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Abstract of Thesis 

FINSLER SPACES AS GENERALISED t~:-~"J(OWSKI.A.N BP.A.CES. 

To ever7~·regular problem in the Calculus of Variations there corres­

ponds a Finsler s:pace. A tangent Minkowskian space Tn is attached to each 

point of this space, so that the metric of the Finslerian phase-space is 

determined locally by the corresponding Tn• Cartan, Berwald and the.ir 

successors reduce the Finslerian case to the Riemannian case by means of 

the introduction of an arbitrary field of line-elements, i.e. a T1fibering11 • 

Here, on the contrary, we have to deal primarily with a detailed investi­

gation of Minkowskian spaces (finite-dimensional Banach spaces). 

It is convenient to use tensors in view of the affine structure of 

Minkowskian spaces. The most useful tool is the indicatrix et Caratheodory 
;:.: 

(unit sphere), so that the methods of the Theory of Convex Figure• are-
~, 

applicable, although throughout a Euclidean background has b~ell a-hided 

scrupulously. With the aid of the function of support of the ·indicatrix 

we introduce a conjugate Minkowskian tangent-apace T~, in which the 

figuratrix assumes the role of the unit sphere. There exists a one-one 

correspondence between the points of Tn and those of TA; this correspondenc· 

represents the raising and lowering of suffixes. It is due to this fact · 

that the Minkowskian metric is suitable for the use of tensors. The figu­

ratrix is closel~ related to the Hamiltonian function and the pointe of 

T~ represent,~he canonical coordinates of the given problem in the Calcu­

lus of Vari.tions. Simple geometrical results are easily derived for 
. 

future use, and by defining the trigonometrical functions geometrically, 

irrespective of analytical convenience, the foundations of a Trigonometry 

of Minkowskian spaces are laid; for instance, addition formulae for sine 

and cosine and their series-expansions are evaluated. The angular measure, 

·-to~--. ~P. definition has been subject to discussion for some time, is here 

define~ by the shortest arc-length on the indicatrix, and we may, if 

necessary, introduce a suitable normalisation-factor. By means of this 

neasure we U~fine the curvature of curves in a manner similar to the 
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classical Euclidean case. In tne theory of curvature of surfaces, when ... 
an appro¢.ate. ~~ftiitti~~ for the curvature of curves on surfaces is usea., 

the indieatr.i:i(e:t =·Dupin appears as a conic section, whereas the principal 

directions of curvature lose their significance. Furthermore, analogues 

of the theorems of Rodrigues and Meusnier are also to be found in 

Minkowskian Differential Geometry. 

The study of Finsler spaces depends chiefly on investigations into 

the variation of the Minkowskian metric between two neighbouring points 

of the space. For a first approximation the so-called "generalised 

Christoffel symbols" are sufficient, by means of which a noti.~· Of abso-
.. __ '*' ~~ --~ ' :_~-

lute parallelism is defined. In order to determine the curvat'\l,l'.e;~prop!~l~es 
~ .... ~ t .. "' .· ~ ~ .-:::·. ~ :_, ,_ .... 

of the Finsler space, we investigate the relationship b·etween~:t)r.o'" n~~· 
-.:...· .(:1. ~-·. )!.·· . ,·' 'l 

bouring geod.esics and obtain a measure R o!' curvature,· which ~ .......... ;. "; .. 
~' . . ~ : .... . . . ' 

- • ~... . ~ ""' .... i• ·, .. • 

the "Cie:tect" between the Finsler space ana. the Minkowskian tange!lt.,.-9&Ct· 

at the same pointQ For example, in the case of two dimensions R can also 

be interpreted geometrically b~ the formula 

'R= ' ~ ( t...Cs.) - Gc~)) 
L.,C•> s~o ~'3 

where Lt ~> and. G ( ~ > are the circumference of the Minkowskian circle 

and the geodesic circle of radius ~ at the same point respectively • 
. ·. ·, ... .' ;:;('t"' 't -~ ::. --~-- ..-. j.: 

Finally, a f'9~-:"~logous to the classical Gauss-Bonnet Theorem is 
• ~ .;:.~ '.,·: ~ k~ ;~ ~'~ 

derived. ·~~:·-. ·.::;6·:r:\' :_;:~~-t~-
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INTRODUCTION 

:Tho· aim of tho f'ollovving invo::;tigo.tions is principally a 

propdro.tory one. A goomotricnl framework which would bG most 
' 

sui tnblu cos a background for the Hamilton-Jacobi Theory is sought, 

so that we have r0strictcd the present discussion to pu;roly gGo-

metrical g~ostionso Tho space undor consideration is of the type 

first invcstigat.ecl systematically by Finsler (1)~, after whom it 

Firlslor treated tho geometrical :properties of hie 

spaco from tho :point of vi ow of the Calculus of Varint ions; i11 f£~ct, 

tho notion of r,,,.uch spaces wns derived directly from this field. 

Sinco then thoro have been different approo.chos to tho ·Ge0metry 

of Finslcr Spaces, o.ll of which, o.purt from the work of BuE:0mann, 
i 

havcj one im:portmJ.t f(:aturo in common: namely oxtcn8ive uso of the 

To1icor Calculus, which wrw not used by Fins lor. Fir8tly, Synge; ( 2) 

o.nd .Taylor ( 3) go.vc dofinitim1s of po.rallcl displacement, and thcr:c 

met}1ods were dcve;lo:pe;d by Co.rtnn ( 4), Borwo.ld and Funk ( .5), all of 

whom workcd o.lo11.g oomcwhat different lines. An essential o.sp0ct of 

thoso methods lies i:r.1 the fc~ct that the authors diotinguiDh a field 

of curves, so that c~t o:_-;,ch poi11t of the space thoro exists a special 

direction with respect to which all monsurcmonto a.t that point are 

mnclo. Although thir\ hr.u:.: tho groat a.dva.nta.gc that it onnbleo us to 

rotQ.in IDill'lY methods of Ricmmmiar.L Geometry with certain modificationrJ, 

tho rooults obtnin.cd a.c:pc:.'ld on tho choico of the field. Thio ctate 

of affo.ir~l in 1:cot e::1tircly oatiofactory from tho goometrical point 

of yiew; thiD opinion has c;.loo recently boon exprcs:::ed by Busemann 

in an oxtrcmoly illuminating hi:::torica.l review {6) •. 

It wo.::: thir:: that led me to q.ttcmpt yet another geometrical 

thopry of thi[J ldnd which would alno satisfy tho d0ma.nds of the 

Haml.lton-Jacobi Theory •. My defird tions and problems ha.vo been guided 

throughout by o. desire for gcomotrico.l clc.rity: nowhere have I allowecl 

my approach to be h1fluc.nced by o.no.lytico.l t(:;chniquo. nor did I seek 

a. mere extension of Riemcmnicm Geometry. From thio :point of vie:w 

iii N'umboro in brackets refer to the references at the end. 
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it seems more natural to :regard Finsler spaces as locally Minkow-

sk~an, where it is to be noted that the Minkowskian space is of 

affine structure. This has been clearly recognised by Eusema1m, 

who cn.rriod out mar..y investigations in this line, using• however, 

the methods of infinitesimal direct goomctry •. so_ that the problems 

treated by him arc of an entirely different character. 

Thus the first four chapters are devoted to a study of Min-

kowskian spaces. OUr chiof tool is the indicatrix, whose function 

of.support is shoW11 to be closely related to the Hamiltonian of 

the problem in the Calculus of variations arising out of the func­

tion defining arc-length. It will be foU11d that for the purely 

analytical tccllilique it is convenient to usc tonnors: after all, 

the concepts of contra- and covariance arc i1~herent to the affine 

tenoor calculus irrespective of the metric. Furthermore, our 

in-tTcotigations show· that the introduction of a conjugate space 

by moann cf the fu11ction of support allows us to attribute a 

geometrical moaning to the process of rn.ising and lowcriP..g of 

suffixes, which i!l generally a notion scccndo.ry.to that of contra­

and covariance, due to the fact that a specialised metric is ro-

quire d. Making usc of the affine structure of the Mi:1kow:skian 

~pace, simple geometrical results arc dorive:d for futuro usc, and. 

the fou..'tldntions of a Trigonometry of such spaces arc laid. This 

enables us to dincurw some of the basic theorems of classical 

Differential Geometry on surfaces embedded i~ a Euclidean space 

for the case of surfaces embedded in o, Minkowskian space. The 

definitions of angle and area have been the subject of dipcussion 
r 

for some time - new definitions which seem to satisfy tho 

demru1ds of the present theory are suggested here. 

In chapter V we proceed to a study Gf Finslcr opaces. using 

the indicatri:x to obtain the Christoffel symbols and leacling to 

o.:form of parallelism which is independent of an arbitrary field, 

-,_11 contrast to the clofinitiono given by earlier authors. This is 

done by means of a covariant derivative a.nd simplified by tho 
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introcluctiun c,f what we shc"ll cnll tho "oxtonclocl ChriDtoffol synbo_h:". 

A cl..ctnilccl .:Jtucly of Goc;Cl..o::.-Jic Deviation c:no.bloo uD to clcfi:1o c. curvo.-

turo tensor. Thif.l, however, is :aot the only purpr;,nc; of this trca t-
I . 

nont,

1 

but it o..loo provHLco tho Jccy t'J further in•rcutj_c,Tt.tir.:l'w 

probloTio "in tho large", The latter resultn clr: :.~ot fit into 
I 

sccpe! of the present worJc ancl will be publinhccl nepf'cratoly, 
I 

the aiel ~;f the curvatu.rc tcm::J,Jr tJ1c curvature of tho Finslor 

into 

tbo 

Witb 

space 

is :J.orivcel: this d.cponrls only on tho point unrlcr concid.cration o.ncl 

not on o. clir(~cticm through thc~t point, This is ub.own to huve very 

cloar goonotrical intcr:prctc.tions in o. two-climoncional m:::mifolcl, 

:for which a thcoron rmalogouo to that of Gnunc una. Bonn0t if) fino.lly 

ioriv;ocl, 
! 
I 
:Very little attention ho.D been :paid to que8tions concorning 

te:nno'r chn.ro.ctcriotico o.n(l invnriancc, o.o it io my intentir:;n to 

intro,'l.uco tho Contrwt Tro.nofornn.tion cf So:phuc Lie rnther thnn tho 

:point-trc.nofornc~tions int ~) thu tho ory of Fins lor cpc,ce c, c.,nd to 

(lovolo:p a cnrror:rpcnding Tencer C8.lcuhw which will be r:wro ::mi table 

fer ri troatnont of tho Hcmilton-Jacobi Theory, 

;Throughout we have otrictl;y- rlincarC\.od any Euclicloo.n bc,ckgrc:uncl, 

o.lthqugh ocno ~Jf tho r.wut funcluncntnl iclcc.z nrc baoocl on Min1cowski 1 c 

ThoGry of Convex Figures, -This inc1icctes the clc::~irccbili ty of inves-

tigaticms into the :pocrJibility cf a rcconstructL:n cf Min1mwski 1 s 
\ 

theory nlnnf ouch linoo, efJ:pocinlly the r0cont work of Fenchel o.nd 

Juw011 ( 7) whr~ have 1lisco,rcled difft:;rt:ntiubility o.oDUn:ptions. 
. \ 

.My beet thankc aro cluo to Prof. L. c. Young who first introduced 

mo to the Calculuo of Variations, m1cl to Dr. c. Y, Pauc for his 

canstc~nt onccuragomcnt and. mo.ny very valuable suggestions. 

University of Cape Town, 

May, 1950. 
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CRA:PTER 1 

PRELIMINARIES 

' 
§ .1. i Connection with the Calculus of Vnrio..tions • 

. In o..n n-dimonsional Ricmn:nnic~n mo.ni.fo1d.. tho nrc-length 5 

measure;d c.loTIG c" curve roprGSGntGd by em o..rbitro.ry paro.me;tcr -t 

x.!· : x L! t J 

em in t cgrn.l 9f the form 
#-

$ 

t . --. f ( ~i.j -y._'; ); ,j }'12. d.t 

Co 

whor,o the functions ~Lj depend only on tho position, o..nd where 
d. :x.~ 

: I 

I L 
;j:. :: --;rr· 

( 1) 

( 2) 

( 3 } 

We $hall consider a moro gonorc~l spo.cu of n dimensions, whore the 

arc~le;ngth of the curve '( 1) is g:i.von by a function f(.:r.~ x'J, so thc,t 
: 

tho :intcgrc,l ( 2) is replaced by 
t 

S ;; ~ 1.:.- ( ~.', )(' • ) ott ( 4) 

tc 
Thu !problcm of finding thG geode: sics, { i.e. curves of minimum lqngth 

j oi~ing two points on it, provided they uro sufficicmtly closo to 
' 

on.cl~ other) of such o.. space: is then re;ducvd to the first problem 

of the Cr,lculus of Vo..r;i.c.tions for tho function f(.x~,-l:'): no.mcly 

fi_n~ing c~ curve which minimises thG integro.l ( 4). 
' 
: In accordance with the usuo.l procE:dure we thereforG muke the 

fol.jlowing o..ssumptions with roga.rd to f(x.~.x·1: 

(A)~ Ft~·,x.'') is analytic in tho 2n vn.rio.blos .:x~ • ::J.''" • 

(B): Tho intogrc,l { 4) must bv independE;nt of the choice of the 

arbitrary puramotcr t . 
' 

Tho necessary and sufficient condition for this is tho..t r be 

positively homogunvous of ths first d0gree in the x'" , 

+'TJ?oughout tho summr.tion convention u.s regards repeated indices 

is usod. 
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i. 0.' 

5 .. 

.. 
. . 

f<::t!, ~:x·•) :: /k Ftxi, x' .. ) ,· 

(C): Tho. function F(:)'.:.l:x.') is strictly·convex in the x.'" • 

We she-ell shmv that this is 0g_uivnlent to th0 more well-known 
'· 

( 5) 

rct=."Uln.rity condition·) nf'..m0ly th:::Lt the function fi(x~ .Jc'') of the 

Calculus of Vari:::~tions, 
?;F {~. "', x' "") 

- t 
) 

= ------
0 

is cvoryvvhero posit i vc and non-vanishing~ ( Mnson and Bliss ( 10), 

. Tnylor ( li) ) • 

(D): Fr:x.'~x.·') is positive and non-vanishing throughout the regions 

· undcr considcrc"tion. 

This is not t.m oss0ntic"l restriction, r~s we mc~y, in virtue of 

our :previous c"ssuin:ptions nhmys add an cxuct diff(.;rontial of 

:tho form 

: o.nd thus obtcdn o.n "og_uivc"lvnt " :problem in th6 Cc.lculus of· 

: Vo.ri[l,tions. ( Cnro..thoodory ( 8), :p. 197). 

S:po.cos in which tho me:tric is dofincd by ( 4) arc 1mown us 

Finslcr spaces; the geodesics aro then tho extromo.ls. A case of 

special inportcmco occurs when F is o. function of the direction 

:x' only, for then the; oxtrol'lc.:.ls c~rG straic;ht lines in tho euclidGo.n 

sense. (Bolzo. (9), p. 32). The s:po.co is then snid to be: :MinJcows1cir.m, 

·and wo mc.y usc the; ordin:·"ry notions of vector. planE:. etc., i.e. it 

is c::n c..ffino s:pc:.co. 

§ 2. Ano.lyticci.l deductions. 

The following o.nr:.lyticr"l results will be found to be very 

useful lo.tor on. Fro~.Eulcr's Theorem on homogeneous functions we 

deduce from oq_uc..tion ( .5): 

;-Cn.~nthoodory (8), :p. 213; Bolzo. (9}, p. 193. 



We sh:all now put 

6 

=- ;JF<:x.~:):x'') 

().X' )it 

cp ( :X ~ X I ) ;:: t c F ( J._ ~.) Xu: )j 2, 

so thr.t <f is posi tbrcly homogeneous of second cl0gree in thG :Y.1
.:., 

i. o. 'for -12 > 6 wo hnvc 

DiffDrentiating (8) 

r:.nd 

(6) 

( 7) 

( 8 ) 

{ 9 ) 

( 10) 

wh0rE! it is to be; noted thnt the left-hand side of (10) is independent 

of ~- • 

Let us now introduce a transformation of tho type which werf:: called 

n extended :point-trc.nsformntion" by S. Lie ( ( 12) • p. 44) : 

::£" = X"{:x.·i) ( 11) 

whosE) Jacobian doos not vanish n.t any point. The quanti tios X1 ~ ns 

defined r)y ( 3) then transform according to the lo.w 

' -,t 
.':L 

Since tho function Frxi:x''·) or cpt:x, x.') is a mensure of length, its 

intrinsic nature allows us to regar.Q. it as Ct. scalar invariant, so 

thc.t. we hr..ve 

Q p (~;)~I) -

·-ax Jl~ 

But it follows from ( 12) tho.t 
·-:>X.'.: -

d p ( ;x ) :J( I ) f • -~~~~ 
'<) :x .,j J x' " 

J :i' 
a :iT 

and the invc.rso equation, so thQ.t we deduce immedio.toly that the 

g_uantitios '0cff?.~ju:x'' transform like the components of a 

covn.rL:mt vector. 

Simitta.rly, 01-~ ( ::£, 5. ') ;:: ·(J'-1, (y ,J-') . ::b.' t. ~.):~ ~ 
J5L"' ()i'~ 0~d_ '()):'k 0.5Z'L Jx'J 

( 12) 
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from which it follows in the sc"mG way that the q_uantities c'~f(..r_,:x:·ySx•.tJl:'k 
trans:f·orm like tho components of n covc"rio.nt tensor of rc,nk 2. Similc,r 

n;sults may be derived for dcri..,rr.tivcs of higher order. (Tht:se facts 

woru first proved by Tc,ylor ( 13) and Synge ( 14) ) • 

Vlc mr;y thus wri tG in e:.ccordc-mce with the usual notc,tion of the 

tGnsor calculus: 

From ( 10) it follows thc-1.t thG 3 i'.j nre symmetricc~l in '- cmd j 

c.nd homogcme;ous of dugroe zero, so thc~t 

jL-j {-X) ~:x') =:- ~i.:j(.x, .x') 

Differentiating onc0 more with res:pGct to ~ and putting .-k:::: I 

we find 

and 

·o_j·· (JC. :r..') It; ·. lrj J .): 
"·-·- -----------. 

~:r' tl 

-o.~\i<::t~:l:')-. )('L 

a.x.•~< 

= 0 

0 

( 
J 

( 13) 

( 14) 

, 

( 15) 

in copsequoncc of the c;rbitro.ryness of thG order· of differentiation 

in (1~). Also, differentiating {14) with res:p0ct to .:x·\ we hnve 

~ d ~ ~j c~i) .-k ~ 1 ) 0 j i.j (X J ~ .j( 
1

) ( lb ) 
' 
i ~.x t "0 x e 

so thJLt r:n'l:--~.logously to ( 15) we obtrdn 

.:at;.~ iJ ( J() x') Jk 
:X - 0 

''\ )( f 0 :x'l<. 
() . ( 15' ) 

0 ~ j t.J (J( ) jC I ) x', - 0 
().:xe 0.:x'" 

. !From eq_uc;.tions ( 4) o.nd ( 7) we deduce that the element of distc.nce 

' 
is givon by 

J.s?...:;:. iq><x~:x·)olt2· 

o.nd using (10) o.nd (13) it follows that 
\ 

[:IL (' 4 .. .::. q · · (. :x ~') d.:xJ dx.J 
~ J~J. J • 

( 17) 

(' 18 ) 
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whor0: it is to be noted that tho argument in tho ~-~~j must corre­

spond: to tho direction of' tho infini tesimnl displc~cement Jx • We 
' 

shc->11' show lc~tor thnt in consequence of our conv0xity condition the 

g_uc~drt:~tic form 
' 

~,.j (-'1:-)j:') r- .r;J 

is po~itivc definite for nll diroctio~s x'. 
Cj·. 

irn MinJmwskicm s:pr.ces, the~Jnre inClependent of the .:xL, so thnt we 

mny r?gc,rCl th0 Finsl0r s:p£we ~ 2; space with c, locnll;z Mi:nlcowskir:.n 

metric. (Busemann {15) '). Thus to each point of the Finsl0r spc"ce 

we cn.il nttnch r~ 11 trmgent 11 Minlcowskicm s:pD.ce Tn. The coordincLtes of 

any point ( or vector ) in this spcLCO will thun be given by the n 

numo0±-s 
"L' ,_ . . 

. L 

At nny _point x ( which we she-ll r0gurd us fixed for tho moment 

the function F (')(.~. :x'~) hns the following propE.::rties in T
11 

nt x." 

( ) F. (:XL' X I~) / 0 c. - for :)('' :J 0 
J 

F" (::lC~ 0) ;:: 0 • 

(b) f:(:x-" kx'") = kFcx.:.x,L) 
' ) ) 

(~"70)' 

(C) r: ( ,:x_ ~> X~~~) t- J<~) ) ·~ r ( )(. ', X/rJ:_ ) + 

Thcs0! follow directly from the c~ssum:ptions mr;dG in §1 

"* th011 it cr..:.n r)C shown (BonnoSG11 und F(;mcho1 (16), :p. 22) thnt 

. the: sot of· points in T11 whoce coordinc~tes cc,tinfy the ineg_uality 

is r.1. 9 onve:x: fic,ure, so thc~t th6 .S'Urfa.ce 

Frx,; x''J = 1 (19) 
J • 

is strictly convex ct.11d includes the :point :x'L = 0 as an interior point • 
. 

This 8urfc.cc is culled the Indicatrix"" '*' a.t the point x" , cmd may 
I ,, ... 

be regn.rdod cs th0 unit sphcr~ in T o.s nll the :points on the sur-n 
' . 

face ~ 19) c~re e q_uidistnnt 

the indicc~tri::: in Q c.nd 

tho 16ngth of the ve:ctor 

the s;,mo longth £ thus 

-..;. 
from tho origir ... o. If n vector OP 

--'l> ____:;, 

OP = m.OQ • it follows from (b) 
·----'» 
OP is m, The sot of vectors [J.,t 0 

lie on tho surface obtcdned. from the 

cuts 

that 

with 

indi-

cntri± by o. di1ntCJ.tion in tho ratio £:1 • In virtue of (b) this 

.J<Tfio :Proof givon in :)3onnc:scn c.nd Fenchel p!'esu:p:poses a. eucliClean 

backg:J;'ound, but tht:; :::~.rgument is vc,lid for cmy affine spc"ce. 

:~<., Th. e i d · t · "· t · t d d. b C th d ( ( 17 ) d ( 18 ) ) n 1cn r1~ was x1rs 1n ro uco y nrc- t:;O ory an • 
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surface is homothetic to the inclicat:ri.x and. will be called th6 

ind.icatrix of radius £ • 
: I • 

: According to the usual procedure in nff1n6 geometry we may 

wri tfe the equation to tho tangent-plano at o. fixed :point ·1:,> of 

the :surface ( 19) fu the fol"'!!t 
~ F (. " I jc) I,: I~ \ cJ .':f; ) -X/o\ 

(.X - Ylvl) · ~i.:r'::-·--·· == I 
.) 

or, with the aid of (6) o.nd {19) 
. 

x''"' 
- . K I k 

·;:, F ( .X :X;o) ) 
' , ... -- ·-·-···~-------·· ----· 

• 
. () :r';. 

~ I -

Differentiating ( 7) with respect to x''·, c..nd taking into account 

(19) once more, this b&comes 

= I 

Put 4c= I in (9) and. differentiate with respect to :x'J : 
-:\ l. ,.{) I ' ) • 

_'"' -~-~-~~- X •'- -~ -~, (X> .)L') ~\ ~ ::: 
ox·.: d.:X'j (l x',; - u .i 2 ~~~-?:~.) 

()J '-J 

or, ; from ( 13 ) 

:= .~ 'f ( x_:2? 
() . .x. lj 

We mo.y thus write the equation ( 20)' to the tangent .. planEJ .-t - I d. -X..:..) 

in the form 

3 .. I t' • 

I ( y) :')(I~) ) ..){.IV) :X. .J = 1.-J 

S imilc.r ly, the equation of the tn.ngent ... plane at the point I . f 
1(-.) 0 

the! indicatrix of radius i is given by 

a ( , ,: ,j z 
J :_,i .X~ ~lo) ) .XC,,, :X = j_ 

(20) 

( 20)' 

(21) 

(22) 

{ 22) f 

From the purely geometrical point of view it mo.y seem strange thnt 

we use derivatives of the second order for the t::-""ngent-:plcme where 

1 t is customo.r~ to use only first order dorivc,tives, but it will be 

seen thnt this has considerable anulyticnl advo.nto.ges. 

~thermore, it is clear tho.t eqaution (22) also represents the 
i I ,• 

truigent-plo.ne o.t the point ::l;o) to the qun.d.ric surface 

~ ' 1:4 . ')'; ,..i Ji.j (.:X, .. :It . ._,) :X. :::>( = 

This su.rfr~C(; is cnlled the; ,os,cu1atipg indicrr.trix corrE:sponding 

(23) 
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to the direction~~> in Tn • 'rhis notion wc,s first introduced by 

it dE:: fines ~-~ Riemc.nnic"n m&tric in ,the 
·' 

d • :t i I J.r0c; J.On .Jfo> • WE: shr.ll show lc;ter thnt ~:.s c~ consGq_uencG of our 

convexity ns:::umptions the:se surfc~ces r~re (n .. 1).-dimensiom~l 
/ 

§ 4. The: Ficn:tl:'r~trix. 

An eq_ucd:ion of· the typo . -v-1" - . t 
a~ J-. - cons • represGnts u piune in 

Tn !it will be seon thc~t the: q_uc:,ntities ex;. c~re ofn, coyf' .. rirmt nc,ture. 

We sh:ci.ll consider tho cxpressioh Ji .x'' ; c~nd we define 

H l J' ) ::: 1~,1dt '-4-J,u- .J.r"'"'"J.. ( J ~ x' ~) ( 24) 

where n.SE>'UJTICS r.ll possible vc,lues subject to t)le cond.ition 

f"(:x.~, x.''"). ~ I. 

Thus :for c·~11 points inturior to nnd on the indicc~trix we hr~ve 

H ( j ~ ) ~ J ~ :x' ... ( 25) 

Sincu wo h.:-:wo c;sE>'UIJ.lGd strict convexity of tho indicc,trix , it follows 

thc~t ifor ::-,ny pr,rticulnr sot of vc~luos 'jt of t.t~ { i. -"" f, 2 ..• · . · · ·, 1ft. ) 
! J 

represents r~ tc .. ngent-plcmo ~o the indico.trix ( nctuo.lly c" plnne of 

suppQrt ( HS~utzobene 11 ) if tho indicc,trix is not strictly convex) 

{26) 

' . t t t . t ,z touching i , SC•Y t c~ ho poJ.n Xfo> • It is cleo.r from ( 24) thcct we 

mr:-,y introduce tho normc~lisr"tion condition 

I 

:/i 
if '+ro! 

H( ~It) == I 

lies on tho indicc,trix. 

! This cnc,blos us to estet.blish c. one:-one correspondence between 

the points -:r.'~ on the· indicc~trix r:.nd corresponding vr"lues of the 

(27) 

n g_utmti ties ji. • It is nc~.turr:.l, theref'ore, to introduce a. second 

trmg~nt spnco T~ c:.t o.c:.ch point ::x_l in the Finsler spo.ce, such thc~t 

the :points in Tt r~e re::prosontod by the 1j;. • To ec.ch of the points 
, n 

J'- ~orresponds c. function Hl ):'_.:> ~<.), defined by ( 24), which sr,tisfies 

the following conditions in Tri_ : 
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( c,) H f x ", Ji ) :> o for 'j:: =F 0 , H r ~, u) : o. 

( b ) H ( :t'~ -k Y~ ) ;;: ~ t-1 Cx."<li ). 
• ( '\I . (,;!) ) 

(c) H(x'", ~/' +-j'() ~- H<x,:f..) -l- H<:x>.Ji. 

ThEJ,OG prop8rtios mc~y b0 proved ns in Bonne sen una. Fonch~l ( 16). 

(Compere the firot footnote of p. 8). 

It is to be noted th~-~t the right-h~ma. nide of (27) ir., in c;cnerr.;,l, 
Q /· 

to be roplr~ccd by l , if thv correnpondinc; point :Xr,.'~ liGs on the 

indicr,trix of r::-~diuo .f. • 

Th0n, .::~s 1·~ r·o sul t of those conditions, it follows r·~s before thr~t 

tho sot of points in T' £lctisfying the inequ::-~li ty n 

is r.-~ ~onvcx figure, c~na. the rmrft\ce 

H ( .x ~, :} J = I ( 2 8 ) 

iD · str·tctlj- convex c~nd contains thu point jt = 0 c~s r:.n interior point. 
. . ' i ' ' 
Thts .s'Urfc~co is cc-~lled the:: Fie;urc~triJt c~t tho point x" of our Finslor 

spr.\ce. Tho function ·H · mc,y bG :i:'Ggc::rd0d ccs tht.:; function of dist::mce 

in ·T' so thr.t thu fie,'11r"f"trix represents the 11unit sphere" in T' • 
· n ' n 

Note: ____,.... Tho figurc,trix wr.s first introduced by Minlcowski ( { 19 ), 

(20) ), . r.mcl itssignificr-~nce with rcgnrd to the Cc;lC1,1lU.s of vc~ri­

c,t ions noted in Cnrc·;thcodory ( · ( 8) 1 p. 246 ) o..nd Hc·;a.c~mc,rd ( · ( 21), 

p. ;92) •· Those; cuthors, pro suppose c~ e;uclidcc.n bcw1cground in their 

troc~tmont J nnd show thc~t . in this cc~se. the figurc.trix is the pol::-~r 

rociprbcG.l of· the indiqc·~triX With .rospoct to the euclidGLn unit 

sphoro. ( (16). p. 28), 

In order to 0~tr.blish thC: lc~w. of correspondence between points 

in: Tn on tho indic::-~trix cmd poin,ts in Tri_ on the f1gurc~trix, we-' 

fi:r1,d, on com:pc:.rison of th0 equc.tions ( 22) and ( 26) in conjunction 

With (27) for . tho ta~gont-p~LnGs_ ·to the indicntrix, 

(29) 

This· l~~w of trcmsformt~tion is not only restricted to points on the 

tn,~icn.trix, but is perfectly genernl for all points in T ( tt.nd.' in
1 n 

T~ ) , in virtue of· the fr.ct thc~t the figurn trix of radius l is 
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homotheti.c with rospect to the surface ( 28). 
I 
I 

1 Using (21), we deduce from (29) that 

:1~\ ::: -0 <t· (X> -~{~)} 
~J -X .J 

(30) 

From; §2 it- therefore follows that the ~i transform like the com-. 

ponents of covariant vectors, so that if yi is the transform of 'j~ 

in a now coordinate system, we have 

\Ji. 
().:x_ .i 

-~-
oi.t. _J ) 

(31) 

so that 
'() . 0.::t.J ,,jl. :::; 

6 ~.i Ji:;_ { 31) 1 

As in the case of Tn , we may now introduc0 tho functions ;t' {x... ~) 

and jtJ (~~~) in T~; thoso functions being d0finod analogously by 

tho , equations 
! 

(32) 

and 

( 33) 

i Again, in view of tho natural invariance of thv function ·fwe 
I 

havf 

i 

::;; 7J1.f( £.j_) 
2) 5.: d j_; 

I 

or,: using tho inverse of (31) 1 . toge:thGr with (33) 
I 

(34) 

. sh~i~ 
I 

ra:rDt 2. 

t.hat tho jLj · · aro componGnts of a contravariant t&naor of 

It is cloar that the funct-ions 'f f .Y, ~ ) and ~ ij ()t.} ~) enjoy 

tho same homogeneity properties with rospoct to thG ~K as the func­

ti0ns 'f'l--r,x')· and j.:j(Y 1 ~') with rcsp0ct to thox.'k', 

We /thus have for the pointu ~ ~ on the' figura trix of rt:~dius £ 

H'l.(X,j) ::: 2 'f(X,j) ~ 3~J(Y:J~)~:. JJ .:: .e2. (35) 

To find tho inverse of tho transformation (29), we multiply . 
. I~ 1 each of those equations by ~~~ 1 and on addinG tho rosu ting og~a-
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addition to tho fact that they may also 'be regarded as the cova­

:ri1ant componcmts of a vector whooe contravariant components are 
I the :x." ·when ono adopts th0 u&ual point of view of affine geo:q1etry. 

Great car-0 must how0vor bu excorcised when transformation laws 

such as (29) and (37) arc used: the arb'U.ments in the f\1nctions 

j ~ .i o.nd. :J ~j must correspond. to tho vector und.(;r considuration. 

For this reason thc arguments will be stated explicitly whenever 

thoso functions appear. 

Furthermore, our equations show clearly the affinity between 
- . 

/ the fu~ction of support Ht~~~~~) and the Hamiltonian aosociatcd 

w.i th thG funclo.mcntal function F (':1.~, .:y_•') of tho Ualculur: of Variations. 

!E£ value of tho figuratrix ~ ~ ~cometrical interpretation~ 

~Hamilton-Jacobi Theorl ~ becomes clearly evident. 
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( 36) 

whon!wo talco into account equations (13), (10) and (7). Using {35), 

wo immediately deduce 

~f ::; J ~ j ( )< ) J lO,)) ~ ~0) ( 3 7 ) 

:Also, substituting from equations (29) and (37) in (36) it 
I 

follows that 

so that 

:X..: q(o) 

/o) J l 
q ~-~ ·( ;:1: I. lol) U I ) I _.t, 4 (0) = ,j • .j J ~~ \'":)(; ::Xlo) X!tJ) ~j 1 

LJ( y c1 fol)a ' ) ~ )J Ji~(x~~~ 
, ( 38) 

Thu :functiomJ J~i{.~<(u 1 ) arG thus thu cofactors of the elements ~i/.rJl:r~) 
~ I 

.in t:hu determinant ISiJ(.)l,X{v)J and~ relation botwe()n~ functions 

F fx), X(~lj ~~ • !~! :\£, Hro') i~ thrroforo complctol;y: SY:nmotricalo 

) On differentiating oq_uation (35) with rc-spoct to~"'' one im­

mcdiatelv· fincts 
I <) 

\ 

£ ~ 1_l __ :x_!j_ ~ :: ~1~-j-~-~!. .. ~ -~ 
, ()JK 0~1< 

+ 

I • ' , . , 

who1~ it is obsvrvocl that thu ~rJ arG symmetrical in {. and J 

~h0! first torm on tho right-hand side of this equation vanishes 

idq~tically as a r0sult of tho homogonoity propvrties of the~\.} , 

so that 

~ _'f __ <_:_~_1_-~-

or, using(,37) 
d 'j~o: 

(39) 

(40) 

voctor, those equations 
I 

maY; be written in tho form 

and 

'X I I< 
{o) 

'D H ( ~) ~r .. ,) 

"3 J~ 

·-o F ( Y) ~~;>) 
Q :>c.' K_ 

! Tho functions ~k thus appear as the canonical variables in 

thQ Calculus ~ Variations, (Caratheod.ory, (8), p. 216), in 

(41) " 

( 42) . 
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CHAPTER II 

SIMPLE GE01lliTRICAL RESULTS AND THE MEASURE 

OF IN MINKOWSKIAN' SPACES 

§5. ~efinition of cosine. 

iin the following sections we shall be concerned solely with 

Minkowskian spaces, so thu.t the JLj depend. only on the directional 

urb~ents. Most of the results derived in this chapter arE: of very 

little intorost in themselves ru~d are deduced for future use. 

;We shall now de;fil~o tho cos.ine corresponding to two arbitrary 
~ 

direqtions i\ and fJ This ~1ction is not to be regarded as a 

measti.re of angle but only as a function of~ directions. Throughout 
--:"> 

we shall represent the longth of the vector a, by o., • Representing 
~ ~ 
i\ and p by tho straight line OP, OQ respectively, we construct the 

indica.trices of rud.ius A and t-' · , each passing through one of the 

and being represent..;d by th0 equations 
).... ::: ~ ~j ( .-x.') x'" xd .J 
fJ ~ ;::. j.:..; ( :x.') .X'~ :x..'j j 

poin~s P and Q, 

{ 1) 

According to (22)', §3, the equation to the tangent-plane at Pis 

5"-j(:\)i\i.:r,j ~ "?.· (2) 

Produce OQ to meet this pla.ne at Q'. We then define 

Co.\(~~ p) ~ ~ J OP_! 
- I 0 ~· t 

~ ~ 
the nega.tive sign beine taken only when ). and t-J lie on opposite 

I 

( 3 ) 

side~ of tho plane through 0 parallel to tho plane (2). Representing 

OQ'PY the vectorrrJ where -r is u. scalar, it follows from (2) 

tha.t: I is given by 

( 4) . 

and hence, using (3) 



16 

em ( A) p) === · , _---S+~j..L~~--(1~:~--=--=~-~-i:-:fi-
v rj ~ i (.A) A' ,\ • Jr ... II. q-· )f' p ( 5 ) 

Similarly, if we draw the to.nGEmt-plane to the second indicutrix 

at tho point Q, we find 

u~ ( ~ , A ) = . 3.: i < 1-' J X t: J 

. ,/g.:.j(>.)/\"i\j·1-e,,e.~(~lt-'L~ 
0 ( 6) 

Thus only when thv <J,:j u.ro independent of dirvction will the function 
-7 --7' 

(..(})(1\,f-') be symmetric in ~~~ o.nd iJ , i.e. only vvhen we doo.l with a 

euclidean metric, in which CESe ( .5) reduces to c" vvell-1mown form 

of the euclid0u.n cosine. 

In virtue of { 14 ) , § 2 we see immedia. t uly tho. t C£o ( \ ~) is in-

depGndont of tho lengths ~ o..nd !"' • It is therefore simply a function 

of dire;ction. 
p 

If we introduce the Weierstrass c -function for two 

ctirections xd , f ~,. ( Caro..theoclory 

; [r:¥.~ ::c'~) f.:J = F<x~t:) f' .,..) 
. - ~ 

(8), p. 223) defined by 
_ c F ( ~ ": ~·~e }_ >?' J 

. Cl.x'J > 
we :have for two unit 'V0Ct<;>rs A • r in virtue of ( 42) and ( 29) ·of ~4 

[('A) p) :::_ 1- 1~;.> ~ =- I- <J.:i< >-.) 1\ifJi. 

or; t ('~ ) f-' ) :: I - C<J~ ~ ~) ~) 

This r0sult was also obtained by Finsler ( ( 1) • p. 39) starting 

from a difforont dcfini tion of cosine. He them used this eq_uation 

to deduce a m0o..sur0 of angle with thG aid of the classical series 

expansion of the cosine. We shall not follow this proc6dure. 

( 7) 

we: mo..y also durivu immvdiatoly the well-Ja::),own result of Co..ro.theodory 

( ;( 1) n 244) WhGr0 hOWGV0r tho indico.trU is ombedde;d in a t ,!:'1 ' - -, - t 

Euclidean spo..co. _., ~ 

For the unit voctors A o..nd f tho corresponding points P,Q lie on 

the indico.trix. Draw QQ' 1 parallel to OP to me.et PQ' in Q' '. 

Then we· havo from (?) and (4) 

e c ", tJ ) - r-1 
r 

o.Ci - 0 Q' . 
This is oquivo..lcnt to thu geometrical interpretation of Caratheodory 

o:¢ tho e -:function. 
I 
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, 
pthcr definitions for the cosine wer0 given by Bervmld ( ( .5), 

p • 217 ; ( 2 2 ) , p • 56 ) ; C o.rt c"n ( 4 ) and Synge ( ( 2 ) , p • 6 .5 ... 6 7 ) • 
\ 

A ... part from one of the two·dGfinitions soggt:sted by Synge::, th0s0 qre 

n.ll idGntical .::md diffvr only from th0 c;g_ucttion ( .5) in so fa.r ns 

thnt tho tj'~j hnvo tho same directional o.rt,'1l!Ilent, i.e. they c~re 

ref0rred to the same osculating indicatrix. 
. 

In an analogous mnnn(:;r we may define tht: cosine with ruspect to 

th0 ~igura.tri:c: denoting the vectors in T' corresponding to the 
~ -:::- _.,. ...,. n 

vectors A and fJ by ~ and. t , and the corresponding cosine by c~(A,l-·J , 

Wli find c"s before 

C.U"J ( ">I J(J ) -· 

It follows from (6) that 

{jr~(A.,tJ)- Co-:J(p..,A) 

i\ J ~J_s 
-·-···--····~ 

i\ r' 

( 8 ) 

( 8) f 

Tho difference between the indicutrix and figuratrix thus .accounts for 

thu li:lcJ.r of sJrmmctry of tho cosine. 

§ 6. . Transve:rsali tl• 

; -7 
A:ny vector x' lying in the tnngEint-plc;.ne c~t tne point 

~~ 

the indicatrix is said to be orthoe;onnl ~ res12sct to ~. From 

( 3) it follows thc~t the cosine: vanishes~ 
. 

( ") II,. I.J 0 } j i. j 'X(ol XroJ X -
or 

x'"' 0 y<~> --
in virtue of (29), §4. This is identical to the notion of trans-... 
vorsulity u.s given in Ca.rQtheodory ( (8), p. 248}. 

Tho o.bovc torminolocy 'in justified by the fact that if the 

equation 

represent[! the tangent-plane to the indicatrix of radius f o.t the 
•• , I l 

point: X(o1 , tho shortest distance from any point to this plane is 

( 9) 

( 10) 
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, -4- I 
moa.sure;d a.long u direction parallel to the vector ~oJ GeomC::tricr~.lly 

thiD rcsuit is obvious cmd mt."1.y be proved ano.lyticr~lly o.s follows: 
I 

Withmit loss of c;onurc.li ty we mo,y tcJcv thii:l point to be the origin 
' 

due to the c,ffino structure of our space. 
. \ 

If P( x'') io any point on 

the p~cl.!le, its diota.nce from 0 is given by 

,2 
:r_ == a , . ( :x.') :x.' ... .x' .I 

J tj 
( 11) 

Accor~int; to the multiplier rule of Lngrcnge, we ha:ve for em extreme 

vnlue! of ( 11) 

~ [ o .. (.u').)(,:)(...; _. ~~t~J~)x'i- £2)] :::: o 
()J:'l( J~j ... (.., J~ 

wher~ ~ io the undotvrnincd nultipliE::r. Denoting th~ roots (if r:my) 

whet~~ the first 

{ 12) 
I j • 

Multlplying this oquati9n by :t(,1 and cumming ov.&r j , it follows 

fror.i ( 10) and. ( 11) thr~.t 

so thnt we :may write ( 12) in the form 
I . ,._ 

j}j ( Jt;(oJ) _r~~-- . --
R_'J. 

Mul~iplying this 

obtain 

~~j -
--r.oJ o.nd ngo..in &'U.IDIDing over j , we thus 

so ithut . 
I J 

- 'X(,l 

i.e. tho oolution nuot bo the orthogonal vector. Geomt:tricn.lly it 1o 

c10c~r thc~t c~ finite t.;Xtrone value can only be a minimum. 

' It is to be observed fron the definition of orthogonality that 

this io, in G011ero.l, not G. cynmetricul property: whe.n we write 

.,.,. 
wei imply thnt 1\ 

~ 
is orthogonc.l with respect to fJ . On the _fie;"UU'n trix 

t~e pooition is once nore reversed. 

' 

I 
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§ 8. : Convoxity of the Indicc.trix. 

On tho indicatrix 

<j<-J·{..):'')Jc_'~ :x' j ::. ( 17) 

is thun given by 

~ 
:::t ( 18) 

:t./'') • t . whore , 18 he voctor 111 T 1 corrGspondint; to Wo sha.ll now 
- 11 

cu.lculc;tc thG distance p of o.. 110ighbouring :point Q(-x~:,~ + d.:t':. +i.d 2.:x. '·· ) 

on th0 indiccctrix fron tho :plr:me ( 18). Diffvrt:ntiating ( 17) with. 

whuro 'thv first t0rn vc.mir:Jhcs in virtuu of ( 1.5), §2, so that thu 

vector cl:x.' is orthogonal with rt:s:pect to 

to.ngvnt-:plrmo, Writing (19) in the foro 
. 

lj;. d..:x! .. :::- 0. 

a s0c6nd diffGrcntic~tion gives 

. d2 ,~ c 
+ ~~ .:r ::: 

x' , i.e. it lies in the 

( 19) 

( 19)' 

(20) ~ .. d.x''­
Notir1.f; that He~, ~s: I for :points on th0 fisurc.trix, wo d&duc6 fron 

( 16 ) o.nd ( 18 ) 

[ lo~r ,; cl , .. + fclt. .... '~)n +) p ~ - I..J ~ .:X:(o) + X _... U 

or, usinG (19)' and (20) 

p ;:: toi~~ cl:x'l. 

. BUt fron (29), §2 w0 have 

(21) 

~' ?Jq··(.X'} viJ I tlor • 
CJ..'j: = . t ~~ I(·- - Cl.X + :J~j (:le') d:x'J 

where o..gcdn tho first tvrn vcmishos~ Thus 

o ,. L 4 .. ( ~ ' ) d~' 1 d x' j 
1- 2 J •J lol 

This equation ono.blvs us to oxpross th(; nsSUI:lption of th~:: con-

vexi ty of the; indicr.;.trix a.n.alytico.lly us follows: 

In or:de:r thct.t tho indicntrix be strictly convex at a.ll :points 

th~ g_undrntie forn 

(21) r 

- , 

....;> ~ 

* 11' Ll· in T' corrcs:poncls to .,_,:. , the vector cltt correspo11ds to ch:t. 1
, 

"' n ...a 
~ ~ 

if m.id only if dx' hLS tho sarw dir0ction c,s .x • 
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f 

rmst pc posi ti VG d0fini to oub jcct to the lincr..-.r condition 

~' ~' ::: 0 . 
i 

Fron :the theory of q_uf""~drr>tic ferns (Cc"ru.th0odory (8), Ch. XI) we 
I 

d.Gducb thD.t thir:J rvquircs the condition tar~t tho d0t0rminc"nt 
I 

J 

(22) 

( 23) 

i 
i 

rmst ibo :posi tivc o.nd non-vcmishing. In virtue of bquations ( 13), §2, 
i 

[md ( /42) t §4 1 WO ElOG 

putod in nssunption 
I 
' 

thc,t this is oquivn.lent to thE.: result antici-

(C) (p • .5·). 
-)Furthornor(.;, r:.s thG c onvcxi ty of the ind.iC[t.trix imp liE.:s the 

convJxi ty of tht,; function f( ::c.') , we nay ust:i o. woll-known the oren • · 

on cqnvu:x f'unctions (Hnrcly, Littlowood cmd :Polyo., (22), p, 80) to 
' 

doduq0 thLt tho quudrc~tic foro 
o2.<p ( -x' > 

6 ::%' • ~ :k.'·i 
be strictly pcsitivu, i,o, 

I 

' ' I 
I 

, . 
q .. ( ::r' > t' ~-~ > o J tj 

I t" ~ 
for ~11 ;:, whatGVGr thu a.rgu.t1cnt in thc 3 ~j no.y b·e. Rene~ the 

i (ql~ 1 I dotu:rninunt J fornGd by tho j i.J o.nd tho principo. ninors of J I 
r.4ru ~ositivo n.nd non-vn.nishinG for ::..11 diroctions x.'. Fron ( 24) it 

I ~ 

(24) 

follbws tho.t UJ."1.dcr the <:;S&'U1'1ptions (A) - (D) tht~ osculating indica. .. 
I 

tric~s o.ro o.ll ollipscid.s. 

' 

§ 

Wo ::.:hc,ll now introduce a further n.ss'l.U'JptLm comnonly nnde in 

thv Calculus of V[~.rintions: 

The. valu0 of tho intesrct.l 
' (t' 
J F ( :lt ~) ~·:>cit 

tf'J . 
is independent of th~o direction of intve;rc.tion c.lcng the 

~Th:~rs fact wa.s provo-d. r..long diffe:r0nt linus by To.ylor ( (11), p, 262). 

' 
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Thon,: apart frcm. condition (.5 ), §1, WEJ nust hc~vo (Cn.rn.tht:odory (8 }, 

p; 214) 

so thnt for ~ <0 tho rolntion 

F(x~) ,e.,.x•.:) =-~ F(>-~ :x.'iJ 

ir:::1 sn:tisficd and thorGforo 
. ' 

, 1 ~ ) a lJ. ( v ~)·. _ :x.' "J ~ tj ( ~' ) ~ = .J Jo 

Thi:.::1 enc,ouros tho s;zr;rrwtry .9! ~ indicn,trix with r0spoct to the 

origin. 

In tho cnso of two-dinensionnl Min1cows1cim1 spo,ces w& shall ,... 
define th& c:.:aglc botween twc ve;;ctors 1\ of lE.mgth £. to be 

tho qhortor of tho two lengths of the indicatrix of rndius 1 cut 
..... 

off by thv V&ctors A and ~ • Thus, if ::t..':. nnd :x.''+ cl~''- are two 

( 2.5) 

vectors, infinitof=:i:1ally close together, the ongle cLe between thel"'. 

i~:J dofinod by 

-,> 

In tho cc.sc of em n-dinoncional s,pn.ce ~tho vector X 
1 whcse 

~ ~ 

ond-J?c'int pct.ssos c.long tho indico,tri:x: fron i\ to !J rro.st, for the 

so.l\:o: of 1ll1iquonoEm 1 bo constrnin&d to lie in the two..;dir.1ensionr~l 
~ .. -) 

sub-spc~ce d"?finod by \ nnd ~ ; i.e, ~~ oust satisfy a ~'Ubsidia.ry 

relntion of tho fern , · 
.....;> -/ /) ~ 

)(' ( t) = a lt ) ~ + -v ( t) t-' ( A :"· I) -~ :::- I ) 

wher;e alt) c.nd -fr{t) nr0 continuous functions of the po.rnnetert. 
-? 

Also, since ~ ( t> rormins on the ir..diea.trix, we nust introduce c, 

norrmlisc:.tion fc.,ctor for cd t) , -&- U) • Thus, if we suppose that t = o 
'> _., - ~ 

when .;;_, = )I nnd t ::: I when ~' =- f-' , we have 

tA/0) :: k(o) ::: o) } 

-1,-(1)::: 11 

andicons0qucntly a catisfnctory forn·o:r {27) would be 

::x._l \. {t) ~ (I- t) ~ ~ + t_f_'_ ( ,\""" /J p = r) 
. I (I - t) ).,; .,.. t pi t --+ ~ 

where tho dononinntor is tho l011gth of the vector (I-t> A + t"f, 

( 26) 

( 2?) 

{27)' 
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Frun ( 2?} r w0 ccJ.1 cc<.l-

n fu.ncticm ·of t 1 no thc,t wv c.:.m dt-finv tbe angl~ 

e • )~hq ( ~·) ~'- ~·; <Lt ( 28) 
0 

in Which thcr.::G vc~luu.: nust be uulwtitutud.. 

Wu nc~tc the followinG rcr:nr1m: 

( 1) !Tho angle { 26} is independent of the radius of the indicatrix. 

This;follows immediately from equation (14) of §2, 

(2) ;The postulate of additivity is fulfilled. 

( 3) :The sun of the angl0s of a triangle is equal to half the · 

long~h of tho circunf0rcnce of the unit indicatrix, This is easily 

v0ri~ie:d by nouns of the syrmctry condition ( 2.5). 

( 4) · i'Nornalisation: Since the length of the circumference of an 

indicatrix is proportional to its radius, we deduce that for each 

two-~incnsional subspace there exists a constant 

(29) 

: ...., 

vector x' constrained to lie within the sub-space. undur considora-

tion:. This is the generalisation of tho number rr • It is clear 

that: for different sub-spn.ccs this nun.ber will vary; in particular, 

the ~ngle corresponding to two pa;rallel opposite directions is 
• I . 

inde:t0rninate unless a sub-space has been fixed previously for the 

pur:P;ose of noasurcmcnt. .Also, even in a two-dimensional Finsl0r 

spac:e the; value of ( 28} is fixed at &ach point, but will vary as 

we ~ass to a neighbouring point. 
' 

: These disadvantages ar0 not as serious as the¥. night appear at 

fir~t sight, as in'Differential Geometry we are mainly concerned 

with snall anglo s. Furth0rr1orb • we can introduce. what we shall 

cali tho nornalisod an,e:le, which is de fino d. to be the length of 
, 

th8 indicatrix-arc as d.ofinocl by (28) subject to (2?)', divided 
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by the total length of tho cirm:unf.;.;r0nc0 of th0 indicatrix. Then 

the anglo c·orrc..s.p,onding to two parallul opposi to dir6ctions has 

th.;.; fixed value 1/2 thl"oughout thG Finslur SpacE;. WfJ shall use 

both notions of anglo as defined hcrv, but wh0n th0 normalised angle 
;' 

is used this will hu stated explicitly. 

No to: Othor~~dcfini tions of angle aro. given by Finsle;r ( 1), Cart an ··.·----
( 4), Bliss ( 24), Landsborg ( 2.5 )": Finslur 1 s definition has been 

me;ntionod in §.5; it d.ocs not satisfy the postulate of additivity. 

For small angles those given by Cartun and Landsberg depend only 
I 

on tho proportics of tho indicatrix in tho immvdiatc neighbourhood 

of the directions concernod: i.e.- thu g0omctrical interprE;tation 

is givon by tho osculating indicatricE;s, in contrast to th0 defi-

ni ti<.m givun hurc, whuro tho m0asurumtmt of an element of arc of 

the indicatrix in thv neighbourhood of :J.' reg_uircs u comparison 

with tho l0n._~th of a v0ctor othogono.l with re:opcct to "!' • 

Finallyt tho definition uo given by Bliss {givt;n for two 

dimonsions) is intrinsic, but his calculations involvu tho use 

of tho classical ouclidoo.n bo..ckground; but it will be cl0u.r that 

for two d.imcnsions our clufinition us given above will coincide 

with that of Bliss. 

Special mention muot bo made of the article by Buocmann (27) 

on angular measure and int0gral curvature in mE;tric manifolds. 

It is pointed out that although the ant:,.?Ular mbuBUr(; must be additive 

for angles with the oame vortex and thu.t straight angl~s should 

havu a fixed m0a::.,-ure, 17 an insistence on particular measures • • • .r:. • 

ma.kC;s the concopt of angU.lar measu:re barr(;n and unnatural". 

Th0 rGr(ults obtainvd by Busemann in this paper amply justify his 

opinion. 

Howovor, in tho present work it has been found'unavoid.able 

to introduco a particular angular mearrure, in view of the fact 

*compare tho c~voy of st. Golab (26). 
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that tho notion of angle, ho.s boon usod. to C.efine thv curvature of 

curves both in Minkowskin.n o.n:t Finslor spo.cos. Both th0sc; concepts 

weru noceccary for th0 clurivo.tion of o.n n.no.logu0 of tho Gauss-Bonn~t 
' 

Theorem (Ch. VIII) for Finsl0r spaces, o.s well o.o other applications 

to :Oiffcrontial Gecmotry. , Th0 :possibility of a deriyation of a 

similar ::.mo.loguc of thic theorem for a less restricted form of 

D.Jlf,'"!;l.lar mco.r.Juro ifl r:.ot ontirc.ly ·cut of thu q1.l0r.tion c.nd. chculd be 

invGstigc~.t·Gcl. Fino.lly, it mo.y be notud. that the normalised angle 

o.s (lo:Sinecl hero c0rto.inly so.tisfios tho ini tiul d.(;man:is made by 

Bus~m0.1m for gonernl a.ngulo.r m0o.mlre. 
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CHAPTER III 

TEE TRIGONOMETRY OF MiliiTCOWSKI.AN SPACES 

§ 10. Definition of Sine. 

~ 

· In §5 we defined the cosine of two directions A 
' 

~ 
and f'-' ; 

in this section we shall d.ofino the corrusponding sin(;) arid :pro-

ceo~ to a systematic stu~y of these functions. 

: Referring to the notation of §.5 we can measure the length of 
. ' ._. 

the vector PQ' by means of the vector Y parallel to PQ' and pa~sing 

through tho origin. this vector being the diagonal of the paralle-
~ ~ 

logram formed by thE: vectors- f\ and ....-"" • · Here it is necessary to 
-4 

observe ·that in view of· our symmE:try condition the Vbctors .\ and 
~; 

- 1\: · hc~ve: tho sc.mo length. We mc~y then write 
.....;. _,. -t 
)J = .,.-~ - A 

~ 
We thvn d0finc. th0 sinu eorrE:sponding to tho two directions A 

:-:) 
und f by the oq_uc~.tion 

. ..:, ~ ) _ + I P G.t' I 
JV)l. ( ~, ~ - - , o G-' r 

( 1) 

(2) 

{ 3) 

thb :Positive sign being tc.JcE~n when the rotation from 0 to P to Q' 

is: count&r-cloc1rvvise. Equation (2) then givE':Is 

S~2 (~) p) # ~:l [jlj {V)f'" rJ· - t<fij lY}A~fJj + ~ ~.:.j (v) ,.~A~] 

Now from ( 4) and ( .5) of §.5 we deduce 
_L -:: .~ Cc1 ( t I t! ) 
y- )\ 

so thnt wo fin..'1lly hn.ve 

Agc.in. this vxprcssion 

(4} 

(5) 
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~ ~ 

if, for instancE; WG replncv f' by ,bf! it follows :f'rom (5) that 1" 

~ 
changes such thn.t thu dir0ction of Y remains· unchangbd: sinco th& 

function CAl (A> p) is indepui1d0nt of the, l&ngth of t-J • T!ms the $.j (v) 

c..re m1c.ffoctod ( oquc.tion ( 14), §2) and our stntEimont thE.n follows 

directly from oquc.tion ( 6) 

In tho spacial cESEi wl1er0 th0 ljL.j are independent of dir0ction 

equation ( 6) simply reduces to 
....;, -) 

\ w,'- ( .). , ~· .l = 
-) ... 

j - 1.:0~), 0. tJ ) 

' 
o.nd we may thorofare regard it as a generalisation of this well-

la1ow~ idonti ty of euclidec"n trigonomGtry. 
~ 

Also, when ~ is 
. ~ 

orth!ogonD.l W:i th respect to 1\ , it folloWS from { 5) tho.t .y-~ 00 

i ~ ~ 
i.e •i tho direction of Y tondo to th0 direction of fJ end we can 

deduco from ( 6) thc•t th0 orthogonality condition can be expressed 

in tho form 

Finally we not(; that thE:: sine Ci.S a function of two directions 

iG not symmetrical • 

§ 11. . Additicn formu.ln.u for sine o.nd cosine. 

The Minkowskirtl1 SJ?Ci.ct. being nffine. we may mo.Jco uoe of the 

euclidean noticns of proportiono.li ty, esp6cinlly for the cc;.se of 

proportionc.l triangl0s. In Generc.l, howevbr • one co.m1ot tro.nspose 
' tl:w' proofs for forn!u.lae ·in Euclid(;an Geom0try to the Minkcwskio.n 

erose, n.n tho concept of orthogonality co.nnot b6 o.::pplied in [~ similc~r 

mnm1vr. Wo shcdl now clcduc~:; thu addition formulae for sine o.nd 

cosine :purely goometricc,lly, Ci.S [tJ.1 o.nc.lytico.l deduction would be 

extremely difficult. 
I • ~ 

Without loss of g0noro.li ty ,. we mo.y consider three V(;Ctcrs ~ • 

f ; y , having tho snme length and lying in the same :planE; • o.nd we 

sho.ll roprusont them by OP, OQ, OR rcspcctivuly (Fig-ur& 2). Thb 

order in which thoy c.ro tnkon is ossC:;ntio.l o.nd. we; shall regr:,r<l thbm 

as being cc;untcr-clockwiso. 
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.--7 'RI ------/ T ...-- / 
----- ,..1'/ 

Fig. 2 

Let OQ, OR :produced. m0~;;t th0 tcmscmt to the ind.ico.tri:x: at P in 

Q11 , I;t' respectively; nir:ilarly OP u.nd. OR mt;ot the tangent c~.t Q 

inS and T. Draw QQ' ,TT' pcrallol to PR' ~uetir.,.g OP in T', Q'. 

Then tric~nglo OTT' is ::::ieiln.r to triangle OR rp c.n<l we th~;;re:fore 

OT­

OT 
OQ'.-T'Q.' 

~ 

OT 

... 

If we o.raw QM :pct.rn.ll(;l to PO to rleet TT r in M, we cmn e:x:preso this 

in tho forn 
oo.' 
oT 

MQ.. 

OT 

oo' ()Q - ... ---·-- . ···--
OGl oT 

MQ. 
OT 

Frorj tho sin..ilc.ri ty of trinngl0s OQ' Q, OPQ" 1 t then follows thct.t 

Cn ( II, 'Y ) :; Col (A,· p) C.£l1 ( fJ) V ) MG.. 
OT 

Also, nincc tho triangle;s TMQ, QQ'S o.re similar, we ha.ve 

and • rorwnb0rins tlw.t 

WE; cL0duc 0 
MO. 
OT 

Ml ____ !?.:.. 

/Q 

cis 
·-~--·· os 

QS 

TO. 
----'--·-·--- -sw. <p) A) cr 

:: .SVl'l-(t!_;v>. __ .• OS- or;;' 
S~(f',!t) OS 

" ~-=~r;,"~)( I - g~· ~!f) 

\ Using ( 7) w0 fino.lly hcw0 the c"d.d.i tion-forrmla 

. ~-~- ~E,• ~_)_ , . G.~ ~s 
.1~ (f-11•) t>S 

( 7) 
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· <;~lf'JV) 1·· J 
cm(,\>v) ::!Cb:\().Jf)unCp,v)- 5 ~1f,'ll} I - ~(,\)p)'-C-l(p,A)_ 

I 

It is/ cle;c.r thnt vvhon thu sine cmd cosine r"ro synnGtrica,l thiB 

rooul+ will roduco t;~, tho cln.ssico.l euclidocm fornulu. 

To find the: cJid.i tic:n-fc;rnulo. for the sin0, we prccved in o. 

~~(>t))J) :: pI<' - T'T T 1M + MT ... :;::. 

oR' OT or 

- Q'Q. 
+ f¥\T - -OT or 

;;:. _Q'O. + ,MT OT -OT Q.T OT 

But frcn tho sinilc1ri ty ,:;f triangles TMQ,QQ'S we deduce 

MT_ - G.' Q. ~'(:).. 0 s ;:::. Q'(;> 
~ Q -- OS SQ.. . OS . .s~(p,)\) bL T, 

::= §~ ( ~.J-1!) Co-l(j-J) ~ )_ 
s.~(fJJ..) 

so that in virtue <.>f ( 9) we finally ho.ve 

--
I 

:: s~()\1 p) Ctr.l(IJJ V) + s~0~l_UJ)(IJ,A)S~(f->JV) 
\~ (fJJ .A) 

.s!-d< >t;f) [ .s.W:..r~.)A)Cc"l(p,vl + C.a:l(p,>t)s~(fJ'Yll 
Sk.. (tJ, .\) . !_} 

Again, r.s in tho cc·,so of ( 9 ), this :r-educes to the ordinary eucli-

dean forrmla when thvre is synnetry. 

With thE.! cdd. of cg:unti-:.;ns ( 9) nnd ( 10) we cun eo.sily find 

( 8 ) 

( 9) 

( 10) t 

,gencrrnliso..tiuns of fornulc:.o of cue lidenn trigononetry; for insto..nce, 
-;> 

if ~e su:ppoElO Y 
I 
I 

~ 
to be orthogonal with respect to 1-' we would. have 

s ~ (A )I ) ::: .S~( )\)._,) Ctn.{l1 \ ) 
) s~ q..~' )I l r \ ,., 

cor+ospc:nd.ing to the ide-ntity sin(90 + A) = eosA 
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) 

-+ ....:, ~ 

If the v0ctor b:A is such thc..t 1\ -+ $i\ has the m:"r.'.e length ns 

~ , wo deduce frcn cq_u~.-"tion ( 18) of §8 that t)_ is ortlv.:.gcmn.l with 
-') 

r0speet to A , ·i. o. ~~j ( 1\ ~ ~· bAJ is of tho second order of snc.llnem.l. 

In this crHJG tho l:,st t0rr1 in thE: ox:prcssion ( 12) will- be of the fourth 

orclor cf sn.alJJ1ess, so thc,t wo nr:~.y write for vectors on the scme 

incli ca tr ix 
. . 

CA.JJ{f..>A-rSA) ::-1- 1' .. x·5~j(-\)cl"A .. 6.:\.J ........ • ( 13} 

. Fron ithis it follows thc"t up to terns of second. order 

(("') ( A +- ~ X 
1 

1\ } = ((;-:) ( )I , ~ + ~ /\ ) 

If <.fe. in tho c.nGlu betwe011 tho vuctors, we have fron the defini ticn 

of c.ngle 
I • 

;..." d"e• :: ~ij(S)\)6/1.'"6} .. { 14) 

sc that the cl~ssicul forrmln 

c~(bfJ);:; 1- ±-(£l1t + • • ·-

c ·:Juld only bo tre;.nsposvd if g~_; ('A)== j:J (~)I) ; which brings out cle:r~rly 

the difforonco between our angle and thc"t of Finsler, who c~ssur1ed 

this ex:pr.ms1 :>n. 

If, in tho notntLn of §.5, we clenote the infinitcrdr.ml vector 
-> -3> 
PQ t b A ~ f • 't • y ~}I , C)ur ccC:. .111.1 1 en (3) gives 

-·:> 

I .4 v l ( 1.5) 

fi)?+S'\J 
It follows fre.m ( 5) that when ~ ~o, i.e. when ~(.\ ~+ <5 A) 4 1 

In virtue of (2) we then huve , thr:.t then 1 ___...I • 
--7 

.~ _f.6J~I 
0--;. 6 1~1 

= t:;__ I .:Jh ( A(r-::~? ~ .C.~."A~( ~~(r-1) + -r~ i X l\j(t-•) +-nf~ )]"£ 

Fror.1 ( 15) we 

so thut 

on account of 

clcd.ucc 

--:') .,.-?, 1 o) J 

~!J L i ( 6 >.) J 'A" S ) j J h 
Is~ I 

.:::- I 

...;, 

SIN\. ( 1\, ~ + .Si\) 
/$";\1 IS~J 

:: ·----·---~--. -TK-·-
--rj~"+-SA( /&:I 

5 V?L ( l, 1\ ~ 0 X ) - cre .... . . . . 
( 14). Jutgain, for sna11 o.ng1es the function 

( 16) 

( ~.'7 } 
( 1 '.) 
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§ 12. Sino cmd C 'JDinc of two noi§hb ouri11g cliructions. 

-:> _., _, 

Wo 81.-:all ccnsic.lcr two vectors /1. and. 1\ +-£i. such thc.t the 

evc.luc.tt:: tho corrc;sp·~·.nd.ing GJ~pr:msions of thu sino cmd. cosine up to 

terns of c ... t lc:cst the:; first orcler, fron which we cc~n clori ve tho 

clifforontic..l c ooffic icnts for tho gon~rc"l sino r:..nd cosine. 

Fr')n cq_uc,tion ( .5 -) of--§.5 Wf:J hn.ve 

Ccn ( /\ fl.+ & X) _ ~.fl( II) 'A'• ( AJ -r 8i'J) 
-. I\ ()d .. CSI\} 

( 11) 

where J). is tho difference in length between the two VGctors, -( whicll r~ust not be c 'Jllfusccl with tho lEmgth. of thc: vector J;l , which ' 

we t.:~hr,ll (l.cnoto by IdA l ) • Thus 

r 'l. . • I 
~{f.J/..+'-').):::: (A +<jq("A)"A"S'~,j))\IA+o~) (11)' 

It is ch.:c.r thc•t wo Dust first obtain n.n &xpansicm for{/\+-c::S".l );' Frcn 

t 11 o .::1. (;fin it i ·-111 

~(t) 

where we l:'J~,ve t::-Jccn tbc; honogvnci ty-concli tion ( 1.5) of §2 into 

o..cc cunt for oc"ch cliffGrGntic.:.tion. We therefore obtuin 

I 

.A,. n I 
--· -
t\ ;3 ji.kUd 'A;~'A.• t :f (- ~33-t~~lA)S~-td"'A~ 

+ fs 3:"L\)j.ieC~)~~Aj d'AK6;\~) + .... 

; ~ [ J - --J? j Lj ( ;\ ) ~ ~ S" A; + 1 ( ~ ~ ( J '- j (A ) A~ cS X f~ 

- ~,. ~ c i (A ) J A'- S Aj ) . o~ • • • • 

Substituting this oxprvssion in 0q_uo.tion (ll)t• we find. o.fter 

rmltiplicc"tion o..na. sinplificc.tion 

{ 12) 
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is s;ynr~otric in the two J.ire;cticnso Tho cliffcronco between ( 17} r~ncl 

the c:inssicr~l fr::rr.:mlf~. lies in the fcwt that hers the seconcl orcte:r 

torn cleo s not, in gcncr~·~l, >n:mish iclonticc~lly, 

§ 13 o Diffvrontic,ticn of oinc r.mc1 cof:ine. 

:J>uv t c the lc.c1c cf syr1nctry of the trigonorH;;tricc"l functions, 

1co:pt c cnstm1.t whon wo CLiffe;rontia te. Thus, for instr.nc(;, we shccll 

f is.to bo kc:pt c~nst~nt. 
-~ .... ...::;, ~:=:. 

cc,nsiclcr thruv vcctc:;r~l 'A , fJ , jJ + uJJ in the sm·1o :plc"nG. 

With·Jut loss c•f L;Gnorc,li ty vvo nc~y nssune thc~t their length::; CLr6 cquc,l 
~ 

c:jnrl fi:x:ocL, ;:·,r:vl WO shr,ll rcgc,rd f' [·,s C• continuous function of c.. :p~cra-

. nc;tor S , so thc~t tho vector {f + {~ io sin:ply the VGctor f(s.+ d's) 

Frcn tho nd.ii ti:::>n-forr:ml~" ( 8) WG have 

. .s""-(r 1-J+-sfl) { 
ep(.::\. u+5u) == Co-.l(A,u)U;)(I, tH-Ju)-. . J /- ~(:l!JfJ)6r:/p~Af~ 

' r r r nt r .s; ~M- qj) A.) J 

so thcct u:p ts turns of tl:w first ardor equations (13) ::"ncl (17) fLllow 

us t~ c:x::proos this rGl::otLm in the foro 

Cu;, (A; IJ f .S~) -::: ~( "; p) -

whorG of;. is the Ll1[;1G b&twoon th0 

1- 6;)( I') r>~ rfJ I ~) 6&' 
.s V.,. ( fJ I :>t) ~) . 

it(;ctors fits) n.nclf' (S+ (i<s,) 

Then' 
_L c-VJ(i\, ~t-Sp)- ~(i\ IJ) 
b"s ...... o Ss 

i.e.: in virtuo of (18) 

;:: _ -~ r _f -r U:)( A_d.l) ~(~ 1 )\ )J St) 
5.s ~ Q L s t.-i. ... J f I I ) b s 

or 

:;;:._ { I - cr.,( J\) f }Cod) Cp) X )_] rJe 
l s~rp,~) ds 

This wculcl onco nero rocluco tc the classical r0sult if we ho.d 

SyY1.rtctry. 
--'} ~ 

If, in the ndd.i ti,Jn-f•Jrr:mlc" ( 10), we interchange A u.ncl 11 , we 

( 18) 

( 19) 
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have 

.. . . ) S.lh-( v, fJ) . ')" 
...r~ tv),) := s~("'V1 p) 0ncpJ A + . . c~c p) v)~~qJ) 1\ 

.St4-. q.) I v) 

Putting Y = f1 +- dfJ and. using once r.1ore the rel.ations ( 13) and 

( l?J we have as a first approximation 

(20) 

remembering that for small angles sine and. cosine are symmetrical. 

We thus find 
.0 

_ ~ _§__~ 1 f + f p.) A ) - -r ,;.__ r f', ~) 
~~0 ~ . 

or 

{21) 

as in the classical case. 

In a similar nrUiner we may derive the following results: 

(22) 

and. 

( 23) 

Withthe aid. of equations (19), (21), (22) a.nd (23) it is 

now possible to derive a Taylor's Series for our trigonometricul 

functions. AS we shall be concerned mainly with small angles 

in the Differential Geometry of Mi:nkowskian spaces such an ex­

pansion is not necessary for our purposes, and we shall therefore 

onit a discussion of this kind. 

In the preced..ing s0ctions we have lo.icl the foundntions of 

a ~rigononetry of' Minkowslcinn spaces and we have obtained the 

ne~osso.ry tools fron which further developnents ·can be deduced. 

an~.logously to the pattern of euclidean trigononetry. 
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§ 14.1 Aru~ in ... twc-d.imt;nsicnr'l Min1:~JWskic.n s;pc: .. c&, 

' ~ ~ 
Consider c .. ny two iTGctors J.. , p :p:-;ssing throut:;h thG origin o, 

Thosei vectors clofin(; r. trir~nt;le obtrdncd by j oinint; their und-points. 

We introclucc tho function D. of th0 two ve:ctors by th0 eq_uc.tion 
I - _.....__ ..___ ----

(24) 
I 

whore· tho oriontod sinG is used(§ 10), c...nd wher(.;; thv ord.or of th0 c;.rf;ll.-

monts' in tho sin0 is such thc .. t the :positive altornc .. tivG is chosen in 

( 24), 1 The orie:ntLtion is such thc>t th.sro is only onG such c .. 1tGrnctive. 

Thus, Given nny two v0ctors, this sti:pu.lc~tion fix0s th0 order of thv 
I 

r-~rgwnonts in th0 function Ll. • If wo complot0 the p~·~rc,ll0logrcm, wo 

find ~hc~t tho c;.ddi tion:-:-~1 tric~ngl0 is 1btcdn0d by ~-~ tr.:: .. nslc~tion of thu 

tric~ng1o formed. by the v0ctors --1,-;! for which b. is givt:n by 

D(-A1 ,-P) =±I J;"'l·l~ls~(--A,-~')::: ~ /~)1·1~>)-r~(~~,p,) =-~(~)~~)~ 

It is th~_..n plr~usiblc to d.vfinv th0 function A (K.;?) by thv 0q_ur~tion 

I A r ~)d; ) = I~~") I· I ts 1 s ~ n)) P ) ( 2 5 ) 

retr.ihint; tho s::-:.mo convontion ~·.s rve;: .. rd.s sit;,'ll. W0 shc·.ll rvt;z .. rd the 

pc .. rc~lloloGrc.m rcs:pvctivGly. 
i, 

In order to dGrivE.: c-, cortLin :pro:p0rty of the function A , we 
i 

shr\ll nood tho followillf; sim:plo result concvrning tricmgles: 

Lot O!BC be r.~ny tri:-;.nglo, the;sc:: :points b(;ing tckon in countor-cloc1c­

wiso rotr .. tion. Find. r.~ :point A on OC such thr.~t thf.; tr-~ngtmt to tho 
I 

indicc-:..tri:x: of conte;r 0 c;nd. rr~d.ius OA r~t the :point A :pc"sses through 

B, By syrrunetry, the indicc~tri:t: of center C c~nd. rc~clius CA will touch 

AB c~t 1 A. By clefini tion of oriented sine, we hcwe 

I ABI (26) :;;-

I Bc..1 
c~nd I A &I 

::" 

I c Bt ( 2 7 ) 

But f~rom the symmetry of the inclicc~trix it follows thc~t 
-) _, . -) ~ ':4 

S~A-- <- ~J -rv) .:: J;t'l-\. r ~ .. i-') 

so thr,t on dividing ( 27) by ( 26) we find thc.t 

-:) """ ~\ The rotr~tion of the vectors_,, , - ~ , -1- AJ is counter-clockwise. 
I 



-> ---;. 
.SIM. (oc.)·Bc) 

I DC. I 

-> -4 
~~ {CJ(_-' OB) 

I B c.! (28) 
-) -::> 

ReturninG to our vectots 1\ ,' f-J construct the pc~rc~l1elo;:;r~~m OABC 
-?> ___;) ~ .... -:> --::. ~ 

where OA = A , OB = fJ , such tnc.t the rot::-~tion from II to}.! to-·~ is 
-> ----'.. ~ 

counter-cloc1cwise. Then the rotr,tion from 1\ to ~ .,..P to..:..;) is c,lso 

counter-clockwise •. Construct the :pc~rc"lleloGrc:.m OADB formed b.y the 
~ ~ 

vectors 1\ 1 1\ r fl • We then hc"ve 
-,) ) ; --:?> _, ( -4 1 ) 

Silk.(;>.)~).·:: ~L41..(6A; AB)-=- -l>Vh .Ao~A 

Applying formu1c:. ( 2:8) to the spec ic~l c~·~se of tric·,nt;le O!U3, we find 
-) ~ 

s ~ c ~' . A +- r ) (29) 

! p I 
-:> 

After cross-multiplicc,ticn ::\nd multiplicc~tion b~r I 1\ l , we immedL·~tely 

deduce from the definition (25) 
! 

(30) 

I Let us consider the segment of the. indicc.trix formed by the 
-~ _....:;,I 

vectors X ct.nd r. -..;':,)1, whose. lenGths c.:re eq_uc~l. Considering this seg-

ment c~s :·~n infini tc·sim~-1 tri;,ngle, we hnve in virtue of ( 17), § 12 

~ ( J:) 0 ~) = t 1 ) 12 s ~ ( ~)) ~s;,) = + 1 ~ 1l se + - . 

sc thr,t if we denote the length r:.;f the circumference c.nd. the c~rec, 
... ;; 

cf the indicntrix of rLdius I r\ I by LJ I) cmd A C I). respectively, 

( 31) 

using the defini ticn cf c~nt;le. 

In order th:-~t we h:,v8 c~ meccsure Af I) which rcmc~ins. c .~:nstc~nt r~s 

we :pc~ss frc.m ::nv po-int tc :;, neishbourinc p~.,int in c·~ Fins lor .DJ.Jc .. ce, 

A<~,() 
;_, ,( I ) 

(32) 

where Lo(I)is the length of circumferGnce of the unit indicLtrix. 

This process is oqu:iv:::~lent to ro:plc~cing S8 by the normc~lined c~ngle 

dGfinod in §9. 
Note: Prcbc~bl;y the first definitL·n of r·:.rer. wc~s siven by Bliss (28) - i 
which dependsf ·however, on :::" disting"Uished field of curves. A mere 

r6cent defini tL·n wc,s suggested by ChL;g_uet (29), the sie;nific::~nce of 

which wc~s estc.blished beyond ~-~11 d<:·ubt by Bu£3em:~ .. nn ( 30). 



In connection with nren in r:-~ffine sp~cces, specir,l mention 

must Je mc~do of the d.iscussic~n in Sperner ( 31), ChLpter IV. In 

tho crlso ·of a two-dimensionr:-1 spc~ce c" · certcdn function V ( t y) 
I _, -> 

is c·.tiJc~chod to L system of two vectors A , tJ which is required 
I , r 

to s~~-qisfy tho followinG relc~tions ( p. 102): 
I -) -) 

( 1 ) ]~ ( --~) ~) ~ 0 

(2) }.j[ (A,)J)must remc~in unchcmgcd when eony one vector is replc~ced 
~ 

oy ~ t-fV • ( Compr~re equation ( 30) ) • 

( 3) fy·p.>tJ) must become /kV(~~PJ when one of X or P is repl:-~ced 
I -) 

b·y 1?. A or ~f. 
I • ( 4) t normc~1isc:.tion condition, 

~ -; ~} 
A f'un~tion Y ( >t,f-1 s:-:t.tisfying these ccnditicnD is intorpretea_ i.~s 

I 
c~rea. 1 

I 

The :-~rc:·:. c~f.:l defined by ( 32) clec~rly hr~s similc~r properties: 

c:.ny differences thct miGht c:.rise c~re due to the 1c~c}{ cf s;;.rmmetry 

of thl sine, 
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CRA.PTER IV 

!]IJIE DIFFERENTIAL GEOMETRY OF MHUCOWSKIAN SPACES 

§ 1.5~ 

! 
Curvature of Curves. 

As we shall be concerned solely with MinJcowskian spaces in 
I 

this) chapter. we may, without danger of ambiguity, denote the 

coordinates of a point simpiy by :x:•. Let us consider a conti-

curve 
X~ :::.:X ~(S) 

in which the :parameter s is the arc-length of the curve measured 

from some fixed point, so that 

~ 
where d:t. is an infinitesimal displacement along the curve. We 

thoj have 

so that tho vector :i:' ;::- (.11;: /J-;. is -a unit vector, which we shall 
I . 0 

regard as the tangent-vector to the curve (1). If x'ts), :i'ts•~<;s) 

are the tangents at points on (1) corresponding to values ~ and 
. I 

s..,. Sis rospGctivoly, we shall de;notG the angle between them by 

.5"'1' ,· and we shall defino tho radius of curvature g at the :point 

S l:Jy the equation 

I 

We can form the nsphorical image 11 of Gauss on the indicatrix 

by Jonstructing the locus on the indicntrix of end-points of 

c 1) 

( 2 ) 

( 3 ) 

( 4) 

uni~ vectors passing through the origin and. being parallel -to 

suc9essive tangent-vectors of ( 1). If $""s, is the element of arc­

-length along this curve, it follows from ourdefinition of angle (§9) 

that 

{ 5) 



- -
A n oq~ivalont definition of curvature would then be 

== J:~ 
S:.-~ o 

i • 
No~, by the Mt::an .. vnlue Theorem we have 

J:~._: ~ :x. i ( s. t s s ) - .x· < s) = s) :x-; ~ < .s + [:\_) t': ~ ) 

where 0 < a~> < I , so that we may write 

" 

(-d~~) 1.. ~ ~ r ~.Li_(_~:~:~) 0~,-~ JxH. -~ ::.- 3Li (.X")J('*'.;y_"j 

' d.., f~~ c) L J i/ I X- 1 ) s~-- J ~-~ J 
and we consequently d0duce from ( 4) t thc~t 

q :: [ 'j Lj (.,XII) :x"' ~II jj 1fl. 
A iso, diffGrcmtiating ( 3) with respect to S , we find 

l (:q,,(_:xl) . . II<. . • 
0 = _.:d~J .:X'"-v'J~ ()q .• ( ')::X'•v-ll..j 

:J.:x ~< "'" + t-: • .J ... .J .x ....,.. 

whore tho first term on tho right-hand side vanishes in virtue 

( 4)' 

( 6) 

( 7) 

( 8 ) 

of: ( 1.5), §2. Equation ( 8) then expresses th0 fact that the vector 
~ 
:x.'' is orthogonal with rus:pect to the tangcnt-veotor, and. we shall 

therefore call it the normal-vector to tho curve. ( 1). ~rthe unit -v.,;1.tor in tho direction of tho normc~l is thun g:t" • 

j As regards tho definition of curvaturG it is worth noting 

th4'-t the angle b0tween neighbouring normc.ls is not n0oessarily 

equal to that between corresponding tang~.;nts. This would su.ggost 

em o.ltornative definition of curvature, which. however, .hns not 
: ' 

:proved use:U'l..l and has thorcforo b uon dincarded. Th0 only d.is-
1 • 
I 

advc~nto.ge of the first definition is that curv&s formed by th6 
I 

intersection of a plane through the origin with the indicatrix 

do not have constant curvaturu a::J in tho eu.clidoan case. 

Starting from a diffcrc..nt d0finition of curvature (for 

Finslor s:po.ccs) Taylor {3) ohtainod a goneraliso.tion of the: 

Fronot-fornmlo.e ... we hcwo desistod from attempting such a 

goJ1oro.lir.1nticn D.s the notion of o.n ortho-normal set of vectors . 

in nn n-dimcnsionnl Minkowskian spac0 o.:p:pe2.rs to b6 C!. somewhC!.t 

·I t 1 • • m:.na u.r::-~ one ~11 v~ow of thu lo.c1c of symmt-try of the cm:.cu:pt 

of orthugor!.ali ty. 
' I. 
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I 

§ 16. Fur,thvr .GE:ometricc:.l IntGrJ?r,utntion of Curvature. 

! At nny :point 0 of tho curvv we c·huof!v cur origin of coordi-

nc~tos O.Jl.d wo oup:posu thc.t s ==- o .at O; VIe £h[;ll d0note by :Jr~l o.nd 

7 i 
~~~ • tho tnJ.1(;G11t nnd normc~l c;t 0 r0~poctively, Lvt P be another 

:poilJ.t on tho curve whoEJo arc-longth from 0 muasurvd nlong the 

curlo is ts. If wo d0nct<: tho coordinc~t0s of P by Sxz, we.; hcovo 

(' ~~ (" It~ dS.~ 
t <:J:X.L = ~<)I o$. +· ~"') 2 + • • 

AsJming firotly that tho curve is a p l::m0 ... curvo , i.e. lioo in c. 
' ~If 

two~dim0nciono.L lin0ar subspo.cct wo m::::;.y drc:.w PH parc"llul to :!{o) 

to loot ~~' in H. Lot tho longth of OH b0 Jcr • Thon H ·has coor-
, ~ ; 

clinatos 
I 

~~; tfd , nnd tho ~ vector PH is given by 

I 

Cl.lldiWO hO.V0 
I 
! 

or 

~ -;/ - ~ 
pH ::: X(o) J (J - (J X f 

..,... "J 
-L[ol -

<'\/ tl ~ (" • ~ ~ II t ( ·- 1 ~ 
:::: V...(ol C).X.. - :X(ol cA+. 

Subdtituting for J:.-:" from (9) wo find 
! 

( 9 ) 

( 10) 

[ I: /1 i J i 11i.J 
~ G 4'o) -X(o) - Y(o) ,XP) :;: 

H fl j I ··I I' • ~ .. IIJ /II.- II~ >I j . . 'J c: 'l . . . 
J S [ ':X[o! .:Xro) - -~o) .:X(o\ + 2. Lxtci ~o) ~w .J:r~ J 

no ~hat 
'-' I 

-t-. • .. • . 

Jcr ::: S ~ + terms of· 3rd ordor +- .. • • • ( 11) 

Frocl ( 9) D.nd ( 10) wo then duduce 
! 

-4 

HP 
~~~ (6s'l.) 

: .:X(oJ T + • ... ( 12) 

or, lusing ( 7) 

( 13) 
I 

Thid r0sult is nl.so true whon tho curve is not o. plo.no-cm.r\T"e; 
I 

...... II 

thi8 follows from tho f::,ct thct in tho limit PH in pc:-rr:~llbl to =x1o1 

; 

who1i P,H aro points obtcdnud bY mr;.rlcing off equal distnnce:s [s 

along the curi!o and t::-mgeJJ.t roop0ctivuly, C:,tJ we thci1 hc:-ve, in • 

. ~ f (9) VJ.ruUO 0 
! 

::: .L ( S"s"L.) ~., 
2. 9 :X:(o) + .••. ( 12)' 

Tho firfJt, more cumbu!'Domc c;.rb!J..ffilmt hcco buon given an wo 
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, shn~ re IJ.Uiro lo. tor o. lmow lei!go of the o.ppro:ltima t ion to which 

cquntion (11) is correct in the case cf :plane-curves when direo­

tioJs :parallel to the normal are being· ce:nsicler0d, The osculating 

:plane of tho. cu1~e can be obtained just as in euclidean g~ometry. 

§' 17. Curves on SUrfaces. 

[we 
an analytic functipn, m1d we pro:po::Jo to study the neighhcurhoccl of 

em drbitro.ry :pc:int 0 on the surf'n.co, this :pcint being chacon once 
I 

more us the origin of our coordinates. 
~ 

Let s dono to the U11it normal vuctor to the DUrfnce, i.e. fer 

all curves on tho surface through 0 we have 
. . 

I ~I 
where ::x:(.,1 is the tangent-vector at 0 to any one of these curves. 

( f')f"'· IJ 'ji..j :> ,;:> ~c) =0 ( 14) 

We shall call curves on the 

surface whose osculating :planes 
~ 

contain s nnormal-cuts" of the 

surface, so that for such curveS! 
..:>:>, -'1> 

-'>II 

' X(oJ t ':t.(o.l t lie in one :plane. 

Fig. 3 Contrary to the euclidean case _., 
-->,, 

the vectors f and ~do not in 

general coincide c~s the equations ( 8) and ( 14) are not eq:uivulent. 
I 

Conki<ler a normal-cut OP (Fig. 3) where the a1"c-length of OP is 
...:.,-. -') 

again equal to &"s • From P we dro:p PH, PS parallel to xroJ and f 
I ~, 

respectively to meet the tangent ~d' to the· curve in H and s. 
I 
' 

In virtue of ( 14) we have HS..l. PS, so that it follows from our 

definition of cosine that 
I ( PS ( ( 1.5 ) . 

From (13) we then have 

I Ps f 
Ss.,_ e 11 ::: ""fj Ctr.\ ( ~ > xeo\ ) t- • • • • 

/ 

so that if we put 
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, I R = . 
____ g ___ _ 

Gc.n ( s . 4~; ) ( 16) 

we have 

\PSI +- ... • • 
( 17) 

We shall call tj R 
I 

the "sec onclaryn curvature of the norma. l-eu t, 

where it is to be noted that U1 ( t :l4"~1J) varies for different -cuts; 
...... 

in fact, we have a ~one of directions generated by the vectors ~~> •. 

Note! that R ~ 9 • Furthermore, since ~~'• ;::l , f , 
luting plane, there must exist a relatio~ between 

lie in the oscu-

them.of the form 
"~ e4· d , ~ g OCcc.) :o::r Q,. ~ + "'{J.X(ol ( 18) 

wher1e a.. , .,.(,. are 

by ~.:j(:X:~)) -:c~, j 

functions dependint; on the curve. MultiplyiJ:1G ( 18) 

I 
in turn and summing over C in 

each case, we find 

4,. 
when we take into account ( 8) and ( 14) and rememberinG that q :t<01 is 

I. t t a U:rll. vee or, 
I 

Eq_uation ( 18) then becomes 
. 

II I. I [' t I f ~·] 
:x.(c) == R ~ - ~ ( :x,. .. l ) ':> ) ::x:lo 1 ( 19) 

which is the generalisation of the corresponding euclidean relation 

§ 18. 
I 

The Indicatrix of Dupin. 

We shall now choose a special coordino..te system as follows: 
' 

Retaining the origin o..t.O, let the :' taJ:1Gent-plane to the surface 

at 0 bo taken as the coordinate hyporplane x'-= 0 and the strait";ht 
J ~ • 

lines which arc parallel to ; as the coordinate lines of the 

parameter ~1 , this parameter measuring the lengths of the sebnents 

of these straight lines from the plu.ne ~ 1 = 0 • Sinc·e d~ 1 is then 

thol longth of t~o vector parallel to f whose components are 
I 

( d. :'1' 1. .. 0 .) oJ • • • . • 0) • we have 
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(20) 

By ~onsidering vectors in tho tangent-plane wth component~ (0,1, 
I 

o,oJ •... o), (O,O,l1 0 •••• o), etc., we de(j.uce from the orth~gona-

lity relation (14) that 

(Cl(::: 2., ~ ........ -1'\.) (21) 

(Folj> the rost of this chapter Greelc indicus are to be summed. from 
I 

i 
2 to n, while Latin indices retain their original meaning). 

-?-­
The~ length of any vector -:x' 

I. 

' given by 

I 

we have 

' 
in the tansont-plane will then be 

i 
Butlfor a normal-cut whose secondary curvature is~-· and whose 

d.ir6ction is given by 

I 

I()( 
:>.{o) 

it kollows from (11) and (17) that 
' 

= 

so :that 

! 

I 

in lvirtuo of (2.5). Since the lc~st limit is clearly zero, we find 

on comparison of (24) and (2.5) 

(22) 

( 23) 

(24) 

( 2.5 ) 
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i _6.):i - j_"'p (X(~)) ~.XOl~Jt.fi - I (:/· :::~. 1 I o ) 
J~( ~ ~..l' p I - . ~R . - 2-

wherp it is to be noted that tho coefficients in tho last sum 
_,, -"" 

arc independent of the direction X~c,; of the vectors S'X-- • 

• In futuro we shall write 

i 
I 

i 

The 
I , 
~q_uc.tion 

whore E is a constant of tho first 

( 2.5)' 

(26) 

(27) 

order of sma~lness is then the eq~a­

tion of tho intersection of a plane 

parallel to the tancent-plane at·o 

"" and distant C. ~ from it with the sur-

face. As in the Euclidean case, it 
Fig. 4 

is a central quadric ( (n - 1)-dim-

' -~ 
ensional) • .If we draw (Fig, 4) PO' 

' ...;Jo I £" ~ 11 

:parallel to Xr"' to meet~ in 0' and :r:~, in Q, we have 

or 

and 

Also, since 

I 
I 

i we nave 
I 
I 

\ OH -- Q. 0 = r-.,tp ::!: 0'"' (;J.S== -1 \.....- ~ 

oo' = f: P = c.. z 

H 5 = PH !\,;... ( ~ xf~ ) 
,, 

correct to tho second order of_smallness in virtue of (13). From 

(28p and {30) wo thus obtain 
1 ~ [. J' s . ( (? '' ) cfs ,_ · • ( · " ) ] ' I o'Pl · ::: ds} t .t 9 ~"""-- '· ~.., +'-'.sis~ f...~., ...... ··-

ano. therefore 

I 

oor;t-ect to the second ordur of smallness, since I .s ~ ( S: :xJ~)) ~I 
I 
I 
I 

' I 

{ 28) . 

(29) 

(30). 

(31) 
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From (25)' and (27) we deduce that for any radius-vector otp of 

our intorsoction-quadric we have up to the second order 
IO; PI 4 
~----2-R = constant 

whe:):>e p,- 1 is the secondary curvature corr0sponclint; to the normal­

cut! in the direction O'P. The socondary curvature is thus 

proportional to tho square of the corres_pondinf; radius-vector 
' 

(32) 

of the quadric (27); and we are therefore justified in assuminG 

the classical nomenclature and we shall thus call the quadric (27) 

the ~pin Indicatrix. 

In euclidean differential geometry the great importance of 

tho Dupin Indicatrix is due.to the fact that not only does it 

represent the intersection of a plane parailel to the t£mcent­

plane infinitesimally close to it with the surface, but it also 
r 
I 

provides us with a vory clear picture of the distribution of 

tho curvatures of normal-cuts. It is of interost to note that 

our definition of curvature, which is based ultimately on our 

notion of u.ngle, allows us to preserve both th<::se foature:s of 

the Dupin Indicatrix for surfaces emboddod in a Minkowskian space. 

1 
§ 19. Principal Directions. 

We shall define ~rincipal directions on the surface at 0 as 

b-eing those directions for which ~~ assumes extreme values (if they 

exist). By puttinG 

I 
{. 

we ,may wri to oquo.tion ( 27) for the Dupin Indicatrix in' the form 

D '""' I (? I -u-0< f :X. -X. .= • 

Bec'ause of ( 31} and ( 32) our problem of finding the principal 

directions im:plios soeJ::::ing the oxtremG values ·of the function 
I 
I 

suJjeet to 
j 

I 
multiplier 

the subsidiary condition (34). According to the 

1 f L 11 ;1·i ti I I I . ru e o agrallGe, o. u. rec ons ::.(-(., _, :·.r.1n • - , x.(f. > ) • ~ .. 

( 33) 

(34) 

( 35) 
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Which furnish us with oxtremt; values, must satisfy the equation 

d r. - ') I o( I~ ( fi I"'' I p )] ~~· K ci: Jo.( ~ (..):. ::t X - ,A {J(Ji p :X ~ - I ;::; 0 
' who~o A is ·i:;ho tmdG·be:t."'minC;<l multi:plieJ.'"'. To.lcillb' into account the 

homOGenoity condition (15) of §2 a possible solution 

by 

( 3t·) 

where ?!r..:) is that· value of i\ correspondinG to the direction :x./f...l • • 

• I IX 
Th~s is easily d.etGrmined by multiplyinc ( 36) by x,.e.; and summing 

over rx : we thon find 

l.a , '"'- ,(3 " 11 .lot. ,,g ·-
, 2- J"" ~ (:X (.f'..)) ,): ( £. ) y {~ ) - 11(1..) v-« ~ 'X If. ) :X ( J{) - 0 

I 
so t\ho.t in vi tue of ( 34) and ( 3 5) we obto.in 

'fxe) "' 121 <{.1 (37) 

Since oqua~ion (36) is not linear in ~Jwe cannot make any con­

clusions as to the number of' roots, or apply the clussicu,l th0ory 

of tho rcduction'of quadratic formso Consequently the t;reat sig-

nificance of Pricipal d.irections is confined to spaces with o. 

locally e;uclidoan metric, whore those methods are directly applicable. 

, Assuminc, however, tho GXistence of two distinct sol"tltions 
I 

~~~, 1 , :xt1, 1 of og_ua.tion (36) for which the corresponding secondary 

secondary curvatures R7;), f?(;)are not zero, let us multiply ( 36) 

by ~4;and intcrchal1£0 K and ~ in the resulting equation, We then 

obtain, with the aid of (37) the two equations 

j 
Bec¢-use of 

I ' . I.J ,"< ,f> t Iff. IV<. -- 'j~ ( ( ~'x.. v 1 ) )C (P. I J:. 1L) -·· ·· : ... ·.·.~ 'J:./,11) .): !L I = {) 'Ri.tJ ~t' .... • .,. - .,._ '....: ) 

= 0. 

tho symmetry of Jl)(f and --6-0(~ we find on subtrction 
_J_ q (.:x' ):X'C( I p- ... L ,.! ( I) I 0( 1(3 
f?(.t;..) J ,;>( f r('.; !IJ :x.~l - 'f?.(./k) Jo< f · -"Xrt.J .:x(liJ J.: f../bJ 

Using (35) and. the definition of casinG, this equo.tion reduces to 

·I' ') (' I) 8 ~~::::_~ __ :-_(.(, )J...~(-'<1__ ~~1 ~ (&~ .:r t£) ( 3 . ) 
1(\-() 1?~) I 

If the cosine were syn:unctrical this equation would imply {.(JJ(x,!1 .x¢.1)== 0 

for R(e.J t Rf{',), so thut equation ( 38) may b8 r0garded as the GEil'lC;-
1 

ralisation of the orthogonality :propvrti8S of principal directions 

I 
I 
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It is at this point that tho diffuronee 

botwo8n the present Dupin Indicatrix und tho euclidoan anulob~o 

is mo.rlcod most clearly. Certainly the notion of :principal diroc-

tion is inudo~uato to load to a definition of Gaussian curvature 

of :::.. surface. Wo shall dc;volop this concept la.ter alone; different 

lines for tho more general case of a Finsler spo.c~: the mothods 

to bo used arc, of course, diroctly upp.lica.ble to surfaces omboddE:id 

in ·a Min.J.cowskia.n space. For thG :prusont we shc..ll therefore louvo 
I 

th]s notion aside. 

Genera.lisation of the Formula of RodriGues. § 20. 
I 
I 

I 

'· For tho firct part of this soction we sho.ll use gent:ro.l co-

ordinD.te s o.t;aint except tha.t ·we still r0;·ard thv point 0 on our 
...;> 

surfo.ce rts tho origin. Agcdn· s is the unit normal to the surface 

o.nd we shall conside:r o. point P on the surfacE: t;ivon by 
~ -"> -7 ___, 

O'P - /:::;,X ::.- d~ +trPx 
~ 

Let PS bo drawn onco more puro.llel to g to meot the tm1gont-
) 

-"> ~ 

plo.nv at 0 in S. SincG OS .l PS we mD.y write 

! r~. 1 ~ I F' o 1 c:t'1 ( s, In:. ) 

or 
IPs .l = g '-j ( 5 ) ~;.. ( d:x j + i o~~~w) j 

I ~ 

in! virtue of (39) a.nd the fo.ct tho.t s is u unit vector. Also, 

"'~"! since o.~ lies in the tUUGent-plo.ne at 0, we ho.ve 

S ~j ( ~ ) 5" J.x ~ :.: 0 

from which we d0duco by differentiation 

(39) 

(40) 

(41) 

~~j(~)ds~ c:L.x.i ·=- g.:J·(;)t~cL 1.x.~ (42) 

tU:ldnt:; i;nto account the homoGonei ty condition ( 15) of §2. With 

.tho cdd of oq_uc~tions ( 41), ( 42), E:iq_ue.tion ( 40) becomes 

IPS I 

Now lot ~ be th~ v0ctor on thE: fibur~trix in TA correspon-
7 dine; to s ; so thc~t 

I 
' 

( 43) 
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(44) 

o.nd again to.kil'lb into nccount equation ( 1.5) of §2 
.. 

d '? l : J i.j l ~ ) ol ~ L ( 4 4 ) f 
_.., -

whore we note once moro thnt r:ry • d ~ a.r0 not corr0spond.ing vectors 

in tho sc..me scmso o.s 7 und ~. Thus (43) bocom&s 
~ 

I P S I = - 1. d 'h • d.x ~ 2. ( J . 

Let u.s now re-introduce the s:peciD.l coordinate syst&m of §18. 
~ 

Since ( is a unit voctor 

{ 45) 

From ('20) 

o.nd (21) wo deduce 
d ol.s 1 

==o ~-·(1 -= 

d 7 tl. ;: j ol ~ ( ~) c1 s .~. ( ~6) 

( ()(. ) p = :2. 3} ••.• ttt_) -

Tho first term in. ( 4.5) will now d.i so.:p:poa.r, o.nd we mo.y w:ri te it in 

the form 

(47) 
2-In tho notation of §18 I PSI:: 100'1 = E , so that wo hav0 for o.ll 

:points P on the in<licc,trix ( 27) 

lr"'P cJ.:x.~>LJ.xP =- t d(f> cl.:!:f! 

Sinco horo ..& ""~ is indc:pondvnt of th~;; dir"'ction o.nd. is. symrm:-tricn.l 

in «. o.nd ·~ thv condition for thv application of thv Rigorous 

Quotivnt Thuorvm is so.tisfiud (J3rovm ( 32)), o.nd wo thorofor\.i obtain 

~ oLrr;p. =- - --8-rx ~ J..xo< ( 48) 

If we ruwrito this result in tho form 

d ~ eo~. :: - 2 k f ¥ j 0( ~ ( S) dx ¥ 

wo soG tho.t this oquo.tion ropros0nts the vo.ric.tion of tho unit 

normc~.l voctor when Vvv :po.ss from 0 to c" neighbouring point. 
__.. . 

( 48)' 

Lot dx~ rc:pros0nt o. :principal dirC:ction: it th0n so.tis:t'if::s ( 36) 

mid with tho n.id of ( 3?) we d8ducu 

I 
I 

I 
I 
I 
I 

~-to ( d :)( ~)) d::r.(4_) 

2 R~) 

(49} 
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~) 4 
If wy denote by d.:J the v0ctor in T~ corr0spondinc; to Jx.

1
c...) and 

by aq/4tho vector corrcspondi11£ to th0 re:nulting chn.nGe ci~~~> 
( 1_1s given by { 46) ) , equations ( 48) and ( 49) enable us to write 

i 

I 

11 _, (K) (() (50) 
It{ .f.) V{ '7 -~ :;. - dj ,. 

In the 
. I 

case whore tho g~j arc independent of direction this would 

redueo to thG classical rosult of o. Rodriguvs. 

write; it in tho form 

_ (50) r 

§ 21 The Theorem of Mousniur. 

A theorem analogou8 to thG one of M0usnior for surfr~cus in u, 

oucl~decm spc.c0 may bo d0duc0d, nl thow;h thvrv is c~ smn.ll diff0r0nce 
I . 

I 
I in tJ";; enunciation._ In ord.Gr to make this difforcncG, which is 

1 · mcdnily so omotricul, cmt ire ly clor~r, wo shall rcstrict. this discussion 

to n~rfacos embedded. in a thro0-d.imGnsicnnl MinJcowskian spc;.ce, 

alth~utlh, ecs can be o:1nily suon from tho rmrclyticrcl chr1ract~r of tho 

follbwing d.cductions, that tho thcorEJm is vc,lid. also for the n .. d.imen-

sion[l.l co.oc. 

At tho :point 0 of cur uurf~:wo wo considur two curves on thu 

surf
1
two with a commcn tangent ~~~ , on0 of which is a :normal-cut, 
i 

tho /othur a plano curvo whose osculating plano intoroects tho :plan0 

of t!ho ncrmc~l-cut c~long tho v0ctor 1'~1• We o.go.in construct the 
! 

Du:pib Indicatrix by forming tho curve of intGrsccticn of the surf·e,co 

with. a pln.no :pD.rc~llol tc th0 tnnt;0nt-:p1Lno c,t a distance: ~2 frc.,m 
~ 

1. 0, irntvrsoctinG s nt Qt. The osculating :plcmo of tho seccnd curve 

int0lrsects tho Dupin Indicntrix in R and R t • ( Fis. 5: Note: Tho 
I --

fib~l"G Given horo ro:prof.wnto the CCLOG whore tho surface is strictly 

con+x at .0 but tho ether cc.so may be reprosontcd in tho aamo 

mc~nJ.'I01" with sliGht altorc:.tiuno in thG formulcction of the :pro·Jf'). 

I 
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Fie • .5 

Draw P'O'P :parc,llel to 

--':1'1. 
:t(o.~ t c meet tho normal-

cut in P' and P and , 
form the diameter con-

I 
jugate to ppr with res-

:poet to tht:: Dupin Indi:.. 

catrix. Let this dia-

meter intersect RR' in 

Q. We shall r0Gnrd the 
----7' 

vector OQ an the"sucon-

dury" normal of the 

second curve, d6noting· 

-"> 
it by S . Analoc:.:msly to tho normr:Ll-cuts wu shall define tho sec on-

( 
~I 

dc:.ry curvatu.ro f'e) of this curve by th0 cq_uaticn 

whore e 

H~.RI'l 
"(_ ; -----

e ~I 0 Q./ 
~ 

in tho an:;lo between tho voctcrs s 
socc.ndary curvature of thG nc~rmc,l-cut, we htwe from ( 17) and ( 11) 

R.. =, 
I o' p 1. :.t 

'l:l oo 'I 

Sine~.; 0' Q lies in a :plane :pnra1lul tc the tant;ent-:plccne thrcmgh 0 

---\ ~ 

we have 0 r Q .1 $ , i. 0. 

IOO.I = _ _Q__Q'____ -

~r( S) cn{s !;;.) • 
---~ ~ 

o.nd, d.onoting O'Q by (~ 

or, fr·;m (.53 ) 

... , 
:par:::tllGl t () ':::1-.r.o~ , s c 4 

The voctor QR is, by construction, 
--, ~, 

wri tu G. R =- ~ X{o1 , c~nd :putt il'lb 

~ _.,. 
o'l<;::. ;· 

_., J .... , ~ 

we hn.ve 

(.51) 

(52) 

( .53 ) 

(54) 

'f = ~ :X(a) + ~-

T'hiE; vector nmst sc,tisfy eq_uc"tion ( 27) of the Dupin Indicc"trix; we 

thus hrWG 
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or 
( 5.5 ) 

The two roots- of ~ c;ivon by this g_uo.drutic represent· the lerJ.t;ths 

. ~ ~ of the vectors QR o.nd Q R': by cur_ construpticn of conjw~;o.te dio.me-
..... -- & • 

ters, since RR' is pCl.rallel to PP', thGse roots must be 0g_uo.l [:.nd 

opposite in sign. Th0ir sum therefore; vo.nishos, i.e.· 

Jr.,. ~ x,:; ~ ~ = . 0 . ( .5·6 ) 

Assumi11G tho.t un(g
1 
~) is o. finite number, it follows from (54) that 

1;"" is n g_ur.mtity of second order of smo.llnoss and therefore thG 

term .& q,"" Ct. f3 
. ~~ l! lj 

' 

is of fs;urth order. With this o.pprox-imc~ticn, CLnd 

togoth9r with (56) 0g_uo.ticn (55) rEJduces to 

iilf) ..,.'"' -v 1 il __ r'l- (57) 
..-f:( . 't.~"::.. (', ~(O) "'-(c) C:. 

. ·-> 
up to tho third ordcro But 0 1 P is o.lsc parallel to ~> ,· o.nd mr.:.y 

therefore be roprcsGnt0d_ in the form .k' ~~ ; since P liGs on the 

indicatrix, we o.lso hcwc 

thal 
I ~ fr. ~~ I ~ :: €~ 

,f;; D( ~ Xtr.) .:y.. (t:) 

so frcm (57) we deduce .f?'2-:. .£.'J.. up to the third ord0r, i.e. 

I IO'PI:l. $, jQgtl 

negl~ctinG g_uo.ntities of the third order. It thon.follows from 

(51), (52) o.nd (53) tho.t in virtu0 of (58) 

1e = Run( s_, ~) 

(58) 

(59) 

which w0uld roduco to the theorem of Meusnicr in the euclideo.n co.se. 

§ 22. Curvnturc of normo.l-cuts of the Indico.trix. 

In the spccial cr;se where tho sm"fa.co under 

the i~dicutrix, it fc·l1ows fr~.:m Gq_uo.tic·n ( 21) of 

to.ncel 6..:x1 ( § 18) of [; pc·int on thG to.nt;ent-plo.ne 
_.,. 

o. disple;.comEmt S-:x.... frcm the surfc.ce is Given by 

c· .. :nsid0ro.ti0n is 

§8 thc:..t the dis-

ccrr(;f.:;pr.ndint; to 
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~ 

where ·g is oneo more the normc.l to the, ffi:l.rface. Revertil1g to o. 

gen~:ral c oordinc.te-system r"nd using e g_uation ( 2.5) twe therefore 

deduce 

' 

(60) 

for: the soccndo.ry curvature of o. normal-cut whcse tcmt_~ent-vcctcr 

is 11 

. Thus the cu.rvr~turo of different normal-cuts at the snme :puint 

en the indicatrix is not constant and eq_:uo.l to unity. This gives 

us a f"o.ir cxam:plo of tho 11 s:plittil'l.Gn of :properties when we c'.=,m-

:pare the Indicntrix with tho euclidean unit sphere" 

• 
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CRAFTER V 

PARALLEL DISPLACEl~NT IN FINSLER SPACES 

§ 23. Vo.riation of Indicatrix s.nd Figuratrix. 

In order to proceed. with an invostic;r~tion into Finslor spo.aes 

using mcthod.s similar to those applied to MinJr:owsJcian spaccr; in the 

provious chapt6rs, it is clear that we have to stud.y tho variation 

of tho indicatrix and figu.rn.trix c~s we pam~ from rtomu point to a . 

no fghb ouring point. :As ..-.11 oub mec:.s'Uroment n c~t ~-, point c•rc m;.-~dc 

with rc~Jpuct to onu of thcne figurou, ::.:-ny ch:.·.ngo in m1ch mccAmre­

moritn c,s r, rormlt in tho chD.ngc of metric ce;n thoi'l be v~.sily deduced. 

Tho main difficulty livs in tho fc~ct thc~t the Finsler spc~c0 douD 

not possess em r~ffinc structure, which simplified our methodn in 

the Minkowckic-.n spc~cc to ~'Uch t> grec.t extent. 

In order to isolr.~te cmy changcs duo to tho mGtric r:.lonG, we 
~, . 

construct c~ vector-field consisting ef v0ctors :tfo, in thv tc~ngont-

.... , 
vr~luc: of the compononto of .Yto• is tho sr~mu wht.Jn mo:-,surcd c:.t r-ny point 

.,., 
corrosponcling to 'Xfct in Tn will not, in gcncrLl, enjoy r~ simil.:-,r 

property. Using tho notc.tion of §4 we mr:.y represent tho indicc:,trix 
I 

rmd tho fi£:,-1l.rc~trix c:.t tho point x~ by tho functions cp (:x. .. :x') c~nd 

, whore 

r~d 

If.we differentir.te th0 identity 

Q ~j (;): 4 (<>') q ' ) t"; 
-J ' .J .J .fc i { Jt' Xr .. J = a "' 

( 1) 

( 2) 

( ; ) 
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obtained from (38) of §4 with rcspcct to ~t , wu h~ve 
'i 

() \.l 

3 ~j (:>c, Y(:J ) ~-i-~-L~!:_~_ ::: - 3 ,: j ( ~' ~ o) ~~ ~~ ( :x_~ :X(~J ) ( 4 ) 
1..1-.L ().:)( -i 

the p::-~rtinl q.urivc>tivo on the; loft-h::-.nd r::ide implyinc; thLt J(o> io 

Jcept conctnnt r-~s well during tho diffGrenti::,tion. Multiplying this 

.eq_:uc(tion by j'*-(:>tJJ(ol) cmd summinc; over k, we find, in virtu0 of ( 3) 
I , 
. (J31.-tn.(~Jto') -- ~ -::\c, - j ..._(~JJ/oJ)jij{:r)y(ol} _-J-4>i(.Y;:X(:)) ~ (5) 

~.)( l I} ~.t ' 
Dif:t:orcntic;ting (2) with respect to -::t.e WG then hr,vo 

0 ~ ( ~; ,J"1J = - i ~ -t. ... 1 x, 'J ~~ J J r:: J <jr:r, J ,., J Ji'' ll.E i (:c, ""~' J , 
.~.X . ~~t 

or, using (37) of §4 

·-o "f ( )' ) 'j(~} 
(J;xl 

We; thus find on compc.rioon :::~fte;r diffvrontic~ting ( l) with r0sp0ct 

a~ (::X)~ (t>) )' = - ~~ ~o})_ 
d..xl :2l:xf 

particulcr, if ~~ is . ' 

() H ( ,x 1 J (ul) 

~xl 
= 

c, unit vvctor c,t C; point :x..~ 

'd F ( .r) ~<~> ) 
ax c! 

( 6 ) 

( 6) r 

Eq_uction ( 6) t is W0ll-1G10Wl1 in tho cr-lculuc: of Vc:.ric~tions. It is 
I 

to be notod, howGvor, th~t in tho pnrtinl difforuntintion in this 

uq_u:::~tion both ~:J c~nd jto1 r~rv kv:pt ccnotrmt. But fro.m thv goomctricc,l 
• 

:point of viow, wu ohould let ~ro> vnry DUch thr,t · it ccrrcs:ponds to .::rr~ 

ct rLll point~ c~nd not only Lt tho p::-~rticulc~r :point undur ccmr;id<:;r::-•-

1 ticm. Wo thon hr~vo f:rom (29) of §4 

J 

..... /tJ) ~ ' '• ~ IJ~f;:'l : 3 i..J ( ~~ :lr(.,l) ':x J 4 
~ a~t ~ 

Den ,ting clifforcntic.tion of y under thcr:.:o rcvinod circumDtc .. nccc 

( 7 ) 

by d , wo find fre:m ( 2) 

dtL{Jf,Lio) - J_ ':J"l~i(;r,~(col) (ol {<>l 1. ~~·J:(;>-JC/")} '"J (o\ ~Jt) (8) 
, --~~-~-~-- ·- l -..Ja:t l - ~" ~ ja ~~ ~ · - J - - J'~ J j 0 ~-t 

I 
-t-Cl ·· (Y 4(•')~ q /o> ~ 1\. 

.J 'J ) .J . ~ l \1 • 
I u~. ~ 

Frcj t.hu homogon(.;ity :pro:pGrti(.;:J of <j'J(~_, ')with ruD:pvct to ~~ wo 

d(.;ducv thLt tho DGcond t0rm on thu rie;ht-hc~nd. sidv of ( 8) vcmiDhoo 

idvJlt icc~lly, ~o thc,t with th0 c~id of ( 6) :_~,nd ( 7) w0 m:::~y wri to r 
I 
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taking into c.ccount (37) of §4 

. ~ _L~Y_!_J~~ - ~f·_r_:.:3-l~~) 
: d~l ~~f 

~~~~ x;~:)_~ 
():X f' 

in:virtuG of (1), oo that we 

d_t;;; ~ '2l_ -

I 
~f( :X) ~(C>)) 
.. ().xI 

finr~lly hc~v0 

~ t· { ~) Xc ~~) 
---- e 

0-X . 

whore now c11ly :xl~> io ke;pt c onBtcmt in c ontrc~ot to ( 6 ) r. These 

(9) 

oquJ--"tions allow us to deduce the vc;ric"ticn of thu figurr~trix when 

thcJ. vr,rir,ticn of tho indicLtrix is Ja.1cwn, 

§ 2:4• T}1c ChrintcffGl Symbols. 

Ret,rdning thG :;1pecir~1 VGctcr-fio1d cn1d thG pr.rcmotricc~tion 
-+t 

of the prcvir,u·r: ::~vctLn, WG nctc th:·ct thti length cf th6 vector ..:r(c.•J 

dc::p:cmds on tho pcint x~ cf the Finol(;r ::Jpr-co r..t which th~.; mucA3urc­

mGnt is m~.do. Th0 v~:ric~ti·:J.: in lc11gth, i. u. thv v.:\ric~tion of th~.; 
' ' 

ind:icc.trix thus c.cccm1trJ :fer the chc•nGG in cp • kt us c:~niJidur 
' • -.> 

two:_)' nvighbouring point~! .:x' c.nd ~-~ +- d:x•, whurc thu vcctcr cl~ hc-~n 
' -7 I 

the: C[\mc direction :--.o rr.,J • ,:,nd VJ(; dc;notG thc v:-~ric,ticn of ff x ,.x,~J 

duoitc; the Ci.;rrcs:pondi:r...g ch~·,ngu .:f metric c~lonc bydAfJ• We thv11 

hc~v~ 

( 10) 

We bh~ll write this r0lntion in tho form 

ci)C(q;) = [ L l<_,j lr I> .x~/:x("1 ~,~r: dr;;. ( 11) 
. ~, :t(o) 

whvre: tho ccofficionts l• ~-t,j] 1 ;)(J:x(~,) de:pond. en~~.. c:.nd -:.x;.~. SincG ( 11) 

in~" cubic form, we mc~y f~rrc~:1ge (,ur tvrms such thLt [~..~<,_i1 1 :Jf:r')i8 ' I (~/ 

nymzhvtric in ~ :,~nd 1< • A dire-ct c:.mpcriccn botwem1 tho cc..ufficiGnts 

of ( 10) r.~ncl ( Jil) ir-:1 not j_m .. rnod.L,tGly :po::wiblo, c..s thu couff·icic:mts 

in ( 101 c~rc r-:ymmotric in ~ c1.11d j . If, hcwuvl;r, we write: ( 11) in 
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in the form 

the coofficiGnts 
. 

c~re now symmetric:-·~1 in c.. 

therGforc d0duco imm0dicctoly 

( ~ I< l j 1 ( ~ ) ~ (~J ) + [_;. "' .J ~ ] ( ..Y) ~ .~. \ 

;:; ~:J.:.,j(:K,~(~>) 

C).xft 
( 12) 

( 12c•) 

I 

[ K ' • 1 I [ • ' k] I o __ '1tc;~-'-):-,) ~(o\) j l L _\IX,;}.( .. ,}+- L.j.> (~, :x'(,.j) = ~ 
'"J.:X.. ~ 

( 12b) 

Subtrc~cting ( 12) from the G'U!Il of ( 12n) r:-.:1d ( 12b) rmd t:· .. king into 

r~cc :_,unt (!Ur firot oymmctry-c ·~:ndi ti: n, we hcwo 

+ 0J"'-<~)J:,:d __ 'dj."Jrx,:xr:))) ( 13) 
a~4 ~~K · 

Th0.ce symb cls roro therefore cnc~lcg'.-UEJ tu the Chriotoffel symbcl:J 

in Rivmr~11J.1icn1. GG omctry th0 only diffvrE:nce being thc~t they 

de:pond r.m dirccticn L-~s WGll c~s positi,_m, sc; th.r~t WG shc.ll :,lwr.ys 

c~ttr.ch the suffixes giving their c·.r.;'l.:tm\.:nts. It is clGf'~r f:r<)m ( 11) 

tlY.t these symb1:ls pruvide us with c~ me;csuro of tho ndilr.tctir:m11 

of tho indicc,trix under th0 spccinl circumst:~ncu~ dt:;scribvd cbove 

when we undort_:;o r:~ chc:.nge of posi tL\n. 
--;~) 

N ow consider c. vector-field cc•nsioting of vvctcrr; ::( in TJ:i 
~ 

r..t :cc;.ch p·~·int of ~:.ur s:pnc(; which io .S'UCh thc,t the c::..mpcnents cf Jo) 
~-~ro tho sc-.mo c.t u~·~ch :pc:int fur the ~p:-:-~r:-~motris:-~tion usE:d befcre. 

~I ..;.(t.>l 
At tho crigin:~l pcint .:x• tho Yectcrb J11,> ("".nd J corr0spond to cc.~ch 

r.::thc;r. Dcnct.:- tho vc~ric,ti(:n cf 'fr X, :J(o)) c~s we pr:;,S8 frc;m X l tc 3'-.: 1- d.:x:.. 
/ 

by dx (·lfr). It fJll::wc fr::..m (6) thr.t UJ.'ldcr thvr.w circumstc.nces 

tho numoricc1 vc~luG ex:pl~oooing this chcnge must bo mil1us thr;t 
I 

of cf< ::r, xr~)) in the r0vorsed cr~se c ,jnsid.6r0d provi·~UBly, so thc.~t 

d.xl"-) -=--d.{_<~) 

ur, in virtue :Jf ( 11) 

d ( [ k ·, 1 II. IJ ~ k I 
X 1L) :: - L j J (:X .., J ) Y-(<:.) X(c,) .X(o) ors 

T ) "'"·("'; 

( 14) 

( 15) 

' 
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Whe:q. the c~re:s11mcnts assume their vn.lues r.t the original point 

put· 
·~ ' 

C! .l ( X j (ol) [ i I< ·] ~ 
,_j J Jj (,X ;:c I ) 

j 1<-'• 

so th~t we m~y write (15) in the farm 

=- q~.i(JC L((o)>[·-ft. f ~(ol lo) .l K 
-.1 > J '- "" (::Y)Xr~,) .J j J z o:t 

~ .. we , 

( 16) 

( 17) 

This e g_ur~tion Gives us the 11 d.ilntc~.ticnn of the fi(;-urc,trix clue t c the 

chGnt;'e of mot ric. 

:By n. cliroct n.pplicc~tion of the 1.,...ws of trrmsfcrmc.tion it is 

o:-,sily so0n thc~t the Christuffol symbols c"s clofinc:cl by ( 13) c,ncl ( 16) 

cr,nnot ·be tensors. When tho c~rgu.ments in Tn ~~ncl TiJ. of r..ll the terms 

corrospond. to or,ch other, the Christoffel s:y'Tilbcls sr·.tisf;{ tb.e sc,me 

idcnti tics r:.s in Ricmc~nnicm Geometry. We sh::~ll give them here fer 

futuro reference: 

( 18) 

Th0 .deductions :proceed culO!lb lines identicc.l to the clc.:.csicLl cr.se. 

§ 25. Geodesics. 

Consider cmy continuc;us curve 
. . 

x' :: :x'"t s) ( 19) 

where.; ';) in the; crc-lonGth mo~·~surud c'l!~ne; tho curvE:. Since WE; hLVE: 

_I ~l :: q .. ("X d~) J.if.: dcx.j 
q .J~_j I 

fc~ tho curve. it follows th~t the vector 
• dv~ ,,. .,._ 

:X. ; ds 

ic c~ unit vector, which WE:: Ghc~ll ret_:;c~rd r.s the t::~nt:~E:nt~voctor to the 

curve. It fc.llovw thr~t 

_.d...lq.:.·(x :.x.')~~:.~,j J = 0 
cls .J :.~ ' - , 

alcng the curve. Leo ·if' we c~~nsiclor tvw neit;hb,;urinc pc.ints X~ c.n<l 
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. , 
~' + cL::c." WG hLVG 

~~j(X,.x') .;x1 .;.:X.1 .J~clocl< + '0j .. i(=x,:'lc') x..'.:x.•·id:x'"" +')j<.j(::L,~').X,.:ci:x'; t (20) 
<}~ f( C).Jc' I< = 0 ) 

Thio eq_ur~tion <.:n.c~blen' us tc find the tr.~nt;ont-voctcr x 1 ~ +- ol~';tc the 
. . 

curve c~,t the };hint~" + d.:x..'. Fr•:rn e:q_u.::-~tLm ( 15) cf- §2 it fellows thr~t 

the sccr.:nd trcm on tb0 10ft-h~~nd: sid.l- of this eq_ur.ticn v~~nish(;Js, cc 

thc~t with the r~id of ( 10) :-md ( 11) C;q_uc.ticn ( 20) cr.n be written in 

the· fcrm 

or,, u,oinG ( 18) 

I 
I 

q'-~{.)(~')~'J. [J.x'~ + { Ll 0~ 7 ~~~J~kJ :::o 
-J J -n.w ~(~,:x'\ 

(21) 

( 21) T 

Thi'r:J rcrmlt is c~n:::.h·g::,us to E:q_u~·.tion ( 8) ( §15, p. 38) which we ob-

tr~incd for tho Min1cr;wcJcir~n opr..c0, ~,nd which p::-~rtly led us tc define 

I 

Wo ·ahr~ll thorofc'::r'e uoo r.iJ r~ preliminc::.ry mer,surc of curvc:.ture the 

v:-~luo o of the cyst em 

(22) 

lin·oo11 ~;f tho Finnler op:-~cc. They muot thorcf.::rc nr~tif:!fy th0 csn-

f ( 23) 

We nhr~ll cc·,ll ouch curvC;C tho t;oodcsico of our op~·.co: this tc;;rmi-

n'':l')(;y is juotifiod in view of the f:·~ct thr~t it C[~n b0 shewn th:~t 
I 

/ oqur~tirnc ( 23) :-.ro tho Euler eg_u::--~ticnr.: of tho prcblern in tho C::-.lculuD 

cf Vc.ric.ticnc f'Jl:' the functicn F(:le.~. ;:,c:.'~)( S;yngo ( 2) ) • 

In order t(-' .:;btc.~in thG cq_uc.tiunn ( 23) in terms of tho vectcrn 

...;, i T d. t __.,, . T t th t , j 11 ~ corroop;jn 1nc; o .:x. 1n n, we nc. o f~ we 1K~ve 

"1 We chc.ll trcc~t the q_uoctL 11 ::f curvr.turc · .. f curver.: in mere: clet:--.il 

in §30, whore it io clo~r th~t (22)'cctu~lly rupr0~ontc tho c~mp(nentc 
' 
' 

of r. vcct•jro 



in T~ c;l011b ( 19 ), c~na.. we find. by d.ifforentic~tinc ::.nd. proceedinG LfJ 

before with the ~id. cf 

::.L1.i 
cJs - ( 23) t 

Tho simplcot mcthcJd to obtr~in ( 23) cr ( 23) t is tG evr~luc~te the first 

vc~ric"ticn of th0 intec;rc.l ( 4) ( §1) frcm firElt principles. 

§ 26. P~rallel Displ~cement. 

Severn.l different d.ofini ticns of pc:rc,llel displncement in Finsler 

spc.ces hLVG been given by cc~rtc~n ( 4)' Berwr;ld ( 5), ( 22). ,SynGe ( 2) 

:~"nd Tr,ylor ("3), of which the lc.tter twc: c~ro id0nticc~1. However, r.ll 

these notiu1s depend. on th0 introd.ucti· ·n ....:·f i~~n Lrbi tr:·,ry directi c n 

with: rc:s:poct to which pc~rc~llolism is defined. Moru proc is0ly, :-:~ 

d.ist:inG,uishcd• but :~rbi trr,ry fiela_ of cu..rve:s c1cfinuJ c~ fi0ld. of 

csculc,ting ind.icr,tricGs, oo thr~t r,t or~ch :point of ;;n.y curve C r,lcng 

which tho vector is displaced parGllel to itsolf, there exist$ nn 

osculc~tins ind.icctrix with re[-Jpect tc which c~ll mec~su..rements c~re 

mc:.dc. Tho Groat C>dvn.ntc,co of the d.CJfini ti:ms cf these c:.uthors lies 

in tho fr;ct ·that u.nd.ur thor::e ccndi tLmD the lenGth cf c~ vector, 

cr tho cosine corresp·)nd.ing to two vectors remLin unchc~nced when 

thene vc;ctc.rs 1J.nc1Grf,;c pc;rellel d.is:plc,c&mont. Thir-J ir_~ due to the 

fr,ct thc~t the introclucti::m of r·~. fiela. of osculc,tinG inctic::-.tricos 

is virtuc"lly equ..i vc~lent tu the introc1uctL:n of. whc;t we m:-.y c:::~ll c. 

nRiomc~11nic~n strip" nlong the curve C. 

We now propose tG est:-~blish c~ nJ.Jticn of c~bs.ulute pr~rLll&lism 

i.e. L nr;tion of :pc~r::-~llelism clc:pend.int; cnly :::n the vectcr under 

ccnsid.or~·.tion rt.nd on the ch:-,nge of posi tic·n. 

Ccnsid..or tw;, :pcints APe~> cma. B 1 :..,_~ + c1~<) c~na.. r"n ct.rbitrc.ry vector­

fie~lO. X~ in Tn nt ercch point in tho neic;hbourhood of A, There exiots 

one c~na.. only CillO GC odosic pc~eoin;; thr-:u~;h A c~nrl B; i tn tr~n:;ent c:.t A 

will be ¥.-: r)-x."jrJ<:. ne~;lectiTIG terms uf tbe seccmd ord.or. At :x..·~ + ch~ 
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. . 
tho tc"11GE:nt ... voctor· will be :x.'" + d..x.'' c~s t;iven by equ:-~ticn ( 23). We 

' \.. 1- ~ 
EJee1c c vectcr X + ci X in T11 c:.t B such th:-,t tho fc:llcwin.:; c ::nct.i t ir.:ns 

t . f' a.· c~re sr; 1s 10 : 
~ _/ t Le t X +- <:\. X re::present the numcricc;l vc~lue of the 

. 
com:pcnonts of tho voctvr-ficld X" ::t B r:.nd write 

J)X" = JX~ - ol!X;, (24) 

Then wo dom:-"nd 

(1) The scc~lr~r :prnduct of X' +ci..~'X~ with the t:-.ncent t:: the e:,·ecdEJsic 

C',t B is oqu:-~1 to the sc:·;l:-.r :pr,:;duct c·f xL with thv t~~nc::;ont r,t li. 

( 2 ) 

( 3 ) 

_b)'~ .::= 0 

_I'll \1 ~ 
CL A iO 

if X" is the tc;.ncent-vector to the; L:;eocler.lic. 

lin0r~r in X 4o. 

(4) A c;_:.nditi,~n c~nr;lcc,_,us t:..; Ricci's Lemme~ in RiGm:~nni:-:n Gvr.;mvtry. 

~: Tho followi:ns rcm:~r1cs m~~Y hul:p t ... clc~rify the me:~nint; cf 

. 
-Tho c .·;m:p~monts x~ of tho vectcr-fi(;ld c~s me:-~surccl with roo:pect to 

. . 
the inc1ic:;trix r.t A undort:;:.' c~ clY"Dbe l>X"' whon we p~~ss from A tc~ B 

clue: to 

(L) 

(b) 

th0 "nc.turLl" v~ri~ticn in tho vector-field 

cLX~ = ox· atx~ 

. 
cLenoted by ctx• where 

o.x~ 

- c[" X:. . the v:-;.ri:-"ti:m cluo t~) the ch:-~nt;6 in r:1etric, clencted b~r 

We thoroforc lr~~ro ])}(; ;: d ><; ""'d.."'X; or uqu:·,tion ( 24). 

A n~~turr:-~1 c~:p:prcc.ch tc the :prcblcm ::)f p~-~r:-.llelism betyveen t'\vc vectors 

c.t diffuront Ih.dnts ll.. :·.nc~ B vh,uld be t,: st1:pulc-~to th:~t " :p:::-~r::.llel 

yoctar ~t B ~s viewed fr0~ A w.uld be idcntic~l (~:p~rt frcm length) 

thE: effuct c.lue tr .. the ch:::~nt:-,·e cf metric ::-.s wu :pc.ns frc:m B t( .. li. l• f'J 
'-' 

ex: .ctly cutw0il;he(l. by th0 chc,ncc rlX' of the c ·;m:pcnc.;nt[; cf tho vcct(·r, 

~-~na. c;Gomotricc.lly, (i) th~·.t th& prujocti,.-n of th0 

( ~-- cumlitic-n tJ.y,t is ccrt:-.inly r::r·.tisfiGd by t1J0 t'.lll:,;'<.mt-;:rect,,rc to 

the co oc1o oic),. +r :.n which wv :loc1uce thr.t ci.)t X' iD linc;:::-~r in ){ ~ ; 

frc-m,~---11 "intcrn:·.lTI :p.:Jint of view in in:1istinc;uirJh:,blo frcm th:.t :·;t B, 
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which is the geometrical meaning of Ricci's Lemma in Riemannian 

Geom~try. 

The first condition is express.ecl by the equation 
• • .fl. • 

9c:.J·(..x.,~'J::r::'=x~ = :J._jf~+-d.:Y)x'+cl.:x')(:x..'~T-d::t.-'t)(XJ+-d.. X.J} ( 25) 

Considering only ctUm1tities of the first order 1 we have 

j t~ ( .x + d ;x j x.' + J :K.') ::: j ;. J. ( :x J .:x..' ) + ~'j_-~-~~--::r:., .:x:' I o0. k +- ~l:,i_!_.::_~_=.:l_ cJ..x' II. { 2 6 ) 
0 j_~<" d.:x- 1 k. 

and equation (25) becomes 
(lJc. (;>, ') • • 

0 : .. i ' x :x.' " X " da k + 
ax'" 

Using the homogeneity-equation (15) of §2 and applying (12) and (23) 

to the f'irst and lci.st terms on the right-hand side of (27) respective­

ly, we find. 

([i/f<,j],,,,._.j +fjA<,tJ,;r,.}I.J-:x.'~XJ d:::£( _ c,rJ(~.:x·)-~~-' y-.i~,t.J~Ie 
.J U.ve Jta-1.)') 

+ j'; j ( )(' ):. I) .X1 
; cf' X~ :: 0 

i 
or, ~ith the aid of (18) 

(fli~.j~:lr,.lo.'J + (j~,~Jpc,)l'l)~'~X-4Ja<.k ~ [-h-kJj]t:Jt,)<'> xi.:r'(. Jx'K 
. , + <:.;.. (:lL ::x')X'~J'Il-X~ ;.0 

J ... ~ .) 

Replc..c::lng tlut dummy-suf;fix .( by ·'-- in the second expression 1 and 

a:pplying (16) to the first 

( 28) 

or 

( 28) t 
_..;) ~ 

where j in T~ corresponds to J 1 in Tn •. The introduction of the jt 

is_ n'ecessury u.s this enables us to see more cleu.rly the ldnd of 

tel'tns that will vanish u.utomaticully as a.-result of our homogeneity-

concli t ions. 

Thus, for a vu.riation given by 

.. t · [ -L} X .J d.xtt 
d... X ::: ~ j k tJC,.x't 

condition (1) would. bo satisfic;d: but this is by no mer;.ns the most 

go:noru.l variation to do so. We have see~:1. in §4 thu.t as a result of 
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.. 
the ,homogenei ty-pro:pert ies of the . •J 

~ we havo 

dj~.e,.l-:t:J~) 
. 

dj~.f..('~.~ ) I 

~{ ;::; j~.f-.. P<, .x' ):x..' 
0 

, e 0-:(:' .(. :X 

so that the addition of a factor of thu form 

J:
. O:j i -k CxJ ~,) 't 

t.::rl.x' X) -'------ i! · dx . 
~ J o:x' .I. 

= 0 (29) 

to the above oxprossion for cL'~~Xf.. will still allow condition ( 1) to 

be satisfied, whore .fk ( ~, x') )() is a lineu.r function in f .. .'; in 

accordance with condition (3). We shall therefore write 
·~ 

d._" X~ + f I i. o_ } . I X e.. cl.--x-~ = ff<: ( :K J :)c.', X) a J .. (: \ ij J lkL~' £ ( 3 0) 
""- ~ ( ':11:,::><- ) '0 ~· 

and ::Proceed to find the functions f.-1( from concli tions ( 2) to ( 4). 

As a :particulo.r case :put x" ; :r.' ~ , where :x:'~ is the tan.:.;ent­

vector to tho (:;OOdcsic. Thon frcm ( 24) VJO clocluc'e tho..t W6 co..n rE::place 

d.~x· by ol.:x.'~. It then follows tho..t tho loft-ho..nd sido of ( 30) vanishes 
I 

iclentico..lly in virtuo of tb.e clifforontio..1 equation ( 23) for the 

goodosic, so that w0 have 
d ~--k 

J ( :X x.' JC') -~--' ~-~- dr-' .e 
~ l • € 

d~' 
::: 0 (31) 

Eq_uu.tion ( 29) the:n suc;Gests as a :possiblu VE~.luo for Ji, ex, :l::..', .x.') 

f I I 'V / Q I ) '\r I ....... 
..1i, ( .X l X 1 .:>t.. ) = f'... ( )(J .l< ) ..J i<lc t<:. (X, :X -.JL 

whc..:ro 1.(-x~ .x') is another un1o1oW11 scalur f'u11ction to be clotormined 

by our conditions. Takil1.c; into account condition (3), we write 

tentf.l.tivoly 

(32) 

.Also, on cliff0rontiating tho iclentity (3) of §23, wo find 
.:.~ 

(}({ (:x, 7) q (:x .:x'J = -j"'?r::x j) ciq'bt.,d~ . .x·J (33) 
,J e_:_,;_ J,.., 4 • . _, --4----

().:t, . 0~, e 

Thus '.:m rrub~~titutil1[; for f~ from (32) in (30) and observinG (33), 

noting thut in thio ox:prGSElion d-:r.'e is given by ( 23). 

A:purt from tho f'ru1ction X (:K,~') which wo nhu.ll clurive in tho 
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. 
next section, cq_uution ( 34) su.pplicc us with u. valu0 for d'~ X" which 

satisfies conditions (1) to (3). Hence, if in accordance with (24) 

wo writo 
. . } .t 

J).X~ ~ d.X.~ +- [{._-k <.x x') X ol.xk + 'Xl:l):X')J~*=(:r~y\~j__-....1<.,(~,__~-~ )(trl-d.~'l (35) 
. l ~~,L 

e:. 
we s11u.11 call DXL the covariant differe:!.1tia1 of tho vector X~ , 

unticipatillG ·for the;. moment a chohe for Xf :)(" > ::.::') which will make 
I 

1\ v. I. • t t t.,. • t . . 
JJr- a vee or, l.I.US JUS 1fy1ne; our nomcnclo.ture c..nd notation. We 

I 

shal~ then say that the voctor X' has underGone a parallel displace-

mont from A to B if -· .DX"' = 0 

It follows that this definition of parallel displacement depends 

only .on the vector X~ and on the displacement cl::t.~ from A to B. 
I 

A similar procedure may be applied to the covariant components 

Yt.. of a vector in TA . , and analogously to ( 34) we obtain (compare 

where it appears that the .unlmovm funct iori X(:x > :y') is the same as 

that in equation (34). 

§ 27.· The Covariant Differential of a Tensor of Rank 2 and the 

determination of the function Xf:x, =t'). 

In order to be able to make use of condition (4) of §26 for the 

final determination of the function XrxJ~·>, it is clear that we 

must obtain a formula analogous to ( 35) f"or the covariant differential 

of a covariant tensor of renk 2, which must then be applied to the 

function q. b
1

J:'}. We shall therefore consider a variable tensor-field 
. J"J 

A~i ("X)-x'). For thG sako of geomE:t~ica.l clarity Wf:J shall regard A~j 

a.o bo.ing r:;ymmetrical in ~ and j ~ this restriction is, however, 

in no way ef:lsc;ntial from tho analytical point of' Vi8W, so that we 

shall to.1co the rosult as boing valid in any case. 



An e:quation of the type 

A ( :lf: • .: ) :: A ij { .:r) X) ( 37) 
' whore the :):'" aro the coordinates of a :point in our Finsler space 

~ 

and tho y• are the components of a variable vector-field x in the 

tangont Minkowskian spaces Tn represents a surface -·in each Tn 

for ~hich -~~ and, in consequence, Al::-t.~) is fixed. We obtain a 

similar surface in Tn at the neighbouring point x' t cl~· which may 

be regarded as having been obtained b'y"parallel displacementn o:f . ..,thG 

surface (37) in T11 ·at ~~by a parallel displacement of all those 

vectors x~ in Tn at :t;.. to Tn at')(_~+- d.~~, whose end-points lie on 

the ~rface {37). Accordingly, we havo as equation for this surface 
) 

at :X~ .... d::x' 

A ( :X ) +- }) A ( ~ ) :: ( A .: i + d 1\ q ) ( ~ ~ + d'" )( i. ) { .X j + iL.,. >l _j ) 
i 

'where d."X~ is given by ( 34) and JA .:j is the chango in A~i due to 
. ' 

(38) 

tho cha:ngo in tho argumEmts :c" ·and X". Consid'oring only quanti ties 

of the first ardor, we thus have 

~At:x) =- A~J· X~ r{.,.Xj + Ai.j'li d"Xi. + clA~i X~XJ (39) 

or, using (34), 

Intorcha.nging our indices in order ot obtain the coefficients of x~x~, 

we find 

}~! .x) = X~XjjdA~J ... A:.(,.[~~i(.Y,~''rA~It + 1t¥):Jf;>j-t.~:JI>~> ~jj~~~;x'> alat'e) 

- AtJ[ L1\c,y ,,.>cl~~ -to "'((.)')>r')jtk{¥,l.J)0J:~<'(<l',j~ c).:r•j] (40') 
, v ~cx'e 

We shall therefore write 

so that we may put equation (40) in the form 

])Ah) =()At:.j)>':x1 

(41) 

(42) 
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Thic equation ac.tuo.lly re:pr0nentn thE: vo.rin,ticn of the Du.rfu.ce ( 37) 

a::l meacurod. by mean:::1 of voctcrs in T11 at th0 :point -:x.• • 

Thus, if wo wri tc in ace crd.ance with equutL-·n ( 40) 

-cl~ A;.j = Vo.riatic.n in A i..j clue tc the; cho.ngo in metric an we puss 

fr em x.· t o ~ ~ * d.. x ~ 
) 

Vario.tic:n in Atj due tc tJ:?.e cho.nee in arguments x ... and x· 
( i.e. the "na. turo.l" vurio. t i ')11 ) 

D A i.,j '== "Total" vc,riation in A.:. j o.o mt:cwur~..;d by tho indicatri:x: 

we must ho.vo, o.no.logoucly to (24) 

]) A ·. - -'A· · - d* i. • • "J - 1;}1.. ~J ""'J { 43} 

so that cJ..'~ k.j cc.n bu. declucGd imm0clic"tely from equation ( 41). Agcdn, 

the value of i(l:~t,:x.')will be det0rmined sc thc~t DA~j is a covc"ricmt 

t0nr:c:r of rm1lr 2 in cmtici:po.tL.n of thic rvsult WE; shall call 

D A tj , an defined by ( 41), the cova.riOJ:It cliffcrcl1tic•l cf th0 

tensor A~j • 

If 1 in :particulo..r, tho tG:1G~.:r A<j is such thc~t the "nn.turr~l" 

vctrin.ticn d.A ... i exactly outw·e~ghs the va.rin,tion r;~.« A.:.~ ·dUE; to tht.: 

chr.mge· of Hetric, ..DA.:.j = 0 

dioplo:ccment" of tho t0nsor. In this car:u the di:::~:plnc0d r:mrfLce 

in T
11 

at ::x:• + d:x• as vivwod by mcm·w of th~..;ind.icntri::c nt .:c-. r"p:pt::tc.rs 

u.nchc.ngccl in vi tu0 cf' oquntion ( 42). 

obr.wrvorn nt ..:x.• ic unable tc, clisc0r11 o.ny d.iffvrvnce bt::tWv011·his 

inclicc.trix r.n'ld thc~t at tho pt:.int .); .. ~ d.:x.4·, both appearing tc him 

c,s "unit spheres". We mr:~y th0r0L'rc now f'ormulc~tv condi ti!.:l1 ( 4) of 

§26 in the f'r;>rm 
I 

])q .. pc>~') = 0 
,J ".J 

whGrc c;.gain x' is th0 tangc.nt-vC;ct:Jr tc th0 gcochdlic thruugh th0 

tv,rc points 1.U'lclGr conniclcrr~ticn. 



In virtue of (18), §24 and (38), §4, this buccm&s 
I 

+ 'Xf-:x.)JC') [ ~~j_.:J cx,:x.c) 
. ~.,X I~ 

+ '0 3 i..i ( :t ~ .x.' ) 1 ol :X.
1 

( 

O.X I .f. 

nnc1 finc:.lly, using ( 12) of §24 nnd the nymm0try of thu ~..:.l with 

ros:p0c1t to tho indices ~ c~nd. j , WG hcwo 

f:lO thcJt 
I 

Thio vrcluo of· X 

c cvc·,rinnt different if•ls. 

Ai strnight .. fc:-rward cc,lculc;tion givGs ur! th0 trcmsforr.mtion-

( 4 5) 

lnw of; the ChriGtoff&l symbols, o.nd putting )(;:: t. in our 0xpr0s-

oi.:ns ;t'c•r:DX ... cmd DA.,j thv trrmoformc~tion-lawn fer those q_uc~ntitieB 

sbowro1 ~hnt thuy c~.ro t0nsoro :J.S rmtici:prLtod.. This cnlculr\ticn is 

not given here, in vic.:w of tho fn.ct tha.it it hc:.s c:.1rotcc1y been cc~rried. 

r.:ut by' Syng0 ( 2) cmd Tnylcr ( 3). 

c"s · givln by those authoro crv similar to th(; prooGnt d.&fini ticnn 
-> 

the cliffercncc being thrct the c:.r[:,'Uffi(.mto :x' i11 :J.:j nre the tangent-

voct,)ro t·:) Lil c;rb·itrr~ry dir0ction tc; which d~'· c,lso r_:.:pplics. 

d:x'' ::::,:pply to thu geocl0sic through the 

:p:::int'D u.nd.ur C•Jl1fJiclGrc:.tion, thus cluponclinc sololy on tho displacement 

i tnvlf. l:kvortholcm1, the cc.lculr~tion of tho trc..nnfornv-~ti\m-lr.wo is 
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CHAPTER VI 

PROPERTIES OF THE COVARIANT DERIVATIVE 

§ 28. ThG ExtonQod Christoffel S~}bols • 

. In equations (36), {37) and. (41) of the previous chapter it 

is e$sential to observe that the quanti ties r{:x'"' actually refer to 

the geodesic through the points A(.-x.:) and B·(~~ + d..::xi ), these being 

the :points. at which the vector-field. X"' is studied. It follows 
' 

from.the differential equation (23) of §25 for the geodesics that 
/,.: 

d.:x' . is given by 

ol :x· i :: . r -e z :x'; c~.xt.. 
- l j *' j(~,~·) 

and ~oting that X = i , the above-mentioned equations can be 

written in the final form , 
. . 

DX"" = d.. X" 

and 

, I 

of brevity we wtite, 

p ~ J.. (')()X I) ;;:: f J...'j_ ~ 2 . ·~ 
'""'"" · Jr)(,x'> 

equations ( 2), ( 3) and ( 4) may be expressed by 

'D X~ . = cU< ~ . + P ~ ~ ( .::r 1 X') X ..t.. J;x. -k 

and 

( 1) 

( 5) 

(6) 

( 7 ) 
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• J A A p ..R. . I d .[q / 1 p e.. I ) ./ ~ ])A·· -::"" ·· -· i.e.. • t(Y ::r) ~ - ·l-!:;_i • o{:X :x. ctX ~ ~ ~ J J/ ) J ... ·1C' J 

In view of the close analogy b-etween these eq_uations and the 

corr~spond.ing results in Riemannian Geometry, we shall call the 
' 

( 8 ) 

syn1bols P;..J (x,~') the extend.ecl Christoffel symbols for the qirection 

:::R' which determines the clirection in which the parallel displace­

ment takes :place. Again. 'these symbols are not, in general, tensors 

as the notation might suggest at first sight~ This i.s easily veri-
I 

fied by a cliroct application of the transformation-laws. 

In contrast to Riema:nnian Geomet.ry, the extended. Christoffel 

symbols are not s;ymmetrical in the lower ind.ices, and. we shall there-

fore w·rite 
p· •. - ·/t-L~ 7i ~ -k ¥.. ~ - -t ( 9) 

where we have put 

I L t(PL"< -#- Pt ¥-..) I 1o ~ f:t -
.. J n~ - t ( p lt< Ft~) ( 10) 

{-ie -

The ;f,.~~ k_ are thus the symmetrica'l components of the p~ k in order 

thati the Tit_ -k should. vanish, so that we should. obtain the desired 

s;ymmetry, it would. be necessary and. sufficient that we should have ' ' . 

for all directions :x 
f 

-.)3cD I Y.) :x') 
-· .. -·-o·--·- 1 -· . . -\ - ;· L 

(ly'"" '2l..:r.'""' <JJ£ . 

This condition is not satisfied. in the general case. 

We may a:J-so observe that the operator }) satisfies the same 

laws as the orclinary\d.ifferential o:perator cL 
-'> ~ 

Thus, if x,, and Y.1,, 

are !any two vectprs in Tn at the point i.( .Y.~ ) , we have 

(a) .D ( X[., t- )< (~) ) - b ><(~) -\.-' J> X1~1 
, 

('b) D(Xt~1 ;(f~1 ~ 'X1~• 1-X(tl -+ xd, JJx(~~ 

The. first of these is obvious in view of the linearity of )('"' in 

equation ( 2); the second. may be verified as follows-: 

If ~~ ana_ z ~ are the covariant components of any_ two vectors in 

T • then Y~Zj are the com:ponents of a covariant tensor of rank 2. 
n 
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Applying eq_uation ( 8) to y._ Zj , we have 

J)(Y: 2j). = oU '/.; Z~) - 'f~ l-«.. P 1.;. oia-.. 4 

'"' 'f;.fdZj -.. z~ P~ d;x.~) + 

or, noting (7) 
. D ( 'i~ Z ~ ) ::- 'f ;_ JJ 2 i 

§ 29. Variation of Length and Ancle. 

' 
- Y~-._ zJ P ;:_ ~ d ~,_ -~e 

l j (d._ y(. - "f-e,_ p ~~ ~X -/e) 

In Riemannian Geometry one of the Great advantages of" the 

classical definition of :parallel displacement is tho preservation 

of tho length of tho displaced vector and the :preservation of the 

casino of tho angle between two displaced vectors. Unfortunately, 

this is only possible in a Finsler space when our :parallel displace-... 

mont is taJcon with rd:rpect to an arbitrary direction and the lenghts 

and. cos.incs arc moasurud with respect to that osculating ind.icatrix 

corresponding to that dire;ction. By havinG discarded such an approach 

we have lost this rather d.o.sirablo simplificc:.tion, r,lthough certain 

pro:p.:;rtios, analocous to ,those of tho clacsicc~l :po.ro.llel displacement 

b.re r~tainod.. Those that will be req_uirod: later will be discussed 

hero. 

Firstly, the covariant derivative of SOI!le scalars,, such as the 

square of the length of a vector, is simply the ordinary derivative 
-:> 

of that scalar. For, if 'f.. is any vector, we have 

.Dl :t.:J (:Jt:., >t > x~ )l..lJ = [e~.:~ <:x, x )jxt xj 4- -'~ii (.l:.) x)x-i..tx~ ( 11) 

in virtue of :property (b) of the :previous section and the s~~metry 

of the ~ i j Usint; ( 6) and ( 8) of §28, we ded.uce . . 

n(~;J(:Y,)4))(~ x~J-= olj.:J·r~))f)x":x~· ._ Lj~-t.r:t,x>Pf-~ +J~~tJ·<:r)x>P~~]Y~-X~ci.:x~ 

+2j.:j (:K, x) xJ[ d x~ + Pi. k x .e.. dx -k] 

After suitable :pormutation of .inclices, this becomes 
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""L c{· · ("" )() Y~Xj] ::- r. 1.q: i ( x_, "·)X'" vj 
.U J 'J " J .. '\. J •.., . r ' 

and again on permuting the indices in the last three terms on the 

right~hand side we finally obtain 

.D L ~i ~j ( .)( ) X ) y : X j J :· ol J t J. { )l' )' ) )( \ X _J + Jj '-J ( J) X ) .X ,j J X ~ ( 12) 

as was expected. 

In particular, the covariant derivative of any constant scalar 

must vanish, as we may always associate with it a vector whose 

leng~7his equal to the numerical value of that scalar. 

If a vector undcrgoBs parallel displacement from A( :x') to B(x.~-rd.t') 

it fellows from (6) that 

rl X t. 

The change ').. J cp in the square of its length is given by ( 12): 

-t- .-6J.:j (x, Y\ X~ X.~ cJ x« 
~.:x· K. 

.-·; ) p.: i X .t. ,. ./4 
-c;t''-(•'(}' X " _f:x :X..'JX C)::L. 

J 'j . ) -f... {<? • . 

The second term on the right-hand side vanishes (equation (1.5), §2) 

and with the aid of (12), §24, we may write 

;. tl f {.:: r 1. L -hi j 1 n 'X I I + [ j ..,) ( J ( ". ;•. I f ~ll )< J. ,) X /.. - ~ j ~J () ' )< ) p ~ h ()I' )< I ) X J X. L of.:r.- 4 

or, on :permutation of indices 

rl. b . p-t... . tx(.xJ· J k 
c~~ =- i--tf_.Jlt')>~> -j .. ~rx.X> jk(Jt,x'> 1 01~ ( 13.) 

This equation thus enables us to calculate the change in length 

of a vector Undergoing :parallel displacement in the direction of 

the geocl ... esic given by the tangent vector Y--
1

1<:::. J<x-~Jds.. As regards 

the cosine of the vector with respect to the tangent-vector of the 

ge.odesic, we have 

( ' ) - a .:J· r x ' x:, > -:t ' ~.-- x J C.;n .)( ) )( -J 
' ~ ) ~ \.,.:<f' .. 

and since, by definition ef parallel displacement (condition (1), 

§.26), the numerator on the right-han,d side remains constant for 

a :parallel displacement along the Geodesic, the change in the 
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cosh1.e is given by 
. / .. I y X, J X. I ' X J lj 

- ·- )_!::L __ ' _____ ({ 1' ·- - t4.1 /.1:..: X) ~- > 

. ( :2 (() ~l . J '!-
( 14) 

where <"( 'f is found from ( 13). Thus tho cosine is :pre:.::erved only 

when tho lent;th is pre ::::erved, and this, in general, is only the 

case when the displacement takes placp in the direction of tho vector. 
-) ~ 

This is easily verified analytically by putt inc X ~ -kx' in ( 13) and 

using our homoceneity e<1uations ( §2), wh.ere -~ is ·a ·scalar. 

i In order' to be able to compare ancles at different :points of 

our finslor space, we may introa_uce the following definition: 

If f;' is the anglo between the vectors 
_, ->. 

Xr,1, ><"12.1 in Tn at A( x'--), 
-") -) 

whereXto, Xr,> are continuous vector-fields, we define t'f +1)6 to 

?e the angle ,moar:,rnrod with respect to the indicatrix at A, between 
·--') -·-3> - -~ ~ ~ 

the vectors Xr.~ +-l>'><to , Xr;.i + ])1J-l where }>Xr·>, ])'x:(>J are .the covar:i.ant 
--,> --::> 

differentials of X .. , X£,, correspondinG to the displacement to a 

neie;hbourinc; point B(:x'- +- d::r..~ ). 

: In the case of a pE•.rallel displacement, these covariant dif­

ferentials vanish, so that then ])f\ = 0 • 

§ 30. Curvature of Curves. 
I 

As· in §25 we consider an;;r continuous curve 

c: 
in the Finslor space; whore, ~s before, s denotes arc~length. 

Jl::r-ain the unit vector 
•t_~· I 

I 

I 

,,_ 
y 

is regarded as the tancent-vector to c, so that it follows from 

the ::previous section that 

( 1_5 ) 

j) L- 'I . ( ·v ",)-vI.: -v '.J j/ -·- Q ( 16 ) 
.t~:=- j "~ .A l X ._t. ..>-

alonG C. In view of tho fe .. ct that we are c onsiderinc; infinite-

simal displacements along this curve, whose tangent-vectors in Tn 

are the arb~:u.monts in the 0. · in eq_uation ( 16), we. may apply 
I j "j 

eq_u~tion ( 44) of §27 directly; carryinc..; out the differentiation 
I 
I 
i 
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in 16 ) , we ded.uce . 
.D.:x.' ~ 

::a 

-> • i. o o the ve~tor D:x' / 1::>;;;; is orthogonal with respect to the 

tangent-vector to tho curve in Tn • 

it tho normal-vector to the curve. 

We shall therefore call 

( 17) 

Let us consider two points A and B on tho .curve, distance Js 

a :part. We denote tho tangent-vector at A and B by 
-4, 
:::AioJ and. 

~. ~. 
'V I : J I , 
..... (~': + a :t 

; 

B 'Qy means 
' 

to 'B. 

respectively. 
_,.. ;;!-vI 

We then form the vector x~ ~ ~ 

~. 
of a :parallel displacement of the vector :t{o) from A 

In order to measure. the curvature of the curve at A, it is 

then necessary to measure the anGlo De , between the vectors 
_,' -'>I 
X(a + c}. ;x with ruspcct to the indicatrix irt Tn 

at 

at A. As soon from A, the first of these vectors ia to be re~ar-
...... -)· 

dod as ::rt.,, +- bX' { ta}::ill[-; into account the change of metric as 
/ . 
we .:PO.fJS from A to B); thu second, in view of the nature of the 

->I 
.pabtllol displacement is reGarded as ~to) • Making use of the 

i 

d.e~inition civcn o.t the ond of tho ltLSt r:.wction, .De if) thus 
I 

the allblo between tho vector:J 
....;J I ---:)I 

and. ::L{_o> + D-x. a~ measured by 

the ind.icatrix at .A • . -), 
It is clear f'rom cq_uation ( 17) that the vector ::r.ro~ 

also a unit voc~or, so that we may uce tho indicatrix at A to 

fprm an anulo.;-uc of the n cphor,ical imat;o 11 of Gauss o If L 1 and. B' 

CLrc tho points on tho indicatrix eorrocpond.inG to 1\.. and. B, lot 

U[J Q(JUOtO th0 clement of arc 11. 1 B f on th0 rmrfncc. of th0 indica trix 

0 our. definition of anGlo (§9) then a.llovn: ue to write 

in).mcdiatoly 
:De = r.ls, ( 18) 

Ar.. for the 11inkowcJcinn fc'!]_)C:.C0 WG then dc,fino the curvature 

of thG curv0 ( 15) ·by tho oq_ucction 
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I :;:. J~, 
'§ d.s -or ( 19) 
I le - = s Ds 

Using (28) of §9 we have therefore 

I 

9 (20) 

this expression being the length of the normal vector. If we write 

out the full expression for tho components o·f this vector, we have 

in virtue of (2), §28, 

I>.i;_, d:x_'.~+ ( ~ ~ -v1 -/.._J:y_~ I ~... t \)~~ (~)!'')f .. ' t } 1 1..._vi.J' chi( - - ~-- l ld _.... - - - G {<t, 'Y I . .J. ""' , . X u. - • 
l>!::t. . J;,.- ~ r;y.~'> ds ~ J ()x1l J-k (:tl.x''J d.t; ' 

but since in this case the d.is:placemcmt d::x ~ is ly d.efini tion 

id.ontical to tho vector x'./e d !li , the last term on the right-hand. 

side is identically o~ual to zero duo to tho presence of the factor 

Oj {\_ 'l'l. ((I) -:Y' I ) J._ 
. :Jl' 

';JJ(.'t 

which vanishes (equation ( 15), §2). For this particular case we 

therefore have tho simple result 

(21) 

which is tho expression (22) as given in §25 as a preliminary. 

measure of curvature. As anticipated., these expressions are 

components of vectors; also, the curvature of a geodesic vanishes 

identically in view of equation ( 23) of §25. (Here again it must 

.be emphasized. that although we chose our definition of geodesic 

in order to satisfy this requirement, the equation for the geodesic 

can eg_ually well be derived from tho Euler equations in the 
' 

Ca~culus of Variations.) 

~: An intorosting alternative to the notion of curvature 
,1' 

was given by Finsler ( (1), p.58- 65), and it may be-worth 

discussing the difference between the two. approaches. By using 

a d.efinition similar to the one introd.ucecl by Menger in his study 

oft;eneraliscd. metric spaces, Finsler defines the curvature by 
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the formula · 
I 

9 

r--
/~ ?.,4(S-c) 

I -...../ s:~o s:, (22} 

where ;.; is the arc-length of a segment of the curve under consi-

deration and ~ is the length of the geodesic joining the end-points 

of the segment. A fairly long calculation shows that this is e~ui-

valent to the enuation 
/ ':1. 

•/ 
( 22) f 

1 Rare 
-:> • • • c·' 

:x and :7- refer to the curve ( 15), while ~ is the tangent-

vector to a family of Geodesics in which the curve is embedded in 

such a way that the c;eodesic of this family which passes through 

the :point A at which the curvature of (15) is required touches this 

curve. Tho dots denote differentiation with respect to a parameter 

g' t , so that .isf dt = F f :x 3;) • Applyint; e~uation ( 23) of §2.5 to the 

i 
~· 

~o that . 
•• <. 

~ .. .l. ' .. 

= r· (){..:X 
ds X 

I" I c. 
Noting that according to this construction s - x.. at the point A, 

e~uation (21) shows that . . ' .. 
t ,. 

\ 

J) x \; [-- . J 1 = ---- t- ( :y ,.:x. ) . 
])s 

~ showing that apart from a scalar factor the vector considered by 

Finslor in (22)r is the same as our normal vector. The essential 

difference between the two definitions lies in the fact that we use 

, 
! 

the coefficients 

instead of 

(/· ( -t F 2 
( ;)( .. b.x' ) ) 

d')[
1 

• a -;y_' .i 

~ in the ~uadratic form for the eurvature. 
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: Finsl0r shows ( p. 67) that in the two ... cfimonsionnl Riemannian 
' . 
' I 

case his d..ofinition is og_uivalent to the classical definition of 

Gco&6sic curvature of a surface;- and it is evident from eg_uation 

(2/):that in this case (for any numh0r of dimensions) this is also 

true for tho prc.sont dGfini tion. 

§ 31:. Geometrical Inte;rpretation of Curvature. 

:Consider any point 0 with coordinatc:s on tho curve C (15) 

and lot E be a GCO~osic touchinG C at o. We d..onotc by P and. H two 

poin:ts onE and. C rospoct_ivoly, wh_oso distances, me:asured along the 

respective curves from 0 is s. Let i' ancl 1;. represent the co­

ordi'natcs of p and H respoctivoly. Both X~ and. s:are; functions of 

5 ,, so that vvc may write down th9 power-seri~s expansions 
, 

o1 :xi, . c1 a. ~ . 
~: ( $ ) 

~ s -+ I _ X ~ol ~l. .. -::: 'JC.{ol -t- .2 
... . 

ds ds 1. 

. 
cL ~ ,:) J_ )C '-g .. ( 5) :. t. r ~· + I -~ ( 6) !:; 1.-

~(i>) ::,. 
2 T~ + . . .. 

r).S 

SinGe tho tangents of' C and. E coincide at o, the first two t0rms 

in both expansions arc eg_ual, so that 

In ~iew of tho fact that E is a geodesic, we have from ( 23) ,_ §25 

2. e c. 
• d. S(ol 

d $).. 

so that eg_uation (23) becomes 

( 23) 

e • ~ ,_ [ d :JC(~~ + 
):Xt(~) - ~ (S) = ,_ d.S . L , x,.,) .:r.tOJ . + • • • f ~ i . I i. ' .J' 1 

j ~- (~(o) ,~oJ) · 

or,. usint; (21) 
~lf llx:_~ 1 - J) .s 1?. 

,. 

It follows that · ~ ~ -· s" will be of the second ord.er of 
~ 

( 24) 

sma:lmess. a.s compared with .s , and WE: may regard HP as an inf'ini-
~ 

tes,imal vector ( in Tn at H, where the ~z:ror involved in 
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in iqontifyint; the Finsler space with the tant_~ent space at H will 

bo at most of tho third order. (In fact. we may regard~ as the 

tanccint-voctor to tho geodesic joining Hand P in Tn at H). Thus, 

putt inc 

t' I c;) ( 2.5) 
--"" 

it follows from (23) and (17) that in the limit tho vector KP 

is orthoGonal with rusp0ct to. the ta.n::;0nt-vector to C in Tn at 0. 

Also~ wo have 

~ (_l ,L_ _j 'j ( J() 7) 7~ j 
~·) b)c. : . f) ':)L I J 

::= I ~· ( J' =::: --·--s .-,-.)Q S'~ .s ~{) s'-~ 
4 ~ ~j ) 

D~ ]Ys 

in virtue of (24) 1 and we therefore deduce from equation (20) for 

tho curvature that 
L 

{ 26) 

Expressed geometrically, this means 

( 27) 
K!$ 

where Ss represents a small displacement alons· the curves E and 

c ( 15). 

This result mrprE:sses tho most fundamental property of cur­

vature of curves: a similar equation deduced in Chapter IV (p. 39) 

for Min1cowskian spaces was used aE! the foundation on which the 

Differential Geometry as developed there was built up. 

'rt is pon~ible to extend our investigations as before to 

curves on surfaces embeddod in a Finsler space in order to obtain 

the f>upin Indicatrix for such surfaces. We shall refrain from 

including m1ch a discussion as the only difference contained in 

the :arguments is found to be in tedious investigations into orders 

of m'at:,"ni tude of small variations which arise from the change of 

met~ic as we pass from some point to o. neighbouring point. It has 

been found that since: we deal only with small distances and angles, 

these effects could, inGeneral,. be neglected, while the principal 



trend of tho art;;umont :procoE:dcd as in Chapter IV. It ne0d hardly 

be :pcintcd .·;ut that instead of usint; the 11 affinen parallelism of 

lviinJ.cr;wskicm EJ:paccs, we nadc uoe of the notion of :parallelism as 

d.ovelopccl in tho proviouo chapter for such purpo$OB an 

absc.lutc parallelisn is naturally essential. 

In c·:nclusion it r.1n.y be nctocl that ~ho se:ccnd. :part of Finsler' s 

wor1t ( 1) is clovotod tc, similar g_uostions cf Differential Geometry, 

but as c:. rcoult of tho cor1:plotoly different approach the re:mlts 

obtninocl b~r him do not corroDpond with our pre cent investigations. 
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CHA:PTER VII 

GEODESIC DEVIATION 

§ 32. Curvature ao 11 Defcct 11 • 

In Riemannian opacer:J a well-1rnown nethcct of' cleriving a measure 

of the curvature ol the opace is the calculation of the change in a 

vector when it is diopluced parallel to it[l6lf around an infiniteElimal 

c loso,d circuit. An analoe;ous methoCL was used by Berwald ( 22) in 

FinB~cr spaces, but the noticn of po.rallelisr.1 employed 'by him clepen­

cled on an arbitrary field of curves ( com pare § 2 6 ) • When the oame 

process is applied using our clefini tion of parallelism, it is found 

that tho final result is unsatisfactory d.ue to the unavoidable 

presence of soconcl orcler clorivatives of a pair of families of curves . 
intl:'ocluced in order to obtain a circuit. The calculations are some-

what :complico.tocl o.nd. arc not given here as we shall approach the 

subject of tho curvature of a Finsler space from a completely 

different z.n1t;le. 

If we ronber that the tangent Minkowskian space Tn at any point 

of our Finslor space is affine, i.e. a space of zero ~nture, it 

io clear that m1y Cl.ifference between Tn and the Finsler spc.ce at the 
'.. 

point u.ncler cr~nsiCl.ernticn will give us sor:1e P-J.oasure of the curvature 

of the Finoler space at that point.. Such Ctifferences may be regar­

ded c~.s nclefects" in comparison wit,h the affine character of the 

local Tn. 

Defects whose mngnituccs are of the first orclGr of smallness 

when c ()mparod with an infini tosimul clispln.cement are nclequntely 

expressed with the aiel of the extended Christoffel symbols; it is 
I 

therefore eviclont thc~t we sho.ll ho.ve to seek clefects whose rmgni-

tuclos are of the second order of smallness, . The following is o. 
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brief mtnnnry of cur line of approaob to 

this prohlern: 

In Tn at any point 0 of our Finsler space 

consiQer two directions 
...., -:> 
e, , Q~ making a 

small angle with each other. Mark off 

0 

Fis. 6 

-) ~ 
points P', M' along e, and. e.._ respectively 

so that OP' = OM' = .s. Then as a result 

of the affine structure of Tn we shall 

show that 

= canst. 

and 
--~ 

rJ<-( P' M') 
---· 

d s:>. 
0 ( 1) 

' 
i 

If we consiQer the Geodesics E1 and E2 :passing through 0 and. 
-) ~ 

haviP.f; as ta.J.1bent-vectors e, , el. we can construct points P and 

M on[ E1 and. E2 respectively such that the arc-lellb-ths OP and OM 

are 8qual to ~. (FiG. 6). I~ s is small, the length of the 

seGment PM of tho Geodesic through P and M Will be at most of the 

second order of smallness in comparison with the angle between 
--4 

E1 and E2, so that we may ret;arcl PM as an infinitesimal vector 

in Tn at P. Tho calculations of this chapter will show that for 

the F'insler space ----+ 
D~ ( p M ) 

:f 0 ( 2) 

--i 
so that in view o;f equation ( 1) the quantity ])z.( r M) will be 

a measure of a defect of second order. 
----7 

Clearly tho calculation of Dl. f PM J is simply the problem o:r 

Geo<\esic Deviation in Finsler spaces and we shall therefore.devote 

this chapter to a study of this subject. We shall derive a notion 

of curvature, arid it will be seen that in this way w~ are led to 
' 

the ,equation o~ Jacobi which plays such an essential part in the 

inv~stigation of tho second Variation in the Calculus of Variations. 
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This enablGs us to SGO quite cle;arly why an approach alO!lf,' th~::se lines 

ir.r L moro na.turnl ono for Finclor space~, remeborint; that, after 

c~ll, thooe s:pacoD oriGino.tu primarily from the Calculus of Variations. 

Furthcrmorc, our cc"lculo.tions will e:nable us to compare the 

_. ind.icatrix in T11 at 0 with tho geod0sic spher0 at 0. Geodes±c 

spheres are defined to be those surfacos in the Finsler,spnce which 

are tho locus of points. on all geodesics throut;h 0 and equidistant 

from o, i.e. the "unit spheresn in the Finsler space. Such d0fects 

will illur:_~trato our notion of curvature very cloarly. Final·ly, it 

need hardly be pointod out thc,.t Jacobi r s equation enables us to 

study problems in thE.; Calculus of Va.riations in tho Large with the 
i 

aid 6f our Finsler .space, and wo may expect that such investigations 

will;leo.d to interestinG results tmalor:;ous to Bonnet's Inequalities 

for closed convex surfaces in a 1uclid.ean spac~ toGether with other 

woll-Jrnown theorems of that kind. As far o.s I know, those problems 

:· have not yet boc:1;1 studied.; but it is likely thut the key to their 
I . . 

solution i::J to bo found in this and the following chapter. Thi~ 

view has boon cc,nfirmod to some extent by thG partial re&'Ults 

obtaine:d. so far. For the present we shall dc;sist from any such 

attempt and confine ourselves to questions .of a purely local 

churactcr. 

§ 33. Co.leulo.tion of ])tP't.) 

! We; r;ho.ll consid(;r two geodesics E1 and E2 i~suing from ,o, 

and.: we shall denote tho arc-length measured along E1 o.nd E2 by s. 

and r:r resr)(;ctively. Tho angle between E1 and E2 as measured by 

the indicatrix at 0 is small. The coordinates of points on E1 are 
' donotod by _)·.:' nnd. those on E2 by 'If" • For the kind of problem 

indicated in the last section it is necessary to obtnin a more 

general view of the behe,viour of iw.l neighbouring t;6odesics so that 

we, shall considvr a widor law of correspondence between points P 
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.. d .u• .,~ an r as functions of s 

and c:r respectively, we nrust adopt some kind of functional relation-

ship between s and (t , where s is rer;arded c.s the independent 
I 

variable, We stipulate that this law of correspondence is such that 

the arc-lent;th of the Def,1l1ent PM of the geodesic through P and M 

toGether with it~ rate of variation with respect to £ · is of the 

name orcter of Dmallnens ns the anGle elf between El and E2 .. Denoting 

· this lent,·th by ::,; , and the tanc;ent-vector to the geodesic PM in 
...... 

Tn at P by 'X , we shali write . . 
{' ; tx~ 

so that the ~~ and their first derivatives with respect to s are 

· of the first order of smallness when s and a- are finite. We then 

have 
S'-fS)::: fi-Cc-)- ·~.:-('~) 

when we net;lect the errol" involved in identifyins the vector ? 
in,T11 nt P with the displacement PM. In general, this error will 

( 3) 

be of the second order of smallness compared with, elf, but later,. 

when we lot S --P 0 · it will be of at most the third order. The 

correspondence between points P on E1 anci M on E2 is best expressed 

in the f ort1 " 
clo 

::. + '/tfS} (4) 

where Ats) is an arbitrary, continuous and differentiable :function 

of S; tho only restriction on ~ls) being contained in the above 

stipulation. We shall show that this entails that )\I"-) is also of 

the first order of snallness. 
-) ~ 

If we denote the tanccmts to E1 and E2 by :t.' and 1f' respectively, 

d.iffercntiation of (3) t;ives 
,;. cia t ( o·) cis· ( .5 ) 

t This was SUGGested by a :rr1ethod used by Levi-Civi ta ( ( 33}, p. 210 ) 

in his calculation of t;eodesic deviation in Riemannian spaces. 
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But on E2 we have . . 
<j ~ .i ('f) Y- I) t'. f I J ;:;: I 

so that on substitution for ~~ fron (5) we obtain 

( clcr_ )'- -=a .. ( f' \f' )( '::¥._' ~ +- _d.f,;_ )P<..' J + 
cl. s J'J . I d S 

( 6 ) 

But neGlcctinc quc~tities of the second order of smallness, we may 

write 

( 7) 

Also, on E1 wu havo 

( 8 ) 

and usiTIG thuuo rorm1ts we find that eg_uation ( 6) th&n assumes 
' 

the form 

( d )
4 

1 + 
<{ ~ ::: 

rUJ<.j (~:x.'_!. .)::1~ x_'J g~ + 'C>J.:~ (.)(,:lC') (f'-k- :x_I(..):XI;_:x._IJ• 

ox ox'~ . 
,;_ dfJ 

+ ( q" (::X :x') X -
'.J(.J > ds 

where wo noto that tho third expression on tho rit;ht-hand side 

vanishes in virtue of (15),§2. 

{ 9 ) 

Donotinc by ~j the components of the vector in Tfi at P corres-
_., . 

ponding to th0 vector x' in Tn, we may, using equationo (12), (18) 

of §24 express the second term as follows: 

With the aid of this result equation (9) becomes 

( dd )z 
d. $ 

[ 
d 5J' • . 

+ ?. . -r- .J x' L JJ rs [ ~ ~ t;)'.~., ( 11} 
:: 

. -? 

The oovarif::J:lt differential of .S in the diroction of E1 is given 

by ( ( 2), §28) 
"'~j -- d~j + f; z e'-k -A;x..:- + .1 q..i%-(<t: :ll.') ~:r"·-4(:t-l)C..') "ted ,.e 
.J.J5 ~ "-k Jc~e,Jt.'J~ '< .L .J ' (j;x.,~e .:t ~ 
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cLsl 
-' 

Applying equation (3) of §23 to the last term on the right-hand 

side, we find 

1-J·.b~j-:: Lf• [cisj + (.J·~ l I -:x'~ ;"dsl + ,!, J(_j~ 0J_"<\''~e(;){,;>t')skdx'f 
JJ.· j.,J YvTCfc::x.))cJ ~ 0 ~· 

so that again in virtue of (15), §2, the last term will vanish, and 

we finally have 
j) £J lj J. -----. 
l>s 

Comp:aring this result with 

(~{~·)~ = 

equation ( 11), 

+ ~u . .bsJ 
J-l .Ds 

we have 

( 12) 

( 13) 

Not~ng that we have stipulated that ]) sJ / b s is a quantity of the 

fir~t order of smallness, it is clear that we haye as a first 

ap:pJ.1oximation 

Together with 

::: 

equation 

.D~-l 

~J D s 

"Dr j 

+ Lf,j 
J ])s 

(4) this yields 

= A( S) 

I I; j) g..l A 
Cf··(:X.X)X- ~- (.S) 
J~J , .Ds - l 

( 13)' 

( 14) 

showing that as a result of our stipulation, ''At S) is also a quan­

t 1 ty of the first dJI'ier of smallness as we. expected. Also, the 

geotnetrical.meaning of (.f<;,) becomes clear: AC s) is the projection 
~ 

of D~ I b s onto the geodesic ~1· 

• Also, it is worth noting that if we choose· Ns> :; 0 , so that 

the: law of correspondence between P and M would be given by u = s 
. ' 

it ~allows from (14) that 
, ..... cJ 

r fL ~ ~ j ~ j ( y I :X' ) ~ - :;: b 
.b.s 

( 14)' 

-.::;. 

whtch means that the vector .1:> k / bs is then orthogonal with respect 



83 

to th6 tangent vector in Tn at P to the geodesic E1• This re&ult 

could have been expocted from the purely geometrical point of view. 

---.:;> 

§ 34. . Calculation of ct 2.( f>f'/i.). 

If we substitute the value for c.J..o/ is as given by (4) in equation 

( 5), we obtain 
' 

Js\.. J'--

- ~ (o') AIS} 
ds 

Also, :differentiating· (4) an?. (5) with respect to .s, we have 

and 

· cf1. if 

d. s·::~. 

( 15) 

( 16) 

( 17) 

Expressing tho second term on the l&ft-hand side of (17) with the 

aid of (15) and (16) in 

t' ~·(c)) ~:~ 
the form 

J). . 
= -· ( :::t:' ~( ~) 

ds 

.. 

J ~" 
+-

rls 

we see that if we neglect quantities of the second order of small-

ness, we may write 

and equation (17) becomes 

-'j-J"·,: (cO (Jo_)1. -
c/.S 

= y',: ( S") d (.. 
ds 

el l~ .... 
"~ s 

'¥.. (~) + 
d s 1.. 

( 18) 

But it follows from equation (23) of §25 that we may express 

the equation to the geodesic E2 in the form 

t>ouJil{cf) =- f_~ z t/.1 j -v~'-1.. 
r LJ ;,_ \<~, 'I-' J r r 

(20) 

If we multt:ply (20') by ( J.of ds) 
2 and. substitute from ( 5) the values 

of ·v.-' , we obtain 

·( d.~-)2 ·v," .. r,,..-) r :_ l (::t:'.j t- dsj )(x.' e +- :!_l_t..) 
r u =-?;t..lt'f,'l-'> J_s . J.~ J:S,, ..., a. 

and again on neglecting terms of the second order of smallness 



84 

To the same degree of appro;x:imation we have also 

where· 

( 22) 

or, in ~virtuo of ( 1.5 ) 

ol __,lk _ d~K 1k' .-
.J.. _ 1f (()') niS) 

oLs 
( 22)' 

Taking into account tho equation 

,~ fi.-1 ,.; ,{_ 
..X f.S) + . tJ. X ..:X: - Q 

J 'fl. ()(\:><'I 

again neglecting terms of the second order. 

Comparing this result with equation (19), we find 

:x' ,: ( s) d .. ~~ 
ds 

- - 2 [.~ 1 :x'·J Jse...-
.J { (¥ ,JC.') JS 

~. f~ L "JL'J:x 1-t..g ~ 
C).:r~ (j t J{x,l<'J 

The last torm on the right .. hand side requires ·special reduction. 

We have, by equations ( 16), ( 18) and ( 13) of §24: 

~ ' ~ 1 
0 ~ I 4 i j 

1
t._ s ( l' 

1 
;)< 1 ) :;:;. ~ ~I {? [ J ~ 'k,. l :)( I ::t_l ) [ J' J.. 1 1'k. ] ( il:, .): 1 ) J 

(23) 
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According to og_uation ( 1.5)' of §2, each of these last three terms " 

vanishes identically. Replacing for tho moment for the sake of 

, brevity only the term 

i ,. 
' 

L piZ f ( 1(, ~ I ) 

by - ~~~ P (in virtue ·Of the equation to the geodesic E1 ), ·arid su.bsti ... 

tuti;ng. for cl21't from ( 22} we find 

~~~41f·~~~ :x 1j;y,+.. dac'-k-:::: qi.'k->.(')1,~,) ~:1~pc~.~·~ ~''F>(~'*-::x'k) 
J( ; .j ( 4: I :XI) . .J ~ ::x:' ~ 

Using og_uation (1.5) of §2 we see that the last term on the right-

hand side vanishes once more, and we arc left with 

().~ f ·~ ~ ~,.J,2£' I.. d.a:' k = rz;~v...l"l, x') 'OJ~r> {)(, 71{') ac:'' pt{' k ( 2.5) 
'dX ~ Jot,rJ ~ a~" -ft. 

1<. . 
If, instoad of ( 22) we substitute from ( 22)' for dx' in equation 

( 24), .wo find 

and on multiplying equation (2.5) by AtS)and adding the.result to 

equation (26), we obtain 

(1.+-/.lsnl ri ( -:t'~~,/..ol ,-/(::: q~l!ll.(r,a;1) ~~"'-~(~.~') a''P olfi (27) 
. . 'J7t'4> J k>,~t'J ~. J ~ac' ~., el~ 

Dividing by(~+-1\f.s))and negle~ting(lt(u]\ this becomes 

·( 27)' 

"P r ci r~ _ A(~) d ~ kJ 
a::: L '"F d s 

It is to be noticed that equation (27) is exact in the sense that 

it has been deduced from previous equations in which no approxima­

tions have beon made. When we substitute (27)' in (23) we can, 
' 4 

however, neglect the term Ns) d 'f / d s , and on replacing .x '' P by 1 ts 

value along tho geodesic E1 , equation (23) will then assume the 

:form. 
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I ( J A 
ds 

... 86 

where it is to bo notod that the valid substitution 

o:; """ p ( )( I :X. I ) = .. 0 J """. * ( .)( ) ':::( I ) 

-;)x' -k -o~' p 

has been mado, this involving on~r a change in the order of dif­

ferentiation of the function cf'<;,cJ:lc'), 

~ntroclucing once more tP.e "extend.ed" Christoff~l symbols by 

moans of equation (5) of §28, we see that the last result can be 

oxpro~fwd in the moru convenient form 

_Jlc~: £ • d"'"'- • 1 1 
_o_!>_ i + Z p {. ( ~, x') .:x '.J _!l_ =- :x.' "' _a_ll 
d. .,;l : j d $ d c; (28) 

, 

For the sake of brovi ty we shall wri tc- for P ;~ (x, x.') simply P ~j 

as there will be no possible dangor of confusion as regards the 

arguments of these functions for the next few eoc.tions. 

In order to derive an equation analogous to Jacobi's equation 

from·(28) it is cloar that we must find an oxpr(;ssion for ~2-s.:./Ds1. 

which doos not inv~.lvo ds.: /dtt. as in (28). 

. -4 
§ 3.5.: Calculation of1>2.( PM\ • 

..;. 

Consider once more the covariant differential of the vector S 

o.s we· pass from tho point· ::r.(( on E1 to a neighbouring point x t.!..,. dx le 

also on E1 • We then have firstly from equation (6) of §28 

+ 

and s~condly 

D'l.S'- _ cL [ ·d5" 
J)_s2. - JS clS + 

Carrying out the differentiation in the first term on the right­

hand ¢ide and simplifying we find 
' 



_Dl {\.. . 
c(1 ~L _'dPh $~ ~~ :x"e cl p~~ s{.:x.'~ o:..'j 

1\ sl - J -::,1.. + X + 
a~, e ()xi 

r . 
df~ 2 p, L' .X I ,J 

, 
F f,, II ·IR S { :X q' :X de t pt.. 

p~k P/. t,j 
(.Q s +· ·f.. {:Q .:.> J::. +-

J 
• • • • 0 • (29) 

Using the d.ifferential equation for the geod.esic E1 , we also have 

' for the seconcl last term on the right-hand side of ( 29): 

Pt -k s~ .:c." k ..-.-r}~ _st. f k. z :x'P ~,J· 
l p J Sc.x:>:,c..' J 

on interchange of d.ummy-suffixes. 

MaJ.cing use of this result, we compare the equations .< 28) and. 

( 29) by eliminating the term J.." s~( Jsl.. After factorisation and. further 

interchange of dummy-suffixes we find 

= - ["~,I/~ L ... : 
? p~~ 
V :X I ( 

It is to be noted. that here we have succeeded. in getting rid of 

the term involving J S't../ r) s and our results will only be useful 

because of this. 

Equation (30) cenbe written in a more symmetrical form as 

follqws: We have from (5), §28, that 

= 

J'l'k.l . 0 . ~· .e 1 0x' P 

~ ~; e ph -u~ :t 
where the arguments in the tj~j and. the Christoffe~ symbols are 

(-::r.. ,~·) throughout. !n virtue of ( 15) and. ( 15 }' of §2 we therefore 
- .. ,~ 

find on multiplication of this equation by :.:' J ~ • ; 

(31) 
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where !again the last term vanishes identically. Using this result 

together with equation (31) in (30), we finally obtain 

; 

Since 'the left-hand-side of this equation is a contravariant vector 
~ • L. 

and ! x' J x 1 
'<{ arc comp anent s of a c- ontravariantto-ncrt or of rank 3, 

I 
I 

we shall put 

' 

. 
t-- 0 p~ ~ ()():y') ( l 7 :rp 

'C)~ 1 e l pJ ji>-,Y') 

so that eg_uation (32) can be expressed moro simply by writing 

( 33) 

i ]) \. ~ ~ , ~ d A - - 0 .~ . ( I ) f -R -..,I ~ ~' k ( 3 4 ) 
- '::)(. -- - f\.~J.;. <1)"-::£ -.) ....... a. 

!>.s' Js .J 

~e now observe that this eiluat~on is true for an arbitrary 
: ~ 

vectors - arbitrary .in the sense that it depends on the 

arbitrary function /!£ ~ l , so that ""( is by n~ means determined 
...... by . :x' • 

1 

It follows that the quantities 

Rl.t..J (¥,:)('>:xd ::x'-k 

are the components of a mixed tensor: contravariant in i. and 
I 

cov?~-riant in-~ , so that we shall regard (3.5) as the components 

of the curvature tensor for the direction '1' at the point P. 

(3.5) 

It does not follow directly that Ri 4-i is itself a tensor as there 

is the possibility of addition of terms which vanish when multi­

plied by ::1.
1 j :xJ k; in view of the homogeneity relations ( 1.5) and 

( 1.5 ) t of § 2. The tensor-~har~cter of 'R ~ ~j can onyl be t~sted 

by.a dir~ct transformation, but. as we shall only be concerned wi~h 

eXpressions involving (3.5) we have omitted such an investigation, 
i 
I 
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§ 36.: Comparison with the Minkowskian Tangent-space. 

In order to sub'3tantiate the remarks made in the introductory 

§32 we shall show briefly what can be obtained by applying the 
-'.> 4 

methods of tho :previous sections to two fixed directions :f.' • '/- 1 

in T:r:i at o. As before, we assume that the angle between the unit 
I 

• ··-"l -'1 
vectors ':X' -v:' 

. ' r is infinitesimal, i.e. (:x:''- 'f'') is of the first 

ordor. of smallness. r· 

The coordino.tos of pr, M' on 1• and ~' are given by 
. 

= a· 'fi' '" -j 
As in §33 we write· 

= + 1\fs.) ( 4)' 
-'.> ~ ~ --';) ~ 

and putting PM = ~ , we have, since OP + PM ;;; OM . . . .st. =- <:f 1j.J' 1.. - s :X.' 4,.. ( 3 )t 

or, on diffcrenti£t.ting with respect to ..s , 

= ( .5 ) ' 

Now, since 
->, ~ 
J. and''f' are unit vectors, it follows from equation 

( 13) of Chapter III that' 

Cp(-x'J 'f'') = /- t.j.:J(-;x~~'J(::X'~--y.'.:)(X.c.i_ ~'i) t-••· • 

so that 
q .. f :X :x') .:x' .:'f'' _; = I J • J . ) 

up to the second orclcr. 

follovvs that 

Multiplying (.5.)' by' q,·(~.~'>-:x'J it then 
J"'J . 

or, using (4) 1 

olo· 
d.S 

.f. j c:_ j (:!f. I :J(' ) ::X' <. 

( 14)' 

as expected in view of the results of § 3. .Also, differentiating 
' . 

· equation ( .5) r with rospoct to S , and noting that ~· ·, '\f' • are 

const~t, VJ(; have 

;;;: 
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or, in virtue of (4)' 

oi ~ - 0 7S-

But Sl·n· ce f ..... _' I. - ' 1 '
1 ~ )d 'A( _Js · f th d d f lln ~ ~ ~ lS o e secon or er- o sma ess, we 

can replace this last result by the e~uation 

-e-f.. , .: J 'A a 
d ~l- - :-:c.. ·~ ; 

( 34) f 

Comparison with equation (34) shows clearly that the quantities 

1 I( l.~ -hj . are a measure of tb,e defect, especially as for the case d ).jds :r CJ 

the quantities ce·g;./ cls,l. in the Minkowskian T would vanish, whereas n . 
( ' ' 

this is by no means so for D l. f'"/b~ \n the Finsler space. 

Since the sum ~Jj ~ J is an invariant, our results in §29 show 

that we may write 

.;L ( t ~ ~ ) --
""{j_"S ' ::1 ~ ·~ 

Since t.he operator .D here refers to a. displacement along the tangent 

to the geodesic E1 , it follows from {44), §27, that the first two 
'' 

terms in this expression vanish, so that 
1) f-l 

l-J • 
..jJ l::l.s 

{ 36) 

(Actually; this result can be obtained equally well by direct cal~ 

culation, using (12) of '§33, without recourse t·o §27). 

Using ( 14) of §'33, this result becomes 

Thus, 

by direct integration, the constant vanishing since s'".:: o, when 

~ ;: 0 • 

r;r we choose ;>.. = 0 for the function )\ ( s). it follows that 
-) 

(37) 

(38) 

S. ::::- ,j- and f is orthogonal with respect to the tangent-vector in 
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Tn at !P to the geodesic E1 • 

~inally, since ij (b 5j I b 5 ) is also an invariant, we ~ave, in 

the same manner as beforet 

so that in the case I\= 0 the three vectors 
~ ........ 

-:j ])g b._f 
s} 

bS :b s l. 

(39) 

are a:ll orthogonal with respect to the tangent-vector of the geodesic 

at the point Po 
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CHAPTER VIII 

CURVATURE OF A TWO-DDillNSIONAL FINSLER SPACE 

§ 37. Polar Coordinates in a two-dimensional Finsler space. 

In this chapter we shall consider the notion of·curvature 

as aerivod in §35 applied to the case of a two-dimensional Finsler 

space, In order to simplify our calculations we shall introduce 

a coordinate system analogous to polar coordinates in a Euclidean 

or geodesic coordinates in a Riemannian space, Having chosen a 

fixed point 0 in the Finsler space as origin~ then through a given 

point P, provided it is sufficiently close to 0, there passes one 

and only one goodosic from o. This geodesic will maJce an angle r.p , 

measurvd and normalised (compare §9) with respect to the indicatrix 

in T~ at 0, with a geodesic that has previously been fixed, If .s · 

is tho arc-length of the geodesic OP ,· we shall rGgard .$ , 'f . as 

tho coordinates of tho point P, 

Lot Q bo tho point ( s · +- cis,) ~ :r elf}: then, as before, we 
...... 

shall identify the small displacement PQ with the vector g . in Tn. 

at P. In our new coordinates we will then have 

~l. = ~·,, (S>f~ f, 5'-) ds"l. + :J d"tl. (S.,, cr; s'J g''J.)d~ elf +Jl..tl(S,f: f',s' f'1h1 
(1) 

where again the fUnctions 'I~ J dep.end on the direction of PQ 

as ;well as on the coordinates of P. 

If R is a point on tho same extremal as P and distant d£ from 

P, it follows. that the components in equation ( 1) will be ( ds, o ) 

and we deduce that 

or · 

~,, = 1 ( 2 ) 

along uny good0sic through 0. 
~ 

If t is the tcillgent-voctor in Tn along the geodesic, we have 
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nncl from :the clifforu·ntinl 

cl}- t" 

J s; l. 

· it follows tlk'1t 
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t ~. ::: 0 . 
) 

cquutio~ (23) of §25 for the 
." ~ 7 ' 4 

f i. k r t.J t :: 0 
(.,j · H"-,f;e) 

nlone; nny geodosic through 0. 

( 3) 

geodesic 

( 4) 

If, in :particular, the:point Q has coordinates ( s , f + Jcp), 

it follows from equation· ( 4) of §33 tho,t we o..ro clon.ling_ with the 

cnse /t.1 s) : 0; ( s vc:.rinblo, f m1.cl ~f fixed,) so thnt we deduce 
.... 

from equt.tion ( 38) of §36 thc~t £ is orthogonal with respect to 

the to..ngcnt-voctor to tho gecdosic nt P. Since th.is implies 

-:> 

where now ~ 

we [1.ave 

. . 
~ ~i r s , f ; t ) t " r .j = o 

ho.s components 

f 1 = 0 ) g'2 .. J f 

• 
1..- ts·a;_··t')-::0 

(} 1). J .\ J 

o..long nny gooClosic through o. 
i 

Also, on substituting the vc,lues (.5) in equn.tion (1), we 

find 

j. 

Where, C!.S boforo, r~l is homogeneous of order zero with respect 
~ 

to S • ( Compnro §2). Uow if the :point P( s , 'f ) is given, the 
~ 

d.irbction g ortho;-cnr:.l with re;spoct to the tn.ngent ... vE:ctor nt P 

(5) 

( 6 ) 

( 7) 

( c.pQ.rt from sie;n) is fixocl, r.nd it follows thnt in equation ( 7) the 

f'Unttiox1 J' 12 is C1. function of { s , cf ) only, prortcled., of course, 
I ~ 

that we [l.ro ffiOCl.SUring i11 tho C'droction .of e • Accordingly. we 

d.Gnoto the· positive squo,ro root of this :function by :f < os. > <f),. end 

write (7) in tho furm 

( 8) 
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' 
Keeping f D.l1d. df fixccl,. wo fincl by ropoc~toc1 Clifferentic~tion 

with respect tn·s 

= (9) 

or, c:n elimi11n.ting df botwocm og_uo..ticns ( 8) rmd ( 9) 

I ?:lf 1 ___ ol.~rs, p) 
g~~ = f(S,cf) cS~ 

( 10). 

This result is clc~rly connoytocl with cur eg_uc.tion ( 34) of the 

provi·'us chapter of tho ge:o(losic C\.ovir:.ticn when we hc~ve "At-s > :: O 
' ' . 

f'..ncl · n = 2 , f'..nd we shr~ll estnblish this com1ecti(:n in the 

following sodticn. 

§ 3~. Gr..ussio..n Curvc~turo in Polf'..r C oordinc~tes. 
.....,. 

Still using tho notn.ticn of Chr..ptor VII, let x be the unit -..., 
vec~or in T11 c.t P whe;ee d.irocticn ccinciCl.es with .S · • We then 

hnvc 
((.= 1.)1) 

( 11) 
I 

In "tr"iow of tho 
I 

result a of §29, C OiT['.Jr i ['.!1 t clifferent ic. t ion of this 
I 

oq_u~~tion t;ivoo . 
J> X'"' . os s ))X" tl ()~ 

. s + ><'" ::::; + - -
l>s ~s l:>S g ~~ 

::: 

J1ultiplyihg this cq_un.tion by j~ c.ncl summing ovur L , it followl1 

fr,~-m oq_uc~tirn'l.s ( 14) cmcl ( 38) of Chc.pter VII thc.t 

])X... . 
~L- = 0 . 

.J:)S 

( 12) 

( 13) 

Thu~, oi thor ( CJ.) tho voct or 1:d ~ I b s is orthogonal to the tc-,ngent-
, 

vegtor to tho goocl,esic E1 nt P, 2.!. (b) it vc..nishes. 

Let us f.'..ssume first tho former cnse. Then the clirection of 

coincides with the vectors ~~ nnct h e·t )) s , since we 

hc.ve n .;;;. 2 nnd. both vectors hnve been shewn to be orthcgo-

nnl with respect tc the to.ngent-vccto~t of E1 • Differentic..ting 

( 12) once more with rospoct to s. , we obtcin 

... 

lr'" "'"'"""'''''"1'"'1~ 
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.. 

\ 

IJ,_f .. 5 ]).1 X "" 
2 

J) x• J~ -j.. X ... 0 ,_~ 
:: + - . 

:n s l J),s l ..l>.s. ·-os ~s~ ( 14) 

_,. 
Now, since X is c. unit vector tlu":::ughout, we hnve 

J) ;_ 
))s ( X X i. ) ::- X ~ 

})X~, 
..... XL .bX ~ 

..Ds 1)!> 
( 16) 

4 

But since the clirocti·:;ns of .Dx I t>s ru1d. X c c inc iCie, we mny write 

so thnt (16) boccmes 
.])X~ Y.·- ;;:: 0 

L 1l $ 
( 16) t 

Lot uo now r0turr. to ·-:~ur sp0cic..1 coorclinc,te system of the previcus 

secti:jn. There we hn:vo 
. ' 

. X~ :;; 

n,nd. equ,o.tion ( 16)' becomes 

0 

nnd ·1 

- 0 

so thn,t cr..se (c.) r~utomc,ticr-"lly rcc1uces to cc.se (b). 

:Equc.tion ( 1.5) now becomEJs 
• 

Xi.-~-~( + t(~:.e.<)t,:r..'):X. 1 i?;x 1 J §L:::o 
()sl '""' ·j 

Multi:plying tb.is equc.tion by X\ c.na. ffillllming over ~ , and. taking 

into :8-ccount equc.tion ( 11) ,, we find 

.j. { 1 q u ( ;t, K > I( i l , ( ~ > ;_,) a:,~ :x.' j X e X {J ~ () 
J . J . 

( 1?,) 

( 18) 
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' -~ 

Sinc.o tl::o Ullit ve;ctcr :t. io uniquely cletcrminod qy the ccurclinc..tos 

::f P r~::1c:. the: 'lirocticn '" f, tbo GC:Y"'cof:1ic thr:.ugh P, VJt:; m::-~y wri tu in · 

( 19) 

We sh~.11 cc~ll I< t x> x:') tho Gc~ussic..n Curvo..ture o:f tho FinBler spc,ce 

nt tho: :point P fur tho dirocticn ~~. -- - Si1ice 5 (a l0ngth) is in-

vr.ri,~nt, its secGncl clvrivr~tivo with rcsp0ct t.o s is o..lco en in .. 

vnric:.n~, n~; thr~t it fcll.ms from tho oq_u::-.tL.n ( 18), which now assumes 

the f:~nn 

(20) 

thr.\t k<xlx') is ::..n invr~ric.nt •. 1:-:-.tor wo shc.ll give c.. clefinition of 

Gf":ussif'Jl Olu'vC'.turc which C .. cponC..s solo ly on .th0 posit ion of th& point 

u.nct0r c~ncL'.crr;ti n, i.o. f\ notL~n of curvature; which is inC .. epend.t;nt 

Finr~lly, it is clcr~r thr'.t equc..tir_'n ( 20) ir1 iC' .. enticr:-,1 with 

eg_u...-:.tion ( 10) of the prococling section; we therefore hc~ve in polo.r 

·coorc'..in:;.tos 

-= - (21) 

. 
§ 39. : C ompr>.rison :~:.f the lo1~th of the £20bclesic circle with the 

J.ongth cf tho locr:.l inclicr:.trix. 

As inc:':.ic::-.toC:. in §32 r.ny (LifforE:mco between the t;God.esic circle 

,r:,t tho point 0 r~nC.. the inC' .. icn.trix in Tn n.t 0 (for smn.ll "rr:.<lii") 

Will giVE~ us c. mCic.suro oi'. 11 ll6foet 11 • We shnll now show thnt the 

clifferencc in the lengths of these cu.rt.res when the 11 rr:.dii" tenO.. to 

zero C[',11 be expr0ssec'1. in terms of the curvCt.turo of the Finsler spo.ce 

o.t o. · This will then lec~cl us to c";.ofine n mec~su.ro of curvnture 

c"'..epen~'!.ing cnly en tho coorclin:-·,tes of o. 
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Sinco ~--;; o · ·whon .s _,. o it f 11 f ( 8) th t ·f , o ows rom ~ ~ we 

~ Jx:o o :p c{ nne"!. d ~ :fixo c1. 
i 

We sh:~11 r~l:c:o r~ssumo thf'"t I< . C.ooo not vanish for nny c":.irection 

thrcugh .0, r.c th::.t we lK~ve in virtue of ( 21) 

~ -ul.::f< !>,f) = 0 

Applying tho woll-1mown mothocls for imlotorminr~te forms to the 

quoticmt em tho r~ght-h:m:l sic.le of ( 21), we h::-:.vo therefore 
; 

s -3() 

Since 
6f/o)cfi) .::/: 0 

'0S. 

we thuiS hr..ve 
0 3 .:f ( 0) ctJ) 

;:. 

d ':; 3 

o~:3t~,'f) 
--·i-;-3-· 
~f(&,cp) 

()s. 

, -a f ( o1 f) 
0~ 

J<fO J 'f _) 

~ 

(22) 

( 23) 

(24) 

wher.o yw hr..vo written K( o J ~ ) for k ( o j q>; t); t ·being the tr..ngent-

vectcr~ f',t 0 to the gooclesic whcso CJ.1glll:-~r coorclinnte is cp • 

Lot Lr; bo the length of the: unit inC..icc.trix o.t o. If J is 
. -

r.. smr..ll length of c.rc of the inc;.icr:.trix of rr~c~ius s , it will 

subtencl m1 r..ngle ol.f o,t 0 whore 

d f =- .1. a.C> r' s. 

since ol.f is normr~li.socl ( §9). Tt:io equa.tion is exo..ct in T
11

, but in 

tbo Finslor n:pc.co it is true only when we :proceed to the limits= 0 

DO the:~t WO hC.VO 

But in virtue of (22) we mr..y write 

S.: J(S,f)d<f·-:: 

correct -for tho first orc,_Gr of .smo.llness: thus 

(s -,)o) 
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sc; th:::.t wo fin~clly hcwo 

(25) 

Eq_ur..tion (24) then boccmes 

<l~S(D)<f) L ) 
• ..... 

0 
K I o.) c{> ( 26) 

Let us. o:x::pt:.nC. f( .s) <f) em c, :pow0r-norioo in s. , Jcee:ping cp :fixed. 

we thuo hf'..vo 

.:f ( s) ~ ) = .f ( 0 J f) + ~--~ ( Q I ~ ) .s, +-
<Js 

c.ncl 011: rrubotituting from oquntions ( 22), ( 23), ( 2.5) r~nc1 ( 26) we 

clcclueo ! 

• • 

Demoting tJ;o lengths cf tho geocl.esic circle c~t 0 c..ncl the 

in':icr~trix in T
11 

f'.t 0 by Chrs) n.ncl ~or~.) res:pecttvaly when the 

"rc-cliuon of both is $ , we hn:ve, using eq_uc"tion ( 8) 

(27) 

On int~grnting oq_ur:.tion (27) with respect to cp while s is being 

kept const['..llt, we therefore fincl 

We ohnll now put 

J k. r o J <fl ) olcf == 'R lo) (29) 

where R'Co) clepencls only on the :poni tion of 0 c~nd. represents c. 

mec~n of tho Gc..ussin.n Cur\tr..tures for the vc..rious. directions through ------- ....... - -;- ............... 

of the Finvlor spcco 

of pos~tion only. 

c~t 0 in view· of the fc,ct thc~t it is o. :f'Lmc.tion 
\ 
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Equation (28) can now be written in the form 

R f 0 ) .::;. (;. ~ /... 0 ( S ) Grc ( S ) 

L.o. 2- ~() $3 (30) 

This is the desired resu,lt. A similar eq_uation for ~rfaces em-
. ( . 

bedded in a three-dimensional Euc1id.ean space was derived by 

Bertrand and Puiseux."" 

I 

§ 40. Comparison of the Area of the seodesic circle with that of 

the local Indicattix. 

The c:x::pansion { 27) will enable us to give a further geometri- ' 

cal interpretation of the absolute Gaussian Curvature in.terms of 
" 

tho areas enclosed in tho geodesic circle at 0 and the indicatrix 

·in Tn at o. 
Let P, Q be two points on the same geodesic through 0, where 

Plies on tho geodesic circle of radius 5, Q on· the geodesic cir­

cle of radius s + d...s • On tho t;'codesic ma1dnt; an angle eLf ,with 

tho given geodesic wo have corresponding points P' • Q'. As cis-? o 

the area of tho :parallelogram PQQ'P' will be given by('§ 14) 

d A -= IPQ l·IP t>J .s~ ( PGl. 1 PP') 

when: measured with respect to tho indieatrix at P. But PP' is or­

thot;onal with rcspuct to PQ (§ 36) so that tho positive sine 

, corresponding to those directions is unity; and honce the area 

·will s~mply bo 

in virtue of equation (8). The art::a of the 11 geodesic ring" of 

radius s and thickness c:l. s will thor0:for0 bo 
I 

J[frs,<\'lds]<tf .. J [(L, s - {Lo l(tG, fls' t- ••• • )ds]dtp 
0 

( 31) 

in vi ow of equation ( 27), so that thu arc;a Ao ( s) of tho geodesic 

circle of radius s at 0 will be· givon by 

-FJour:nal do Mathematiq_u'Gs, vol. 13, ( 1848), p. 83. 
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= f ( L. s - ~ L. R I 0 ) :, 
3 

-t- • • ... )J.c;. 

when vvo take into account tho definition ( 29) of R to> • 

: Also. wo ha:vo fJcon in §14 that the area Ic ( s> of the indicntrix 

of radius s in Tn at 0 is Gi\cn by 

I l
0

1S) :: .L L s.' l 0 

so thnt 1/>!0 fil'J.D.lly obtain 

or 

R to) = (32) 

Thit equation is tho desired. ror.ult. 
I 

§ 41. Geodesic Triangles. 
' 

! . Lot A, B, C b·o any thro o points in our FinElor spao c, those 

/ 

I 
I 

' A 

/ 
I 

]'ig 0 7 

' - \ 

C' 

:points bGiJ:lb sufficiently cloFJe' 

to each other in order that there 

exist unique geodesics joining 

them. Let the angles between 

those geodesics as measured. at 

A, B, C be 01. , ~ , 'I respective-

ly. We choose A as the origin 

of our special system of polar 

coordinates, and through-each 

poi~t P on the geodesic BC we construct the Geodesic circle of 

centro A (Fig. 7), and we denote the Ullble measured at P between 
I BC and the soodosic 1~ by e o 

I 
' We shall firr.t calculate tho increment de . of this anglC; as wu 

,pass from P to a neighbouring point Q en BC. ~ Lot tho coordinates 
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of P and. Q b o ( .s , f ) and 

( s +- d..<; , Cf +- d<f ) rt;spectively, 

and lot the.t;oodosic circles 

of radii s · and s + cLs. cut the 

geodesic AQ in R and the t;eode-
\ 

sic AP in S. Then PR .., 5 , and 

Fig. 8 

QS ::: S + oL s· in our previ OU~l 

notation (Fig 8), where S is 

of tho firct order • while r:J. S 

is of the second order of t:mt~ll-
(' 

ness when compared with eLf which we regard c.s being of the firot 

Alont; QS wo mar}c off tlw point T such that QT == PR = ~, so that 

TS = d~ • 
-7 

Al00, cinco g io everywhere orthot;·:.mal with respect tc 

th0 f;oodosic AP (§36) we may write 

PT ~ PS = d~ 

whcm :we r.cclcct terms of tho ::wcond order. It then follows from §39 
; /' 

that 'if we moo.uuro tho unt;lc SPT with r6rrpect to the, indico.trix 

n.t P, we havo 
A T$ d5 • 

SPT .;; -:: 
PS J.s 

correct at lcr~.st tc tt_c EJoccnd order of smallness. 

If, for a first npproximation,we regard tho infinitesimal 

:parailolot:;rn.m PTQR as a MinJcowsl(it.tJ.1 paro.~lelogram, it follows 
. -

inmediatoly that 
A 
~Pi = ole 

I 

where e - de is tho anglo between RQ and PQ. 

( 33) 

(34) 

:Since ds io of tho first order of smal~1ess, the error invol-

ved will also be of the first order when applied to finite quantities; 

ns, however, de is also of tho first ord.er • tho .error may be neg lee-

ted.. Frc::ru ( 3 3.) n11d ( 34) we de; clue(; 

d5 
~e = 

o J.s 
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or, us inc ( 8) nft0r cliffvrontintic,n 

des -astsjf> d~ (35) 
~~ 

1Jc:w, uoil1G Gquntirm£J (21) o.ncl (31) we find. fer th~ snnll o.reo. 

PRQS tho.t 

::: - a'-J·(s_cp) Js d.f 
Q ~;t. 

whore K~ s. f) ic tl19 curvc~ture of the Firwlor opnce o.t P in the 

clirocticn c,f thv goocl0cic AP. For the 11 tric .. nt:,"'Ulo..r strip11 ~ 

( 36) 

. onclonod by tho geolc-nico l.J>( f ) nnd AR( 'f + cL<f) through the origin 
( 

A, we havo 

:; -

regard.illb 'f as cc>nsto.nt ovor h. o Thus 

SincG A in tho oriGin, we have:, ('.o for equntion ( 25) 

/~ a:H~, t) 
f..., o dS 

whore LA ic the length of tho•unit inclica,trix in T
11 

o.t A. In 

~ioW of the fo..ct thnt s is the sooiesic distance of P·fro~ A. 

equation {37) thuc t;ivec when we integrate over tho whole area, of 

th~ goodvcic trinnsle ABC 

'SJKI<,cf)dA = (L. cLp 
0 . 

where 01..
1 is tl:o norrw.lisecl c~llble ex 

0(, 

= --LA 
Chc~lbiilb the vnrinblo in tho last integral with the nid of (35) 

we :f'inrl 
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co thc~t 

But fr.~n :fic,urc 7 it in cl0n:r thc.t 

(._ l ·L 6<13) -.< B 

tl:uo. wo will fi:nc"lly have: 
:'1. 

or, if we utw nu··rr·"'""·ll.."'O·r,L '""•l""lc.n 7"c·l'ot··.rl by c1 "<'•1-·C;C! .J.. JCo~ 1-..) 1.. L." J..{:) V tJ f 1...-- J. I V '-' ~CI.oU - J,J 

Thi r-• ·-qu··,ti···,., 1.· r• r·.,·nl ro·· '"' t t,., ·tl., "' f G" "' f. ··• _, .-.1 • ,; u '" '··'"-~ •.J '""'-" 0 0 :Uo 0 ;. .. 0 .OOICT1 C ._.UoS or i:;60·LE;.., C 

trin.Jlt;lcn en c~ G'U.rfr~ce; onbci'lcl..Hl in ro cuclL'.ucn r.:pc~cEJ; it i:::: to be 
,, ,, 

notocl thnt ~ LB io. :Jinply the; vr~luo of rr c~t the; point B. 

: Tho fc;ct thc~t tho lcnt;th of tl-co · inC.ic~-;.trix c,t B o,ppec.rs in 

' 

( 3.~) 

{38)' 

(38) iD (luo firf:Jtly to our ehcico of orir;in c~o·l<fs,cpJ io trJcen ·with 

roopect to c;ooc:.ooico thrcuGh A, rmcl seccmlly the IJC::l1SO in which 

the soc cnC. intot;rc.ticn, wo.s cc~rriocl cut: hc,cl we integrc:.tccl frcn C 

to J3 inotcc:.C.., the vr..lue of the lonf;th of the inC .. ico.trix c.t C would 

§ 42. Gooe .. or.dc Pclwcms. 

Tho lc-,st ror.Jult ccm be oxten.i~chl. inneclintely to the cr.ne of 

Geoc1enic polyt;onn of·n r.Jic:.es, fornocl by the ·pcints A,) A.t). ~ · •. A, 
I 

c.ncl by joinint; :::mcconoi\rL; pointe by {.;uoclosica, c:.sou.nin& thnt 

thoos pcints r~rc co plf'.cocl th:::.t ncme c·f the georlosico interoect. 

Wo ¢"ubC:.ivic"" .. c thio polyGon into n &eollerlic tri::-~nt;leo by ccnstruc­

ting tho t;Goclooico AoA,> A.,A 21 -·•Ao A~, (Fig, 9) • Let us C..enote 

tho interior m10ieo of the f"' ,_.._, tric..ngle by ex"", ~tJ , ~tJ , cmc1 the 

exterior m1.;lo c:.t thE.: point AP by ~t' • All thene m1bles c,re 

. noa.rrurGCL by noru1o of tho inC.icC',tricoo c:.t the corresponiinG pu1nts 
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\ 

i.~l:cl we r.h:::.ll wri to Lp fer tb.c length of the unit in(lico.trix n.t A tJ 

Then, by taking the point Ao c.s 

Fit;., 9 

But we l:.n,vo 

our origin, we integr~te uuccessi-

vely over ouch of thosG e;ecdeoic 

trinr.~.£;1eo: stc~rtinG·r..lcng Ao Aa 

rmC\. procor'l!"int; th0 conne of inte-
' · t;rc~tion of tho previuuD section, 

we find. 

·JJKc1A 
""'-

= ,Z(o<._,t- ~ t-'. + tYr-- ) 
r: '· (39) 

""-
l-,Z 
2. <j.J::t 

Lt--

-1'L 

z O(fl =- Lo 
(40) 

.JJ:; I 

c~na. ccnr.iclorint; the o..nglos c..t the point A, , 

tY"'- + ~' =- ±L, s, (41) 

r..nd fer tho point A~ 

~fJ +- J' jJ _, (~>I) (41) l 

By writinG oq_untion ( 39) in tho forn 

or finr~lly 

J5 Kd.A = (42) 

. 
where. it io to be ncted th:J.t the lnst tern represents the DU.l'1 c-f 

the exterior nngleo. 

) 
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§ 43. Tho Gr.~uoo-Bcm1ut Thecron in Finclor snncefJ, 
I l £: 

. ,Let C be ~ny clo~ed cur-ve bounding n simply-connected domain D, 

If -E i8 the length of C, it is possible to choose n points A.JA1.~-. 
' 

• A<t\. on C such thnt the geodesic distnnce o(A,_, 1AfJ-') between 

any two points A,. , A11 - • is such' that 

( 43) 

if we l"Gmeber thnt the goodesic distn.nce ca.nnot be greater thrm 
1 

the length roonsurod along an nrc of c. Th~se points will form a 
' 

gE:oden:ic polygon r'.s in the previous section~ 

Now i'rom our d.ufinition of curvature of curves ( §30), if we 
(at AIJ) 

denotu: the curvature of C" by ;s it follows d.iroctly that 

1 L. s~ 
9 .;_ • - ::::. v -:) 0 -a-:(-:A:-~->.!-. , -A-:1-J---, -:-) 

In view 

Lot us choono tho origin Ao at any point interior to the area 

bound..od by c. ·Applying equation (42), we find, by letting~~t~~ 

Jf K oL A 
.1) 

- I~~ 
c 

This e~quation then represents the Gauss-Bonnet formula in a 

Finslbr space. It is to bE: noted that on both sides of ( 4.5) 

there o.re :functions depending on the origin A,. Finally, it mn.y 

be observed thc.t equntion ( 4.5) is still v.:~.lid when A 0 is n. point 

on the curve C: thin CC'..n bo provvd without d.ifficulty by eon-

sid0ring n geodesic polygon Ao
1 

A 1 >A 2 > • ~ ••• A.-. of n + 1 aides 

with Ao ns origin. 
I 
' 

(44) 

{ 4.5' 

In conclusion we mcty add that the great signifier-nee of the. 

Gr.uss-Bonnot Theorem in goomotry crumot bo stressed sufficiently: . 
it ,ontablishos n, firm linJc: betwo0n tho loenl and glob[\,1 properties 

of tho spnce undo~ consideration. 
~ 

,, 



1. 

2, 

3. 

4. 

6. 

8. 

9. 

106 -

BIBLIOGRAPHY 

P. Finsler, Ueber Kurven und Flachen in allgemeinen Raumen, 
Dissertation, Gottingen, 1918• 

J.L, Synge, A genera.lisation of the Riemannian Line-element, 
Trans. 1\,mer, Math, Soc. vol, 27 (192.5) p, 61. 

J,H, Taylor, A generalisation of Levi-Civitars Parallelism 
and the Frenet Formulas, Trans. Amer. Math,. Soc·. vol 27 Cl92.5) 
p. 246. 

E. Cartan, Les espaces de Finsler, Exposees d.e GeomcHrie, 
vol. 2, Paris, 1934. 

L. Berwald, Ueber Paralleltibertrau~ in Raumen mit allgemeiner 
M~ssbestimmung, Jahresbericht d.er d.eutschen Math. Ver, Bd, 34, 
( 192.5 ) . 

H. BusemannJ The Geometry of Finsler Spaces, Bull, Amer. Math. 
Soc. vol. ,56, (19.50)_ p • .5~ . . 

F0.nchol and. ;essen, Da:nslw Vicl. Selslc. Math. -fys. Meddel 16, 
No. 3 { 1938) 

,/ 

c. Carathoodory, Variationsrechnung und Partielle Differential­
gleichungon erster Ordnung, Leipzig und Berlin (193.5). 

Bolzat Vorlesu.ngon tiber Variationsrechnung, Leipzig uncl Berlin, 
( 1909). . . . 

10. Mason and Bliss, Tho properties of curves in space which 
minimise ~ definit& integral, Trans. Amer, Math, Soc. vol 9, 
(1908) p, 443. ' 

11. J.H. Taylor, Reduction of Euler's equations to a canonical 
form, Bull, Amer. Math• Soc, vol. 31 {192,5). 

12. Lie-Engo1s, Thoorie der T.rans.formationsgru.ppen, Bd 2, Leipzig 
und Berlin ( 1930). 

13, J.H. Taylor, see (3), p, 2,51. 

14, J,L. Synge, see (2), :p. 62. 

15. H •. Busemann, Metric Methods in Finsler Spaces.a.nd. in the 
Foundations of Geometry, Altnals of Mathematics Studies, no.S, 
Pril~octon ( 1942). 

16. T. Bonne se11 and W. Fenehe 1, Theorie d.er konvexen Kerper, 
Berlin, 1934. 

17. C,icara.thood.ory, Ueber die d.iskontinuie:rlichen L5sungen cler 
Variationsrcchr:m.'lg, Dissertation, GOttingen ( 1904), 

18. C~.Oaratheod.ory, Ueber d.ie sto.rken Maxima und Minima bei 
,b·ei einfachen Integralen, Mn.th. Ann. Bd. 62, p. 4,56. 

. . 
19. H •. MinJcows1d, Theorie cler konvexen KOrper, insbesondere 

Begrund.ur..:g ihres Oberflach£:mbegriffs, Ges. Abh, p, 131. 



107 

20. H. 1·U::tlcovvs1:i, Volw.EJ::.1 una. Oberflache, Ur.th. Ann. Bd~ 57 
( 1903 ) ' J?. 447. . 

21. J. Hr~a.m:.K~ra., Loyons sur le Co..lcul dos Vnrio..tions ( 1910). 

2 2. ~. Berwald, Untersucl1.ung dcr Kriimmung n.llgome iner netrischer 
Ra:uno r~uf Grund des in ihnon herrschondon :Parc•llelisrr:us, 
Math •. Zoitschrift, Bd. 25, (1926), :p. 40. 

23. Hardy, Littlowood. :-md :Polyc:., I:noq_uo.lities, Can'bridge (1934). 

" 24. (}.A. Blissf A generalisation of the notion of nng1e, Trans. 
/>.nor. ~!J:r:.th. Soc. vo1. 7 ( 1906) :p. 184. 

25. 

26. 

29. 

G. Lcmdnhorg, Iertir',rm.ngntheorie nnd Vn.ria.tionsrechni.lng, 
~nhro sbericht der cleutrJchen Mnth. Ver. Bd. 16, :p. 547. 
I 

St •. Golnb, Wilitwlnetrik· in Finslert schen Raunen, Sektio:q.s­
;vortrage des Internntionnlen Mo.th. Kongress, ZUrich, (1932) 
Bd. 2. · · · I . 
H. Buscnm·m, Ar...gu1nr Mec~sure c.,nd. Integrc:,l Curvnture, 
:Co.r .. c:.d.ir~n J. Mnth. vol. 1, (1~49),.:p:p, 279-296. 

G,A. Bliss, Generc.li~mtionu of geodeoic cul."\?'c,ture c:.nd n 
thooroc of G~::.uos concGrning geodesic tric:.r..glos, Ane;r. J. 
lffc:.th. vol. 37 (1915) :p:p. 1- 18. 

G. Bouligand. cmd G, Choq_uet, Probl~nes lies ~ d.es metrig_ues 
:vnric,tione11es, C .R. Aco.d. Sci, :Pnris, vo1. 218, ( 1944), 
~:p. 696 - 698. . 

H. Busor:nrm, Intrir~sic Area., Ann. of Math. vo1 48 (194?) 
;:p:p. 234 ..:. 267. 
I 

'E. S:pornor, Einflihrung in d.ie: Annlyt~sche; Geonetrie und 
Algehrc., 1. Teil, Studic. Mc.thermticn, Oberwolfnch, 1948. 

32. A. Brown, The o.pplicn.tion of the Rigorous Quotient Theorer1, 
.Phil.Mng. (1926) :p. 748. . · 

IT. Lovi-Givite., The Absolute Differentio.l Go.1cu1us, 
(Trnns. Long, LonC!.on 1929). 




