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Abstract 
 

There is uncertainty about how best to determine the final payoff at maturity of various BEE 

transactions entered into by a number of South African companies. This thesis attempts to develop a 

method which will price these transactions accurately based on a sample of transactions entered 

into between 2004 and 2011. The primary valuation methods which will be used are Real Options 

Valuations, Risk–Neutral Valuations, Implied Trinomial Tree Valuations and valuations performed 

using the Black-Scholes-Merton Model. Various amendments to each of these methods are 

introduced in order to correct for pricing biases inherent in each valuation model. 

The results presented in this thesis suggest that it is possible to price any BEE transaction provided 

that the underlying contractual terms are understood. 
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1. Introduction 
 

The South African government used Black Economic Empowerment (BEE) as a policy to attempt to 

rectify the effects of welfare inequalities in the South African society. Little scientific analysis took 

place during the BEE implementation period. Corporate South Africa depicted BEE in a depoliticized 

and technical manner, with the key challenge being to determine the fair value of the various BEE 

transactions entered into by the different companies.  

A key proposition for determining the fair value of these BEE transactions has been to treat a given 

BEE transaction as a call option, and then to use the standard market capitalization as a yardstick to 

determine the fair value. In certain instances the Black-Scholes, Binomial and Monte-Carlo 

simulation methods are used to determine the fair value. 

Researchers in the field of financial economics have found that any given investment strategy 

encompasses a portfolio of carefully selected investment projects which the company deems 

feasible and that option pricing may be used as an analytical tool to evaluate such projects. The 

Black-Scholes model has certain limitations such as the underestimation of extreme moves and the 

assumption of instant costless trading. The accuracy of the results produced by the Black-Scholes 

model is marred by the model’s failure to take into account different options such as expansion, 

abandonment and deferral opportunities embedded in the transactions. An approach called “Real 

Options Analysis” has been developed in an attempt to deal with the problems encountered when 

using traditional option pricing techniques. In South Africa, Real Option Valuation techniques have 

been used in the construction and telecommunication industries and in determining the value of 

game lodge concessions. 

1.1 The Economic Problem Facing South Africa 
 

Researchers in the field of financial economics have found that using the market capitalization at the 

inception of the transaction as a yardstick misinterprets the economic value of a transaction. Thus, 

option pricing models are often used as a basis for determining the fair value of BEE transactions. 

Owing to the subjectivity involved in doing these calculations, mispricing in the fair value is common. 
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1.2 Objectives of this Investigation 
 

The main objectives of this investigation are as follows: 

1) to use empirical data to determine the fair value of BEE transactions at maturity. 

2) to apply the principles of real options pricing, because it is forward looking, to determine the 

value of assets exchange in a BEE deal. The outcome will be compared to the actual values at 

each transaction’s maturity date. 

Similar procedures will be performed for each transaction using the Black-Scholes Model, Binomial 

and Trinomial Trees, the Monte Carlo Simulation methods and the Binomial Lattice Model. 

Comparisons of results produced by each method will highlight which method produced the most 

accurate estimate of the final payoff at maturity. 
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2. Literature Review 
 

When valuing BEE transactions, initiators often use the principles of “International Financial 

Reporting Standard (IFRS) 2 Share Based Payments” and the beneficiaries apply the principles of 

“International Accounting Standard (IAS) 39 Financial Instruments”, when determining the fair value 

of the transaction (See Van der Merwe (2009)). In option pricing terms, the fair value is equivalent to 

the payoff at maturity. 

Different models can be applied to determine the option value. The results produced by each model 

vary and this can be attributed to the factors inherent in the valuation equation. The different 

models have been examined below. All methods will be used for empirical analysis. For expansions 

of the equations, refer to Appendix B. 

2.1 Valuation Models 

2.1.1 Black-Scholes Option Pricing Model 

 

The Black-Scholes (BS) option pricing model is arguably the most famous valuation model. Black and 

Scholes (1973) became the pioneers in the theory of option pricing, when they presented their 

analysis, based on the work of Bachelier (1900), to the option trading world.  

The valuation formula is given by: 

 (   )    (  )      (    ) (  ) 

where: 

    
  

 

 
 (  

 

 
  ) (     )

 √     
 

 

    
  

 

 
 (  

 

 
  ) (     )

 √     
 

The function  ( )therefore represents the cumulative probability distribution function for a 

standardized normal distribution. 

and: 
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  (   )= the value of an option 

  = the stock price 

  = the exercise price 

   = the maturity date 

  = the current date 

   = the variance rate of the return on the stock 

  = the short-term interest rate. 

2.1.2 Binomial and Trinomial Trees 

 

The Binomial model is a discrete option valuation model which can be used to value derivatives. A 

valuation method for BEE contracts is not readily available, which makes this model suitable to value 

transactions as this method is commonly used to value derivatives. The Binomial model was created 

by Cox, Ross and Rubinstein (1979). Their model is a departure from the Black-Scholes option-pricing 

model, which is also based on stochastic processes. A primary assumption is that as the time-step 

becomes smaller the model approaches the lognormal assumption for stock prices which underlies 

the Black-Scholes model. It is important to note that when valuing options with this model, use is 

made of both the no-arbitrage arguments and a principle known as Risk-Neutral Valuation. 

The Binomial model states: 

            (   )    

Where: 

   
      

   
 

Where: 

  = the risk-free interest rate 

  = the time period between the different nodes 

  = the percentage decrease in a stock’s downward movement 

  = the percentage increase in a stock’s upward movement 

   = the payoff from the stock if the stock price moves up 
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   = the payoff from the stock if the price moves down 

  = the risk–neutral probability 

 

2.1.2.1 Risk - Neutral Valuation 

 

The Risk - Neutral Valuation principle is a method of pricing options whether in the simple Binomial 

model or when using the Black-Scholes-Merton differential equation. The equation does not include 

any variable which may be affected by the risk preferences of investors. Risk-Neutral Valuation may 

be compared to replication as both may produce the same option price. The following procedures 

must be performed when applying the principles of Risk-Neutral Valuation in the binomial model: 

(1) Compute the probabilities   and     of the states u and d that make the expected return 

on the stock equal to the risk-free rate r. 

(2) Compute the expected payoff from the option at maturity under the probabilities 

  and    . 

(3) Discount the expected payoffs back to the current period using the risk-free rate (RFR),  . 

The final result is expected to be exactly equal to the arbitrage-free price of an option that is 

obtained by replication. 

There are several variations to Risk-Neutral Valuation. Hull (2009) suggests that in a risk-neutral 

world all individuals are indifferent to risks, thus investors will require no compensation for such 

risks. The expected return on securities valued will therefore be the risk-free rate. When pricing 

options using this approach, the expected return (  ̂(  ) ) in a risk-neutral world is represented by 

the equation: 

 ̂(  )      
   

The mean return on a given tree is defined by the following equation: 

 (   )      (   )  

where: 

  = the dividend yield 

   = the change in time 
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Hull (2009) introduces variations to the initially proposed techniques which can be used to 

determine the final payoff from exercising the option.  

(A) Control Variate Technique 

This method is used to improve the accuracy of the pricing of an American option. In this thesis, it is 

assumed that BEE transactions are European in nature. This method is included for comparability. 

This technique entails using the same binomial tree to calculate both the value of an American 

option,   , and the corresponding European option,   . The option value produced by the BS model 

is denoted by    . The error produced by the tree in the pricing of a European option is assumed to 

be equal to that given by the tree in the pricing of the American option. The estimated American 

option price is given by: 

           

(B) Setting p = 0.5 

This method removes the restrictions of the Cox, Ross and Rubinstein approach where       and 

instead sets   = 0.5 as this is the only scenario where the equation will hold true. This method allows 

trees to be built for options on stocks, indices, foreign exchange and futures. An advantage of this 

method is that fixing the probabilities to 0.5 means that the impact of the value of   and the number 

of time-steps can be disregarded. This method can be applied to a BEE transaction, as the 

transactions are options on stocks. The upwards and downwards movement are represented by: 

    (        )    √   

    (        )    √   

Where: 

  = the dividend yield for the period. This is assumed to be 0 in order to be consistent with the rest 

of the work. 

2.1.2.2 Trinomial Trees 

 

Trinomial trees are used as the alternative to binomial trees for pricing options. Trinomial trees are 

lattice based computational models and will be included for the sake of comparability to the 

Binomial Lattice method. The general form of any tree incorporates the following 

variables,   ,    and   . These represent the probabilities of an upward, middle and downward 
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movement at each node, and    represents the length of the time-step. The work of Hull (2009) and 

Derman, Kani and Chriss (1996) will be used to perform the valuations for this exercise. 

Derman et al (1996) show that in option markets, where there is a significant or persistent volatility 

smile, implied tree models may be used to price exotic options consistently. They build implied 

trinomial tree models for the volatility smile, as trinomial trees inherently have more parameters 

than binomial trees. When implied trees are implemented discretely to allow volatility to vary from 

node to node, then the tree is made more “flexible” so that the market prices of all standard options 

can be matched. 

Derman et al (1996) use various methods to construct the constant volatility trinomial tree which 

can serve as initial state spaces for implied trees. All their applied methods converge to the same 

theory, i.e. the constant-volatility Black-Scholes theory in continuous limit. Three equivalent 

methods are used for building constant volatility trinomial trees: (a) combining two steps of a Cox, 

Ross and Rubinstein (CRR) binomial tree; (b) combining two steps of a Jarrow-Rudd (JR) binomial 

tree; and (c) an equal-probability tree. In all instances the variables remain defined as:  

    = the stock price reached from an upward move. 

    = the stock price at the beginning of the time step. 

     = the stock price reached from a downward move. 

  = the probability for an upward move 

  = the probability for a downward move 

  = the risk-free interest rate 

  = the constant volatility for the period 

The Trinomial Tree Valuation methods are represented by the following: 

(a) Combining two steps of a CRR binomial tree 

   =    √    

   =   

   =     √    
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(b) Combining two steps of a JR binomial tree 

 

      
(  

  

 
)     √   

 

 

      
(  

  

 
)  

 

 

      
(  

  

 
)     √   

 

 

(c) Equal-probability tree 

 

      
(  

  

 
)     √     

 

 

      
(  

  

 
)  

 

 

      
(  

  

 
)     √     

 

 

d) Incorporating forward rates 

 

Derman et al (1996) and Hull (2009) propose different methods for incorporating the effect of 

forward rates on the option value. Derman et al (1996) state that in all instances the transition 

probabilities for any node must lie between 0 and 1, otherwise the implied tree allows riskless 

arbitrage which is inconsistent with the rational option prices. Hull (2009) introduces two additional 

methods which will be used to price the different options. The first method is an alternative to the 

binomial tree, and makes use of the concept of upward and downward movements, but an 

additional inclusion is the probability of a middle movement. 

 

The equation consists of the following: 

 

     (                ) 

 

Where: 

   = the value of the option at an up node 
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   = the value of the option at a middle node 

   = the value of the option at a down node 

 

Hull (2009) also explains how the principles of Risk-Neutral Valuation can be extended to handle the 

valuation of real options. The concept of mean reversion introduced previously during the Risk-

Neutral Valuation forms the basis of this valuation. The General Tree-Building Procedure is based on 

the Hull-White model. An extension of the previous method is an equation for the risk-neutral 

process followed by a given commodity price   defined by the following: 

        ( )                 

The above term is based on the principles of Brownian motion, thus the variable ln  is assumed to 

follow a similar process to variable  , except for a time-dependent drift. The tree is calculated based 

on the 1-year, 2-year and 3-year futures prices calculated using the prevailing spot price. The 

variables for   and   are defined by the following: 

  = 0.1 

  = 0.2 

The different techniques proposed above incorporate different variables and are expected to 

produce different results. The results are expected to mimic the fair values. 

2.1.3 Monte Carlo Simulations 

 

Many BEE transaction valuations are based on the Monte Carlo simulation valuation methods. These 

methods are a departure from the traditional Black-Scholes and Binomial option pricing models. 

Monte Carlo methods are often the primary tool used in nonparametric option valuation methods 

and may be used to sample the random outcomes for a stochastic process. 

The work of Hull (2009) will be used primarily as the basis of formulating a unique simulation which 

can be applied to BEE transactions. In this study the Monte Carlo method was used to determine the 

strike price,  , which will be used in all valuation techniques. The derivation of the simulation is 

explored in the methodology section. 
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2.1.4 Binomial Lattice Model 

 

BEE transactions fall within the provisions of IFRS 2 and may therefore be valued as employee stock 

options. Hull and White (2004) examine the valuation of employee stock options. Their work is 

based on the argument against expensing employee stock options owing to the difficulty of 

determining the fair value at the time the options are granted. Their approach is based on that 

suggested by the American Financial Accounting Standards Board’s (FASB) Statement of Financial 

Accounting Standards No.123, i.e. FAS123r Stock Option Accounting (See Hull et al. (2004)). 

Hull et al. (2004) suggest that the traditional way of accounting for stock options in the United States 

in the past has been to use the intrinsic value based method. This method was based on the 

Accounting Principles Board Opinion No.25, issued in 1972 (Hull et al. (2004)). This method requires 

the compensation cost of an employee stock option be assumed to be the excess, if any, of the 

market price of the stock, over the exercise price on the date that the option is granted. They found, 

however, that in the most common situation, in which options are granted with an exercise price 

equal to the current market price, the intrinsic-value based method calculates the compensation 

cost as zero. As a result of this, the FASB issued a statement in October 1995, FAS123r, which 

encouraged companies to adopt a fair-value based method of accounting for stock options, instead 

of the intrinsic value based method. Appendix B of FAS123 suggests the following three-step 

valuation procedure: 

(1) Estimate the expected life of the option 

(2) Use the Black and Scholes (1973) model or the Cox, Ross and Rubinstein (1979) binomial tree 

to value the option, with the expected life as the time to maturity. 

(3) Adjust the value to allow for the possibility of the employee leaving the company during the 

vesting period. 

Radke (2007) introduces a suggested improvement to the proposed methods. In this method all 

companies will be required to conform to the fair value methods suggested by Hull et al. (2004) 

above. Radke (2007) introduces two methods which incorporate the three-step valuation approach 

introduced by Hull et al. (2004) to value options. She proposes that the Black – Scholes – Merton and 

Binomial Lattice Valuations may be used as follows: 
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(i) Black-Scholes-Merton (BSM) Model 

 

(a) Use the simple well established BSM to model a single outcome where a stock 

appreciates, according to a defined volatility, each year for the option’s life (expected 

term). 

(b) Upon exercise, the model produces a profit which is present-valued, using the risk-free 

rate of return, to determine the value of the option today. 

 

(ii) Binomial Lattice Model  

 

This model takes into consideration that in each period the stock price can go either up or down to 

produce a range of potential future stock prices (and thus multiple valuations). The outcomes form a 

tree with the grant being the root of the tree. This model allows for early exercise, unlike the BSM 

model which assumes that the grantees will hold their options to the end of the expected term. This 

cash value is present-valued at the point of exercise to reflect the time-value of money using the 

risk-free rate of return. In order for an outcome to be considered, the value must be greater than 

zero. The average of the discounted ending values produces a single number which represents the 

calculated option values. 

Hull et al. (2004) also introduce an amendment to the binomial tree which allows the tree to take 

into account employee exit rates.  

It is defined by: 

         ( 
   

     ) 

From the review of the BEE disclosure in various Annual Reports, it was found that, in some 

instances, the employee exit rates were not significant; thus the newly-proposed method will not be 

taken into consideration when performing the initial calculations. 

2.1.5 Real Options 

 

Embedded in many BEE contracts are option-like features which can be valued using the traditional 

Net Present Value (NPV) methods, but this requires the availability of historical information. Real 

option valuations were developed to correct these shortcomings of the traditional NPV calculations 

as the Real options valuation technique is forward-looking. This technique will therefore form a core 

part of our analysis. 
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Damodaran (2010) expands on the theories introduced by Latimore (2001). Damodaran (2010) 

extends the argument that traditional discounted cash-flow models do not always capture the value 

of the options embedded in corporate actions. The value-enhancing properties of these embedded 

options are thus often not taken into account even though they have the ability to determine 

whether investments and acquisitions that would not be justifiable are in fact value-enhancing. 

Damodaran’s (2010) theories used to value embedded options are based on the mechanics driving 

the valuation of a call and a put option, and use the principles of the Binomial Model and the Black-

Scholes Model to price the various options. 

A crucial contribution to the theory of option pricing from this thesis is the impact of exercise of the 

option on the value of the underlying asset. This aspect is not taken into account in the Black-Scholes 

model, which is based upon the assumption that exercising an option does not affect the value of an 

underlying asset.  

Damodaran (2010) highlights that many investments and acquisitions contain hidden options, which 

may be value-enhancing. In investment analysis and capital budgeting, 3 options may be embedded 

in a given project:  

(i) The option to delay a project – especially when a firm has exclusive rights to a project. 

(ii) The option to expand a project to cover new products or markets sometime in the future. 

(iii) The option to abandon a project if cash flows do not measure up to expectations. 

The impact of the above may be interpreted as follows: 

(i) The Option to Delay a Project 

In an environment in which a project can only be taken by one firm, because of legal restrictions and 

barriers to entry to competitors, the changes in the project’s value over time give it the 

characteristics of a call option. 

The net present value of a project is given by: 

            

Where: 

  = the initial upfront investment 

  = the present value of expected cash inflows computed at the present moment 
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Using this method allows a given firm to take up or abandon a project as it highlights the financial 

implications of investing in a project. In instances where a firm elects not to take up the project, it 

incurs no additional cash flows, though it will lose what it originally invested in the project. 

(ii) The option to expand a project to cover new products or markets sometime in the future. 

(Also called Multi–Stage Projects / Investments) 

Damodaran (2010) finds that this occurs when firms have the option to enter the business in stages. 

Doing so reduces the potential upside benefits, but also protects the firms against downside risk, by 

allowing them to gauge demand and decide whether to go on to the next stage. 

A standard project can thus be seen as a series of options to expand, with each option being 

dependent on the previous one.  

(iii) The Option to Abandon a Project 

This is the final embedded option and it should be considered when the cash flows do not measure 

up to expectations. Damodaran found that those projects with inadequate cash flows typically only 

work for multi-stage projects and require probability inputs at each stage of the project. Option 

pricing provides a general way of estimating and building the value of abandonment into the value 

of an option. 

The payoff from owning an abandonment option is defined by the following: 

If       the payoff is zero 

If      , the payoff is       

The option to abandon takes on the characteristics of a put option, which are similar to those of 

previous options. 

The option is always treated as a put option where the value of the option is given by: 

        (   )       (   ) 

Damodaran (2010) found that the Black-Scholes model can be applied to value equity as an option. A 

firm is valued by estimating cash flows over a long time-horizon and discounting the cash flows back 

at a discount rate that reflects the riskiness of the cash flows. The value of equity is obtained by 

subtracting the value of debt from the firm value. He found that discounted cash-flow models 
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understate the value of equity in firms with high financial leverage and negative operating income, 

since they do not reflect the option that equity investors have to liquidate the firm’s assets. 

The payoff to equity investors on liquidation can thus be defined as : 

If         then the payoff =       

If       then the payoff =   

Equity can be viewed as a call option to the firm, where exercising the option requires that the firm 

be liquidated and the face value of the debt (which corresponds to the exercise price) is paid off. 

The payoff can thus be defined as: 

Payoff on exercise =                if       

     =  if       

Each of techniques explored above will be evaluated in this paper to determine the fair value of the 

options embedded in the BEE transactions. The fair value will be compared to the actual outcomes 

at maturity of the transactions to determine if they produce a result which could accurately predict 

the actual payoff from the transactions.  
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3. Methodology 
 

Real Option analysis is based primarily on determining the value of the initial investment and 

determining the present value of expected cash flows. These values are then used as the values of   

and   in the BSM equation. Different sources will therefore be used to determine the variables 

underlying each technique. The annual financial statements and financial information contained in 

publicly issued circulars will be used in all instances to find all the necessary information required to 

perform the Real Options Valuation. 

The success of the Binomial and Trinomial Tree Valuations as well as the Binomial Lattice Valuation is 

largely dependent on the change in volatility of the stock price over the contractual term. All 

variables needed to satisfy their equations will thus be derived from the stock price behaviour. 

3.1 Empirical Tests 
 

The Jarque-Bera test was applied to all the companies included in the initial sample (refer to 

Appendix B) for which there was data available. The Jarque-Bera test is a goodness-of-fit test used to 

determine whether the sample data have skewness and kurtosis which match those of a normal 

distribution.   

The test statistic    is defined by the following equation: 

   
 

 
 (     

 

 
(   ) ) 

In instances where the share prices of a company mimic a normal distribution, the    statistic 

asymptotically has a chi-squared distribution with two degrees of freedom. Hence, the statistic may 

be used to test the hypothesis that the data are from a normal distribution. The null hypothesis may 

be defined as a joint hypothesis of the skewness, of which the excess kurtosis is zero. In instances 

where the excess kurtosis is 3, it is equivalent to an expected excess kurtosis of 0. Where there is any 

deviation from this principle, the    statistic is increased. 

One of the fundamental assumptions underlying the theory of option pricing, which has been 

incorporated in the Black-Scholes option pricing formula, requires that the natural logarithms of the 

spot price of the underlying stock should be normally distributed, and hence that they follow a 

normal distribution. The natural logarithms of the underlying stocks were thus tested for normality 

using the Jarque-Bera normality test. For each company included in the sample group, the tests were 

performed given a level of significance of 0.05. Therefore,   0.95 = 5.99 from   (2). In instances 
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where JB > 5.99, then the Null hypothesis of asymptotic normality was rejected. But where JB ≤ 5.99,  

normality could not be rejected. 

The JB test was applied to a sample of 49 companies. Only the following companies’ data produced 

results where the JB statistic was ≤ 5.99: 

1) Adcorp Holdings Limited (Adcorp) 

2) Kumba Resources (Kumba) 

3) Primeserv Group Limited (Primeserv) 

4) Santam Limited (Santam) 

5) Sanyati Holdings Limited (Sanyati) 

6) Standard Bank of South Africa Limited (Standard Bank) 

To determine the fair value associated with an Empowerment Transaction, the different valuation 

techniques were applied to the data pertaining to the six companies where normality could not be 

rejected. 

The change in share price across the contractual term was based on the Monte Carlo Simulation 

techniques presented in Hull (2009). The primary equation is given by: 

            √   

To determine  , it was observed in what month the BEE deal was announced for a given company 

and performed a simulation using the listed share price for every trade day in that specific month. 

The value for    is based on the risk-free rate of a 3-month treasury-bill for that specific month. 

The volatility is derived primarily from the model of stock price behaviour used by Black, Scholes and 

Merton (1973). This model assumes that the percentage changes in the stock price in a short period 

of time are normally distributed.  

To determine the probability distribution of the continuously compounded rate of return earned on 

a stock between the time interval [0 and T], reliance was placed on the lognormal property of stock 

prices.  

Using the guidance given in Hull (2009), for the purpose of this study the volatility of the stock price 

is defined as the standard deviation of the return provided by a stock in the first year in instances 

where the return is expressed using continuous compounding. Hull (2009) estimates the volatility of 

a stock price empirically using historical stock prices.  
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The volatility can thus be estimated as: 

 ̂   
 

√ 
 

Where: 

  = length of time-intervals in years 

  = historic standard deviation  

The standard error of the estimate can is given by  ̂  √   . 

Hull (2009) suggests that more data increases the accuracy of any calculation. Hull (2009) proposes a 

method of using closing prices from daily returns over the most recent 90 and 180 days. This was 

used as a basis for determining the volatility in this study. It was assumed that there are 252 trading 

days per year, thus   = 1/252. 

As   is a random number generated from a standard normal probability distribution, it was 

imperative to identify the number of random numbers required for each trade-day share price 

tested. The trade day coincides with the announcement date of the transaction.  

In this study, the Monte Carlo simulation was based on the principles explained in Hull (2009). The 

number of weeks between the announcement date and the transaction implementation date were 

determined. Using the number of weeks as a basis, the number of random numbers required to 

represent   were determined. The path for each stock price over the period was thus determined by 

sampling repeatedly for ε from φ (0,1) and then substituting into the equation below: 

            √   

As the time interval is based on weeks,    is equivalent to 1 week which is 0.0192. For each week, 

the change in stock price is calculated. This is added to the initial stock price at the beginning of the 

period,  , to produce a new stock price at the commencement of the following week. Because the 

process being simulated is Markovian, the samples for   are independent of each other. The final 

stock price, adjusted for the final change in stock price over the period, becomes the exercise price, 

 , in all valuation models. 

For purposes of performing all valuations, it was assumed that the dividend yield is zero, as 

dividends are used in most instances to repay the debt taken out to finance the transactions. 
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3.2 Sample Selection and Data 
 

The theories introduced previously will be tested on an independently selected sample of BEE 

transactions in order to determine their validity. The sample was constructed by locating all 

companies included in the Economic Empowerment Rating Agency’s (Empowerdex) list of most 

empowered companies for the year ended 31 December 2011, as well as all mining companies 

included in the Empowerdex publication “A summary of the BEE Transactions in the Mining Sector 

2004 – 2005”. From the companies included in the ‘Most Empowered Companies’ list for the year 

2011, only the top 43 companies, based on the ratings obtained, were included in the final sample. 

All the mining companies included in the publication relating to the mining sector were included in 

the final sample. There were only six mining companies, yet the total value of these transactions 

amounted to R43 billion. (refer to Appendix A for the complete list of companies included in the final 

sample together with a brief description of the BEE transaction.) 

Subsequently, the following information was gathered for each company included in the sample for 

the fiscal years 2004 – 2011: 

1) Data pertaining to each company’s BEE transaction was collected from two sources. The first 

source was articles freely available containing details of the specific BEE transaction entered 

into by the company such as: 

i. the expected transaction date 

ii. the transaction market value 

iii. the expected period over which the transaction should be finalized 

iv. the total number of shares to be issued 

v. details relating to the BEE partners 

2) In instances where no information was freely available, the Circular to Shareholders for the 

respective company was used, or the full notice of announcement released on the JSE’s 

Stock Exchange News (SENS). 

Share data for each of the companies included in the sample was collected from DataStream. The 

data was obtained for the period 1 January 2004 – 30 June 2012. 
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4. Real Options 

4.1Practical Application of the Real Options Method 
 

For the six companies included in the final sample, different option pricing techniques will be used to 

determine the final implication of the transaction. Depending on the characteristics of the 

transaction, the values may be determined by valuing the different components as call options, 

abandonment options or expansion options. This will be consistent with the approach suggested by 

Damodaran (2010). In all instances, unless indicated otherwise, the strike price,    will be the value 

calculated using the Monte Carlo simulation method introduced in the previous section. 

The following techniques will be applied to the different companies: 

i) Adcorp Holdings Limited 

Adcorp Holdings Limited entered into a BEE transaction to facilitate the acquisition of a 25% + 1 

vote-direct ownership interest in the total issued share capital of Adcorp by the BEE parties. In 

addition, the company acquired 100% of the issued share capital of Capital Outstanding Group 

(Proprietary) Limited (COG) for a total purchase consideration of R238 million. The announcement 

took place on 12 April 2007 and was implemented on 7 May 2007. The call option value was 

calculated as R23.89. 

When the cash consideration received was compared to the BS call value it was found that the cash 

received exceeded the value significantly. A similar comparison was done between the market value 

on transaction date and the perceived value calculated by the company on transaction date. In 

addition the market value based on the trading share price of R38.15 on transaction date, 

significantly exceeded the option value, based on the BS model. The company estimated the 

transaction to be valued at R94,800,000. This was found to be significantly below the calculated BS 

call value.  

The second part of the transaction relates to the acquisition of 100% share capital in COG. The 

purchase consideration of R238,000,000 was settled by an issue of 218,750 ordinary shares at a 

price of R 32.00 per share and a private placement of 4,000,000 ordinary shares at an issue price not 

less than the 30day volume-weighted average price of Adcorp at transaction date. When the total 

transaction value based on the BS value is compared to the actual cash consideration received, the 

cash proceeds exceed the BS value.  
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The results indicate that the transaction value could potentially be overstated. Adcorp enjoyed high 

financial gains from entering into this transaction as the cash flows which they received from the 

initial placement and the subsequent private placement significantly exceeded the amounts paid to 

acquire the shares initially. 

ii) Santam 

Santam’s BEE initiative was implemented by way of an arrangement in terms of which BEE SPV, a 

special purpose vehicle, acquired an aggregate of 10% of Santam’s shares following the settlement 

of the repurchase offer and the Sanlam offer, for a consideration of R82 per share.  

All shares held by BEE SPV company would be “locked in” to the SPV until 28 February 2015. The 

valuation of the call option per share will be performed for a period of 3, 4 and 5 years. This 

coincides with the group’s policy, which states that the vesting period is five years and lapses after 

the sixth year. All share options may be exercised from the third year and should be fully exercised 

after the sixth year. The valuation was also performed for a period of 8 years to take into account 

the fact that all shares will be “locked in” for a period of eight years. 

The inclusion of the early exercise dates could potentially indicate that these options are American 

in nature. For purposes of this study, the transactions will be treated as European in nature. This was 

done for the sake of comparability. 

The announcement of the transaction took place on 26 March 2007 and was implemented on 21 

May 2007. The call option values were calculated as R21.93, R31.35, R32.43 and R45.90 for the 3, 4, 

5 and 8 year period. 

The transaction was funded primarily by way of subscription for 7-year cumulative preference 

shares, to the value of R450 million. Sanlam Life provided up to R600 million in bridging for the 

outstanding balance. Comparing the total BS call values calculated for each of the respective years to 

the total cash consideration received from entering into this transaction, it was found that the cash 

received significantly exceeded the transaction value in all instances. This indicates that in all 

instances, the payoff from exercising the option is favourable to the holder of the option.  

The actual share price achieved on the three-to-five year vesting dates, 21 May 2010, 2011 and 

2012, was compared to the acquisition price of R82.  The gain in share price fell within a range of 

23.30% to 103.05%. 

On acquisition date, the cash consideration of R82.00 per Santam share represented a discount of 

10.20% to the weighted average price of R93.98 per share. The average dilution as a result of 
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achieving the 10% BEE ownership was 2.8%. On the option exercise dates, the average increase in 

value exceeded this amount significantly. This indicates that when structuring the transaction, it was 

correctly predicted that there will be an increase in the future share price. The effects of offering the 

shares at a discount therefore resulted in positive future financial effects. 

iii) Sanyati Holdings Limited 

Sanyati Holdings Limited entered into a transaction whereby 48,000,000 of all ordinary shares would 

be issued to a BEE consortium. An additional 10,000,000 ordinary shares would be issued to the 

Sanyati 2007 Acquisitions Share Incentive Scheme. The share options are treated as share based 

payments and had a “lock in” period of 12 months after the date of issue. The company’s policy is to 

exercise all options after a period of 3 years, when they vest. This vesting period is similar to 

Santam’s transaction, thus the transaction will also be treated as European in nature for the sake of 

comparability. 

The values of the call options per share for the different years were calculated as R1.23 and R1.55 

for years 3 and 4 to 5 respectively. 

When the total value of the transaction based on the BS values is compared to the cash 

considerations received from both the initial transaction and the specific issue to the Sanyati 2007 

Acquisition Share Incentive Scheme, it was found that the cash received exceeded the transaction 

value in both instances.  

When the BS call value per share is compared to the actual share price on the vesting dates, which 

has been determined as 16 May 2010, 2011 and 2012, it was found that the call value exceeded the 

share price in all instances. This is attributed to the large decline in share price following the 

transaction conclusion. 

The unaudited interim financial statements for the period ended 31 August 2006 were reviewed in 

order to determine the impact of the issue to the BEE consortium and the Sanyati 2007 Acquisitions 

Share Inventive Scheme. It was found that the Earnings Per Share (EPS), Headlines Earnings Per 

Share (HEPS) and Diluted Earnings Per Share (DEPS) values increased by 2.27% after the issue to the 

BEE consortium. When the effects of the issue to the Sanyati 2007 Share Incentive Scheme were 

taken into account, it was found that the EPS, HEPS and the DEPS figures declined by (6.11)%. This is 

an interesting observation, especially considering the significant excess cash received by the Holding 

company for entering into this transaction.   
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iv) Assore 

Assore was included by virtue of the fact that Standard Bank was a significant player in their BEE 

transaction. Information pertaining to specific empowerment transactions within the Standard Bank 

Group could not be obtained, therefore this approach was followed. The transactions were not 

subjected to the log-normality test mentioned earlier as these were already applied to Standard 

Bank. The different components of Assore’s transaction will thus be assessed individually. 

A) First Empowerment Transaction 

In February 2006 the Assore Group entered into an empowerment transaction whereby 15.02% of 

the issued ordinary share capital would be acquired by two black economic empowerment (BEE) 

entities, namely Shanduka Resources, a subsidiary of Shanduka Group (Proprietary) Limited 

(Shanduka) and the Bokamoso Trust. The Bokamoso Trust is a broad-based trust and was founded 

for the benefit of the communities in and around Assore’s areas of operation. The trust holds its 

effective equity interest in Assore through MS350. Shanduka Resources acquired a 11.76%,equity 

interest and the Bokamoso Trust purchased a 3.26%, equity interest. 

The deal was announced on 10 November 2005 and was concluded in February 2006. The call value 

per share was calculated as R7.17. When the total transaction value based on the BS call value was 

compared to the total market value based on the share price of R25.40 on 10 November 2005, it was 

found that the market value significantly exceeded the calculated value.  

In order to participate in the First Empowerment Transaction, MS 350 required funding to acquire its 

direct interest. The funding was provided as follows: 

(i) The Standard Bank of South Africa Limited provided preference share funding to MS 350 

amounting to R53,600,000. This was achieved by means of subscription for “A” class 

preference shares. The total shares held are 381. 

(ii) Assore provided preference share funding to MS 350 amounting to R25,000,000, by 

subscribing to “B” class preference shares. Assore still holds the 25 “B” class preference 

shares. 

When the BS call value was compared to the total funding received, it was found that the funding 

received exceeded the fair value significantly. This indicates that there were financial gains for the 

Holding company. 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

23 
 

B) Second Empowerment Transaction 

Assore entered into a second empowerment transaction in which an additional 2,723,653 shares, 

comprising 9.88% of the issued ordinary share capital at the date, were acquired by an entity in 

which Assore and the Bokamoso Trust have a 49% and 51% interest respectively. A specific issue of 

349,747 treasury shares took place, resulting in the Trust achieving control of 14.28% of the issued 

share capital after the transaction date. 

The announcement took place on 25 June 2008 and was implemented on 27 November 2009. The 

call option value was determined as R124.48. When the total BS call value was compared to the 

market value on implementation date, which was based on a share price of R215.00, it was found 

that the market value significantly exceeded the transaction value. 

In order to participate in the Second Empowerment Transaction, MS350 procured a refinancing of 

existing preference-share funding to Standard Bank and Assore respectively, in terms of which 

MS350 will create certain “C” class preference shares and “D” class preference shares. Assore would 

subscribe for a given number of “C” preference shares at an aggregate cash subscription price of 

R65,000,000. MS350 will utilize the aggregate subscription price of R65,000,000 to redeem the 

existing “A” Preference shares and the “B” Preference shares in the issued capital of MS350. 

When the BS call value was compared to the total funding received from the “C” Preference Share 

Funding, it was found that the fair value significantly exceeded the cash consideration received. This 

is contrary to the previous transactions where the cash consideration received significantly exceeded 

the call option value. This could indicate that Assore Limited identified potential gains elsewhere in 

the transaction.  

From the review of the Circular dated 2 December 2009, the approximate value of the total shares 

included in the transaction above, based on the 30-day volume-weighted average share price on the 

JSE as at 27 November 2009 of R668.32 per share, was approximately R2,054.01 million. This figure 

significantly exceeds the total BS call option value, the total market value and the total funding 

received. The potential appreciation in share price as a result of entering into this transaction can be 

attributed to the increased returns for the Holding company. 

C) Third Empowerment Transaction 

This transaction is being implemented in two phases. During the first phase, sale shares from  

MS343, a wholly-owned subsidiary of Shanduka Resources, was acquired by MS904, a special 

purpose vehicle incorporated to facilitate the Third Empowerment Transaction, owned 51% by the 
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Ficker Road Trust and 49% by the Assore Employee Trust. The total purchase price was 

R2,683,705,350. 

In order to acquire the Sale Shares, MS904 was capitalized by way of a loan facility in the amount of 

R2.73 billion, advanced to MS904 by Standard Bank in terms of the Facility Agreement. 

Phase two of the transaction involves the introduction of a long-term vendor-financing structure by 

Assore in respect of MS904 and its holding of Ordinary Shares. Phase two will be facilitated by 

Standard Bank subscribing for the Assore Preference Shares in the authorized but unissued share 

capital of Assore, to the value of R2.85 billion. Assore will capitalize MS904 by subscribing for the 

MS904 Preference Shares in the authorized but unissued share capital of MS904, to the value of 

R2.85 billion. This will provide MS904 with the aggregate funding amounting to R2.85 billion 

required to discharge its obligations to Standard Bank, in terms of the Facility Agreement. 

Assore will redeem the Assore Preference Shares over a maximum period of 5 years, with the option 

to redeem the whole or any portion of the unredeemed amount at any time in advance of its 

scheduled redemptions.  

The deal was announced on 9 December 2011 and was implemented on 13 February 2012. The 

calculated BS call value was determined as R94.18. The market value of this transaction, based on 

the share price of R246.22 as at 9 December 2011, significantly exceeded the fair value. 

To acquire the Sale Shares from MS343 a loan facility of R2.73 billion was capitalized. To facilitate 

phase two of the Third Empowerment transaction, Standard Bank subscribed for Preference shares 

to the value of R2.85 billion. The total BS call option value was compared to the cash consideration 

received, and it was found that the total cash significantly exceeded the fair value of the transaction. 

This indicates that the option should be exercised as there is a highly favourable payoff.  

v) Primeserv 

Primeserv Group Limited announced on 2 December 2004 that, subject to shareholder approval and 

certain other conditions precedent, an agreement has been reached between Primeserv and Bathusi 

Staffing Services (Proprietary) Limited (BSS), whereby BSS will acquire from Primeserv ABC 

Recruitment (Proprietary) Limited (ABC), a wholly owned subsidiary of Primeserv Group Limited, the 

business and related assets and liabilities of the Secunda branch of ABC. This will constitute the ABC 

disposal. The transaction would be effective from 1 July 2004. 

This disposal may be viewed as an abandonment option. The approach of Damodaran (2006) was 

followed, whereby the option to abandon a project is used when a project’s cash flows does not 
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measure up to the company’s expectations. The Primeserv transaction will thus be valued as a put 

option. 

The value of the put option, which represents the value of abandonment, was determined as 

R1,408,980. This amount was added to the value of the underlying asset,  , of R3,612,000, yielding a 

total net present value with the abandonment option of R5,020,980,  . The abandonment value,  , 

of R6,000,000 exceeds the net present value with the abandonment option by R979,020. This 

represents the payoff from owning this option. As the value of abandonment is higher, it indicates 

that this transaction was favourable for the Holding company. 

The benefits of the transaction have been that it resulted in a capital surplus of R4.2 million for 

Primeserv. In addition, Bathusi Staffing Services (Proprietary) Limited, which had previously been 

accounted a subsidiary, became an associate with effect from 29 January 2005. Only earnings from 

associate and the balance of the investment in associate are thus reflected in the Group’s annual 

results. 

The group publication stating the pro-forma effects of the ABC Disposal on audited results as at 30 

June 2004 were reviewed and it was found that the ABC disposal increased the EPS and HEPS by 

43.10% and 11.80% respectively. In addition, the Net asset value per share (NAV) and the Tangible 

net asset value per share (TNAV) increased by 9.70% and 8.70% respectively. This indicates that the 

group enjoyed positive results following the disposal of this division. 

vi) Kumba Resources 

Kumba Iron Ore 

Kumba’s empowerment transaction resulted in Kumba being split into two companies namely 

Kumba Iron Ore and Newco. The components underlying the transaction are as follows: 

o Kumba transferred 80% of its iron ore assets housed in Sishen Iron Ore company to Kumba 

Iron Ore. Newco retained a 20% stake in the entity. 

o Newco acquired Eyesizwe Coal in a bid to enhance its coal asset portfolio. 

o Newco acquired Anglo America’s heavy mineral operation, Namakwa Sands. 

o Newco acquired a 26% stake in Black Mountain zinc and Gamsberg zinc. 

o Kumba acquired 48.5% of Ticor Australia. 

The announcement of the transaction took place on 13 October 2005 and the entities were listed on 

20 November 2005. As the above transactions entail the acquisition of different projects various 

options will be valued using the method of Damodaran (2006). The various projects can be viewed as 
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options to expand. The option payoff is only positive if the present value of the expected cash flows 

at that point in time exceeds the cost to expiration.  

The method was applied to each of the components of the transaction mentioned above. The Sishen 

Iron Ore, Eyesizwe and Ticor transactions relate to Kumba Iron ore, thus the information relating to 

Kumba will be used to determine the underlying components necessary to determine the option 

values. Namakwa Sands, Black Mountain and Gamsberg zinc are all divisions of Anglo American plc, 

thus the latter company’s information will be used to determine the underlying option values.  

Kumba Iron Ore’s and Anglo American plc’s published annual financial statements for the year ended 

31 December 2005 were the primary source used to perform the valuation.  The total option value 

was determined as R 1,089,780.  

At the transaction announcement, Kumba estimated the transaction value at R14 billion. The call 

value, although positive, indicates that the transaction could possibly have been overvalued. 

4.2 Comparison of the Computed Option Values to Actual Results 

After 1995, there was a growth in merger activity aimed at increasing the participation of formerly 

disadvantaged individuals in the South African economy. This was encouraged by the introduction of 

the Black Economic Empowerment legislation by the new South African government. The trend in 

these transactions has been increased activity for the period 1995 to 2001. This decreased 

substantially from 2002 to 2004, owing to the markets’ uncertainty surrounding the BEE deals. An 

increase was however experienced again from 2004 to 2007, with the mining sector making a 

considerable contribution to these deals. All of the companies in this study’s sample entered into 

their transactions in or before 2007. A number of conditions specified in the contracts have been 

fulfilled to date, thus comparisons of the actual performance of the shares to the value of the call 

options calculated in the results section can be made. 

A typical deal is structured in such a way that a Special Purpose Vehicle (SPV) acquires a number of 

shares in the Holding company. The purchase price is either financed by the Holding company via 

vendor funding and or by external financiers. The shareholder or beneficiary of the SPV will thus be 

obliged to contribute a nominal amount to the SPV. Before the option matures, interest will accrue 

on the funding at either a fixed rate or a floating rate. All dividends received by the SPV on the 

shares held will be used to service and repay the funding. Adcorp Holdings and Santam Limited 

implemented the latter to their advantage. 
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The results for all the transactions have been summarized below: 

 

Table 1 Comparison of results produced using “Real Options” Pricing to actual results at maturity. 

 

(i) Santam 

Santam’s empowerment transaction, which saw 10% of the short-term insurer’s shares sold to a 

range of previously disadvantaged individuals, resulted in an improvement of their broad-based 

black economic empowerment (BBBEE) scorecard from a level 6 contribution to a level 3 

contribution. At the time of announcing the transaction in 2007, the value of the transaction was 

estimated at R915 million. 

The publicly issued value of the scheme, according to the Annual Report for the year ending 31 

December 2010, was approximately R470 million. During 2010, the dividend income received by the 

structure in which the scheme was housed was also sufficient to service the senior debt facility fully 

and to make a proportional payment towards servicing the mezzanine debt.  

When the estimated value of R 470 million is compared to the BS option value calculated for year 4, 

the deviation is only 0.03%. The BS value is thus an accurate estimation of the actual. This highlights 

the fact that the initial published value of R915 million at transaction date was significantly 

overstated. 

(ii) Adcorp 

Adcorp has a similar success story. During the current year, Adcorp received the accolade, for the 

second consecutive year, of being the most empowered entity on the JSE in the Financial Mail’s 

survey of Top Empowerment Companies (TEC). The group improved on their empowerment score of 
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81.69% in the previous year to produce 88.71%, a feat which made them the only level 2 BEE 

contributor listed on the JSE.  

In 2007, Adcorp’s BEE partners, including a consortium, Sandile Zungu, made an exit. After a 

strategic rethink Adcorp replaced the Zungu consortium with a R512 million transaction which 

transferred 15% of the Group’s shares to a consortium made up of Women Investment Portfolio 

Holdings and Simeka Group.  

When the share option value calculated previously is compared to the market value as at 28 

February 2012, being Adcorp Holdings’ financial year end, the deviation is 14.16%. This too presents 

a fairly accurate prediction of the actual payoff. This is mainly attributable to the market achieving a 

higher return, with a trading price of R27.83, which is greater than the calculated option value of 

R23.89. It should however be noted that the share price of R30.43 used on transaction date to 

determine the total value of R512 million is greater than both prices at expiry of the options.  

The total issue price of 2.5 cents per share is significantly below the BS option value. This indicates 

that all beneficiaries who entered into the transaction are likely to receive major payoffs as the 

shares were acquired at a significant discount. The group issued the shares at such a discount after 

having to rethink the group’s BEE strategy following the failure of a number of BEE transactions. 

(iii) Primeserv 

Primeserv also created an associate, but they achieved this by disposing of one of their operations. 

The group disposed of the business operations of its Secunda Branch, together with the assets and 

liabilities related thereto, to BSS for a purchase consideration of R6,000,000. A clause was included 

whereby the purchase price may be increased to an amount equal to six times the excess of the 

average profits, before tax and interest, on the purchase consideration loan for the years 2005, 2006 

and 2007 over an amount of R1,058,500, but limited to a maximum amount of R10,000,000. 

The transaction left Bathusi Staff Services (Proprietary) Limited (BSS) with a deficit in total 

shareholders’ funds. As of 2011 the “Net Shareholders’ Funds” had failed to recover following the 

transaction, with a net deficit of R3,174,000 being recorded.  

The Group’s Associate specializes in the provision of outsourced staff to the petrochemical, 

engineering and construction industries, as well as to the mining and allied industries. Following the 

conclusion of the transaction, the result of the division ceased to be consolidated as a subsidiary and 

is now treated as an associate. The only balances reflected in the Group’s Annual Financial 

Statements are therefore the balances related to Earnings from Associate and Investment in 
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Associate. Following the disposal, the division delivered an unstable performance, largely 

attributable to delays in planned shutdowns and restructuring at certain key customers. The review 

of the Chief Executive Officer’s Annual report for the eighteen months ended 31 December 2006 

disclosed that the contribution to the Group results from the Bathusi operation is largely reflected in 

cost recoveries and the interest-received line. In 2006, the group received an amount of R1,4 million 

in interest which they regarded as an operational recovery, rather than interest earned on surplus 

funds. 

 

When the earnings for the group from the period 2005 to 2011, including interest received, is 

compared to the put option payoff calculated above, the deviation is only 0.01%. This indicates that 

valuing this as an abandonment option produced very accurate results. 

 

In 2011, the Group advanced cash, in the form of an interest-bearing loan, to the division as the 

division was making losses. This increased the value of the investment in associate significantly, 

following the reduction in value from the period 2005 to 2009 owing to repayments to the Holding 

company. The figure increased significantly in 2011 as a result of a cash advance received from the 

Holding company. This was done as the division delivered a loss, which was caused by the loss of a 

significant customer as part of a tender process.  

 

The 2006 Chief Executive Officer’s report mentions that while re-evaluating the division’s practices 

and processes it became evident that too much emphasis was placed on developing capacity and 

capability and on service excellence. However, not enough emphasis was placed on driving sales 

processes and leveraging market opportunities. Special mention was in this report of the fact that 

the division had advanced its BEE strategy and managed to receive a strong level-four contributor 

empowerment rating during the review period that year. The Group voiced their continued 

commitment to ongoing BEE transformation activities, which remained a key strategic objective. This 

could therefore serve as an explanation for the somewhat unexpected cash advance in 2011 to the 

Bathusi operation as the operation neared the repayment of the initial loan.  

 

(iv) Sanyati 

 

Sanyati entered into a transaction similar to that of Primeserv, but the outcome was different owing 

to a crash in the share price. After Sanyati Holdings Limited’s BEE transaction, the company was 

rated as the twenty-eighth most empowered company on the JSE in a survey conducted and 
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published by the Financial Mail in 2011. The Group voiced their commitment to continued 

achievement of genuine and sustainable improvements in the required categories of the 

Construction Charter scorecard. 

 

Comparison of the calculated option values for a period of 5 years revealed that the share price had 

declined sharply since the implementation of the transaction. In addition, the deficit figures reported 

by the group for the period 31 May 2009 to 31 May 2012 ranged between R13,976,000 and R39,000. 

As a result, Sanyati Holdings engaged in a Business Rescue Plan in May 2012, in a bid to recover the 

ailing share price. The options associated with the BEE deal are all out of the money, these options 

hold no value. 

On 10 July 2012, Sanyati Holdings Limited issued a press release stating that the company would 

cease all business rescue proceedings for the Sanyati Civil Engineering and Contruction (SCE&C) and 

would proceed with the liquidation of this unit. This decision indicated that the company as a whole 

would most likely liquidate as Sanyati was largely dependent on the trading, income and profitability 

of the SCE&C unit.   

Previously attempts were made to value the BEE transaction using the Monte Carlo and Black-

Scholes methods. These however produced results which did not depict reality, as the company’s 

share price declined sharply after the announcement of the BEE deal. Since the company faced 

possible liquidation, the principles of Damodaran (2006), where equity is valued as an option, can be 

applied to determine the payoffs of the option.   

Whilst the valuations performed were similar to those for Kumba and Primeserv, the inputs used 

were extracted primarily from the annual financial statements.  Owing to the unexpected declines in 

share price over the period, methods used previously to determine various financial rates were 

deemed inappropriate. All financial data was thus extracted from McGreggor BFA (as at 20 August 

2012) to finalize the computations. The final call option value was estimated as R(53,792,570). It can 

therefore be concluded that the firm will have no value once liquidated as the liquidation value of 

the firm does not exceed the value of outstanding debt. The option thus has a payoff of zero. 

The value of one share at liquidation date was calculated as R(0.18). On 20 August 2012, McGreggor 

BFA’s report indicated that for the year ended 28 February 2011 the return on equity was (18.58)%. 

Comparison of this to the result above indicates that, for every R1 invested in Sanyati, the 

shareholder can expect a return of R(0.18), which may be equated to (18)%. This closely resembles 

the amount obtained from McGreggor BFA.  
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Valuing the option using the real options technique therefore produces a more accurate value than 

using the Monte Carlo and Black-Scholes combination. 

(v) Assore 

An analysis of the BEE ownership transactions by Empowerdex revealed that the majority were 

made to secure between 10%-25% and 25%-50% ownership. This was done primarily to secure the 

Mining Charter scorecard requirements of 15% by 2009 and 26% by 2012. Kumba’s and Assore’s 

transactions fall into this category as similar ownership percentages were achieved by these 

transactions. Both transactions produced favourable results when compared with actual 

performance to date. 

In June 2011, Cyril Ramaphosa’s Shanduka Group disposed of its 11.8% black economic stake in the 

Assore Group. The interest was acquired through a BEE transaction in which it purchased 5.7% from 

Old Mutual and received another 6.06% in the form of newly issued shares. 

In terms of the initial agreement, Shanduka was not permitted to sell those shares before the “lock-

in” period of 2014, without permission from Assore. The early disposal was however negotiated 

between Shanduka and Assore because it produced benefits for both parties. After the sale, Assore 

announced their “third empowerment transaction”, in terms of which the 11.8% stake will be sold to 

a special purpose vehicle, called MS904, which is owned by two independent empowerment trusts 

set up by Assore. The aim of the transaction is to ensure that the shares will ultimately be owned 

and controlled by and for the benefit of BBBEE (broad-based black economic empowerment) 

groupings who will eventually become long-term shareholders in Assore. 

A unique facet of the Assore BEE deal is that it consists of three phases. In order to determine the 

payoff from the sale of shares, the principles of Damodaran (2006), introduced previously, will be 

applied to value multi-stage projects or investments. The gain in value from embarking on the multi-

stage investments will be weighed off against the cost to determine the final payoff. 

When Shanduka acquired the stake in 2005, they acquired 3,29 million shares at the then market 

price of R127 a share. The deal was estimated to have a value of R418 million. Shanduka, however, 

did not pay the stated nominal price of R127, as the 6.06% interest acquired was issued at a price of 

R85. The company announcement relating to the share issue did not specify the amount paid for the 

shares acquired from Old Mutual. The initial transaction was funded solely through preference 

shares provided by Standard Bank and facilitated by Assore. Hence, Shanduka did not put up any of 

their own funds to acquire the shares. 
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In September 2010, following the sharp increase in the price of an Assore share as a result of the 

iron ore boom, all Assore’s shares were split five for one. The 11.8% stake owned by Shanduka thus 

consisted of 16,46 million shares. Assore’s spokesperson, Jacques de Brie, released a statement on 

28 June 2011, stating that Shanduka’s profit on the deal amounted to more than R2 billion. The sum 

of the payoffs calculated for each stage of the transaction (Phase I and II) gives a result that is 

sufficiently close to the actual profit realized on the transaction, as the deviation is 9.88%. The profit 

is well above the R2 billion released by Assore. 

In 2005, when Shanduka Group entered into the transaction, the value of the transaction was 

estimated at R418 million. However, when the value of the transaction is estimated using the BS 

option valuation the total value is only R23,606,040. This could indicate that the value of the 

transaction was overstated at inception.  

(vi) Kumba 

Similarly, Kumba’s deal also resulted in a favourable position for their shareholders. Exxaro was 

formed in November 2006 following the unbundling of Kumba Resources. The benefits from 

entering into the BEE transaction will therefore be measured based on the results of Exxaro. In 

December 2011, Exxaro Resources Limited announced that beneficiaries of the Exxaro Employee 

Empowerment Participation Scheme, which was established after the unbundling transaction, were 

set to benefit significantly from pay-outs as the scheme had reached maturity at the end of the five-

year capital appreciation period. 

The shares generated approximately R1 billion for distribution to the beneficiaries. In previous years, 

beneficiaries had already benefited from the robust growth in Exxaro’s share price, which had 

trebled since November 2006. Beneficiaries received a total of R81.5 million in dividends. 

When these values are compared to the option values calculated previously, they return a deviation 

of only 0.77% of the actual value. In 2006, when the deal was announced, the total value was 

estimated at R14 billion. The above calculation, however, indicates that the transaction was 

significantly overvalued at inception. This is similar to all the previous transactions where the market 

value at announcement date was used to determine the value of a transaction. The market value is 

possibly not the best method to use when establishing the total deal value. 
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5. One – Step Binomial Model 

5.1 Evaluation of the Suitability of the One – Step Binomial Model 
 

When performing the simple one-step Binomial calculation, the time period was taken as 12 months 

before maturity of the option. In addition, in order to be consistent with the techniques used in Hull 

(2009) , the calculation was also performed for a period of 3 months before maturity. The valuation 

date is consistent with that applied when valuing the options using the Monte Carlo and Black-

Scholes models. 

The maximum and minimum stock prices over a given period represent the highest and lowest stock 

prices reached during the 12 months and 3 months for which the calculation is performed. The 

current stock price is taken as the actual stock price 12 months or 3 months before valuation or 

expiry date. The payoffs and the probabilities were then calculated accordingly. Refer to the table 

below for results obtained for each period: 

 

Table 2 Comparison of the results produced by the One-Step Binomial Model for periods of 3 and 12 Months. 

When the computations were performed, the model produced payoffs ranging between 0.28% and 

33.87% for the combined transactions. Using this approach however significantly misprices all 

transactions and is not suited to the current purpose. 

The following trends emerged when the calculations were performed: 

(a) None of the calculations for either the 3-month or 12-month time period produced a result 

which approximated the actual payoff for the transactions. 

(b) In all instances a period of 3 months, prior to expiry or valuation date, produced lower results 

than those for the 12-month period.  
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(c) The results produced by each period for all mining companies was 64% lower for the 3-month 

period when compared to the 12-month period. The results for the other companies varied 

between 0% and 85.86%. 

(d) The result for the 3-month period for Sanyati Limited correctly predicts that the option will have 

no value once it is expires or reaches valuation date. 

(e) Primeserv was the only transaction where no exchange or issue of shares took place, yet they 

recorded a positive payoff, even if it was the lowest payoff. This could possibly indicate that the 

market sees value in entering into a BEE transaction where share issues or exchanges take place; 

hence the company is rewarded. 

As the results above do not provide an accurate reflection of reality, alternative techniques need to 

be applied. Dubofsky and Miller (2007) state that when the Binomial Option Pricing Model is used in 

instances where the time period is longer, and if the upwards and downwards movements are 

consistent with generating a lognormal distribution for the stock price, then the Binomial Option 

Pricing Model should converge to the Black-Scholes Option Pricing Model. They suggest using a 

Multi-Period Binomial Option Pricing Model, which, owing to its extreme flexibility, can be used to 

value American options (which may be exercised early) and most, if not all, exotic options. This 

model will be explored in the next section in the form of the Binomial Lattice Model. 
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6. Binomial Lattice Model 

6.1 Application of the Binomial Lattice Model 
 

The Binomial Lattice Model (BLM) is included as the BEE share options contain characteristics of 

regular stock options. To determine the fair value of these options, Radke’s (2007) techniques, which 

are largely based on the approach suggested by FAS123r, Stock Option Accounting, will be used. 

Refer to the table below for results: 

 

Table 3 Results produced by the application of the Binomial Lattice Model. 

The BLM produced good results for Adcorp Holdings Limited and Assore Limited, where the 

computed results represented 87% and 88% of the actual payoffs respectively. For the rest of the 

companies, the deviations were significant. 

Radke (2007) recognizes that because of the complexity and the large number of outcomes 

produced when making use of the BLM, a software implementation will be required by a given 

company wishing to perform a computation, in order to compute the option value correctly. The 

results above indicate that the current technique, used to compute the option values for Kumba Iron 

Ore, Primeserv Group Limited, Santam and Sanyati Holdings Limited, could possibly not be the best 

suited as the deviations were significant. A variation to the technique above was devised and used to 

determine an alternative method of option valuation. It is based on the following: 

a) Obtain the actual share prices for the four companies during the contractual term. (This is 

obtainable as most of the options have reached maturity.) 

b) For all the final outcomes produced on the final nodes of the tree, assess whether the value 

is above or below the range of actual share prices reached during the contractual term. 

c) Eliminate all outcomes which do not fall in the range. 

d) Compute a new average using the remaining outcomes from “c” above. 
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Applying the above produced the following results for shares with significant deviations: 

(i) Kumba Iron Ore 

Although the proposed amendments produced improved results, the deviations remained 

significant. It was found  that the best possible option value was produced when only the option 

values for two of the share prices in the range, R149.99 and R150.68, which are close to the actual 

value at maturity date, were taken into account. The final payoff produced a deviation of 56% when 

compared to the actual. 

(ii) Primeserv Group Limited 

The proposed amendments produced an increased deviation from the initial value. This indicates 

that the appreciation in share price was not significant enough to give rise to large payoff. Again, 

taking into account the fact that no share issue took place in this BEE transaction, this suggests that 

the payoff is attributable to some other factor not related to the share prices. This technique can 

therefore not be used to determine the fair value of this transaction. 

(iii) Santam 

The proposed amendments did not produce the desired results for Santam. Santam’s option 

valuation included two share prices, R158.25 and R152.24, which fell outside the range of R63.50 – 

R135.80 for share prices during the contractual term. The BEE transaction is however structured to 

allow for exercise one year after valuation date. The range of share prices up to 30 June 2012 were 

reviewed and noted that the maximum share price reached was R178.38 on 19 June 2012. The 

highest outcomes included in the initial range which exceeded the maximum share price reached 

were thus excluded from the calculation. The new valuation produced a result that is a 29% 

deviation from the actual, which is an improvement from the initial deviation of (58)%.  

The payoffs from R158.25 and R152.24 are close to the actual payoff. These figures were used only 

to calculate an option and the deviation dropped to 11%.  

(iv) Sanyati Holdings Limited 

The results for Sanyati were computed by removing the share price outcomes which fell outside the 

share price range of R0.19 - R4.04 for the period in question. Although the results produced a 

deviation of (767)%, the option value correctly predicts that the outcome from exercising the option 

would be negative at the time of expiration, as the options will be out of the money. The previous 
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calculation failed to predict this as it indicated that the payoff would be positive. This is therefore a 

better technique to apply when determining the nature of the final option payoff. 

Hull et al. (2004) and Radke (2007) correctly point out that the BSM model may also be used to 

determine the value of options values using this model were calculated and compared it to the 

actual results achieved. 

The BSM produced good results for Adcorp, Assore and Santam. The deviations for Kumba, 

Primeserv and Sanyati were significant, however. Interestingly, the results for Kumba and Sanyati 

closely resemble the results from the BLM, once the initial proposed model is adjusted. Sanyati 

produced a positive option value, similar to the results of the initial BLM. This indicates that this 

model was not suitable for determining the option value. 

Radke (2007) suggests that the ideal model is dependent on the companies’ circumstances. She 

points out certain characteristics which would indicate what model would be best suited to the 

different companies. She suggests the following: 

(a) BSM model is most suited to companies with: 

o Limited Option Activity 

o A stable Stock that Increases in a Predicted Pattern 

o Stock Option expense which is Immaterial or Insignificant 

o Low Option Holder Turnover 

o Little History of Early Exercise 

 

(b) BLM model is most suited to companies with: 

o Significant Option Activity 

o A high level of Volatility 

o A stock Price that has periods of declining value as well as periods of increasing 

value 

o Stock Option Expense which is significant 

o High Option Holder Turnover 

o Significant History of early Exercise 

Results were obtained using both methods, it is easy to compare the results and then to determine 

which method is most suited to the different companies after considering the factors indicated 

previously.  
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The results were as follows: 

 

Table 4 Comparison of results produced by the BSM and Binomial Lattice Model. 

In all instances, the BLM produced better option values than the BSM model. The differences for 

Assore and Adcorp were insignificant as the values were close. For Santam, the BLM outperformed 

the BSM model significantly. The same can be said of Primeserv Holdings, but the calculated option 

values for Primeserv were not significant, in a similar way to the results from the simple One-Step 

Binomial Model. This means that the contribution of the BEE transaction to share appreciation has 

been insignificant. Although both models produced results that did not reflect the actual results for 

Kumba and Sanyati Holdings Limited, the BLM produced a better result in both instances. It is 

interesting to note that the payoff from the Sanyati Holdings option using the BLM of R(77,280,000) 

represents the FCFE of R(73,019,000) calculated in Section 4 - Real Options (see above), when 

assessing the value of equity in a distressed firm. In both instances Kumba’s payoff was not 

accurately calculated, but the BLM produced a lower misstatement. 

On applying the characteristics identified by Radke (2007) to the companies above, it was found that 

only Adcorp and Assore had significant option activity during the period. In fact, they were actively 

pursuing additional BEE transactions. Apart from Sanyati Holdings Limited, which experienced steady 

declines in share prices during the contract period, the companies experienced share prices that had 

periods of declining value as well as of increasing value. In South Africa all BEE share option expenses 

are considered significant. IFRS 2 requires all expenses to be recognized in the entity which received 

the BEE credentials, irrespective of whose equity instruments are issued. The expense should also be 

recognized in the year in which the service conditions are satisfied. In addition, an expense should 

be corrected for any non-market-related vesting conditions. This can therefore be considered not 

very relevant when deciding which model to use.  

All companies had high levels of volatility, but also had limited option holder turnover and little 

history of early exercise. For most companies the criteria for choosing the BLM (four of six) has been 

met. Only three of the five criteria required for use of the BSM model have been met; this suggests 
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that the BLM is the model more suited to value the six transactions. This assumption is also 

supported by the results above. 
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7. Risk-Neutral Valuation 

7.1 Risk-Neutral Valuation 
 

The underlying principle of Risk-Neutral Valuation (RNV) is based on the method of Binomial Trees. 

The valuation will be performed using the risk-free rate (RFR) as the discount rate. A similar 

valuation will be performed using the90-day volatility as the discount rate. An additional approach 

will be included which entails using both the RFR and volatility as the discount rates, after 

incorporating the changes in volatility over the contractual term. The different volatilities applied to 

the different periods during the contractual term are similar to the values used in the BLM. The 

original 90-day historic volatility is used as the discount factor in order to prevent distortions caused 

by fluctuations in volatility during the contractual term. The results for both the RFR as a discount 

factor and volatility as a discount factor will be combined in this section.  

It is expected the option values for Primeserv to approximate the actual values as it has been 

established, that based on the result of the BS and BLM methods, that Primeserv is an anomaly. 

Results for Primeserv will however be displayed for the sake of completeness. Negative option 

payoff values will be included for Sanyati as the company had a negative return on equity. 

All results will be based on the percentage deviation of the computed value from the actual payoff. 

7.1.1 Risk-Neutral Valuation Based on Hull (2009) 

 

The results from all the applied methods were summarized and reviewed and produced a variety of 

outcomes.  

Instances where the RFR was used as the discount rate produced the best results for three of the 

seven scenarios under examination. The amended methods of allowing for early exercise and 

computing an average option value based on the next two share prices outside the price range 

produced the best option values for Adcorp, Primeserv and Sanyati when incorporating negative 

values. Using the 90-day historic volatility as a discount rate produced two of the most accurate 

option values. These values, for Kumba and Sanyati, were determined based on the approach 

suggested originally by Hull (2009). When the changes in volatility over the contractual period were 

taken into account, and then followed by using the RFR as the discount factor, this produced the 

best option value for Assore. Using the original 90-day volatility under this section produced good 

results for two scenarios, Kumba and Santam. 
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It is interesting to note that using the average method produced four of the best overall results and 

in two instances the discount rate was the RFR. Early exercise using the RFR as the discount factor 

produced one best overall result, whilst using the volatility as a discount factor produced the 

remaining two best overall results. Incorporating the change in volatility during the contractual 

period proved to be significant as three of the most accurate results were produced when this was 

done.  

Kumba and Sanyati produced the best results when the volatility was used as a discount factor. It is 

necessary to note that these transactions were previously valued using the real options approach as 

their contractual terms differ from those of the others. Kumba was treated as an “Expansion Option” 

and Sanyati was valued using the “Equity in a Distressed Firm” approach. Although none of the 

proposed methods could produce a result which mimicked the real option value, all the trees 

incorporating negative option values correctly predicted that in instances where the share price 

declined below R2.10, the option payoff will be negative. Assore, which was previously treated as a 

multi-stage expansion option, produced a deviation of (10%). Although this was not the most 

accurate result, the mispricing is insignificant. This could possibly indicate that volatility can be used 

as a discount factor to value real options exclusively. 

In no instance did the original method proposed by Hull (2009) produce an accurate option value, 

but amendments of the method produced superior results. The claims made by Hull (2009) and 

Sundaram et al. (2011) that the option value always approximates the actual value using Risk-

Neutral Valuation are thus questionable.  

7.1.2 Additional Procedures Using Risk-Neutral Valuation 

7.1.2.1 Control Variate Technique 

 

The proposed equation by Hull (2009) was amended and did not determine both the value of the 

American option and European option using the same tree, as it has been observed that early 

exercise can severely misprice any given option value. The value of the European option was  

calculated using the same tree, option values from early exercise in instances where max(     ) is 

reached before maturity were removed. 

The value of the American option is based on the initial values calculated using the method 

proposed by Hull (2009) and will thus correspond to the unadjusted risk-neutral values used in the 

previous section. 
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The tests were performed as before where the RFR and 90-day historical volatility are used as the 

discount rate. The effects of changes in volatility over the contractual term are also taken into 

account. 

Instances where the historic volatility was used as the discount rate produced three of the best 

overall results. The three companies, Adcorp, Assore and Santam, all have ‘vanilla’ transactions, that 

is, they have no complicated contractual terms. When the RFR was used as the discount rate, it 

produced the remaining three best overall results. The mispricing on these transactions was 

however significant. 

Although incorporating the changes in volatility over the period produced some of the best overall 

results, the mispricing on all of the transactions when the RFR or volatility is used as the discount 

factor proved to be significant. Only Assore produced an acceptable result with a deviation of only 

9% from the actual when the volatility is used as the discount rate. It can therefore be conclude that 

incorporating changes in volatility over the contractual term does not significantly impact the option 

value under this method. 

The Control Variate Technique involves using the pricing tree to calculate the difference between 

the European and American price. From the results above it can be can concluded that this is only 

achieved when the RFR is used as the discount rate and the transactions do not contain any real 

options elements.    

7.1.2.2 Valuing the Options as European Options 

 

Upon performing the Control Variate Technique, it can be noted that in certain instances where the 

option value is estimated as a European option, the final option value approximates the actual 

payoff. The value of the European option was determined based on similar principles to those 

described above. Four of the best overall results were produced when the RFR was used as the 

discount rate after incorporating the changes in volatility over the contractual term. The mispricing 

on the Adcorp and Sanyati option values, the latter value being determined when the volatility figure 

is used as the discount rate, is however significant. 

Instances where the historic volatility was used as the discount rate produced good results. The 

pricing on the Kumba option produced the best result in comparison with other models, with the 

mispricing being only 11%. Sanyati also produced their best result using this method, but the option 

value was significantly mispriced. Both of these transactions contain aspects of real options in their 
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contracts. This could indicate that using the volatility as the discount rate when dealing with real 

options is the best alternative. 

The final best overall result was produced when the RFR was used as the discount rate. This was 

achieved on the Primeserv share, but the mispricing proved to be significant.   

7.1.2.3 Setting p = 0.5 

 

When the RFR was used as the discount factor, it produced four of the six  best overall results. Using 

the volatility as a discount rate produced the remaining two best overall results, those for Kumba 

and Sanyati. As mentioned earlier, these companies contain elements of real options in their 

contracts. When changes in volatility are taken into consideration and the RFR is used as the 

discount factor, two of the most accurate results are produced. 

On the whole, apart from the Kumba and Santam option values where the deviations were minimal, 

this method misprices the options. 

7.2 Summary of All Results 
 

In order to determine the best way to perform Risk-Neutral Valuation, the most accurate results, 

using each of the techniques explored above, will be compared to determine which model is 

superior. The results are as follows: 

 

Table 5 Summary of results produced by the different alternatives of Risk – Neutral Valuation. 

The Risk - Neutral Valuation method produced three of the best overall results, each falling within 

the following categories: 

1) Adcorp – Calculating the average option value with the RFR used as the discount factor. 
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2) Santam – Calculating the average option value with the volatility used as the discount factor. 

The changes in volatility over the contractual term should be taken into account. 

3) Sanyati (with negative values) – Considering early exercise with the RFR used as the discount 

factor. 

The Control Variate Technique produced one of the best results, that for Assore. This was achieved 

when the 90-day historical volatility was used as the discount factor. 

Performing Risk-Neutral Valuation as a European option, whilst using the 90-day historical volatility 

as the discount factor, produced three of the best overall results. These were achieved for Kumba, 

Primeserv and Sanyati. 

From the results above it can be noted that the risk-neutral methods proposed by Hull (2009) and 

Sundaram et al. (2011) did not produce the expected results, but rather that modifications of their 

suggested approaches produced more accurate results. Using the volatility as a discount rate 

produced the best results for contracts which contain elements of real options, such as Assore, 

Kumba and Sanyati. In other instances, the volatility significantly misprices the final option value. 

The following propositions can therefore be made: 

(1) In instances where transactions are ‘vanilla’ and are issued at a significant discount, using 

the RFR as the discount factor will produce the most accurate results when taking into 

account the average option value. When transactions are issued at a minimal discount, the 

volatility should be used as the appropriate discount rate. 

(2) In instances when a transaction can be classified as “Equity in a distressed firm”, using the 

RFR as the discount factor will produce the best option value when early exercise is taken 

into consideration. 

(3) In instances where transactions can be classified as expansion or abandonment options, 

treating them as European options using Hull (2009) and using the 90-day volatility as a 

discount rate will produce the most accurate option value. 

(4) When a transaction can be classified as a multi-stage expansion option then using the 

Control Variate Technique with the 90-day volatility as the discount rate will produce the 

most accurate option value.  

Hull’s (2009) claims that his risk-neutral approach would produce prices which are correct in all 

worlds could therefore not be justified. Sundaram et al (2011) used a similar approach to Hull, but 

they claimed that the final result will be precisely the arbitrage-free price of the option that is 

obtained by replication. This was not the case in this instance, thus neither claim could be justified. 
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7.3 Comparison of All Results Obtained Using the Different Models 
 

Three different methods were applied in an attempt to obtain a model which prices the options 

most accurately. The best results produced by each of the three models are presented below. They 

are measure-based on the percentage deviation from the actual. 

 

Table 6 Comparison of results produced by different pricing methods. 

In all instances Risk-Neutral Valuation produced the best results. This model is therefore considered 

the most accurate in comparison to previously applied methods when attempting to determine the 

final option payoff.  
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8. Trinomial Trees 

8.1 Trinomial Trees as an Alternative Valuation Method 
 

Trinomial Trees are used as an alternative method to Binomial Trees. Trinomial Trees will therefore 

also be covered, in addition to the Binomial Lattice Model and Risk-Neutral Valuation.  

When performing the valuation using the six Trinomial Tree techniques presented in the literature 

review, the change in time is always taken as one year. In instances where the option’s contractual 

term takes into account a fraction of a year, this is adjusted for in the final year when performing the 

discounting. In all calculations, the exercise price will be the value of  , calculated using the Monte 

Carlo method discussed in Section 4 - Real Options. This is consistent with the other techniques 

applied previously. 

Separate calculations are not performed for European options exclusively, as the final option values 

resemble the value of an American option exercised only at maturity. It was established that early 

exercise options gave rise to lower results in most instances. The only instance where this needs to 

be considered is when the impact of forward rates is taken into account. For each of the techniques, 

the valuations will be performed using the RFR as the discount rate, after which the volatility will 

also be used as the discount rate. For some of the methods, the impact of the change in volatility 

over the contractual term will also be taken into account to determine if incorporating the change in 

volatility has any impact on the final option value.   

The BSM, BLM and Risk-Neutral Valuation methods did not produce accurate results for Primeserv 

and Sanyati, owing to the failure of the models to capture the unique facets of these two 

transactions. these transactions will therefore be valued using Trinomial trees. 

The basis of measurement is the percentage deviation from the actual of the final option value 

produced by the tree. 
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8.1.1 CRR Binomial Tree 

 

This method produced insignificant mispricing on Adcorp, Assore and Santam, but other methods 

have previously produced better results. 

8.1.2 JR Binomial Tree 

 

This method produced the best results for Adcorp and Assore, producing virtually no deviations, but 

mispriced the other options. The best results for both companies were produced when the volatility 

was taken as the discount factor. There is a similarity between these two companies in that both 

transactions were initiated at a significant discount with minimal cash flows being exchanged to 

acquire the shares. This will be assessed to determine if a trend exists between volatility, the 

contractual terms and the share price. 

8.1.3 Equal-Probability Tree 

 

The most accurate results produced by this method occurred when the volatility was used as the 

discount factor. Adcorp and Assore produced results with close to 0% deviations in instances where 

the volatility was used as the discount rate. Similarly to the results produced by the JR tree, this 

supports the suggestion that there could be a link between the volatility and contractual features  

incorporated in Adcorp’s and Assore’s transactions. Santam also produced good results when the 

changes in volatility over the contractual term were taken into account, even though the RFR was 

used as the discount factor.  

8.1.4 Hull (2009) 

 

The most significant result from this exercise is the valuation of Kumba’s share option which 

produced the most accurate results compared to the other methods. This was obtained when the 

volatility was used as the discount rate. This agrees with the finding previously introduced in Section 

7 - Risk-Neutral Valuation, that in instances where the BEE transaction contains elements of an 

expansion option, the volatility should be used as the discount rate when determining the final 

option value. 

Adcorp and Assore also produced good results, but only when the change in volatility over the 

contractual term was taken into account. This indicates that incorporating the volatility significantly 

impacts the option price. The final option value was obtained by taking the average option value. 

This result can therefore not be considered as a significant final outcome at expiry as other trees 

produced a result which resembled the actual. 
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8.1.5 Incorporating the Effects of Forward Rates 

 

Formulas introduced in the initial section were therefore used to determine the impact on the 

option value of incorporating forward rates. For each transaction, the forward price one year from 

the initial inception of the transaction was calculated.  

After this, the following equations were applied to determine into what category the probability of 

an upward or downward movement would fall: 

1)              

 

Or: 

 

2)            

For this calculation the change in volatility over the contractual term is ignored as it would entail 

calculating new probabilities for each contractual year. This was done because it was noted 

previously that the effect of incorporating the change in volatility does not always impact the final 

option value significantly. In addition, the effect of forward rates will be assessed when determining 

the effect of the volatility smile on the “Implied Trinomial Tree”. 

The option value used to perform the discounted option price at each node, apart from at the final 

node, will be the value of treating the option as American. This is done as negative payoffs will leave 

the option holder with no choice but not to exercise the option. It was noted that this value is often 

lower than the value produced by the continuing of      (              ), and that in most 

instances this was higher than the American option value of (   ), and resulted in significant 

mispricing. 

A condition of using the method above is that negative option values will need to be taken into 

account, as this thesis opts not to ignore negative probabilities and not to replace them with positive 

call option values as suggested by the authors. In instances where the option value is negative, the 

option value which will be used to perform the valuation would be: 

The lower of the negative values produced by: 

(a)      (              ), 
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And 

(b) (   ), 

This is done as it is assumed that the option holder will be left with no choice but not to exercise the 

option and instead to hold it to maturity. 

In instances where the American option value is negative and the value of continuing is positive, the 

value of continuing defined by (a) above will be used to price the option.  

Sanyati’s value can be obtained from a given node prior to maturity for all the option valuation 

methods. At inception, the shareholder was not aware that the return on the share would be 

negative, as this could not be predicted at the time. For the sake of comparability with previous 

methods, this transaction is valued only at maturity and the early exercise option is ignored. 

A. Option 1 

Apart from the Sanyati transaction, all share prices increased from initial inception. all the Share 

prices at year 2 is expected, following an upwards movement from inception, to satisfy equation 1 

above. the suggested equations were used to determine the value of    and   . 

None of the results produced by this method were found to be favourable. The Equal-Probability 

Tree produces the lowest mispricing. An interesting observation is that all models produced results 

within the same range for Sanyati. 

B. Alternative to Option 1 

Owing to the severe mispricing as a result of applying the constraint             , this thesis 

attempt to use the other constraint,           , ignoring that the forward rate will exceed the 

stock price one year after inception, to determine if it will produce a better result. 

Removing the initial constraint produced worse results than not doing so; it can therefore be 

inferred that the substitution does not have a positive impact in most instances. Instead, the results 

suggest that the Equal-Probability method is superior when performing those option valuations 

which incorporate forward rates. 

The most significant result produced by this method is for Primeserv where the deviation is 0%. 

Apart from the real options approach, this is the only method which managed to produce a result of 

this nature. This could indicate that in instances where the forward rates are taken into 
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consideration when pricing a transaction which involved no exchange of share capital, the final 

payoff will approximate the actual payoff when applying the JR Binomial tree. 

B. Option 2 

Apart from those for Primeserv, the methods suggested under option 1 failed to produce accurate 

results.  On reviewing the calculations, it was noted that this is attributed to the current equations 

used to calculate the values of the probability of an upwards or downwards movement, which in 

most instances attribute the greatest probability to a downward move. Incorporating the second 

constraint mispriced the options severely because of the inclusion of negative probabilities. The 

authors suggest deleting all negative amounts and then replacing them with positive call option 

values. For this calculation, this work kept the negative amounts when determining the call option 

values. 

However, owing to the severe mispricing given by the standard approaches described above this 

thesis will add the following amendments: 

(a) Calculate the probabilities using the original techniques proposed by Derman, Kani and 

Chriss (1996). 

(b) Using the values obtained by “a” above, attribute the largest probability to an upward move, 

the second largest to a middle move and the lowest to a downward move. 

The approach is suggested as it is known that all shares, apart from Sanyati, increased in value since 

the inception of the BEE transaction. The upward move should thus receive the highest probability. 

The calculations will be determined using the original constraint of             . This was found 

to resemble the final option values best. 

For the sake of completeness and comparability the calculations will also be performed for 

           as this takes into account the likelihood of a large downwards move.   

C. 

(i) Maximum probabilities when             . 

This method produces good option values for Adcorp, Assore and Santam, where the mispricing was 

less than 5% from the actual. An important consideration is the fact that all these transactions are 

‘vanilla’ in nature. Kumba, Primeserv and Sanyati’s results remained significantly mispriced. 
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(ii) Maximum probabilities when          . 

A summary of overall results produced by this method is presented below: 

 

Table 7 Results obtained from the Incorporating of forward rates. 

The Equal-Probability Tree method produced the largest number of results which were the most 

accurate in their category. The mispricing on some of the options was however very significant. The 

most accurate option values, when using the Equal-Probability Tree were produced by transactions 

which are ‘vanilla’ in nature, that is, the Adcorp, Assore and Santam transactions. No method 

produced accurate results for the Sanyati transaction, with this option producing the highest 

mispricing. 

8.1.5.1 Combined Summary of All Four Methods 

 

When the best results from each of the four options explored above is taken into account, the 

option values are as follows: 

 

Table 8 Comparison of overall results produced by the different forward rates methods. 

The Alternative methods produced more accurate results than the Original methods in most 

instances, with those calculations which kept the original constraint producing the most accurate 

results. The transactions which were most accurately priced were those for ‘vanilla’ BEE transactions 



Univ
ers

ity
 of

 C
ap

e T
ow

n

52 
 

such as Adcorp, Assore and Santam. Primeserv produced the best results when the original method 

was used. No method could produce accurate results for the Kumba and Sanyati transactions. The 

original method which kept the original constraint produced a lower mispricing than when the 

alternative procedures are used. 

An important trend which emerged was that the Equal-Probability Tree method consistently 

produced the most accurate option values. The JR binomial tree also produced fairly good results. 

Using the methods of Hull (2009) and the CRR Binomial tree did not produce good results in any 

instance. 

8.1.6 Real Option Analysis Using Mean Reversion 

 

Hull (2009) also uses the concept of forward rates, introduced previously, to construct Trinomial 

trees. His method however differs from the approach used by Derman et al (1996). Using the 

principles of Hull (2009), it was noted previously that in instances where both the RFR and the 

volatility are used as a discount rate, different option values are produced. The same approach will 

be used here. As the contractual term in all instances will be limited to 3 years, because the forward 

rates are calculated for a 3-year period, the change in volatility over the contractual term will not be 

taken into account. 

See below for a summary of combined results: 

 

Table 9 Results produced by the Mean Reversion method. 

When the results of the two methods are compared, it becomes evident that using the volatility as 

the discount rate produced the best results. Another observation is that this method produced the 

lowest mispricing for Adcorp, Assore and Santam, the three ‘vanilla’ transactions. The mispricing on 

Primeserv, Kumba and Sanyati remained significant. An interesting observation is that the result for 

Kumba is significantly mispriced. This is inconsistent with the previous methods where using the 

volatility as the discount factor produced good results for Kumba. 
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The results from this method are however not better than the option values produced by previous 

methods. This could be attributed to the shorter contractual term, limits imposed on the variables 

  and   and fixed values allocated to these variables. In addition, uniform probabilities are applied 

to various points on each node. This introduces an additional constraint. 

8.1.7 Summary of results from the application of all methods 

 

The results from all techniques are as follows: 

 

Table 10 Comparison of results produced by the different Trinomial Tree methods. 

From the above, it is evident that this method produces the best results for Adcorp, Assore and 

Santam compared to previous methods, with the deviations in mispricing being close to 0%. The JR 

Binomial Tree and Hull (2009) produced the best results. Apart from Kumba’s share option value, 

Hull’s (2009) results, produced results which are significantly mispriced. For each of the companies 

the most accurate option values were produced using the following methods: 

1) Adcorp:   

a. JR Binomial method (incorporating the change in volatility with volatility as the 

discount rate.)  

b. Equal-Probability Tree (incorporating the change in volatility with volatility as the 

discount rate.)  

c. Incorporating the effect of forward rates (alternative methods using the constraint 

            ) 

 

2) Assore: 

a. JR Binomial method (using the 90-day volatility as the discount rate.)  
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3) Kumba: 

a. Hull (2009) (using the 90-day volatility as the discount rate.)  

b. Hull (2009) (incorporating the change in volatility over the period (using the 90-day 

volatility as the discount rate.))  

 

4) Primeserv: 

a. Incorporating the effect of forward rates (original methods using the constraint 

          ) 

 

5) Santam: 

a. Incorporating the effect of forward rates (alternative methods using the constraint 

          ) 

b. Equal-Probability Tree (incorporating the change in volatility with the RFR as the 

discount rate.)  

6) Sanyati: 

a. Hull (2009) (incorporating the change in volatility over the period (using the RFR as 

the discount rate.)  

b. JR Binomial Method (using the RFR as the discount rate.)  

c. JR Binomial Method (incorporating the change in volatility over the period, sing the 

90-day volatility as the discount rate.) 

The JR method produced the most accurate results when the change in volatility over the 

contractual term was taken into account and the volatility was used as the discount rate. This 

method proved to be the best-fit method for transactions containing properties of real options as 

the Assore and Sanyati transactions were valued most accurately when using the method. For 

expansion options, Hull (2009) produced the best results. No other transaction was priced accurately 

using this method. It can be inferred that Hull (2009) is the best method to apply when valuing 

expansion options. The Equal-Probability Tree proved to be the most suitable method for ‘vanilla’ 

transactions. In most instances the change in volatility over the contractual terms must be taken into 

account. It was found that when the transactions were issued at a significant discount, the RFR had 

to be used as the discount rate. When minimal discounts took place, the volatility had to be used as 

the discount rate. 

It becomes evident that incorporating the effects of volatility in the form of changes over the 

contractual term, or using the 90-day historical volatility as the discount rate, does have an impact 
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on the final option values calculated. This concept will therefore be explored in the next section to 

determine if any relationship exists between the two variables. 

For Sanyati’s transaction, none of the methods could price this option accurately. However, when 

one determines the option value to be             , at the initial node, the method returns an 

option value of R0.05. This however requires that the option should be treated as American and 

should be exercised at inception. When the Minutes issued by the board of directors of the meeting 

held on 25 July 2012 were reviewed to determine the future of Sanyati, it was noted that it was 

announced that all creditors would receive 7 cents in the Rand post-liquidation. This figure is 

significant as it resembles the value of R0.05 which was predicted to be the option payoff at 

inception. What can be confirmed is that in certain instances where early exercise is considered, all 

trees, for all applied methods, will have a value which approximates the final outcome at expiry 

when taking into consideration the final share price of R0.20. 

When the option valuations were performed, it was noted that some option values, valued at 

inception, closely approximate the share price on transaction date. This will be explored later to 

determine if a possible relationship exists. 
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8.2 Impact of Volatility on Call Option Values 
 

Notably from the results of option valuations performed, it has been established that the volatility 

has an impact on the final option value. The valuations for Adcorp, Assore and Santam produced 

virtually no mispricing when the volatility was taken into account. The 90-day historical volatility 

together with the values of the different volatilities calculated across the years were therefore 

obtained. It was found that no definite relationships emerged. Apart from Sanyati’s 90-day historical 

volatility, all transactions had similar volatilities. Upon the review of the change in volatility across 

the contractual term, no distinct trends emerged. 

This thesis therefore concludes that the excellent results achieved by the pricing of the option must 

be attributable to factors inherent in the contractual terms. The one aspect that all transactions 

have in common is that in instances where shares were issued, it was done at a discount, resulting in 

significant dilutions. What distinguishes Adcorp and Assore from the rest is that minimal cash flows 

took place to finance the transactions. The Adcorp shares were issued for 2.5 cents a share, while, 

although a price was agreed at inception of the contract for Assore, no cash flows took place 

between the company and the beneficiaries to act as financing for the shares. The Assore shares 

were financed solely by the bridging finance facility provided by Standard Bank. 

Santam’s shares were acquired at a price of R82 per share, with bridging finance being received from 

various sources. This sets it apart from the Adcorp and Assore transactions. However, when one 

reviews the contracts, one notices that the contractual terms in each of these transactions is 10 

years or more. When the transactions are priced using the traditional Black-Scholes Pricing methods, 

they return values which resembles the actual. This thesis therefore conclude that where minimal 

cash exchange takes place to acquire the options, the longer the contractual term, the more 

accurate the option price will be when applying the various Trinomial methods. 

Kumba’s transaction is different from the rest as it involves a combination of different components. 

With the method of Damodaran (2002) described in the real options section, it was found that this 

transaction may be treated as an expansion option. Applying the principles of Risk-Neutral Valuation, 

it became evident that in instances where the volatility is used as the discount rate for expansion 

options, an accurate option value is returned. This also applies to Trinomial Valuations, as Hull 

(2009) accurately priced this option. 

Sanyati remains an anomaly, as none of the methods applied could produce an accurate option 

value. 
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8.3 Relationship between the Option Value and the Share Price 
 

It was noted that in certain instances, the final share option value, when working backwards in the 

tree, produces values which are close to the share price at inception. The results for each company, 

using each of the six techniques used to perform the trinomial valuation were compared. Each 

method will be assessed to determine if any links exist. 

The resulting table is color-coded as follows: 

(i) Green – This represents the best overall option value after taking all methods into account. 

(ii) Yellow – This represents the best option value for the given valuation method. 

(iii) Blue – This represents an option value which, although not the best value, still closely 

approximates the best value obtained. 

Use is made of the following terms:  

(i)  “in–category” -  defined as the specific valuation method 

(ii) “in–segment” -  defined as the discount rate category 

See below for the various methods and their corresponding results. 
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I. CRR Binomial Tree 

 

 

Table 11 Comparison of the final option value and the share price using the CRR Binomial Tree. 

The following trends emerged from the results presented above: 

Trend 1: Where volatility is used as the discount factor, the more closely the option value represents 

the share price, the more accurate the option value. 

Trend 2: Where RFR is used as the discount factor, the less closely the option value represents the 

share price, the more accurate the option value. 
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II. The JR Binomial Tree 

 

Table 12  Comparison of the final option value and the share price using the JR Binomial Tree. 

It was found that the results produced by this method strengthen the assumptions made when using 

the CRR Binomial Tree to value options. The following trends also emerged: 

Trend 3: In instances where the percentage of share option value is a large percentage of the share 

price, the option value is more accurate when the discount rate is the RFR. 

Trend 4: For all ‘vanilla’ transactions, the options are most accurately priced when the share option 

value is a high percentage of the share price and where either the volatility or the RFR is used as the 

discount rate. 
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III. Equal-Probability Tree 

 

Table 13  Comparison of the final option value and the share price using the Equal–Probability Tree. 

No additional trends emerged from the application of this method. The results however 

strengthened the assumptions of Trends 1 and 2. 

IV. Hull (2009) 

 

Table 14  Comparison of the final option values and the share price using Hull (2009). 
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This method produced results which contributed to the assumptions of Trend 2. An additional trend 

arose: 

Trend 5: In instances where the transaction comprises an expansion option, using the volatility as 

the discount rate will produce the best option values. 

V. Incorporating the effects of forward rates 

For this method, only the RFR was used as the discount factor. The effect of using the volatility as a 

discount rate is ignored as it produced worse results than when using the RFR. 

(a) Option 1 

 

Table 15  Comparison of the final option values and the share price using Option 1. 

A distinguishing factor is that the best results were obtained for each of the ‘vanilla’ transactions, 

which were Adcorp, Assore and Santam’s transactions, when using this method. This gives rise to a 

new trend: 

Trend 6: When a transaction contains elements which make it a ‘vanilla’ transaction, and a 

significant consideration is paid to acquire the shares, then the lower the option value, the more 

accurately the option will be priced when the RFR is used as the discount factor. 
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When insignificant cash flows take place, the volatility should be used as the discount factor. The 

option value will also return a higher percentage of the share price. 

Hull’s (2009) real option analysis section treats abandonment options as the inverse of expansion 

options.  It has therefore been established that the expansion options are best valued using the 

volatility as the discount rate. Owing to the relationship between the two, it can be conclude that 

when pricing a BEE transaction containing elements of an abandonment option, and where there is 

an exchange of shares, it is best to value the transaction using volatility as the discount rate. 

(b) Option 2 

 

Table 16 Comparison of final option values and share prices using Option 2. 

The alternative method produces the best overall result for Santam, when the JR method is used. 

The percentage option value as a percentage of the share price of 36% is the lowest in the category. 

This confirms Trend 6. 
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VI. Real Options – Mean Reversion 

 

Table 17 Comparison of final option values and share prices using Real Options – Mean Reversion. 

This method does not produce any of the best overall results. The only comparison which can be 

made is in category comparisons. 

Adcorp produces the best result when the RFR is used as the discount rate, and the percentage 

option value as a percentage of the share price is significantly higher than the other transactions. 

This is consistent with Trend 6. 

The rest of the transactions produced the best results in the category when the volatility was used as 

the discount rate. This result is expected, because all six transactions were valued as real options 

containing characteristics of expansion options. This is consistent with Trend 5. 

None of the transactions produced best overall results because of the contractual terms’ constraint 

of 3 years, and also because of fixed probabilities and constant values imposed by this method. In 

addition, only Kumba contains elements of expansion options, from which it can be expected that 

the pricing to be most accurate using this method. This was however not the case, as Kumba 

produced the worst results. This method can therefore not be accepted as an appropriate method to 

value real options. 
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8.4 Summary of Results 
 

From the above, it becomes evident that no single method is superior. Instead, they have all 

contributed to the confirmation the following relationships between the share price, option price, 

volatility and discount rates: 

a. Trend 1: Where volatility is used as the discount factor, the more closely the option value 

represents the share price, the more accurate the option value. 

b. Trend 2: Where the RFR is used as the discount factor, the less closely the option value 

represents the share price, the more accurate the option value. 

c. Trend 3: In instances where the percentage of share option value is a large percentage of 

the share price, the option value is more accurate when the discount rate is the RFR. 

d. Trend 4: For all ‘vanilla’ transactions, the options are most accurately priced when the share 

option value is a high percentage of the share price and where either the volatility or the 

RFR is used as the discount rate. 

e. Trend 5: In instances where the transaction includes an expansion option, using the volatility 

as the discount rate will produce the best option values. 

f. Trend 6: When a transaction contains elements which make it a ‘vanilla’ transaction, and a 

significant consideration is paid to acquire the shares, the lower the option value, the more 

accurately the option will be priced when the RFR is used as the discount factor. 

When insignificant cash flows take place, the volatility should be used as the discount factor. 

The option value will also return a higher percentage of the share price. 
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8.5 Comparison of the Results Obtained Using the BSM, BLM, Risk - Neutral 

Valuation and the Trinomial Tree 
 

Four different methods have been applied in an attempt to obtain a model which prices the options 

the most accurately. The best results produced by each of the three models are presented below. 

They are measure-based on the percentage deviation from the actual. 

 

Table 18 Comparison of results produced using different valuation models. 

The trinomial tree methods produced the best results for five of the six transactions. The only 

transaction which could not be priced accurately was Sanyati’s transaction. The success of the 

trinomial tree methods is attributable to these five transactions containing properties which make 

the techniques of real options pricing the more appropriate method to price the transactions. 

Sanyati’s share price declined sharply after the transaction date, which impacted the terms of the 

transaction. A 14% deviation from the actual was produced, but this occurred when early exercise 

was permitted. In no other instance was early exercise permitted. The trinomial method produced 

trees where negative option values exist which could resemble the actual if the early exercise option 

is taken. For the sake of comparability, all options were priced at maturity using the trinomial 

method. The result of 79% for Sanyati can be compared to the results produced by Risk-Neutral 

Valuation following the removal of the early exercise option, where the range of the deviation is 

between 127% and 476%. This means that the trinomial method is more suited to pricing the Sanyati 

Transaction. As the trinomial method produced five of the six best results, it is deemed to be the 

most appropriate option pricing model. 
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9. Additional Procedures 

9.1 Improvement to Valuation Techniques 
 

A number of papers have been published suggesting improvements to the techniques which have 

been used in this work, so as to improve the final option values produced by various models. The 

most relevant works will be reviewed being, those of Rubinstein (1994) and Leippold and Wiener 

(2004). The latter is important as Hull’s (2009) Mean Reversion method is based on a similar concept 

and did not produce satisfactory results previously. 

Rubinstein (1994) develops a new method for inferring risk-neutral probabilities from 

simultaneously observed prices of European options. His work is based on the amended Longstaff’s 

Method and Shimko’s methods. 

It was found however that one could not apply Rubinstein’s (1994) suggested method to this work, 

as different values for associated call options, with different strike prices but similar time to 

expiration, are not freely available in the South African market. In addition, the values which are 

currently published by the different companies were found to be not representational of the actual 

option value.  

Leippold and Wiener (2004) followed a different approach to Rubinstein (1994). They developed a 

model for the implementation and calibration of a one-factor short rate model. The suggested 

approach was reviewed and found no inherent properties which would make it superior to the 

“General Tree-Building Procedures” suggested in Hull (2009), which incorporates the method of the 

Hull-White model applied by Leippold et al. (2004). When the results based on the forward induction 

method of Hull and White (1994) were compared to the other results obtained by the application of 

different methods, it was found that other methods produced far superior results. 

9.1.1 Improvements Based on Results Obtained 

 

In the case of the Risk-Neutral and Trinomial Tree valuations, it was noted that in instances where a 

transaction contains properties which make it a real option, the volatility,   can be used instead of 

the risk free rate,  , as the discount factor. The Black-Scholes and Binomial Lattice methods were 

performed without evaluating this aspect. These methods will be revisited to determine if this 

phenomenon also impacts the results when applied to them. 
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I. Black-Scholes Pricing Method 

The traditional Black –Scholes formulas were amended to the following: 

       (  )          (  ) 

Where: 

    
  (   ⁄ )   (     ⁄ ) 

 √ 
 

    
  (   ⁄ )   (     ⁄ ) 

 √ 
 

 

The expression  (  ) represents the probability that the option will be exercised in a risk-neutral 

world, so that    (  ) is the strike price times the probability that the strike price will be paid. 

     (  ) 
   is the expected value in a risk-neutral world of a variable that is equal to    if      

and zero otherwise. 

(i) Volatility as the discount rate 

When the proposed amendments to the original formula, which incorporated the effects of volatility 

are applied, none of the values approximate any of the actual payoffs. This could indicate that the 

volatility has not been used correctly. 

(ii) Examining    (  ) 

   (  ) is the strike price times the probability that the strike price will be paid. In this paper, the 

payoff is driven largely by the value of  , calculated using the Monte Carlo simulation method. The 

volatility was used as the discount rate and examined the values produced by    (  ) only, as 

  (  ) represents the payoff in a risk-neutral world. The results are as follows: 
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Table 19 Results produced when examining the terms    (  ) in isolation. 

All of the options are significantly mispriced except the ones for Kumba, Primeserv and Santam. 

Kumba’s result matches the best result produced for this option using the Trinomial tree method. A 

different strike price, however, was used to achieve this result. The Kumba Iron Ore share only 

recorded a listed value on the JSE on 20 November 2006, a year after the implementation of the 

transaction. Using the initial strike price of R110.39, the mispricing becomes 32%. When this 

amended strike is applied to the method previously used, it was noted that it distorts values 

obtained previously. It is therefore only suited to this method. The result however, confirms Trend 5 

which states: 

Trend 5: In instances where the transaction includes an expansion option, using the volatility as the 

discount rate will produce the best option values. 

Although Santam’s result is good and somewhat unexpected, no significant inferences can be made, 

as prior methods have produced better results. 

Primeserv’s result of 3% is slightly worse than the result of 1% produced using the Trinomial tree 

method. It is however the best result produced by the Black-Scholes method. This transaction is the 

only transaction where there has been no issue of shares. It can therefore be assumed:  

Trend 7: In instances where there has been no issue of shares, or where shares have been issued at 

a minimal discount, using the volatility as the discount rate for the term   (  ) will produce a 

result which approximates the actual payoff at maturity. 

(iii) Summary of best results 

A summary of the best possible results produced by the Black-Scholes pricing method, incorporating 

the above,  is as follows: 
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Table 20 Results produced by the different variations to the traditional BSM model. 

II. Binomial Lattice 

The effects of the impact of volatility on the payoff were incorporated by substituting   in the place 

of   in the term       which is used to discount the payoff in Radke’s (2007) technique. The change 

in volatility across the contractual term is already taken into account as this is the basis used to 

calculate the maximum and minimum share prices reached at the end of each year of the 

contractual term. The results are as follows: 

 

Table 21 Results produced using the Binomial Lattice Valuation model. 

Only Santam produced a good result. The other options were significantly mispriced. In the Black-

Scholes section, Santam also produced good results. This could indicate another trend: 

Trend 8: In instances where the share is issued at a minimal discount, using the Black-Scholes and 

Binomial Lattice Valuation model will produce an accurate option value when the historical volatility 

is used as the discount rate. 
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When the alternative procedures are applied to Radke’s (2007) approach to the Binomial Lattice, it 

gives the following amended results: 

(i) Kumba Iron Ore 

The result returned a value which was a 21% deviation from the actual. This is an improvement on 

the result produced previously. As the mispricing is not significant, it supports the finding that 

volatility is the discount rate most suitable for expansion options. 

(ii) Sanyati Limited  

 

Application of this method to Sanyati’s transaction produced a payoff that is a 33% deviation from 

the actual. Although this result is a substantial improvement on prior results, the mispricing remains 

significant. When this approach was applied to the remaining companies, the results worsened, and 

therefore they were discarded. 

(iii) Summary of best results 

A summary of the best results produced by the Binomial Lattice method is as follows: 

 

Table 22 Results produced by the different variations to the Binomial Lattice Valuation model. 

This method produced results in which there are still significant deviations from the actual, despite 

significant modifications to the original pricing method. It can therefore be accepted that this 

method is not suitable for pricing options. The method was however valuable in this study as the 

valuations methods which incorporate the change in volatility over the contractual term were based 

on the principles underlying this method. By using this approach, it was also discovered that limiting 

the valuation to the maximum share price reached during the option’s contractual term produces 

better results in certain instances.  
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III. Mean Reversion 

This is Hull’s (2009) proposed method of valuing real options and forms a major part of Leippold’s 

(2004) work. Ironically, it produced the worst results in comparison to the rest of the Trinomial tree 

methods. Previously it was noted that the following limitations are inherent in this model: 

(i) Fixed term limited to 3 years 

(ii) Consistent probabilities apply at different nodes 

(iii) Constant volatility and a fixed variable for the constant. 

In rare instances will one obtain forward prices exceeding a three year term. This thesis accepts this 

limitation. To deal with the limitation of constant probabilities, the variable for   was substituted, 

calculated previously in Section 7 (Risk-Neutral Valuation), a variable of 2, as suggested by Hull 

(2009) for   in the proposed equations. This was done in order to determine a specific probability 

which could be applied to each node. 

It was found that the probabilities produced values which significantly mispriced the options. This 

approach was therefore rejected. Hull (2009) proposes using       and      . The equations 

were amended to take the actual historical volatility into account for each of the transactions. As 

this did not produce accurate results, it was revisited the model and made use of the proposed 

variables.  

The results from the using the risk-free rate and the volatility as the discount rate are as follows: 

 

Table 23 Results produced by the Real Options – Mean Reversion Valuation model when different discount rates. 

The only transactions which are not significantly mispriced are the transactions for Adcorp and 

Assore. Although these results are good, other valuation methods have produced better results for 

these companies. 

A comparison of the combined results of Mean Reversion using the historical volatility and a 

volatility of 20% yields the following: 
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Table 24 Results produced by the different variations to the Real  Options – Mean Reversion Valuation model. 

The overall results are not superior to those produced by valuation methods discussed previously. 

One can thus conclude that although this is the suggested method for valuing real options, it is not 

the most appropriate method.  

IV. Application of the Black-Scholes model to the Sanyati transaction. 

Sanyati Holdings Limited entered into a transaction whereby 48,000,000 of all ordinary shares would 

be issued to a BEE consortium. An additional 10,000,000 ordinary shares will be issued to the Sanyati 

2007 Acquisitions Share Incentive Scheme. The share options are treated as share-based payments 

and have a “lock in” period of 12 months after the date of issue. The company’s policy is to exercise 

all options after a period of 3 years, when they vest. The company opted to treat these options as 

call options and the value of each option calculated using the BS pricing model in Section 4 - Real 

Options was determined as R1. 54. 

After inception, the share price of the transaction began to decline consistently across the maturity 

term. This thesis proposes that instead being treated as call options, the options should be treated 

as put options, as these options are valuable when the share price declines sharply. 

It is proposed that the following amendments to the approach suggested by Black and Scholes 

(1973): 

(a) The value for    will remain (-  ). Instead of determining the value from the distribution 

table for  ( ) when   , the value should be read from the table for  ( ) when   . 

This is done because it is assumed that   represents the share price. In no given instance will 

one invest in a share with a negative price. 

When pricing the original call options the inputs are as follows: 

   = 2.67;   = 2.61;   = 7.64%;   = 5; and   = 57.91%. 
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The value for    and    were determined as: 

   = 0.9639 thus  (      ) = 0.8315 

   = -0.3349 thus  (       ) = 0.3707 

The above is used to price a put option using the amendment previously introduced. The value of 

the put options is therefore defined by: 

        (   )       (   ) 

=             ( ) (      )        (      ) 

        

Where: 

   =                 thus  (      ) =        

   =   (      )         thus  (      ) =        

The value of the call option does not approximate the total loss on the transaction of R(1.89) at the 

date of liquidation. Instead it approximates the actual share price, five years after the inception 

date, of R0.23.  

It  can therefore be assumed that in instances where put options are used to price transactions with 

declining share prices, which were originally treated as call options, one can estimate the final share 

price at maturity. 

Cox and Rubinstein (1985) explain the meaning of the terms  (  ) and (  ).  (  ) is defined as 

the factor by which the present value of the contingent receipt of stock exceeds the stock price. 

Therefore, the expected value, computed using the risk-adjusted probabilities, of receiving the stock 

at expiration of the option, contingent upon the option finishing in the money, is  (  ) multiplied 

by the current stock price and the riskless compounding factor.  (  )is defined as the risk adjusted 

probability of exercise.  

Nielsen (1992) states that in instances where the exercise is completely random and unrelated to the 

stock price, the present value of the contingent receipt of the stock would be the current stock price 

multiplied by  (  ). This assumption is applied to value the put option, as it is assume that because 

the share price declined the decision to exercise would be based on an independent factor. 
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The value of a put option will thus be: 

        (   )       (   ) 

=             ( ) (      )        (      ) 

 (      ) 

Where: 

   =                 thus  (      ) =        

   =   (      )         thus  (      ) =        

 

When the final value of R(1.5057) is compared to the actual loss on each share at maturity of 

R(1.89), the deviation is 19.48%. This is the first instance where one could find a value using the BS 

model which could approximate the loss at maturity. 
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9.1.2 Summary of Overall Results 

 

The different approaches to the transactions were compared in order to determine the best 

method, that is, that which values BEE transactions the most accurately. The result produced by 

each model is displayed below. The yellow represents the best overall result. 

 

Table 25 Overall summary of results produced using the different valuation methods. 

It can be seen that the Real Options Valuation and the Trinomial Tree Method produced the highest 

number instances where the results were the most accurate reflection of the actual option payoff. 

The Real Options method produced more results which were close to the actual option payoff, but 

this method suffers from a drawback, as it is very laborious. In addition, the approach involving 

determining the option value based on the principles of      is not well known, and is not the 

norm in practice. However, the advantage of this method is that it takes into account factors not 

related to share issues, such as the effect of the disposal of significant divisions and the impact of 

liquidations on the share price. This is the reason that this method could produce very accurate 

results for Sanyati. All the other methods failed to produce a result which reflected the actual payoff 

as they were not engineered to take specific aspects into consideration. The One-Step Binomial Tree 

produced a deviation of 0% for Sanyati. This result, however, is ignored as the principle behind the 

one-step model states that in instances where the option value is negative, one should allocate a 

value of 0% to the option as the option is out of the money. As a result of this one cannot say that 

this valuation method is superior.    
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The Trinomial Trees produced good results as well. This method is based on principles which can 

easily be applied on a day to day basis. One can therefore consider this to be the most appropriate 

method of valuing options. 
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10. Application of Net Present Values to obtain final option values 
 

10.1 Using Option Pricing Methods to Value Flexibility 
 

Option pricing methods have been developed to value projects as they are deemed superior to the 

traditional Direct Cash Flow (DCF) approaches. This is because they take into account the value of 

flexibility when determining the investment value. In certain instances the investment may not be 

made immediately. Instead, it could be advisable to defer the project to the future. Option pricing 

methods will allow for this flexibility factor, whilst the DCF method assumes that the project ignores 

this aspect. 

To perform the valuation using real options, use will be made of  the techniques proposed by 

Copeland, Koller and Murrin (2000). The following are proposed when performing the real options 

valuation: 

        
   

[
                   

               
  ] 

                       [   
   

(
                   

               
  )] 

The NPV is the maximum, decided at present, of the expected discounted cash flows or zero, while 

the option value is the expected value of the maximums, decided when the information becomes 

publicly available, of the discounted cash flows. The authors propose that the value of a project 

using option pricing will always exceed the value of a project using NPV. 

For all calculations it is assumed that the NPV will be the amount paid at inception of all BEE 

transactions to acquire the shares or the investment. The expected cash flows have been obtained 

using the Free Cash Flow valuation techniques proposed by Copeland et al (2000) and Damodaran 

(2000). The sum of the two will give the total undiscounted return on the transaction. Refer to 

Appendix F for full disclosure of the various techniques. 

The source of all information used to perform the calculation is the Annual Report for the given 

company for the specific year ended. The group results were used at all times. In all instances, the 

impact of deferred tax assets and liabilities has been ignored as the effect is already taken into 

account when determining the taxation figure in the Income Statement or the Statement of 

Comprehensive Income. The impact of the Foreign Currency Cash flows was only considered when 

there was a specific adjustment in the Cash Flow Statement or Notes to the Income Statement or 
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the Statement of Comprehensive Income. Current liabilities always exclude the current portion of 

long-term interest-bearing debts. The effect of bank-borrowings is always netted off against cash 

and cash equivalents. 

When estimating the Cost of Capital (WAC), the Gordon Growth method was used to estimate the 

Cost of Equity. In instances where it produced an impossible value, the growth component was 

always estimated using the dividend yield (DY), net income, or by estimating the growth in annual 

dividends declared over the option period. Refer to Appendix C for the valuation technique. 

In all instances, the value determined to be the final option value was compared to: 

a) The share price at acquisition 

b) The share price at maturity date 

c) The strike price( ), which was determined using the Monte Carlo method. 

d) The actual option payoff per share at maturity date 

In all instances, in addition to the WAC, the risk-free rate (RFR) and the historical volatility (volatility) 

at inception were used as discount factors. This was done to be consistent with previous valuation 

methods. 

For the sake of completeness, the non-discounted sum of the NPV plus the cash flows over the given 

period was compared to the actual total option payout at maturity. A good result would constitute a 

deviation below 20%. The results will be given in the next section. 
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10.2. Results using Copeland, Koller and Murrin 
 

Applying the valuation technique to the method proposed by Copeland et al. (2000) gives the 

following results: 

Adcorp 

To acquire the Adcorp shares, subscribers only paid 2.5 cents per share. This represents a significant 

discount on the prevailing share price. In addition to this value, the actual share price on the 

acquisition date is used to determine what the NPV would have been, had the shares not been 

issued at a discount. 

a) Alternative 1 (2.5 cents per share) 

Using volatility as the discount rate, the final value gives an accurate estimation of what the actual 

share price at inception and maturity date will be, as the deviation here was the least significant. The 

estimation of the strike price and the final option payoff per share is also the most accurate when 

this is taken into account. The deviation of the strike price was the lowest, meaning that this method 

best estimated this value. The WAC and RFR produced poor results in all instances. 

b) Alternative 2 (R37.00 per share) 

The RFR and the WAC gave the most accurate estimates in this instance. No good results were 

produced when taking volatility into account. The RFR produced good results for all four categories 

measured, whilst the WAC could only accurately estimate the share price at maturity and the final 

option value per share. The RFR however produced superior results in these categories with 

deviations of only 4%. 

When the results are compared to those of “Alternative 1”, where the volatility performed well, it 

was found that the current approach produced better results. This could indicate that in instances 

where shares are issued at a significant discount, using the volatility as the discount rate will 

produce accurate estimates of all four variables. In instances where no discounts or minimal 

discounts are part of the contract, using the RFR as the discount factor will be the most appropriate 

method to estimate the share price at acquisition or maturity, the strike price and the final option 

value per share. 
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Assore Limited 

A unique facet of the Assore valuation is that the share subscription consisted of three 

empowerment transactions. In addition, post-acquisition, the shares were split one for five. 

Previously, multi-stage valuations were performed to take into consideration the effects of phase 1 

and phase 2. Phase 2, however, produced negative NPVs, thus only one valuation was performed for 

the transaction as a whole. No cash transfer took place to acquire the shares as it was funded by 

bridging finance provided by Standard Bank. The NPV is thus assumed to be zero. Two calculations 

were performed to accommodate the total final number of 16,460,000 shares issued after the share 

split, and the total before the split of 7,280,837. 

a) Alternative 1 (16,460,000 shares) 

The best estimates were produced by this method when the share price at acquisition was estimated 

and the strike price whilst using  the volatility as the discount rate. The WAC and RFR produced the 

best estimates of the final option payoff per share at maturity. The deviation was greater than 20% 

for all results; the alternative method will therefore be reviewed in order to determine if it produces 

better results. 

b) Alternative 2 (7,280,837 shares) 

The RFR produced accurate estimations of the share price at inception, maturity and the strike price, 

whilst the WAC produced good results for the share price at inception, strike price and the option 

payoff. Other than for the share price at maturity, the WAC produced the lowest deviations. 

It can therefore be assumed that when the NPVs are applied to multi-stage expansions, and if all 

changes in the share capital post-inception are ignored, then using the WAC and the RFR will 

produce accurate estimates of the share price at inception and maturity, strike price and the option 

payoff. 

Kumba Iron Ore Limited 

This transaction is described as an expansion transaction, as many components were acquired in this 

BEE transaction. In most instances, the deviations were significant, apart from the estimations of the 

strike price where the WAC and RFR produced minimal misstatements, with the WAC producing the 

best result. The sum of R14.185 billion for the Free Cash Flows across the contractual term is 

significant as this figure closely resembles the disclosed transaction value of R14 billion at the 

inception of the transaction. 
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Primeserv 

This transaction mimics an abandonment option as a division was sold to the BEE partner. No share 

issue took place.  

In this instance using the WAC as the discount rate produced the most minimal deviations when 

estimating the share price at acquisition and the strike price. The RFR produced good results for 

similar categories. In no instance did the volatility produce good results, but it managed to produce a 

value of R0.04. This closely resembles the actual payoff of R0.01. 

Santam Limited 

Santam’s shares were acquired at a discount of 10% of the share price. Using all 3 discount factors 

produced good estimates for the share price at maturity and the strike price. Using the volatility as 

the discount rate produced the best results when estimating the share price at maturity whilst using 

the RFR as a discount rate best estimated the strike price. None of the methods produced accurate 

estimates of the final option payoff. 

Sanyati Holdings Limited  

This transaction is different owing to the company liquidating before maturity of the transaction. In 

order to determine the WAC, the information relating to the cost of equity and all returns required 

by the shareholders was obtained from McGreggors BFA. In no instance did any method prove 

superior. What can however be confirmed is that the negative computed values indicate that the 

transaction is not viable and should not be entered into because of the negative results produced 

under all categories. What can be confirm is that the computed values best represent the total loss 

experienced when one adds the final loss of 18.56 cents per share to the share price at acquisition 

date of R2.67. 

B. Trends from the valuation 

The following observations have emerged from the valuations performed previously: 

Adcorp and Santam are two ‘vanilla’ transactions. In the instance of Adcorp, where the shares were 

acquired for almost no cost, the volatility gave the best estimate of the share price at acquisition and 

maturity as well as the strike price and the final option payoff. When a consideration is paid, the RFR 

produces good estimates for all categories, whilst the WAC accurately estimates the share price at 

maturity and the final option payoff.  
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In the case of Santam, using the volatility as the discount rate produced accurate estimates of the 

share price at maturity only, whilst the RFR could accurately estimate the strike price.  

The following can therefore be assumed: 

Trend 1: In instances where the transaction is a ‘vanilla’ transaction and the shares are acquired at a 

significant discount, using the volatility as a discount rate will give an accurate estimate of the share 

price at inception and maturity, strike price and the final option payoff. 

Trend 2: In instances where a consideration which represents the share price at inception date is 

paid, using the RFR as a discount rate can accurately estimate the share price at acquisition and 

maturity, the strike price and the final option payoff. The WAC can only estimate the option value at 

maturity and the share price at maturity. 

Trend 3: In instances where the transaction is a ‘vanilla’ transaction and the shares are issued at a 

minimal discount, using the volatility as a discount rate will give a good estimate of the share price at 

maturity whilst the RFR will accurately estimate the strike price. 

Trend 4: Where the transaction contains properties which make it a multi-stage expansion option, 

using the WAC and RFR will allow the accurate estimation of the strike price, with the WAC 

producing the most accurate value. 

Trend 5: Where the transaction contains facets which make it an expansion option, using the RFR 

will accurately estimate the share price at inception and maturity as well as the strike price. The 

WAC will produce good estimates of the share price at inception, the strike price and the option 

payoff per share. 

Trend 6: In instances where the transaction is an abandonment option, using the WAC and RFR will 

accurately estimate the share price at acquisition and the strike price. The WAC will produce the 

better results. 

Trend 7: When performing the valuation for a firm in financial distress, none of the discount rates 

will produce an accurate estimate. Instead, negative final values will be produced which indicates 

that the investment decision is not appropriate. When the cost per share at acquisition and the final 

value are added, the result will give a good approximation of the total loss per share. 
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10.3 Results using Damodaran 
 

Applying the valuation technique to the method proposed by Damodaran (2002) gives the following 

results: 

Adcorp 

a) Alternative 1 (2.5 cents per share) 

This result is a vast contrast to that of Copeland (2000), as the volatility produced no good result. 

The WAC and RFR produced good estimates of the share price at acquisition, whilst the WAC 

produced a good estimate of the strike price. 

b) Alternative 2 (R37.00 cents per share) 

In no instance did this method produce good results for any of the proposed categories. It can 

therefore be assumed that this valuation method is not suited to this transaction. 

Assore Limited 

a) Alternative 1 (16 460 000 shares) 

This method produced results which were a total contrast to the previous results. No method 

produced good results except when the volatility is used as the discount rate to estimate the option 

value per share. Using the approach of Copeland et al (2000) also failed to estimate the final option 

value per share accurately. It can therefore be assumed that in instances where the transaction is a 

multi-stage expansion option, then using the volatility as the discount rate will produce an accurate 

estimate of the final option value. 

b) Alternative 2 (7,280,837 shares) 

Unlike previous methods, this method produced no accurate results.  

Kumba 

For Kumba, both the WAC and RFR could accurately estimate what the final share price at maturity is 

expected to be. In instances where volatility is used as the discount rate, it produces an accurate 

estimate of the strike price. 
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Primeserv 

Using the volatility as a discount rate previously produced no good results. In this method, it 

produced the only good result, as it produced the best estimates of the strike price and the share 

price at acquisition. No accurate prediction of the final payoff per share could be made. 

Santam 

In this instance, none of the 3 discount factors could accurately predict the final option payoff per 

share. When volatility was used as the discount rate, the share price at inception could accurately be 

estimated, as well as the strike price. The WAC produced accurate estimates of the share price at 

maturity and the strike price, whilst the RFR could only produce good results for estimating the 

share price at maturity. 

Sanyati Holdings Limited 

The method when applied to this company gives results which are consistent with the previous 

results, as in no instance was the final payoff accurately predicted. The computed values however 

give a good estimate of the difference between the share price at maturity date and the acquisition 

price at inception date. This represents the actual loss resulting from entering into this transaction. 

B. Trends from the valuation 

The results produced by this method contradicted the trends previously identified. This is largely 

owing to the application of different techniques when determining the Free Cash Flow amount. 

From the results obtained, one can assume the following: 

Trend 1: In instances where the transaction can be considered a ‘vanilla’ transaction and the shares 

are acquired at a significant discount, using the volatility will accurately estimate the option value 

per share at maturity. 

In instances where the WAC and RFR are used, the RFR will accurately predict the share price at 

acquisition whilst the WAC will accurately predict the share price at acquisition and the strike price. 

In instances where the shares are acquired at no discount, no good estimates will be produced. 

Trend 2: In instances where the shares are acquired at a discount, using the volatility will accurately 

predict the share price at inception and the strike price. The WAC will accurately predict the share 

price at maturity and the strike price whilst the RFR will accurately estimate the share price at 

maturity. 
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Trend 3: In instances where the transaction is a multi-stage expansion option, using the volatility as 

the discount rate will accurately predict the final option payoff per share. 

Trend 4: In instances where the transaction is an expansion option, using the volatility as the 

discount rate will accurately predict the strike price. 

Trend 5: In instances where the transaction is an abandonment option, using the volatility as the 

discount rate will accurately predict the strike price and the share price at acquisition. 

Trend 6: In instances where the transaction is for a firm facing financial distress, all 3 discount 

factors will produce negative values. The total loss for each transaction will serve as an estimate of 

the value of the share price at maturity date less the cost of acquiring the shares.  

10.3.1 Results using  Damodaran (Alternative 1) 

 

In addition to the approach mentioned above, Damodaran proposes two additional methods which 

can be applied to determine the FCFF (refer to Appendix C for details). These approaches failed to 

produce accurate results for any of the transactions. The only number which can be considered to be 

of any significance is the amount R0.01, which arose for Primeserv when the volatility was used as 

the discount rate. This number approximates the final option payoff per share. 

B. Trends from the valuation 

In no instance did this approach produce good results for any of the companies. It is therefore 

doubtful whether this method is appropriate for the purpose of determining the value of a given 

company. The primary shortcoming of this method is that the value of the company is determined 

based on the following year’s free cash flow only. The methods of Copeland et.al ( 2000) produced 

better results as they take the entire cash flows over the option term into account. 

10.3.2 Results using Damodaran (Alternative 2) 

 

This method produced results similar to Alternative one and only produced good results for the 

Primeserv transaction. This method produced good results, using all three discount factors, when 

estimating the share price at acquisition and the strike price. The WAC produced the best results in 

both instances. 

The results for Sanyati approximated the actual loss per share at maturity. This is consistent with all 

the previous methods.  
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B. Trends from the valuation 

From the results given above one can assume the following: 

Trend 1: In instances where the transaction constitutes an abandonment option and where there 

has been no issue of shares, using the WAC, RFR and volatility as discount factors will accurately 

estimate the share price at acquisition and the strike price. 

Trend 2: When valuing a firm in financial distress, all three discount factors indicate that the payoff 

from the investment will be negative. The payoff will approximate the loss per share, that is, the 

share price at valuation date less initial cost of the share.  
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10.4. Comparison of the Non-discounted Option Value to the Actual Option 

Payoff at Maturity 
 

The final values produced by each method were compared to the actual value to determine if any 

relationships exist. The results are as follows: 

 

Table 26 Comparison of results produced using Copeland and Damodaran valuation methods. 

In this comparison, all transactions had significant deviations apart from the Assore transaction using 

the approach of Copeland (2000), where the deviation was only 12%. The valuation of 

R14,185,000,000 for Kumba approximates the actual published transaction value at inception. One 

can therefore assume the following: 

Trend 1: In instances where a transaction constitutes a multi-stage expansion option, the sums of 

Free Cash Flows over the transaction period plus the NPV will be equivalent to the actual payoff at 

the end of the period. 

Trend 2: In instances where a transaction constitutes an expansion option, the sums of Free Cash 

Flows over the transaction period plus the NPV will be equivalent to the strike price at inception. 
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10.5 Comparison of the Different Valuation Models 
 

Different approaches produced different trends. This indicates that the valuation method and the 

discount factor have a substantial impact on the final value produced. The results produced for each 

of the identified categories by the different models were compared to identify which model 

produced the best results. 

From the review of all combined results, it becomes evident that the method applied by Copeland et 

al. (2000) produced the lowest deviations in comparison with other models, except in the cases of 

Adcorp and Sanyati when the NPV is significantly discounted. In these instances Damodaran (2002) 

produced more accurate results. It was also noted that in instances where the transaction is 

accompanied by heavy capital expansion projects, acquisitions and non-cash transactions, using 

Copeland et al. (2000) will produce the most accurate results as the model has been designed to 

take these factors into account. When the results were summarized the proposition by Copeland et 

al. (2000) which states that the Cost of Capital is the most appropriate discount factor were taken 

into account. The results by category were as follows: 

a) Share Price at Acquisition 

In this instance, using the WAC as the discount rate produced the most accurate estimates, with 

Damodaran’s approach producing two of the three best results. In one instance, the volatility 

produced one accurate result. This thesis therefore examined the successful estimates closely to 

identify whether they contain properties which could influence the valuations. 

The three successful companies were Adcorp (2.5 cents a share), Assore (16,460,000 shares) and 

Primeserv. The companies belong to different categories as one is a ‘vanilla’ option, whilst the others 

are expansion and abandonment options respectively. The one property that they have in common 

is that at the inception of the transaction, minimal or no cash transfers took place to acquire the 

shares. One can therefore assume the following: 

Trend 1: In instances where minimal cash is invested to acquire shares, using the WAC as the 

discount rate will produce a result which is close to the share price at acquisition. 

The volatility produced a good result for Santam only. One can thus assume the following: 

Trend 2: In a ‘vanilla’ transaction where the shares are issued at a minimal discount, using the 

volatility as the discount rate will produce a result which mimics the share price at transaction date. 
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b) Share price at maturity 

Only four companies produced results which could estimate the share price at maturity: Adcorp 

(share price R37.00), Assore (7,280,837 shares), Primeserv and Sanyati. Primeserv produced this 

result using Damodaran (2002) Alternative 2, where the WAC was used as a discount rate. One can 

thus assume the following: 

Trend 3: When a transaction constitutes an abandonment option and the free cash flow takes into 

account capital expenditure, and when it is adjusted for a growth factor which only considers next 

year’s cash flows, then using the WAC as a discount rate will produce an accurate estimate of the 

share price at maturity. 

Adcorp (share price R37.00) and Assore produced good results when using Copeland (2000) and 

when the RFR was used as the discount factor. One can thus assume the following: 

Trend 4: When a transaction is a ‘vanilla’ transaction and the shares are acquired at a minimal 

discount, using the RFR as a discount factor will produce an accurate estimate of the share price at 

maturity. 

The same will hold true for a multi-stage expansion option. 

Santam produced an accurate estimate of the share price at maturity, but in this instance volatility 

was used as the discount rate. One can therefore assume the following: 

Trend 5: When a transaction is a ‘vanilla’ transaction and the shares are issued at a minimal 

discount, using the volatility as a discount factor will produce a result which mimics the share price 

at maturity. 

c) Strike Price 

Adcorp, Assore, Kumba and Santam were the only companies for which the strike price could be 

accurately predicted. For Assore and Kumba these estimates were produced when the WAC was 

used as a discount factor. Assore’s result was produced using the approach of Copeland (2000), 

while Kumba’s was achieved using Damodaran’s (2000) approach. One can thus assume the 

following: 

Trend 6: When the transaction is a multi-stage expansion or ‘vanilla’ expansion option, using the 

WAC as the discount rate will produce an accurate estimate of the strike price. 
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Trend 7: In instances where the transaction constitutes a ‘vanilla’ transaction, and where the shares 

have been issued at a minimal discount, using the RFR will return the share strike price. 

Trend 8: When the transaction is a ‘vanilla’ transaction and the shares have been issued at a price 

which closely approximates the actual, using the volatility as the discount rate will return the strike 

price. 

d) Option value per share 

Only for two companies could the methods accurately estimate the final option payoff. This is ironic 

as estimating the final option value is the fundamental aim of this exercise. It is also interesting that 

in both instances the estimates were obtained when the RFR and the volatility were used as the 

discount factors. Adcorp (2.5 cents per share) produced an accurate result  when the RFR was 

applied to Copeland’s (2000) methodology. Assore achieved one using Damodaran’s (2002) 

approach, which used volatility as the discount rate. Kumba previously had an accurate estimate 

when the undiscounted final value is compared to the actual payoff. It is therefore surprising that an 

accurate estimate could not be obtained for it in this instance. One can therefore assume the 

following: 

Trend 9: Where the transaction is a ‘vanilla’ transaction and the shares are acquired at a significant 

discount, using the RFR as a discount factor will accurately estimate the final option payoff. 

Trend 10: Where the transaction is a multi-stage expansion option, using the volatility as the 

discount rate will return an accurate estimate of the final option payoff. 

It was noted from a review of the results that the application of different methods gave rise to 

different trends. The results for Sanyati were similar in all sections, which leads us to assume that 

these assumptions hold true in that case. Apart from the generalizations produced in the last 

section, one can say that in instances where certain techniques are applied, the identified trends 

above should emerge.  
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11. Implied Trinomial Trees of the Volatility Smile 
 

The Black-Scholes model suffers from various limitations, one being the inability to produce an 

accurate option value when used in its originally-intended form. Traders therefore adjusted the 

formula to allow the volatility, used in the equation to price an option, to depend on the strike price 

and the time to maturity of the option. This phenomenon can be represented graphically as the 

implied volatility. The implied volatility of an option can therefore be explained as the relationship 

between a volatility smile and the risk-neutral probability distribution being assumed for a future 

price. Typically the market-implied volatilities of share index options often show that the “volatility 

smile” decreases with the strike level and increases with the time to maturity. 

Derman, Kani and Chriss (1996) propose that their suggested CRR Trinomial Tree, together with the 

constant local volatility assumption in Black-Scholes theory, will eliminate the volatility smile. 

Previously the CRR Trinomial Tree produced results which were not very accurate. This thesis will 

therefore use the theorem on which the CRR Trinomial Tree is based to construct Implied Trinomial 

Trees in order to determine if the results are desirable. In the CRR method, the upward (  ), middle ( 

  ) and downward movements (  ) are presented by the following: 

      √    

       √    

Where: 

  and   represent the 90-day historic volatility and the time to maturity respectively. In all 

instances   represents the initial share price and remains constant for the middle nodes throughout 

the contractual term. 

The transitional probabilities are represented by: 

    
     (         

)   ∑   (        )
  
     

  (          )
 

    
      (          )       
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Where: 

   the known riskless forward interest rate between level   and     

   = the known share price at the node (   ) 

   = the known forward price at level (   ) of the share price    at level   

   = the known share price at node (     ) and also the strike for options expiring at level  (   ) 

   = the known Arrow-Debreu price at node (   ) 

  = the known Call option value 

The known share price,     is the same price used in the original CRR Trinomial Tree valuations. It 

represents the price at announcement date. As the known forward prices could not be obtained, call 

option values or the Arrow–Debreu prices as these are not readily available. the Black–Scholes call 

option values, calculated in Section 6 – Binomial Lattice Model, were therefore used to represent the 

known call option value. The known forward price was based on the following: 

       
(   )   

Where: 

   = the known share price at inception; 

  = the dividend yield; 

  and   remain defined as before. 

For the sake of consistency, it was assumed that the dividend yield remains zero, as before. It was 

noted that the changes in share prices for all transactions were significant during the contractual 

terms. A unique forward rate on each anniversary date, using the prevailing share price and risk-free 

rate on that date was therefore calculated.  

As the Arrow-Debreu prices were not readily available, the Derman and Kani (D&K) algorithm was 

used to determine them. In the D&K algorithm, the Arrow–Debreu price,     , is the price of an 

option that pays one unit payoff in one and only one state   at  th level, and otherwise pays 0. The 

Arrow-Debreu price can be obtained by the formula       . 
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Where: 

               {               (        )}             

and 

      
            

                
 

All variables remain defined as before. The values for        and          were obtained from the 

initial CRR Trinomial Trees produced in Section 8 (Trinomial Tree Valuations). 

All known variables were substituted in equations    and    to obtain the risk-neutral transitional 

probabilities from node (   ) to node (       ) and from node (   ) to (     ). The resulting  

probabilities were greater than one in all instances. The middle probability was a large negative 

number in all instances. In order to avoid arbitrage, the transitional probability,     , at any given 

node should lie between 0 and 1, as the following must hold true at all times: 

                     

The principle of Risk-Neutral valuations was violated as the final option values using these amounts 

were significantly mispriced. This method was thus abandoned. Derman et al. (1996) suggest that 

known put option prices should be substituted in the place of the known call option price to 

determine the transition probabilities from all nodes below (and including) the center node 

(     ) at time   . This exercise was not performed as the results would most likely be the same 

as the initial results. 

An amendment to the initial suggested approach was introduced and allocated the values of      and 

         to represent the risk-neutral transition probabilities for each node for an upward and 

downward movement in the given year. The middle movement is therefore represented by : 

                 

This thesis abandoned Derman and Kani’s suggestion of calculating an unique combination for each 

node. Using the newly proposed method, two sets of Arrow-Debreu prices were calculated. In 

Method A, the forward rate was based merely on the share price at announcement date. The second 

method, Method B, is based on the unique forward rates for each year which were calculated using 

the prevailing share price and risk-free rate on the contract’s anniversary date. These probabilities 

were used to perform the Implied Trinomial Tree valuations. 
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11.1 Three Branch Tree 
 

In general, it has been noted that a share will either move up, down or remain constant. There is 

therefore only a one in three chance for each of these possibilities after a year. With all valuation 

methods, it was noted that during each stage (year) the trees produce many possible share prices. 

Different probabilities are therefore allocated to the different share prices calculated at the different 

nodes. This has been viewed this as “noise” and therefore introduced a new valuation technique, 

where the Trinomial Tree consists of three branches only, which grow through the contractual term. 

It can be viewed as: 

 

Figure 1 The Three Branch Tree 

The transitional probabilities will therefore be the Arrow-Debreu prices calculated previously. This 

idea has been introduced from Derman’s and Kani’s statement that the Arrow-Debreu price can be 

applied to one and only one state. Each year therefore becomes a state when using this method, as 

each year will only have three possible prices. 

 

 

 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

95 
 

11.2 Methodology: 
 

For each transaction this thesis will perform procedures similar to Trinomial Trees using the 

following: 

a) Perform the CRR Implied Trinomial Tree calculation using the original formulas and the risk-

free rate as the discount rate. 

b) Perform the CRR Implied Trinomial Tree calculation using the original formulas and the 90-

day historic volatility as the discount rate. 

c) Perform the CRR Implied Trinomial Tree calculation, amending the original formulas to 

incorporate the changes in volatility which took place during the contractual term. The 

different volatilities for each year were calculated previously when performing the Trinomial 

Tree calculations. The risk-free rate and the volatility at inception were used as the discount 

rates respectively for every given year. This is consistent with the approach followed before. 

For each method introduced previously different variations to the risk-neutral transitional 

probabilities to see if they produce different results. The following variations were introduced: 

(1) VALUATIONS PERFORMED USING METHOD A 

In this method the Arrow–Debreu price is based on the values produced by the application 

of the forward rate equation. 

(2) VALUATIONS PERFORMED USING METHOD B 

In this method the Arrow–Debreu price is based on the values which are determined by 

substituting the actual share price and risk-free rate prevailing for a given year in the 

standard forward rate formula. 

(3) VALUATIONS PERFORMED USING  CONSTANT PROBABILITIES 

Instead of using the unique Arrow-Debreu combination for a given year to determine the 

option values during that period, the combination for year 1 is used across the period. This is 

consistent with other Trinomial pricing methods reviewed in Section 8. 

(To determine which Arrow-Debreu combination to use, valuations were performed using 

methods A and B above. The method which produced option values which were closer to 

the actual was deemed more appropriate. The remaining variations were then based on this 

method. In most instances Method A always produced the more accurate value.) 
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(4) VALUATIONS PERFORMED USING THE RISK-FREE RATE TO DETERMINE THE SHARE PRICE 

FROM AN UPWARD AND DOWNWARD MOVEMENT. 

Barle and Cakici (1998) proposed an improvement of the D&K algorithm. They suggests 

taking the riskless interest rate into account when determining the share price of the central 

nodes. If (   ) is odd then       . In instances where it is even, different methods are 

applied to determine the share price. Their method only adjusts the central node. From the 

Arrow–Debreu probabilities produced previously, it was noted that the fewest probabilities 

are always allocated to the middle share price. In most instances it was below 10%. The risk-

free rate (RFR) was therefore substituted in the place of the volatility, to determine the 

upward and downward movement of each share price. Instead the following was used:  

      √    

       √    

           All variables remain defined as before.  

(5) VALUATIONS PERFORMED USING AMENDED PROBABILITIES 

In this technique, it is assumed that the share price will always increase. The transition 

probability of a downward movement will therefore always receive the lowest Arrow-

Debreu price. The downward movement probability was therefore allocated to a middle 

movement. 

The transition probability of a middle movement will therefore receive the Arrow-Debreu 

price allocated to the downward movement. In all instances the upward movement remains 

untouched as this represents the “true” probability of an upward movement.  

 

(6) VALUATIONS PERFORMED USING PROBABILITIES MIMICKING THE ACTUAL SHARE PRICE 

MOVEMENT 

In this technique, it is assumed that the transitional probabilities must always mimic the 

share price movement. The most relevant probabilities are the   and   , as these are the 

drivers of the final option value. The probability allocated to the middle movement 

therefore remains constant. 

In years where the share price increased,    received the highest probability. In years where 

the share price decreased, the downward movement received the highest probability. 

The results of the testing will be given in the next section 
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11.3 RESULTS 
 

The results have been summarized in terms of the percentage deviation produced by each method. 

The colours on the table represent the following: 

Yellow – Best result for a given share. 

Green – Result closely approximates best result with deviations ˂ 20%. 

Blue – Result closely approximates the share price at inception of the transaction with deviations ˂ 

5%. 

Orange – Results closely approximates the strike price with deviations ˂ 5%. 

Red - Results closely approximates the final share price with deviations ˂ 5%. 
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I.ADCORP 

 

Table 27 Adcorp – Summary of results produced by the Implied CRR Trinomial Trees. 

This transaction is unique as the shares were acquired for a significant discount on the share price.  

In order to test the various valuation techniques introduced previously, one hypothesize the 

following: 

Hypothesis 1: 

When shares are acquired at a significant discount, allowing the probabilities to mimic the share 

price movement will provide an accurate estimate of the final option value, as the amended 

probabilities create a risk-neutral environment. 

When Hypothesis 1 is tested , it is found that the most accurate result was produced when using the 

original method and when the probabilities mimicked the change in share price over the period. 

Good results were also produced when the changes in volatility over the contractual term were 

taken into account and when the original method, using the amended probabilities, was applied. 

One can thus accept Hypothesis 1 as true. 

To test other relationships additional hypotheses are introduced: 
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Hypothesis 2: 

When shares are acquired at a significant discount, allocating the highest probabilities to the upward 

and middle transition probabilities will return the initial share price. 

Hypothesis 3: 

When the shares are acquired at a significant discount and the Three Branch Method is applied, 

using the original method and the RFR as the discount rate, the result will approximate the strike 

price. 

Hypothesis 4: 

When shares are acquired at a discount and the Three Branch Method is applied, using the volatility 

as the discount rate will return the initial share price. 

The results confirmed Hypothesis 2 as true, as the originally-proposed method produced two 

instances where the final option value returned an approximation of the initial share price. This 

occurred when the original method was used and the probabilities were kept constant, and when 

the changes in volatility over the contractual term were taken into account and the RFR was used as 

the discount factor. The latter produced the better result. In both instances the highest probabilities 

were allocated to an upward and middle movement.  

When test for hypotheses 3 and 4 were performed, it is found that the Three Branch Method 

produced results which closely approximate the initial share price and the strike price. When the 

initial method was applied and the RFR was used as the discount rate, it returned values which 

approximated the strike price. When changes in volatility over the contractual term were taken into 

account and the RFR was used as the discount rate, it also returned the strike when using the 

original method and the amended probabilities method. The original method produced the best 

result in both instances. 

The Three Branch method also produced results which closely resemble the initial share price, when 

the RFR is used as the discount factor and the probabilities are constant. The same holds true when 

the original method which incorporates the change in volatility, and which uses the volatility as a 

discount rate. Using the volatility as a discount rate produced the best results. These results 

therefore indicate that one can accept the hypotheses 3 and 4 as true.  
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II. ASSORE 

 

Table 28 Assore – Summary of results produced by the Implied CRR Trinomial Trees. 

This transaction is different from the other transactions as it is an expansion transaction which 

consists of multiple stages, being stages I, II and III. An alternative hypothesis was therefore devised 

which takes this aspect into account: 

Hypothesis 5: 

When the Three Branch Method is applied and the change in volatility over the contractual term is 

taken into account, and when the volatility is used as the discount rate, the answer will approximate 

the final option value. 

Good results are produced when the RFR is used as the discount rate using the amended 

probabilities method and the movement in share price methods. Although the original approach 

produced good results, the Three Branch Method produced the best results, with a 0% deviation, 

when the RFR was used as the discount rate. For the Three Branch method to be applied correctly, 

changes in the quantity of shares during the period must be ignored and only the final number of 

shares outstanding at maturity, 16,460,000, need be taken into account. Previously, the option value 

from phase 1 was obtained, based on the initial shares issue of only 3,290,000. 
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It is also interesting to observe that the Three Branch Method produces good results when the 

volatility is used as the discount rate after taking the changes in volatility over the contractual term 

into account. Good results are produced by the original method, Method B and the amended 

probabilities method. One can therefore assume the following: 

The Three Branch Method also produced a good estimate of the initial price and the strike price for 

phase 2 of the transaction. This occurred when the movement in the share price was taken into 

account and the volatility was used as the discount rate, which produced the strike price. When the 

change in volatility was taken into account and the RFR was used as the discount rate, it produced a 

good estimate of the initial share price. Not enough instances were noted which produced the initial 

share price and the strike price, thus no definite assumptions could be made. 

The results however indicate that one can accept Hypothesis 4 as true. 
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III. KUMBA 

 

Table 29 Kumba – Summary of results produced by the Implied CRR Trinomial Trees. 

The Kumba transaction is different from the rest as it is an expansion option comprised of many 

different components. The main difference between this transaction and Assore’s transaction is that 

the latter one occurred in multiple stages. To test this transaction, one can hypothesized the 

following: 

Hypothesis 6: 

When a transaction is a normal expansion option, then using the original Method A will produce the 

most accurate results. 

Only one method could produce an accurate value, which was the original method where the RFR is 

used as the discount rate. In two instances the final option value returned approximated the strike 

price. This occurred when constant probabilities were used, but the RFR was used as the discount 

rate. Using the original method and the volatility after taking into consideration the changes in 

volatility over the contractual term was the second method. As the results in this column are much 

dispersed, no definite conclusions can be made. 

The results therefore indicate that one can accept Hypothesis 6 as true. 
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IV. PRIMESERV 

 

Table 30 Primeserv – Summary of results produced by the Implied CRR Trinomial Trees. 

Previously, difficulties were encountered with valuing the Primeserv share as no actual issue of 

shares took place. Because of this one can expect adjustments to the volatility which reflects the 

changes over the contractual term to produce an accurate estimate of the final option value, as this 

is the only aspect which does not remain constant. One can therefore hypothesize the following: 

Hypothesis 7: 

 When the change in volatility over the contractual term is taken into account and the RFR is used as 

the discount rate, then the answer will approximate the final option value. 

This method provided an instance where the deviation in valuation was only 1%. This was obtained 

when the changes in volatility over the contractual term were taken into account and the RFR was 

used as the discount rate. This is an expected result, because the CRR Trinomial tree is an 

implementation of the process: 

   

  
           

where    is the standard Wiener process and   and   are constants. Derman and Kani state that 

their model was engineered to construct a discrete approximation of the model above, on the basis 

of observed option prices, yielding the variable volatility   (    ). 
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The Primeserv share is thus in its undisturbed state; one can expect, based on the model, that the 

option value will be largely impacted by changes in volatility over the contractual term. Hypothesis 7 

is thus confirmed as true. To test additional relationships which the results produced for this 

transaction, one can hypothesized the following: 

Hypothesis 8: 

When the volatility is used as the discount rate and the Amended probabilities method is applied, 

then the final value will approximate the final option value. 

Hypothesis 9: 

When no share issue takes place and the transitional probabilities mimic the movement in share 

price, using the volatility as the discount rate will return the final share price. 

Hypothesis 10: 

When no share issue takes place and the original Three Branch Method using the RFR as the 

discount factor is used, the final option value will approximate the strike price. The same will hold 

true when the change in volatility over the contractual term is taken into account and the RFR is 

used as the discount rate. 

The results indicated that different methods produced results which on the whole resembled 

significant numbers. Although the deviations were significant, a number of methods produced 

option values between R0.00 and R0.05. In rand terms, these would constitute a close 

approximation of the final option value. These results were produced primarily when the volatility 

was used as a discount rate and the original method plus the variations were applied. When the 

changes in volatility over the contractual term, using the volatility as a discount rate for Method A 

and B, was used, then the RFR and the Amended probabilities all produced values between R0.00 to 

R0.05. These results confirm Hypothesis 8. 

The Three Branch Method also produced good estimations of the final option payoff. The results 

were produced when the RFR was used as the discount factor using the original method and when 

the change in volatility over the term using the RFR as the discount factor was applied to the original 

method. The results, however, are not as consistent as the volatility results above. 

Another significant finding is that in instances where the change in volatility over the contractual 

term is taken into account and the volatility is used as the discount rate, the final option value 

approximates the final share price at maturity. This also occurs when the Three Branch Method is 
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used and the volatility is used as the discount rate on the initial method. Both results were produced 

when the probabilities reflected the movement in share price. This confirms Hypothesis 9. 

The results for Primeserv also produced instances where the final option value approximated the 

strike price. This occurred when the change in volatility over the contractual term was taken into 

account and the RFR was used as the discount factor. Using the Three Branch Method and the RFR 

as the discount rate to the original and amended probabilities method also produced values which 

approximated the strike price. The results indicate that one can accept Hypothesis 10 as true. 

V. SANTAM 

 

Table 31 Santam – Summary of results produced by the Implied CRR Trinomial Trees. 

This table represents a ‘vanilla’ transaction where the shares were acquired at minimal discount. 

This transaction is similar to Adcorp’s, with the main difference being that the shares were issued at 

a minimal discount. The best results for Adcorp were achieved when the RFR and volatility using the 

originally-proposed method was applied. In section 8 (Trinomial Trees), it was discovered that when 

the volatility is used as the discount rate, accurate option values may be produced as this removes 

any dilution effects. Using this as a basis one can formulate the following hypothesis to test the 

transaction: 
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Hypothesis 11: 

When the transaction is a ‘vanilla’ transaction and the shares are issued at a minimal discount, using 

the volatility as the discount rate will return the final option value. In instances where the change in 

volatility over the contractual term is taken into account and the volatility is used as the discount 

rate, the final value will approximate the actual share price. 

Using the original approach only produced good estimates of the actual option value in three 

instances, two of which were when the volatility was used as the discount rate. In two instances the 

option value returned the value which would have been obtained had 15 million shares been issued 

in the BEE transaction with a value close to R 31.22. This occurred when the original method, in 

which the share price movement using the RFR as discount rate, and the change in volatility over the 

period using Method A with the volatility as a discount rate, was applied. 

The most prominent feature of this method is the application of the Three Branch Tree. Using the 

volatility as a discount rate produced good results in two instances and the best result in one 

instance, all when using the volatility as a discount rate applied to the original method. Another 

significant finding is that when the change in volatility over the contractual term is taken into 

account, the final payoff represents the actual share price at inception. This occurs when the Original 

method A and the Amended probabilities method are used.  

One can therefore accept the hypothesis as true. 
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VI. SANYATI 

The Sanyati transaction is the only transaction where the company was liquidated before the option 

reached maturity. Methods A and B, with and without negative final payoffs, will therefore be 

considered because of the large decline in share price over the contractual term. The original 

valuation method was designed to value a call option, where the share price is assumed to be 

increasing steadily over the contractual term. One can therefore expect none of the methods to 

value the option accurately as the market followed a different trend. To account for this, it is  

proposed that the results would resemble other figures which are consider significant. To test the 

proposed amendment, one can hypothesize the following: 

Hypothesis 12: 

When the transaction includes a share price that is rapidly declining, and when using the RFR as the 

discount rate, the payoff will approximate the share price at acquisition. When the volatility is used 

as a discount rate the final payoff will approximate the final share price. 

Hypothesis 13: 

When the share price is declining sharply, using the proposed method which takes the change in 

volatility over the contractual term into account, and where the greatest probability is always 

allocated to the downward movement and the least to the upward movement, will produce a value 

which approximates the share price at maturity. 
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a) Sanyati – Method A (without negative payoffs) 

 

Table 32 Sanyati – Summary of results produced by the Implied CRR Trinomial Trees (Method A). 

No significant results were produced using this method. What is noticeable here is that in many 

instances the final payoff is close to zero. This was expected, as the CRR Trinomial tree can 

accurately predict instances where the option will finish out of the money.  

Another point to highlight is that when the change in volatility over the contractual term is taken 

into account, the final option value is R 0.07. This figure is significant, as at liquidation each creditor 

received R 0.07 for every R 1. 

When the Three Branch Method is used to perform valuations, using the RFR as the discount rate 

returns a value which approximates the actual share price, when using the Method A, Amended 

probabilities and movement in share price methods. When the volatility is used as the discount 

factors, the same method produces values which approximate the final option value. These results 

are of significance as they confirm Hypotheses 12 and 13. 
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b) Sanyati – Method A (With negative payoffs) 

 

Table 33 Sanyati – Summary of results produced by the Implied CRR Trinomial Trees (Method A) with negative payoffs. 

No significant findings were produced using this method. What can be confirmed is that in instances 

where the original method is used, and the RFR is used as the discount rate, the final option value is 

negative, indicating that the option has no value. In two instances, using the volatility as the discount 

rate produced the share price at maturity, whilst using the RFR as the discount rate returned the 

strike price. One can assume that this is the inverse of the previous assumption. 
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c) Sanyati – Method B (Without negative payoffs) 

 

Table 34 Sanyati – Summary of results produced by the Implied CRR Trinomial Trees (Method B). 

This method did not produce an option value which approximated the actual. What it did reflect was 

a number of zero payoffs. This indicates that the option is out of the money. When the Three Branch 

method is applied and the change in volatility over the term is taken into account and the RFR is 

used as the discount rate, the final option value represents the actual share price. This was achieved 

when using Method B and the movement in share price method.  

 

 

 

 

 

 

 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

111 
 

d) Sanyati – Method B (With negative payoffs) 

 

Table 35 Sanyati – Summary of results produced by the Implied CRR Trinomial Trees (Method B) with negative payoffs. 

Using the original method B and the movement in share price method produces a value of R(1.63). 

This value is significant as the actual loss on entering into the transaction, based on an acquisition 

price of R2.10 per share, is R(1.89). This is a close approximation of the actual loss on the 

transaction. Similar results are produced when the change in volatility over the period is taken into 

account and the RFR is used as the discount rate. The option value is R(1.62) in those instances. 

When the volatility is used as the discount rate and the probabilities are kept constant the option 

value is R0.07. This represents the final amount payable to each creditor for every R1 owed at 

liquidation date. 

There were no additional significant findings, except that when the volatility is used as the discount 

rate using Method B, it produces a deviation of 38%, with an option value returned of R(0.10). This is 

the lowest value produced by any of the trees. 

Method B produced better results than Method A for Sanyati, as Method B could capture the actual 

movement in the share when calculating the transition probabilities, as the forward rates were 

based on actual.  

The results do not indicate that additional hypotheses are necessary. Instead they indicate that one 

can accept the hypotheses as true. 
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11.4 CONCLUSION 
 

In this section assumptions are introduced which are extensions of the assumptions introduced in 

the Trinomial trees section. The best results produced with this method are as follows: 

Adcorp – Using the original method A with the RFR as the discount rate and with the probabilities 

reflecting the movement in the share price. 

Assore– Using the Three Branch Method A with the RFR as the discount rate. 

Kumba – Using Method A with the RFR as the discount rate. 

Primeserv – Using Method A after incorporating the change in volatility over the contractual term, 

and using the RFR as the discount rate. 

Santam – Using the Three Branch method with amended probabilities and the RFR as the discount 

rate. 

Sanyati – Using Method B after incorporating the change in volatility over the contractual term, and 

using the volatility as the discount rate. 

From the above, it can be noted that the Three Branch Methods may be used to estimate the strike 

price accurately and also the share price at inception. This indicates that there may be value in this 

method. 

The following table shows the comparison of the results produced using this method are to those of 

other methods: 
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Table 36 Summary of results produced by the different valuation methods. 

Ignoring the results produced by the “Real Options” method, it is found that in two of the six 

instances the Implied Trinomial tree method produced the best results. Sanyati’s result may be 

included above the Binomial Lattice Valuation result because for the first time there is an option 

value, produced by a tree, which approximates the actual of R(0.18). The model produced values of 

R(0.12) and R(0.18). Although the results for Adcorp and Kumba were not the best results produced, 

they are of a higher quality than those for other methods, as the results were produced by a method 

in its purest form, where no significant adjustments were necessary. 

It would appear that this method works because the strike price   remains constant and does not 

change as suggested by the “volatility smile”. The change in volatility is not deemed to be a 

significant factor. It can be seen that the only instance where the change in volatility must be taken 

into account is where no share issue takes place, as in the case of Primeserv, or where the share is 

issued at a minimal discount, as in the case of Santam. The share is left to follow an independent 

drift, where the only factor which may affect the share price and the final option payoff is volatility. 

Changes in the strike price should not be considered significant. Using the Implied Trinomial tree 

method captures this aspect. It may therefore be the most appropriate valuation method. 
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12. Application of limitations to the “Implied Volatility Tree” 

produced for Sanyati 
 

In the previous section it is noted that Sanyati produced the highest deviation from the actual, with a 

value of 38%. This difference is considered to be too high, as other transactions produced deviations 

below 20%. In some instances deviations close to 0% were obtained. Additional procedures were 

therefore performed with the aim of re-examining this result. 

This thesis draws on the idea introduced previously using the BS model, which deals with instances 

where there are large declines in the share price post-transaction date. This idea suggests placing a 

limit on the share price and then taking a position in the opposite direction. This will produce an 

estimate of the final loss at expiry. This will be applied to the Sanyati share by taking into 

consideration only the final payoffs produced by the tree for share prices below R2.67. This implies 

that a payoff of zero will be applied at maturity to shares where the share price, computed by the 

tree, is above R2.67. The application of this method would mean that only the option values 

produced by the bottom half of the tree will be considered. 

In previous attempts to value the Sanyati share, it is noted that, in instances where negative payoffs 

are taken into consideration, the final option value was a better estimate of the actual. For this 

valuation, therefore, one would only consider the “Implied Volatility Trees” produced using 

“Methods A and B” where the negative payoffs were taken into account. To test this method, one 

can hypothesize the following: 

Hypothesis 1: 

When the share price declines significantly, using the RFR as the discount rate for trees where only 

option values in the bottom half are taken into account will produce an accurate estimate of the loss 

per share at maturity. 

A summary of overall results is presented below: 
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i) Method A

 

Table 37 Results from Implied CRR Trinomial Trees with share price limited to R2.67 (Method A). 

The best result produced by this method is a deviation of 20%. This is produced when the highest 

probability is allocated to the upwards and middle movement in the share price. This is contrary to 

the results produced previously, which suggested that in instances where unexpected declines are 

faced in the share price, the probabilities should mimic the movement in the market value. It is for 

this reason that “Method B” was found to be best suited to value this transaction. 

Interestingly, in instances where the RFR was used as the discount factor, the final value 

approximated an amount greater than 75% of the actual loss of R(1.89) at maturity on the share 

(denoted by the purple regions). These results indicate that one can accept Hypothesis 1 as true. 

ii) Method B 

Similar procedures to the trees produced using “Method B” were applied. As Method A could not 

produce an accurate estimate of the final option value, an alternative hypothesis more suited to the 

testing was devised: 
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Hypothesis 2: 

When the share price declines significantly, then using the “Method B – Amended Probabilities” 

approach with the RFR as the discount rate, for trees where only option values in the bottom half 

are taken into account, will produce an accurate estimate of the final options value at maturity, 

provided that the change in volatility over the contractual term is taken into account. 

The results are presented below: 

 

Table 38 Results from Implied CRR Trinomial Trees with share price limited to R 2.67 (Method B). 

Results similar to those of “Method A” were produced, with good representations of the final loss at 

maturity. This method produced the best result to date for an estimate of the final option value of 

(18.68) cents. This was produced using the “Amended Probabilities” approach, similar to Method A 

when using the RFR as the discount rate. This value is more accurate, owing to the procedure taking 

into consideration the change in volatility over the contractual term.  

Although the value of 11% is accurate, it is produced in a scenario which defies the proposition of 

the probabilities in any trinomial tree being representational of the movement in the market, as the 

highest probabilities are allocated to the upwards and middle nodes. This is similar to results 

produced using “Method A”. This cannot be the optimal solution, as it is known that the share price 

declined over the option’s contractual term. This scenario suggests that the share price increased 

steadily across the contractual term. This thesis will thus have to search for a solution which takes 

this aspect into account. All results indicate that the alternative hypothesis is true. 
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13. Use of Implied Trinomial Tree to Create a Risk-Neutral 

Environment 
 

13.1 Amendments to existing Implied Trinomial Tree Theory 
 

In the previous section it was established that, when using the results of Sanyati, a good estimate of 

the final option payoff at maturity may be produced when the “Amended Probabilities” method is 

applied to share prices which decline unexpectedly after transaction inception date. One would 

therefore like to produce a scenario where the use of the Arrow–Debreu probabilities takes this into 

account and which matches the behaviour of the share during the contractual term. 

It has been established that Primeserv is the optimal share, whose model is based on a discrete 

model which captures all the elements of a standard Wiener process. It has also been established 

that in instances where the change in volatility is taken into account and the RFR is used as the 

discount rate, the final value will represent the actual payoff at maturity. The results also indicated 

that in instances where the change in volatility is taken into consideration and the volatility is used 

as the discount rate, the final values will produce the best estimates, which fall within a close range 

of the actual payoff. In addition, estimates of the final share price at inception and maturity and of 

the strike price will be produced by the different methods. 

It has been noted that in the instance of Santam, when the change in volatility over the contractual 

term is taken into account and the volatility is used as the discount rate, the final value will 

approximate the actual payoff. Instances where the final payoff approximated the share price at 

inception were also presented. 

In order to produce the best estimates of the payoff at maturity, it was attempted to build surrogate 

“Implied Trinomial Trees” for all the transactions, based on the principles contained within 

Primeserv’s transaction, as these represent the risk - neutral state. In instances where transactions 

were impacted by discounts, was taken into consideration the situation of Santam, as a minimal 

discount was given in this instance, and it has been noted that use of the volatility as the discount 

rate removes the dilution effect. 

The following procedures were performed: 

(1)  “Implied Trinomial Trees” which take into account the change in volatility across the 

contractual term were constructed. Two trees were produced using the RFR and volatility as 

the discount rate. 
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(2) The pattern in the share price movement across the contractual term was also examined. It 

was assumed that entering into a BEE transaction which involves an exchange of share 

capital impacts the “independent path” that a share must follow, where “independent path” 

is defined as the route on which the share is positioned on transaction date. It was assumed 

that this would take place in the first year of the contractual term. After one year, the share 

would have found a way to deal with the impact of entering into the transaction, and would 

thus find another independent path which leads to the final payoff. It was assumed that one 

of the underlying principles of the Wiener process should be that “shocks” to the share price 

over the contractual term are expected and are gradually adjusted for by the share taking 

one of an infinite number of  “detour routes”, which leads to one and only one independent 

predetermined final outcome. The effects of “jumps” post-transaction date are therefore 

irrelevant as they will be adjusted for automatically by the market. 

(3) From Santam’s transaction, it was noted that use of the volatility adjusts for the impact of 

transactions entered into at a discount. The pattern of the movement in share price over the 

contractual terms for all transactions was therefore examined. It was noted that, other than 

for Primeserv’s share, there is an upwards surge in the share price after the transaction 

implementation date, which is then followed by a period of steady decline. Attempts were 

made to adjust for the effect of this “upwards surge”. Where the RFR is used as the discount 

rate in the Implied Trinomial Tree, the volatility is used as the discount rate in the first year. 

The RFR will remain the discount rate for all the remaining years. In instances where the 

volatility is used as the discount rate, the RFR is used as the discount rate in the first year. 

The volatility will remain the discount rate for all the remaining years. 

The procedures above would be applied to the trees produced by the Three Branch Method as 

well, as it has been noted that accurate results are produced when using this method. 

The results will be presented as follows: 

(1) Primeserv and Sanyati will be presented first as they form the basis of this argument. 

(2) Adcorp, Assore and Kumba will follow. These transactions all have unique facets which will 

be discussed separately. 

(3) Sanyati using “Methods A and B” will be presented last. For this calculation, the results 

produced using the limits set on the share price of “R2.67” were taken into account as these 

results were a better approximation of the actual. 
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In all instances, the results produced by the Implied Trinomial Trees when using the original method, 

where the RFR and the 90-day historic volatility were used as the discount rate  were tested and it 

was noted that the mispricing proved to be too severe. These results were therefore ignored when 

performing this exercise. 

In the results which follow, the key remains as defined before: 

Yellow – Best result for a given share 

Green – Result closely approximates best result with deviations < 20% observed. 

Blue – Result closely approximates the share price at inception of the transaction with deviations ˂ 

5%. 

Orange – Results closely approximates the strike price with deviations ˂ 5%. 

Red - Results closely approximates the final share price with deviations ˂ 5%. 

I. PRIMESERV AND SANTAM 

 

Table 39 Results of Risk–Neutral Implied CRR Trinomial Trees for Primeserv and Santam. 
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The Primeserv and Santam transactions are closely related because in one instance no shares were 

issued and in the other shares were issued at a minimal discount. The dilution effects are thus 

minimal in both instances. To test these transactions, one can therefore hypothesize the following: 

Hypothesis 1: 

When shares are issued at a discount or premium, the market takes this into account and will adjust 

to remove the impact of the discount or premium. In instances where no shares are issued, the 

market operates in its perfect undisturbed state. This state represents the Risk-Neutral state. 

The results for Primeserv are as expected, as none of the methods could produce a result which 

approximated the actual. The best estimate was a result of 25% produced when using the RFR as the 

discount rate. The mispricing on the share is the most severe. This is largely attributable to changing 

the environment from a perfect state where the share can follow its path independently and then 

introducing factors which are not taken into consideration. By this, it is meant that the environment 

which has been created could only be balanced if an actual share issue had taken place, as this is the 

missing variable. This confirms that here the environment is operating in the risk-neutral state. 

Santam’s share produced results which were expected. Where the original method is used and both 

the RFR and volatility are used as the discount rates, the results approximate the actual. It is good to 

see that these results are produced when the probabilities use the “Original” method and when the 

probabilities “Mimic the movement in the share price”. The best result for this method is produced 

when the volatility is used as the discount rate. This supports the initial assumptions made in Section 

11(Implied Trinomial Trees) which suggested that using the volatility as the discount rate for this 

particular transaction will produce the best results. 

The Three Branch Tree produced results which are contrary to the results produced in the initial 

application. Previously, using the volatility as the discount rate produced good estimates of the 

share price at inception. The same methods now produced good estimates of the strike price. 

The results produced when using “Method B” are new but support the theory that the application of 

inverse methods will produce two different results. When the RFR is used as the discount rate, it 

produces a good estimate of the final share price. When the volatility is used as the discount rate it 

produces a good estimate of the share price at inception.  

The results indicate that one can accept Hypothesis 1 as true. 
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II. ADCORP, ASSORE AND KUMBA 

 

 

Table 40 Results of Risk–Neutral Implied CRR Trinomial Trees for Adcorp, Assore and Kumba. 

These transactions each contain unique facets and different methods were applied previously to 

determine the optimal option value. To test the Adcorp transaction, one can formulate the following 

hypothesis based on previous results: 
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Hypothesis 2: 

Where shares are issued at a significant discount, then using the RFR as the discount rate, combined 

with the “Amended probabilities” method will produce the final option value. 

The original method failed to produce good results for Adcorp initially. With modification, it 

produced the best result for the Implied Trinomial trees with a deviation of only 1%. This result was 

produced using the RFR as the discount rate and the “Amended Probabilities” method. Here one 

expects the technique of applying the highest probabilities to the upward and middle movement to 

produce the best result. In Section 11 (Implied Trinomial Trees), this method also produced the best 

result. There is a likely reason for this result. At inception, the shares were issued at a significant 

discount, as the price of a share was only 1 cent, while the listed price was R37.00. In order for the 

share to reach a predetermined payoff at maturity, it will choose a path where the maximum 

probabilities will be allocated to the upward and middle movements. This is done so as to ensure 

that there is a strong upwards surge in the share in order to drive the price back to its originally 

intended path. One can therefore suggest that this is part of the mechanics of the market. 

This theory is supported by good results which are produced when the “Probabilities mimic the 

movement in share price” method is used.  

This method also produced good estimates of the share price at acquisition.  This is similar to the 

estimates produced with other methods (see above). A good estimate of the strike price was also 

produced by this method. From both the previous findings and these later ones, one can accept 

Hypothesis 2 as true. 

Assore remains special, as it is the only transaction where use of the Three Branch Tree can produce 

a good estimate of the final payoff. This result is achieved when the volatility is used as the discount 

rate. In Sections 7 (Risk-Neutral Valuation),  8 (Trinomial Trees) and 11 (Implied Trinomial Trees), it is 

established that where a transaction is an expansion option, using the volatility as the discount rate 

is the best method to price the option. Although the Assore transaction is a multi-stage expansion 

option, one can assume that the theory can be applied in this instance too. To test the transaction, 

one can therefore hypothesize the following: 

Hypothesis 3: 

When the transaction is a multi-stage expansion option, using the volatility as the discount rate will 

produce the final option value. 
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It has been noted that the Three Branch Tree can also be used to estimate the final share price at 

maturity. Using the Original Method produces good estimates of the actual option value when both 

the RFR and volatility are used as the discount rate. One can therefore accept Hypothesis 3 as true. 

The results for Kumba remained as before. In no instance was the Three Branch Tree able to produce 

a price which represented the actual. One can therefore draw on the results obtained in section 11 

to devise a hypothesis to test the transaction: 

Hypothesis 4: 

Where a transaction is an expansion option, using the original method with the RFR as the discount 

rate will produce the best option value. 

When the original method was used and the volatility was used as the discount rate, the final value 

produced a payoff which approximated the actual. This confirms trend 3 above which suggests that 

for expansion options, the volatility is the optimal discount rate. 

In Section 11 – Implied Trinomial Trees the best result for the Kumba transaction was produced 

using the original method with the RFR as the discount rate. As this was the only instance in which a 

best result was produced, an exception was made and included the results from applying the 

concepts to this transaction. The deviation produced using this method was better than all results 

produced and was only 9%. The results therefore indicate that one can accept Hypothesis 4 as true. 
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III. SANYATI 

 

 

Table 41 Results of Risk–Neutral Implied CRR Trinomial Trees for Sanyati (Method A and B). 

After the results in the previous section had been produced, it has been discovered that only taking 

into consideration the bottom half of the tree produced better results than previous methods. In an 

attempt to produce better results from the test performed, one can hypothesized the following: 

Hypothesis 5: 

When the share price declines rapidly post-transaction date, then using volatility as the discount rate 

will produce the most accurate estimate of the final option value. 

The best result produced previously for Sanyati was a deviation of 14%. It has been established that 

the condition under which this result was produced is not optimal as it assumed that share prices 

would be increasing. This paper therefore devised the current method in an attempt to find a better 

solution. The results above are not surprising, as all the good results were produced in instances 
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where the initial methods A and B and the “Probabilities mimic the movement in the share price” 

method were used. It is interesting to note that in no instance did using the RFR as the discount rate 

produce any good results. Using method A produced good results when both the original method 

and the Three Branch tree were used to perform the valuations. The best overall result for this 

method was produced using method B and the volatility as the discount rate, as the deviation was 

only 1%.  

One can conclude from the results above that the previous good results produced by Sanyati were 

fortuitous and that this method is the most suitable valuation method for firms in financial distress. 

The results also indicate that one can accept Hypothesis 5. 

13.2 CONCLUSION 
 

A comparison of the results produced by the two approaches is as follows: 

 

Table 42 Comparison of results produced by the Original CRR Implied Trinomial Trees and the Amended Trees. 

The results are distributed evenly between the two approaches. The original method was most 

suited to Assore, Primeserv and Santam with minimal differences between Assore and Santam. The 

amended approach was most suitable for Adcorp, Kumba and Sanyati. 

The worst result produced by this method is for Kumba, which suggests that there is an unknown 

aspect inherent in the contract which still leads to mispricing. When the share price movement was 

investigated, it was noted that the decline post-announcement date was experienced for a period of 

two years. the calculation was therefore performed, taking this aspect into account, and obtained 

deviations of only 0.55%. This was achieved when taking the changes in volatility into account and 

using the volatility as the discount rate. An amendment to the initial method was introduced, 

whereby the RFR was only used for a period of two years after inception as the discount rate, as the 

company took two years post-announcement to list on the JSE again. Also, in the two adjustment 
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years, when the share price exceeded the maximum value of R500 reached during the contractual 

term, the volatility was used as the discount rate. This was done because as noted in Section 6 - 

Binomial Lattice Valuations, setting limits on the range of the share price produces more accurate 

estimates. The opposite occurred where the RFR was used as the discount rate. Because the results 

are ambiguous, one cannot come to a firm conclusion on this method. What can be confirmed is that 

applying combination of discount rates will produce an answer which is closer to the actual than 9%. 

A comparison to the results produced by the other methods can be summarized as follows: 

 

Table 43 Summary of results produced by the different valuation methods. 

When one compares the results produced by this method to those for other methods it is noted that 

the best results are split between the Trinomial Trees and Implied Trinomial Trees. This is to be 

expected, as the two methods are based on similar underlying principles. The Implied Trinomial Tree 

method is superior as it produced a variable which no other method could produce, that of the 

Sanyati option. An additional factor which sets the “Implied Trinomial Tree” method apart from the 

rest is that the values were obtained in a risk–neutral world. 
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14. Creating a Risk-Neutral Environment using the Black-Scholes 

Model 
 

Previously Implied Trinomial trees were used to create a risk-neutral environment by examining the 

patterns in the share price movement across the contractual terms. It was  discovered that in most 

instances that, in the year that the transaction is implemented, there is a peak in the share price 

caused by an unexpected increase, which is followed by a decline in the share price in the year of 

inception. This however only holds true in instances where a share issue has taken place. In the 

previous section, in order to remove the impact of these peaks on the final share value, it was 

adjusted the discount rates used during the given period. This was possible because Implied 

Trinomial trees are discrete valuation models and can easily be adjusted to incorporate this. The 

Black-Scholes (BS) Model is different, as it is a continuous valuation method. The model is designed 

to fix all the variables at inception, thus the option values produced by this model will not capture 

any extreme changes in any input variable which may occur during the contractual term. It has been 

have assumed that entering into a BEE transaction is responsible for the peaks which usually occur in 

the year of inception. At valuation date, the BS value will therefore be determined without taking 

the impact of these peaks into account, as the model currently ignores this aspect.  

In an attempt to introduce an element of flexibility in the value of the final option payoff produced 

by the model, an  attempt will be made to determine the portion of the value of the final option 

payoff attributable to these peaks. The following procedures will therefore be performed: 

1. Each share price pattern was examined to determine the date of commencement and 

ending of these peaks. The method introduced in Section 3 was revisited. As before, the 

share price   was taken at the prevailing share price at commencement of the peak date. 

The strike price   was determined as before, using Monte Carlo simulation. The number of 

random variables required,  , was based on the number of weeks that the peak prevailed. 

The risk-free rate was based on the 3-month treasury-bill for that month. The volatility  , 

was derived from the model of stock price behaviour used by Black, Scholes and Merton. All 

traded share prices during the period identified as the peak were taken into consideration 

when determining the volatility. The time period,  , is taken as the time interval for which 

the peak prevails. This value is presented in years. These variables were then inserted in the 

standard BS model to produce the portion of the value of a call or put attributable to the 

peak. 
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2. It was assumed that the only disruption to the standard Wiener process is the BEE share 

issue. After a peak, one can assume that the share will return to the initial Wiener process 

which follows the risk-neutral path. All other “jumps” are caused by events independent 

from the BEE transaction. One can therefore assume that it may be possible to estimate the 

payoff at maturity after the peak using adjusted values for     and  . The value for   will 

therefore become the share price on the last day of the peak. The value for   will be the 

value calculated for the process described above. Monte Carlo simulation is a stochastic 

process used for sampling random outcomes. The value of   will therefore be the value 

calculated during the peaks. In order to remove the effect of the sharp change in volatility 

during the peaks, the volatility was estimated using the same method as before, but only for 

the period between announcement and the commencement of the peak date. This was 

done because it is believed that the share price was undisturbed during this period and that 

this is a true reflection of the volatility during that year. To determine whether the volatility 

impacts the final option value significantly, a similar calculation was performed using the 

prevailing volatility during the peak period. These two variables were then used in the BS 

calculation for the remaining post-peak period. 

3. In Section 9, it was confirmed that the terms,    (  ), represent the payoff in a risk-neutral 

world. In certain instances, where   is substituted for   , the final option value approximates 

the actual option value at maturity. Similar procedures to Section 9 were performed here. In 

this instance, however, both volatility variables described in “2” above were used to 

determine if they significantly impacts the final option value. 

4. To be consistent with the previous methods applied,   was substituted in the place of   in 

the original BS formula to determine how it would affect the final option value. 

A table for the results follows. In all instances the key remains as defined before: 

Yellow – Best result for a given share 

Green – Result closely approximates the best result with deviations of less than 20% observed. 

All results are presented in terms of percentage deviation from the actual. 
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I. ADCORP 

 

Table 44 Adcorp – Results produced by the proposed amendments to the original BSM model. 

Adcorp’s shares were issued at a significant discount and were acquired for 1 cent per share. 

Because the guidelines of the BS model are strictly defined, this fact is irrelevant as the share price 

prevailing on the announcement date forms the basis of the valuation. This is important, as it implies 

that with any given share issue, the amount at which the shares are purchased remains insignificant 

and does not affect the final option payoff at maturity. Thus, the most important drivers are the 

share price at transaction date and the strike price. One can also assume that, because the 

transaction was entered into at a significant discount, the return during the peak should be sufficient 

to remove any dilution effects. One can therefore hypothesize the following: 

Hypothesis 1: 

Where transactions are entered into at a significant discount, the value of the call option determined 

during the peak should be added to the initial BS call value, which has been estimated without taking 

the peak into account, to determine the final option value.  

When one determines the call value during the peak of R 3.46 and adds it to the initial BS calculated 

value of R 23.89, the final answer of R 27.35 was only a 2 % deviation from the actual value of R 

27.83. This result is important as it confirms that, because the BS model is a continuous valuation 

model based on rigid inputs, it fails to capture any unexpected increases in value which may occur 

during the contractual term. In instances where attempts were made to value the option for the 

remaining term after the peak, significant deviations were produced. This is attributed to the decline 

in the share price which took place post-inception date. This aspect is not captured by the valuation 

model and the final BS option value will reflect a value based on a higher share price. This supports 

the assumption made for the One-Step Binomial valuations, which suggested that in instances where 
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the valuation term is reduced, poor results will be produced by any valuation model. However, when 

the volatility during the peak is used during the remaining term valuation, it produces a better result. 

The contrary is suggested here. Substituting the volatility in place of the risk-free rate (RFR) and 

examining the term, which is then added to the initial BS value, also produced good estimates for 

this method This result supports the assumption that using the volatility as the discount rate 

removes any dilution effects in the share price caused by acquiring the shares at a minimal discount 

price. 

One can therefore accept Hypothesis 1 as true. 
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II. ASSORE 

 

Table 45 Assore – Results produced by the proposed amendments to the original BSM model. 

Assore’s transaction can be classified as a multi-stage expansion option, as the transaction was 

initiated in multiple stages. This transaction is different, because the first stage was initiated in 2005, 

when the share price was a dismal R 25.40. Since that date, there has been a rapid upsurge in the 

share price, which only declined on 27 February 2009. After this date there was an increase in the 

share price again. Before the inception of this transaction, it was publicly disclosed that a rapid 

increase in the share price was expected. One can therefore not take the entire period from 2005 to 

2009 as a peak caused by the BEE transaction, as this will lead to mispricing. Stage 1 and 2 of the 

transaction took place during the period of tremendous upsurge. There was no definite decline in 

the share price after the inception of stage 1. However, Stage 2’s inception date was on 15 June 

2008. This means that it falls within the “expected” peak period. It can therefore be assumed that, 

because the initial BS valuation was done in stages and does not consist of only one amount, it 

would be necessary to include the apportioned effect of the second transaction as it took place 

before the peak end date. To test the transaction, one therefore hypothesized the following: 

Hypothesis 2: 

When a transaction comprises a multi-stage expansion option, then obtaining the BS call value after 

the peak for the remaining contractual term will produce an accurate estimate of the final option 

value.  

The computed values were added to the initially-calculated combined BS option value of R 131.66. 

Very good results were produced using this method. The best result occurred, as expected, where 

the valuations were performed post-peak. This is a substantial contrast to Adcorp’s results. It 

confirms the assumption that the increase in the share price post-peak follows the standard 

Brownian motion and that the increase in share price was not entirely attributable to the BEE 

transaction. It also confirms that the share returns to the risk-neutral path post-peak. It is worth 
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noting that only two of the eight valuation methods applied failed to produce an accurate estimate 

of the actual payoff. However, using the volatility as the discount rate produced a value which was 

less than a 5% deviation from the final share price.  

One can therefore accept Hypothesis 2 as true. 
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III. KUMBA 

 

Table 46 Kumba – Results produced by the proposed amendments to the original BSM model. 

 

The Kumba transaction is an expansion option. Adding the computed values to the original BS 

values produced severe mispricing. Alternative procedures were therefore performed where 

one examines the option values in isolation. The following hypothesis formed the basis of the 

testing: 

Hypothesis 3: 

Where a transaction is an expansion option, using the BS model to estimate the call value for the 

remaining term after the peak and using the volatility measured during the peak as the discount 

rate will produce an accurate estimate of the final option value.  

As expected, accurate prediction of the payoff after the peak with a deviation of only 4% could 

be obtained. This supports Adcorp’s and Assore’s results, for which it was established that after 

the peak, the share returns to its risk-neutral path. In Section 9, it was noted that when using the 

volatility as a discount rate, an accurate prediction of the option payoff may be obtained, 

provided that the only term taken into account is    (  ). It was applied differently in this 

instance, as the only term taken into account was for periods post-peak, where the volatility was 

used as the discount rate. Two computations were performed. In one, the value of  and   

remain as defined during the peak. This was done as the results showed that the payoff during 

the peak does not have a significant impact on the final option value. The values for   and   

therefore remained as they were in the peak period with only the value for   being adjusted. The 

second calculation was performed where the values for   and   reflected the variables 

computed for the post-peak period. The only volatility used was the volatility computed during 
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the peak. It was only after these adjustments that accurate results could be obtained, with the 

best result of a deviation of 1% being produced. This finding confirms the initial assumption that 

using the volatility as a discount rate when examining    (  ) is the most appropriate for 

expansion options. One can therefore accept Hypothesis 3 as true. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

135 
 

 

IV. PRIMESERV 

 

Table 47 Primeserv – Results produced by the proposed amendments to the original BSM model. 

In previous BS valuations, it was noted that in instances where there has been no issue of shares, or 

where shares have been issued at a minimal discount, using the volatility as the discount rate for the 

term    (  ) will produce a result which approximates the actual payoff at maturity. This forms the 

basis of the hypothesis: 

Hypothesis 4: 

Where there has been no share issue, examining the term    (  ) in isolation will produce an 

accurate estimate of the final option value at maturity. 

Here the Primeserv share produced a deviation of (3)%. It is assumed that this is the risk-neutral 

state for this share and that in no other circumstances will any other method produce a more 

accurate result. This assumption is confirmed by the results above, where it is evident that no 

valuation method could produce an accurate estimate of Primeserv’s payoff. It is assumed that this 

is attributable to the share price pattern not reflecting the peak post-announcement of the 

transaction. 

When the valuations were performed, it was noted that later there was a sharp decline in the share 

price pattern in 2009. In an attempt to adjust for this, no accurate results could be produced, which 

suggests that this phenomenon is not related to the BEE transaction. This is important as it supports 

the assumption that independent events which occur post-inception date have no impact on the 

final option value at maturity. Hypothesis 4 can therefore be accepted as true. 
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V. SANTAM 

 

Table 48 Santam – Results produced by the proposed amendments to the original BSM model. 

Santam’s transaction is a ‘vanilla’ transaction entered into at a minimal discount. Similar procedures 

to that of Adcorp’s transaction will be performed, as Adcorp also represents a ‘vanilla’ transaction, 

but one which occurred at a significant discount. To test the transaction, one will hypothesize the 

following: 

Hypothesis 5: 

When a transaction has been entered into at a minimal discount, and where the values for   and   

remain as estimated during the peak, and the volatility remains as estimated before the peak, then 

examining the term    (  ) in isolation will produce an accurate estimate of the final option value. 

When the computed option values are added to the original BS option values the deviations are 

minimal. In Section 9, as with Kumba’s transaction, it has been noted that, in certain instances, using 

volatility as a discount rate can produce accurate option payoff estimates, when examining the term 

 (  ). When this is applied to Santam, it was noted that good results were produced when 

examining the period after the peak. This is an expected result as it has been established that using 

volatility as a discount rate removes the effect of dilutions when shares are issued at a minimal 

discount. This suggests that the risk-neutral environment has not been altered significantly and, as in 

all previous transactions that the share returns to the risk-neutral path post-peak. 

In Section 9, both Kumba’s and Santam’s transactions could be valued accurately when the volatility 

was used as the discount rate. A valuation method similar to that which produced the best results 

for Kumba was introduced, where the value of   and   remain as defined during the peak over the 

remainder of the contractual term, and the volatility is used as the discount rate. This also produced 

the best result for Santam with a deviation of 0%. The volatility therefore removes the effect of the 

discount and restores the risk-neutral environment. This confirms the assumption that term 

   (  ) represents the risk-neutral state and that Hypothesis 5 is true. 
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VI. SANYATI 

 

Table 49 Sanyati – Results produced by the proposed amendments to the original BSM model (Peak 1). 

Previously, it was assumed that, because the share price declined sharply after the inception date, 

the transaction must be treated as a put option. In order to treat it as a put option, the effect of the 

peak on the total transaction value was determined. The total call value calculated during the peak 

amounted to R1.63. This exceeded the call value, calculated at inception, of R 1.54. The peak was 

ignored altogether, owing to the later occurrence, and to value the option only as a put option post-

peak. Despite this amendment, it was noted that none of the methods could accurately price the 

option. The values produced were of significance, however, even though they were mispriced. The 

option value computed after the peak is of significance as the value of R(1.84) closely resembled the 

actual loss on the transaction of R(1.89). The value of R(2.10), computed when using the volatility as 

a discount rate, represents the total acquisition price of R2.10 lost by each shareholder who entered 

into the transaction. 

Previously, this thesis suggested interchanging the variables for  (  ) and  (  ) when valuing a 

put option where the exercise is completely random and unrelated to the stock price. This thesis also 

suggested limiting the parameters to  ( )   . In this particular instance it proved to be irrelevant. 

The share pattern was re-examined to determine if additional anomalies are evident and it was 

discovered a second less-defined peak, which occurs slightly after the end of the initial peak. Similar 

calculations were therefore performed as before in an attempt to find a better solution. The results 

from this approach are listed below: 
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Table 50 Sanyati – Results produced by the proposed amendments to the original BSM model (Peak 2). 

The value of the call option produced during the second peak amounted to R0.18. Although it is 

lower than the initial call value of R1.54, it more closely resembles the share price of R0.21 at 

liquidation date. Another interesting figure which appeared was a value of R0.23, which represents 

the final share price at maturity and which is obtained when measuring the return after the peak 

using the volatility estimated before the peak. Procedures similar to the initial procedure were 

therefore performed. No method could produce an accurate estimate of the payoff at maturity. The 

results ranged between R(0.47) and R(1.98). Some of the values, however, represented good 

estimates of the loss at maturity.  

As no method could produce an accurate estimate of the final option payoff, an alternative method 

was devised, in which it was decided to return to the initial contractual terms and valued the option 

as a call option. This thesis suggest that the final payoff at maturity should be the initial total call 

value adjusted for the effect of peaks during the period, as it has been confirmed that this has an 

effect on the final option value. This would be of great assistance here, as the values calculated 

previously exceeded the actual payoff at maturity significantly. To test the amended approach, one 

can hypothesize the following: 

Hypothesis 6: 

When there is a sudden unexpected decline in the share price, then deducting the call value during 

the peak from the initial BS call value will produce an accurate estimate of the final option value. 
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The adjusted effects are as follows: 

 

Table 51 Sanyati – Results produced by the proposed amendments to the original BSM model (Peak 1 and 2). 

For peak 1, the net effect is a negative value. This is close to the actual negative payoff. When an 

adjustment is made for the effect of peak 2, the effect of peak 1 is limited to the original call value. 

This is done because it is know that the BS model is based on the cumulative probability distribution 

function. Incorporating the total effect will thus over-estimate the loss and will introduce an element 

of mispricing. When the results using this method are compared to the actual, the deviation was 6%. 

In Rand terms the deviation is only R 0.00116, which is very insignificant. This is the best result 

produced by the BS method. The precision could be further improved if one had access to the cause 

of peak 2 and the exact period in question. This result confirms that the second peak was not caused 

by an independent event but rather an event directly related to this transaction and thus it 

significantly impacted the final option value. The overall result confirms that the hypothesis is true. 

(ii) Summary of Results 

A comparison of the amended results to the initial best results as given in Section 9 is presented 

below: 

 

Table 52 Comparison of the results produced by the original BSM model and the amended BSM. 
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From the above, it becomes evident that this approach produced better results than the initial 

estimated values. This is largely because the current approach takes into consideration the different 

changes which take place across the contractual term. An element of flexibility has therefore been 

introduced in the to the BS model. The results are significant, because they support the suggestion, 

introduced in the Implied Trinomial tree section, that the peaks are caused by the BEE share issues 

and hence peaks have an impact on the final option values. 

The following table shows the results compared to the results produced by the other valuation 

methods: 

 

Table 53 Summary of results produced by the different valuation methods. 

The amended BS values produced three of the six best results for the transactions, with the 

remaining best results being produced by the Trinomial and Implied Trinomial methods. This is 

significant because it confirms the assumption that binomial and trinomial trees, as the step 

becomes smaller, lead to the lognormal assumption for stock prices that underlies the Black-Scholes 

model. 
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15. Conclusion 
 

In this thesis different valuation methods were explored, in an attempt to derive a method which 

will best price any option at maturity. The application of Net Present Value methods was examined 

in order to obtain the final option values at maturity. 

It was found that the Real Options Valuation provides an accurate estimate for each transaction, 

owing to the various categories available under which an option may be priced. This technique 

suggests that, when determining the value of each company, the underlying contractual terms 

should be examined as this is valuable when pricing a company. Although this method proved to be 

a successful pricing method, it suffers from the drawback that various sources have to be reviewed 

to gather the necessary information required in the pricing formulas. This proved to be a laborious 

task. 

The Binomial Lattice Valuation method provided the worst results. All attempts to adjust the existing 

method in order to provide improved results were unsuccessful. However, it is from this method 

that it was noted that in order to price any option successfully, using the change in volatility over the 

contractual term and limiting the prices in the pricing model to the maximum share price reached 

during the contractual term would provide a better estimate of the final option value. 

The Risk-Neutral valuation method also provided good results. The major contribution from this 

method, however, was the discovery that the volatility may be used as a discount rate. This was  

found to be particularly successful when used as the discount rate for pricing expansion options.  

The Trinomial Tree Valuations produced good results for all but on transaction. Using this valuation 

method it was found that there are important relations between the final option values produced by 

any tree and the share price, strike price and final share price at maturity, as the final values closely 

resembled the latter values in many instances. As this method could not provide an accurate result 

for a company in financial distress, alternative methods were devised in order to price these 

companies accurately. The Implied CRR Trinomial Trees were therefore examined and the Black-

Scholes-Merton Model in order to find a value which approximates the actual. 

This paper presents amendments to the Black-Scholes-Merton and the Implied Trinomial Trees 

models. The major contribution of this paper is the discovery of peaks in the share price in the year 

of announcement of the transaction, which are generally attributed to the company entering into 

the given transaction. It was found that the inclusion of the effect of the call option value calculated 

during these peaks on the final call option value provides the best results when pricing any option. It 
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is primarily for this reason that the Implied CRR Trinomial Tree Methods and the Black-Scholes-

Merton Models interchangeably provided the best results, as these methods could be easily 

amended to take the effect of the peaks into consideration. 

When the various Net Present Value Methods were examined to determine if they provided suitable 

pricing method, various trends emerged. The results suggested that, instead of always using the 

suggested weighted average cost of capital as the discount rate for Net Present Value calculations, 

the risk-free rate and the volatility should also be used. Another important finding was that, 

depending on the method applied, the final value would estimate the share price at inception and 

maturity, the strike price, or the final payoff at maturity. 

The results therefore suggest that any given valuation method will provide an accurate estimate of 

the final option value at maturity. When choosing which valuation method to use, the most 

important aspect to consider is the necessity of understanding the underlying contractual terms of 

the transaction. 
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Appendix A 
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The sal of a 25% stake n TongaaI ...... ett and a 15'" ~* n H ...... to BEE nvl90lS ochored by Aya¥ID.I 
9 T onQiHHIJett Ltd Women'sl~ Sangena I~ IrdJewu OlnsoItiImand Makana ImIl9rnH ConstlltilDL 2007 

10 Kagiso Melia ltd Kagiso Melia and MSG Mdrn Media oc.,-m a 51l1'" ~ake in aea.- Charnel UeJae_ 2007 

The Hmdudion of a new BEE paIlnet- ilina mnstlltilDL lhe tmnsadion willoctEve 2ft 1'" meet black 
owrJeI!'fJip in the mrr.,any foIow.g the issue of IDares to tina c~rtUn, Uvelaphanda Gm..., ltd and 

" GnqI FI\Ie ltd broad based ~ees. 2005 

The ilImdudion of BEE parlneIs ('BEE OlnSOlti ...... ) no Avengs Aliil:an opemIions namely Aveng (Aliir:a) 
and T Iident steel, Kagiso liso HoIm.gs (Ply) Ud , the rrEllJed erny ofT ISO Gm..., (Ply) Ud ("T 1S01 and 
Kagiso TnH I~rjs tpty) Ltd The BEE ConsoItUn and haseIDlb~ a seven year~ipMh 

" Aveng GlOUp ltd A ..... 2004 

The proposed ext~on of the ROO ~ion fnanl:iaI !JJiII8Uee previously pnwided by Sm IrHsnaIiomI to 
13 Sm IrHsnaIiomIltd Deplin, for certain obIpons of Sm IrHsnaIional's busness paItner, Dnokana 2010 

14 \Wson Bayly Homes """"LId The details of th~ ctater_1 ensue thai 30'" of the c~any is in blal:k IJIIIOeIStIp by 2013_ 2006 

BlIrHne i~"'oc..-m a 6% stake n Galaxy Gold, Ie'UIng n Galaxy Gold ext:eem.g the MRig 
15 BlIrHone lrM9rnH Oxporntion ltd Charler's 26% e~ taget ahead of the Api 2014 dea~_ 20" 

Overthe last 5 yeas Katjso TnH and KTI 8CIJ.I.m a rneanirJlttj ~* inthe mrr.,any'selJ.liy ¥ia phase I 
16 Metmpoitan Holdings ltd and II of the BEE deal Phase III was i1ImIb:ed to n:rease the e~ $Ike. 2009 

Oceana, Odim HoIdng Con.,any Iirited (Odim), T I!Jef Bmnds LInted (T I!Jef Bmnds) and Real Mica 
Holdings Limed{RAH) h~ entered irm an II!JlHrIIH whch wil ~ n : 
(iJlisposa1 by RAH of its erDe sharehokmg n Odim to T lIJer Bmnds 
(i)(lJer by liger Bmnds to othelO:tmh rrDriy mareholdelS to 8CIJ.IR their mares 
(ii)The sUIseIpJet IriuJdmg of approDrDely 46% irmest n O:ean to O:fish mareholdelS 
flV)SB1e by T I!Jef Ilands of Oceana mare to a BEE consodUn ~ a blal:k err.,-oyee mare tnH and 
a ~egic paItner_ 

M The new is9Je of O:eana ~ mares to the black ~ee share trust 
(vi) O:eana imntsto erjer irm an II!JlHrIIHMhllirm1one I~'" CoIpoIWon Limed as IDaregE 

17 Oceana Group ltd BEE padnerlilihereby BRnstone wil aapre 10% of O:eana !hires 2006 

The mrr.,any arnouned a deal thai wiI achiev eblal:k owrJeI!'fJip of 28.99%_ strategic b1Bness paI1nelS wil 
hold 5.88% of the shares, :L39% wil ba ~ocaIed to err.,-oyees, R 78%0 to elb:aIionai trusts and O_'*"" to 

18 _-'IUd corrntDty senice !JlqIs 200II 

Glen:ore In1eIrDionai pic expressed irmest to oc .... re a comolng irmest n Q:JIirrun Coal HoIdngs 
19 0pInun 0Ja1 Holdings Limed Lirrited 20" 

Nelt:are con:lWed a BEE batsadim InInsfenIIQ 160 ~ion IDares to the H~ Partnelsfor lie (I-ffl) 
19 Nelt:areltd Trusts for a mnge of benelicialies 2005 

The mrr.,any sold 4'" of th~ maresto ~.- fncUdng sbM of sUJisialies beng liger Food Ilands, Adcock 

" liger Bmnds ltd IrI!Jarrt, Adcock IrI!J8"I HeaIlhCare, Adcock Ingmm Qiical care and ErmpIise Foods) 2005 

The mrrflJeItiaIisaIion of the opeI3ioos of BalhIB stalling Senlices (Ply) ltd and the HmWdion of Blal:k 

" PITneseIVe Gm..., ltd EcDrlllrDc SharehoIdelS irm the ~ opeI3ing sUl9lia1ieS pI1J\/Dig err.,owered IDIIus 2004 

Bidvest mndWed a lEE o~ tmnsadion wilh llnalla, far:iMaling the 8CIJ.IiffiiDn of the mrr.,any by 
23 Bidvest ~ ltd Dnalaia n a bansadionvalued aI R2_1 bilmn altmnsadion dale. 2003 

Makana Fnan:iaI Senlices tpmprietay) Lirrited wiI e"'liIrll:e its slralegic ~ in Quiz thou!tJ the 
24 CaIiz Hokmgs Ud oc .... 9l:ion of a futher 5% of the issued share capital 2010 

Thebe lrM9errent COIpomlion tpty) ltd and ldenliy capial PartneIs (Fly) ltd acIJIired a corrDJed 25% 
25 Alied 8edmUcs CoIpoIWon ltd plus one share eIJ.Iiy sharehokmg n the corr.,any_ 2010 

26 Mican Oxygen ltd The mrr.,any sold 69% mareholding n Afmx Healtll:are Ud to Mvelaphanda stmtegic 1nveIDrJerni. 2003 

The acq.-smn of a rmjoliy sharehokmg niTS HoIm.gs by WH'J of an exchange of R 16 rrilionfor a 51'" 

" AdapUT Holdings ltd -- """""''''' 
'" Sanyali HoIm.gs ltd The pudJase of 9,722,222 ~ IDares n SanyaIi H .... gs Lmted by Ouwie HoIdngs Limed_ 200II 

Thebe lrM9rnHS Holdings tpty) ltd aapred 563 294 600 mares in Beige HoIm.gs ltd n:~ng the.-

" Beige Holdings ltd sharehoIm.g to 33. 45%.. 200II 

The acq.-smn of 6.5% of Frn:Rand by the F.-sIRand ~1JIIIIIeIIDIH Trust, a tnH ~ilically crealed forthe 
benefit of the foI.- pamcipaling bmad-based lEE gml4lS rarely Kagiso T ru~, the MnewotkeIs IrwesIrrJerj 
Trust, VIllE Tru~ andandtheF~ U'ipOWt:I"b. FOIDJatiorL Secondly the oc.psiion of3_5% of 
Fi~ thou!tJ vaIious trusts, by the ~'s blal:k South Aliii:an ~ees and black mn-execWve 

30 FiiSlmnd ltd .-~ 2005 



Univ
ers

ity
 of

 C
ap

e T
ow

n

148 
 

Appendix A (continued) 

 

Table 54 Table showing total number  of companies included in the initial sample including details of the transaction and 
the year of announcement. 
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Appendix B 
 

1) Black-Scholes option pricing model 

 

where: 

 

 

and: 

 = the value of an option 

 = the stock price 

 = the exercise price 

 = the maturity date 

 = the current date 

 = the variance rate of the return on the stock 

 = the short-term interest rate. 

2) Binomial Method 

            (   )    

Where: 

   
      

   
 

Where: 

  = the risk-free interest rate 

  = time period between the different nodes 
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  = percentage decrease in a stock’s down movement 

  = percentage increase in a stock’s up movement 

   = the payoff from the stock if the stock price moves up 

   = the payoff from the stock if the price moves down 

  = the probability of a stock moving up by a certain percentage and a certain probability of the 

stock moving down by a certain percentage 

3) Risk-Neutral Valuation 

 (   )      (   )  

Where: 

   
   

   
 

     √  

      √  

    (   )   

(A) Control Variate Technique 

           

Where: 

     = the Black – Scholes price of a European option. This will be equivalent to the value calculated 

under the real options section. 

(B) Setting p = 0.5 

    (        )    √   

    (        )    √   

Where: 

  = the dividend yield for the period. This is assumed to be 0 in order to be consistent with the rest 

of the work. 
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4) Trinomial Trees 

(A) Combining two steps of a CRR binomial tree 

   =    √    

   =   

   =     √    

  = [
           √    

 
 √  

      √    

]

 

 

  = [
  √            

 
 √  

      √    

]

 

 

Where: 

    = Stock price reached from an up move. 

    = Stock price at the beginning of the time step. 

     = Stock price reached from a down move 

  = The probability from an up move 

  = The probability from a down move 

  = risk-free interest rate 

  = The constant volatility for the period 

(B) Combining two steps of a JR binomial tree 

      
(  

  

 
)     √   

 

 

      
(  

  

 
)  

 

 

      
(  

  

 
)     √   
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(C) Equal-Probability Tree 

      
(  

  

 
)     √     

 

 

      
(  

  

 
)  

 

 

      
(  

  

 
)     √     

 

 

(D) Incorporating forward rates 

 

If               

 

then: 

 

   = 
 

 
*

        

          
  

      

        
+ 

 

And: 

 

    
 

 
[
        

        
] 

 

And if             then: 

 

   = 
 

 
*

      

        
+ 

 

And  

 

   = 
 

 
*
        

        
  

        

        
+ 

 

Where: 

 

   = The forward rate defined by:       (   )   
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Where: 

  = the dividend yield for the period. This is assumed to be zero in order to be consistent with the 

rest of the work. In both instances the middle probability is equal to          . 

 

(E) Hull 2009 

 

    √    

   
 

 
 

   =  √
  

    (    
  

 
)   

 

 
 

    
 

 
 

    √
  

    (     
  

 
)   

 

 
 

 

The variables contained in each equation remain defined as before. 

 

(F) General Tree-Building Procedures using Mean Reversion 

 

(i) First Stage 

The Hull-White model for the instantaneous short rate   is defined by : 

      ( )               

The time step on the tree is constant and equal to   . The     rate  , is assumed to follow the same 

process as  , and is defined by the following: 

      ( )               

This appears to be reasonable as the limit as    tends to zero. To construct a tree for this model 

entails constructing a variable   , which is initially zero and follows the following process: 

                  

The process is assumed to be symmetrical about      The variable   (     )     ( )  is 

normally distributed. If terms of higher order than    are ignored, the expected value of            
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  (    )     ( ) is defined by     ( )   and the variance of   (    )     ( ) is defined by 

      The spacing between interest rates on each tree,   , is defined as: 

     √    

The probabilities of the highest, middle and lowest branches on the trinomial tree are defined by the 

following equations: 

    
 

 
  

 

 
(               ) 

    
 

 
          

   = 
 

 
  

 

 
 (               ) 

Where: 

  = a constant 

  = a positive or negative integer. 

(ii) Second Stage 

The second stage when constructing the tree is to convert the tree for    into a tree for  . This is 

achieved by displacing all the nodes on the    tree so that the initial term structure of the interest 

rates is exactly matched. It is defined by the following equation: 

 ( )     ( )     ( ) 

Where: 

  = (   ) , the value of   at the time      on the   - tree minus the corresponding  value of    at the 

time      on the    - tree. 

6. Binomial Lattice Model 

The equations to calculate the above are given by: 

         ( 
   

      

 

When         
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If       and         

Then: 

               

 

If       and         

Then: 

     (     )     [           (   )      ]         (         )  

If       , 

 

Then: 

     (     )                (   )        

 

Where: 

  employee exit rate 

  early exercise multiple. M is always equal to the average ratio of the stock price to the strike 

price when employees have made voluntarily early exercise decisions in the past and these decisions 

were not made immediately after the end of the vesting period. 

    probability that the option will be forfeited. 

   time period 

  time steps of length    

     stock price at     node of the tree at time     

     the value of the option at this node 

    the value of the option. 

  the strike price of the option  

  the time when the vesting period ends 

  the risk-free rate 

  the probability of an up movement in the binomial tree. 

7.Real Options 

(A) The Option to Delay a Project 

The net present value of a project is given by: 

            

Where: 
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  = the present value of expected cash inflows computed today. 

  = the initial up-front investment 

If: 

           Take the project: Project has positive net present value 

          Do not take the project: Project has negative net present value 

The project is valued by obtaining the present value of a call option using the Black-Scholes 

parameters of: 

 

i. Value of the underlying asset: The present value of expected cash flows from initiating the 

project now, not including the up-front investment, which is obtained by doing a standard 

capital budgeting analysis. 

ii. Variance in the value of the asset:  This  can be estimated in three ways: 

o (i) If similar projects have been introduced in the past, the variance in these cash flows 

from those projects can be used as an estimate. 

o (ii)Probabilities can be assigned to various market scenarios, cash flows estimated under 

each scenario and the variance estimated across present values. Alternatively, the 

probability distributions can be estimated for each of the inputs into the project analysis 

(i) the size of the market (ii) the market share and the profit margin (iii) simulations used 

to estimate the variance in the present values that emerge. 

o (iii) The variance in the firm value of firms involved in the same business. 

(iii) Exercise price On Option: The cost of making the investment. Costs remain constant; any 

uncertainty associated with the product is reflected in the present value of cash flows on the 

product. 

(iv) Expiration of the Option: The option expires when the rights to the project lapse. 

Investments made after the project rights expire are assumed to deliver a net present value 

of zero as competition drives returns down the required rate 

(v) The Riskless Rate:  The rate which corresponds to the expiration of the option. 

(vi) Cost of Delay (Dividend Yield): Occurs once the net present value turns positive. The cost of 

delay is written as : 

                                     Annual cost of delay = 
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(B) The option to expand a project to cover new products or markets sometime in the future. 

(Also called Multi – Stage Projects / Investments) 

(i) Value of Abandonment 

The payoff from owning abandonment option if given by the following: 

If       ,  the payoff is zero 

If      ,   the payoff is      . 

Where: 

  – the remaining value on a project if it continues to the end of its life 

  – the liquidation or abandonment value for the same project at the same point in  time. 

(ii) The payoff to equity investors on liquidation 

The payoff to equity investors, on liquidation can thus be defined as : 

If         then the payoff =       

If         then the payoff =   

 

Where:  

  = Liquidation Value of the firm 

  = face Value of outstanding debt and other external claims 

Equity can be viewed as a call option to the firm, where exercising the option requires that the firm 

be liquidated and the face value of the debt (which corresponds to the exercise price) paid off. 

 

The payoff can thus be defined as: 

 Payoff on exercise =                if        

                                   =                   if        

Where: 

  = value of the firm 
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  = face value of outstanding debt 

The remaining inputs to the Black –Scholes model are obtained as follows: 

S (Value of the Firm): Obtained in two ways, either by the market value of outstanding debt or 

equity cumulated, assuming that all debt and equity are traded to obtain firm value. 

Secondly: the market values of assets of the firm are estimated either by discounting expected cash 

flows at the weighted average cost of capital or by using prices from a market that exists for these 

assets. 

  (Variance in Firm value): The variance in the firm value can be obtained directly if both stocks and 

bonds in the firm trade in the market place. The variance is given by: 

     
  =   

   
      

   
                 

Where: 

    = the correlation between the stock and the bond prices 

  
  = the variance in the stock price 

  
  = the variance in the bond price  

   = the market-value weight of equity 

   = the market value weight of debt 

  (maturity of the debt) =Both the coupon payments and the maturity of the bonds are taken into 

account to estimate the duration of each debt issue and to calculate a face value weighted average 

of the durations of the different issues. The value-weighted duration is then used as a measure of 

the time to expiration of the option. 

8. Jarque-Bera Test statistic 

The test statistic   is defined by the following equation: 

   
 

 
 (     

 

 
(   )  

Where: 

  = the number of observations (or degrees of freedom) 
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  = 
 ̂ 

 ̂   
 

 
∑ (     ̅)  

   

(
 

 
∑ (     ̅) )    

   

 

   
 ̂ 

 ̂ 
  

 

 
∑ (     ̅)  

   

( 
 

 
∑ (     ̅) )  

   

 

And where: 

 ̂ and ̂  = the estimates of the third and fourth central moments 

 ̅ = the sample mean 

 ̂  = the estimate of the second central moment, i.e. the variance 

9. Monte Carlo simulation Techniques 

9.1 Primary Valuation Technique 

            √   

Where: 

  = the current stock price 

   = the change in the stock price 

   = the continuously compounded risk-free rate 

  = the volatility of the stock 

   = the length of the time interval over which the stock price change is occurs. 

  = the random number generated from a standard normal probability distribution 

9.2 Volatility 

  
  

  
       (   

  

 
 )         

Where:  

   = the stock price at a future time   

   = the stock price at time 0 
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 = the expected return on stock per year 

  = volatility of the stock price per year 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

161 
 

Appendix C 
 

(A) Copeland (2002) 

 

Table 55 Table displaying valuation technique applied for Copeland (2002). 
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B) Damodaran (2002) 

 

Table 56 Table displaying valuation technique applied for Damodaran (2002). 
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C) Damodaran (2002) Alternative 1 

Step 1 

Estimate the return on capital by using the following: 

                   
    (   )

(                                       )
 

where: 

     = Earnings before interest and tax 

  = prevailing income tax rate for the given year 

Step 2 

Estimate the reinvestment rate: 

                        

where: 

  = growth rate for the given year 

    = the return on capital 

Step 3 

Estimate the firm’s expected free cash flow to the firm as follows: 

(1) Expected cash flow =     (   )          

(2) Less: Determined expected reinvestment rate  =     (   )(                 ) 

The result of the sum above gives rise to the free cash flow to the firm. 

Step 4 

Estimate the firm’s final valuation by performing the following: 

 

Table 57 Table displaying valuation technique applied for Damodaran (2002) Alternative 1. 
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where: 

Value of firm = 
     

(        )
 

and: 

      = Expected FCFF next year 

     = Weighted average cost of capital 

   = Growth rate in the FCFF forever 

In certain instances the growth factor exceeded the cost WACC; hence the proposed amendment 

was used being: 

Value of firm = 
     

(     )
 

In the above equation the value of cash and marketable securities is always net of the bank-

overdraft or short - term liabilities balances. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Univ
ers

ity
 of

 C
ap

e T
ow

n

165 
 

D) Damodaran (2002) Alternative 2 

Similar steps are followed apart from the calculation of the expected free cash flow in Step 3. The 

value is determined as follows: 

 

Table 58 Table displaying valuation technique applied for Damodaran (2002) Alternative 2. 
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