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Abstract of Thesis

FINSIER SPACES AS GENERALISED LINKOWSKIAN SPACES. /Q;C)
s

To every*regular'problem in the Calculus of Variations there corres-

ponds & Finslér space., A tangent Minkowskian space Tp is attached to each
point of this space, so that the metric of the Finslerian phase-space is
determined locally by the corresponding T,. Cartan, Berwald and their
successors reduce the Finslerian case to the Riemanﬁian case by means of
the introduction of an arbitrary field of line-elements, i.e, a "fibering",
Here, on the contrary, we have to deal primarily with a detasiled investi-
gation of Minkowskian spaces (finite-dimensional Banach spaces).

It is convenient to use tensors in view of the affine structure of
Minkowskisn spaces, The most useful tool is the indicatrix ef Carathéodory
(unit sphere), so that the methods of the Theory of Convex Figureﬂ:are
applicable, although throughout & Euclldean background has hcul sfbided
scrupulously. With the aid of the funection of support of the indicatrix
wé introduce a conjugate Minkowskian tangent-space Tﬁ, in which the
figuratrix assumes the rdle of the unit sphere, There exists a one-one
correspondence between the points of Ty and those of T4; this correspondenc
represents the raising and lowering of suffixes, It is due to this fact -
that the Minkowskian metric is sulitable for the use of tensors, The figu-
ratrix is ciosely related to the Hamiltonian function and the pdints of
T4 represenﬁtthe canonical coordinates of the given problem in the Calcu-
lus of Vari&iiana. Simple geometrical results are easily derived for
future use,\énd by defining the trigonometrical functions geometrically,
irrespective of analytical convenience, the foundations of a Trigonometry
of Minkowsklan spaces are laid; for instance, addition formulae for sine
and cosine and their series-expansions are evaluated. The angular measure,
«_ ge definition has been subject to discussion for some time, 1s here
definet by the shortest arc-length on the indicatrix, and we may, if
necessary, introduce a suitable normalisation-factor, By means of this

neasure we define the curvature of curves in a manner similar to the



classical Euclidean case. In the theory of curvature of surfaces, when

an appropiate &etinition for the curvature of curves on surfaces is used,
the indicatrix cr Dupin appears as a conic section, whereas the principal
directions of curvature lose their significance, Furthermore, analogues
of the theorems of Rodrigues and Meusnier are also to be found in
Minkowskian Differential Geometry,

The study of Finsler spaces depends chiefly on investigations into
the variation of the Minkowskian metric between two neighbouring points
of the space, For s first approximation the so-called "generalised
Christoffel symbols" are sufficient, by means of which a notiem o¢f. abso-
lute parallelism is defined. In order to determine the curvature-properties
of the Finsler space, we investigate the relationship betweenf%;oxﬁégéﬁﬁ
bouring geodesics and obtain a measure R of curvature, which qxiﬁhsgiﬁ;g;
the "detect" between the Finsier space ana the Minkowskian tansnkt-spaco

at the same point. For example, in the case of two dimensions R can also

be interpreted geometricalliy by the formula

6 g [ NSO = G(s)
(1) S-20 53

where Li(s) and G(s) are the circumference of the Minkowskian circle
and the geodesic circle of radius § at the same point respectively.
Finally, & féfmdil‘analogous to the classical Gauss-Bonnet Theorem is

derived. ir SR
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INTRODUCTION .

5Thc'aim of the following investigotions is princip&lly' €
prcpiratory onc, A goomctrical framework which would bc¢ most
suitdblo og o background for the Hamilton-Jacobi Theory is'sought,

50 that wc have resgtrictced the present diécussion to purecly gcoe
mctrical gucstions, The spacc undcer considcratibnﬂis of the type
first investigatcd systematically by Finsler (1)*, after whom it
has boon nomed., Finglor treated the geometrical propertics of his
space from the point of view of thc Calculus of Variations;vin faet,
the ﬁotion of such spaccs wasg derived dircetly from this field,

Sincc then there have been different approaches to the Geometry
of Finslor Spacce, all of which, apart from the work of Buswvmann,
havefone important fuaturc in common: namely cxtenegive use of the
Teﬁsbr Calculus, which was not uscd by Finsler, Firstly, Synge (2)
and Taylor (3) gave definitions of parallel displacement, and these
metﬁods were deoveloped by Cartan (4), Berwald and Funk (5), all of
whom workcd along gomcwhat diffcrcecnt lincs, An esscential aspect of
thcso methods lies in the fect that the authors distinguish a field
of durvos, so_that at ecach point of the gpace there exigts a specigl
dircetion with rcspcet to which all mcasﬁromcnts at that point are
made, Although thig hag the great advantage that it enablec us to
rotain many mcthods of Ricmammian Geometry with ccrtain modifications,
thC_rcsults obtaincd depoend onr the choicce of the ficld, This otate
of affairs i not entircly satisfactory from the geometrical point
of vicw; this opinion has also recently been expressed by Busemann
in gn cxtremely illuminating historical rovicw (6).,

It wac thio that lcd mc to attempt yet another gcometrical
thopry of thig kind which would also satisfy.tho demande of the
HamﬁltonnJacobi Thcory., My definitionsvand problcms have been guided
throughout by a dcsirc for gcomctrieal clarity: nowhere have I allowed
-my approach to be influcnccd by analytical technique, nor did I sesk

o merc oxtension of Ricmannion Geometry, From this point of view

¥Flumbcrae 1n brackcts rofer to the references at the end,



it seems more natﬁral to regard Finsler spaceg as locally Minkowe
skian, where it 1s to be noted that the Minkowskian space is of
affine structure. This has been elearly recognised by Bussmann,
who carricd out many investigations in this 1linc, using, however,
thé mothods of infinitesimal dircet geomctry, so that the problems
tréated by him are of an cntircly differcnt character,

Thus the first four chapters arevdovotcd to a study of Mine
koﬁskian spaccs, Our chief tool is the indicatrix, whose function
ofgsupport is shown to be closgely related to the Hamiltonian of
the problem in thc Caleulus of Variationg arising out of the func-
ticn dcfining arce~length, It will be found that for the purely
analytical tcehnique it is convenient to use tensors: after all,
the concepts of contra~ and covarianec are inherent to the affine
tensor caleulus irrespective of the metrie, Furthcrmore, our
in%cstigations show that the introduction of a conjugate space
by mcansg ¢f thc funetion of support allows us to attributc a
geomotrical mcaning to thc proccss of raising and lcowering of
suffixeg, which ié generally d noticn scecndary . to that of contrae
and covariancc, duc to the faét that a spceialiscd metrie is ré-
quired. Making use of the affine struecture of thc|Minkowskian
sphce, simplc gcometrical rcsults arc dcrived‘for future use, and
tﬁé foundations of a Trigonometry of such spaccs arc laid, 'This
en&blos us to diseuss scme of the basic theorems of classical
Differcntial Geometry on surfaces cmbedded iﬂ a Euclidean space
f&r the casce of surfaces embedded in & Minkowsgkian space, The
definitions of angle aﬁd ares have been the subjéct of discuésion
er some time - new definitions which seem to satisfy the
démands of the prcsent theory are suggosted here,

In chapter V we proecced to a stu&y ¢f Finslcr gpaces, using
the indicatrix to obtain thé Christoffolvsymbols and leading to.
| a}form of parallelism which is indcpendent of an arbitrary field,
iﬁ contrast to the definitions given by qarlier authors, Thig is

done by mcang of a covarlant derivative and cimplified by the



introauctiou of what we shall ceoll the "extended Christoffel symbolsh,
A actﬁilcd gtudy of Geodegle Deviation cnables ug to define (. CUTVa-
turc tonsor, Thie, howover, is not thg only purpqéc of this treat-
nent, but it algo provides the key to further invcstigaticﬂs into
prcblfms min the large”™, The latter rcesulte de not £it intc the
sccpciof the prcsont work and will be publishod scparately., With

, .
the aid of the curvaturc tensor the curvaturc of the Finsler space
isg dcrivcd; thig dcpendg only on the point under ooﬂsid@ratimn andb
not on o dircetion thrnu gh that point, This is shown to have very
cloarfgoomctricul intcrpretations in o twoedimeng 1nngl manifold,
for wﬁich o theoren analogous to that of Gauss and Bonnct is fin&lly
deriw@d. |

hory littlc attention hos becn paid to guestions conccrning
tenc or characteristice and iDVLriQMCO as 1t is my intenticn to
intrQ&ucc the Contact Transformation of Sophue Tic rather than the
poinﬁ-tran sformationsg into the theory cof Finsler sgpaccs, and to
ﬁoVoiop o corrcgpending Tenoer Caleulus whieh will be more sumitable
for d troatnent cf the Homilton-Jocobi Theory.

;Throughout we have etrietly discarded any Euclidean baekground,
although scne of the nost fundancntal idcas arc based on Minkowskite
Theory of Convex Flvurcu. “Thig indicates the doeirability of_inves-
tigations into the poosibility of a roco?structicn ¢t Minkcowski'ts
theory albﬁf cuch lincg, cgpecially the rccent work of Fenchel and
Jcs;en (7) whe have discarded differcgtiability assunmptions,

3My beet thanks are duc to Prof, L. C. Yoang whe first introduced
ne té the Caleulus of Variationg, and to Dr, C., Y., Pauc for hisg

constant cncouragencent and nany very valuable suggestions,

University of Cape Town,

May, 1950.



CHAPTER 1

PRELIMINARIES

§ l.gConncction with the Caleulus of Variations,

' In on n-dimcnsional Ricmonnian manifold the are~length S

moasurcd clong o curve roeproesented by an arbltrary paramctcr ¢

Xt xt(t) (L= 1,2, --+ m) (1)
is r1vcn by an intcvrwl of thp form* ‘
s g (e x“x )" dt | - (2)
' . ' to
whore the functions 9ii depend only on the position, end where
f N dl .
- ' s JF | (3)

We shqll cons1dpr Q morc gcncrbl spacc of n dimensions, where the
arCalcn th of thc curve (1) is given by a funetion F(x)x ) so thut

the 1ntc~r(1 (2) is rcplaccd by
€

g = g Fext, 3 Yot . (4)
. t o )
Tho problcm of flndlnb the geodesies ( i,¢, curves of minimm lonbth

JOlnlng two points om it, providcd they are sufficicntly closc to
;acﬂ other) of such o spacc is thenm reducced to the first problem
of the Calenlus of Verictions for the functioﬁ Flasxn): hameiy
finding & ourve which minimiscs the integral (4).

j In accordancc with the usual procedure we therefore make the
fol;owing assumptions with rogord to Flxsx':
(A)é F(ﬂf,l")'is analytic in the 2n varisbles x*, x'°
(B); The intcgral (4) must be independent of the choice of the

 arbitrary parameter | ,

The neccssary and sufficient condition for this is that F  be

positivcly homogencous of the first degree in the x ’

*Throughout the summutlon conventlon as rcgards rcpeated indices

is uscd
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CF(xn kat) = e Fixt x) ; (450} (5)
(C):fThc fﬁnétion. Fix4x") 45 strictly7convex in tﬁerxfé. |
We shall show that this is cquivalent to the more well-lmown
regulority conditiony nemcly that the function~fYX;x€)of the

Caleulus of Varictions, defincd by
' 2% Fac® x'")

’aF(g(_ ") ! K)

. - s j 'L .IJ. J _x".‘
Eiar wt) et | Dme e
1 , T dFrx x') o

e(x™ x ) N )

fis cvcrywhorc positivc and non~vanishing, ( Moson and Bliss (10),
;Taylor (11) % ’

(D):iFﬁlgxf) is positive and non;v&nishing throughout the regioﬁs.
‘undcr considcration,
This is not an csscenticl rcstriction; &8s we may, in virtuc of
our provious assumptions always add an cxact differentinl of

r the form

DA . v
- A : ¢
éand thus obtdin an ﬁequivalent " problcm in the Calculus of
Variations, {Carathcodory (8), p. 197)_
| Spdccs in which thc mctrié.is defincd by (4) arc Xnmown as
Finslcr spaccs; the geodesics arc then the extremals. A case of

speeial importonce oceurs when F  is o funetion of the direcetion

x' only, for then the coxtremels cre stroight lines in the euclideon

sonse, (Bolza (9), p. 32). The sgpacce is then esaid to be Minkowskian,
-and we¢ may usc the ordinary notions of wvector, plane, Gtc., i.e. it

igs cn offinc spacc,

§ 2. Analytical deductions,

‘The following anclytical rcesults will be found to bevvery
useful latcr on, From Euler's Theorcm on homogeneous funetions we

déducc from cquation (5):

* aﬁathoodory (8), p. 21%; Bolza (9)s b. 193,
A | _ P



F(.).‘; l.; \ = DF(X_L‘).)LH.) llk y
L Jx’* o
VU F x) ok (%)
axng\,. ’()J_c" O .
- We sh@ll now put : v ~
i - A~ . iy T8
S0 that'CP is positively homogencous of second degree in the yfﬁ
i.e,. ;for £>0  we have . -
¢(I)&x?=,ﬁi4ﬂlrrj : (8)~'

Diffcrentiating (8) twicc with respeet to £, we find

DD x fix! ¢
and
. Dq (>, 'paat') o g 0 . 1
g X ¥ g x) (20)

P .
where it is to be noted that the left-hand side of (10) is independent

of & .
Let ue now introduce o transformation of the type which were called
"exténded point-tronsformation™ by S, Lie ( (12), p. 44)

' X¢ = X (xY) | (11)
whos% Jacobian doecs not vanish at any point. Thc quantities Xf; a.8
defiﬁed by (3) then transform acecording to the law

= égiuxﬂ ot . (12)
' Axd

:’ R = . te I .
Sinc¢ the funmetion M X™) or P>, X') ig o mensure of lemgth, its
intrinsic naturc allows us to regard it as o scalar invaeriant, so

' 1
that ! we have

RPELI) L @la,x') 2x

| 2 i ! l; a % '\‘. . a_§—l—c
But it Tollows from (12) that
D SE./ ‘ ‘ ’3 S—L ¢
a xv'ld- ﬁ..\:“_.

and ﬁhc invcrse equation, so that we deduce immediately that the
quantities 'DQV?.XU'DIJJ transform like the components of a

covariont vector.

|

Slmi}arl.y’ A (J(? XY ‘Dl.cf (X,x') dx'k ' dx’ {

. a iy JJ‘ﬁ 'axl-k a‘):..; ‘ 35—’“’

[
C‘(\{
)
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from whlch it follows 1n the somg way that the qu;ntltlcscﬂqwx;l/élfLJﬂi
trwnsform likc¢ the components of o covgrlant tengor of rrnk 2, Similar
: vrcsults may be derived for dcrivotives of higher ordcr. (Thesc facts
wers first proved by Taylor (13) and Synge (14) )

We may thus write in ceccordoncde with the usual notation of the

tensor caleulus:

At (x, ')
VAL - (15)

.. - - ;
\.‘LJ(I"J ) 3341'; B_Y’J

From (10) it follows that the ﬁg} are symmetriéal in t and J

cnd homogencous of degree zero, so that

| ' 3LJ {x;v/{%’x') :‘j,:j(..Y,JC) . (14)
Differentiating onec morc with respect to b and putting A=
we fihd \

' 09 (¥ xx o

X" |

and ' 1
" . Bﬂ\‘\(x 1) X't - O J ‘ (15)

BJ‘K .

in COHSCQHLHCL of the arbitraryness of the ordcr- of dlfferenti@tlon

in (15). Also, differcntiating (14) with respect to x* , We hove _
rbﬁu\'(x) ’@ZI') . ?ﬁ“'\j (DC, ’EJC A (16)

| dxt 2t
S0 tﬂat cnalogously to (15) we obtain
r<_l?‘ L. !
D ﬁLJ (3, x") Jilk;? o

"(

dxt dx '
| ' 2 ) (15')
: Olﬁy\i(_y)x) DCA“‘ = Q0
DI@ 33("‘

§ 3. The Indicatrix,

éFrom equotions (4) and (7) we déduce that the élement of distence

is given by B ' '

| | ds* = 2@(1,1‘)&&2 (17)
and using (10) and (13) it follows that

et = g (") dxt olxd ‘ (18)




- g .

Wheregit is to bc noted that the argument in_the 9:;  must corre-
spondfto the dircetion of the infinitesimnl displacement > , We
shallishow later thot in comscquence of our convexity condition the
quadrﬁtic form ‘
o | qutxx £°8° (
is p081t1 ¢ definite for oll dircetions x',

G,

- NLJ - . .
In-Mlnkowsklan spnces the oare 1ndependent of the *%, so that we

may PC””rd the Finsler spoce as o space with & locally Mlnkow kicn

mctrlc. (Buscm wn (15) 3. Thus to each point of the Finsler spoce

we can attach o "tangent" Minkowskion space Tn. The coordinates of

any point { or wveetor ) in this space will then be given by the n

e .

numbefs xo,
At any point xt ( which we shall regard as flxcd for the moment )
the fanetion F O, x'*) hes the following properties in T, at Xt .
(2) Fj(i‘)l'”') >0 for x''#0 S P, 0y =0
Filx® fx*) = & F(x5,x) (% >0),
(o) Fixt xii v 3d) € Fexs, add )+ Frxs o)
Thcscéfollow dircetly from the cssumptions made in §1 .

Thcn it can b shown’é (Bonnesen und Fenchel (16), p. 22) that

the set of points in T, whose coordinctes catisfy the ineguality

Flxs x) = |
ig o convex figure, so that the surface -

F(l x“) (19)

is strlctlj convex and ineludes the p01nj.x ‘=0 as an 1ntcr10r p01nt

Thisg gurfwcc is called the Ipdlcutrix at the point x‘_, and may-
be regardod a¥s) thc”unif sphef§'in'Tn ag all the points on the sur-
face <l9) are equidistant from the origin.Q, If & vector 6? cuts

the iﬁdicatrix in Q@ and 6? = m.ES', it follows from (b) that
the léngth of thc vector &? is m, The set of vectors at O with
the séme longth £ thue lic on the surface obtained_from the indi-

catrik by o dilatation in the ratio £:1, In virtue of (b) this

*Tho proof givcn In Bommesen and Fenchel presupposes o guclidcan
background, but the argument is valid for cny affine space,

“The indicatrix wos first introduced by C(rutheodory ( (17) and (18) ).



surface is homothetic to the indicatrix and will be ealled the
indi#dtrix of rodins £ . |
gﬂcéording to the usual proceduie in affine geometry we may
Wriﬁe the equdtion t0 the tongenteplanc at a fixgd point X9 of
the surface (19) in the form

i R (xS xn )
( Moo= Dy ) TR = |

i DF (XS, Xiy) | | (20)
Difﬁereptiating (7) with rcspect to J/L, and toking into cecount
(19) once more, this becomes |

T ¢ 2P xe) = | (20)!

T, =

. ‘a;x’l'

Put  k={ in (9) and differentiate with respect to ld':
; : 1y . .

SELLX) ot aglox) el o Dgraan

?)D(" Dl"’ . . 33(/" OJ' ’QJ’J

or,sfrom (13)

9 (x,x)x" = Qgxx) (21)
; xS

We ﬁay thus write the equation (20)' to the tangent-plane at .,
in the form
ﬁvJ (x, D(l:) ). ‘x(’u; 'XJ = | . ' o (22)

Similarly, the equation of fhe tangent-plane at the point Xy OF
the! indicatrix of radius / 1s given by

ﬁc;(z,xﬁ,)z&fzxj - 22 , ‘ (22)¢

From‘the.purely geometrical point of view it may seem strange that
we ﬁse derivatives of the second order for the tangent~-plone where
it is customary to use only first order dcrivotives, but it will be
seen that this has considerable anclytienl cdvantoges,
'Fuﬁthermqre, it is clear that eghiation (22) also represents the
taﬁgent-plane at the point #g to the quadric surfoce

' 3%<a>x@»uﬁﬂ,“ = (23)

This surfoee is called the oseulating indicatrix eorresponding
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to tﬂe diroction:pg'in Tn‘. This-notioh wos first intro&uced by
Fins}éf ( (1), pi 42 ) = it defines o Riemannian metric in the
dircd&ion:ﬁs. We shull show loter that os o consequence of our
conve%ity cssumptions these surfoeces are (n - 15~dimension&l

/

¢1lipsoids.

§ 4, The Flgurctrixz,

gn cquntion of the type @ X" = gonst, represents o plene in
Tn H ﬁt will be secn thot the quontities o cre of & covarianf noture,
We sﬁall consider the expression 7£¥’Z’ cnd we define

| H(j;):a&mtu%hf<ﬁdef‘ cx') C(24)
- where Xt &ssumes 011 possible values subjeet to the condition

| Flat, x*) = I
Thusgfor )1l points interior to dnd on the indicatrii we hnve

‘ Hg) » g x's - (25)
Sinc% we have cssumcd strict cbnvexity'of the indicatrix s, 1t follows

thatjfdr rny particular set of volues Y of go tLat2, o, m)

the equation ’ |
‘ j!:);c'; = H(j‘-:‘) £26)
repr%sents & tongent-plone to the indicatrix '(aCtually & plane of
suppért ("Stﬁtzcbene") if the indicatrix 1s not strictly convex )
toucﬁing it, soy, dt the point Jjj o It is clear from (24) that we
mey introducc the normlisation condition

| HYT) = o (27)

o . . .
- if Yy lics on the indicotrix.

|
1

iThis enchlos us to establish o one-one correspondence betweqn
the ﬁoints Y'“ on the indicatrix and correéponding values of the
n‘qugntities Y. o It is natural, therefore, to introduce o second
'tang%nt space Tﬁ_ ot edch point x' in the Fins;er spdce, guch that
the ?oints in Tﬁ arc represented by fhe j: « To each of the points
4. %orresponds o function kﬂxi{ﬁ), defined by (24), whiéh.s&tisfies

the following conditions in Tﬁ :



- 11 -
(ﬁ) Hixe, Yy )>0for 4 # 0, .H(x_,u) = 0.
(b) H(x ky ) = EHGt ),
(o) RIxE, 4y vy} € HE ey « M YD)
Thebc propecrtics moy be proved og in Bonnesen und Fenchel (16),
_(Coﬁpare the fifst footnotc of p., 8),
It is to bc mnoted thrt the right-hond side of (27) is, in gemernl,
to b¢ replaccd bng y 1f the corresponding point lﬁ? lies on the
indicatriz of rodius £, |
Then, o8¢ result of these cdnditions, it follows ns before thot
the sct of points in Ty sctiegfying the inequalify
| ) =1
is ﬁ gonvex figure, ond the surfice |
H(xt, o) =1 " (28)
5s'stfictly‘00nvex end containg the point “4¢= 0 os on interior point.

Thig surfeec is enlled the Figurctrix ot the point X° of our Finsler

sptce. - The funetion H ;may'be régdrdéd o8 the funetion of distance
in;Tﬁ , S0 that the figurntrix represgsents the "unit sphere” in Tﬁ .
ggﬁg: - The figuratrix wos first introduced by Minkowski ( (19),
(20) ), ond itg.significonce with regnrd to the Colenlus of Vari-
ntions notcd in Carctheodory ( (8), p. 246 ) ond Hodemord ( -(21),
p.592).'w Thcge authors;presuppose o euclidcan background in their
tréatmcnt, ond show thot "in this case the figuratrix is the polar
fcéipr00&l of the indiqatrix:with.respcct.to thé euclideon unit
spﬁore. ( (16), p. 28).

j In order to ¢gtablish the low. of correspondence between points
inETn on the¢ indicatrix ond points in Tﬁ on the figuratrix; we'
fiﬁd, on. comparigon of the equations (22) and (26) in conjunction
with (27) for the tongent-plemes to the indicatrix,

j ~.'j?’ :‘:ﬁéJ(XJ3ﬁQ)1gﬁ' : : (29)
Thisilgw of'transformétion‘islnot>only restricted to pointes on the
in@icatrix; but is perfecetly general for all points in Tn (and in,

Tﬁ ), ‘in virtue of the faet that the figuratrix of radius 4 is



homothetlc with rcspect to the surface (28),

‘Usinb (21), we dedunce from (29) that
o geLe) (30)
_' ! dx'd
From' §2 it- therefore follows that the Y, transform like the com-.

ponents of covariant vectors, so that if Eﬁ is the transform of Yy,

in a new coordinate systcm, we have

* U, = :?3‘_' Yoo | (31)
i JL ()J{,L \;J ‘
so that 'D '013
g = O |
a JJ Di‘- (31)'

As fn the case of T we may now introduc¢ the funetions w(x,Yy)
n' , Jd
and ﬂkJ(J)H) in Ti ; thesc funetions being defined anelogously by

the equations

| 2pe5gy =[Hen gl (32)
and ,

: RATN A" Yi(x,Y) |

; G4 () :T;WSJJ (33)

5 Again, in view of thc¢ natural invariance of thu function ¥ we
hav%

gu (5, §) = V(x gy .a’j{f,«J) NS ka
35 355 Ve d4e 2 G 9
or,fusing the inverse of (31)'. cthbr with (33)
: <l = - bk ax'
ot - 2X° (34)
qfx, = (X,

,sh% ing that thc 3£5” arc componcnts of a contravariant tenoor df
raﬁk 2. It ig clcar that the funcfions«%(l.y ) and g(jLX,g) enjoy
thé saﬁe homogeneity properties with rcegpeet to the Y¢ ag the func-
tiéns @lx, x'y and.ﬁcjlx,xf) with rcspeet to thox'”

We [thus have for the points 4y, onm the¢ figuratrix of radius £

H9'<.Z,j) = 2\)&(1,“}):: ﬁdJ.(x 3)5.33 = -e?' (35)

' po find the inverse of the transformation (29), we multiply

i
l

cach of thcse cquations by JQ“ and on adding the rosulting cgquea-

tionS'WG’obtain




adﬁition to the fact that'they may also be regarded as the cova~
rfant componcnts of & vector whoge contravariant componentsy are
thc x% whon onc adopté the uesnal point of view of affine geometry,
Gﬁeat carc must howover be excorcised when transformation laws
such as (29) and (37).are uscd: the arguments in the functions
3{5 andjju mizt corrcspond to the vector under consideration,
Fér thig rcason the argumcnté will be stated explicitly whenever
thesc functions appear.

Furthermore, our cquations show clcarly the affinity between
the function of support M, Y:) and the Hamiltonian assoelated

with the fundamental function F(x¢ ¥™) of the Qalculus of Variations.

The valuc of the figuratrix for a geometrical interpretation of

the Hamilton-Jacobl Theory thus becomes clearly evident.



| - 13 -
] M: {2} - pu )
.xw)ﬁl { : (36)
whenéwe takc into account cquations (13), (10) and (7). Using (35),

we immediatcly deduce
‘ ¢ . '\:. : o’) (o)

: e = 300y Y (37)
Also, substituting from equations (29) and (37) in (36) it
follbws that ] .. |4;

; e Y gy 4@ . ! g (0
| ll{/) t}i - \j ( ‘\J )8\'4‘(3()&‘0))1(‘4) j\‘} )
80 that
" "' : M P -
qU N Fin (x, 2D = Sy Lo B8
The functions j”(&,jmﬂ are thus the cofactors of the elements 3Q(f,1é)

in tbc determinant lﬂgj(¥33%5) and the rclation between the funcfions

Fix, xo) ang M 4™ is therefore complotcly symmctrical,

f On differentiating equation (35) with regpect to Yx, one im-

modiately finds \ '
| 4 o ¥ ,
o 2Wny) 2 PITOY ¢ g+ RGTayy; &)
3 _ ’a v J K
s I

| .

when it is obscrved that the 3Lj arc symmetrical in ¢ and j .
Thc§ first term on the right-hand side of this equatibn vanighes

ideﬁtically ag a rcsult of the homogeneity properties of the 3c3’

f3{o} ﬁhat
?flifijlj_ = jbk.hx,j)ga ' ' (39)
"y Oy
or.";usmg(}ﬂ » ez qen | |
1(0) = ..__._8:’_'(3 | (40)

If, in particular, the vector ¥5 is 8 unit vcetor, these equations

maj be written in the form

| | . » 41
5 - Xy hf{él)ﬁhw ()
and. RS |
© _ AF (x, %) (42)
j;( - P .
Y

(
f
'

The functions ﬁx thus appear as the canonical variables in

thé Calculus of Variations, (Carathcodory, (8), p. 216), in
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CHAPTER II

SIMPLE GEOMETRICAL RESULTS AND THE  MEASURE

OF ANGLE IN MINKOWSKIAN  SPACES

§5, Definition of cosine,

EIn the following scctions we shall be concerned solely with
Minkofwskian spaces, so that the 1 depeild only on the directionsal
arguments. Most of the results derived in this chapter are of very
littie intorest in themsclves and are deduced for future use.

We shall now dcfine thc cosine corresponding to two a.rbitr.ary_
dire—cétipns X and }7 . This function is not to be regarded as a

measure of angle but only as a funection of two directions. Throughout

W6 shall represent the length of the vectora? by 4 , Repreé'enting
H

A andp) by the straig hL line 0P, 0Q respectively, we counstruet the
indiéatriccs of radius A and P 4 each pussmg through one of the

p01nts P and Q, and be.lnb rcprcscnt\,d by the cq_uations
= 4y (xHx x |

| ?Uz 2 gej kX o
-Accofdin{g to (22)', 83, the equation to the tangent-plane at P is

g (NX¥S = At * (2
Prodfice 0Q to mect this plane ot Q'. We then define

' ca(3p) =+ 1001 . (3)

, T lo @'
the hegative gsign being taken only when f and 'J lie on opposite
sidejs of th¢ plane through O parallel to the plane (2). Re;laresenting
0q! }an the vector r'ﬁ where 7 1is & scalar, it follows from (2)
thatgi T is givon by o
- Gy O = F (4)

and hence, using (3)
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Cas3 ()\ ) = _?r\-;\r( 7\? '7\‘.’ y-i o
! Vﬂij(A)%‘AJ' ﬁaw(y)ykﬁﬁg _ (5)

Similarly, if we draw thc tongent-plane to the second indicatrix

at ﬁhe-point Q, We find
(.2 = Ge g o (6)
o VGG VA G I P -

Thué only when the 9 orc independent of dircetion will the function

7 - ; '
cos(A,p)  be symmetric in A and P , i,e. only when we deanl with a

euclidean metric, in which case (5) rcduces to o well~-Xknown form
of the euclidcun cosine, .

- In virtue of (14), $2 we see immediately that Cn () is in-
dependent of the lengths A and v . It is theréfore simply a function
offdircction. If we introduce the Weicrstrass & -function for two

dirvections x* , £ (Caratheodory (8), p. 223) defined by

: ": T — o1 K %F‘-(I'/ .x’k) 'J.
i f(x}g;)f 7: “'(x")w ) “'» 3 .§>
: = \
we have for two unit veetors A , P in virtue of (42) and (29) of §z
EOup) = 1= p™ = 1= g 0Ny

or, ' « ‘

: EO ey = |- catny) (1)
This rosult was also obtained by Finsler ( (1), p. 39) starting
from & difforpnt definition of cogsine, He thon used this equétion
tdfde&uoe G mcusufc of angle with thc aid of the classical series
ex?ansion of the cosine, We shall not follow this procedurs,
Wejmay also derive immediatcly the well-Imown rcesult of Caratheodory
( fl), D. 244), wherc, however, thc indicatrix is cmbedded in &
Edclidcdn 8pacc.,
For the unit vectors 37 and ;’ the correspohding points P,Q lie on
the indicatrix, Draw QQ'? parallei to OP to meet PQ" in Qf?,

Then we have from (7) and (4)

Ep) = I=t - & _ ag"
o r [o)ay oP

Tﬁis is ¢quivalent to the geometrieal interpretdtion of Caratheodory
/

of the £ ~function.
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/

.

bther definitions for the cosine were'giveﬁ by Berﬁal& (:(5),
T. 215; (22), p. 56); Corton (4) and Synge ( (2), p. 65-67).
Acpart from onc of the two-dcfinitions scggested by Synse, thosc Qre
&1l idontical and differ only from the equation (5) in so far as
that %he 43 have the same.directional argunent, i.e, they are

referred to the same oseulating indicatrix,

- I

In an anclogous mamer we may define the cosine with respect to

the figuratrix: dehoting the vectors in T' corresponding to the
> > = n
vectors A and p by 21 and‘f? , and the corresponding cosine by wiliy |

we find ag before . .
| (2, ) G A p A s
o = == S = el
. LAY X
It follows from (6) that
wi( N p) = cealp A, - (8)
and, §onvcrscly, |
| e () = ax(Ap) (8)r

The diffcrencc between the indicatrix and figuratrix thus accounts for

tho léck of symmctry of the cosine,

§ 6, Transversality,

; -3 ‘:
Any vector X’ 1lying in the tongent-plone ot the point X.; of

the indicatrix 1s said to be orthogonal with respcet to X . From

(3) it follows that th¢ cosinc vanishes:

4.4

9Qij (X)X X' = 0 .
or g?” o= 0 (9)
in virtuc of (29), §4, This is identical to the notion of trans-
: versaiity as given in Cﬁratheodory ( (8), p. 248),
Thc above tcfminologyiis Justified by the fact that if the
equation " ) . |
| foxrt =L ’ (10)

representa the tgngent-plane to the indicatrix of radius l? at the

pointéxé; , thc shortest distance from any point to this plane is
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measu#ed along o direction parallel to the vectorlgd) . Geometrically

thin fesuit is obvious and,mqy be proved analytically ag follows:

Withoﬁt logs of generality we may toke this point to be the origin

due té the offine structure of our space, If P(flﬁ) ié any point on

the p#ane, it distance from 0 is given by
' x% = 9. (x’ yx't ' | (11)

iAOCOIdln” to the multiplier rule of ILagronge, we have for an extreme

alue of (11)
B [ gy wJ.,z&(fﬂ -]

Wheré'ﬁ ig the undeternined rmltiplier, Denoting the roots (if any)

"
by X4y, we find 3 (
| 8 J ;
. 09:; ?‘gz?x; 3 +?3‘sz(,,)x,,,§ +2£j $i=0
dx!
whcre the flrst term voanishes by (15), §2, Thus

© (o) ' '

| Quj (XTw) X =~k Y; (12)
Multﬁplying thig equafipn by'%” and summing over j » 1t follows

frod {10) and (11) that

2 2
xé) = __4,8

80 thut we nay write (12) in thp form .
3} {x, ):Im = ﬂ;j(xéﬁaia

! 3%: ; 2*
Multiplying this equutlon by 3@) and agoin summing over‘j , We thus

obtain
| ' 4 ) ] '1
| Syg(ym)lﬂtléf = X
softhat . , i
‘ LR —
Xt . = X
i.é. the solution ruct be the orthogonal vector, Geometriéally it is
cléar that.a‘finite ¢xtreme value con only be o minimunm, |
. It ig to be obscrved from the definltion of orthogonality that
this i, in general,not a symmetrical property: when we write
! : - -
| A Loy
E > - :
- we! imply that A is orthogonal with respect to A4 ., On the figuratrix

the position is once more reversed.




$ 8, | Comvexity of the Indieatrix,

Qn the indicatrix
| : Qe (x)x"" > < - (17)
we coﬂsidcr o fixcd point P(xéy)' the tongent-plane at that point
is then given by
BN St = | (18)
whercigf)ls the veetor in Tﬁ corrceponding toli%. We shall now
calcuiate the digtance p of o neighbouring point Q(%ﬁ +sz+§d{x’; )
on thd indicatrix fron thc plane (18), Differentiating (17) with
ruupcct to o', we find | |

/93‘;‘“—';,“‘.) PRI + G tx! )x"'afx” =0 (19)
whereo tnc first torn vanishes in virtue of (15), §2, so that the |
vectog dx' is orthosonal with respect to x', i,e, it lies in the
tangeﬁt-plane. Writing (19) in the forn

| g dx'* = o o | (19)
a sccénd diffcerentiation gives; ] )

f die dxt 4y L = O (20)
Woting that Pﬂg¢)=l for points on the filsuratrix, we deduce from
(16) and (18) |
or, u iné (19)' and (20) '

- rdy da o (21)

But Iron (29), $2 wc have
dy: = 23t = +a3qéxvdxd

. thK
%
where ogain the first toerm vanishes, Thus

| P = g de dxtd - (21)1
Thiswcqu&tion enablcs us to cxpréss the assunption of the con-
vexity of the indicatrix analytically as follows:

In o#dor that the indicatrix be strictly convex at all points
the Quadratié forn

#FIT 7y In Ty corrcsponds to-fc ,» the vcctor c& corresponds to dJx!

[

. : — ->
if and only if 4d¥’ has the sane dircetion ag x‘,



| Lol
| TICR R - (22)

rmast b sitive definite subjoet to tho lincar eondition |
i q; £ : (23)

Frrm thc thcory of quadratic forns (C wrathecdory (8), Ch, XI) we

duducp that thlﬂ reguires the condition th .t the determinant
T

s Yoo, o
st bc poeitle and non-vanishing, In virtue of equations (13),82,

and (42) §4, we scc that this ig equivalent to the result antici-

pated in assumption (C) (p. 5).

iFurthcrHOTG, os the convexity of the indicatrix implies the
convdxitv of the function ¢7(xf), we nay use a well-known theoren
on convcx functions (Hardy, Littlewood and Polya, (22), . 80) to
dcducc thot the quudratlc fornm

: A a*cpr:c) gz §"

f : ’Bxlt axl“ ’
be strietly pesitive, i.c,

3LJ(x'>§ f >0 (24)
for éll £ whatover the argunent in the 9 nmay be, Hence the

dete%ninant 13 1 * fornad by the 9., ond the prineipal minors ofljl
arc p0°1t1Vu ond non-vanishing for «ll dircetions x', Fron (24) it
folles that wnder the cssunptions (A) - (D) the osculating indica;
tric%s are¢ oll ¢llipscids, '

§ 9. Angular Mcagure,

|
|
f We sholl now intruducc O furthcr aSﬂumpti>n commonly nade in
l

thuuculculu of Vwrlﬁtibu :

(E)g: The valuc of the integral

j F(ar. st et

is 1ndcpundunt of the dircetion of integration alceng the

i
[
|
1
|
I
|

*Thls fact wos proved along different lines by Tuylor ( (11), »p. 262)




curve under ecnsideration, '

.Thun,»apurt fren condition (5), §1, we rust have (Caratheodory (8),
p. 214) .
Fixd xrty = Fext -x')

)

so that for A<0 tho rclation
Fx &x")“%’r(“ x*)

iz gutisficd, and fherefor;
| Gejlaet, ') = G s, =<t (25)
Thig ensurcs the symnetry of the indientrix with rcspect to the

origin, )

In the ens¢ of two-dinensional szkowskian spaces we shall
define the angle between two veetors A and ; of iength«e to be
the shorter of the two longthe of the indicatrix of rodius £ out
off by the veetors X and 3 . Thus, 17 ¢ and x4 A" are two
veetors, infinitcsimally close together, the angle d® between them
ig defincd by ,
df = %Iﬂq(dxvdridxdjqi o (26)

‘In the case of an n-dinensional space the veetor X whese
end-ﬁoint pagscs along the indiecatrix fronm X to ? rmest, for the
80 Cuiof unlquunoss, be constrained to lie in the two-dinensional
sub-gpace defined by A and p : 1,6, X rust satisfy a subsidiary
relaﬁion of the formA? N -

: T s oally X+ LR (M=, p=1) (27)
where alt) wnd A1) arc contimuous funetions of the paranetert,
Alsé, since';Wt) renaing on the indieatrix, we nust introduce o
norﬂalisation foetor for alt) , 4£(¢tY, Thus, 1f we suppose that £-0
whcn X = —f and t =1 when ¥'= £ , we have

| alo) =t AMCc) =0, }

alty = O L) = 1,
and ‘econgcquently 4 satisfactory forn of (27) would be

xy < (I 6)) + tf./ . \ = :l) 1

whcrc the denoninater is the length of the veetor('-t)h + tf,




. ; s
which oncource that IJ(t)is & unit wveetor, Fron (27) we ean cal-

. : i .
culate AXUE)/dt o o function of ¢, so thot we ean define the angle

by the intcoral o

in whlcr those valuco mast be substituted,

We ngto the follquag rerarks:

(1) ETho angle (26) is indépondentjof the radius df the indicatrix,
Thisgfollows immediately from cquation (14) of §2,

(2) The postulatc of wdditivity is fulfilled,

(3) gThe sﬁm of the anglcs of a tr{angle is equal to half the
lengéh of the éircumference of tho‘unit indicatrix, This is e¢asily
vorified by ncans of the symmetry condition (25), |

(4) bermalisation: Since the length of the eircumference of an
indiéatrix is proportional to its radius, we deduce that for each

two-dinensional subspace there exists a constant

1 §\/3‘J (c}x‘)olbc':' 't (29)
2 \/(jt txt ¥ x" g

'wherc the intcgral 1s to be taken around the indicatrix and the

vactor X constralaed to lie within the sub-space undcer considera-
tlon. This is the gencralisation of the number W . It is clear
that for diffcrent sub-spaces this number will vary; in particular,
the gngle corresponding to two parallel opposite directioms is
indéfcrminate mless a sub-spacc has been fixed previously for the
purﬁose of ncasurcment, Also, even in a two-dimensional Finsler
spaco the valuc of (28) is fixed at each point, but will vary as
we pass to a ncighbouring point, t |

; These disadvaatab-u arc not as serious as they might appear at
firét sight, as in Differential Geometry we are mainly concerned
witﬁ snall angles. Furthernore, we can introduce what we shall

cali the nornaliscd angle, which is defincd to be the length of

thciindieatrix-arc as definced by (28) subject to (27)', divided
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by the total length of the circumfcruncc‘of the indicatrix, Then
the éngle.&orresponding to two parallel oppogite direcctions has
the fixcd value 1/2 throughout the Fingler Spaee. We shall use
both notions of anglc as dcfined herg, but when the normalised angle
is uécd this will be stated explicitly,
. Notc:. Othcfmdcfinitions of angle are.given by Finslcr (1), Cartan
(4), Bliss (24), Landsberg (25)% Finsler's definition has been
moentioncd in §5; it docs not satisfy the postulate of additivity,
For Qmall anglcs those given by Carton and Loandsberg dopend only
on the propcertice of the indicatrix in the immcdiatc ne¢ighbourhood
of the dircetioms concerncd: i,e.” the goometrical interpretation
is given by the osculating indicatrices, in contrast to the defi-
nitibn given here, whore the measurcment of an element of are of
the indicatrix in thce neighbourhood of X requircs & comparison
witﬁ‘tho length of a vector othogonul with respcet to Z/ .,
| Finally, the dofinition as given by Bliss (given for two

dimensions) ig intrinsie, but his calenlations involve the use
of the¢ classical cuelidcan background; but it will be clear that
for two dimcnsioms our dcfinition as given above will coincide
with:that of Blius, ‘

' Spceial mention must be made of the article by Busemann (27)
on angular mcasure and intcgral curvature in metric manifolds,
It is pointed out that although the anguler meagure must be additive
for angles with the came vertex and th&t straight angles should
have o fixcd mcasure, "an insistence on particular measures .....
makes thc concept of angllar measure barren and unnatural”,
The rocults obtained by Busemann in this papér amply justify his
opinion, |

| However, in the prescnt work it has been found unavoidable.

to introduce o particulor angular measure, in view of the fact

*Comparc the survey of St. Golab (26),
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tha? the notion of anglc has been used to define the curvafure of
cur&es both in Miﬁkowskian ﬁnd Finsler spaccs, Both those concepté
wer? noécss&ry for the derivation of an analogue of the Gauss-Boﬁnet
Theercm (Ch, VIII) for Finsler gpaccs, os well as other applicaticns
to ﬁiffcrential Geomotry.j.Thc possibility of a derivation of a
Similar analoguc of thig theorem for o less restricted form of
angﬁlar meagurce is not entirqu‘cut of the question and should be
invéstigatca. Finally, it may be 1noted that the normalised angle
as dcfincd'hcre certainly catisfics the initial demands made by

Busemann for general angular moeasure,



CHAPTER IIT

THE TRIGONOMETRY OF MINKOWSKIAN SPACES

§ 10, Definition of Sine,

. : , -» >
- In 85 we defined the cosine of two direetioms A and M

in f;chis scetion we shiall dcfine the corrcspomding sine and pro-
ceed to a systematie study of these funetions.
_ Referring to the notation of l§5 we con measure the length of
ﬁhe' vector PQI' by means of the vector ¥ parallel to PQ' and passing
through the origin, this vector being the dlagonal of the paralle=
lbgram fbrmcd by the vectors -?K and ﬂ? . Her‘e it is necessary to
obscrve that in view of our symmetry condition the vcctors 5\; and
-?\ have the same length, We moy then write
o _)_/) :fp’ __-X . (1)

so .that . | ' I
jpa )t = Gej OV EE = A rp; = 29) . (2)
We thon definc the sine corresponding to the two directions /? |
and f? by the equation |

; - + | Pal

s (A W) = Iy (3)

£

thgc po sitive sign being talen when the rotution from 0 to P to Q!

165 countc,r-clocl’wi.;e. Equation (2) then gives

sm(X,F) = [g‘l?v)/:‘fi - LA+ G K] (4)
Now from (4) and (5) of §5 we deduce | .
T - b F) - _ (5)

so th et we finally have .

Sm ());\ ] HV_E_[J - 2?, mi}_y_* car(d, P +3!+vﬂ Vet &P (6)

Again, this cxpros ion 1is indf,pendent of the 1cngth° of A und.;u ;
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if, for instance we replace y by 4P 1t followa from (5) that 7

<d <y

changes such that the direction of remaing unchanged sinece the
funetion ca(X,p) dig independont bf the length of ¢ ., Thus the ;)
are unaffeeted {cquation (14), §2) and our statement then follows
dircetly fromcquation (6)

:In'thc speceial ease where the 9y are independent of direction

equation (6) »1mply TL@UCcS to

Al

]

W) = =ty §)

and %e may therefore rogord it oas o generalisation of thislwell-
knbwﬁ identity of euciidean trigonometry. plso, when ﬂ? is
ortﬂogomal with rcspeet to ;? , it follows from (5) that v —=o°
1.eJ the dircetion of 5? tends to the direction of ﬁ? and we can
dedﬁce from (6) that thc orthogonality condition can be expressed
in ﬁhe fornm - R
s p) =2
. Finally we note that the gine as o function of two directions

is not gymmetrical,

§ 11,  xAdd1tion formlae for sine and cosine,

The Minkowskian space being afflne, we may make use of the
euciidcan noticns of proporticnality, espeeinlly for the case of
probortional trionglcs, In general however, oné canmot transpoese
tbe proofs for formulac‘ln Euclldc n Geometry to the Minkowskion

wge, ag the concept of OrthOandllty cannot be applied in o similar
maﬁncr. Wé shall now doduce the addition formulae for sine and
cosine purely geometrically, as cnn anclytical deduetion would be
extremely difficult.

( Without loss of gounerality, we may conéider three vectors ; )
p',;, having the some 1Qngth'and lying in the same plaﬁe, and we
shall reproegent them by 0P, 0Q, OR rcspcctivcly (Figure 2), The
ordor in which they are token is cssenticl and we shall regord them

as being counter-clockwise,



Let OQ, OR produccd meet thoe toangent to the indicatrix at P in
Q", R' rcegpeetively; oinilarly OP and OR meet the tangent ot Q
in Sjand T, Drew QQ',TT' parallcl tc PR? mneeting OP in T','Q'.

Then triongle OTT' is sirmilar to triangle OR!P and we therefore

have v _
Cen ] = T = z — -
(3, ) oR o7 OT

If we draw QM parallel to PO to meet TTf in M, we can express this

in the forn

Ay = 2% Mo _ o0 0a | Mo
A oT or T oa’or oT

Frgd the similarity of triangles 0Q'Q, OPQM 1t then follows that

calryy = Coa(A,'y)cm(,u,v) - %—$~ (7)
Alsc, sincc the triangles TMQ, QQ'S are similar, werhave
- _/i(z). = &5
‘ T 6 s
and;roncmbcring that .
‘ , . . Qs
Sm¢p,A)~_6?;A
e dctnes  ma . OGS 1 TQ . swpw G5
0T 0S  Se(p,n) °oT T e n oo
- s (p,v) 0S8 - 0@'
S (p> F)) oS

Swe (p, a)

Using (7) we findlly h£¥u the addition-forrmla



an(A,?}‘:Cﬂ(ljf)Cm(P>V)'* %}I ——c(m(;\,y)cm(h))j (8)
‘1 .

It ig cloar that whoen. the sine and cosine ocre symnetrical this

resul# will rcducc t¢ the elassical euelidean formula,

Te find the addition-formula for the sine, we proceed in a
ginilor rnoanner. We hove ,
| PR _ T'T TM+ M7

swta,vw) = IR o T 1
o R! oT oT

W
& »
o

T
oT
MT QT

D e + .

OT Q7T OT

"
© 0
C A

[{

' ‘ MT
S%(X)P)C&(}‘)V) D i — Sﬁ\(’J,V)
QT
_ (9)
But fronm the sinilarity of triongles TMQ,QQ'S we deduce
MT - ga _ 64 oS _ Qb |
6T S& 0SS sda OS S}

, 0'Q . oQ /
| oQ O% ITWip M

i

Sk ( l,j))&ﬁ(}-’: A)
s (p,A)

so that in virtuc of (9) we finclly hove

S (A ¥) = sm(ap)cmpv) + SR A Yswipv)  (10)
| , Cim (P,A)
or Q1turnativelya

; o 5Q¢(i ) cw UPIERNY .
o Sm (A V) = ?:?E%‘LSM(F)A)C01(P1V) +C03(f#,R)Sm(P,V]J | (10)?

Agafn, ag in the cose of (9), this reduccs to the ordinary eucli-
deaﬁ forrla when there is symmetry,

With the nid of cquations (9) snd (10) we con easily find
\gengralisatiuns of formul&e»of euclidean trigoncmetry; for instance,
if &e suppose‘§ to be orthogonul with reéspecetd to;3 we would hﬁve

f sm(x,y) = SmONR) COAfrA)

| S (P n)
corresponding to the identity sin(90 + A) = cosA |,
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J

If the veetor 92 is such that A +8A has the same length as

—-’ .
A, we dcduce fren equation (18) of §8 that 3& ig orthcgoennl with

-y , B
respect to A, i.c, Sq()VXX'ékJ is of thc sceond order of snallness,
In this case the lugt term in the cxpression (12) will-be of the fourth

order of snallness, so thot we nay write for vecteors on the sume

indicatrix
(M A4 SA) = 1= 759 I SA e vs (13)

,Fronithis it followg thot up to tcrms of seccnd order
| G-I A = a2+ 5A) |
It 5@ is the angle between the veetors, we have from the definiticn
of cngle .
R 5ot =g GnsNEY (14)
gc thot the classical forrmila
Coa (§D) = l“‘é‘(ge)l*"" ‘ _
could only bo transposed if ¢ ()= 9 (8X); which brings out cleearly
the diffcrence between our angle and that of Finsler, who tssuned
this exponsion, |
' If, in the notati-n of $5, we denote the infinitesimal vector
53' by‘ng , our definition (3) gives |
: -3
S (24 SA) = ..ﬂ%ﬁ | (15)

-5

It follows fron (5) that when §Ah—0, i.e, when caa( A, A+ $A) =

that then T —/) , 1In virtue of (2) we then have

2 : L 9k
é@*» j%ﬁ:' =~ b [jéj(MV—IMPréAXAVF”)+T5xXA+*”7*“6P)]
- _— D - o b i e e
- N
. Lggangx syl
[3x | X
= (16)
Fronm (15) we deduce -
go that
: )’m(,‘)‘)/\+k‘7)‘) = IO + +¢ . (71
on nceount of (14), Ahgoin, for small angles the funetion . ' {ﬁ*}
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§ 12, Sinc and Cosine of two neighbouring dirceticns,

) -5 -3 -
We gholl ecnsider two veetors A and A + 84 sueh that the

uﬁglb botween then is of the first order of smallness, and we shall
evaluate the corrospending exponsions of the sine and cosine up to
terns of at lcost the first ordér, fron whioh we con derive the
differential cocfficicnts for the general sinc ond cosine,

Fron cquotion (5)'off§5 we have

e { N\, A+ 6 A) :ﬁéj(h77‘:()‘J"'5’\j)- . {11)
s w‘ *,"\ (Af‘ g/\)

where SA is the differcnce in length between the two voetors,

(which rust not be confuscd with the length of the veetor M , which'

we ghell donote by—!éAf ). Thus

cog( A, xe §A) = (x“-Fgci(k))¢8)3)7ﬁ7%r§§7 | (11)e

It is clear that we rust Tirst obtoin an exponsion forA+3RA ) Fren
the definition

-t
+ o= (Jgonad)?

we have o , _
%‘(T) == =7 Ju OO

and | 3 _ Q " i '

S TS . ¢ '

D)\l‘a’x—'ﬁ = G ﬁ’tk{)\) 34“6 ()\)/\ AV — FF?‘K" ()\) .
where wo hoave trken the homogcheity-con&ition,(15) of 82 into
account for'cach differcentiction, We therefore cohtoin

/ - / ) PR { ! Lk
X+ dax T A S oINS+ 3 (- 53 Gy sat

2 G O) GO N X ENE ) s

= L g g s« 4 (Setquanatsn®
- L WATTH) 4

Substituting this cxpressicn in equation (11)', we find after
vmultiplication and sinplification '

(12)

M(A)A+S’\) :“ = ii)‘-a 3(] (/\)5»‘5,\; +}!;“ (?CJ'(A))"S/\J')Q,;, e



isg synhctric.in the twe dircetioms., The diffcrence botween (17) and

the closgicnl Fformula lies in the fact that here the second order

tern doces not, in general,venish identically,

§ 13,  Difforcntiction of sine snd cogine,

Duc to the loack of gymnetry of the trigononetriccl functions,
we haﬁc to epceify which of the directiinal crgunents has to be
kept e« nutdﬂt when we diffcerentiate. Thus, for instance, we shall
&enotu by d (Cm(\}ﬂ) the differenticl of cn(h, p) when we suppese that
Id is Jto be kept conatont,

2 » > o> .

C negidor three veetors A, p , g +SF  in the sanc plone,
Without loss of gonerclity we noy assune that their longths are coual

. v >
cnd fixed, and we ghall regord M as o contimuous function of o pura-
) : \ - - . -
neter S, so thot the veetor p + &p 1is sinply the vector'p(5+'55) .

Fron the addition~formule (8) we have
sue(p, P+
Sudp,y A)

Cos():) P+5}J) = 'Cim())}))ug(})),u-yﬁp) - [/—- an (A p)lealp, h)}

50 tﬁmt up tc termsg of the first order equatiohs (13) end (17) allow
us to cxpress this rblatian in the form
— 7 \
ol Ay p1dp) = ca(d, py — Lz lpcet, ) 54 (18)

Slm(p, A)
where 0B is the angle betwoen the veeters 5rs) and f(5+53)

Then |

dx - (X L+ Sp) — ColA
s {c‘”('\"))] = g, 2k 5 g

i.e, in virtue of (18)

Q}anm)w] L 1 1= ‘*"“EMWW\)]S@

d 55.93 S, X) 5s
or .
A Ty vy = colhpiealp2) Jde
d'; [&)’)(7\,}%)} L plen(p, ) ; (19)
S“\(POA> A S

This weuld onec more reduce tc the elassical result if we had

syrnetry.
- If, in the addition-formule (10), we interchange A and ¥ , we



have

. . ) Sf Y, ) . -
S (V) = Sm Coal} (V) S (P, A
; ) (9, presilp, ) Sun (py V) b2 Cp, )

Put%ing Vo= M +~5}/ and using once more the relations (13) and

(1f) we have as a first approx1m¢t10n '
SR AT, ) = SBcnlp A 4 &m(p,/\) ' (20)

remembering that for small angles sine and cosine are symmetfical.

We thug find

Cda o 7 = A Smptdp, ) )—*rm(p,A)
; a—g*[_Smf(U,/\)J C dso Ss
- _/_L”“ C\OB(P)A)S;S
40 ds -
or
| olw [ow (p0] = ancp, ) €8
A5 (21)
as in the classical case,
In a similar.manner we may derive the following results:
(22)

Sm S (N, p) de
[sm: m] T Vi

and

S oy ]de (23)
ds 1ds

}.-L[c@(pm)_'] = - [sm(p,A)jLJ(M

With the aid of equatioms (19), (21), (22) and (23) it is
noW possible to derive a Taylor's Series for our trigonometrical
fuﬁctions, AS we shall be coneernmed nainly with small angles
inﬁthe Differential Geometry of Minkowskian spaces such an ex-

‘>pansion is not necessary for'our pﬁrposes, and we shall therefore
onit a discussion of this kind.

In the preceding secetions we have laid the foundations of
a ?rigonometry of Minkowskian spaces and we have obtained the
neéessary tools fron which further developnents can be deduced

anilogously to the pattern of euclidean trigonometry,



.‘.. 35 ~

j

§ 14.; Arco in o two-dimensicncl Minkowslkion SPLCE,

! ’ -
Consider cny two veetors A ,p  prssing through the origin O,

Thesge) vectors dofing a'trimngle obtaincd by joining their end-points.,

We inﬁroducc the function A of the two vectors by the equation

| A,_\”P’) = 2L X Pl SW'(igﬁ\ (‘24)
where(thc oricntcd sinc is used(§10), cnd where thu order of the crgu-
ments' in the sinc is sueh thot the positive alternctive is choécnvin
(24), The orientrtion is such that-thérc ig only onc¢ such clternctive,
Thus, given any two vectors, this stipul#tion fixes the order of the
ﬁrguménts in the function A . If we complete the po rLIICIOer we
find th vb thevfddltlon”l tricnglec 18 ebtoined by o tronsloation of the
tricngle formed by the vectors wx,-p for which 4 is given by

9-@3&

A-X-F) = 3 | AP s (=X -F) = L{?HQ’ Jsmn, F) = AX P

x.

It ig then pleusible to define the functiom A(R.F) by the coustion
AREY = VAR s (3LF)  (25)

retaiﬁing the same convention .8 fcgnrds sign, We shell rogord the
functiong A cnd A os mensurcs of the creas of the tricngle cnd
'paral}elogram rcspectively.,

in'ordcr to dorive o cortain proporty of the funetiom A, we
shmll‘necd the following simplc rosult concerning tricngles:
Let OBC be any trinngle, thesc points being token in countcr elock-
wise rototion, Find o point A»on OC such thot the trngent to the
indicatrix bf center 0 ond rodius OA ot the point A pmsses through
‘B, Bf symmetry, the indicatrix of center C cnd radius CA will touch
AB ot' 4, By definition of oriented sine,,we hove

: [ABI e = . - =3 (26)

TR = -~ sm (CA, CB) = = sm (-0c,~BC)

ond ' - D

i _'_"3..5.‘ = fm (‘o(_)og)

- loB (27)

But from the symmetry of the indiectrix it follows that
S (=%, =) = swm (X, )7

so thot on dividing (27) by (26) we find thet

W | }

-
The rotation of the wveetcrg-A r—ﬁ,»(—?)is counter~-clockwise,
o

| ” .



o A

- 36 -

' : = . - —
< sw (G, BEY o _  Sm(0C, OB)
' C C , .
focl [B< (28)

Returning to our vectoro A }J conétruct the pc r llelo ;rom OABC

)

" Wwhere OA = A , OB ; £, such th~t the rotction from B to P to-Ais

ccunter-clockwise.‘ Then the rotation from A to 3+P to4A is clso
counter-clockwise.;Construct the porallelogram OADB formed by the
— —— :

veetors A, A rp., Ve then have .
Sm/?)):)) = SW\(OA Ag) = - Sin (AO)A 8)

Applylnb formulao (28) to the specicl case of tricngle OAB, We find

. . . R . .

S.t_(_.u) - sm(X, Avp) - (29)

(2 s i—'—’ ! ' ( ‘PD | .

After cross-multiplicaticon and multiplication_by‘ Al, we immedictely

-

deduce from the definition (25) '
AR E)E AR ) (30)
Let us cons iddr the segment ofcthc indicatrix formed by the:
veetcors A cnd ijt}'whu se lengths‘are equcl, Considering this seg-
ment o8 n 1nf1n1tu81m 1 trin nble we hove in virtue of (17), §12
AR, "78A) = LRI su(3 Ae8A) = L1 SB 4 -
gsc thet 1f we donofe thé lengthvof the circumference cnd the aren

of the inmdicntrix of redius|Alby L(I) ond ACI). respectively,
) I - v - ‘ - .
ACT) = & Hm YEYRYR I N %é-{hlldg =4 (XIL(T) (31)
. L Ao .
wsing the definiticn of cngle,
In ordcr that we hove o mec.cuTe A(I) which remcins constont os

we poss from cne point to o neighbouring point in o Finsler spoce,

we moy introduee o ncrmalised ored defined by

A'(A,y) . AP | - (32)

whcrcL_Cf)ls the lcnbth of circumfercnce cf the unit 1ndlcctr1x.
This proeccss ise oqu1Vflcnt to rcplfclnbléé’bv the normclised cngle
defined in §9. ‘ : .

Note: Prcbobly the Tirst definitin of ~rec wns given by Bliss (28)

1‘ .
which depends, however, on o distinguished field of curves. A more

recent definiti.n was suggested by Choguet (29), the significcnce of

whieh wrne established beyend 11 drubt by Busemonn (30).



must

I

In ¢conneetion with arec in offine spaces, special menticn

be made of the discussion in Sperner (31), Chopter IV, In

. . - >
the ease of o twoe-dimensicnal space o certain funeticn \/(A)V)

. - - -
. 1s atﬁmchcd to o system of two veeteors A, p  which is required
} _

to sa#isfy the lelowiﬁg relations (p. 102):

(1)
(2)

(3)

(4)

Nixng) 20

‘Vfr,ﬁ)must remain unchaonged when cny one veetor is reploced
by Xj:? . (Comb&re equation (30) ). |

Vixp) must become %V{f,ﬁ)when one of /’\) or P’ is replaoced
by éi)or kﬁf. |

A normclisction eondition,

A funotion'VYX}n sntisfying these ccnditicns is interpreted s

ﬁl’”eﬂ [

The cren ag defincd by (32) clecrly has similor properties:

any differcences thot might arise cre due to the loek cf symmetry

of the sine,
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CEHAPTER IV

THE DIFFERENTIAL GEOMETRY OF MINKOWSKIAN SPACES

§ 15 Curvature of Curves,

As we shall be concerned solely with Minkowskian spaces in .
this[chapter, we may, without danger of ambiguity, denote the

coordinatcs of a point simply by X, Let us consider a conti~
mous curve | .

| Xt =x“S) | (1)
in which the parameter 5 is the arc-length of the curve measured

from some fixecd point, so that

ds® = gij(dx) df ol (2)

—>
where dx is an infinitesimal displaccment along the curve, We

( .
then have . .
i day dx’ o
| ?ii(aé) Zﬁ?"ﬁi - C(3)

S0 that the vector = =dx fde is a unit vector, which we shall

regard as the tangent-~vector to the curve (1), If fWS),'KWS@ﬁs)

are the tangents at points on (1) corresponding to values 5 and
L ' :
5*5F respeetively, we shall donote the angle between them by

§y, and we shall definc the radius of curvature 29 at the point

5 Yy the equation

| L o= bn &%

: 8 §s—»o 8 ' (4)

" We can form the "spherical image" of Gauss on the indicatrix
by constructing the locus on the indicatrix of end-points of
unit vecfors passing through the origin and being parallel 4o
suc%essive tangent-veetors of (1), IfS&s, is the element of arc-
1enéth along this curve, 1t follows from ouwrdefinition of angle (§9)
fhat

| | Sy = &, (5
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A n equivalent defi@ition of curvature would then be

.
/ L = A if.' (4)°
o S Ss—»o0 &8s

No&, by the Mean-Value Theorem we have

. . - o il ¢
Jxt 2 xS+ Js) - x(s) = 85 xS+ B, ¢s)

where 0 < &) <! , so that we may write

| (iE) o A [ qej 082 S0 e T gy (6)

A3 .

. SS’)OL Tef 1x') S¥* &y
and we consequently deduce from (4)' that

Q :[ju(l”)bl”" x’ JJ o . (7)
A 1so, diffcrentiating (3) with respect to S, we find

29 (x") i IR ) 14

_ DS RN "w ' . ‘ ). ny

| | O = S Xt Rqan X (8)
“where thce first term on the right-hand side vanishes in virtue
of (15),52. Equation (8) then expresses the fact that the vector

—91 . .
X'l is orthogonal with rcspcet to the tangent-veotor, and we shall

therefore call it the normal-veetor to the curve. (1), fthe unit

-~ ) . R . . ) . —)u
vettor in the dircetion of the normal is then £3x% ,

|

thgt the angle boetween neighbouring normals is not necessarily

As regards the definition of curvaturc it is worth noting

eqﬁal to that betweeﬁ corrcsponding tangunts, This would suggest
an;alternativg definition of curvature, which. however, has not
pr?ved use@Ll and-has'théreforc been disearded, The only disQ
edventage of the first dofinition is that curves formed by the
intcrsection of a plane through the origin with the indicatrix

do not havc econstant curvature ag in the euclidean case,

| Starting from a diffcrent definition of eurvature (for
Fiﬁsler spaces) Taylor (3) obtained a generalisation of the
Frenet;formulae -~ Wwe hove dosisted from attempting such a
gcﬁcralisation as the notion of an ortho-normal set of veetors

in

an nedimensicnal Minkowskion spacce appecrs tc be o somewhat
-4 - Y 3
umatural one in view of the lack of symmetry of the ccncepd

of orthogoenality,

i

I
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§ 16, Further Geometriecl Imtorprotation of Curvature,

} At any point 0 of the curve we chuose cur origin of eoordi-

netes and we guppose that s 0 at 07 We shull denote by 5?(2, and

:ﬁi‘, !the tongent and nermal ot 0 regpectively, Tet P be another

poiz;‘b on the curve whose arc-length from 0 measurcd along the
cu:mlre is §s, If we donete the coordimctes of P by Sx*, we hove

; Sxt = JL(Q, Ss {»x{'”-‘i_—s« PR (9)
Ascuming firstly that the curve is a planc-curve, i,e¢, lico in o
‘bWO-d.lmbl’l ional. lincar subspace, we may draw PH parcllel to ':?(f,',

to meot Dc,f,, in H, ZIct the length of OH be §¢ ., Then H has coor-

dincjutes aqo, éa , and the - veetor PH is given by
| Y = 2L o - S (10)

and (we have
; ; i 4 ) ] o
! :x[‘o)L JO' - 5 ‘ - 3:(,_,) 6-0—5\: !

7] ._ " J
{0)

or |
) 1e 1y ) "e My . "e '
SC LDC(D) DC(,A -~ Dt(os l‘(.,; J = ﬁﬁ(af' 51' —~ X(o) J\I i

Subsétitutinfr for J:r”. from (9) we find

< ’e é’s '/J ‘! ne
e ! t
56[3‘0 3%; - Y(o; Q‘b) /= 53[%71 X - Yy l(a)j ;;-”‘(o; Yy %J
80 ’qhat P
Jo = ds8 + terms of T4 ordor + .. - (li)
Frmﬁ (9) and (10) we then deduce
= [(Ss* ‘ y
H—ﬁ::r,,,(_f)+.... (12)
or, using (7) ,
| ) . — is.. A+ s e - .
THPI = 2 a (13)

Thid rosult is also true when the curve is not a planc-curve;

=>

thig follows from the faet thet in the limit PH is parallel to o

whoni P,H arc points obtainud By marking off cqual distances s

along the curve and tongent reopeetively, as we then hove, in .
virtiue of (9) (1)
: _ - i{;'l-) -9” v
PH = %(9 Xy 4+ .« o« (12)'

|

" The first, morc cumbcrsome argument hog boen glven as we



shall reguirce later a Xnowledge of the approximation to which
equation (11) iz correcet in the case of plane-curves when direc-
tion& parallel to the ncrmal are being'ccnsidered. The osculating

plone of the curve can be obtained juct as in euclidean geometry,
}
§ 17, Curves on Surfaces,

|

an analytic f&nctipn, and we propose to study the neighbourhocd of

We shall now ccnegider any surface whese equation is glven. by

an %rbitrury peint O cn the surface, this peint being chogen cnce
mord ag the origin of cur coordinates.

Let 5 denote the unit normal veetor to the surfoce, i.e, for
21l eurves on the surface through 0 we have

| 3g<£’)§'“‘x(:3 =0 (14)

where ZA is the tangent-vector at 0 to any one of these curves,
| We shall call curves on the
surface whose osculating planes

> ‘
contain £ ‘"normal~-cuts" of the

s 32(') ' surface, so that for such curves
' ' Sy D07 .
Yoy ¥, & 1ie in one plane.
Fig. 3 ' ' Contrary to the euclidean case

} the vectors f? and.;;do not in
gen?ral coincide as the équations (8) and (14) are not egquivalent.
Conéider o normal-cut OP (Fig, 3) whére the arc-length of OP is
again equal to §s ., From P we drop PH, PS parsallel to XY and ?
res#ectively to meet the tangent iglto the curve in H and S..

In virtue of (14) we have HSLPS, so that it follows from our
definition of cosine that

[PS| = [PHIca(, x5) . (15)
From (1%) we then have

i /1561 = %%;Cm(ﬂ)xﬁ) Foaeo o
so that if we put

|



- .8 ,
N R ol x) v (16)
we have s
st L R
\PSE = o ¥ (17)

We slhall call ‘/R the "secondary" curvature of the normal-cut,
where it is to be noted that (1(€, xi)) varies for different cuts;

H

in fact, we have a cone of directions generatéd by the vectors iL).
Note?that R> s, Furthermére, since fﬁ,ily,éy, lie in the oscu-
lating plane, there must exist relation between them of the form

| 9oy’ = af s b (28)
wher% a , 4 areAfunctions depending on the curve, Multiplying (18)
by ’.:J'(I/:;) :c(f,,j and. 3;1-12)55 in.turn and summing over ¢ in
each case, we find

. . \
0O = Gactn (3{!:)_) g) + &
Cﬂ(&lé): @

when we take into account (8) and (14) and remembering thaté?iig is
a uﬁit vector, Equatlon (18) then becomes
, by | ¢ o , : ’ _
:x'_zn = ?LEL.. cgg(x(,,hﬁﬁx(:a] (19)

which is the genéralisation of the‘corresponding euclidean relation

1}

I >‘ x{l)‘: Té’g‘

§ l?. The Indicatrix of Dupin.

We shall now choose a special coordinate gystem as follows:
" Retalning the origin at 0, let the ° tangent-plane to the surface

ot 0 bc taken as the coordinate hyperplane x'=0 and the straight
> .
~lines which arc parallel to £ as the coordinate lines of the

parameter lf, this parameter measuring the lengths of the segments

-

of rhesé straight lines from the plane at . 0 . Since dx? is then
length of the veetor parallel to £ whose components are

the
(dx* 0,0, ... ..0), we have

{



_ e ( = |

L i (8) = 1 (20)
By considering veetors in the tahgent-plane'wth components (0,1,
0,0l....O); (0,0,1,0,...0), ete., we deduce from the orthaogona-

lity rclation (14) that

"

Qi (§) =0 (o= 2,8, - oo m) (21)
(Fo? the.rost of this chapter Greek indiccs are to be summed from
2 té n, while Latin indices retain their original meaning).
Theflength of any~vect9r X in the tangent—pl&ne.will then be
givéh by
T = Gup(ax %P (22)

- Let the cguation to our surface in these coordinates be

- t = i) | (23)
Thi$ eQuation exprcases the distance of o point on the surface
fro@ the plane x? - 9 , this distance being measured in the di-
‘recéion of the normal vector E,. Then, if Ax'1is the distance
fro% the planc of a.point on the surface whose coordinates are(Axi”ﬁ“}'

we have .
: dx tie) o SE oyt
i i - . Sy 1 RXN0) g g B (24)
f Ax dx™ Y T ok dxmhl v

But! for a normal~cut whose secondary curvature is R and whose

direction is given by -
PR
| Yo T s

it L‘.‘ollows from (11) and (17) that o

Axt = 5 L ep(xp) ExSaf (25)
| 2R )
so that ' ' .
5\ "—‘“‘“‘“‘aj(',{()) = ’g"” A 3(.{ = /&m Ag_ is.__
| o™ Fs>0  Sx* »55—:\.»5’57 Sx ™
= A [ 5] S5
Ss20{ 2R ) Sx~ .

f
|
f
in virtuec of (25). Sincec the last limit is clearly zero, we find

on comparison of (24) and (25)

i
|



| 2R O e (25)"
wherg it is to bc noted that the coefficicnts in the last sum

CAxt = I (%)) Sx*$af  _ - atxlo) Sx* Sxf

. —
are independent of the dircetion z& of the vectors & ,

- In future we sh%ll write '

| A 1 ’
B S I
The gquafion . _ .
14/,,5& Sxf = ef - (27)
g | where € is o congtant of the first

ordocr of smallness is then the equa~

tion of the intcrseetion of a plane

parallel to the tangent~plane at O

. and distent £7 from it with the sur-
-9
Xy face, As in the Euclidean case, it

is a central quadric ( (n ~ 1)-dim-
) . | ' ensional), If we draw (Fig. 4) PO!
i > >,
parallel to e to meet £ in O' and l@ in Q, we haye

Ss=0H = @P = @GP x 04

or | .

| §s = o'Py Hs (28)
and | | | .

' oo =P = €% o (29)
Also, since L |

HS = PH s (& x{,

l
wé%me . | con -
| ' HS = Zé—.nw(f‘x@) (30}

correct to the second'order of smallness in virtue of (13). From

(28D and {30) wc thus obtain

| )

L qopt? = e[t -‘-;- m (€ Xg ) +—‘)—;% SM’(?’ X )ree-- ]
and therefore ,

' [0 PI* = Gup(xd) S dxF (31)

correct to the second ordbr of smallness, since IS;h.(f xw) ) =1

J

i
i

~
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From (25)' and (27) we deduce that for any radius-vector 0!'P of

- our interscetion-quadric we have up to the second order

0P -2
R = 4 % counstant (32)

where R™'is the secondary curvature corrssponding to the normal-

cut[in the dircetion 0'P, The sccondary curvature is thus
proﬁortional to fhe_s¢a$fo of the corresponding radius-vector .

of the quédric (27); and we are therefore justificd in assuming
the classical nomcnelature and we shall thus call the gquadriec (27)

the, Dupin Indicatrix,

In cuclidcan diffcrential geomctry the great importance of
the Dupin Indicatrix is due to the fact that mot only does it
represent the intcrsection of & plane parallel to the tangent-
pla?e infinitesimally close to 1t with the surface, but it also
pro%ides us with a vory clear picture of the distribution of
the| curvatures of normal-cuts., It is of interest to note that
our' definition of curvature, which is based ultimately on our
notion of angle, allows us to prescrve both these featurcvs of
the Dupin Indicatrii for surfaccs embedded in a Minkowskian space,

{
!

§ 19, Principal Directions.

We shall define prinecipal dircctions on the surface at 0 as

being those dircetions for which R assumes extreme values (if they

exist), By putting

‘ S o Lo .

l' "'[_" = X (35)
we may write cquetion (27) for the Dupin Indicatrix in the form

| frog x” x'® =t | (34)

Beéause of (31) and (32) our problem of finding the prineipal
diﬁections implics seelking the cxtreme valucs of the functién

| | R =E s Xy o (35)
subject to the subsidiary condition‘(54)f Aceording to fthe

’ ¢+
multiplier rule of ILagrange, all directions iﬁﬁ)ifhw"’;‘é4)°“
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which furnish us with extreme values, must satisfy the equation
f(\‘ - f J /ﬂ A w‘
By Elzjo(@(\):,)l ot )\(6,,;,1' Q{'p———!)J = 0
wherc A ig the undetermined multiplier, Taking into abcount the
homodgencity condition (15) of §2 a possible solution Inl)is civen

by - B

/ 4'['( ' ! .
‘é’ ﬁxﬁ(l-(&))lp;_" e A(l\) ‘ﬁ“az!,_-'; X‘(A) = ¢ (36)

where Aw) is that value of A corresponding to the directionihl); .
This 1s casily determined by multiplying (36) by “&j and summing

over o« : we thon find ST
i 8

| B rion x5 X - My b X ¥ G = o

go that in vitue of (34) and (35) we obtain
oy = R | | (37)

Sinée cquation (36) is not linear in 1ﬁ)we cannot make any con-
cluSions as to the number of roots, or apply the classical theory
of the reduction'bf quadratic forms, Consequently the great sig-
nificance of Pricipal direcctions is confined to spaces with a
locally cuclidean metrie, where thcesc methods are direetly applicable,

. Assuming, however, the cxistence of two distinet solgﬁidns
X%,y ¥/s, of equation (36) for which the corresponding secondary
secondary curvatures K/, ]%are_not Zero, let us multiply (3%6)
by xqond intcerehanse # and £ in the resulting equation, We then

obtain, with the aid of (37) the two equations

/ Y, P& S
L I LA NN L .
LK j"‘vfg &) ' *) L) X °,
' fot 1B 1R e O
FPJ(}; 3&3(1164)) Xig) Xg) — 'g-aﬁ:r'(ﬁ; X (g :

[ |
Because of the symmetry of iaf and‘égﬁ we find on subtrection
; ’ { 4 / (-».i /
i %&)ﬁxpﬁme&M,lé, = ?k)Jx;ﬁnh)l&lez
Using (35) and the definition of cosine; this equation reduces to
Cen (x/({,ix@,) — .C‘m(&:’(f’cbl ‘I’g{)) (38,)
.
R’W\) ’R((Q)

If the cosinc were symmetrical this cquation would imply @ifayg, xg)= O

far‘ﬁm)#'ﬁ@, g0 that cquation (38) may be regarded as the gene=

ralisation of the orthogonality propurties of principal directions

|
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in euclldcan geomet%y. It is at this point that the diffurcnec
between the proscnt Dupin-Indicatrix and the euclidecan analogue

is marked most clcarly., Ccrtainly the notion of principal direk-
tion is inadequate to lead to a definition of Gaussian eurvature
of & surface, We shall develop this concept later along different
lines for the morc general case of o Finsler space: ~the methods

to be used arc, of course, dircctly applicable to surfaces embedded
in ‘o Minkowskian spuce. For the prosent we sholl therefore leave

1
thisé notion aside,

§ %O. Generalisation of the Formula of Rodrisucs,
|

Fof“thc firctApart of this sccetion we shall use geheral COo-
ordinatés again, except that we still regard the pbint 0 on our
surface ds the origin, Again‘g is the unit normal to the surface
and we shall eonsider o point P on the surface givoen by

Op = A% = i +4dx | (39)
Let PS be drawn onec more pareﬁllel,’t:o;5-"-> to mect the toangent-
plane at 0 in S, Since 6§_L§§ we may write.
IPs) =1Pol cn(§ bx)
ori | |
IPS1 = 9ej(E)8° (dxi + folicd) . (40)
in?virtue of {39) and the fact that E'is o unit vector., Also,
'sigce d+ 1lies in the tongent-plane at 0, we have
5 (D5 dxd = © | (41)
from which we duduce by differentiation |
G (9 dE dxi = - g, (€) €5 Ay | (42)
taking into account the homogcneity conditionm (15) of §2, With
the oid of cquations (41), (42), equation (40) becomes
IPSI = = 5 g (6)dE" ol | (43)

Now lct i? be the veetor on the figuratrix in Tf correspon-

n

-
&ijng.; t0 £ ; so that

AN



and égain'taking into account equation (15) of §2
d7; = qyle)as o (44)

. . - —3y )
whore we note onecc more that o4y ,d%  are not corrcsponding veoctors

in the same scnge os '; and €>. Thus (43) beecomes
|PSI = - f dy;dxl | (43)

-
Since £ 1is o unit vector
\ ﬁ;J({)gt Jgd-: (@]

- _
i,¢, d§ lics in the tangent-plane, and honee 8 = o . From (20)

Let us now re-~introduce the speciol coordinate system of §18.

and (21) we dcduece s
. ol§% =0

ja‘@{sw%f" | (26)
2,% s -] -

N

dpl
‘174
(‘":P

The first term in (45) will now disappecr, and we may write it in

i

H

the form _ ' _
| = -4+ 4 olx™ B ,
IPs z < | (a7)

-~

In the notation of §18 {PS/= (007 = €%, so that we have for all
points P on the iﬁdibutrix (27)

| ' '&"'!’ dx* dxf = -k dvg odaf
Since here /6up is indcependent of the dircetion and is symmetrical
in « and ‘8 the condition for tho applieation of the Rigorous

Quotiunt Thoorcem is satisficd (Brown (32)), and we thercfore obtain:

sdmg = -y, da* | (48)
If we vrowritc this result in the form
d8™ = - 24y §7(8) dx ® o (a8

we soe that this equation represcnts the variction of the unit
normal veetor when we pass from O to o ncighbouring point.

f Lct dz%urcprcsent & principal direbfion; it then sctisfics (36)
'cd with the aid of (37) we deduce |

| Gup (dxw )y . (49)
! , 2 Ruy - ‘élP!ixad




- 48 - o
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If we denotc by dtﬁathe voetor in T} corresponding to Jlim and

byciyyvthc voctor corrcvesponding to the resulting change <i!fk)

(as given by (46)»), cquations (48) and (49) cnable us to write

Ry = - ay® o (50)

In the case wherc the q:j arc independent of dircetion this would

reduce to the classical result of 0, Rodrigues,

In (50) great care must be taken as regords the covariant

mecning of the cxprb“ﬂlons involved, and it is perhaps better to
write it in the form

I R‘&,gdp(g)o(‘f‘:, = "3«{'{‘11{(&; ) dxy | -(50)!

§ 21, The Theorcm of Mcusnicr,

7A theorem analogous to the one of Mous nicr for surfaces in o
eucl#dean space may be deduecd, ol though there is o small differcvnce
in tﬂc enunciation.' In order to make this difference, which is
mainly geomofribal, ¢ntircly clear, we shall restrlct this discussion

tc surfaccs embedded in a three-dimensicnal Minkcwslian space,

'ulthou h, ag can be casily scen from the analytical character of the

fOIIQW1ng dcduetions, that the theorem is valid alsc for'the:n~&imen-
gionnl casc, v

;At the point O of cur surfaco we consider twe curves on the
surfhce with & commcn tangent X5, one of which is a normal-cut,
the gthur G plaﬁe curve whese ogculating plane intersects the plane

of tpc ncrmal-cut along the veetor §2" We again construct the

N . . . . s . ' .
‘Dupin Indicatrix by forming the curve of intersecticn of the surface

Withja“plmno parallcl to the tangent-plane at o distance €7 frcm
O,vintcrsecting 5 at 0', The oseulating pltnc of the¢ second curve
intorsects the Dupin Indicatrix in R and R'. (Fig. 5: Note: The
figurc given herc represcnts the case where the ﬁuffoée ie qtrictly-
convex ot O -  but thc cther case mwj bc IdprbSthbd in the oame

monner with slight alterations in the formulction of the proot),




Draw P'O!'P parcllel to
2L te ﬁeet the normal-
cut in P! end P, and

.form the diameter con-

jugate tc PPT with res-

pect to the Dupin Indi-
catrix, Let this dia-
meter interscct RR' in

Q. We shall regord the

_9 )
vector 0Q ag theMsccon-

dery" normzl of the
secondvcurvo, denoting
. - .

it by ¢ . Analogausly to the normal-cuts we shall define the secon-
dory curvature(fgfbf'this curve by the cquaticn

jarl? (51)

> >

where © ig the angle between the veeters € and €, 1f R is the

sceondary curvature of the nermel-cut, we hove from (17) and (11)
U lopi? | (52)
R = Zieon |

sinec 0'Q lics in a plane parallcl to the tangent—plune through O

we have 0'Q@ L & , 1.6.

110Gl = _oo' . _ e (53)
- Gl s) cer (€, 5) :

: - -

ond, dencting 0'Q by 4
140 = 10QTsm (£,6)

or, from (53)(

S e swE0)
ERE £ s TE ) ; . (54)

~% . . P < '
The veetor QR 1s, by construetion, parnllel to %y , sc¢ thot we may
X 2 ; e R e
writc @R = %\Hm , cnd putting o'R =T , we have

- e -
f = /41 x(é) + %

This veetor st satisfy equation (27) of the Dupin Indicatrix; we

thug hove



m ' 5“"‘" oo
A Jfae% w4 2t ) (1758 0

bup T i

. (55)
The two roots of & givcn by this quadratic represent the lengths
of the vectors éﬁ and éﬁi'- by our construption of conjugate diame-
ters, sincec RR' is para 111el to PP' these rocts must be cqual and
oppositc in sign. Their sum thereferc vanishes, 1,64 .

Y L (56)
Assuming that (£ ¢) is o finitc number, it follows from (54) that
%“ is a quantity of second order of °mullncp and therefore the
term,@%P%“% ig of fourth ordcr, With this approylmhtlon,-qnd
togethér with (56) equaticn (55) reduces to '
- B g, 2 XG0 = € (57)
up to the third ordcr, But O'P is alsc parallel to %y, ond may

thereforce be represented in the form k'Y X, ; since P lics on the

indicatrix, we also have
| ¢

2 loc / 3

,bl 6—"4 Xy o = 3

sc that frem (57) we deduce 4*: &'* up to the third order, i.e.
. [O'PI* =« |@RI* (58)
ncglbéting quantities of the third order, It then follows from
(51), (52) and (53%) that in virtuc of (58)
t, = Ren(g8) : (59)

which would rcducc to the thecorem cof Meus nier in the euclidean case.

§ 22, Curvaturc of 1nocrma 1-cuts of the Indicatrix.

?n the spccial case where the surfacc uﬁder c.onsidoration is
the indicatrix, it follews from e¢quaticn (21) of §8 thot the dis-
tance) At (5183 of o peint on the tongent-plone ccrresprnding to

o displcocoment Sxffrum the surfcce is given by

5 3g(§)é;15i3-+ .....



i

-

: -~ ) . : )
whe;c'e '€ 1s onee more the normel tc the surface, Reverting to o

gengral coordinate-system and using equation (25)'we therefore

deduce .
Jej(x) X2t

R=
Jeg () = a (60)

fur the secondary curvature of o normal-cut whese tang"ent‘—vocfccr
risvf?' .

Thus the curvaturc of différent normal-cuts ot the same peint
cn the indicatrix is not comstant f_‘a..lld. equal to unity. This giveé
us a folr oxample of the ."éplitting" of properties when we com-

pare the Indicatrix with the euclidecn unit sphere,
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CHAPTER V

PARALILEL DISPLACEMENT IN FIKNSLER SPACES

' § 23, Variation of Inmdicatrix and Figuratrix,

In ordcr to pr@ceed'with an investigation into Finsler spoecs
using mcthods similar to those applied to Minkowskian spaccs in the
pré#ious chapters, it is clcar thét we have to study the vari&%ion
of;the indicatrix and figuratrix os we pags from some point to a -
nefghbouring point, 4As ~ll oud mensurements ot o point arc mode
with rcopeet to one of these figures, cny chinge in such mensure-
mcﬁts a8 o result in the change of metrie con then be cisily deduced.
The main'difficulty lice in the foaet thot the Finsler space doos
noﬁ éosséss an offince structurc, which simplificd our methods in
thé Minkowekicn spacc to gueh a.great extent,

| In ordcer to isolate any changes duc to the metric alone, we
construct « veetor-ficld consisting ef veetors ;A in ‘the tongent-
spdce T, ot ecch point of the Finélcr gpoee, such that the numericol
volue of the compononts of Y is the some when measurcd ot any point

f , . . >
with rcapeet to o fixed poramctrisction. The veetors j°

in Tﬂ
corrcsponding to ;;»in Tﬁ will nof, in gcnercl, cnjoy o gimilor
prbperty. Using the notction of §4 we may(represcnt the indicatrix
cnd the figurctrix ot the point xt by the funetions @(x x’) end
W%ij) , Where o

P, x4,} = -:{- gmtr, Jr(;,):z"," u,{,f (1)

fnd ( ’ - L'J,{I (o)) ‘0) Al
POx¥e) fﬁ 23777 J (2)
It we differenticte the identity

3“‘%3"”)3«;(%1@,) -8 . (3)



obtained from (}8) of §4 with rcgpcct to x* ’ we hove
; g4 %) _fLQ‘_i’i_ = = g,y A (%) (4)
| At
the portinl derivative on the left-hond gide implying thot 3“’18
kept conctant os wollvduring the difforenticntion, Multiplying this
bqp#tion by jkﬁﬁnjkvand gumming over 4%, we find, in virtuc of (3)
{m :
%3 (x, 3(9’) - 3 (:x /O))j"l(l (o)) aj‘é‘((.l’ ..Y(o)) ) (5)
BJ‘ ax
Differentiating (2) with respeet to x

|
WL g gt gy g3 24 (xxé)

D¢ 33(('
or, using (37) of §4 ' ‘

. fa) P! ‘
2YLA) g Rl € 5]

| | dxt dx¢

We¢ thus find on eomparigon ofter differcentinting (1) with rospect

we then hove

] _
tQ 3¢ ’ ,a\f’(x)':llb))' - ")f‘(x)*x(o'))
. i dx ¢ dx b (6)
and; in particuler, if g is o unit vector ot o point x
i BH(‘I) :1(0-)_)_ . " ?F(X_,M(:)B ) (6)1
du | ax*¢

Equction (6)' is well-Imown in the Coleulus of Verictions, It is

to b notcd, however, that in the particl differcntiction in this
vquation both ¥y ond jb’afc kupt constont, Bﬁt from the goeometrieorl
point of vicw, We sﬂould lct y® vary such that it cerresponds to X
atléll pointe ond not only.mt the porticulor point under considera-

tion, Wec then hove from (29) of §4
- . B"S’ - R L (X Yo) /
A ) (7)
: Ax
Dengting differentiction of ¥ wunder these revised circumctonces

by <i', we f£ind frem (2)

g = 4+ j”/ ©)) mj‘ 4”‘12('T”Jb j j@) (8)
J

| d.X[ Bx b)
¥ R (Y (“‘)—i—
RITAREN J;

From the homog genocity propertice of 3”{1)5J‘W1th rurpuct to 3 W

deduce thot the second torm on the right-hond cide of (8) vhnl has

" identicolly, so thot with the cid of (6) ond (7) we moy write




taking into account (37) of §4
{ y ¢ _ D ¥ ! <L, ! 1 S
LI == DEOTe) b R Xy

dx? | dxf 35
= - ?‘(11___{/2) + 2 OFx, %)
ax ¢ d

in ‘virtue of (1), so that wo findlly hove
| o pix, 4™} _ Dglx, %) o (9)
da? Adx€

1 . ’ L3 ) ! .
whérce now cnly X ic kept constont in controst to (6)'., These

oq@ations allow us to deduce the vorictien of the figuratrix whon

the varicticn of the indicotrix is Xncwn,

§ 24, Thc Christcffcl Symbols,

Retoining the speeinl vector-~ficld and the parcmetrisction
of 'the provieus noeticn, we ncte thot the length of the vector 3;
depends on the peint 35 ¢f the Finsler gpace ot whieh the mecsure-
mcntvis mede, The voriotion in length, i,e¢. the voricticn of the
indicatrix thus acccunte for the chinge in ¢, Ict us coneider
twgéneighbburing pointg X' ocnd X+ dxﬂ where the veetor dx hng
thc;samc dirdction XS 2%), cnd wo denote the vorintion of f‘I.IAJ

ducgto the corrcaponding chonge «f metric zline bycgff). We then

h&vp : , ' ' ,
. : - ! 2 J’(J\D((o)x"x;J;y' <
dxlg) = 3 ---3_5.;;.*%_’.4 o X Yo d (10)
We 5hnll-writo this r¢lotion in the furm
ulg) = (09,1114 40y Yo X 3o s (11)

whore the coefficients L«MJ](agx&) depend cn x*and x.. Sinee (11)

i o eubic form, we may orronge cur torms such thot [ew (1,018

pymmotriec in ¢ snd k., A dircet crmporicon between the ccefficients

of (10) rrd (I1) is not immedictely poseible, o the coofficients

in (10) orc symmotric in ¢ ond j . If, however, we writc (11) in



in fhe form B
% [k, J ](:z)v(u'» > T L\\ K,e ]&,WJQ X(L)LJI'L; x{;}ﬁ Js

the ooefficients nre now symmetricenl in o ond J @8 well, ond we

thereforc deduce immediately

. o 0 (x, xe
[Lklxj]{x, 3{;)) + {}K" ﬁ'J(‘)"_)’h;s\ j 1 u))

dxk

Y

(12)

Permuting the indiccs, we hove

a .o D9k (¥, X@) i
L6 Texmen + LEL, § Do,y f@aw. . (12¢)

\

Z’;l’ldj _
| - Ejnc(l)x(ﬁs)
i

[_Kj)':l(x,l(i))r{i\i.\k](‘xtxé’) (12b)

Subtracting (12) from the sum of (12a) and (12b) and toking into
acecount our first symmotry-condition, we hove

. . / . »
Lejimdin,ag) 2 5—(93:“?11@2 b ) Bi(w) (13)
’ y Vi dx+* DX QOLK 4

These symbels are therefore cnclcgous to the Christoffel symbels

in Ricmannian Geomctry - the only difference being thot they
depend on dirceticn o woll o pogition, 8G fhat we ghall alwoys
atﬁmch the guffixes giving their crguments, It is elecr from (11)
thdt these symbols providce us with o measure of the "dilatatidn”
of the indicatrix under the specicl circumstonecs described above

when we underss o change cf position,

-
. : s . . [/ .
N ow congidcr o vector-ficld consisting of Vuctcrsjjm in Tﬁ
ﬁ
ot icoech print of sur space which io such that the eimponents of 9

cre the same ot eoch point for thc’parmmetriszticn'used befere,
At the ériginal pcint x},thc veetors i%;nnd gm correspond to eoch
cthcr. Dencte the verintiin cf %”"3M)as we pase from x' te ey dal
byvdx(vd . It foll-ws from (6) thet under thege circumstonces
the nmumerical volue expressing this chonge must be mivus thot

. v
of QX ¥p,) in'ﬁhe reversed cnse cunsidercd previcusly, so thot

| dity)y = —dycq) (14)
vr, in virtuc of (11) _

dx(\}\ :“[Lij']u’x(;»x&ijxkf;J Jf(.’:)}I< ds o (15)



Wheq the crguments cssume their values ot the original point x*, we

1
put .
o ey et - ]
| § (%3 )[{K,J](xlxé,, T lik (16)
so that we moy write (15) in the fbrm"
O( { - - L..J (o) | oy (o) (17)
ly) j (JC ){ka(.x)‘x(o)):‘ j{ (‘JI

This equation'gives us them"dilatation” of the figuratrix due tc the
chonge of metrie,

I By a dircet application of the lowe of tronsformotion it is
engily scen thot the Christoffcel symbels os definced by (13) and (16)
c&nhot‘bc tensors, When the crguments in Tn-and Ty of all the terms
correspond to cach other, the Christoffel symbcls sotisfy the some
ldcntities og in Ricmennion Gecmetry. We shall give them here for
future rcferencc:

[Qbkﬂa,w,"Jak<”¢1){ (18)

(>, x')

dgRisG gy 4k »
33(_," . T 3 (J()j){ﬁl f(x)x‘)bj

[3

eplibems ),

The deducticns proceed clong lines identicel to the elaossienl case,

§ 25, Geodcoices,

Consider any continucus curve
x‘ = xt(s)y ' {19)
where § ig the cre-length mes.sured alcng the curve, Since we hove
det = qeplx, dx) dat dad
for the eurve, it fsllows thot the vector

yoo. dxt
X = Jds

ig o unit veetor, which we chnll regord os the tongent-vector to the

\

curve., It follows thot : o
Zfl: Lﬁ.:"(x,oc')x’“b:’dj‘r: o

alcng the curve, i.¢, if we conglder two neighbouring points X ond



xt + dx* we hove

N (0x') il yiigpek Qg (2,%) ;n"‘x"doc'k.ij;j(x,a:‘)x“'c(x" (20)

This equetion encbled us tc find the tongent-vector xﬁ-ﬁd«ﬁtc the
curve ot the puint:x“+-dki From cquation (15) of §2 it follows thot
thé soecnd trpm'on the left-hond side of this equeticn vonishes, oo

thot with the cid of (10) and (11) cquaticn (20) con be written in

; the fecrm L ) )
’ ' , ) [] ' L td
, LER§ T, X" d ok +qq (2 2 0
| | ) (21)
| or, using (18) _ -
; .. ' .J[diﬁ + {i g :ﬂkdxklgc) : (21)
Jeionatrard | o S

{

This rcsult is cnnlogous to equotion (8) (8§15, p. 38) which we ob-
trihed for the Minkowskirn s nee, nnd which prrtly led us to define

r _9 .
the length of the veeter X' g o mensure of the curvature cf (19).
1 -

| We choll therefore use o5 o preliminary meccurc of curvoture the
vi.lucs of the system ' L

dS R.rk {X’D(')ds O/S .

i Curves for which the eurvoturc vonishes overywhere rrc the "stroight
lincs" of the Finsler spacc. They must therefore soticfy the con-
dition _

o dtxt ¢ ‘ . da® dzk’_ o .
ds (x2dy ds ds _

We sholl cenll cuch curves the goodesics cf our spﬂce: thic termi-
nalogy is justified in view of the fnet thot it con boe chown thnt
cqurticng (23) nrc the Euler cQuaficng of the preblem in the Coleulus
¢f Vericticne for the funetion F(xix")Synge (2) ). |

! In order to obtain the cquaticng (23) in terms of tho vectors

) . >, . : '
4 in Tﬁ corrcoponding to x' 1n-Tn, we ncte that we hove
. &
: | Ty =

7 We echell trect the quceti-n «f curvoturce -.f curves in more detnil

1n §30, where it ig clecr that (22) cetunlly reprosocnte the components

of ¢ veetor,
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|
in Tﬂ clong (19), cnd we find by Aifferenticting cnd proceeding e
befere with the cid of equaticn (17)

oy > B x'*
ff . {J h,,d)ﬁ =0 (23)1

The simplest_mcthod to obtoin (23) cr (23)' ig to evnlunte the first

voriotion of the integral (4) (§1) from first principles,

§ 26, Parallel Displrcement,

Several different dcfinitiocne of porsllel displocement in Finsler
sprces have been given by Corten (4), Berwald (5), (22), Synze (2)
znd Toylor (%), of which the latter twe cre identicnl, However, ~11
these noticns depend on the introducticn of on arbitrory directicn
witﬂ rcapeet to which parcllelism is defined, Maré precisely, o
disﬂinguishcd,‘but crbitrory field of curves dcfines o ficld of
osculating indicatrices, so thot ot ench point of ~ny curve C rlcong
which the vcetor is displaced porcllel to itsclf, there exists con
‘csculating indientrix with respect to¢ which oll mensurements ore
mode, The great advantoge of the definitioneg of thes-'authors lies
in the fact that under these cconditions the length of o veetor,

.cr the cosine corresponding to two vectcors remcin unchonced when
thesge veetors wnderge parellel displacement, This is due to the
feet that the introduction of o field of osculating indiceatrices
is virtuaclly equivnlent to the introducticn of whoat we mry coll o
"Ricmonnicn strip™ along fhe curve C,

We now propose to egtoblish o noticn of absolute porcllelism

i.e, o notion of porcllelism depending cnly ¢n the veetor under
congidcrntion and on the chonge of positicn,

t Consglder two points Ax) omd B +dx) ond on arbitrory vector-
fiéld XL.in T, ot ecch point in the neighbourhocd cf A, There exists

one cnd only one geodcesic passing through A ond B; its tongent ot A

' 3 . . . , - <
will be x«' = 41/44 necleeting terms of the gecond order, At xt o+ o>
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the tangént*vcotor‘will be &f£+dxd a8 given by equmtian'(ZB). We
seelk o veeter XL+<fxi in Ty at B such that the fcllewing conditions
cre soatisficd: Let XL+'0Lxt reprﬂgent the numcrical volue of the
compenents of the veeter-~-ficld XL =t B and write
DX = X - X (24)
Then we demnnd | |
(l). The scalor product of Xt +<1*X:with the trmgent to the gecdegic
2t B is cqunl to the seoler product of Xt with the tongent ot 4,
(2) D¢t = 0O if X" ig the tongent-vector to the geodegice,
(3) 'Y 1g lincor in X*,
(4): A cundition cnolesous t; Ricci's ILemmo in Ricmmunnicn Gecmotry,
Fote: The following romnrks my help .. elearify the mecning of
these esnditicne.,
-Thc componcents X" of the veetor-ricld os mecsurcd with reapeet to
the:indicntrix ot A underge o chﬁnge Iﬁé when we pres from A to B
auc to |

(o) the "noturcl" voricticn in the veetor-field dencted by <X° where
1 Xt . X ol 5™
ox™ .

0 ] . . N . “ 2 3 - o{‘xb
(b). thce vorintion duc to the chonge in metric, dencted by - .
We. therefore hrve DX = dX = "X or cquition (24),
L nnburel cppreoeh teo the preblem of porclleliem between twe vectors
ot dlfferent points A ond B would be to sgtipulnte thot o porallel
veeter nt B s viewed frem A would be idenmticoel (oport from loength)

to the corrcsponding veetor ot A, This rcegquires, snclyticnlly, thot

the effeet due to the chonge of metric os we prgs frem B to 4 is
cxi.etly cutweighed by the chenge o X' of the cumpenente ¢f- the veeter,

i.6, Dx" = O s ond geometrically, (1) thot the projcetion of the

twe veetores ot A cnd B ~nte the goodoesie throush A ond B be the some
(. eonditicn thnt is ecrtrinly antisficd by the trngent-vectores to
the goodenie), from which we delduce thot d" X' ig Iincor in Xc;
znd!(ii) thrt the indic-trix ot A whch cumprred with thot at_B

from o on "intcornsd" point of view i infistinguishible from thit .t B,



which is the geometrical meaning of Ricci's Lemma in Riemannian
Géometry.
The first condition is éxpressed by the equation
Gija,xnx X = ojixadu ' +da)(x rda )X+ LX) (25)

Considering only quantities of the first order, we have

Gy (x + do, x' velx') = Goj o, ') + 2FLi¢xx) Ax® aiwﬁ"‘:fl)_ da'® (26)
) AXN Ax' ™
and equation {25) becomes
! 2\(_‘.(3( l) . ’ . .
O = JuUHxD) iy gk Dicily ="y ¢ Coxed !
TS ¥ X“da* + 3;};x 3K dat™ 4-3q(33>d)3'd X (29)

+ 95 (X, %) X ohxt't
Us:.no the bomOfenelty—equ¢t10n (15) of §2 and applylnb (12) and (23)
to the first and last terms on the right-han& side of (27) respective=~
1y, ﬁe Tind ' - ‘

(k. T L%, )2 Kot =g, (%ar‘)&;ﬁm') Yiylh st

“ *ﬂ;j ()c,.x')x“'d*)("" e

or, with the aid of (18)

(ft‘; S SR T R P AP C ) ST TR

) | + Gog (>, ST AN LY SEG

Replaciné fhe’dummy~suffix'4i by ¢ in the second expression, and

applying (16) to the first | | :

(jig\(aaa(') x":[ {J&’f{ { olx® +c}*X&J =0
>,

4

where Eb in Tﬁ corresponds to X' in T, « The introduction of the §;

(28)

is neoessary as this enables us to see more clearly the kind of
terms that will vanish automatically as a result of our homogeneity~
conQitions. |
gThus, for a variation given by _
oL‘Xé‘ z - [J’%}u,xq X' e
condition (1) would be satisgficd: dut this is by 1o means the most

genersl variation to do so, We have seen in §4 that as & result of



the homogeneity-properties of the g4 we have

342\. . ‘/.' RS . .
g LT = g x)x 33.__‘_‘_[_3__’ =0 o (29)
dx! PES

so that the addition of o factor of thc form

. dq ¥ (x
f’é(:(,x’ X) A ‘—-‘\"J d :é’,
s »axlf

to the above exprcecssion for ikaxuill sti1l allow condition (1) to
be satisfied, where % (¥, x', X) 1s a linear function in A in

accordanec with econdition (3), We shall thcreiore write

x5, xa‘*‘l& = § (3,3, X) 34 e gt (30)

Cyr,ne!) v dx' ¢

and proceed to find the functions 54 frem conditions (2) te (4).

As a particular case put X& z x'", where xﬁ ig the tangent-
vecﬁor to the geodesie, Thon from (24) we deduce that we can reploace
df*;by'dx“. It then follows that tho left-hand side of (30) vanishes
identicallyvin virtue of the differential equation (23) fTor the
gcodesic, so that we have .
| A *ir, gy e

/
PRTURON I E TR (31)
| dx'

' Equdtion (29) then sugsests as o possible valve for S (x, 2!, 2D

f& x,x' ') = ‘X(Dc)x)j’,,m(xx)y
whores A >, *1) is anotncr unlmown scalar function to be detormined
by our conditiocns, Tuking into account condition (3), we write

'tenfativcly N
fax, x!, %) = X(x,x") P g (%)X | (32)

Also, on diffcrcntlatlnb the identity (3) of §2%, we find .

_L‘LP Gog (3" = = 3¢, 9) AGma (%) (33)

't

Thu) on substituting for £ frem (32) in (30) and obscrving (33),

we flnally have . . _
|- ’ . - 09 (x,x')
X gt L L % o’ t"? ___.1:_“(( o . @ _ 4
o™ X *{fté}(aw'} X da™ + X(x, )9 (X, ¢ T X“ dat =0 (34)

noting that in thin expression.<iﬂe is given by (23).

Apart from the funcdtion X(x,2')which we ghall dcrive in the



next seetion, equaticn (34) supplice us with o value for d¥X; which
satisfics conditions (1) to (3). Hence, if in accordance with (24)

4

we writc

Dx* = dx - {ﬁk}u,x'; X dak o Xix,x) g ) Yome Gx') gl (35)
. : 3’

£

we shall call DX' the covariant differential of the vector X

~anticipating Tor the moment a choice Tor X(3,x') which will make
DX* & vector, thus justifying our nomenclature and notaticn, We

shdli then say that the Vuctcr X¢ hasg undurLone G parall»l displace~

ment from A to B if ‘
Dx* = 0O
It follows that this definition of parallel displacement depends
only‘on the veetor X' and on the displacément'cﬂr:from A to B,
i

A similar procedure may be applied to the covariant component°

Y: of & vector in T'_ , and analogously to (34) we obtain (compare

O (30, %) , £
Yeoolac® = Xix, x" “ibt*r:j (%, %'} Y. olx! (36)
where it appears that the unlmown function X(x,x') is the same as

that;in equation (34),

§ 27, The Covariant Differential of a Tensor of Rank 2 and the

determination of the funetion X(x,x'),

In order to be able to make use of condition (4) of §26 Tor the
final determination of the functiom X(¥,x'), it is clear that we
must obtain é formula analogous to (35) for the covariant differentiai
of a covariant tensor of renk 2, which must then be applied to the
functioﬁ e, We shall thercfere consider a‘variable tensor-fiecld
,ACI(X,x'L For the sake of geometrical clarity we shall regard A
a.g béing symmetrical in ¢ and j ~ thisg restricticon is, however,
in no way csscntial from the analytical point of view, so that we

shall take the rcsult aes being valid in any case,



An equation of the type |
Aty = Al X) | . ‘(37)* |
wheré the - arc the coordinates of a v point in our Finsler spa
and the X are the components of a variable vector-field Y in the
tangént Minkowskian spaces T, represents a surface "in each Ty
for which ¥ and, in consequence, Al(¥Y) is fixed, We obtain &
2imilar surfacc in T.n at the zléigthuring point x"f 64¥A’~ which may
be regarded as having been obtaincd b'y"pérallel displacement"” of. the
surface (3’7) in T, at x* by & parallcl displacement of all those’
veetors X" in Th at x° to T, at 2w dxt , Whose end-pcints lie on
the s'arface (37). Accordingly, we havc as cquaticn for this surface
at Di‘{a—du.‘
Arser » DAGe = (Aej +dA)(X 4 LXIXT 42X (38)
“Where d'k; is given by (34) and 4A:; is the change in A4 due to
the changc in thc arguments x* "alld-xi. Consldering only quantities
of the first ordecr, we thus héve
| DA(x) :A;J'X; /i"XJ + ALJ')(J'd"'X" + c(./»\gj X% (39)
or, u°1ng (34), ' v ’
BAx) = dA, XX _ A X [ %1 dx* 3 XX (uy;?_l‘.ﬁ%’i‘?dx']y'»

dx!
- ATy A R0 500, 28000 g0
‘ o’ €
_ Inter:changing our indices in ordcr ot obtain the ccefflcients of x"xi’
we find
~ | )
Do oxy =¥ x‘fg}\;j - A [{J{;fu)”dz +)‘(,,);, )j %, v ) f}mw x! 'e]
%4 Y
i —A(—J {ﬁi(,y ") ) + 'X(a, ),/)J /I’j)’b (v(& )a/),-j‘z (40)
. o

We shall thercfore vwrite

J
DA =dhy <A {51, dx% X(af,x'>j“(m) BT D |

dar' €
AA&‘JI{Lﬁi(a,y‘ dx® 4 Aia, "j (3’ L Qjéi/al).d'z .(41)

so that we may put equatiocn (40) in the form

DAG) :()Aﬁ)w X4 - (42)



- 64 -

This eguation aetually represents the varicticn of the curface (37)
as meagurced by means of vectors in Tﬁ at the point x*,
Thus, if we write in aeccrdance with equati-n (40)
-d“A;j = Variaticn in Ay due tc the change in metric as we pass
frcm x o x a(x':)

-

cLA;j‘t Variaticn in Ay due te the change in arguments x* and. X

(i.e. the ™atural" variation)
DALy = "Total" variation in Arj as meusﬁrud by the indicatrix

at xt |
we must have, analogously to (24)

- DA =.clA:y - d*A:j o (43)

80 thai dyAﬁ can be. deduccd immcdiateiy from equation (41)., Again,
the valuc of K>»x"will be determined sc thathch iz a covarient

tenoer of rank 2 - in anticipati@n~of this result we shall eall

DA A as‘dofined by (41), the covariant difforential cf the
tonsor A:j
If, in.particular, the tensur A:j ig such thot the "naturnl”
variotion dA:y oxaetly outweighs the variction J*Acg-due to the
changé of mctrie, DAy = O ; and we may speak of o "parallel
'displ&bcmcnt" of the tensor, In thisvc&3u the displacud surfoce
in Tn‘ at x* 4 dx* a8 vipwcd by moeans of theindieatrix ot x* LPPULLS
uﬂchaﬁgcd in vituc of cquotion (42), |
As o speeinl casc of this, we mey remer¥ thot.an "internal
obscrver” ot x* 1¢ unablc to discern any difference betwocn-his
indicatrix and that at the peint x* *yoﬁx‘:‘, both appearing tc¢ him
o8 "unit sphercs", We moy therefoerce now formulate condition (4) cf

526 in thc forn

) : . i
] A "4 )y = . y
33&.1( »x).= 0 (44)
where ogoin X' is the tangent-voetor to the geedesie through the
twe pointe under conaidceration,

-

“We¢ thus hove, on applying cquation (41) to the case A435ij
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S0 dyr L DG (a8
' dxk dx! 14

= [ji{ (:)x’)f\]{hﬁ }“‘r‘:)’ * 31‘3(1‘3‘:‘){’:&)&%(:)&') Jd&ﬁ

+stxﬁ[%xﬂnxﬂj{ (xj)z&kax)

[ (X
4~jq(15f)j (I,j)~j~%;1§Jde

In vigtue of (18), §24 and (38), §4, this beccmeé
( . . . - ' . , . ' ' o ' .
j___i_ji__) da*  + /()_ C;I.‘:_J____.( :._.'__J )CJ-I'e = ( Lyuk, ¢ ];w)x.') + Le V”J J(ac,x’) 0{1’(
Ja' :

dac _
+'X{—¥>x')[/bj (x,x') + /aji'(‘)%x‘) dett
i —a‘xll

!

RS
and finally, using (12) of §24 and the symmctry of the 9¢j with

respeet to the indiecs ¢ and ; , we have

3 (x x')
““““‘"“‘.*“ dx* , V9. (2,2 Adn'ts CAMEEE dat 19X/ G (rixh) d;,
ax i'g‘u_‘[“ Ja® ’? %) Qo' %
o that
l , K(J’)x']:é—_’ (45)
This value of X complotely dcetermines cur expressicns for the

covariﬁnt differentials,

Aistrnight-forw&rd'cniculation gives us the tronsformation-
law of}thc Chrictoffcl symboles, and putting X = 5 in ocur expros-
sing Zfor.DXL and I)A‘i the transformoticon-laws for these quontities
cshowe %hmt they arc tengcrs as antieipated, This caleulaticn is
not giﬁcn here, in vicw of the faet that it heas already been carried
rut by Synge (2) and Taylor (3). The expressirms for DX an&~DA;J
ﬁs‘ﬁivbn by thesge authors arc similar tc the present definitlc;s -
the ﬁlffberOC being that the arguments zf:hi 9.y oare the tangent-
vcctoré to on arbitrory dirceticn to which dx’;also applies.
H cre,iin contrast, i‘}uﬁl dx“ opply to the geodesic through the

points under considoration, thus dcponding'salely onn the displacement

itgclf, Nevertheless, the cecnleulnticon of the transformnticn-lowe is

sincet identically the gonme in b yth coses,
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CHAPTER VI

PROPERTIES OF THE COVARIANT DERIVATIVE

§ 28. The Extended Christoffel Symbols,

lIn equations (36); (37) and (41) of the previous chapter it
is epsential to observe that the quantities ox'{ actually refer to
the geodesic through the points A(X ) and B(x* + 4x' ), these being
the poimts at which the vector-field X“ is studied, It follows
fromzthe differential equation (23) of 8§25 for the gecdesics that
cix’q is given by

A ,'_ £ . 14 R 4 _
olx'" = {j’k}(x'wx olx | (1)

and noting that X = 7 , the above-mentioned equations can be

written in the final form .-

DXE = dX 4 x*[hd{;)’” -t jé“(x,g)'ﬁﬂi\:‘%x‘)’&'g % 2 Jdat (2)
) (xx')

Ax/ ¢ &
and v
5 v T C‘V - 5 _~' . (J.M\ , 33“* (x,x") £ A
Al by = EET 0 BT ) )
and ' o o : | . _
SR (4 £ AG; . (x, x“) £ w ]k
DA;'J“ :JVALJ _ALA[{["kiy v 15{ (“X j) f; T ;/n 4;( )C) sz (4)
| ‘ oo : o “
/ i o - L "L“\ - ) o ()(-\I{){/é - e d k
. el o P "‘"%;ﬁ*“-ﬂahx,x-? Ja

These equatlons sugbest the followin notation. If, for the sake

of brev:.ty we wrlte

L e mj o (02 €)M
P‘Lk(m’,x') :{{ kf(xx,) - 13 (=5 _J*é’i )

r,x')
equatlons (2), (5) and (4) may be ‘ezxpressed by
DX = 4’x‘ Pl a2y XE la (6)
and 5 o '

D = AV - Plaimat) Yy da® (7)



and

: A P £ '
:DA;J' = oLA.'.) - Aig P‘;é&()')y') Ax® - A*‘J P.‘_ % (x);)4x

k-
| (8)

In view of the dlose analogy between these equations and the
corr§Sp0nding results in Riemannian Geometry, we shall call the

,symbbls PZJ(X:ZU the extended Christoffel symbols for the direction

!

Y which dcfermines the direetion in which the parallel displace-

mehtltakes ﬁlace. Again, these symbois are not, in geﬁeral, tensors
as tﬁe notation mighﬁ suggest at first sight, This is easily veri-

fied by a dircct application of the transformation-iaws.

. In contrast to Riemannian Geometry, the extended Christoffel

symbols are not symmetrical in the lower indices, and we shall there-

fore write

. o Poe - fbék + ik (9)
where‘we have puf
hiw = 5(Phe + PEL) | |
M - 3(Phe - PR 0o

The in@ are thus the symmetrical components of the P, 4 ; in order
thet: the T4 & should vanish, so that we should obtain the desired
symmétry, it would be necessary and suffié¢ient that we should have

. v ‘ _ .

for all directions =’ X
| K EIE R { £‘f - x|t }
axwﬁ al""‘ ;)Jc"' ‘.J ,& fb.‘jb") '()3("0 raxm«_ aloe ZJ ,fl (&‘J(')

This condition isg not satisfied in the general case,

We may also obseéve that the operator D satisfies the same
laws as the ordinary‘differential operator 4 . Thus, if ?@ and‘zu
are?any two vectors in Ty at the point A(d‘), we have
() DXL v Xh) = bDX5 + dXd
(b) 4D(Xﬁ,‘xﬁ,) = Yﬁflxd, + Yé,DX& 4
The first of these is obvious in view of the linearity of X“ in
equ&tion (2); the second may be verified as follows:

If 7; and' /; are the covariant components of any two vectors in

T , then Y.Z; are the components of a covariant tensor of rank 2,
n _



Applying equation (8) to Y. Z; , we have
DZy) = Ve Zy) = Vo Za P*&oa ~- Y% Z; Py g clact
= Y(dZ) = Za Pl dx*) +Z(otY —Vap &""‘4)
or, notlnb (7)

D(Yez;) = NdZp o+ Zp DY

l.; . y

§ 29, Variation of Length and Angle,

In Rlcmannlan Geometry one of the breat adv@ntabes of the
elassical definition of parallel displacement is the preservatlon
of the length of the displaced veetor and the prescrvation of the
coginc of the anglc between two displaccd veetors, Uhfortunately,’
this is'only possibie in a Finsler space when our parallel displacces
ment 1s taken with rcspuct to an arbitrary d&irection and the lenbhts
and cosines arc mcagurcd w1th rcspeet to thet osculating indleatrix
corrcsponding to that dircetion. By having disc&rded suach an approach
we havce loét this rather desir&ble simplification, although cecrtain
propcrtics,&nalogous to ﬁhosé of the elassieal parallel displacémenﬁ
bre rétaincd, Those that will be required later will be discussed
herc,

Firstly, the‘covarianf.derivative of some scalars, such as the
square of the leﬁgth of a vector, is simply the ordinary derivdtive
of that scalar, For, if ;, is any véctor, we have ,

DLqe (w, 0 X 3] =[ng 6 0 X w29 @t ()
in wvirtue of property (5) of thevprevious section and the symmetry
of the gy e Using (6) and (8) of $28, we de&uce
BIqe;tw, 3% X1 = dqejlm X)xexd = [§ogex, x)P 4( +7M‘" x>PL4]Y iy, e

2 X[ dx g PLg xR dx®]

LTter suitable‘permutation of,indiees; this becomes
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DLjL'J'(a,x)Y"X"] = c{.f(;J'{y’,)(.)X“)(J’ . Qij(J‘:X)XJ v
“[3;4u,l>r)PfﬁX“x4’+3&;(x,y)13,%x X' ’2JA(°’)Y)P£ X4 X :{doz

and again on permuting the indices in the last three terms on the
right-hand side we finally obtain | .

DLqejro,x A oy j o, XX X+ ,,ZJrJ (3, %) X4 d X+ (12)
as was expected, | ‘

In particular,;the covariant derivative of any constant scalar
must vanish, as we may alWays associate with it a wvector whose
leng¥his équal to the numérical value of that scalar,

If a vector undergoes parallel displacement from A(X) to B(fiftﬁ
it fellows from (6) that

in;—; Pzﬁ(x)dx)xkdzﬁ
The change ?.ch in the square of its length is given by (12):
2&%’5 Eﬁg%l;;l X xigak 4 3w(w x) XinﬂJxk
8 'ale

u\xUX°X&J&@

- ozqu'(r,x)PNé

The second term on the right-hand side vanishes (equation (15), §2)
and with the aid of (12), §24, we may write .
F{Hq:(: (z }"L‘){of\i}()')J') + [\l.‘k);JIW,;v‘leLXJ "I.X&" ij..j(),X§ sz(')(,)(’ )X\J XL&'/df&
or, on permutation of indices e
Cy o & :

1? { jJva)'fﬁ‘(’ X)P k(’J7>}X x? o v (13)
This equation thus enables us to calculate the change in length
of a vector undergoing parallel displacement in the direction of
the geodesic given by the tangent vector\xfk=141}743. As regards
the cosine of the vector with respect to the tangent-vector of the

&geodesic, we have . _

. / ‘e .

Lntx!, ¥y = Jegfx, ¥ xd
‘ — -
ﬁ_ptf?)"

and since, by definition ot parallel displacement (condition (1),

§26), the numerator on the right-hand side remains constant for

a parallel displacement along the geodesic, the change in the



cogine is given by

Tl fxel X o s '
dicn(x' X)) = - Juy (>, X7)xt - X A [(, e el X) f_’;i (14)
: : . (,qu IR : L4 .

where {4 ‘ig found from (13), Thus the cosine is preserved only
when the length is preserved, and this, in general, is only the
case:when the displacement takés place in the direction of the vectoron
This' is eaéily verified analytically by pﬁtting ;n“&;iin (13) and
using our homogeneity equations (52), where ® 1ig 'a ‘scalar,

In order to be able to compare angles at different points of

our Finsler space, we may introduce the following definition:

§ : -3 — . .
If ¢ 1is the angle between the vectors Xo, Xu in T, at A(x"),
. : \"7 -7 - a . .
where Xu , Xm are continuous veetor-fields, we define & + D16 to

be the angle,mcasured with respect to the indicatrix at A, between
’ . D — — — — — .
the vectors X., +2X; , X, + DXy  where DXy, DXy are the covariant

-3

- . .
differentials of X. , Xi», corresponding to the displacement to a

neighbouring point B(x‘+dx'),

' In the case of a parallel displacement, these covarient dif-

1

_ferentials vanish, so that then D& = O

i

{
'
{
I
|
!
i
'
}

§ BO} Curvature of Curves,

i §

CAs in §25 we consider any continuous curve

C: | NS ' , (15)
in the Finsler space; where, as before, § denotes arc-length.

Azain the unit vector ‘
. . - I,L. i} ;_0[;5"

ds
is regarded as the tangent-vector to ¢, so that it follows from

the previous section that

N o o . Lo

f%‘ JegvxhHxxd o= O (1€)
along C. In view of the fact that we are considering infinite-

m

simal displacements along this curve, whose tangent-vectors in T

are the arguments in the 9:; 1In equation (16), we may apply
equétion (44) of §27 dircetly; carrying out the differentiation

l

!
i

'
1
|



)
in ﬁlé), we deduce

| . D _
j 6'&_1'(:‘@‘)3( — =0 ‘ ' (17)
Ds
‘ —> . .
i,e. the veetor DPx /IBS is orthogonal with respeet to the

tangent-vector to the ecurve in Tn . We shall therefore eall

it the normel-vector to the curve,

Let us consider two points A and B on the curve, distancevds
apart., We denotc the tangent-vector at 4 and B by 3% and

2, . ) > . . ' : e f /
X.! + dx' respeetively, We then form the vector xpu + *+%X at

B ﬁy means of & parallel displacement of the vector Saw from A
to?B.v . | |

In ordcr to measure the curvature of the curve at 4, it is
tgcn necessary to meaéure the angle D&  Dbetween the vectors
- - - — : ‘
xw +dx' and ¥, + d¥*’ with rcepcet to the indicatrix im Ty
at h, As scen from A, the first of these vectors is to be regar-
ded ag 2;;,4, D;’ (taking intovaccount the change of metric as
we pasg from A to B): the sceond, in view of the nature of the
.pa#allél displacement is regardcd as ai;_.‘ Making use of the
de%inition gilven at thé ond of the last section, DO ig thus
thé angle betwecn thé veegtors il» and EZ)-»ﬁgf ag measured by
the indigatrix at A,

It is clcar from cquation (17) +that thé veetor Z@ + 52'1&
also a unit veetor, so that we may uce the indicatrix at L to
form an analosue of the "apherical imagc" of Gaunsgs, If L' and B!
arc fhe pointe on the indieatrix corrccponding to A'and B, lct

g denote the cloment of arc A'B' on thu surfacc of the indicatrix
=

by d=z, ., Our dcfinition of anglc (§9) then allows us to write

iﬁmcdiatoly . .
DO = ds . (18)

Ae for thce Minkowerkian space we then dofince the curvaturc

of thu ecurve (15) by the cgquation



or (19)

w |~
L4
w

g v RN (20}
thisfcxpression being the length of the normal veetor, If we write
out the full exprcssion for the components of this vector, we have

in virtue of (2), §28,

D.I“' dl'; L) rkd‘z'k L ~g | o é it ‘*" /! *

— 2. '—‘w + X 72X L = (x‘y:) ) {m(b',)’)é § x X LE .

s JsT {Kﬁfw) ds 719 lgj'r— d% Jenah ds !
‘but since in this case the displacement o= % ig ®y definition
identical to the vector x' ¥4« , the last term on the right-hand

sidegis identically cgqual to zero due to the presence of the factor

’bﬁan(x,v') ) 4
) e >
. Qx
which vanishes (equation (15), §2). For this particular case we

therefore have the simple result

Dt dat p} VTSV S (21
Ds ds {f\.k OGY'y

whiéh is the exprcssion (22) as given in §25 as a preliminéry.
meaéuro of curvaturc., 4s anticipated, these éxpressions are
components of vcétors; also, the curvature of a geodesic vanishes
identically in view of equation {(23%) of §25, (Here again it must
be emphasgized that although we chose our definition of geodesic

in order %o satisfy this requirement, the equation for the geodesic
caﬁ equally well be derived from the Euler eguations in the
Caiculus of Variations.)

Note: An interesting alternative to the notion of curvature

was given by Finsler ( (1), p.58 - 65), and it may be worth
discussing the difference between the two approaches, By using
a definition similar to the one introduced by Menger in hisg study

of gencralised metric spaces, Finsler defines the curvature by
i )



1

the formula

y /e

i — ; 1" o (__. N .

Q - / ’LM\. ('l*( - .E..)_.

& N/ g¢=»o c3 (22)
where » 1is the arc-length of a segment of the curve under consi-

deration and ¢ ig the length of the geodesie joining the end-points
of the segment., A fairly long calculation shows that this is equi-

valent to the equation

L OFox!) er EOy R - ) [Fuxxn] S (2291

QY T a3

_.?I

Here x and % refer to the curve (15), while & is the tangent-

vector to a family of geodesics in which the curve is embedded in

such & way that the geodesic of thié family which passes through

the point A at which the curvature of (15) is required touches this
curve, Thc dots denote diffcerentiation with respect to a parameter
t , so that dsfdt = Flx,2) , ipplying equation (23) of §25 to the
geodesic, we have

z {

. (; i ok C , ‘Jg.lkv-‘ e 12
> B ’J*}n,f') &5 :'51 kjl{.x,f')g SREAC

-~ =

50 that

A A [ﬁg‘ * &;é%sv

Noting that according to this comstruction § = X ° at the point 4,
\

equation (21) shows that

gEE 22X R

showing that apart from a scalar factor the vector considered by
Finsler in (22)' is the same as our normal vector. The essential
differencc betwecn the two definitions lies in the fact that we use

the coefficients ' .
Dz( % F o=, Dx’))

PEAR-E

. o - ,
instead of Elx 1})19 F (o, x')

. . ) e gt e e e Pt
ax'¢ dand

i
t

in the quadratic form for the curvature,
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5Finsl¢r shows (p, 67) tﬁat in the tWO-fimen sional Ricmannlan
Case hi° definition is cqﬁlValcnt to the classiceal deflnltlon of
beod631c curvature of a surfacc;  and it is evident from equation
(27)ffhat in this casc¢ (for any mumber of dimensions) this is also

true for thc prescnt dofinition,

-

i

§ 51; Geométrical Intcrpretation of Curvaturs,

EConsidcr any point O with coordinateé ,xé, on the ecurve C (15)
and ﬁ@t E be a‘vcbﬁcsie touching C at 0, We denote by P end H two
p01nts on E and C rc0pu0t1V01J, whose ilstanccs measured along the
respectlve curves from O is s, ILet ﬁ' and l» repres sent the co-'
ord1natc~ of P and H res pcctlvely. Both x* and £ are;functioﬁs_of

s ; >o that we may write down the power-serleG cxpanoions

x(8) :':x@)‘+ dxfe o -+ z -.«_*E‘Sl SRR
ds Y dst? .
N . aLf ‘e e
g /5) = g(a) LA : ! 4 s €e) SL 4+ o »

Y + -
As 7 s

[

Sinde the tangents of C and E coincide at 0, the first two terms

in both cxpansions arc equal, so that ‘ -,

1t 2pe '
- . g2 elt «ol E(C)J (23)

< ~ €%(s = - - P '
N S~ ) PO
In v1ew of the fact that E is a geodesic, we have from (23), §25

fl g{) 5 : § lL |

- - - . l(u) JC(o)
d st ' J 4 (110) X0 )

S0 ﬁhat equation (23) becomes

; N Q;[ d (:J; N x/d&_u' _
- . —_ L e e . o0 I as e

>x fs) g (g) . 2» 6[.-3 * {J Jef(-“(o)tx(ol) @ {q J ;
or, using (21) _
‘ . ' ; ] 5.1 D } . .. . -
xirsy - sy = *2-135‘3 e (24)
Tt follows that x° — £° will be of the second order of

smailness as compared with s , and we may rebard HP asg an infini-

te31ma1 vcctor p in T at H, where the error 1nvolved in
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in iientifying the Finsler space with the tangent space at H will
bec aﬁ most of the third crder, (In fact, we may regard ? as the
tangént-vcctor to the geodesic joining Hand P in Ty &t H). Thus,
putting _ ‘

7{/§) - x(s) - ET(s) | (25)
it follows from (23) and (17) that in the limit the vecfor ﬁ%
is ofthogohal with respeet to. the tangent-vector to C in Ty at 0.

Also; we have

e Vs 97 R by Da D'

S
, ~ LoGgacx, 2 el
o g4 S0 p a5 5T

in virtue of (24), and we therefore deduce from equation (20) fer

- the éurvaturc that -
‘ ) ‘ ,
A - (26)

s —3
$2O 0 g4 48

Expressed geometrically, this means
‘ - a

HP] = — + 0(8s?) (27)
' “ g
where ds represents a small displacement along the curves E  and

C (15).

This result expresses the most fundamental property of cur-
vature of cur#es: a similar equation deduced in Chapter IV (p. 39)
for Minkowskian spaces was used as the foundation on whieh the
Difféfeﬁtial Geometry asvdeveloped there was built up.

Tt is poggible to extend our investigations as before to
curv?s_on surfaccs embedded in a Finsler space in order to obtain
the ?ﬁpin Indicatrix for such surfaces, We shall refrain from
inelﬁdin@'such a discussion as the'only difference contained in
the ?rguments is found to be in tedious investigations into orders
of magnitude of smoll veriations which arise from the change of
metfic ag we pags froem some pbint to o neighbouring point, It-has
beeﬁ found that since we deal only with small distances and angles,

thede effecte could,‘ingeneral, be neglected, while the prinecipal



S T

trcnﬁ of the argument proceedcd as ih Chapter IV. It need hardly
be peinted cuf thet instead of using the "affine" parallelism of
Minkﬁwskiun spacés, we nadc use 6f the motion of parallelism as
.dcvelopod in the previous chapter - for - such pﬁrposes an
absclute parallelisﬁ is mnaturally essential, |

j In conelusion it may be ncted that the seccnd part éf Finsler's
werk (1) is dbvotbd t¢ similar questions ¢f Differential Geometry,
butsas o rooult of the completely different apprcach the results

obtained by him do not correspond with our precent investigations,
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CHAPTER VII

GEODESIC DEVIATION

§ 32, Curvaturc as "Defect?,

- In Ricmdnnian gpaces a well-Xnown methcd of deriving & measure
of the curvaturc of the space is the calculation of the change in a
vector when it is digplaced parallel to itself arcund an infinitesimal
closcﬁ circuit, An analogous method was used by Berwald (22) in
’Finsicr spaccs, but the noticn of parallelism employcd by him depen-
ded on an arbitrery field of curves (compare § 26), When the same
procéss is applied using our definition‘of parallelism, it is found
that the final rosult is unsatisfactory due to the unavoidable
5résénéc of sceond order derivatives of & pair of families of curves
intrdauced in ordcr to obtain a circuit, The caleulations are some-
Whatfcomplicatod and arc not given here as we shall approaech the
subjéct of thc eurVatﬁfe of a Finsier gpace frem a eompletely
different angle,

If we rember that the tangeht'Minkowskian spaée Tn ét any pcint

of our Finslcer space is affine, i,e., a space of zerc curvature, it
is ciear that any difference between Tp and the Finsler space at the
poin? under  ecnsideration will give us some measure of the curvature
of.tﬁe Finaler space at that point, Such differehces nay be regor-
‘ded #s "defects" in comparison with the affine character of the
iocai Ty | |

Defects whoge magnitules are of the first order of smallness
when comparcd with an infinitcsimal displacement are adequately
expréssed with the aid of the extended Christoffel'symbols; it is
ther%fore evident that we shall have tc seek defects whose magﬁi-

tudces are of the second order of smallness, .The following is a



brief sunnary of cur line of approash to
this problem:
~In Ty at any point O of our Finsler space
consider two directions ¢, ,e making a

small angle with each other, Mark off

- -
points P', M' along ez and ¢, respectively
Fig, 6 so that OP' = OM' = <, Then as a result
of the affine structure of Ty we shall

show that

.-.—-}l
fiﬁ:i] = const,
d s
and é o
j (P MY) .
| TR | (1)

If W% consider the geodesics Eq and E, passing through 0 and
haviﬁg as tangent-vectors a R 5: we can construcet points P and
M onEEl and. E, respectlvely such that the arc-lensths OP and OM
are Equal to s, (Fig, 6). If s 48 small, the length of the
segment PM of the geodesic through P and M will be at most of the
second order of smallness in comparison with the angle between
Eq and Ep, so that we may regard PM as an infinitesimal vector
in T, at P, The ealeulations of this chapter will show that for
the Finsle; space 0 (EF Lo _
e | (2)
80 ﬂhat in view of equation (1)'the quantity D1(572) will be
a méasure of a defect of second order, v

; Clearly the caleulation of Dl(§73) is simply the problem of
Geoiesic Deviation in Finsler spaces and we shall therefore devote
thié chapter to a study of this subjecf. We shall derive a notion
of curvature, and it will be seen that in this way we are led to

the .equation of Jacobi Whichfplays such an essential part in the

investigation of the second Variatiom in the Calculus of Variatioms,



character,

, This ecnables us to sce gquite clearly why an approach along these lines

- 4g & morc notural onc for Finsler spaces, remebering that, after

all, thcs spaces originate primarily from the Caleulus of Varictioms,
Furthermors, our ecleulations will enable us to compare the

inaicétrix in Tl at 0 with thc geodesic gphcrc at 0. Geodesic

_ sgher§e are defined to be those surfaccs in the Fins 1cr ,Space which.
are the locus of points on all geodesics through O and equ;distdnt

- from 0, i,e, the Munit spheres" in the Finsler Space ., Such defects

will illustrote our notion of curvature very clearly. Flnally
need hﬂrdly be pointcd out thut Jaeobi's equation enables us to
study problems in the Calculus of Va wriations in the Lorge with the

aid éf our Finsler space, and we mqy cxpeet that such inveatigations

, w1ll lead to 1ntcrc sting results analogous to Bonnet'fs Incquxlltleﬂ

for closcd convex surfoces in o Euclidean space together with other
well-known theoreme of that kind, As far as-I know, these problems
hove not yet becn studied; but it isllikely thai the‘key to their
golution is to‘ be found in this and the following chapter., This
vieﬁ‘has.bécn confirmed to some extent by the partial results
obtdined go far. For the present we shall desist from any such |

’

attempt and confinc ours elvcs to ques tibns_of a purely local

§ 33. Caleulation of DIPR

VWe >hdll congidcr two geodegics Eq and Ep issuing from 0,

.aad we shall denote the arc- lcnbth measured along Eq and Ep by s

and < regpectively, Thc anblc between E; and E, as measured by
the indicatrix at O is small, The coordinates of points on Ej are

denotod by > and those cn Ep by"w;. For the Xkind of problem

indicated in the last seetion it is necessary to cbtain a more

general view of the behavicur of tw neighbouring geodesies so that

we;shall congider a wider law of correspondence between points P4



on Eq and points N on E,. Recarding x* and ¥ ag functions of s
and o respectively, we mnust édopt some kind of functioﬁal relafion-
ship.between S and ¢ , where § isgs regérded a8 the independent
variable, We gtipulate that this laﬁ of correspondeﬁce is such that
_fhe arc—length of:the segment PM of the geodesic thrcubh P and M
tocether with its rate of variation with recpect to = is of the
same order éf smallness ag the angle Jdf between Ej and Ej. .Denotiﬁg_
'this length by £ , andAﬁhe tangent-vector to}the géodesic PM in |
Ty, at P by ¥ , we shall write

g2 &xt
so that the £* and their first derivativés with respect to < are
of the first ordér of smallness‘When 3 and_o' aré finite. We then

~have - : : ,
g {s) = \/)(C") “‘L"(S). - . (3)
? .

when we neglect the error involved in identifying the vector £
in Tp at P with the displacemént_ PM, In general, this error will
be of the second order of smallness compared with o9, but later,

when:we let $ —> O -1t will be- of at most the third order. ‘The

correspondence between points P on Ej and M on E2 is best expresééd

. in the form*

AN ()
where A’S), is an arbitrary, continuous and differentiable function
of 5 ; thc only restriction'on A(s) being contained in the abové
E stipulation, We shail show that this entails that Arsj is also of
the first order.of 1ﬂllneuu. |

If we dcnote the tanbcntu to Eq and E2 by' x and V” respectlvely,
dlffercntlatlon of (3) gives '

’Y,(U)_.(h a-XfS)-i—

AE*

ey (5)

*This was sugcested by a method used by Tevi-Civita ( (33), p.210 )

in his calculation of geodesic deviation in Riemannian spaces,



But on Ep we have o
| ‘ | qeilp Bty =l
g4

42 (6)

so that on eubstitution for ¥’ from (5) we obtain
2 S ‘ :
- R T D IE T A TE

a8

But negleeting quantitics of the sececond order of smallness, we may

write ’ 4
| (Y,l') gk ’aﬂ‘:\"('y)ll)(leﬂllk) ' (7)
xr ok

dx

' Bes
Gel, W) = e, x’y + J4

G 2y ,"" = |
\PJfI,l yxo (8)

Also, on Eg we have
and uging thocé results we f£ind that equation (6) then assumes

,Lx¥j§4 . 9$J<%13(W*_.x%ywéxd

the form :
(Sfi )1.‘: |+ 23 o)
a8 QX T 1 Ao
A X .
. ’ R _‘i{J
—!-chj(.x,x)x iy (9)

where we notc that the third expréssion on the right-hand side

vanishes in virtuc of (15),52.
‘Denoting by Y; the components of the vector in T} at P corres-

ponding to the vector X' in Ty, We may, using equations (12), (18)

of §24 express the second term as follows:
0 luyx') . i | N
J ] 3 ) é . R - , f - ! k
Dat x g = } L LbIJ](‘Y))(‘) * ZJ {e; "Jf-“.-“') e d
. } ‘ ' ‘9\_( ) ' ‘ .;;t"" é
= [jja{x;l ){L.'ég().y.) + f{k‘(.(']:')x )J,{e (2.x') x \ §

£ e 4
fcm.)l £ + Ya {\‘,Je,f(_,,x.;x_

j&. Z(L'[(
J PR

: . . ZjJ [L'k ?n,x')x' ,é’

With the aid of this result equation (9) becomesg

3 S T - A L o)

d s

-

(10)

i

i}

(11)

: -
The covariant differemtisl of £ in the dircetion of Ey is given

. . 3 ’
- Aot Cox) g% ypr€
11 34 (a.:th) aa,g g c/i”

by ( (2), §28)

psi = aft s {00 Fai s



where again dx't refers to Eq. Thus

(']‘)EJ‘ = oy, | i j ok
IJ | JJLO{E +§ é%u,x’)_x S OLsJ

L

"iﬂih(i)l')xrnjdm(yl) ——l——jé(bf g alx

Applying equation (3) of §23 to the last term on the right-hand

gide, we find

. L8 ek . m D (x,x") ,
{jJ DgJ (\T" Ing £hk?(d3)(‘j _xl g DIS} + ‘Z ‘ _.‘7_1.“_7—..—.._‘4 gfeogl 4

so that again in virtue of (15), §2, the last term will vanish, and

we finally have

pei g dE A ek
H4 P f{d d< + {L 4 }(x, xy * J (12)
Comﬁaring this result with equation (ll), we have
(C—‘—q)l |+ 2 ng ' (1
ds = 135 3)

Notﬁng that we have stipulated that.DEI/TDS is a quantity of the

firét order of smallness, it is elear that we have as a first

app#oximation |
| ' | DES
%g' S Ds | ()"
Together with equatiop (4) this yields
| Y3 ._lgf; = Mo )
9eq (x,x')x'* g?gmo f ()

shoWihg that as a reéult of our stipulation, A(5) is also a quan-
tit& of the first .prler of smallness as we.expected. Also, the
geoﬁetrical.meahing of Mfs) becomes clear:; MN(s) is the projection
of 5?'/t>5 onto the geodesic El;, ‘

;IAlso, it is worth noting that if we choose N§) ¥ O , so that
‘thejlaw of‘corfeépondence betWeén P and M would be given by @ = S ,

it follows from (14) that

DEY | ()

Qily, X )x
j‘ As

: -
which means that the vector DS /IMS is then orthogonal with respect



to the tanbcnt vector in T,, at P to the geodesic Eq. This recs ult

could-have been expceted from the purely geometrical point of view.

. : ; ._,)
§ 34,. Caleculation of &%(PM),

IT we substitute the value for dd/ds as given by (4) in equation
(5), we obtain o -
' g

»\/)""(”o) = XU e - v e sy - (15)

Also, differentiating (4) and (5) with respect to S, we have

ALl L dA o (18)
dsr rES .
and A o .
" Ao \1 L A G ;x"v‘:(s dzgu .
2 (a}(d J ‘(o) 7o )+ s (17)

Express1ng the second term on the left-hand side of (17) with the

aid of (15) and (16) in the form
dio AAp i o € %
= ixt - ; (s
| “}//)dsz ds[ (0 + 2= Yo N )]
we see that if we neglect quantities of the second order of small-

ness, we may write

o, ol e d A ,
’\U (¢7) dsl_ x (S) K (18)
and equation (17) becomes
"‘P"'L‘ (G) éﬁ,)l - x”;ri) + jzgl'. _ ;I_,“:LS-\) ;(_2 (19)
s a8t

But it follows from equation (23) of §25 that we may express

the equation to the geodesic Ep in the form

”L‘ o - {‘b % ‘ IJ /‘K. (20)
o) A Ve g voo¥
If we multiply (20) by‘(dd/dS\Yz and substitute from (5) the values

of v , we obtain _
[ AN L wi {f P L RVISE SR &
(“*’-') p (c) ~." \J&' “‘l’)“")(i + is )(l + 0—2—{-)

and again on neglecting terms of the second order of smallness

i
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deyz e ok -l Vit
r \.) ?j }W,V'). ’ {jé«-i%wm“é‘f (21)

To the same degree of approximation we have also

v { ¢ j . PCo7
. v 25 25 'K
'. J‘%"‘S(.V.W-) IJA (3,%") MK{JJ\ (x’x’)g + 'Q‘XKQ{\'] £ 1‘3:’)(11
where'
Ax'™ - ¢'k(o’) ~ x5y (22)
or,inrvirtuc of (15) |
K : _
dx' = %5 — ' ey Ars (22)1
s

Taking into account the equation

'

'J.I'A'z @)

L

_I"L( .
s) + {J%}O,x”x
for the geodcsic Ey, 1t follows from (21) that

(o’d) 1///»(0, - 3(ut;(S) - i%?‘* {J}\ ﬁ(z)x,)

=2 L g 4 e d | F S 'J' 0/\{{
I‘f@ - . - - . o 4
XY Z;J A, (o, %) X2 dax 2‘ {J 'e\ %(‘Y;x') d <

again neglecting terms of the second order.

.D:N':x' 4 5*’%

Comparing this result with equation (19), we Tind

LE i d) f N SN gk
— - SO - - Lo A I
ds? ! d ¢ J{}(a(x) ds &(Jé,}(x)"
2 _{¢ i ik ik (23)
- 537?6{,'&}(;(:)‘1 x'™ da! ..

The last term on the right-hand side requires special reduc_tioh.

We havi'e,;by equations (16), (18) and (13) of §24:

S (e I
{J;&Sl?,ac’) N 5—;7@) J K‘x l’)LJJ‘ ""—I(aa:')_l

a%/ﬁ
Bf":““(z,x’) {P
= . : !
a:z.‘ ?MP(”” Ji‘}“‘ *h)
xd T

With the helv of equation (4) of §23 we deduce
3] L R A S B
' { j X x" ot ® gty ey OJme XY fP % %" :4\ ' 4o
2 4 ' = X =y, cx
J (7,3) 3 Dal 4e ‘&. (X-Y)
(24)

‘ . o
g + —'ij‘w(x,ac)lbfpu(%&') + Bljiﬂ""*" [JU” fﬁ)J Ny Yy

dat* i AR MY S




According to cquation (15)!' of §2, each of these lagt three terms -

vanishes idcntically, Replacing for the moment -~ for the sake of

brevity only - +the torm :
A6

by - < p(in.v1rtue of the equation to the geod051c Eq), and substi-.

tuting for olac'™ from (22) we find

2 (¢ WL |
Sx % {uxuxux' doc' # = 3“7guw

i Pme ) e gk 1K)

IR

‘ Us1ng cquation {15) of §2 we see that the last term on the right- -

hand side vanishecs once more, and we arc left with

d ltf 1y 1 % ‘a 1y 9 { te
—_— x' = ‘ ) 1t\p9f3() WP
If, instcad‘of (22) we sﬁbstitute from (22)7 for dx"™ in eqﬁation '

(24), we find

2 ¢ 0oy ih ik o
5£*{J&%wm“xJa i DFw p! f% e
L wm ' mely,Y') up [ d _ P

and on multiplying equation (25) by Ars)and adding the result to

equation (26), we obtain ,

Gk . G (2, ') - g+ (2
i oo gy e up g n
U+)UD '“&Agnufy L N B 3 % x P;ET~ .

Dividing by (V+AsH)and negleéting[%(sﬂl, this becomes
Ay (2,xy , 7 "
c C) m (Y‘X') d? Ol?
- ™™ % P e - <
= 37 x) f:L;;nr*' x' 1:2?— Al e

It 18 to be noticed that equation (27) is exact in the sense that
equatibns in whieh no approxima-

(27)

it has been deduced from previous

tions have becn made, When we substitute (27)' in (23) we can,
. ' 4 ' )
however, neglect the term A@’dﬁ'/dﬁ, and on replacing x"P by its

value along the geodesic El , equation (23%) will then assume the

form: ‘



iz § - | ‘ 1y ! {m D H { {
'pi *“KUFAg - 59 IWAWSﬁFEQ#U§P x”dk]ig
dg J (%" ax‘p J k {N! A
It o Fd
= — . X
:‘/ ; 8 4 i3 {)ac { -~ 1, S

where it is to be notcd that the valid substitution
: ?)\Cij-(J(,.x')v. = 'Bjmal_at,,ac')
.Dx:ﬁ ) Jx! P

has been madc, this involving only a change in the order of dif-
ferenfiation of the function ¢(x,>"), |

| ﬁntroducing onee more the "extended" Christoffel symbols by
mcans of equation (5) of §28, we see thaf the last result can be
c:’prcas)od in the morc convcnlcnt form

25‘ +2|3 (x, x)x" df"“ _ :ud) 2 5\}0&% :1'4‘0("5”&
(%

= 4
der | ds ds o= ')

(28)

For the sake of brcv:Lty we shall write for Pz' (x,x') simply P‘l
as there will be no possible dangecr of coni‘usmn as regards the
argume;énts of these functions for the next few soctions,

In order to derive an equation analogous to Jacobi's equation
from” (28) it is eclcar that we must find an expres sion for D €°/Ds?

whiech docs not invelve d§ /ds as in (28).

¢
i
'

o . V52
§ 35, Caleulation of D™(PM) |,

Consider once more the covariant differential of the vector §

as we pass from the point x* on Ey to a neighbouring point x%y dxk
also on Ey, We then have firstly from equation (6) of 528

DE- 4 gf Coeh i

— - = + P ‘ g a'd

Ds ds Ak

and sécrondly

DE- o[ ‘ £ 14 Cordeh b e
Rl B A Rt I P - A S

Carrying out the differentiation in the first term on the right-

hand side and simplifying we find

¢
¥



.Dl g“- : d'). fi ¢ 4 L : N
SRR R o §ha e
20

e o 0o oo (29)

Using the differential equation for the geodesic Eq, we also have

for the second last term on the right-hand side of (29):

s ef _wk i e[k 7 ’
P : ==, € } to 1§
ke g * P'é‘&" - {PJ (x);d) *X x

.’_ L A g{";{e
= - Pae {; %§(a wy S X

on interchange of dummy-suffixes,
Making use of this result, we compare the equations (28) and

(29) by eliminating the term o*§[ds’, After factorisation and further

interchange of dummy-suffixes we find

Pl :, Ps, . . _ pt ,
— - X -'-Q: [a {J %( «M".;.P{g{fk}( XJP Pﬁ]-fx'bgﬂ_

Ds* s [tk 1) 3% 1 v, (50}
- ‘03('(' iPJ' Sz(z M,)xllaa(’.);x’f?

It ié to be noted that here we have succeeded in getting rid of

- the term 1nvolv1nb A& /cﬁs and our results will only be useful

because of this,
Equation (30) cea be written in a more symmetrical form as

follows: We have from (5), §28, that

3P, > [¢ 29" A6 (L :
__.J_,{O T - 1. - 4 e __fl:':‘ . ¢ &,P
dak 53’»“{“? € Y M";J Pﬁi j ba”de
e Lpm <J 2 ﬁ (=Y ‘
3 - J - LW\ 'D ..e ’BX
J Y 5145’5&% -39 ™ §th

where the arguments-ln the 4¢; and the Chrlstoffel symbols are

(= ,x') throughout. In virtue of (15) and {15)' of §2 we therefore
. _ - 4, :
find on multiplication of this equation by x'Jx'%§
N L , ) ‘ -
3iﬁlax)ngfh;& — ;b 1k ER
Jx ™ éac



Furthermore, - %(‘
. - ‘ ST (> x'yf{ P! JJL
YR b 5 Ll Ny L “\, X' Qjﬁ_’.“._.mm[
Pialz,xnxyx - J‘f?j'u,x'» lﬁ Ax'F 2, 3"

where faga'ih the last term vanishes identically. Using this result

together with cquation (31) in (30), we finally obtéin

DTl P ) dPE XY o ¢
S Jai& - f"—;_inil—) + PhetxxtsPig (xx)
» (32)
: - Pé“(D(,X)PR (Xl’) + Bp?é(&ll ]ffx "JD(
4 | a ¢+ € (7
’ ')

Sinece thc left~hand- s1dc of this equation 1s a contravarlant vector

and 5 x! x’& grc components of a cfontravarlanttc—;fncttor of rank 3,

we shall put

.. favp":{’(?at). fapl- 1 .

. : d ) - ge (5, ) De

R;g\J (¥, x'y = d,amg\ _ ‘ﬂaa; + Pgp (' )P {e(brkj

‘ —Pa@(kx)P () gp &“’33\4Z P (33)
? Bx(f ] pJ (o,

so that equation (32_) can be expressed morc simply by writing
BNE & A ¢ foid ok (3
a— ¢ —— ' - - e x _l § X & . 3 )
D2 x Ts _ Rk'ﬁu( yx')

We now ob‘serve that this e,quat\ion is true for an arbitrary
vectoi‘ § - arbitrary in the sense that it depends on “Ehe
arbit;bary function A(3%) , so that 2 is by no means determined
by 3?’ . It follows that the quantities

?i{j (%, %) x4 x'* : . o (35)
are t(he eompo/nents of a mixed tensor: contravariant in{ and

covaffiant in A ', so that we shall regard (35) as the components

of the curvaturc tensor for the dircetion L at thbe point P,

It does not follow directly that Rj «; 18 itself a tensor as there
is the possibility of addition of tcrms which vanish when multi-
plied: byva‘c’i X! b} in' view of.thé homogeneity relations (15) and
(15)' of §2, The tensor-character‘ of Q:QAJ can onylbe tested
by.a dlrcct transformatlon but ;,s we shall only be concerned with
‘expressions involving (35) we have omitted such an investigation,

A

¥
i
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§ 36. Comparison with the Minkowskian Tangent-space.,

In order to substantiate the remarks made in the introductory
§32 we shall show briefly what can be obtained by applying the

: ‘ . . N 3 L] (3 - ‘) 9
mcthods of the previous sgections to two fixed directions x' , !

in T, at 0., As before, wevaSSumé that yhe angle between the unit
,vectdrs'§' ,ij ig infinitesimal, i.e. (¥~ ¥'‘) is of the first
ordcﬁ of smellness, ' .
ﬁhe coordinstcs of BY, M' on ¥ and ¥ are given by
Nz oot s xf L sad

As in §33 we writc’

o] H :
AL 5
: o g l x Als) : (4)
: —> > : - —> —
and putting PM = § , we have, since OP + IFM = OM |
or, on diffcrentiating with respect to s ,
; : dE . de v ogx!¢ o (5)
~ AS - a[s w s

. ~>
Now, gincc '

and ¥' arc unit vectors,.it follows from equation
(13) of Chapber III that: |
Coeplx'y') = - %_j"c; (?,1'_')(1”‘—1/—'5)(1""- q,‘j) oo
so that : L
v?;{{I)x'LIWVJJ': !

’

up to the second order, Multiplying (5)° by‘jﬁlx,x')X'J it then

folloﬁs that a
oA€Y

Olo! - v ' L. ’ ¢ (:
e ! -f j“J(an ) X T
. . ‘ )
or, uélng (4) ) 1)
Ats) = Y4 ;ﬁ; (14)1

as expected in view of the rosults of § 3, Also, differentiating
"eQuation (5)' with rospcet to S, and noting that x",\#"are

constant, we have

iigf = -W‘C d o
ds* o dg?



or, in;virtue of (4)!

2 gl
o€ oA
T Y o
But since (' - w' < )dMds ig of the second order of smallness, we

can replace thié lagt result by the equation

(Ls(w ( 61} o (34)'
To ¥ 7w ¢

Cémpariéon with equation (54)'shows}élear1y that the quantities
Q%@&j ‘are}a measure of the defect, especially as for the case dXds * O
the quéntities d*€ [dst in the Minkowskian T, would vanish, whereas
. this is %y no means<so for leé/bszin the Finsler space,

‘ Since the éum s SJ is an invariant, our results in $29 show
that we may write
ol €)= Sy ERRESE A

. ced :
D ;g("y"’x' € 3:,“”"“"‘ £ i3 bj

—

Since the operator D here refers to a displacement along'the tangent
to the geodegic Eq , 1t follows from (447, $27, that the first two

terms in this expression vanish, so that

%(‘j; §J> =Y, P{ga | | (36)

.,(Actuaily, this result can be obtained equally well by direct cal-
culation, using (i2) of $33, without recourse to §27),
USing (14) of §33%, this result becomes

Ligogt) = W o (37)

Thus, _ . v
e ) - R (& - ~ )
by diréct integration, the econstant vanishing since £z O, when

S = 0,

If'we ehoose A =0 for the function A(s), it follows that
D -2 ,
¢ = o &nd £ ‘is orthogonal with respect to the tangent-vector in



T, at P o the geodesic E, .

Finally, since ﬁj@3§j/35 ) is also an invariant, we

the same manner as before,

L/ DEY _ 4 by
ARt 3:> s DS

80 that in the case A= O the three vectors

J bs ) )SL

have, in

(39)

- are ail orthogonal with rcspect to the tangent-vector 6f the geodesic

at the point P,



-

- 92 -

) CHAPTER VIII

CURVATURE OF A TWO-DIMENSIOEAL FINSLER SPACE

§ 37, Polap Coordinates in a two-dimensional Finsler space,

In this chaptcr wé shall consider the notion of curvature
as derlvcd in §3%5 applicd to the case of a two-dlmen51onal Finsler
spacc,  In order to simplify our caleulations we shall introduce
a cbordinate system analogous to pélar coordinates in a Euclidean
or geodcsic coordinates in a Riemannian space, Having chosen a
fixéd point O in the Finsler space as origin, then through a given
point P, provided it is suffieiently close to 0, there passes one
andlonly one geodesic'from'o. This geodesic will make an angle ? .’
| measurod and normalised {compare §9) with respect to the indicatrii
in Th at 0, with a geodesic that has previously been fixed, If s
is the are-length of the geodésic OP, we shall regard s, ¢
the coordinatcs of the point P.

Let Q be the point (§-+ s, ¢ + d?): then, as before, we

>

‘shall ldentify the small displacemcnt PQ with the vector £  in Tn*

at f.A In our new coordinatcs we will then have

E et g £, 80 4 240, 05,95 £ E0dedg spnp o o e
' whéro again the funetions y:; depend on the direection of PQ ()
aslwellvas on the coordinates of P, |

| . If R is a point on thc same extremal as P and distant s from
P, it follows that the components in equation (1) will be (ds, 0 )

“

and we deduce that

dg? = ()/“(S,:?S dS’O)Jsz

or - » ; )
Xn = 1 ’ (2}

along any gecodesie through O.

If t is the tangent-vcetor in T, along the geodesic, we have



| o tt=k =0 (3)
and from the Llffcrantlwl cquatlon (23) of 25 for the geodesie
L NopE
0(52. * 24/6 ((’i,clo;é) =0
it follows that . o |
. L = 0 (L =.1,2)
; {11.ﬁgf;ﬂ (4)

along &ny'gqodcsic through 0.

;If, in particular; thepoiﬁt Q has coordinates ( s, ¢-+d¢),
it follows from cquation (4) of.§33 that we arc dealing with the
case Nsy £ ; (s Vlllublu, ¢ and d¢ fixed) so that we dedube
from couutlon (58) of §%6 that E. is orthogonal with respeet to -
theltanéont-vector to the geod031c ot P, Since thig implies
RO LI A

. ->
wherc now § has components _ . :
. . 2
£ = 0, €= d{f | (5)
we have _ ‘ '
R TS OIS |  (6)

along any geodcesic through O,
o ' ,
- Also, on substituting the values (5) in equation (1), we

find -

/me £) df' (7)

where, a8 bcfore, (), 18 hcmogeneous of order zero with respeet
N ‘

to 5 (Compqro §2), How if the point P(s ' P ) is given, the

i

' diroctlon..§ orthogennl with rospeet to the tangent~vector ﬂt P
(opart from sign) is fixed, and it follows that in egquation (7) the
funetion Ly is o funeticn of (s , ¢ ) only, provided, of coufse,
that we arc measuring in the dircetion of gb, Accordingiy, we
denote the positive square root of this Function by £(s, ¢), and
write (7) in the form |

¢ = S, prde - (8)



Keeping ¢ and d4>'fixed, we find by repeoted differentiction

-~

with rcspeet to < :

o N3,y g
et VO f (9)

or, on eliminating d¥> between equaticns (8) and (9)

Tk R B 1S : (10)-

§ 3 T JE 9 T ae

This result is clon rly comnceted with cur cquation (34) of the

previsus chaptor of the geodesice deviaticn when we hove As) 50
and n o= 2, and we shell establish this commecticn in the

full wing scdtion,

§ 38, Goussian Curvoture in Poloar Coordinctes,

Still using the notaticn of Ch“pter VII, let X be the unit
vector in Ty ot P whose dlrectlbn ecincides with »E‘. We then

have : : . |
. " = X (c=1,2) (11)
In %iew of the results of §29, covaricnt differentiction of thie
equétion cives | | ) ) A
N1 S L VL S SR LARNNES ST SRR Ty
Ds Ds . 25 s € 2% .
Multiplying this equotion by y, and summing over L ; it followy
from cquotiong (14) ond (38) of Chapter VII that ‘

, gLK:d. L (13)

Thus, cither (o) the veetor DX' /Iss is orthobo 2l to the t,ngent-
vector to the geodesic Eq at P, or (b) it vonishes,

Let us assumc firet the former cose, Then the direction of
DX;ADS‘ coinecides with the vectors S;vand‘bfill)s , Since we
hove n = 2 and both vectors have been shown to be orthogo-

nal with rcspoct tc the tangent-vcetoe of El . Differenticting

(12) once merec with respoet to § , we cbtein

-




}tgf - g _B,‘X"’ N 9 ..DX‘ -DE - X‘v 0'1g,

——— ——— & .

ds? g2 S ds s ys: (14)

Cemporing tbl% with equation (34) of §35, we. £ind

X DXt € .
? JT— L ag ) ’ '“ A‘—
§ o5 *v2 5057 + X5 # Rﬂi(y,x;l;x ¢*=0 (15)

. : -
Now, sincc X 1s o unit veetor throughout, we have -

D L _ DX DX .
L_(x . - . BA ¢ S (16)
S (EX) = xe Z e X b |
: -~ ->
But since the direetisns of DX/Ds and X ccincide, we moy write
X e Lj(x X)X ,]_)__)_(,;' = g4 [, DXy DX, = DXJ
X TN = )1,5 A bs
go that (16) becomes .
o - .DXL ’ .
Y, == = 0 16 )¢
L3 - (16)

Let u“ now roturn: to ~ur °pu01L1 coordinate system of the previcus

section, There we hnve

3 Dxt .
' = =0 L 9]
X DS » X5 F
and équ&tién (16)' beeomes
o »x y g
X == ~[é/n.(5‘:|o +X11(€c(> X>X]IDS o

and since X&i(S,?; X)xyowe detuce (for all coordincte systemsj

DXt

= O
: : DS . ‘ '
and | o . : | (17)
! ; r vy
XX . 0
. bsl

so that case (o) cutomatically reduces to case (b).
Bquation (15) now becomes

XL 92—5 + ?43‘1(31 l')l 54

Multiplylnb this equ“tion by X¢ end summing over i , ond toking

~into nceount Lqu‘tlor (11), we find

3 : T 8
afl— * glﬁ“f(*”).’Q24J"(*)“-‘)a41’JX Xjr O ) .( )
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J Sinece the unit vcctgr"? is uniquely Jetermined by the cogrdinatés
ef P oond the dircetion gf\tbo seotcgic thruugh P, we mzy'write in -
thp 1aét cxpregsion

: 3,:((3()7()beij(df,l’)l'él”‘Xt X+ - K(x,x') ' ‘(19)

- We shall eall Kix,x") the Goussicn Curvature of the Finsler spoce

ot thefpoint P for the dirceticn X', Since £ (a length) is in-
vnrimn%, its secgnd~derivativc with rcspeet to s is also an in-
variani, go that it follows from the cquatlon (18), which new assumes
the frm | |

, .
__é___ ag + K(J,Z.') = QO
2s? _ ,

(20)

thit K(:;xﬁ) is o inveriont, (Ieter we shall give o lefinition of
Geuselion Curvature which Cepends sclely on the positicn'of‘the polint
undor écnsiicratifn, i.c. & noticn of curvature which is independent
of éir?ctifn. |

Fin&lly, it ig elecor that cquaticon (20) is ilenticol with
equation (10) of the preecling secticn; we therefore have in poiar

coorlinates

b

A : bl
] ' - K(S,(?',L’):— . . £(S,tp)

$is,¢) 2t

(21)

§ 39.: Compnrison cf the length of the gebilesic eircle with the

length of the loenl indieatrix,

.As infiented in §32 ony difference between the geodesic circle
at the point O and the indieatrix in T, ot O (for small "raaii;)
will give us & measure dﬁ"defect". We sholl now show that the
difference in the lengths of these curves when the "radii" tend to
ZeTro con be expregsed in terms of the curvature of the Finsler space
at 0.% Thie will then lecd ues to Cefine o mecsurc of,cﬁrvature

J

Cepending cnly con the coordin~tes of O,



s

Since € 20 when 5 > O ’ it follows from (8) thot if we
‘kecp ¢ ond 4 fixed |
A fes, cp) = QO | ' (22)
Wé shell olse cgsume thot K. dces not vénish for any direction .
through 0, sc thot we hove in virtue of (21) _ :
| o D3 0) . (23)

{-d0 35?2 -
Applying the well-lXnown methols for indetermincte forms to the

quotient on the right-hanl side of (21), we have therefore
; ’ ’ . ' '

. v340, s, ¢)
/ﬁm K(s<€ £) = *f:u e
-, , A§(5.4)
RS
Since - -
5£IO)CP) _-f_- O
S '
we thug hove o) L RE04) o, o)
asd o3 | e

where We.have'written K(o, ) for KO,@;t); Eébeing the tongent-
vectcf?nt 0 to the geodesgice whese angulnr eoocrdinate is P
Let Lo bo the length of the unit indicatrix ot 0, If § ié
o small length of are of the inlicatrix of radius s , it will
subtond on angle d?’ at O where
de = (L)

S
sinec Af\io normelised ( §9). This cquation is excet in T,, but in
the,Fihslcr space it is true only when we proceéd to the limits=0
fa]e thﬁt W have |

- - d@ e i%;, é?(Lo);.

But in virtue of (22) we may write
i)

ol -
asS{)(s o)

2

£ = §is,@rdy
correct for the first order of smallness: thus

ol cf‘ = ._M_ Cf'
u Lo



so thot we finclly have

eile, @)y _ ' | *
”“’“QT'— ° (25)
Equotion (24) then beccmes
, " | |
B fro,9) = = Lo Klo,) - (26)
ds? | -

Let us. expond :F(S,f) o8 o power~gerics in s, keeping ¢ fixed,

We thué heve _ -,
: £ 4o N (o, @
$05,9) = §loe) + 2Ry, L ¥ee ) Mo
. : . DS 2 3¢ 6 3,53. .

ond ongqubstituting from equations (22),_(23), (25) end (26) we
leluee | | | f |

Si5.9) = Los - Ll KO.@)s e L. L. (27)

-

Denoting the lengths of the geodesic eirele ot 0 ond the
inientrix in T, ot 0 by @(s) and L.(s) respectively when the

"roliug! of both is S , we have, using equation (8)
G, () = §§(S,<P)JCP

andd

Lo(<) =\§SL«J?

On integroting equation (27) with respect to q?vwhile s-vis being

kept constont, we therefore find
Gors) = L9(5>\~ Z—_L°§I<(o)cp)alcp toea (28)

We shall now put-

' ;cﬁk'w,p) dg = Ko | (29)

N

where RTO) depends only on the position of 0 ond represents o

mecn of the Goussian Curvotures for the various.directions thrcugh

the point 0. « We sholl enll it the Absolute Goussion Curvature
of the Finslor space at O in viow of the fuet thet 1% is o funetlon

’

of position only.



Equation (28) can now be written in the form

RIOY = & hum hots) — Gui(s) | |
Lo §-0 <3 _ - (30)

\

This is the degired result, A similar equation for gurfaces em-
. e
bedded in a three-dimensional Euclidean space was derived by

Bertrand and Puise'tf

. N P X
§ 40, Comparison of the Area of the geodesic eirecle with that of

7

the local Indicatrix,

The.cxpansion {27) will enable us to give'a furbher geometri- -~
cal interpretation of the a@solute Gaussian Curvature in terms of
the éroas cnelosed in the'geodesié circle at 0 and the indicatrix
in T, at 0,

Let P, Q be two p01nts on the same zeodesic through 0, where
P lies_on the geoodesic circle of radius S, Q on the geodesic cir-
cle of radius s + 45, on the gcodesgie making an angle <$? with
the blvon gcodegie we have corruspondmb p01nts P', Q. As ods => 0
the area of the parallelogram PQQ'P' will be given by (§ 14)

dA = IPQIPPIsm (Pa, PP
when?méasurcd with réspeet to the indieatrix at P, But PP' 1s or-
thogbnal with rcspoet to}PQ (§ 36) so that thc positive sine
corrcsponding to thése diroctiohs is unity; and hence the area
‘will simply bc ' )
da = £ds = £05,9)ds ol (31)
in virtue of cquation (8)., The area of the "geodesic ring" of_'

redius S and thiclmess d4¢& will thereforc be
§[f(5,c9)ols]ctc(’ . f[a s LKl wsw

in view of cquation (27), so that the arca ’Aa(S) of thc geodesic

circie of radius' ) atro will be given by

Lt

*Journal dc¢ Mathématiques, vol. 13, (1848), p.83.

N
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S
AO(S) :J(L‘,S - é’LOR(D)SB—P‘ 'c-)ds_
’ 0

when we take into account the definition (29) of Rio),
. Also, we have scen in $14 that the area I,¢s) of the indicatrix

of radivs S in T, at O is given by

Totsy = +L,¢?
S0 ﬁhat we finnlly obtain
i

Agtsy = T, <) - 3’; L, Rloys* +

or

Ao 24 [ L5y — Aclsy
) (32)

320 ), s4

RIO) =

Thi? cquation is the desired reeult,

§ 41, Goodcsie Triangles.

I_Let L, B, C bec dny three points in our Fincler space, these

!

points being sufficiently close'

to each other in order that there

exist unique geodesics Joining
. them., Let the angles between
these geodesics as measured at

A, B, C be x, B, y respective-

. -7 ly. Ve choosé A as the origin
Fig, 7 of our special system of polar
coordiﬁates, and throuéh'each
point P on the geodesic BC we construct the geodesic circle of
éen%ro A (Fig. 7), and wc denote the angle measured at P between
BC émd the geodesic AP by ©
' We shall first caiculate the inerement 49 of this angle as we

pass from P to o neighbouring point Q cn BC, ILet the coordinates
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of Pand Q be (s, ¢ ) and

(s + ds ¢ . 4¢ ) respectively,
and lect the.gecdesic_circles |
of radii s and s +d$ cut the
geodesic AQ in R and the geode- 
cic AP in S. Then PR = 2; and
QS = € 4+d€ in our previous
notation (Fig 8), where ‘§ is
of the first order, while d$

, is of the second ordef of small-
negs when coﬁpared with c&p which we regard as being of the firs |
ordcf cf emallness iteclf, _

Along @S we mark off the point T suéh that QT = PR = i, sc that
TS =§x§. Alge, since E’ is cverywhero orthegunal with respeet tc
~ tho éoodcsichP (§36) wo may write

BT - PS = ds

when iwe nogleet terms of the sceond order, It then follows from §39
that%if we measure the angle é%T with reepect to tho indicetrix
at P, we have

R .
Stz I8 o= 48
PS ds

corrcet at lcast to the sceond ordcer of smallness,

(33)

-

If, for a first approximation,we regard the infinitesimal
parallelogram PTQR ag a Minkowskian parallelogram, it fcllows

inmedintcly thet | | |
' A
SPT = B . (34)

whéré & - d®  ig the angle betwee; RQ and PQ, ‘

'Since ds is of the first order cf smallness, the error invol-
ved Will also be of the first order when appiied'to finite qﬁantities;
g, ﬁowevcr, d8 ig also of the first order, the error may Be neglec-

ted. From (33) and (34) we doduce
dE

O I
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or, using (8) aftcr differcentiation

de = 36,9 de (35)
. Bs _
ow, using cquations (21) aﬂl (31) we f£ind for the small area
PROS thet - | |
o AF(s ) s o :
Kl.acmolA =T The ¢ | (36)

)

where Ki{S, @) ie the ecurvature of the Fineler spoce at P in the

dircetion of the gecdosmic AP, For the "triangular strip" A

.enc%oscd by the gecicgicstP(? ) and AR(q7+<i¢) through the‘origiﬁ.

A, wc have <

| ' | |
- fk(slc?)o{A = - J __.f_(if!ila/s o ¢
: p st
O B
«“ﬂrﬂlnb ¢ os constant ovér AN, Thus
gkls,c(i)dﬂ\ - - [ﬁ_‘;ﬂ) olgp : - (37)
A , | 3s o

Sirce A ig the origin, we have, as for cquation (2
. 5111, ’ q

g DECS, @)
Ao, 2372 ¢) L,

—

=0 aS ’

whore LA is the length of tbc~u¢1t indicatrix in T ot A, In

-

Vicw of the faet that $ is the geodesic distonce of P-from 4,
gquation (37) thus gives when we intevrﬁte over the whole area of :

- the geodceic triangle ABC

JJ <ls, cp)dA fL at? th(s ¢) "“f

''ig the normalised angle & , i.6,

whefe X
' [
=
- La
" Changing the vario blo in the last integral with the aid of (35)

- X

we find

; i i

. 6(c)
L(K{s,cp)am, <[, +‘§¢e'

61R) \
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aso that .
jms,q)uA s ws oy O8) - ;

But from figurce 7 it ig clcar tha
| ey Eil, - B

thug we will finally have
SEK(SQ)JA ﬂ+-ﬁ+y—' ‘ - (38)

or, if wc usc normeliscd angles, Zenotcd by caslc
" _ ! ' - L | '
([wiordt =laeflyrybsbo gy,

This cquation ig cnalogus to the theoren of Gomss for geodesic
tricnglces cn o surfacce cnbedded in o euclidean space; it io ¢ be
| noted thot % LB ig winply the vaiuo Of"TT“at the pciat B,
he foet thot the longth of the inlicatrix ot B appears in
(38) ig due firse tiy to our choiee of origin ap KIS PJ is token with
reapeet to geu' gies threugh A, and seecndly the»sense in which B
the sccond integroticn, was corried cut: had we 1ntebr ted frem C

to B instcaé, the value of the length of the indicatrlx ot € would

hove aeppecrcd in the last formila,

§ 42, Geolcgic Polygens,

Tbc lost result c&ﬁ be extentad . imneldicotely to’the cage of
geoldesic polygong of n gideg, fornmcd by thE'pcints AU44;,.4}-- An
and by Jjoining sucecooive pulnt” by geodesics, assuming that
thcse pointes cre oo plac¢d that none of the geodcsics intersect,
We nubL vidce this polyson into n geclesic trimngles by ccnstrue-
ting thc'gcoaesics Ach AR, .- Achy, (Fig, 9) . Let us denote
the intcrior sngles of the P triangle.by'&v, €e o v » ond the
extericr cngle at the point A, by §p . A1l these ongles ore '

. measurell by ncong- of tlc iniicatrices ot the corresponiing popints
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\
ond we bhali write Lp fcf the length of the wnit indieatrix at A
’ , Then, by taking the pcint A, a8
our origin, we integrnte succécoi-
vely over each of these gecderic
(7 Aps triongles: storting olong A Al
4 <. and precerving the sense of inte-

cgration of the previous section,

we f£ind
. s " »
‘ ﬂ'““ = e B 9
S Fio, 9 J : PEL - .
_ o ~ L > 0L
_ qE
But we hove . "
: L |
Z % ° (40)
P
end censldoring the angles ot the point A ,
. RO AR B I {38
end for the point A, ‘
Bo+ Jp=r = gLy - & (p>1) (41)1

By writing cquation (39) in the forn

4

jSKdﬂq :20(*‘ +(5'+Z‘éy +Zﬂ:&/r4-:+a/w".&l-r’%.
A . p=r _P'tl p=2 _

3

Ly

o -

s

-

we fipﬂ on gubstituting fren (40), t4l) and (41)v
; v ' .
Hf(m = Lo * 1L fé_(.é—tp-gr)- Tl -t%u
er %igally
Y .
” (aA = Lo ” pZ & | | (42)
wherc;it 1o 1o be ncted thnt the last térmvrepr¢Sents the éum cf

the exterior angles,



- 105 -

§ 43, Thc Gouss~-Bomnet Thecrcn in Finglor Spoees,

Let C be ony elosed curve bounding o simply-commécted domain D,
1f 4 is the length of C, it is possible to choose nm points A, A, ...
...Aw on 0 such that the geodesic distonce o(Ap,Ap-) between
dny two points AL, Ay-1 is such’ that |

(Ap, Ap-) & £ | (43)

1f we remeber that the geodesic distance cannot be greater than
the leggth measurcd along an are of ¢, These points will form a
geodesic polygon rs in the previous section, |
Now from our defln}tion of curthure of curves ( §50), if we
A A

dcnoto the eurvature of C by 9 it follows dircetly that
Lo Sp
9 .

G20 O(A',) AP l)

In viuw of (43) we sde that 0 —=—> O when "N — © , hence

n
c‘j ' :P . ) - A T §, Ay
._.__ = ,k)w\z O/(AP;AP" O"(AP)AP,_;) T s g-’l ¥ (44)

Let us choosc the origin,A° 2t any point interior to the area
boundcd by C. Applying cquation (42), we find, by letting 4 —+
IfKoLA = Lo ~— %ﬁ (45)
| > , < .
This Qquation then represents the Gauss~Bonnet formula in e
Finslesr space, It is to be noted that on both sides of (45)
there are funetions depending on the origin A,, Finally, it may
bé observed thet equation (45) is still valid when A, is o point
on the curve C: this con be proved without diffieulty by econ- -
sidering o geodesic polygon AQ)A;)AI),~ ... A, of n 4+ 1 sides
with A as origin, |
In conclusion we may add that the great sionificpnce of the.
russ-Bonnet Thceorcm in geometry eannot be stressed sufficiently:
it,cstaﬂlishcs o Tirm link between the local aﬁa global properties

of the spnce undcr considération,
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