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Abstract

Neural stochastic differential equations (SDEs) represent a significant advancement
in the field of machine learning by combining the power of neural networks and
SDEs, two influential modelling approaches. SDEs are used to model systems that
exhibit randomness or uncertainty and are defined by a set of differential equations
that describe the evolution of the system over time, along with a random noise
term. Neural SDEs extend this framework by using neural networks to model the
SDE’s drift and /or diffusion coefficients, resulting in a more flexible and powerful
modelling approach.

This dissertation delves into the use of neural SDEs for modelling the com-
plex dynamics of asset price processes. Through a thorough examination of vari-
ous training methodologies for neural SDEs, we aim to develop a more pragmatic
approach to training these models, thereby advancing the understanding of neu-
ral SDEs and their potential for modelling financial systems. Through numeri-
cal experiments, we compare the performance of neural SDEs to well-established
models, such as the Black-Scholes and CEV models, using European call option
prices computed from neural SDE generated stock prices. The numerical experi-
ment results suggest that neural SDEs are a promising tool for understanding the
behaviour of complex, dynamic systems, and may offer improved accuracy and
flexibility compared to traditional option pricing approaches. Overall, this work
provides insight into the use of neural SDEs for modelling the intricacies of finan-
cial systems and other types of dynamic processes.
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Chapter 1

Introduction

Financial option pricing has been a heavily researched topic in the field of quanti-
tative finance over the last few decades. The interest in this topic has surged since
1973, when the trading of financial options was officially standardised, marking the
commencement of the modern era of options trading. Since then, options have be-
come extremely prominent in the finance industry, to the extent that in many cases
more money is invested in options than in their corresponding underlying assets.
The widespread popularity of options is reflected in the 2021 global options trading
volume of approximately 38.88 billion contracts, as reported by The World Federa-
tion of Exchanges (2022). The appeal of options trading predominately stems from
their ability to effectively mitigate risk and provide cost-efficient trading opportu-
nities for investors. While financial option contracts can encompass a wide range
of complexity, a vanilla option gives the holder the right, but not the obligation, to
buy or sell an underlying asset at a specified price and on a predetermined date in
the future. This type of option serves as the basic building block for many more
complicated contracts widely adopted in the finance industry.

The study of option pricing within the field of mathematical finance can be
traced back to the year 1900, when Bachelier (1900) laid the foundations by intro-
ducing the first option pricing model. However, it was not until the 1970s that the
field truly gained momentum following the revolutionary work of Black and Sc-
holes (1973), and Merton (1973), who proposed a model for pricing European-style
options, which is widely regarded as the cornerstone of modern-day option pricing.
Despite the significance of these early works, ongoing research continues to push
the boundaries in search of more accurate and computationally efficient methods
of option pricing computation. The need for rapid and accurate pricing and hedg-
ing of options necessitates ongoing research, as practitioners and researchers work
to identify the optimal models that meet the changing needs of the industry.

One of the more recent developments in quantitative finance is the increasing
use of machine learning techniques to solve the problem of pricing options. This
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has been driven by a combination of theoretical advancements, as well as devel-
opments in hardware and software, which have overcome past deficiencies in im-
plementing machine learning, enabling the use of more complex models for option
pricing.

This leads to the focus of this dissertation, which draws on a recent develop-
ment in machine learning techniques, by tackling the problem of financial option
pricing with neural stochastic differential equations (SDEs). Neural SDEs are a
novel concept at the intersection of the fields of deep learning, stochastic processes
and differential equations (Kidger et al., 2021). They can broadly be decomposed
into the two dominant modelling paradigms of SDEs and neural networks.

In this dissertation, we delve into the intricacies of neural SDEs, exploring the
synergies between the two powerful modelling paradigms that form their foun-
dations, as outlined in Chapter 2. To gain a comprehensive understanding of the
various approaches adopted to tackle the problem of pricing financial options with
neural SDEs, Chapter 3 conducts a thorough literature review. Building on this
foundation, Chapter 4 presents this dissertation’s proposed approach for training
neural SDEs, complete with a discussion of the constraints imposed to ensure fair
pricing without any opportunities for arbitrage. To test the efficacy of the neural
SDE methodology, Chapter 5 conducts numerical experiments using known pro-
cesses with well-understood dynamics and closed-form solutions to option pricing,
as benchmark models. We compare the solutions obtained using the proposed neu-
ral SDE approach with these benchmarks, using the Black-Scholes model and con-
stant elasticity of variance model as reference points. Finally, Chapter 6 synthesises
the key findings and observations made throughout the dissertation, providing a
comprehensive summary of this research.

Overall, the purpose of this dissertation is to address the issue of option pricing
in finance, by investigating a modern approach, using neural SDEs, that is both
theoretically grounded and practically feasible.



Chapter 2

Background

In this chapter, we explore the foundational aspects of neural SDEs. We begin by
examining the two key modelling paradigms of SDEs and neural networks. We
then proceed to define neural SDEs and explore their utility in pricing financial
options. Additionally, we delve into the principle of arbitrage-free pricing and il-
lustrate how neural SDEs can be used to produce accurate and fair option prices,
given specific constraints.

In this chapter, we reference the works of Bjork (2004) and Bishop (2006) as the
primary sources for important definitions and theorems. We simply present the
key results without proof, providing these references for readers seeking a deeper
understanding of the stated results.

2.1 Stochastic Differential Equations

The application of stochastic processes in mathematical finance has seen phenom-
enal growth over the last decades. This upsurge of interest stems from the field
of option pricing, which often adopts pricing techniques that necessitate the spec-
ification of a stochastic process governing the behaviour of the option’s underly-
ing asset through time. Put simply, a stochastic process is a collection of random
variables indexed by time. In this dissertation, we specifically examine the role of
stochastic processes in the context of SDEs. SDEs are mathematical models that
can be used to understand and predict the behaviour of systems that exhibit uncer-
tainty or randomness. These models consist of a set of differential equations that
describe how the system changes over time, along with a random noise term that
captures the inherent unpredictability of the system. SDEs are particularly use-
ful for modelling phenomena such as fluctuating stock prices and other types of
random processes, as they provide a framework for understanding and predicting
the evolution of such systems. The solution to a SDE is itself a stochastic process,
reflecting the inherent randomness of the modelled system.
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Definition 2.1.1. We consider a specific form of a SDE, which is a one-dimensional
process with a one-dimensional driving Brownian motion, for all ¢ > 0, given by
dXt = ,U,(t, Xt) dt + O'(t, Xt) th,

2.1)
Xo = o,

where u(t, X;) and o(t, X;) are referred to as the drift and diffusion coefficients
respectively, and W; denotes a Wiener process. This equation should be interpreted
as an informal way of expressing the corresponding integral equation,

t t
X — Xo= / wl(u, X)) du + / o(u, Xy) dW,y,
0 0
which characterises the behaviour of the continuous-time stochastic process X;.

The price of an asset is often characterised by sudden jumps and fluctuations,
making it a non-smooth function of time. Therefore, standard calculus tools can-
not be used to effectively model its behaviour through time. As a result, the field
of financial asset pricing borrows heavily from a branch of mathematics known
as stochastic calculus. A key result in stochastic calculus is Ito’s Lemma, which
provides a framework to determine the derivative of a time-dependent function of
a stochastic process (Itd, 1944). By applying Ito’s Lemma, it is possible to derive
new SDEs from existing ones, making it a powerful tool in the analysis of financial
systems and other dynamic systems that exhibit randomness.

2.2 Neural Networks

Parallel to the widespread adoption of machine learning, there has been consider-
able interest in the development of neural networks for solving a variety of prob-
lems. Neural networks represent a class of robust, non-linear models inspired by
the neural architecture of the brain, which are capable of modelling complex non-
linear relationships.

2.2.1 Neural Network Architectures

Neural networks are comprised of three distinct layers of neurons!

, an input layer,
one or several hidden layers and an output layer. However, linearly separable data

does not necessitate the use of any hidden layers in a neural network (Karsoliya,

! A neuron is a processing unit that receives inputs, processes them using a set of learned weights
and biases, and produces an output. The combination of multiple neurons allows the network to
learn complex, non-linear relationships between inputs and outputs.
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2012). Deep neural networks form a subset of neural networks that have multiple
hidden layers between the input and output layers. The greater the number of lay-
ers to be processed, the deeper the network. If for a given layer, all the neurons
in one layer are connected to all the neurons in the next layer, we refer to this as
a fully-connected network. In the numerical experiments conducted in this dis-
sertation, we adopt a class of fully-connected feed-forward neural networks, also
known as multilayer perceptrons. These are specific types of fully-connected neu-
ral networks in which the connections between the neurons do not form a cycle,
hence information flows in one direction only, from the input layer to the output
layer, without any back loops, as illustrated in Figure 2.1.

Figure 2.1 presents an intuitive visualisation of the architecture of a multilayer
perceptron. This illustration serves as a visual introduction to the formal definition
of a deep neural network model, which is detailed in Definition 2.2.1.

Input Layer Hidden Layer / Hidden Layer -/ Output Layer

hg g hp k-1

Fig. 2.1: Neural architecture of a multilayer perceptron.

Definition 2.2.1. A k-layer neural network can be represented mathematically as a
function f : R™ — RP, which is a composition of multiple non-linear multivariate
functions f1, fa, ..., fx, and g. As a result, a k-layer neural network can be defined
as f(x) =go fro---o fao fi(z), where f; : R" — R™~-1 fori € {1,2,...,k}, such
that f;j(z) = v(w;x + b;). This can be represented as

f(x)=gofro---0ofao fi(x)
=g(v(. .. y(way(wiz + b1) + ba) -+ + by)).
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In Definition 2.2.1, n is the dimension of the input layer, p is the dimension of the
output layer, g is the output function, which maps the output of the neural net-
work to the desired format, w;z + b; is a linear combination of the input = with its
coefficients w;, plus a bias term b; and finally, v is the activation function, which

introduces non-linearity in the neural network.

In this dissertation, we focus on the class of multilayer perceptrons, as illus-
trated in Figure 2.1. We specifically examine the architecture of multilayer percep-
trons which consist of a single neuron in both the input and output layers. The
number of hidden layers and neurons in each hidden layer will be optimised for
each numerical experiment. Careful selection of hidden layers and neurons ensures
that the neural network can effectively capture the intricacies of the underlying
data set, while avoiding over-fitting and excessive computational demands by not
having too many neurons in each of the hidden layers (Caruana et al., 2000).

The predictive capacity of a neural network is so compelling, that any class of
problems that can be reduced to a function, in theory, can be solved to an arbitrary
degree of accuracy with the use of neural networks (Hornik et al., 1989). This result
is expressed in the Universal Approximation Theorem for Neural Networks, which
demonstrates the ability of neural networks to approximate any continuous func-
tion to an arbitrary degree of accuracy, making them unique systems of functions
that are universal approximators (Hornik et al., 1989).

2.2.2 Training Neural Networks

Training a neural network refers to the process of modifying the weights such that
the network becomes an optimal approximator to the target function. In this disser-
tation, we consider neural networks in the context of supervised learning, where
the role of the network is to predict the output variables given values for the input
variables, which are labelled for a particular output (Bishop, 2006). The training
process can be simplified, by expressing it as the problem of optimising an objec-
tive function represented by f(#), where f : R" — R is defined over some domain
f € ©. Here, § € O represents all the tune-able weights of each network that are ad-
justed during training, in order to help reconcile the differences between the actual
and predicted outcome. This can be formulated as the task of finding the minimiser
0* € argmaxgeo f(0) (Andrychowicz et al., 2016).

In optimisation, the mean square error (MSE) is a widely used objective func-
tion, that allows us to determine the extent to which the neural network is able to
accurately predict the outcomes. It is calculated by taking the average of the square
of the differences between the predicted and actual values. Therefore, the MSE can
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be represented mathematically by

n

MSE = - 3" (5; — 4i)?
n Z_Zl (yi —9:)°,
where n is the size of the training data set, y; are the observed values, and y; are the
predicted values that are output from the neural network.

A common approach to minimising differentiable objective functions is gradi-
ent descent. This method iteratively updates the weights of the network, by com-
puting the gradient of the objective function with respect to the weights and mov-
ing in the direction of the negative gradient. This process is repeated until the objec-
tive function is minimised and the network’s performance is optimised, resulting
in a sequence of updates given by

9,54,_1 = Ht - atVf(Qt).

If the objective function, f(#), is differentiable with respect to its parameters, gra-
dient descent is a relatively efficient optimisation method. However, Glorot and
Bengio (2010) show that standard gradient descent from random initialisation pro-
duces poor results with deep neural networks. This is because standard gradient
descent is hampered by the fact that it only makes use of gradients and ignores
second-order information (Andrychowicz et al., 2016). Therefore, when dealing
with deep neural networks in this dissertation, we will make use of alternative op-
timisation algorithms which overcome this shortcoming of the standard gradient
descent algorithm. Specifically, we will make use of the Adaptive Moment Esti-
mation (Adam) optimisation algorithm, which is a technique of stochastic optimi-
sation, introduced by Kingma and Ba (2014). Adam overcomes the shortcomings
of standard gradient descent, as it uses estimations of the first- and second-order
moments of the gradient to adapt the learning rate? for each weight of the neural
network (Kingma and Ba, 2014). It is an extension of the stochastic gradient descent
algorithm that incorporates the benefits of both the Adaptive Gradient Algorithm
(AdaGrad) and Root Mean Square Propagation (RMSProp) (Kingma and Ba, 2014).
In addition, it also incorporates a momentum term, which helps the optimiser to
converge faster and be less sensitive to the choice of hyperparameters, by allowing
it to overcome the problem of oscillation around the optimal solution, making it a
more robust and efficient optimisation method (Kingma and Ba, 2014).

2 The learning rate is a hyperparameter that controls the step size at which the optimiser makes
updates to the model weights during training.
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2.3 Neural SDEs

With the foundational aspects in place, we now explore the focus of this disserta-
tion, neural SDEs. Neural SDEs adopt the framework of SDEs, while incorporating
neural networks to model the dynamics of the underlying system. This allows
the model to capture complex, nonlinear relationships between the variables in the
system. In a neural SDE, the drift and/or diffusion coefficients, which capture the
behaviour of the underlying process, are represented using neural networks, al-
lowing for a more flexible and powerful modelling approach.

Definition 2.3.1. We consider a specific form of a neural SDE, which is a one-
dimensional process with a one-dimensional driving Brownian motion, given by

dXP = u(t, X2, ¢) dt + o(t, X0, 0) dW,. (2.2)

From Equation (2.2), we can deduce that a neural SDE takes on the form of a SDE,
as given in Equation (2.1), but where the drift and/or the diffusion processes are
given by neural networks parameterised by ¢ and/or 6, respectively. In Equation
(2.2), ¢ and 0 represent all the tune-able weights of each network, that are adjusted
during training. An imperative component of using neural SDEs is that we can
calibrate a neural SDE to market variables. This allows us to price options on the
asset using martingale pricing theory, but without explicitly specifying (and thus
potentially oversimplifying) the dynamics of the asset price.

Over time, the finance industry has adopted machine learning to varying de-
grees of sophistication. However, it is important to highlight that there are still
unique barriers to the adoption of such technology. One of the major obstacles to
the adoption of machine learning in the finance industry is the opaque nature of
many machine learning models, also known as the “black-box” problem. These
models can be quite complex and not easily interpretable, making it difficult for
practitioners to understand how the model arrives at a particular decision and
identify potential biases or errors in the model. This can be a significant barrier
for organisations that need to ensure the transparency and explainability of their
decision-making processes, especially in regulated industries. This longstanding
concern is emphasised by the introduction of the European Commission’s pro-
posed Artificial Intelligence (AI) Act, which attempts to regulate a wide range of Al
applications (Veale and Borgesius, 2021). This legislation establishes the first law
on Al by a major regulator, which could pave the way for the widespread imple-
mentation of Al-related regulation across key industries.

Adopting a neural SDE approach to pricing options, presents several advan-
tages. Firstly, this approach offers a fresh perspective on a classical problem in
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finance, thus allowing for the consideration of an alternative method for pricing op-
tions. Additionally, through the use of neural SDEs to price options, we mitigate to
some extent, the concerns that regulators have around the use of “black-box” mod-
els, as this approach combines neural networks with well-established risk models
based on classical SDEs. This is opposed to more traditional machine learning ap-
proaches, that use neural networks to approximate the entire option pricing pro-
cess. Finally, by design, neural SDEs are data-driven, and are therefore adaptable

to a change in the environment, allowing for a more flexible modelling approach.

2.4 No-Arbitrage Pricing

In this dissertation, we ensure an arbitrage-free setting when pricing options. By
adhering to the principle of arbitrage-free pricing, it is ensured that the option
prices produced under the adopted option pricing methodology do not permit
traders in the market to make a risk-free profit through an arbitrage strategy.

To ensure that the neural SDE model does not produce any arbitrage oppor-
tunities, we construct a class of models that permit no-arbitrage when pricing op-
tions, by specifying certain conditions on the form of the neural SDE, described in
Equation (2.2). To ensure that this framework holds, we adhere to one of the main
pillars supporting the modern theory of mathematical finance, given in Theorem
2.4.1, when formulating a pricing strategy (Bjork, 2004).

Theorem 2.4.1 (First Fundamental Theorem of Asset Pricing). A model does not
permit a free lunch with vanishing risk, if and only if there exists an equivalent

martingale (risk-neutral) measure.

Definition 2.4.1. A measure Q is said to be risk-neutral, if under Q, the discounted

asset price is a martingale.

Under Theorem 2.4.1, ensuring no-arbitrage ultimately requires that all discounted
assets be martingales under the risk-neutral measure Q. Therefore, to ensure an
arbitrage-free setting when pricing options with the neural SDE governing the be-
haviour of the underlying asset, we model assets under the risk-neutral measure.
We achieve this by ensuring the discounted asset price is a martingale under the
risk-neutral measure, by specifying certain conditions on the form of the neural
SDE, which is further detailed in Section 4.1.2.



Chapter 3

Literature Review

This chapter explores the literature on the topic of neural SDEs and the various ap-
proaches that different studies adopt to tackle the problem of pricing options with
neural SDEs. The aim of this chapter is to provide a comprehensive understanding
of the existing literature on methods of using neural SDEs to price options and to
position this dissertation’s proposed methodology within this context.

3.1 Model Calibration with Neural Networks

At the forefront of the application of neural networks in the calibration process, is a
breakthrough paper by Hernandez (2016). Hernandez (2016) proposes a method of
using neural networks to learn the calibration map from market data (such as stock
or option prices) directly to a parametric model. Hernandez (2016) achieves this by
proposing a method to calibrate models using neural networks, which can perform
the calibration process significantly faster than traditional calibration methods once
the initial training process is complete, regardless of the parametric model. This is
a remarkable result as it removes, to some extent, the calibration speed as a consid-
eration for a model’s usability, by moving the computationally heavy calibration
process offline, thus significantly accelerating the process of calibrating models.

Subsequent to the breakthrough paper by Hernandez (2016), many papers pro-
posed methods to build on this approach. Dimitroff et al. (2018), Liu et al. (2019) and
Stone (2020) are some of the notable examples that proposed innovative methods
for using neural networks in the calibration process. However, while these ap-
proaches present significant methodologies for the application of neural networks
in the calibration process, by primarily focusing on calibrating fixed parametric
models, these approaches do not address perhaps even the more important aspects
of model selection and model uncertainty (Gierjatowicz et al., 2020).
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3.2 Alternative Approaches to Neural SDEs

The introduction of neural SDEs stems from the preceding research in neural ordi-
nary differential equations (ODEs). Neural SDEs have gained significant attention
in the field of financial option pricing in recent years. This is due to the ability
of neural SDEs to provide a versatile framework for modelling the dynamics of
financial systems, as they allow for the modelling of complex and non-linear sys-
tems, while also providing a way to handle model uncertainty and model selection.
These features make neural SDEs a promising tool for pricing financial options and
solving other problems in finance.

The approach taken by pricing financial options with Neural SDEs is funda-
mentally distinct from the approaches mentioned in Section 3.1. Through the use
of neural SDEs, instead of specifying a fixed parametrisation for the model SDEs,
we let the data dictate the model, while still keeping a strong prior on the model
form. We are able to not specify a fixed parametrisation for the model SDEs, as
instead of specifying the model dynamics, we allow the drift and/or diffusion co-
efficients to be given by neural networks, as shown in Equation (2.2).

3.2.1 Neural SDEs Derived from Neural ODEs

Since their introduction, the research behind neural ODEs has progressed at a rapid
pace, prompting proposals of a wide variety of similarly inspired models (Chen
et al., 2018). In particular, several authors have introduced the concept of neural
SDEs, by building off the breakthroughs made in the field of neural ODEs. This
is possible as SDEs provide a link between probability theory and earlier, more
developed fields of ordinary and partial differential equations. Therefore, by noting
the relationship between ODEs and SDEs, direct links can be formed with neural
ODEs and neural SDEs.

Tzen and Raginsky (2019) approached the problem of obtaining neural SDEs
from two alternative perspectives. One perspective is by viewing neural SDEs as
a continuous limit of deep latent Gaussian models, which is based heavily on the
research conducted by Rezende et al. (2014). The alternative approach is to view
neural SDEs as a stochastic version of the neural ODE proposed by Chen et al.
(2018), by building off the relationship between ODEs and SDEs.

3.2.2 Generative Modelling

An alternative approach to the problem of constructing neural SDEs, is by connect-
ing neural SDEs to the concept of generative modelling. This approach is adopted
by Gierjatowicz et al. (2020), who additionally follow the robust finance paradigm,



3.2 Alternative Approaches to Neural SDEs 12

where instead of computing a single arbitrage-free price corresponding to the op-
tion, they provide robust arbitrage-free price bounds. To validate the performance
of their adopted neural SDE option pricing methodology, numerical assessments
are performed and it is shown that these price bounds are sufficiently tight around
the closed-form option pricing solution, providing strong evidence for the accuracy
and reliability of the proposed methodology (Cox and Obloj, 2011). The main aim
of the methodology proposed by Gierjatowicz et al. (2020), is to combine neural net-
works with risk models based on classical SDEs, where we can find robust bounds
for the prices of options. Under this methodology, previously proposed meth-
ods are enhanced, by incorporating relevant market data (such as option prices)
to tighten the pricing interval.

An alternative approach to the problem of constructing neural SDEs as genera-
tive models is explored by Kidger et al. (2021). Kidger et al. (2021) show that SDEs
and generative adversarial networks (GANSs) follow a similar formulation. Using
this connection, they outline how to directly train neural SDEs as continuous time,
infinite-dimensional, time series GANs. Kidger ef al. (2021) make this connection
by noting that SDEs have inherent randomness, and are distributions over paths or
across time series, whereas in modern machine learning terminology, we refer to
this as a generative model. Kidger et al. (2021) uses this connection to show how
modern machine learning of GANs and the traditional way of fitting SDEs operate
equivalently. Subsequently, they put the pieces together and demonstrated how to
train neural SDEs as generative time series models.

DelLise (2021) proposes an alternative approach where it is assumed that the
underlying price process is directly modelled by a neural SDE. DeLise (2021) does
this by adopting a simple training scheme that is theoretically analogous to the
SDE-GAN approach proposed by Kidger et al. (2021), but implements the Wasser-
stein distance metric as a loss function for training, which measures the distance
between probability measures over a metric space. DeLise (2021) adopts an ap-
proach that does not require option price data for training, and therefore can be
considered an unsupervised learning approach to the problem of option pricing
with neural SDEs.



Chapter 4

Research Methodology

This chapter describes the approach to option pricing with neural SDEs that will be
investigated in this dissertation. This chapter also specifies the constraints that will
be placed on the neural SDE, to ensure that we are producing option prices that are
arbitrage-free. Furthermore, we provide an outline of the benchmark models used
in the numerical experiments conducted to assess the performance of the proposed
option pricing methodology.

4.1 Option Pricing Methodology

The pieces are now in place to describe the main contribution of this dissertation,
which is a proposed methodology to option pricing with neural SDEs. This disser-
tation approaches pricing options using neural SDEs by breaking down the prob-
lem into several initial steps, to build up to a desired methodology that is both
consistent with no-arbitrage option pricing theory and of practical use, by phasing
out the assumptions that the initial approaches rely on.

4.1.1 Training the Neural SDE

Training a neural SDE refers to training the neural network components of the neu-
ral SDE, which involves using an optimisation algorithm to find a set of weights
that best map a collection of inputs to a collection of outputs, as outlined in Section
2.2.2 (Bishop, 2006). The optimisation algorithm essentially tunes the neural net-
work components of the neural SDE in an effort to minimise the objective function.

The first step to breaking down the training methodology of the neural SDE
will be to assume that the dynamics of the underlying asset price process take on
a known form. This assumption allows us to simplify the problem and focus on
using the neural network components of the neural SDE to approximate the known
forms of the drift and/or diffusion coefficients, by the Universal Approximation
Theorem for Neural Networks. This approach allows us to gradually build up to
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a more comprehensive methodology for training neural SDEs and ensures a solid
foundation for the later stages of the research.

The next step is to adopt a method of moments training scheme theoretically
analogous to the approach presented by Rackauckas et al. (2020). This training
methodology aims to match the underlying process’s first- and second-order mo-
ments to the neural SDE. Through implementing this approach, we build upon the
initial step, but instead of assuming a specific functional form for the underlying
asset price process, we assume the means and variances of the process must either
be known or have the capability to be precisely calculated.

The initial approaches lay the foundation to establish a more practical training
methodology, by verifying the neural SDE technique and implementation. We pro-
pose a training scheme fundamentally distinct from the initial approaches, in the
sense that it does not require any assumptions on the form of the underlying asset
price process. The proposed training methodology utilises observable option prices
to directly train the neural SDE, providing a methodology that is easily adoptable
in practice as the training data can be conveniently observed in the market. A key
benefit of adopting such an approach is that in addition to the calibration process,
model selection and model uncertainty are done simultaneously. In this sense, the
model selection process is data-driven (Gierjatowicz et al., 2020).

4.1.2 No-arbitrage Constraints

To ensure that we are implementing the neural SDE option pricing methodology
in an arbitrage-free setting, we construct a class of models that permit no arbitrage
opportunities. We achieve this by specifying certain constraints on the form of the
neural SDE, as detailed in Section 2.4. The approach to specifying these constraints
on the neural SDE that this dissertation adopts is theoretically analogous to the
no-arbitrage option pricing approach proposed by Gierjatowicz et al. (2020).

To ensure the neural SDE model permits no arbitrage opportunities, we refor-
mulate the neural SDE, previously defined by Equation (2.2), as

ds? =S¢ dt + o (t, S0, 9) dW;. (4.1)

In Equation (4.1), o (t, SY 9) represents a neural network as the diffusion coeffi-
cient of the neural SDE, where 6 represents the tune-able weights of that network.
We assume an annual continuously compounded risk-free rate of interest, which
is assumed to be constant, given by r € R. Therefore, the no-arbitrage constraints
imply that we will be solely concerned with the neural SDE described in Equation
(4.1), to govern the dynamics of the underlying asset price process. Under these
constraints, we let the drift term be given by a fixed parameterisation 7S¢, while the
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diffusion coefficient is given by a neural network. To justify that under these con-
straints an arbitrage-free setting is ensured, through an application of Ito’s Lemma,
it is demonstrated in Appendix A.1 that the discounted asset price governed by the
neural SDE dynamics, is drift-less and hence a (local) martingale. This implies that
we are working under the risk-neutral measure by Definition 2.4.1 and hence, by
Theorem 2.4.1 the model is arbitrage-free.

4.1.3 Simulating Stock Price Paths

Now that we have specified the neural SDE governing the dynamics of the under-
lying asset price process, the subsequent step in the option pricing algorithm is to
simulate stock price paths from the neural SDE. While this dissertation solely fo-
cuses on pricing European call options, which are only concerned with the value
of the underlying asset at expiry, we still generate entire stock price paths. This is
done as training the neural SDE under the method of moments training scheme,
as described in Section 4.1.1, requires sample means and variances of the underly-
ing stock price process to be computed at different time points. Additionally, by
generating entire stock price paths from the neural SDE, we demonstrate the versa-
tility of this methodology in being able to price path-dependent options. These are
a subset of options whose payoff is dependent on the path the underlying asset’s
price takes over its life or at certain times during the option’s life.

In this section, we consider the problem of generating a sample path of the
underlying stock price, up to some future time 7" > 0, for the process determined
by the neural SDE, given by Equation (4.1). Specifically, we focus on simulating
stock prices for some N € Z¥, given by the sequence {S;,, St,,..., Sty }, at time
points 0 = tg, 1, ...,tny = T, with fixed time increments At; = t; — t,—1 and where
the initial stock price Sy, is known. Here, as we assume that Sy is known, IV is the
number of time increments where we compute the price of the underlying stock.
Given that the neural SDE in Equation (4.1) does not have a closed-form solution,
it is necessary to explore different approximation schemes to simulate stock price
paths that are governed by the dynamics of the neural SDE.

The two approximation schemes reviewed in this dissertation are the Euler-
Maruyama method and the Milstein method (Kloeden and Platen, 1992). These
methods present effective approximation schemes, by providing a balance between
accuracy and computational efficiency. While there is substantial literature on alter-
native higher-order approximation schemes for solving SDEs, in the context of this
dissertation, we are only aiming to compute an estimation of the expected value
of the solution to the SDE, as we use Monte Carlo methods, which is further de-
tailed in Section 4.1.4. Therefore, as Monte Carlo methods require an estimation
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of the expected value of the solution, it is indeed sufficient to be able to accurately
sample random trajectories of the SDE, instead of relying on an accurate pathwise
approximation of a particular trajectory (Giles, 2008). The former is exactly what
a solver with high weak-order provides, making it sufficient to restrict this disser-
tation to the Euler-Maruyama and Milstein methods for providing approximation
schemes to solving SDEs, as opposed to seeking higher-order schemes with more
computationally demanding algorithms. However, for further details on higher-
order approximation schemes, interested readers are encouraged to see Kloeden
and Platen (1992).

Figure 4.1 illustrates the approximate sample paths generated from both the
Euler-Maruyama and Milstein approximation schemes, against a sample path cor-
responding to the analytical solution of the geometric Brownian motion process,
given in Equation (4.5). The error plot displays the log;, absolute error of the re-
spective approximation scheme compared to the analytical solution, where the ab-
solute value of this error gives an indication of how close the prediction is to the
analytical solution in terms of decimal place accuracy. Evidently, the inclusion of an
additional correction term in the Milstein method leads to improved convergence
properties and a more accurate approximation to the analytical solution over the
entire stock price path, as shown by the error plot in Figure 4.1.
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Fig. 4.1: Comparison of approximation schemes to geometric Brownian motion.
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4.1.4 Generating European Call Option Prices

In this dissertation, we will be restricted to pricing European call options on a non-
dividend paying stock, whose price process is specified by a neural SDE, as defined
in Equation (4.1). We implement this restriction for simplicity, as the focus of this
dissertation is to establish the underlying asset dynamics through neural SDEs,
and ultimately price options using these dynamics. Once the underlying asset’s
dynamics have been established, pricing any non-path-dependent option follows
the same formulation as pricing European call options, with a simple modification
of the payoff corresponding to the specific type of option.

We now consider the problem of pricing a European call option on a non-
dividend paying stock, whose price process is specified by a neural SDE. Suppose
the option is characterised by strike price K, maturity 7' > 0 and that the annual
continuously compounded risk-free interest rate is r. For a concise description of
the Monte Carlo approach we adopt to pricing options with neural SDEs, a sum-
mary of the option pricing methodology is provided below, in Algorithm 1.

Algorithm 1 Risk-neutral call option pricing algorithm.

Let n represent the number of simulated terminal stock prices. We then compute option
prices at time ¢ = 0, for various strikes, K € R, by implementing the following steps for
each K, while keeping the parameters Sy, r, o and T fixed.

1. Specify the neural SDE governing the dynamics of the underlying asset price pro-
cess, given by Equation (2.2).

2. Apply the no-arbitrage constraints on the neural SDE to ensure an arbitrage-free
setting, as specified by Equation (4.1).

3. Train the neural SDE according to a training algorithm specified in Section 4.1.1.

4. Simulate n terminal stock prices, given by {S%, S2,..., 5‘51}, according to one of
the approximation schemes for solving SDEs, as specified in Section 4.1.3.

5. Calculate the payoffs of the European call options corresponding to each of the n
terminal stock prices, and discount the payoffs at the risk-free rate r.

6. Calculate the average over the n discounted payoffs, which will produce the Monte
Carlo estimate of the call option price C,, (S, , o, T, K), which is given by

C’n(So,r,J,T,K) ::%iefﬂw (§%7K>+. 4.2)
i=1
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4.2 Benchmark Models

This dissertation aims to firmly establish the efficacy of using neural SDEs to price
options, as described by the methodology outlined in Section 4.1, by considering
various proof-of-concept experiments. In order to do this, we conduct numerical
experiments by drawing empirical samples from a known process that has well-
understood dynamics and a closed-form solution to the option pricing problem.
This allows us to execute the methodology for pricing options with neural SDEs
and compare the results to a benchmark solution.

In order to investigate the claims of the proposed methodology for pricing op-
tions with neural SDEs, the numerical experiments conducted in this dissertation
consider the Black-Scholes model, also known as the Black-Scholes-Merton model,
and the constant elasticity of variance model, as benchmark models for comparison

to the option prices computed under the neural SDE.

4.2.1 The Black-Scholes Model

The Black-Scholes model is a mathematical model for pricing financial instruments.
The theory behind the model was introduced by Black and Scholes (1973), and
shortly thereafter Merton (1973) extended their work and coined the phrase the
Black-Scholes options pricing model. The Black-Scholes model is widely recog-
nised as one of the most important contributions to modern mathematical finance
theory, as it allows for analytical simplicity and traceability in pricing European
options. Black and Scholes (1973) present the European call option pricing result,
given below in Proposition 4.1.

Proposition 4.1 (The Black-Scholes option pricing formula). Let C(S;,r, ops, T, K)
denote the price at time ¢ of a European call option, given that the current stock
price is Sy, the time of maturity is 7" > t, the exercise (strike) price is given by K, the
volatility of the underlying asset is given by o5, which is assumed to be constant,
and r denotes the annual continuously compounded risk-free rate of interest. For
such a call option, the price at time ¢ is given by

C(Si,r,0ps, T, K) = 5;® (dy) — Ke "D (dy), (4.3)

where

_ log%—i- (r+30%e) (T —1)

opsVI —t 7

log&+(r—102 ) (T —1t)
dy = K 2_BS =dy —opsvT —t.

d12
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In the Black-Scholes option pricing formula given in Equation (4.3), we use ®(-) to
represent the cumulative distribution function of the standard normal distribution.

One of the major drawbacks of the Black-Scholes model is its reliance on several
assumptions that have been shown to seldom hold true in practice. However, these
assumptions allow it to achieve its analytical simplicity and traceability. Most sig-
nificantly, the Black-Scholes model assumes that the underlying asset price process
follows a geometric Brownian motion (GBM) (Merton, 1973). This means that the
underlying asset price process is governed the following SDE

dSy = uSydt + opsSy dWy, Sy a constant. (4.4)

In the SDE given by Equation (4.4), both 1 and o g are constants, where y is called
the drift rate of the underlying asset price and oy is called its volatility. A note-
worthy property of GBM, is that for an arbitrary initial value Sy, the SDE given by
Equation (4.4) has the analytical solution, given by

1
St = Sp exp <<,u — 20%5) t+ 035Wt> . (4.5)

The solution to the SDE in Equation (4.4), is a log-normally distributed random
variable (i.e. Sy ~ log N (i, 0%4)), with expected value and variance given by

E [St’SO] = Soeut, (46)
Var [Sy|So] = SZe?t (e”QBSt - 1) . 4.7)

4.2.2 The Constant Elasticity of Variance Model

Although the Black-Scholes model is widely used in practice, it has some limita-
tions, which has led to it being superseded by more advanced models in certain
cases. One such model is the constant elasticity of variance (CEV) model. The CEV
model was first proposed by Cox (1975) and can be seen as a generalisation of the
Black-Scholes model, as it is used to model the price dynamics of stocks or other
assets that exhibit non-constant volatility. The CEV model is a simple parametric
local volatility model, where the underlying stock price is assumed to evolve over
time according to the SDE given by

dSy = Sy dt + oopySP dWi, So a constant, (4.8)

where 5 € [0, 1] is referred to as the elasticity factor. In the case where g = 1, we
reproduce the Black-Scholes assumption of constant volatility and hence, the un-
derlying asset price process follows a GBM, as detailed in Section 4.2.1. If the CEV
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model takes on a value of 3 < 1, the underlying stock model, given by Equation
(4.8), produces behaviour consistent with the leverage effect, which is commonly
observed in equity markets. The leverage effect refers to the observed relationship
between stock returns and both the perceived and actual volatility of the stock.
This relationship is such that when the stock price decreases, the volatility of the
stock tends to increase (Figlewski and Wang, 2000). Therefore, the stock price and
its volatility are negatively correlated.

While the elasticity factor 3 can take on any value in the range [0, 1], there are
only certain values for # in which there exists an analytical solution for the stock
price S; (i.e. for any 8 € {0,0.5,1}) (McWalter, 2022). As a result, it is therefore
surprising that closed-form option pricing formulae have been established for the
CEV model for any § € [0,1]. McWalter (2022) proposes a variation of the CEV
option pricing formulae, which is presented below in Proposition 4.2.

Proposition 4.2 (The CEV call option pricing formula). Let C(So,r,ocrv,T, K, )
denote the price at time ¢t = 0 of a European call option. Given that the current
stock price is Sy, the time of maturity is 7' > ¢, the exercise (strike) price is K and
the elasticity factor is given by 3, the price at time ¢ = 0 for such an option is given

by
C(SOa r, GCEV7T7 Kaﬁ) = SO [1 - X(ya Z,.Z‘)] - Ke—TTX(aj; Z = 27 y)v (49)

where X(-;d, \) is used to denote the non-central chi-square distribution with d
degrees of freedom and non-centrality parameter ), and

_ 1
o= ng(l 5)627’(1—5)T, y = ,.{K2(1—B)’ and 2z =2+ 15
where
2r
oty (1= B) (e2r=AT — 1)

In this dissertation, we will only be concerned with the CEV model for 5 = 0.5.

R =

This is known as the square-root diffusion process, which is comparable to the
prominent Cox-Ingersoll-Ross process without mean reversion (Cox, 1975). There-
fore, under this model, the underlying asset dynamics are given by

dS; = uSydt + oopy /St AW, Sy a constant. (4.10)

We limit the numerical experiments of this dissertation to only consider this model,
as it provides an analytical solution for the stock price S;, which is essential in im-
plementing the initial neural SDE training schemes, as outlined in Section 4.1.1.
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The transition density of S; governed by the square-root diffusion process, as gen-
eralised by Glasserman (2004), for u < t, can be expressed as

2 — em(t—u) p(t—u)

Oty (1 et ) 9 4pe

St = — 4 XO — 2 _ ,u(t—u) Su 5 (411)
K oty (1—e )

where x.2()\) denotes a non-central chi-square random variable with v degrees of
freedom and non-centrality parameter A\. Therefore, given S,, S; is distributed as
1_eu(t—u))
dp

degrees of freedom, which is defined to be a Poisson mixture of mass at zero to-

2
e multiplied by a non-central chi-square random variable with 0
gether with chi-squared distributions that have even degrees of freedom, and non-

. _ 4per(t—u) .
centrality parameter A\ = —Wsu (Siegel, 1979).

From Equation (4.11), we can deduce that the solution to the square-root dif-

fusion process is a random variable with closed-form expressions for the expected

value and variance, given by
E [S]So] = Soet, (4.12)

2
Var [Sy]So] = *%";?EV (e20t — ent). 4.13)

For a derivation of the aforementioned results, stated in Equations (4.12) and (4.13),
see Appendix A.2.

Another key property of the CEV model is that by inspection, we can observe
that the local volatility function is given by

o(t,8;) = ocpySPY. (4.14)



Chapter 5

Option Pricing with Neural SDEs

This chapter outlines the various neural SDE training schemes, presents concise
algorithms for implementing these training schemes and conducts numerical ex-
periments! to validate the efficacy of these training schemes. The numerical ex-
periments are designed as proof-of-concept experiments in order to investigate the
performance of the neural SDE option pricing methodologies proposed by this dis-
sertation. In order to do this, we draw empirical samples from a benchmark process
that is well-understood and has a known set of dynamics governing the behaviour
of the underlying asset. Furthermore, the availability of a mathematically precise
solution for calculating option prices under the benchmark process will aid in the
comparison of the results. Specifically, we use the Black-Scholes and CEV models,
detailed in Section 4.2, as benchmark models in the numerical experiments.

To conduct the numerical experiments, we utilise the Julia programming lan-
guage and its open-source machine-learning software, SciML, which provides a
collection of tools for solving equations and modelling systems developed in Julia.
Within the SciML library, we make use of the following modules: DifferentialE-
quations.jl (Rackauckas and Nie, 2017) and DiffEqFlux.jl (Rackauckas et al., 2019).
These modules provide a powerful and efficient means of solving differential equa-
tions and implementing machine-learning algorithms, which allows for a seamless
integration of the neural SDE methodology into the option pricing framework.

In order to ensure the validity of the numerical experiments on the proposed
training methodologies in this chapter, it is necessary that the parameters of the
underlying option pricing models will remain fixed. By maintaining these param-
eters, we enable a fair comparison of the various training methodologies put forth
in this dissertation. In accordance with the description of the Black-Scholes model
provided in Section 4.2.1, the values listed in Table 5.1 will be employed to param-
eterise the Black-Scholes model in this analysis.

! The code used to conduct the numerical experiments throughout this dissertation, is available at
https://github.com/Alexio-Phytides/Neural-SDE-Option-Pricing.git.
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Black-Scholes Model Parameters

Parameter Symbol Value

Initial stock price So 100.00

Risk-free rate of interest r 8.00%

Volatility 0BS 20.00%

Time of maturity T 1 year
Strike K {80.00, 82.00, ..., 118.00,120.00}

Tab. 5.1: Black-Scholes model parameters.

Following the description of the CEV model provided in Section 4.2.2, we adopt
the values listed in Table 5.2 to parameterise the CEV model in this analysis.

CEV Model Parameters

Parameter Symbol Value

Initial stock price So 100.00

Risk-free rate of interest r 8.00%
Volatility OCEV 200.00%

Time of maturity T 1 year

Strike K {80.00, 82.00, . .., 118.00,120.00}
Elasticity factor B 0.5

Tab. 5.2: CEV model parameters.

The same parameter values used to parameterise the Black-Scholes model given
in Table 5.1, will be employed in the CEV model, with the volatility parameter ad-
justed to ensure that the initial local volatilities are the same under both benchmark
models. This ensures a fair comparison of the option prices computed under the
neural SDE and both benchmark models. To determine this parameter value, we
use the CEV model’s local volatility function to calculate the implied volatility of

the asset based on its initial price Sy, given by

oBsSo = UCEvsg-
— OCEV = O'BSS(()liﬁ).
Finally, by plugging in the parameter values from Tables 5.1 and 5.2, and solving for
the CEV volatility parameter oc gy, we obtain the CEV volatility parameter given
in Table 5.2, which ensures the same initial local volatility under both models.
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5.1 Training the Diffusion Coefficient in Isolation

5.1.1 Training Methodology

Training the diffusion coefficient in isolation is the initial neural SDE training algo-
rithm we adopt, where we assume that the dynamics of the underlying asset price
process are known. This allows us to simplify the problem by using the neural net-
work components of the neural SDE to approximate the known forms of the drift
and/or diffusion coefficients, by leveraging the Universal Approximation Theo-
rem for Neural Networks. To ensure that the neural SDE option prices are free of
arbitrage, we adhere to the constraints outlined in Section 4.1.2. These constraints
dictate that the neural SDE must be of the form specified in Equation (4.1), where
the drift term of the neural SDE is given by a fixed parameterisation r.S¢, while the
diffusion coefficient is given by the neural network ® (¢, 57, 6). Therefore, we use
neural networks to approximate the known form of the underlying asset’s diffu-
sion coefficient, which allows us to effectively capture the randomness inherent in
the asset’s evolution using the expressiveness of neural networks. See Algorithm 2
in Appendix B.1, for an outline of this proposed neural SDE training scheme.

5.1.2 Numerical Experiments

Now that the neural SDE training methodology has been established, we evaluate
its implementation by pricing European call options for the range of strikes given in
Table 5.1. To evaluate the effectiveness of the training algorithm, we begin the nu-
merical experiments by comparing the option prices produced by the neural SDE
option pricing methodology to those of the Black-Scholes model. We use the pa-
rameter values provided in Table 5.1 to parameterise the Black-Scholes model, as
detailed in Section 4.2.1. By comparing the results of these two methods, we gain
insight into the performance of the neural SDE in approximating option prices.

As outlined in Algorithm 2, the initial step in applying the neural SDE training
methodology is to define the dynamics of the underlying asset that the neural SDE
model aims to replicate. This involves specifying the form of the diffusion coeffi-
cient that represents the target function to approximate using neural networks. As
the aim of this numerical experiment is to replicate the Black-Scholes model, for
the parameters provided in Table 5.1, the underlying asset is governed by the SDE
given in Equation (4.4), and thus the form of the diffusion coefficient is given by

b(t, St) = O'Bsst.

This equation specifies the function that the neural network must approximate in
order to accurately replicate the dynamics of the underlying asset according to the
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Black-Scholes model. Approximating this function with a neural network is a rela-
tively simple task, as this function is linear in the underlying asset S;.

Given the simplicity of the function we aim to approximate, we define the neu-
ral architecture as a simple linear model with no hidden layers. Therefore, the net-
work will consist of an input layer with a single node, an output layer with a single
node, and no hidden layers in between. We do not apply an activation function to
any of the layers, meaning that we are essentially using a linear regression model.
This minimalistic approach provides a sufficient method to accurately replicate the
function while avoiding over-fitting and excessive computational requirements.

Figure 5.1 illustrates the performance of the neural network in approximating
the known form of the diffusion coefficient, with the results displayed both before
and after training. Evidently, the neural network has managed to approximate the
diffusion coefficient after training. A table displaying the computational cost of
implementing this algorithm is provided in Appendix C.1.
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Fig. 5.1: Neural network approximation to Black-Scholes diffusion coefficient.

We now adopt Algorithm 1 to compute option prices using the trained neural
SDE. This involves using the trained model to simulate terminal stock prices and
using these simulations to calculate Monte Carlo estimates of European call op-
tions for the various strikes given in Table 5.1. We implement the Euler-Maruyama
method, as specified in Section 4.1.3, to simulate terminal stock values used in the
option pricing methodology, where we perform a Monte Carlo simulation with
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100 000 realisations of the underlying terminal stock price.
Figure 5.2 compares the performance of the trained neural SDE model in calcu-
lating European call option prices, to the Black-Scholes model, for various values

of log-moneyness?

corresponding to the range of strikes in Table 5.1. The first plot
displays the option prices produced by each method, while the second plot shows
the implied volatility corresponding to these option prices. Figure 5.2 shows that
the neural SDE results generally align with those of the Black-Scholes model, with
MSE = 7.978 x 1079 in implied volatilities. Greater deviations are observed across
the options priced further in-the-money, with the largest error in implied volatility
being less than 0.56%, occurring when the option is priced deep in-the-money. This
outcome is promising, considering the additional approximation errors introduced

by the Monte Carlo simulation and Euler-Maruyama approximation scheme.
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Fig. 5.2: Comparison of neural SDE and Black-Scholes European call option prices.

Now that we have demonstrated the ability of the neural SDE model to repro-
duce Black-Scholes call option prices by training the diffusion coefficient indepen-
dently, we conduct a numerical experiment using the same training methodology,
with the CEV model parameterised by values listed in Table 5.2, as the benchmark
model. We follow the same procedure to training the neural SDE as the numerical
experiment under the Black-Scholes model, with the exception that the diffusion

? Recall, log-moneyness is defined by k = In (5t). Therefore, when k = 0 the call option is priced
at-the-money, when £ < 0 it is priced out-the-money, and when & > 0 it is priced in-the-money.



5.1 Training the Diffusion Coefficient in Isolation 27

coefficient we aim to approximate using a neural network, is now given by
b(t, St) =ocEvyv Si.

Evidently, the diffusion coefficient is not a simple linear function as with the Black-
Scholes model, therefore we carefully design the neural architecture to handle this
added complexity while considering the computational demands. Table 5.3 lists
the neural architecture we adopt to approximate the square-root diffusion process
in this numerical experiment, where the Exponential Linear Unit (ELU) activation
function is applied to the input and hidden layers, which is given by

x ifz >0,
v(z) = _
a (e’ —1) otherwise.

We also apply the non-linear rectifier Softplus to the output layer, given by
A(z) = log(1 + %),

to ensure a positive output, as restricted by the form of the diffusion coefficient.

Neural Network Architecture

Layer Nodes Activation Function
Input layer 1 ELU, a=1
Hidden layer 16 ELU,a=1
Output layer 1 Softplus

Tab. 5.3: CEV diffusion coefficient neural architecture.

Figure 5.3 illustrates the performance of the neural network in approximating
the known form of the diffusion coefficient, both before and after training. Sim-
ilarly to the Black-Scholes numerical experiment, the results shown in Figure 5.3
indicate that the neural network is able to accurately replicate the function after
training. However, the use of a deep neural network, as opposed to a linear regres-
sion model, results in a significant increase in computational cost, as displayed in
Appendix C.1, which compares the run time of the two numerical experiments.

Figure 5.4 compares the performance of the neural SDE in computing European
call option prices, to the CEV model. The results indicate that the neural SDE pro-
duces option prices that are in close agreement with those of the CEV model, with
MSE = 1.284 x 10~% in implied volatilities. Greater deviations are observed for op-
tions priced further in-the-money, with the largest deviation in implied volatility
across the range of log-moneyness, observed to be less than 0.91%.
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5.2 Method of Moments Training

5.2.1 Training Methodology

Now that we have described the process of training the diffusion coefficient in iso-
lation, the subsequent training methodology uses a method of moments training
scheme, that is theoretically analogous to the approach presented by Rackauckas
et al. (2020). This training approach builds upon the method outlined in Section 5.1,
by relaxing assumptions about the specific form of the SDE governing the underly-
ing asset price process. Now, we assume that we either have multiple realisations of
the underlying process and can thus compute its first- and second-order moments,
or that we have direct access to its first- and second-order moments. We then use
this assumption to match the first- and second-order moments of the underlying
asset price process to that of the neural SDE. Similarly to the initial approach, these
assumptions do not hold in practice, however, this approach serves as a building
block for a more practical approach to training the neural SDE.

Consider a stock price path given by the sequence {S;,, St,, ..., Sty }, for some
N € Z7*, at time points 0 = tg,t1,...,ty = T, with fixed time increments given
by At; = t; — t;—1 and where Sy is known. Let y,, and y, denote the set of means
and variances of the underlying asset respectively, at each time point. Now, let
{St07 S’tl e S, N } represent a stock price path realisation, generated from the neu-
ral SDE, using an approximation scheme described in Section 4.1.3. We simulate n
realisations of these stock price paths, which can be depicted by the matrix

o1 a1 a1

Sio St -+ Sty

Q2 Q2 Q2

StO Stl ... StN
A (.1)
n  qn an
to A tn

We can now determine the sample means and variances of these simulated stock
prices at each time point 0 = ¢, t1,...,ty = T, by computing the means and vari-
ance of each column in the matrix from Equation (5.1). This will result in the vectors
Um and g, of length N +1 each, representing the sample means and variances of the
simulated stock prices, respectively. In order to match the first- and second-order
moments of the underlying asset price process to the neural SDE, we establish a
custom loss function £ (y, ), which is defined as

N+1 N+1

L) = (b —00l) + > (i — i) - (5.2)

i=1 i=1
See Algorithm 3 in Appendix B.2, for a description of the neural SDE training
methodology outlined in this section.
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5.2.2 Numerical Experiments

Similarly to Section 5.1.2, we first compare the neural SDE option prices to the
Black-Scholes model, parameterised by the values in Table 5.1. Following Algo-
rithm 3, we initiate the numerical experiment by defining the architecture of the
neural SDE. We employ the neural architecture described in Table 5.4 to charac-
terise the neural network specified as the diffusion coefficient of the neural SDE,
and let the drift coefficient be given by a fixed parameterisation, as outlined by the
no-arbitrage constraints in Section 4.1.2. We employ same the neural architecture
as the CEV diffusion coefficient neural architecture, given in Table 5.3, with an ad-
ditional hidden layer to improve the model’s ability to capture intricate features of
the system and handle the increased complexity of this training algorithm.

Neural Network Architecture

Layer Nodes Activation Function
Input layer 1 ELU, o =1
Hidden layer 16 ELU, =1
Hidden layer 16 ELU, a=1
Output layer 1 Softplus

Tab. 5.4: GBM method of moments neural architecture.

We construct a training data set using the closed-form expressions for the mean
and variance of the GBM, given in Equations (4.6) and (4.7), respectively. We pre-
train the neural SDE using a sample size of 10000 stock price paths, to compute
sample means and variances at each time point, in each epoch®. We then resume
training with a larger sample size, by generating 50 000 realisations in each epoch.
The pre-training phase consists of 200 epochs, followed by resuming the training
process with an additional 300 epochs. The computational cost of this training algo-
rithm is shown in Appendix C.2, highlighting the increased computational expense
in undertaking this training approach compared to the methodology proposed in
Section 5.1, which is a consequence of simulating multiple realisations of the under-
lying process in each epoch. While this training methodology presents higher com-
putational demands compared to the approach presented in Section 5.1, it allows
us to relax the assumption of prior knowledge of the underlying SDE’s dynamics.

Figure 5.5 illustrates the performance of the neural SDE in approximating the
moments of the GBM, with the results displayed before and after training. The er-

* An epoch is a hyperparameter which represents one full pass through the training data, where
the model has seen every training example once.
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ror bars indicate an interval of one standard deviation from the GBM mean, with
the ribbon displaying the same interval corresponding to the process governed by
the neural SDE. In this figure, the sample means and standard deviations are gen-
erated from 100 000 simulations from the neural SDE at each time point. The results
in Figure 5.5 indicate that the neural SDE is able to reproduce the first- and second-
order moments of the GBM after training. It is critical to highlight that the means
of the process governed by the neural SDE and that of the GBM, are matched both
before and after training, as indicated by the scatter points in Figure 5.5. This is a
consequence of the no-arbitrage constraints, which sets the neural SDE’s drift coef-
ficient to the same fixed parameterisation as that of the SDE governing the GBM.
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Fig. 5.5: Comparison of neural SDE and GBM moments.

Now that the neural SDE has been trained to match the moments of the under-
lying asset’s price process, we use Algorithm 1 to compute European call option
prices using the neural SDE to generate 100 000 stock price paths under the Euler-
Maruyama approximation scheme. Figure 5.6 compares the performance of the
neural SDE in calculating European call option prices to that of the Black-Scholes
model. The first plot displays the option prices produced by each method, while
the second plot shows the implied volatility corresponding to these option prices.
This figure shows that the neural SDE produces results that largely align with those
of the Black-Scholes model, with MSE ~ 2.199x 10~ in implied volatilities. Greater
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discrepancies are observed for options priced both further in-the-money and out-

the-money, where the difference between the implied volatility of the neural SDE

and benchmark model, does not exceed 0.26% over the range of log-moneyness.
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Fig. 5.6: Comparison of neural SDE and Black-Scholes European call option prices.

Now, we adopt the CEV model as the benchmark model, parameterised by the
values provided in Table 5.2. We follow the same formulation as the numerical ex-
periment under the Black-Scholes model, employing the same neural architecture
described in Table 5.4, however we now build training data using the closed-form
expressions for the mean and variance of the solution to the square-root diffusion
process, given by Equations (4.12) and (4.13), respectively. These results indicate
that the neural SDE is able to accurately replicate option prices under this method-
ology, while relaxing the assumption of knowledge on the specific form of the un-
derlying SDE, as required in the initial training approach. However, as shown in
Appendix C.2, this method has greater computational demands.

Figure 5.7 depicts the ability of the neural SDE to approximate the moments of
the solution to the square-root diffusion process. Evidently, the neural SDE is able
to match the moments of the benchmark process after training, resulting in neural
SDE option prices which closely align with those of the CEV model, with MSE
~ 1.251 x 107° in implied volatilities. The largest deviation in implied volatility,
depicted in Figure 5.8, is less than 0.53%, demonstrating the ability of the neural
SDE to reproduce CEV option prices under this training approach.
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5.3 Training with Option Prices

5.3.1 Training Methodology

Now that we have outlined and implemented the two initial approaches for train-
ing the neural SDE, in Sections 5.1 and 5.2, we have built up the necessary foun-
dations to present a more practical neural SDE training scheme, that uses option
prices to train the model. This proposed training scheme is fundamentally dis-
tinct from the initial approaches, as it eliminates the need for potentially restrictive
assumptions on the dynamics or quantitative measures (i.e. moments) of the un-
derlying asset price process. To implement this training scheme, we define a loss
function that compares the European call option prices produced by the neural SDE
model, to the option prices in the training data. We use this loss function to train
the neural SDE, by minimising the difference between the predicted option prices
and the training data. This allows us to evaluate the performance of the neural SDE
and make adjustments to improve its accuracy. We define a set of European call op-
tion prices, denoted as y., for a range of strikes K € N of length N. The neural SDE
produces Monte Carlo estimates of European call option prices for the same range
of strikes, denoted as ., using Algorithm 1. To evaluate the performance of the
neural SDE, we use the MSE loss function. This loss function can be expressed as
1 N

L(9) =5 D (e —5). (5.3)
=1

See Algorithm 4 in Appendix B.3, for a description of the neural SDE training
scheme, which trains the neural SDE using option prices, as outlined in this section.

5.3.2 Numerical Experiments

Using the methodology outlined in Section 5.3.1, we train the neural SDE and use
it to price European call options for the various strikes listed in Table 5.1. To evalu-
ate the accuracy of this approach, we compare the neural SDE option prices, to the
Black-Scholes model, parameterised by the values in Table 5.1. Following Algo-
rithm 4, we begin by defining the neural SDE to model the underlying asset price
process and specify its neural architecture. Table 5.3 lists the architecture of the
neural network specified as the diffusion coefficient of the neural SDE. This choice
of neural architecture is driven by the need to strike a balance between model com-
plexity and performance. It aims to capture non-linearities in the underlying data
while avoiding overfitting and ensuring that option prices are predicted within the
correct range (positive values). Next, we build training data by computing 100
European call option prices under the Black-Scholes model, within the range of
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strikes given in Table 5.1, using the closed-form expression in Equation (4.3). We
pre-train the neural SDE with 10 000 terminal stock price realisations used to com-
pute Monte Carlo estimates of the European call option price, in each epoch. We
then resume training with a larger sample size of 50 000 realisations in each epoch.
Subsequently, we conduct a final round of training, by generating 100 000 realisa-
tions in each epoch. In this algorithm, each round of training consists of 50 epochs.

Figure 5.9 depicts 10000 stock price simulations from the trained neural SDE,
and the empirical distribution of the terminal values compared to that of the GBM.
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Fig. 5.9: Neural SDE empirical distribution compared to GBM.

Figure 5.9 shows that training the neural SDE using option prices, as described in
Section 5.3.1, allows the neural SDE to closely replicate the distribution of the ter-
minal values of the underlying process. The distribution of the underlying process
at maturity, given its initial value Sy, is given by a log-normal distribution with
mean and variance defined by Equations (4.6) and (4.7), respectively.

Figure 5.10 shows the performance of the neural SDE in approximating Euro-
pean call option prices computed under the Black-Scholes model, using the trained
neural SDE to generate 100000 terminal stock prices under the Euler-Maruyama
approximation scheme. The results demonstrate that after training, the neural
SDE outperforms the previous methodologies in reproducing Black-Scholes option
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prices. Under this approach, the difference between the implied volatility of the
neural SDE and benchmark model does not exceed more than 0.038%, compared to
a maximum deviation of 0.56% and 0.26% observed in the Black-Scholes numerical
experiments conducted under the training methodologies in Sections 5.1 and 5.2,
respectively. Additionally, from Figure 5.10, we observe a MSE ~ 4.304x10~% in im-
plied volatilities. This is in contrast to a MSE ~ 7.978 x 10~% and MSE ~ 2.199 x 10~¢
observed in the Black-Scholes numerical experiments conducted under the training
methodologies in Sections 5.1 and 5.2, respectively. A table displaying the compu-
tational cost of implementing this algorithm is provided in Appendix C.3.
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Fig. 5.10: Comparison of neural SDE and Black-Scholes call option prices.

We have demonstrated the neural SDE’s ability to reproduce option prices com-
puted by the Black-Scholes model, using option prices to train the neural SDE.
Next, we compare the results of the neural SDE to those of the CEV model, us-
ing the parameter values listed in Table 5.2. The procedure for this numerical ex-
periment follows similarly to the numerical experiment conducted with the Black-
Scholes model as the benchmark model, where we employ the same neural ar-
chitecture as described in Table 5.4. Additionally, to build the training data, we
compute 100 European call option prices under the CEV model, within the range
of strikes given in Table 5.2, where we now use the closed-form expression for the
CEV option pricing formula, given by Equation (4.9).
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Figure 5.11 depicts 10 000 stock price simulations from the neural SDE after the
training algorithm has been implemented, and the empirical distribution of the
terminal values compared to that of the CEV model.
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Fig. 5.11: Neural SDE empirical distribution compared to CEV.

Figure 5.11 shows that after adopting the training methodology outlined in Section
5.3.1, the neural SDE closely replicates the distribution of the underlying process
at maturity, where the underlying process, given its initial value Sy, is distributed

_ O’%EV (lfeTT)

as " multiplied by a non-central chi-square random variable with 0
degrees of freedom and non-centrality parameter A\ = —#ﬁeﬁ)&y The his-

togram in Figure 5.11 shows that the empirical distribution of the terminal neural
SDE values closely approximates the underlying process’s distribution at maturity.

Figure 5.12 shows the performance of the neural SDE in approximating Euro-
pean call option prices computed under the CEV model. Similarly to the previous
numerical experiment conducted under the Black-Scholes model, the results in Fig-
ure 5.12 demonstrate that after training, the neural SDE outperforms the previous
methodologies in reproducing CEV option prices. Under this training approach,
the difference between the implied volatility of the neural SDE and benchmark
model does not exceed 0.42%, compared to a maximum deviation of 0.91% and
0.53% observed in the CEV numerical experiments conducted under the training
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methodologies in Sections 5.1 and 5.2, respectively. Additionally, from Figure 5.10,
we observe a MSE =~ 4.552 x 1079 in implied volatilities. This is in contrast to a MSE
~ 1.284x107° and MSE ~ 1.251 x 10~° observed in the CEV numerical experiments
conducted under the training methodologies in Sections 5.1 and 5.2, respectively.
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Fig. 5.12: Comparison of neural SDE and CEV European call option prices.

A table displaying the computational cost of implementing this algorithm is
provided in Appendix C.3. By comparing the computational cost of this training
algorithm under both benchmark models, to that of the method of moments train-
ing algorithm, it is evident that this approach is significantly less computationally
demanding, while still managing to produce better results. The decrease in com-
putational cost is a consequence of only having to generate terminal stock prices in
each epoch to compute Monte Carlo estimates of the neural SDE call option price.
This is in contrast to the method of moments approach, which requires entire stock
paths to be generated, and the sample means and variances to be computed at
each time point, in each epoch. In addition to providing a less computationally
demanding algorithm, by eliminating the need for potentially restrictive assump-
tions about the underlying asset price process, which are central to the two initial
approaches, this training scheme allows for a more robust and flexible model that
can accurately capture the underlying asset price process. However, it is important
to note that this approach requires a significant amount of option price data, which
can present a practical limitation for its implementation in real-world applications.
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Conclusion

In this dissertation, we delved into the innovative application of neural SDEs in
computing arbitrage-free option prices. The focus of this dissertation was on the
class of these models, as neural SDEs allow for the augmentation of classical risk
models such as SDEs, with modern predictive analytics. This approach to pricing
options provides the benefit of flexibility from the neural networks while staying
within the realm of classical models, through the framework of SDEs. This is a
valuable approach to pricing options, as by augmenting classical risk models to
this methodology, we adopt a component that is well understood by traders, risk
managers and regulators (Gierjatowicz et al., 2020). This is a significant advan-
tage of adopting neural SDEs as it addresses concerns from regulators, to some
extent, surrounding the use of “black-box” models. Furthermore, this dissertation
highlighted a key benefit of adopting such an approach to pricing options, as in ad-
dition to the calibration process, model selection and model uncertainty are done
simultaneously. In this sense, the neural SDE model selection process is data-driven
(Gierjatowicz et al., 2020).

This dissertation presented an approach to developing a training methodology
for neural SDEs, by detailing two initial training approaches as building blocks to
the objective training methodology that is both of practical use and theoretically
consistent. The proposed neural SDE training scheme is fundamentally distinct
from the initial training approaches, in the sense that it does not require any as-
sumptions on the dynamics or form of the underlying asset price process, but rather
trains the neural SDE using option pricing data. By eliminating the need for these
assumptions, we were able to establish a training scheme that is both practical and
efficient, allowing for a more robust and flexible model that can accurately capture
the underlying asset price process.

We conducted an evaluation of the robustness of the proposed neural SDE
methodology for pricing options, by performing numerical experiments under the
well-established Black-Scholes and CEV models. The results from the numerical
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experiments indicate that this approach to pricing options, while it is highly effec-
tive in comparison to the initial approaches in terms of its computational demands
and option pricing accuracy, it requires an extensive supply of option price data
for the training algorithm. This may be a limitation when compared to traditional
option pricing methodologies, which do not have these same requirements. How-
ever, the proposed methodology has the advantage of being robust and flexible, as
it is able to capture the underlying asset price process without any assumptions on
the dynamics or form of the underlying process. This could be seen as a trade-off
for the added computational requirements.

Given the demanding computational nature of the proposed neural SDE train-
ing methodology, there is room for future research to explore methods for op-
timising its efficiency. Possible avenues for improvement could involve finding
new methodologies to reduce the computational load or exploring alternative algo-
rithms that achieve similar results with fewer resources. These efforts could assist
in making the proposed approach more accessible and practical for a wider range
of applications in the financial industry. Moreover, a valuable avenue for further
research in this area would be the investigation of incorporating more relevant mar-
ket data beyond option prices, such as implied volatilities, which has the potential
to further refine the pricing interval and boost the accuracy of the model.

Overall, this dissertation attempts to offer a thorough understanding of the ca-
pabilities and robustness of using neural SDEs to compute arbitrage-free option
prices under a variety of market conditions.
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Appendix A

Relevant Derivations

A.1 Neural SDE Discounted Asset Price Dynamics

We show through an application of Itd’s Lemma, that for the asset price dynamics
given by the neural SDE in Equation (4.1), the discounted asset price is drift-less
and hence a (local) martingale. We assume an annual continuously compounded
risk-free rate of interest, r € R. Therefore, the discounted asset price is given by
f =e7"S?, where the function f has the following partial derivatives,

of .
5 = —re tSf,

g — e—rt
oS ’
82f
a5z ~ V-

To obtain the dynamics of the discounted asset price, we apply It6’s Lemma to the
function f = e~"S?, which gives us

df = (—re_rtSf + Te_TtSf> dt + o (t, SY, 9) et AW,

g (t, S0, e) et AW,

. The discounted asset price (e~"*S?) is drift-less and hence a (local) martingale.
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A.2 Properties of the Square-root Diffusion Process

We derive the expected value and variance for the process governed by the square-
root diffusion process. From Equation (4.11), we know that under the square-
root diffusion process specified in Equation (4.10), given Sy, S; is distributed as
2 __put
—%ﬁbe) times a non-central chi-square random variable, characterised by 0

degrees of freedom and non-centrality parameter A = —— dpiet?

WSO, i.e. fOI' t > 0

ol py (1 — e“t) 9 4pett
Sp=————"—""X0o |\~ =7 x>0 | ;
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where x,2()\) denotes a non-central chi-square random variable with v degrees of
freedom and non-centrality parameter . To derive the mean and variance of this
process, we use the mean and variance of y,2()), which is given by

E [X;?()\)} — 0t (A1)
Var [X;Q()\)} = 2(v +2)). (A2)
Therefore, using Equation (A.1), we derive the expected value as
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Now, using Equation (A.2), we derive the variance as
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Appendix B

Neural SDE Training Algorithms

B.1

Training the Diffusion Coefficient in Isolation

Algorithm 2 Training the Diffusion Coefficient in Isolation Algorithm.

Let £ denote the error between the predicted output and the true output, and nepochs
denote the maximum number of epochs.

1.

Specify the dynamics of the underlying asset that we aim to replicate with the
model. We generalise these dynamics as

dSt == a(t, St) dt + b(t, St) th,

where a(t, S;) = rS; to keep consistent with the no-arbitrage requirements, and
b(t, St) is the specific form of the diffusion coefficient we aim to approximate.

Define the neural SDE used to approximate the underlying asset’s dynamics.

Specify the neural SDE’s architecture, aiming to minimise the computational re-
quirements while capturing the underlying complexity, to ensure the model can be
trained efficiently. Then, randomly initialise the weights (¢) and biases (b).

Pre-process the training data and labels, so it is suitable for training.

while the error £ is above a certain threshold and the maximum number of epochs
Nepochs Nas not been reached do
Feed the data through the network to get an output from the output layer.
Calculate the error &£, between the predicted output and the true output.

Propagate the error back through the network, using back-propagation to cal-
culate the gradients of the weights and biases with respect to the error.

Update the weights (f) and biases (b) of the neural network, using an optimi-
sation algorithm.

end while
return 6 and b
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B.2 Method of Moments Training

Algorithm 3 Method of Moments Training Algorithm.

Let £ denote the error between the predicted output and the true output, and nepochs
denote the maximum number of epochs.

1. Define the neural SDE used to approximate the underlying asset’s dynamics, by
dsy =rSy dt + o (t,S],0) AW,

keeping consistent with the no-arbitrage conditions set on the neural SDE.

2. Specify the neural SDE’s architecture, ensuring it captures the underlying data set’s
complexity, while avoiding over-fitting and excessive computational requirements.

3. Pre-process the training data consisting of the means and variances of the under-
lying asset’s price process, so that it is suitable for the training algorithm.

4. Pre-train the neural SDE by following Step 5 and generating a smaller sample size
of stock price path realisations used to calculate means and variances, setting a
higher error threshold and reducing the maximum number of epochs. This will
initialise the weights (¢) and biases (b) of the neural SDE in a way that allows the
network to learn more effectively when it is fine-tuned on the main data set.

5. while the error £ is above a certain threshold and the maximum number of epochs
Nepochs Nas not been reached do

Generate n stock price path realisations from the neural SDE at each time
point 0 = ty,t1,...,txy =T, as shown in Equation (5.1).

Compute the means and variances at each time point from the simulated
stock price paths.

Calculate the error £, between the predicted moments and the true moments,
as given by the function in Equation (5.2).

Propagate the error back through the network, using back-propagation to cal-
culate the gradients of the weights and biases with respect to the error.

Update the weights (§) and biases (b) of the neural SDE, using the Adam
optimisation algorithm.

end while
return 6, and b

6. Resume the training process in Step 5, while increasing the sample size of gener-
ated stock paths, reducing the error threshold and raising the maximum number
of epochs.
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B.3 Training with Option Prices

Algorithm 4 Training with Option Prices Algorithm.

Let £ denote the error between the predicted output and the true output, and nepochs
denote the maximum number of epochs.

1. Define the neural SDE used to approximate the underlying asset’s dynamics, by
dsy =rSy dt + o (t,S],0) AW,

keeping consistent with the no-arbitrage conditions set on the neural SDE.

2. To accurately capture the complexity of the underlying data and prevent over-
fitting, specify the architecture of the neural SDE that strikes the right balance be-
tween expressiveness and generalisation. In addition, aim to minimise the compu-
tational requirements of the model, to ensure it can be trained and used efficiently.

3. Pre-process the training data consisting of European call option prices for various
strikes, so it is suitable for training.

4. Pre-train the neural SDE by following Step 5 and generating a smaller sample size
of the terminal stock price realisations used to compute Monte Carlo estimates of
the call option price for various strikes, setting a higher error threshold and reduc-
ing the maximum number of epochs. This will initialise the weights () and biases
(b) of the neural SDE in a way that allows the network to learn more effectively
when it is fine-tuned on the main data set.

5. while the error £ is above a certain threshold and the maximum number of epochs
Nepochs Nas not been reached do

Generate n terminal stock price realisations from the neural SDE at maturity
of the European call option (i.e. at time 7).

For a given range Qf strikes, compute Monte Carlo estimates of the European
call option prices C,(So, 7, 0, T, K), using Algorithm 1.

Feed the data through the network to get an output from the output layer.

Calculate the error £, between the predicted output and the true output,
given by the function in Equation (5.3).

Propagate the error back through the network, using back-propagation to cal-
culate the gradients of the weights and biases with respect to the error.

Update the weights (§) and biases (b) of the neural SDE, using the Adam
optimisation algorithm.

end while
return 6; and b

6. Resume the training process in Step 5, while increasing the sample size of the ter-
minal stock price realisations, reducing the error threshold and increasing the max-
imum number of epochs.




Appendix C

Computational Cost of Training
Algorithms

The training algorithms in each numerical experiment, conducted in Chapter 5,
were executed on an Apple MacBook Pro with an M1 Pro chip, featuring a 10-core
CPU (8 performance cores and 2 efficiency cores), a 16-core GPU, a 16-core Neural
Engine and 200GB/s memory bandwidth.

C.1 Training the Diffusion Coefficient in Isolation
Numerical Experiment

Computational Cost of Neural SDE Training Algorithm (Seconds)

Benchmark Model Total Run Time
Black-Scholes model 2.537
CEV model 345.235

Tab. C.1: Training the diffusion coefficient in isolation algorithm run time.

C.2 Method of Moments Training Numerical Experiment

Computational Cost of Neural SDE Training Algorithm (Minutes)

Benchmark Model = Pre-training Training  Total Run Time

Black-Scholes model 7.612 83.081 90.693
CEV model 10.981 128.885 139.866

Tab. C.2: Method of moments training algorithm run time.
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C.3 Training with Option Prices Numerical Experiment

Computational Cost of Neural SDE Training Algorithm (Minutes)

Benchmark Model ~ Pre-training 1%t Round 2"¢ Round Total Run Time

Black-Scholes model 3.336 21.547 39.689 64.572
CEV model 3.774 22.253 41.589 67.616

Tab. C.3: Training with option prices algorithm run time.
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