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Introduction

The main focus of this dissertation is to present an introduction to gradings
of Lie algebras. The aim is twofold: to lay the necessary foundations to
become (in the near future) an algebraist working in this area of research,
and to tackle the problem of finding and classifying the Lie algebras arising
as graded contractions of a specific Z3

2-grading of the Lie algebra g2. As a
result, this dissertation consists of six chapters and four appendices which
might appear very different, at first glance, but they are indeed connected
since they are all very important tools for anyone interested in gradings of
Lie algebras.

The first chapter is devoted to introducing Lie algebras and the study of
semisimple Lie algebras. This chapter will place into context much of the
work of the second chapter. We begin by describing the basic notions of
Lie algebras and their representations, and continue with the study of the
Killing form of a Lie algebra, as well as, the root space decomposition. The
material in this chapter is based on [8, 6].

In the second chapter we study root systems and their bases. This leads
to an investigation of the Weyl group associated to a root system. This work
allows us to describe how one can uniquely extend isomorphisms between
root systems to isomorphisms between Lie algebras to which those root
systems correspond. We are then able to describe the special properties of
Chevalley bases. The work in this chapter is based on the text and exercises
from [8]

Gradings make their first appearance in Chapter three. We quickly shift
our focus to group gradings. We describe a process to obtain a universal
grading group amongst equivalent gradings. We spend some time preparing
and presenting an example of this process. The chapter ends with some
results relating to the automorphisms of a grading. Although most of this
chapter is based on the work in [4], some of the later results and examples
owe acknowledgement to [11].

We present the construction of the exceptional Lie algebra g2 in the
fourth chapter. This chapter uses some definitions and results which are
presented in Appendix F. We start by looking at useful results relating to
alternative algebras. Then we introduce upper bounds to the dimension of
g2. Finally we show that g2 is 14-dimensional and we construct an important
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Z3
2-grading of g2. Much of the work in this chapter is based on hand-written

notes sent in personal correspondence [3].
In the fifth and final chapter we study graded contractions. This work

continues into Appendix A, however this is the newest work and as such is
still under revision. It is worth mentioning here that the bulk of Chapter
5 and Appendix A is original work under construction. It is the result of
an ongoing collaboration with Dr Cristina Draper and Dr Juana Sánchez-
Ortega. Although some of the proofs may be shortened in the future, we
decided to include them as we are excited about the findings.

After introducing the notions for general Lie algebras and gradings we
look specifically at the grading on g2 which we constructed in the previous
chapter. We are now in a position to attack the problem of finding and
classifying the graded contractions relating to the Z3

2-grading of g2 presented
in Chapter 4. The definitions in the first section of this chapter come from
[2]. The rest of Chapter 6 and Appendix A consist of original work completed
for this dissertation.

Tensor products of modules over a commutative ring R are the sole
focus of Appendix B. We explicitly construct the tensor product of two R-
modules, and see how all multi-linear maps filter through tensor products.
This is followed by a collection of results chosen to help build intuition for
the structure and workings of the tensor product. Lastly, we examine how
tensor products interact with direct sums and how linear maps, between
modules, may induce maps between the tensor products of those modules.
This chapter is based on [1].

Appendix C is centred around affine group schemes. We introduce the
topic as familiarity with this area presents opportunities for future research
problems and investigations. Our main aim in this chapter is to describe
Hopf algebras. The work in this appendix is based on [10, 12].

Appendix D is focussed on presenting a proof of Weyl’s Theorem, used in
the third chapter. Such a proof requires results about the Jordan canonical
form of a matrix and the Casimir operator of a Lie algebra representation.
The work in this appendix is based on [8, 6, 13].

The main goal of Appendix E is to describe the differential of a Lie
group homomorphism. We make use of this work in chapter 3. Before we
can study the differential of a Lie group homomorphism we need to study
matrix Lie groups and the exponential map. The work in this appendix is
based on [7, 9].

The last appendix, Appendix F, is a brief summary of important defini-
tions and results related to the octonions. We need this work to accomplish
our goals in Chapter six. The material in this appendix is based on [3].
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Chapter 1

The Basics

In this chapter we introduce the fundamentals of Lie algebras and their
representations. Throughout the text we will assume that F denotes a field
with char(F) 6= 2. We assume, unless otherwise specified that all vector
spaces are finite-dimensional and defined over F.

1.1 What is a Lie algebra?

Definition 1.1: A Lie algebra L is a vector space endowed with a bilinear
map [−,−] : L × L → L, called the Lie bracket, satisfying the following
two identities for all elements x, y, z ∈ L :

(L1) [x, x] = 0, and

(L2) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0.

The identity (L2) is called the Jacobi Identity.

Remark 1.2: Notice that the linearity of the Lie bracket implies

0
(L1)
= [x+ y, x+ y] = [x, x] + [x, y] + [y, x] + [y, y]

(L1)
= [x, y] + [y, x],

and so [x, y] = −[y, x], for all x, y ∈ L. This property of the Lie bracket is
known as skew-symmetry.

We close this first section with some examples of Lie algebras.

Example 1.3: Let V be any vector space (finite- or infinite-dimensional).
We may then define a Lie bracket for V by [u, v] = 0, for all u, v ∈ V. This
is called the abelian Lie algebra structure on the vector space V. The field
F as a vector space over itself may be regarded as a 1-dimensional abelian
Lie algebra.

8



Example 1.4: Every associative algebra A gives rise to a Lie algebra A−

with the same underlying vector space as A. The Lie bracket may be defined
as the commutator, that is, [a, b] = ab−ba for all elements a, b ∈ A (where ab
denotes the product in A). This is bilinear because the associative algebra’s
product is bilinear. For a, b, c ∈ A we have that [a, a] = aa−aa = 0, proving
(L1), and

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = [a, bc− cb] + [b, ca− ac] + [c, ab− ba]

= a(bc− cb)− (bc− cb)a+ b(ca− ac)
− (ca− ac)b+ c(ab− ba)− (ab− ba)c

= (abc− abc) + (acb− acb) + (bca− bca)

+ (cba− cba) + (bac− bac) + (cab− cab) = 0.

Hence, A endowed with the commutator is a Lie algebra.

Example 1.5: Let V be a vector space of dimension n. We let End(V )
denote the vector space of all linear maps from V to V with the usual
addition of maps and the scalar multiplication

(λf)(x) = λf(x), ∀ λ ∈ F, f ∈ End(V ), x ∈ V.

We may then endow End(V ) with an associative algebra structure, with the
product being composition of maps. Using the construction in Example 1.4,
End(V )− is a Lie algebra with the Lie bracket defined as

[f, g] = f ◦ g − g ◦ f ∀ f, g ∈ End(V ).

This is known as the general linear algebra of V. We will denote it by
gl(V ) to distinguish the Lie algebra from the vector space.

Let gl(n,F) denote the vector space of n × n matrices with entries in
F. By fixing a basis for V we may identify gl(V ) with gl(n,F). We let eij
denote the n × n matrix with the ij-th entry 1 and the rest 0, and remark
that gl(n,F) has dimension n2 with basis {eij | 1 ≤ i, j ≤ n}. Its Lie bracket
is given by

[x, y] = xy − yx, ∀ x, y ∈ gl(n,F).

Notice that
[eij , ekl] = δjkeil − δilekj , (1.1)

where δij =

{
1, if i = j

0, otherwise

Subalgebras and Ideals

We now turn our attention to important vector subspaces of Lie algebras:
subalgebras and ideals.
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Definition 1.6: Given a Lie algebra L, a vector subspace K of L is a Lie
subalgebra of L if it is closed under the Lie bracket, that is,

[x, y] ∈ K, ∀ x, y ∈ K.

Clearly a Lie subalgebra is also a Lie algebra in its own right. Properties
(L1) and (L2) are inherited from the original Lie algebra.

A subalgebra of gl(n, F ) is called a linear Lie algebra. Our next two
examples will be linear Lie algebras.

Example 1.7: Let b(n,F) denote the vector subspace of gl(n,F) consisting
of upper-triangular matrices. It is straightforward to check that {eij | i ≤ j}
is a basis for b(n,F). By (1.1) we have that [eij , ekl] = 0 if l < i, since
k ≤ l < i and so, j 6= k. Whereas, if j < k then i ≤ j < k ≤ l, thus
i 6= l which means that again [eij , ekl] = 0. This shows that b(n,F) is a
subalgebra of gl(n,F).

Definition 1.8: Given a Lie algebra L, a vector subspace K of L is an ideal
of L if [x, y] ∈ K for all x ∈ K and y ∈ L.

Remark 1.9: When talking about ideals of associative rings one distin-
guishes between left and right ideals. This distinction is not needed in
the context of Lie algebras due to the skew-symmetric property of the Lie
bracket.

All ideals are subalgebras but subalgebras need not necessarily be ideals.
Example 1.7 provides an example of a subalgebra of gl(n,F) which is not an
ideal. To see why b(n,F) is not an ideal notice that

[e22, e21] = δ22e21 − δ21e22 = e21 /∈ b(n,F).

Example 1.10: Let sl(n,F) denote the vector subspace of gl(n,F) con-
sisting of all matrices having trace zero. This is an ideal of gl(n,F) since
tr(xy) = tr(yx) and tr(x+ y) = tr(x) + tr(y). This is known as the special
linear algebra.

Example 1.11: The centre of a Lie algebra L is defined as

Z(L) = {z ∈ L | [z, v] = 0, ∀ v ∈ L}

The centre is clearly an ideal of L. We can also see that Z(L) = L if and
only if L is abelian, that is, [L,L] = 0.

Constructing New Lie Algebras

Let us look at two ways in which we may construct new ideals from existing
ones. Let L be a Lie algebra with ideals I and J . Then

I + J = {x+ y |x ∈ I, y ∈ J} and [I, J ] = Span{[x, y] |x ∈ I, y ∈ J}
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are both ideals (and subspaces) of L. To see this, take x ∈ I, y ∈ J and
v ∈ L, then

[x+ y, v] = [x, v] + [y, v] ∈ I + J

and,
[[x, y], v] = −[[y, v], x]− [[v, x], y] ∈ [I, J ]

since [y, v] ∈ J and [v, x] ∈ I.
In particular, for I = J = L, we obtain that [L,L] is an ideal of L. The

ideal [L,L] is called the derived algebra of L and denoted L′. Notice that
L is abelian if and only if L′ = 0.

Homomorphisms

The next basic concept we need is that of a map which preserves the Lie
algebra structure. As Lie algebras are also vector spaces we would naturally
like to work with linear maps but we would also like these maps to ’behave
well’ with the Lie bracket.

Definition 1.12: A homomorphism between two Lie algebras L1 and L2

is a linear map ψ : L1 → L2 such that

ψ([x, y]) = [ψ(x), ψ(y)], ∀ x, y ∈ L1.

Monomorphisms, epimorphisms and isomorphisms are injective, sur-
jective and bijective homomorphisms, respectively.

Example 1.13: Let L be an arbitrary Lie algebra. The map

ad : L→ gl(L),

given by ad(x) = adx, where adx : L → L is defined by adx(y) = [x, y] for
all y ∈ L, is a homomorphism of Lie algebras.

In fact, for x, y, z ∈ L and α, β ∈ F, we have that

(αadx + βady)(z) = α[x, z] + β[y, z] = [αx+ βy, z] = adαx+βy(z),

which shows that ad is linear. Furthermore:

ad[x,y](z) = [[x, y], z] = −[[y, z], x]− [[z, x], y]

= [x, [y, z]]− [y, [x, z]] = (adx ◦ ady − ady ◦ adx)(z)

= [adx, ady](z),

which shows that ad preserves the Lie bracket. This map is called the
adjoint homomorphism.

Proposition 1.14: Let ψ : L1 → L2 be a Lie algebra homomorphism. Then
Ker(ψ) is an ideal of L1 and Im(ψ) is a subalgebra of L2.
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Proof. Since ψ is a linear map we know that Ker(ψ) and Im(ψ) are vector
subspaces of L1 and L2, respectively. For x ∈ Ker(ψ) and y ∈ L1 we have

ψ([x, y]) = [ψ(x), ψ(y)] = [0, y] = 0,

which shows that [x, y] ∈ Ker(ψ), as required. Now if ψ(a), ψ(b) ∈ Im(ψ),

[ψ(a), ψ(b)] = ψ([a, b]) ∈ Im(ψ),

and so Im(ψ) is a subalgebra of L2.

Proposition 1.15: Let ψ : L1 → L2 be a Lie algebra homomorphism.

(i) If ψ is an epimorphism, then ψ(L′1) = L′2.

(ii) If ψ is an isomorphism, then ψ(Z(L1)) = Z(L2).

Proof. The proof of (i) follows directly from ψ being a Lie algebra epimor-
phism. To see that (ii) holds note that

x ∈ ψ(Z(L1)) ⇐⇒ x = ψ(z) for some z ∈ Z(L1)

⇐⇒ [ψ(z), ψ(y)] = ψ([z, y]) = 0, ∀ ψ(y) ∈ L2.

1.2 Quotient Lie Algebras

We can use ideals to define quotient algebras for Lie algebras. This will lead
us to the familiar Isomorphism Theorems and an important correspondence.

Let L be a Lie algebra and I an ideal of L. For x ∈ L, we may then
consider the quotient vector space L/I = {x+I |x ∈ L} where the (additive)
coset x+ I is defined as {x+ u |u ∈ I}. To define a Lie bracket for L/I we
set

[x+ I, y + I] = [x, y] + I, ∀ x, y ∈ L.

To check that this is well-defined take x, x′, y, y′ ∈ L such that x+I = x′+I
and y + I = y′ + I. This tells us that x − x′ = u ∈ I and y − y′ = v ∈ I.
Hence,

[x+ I, y + I] = [x, y] + I = [u+ x′, v + y′] + I

= ([u, v] + [u, y′] + [x′, v] + [x′, y′]) + I

= [x′, y′] + I = [x′ + I, y′ + I].

Fix x ∈ L, then for y, z ∈ L and α, β ∈ F:

[x+ I, α(y + I) + β(z + I)] = (α[x, y] + I) + (β[x, z] + I)

= α[x+ I, y + I] + β[x+ I, z + I].
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This proves that fixing the first argument induces a linear map. In much
the same way one can show that fixing the second argument induces a linear
map. This proves bilinearity.

Let us now prove identity (L1). For all x ∈ L we have that

[x+ I, x+ I] = [x, x] + I = I.

Lastly, for x, y, z ∈ L, we have that

[x+ I, [y + I, z + I]] + [y + I, [z + I, x+ I]] + [z + I, [x+ I, y + I]

= ([x, [y, z]] + [y, [z, x]] + [z, [x, y]]) + I = I,

which shows that identity (L2) holds. Hence, L/I is a Lie algebra over the
same field as L, called the quotient algebra of L by I.

Proposition 1.16: Let I an ideal of a Lie algebra L. There is a bijective
correspondence between the ideals of L/I and the ideals of L containing I.
In fact, an ideal K̃ of L/I corresponds to K := {x ∈ L |x+ I ∈ K̃}. While
if J is an ideal of L which contains I, then it corresponds to J/I, which is
an ideal of L/I.

Proof. Let us map an ideal K̃ of L/I to K := {x ∈ L |x + I ∈ K̃}. We
must check that K is an ideal of L and that K contains I. Take x ∈ K and
y ∈ L, then [x, y] + I = [x+ I, y + I] ∈ K̃, since K̃ is an ideal of L/I. This
shows that K is an ideal of L. We can also see that for all x ∈ I we have
that x+ I = I ∈ K, which shows that I is contained in J .

On the other hand, let us map an ideal J of L which contains I to J/I.
We need to show that J/I is an ideal of L/I. Take x ∈ J , y ∈ L then
[x, y] ∈ J . Thus, [x+ I, y + I] = [x, y] + I ∈ J/I.

Lastly, notice that these maps are inverses of one another.

1.3 Isomorphism Theorems

In this section we focus on the isomorphism theorems for Lie algebras. We
go on to introduce a new type of linear maps which will play an important
role as we continue our investigation of Lie algebras.

Theorem 1.17 (Isomorphism Theorems):

(i) If ψ : L1 → L2 is a Lie algebra homomorphism, then

L/Ker(ψ) ∼= Im(ψ).

(ii) For arbitrary ideals I and J of a Lie algebra

(I + J)/J ∼= I/(I ∩ J).
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(iii) Let I and J be ideals of a Lie algebra L with I ⊆ J . Then J/I is an
ideal of L/I and

(L/I)/(J/I) ∼= L/J.

Proof.

(i): Let K := Ker(ψ). By the isomorphism theorems for vector spaces we
have a vector space isomorphism L/K ∼= Im(ψ), given by

ψ̃ : L/K → Im(ψ),

x+K 7→ ψ(x),

for all x ∈ L. To extend this to a Lie algebra isomorphism it suffices
to show that ψ̃ preserves the Lie bracket. Taking x, y ∈ L, we have
that

ψ̃([x+K, y +K]) = ψ([x, y]) = [ψ(x), ψ(y)] = [ψ̃(x+K), ψ̃(y +K)],

as required. Thus, ψ̃ is a Lie algebra homomorphism.

(ii): Define ψ : I+J → I/(I∩J) by ψ(x+y) = x+I∩J , for all x ∈ I, y ∈ J .
First, we show that this is a linear map. For x, x′ ∈ I, y, y′ ∈ J and
α, β ∈ F, we have that

αψ(x+ y) + βψ(x′ + y′) = (αx+ βx′) + I ∩ J
= ψ(αx+ βx′ + αy + βy′)

= ψ(α(x+ y) + β(x′ + y′)).

Now, we show that ψ is a Lie algebra homomorphism. For all x, x′ ∈ I
and y, y′ ∈ J , we have that

ψ([x+ y, x′ + y′]) = ψ([x, x′] + [x, y′] + [y, x′] + [y, y′])

= [x, x′] + I ∩ J
= [ψ(x+ y), ψ(x′ + y′)].

Let us show that Ker(ψ) = J . If x ∈ I and y ∈ J then,

x+ y ∈ Ker(ψ) ⇐⇒ x+ y ∈ J.

Notice that ψ is surjective since if x+ I ∩ J ∈ I/(I ∩ J), then

x+ I ∩ J = ψ(x+ 0).

An application of (i) gives the desired result.
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(iii) From Proposition 1.16 we have that J/I is an ideal of L/I. Define a
map ψ : L/I → L/J by ψ(x+ I) = x+J . This is well-defined because
x+ I = x′ + I if and only if x− x′ ∈ I ⊆ J .

We first prove the linearity of ψ. For x, x′ ∈ L and α, β ∈ F, we have
that

ψ(α(x+ I) + β(x′ + I)) = α(x+ J) + β(x′ + J)

= αψ(x+ I) + βψ(x′ + I)

Next, we show that ψ is a Lie algebra homomorphism. To do so, take
x, x′ ∈ L

ψ([x+ I, x′ + I]) = [x, x′] + J = [ψ(x+ I), ψ(x′ + I)].

Lastly, to see that Ker(ψ) = J/I, notice that

x+ I ∈ Ker(ψ) ⇐⇒ x ∈ J ⇐⇒ x+ I ∈ J/I.

Since I ⊆ J , ψ must be surjective. Now (iii) follows from (i).

Example 1.18: We claim that gl(n,F)/sl(n,F) ∼= F. In fact, consider the
map tr : gl(n,F) → F which sends a matrix to its trace. Well known prop-
erties of the trace of a matrix tell us that tr is linear. Furthermore,

tr([x, y]) = tr(xy − yx) = tr(xy)− tr(yx) = 0,

which shows that tr is a Lie algebra homomorphism. Clearly, tr is an epi-
morphism. Lastly, it is clear that Ker(tr) = sl(n,F). An application of
Theorem 1.17 gives that gl(n,F)/sl(n,F) ∼= F, as we claimed.

Definition 1.19: Let L be a Lie algebra. A linear map D : L→ L is called
a derivation of L if it has the property

D([a, b]) = [a,D(b)] + [D(a), b], ∀ a, b ∈ L.

The set of derivations of L is denoted by Der(L).

Proposition 1.20: Let L be a Lie algebra, then

(i) Der(L) is a subalgebra of gl(L).

(ii) ad(L) is an ideal ofDer(L), whose elements are called inner derivations
of L.

(iii) L/Z(L) ∼= ad(L).

Proof.
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(i): Let D,E ∈ Der(L) and α, β ∈ F. Then

(αD + βE)([a, b]) = αD([a, b]) + βE([a, b])

= [a, (αD + β)(b)] + [(αD + βE)(a), b].

Hence, Der(L) is closed under linear combinations. The set Der(L) is
non-empty since the zero map is a derivation, so Der(L) is a vector
subspace of gl(L). To see that Der(L) is closed under the Lie bracket
take a, b ∈ L and D,E ∈ Der(L).

[D,E]([a, b]) = (D ◦ E)([a, b])− (E ◦D)([a, b])

= D([a,E(b)] + [E(a), b])− E([a,D(b)] + [D(a), b])

= D([a,E(b)]) +D([E(a), b])− E([a,D(b)])

− E([D(a), b])

= [a, (D ◦ E)(b)] + [D(a), E(b)] + [E(a), D(b)]

+ [(D ◦ E)(a), b]− [a, (E ◦D)(b)]− [E(a), D(b)]

− [D(a), E(b)]− [(E ◦D)(a), b]

= [a, (D ◦ E − E ◦D)(b)] + [(D ◦ E − E ◦D)(a), b]

= [a, [D,E](b)] + [[D,E](a), b].

So, [D,E] ∈ Der(L), as required.

(ii): For x, a, b ∈ L we have that

adx([a, b]) = [x, [a, b]] = −[a, [b, x]]− [b, [x, a]] = [a, [x, b]] + [[x, a], b]

= [a, adx(b)] + [adx(a), b],

which shows that ad(L) ⊆ Der(L). Furthermore, for x, y ∈ L and
D ∈ Der(L) we have that

[D, adx](y) = D([x, y])− [x,D(y)]

= [x,D(y)] + [D(x), y]− [x,D(y)] = [D(x), y]

= adD(x)(y)

(iii) An application of (i) from Theorem 1.17 (the First Isomorphism The-
orem) to the adjoint homomorphism gives the desired result.

1.4 Weights

In this section we generalise the notions of eigenvectors and eigenvalues of
a linear transformation to families of linear transformations.
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Definition 1.21: Let V be a vector space and L a subalgebra of the Lie
algebra gl(V ). We say that v ∈ V is an eigenvector for L if v is an
eigenvector for every element of L.

To generalise the notion of an eigenvalue we need to be a little careful,
since the eigenvector v of the subalgebra L of gl(V ) may have different
eigenvalues corresponding to different elements of L. Thus, the generalisation
of the notion of an eigenvalue is a map λ : L → F, and the corresponding
eigenspace is defined as

Vλ = {v ∈ V |x(v) = λ(x)v, for all x ∈ L}.

We can see that Vλ is non-empty since 0 ∈ Vλ. Moreover, Vλ is a subspace
of V. In fact, for u, v ∈ Vλ, x ∈ L, and α, β ∈ F we have that

x(αu+ βv) = αλ(x)u+ βλ(x)v = λ(x)(αu+ βv),

which shows that Vλ is a vector subspace of V .
Assume Vλ is non-zero. For v ∈ Vλ, x, y ∈ L, and α, β ∈ F we have that

(αx+ βy)v = αλ(x)v + βλ(y)v = (αλ(x) + βλ(y))v,

which shows the linearity of λ : L → F, and hence λ belongs to the dual
space of L.

Definition 1.22: Let V be a vector space, and L a subalgebra of the Lie
algebra gl(V ). A linear map λ : L→ F, such that Vλ 6= 0, where

Vλ = {v ∈ V |x(v) = λ(x)v, for all x ∈ L},

is called a weight for L. We call Vλ the weight space corresponding to
the weight λ.

Example 1.23: Consider L = b(n,F) as a subalgebra of gl(n,F). We will
denote by e1 the column vector with the first entry 1 and the rest 0. Then for
any x = (xij) ∈ L we have that xe1 = x11e1, and so e1 is an eigenvector for
L. The associated weight λ : L→ F is defined by λ(x) = x11, for all x ∈ L.
We claim that Vλ = Span(e1). To see this we first take δ ∈ F and x ∈ L
and see that xδe1 = δx11e1 = λ(x)δe11, which shows that Span(e1) ⊆ Vλ.

Now we take v ∈ Vλ and notice that we may write v =
n∑
i=1

βiei, for some

β1, . . . , βn ∈ F. We also have that xv = x11v for all x ∈ L, which implies
that e11v = v, and hence β2 = β3 = . . . = βn = 0. We then have that
v = β1e1 ∈ Span(e1). Thus, Vλ = Span(e1).

Lemma 1.24 (Invariance Lemma): Let V be a vectorspace over a field F
of characteristic 0, and L a subalgebra of the Lie algebra gl(V ). Let I be an
ideal of L, and λ : I → F a weight for I. Then Vλ is an L-invariant vector
subspace of V ; that is, y(Vλ) ⊆ Vλ, for all y ∈ L.
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Proof. We need to prove that if we take y ∈ L and v ∈ Vλ, then y(v) is an
eigenvector of I with x(y(v)) = λ(x)y(v), for all x ∈ I. For x ∈ I, we have
that

[x, y](v) = x(y(v))− y(x(v)) = x(y(v))− y(λ(x)v) = x(y(v))− λ(x)y(v),

which implies that x(y(v)) = λ(x)y(v) + [x, y](v). Since I is an ideal of L
we have that [x, y] ∈ I, which yields that [x, y](v) = λ([x, y])v. Hence, the
result will follow by showing that λ([x, y]) = 0.

We now construct a y-invariant subspace of V by considering

U = Span({yk(v) | k ≥ 0}).

Let m be the smallest number such that the vectors v, y(v), . . . , ym(v) are
linearly dependent. Then B = {v, y(v), . . . , ym−1(v)} is a basis for U . We
claim that U is z-invariant for all z ∈ I. Furthermore, we will show that–
with respect to B–z acting on U is represented by an upper triangular matrix
with the diagonal entries all being λ(z). We proceed by induction on the
column number. For the first column, z(v) = λ(z)v. Since [z, y] = zy − yz,
we can see that in column k + 1 we have

z(yk(v)) = zy(yk−1(v)) = ([z, y] + yz)yk−1(v).

From the inductive hypothesis we have that zyk−1(v) = λ(z)yk−1(v)+u, for
some u ∈ Span({v, y(v), . . . , yk−2(v)}). We then have that

yzyk−1(v) = λ(z)yk(v) + y(u),

where y(u) ∈ Span({v, y(v), . . . , yr−1(v)}). We may also apply the induc-
tive hypothesis to [z, y] as [z, y] ∈ I. From this we may conclude that
[z, y]yk−1(v) ∈ Span({v, y(v), . . . , yk−1(v)}). These last two results mean
that column k + 1 indeed has the form we claimed.

Set z = [x, y], from our claim above we know that the trace of z acting
on U is mλ(z). We also know that U is invariant under the actions of x (we
showed this above) and y (this is true because of how U was constructed).
Thus, the trace of z acting on U is the same as the trace of [x, y] = xy− yx
which is 0. So, mλ([x, y]) = 0 and since F has characteristic 0, we must have
that λ([x, y]) = 0. This shows us that x(y(v)) = λ(x)y(v) which proves the
result.

1.5 Representations

Given that we have some specific knowledge about linear Lie algebras, it
would be nice if we could somehow use it when working with an abstract
Lie algebra.
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Definition 1.25: Let L be a Lie algebra. A representation of L is a Lie
algebra homomorphism ψ : L → gl(V ), where V is some vector space. If ψ
is a monomorphism, the representation is said to be faithful.

When referring to a representation we may at times refer to V rather
than to the Lie algebra homomorphism ψ.

A representation of the form ψ : L→ gl(n,F) is called a matrix repre-
sentation.

Example 1.26: We have already encountered a representation for any Lie
algebra L. Namely, the adjoint homomorphism ad : L → gl(L) defined in
Example 1.13, is a representation of L. For this reason it may also be called
the adjoint representation.

Definition 1.27: A module for a Lie algebra L, or L-module, is a vector
space V together with a map L× V → V , denoted (x, v) 7→ x · v, satisfying
the following identities for all x, y ∈ L, v, w ∈ V, and α, β ∈ F:

(M1) (αx+ βy) · v = α(x · v) + β(y · v),

(M2) x · (αv + βw) = α(x · v) + β(x · w),

(M3) [x, y] · v = x · (y · v)− y · (x · v).

A vector subspace W of V is a submodule of V if W is L-invariant; that
is, x · w ∈ W for all x ∈ L, w ∈ W. In the context of representations the
equivalent of a submodule is a subrepresentation.

Proposition 1.28: Representations of a Lie algebra L, and modules over
L are equivalent definitions.

Proof. Let ψ : L → gl(V ) be a representation of L. Then we may make V
an L-module by defining x ·v = ψ(x)(v), for all x ∈ L, v ∈ V. To verify this,
take x, y ∈ L, v, w ∈ V, and α, β ∈ F and have

(αx+ βy) · v = αψ(x)(v) + βψ(y)(v) = α(x · v) + β(y · v),

x · (αv + βw) = αψ(x)(v) + βψ(x)(v) = α(x · v) + β(x · w),

and
[x, y] · v = [ψ(x), ψ(y)](v) = x · (y · v)− y · (x · v),

as required.
Conversely, if we have an L-module V, then we may define a representa-

tion of L by ψ(x)(v) = x ·v, for all x ∈ L, v ∈ V. This map is linear by (M1),
it is a Lie algebra homomorphism because of (M3), and it is a representation
since ψ(x) ∈ gl(V ) for all x ∈ L, by (M2).

Example 1.29: Let L be a Lie algebra, and I an ideal of L. If we consider
L as an L-module via the adjoint representation, then I is a submodule of L.
Certainly, I is a vector subspace of L, and I is L-invariant exactly because
it is an ideal of L.
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Proposition 1.30: Let L be a Lie algebra, V an L-module, and W a sub-
module of V. We may endow the quotient vector space V/W with the struc-
ture of an L-module by setting x · (v+W ) = (x ·v)+W for all x ∈ L, v ∈ V.

Proof. We need to check that the action of L on V/W above is well-defined.
In fact, take x ∈ L and v, v′ ∈ V such that v − v′ ∈ W, then we have
x · (v+W )− x · (v′ +W ) = x · (v− v′) +W = W, since x · (v− v′) ∈W. We
should also check that the three identities (M1), (M2), and (M3) hold. To
do so we take x, y ∈ L, u, v ∈ V, and α, β ∈ F

(αx+βy) · (v+W ) = α(x ·v)+β(y ·v)+W = α(x · (v+W ))+β(x · (v+W )),

x · (α(u+W ) + β(v +W )) = α(x · (u+W )) + β(x · (v +W )),

and

[x, y] · (v +W ) = ([x, y] · V ) +W = x · (y · (v +W ))− y · (x · (v +W )).

This confirms that V/W is in fact an L-module. We call the L-module V/W
the quotient module of V by W.

Example 1.31: Let L be a Lie algebra and I an ideal of L. We saw in
Example 1.29 that I is a submodule of L via the adjoint representation.
Thus, L/I is a quotient L-module with x · (y + I) = adx(y) + I = [x, y] + I,
for all x, y ∈ L.

Proposition 1.32: Let L be a Lie algebra, V an L-module, and W a sub-
module of V. There is a bijective correspondence between the submodules
of V which contain W and the submodules of V/W.

Proof. If U is a submodule of V which contains W, we map U to U/W. We
note that U/W is a vector subspace of V/W because U is a subspace of V,
and U/W is L-invariant since U is L-invariant. Thus, U/W is a submodule
of V/W.

If Ũ is a submodule of V/W, we map Ũ to U = {u ∈ V |u + W ∈ Ũ}.
By construction W ⊆ U . Since 0 ∈ U we know that U is non-empty. Take
x, y ∈ U, α, β ∈ F, then αx+ βy +W = α(x+W ) + β(y +W ) ∈ Ũ , which
implies that αx + βy ∈ U. Hence, U is a vector subspace of V. We need to
check that U is L-invariant. To do so take x ∈ L, u ∈ U, then (x·u)+W ∈ Ũ
means that x·u ∈ U. Thus, U is a submodule of V containing W, as required.

Lastly, notice that these two maps are inverses of one another.

Definition 1.33: Let L be a Lie algebra and V an L-module. We say V is
irreducible if V 6= 0 and its only submodules are V and 0. We say V is
completely reducible if it can be written as a direct sum of irreducible
L-modules.
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Example 1.34: Let L be a simple Lie algebra, that is a non-abelian Lie
algebra which has no proper, non-trivial ideals. Then L is an irreducible
L-module via the adjoint representation.

Example 1.35: Let L = d(n,F) be the subalgebra of gl(n,F) consisting of
all diagonal matrices. To confirm that L is a linear Lie algebra notice that
the product of diagonal matrices is a diagonal matrix. The inclusion ho-
momorphism ψ : L→ gl(n,F) is a matrix representation called the natural
representation of L. The natural L-module is then V = Fn. Let Ei denote
Span(ei) for all 1 ≤ i ≤ n. Then Ei is a submodule of V and since it is

1-dimensional it must be irreducible. We may then write V =
n⊕
i=1

Ei, and

thus V is completely reducible.

Lie Module Homomorphisms

Having introduced L-modules, we will now look at homomorphisms between
them. We will see the familiar Isomorphism theorems and the well-known
Schur’s lemma.

Definition 1.36: Let L be a Lie algebra with L-modules U and V. A linear
map ϕ : U → V is called an L-module homomorphism if ϕ(x·u) = x·ϕ(u),
for all x ∈ L and u ∈ U.

In the equivalent language of representations let φU : L → gl(U) and
φV : L→ gl(V ) denote representations of L corresponding to the L-modules
U and V, respectively. Then the equivalent condition for ϕ to be a homo-
morphism between representations of L is that ϕ ◦ φU = φV ◦ ϕ.

Lemma 1.37: Let L be a Lie algebra, U and V two L-modules. For any
L-module homomorphism ϕ : U → V, we have that Ker(ϕ) is a submodule
of U while Im(ϕ) is a submodule of V.

Proof. Notice that Ker(ϕ) and Im(ϕ) are vector subspaces of U and V,
respectively. We need only show that they are L-invariant. To do so take
x ∈ L, u ∈ Ker(ϕ) and ϕ(v) ∈ Im(ϕ) Then

ϕ(x · u) = x · ϕ(u) = 0, and

x · ϕ(v) = ϕ(x · v) ∈ Im(ϕ),

so both Ker(ϕ) and Im(ϕ) are L-invariant, as required.

Theorem 1.38 (Isomorphism Theorems):

(i) For an arbitrary L-module homomorphism ϕ : U → V, we have that
U/Ker(ϕ) ∼= Im(ϕ).

(ii) Let U and W be submodules of an L-module V. Then U + W and
U ∩W are submodules of V, and (U +W )/W ∼= U/U ∩W.
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(iii) Let U and W be submodules of an L-module V, with W ⊆ U. Then
U/W is a submodule of V/W and (V/W )/(U/W ) ∼= V/U.

Proof.

(i): By the Isomorphism Theorem for vector spaces we have that a vector
space isomorphism between U/Ker(ϕ) and Im(ϕ), given by

ϕ̃ : U/Ker(ϕ)→ Im(ϕ)

u+ Ker(ϕ) 7→ ϕ(u),

for all u ∈ U. To extend this to an L-module isomorphism it suffices
to prove that ϕ̃ is a L-module homomorphism. To do so take x ∈ L
and u ∈ U

x · ϕ̃(u+ Ker(ϕ)) = x · ϕ(u) = ϕ(x · u) = ϕ̃(x · u+ Ker(ϕ)),

Thus, ϕ̃ is an L-module homomorphism, as required.

(ii): Notice that U + W and U ∩ W are vector subspaces of V. For all
x ∈ L, u ∈ U, w ∈ W, we have x · (u + w) = x · u + x · w ∈ U + W,
which shows that U + W is L-invariant. Since both U and W are L-
invariant, U∩W must be too. Thus, U+W and U∩W are submodules
of V.

Define φ : U + W → U/U ∩ W by φ(u + w) = u + U ∩ W, for all
u ∈ U, w ∈W. By the proof for Theorem 1.17 (ii) we know φ is linear,
Ker(φ) = W, and φ is a surjective. To see that φ is an L-module
homomorphism take x ∈ L, u ∈ U, w ∈W, we then have

x · φ(u+ w) = (x · u) + U ∩W = φ(x · (u+ w)).

An application of (i) gives the desired result.

(iii) From Proposition 1.32 we have that U/W is a submodule of V/W.
Define φ : V/W → V/U by φ(v +W ) = (v + U), for all u ∈ U. By the
proof of Theorem 1.17 (iii) we have that φ is linear, Ker(φ) = U/W,
and φ is surjective. To see that φ is an L-module homomorphism we
take x ∈ L, v ∈ V, we then have

x · φ(v +W ) = (x · v) + U = φ(x · (v +W )).

An application of (i) gives the desired result.

Lemma 1.39 (Schur’s Lemma): Let L be a Lie algebra - defined over an
algebraically closed field F of characteristic 0 - and V an irreducible L-
module. The only L-module endomorphisms of V are scalar multiples of
the identity.
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Proof. Let ϕ : V → V be an L-module endomorphism. As ϕ is a linear
transformation of an F-vector space, it must have some λ ∈ F as an eigen-
value with corresponding eigenvector v ∈ V. If we denote the identity linear
transformation of V by 1V , we can see that ϕ−λ1V is a linear transformation
of V. For x ∈ L, u ∈ V we have that

x · (ϕ−λ1V )(u) = x ·ϕ(u)− x · (λu) = ϕ(x · u)−λ(x · u) = (ϕ−λ1V )(x · u),

which shows that ϕ− λ1V is an L-module homomorphism. An application
of Lemma 1.37 yields that Ker(ϕ−λ1V ) is a submodule of V. We also know
that it contains the eigenvectors of ϕ corresponding to the eigenvalue λ,
so it contains v and thus is non-zero. Since V is irreducible we have that
Ker(ϕ − λ1V ) = V, which implies that ϕ = λ1V . Lastly, notice that all the
scalar multiples of 1V are L-module endomorphisms of V.

1.6 Solvability, Nilpotency, and Semisimplicity

In this section we describe what it means for a Lie algebra to be solvable,
nilpotent, or semisimple. These notions will play an important roles in the
rest of this chapter where we lay out the basic theory of semisimple Lie
algebras over an algebraically closed field of characteristic zero.

Definition 1.40: A Lie algebra L is called simple if [L,L] 6= 0, and the
only ideals of L are itself and 0. For a simple Lie algebra L it is clear that
[L,L] = L and Z(L) = 0.

Example 1.41: Let L = sl(2,F). Then L is simple if char(F) 6= 2.

Proof. Notice that {e12, e21, h1 = e11 − e22} is a basis for L. We can then
see that [e12, e21] = h1, [e12, h1] = −2e12, [e21, h1] = 2e21. Thus, L ⊆ L′

and so L = L′.
Suppose I 6= L is a non-trivial ideal of L. Then we must have that

dim(I) = 2 or dim(I) = 1. If dim(I) = 2, then L/I is 1-dimensional and
thus abelian. This implies that [x, y] ∈ I, for all x, y ∈ L, which implies
that L = L′ ⊆ I. This contradicts our assumption that I is a proper ideal
of L. If dim(I) = 1, then L/I is 2-dimensional. Fix a basis {x + I, y + I}
for L/I and take any z ∈ I. Then {x, y, z} is a basis for L. This means that
L′ = Span({[x, y], [y, z], [x, z]}). However, since I = Span({z}) and I is an
ideal of L, we have that [y, z] = αz and [x, z] = βz for some α, β ∈ F. Hence
L′ = Span({[x, y], z}), which contradicts the fact that L′ is 3-dimensional.

We have then shown that the only ideals of L are 0 and itself, as required.

Let L be a Lie algebra. The derived series of L is defined to be the
sequence of ideals with terms

L = L(0) ⊆ L(1) ⊆ L(2) ⊆ . . . ,
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where L(0) = L, and L(k) = [L(k−1), L(k−1)] for all k ≥ 1.

Definition 1.42: A Lie algebra L is called solvable if L(k) = 0 for some
k ∈ N.

Example 1.43: Let L = b(n,F). Then L is solvable.

Proof. We first claim that Bm = {eij | j − i ≥ 2m−1} is a basis for L(m), for
each m ≥ 1. We proceed by induction on m.

In the case where m = 1 it suffices to show that for all eij , ekl ∈ L we
have [eij , ekl] ∈ Span(B1). We know that [eij , ekl] = δjkeil − δilekj , since
i ≤ j and k ≤ l. If j 6= k and i 6= l then [eij , ekl] = 0. If j = k and i 6= l
then l − i > k − j = 0, so [eij , ekl] = eil ∈ Span(B1). If j 6= k and i = l,
then j − k > i− l = 0 and so [eij , ekl] = −ekj ∈ Span(B1). Finally, if j = k
and i = l then [eij , ekl] = eii − ejj ∈ Span(B1).
Let m ≥ 1. In this case it suffices to show that for all eij , ekl ∈ Bm we
have [eij , ekl] ∈ Span(Bm+1). Now we have that (j − i), (l − k) ≥ 2m−1.
If j 6= k and i 6= l then [eij , ekl] = 0 ∈ Span(Bm+1). If j = k then
l− i ≥ 2m−1 + 2m−1 + k − j = 2m. Similarly, if i = l then j − k ≥ 2m. This
proves the claim.

Using the claim we can see that L(m) = 0 whenever 2m−1 > n− 1.

Lemma 1.44: Let ψ : L1 → L2 be a Lie algebra homomorphism. Then

ψ(L
(n)
1 ) = ψ(L1)(n), for all n ≥ 0.

Proof. We proceed by induction on n. The case n = 0 is trivial. Let n ≥ 1,

then v ∈ ψ(L
(n)
1 ) means that v = ψ

(
m∑
i=1

αi[xi, yi]

)
=

m∑
i=1

αi[ψ(xi), ψ(yi)],

for some αi ∈ F, xi, yi ∈ L
(n−1)
1 . By the inductive hypothesis we have

that ψ(xi), ψ(yi) ∈ ψ(L1)(n−1), which implies that [ψ(xi), ψ(yi)] ∈ ψ(L1)(n).
Thus, v ∈ ψ(L1)(n). On the other hand, taking v ∈ ψ(L1)(n) means that

v =
m∑
i=1

αi[xi, yi], for some αi ∈ F, xi, yi ∈ ψ(L1)(n−1). By the inductive

hypothesis xi, yi ∈ ψ(L
(n−1)
1 ), which implies that [xi, yi] ∈ ψ(L

(n)
1 ). Thus,

v ∈ ψ(L
(n)
1 ).

Proposition 1.45: Let L be a Lie algebra.

(i) If L is solvable, then all subalgebras and homomorphic images of L
are solvable.

(ii) If I is a solvable ideal of L such that L/I is solvable, then L is also
solvable.

(iii) If I and J are solvable ideals of L, then I + J is solvable.

Proof.
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(i) Since L is solvable there is a k ≥ 1 such that L(k) = 0. Let A be
a subalgebra of L, B a Lie algebra, and ψ : L → B a Lie algebra
homomorphism. Then A(k) ⊆ L(k) = 0. Using Lemma 1.44, we have
that ψ(L)(k) = ψ(L(k)) = 0.

(ii) We have that (L/I)(k) = I for some k ≥ 1. Applying Lemma 1.44 to
the canonical homomorphism π : L→ L/I we have that

(L/I)(k) = (L(k) + I)/I = I,

so L(k) ⊆ I. Next, proceeding by induction on n we show that
(L(k))(n) = Lk+n. For n = 0 this is trivial. Let n ≥ 1, then

(L(k))(n) = [(L(k))(n−1), (L(k))(n−1)] = [L(k+n−1), L(k+n−1)] = L(k+n).

I is solvable so I(m) = 0 for some m ≥ 1. Putting this all together we
get L(k+m) = (L(k))(m) ⊆ I(m) = 0.

(iii) Choose m,n ≥ 1 such that I(m) = 0 and J (n) = 0. Applying Theorem
1.17 (the Isomorphism Theorems), Lemma 1.44 and the claim from
(ii) we have that ((I + J)(m) + J)/J = (I(m) + I ∩ J)/I ∩ J = 0. Since
I is solvable an application of (ii) gives the desired result.

Corollary 1.46: Let L be a Lie algebra. There is a unique solvable ideal
of L which contains every solvable ideal of L.

Proof. Let R be a maximal solvable ideal of L; that is, a solvable ideal of the
largest possible dimension. Let I be any solvable ideal of L. By Proposition
1.45 we have that R+ I is a solvable ideal of L. The maximality of R means
that R+ I = R and so I is contained in R.

Definition 1.47: The unique largest solvable ideal of a Lie algebra L is
called the radical of L and is denoted by rad(L).

Definition 1.48: Let L be a non-trivial Lie algebra. If rad(L) = 0 then L
is said to be semisimple.

Notice that any simple Lie algebra is immediately semisimple. Without
the condition that a Lie algebra must be non-abelian to be simple, the 1-
dimensional abelian Lie algebra would be simple but not semisimple.

Let L be a Lie algebra. The lower central series of L is the sequence of
ideals with terms

L = L0 ⊆ L1 ⊆ L2 ⊆ . . . ,

where L0 = L, and Lk = [L,Lk−1] for all k ≥ 1.

Remark 1.49: Let L be a Lie algebra. Then Lk/Lk+1 is contained in the
centre of L/Lk+1 for all k ∈ N.
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Proof. Take x ∈ Lk, y ∈ L. By definition of the lower central series of L we
have that [x, y] ∈ Lk+1. Hence [x+ Lk+1, y + Lk+1] = Lk+1.

Definition 1.50: A Lie algebra L is nilpotent if there is a k ≥ 1 such that
Lk = 0. We note that L(k) ⊆ Lk, and so nilpotency implies solvability.

Example 1.51: Let n(n, F ) denote the vector subspace of b(n, F ) consisting
of all strictly upper triangular matrices. By the proof in Example 1.43 we
can see that n(n, F ) = (b(n, F ))(1) which tells us that n(n, F ) is a Lie algebra
in its own right. We claim that it is a nilpotent Lie algebra.

Proof. We will show that Bk = {eij | j−i > k} is a basis for Lk for all k ∈ N.
We proceed by induction on k. The case k = 0 has already been proved in
the proof of Claim 1.43
Let k ≥ 0. Take eij ∈ L and ei′j′ ∈ Lk. To prove our claim it suffices to show
that [eij , ei′j′ ] ∈ Span(Bk+1). Note that j−i > 0 and j′−i′ > k which tells us
that j−i ≥ 1 and j′−i′ ≥ k+1. We can see that [eij , ei′j′ ] = δji′eij′−δij′ei′j .
If i′ = j then j′− i ≥ k+1+ i′− i = k+1+j− i ≥ k+2 and so j′− i > k+1,
whereas if i = j′ then j−i′ ≥ 1+i−i′ = 1+j′−i′ ≥ k+2 and so j−i′ > k+1.
Thus, [eij , ei′j′ ] ∈ Span(Bk+1), as required.
Now we can see that Ln = 0.

Lemma 1.52: Let ψ : L1 → L2 be a Lie algebra homomorphism. Then
ψ(L n

1 ) = ψ(L1)n, for all n ≥ 0.

Proof. We proceed by induction on n. The case n = 0 is trivial. Let n ≥ 1,

then v ∈ ψ(L n
1 ) means that v = ψ

(
m∑
i=1

αi[xi, yi]

)
=

m∑
i=1

αi[ψ(xi), ψ(yi)],

for some αi ∈ F, xi ∈ L1, yi ∈ L n−1
1 . By the inductive hypothesis we

have that ψ(yi) ∈ ψ(L1)n−1, which implies that [ψ(xi), ψ(yi)] ∈ ψ(L1)n.
Thus, v ∈ ψ(L1)n. On the other hand, taking v ∈ ψ(L1)n means that

v =
m∑
i=1

αi[xi, yi], for some αi ∈ F, xi ∈ ψ(L1), yi ∈ ψ(L1)n−1. By the

inductive hypothesis yi ∈ ψ(L n−1
1 ), which implies that [xi, yi] ∈ ψ(L n

1 ).
Thus, v ∈ ψ(L n

1 ).

Proposition 1.53: Let L be a Lie algebra.

(i) If L is nilpotent, then all subalgebras and homomorphic images of L
are nilpotent.

(ii) If L/Z(L) is nilpotent, then L is nilpotent.

(iii) If L 6= 0 is nilpotent, then Z(L) 6= 0.

Proof.
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(i) Since L is nilpotent there is some n ≥ 1 such that Ln = 0. Let A
be a subalgebra of L, and ψ : L → K a Lie algebra homomorphism.
Then An ⊆ Ln = 0, so A is nilpotent. By Lemma 1.52 we have that
ψ(L)n = ψ(Ln) = 0, so Im(ψ) is nilpotent.

(ii) As L/Z(L) is nilpotent there is some n ≥ 1 such that (L/Z(L))n = 0.
By Lemma 1.52 we have that 0 = (L/Z(L))n = (Ln + Z(L))/Z(L)
which means that Ln ⊆ Z(L). Thus, Ln+1 = 0 and so L is nilpotent.

(iii) Suppose, to the contrary, that Z(L) = 0. Then L1 = L which implies
that Ln = L, for all n ∈ N. This contradicts L being nilpotent.

1.7 Engel’s Theorem

In prior sections we introduced the notions of nilpotency and solvability, as
well as representations. The adjoint representation will allow us to apply
some of this knowledge of representations to abstract Lie algebras. This sec-
tion and the next focus on Engel’s and Lie’s theorems, respectively. We begin
by studying results linking nilpotency for a Lie algebra and ad-nilpotency
of its elements.

Definition 1.54: Let L be a Lie algebra and K a subalgebra of L. The
normaliser of K in L is defined by

NL(K) = {x ∈ L | [x, y] ∈ K, ∀ y ∈ K}.

Proposition 1.55: Let L be a Lie algebra and K a subalgebra of L. Then
NL(K) is the largest subalgebra of L in which K is an ideal.

Proof. We first prove that NL(K) is a subalgebra of L. To do so we take
x, y ∈ NL(K), z ∈ L, α, β ∈ F, then we have

[αx+ βy, z] = α[x, z] + β[y, z] ∈ K,

which shows that NL(K) is a vector subspace of L. Moreover, by the Jacobi
identity we have

[[x, y], z] = −[[y, z], x]− [[z, x], y] ∈ K,

which shows that [x, y] ∈ NL(K). Thus, NL(K) is a subalgebra of L.
We note that K is an ideal of NL(K) by construction. Suppose J is a

subalgebra of L in which K is an ideal. Then [x, y] ∈ K for all x ∈ J, y ∈ L,
and so J ⊆ NL(K), as required.

Proposition 1.56: Let L be a subalgebra of gl(V ) for some vector space
V . If x ∈ L is nilpotent, then adx : L→ L is nilpotent.
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Proof. Let y ∈ L and k ≥ 1, then (adx)k(y) = [x, [x, . . . , [x, y] . . .]] and
expanding this using the commutator we get a sum of expressions, all of
which we claim are of the form xjyxk−j for some 0 ≤ j ≤ k. We proceed by
induction on k. The case where k = 1 is clear as [x, y] = xy− yx. Fix k ≥ 1
and assume the result holds for k. We have that (adx)k+1(y) = [x, (adx)k(y)],
which tells us that each summand of (adx)k+1(y) is of the the form

[x, xjyxk−j ] = xj+1yxk+1−(j+1) − xjyxk+1−j ,

as claimed.
Since x is nilpotent there is some n ≥ 1 such that xn = 0. From the

claim we can see that (adx)2n(y) = 0, and so adx is nilpotent.

Lemma 1.57: Let L be a Lie subalgebra of gl(V ), where V is a non-zero
vector space. If L consists of nilpotent linear transformations, then there is
some non-zero w ∈ V such that L · w = 0.

Proof. We proceed by induction on dim(L). First, we cover the case where
dim(L) = 1. Suppose, to the contrary, that x · v = 0 only if v = 0, for all
x ∈ L, v ∈ V. Then Im(x) ∼= V, which further implies that Im(xn) ∼= V for
all n ≥ 1. This contradicts x being nilpotent.

Assume now that dim(L) > 1. Let K be a maximal proper subalgebra of
L. By Proposition 1.56 we have that the elements of K are ad-nilpotent on
L, so for u ∈ L we have that adu : L→ L is nilpotent. We may the consider
the action of u+K on the quotient vector space L/K, that is,

(u+K) · (y +K) = adu+K · (y +K) = [u, y] +K.

Since adu is nilpotent we have that adu+K is also nilpotent. Hence, the
elements of ad(L/K) are nilpotent. By the inductive hypothesis there is
some x ∈ L−K such that [x, y] +K = K for all y ∈ K. This implies that
[x, y] ∈ K for all y ∈ K. From the definition of NL(K) we may conclude
that x ∈ NL(K). However x /∈ K, so K is a proper subset of NL(K). Since
K is a maximal proper subalgebra of L, we must have that NL(K) = L.
Hence, from Proposition 1.55 we have that K is an ideal of L.

Set K̃ = K ⊕ Span({x}). This is a Lie subalgebra of L which properly
contains K, so K̃ = L. Thus, K has codimension 1. We now apply the
inductive hypothesis to K. This tells us that there is a non-zero v ∈ V such
that y · v = 0, for all y ∈ K. Let W = {w ∈ V | y(w) = 0, ∀ y ∈ K}.
Since v ∈ W we know that W is non-zero. We apply Lemma 1.24 and
see that W is L-invariant, specifically x(W ) ⊆ W. We remark that in this
application of Lemma 1.24 we do not require that char(F) = 0 because the
associated weight is the zero map. Now, x is nilpotent so the action of x
on W is nilpotent. Thus, there is a non-zero w ∈ W such that x · w = 0.
For any z ∈ L we may write z = y + βx for some y ∈ K, β ∈ F. So
z · w = y · w + βx · w = 0, for all z ∈ L.
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Let L be a nilpotent Lie algebra. Then Ln = 0 for some n ≥ 1. We
can then conclude that (adx)n = 0 for any x ∈ L. So all elements of L are
ad-nilpotent. The following important theorem shows that the converse is
also true.

Theorem 1.58 (Engel’s Theorem): Let L be a Lie algebra. If every element
of L is ad-nilpotent, then L is nilpotent.

Proof. We proceed by induction on dim(L). In the case where dim(L) = 1,
L must be abelian and thus nilpotent.

Assume now that dim(L) > 1. We consider the image of L under the
adjoint representation, which is a linear Lie algebra. We know that each
element of ad(L) is a nilpotent linear transformation of L. An application of
Lemma 1.57 yields the existence of a non-zero v ∈ L such that ad(L) ·v = 0.
Thus, v ∈ Z(L) which implies that Z(L) is non-zero. So the quotient Lie
algebra L/Z(L) ∼= ad(L) has dimension strictly smaller than L. By the
inductive hypothesis we conclude that L/Z(L) is nilpotent and then an
application of Proposition 1.53 yields that L is nilpotent.

There is an equivalent statement of Engel’s Theorem which is often use-
ful. We will prove it as a corollary of Lemma 1.57.

Corollary 1.59: Let L be a subalgebra of gl(V ), where V is a non-zero
vector space. If L consists of nilpotent linear transformations, then there is
a basis for V relative to which the matrices of L are all elements of n(n,F).

Proof. We know that there is a non-zero v ∈ V such that L · v = 0. We
proceed by induction on dim(V ). If dim(V ) = 1, then since L = Span({v})
we are done.

Assume now that dim(V ) > 1. Then the L-module Ṽ = V/Span(v)
has dimension dim(V ) − 1 = n. By the inductive hypothesis there is a
basis, {b1 + Span({v}), . . . , bn + Span({v})}, of Ṽ relative to which the
matrices representing the action of L on Ṽ are elements of n(n,F). We
claim that B = {v, b1, . . . , bn} is a basis for V. Clearly, Span(B) = V and

B−{v} is linearly independent. Suppose v =
n∑
i=1

βibi for some βi ∈ F. Then

n∑
i=1

βibi + Span({v}) = Span({v}), which contradicts B − Span({v}) being

linearly independent. Since L · v = 0 we may conclude that, with respect to
B, the matrices of the elements of L are elements of n(n,F), as required.

1.8 Lie’s Theorem

We will now study an analogous result to that of Engel’s Theorem in the
context of solvability. This will require working with an algebraically closed
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field of characteristic zero. For the rest of the chapter we will assume that
F denotes such a field.

Lemma 1.60: Let L be a Lie subalgebra of gl(V ) where V is a non-zero
vector space. If L is solvable, then V contains an eigenvector for L.

Proof. We proceed by induction on dim(L). In the case where dim(L) = 1,
we note that since every y ∈ L is a linear transformation and F is alge-
braically closed, x must have an eigenvector in V .

Assume now that dim(L) > 1. Since L is solvable we know that L′ is
a proper ideal of L. Take a subspace K̃ of L/L′, of codimension 1. Since
L/L′ is abelian we must have that K̃ is an ideal of L/L′. By Proposition
1.16 there is a corresponding ideal K of L which has codimension 1 and
contains L′. Thus, we may take z ∈ L−K and write L = K ⊕ Span({z}).
Applying the inductive hypothesis we get an eigenvector v ∈ V for K. This
also gives us a weight λ : K → F and a corresponding weight space Vλ, which
is non-zero since v ∈ Vλ. An application of Lemma 1.24 tells us that Vλ is
L-invariant. Specifically, this means that z · Vλ ⊆ Vλ. Thus, z restricted to
Vλ is a linear transformation and since F is algebraically closed there must
be a w ∈ Vλ such that w is an eigenvector for z.

Taking y ∈ L we may write y = x+ βz, for some x ∈ K, β ∈ F. Thus,

y(w) = x(w) + βz(w) = λ(x)w + λ(βz)w.

Hence, w is the required eigenvector for L.

Theorem 1.61 (Lie’s Theorem): Let L be a subalgebra of gl(V ), where V
is a non-zero vector space. If L is solvable, then there is a basis for V relative
to which the matrices of L are all elements of b(n,F).

Proof. From Lemma 1.60 we know that there is a v ∈ V which is an eigen-
vector for L. We proceed by induction on dim(V ). In the case where
dim(V ) = 1 the existence of the eigenvector v makes the result clear.

Assume now that dim(V ) > 1. Then the L-module Ṽ = V/Span({v})
has dimension dim(V )− 1 = n. By the inductive hypothesis there is a basis
{b1 + Span({v}), . . . , bn + Span({v})} of Ṽ , relative to which the matrices
representing the action of L on Ṽ are elements of b(n,F). We claim that
B = {v, b1, . . . , bn} is a basis for V. Clearly, Span(B) = V and B − {v} is

linearly independent. Suppose v =
n∑
i=1

βibi for some βi ∈ F. Thus implies

that
n∑
i=1

βibi + Span({v}) = Span({v}), which contradicts B − Span({v})

being linearly independent. Since v is an eigenvector for L we may conclude
that, with respect to B, the matrices of the elements of L are elements of
b(n,F), as required.
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1.9 Killing Form

In this section we look at an important bilinear form on Lie algebras over
F. We will later see that this form can give us important information about
whether a Lie algebra is solvable or semisimple.

Definition 1.62: Let L be a Lie algebra. Define κ : L× L→ F by

κ(x, y) = tr(adx ◦ ady),

for all x, y ∈ L. Then κ is a symmetric bilinear form on L, called the Killing
form.

We know that the adjoint representation is linear and we saw in Example
1.18 that tr is linear. To see that κ is bilinear we take α, β ∈ F, x, y, z ∈ L,
and see that

κ(αx+ βy, adz) = tr(adαx+βy ◦ adz) = tr((αadx + βady) ◦ adz)
= αtr(adx ◦ adz) + βtr(ady ◦ adz) = ακ(x, z) + βκ(y, z),

which shows that one argument is linear. Similarly, one can see the other
argument is linear and so, κ is bilinear. We note that κ is symmetric because
tr(xy) = tr(yx) for linear maps. Another useful property of the Killing form
is its associativity, which is the property that κ([x, y], z) = κ(x, [y, z]), for
all x, y, z ∈ L. To show that this property holds we need the property of
tr that tr((ab)c) = tr(c(ab)), for linear transformations a, b, c, which implies
that

tr([a, b]c) = tr(abc)− tr(bac) = tr(abc)− tr(acb) = tr(a[b, c]).

From Proposition 1.20, for x, y, z ∈ L we have that

κ([x, y], z) = tr(ad[x,y]adz) = tr(([x, ady] + [adx, y])adz)

= tr(adxadyadz)− tr(adyadxadz)
= tr(adxadyadz)− tr(adxadzady) = tr(adx(adyadz − adzady))
= tr(adx([y, adz] + [ady, z])) = tr(adxad[y,z]) = κ(x, [y, z]),

which shows the κ is associative.

Proposition 1.63: Let L be a Lie algebra. Then L is solvable if and only
if L′ is nilpotent.

Proof. Suppose L is solvable. Applying Proposition 1.45 we have that ad(L)
is solvable. By Theorem 1.61 (Lie’s Theorem) there is a basis for V , relative
to which every element of ad(L) is upper triangular. Then adx(y) = [x, y] is
strictly upper triangular, and thus nilpotent, for all x, y ∈ L. Thus, every
element of L′ is ad-nilpotent. Applying Theorem 1.58 (Engel’s Theorem)
we have that L′ is nilpotent.
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On the other hand, suppose L′ is nilpotent. Then L′ is solvable and L/L′

is clearly solvable. We may then apply Proposition 1.45 and see that L is
solvable.

Lemma 1.64: Let x, y ∈ gl(V ), where V is some vector space. If x and y
commute then for all k ≥ 1 each summand of (x − y)k is of the form xiyj

for natural numbers i and j, where at least one of i or j is greater than k/2.

Proof. We proceed by induction on k. The case k = 1 is clear. Assume
k > 1. Then (x−y)k = (x−y)(x−y)k−1. Applying the inductive hypothesis
to (x − y)k−1 and using the knowledge that x and y commute yields the
desired result.

Lemma 1.65: Let L be a subalgebra of gl(V ), where V is some vector space.
If tr(xy) = 0 for all x, y ∈ L, then L is solvable.

Proof. We claim that L′ is nilpotent. Take x ∈ L′ with Jordan decomposi-
tion x = d+ n. We may choose a basis for V relative to which d is diagonal
and n is strictly upper triangular. We would like to show that d = 0. Sup-
pose d has diagonal entries λ1, . . . , λn. Let d be the diagonal matrix with
diagonal entries λ1, . . . , λn (where a denotes the conjugate of a). Then,

dx = d(d+ n) =


λ1λ1

λ2λ2 0
. . .

λn−1λn−1

0 λnλn

+ n′,

where n′ is some strictly upper triangular matrix. Thus, tr(dx) =
n∑
i=1

λiλi.

Since x ∈ L′ we may write x =
n∑
i=1

αi[yi, zi] for αi ∈ F, yi, zi ∈ L. We have

that

tr(dx) =
n∑
i=1

αitr(d[yi, zi]) =
n∑
i=1

αitr([d, yi]zi).

If we can show that [d, yi] ∈ L we may conclude, by our hypothesis, that
tr([d, yi]zi) = 0 for all i ∈ {1, . . . , n}. Then we would have tr(dx) = 0
which would imply that d = 0 and then we would be done. So let us show,
equivalently, that add maps L to L. By Corollary D.9 we have that the
Jordan decomposition of adx is adx = add + adn. From Theorem D.7 we
know that there is a polynomial p ∈ F[X] such that p(adx) = add. Since adx
maps L to L, p(adx) does too. Thus, [d, yi] ∈ L, and so d = 0. This shows
that x is nilpotent. From Proposition 1.56 we have that x is ad-nilpotent,
which means that we may apply Engel’s Theorem (which states that if every
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element of a Lie algebra is ad-nilpotent, the algebra is nilpotent) and see
that L′ is nilpotent. Finally, since L is solvable if and only if L′ is nilpotent,
we are done.

1.10 Cartan’s Criteria

We will now see some important application of the Killing form of a Lie
algebra.

Theorem 1.66 (Cartan’s First Criterion): Let L be a Lie algebra. Then L
is solvable if and only if κ(x, y) = 0 for all x ∈ L, y ∈ L′.

Proof. Suppose L is solvable. Then by Proposition 1.45 we have that ad(L)
is solvable. By Theorem 1.61 (Lie’s Theorem) there is a basis for V relative
to which every element of ad(L) is represented by an upper triangular ma-
trix. Since the commutator of two diagonal matrices is zero, we conclude
that relative to this basis ad[u,v] ∈ ad(L′) is represented by a strictly upper
triangular matrix for all u, v ∈ L. Let x ∈ L, y ∈ L′. Then there is a basis
for V relative to which adx is upper triangular and ady is strictly upper
triangular. Then tr(adx ◦ ady) = 0.

On the other hand, suppose κ(x, y) = 0 for all x ∈ L, y ∈ L′. Applying
Lemma 1.65 we have that ad(L′) is solvable. By Proposition 1.20 we know
that ad(L′) ∼= L′/Z(L′) is solvable. Since L/Z(L′) and Z(L′) are solvable
Proposition 1.45 tells us that L′ is solvable. Finally, this means that L is
solvable.

Proposition 1.67: Let L be a Lie algebra and I and ideal of L. Then
κI(x, y) = κ(x, y) for all x, y ∈ I.

Proof. Since x ∈ I and I is an ideal of L, we know that adx maps L into I.
So if we take a basis for I and extend it to a basis for L, the matrix of adx
with respect to this basis will be of the form(

XI X∗
0 0

)
,

where XI is the matrix representing adx restricted to I. We may follow
similar process for ady. Then adx ◦ ady is represented by a matrix of the
form (

XIYI XIY∗
0 0

)
.

We can then see that

κ(x, y) = tr(XIYI) + tr(0) = tr(XIYI) = κI(x, y).
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Lemma 1.68: Let I be an ideal of a Lie algebra L. Then I⊥ is an ideal of
L, in particular L⊥ is an ideal of L.

Proof. We already know that I⊥ is a vector subspace of L. For u ∈ I⊥, v ∈ L
and w ∈ I we have

κ([u, v], w) = κ(u, [v, w]) = 0,

since [v, w] ∈ I. This shows that [u, v] ∈ I⊥, as required.

Lemma 1.69: Let L be a Lie algebra. Then L is semisimple if and only if
L has no non-zero abelian ideals.

Proof. Suppose L is semisimple. Let A be an abelian ideal of L, so clearly
A is solvable. Thus, A ⊆ rad(L) = 0.

On the other hand, suppose L has no non-zero abelian ideals. Let k ≥ be
the smallest positive integer such that rad(L)(k) = 0. Then rad(L)(k−1) is an
abelian ideal of L, and thus rad(L)(k−1) = 0. This implies that rad(L) = 0,
and so L is semisimple.

Theorem 1.70 (Cartan’s Second Criterion): Let L be a Lie algebra. Then
L is semisimple if and only if the Killing form on L is non-degenerate.

Proof. Suppose L is semisimple. From Lemma 1.68 we know that L⊥ is an
ideal of L. Let x ∈ L⊥ and y ∈ (L⊥)′, then it is also true that y ∈ L. Thus,
κ(x, y) = 0 and an application of Theorem 1.66 (Cartan’s First Criterion)
yields that L⊥ is solvable. Since L is semisimple and L⊥ is a solvable ideal
of L, we must have that L⊥ = 0, and so κ is non-degenerate.

On the other hand, suppose that L⊥ = 0. Let A be an abelian ideal of
L. For x ∈ A, y, z ∈ L we have that

(ady ◦ adx)(z) = [y, [x, z]] ∈ A,

since [x, z] ∈ A. This means that adx ◦ady ◦adx = 0. Thus, (adx ◦ady)2 = 0,
and so the map adx ◦ ady is nilpotent and has trace zero. We may then
conclude that since κ(x, y) = 0 that A is contained in L⊥ = 0. So the only
abelian ideal of L is 0. An application of Lemma 1.69 tells us that L is
semisimple.

Direct Sums

In this section we will define direct sums of Lie algebras and show that
semisimple Lie algebras are direct sums of simple Lie algebras.

Let L1 and L2 be Lie algebras defined over the same field F. If we let
L := L1 ⊕ L2 be the direct sum of their underlying vector spaces, we may
then endow L with a Lie bracket by applying the Lie brackets of L1 and L2
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component-wise. Bilinearity follows from the linearity of the brackets of L1

and L2, while properties (L1) and (L2) follow directly from L1 and L2 being
Lie algebras.

Definition 1.71: Let L1 and L2 be Lie algebras. Then the direct sum of
their underlying vector spaces L = L1⊕L2 endowed with Lie bracket defined
component-wise, that is, for x1, y1 ∈ L1, x2, y2 ∈ L2

[(x1, x2), (y1, y2)] = ([x1, y1], [x2, y2]),

forms a Lie algebra.

Lemma 1.72: Let L = L1 ⊕ L2 be a Lie algebra. Then Z(L) = Z(L1) ⊕
Z(L2).

Proof. Let z ∈ Z(L), then z = (z1, z2) for some z1 ∈ L1, z2 ∈ L2. For
x1 ∈ L1, we have

[(z1, 0), (x1, 0)] = [(z1, z2), (x1, 0)]− [(0, z2), (x1, 0)] = −([0, x1], [z2, 0])

= (0, 0),

which implies that z1 ∈ Z(L1). Similarly, we find that z2 ∈ Z(L2). Thus,
Z(L) ⊆ Z(L1)⊕ Z(L2).

Let z1 ∈ Z(L1) and z2 ∈ Z(L2). Then for (x1, x2) ∈ L, we have

[(z1, z2), (x1, x2)] = ([z1, x1], [z2, x2]) = (0, 0),

which shows that Z(L) = Z(L1)⊕ Z(L2).

Lemma 1.73: Let L be a semisimple Lie algebra. If I 6= L is a non-zero
ideal of L, then L = I ⊕ I⊥, and I is semisimple.

Proof. From Lemma 1.68 we know that I⊥ is an ideal of L and thus that
I ∩ I⊥ is also an ideal of L. Then by Proposition 1.67 we have that the
Killing form restricted to I∩I⊥ is the zero map. An application of Theorem
1.66 (Cartan’s First Criterion) yields that I ∩ I⊥ is solvable and since L is
semisimple we may conclude that I ∩ I⊥ = 0.

Since L is semisimple we apply Theorem 1.70 (Cartan’s Second Crite-
rion) and get that the Killing form is non-degenerate. From Appendix D
(see Lemma D.13) we have that dim(I) + dim(I⊥) = dim(L), and then we
conclude that L = I ⊕ I⊥ since L is finite-dimensional.

Suppose, to the contrary that I is not semisimple. Applying Theorem
1.70 we see that the Killing form on I must be degenerate. However, since
I is an ideal of L, we know from Proposition 1.67 that the Killing form on
I is same as the Killing form on L restricted to I. So then there is some
non-zero x ∈ I such that κ(x, z) = 0, for all z ∈ I. By definition we then
also have that κ(x, y) = 0, for all y ∈ I⊥. Since L = I⊕ I⊥, this means that
the Killing form on L is degenerate, which contradicts our assumption that
L is semisimple.
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Theorem 1.74: Let L be a Lie algebra. Then L is semisimple if and only
if L is a direct sum of simple ideals of L.

Proof. Suppose L is semisimple, then dim(L) ≥ 2 since a 1-dimensional Lie
algebra is abelian. We proceed by induction on dim(L). If dim(L) = 2,
then L has no non-zero abelian ideals by Lemma 1.69. Thus, ideals of L
can have dimension 0 or 2. So, the only ideals of L are 0 and L, and thus
L itself is simple (Notice that L′ 6= 0 because L is semisimple and therefore
non-abelian).

Assume now that dim(L) > 2. Let I be a non-zero ideal of L of the
smallest possible dimension. If I = L, then L is simple and we are done.
Otherwise, we apply Lemma 1.73 and we have that L = I ⊕ I⊥, we also get
that I is semisimple. In fact, we claim that I is a simple ideal of L. Since L
is semisimple, an application of Lemma 1.69 gives us that I is not abelian.
Let J be a non-zero ideal of I. Then [J, I⊥] ⊆ [I, I⊥] ⊆ I ∩ I⊥ = 0. This
implies that [L, J ] = [I⊕I⊥, J ] = [I, J ] = J . So, J is an ideal of L, and then
since I is a non-zero ideal of L of smallest possible dimension, we conclude
that J = I. Thus, I is simple.

By the inductive hypothesis we may write I⊥ =
k⊕
i=1

Ji, where each Ji is

a simple ideal of I⊥. Proceeding, as before, to show that each Ji is a simple
ideal of L, notice that [I, Ji] ⊆ [I, I⊥] ⊆ I ∩ I⊥ = 0, so

[L, Ji] = [I ⊕ I⊥, Ji] ⊆ Ji.

Thus, each Ji is a simple ideal of L. We then have L = I⊕
k⊕
i=1

Ji, as required.

On the other hand, suppose L =
k⊕
i=1

Ii, where each Ii is a simple ideal

of L. Then we have that [rad(L), Ii] ⊆ rad(L) ∩ Ii, for all i ∈ {1, . . . , k}.
But rad(L)∩ Ii is a solvable ideal of Ii, which is simple. So, rad(L)∩ Ii = 0
which implies that [rad(L), Ii] = 0. Thus, [rad(L), L] = 0, which tells us

that rad(L) ⊆ Z(L). From Lemma 1.72 we get that Z(L) =
k⊕
i=1

Z(Ii).

The Ii are simple, so each Z(Ii) = 0. So, Z(L) = 0, which implies that
rad(L) = 0, and thus L is semisimple.

Corollary 1.75: Let L be a semisimple Lie algebra. Then the image of L
under any Lie algebra homomorphism is semisimple.

Proof. Let φ : L → M be a Lie algebra homomorphism between two Lie
algebras L and M . From Theorem 1.17 (Isomorphism theorems) we know
that L/Ker(φ) ∼= φ(L). If φ is a monomorphism the result is clear, so we
assume that Ker(φ) is non-zero. Notice that L = Ker(φ) ⊕ (Ker(φ))⊥ by
Lemma 1.73, and (Ker(φ))⊥ is semisimple. However, from this we can see
that L/Ker(φ) ∼= (Ker(φ))⊥, and so we are done.
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1.11 Root Space Decomposition

In this we introduce the root space decomposition of a semisimple Lie alge-
bra. We begin by defining maximal toral algebras and study some important
properties of these. For the rest of this chapter we assume that L denotes a
semisimple Lie algebra over F.

From Theorem 1.58 (Engel’s Theorem) we know that if all the elements
of L were ad-nilpotent, that L would be nilpotent. On the other hand,
suppose there is an element x ∈ L, which is not ad-nilpotent. Let x = d+n,
be the abstract Jordan decompostion of x. Then, d is a non-zero semisimple
element of L. Hence, Span({d}) is a non-zero subalgebra of L which consists
entirely of semisimple elements of L.

Definition 1.76: Let L be a Lie algebra, and T a non-zero subalgebra of
L which consists entirely of semisimple elements of L. Then, T is a toral
subalgebra of L. Moreover, if T is a toral subalgebra of L which is not
properly contained in any toral subalgebra of L, then T is a maximal toral
subalgebra of L.

Lemma 1.77: Let L be a Lie algebra, and T a toral subalgebra of L. Then
T is abelian.

Proof. Let x ∈ T . Then the action of adx on L is diagonalisable. Moreover,
adx(T ) = [x, T ] ⊆ T , since T is a subalgebra of L. Hence the action of adx
on T is also diagonalisable. We claim adx has no non-zero eigenvalues in
T. Suppose to the contrary, that 0 6= λ ∈ F is an eigenvalue of adx, with
corresponding eigenvector y ∈ T. So, adx(y) = [x, y] = λy. This implies
that ady(x) = −[x, y] = −λy. However, similarly to adx, we know that
ady acts diagonalisably on T. We may therefore find a basis of T, consisting
of eigenvectors for ady, say {y, v2, . . . , vn}, with corresponding eigenvalues
{0, λ2, . . . , λn}.We may then write

x = α1y +
n∑
k=2

αkvk,

for some αk ∈ F. And so,

ady(x) = α1[y, y] +

n∑
k=2

αk[y, vk] =

n∑
k=2

αkλkvk 6= −λy = ady(x).

This is a contradiction. Thus, the only eigenvalue of adx, acting on T , is 0.
This shows that adx(T ) = 0, and hence T is abelian.

We note that some texts define Cartan subalgebras as maximal abelian
toral subalgebras. The above lemma makes it clear that maximal toral
algebras are equivalent to Cartan subalgebras.
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Let H be a maximal toral subalgebra of a Lie algebra L. Then the el-
ements of ad(H) are commuting linear endomorphisms of L. Since these
elements are all semisimple, and F is algebraically closed, we may simul-
taneously diagonalise them. We therefore have a basis for L, consisting of
eigenvectors for ad(H). By Theorem D.1 (the Primary Decomposition Theo-
rem), we find that L will decompose into the direct sum of the weight spaces
of ad(H). We have seen that weights are elements of the dual space (in this
case of H). We will denote the weight space corresponding to α ∈ H∗ by

Lα = {x ∈ L | [h, x] = α(h)x, for all h ∈ H}.

We may then write L =
⊕
α∈H∗

Lα. When α = 0, the corresponding weight

space is, in fact, the centraliser of H; that is, L0 = CL(H). We recall from
our definition of weight spaces that Lα must be non-zero. We therefore,
need only work with a subset of H∗; the non-zero α ∈ H∗ for which the Lα
are weight spaces, the roots of L with respect to H. We denote the set of
roots by Φ. We call this decomposition of L,

L = CL(H)⊕
⊕
α∈Φ

Lα, (1.2)

the root space decompostion of L. As L is finite-dimensional, as a vector
space, we note that Φ contains only finitely many elements.

Moving forward, our next goal is to show that maximal toral subalgebras
are self-centralising. To do so, we first need some preliminary results.

Proposition 1.78: Let L be a Lie algebra and H a maximal toral sub-
algebra of L. Let α, β ∈ H∗, then [Lα, Lβ] ⊆ Lα+β. If α 6= −β, then
κ(Lα, Lβ) = 0, where κ is the Killing form on L.

Proof. For x ∈ Lα, y ∈ Lβ, and h ∈ H, we have

[h, [x, y]] = −[x, [y, h]]− [y, [h, x]] = [x, [h, y]] + [[h, x], y]

= β(h)[x, y] + α(h)[x, y] = (α+ β)(h)[x, y],

since [h, x] = α(h)x and [h, y] = β(h)y. This implies that [x, y] is an eigen-
vector of H with weight α + β; that is, [x, y] ∈ Lα+β. Assume now, that
α 6= −β. Then we may find h ∈ H such that (α+ β)(h) 6= 0. Then, by the
associativity of the Killing form on L, we have

α(h)κ(x, y) = κ([h, x], y) = −κ([x, h], y) = −κ(x, [h, y]) = −β(h)κ(x, y),

which implies that (α+ β)(h)κ(x, y) = 0. Hence, κ(x, y) = 0.

Corollary 1.79: Let L be a Lie algebra and H a maximal toral subalgebra
of L. Then the Killing form on L restricted to CL(H) is non-degenerate.
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Proof. Suppose z ∈ CL(H) satisfies that κ(z, x) = 0, for all x ∈ CL(H).
Since L is semisimple, Theorem 1.70 (Cartan’s Second Criterion) tells us that
κ is non-degenerate. From the proposition above we know that L0 = CL(H)
is orthogonal to Lα, for α ∈ Φ. If y ∈ L, then from (1.2) we may write
y = y0 +

∑
α∈Φ

yα,where yα ∈ Lα and y0 ∈ L0. Then, we have

κ(z, y) = κ(z, y0) +
∑
α∈Φ

κ(z, yα) = κ(z, y0) = 0,

which implies that z = 0.

Theorem 1.80: Let L be a Lie algebra and H a maximal toral subalgebra
of L. Then H = CL(H).

Proof. We will make several claims throughout the proof. We will denote
CL(H) by C.

(1) We claim that for x ∈ C, the components of the abstract Jordan
decomposition x = d + n, are contained in C; that is, d, n ∈ C. Since
x = d+n is in the centraliser of H, we have that adx(H) = 0. Let the Jordan
decomposition of adx be adx = add′ + adn′ . From Theorem D.7, we find
polynomials with no constant term, p, q ∈ F[X], such that p(adx) = add′ and
q(adx) = adn′ . This implies that add′(H) = adn′(H) = 0. An application of
Corollary D.11 we see that d = d′ and n = n′. Thus, d, n ∈ C.

(2) We claim that the semisimple elements of C are exactly the elements
of H. Let x be a semisimple element of C. We consider S = H+Span({x}).
Clearly, S is a vector subspace of L. Furthermore, for h, h′ ∈ H and α, β ∈ F
we have

[h+ αx, h′ + βx] = [h, h′] + β[h, x] + α[x, h′] + αβ[x, x] = 0,

which shows that S is a subalgebra of L. We also have that h and αx are
semisimple. Since we are working over an algebraically closed field, they
are diagonalisable. They also commute with one another since x ∈ C, so
they may be simultaneously diagonalised, and their sum is still semisimple.
Hence, S is a toral subalgebra of L, by the maximality of H we have that
S = H. This implies that x ∈ H.

(3) We claim that the restriction of the Killing form on L to H is non-
degenerate. Let h ∈ H such that κ(h, h′) = 0, for all h′ ∈ H. We want to
show that h = 0. Let x ∈ C with abstract Jordan decomposition x = d+ n.
Then adn is nilpotent and adn and ady commute, for all y ∈ H, because by
(1) n ∈ C. We then have that ady ◦adn must be nilpotent. This means that
0 = tr(ady ◦ adn) = κ(y, n), for all y ∈ H. From (1) we know that d ∈ C
and since d is semisimple (2) tells us that d ∈ H. By hypothesis κ(h, d) = 0.
Together, this means that κ(h, x) = κ(h, d) + κ(h, n) = 0, for all x ∈ C.
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From Corollary 1.79 we know that the Killing form on L is non-degenerate,
and so h = 0.

(4) We claim that C is nilpotent. Let x ∈ C, with abstract Jordan
decomposition x = d+ n. From (1) we know that d, n ∈ C and from (2) we
have that d ∈ H. Thus,

adx|C = add|C + adn|C = adn|C ,

where adx|C denotes adx restricted to C. So, each x ∈ C is ad-nilpotent. An
application of Theorem 1.58 (Engel’s Theorem) yields that C is nilpotent.

(5) We claim that H ∩ (C)′ = 0. We have that [H,C] = 0, by definition
of the centraliser of H. By the associativity of the Killing form on L, we
have that 0 = κ([H,C], C)) = κ(H, (C)′). So, for h ∈ H ∩ C, we have that
κ(h,H) = 0. From (3) we may conclude that h = 0.

(6) We claim that C is abelian, suppose it is not. Then (C)′ must be non-
zero. Since L is nilpotent Proposition 1.53 tells us that C is also nilpotent.
Hence, the elements of C are all ad-nilpotent. Since (C)′ is an ideal of C,
we may consider (C)′ a C-module via the representation φ : C → gl((C)′),
which we define by

φ(x) = adx : (C)′ → (C)′,

for all x ∈ C. We apply Lemma 1.57 to find a non-zero z ∈ (C)′ such that
[C, z] = 0. This implies that z ∈ Z(C)∩ (C)′. From (5), and since z is non-
zero, we know that z /∈ H. From (2) we conclude that z is not semisimple.
Let z = d+n be the abstract Jordan decomposition of z. We then have that
n 6= 0, and from (1) we have that n ∈ C. Since the Jordan decomposition
coincides with the abstract Jordan decomposition (Corollary D.11) and from
Theorem D.7 we may find a polynomial, with no constant term, q ∈ F[X]
such that q(z) = n. We also have that adz maps C to 0. Putting these facts
together, we conclude that adn maps C to 0, and so n ∈ Z(C). For x ∈ C,
we know that both adx and adn are nilpotent and adn commutes with adx.
Hence, adx ◦ adn is also nilpotent, and thus has trace zero. This contradicts
Corollary 1.79. So, C must be abelian.

Suppose C 6= H. Then from (1) and (2) we see that there is an element
x ∈ C with Jordan decomposition x = d+n, where n is non-zero. For y ∈ C
we can see from (6) that ady and adn commute and thus that adn ◦ ady is
nilpotent, since adn is nilpotent. This means that tr(adn ◦ ady) = 0, which
contradicts Corollary 1.79. Hence, CL(H) = C = H.

Corollary 1.81: Let L be a Lie algebra and H a maximal toral subalgebra
of L. Then the restriction of the Killing form on L to H is non-degenerate.

Proof. See part (3) of the proof of the theorem above.

The theorem above tells us more about the root space decomposition
(1.2) which we saw earlier. Let L be a Lie algebra and H a maximal toral
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subalgebra of L. We may now write

L = H ⊕
⊕
α∈Φ

Lα, (1.3)

where Φ denotes the set of roots of L, with respect to H.

Lemma 1.82: Let L be a Lie algebra and H a maximal toral subalgebra of
L. Then the Killing form on L induces a vector space isomorphism between
H and H∗. In particular, for every α ∈ H∗ there is a unique tα ∈ H such
that κ(tα, k) = α(k), for all k ∈ H.

Proof. Define τ : H → H∗ by τ(h) = θh for all h ∈ H, where θh(k) = κ(h, k),
for all k ∈ H. To see that τ is linear, take h, h′, k ∈ H and α, β ∈ F, we
then have

τ(αh+ βh′)(k) = κ(αh+ βh′, k) = ακ(h, k) + βκ(h′, k)

= ατ(h)(k) + βτ(h′)(k).

It is well-known that the restriction of κ to H is non-degenerate. Thus,
Ker(τ) = 0, and since dim(H) = dim(H∗) we find that τ is a vector space
isomorphism.

Lemma 1.83: If α ∈ Φ, x ∈ Lα, y ∈ L−α, then [x, y] = κ(x, y)tα (where
tα follows the notation in Lemma 1.82).

Proof. Let α ∈ Φ. By the associative property of the Killing form on L, for
x ∈ Lα, y ∈ L−α, we have

κ(h, [x, y]) = κ([h, x], y) = α(h)κ(x, y) = κ(tα, h)κ(x, y)

= κ(h, κ(x, y)tα),

for all h ∈ H. This means that κ(H, [x, y] − κ(x, y)tα) = 0. So H is
orthogonal to [x, y] − κ(x, y)tα and then the reuslt follows from the well-
known fact that the restriction of the Killing form to H is non-degenerate.

Proposition 1.84: For each α ∈ Φ there is a corresponding subalgebra
(which we denote by sl(α)) isomorphic to sl(2,F). Furthermore, there is a
basis Bα := {eα, fα, hα} for sl(α) with the following properties:

1. eα ∈ Lα,

2. fα ∈ L−α,

3. hα = [eα, fα] ∈ H, and

4. α(hα) = 2.
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Proof. Let α ∈ Φ and 0 6= x ∈ Lα. We claim there is some y ∈ L−α such
that [x, y] 6= 0. By Lemma 1.83 we know that [x, y] = κ(x, y)tα. Since α ∈ Φ
we may conclude from Lemma 1.82 that tα 6= 0 (otherwise we would have
that α = 0). If κ(x, y) = 0, for all y ∈ L−α then we would have that

κ(Lα, L) = κ(Lα, H) +
∑
β∈Φ

κ(Lα, Lβ) = 0.

This would contradict the non-degeneracy of κ. So, we have y ∈ L−α such
that[x, y] 6= 0.

We can see that [x, y] = h ∈ H. We claim that α(h) 6= 0. Suppose, to
the contrary, that α(h) = 0, then [h, x] = [h, y] = 0. We can then see that
sl(α) = Span({x, y, h}) is a solvable subalgebra of L. Since L is semisimple
we know that Z(L) = 0, so ad(S) ∼= S. Then, making use of the well-
known fact that a Lie algebra is solvable if and only if its derived algebra is
nilpotent, S′ is nilpotent. This implies that adh is nilpotent. Since h ∈ H
we know that h is semisimple. The only element of L which is semisimple
and nilpotent is 0, so h = 0, a contradiction. Thus, α(h) 6= 0.

Set eα = x and fα = 2
α(h)y. Then, since Span(B) = sl(α), is a subalgebra

of L. By definition [eα, fα] = hα, while

[hα, eα] = [[eα, fα], eα] =
2

α(h)
[[x, y], x] =

2

α(h)
[h, x] =

2

α(h)
α(h)x = 2eα,

[hα, fα] = [[eα, fα], fα] =
22

(α(h))2
[[x, y], y] =

22

(α(h))2
[h, y]

=
22

(α(h))2
α(h)y = 2

(
2

α(h)
y

)
= 2fα.

We may then construct a Lie algebra isomorphism τ : sl(α)→ sl(2,F) by

τ(eα) = e12, τ(fα) = e21, τ(hα) = h1 = e11 − e22.

By construction τ is a vector space isomorphism. From our earlier calcula-
tions we can see that τ agrees with the Lie bracket which extends τ to a Lie
algebra isomorphism, as required.
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Chapter 2

Further Structure

In this chapter we will familiarise ourselves with the structure of root sys-
tems. A euclidean space is a finite-dimensional real vector space with a
positive definite symmetric bilinear form denoted by (−,−). A root sys-
tem is a finite subset Φ of a euclidean space E with the following properties:

1. The set Φ spans the euclidean space E, and does not contain 0.

2. For α ∈ Φ, the only scalar multiples of α contained in Φ are ±α.

3. For each α ∈ Φ the corresponding reflection σα in E (that is, the
invertible linear transformation which fixes pointwise the hyperplane
Pα := {ν ∈ E | (α, ν) = 0} and maps any vector orthogonal to Pα to
its negative) leaves Φ invariant.

4. If α, β ∈ Φ, then 〈β, α〉 := 2(β,α)
(α,α) ∈ Z.

We let L be a semisimple Lie algebra over an algebraically closed field F of
characteristic 0, H a maximal toral subalgebra of L, and Φ the corresponding
root system. In what follows, (−,−) denotes the symmetric bilinear form
dual to the Killing form on L.

Since Φ spans H∗ we may find a basis BΦ := {αi}ni=1 for H∗ consisting
of roots relative to L. We denote by EΦ the space consisting of all linear
combinations, with rational coefficients, of elements of BΦ. We note that we
may drop the Φ subscript where there is no ambiguity. For each α ∈ H∗
we denote the corresponding reflection by σα. Recall that for each α ∈ H∗
there is a unique tα ∈ H such that κ(tα, k) = α(k), for all k ∈ H. This
correspondence arises as a result of the vector space isomorphism between
H and H∗ which the Killing form induces (see Lemma 1.82). Then the
following defines not only a non-degenerate symmetric bilinear form on H∗
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but also an inner product on E.

(−,−) : H∗ ×H∗ → F
(θ, φ) 7→ κ(tθ, tφ).

We will denote
2(β, α)

(α, α)
by 〈β, α〉, as this comes up frequently. For instance,

we can then write σα(β) = β−〈β, α〉α. We note that 〈β, α〉 is linear in only
the first argument.

The canonical example of a root system is the inner product endowed on
the dual space of a maximal toral subalgebra of a semisimple Lie algebra.
We study some properties of these roots systems and their roots.

The study of root systems is a key component in the classification of
semisimple Lie algebras (which we will not pursue in this text). Part of our
interest in root systems lies in their being foundational to the construction
of the Chevalley Bases of semisimple Lie algebras. We will return these
in the next section.

2.1 Roots and Bases

This section will serve as an introduction to root systems. We consider the
structure of roots and show that any root system has a special type of basis,
called a base, with very useful properties

Remark 2.1: Let α, β ∈ Φ. Then 〈β, α〉 = 2
‖β‖
‖α‖

cos θ, where θ is the angle

between the vectors. Hence 〈α, β〉〈β, α〉 = 4 cos2 θ, which is a non-negative
integer. Since 0 ≤ cos2 θ ≤ 1, if we assume without loss of generality that
‖β‖ ≥ ‖α‖ then for α 6= ±β we have the following possibilities:

〈α, β〉 〈β, α〉 θ ‖β‖2 / ‖α‖2

0 0 π/2 Undetermined
1 1 π/3 1
−1 −1 2π/3 1

1 2 π/4 2
−1 −2 3π/4 2

1 3 π/6 3
−1 −3 5π/6 3

.

Lemma 2.2: Let α and β be non-proportional roots. If (α, β) > 0, then
α− β ∈ Φ. If (α, β) < 0, then α+ β ∈ Φ.

Proof. It suffices to prove the first assertion, because if we apply this to −β
the second will follow. We know that (α, β) can only be positive if 〈α, β〉 is
positive. We then see that at least one of 〈α, β〉, 〈β, α〉 is 1. If the former is
positive, then σβ(α) = α−β ∈ Φ. If the latter is positive, a similar argument
yields that β − α is a root, whence α− β is a root.
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Definition 2.3: A subset ∆ of a root system Φ (for a euclidean space E) is
called a base if the following conditions are satisfied:

1. ∆ is a basis for E,

2. For each root β ∈ Φ there are kα ∈ Z such that we may uniquely
express β as β =

∑
α∈∆ kαα, where the kα are all non-negative or all

non-positive.

We call roots in ∆ simple roots.
We define the height of a root, relative to ∆, as ht(β) :=

∑
α∈∆ kα.

The height is well-defined since the expression for a root as the sum of
simple roots is unique because ∆ is a basis for E. Roots whose expression as
a sum of simple roots include only non-negative (respectively non-positive)
coefficients are called positive (respectively negative) roots, denoted β � 0
(respectively β ≺ 0). In fact, this defines a partial order on E : γ ≺ δ iff
δ − γ is a sum of positive roots or δ = γ, for all δ, γ ∈ E.
Remark 2.4: Our goal now is to show that every root system has a base and
moreover, to outline a method with which we can construct every possible
base. To this end, we establish some notation. For each δ ∈ E we set
Φ+(δ) := {α ∈ Φ | (δ, α) > 0}, that is, all the roots which lie on the ’positive’
side of the hyperplane Pδ. We will call a vector δ ∈ E regular if we have
δ ∈ E −

⋃
α∈Φ Pα, and singular otherwise. If δ ∈ E is regular, then we

can see that Φ+(δ) ∪ −Φ+(δ) = Φ. Relative to a regular vector δ, we call a
root α ∈ Φ+(δ) decomposable if there are roots β1, β2 ∈ Φ+(δ) such that
α = β1 + β2, and we call α indecomposable otherwise.

Lemma 2.5: Let E be a finite-dimensional vector space over an infinite
field. The union, D :=

⋃n
i=1Di, of any finite number of distinct proper

subspaces of the same dimension is not a subspace.

Proof. We proceed by induction on n, the number of proper subspaces.
If n = 2, we may choose d1 ∈ D1 − D2 and d2 ∈ D2 − D1. We claim
d := d1 + d2 /∈ D1 ∪D2. If d ∈ D1, then d2 = d− d1 ∈ D1. Similarly, d /∈ D2.

We now consider the case where n > 1 and assume the result holds for
n − 1. We must have the D1 is not contained in

⋃n
i=2Di, since this would

contradict the result holding for n−1. Hence, there is some d1 ∈ D1 which is
not in any other Di. Similarly, we find d2 ∈ D2 which is not in any other Di.
Choose n − 1 distinct non-zero scalars δ1, δ2, . . . , δn−1. Set ci := d1 + δid2.
Each of the ci are elements of U, we claim they must all lie in pairwise
distinct subspaces Dj . To see this, consider that if c1 and c2 were both
contained in D3, then their difference would also be an element of D3. This
would imply that d2 ∈ D3, a contradiction.

Keeping in mind that D1 and D2 cannot contain any of the ci, an appli-
cation of the Pigeonhole Principle yields that the at least one of the n − 2
remaining subspaces must contain two of the ci.
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Corollary 2.6: The union of finitely many hyperplanes
⋃
α∈Φ

Pα is a proper

subset of E.

Lemma 2.7: Suppose ∆ is a base of Φ. Then (α, β) ≤ 0 for all distinct
α, β ∈ ∆. Furthermore, α− β is not a root.

Proof. Suppose, to the contrary, that (α, β) > 0, then Lemma 2.2 yields
that α− β is a root. This contradicts every root being a linear combination
of simple roots, wherein the coefficients are all non-negative or all non-
positive.

Lemma 2.8: Let ∆ be a set of vectors lying on one side of a hyperplane in
a euclidean space E. If (α, β) ≤ 0 for distinct α, β ∈ ∆, then ∆ is a linearly
independent set.

Proof. Suppose we have dδ ∈ R such that
∑

δ∈∆ dδδ = 0. We may denote
the non-negative and negative dδ as pα(≥ 0) and nβ(> 0), respectively. We
may then write

∑
α
pαα =

∑
β

nββ. We set ε :=
∑
α
pαα and find that

(ε, ε) =
∑
α,β

pαnβ(α, β) ≤ 0,

by hypothesis. This yields that ε = 0.

By assumption all the vectors in ∆ lie on one side of a hyperplane in E.
There is some vector γ ∈ E which is orthogonal to this hyperplane. We can
see that 0 = (γ, ε) =

∑
α pα(γ, α). This forces that each pα = 0. Similarly,

the nβ are all 0.

Lemma 2.9: The intersection of the ’positive’ open half-spaces, correspond-
ing to some basis of E, is non-empty.

Proof. Fix a basis B := {βi}ni=1. We let ρi denote the projection of βi onto
the orthogonal complement of the span of the basis elements other than βi.
We let β :=

∑n
i=1 ciρi, where each ci > 0.

For each k ∈ {1, . . . , n} we have (βk, β) =
∑n

i=1 ci(βk, ρi) = ck(βk, ρk).
Furthermore, we claim that (βk, ρk) > 0. In general, for a subspace U of E
we have that (γ, δ) ≥ 0, where γ ∈ E and δ denotes the projection of γ onto
U . This follows because, if {µ1, . . . , µm} is an orthonormal basis for U, then

(γ, δ) =

(
γ,

m∑
i=1

(γ, µi)

(µi, µi)
µi

)
=

(
γ,

m∑
i=1

(γ, µi)µi

)
=

m∑
i=1

(γ, µi)
2 ≥ 0.

In this case, if (βk, ρk) = 0 then βk is in the span of B − {βk}, which
contradicts B being a basis. Hence (βk, ρk) > 0 and so β is in the intersection
of the ’positive’ open half spaces.
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Theorem 2.10: Fix a regular vector γ ∈ E. The set ∆(γ) consisting of all
indecomposable roots in Φ+(γ) is a base of Φ.

Proof. We note that a regular γ ∈ E must exist as a result of Corollary 2.6.

We claim that each root in Φ+(γ) can be written as a linear combination
of the elements in ∆(γ) with each coefficient a non-negative integer. Since
Φ = Φ+(γ) ∪ −Φ+(γ) this is sufficient to prove that ∆(γ) has the second
property of a base. Moreover, this would also show that ∆(γ) spans E.

Suppose there is some α ∈ Φ+(γ) which cannot be expressed as claimed.
We may choose α so as to make (γ, α) minimal. As α cannot be in ∆(γ),
there must be β1, β2 ∈ Φ+(γ) such that α = β1 + β2. Both of the (γ, βi)
must be positive and strictly less than (γ, α) = (γ, β1) + (γ, β2). This means
that each of the βi must be expressible as a linear combination of ∆(γ) with
non-negative integer coefficients because (γ, α) is minimal. Since α = β1+β2

we see that α must also be expressible as a linear combination of ∆(γ) with
non-negative integer coefficients.

Non-proportional roots α, β ∈ ∆(γ) must have (α, β) < 0. If not, then
from Lemma 2.2 we find that α− β is a root. This means that one of α− β
or β−α must be in Φ+(γ). Then, either α = β+ (α−β) or β = α+ (β−α)
is decomposable, a contradiction.

An application of Lemma 2.8 yields that ∆(γ) is linearly independent
and therefore a base.

Corollary 2.11: Every base ∆ of Φ arises in the form ∆(γ) for some regular
γ ∈ E.

Proof. Suppose ∆ is a base. Lemma 2.9 allows us to choose γ ∈ E such
that (γ, α) > 0, for all α ∈ ∆. Since any root can be written as a linear
combination of elements from ∆ with integer coefficients which are all non-
negative or all non-positive, we conclude that γ is regular.

We denote by Φ+ and Φ− the positive and negative roots, respectively,
relative to ∆. For any α ∈ Φ+ we may write α =

∑
δ∈∆ pδδ, where each pδ

is a non-negative integer. Therefore,

(γ, α) =
∑
δ∈∆

pδ(γ, δ) > 0.

Thus, Φ+ ⊆ Φ+(γ), and similarly we find that Φ− ⊆ −Φ+(γ). We know that

Φ+(γ) ∪ −Φ+(γ) = Φ = Φ+ ∪ Φ−,

which allows us to conclude that Φ+ = Φ+(γ) and Φ− = −Φ+(γ).

Therefore ∆ must consist enitirely of indecomposable elements, and so
∆ ⊆ ∆(γ). Moreover, each of ∆ and ∆(γ) is a basis. Therefore, they have
the same cardinality and thus ∆ = ∆(γ).
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2.2 Weyl Group

This section is dedicated to the Weyl group of a root system. We derive some
useful results leading up to an important theorem about the Weyl group and
Weyl chambers which is key to the results in the following section. In what
follows, E denotes a euclidean space, Φ a root system for E. We fix a base
∆ for Φ.

Definition 2.12: The Weyl Group of Φ, denoted by W(Φ) or simply W,
is the subgroup of GL(E) generated by the reflections σα where α ∈ Φ. Since
such reflections leave Φ invariant, W may be identified with a subgroup of
the symmetric group on Φ. In particular, W is finite.

Lemma 2.13: Suppose D is a finite spanning subset of E such that all
reflections corresponding to elements of D permute D, that is σγ(D) = D
for all γ ∈ D. If σ ∈ GL(E) permutes the elements of D, fixes each point of
a hyperplane P of E, and maps some 0 6= α ∈ D to −α, then σ = σα and
P = Pα.

Proof. Set τ := σσα. Then τ leaves D invariant and τ(α) = α. Clearly,
τ acts as the identity on 〈α〉. Moreover, σ fixes P pointwise and 〈α〉 is a
1-dimensional subspace whose intersection with P is trivial. Hence, τ also
acts as the identity on the quotient space E/〈α〉. Thus, only eigenvalue of
τ is 1. If E has dimension n, then the minimal polynomial of τ must divide
the polynomial (X − 1)n.

Since D is finite and τ leaves D invariant we may choose k to be the
smallest integer such that τk fixes each element of D. However, D spans E
and so τk = 1. Therefore, the minimal polynomial of τ divides Xk − 1.

The minimal polynomial of τ must be X − 1 = g.c.d((X − 1)n, Xk − 1).
This forces τ = 1, and σ = σα, as required.

Lemma 2.14: Suppose that σ ∈ GL(E) permutes the elements of Φ. Then
for α, β ∈ Φ, then

1. σσασ
−1 = σσ(α),

2. 〈β, α〉 = 〈σ(β), σ(α)〉.

Proof. We set τ := σσασ
−1. By hypothesis we have that σ(β) ∈ Φ and

that each root may be uniquely expressed as σ(β) for some β ∈ Φ. Since
τ(σ(β)) = σ(σα(β)) ∈ Φ, we can see that τ permutes the elements of Φ.
Moreover,

τ(σ(β)) = σ(β − 〈β, α〉α) = σ(β)− 〈β, α〉σ(α),

and σ(Pα) = {σ(β) ∈ E | (β, α) = 0}. Hence, τ acts as the identity on
the hyperplane σ(Pα). Finally τ(σ(α)) = σ(α − 〈α, α〉α) = −σ(α), and (1)
follows.
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An application of Lemma 2.13 yields that τ = σσ(α) and σ(Pα) = Pσ(α).
The second assertion follows because

σ(β)− 〈σ(β), σ(α)〉σ(α) = σσ(α)(σ(β)) = τ(σ(β)) = σ(β)− 〈β, α〉σ(α).

Lemma 2.15: If α is a positive root but not simple, then α − β ∈ Φ for
some simple root β. Moreover, α− β is a positive root.

Proof. We claim that there is some β ∈ ∆ such that (α, β) > 0. If not, then
Lemma 2.8 would apply and then ∆ ∪ {α} would be linearly independent.
This would contradict ∆ being a basis.

Since β is not proportional to α Lemma 2.2 yields that α− β is a root.
We may write α as a linear combination of simple roots with non-negative
coefficients, at least one of which (other than β) is positive. Writing α − β
as a linear combination of simple roots leaves the corresponding coefficient
positive and so α− β is positive.

Corollary 2.16: Each positive root β can be written as a sum of simple

roots β =
m∑
i=1

αi (the αi are not necessarily distinct) such that each of the

partial sums is a root.

Proof. We proceed by induction on the height of β. If ht(β) = 1, then β is
simple and we are done.

Let ht(β) = n ≥ 2. Using Lemma 2.15 we can see that there is some
simple root α such that β−α is a positive root. Since ht(β−α) = ht(β)−1
the hypothesis applies and we may write β − α =

∑m
i=1 αi such that each

partial sum is a root. This allows us to write β =
∑m

i=1 αi + α, and we are
done.

Lemma 2.17: If α is a simple root, then σα permutes the other positive
roots.

Proof. Let β be a positive root with β 6= α. We may write β =
∑

δ∈∆ cδδ,
for some non-negative integers cδ. Therefore,

σα(β) =
∑

δ∈∆−{α}

cδσ(δ) + (cα − 〈β, α〉)α.

There is at least one δ ∈ ∆ − {α} such that cδ > 0. Otherwise β = α or
β = −α, which contradicts the assumption that β is positive. Hence, σα(β)
must be a positive root.

Corollary 2.18: If δ := 1
2

∑
β∈Φ+

β then σα(δ) = δ−α, where α is any simple

root.
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Proof. In fact,

σα(δ) =
1

2

∑
β∈Φ+

σα(β) =
1

2

 ∑
β∈Φ+−{α}

β − α

 = δ − 1

2
α− 1

2
α = δ − α.

Lemma 2.19: We let σi denote σαi . Suppose now, that there is some se-
quence of (not necessarily pair-wise distinct) simple roots α1, . . . , αn such
that σ1 . . . σn−1(αn) ≺ 0. Then, there is some 1 ≤ m < n such that
σ1 . . . σn = σ1 . . . σm−1σm+1 . . . σn−1.

Proof. We set τi := σi+1 . . . σn−1, for 0 ≤ i ≤ n− 2. By hypothesis τ0(αn) is
negative and αn is positive. Let k be the smallest non-negative integer such
that τk(αn) is positive. By construction σkτk(αn) is negative. Since τk(αn)
is positive Lemma 2.17 forces τk(αn) = αk.

Applying Lemma 2.14 we find that

σk = στk(αn) = τkσnτ
−1
k = σk+1 . . . σn−1σnσn−1 . . . σk+1.

The result follows by multiplying both sides of the equation on the right by
τk and on the left by σ1 . . . σk−1.

Corollary 2.20: Suppose the following expression of σ = σ1 . . . σn ∈ W
in terms of simple reflections has n as small as possible. Then σ(αn) is
negative.

Proof. If σσn(αn) were positive the lemma would apply, contradicting our
assumption that n is minimal.

Definition 2.21: The hyperplanes Pα corresponding to roots α ∈ Φ par-
tition E into a finite number of regions. Each connected component of
E −

⋃
α∈Φ Pα is called a Weyl chamber of E.

Remark 2.22: Each regular vector will lie in exactly one Weyl chamber.
We will denote the Weyl chamber corresponding to a regular vector γ ∈ E
by C(γ). For regular vectors γ, γ′ ∈ E we find C(γ) = C(γ′) if and only if γ
and γ′ lie on the same side of each hyperplane Pα, corresponding to α ∈ Φ.
Furthermore, Corollary 2.11 shows us that Weyl chambers are in one-to-one
correspondence with bases.

If the base ∆ = ∆(γ) for regular γ ∈ E, then we set C(∆) := C(γ) and
call this the fundamental Weyl chamber relative to ∆. Since C(∆) is, by
construction, the intersection of open ’positive’ half spaces relative to the
simple roots, it is an open convex set.

Lemma 2.23: The Weyl group permutes Weyl chambers and bases. More-
over, these actions of W preserve the correspondence between Weyl cham-
bers and bases determined by the regular vectors.
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Proof. The result follows because W is generated by reflections; which are
orthogonal, linear, and bijective.

Theorem 2.24:

1. The Weyl group acts transitively on the Weyl chambers.

2. The Weyl group acts transitively on bases.

3. For each root α, there is some σ ∈ W such that σ(α) ∈ ∆.

4. The Weyl group is generated by simple reflections (reflections corre-
sponding to simple roots).

5. The Weyl group acts simply transitively on bases.

Proof. We proceed by proving parts (1), (2), and (3) for the subgroupW ′ of
W which is generated by simple reflections. The full result for these parts
will then follow from part (4).

(1): It suffices to show that for any regular γ ∈ E there is some σ ∈ W ′ such
that σ(γ) lies in the fundamental Weyl chamber, since this shows that
any Weyl chamber can be mapped to the fundamental Weyl chamber
(and therefore to any other) by some element of W ′.

Set δ := 1
2

∑
α∈Φ+ α. Since W is finite (and therefore W ′ also) we may

choose σ ∈ W ′ such that (σ(γ), δ) is maximal. Since reflections are
orthogonal and using Corollary 2.18 we find that

(σ(γ), δ) ≥ (σασ(γ), δ) = (σ(γ), σα(δ)) = (σ(γ), δ)− (σ(γ), α),

for any α ∈ Φ. From which we may conclude (σ(γ), α) ≥ 0. To see
that this inequality is strict we note that if there were some root α for
which equality held, then the regular vector γ would be orthogonal to
the root σ−1(α).

(2): This follows from Lemma 2.23 and part (1).

(3): Let α be a root. We claim that α must belong to at least one base. We
set R := Φ− {±α}. For each β ∈ R, we have that Pα ∩ Pβ is a proper
subspace of Pα. Applying Lemma 2.5 to

⋃
β∈R(Pα ∩ Pβ) we find that

there is some γ ∈ Pα which does not lie in any Pβ, where β ∈ R. We
may now choose γ′ which is near enough to γ that (γ′, α) > 0 while
also (γ′, α) < |(γ′, β)|, for all β ∈ R. It follows from the definition of
Φ+(γ′) and being indecomposable that α ∈ ∆(γ′).

The result follows from an appropriate application of part (2) to ∆(γ′).
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(4): Since the Weyl group is generated by the reflections σα, where α ∈ Φ,
it suffices to show that each such reflection lies in W ′. For any α ∈ Φ
part (3) allows us to find σ ∈ W ′ such that σ(α) ∈ ∆. Since σ ∈ W ′
is generated by simple reflections we may apply Lemma 2.14 to find
that σσ(α) = σσασ

−1. Therefore, σα = σ−1σσ(α)σ. Since σ(α) ∈ ∆ we
conclude that σα ∈ W ′ and the result follows.

(5): Suppose we have σ ∈ W such that σ(∆) = ∆. Part (4) allows us
to express σ as a product of simple reflections. If we do so with the
minimal necessary number of simple reflections, then Corollary 2.20
forces σ to be the identity map. Otherwise some simple root would
be mapped to it’s negative and this would contradict the assumption
that ∆ is invariant under σ.

2.3 Isomorphism Theorem

Following our introduction to root systems and their bases, we now work
towards a result showing that Lie algebras with isomorphic root systems will
themselves be isomorphic. The structure of roots and bases will allow us to
come to a stronger conclusion.

Following from Theorem 2.10 we may fix a base ∆ for Φ.

Definition 2.25: A root system Φ is said to be reducible if we are able to
express Φ = Φ1 ∪ Φ2 as the disjoint union of two proper subsets such that
(Φ1,Φ2) = 0, that is, each root in one subset is orthogonal to every root in
the other. If Φ cannot be partitioned in this way we say it is irreducible.

Lemma 2.26: The root system Φ is irreducible if and only if its base ∆
cannot be partitioned into two disjoint orthogonal proper subsets.

Proof. We consider the direct case. Suppose Φ = Φ1 ∪ Φ2 is reducible. We
set ∆1 := ∆ ∩ Φ1 and ∆2 := ∆ ∩ Φ2. Clearly, ∆ = ∆1 ∪∆2. It will suffice
to show that neither ∆1 nor ∆2 is empty. Let us suppose, without loss of
generality, that ∆2 is empty, then ∆ = ∆1 ⊆ Φ1. Thus, (∆,Φ2) = 0, which
implies that (Φ2,Φ2) = 0 since ∆ is a basis. Therefore, Φ2 is empty, which
contradicts our assumption that Φ is reducible.

Conversely, let us suppose that ∆ = ∆1∪∆2 is reducible. If α, β ∈ Φ are
orthogonal, then their corresponding reflections, σα and σβ, commute. Part
(4) of Theorem 2.24 then yields thatW =W1×W2, (whereWi is generated
by the simple reflections corresponding to simple roots in ∆i). From part
(3) of Theorem 2.24 we know that each root is conjugate to a simple root.

Now, theWi fix the orthogonal subspaces of the spans of the ∆i, respec-
tively. Therefore, the roots which are conjugate to simple roots in ∆1 cannot
be conjugate to those which are conjugate to the simple roots in ∆2. This
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shows that Φ is reducible as a partition into the subsets of roots conjugate
to ∆1 and ∆2, respectively.

Lemma 2.27: Suppose Φ is irreducible. Relative to the partial order intro-
duced in Definition 2.3 there is a unique maximal root β. If β =

∑
α∈∆ bαα,

then each bα > 0.

Proof. Let β =
∑

α∈∆ bαα be maximal. Set ∆+ := {α ∈ ∆ | bα > 0} and
∆0 := {α ∈ ∆ | bα = 0}. Notice that ∆ = ∆+ ∪∆0 is a partition. Suppose
there is some α ∈ ∆0. From Lemma 2.7 we find that (α, β) ≤ 0. We may
assume w.l.o.g. that {α} is not orthogonal to ∆+ since Φ is irreducible.
Hence, there is some α+ ∈ ∆+ such that (α, α+) < 0, and so (α, β) < 0.
Lemma 2.2 yields that β + α is a root, contradicting the maximality of β.
Hence ∆0 is empty.

The argument above also shows that (α, β) ≤ 0 for all α ∈ ∆ and
maximal β. Suppose β′ is also a maximal root, then all the above also apply
to β′. Thus, it follows that (β, β′) > 0. Now, either β = β′ or β − β′ is a
root. However, if β−β′ is a root then either β ≺ β′ or β′ ≺ β, contradicting
their mutual maximality.

Lemma 2.28: Let Φ be a root system in E and E′ a subspace of E. If
a reflection σα leaves E′ invariant then α ∈ E′ or E′ is contained in the
hyperplane orthogonal to α.

Proof. Fix a basis {ei}ki=1 for E′. Then σα(ei) = ei−〈ei, α〉α. If 〈ei, α〉 = 0 for
each i, then the reflection fixes E′ and thus E′ is orthogonal to α. Otherwise
there is some j ∈ {1, . . . , k} for which 〈ej , α〉 is non-zero. Then there are
coefficients ai such that

ej − 〈ej , α〉α =

k∑
i=1

aiei.

Rearranging, we may write

α =
1

〈ej , α〉
ej −

k∑
i=1

ai
〈ej , α〉

ei ∈ E′.

Proposition 2.29: Let L be a simple Lie algebra. Then Φ is irreducible.

Proof. Suppose that Φ is reducible, then we may decompose Φ = Φ1 ∪ Φ2,
such that Φ1 is orthogonal to Φ2. Choose arbitrary α ∈ Φ1 and β ∈ Φ2.
Then (α + β, α), (α + β, β) > 0, specifically both are non-zero. Therefore,
α + β cannot be a root, since it would need to be in exactly one of the Φi.
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Morever, [Lα, Lβ] = 0, keeping in mind that α and β are arbitrary. We
denote by K the subalgebra of L generated by the Lα where α ∈ Φ1.

We claim that K is a proper ideal of L, which would contradict L being
simple. Notice that [K,Lβ] = 0, for any β ∈ Φ2. K is a proper subalgebra
of L since Z(L) = 0. Moreover, the normaliser of K clearly contains all the
Lα and the Lβ. Hence, K is a proper ideal of L.

Corollary 2.30: Let {Li}ki=1 be simple Lie algebras and set L :=
⊕k

i=1 Li.
Let H be a maximal toral subalgebra of L and Φ the associated root system.
Then Hi := H∩Li is a maximal toral subalgebra of Li and the corresponding
root system Φi is irreducible. Moreover, Φ canonically decomposes into∐n
i=1 Φi.

Proof. Since L decomposes into the Li, we have that H =
⊕k

i=1Hi. Clearly
each Hi is toral in each Li, respectively. We claim each Hi is maximal toral
in each Li. Suppose Hi is contained in some toral subalgebra T of Li. Notice
that T is also toral in L and [T,Hj ] = 0 (i 6= j). Then T∪H generates a toral
subalgebra of L which properly contains H, contradicting the maximality of
H.

Now for each α ∈ Φi we may view α as a root of L relative to H by
setting α(Hj) = 0 for j 6= i. Clearly, Lα ⊆ Li. On the other hand, if α ∈ Φ,
then there must be some i such that [Lα, Hi] is non-zero, otherwise α would
not be a root. Therefore, Lα ⊆ Li and so α|Hi (that is α restricted to Hi)
is a root of Li relative to Hi.

It now suffices to show that if E is the span of Φ, then Φ uniquely
decomposes as the union of irreducible root systems Φi in Ei such that
E =

⊕k
i=1Ei. If W is the Weyl group of Φ, then the Weyl groups Wi

corresponding to the Φi are, respectively, W∩GL(Ei). Since σα acts trivially
on Ei when α ∈ Φj where j 6= i, we find that each Ei is W -invariant. Lemma
2.28 then shows that each root lies in exactly one of the Ei and therefore
that Φ decomposes into the Φi.

Proposition 2.31: The semisimple Lie algebra L is generated by the root
spaces Lα, L−α corresponding to simple roots (α ∈ ∆).

Proof. Let β be some positive root. From the Corollary of Lemma 2.15 we
may write β =

∑k
i=1 αi as a sum of simple roots such that each partial sum is

a root. Remembering that [Lγ , Lϕ] = Lγ+ϕ for roots γ and ϕ, we can see that
Lβ is contained in the subalgebra of L which is generated by Lαi(1 ≤ i ≤ k).
Hence, Lβ is certainly contained in the subalgebra of L which is generated by
the root spaces corresponding to all the simple roots Lα(α ∈ ∆). Similary,
if β is negative, then Lβ is contained in the L−α(α ∈ ∆).

The root space decomposition L := H ⊕
⊕

α∈Φ Lα yields the result,
since H =

∑
α∈Φ[Lα, L−α], and because all the roots may be written as

linear combinations of simple roots.
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Theorem 2.32: Let L and L′ be simple Lie algebras with respective max-
imal toral subalgebras H and H ′ and respective root systems Φ and Φ′.
Suppose that τΦ : Φ → Φ′ is an isomorphism (we will denote τΦ(α) = α′),
which induces an isomorphism τ : H → H ′. We fix a base ∆ for Φ, such
that ∆′ := {α′ |α ∈ ∆} is a base for Φ′. If, for each α ∈ ∆, we choose some
non-zero xα ∈ Lα and xα′ ∈ Lα′ (this is equivalent to choosing some iso-
morphism τα : Lα → Lα′), then there is a unique isomorphism τL : L → L′

which extends τ and each τα(α ∈ ∆).

Proof. We note that any isomorphism τΦ : Φ → Φ′ uniquely induces an
isomorphism τ∗ : H∗ → H ′∗ since Φ and Φ′ span H∗ and H ′∗, respectively.
Furthermore, the identification between a maximal toral subalgebra and its
dual provided by the Killing form, means that τ∗ induces an isomorphism
τ : H → H ′.

We first prove the uniqueness of τL before proving its existence. For
each simple root α the chosen xα uniquely determines yα ∈ L−α such that
[xα, yα] = hα. Moreover L is generated by the Lα and L−α(α ∈ ∆) by
Proposition 2.31.

To prove the existence of τL we construct a subalgebra D of L⊕ L′ and
claim that D is isomorphic to L and L′ under the respective projections.
As above, for each simple root α the corresponding xα uniquely determines
yα ∈ L−α, such that [xα, yα] = hα. Similarly in L′, [x′α′ , y

′
α′ ] = h′α′ . We

set x̄α := (xα, x
′
α′) ∈ L ⊕ L′, and define ȳα and h̄α similarly. We then let

D := 〈x̄α, ȳα, h̄α〉α∈∆.

We claim D is a proper subalgebra of L⊕L′. Since L and L′ are simple,
Proposition 2.29 yields that Φ and Φ′ are irreducible. From Lemma 2.27 we
find that there are unique maximal roots (relative to ∆ and ∆′) β and β′

in Φ and Φ′, respectively. These maximal roots correspond via τΦ because
of the correspondence which τΦ establishes between the simple roots in Φ
and Φ′. We now choose arbitrary non-zero elements xβ ∈ Lβ and x′β′ ∈ L′β′
and set x̄β := (xβ, x

′
β′). Let M be the subspace of L⊕L′ spanned by all the

m := adȳα1adȳα2 . . . adȳαk (x̄β), where each αi ∈ ∆ (or equivalently, M is the
submodule of 〈ȳα〉α∈∆ generated by x̄β). Since ȳαi ∈ L−αi ⊕ L′−α′i , we have

that each m ∈ Lβ−
∑
i αi
⊕ L′β′−∑i α

′
i
. Therefore M ∩ (Lβ ⊕ L′β′) = Fx̄β is

1-dimensional. This makes M a proper subspace of L⊕ L′ since it contains
no elements of L ⊕ L′ wherein the the first and second components of the
element do not correspond via τΦ.

We claim that [D,M ] ⊆ M. By definition adȳα(α ∈ ∆) stabilizes M.
Since [h̄, ȳα] is a multiple of ȳα, for every h̄ ∈ H⊕H ′, we may conclude that
adh̄α also stabilizes M. We know that the difference of simple roots is not a
root (Lemma 2.7). This means that adx̄α commutes with adȳγ for all simple
γ 6= α. Hence, if α 6= α1, then by an easy induction argument on k we find
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that

[x̄α, [ȳα1 , . . . [ȳαk , x̄β] . . .]] = [ȳα1 , [x̄α, [ȳα2 , . . . [ȳαk , x̄β] . . .]]]

lies in [ȳα1 ,M ] ⊆M. Whereas, if α = α1, then

[x̄α, [ȳα, [ȳα2 , . . . [ȳαk , x̄β] . . .]]] = [ȳα, [x̄α, [ȳα2 , . . . [ȳαk , x̄β] . . .]]

+ [h̄α, [ȳα2 , . . . [ȳαk .x̄β] . . .]]]

The first summand lies in M by induction and the second summand lies in
M because, as we have seen, adh̄α stabilizes M. This allows us to conclude
that D is a proper subalgebra, otherwise M would be a proper ideal of L⊕L′
but M is clearly distinct from both L and L′.

We claim that the projections of D onto L and L′ are isomorphisms. The
projections are of course Lie algebra homomorphisms. Moreover, by virtue
of their construction and Proposition 2.31 they are surjective. Noting that
L is the kernel of the projection of D onto L′, suppose D ∩ L 6= 0. Then
there is a non-zero (w, 0) ∈ D. Now x̄α acts on (w, 0) by

[x̄α, (w, 0)] = ([xα, w], 0),

and ȳα acts similarly on (w, 0). An application of Proposition 2.31 yields
that [D, (w, 0)] = ([L,w], 0) = (L, 0). This means that D includes L and by
symmetry D would also include L′. Altogether this implies that D = L⊕L′,
a contradiction. Therefore, the projections are also injective, and hence are
isomorphisms.

We now have that D is isomorphic (via projections) to both L and L′.
This allows us to construct an explicit isomorphism L → L′ by xα 7→ x′α′
(α ∈ ∆) and hα 7→ h′α′ . Cleary this coincides with τ on H, and so the result
follows.

Corollary 2.33: We may generalise the theorem to the case where L and
L′ are semisimple.

Proof. Take L and L′ as in the hypothesis of the theorem except that they
are semisimple. We may decompose L and L′ as direct sums of ideals (which
are simple Lie algebras in their own right) as follows

L =
k⊕
i=1

Li, L′ =
m⊕
i=1

L′i.

From Corollary 2.30 we have the canonical decomposition Φ :=
∐k
i=1 Φi

and Φ′ =
∐m
i=1 Φ′i where the Φi and Φ′i are the (irreducible) root spaces

corresponding to their respective maximal toral subalgebras Hi := H ∩ Li
and H ′i := H ′ ∩ L′i. Since decompositions of a semisimple Lie algebra into
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simple Lie algebras is unique (up to order), and also the decomposition of
their root systems into irreducible root systems is unique we note that the
indices k and m in the decompositions are equal. We may also assume
w.l.o.g. that the order of the decomposition matches up isomorphic ideals,
i.e. that Li ∼= L′i for each i.

We may apply the theorem to each of the Li and L′i to get isomorphisms
τLi : Li → L′i which fulfil the criteria in the hypothesis. We can then define
an isomorphism τL : L→ L′ by combining these τLi . The result follows.

Proposition 2.34: Let L be a semisimple Lie algebra. Fix an arbitrary
non-zero xα ∈ Lα(α ∈ ∆) and choose yα ∈ L−α such that [xα, yα] = hα.
There is an automorphism, σ of L of order 2 which satisfies the following:

1. σ(xα) = −yα,

2. σ(yα) = −xα,

3. σ(h) = −h

for all α ∈ ∆ and h ∈ H.

Proof. We have seen in Theorem 2.32 that each automorphism of Φ induces
an automorphism of H which can be extended to L. We therefore begin by
defining an automorphism σΦ which sends each root to its negative. This
clearly defines a vector space automorphism of H∗. Moreover, for α, β ∈ H∗
we have that

〈σ(β), σ(α)〉 =
2(−β,−α)

(−α,−α)
= 〈β, α〉,

and so this is an automorphism of Φ. Since each root is sent to its negative,
it follows that the induced map on H sends each h ∈ H to its negative. We
may label this induced automorphism σ : H → H. One of the orthogonality
properties of roots states that −hα = h−α for each α ∈ Φ. For each simple
root α we set σ(xα) = yα ([xα, yα] = hα). We may now apply Theorem 2.32
(or its Corollary, whichever is appropriate) to extend σ to L.

Finally, σ has order 2 because σ2 acts as the identity on a set of gener-
ators, the simple roots (see Proposition 2.31).

2.4 Chevalley Bases

This section is devoted to proving the existence, and special properties, of
Chevalley bases. To this end, we will begin with some results concerning
representations of semisimple Lie algebras. Specifically, we will need to look
at modules of the special linear Lie algebra sl(2,F).
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Remark 2.35: For vectors α ∈ Φ and β ∈ Φ ∪ {0} we define the α-string
through β as

Mβ,α :=
⊕
c∈F

Lβ+cα,

noting that Lβ+cα is non-zero only if β+cα ∈ Φ. Mβ,α is an sl(α)-submodule
of L.

There exists integers r, q such that β − cα ∈ Φ if and only if c is an
integer and −r ≤ c ≤ q. Since reflections corresponding to roots (σα for
α ∈ Φ) leave Φ invariant, and σα adds a multiple of α to roots, we find that
σα commutes the α-strings of β. In fact, σα reverses the order of the strings,
and so σα(β + qα) = β − rα. This yields that r − q = 〈β, α〉.

Now we can move forward in describing, and proving the existence of,
Chevalley bases.

Lemma 2.36: Let Φ′ be a non-empty subset of Φ and let E′ denote the
subspace of E spanned by Φ′. If Φ′ satisfies the following conditions:

1. Φ′ = −Φ′, and

2. If α, β ∈ Φ′ and α+ β ∈ Φ, then α+ β ∈ Φ′,

then Φ′ is a root system in E′.

Proof. It is clear that Φ′ is finite, and since E′ is the span of Φ′ it is certainly
true that Φ′ spans E′. Clearly 0 /∈ Φ′ ⊆ Φ.

The condition that Φ′ = −Φ′ implies that for any α ∈ Φ′ we have that
−α ∈ Φ′. Moreover, as Φ′ ⊆ Φ the only multiples of α which could reside in
Φ′ are ±α.

Let α, β ∈ Φ′. We may assume without loss of generality that ‖β‖ ≥ ‖α‖ .
We divide the proof of the third axiom into cases based on the value of 〈β, α〉.
If 〈β, α〉 = 0, then σα(β) = β ∈ Φ′. If 〈β, α〉 = 1, then σα(β) = β − α. Since
α, β ∈ Φ′ and σα leaves Φ invariant, we have that β − α ∈ Φ′ by the second
hypothesis condition. The case for 〈β, α〉 = −1 is similar.

Now we consider the case 〈β, α〉 = 2 (for −2 the argument is similar).
Here σα(β) = β − 2α ∈ Φ. Considering the α-string through β we can see
that β − α ∈ Φ, therefore β + (−α) ∈ Φ′ (by condition 2 in the hypothesis).
However, now β−α,−α ∈ Φ′ and so by condition 2 we find that β−2α ∈ Φ′.
This same argument can be extended to cover the case where 〈β, α〉 = 3 and
the case for −3 is similar.

Finally, for α, β ∈ Φ′ we have that 〈β, α〉 ∈ Z because Φ is a root
system.

Corollary 2.37: Take α, β ∈ Φ and let E′ denote their span as a subspace
of E. Then Φ ∩ (Zα+ Zβ) is a root system in E′.

Proposition 2.38: Suppose α and β are non-proportional roots and let
β − rα, . . . , β, . . . , β + qα be the α-string through β.
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1. At most two roots lengths occur in this string.

2. If α+ β is a root, then

r + 1 =
q(α+ β, α+ β)

(β, β)
.

Proof.

1. From Corollary 2.37 we have that Φ′ := Φ∩(Zα+Zβ) is a root system
of rank 2 in E′ (using the notation in the corollary).

If Φ′ is reducible, then it must be of type A1 × A1. This would mean
that Φ′ := {±α,±β}.
If Φ′ is irreducible, we may use the fact that irreducible root systems
contain at most two different root lengths.

2. We note (see Remark 2.35) that 〈β, α〉 = r − q. This yields that

r =
2(β, α)

(α, α)
+ q.

Therefore

r + 1− q(α+ β, α+ β)

(β, β)
= q +

2(β, α)

(α, α)
+ 1− q(α+ β, α+ β)

(β, β)

=
2(β, α)

(α, α)
+ 1− q(α, α)

(β, β)
− 2q(α, β)

(α, α)

= (〈β, α〉+ 1)

(
1− q(α, α)

(β, β)

)
,

noting that

〈β, α〉
(
−q(α, α)

(β, β)

)
= −2q(β, α)

(α, α)

(α, α)

(β, β)
.

We will use the labels X := 〈β, α〉+ 1 and Y := 1− q(α, α)

(β, β)
. It suffices

to show that X or Y is 0. We split this into cases.

Case 1: (α, α) ≥ (β, β). This implies that |〈β, α〉| ≤ |〈α, β〉|. Since
β 6= ±α, the possible values for 〈β, α〉〈α, β〉 are 0, 1, 2, and
3. We can also see that the possible values for 〈β, α〉 are
−1, 0, and 1.

If 〈β, α〉 = −1 then X = 0 and we are done. Otherwise, we
must have that 〈β, α〉 ≥ 0, whence (β + α, β + α) is strictly
larger than (β, β) and (α, α). This follows as

(β + α, β + α) = (β, β) + 2(β, α) + (α, α).
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We have that α + β is a root and so, using part (1), we
find that (α, α) = (β, β). A similar argument yields that
(β + 2α, β + 2α) > (β + α, β + α). Again using part (1) we
conclude that β + 2α is not a root, and hence q = 1. This
means that Y = 0.

Case 2: (α, α) < (β, β). Using part (1) we conclude that α + β has
the same length as α or β, since α+β is a root. Either way
(α, β) < 0 (this follows from a similar argument to that used
in the first case). Therefore 〈α, β〉 < 0. We find that

(β − α, β − α) > (β, β) > (α, α).

From which we conclude that β−α cannot be a root (again
using part (1)). Thus, r = 0. In this case, the possible
values for 〈α, β〉〈β, α〉 are 0, 1, 2, and 3. While the possible
values for 〈α, β〉 are −1, 0, and 1. We have established that
〈α, β〉 < 0 and so 〈α, β〉 = −1. Using 〈β, α〉 = r− q we may
conclude that

q = −〈β, α〉 =
〈β, α〉
〈α, β〉

=
2(β, α)

(α, α)

(β, β)

2(β, α)
=

(β, β)

(α, α)
.

Thus, Y = 0.

We are nearly in a position to prove Chevalley’s Theorem, which de-
scribes and guarantees the existence of a Chevalley basis for L, first we will
state some well-known background results. We present these without proof
to avoid this dissertation becoming bloated with basic, well-known results.
Thereafter we will provide the final work needed for the theorem.

Remark 2.39: We denote by Vm := Span(Xm, Xm−1Y, . . . ,XY m−1, Y ),
the vector subspace of F[X,Y ] consisting of all homogeneous polynomials of
degree m. Clearly, dim(Vm) = m+ 1. We may define a representation

ϕ : sl(2,F)→ gl(Vm)

e12 7→ X
∂

∂Y

e21 7→ Y
∂

∂X

e11 − e22 7→ X
∂

∂X
− Y ∂

∂Y
.

Proposition 2.40: The Vm are irreducible sl(2,F)-modules.

Theorem 2.41: Any (finite) irreducible sl(2,F)-module is isomorphic to
one of the Vm
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Remark 2.42: Suppose V is an irreducible sl(2,F)-module and v ∈ V an
(e11−e22)-eigenvector such that e12·v = 0 (such a vector is called a maximal
vector). There is a non-negative integer m such that (e11 − e22) · v = mv,
and V ∼= Vm. We call such a vector v, a highest weight vector for V
and m is the highest weight of V. A highest weight vector is unique up to
non-zero scalar multiples exactly because dim(Vm) = m+ 1.

Lemma 2.43: Let V be an sl(2,F)-module, then V contains a maximal
vector.

Lemma 2.44: Let V be an irreducible sl(2,F)-module, and v0 a maximal
vector of weight λ. Set v−1 := 0 and vi := (1/i!)yi · v0, when i ≥ 0. Then for
i ≥ 0,

1. h · vi = (λ− 2i)vi,

2. y · vi = (i+ 1)vi+1,

3. x · vi = (λ− i+ 1)vi−1.

Proof. We have that V decomposes as the direct sum of weight spaces as-
sociated to h, which we denote Vλ := {v ∈ V |h · v = λv}. We note that for
v ∈ Vλ we have

h. · (x · v) = [h, x] · v + x · h · v = 2x · v + λx · v = (λ+ 2)x · v.

Therefore x · v ∈ Vλ+2, while a similar argument yields that y · v ∈ Vλ−2.
Part (1) follows from repeatedly applying the latter of these conclusions.

Part (2) we prove by induction on k. If k = 0, then y · v0 = (0 + 1)v0+1

by the definition of v1. Assuming the result holds for some k ≥ 0 we have
that

(k + 2)vk+2 = (k + 2)
1

(k + 2)!
yk+2 · v0 = y

1

(k + 1)!
yk+1 · v0 = y · vk+1.

Part (3) we prove by induction on k. If k = 0, then the result follows
trivially. Assuming the result holds for some k − 1 ≥ 0 we have

kx · vk = x · y · vk−1 = [x, y] · vk−1 + y · x · vk−1 = h · vk−1 + y · x · vk−1

= (λ− 2(k − 1))vk−1 + (λ− k + 2)y · vk−2

= (λ− 2k + 2)vk−1 + (k − 1)(λ− k + 2)vk−1

= k(λ− k + 1)vk−1.

Divinding both sides by k we are done.

Lemma 2.45: Suppose α and β are non-proportional roots. We choose
xα ∈ Lα and yα := x−α ∈ L−α such that [xα, yα] = hα, and let xβ ∈ Lβ. If
β − rα, . . . , β, . . . β + qα is the α-string through β, then

[yα, [xα, xβ]] = q(r + 1)xβ.
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Proof. If α+β is not a root, then q = 0 and since [xα, xβ] ∈ Lα+β = 0, both
sides of the equation are 0.

More generally, we will consider the sl(α)-submodule Mβ of L generated
by xβ. To be an sl(α)-module Mβ must be invariant under the actions of
eα, fα, and hα (see Proposition 1.84). The (repeatedly applied) action of hα
on xβ will give us scalar multiples of xβ. The (repeatedly applied) action
of eα on xβ will yield vectors in Lβ+α, . . . , Lβ+qα. Similarly, the (repeatedly
applied) action of fα on xβ will yield vectors in Lβ−α, . . . , Lβ−rα. Hence,
Mβ has dimension (r + q + 1) which is the numbers of roots in the α-string
through β.

As Mβ is generated by a single element, it must be irreducible. Moreover,
we have established that the highest weight of Mβ is r + q. From Remark
2.42 we find that Mβ is isomorphic to Vr+q.

Take a maximal vector v0 ∈ L. Then xβ is a non-zero scalar multiple
of vq, using the notation from Lemma 2.44. This follows because v0 is a
hα-eigenvector such that xα · v0 = 0, so vq ∈ Lβ+qα. Applying the action of
yα q times leaves us with a vector in Lβ which is 1-dimensional and hence
must be spanned by xβ ∈ Lβ.

Then using Lemma 2.44 we find that

[yα, [xα, xβ]] = (r + q − q + 1)[yα, xβ] = (q − 1 + 1)(r + 1)xβ = q(r + 1)xβ.

Proposition 2.46: There are vectors xα ∈ Lα(α ∈ ∆) such that

1. [xα, x−α] = hα.

2. If α, β, α+ β ∈ Φ and [xα, xβ] = cα,βxα+ β, then cα,β = −c−α,−β.

3. Moreover, for any such choice of root vectors if β − rα, . . . , β + qα is
the α-string through β, then

c2
α,β = q(r + 1)

α+ β, α+ β)

(β, β)
.

Proof. We will use the automorphism σ from Proposition 2.34. For a root
α ∈ Φ, take an arbitrary non-zero xα ∈ Lα, then x−α := −σ(xα) ∈ L−α
is non-zero. Since the Killing form on L is non-degenerate, we have that
κ(xα, x−α) is non-zero. We note that for c ∈ F, replacing xα by cxα results in
κ(cxα, cx−α) = c2κ(xα, x−α). Therefore, as F is algebraically closed, we can
choose to make κ(xα, x−α) any non-zero value by scaling xα (and therefore
also x−α) appropriately. We may therefore choose to set

κ(xα, x−α) =
2

(α, α)
.
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Using one of the orthogonality properties of roots, this means that

[xα, x−α] = hα =
2tα

(α, α)
.

Part (1) follows.
Let α, β, α+β ∈ Φ, then [xα, xβ] = cα,βxα+β for some cα,β ∈ F. We apply

σ to this equation and find that [−x−α,−x−β] = −cα,βx−α−β. However, we
also have that [x−α,, x−β] = c−α,−βx−α−β. Part (2) follows.

We may now choose {xα}α∈Φ which satisfy (1) and (2). Suppose that
α, β, α + β ∈ Φ. Then α and β are linearly independent and hence tα and
tβ are linearly independent. We recall that tα is defined by κ(tα, h) = α(h),
for all α ∈ H∗, h ∈ H. This is the correspondence which the Killing form
establishes between H and H∗. Therefore,

κ(tα+β, h) = (α+ β)(h) = α(h) + β(h) = κ(tα, h) + κ(tβ, h),

for all h ∈ H, yields that tα+β = tα + tβ. From (1) it now follows that

[cα,βxα+β, cα,βx−α−β] = c2
α,βhα+β =

2c2
α,β

(α+ β, α+ β)
(tα + tβ).

From (2) and the Jacobi identity we also find that

[cα,βxα+β, cα,βx−α−β] = [[xα, xβ],−[x−α, x−β]]

= −[[xβ,−[x−α, x−β]], xα]− [[−[x−α, x−β], xα], xβ]

= −[xα, [xβ, [x−α, x−β]]] + [xβ, [xα, [x−α, x−β]]]

= [xα, [xβ, [x−β, x−α]]] + [xβ, [xα, [x−α, x−β]]].

If the β-string through α is α − r′β, . . . , α + q′β, then (replacing α and β
with their negatives does not change r, r′, q, q′) applying Lemma 2.45 to both
terms yields

[xα, [xβ, [x−β, x−α]]] + [xβ, [xα, [x−α, x−β]]]

= q′(r′ + 1)[xα, x−α] + q(r + 1)[xβ, x−β] = q′(r′ + 1)hα + q(r + 1)hβ

=
2q′(r′ + 1)

(α, α)
tα +

2q(r + 1)

(β, β)
tβ =

2c2
α,β

(α+ β, α+ β)
(tα + tβ)

=
2c2
α,β

(α+ β, α+ β)
tα +

2c2
α,β

(α+ β, α+ β)
tβ.

Part (3) follows from comparing these coefficients of tα and tβ.

Proposition 2.47: We define the dual system of Φ as Φ∨ = {α∗ |α ∈ Φ},
where α∨ := 2α

(α,α) . Φ∨ is a root system in E. Moreover, if ∆ is a base for Φ,

then ∆∨ is a base for Φ∨.
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Proof. Clearly, Φ∨ is finite and does not contain 0. Since α∨ is a non-zero
scalar multiple of α, for each α ∈ Φ, we find that Φ∨ spans E. Suppose
α∨, cα∨ ∈ Φ∨, for some c ∈ R. Then α, cα ∈ Φ which means that c = ±1.
Let α, β ∈ Φ. Then

σα∨(β∨) = β∨ − 〈β∨, α∨〉α∨ =
2β

(β, β)
− 2(β, α)

(β, β)

2α

(α, α)

=
2β

(β, β)
− 〈β, α〉 2α

(β, β)
=

2(β − 〈β, α〉α)

(β, β)

=
2σα(β)

(β, β)
.

We claim that (β, β) = (σα(β), σα(β)), from which it would follow that
σα∨(β∨) = σα(β)∨ ∈ Φ∨. To this end, we note that

(σα(β), σα(β)) = (β, β)− 2〈β, α〉(β, α) + 〈β, α〉2(α, α)

= (β, β)− 4
(β, α)2

(α, α
+ 4

(β, α)2

(α, α)
= (β, β).

It remains to show that α, β ∈ Φ implies that 〈β∨, α∨〉 ∈ Z. For α, β,∈ Φ
we have

〈β∨, α∨〉 =
2(β∨, α∨)

(α∨, α∨)
=

2(β, α)

(β, β)
= 〈α, β〉 ∈ Z.

Therefore, Φ∨ is a root system.
The Weyl chambers corresponding to Φ∨ are determined by the hyper-

planes orthogonal to the roots α∨. However, since

(γ, α∨) =
2

(α, α)
(γ, α),

we find that Pα = Pα∨ , for each α ∈ Φ. Hence, the Weyl chambers corre-
sponding to Φ are the same as those corresponding to Φ∨. Therefore, if ∆
is a base for Φ, then ∆∨ is a base for Φ∨.

Definition 2.48: A basis {xα, hi |α ∈ Φ, 1 ≤ i ≤ l} of L with the following
properties:

1. [xα, x−α] = hα.

2. If α, β, α+ β ∈ Φ and [xα, xβ] = cα,βxα+ β, then cα,β = −c−α,−β.

3. hi = hαi , for some base ∆ = {α1, . . . , αl} of Φ,

is called a Chevalley basis.

Theorem 2.49 (Chevalley’s Theorem): Suppose we have a Chevalley basis
C := {xα, hi |α ∈ Φ, 1 ≤ i ≤ l} for L. Then
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1. [hi, hj ] = 0, for 1 ≤ i, j ≤ l.

2. [hi, xα] = 〈α, αi〉xα, for 1 ≤ i ≤ l, α ∈ Φ.

3. [xα, x−α] = hα, is a Z-linear combination of the hi, 1 ≤ i ≤ l.

4. Let α and β be non-proportional roots, and β − rα, . . . , β + qα the
α-string through β. If q = 0, then [xα, xβ] = 0; whereas if α + β ∈ Φ,
then [xα, xβ] = ±(r + 1)xα+β.

Proof.

(1): This is clear.

(2): This follows from α(hi) = 〈α, αi〉.

(3): Applying Proposition 2.47, we may consider the dual root system Φ∨

with base ∆∨. We also make use of the Killing form identification of
H∗ with H, described in Lemma 1.82. Using this we find that, for
each k ∈ H

α∨(k) =
2α(k)

(α, α)
=

2

(α, α)
κ(tα, k) = κ

(
2tα

(α, α)
, k

)
= κ

(
2tα

κ(tα, tα)
, k

)
.

Furthermore, we claim that hα = 2tα/κ(tα, tα). From Proposition 1.84
and Lemma 1.83 we find that hα = [eα, fα] = κ(eα, fα)tα. Now, Propo-
sition 1.84 and Lemma 1.82 yield that

2 = α(hα) = κ(tα, hα) = κ(tα, [eα, fα]) = κ(tα, κ(eα, fα)tα)

= κ(eα, fα)κ(tα, tα).

Therefore, α∨(k) = κ(hα, k), for all k ∈ H. We conclude that tα∨ = hα.

For any α ∈ Φ we know that α∨ is a Z-linear combination of the
elements in ∆∨. Thus, each hα is a Z-linear combination of the hi.

(4): This follows from part (3) of Proposition 2.46 combined with part (2)
of Proposition 2.38.

65



Chapter 3

Gradings

The central focus of this chapter is gradings of Lie algebras. The chapter
begins with grading on algebras in general. We then narrow our view to the
study of gradings on Lie algebras and finally on simple Lie algebras. We
will encounter a result which yields the notion of a universal grading group
for gradings equivalent to group gradings. At the end of this chapter we
investigate automorphisms of gradings.

For the rest of the text we will assume, unless stated otherwise, that
all vector spaces are finite-dimensional and that we are working over an
algebraically closed field F of characteristic 0.

3.1 Basics of Gradings

This section starts with an introduction to the basic notions, notation, and
terminology around gradings. Thereafter we encounter some results on - and
examples of - equivalences of gradings and the connection between reductive
Lie algebras and gradings. The section closes out by showing that any
indexing group for a simple Lie algebra must be abelian.

Definition 3.1: Let A be an algebra and I a nonempty indexing set. A
vector space decomposition

Γ: A =
⊕
i∈I

Ai,

is called a grading of A if it satisfies the following:

(i) Each Ai is a non-zero subspace of A, called the homogeneous com-
ponent of degree i. Its elements are said to be homogeneous of
degree i.

(ii) For any i, j ∈ I there is a k ∈ I such that AiAj ⊆ Ak. We note that
such a k will be unique since Γ is a vector space decomposition.
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Suppose we have another grading of A,

ΓX : A =
⊕
j∈J

Xj .

If each Xj consists of a union of some of the Ai’s we say that ΓX is a
coarsening of Γ, or equivalently that Γ is a refinement of ΓX . We say
that Γ is a proper refinement of ΓX if at least one of the Ai is a proper
subset of one of the Xj . If Γ has no proper refinement we say it is a fine
grading. In the case that A is a Lie algebra we shall call Γa Lie grading
of A.

Example 3.2: Let F[x1, x2, . . . , xn] be the polynomial ring over a field F.
Write Fi to denote the subspace of F[x1, x2, . . . , xn] consisting of all homo-
geneous polynomials of degree i. Then:

Γ: F[x1, x2, . . . , xn] =
⊕
i∈N

Fi, (3.1)

is a grading. In fact, Γ is a vector space decomposition with FiFj ⊆ Fi+j ,
for any i, j ∈ N.
Definition 3.3: Let Γ: A =

⊕
g∈GAg be a vector space decomposition of an

algebra A, where G is a semigroup. If the following conditions are satisfied:

(i) AgAh ⊆ Agh for all g, h ∈ G and,

(ii) G = 〈{g ∈ G |Ag 6= 0}〉,

then this decomposition is called a G-grading of A. The set

Supp(Γ) := {g ∈ G |Ag 6= 0},

is said to be the support of Γ. Notice that Supp(Γ) generates G.

Example 3.4: Suppose A is an associative algebra and A =
⊕

g∈GAg a

G-grading with G abelian. Then the Lie algebra A− has a G-grading via
the same vector space decomposition.

A− =
⊕
g∈G

Ag.

This follows because for x ∈ Ag and y ∈ Ah, we have that xy ∈ Agh and
yx ∈ Ahg = Agh and so

[x, y] = xy − yx ∈ Agh.

We now present an S3-grading of a Lie algebra.
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Example 3.5: Let L := sl(2,F)
⊕

sl(2,F). Let {ei, fi, hi} denote the stan-
dard basis for sl(2,F), that is [ei, fi] = hi, [hi, ei] = 2ei, [hi, fi] = −2fi.
Then L has the following set as a basis {e1, e2, f1, f2, h1, h2}.

We denote the symmetric group on 3 elements by

S3 = {e, τ, τ2, σ, στ, στ2},

where τ3 = σ2 = e, τσ = στ2. We may then define an S3-grading on L as
follows:

Le = 〈h1, h2〉, Lτ = 〈e1〉, Lτ2 = 〈f1〉, Lσ = 〈e2, f2〉, Lστ = 0, Lστ2 = 0.

In fact, [hi, ei] = 2ei and [hi, fi] = −2fi yield that

[Le,Lτ ] ⊆ Lτ , [Le,Lτ2 ] ⊆ Lτ2 , [Le,Lσ] ⊆ Lσ.

While [ei, fi] = hi gives us that

[Lτ ,Lτ2 ] ⊆ Le, [Lσ,Lσ] ⊆ Le, [Lτ2 ,Lσ] = Lτ2σ = Lστ .

These observations - along with the skew-symmetry of the Lie bracket - show
us that the decomposition, indexed by S3, agrees with the group operation.
Moreover, it is clear that S3 is generated by {τ, σ} ⊂ {e, τ, τ2, σ}.
Definition 3.6: We say two gradings

A =
⊕
i∈I

Xi =
⊕
j∈J

Yj ,

of an algebra A are equivalent if there is a bijection τ : I → J and an
algebra automorphism f : A→ A such that f(Xi) = Yτ(i) for all i ∈ I.

A G-grading ΓG : A =
⊕

g∈G Yg and a grading Γ : A =
⊕

i∈I Xi of A are
equivalent if the grading A =

⊕
g∈Supp(ΓG) Yg is equivalent to Γ.

A G-grading and a G′-grading

A =
⊕
g∈G

Xg =
⊕
g′∈G′

Yg′ ,

of A are isomorphic if there exist a group isomorphism τ : G→ G′ and an
algebra automorphism f : A→ A such that f(Xg) = Yτ(g), for all g ∈ G.

The following example will show that semisimple Lie algebras can be
graded by non-abelian groups and that an abelian group grading can be
equivalent to a non-abelian grading.

Example 3.7: We let L = sl(2,F) ⊕ sl(2,F), as in Example 3.5. We now
give a Z6-grading on L and then see that this grading is equivalent to the
grading in that example.
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Note that we may decompose L as

L = M0 ⊕M2 ⊕M3 ⊕M4, (3.2)

where

M0 = 〈h1, h2〉, M2 = 〈e1〉, M3 = 〈e2, f2〉, M4 = 〈f1〉.

As [hi, ei] = 2ei and [hi, fi] = −2fi we have that

[M0,M2] ⊆M2, [M0,M3] ⊆M3, [M0,M4] ⊆M4.

Since [hi, ei] = 2ei, [hi, fi] = −2fi, and [ei, fi] = hi we find that

[M2,M4] ⊆M0, [M3,M3] ⊆M0, [M2,M4] ⊆M0.

Furthermore, from the skew-symmetry of the Lie bracket, the fact that Z6

is abelian, and that Z6 = 〈2, 3〉 = 〈0, 2, 3, 4〉 we conclude that (3.2) is a
Z6-grading of L.

We saw in Example 3.5 that {ε, σ} ⊂ {ε, τ, τ2, σ} generates S3. We may
therefore define an bijection δ : {ε, τ, τ2, σ} → {0, 2, 3, 4} by

ε 7→ 0, τ 7→ 2, τ2 7→ 4, σ 7→ 3.

Taking the identity automorphism on L we see that the S3-grading of L
from Example 3.5 is equivalent to the Z6-grading in this example.

Definition 3.8: We say a Lie algebra L is reductive if its adjoint repre-
sentation is completely reducible.

Remark 3.9: Any semisimple Lie algebra L is reductive.

Proof. By Weyl’s Theorem D.21 we see that the adjoint representation of L
is completely reducible.

The above remark shows that being reductive is a generalisation of
semisimplicity.

Definition 3.10: We say L has a reductive decomposition if we may
express it as a direct sum of Lie algebras L = K⊕M, where K is a subalgebra
of L and M is a K-module under the adjoint representation.

Example 3.11: We saw in Example 1.18 that gl(n,F)/sl(n,F) ∼= F. We note
that F is isomorphic to s(n,F), that is, the subalgebra of d(n,F) consisting
of scalar multiples of the identity matrix. Thus, gl(n,F) = sl(n,F)⊕s(n,F).
We have seen that sl(n,F) is a subalgebra of gl(n,F), and that s(n,F) is an
sl(n,F)-module (sl(n,F) acts trivially on s(n,F)). Hence, this is a reductive
decomposition of gl(n,F).
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Definition 3.12: Let L be a Lie algebra, M an L-module and N a non-
empty subset of M. We define the annihilator of N in L as

AnnL(N) = {l ∈ L | l · n = 0 ∀n ∈ N}.

Proposition 3.13: Let L be a Lie algebra, M an L-module and N a non-
empty subset of M.

(i) The annihilator of N in L, AnnL(N), is a subalgebra of L.

(ii) If N is a submodule of M then AnnL(N) is an ideal of L.

Proof. We denote by A := AnnL(N). For x, y ∈ A, n ∈ N, and α, β ∈ F we
have that (αx+ βy) · n = αx · n+ βy · n = 0, and that 0 ∈ A. Thus, A is a
vector subspace of L.

Moreover, for x, y ∈ A and n ∈ N we have that

[x, y] · n = x · (y · n)− y · (x · n) = x · 0 + y · 0 = 0,

which proves (i).
If N is a submodule of M then, for x ∈ A, y ∈ L, n ∈ N, we have that

y · n ∈ N, and so

[x, y] · n = x · (y · n)− y · (x · n) = 0− y · 0 = 0,

which proves (ii).

Lemma 3.14: Let L be a Lie algebra graded by a group G.

(i) If L = K⊕M is a reductive decomposition, then AnnK(M) is an ideal
of L. Hence, if L is simple, then AnnK(M) = 0 if M is not the trivial
module.

(ii) Suppose G′ is a subgroup of G. Let K denote the direct sum of the
distinct homogeneous components of degree g′ ∈ G′, and let M be the
direct sum of the remaining homogeneous components. If L is simple,
then L = K⊕M is a reductive decomposition.

Proof.

(i): We will denote by A := AnnK(M). Now, for any l ∈ L we may write
l = k+m for some k ∈ K, m ∈M. Therefore, for l ∈ L and a ∈ A, we
have

[l, a]·M = [k+m, a]·M = [k, a]·M+[m, a]·M = [k, a]·M ∈ [K,K] ⊆ K,

Furthermore, for m′ ∈M we have [[l, a],m] = [[l,m], a] + [l, [a,m]] but
[a,m] = 0. Therefore

[[l, a],m′] = −[a, [l,m′]] = −[a, [k,m′]]− [a, [m,m′]].
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But [k,m′] ∈M and so −[a, [k,m′]] = 0. Noting that

[a, [m,m′]] = [[a,m],m′] + [m, [a,m′]] = 0 + 0,

we see that [[l, a],m] = 0 and (i) follows.

(ii): If we have a G-grading L =
⊕

g∈G Lg of L, we define K =
⊕

g∈G′ Lg
and M =

⊕
g∈G−G′ Lg. Clearly, L = K ⊕M. Moreover, we claim this

is a reductive decomposition.

Since G′ is a group, we have that gh ∈ G′ for all g, h ∈ G′. Therefore,

[K,K] =

⊕
g∈G′

Lg,
⊕
h∈G′

Lh

 =
⊕
g,h∈G′

[Lg,Lh] ⊆
⊕
g,h∈G′

Lgh,

and so it follows K is a subalgebra of L. To see that M is a K-module,
it will suffice to show that [K,M] ⊆ M. To do so we take g ∈ G′

and h ∈ G − G′ and show that [Lg,Lh] ⊆ Lgh ⊆ M. We have that
gh ∈ G′ or gh ∈ G−G′. In the latter case we are done. In the former
case we would have that g−1(gh) = h ∈ G′, which is a contradiction.
Therefore, [Lg,Lh] ⊆ Lgh ⊆M.

Proposition 3.15: For any group grading Γ: L =
⊕

g∈G Lg of a simple Lie
algebra L, the group G is abelian.

Proof. We know that the support of Γ generates G. For every g1 ∈ Supp(Γ)
we may consider Cg1 the centralizer of g1 in G. If we have Cg1 = G for every
g1 ∈ Supp(Γ), then we have a generating set for G whose elements commute
with all of G, which would make G abelian.

We suppose then that there is a g1 ∈ Supp(Γ) such that Cg1 is a proper
subgroup of G. An application of Lemma 3.14 yields a reductive decompo-
sition L = K ⊕M for L, where K =

⊕
g∈Cg1

Lg and M =
⊕

g∈G−Cg1
Lg.

Again using Lemma 3.14 we find that AnnK(M) = 0. We note that for non-
commuting elements h1, h2 ∈ G we must have that [Lh1 ,Lh2 ] = 0. If not,
then skew-symmetry yields that [Lh1 ,Lh2 ] = [Lh2 ,Lh1 ]. From which follows
0 6= [Lh1 ,Lh2 ] ⊆ Lh1h2 ∩ Lh2h1 = 0, a contradiction.

From there we find that [Lg1 ,M] = 0, since g1 does not commute with
any element of G − Cg1 6= ∅. This means that Lg1 ⊆ AnnK(M) = 0, which
contradicts the fact that g1 ∈ Supp(Γ). Thus, Cg1 = G for all g1 ∈ Supp(Γ),
and so G is abelian.
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3.2 Universal Grading Group

In the previous section we saw that different groups may produce equivalent
gradings. We would like to have a procedure which would allow us to produce
a unique group among all those which are equivalent. We start this section
by describing a procedure from which one can find a universal grading group.
The rest of the section is used to provide an example this procedure.

From here onwards we use the convention that all gradings will be equiv-
alent to group gradings.

Remark 3.16: Let I be a finite set. We denote by Z(I) the free Z-module
generated by I, which is the free abelian group generated by I. Z(I) has
the following universal property. For any function f : I → G, where G is a
Z-module (an abelian group), there is a unique Z-module homomorphism
τ : Z(I) → G such that the following diagram, where ι : I → Z(I) denotes
the canonical injection, commutes.

Z(I)

I G

τι

f

Proposition 3.17: Let Γ: L =
⊕

i∈I LI be a grading of a simple Lie algebra
L. There is a finitely generated abelian group GI which satisfies the following
properties:

(i) I ⊆ GI .

(ii) L =
⊕
i∈I

Li =
⊕
j∈GI

L′j , where L′j =

{
Lj , for all j ∈ I
0, for all j ∈ GI − I

.

(iii) For any group grading Γ∗ : L =
⊕

g∈GMg, which is a coarsening of
the GI -grading on L, there is a unique group epimorphism τ : GI → G
such that Mg =

⊕
j∈J

L′j for any g ∈ G, where J := {j ∈ GI | τ(j) = g}.

Proof. We will let Z(I) denote the free Z-module generated by I and define
N := {i1 +i2−i3 | ij ∈ I and 0 6= [Li1 ,Li2 ] ⊆ Li3}. We then define M = 〈N〉,
that is, the Z-submodule of Z(I) generated by N. We then claim that the
Z-module GI = Z(I)/M has the properties described in the hypothesis.

For any i ∈ I, we have that i /∈ N. This means that i /∈ M. If i, j ∈ N
such that i − j ∈ M. then 0 6= [Li,L0] ⊆ Lj . Thus, Li ⊆ Lj and so i = j.
Hence we may conclude that I ⊆ GI . Since L is finite-dimensional we find
that I is finite, and so GI is finitely generated. Moreover, as a Z-module GI
is an abelian group. Parts (i) and (ii) thus follow.
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Suppose G is a finitely generated abelian group and ΓG : L =
⊕

g∈GMg

is a coarsening of the GI -grading Γ. We denote by S := Supp(ΓG). Then
there is a surjective map f : I → S, with L′i ⊆Mf(i) for each i ∈ I. In fact,

for each g ∈ S we may write Mg =
⊕ng

i=1 Lgi and then we define f(gi) = g
for each i ∈ {1, 2, . . . , ng}. We may also view f as having codomain G, and
so by Remark 3.16 there is a unique Z-module homomorphism ϕ : Z(I)→ G
such that ϕ ◦ j = f, where j : I → Z(I) is the natural injection, i 7→ i for
each i ∈ I. This gives us that ϕ(i) = f(i) for all i ∈ I.

We note that ϕ induces a unique group homomorphism ϕ̃ : Z(I) → G.
Moreover, if ϕ : Z(I) → G is a group homomorphism such that τ ◦ j = f,
then for z ∈ Z and i ∈ I we have τ(zi) = τ(i + i + . . . + i) = zτ(i). By
uniqueness we have that τ = ϕ = ϕ̃.

We claim that M ⊆ Ker(ϕ). It suffices to show that N ⊆ Ker(ϕ). For
i1 + i2− i3 ∈ N we have that 0 6= [Li1 ,Li2 ] ⊆ Li3 , and so 0 6= [L′i1 ,L

′
i2

] ⊆ L′i3 .
Hence, 0 6= [Li1 ,Li2 ] = [L′i1 ,L

′
i2

] ⊆ L′i1+i2
, but this means that i1 + i2 ∈ I,

as otherwise L′i1+i2
= 0. Therefore,

ϕ(i1 + i2 − i3) = ϕ(i1 + i2)− ϕ(i3) = f(i1 + i2)− f(i3).

Since [L′i1 ,L
′
i2

] ⊆ L′i3 we have that L′i1+i2
⊆ L′i3 and so f(i1 + i2) = f(i3). It

follows that ϕ(i1+i2−i3) = 0, and sinceM = 〈N〉 we have thatM ⊆ Ker(ϕ).

We now find that ϕ induces a group homomorphism ϕ : GI → G defined
by

∑
i∈I

zii + M 7→
∑
i∈I

ziϕ(i). Then ϕ(i + M) = f(i) for each i ∈ I. As

G = 〈S〉 and f is surjective, we find that ϕ is an epimorphism. Then τ = ϕ
and uniqueness follows since ϕ is unique.

Before we give an example of finding the universal grading group of a
grading, we will need some definitions and results.

Remark 3.18: Let M = 〈m1, . . . ,ms〉 be a finitely generated module of a
principal ideal domain R. Then we may define an R-module epimorphism

θ : Rs →M

(r1, . . . , rs) 7→
s∑
i=1

rimi.

Conversely, if there is such an R-module epimorphism then M is finitely
generated.

If K is the kernel of θ, then M ∼= Rs/K. Moreover, for (r1, . . . , rs) ∈ K
we find that

∑s
i=1 rimi = 0. So every element of K defines a relation on the

generators of M. We therefore call K the relation submodule of Rs for
M relative to {m1, . . . ,ms}. If K = 〈k1, . . . , kt〉 is finitely generated, we call
the matrix whose rows consist of the generators of K the relation matrix
of Rs for M relative to {m1, . . . ,ms} and {k1, . . . , kt}.
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Lemma 3.19: Let M = 〈m1, . . . ,ms〉 be a finitely generated module of a
principal ideal domain R. If K = 〈k1, . . . , kt〉 is the corresponding relation
module for M and we let A denote the relation matrix for M, that is, if each
ki = (ki1, . . . , kis), then

A =


k11 k12 . . . k1s

k21 k22 . . . k2s
...

...
. . .

...
kt1 kt2 . . . kts

 .

(i) If P is an invertible t×t matrix with entries in R, then the rows of PA
generate K. So PA is a relation matrix for M relative to {m1, . . . ,ms}
and the rows of PA (the rows are taken as elements of Rs).

(ii) Let Q be a s×s invertible matrix with entries in R. For each 1 ≤ i ≤ s
we define m′i :=

∑s
j=1(Q−1)jimj . Then M = 〈m′1, . . . ,m′s〉 and AQ is

a relation matrix for M relative to {m′1, . . . ,m′s}.

(iii) Let P and Q be t× t and s× s invertible matrices, respectively, with
entries in R. For each 1 ≤ i ≤ s we define m′′i :=

∑
j((AQ)−1)jimj .

Then PAQ is the relation matrix relative to {m′′1, . . . ,m′′s} and the
rows of PAQ (the rows are taken as elements of Rs).

Proof.

(i): We find that

PA =



t∑
i=1

(P )1iki1
t∑
i=1

(P )1iki2 . . .
t∑
i=1

(P )1ikis

t∑
i=1

(P )2iki1
t∑
i=1

(P )2iki2 . . .
t∑
i=1

(P )2ikis

...
...

. . .
...

t∑
i=1

(P )tiki1
l∑

i=1
(P )tiki2 . . .

t∑
i=1

(P )tikis


.
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From this we can see that for each 1 ≤ l ≤ t the l-th row of PA is

rl =
t∑
i=1

(P )liki1 +
t∑
i=1

(P )liki2 + . . .+
t∑
i=1

(P )likis

=
s∑
j=1

t∑
i=1

(P )likij

= (P )l1

s∑
j=1

k1j + (P )l2

s∑
j=1

k2j + . . .+ (P )lt

s∑
j=1

ktj

= (P )l1k1 + (P )l2k2 + . . .+ (P )ltkt

=
t∑
i=1

(P )liki.

As the ki are generators for K, we have that the ri are elements of K.
Moreover,

t∑
i=1

(P−1)liri =
t∑
i=1

(P−1)li

 t∑
j=1

(P )ijkj


=

t∑
i,j=1

(P−1)li(P )ijkj

= (P−1)l1(P )11k1 + . . .+ (P−1)l1(P )1tkt

+ (P−1)l2(P )21k1 + . . .+ (P−1)l2(P )2tkt

+ . . .

+ (P−1)lt(P )t1k1 + . . .+ (P−1)lt(P )ttkt

=

 t∑
j=1

(P−1)lj(P )j1

 k1

+

 t∑
j=1

(P−1)lj(P )j2

 k2

+ . . .

+

 t∑
j=1

(P−1)lj(P )jt

 kt

=

t∑
i=1

(It)liki

= kl.
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Therefore we may recover the ki from linear combinations of the rj .
This means that the rj also generate K and so PA is a relation matrix
for M relative to {m1, . . . ,ms} and {r1, . . . , rt}.

(ii): The m′i are linear combinations of the mj and so it immediately follows
that M = 〈m′1, . . . ,m′s〉. From m′j =

∑s
i=1(Q−1)ijmi and a calculation

similar to one in (i) we see that mi =
∑s

j=1(Q)ijm
′
j for each 1 ≤ i ≤ s.

Since A is a relation matrix for M relative to {m1, . . . ,ms} we have
that

A

m1
...
ms

 =

0
...
0

 .

Therefore,

(AQ)Q−1

m1
...
ms

 =

0
...
0

 ,

and so from m′j =
s∑
i=1

(Q−1)ijmi we find that

AQ

m
′
1

...
m′s

 =

0
...
0

 .

This shows that AQ is a relation matrix for M relative to the set
{m′1, . . . ,m′s}.

(iii): This follows directly from (i) and (ii).

The above lemma shows us that elementary row operations performed on
a relation matrix A are akin to changing generators for the relation module
K, while elementary column operations correspond to changing generators
for the module M.

Example 3.20: Let M = 〈m1,m2〉 be a Z-module with relations

m1 + 4m2 = 0 and − 3m1 + 5m2 = 0.

This gives the relation matrix A =

(
1 4
−3 5

)
. Adding 3 times row 1 to row 2

then switches our generators ofK from

1

4

,
−3

5

 to

1

4

,
 0

17

. Subtracting

4 times column 1 from column 2 leaves us with the matrix

A′ =

(
1 0
3 1

)(
1 4
−3 5

)(
1 −4
0 1

)
=

(
1 0
0 17

)
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and using our algorithm from the lemma we see that our generators for
M switch from {m1,m2} to {m1, 4m1 + m2}. Now, A′ is equivalent to A
and in Smith normal form. Using the new generators for K we see that

K = 〈
1

0

,
 0

17

〉 = Z⊕ 17Z. Since M ∼= Z2/K from Remark 3.18 we see

M ∼= (Z/Z)⊕ (Z/17Z) ∼= Z17.

Proposition 3.21: Let M = 〈m1, . . . ,ms〉 be a module of a principal ideal
domain R, and A a relation matrix for M . If there are invertible matrices P
and Q such that PAQ is diagonal with non-zero diagonal entries d1, . . . , dp,
then

M ∼= R/〈d1〉 ⊕ . . .⊕R/〈dp〉 ⊕Rs−p.

Proof. We first note that by Lemma 3.19 we have that PAQ is the relation
matrix for M relative to the corresponding generators of M and the rows of
PAQ. As in Remark 3.18 we have a corresponding R-module homomorphism
θ : Rs → M with Ker(θ) = K generated by the rows of A. Then we have
that

M ∼= Rs/K = Rs/〈


d1

0

...
0

, . . . ,


0

...
0

dp

〉

∼= R/〈d1〉 ⊕ . . .⊕R/〈dp〉 ⊕R/〈0〉 ⊕ . . .⊕R/〈0〉
∼= R/〈d1〉 ⊕ . . .⊕R/〈dp〉 ⊕Rs−p.

Example 3.22: Let L = sl(3,F) with basis

B := {e12, e13, e21, e23, e31, e32, h1 := e11 − e22, h2 := e22 − e33}.

Then,
L = Li ⊕ Lj ⊕ Lk ⊕ Lm ⊕ Ln,

where

Li = 〈h1, h2〉, Lj = 〈e21, e32〉, Lk = 〈e31〉, Lm = 〈e12, e23〉, Ln = 〈e13〉,

is a grading on L. We note that Li is a maximal toral subalgebra of L.
We have that [h1, h2] = 0 so [Li,Li] = 0, whereas [h1, e21] = −2e21,

[h1, e32] = −e32, [h2, e21] = e21, and [h2, e32] = −2e32 mean [Li,Lj ] ⊆ Lj .
We find that [Li,Lk] ⊆ Lk because [h1, e31] = −e31 = [h2, e31]. Now, from
[h1, e12] = 2e12, [h1, e23] = −e23. [h2, e12] = −e12, and [h2, e23] = 2e23 we
get that [Li,Lm] ⊆ Lm. Since [h1, e13] = e13 = [h2, e13] we must have that
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[Li,Ln] ⊆ Ln. Noting that [e21, e13] = e23 and [e32, e13] = −e12 we find that
[Lj ,Ln] ⊆ Lm.

Seeing that [e21, e32] = −e31 gives that [Lj ,Lj ] ⊆ Lk. Then, since
[e21, e31] = 0 = [e32, e31] we have that [Lj ,Lk] = 0. We can also see that
[e21, e12] = −h1, [e21, e23] = 0 = [e32, e12], and [e32, e23] − h2 and therefore
[Lj ,Lm] ⊆ Li.

We have that [e31, e12] = 0 and [e31, e23] = −e21 which shows that
[Lk,Lm] ⊆ Lj . We can see that [e31.e13] = −(h1 − h2) and so [Lk,Ln] ⊆ Li.

Since [e12, e23] = e13 we see that [Lm,Lm] ⊆ Ln. Finally, seeing that
[e12, e13] = 0 = [e23, e13] we conclude that [Lm,Ln] = 0.

From our conclusions above, and from the properties of the Lie bracket
we may summarize the Lie bracket relations on the gradings subspaces in
the following table:

[ , ] Li Lj Lk Lm Ln
Li 0 Lj Lk Lm Ln
Lj Lk 0 Li Lm
Lk 0 Lj Li
Lm Ln 0
Ln 0

We need only consider the section above the main diagonal because the Lie
bracket is skew-symmetric.

To continue we would like to find the universal grading group GI for
the set I = {i, j, k, l,m, n}. To do so we follow the process described in the
proof of Proposition 3.17. We must therefore consider the submodule M of
the free Z-module Z(I), where M = 〈N〉 and

N := {x+ y − z |x, y, z ∈ I and 0 6= [Lx,Ly] ⊆ Lz}.

By consulting the table of Lie bracket relations we find that

N = {i+ j − j, 2j − k, j +m− i, j + n−m, k +m− j, k + n− i, 2m− n}

Next, we must find Z(I)/M. First, we note that we may identify Z(I) with
Z5 by mapping

i 7→



1

0

0

0

0


, j 7→



0

1

0

0

0


, k 7→



0

0

1

0

0


, m 7→



0

0

0

1

0


, n 7→



0

0

0

0

1


,

and M = 〈i, 2j − k, j + m − i, j + n −m, k + m − j, k + n − i, 2m − n〉 we
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may identify with

M ′ = 〈



1

0

0

0

0


,



0

2

−1

0

0


,



−1

1

0

1

0


,



0

1

0

−1

1


,



0

−1

1

1

0


,



−1

0

1

0

1


,



0

0

0

2

−1


〉.

Therefore we conclude that GI = Z(I)/M ∼= Z5/M ′. We now represent the
generators of M ′ as rows in a matrix

A′ =



1 0 0 0 0
0 2 −1 0 0
−1 1 0 1 0
0 1 0 −1 1
0 −1 1 1 0
−1 0 1 0 1
0 0 0 2 −1


.

Elementary row operations correspond to multiplying A′ on the left by in-
vertible 7 × 7 matrices, and elementary column operations correspond to
multiplying A′ on the right by invertible 5 × 5 matrices. We denote ele-
mentary row operations as follows: Ri 7→ Ri + kRj indicates replacement
of the i-th row by the i-th row added to k times the j-th row (where k is
a non-zero constant), and Ri ↔ Rj means that we swap the i-th and j-th
rows. We denote elementary column operations similarly, replacing R by C.
We perform the following elementary row and column operations (ordered
left to right and top to bottom):

R3 7→ R3 +R1 R5 7→ R5 +R2 R4 7→ − 1
2
R4 R4 7→ R4 +R2 R4 7→ 2R4

R6 7→ R6 +R1 R3 7→ 2R3 R6 7→ R6 + 2R4 C5 7→ C5 − C3 C4 ↔ C5

R2 7→ 1
2
R2 R4 7→ R4 − 1

2
R3 R7 7→ R7 − 2R4 C2 7→ C2 − 2C5

R3 7→ R3 −R2 R5 7→ R5 − 1
2
R3 R3 7→ R3 − 2R4 R2 ↔ R4

R4 7→ R4 −R2 R6 7→ R6 −R3 R2 7→ R2 +
1
2
R3 C4 7→ C4 − C2

and get a row equivalent matrix

PA′Q =



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


,

where P and Q are invertible matrices. From Proposition 3.21 we may
conclude that M ′ ∼= Z4. Therefore GI = Z(I)/M ∼= Z5/Z4 ∼= Z. In fact we
have that the grading of L with indexing set I is a Z-grading for L

L = L−2 ⊕ L−1 ⊕ L0 ⊕ L1 ⊕ L2,
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for
L−2 = Ln, L−1 = Lm, L0 = Li, L1 = Lj , L2 = Lk.

Moreover, this grading may also be seen as a Z5 grading. First we identify
Z5 with {ωz = exp(2πi

5 )z | z ∈ Z}. Then,

L =
4⊕
j=0

Kωz ,

is a Z5-grading for

K1 = Li, Kω = Lj , Kω2 = Lk, Kω3 = Ln, Kω4 = Lm.

By the universal property of GI there is a unique epimorphism τ : Z → Z5

such that Lz = Kτ(z) for each z ∈ {−2,−1, 0, 1, 2}. This epimorphism may
be defined by τ(1) := ω.

3.3 Automorphisms

Automorphisms of Lie gradings of complex algebras are the focus of this
section. This will lead us to some important results concerning complex
Lie gradings. We will see an important connection between group gradings
and homomorphisms from the character group to the automorphism group.
Some knowledge of matrix Lie groups is necessary later in this section. Ap-
pendix E covers all that is required.

In this section any group is assumed to be finitely generated and abelian,
unless stated otherwise.

Definition 3.23: Suppose G is a group. The character group of G,
X(G) := Hom(G,C∗), is the group of representations of G by complex-
valued functions. That is, f : G→ C∗ is an element of X(G) if f is a group
homomorphism. The operation on X(G) is defined by

(fi · fj)(g) := fi(g)fj(g),

for all g ∈ G. For the sake of convenience, when there is no ambiguity we
will denote this operation simply by juxtaposition. That is, we may write
fi · fj as fifj when it is clear what we mean. Extending this notation, as
clarity and convenience allow, we may write fi · . . . · fi = fki = f�ki .

Proposition 3.24: Let S = Zn1 × . . . × Znk × Zm be a finitely generated
abelian group. Then X(S) ∼= Zn1 × . . .× Znk × (C∗)m.

Proof. We first show that X(Z) = C∗ and X(Zn) = Zn. Define θ : X(Z)→ C∗
by θ(f) = f(1). Then, for f, g ∈ X(Z) we have that

θ(fg) = fg(1) = f(1)g(1) = θ(f)θ(g),
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which shows that θ is a group homomorphism. If f, g ∈ X(Z) such that
θ(f) = θ(g), then f(1) = g(1) which means that f = g. Moreover, for
c ∈ C∗ we see that f : Z → C∗ defined by f(z) = cz is an element of X(Z).
Therefore θ is an isomorphism.

We now define φ : X(Zn)→ U, where U := {ωj = exp(2πi
n )j | j ∈ Z}. For

each f ∈ X(Zn) we have that f(z) = f(1)z, for each z ∈ Zn. In particular,
f(1)n = 1. Therefore, we may define

φ(f) := f(1) ∈ U.

A similar argument to that of θ above shows that φ is injective. For ωj ∈ U
we may assume without loss of generality that 0 ≤ j ≤ n. We may induce
fj ∈ X(Zn) by fj(1) = ωj . Thus, φ is an isomorphism. We may identify U
with Zn and so X(Zn) ∼= Zn.

Now we may define ϕ : X(S)→ Zn1 × . . .× Znk × (C∗)m, by

ϕ(f) = (f(1, 0, . . . , 0), f(0, 1, 0, . . . , 0), . . . , f(0, . . . , 0, 1)).

The result then follows from X(Z) ∼= C∗ and X(Zn) ∼= Zn.

Proposition 3.25: Let S be a finitely generated abelian group and A a
complex algebra.

(i) If τ : X(S)→ Aut(A) is a homomorphism, then τ induces an S-grading
of A

Γτ : A =
⊕
i∈S

Ai,

where Ai = {a ∈ A | τ(f)(a) = f(i)a ∀ f ∈ X(S)}.

(ii) If Γτ : A =
⊕

i∈S Ai is an S-grading of A, then it is induced by a
homomorphism

τ : X(S)→ Aut(A)

f 7→ τ(f) : A→ A,

αi 7→ f(i)αi,

for αi ∈ Ai. That is, τ(f)(αi) = f(i)αi, for αi ∈ Ai.

Proof.

(i): We note first that the Ai are vector subspaces of A. To see this take
x, y ∈ Ai, α, β ∈ C, f ∈ X(S) and we have that

τ(f)(αx+ βy) = ατ(f)(x) + βτ(f)(y) = αf(i)x+ βf(i)y

= f(i)(αx+ βy).
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We claim that the Ai are linearly independent. We remark that if
a ∈ Ai ∩ Aj (for i 6= j) then f(i)a = f(j)a for all f ∈ X(S). So
Ai ∩Aj = 0 (for i 6= j). For ai ∈ Ai, αi ∈ C suppose that

∑
i∈S

αiai = 0.

Then,

0 = τ(f)

(∑
i∈S

αiai

)
=
∑
i∈S

αiτ(f)(ai) =
∑
i∈S

αif(i)ai,

for all f ∈ X(S). Therefore,
∑
i∈S

(αi − αif(i))ai = 0 for all f ∈ X(S).

Considering only the i for which ai 6= 0, we see that αi = αi − αif(i)
for all f ∈ X(S). This tells us that either αi = 0 for all such i, or
f(i) = 1 for all f ∈ X(S) and for all such i. In the former case we are
done. The latter case implies that S = 0 and so Ai = A.

Since the Ai are linearly independent and A is finite-dimensional, we
find that I := Supp(Γτ ) is finite. We proceed by induction on |I|. If
|I| = 1 then A = Ai and we are done.

Suppose now that |I| = n > 1. Fix j ∈ I and set Q := A/Aj , as a
vector space (the algebra structure is not important as we need only
demonstrate that A has a vector space decomposition). We define

τ̃ : X(S)→ Aut(Q)

f 7→ τ(f) : Q→ Q

x+Aj 7→ τ(f)(x) +Aj ,

that is, τ̃(f)(x+Aj) = τ(f)(x) +Aj . To see that τ̃ is well-defined we
note that if x, y ∈ A such that x−y ∈ Aj , we have that f(j)(x−y) ∈ Aj
for all f ∈ X(S) since Aj is a vector subspace of A. For f, g ∈ X(S) we
have that

τ̃(fg)(x+Aj) = τ(fg)(x+Aj) = (τ(f) ◦ τ(g))(x+Aj)

= f(i)g(i)(x+Aj) = τ̃(f)(g(i)x+Aj)

= (τ̃(f) ◦ τ̃(g))(x+Aj),

which shows that τ̃ is a homomorphism. By the inductive hypothesis
we find that τ̃ induces an S-grading

A/Aj = Q =
⊕

i∈I\{j}

Qi =
⊕
i∈S

Qi,

where Qi = {x+Aj ∈ Q | τ̃(f)(x+Aj) = f(i)x+Aj , ∀ f ∈ X(S)}.
Take v ∈ A, then

v +Aj =
∑

i∈I\{j}

αiai +Aj ,
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for some ai ∈ Ai, αi ∈ C. Therefore, v =
∑

i∈I\{j} ai + aj for some
aj ∈ Aj . This shows that

A =
⊕

i∈I\{j}

Qi ⊕Aj .

We now claim that
⊕

i∈I\{j}
Qi ∼=

⊕
i∈I\{j}

Ai. We define a linear map

φ :
⊕

i∈I\{j}

Qi →
⊕

i∈I\{j}

Ai∑
i

ai +Aj 7→
∑
i

ai.

To see that φ is well-defined we note that for
∑

i ai +Aj =
∑

i bi +Aj
we have that

∑
i ai− bi ∈ Aj . If

∑
i ai =

∑
i bi then we must also have∑

i ai+Aj =
∑

i bi+Aj and so φ is injective. Take an element
∑

i ai of
the codomain. Then φ (

∑
i ai +Aj) =

∑
i ai and hence φ is surjective.

This gives us the desired vector space decomposition.

Moreover for ai ∈ Ai, aj ∈ Aj , and f ∈ X(S) we have that

τ(f)(aiaj) = τ(f)(ai)τ(f)(aj) = f(i)aif(j)aj = f(i)f(j)aiaj

= f(i+ j)aiaj

Which means that AiAj ⊆ Ai+j , and so the decomposition is an S-
grading, except that it remains to show that I generates S.

We let π : S → S1 := S/〈I〉 be the canonical quotient epimorphism.
We may then define a monomorphism

ι : X(S1)→ X(S)

f̃ 7→ f : S → C∗

s 7→ f̃(s+ 〈I〉),

that is, ι(f̃)(s) = f̃(s+ 〈I〉). To see that ι is a homomorphism we note
that

ι(f̃)ι(g̃)(s) = ι(f̃)(s)ι(g̃)(s) = f̃(s+ 〈I〉)g̃(s+ 〈I〉) = f̃ g̃(s+ 〈I〉)
= ι(f̃ g̃)(s),

for all s ∈ S, f̃ , g̃ ∈ X(S1). To see that ι is injective we note that if
ι(f̃) = ι(g̃) for f̃ , g̃ ∈ X(S1) then f̃(s+ 〈I〉) = g̃(s+ 〈I〉) for all s ∈ S,
and so f̃ = g̃.

We then have the τ1 := τ ◦ ι : X(S1) → Aut(A) is a homomorphism.
This induces a decomposition

A =
⊕
i∈S1

A1
i ,
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where A1
i := {a ∈ A | τ1(f̃)(a) = f̃(i)a, ∀f̃ ∈ X(S1)}. We now consider

the set I1 := {i ∈ S1 |A1
i 6= 0}. Take i1 = s1 +〈I〉 ∈ I1 and 0 6= a ∈ A1

i .
Then

τ1(f̃)a = (τ ◦ ι)(f̃)(a) = ι(f̃)(i1)a = ι(f̃)(s1 + 〈I〉)a,

for all f̃ ∈ X(S1).

We set S2 := S1/〈I1〉. Similar to the above, this defines a homomor-
phism τ2 : X(S2)→ Aut(A) which induces a decomposition

A =
⊕
i∈S2

A2
i ,

where A2
i := {a ∈ A | τ2(f̃)(a) = f̃(i)a, ∀f̃ ∈ X(S2)}. We may now

consider the set I2 := {i ∈ S2 |A2
i 6= 0}. Take i2 = s2 + 〈I1〉 ∈ I2 and

0 6= a ∈ A2
i . Then

τ2(f̃)a = (τ1 ◦ ι1)(f̃)(a) = ι1(f̃)(i2)a = ι1(f̃)(s2 + 〈I1〉)a,

for all f̃ ∈ X(S2).

Continuing in this fashion, if the process ever reaches an n ∈ Z+

such that sn must be in 〈In−1〉 then Sn = 〈In−1〉 and so (cascading
backwards) we find that S1 = 〈I〉. This means that S = 〈I〉, and so
we are done. However, if the process does not terminate, then we have
s1 /∈ 〈I〉, s2 /∈ 〈I1〉, . . . , and so we have that

〈I〉 ⊂ 〈I ∪ {s1}〉 ⊂ 〈I ∪ {s1} ∪ {s2}〉 ⊂ . . . ⊂ 〈I ∪
⋃
i∈Z+

{si}〉 ⊂ S,

where each is a proper subset of the next. This is true for arbitrary
s1, s2, . . .. We can therefore choose a finite generating set J for S and
choose the si such that J ⊂

⋃
i∈Z+

si. But this contradicts J being a

generating set for S.

(ii): For f1, f2 ∈ X(S) and αi ∈ Ai we have that

(τ(f1) ◦ τ(f2))(αi) = τ(f1)(f2(i)αi) = f2(i)τ(f1)(αi) = f2(i)f1(i)αi

= f1(i)f2(i)αi = f1f2(i)αi = τ(f1f2)(αi).

Thus, τ is a homomorphism. By construction, τ induces a S-grading of
A as in (i). The decomposition follows in the same way. The conditions
that AiAj ⊆ Ai+j and that S is generated by I := Supp(Γτ ), follow
from the original grading.
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Lemma 3.26: Set φ := θ−1, where θ : X(Z)→ C∗ is the isomorphism from
Proposition 3.24. If τ : X(Z) → Aut(A) is a homomorphism arising from a
Z-grading of a complex algebra A, then ψ := τ ◦ φ is continuous.

Proof. We note that by Remark E.2 and Proposition E.22 we have that C∗
and Aut(A) are matrix Lie groups. Let F be an open set in Aut(A). We
claim that C := C∗\ψ−1(F ) is closed. Let (zm) ⊆ C such that lim

m→∞
zm = z.

Suppose ψ(z) ∈ F. Then there is an open ball B around z contained in F.
Hence, there is some M such that M ≤ m implies that ψ(zm) ∈ F which
contradicts zm ∈ C. Thus, C is closed and ψ is continuous.

Proposition 3.27: If Γ: A =
⊕

g∈GAg is a G-grading of a complex algebra
A and G is a cyclic group, then Γ is a decomposition of A into a direct sum
of eigenspaces of a diagonalisable automorphism of A.

Proof. There are two cases: G = Z or G = Zn for some n.
Suppose G = Zn. By Proposition 3.24 we have that X(Zn) ∼= Zn and so,

Proposition 3.25 yields a homomorphism τ : X(Zn)→ Aut(A) which induces
the grading

Γ: A =
⊕
z∈Zn

Az, where

Az = {a ∈ A | τ(fm)(a) = fm(z)a, ∀0 ≤ m ≤ n− 1},

(Here we have taken f as a generator for X(Zn) whose existence is guaranteed
because X(Zn) ∼= Zn). The homomorphism is completely determined by
τ(1) ∈ Aut(A) because τ(z) = τ(1 + . . . + 1) = τ(1)z. Therefore, we also
have that τ(n) = τ(1)n = 1Aut(A). Let φ : Zn → X(Zn) be an isomorphism.
Then, ψ := τ ◦φ : Zn → Aut(A) is a homomorphism. We may set f := φ(1).
Let us show that ψ(1) is diagonalisable.

Set S := Supp(Γ).We proceed by induction on |S|. If |S| = 1 thenA = Ai
for some i ∈ I. Therefore every element of A is an eigenvector of ψ(1), so
we can find a basis of eigenvectors of ψ(1). Thus, ψ(1) is diagonalisable.

Assume now that |S| = k + 1 > 1. Fix j ∈ S and set Q := A/Aj . Then
τ induces a homomorphism

τ̃ : X(Zn)→ Aut(Q)

f 7→ τ̃(f) : Q→ Q

a+Aj 7→ τ(f)(a) +Aj .

That is, τ̃(f)(a+Aj) = τ(f)(a) +Aj . To see that τ̃ is well-defined we note
that for x, y ∈ A such that x− y ∈ Aj , we know that

τ(f)(x− y) = f(j)(x− y) ∈ Aj .

We may then set ψ̃ := τ̃ ◦φ. By the inductive hypothesis ψ̃(1) is diagonalis-
able, and so there is a basis B = {e1, . . . , ed} for Q consisting of eigenvectors
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of ψ̃(1). Choose 0 6= aj ∈ Aj . Now we know that each ei is an eigenvector
for ψ(1). Furthermore, aj is also an eigenvector of ψ(1). We claim that
B′ := B ∪ {aj} is a basis for A. Clearly B′ spans A, so it suffices to show

that B′ is linearly independent. Suppose then that
∑d

i=1 ηiei = aj . Then∑d
i=1 ηiei + Aj ∈ Aj . Since B is a basis for Q this means that ηi = 0 for

each i. Thus, aj = 0, a contradiction. Hence, B′ is a basis for A consisting
of eigenvectors of ψ(1)and so ψ(1) is diagonalisable.

From ψ we get a grading

A =
⊕
z∈Zn

A′z, where

A′z = {a ∈ A |ψ(m)(a) = (f�m(1))za, ∀0 ≤ m ≤ n− 1},
and Az = A′z for each z ∈ Zn. We also have that

ψ(m) = (τ ◦ φ)(m) = τ(φ(1)�m) = τ(f · . . . · f)

= τ(f) ◦ . . . ◦ τ(f) = [τ(f)]m = ψ(1)m.

Since ψ(1) is diagonalisable its eigenspaces are exactly equal to its gen-
eralised eigenspaces. From here it follows that the Zn-grading of A is a
decomposition into the eigenspaces of ψ(1).

Now we move to the case G = Z. The grading is induced by a homo-
morphism τ : X(Z) → Aut(A). Let φ := θ−1 where θ : X(Z) → C∗ is the
isomorphism from Proposition 3.24. Then we may define a homomorphism
ψ := τ ◦φ : C∗ → Aut(A), which induces a grading equivalent to the original
grading. For f ∈ X(Z) we have f(m) = f(1)m = zm, where z := f(1). Since,
for each f ∈ X(Z), this holds for some z ∈ C∗ we have that the grading is

A =
⊕
z∈Z

Az,

where Az = {a ∈ A |ψ(w)a = wza, ∀w ∈ C∗}.
From Lemma 3.26 we know that ψ is continuous and thus a matrix

Lie group homomorphism. An application of Theorem E.20 yields the dif-
ferential dψ(1) : Lie(C∗) → Lie(Aut(A)). By Remark E.16 and Proposi-
tion E.24 we have that Lie(C∗) = C and Lie(Aut(A)) = Der(A). Hence,
dψ(1) : C→ Der(A). We then have that

edψ(1)(tz) = ψ(etz),

for all t ∈ R. Hence, for a ∈ Am we have that

etdψ(1)(z)(a) = ψ(etz)(a) = (e(tz))m(a) = etmz(a).

We will denote D := dψ(1). We know that D ∈ Der(A) is linear, therefore
D(z) = zD(1) for all z ∈ Z. Taking the derivative at t = 0 we find that

D(z)(a) = mza,
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and taking this at z = 1 yields that a ∈ Am if and only if D(1)(a) = ma.
This means that the the grading is a decomposition of A into the eigenspaces
of D(1), which is then a diagonalizable derivation of A. Consider the map
η := eD(1). This is a diagonalizable automorphism of A. Moreover, em is an
eigenvalue of η if and only if m is an eigenvalue of D(1). Hence, we find that
the grading spaces are each of the form

Az = {a ∈ A | η(a) = eza}.

Remark 3.28: Let G =
∏n
i=1Gi be the direct product of groups Gi. Each

projection π : G→ Gi induces a monomorphism

mi : X(Gi)→ X(G)

f : Gi → C∗ 7→ f̃ : G→ C∗,

where f̃(g) =

{
f(g), if g ∈ Gi
1, if g ∈ G\Gi

.

The mi are monomorphisms because if mi(f) = mi(f
′) then f and f ′ agree

on Gi and so f = f ′.
Therefore, any homomorphism φ : X(G) → Aut(A) induces, not only a

G-grading of A but also, Gi-gradings via the homomorphisms

φi = φ ◦mi : X(Gi)→ Aut(A).

Moreover, for any ti ∈ X(Gi) and tj ∈ X(Gj) we have that

φi(ti) ◦ φj(tj) = (φ ◦mi)(ti) ◦ (φ ◦mj)(tj) = φ(t̃i) ◦ φ(t̃j) = φ(t̃i · t̃j)
= φ(t̃j · t̃i) = φj(tj) ◦ φi(ti).

(3.3)

That is, φi(ti) and φj(tj) commute.

Lemma 3.29: A family {α1, . . . , αk} of commuting diagonalizable automor-
phisms of a complex algebra, A, induces a grading A =

⊕
i∈I Ai, where

(i) The Ai are αj-invariant for all i ∈ I, j ∈ {1, . . . , k}.

(ii) For any i ∈ I the restriction αj |Ai acts as a scalar multiple of the
identity, for every j ∈ {1, . . . , k}.

Moreover, every G-grading of A takes the form described above.

Proof. We first focus on the direct part of the lemma. Let L := {λ1, . . . , λr}
be the set of eigenvalues of αk, and Aj := Eαk(λj) the eigenspace of αk for λj .
Since the αj commute we may find a basis for A consisting of simultaneous
eigenvectors for the αj . We then have that A decomposes into the direct
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sum of the Aj and these eigenspaces agree with each of the αi because we
may simultaneously diagonalize them. For v ∈ Ai we find that

αkαj(v) = αjαk(v) = λiαj(v),

which shows that Ai is αj-invariant. As the αj are simultaneously diagonal-
izable, (i) follows.

Now, (ii) follows because the Aj are eigenspaces and the decomposition
into eigenspaces agrees with each αi. We note that for vi ∈ Ai, vj ∈ Aj we
have

αk(vivj) = αk(vi)αk(vj) = λiλjvivj ,

which shows that the decomposition of A into the Aj is a grading.
Suppose now that Γ: A =

⊕
g∈GAg is a G-grading of A, where

G = Zn1 × . . .× Znr × Zm =

r+1∏
i=1

Gi,

for some r,m ≥ 0. There is some homomorphism τ : X(G)→ Aut(A) which
induces Γ. As in Remark 3.28 τ inducesGi-gradings via τi : X(Gi)→ Aut(A).
An application of Proposition 3.27 yields that each grading, τi, is a decom-
position of A into eigenspaces of a diagonalizable automorphism of A, say
αi := τi(ti). From (3.3) we see that the αi commute. The result then follows
from the direct part of the lemma.

Corollary 3.30: Let L be a complex semisimple Lie algebra with a G := Zn
grading ψ : X(G) → Aut(L). Then dψ(1) : Cn → Der(L) is a monomor-
phism.

Proof. Let L =
⊕

g∈G Lg be the grading and, applying Proposition 3.25,
let ψ : X(G) → Aut(L) be the homomorphism which induces the grading.
As in Remark 3.28 we may consider the gradings ψi : X(Z) → Aut(L) for
1 ≤ i ≤ n. The proof of Proposition 3.27 yields that each of the ψi comes
from a diagonalizable derivation of L with integer eigenvalues, we will denote
these as Di := dψi(1)(1) : L → L. Since each of the Di are linear we have
that

dψ(1)(z1, . . . , zn) =

n∑
i=1

ziDi.

Therefore, to prove Ker(dψ(1)) = 0 it suffices to show that the Di are
linearly independent.

Suppose that
n∑
i=1

ziDi = 0. Now, for λ = (λ1, . . . , λn) ∈ G we have x ∈ Lg

if and only if Di(x) = dψi(1)(1)(x) = λix for each i. In such a case we have
that

0 =
n∑
i=1

ziDi(x) =

(
n∑
i=1

ziλi

)
x.
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We set g := (g1, . . . , gn) for each g ∈ I := {g ∈ G |Lg 6= 0}. Hence, for
v :=

∑
g∈G vg with vg ∈ Lg we have

dψ(1)(z1, . . . , zn)(v) =
∑
g∈G

dψ(1)(z1, . . . , zn)(vg) =
∑
g∈G

n∑
i=1

ziDi(vg)

=
n∑
i=1

∑
g∈G

ziDi(vg) =
n∑
i=1

∑
g∈G

zigivg

=
n∑
i=1

zigiv.

Therefore, if λ = (λ1, . . . , λn) ∈ I then

n∑
i=1

ziλi = 0. (3.4)

We will now show that z1 = 0 but a similar argument holds for each i.
Noting that G = 〈I〉, we choose integers mi and l such that

(1, 0, . . . , 0) =
l∑

i=1

migi,

where gi = (λi1, . . . , λin) ∈ I. Therefore by (3.4) we have that
n∑
k=1

zkλik = 0

for each i. Moreover, 1 =
l∑

i=1
miλi1 and 0 =

l∑
i=1

miλik for each k 6= 1. Hence,

z1 = z1

l∑
i=1

miλi1 +

n∑
k=2

zk

l∑
i=1

miλik =

n∑
k=1

zk

l∑
i=1

miλik =

l∑
i=1

mi

n∑
k=1

zkλik

=

l∑
i=1

mi · 0 = 0.
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Chapter 4

Derivations of the Octonions

This chapter is devoted to constructing the Lie algebra g2. We will construct
it as the algebra of derivations of the octonions. Some prerequisite definitions
and results relating to the octonions can be found in Appendix F. This
includes definitions of some maps we will use in this chapter. We begin by
looking at alternative algebras. We then shift our attention to g2 and look
at results bounding its dimension. Finally, we find its exact dimension and
define a specific grading on g2. Throughout this chapter (unless otherwise
specified) all vector spaces are assumed to be finite-dimensional and defined
over the field of real numbers.

4.1 Alternative Algebras

Alternative algebras are the focus of this section. We also look at some
properties of maps which we will use frequently in later sections of this
chapter.

Remark 4.1: Suppose A is an algebra. We may define a tri-linear map,
called the associator, as follows

(−,−,−) : A×A×A→ A

(x, y, z) := (xy)z − x(yz),

for all x, y, z ∈ A. We say A is alternative if the associator is an alternative
map. That is, if

(x, y, z) = −(y, x, z) = −(x, z, y),

for all x, y, z ∈ A.
Definition 4.2: We will now define the left and right multiplciation opera-
tors on an algebra A. Respectively, these are Lx : A → A and Rx : A → A.
We define them for x, y ∈ A, as follows: Lx(y) := xy and Rx(y) := yx.
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Lemma 4.3: An algebra A is alternative if and only if the following equal-
ities hold for all x, z ∈ A.

Rxz −RzRx = RxRz −Rzx
= Lzx − LzLx = LxLz − Lxz
= [Rz, Lx] = [Lz, Rx].

Proof. Note that,

(Rxz −RzRx)(y) = y(xz)− (yx)z = −(y, x, z),

(RxRz −Rzx)(y) = (yz)x− y(zx) = (y, z, x),

(Lzx − LzLx)(y) = (zx)y − z(xy) = (z, x, y),

(LxLz − Lxz)(y) = x(zy)− (xz)y = −(x, z, y),

[Rz, Lx](y) = RzLx(y)− LxRz(y) = (xy)z − x(yz) = (x, y, z),

[Lz, Rx](y) = z(yx)− (zy)x = −(z, y, x),

for any y ∈ A. Now it follows that all of the above are equal if and only if
A is alternative.

Lemma 4.4: Suppose A is an alternative algebra. For all x, z ∈ A,

1. RxRz +RzRx = Rxz+zx,

2. [Rx, Rz] = −R[x,z] − 2[Lx, Rz], and

3. [Lx, Lz] = L[x,z] − 2[Lx, Rz].

Proof.

(1): From Lemma 4.3 we have

Rxz −RzRx = RxRz −Rzx,

for all x, z ∈ A. Therefore,

RxRz +RzRx = Rxz +Rzx = Rxz+zx.

(2): For all x, z ∈ A we have

[Rx, Rz] +R[x,z] + 2[Lx, Rz] = RxRz −RzRx +Rxz −Rzx + 2[Lx, Rz]

= (Rxz −RzRx) + (RxRz −Rzx) + 2[Lx, Rz]

= [Rz, Lx] + [Rz, Lx] + 2[Lx, Rz] = 0.

(3): This follows similarly to part (2).
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Lemma 4.5: If A is an alternative algebra, then for all x, y, z ∈ A

[Ry, [Rx, Rz]] = R[y,[x,z]]−2(x,y,z).

Proof. For all x, y, z ∈ A we have

[Ry, [Rx, Rz]] = [Ry, RxRz −RzRx]

= RyRxRz −RyRzRx −RxRzRy +RzRxRy

+ (RxRyRz −RxRyRz) + (RzRyRx −RzRyRx)

= (RyRx +RxRy)Rz +Rz(RxRy +RyRx)

−Rx(RzRy +RyRz)− (RyRz +RzRy)Rx

= Ryx+xyRz +RzRxy+yx −RxRzy+yz −Ryz+zyRx
= Rz(yx+xy)+(yx+xy)z −Rx(yz+zy)+(zy+yz)x.

Furthermore, we can see

z(xy + yx) + (yx)z + (xy)z − x(yz + zy)− (zy + yz)x

= z(xy) + [z(yx)− (zy)x] + (yx)z + [(xy)z − x(yz)]− x(zy)− (yz)x

= [(zx)y − (z, x, y)] + [(y, x, z) + y(xz)]− (z, y, x) + (x, y, z)

+ [(x, z, y)− (xz)y] + [−(y, z, x)− y(zx)]

= −2(x, y, z) + (zx)y + y(xz)− (xz)y − y(zx)

= [(zx)− (xz)]y + y[xz − zx]− 2(x, y, z)

= [y, [x, z]]− 2(x, y, z).

Definition 4.6: We can now use the left and right multiplication operators
to define a new bilinear map Dx,y : A→ A, by

Dx,y := [Lx, Ly] + [Lx, Ry] + [Rx, Ry],

for x, y ∈ A.
Lemma 4.7: Suppose A is an alternative algebra. For all x, y, z ∈ A,
Dx,y(z) = ad[x,y](z)− 3(x, y, z).

Proof. Using Lemma 4.4 for all x, y ∈ A we have

Dx,y = [Lx, Ly] + [Lx, Ry] + [Rx, Ry]

= L[x,y] − 2[Lx, Ry] + [Lx, Ry]−R[x,y] − 2[Lx, Ry]

= L[x,y] −R[x,y] − 3[Lx, Ry]. (4.1)

Therefore, for all x, y, z ∈ A we have

Dx,y(z) = [x, y]z − z[x, y]− 3[LxRy −RyLx](z)

= [[x, y], z]− 3[x(zy)− (xz)y] = [[x, y], z]− 3(x, y, z).
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Lemma 4.8: For any algebra A, the following are equivalent for d ∈ gl(A)
and y ∈ A.

1. d ∈ Der(A),

2. [d,Ry] = Rd(y), and

3. [d, Ly] = Ld(y).

Proof. For x ∈ A we note that Rd(y) = xd(y) and [d,Ry](x) = d(xy)−d(x)y.
Hence, parts (1) and (2) are equivalent. It follows similarly that parts (1)
and (3) are equivalent.

Proposition 4.9: Suppose A is an alternative algebra. If x, z ∈ A, then
Dx,z ∈ Der(A).

Proof. Lemma 4.4 part (2) implies that

R[x,z] = [Rz, Rx] + 2[Rz, Lx] = [Rz, Rx + 2Lx], (4.2)

for all x, z ∈ A. Therefore, we find that, for any x, y, z ∈ A we have

2RDx,z(y) = R2[[x,z],y]−6(x,z,y) = R3([[x,z],y]−2(x,z,y))−[[x,z],y]

= 3R[[x,z],y]−2(x,z,y) −R[[x,z],y] = −3[Ry, [Rx, Rz]]−R[[x,z],y]

= −3[Ry, [Rx, Rz]]− [Ry, R[x,z] + 2L[x,z]]

= −3[Ry,−R[x,z] − 2[Rx, Lz]]− [Ry, R[x,z] + 2L[x,z]]

= [Ry, 3R[x,z] + 6[Rx, Lz]−R[x,z] − 2L[x,z]]

= −2[Ry, L[x,z] −R[x,z] − 3[Lx, Rz]]

= −2[Ry, Dx,z] = 2[Dx,z, Ry].

Hence, RDx,z(y) = [Dx,z, Ry]. The result follows from an application of
Lemma 4.8.

Lemma 4.10: Suppose A is an alternative algebra. If d ∈ Der(A) then
[d,Dx,y] = Dd(x),y +Dx,d(y), for all x, y ∈ A.

Proof. From (4.1) we find that

[d,Dx,y] = [d, L[x,y] −R[x,y]]− 3[d, [Lx, Ry]]. (4.3)

Using the Jacobi identity and Lemma 4.8 we can see that

[d, [Lx, Ry]] = [[d, Lx], Ry] + [Lx, [d,Ry]] = [Ld(x), Ry] + [Lx, Rd(y)]. (4.4)

Moreover, we note that

[d, L[x,y]] = Ld([x,y]) = L[d(x),y]+[x,d(y)]. (4.5)

93



Furthermore, we have that

[d,R[x,y]] = Rd([x,y]) = R[d(x),y]+[x,d(y)] (4.6)

Now, applications of (4.3), (4.4), (4.5), (4.6), and Lemma 4.4 yield that

Dd(x),y +Dx,d(y) = [Ld(x), Ly] + [Ld(x), Ry]

+ [Rd(x), Ry] + [Lx, Ld(y)] + [Lx, Rd(y)] + [Rx, Rd(y)]

= L[d(x),y] − 2[Ld(x), Ry] + [Ld(x), Ry]−R[d(x),y] − 2[Ld(x), Ry] + L[x,d(y)]

− 2[Lx, Rd(y)] + [Lx, Rd(y)]−R[x,d(y)] − 2[Lx, Rd(y)]

= [d, L[x,y]]− [d,R[x,y]]− 3[d, [Lx, Ry]]

= [d, L[x,y] −R[x,y] − 3[Lx, Ry]] = [d,Dx,y].

4.2 Dimension Bounds

In this section we look at the Lie algebra g2 and specifically we introduce
upper bounds for its dimension. The results we cover will also be useful in
the next section when we look at a specific grading of g2.

Remark 4.11: We know that g2 is a subalgebra of gl(O), which tells us
that dim(g2) ≤ dim(gl(O)) = 64.

Lemma 4.12: If d ∈ g2, then

1. d(1) = 0 and d(O0) ⊆ O0. Hence, g2 is a subalgebra of gl(O0) and so
dim(g2) ≤ dim(gl(O0) = 49.

2. d|O0 ∈ so(O0, n). Therefore, g2 is a subalgebra of so(O0, n) and so
dim(g2) ≤ dim(so(7)) = 21.

Proof. d(1) = d(12) = d(1)1 + 1d(1) = 2d(1). This implies that d(1) = 0.
Take x ∈ O0, then x = −x. Therefore, n(x) = −x2. This means that

0 = d(−n(x)) = d(x2) = xd(x) + d(x)x = (x+ d(x))2 − x2 − d(x)2.

For any y ∈ O we have

tr(y)y − n(y) = (y + y)y − yy = y2 + yy − yy = y2,

since yy = yy. Therefore, we find that

0 = d(x2) = (x+ d(x))2 − x2 − d(x)2 = tr(x+ d(x))(x+ d(x))

− n(x+ d(x))− tr(x)x+ n(x)− tr(d(x))d(x) + n(d(x))

= tr(x)[x+ d(x)] + tr(d(x))x+ tr(d(x))d(x)− n(x+ d(x))

− tr(x)x+ n(x)− tr(d(x))d(x) + n(d(x))

= 0 + tr(d(x))x− n(x+ d(x))− 0 + n(x) + n(d(x))

= tr(d(x))x− n(x+ d(x)) + n(x) + n(d(x)) = tr(d(x))x− n(x, d(x)).
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Altogether, this yields that tr(d(x)) = 0 and n(x, d(x)) = 0 since x ∈ O0

and 1 are linearly independent. Hence, we find d(x) ∈ O0, for all x ∈ O0.

Finally, for all x, y ∈ O0 we have

0 = n(x+ y, d(x+ y)) = n(x, d(x)) + n(x, d(y)) + n(y, d(x)) + n(y, d(y))

= n(x, d(y)) + n(y, d(x)).

The result follows.

Lemma 4.13:

1. ad(O0) ⊆ so(O0, n)

2. ad(O0) ∩ g2 = 0

3. dim(g2) ≤ 14

Proof.

(1): Take x ∈ O0 and y, z ∈ O. Then Proposition F.3 yields that

n(Lx(y), z) = n(y, Lx(z)) = −n(y, Lx(z)).

Therefore, Lx ∈ so(O, n). A similar argument shows Rx ∈ so(O, n).
Since adx = Lx − Rx we may conclude adx ∈ so(O, n). Moreover, for
x, y ∈ O0 we find that

tr(adx(y)) = tr(xy − yx) = n(xy − yx, 1) = tr(xy)− tr(yx)

= n(x, y)− n(y, x) = −n(x, y) + n(y, x) = 0.

From this and the fact that [O,O] = O0, (see the Fano plane in ap-
pendix F) we may conclude adx(O0) ⊆ O0. The result follows.

(2): Suppose x ∈ O0 such that adx ∈ g2. For y, z ∈ O we have

x(yz)− (yz)x = adx(yz) = [x, y]z + y[x, z]

= (xy)z − (yx)z + y(xz)− y(zx).

Therefore, we find that

0 = (xy)z − (yx)z + y(xz)− y(zx)− x(yz) + (yz)x

= ((xy)z − x(yz)) + (y(xz)− (yx)z) + ((yz)x− y(zx))

= (x, y, z)− (y, x, z) + (y, z, x) = 3(x, y, z).

This implies that (x,O,O) = 0 which implies that x ∈ R1 ∩O0 = 0.
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(3): Using part (2) of Lemma 4.12 and parts (1) and (2) of this lemma we
find

ad(O0)⊕ g2 ⊆ so(O0, n).

We know that dim(so(O0, n)) = 21 from Example F.4. Furthermore,
we claim dim(ad(O0)) = 7. It suffices to show that the homomorphism
O0 → ad(O0) given by x 7→ adx is injective. To see this, we note that
if x ∈ O0 commutes with O, then x = 0. Hence, dim(g2) ≤ 14.

4.3 Z3
2-Grading

We will now build up to the construction of a fine Z3
2-grading of g2. In fact,

this is the only fine grading of g2 which is not equivalent to the root space
decomposition. This grading will be induced by a grading on the octonions.
We will see how gradings on an algebra induce gradings on linear Lie algebras
over that algebra. We will also see that g2 is 14-dimensional.

Definition 4.14: We may define a bilinear map by

B : O0 ×O0 → g2

(x, y) 7→ Dx,y,

for all x, y ∈ O0. Since B is a bilinear map, the universal property of tensor
products yields a unique linear map ψ : O0 ⊗ O0 → g2 which makes the
following diagram commute.

O0 ×O0 O0 ⊗O0

g2

B

⊗

ψ

Lemma 4.15: Let V and W be L-modules, for some Lie algebra L. Then
V ⊗W is an L-module with the following action

l · (v ⊗ w) := (l · v)⊗ w + v ⊗ (l · w).

This extends linearly to sums and so determines the action for any tensors.
To see this defines a module, take α, β ∈ R, l1, l2 ∈ L, v1, v2 ∈ V, and
w1, w2 ∈ O0 and then we have the following.

(αl1 + βl2) · (v1 ⊗ w1)

= α(l1 · v1)⊗ v2 + β(l2 · v1)⊗ w1 + v1 ⊗ α(l1 · w1) + v1 ⊗ β(l2 · w1)

= α(l1 · v1)⊗ w1 + v1 ⊗ α(l1 · y) + β(l2 · v1)⊗ w1 + v1 ⊗ β(l2 · w1)

= αl1 · (v1 ⊗ w1) + βl2 · (v1 ⊗ w1),
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and l1 · (αv1⊗w1 +βv2⊗w2) = αl1 · (v1⊗w1) +βl1 · (v2⊗w2). Furthermore,

[l1, l2] · (v1 ⊗ w1) = (l1 · l2 − l2 · l1) · (v1 ⊗ w1)

= l1 · (l2 · v1)⊗ w1 + v1 ⊗ l1 · (l2 · w1)− l2 · (l1 · v1)⊗ w1

− v1 ⊗ l2 · (l1 · w1) + l2 · v1 ⊗ l1 · w1 − l2 · v1 ⊗ l1 · w1 + l1 · v1 ⊗ l2 · w1

− l1 · v1 ⊗ l2 · w1

= l1 · (l2 · (v1 ⊗ w1))− l2 · (l1 · (v1 ⊗ w1)).

Therefore, V ⊗W is an L-module.

Proposition 4.16: The linear map ψ : O0⊗O0 → g2 is a g2-module homo-
morphism.

Proof. An application of Lemma 4.15 yields that O0⊗O0 is a g2-module with
the following action: for d ∈ g2 and an elementary tensor x⊗ y ∈ O0 ⊗O0,

d · (x⊗ y) := d(x)⊗ y + x⊗ d(y).

This extends linearly to sums and so determines the action for any tensors.

Now, to see that ψ is a homomorphism, take d ∈ g2 and x, y ∈ O0 then

ψ(d · (x⊗ y)) = ψ(d(x)⊗ y + x⊗ d(y)) = Dd(x),y +Dx,d(y)

= [d,Dx,y] = d ·Dx,y = d · ψ(x⊗ y).

Lemma 4.17: Suppose A is any algebra, then Der(A) is a subalgebra of
gl(A).

Proof. If d1, d2 ∈ Der(A) and x, y ∈ A, then

[d1, d2](x) = d1d2(x)y + xd1d2(y)− d2d1(x)y − xd2d1(y)

= x(d1d2(y)− d2d1(y)) + (d1d2(x)− d2d1(x))y

= x[d1, d2](y) + [d1, d2](x)y.

Lemma 4.18: Suppose A is an algebra and Γ:
⊕

g∈GAg a G-grading for
some group G.

1. Then gl(A) has a G-grading given by⊕
g∈G

gl(A)g,

where gl(A)g := {f ∈ gl(A) | f(Ah) ⊆ Ag+h, ∀h ∈ G}, for each g ∈ G.
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2. Then Der(A) has a G-grading given by⊕
g∈G

Der(A) ∩ gl(A)g =
⊕
g∈G

Dg,

where Dg := Der(A) ∩ gl(A)g for each g ∈ G.

3. Then so(O0, n) has a G-grading given by⊕
g∈G

so(O0, n) ∩ gl(A)g =
⊕
g∈G

Sg,

where Sg := so(O0, n) ∩ gl(A)g for each g ∈ G.

Proof.

1. Let us first show that this is, in fact, a vector space decomposition.
Take f ∈ gl(A), we need to show that f ∈

⊕
g∈G gl(A)g. Consider the

product projection maps πk : A→ Ak for each k ∈ G. For each g ∈ G
we define

fg :=
∑

k−h=g

πkfπh.

We claim that fg ∈ gl(A)g, for each g ∈ G. To see this, we take ai ∈ Ai.
Then we have

fg(ai) =
∑

k−h=g

πkfπh(ai) =

{
πkf(ai) ∈ Ak = Ak−h+i, if i = h

0 ∈ Ak+h+i, if i 6= h
.

It follows that f =
∑

g∈G fg ∈
⊕

g∈G gl(A)g.

It remains for us to show [gl(A)g, gl(A)h] ⊆ gl(A)g+h, for all g, h ∈ G.
In fact, for g, h, k ∈ G, fg ∈ gl(A)g, and fh ∈ gl(A)h we have

[fg, fh](gl(A)k) = fgfh(gl(A)k)− fhfg(gl(A)k) ⊆ A(g+h)+k,

from which the result follows.

2. We first note that

Der(A) = gl(A) ∩Der(A) =

⊕
g∈G

gl(A)g

 ∩Der(A)

=
⊕
g∈G

gl(A)g ∩Der(A) =
⊕
g∈G

Dg

To see that the penultimate equality holds we must show that when
we write d ∈ Der(A) as a sum d :=

∑
g∈G dg, where each dg ∈ gl(A)g,
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we have the each dg ∈ Der(A). We know that for x ∈ Ah and y ∈ Ak
we have

d(xy) = d(x)y + xd(y) =
∑
g∈G

(dg(x)y + xdg(y)) ∈ Ag+h+k,

and also
d(xy) =

∑
g∈G

dg(xy) ∈ Ag+h+k.

Thus, dg(x)y + xdg(y) = dg(xy) for each g ∈ G. It follows that each
dg ∈ Der(A).

Furthermore, if dg ∈ Dg and dh ∈ Dh we have that [dg, dh] ∈ gl(A)g+h
and [dg, dh] ∈ Der(A). Hence, [dg, dh] ∈ Dg+h.

3. This follows from a similar argument to that in part (2).

Example 4.19:

1. We may describe a Z3
2-grading of O by setting:

O(1,0,0) = Ri O(0,1,0) = Rj

O(0,0,1) = Rl O(1,1,0) = Rk

O(1,0,1) = Ril O(0,1,1) = Rjl

O(1,1,1) = Rkl O(0,0,0) = R1.

It is clear to see that this decomposition is in fact a grading by consid-
ering the Fano plane description of the product on the octonions (see
F.1).

2. An application of Lemma 4.18 yields a Z3
2-grading of g2 induced by

the grading of O described above. For the remainder of the text we
will denote this grading by Γg2 .

Lemma 4.20: Consider the Z3
2 grading of O described in Example 4.19 and

the grading on gl(O) which this induces by Lemma 4.18. Suppose x ∈ Og

and y ∈ Oh, then

1. Dx,y ∈ (g2)g+h, and

2. φx,y := n(x,−)y − n(y,−)x ∈ so(O0, n)g+h.

Proof. For z ∈ Ok we have

Dx,y(z) = [Lx, Ly](z) + [Lx, Ry](z) + [Rx, Ry](z)

= x(yz)− y(xz) + x(zy)− (xz)y + (zy)x− (zx)y.
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Each of the summands is an element of O(g+h)+k. Hence, Dx,y ∈ (g2)g+h.
For u, v ∈ Ok we have

n(φx,y(u), v) = n(n(x, u)y − n(y, u)x, v) = n(x, u)n(y, v)− n(y, u)n(x, v)

= −[n(x, v)n(u, y)− n(y, v)n(u, x)] = −n(u, φx,y(v)),

which shows that φx,y ∈ so(O0, n).
It remains to show that φx,y ∈ gl(O)g+h. Since {1, i, j,k, l, il, jl,kl} is an

orthonormal basis for the octonions, we have that n(Og,Oh) 6= 0 implies
that g + h = 0. Now for x ∈ Og, y ∈ Oh, and z ∈ Ok we find the following.
If n(x, z), n(y, z) 6= 0 then g + k = 0 and h + k = 0 and so g = h = k.
Therefore, φx,y(z) ∈ Ok. If n(x, z) 6= 0 but n(y, z) = 0 then g = k and
so φx,y(z) = n(x, z)y ∈ Oh. Similarly, if n(x, z) = 0 but n(y, z) 6= 0 then
φx,y(z) ∈ Og. Finally, if n(x, z) = n(y, z) = 0 then φx,y(z) = 0. In each case
it follows that φx,y(z) ∈ Og+h+k.

Proposition 4.21: There are 14 linearly independent elements of g2 and so
dim(g2) = 14.

Proof. An application of Lemma 4.20 part (1) allows us to conclude the
following.

Di,j, Dl,kl ∈ (g2)(1,1,0) Di,l, Dj,kl ∈ (g2)(1,0,1)

Di,k, Dl,jl ∈ (g2)(0,1,0) Di,il, Dj,jl ∈ (g2)(0,0,1)

Dl,k, Di,jl ∈ (g2)(1,1,1) Di,kl, Dj,l ∈ (g2)(0,1,1)

Dj,k, Dl,il ∈ (g2)(1,0,0)

Moreover, we have the following.

Di,j(l) = 4kl Di,j(i) = 4j

Dl,kl(l) = 4kl Dl,kl(i) = −2j,

which means that Di,j and Dl,kl are linearly independent;

Di,l(i) = 4l Di,l(j) = 2kl

Dj,kl(i) = 4l Dj,kl(j) = −10kl,

which means that Di,l and Dj,kl are linearly independent;

Di,k(i) = 4k Di,k(l) = −10jl

Dl,jl(i) = 2k Dl,jl(l) = 4jl,

which means that Di,k and Dl,jl are linearly independent;

Di,il(i) = 4il Di,il(k) = 4kl

Dj,jl(i) = 4il Dj,jl(k) = 2kl,
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which means that Di,il and Dj,jl are linearly independent;

Dl,k(i) = −2jl Dl,k(j) = −10il

Di,jl(i) = 4jl Di,jl(j) = 2il,

which means that Dl,k and Di,jl are linearly independent;

Di,kl(i) = 4kl Di,kl(j) = −2l

Dj,l(i) = −2kl Dj,l(j) = 4l,

which means that Di,kl and Dj,l are linearly independent;

Dj,k(j) = 4k Dj,k(k) = −4j

Dl,il(j) = −2k Dl,il(k) = −4j,

which means that Dj,k and Dl,il are linearly independent.
The elements in the distinct homogeneous components of the Z3

2-grading
are linearly independent. Now we also see that the pairs of elements in each
homogeneous component are linearly dependent, we may conclude that the
14 elements of g2 which we have presented are linearly independent.

Corollary 4.22: Consider the grading Γg2 from Example4.19. For any
g, h ∈ Z3

2 such that e /∈ {g, h, g + h} we have

[(g2)g, (g2)h] = (g2)g+h.

Proof. This follows from the Fano plane (see Appendix F) and the proposi-
tion above, since [(g2)g, (g2)h] has dimension 2.
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Chapter 5

Graded Contractions

Having constructed the Z3
2-grading Γg2 in the previous chapter, we now look

at graded contractions in general before looking more specifically at graded
contractions relating to Γg2 . We will introduce the problem of finding and
classifying all the Lie algebras arising as graded contractions of Γg2 . These
algebras are not simple any more, and they seem to be a source for finding
new solvable and nilpotent graded Lie algebras. Although the solution to
this problem is not completely found here, we give some important steps to
solve the problem. Moreover, we have enough work to know a considerable
amount of interesting Lie algebras arise from modifying g2.

Throughout this chapter (unless specified otherwise) all vector spaces are
assumed to be finite-dimensional and defined over the field of real numbers.

5.1 Introduction

We first introduce and become acquainted with the notion of a graded con-
traction, taken from [2]. These are essentially deformations of the Lie bracket
from which we may construct new Lie algebras. Throughout this section we
will (unless stated otherwise) denote by: L a Lie algebra, G an abelian
group, and Γ a G-grading of L.

Definition 5.1: Let Γ: L =
⊕

g∈G Lg be a G-grading of a Lie algebra L,
where G is some abelian group. A graded contraction of Γ is a map
ε : G×G→ R such that (L, [, ]ε) is a Lie algebra with Lie bracket

[x, y]ε := ε(g, h)[x, y],

for all x ∈ Lg, y ∈ Lh. We may also write ε(g, h) = εgh = εg,h.

Example 5.2: Let L be a Lie algebra and Γ any G-grading of L.

1. If we set ε(g, h) := 1 for all g, h ∈ G, then ε is a graded contraction of
Γ with Lε = L.
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2. If we set ε(g, h) := 0 for all g, h ∈ G, then ε is a graded contraction of
Γ too, with Lε an abelian Lie algebra.

Given an arbitrary map ε : G×G→ R, it is natural to ask under what
conditions ε will be a graded contraction of Γ. The answer is not trivial if
we do not know some properties of the grading under study. Some general
facts are the following.

Remark 5.3:

1. From the anti-commutativity of the Lie bracket, [, ], we find that ε
needs to be nearly symmetric. In fact, for x ∈ Lg, y ∈ Lh, we have

[x, y]ε = ε(g, h)[x, y] = −ε(g, h)[y, x],

which coincides with −[y, x]ε if, and only if, ε(g, h) = ε(h, g) for all
g, h ∈ G such that [Lg,Lh] 6= 0.

For Lε to be a Lie algebra we also need the product [, ]ε to satisfy the
Jacobi identity, that is

[x, [y, z]ε]ε + [y, [z, x]ε]ε + [z, [x, y]ε]ε = 0, (5.1)

for all x ∈ Lg, y ∈ Lg, z ∈ Lk. This is equivalent to the following:

ε(g, h+ k)ε(h, k)[x, [y, z]] + ε(h, k + g)ε(k, g)[y, [z, x]]

+ ε(k, g + h)ε(g, h)[z, [x, y]] = 0,

for all x ∈ Lg, y ∈ Lh, z ∈ Lk. By the Jacobi identity of [, ], this holds
provided ε satisfies the following identity:

ε(g, h+ k)ε(h, k) = ε(h, k + g)ε(k, g), ∀g, h, k ∈ G, (5.2)

which a priori is a sufficient but not necessary condition to guarantee
(5.1). Define a ternary map ε : G×G×G→ R by

ε(g, h, k) := ε(g, h+ k)ε(h, k),

which we denote with the same letter because there is no confusion. So
we can simplify (5.2) to:

ε(g, h, k) = ε(h, k, g),

for all g, h, k ∈ G.

2. Computations in part (1) yield that a map ε : G×G→ R is a graded
contraction of a grading Γ if, and only if, the following conditions hold

(a1) (ε(g, h)− ε(h, g))[x, y] = 0,
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(a2) (ε(g, h, k)− ε(k, g, h))[x, [y, z]] + (ε(h, k, g)− ε(k, g, h))[y, [z, x]]
= 0,

for all x ∈ Lg, y ∈ Lh, z ∈ Lk and for all g, h, k ∈ G.

For some concrete gradings, the conditions in the above remark can
be improved. At the moment, we are using them for finding new graded
contractions starting from some others.

Example 5.4: Suppose ε is a graded contraction of Γ which satisfies the
condition (5.2). Then any map φ : G → R − {0} will give rise to a new
graded contraction εφ : G×G→ R− {0}, defined by

εφ(g, h) = ε(g, h)
φ(g)φ(h)

φ(g + h)
, ∀g, h ∈ G.

Indeed, let us show that εφ is a graded contraction. Take g, h ∈ G such
that [Lg,Lh] 6= 0. As ε is a graded contraction, we have

εφ(g, h) = ε(g, h)
φ(g)φ(h)

φ(g + h)
= ε(h, g)

φ(h)φ(g)

φ(h+ g)
= εφ(h, g).

Moreover, as ε satisfies (5.2), then, for g, h, k ∈ G, we have

εφ(g, h, k) = εφ(g, h+ k)εφ(h, k) = ε(g, h, k)
φ(g)φ(h+ k)

φ(g + h+ k)

φ(h)φ(k)

φ(h+ k)

= ε(g, h, k)
φ(g)φ(h)φ(k)

φ(g + h+ k)
= ε(h, k, g)

φ(h)φ(k + g)

φ(h+ k + g)

φ(k)φ(g)

φ(k + g)

= εφ(h, k, g).

Hence, ε is a graded contraction by Remark 5.3.

Although εφ 6= ε, the induced Lie algebras are isomorphic (even more,
graded isomorphic):

Consider the bijective linear map θ : Lε → Lε
φ
, defined by

θ(x) := φ(g)−1x, ∀x ∈ Lεg.

For x ∈ Lg, y ∈ Lh, we have

[θ(x), θ(y)]ε
φ

= ε(g, h)
φ(g)φ(h)

φ(g + h)
[θ(x), θ(y)]

= ε(g, h)
φ(g)φ(h)

φ(g + h)
φ(g)−1φ(h)−1[x, y]

= ε(g, h)φ(g + h)−1[x, y] = ε(g, h)θ([x, y]) = θ([x, y]ε).

Hence, θ is a Lie algebra isomorphism which preserves Γ.
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The previous example shows that new graded contractions do not al-
ways give rise to new Lie algebras. The following definition is therefore
convenient.

Definition 5.5: Two graded contractions ε and ε′ are said to be equivalent
(and we write ε ∼ ε′) if the Lie algebras Lε and Lε

′
are isomorphic as graded

Lie algebras.
Graded contractions ε and ε′ are said to be equivalent via normal-

ization (we write ε ∼n ε′) if there is φ : G→ R− {0} such that ε′ = εφ.

It is quite clear that both ∼ and ∼n are equivalence relations. And, as
shown in the above example, if ε ∼n ε′, in particular ε ∼ ε′.

5.2 Admissible Maps

Having gained some familiarity with graded contractions in the previous
section, we now narrow our focus. We look at graded contractions of the
grading Γg2 and introduce the problem of finding and classifying its graded
contractions up to equivalence. Throughout this section we will denote by
G := Z3

2 and by Γg2 the Z3
2-grading defined in Example 4.19.

Definition 5.6: A map ε : G×G→ R is said to be Γg2-admissible, or simply
admissible if ε satisfies

ε(g, g) = ε(e, g) = ε(g, e) = 0,

where e ∈ G is the identity and g ∈ G is arbitrary.

Our idea is that, for each graded contraction there will exist another
graded contraction equivalent to the first one which is at the same time an
admissible map. For these admissible maps the conditions in Remark 5.3
can be improved.

Lemma 5.7: If ε is a graded contraction of Γg2 , there exists another graded
contraction, ε′, of Γg2 which is an admissible map and equivalent to ε.

Proof. For all g, h ∈ G we set

ε′(g, h) :=

{
ε(g, h), if g 6= h and g, h 6= e,

0, otherwise.

By construction ε′ is an admissible map. Now note that it is a graded con-
traction of Γg2 equivalent to ε, that is, (g2, [, ]

ε′) is a Lie algebra isomorphic
to (g2, [, ]

ε). In fact, both Lie algebras are equal (the identity is an isomor-
phism) since, for x ∈ (g2)g, y ∈ (g2)h,

• If g 6= h and g, h 6= e, then ε′(g, h) = ε(g, h) and so

[x, y]ε
′

= ε′(g, h)[x, y] = ε(g, h)[x, y] = [x, y]ε;
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• If g = h, (so g + h = e) g = e, or h = e then [(g2)g, (g2)h] = 0 since
(g2)e = 0. Then we also have [x, y] = 0 and hence [x, y]ε

′
= 0 = [x, y]ε.

The key fact on the grading Γg2 which contributes to make things easier,
is that

[Lg,Lh] = Lg+h (5.3)

whenever e /∈ {g, h, g + h}. Thus, we have the following lemma.

Lemma 5.8: Take an admissible graded contraction ε of Γg2 and g, h, k ∈ G.
Then we have

1. ε(g, h) = ε(h, g);

2. ε(e,−,−) = ε(−, e,−) = ε(−,−, e) = 0;

3. ε(g, k, k) = 0;

4. ε(g, h, k) = ε(g, k, h);

5. ε(h+ k, h, k) = 0.

Proof.

1. We know that ε(g, h) = ε(h, g) if [Lg,Lh] 6= 0, since ε is a graded
contraction. But if [Lg,Lh] = 0, then either g = h or g = e or h = e
by (5.3); so the admissibility of ε gives that both ε(g, h) and ε(h, g)
are 0, in particular they are equal.

2. This follows from ε being admissible; any admissible map with one of
its arguments being e evaluates to 0.

3. ε(g, k, k) = ε(g, k + k)ε(g, k) = ε(g, e)ε(g, k) = 0.

4. ε(g, h, k) = ε(g, h+ k)ε(h, k) = ε(g, k + h)ε(k, h) = ε(g, k, h).

5. ε(h+ k, h, k) = ε(h+ k, h+ k)ε(h, k) = 0.

The next aim is to find conditions on admissible maps which guarantee
that they are graded contractions of Γg2 . To achieve this we must first dive
into some specific properties of the grading Γg2 .

Lemma 5.9: If we have three elements g, h, k ∈ G that generate the whole
group, that is, 〈g, h, k〉 = G, then there exist x ∈ (g2)g, y ∈ (g2)h, z ∈ (g2)k
such that [x, [y, z]] and [y, [z, x]] are linearly independent.
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Proof. For any triplet of elements with 〈g, h, k〉 = G, there is an algebra
automorphism f : O→ O such that

f(Og) = Ri, f(Oh) = Rj, f(Ok) = Rl.

The induced map f̃ : g2 → g2 defined by f̃(d) := f−1df for any derivation
d ∈ g2 = Der(O) is an automorphism of the Lie algebra, which satisfies
f̃(Dx,y) = Df(x),f(y) for any x, y ∈ O. Thus there is no loss of generality in
assuming that g = (1, 1, 0), k = (0, 1, 0) and h = (0, 1, 1), since there is an
automorphism of the graded Lie algebra g2 = L which sends Lg, Lh and Lk
to L(1,1,0), L(0,1,0) and L(0,1,1), respectively.

Under such assumptions, recall that i ∈ Og+k, j ∈ Ok, and l ∈ Ok+h.
We note that DOi,Oj ∈ (g2)i,j , for any i, j ∈ G. This allows us to take
x := Di,j ∈ (g2)g, y := Dj,l ∈ (g2)h, and z := Di,k ∈ (g2)g+k+g+k+k = (g2)k.
We will now directly compute [x, [y, z]] and [y, [z, x]] and show that they are
linearly independent. We will do these computations carefully.

Recall that [d,Da,b] = Dd(a),b +Da,d(b) for any a, b ∈ O and d ∈ Der(O).
Therefore,

[z, x] = [Di,k, Di,j] = DDi,k(i),j +Di,Di,k(j).

As Dx,y = ad[x,y] − 3(x, y,−), we find that

Di,k(i) = [[i,k], i]− 3(i,k, i) = [−2j, i]− 0 = 4k,

and
Di,k(j) = [[i,k], j]− 3(i,k, j) = −2[j, j] = 0.

Here we are taking into account that any three elements in a quaternion
subalgebra associate with each other, as is the case for i, j, and k. Joining
the previous results,

[z, x] = 4Dk,j = −4Dj,k.

Hence,

−1

4
[y, [z, x]] = [Dj,l, Dj,k] = DDj,l(j),k +Dj,Dj,l(k).

Now, since

Dj,l(j) = [[j, l], j]− 3(j, l, j) = [2jl, j]− 0 = 2((jl)j− j(lj)) = 4l,

and

Dj,l(k) = 2[jl,k]− 3(j, l,k) = 4(jl)k− 3((jl)k− j(lk))

= −4il− 3(−il + j(kl)) = −4il− 3(−il− il) = 2il,

we can see that

−1

4
[y, [z, x]] = D4l,k +Dj,2il,
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thus getting our first expression

[y, [z, x]] = −16Dl,k − 8Dj,il. (5.4)

Now we will compute [x, [y, z]]. We begin by computing

[y, z] = [Dj,l, Di,k] = DDj,l(i),k +Di,Dj,l(k).

Then, since

Dj,l(i) =[[j, l], i]− 3(j, l, i) = 2[jl, i]− 3((jl)i− j(li))

= 4(jl)i− 3(kl + j(il)) = 4kl− 3(kl + kl) = −2kl,

and, as we saw earlier, Dj,l(k) = 2il, we find that

[y, z] = −2Dkl,k + 2Di,il,

and hence,

[x, [y, z]] =[x,−2Dkl,k + 2Di,il] = −2[Di,j, Dkl,k] + 2[Di,j, Di,il]

= −2(DDi,j(kl),k +Dkl,Di,j(k)) + 2(DDi,j(i),il +Di,Di,j(il)).

We also have that

Di,j(kl) = [[i, j],kl]− 3(i, j,kl) = 4k(kl)− 3((ij)(kl)− i(j(kl)))

= −4l− 3(k(kl)− i(−il)) = −4l− 3(−l− l) = 2l,

and Di,j(k) = [2k,k]− 3(i, j,k) = 0. Moreover, Di,j(i) = 4ki− 3(i, j, i) = 4j,
and

Di,j(il) = 4k(il)− 3(i, j, il) = −4jl− 3(k(il)− i(j(il)))

= −4jl− 3(−jl− i(kl)) = −4jl− 3(−jl− jl) = 2jl.

Putting this all together, we find that

[x, [y, z]] = −2(D2l,k + 0) + 2(D4j,il +Di,2jl)

= −4Dl,k + 8Dj,il + 4Di,jl. (5.5)

Take into account that Da,bc +Db,ca +Dc,ab = 0 for all a, b, c ∈ O, so

Dl,k = Dl,ij = −Dj,li −Di,jl = −Di,jl +Dj,il.

Now we can compare (5.4) with (5.5), since:

[y, [z, x]] = −16Dl,k − 8Dj,il = 8(−3Dj,il + 2Di,jl),

[x, [y, z]] = −4Dl,k + 8Dj,il + 4Di,jl = 4(Dj,il + 2Di,jl).

And now the independence is clear. If 0 = α
4 [x, [y, z]] + β

8 [y, [z, x]] for
some α, β ∈ R, then

0 = (α− 3β)Dj,il + (2α+ 2β)Di,jl

what happens if, and only if, α− 3β = 0 = 2α+ 2β; so that α = β = 0.
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Proposition 5.10: An admissible map ε : G×G→ R is a graded contrac-
tion of Γg2 if, and only if, the following conditions hold for all g, h, k ∈ G:

(b1) ε(g, h) = ε(h, g),

(b2) ε(g, h, k) = ε(k, g, h) if 〈g, h, k〉 = G.

Proof. Suppose conditions (b1) and (b2) hold for ε an admissible map. We
are going to see that (a1) and (a2) hold in order to use the characterization
of graded contractions in Remark 5.3 (2). Of course (a1) is an immediate
consequence of (b1). Recall that (a2) says that

(ε(g, h, k)− ε(k, g, h))[x, [y, z]] + (ε(h, k, g)− ε(k, g, h))[y, [z, x]] = 0,

for all g, h, k ∈ G and all homogeneous elements x ∈ Lg, y ∈ Lh and z ∈ Lk.
If g, h, and k generate G we are done by (b2). Otherwise we would have
k ∈ 〈g, h〉 = {g, h, g + h, e} :

• If k = e : then y ∈ (g2)e = 0 and (a2) holds.

• If k = g : then [z, x] ∈ (g2)g+g = (g2)e = 0, and

ε(g, h, k)− ε(k, g, h) = ε(g, h, g)− ε(g, g, h) = 0

by Lemma 5.8, part 4. Hence, (a2) holds.

• If k = h : then [y, z] ∈ (g2)h+h = (g2)e = 0, and

ε(h, k, g)− ε(k, g, h) = ε(h, h, g)− ε(h, g, h) = 0,

again by Lemma 5.8, part (4).

• If k = g+h : then we have [x, [y, z]] ∈ (g2)g+(h+(g+h)) = (g2)e = 0 and
[y, [z, x]] ∈ (g2)h+(g+h)+g = (g2)e = 0.

In any case, (a2) holds.
Conversely, suppose that ε is an admissible graded contraction, in which

case it satisfies (a1) and (a2). We know that for g 6= h ∈ G − {e} we have
[(g2)g, (g2)h] = (g2)g+h 6= 0. Hence, there exist x ∈ (g2)g and y ∈ (g2)h such
that [x, y] 6= 0 and thus ε(g, h) = ε(h, g). But in the remaining cases g = h
or g = e or h = e, clearly ε(g, h) = 0 = ε(h, g), so that (b1) follows. If now
〈g, h, k〉 = G, Lemma 5.9 provides elements x ∈ (g2)g, y ∈ (g2)h, z ∈ (g2)k
such that [x, [y, z]] and [y, [z, x]] are linearly independent. So (a2) implies
ε(g, h, k)− ε(k, g, h) = ε(h, k, g)− ε(k, g, h) = 0.

Consequently we can forget about the Lie algebra and its specific grading
and deal only with admissible maps satisfying (b1) and (b2). We can further
simplify the situation. The rest of this work is original and still under
revision, we therefore continue this work in Appendix A.
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Appendix A

Graded Contractions of Γg2

This chapter is a direct continuation of the work from Chapter 5. We go on to
reduce the problem of classifying specific admissible maps to a combinatorial
problem and describe a classification. We then investigate the algebras, and
their properties, which arise from the graded contractions of Γg2 .

A.1 Reducing the Problem

Throughout this section we will denote by G := Z3
2, D := g2 = Der(O).

Our aim is to classify, up to equivalence, all graded contractions which
are also admissible maps. We will reduce this problem to a combinatorial
problem.

First we set the following notation for elements of G = Z3
2:

g0 := (0, 0, 0), g1 := (1, 0, 0), g2 := (0, 1, 0), g3 := (0, 0, 1),
g4 := (1, 1, 1), g5 := (1, 1, 0), g6 := (1, 0, 1), g7 := (0, 1, 1).

We will denote I := {1, 2, . . . 7} and I0 := I∪{0}. The operation in the group
G allows us to define a binary operation ∗ : I0 × I0 → I0 by (i, j) 7→ i ∗ j
such that gi∗j = gi + gj , for any i, j ∈ I0. This operation, when restricted to
different elements from I, can be summarized by the diagram below: The
operation applied to any two distinct elements in I yields the third element
in the same line and thus {i, j, i ∗ j} is one of the lines of the so called Fano
plane (symbolizing P (Z3

2)) for each i 6= j ∈ I.

2

7

4

56

1

3
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We denote by

X := {(i j) | i, j ∈ {1, 2, . . . , 7}, i 6= j}.

Here we are using the notation (i j) for an unordered pair {i, j}. This
notation is unusual but it will allow us to avoid hundreds of braces when
dealing with subsets of X throughout rest of this chapter. We will relate to
each graded contraction a map from X to R.

Definition A.1: We will call pairwise distinct i, j, k ∈ I, satisfying k 6= i∗j,
a generating triplet or simply say they are generative. This is equivalent
to saying that 〈gi, gj , gk〉 = G. In particular this concept does not depend
on the order of the considered indices i, j, k.

For any map η : X → R, we can denote by

ηij = ηi,j := η((i j)) if i 6= j ∈ I,
ηijk := ηi,j∗kηj,k if {i, j, k} is a generating triplet.

(Both expressions are well defined but observe that ηijk is not defined if
{i, j, k} is not a generating triplet.) These maps give a first reduction of our
problem.

Lemma A.2: There is a bijection between the set of admissible graded
contractions of Γ and the set of maps

A := {η : X → R | ηijk = ηjki, for all generating triplet i, j, k ∈ I}.

Proof. DenoteA′ := {ε : G×G→ R | ε is an admissible graded contraction}.
If ε ∈ A′, let us check that η : X → R defined by η((i j)) = ε(gi, gj)
belongs to A: first note that η is well defined since ε(gi, gj) = ε(gj , gi)
if (i j) ∈ X. Second, for a generating triplet i, j, k ∈ I, we have that
ηijk = ηi,j∗kηj,k = ε(gi, gj∗k)ε(gj , gk) = ε(gi, gj + gk)ε(gj , gk) = ε(gi, gj , gk)
coincides with ε(gj , gk, gi) = ηjki by Proposition 5.10, so that η ∈ A. Con-
versely, if η ∈ A take ε : G×G→ R defined by

ε(gi, gj) =

{
η((i j)), if i 6= j,

0, if i = j, i = 0, or j = 0.

The map ε is admissible by definition, and clearly ε(gi, gj) = ε(gj , gi) for any
i, j ∈ I0. So ε will be a graded contraction if we check that 〈gi, gj , gk〉 = G
implies

ε(gi, gj , gk) = ε(gk, gi, gj).

But in this case i, j, k ∈ I is a generating triplet and we know ηijk = ηjki.
Now simply note that

ε(gi, gj , gk) = ε(gi, gj + gk)ε(gj , gk) = ε(gi, gj∗k)ε(gj , gk) = ηi,j∗kηj,k = ηijk.

Finally observe that the maps A′ → A, ε 7→ η, and A → A′, η 7→ ε, are
inverse one of each other.
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Now, as there is no ambiguity, we also refer to the elements in A as
ε : X → R. The above lemma says that we only have to worry about the(

7
2

)
= 21 possible images εij of the elements in X. We will observe that the

set of elements of X with nonzero image, cannot be an arbitrary subset of
X.

Definition A.3:

If ε ∈ A we call the following set

T ε := {(i j) ∈ I | εij 6= 0} ⊂ X,

the support of ε : X → R.

These subsets will be nice in a very concrete sense: in the sense that
they will have some properties related to the subsets of X.
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Definition A.4:

1. If i, j, k ∈ I is a generating triplet, then we denote by

P (i j k) := {(i j), (i k), (i j ∗ k), (j k), (j i ∗ k), (k i ∗ j)} ⊂ X.

(Clearly P (i j k) does not depend on the order of the three elements
i, j and k.)

2. A subset T ⊆ X is nice if for all generative i, j, k ∈ I we have that
(i j), (i ∗ j k) ∈ T implies that P (i j k) ⊆ T.

Proposition A.5:

1. If ε ∈ A then the support T ε is nice.

2. Suppose T is a nice subset ofX. Consider the induced map εT : X → R
defined as

εT (t) :=

{
1, if t ∈ T,
0, if t /∈ T.

Then we have that εT ∈ A and T = T ε
T
.

Thus, classifying nice sets give us not only the possible supports but also
there is at least one graded contraction up to equivalence corresponding to
such support.

Proof. We begin with (1). Let ε ∈ A, let i, j, k ∈ I be generative and
suppose (i j), (k i ∗ j) ∈ T ε. Since εk,i∗j 6= 0 6= εij we must have that
εkij = εk,i∗jεij 6= 0. Since ε ∈ A, so εijk = εkij what implies that εijk 6= 0
too. But εijk = εi,j∗kεjk 6= 0 means that (i j ∗ k), (j k) ∈ T ε. Similarly,
εjki 6= 0 and so (j k ∗ i), (i k) ∈ T ε. Thus, P (i j k) ⊆ T ε, which allows us to
conclude that T ε is nice.

Now we move on to (2). Let T be nice. We aim to show that εTijk = εTjki
for all generative i, j, k ∈ I. We consider the possible values of εTijk and

εTjki. If P (i j k) ⊂ T , then (j k), (i j ∗ k) ∈ T, so that εTi,j∗k = εTjk = 1 and

hence εTijk = εTi,j∗kε
T
jk = 1. But also (k i), (j k ∗ i) ∈ T, so that εTjki = 1. In

particular εTijk = εTjki = 1. Let us check that, if P (i j k) is not contained in

T , then εTijk = εTjki = 0. If εTijk 6= 0, then both εTi,j∗k and εTjk are nonzero,
so that both (i j ∗ k) and (j k) belong to T . As we are assuming that T is
nice, then P (i j k) ⊂ T , a contradiction with the situation considered.

So, we have a first important problem to be solved: finding the nice
sets. Perhaps afterwards there will be (or not) two not equivalent admissi-
ble graded contractions with the same support, so that both classification
problems are not exactly equivalent ones. In any case it is clear that the
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classification of the admissible graded contractions has to begin by classi-
fying nice subsets of X. A first observation is that collineations of X give
equivalent graded contractions. We are going to make these concepts precise.

Definition A.6:

1. A line in I is a subset L ⊂ I of the form L = {i, j, i ∗ j}, where i 6= j.
We denote by Lij the line containing i and j (if i 6= j). (This means
that Lij = Lj,i∗j = ... and so on.)

2. A collineation of I (also called collinear permutation) is a bijective
map σ : I → I such that

σ(i) ∗ σ(j) = σ(i ∗ j).

Observe that σ(Lij) = Lσ(i)σ(j), so these maps are those ones sending
lines to lines. We will denote the set of collineations on I by S∗(I).

Lemma A.7: The set of collinear permutations, S∗(I), is a subgroup of the
symmetric group on I.

Proof. Clearly, the identity permutation is a collinear permutation. More-
over, if σ ∈ S∗(I), then for i, j ∈ I,

σ−1(i) ∗ σ−1(j) = σ−1σ(σ−1(i) ∗ σ−1(j)) = σ−1(σσ−1(i) ∗ σσ−1(j))

= σ−1(i ∗ j).

Remark A.8: If T is a nice set and σ is a collineation, then σ(T ) is also
nice.

Proof. Let i, j, k ∈ I be generative. Suppose (i j), (k i∗ j) ∈ σ(T ). We know
that σ−1(i j), σ−1(k i ∗ j) ∈ T implies that σ−1(P (i j k)) ⊆ T which is
equivalent to σ(T ) being nice. This follows because S∗(I) is a subgroup of
the symmetric group.

Lemma A.9: If σ ∈ S∗(I) and ε : X → R belongs to A, then εσ ∈ A for
the map εσ : X → R defined by εσ((i j)) =: ε(σ(i) σ(j)). The corresponding
graded contraction εσ is equivalent to ε. Furthermore, the support satisfies
T εσ = σ(T ε).

The proof is not difficult taking into account the following ideas. If σ
is a collineation, the map σ̃ : G → G defined by σ̃(gi) = gσ(i) if i ∈ I and
σ̃(g0) = g0, is a group automorphism. Indeed, if i 6= j, then

σ̃(gi + gj) = σ̃(gi∗j) = gσ(i∗j) = gσ(i)∗σ(j) = gσ(i) + gσ(j) = σ̃(gi) + σ̃(gj).

Furthermore, if i = j, then σ̃(gi + gi) = σ̃(g0) = g0 = σ̃(gi) + σ̃(gi). Now we
consider the properties of the Weyl group of the Z3

2-grading on the octonions,
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studied in [5], according to which there is an automorphism f : O→ O with
f(Og) = Oσ(g) for all g ∈ G; which easily implies that the induced map

f̃ : g2 → g2 given by f̃(d) = f−1df is also an automorphism of graded Lie
algebras with f̃((g2)g) ⊆ (g2)σ(g) for all g ∈ G.

What the above lemmas say is that we should try to classify nice sets
up to collinearity, since we are finally interested in the Lie algebra classifi-
cation. Another to note is that, if ε, ε′ ∈ A have different supports up to
collineations, that is T ε 6= σ(T ε

′
) for all σ ∈ S∗(I), then ε and ε′ can not be

equivalent.
In continuing our task of finding the nice sets of X up to collineations,

let us consider some distinguished sets which will also prove to be nice sets.

Definition A.10: Suppose L is some line in I and m ∈ I.

1. XL := {(i j) | i, j ∈ L}.

2. XLC := {(i j) | i, j ∈ LC := I − L}.

3. X(m) := {(m i) | i 6= m}.

4. X(m) := {(i j) | i ∗ j = m}.

5. T (i j k) := P (i j k) ∪ P (i j i ∗ k) ∪ P (i k i ∗ j) ∪ P (i i ∗ j i ∗ k).

For instance, let us describe them in concrete cases.

Example A.11:

1. XL12 = {(1 2), (1 5), (2 5)}.

2. XLC12
= {(3 4), (3 6), (3 7), (4 6), (4 7), (6 7)}.

3. X(1) = {(1 2), (1 3), (1 4), (1 5), (1 6), (1 7)}.

4. X(1) = {(2 5), (3 6), (4 7)}.

5. T (1 2 3) = {(1 2), (1 3), (1 4), (1 5), (1 6), (1 7), (2 3), (2 6), (3 5), (5 6)}.

Remark A.12: For i, j, k ∈ I we have P (i j k) = P (i k j) = P (j i k). This
follows from the definition of P (i j k).

To handle these subsets, it is convenient to have a preliminary result.

Remark A.13: Suppose T is a nice set which does not contain any subset
of type P (l m n). Then, for each (i j) ∈ T, if (k i ∗ j) ∈ T then k ∈ {i, j}.

Proof. If T is empty there is nothing to prove. Let (i j) ∈ T. Suppose
(i ∗ j k) ∈ T for some k ∈ I (necessarily k 6= i ∗ j). If i, j, k are generative,
then (i j), (k i∗j) ∈ T implies that P (i j k) ⊆ T, a contradiction. Otherwise,
i, j, k are not generative, so that k ∈ {i, j, i ∗ j}. But k 6= i ∗ j, so that k is
either i or j.
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As we previously indicated, there are many nice sets of importance.

Proposition A.14: Let i, j, k ∈ I and L be some line. The following subsets
of X are nice:

1. X,

2. XL,

3. XLC ,

4. X(i),

5. X(i),

6. X −XLC ,

7. P (i j k),

8. T (i j k),

9. Any subset of XL, XLC , X(i), X
(i).

Proof.

1. It is clear that X is nice.

2. Suppose (i j), (k i ∗ j) ∈ XL. Then i, j, k, i ∗ j ∈ L, therefore, without
loss of generality, we may assume k = i. Therefore there are no gener-
ative triplets i, j, k ∈ I such that each (i j), (k i ∗ j) ∈ XL. Thus, the
result holds vacuously.

3. Suppose (i j), (k i ∗ j) ∈ XLC . Then i, j, k, i ∗ j ∈ LC . It suffices to
show that j ∗ k, i ∗ k ∈ LC . If j ∗ k ∈ L then j, k ∈ L, a contradiction.
Similarly, i ∗ k ∈ LC .

4. Let us show that X(l) is nice for any l ∈ I. Let us suppose that
(i j), (k i ∗ j) ∈ X(l). Then (i j) ∩ (k i ∗ j) = {l}. Then we may
assume, without loss of generality, that k = i. Therefore there are no
generative triplets i, j, k ∈ I such that each (i j), (k i ∗ j) ∈ XL. Thus,
the result holds vacuously.

5. Let us show that X(l) is nice for any l ∈ I. Suppose (i j), (k i∗j) ∈ X(l).
Then i ∗ j = l = k ∗ (i ∗ j). This implies that l = k ∗ l, a contradiction.

6. We note that X − XLC ; = {(m n) |m ∈ L or n ∈ L}. Suppose that
(i j), (k i∗j) ∈ X−XLC . This implies that i ∈ L or j ∈ L, and it implies
that k ∈ L or i ∗ j ∈ L. We may assume, without loss of generality,
that i ∈ L. This immediately implies that (i k), (i j ∗ k) ∈ X −XLC .
Now we must consider two cases: k ∈ L and i ∗ j ∈ L. If k ∈ L, then
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(j k) ∈ X−XLC . Moreover, since both i, k ∈ L we know that i∗k ∈ L
and so (j i ∗ k) ∈ X −XLC . This covers the first case. On the other
hand, if i ∗ j ∈ L, then j ∈ L and so (j k), (j i ∗ k) ∈ X −XLC .

7. It will suffice to show that P (1 2 3) is nice. Let us suppose that
(i j), (k i ∗ j) ∈ P (1 2 3). The possible pairs of elements of X which
match up with (i j) and (k i ∗ j) are: (1 2) and (3 5), (1 3) and (2 6),
or (2 3) and (1 7). In all of those possible cases P (i j k) = P (1 2 3)
means that P (1 2 3) is nice.

8. We note that T (i j k) := {(i j), (i k), (i j ∗ k), (i i ∗ j), (i i ∗ k), (i i ∗
j ∗ k), (j k), (j i ∗ k), (k i ∗ j), (i ∗ j i ∗ k)}. Take generative x, y, z ∈ I.
Suppose (x y), (z x∗y) ∈ T (i j k). Since P (x y z) = {(x y), (x z), (x y∗
z), (y z), (y x ∗ z), (z x ∗ y)}, we need to show that the remaining
elements are contained in T (i j k). We note that x is contained in
three elements of P (x y z). Since the only elements of I which appear
in at least three elements of T (i j k) are {i, j, k} we conclude that
x ∈ {i, j, k}. Similarly, we find y, z ∈ {i, j, k}. From here we conclude
that

P (x y z) = P (σ(i) σ(j) σ(k)) = P (i j k) ⊆ T (i j k),

where σ is some permutation on {i, j, k}.

9. For subsets of XLC , X(i), and X(i) this follows from Remark A.13 be-
cause none of these sets contain elements of the form (i j) and (k i∗j),
where i, j, k ∈ I are generative. Suppose T ⊂ XL. It suffices to prove
the result for T ⊂ XL12 . If T is empty the result is clear. If T con-
tains exactly one element, then clearly T is nice. If T contains ex-
actly two elements we may assume, without loss of generality, that
T = {(1 2), (2 5)}. Since 1, 2, 5 is not a generative triplet the result
holds vacuously.

Our purpose is to prove that Proposition A.14 contains the list of all
nice sets. This is a difficult proof so that we will divide in pieces. First we
consider the nice sets which are sufficiently big.

Proposition A.15: Suppose T is nice and there exist generative i, j, k ∈ I,
such that P (i j k) ⊆ T. Then there is some collinear permutation σ such
that

σ(T ) ∈ {X, X −XLC12
, P (1 2 3), T (1 2 3)}.

Proof. We divide the proof into six claims. Assume P (1 2 3) ⊂ T ⊂ X.

117



Claim 1: If X −XLC12
⊂ T, then T = X.

From the hypothesis, T contains some element from X −XLC12
.

XLC12
= {(3 4), (3 6), (3 7), (4 6), (4 7), (6 7)}.

If (3 4) ∈ T, then (3 4), (1 5) ∈ T implies that P (3 4 1) ⊆ T. Specifi-
cally, (3 7), (4 6) ∈ T. We also find that, (4 6), (7 2) ∈ T implies that
P (4 6 7) ⊆ T. In particular, (4 7), (6 7) ∈ T. Furthermore, we can
see that (6 7), (3 5) ∈ T implies that P (6 7 3) ⊆ T. This means that
(3 7) ∈ T and we conclude T = X.

If, instead of (3 4), we assumed that some other element of X −XLC12
were in T, then by a similar argument we would find T = X.

Claim 2: If P (1 2 3) ⊂ T ⊂ X and P (1 2 4) ⊂ T, then T = X − XLC12
.

We have that (3 5), (1 4) ∈ T implies that P (3 5 1) ⊆ T. Specifi-
cally, (1 5), (5 6) ∈ T. We also find that (1 5), (7 2) ∈ T implies that
P (1 5 7) ⊆ T. In particular, (5 7) ∈ T. Finally, (5 7), (2 6) ∈ T implies
that P (5 7 2) ⊆ T and this means that (2 5) ∈ T. Altogether, we then
conclude that X −XLC12

⊆ T. Claim 1 now yields that T = X −XLC12
.

Claim 3: If P (1 2 3) ⊆ T and P (1 2 6) ⊆ T, then T (1 2 3) ⊆ T.
We note first that

T (1 2 3) := {(1 2), (1 3), (1 7), (2 3), (2 6), (3 5), (1 6), (1 4), (5 6), (1 5)}.

Now, (3 5), (1 4) ∈ T implies that P (3 5 1) ⊆ T, and so (1 5) ∈ T
which allows us to conclude that T (1 2 3) ⊆ T.

Claim 4: If T (1 2 3) ⊂ T, then T ∈ {X −XLC |L ∈ {L12, L13, L23}}.
From the hypothesis, T − T (1 2 3) is non-empty. The following set
consists of all the elements which could be in T − T (1 2 3) :

{(2 4), (2 5), (2 7), (3 4), (3 6), (3 7), (4 5), (4 6), (4 7), (5 7), (6 7)}.

If (2 4) ∈ T, then (2 4), (1 6) ∈ T implies that P (1 2 4) ∈ T. Specifically,
(4 5) ∈ T. Now, (4 5), (1 3) ∈ T implies that P (1 4 5) ⊆ T. In
particular, (5 7) ∈ T. This, in turn, means that (5 7), (1 6) ∈ T
implies that P (1 5 7) ⊆ T which means that (2 7), (4 5) ∈ T. Finally,
this means that (2 7), (5 3) ∈ T implies that P (2 5 7) ⊆ T. We conclude
that (2 5) ∈ T and therefore P (1 2 4) ⊆ T implies that X−XLC12

⊆ T.

If (2 5) ∈ T, then (2 5), (4 1) ∈ T implies that P (2 4 5) ⊆ T.
Specifically, (2 4), (4 5) ∈ T. Therefore, (2 4), (1 6) ∈ T implies that
P (1 2 4) ⊆ T. Hence, X −XLC12

⊆ T.
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If (2 7) ∈ T, then (2 7), (1 3) ∈ T implies that P (1 2 7) ⊆ T. In
particular, (2 4) ∈ T. Similar to previous case, we can now see that
X −XLC12

⊆ T.

If (3 4) ∈ T, then (3 4), (1 5) ∈ T implies that P (1 3 4) ⊆ T. This means
that (3 7), (4 6) ∈ T. Now, (1 3), (2 6) ∈ T implies that P (1 3 2) ⊆ T.
Furthermore, (1 6), ((7 3) ∈ T implies that P (1 6 7) ⊆ T. Specifically,
(6 7) ∈ T. Finally, (3 5), (4 6) ∈ T implies that P (3 5 6) ⊂ T and so
(3 6) ∈ T. We find that X −XLC13

⊆ T.

If (3 6) ∈ T, then (3 6), (2 1) ∈ T implies that P (2 3 6) ⊆ T. Hence,
(3 4) ∈ T. The previous case covers this.

If (3 7) ∈ T, then (3 7), (1 2) ∈ T implies that P (1 3 7) ⊆ T. Therefore
(3 4) ∈ T. We have covered this case.

If (4 5) ∈ T, then (4 5), (1 3) ∈ T implies that P (1 4 5) ⊆ T. In partic-
ular, (2 4), (5 7) ∈ T. Now, (2 4), (1 6) ∈ T implies that P (1 2 4) ⊆ T.
This means that (2 7) ∈ T. We have covered this case earlier.

If (4 6) ∈ T, then (4 6), (1 2) ∈ T implies that P (1 4 6) ⊆ T. Hence,
(3 4) ∈ T and so we are in a previously covered case.

If (4 7) ∈ T, then (4 7), (2 1) ∈ T implies that P (2 4 7) ∈ T. In
particular, (3 4) ∈ T, which leaves us in a case we have already covered.

If (5 7) ∈ T, then (5 7), (1 6) ∈ T implies that P (1 5 7) ⊆ T. This
means that (2 7) ∈ T and so we return to a case we have already
covered.

If (6 7) ∈ T, then (6 7), (1 5) ∈ T implies that P (1 6 7) ⊆ T. Therefore,
(4 7) ∈ T and we have covered this case.

Claim 5: If P (1 2 3) ∪ P (i j k) ⊆ T for some generative i, j, k different from
1, 2, 3, then claim 2 or claim 3 applies.

If {1, 2, 3} ∩ {i, j, k} contains two elements, then (up to equivalence)
there are three cases. In the first case P (i j k) = P (1 2 4), and then
claim 2 is applicable. In the second case P (i j k) = P (1 2 6), and then
claim 3 is applicable. In the third case P (i j k) = P (1 2 7). Then we
have that P (2 1 7)∪P (2 1 3) ⊆ T and since 7 = 2 ∗ 3, claim 3 applies
(up to collinearity).

If {1, 2, 3} ∩ {i, j, k} contains one element we may assume, without
loss of generality, that {i, j, k} is equal to one of {1, 4, 5} or {1, 4, 6}. If
{i, j, k} = {1, 4, 5}, then P (1 2 3) ∪ P (1 4 5) ⊆ T and (1 2), (4 5) ∈ T
implies that P (1 2 4) ⊆ T. Hence, claim 2 is applicable. If, instead,
{i, j, k} = {1, 4, 6}, then P (1 2 3) ∪ P (1 4 6) ⊆ T and (2 6), (1 4) ∈ T
implies that P (1 2 6) ⊆ T. Thus, claim 3 would be applicable.

Finally, if {1, 2, 3} ∩ {i, j, k} is empty, then we may assume, without
loss of generality, that {i, j, k} = {4, 5, 6}. We have that P (1 2 3) ∪
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P (4 5 6) ⊆ T. Moreover, (1 2), (4 5) ∈ T implies that P (1 2 4) ⊆ T,
and so claim 2 applies.

Claim 6: If P (1 2 3) ⊂ T, then there exist generative i, j, k ∈ I with {i, j, k} 6=
{1, 2, 3} such that P (i j k) ⊂ T.
We note that since P (1 2 3) ⊂ T there must be some element of
X − P (1 2 3) in T. If (i 5) ∈ T for i 6= 3, then P (1 2 i) ⊂ T. If
(i 6) ∈ T for i 6= 2, then P (1 3 i) ⊂ T. If (i 4) ∈ T, then P (1 7 i) ⊂ T.
If (i 7) ∈ T, for i 6= 1, then P (2 3 i) ⊂ T.
The only element of X − P (1 2 3) not yet taken into account is (3 7).
If (3 7) ∈ T, then (3 7), (1 2) ∈ T implies that P (1 3 7) ⊂ T.

And now we deal with the nice sets with few elements.

Proposition A.16: Suppose T 6= ∅ is nice and there is no P (i j k) ⊆ T.

1. If XL ⊆ T for some line L, then XL = T.

2. If T 6⊆ XL for any line L and T 6⊆ X(l) for any l ∈ I, then (i j) ∈ T
implies that (i ∗ j,m) 6∈ T for all m ∈ I.

3. If T 6⊆ XL for any line L and T 6⊆ X(l) for any l ∈ I, then T ⊆ XLC

for some line L or T ⊆ X(l) for some l ∈ I.

Proof. We note that if there is no P (i j k) ⊆ T, then the following property,
denoted (V1), holds for T : if there exist i, j,m ∈ I such that (i j), (m i∗j) ∈
T, then m ∈ {i, j}.

1. We assume XLij ⊆ T. Suppose there is some t = (k l) ∈ T ∩ (X−XL),
with k ∈ LC . First we consider the possibility that l ∈ L. If l = i ∗ j,
then (i j), (k i∗j) ∈ T implies that P (i j k) ⊆ T, a contradiction. If l =
i, then (j i∗j), (i k) ∈ T implies that P (j i∗j k) ⊆ T, a contradiction.
If l = j, then (i i ∗ j), (j k) ∈ T implies that P (i i ∗ j k) ⊆ T, a
contradiction. Therefore l ∈ LC .
Since k, l ∈ LC we know that k ∗ l ∈ L. If k ∗ l = i, then (k l), (j i) =
(j k∗l) ∈ T implies that P (k l j) ⊆ T, a contradiction. If k∗l = j, then
(k l), (i j) = (i k ∗ l) ∈ T implies that P (k l i) ⊆ T, a contradiction. If
k ∗ l = i∗ j, then (k l), (i i∗ j) = (i k ∗ l) ∈ T implies that P (k l i) ⊆ T,
a contradiction. Hence, we conclude T = XLij .

2. It suffices to assume (1 2) ∈ T and to show that there is no m ∈ I such
that (5 m) ∈ T. Suppose (5 m) ∈ T for some m ∈ I. From Remark
A.13 we find that m ∈ {1, 2}. If (1 5), (2 5) ∈ T then XL12 ⊆ T and
then part (1) yields that T = XL12 , a contradiction. Therefore we may
assume, without loss of generality, that (1 5) ∈ T and (2 5) /∈ T. By
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hypothesis T 6⊆ XL12 . Hence, there exists k ∈ I and l ∈ LC12 such that
(k l) ∈ T. We will now consider the possible cases for k.

If k ∈ LC12, then k ∗ l ∈ L12. Then since (k l), (1 2), (1 5) ∈ T and
k ∗ l ∈ L12 means that P (k l n) ⊂ T where n ∈ {1, 2, 5} (depending
on whether k ∗ l is 1, 2, or 5).

If k ∈ L12, then k ∗ l ∈ LC12. In this case k =∈ {1, 2, 5} If k = 2, then
(1 5), (2 l) = (k l) ∈ T implies that P (1 5 l) ⊆ P, a contradiction.
If k = 5, then (1 2), (5 l) = (k l) ∈ T implies that P (1 2 5) ∈ T, a
contradiction.

If k = 1, then (1 j), (1 2), (1 5) ∈ T. By hypothesis, T 6⊂ X(1). Thus
there is (a b) ∈ T, with a, b ∈ I−{1}. If a = 2, then (2 b), (1 5) ∈ T im-
plies that P (1 5 b) ⊆ T, a contradiction. If a = 5, then (1 2), (5 b) ∈ T
implies P (1 2 b) ⊆ T, a contradiction. Therefore, the only remaining
possibility is that both a, b ∈ LC12. This means that a ∗ b ∈ L12. More-
over, this means that P (a b n) ⊆ T, for some n ∈ {1, 2, 5} depending
on exactly which values a and b take.

3. We may assume, without loss of generality, that (1 2) ∈ T. From (2)
we know that for all m ∈ I, (5 m) /∈ T. By hypothesis, T 6⊆ X(1), X(2).
Therefore, there are j, k ∈ I − {1, 2} such that (j k) ∈ T, with j < k.

If j 6= 2, then j ∈ {3, 4, 6, 7} and k ∈ {4, 6, 7}. We may assume,
without loss of generality, that j = 3. Part (2) yields that we cannot
have 3 ∗ k = 1 or 3 ∗ k = 2. Therefore, k /∈ {6, 7}. Hence, k = 4. Now
we know that (1 2), (3 4) ∈ T.
Since (1 2) ∈ T, part (2) implies that (4 7), (3 6), (4 6), (3 7) 6∈ T. Since
(3 4) ∈ T, part (2) implies that (1 6), (2 7), (2 6), (1 7) 6∈ T. We also
know that (5 m) 6∈ T for all m ∈ I. This means that the following
elements could be in T (in addition to (1 2) and (3 4):

{(1 3), (1 4), (2 3), (2 4), (6 7)}.

However, the following elements are the same up to collinearity: (1 3),
(1 4), (2 3), and (2 4). This means we need only consider two cases:
(1 3) ∈ T, and (6 7) ∈ T.
If (1 3) ∈ T, then from part (2) we find that elements of the form
(6 m) cannot be in T. Hence, T = {(1 2), (1 3), (3 4)} ⊆ XLC67

.

If (6 7) ∈ T, then part (2) implies that (2 3), (1 4), (1 3), (2 4) 6∈ T.
Therefore, T = {(1 2), (3 4), (6 7)} ⊆ X(5).

Now, let us consider the case where j = 2. This implies k ∈ {3, 4, 6, 7}.
We may assume, without loss of generality, that k = 3. However since
(1 2), (2 3) ∈ T, part (2) yields that (3 6), (4 6), (1 6) 6∈ T. Furthermore,
this also implies that elements of the form (5 m) or (7 m) are not in
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T. By hypothesis T 6⊆ X(2), and so there exist x, y ∈ I−{2, 5, 7}, such
that (x y) ∈ T. Keeping mind the restrictions we have seen on elements
of T, we are left with two cases: (x y) = (1 3) or (x y) = (1 4).

If (x y) = (1 3), then part (2) implies that elements of the form (6 m)
are not in T. Therefore, the following elements could also be in T :
(1 4), (2 4), (3 4). Thus, T ⊆ XLC67

.

If (x y) = (1 4), then part (2) implies that (2 6) 6∈ T. The following
elements could also be in T : (1 3), (2 4), (3 4). Hence, we find that
T ⊆ XLC67

.

A.2 Classifying Nice Sets

We are now in a position to achieve one of our main aims: classifying nice
sets.

Theorem A.17: Suppose T is a nice set. We can classify the possible values
for T, up to collineation, according to the cardinality of T.

|T | = 0 : Then T = ∅.

|T | = 1 : Then T = {(1 2)}.

|T | = 2 : Then T is one of the following sets:{(1 2), (1 5)}, {(3 4), (3 6)},
{(3 4), (6 7)}.

|T | = 3 : Then T is one of the following sets: XL34 , X
(5), {(3 4), (3 6), (3 7)},

{(3 4), (3 6), (4 6)}, {(3 4), (3 6), (4 7)}, {(3 4), (3 5), (3 6).

|T | = 4 : Then T is one of the following sets: {(3 4), (3 6), (3 7), (4 6)},
{(3 4), (3 6), (4 7), (6 7)}, {(1 2), (1 3), (1 4), (1 5)}.

|T | = 5 : Then T is one of the following sets: {(3 4), (3 6), (3 7), (4 6), (4 7)},
{(1 2), (1 3), (1 4), (1 5), (1 6)}.

|T | = 6 : Then T is one of the following sets: XLC12
, P (1 2 3), X(1).

|T | = 10 : Then T = T (1 2 3).

|T | = 15 : Then T = X −XLC12
.

|T | = 21 : Then T = X.

Proof. We split the proof up by the cardinality of T. If |T | = 0 the result
is trivial. If |T | = 1, then we can easily find σ ∈ S∗(I) such that σ(T ) =
{(1 2)}.
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We assume |T | = 2. From Proposition A.16 we find that T is a sub-
set of XL, XLC , X(l), or X(l). If T ⊂ XL, then, up to collineation, T =
{(1 2), (1 5)} ⊂ XL12 . This is the unique possibility because this is collinear
to {(i j), (i i ∗ j)} for any i 6= j ∈ I. Let us consider nice subsets of XLC12

.

The two possible sets are {(3 4), (3 6)} ⊂ X(3) and {(3 4), (6 7)} ⊂ X(5).
These are the only two options because the following three sets {(3 4), (3 7)},
{(3 4), (4 6)}, {(3 4), (4 7)} are collinear to {(34), (3 6)}. Now we consider the
nice subsets of X(1). We may assume that (1 2) ∈ T. Then, up to collineation,
we find two nice subsets: {(1 2), (1 3)} and {(1 2), (1 5)}. Finally, from sub-
sets of X(1) we find {(2 5), (3 6)}, to which the remaining subsets of X(1)

are collinear.

We can also see that {(3 4), (3 6)} ∼ {(1 2), (1 3)} and {(3 4), (6 7)} ∼
{(2 5), (3 6)}. The result follows.

We assume now that |T | = 3. From Proposition A.16 we find that T is a
subset of XL, XLC , X(l), or X(l). If T = XL we may assume that T = XL34 .

Similarly, if T = X(l), we may assume T = X(5).

We now consider possible subsets of XLC12
. The sets {(3 4), (3 6), (3 7)},

{(3 4), (3 6), (4 6)}, and {(3 4), (3 6), (4 7)} are not collinear. The set
{(3 4), (4 6), (4 7)} is collinear to {(3 4), (3 6), (3 7)}, while {(3 4), (4 6), (6 7)}
is collinear to {(3 4), (3 6), (4 7)} via (1 2 5)(3 7 6) ∈ S∗(I). Furthermore,
{(3 4), (4 7), (6 7)} is collinear to {(3 4), (3 6), (4 7)} via (1 5)(3 6 7 4) ∈
S∗(I).

Let us consider subsets of X(1). We may assume, up to collineation,
that (1 2), (1 3) ∈ T. The sets {(1 2), (1 3), (1 4)} and {(1 2), (1 3), (1 5)}
are not collinear. {(1 2), (1 3), (1 6)} is collinear to {(1 2), (1 3), (1 5)} by
(2 3)(5 6) ∈ S∗(I). Noticing that 2∗3 = 7, we can see that {(1 2), (1 3), (1 7)}
is not collinear to these sets.

Via (1 6 3)(2 7 4) ∈ S∗(I) we see {(3 4), (3 6), (3 7)} ∼ {(1 2), (1 3), (1 4)}.
We use (1 3 6)(2 4 7) ∈ S∗(I) to write {(1 2), (1 3), (1 5)} in the equivalent
form {(3 4), (3 5), (3 6)}, for the sake of convenience. Similarly, we write
X(5) rather than X(1), and XL34 rather than XL12 .

This leaves us with six possibilities: XL34 , X
(5), {(3 4), (3 6), (3 7)},

{3 4), (3 6), (4 6)}, {(3 4), (3 6), (4 7)}, and {(3 4), (3 5), (3 6)}. The set XL34

is not collinear to any of the others because it is the only one in the form XL.
Similarly, X(5) is not collinear to the others. The sets {(3 4), (3 6), (3 7)}
and {(3 4), (3 5), (3 6) are the only options which contain some number
thrice, and so they could only possibly be collinear to each other. However,
3 ∗ 4 = 5, means that they are not collinear. The last two options are not
collinear because one contains exactly three numbers amongst its elements,
while the other contains exactly four.

We assume now that |T | = 4. From Proposition A.16 we find that T is
a subset of XLC , or X(l). We consider the subsets of XLC12

. We may assume,
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up to collineation, that (3 4), (3 6) ∈ T. This leaves the following six sets:

{(3 4), (3 6), (3 7), (4 6)}, {(3 4), (3 6), (3 7), (4 7)},
{(3 4), (3 6), (3 7), (6 7)}, {(3 4), (3 6), (4 6), (4 7)},
{(3 4), (3 6), (4 6), (6 7)}, {(3 4), (3 6), (4 7), (6 7)}.

We have the following equivalences:

{(3 4), (3 6), (3 7), (4 6)} ∼ {(3 4), (3 6), (3 7), (4 7)} by (6 7) ∈ S∗(I),

{(3 4), (3 6), (3 7), (4 6)} ∼ {(3 4), (3 6), (3 7), (6 7)} via (4 6 7) ∈ S∗(I),

{(3 4), (3 6), (3 7), (4 6)} ∼ {(3 4), (3 6), (4 6), (4 7)} by (1 2)(3 4) ∈ S∗(I),

{(3 4), (3 6), (3 7), (4 6)} ∼ {(3 4), (3 6), (4 6), (6 7)} by (2 5)(3 6) ∈ S∗(I).

We are left with only {(3 4), (3 6), (3 7), (4 6)} and {(3 4), (3 6), (4 7), (6 7)}.
These two sets cannot be collinear as the former contains 3 in three of
its elements while the latter does not contain any number in three of its
elements.

We now look at subsets of X(1). We may assume, up to collineation, that
(1 2), (1 3) ∈ T. This leaves the following sets: {(1 2), (1 3), (1 4), (1 5)},
{(1 2), (1 3), (1 4), (1 6)}, {(1 2), (1 3), (1 4), (1 7)}, {(1 2), (1 3), (1 5), (1 6)},
{(1 2), (1 3), (1 5), (1 7)}, {(1 2), (1 3), (1 6), (1 7)}. The collinear permu-
tations (5 6), (5 7), (4 6), (4 7), (2 6 5 3)(7 4)(∈ S∗(I), respectively,
allow us to conclude that {(1 2), (1 3), (1 4), (1 5)} is collinear to each of
{(1 2), (1 3), (1 4), (1 6)}, {(1 2), (1 3), (1 4), (1 7)}, {(1 2), (1 3), (1 5), (1 6)},
{(1 2), (1 3), (1 5), (1 7)}, and {(1 2), (1 3), (1 6), (1 7)}. This leaves us with
only {(1 2), (1 3), (1 4), (1 5)} which cannot be collinear to any of the subsets
of XLC12

since none of those sets are a subset of a set of the form X(l).

We assume now that |T | = 5. From Proposition A.16 we find that T
is a subset of XLC , or X(l). We first consider the subsets of X(1). They
are X(1) − {(1 7)}, X(1) − {(1 6)}, X(1) − {(1 5)}, X(1) − {(1 4)}, X(1) −
{(1 3)}, X(1)−{(1 2)}. We can see that the first is collinear to the rest from,
respectively, the permutations (6 7), (5 7), (4 7), (3 7), (2 7) ∈ S∗(I).

We now consider the subsets of XLC12
. They are: XLC12

− {(6 7)}, XLC12
−

{(4 7)}, XLC12
−{(4 6)}, XLC12

−{(3 7)}, XLC12
−{(3 6)}, XLC12

−{(3 4)}. We can
see that the first is collinear to the rest from, respectively, the permutations
(1 5)(4 6), (4 7 6), (3 6 7), (3 7 6), (3 6 4 7) ∈ S∗(I).

This leaves us with X(1) − {(1 7)} and XLC12
− {(6 7)}. These cannot be

collinear as the first is a subset of X(1) but the second is not the subset of
any set of the form X(l).

We assume now that |T | = 6. From Proposition A.15 and Proposition
A.16 we find that T ∈ {XLC12

, P (1 2 3), X(1)}.
From Proposition A.15 and Proposition A.16 we find that the remaining

nice sets are: T (1 2 3) (|T | = 10), X −XLC12
(|T | = 15), and X (|T | = 21).

Their uniqueness, up to collineation, is a result of the following: if i, j, k ∈ I
are generative, then (1 i)(2 j)(3 k) ∈ S∗(I).
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A.3 Algebra Properties

In the previous section we classified nice sets up to collineation. In this
section we explore some properties of the algebras, DεT , which correspond
to each of our nice sets T. For convenience’ sake we will denote DεT by Dε.
This covers graded contractions arising from admissible maps.

Lemma A.18: Set M := {i ∈ I |@t ∈ T, i ∈ t}. Then

Z(Dε) = Z(D) +
⊕
i∈M

Di.

Proof. It is immediately clear that Z(D),
⊕

i∈M Di ⊆ Z(Dε).
Take x ∈ Z(Dε). We may write x =

∑
i∈I xi, with xi ∈ Di. For all

y =
∑

j∈I yj , yj ∈ Dj , we have that

0 = [x, y]ε
T

=
∑
i,j∈I

εij [xi, yj ].

This means that, for each i, j ∈ I, either εij = 0 or [xi, yj ] = 0. Therefore,
x ∈ Z(D) +

⊕
i∈M Di.

T = ∅: Dε is abelian.
T = {(1 2)} : Z(Dε) =

⊕
i∈I−{1,2}

Di. D
ε′ = D5. D

ε is 2-step nilpotent and

solvable. As a Lie algebra

Dε = (D1 ⊕D2 ⊕D5)⊕ (D3 ⊕D4 ⊕D6 ⊕D7) .

T = {(1 2), (1 5)} : Z(Dε) =
⊕

i∈I−{1,2,5}
Di. D

ε′ = D2 ⊕ D5. D
ε is not

nilpotent but is 2-step solvable. As a Lie algebra

Dε = Z(Dε)⊕ (D1 ⊕D2 ⊕D5) .

T = {(3 4), (3 6)} : Z(Dε) =
⊕

i∈I−{3,4,6}
Di. D

ε′ = D1 ⊕D5. D
ε is 2-step

nilpotent and solvable. As a Lie algebra

Dε = (D1 ⊕D3 ⊕D4 ⊕D5 ⊕D6)⊕ (D2 ⊕D7) .

T = {(3 4), (6 7)} : Z(Dε) = D1 ⊕ D2 ⊕ D5. D
ε′ = D5. D

ε is 2-step
nilpotent and solvable. As a Lie algebra

Dε = (D1 ⊕D2)⊕ (D3 ⊕D4 ⊕D5 ⊕D6 ⊕D7) .

T = XL34 : Z(Dε) = D1 ⊕D2 ⊕D6 ⊕D7. D
ε′ = D3 ⊕D4 ⊕D5 = Dε2 =

Dε(2). Dε is neither nilpotent nor solvable. Dε is not simple or semisimple.
As Lie algebra

Dε = Z(Dε)⊕Dε′.
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T = X(5) : Z(Dε) = D5 = Dε′. Dε is 2-step nilpotent and solvable.
T = {(3 4), (3 6), (3 7)} : Z(Dε) = D1 ⊕ D2 ⊕ D5 = Dε′. Dε is 2-step

nilpotent and solvable.
T = {(3 4), (3 6), (4 6)} : Z(Dε) = D1⊕D2⊕D5⊕D7. D

ε′ = D1⊕D2⊕
D5. D

ε is 2-step nilpotent and solvable. As a Lie algebra

Dε = (D1 ⊕D2 ⊕D3 ⊕D4 ⊕D5 ⊕D6)⊕D7.

T = {(3 4), (3 6), (4 7)} : Z(Dε) = D1 ⊕D2 ⊕D5. D
ε′ = D1 ⊕D5. D

ε is
2-step nilpotent and solvable. As a Lie algebra

Dε = (D1 ⊕D3 ⊕D4 ⊕D5 ⊕D6 ⊕D7)⊕D2.

T = {(3 4), (3 5), (3 6)} : Z(Dε) = D1 ⊕D2 ⊕D7. D
ε′ = D1 ⊕D4 ⊕D5.

Dε2 = Dε3 = D4 ⊕D5. D
ε is not nilpotent but is 2-step solvable. As a Lie

algebra
Dε = (D1 ⊕D3 ⊕D4 ⊕D5 ⊕D6)⊕ (D2 ⊕D7) .

T = {(3 4), (3 6), (3 7), (4 6)} : Z(Dε) = D1 ⊕ D2 ⊕ D5 = Dε′. Dε is
2-step solvable and nilpotent.

T = {(3 4), (3 6), (4 7), (6 7)} : Z(Dε) = D1 ⊕D2 ⊕D5. D
ε′ = D1 ⊕D5.

Dε is 2-step nilpotent and solvable. As a Lie algebra

Dε = (D1 ⊕D3 ⊕D4 ⊕D5 ⊕D6 ⊕D7)⊕D2.

T = {(1 2), (1 3), (1 4), (1 5)} : Z(Dε) = D6⊕D7. D
ε′ = D2⊕D5⊕D6⊕

D7. D
ε2 = Dε3 = D2 ⊕D5. D

ε is not nilpotent but is 2-step solvable.
T = {(3 4), (3 6), (3 7), (4 6), (4 7)} : Z(Dε) = D1 ⊕D2 ⊕D5 = Dε′. Dε

is 2-step nilpotent and solvable.
{(1 2), (1 3), (1 4), (1 5), (1 6)} : Z(Dε) = D7. D

ε′ = D2 ⊕ D3 ⊕ D5 ⊕
D6⊕D7. D

ε2 = Dε3 = D2⊕D3⊕D5⊕D6. D
ε is not nilpotent but is 2-step

solvable.
T = XLC12

: Z(Dε) = D1 ⊕D2 ⊕D5 = Dε′. |dae is 2-step nilpotent and

solvable.
T = P (1 2 3) : Z(Dε) = D4. D

ε′ = D4 ⊕D5 ⊕D6 ⊕D7. D
ε2 = D4. D

ε

is 3-step nilpotent and 2-step solvable.
T = X(1) : Z(Dε) = 0. Dε′ = Dε2 = D2 ⊕D3 ⊕D4 ⊕D5 ⊕D6 ⊕D7. D

ε

is not nilpotent but is 2-step solvable.
T = T (1 2 3) : Z(Dε) = 0. Dε′ = Dε2 = D2 ⊕D3 ⊕D4 ⊕D5 ⊕D6 ⊕D7.

Dε(2) = D4 ⊕D7. D
ε is not nilpotent but is 3-step solvable.

T = X −XLC12
: Z(Dε) = 0. Dε′ = Dε. Dε is neither nilpotent nor

solvable. Dε is neither simple nor semisimple. The only proper ideal of
Dε which is a direct sum of homogeneous components of the grading is
D3 ⊕D4 ⊕D6 ⊕D7.

T = X : Dε = D.
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A.4 Scaling homogeneous Components

In the previous section we considered admissible maps whose image is {0, 1}.
In this section we consider admissible maps which have the same kernel as
the admissible graded contractions but for which the non-zero elements need
not necessarily have value 1. We may use the following notation to write
a graded contraction when its support is clear from context. We write
only the relevant parameters (those corresponding to an element in their
support). These relevant parameters are unambiguously totally ordered in
the following way: we consider the numbers in the pair from X to which
they correspond (ε15 would correspond to the pari (1 5)) and we first com-
pare the smallest number from each parameter, and then the larger num-
ber from each pair. For instance, if ε is a graded contraction with support
{(3 4), (3 6), (3 7), (4 6)} then we may write ε := (ε34 ε36 ε37 ε46) = (a b c d).

Recall that for an admissible map ε arising from the nice set T, then T
is the support of ε.

We define a matrix αij =
aiaj
ai∗j

for i, j ∈ I.

T = {(1 2)}: If we set

εij =

{
c, if (i j) = (1 2),

0, otherwise,

where c ∈ C∗. Then, setting a1 = a2 = 2, a5 = c, and ai = 0 for i ∈
I − {1, 2, 5} we have that α • ε = εT .

T = {(1 2), (1 5)} : If we set

εij =


c, if (i j) = (1 2)

d, if (i j) = (1 5)

0, otherwise

,

where c, d ∈ C∗. Then, setting a1 = a2 = 1√
cd
, a5 = 1

d , and the other ai = 1,

we have that α • ε = εT .

T = {(3 4), (3 6)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 6)

0, otherwise

,

where c, d ∈ C∗. Then, setting a1 = d, a5 = c, a3 = a4 = a6 = 1, and a7 = 1,
we have α • ε = εT .
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T = {(3 4), (6 7)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 6)

0, otherwise

,

where c, d ∈ C∗. Setting a3 = 1/c, a6 = 1/d, a4 = a5 = a7 = 1, and
a1 = a2 = 1, we have α • ε = εT .

T = XL34 :If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 5)

f, if (i j) = (4 5)

0, otherwise

,

where c, d, f ∈ C∗. Then, setting a3 = 1√
cd
, a4 = 1√

cf
, a5 = 1√

df
, and the

other ai = 1, we have that α • ε = εT .

T = X(5) : If we set

εij =


c, if (i j) = (1 2)

d, if (i j) = (3 4)

f, if (i j) = (6 7)

0, otherwise

,

where c, d, f ∈ C∗. Then, setting a1 = 1/c, a3 = 1/d, a6 = 1/f, and the
other ai = 1, we have α • ε = εT .

T = {(3 4), (3 6), (3 7)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (3 7)

0, otherwise

,

where c, d, f ∈ C∗. Then, setting a1 = d, a2 = f, a5 = c, and the other
ai = 1, we have α • ε = εT .

T = {(3 4), (3 6), (4 6)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (4 6)

0, otherwise

,
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where c, d, f ∈ C∗. Then, setting a1 = d, a2 = f, a5 = c, and the other
ai = 1, we have α • ε = εT .

T = {(3 4), (3 6), (4 7)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (4 7)

0, otherwise

,

where c, d, f ∈ C∗. Then, setting a5 = c, a6 = 1/d, a7 = 1/f, and the other
ai = 1, we have α • ε = εT .

T = {(3 4), (3 5), (3 6)} : If we set

εij =


c, if (i j) = (3 4)

d, if (i j) = (3 5)

f, if (i j) = (3 6)

0, otherwise

,

where c, d, f ∈ C∗. Then, setting a1 = f, a3 = 1√
cd
, a4 =

√
d, a5 =

√
c,

a6 =
√
cd, and the other ai = 1, we have α • ε = εT .

T = {(3 4), (3 6), (3 7), (4 6)} : If we set

εij =



c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (3 7)

g, if (i j) = (4 6)}
0, otherwise

,

where c, d, f, g ∈ C∗. Then, setting a1 = d, a2 = g, a3 = a4 = a5 = 1/c,
a6 = c and a7 = cg

f , we have α • ε = εT .

T = {(3 4), (3 6), (4 7), (6 7)} : If we set

εij =



c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (4 7)

g, if (i j) = (6 7)}
0, otherwise

,

where c, d, f, g ∈ C∗. Then, setting a1 = a4 = d, a3 =
√
g√
cdf
, a5 =

√
cdg√
f
,

a6 =
√
cdf√
g and a7 = 1/f, we have α • ε = εT .
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T = {(1 2), (1 3), (1 4), (1 5)} : If we set

εij =



c, if (i j) = (1 2)

d, if (i j) = (1 3)

f, if (i j) = (1 4)

g, if (i j) = (1 5)

0, otherwise

,

where c, d, f, g ∈ C∗. Then, setting a1 = 1√
cg , a2 =

√
g, a3 = a4 =

√
cg,

a5 =
√
c, a6 = d, and a7 = f, we have α • ε = εT .

T = {(3 4), (3 6), (3 7), (4 6), (4 7)} : If we set

εij =



c, if (i j) = (3 4)

d, if (i j) = (3 6)

f, if (i j) = (3 7)

g, if (i j) = (4 6)

h, if (i j) = (4 7)

0, otherwise

,

where c, d, f, g, h ∈ C∗. Then, setting a1 = d
√
gh, a2 = g

√
fd, a3 =

√
gh,

a4 =
√
fd, a5 = c

√
dfgh, a6 = 1, and a7 =

√
dg√
fh
, we have α • ε = εT .

T = {(1 2), (1 3), (1 4), (1 5), (1 6)} : If we fix a graded contraction ε
with support T, we consider the graded contractions which are equivalent to
ε by normalization. That is, we consider all graded contractions ε′ = α • ε,
where α is a normalization matrix. We may always normalize ε′12 = ε′15 = 1.
To see this, we use the (proposed) equalities α12ε12 = 1 and α15ε15 = 1.
We may therefore set a1 := 1√

ε12ε15
, a2 :=

√
ε15, a5 :=

√
ε15. This forces

ε′13 = a3ε13
a6
√
ε12ε15

and ε′16 = a6ε16
a3
√
ε12ε15

. Finally, ε′14 = a4ε14
a7
√
ε12ε15

. Altogether, this

means that any graded contraction with support T is equivalent (via normal-
ization) to a graded contraction ε with ε12 = ε15 = 1, ε13 = ε16 = c, ε14 = d,
where c, d ∈ C∗. We will specify the five relevant parameters of such a graded
contraction by ε = (1 c d 1 c).

Graded contractions ε := (1 c d 1 c) and ε′ := (1 c′ d 1 c′) are equivalent
via normalization if, and only if, c′ = ±c. To see this, we first note that
αε = ε′ if, and only if, there exist a1, . . . , a7 ∈ C such that the following
hold:

α12 = 1, α13 =
c′

c
, α14 =

d′

d
,

α15 = 1, α16 =
c′

c
.
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These conditions hold if, and only if, the following holds: a2
1 = 1 =

(
c′

c

)2
.

Our claim follows.

T = X(1) : If we fix a graded contraction ε with support T, we consider

the graded contractions which are equivalent to ε by normalization. That
is, we consider all graded contractions ε′ = α • ε, where α is a normalization
matrix. We may always normalize ε′12 = ε′15 = 1. To see this, we use the
(proposed) equalities α12ε12 = 1 and α15ε15 = 1. We may therefore set
a1 := 1√

ε12ε15
, a2 :=

√
ε15, a5 :=

√
ε15. This forces ε′13 = a3ε13

a6
√
ε12ε15

, ε′16 =
a6ε16

a3
√
ε12ε15

, ε′14 = a4ε14
a7
√
ε12ε15

, and ε′17 = a7ε17
a4
√
ε12ε15

. Altogether, this means that

any graded contraction with support T is equivalent (via normalization) to
a graded contraction ε with ε12 = ε15 = 1, ε13 = ε16 = c, ε14 = ε17 = d,
where c, d ∈ C∗. We will specify the six relevant parameters of such a graded
contraction by ε = (1 c d 1 c d).

Graded contractions ε := (1 c d 1 c d) and ε′ := (1 c′ d′ 1 c′ d′) are
equivalent via normalization if, and only if, c′ = ±c and d′ = ±d. To see
this, we first note that αε = ε′ if, and only if, there exist a1, . . . , a7 ∈ C such
that the following hold:

α12 = 1, α13 =
c′

c
, α14 =

d′

d
,

α15 = 1, α16 =
c′

c
, α17 =

d′

d
.

These conditions hold if, and only if, the following holds: a2
1 = 1 =

(
c′

c

)2
=(

d′

d

)2
. Our claim follows.

T = XLC12
: Any graded contraction ε := (ε34 ε36 ε37 ε46 ε47 ε67), with

support T is equivalent via normalization to the graded contraction ε′ :
(1 1 1 1 1 1 1). To see this, set

a1 :=
1

√
ε34ε37ε46ε67

, a2 :=
1

√
ε34ε36ε47ε67

,

a3 :=
1

√
ε34ε36ε37

, a4 :=
1

√
ε34ε46ε47

,

a5 :=
1

√
ε36ε37ε46ε47

, a6 :=
1

√
ε36ε46ε67

,

a7 :=
1

√
ε37ε47ε67

.

Then, ε′ = α • ε.
T = P (1 2 3) : First we claim that any graded contraction of the form

ε = (ε12 ε13 ε17 ε23 ε26 ε35), with support T, is equivalent via normalization
to a graded contraction, supported by T, of the form ε′ = (1 1 1 1 β 1 γ),
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with β, γ ∈ C∗. To see this, set

a1 = a4 = a6 :=
1

ε12
, a2 = a5 :=

1

ε26
,

a3 :=
1

ε13
, a7 :=

1

ε17
.

Then,

β =
ε17ε23

ε13ε26
, γ =

ε12ε35

ε13ε26
.

We now have ε′ = α • ε. Further we claim that graded contractions, with
support T, ε = (1 1 1 β 1 γ) and ε′ = (1 1 1 β′ 1 γ′) are equivalent via
normalization if, and only if, β = β′ and γ = γ′. To see this we note that
for us to have ε′ = α • ε we need the following to hold:

α12 = 1, α13 = 1, α17 = 1,

α23 =
β′

β
, α26 = 1, α35 =

γ′

γ
.

From these equalities we find that the following must hold:

a5 = a1a2, a6 = a1a3, a4 = a1a2a3
β

β′
,

a4 = a1a2a3, a7 = a2a3
β

β′
, a4 = a1a2a3

γ

γ′
.

Our second claim follows.
T = T (1 2 3) : If ε is a graded contraction with support T then ε is

equivalent via normalization to a graded contraction ε′ defined as ε′ =
(1 c d 1 c d f g h k). To see this we set

a1 :=
1

√
ε12ε15

, a2 :=
√
ε15, a3 :=

√
ε16, a4 :=

√
ε17,

a5 :=
√
ε12, a6 :=

√
ε13, a7 :=

√
ε14.

This gives α12ε12 = α15ε15 = 1, α13ε13 = α16ε16 = c, α14ε14 = α17ε17 = d,
f = α23ε23, g = α26ε26, h = α35ε35, k = α56ε56.

We will now consider when graded contractions ε := (1 c d 1 c d f g h k)
and ε′ := (1 c′ d′ 1 c′ d′ f ′ g′ h′ k′), both with support T, are equivalent via
normalization. We therefore consider the conditions under which ε′ = α • ε.
This is equivalent to the following holding:

α12 = α15 = 1, α13 = α16 =
c′

c
, α14 = α17 =

d′

d
,

α23 =
f ′

f
, α26 =

g′

g
, α35 =

h′

h
, α56 =

k′

k
.
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These equalities yield the following: α12α15 = 1 = a2
1, α13/α16 = 1 =

(a3/a6)2, α14/α17 = 1 = (a4/a7)2. This means that c′ = ±c, d′ = ±d, a5 =
±a2, a6 = ±a3, a7 = ±a4. Substituting this all back into the original
equalities allows us to conclude that

f ′ = ±f a2a3

a4
, g′ = ±ga2a3

a4
,

h′ = ±ha2a3

a4
, k′ = ±ka2a3

a4
.

In summary, ε is equivalent to ε′ if, and only if, the following conditions
hold: c′ = ±c, d′ = ±d, and there exists β ∈ C∗ such that f ′ = ±βf, g′ =
±βg, h′ = ±βh, k′ = ±βk.

T = X −XLC12
: Since X(1) ⊂ T, we can use the argument from the X(1)

case to see that any graded contraction with support T is equivalent via
normalization to a graded contraction of the form

ε := (1 c1 c2 1 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11).

We now consider when such a graded contraction is equivalent via normal-
ization to another graded contraction of this form:

ε′ := (1 c′1 c
′
2 1 c′1 c

′
2 c
′
3 . . . c′11).

We therefore consider under what conditions we can find a1, . . . , a7 ∈ C such
that ε′ = α • ε′. From the equalities α12 = 1 = α15 we find that a2

1 = 1.
This along with the equalities α13 = c′1/c1 = α16 and α14 = c′2/c2 = α16

we find that a5 = ±a2, a6 = ±a3, a7 = ±a4. This means that c′1 = ±c1

and c′2 = ±c2. This also allows us to rewrite all the equalities αij = c′k/ck
in a form using only a2, a3, and a4. Then α25 = c′5/c5 becomes ±a2

2 = c′5/c5.
Using all this we arrive at the following equalities:

± a3

a4
=
c′3c4

c3c′4
, ±1 =

c′3c6

c3c′6
, ±a3

a4
=
c′3c7

c3c′7
,

± 1 =
c′3c8

c3c′8
, ±a3

a4
=
c′3c9

c3c′9
, ±1 =

c′3c10

c3c′10

,

± a3

a4
=
c′3c11

c3c′11

,

and

±a4

a3
=
c′4c6

c4c′6
, ±1 =

c′4c7

c4c′7
, ±a4

a3
=
c′4c8

c4c′8
,

±1 =
c′4c9

c4c′9
, ±a4

a3
=
c′4c10

c4c′10

, ±1 =
c′4c11

c4c′11

,
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These allow us to write the following:

c′5 = ±c5
c′3c
′
4

c3c4
,

c′6 = ±c6
c′3
c3
, c′7 = ±c7

c′4
c4
, c′8 = ±c8

c′3
c3
,

c′9 = c9
c′4
c4
, c′10 = ±c10

c′3
c3
, c′11 = ±c11

c′4
c4
.

Therefore, we conclude that ε is equivalent to ε′ via normalization if, and
only if, the above holds and c′1 = ±c1 and c′2 = ±c2.
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Appendix B

Tensor Product

This chapter is devoted to the tensor product of R-modules, for a commu-
tative unital ring R. Further study of graded contractions of Lie algebras
requires familiarity with this topic. Moreover, this knowledge is essential
is modern algebra research. The tensor product is an algebraic structure
which has the universal property that all multi-linear maps filter through it.

Throughout this chapter R will denote a commutative (unital) ring.

B.1 Definition and Construction

We begin with a definition of the tensor products for vector spaces and then
generalise this to a definition for R-modules. First we see a definition of the
tensor product in terms of a universal property. We end this section with
an explicit construction of the tensor product

Remark B.1: Let R be a commutative ring with R-modules M, N, P, and
Q. If B : M ×N → P is a bilinear map and A : P → Q a linear map, then
clearly A ◦B is a bilinear map.

M ×N P

Q

B

A◦B
A

We will now define the tensor product of R-modules M and N by a
universal mapping property.

Definition B.2: Let M and N be R-modules, for a commutative ring R.
Then we define the tensor product M ⊗R N as an R-module along with
a bilinear map ⊗ : M × N → M ⊗R N such that for any bilinear map
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B : M ×N → P there is a unique R-linear map ψ : M ⊗RN → P such that
the following diagram commutes.

M ×N M ⊗R N

P

⊗

B
ψ

Example B.3: Let G be a group, A an abelian group, and f : G → A a
homomorphism. Then there is a unique homomorphism f̃ : G/[G,G] → A
such that the following diagram commutes.

G G/[G,G]

A

π

f

f̃

where π is the canonical homomorphism.
We define f̃(g[G,G]) := f(g). This is well defined because for g, h ∈ G

such that gh−1 ∈ [G,G] we have that gh−1 = [x, y] for some x, y ∈ G and so

f(g)− f(h) = f(gh−1) = f(x−1y−1xy) = −f(x)− f(y) + f(x) + f(y) = 0.

Moreover, if φ : G/[G,G]→ A is a homomorphism such that φ ◦ π = f then
φ ◦ π = f̃ ◦ π and since π is an epimorphism we have that φ = f̃ .

This universal mapping property of the abelianization G/[G,G] of G is
analogous to that of the tensor product of R-modules.

Proposition B.4: The tensor product of R-modules M and N is unique
up to isomorphism.

Proof. We denote T := M ⊗R N , and let T ′ along with t : M × N → T
satisfy the universal mapping property of the tensor product. We then get
unique linear maps ψ : T → T ′ and φ : T ′ → T such that the following two
diagrams commute.

M ×N T

T ′

⊗

t
ψ

M ×N T ′

T

t

⊗
φ

We may combine these into the following commutative diagram.
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T

M ×N

T

φ◦ψ

⊗

t

The linear map φ◦ψ is unique and since the identity map 1T : T → T would
also fit, we find that φ ◦ ψ = 1T . Therefore, T is unique up to isomorphism.

Proposition B.5: For any R-modules M and N, where R is a commutative
ring, their tensor product exists.

Proof. We begin by looking at F = FR(M × N) :=
⊕

(m,n)∈M×N
R(m,n),

the free R-module on M × N. We note that elements of F take the form∑k
i=1 ri(mi, ni), where ri ∈ R, m ∈ M, n ∈ N. Note also that the generat-

ing elements (m,n) ∈M ×N are not elements of M ⊕N. Therefore, we see
(m,n)+(m′, n) 6= (m+m′, n) as the left hand side cannot be further simpli-
fied. Similarly, (rm, n) 6= r(m,n) 6= (rm, rn). We define D as the submodule
of R spanned by the following elements, where m,m′ ∈M, n, n′ ∈ N, r ∈ R

(m+m′, n)− (m,n)− (m′, n), (m,n+ n′)− (m,n)− (m,n′),

(rm, n)− (m, rn), r(m,n)− (rm, n), r(m,n)− (m, rn).

We may then define the tensor product of M and N as M ⊗R N := F/D,
and we write the cosets as m ⊗ n := (m,n) + D. We may also define the
map

⊗ : M ×N →M ⊗R N
(m,n) 7→ m⊗ n.

The definition of D defines relations which mean that the map ⊗ is bilinear.
We denote T := M ⊗R N, and we will show that the pair (T,⊗) satisfy the
universal mapping property of the tensor product. Let P be an R-module
and B : M × N → P a bilinear map. Looking at M × N as a set and B
simply as a function on the set, from the universal mapping property of free
modules we have a linear map ϕ : F → P such that the following diagram
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commutes.
M ×N F

P

ι

B ϕ
, (B.1)

Where ι : M × N → F is the natural injection (m,n) 7→ (m,n). We would
like to show that ϕ induces a linear map ϕ̃ : T → P, such that the following
diagram commutes.

M ×N T

P

ι̃

B
ϕ̃

(B.2)

Where ι̃ : M ×N → T is given by (m,n) 7→ (m,n) +D = m⊗ n.
From the bilinearity of the map B we have that the following relations

hold for all m,m′ ∈M, n, n′ ∈ N, r ∈ R

B(m+m′, n) = B(m,n) +B(m′, n), B(m,n+ n′) = B(m,n) +B(m,n′),

B(rm, n) = B(m, rn), rB(m,n) = B(rm, n), rB(m,n) = B(m, rn).

We also have that B = ϕ◦ι, and so all the corresponding relations hold for ϕ
on elements of M×N. Since ϕ is linear, for all m,m′ ∈M, n, n′ ∈ N, r ∈ R
we have

ϕ(m+m′, n) = ϕ((m,n) + (m′, n)), ϕ(m,n+ n′) = ϕ((m,n)− (m,n′)),

ϕ(rm, n) = ϕ(m, rn), rϕ(m,n) = ϕ(rm, n), rϕ(m,n) = ϕ(m, rn).

Hence, all the generators of D are elements of Ker(ϕ), and so

ϕ̃ : T → P,

k∑
i=1

rimi ⊗ ni 7→ ϕ(mi, ni),

is a well-defined map. Linearity of ϕ̃ follows from the linearity of ϕ and sim-
ilarly the commutativity of (B.2) follows from the commutativity of (B.1).

It only remains to show that ϕ̃ is the unique linear map which makes
(B.2) commute. This follows because the elements m ⊗ n for m ∈ M and
n ∈ N span T. Therefore, linear maps on T are completely determined by
their values on these spanning elements.

B.2 Building Intuition

We now consider some results which will help us to build some intuition for
working with tensor products and their elements. We will call elements of
M ⊗N tensors, and elements of the form m⊗ n elementary tensors.
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In the proof of Proposition B.5 we showed that that tensors are indeed
finite linear combinations of elementary tensors. Since r(m ⊗ n) = rm ⊗ n
for all r ∈ R, m ∈ M, n ∈ N we see that tensors are in fact finite sums of
elementary tensors.

Remark B.6: Let M and N be R-modules. Then m⊗ 0 = 0 = 0⊗ n.

Proof. For any m ∈M we have that m⊗ 0 = m⊗ (0 + 0) = m⊗ 0 +m⊗ 0.
Now 0⊗ n = 0 follows similarly.

Proposition B.7: Let M and N be R-modules, for a commutative ring R.
If {mi}i∈I and {nj}j∈J are spanning sets for M and N, respectively, then
M ⊗N is spanned by S := {mi ⊗ nj | i ∈ I, j ∈ J}.

Proof. Since tensors are sums of elementary tensors, we need only show that
all elementary tensors are spanned by S. Let m⊗n be an elementary tensor
with m =

∑
i∈I

aimi and n =
∑
j∈J

bjnj . Then by the bilinearity of ⊗ we have

that

m⊗ n =

(∑
i∈I

aimi

)
⊗

∑
j∈J

bjnj

 =
∑
i∈I

∑
j∈J

aibjmi ⊗ nj .

Example B.8: We have seen that linear maps from tensor products are
determined by their values on elementary tensors, since tensors are finite
sums of elementary tensors. We have to be careful in constructing linear
maps from tensor products. For example, if we hoped to construct a function
m⊗n 7→ m+n, then since −m⊗−n = m⊗n but (generally) m+n 6= −m−n
we could run into trouble. To construct linear maps from tensor products
we should use the universal mapping property.

The 2-fold tensor product may be extended to a k-fold tensor product
(k ∈ N) by the following diagram.

M1 × . . .×Mk

k⊗
i=1

Mi

P

⊗

B
ϕ

Where
k⊗
i=1

Mi and P are R-modules, B is a multi-linear map, and ϕ is the

unique linear map making the diagram commute.
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Example B.9: Let a, b ∈ Z+ and d = gcd(a, b). Then Za ⊗ Zb ∼= Zd, as
abelian groups.

We will denote T := Za ⊗ Zb. Since 1 spans Za and Zb we find from
Proposition B.7 that 1⊗ 1 spans T. The additive order of 1⊗ 1 divides both
a and b, and therefore divides d. This follows as a result of the following
a(1⊗ 1) = a⊗ 1 = 0⊗ 1 = 0. Similarly b(1⊗ 1) = 0. Therefore, |T | ≤ d.

We define B : Za × Zb → Zd by (x mod a, y mod b) 7→ xy mod d. This
is clearly a well-defined bilinear map. By the universal mapping property
there is a unique linear map ϕ : T → Zd such that ϕ ◦⊗ = B. Therefore, for
x ∈ Zd we have that ϕ(x ⊗ 1) = x. Thus ϕ is an epimorphism, from which
we may conclude that |T | = d. As we are working with abelian groups we
are done.

Remark B.10: We have seen that tensors are finite sums of elementary
tensors. This may tempt us into thinking that we can prove that f(g(t)) = t
for all tensors t by showing that f(g(e)) = e for all elementary tensors (for
suitable additive maps f and g). It is however wrong to think that proving
injectivity on elementary tensors automatically translates to having shown
injectivity for all tensors. This comes from the fact that injectivity of a
linear map is not an additive identity.

We demonstrate this point with an example. Consider the additive map
f : C⊗RC→ C given by z⊗w 7→ zw. We can see that {z⊗w | z, w ∈ {1, i}}
is a basis for C ⊗R C. We also have that f(1 ⊗ i) = f(i ⊗ 1) but by linear
independence we have that 1⊗ i− i⊗ 1 6= 0.

Proposition B.11: Let M and N be R-modules. Then

ψ : M ⊗R N → N ⊗RM
m⊗ n 7→ n⊗m,

is an isomorphism, and ψ is unique.

Proof. We define S : M ×N → N ×M by (m,n) 7→ (n,m). We denote the
tensor product maps ⊗1 : M ×N →M ⊗R N and ⊗2 : N ×M → N ⊗RM.
We claim that ⊗2 ◦ S is a bilinear map. Take m,m′ ∈ M, n ∈ N, r,∈ R
and then

⊗2 ◦ S(m+m′, n) = n⊗2 m+ n⊗2 m
′ = (⊗2 ◦ S)(m,n) + (⊗2 ◦ S)(m′, n),

and

r(⊗2 ◦ S)(m,n) = rn⊗2 m = n⊗2 rm.

Thus, ⊗2 ◦ S is bilinear. By the universal mapping property of the tensor
product there is a unique linear map ϕ : M ⊗RN → N ⊗RM such that the
following diagram commutes.
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M ×N

N ×M M ⊗R N

N ⊗RM

S
⊗1

⊗2 ϕ

Thus, for (m,n) ∈M ×N we have that

ϕ(m⊗1 n) = (ϕ ◦ ⊗1)(m,n) = (⊗2 ◦ S)(m,n) = ⊗2(n,m) = n⊗2 m.

Which describes the action of ϕ on elementary tensors, and therefore com-
pletely determines ϕ.

A similar argument yields a unique linear map τ : N ⊗RM →M ⊗R N
given by n⊗m 7→ m⊗n. We claim these maps are inverses. To this end we
take ri ∈ R, mi ∈M, ni ∈ N and find that

(τ ◦ ϕ)

(
k∑
i=1

rimi ⊗ ni

)
=

k∑
i=1

ri(τ ◦ ϕ)(mi ⊗ ni)

=

k∑
i=1

riτ(ni ⊗mi)

=
k∑
i=1

rimi ⊗ ni.

It follows similarly that (ϕ ◦ τ)

(
k∑
i=1

rini ⊗mi

)
=

k∑
i=1

rini ⊗ ni. Hence, we

conclude τ = ϕ−1. Uniqueness follows since both ϕ and τ are unique.

Proposition B.12: For R-modules M, N, and P,

ϕ : (M ⊗N)⊗ P →M ⊗ (N ⊗ P )

(m⊗ n)⊗ p 7→ m⊗ (n⊗ p),

is an isomorphism, and it is unique.

Proof. We will denote S := (M ⊗N)⊗P and T := M ⊗ (N ⊗P ). We define
D : M ×N ×P → T by (m,n, p) 7→ m⊗ (n⊗p). Since this is tri-linear, each
p ∈ P induces a bilinear map Bp : M×N → T given by (m,n) 7→ m⊗(n⊗p).
By the universal mapping property of tensor products, for each Bp there is
a unique linear map ϕp : M ⊗ N → T such that the following diagram
commutes.
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M ×N M ⊗N

T

⊗

Bp
ϕp

Therefore, ϕp(m⊗n) = (ϕp ◦⊗)(m,n) = Bp(m,n) = m⊗ (n⊗p). This fully
describes ϕp, as it describes the action of ϕp on elementary tensors.

We now define Φ: (M ⊗N)× P → T by Φ(m⊗ n, p) := ϕp(m⊗ n). We
claim this is biliinear. Since ϕp is linear for each p ∈ P we know that Φ is
linear in the first argument. Taking m ∈ M, n ∈ N, p, p′ ∈ P, r ∈ R we
find that

ϕp(m⊗ n) + ϕp′(m⊗ n) = m⊗ (n⊗ p) +m⊗ (n⊗ p′)
= m⊗ (n⊗ p+ n⊗ p′)
= m⊗ (n⊗ (p+ p′)) = ϕp+p′(m⊗ n),

and

rϕp(m⊗ n) = rm⊗ (n⊗ p) = m⊗ (r(n⊗ p)) = m⊗ (n⊗ rp)
= ϕrp(m⊗ n).

Thus, Φ is also linear in the second argument and therefore bilinear. By the
universal mapping property of tensor products there is a unique linear map
τ : S → T such that the following diagram commutes.

(M ⊗N)× P S

T

⊗

Φ τ

Hence, we can see that the action of τ on elementary tensors is

τ

((
k∑
i=1

rimi ⊗ ni

)
⊗ p

)
= (τ ◦ ⊗)

(
k∑
i=1

rimi ⊗ ni, p

)

= Φ

(
k∑
i=1

rimi ⊗ ni, p

)

=

k∑
i=1

riΦ(mi ⊗ ni, p) =

k∑
i=1

riϕp(mi ⊗ ni)

=

k∑
i=1

rimi ⊗ (ni ⊗ p).
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A similar argument yields a unique linear map ψ : T → S whose action
on elementary tensors is

ψ

(
m⊗

(
k∑
i=1

rini ⊗ pi

))
=

k∑
i=1

ri(m⊗ ni)⊗ pi.

Since S and T are spanned by elementary tensors, and τ and ψ are linear
and unique the result will follow if we can show that the actions of τ ◦ ψ
and ψ ◦ τ on elementary tensors are trivial. By taking ri ∈ R, mi ∈ M,
ni ∈ N, p ∈ P we can see

(ψ ◦ τ)

((
k∑
i=1

rimi ⊗ ni

)
⊗ p

)
= ψ

(
k∑
i=1

rimi ⊗ (ni ⊗ p)

)

=

k∑
i=1

riψ(mi ⊗ (ni ⊗ p))

=
k∑
i=1

ri(mi ⊗ ni)⊗ p

=

(
k∑
i=1

rimi ⊗ ni

)
⊗ p.

A similar argument holds for τ ◦ ψ, and so we are done.

B.3 Direct Sums and Tensor Maps

Having built up an idea of tensors in the previous section we move onto their
interactions with direct sums. We will see that tensor products’ interactions
with direct sums of R-modules follow much as we would expect and hope.
Thereafter we will see how tensor products may induce R-linear maps from
existing R-linear maps between their ’component’ modules.

Proposition B.13: Let M, N, and P be R-modules. Then

ϕ : M ⊗ (N ⊕ P )→ (M ⊗N)⊕ (M ⊗ P )

m⊗ (n⊕ p) 7→ (m⊗ n) + (m⊗ p)

is a unique isomorphism.

Proof. There is a bilinear map ψ : M×(N⊕P )→ (M⊗N)⊕(M⊗N) which
endows the pair ((M⊗N)⊕(M⊗P ), ψ) with the universal mapping property
of the tensor product. We define this map by ψ(m,n+p) := (m⊗n)+(m⊗p).
To see that ψ is bilinear we take r, r′ ∈ R, m,m′ ∈M, n, n′ ∈ N, p, p′ ∈ P
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and note that

ψ(rm+ r′m′, n+ p) = ((rm+ r′m′)⊗ n) + ((rm+ r′m′)⊗ p)
= r((m⊗ n) + (m⊗ p)) + r′((m′ ⊗ n) + (m′ ⊗ p))
= rψ(m,n+ p) + r′ψ(m′, n+ p),

which shows that B is linear in the first argument. Moreover, we have that

ψ(m, (n+ p) + (n′ + p′)) = ψ(m,n+ n′ + p+ p′)

= (m⊗ (n+ n′)) + (m⊗ (p+ p′)) = (m⊗ n+m⊗ n′) + (m⊗ p+m⊗ p′)
= ((m⊗ n) + (m⊗ p)) + ((m⊗ n′) + (m⊗ p′))
= ψ(m,n+ p) + ψ(m,n′ + p′),

and,

ψ(m, r(n+ p)) = ψ(m, rn+ rp) = (m⊗ rn) + (m⊗ rp)
= r((m⊗ n) + (m⊗ p)) = rψ(m,n+ p),

which shows that ψ is linear in the second argument, and therefore bilinear.
Now we would like to show that the universal mapping property holds.

Suppose B : M × (N ⊕ P ) → Q is a bilinear map. We need to construct a
linear map τ : (M ⊗N)⊕ (M ⊗P )→ Q which makes the following diagram
commute.

M × (N ⊕ P ) (M ⊗N)⊕ (M ⊗ P )

Q

ψ

B
τ

Since we are trying to construct a linear map, τ would be determined by its
values on elements of the form m⊗n+0 and 0+m⊗p. By the commutativity
of the above diagram this forces τ(m⊗n) = (τ ◦ψ)(m,n+0) = B(m,n+0),
and τ(m ⊗ p) = (τ ◦ ψ)(m, 0 + p) = B(m, 0 + p). This induces two bilinear
maps

BN : M ×N → Q

(m,n) 7→ B(m,n+ 0)

BP : M × P → Q

(m, p) 7→ B(m, 0 + p).

Using the universal mapping property of tensor products twice, we find two
unique linear maps τN : M ⊗ N → Q and τP : M ⊗ P → Q such that the
following diagrams commute.

M ×N M ⊗N

Q

BN

⊗

τN

M × P M ⊗ P

Q

BP

⊗

τP
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We then define

τ : (M ⊗N)⊕ (M ⊗ P )→ Q∑
i

mi ⊗ ni +
∑
j

m′j ⊗ pj 7→
∑
i

τN (mi ⊗ ni) +
∑
j

τP (m′j ⊗ pj),

that is, τ = τN + τP . This shows that τ is linear.

Now we can see that for (m, rn+ sp) ∈M × (N ⊕ P ) we have

(τ ◦ ψ)(m, rn+ sp) = τ((m⊗ rn) + (m⊗ sp)) = τN (m⊗ rn) + τP (m⊗ sp)
= BN (m, rn) +BP (m, sp)

= B(m, rn) +B(m, sp) = B(m, rn+ sp).

Uniqueness follows from τN and τP being unique. This shows that the pair
((M ⊗N)⊕ (M ⊗ P ), τ) has the universal mapping property, and therefore
is isomorphic to M ⊗ (N ⊕ P ).

In the special case that Q = M ⊗ (N ⊕ P ) and B = ⊗ we see that the
universal mapping property guarantees the existence of a unique linear map
ϕ which makes the following diagram commute.

M × (N ⊕ P ) M ⊗ (N ⊕ P )

(M ⊗N)⊕ (M ⊗ P )

ψ

⊗

ϕ

τ

By uniqueness we may conclude that ϕ is an isomorphism and that ϕ = τ−1.
Moreover, since ϕ ◦ ⊗ = ψ, we can see that ϕ acts on elementary tensors as

ϕ(m⊗ (rn+ sp)) = (ϕ ◦ ⊗)(m, rn+ sp) = ψ(m, rn+ sp)

= (m⊗ rn) + (m⊗ sp).

Proposition B.14: Let M and Ni, for i ∈ I be R-modules, where I is an
arbitrary indexing set. Then,

ϕ : M ⊗
⊕
i∈I

Ni →
⊕
i∈I

(M ⊗Ni)

m⊗ (ni)i∈I 7→ (m⊗ ni)i∈I ,

is an isomorphism. We note that there are only finitely many non-zero
components of any element in the codomain of ψ.
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Proof. We will construct a bilinear map ψ : M×
⊕
i∈I

Ni →
⊕
i∈I

(M⊗Ni) which

satisfies the universal mapping property of the tensor product. We define

ψ : M ×
⊕
i∈I

Ni →
⊕
i∈I

(M ⊗Ni)

(m, (ni)i∈I) 7→ (m⊗ ni)i∈I .

Bilinearity follows from a similar argument to that in the proof of Propo-
sition B.13. We now like to show that ψ satisfies the universal mapping
property, that is, for any bilinear map B : M ×

⊕
i∈I Ni → Q we want to

show that there exists a unique linear map τ which makes the following
diagram commute.

M ×
⊕
i∈I

Ni
⊕
i∈I

(M ⊗Ni)

Q

ψ

B
τ

Since we need τ to be a linear map, it would be determined by its action on
elements of the form (m⊗ ni). We require that

τ(m⊗ ni) = (τ ◦ ψ)(m,ni) = B(m,ni),

for each i ∈ I. This leads to the construction of bilinear maps which, by a
slight abuse of notation, we will write as

Bi : M ×Ni → Q

(m,ni) 7→ B(m,ni),

for each i ∈ I. The universal mapping property then gives a unique linear
map τi, for each i ∈ I, such that the following diagram commutes.

M ×Ni M ⊗Ni

Q

Bi

⊗

τi

That is, by a slight abuse of notation, τi(m⊗ ni) = Bi(m,ni). We can then
define

τ :
⊕
i∈I

(M ⊗Ni)→ Q

(m⊗ ni)i∈I 7→
∑
i∈I

τi(m,ni).
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We note that since only finitely many of the ni are non-zero the sum makes
sense. By construction, τ is linear. Now we can see that

(τ ◦ ψ)(m, (ni)i∈I) = τ((m⊗ ni)i∈I) =
∑
i∈I

τi(m⊗ ni) =
∑
i∈I

Bi(m,ni)

= B(m, (ni)i∈I).

Uniqueness follows from the uniqueness of each of the τi. Thus, τ satisfies
the universal mapping property.

In the special case that Q = M ⊗
⊕

i∈I Ni and B = ⊗ we see that the
universal mapping property guarantees the existence of a unique linear map
ϕ which makes the following diagram commute.

M ×
⊕
i∈I

Ni M ⊗
⊕
i∈I

Ni

⊕
i∈I

(M ⊗Ni)

ψ

⊗

ϕ

τ

By uniqueness we may conclude that ϕ is an isomorphism and τ = ϕ−1.
Moreover, since ϕ ◦ ⊗ = ψ we can see that ϕ acts on elementary tensors as

ϕ(m⊗ (ni)i∈I) = (ϕ ◦ ⊗)(m, (ni)i∈I) = ψ(m, (ni)i∈I) = (m⊗ ni)i∈I .

Remark B.15: We note (without proof) that the analogue of ϕ in the
above proposition with direct products is a linear map but it may not be an
isomorphism.

Proposition B.16: Let (τi : Mi → Ni)
k
i=1 be a family of linear maps be-

tween modules. Then, there is a unique linear map
k⊗
i=1

τi :
k⊗
i=1

Mi →
k⊗
i=1

Ni,

which makes the following diagram commute.

M1 × . . .×Mk

k⊗
i=1

Mi

N1 × . . .×Nk

k⊗
i=1

Ni

⊗◦τ1×...×τk

⊗

k⊗
i=1

τi
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Moreover,
k⊗
i=1

τi is completely determined by

k⊗
i=1

τi :
k⊗
i=1

Mi →
k⊗
i=1

Ni

m1 ⊗ . . .⊗mk 7→ τ1(m1)⊗ . . .⊗ τk(mk).

Proof. We note that the map

τ1 × . . .× τk : M1 × . . .×Mk → N1 × . . .×Nk

(m1, . . . ,mk) 7→ (τ1(m1), . . . , τk(mk)),

is multilinear by construction. Since ⊗ is linear their composition is bilinear.
By the universal mapping property of the tensor product there is a unique

linear map
k⊗
i=1

τi :
k⊗
i=1

Mi →
k⊗
i=1

Ni, such that

k⊗
i=1

τi ◦ ⊗ = ⊗ ◦ τ1 × . . .× τk.

Therefore, the action of
k⊗
i=1

τi on elementary tensors is

k⊗
i=1

τi(m1 ⊗ . . .⊗mk) = (
k⊗
i=1

τi ◦ ⊗)(m1, . . . ,mk)

= (⊗ ◦ τ1 × . . .× τk)(m1, . . . ,mk)

= τ1(m1)⊗ . . .⊗ τk(mk).

Corollary B.17: Let M, N, and P be R-modules.

(i) If τi : Mi → Ni and ψi : Ni → Pi are linear maps for all 1 ≤ i ≤ k,

then
k⊗
i=1

ψi ◦
k⊗
i=1

τi =
k⊗
i=1

(ψi ◦ τi).

(ii)
k⊗
i=1

idMi = id k⊗
i=1

Mi

.

Proof.
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(i): It suffices to prove the result for elementary tensors. We have that(
k⊗
i=1

ψi ◦
k⊗
i=1

τi

)
(m1 ⊗ . . .⊗mk)

=

k⊗
i=1

ψi(τ1(m1)⊗ . . .⊗ τk(mk))

= (ψ1 ◦ τ1)(m1)⊗ . . .⊗ (ψk ◦ τk)(mk)

=
k⊗
i=1

(ψi ◦ τi)(m1 ⊗ . . .⊗mk).

(ii): Since
k⊗
i=1

idMi fixes the elementary tensors, it fixes all tensors.

Corollary B.18: Let τi : Mi → Ni be linear maps of modules for 1 ≤ i ≤ k.

(i) If each τi is an isomorphism, then
k⊗
i=1

τi is an isomorphism.

(ii) If each τi is surjective, then
k⊗
i=1

τi is surjective.

Proof.

(i): We claim that
k⊗
i=1

(τ−1
i ) =

(
k⊗
i=1

τi

)−1

. From the proposition we have

that

k⊗
i=1

(τ−1
i ) ◦

k⊗
i=1

τi =
k⊗
i=1

(τ−1
i ◦ τi) =

k⊗
i=1

idMi = id k⊗
i=1

Mi

.

Similarly we find that

k⊗
i=1

τi ◦
k⊗
i=1

(τ−1
i ) = id k⊗

i=1

.

(ii): It suffices to show that
k⊗
i=1

τi is surjective on elementary tensors. Fix

n1⊗ . . .⊗nk ∈
k⊗
i=1

Ni. Since each τi is surjective, for each i there is an

mi ∈Mi such that τi(mi) = ni. Therefore,

k⊗
i=1

τi(m1 ⊗ . . .⊗mk) = n1 ⊗ . . .⊗ nk.
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Appendix C

Affine Group Schemes

Affine group schemes and their associated Lie algebras (much like Lie groups
and their Lie algebras). Moreover, there is a strong connection between
affine group schemes and G-gradings of a Lie algebra. This also gives a con-
nection between Lie algebras and associative algebras. We will not pursue
these connections directly. Rather, present an introduction to affine group
schemes which serve as a base for future investigations.

In this chapter we will assume all vector spaces are defined over a field k,
unless specified otherwise. We denote by Algk the category of commutative
unital k-algebras.

C.1 Representable Functor

We begin by looking at some results concerning representations of polyno-
mial functors.

Definition C.1: A functor F : C → Set is representable if there is an
object C ∈ C such that there is a natural isomorphism

τ : F
∼→ HomC (C,−).

In such a case we call C a representation of F.

Remark C.2: We show here how a family of polynomials may define a
functor. Let S ⊆ k[X1, . . . , Xn]. We will use S to construct a functor
FS : Algk → Set.

Take R ∈ Algk. We set

FS(R) := {r = (r1, . . . , rn) ∈ Rn | f(r) = 0 ∀f ∈ S},

which is called the zero-set of S in Rn. Now we take an algebra homomor-
phism f : R→ R′, and define

FS(f) : FS(R)→ FS(R′)

r = (r1, . . . , rn) 7→ (f(r1), . . . , f(rn)).
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Clearly FS(1R) = 1FS(R). Moreover, we can see that FS preserves composi-
tion of algebra homomorphisms and hence FS is a functor. We will call FS
the polynomial functor relative to S.

Definition C.3: Let S be a finite subset of k[X1, . . . , Xn]. We define the
polynomial algebra relative to S as

As := k[X1, . . . , Xn]/〈S〉,

where 〈S〉 = {
∑

i∈I pisi | pi ∈ k[X1, . . . , Xn], si ∈ S, |I| < ∞} is the ideal
generated by S.

Definition C.4: An algebra A is finitely presented if A is isomorphic to
some algebra of the form k[X1, . . . , Xn]/〈S〉, where S is a finite subset of
k[X1, . . . , Xn].

Lemma C.5: Let τ : Hom(A,−) → Hom(B,−) be a natural transforma-
tion, for objects A and B in a category C . Then τA(1A) : B → A is the
unique arrow in C such that τ = Hom(τA(1A),−).

Proof. For any X ∈ C and f : A → X we have that the following diagram
commutes.

Hom(A,A) Hom(A,X)

Hom(B,A) Hom(B,X)

Hom(A,f)

τA τX

Hom(B,f)

Therefore we can see that

τX(f) = τX(f1A) = τX Hom(A, f)(1A) = Hom(B, f)τA(1A)

= fτA(1A) = Hom(τA(1A), X)(f).

Since f and X are arbitrary we find that τ = Hom(τA(1A),−).
To show uniqueness, suppose Hom(g,−) = Hom(h,−) for some C -arrows

g, h : B → A. Then

g = Hom(g,A)(1A) = Hom(h,A)(1A) = h.

Lemma C.6: Let R and R′ be representations of a functor F : C → Set.
Then R ∼= R′.

Proof. There is a natural isomorphism τ : Hom(R,−) → Hom(R′,−). An
application of Lemma C.5 yields that τ = Hom(τR(1R),−). The Yoneda
embedding Y : C → SetC is fully faithful and dually its inverse is also fully
faithful (the fact that Y −1 is faithful also follows from the uniqueness claim
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in Lemma C.5). Fully faithful functors reflect isomorphisms. Therefore,
since we have that Y −1(R) = Hom(R,−) and Y −1(R′) = Hom(R′,−) and
a natural isomorphism τ, it follows that R ∼= R′.

Proposition C.7: Let S be a finite subset of k[X1, . . . , Xn]. Then FS is
naturally isomorphic to Hom(AS ,−), where FS and AS are the polynomial-
functor and -algebra relative to S, respectively. Morover, each finitely pre-
sented algebra arises from such a family of polynomials.

Proof. We first consider the direct case. We define a natural transformation
η : FS → Hom(As,−) where the R-component ηR maps (zi)1≤i≤n ∈ FS(R)
to the homomorphism φ : AS → R such that φ(Xi) = zi for all 1 ≤ i ≤ n. It
is clear that ηR is injective.

On the other hand we may also define a related natural transformation
τ : Hom(AS ,−)→ FS by

τR : Hom(AS , R)→ FS(R)

φ : AS → R 7→ (φ(X1), . . . , φ(Xn)),

that is, τR(φ) = (φ(Xi))1≤i≤n ∈ Rn. We remark that F〈S〉(R) = FS(R).
By construction each ηR is the inverse of each τR. This also shows that the
image of τR lies entirely in FS(R).

Through diagram chasing we can see that the following diagram is com-
mutative, and thus we have a natural isomorphism.

Hom(AS , R) Hom(AS , R
′)

FS(R) FS(R′)

Hom(AS ,f)

τR τR′

FS(f)

We move our attention to the converse case. If A is a finitely presented
algebra, then A is isomorphic to an algebra of the form k[X1, . . . , Xn]/〈S〉,
where S is a finite subset of k[X1, . . . , Xn].

Definition C.8: Let G : Algk → Grp be a functor. If G composed with
the forgetful functor, Grp → Set, is representable by a finitely presented
algebra, then G is an affine group scheme or affine algebraic group.

Example C.9:

1. SL2 is represented by k[X11, X12, X21, X22]/〈X11X22 −X12X21 − 1〉.

2. GL1 (the multiplicative group) is represented by k[X,Y ]/〈XY − 1〉.
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3. GL2 is represented by

k[X11, X12, X21, X22, Y ]/〈(X11X22 −X12X21)Y − 1〉.

4. For any commutative unital ring we may consider the nth roots of unity
µn(R) = {x ∈ R |xn = 1}. Then µn is represented by k[X]/〈Xn − 1〉.

Remark C.10: The functor which assigns each R ∈ Algk to a one-element
set (for example, R 7→ {R}) is represented by k. This follows from k being
initial in Algk.

Remark C.11: Suppose the functors E,F : Algk → Set are represented
by A,B ∈ Algk, respectively. The product of E and F is the functor

E × F : Algk → Set

R 7→ E(R)× F (R)

g : R→ R′ 7→ E(g)× F (g),

where (E(g) × F (g))(e, f) = (g(e), g(f)), for all e ∈ E(R) and f ∈ F (R).
We claim E × F is represented by A⊗k B.

The assumption that E ∼= Hom(A,−) and F ∼= Hom(B,−) yields that
E × F ∼= Hom(A,−) × Hom(B,−). Therefore, it suffices to show that
Hom(A,−)×Hom(B,−) ∼= Hom(A⊗kB,−). For the sake of convenience we
will denote A′ := Hom(A−), B′ := Hom(B−), and P := Hom(A⊗k B,−).

We define natural transformations γ1 : P → A′ and γ2 : P → B′ as fol-
lows: for (g : A⊗k B → R) ∈ P we set

γ1,R(g)(a) := g(a⊗ 1), γ2,R(g)(b) = g(1⊗ b),

for all a ∈ A, b ∈ B. By the universal property of products there is a unique
natural transformation µ : P → A′ × B′ such that the following diagram
commutes.

Hom(A,−) Hom(A,−)×Hom(B,−) Hom(B,−)

Hom(A⊗k B,−)

π1 π2

γ1 γ2
µ

We will now define a natural transformation ν : A′×B′ → P which we claim
is the inverse of µ. For R ∈ Algk we define the R-component of ν as follows:
for a pair of morphisms (f, g) ∈ A′(R)×B′(R) we may consider the bilinear
map

f × g : A×B → R

(a, b) 7→ f(a)g(b).

The universal property of the tensor product yields the existence of a unique
k-linear map ψ : A⊗k B → R such that the following diagram commutes.
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A×B A⊗k B

R

f×g

⊗

ψ

We define νR(f, g) := ψ. By uniqueness we have that µν = 1. For f ∈ P (R)
we have that f = νR(γ1f, γ2f). Therefore, we find that

νRµR(f) = νRµRνR(γ1f, γ2f) = νR(γ1f, γ2f) = f.

Hence µ is a natural isomorphism.

C.2 Monoid and Group Objects

This section is centred around monoid and group objects in a category. We
will link this to the work on representations of polynomial functors from the
previous section.

Definition C.12: Let C be a category with all finite limits, specifically C
has a terminal object, 1. A monoid in C is a triple (M,m, e) consisting of
an object M in C , and arrows m : M ×M → M and e : 1 → M satisfying
the following conditions.

1. The following diagram commutes (associativity).

M ×M ×M M ×M

M ×M M

id×m

m×id m

m

2. The following diagram commutes (identity).

1×M M M × 1

M ×M M M ×M

π2

e×id id

π1

id×e

m m

Where π2 and π1 are product projections. It is clear to see that π1 and
π2 are isomorphisms in this case due to the properties of the product.

Definition C.13: Let C be a category with all finite limits, specifically C
has a terminal object, 1. A group in C is a pair (G,m) consisting of an
object G in C and an arrow m : G × G → G such that there are arrows
e : 1→ G and i : G→ G which make (G,m, e) a monoid in C and for which
the following diagram commutes.
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G G×G G

1 G 1

(i,id)

m

(id,i)

e e

Definition C.14: A group functor is a functor G : Algk → Grp.

Remark C.15: Suppose G : Algk → Grp is a group functor. For each
(f : R → R′) ∈ Algk the associated map G(f) : G(R) → G(R′) is a homo-
morphism. This is equivalent to the following diagram being commutative.

G(R)×G(R) G(R′)×G(R′)

G(R) G(R′)

mR

G(f)×G(f)

mR′

G(f)

This shows that m : G × G → G is a natural transformation. Similarly, we
find that e : 1Algk

→ G and i : G → G are natural transformations. There-
fore a group functor is simply a set functor with natural transformations
m, e, and i which make G a group object.

Proposition C.16: Suppose E,F,G : Algk → Grp are functors repre-
sented by A, B, and C, respectively. For natural transformations α : E → G
and β : F → G the pullback is

(E ×G F )(R) = {(e, f) | e ∈ E(R), f ∈ F (R), αR(e) = βR(f)},
(E ×G F )(g)(e, f) = (E(g)(e), F (g)(f)),

for each R ∈ Algk and (g : R→ R′) ∈ Algk.

Proof. We denote by P := E ×G F. Take (e, f) ∈ P (R) and a morphism
(g : R → R′) ∈ Algk, we claim that P (g)(e, f) ∈ P (R′). Since α and β are
natural transformations we find that

αR′E(g)(e) = G(g)αR(e) = G(g)βR(f) = βR′F (g)(f).

Now it follows that P is a functor exactly because E and F are functors.
We denote by ρ1 : P → E and ρ2 : P → F the obvious projections. To show
that P is a pullback we need to show that for any triple (Q, q1, q2), where
αq1 = βq2, there is a unique natural transformation u : Q → P such that
following diagram commutes.
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Q

P F

E G

q1

q2

u

ρ1

ρ2

β

α

We define the R-component of u as

uR : Q(R)→ P (R)

x 7→ (q1,R(x), q2,R(x)).

Then, for g : R→ R′ ∈ Algk and x ∈ Q(R) we have

P (g)uR(x) = P (g)(q1,R(x), q2,R(x)) = (E(g)q1,R(x), F (g)q2,R(x))

= (q1,R′Q(g)(x), q2,R′Q(g)(x)) = uR′Q(g)(x),

where the penultimate equality follows from q1 and q2 being natural trans-
formations. Hence, it follows that u is a natural transformation. By con-
struction we have that ρiu = qi. It remains to show that u is unique in this
context. If τ : Q → P is a natural transformation which would also make
the above diagram commute, then τR(x) = (q1,R(x), q2,R(x)) = uR(x).

Lemma C.17: Let A,B,C ∈ Algk and let α : Hom(A,−) → Hom(C,−)
and β : Hom(B,−) → Hom(C,−) be natural transformations. If we set
Q := {(αA(1A)(c)⊗ 1− 1⊗ βB(1B)(c)) ∈ A⊗k B | c ∈ C} then,

A⊗C B :=
(A⊗k B)

〈Q〉
,

is the pushout of the morphisms αA(1A) and βB(1B).

Proof. An application of Lemma C.5 yields that αA(1A) and βB(1B) are the
unique arrows such that α = Hom(αA(1A),−) and β = Hom(βB(1B),−).
We note here that A is a C-module via the following map

C ×A→ A

(c, a) 7→ αA(1A)(c)a.

Similarly, B is a C-module.

We need to prove that given any triple (S, s1, s2), for which it holds that
s1αA(1A) = s2βB(1B), there is a unique arrow u : A ⊗C B → S such that
the following diagram commutes.
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S

A⊗C B B

A C

u

ι2

s2

ι1
s1

αA(1A)

βB(1B)

We define u as follows

u : A⊗C B → S

(a⊗ b) 7→ s1(a) + s2(b).

Since s1 and s2 are k-linear maps the map

m : A×B → S

(a, b) 7→ s1(a)s2(b),

is bilinear. By the universal property of the tensor product there is a unique
k-linear map ϕ : A⊗kB → S such that ϕ⊗ = d. Moreover, this induces a k-
linear map ϕq : A⊗CB defined as ϕq([a⊗b]) = ϕ(a⊗b), which is well-defined
exactly because (S, s1, s2) is a cocone.

A×B A⊗k B

S A⊗C B

⊗

m ϕ q

ϕq

We set u := ϕq and the result follows.

Proposition C.18: Suppose E,F,G : Algk → Grp are functors repre-
sented by A, B, and C, respectively. Let α : E → G and β : F → G be
natural transformations corresponding to morphisms C → A and C → B.
Then the pullback E ×G F is represented by the pushout A⊗C B.

Proof. Let ε : Hom(A,−) → E, δ : Hom(B,−) → F, γ : Hom(C,−) → G
be isomorphisms. From Lemma C.5 we find that α and β correspond to the
arrows x := (γ−1αε)A(1A) and y := (γ−1βδ)B(1B), respectively.

We know that E ×G F ∼= Hom(A,−) ×Hom(C,−) Hom(B,−) =: P ′. We
want to show that P ′ is naturally isomorphic to P := Hom(A⊗C B,−). We
construct a natural transformation τ : P ′ → P. The R-component is defined
as follows

τR : Hom(A,R)×Hom(C,R) Hom(B,R)→ Hom(A⊗C B,R)

(a, b) 7→ ψa,b.
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For any pair of morphisms a : A → R and b : B → R, the morphism ψa,b is
the unique C-linear morphism which makes the following diagram commute.

A×B A⊗C B

R

⊗

a×b
ψa,b

Moreover, if (γ−1αε) Hom(ι1,−) = (γ−1βδ) Hom(ι2,−) the universal prop-
erty of pullbacks guarantees the existence of a unique map µ such that the
following diagram commutes.

P

P ′ Hom(B,−)

Hom(A,−) Hom(C,−)

µ

Hom(ι1,−)

Hom(ι2,−)

ρ2

ρ1 γ−1βδ

γ−1αε

For any R ∈ Algk and morphism f : A⊗C B → R we have that

(γ−1αε)R Hom(ι1, R)(f) = (γ−1αε)R(fι1) = (γ−1αε)Rρ1,R(fι1, fι2)

= (γ−1βδ)Rρ2,R(fι1, fι2) = (γ−1βδ)R(fι2)

= (γ−1βδ)R Hom(ι2, R)(f).

We claim that µ and τ are inverse natural transformations. For any mor-
phism f : A⊗C B → R it follows that

τRµR(f) = τR(ρ1,RµR(f), ρ2,Rµ(f)) = τR(Hom(ι1, R)(f),Hom(ι2, R)(f))

= τR(fι1, fι2) = ψfι1,fι2 .

However, the following diagram commutes.

A×B A⊗C B

R

⊗

fι1×fι2
f

By the uniqueness of the arrow ψfι1,fι2 we may conclude f = ψfι1,fι2 .
For morphisms f : A→ R and g : B → R we have

µRτR(f, g) = µR(ψf,g) = (ρ1,RµR(ψf,g), ρ2,RµR(ψf,g))

= (Hom(ι1, R)(ψf,g),Hom(ι2, R)(ψf,g)) = (ψf,gι1, ψf,gι2).
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However, for a ∈ A

ψf,gι1(a) = ψf,g(a⊗ 1) = ψf,g ⊗ (a, 1) = (f × g)(a, 1) = f(a)g(1) = f(a).

Therefore, ψf,gι1 = f and similarly ψf,gι2 = g.

C.3 Hopf Algebras

Hopf algebras are introduced in this section. These are associative unital
algebras with comultiplication, counit, and coinverse morphisms arising from
affine group schemes. We will see some basic constructions and examples.

Definition C.19: Let G be a representable group functor, then G is called
an affine group. Moreover, if G is representable by a finitely presented alge-
bra, then G is called an affine algebraic group or affine group scheme.

Remark C.20: Suppose G : Algk → Set is represented by A. Then Remark
C.11 yields that G×G is represented by A⊗kA. We may apply the Yoneda
Lemma to find that

Nat(Hom(A⊗k A,−), G) ∼= G(A⊗k A).

Therefore, from Remark C.15 we find that G being a group functor is equiv-
alent to having k-algebra maps which correspond to the multiplication, unit,
and inverse natural transformations which make G a group functor. That is,
having a comultiplication morphism δ, a counit morphism ε, and a coinverse
morphism σ, such that the following diagrams commute.

A⊗k A⊗k A A⊗k A

A⊗k A A

id⊗δ

δ⊗id

δ

δ

k ⊗k A A A⊗k k

A⊗k A A A⊗k A

ι2 ι1

ε⊗id

δ δ

id id⊗ε

A A⊗k A A

k A k

(σ,id) (id,σ)

ε ε

δ

Definition C.21: A k-algebra with comultiplication, counit, and coinverse
morphisms is a Hopf Algebra over k.
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Corollary C.22: Affine group schemes over k correspond to Hopf Algebras
over k.

Remark C.23: For a Hopf algebra C we may use Sweedler notation which,
for any c ∈ C, expresses the comultiplicative image of c as

δ(c) =
∑
(c)

c(1) ⊗ c(2).

Anywhere we see a parenthesised subscript we will know there is an implicit
summation. This allows us to write the properties as follows:

1. (Coassociativity):

(δ ⊗ id)δ(c) = (δ ⊗ id)

∑
(c)

c(1) ⊗ c(2)


=
∑
(c)

∑
(c(1))

c(1)(1) ⊗ c(1)(2)

⊗ c(2)

=
∑
(c)

c(1) ⊗

∑
(c(2))

c(2)(1) ⊗ c(2)(2)


= (id⊗ δ)δ(c) =

∑
(c)

c(1) ⊗ c(2) ⊗ c(3).

2. (Counit): We note that A⊗k k ∼= A by the map a⊗ k 7→ ka.

(id⊗ ε)δ(c) = (id⊗ ε)

∑
(c)

c(1) ⊗ c(2)


=
∑
(c)

c(1) ⊗ ε(c(2))

 7→∑
(c)

ε(c(2))c(1)


=
∑
(c)

ε(c(1))⊗ c(2)

 7→∑
(c)

ε(c1)c(2)


= ι1id(c) = c⊗ 1 ( 7→ c)

= ι2id(c) = 1⊗ c ( 7→ c).

We may express this as
∑

(c) ε(c(1))c(2) =
∑

(c) ε(c(2))c(1) = c.
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3. (Coinverse):

(σ, id)δ(c) = (σ, id)

∑
(c)

c(1) ⊗ c(2)

 =
∑
(c)

σ(c(1))c(2) =!Aε(c)

= ε(c) =
∑
(c)

c(1)σ(c(2)) = (id, σ)δ(c).

Example C.24: Let G be the affine group scheme represented by A := k[X]
and g, h ∈ HomAlgk

(A,R). From Remark C.15 we have natural transforma-
tions m, e, and i making G a group object. From the Yoneda Lemma we
find that

Nat(Hom(A⊗A,−),Hom(A,−)) ∼= Hom(A,A⊗A).

Thus, m corresponds to δ := mA⊗A(1A⊗A) : A→ A⊗A.
We need to construct a map δ : A→ A⊗A such the the order of ’split-

ting’ does not matter, and which agrees with the Hopf algebra axioms. For
instance, if we set δ(X) := X⊗1, then we would need ε(X) = X which does
not work as the codomain of ε is k.

We set δ(X) := X ⊗ 1 + 1⊗X. We note that as A = k[X] we need only
specify the image of X to construct a k-linear map. Furthermore, we may
identify A⊗A with k[X,Y ], in which case we are mapping X to X+Y. This
satisfies the coassociativity axiom.

Now we need find ε : A → k. We know that ι2 ◦ id(X) = 1 ⊗ X and
identifying k⊗A with A, we know that (ε⊗ id)δ(X) must be identified with
X. Thus, we have ε(X) +X = X and so ε(X) := 0.

Finally, the coinverse axioms require that (σ, id)δ(X) = ε(X) = 0.Hence,
we must have that σ(X) + σ(1)X = 0, and so σ(X) := −X.
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Appendix D

Weyl’s Theorem

Throughout this chapter, unless otherwise specified, we will assume all vec-
tor spaces are finite-dimensional and defined over an algebraically closed
field, F, of characteristic 0.

D.1 Jordan Canonical Form

Theorem D.1 (Primary Decomposition Theorem): Let τ : V → V be a
linear transformation, for some vector space V. If λ1, . . . , λn ∈ F are the
distinct eigenvalues of τ and k1, . . . , kn their indices, respectively, then

V =
n⊕
i=1

Ker(τ − λi1V )ki .

Theorem D.2 (Chinese Remainder Theorem): Let p1, . . . , pn be nonzero
polynomials in F[X], for n ≥ 2. If the polynomials are pairwise relatively
prime - that is, pairs of distinct polynomials share no polynomial factors -
then for any polynomials q1, . . . , qn ∈ F[X] there is a polynomial f ∈ F[X]
such that f(X) ≡ qi(X)(mod pi(X)), for all i ∈ {1, . . . , n}. Moreover, any
two such polynomials f , are congruent modulo p1(X)) · · · (pn(X).

Definition D.3: A matrix M is said to be in Jordan block form if it is of
the form

M =


m 1

m 1 0
. . .

. . .

m 1

0 m

 .

For a matrix to be in Jordan block form means that its diagonal entries are
all the same and its entries on the superdiagonal (those immediately above
the main diagonal) are all 1.
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Definition D.4: An n× n matrix M is in Jordan canonical form if it is
of the form

M =


M1

M2 0
. . .

Mn−1

0 Mn

 ,

where each Mi is a Jordan block matrix for each i ∈ {1, . . . , n}.
Definition D.5: Let τ : V → V be a linear transformation with correspond-
ing matrix T, where V is an n-dimensional vector space. The characteristic
polynomial of T , or equivalently of τ , is the polynomial of degree n defined
by c(x) = det(xIn − T ).

Theorem D.6: Let τ : V → V be a linear transformation, T its correspond-
ing matrix, and c(x) = (x−λ1)k1 · · · (x−λn)kn its characteristic polynomial.
Then there is a basis for V relative to which T is in Jordan canonical form
with Jordan block matrices T1, . . . , Tp. Each block matrix Ti has as its diag-
onal entries one of the λj . Moreover, for each i there are a total of ki entries
of λi across the whole of T , that is, the number of times λi appears as an
entry is equal to its multiplicity as a root of the characteristic polynomial.

Theorem D.7: Let L = gl(V ), for some vector space V, and x ∈ L. There
exist unique xd, xn ∈ gl(V ) such that x = xd + xn, xd is diagonalisable, xn
is nilpotent, and xn and xd commute with one another. Furthermore, there
are polynomials p, q ∈ F[X] with no constant term, such that p(x) = xd and
q(x) = xn.

Proof. Let c(X) = (X−λ1)k1 · · · (X−λn)kn be the characteristic polynomial
of x, with the λi distinct. From Theorem D.1 (the Primary Decomposition
Theorem) we know that

V =

n⊕
i=1

Ker(x− λi1V )ki :=

n⊕
i=1

Vki(λi), (D.1)

where each Vki(λi) is x-invariant. We apply Theorem D.2 (the Chinese
Remainder Theorem) to find p ∈ F[X] such that p(X) ≡ λi (mod (X−λi)ki),
for all i ∈ {1, . . . , n} and p(X) ≡ 0 (mod X). We remark that if 0 is an
eigenvalue of x the condition p(X) ≡ 0 (mod X) is redundant, otherwise
X −λi shares no polynomial factors with X, for all i ∈ {1, . . . , n}. Now, set
q(X) = X−p(X). We then have that q(X) ≡ 0 (mod X). Since both p and
q are congruent to 0 modulo X, their constant terms must be 0.

Now that we have polynomials p and q we set xd := p(x), xn := q(x),
and we must now prove that the claimed properties hold. By our definition
of q we have that x = p(x)+q(x) = xd+xn. Being elements of F[X], we know
that p(x) and q(x) (and thus xd and xn) commute with one another. Since
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the Vki(λi) are x-invariant they must also be invariant under the actions of
xd and xn. Thus, xd restricted to Vki(λi) is an element of gl(Vki(λi)). We
also have that p(x) ≡ λi (mod (x − λi)ki). Thus, for any i ∈ {1, . . . , n} we
have p(x)(v) = λi(v) + r(x)(x− λi)ki(v) = λi(v), for some r(X) ∈ F[X] and
thus we can see

(xd − λi1Vi)(v) = p(x)(v)− λiv = (λiv + r(x)(x− λi)ki(v))− λi(v)

= λi(v)− λi(v) = 0,

for all v ∈ Vki(λi). So xd(v) = λi for any v ∈ Vki(λi). This means that the
action of xd on Vki(λi) is diagonalisable with the only eigenvalue being λi.
From (D.1) we conclude that xd acting on V is diagonalisable.

We know that xn = x− xd. So, for v ∈ Vki(λi), we have

xkin (v) = (x− xd)ki(v) = (x− λi1V )ki(v) = 0,

since Vki(λi) = Ker(x−λi1V )ki . Thus, xn acting on Vki(λi) is nilpotent and
by (D.1) we may conclude that xn acting on V is nilpotent.

It remains to prove that this decomposition is unique. Let x = x′d + x′n
be another decomposition as described. Then, there must be polynomials
p′, q′ ∈ F[X] such that p′(x) = x′d and q′(x) = x′n. Since xd, xn, x

′
d, and x′n

may all be expressed as polynomials as above, they all commute with one
another. Thus, x′d + x′n = x = xd + xn implies that x′d − xd = xn − x′n. We
then have that xd and x′d are both diagonalisable and they commute with
one another, which means that there is a basis of simultaneous eigenvectors
for the linear transformations. Hence, x′d − xd is diagonalisable. We know
that xn and x′n are both nilpotent and commute with one another. Applying
Lemma 1.64 we have that xn−x′n is nilpotent. A linear transformation which
is both diagonalisable and nilpotent must be the zero map. This means that
xd = x′d and xn = x′n, which proves uniqueness.

Definition D.8: Let x be a linear transformation of a vector space V. Fix a
basis relative to which x is in Jordan canonical form (see Appendix D). We
may then write x = xd+xn, where xd is diagonalisable, xn is nilpotent, and
xd and xn commute with one another. This is the Jordan decomposition
of x.

Corollary D.9: Let x ∈ gl(V ), for some vector space V. If x has Jordan de-
composition x = d+ n, then adx : gl(V )→ gl(V ) has Jordan decomposition
adx = add + adn.

Proof. For any y ∈ gl(V ) we have

adx(y) = add+n(y) = [d, y] + [n, y] = (add + adn)(y),
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and

add ◦ adn(y)− adn ◦ add(y) = [d, [n, y]]− [n, [d, y]]

= [d, [n, y]] + [d, [y, n]] + [y, [n, d]]

= [d, [n, y]]− [d, [n, y]] + [y, nd− dn]

= [y, nd− dn] = 0.

So, adx = add+adn, and add and adn commute with one another. It remains
to show that add and adn are diagonalisable and nilpotent, respectively.
Applying Proposition 1.56 we have that adn is nilpotent. Choose a basis
{b1, . . . , bk} for V, relative to which d is a diagonal matrix with diagonal
entries λ1, . . . , λk ∈ F. Notice that B = {eij | 1 ≤ i, j ≤ k} is a basis for
gl(V ). From (1.1) we have

add(eij) = [d, eij ] =

k∑
l=1

λl[ell, eij ] =

k∑
l=1

λl(δlielj − δljeil) = (λi − λj)eij ,

which shows that add acts diagonally on gl(V ).

Theorem D.10: Let L ⊆ gl(V ), where V is some vector space, be a Lie
algebra. For any x ∈ L, with Jordan decomposition x = d+n, we have that
d, n ∈ L.

Proof. Let x ∈ L with Jordan decomposition x = d + n. Notice that
adx(L) ⊆ L. From Theorem D.7, we get polynomials (each with constant
term 0) p, q ∈ F[X], such that p(x) = d and q(x) = n. This implies that
add(L), adn(L) ⊆ L. We now consider the normaliser of L in gl(V ), that is

Ngl(V )(L) = {y ∈ gl(V ) | [y, L] ⊆ L}.

For z ∈ L, we have that [d, z] = add(z) ∈ L, and [n, z] = adn(z) ∈ L.
Hence, d, n ∈ Ngl(V )(L). From Proposition 1.55 we know that Ngl(V )(L) is
the largest subalgebra of gl(V ), in which L is an ideal.

Since the inclusion map ι : L→ gl(V ), is a representation of L, we have
that V is an L-module. Let F denote the set consisting of all L-submodules
of V. For each W ∈ F , we set

LW = {y ∈ gl(V ) | y(W ) ⊆W, and tr(y|W ) = 0},

where y|W denotes y restricted to W. Since W is an L-module, we know
that x(W ) ⊆ W. Moreover, since L is semisimple we have that L = L′, so
x =

∑
i
βi[ai, bi], for some βi ∈ F, ai, bi ∈ L. For all a, b ∈ L we have

tr([a, b]|W ) = tr((ab− ba)|W ) = tr((ab)|W − (ba)|W )

= tr((ab)|W )− tr((ba)|W ) = 0.
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This implies that tr(x|W ) = 0, and so x ∈ LW . This implies that L ⊆ LW for
all W ∈ F . We have that d(W ), n(W ) ⊆ W, since p(x) = d and q(x) = n.
The action of n on V is nilpotent, so it is also nilpotent on W, and thus
tr(n|W ) = 0. Hence, we have that

0 = tr(x|W ) = tr((d+ n)|W ) = tr(d|W ) + tr(n|W ) = tr(d|W ).

Therefore d, n ∈ LW for all W ∈ F . We set L∩ =
⋂
W∈F LW . Then clearly,

L ⊆ L∩. Moreover, since each LW is a subalgebra of Ngl(V )(L), we get that
L∩ is a subalgebra of Ngl(V )(L).

Since L ⊆ L∩, we know that

adx(L∩) = [x, L∩] ⊆ (L∩)′ ⊆ L∩.

Hence, we may define a representation φ : L→ gl(L∩) of L, by

φ(x) = adx : L∩ → L∩.

This shows that L∩ is an L-module. This allows us to apply Theorem D.21
(Weyl’s Theorem) and find that L∩ is completely reducible as an L-module.
Since L is an L-submodule of L∩, an application of Lemma D.18 tells us
that we may write L∩ = L⊕M , where M is some submodule of L∩. Notice
that d, n ∈ L∩. Our goal is to show that M = 0, we will then be done.

We have that

[L,L⊕M ] = [L,L∩] ⊆ [L,Ngl(V )(L)] ⊆ L,

since L∩ is a subalgebra of Ngl(V )(L), and L is an ideal of Ngl(V )(L). This
implies that [L,M ] ⊆ L ∩M = 0.

By Theorem D.21 (Weyl’s Theorem), we may write V =
n⊕
k=1

Vk, where

each Vk is an irreducible submodule of V. Since L∩ ⊆ gl(V ), the inclusion
map ι : L∩ → gl(V ), is a representation of L∩. Hence, for every k we have
that Vk is an irreducible L∩-module. Let y ∈ M ⊆ L∩, we claim that y|Vk
is a L-module homomorphism. Since y ∈ L∩, we know that y(Vk) ⊆ Vk.
Moreover, we have that [L, y] = 0, so 0 = [y, x] · v = y · (x · v)−x · (y · v), for
all x ∈ L, v ∈ Vk. This means that y(x · v) = x · y(v) for all x ∈ L, v ∈ Vk.
Therefore, we have that y|Vk is an L-module homomorphism, and Vk an
irreducible L-module. An application of Lemma 1.39 (Schur’s Lemma) yields
that y|Vk is a scalar multiple of the identity; that is, y|Vk = α1Vk , for some
α ∈ F. Furthermore, since tr(y|Vk) = 0, (because y ∈ L∩) we have that
α = 0. So the action of y on each Vk is trivial. This means that y = 0, and
thus that M = 0. Thus L∩ = L.

Corollary D.11: Let L ⊆ gl(V ), where V is some vector space, be a
semisimple Lie algebra. Then for x ∈ L, the usual Jordan decomposition of
x coincides with the abstract Jordan decomposition of x.
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Proof. Let x ∈ L. Suppose we denote the usual Jordan decomposition of x
by x = d+n. By the previous theorem we have that d, n ∈ L. By Corollary
D.9 we know that adx has Jordan decomposition add+adn. Then, since the
abstract Jordan decomposition is unique we are done.

D.2 Casimir Operator

In this section we will introduce the Casimir operator of a Lie algebra repre-
sentation. To do so we will first need some further results on representations
and modules.

Definition D.12: Let L be a Lie algebra and φ : L→ gl(V ) a representation
of L. Define the trace form on L by

βV : L× L→ F
(x, y) 7→ tr(φ(x)φ(y)),

for all x, y ∈ L.

The trace form is an associative, symmetric bilinear form on a Lie algebra
L. It is bilinear because tr is linear and representations are linear. The trace
form is linear for the same reason that the Killing form is symmetric, that
is, tr(xy) = tr(yx) for linear maps. We will denote the perpendicular space
to L, with respect to the trace form, by

LβV = {x ∈ L |βV (x, y) = 0, ∀ y ∈ L}.

Then LβV is a vector subspace of L. Furthermore, for x ∈ LβV , y, z ∈ L we
have [[x, y], z] = [0, z] = 0, which shows that LβV is an ideal of L.

Lemma D.13: Suppose that U is a subspace of a vector space V and that
(−,−) : V × V → F is a non-degenerate bilinear form on V. Then

dim(U) + dim(U⊥) = dim(V ).

Proof. Define φ : V → U∗ (where U∗ denotes the dual space of U) by
φ(v)(u) = (u, v) for all v ∈ V, u ∈ U . To see that φ is linear, take
v, v′ ∈ V, u ∈ U and α, β ∈ F. We then have

φ(αv + βv′)(u) = (u, αv + βv′) = α(u, v) + β(u, v′) = αφ(v)(u) + βφ(v′)(u).

Notice that v ∈ Ker(φ) if and only if φ(v)(u) = (u, v) = 0, for all u ∈ U . So,
Ker(φ) = U⊥. We also know that dim(U) = dim(U∗). By the Rank-Nullity
theorem we have that dim(U) + dim(U∗) = dim(V ).

Proposition D.14: Let L be a semisimple Lie algebra and φ : L→ gl(V ) a
faithful representation of L. Then the trace form on L is non-degenerate.
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Proof. Let x, y ∈ LβV , then since x ∈ L we have that

βV (x, y) = tr(φ(x)φ(y)) = 0.

Since φ(LβV ) is a subalgebra of gl(V ), an application of Lemma 1.65 yields
that φ(LβV ) is solvable. Since φ is faithful, an application of Theorem
1.17 (Isomorphism Theorems) yields that LβV ∼= φ(LβV ) is solvable. By
hypothesis L is semisimple, so LβV = 0. Hence, the trace form on L is
non-degenerate.

Corollary D.15: Let L be a semisimple Lie algebra and φ : L → gl(V )
a faithful representation of L. If BL = {b1, . . . , bn} is a basis for L, then
there are elements c1, . . . , cn ∈ L such that the ci form a basis for L and
βV (bi, cj) = δij .

Proof. We know that for any θ ∈ L∗ there is a unique y ∈ L such that
βV (x, y) = θ(x) for every x ∈ L (see Lemma D.13). Now, BL induces a
basis BL∗ = {θ1, . . . , θn} for L∗, where each θi is defined by

θi(bj) =

{
1, if i = j

0, otherwise

We may then find c1, . . . , cn ∈ L such that βV (x, cj) = θj(x) for every x ∈ L.
Thus, we have that βV (bi, cj) = θj(bi) = δij .

Notice that mapping the θi (which form a basis for L∗) to the ci, respec-
tively, is a linear map from L∗ to L. We claim such a map is injective, which
would imply that the ci are linearly independent. Suppose ci = cj , then
βV (x, ci) = βV (x, cj) for all x ∈ L. This means that θi(x) = θj(x) for all
x ∈ L. This implies that i = j. Hence, the ci are linearly independent. Since
dim(L) = dim(L∗), the set {c1, . . . , cn} is a maximal linearly independent
set and is thus a basis for L.

Let L be a semisimple Lie algebra and φ : L→ gl(V ) a faithful represen-
tation of L. Choose a basis {b1, . . . , bn} for L and apply Corollary D.15 to
find a basis {c1, . . . , cn} for L such that βV (bi, cj) = δij . Then, for x ∈ L we

may write [bi, x] =
n∑
k=1

αikbk, for some αik ∈ F. For j ∈ {1, . . . , n} we have

αij =

n∑
k=1

αikδkj =

n∑
k=1

αikβV (bk, cj) = βV ([bi, x], cj) = βV (bi, [x, cj ]).

Since the ci form a basis for L, we may write [x, ck] =
n∑
i=1

γkici, for some

γki ∈ F. Then, we have

αij = βV (bi, [x, cj ]) =

n∑
k=1

γjkβV (bi, ck) = γji.

169



Then we may conclude that for any j ∈ {1, . . . , n} we have

[x, cj ] =

n∑
i=1

γjici =

n∑
i=1

αijci (D.2)

Definition D.16: Let L be a semisimple Lie algebra, φ : L → gl(V ) a
faithful representation of L, and B = {b1, . . . , bn} a basis for L. Let
B′ = {c1, . . . , cn} be a basis for L such that βV (bi, cj) = δij (such a ba-
sis exists by Corollary D.15). We define a linear map cφ : V → V, called the
Casimir operator of φ, by

cφ(v) =
n∑
i=1

φ(bi)φ(ci(v)),

in terms of the representation φ of L. In terms of the equivalent L-module,
that is,

cφ(v) =
n∑
i=1

bi · (ci · v).

We note that cφ is linear because the action of L on V is linear.

Lemma D.17: Let L be a semisimple Lie algebra and φ : L → gl(V ) a
faithful representation of L. Let B = {b1, . . . , bn} and B′ = {c1, . . . , cn} be
bases for L as described in Corollary D.15. Then the Casimir operator of φ
is an L-module homomorphism, and tr(cφ) = dim(L).

Proof. To show that cφ is an L-module homomorphism it suffices to prove
that cφ(x · v) = x · φ(v) for all x ∈ L, v ∈ V. For x ∈ L, we may write

[bi, x] =
n∑
k=1

αikbk, and [x, ci] =
n∑
k=1

γikck, for some αik, γik ∈ C. Then for

v ∈ V we have

cφ(x · v) =
n∑
j=1

bj · (cj · (x · v))

=
n∑
j=1

bj · (cj · (x · v)− x · (cj · v) + x · (cj · v))

=
n∑
j=1

bj · ([cj , x] · v + x · (cj · v))

(D.2)
=

n∑
j=1

n∑
i=1

−αijbj · (ci · v) +

n∑
j=1

bj · (x · (cj · v))

=

n∑
j,i=1

−αijbj · (ci · v) +

n∑
j=1

([bj , x] + x · bj) · (cj · v)
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=

n∑
j,i=1

−αijbj · (ci · v) +

n∑
j,i=1

αjibi · (cj · v) + x · cφ(v)

=
n∑

j,i=1

(−αijbj · (ci · v) + αijbj · (ci · v)) + x · cφ(v)

= x · cφ(v).

Furthermore, from Corollary D.15 we have

tr(cφ) = tr

(
n∑
i=1

φ(bi)φ(ci)

)
=

n∑
i=1

tr(φ(bi)φ(ci)) =

n∑
i=1

βV (bi, yi) =

n∑
i=1

δii

= n,

as required.

Lemma D.18: Let L be a Lie algebra and V an L-module. Then V is com-
pletely reducible if and only if, every submodule W of V has a complement.
That is to say, for each submodule W of V there exists a submodule U of
V such that V = W ⊕ U.

Proof. Suppose V =
n⊕
k=1

Sk, for irreducible submodules Sk of V. Let W be

a non-zero submodule of V. Then we have

W = W ∩ V = W ∩

(
n⊕
k=1

Sk

)
=

n⊕
k=1

(W ∩ Sk).

From Theorem 1.38 we have that each W ∩Sk is a submodule of V. But, the
Sk are irreducible, so for each k ∈ {1, . . . , n} we have that either W ∩Sk = 0,
or W ∩ Sk = Sk. For i 6= j we know that Si ∩ Sj = 0, so there is exactly
one i ∈ {1, . . . , n} such that W ∩ Si = Si, and so W = Si. Without loss of

generality let us say i = 1. Then for U =
n⊕
k=2

Sk, we have V = W ⊕ U.

On the other hand, suppose that every submodule W of V has a com-
plement. We proceed by induction on dim(V ). If dim(V ) = 1, then V is
irreducible and we are done.

Assume now that dim(V ) > 1 and that the result holds for all L-modules
of dimension strictly less than dim(V ). If V is irreducible we are done.
Otherwise, let W be a non-zero proper submodule of V. Then there is some
submodule U of V such that V = W ⊕U. Let M be a submodule of W, then
M is also a submodule of V. Hence, V = M ⊕N, for some submodule N of
V. Then,

W = W ∩ V = W ∩ (M ⊕N) = (W ∩M)⊕ (W ∩N).
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Similarly, this holds for U. We may thus apply the inductive hypothesis to U

and W. This yields that U and W are completely reducible, say W =
i⊕

k=1

Wk

and U =
j⊕

k=1

Uk, where each of the Wk and Uk are irreducible submodules

of W and U, respectively. This implies that each of the Wk and Uk are

irreducible submodules of V. We may then write V = (
i⊕

k=1

Wk) ⊕ (
j⊕

k=1

Uk),

and so we are done.

D.3 Weyl’s Theorem

We now have the machinery we need to prove the important Weyl’s Theo-
rem, which asserts that all representations of a semisimple Lie algebra are
completely reducible. We will first prove a special case of Weyl’s Theorem
and then use this special case to prove the general version.

Theorem D.19: Let L be a semisimple Lie algebra, and φ : L → gl(V ) a
faithful representation of L. For any submodule W of V of codimension 1,
there is a submodule U of V such that V = W ⊕ U.

Proof. Notice that the quotient module V/W has dimension 1.We claim that
L acts trivially on V/W. Since L is semisimple, we have that L = L′. For
x ∈ L = L′ we may write x =

∑
i
αi[yi, zi], for some αi ∈ F, yi, zi ∈ L. Since

V/W is 1-dimensional, for any v ∈ V −W we have V/W = Span(v +W ).
Thus, for y, z ∈ L we have that y ·v+W = αv+W and z ·v+W = βv+W ,
for some α, β ∈ C. Therefore,

[y, z] · v +W = y · (z · v)− z · (y · v) +W = αβv − βαv +W = W.

This implies that L · V ⊆ W. We proceed by induction on dim(V ). If
dim(V ) = 1, then V is irreducible and we are done.

Assume now that dim(V ) > 1. If W is irreducible, then let cφ : V → V
be the Casimir operator of φ. By Lemma D.17, we know that cφ is a Lie
module homomorphism. An application of Lemma 1.37 yields that Ker(φ)
is a submodule of V. We have seen that L · V ⊆ W ; from this we find that
cφ · V ⊆ W from the definition of cφ. This means that cφ is not surjective.
The Rank-Nullity Theorem then tells us that dim(Ker(cφ)) ≥ 1.We conclude
that the restriction of cφ to W, which we will denote by cφ|W : W → W, is
a Lie module homomorphism. Since W is an irreducible L-module we may
apply Lemma 1.39 (Schur’s Lemma) to see that cφ|W = λ1W , for some λ ∈ C.
From Lemma D.17 we know that tr(cφ) = dim(L), and since cφ · V ⊆ W
and cφ|W = λ1W we can see that tr(cφ) = λ dim(W ). We then conclude
that 0 6= dim(L) = λ dim(W ), which implies that λ 6= 0. This tells us that
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Ker(cφ) ∩W = 0. Finally, dim(W ) = dim(V ) − 1 and dim(Ker(cφ)) ≥ 1,
allow us to conclude that V = W ⊕Ker(cφ).

Assume now that W is reducible. Let W ′ be a non-zero proper submod-
ule of W. Applying Theorem 1.38 we have

(V/W ′)/(W/W ′) ∼= V/W.

Since dim(V/W ) < dim(V ) (as dim(W ) > 1) we apply the inductive hy-

pothesis to V/W ′ to find a submodule M̃ of V/W ′ such that

V/W ′ = W/W ′ ⊕ M̃.

This implies that dim(M̃) = 1. By Proposition 1.32, there is a submodule

M of V, which contains W ′, such that M̃ = M/W ′. Therefore, we have
dim(M) = dim(W ′) + 1. Moreover, dim(M) < dim(V ) since

V/W ′ = W/W ′ ⊕M/W ′.

We apply the inductive hypothesis to M and find a submodule C, of M , such
that M = W ′⊕C. We note that dim(C) = 1. Since V/W ′ = W/W ′⊕M/W ′,
we find that under the canonical homomorphism π : V → V/W ′, which maps
elements of V to their cosets under W ′, we have π(W ∩M) = W ′. This
implies that W ∩M ⊆W ′. Thus, we have

W ∩ C ⊆W ∩ (W ′ ⊕ C) = (W ∩W ′)⊕ (W ∩ C) = W ′ ∩ C = 0.

This implies that V = W ⊕ C, and so we are done.

Lemma D.20: Let L be a Lie algebra with L-modules V and W. If we
denote by Hom(V,W ) the vector space of all linear maps from V to W,
then Hom(V,W ) is an L-module with the action

(x · α)(v) = x · α(v)− α(x · v),

for all x ∈ L, α ∈ Hom(V,W ), v ∈ V.

Proof. For x, y ∈ L, θ, ϕ ∈ Hom(V,W ), λ, µ ∈ F, v ∈ V, we have

((λx+ µy) · θ)(v) = (λx+ µy) · θ(v)− θ((λx+ µy) · v)

= λ(x · θ(v)) + µ(y · θ(v))− θ(λ(x · v))− θ(µ(y · v))

= λ(x · θ(v)− θ(x · v)) + µ(y · θ(v)− θ(y · v))

= λ(x · θ)(v) + µ(y · θ)(v),

which proves identity (M1), and

x · (λθ + µϕ)(v) = x · (λθ + µϕ)(v)− (λθ + µϕ)(x · v)

= x · (λθ(v)) + x · (µϕ(v))− λθ(x · v)− µϕ(x · v)

= λ((x · θ(v))− θ(x · v)) + µ((x · ϕ(v)− ϕ(x · v))

= λ(x · θ)(v) + µ(x · ϕ)(v),
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which proves identity (M2), and

([x, y] · θ)(v) = [x, y] · θ(v)− θ([x, y] · v)

= x · (y · θ(v))− y · (x · θ(v))− θ(x · (y · v)− y · (x · v))

= x · (y · θ(v))− y · (x · θ(v))− θ(x · (y · v)) + θ(y · (x · v))

= [x · (y · θ(v)− θ(x · (y · v))]− [y · (x · θ(v))− θ(y · (x · v))]

= x · (y · θ)(v)− y · (x · θ)(v) = (x · (y · θ)− y · (x · θ))(v)

which proves identity (M3).

Theorem D.21 (Weyl’s Theorem): Let L be a semisimple Lie algebra, and
φ : L→ gl(V ) a representation of L. Then V is completely reducible.

Proof. We claim that we may assume φ is faithful. If it is not, then we
consider the representation φ̃ : L/Ker(φ)→ gl(V ) of L, defined by

φ̃(x+ Ker(φ)) = φ(x),

for all x ∈ L. In the context of Lie modules, we claim that V is an L/Ker(φ)-
module, with the action (x + Ker(φ)) · v = x · v, for all x ∈ L, v ∈ V.
We need to show that φ̃ is a well-defined map. Let x, y ∈ L such that
x+ Ker(φ) = y + Ker(φ), then x− y ∈ Ker(φ). So, for v ∈ V , we have

φ̃(x+ Ker(φ))(v) = φ(x)(v) = φ(x+ y − x)(v) = φ(y)(v)

= φ̃(y + Ker(φ))(v).

In fact, V is an L/Ker(φ)-module because V is an L-module. Clearly,
Ker(φ̃) = 0. We may therefore assume, without loss of generality, that φ is
a faithful representation.

Let W be a submodule of V. We shall denote by H := Hom(V,W ),
the vector space of all linear maps from V to W. By Lemma D.20 H is an
L-module. Set

HS = {α ∈ H : α|W = λ1W , for some λ ∈ F}, and

H0 = {α ∈ H : α|W = 0}

where α|W , denotes α restricted to W. Clearly, both are vector subspaces
of H, and H0 ⊆ HS . We claim that HS and H0 are L-invariant, and thus
submodules of H. In fact, for α ∈ HS , x ∈ L, w ∈W, we have

(x ·α)(w) = x ·α(w)−α(x ·w) = x · (λw)−λ(x ·w) = λ(x ·w)−λ(x ·w) = 0,

and for α ∈ H0, x ∈ L, w ∈W, we have

(x · α)(w) = x · α(w)− α(x · w) = 0.
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We now consider the quotient module HS/H0. Let U = Span(V −W ). Note
that U is a vector subspace of V but it need not be a submodule of V. We
claim that V = W ⊕ U , as vector spaces. Clearly V = W + U . It remains

to show that U ∩W = 0. Let u ∈ U ∩W , then we may write u =
k∑
i
αivi,

for some αi ∈ F, vi ∈ V −W. Suppose that u is non-zero. If we consider the
quotient vector space V/W we have

0 = u+W =
k∑
i=1

αivi +W =
k∑
i=1

αi(vi +W ),

which implies that each vi ∈ W, a contradiction. Hence, u = 0 and then
V = W ⊕ U , as vector spaces. Let g : V → V be defined as g(w) = w, for
all w ∈W , and g(u) = 0, for all u ∈ U . Then, g +H0 is a non-zero element
of HS/H0, and thus HS/H0 6= H0. Let α ∈ HS , then α|W = λ1W , for some
λ ∈ F. Hence, α − λ1V ∈ H0, so α + H0 = λ(1V + H0). This implies that
dim(HS/H0) = 1.

We may thus apply Theorem D.19, and conclude that HS = H0⊕C, for
some submodule C of HS . We have that dim(C) = 1. Since L is semisimple,
L = L′ and C is a 1-dimensional L-module, we have that L ·C = 0 (we have
proved this claim more carefully in the proof of Theorem D.19). This means
there is a non-zero α ∈ C, such that x · α = 0 for all x ∈ L. Since x · α = 0,
we have that

0 = (x · α)(v) = x · α(v)− α(x · v),

which implies that α : V →W is a Lie module homomorphism.
We return our focus to the L-module V. From Lemma 1.37, we see that

Ker(α) is a submodule of V. Let v ∈ Ker(α) ∩W , then α(v) = 0. However,
α ∈ HS −H0 implies that α|W = λ1W , for some 0 6= λ ∈ F. Since v ∈ W ,
this means that α(v) = λv. We conclude that v = 0, which implies that
Ker(α)∩W = 0. We have that Im(α) ⊆W , so by the Rank-Nullity Theorem,
we have that Null(α) = dim(V )−dim(W ). Thus, we have V = Ker(α)⊕W.
An application of Lemma D.18 yields that V is completely reducible.
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Appendix E

Matrix Lie Groups and the
Exponential Map

We use this chapter to provide some knowledge on the study of matrix Lie
groups. Specifically we describe the differential of a Lie group homomor-
phism and some properties thereof. This is essential for the work in Section
3.3.

E.1 Introduction

This section defines matrix Lie groups and gives an illustrative example.
We denote by GLn(R) the group of all invertible n × n matrices with real
entries, and Mn(R) the algebra of all n × n matrices. This is a normed

algebra relative to the norm topology ‖(aij)‖ :=
√∑

ij
a2
ij . We may then

give GLn(R) the induced topology. Then a sequence (An)n≥1 of matrices in
GLn(R) converges to A if and only if the sequence (An)ij consisting of the
ij-th entries of the matrices An converges to (A)ij (the ij-th entry of A) as
n→∞.

Definition E.1: A matrix Lie group is a closed subgroup G (up to iso-
morphism) of GLn(R). That is equivalent to saying that G is closed under
nonsingular limits. So for any convergent sequence (An) of matrices in G, if
A := lim

n→∞
An is invertible then A ∈ G.

Remark E.2: We note here that C∗ is a matrix Lie group. Let

GC :=


 a b 0
−b a 0
0 0 z

 : a, b, z ∈ R, z(a2 + b2) = 1

 ⊂ GL3(R).
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We claim that

φ : C∗ → GC

a+ ib 7→

 a b 0
−b a 0
0 0 1

a2+b2

 ,

is an isomorphism. To see that φ is a homomorphism it suffices to note that
for a, b, c, d ∈ R we have

(ac− bd)2 + (ad+ cb)2 = a2c2 + b2d2 + a2d2 + b2c2 + 2abcd− 2abcd

= a2c2 + a2d2 + b2c2 + b2d2 = (a2 + b2)(c2 + d2).

That φ is a bijection is clear. It remains to see that GC is closed in GL3(R).
To do so we define a map f : M3(R)→ R7, by

f

a11 a12 a13

a21 a22 a23

a31 a32 a33

 = (a11−a22, a12+a21, a13, a23, a31, a32, a33(a2
11+a2

12)−1).

As f involves polynomials it is clearly continuous. Since GC = f−1(0) we
see that GC is closed.

E.2 Exponential Map

Here we describe the important exponential map. This is essential in study-
ing matrix Lie group and their connection to Lie algebras. We go on to
show how Lie algebras arise from Lie groups. Finally we look at Lie group
homomorphisms.

Definition E.3: We define the expontential map as follows

exp : gl(n,R)→ GLn(R)

M 7→
∞∑
i=0

M i

i!
.

We will see below that this converges for all M ∈ gl(n,R). Moreover, since
M0 = I we have that exp(0) = I. When it is convenient to do so, we may
use the equivalent notation exp(X) = eX .

Proposition E.4: If M ∈ gl(n,R), then exp(M) converges. In fact, exp(M)
converges absolutely and exp is continuous.

Proof. We will make use of the following two properties (the first is the trian-
gle inequality while the second follows from the Cauchy-Schwarz inequality)
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which hold for all A,B ∈ gl(n,R),

‖A+B‖ ≤ ‖A‖+ ‖B‖ ,
‖AB‖ ≤ ‖A‖ ‖B‖ .

We have that
∞∑
i=0

∥∥∥∥M i

i!

∥∥∥∥ ≤ ‖In‖+
∞∑
i=1

‖M‖i

i!
<∞.

Therefore exp(M) converges absolutely. Since Mn is a continuous function
of M, we can see that the partial sums of exp(M) are continuous and there-
fore we may apply the Weierstrass M-test. We find that exp(M) converges
uniformly on each set US := {X ∈ gl(n,R) | ‖X‖ ≤ S}. Thus, exp(M) is
continuous on each US and hence continuous on gl(n,R).

Proposition E.5: If A,B ∈ gl(n,R) commute, then eAeB = eA+B.

Proof. We note that since exp(A) and exp(B) both converge absolutely we
may multiply the series term by term. Hence, we have

exp(A)exp(B) = (In +A+
A2

2!
+ . . .)(In +B +

B2

2!
+ . . .)

= exp(B) +Aexp(B) +
A2

2!
exp(B) + . . .

+ exp(A) +Bexp(A) +
B2

2!
exp(A) + . . .

=
∞∑
i=0

i∑
j=0

Aj

j!

Bi−j

(i− j)!
=
∞∑
i=0

1

i!

i∑
j=0

(
i

j

)
AiBi−j

=

∞∑
i=0

(A+B)i

i!
= exp(A+B).

We remark that
i∑

j=0

(
i
j

)
AiBi−j = (A + B)i holds exactly because A and B

commute.

Corollary E.6: If X ∈ gl(n,R), then eX is invertible with (eX)−1 = e−X .

Proof. Using the proposition above we have that

exp(X)exp(−X) = exp(X −X) = exp(0) = In.

Proposition E.7: Let X ∈ gl(n,R). Then det(exp(X)) = etrace(X).
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Proof. We may assume without loss of generality that X is in Jordan canon-
ical form, with eigenvalues E := {λ1, . . . , λn}. If v ∈ Ker(λiIn −X), then

exp(X)v =
∞∑
m=1

Xmv

m!
=
∞∑
m=0

λmi
m!

v = eλiv.

Hence eλi is an eigenvalue of exp(X) if and only if λi is an eigenvalue of X.
Therefore,

det(exp(X)) =

n∏
i=1

eλi = e

n∑
i=0

λi
= etrace(X).

Definition E.8: Given a Lie group G, we define the Lie algebra of G as

Lie(G) := {X ∈ gl(n,R) | exp(tX) ∈ G, ∀t ∈ R}.

We will give an outline of the proof that Lie(G) is not only a vector space
but also a Lie algebra with Lie bracket the commutator.

Example E.9: We will calculate Lie(SLn(R)), where

SLn(R) := {X ∈ gl(n,R) | trace(X) = 0}.

An application of Proposition E.7 yields that

Lie(SLn(R)) = {M ∈ gl(n,R) | det(exp(tM)) = 1, ∀t ∈ R}
= {M ∈ gl(n,R) | etrace(M)t = 1, ∀t ∈ R}.

If we take the derivative at t = 0 we find

trace(M)e0 =
d

dt
etrace(M)t

∣∣∣∣
t=0

=
d

dt
1

∣∣∣∣
t=0

= 0.

Thus, trace(M) = 0. Conversely, suppose that trace(M) = 0. Then

det(exp(tM)) = etrace(M)t = e0t = 1,

and hence M ∈ Lie(SLn(R).

Lemma E.10: If U ∈ GLn(R) and X ∈ gl(n,R), then eUXU
−1

= UeXU−1.

Proof. We have that

exp(UXU−1) =
∞∑
i=0

(UXU−1)i

i!
=
∞∑
i=0

UXiU−1

i!
= U

( ∞∑
i=0

Xi

i!

)
U−1

= Uexp(X)U−1.
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The following theorem is important to prove that Lie(G) is a Lie algebra
but proving it involves defining a suitable matrix logarithm. We present the
result without proof.

Theorem E.11 (Lie Product Formula): For X,Y ∈ gl(n,R), we have

exp(X + Y ) = lim
m→∞

[
exp

(
X

m

)
exp

(
Y

m

)]m
.

We present the following useful result without proof.

Lemma E.12: Let G be a matrix Lie group and X ∈ Lie(G). Then,

d

dt
etX = etXX.

Proposition E.13: Let G be a matrix Lie group. The following holds for
all X,Y ∈ Lie(G).

(i) AXA−1 ∈ Lie(G), for all A ∈ G.

(ii) rX ∈ Lie(G), for all r ∈ R.

(iii) X + Y ∈ Lie(G).

(iv) XY − Y X ∈ Lie(G).

Proof.

(i): An application of Lemma E.10 yields that

exp(tAXA−1) = exp(AtXA−1) = Aexp(tX)A−1 ∈ G,

for all t ∈ R. Hence, AXA−1 ∈ Lie(G).

(ii): Note that exp(t(rX)) = exp((tr)X) ∈ G, for all t ∈ R.

(iii): Applying Theorem E.11 we may write

exp(t(X + Y )) = exp(tX + tY ) = lim
m→∞

[
exp

(
tX

m

)
exp

(
tY

m

)]m
.

For each m we have that[
exp

(
tX

m

)
exp

(
tY

m

)]m
=

[
exp

(
t

m
X

)
exp

(
t

m
Y

)]m
∈ G,

since each exp
(
t
mX

)
∈ G. By Corollary E.6 the limit is invertible and

therefore, since G is closed, the limit is in G. Thus, X + Y ∈ Lie(G).
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(iv): Using the product rule and Lemma E.12 we can see that

d

dt
(exp(tX)Y exp(−tX))

∣∣∣∣
t=0

= XY − Y X.

From (i) and Corollary E.6 we have that

exp(tX)Y exp(−tX) ∈ Lie(G),

for all t ∈ R. Properties (ii) and (iii) show that Lie(G) is a real
subspace of gl(n,R). Considering also that exp(X) is continuous for
any X ∈ gl(n,R) yields that Lie(G) is a closed subset of gl(n,R).
Therefore,

XY − Y X = lim
h→0

exp(hX)Y exp(−hX)− Y
h

∈ Lie(G).

This proves (iv).

Corollary E.14: Let G be a matrix Lie group. Then g := Lie(G) equipped
with Lie bracket [X,Y ] := XY − Y X is a Lie algebra.

Proof. Properties (ii) and (iii) show that g is a real subspace of gl(n,R).
The bilinearity and skew-symmetry of the bracket both follow from basic
properties of matrix multiplication. To see that the Jacobi identity holds,
we note that for X,Y, Z ∈ g

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = X(Y Z − ZY )− (Y Z − ZY )X

+ Y (ZX −XZ)− (ZX −XZ)Y

+ Z(XY − Y X)− (XY − Y X)Z

= 0.

The result then follows due to property (iv).

Remark E.15: By definition Lie(GLn(R)) = gl(n,R). Moreover, the map
exp : gl(n,R) → GLn(R) can be restricted to exp : Lie(G) → G for any
matrix Lie group G.

Remark E.16: Let us consider the matrix Lie group C∗. By Remark E.2
have an isomorphism φ : C∗ → GC. From the definition of φ we have that

Lie(φ(C∗)) = {X ∈ gl(3,R) | exp(tX) ∈ φ(C∗), ∀t ∈ R}

=

{
X ∈ gl(3,R)

∣∣∣∣∣ tX =

 ta tb 0
−tb ta 0
0 0 tz

 , t3z(a2 + b2) = 1 ∀t ∈ R

}

=

{
X ∈ gl(3,R)

∣∣∣∣∣X =

 a b 0
−b a 0
0 0 0

} ∼= C.

Therefore, Lie(C∗) = {z ∈ C | ez ∈ C∗} = C.
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Definition E.17: A homomorphism of matrix Lie groups is a map ϕ : G→
H, which is a group homomorphism which is continuous (for the induced
topologies).

Definition E.18: A function A : R→ GLn(C) is called a one-parameter
subgroup of GLn(C) if

1. A is continuous,

2. A(0) = In, and

3. A(t+ s) = A(t)A(s), for all t, s ∈ R.

We present the following Lemma without proof.

Lemma E.19: If A is a one-parameter subgroup of GLn(C), then there
exists a unique X ∈Mn(C) such that A(t) = exp(tX).

Theorem E.20: Let G and H be matrix Lie groups with Lie algebras g
and h, respectively. For a Lie group homomorphism φ : G→ H there exists
a unique real-linear map dφ(1) : g → h such that dφ(1) has the following
properties

(i) φ(eX) = edφ(1)(X), for all X ∈ g.

(ii) dφ(1)(AXA−1) = φ(A)dφ(1)(X)φ(A)−1, for all X ∈ g, A ∈ G.

(iii) dφ(1)([X,Y ]) = [dφ(1)(X), dφ(1)(Y )], for all X,Y ∈ g.

(iv) dφ(1)(X) =
d

dt
φ(etX)

∣∣∣∣
t=0

, for all X ∈ g.

Proof. As φ is continuous, φ(etX) will be a one-parameter subgroup of H
for all X ∈ g. An application of Lemma E.19 yields that there is a unique
Z ∈Mn(C) such that φ(etX) = etZ for all t ∈ R. We define dφ(1)(X) := Z.
Property (i) follows by setting t = 1. For s ∈ R we have that φ(etsX) = etsZ ,
and so dφ(1)(sX) = sdφ(1)(X). Since φ is continuous, by an application of
the Lie Product Formula E.11 we have that

etdφ(1)(X+Y ) = φ

(
lim
m→∞

[
exp

(
tX

m

)
exp

(
tY

m

)]m)
= lim

m→∞

[
φ

(
exp

(
tX

m

))
φ

(
exp

(
tY

m

))]m
= lim

m→∞

[
exp

(
tdφ(1)X

m

)
exp

(
tdφ(1)(Y )

m

)]m
= etdφ(1)(X)+tdφ(1)(Y ).

Using Lemma E.12 we differentiate at t = 0 and find

dφ(1)(X + Y ) = dφ(1)(X) + dφ(1)(Y ).
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Thus, dφ(1) is real-linear. Suppose τ is another real-linear map which sat-
isfies (i). Then

etτ(X) = φ(etX) = etdφ(1)(X).

The uniqueness of dφ(1) follows by differentiating at t = 0. We move onto
demonstrating that properties (ii)-(iv) also hold.

etdφ(1)(AXA−1) = φ(etAXA
−1

) = φ(AetXA−1) = φ(A)φ(etX)φ(A)−1

= φ(A)etdφ(1)(X)φ(A)−1.

Differentiating at t = 0 gives property (ii). Now, using the product rule and
Lemma E.12 we remark that

d

dt
etXY e−tX

∣∣∣∣
t=0

= XY − Y X = [X,Y ].

Using the property that taking a derivative commutes with a linear trans-
formation and property (ii), we can then see that

dφ(1)([X,Y ]) = dφ(1)

(
d

dt
etXY e−tX

∣∣∣∣
t=0

)
=

d

dt
dφ(1)(etXY e−tX)

∣∣∣∣
t=0

=
d

dt
φ(etX)dφ(1)(Y )φ(e−tX)

∣∣∣∣
t=0

=
d

dt
etdφ(1)(X)dφ(1)(Y )e−tdφ(1)(X)

∣∣∣∣
t=0

= dφ(1)(X)dφ(1)(Y )− dφ(1)(Y )dφ(1)(X)

= [dφ(1)(X), dφ(1)(Y )],

which proves (iii).

Lastly, we have that

φ(etX) = etdφ(1)(X),

and so (iv) follows using Lemma E.12 and differentiating at t = 0.

Remark E.21: Property (i) of the above theorem says that the following
diagram commutes

G H

g h

φ

exp

dφ(1)

exp .
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E.3 Automorphism Group

In this section we see that the automorphism group of an algebra form a
matrix Lie group. We see the connection between the Lie algebra of this
group is this the derivations of the algebra. We explore some properties of
this connection.

In this section we denote by U an n-dimensional algebra over R.
Proposition E.22: The automorphisms of U, denoted Aut(U), form a ma-
trix Lie group.

Proof. We may identify the vector space U with R. Under this identification
Aut(U) is a subgroup of GLn(R). Set a basis (ui)

n
i=1 for U. Then for each

1 ≤ i, j ≤ n we then find that uiuj =
n∑
k=1

mijkuk, for some mijk ∈ R. An

automorphism of U is an element f ∈ GLn(R), such that for 1 ≤ i, j ≤ n

f(uiuj) = f(ui)f(uj).

For each 1 ≤ i ≤ n we may write f(ui) =
n∑
r=1

airur. Then the following must

be satisfied

f(uiuj) = f(ui)f(uj)
n∑
k=1

mijkf(uk) =

(
n∑
s=1

aisus

)(
n∑
t=1

ajtut

)
n∑
k=1

mijk

(
n∑
r=1

akrur

)
=

n∑
s,t=1

aisajtusut

n∑
k,r=1

mijkakrur =
n∑

s,t=1

aisajt

(
n∑
r=1

mstrur

)
n∑

k,r=1

mijkakrur =

n∑
s,t,r=1

aisajtmstrur,

and so f is an automorphism of U if and only if the following is satisfied

n∑
k,r=1

mijkakr =

n∑
s,t,r=1

aisajtmstr. (E.1)

This is a system of second degree polynomial equations. To see that Aut(U)
is closed we may use the same trick as we did in Remark E.2. We may see
Aut(U) as the inverse image of a closed set under a continuous mapping
(continuous because (E.1) is a system of second degree polynomial equa-
tions).
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Lemma E.23: Let f ∈ Der(U). Then for x, y ∈ U

fn(xy) =

n∑
k=0

(
n

k

)
fk(x)fn−k(y),

for all n ∈ N.

Proof. We proceed by induction on n. The case n = 1 is trivial.

Assume the result holds for n− 1 ≥ 1. Then,

fn(xy) = fn−1(f(xy)) = fn−1(xf(y)) + fn−1(f(x)y).

Applying the inductive hypothesis twice we find

fn(xy) =

n−1∑
k=0

(
n− 1

k

)
fk(x)fn−1−k+1(y) +

n−1∑
k=0

(
n− 1

k

)
fk+1(x)fn−1−k(y)

=

n−1∑
k=0

(
n− 1

k

)
fk(x)fn−k(y) +

n−1∑
k=0

(
n− 1

k

)
fk+1(x)fn−(k+1)(y)

=

(
n− 1

0

)
xfn(y) +

[(
n− 1

1

)
+

(
n− 1

0

)]
f(x)fn−1(y)

+ . . .+

[(
n− 1

n− 1

)
+

(
n− 1

n− 2

)]
fn−1(x)f(y) +

(
n− 1

n− 1

)
fn(x)y

=

(
n

0

)
xfn(y) +

(
n

1

)
f(x)fn−1(y)

+ . . .+

(
n

n− 1

)
fn−1(x)f(y) +

(
n

n

)
fn(x)y

=

n∑
k=0

(
n

k

)
fk(x)fn−k(y).

Proposition E.24: Lie(Aut(U)) = Der(U).

Proof. We have that f ∈ Lie(Aut(U)) if and only if exp(tf) ∈ Aut(U) for
any t ∈ R. Equivalently the following must hold

exp(tf)(xy) = exp(tf)(x)exp(tf)(y)

= (x+ tf(x) +
t2

2!
f2(x) + . . .)(y + tf(y) +

t2

2!
f2(y) + . . .)

= xy + t[xf(y) + yf(x)] + t2[
xf2(y)

2!
+
yf2(x)

2!
+ f(x)f(y)] + . . . ,

185



where the last equality follows because we may multiply the series term by
term (exp(tf) converges absolutely). Since

exp(tf)(xy) = xy + tf(xy) +
t2f2(xy)

2!
+ . . .

and
exp(tf)(xy) = exp(tf)(x)exp(tf)(y),

we can subtract xy and divide by t to find that the following must hold:

f(xy) +
tf2(xy)

2!
+ . . . = xf(y) + yf(x) + t[

xf2(y)

2!
+
yf2(x)

2!
+ f(x)f(y)] + . . . .

Letting t→ 0 we find that

f(xy) = xf(y) + f(x)y,

and so f ∈ Der(U).
Take f ∈ Der(U) and x, y ∈ U, then by Lemma E.23 we have that

exp(tf)(xy) =
∞∑
n=0

tn

n!
fn(xy) =

∞∑
n=0

tn

n!

(
n∑
k=0

(
n

k

)
fk(x)fn−k(y)

)

=
∞∑
n=0

(
n∑
k=0

tn

k!(n− k)!
fk(x)fn−k(y)

)

= xy + t[xf(y) + yf(x)] + t2
[
xf2(y)

2!
+
yf2(x)

2!
+ f(x)f(y)

]
+ . . .

=

(
x+ tf(x) +

t2

2!
f2(x) + . . .

)(
y + tf(y) +

t2

2!
f2(y) + . . .

)
= exp(tf)(xy) = exp(tf)(x)exp(tf)(y),

which shows that exp(tf) ∈ Aut(U) and so f ∈ Lie(Aut(U)).

Remark E.25: If ψ ∈ Aut(U) and d ∈ Der(U). Then ψdψ−1 ∈ Der(U).

Proof. For x, y ∈ U we have

ψdψ−1(xy) = ψd(ψ−1(x)ψ−1(y)) = ψ(ψ−1(x)dψ−1(y) + dψ−1(x)ψ−1(y))

= xψdψ−1(y) + ψdψ−1(x)y.

Definition E.26: Let G := Aut(U) and g := Lie(Aut(U)) = Der(U). We
define

Ad : G→ aut(g)

ψ 7→ Adψ : g→ g

d 7→ ψdψ−1,

that is, Adψ(d) = ψdψ−1.
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Proposition E.27: Let G := Aut(U) and g := Der(U). The map Ad : G→
Aut(g) is a matrix Lie group homomorphism.

Proof. For α, β ∈ G and f ∈ g we have

Adαβ(f) = αβfβ−1α−1 = αAdβ(f)α−1 = AdαAdβ(f).

It remains to show that Ad is continuous. Let F be an open set in Aut(g. We
claim that C := G\Ad−1(F ) is closed. Take (ψm) ⊆ C such that lim

m→∞
ψm =

ψ. Suppose Adψ ∈ F. Since F is open there is an open ball B around Adψ
such that B ⊆ F. This means that there must be an M such that M ≤ m
implies that Adψm ∈ F but this contradicts ψm ∈ C. Thus, C is closed and
so Ad is continuous.

Corollary E.28: There is a unique linear map

ad : Der(U)→ Der(g)

x 7→ adx : g→ g

y 7→ xy − yx,

making the following diagram commute

Aut(U) Aut(g)

Der(U) Der(g).

Ad

exp

ad

exp

Note that Der(U) = g and Aut(U) = G. We will denote [x, y] := adx(y).

Proof. From the above proposition we may apply Theorem E.20 and set
ad := dAd(1). Proposition E.24 makes it clear that g = Der(U), while
Remark E.21 shows that the diagram commutes. Property (iv) of Theorem
E.20 yields that

adx = dAd(1)(x) =
d

dt
Ad(etx)

∣∣∣∣
t=0

,

and so

adx(y) =
d

dt
Adetx(y)

∣∣∣∣
t=0

=
d

dt
etxye−tx

∣∣∣∣
t=0

= [x, y].
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Appendix F

Octonions

This short section holds some important information about the octonions
which is necessary for the work in Chapter 4. We introduce some maps and
results which will also prove useful. All vector spaces in this chapter are
finite-dimensional and defined over the field of real numbers.

Definition F.1: The octonions are an alternative non-associative non-
commutative normed division algebra over the real numbers, denoted by O.
They have a well-known vector space basis BO := {1, i, j,k, l, il, jl,kl} and
their products are fully described by the following diagram.

i

-il

k

-klj

-jl

l

To find the product of two elements we follow along the line on which they
appear, their product is the next element in the line. The direction of the
arrows indicates the product being the positive or negative of the third
element along a line. As examples we have ij = k and (−il)j = kl. Using
the Fano plane, we can see that [O,O] = O0.

We can also obtain the octonions by applying the Cayley-Dickson dou-
bling process to the quaternions. Then O = H⊕Hl with the product defined
as follows for q1, q2, q3, q4 ∈ H.

(q1 + q2l)(q3 + q4l) = (q1q3 − q4q2) + (q4q1 + q2q3)l.

Let σ :=
∑

q∈BO
aqq ∈ O. We call σ := a11−

∑
q∈BO−{1} aqq the conju-

gate of σ. The conjugate map is an involution. The trace of σ is defined
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as tr(σ) = σ + σ ∈ R1. We set O0 := {σ ∈ O | tr(σ) = 0}. We define an
inner product n : O × O → R by n(σ1, σ2) := tr(σ1σ2). The basis BO is an
orthonormal basis relative to n. There is a norm n : O→ R≥0 related to the
inner product which is defined by n(σ) := 1

2n(σ, σ) = σσ.

Remark F.2: To see that O is non-associative, we note that

((ij)l = kl 6= −kl = i(jl).

Moreover, the only elements which are associative (and commutative) with
all of O are multiples of 1.

Proposition F.3: Suppose x, y, z, t ∈ O. Then

1. n(xy) = n(x)n(y),

2. n(x)n(y, z) = n(xy, xz),

3. n(x, t)n(y, z) = n(xy, tz) + n(ty, xz), and

4. n(Lx(y), z) = n(y, Lx(z)), where Lu(v) := uv, for all u, v ∈ O.

Proof.

(1): Using alternativity and the fact that the norm of any octonion is real,
we find

n(xy) = (xy)(xy) = (xy)(y x) = xn(y)x = xxn(y) = n(x)n(y).

(2): Using part (1), we note that

n(x(y + z)) = n(x)n(y + z) = n(x)
1

2
[n(y, y) + n(z, z) + 2n(y, z)]

= n(x)[n(y) + n(z) + n(y, z)] = n(xy) + n(xz) + n(x)n(y, z).

Moreover, we also have

n(x(y + z)) = n(xy + xz) =
1

2
[n(xy, xy) + n(xz, xz) + 2n(xy, xz)]

= n(xy) + n(xz) + n(xy, xz).

Therefore, n(xy) + n(xz) + n(x)n(y, z) = n(xy) + n(xz) + n(xy, xz).
The result follows.
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(3): Using part (2), we note that

n(x+ t)n(y, z) = n((x+ t)y, (x+ t)z) = n(xy + ty, xz + tz)

= n(xy, xz) + n(xy, tz) + n(ty, xz) + n(ty, tz).

Moreover,

n(x+ t)n(y, z) = [n(x) + n(t) + n(x, t)]n(y, z)

= n(xy, xz) + n(ty, tz) + n(x, t)n(y, z).

The result follows since the equations above are all equal.

(4): Using part (3) we find

n(xy, z) + n(y, xz) = n(x, 1)n(y, z) = tr(x)n(y, z) = n(y, tr(x)z).

Therefore,

n(Lx(y), z) = n(xy, z) = n(y, tr(x), z)− n(y, xz) = n(y, (tr(x)− x)z)

= n(y, xz) = n(y, Lx(z)).

Example F.4: We consider some examples of Lie algebras arising from the
octonions.

1. The algebra of all linear transformations of the octonions, gl(O). Since
dim(O) = 8 we can see dim(gl(O)) = 64. The following examples are
all subalgebras of gl(O).

2. We know that dim(O0) = 7, therefore gl(O0) = 49.

3. We consider the algebra of all derivations of the octonions

g2 := Der(O) := {d ∈ gl(O) | d(xy) = xd(y) + d(x)y, ∀x, y ∈ O}.

We discuss this algebra further in Chapter 4.

4. We consider the special orthogonal algebra relative to the inner prod-
uct n

so(O0, n) := {f ∈ gl(O) |n(x, f(y)) = −n(y, f(x)), ∀x, y ∈ O0}.

This has the same dimension as so(7) (dim(O0) = 7) which has di-
mension 21.
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