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INTRODUCTION

This thesis has as its aim the anaiysis of a possible manifold structure on V,
a join of two individual manifolds V' and V', and analysing the physics across

the join, as implied by Einstein's theory of General Relativity.

There are several reasons why one might want to study such a situatioﬂ. Firstly,
the joining of manifolds is useful in the study of shock waves, be they of
gravitational or other origin - we will be able to characterise the propggation
of energy in the join. Secondly piecing together manifolds is a potentially
fruitful way of obtaining e iact solutions of Einstein's equations which do not
exhibit any symmetries in the 1arge; and are yet sufficiently homogeneous (in
some sense) to enable one to model the apparant Universe - the prototype of

"this is the Swiss-Cheé§e model, used to study light transmission in an inhomo-
geneous Universe. Thirdly, discontinuities in the fundémental'quantitigs in
Relativity are of prime importa;ce in the study of singularities; and in pérti—
cular, it is of prime importance to-single out the contributions of the differen-
tial geometry and metric structure of the Universe to the existence and nature

of such singularities. Closely linked to these problems is the problem of 1inkiné
the small scale structure of the Universe (which is manifestly cbmplicated and
potentially full of singularities) and the large scale structure, which seems so
well modelled by assumptions of homogeneity and isotropy. In this regard, the
techniques of Regge (1961), originally proposed to provide approximate solutiops
to the Einstein equations; assume a new theoretical importance, for the delta-type

singularities in the curvature he‘used, in a smoothing process, to represent the



{assumed) continuous curvature of space, could in themselves play a distinguished
role representing the small scale structure of the Universe, Furthermore, the
matching together of blocks of space-time with sharp edges and corners may enable
to develop a manifold like structure in which the tangent spaces of some points
had a surfeit or defficiency of'vectors; so that the differential geometry of

the resulting spacetime forced di3continﬁities and singularities in the metric
structure of the Universe. Although'this may be aphysical, it may be a reasonable

way of seeking further understanding of the Universe.

This thesis tackles only the matching probiem when a finite number of manifolds
with smooth boundaries are joined together - that is, it develops only explicit
results in this case. However, the theory developed in Chapters one and three

is hopefully a basis for the study of the wider problem.

Chapter one provides the tools to prove the existence and uniqueness 6f differen-~
tiable structures on a matching of two manifolds across a common boundary. The
theory of r-objects developed there is in fact the theofy of r-jets, (see Dodson
(1980)), something not known when the theory was developed; the work of section

1.3, and the notion of a product family and its relation to a chart is new.

Chapter two examines the uniqueness of the structure for V, given that the union
of the metrics on the joining spaces is to be ¢’ with respect to the structure

for V, again being new material.

Chapter three dévelops a thedry of distributions on manifolds, in a constructive
fashion and without the need of any kind of metric on the space, or of comparison

with real distributions copied onto the manifold (see e.g. Choquet-Bruhat et al,




CHAPTER .ONE . ; MATCHING .MANIFOLDS WITH BOUNDARY

This chapter is concerned with some of the problems in Differential Geometry
which arise when two manifolds are joined together along their boundaries, and

a differentiable structure sought for their union.

The first task is the setting up of tangent like spaces at each point éf a
manifold, which contain, broadly speaking, differential operators of more than
just the first order - this provides machinery by means of which differentiability
conditions of more than just the first order can be established across the joined
boundaries of the manifolds, and concentrates at a point much of the information

supplied.near that point by a co-ordinate chart.

The actual joining problem is then faced. Theorem 1.1 establishes it existence
and uniqueness, up to a diffeomorphism, of a.differentiable structure for the
jqined manifold, together with a characterization of possible structures on the
joined manifold. Then the joining of the newly defined tangent spaces of points
of the boundaries is invéstigated and a more complete uniqueness reéult (Theorem 1.2)
is the result,

|
If at times the mechanisms seem too considerable for the tasks, then this is
because they were designed also for the later study of manifold like structures,
whose boundaries are not smooth, such as a cube with its faces and edges included,
in the hope of consolidaéing the theoretical basis of Regge Calculus, which might

later prove useful in discussions of the relation between small and large scale

views of the Universe.



1 Real maps and notational conventions '

Throughout the thesis, Roman indices range over {1,2,...,n} and Greek indices
over {1,2,...,(n-1)} except the underlined Greek indices will denote n- or m-
tuples of non-negative integers. Thus (ul,uz,...,un) and by |EJ wé will
mean the sum pl+p2+...+u" and by 11 the product plip2r, ™. Also p<v  implies
that uifyi for all i. 1In general, u,v will range over all possible values
such that 1§JEJ5§ for some s although occasi§na11y-g;g_wi11 be included. If x

. 1 n
is a real n-tuple or an n-tuple of maps to R, then x will indicate (_xl)u ...(xn)u

1 2 . n
|§J=|x1|+lx2|+...|xn|, [%J:{Sl][tz]...[tn], provided v < u .

poala? gt
— = I N s T
62 6\)16\)2 v

For x €U, an open set in Rn,vlet Ck(U) denote the set of maps £:R™ > R such that
M
. . . [ a'= .
f and its derivatives Sggf *Tox] W ....(aqu?"f for lfjulfk are continuous on U.
If h:R® -R" maps X to (yl(z),...,yniz)), then heCk(U,Rn), i.e. h is Ck on U,

provided each y1 is in Ck(U); in the sequel, we will frequently desire a definition
of a Ck map whose domain is not open in R". Munkres(1966) defines Ck(U) to be
all f:U #R such that for each x in U, there exists an open neighbourhood Nx of

X and an extension fX of f to Nx»such that fx eCk(NX) and f =f, that is,

x|{N Ny
f is locally extendible to aka map. He shows that this is equivalent to f being

extendible to a Ck map on a neighbourhood of U.

Let U be open in R, and let U be the closure of U; let f be cX on T and suppose
that f1 and f2 are extengions of f to a neighbourhood of U in Rn, both Ck. On

u, ;ﬁ;Afl = %?Afé; it follows that this is also true on U (by continuity), so
that -g?gf is uniquely defined on ﬁl Generalizing further, if UcR" is such that

for every x in U, there is an R" open set 0<U with x in 0, then {szgf are

uniquely defined on U; such.a set will be called a D-set.



It is clear from the definition that products, sums and compositions of

Ck maps are Ck maps, and their derivatives obey the chain rule.

1.2 Manifolds with boundary

We will very slightly broaden the definition of a manifold with boundary,
and then extend the notions of tangent spaces at points of a manifold to
provide machinery to examine differentiability across a join of two manifolds

at their boundaries.

V is an n-dimensional manifold (with smooth boundary) if
| a) V is a Hausdorff paracompact topological space
(equivalently, V is Hausdorff and either every
connected component is a countable union of compact
sets, or - has a countable base for its open sets
- Narashimhan (1968) p53)
b) for all p in V, there is an open neighbourhood of
P, ﬁ say, and a homeomorphism h of U with R" such that
h: U+ R" (type 1)
or h: U= Rnﬁx [0,) (type II )
or h: U->R"% (-=,0] (type III)

Such a pair is called a p-chart ( or just a chart ) of V.

As usual, a collection of such charts, which collectively cover V, is an atlas
for V; a Ck atlas is one such that for charts (U,h) and (U',h'), the coﬁposition

h' o h-1 is Ck on h(UnU'). A complete Ck atlas, or ank structure for V is an

atlas to which no chart can be added without disrupting the differentiability



requirement. Given a Ck atlas A for V, there exists an unique comﬁlete Ck
structure A for V such that A €A. (existence is a consequence of Zorn's
lemma, with partial ordering by inclusion; uniqueness follows trivially from
the diffefentiability and completeness requirements). Thé set of points
mapped by homeomorphisms of tyfes I1 and 1T to a subset of R° % x {0}is
called the (manifold) bdundary of.V, denoted by ¥V. It inherits a natural

Ck structure from V and is thus an (n-1) dimensional manifold.

AcCt map (0 £ r £ k) ¢: V—-R" is a continuous map such that, for each (U,h)
such that Un D (D=domain of ¢) is not empty, ¢o h_1 is in Ck(h(U!\D),Rm).
If V,W are both Ck manifolds and f:V —W is continuous, then f is a Ck map provided

9o f is Ck whenever ¢ is Ck on W with Domain(@)ARangé(f) not empty.

For charts (U,h) and (U',h') if UnU' # 4, h(UnU') is a D set, and the Jacobean
of h' o h-1 is well defined. 1If it is possible to select an gtlas for V such
that the Jacobeans (h' o h_l) are positive for every intersecting pair of charts,
V is said to be orientable, and the atlas defines an orientation for V. It is |
~always possible to require that such an atlas consist of type I and either
type II or type III charts.

A Ck submanifold, A say, of a Ck manifold V is a subset of V, endowed with a Ck
structure, such that any chart {U,h) in A is a restriction to-A of a chart in V,
Qhere for the moment R" is considered in its canonical imbedding into R".

\' induces.a manifold structure onto each of its open sets, and a submanifold

results.



1.2.1 Germs and r-Object spaces

Following Narashimhan (1968) p 55, we say for p e V and'f,g : Uf’Ug + R

with p ¢ Ufﬁ Ug that f is equivalent to g at p if f and g agree on an open |
neighbourhood of p. We write £ ~ g. ~ is clearly an equivalence relation, and

divides the set .of functions c® in a neighbourhood of p into a set of

equivalence classes or germs, to be denoted by Cp S(V) ( or just Cp s ). A
$ 4 ’

germ containing the function g will be denoted by [g]. The value v([g]) of

a germ [g] at p is well defined to be g(p) for a representative g. A c®
function near p is stationary of order r ( with 1 < r < s ) at p if there
exists a p-chart (U,h) such that at h(p), f o h~1 has zero derivatives of
orders 1 to r. (This is in&ariant of the choice of tﬁe chart (U,h), by

several applications of the chain rule.) A germ at p is stationary of order

T if it contains a function stationary of order r at p. (This is invariant

of the choice of representative). The set of c®r stationary germs at p will

be denoted by Sp,s,r(v)'

Addition of germs is well defined by addition of representatives and an abelian
group results. Multiplication by a A eR is defined by A[g] = [Ag], and a linear
vector space results. Multiplication of germs is also well defined by multipli-
cation of representatives, and an algebra results. Each Sp’s’r(V).is a normal
subgroup of Cp,s(v) under addition, since clearly the addition of r stationary

germs yields an r stationary germ so that S r(V) is a subgroup of Cp S(V),

p,s, 2

and since C (V) with addition is abelian. Also S ) ié a subspace of
p’s p,S’r

C. (v t . It follows that the fact ' * =
p,s( } (as a vector space) ollows a e factor group Tp,r(v) Cp,r/sp,r,r

is well defined. Following the notation of algebra (see e.g. Fraleigh (1982)),

we will denoted the elements of T; r(V) by [g] + S T r(V); indicating the
» ’ > ’

P,



factor containg the germ [g]. These elements will be called covariant
r-objects ( or r-geometric. objects) at.p. Denote by Tp r(V) the dual
2
(algebraic) of T*‘r(V). Its elements will be called contravariant
>

. ) : . * =
r-objects at p. The canonical map ¢: Cp,r +'Tp;r by ¢[gl [g] + Sp,r,r

enables one to regard a element of Tp r(V) , X say, as a linear map on
2

C by equating X and X o 9 . may therefore also be considered as the

pP,T

set of linear maps of C to R which are zero on S ; in this way, T
P,T 3T, T ) p,T

T
p,T

may also be considered as a subset of C* _. Now clearly C is a subspace

P,T p,i+1
of Cp,r and Sp,r+1,r+1 is a subspace of Sp,r,r . It follows thatvthe restriction
of an X in T to T is well defined. We will denote this restriction

p,T p,r+l
operation by I.

The two ways of defining Tp r:will‘be used interchangably in the sequel.
b4

Since (as will be shown below) Tp r(V) is finite dimensional, the usual
2

3 3 3 1 * *% i * 1 1 * 3
identification of Tp - ) with Tp,r(V) is possible so that Tp,r(V) is

’

essentially the same as T; r(V).
2

*
1.2.2 Bases for Tp,r(v) and Tp,r(v)

If fis CT at p and (U,h) is a p chart with U ¢ Domain f such that h(p)=0
and h(q)=x(q) ¢ Rn, then h(U) is a D set as defined earlier so that

%kﬁ-( £onl! ) is defined on h(U), uniquely. Set g:U »R by

g (@) = £ ) - £@ - ] S xoh ™Y Gu F oh™) )],

1 <|pf<’r

Clearly, g is c’ at p and [g] is stationary of order r at p. Hence, for

Xe T, V),



X[g] - 0= X[f] - X[(x)Y / u! %g (fo h“l).|0 .. (1.1
1<fuler T = =
whence we may write
- Mo d ; vl N
X = % I<rx agg‘i)p with X u! X[(x)=] | e (1.2)
where
(—g-xg) p lel = %xg (goh™h lo .. (1.3)

’

It immediately follows that‘{( gkg-)p l 15_1Hj.f_r } spans Tp r(V). Fﬁrther,

since ( gkg-)p [(5)24-= 6%-, this set is independent and hence a basis. The

dual of this basis is ‘{[X!J + S } which is a basis for T* _(V). The indi-
- p,r,r : p,T

vidual elements of this basis will be denoted by(d r}?—)p/ vi,

(This basis may be used to justify the view that TE r(V) is the set of

classes formed by regarding two ¢’ functions as equivalent if their partial

derivatives agree to order r in a neighbourhood of p).
If we introduce another p chart (U',h') say with h‘(q)=zﬁq) for q €U', then

(g'E- {(SyEJ d,r 5?')p /! )} gkg)p

(the summation convention is operative); the first factor may be expressed as
a sum of products of derivatives of x with respect to y of order at'mostlgl;
. H 4V ) v oo, .
it follows that X = X=X~ ( = ) ).. , where X— is the first factor.

TR S ¥ b

This constitutes a 'change of basis' formula.

1.2.3 The spaces TP(V) and T;(V)

Narashimhan (1968) performs the above analysis only for the case r=1; if we

set Tp 1° Tp and T; T; then we.regain the usual tangent and cotangent
3 , .

spaces. We.will use the ordinary notation for these spaces whenever desirable.



1.2.4 Object bundles and object fields

Define. the contravariant r-object bundle by T r(V) = U Tp r(V) and similarly
> ‘ peV >
+ V so that (X ) = for X in T
m( p) p ( D b

‘define T*r(V). Let #: T r(V) ). A

b4 I

Ck_r structure for T r(V) (together with a topology) is uniquely defined by the

following:
a . N
let (U,h) be a p chart in V and 'let h : . (U) > U x R'T (where N, is

be the projections to

the dimension of Tp,r(v) ) and let Ty s Ty

either factor. Suppose that. 7, o h=x1 and w is an

o h
N 1 277 T,Mm

isomorphism of Tp(¥) with R T (both regarded as vector spaces). ~

-

Set H=(h91r,1r2

be a chart of T r(V).

L

oh)and U = _ (U), and require (U,H) to

(The proof that this does indeed yield a structure on T r(V) is a simple
Hd

extension of the case r=1 given in Narashimhan ).

Similarly, a c*"T structure is defined on T*
3

We will denote TU r ) = n_l (U); a particular example of a T r(V) chart
3 3

is obtained by letting ( gkg-)p

. . _ yH (9 .
and for Xp in Tp,r with Xp = (BXH-)p

be a co-ordinate derived basis of Tp r(V)
o 3

, setting h (Xp) - (p;XED, and
HO) = (h(p) X8y, , ' L0

A map assigning an Xp in T r(V) to each p in A, a subset of V, will be

P,
called a contravariant r-object field, or r-field on A. A covariant r-field
is similarly defined. Being maps between differentiable mahifolds, one may ask

if they are differentiable. The space of all contravariant r-fields in V which

are Ck_r will be denoted by X r(V).' Defining addition of X,Y in X r in the
. ’ .

b4
s



obvious fashion, .and multiplication by a Ck_r function by fX:p + f(p)X(p)
as usual, results in X r(V) being a module over the algebra of Ck‘r maps
of V to R. (Strictly speaking, addition and multiplication of object fields

are only defined when the appropriate domains co-incide).

x*’r is similarly defined.
’ .

v, v .
and d,r x= :p +( d,r X- )p are in X,r

Clearly %kB-: P>

3
_aiy_)p
and X*r respectively; thus any X in X r(V) may locally be written as
. 3 - 3

XB-ng_, where necessarily and suffiéiently the XY are Ck'r functions on

V. (Summation is ofcourse implied over 1 < [u| < r ). Similarly w in X* (V)
i

implies w = W, (d r 5?—/ v!) . Because of these relations, %XE- and
v ’

d 5?—/ v! will be called local co-ordinate bases of X (V) and X*_(V).
3 3 F]

If fisaC® (s < k) map on U to R, then for each r < s, f defines a germ

[f]P in Cp T for p in U and hence a member of T; r(_V), which we will denote

i i v 1
by (d,rf)p . At p, (d,rf)p may be written out in terms of (d,rx / Xf)p

by using the dual basis ( %—u thus :

X2 )p

@_£) = ()

uA
, vt 0 p )y (@ By (@ x=/ut g,

Now

) _ (0 _ 3 -1
( SkE)p d )y = ( EXE-)p ([£f] + Sp,r,r) = (foh™) |h(p)

by definition; the covariant r-object field d f :p~ (d f) is then c>r

on the domain of f. In particular, if f is Ck, d rf is in X*r(V). In any case
i i



10

if X is in X _(V), X(d _f) is a €>°T map.
T ,T

So now let X be in X r (V) and Y in X S(V), both defined in a neighbourhood
2 ’ R ’
of p, and let f be a c*r real map near p. Then Y(d Sf) is €' near p so that

d r (Y (d s f )) is continuous near p and so is X ( d r (Y (d s £f)y)).
3 2 3

s

Thus for [f] in C

define
P,T+S

(XY)p [f] = Xp ( d,r (Y ( d,s £))) for any f in [f]

and the map XY : p = XYP is in X ris for calculating :

s

xn, £ = X @ (32 ((Won™y gv(font))y) | nepy

(sum 1 f.IXJ < sand 1 f.lﬁJ < r ) in a p chart (U,h) with X and Y
appropriately expressed in terms of their components.- Using L@¢bniz

formula (John 1978)

u'

i_ U vy 9 1y Y -1 3 -ut -1
(XY)_[£] = X*(p) wz( u[:} e (moeh ) Rt (Foh ) |h(p)

and Xy is ¢ (5*T) (check the terms!)
Thus a product mapping of X _(V) x X _(V) = X (V) is defined.
- T sS ,T+S

Recalling the canonical restriction I of T (V) to Tp r+1(V), we may
3

pP,T
associate with X in X _ the field IX in X where IX : p » I(X ) so that
, 5T ,T+1 P
) 9.3 ) .
we may regard X’r C X,r+1 . Noting that 353_— 55#'— Yo V and in general that

9 . . .
3 U =V = 3-u+v , SO that the co-ordinate basis of X _ may be constructed
oX—  9X— X— — ,T

as a series of products of elements of the co-ordinate basis in X ] » We may
b4

regard X p @S an r-fold product of X 1
’ 2
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The commutator of two fields X in X r and Y in X s with r+s<k is defined by
s > -

[X,Y] = XY-YX and is an element of X ] » as is easily verified by compu-

s T+S-
tation. The Jacobi identity [X,[Y,Z]] + [Y,[Z,X]] + [Z,[X,Y]] = O is satisfied,
by virtue of the anti-symmetry of the bracket and a Lie algebra is defined on

X 1(V) = X(V), as usual.
3

1.2.5 The submanifolds T, _ and T*

A,r A,r
Recalling that TA r(V) = U Tp r(V), if A is a submanifold (differentiability
L 2
- p€A
Ck).of V then obviously T (V) is a submanifold of T _ (V). If X:A-> T then
A,r sT A,xr

X is a C° covariant.field on A if it is a C° map. XA r(V) is the set of all
E4

Ck_r r-fields on A in V. TK r and XR r are similarly defined. An example, of
b L

importance in this thesis, is the case when A = 3V - one is then considering

r-fields defined only on 3V, whose image is an r-object in T r(V), for example
>

the normal and null fields of Chapter Two.

1.2.6 The extended spaces %
. P P,T

By way of theoretical interest, the spaces Tp r(V) are introduced here. The
E4

value map v on Cp r(V) is o?éourse a linear functional on-Cp r? and hence in
. > >

C* . Recalling that T may be considered a subspace of C* , and noting
pP,T P,T P,T ’

that v is independent of every vector in Tp p> We may form the subspace
E4

Tp r 0 <v> = Tp T (where <v> denotes the span of v and ® is the direct sum
H 3

of subspaces). If we denote v by %kg_, then the set { %kg_ | 0 < |ul <1}

is a basis for.T . Since the dual of a direct sum is the direct sum of the .
>

duals, T; r TE T ® <v*> where ~ the dual of v is v*, which will be denoted
b4 ? . .

by (d _ x)_.

y (d )

!

k-r

Defining T r(V) in the obvious way leads to a C manifold, and X r(_V) is
' ’ > . >

then well defined ( as the space of Ck—r maps’' of V to T - ). Simply define
)
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~

- 1 *
Tp,O(V) = <v> and obtain Tp,O > To ,0

Again, given a c® function f:U - R, U a neighbourhood of p, [f] is in Cp s
. ’ . b

. def @ <2 .
and (d,rf)p = f(P)(d,rE. )p + (d,rf)p for r < s.

~ -

v . . . 9
A product X,r X X,S -+ X,r+s is obviously defined. 30 may be regarded as

the identity of this product, since for X in X
N E

(52 0, Lf]

(50, ©@ o (X d )
(520, [ Xd _£]

(Xd ) (p) = X, d £=X [f] for all [f]

We have not yet defined C” manifolds - they are defined in the usual way.

On such manifolds, an infinite sequence of the spaces Tp T (r=0,1, ... )

~ ~ o~

T T and X p are defined. T r is a Cm manifold itself and X T is a module
3 b4 I ’

over C_ functions. We may then consider formal sums of finitely many terms

X04 X1+ cee. * Xm where X.l is in X i . Such formal sums may be added
termwise and multiplied, using the object product in a formally distributive

fashion. The result will be a graded algebra with unity.

1.2.7 Differentiable maps between manifolds

Let f:V W be a Ck map, where both V and W are Ck differentiable manifolds, of
dimensions n and m respectively. For X in Tp,r(v) and [g] in Cf(p),r(w)’ define
f,X by £,X[g]=X[g o f] (We assume f defined on a domain D with the property that
for p in D, there exists an open set O in V with p in 0 , the closure of O,
such that 0 C D; it then follows that if (U,h) is a p chart in V, h(UnD) is

!

a D set in R" and .the partial derivatives of g o f o 1 are well defined at p,

so that d r(g o f) and hence X[g o f] is well defined.)
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f X is easily shown to be linear, and therefore in C% (W). Repeated

(P),r

applications of the chain rule show that since X is zero on Sp T r(V), £.X
2+

is zero on Sf(p),r,rcw)' It therefore follows that f (X) is in Tf(p),r(w)'

f, is therefore a map from T r(V) to T (W). It is linear -

P, £(p),r™
£,(aX + BY)[g] = (aX + V) [g o £] = a(X[g o £]) + B(Y[g o £])
= (of X + Bf,Y)[g] ( here, a,8 are in R and X,Y in Tp r(_V) ).
The rank of f, is therefore well defined, for each r. The rank of f at p

will be defined to be the rank of f, at p regarded as a map on T V). We

p,1¢
say that f is a cX immersion if f is C< and rank f,= dimension V at each p in

the domain of f. If, additionally, f is a homeomérphism onto its image, it is

an imbedding. If yetvfurther, f is a V,W homeomorphism, it is a diffeomorphism
(equivalently, f is a diffeomorphism if both f and f—lafe imbeddingé). By
corollary I to the inverse function theorem (Appendix I), an immersion is

localiy a diffeomorphism, i.e. for each p in domain f, there exists a neighbourhood

Np in domain f with le a diffeomorphism of Np with f(NP). A consequence of

- P
corollaries II and III (Appendix I, again) is that the inclusion map i of a

subset A of a manifold .V, endowﬁed with its own differentiable structure, is
an imbedding iff A is a submanifold of V. (These results are extensions of
similér results in the non-boundary case - see e.g. Kahn (1980) p 21).

(W), since f,is a linear

Now recall that f*(Tp r(V)) is a subspace of T

f(p),r
map, assuming only that f is Ck; then on the dual of this subspace,

’

.(f* Tp r(V))*, which may be considered a subset of T* (W) (regard T W)

£(p),r £f(p),r
as a direct sum of f*(Tp,r(v)) and its algebraic complement in Tf(p),r(w) and

T%(p)'r(w) is the direct sum of the duals of these spaces), a map f* is defined
by X(f*w) = (£, X)w for w in (f;(Tp r(V))* and X in Tp r[V), If £, is of full
, ‘

E]

rank on Tp r(V), then (f*Tp

r(V))* is isomorphic to TE r(_V), under f£*; in this
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case, define f,_ on T* (V) to be simply (f*)-l; regarding again (f*(TP r(V)))*

‘ i ' .
as a subspace of Tf(p),r(w)’ ft' T* (V) > T;(P)’T(W) as a linear map of full

p,T

rank.

If f is a diffeomorphism, then for [g] in CP r(_V), define f;[g] = [go f—l].

>

This is a good definition, since g, ~ g, at p iff g o £ing, o £71 at £(p).

It leads also to a map f'( [g] + S ) > (f,lg] + Sf(p),r,r) since, again

PsT,T
repeatedly applying the chain rule, [g o f—l] is r stationary iff [g] is r
‘stationary. This map immediately accords with the previous definition of f,
on Ts,r(V)~(since £,X(£'[g]) = £,X[g o f_l] = X[g], for all X in TP
and [g] in Cp,r(v) ). Also, in this case, Tp,r(v) is isomorphic to T

LW,

>

f(p),r(w)’
by f,(as is seen by noting that (£ 1), = (£,)”! which is therefore
dgfined on all of Tf(p),r(w))'
If £ is a Ck map, then f, is o@éourse also a map from T r(_V) into T r(_W) by
Xq > f*(Xq). If £ is a Ck diffeomorphism, immersion, imbedding, then this f,
will be a Ck diffeomorphism, immersion,.imbedding as can be seén thus :
let (U,h) be a p chart of V, ahd'(g!H):the derived chart (eqn¢_1.4)
Since an immersion is locally an imbedding, when may restrict the
the domain of f, and if necessary, U, until an imbedding is obtained.
It then follows that f(U) is a submanifold of W (cf corrolaries IT
and III of thé inverse function.theorem) so that (f(U), h o f’l)
(with f_1 defined only on f(U), f being a homeomorphism on U) is the
restriction of some chart (U',h') in W. In terms of the charts
(U,H) and (U',H') (derived from (U',h')) f, is simply an imbedding of
RN into RM , where N=dim T,r(V) and M=dim T’r(W), by means of the inc}usion
map of RN into RM (the fact that f is locally an imbedding implies

that N < M); it immediately follows that f is of rank N (now ofcourse

f,

» is being regarded as a map between manifolds - the rank
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implied here is the rank of (f,), on TP f(Tp r(V) ).
. b4 2
If f is Ck, f, is Ck r, by the same argument (using again the charts
(U,H) and (U',H) ); if f is a homeomorphism onto its range, so is f,

and if f is afhomeomorphism, f, must be.

Let now f be an iﬁbedding, defined on all of V (f being Ck); then f,

is an imbedding(Ck—r) of T.r(V) to T r(W), and f, is a diffeomorphism of

T,r(V) with Tf(V),r
. -1, k-r . . ]

£ X: f, oXof  is a C map, hence in xf(V),r(f(V))' f, : x,r(y) to

(W. If X is in X r(V), defined on A, then necessarily,
’

*

W). It is a product homomorphism with respect to these two spaces

xf(v),r(

as 1s seen by :

(£,0M) ) [8] %85 (1) [g o £]

defx(d L (Yd (g0 ))
= K4 (RY @ @) o f)
= £X (d (£ @ 2) o) (@)
= (f*x f*Y)f(p)[g]
for [g] in Cf(p),r+s(w)'

If £ is a diffeomorphism, then from the above, f : X r(V) to X f(W) and

f, is a product homomorphism with respect to these spaces and their associated

products.

1.2.8 Product families

-

The above may be extended to the spaces T r? X etc; in particular,
’

f (( o) )[g] g(f(p)) The fam11y {8 " [ 0 < [ul < r} for r < k satisfies
a

9 _ 0D
the condltlons xH = ax“1 ax—2 when U1+ EZ y . We wuse th;s as a model for
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a product family :

if n is an m-tuple of non-negative integers, and A ='{Xh | X. e X l I(V), for
- ' ' ' Ta" Nn
0 < <r} for r < k satisfying X =X_ X whene = th
=< ]D_I < < 1 )’1_ g n ny "y ver m + no 0 en

the family A is called a product family; note that since 0 + n = q,

= 1 = .a_ . .
XD. XQ.XD_’ whence necessarily, XQ_ 35?" a knowledge of the set
{ Xn | |n] =1 } therefore determines 4 (ofcourse, the XngUSt be known in

a neighbourhood for the product to be defined, and thus we will assume the

Xn defined on some open set in V).

Suppose that k » .2, Let nj, ny, be such that |[n;| = [n,| = 1; then let
=X

= + . and X =X X X whence the Lie bracket (commutator
UL 2 n - ‘miny Tnomy’ | ( )

X ,X ]=X X -X X =0 | | ...(1.5)
ni n3 n no no

Noting that both Xn and Xn are vector fields, of differentiabilty Ck’l,
m n2

both generate Ck integral curves in a neighbourhood of any point of their

domain at which they are not zero ( Choquet-Bruhat et al (1977), p 141).

Suppose now that m < n and that the collection { Xn | |n] =11 is an

independent set of non zero vectors in Tp(V) for some p in the domain 4

of Xn . By continuity, this independencé and non zero property extends

to a neighbourhood of p in V. For ease of notation, let Xn = XI if
nJ = Gg (1,J,L = 1,2,...,m). If h:U » R" is a diffeomorphism of a

neighbourhood of p, U, with h(U), with h(p) = 0 , such as say a co-ordinate

2

4 (=1,...,n) the

chart at p, let h(q)=x(q) for q near p and denote by

'co-ordinate’ like basis fields giveh by -
iy ro1 .9 . -1
(.5-)(1)(1 [g] - 3)(1 ( g o h ) ‘h(Q)

(we will assume that the image h(U) is a D set so that the right hand side

is well defined on h(U) ).
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i 9 . . .
XI = X1145k1 (summation over i = 1,...,0n)

The XlI are Ck_;

we may assume Xl1 > 0 at and near p. The integral curves of X3 therefore,

functions of position on AnU - without!:loss of generality,

are such that to each q near p in h_l({x1=0}) there is one and only one
curve vy, say, which intesects h'lt{xl=0}) in q, its only point of intesection
with this hyperplane in V. Provided y1 is sufficiently small, we may define
functions X' of yj by
i3, _ i 1 -1 2 n
X ()’) = X (Yq(}’ )): q"h (0,}’ ,'-',Y) . '--(1'6)

(provided also that (O,yz,...,yn)'is in h(U) ).

x* give the -'co-ordinates' (i.e. the image under h) of a point a parameter

distance y1 along the X; integral curve through q = hhl(O,yz,...,yn).

i
At p, we may compute the %%j thus :
.. . i .
if i,j > 2, y'=0, then X*(y?) = y* and %%f 5; ;
if i=1, j > 2, y'=0, then X' (y?) = 0 and %%j =0 ;
if yz,...,yn are held cbnstant, and y1 varied, the’image under
~ : Xy _ i -

h - e =

of Yp is traced, so ay1 X 1 (LT

He 1

: ax1 1
It follows that det { 5o b= x>0,

We now have two possibili;ies; either pe oV or not. If not, then by the
inverse function theorem (appendix I), since the Xi are Ck functions of the
yj (Choquet-Bruhat et al (1977) p 141), the mapping implied by (1.6) is a
Ck diffeomorphism in a.neighbourhood of 0 (with a neighbourhood of 0, since

(1.6) maps 0 to 0) (appendiﬁ I).



If p &3V, Qe may (since the functidns in (1.6) are Ck as observed - the
Choquet-Bruhat proof will extend to the boundary manifold case) extend
(1.6) to an open neighbpurhood of 0, apply the reasoning of the previous
paragraph, and then restrict;(l.é) again, obtaining a Ck diffeomorphism,
still of a neighbourhood of 0 in the R" induced topology on h(U) with its
image, which, by virtue of fhis diffeomorphism being a restriction of an

n . . .
R homeomorphism, is still a D set.

In both cases, the result is a Ck diffeomorphism h' of a neighbourhood
U' of p in V, with its image in Rn, such that if h'(q) = y(q), for q

near p, the integral curves of X1 are given by

2 n

(h')_l (t,y geeesy ) . with Xl = —gyl ...(1.8)

( y2,...,yn held constant, t varying).

The process may now be repeated, expressing X2 = Y12 %y

non zero and independence assumption, Y22> 0 near p. A diffeomorphism

i , and, by the

(Ck still) results - call it h'' defined on the neighbourhood U'' of p

in V. Supposing that h''(q)=w(q), the integral curves of X, are given by

-1 1 3 n . 9
(h'") (W,t,Ww,...W ) with X2 = 3@2
1 3

T Gw,w ,...,wn?held constant, t varying).

k .
L My 2 -
Now Xi = ayl awk (by (1.8)) so that by (1.5)
0 = [X;,X,] implies that 22 M -y
1°72 awk oy Kk
1 2
which implies that'%gl(wl,w?,WS,...wn) = %%1 W ,0,w ...,
. . k : _ 3 )
which is 61 (by (1.7) and X1 = 5W1
!
so that, the. X integral curves are given by 'varying the first component®

1

i.e.

-1 2 : 2
(h'") (t,w ,...wn) (w ,...,wn constant, t varying)
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~

Repeating the process enables one to find a Ck diffeomorphism into Rn, h
say, mapping a neighbourhood U of p in V, to h(U), with say ﬂ(q)=£jq) and
Ea : )

XI = 521 | (I=1,...,m

Finally, noting that h is a product homomorphism,

- n n"
_ 9 _3_ _ 9 ) 1 9 m
XD. _p_ where,agp_ = a(zlln""afim)n'

The result may be broadened slightly and stated as a lemma :

 LEMMA 1.1

Let '{Xn , O f,IDJ < r} be a product family defined in a neighbourhood
of p in V. Suppose that at p, the set of vectors '{an In] =13} isua
set of non zero independent vectors. Then there is a—héighbourhood U of
p and a Cr'diffeomorphism h<of U with h(u) C Rp,_given a_Ck structure
for V (r < k) such that :

i) h(U) is a D set

ii) if h(q) = z(@) , qin U, then X =2 n

iii) the integrai curves ofAXn , with nI = 5} (1,J = 1,...,m)
are given by h—l(zl,z2 ...,Z") with 27 alone varying.
(E-n is defined by.E-n [g] = E-EI 1 m (go pt )
0z oz sz ™" [h(a)

which is well defined by (i) )

COROLLARY 1

- Jfm=n and p is not in 3V, then the pair (U,h) of the lemma is a

p chart.

!
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COROLLARY 2

if m=n and p is in 2V with each_xn such that

nt =5; * (X)q isin T (V) q in avnU
m 1’

- (¢}
n =

n=0=> (Xﬂ?q'isnin Tq(V)\Tq(aV) q in 3V U

then (U,h) may be chosen to be a p chart.

The correspondence between product families and charts is of fundamental

importance in the problem of matching manifolds.

1.3 Matching Manifolds

Let V© be Ckn-dimensional manifolds with boundary, denoted aVJ‘r
respectively, and let £:9v" > 3V be a Ck diffeomorphism, relative to
the induced structires on dV'. Let Uf denote the union operation (between

subsets, maps etc.) in which points x in aV' and f(x) in 3V are identified.

Let V= V' Ug VI This section seeks to characterize CX structures for V such
+ - . : . .
that the inclusion maps of V- to themselves in V are Ck imbeddings. (We will

work only with structures that have this property).

Firstly, notice that since f is a Ck diffeomorphism, the Ck structure induced
- ' +
on $= V' nf V in V by V7is necessarily the same. (To see this, notice

that f may be regarded as the identity on I).

Secondly, it is a consequence of a Theorem of Munkres (1966) p 56, that there

exist product meighbourhoods N* of aVi.in v respectively and Ck'diffeomorphisms

P* Nt - v x [0,1) P (x)

(x,0) if x is in V'

P": N — V x (-1,0] P (y) = (y,0) if y is in V"
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Now P = P UfP- maps N = N' Uf N to Ix (-1,-1). The map is clearly a bijection,

we may require it to be a hbmeOmorphism (thus topolpgiéing N) and a Ck diffeomorphism
- (thus giving a Ck structure to N). Since Pi are diffeomorphisms, these require-

ments are consistent with the requirements that the inclusion maps (1;) mapping

Vi to themselves in V be imbeddings, and together with this requirement, they

specify a topology and a Ck structure for V. The topology is Haussdorff and

paracompact (since that of I x (-1,—1) is) and V is a Ck manifold.

. ’ . + -
A chart of V is either of the form (U,h) with UnZ=¢ and (U,h) a V or V
k K L
chart, or obtainable by a C diffeomorphism from a chart constructed thus :
_1 - '
Let (Uz,hz) be a Z chart. If U =P (sz(—l,-l)) and q is in U, with

P(q) = (q,r), define h(q) = (hx(a),r). (U,h) is a V chart.

So a Ck structure exists for V. To what extent is this unique? We will answer
this question prpgressively, first .showing that the techniqﬁe used above to
construct -a structure for V characterisés-all structures for V, then showing '
that all Ck structures for V are Ck difféomorphic, and finally investigating the
matching of the object spaces at p with those at f(p), for p in ¥V?, which

will lay the groundwork for selecting a specific Ck structure for V on metric

and physical grounds.

Lemma 1 of appendix I yields the following :
If F is any strucfure for V = V+ Ug V!such.that V are Ckimbedded in
V, by the inclusion maps Ii, then there is a neighbourhood N of Zin V
and a Ck diffeomorphism

P:N »Ix (-1,-1) such that
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i) xinI + PX) = (x,0)
ii) k in vt\z + P) = (k,r) and r>0

iii) x in V\Z =+ P(x) = (x,r) and <0

Define Ni= N nV; let p'= PlNi. Then the pairs (Pi,Ni) may be used as above
to construct a structure F! for V, by requiring as before that P = p* Uf P’

be a Ck diffeomorphism. But then, PP_1 is the identity map on V and is a Ck
diffeomorphism of (V,F) with (V;F') so that F = F'. Thus every Ck structure

for V may be constructed in the manner outlined. This enables us to prove:

THEOREM 1.1

If Vi are Ck n-dimensional manifolds with boundary and £:3v" »3V7is
a deiffeomorphism on 3V onto aV™, then there exists upyto a Ck diffeo-

morphism, an unique Ck structure for V such that the inclusion maps

Iit

_f:V +V : pw p are Ckimbeddings of V'into V and 3V = 4.

Proof:

The existence of a structure has already. been proven. It remains to prove

that it is unique up to a diffeomorphism (Ck). Suppose therefore that F,F' -

are two structures for V; by the characterization remark, we may assume

these constructed by means of maps P,P' of N with & k (-1,-1) (the domains
of P and P' may, without loss of generality, be assumed the same, as will
follow by sufficiently restricting the domains of Pl, PI' used to construct

them in lemma 1 of appendii I).

Noting that E is an unbounded manifold, let g = P'P’l; this maps a neighbour-

hood W of T x {0} in I x R into I x R, is the identity on T x [0,*) a W = W §
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- -~

EX(~v,0]0W = W . By lemma 2 of appendii I, there eiists a map g
which is a homeomorphiém of W with P‘P—ICW), is P‘P’l in a neighbourhood
of the complement of W in V, a Ck diffeomorphism on W and the identity
in a néighbourhbod of I &”{9}..

Let h:(V,F) = (V,F') be defined by h(k) = ((_P').1 0 ; o P) (x) on the
neighbourhood P-I(W) of £ in (V,F); in a neighbourhood of the complementr
of P_I(W), h is the identity and may be eitended to the whole of V by

defining it to be the identity on V\P—I(W); the result is a Ck diffeomorphism.

In general, h will not be the identity on V; if it is, then necessarily F and
F!' are the same. This lack of uniquéness, roughly, arises because f specifies

(via f,) only a matching of the object spaces T r(av+) and T (BV'); not

P, f(p),r
- + - 3 -
of the full spaces Tp’r(v ) and Tf(p),r(v ) - i.e., no unique concept of
differentiability across I in V is specified by f. Until 'such a concept is
introduced (which is the task of Theorem 1.2), V may be viewed as consisting

of two blocks of jelly, which, although fixed together on a common face, have

no unique natural position relative to one another.

Let us introduce, given a structure F for V, a mapping implied by this structure
-+ - X + .
between the full spaces Tb’r(y ) and Tf(p),r(v ) for p in 3V .  Define
- _ -1 +
fe= O ((Ig)s) o (If)* ) .. (1.9)
%: is defined for each p in V ; it is a map of full rank (n) on Tb.l(yﬁ)’
&)

+
since Lo are imbeddings. It establishes the join of geometric object spaces

across 2 in V. When restricted to Tp I..(ZévJ’r),,.i?,,‘Aclearly is ¥, (Condition 1)
. s ,

(here ofcourse 1 < r < k). As usual (see e.g. Choquet-Bruhat et a1>(1977) p 140)

@) O

%* may be extended to a linear map of the tensor space Tp(:) (V+) to Tf(P)

by the requirement that it be a homomorphism with respect to the tensor product,
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and that it commutes with contractioms.

k-
Now I; being an imbedding, (I; )y is aC r imbedding of T . (V") into T~(V).
‘ k- ’
In particular, when restricted to Ty ~ vh, it isacC N diffeomorphism with its

- K-
image Tz,v (V). Likewise, (-Ii)* isac diffeomorphism of Tov + (V") with

- k- . . ' . -
Tz’.r(V), so that £, is a C. r .dlffeomorphlsm.of.TbV*,T (V") with Tov=+ (V7).

(CONDITION 2). 1f XeX (V), let £,X be defined by (for q in aV")

WhT
£.X : q—)f*(Xf—l(qf)');
then f X'is in X'o\:‘,{ v).

Suppose for p in ‘OV*, that { X:l} (n an m-tuple, d<_hll<_ r <k, éay) is a product
family defined on U, a neighbourhood of p in V'; suppose that {Xq | Inl = 1}

is a set of independent non zero vectors at p, and let h : U—->RH be a diffeo-
morphism of U with h(U) in R" of the form given by lemma 1.1 (restricting U if
necessary) . Then IZ o} h—1 is an imbedding of h(U) into V and, as in the proof
of corrolary II of the inverse function theorem (Appendik I), it follows that
there is a chart of V (G,I};) say, with IZ(U) C 6, ﬁ‘U =ho (I;)_l. The product
family generated by the first m co-ordinate 6bject fields of this chart is an

. A
extension of (I;)_*(X# ) toﬁ ; necessarily, G n I_F-(V') # ¢, and U n I{ )

1l
provides a chart for V7,and hence, a product family {Xq-} such that
- ~~ <+ )
Yglav a § © B Xyt a §)
Performing this calculation at each p in ¥’ for which the X‘,l are defined, and
satisfy the nonzero and independence requirements given above clearly validates

the following (CONDITION 3)

1f { Xy} is a product family defined on D'C. V' such that fxa | i1 } -

is independent and non-zero on. D ndV' then.there. is a. family § X0 ¢

such that XE”f(D’n ’6V+) = f, ( XZ‘”.D*'n V+).

Notice that condition 3 implies condition 2 - simply apply condition 3 to a
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co-ordinate induced product family on v’ - the product family induced on V~
clearly specifies a chart in V', and then, since f is a C k diffeomorphism

and f, is linear, condition 2 is obtained.

Lastly, we obtain that.i.is.orientation.preserving (CONDITION 4) : if p is

in IN}, (U%h*), (U,h™) are p and f(p) charts of types II and III respectively
{cf section 1.2) i.e.

h* ;U R x [0,20)

h™: U = R" x (-=,0] ,
then,'by the imbedding corollary of Appendik I, there eiists a chart (U,h) in
V with U a V" = U " and h‘U’ = h" which provides a chart'(UnV',h|UnN—) for
V™, since V™ is imbedded in V. It is clear that for q in Un U, the jacobean
of hyyay~ © (h-)_1 is positive - i.e. given

£, ( gigf = Xi (géz ) (Ip=lvl= 1, sum over vl = 1)
then det Xi is positive; if as we may, we assume that (U,h) is of the
type constructed in the proof of theorem 1.1, then this requirement is obvious.
Broadly speaking, this is the requirement that a vector pointing towards the
boundary in V~ should be the image of a vector in " which points away from

the boundary in v'.

~

Conditions 1 to 4 characterise f,- like maps between T

wt+ (V) and Ty- o (V)

x

as is shown by the following theorem, which also implies that if two Ck structures

+ - . ~ . .
for vV Uf V' induce the same f* then the structures are identical.
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THEOREM 1.2

A

Let V7 be Ck n-dimensional manifolds with boundaries dVZ.
Suppose that £V = 3V is a Ck diffeomorphism. Let
. . i
be given as an isomorphism of T V) with T V-
ebes phisn of T, (V) with T, (V)

for each r, 1 < r <k, and each p in BV+, and as a map

from C.

p,k( oV ) which satisfies :

V1) to Ceipy k!

a) g agrees with f, on Tp’k(bV+) and cp,k(5v+)
b) if {Xi'?is a product family in V, defined on
D" (open in V+) with D av' # ¢, then there
exists a product family §X;f in D (open in
V') with (D" nYW") = £f(D*n d3V") such that
: g(x_;w*nav*) = X'-IID'nbV'
c) if (Ui,hz) are type II and III charts in v: respectively,
with £(U'N3V*) € UT0dV", and (i) and () are the

associated basis vector fields, then

+ Y oD A"
g (&) = X1(HD
implies det ZX{?is positive,

then there exists an unique Ck structure for V, F say, whose f; is g.

Proof

Let (U*,R) be a p chart in V', p in dV’. On U ' this induces the product

family (334) (if h*(q) = x(a) ).

Let X} be the product family in V~ whose domain is U~ and whose restriction

toU'n bV-is_ g(%‘ilU*naVﬂ'

By the lemma 1.1, there exists a chart (U7,h”)

say with h™(q) = y(q), such that Yh = (;?g) ...(1.10)

Since f is a diffeomorphism and g'agrees'with f, on Tp k(a»”), there is
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no loss of generality in assuming that h™(£(q)) = hf(q), for all q in
U*adV' - this because both aV® are imbedded in their respective

v and g = f, on Tavf’ T(V").

It follows by (c) that if h*: U "1 x [0,0), then h™: U —b R x (-w,0]

(noti‘ng that XNF= S"‘P here). .

Thus h = h* Uf h™ is well defined on U = U" Uf U, and is a bijection of

U with h(U) (recalling that it is a bijection on Ut and using the previous

paragraph).

Requiring that h be a homéomorphism and also, and consistently, requiring
that the inclusion maps If‘; of V'\2aV*and V" \ 2V~ be homeomorphisms
specifies a topology for V, which is clearly hausdorff and locally finite,
hence paracompact (since these are the properties of the topologies  of Vt).
(U,h) is therefore a chart for V. Let (U',h') be another such chart, with
UnUu'# é; lét (U'*,h'*) and (U'~,h'") be the associated 'c};arts in V.
Set |
h'*(q) = x'°(q) and h'7(q) = y' (q). ‘
Then, using the change of basis formula of section 1.‘2.2, for q in 2vin ut
(xi)—ﬂq) (%!)Ra«) B (3?5'}1);(0
< 9 (5 k)
= (X1} Gyv),)
: ) (X}'ﬁ‘:t (%‘.)Y)ﬁv
whence (’X)‘\—-J);‘(vq) = (,XE)+

q 1 <lal e £ ke

In particular, for |V} =1, (-X}S)_f(q) = (%/k)q [ - Z(.CI))L]

and (X}E)a = (%/&)q[(i - i(q))i] whence
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IE(‘:’i) = %’E (1,") ( |:I: hyeoom, ’S—(}_‘_’ .<_I<)

i

and h o (W)} is ¢k, LD

It follows that by considering all such charts, together (and consistently)
with the requirement that the imbedding inclusions Ii be Ck imbeddings

a Ck atlas and hence a Ck structure for V is defined, and g = f; (by 1.10).
(Denote this structure by F).

The uniqueness of F follows by the argument (1.11) applied to fhe case
when F' is another such structure for V, using the f* implied by F' for g
with (U,h) in F and (U',h') in F'; h o (h')—1 Ck then implies that

F = F'.
COROLLARY

If F and F' are ck structures for V = V+va_such that Ié are C*
imbeddings, which induce the maps %; and f; respectively, then
a) fg = f: on T‘ans (V*)-for 0<s<r (r < k),
b) F and F' may be completed to the same c’ structure for v,

are equivalent.

COMMENT

We may replace condition (b) by the following condition :
) 1
b') for each p in V, there exist product families%qu 0< Il f_kf
defined on Vzneighbourhoods D of p and f(p) respectively, such

that :
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N7 t oy

& ( X nip'wav* ) = Xy o v -

ii) f(x._f)gng: 1} ‘is an independent set, with (ﬁi)q in 'rq(bv'f)
for q in %0V Il =1,7" = 0, and (,xi-)q in

? L+ o n
Tq(V )\ Tq(bV ), for "= 0and n = 1.

It is obvious that the proof will proceed as before, eicept that the
chart (UY,h*) will be specified by X+n(using corollary 2 of lemma 1.1 -

the lemma on product families). The conclusion reached is the same.



CHAPTER TWO.:,JOINING METRIC AND CONNECTION STRUCTURE

In this chapter, the problem of matching metric structures defined on two manifolds

, - ) 3 3 - o .
V-which are to be joined across a common boundary is investigated.

After showing how unique fiélds, fhe‘normal'and null fihéﬁs, may be defined on the
boundaries avf and constructing charts based on these fizlds in neighbourhoods of
dV%, a study of the mechanics of matching the tensor spaces on >Vt is continued
from Chapter one, and compatibility conditions stated under which the union metric
g = g+ Ug g of the metrics_gt on V is a C' metric with respect to a Ck structure
Ffor V=V U;V .

We show (theorems 2.1 and 2.2) that there can be at most one Cr+1 structure for

V for which g is a ct metric, .and piove that a structure exists on which g is
continuous, provided only that f is an isometry (theorem 2.3). Thig last theorem
proves the existence of a unique set of 'admissible co-ordinates', much in the

sense of Lichnerowicz (1955), and clarifies their meaning.

The above is applicable irrespective of the nature of BVt(i.e. null, spacelike or
timelike or a combination), but for completeness and comparison with previous
résults, the concept of extrinsic curvature in the non-null case is discussed,
and we show that the continuity of g and the extrinsic curvature tensor, is
equivalent to the metric g being C1 on V, (given C1 at least on V }, a result we

!
will need to compare our results with those of Israel(1966) and others.
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Finally, the theory is applied to the case of a purely impulsive plane
_ gravitational wave, and mention is made of non-uniqueness problems arising
in the definition of the boundary matching diffeomorphism f, caused by

isometries acting within 2VE.

2.1 Metrics on Vi

As before, we shall suppose that v* are Ck manifolds.with boundary, and

£V =edV™ is a X diffeomorphism on V' onto ?V™; further, we shall suppose

thét V® are endowed with Ck—l locally Lorenzian metrics (signature +2); we

will require that k > 2 in this chapter, and higher requirements will be needed

later, when the Einstein equations are employed in vi. As mentioned in Chapter

one, the summation convention is active; lower case Romans range over 1,...,n ,

lower case Greeks over 1,...,(n-1) and for the present, upper case Romans over
1,...(n-2) . Furthermore throughout the rest of this thesis, for convenience,
sub or superscripts + or - on a kernel letter will indicate an object, set etc.

in V' or V', whilst a kernel letter alone will indicate an object etc. in

v=yv' Uf V™ . For example, (U+,h+) will be a chart in a structure for V'. In
any chart of type II or III, oVt are locally given by
-1

(h*)™" §x | x5 =0, xin R @UHTF.

When a.metric g is defined on a manifold V, the inner product gp at p induces
a map of TP(V) to T;(V) by v —-vE

p p P p
Tp(V). If v is in X'l(V), then v& is in X*l(V) provided g is deht least. This
2 b

g .
where v®_(w. ) = g(v_,w ) for v_, both in
00y = BV ) W b

is oﬁéourse the map implied by the 'lowering' of indices using g, for if

vﬁ = V; (%ii)p’ then vgp = v; gij(p) (dkj)p. The map is an isomorpﬁism and
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1

its inverse is a map from T*p(V)-—va(V)‘By w};oag p; we have that

Recall (cf appendix I, lemma 1) the existence of - Ck functionson V' and on

V™ such that

v
o

q in vhav? implies r_(q)

|
o

q in 3V’ implies r_ _(q) =
q in V2 V™ . implies T (q) <0

0

q in W~ implies 1 _(q)
and such that rank r, = 1 on avf, so that for p in avf- Vp in Tp(Vt)\Ip(BVf),

v;[g] f 0 | . (2.1)

+
We define the normal form on BV:by dr. and the normal vectors on ?V by
_ 1y '
nt = (dr,)® .(2.2)

By (2.1), d, # 0 and n® # O.

(Notice that r = r, Usr_ is well defined on V = V'U V™, and it is possible to

f f

choose r, such that for a given Ck structure F for v, r is Ck on V, and the

normal form dr = (dr+) Ug (dr ) is well defined on X).

3V will be termed of nature timelike,null or spacelike at p according as

e(n;) =g (n;,n;) >0 ( npis spacelike)

= 0 ( n_is null
( D )
<0 ( npis timelike)

Without loss of generality, we may assume that e(n;) = 1,0,~1 by suitably

1

rescaling r ; the fields n! are Ck“1 on DVt since g is Ck’ on V<.

If n? is null, i.e. if e(n) = 0, then n! is in T (V") for p in 2V (to see
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+.-1_ + +
this, notice that (dr,)(*) = (dr,)® ) © ) = 48 oy - gl ) -
which implies n’in»Tp(be), for example), otherwise, by a similar argument,
né is in Tp(Va)\GP(DVE). In this case, there ekist neighbourhoods N? of 2Vt
to which the fi2ld may be extended by V:' n=0 or ¥V m=0 ... (2.3)
(where v aﬁd V™ denote the metric symmetric connections on V' and V7).
Dealing for a moment only with n+,

2 gy’ n'm) = o0

v e

n

. + ) . . .
(by the metric nature of g ), so that e(n+) is preserved in:the extension of

n'. If (hav s )V+) is a aV' chart near p in bV with co-ordinate induced
fields%(g_, , We may vextend the %)b-xg off of bV+ to a neighbourhood of p by
+ ' +
requiring
+
[n, 8221 =0 ... (2.8

+
(here, « is an ri-tuple, with & =0)

Noting that by the Jacobi identity
0 = [n ’['ox"’ax.']] + [’&Z!‘,[U! >N ]]+ [b,__ [n ’bl ]]
we obtain
2. 2 + 2. 02
-Ln+ [)?3,3—3_"-] = [n :[a;ff"‘g’ff]] =0
where L denotes the Lie derivative with respect to n+).

It follows (cf Choquet-Bruhat et al (1977) p:148) that [;, %

8] is invariant
+

: . +

under the one parameter group of transformations generated by n and hence,

. + . .
since zero on ?V , Zero where defined, i.e.

2. 2, . '
e > ot] =0 | , ... (2.5)
By this fact and (2.4), the family of fields generated by taking at most (k-1)
products of the fields.gi s n' is a product family near p, satisfying the
4+

criteria -of corollary 2 of lemma 1. 1 and we obtain what we shall call the
normal chart (U+,h+) near p.

This whole argument is equally applicable to n .
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To interpret the normal charts ig simple. Again, working for the moment

only with n* { given q in V' near p (which is in 3V+), there is an unique
integral curve 1q of n* through q; the notion of the parameter distance

rq (for instance arciength) from q to wh (signed +ve - signed -ve when n~
is used) is well defined; 'let'Yq integect'b'v+ in q' and set H%q)=(hbv+(q'),rq)

which agrees with the previous definition of h* by virtue of (2.4).

Notice that the union n = nf Ug n~ may not even be defined. We can seek
conditions under which such4an n is well defined and C¥ on V = V+ Uf A
this will solve the uniqueness prbblem of this chapter only when Wrare
not null in a neighbourhood of:p and f(p) respectively. In order to include

the null case, we introduce the null fields 1%,

2.2 The Null Fields 1°.

We -seek the definition of vector-fields in the vicinity of.)Vt, which can be

: , R ,
uniquely defined irrespective of the nature of 3V, using g~. Let us work again

only with vt in V' : let p be in bV+. Since_g*is of signature +2, and Ck-l, we

may find on bV+, near p, (n-2) Ck—1 vector fields e each of which is space-

A
like, and which together form an orthonormal (independent) set, with each

(e;)q in Tq(3V+), for q in av*, near q. Since Tq(bv+) is (n-1) dimensional, we may
find.a 7! vector field k¥, defined on 3V near p, which is independent of the

e; Such that {(e;)q,k+f is a basis of Tq(3V+). Define a vector field 1t by

+ _+ _+
: =0 (2.
a) g(g,10) (2.6)
+ _+ + .
801 (e)g) =0 ... 2.7)
+ o+ o+
g(lq,kq) = -1 | ...(2.8)

b) 1;[r+] > 0, where r, is the map of ViR

described above.
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. + L.k . o ..
An unique 1q exists which satisfies these conditions. To see this, complete

+q . . .
{eA1- into an orthonormal basis set of vector fields near p in Pvi, et say,
' J

with, again all the e; 1 on bw'( g being ck-1 ); without loss of generality
we will assume e;_l spacelike and e; timelike. Then any vector.satisfing

. . . . + .
(2.7) is a linear combination of e 1 and e; . Tentatively set

+ + + )
1q = o((en_l)q F(en)q (ot ,ﬁ in R).
(2.6) implies
' 2 2
= B ...(2.9)
Now since k; is independent of (e;)q, we may write |
+ + +
kq = a(q) (en_l)q + b(q) (en)q | ..(2.10)

for C*1 functions a,b on dV',
(2.10) and (2.8) impl%,gffi

a(qQ)« + Fb(q) = -1 : ..(2.11)
Since not both a(q) and b(q) are zero, (2.9) and (2.11) determine either
two solutions for 1;, one of which is selected using (b), or just one

solution, which may be made consistent with (b) by an appropriate choice of

+

[r] and (en

the signs of (e+

n—1)q ) [r] and of K itself. It is clear that

q
lf is Ck“1 on th and {(e;)p,k;,lgf formsa basis for TP(V+) (The independence

of k; and 1; is easily seen).

The argument used to produce the normal chart (U+,h+) in the previous section

may now be applied to create the null chart (U'+,h'+), based on 1°.
This argument may be applied in V~ to determine an 1 and charts (U' ,h'7).

These null charts are defined independently of any structure wé may have

established for V = V+ U

£ V7, and independently of the nature of vt

$C 0 e whin ki s Giptm
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2.3 The maps .f,

Recall that

£, ap™, o ab,

‘(equation (1.9) was defined as a map on Tp(V+) ( for p in&V*)f and, recalling
the theory presented in paragraph 2 of section 1.2.7, as a.map on T;(V+). We
may extend f; to the tensor sbace Tp(i) (V+) (s,t in N), by requiring that
it be a product homomorphism (w.r.t the tensor product), and to cp,r(av+) by
equating it with f,. Notice that on Tp(bv+) and on-T;(3¢+) and hence on

Tp (:) (5V+), _f; = f,. By way of an example, if on aV+,_ g+ is given by:-

gT. dx*t m dx?,
- P14+ +
then on V ,
~ _ + _ e + o~ i ~ J
£.(8)g = (s g55 )q ( (£, ax))y m (£, dx)) )

+ -1 P vy J
g;;((B) (@) (£, &) = (£, dx))

2.4 Compatibility Conditions and Uniqueness

2.4.1 The Metric Compatibility Condition (m.c.c.)

A C1 structure F for V =V U, V™ » 1s said to satisfy the metric compatibility

f
condition if
~ + - .
Ll (vt ) = gy .. (2.12)

The metric compatibility condition is a necessary and sufficient condition for

the union metric g = gfufg* to be defined and €ontinuous (CO) on V. '
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It is clear thaf if the metric compatibility condition is satisfied, then
a) avf V™ and T are all of the same nature at every (corresponding)
point ( i.e. null, spacelike or timelike)
'b) ' if ) W are not null, then the normal field defined by

n = n* Ug n- ..(2.13)

is well defined (since*f*(n+) vt = n- v by the remark following
equation (2.2)) and continuous near Z.

c) irrespective of the nature of-3V+,BV% and £, the fields 1 obey

v ..(2.14)

and are continuous on V.

£, 07 ) = 1

It is clear that the equation (2.14) is independent of the structure F, and
depends only on the fact that F obéys the m.c.c., and the fact that f is a
diffeomorphism. Thus the m.c.c. provides a means of mapping vectors in
Tav+tv+)\'T(3V+) — TBV:(ij\T( V7). It follows thaf any two ¢l structures
for.v which satisfy the m.c.c. must induce ?; which agree on T3v+(v+).

Using the corollary of theorem 1.2 we have.:

THEOREM 2.1

Let V. be Ck manifolds and,gt locally Lorentzian metrics (signature +2)
which are continuous on V ; then, if a C1 structure F ekists for V=1V Uf v,

which satisfies the metric compatibility condition, it is unique.

‘ t
This theorem is independent of the nature of OV andZ , as remarked. The
union of null charts (U'",h'") and (U'",h'”) such that

A v o= fUte VH ..(2.15)
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and

h'” o £ = h't, .+ - ' .. (2.15%)

Jv- v

~given by
v [ | - + [T
ur U u and h h'" Ug h

. . . 1 s . .
is a chart in the unique C° structure for V, if it exists, termed (obviously)

(U',h") with U

a . null chart on V.

Likewise, the union of two normal charts satisfying conditions similar to
(2.15) and (2.15'), will be called a normal chart, and will be a chart in
any structure (Cl) for V which satisfies the m.c.c. (defined ohly where 2

is not null).

These charts will be important in practical applications.

/

2.4.2 The Connection Compatibility Condition (c.c.c.)

. + +4 -
Consider now (V-,g”) as before and let u be a continuous and v a C1 vector

field on V = V* Uf V™ under a structure F for V which satisfies the m.c.c.;

_ if in addition, g; ((T"+(u,v))p) = ([’_(u,v))f(p) for all p in V+, then F

satisfies the connection compatibility condition (where " and 7 are

connections, metric and symmetric, induced on V' and vV by g+ and g resp.)

Under this condition, the joint metric connection
+ -
is continuous (i.e. relative to F its components r?k are continuous) and

defined by the union metric

8 = 8 U g.
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It is clearly seen that if g is C1 on V, under F, then F satisfies the

connection compatibility condition, and conversely, since

Za (8B 8] =V g(@e,&e)
= g(V, Zppm) + 2(Ze, vV, Be)
and hence CO. (Notice that Vi = Vo_ ).
a R

It is clearly necessary and sufficient for F to satisfy the c.c.c. that

F(V. o) =V, B

2.4.3 The Connection Compatibility Condition of order (r) (c.c.c.(xr))

For ease of discussion, iva is a metric symmefric connection on a

Riemannian space, and Vis--:Vg,u are vector fields of appropriate differentia-
bility, define

v (vl',v2,..,vs,u) =Vv1 \% v, “e Vv u

[
where the metric is assumed of differentiability Cr_and S fzr.

£+
Consider now (V',g”) and F as before, and let the connection compatibility

condition of order (r) (c.c.c.(r)) be satisfied by F if F satisfies the m.c.c.

(which will be refered to as the connection compatibility condition of order
(0)) and if

rg +(s) = (o (S)

f* ((v (V1:°":Vs:u)p)_ (V (vl""’vs.’u))f(p)

for all p in V+, and for all s <r.

The c.c.c.(r) is satisfied iff the joint metric g is ct w.r.t. the structure F.
: ! :
(The only if part is obvious, and theﬁﬁ?part follows by repeated applications

of the technique of the previous section).
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Immediately, for 1 < r < (k-1), recaliing that V> are Ck, the joint null

field 1 = 17 Ug 17 is a C' field with respect to any structure F' (C

r+1)
satisfying the c.c.c.(r). Using the same chart (Ug,hy) to construct null
charts (U‘+,h'+) and (U' ,h'") (cf sections 2.2 and 2.3) and using the
null co-ordinate vector fields defined by these charts to generate a

pair of product families, together with the comment following theorem 1.2,

yields (together with the result already stated for r = 0, theorem 2.1):
THEOREM 2.2

Let V7 be Ck manifolds with boundary, and let f :_'3V+'~>0V"be a

i

Ck diffeomorphism as in theorem 1.2 . If g~ are Lorentzian metrics

(signature +2) of differentiability c® on V with 0 < r < k-1, then
there is at most one Cr+1 structure for V = v Uf V. which satisfies
the connection compatibility condition of order (r), equivalently,

in respect of which the union metric g =_g+ Uf g 1is ct.

In other words, the imposition of a c® metric on the manifold V uniquely

1

fixes the Cr+ structure on V.

2.5 Existence of a structure satisfying the Metric Compatibility Condition

Our next result is of considerable theoretical and practical importance. We
show that a necessary and sufficient condition for there to be a C° structure

! . 4
F for V which satisfies the metric compatibility condition is that f be an

isometry between V' and V :
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THEOREM 2.3

- - - - .
Let (V%;g‘), f 2V'-5 2V "be as before. Then there exists a C1 structure
for V.=V Uf V’OBéying the metric compatibility condition iff f is an

isometry w.r.t. the induced metric on 2V’ and 2V~.

Proof :

The necessity in the theorem is trivial, since f, = f, on Tp(av+), for

. +
p in 3V .

Otherwise, suppose that f is an isometry; we may require that

[and + - .

f, €y = €, ~ (cf section 2.2) ..(2.16)
and

o~ + - )

f, k = k ..(2.16")

It is necessary and sufficiént for the satisfaction of the m.c.c. that

f

.1 = 1 ; accordingly, define g:Tp(V+)-on(p)(V7) by :
(o)), = (ep Ve
e, = gy
g1, = gy, |
and on CP(BV+) to cp(av') by g = £,
The result then follows by the comment to theorem 1.2 (recalling that
1% and 1° satisfy 1+[r]> 0 and 1 [r]< 0 so that condition (c) of theorem

1.2 is satisfied, using product charts of 'bV1 constructed using r (cf

section 1.3)).

This theorem is the main theorem on Riemannian geometry in this thesis. Its

practical application will lie at the root of the work done in matching manifolds




42

14

of the final chapters. When attempting to match two manifolds, across their
common boundary, it assures us that we need check only that the induced
metrics on this boundary agree, and then an unique C1 structure, implying
the matching of vectors across this bouﬁdary, is obtained. This will enable
the matcﬁing of co-ordinates across the boundary, and will single out
'admissible' co—ordiﬁates, much in the sense of Lichnerowicz(1955), on

which calculations:should be based. Notice that our treatment ensures the

applicability of this result irrespective of the nature of therboundary.

2.6 The Extrinsic'Curvature,Condition.

It is useful, for comparison:. with earlier work (cf especially Israel (1966))
to show that in the case Z not null, extrinsic curvature tensors may be

introduced on 2V, and their matching under f_ made equivalent to the c.c.c.
’ , * q

Given n' we may define a tensor field on v'in V' by :

K = dx*m V, 10" : .. (2.17)
This definition requires n' to be defined only on BV+; an alternative definition,
requirng a Ck-1 extension of n* to a neighbourhood of v'ois

K* = a&x®m V. n' .. (2.17Y)
bat this definition reduces to the previous one on v irrespective of the
extension used ( cf Hawking and Ellis (1973) p46 ). We will use (2.17') together
with the extengion of n* via Si‘*n+ =.0_given earlier.

Then we have :
Vin' = Kc'd ,gle EH‘; ’?*‘3 ‘ O ..2.18)

where in the last term, we have assymed that a normal chart was being used.
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Also, if (n—l)V'* is the intrinsic metric.connection on V' induced by g '
we have :
-1+ 2 o x* nem) + ViZ (2.19)
Ve 2 xA %R K 5 xb ‘
(the Gauss-Weingarten equations - cf Israel (1966))
(assuming that the ZL“ are co-ordinate basis'fiéids in?V+).

X

K~ is similarly defined.

The extrinsic curvature condition (e.c.c.) is satisfied by any structure

F for V=V U,V which in addition to satisfying the metric compatibility

f
condition also satisfies :
(\’ + i -
RO A
Since VI‘;+ n® = 0:VY_- n7, it follows that if J is not null, then the

‘existence of a structure satisfying the e.c.c. implies the existence of a

(unique) structure satisfying the c.c.c. Formally :

LEMMA 2.1

+ ot ) ' .
Let V7, g~ be as in theorem 2.3; suppose that a structure F exists for
vV=y Uf V  which satisfies the Extrinsic Curvature Condition. Then there
exists an unique C1 structure for V satisfying the Connection €ompatibility

Condition.



2.7 Practical application of the compatibility conditions -

The purely impulsive gravitational wave

By way of an example of the notions of this and the previous chapter, we
include the following example of a purely impulsive gravitational wave -

cf Penrose (1972).

Let V7 be a flat (Minkowski) spacetime with metric given by
c2daudy + @02 + @n? = @H® for V<o
and V' also a flat spacetime, with metric

2 2 > 0

L2dapdy + epfEp’ + apiap? = @l for y

F

W

m
1<

it
o

o

o]
[a W
o/
<

+

m
e

1]
o

Set £ : V=2V by (UX,V)=(LXD=EWLY-

The induced metrics on V are :

2
(ds)
(d§)2

+ 2 2
W @0+ (@)

n

Wi @0+ @’

+ .
We next solve for 1- as sugested above. Let

* ° 2. [4)

©1 7 e €2 T s ko= oy
Let e3i = %QJ: - -;‘7\-/} | ( then gi(es,es) =1)
e4t = g—’ai - z%r ( then gz(e4,e4) = -1) |
Supposing that V= (e;; + Ffe': , and noting k§= 1/2 (vets + ei) obtain from (2.9)
0&2._ = F{f and

(1/2)&f - u/z)ff= -1 (from (2.11)

whence only o= -R = -1

44
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4
and 17 = 2 %%;

. x .. T 2 +
S f ¥, b Y = (5o i
pecifying-f, by requirlng that_f*(ww)p ()V_)f(p) for all p in Vv
specifies an unique C* structure for ¥V = V' U. V.  This problem is

f

examined further in a later chapter, where further individual matching

problems will be examined. )

2.8 Isometries within BV;

All the results given So far depend on a given diffeomorphism between 3V+and 'S
Uniqueness under a given condition is uniqueness only for a given f. In

physical cases, we shall require that at least the metric compatibility condition
is satisfied, so that any physically accéptablé‘choice of £ must be an isometry.
f is then either non—eiistent (i.e. the m.c.c. cannot be satisfied) or

unique up to modification by isometries acting within vt and av? In general,

we cannot hope to say more than this. It is possible that distinct choices of

f may be made which lead to physically distinct V(f) = V+ Y V;{ It is also

f
possible that requirements higher than the m.c.c. will 1ift the ambiguity.

In practige, however, it may be reasonable to ekpect that an isometry acting

in V' or V; is a restriction of a symmetry (in matter distribution for

instance) operating some distance ‘'into' V' or V' specifically, it may

be régonéble to suppose that there exist neighboufhoods N' and N~ of oV’ and 2V~

in which for instance either the fields 1% and 1 or (in non-null caseé) n' and

n , or perhaps some other field whose restriction to V' orav™ lies out of the
tangeﬁt space of 3V{ are Killing vectors. Then, if we work in null or normal
charts, and if w+, say is a Killing vector field in aV+, we have (using Lwﬁ(g+) =A0

bi+(g") = 0 and [1°,w'] = B+ (W) = 0, cf eqntn (2.4)) that B +(L +(g£)) = 0 so
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. ; . .
that wa(g)_= 0 in a neighbourhood of 2V , given the extension of w off bV+

using 1+‘(cf section”2:1). The result is that, although in global terms,
V(f) may perhéps be defined in distinct ways, dependiﬁg on f, there will be
a neighbourhoad of Zin V' Ue V™ which will look physically the same in

V. | |

every possible v Uf




CHAPTER THREE  ; DISTRIBUTIONS ON MANIFOLDS

This chapter has two goals :.to develop tools of functional analysis needed to
deal with field and conservation équations across the join £ of the manifolds

V' and V™ of chapters one and two, and to apply these tobls to derive functional
equivalents of the Riemann and related tensors and the Bianchi identities for
use on V. (The physical diséussion of these results is the subject of chapter

four).

The chapter recalls the notions of integration on manifolds we will need; and
then discusses in detail the construction of spaces of distributions on manifolds.
This latter theory is carried well beyond the requirements of the thesis itself -
the reason is the hope, at a later stage, to broaden the scope of the thesis,

as remarked in the introduction to chapter one.

It proves impossible to consider a distributional form of the Riemann tensor, for
the covariant definition of the Riemann tensor fails, when the metric is not-Cz,
to extend from a~mu1tiliﬁear functional on’D(?)(V) B (D(é)(\/))3 fo a continuous
functional on D(i)(V). It is possible, however, to consider a functional analogue
of the Riemann tensor - a combination of (é) tensor distributions - and thereby to
suggest a Ricci functional and a functional form of the Bianchi identities. °

Using these, the concept of a 'conservative' manifold may be jintroduced - this is

a manifold in which (roughly speaking) matter-energy cannot be lost.or gained.
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3.1 Preliminaries

In this and the following sections, V will be assumed to be a Ck manifold,

] ) . /
“with boundary and with k.2 1, Where necessary, we will use the fact that

‘a Ck structure for V contains at least one C° structure for V (which is
in general not uniquely determined). g will be a Riemannian (pseudo) metric
locally Lorentzian, signature +2, which will ufsually be required to be at

least continuous on V.

1f £ is a function, tensor etc., define
support of £ = supp f = Cl ?p | peVand f(p) # O f R
where Cl denotes topological closure; f is of compact support if supp f is

a compact set in V.

Define the exterior product A of an r (exterior differential) form « with an

s form F by
' ! .
(AR ) (VysVyseeesV ) = oveT ii sign () «(v"(l),...vﬂ(r)).
R Cv"(r+1),...y"(r+s)) ...(3.1)
where VisVoseeesV,, o aTE vector (fields), and the sum ranges over all permutations «
of the integers 1,2,...,r+s. The constant factor in this definition varies from

text to text, which will mean differing factérs in Stokes' and Gauss' theorems

given below.

The exterior derivative is defined as usual by

d(xnp) = d‘olAF + (A—.l)ro(/\dp t (32)
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where d(d«) = 0, df = %ﬁi dx* for C1 real map f on V etc.
If A is open in V, then A is itself a Ck manifold with boundary, with the

structure induced by V; in particular, A is Haussdorff and paracompact.

A Hausdorff paracompact space is a countable union of compact setS(cf section
1.2) and therefore locally compact (every4point in the space has a compact
neighbourhood), and, being Hausdorff, has the property that every compact set

is closed (cf Choquet-Bruhat et al (1977) p 15).

The class of compact sets in V will be denoted by K(V).

If kUi,hi)} is any locally finite.atlas for V, there exists a locally finite
partition of unity {(Vi,¢i)f subordinate to the atlas, such that each

Vi = suppl{«i is compact. (Cf Sternberg (1964), p56; this is a further consequence

of theiparacompact nature of V).

3.2 Integration on Manifolds.

A Borel g-algebra for a topological space is the c-algebra generated by the
topology, i.e. the open sets or equivélently; the closed sets, of the space.

A manifold may be equipped with.a g-algyebra; notice that since a compact
subset of a manifold is closed, it is measurable. If B is Borel measurable in‘
V, and B C U for some chart (U,h), then necessarily (and sufficiently), since h
~is an homeomorphism, h(B) is Borel measurable in R".

f

Let « be an n-form with compact support in.U, for a chart (U,h) of V; with
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respect to this chart, write W= Dl dxlA.dx2 A .o A dxn; suppose

2 ....1n
that

def
= Ly P12 ...a 9

exists, where d# denotes Lebesgue measure on R". Then ® is locally integrable.

Iy o

Suppose next that {(Ui,hi)} is a-locally finite orientated atlas for V, and
{(Vi,¢a)} a subordinate locally finite partition of unity (with the Vi compact).
Then for a general n-form &), & is integrable if its integral
W= = W |
fw i‘/l;i ¢, ... (3.3)
exists and if the individual-wyi are integrable. Since, using ordinary measure
theory these latter are 1nteg;able iff /L(Uj)l*jwl qu exists, the form

defined by

[ o] dsf ? lk) n

1 2
12 ... n|dx A dxT A ... A dX

is also integrable.

It is true that the definition of fua is independent of the choices of the atlas

and partition of unity (cf Choquet-Bruhat (1977) p 204).

If A is a subset of V,}(A is the characteristic function of A.

t is said to be locally integrable if wa =I XKLO exists for all K in K(V).
Integrals defined here have the usual properties of additivity etc.

Remaining in an orientated atlas, suppose that the well defined form given

locally by yl=41gt dx™ .. .Adx" where g = det fgij} is locally integrable;
. e - . .- .

since JTgI >0onVv, rl(A) =+ ];\r] for measurabhle A is positive of zero and

1 may be regarded as a measure on V . Formally q satisfies the following :
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3y M@ = 0_

(ii) Q(A) >0 {(for measurable A)

(iii) TI(YIJO En) = ? .(,En) (for a disjoint sequence of measurable
Ei)

Further, Ll is ¢-finite : V is a countahle union of compact sets, and by
assumption, n(K)<00 for X in K(V). q will be called metric or volume

measure.

The usual results concerning integration using a measure now apply; £, a
real function on V is integrable if rf’l exists, in which instance,

] lfln ‘exists also. If T is an (Z) tensor field, on V, we say that T
"iT

3 .- -
for a given K in K(V), and for all components T

is locally integrable if LU-ITI" jlq ekists for every chart U C K
*Js

.ol

>

j....%

3.2.1 Orientation of boundaries

Suppose an orientated atlas of V is given consisting only of type I and type III
. charts; this induces an atlas on 3V and, clearly, an orientation on . If

n = dimension V is odd, this is the orientation we choose for ?V; if n is even,

we take the opposite orientation - that is, we replace each chart in our originally

induced atlas for ¥V by é chart in which the sign of the first, or any one of
the first (n-1) édmponents is changed. (The dependence on the
parity of n arises because locally, 3V is given by -Xn:= 0, in this work,
whereas normaily.(cf Choquethruhat.p 205 ff) it is given by kl = 0).

The orienta;ion thus chosen for 9V is called the orientation inducedupon 3V

by the orientated atlas for V, or just the orientation induced on aVv by the

orientation on V.
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Calculation reveals that

: n . . .
- - A~ :
ven o = Jlgl 2 ~vl'(,e1)‘('1 1)(dx1 A e AdAXT A LLL oA dxn)
i=1 .
where the caret ™ denotes an omitted term. It follows that

avep = gl vi;i dxl A L..ondx®
= V-V q
whence Gauss'! theorem
fAv.vrl = fbA @ ;1;_1- vi(,d;(l/\ vee A g;ci/\ oo A dkn) ...(3.6)

i=1

Supposing that 3A C U, for some co-ordinate chart U, in the (orientated) atlas

chosen for A, the L.H.S. of (3.6) becomes :

fbA fler v"en™taxta oooaa®™!
=fh( n g ™ axtdx. .. | e (3.7)
using (3.3').

3.2.3 Integration on a joined manifold

Finally, turning to the case of manifold joins, given V’, gt as before,
supposeé. v’ to be orientagle with qt well defined volume measures. If vt

are equipped with orientpded atlases consisting of type I and type III charts
only and thereby induce opppsite orientations on Z = v’ Uf 2V, then

v=yv Uge V™ is orientable in ény structure imbedding v? in v.

If F is an orientable structure for V which satisfies the metric compatibility
condition, q’defined on V' using an orientkd¥ed atlas of types I and II charts,
and q'defined on V_ using an orienthded atlas of types I-and 111 charfs,

M = )\* UfT" is well defined on V,
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The Borel (Falgebra on V is clearly the union of the Borel o-algebras on v’ and
V™ (recall that v? are closed in V, which implies that any closed set in V is the

union of a closed set in V' and a closed set in V).

If the union metric g = g+ Uf g on V is not C1 on V (i.e. if the connection
compatibility conditions of ofdervl.and.higher are not satisfied), then there is
no guarantee that Stokes' and Gauss' theorems will hold for an arbitrary |
submanifold A of V, but they will hold on VRa-= Af given that the gi are

at least Cl.

3.3 Distributiomson a manifold.

3.3.1 The Spaces D" (V), D"‘(;’) )

Given a Ck structure for a manifold V (with k > 1), denote by C?(V) the set of
all real C™ maps on V, with'O-f_m f k, which have compact support in V,  and

by CEK(V) the set of @ in CZ(V) with support contained in K, for K in K(V).
Likéﬁise, denote by Cg(:)(V) the space‘of all (z) tensor fields, of differentia-
bility Cm, on V, with compact support in V, and by CZK(Z)(V) the space of all

T in‘Cg(z)(V) with support in K, K in K(V). All these épaces are vector fields

over R, and modules over the rings of c™ functions on V.

Begin with a compact set K C U for some chart (U,h) of a c™ atlas for V; a

norm for C?K(V) is given by

= 2 .
9Ny, m i 50, [cp]p! if K# ¢
0 <{pl<m ‘ ...(3.8)

= 0 _ if K= ¢



55

(this eXists by the continuity of (ggﬁ)[¢] , for every ¢ in Cm(V)).

Now let {(Ui,hi)} be a locally finite c™ atlas for V, and let {(Kj)?
be a subordinate locally finite covering of V by compact sets; assign one
Uy containing Kj to Kj for each Kj' By lemma 1 of appendik II, if K is an
arbitrary compact subsef of V, there are at most a finite number of Kj such
that Kr\Kj # ¢. Accordingly, define a norm on CSK(V) by

!‘¢“K,m = s?p “(P"KnKj ..f(3.9)

This is the supremum of a finite set, and exists for all ¢ in Cm(V).

2

Notice that || ¢llK,0 = sup (o mI.
p in K
Similarly, for T in Cm(i) (V), and compact K C U, (U,h) a chart in a c™ atlas

for V, set

I

where the supremum is taken over all components of T in the chart (U,h).

T, _ ij...ir
K’m(s) = sup li T 5, e [ Ko .. (3.10)

For a given, locally finite atias ?(Ui,hi)} with subordinate compact covering
bl K an kv
T T
Il ,() = sw ”T”KnKj,m(s) . .. (3.11)

J
which define norms on CzK(E)(V).

The norms (3.9) and (3.11) define topologies on the linear spaces CzK(V)

and Cﬂk(i)(V) respectively - the topological normed linear spaces which result
will be denoted by DE(V) and Dﬂ(z)(V) respectively (cf the case V = R" in
Choquet-Bruhat p 347). . |

t

We have



LEMMA 3.1

The topologies on DE(V)-and D?(:)(V) are independent of the choices of

atlas and of subordinate compact cover used in their definition.

Proof

We prove only the assertion for D?(V). Let {(Ui,hiﬁ and {(Ki)}be
4 further lbcally finite C™ atlas and subordinate covering by compact

sets. Denote by "k o the norms they define on C?(V).

First of all, suppose that Ki" KIZ with Ki C U and Kj cu',
where (U,h) is in ;(Ui’hiﬂ and (U',h') is in ;(Ui,hi)? . Then for

@ in Cp(V), and for h(q)=x(q), h'(q)=y(q), K in K(V),

56

Lul=m

zZ |
)

Nl : = sup [0, [g] |
Knﬂp% , M pinKanK!' o9x=°p P
0 gjpti m
, .
= swp DV p@T ) T3] (sm osvicip)
Peknnnq :
oslulem '
v (N
< sup \X/:f (pl - sup \(‘011‘),, Y(.pj.,[ :
T pekakonig » P EKnK/ nk; = ‘
oS{mlem oSMISm
os \yvi$ipld
— - '
N Ci-,j "cP"K NK.0K!,m
1]
where Xi is a C™ function on UinU3 (see the change of basis formula,
section 1.2.2), so that the Ci j are well defined.

f

, s, s . - 1
Now it is easily seen that “@flK,m iug ¢nKr\KiﬂK5 » @ supremum
>
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of a finite set; setting C(K) = sup Cij7 the above implies :
i,j -

bolty v < coolglly

and -“ “’

are equivalent norms,
K,m

By symmetry, then, I "K n

and hence define the same topolagy on CEK(V)
The proof for D?(E)(V) is similar.
LEMMA 3.2

m m.r . .o ' ' T
C (V) and C () (V), with specific norms [ "K,m and | “K,m(s) are

Banach spaces. Therefore, DE(V) and D?(E)(V) are Frechet spaces.

Proof

. We will not show that | |fK,m is a norm - this is obvious. We show

the completeness of D?tV) - the result for DE(i)(V) follows similarly.

(a) suppose that K C U for some chart (U,h) of V. Then the completeness

of DE(V) follows by the usual results of convergence of uniform&tly convergent
sequences of real functions.

(b) for general K in K(V), 1et§¢if be a Cauchy sequence in D?(V), and

let S(Ui,hi)? be a locally finite c™ atlas for V with a subordinate

" partition of unity ?(Kj?qﬁ)} (Kj = supp 45 in K(V)). Then, in terms

) of the norm: associated with these families

Wo; Cop - ¢, )“‘anK,m
= Jsup 108, Dy (@ = 0y 00,

PEK: n
05\k|5M
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< Cl‘wjll K nxj,m “ Qk * @1" KnKj,m

by Ldébniz rule, where C dependes only on m, Thusi$j¢k3 is a Cauchy

sequence, -for each j, converging in Dzer.(yJ’ by (é), to Ej’ say.

Set ? % Z'@j ; @t most a finite number of the Qj are not the zero function,
j

and it follows that f¢k§ converges to § which is in DQ(V).

The notion of a "Locally Frechet" or LF space is frequently used in the theory
of distributions. See for instance Treves (1967) pp 126-135. We now show that
the criteria for CZ(V) to be given a topology resulting in the LF space Dm(V)

are met,

Since V is paracompact, it is a countable union of compact sets, as stated
before, and there therefore exists an increasing sequence of compact sets Kj

which collectively cover V - we assume that V is connected, or has countably

many components. Clearly Dﬁ

j .

C?(V), with, firstly, the topology induced on CE (V) by D? (v) being the same
N j i+l

as that of Dﬁ {V) (to see this, note that the restriction to CQ (V) of any norm

J m J m

on DK (V) is equivalent to any norm on DK (V)) and secondly, each DK (V) is
j*l j j
a Frechet space. ' A topology on_CZ(V), the strict inductive limit topology of

(V) is an increasing sequence of subspaces of

m

the D']‘(‘ (V) is defined by :
j

let O be a convex subset of CZ(V), containing its zero. (0 is convex
iff for x,y in 0, ax + [1-a)y is in O for all a, 0< a<1). Ois a
neighbourhood of zero in the strict inductive limit topology for CZ(V)

(i.e., O contains an open set containing zero) iff 011DQ (V) is a neigh-
]
bourhood of zero in DE (V). (A set is open in this topology fot CZ(V)

_ J ,
iff it contains a neighbourhood of all its points).
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The resulting topological space will .be denoted by Dm(V).

LEMMA 3.3

Dm(V) has the following properties :

i)

ii)

iii)

iv)
V)

Proof

i)

ii)
iii)
iv)

V)

A convex subset O7of Dm(V) is a neighbourhood of zero in_Dm(V)

iff for all K ?n K(Vj, Of1DE(V) is a neighbourhood of zero in

Dy (V),

The topology of Dm(V) is independent of the choi ce of the sequence
K.} used in its definition,

The topology induced on C?K(V) by Dm(V) is that of D?(V);

A linear functional on Dm(V) is continuous iff its restriction

to D?(V) for K in K(V) is continuous on DE(V), and

Dm(V)'is a locally convex complete space (although not metrizable).

~given K in K(V), there is a Kj from the sequence used in the definition

such that K C Kj; as has been said, the topology induced on C?K by
Dﬁ.(V) is that of DE(V); the result is immediate.

followé from (i)

standard resuit on LF spaces - uses (i) and the result in Treves, pl27.
as (iii) - see Treves p 128

as (iii) - see Treves p 129

The spaces Dm(:)(V) are similarly defined, with properties akin to those of Dm(V).
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3.3.2 The Spaces D(V) .and D (E)f‘()l)

NeXt, suppose that F is a ¢ structure on V (and recall that every Ck structure
fqr a manifold V, with k > 1, contains at least one C ® structure (Mﬁnkres 1966)
so that what follows is defined, though perhaps not uniquely, for every differen-
tiable manifold). For K in K(V), .the family of norms | "K,m form = 0,1,2,...
is a family of seminorms on COK(V), is countable and separated (for terminology,
see Choquet-Bruhat, p 343 ff) and hence defines a metrizable topology on COK(V),
resulting in the topological space DK(V). That QK(V) is a Frechet space (i.e.
complete) follows as in lemma 3.2, from the Frechet nature of DK(V) for K C U,

(U,h) a chart in F.
The same construction used to produce Dm(V), as an LF space, will produce a
topology on CO(V), yielding the space D(V). D(§3(V) is produced in a similar

fashion, and the results of lemma 3.3 hold withm = c .,

3.3.3 Distributions : the spaces,D!(V)AandADﬁ(Z)(V)

Given a specific C” structure F for a manifold V, construct D(V) and D(Z)(V).
A distribution on V is a continuous real functional on D(V). An (Z) tensor
distribution‘v is a continuous real functional on D(i)(V). Distributions

are elements of the dual space D'(V), whilst an (z) tensor distribution is an

element of the dual space D'(i)(V)'(note the reversal of r and s).

Examples

Assume V. orientated, let ) be a locally integrable form on V and let A
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be any measurable subset of.a'compact<subset of V; then XALD is
integrablé and defines a distribution on V by
® (9 = quwo | .. (3.12)
'(to show that Kh is a distribution, notice that if ¢ is in DK(V), for
any K in K(V), then

lw, @)1 = 1f, 9wl

< sup |9 /AW'
p in A
< Coholhy o

so that wA is continuous¥- we use the result of Treves (p 64) that a linear
functional f on a linear space L with a topology defined by a family of semi-
norms, is continuous if \{(@ )I_f C- l@ll for some continuous semi-norm

B W on L)

Similarly, if V is endowed with a Riemannian metric g, whose metric form
N is locally integrable, we define, for a locally integrable real map f
-on V, -

£00) = [, f91 . : .. (3.13)

Finally, is T is a locally integrable (i) tensor field, an (:) tensor
distribution is defined by
T, (8) = /A T(S) 1| .. (3.14)

for S in D(i) ).

Distributions expressible in one of the forms illustrated above will be termed

regular. TA(S) is extended as an integral to all locally integrable (;) fields S.

* strictly, we have proven thathAID W) is continuous for every K in K(V)
A O .

which, by lemma 3.3(iv), with. m = w','implies-oA continuous on D(V)
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3.3.4 The .order .of a distribution.

A distribution f is of order q if a least possible non-negative integer q
exists such that for every K in K(V),
l£(@)] < ¢ llcpllK a for all @ in D, (V) ..(3.15)

where C(K) is a constant, depending only on K.

The order of a distribution may be undefined - by virtue of part (iv) of lemma
3.3, adapted to D(V), and ‘the comment on proving the continuity of.a linear form
on DK(V)_of the previous section, (3.15) holds for each K in K(V) for some q(K),
the order of the distribution f then being the supremum of the set

fa(K) 1 kK in kW) }

if it exists.

The order of a tensor distribution is similarly defined.
Note that regular distributions are of order O.

A fundamental lemma is the fo}lowing

LEMMA 3.4

i) A distribution is of order q iff it can be extended to a continuous
linear functional on Dq(V)

ii) Similarly, a tensor distribution T in D%(i)(y) is of order q iff it
can -be eitended to an element of qu(i)(V).

iii) The extensions of (i) and (ii), if they exist, are unique.
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l(mma

The proof of this theorem is given in appendik 1I.

This lemma will enable us to considef only-Cr structﬁres on V when considering

qth order distributions and tensor distributions on V with q é_r.. It then
féllows, by Theorem 2.2 that the spacé of distributions of order q < r on

the joint manifold v Ug V™ is uniquely defined if the structure on V' Ug v
satisfies the connection compatibility condition order r-1, even if that structure
contains several distinct C® structures. In practige, this means that the

spaces of distributions which concern us are uniquely defined.

3.3.5 Piecing distributions together.

Since often it will be convéniént to work '"in the small" i.e. on open
neighbourhoods in a manifold V, and then to piece the result together into a

~global one, we give the following lemma :

LEMMA 3.5

Let V be endowed with a C® structure F, and let Ui be an

open covering of V. Let Ti be in D(Ui) for each i such that for
every @ in D(Ui(\Uj), 'Li(@) = Tj(q)). Then there is an unique
distribution T on V such that TID(Ui) = T,

it

Proof

This is proven in the same way as Choquet-Bruhat et al prove the lemma
: !
for V = R" (see p 360) ~ the proof rests on the fact that V has a locally

finite partition of unity.
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3.3.6 Products.of.real.functiohs.and.distributions

If £ is a distribution on V and.q/iS‘in Cua(V), define a distribution on V by

¢4 (@ =£ (Yg)
If f is a distribution of order q and ¢ is in c%v), then f%is still a distri-

bution (using Lemma 3.4), of order q. (by Liebniz rule).

In this way, D'(V) and Dm'(V), also D‘(Z)(V) and Dm'(z)(V) may be viewed as

modules over the spaces CxTV) and'Cm(V).

3.3.7 Covariant differentiation of distributions

Let A be a submanifold of V, with boundary 9A; assume that A is orientated
using an atlaé of types I and III charts, inducing also an orientation of dA.
Assume that the metric g is C1 on A, so the Stokes' and Gauss' theorems are
applicaﬁle on A.

Let V be a C1 vector field on A, and set T, to be the regular distribution

A

defined on D(2) (A) by the (Z) ¢! tensor field T on A. For S in D(i), we have :
J,, T(s) ven | |

V- (T(S)V) n

e (V1))

dx" (9, (T(8)) ) v) + T(S) V. v 7

V, (s + T(S) Vv N

(7, (D)) + TE, ) + TEVev n

f

0]

whence the regular distribution defined on D(Z)(V) by VVT is given by

@, TY ) = [y @D ®)q
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= Lt vy - [ @S+ T vy g |
| .. (3.16)
We have, for K in K(V) and S in DK(A)
1@ <€ Lpng TG v+ [1,0,9] + |vv 1,6 L (3317)

< Ty o dsl x,oq) ) /a'AnK v
e o sl Qv cllsly o

where C. and C, are constants depending only on K

1 2
(take C; = &) - N THy o0 I v K,O(}))
and  C, = [Ty (O IV K,O((l,) - Cy,

where C3 depends only on the first derivatives of g in the norm-defining

charts intersecting K)

It is therefore true thatifor any locally integrable (z) tensor field T on A,
the distribution defined by (3.16), i.e.
V, T, ) = ([, T®) vey ) - 1,08 + (1:V)S) | .. (3.18)
is a first order distribution on D(A) - uniquely extendible to an element of
1, r . _ . : e
D (s)(A),Indeed, if 9A = ¢, (3.18) defines (VVTA) for all distributions T,
on D(A) and the argument at (3.17) will establish both that (YVTA) is a

distribution (i.e. continuous) and that, if T is of order q, VVT is of order

. . ) s . + .
at most (q+l1), this last, given that the metric is at least c4 1 and v is at least

.

In the event that g fails to be C1 on a set of measure zero on A,
but With'?ii.gjk locally integrable in every co-~ordinate system of A, (3.16)
remains a good definition of Vv TA, provided that T is a regular distribution

(for /A T(S)y = [A\M T(S)Y, where (M) = 0 ). .



The nekt steb is to calculate a double covariant derivative of a distribution;
suppose té begin with, that T,g,u,v are all C2 on K (u,v,being vector fields

on A) and notice from (3.16) that

fon (0.1 (S) voq - V() (1,8 + (T (S))

fon WD) viq - [ TS + (-V)S) uey

+ T (W, (VS + (VV)S + Veuly,S + (V-V)$)) . (3.19)

1

V,0, T ()

As before (viz 3.17) we have that for any tensor T such that V. T 2 g; are locally
: : : u 2 3z %y ¢

integrable .on A and T is locally integrable on A, VV(Vh TA) is a second

order distribution, uniquely ektendible to an element of DZ'(:)(A) Indeed,

again for 9A = ¢ (3.19) defines V;(VL TA) for all distributions TA’ and

the result is a distribution of at most two.orders more than TA’ if TA is

of finite order - in this case, sufficient differentiability requireménts on

g,u,v are that they be Cq+2 for'TA of order q.

Also, as previously, if g fails to be'C2 on a set of measure zero in A, but

2
with %%ﬁﬁi. 811 still locally integrable in any chart of A, (3.19) remains

a good definition for V; Vu TA’ if TA is regular.

3.3.8 ‘Generalization of the doemain A, and D(A) etc.

We have assumed, in 3.3.7 and 3.2 inathe covariant differentiation .of distributions
and the statements of Stokes' and Gauss' theorems that the domain A was a

submanifold of V, with boundary ?JA.

The above results will generalize to the case in which A is a domain of integration
and ®A its boundary (cf Choquet-Bruhat et al (1977) p 207). In particular, we will

be using for A either a compact submanifold of V, or, in the case in which
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v=y Uf V™ is a joined manifold, sets of the form A = A n Vf with A a
compact submanifold of V. Clearly AI will be cﬁmpact onV , and although-
A! will not necessarily be manifolds in the true sense of the word, the
nofions applied previously in the definition of the spaces D(V) etc will still
hold good if we replace V by A, and talk of D(A), which will be the space of
all C® real functions on A, of .compact support in A, which will mean, since A
is compact, that the support of some elements of D(A) will be A itself, with

these maps non-zero on A,

3.4 Distributions on Manifold joins

Let V? be Ck manifolds with boundaries bV!, f: v -V a Ck»diffeoﬁorphism

oi oV’ onto DV and g’ Ck metrics (signature +2) on V ; k > 1. These Ck
structures contéin (though perhaps not uniquely) C® structures for V (cf
Mﬁnkres (1966, p57)) and hence, the spaces D' (V*) and D“(z)(vt) may be defined.
In.particular, by lemma-3.4, Dk'(vf) and Dk'(Z)(VS are uniquely defined.

Letting V =yt Uf V: V carries a Ck structure (again perhaps not uniquely defin-

able) such that V? are imbedded in V, and D'(V) and D“(:)(V) can be defined.
. [ or -1
Given any tensor field S, let S™ = ((IZ),) (S, .+ w) onV .,
£ [ (1%V)
If K is compact in V, then K* = KnV® are closed subspaces of K (regarded as a
compact Hausdorff space), by virtue of the fact that v?* are closed in 'V; thus
K?are compact in Vv and hence in V . (theorem, cf Choquet-Bruhat p 15). It

follows that if S is in D(i) V), S!are in D(_i) v3y.

Now define g = g Ug g on VNI and 1 = f Ug0 on V\s . Setting 1) =0,
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n defines a measure on V, volume measure, even if g cannot be continﬁously extended
to V. Accordingly, if T is an f-locally integrable tensor field, defined by

T=T U.T where T are N-locally integrable. tensors on V , then T defines

£
a regular distribution by
d
IROIE N CY
= [ Tshyt s [ - Ty
= TH(S) + T, (8) (S is in DCI(V) ) .. (3.20)

TA is of order 0, and hence, (by Lemma 3.4) defined independently of the structure

on V,

Now let V= V+l“;V-on VNZ. If v is a ¢! vector field on V, we may, via (3.16)
define YVTA by

- TAW, S+ (WV) 8) + JAT(.Q v

(W, TS = .
= - T#(V,8" ¢ (WV) §T) - T,-(V.8T + (V) ST)
v [T v ] T vy ..(3.21)
DA\ w* A \dV™ :

For arbitrary T, we must. expect (VVTA) to be of order one.V'VTA depends on the
structure chosen for V (since vi do),'but only on C1 structure. If the.
structure f§r V satisfies the metric compatibility condition, then its C1
structure is uﬁiquely defined (Theorem 2.1), and V&TA is uniquely defined.
For this reason' and for the reason that in a sense the metric compatibility
condition is a physicél requirement (cf chapter 4), we will henceforth work

only with structures for V which satisfy it.

It is a consequence of (3.21) and (3.16) that
(V,Tp) (8) = (Ve Tye) (ST + (7,.T,-1(ST) ,

T ] TRE) v .22
2@yt (L
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Except where needed for clarity, we will omit the superscripts + and - on
T,S etc. Since the metric compatibility conditions is assumed to hold, and

since we will assume th\af V is orientable, % = q'Uf)l' is well defined,

Similarly, we can define (Vv v u TA) for v,u, C2 on V by
VY, T, (8) = T,(F (VS + (V¥)S) + V-u(? s + (Vv)S))

+ + + " - ¥, .
= _fDA,\WfT (vys + \V-wisiun-(vyTis)vy

- [’ap;-'\aw ? T( V;S y (7V)$)4 uy - (v; TI(s) v

obtaining, provided V T are locally integrable on A :

Ty Vi Ta(s)y= V9L Tar(s) + V. Vo Ta-(8)

+ f770%'s + WD uy - (%) vy
JATAQVH _ )
iy T (75 #7093 um= \7gT7)(s) vy ..(3.23)

For arbitrary T,Yqu T, is of order two; if the connection compatibility

A

condition of order 1 is satisfied by the structure for V, then the C2 structure

of V is uniquely defined (via theorem 2.2) and VvVu T, is'defineable quite

A
uniquely. We will not, however, in genfi‘al require the satisfaction of the

c.c.c., so that Vvvu' T ,will_be ambiguously defined in general,

A
If we specialize T somewhat, then (3.22) and (3.23) simplify somewhat because
some of the terms in the boundary integrals will cancel, usi:ng continuities

of T across Z.

3.5 The Riemann and related functionals on.V' U v

: k ' s » - e < es ,
We assume that a C structure exists for V = V+Uf V', which satisfies the

metric compatibility condition, so that g =g Uf g is continuous on V;

g are assumed Ck with k Z 2. It is unfortunatelyv not possible to construct

a distributional form of the Riemann tensor, unless the connection compatibility
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conditioﬁ, order 2, is satisfied, but we will define amiltilinear real functional
whose arguments are vector and one-form fields, based on a combination of
distributions, which will Serve thepurpose of the Riemann tensor on V and

enable us to write functional forms of the Einstein equations and the Bianchi

identities.

Let wbe in D(P) (A) and let k,u,v be in D(3) (A). Define :
Riemann, (Q,x,u,v) =Vu(VvX)A(”) =V, ¥, @) - ('V[u,v]x)A@) .. (3.24)

where- (va)A(w) = fA+ w(v:rx)'l + /A— w (V;X)V] etc.

The form of Riemann is fairly obviously based on the usual definition of the

Riemann tensor. By (3.21)
, RiemannA(bQ,x,u,v) = ‘Wv X)A (o + (V'U)“) +(YuX\A\va+ V-v)w) - (V;u’,,-_, X)A (W)
' grnb\rw(v‘;an - W (Vg X u
Dy 400 01 = e ,
.. (3.25)

where.

% X), (R 0+ Www) = |

A (7, w+ (Fuwy)%x) Ul |

etc.

This definition is based on an extension of (VVX)A to the space of locally .
integrable one form fields by means of an integral representation. This is not
necessarily the only extension we could use. It is a natural choice; and if the
connection compatibility condition is satisfied, the only choice ( to see this,
note that if the c.c.c, is satiéfied,(Vwr%ua)is in DO(_‘,’)(_A), and KVVX)A being of
order zero is uniquely extendible to Do(_?) (N)by lemma 3,4). This uniqueness of |
choice (when the c.c.c. is satisfied) is the reason also for basivng‘ Rie}nann on

(va)A and not on Yv(;c)A, for in the latter case, an expansion akin to (3.25)
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would yield.terms.such as (i)A(Vv(vhw + (Vv uw) +-Vv(7ﬁw + (V- u)w)) whose
uniqueﬁess is in question until the connection compatibility condition (order 2)

is satisfied, which is generally too stringent a requirement.

It follows from 3.25) and (3.22) that

RiemannA(Q,i,U,v) = RiemannA+GA,%,u,v) + RiemannAa(Q,i,u,v)
+ ] ookV;x\ Vi - Wl Wy x) un
N NDVT
wivix) vy - w(viyyue
¥ I‘Zm’n‘m)* (7i x) vy (Vy ¥y iy - (3.26)

where now,:sinca gf are'Cz, RieinannA are in fact given by (é).regular tensor
distributions, based on the Riemann tensor-fields R: in V ;

RiemannA*I ,X,U,V) = R+A+( ¥ X B u b v 3.

Based on.(3.26) we can extendvRiema.mnA ‘to all fields w,x,u,v which are

C1 on V\I and continuous on V.

Taking the integral representation of (3.26), for u,ﬁ, in D(é)(A), we may

define, covariantly :

RicciA(u,v) = Ri;ciA+(u,v) + RicciA—(u,v) )
e (B80T OV - GG e
* ‘ba'nbv* (AT uw) vy = @D (G W %‘“"1
= RicciA+(u,v) + RicciA—(p,v)
: ’"oA‘nh\r Wy - vy
* Ly (V- W) - . (3.27)
where RicciA+ and RicciA- are given in terms of the regular distributions

based on the Ricci tensors in V' and V7. (3.27) will be the basis for the
~geometric part of the functional Einstein equations across 2 in V,

'
-1

Letting w, % be in D(_‘l)) (A), u,v in 0(11)) (A), and setting i.:;{g
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(the metric conjugate of -}, cf chapter .2), we. define
Riemahn w,%,u,v) = Riemann, (_N,i,u,v) _ : ..(3.28)

the right hand side being well.defined by the comment after equation (3.26).

3.6 Bianchi identities - the functional form

For w a C1 vector field on V, we define

(V,; Riemann) , @,x,u,v) = V, (V, (V,¥) ) @) - V (7, (V%)) @)

w u'v
- VW(V[U,V]X)A@) .. (3.29)
Expanding these, using (3.23) we obtain :

(v W \Rfemann\)A (2, %, u,v)

= (V' + Riemam)a+ (3,%, 4,v) + (V- Riemann),- (3, X, u,v)
+ S0+ Www)Vyxfun - @V (%) wey

ATN DV i

&A . J (T30 +Ww @) VyxFuy = w(TH D) wy

DAf " f(Gyw +Www Vx3v4 = W T W) w4 f ([Lv:;x)( W) W

Batn oyt
- "bA-nbv' g (wa + (FWIR )% fvey - “)(Yy (YN w1 ¢ lbn“ v luv] 0wy W

= Yo R ) Rexpuev) + Y, (R (we x @ U® v )

SDM%Z* W, x,u,v) Wy - IMME (W, X, u,v) wi
KW{LV XV o+l uy = § Vx (Tgad + (@w )iy |
* SM WX ) (Vo & t@wieltuy = § Vox (Twed # (VWi vy .. (3.30)

vt
where as before R! denote the Riemann tensors in V? and, assuming k > 3

(VwR'A) are regular distributions.

Employing the Bianchi identities in V-, obtain the functional Bianchi identity

on V as :
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]

b2 (Vw Remann )A(“' X, u,v)
c lw,u v} :

= 2 {‘ N CARTR IR I fM_m. R0, %,uv) wey

c(w,u v}
(] N . . ' . .
+ ’ww\Vw”* (V-w)n) WX uq - (K + Vwa) _V"X v |
* faapys T *TRITY W = (T + 75w @) Tx Vi { .. (3.31)
where 2 denotes the sum over the cyclic permutation of (w,u,v).
c(w,u,v) U,

If the structure on V satisfies the connection compatibility condition, the

full functional Bianchi identities are
Ria ( v) = {
Ec (vw WJMBHV\)A l/\))x)u) ) g{w/u’v) faN'ODV’
”M‘nbv' R (L, x,uviw }

cz(w,u,v;”mz@"z )(“""“:V)W'ﬂ : .. (3.32)

since the remaining integrands under the integrals over OA'0DV' and OA OOV
ng cg : ,

R (w,¥%,u,v) W)

are now equal, whilst the integrals induce an opposite sense on AOX so

that they cancel)

Irrespective of whether the c.c.c. is satisfied, we will say the V is a

conservative manifold if
= - ' - S
(W, u,v) (Vleemann)A(Q,x,u,v) 0 .-(3.33)
for all vector fields x,u,v and form fields ) which are C1 on V\$ and continuous

on V.

If as before, '}, is a one form field, also C1 on V\I and continuous on V, we

may derive (3.31) and (3.32) with  in place of x. (Cf (3.28))

3.7 Contracted Bianchi identities .~ functional form..

We now imagine A contained in some co-ordinate chart,
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3.7.1 First contration

Consider :
D .
. dya 2 )
C(W;"ba&A,V) k?w ’Qlemaym)A( Yo%, A,V
T (W Riemann )y (it x '0%“ v)+ (Y, 'Ece'ma}'m),\ di®, X,v)w)*vaQjemann\A(da"" X)wl%q)
= X - (dn® X RT( ot 2n v)w
cw B v) {“m’}f ) X, N V)wq J’aA o L%, 5% V) W
| ' LA‘ byﬁ \Vw da® 4 (V- W) ) Vv X ?"U'R“ d {(V, £ \V'w) dat) V»*X%V-q
L}
*bmnau- (% da® T (T9) cat) Y xEgioe 1) ~1(Tp 0o+ (90) d) X vy

v+ (3.34)
The first term of (3.34) yields :
- + - - '
rbh*z R7 (x,v) W [DA‘(\DV' R(x, V) wy
Pl T e S o) X ot - J( 4 IV w) ) T3 X vy
hive - - -
- g b $(V, o+ (Vow) 0 V;x?u?;wy] - §(¥,, da+ @-w ™)V, x§ vy .(3.342)
Y
‘The third term of f3.34) yields :
F fa/«*nmﬁ RGowy v [oA'nav- Rx,w) N ’
+ + 2 a a\*
B fbh‘nbv* (V) &+ 07V Jdr®) Vo X a0 -i(Vv* d + (V- v ) da® IV X t W R
e T ) i) Voxdwe U -V dat+ @)XWy L (3,348
nov
The second term of (3.34) yields :
= Y 2 (4t Y,v,w)‘nz‘*'n ‘g_f(dm" ¥, v, w) %“Y]
ATV , +h
N gﬂ - SOV ao + 0 Fon) dn®) Vo x §¥H = T e+ (9-350)da®) ¥, X F ey
C‘n »
+ | $LT e 5 (Vo oge) VY- § (T, dan + (T R IV x3w . (3.340)

ATAdIVT
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3.7.2 Second Contraction

: -1
In the above, we may regard x = ‘)Lg for a C1 one-form 'ﬁ on V,'and
. - -1 .
in particular, regard x = (dxb‘)g . The second contraction is then on

X = dx? and w = 7)352*' Perform this én [3.34a), (3.34b), (3.34c) :

(3.34a) yields :
+ 2 - 2
- R (dBv) e - [bA‘nbv“ RT(dr" v) v

Wt a2

! Sbmnbv* S (vb h* + W'%")MG) V; &Mb)g- % el

S et (TR M) T, 6D vy

- - - e

ol oA+ (R0 ) 7y TS ey

“L VL gt + e )T, (2 f v N | . (3.35a)

(3.34b) yields : _
2 r 2

+ R (da”, 3g%) V| + shn‘na\r R (de, 3e) vy

ORA* AV

Sl (7, + W) ) (7 deere ™) %* g
=5 (9w (V) ) (9, a9 YTt o
T gy T (W 41 @D ()0
S5 (9 AT A (Y @3 ) S  .(3.35B)

(3.34c¢) yields :

2., & _ S
_ + Q' d/y"l Vl-ub) *oxo'n - 4 b Z‘)—‘a'
f)ﬁ*nbV"R (o . fbﬁ'h_bv‘ R (d“/ o v et ]
Loy 1 (V0 86" (7% 222 d) (V) s )?V.lq
R AL A AR~ d«“)(“ (@9 Y
T, a -9, . a - -
* §h-w YU doe + (V- 320) o) (W, (dx®)3 ) v

- - - 1y "
T AT gt # (Vi ma) IV s ) FRm ) L (3.35¢)
t
Consolidating the first pair of integrals in (3.35a), (3.35B) and (3.35c)
into one expression yields in. index notation ( and with a few changes in

the dummy summation indecii) :
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a c 9
%‘_Q‘rkc.’ S‘;Rﬁ_gﬁ'b_(agv (‘0‘1."’"])

Oatapv? |
t S“DR" v ? - Q-. bc + Sbc R_ - B. cha§ A ¢ (‘g;‘v ‘y])
) . ) . -
= o ([ G (dEv)wubey [ G (oka,w)m"’l) .. (3.36)
©datadvt . A ny" »

which expression will be used to-express the basic conservation of ordinary

material in the joined Universe V (see chapter 4).

Furthermore, it is easily seen in (3.35c) that
by a t ‘a
Va dx® + (V ??_Xa) dx
ta c rc a _
"My 9% HMggdx™ = 0

so that the last two surface integrals of (3.35c) vanish.

We are left with :
2 (Vb ?\’QM&M’\)A (d’qu JK"' %alv)
C(%E,Mo)v) > ) ’ 2
ST ”be'nb\(* SHERATR AR B N S G f

(Tt + Wks) dat) W )7 wn oy

T Batodvt s L
{0 a H LY 320) dnt) Vo ()T E vy
£ Dy § (Toditt (VEm dnt) Ty (362)8'F ey
- 5 Tt 4 (T FR)d) ¥, () Ty
S (R MV ) O0) T (e §ee
ATV . . “tp 2
8 (R (T ) V) () e
e T (T data () ) VI (M) )
| ) : AR |
=5 (Vy de Ty dnt) V) ()T ey . (3.57)

which, if Y is conservative, must he set to.zero, which will result in the
equations of matter-energy conservation in .V and the equations of motion
of the material (surface layer) 'trapped' in 2. The next chapter will discuss

these concepts.



CHAPTER FOUR

g ' _ . .GENERAL .RELATIVITY .ON .THE JOINED MANIFOLD.

In this chapter, we consider the definition of a~functiona1 form of the
Einétein Equations, and work out, both in the null and non-null cases the
implications of its satisfaction. We also work out the consequences of

a functional form of the Bianchi identities in a conservative manifold.

We show thét‘a physically reasonable manifold join must satisfy the

metric compatibility conditions, and introduce thé concept of a surface
énergy momentum density on the join of two manifolds. We show that the
absence of such a surface layer implies, in the case Z non-null, the eiist»
ence of a C1 structure for V satisfying the connection compatibility
condition and note that when 2 is spacelike, the dominant energy cohdition
implies that there can be no surface layer, whilst in the case 2 null,

we show that it is possible (even with no surface layer present)vthat there
be no C1 structure for V satisfying the connection compatibility condition.

This corresponds to the case of an impulsive, purely gravitational, wave.

In the case when the - ¢.c.c.(1l) holds, irrespectivé of whether 2

is null or non-null, we use the functional form of the Bianchi.identities
in a conservative manifold to deduce the continuity of energy momentum
flow across 2 (and hence, via an equation of state; in the spacelike
case, the continuity of an enefgy~momentum tensor describing fluid flow

across Z).
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When a surface layer is present (in the.non-null case) an equation for thé
interchange of energy-momentum.between the ordinary fluid in V and the surface

layer is presented, and analysed.

The chapter ends with a table outlining the possibilities just presented.

. t -1
Throughout this chapter, vi are Ck 4-dimensional manifolds, g~ are Ck metrics

(signature +2) on'V , £ : aV'-®dV k >4, V= v Ug V' and L = 3V Ug V.

4.1 Physics across Z.

We outline in this section the physical assumptions we shall make to do physics
acrbsS'Z in V. Material in V will be supposed to be found in two ways : (a) as
Tordinary' material, found in V* before the join was conceived, and described
via a C! tensor field T+ in V' and a field T in V', and (b) as ‘surface layer'
material whose history in spacetimé is given by Z (such as, for instance, the
energy carried in a,shbck front whose space-time history is idealized to be %).
We will allow the interaction of these two kinds of material, bBut we will

(in the tradition of physics) allow ourselves the lukury of test particles,
which may pass through Z without interaéting with the surface layer material in
7, and make certain assumptions about these particles as they cross Z or travel
in 2 .

PHYSICS . ‘MATHEMATICS

Pl  nearby particles remain nearby M1  The map f is a homeomorphism and if

5 T+ .
a particle enters 2 at x say, it

¢ . - .
: exi#ts at x = f‘(_x+)



P2  The four momentum of a test M2 the tangent to the world line
particle which free falls ‘ of a particle is continuous
acrosslis continuous across ¥: at least a C1

structure is availahle on V.

P3 The énergy of a particle . M3 if p is future pointing, then .
o N . + -
free falling across 2 is . g (p,p) = g (p,p)
conserved.

. U,
We also need to make large scale assumptions about the physics in V-~ viewéd in V :

P4  The physics in v* viewed once M4 V! are imbedded in V, and, in parti-
they are joined to form V is cular, they induce the same Ck
the same as the physics in Vt : structure on I iie. f is a diffeo-
when they are viewed separately morphism.

PS  The physics of v are governed M5 V2 are at least C4 manifolds,
by the usual laws of General _ g® are at least CS; the Einstein
Relativity (with zero coSmological . equations are sétisfied, and
term) the Bianchi idenfities hold in Vi,

\

Finally, we need some assumptions about the large scale behaviour of physics in V :

P6 The Einstein equations hold in M6  The ekact functional form is given

functional form in V in section 4.2
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p7 Matter'energy is neither M7  The manifold V is conservative.

created nor destroyed in V.

We will also assume that the manifold V is orientable (an assumption sometimes
made in other studies of integral formulations of G-R see e.g. Marsden and

Fischer (1879))

P3 impiies that the metric compatibility condition holds in the given'C1 structure
for V: Given any future pointing timelike vector p, P3 implies that
&) = g—(p,p)J.
Take two such vectors, P, and P, and their sum P1*P, is also necessarily
future pointing and timelike. It follows that

+ +
g (p,py) + 2 8 (P),P,) + £(p,y,P,)

+
= g (P1*PysP*Py)

= g (Py*P,,P1+P,)

g (p1sP) + 2 8 (p1,Py) * & (Py.P,)
whence
+ . - .
g (pl ,pz) = g (pl ,pz) : ...(4.1)
and the m.c.c. holds (since a basis for TP(V) can always be found consisting

of . future pointing timelike vectors.)

The consequences of the above assumptions which are of interest to us are :°
1. The theory of joining of manifolds given in chapters one and two
is applicable to V, and in particular, by theorem 2.1 and 2.3,-there
eiists an unique C1 structure for V which satisfies the m.c.c..The

normal and null charts of chapter two are charts in this structure.
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2. V, being a C1 maﬁifold has a .C" structure for all r > 1, which
is compatible with the e;isting C1 structure (Munkres (1966) p 57);
if this structure satifies the connection compatibility condition
of order r?1 it is unique in doing so, and must contain the normal
and null charts of chapter two. It follows that if the connection
compbnenté eipressed in a normal or null chart for V are discontinuous,
then no structure for V can satisfy the connection compatibility
condition - effectively, the connection is not continuous across

the manifold join.

3. The spaces of zero and first order distributions on V are uniquely

defined.

4. f is a diffeomorphism and an isometry. Whatever metric structure
is induced on V' by V' and hence on 2, agrees with the structure
induced on Z by 9V .

5. The joint metric (volume) measure q=q+ Uf q' is well defined.

In the sequel, A is a subset'of V of the kind described in section 3.3.8.

4.2 Functional Einstein Equation in V.

Given T* in v? (energy momentum tensors) let.T*?(u,v) = Tz(u;v) - %;g(u,v) T:
so that (in suitéble units) k
RY(u,v) = BW.T* (u,v) ! ... (4.2)
where R® are the Ricci tensors in Vt; u;v arbitfary C1 vector fields on
v - these are the Einstein equations. We may replace them by the functional

forms
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R #0,v) = 8RT* ,4(u,v) | .. (4.3)
(where RtAiare;‘;défined as .if they where regular distributions, and similarly
for TtA_q). By equation (3.27) we h:;we (for u,v in D(A))

Ricdﬁ (u,v) = A'RfcciA, (b,v) « QicciA—-(u,V)

T Iaa‘nbv (T uw- vy w)-q
haragvr (F5UN-Tu)n
= T (uv) + & T ()

Dy e 100V -Toub oy o B o S(9%wv- Wty

d:} 8n T (u v) : .-..-.-.C4-.4)

We view the multilinear functional TK as defined by
T:., (u,v) + TA- (Wv) + T,n W | ... (4.5)
where &7 IAnz ‘Lu,v) = fA(‘;-:{(V‘UW" vyu {(V uy 'VV uil N ...(4.6)

and where AAaZ is regarded as having the orientation ofdA MOV~ (since we will
us.ually regard matter as flowing from V™ to V+, with V' us ually to the

future of V , if possible).

We calculate I (u,v) thus (assuming that A is contained in some chart of

AnJ
V and using equation (3.7))
T, ] gl o (FWv-vou ~W Wy + You) onlded - d™
AnE J™ (AnZ) . e ma ueta .
= i'(A i)(v" T U VAR T Vo LR VA TR ol LENF VA TSR o
)
) § b gk . pt ) 4t ) Wre Vo) igh o™ ()
' ={ utve(e5(r < - < )-( A ig) di- 4
We will set W knz) @ ‘3)
- - +4 . .
Sﬁg:l‘o = S4b (pci_‘rﬁci\_gﬂ:b 'Pab\ .. (4.7)

to describe the ‘energy momentum of a surface layer of material whose history
. N . . g " —_ * Q [

in space time is given by 7. Then IADZ('U’V) = IAnZ S*(u,v) 334

(the use of the metric compatibility condition and the C1 nature of u,v is
needed to derive (4.7)). We then ‘'postulate' the functional form of the

Einstein equations :
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RicciA(u;v) = _87T.Tx(u,v) must hold for all compact submanifolds A
of V contained in charts in V and for all C1 vector fields u,v in V

(given that V satisfies the metric compatibility condition) .. (4.8)
For an heuristic justification of the term tsurface layer' see Israel (1966).
Our terminology and results are the same as those of Israel when Z is non-null,

but our formalism extends to. the case Z null.

4.2.1 Absence of a Surface Layer

In this case, X is termed a hypersurface of higher order by Israel (1966).
By (4.7) we must have :
4 -c + ¢ TE _ont4y :
S‘D(PCQ —rICA) - (rl ab Pab ) - o !-!(_429)
It is convenient to consider this equation separately for the cases 2 non-null

and null.

2 non-null

In this instance, we may work in a norﬁal chart across-V; when %%4= n. By the
Gauss—Weingarteh equation (2.19) we have that

Mg - r'*d‘; = e (Kg ~Keg) | .. (4.10)
and the implication of (4.9) is that the structure for V satisfies the
extrinsic curvature condition, and may, via lemma 2.1, be assumed to satisfy
the connection compatibility condition, when (4.9) is identically satisfied.
It follows that the Riemann and Weyl tensors are at worst discontinuous across

1.

An eiample of this kind of match (which is the usgually desired non-null match)

is the Swiss-Cheese Universe ‘(Lake(1980), and Kantowski (1969)), which is a

special case of the matching of Szekeres solutions, given in Chapter 5.
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Work in this case‘appears in
Edelen (1962) | : satisfaction of the m.c.c. is considered
in a»special case
Edelen;and Thomas (1962 and 1963) : the pioneering papers eiplicitly
requiring a C1 metric on V

Israel (1966)

S null

Let us work in a null chart across2in V (cf chapter 2 for terminology).
If the connection compatibility is ever to be satisfied for V, it must be
satisfied in an atlas containing the null charts for V, as observed, and
so there can be no loss of generality caused by spurious co-ordinate |

discontinuities if we work in these co-ordinates.

Noting that.the hypersurface 2is nuil, we may assume it to be generated
by a family of nuil_geodesics whose tangent field Qe will take to be k.
(in fact, k = (dx4)g—1 = n invchapter 2). Suppose that near p in 2 (at
which we will evaluate (4.9)); k =-§§' and that co-ordinates in a chart imn
Z are given by xl,xz,xs. Regard 1 = %%q. It is no loss of generality to

. > . . :
assume that 5&-»j§x are spacelike (in fact they must be !) and to assume

at p a metric of the form
ab

(Baplp = (8 J)p = 0 0 0-1)

01 0 O

\0010L
! -1 0 0 0 |

Near p, in2, the 84, 2Te constant'(;by the construction of a null.neighbourhood)

) l . . .
Near p, define the hypersurface Z° by holding xl = X}(p) constant and varying xz,
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: . L .
x3 and x4; 2 is clearly null, and intersects 2 in the 2-surface obtained
by varying QZ,-XS and setting i1=kl(p),_k4=k4(p).. 1 is the null field generated

. L o
by ZJ} (Notice that by the m.c.c., Z is a C1 submanifold of Vj.

In these co-ordinates, several simplifications in the computation of the
components of the connection occur. The results of these are shown in table 4.1,
(which shows also the results obtained when there is a surface layer in Z).

In particular

t3 ta £ ty d |
n 24 - P 14 1 iy = i 4y - r 4y =Py =0 -« (4.11)

)

Following Penrose(1972) p 108 (also Penroée(1968) , p 166), we define

m = ;%; + i%%x and m = %at - i%%x -( k,m,m,1 ) is then a null tetrad.

Set
$te wmimbyp 1, = ML o4 PR s (S - i) .. (4.12)
S ememtViy, = P -PE e 0 (PRS R oY) . (4.13)

$ is the complex expression of the convergence ( ReJ f and the rotation ( ImP )
of the tongruence of null geodesics comprising Z'L(.which we may view as a test
wavefront of light passed through J) - by construction, the rotation is

zero. U is the complex d%scription of the shearing of a small pencil of

light rays ‘(tangent field 1 )*passing'thrdugh Z. The results obtained by
combining (4.12), (4.13), (4.11), the satisfaction of the m.c.c. and (4.9)

(the absence of a surface layer) are shown in column 3 of table 4.1

In particular, notice that Re p = 0 by (4.9) with a=b=4, using C:LO and

My =0 (4.11).

The . important conclusion is that in.the null case, the absence of a surface
layer does not neccesarily imply the satisfaction of the connection compatibility
condition. - In the non-null case, the behaviour of the Weyl tensor

across S was immaterial to the physics implied by the functional Einstein
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equations. In the null case the Weyl tensor intrudes via its control of the shear
(see Penrose (1972) p 109); a jump in the = shear implieé a delta type distribution
in the Weyl tensor - precisely, surface terms in a Functional form of the

. Weyl tensor which do not cancel. In this situétion (which might later be
investigated using the fuﬁctional definition of the Riemann tensor, or better,
spinor methods), ¥ represents the history of é purely impulsive gravitational

wave.

Apart from the work of Penrose, Papapetrou (preprint) has dealt wi?h the
case when 2 is nﬁll and the c.c.c. is satisfied (using the Newman-Penrose
formalism) whilst Lichnerowicz (1971) has shown as we have that only when

2 is nuil can the connection compétibility condition fail to be satisfied,

when there is no surface layer present.

Chapter 5 presents the purely gravitational impulsive plane wave as an

example of this theory,
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TABLE 4.1 ‘ Z NULL-
NULL _CO-ORDINATES

1 - 2 3 4
Connection Remark No surface layer Surface layer
coefficient

Y . | ' . .
1) 'y 0 by construct.] continuous continuous
2) Mg, ditto ditto ditto
3) F;L continuous (by 4.9) jump determined by

4 S*qa( b}’ 4.7
4) r&p _ =0 continuous (by 4.9) jump determined by
% _ S*«p by 4.7
51) My, jump determined by jump determined by
jump in shear. Rotation jump in G and Rey
and jump in convergence Rotation = 0 by
) 2€ero. construct.8ijump$ =S¥y,
5ii) Mg = - lypA continuous by (3) jump determined by
*
t ot
5iii) PAq = 0f(=- continuous " continuous
!

siv) iy =0 (- ditto ditto
6) FL ,Fﬁ = 0 by VLh=O ditto ditto
, t ’ :
7) r\d continuous by (3) determined by S*«q

. R and (4.9) gnd S*« via (3),(4.9)
8) Mag =f(Tya* Ta®) determined via (5) by determined via (5)
' A A A shear jump from shear jump, S¥*y
9) Pg| ch qup . continuous by m.c.c. ‘continuous by:m.c.c.

upper romans over 2,3.

In the above lower case romans run over 1,2,3,4; lower greek over 1,2,3 and
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4.2.2 Surface layer present

Let us suppose that S;b # 0, i.e. there is material present in 2. Again,

we split consideration to cases in which Z is locally either null or non-null.

Z non-null

We continue to use a normal co-ordinate system as in the previous section.

B8y (4.7), S;b is given by :

sk = fBL(FIE- D) - (Ml - T s w29

a

Using (4.10)

8K S:F = en) (K;{; - K:ﬁ ) ) ..(4.15)

Recalling that g(n,n) = e(n) is constant where defined, we have that
t +
0 =V, gn,;m) = 2 g( V;n,n)

whence dx4-(Vf n) = 0 and r‘z& = 0 which implies that

*

Sgg = O | _ ..(4.16)
Notice next that since the metric compatibility condition is satisfied by V,
F:;é: F-‘;f = 3'-';{ where JP;{ are the components of the metric connection

induced in Z by g . Thus

-C +C
8x S4 = (r’c«( - r‘cu )
- 4 Y 3%
R OER VD IR G PR M
‘= 0 --(4-17)
Finally,
-c +C
8x Sjy = (Pc4 - I"'c4 )
- . 4
= (P - M) Gince’ My3=Tp, = 0)

CxP¥ - KY) .. (4.18)
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Noting the form of-’(T*)t in @.ZL we set

1 d '
= Q% R —, *
Sab = Sab T 7 Zap Sy : | | .. (4.19)

In normal co-ordinates, 84a = 0if a ¢# 4 and..g44 = e(n) so that the metric

may be bordered on  thus :

0
{ent = 0 L
(8ug )
(8 .
0 0 0 e(n
| (.))
where Bup is the induced metric on 2. It follows, by (4.15) and (4.18)
that
a _ e(n) L +y o
S; = 2 8% ( Ky - KX ) : ..(4.20)

whence, by (4.19)

Sg0 = O

S = Seq = O o | L o(4.21)
e(n - + -y H

Sug = év\') (K - K -8l X - K7))

(a formulation;entirelyyagreeing with TIsrael (1966)).

An immediate consequence, if Sab is to model realistic material, that is

material satisfying the dominant energy condition ( Hawking and Ellis (1973)

p 41), is that, if 254=n is timelike, that is, 3 is spacelike, then

Sab = 0 (in an orthonormal frame, with gi* timelike, 844 must dominate in magnitude
every other component of the energy-momentum tensor). It is physically
reasonable, fherefore, to rule out the occurence of a surface energy on Z when

% 1is spacelike - it then follows that V satisfies the connection compatibility

condition of necessity.

In the next section, we will develop a conservation equation for S, along with

an equation of motion.
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2 null
In column 4 of table 4.1 (p87) we have indicated how the jumps in the connection
in the null case may be related to the components of-S;b in a null chart. These

results follow directly from equations (4.7) and (4.11).

By way of a specific example, consider the case of a radiation fluid flowing
in X - we assume that the fluid momenfum field is null, and that the

flow lines of the fluid ( in 4-space) are null. It then follows, since Z is
null that the fluid flow lines are the null generating geodesics of X and

the momentum field is, up to a scalar multiplier‘funétion,‘k. Accordingly

set
S = a4k ® Kk
whence
Sas = Sig T H
84« = qu = 8“4 = 8;4 = ﬁﬂg = 8;3 = 0
- - +_ —
It follows, by equation (4.12) that p - p = SZ4/8x —ft/SK

and the presence of the radiation fluid introduces a jump in the convergence
of a small bundle of (test) light rays passing through X in the 1 = 1t Uf 1
direction, the situation otherwise remaining unchanged from the case of

no surface layer.

4.3 Functional Bianchi identities - conservation of matter-energy

The final structure we impose on V is to require that V be conservative.

CASE Z NON-NULL

The theory of distributional derivatives used in chapter three may again be



applied to the integrals of equations (3.35a) to (3.35t). Since the
subset A C V of that section is a compact submanifold of V, we may
assume that ¢ = b(bAﬁfbV!) # ¢. Using a normal chart for V, consider
an integralfof the form

I= gA*nDV*(p v

By equation (3.7) this is zero unless v4 # 0, when we have

4 1 ‘n-1
I=4Nnbv‘v q ledx A ... Adx

Noting that Bgx = 0,'.g44 = e(n), and letting sg be the metric induced on

2 by g, we have that \ﬂgl = Jlsg!whence
gl axta oaa™t =g

the metric (volume) measure induced on X by g. By Gauss' theorem, we then

have :
T(s) v
o"}: 2(DATNDV?) T
- . 3
: - (T(S)
%A[n‘ov' vl W) Nz
- | LA 3y.
Jo T TE) e TE) vy 1,
where
. « 2
Vi =V S
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L. (4.23)

. . + .ot 3 . .
in a normal chart, v a vector field on 3V in V and °~V the metric connection

induced on 2. (This arises from equation 3.6 with n replaced by (n-1)).
Noting that
3 = < 4 Y = 4 £
Yy, TE) = Y IT] =2 @6) = ("], 7))+ TV s)
and, for v, = V,

3V.v = 4V.y
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we may write .
TIV,6) + Vv (TG 7
2A*n DV* Y s

£_+ T(s) vny, - {A*nbw.(va)(S) Ny .. (4.24)
We use this equation in the second pair of surface integrals in (3.35a) to
(3.35c); we shall not derive the full consequences of the contracted Bianchi

identities in a conservative manifold, but only those obtained by setting

v lto %&U. Working with '+' terms only (and omitting + as superscript)

from (3.35a)

I, - J A (7 F ) (], @) e
Via W » _ N
TV e (v R ) (Y, () vy
= (V, ox* + (V- Fe) dx4) (Vy @x*)9™")
EALY . _ ,
+ (Vg dx* + (V- &#) dxt) (V‘ dxF?’) 1,

. . + . . + . + . .
Notice that since F43 = 0 (see previous section) V4 dx4 = 0 and since V' is metric

(y B o) (V, @)

= (v ey ) (Y o) ¥ (V- §) (% ox*) () = o

The first term of the integrand is therefore zero, and we may employ (4.24) to

obtain
I = L, (% @a®T ) ) e
SRR A (&P 1y . (4.252)

Ne%t obtain from (3.35b)
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Locof bt e @ v)a®) (V)] ey

2 2Hn DAt

S (Bt e Ty ) d®) (Y, @) Fe

- - v 4 W2 Ayt Byg™'
{wnw( g det (Terr ot M(Vp (dH97)
- (V,‘ i+ d (vRYI(Y, n ) s
-1
(where we have used Vn n =0 and. (vdx4-)g = n) ‘whence :
I, = -, (6 (T - o n ) o,
+ gmw it (Vg (M) = o (T Ven) 1, .. (4.25b)
Finally from (3.3{(:)
., = I MO (v 3ze) dx™) (T, @x)2") vy
tn A" o
SV, a0 + (VFa) ) (Y, @8) fxeon
=z - f 4 .2 4 .
o 2 (¥, dx* + (V- Fa) oi*)(Vyn)
UG o™+ (7 &) N Vyn) s
2
) h Iq-*r - dx (§n) w= g o
| e (  Yn) M, .. (4.25¢)

Avtapat

It is straightforward to show, in components that

| .
(nv & = kb oot v kML
~-p R B p> €
Fm)d dx? + r'n Pde dx

¥ P;X de dx4
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.4
whence, using Pa4 =0 :

(V,:VV‘ df)n
B s f A
K, * l"m Ky ..(4.26)

dx* (V,\VK dXF)g-‘
‘t - ¥<Jix * Pgi k;

"

- Substituting this in I1 to 13 yields the sum of integrals over avE oA"Y to be

- F p A 3pf o A oab
v {V*n*oa$ (KF R Sl KK )F + KF ‘)\ K‘ PFA
o g 3. ¥
+ Kd:f + K.{ P?F
’A &
- ‘(K“,d - K‘o’ 3|",,(P ) Vli
= a | Kb - K
wrapar VIF £y s
--C4-27)
where we have omitted the superscript + and the vertical bar represents
covariant differentiation with respect to ;g in 2.
The surface integrals over qf sum to
2 fw (Kx - § X ) R s . ..(4.28)
Writing these integrals also with '-' we obtain, as a consequence of the contracted

Bianchi identities, via (3;353), (3.35b), (3.35c) and (3.36), and the requirement

that V be conservative :
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f G"(dxt 2ed) N,

r G (4, Zr)
DAV ¢ BANIV oo nz

+ 8 48
waaw - (¥ 8T Kphy s

"

-R '..F
L N B Rew

+ + 2.
- [r (kKF fS‘p K)\») hxﬁ‘nz

4

A

PRS

which, using (4.21) and inducing an orientation oniby_ the orientation on
- . . . + - .

¢V and using the Einstein equations in V and V qes:

[ z'(fr‘- T*) (de? &%) Ny b);p Ny

An 2 (AnT) Sy

"

s B | | CL.@.30
fos ¥ e Mz (4.30)
which is, surely, a most beautiful integral conservation equation ( and

the reason for the term ‘'a conservative manifold').

The left hand side of (4.30) may be regarded as a measure of the surface layer
material created or destroyed in An¥, comprising a measure of the flow of surface
layer material into and out of A (_{{Af;f '&#"I’}z) ‘and a measure of the‘

conversion of surface to ordinary material (‘]Anih‘-—.‘ T')(dx"’%?’) s )'. We may
reasonably require these two terms together to be ze'fo (_ to prevent the

creation or destruction of material) and thence deduce that

- B
© - [Anz SX 'F '}7_
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for all A, whence, since SXﬁﬁ is at least continuous,
B _ _
SYlF =0 | ..(4.31)
. which generalizes a similar result of Israel (1966), and which is to be

expected of ordinary material.(see e.g. Hawking and Ellis (1973) p 61).

If there is no surface layer in 2, then, as remarked, we may assume V to
satisfy the connection compatibility condition; and it follows by the
Bianchi identities in the form (3.37) that

0 = ias

for all A, whence, by the continuity of‘G+,G‘, we must have on Z that

G+(dx4}v) - G_(dx4,v) qz
T+(dx4,v) = T_(dx4,v) (V'ZL)
(using the Einstein equation in v’ and V7). This is the mathematical
statement of the physical fact that the normal flow of energy momentum

acrossZ is conserved (again verifying a result of Israel).

If 2 is spacelike, then, as observed, the connection compatibility condition
must be satisfied. Suppose that T  and T represent peffect fluids ;
+ E: ety oyt
Taa = -bP 0, o+ (9P ug Uy .. (4.33)
i, =T together with the definiteness condition
b o= U: = U, : ..(4.34)

Equating T

(which we may impose, since u must be future pointing timelike)
and an equation of state
pt =P (7 oy ..(4.35)

which may be assumed to hold on both sides of Z, we obtain, given f',p‘,u'
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. . . " + + +
six equations in the six unknownsy ,p ,u .

By (4.34) and (4.33) with a = 4 we have

+ -

=9
whence, by (4.35)

+
P =P

and it follows that u' = u” (by (4.33)) so that

This process is invalid whenZ is timelike, for then we cannot assume u4_# 0.
. . . . + -

If we can still make this assumption, however then the deduction T = T holds

from which we deduce that a discontinuity in a fluid energy-momentum tensor

. &« - .
must occur on a timelike hypersurface, co-moving with the fluid. In this case

u4 = 0, and it is an immediate consequence of {(4.33) that the pressure p is
continuous across X . A discontinuity in the pressure of a relativistic

perfect fluid can only occur on a timelike hypersurface carrying a surface energy.

CASE X NULL

We will not handle this case in its full generality, although such a consideration
should be possible from equation (3.35a) etc. If the connection compatibility
condition is satisfied by the structure on V (i.e. there is no surface layer on Z

and we are not dealing with an impulsive gravitational wave), then again by (3.37)

* this result needs the continuity result of the case Z null, to rule out the
possibiiity of a null hypersurface of discontinuity in the fluid energy

momentum !
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we must have that the flow of energy momentum acrossd in the 1 direction

is conserved. (4.32) in null co-ordinates implies

- +
Ty = Tip

Assuming that at the point of evaluatioh,Ag hés the form given on page 84, we

.. (4.36)

obtain, for fluid flow of ordinary matter across Z (with flow fields u+,u-,

both future timelike)

* VI
b = Pg&p * (" +p) ujuy .. (4.37)
Append to (4.36) the definiteness requirement (again possible, since u*, u”
are to be timelikej
+ -

up = ou = 1 - ..(4.38)

and the equatioﬁ of state [4.35); obtain from (4.36), with b = 1

pt et = pT o+ 9T | .. (4.39)
Given p and ‘f_’ (4.39) and (4.35) imply

P(ff) + fﬁ = constant | ' ..(4.40)
Now dP/dp is the adiabatic speed of sound in the medium described by (4.35),
and we may assume that ]dP/de <1 i.e., the speed of sound is less than the
speed of light ( cf Hawking and Ellis, p 91), a réésonable‘assumption for
-ordinary matter. Then the left hand side of (4.40) has positive derivative

with respect to p and so is a monotonically increaéing function of f . (4.40)

~ can therefore have at most one solution, and.f t - f_. Hence p+ =p .
Then, from T;b = Tib with b = 2,3,4 we easily deduce v = u and thence,
T = T , and the flow of ordinary material across a null hypersurface is

necessarily continuous.

4.4 SUMMARY OF RESULTS

!

For ease, we present a summary of the results implied by imposing the
functional Einstein Equations onto V, and thenrequiring that V be conservative.

See table 4.2 overleaf.



TABLE 4.2 SUMMARY OF PHYSICS ON AND ACROSS 2

Case : .2 spacelike

: +
joint energy-momentum tensor T = T U

no physically reasonable surface layer is possible

f

the connection compatibility condition is satisfied (so an unique
c? structure exists for V and the joint metric is Cl)

the Weyl temnsor can at most be. jump .discontinuous (probably not)

if V’icontain reasonable physical fluids (perfect) then the

T  is continaoas

Case : <& null

surface layer absent

surface layer present

c.c.c satisfied

c.c.c not satisfied

c.c.c not satisfied

G4b continuous

ordinary fluid T cont,

at worst a jump in the

Weyl tensor, representing

a wave carrying no energy

delta type discontinuity
in Weyl tensor
impulsive, purely

gravitational waves

delta type disc. possible
in Weyl tensor, though
not necessary. A delta
type disc. in Ricci
and Einstein tensors
representing impulsive

wave.
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TABLE 4.2 CONTINUED

{Case : . Z timelike

.lsurface layer absent . .. : o S surface layer present
c.c.c. satisfied . 4 c.c.c. not satisfied | c.c.c. not satisfied
G4b continuous \ not possible a delta discontinuity

|2 jump in a fluid T ' _ in Ricci and Einstein
possible only if I is : tensors - a fluid shock
co-moving with the fluid _ wave carrying energy is
Weyl at worst jump disc. ‘ propggating for instance.




. .CHAPTER .FIVE .; APPLICATIONS

In this chapter, we examine the matching of two pairs of manifolds, on which

energy-momentum fields satisfying'thé Einstein equations have been specified.

The first, the matching of two Szekeres solutions, affords examples of the
matchings of spaces across a timelikeAhypersurface, and includes as special
examples, the matching of a Schwarzchild and a Robertson Wélker solution
(the classical Swiss-Cheese match of Einstein and Strauss (1945) used by
Kantowski(1969) and 6thers to model light propbgation in a non homogeneous
Universe), and a match of a Schwarichild to a Minkowski universe (when a
surface layer is present) which will give a measure of discontinuities

implied by treating the solar system as a Schwarzchild solution.

The second is the case of an impulsive, purely gravitational plane wave -
an example of the case, on a null hypersurface of discontinuity, when no
surface energy is present and yet there is a discontinuity in the connection

across the hypersurface.

5.1 Matching Szekeres solutions.

Following Bonnor (1976), we outline the form of the Szekéres solutions. We are
interested in solutions of the form
d52= e)‘dr2 + e9® ( dy2 +d22 ) - dt2
where A,w are functions of r,y,z,t. The field equations for dust impose
the following requirements ;

Q7
372

t

[t

9, t) [ Pr,y,2) 170
Moo by, 1T 2o

: o2

)

where
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P=a()(y> + z°) + 2£(x)y + 2 g(r)z + c(x)

ac - £ - g2 = 1/4

@92 = W -1+ s@M
there being presumed an initial condition
9(0,r) = H(r)
for the last equation.
The co-ordinates used are comoving co-ordinates (w.r.t. dust fluid)
The dust density is given by
8np = (PS_ - 3SP) <p’2 (PQ,.- q)pr)-"l
(where a subscript refers to differentiation withrrespect to r)
Given arbitrary a,c,f,W,S and H, the above equations_specify an exact solution

of Einsteins equations for dust.

It is possible (cf Bonnor, section 3) to consider the two-surfaces
r = r, = constant, t = t; = constant, and then, by a transformation of the
form y' = ey + kl’ z' = ez + k2, for a particular hypersurface, we may
obtain an induced metric »

=92 [ay? v a1 12 (14y?e

given

CP* = ¢(r1,t1)-

Setting

y' = cot 17208 cos@ , z' = cot 1/20 sin§
we can further obtain

dr'z = wz'[ d02 + sin%@ q@z ]

so that the 2-surfaces are spheres of radius §,.

In the particular case of complete spherical symmetry of solutions (i.e. when
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ar/a = fr/f = gr/g = cr/c (cf Bonnor p 194 or Szekeres (1975), p 59), this

transformation may be made.to hold irrespective of r.

Bonnor has shown that two Szekeres solutions for dust may be matched under

certain conditions. We prove this also, using our framework.

A . + : . . .
- Let T, positive, be given; let V be a Szekeres spacetime with domain

r

T 2 Tgs specified by the functions.a+,f+,g+,c+,S+,w+,H+and V' a similar spacef

time, specified by a_,f , g_,c_,5 ;W ,H_and r_ less than or equal to Ty
V® is then the 3-surface specified by 1, = To in V<, By means of

the transformation discussed above, we may assume that the metric inherited by

bVI from V'I has the form :

ds,? = @F(ry,ty) (67 + sin’Br af? ) - at’
Identifying the points of 2V by identifying t = t_ 6 =6 éL = Q@ , specifies

+ -
+ oo . L . . .
the map f i3V —»dV of previous chapters. (This matching is equivalent to the
requirement that Y, =Y., 2z, =2z ,t =t_ - the matching by identification
of co-moving co-ordinates ensures that in the case of no surface layer, the

functional Bianchi identities of the last chapter will be satisfied, and in

any case T+4a = T—4a across ).

STEP. ONE

the m.c.c. is satified only if ¢L(r0,t) = g{(ro,t) for all t, which we
therefore require.

. STEP . TWO

. + - L gt
calculate the unit normals n and n~ on OV

+ .. : ' f
n : the full metric is

ds? = e* ar® + & (ay? +dz? ) - at?
+ + + +

+
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“H2 5 . w

and the unit normal is e

STEP 3

calculate the differences (in appropriate normal co-ordinates)

Y ~4
'P"(F - Pdf

- Now

Pt = o172 g

og : O8xp
. X4

in normal co-ordinates. Denoting normal co-ordinates by x and our

current co-ordinates by y we have

+ ) b t
e T el E WY

1"

e P
2 n® } Eﬂb ’
RE 2 f Yab ()

HEe m] U W

at

b b‘ia.

*{-b%c 9@} 1 Y

wp w
a qQ 2 o -
where we have used : %«(%ﬂ = %*(%‘4 ), ’-55,1(4 E n‘,‘ Q.pl4)= q(%i“,b%]h) ...(5.1)

_ . _ : 9 . .
where the x «co-ordinates are x1=t+, X = g+,'x3==%_ and x4 is the

normal co-ordinate in V+, and the y co-ordinates are y1=t+, y2 =y,
3 .4 '
y ' =z, ,y =1
We have that
uho ¢t
wh Sp
o . " a a -M2 . .
furthermore since- n = 84 e , the first of the three terms in (5.1)

is zero ( using 'by4/a&5= 0) and similarly, term two is zero. Finally,from

the third térm of (5.1)

290 = % Y m g
_,0;4“P 11P 37-“ bljc ] Q!
= e & e

Clearly, the above process holds in V_ and in computing the connection

‘jumps, we have
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ty -

= t4 - i =
P"’F =F’d§,-o. . Py =0, a«#p
and it is easily shown that
+ .
T “Ala 3 e 2 2 !
33"';: = bQu =€ [4 q! W= ¢ A 2 ed= P‘W_( CM,a 2.1, «h = wf2 RS 4 '
R T, < s : RN CUPARS YL//F;-Z(? w, /P,

Now, indeed, P’ = P on (by choice of co-ordinates), and thence, o«=p = 2,3,

* 4 _ o4
{x S«p = F“P l"‘,(F

= 1l ]

c 4 falow - 9wl

¢ - + -
= pa LW=w*] ( 9°= ¢~ by mecc)
+*

S"P =0 %*P or d:F:]

Absence of a surface layer implies that

Wirg) = WD

Also H (1) = @' (25,0 = P (r,0) = H (zg).

We then have, since
o :=(FPg P =w () -1+

T @l

that Sf(ro) = S_(ro). These are the matching conditions of Bonnor(1976):

W) = WHRY, ST =STR), H(h) = H(Y,)

The matching conditions to match a Schwarzchild solution to a Robertson-

Walker background universe (as in the Swiss-Cheese models) follow from
theée.

By way of an eiample of the above, we seek the surface layer needed to

match a Minkowski to a Schwarzchild solution. A Minkowski solution with

metric in Szekeres form looks like

(ds)™ = (At + Pr(dri* v @ ( dbTesn®0 o)
wih g, W=l S0 (eq @ln:T).
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whilst a Schwarzchild metric is given iﬁszekeres form by choosing
W= W(ﬁ) | (arbitrarily) \
S=2M - (M the Schwarzchild mass)
Qi = w? -1+ 2M/¢L (which gives meaning to t)
P7=1 - (d=c=1/2,f=g=0)
(to see this, simply substitﬁte the above in the Szekeres form of

the metric, and recover the Schwarzchild form in polar ¢o-ordinates)

To match :
Q(ryst) =@(ry) |
(@) (xgst) =@, (xy) =0
0= W -1+ 2M/Qxy,t)
W= (1 - 2M/Q(xg)
picking @(ry) ='r,
W= (1 - 2w/ryt/?

and hence :

1/2 |
8% S* = ro(l—ZM/rO) for «=f:23

“p
usinglan orthonormal basis set (to obtain the physical significance of S*)
Py v n
obtain
et (5 hosl):m e G R)
= T (1= amin)”
2w (BB e ne

If we choose T, large enough, then the jump in tidal forces implied by

S* will become negligibly small, and effectively not detectable, being of

say the order of interatomic collision impulFes‘
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5.2 The impulsive .plane wave

The case of the impulsive, purely gravitational plane wave has been already
. . : » *
discussed in chapter two. We compute the components Sab
- . . ' +
In V , the connection co-oefficients are, ofcourse, zero. In V , the

metric takes on the form Witk Go-ordinatia (j;')i';)ify") z (U, x,
+ +

4+

A<

v)
+

+ r
jet = 0 0 0 -1 )
4 0 (1+v)2 0 0
+
0 o awn? o |
-+~
{ -1 0 0 0 j
and
[2°} - (0 0o 0 -
) 0 1/(11»3{)2 0 0
0 0 1/(1-v)% 0
. -+
\ -1 0 0 0

We then have :

+ + -+
g ' d
TS 0N 1R

op 0
14 g Ner _ 4.
_ L _4a a [ 4 -
Paw=29 % Rl L T f 0
vy 2 29y 2y .
r‘:u a2 9‘“ i ';:“ +~5?‘ll“ u“.uz: 0

‘ >
et B Tl 39T [Qe] s o



from which it follows that if o« #Y

t L a 2
R T A G 2
*3 Lo,.2 -
Mo = 2 (Tt oy, U-v)* =
. “d _ 1 am, N m O9ym 3944,
Flnal'ly, r‘ 44 =2 9 (5!%‘ + 3—‘;_‘ - E‘L—"
It follows immediately that
€ - °
and that
* = * = = Q%
S 4 54“ 0 844

and there is

et o PR - - T er = -2

——e= 000 -=~-
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*
then 13, = 0 and if W =¥ then
1]
Y »F:z-l ZzV,:V=0
! o
-v::( > F,‘: =1
) =0,

no surface layer in 2. The'jump in the shear across 2 is



. .CONCLUSION

We have shown that, given two Ck manifolds V' and V', with boundaries 2V' and

V", and with metrics g~ and g~ (Ck), there exists a CX structure for V= V+UfV-
unique up to a Ck diffeomorphism with at most one Cr+1 structure F for V such

that the joined metric g=g+Ufg— is defined and C¥ with respect to F.

Based on the assumption, on physical grounds, that g is at least continuous

(the satisfaction of the metric compatibility condition){ so that a single

C1 structure for V has been singled out, we have derived the jump conditions
across Z =bV+UfDV— implied by a functional form of the Einstein equations

(with zero cosmological term). In particular, we have shown that in a physically
reasonable Universe, if 3 is space-like, then g is at least Cl, if 2 is time-

" like, g fails to be C1 only if Z is the history of a surface layer (or shock
froﬁt) of enefgy—momentum, whilst if 2 is null, g fails to be C1 on V if

either 2 is the history of a surface layer, or if a purely gravitational

impulsive wave propogates in 2.

We have also written the Bianchi identities in a functional form across Z and
shown that if creation and destruction of material is not to occur in V, i.e.
if V is conservative, then g C1 implies that the normal flow of energy momentum
across & is continuous. Thence, we have deduced that if V+ and V_ contain
perfect fluids, in which the speed of sound is less than the speed of light,
and if € does not represent the history of a surface layer; or of a purely
~gravitational impulsive wave, then the joint energy momentum tensor T=T+UfT“
can be discontinuous across.Z' only if 7 is comoving with the fluid, when the

fluid pressure is continuous across 2.
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When g is continuous only, we have shown that the conservation of surface
layer energy-momentum in 2. leads, via the functional Bianchi identities to
an equation of motion for the surface layer, and to the continuity : of

the normal flow of energy-momentum across 2.

It remains to study the implicationS'df the functional Bianchi identifies across
z when g is continuous only and Z is null, to study the nature and implications
of a functional form of the Weyl tensor in V, and to eitend the results of this
thesis to the case when the boundéries of the manifolds to be joined are nof

smooth, as outlined in the introduction.
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APPENDIX 1

INVERSE FUNCTION THEOREM  (Kahn (1980) p 17)

Let F : R —R" be a Ck map. Let p be in R" and suppose that F is
defined in an open neighbourhood of p, and is of full rank at p. Then
there exists an open set O containing p and an open set O containing
F(p); such that .

. 3

0’ 0 —>0

is a cX diffeomorphism on O onto O'.

Fy

Proof: see Kahn,

- The two corollaries of this theorem regarding Ck maps and imbeddings on mani-

folds given by Kahn, may be extended somewhat to manifolds with boundaries :

COROLLARY 1

Let £ : W—V be a Ck map from W to V, both n-dimensional manifolds
(wifh boundary) and suppose that f is of full rank (n) at p in W; then

there is a W neighbourhood Op of p such that f‘o is a C'k diffeomorphism

P
with its image.

Proof:

Let (U,h) and (U',h') be p- and f(p)-charts on W and V. Without loss

of generality, we may assume that U' C f(W) ( so that U' may be a neigh-
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bourhood of f(p) only in the V induced topology on f(W) ). Let

1. R" 5R%;, F is defined on h(Unf }(U')) and since

F=h"ofoh
f is Ck; it follows that there is an extension cF of F to an open
neighbourhood of h(UJTf-l(U')) in Rn, which is a Ck map (by the
definition of differentiability). Apply the theorem to F (which is

of full rank, since f£f and hence F are of full rank at p and h(p)
respéctively). There e*ists an open neighbourhood O of h(p) in R" on
which F is a diffeomorphism. It follows that F is a Ck diffeomorphism
when restricted to O n h(Unf-l(U‘)), onto the image under F of this set.
Notice that 0p =Ih'1(0 n h(Un f_l(U')) is open in W since O is open

in R" and since f is continuous onto its imége. Then F o h lo is a
diffeomorphism of Op onto its image, and thus flO = h'-—1 0 Fpo h is a

P
.Ck diffeomorphism of Op onto its image f(Op).

It is not necessarily true that f(Op) is open in f(W), or even that f—1 is
well defined on f(OP), although f]O -1 is - a good example of this is the
map of a strip in R2 onto the ordinary cylinder, by wrapping the strip

around the cylinder several times.

COROLLARY 2

Let W,V be n-dimensional Ck differentable manifolds; suppose a C

f : W—»V is of full rank on W, an open map of W with its image in V,
and one to one ( i.e., f is an imbedding of W into V). Then f is a
diffeomorphism of W with f(W) and the differentiable structure so
defined on f(W) agrees with the structure inducedon W by V - i.e.

f(W) is a submanifold of V.
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Proof

COROL

Proof

Let p be in W. To prove the result, we need to produce a chart for f(W)
about f(p), in the structure induced by W on f(W), which is a restriction

of an f(p)-chart in V.

Let (U,h) and (U',h') be p and f(p)-charts, Without loss of generality,
we may assumeé that f£(U) = U'n £(W), Since f is open onto its’image.

Let F.= ht o fo h—lg then F has rank n at h(p), and indeéd on h(U). It then
follows by the theorem, and by the definition of a Ck map,‘that there is

an extension F of F to an R" {open neighbourhood of h(U), O say, containing
h(Uj, with F a‘Ck diffeomorphism on 0, to O'; consider O' n h'(U');

this is open in R™ (or R?—l‘i [0,=) or Rn_1 i (-w,0]) so that
') 10" n h'(U')) = U is open in V and U n £(W) = £(U). (This because
rank £ = n on all of U and because of a topological lemma (Munkres (1966)
p 54) which states that a map on R" which is a homeomorphism in a nhd of

each point of a set is a homeomorphism on a nhd of the set).

~ _ A A ~ -
Let % = (F) 1 o h'; (U,h) is clearly a V chart and~h|f(U) = hof 1.

LARY 3

Let W,V,f be as in corollary 2, ekcepting that dimension W = m < dim V = n, -

and obtain the same conclusion.




112

Again, let p be in W, (U,h) and (U',h!) p- and f(p)-charts in W and V
with {by the open and one to one nature of f) £(U) = U'n f(Wj. Letv
Y = fz_in R" | y1=y2= e =yn'm=0? ; regard R" = ii in R" I xn'm+1=...=xn=0}
for the moment; Then the function for x in R™ and Y in Y defined by

£y = 7T MUEGRT @) ¢ )
is easily seen to be Ck and of rank n on h(U); it follows that f' has
an extension g‘ to a neighbourhood O of h(U) in R" which is a Ck diffeo-
morphism. Proceeding as in corollary 2, let E'(O)‘= o'; O n'h'(U') is
open in R" so that (h'—)“1 (0* n h'(U")) = U is open in V, with U n £f(W) = £(U);
set h = ('t\"')—1 o-h' - a chart for V afises with

A -1 v
h lf(U) =hof as before.

We nmow turn to some geometrical lemmas,xadapted from Munkres(1966).
LEMMA 1

Let V= V' U. V_ be as in section 1.3; suppose F is any structure for

f
V such that V: are imbedded into V by the inclusion maps which take them
to themselves in V. Then there exists a neighbourhood N of 2 in 'V and a
Ck diffeomorphism P:N— 2 x (-1,1) such that

x in I implies P(x) = (x,0)

x in v\ Z implies P(x)-= (ﬁc‘,r) and T>0

x in V'\ZT implies P(ﬁ) = (x',1) and r<0.

o

Proof

The proof depends on the following two results :
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(a) if g: M~»M! is a C* imbedding of a non-bounded CX mainfold M into
a Ck manifold M', then there is a neighbourhood N of g(M) in M' and
a Ck retraction R:N~»g(M) (a retraction obeys the requirement that
if x is in N, then R(x) = x).
~ For proof, see Munkres (1966) p 53.
(b) There is a Ck function mapping V ~»R, r, which satisfiés

0 forAX in X

1) r(x)
ii) r(x) >0 for x in V'\¥
iii) r(x) € 0 for x in V'\%

iv) rank r =1on X

To prove (b)

for each p in Z, we may find (by the imbedding assumptions) a p-chart
(U,h) such that if h(a)=x(q)=(x1(q),...,x (@), then x"(q) < O if
qisinUng V', x"(q) =0 if q is in Un %, and x"(q) > 0,if q is in

U Ng v'. For p not in X we may findocharts with this property, still.

Let {(Ui,hi)} be a locally finite covering of V By such charts. Let

(Bi,¢i) be a subordinate Ck partition of unity (see e.g. Sternberg (196@))f

and if hi(qj - (x!l‘(q),...ig(q)) for q in U, set
@ 9@ X3 (q)

(this is always a finite sum).

T is clearly Ck; if q is imn 2 etc. the conditions (i) to (iii) are
satisfied. Further, if (U,h) is a p-chart:for p_.int X, of the type
described above, then,

@, 11 = % gm, [<p]x(p)+<P(p)C3»x)[x > 0

(the first term is zero, since xi(p) = 0 and the second is +ve since
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(2 n - 10
(‘o’i(n)p[xi] > 0 ), so that rank r = 1.

The proof of the lemma is :
by (a), there exists a nelighbourhood of 7 ( which is imbedded in V
by the assumptions), N say, and a 'Ck retraction R : N~»2 together with a

Ck'map r : N—=oR (by (b)}; ‘let P, : N = x R by

1
P,(q) = (R(q),r(q)).

Rank Pl =1 on 2; to see this, let (U,h) be a p-chart for p in 2, of the

kind described in the proof of (b),' This induces a chart (Uz’hz) on 2 in

the obvious fashion, and hence a chart of 7 x R, (Ug x R, k) by

k(q,s) = (h‘z(q),s) for q in Uy. As a linear operator, (k o P1 o h-l)*

is represented‘by the matrix:

I b
((n—l)X(n—l) - j
0 2n (ro h_l)'
2 X

in terms of the co-ordinate bases in T_(V) and T (Z,ﬁ( R)
: P P, (p)
(b is unspecified and immaterial).

It follows that P, is a homeomorphism on a neighbourhood of p in V

1
(corollary 1 above) and hence, by a lemma-of topology -(used also in
corollary 2i- see Munkres p 54) on a neighbourhood of 3 contained in N.

Without loss of generality, we may assume this to be N.

There then exists a Ck function 9:3~bR such that if Is!i< $(x) then
Pl—l(k,s) is in N (Munkres p 56) and §(x) > 0 on 3; for q in N, if

P (@) = (a',s) set P(q) = (q',s/8(q").

Note: This lemma is a slight generalization of the theorem 5.9 in Munkres
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quoted in theorem 1.1 of this thesis - with the obvious restrictions, it

yields that theorem as a corollary, and is therefore included in its entirety

for completeness.
LEMMA 2 (Munkres p 63)

Let M be a non-bounded (i.e. 3IM = ¢ ) ct manifold; let W be a neigh-
bourhood of M x {07 in M x [0,%). Let £ be a C* imbedding of W into
M X‘[O,‘-b) which equals the identity on M x 50} . Then there is a C*
diffeomorphism £' of W onto.f(W) which equals f in a neighbourhood of
the complement of W in M x [0,%, and equals the identity in a neigh-

bourhood of M x  {0}.
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. .APPENDIX .II

LEMMA 1

If K is compact in a manifold V, and (Ai) is a locally finite covering

of V, then KnAi is non empty for at most finitely many Ai‘

Proof

Since (Ai) is locally finite and a covering of V, to each p in K there
may Be assigned an open Neighbourhood Np of p such that Ai('\Np is empty
for all but a finite number of Ai; Np cover K. Select a finite subcover

and hence a finite subcover of K by A,.

The remainder of this appendix is devoted to a proof of Lemma 3.4. We shall
prove the result only for a distribution of order q - the result for tensor

distributions folloWs similarly. We need :

LEMMA 3.4.1

The space CO(V) is dense in Dm(V).

Proof:

Let kui,hiﬁ be a locally finite C atlas for V and let ;G{i,Kiﬁ'be a
subordinate partition of unity, each.(pi having compact support Ki’ together

defining ""K m for each K in K(V),

Let ¢ be in D"™(V), with support ‘K; by lemma 1 above, K]TKi # ¢ for finitely

many Ki’ Kl,....KN say, which we assume dominateQ by{(Ul;hl),.,.(UN,hN)
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‘ N
vﬁay. Set ¢i =43? so that § = >€'92; supp @i = Kin K, which is compact.
hi(Kin K) is compact in Rp; without loss of generality (by reducing the
/

supporttof ¢i if necessary) we may assume that hi(Kir)K) C Int Ki-C hi(Ui)

for some compact Ki in,Rn;vwhere hi(Kin K) C Int Ki ( Int = topological

2

- interior), Set KY = h,'l(K!) and K% is in K(V). Let K" = U KV ; then
i i i i ] 1

mn

K" is in K(V) and@is in bK”(V) since K C X",

(9%
We show that-every neighbourhood of ¢ in DEU(V) contains a Q in CO(V)
which is indeed in D?H(V). The lemma will then follow, since if O is open
neighbourhood of ¢ in Dm(V), 0n D?"(V) is open in DQHQV) (lemma 3.3(iii)).

Given €> 0 there exists (cf Choquet-Bruhat (1977) p 354) a.@& in
Dyu(V) such that g, =@ v, o = “"’i“P(“x{,';;m < €/ N.
Then :
. N~ ™
N N
W - aﬂlk':w\ < % “@,:(pt Nkl’m
< N:.e(N=¢ . ‘ q.e.d.

We need alsé the following derivative of the Hahn-Banach theorem ;

EXTENSION THEOREM (see Choquet Bruhat p 345)

Let X be given a topology defined by a family of semi-norms. Let Y C X
be dense in X in this topology, and let f be a linear functional on Y,
céntinuous :w.r.t. the X induced topology on Y. Then there is an unique

linear extension of f to a functional on X, continuous on X.
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Proof of Lemma 3.4

The topology of Dq(V) which is a loeally convei linear topological

space can be defined by a family of seminorms (see for ekampie
Choquet-Bruhat pp 344 and 349) - set X = Dq(V)>in the eitension theorem.
Let Y = CO(V). A linear fuﬁctional will be continuous on Y in the Dq(V)
induced topology iff it is continuous.bn Yn DE(V) for all K in K(V).
Thus a distribution f of order q is continuous on Y in the Dq(V) induced
topology. If follows by the above extension.theorem that there is a
uniquej linear continuous extension of f to Dq(V).

©q.e.d.
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