is the collection of all possible k-chains.

a; € 7., o; are k—simplices} 2.4)

Ck = {Zaiq
i
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This group is free abelian, meaning it has a basis consisting of the k-dimensional simplices and

every element in the k-chain can be expressed as a linear combination of the basis elements.

2.7.1 Boundary Maps and Boundary Homomorphism 0,

To analyze the topological features within a simplicial complex, we introduce the concept of
a boundary of a chain and the associated boundary operators. Boundary maps and boundary
homomorphisms are essential tools in algebraic topology for analyzing the structure of topological
spaces. They track how higher-dimensional shapes are connected to their lower-dimensional boundaries
[29].

For example, the boundary of a triangle (2-simplex) consists of its three edges (1-simplices), this
is demonstrated in Figure 2.6 A. More generally, a boundary map of k is a linear function that sends a

k-dimensional chain to its (k — 1)-dimensional boundary.

Ok : Cr — Cr—y (2.5)

Importantly, the boundary map satisfies d o d = 0, meaning that the boundary of a boundary is
always zero or empty (see Figure 2.6 B) [28, 29].

This property leads to the definition of cycles (chains with no boundary) and boundaries (chains
that are the boundaries of higher-dimensional simplices) !. Homology groups are then computed

by comparing cycles and boundaries, revealing key features such as holes and voids in the chain group.

2.8 Homology and Homology groups H,(X)

Returning to the concept of holes or voids in a topological space, homology provides a bridge
between geometry and algebra by captures the information about topological features within a space.
Homology groups quantify the number of independent cycles in each dimension, allowing us to

classify higher-dimensional analogs of loops and voids.

To compute homology, we begin by identifying chains within a simplicial complex. The
boundary operator d; introduced earlier maps a k — chain to its boundary a k — 1-chain. Formally,
the k""-homology group H,,(X) is defined as the quotient of the space of k-dimensional cycles by the
space of boundaries of (k+ 1)-dimensional simplices [28, 44, 45].

ICycles and loops are terms used interchangeably throughout this thesis, both referring to closed chains or ) topological
feature.
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0(A)=
a.".)

ab + ac + be

ab + ac + be ab + ac + bc

Fig. 2.6 Boundary operator of a triangle. In illustration A, the boundary map of a 2-simplex (triangle)
is depicted, where the boundary of the triangle is the sum of its edges. Illustration B demonstrates
that applying the boundary operator twice results in zero, confirming the principle that the boundary
of a boundary is always zero.

H,(x) = —<er(%) (2.6)

~img(dki1)

These homology groups summarize the independent topological features at each dimension,
providing a powerful way to analyze complex structures. For example, Hy counts the connected
components, H; identifies loops, and H, captures voids. By computing homology groups, we gain
insight into the intrinsic shape of the data represented by the simplicial complex.

2.9 Betti Numbers f3;

Betti numbers are used to distinguish topological spaces based on the connectivity of n-dimensional
simplicial complexes. To compute the berti numbers of a topological space, the space is first
triangulated into a simplicial complex. This complex is then represented using a boundary matrices,
and a matrix reduction process is applied to these matrices to determine the betti numbers. Specifically,
the k-th betti number f; of a simplicial complex K is defined as the rank of the k-th homology group
Hi(K), which quantifies the number of independent k-dimensional topological features of K [46].

This can be expressed as:

Bx = rank(Hy (X)) 2.7
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Where rank is the number of independent generators of the k-th homology group (Hi(X))
representing the distinct k-dimensional topological features in the simplicial complex.

* Bo represents the number of connected components (0-dimensional holes). In persistent

homology they reveal isolated components that persist on different filtrations.

* i represents the number of two-dimensional loops or holes. Persistent homology captures the

birth and death of these loops through different filtrations

* [, indicates the number of three-dimensional voids, cavities or empty regions in the space.

Again, persistent homology captures the birth and death of the cavities at various scales.

As depicted in Figure 2.7, betti numbers provide a summary of the topological features present in
a topological space. For example, a point cloud consists of multiple disconnected points, which results
in By =9, indicating nine connected components, with no higher-dimensional holes, so 8; and 3, = 0.
A circle S' has a single connected component, represented by By = 1, and a single 1-dimensional
loop, giving B; = 1, while there are no 2-dimensional holes, hence 8, = 0. In the case of a sphere
S2, we observe that it consists of one connected component, leading to By = 1, and it encloses a
2-dimensional void, reflected by 3, = 1, with no 1-dimensional loops, hence §; = 0. Finally, the torus
T? = S' x S' exhibits more complex topological orientation, with one connected component (B = 1),

two independent 1-dimensional loops (f3; = 2), and a single 2-dimensional void (B, = 1).

Point Cloud Circle Sphere Torus
st 52 T? = S1xs?t

o s

® °® (KRS

° &

® "o \SS
ﬁ0=9 B0=1 B0=1 ﬁ0=1
B = Bi=1 B1=0 pr=2
B.=0 B,=0 B.=1 B=1

Fig. 2.7 In the illustration above, a point cloud has 9 connected components but no higher-dimensional
holes, a circle S! has one connected component and one loop, a sphere S? has one connected
component and one void, and a torus T2 has one connected component, two loops, and one void.

Computing betti numbers involves algebraic techniques, primarily centered around reducing
boundary matrices derived from a simplicial complex. Various algorithms have been developed for
this purpose, including methods based on combinatorial laplacians [47], Smith Normal Form, and

emerging approaches leveraging quantum algorithms [48, 49].
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2.10 Persistent Homology

While homology and betti numbers provide a static view of topological features at a fixed scale,
real-world data often requires an examination of how these features evolve across multiple scales.
Persistent homology extends the homological framework by tracking the birth and death of topological

features as a parameter € varies, allowing for a multi-scale analysis of topological structures.

Persistent homology was introduced by Edelsbrunner, Letscher, and Zomorodian [44] as a method
to compute homological features that persist over a range of scales, rather than features present at one
single scale. The key idea is to build a filtration of simplicial complexes which are parameterized by
€. As ¢ increases, more simplices are added, and we track the birth and death of topological features.
Essentially, the homology of the complex changes as € increases; new connected components can
appear, existing components can merge, loops and cavities can appear or be filled. The persistence
or duration of these features across € provides robust topological signatures that are stable under
perturbations [44-46]. Thus, allowing one to analyze how topological features such as connected
components (), loops (B1) and voids (3;) appear and disappear across the filtration.

Persistent homology information is often encoded in a persistent diagram. A persistent diagram
is a graphical representation of the birth and death intervals representing € for a particular dataset.
Essentially, the persistent diagram tracks the persistence of features by recording birth (b) and death
scales (d) and can be defined as: (b,d) |b,d € R,0 < b < d < . Each point (b, d) represents the birth
and death scales of a topological feature. Features that persist over a large range (long lifespan d — b)

are often considered significant, while those with short lifespans may be attributed to noise.

The process is illustrated in Figure 2.8, where a point cloud of five points arranged in a circular

pattern undergoes persistent homology:

1. Initially in Figure 2.8A, only the individual points () are visible.
2. As € increases, edges form, connecting nearby points.
3. At a critical threshold, the edges close to form a loop (B;), capturing the circular structure.

4. The persistent homology evolution is summarized in the persistence diagram (Figure 2.8B),
where each point represents the birth and death of a topological feature.

In persistent diagram depicted in 2.8B, the five black points correspond to fy representing the
connected components that are born early and quickly die as they merge. The blue point, which
persists much longer, corresponds to f3; capturing the loop in the circular structure. Features with
long persistence (greater difference between birth and death), such as the f; point, indicate significant

structures, while those with short persistence, like the five individual black By points, are often
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Fig. 2.8 Illustrates the process of persistent homology. The figure (A) shows a point cloud as a
simplicial complex. Disks centered around each simplices grow iteratively as € increases and when
the disks intersect, and edge is formed. Connected points are 3y topological features, and loops or
holes are represented as f3; features. The graph (B) is the persistence diagram which summarizes
the birth and death coordinates each topological feature extracted in the point cloud, colored by 3
number; where black is By and blue is f3

attributed to noise.

To further understand persistent homology, we consider its application to two different point
clouds, a torus and a sphere, shown in Figure 2.9. These point clouds represent samples taken from
these shapes, and their persistent diagrams are provided in Figure 2.10. The key differences between
the persistent homology of the torus and the sphere are evident in their Betti numbers and persistence

diagrams:

1. Betti-1 (f3;): The torus (Figure 2.9a) is characterized by a prominent f3; feature (orange point)
that persists over a long range, representing a robust loop that encircles the torus longitudinally.
This feature distinguishes the torus’s topology by capturing its circular structure. In contrast,
while the sphere (Figure 2.9b) has many f3; features, it lacks any significant f3; features, as they
have small lifespans reflecting its absence of non-trivial loops.

2. Betti-2 (B1): Moreover, the torus displays multiple 3, features (green points), corresponding
to its hollow interior and complex 3D structure. On the other hand, the sphere has a single
dominant 3, feature, representing its central cavity or void. This simpler topological signature
demonstrates the fundamental differences between the torus and the sphere in terms of their

geometric and topological properties.
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(a) A point cloud sampled from a torus. (b) A point cloud sampled from a sphere.

Fig. 2.9 Two point clouds sampled from (a) a torus and (b) a sphere. The point clouds were generated
from Tadasets package [50]
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(a) Persistent Diagram of a torus. (b) Persistent Diagram of a sphere.

Fig. 2.10 Persistence diagrams for (a) a torus and (b) a sphere. Each point represents a topological
feature, with its coordinates indicating the birth and death scales. Blue points (fy) represent connected
components, orange points (f;) correspond to loops, and green points (3,) represent cavities or voids.

In this study, persistent homology serve to compute descriptors of underlying homology patterns
within gene expression datasets. By quantifying connected components (), loops (1), and voids
(B2), they offer a robust framework for identifying topological features that may correlate with specific
biological phenomena. These features are utilized to identify biomarkers and incorporated into

downstream machine learning models, improving the accuracy of clinical outcome predictions.
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2.11 Topological Descriptors

Persistence diagrams are essential tools in TDA, offering a way to represent the topological information.
However, since they consist of variable-length collections of points, they are difficult to integrate
directly into machine learning models, which typically require fixed-length vector inputs. To address
this issue, researchers have developed representations called topological descriptors, which employ
vectorization techniques to translate persistence diagrams into forms suitable for computation and
analysis. Among the various methods available, persistence landscapes stand out for their robustness,

and compatibility with statistical and machine learning frameworks [51, 52].

2.11.1 Persistent Landscapes

Persistence landscapes, introduced by Bubenik et al. [51], transform persistence diagrams into a
collection of piecewise-linear functions. This transformation converts topological features into a

vectorized format, making them compatible with statistical analysis and machine learning applications.

For each point (b,d) in a persistence diagram, a corresponding tent-shaped function (or "hat"

function) is defined as:

t—b, ifb<r< b4
Ai(t)=4d—t, if e <r<a,
0, otherwise.

Where:

* b: Birth time of the topological feature
* d: Death time of the topological feature
e t: Parameter across the real line

Each function peaks at the midpoint between birth and death times and tends linearly to zero at

both points. The collection of these hat functions forms a persistence landscape, denoted as:

A= (A1), L(),...)

These functions can be discretized into finite-dimensional vectors suitable for input into standard
machine learning algorithms. Figure 2.11 illustrates persistence landscapes for 81 (loop-based) features

of a torus and a sphere. Notice the substantial differences:

1. Torus (Figure 2.11a): A single dominant layer A extends over a large scale, reflecting a robust
loop (B;) that persists through much of the filtration. Higher layers (1;,A,,A3...) are less

pronounced, indicating shorter-lived loops or noise.



2.11 Topological Descriptors 25

2. Sphere (Figure 2.11b): In contrast, the sphere’s fB; features appear as small, overlapping peaks
across all layers, with heights below 0.8 for all A’s. These short-lived loops are typically
attributed to noise rather than a persistent topological structure.

Overall, the torus exhibits a robust and persistent f3; feature, while the sphere’s landscape is

dominated by transient, short-lived features, reflecting the distinct topological properties for f3; of the

two shapes.
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Fig. 2.11 Persistence landscapes for 8; of (a) a torus and (b) a sphere. Note the scale of the x- and
y-axes.

In this thesis, we utilize persistence landscapes to generate a topological fingerprint for each
patient. These topological fingerprints will be used as input features in downstream machine learning

models to predict for cancer type, cancer stage and treatment response.






Chapter 3

Literature Review

Building upon the theoretical framework established in the preceding chapter, this literature review
explores cancer biology and RNA-Seq data, with an emphasis on biomarker discovery and clinical
outcome prediction. By situating this study in the broader scientific context, we aim to demonstrate
TDA’s potential to advance biomedical data analysis and contribute to improved biomarkers and

clinical predictions.

3.1 Biology of Cancer

According to the World Health Organization (WHO), cancer is the leading cause of death globally,
accounting for approximately 10 million deaths in 2020 alone [53]. Despite decades of intensive
research, cancer remains a complex and multifaceted disease with significant implications for global
health. Therefore, understanding the biological basis of cancer is essential for developing effective

diagnostic tools and therapeutic interventions.

Cancer is caused by changes to genes that control how our cells function, particularly how they
grow and divide. These genetic alterations can be inherited through germline mutations or acquired
over a person’s lifetime due to errors in deoxyribonucleic acid (DNA) replication or exposure to
carcinogens such as tobacco smoke, ultraviolet radiation, or certain chemicals. These mutations

disrupt the normal regulatory mechanisms of the cell cycle, leading to uncontrolled proliferation [54].

At the molecular level, the central dogma of molecular biology outlines the flow of genetic
information from DNA to ribonucleic acid (RNA) to functional proteins [55]. This process is
tightly regulated in healthy cells to ensure proper cell function, growth, and programmed cell death
(apoptosis). Mutations in key genes result in gain/loss of function to oncogenes, tumor suppressor
genes, and DNA repair genes—can lead to losing control over these processes. For example, the
activation of oncogenes can promote excessive cell division, while the inactivation of tumor suppressor

genes removes critical checks on cell growth [56]. Additionally, epigenetic modifications, such as



28 Literature Review

DNA methylation and histone modifications, can alter gene expression without changing the DNA

sequence, further contributing to cancer progression [56].

Furthermore, cancer development is also heavily influenced by the tumor microenvironment. This
microenvironment includes surrounding blood vessels, immune cells, fibroblasts, signaling molecules,
extracellular matrix and the cancer stem cell populations. Interactions between cancer cells and
the tumor microenvironment drive processes such as angiogenesis, invasion, and metastasis, which

influencing therapy response [57].

With that being said, early detection and characterization of cancer is important, as it can
significantly improve patient outcomes by allowing for timely intervention. Cancer detection
begins with screening tests or assessments prompted by symptoms. Screening methods may include
imaging techniques such as mammography for breast cancer, computed tomography (CT) scans,
and colonoscopy for colorectal cancer [58]. Blood tests and liquid biopsy can also play a role
in detection, measuring levels of specific biomarkers that may indicate the presence of cancer.
Once cancer is detected, the next phase is obtaining a solid tumor biopsy to categorize the cancer.
This process includes determining the malignancy, histological subtype, tumor size, and stage.
Characterization is achieved through a combination of advanced imaging, morphological assessments
via histology or cytology, and biomarker identification [58]. All these approaches aim to provide a
comprehensive understanding of the cancer’s nature, guiding personalized treatment strategies and

improving prognosis.

Whilst traditional cancer screening and diagnosis has curbed some of the burden of cancer,
advancements in genomic sequencing and omics technology (e.g., transcriptomics, proteomics) has
the potential to revolutionize the field. These methods generate vast datasets, enabling the discovery
of novel biomarkers and therapeutic targets. However, the complexity and scale of these datasets
necessitate advanced analytical techniques, such as machine learning algorithms and TDA, to extract

meaningful insights [6, 26].

3.1.1 Hallmarks of Cancer

Building on the foundational principles of cancer biology, Hanahan and Weinberg proposed the
Hallmarks of Cancer, outlining the fundamental traits acquired during cancer’s multi-step development
[59, 60]. These hallmarks provide a unifying framework for understanding tumorigenesis and
have been instrumental in guiding cancer research. The original six hallmarks include sustaining
proliferative signaling, evading growth suppressors, resisting cell death (apoptosis), enabling replicative
immortality, inducing angiogenesis, and activating invasion and metastasis [59-61]. (Figure 3.1).
Later, two emerging hallmarks were added namely reprogramming energy metabolism and evading

immune destruction [59, 61].
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Fig. 3.1 Key hallmarks of cancer include sustained proliferative signalling, evasion of growth
suppressors, angiogenesis, invasion and metastasis, evasion of apoptosis, and replicative immortality.
Figure was created in BioRender.com

3.1.1.1 Sustaining Proliferative Signaling

Proliferation refers to a rapid reproduction of a cell, part or organism. This leads to tissue growth or
an expansion of cell populations. This process is tightly regulated in health tissues by signals that
promote or inhibit cell division as needed. However, in cancer, cells acquire the ability to sustain
uncontrolled proliferation, meaning they continuously multiply without responding to normal growth
controls. This occurs through mutations in oncogenes and the inactivation of tumor suppressor genes,
which allow cancer cells to bypass regulatory checkpoints and evade signals that would normally stop
their growth [60].

3.1.1.2 Enabling Replicative Immortality

Cancer cells can have limitless replication potential, which is known as replicative immortality. This
contrasts the behavior of normal cells which undergo a limited number of growth and division cycles
before encountering senescence, a non-dividing state, or crisis, which leads to cell death. However,
cancer cells circumvent these limitations by maintaining the length of their telomeres, the protective
caps at the ends of chromosomes that shorten with each division. This is primarily achieved via the
hyperexpression of the telomerase enzyme, which extends telomeres and preserves chromosomal
stability. By overriding this natural mechanism of cell number regulation, cancer cells evade processes

such as necrosis and apoptosis, further driving uncontrolled proliferation [60].
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3.1.1.3 Evading Growth Suppressors

Growth suppressors, also known as tumor suppressor genes, regulate cell proliferation by acting as
"brakes" that inhibit unchecked growth. Well-documented tumor suppressors commonly mutated in
cancer include Retinoblastoma (RB) and TP53, enabling cancer cells to evade growth suppression. The
RB and TP53 proteins play key roles in regulating cellular proliferation, senescence!, and apoptosis.
RB integrates signals to control cell cycle progression, while TP53 responds to intracellular stress by
halting growth or triggering cell death when conditions are abnormal. Despite their critical function,
cancer cells often bypass these suppressors through genetic mutations or pathway inactivation, leading

to unchecked proliferation [60].

3.1.1.4 Activating Invasion and Metastasis

Invasion and metastasis are processes by which cancer cells spread from their original site to other
parts of the body. Invasion involves cancer cells penetrating and spreading into surrounding tissues,
while metastasis is the disseminating of cancer cells through the bloodstream or lymphatic system
to distant organs, where they establish secondary tumors. Both processes are driven largely by
epithelial-mesenchymal transition (EMT). EMT induces morphological changes in cancer cells,
disrupting cell-cell interactions and enabling mobility [60]. Notably, many sources indicate metastasis
accounts for approximately 66-90% of cancer-related deaths, making it the leading cause of cancer
mortality [62, 63].

3.1.1.5 Evading Apoptosis

Apoptosis is the process of programmed cell death, a natural and controlled mechanism that allows
cells to die in a way that benefits the organism. Evading apoptosis refers to the ability of cancer cells
to avoid programmed cell death, allowing them to survive and continue to proliferate despite signals
that generally trigger cell death [60].

3.1.1.6 Sustained Angiogenesis

The continuous delivery of oxygen and nutrients, along with the elimination of metabolic waste, is
critical for the survival and optimal functioning of cells. Angiogenesis refers to the physiological
process of forming new blood vessels from pre-existing vessels, which plays an important role in
tissue growth, repair and survival. In the context of cancer, angiogenesis plays a pivotal role by
supplying the tumor with the necessary oxygen and nutrients to sustain its growth and progression.
Tumors stimulate this process by secreting pro-angiogenic factors, such as vascular endothelial growth
factor (VEGF), which promote the growth of new blood vessels toward the tumor mass [60].

I'Senescence is a permanent state in which cells stop dividing in response to stress or damage, serving as a protective
mechanism to prevent uncontrolled growth.
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3.2 Biological data

3.2.1 RNA Sequencing

With the biology and the hallmarks of cancer defined, developing analytical methods to explore the
genetic landscape is essential for addressing the complexities of cancer. Genes, the fundamental units
of inheritance, contain the information that is necessary to determine an organism’s physical and
biological traits. Passed from parent to offspring, genes encode information for producing molecules,
primarily proteins, that perform vital cellular functions [64]. This information is carried within a
gene’s nucleotide base pairs, which is composed of nucleotides namely adenine (A), thymine (T),
cytosine (C), and guanine (G). This information can be decoded using high-throughput sequencing
technologies, such as DNA microarrays and next generation sequencing technologies such as RNA
sequencing (RNA-Seq). These technologies enable the comprehensive profiling of gene expression
data, allowing researchers to measure thousands of genes simultaneously and uncover molecular

patterns associated with cancer [56, 65].

Older technologies such as DNA microarrays, consist of thousands of DNA fragments (spots)
affixed to a glass or silicon chip, with each spot representing a different gene. This setup enables
the simultaneous analysis of numerous genes in a single experiment. However, microarrays can only
detect transcripts that bind to pre-existing spots, making them dependent on known genomic and
transcriptomic data. Additionally, they typically detect only two-fold expression changes, which may

cause them to miss subtler yet biologically significant variations [66].

Newer technologies, such as RNA-Seq, analyze the complete set of RNA transcripts within a
cell or tissue. By converting RNA into complementary DNA (cDNA) and sequencing it, researchers
can quantify gene expression and uncover novel transcripts, providing a snapshot of cellular activity
and gene regulation. The RNA-Seq protocol involves fragmenting and tagging the cDNA with
adapters, followed by amplification and sequencing, where each DNA base emits a unique signal
during synthesis. Compared to microarrays, RNA-Seq is more sensitive and captures both known
and novel transcripts, including splice variants, enabling the detection of subtle expression changes at
lower thresholds [66].

While short-read RNA-Seq (e.g., [llumina-based) remains the most widely used approach due to
its mature protocols, high throughput, and cost-effectiveness, it has limitations in resolving long-range
transcript structures and complex splicing events. In contrast, long-read RNA-Seq (e.g., Oxford
Nanopore, PacBio) is now considered the next generation of RNA sequencing, offering full-length

transcript information, enhanced isoform detection and reduced sequence bias [67, 68]
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3.2.1.1 Challenges in RNA-Seq

RNA-Seq data analysis brings formidable challenges, particularly in biomarker discovery and
classification. One major issue is the vast number of molecular features, such as the thousands of genes
that could serve as potential biomarkers or important features for classification. Traditional molecular
and cell biology research focuses on elucidating isolated and specific biological pathways/processes
rather than considering all genes. This limits the overall understanding of the entire biological system.
As such, it is of growing importance to consider all genes when identifying biomarkers, as often time,
the combined expression patterns of multiple genes can offer better prognostic power than individual
genes. However, as the feature set grows, identifying the optimal subset for reliable prognosis becomes
complex, a challenge often termed as the curse of dimensionality. For instance, consider a panel of 10
genes, which can result in over 10! = 3.6 million combinations. This complexity also hampers data

visualization and interpretation, obscuring critical patterns in gene expression profiles [69].

Moreover, RNA-Seq data often presents additional challenges, such as sparse data matrices,
technical noise, and batch effects, as well as both biological and technical variability [70, 71].

Addressing these challenges is crucial for extracting meaningful insights from RNA-Seq data.

3.3 Methodologies

Analyzing RNA-Seq data, particularly in oncology, demands robust methodologies that extract
meaningful insights from high-dimensional, sparse, noisy and heterogeneous datasets. Statistics,
machine learning, and bioinformatics provide essential tools and frameworks for this task, enabling
researchers to detect patterns, build predictive models, and interpret results. However, these methods
face overlapping limitations when dealing with the inherent complexity of RNA-Seq data (See Section
3.2.1.1). In this section, we discuss the key limitations of these methodologies and illustrate how TDA

emerges as a complementary framework for addressing these challenges.

3.3.1 Challenges of Statistics

Statistics has been instrumental in advancing biological research, by providing us the tools for
hypothesis testing, pattern identification, and data summarization. It underpins many bioinformatics
workflows and machine learning algorithms. However, statistical methods encounter significant
limitations when applied to RNA-Seq datasets.

1. Deceptive Summary Statistics

Statistical methods often rely on summary metrics such as mean p standard deviation o,
and Pearson’s correlation r to describe data. However, these metrics may fail to capture the
underlying geometric and structural relationships within complex datasets. This limitation is
illustrated by the Datasaurus Dozen, introduced by Matejka et al. [72], where datasets with
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identical statistical properties (U, o, r) exhibit vastly different visual patterns and distributions.
This phenomenon is depicted in Figure 3.2. This limitation is further compounded by the
fact that these summary statistics form the backbone of many statistical and machine learning
models. These statistics are fundamental to Gaussian models, linear, multivariate, and logistic
regression, principal component analysis (PCA), k-nearest neighbors (k-NN), and k-means
clustering. Additionally, they are commonly employed in data normalization techniques for
machine/deep learning models like decision trees and neural networks, highlighting their
pervasive role in statistics and machine learning. The phenomenon illustrates the idea that
summary statistics alone cannot discern these differences, as it overlooks the geometric and

topological properties that are critical to understanding the true nature of the data.

Summary Statistics

Mean of X (ux): 54.27
Mean of Y (uy): 47.84
Std Dev of X (ox): 16.71
Std Dev of Y (oy): 26.84
Avg Correlation (rxy): -0.07

s F
j’

Fig. 3.2 The Datasaurus Dozen showcasing a collection of 13 datasets that share nearly identical
summary statistics—mean (), standard deviation (o), and Pearson correlation (r) yet vary
dramatically in their distributions and shapes. This highlights a key limitation of relying solely
on summary statistics underscoring the importance of examining the shape of data. The data points
were retrieved from [73]

2. Correlation or Causation

Another challenge is that statistical methods are prone to detecting correlation without establishing
causation. Correlation alone does not imply causation, and spurious correlations can arise,
creating misleading conclusions about the strength or nature of observed connections [74].
Additionally, correlation-based approaches may fail to detect non-linear relationships, limiting
their capacity to capture the intricate, multidimensional structures inherent in complex biological
datasets [75].

3. Outliers

Lastly, outliers and extreme values, arising from biological variability or technical noise,

can distort statistical analyses and lead to unreliable conclusions [76]. These anomalies are
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especially problematic in datasets like gene expression profiles, where subtle biological signals

are critical.

3.3.2 Challenges of Machine Learning

Machine learning, a branch of Al, focuses on the developing algorithms capable of learning from data
and generalizing to new, unseen cases, thus performing tasks without explicit programming. These
algorithms generalize insights from data to unseen cases, enabling tasks such as disease classification,
biomarker discovery, and clinical outcome prediction. However, like statistics there are significant

challenges regarding machine learning in complex biological datasets.

1. Data Representation and Feature Selection

In machine learning, data representation and feature selection play a crucial role in optimizing
model performance and interpretability [77, 78]. Data representation involves organizing
complex information to make patterns and relationships meaningful to algorithms [77]. Meanwhile,
feature selection is the strategic process of isolating the most relevant aspects of the data and
filtering out noise and redundancy to optimize model accuracy and efficiency [78]. This alludes
to a familiar maxim in computer science, “garbage in, garbage out”, emphasizing that the
model’s performance hinges on data quality. Flawed input inevitably leads to flawed results
[79]. This becomes a significant challenge for high-dimensional sparse data such as RNA-Seq
data. Careful representation and selection of molecular features are essential, as each chosen

feature contributes to the model’s ability to learn and generalize effectively.

2. Black Box Problem

Advanced machine learning models, particularly deep neural networks, suffer from poor
interpretability. As these models grow in complexity, with layers upon layers of interconnected
parameters, it becomes virtually impossible to trace the exact steps through which decisions
are made. This phenomenon, known as the black box problem, limits our understanding
of the logic used by these algorithms to generate results. Without transparency, the logic
followed by neural networks remains largely unexplainable, which can undermine trust in their
applications, especially in fields where interpretability is essential. Studies indicate that limited
transparency and understanding of the inner workings of the machine learning models are
key factors impeding their integration into clinical settings [80]. For instance, convolutional
neural networks (CNNs) are state-of-the-art in image recognition, however at the same time are
notoriously difficult to interpret, thus contributing to the limited adoption in a clinician setting.
Without explainability, clinicians and stakeholders may hesitate to adopt models that cannot
provide clear insights into their decision-making processes.

3. Reliance on Summary Statistics
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Machine learning models often rely on statistical descriptors such as mean (i), standard
deviation (o), and correlation (r) for normalization and initial analysis as discussed using the
Datasaurus Dozen example in Section 3.3.1. However, by relying heavily on these metrics,
machine learning models inherit the limitations of summary statistics, which can be misleading
and often overlook geometric and topological properties. Thus, reducing the model’s capacity

to represent and interpret data in a way that aligns with its true underlying complexity [73].

4. Small Sample Sizes

Another significant challenge is imposed by small sample sizes. Many advanced machine
learning methods are inherently data-hungry; their performance improves significantly with
larger datasets. When data is scarce, which is often the case in fields such as genomics or
rare disease studies, these models struggle to generalize effectively, leading to diminished
accuracy and robustness [81]. With small sample sizes, models are prone to overfitting, where
the model memorizes the training data instead of generalizing patterns. This results in poor
performance on unseen data [82, 83]. Even the most sophisticated algorithms cannot reach
their full predictive potential without a sufficient number of samples, emphasizing the need for

strategies to maximize insights from limited data.

These limitations underscore the need for innovative methods, like TDA, which can address
structural complexity and enhance machine learning models by revealing hidden geometric and

topological patterns in the data.

3.3.3 Bioinformatics

Bioinformatics serves as the computational backbone for modern biological research, offering
essential tools and methodologies to store, analyze, and interpret vast and complex datasets. It has
become indispensable in tasks such as genome assembly, annotation, disease gene identification, and
personalized medicine. However, as an interdisciplinary field that integrates statistical techniques and
machine learning algorithms, bioinformatics inherits key limitations from both disciplines mentioned
above (See Section 3.3.1 and 3.3.2).

These limitations across statistics, machine learning, and bioinformatics highlight the pressing
need for innovative methodologies capable of addressing structural complexity, interpretability, and
noise in RNA-Seq datasets. TDA, more specifically persistent homology emerges as a powerful
complementary framework, offering a multi-scale perspective that captures the intrinsic shape and

topology of data, enabling deep insights into complex biological patterns.

3.3.4 Topological Data Analysis (TDA)

TDA has shown promising results in analyzing high-dimensional datasets across a wide range of

domains, including Natural Language Processing (NLP) [84, 85], neuroscience [86, 87], time-series
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modeling [88, 89], financial modeling [90, 91]. More importantly, it has recently emerged as
a powerful and complementary approach for analyzing complex biological datasets in oncology
[14, 22,23, 26, 92-97].

While statistical, machine learning, and bioinformatics methods have significantly advanced
our ability to analyze biological data, these approaches alone often fall short in addressing the
inherent complexity of biological datasets, as discussed above (See Section 3.3). Challenges faced
by statistical methods include deceptive summary statistics, spurious correlations, and sensitivity to
outliers. Moreover, machine learning methods grapple with issues such as data representation, feature

selection, interpretability, reliance on summary statistics, and limitations posed by small sample sizes.

Persistent homology overcomes the pitfalls of deceptive summary statistics and spurious correlations
by shifting the analytical focus to the geometric and topological properties of the data. By analyzing
the persistence of topological features across multiple scales, it identifies patterns that remain stable
over a wide range of resolutions. This allows it to effectively differentiate meaningful structures from

those that result from noise or outliers [34].

Furthermore, persistent homology evaluates features based on their persistence, where the
longevity of topological structures across scales indicates their significance. This persistence-based
criterion effectively captures stable topological features, highlighting the most relevant and informative

patterns, even in scenarios with small sample sizes or limited data points [98].

Persistent homology also addresses the interpretability problem commonly encountered in machine
learning models. By offering traceability back to the original data points that contribute to the
formation of B numbers or homology groups, persistent homology ensures that each identified
topological feature can be directly mapped to its corresponding data points. These topological
descriptors can manifest as connected vertices (), cycles (B;), or voids (f32) [31]. This traceability

enhances transparency and interpretability [14].

As such, TDA serves as a powerful addition to the analytical toolkit, by dealing with some of the
inherit challenges faced by statistics and machine learning. In this thesis, persistent homology will be

applied to identify biomarkers using WGTDA and to predict clinical outcomes using RNA-Seq data.

3.4 Biomarker Discovery

A biomarker, or biological marker is defined as a characteristic that is evaluated objectively to
indicate normal biological processes, pathogenic processes, or pharmacologic responses to therapeutic
interventions [69]. Biomarkers can be found in various biological materials such as DNA, RNA,

blood, urine, and tissue, and they provide valuable insights into an individual’s health [99]. In
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oncology, a biomarker may refer to any measurable indicator of the risk of cancer, cancer occurrence
or patient outcome [100]. Biomarkers are crucial for translating molecular understanding into clinical
applications, ultimately enabling earlier and more precise disease diagnoses, deeper understanding of

disease mechanisms, and improvements in patient care [14, 99].

Among the various types of biomarkers, a prognostic biomarker offers information about the likely
progression or outcome of a disease in an untreated individual [99, 101]. Furthermore, prognostic
biomarkers can be categorized into two distinct groups: those that provide insights into the likelihood
of recurrence in patients undergoing curative treatment and those that correlate with the duration of

progression-free survival in patients with metastatic disease [99].

This thesis employs WGTDA to identify biomarkers from RNA-Seq data for three primary tasks:
cancer type, cancer stage, and treatment response. Furthermore, this work aims to introduces the
development of a custom visualization tool designed to facilitate the analysis and interpretation of

topological features. These tasks directly address research aims 1.2.3.1 and 1.2.3.2 which state:

* Identify prognostic biomarkers in gene expression data using WGTDA for cancer type, cancer

stage and treatment response.

* Develop a visualization framework to represent topological features in gene expression as a

complex network

We aim to identify these biomarkers by leveraging WGTDA'’s topological perspective in uncovering
structural patterns in co-expressed gene networks through the use of betti numbers and homology
groups [14, 15]. By leveraging the visualization tool and the persistent betti features identified
through WGTDA, we will conduct external validation using independent datasets and literature.
This validation aims to rigorously evaluate whether WGTDA demonstrates clinical relevance and

robustness as a bioinformatics tool for biomarker discovery.

3.5 Clinical Outcome Prediction

Predicting clinical outcomes refers to the process of estimating the probable course, progression,
and eventual response of a patient’s disease. Accurate outcome prediction is important for guiding
treatment plans, assessing risk and improving survival rates. The goal of outcome prediction is
to provide clinicians with a comprehensive assessment that informs medical decisions, aiming to

optimize patient care and minimize potential adverse effects.

Several approaches have been developed to predict clinical outcomes, each contributing to our

understanding and management of disease progression:
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. Clinical analysis

Traditional methods relied heavily on clinical analyses, where observable parameters such
as tumor size, location, histological grade, and demographic factors like age, gender, and
lifestyle—served as primary indicators [102]. This approach is extremely valuable but often
suffers from limited insights, as it does not account for the underlying molecular characteristics

that drive disease behavior.

. Molecular Biomarkers

In recent years, molecular biomarkers have become instrumental in clinical outcome prediction.
These include genes, proteins, and specific genetic mutations, which reveal critical details about
atumor’s behavior and its likely response to treatment. Techniques such as immunohistochemistry
(IHC) and polymerase chain reaction (PCR) allow for the detection and analysis of these
biomarkers. PCR gained widespread recognition during the COVID-19 pandemic for its role
in real-time viral RNA detection, which exemplifies how molecular analysis can enhance

diagnostic and predictive accuracy [103].

. Computer-Aided Diagnosis

Computer-Aided Diagnosis (CAD) systems assist clinicians in analyzing both imaging and
non-imaging data, particularly in radiology, where they aid in tumor detection and staging using
mammograms, CT (computed tomography) scans, and MRI (magnetic resonance imaging)
[104]. Acting as a "second opinion" for radiologists, CAD highlights abnormal structures and

subtle patterns, enhancing diagnostic and disease progression predictions.

. Electronic Health Records (EHR)

The analysis of EHR offers valuable historical data, providing insights into patient outcomes
based on profiles with similar characteristics [105]. With detailed records of medical history,
treatment regimens, and clinical outcomes, EHR enables comparative analysis, enhancing the

accuracy of outcome predictions and supporting evidence-based medical decisions.

. Machine Learning and Deep Learning

With the rise of large-scale, complex biological data, machine learning and deep learning have
become essential for clinical outcome prediction. These models uncover hidden patterns in
both structured and unstructured data, including RNA-Seq, single-cell RNA-Seq, and medical

imaging data, enabling accurate, data-driven decisions in healthcare [106].

In this thesis, we leverage TDA descriptors with machine learning models to enhance predictive

accuracy. By generating unique topological fingerprints of different co-expression measures for each

patient, we aim to classify RNA-Seq data for cancer type, cancer stage, and treatment response. This

task directly addresses the research aims 1.2.4.1 and 1.2.4.2:
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* Evaluate the impact of integrating topological descriptors on the predictive performance of

machine learning models for clinical outcomes.

* Compare different co-expression measures in constructing the simplicial complex and assess

their influence on model performance.

By evaluating these aims across tasks of increasing complexity, we aim to demonstrate the
superiority of TDA descriptors over traditional data representations and identify the most effective

co-expression measures for topological descriptors in downstream machine learning tasks.

3.6 Thesis Tasks

This thesis is structured around three tasks leveraging TDA and machine learning to enhance clinical
outcome classification and biomarker discovery, each task increasing in complexity and difficulty.
Task 1 (cancer type) focuses on distinguishing different cancer types. Task 2 (cancer staging) classifies
patients into distinct stages. Lastly, task 3 (treatment response) aims to identify biomarkers and

classification linked to treatment resistance and sensitivity.

3.6.1 Task 1: Cancer Type

Cancer is a heterogeneous disease categorized by its tissue or organ of origin, which impacts
behavior, treatment response, and prognosis. In this task, we leverage data from The Cancer
Genome Atlas (TCGA) project, a comprehensive resource that provides molecular and clinical
insights across various cancer types. Specifically, we focus on biomarker discovery and classification
for three cancer types: sarcomas (TCGA-SARC), esophageal carcinomas (TCGA-ESCA), and
paragangliomas/pheochromocytomas (TCGA-PCPG).

e Sarcomas (SARC)

Sarcomas are aggressive cancers originating in connective tissues such as bone, muscle, or fat.
They are highly heterogeneous, posing a significant challenge in treatment due to their tendency
to reoccur and metastasize. These cancers are often associated with poor outcomes, requiring

precise diagnostic and therapeutic strategies [107, 108].

* Esophageal carcinomas (ESCA)

Esophageal carcinomas is a growth of cells originating in the esophagus. They are classified
into two main histologic subtypes: squamous cell carcinoma and adenocarcinoma. This
cancer type is often diagnosed at an advanced stage, as symptoms typically emerge late in its
progression. Consequently, esophageal carcinoma has a low five-year survival rate of 29.3%
for cases diagnosed between 2005 and 2011, highlighting the urgent need for early detection

and effective intervention [109, 110].
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Paragangliomas and Pheochromocytomas (PCPG)

Paragangliomas and Pheochromocytomas are rare cancer located in the adrenal glands. The
adrenal glands are two small organs that are situated on top of each kidney, and they help
with bodily functions including but not limited to blood pressure and metabolism. When
they develop in the center of the adrenal gland, they are referred to as pheochromocytomas
[111]. These cancers are extremely rare, with an incidence of 2—8 cases per million annually

worldwide. Approximately 20% of all cases occur in children [112].

3.6.2 Task 2: Cancer Staging

Cancer staging refers to the extent of the cancer, which is determined by factors such as tumor size,

the time since symptoms first appeared, and the spread of the cancer. Survival likelihood is closely

linked to the cancer’s stage at diagnosis [113, 114]. The widely used TNM staging system classifies

cancers based on three main criteria: the size and extent of the primary tumor (T), the involvement of

nearby lymph nodes (N), and the presence of distant metastases (M) [113, 115, 116]. Together, these

factors provide a comprehensive assessment of the cancer’s progression, guiding treatment decisions

and informing prognosis.

Within the TNM system, cancers are grouped into stages that reflect their progression and spread,
as described by the TNM Classification from The National Library of Medicine [116, 115, 114]:

Stage 0: Also known as carcinoma in situ, this earliest stage of cancer consists of abnormal
cells that are confined to their original location. Although non-invasive, these cells have the

potential to become cancerous and may eventually spread into nearby tissue [114].

Stage I: Often called to as early-stage cancer, this stage is characterized by small, localized
tumors with minimal risk of spreading to nearby tissues or lymph nodes. Treatment, such as

surgery or radiation, is typically very effective, and the prognosis is generally positive [114].

Stage II: In this stage, the cancer is larger or has begun to invade nearby tissues but still has not
spread to other parts of the body. Stage Il requires more intensive treatment due to its greater

size or involvement of nearby tissue, but it has not spread beyond the primary site [114].

Stage III: Referred to as locally advanced cancer. At this stage the cancer has either increased
in size, spread to nearby lymph nodes, or affected surrounding tissue. This stage often requires
a combination of treatments, such as surgery, radiation, and chemotherapy, as the disease has

become more complex to manage [114].

Stage I'V: The most advanced stage which is also known as metastatic cancer. In this stage
the cancer has spread (metastasized) to distant parts of the body. At this stage, the focus shifts
toward controlling the spread, managing symptoms, and enhancing quality of life, as curative

treatments are often challenging [114].
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Although the TNM system provides a standardized method for classifying cancer stages, identifying
biomarkers and accurately distinguishing between stages remains challenging. The AJCC Cancer
Staging Manual, first published in 1977, introduced a standardized approach to cancer staging while
acknowledging its limitations as "not an exact science". The editors recognized that cancer staging
would need to evolve as new information on etiology, diagnosis, and treatment became available
[117]. A key challenge has been differentiating intermediate stages, particularly stages II and III,
which often overlap in characteristics. In response to such challenges, the Eighth Edition of the AJCC
Manual builds on anatomic staging by incorporating biological and molecular markers, reflecting a
shift towards on precision medicine, where staging is tailored to individual patient profiles rather than

relying solely on population-based approaches [117].

Building on this progression toward individualized care, this thesis, identify biomarkers and
classifies patients according to their cancer stage. The biomarkers and topological fingerprints aim
to capture patient-level variations crucial for precise stage differentiation, even between challenging
stages like II and III. Using data from TCGA-HNSC (Head and Neck Squamous Cell Carcinoma),
which spans cancer stages I through IV, we aim to classify patients accurately across these distinct

stages.

3.6.3 Task 3: Treatment Response

Predicting treatment response is crucial for personalizing cancer therapies and improving patient
outcomes. Arguably, treatment response is the most challenging task as compared to cancer type
and staging as it is complicated by intrinsic factors, such as genetic mutations, and extrinsic factors,
including the tumor microenvironment. Chemotherapy, a cornerstone of cancer treatment, uses
drugs like cisplatin, paclitaxel, doxorubicin, and 5-fluorouracil (5-FU) to target rapidly dividing
cells. Similarly, radiation therapy, often combined with agents like cisplatin or cetuximab, induce
DNA damage in cancer cells to maximize therapeutic effects. However, resistance mechanisms often

limit the efficacy of these treatments, making patient-specific response prediction particularly complex.

Key mechanisms contributing to treatment resistance include:

 Epithelial-Mesenchymal Transition (EMT): where epithelial cells lose adhesion and polarity,
which causes cancer cells to acquire migratory and invasive properties, leading to increased

resistance to chemotherapy and immunotherapy [59, 60, 118, 119]

* Enhanced vascular endothelial growth factor (VEGF): Elevated VEGF promotes angiogenesis,
supporting tumor growth and reducing the efficacy of VEGF-targeted therapies [120, 121].

» Hypoxia: is a reduction in tissue oxygen levels, which promotes aggressive tumors, reduces

therapies effectiveness, and worsens clinical outcomes [122-124]
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¢ Metabolic Reprogramming: is where alterations in glucose and lipid metabolism provide

cancer cells with the energy to survive and proliferate under treatment stress [125, 126].

In this thesis, we leverage TDA to identify biomarkers and improve treatment response prediction
by distinguishing resistant/non-responders from sensitive/responders. To achieve this, we utilize
data from the Clinical Proteomic Tumor Analysis Consortium (CPTAC), a large-scale initiative that
provides high-quality proteomic and genomic data to advance cancer research. Ultimately, we aim to
uncover robust biomarkers and improve clinical outcome prediction on how patients will respond to

therapy.

3.7 Related Works

This section reviews the body of research that has shaped our understanding of TDA in gene expression
data, emphasizing its role in biomarker discovery and clinical prediction. We structured this review
into two parts namely, biomarker discovery and clinical outcomes to examine key studies in these
domains and situate this thesis within the broader field of computational biology and TDA. Our
goal is to demonstrate how persistent homology has advanced our ability to interpret RNA-Seq data,
uncovering novel biological insights while addressing recurring challenges that this thesis seeks to

overcome.

3.7.1 Biomarker Discovery

One of the earliest applications of TDA in biology as a proposed biomarker tool was the use of the
Mapper algorithm introduced by Singh et al. [127]. The Mapper algorithm is a TDA method designed
to simplify and visualize high-dimensional data by creating a graph-based representation. It does this
by mapping data into a combinatorial structure, known as a simplicial complex, which captures the
shape and connectivity of the data, thus revealing clusters, loops, and other significant structures in
a user-defined resolution. The Mapper algorithm was employed to identify a distinct subgroup of
Estrogen Receptor-positive (ER+) breast cancers. This subgroup is characterized by high expression
levels of the c-MYB gene and low expression of innate inflammatory genes. Remarkably, patients
within this group demonstrated 100% survival rates with no observed metastasis [128]. Although this
thesis centers on persistent homology, this early application demonstrates the TDA usefulness and

versatility in oncology.

Building upon the successes of Mapper, persistent homology has emerged as a useful tool for
biomarker discovery. In contrast to Mapper which constructs a graph-based representation of the
data, persistent homology provides a richer multi-scale view by characterizing topological spaces
and structures across multiple dimensions, capturing topological features as they form and die over
varying thresholds.
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This approach is demonstrated in a study by Masoomy et al. [94], which used persistent homology
to analyze 3; and 3, topological interactions in weighted networks of normal and cancerous gene
expression data. Their findings reveal distinctive structural patterns within cancerous gene regulatory
networks (GRN). More specifically an increase in persistent one-dimensional loops ( ;) and a
decrease in higher-dimensional voids (f3;), compared to healthy GRNs. By examining the betti curves
at B; and 3, for cancerous patients suggests the cancer cells rely on certain pathways at the network
level. This is a biological phenomenon called oncogene addiction. These insights showcase persistent
homology’s potential as a powerful tool in distinguishing cancerous from healthy cellular networks,

providing a new avenue for biomarker discovery.

Another prominent application of persistent homology for biomarker discovery is presented in the
study by Abdullahi et al. [95], where persistent homology was employed to identify critical pathways
for the early detection of hepatocellular carcinoma (HCC). Topological interactions within RNA-Seq
data were identified from peripheral blood of HCC patients and normal controls. The study found
topological interactions consisting of genes implicated in key pathways for HCC pathology, such
as the apelin, IL-17, and p53 signaling pathways. Moreover, a comparative analysis was conducted
evaluating the enriched pathways identified by both topological interactions and differential expression
analysis. Notably, while the IL-17 signaling pathway was identified by both methods, the HCC-related
apelin signaling and p53 signaling pathways emerged exclusively through the persistent homology
approach. These findings further contribute to the growing body of research emphasizing the role of

TDA in uncovering biomarkers crucial to oncology.

Finally, a central study and tool for this thesis is WGTDA, a novel biomarker discovery framework
developed in collaboration with my esteemed colleagues at IBM Research [14, 15]. Designed to
bridge biology and topology, WGTDA enables the mapping of intricate topological interactions to
specific gene signatures, thus reducing the ambiguity of which genes correspond to which topological
features. This enhancement improves the interpretability and applicability of TDA-derived biomarkers.
In the study Nyase et al. [14], WGTDA was applied to The Cancer Genome Atlas (TCGA) datasets for
Breast Cancer (BRCA), Lung Adenocarcinoma (LUAD) and Colorectal Adenocarcinoma (COAD) and
is compared to Weighted Gene Co-Expression Network Analysis (WGCNA), a data mining technique
to identify hub genes by constructing gene co-expression networks and detecting biologically relevant
gene modules [129]. WGTDA identified gene signatures with strong associations to survival, revealing
key genetic markers linked to time-to-death outcomes. Kaplan-Meier (KM) survival analysis and
Random Forest survival analysis demonstrated that WGTDA-derived gene signatures were more
significant predictors of survival compared to those identified by WGCNA. Additionally, WGTDA
identified disease-specific pathways, emphasizing key biological pathways relevant to each cancer

type investigated.
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Despite these advancements, three significant limitations persist in the application of TDA for

biomarker discovery:

1. Interpretability and Visualization Challenges: There is an inherent ambiguity in mapping
the abstract topological features back to the basic biological elements, such as genes. Without
effective visualization tools, interpreting and exploring these complex topological interactions
becomes difficult, limiting our understanding of their biological significance. Developing
specialized visualization tools could be a key step in making TDA more accessible and widely

adopted in computational biology.

2. Biomarker Identification for Complex Phenotypes: Many existing studies focus on distinct
disease comparisons without accounting for complex phenotypic variations such as different
stages or treatment response [14, 94, 95]. This gap in representation raises concerns about the
broader applicability of persistent homology, as its effectiveness in capturing biomarkers within

heterogeneous and homogeneous disease environments remains largely unproven.
Addressing these limitations, this thesis introduces several key points of novelty:

1. Development of a Visualization Tool: We propose a novel framework to visualize topological
interactions as a complex network for WGTDA, providing deeper insights into the biological
significance of these features. This directly tackles the challenge of interpreting topological
information and seeks to answers research aim 1.2.3.2: Develop a visualization framework to

represent topological features in gene expression as a complex network.

2. Biomarker Identification for Complex Phenotypic Variations: Unlike prior studies that
focus on distinct disease comparisons, we apply WGTDA to uncover biomarkers associated
with complex phenotypic variations, including cancer staging and treatment response. This
directly addresses the research aim 1.2.3.1 Identify prognostic biomarkers in gene expression
data using WGTDA for cancer type, cancer stage and treatment response. This seeks to
determine the applicability of TDA and persistent homology in precision oncology by capturing

nuanced disease characteristics.

3. Validation of WGTDA as a Effective Framework for Biomarker Discovery: Building upon
previous work in Nyase et al. [14, 15], we aim to rigorously validate WGTDA, demonstrating
its reliability and effectiveness as a biomarker discovery tool in TDA. This strengthens the

evidence for its broader adoption in cancer and omics research.

By tackling these challenges, this thesis contributes to overcoming significant limitations in TDA
for biomarker discovery. Our work enhances the interpretability of topological features through a novel
visualization framework, validates WGTDA as a robust clinically relevant tool, and demonstrates its

effectiveness in identifying biomarkers linked to heterogeneous disease phenotypes in cancer research.
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3.7.2 Clinical Outcome Prediction

Recent studies have demonstrated the potential of integrating topological descriptors with machine
learning techniques to enhance predictive power in various biomedical applications. One such study,
conducted by Mandal et al. [93], explored the use of TDA in predicting phenotypes from gene
expression data, specifically in the context of Parkinson’s disease. The authors found that traditional
machine learning approaches alone were insufficient for disease phenotype prediction, prompting the
integration of TDA to improve classification outcomes. By utilizing persistent homology to extract
topological features from transcriptomic data, they were able to generate topological summaries for
each individual sample. These topological summaries were then integrated into machine learning
models, resulting in significantly improved performance compared to standard machine learning

techniques such as SVM and random forests.

In addition to this, Dey et al. [96] utilized persistent homology in gene expression data for
phenotype prediction applying their methods to three datasets including dengue fever, bone marrow
failure, and Crohn’s disease. They introduced a unique approach by generating representative
persistent cycles rather than relying solely on traditional barcodes, allowing for the identification
of topologically relevant cohorts and gene expressions. This method significantly improved both
shallow learning and deep learning-based classification tasks. Both studies underpin the importance

of topological features as critical indicators in high-dimensional genomic data.

Furthermore, Mashatola et al. [22] expanded upon these approaches by optimizing the construction
of the simplicial complex through the use of topological overlapping measures (TOM), a method
traditionally employed in WGCNA to capture more robust and meaningful co-expression networks
[129]. While correlation measures have been a common practice for building simplicial complexes
in TDA, by replacing it with TOM, the study yielded a significant improvement in constructing
the VR complex, which enhanced the identification of persistent topological features in cancer
datasets. When the topological features are applied to downstream deep learning tasks for phenotype
prediction between BRCA, LUAD, COAD/READ and Prostate Adenocarcinoma (PRAD) cancer
types, TOM-based VR complexes achieved nearly 90% classification accuracy, outperforming distance
correlation by approximately 15-20%. This study highlights the importance of selecting appropriate
co-expression measures when generating topological descriptors from omics data. Furthermore, this
study underscores the value of topological features as dependable indicators for phenotype prediction,

revealing informative signals embedded in high-dimensional genomic datasets.

While TDA has shown considerable promise for clinical prediction, two notable limitations remain

in its application for clinical outcome prediction:

1. Predicting Complex Phenotypes Variations: Similar to its challenges in biomarker discovery,

prior studies have primarily demonstrated the utility of TDA in distinct disease comparisons,
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often overlooking complex phenotypic variations such as cancer stage and treatment response
[22, 93, 96]. Its effectiveness in these more intricate clinical predictions remains underexplored.
Addressing these harder prediction tasks can establish topological descriptors as a robust

approach for data representation and feature selection in machine learning models for oncology.

2. Optimizing Data Representation and Feature Selection in TDA While TDA inherently
provides a powerful framework for data representation and feature selection, there is a notable
lack of research comparing different metric and measure spaces to evaluate their effectiveness.
The construction of simplicial complexes has predominantly relied on correlation-based
methods, yet alternative distance measures remain largely unexplored, despite their potential to

generate more informative and meaningful topological representations.
To overcome the two challenges in clinical prediction, this thesis specifically focuses on:

1. Predicting Complex Phenotype Variations Across Diverse Datasets. Despite the promise
of TDA, prior research has primarily focused on simpler phenotype predictions, leaving
more complex clinical outcomes underexplored. This thesis addresses this gap by leveraging
topological descriptors to predict cancer type, stage and treatment response. Each of these
clinical outcomes presents increasing levels of complexity, requiring progressively deeper
insights into tumor biology. By systematically addressing increasingly challenging prediction
tasks, we aim to establish TDA as a powerful tool for modeling complex phenotypic variations

for improving machine learning models.

2. Optimizing Measures for Enhanced Data Representation and Feature Selection: This thesis
aims to improve data representation and feature selection in downstream machine learning tasks
by evaluating alternative metric and measures. Specifically, we compare Pearson Correlation,
Distance Correlation, wTO using Pearson-based adjacency, and wTO with Distance-based
adjacency to determine their impact on downstream model performance. This directly addresses
the research aim 1.2.4.2: Compare different co-expression measures in constructing the
simplicial complex and assess their influence on model performance. By evaluating the choice of
co-expression measure used in the simplicial complex construction, this aim seeks to understand
the impact of the measure on the predictive performance of downstream machine learning

models.

By addressing these limitations, this thesis establishes TDA as a powerful complement to statistical

and machine learning approaches in predicting clinical outcomes.

Ultimately, this work underscores the transformative potential of topology-driven analytics in
advancing precision medicine. By bridging the gap between theory and practical application, this
research contributes to the development of robust methodologies for biomarker discovery and clinical
outcome prediction, with the goal of improving patient care and validating new topological based

methodologies for our understanding of cancer biology.
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Materials and Methods

This study applies persistent homology to biomarker discovery and clinical outcome prediction using
gene expression data. By incorporating TDA into the clinical workflow, we aim to uncover meaningful
gene interactions and enhance predictive accuracy. This section outlines the methods used to achieve
these objectives, detailing data preprocessing, co-expression measures, persistent homology, machine

learning integration and the visualization tool built for WGTDA.

4.1 Overview

4.1.1 Clinical Outcome Prediction

The clinical prediction pipeline begins with rigorous preprocessing and gene set pre-selection, designed
to ensure data quality and focus on biologically relevant features. This includes sample and gene
filtering, outlier detection and adjustment, and Differential Expression Analysis through DESeq?2.
This preprocessing and pre-selection step aims to focus on relevant molecular features and reduce the

computational expense associated with computing persistent homology.

The selected gene sets were encoded into co-expression matrices using four distinct measures.
Namely, Pearson Correlation, Distance Correlation, Weighted Topological Overlapping (wTO) with
Pearson-based adjacency and wTO using Distance-based adjacency. These co-expression matrices
were transformed into patient-specific weights by integrating each patient’s unique gene expression
profile through an adjustment formula. This adjustment term incorporates the expression levels of each
patient, ensuring that the computed weights reflect the relative co-expression strength between genes.
The patient-weights were transformed into patient-specific VR complexes, enabling the extraction of
shapes and structures embedded in each patient. Persistent homology was applied to these complexes
to uncover topological features such as connected components (fy), loops (1), and voids (f3;). To
integrate these features into machine learning models, persistent landscapes were generated. This

vectorization procedure transforms topological information into a format compatible with predictive
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modeling.

The study evaluates the impact of TDA-derived features by comparing the performance of machine
learning models with and without these features. The machine learning models that included the gene
expression data itself (and not the TDA-derived landscapes) include SVM, Neural Networks, and
Light Gradient Boost Machines (LightGBM). Only one machine learning model included persistent
landscapes and gene expression data which was Random Forest. We predicted on tasks like cancer
types, cancer staging and treatment response. Additionally, we assess the influence of different
co-expression measures on predictive accuracy, providing insights into the optimal representation of

gene interactions for clinical prediction tasks. The summarized framework is depicted in Figure 4.1.
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Fig. 4.1 Clinical Outcome Prediction Framework. The framework illustrates the methodology for
integrating persistence landscapes with machine learning models to predict clinical outcomes. Starting
with the gene expression matrix M),; the data undergoes preprocessing and gene-set pre-selection
M;’i. Four co-expression measures are applied M’ 1,;,1‘ and the co-expression matrices (C; ;) are used to
compute weights for every patient (W),) through a adjustment term (/X ; + X, ;). This adjustment term
incorporates the expression levels of each patient, ensuring the weights reflect relative co-expression
strength between genes. Persistent homology is then used to extract topological features, which are
transformed into persistence landscapes and subsequently used for classification. Additionally, the
preprocessed gene expression matrix (MI’”-) is also used for classification, enabling a comparison of
performance between topological descriptors and traditional gene expression data.
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4.1.2 Biomarker Discovery

Similar to the clinical outcome prediction pipeline, biomarker discovery began with preprocessing
and gene set pre-selection, including sample and gene filtering, outlier adjustment, and differential

expression analysis, to prioritize relevant features and reduce computational demands.

Following this, the pre-selected gene sets were encoded into a single global co-expression matrix
using the best-performing co-expression measure (CZQ ;) identified during clinical outcome prediction.
This matrix captured global gene interactions and served as the foundation for constructing the VR
complex. In this framework, genes were represented as 0-simplices (nodes), while gene interactions
formed higher-dimensional simplices. Persistent homology was applied to these complexes to extract
topological features, focusing on f3; (loops) and 3, (voids), which highlight structural patterns within
the co-expression matrix. To ensure robustness, the analysis retained only the top 3% of persistent
features for B; and f3,, filtering out noise and emphasizing relevant topological structures.

To translate these abstract topological features into actionable insights, we developed a dual
visualization framework that bridges the gap between topological representations and biological
interpretation. The static visualization tool provided a high-resolution, global overview of gene
interaction networks, scaling edges based on connectivity to highlight critical gene interactions.
Complementing this, the web-based interactive visualization tool offered enhanced exploratory
capabilities, dynamically scaling nodes and edges based on their degree of connectivity. This
interactive platform allowed users to zoom, pan, and engage with the network, enabling the identification

of key genes and interactions'.

The final step in this pipeline was the validation of identified biomarkers through external
literature, confirming their biological significance and clinical relevance. This thorough validation
process demonstrated the robustness of the WGTDA framework and its ability to uncover meaningful
gene signatures that can be leveraged as proposed prognostic biomarkers. Figure 4.2 illustrates the

biomarker discovery pipeline.

IThe web-based visualization tool is found here: https://nnyase.github.io/MSc-Thesis/


https://nnyase.github.io/MSc-Thesis/
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Fig. 4.2 Biomarker Discovery Framework. This framework illustrates the methodology for identifying
prognostic biomarkers using WGTDA. Starting with the gene expression matrix (M), the data
undergoes preprocessing and gene-set pre-selection to form M ;,7 ;- The best-performing co-expression
measure (C{’ ;) from the clinical prediction tasks is selected as the co-expression matrix to construct
our VR complex. Following this, we generate our topological features using persistent homology.
The topological features are visualized using a dual network visualization tool, to explore gene-gene
interactions and identify prognostic biomarkers. The proposed biomarkers, validated through external
literature to establish clinical relevancy.

4.2 Data Acquisition

To address the research objectives of clinical outcome prediction and biomarker discovery, we
curated data from prominent public repositories, primarily TCGA and CPTAC. Our focus was on
protein-coding genes exclusively, as they represent the functional elements of the genome. The
datasets were systematically organized into three tasks, each representing an increasing level of
biological and clinical complexity, mirroring the progressive challenges associated with understanding

and managing cancer.

4.2.1 Task 1: Cancer Type

The first task focuses on distinguishing between distinct cancer types, a foundational step in cancer

diagnosis. For this, gene expression data were obtained from TCGA for the following cancers:

* TCGA-SARC: Sarcoma (N = 259) 2

2TCGA-SARC can be accessed at GDC TCGA-SARC project page


https://portal.gdc.cancer.gov/projects/TCGA-SARC
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« TCGA-ESCA: Esophageal Carcinoma (N = 184) 3

» TCGA-PCPG: Pheochromocytoma and Paraganglioma (N = 179) *

Since these cancers represent distinct disease types, we hypothesize that classification will be
relatively straightforward. However, this task serves as a crucial baseline to evaluate the effectiveness
of topological features in capturing gene expression patterns before applying them to more complex

phenotypes such as cancer staging and response to treatment.

4.2.2 Task 2: Cancer Staging

The second task introduces increased biological complexity by addressing cancer staging, which
reflects tumor progression and metastasis. The dataset for this task is TCGA-HNSC (Head and Neck

Squamous Cell Carcinoma)’, comprising of 487 samples stratified into clinical stages I, II, III, and IV:
e Stage I: N =33
o Stage II: N = 148
e Stage III: N = 132
e Stage IV: N =173

Accurately predicting tumor stage and identifying stage-specific biomarkers is inherently more
difficult than classifying cancer types. This task demands the detection of subtle, yet critical, patterns

in gene expression data that are associated with tumor progression.

4.2.3 Task 3: Treatment Response

The third task addresses one of the most clinically challenging problems—predicting treatment
response. For this task, we utilized data from CPTAC-3 radiotherapy response data across multiple

cancer types and anatomical regions®. The samples are categorized into two groups:

* Sensitive/Responsive: N = 347

* Resistant/Non-responsive: N = 106
The data is further stratified by anatomical region:

e Brain (N = 107)

3TCGA-ESCA can be accessed at GDC TCGA-ESCA project page

4TCGA-PCPG can be accessed at GDC TCGA-PCPG project page

STCGA-HNSC can be accessed at GDC TCGA-HNSC project page
SCPTAC data portal can be accessed at CPTAC data portal


https://portal.gdc.cancer.gov/projects/TCGA-ESCA
https://portal.gdc.cancer.gov/projects/TCGA-PCPG
https://portal.gdc.cancer.gov/projects/TCGA-HNSC
https://proteomics.cancer.gov/data-portal/
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e Uterus (N = 120)

Lung (N =43)
¢ Pancreas (N = 23)
* Kidney (N =8)

* Other Regions (N = 67)

This dataset represents the highest level of complexity, as treatment resistance is influenced by
multiple biological and clinical factors. By integrating radiotherapy response data, we aim to identify
biomarkers and predict response to treatment, enabling more personalized therapeutic strategies.
Additionally, we intend to leverage CPTAC data, recognizing that CPTAC and TCGA datasets differ
in materials, measurements, and methodologies. Utilizing diverse data sources ensures robustness and

enhances the generalizability of topological features and the application of WGTDA.

4.3 Preprocessing and Pre-selection

Data preprocessing and gene set pre-selection are essential initial steps in all three tasks, ensuring the
raw RNA-Seq data is refined into a high-quality, and filtered dataset for topological analysis. Table
4.1 provides a summary of the preprocessing and pre-selection tasks’.

4.3.1 Data Preprocessing

Preprocessing begins with systematically filtering of low-quality samples and genes to retain biologically
relevant data. Samples with low counts across most genes were removed, more specifically those
expressing fewer than 500 genes with counts < 10. Similarly, genes with expression counts < 10 in
at-least 80% of samples were excluded. This stringent filtering approach aimed to eliminate noise and

preserved biologically relevant data.

To address the potential impact of outliers, Cooks’ distances was employed to flag and down-weight
outlier genes. Cook’s distance is a statistical estimate for detecting influential data points in
least-square regression analyses by measuring their coefficients when removed [130]. The formula

for Cook’s distance is given by:

~ o~ 2
Z?:l (yj _yj(i))

D; = 4.1

pxMSE @D

7Code for the data preprocessing and gene set pre-selection task can be accessed at
github.com/nnyase/MSc-Thesis/Data_Preprocessing.R
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where:

* y; represents the predicted value for the j-th sample,
* ¥ represents the predicted value when the i-th gene is excluded,

* p is the number of predictors

MSE is the mean squared error (MSE) of the regression model,
* n is the total number of observations,

* and D, is Cook’s distance for i-th gene.

Genes exceeding the predefined Cook’s distance threshold were adjusted, ensuring that the

expression values were free from inconsistencies that could skew the analysis.

Finally, RNA-Seq data were normalized using Fragments Per Kilobase Million (FPKM). We
employed FPKM as the measure accounts for both the length of a gene and the number of reads
mapped to it, providing a normalized measure that allows for accurate comparisons across different
genes and experimental conditions. This was done to mitigating biases associated with variations

in gene length, enabling us to focus on relative expression levels rather than absolute read counts [131].

The approaches of filtering, outlier adjustment and normalization aimed to enhanced data quality
and reduced the computational load, an important consideration for the resource-intensive nature of

topology-based analyses.

4.3.2 Gene Set Pre-selection

Following preprocessing, a gene selection strategy was employed to focus on biologically meaningful
processes while minimizing the computational burden associated with identifying topological features.
To achieve this, the number of protein-coding genes was reduced through a two-stage gene set

pre-selection process:

1. Systematic Filtering: As outlined in Section 4.3.1, low-quality genes and samples were

removed.

2. Differential Gene Expression Analysis: This step identified up-regulated and down-regulated
genes across different conditions.

The resulting gene set was used to construct the M; ; matrix, which serves as input to the subsequent

construction of the simplicial complex.
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4.3.2.1 Differential Gene Expression Analysis

Differential gene expression analysis was performed to identify significantly up-regulated and
down-regulated genes, enabling the comparison of biologically distinct conditions across datasets
while reducing dimensionality for downstream TDA [132]. This analysis was implemented in R using
the DESeq?2 package (v1.46.0), a robust tool for moderated RNA-Seq data analysis [133]

The first step in the DESeq2 workflow began with the normalization of raw count data. Size factors
(sj) were estimated for each gene j to account for the differences in library size and composition,
ensuring that count values were comparable across samples. The mean count y; ; for each gene j in

sample i was calculated as follows:

Mij = Si*qij 4.2)
where:
* g; ; represents the expression strength of gene j in sample i
* and s; is the size factor that corrects the mean for technical variability.

Following normalization, gene-wise dispersion ¢; were estimated to capture the variability
between biological replicates within the same group. Using data from seven replicates per group, it

was assumed that genes with similar expression levels would exhibit similar dispersion values.

Moreover, to identify significant Differentially Expressed Genes (DEGs), a generalized linear
model (GLM) was fitted to the normalized counts for each gene j, assuming a negative binomial (NB)
distribution.

Yij ~ NB(ti j,¢7) (4.3)
Here:
* y; j is the observed count for gene j in the sample i,
* U; ; is the mean count and o2 is the dispersion parameter.

Differential expression was assessed using the likelihood ratio test (LRT), which evaluates all
levels of a factor simultaneously rather than relying on pairwise comparisons. To control for false
discovery rate, p-values were adjusted using the Benjamini-Hochberg (BH) method, selecting genes
with an adjusted p-value (pad j) < 0.05 as significant DEGs.
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Furthermore, to construct M; ; matrix for downstream topological analysis, genes with a log; fold
change (logoFC) greater than 1.5 or less than —1.5 were selected. However, for Task 1 (cancer type)
a more stringent threshold of log2FC of 4 was used to capture distinct tissue-specific gene expression
differences. A lower threshold for this task would have included too many genes, thus increasing

computational complexity and potentially diluting biological relevance.

This gene set pre-selection workflow provided a high-quality gene set and narrowed the vast
genomic search space for downstream topological analysis. The resulting M; ; matrix was used for
generating the co-expression matrix which is important for identifying biomarkers and for computing

the patient’s topological fingerprint.

Step Description Method/Tool Threshold Outcome
1 Sample filtering Filtering Samples with > 500 High-quality samples
expressed genes retained
2 Gene filtering Filtering Genes expressed in > 80% High-quality genes
of samples retained
3 Detection and Cook’s distance Cook’s distance > Outlier genes
adjustment of outliers threshold down-weighted
4 Differential expression DESeq2 Padj < 0.05 and Significant DEGs
analysis logoFC > |1.5|  (or identified
|4] in Task 1)
5 Normalization of FPKM formula Normalization of gene Normalized RNA-Seq
RNA-Seq data counts data

Table 4.1 Summary of Preprocessing and Gene Pre-selection Tasks

4.4 Co-expression Measures

Co-expresssion measures are methods to define networks among genes and usually fall into two
categories correlation coefficients and mutual information measures [134]. They are used to measure
relations between genes, compare conditions and characterize gene to gene relations to reveal insight
on a biological condition [134, 135]. The research aim outlined in Section 1.2.4.2 seeks to evaluate
and compare different co-expression measures for constructing informative simplicial complexes.
This step is critical as accurately representing the relationships and interactions between genes will
consequentially revealing meaningful topological features for downstream ML models and biomarker
discovery [3, 22].
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To achieve this, four distinct co-expression measures were examined:

1. Pearsons Correlation - Captures linear relationships.
2. Distance Correlation - Captures linear and non-linear dependencies.

3. wTO using Pearson-based adjacency - Incorporates shared network neighbors to assess gene
connectivity through Pearson Correlation.

4. wTO using Distance-based adjacency - Incorporates shared network neighbors to assess gene

connectivity through Distance Correlation.

These measures were used to construct the simplicial complex for the clinical outcomes pipeline,
directly influencing the extracted topological features and overall model performance. The best-performing
co-expression measure was then applied to biomarker identification using WGTDA, ensuring robustness

and biological relevance.

4.4.1 Clinical Outcome Prediction

Before computing the co-expression measure for the clinical prediction pipeline, we randomly split
the pre-selected gene expression matrix (M; ;) into training (M;,q;,) and testing (M) sets at 80%
and 20% respectively. This random split minimizes the risk of unintended biases influencing the
construction of the simplicial complex or the subsequent model’s performance. To ensure consistency
and reproducibility, a fixed random seed was used during the splitting process. The next step involves

computing the different co-expression measures to construct the simplicial complex.

4.4.1.1 Pearson’s Correlation

Pearson’s Correlation (r; ;) quantifies the strength and direction of a linear relationship between two

arbitrary genes, x and y [136]. It is calculated using the formula:

i Y1 (ki — %) Ok, — )
L VT (ki — 8T G — )2

(4.4)

where:
* xi; and yy ; are the k-th observations of genes i and j,
* X; and y; are the mean expression levels of genes i and j,

* r;; is the resulting Pearson correlation coefficient for genes i and ;.
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Pearson’s Correlation was utilized to identify linear relationships within the training set (M;,q;n).
The computed coefficients are assembled into a symmetric correlation matrix R; ;, where each entry
r; j represents the Pearson coefficient for genes x; and x;. Finally, the calculated R; ; correlation matrix
was used to weight patients for the construction of the simplicial complex. The Pearson’s correlation

coefficients were calculated using the scipy.stats.pearsonr function in Python [137].

4.4.1.2 Distance Correlation

Distance Correlation extends on Pearson Correlation by addressing two key limitations. Firstly, it is
applicable to random variables X and Y in arbitrary dimensions, making it more versatile than Pearson,
which is limited to scalar variables®. Secondly, Distance Correlation captures a broader notion of
dependence, with R(X,Y) = 0 indicating that X and Y are statistically independent, in contrast to
Pearson Correlation, which can only detect linear relationships [138]. The Distance Correlation

between two genes i and j is defined as:

dCov(xj,y;)

dVar(x;)-dVar(y;)

dCOl”i.’j = (45)

where:

* Distance covariance (dCov(x;,y;)) measures the dependency between genes x; and y; capturing

both linear and nonlinear associations.
* Distance variance (dVar) measure of the variability within a single gene.

To compute the Distance Correlation matrix (D; ;), Distance coefficients (dCor; ;) were calculated
for each pairs of genes x; and y; in the training set M;,4,. The resulting symmetric matrix (D; ;) was
used to construct the simplicial complex, where dCor; ; defined the edge’s weights connecting the
genes/simplices. Distance correlation coefficients dCor; ; was computed using dcor .distance_correlation
in Python [139].

4.4.1.3 Topological Overlapping Measures 7OMs

Topological Overlapping Measures (T OMs) quantify the similarity between genes by incorporating
both their pairwise connections and shared neighbors within the network [140]. Unlike pairwise
correlation methods such as Pearson’s and Distance Correlation, which solely focuses on pairwise
relationships, TOMs leverages the underlying network structure to capture the broader connectivity
patterns between genes. This makes 7OM:s particularly effective for improved fidelity gene co-expression
networks [140-142].

81n this thesis, random variables X and ¥ correspond to genes i and ;.
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4.4.1.4 Weighted Topological Overlap (wT O)

Weighted Topological Overlap (wTO) extends the concept of TOM by incorporating weights into
the adjacency matrix, allowing for a more nuanced representation of gene connectivity. Unlike
unweighted adjacency matrices a; j, where connections between gene pairs are binary (1 for connected,
0 if otherwise), wTO employs a weighted adjacency matrix (A;;) to encode the strength of the pairwise
connections with A;; € [0, 1]. The weighted adjacency matrices can be built using any correlation or
mutual information measure. In this study, we use Pearson and Distance Correlation to construct the

weighted adjacency matrices for wTO.

The weighted adjacency matrix (A;;) is computed as follows:

w if i ,
A= | 1,J| Sl (4.6)
0 ifi=j.

where:

* w; j is the pairwise correlation coefficient (e.g., Pearson’s correlation or Distance correlation)

between genes i and j,

* [ is the soft threshold parameter that amplifies strong connections while suppressing weaker

ones,
* A; j is the resulting adjacency value representing the strength of the relationship between genes
iand j.

Following the construction of the adjacency matrix, the wT O; ; calculated to quantify the similarity
between two genes i and j, incorporating both their direct connection and shared neighbors. The
formula was adapted from Zhang et al. [141] is:.

YirtijAik Ajk+Aij
min(K,-,Kj) + 1 - |A,'7j|

WTOI'J = (47)

Here:

* A; j is the adjacency value for genes i and j,
* k represents the common neighbors in the network,

* YizijAik-Aj i refers to the shared connectivity between genes i and j , computed as the dot

product of their connections to common neighbors k,
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* min(K;,K;) Compute the minimum of the weighted degree (sum of absolute connections)

between genes i and j, which is adjusted by 1 - A; ; as a direct correction.

To compute the wT'O; ; matrix, we began by constructing adjacency matrix A; ; using both
Pearson’s and Distance correlation as pairwise gene relationships in M;,4i,. The shared neighborhood
between two genes i and j is computed as the dot product of row and column vectors in the adjacency
matrix A; ;. This is normalized by the minimum value of the weighted degree K; and K; ensuring
relative measure of connectivity. The implementation of wT'O was developed in Python and is
accessible through ibm.wgtda.compute_wto_matrix. The function was adapted to include
Pearson and Distance correlation as pairwise adjacencies for this thesis. The resulting symmetric
matrix wT O; ; was used to extract patient weights to generate a topological fingerprint for each patient.

For consistency throughout the work, we refer to these co-expression matrices (R; j, dCor; j,

wT O; ;) collectively as C; ;. We also refer to the best-performing co-expression measure as C,Q i

R if derived from Pearson’s correlation,

l‘7j
Cj= dCor; if derived from Distance correlation,

wT O if derived from wTO.

Ultimately, the pre-processed gene expression matrix (M’), containing normalized expression
values for differentially expressed genes (DEGs), was transformed into co-expression matrices (C; ;).
These matrices provide a global representation of gene-gene relationships, enabling the construction

of informative simplicial structures essential for downstream clinical outcome prediction.

4.4.2 Biomarker Discovery

The biomarker discovery approach focuses on generating a single co-expression matrix for biomarker
identification, following the methodology used for clinical outcome prediction outlined in Section
4.4.1. However, two key modifications were made to tailor this process specifically for identifying
prognostic biomarkers: (1) Leveraging the best-performing co-expression measure (Cl{ ;) from the
clinical outcome models to ensure optimal biomarker selection, and (2) Utilizing the entire dataset

without splitting to maximize statistical power and capture a more comprehensive biological signal.

1. Leveraging the Best-Performing Co-expression Measure (C,f’ )

Instead of independently evaluating multiple co-expression measures, biomarker discovery
utilizes the best-performing co-expression measure identified during the clinical prediction
phase. This ensures that the selected co-expression metric is both optimal and biologically

meaningful, leveraging insights from its predictive performance.
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2. Utilizing the Entire Dataset Without Splitting

To maximize the statistical power and ensure that all data contributed to the construction of the
co-expression network, the pre-selected gene expression matrix M’ was used without splitting
it into training and testing sets. Unlike the clinical prediction framework, where the data was
partitioned to evaluate model generalizability, the entire dataset M’ was designated as M, 4, for
biomarker discovery. In this case, M,rain represents the full dataset of M’. Since the primary
objective was biomarker discovery rather than predictive validation, a separate testing set was

not required at this stage.

By integrating the optimal co-expression measure in clinical prediction and leveraging the entire
dataset, the biomarker discovery process ensures that relationships between genes are captured
comprehensively. The transformation of pre-processed gene expression matrix M’ into C{, ; for

biomarker identification was implemented through the WGTDA Python package.

4.5 Patient Weights for Prediction

For clinical outcome prediction, we tailor the global co-expression matrix C to individual patient
profiles, by introducing inter-gene patient weights that adjust the gene-gene relationships based
on each patient’s unique gene expression levels. This adjustment transforms the population-wide
co-expression structure C; ; into a patient-specific weighted matrix W), through a scaling parameter.
The resulting patient-specific distance matrix serves as the input for constructing the simplicial

complex.

By integrating global co-expression patterns with individual expression variability, this approach
aims to create personalized topological fingerprints that capture both shared co-expression patterns
and patient-specific nuances. These fingerprints offer a unique representation of gene connectivity for

each patient, enhancing the ability to identify distinct patient profiles for clinical outcome prediction.

The patient-specific weighted matrix (W),) is derived by adjusting the global matrix (C) to reflect
the unique expression profile of each patient p. For every gene pair i and j, the relationship is modified

using the following formula:
. VXpi+Xpj
Wyli,j1=Cij+ %, (4.8)
Where:
» C represents the gene co-expression matrix,

* x,,; and x, ; are the expression values of gene i and gene j for patient p,
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* W, is the weighted matrix for patient p.

The adjustment term (/X ; + X, ;) introduces a controlled, nonlinear scaling effect emphasizing
strong relationships for highly expressed genes while minimizing the influence of low-expression
relationships compared to the global population. By integrating patient-specific variability into
the global co-expression structure, the resulting symmetric weighted matrix W), balances shared

population-wide trends with individual expression differences.

An intuitive analogy is that the global co-expression matrix C is a global roadmap for gene
relationships across the population. It provides a baseline structure that shows which genes tend to
co-express or interact in the broader dataset. This can be seen as a general navigation map that works
for everyone but doesn’t account for individual preferences or unique routes. The adjustment term
(v/Xp,i +x,, ;) personalizes this map based on how strongly each gene is expressed for a given patient
p- This is like tailoring the navigation map to include personal preferences, prioritizing frequently
traveled roads (high gene expression) while downplaying less relevant ones (low gene expression).
The final matrix W, is now customized for each patient, it reflects the general trends across the
population but also the unique expression levels of that patient, thus prioritizing the context the
patients are situated in but also their unique differences. The formula customizes the global gene-gene
relationships to account for what is most relevant for a specific patient, ensuring a personalized

simplicial complex which will be utilized for classification.

4.6 Simplicial Complex Construction

In this study, VR complexes are used as the foundation for analyzing gene expression data. The VR
complex was chosen over alternatives such as the Cech complex due to its lower memory requirements
and computational efficiency [23, 43]. Persistent homology is applied to these complexes to extract
topological features that capture both local and global homology groups within the data. These features
are then used for clinical outcome prediction and biomarker discovery, with tailored construction
methods reflecting the objectives of each task.

For clinical outcome prediction, the VR complex is generated from patient-specific weighted
matrices (W,), which adjust global co-expression patterns to reflect individual gene expression
variability. In contrast, for biomarker discovery, WGTDA constructs the VR complex using the
global gene co-expression matrix (C) for each task, capturing shared relationships across genes at the

population level.

4.6.1 VR Complex for Clinical Outcome Prediction

For clinical outcome prediction, we generated p patient-specific VR complexes for each co-expression

measure, where p is the total number of patients. Each patient p was assigned a unique weighted matrix
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W,, derived by integrating their individual gene expression values with a global population-wide
co-expression matrix. We denote the VR complex generated for each patient as VR, with p
representing the patient. We implemented the construction using the Gudhi library (version 3.10.1),
which is a library for computational topology and TDA [143].

To balance computational efficiency with accuracy, we employed sparse approximations during
construction. Moreover, the maximum edge length was set to co ensuring that no pairwise relationships
were excluded during the initial filtration process. To further optimize the construction, edge collapse
was applied. Edge collapse is a backwards reduction method which effectively collapses redundant
edges, reducing the input flag filtration to its 1-skeleton, which consists of vertices and edges only. By
simplifying the complex to its 1-skeleton, we minimized memory usage and computational overhead,

enabling scalability for high-dimensional gene expression data [144].

Once the 1-skeleton was established, higher-dimensional simplices were expanded up to a
dimension of 3. This step was critical for capturing higher-order relationships among the genes,
such as loops (1D) and voids (2D and above), which are embedded within the gene expression
data. The output of this process was a set of sparse VR complexes, one for each patient VR,,.
Persistent homology was then applied to these complexes to extract topological features, which were

subsequently used to generate topological fingerprints for downstream machine learning tasks.

4.6.2 VR Complex for Biomarker Discovery

In contrast to clinical outcome prediction, the VR complex for biomarker discovery was constructed
using global co-expression matrices C using WGTDA rather than patient-specific weighted matrices.
This approach enables the transformation of gene expression profiles across all patients into a single,
unified topological object, capturing global patterns of gene-gene interactions at the disease level.
This VR complex that captures global expression patterns is denoted as VR;, where ¢ is referencing
the specific task (e.g., cancer type, cancer staging and treatment response). By focusing on the
shared structure within the population, this method highlights consistent topological features that may
serve as robust biomarkers for disease characterization. To generate the VR complex for biomarker

discovery, we utilized the the Gudhi library (version 3.10.1).

To balance computational efficiency and accuracy, we employed the same steps as clinical outcome
prediction, including sparse approximations, setting the maximum edge length to o and applying
edge collapse to reduce the VR complex to its 1-skeleton, thereby minimizing memory usage and

enabling scalability for high-dimensional gene expression data [144].

The resulting global VR, complex serves two critical purposes: (1) Allowing us to apply persistent

homology to identify topological features that highlight prognostic biomarkers for each task. (2)
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Providing the foundation for a custom visualization tool to explore and interpret the identified

biomarkers, further enhancing the interpretability and biological relevance of the findings.

4.7 Persistent Homology

Persistent homology is a key step in extracting the topological features from the gene expression data,
enabling the identification of meaningful structures that persist across multiple scales. This process
extracts the birth and death of topological features, such as connected components (f3), loops (f;),
and voids (f3,) in simplicial complexes. These features are subsequently used for clinical outcome

prediction and biomarker discovery, with distinct approaches tailored to the goals of each task.

4.7.1 Persistent Homology for Clinical Outcome Prediction

For clinical outcome prediction, persistent homology was computed from the VR complexes for
each patient (VR)), capturing topological features at different dimensions: for fy, Bi, and fs.
Higher-dimensional homology groups (33 and beyond) were excluded due to computational constraints.

4.7.1.1 Persistent Landscapes

To enable the integration of persistent homology into machine learning models, the persistence
intervals for Py, B1, and B, were transformed into persistent landscapes. Persistent landscapes are a
stable and robust vectorized representation of topological features as mentioned in Section 2.11.1.
Persistent landscapes aggregate the birth-death intervals into functions over a fixed grid, enabling the
capture of essential topological information while remaining resilient to noise and small perturbations
in the data [51].

For this study, we set the number of landscapes to 2 per homology group and the resolution to
100, balancing computational efficiency with feature granularity. For each patient, landscapes were
generated across the three key homology groups, resulting in three distinct landscapes L0, L; and L,.
These landscapes were then concatenated into a single feature matrix Ly, and L.y for each patient.
Following this, K-fold cross-validation was employed and the optimal model was selected of training
using L4 and subsequently employed to predict outcomes on L;.g.

4.7.2 Persistent Homology for Biomarker Discovery

For biomarker identification, persistent homology was applied to the global gene expression matrix C,
focusing on B, and B3, as these capture higher-order relationships such as loops and voids. f features
(connected components) were excluded due to their limited relevance for biomarker discovery, while

B3 and higher features were not calculated due to computational complexity [31].
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The top 3% of features with the longest persistence (€-range) were selected as biologically relevant
signals, while short-lived features were treated as noise and removed, ensuring robust and meaningful
interactions [31, 145]. This adopted approach in TDA prioritizes stable and significant patterns. The
selected features were subsequently used to demonstrate the capabilities of the custom visualization

tool and validated against external literature, highlighting the relevance and utility of WGTDA.

4.8 Predictive Modeling for Clinical Outcome Prediction

This section presents a systematic approach to clinical outcome prediction using both traditional
machine learning algorithms (SVM, LightGBM, Neural Networks (NN), and Random Forest (RF))
and TDA-derived models. By comparing these two strategies, we aim to assess the predictive power

of gene expression data alone versus topological fingerprints derived from TDA.

4.8.1 Overview of Approach

The models were trained using two distinct strategies:

1. Baseline Models (Traditional ML): SVM, LightGBM, Neural Networks, and Random Forest
were trained directly on the preprocessed gene expression matrix (M;,,;) to evaluate the

predictive capacity of the traditional ML models.

2. TDA Models: Only the Random Forest was specifically trained on persistent landscapes (L;,qin)

derived from the VR complex constructed using four co-expression measures:

Pearson’s Correlation

Distance Correlation

wTO using Pearson-based adjacency

wTO using Distance-based adjacency

By adopting these dual strategies, we obtain a broad evaluation of how traditional machine learning
compares to a topological feature—driven approach for predicting clinical outcomes. Additionally,
we also could assess the impact of different co-expression measures on the generation of topological
features and their subsequent effect on model performance.

4.8.2 Cross Validation

To ensure a fair comparison between baseline and TDA models, we implemented 5-fold cross-validation
(CV) on 80% of the training landscapes matrix (L;.4i,) and the gene expression matrix (M;,q;,) for
hyperparameter tuning and model selection. The remaining 20% L;.s; and M,.;; was held out for final
evaluation. This approach minimized potential biases and improved model reliability. We utilized
GridSearchCV function from scikit—-learn (version 1.6.0) [146].
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4.8.3 Model Descriptions and Hyperparameters

Below, we outline the models and their corresponding hyperparameter grids explored during GridSearchCV.

4.8.3.1 Support Vector Machine (SVM)

SVM are powerful classifiers that find an optimal hyperplane to separate data points in high-dimensional
space. In this study, SVMs were applied to the gene expression matrix M;,,;, [147]. The following
hyperparameter grids were explored:

* C €[0.1, 1, 10, 100] (Regularization)
* Kernel € [linear, radial basis function, polynomial]

* Gamma € [scale, auto]

4.8.3.2 Light Gradient Boosting Machines (LightGBM)

LightGBM is a highly efficient gradient boosting decision tree (GBDT) that employs Gradient-based
One-Side Sampling (GOSS) and Exclusive Feature Bundling (EFB) to accelerate training speed and
reduce memory [148]. We utilized LightGBM to train M,,;, using the following hyperparameters:

* n_estimators € [50,100,200] (Number of boosting rounds)
* max_depth € [3,5,7] Maximum depth of each tree)
* learning_rate € [0.01,0.1,0.2]

» subsample € [0.8,1.0] (Fraction of samples used per boosting round)

4.8.3.3 Neural Network

Neural Networks use interconnected layers of neurons with activation functions, enabling them to
learn complex nonlinear relationships. The following hyperparameters were used for training on
Mtrain:

* Hidden Layer Size < [(50,), (100, ),(50,50),(100,50)]
* Activation Function € [relu, tanh, logistic]
* Alpha a €: [0.0001,0.001,0.01] (L2 regularization term)

* Learning Rate < [constant, adaptive]
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4.8.3.4 Random Forest

Random Forest is an ensemble learning method that constructs multiple decision trees and aggregates
their predictions to improve accuracy and robustness [149]. It was trained on both topological

fingerprints (L;,,;;) and the gene expression matrix (M;,4;,) using the following hyperparameters:
e n_estimators € [50,100,200] (Number of trees)
* max_depth € [None, 10,20] (Maximum depth of each tree)
* min_samples_split € [2,5,10] (Minimum number of samples required to split a node)
* min_samples_leaf € [1,2,4] (Minimum number of samples required at a leaf node)

These models were selected for their ability to capture both linear and complex non-linear
relationships within the data, as well as their ensemble learning capabilities. This comprehensive
approach leaves no room for doubt regarding the performance and generalizability of the findings.
Furthermore, the systematic hyperparameter tuning process ensured that all models were optimized

for clinical outcome prediction, enhancing the reliability and robustness of our findings.

4.8.4 Evaluation Metrics

To comprehensively evaluate the performance of the models, we utilized the following metrics:
Accuracy, Mean Squared Error (MSE), Log Loss, F1-Score. These metrics provide a holistic view of

model performance, capturing both predictive accuracy and the ability to evaluate imbalanced classes.

1. Accuracy: Accuracy measures the proportion of correct predictions out of the total number of
predictions. It is defined as:
TP+TN

Accuracy = (4.9)
TP+TN+FP+FN

where TP True Positives are correctly predicted positives, TN True Negatives are correctly
predicted negatives), FP False Positives (incorrectly predicted positives), and FN False
Negatives (incorrectly predicted negatives).

2. Mean Squared Error (MSE): MSE evaluates the average squared difference between predicted
and actual values. It is commonly used for regression tasks but can also be applied to
classification probabilities:

1 & R
MSE = — Y vi—5) (4.10)
i=1

where:

¢ y;: True value for the i-th sample,

* y;: Predicted value for the i-th sample,
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* n: Total number of samples.

3. Log Loss: Log Loss (or Cross-Entropy Loss) quantifies the performance of a classification
model where the output is a probability between 0 and 1. It penalizes predictions that are far
from the actual class labels:

1 n
Log Loss = —— ¥ [vilog(p;) + (1 — i) log(1 - py)] (4.11)
i=1
where:

* y;: True label (O or 1) for the i-th sample,
* pi: Predicted probability for the positive class,

* n: Total number of samples.

4. F1-Score: The F1-Score is the harmonic mean of precision and recall, balancing both false

positives and false negatives. It is particularly useful for imbalanced datasets:

2 - Precision - Recall

F1-Score = 4.12
Precision + Recall ( )
where:
.« . _ TP
e Precision = W’
e Recall = TP+FN

By combining robust model selection, hyperparameter tuning via grid search, and comprehensive
evaluation, we ensured credible and reproducible predictive analysis. While SVM, LightGBM, and
Neural Networks provided baseline results from raw data, incorporating persistent landscapes in the
Random Forest model highlighted the added value of topological features for improving clinical

outcome prediction.

4.9 Network Visualization Tool for Biomarker Discovery

Interpreting topological features can be challenging due to the ambiguity regarding which nodes
formulate homology groups. Additionally, effective visualization of gene interactions is essential
for understanding the complex relationships between genes, proteins, and other molecular entities.
To address these challenges, we developed a network visualization tool that provides both static and
interactive representations of topological features derived from WGTDA. This tool was built using
NetworkX [150], Matplotlib [151], and Pyvis [152], enabling researchers to analyze and interpret
topological features more effectively while enhancing their biological relevance.
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4.9.1 Static Visualization Tool

The static visualization tool provides a clear, high-quality representation of gene interaction networks,
enabling researchers to observe global patterns and identify key connections. The features of the static

network are as follows:
1. Network Construction:

(a) Genes are represented as nodes, while relationships between genes are depicted as edges.
(b) Edge weights are computed based on the frequency of interactions between gene sets.

(c) Thicker edges indicate stronger or more frequent interactions, providing visual emphasis

on significant gene relationships.

2. Network Features:

(a) Nodes are uniformly scaled for clarity, representing individual genes in the network.

(b) A spring layout algorithm positions the nodes to minimize edge overlaps and optimize

visualization clarity.

The static visualization is generated using Matplotlib, producing a visually interpretable graph
that highlights the network’s critical features and enables researchers to gain immediate insights into

gene connectivity.

4.9.2 Interactive Visualization Tool

To complement the static visualization, we developed a web-based interactive tool for exploring
persistent topological gene networks dynamically. This tool enhances interpretability by allowing users
to interact directly with the network and explore its features in depth. The interactive visualization
tool is accessible through a dedicated landing page: https://nnyase.github.io/MSc-Thesis/. Figure
4.3 shows the image of the dedicated landing page, where users can access the WGTDA web-based

networks.


https://nnyase.github.io/MSc-Thesis/

4.9 Network Visualization Tool for Biomarker Discovery 69

Weighted Topological Data Analysis: A
Topological Perspective to Biomarker Discovery

Select a phenotype to view its interactive topological network:

Treatment Response

Non-Responsive Responsive

Cancer Type

“ Esophageal CeIeone

Pheochromocytoma (PCPG)

Cancer Stage (HNSC)

Fig. 4.3 Dedicated interactive landing page showing tasks for Cancer Type, and Cancer Stage (HNSC)
and Treatment Response.

The features of the interactive web-based tool for WGTDA are as follows:

1. Dynamic Node Scaling: Nodes are scaled based on their degree of connectivity (i.e., the
number of edges connected to a node). Therefore, genes with more interactions are visually
prominent, allowing users to quickly identify key players in the network.

2. Click Interactions: Clicking over a node displays the gene name and the number of connections,
offering immediate contextual information. Moreover, clicking on an edge reveals its weight
(the number of interactions between the two connected genes), providing insights into the

strength of specific relationships.

3. Edge Visualization: Edge widths dynamically adjust to reflect interaction strengths, with
thicker edges denoting stronger relationships. This feature highlights critical gene interactions,

making them easier to identify and interpret at a glance.

4. Interactive Exploration: Users can zoom, pan, and rearrange nodes to examine specific
network regions or clusters in detail. A physics-based layout algorithm adds realism to the
network, giving it a dynamic and engaging appearance. This functionality is particularly
valuable for identifying clusters of related genes and exploring broader patterns across the

network.
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The interactive tool offers an intuitive platform for researchers to delve into the structure of
gene interactions, bridging the gap between abstract topological features and meaningful biological
insights.

4.10 Framework Summary

To provide clarity and enhance understanding, we summarize the experimental pipelines for both
clinical outcome prediction and biomarker discovery. These pipelines outline the sequence of steps,
from data preprocessing to the generation of topological features. Below, we present the structured

workflows in algorithmic form for both tasks.
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4.10.1 Clinical Outcome Prediction Framework

Algorithm 1 Clinical Outcome Prediction Pipeline

1:
2:

10:

11:

12:

13:
14:

Input: Gene Expression Matrix X for cancer type, cancer stage and treatment response.
Output: Classification Results and Performance Metrics for the topological features and the
preprocessed gene expression matrix.

Step 1: Preprocess the gene expression matrix X by filtering low quality samples and genes,
outlier correction using Cook’s distance and FKPM normalization.

Step 2: Perform differential expression analysis on the preprocessed gene expression data X' to

obtain the gene set matrix M.

: Step 3: Split the gene expression matrix M into training My, and testing M., splits at 80% and

20% respectively.

Step 4: Use gene expression matrix M to generate a global gene-gene co-expression matrix C; ;
through Pearson’s Correlation, Distance Correlation, wTO using Pearson’s adjacency and wTO
with Distance adjacency.

Step 5: Compute the patient weights W, for each patient by extrapolating the global gene-gene
co-expression matrix C; ; with the adjustment term (/X ; +x, ;)

Step 6: Construct the VR complex (VR),) for each patient using the inter-gene patient weights
W,.

Step 7: Compute persistent homology for homology groups By, B1, B> using the VR complex for
each patient

Step 8: Generate the persistence landscapes (L4, and (L. ) for each patient-specific topological
fingerprint.

Step 9: Train machine learning models (SVM, LightGBM, RF, NN) using cross validation for
k-folds of M,,,;, to establish baseline (k = 5).

Step 10: Train random forest model on the k-folds topological fingerprints (L;,4,) generated
(k=95).

Step 11: Extract best model from GridSearchCV parameters for each model.

Step 12: Perform model evaluation and report the performance metrics.
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4.10.2 Biomarker Discovery Framework

Algorithm 2 WGTDA Pipeline

1:
2:
3:

. o® 3D

10:

Input: Gene expression matrix X for cancer type, cancer stage and treatment response.
Output: Network Visualization of proposed prognostic biomarkers.

Step 1: Preprocess the gene expression matrix X by filtering low quality samples and genes,
outlier correction using Cook’s distance and FKPM normalization.

Step 2: Perform differential expression analysis on the preprocessed gene expression data X’ to

obtain the gene set matrix M.

: Step 3: Use the full gene expression matrix M to generate a global gene-gene co-expression

matrix C; ; using the best performing co-expression measure (Cf’ ;) from the clinical predictions
pipeline.

Step 4: Construct the VR complex (VR;) for each task.

Step 5: Compute persistent homology for homology groups 1, B, for each task.

Step 6: Extract topological features with associated genes formulating the feature.

Step 7: Create static and interactive visualization tool to have intuitive method of viewing
topological features.

Step 8: Identify significant biomarkers based on persistent and network visualization.




Chapter 5

Results

In Chapter 5, the results of our study are presented in two distinct yet interwoven parts: clinical
outcome prediction and biomarker discovery. The former focuses on leveraging patient-specific
topological fingerprints to forecast outcomes in cancer type, staging, and treatment response. Whereas
the latter aims to identifying key genes driving cancer biology through WGTDA, demonstrating a

visualization tool built identifying key topological interactions.

We begin by detailing the data preprocessing and differential expression analysis, which were
performed to refine and pre-select the gene expression matrix for downstream analysis. This is
followed by a comprehensive exploratory data analysis (EDA), where dimensionality reduction
techniques such as Principal Component Analysis (PCA) [153], t-Distributed Stochastic Neighbor
Embedding (t-SNE) [154], and Uniform Manifold Approximation and Projection (UMAP) [155] were
applied to visualize the gene expression profiles and uncover latent patterns to provide critical insights
into the different tasks.

We then transition to the results of the clinical outcome prediction, where we conduct a comparative
analysis between machine learning models trained on the raw gene expression data and those utilizing

patient-specific topological landscapes.

Lastly, we provide results of the biomarker discovery, where the WGTDA framework was applied
to identify key genes driving cancer biology. To further enhance the interpretability of our findings, we
showcase a custom visualization tool developed to explore and interpret topological interactions. This
tool enables researchers to seamlessly navigate gene connectivity networks and topological structures,

providing an interactive means to identify and validate potential biomarkers.
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5.1 Gene Set Pre-selection

To identify DEGs, DESeq2 was applied to RNA-Seq data, revealing significantly up-regulated and
down-regulated genes across each dataset. Table 5.1 summarizes the datasets, highlighting DEG
patterns and the number of genes retained for downstream analysis. This pre-selection step streamlined
subsequent analyses by focusing on biologically relevant genes, enhancing both interpretability and

computational efficiency.

Task  Description Dataset Sample Size No. Genes Up-regulated Down-regulated
Genes Genes
1 Cancer Types TCGA-SARC, SARC  (261), 125 43 82
TCGA-ESCA, ESCA  (189),
TCGA-PCPG PCPG (179)
2 Cancer Staging TCGA-HNSC Stage 1 (33), 146 28 119

Stage II (148),
Stage III (132),

Stage IV (173)
3 Treatment CPTAC Brain, Resistant (120), 129 88 41
Response Uterus and Other Sensitive (98)

Regions

Table 5.1 Overview of the datasets, and number of genes retained and the number of up-regulated
and down-regulated genes. This table provides a clear summary of the differential gene expression
patterns across the analyzed datasets.

5.2 Exploratory Data Analysis (EDA)

To gain a deeper understanding of the gene expression datasets and to uncover latent patterns, we
performed a comprehensive EDA. Dimensionality reduction techniques such as PCA, t-SNE, and
UMAP were implemented to visualize the complex relationships between genes and samples, and to
contextualize the difficulties faced by the proposed TDA-based models and the raw machine learning
models in learning boundaries for separating phenotypic classes for each dataset. Each technique was
selected to highlight complementary aspects of the data: PCA captures global variance and linear
relationships, t-SNE emphasizes local neighborhood structures, and UMAP balances global and local

structure while preserving structural properties.

In our implementation, we used 2 principal components for PCA using the scikit-learn
package. For t-SNE, we used 2 components with a perplexity of 30 (also via scikit-learn),
and for UMAP we used 2 components, 15 neighbors, and a minimum distance of 0.1, using

umap-learn package. By combining these methods, we seek to reinforce (or refute) observed
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patterns of separability with a higher degree of confidence, provide intuitive visual insights and

establish implications for downstream ML tasks.

5.2.1 Cancer Type EDA

For cancer type tasks (SARC, ESCA, PCPG) the PCA plot shows clear separability between cancer
types. ESCA and SARC form compact regions with slight overlap, while PCPG exhibits greater
dispersion across the principal components, reflecting higher variance in its gene expression profiles.
Both t-SNE and UMAP further reinforced these findings, showing well-defi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>