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Abstract

It is well known that a commutative von Neumann algebra can be represented as a space
of essentially bounded functions over a localizable measure space. In non-commutative
integration theory, a von Neumann algebra takes over the role of the space of essentially
bounded measurable functions. If the von Neumann algebra is semifinite, then there
exists a faithful semifinite normal trace on it. Equipped with such a trace, a topology
can be defined on the algebra, which in the commutative case is the familiar topology
of convergence in measure. The completion of the algebra with respect to this topology
yields an algebra of unbounded operators, the algebra of so-called measurable operators.
In the first part of this thesis, the relationship between the nature of the lattice of
projections of the von Neumann algebra and the properties of this topology, in particular

its local convexity, is investigated.

In the duality theory for commutative Banach function spaces, one distinguishes be-
tween normal functionals and singular functionals. The study of the former leads to
Kothe duality theory. A non-commutative Kothe duality theory already exists and a
second aim of this thesis is to initiate a theory for singular functionals in the non-
commutative setting. As a preparation for this, singular functionals are characterised
in several ways in the commutative case and one of these is used as definition for sin-
gular functionals on Banach spaces of measurable operators. The known association
between singular functionals and the subspace of elements with order continuous norm

in'a Banach function space is extended to the non-commutative setting.

Finally, duality for the space of measurable operators equipped with the measure topol-
ogy is investigated. Its Kothe dual is first characterised, and then singular functionals
on this space are investigated. In certain cases a full characterisation of the continuous

dual is given.
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Introduction

Banach spaces of measurable functions, such as L,-spaces, play an important role in
analysis. There is a well developed general theory for these so-called Banach function
spaces. The fact that they are also Banach lattices when equipped with a natural
partial order plays an important part in this theory. In recent years, much progress has
been made in the development of a generalisation of this theory, wh.ich also includes
the theory of ideals of compact operators on a Hilbert space. Since a commutative von
Neumann algebra can be represented as an L.-space, one may think of an arbitrary
von Neumann algebra, M, as a “non-commutative L-space”. If the von Neumann
algebra can be equipped with a normal trace (as is certainly the case for semifinite von
Neumann algebras), one may regard the trace as a generalised integral. This approach
leads to a non-commutative infegration theory. The trace can also be used to define a
topology on M which in the commutative case may be identified with the topology of
convergence in measure. The completion of the von Neumann algebra with this topology
can be identified with an algebra of (in general) unbounded operators, M, the algebra
of so-called measurable operators ([Nel74]). This algebra is the “home” of all the non-
commutative Banach function spaces (in the sense that they are all contained in it). It
has the additional advantage that one can associate with each measurable operator a
non-negative function on the positive real line, called its generalised singular function,
and that this function serves as a very useful link with the commutative theory. In
the first part of the thesis we investigate M and its measure topology in more detail,
in particular, we determine under which circumstances the measure topology is locally
convex. There exists a natural partial order on M, but in general M is not a lattice.
Therefore alternative methods are often required to those employed in developing the

commutative theory.



There is a well developed duality theory for commutative Banach function spaces and
appears for example in [Zaa67], [LZ71], [Z2a83] and [BS88]. One of the main features
of this theory is that one can distinguish between two important types of (norm-)
continuous linear functionals: the normal and singular functionals. Normal functionals
are order-continuous and have integral representations; singular functionals are the
ones that are disjoint from the set of normal functionals when one regards the dual as a
vector lattice. These two types of functionals are the building blocks for all continuous
linear functionals, in the sense that each continuous linear functional can be written
uniquely as a sum of a normal and a singular functional. Normal functionals on non-
commutative Banach function spaces have been investigated in detail in [DDP93]. No
general theory for singular functionals has been established, though in the special case
of von Neumann algebras an analogous theory to the commutative setting does exist
([Tak79]). A positive singular functional on a von Neumann algebra is defined as one
that never majorizes a non-zero positive normal functional. (A normal functional sends
nets of operators that decrease to zero to nets of scalars that decrease to zero.) One
then considers a functional that is not necessarily positive, as an element of the predual
of the bidual of the von Neumann algebra. It is known that an element of the predual
of a von Neumann algebra has a unique decomposition into positive parts. Since the
bidual of a von Neumann algebra is again a von Neumann algebra, a functional on a
von Neumann algebra therefore has a unique decomposition into positive parts and is

called singular if each of the positive parts is singular.

Positive singular functionals on Banach spaces of measurable operators, may also be
defined as those functionals that never majorize a non-zero positive normal functional.
If the functional is not necessarily positive, a problem arises. There does exist a de-
composition for a functional on a real normed operator space into a difference of two
positive functionals ([And62}), but this decomposition is not unique and it does not
give an explicit reprensentation for the positive parts, as in the commutative case. The
formula for the positive part of a functional on a Banach function space cannot be used
in the non-commutative setting, since the proof that the positive part thus defined is
an additive functional needs the Riesz decomposition property. This property is not
available since there is in general no lattice structure on Banach spaces of measurable
operators. We therefore find a characterisation for singular functions on Banach func-
tion spaces that does not depend on the lattice structure of the Banach function space
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and use it as the definition for singular functionals on Banach spaces of measurable
operators. We are able to establish some properties of singular functionals using this

definition, but many open problems still remain.

Singular functionals has not been studied extensively on spaces that are not normed
spaces. Some work is done on Orlicz spaces that are not locally convex ([Now92]). The
space of measurable operators, equipped with the topology of convergence in measure,
is in general not a normed space. In this thesis we conclude with an investigation
of duality, in particular of singular functionals, on M equipped with the topology of

convergence in measure.
We give a more detailed discussion of each of the chapters.

In Chaptér 1 we introduce the space of T-measurable operators, M. Most of the work of
the earlier sections belong to others, but it is the basis for the remainder of the thesis and
we therefore include the essential results without proofs. The subspace of 7-measurable
operators whose generalised singular function decreases to zero, Mo, is discussed in
detail as it plays an important role in further developments. Next we explore the local
convexity of the topology of convergence in measure and devote a few sections to the
structure of M. We see that M equipped with the topology of convergence in measure
can be written as a sum of a normed and a pseudonormed space. In certain settings M
can be written as a direct sum of reduced algebras. We shall return to many of these

results when we investigate the dual of M equipped with the measure topology.

The aim of Chapter 2 is to find an equivalent characterisation for singular functionals
on Banach function spaces, that is useful (via a natural translation) as a definition for
singular functionals on Banach spaces of measurable operators. We give a brief overview
of the known results before proceeding to prove equivalent characterisations for singular
functionals on Banach function spaces. Under certain conditions, singular functionals
may be characterised as those functionals that vanish on every characteristic function of
a set of finite measure. In the case of rearrangement invariant spaces the fundamental

function is helpful in this regard.

In Chapter 3 we define singular functionals on Banach spaces of measurable operators.
We also define when an element of a Banach space of measurable operators has order

continuous norm and establish several equivalent characterisations for such an element,
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similar to the commutative setting. Contrary to the commutative setting though, it
does not follow immediately that the set of elements with order continuous norm is
norm closed nor a vector space. We generalise the commutative result that a singular
functional vanishes on the set of elements with order continuous norm when the latter
set equals the norm closure of the s'et of bounded operators with finite trace. We show
that this characterisation for singular functionals is equivalent to the charaterisation
that a singular functional vanishes on every projection with finite trace. To obtain
the above mentioned generalisation, we need to consider induced spaces. (An induced
space contains elements whose generalised singular functions are elements of a normed

rearrangement invariant function space on the positive real line.)

When we consider M equipped with the topology of convergence in measure in Chapter
4, we see that the set of elements on which the topology of convergence in measure is
“order continuous”, ﬂa, is always equal to the closure in the measure topology of the
set of bounded operators with finite trace, Mj. (In fact, this set equals M, the set of
elements whose generalised singular functions decrease to zero.) We therefore define a
singular functional on M equipped with the measure topology as one that vanishes on
every projection with finite trace. We also characterise elements of the Kothe dual of
M and show that these always produce continuous linear functionals. If the associated
von Neumann algebra, M, contains'only nonatomic (continuous) projections, we char-
acterise the dual of M equipped with the measure topology as the dual of the quotient
space ./W/ (JTZO N M) with the induced quotient norm and see that this space consists
of singular functionalé only. If the associated von Neumann algebra M is atomic, and
the traces of the projections are bounded away from zero, it is known that M=M
and the topology of convergence in measure equals the topology induced by the norm
on M. Thus in this setting a duality theory already exists. We characterise the dual

of M in one of the remaining cases, but only in the case where M is commutative.
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Index of n(jtat_ion

Von Neumann algebras and affiliated operators

Our conventions regarding von Neumann algebras and affiliated operators are the fol-

lowing:

M

H

()

B(#)

11l or [1-lleo

;
1
MP
M

M(e, 8)
M(e)

denotes a semifinite von Neumann algebra, with

the underlying Hilbert space and

the usual inner product in #.

denotes the space of bounded linear operators on H.

denotes the operator norm on M and

denotes a faithful semifinite normal trace on M. Furthermore,
denotes the identity element in M, and the set

denotes the lattice of projections in M.

is the space of 7-measurable operators affiliated with M,
equipped with

the topology of convergence in measure.

is a basic neighbourhood of 0 for 7, on M (¢,6 > 0). We write
for M(e,€). ‘

Measurable operators

For the operator z € ./W,

|z| denotes the absolute value of z,

x* is the adjoint of x and

zt,z~ the positive parts in the decomposition for self-adjoint . We use
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p(zx) to denote the generalised singular function of z,

Koo () for lim;—,e0 pt(z) and

d(z) for the distribution function of z.

D(z)  denotes the domain of z. ’
n(z) denotes the projection onto the kernel (or null space) of z and
r(z) is the right support of z and equals 1 — n(z). The projection
ep(x) is a spectral projection of self-adjoint z, where B is any Borel

measurable subset of the complex field. For ¢ > 0
e () denotes the spectral projection e(_s () or eo4(x) if z > 0. Moreover,

€(0,00)(7) 1is called the support of z whenever z > 0, and in this case it equals r(z).

Banach function spaces

For Banach function spaces our notation is as follows:

(X,Z, u) denotes a localizable measure space. The space

Ly(X,%, ),

L,(X) or L, denotes a Banach function space over (X, X, 1) where

p is a function norm on

Ly(X,%,p)  the space of equivalence’ classes (modulo almost everywhere

equivalence) of complex valued measurable functions.

L,,;, denotes the collection of real valued functions in L.

m denotes Lebesgue measure on the interval (0, 00). We write
supp(f) for the support of f € Lo(X, L, 1) and

XA is the characteristic function for the set A € ¥ and finally
®, denotes the fundamental function for the space L,.

Subspaces of M

Important subspaces of M are the following:
Li(M) is the set of elements in A whose absolute values have finite trace.

H(M)  is the space L;(M)N M and
G(M)  the space L(M) + M.



Mg is the set of elements for which the trace of the right support is finite.

My denotes the set of elements in M whose generalised singular functions
decrease to zero.

M,  denotes the set {z € M : |z| > 2o da 0 => w(zy) — 0 for all ¢ > 0}.

Mo is the closure of H(M) in the topology of convergence in measure.

The same type of notation will be used for Banach spaces £ C ﬂ, for example

E, denotes the set of elements of E that has order continuous norm and
E, the closure of H(M)N E in E-norm.

Spaces of continuous linear functionals on M

M*  is the space of linear functionals on M that are continuous with
respect to the measure topology.

M*™  denotes the set of normal functionals on M and

M?**  the set of singular functionals in M.

M*  denotes the Kéthe dual of M and

My the annihilator of M, in M.

Similar notation will be used for subspaces of E*, the continuous dual of E, where E

is a Banach space of measurable operators.

Elements of the continuous dual of L,
For the functional ¢ € L,

Pn denotes the normal part of ¢.
©r, ¥im denote the real and imaginary parts of ¢, respectively and

o, o7 the positive parts of .
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Preliminaries

- 0.1 Von Neumann algebras and traces

Let B(#) denote the space of bounded linear operators from a Hilbert space  into
itself. If z € B(#) then we denote by z* € B(H) the adjoint of z. Recall that z € B(H)
is self-adjoint whenever z = z*, normal if zz* = z*z and unitary if zz* = z*z = 1.
Every element z € B(#) can be uniquely expressed as a linear combination of two
self-adjoint elements, that is, z = y + iz where y = (z + z*) and z = 5:(z — z*). Let
(., .) denote the inner product on H. A self-adjoint operator z € B(#H) is called positive,

written £ > 0, if

(z€,€) >0 forall £ € H.

This defines a partial ordering on B(#) in the usual way. We say the net (z,) C B(H)
increases to z,

Za Ta T,
if (z,) increases in the partial ordering and

(x€,€) = Sgp<xa§,§)

exists for all £ € H. Similarly for z, |, z. Recall that the net (z4) is strong operator
convergent to x € B(H) if
[(z — z4)€ll o 0

for all £ € H. The net (z,) C B(H) is weak operator convergent to z € B(H) if
((z — 2a)é,m) =40 0
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in H for all £, € H. In general the weak operator topology is weaker (coarser) than

the strong operator topology but they coincide on closures of a convex set of B(H).

Throughout our work M will denote a von Neumann algebra, that is, a *-subalgebra
of B(#) that is closed in the weak operator topology. We shall assume that the von
Neumann algebra M contains an identity element which we shall denote by 1. A
projection in M is a self-adjoint operator p such that p?2 = p. The projection p satisfies
p > 0 and ||p|| = 1 unless p = 0. The set of projections in M is denoted by M? and is a
complete lattice, that is, every family of projections {p,} has a least upper bound and
greatest lower bound, denoted by V,p, and A,p., respectively. If p,q € M?P we write
pVq for their upper bound and p A q for their lower bound. For a family of projections
{pa} C MP |

\/(1~pa)=1—/a\paand /a\(l"pa)zl—ypa

a

hold. An increasing net of projections (ps) is strong operator convergent to Vopa. If
p,q € MP? then p < q if and only if pq = p. The projections p,q € M? are called
othogonal if pq = 0. If p and q commute, then pq = p A q.

We denote the positive operators in a von Neumann algebra M by M. A trace on M
is a function 7 : My — [0, 00] such that

(i) 7(x +y) = 7(x) + 7(y) for all z,y € M4,

(ii) 7(A\x) = Ar(x) for all A € R, and all z € M, and

(iii) 7(z*z) = 7(xz*) for all z € M.
It follows from condition (i) that the trace is monotone and that if =,y € M, with
z <y and 7(z) < oo then '

T(y — z) = 7(y) — ().
The projections p,q € M are called equivalent if there exists u € M such that
p =u*u and q = uu’.

By (iii) we have that if two projections are equivalent then they have the same trace.

Using the Kaplansky formula, [KR86] Theorem 6.1.7, and the properties already men- |

tioned, we have the following two properties that we shall use frequently:
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(a) If p,g € M and pAq =0 then 7(p) < 7(1 - q),

(b) If p1,...,pn € MP, n € N, then 7 (\/ Pi) < ZT(Pz‘)-

1,:]_ =1

A trace 7 is said to be finite if 7(1) < 0o, or equivalently, 7(z) < oo for all z € M.
A trace is called semifinite if for every 0 < z € M, there exists 0 < y < z such that
T(y) < oo.

If (za) C My with 24 T, « in M implies that 7(z,) to 7(z), then the trace is called

normal.

A trace 7 is faithful whenever + € M, with 7(z) = 0 implies that x = 0.

Examples 0.1.1 (i) Let H be a Hilbert space and let M be the von Neumann algebra
B(H). Suppose {e,} is an orthonormal basis for H. We define the diagonal trace
(or canonical trace) on B(H) by 7 : B(H) — [0,00] : £ = Y ,(z€a,e0). (The
diagonal trace is independent of the orthonormal basis.) The diagonal trace is a
faithful semifinite normal trace on B(H) which is finite if and only if H is of finite

dimension.

(ii) Let X be a locally compact space and let u be a positive Radon measure. The space
Lo(X, 1) of essentially bounded u-measurable functions over X is a commutative
von Neumann algebra, when elements of Lo(X, i) are regarded as operators actz’ng} A
on the Hilbert space Lo(X, p) by multiplication. In fact, any commutative von
Neumann algebra can be represented as a Lo (X, 1) space with X and u as above
(see [Tak79] Chapter III, Theorem 1.18). The integral over X is a trace, i.e. we
define the trace 7 : Lo 4 — [0,00] by 7(f) = [x f du. Then 7 is a faithful,
semifinite, normal (by the Monotone Convergence Theorem) trace. (The trace is
finite if and only if u is finite.)

(ii1) In particular, the sequence space £y, acting on the Hilbert space £y by multiplica-

tion, that is, the set of operators
X= (xn) € lo 1y — Ly (fn) — (fnxn)

form a von Neumann algebra. The trace defined by

Tt looy — [0,00] 1 (Zn) = D Zn

n=1
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s a faithful semifinite normal trace.

A von Neumann algebra is semifinite if and only if it admits a faithful semifinite normal
trace ([Tak79] Chapter V, Theorem 2.15).

Any unexplained concepts, notation or terminology can be found in [Tak79] and [KR86].

0.2 Reduced algebras

Suppose M C B(#). The commutant of M, denoted by M’, is the set of bounded
operators on ‘H that commute with every operator in M. A von Neumann algebra can
also be defined as a *-subalgebra M C B(#) such that M = M". For x € M and
q € MP, we denote by z, the restriction of gz to qH, and by M, the set {zq : x € M}.
M, is called the reduction of M by q. The commutant of M is preserved under
reductions, i.e. '
(M’)q = (Mq)’~
This was proved by [Dix81] I.2.1 and consequently we have that M, is a von Neumann

algebra acting on the Hilbert space qH.

It follows from the definition that the reduced von Neumann algebra M, is isomorphic

to the algebra qMq. It is well known that the lattice of projections of M is given by

(Mg ={pq:peMP?, p<q}.

If 7 is a faithful semifinite normal trace on M we define the reduction of 7 to Mq )
Tq» 00 Mg by setting 74(zq) = 7(qzq) for all x € M. Then 7, is a faithful semifinite

normal trace on M.

0.3 Unbounded operators

We shall in general consider unbounded linear operators on a Hilbert space H.
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Let z : D(z) — H be a linear operator where D(z) denote the domain of z, a (linear)

subspace of H. With x we can associate its graph

G(z) = {(¢,2¢) : £ € D(x)}.

We say that z is closed if G(z) is closed. The operator z is densely defined if D(z) is
dense in H. If z is defined on all of H and its graph is closed, then by the Closed Graph

Theorem z is bounded.

The closure G(z) of G(z) is a linear subspace of # @ #. We say that y is an extention
of z whenever D(z) C D(y) and y¢& = z¢ for every € € D(z). It may be that G(z) is
the graph of an operator T but it need not be. If it is, then z extends to T and we say

z is preclosed. We say T is the closure of z.

The adjoint, z*, of the unbounded operator z : D(z) — H, with D(z) dense in #, is
defined as follows: D(z*) consists of those n in H such that for some { in % we have
that |

(=& = (&)
for all £ € D(z). For such n
z'n=C(.
It foﬂows that the adjoint z* is a closed linear operator since z is densely defined. The
operator z is called self-adjoint if z = z* and normal if zz* = z*z. A self-adjoint

operé,tor z is called positive, written z > 0 if it is densely defined and if

(z€,€) > 0 for all £ € D(x).

We let R(zx) denote the range of z and N (z) the kernel of z. The kernel of z is closed
if z is closed. The projection onto N (z) is denoted by n(z). The right support of = is
the projection

r(z) =1 —n(z).

(The left support of z is the projection onto the closure of R(z), but we do not employ
it.) '

For details of the above we refer the reader to [KR86] Section 2.7.
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0.4 Spectral Theory

In this section let M be a von Neumann algebra and MP the lattice of projections in M.
Let 1 denote the identity in M. A spectral measure is a Boolean algebra homomorphism
from the algebra B(C) of Borel measurable subsets of the complex field to M?,

B(C) > MP:B —ep

such that ec = 1. A spectral measure is countably additive if for every disjoint sequence
(Bp) in B(C) we have that

X_:(ean,f) = (eux  B,E,€)

for every unit vector £ € H. Let M(z) be the abelian von Neumann algebra generated
by a self-adjoint operator z acting on a Hilbert space H. (If z is self-adjoint, then the
inverses of £ + 41 and z — 71 are bounded. The von Neumann algebra M(z), generated
by 1 and the inverses of £ + il and z — i1, is the smallest von Neumann algebra with
which z is affiliated and is known as the von Neumann algebra generated by z.) Then
the spectrum of z, o(x), is real and there exists a countably additive spectral measure

e.(z) with range in M(z) that vanishes outside o(z). Define

ee(Z) = €(—oo,jno(z) (Z)-

The family {e;(z) : t € R} is called the spectral family for z or the spectral resolution

of z. The spectral family for z has the following properties:

(a) If t < s then e;(z) < es(x).

(b) The family is right continuous.
(c) ee(z) T 1ast — oo.

(d) ex(z) L 0 as t — —o0.

(e) zey(z) < tey(z) for t real.

(£) t(1 — e(z)) < z(1 — ey(z)) for t real.
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The spectral measure e (z) is uniquely determined as explained in [KR86] Theorem

5.6.12 (iii) and the spectral family determines z in the following manner:

D) ={E€H: /_c: £d|[es(2)€]|2 < 00}

and for € € D(z) and n € H

(wtm) = [ tdlea)é,m).

If z is positive and closed, then the spectral projection e oc)(z) coincides with r(z) =

1 — n(z), the right support projection of z.

If z is a bounded self-adjoint operator acting on H then e;(z) = 0 for all t < —|[|z]|,
“eg(xz) =1 for all ¢ > ||z|| and

ll=|
z = / t dei(x)

in the sense of norm convergence of approximating Riemann sums. This means that z
is the norm limit of finite linear combinations of orthogonal projections e;(z) — e;(z) =

€(t,s)na () (z), s > t, with coefficients in the spectrum of z.

The above may be found in [KR86] Theorems 5.2.2, 5.6.12, 5.6.18 or [DS88] Theorem
XII 2.3. Properties (e) and (f) of the spectral scale for z may be found in [SZ79]
Exercises E9.10 and E9.12.

We shall need operational calculus for the polar decomposition of an unbounded op-
erator and in Section 1.6. We therefore include the following which may be found in
[DS88} Theorems XII 2.6 and 2.9 or [KR86] Theorem 5.6.26.

A closed, densely defined operator z in H with domain D(z) is said to be affiliated with
M if u*zu = z for all unitary operators v in the commutant M’ of M. The preceding
operator inequality is understood in the sense that u*zu and x have the same domain so
that w(D(z)) = D(x). The collection of affiliated operators is a *-algebra with respect
“to strong sum (the closure of the algebraic sum), strong product (the closure of the

algebraic product) and the adjoint operation. This algebra will be denoted by [M].

If M(z) is the abelian von Neumann algebra generated by a self-adjoint operator z
acting on a Hilbert space H then there exists a homomorphism f — f(z) of the algebra
of Borel measurable subsets of the spectrum of z, B (¢(z)), into [M(z)] which maps the

constant function 1 onto the identity operator 1 and the identity function idg(s) onto .
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For f € B(o(z)), the operator f(z) has the following properties:

(a) D(f(2)) = {§ € H : JZ, £ (t)Pdllee(z)€ll* < oo}
(b) For ¢ € D(f(z)) and n € H

Den>= [ ft)d <elzén >

(c) f(z) commutes with eg(z) for any B € B(C).

(d)
Ilf(l')ll=e.($)—esst2;1£)lf(t)l— inf = sup |f(¢)]

BeB(R) B
on (@)=1 t€ BNa(z)

and so f(z) € M if and only if f is e (z)-essentially bounded.

(e)
o (f(z)) = N sesc) F(B). _

ep(z)=1

(f) If f is real valued then f(z) is self-adjoint and
eg (f(2)) = es-1() ()
for every B € B(C).

(g) If f = xp where B is a Borel set, then f(z) = eg(x).

0.5 The polar decomposition for an unbounded op-
erator
Let z : D(z) —» M be a positive linear operator. By applying the operational calculus

in Section 0.4, it follows that x has a unique positive square root denoted by'x%, see
[KR86] Remark 5.6.32.

Suppose that z is a closed, densely defined operator on a Hilbert space 7. Then

N
NI»—-

z =v(z*z)? = (zz*)7v
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where v is a partial isometry with initial space the closure of R ((m*m)%) and final space
the closure of R(z). Restricted to the closures of R(z*) and R(z), respectively, z*x

and zz” are unitarily equivalent and v implements this equivalence. If
T =wy

where y is a positive operator and w is a partial isometry with initial space the closure
of R(y), then '

y = (:r*x)% and w = v.
- In addition, the operator z is affiliated to M if and only if v € M and (z’z)? is affiliated
to M. We define

i
2

(z°z)? = |z|] and (zz*)z = |z*|.

The decomposition

z = v|z|
is called the polar decomposition of z.
For details of the above we refer the reader to [KR86] Section 6.1.

If the operator z is self-adjoint, then its right support, r(z), equals the projection onto
the closure of R(z) (its left support) and is called the support of z. It follows from the
polar decomposition that if z is a self-adjoint linear operator on #, there exists positive

operators z¥ and z~ such that

and
r(zt)r(z”) =0

and these conditions determine the operators z* and z~ uniquely ([SZ79] Corollary
9.31).

0.6 Banach function spaces

Suppose (X , 2, u)' is a localizable measure space, which means the measure p is semifi-
nite (or locally finite), that is, every set of positive measure has a subset of finite

positive measure, and the supremum of any collection of y-measurable sets with finite
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measure, exists ([LZ71] p.505). The set of equivalence classes (modulo a.e. equivalence)
of (a.e. finite) complex valued p-measurable functions on (X, %, u) will be denoted by
Lo(X, %, u), or just Ly when there is no danger of confusion. With the partial order
f < gin Ly if f(z) < g(x) p-a.e. on X, Ly is a vector lattice. An ideal T in Lo(X, Z, 1)
is a solid linear subspace of Lo(X, L, ), that is, if g € Z and f € Lo(X, %, 1) with
|/ < lg|, then f € T.

The set of positive functions in Lo(X, X, ) will be denoted by Lo(X, X, u)4+. A function
norm p is a function p : Lo(X, E, u)y+ — [0, 0o} satisfying the following properties: For
f)g € LO(X)Z>/*L)+

(i) p(f) = 0 if and only if f =0 p-a.e. ;

(i) p(Af) = Ap(f) for every A >0 ;

(iii) p(f +9) < p(f) + p(9) ;

(iv) If f < g then p(f) < p(g).
We extend the function norm p to Lo(X, Z, u) by putting p(f) = p(|f|) for any f €
LO (Xa E, ,U)

The set of functions for which p(f) < oo is a vector subspace of Lo(X,E, 1) and we
denote it by L,(X, X, u), or L, for short. The function norm p is a norm on L, with
the additional property that if ¢ € L, and f € Ly with |f| < |g|, then f € L, and
p(f) < p(g). Thus L, is an ideal in Ly. We say L,(X, %, i) is a Banach function space
when L,, equipped with the metric induced by the norm p, is complete. With the u-
almost everywhere ordering, L, is a Banach lattice, that is, L, is a vector lattice which
is also a Banach space such that f,g € L, with 0 < f < g implies that p(f) < p(g).
We write fada 0in L,, when f,(z) 1o O for y-almost every z € X.

We may associate with the Banach function space L,(X, Z, u) its Kéthe dual space

Ly ={feL0:/;(|fg|d,u<oo'forallgeLp}

with norm _
Ifllx = SUP{/X |fgldu:p(g) <1} = Sup{‘/x fg dﬂl :p(g) < 1}

xxi



We denote by L . the set of p-continuous linear functionals on L,. We say the functional

¢ € L, is o-normal (or o-order continuous) if

faln 0in L, = ¢(frn) —n 0.

Suppose the measure space (X, X, u) is o-finite. Then the set of o-normal functionals
on L, is exactly the Kothe dual of L, under the following correspondence: ¢ € L, is
o-normal if and only if ¢(f) = [x fg dp for some g € L and for all f € L,. (The

elements ¢ and g determine each other uniquely.)

The above results with their proofs may be found in [Zaa67] Chapter 15. For a more

general discussion the reader may consult [Fre74] Paragraph 65.
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Chapter 1
Spaces of 7-measurable operators

We consider the space, ﬂ, of 7-measurable operators affiliated to a semifinite von
Neumann algebra equipped with a distinguished trace, 7. In this chapter we investigate
aspects of the structure of M and the topology of convergence in measure on M. In
particular, we investigate the local convexity of the topology of convergence in measure
on M. This will prove useful when we consider continuous (with respect to the measure

topology) linear functionals on M in Chapter 4.

The results contained in Sections 1.1 through 1.3 are the work of others. We there-
fore state these preliminary results without proofs. In the first section we define 7-
measurable operators, their generalised singular functions and give their properties.
We then state the known results about the order structure in M, due to [DDP93]. In
the following two sections we discuss subspaces of M that are important in our fur-
ther work. In particular, Section 1.4 discusses the subspace M, of M, consisting of
T-measurable operators whose generalised singular functions decrease to zero, in detail.
Next we investigate the local convexity of the topology of convergence in measure on
M and in the final sections we indicate how the structure of M depends on the nature

of the lattice of projections on M.



1.1 Introduction to T-measurable operators

Let M be a semifinite von Neumann algebra (with underlying Hilbert space #),

equipped with a distinguished faithful semifinite normal trace 7.

An affiliated operator z is called 7-measurable if for every § > 0 there exists a projection
p € MP such that pH C D(z) and 7(1 — p) < 6. We denote by M the set of all 7-
measurable operators on . The set M is a x-algebra with the sum and product
operations defined as the respective closures of the algebraic sum and product. The trace
7 extends naturally to the positive cone of M so that the faithfulness, semifiniteness
and normality of 7 are preserved. See, for example [FK86] Theorem 3.5 (extention of
the trace) or [DDP93] Section 3 (alternative approach to the extention of the trace from
which the properties follow more directly). If z is 7-measurable then, as for bounded
operators, £ can be written as a linear combination of two self-adjoint operators. Thus
since an unbounded self-adjoint linear operator is the difference of two positive operators
(Section 0.5), we have that z € M can be written as a linear combination of four positive

operators.
Let ||.]| denote the operator norm in M. The sets
M(e,8) = {z e M:pH CD(z), ||lzp|| < €, 7(1 = p) < & for some p € MP}, €,6 >0

form a base ‘at zero for a metrizable Hausdorff topology on M called the measure
topology. Equipped with the measure topology, Misa complete topological x-algebra
in which M is dense. For proofs of these facts the reader may consult the papers of
Nelson [Nel74], Terp [Ter81] or Fack and Kosaki [FK86].

We list properties of the basic neighbourhoods (see [Ter81] 1.26).
Lemma 1.1.1 Lete,6,v,v >0 and A € C. Then

(i) M(e, 8)" = M(e, 6);
(ii) {|z| : = € M(¢,8)} = {z € M(e,8) : > 0};
(i) FA(1Ae,5) = AFi(e, 0 |

 (iv) M(e,8) C M(y,v) whenever e <y and § < v;
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(v) M(e Ay,8 Av) C M(e,8) N M(y, v);

(vi) M(e,8) + M(7,v) C M(e +7,6 +v).
We write M (e) for M(e, €). We identify M in a few cases.

Examples 1.1.2 (i) If 7(1) < oo then M consists of all densely defined closed linear
operators affiliated with M.

(it) If M s B(#), the von Neumann algebra of all bounded linear operators in H
equipped with the diagonal trace, then M coincides with M and the measure

topology coincides with the operator norm topology.

(iii) If M is commutative, we may represent M as Loo(X,Z, p) where (X,%, 1) is a
localizable measure space. If the trace is the integral, that is, T(f) = [x fdu for
[ € Loo(X, X, 1), then M is the set of all measurable complez functions on X that
are bounded except on a set of finite measure, and the measure topology coincides

with the usual topology of convergence in measure.
(iv) In particular, if M = £, with the canonical trace, acting on H = £y by multipli-

cation in the usual way, then M =t = M.

The structure of M depends heavily on the nature of MP. We need

Definition 1.1.3 We call a projection atomic if it has no nonzero subprojections and
we say a projection is nonatomic (or continuous) if it has no atomic subprojections.
MP is called atomic if it contains no nonatomic projections and MP is nonatomic (or

continuous) if it possesses no atomic projections.

In examples (i¢) and (iv) above, we see that
inf{7(p) : p atomic, p € MP} >0

and that M = M. In fact, it was shown in [SW93] Examples 2.2(3) that the following

statements are equivalent.

(a) M=M.



(b) The4topology of convergence in measure equals the norm topology.

(c) The infimum of the traces of the nonzero projections is greater than zero.

Suppose z € M and let z = v|z| be the polar decomposition of z. By [Ter81] Proposi-

tion 21, the distribution function of z,

di(z) =7 (e(t,oo)(lxl)) )
is eventually finite valued, and
di(z) — 0 ast — oo.

Hence for any ¢ > 0 there exists s > 0 such that d,(z) < ¢. Thus the generalised

singular function of z (also known as the decreasing rearrangement of ),
pe(z) = inf{s > 0: dy(z) <t} = inf{s > 0: 7 (e(uo0)(|z])) < £}

is finite valued. The generalised singular function is decreasing, right continuous, a.e.
continuous (with respect to Lebesgue measure on the positive real line) and the above
infimum is attained when choosing the spectral projection e, (|z]). An alternative

characterisation for the generalised singular function of z is
pe(z) = inf{||zp|| : p € MP, 7(1 — p) < t}.

Here we point out that
llzee(jzll < e

always holds and we have equality when € is in the range of u(z). If p € MP? then
1:(P) = X(o,r(e)) (B)-

A basis of neighbourhoods at zero for the measure topology can be given in terms of

the generalised singular function by the sets

M(e,8) = {z € M : ps(z) <€}, €,6 > 0.

We list properties of the generalised singular function (see [FK86] Lemma 2.5).



Proposition 1.1.4 Suppose z,y,z € M and ) € C.
(1) m pu(z) = [|z]].
(#) p(z) = 0 if and only if x = 0.
(ii1) pe(Az) = | M| pe(z) for all £ > 0.
(1v) p(z) < pe(y) for all t > 0 whenever |z| < |y|.
(v) pres(z +y) < pe(z) + ps(y) for all t,s > 0.
(vi) pers(zy) < pe(z)ps(y) for allt, s > 0.
(vii) pe(zyz) < ||zl|pe(y)ll2l] for all t > 0.
(vid) |u(z) — me(y)| < llz — gl for all ¢ > 0.
(iz) pay(z)(z) < t for allt > 0 for which di(x) is finite.

(z) dpy(z)(z) < t for allt > 0.

If the sequence (z,,) converge to z € M for the measure topology then () —vs ()
whenever ¢ > 0 is a point of continuity of x(z). In particular

wi(zs) =0 (z) a.e.
with respect to Lebesgue measure on (0, 00}, and if z = 0,
u(2,) =, 0 for all ¢ > 0.

Conversely, p(z,) —, 0 for all ¢ > 0 implies that , —, 0 in the measure topology.

The above results regarding the generalised singular function are due to Fack and Kosaki
and for details the reader is referred to [FK86).

—

'1.2 The order structure in M

The order structure in M plays an important part in what follows and we therefore

give a short summary of the relevant facts.
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If z is a self-adjoint linear operator on H and if {.,.) denotes the inner product in H
then we have that z > 0 if and only if (z£,£) > 0 for all £ € D(x). M is an ordered
vector space with respect to the partial ordering defined by setting

z>yifandonlyifz—y >0

where z — y means the closure of the algebraic difference. Further we have that for
0<z¢e M, y*zy > 0 for all y € M. The positive cone Mv+ is closed for the measure
topology.

(./(/(v, <) is order complete in the sense that if 0 < z, 1,< ¥ holds in M then z = Sup, Ta

exists in M. Moreover, we have the following:

Proposition 1.2.1 If0 < z, 1, z holds in M then
0 <y %ay Ta y'zy

holds in M for all y € M.

Proposition 1.2.2 Let0 < z € M. Then there ezists a net () C M with T(z4) < 00
for each o such that 0 < x4 To T I M

Proposition 1.2.3 If0 <z, T,z in M then

ll't(xa) Ta ﬂt(x)
holds for all t > 0.

The above results are due to Peter Dodds, Theresa Dodds and Ben de Pagter and for
proofs and full details the reader is referred to [DDP93] Section 1.

1.3 The subspaces #(M) and G(M) of M

Recall that for a pair of Banach spaces F and F' with respective norms ||.||z and ||.||F,
we may consider their intersection FNF and their sum E+ F as follow: The intersection

EnF consists of elements common to £ and F', and with the norm
kel or = max{|lallz, zll¢} fors € ENF,
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E N F'is a Banach space. The sum F + F is also a Banach space equipped with the

norm
lzllp+r = inf{|lylle + |2llF: 2=y + 2,y € E,z € F} forz € E+ F,

[KPS82] Chapter I, Section 3.1. In particular, we shall apply this to the pair of Banach
spaces L;(0,00) and L, (0,00). (As usual L;(0,00) consists of all Lebesgue integrable
functions on the half real line (0,00) and L, (0,00) contains all essentially bounded
Lebesgue measurable complex functions on (0,00).) We define the non-commutative

analogue of L;(0, 00) by setting
Ly(M) = {z € M : p(z) € L1(0,00)}

with the norm
lellesan = @)l = [ pe) a,

“the usual Lebesgue integral.

We define Loo(M) and ||.||z(m) similarly. Note that 2 € Lo(M) if and only if u(z) €
L(0,00) if and only if z € M and

2/l 2oty = [l1(2)lloo = lim pe(z) = ||

by Proposition 1.1.4 (¢), where ||.]| denotes the essential supremum norm on Lu, (0, 00).

Hence
Ly(M) =M

as Banach spaces. We now define
z € (L1 N Loo)(M) if and only if pu(z) € L1(0,00) N Lso(0, 00)

with norm
12 l¢21nLeo) M) = HE(Z) | (L1AL oo )(0,00)

where we write (L; N Ly )(0, 00) for L1(0,00) N Ly (0, 00). Similarly we define the space
(L1 + Loo)(M). As one would expect, we have that

(L1 N Loo)(M) = L1(M) N Loo(M) = Li(M) N M

and

(L1 + Loo)(M) = Ly (M) + Log (M) = Ly (M) + M

7



as Banach spaces and we denote them by #(M) and G(M), respectively.

We will make use of the following characterisation of elements in G(M) which can be
found in [DDP93] Proposition 2.6.

Proposition 1.3.1 Ifz € M then the following statements are equivalent.

(a) x € G(M).

(b) J§ pe(z) dt < 0o for some 8 > 0.

(c) J¢ ut(:c) dt < oo for all § > 0.

(d) elile € Li(M) for all projections e with finite trace.

1.4 The subspace M, of M

Suppose z € M, then we know that there exists a ¢ > 0 such that the generalised
singular function of z at t is finite, that is, p(x) < co. Therefore since p(z) is
~ decreasing in ¢, lim,_,o, 14(z) exists and we denote it by p10o(z). Then p, is a *-algebra
semi-norm on M, the details to be found in [SW93] Section 2. If z, —, O in the
topology of convergence in measure in M then ut(za) —a O for all ¢ > 0 and hence .
pioo(ZTa) —>a 0. Thus e is continuous at 0 and hence on M. We define Mg to be the
kernel of y, i.e.
M={xeﬂ:um(x)=0}.

We will see that M, plays an important role in the structure of M and an integral part

in the investigation of the dual of M.

It is easy to see that /T/ﬁ, is a linear subspace of M. We notice that ./T/ﬁ, is solid in M
in the sense that if z € My, y € M with |y| < |z|, then y € M since |y| < |z] implies
that Aui(y) < py(x) for all t > 0. Hence Jim ue(y) < Jim u:(z) = 0 which means that
Yy € .Mo.

By definition of M it is clear that z € M if and only if T(e@,00)(|2]) < 0o for all t > 0.
Therefore we know that any 7-measurable operator with finite trace is contained in J%



and that #(M) C My. In particular, note that if p € M then p(p) = X(0,r(o)) (t) for
all t > 0 and thus p € Mj if and only if 7(p) < oo.

We refer back to the Examples 1.1.2 we mentioned in Section 1.1.

Examples 1.4.1 (i) If 7(1) < oo then by definition of My it equals the whole space
M.

(ii) If M = B(H) = M with the canonical trace then My = C(H), the set of compact

operators on H.

(iti) If M = Loo(X,%, 1) and the trace the integral, then M is the set of complex

measurable functions that are bounded except on a set of finite measure and

My = {feM:u{teX:|f(t)]>s} <ooforalls > 0}.

(w) f M =£y = M with the canonical trace then Mo = cq.

It is shown in [DDP93] Proposition 2.7 that M, is exactly the closure in the topology
of convergence in measure of (M) in M and that the closure of #(M) in the space
G(M) is Mg NG(M).

If we define the linear subspace My of M in a similar way to /\7{0, that is,
Mo = {2 € M: pig(z) =0} = MgN M

then it was shown in [Wes93) Corollary 6.2.4 that M, is the closed (in operator norm)
CYTaWILLL

two sided ideal in M generated by the projections with finite trace, i.e., My = H(M)™ .
Note that as before, inf{7(p) : p atomic, p € MP} > 0 in Examples (i7) and (iv) above.
We now have that the following four statements are equivalent (see [SW93] Examples
2.2(3)):

(a) M = M.

(b) The topology of convergence in measure equals the norm topology.

(c) The infimum of the trace of the nonzero projections is greater than zero.



(d) My= M.

By the definition of 7-measurability, any x € M can be decomposed as zp + z(1 — p)
where p € MP, ||zp|| < oo and 7(1 — p) < co. Hence z(1 — p) € My and zp € M. We
have that ‘

M =My + M.

It is interesting to note that each x € M admits a decomposition T = Zo+ oo (To € ./\’/To
and z, € M) such that ||Ze]| = peo(z). This decomposition is the best in the sense
that it gives the smallest possible value for the norm of z,, and the smallest possible
generalised singular function of z,, as can be seen from the following ([SW93] Remarks
3.2.2)

Zooll = Lt(Zoo) = Hoo(Too) = Poo(Z) = ||Teol| for all £ > 0.

The following result, which can be found in [DDP93] Lemma 3.5, shows that the topol-

ogy of convergence in measure is “order continuous” on Mj.

Theorem 1.4.2 Ifx € J\’Zo and T > Ty 4o 0 in M then p(zo) 3 0 for allt > 0, and

80 To —o 0 in the measure topology.

If we assume that MP is nonatomic (contains no atomic projections), then we can give
another characterisation of the subspace Mp. This is a generalisation of the work of
S.J. Dilworth and D.A. Trautman, [DT90] Lemma 3.2.

Lemma 1.4.3 Let M be a semifinite Von Neumann algebra, T a faithful semifinite

normal trace on M and MP nonatomic. Then

Mo= conv M(e, 6)

€,0>0

where M(e,8) is a basic neighbourhood of zero in M and conuM(e,8) denotes the
convez hull of the neighbourhood M(e, ).

Proof: A typical neighbourhood of zero in M, is
Mo(e, 8) = {& € My : pH C D(a), lopll < €, (1 — p) < & for some p € M},
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where €, > 0. We first show that
Mo = convMy(e, 6)

for any €,6 > 0. Therefore let €, § > 0. Clearly conv%(e, §) C M. Conversely, let
€ € Mpy. Then d.(z) = T (€(e,00) (|Z])) < 00 by [SW93] Theorem 2.1. Put p = e.(|z|) and
notice that ||zp|| < € and 7(1 — p) < co. Since MP is nonatomic, there exist disjoint
er,...,e, € MP,n € Nsuchthat 1 — p =V, e and with7(e;) < dforalli=1,...,n.
Note that p(1 —e;) =p forall isincep=1-VL,e; = AL, (1 —e;).

Put z; = zp + nxe; for 1 < i < n.

Then z; € .A%(e, ) for 1 < i < n since for each i, there exists a projection namely
1 —e; € MP such that

I(zp + nze:)(1 —e)ll = |lzp(1 — ) + O

= [lzpl|
< €

and 7 (1 — (1 — e;)) = 7(e;) < 4. Finally,
1 1
Z—xi = —(zp+ nze; +zp + nzxey + ...+ zp + nre,)
= N A v
1
= ;(nxp+nx(e1+e2+...+en))
= zp+z(1-p)

= I.

Thus z € convm(e, &) and so My = convMp(e, §) for any €,6 > 0. Hence

Mp = N convMy(e, §) C N convM(e, 8).

€,6>0 €,0>0
Conversely, we will show that z € Mv\m implies that = ¢ wnvﬂ(e,é) for some

€,6 > 0. Suppose that z € Mv\./\ji’o Then by [SW93] Theorem 2.1 there exists M > 0
such that 7 (C(M,oo)(litl)) = 00.

Let 0 < e < M, let ai,...,a,,n € N be positive real numbers with >+, a; = 1 and

let 1,...,2, € M(e, €). Then for each i = 1,...,n we have that

oy € ayM(e, €) = M(oge, €)

11



by Lemma 1.1.1 (7i¢) and
Yz € M(one, €) + ...+ M(ane, €)
i=1

C M(aie+ ... + ane, ne)

= M(e, ne)

by Lemma 1.1.1 (vi). This means that u, (37, ¢s2;) < € as noted above Proposition
1.1.4. When we take

0 = Une (Z aixi) = inf {0 >0:71 (e(gm) (l Za,a:,-l)) < ne}
i=1 i=1

then since § < ¢ we have that

T (e(em) (l Zawzd)) < ne
i=1

n
T (e(M,oo) (| Za,:xi|>) < ne,
=1

but 7 (e( M,oo)([a:[)) = oo and it thus follows that z can not be written as a linear com-

and since M > ¢

bination of elements in M(e), that is, z ¢ convﬂ(e) which proves the result. a

We have seen in Theorem 1.4.2 that the measure topology is “order continuous” on
/\A’{o, in the sense that if a net decreases to zero in J\A/TO then the net converges to zero

in the measure topology.

Definition 1.4.4 We define

Mo={zeM:|z|> 24 ) 0= p(zs) — Oforallt > 0}.

Thus M, is the largest subspace of M on which the measure topology is “order contin-
uous”. As is the case with m, ﬂa is solid in M in the sense that if z € ﬂa, yE M
with |y| < |z|, then y € M,. Indeed, if |y| > ya 4 0 holds then |z| > |y| > yo 4 0 =
1(ya) — 0 for all t > 0 since z € M,. |

Proposition 1.4.5
| M, = M.
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Proof: By Theorem 1.4.2 we have-that

—— L e—

My C M,.

Conversely, suppose that z ¢ M. Then there exists ¢ > 0 such that tli)rgo pi(z) = c and
hence 7 (e(t,oo)(lx|)) = oo for 0 < ¢t < ¢. Denote (o) (|z]|) by e.
Let {po}eca be a family of projections maximal with respect to p, # 0 for all @ €

A, 7(pa) < oo foralla € Aand ) p, < e for all finite FF C A. Since M is semi-finite,

a€F
A#0. Let F={F C A: F is finite } be ordered by inclusion. Then

(Ze)

is an increasing net in the partial order, bounded above by e and hence by the Monotone

Convergence theorem it increases to its supremum, say p < e. Note that
T (E pa) < E T(pa) < oo
acF a€F

for every finite FF C A. Suppose the projection e — p > 0. By faithfulness of the
trace 7(e — p) > 0 and then by semi-finiteness of M there exists 0 < q € M? such
that ¢ < e~ p and 0 < 7(q) < oc. Hence q should be included in the above family

contradicting its maximality. Thus e = p. Hence

(Zpa) teandqr:=e— ) pad0
FeF

aEF a€EF

where ' € F. Note that

r(ar) = () =7 (Z- pa) = oo

a€F

for all F' € F since 7 Z pa) < oco. Now |z] > |:1:|e(c,°°)([x|) |zle > ce > cqr 4 0

but p(eqr) = cui(qr) = cx(o,f(qF))(t) = ¢ for all £ > 0 since 7(qr) = oo for all F' € F.
Hence we have found a net (car)rer with |z] > cqr {rer 0 but pi(cqr) 4 0 for all
¢t > 0. Thus z ¢ M, and My = M. O

13



1.5 The local convexity of M

We investigate when the topology of convergence in measure on M is locally convex.
The answer is dependent on the nature of the projections in the von Neumann algebra,

and we shall differentiate between four different cases that we describe as we proceed.

Let us first discuss the case where the lattice of projections, M?, contains a nonatomic

projection and we will consider the case where MP is atomic later.

Theorem 1.5.1 Let M be a semifinite von Neumann algebra with a faithful semifinite
normal trace T and suppose that MP has a nonatomic projection. Then the topology of

convergence in measure on M is not locally conver.

Proof: Suppose MP contains a nonatomic projection p. We may assume that
7(p) < oo since M is semifinite. We show that for all § with 0 < § < 37(p) there
is no € such that 0 < € < § and M(e) C convM(e) C M(9), i.e., we show that for
0 <e<d< Lir(p) given, M(e) C convM(e) Z M(6).

Solet 0 < e < & < :7(p) be given. Choose n € N such that 2 < ¢ and find p’ < p
such that 7(p') = 26. Now since p’ is nonatomic, we can subdivide it into n disjoint

n
projections pi,...,p, such that 7(p}) <eforall k=1,...,n,ie., Y pi=p"
) k=1

For k =1,...,n define

Zr = 2ndpy.

Then each z; € M(e) since foreach k=1,...,n de(zg) = 7(p;) < €.

Define

8
e

I
N

Il
S
ol

—
<: I
=)
o~

]

[\

>,
= :ﬁ-
: =

Then z € convM(e) but ds(z) = 7(p') = 26 > & so that z ¢ M(5). Hence

M(€) C convM(e) € M(8) and the topology of convergence in measure is not locally

convex. _ | O
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Let us now consider M with the projections all atomic, that is, M? does not contain a
nonatomic projection. We first consider the case where the traces of the projections are
bounded away from zero. We have seen in Section 1.4 that this means that M equals
M and that the measure topology is the same as the operator norm topology on M

which is locally convex. We therefore state the following theorem without proof.

Theorem 1.5.2 Let M be a semifinite von Neumann algebra with a faithful semifinite

normal trace T, MP? is atomic and
inf{7(p) : p € M?, 7(p) # 0} > 0.

Then M = M and the topology of convergence in measure on M is locally convez and

equal to the norm topology on M.

We now turn to the case where MP is atomic and the infimum of the trace of the

nonzero projections equals zero. We subdivide it into the following two cases:

(a) There exists a constant K > 0 such that

3> 7(p) < oo

r(p)<K
p atomic

(b) There is no such K.

Theorem 1.5.3 Let M be a semifinite von Neumann algebra with a faithful semifinite

normal trace T and suppose that MP is atomic,
inf{7(p) : p € MP?, 7(p) #0} =0
and there erists a constant K > 0 such that

> 7(p) < oo.

r(p)<K
p atomic

Then the topology of convergence in measure on M is locdlly CONvez.

15



Proof:  We show that for all § > 0 there exists 0 < € < 4 such that

M(e) C convM(e) C M(6).

Suppose that § > 0 and let K > 0 be such that

Z 7(p) < 00.

r(p)<K
p atomic

There are at most countably many non-zero terms in this sum since it is finite. We may

assume that the terms have been arranged in descending order, say,

T(pn) 1. 0.

Since Y 7(pa) < 00, we choose N € N such that Y 7(pa) < 6.

n=1 n=N
If § < K, since 7(py) 45 0, we can find an € > 0 such that e < § < K and M > N such
that 7(par) > € > 7(pParry1)- If 6 > K we can find an € > 0 such that e < K < § and
M > N such that T(pM) >€e> T(pM+1).

Now let z € convﬂ(e). Then there exists ay,...,a, > 0, n € N, Y 0 =
1, 1,...,2, € ./\7(6) such that

n
T = Za,-x,-. ¢
i=1

Fori =1,...,n there exists q; € MP such that q;H# C D(x;), ||ziq|| < eand 7(1—q;) <
€. Hence for i = 1,...,n we have that 1 — q; # pi for £k = 1,..., M since these pg’s
have trace bigger than ¢ and also 1 — q; # p for p atomic with 7(p) > K since K > e.
Therefore 1 — q; < ViZas,g Pr-

Thus

n

Vi-a4)< V e
k=M+1

1=1

Put q = AL, q;. Then

qH = ﬁ qiH C ﬁ D(z;) = D(z) ,

i=1 =1

and since q < q;

Nzl = X ezl . :

16



< ) aylzigl]

’ Zaillxiqiqll
< Y aillmigll]lall
€> =€<0

A

A

and lastly

< Pk)
k=M+1
< Z 7(pk) <
since M > N. Thus z € M(0) and we have that

M(e) C convM(e) C M(8)

which concludes the proof. | ' O

We now consider the case where > 7(p) = oo for all K > 0. We need

7(p)<K
p atomic

Lemma 1.5.4 Let M be a semifinite von Neumann algebra with a faithful semifinite

normal trace T and suppose that MP is atomic and
inf{7(p) : p € M”, 7(p) # 0} =0.

Then the following are equivalent.

(a) For all K > 0 we have that Y 7(p) = co.

T(p)<K
p atomic

(b) There exists a sequence of atomic projections (pn) in MP with 7(py) In 0 such that
x

Z"l’(pn)_= oo

n=1

17



Proof:  We first show that (b) implies (a). Suppose there exists a sequence of atomic
o0

projections (p,) in MP? with 7(py) 4, O such that > 7(pn) = oo.

n=1

We show that for all K > 0 we have that »_ 7(p) = oo.

T(p)<K
p atomic

Let K > 0 be given. There exists N € N such that 7(p,) < K for all n > N since
xX o0

7(Pn) 4 0. Now 3 7(p,) = oo since Y 7(pn) = oo and hence
n=N n=1

T rp) 2 3 7(pa) = 0.

T(P)<K n=N
p atomic

Conversely, to show (a) implies (b), let us suppose that for all K > 0 we have that
> 7(p) = 0c. Thus for all n € N we have that > 7(p) = oco. Hence for every

T(p)<K 1
p atomic (p)<y
p atomic

n,k € N there exists a finite number of atomic projections each with trace less than %

such that their sum is larger than ¢ ([Pie72] Theorem 1.1.3). So for n,k = 1 we can

ni

find a finite number of terms less than 1, 7(p;),...,7(pn,) such that 1 < Z 7(pi) < 2.
i=1

Looking at the sum over all terms less than -;—, i.e. n = 2, we can find a finite number of

1 2
them, 7(pn,+1), - -, 7(Pn;), excluding ones already used, such that 3 <Y 7m(ps) <1
i=n1
Continue inductively to obtain a sequence of terms

T(p1)7 e 7T(pn1)a T(pn1+1), e 7T(pn2)a7—(pn2+1)) cey T(pns)a R

Then 7(p;) i 0 by construction and

o0 ni

ZT(Pi) = ZT(Pi) + i 7(pi) + f: T(p:) + ...

=1 i=1 1=n 1=ng

I4otot
St

= 00
and hence (p;);, is the required sequence. O

We now impose a stronger condition than in the above setting by assuming that the
sequence of projections with the given properties consists of mutually orthogonal pro-

jections. The following proof is very similar to the proof of Theorem 1.5.1.
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Theorem 1.5.5 Let M be a semifinite von Neumann algebra with a faithful semifinite

normal trace T and suppose that MP is atomic,
inf{7(p) : p € M?, 7(p) # 0} =0

and there ezists a sequence of mutually orthogonal atomic projections (p,) in MP with
T(Pn) $n O such that

ir(pn) =00.

Then the topology of convergence in measure on M is not locally convez.

Proof:  Suppose there exists a sequence of orthogonal atomic projections (p,) in M?
o0

with 7(p,) . 0 such that »_ 7(p,) = .

n=1
We now prove that the measure topology is not locally convex by showing that for all
& > 0 there is no 0 < € < & such that convM(e) C M(8) holds.

So suppose 0 < € < §. We choose M € N such that 7(p,) < § for all n > M and since

o0 M+N
Y 7(pn) = oo choose N € N such that Y 7(pn) > 4. For k= M,..., M + N define
n=M n=M

T = (N+ 1)25pk .
Then each z;, € M(e) since foreach k=M,..., M+ N

de(xk) = T(pk) <€

Hence
MX-{-:N 1 M\-;N ~( )
T = T =20 pr € convM/(e
k=M N + 1 k=M

but z ¢ MV(J) since

M+N M+N
ds(z) = 7(1 — es(|z])) V pe)= Y, 7(pk) >4
k=M

by orthogonality of the py’s. Thus convM(e) € M(8) and the measure topology is not

locally convex. O

The following example shows that it is not always possible to find a sequence of orthog-

onal projections that is required in the hypothesis of Theorem 1.5.5.
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Example 1.5.6 Let My(C) be the von Neumann algebra of 2 x 2 matrices over the
complex field C. There exists a unique, up to multiplication by a positive constant,
faithful finite normal trace, T, on the factor Mo(C), see [KR86] Proposition 8.5.8. Put

M = 691?1,0:1]‘4-2 (C)n

where each My(C), is a copy of My(C) with trace 7, = 5=7. The trace on M is thus

211
Tm = @31 Tn. Note that MP is atomic, that

inf{Tp(p) : p € MP, T(¢(p) #0} =0

and that for any K >0

Z Tm(p) = oo.

TM(P)<K
p atomic

Yet, the trace of any family of orthogonal projections is finite since the trace on M 1is
finite.

In the commutative setting we have a complete characterisation of the conditions under
which the topology of convergence in measure is locally convex. The reason for this is

that the atomic projections in this setting are mutually orthogonal.

Corollary 1.5.7 Let (X, %, 1) be a localizable measure space and p a semifinite mea-
sure. Then the topology of convergence in measure on E:O(X, Y, u) is locally conver if
and only if (X,%, 1) is atomic and inf{u(4) : A € &, u(A) # 0} >0, or (X, %, )
is atomic, inf{u(A4) : A € ¥, u(A) # 0} = 0 and there erists K > 0 such that

> u(4) < oo

p(A)<K
A atomic €X

1.6 M as a sum

Recall that the subspace G(M) of M is the sum M + L;(M) with the canonical
sum norm (Section 1.3). In this section we show that Mv, equipped with the measure

topology, may be regarded as the sum of a normed and a pseudonormed space.

We need the following “triangle inequality”. The case where z and y are bounded was

considered in [AAP82] Theorem 2.2. Using the arguments in the proofs of Lemma 4
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and Corollary 5 of [Kos84], the inequality can be extended to unbounded operators in

M:

Lemma 1.6.1 Letx, y € M. Then there ezist partial isometries u, v € M such that

Iz + y| < ulzlu* + vly|v".

Definition 1.6.2 We define
Mps = {z € M: 7(x(z)) < 0},

where r(z) = 1 — n(x) is the right support of x and n(z) is the projection onto the

kernel of x.

Note that if z is 7-measurable, x is closed and therefore the kernel of z is closed.

It.is easy to see that M= M;s + M as sets. Indeed, M and ./\71775 are contained in M
and hence also their sum. Conversely, let x € M. By the definition of 7-measurability
there exists a projection p € MP with its complement having finite trace and zp € M.
Now z(1 —p)(1 —p) = z(1 —p) and so r (z(1 — p)) < 1—p. Thus r (z(1 — p)) has finite

trace and z(1 — p) is an element of M.

Recall the following definition. Let V be a vector space. A pseudonorm (or.F-seminorm)
is a map p: V — [0, 00) with the properties: '
(i) o(Az) < o(z) for all z € V and |A| < 1,
(ii) limp 00 0 (27) = 0 for all z € V,

(iii) o(z + y) < o(z) + o(y) for all z,y € V.

If o(z) = 0 implies that = 0, then g is said to be an F — norm.

A collection {p4}aca of pseudonorms induces a vector topology on V with a subbasis
for neighbourhoods at zero being {{z € V' : go(z) <€} : € > 0, € A}.

We define

_ e mlx) —
4= )y T €M
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We now show that p is a pseudonorm on M.

Clearly o(z) > 0 for all z € Mrs. To show that o(z) < oo forall z € MES, we use

operational calculus.

We define the function f : [0,00) — [0,00) by f(t) = f&5. Then f is continuous,
concave, monotone increasing and f(0) = 0. Let £ € Mps. Since o(z) = o(|z|) we may
assume that z > 0. Then
o m(z)
= [Ty
=) /0 1+ pe(z)

= [ 7 (m(a)) at
= [T m(f() dt

where the last equality follows by [FK86] Theorem 2.5 (iv) since f is continuous and
increasing. It also follows by [FK86] Theorem 2.5 (iv) that

[ @) dt=r (5.

Since f(t) < 1 for all ¢ > 0 we have that f(z) < e(,00)(x) = r(z) and thus by the above
that

o(z) = 7(f(2)) < 7(x(z)) < oo

We verify the properties of a pseudonorm.

(i) Let € Mrg and let A be such that |A| < 1. Then

_ > m{)T)
o(Az) o /o 1+ pi(Az) at

©  [uelz)
b T e

° pu(z)
/o 1+ pi(x) at
= o(z)

since the function f(t) = =L is increasing. So o()\z) < o(z) for all z € Mpg and

141
NESS
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(i) Let z € Mps. We have that

. 1
lim o (—1—55) = lim M— dt
n—% - \n n=ooJo 14y, (%.’L‘)
o0
= lim mle) g,
n—+o0 Jo n+ ﬂt(g;)
= 0

by the Dominated Convergence Theorem. Hence lim,_, 0 (-};x) =0 forall z €
Mps.
(iii) Let 0 < z, y € Mps.

As before, define f : [0,00) — [0,00) by f(t) = ;. Then

_ /°° (= +y)
o 1+ pm(z+y)

= /Ooof(ﬂt(w+y)) dt

= [TmUe+y) a
= 7(fz+v))

o(z +y)

as before. Since f is continuous, concave and f(0) = 0 we have by [BK90]

Proposition 15 that

r(fa+y) ST (F@) +7 (F@))-

Then it follows as before that

T+ = [ m(f@) di+ [ (@) d

= /0°°f(,1t(x)) dt+/0°°f(ﬂt(y)) dt
o(z) + o(y)- |

l

Hence
o(z +y) < o(z) + o(y)
for0 < z,y € Mps.

Now let z, y € M\;so By Lemma, 1.6.1 there exist partial isometries u, v € M
such that
Iz + y| < ulzlu’ + vlylo".
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Hence

pla + 1) < e ulalu® + olyl)
and since f(t) = 1%; is increasing we have
ez +y) = ellz +yl) < o (ulzlu® + vlyjv7).
By the above we have

o(z +y) < o(ulz|u”) + o (v|ylv*).

Now p¢ (ulz|u®) < pu (|2]) = pe(z) and e (v]ylv*) < pe(y)
by [FK86] Theorem 2.5 and by using the monotonicity of f again we finally have
that

o(z + ) < o(z) + o(y)

for all z,y € Mps.

Define
9(z) = inf{o(y) + |zl : s =y + 2,y € Mps,z€ M}, z € M.

Then ¥ is also a pseudonorm on M and our objective is to show that 1 generates the
topology of convergence in measure.

We first show that 9 is indeed a pseudonorm.

Clearly 0 < 9(z) < oo for all z € M.
() Let z = y+ 2,y € Mpg,z € M, A € 1. Then Az = Ay + Az. But
o (Ay) + |IAz]] < o(y) +|2]l-
Hence

() < inf{o(y)+ | 2|l iz =y +2,y€ Mpg,z € M}
< inf{o(y) + ||zl 1z =y + 2,y € Mrs,z € M}
¥(z).
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(ii) Let z € M and let € > 0. Choose y € Mps and z € M such that z = y + z. So
iz = Ly+Llzforalin € N. Hence 9 (%x) <o (% y) +]|2z]|. Choose N € N such
that o (% y) < £ and ||12|| < £ for all n > N. Hence 9 (%x) <eforalln >N
and thus limy, ¥ (2z) = 0.

(iii) Let 2y, 2o, € M and € > 0. Then there exist y;, Yo € A;i;s and 21, 2o € M such that
Ty = y1+21, T2 = Yo +22 with o(y1)+]|21]] < 9(x1)+5 and o(ya) +|l22f] < I(z2) +5-

Now

VAN

o(y1 + y2) + ||z + 22|

o(y1) + llz1ll + o(y2) + |||l
S 19($1) + 19(.’172) + €

19(:171 + .’172)

IN

which proves the triangle inequality.

We now prove

Theorem 1.6.3
(M,Tcm) = (M;S +M’19())

where
3(x) = inflo(y) + 2]l sz = y+ 2,y € Mg,z € M}, z€M

and

_ [ pe(y) v
Q(y) = /0 —""—"1 n ,Ut(y) dt, y € Mpg.

Proof: Let €,6 > 0 be given. Without loss of generality we may assume that
0<d<1. | |
We need to show that there exists a 4 > 0 such that 9(z) < + implies that z € M(e, §).
Choose n > 0 such that n < § and define v = min{z¢, 55%(6 — n)}.

Let £ € Mps + M such that 9(z) < . We want to show that z € M(e, §).

Using the definition of 9(.) there exist y € Mpg and z € M such that z = y + z with
o(v) + |l2]l < 9(z) + v < 2v. Now ||z|| < 2v and hence z € M(27,7).
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If v = 1e then M(2v,1) = ( 6,n) and if v = 22Jre(d n) then M(27,n) C M( €,17)

(5% < % implies 255(§ —n) < 35 since0 <n<d<landsod—n<1).

2+€ 2 2+ (

Hence z € M(ke, ).
Also ofy) < 27.

We show that y € M( €,0 —n). So suppose for a contradiction that y & M( 6,0 —n).

This means that dy (|yl) = 7 (e(afm)(ly])) > § — 1. It follows by the definition of
the generalised singular function of y that m_{t € (0,00) : u(y) > %6} > § — 1, where
m denotes Lebesgue measure on the positive real line. (We write [u(y) > %e] for
{t € (0,00) : pe(y) > %e} .) This implies that

e m(y)
oW = f T

/ 1e(y) +
[1w)>3q 1+ pe(y)

2¢ _
>1+( n)
€

- 2+6( - )

Hence o(y) > 5(0 —n) > € = 29, contradicting the fact that o(y) < 27.

Hence y € M(%e,d —7) and

x—y—i—zEM(—eé 77)+M( en)C M(e, 8).

Conversely, let v > 0 be given. We need to show that there exists ¢ > 0 such that
z € M(e) implies that 9(z) < 7.

Choose € = £.

If z € M(e) then dc(|z]) = 'r(e(f,oo)(lxl)) < e. We can write = Ze(eqo0)(|z]) +
zep,q(|z]) with zer )(z]) € Mg since T( (xe(f ooy {|z]) )) <7 (e(e,oo)(lxl)) < ¢ and
lzepa(lz)ll < e

Define y = ze(,c0)(|z]) and z = zepq(|z|). So

@)

26



dellzD)  py(y)
LN AN/
/o 1+ w(y)

de(lz)
/ 1dt
0

= d|z}) <e

Hence 9(z) < o(y) + ||2]| < 2¢ = v and the two topologies coincide. O

1.7 M as a direct sum

Let M be a semifinite von Neumann algebra with a faithful semifinite normal trace 7
and suppose that MP is atomic, inf{r(p) : p € MP, 7(p) # 0} = 0 and there exists
a constant K > 0 such that > 7(p) < co. We have seen in Section 1.5 that the

r(p)<K
p atomic }
measure topology in this case is locally convex. We show that in this case there is a

natural way of writing M as a direct sum topology.
Put P = {p € M?: 7(p) < K} and put q= \/ p. We show that q is central. For this

pEP
it will suffice to show that u*qu = q for every unitary u in M. Suppose p € P. If u is

unitary in M, then u*pu € P since (u*pu)? = u*pu and the trace is unitarily invariant,
that is, T(u*pu) = 7(p) < K. Similarly u*pu € P for a unitary operator in M implies
that p € P. Thus for a unitary operator u in M we have that
a=\p=V u'pu
pPEP peP
Let u be a unitary operator in M. Now q > p for all p € P and hence we have that
u*qu > u*pu for all p € P. Now suppose e € MP also satisfies e > u*pu for all p € P.
Then uveu* > uu*puu* = p for all p € P. Hence ueu* > q and thus e > u*qu. By

definition of suprema u*qu = \/ u*pu and thus by the above paragraph that
pEP

a=\/p=V vpr=1v'qu.
pe?P pEP
This holds for all unitary u € M and hence q is central.
We now have a direct sum decomposition

M=aMqe (1~ Q)ﬂ(l -q)
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by noticing that qgM(1 — q) and (1 — q)Mq are trivial since q is central.

We note a few results about reduced algebras. As for von Neumann algebras, we
similarly define reduced algebras for M. Ifz € M and q € MP? we denote by z4 the
restriction of the closure of qz to qH and put Mq ={zq:z € M]}. On the other hand,
let /\,;i/q denote the completion of the reduced semifinite von Neumann algebra M, in
the measure topology generated by the reduced trace 7,. (The reduced trace is defined
in the preliminaries, Section 0.2.) It was shown in [SW93] Theorem 2.3 that Mq = /\,;i/q
and in particular that (Mp)q = (/\’/\t;)o;

Thus :
M=qMq® (1 - QM1 —q) = Mqd M;_,.

We now characterise the measure topology on M as the product of the measure topology
restricted to the reduced algebra ./\7; and the norm topology on M’T_q. We have that

Tem|~ = Tem|~ o) Tem|~ X Tem| —~ -
M Mq®M;_g Mg Mi_q

The projections in (Mtq)p are less than or equal to 1 — q and we know that the

inf{r(p) : p € (Mtq)p, 7(p) # 0} > K > 0 and thus all operators in Mj_q are
bounded and the measure topology equals the norm topology on M,_q4. Hence

Tcmlﬁ 2 '7—C‘IT'L|A»-:(-;1 X ““oo[/q‘;-'- .
-q

Conversely, suppose yo —q 0 in the measure topology in /\/7[/q and z, —o 0 in the norm
topology in Mtq. Extend both sequences to the whole space by putting them equal
to zero on the appropriate parts, that is, for each a redefine y, as yoq + 0(1 — q) and
similarly for z,. Put 24 = ya + 2z, and we need to show that pi(za) —q 0 for all ¢t > 0.
Solet ¢ > 0 and € > 0. Choose ay such that [|za||ee < § for all @ > ap. For each a > og
we have that yu4(z,) < § since tl_i}rg}r Lt(2a) = ||2all and p.(z,) is decreasing in t. Since

Ya = Yod + 0(1 — q) there exists o; such that It (¥o) < £ for all @ > 1. We have that

pe(ze) < pg(va) + pg(za)
= 2 2

for all & > max{ay, 1} which gives the result.
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In the commutative setting, we can also characterise the measure topology on Mq.

Let us therefore identify M with Lo (X, X, m) in the usual way where (X,%,m) is a
localizable purely atomic measure space with inf{m(4) : A € ¥, m(4) # 0} = 0 such
that there exists a K > 0 with ) m(4) < oo.

m(A)<K
A atomic €D

As before there are countably many atoms A, which we can arrange in descending order

of measure, say m(4,) | 0.
Put F =.U;‘°=1 A,. By hypothesis m(FE) < oo.
Define ¥ = {4 € £: m(4) < K} and mg = m), and similarly for Zx\g, mx\z-

Then

—

Loo(E,Xg,mg) = Lo(E,XE, mg)
since m(E) < oo and
l’::o(X \E, Ex\E,'mx\E) = Loo(X \ E, 2X\E> mx\E)
_since

Theorem 1.7.1 Let (X,X,m) be a localizable, purely atomic measure space such that
there exists a K >0 with Y,  m(A) < cc. Then

m(A)<K
A atomic€Z

(Lo (X, 2, m), Tm) = (Lo(B, B2, mE) @ Loo(X \ B, Bxves mxe), Vp X 1]leo)

where v, denotes the pointwise topology on Lo(E, Xk, mE).

Proof:  We write Ly(F) for Lo(E,Xg, mg) and Lo, (X \ E) for
LOO(X \ E, ZX\E, Tnx\E) We know that

Tmli‘;(x) = TcmlLo(E)GBLoo(X\E) = TC""’|L0(E) X TcmlLoo(x\E)‘

We already have that Tem), oz = |l-lloo 00 Lo (X \ E).

We show that Tcm|'Lo(E) equals the pointwise topology on Ly(E).
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Let € > 0 be given.

A typical neighbourhood of zero for the measure topology on Lo(F) is
N(e)={f € Lo(E) : m{A; € Zg : |f(Ai)]| > €} < €}.

and a neighbourhood of zero for the pointwise topology on Ly(F) is

N
N{f € Lo(E):|f(A)| <€}, NeN, A;€Egfori=1,...,N.

Let (Ai) be the sequence of atoms such that m(4;) J; 0 and Zm ) < oo. There

i=1

exists an N € N such that Z ) < €. Thus
=N

N-1
(N {f € Lo(E) : | f(A)] < e} SN (e).
=1

Conversely, let § < min{e, m(4;),...,m(An-1)}. Then

S U € 1alB): 1740 < o}

since A/ (6) does not include any f € Ly(E) such that |f(A4;)] > e for i = 1,.

since these A;’s have measure bigger than 4.
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Chapter 2

Singular functionals on Banach

function spaces

The usual definition for singular linear functionals on a Banach function space uses the
lattice structure of the space of all continuous linear functionals on the space. Singular-
ity is first defined for positive functionals, and then extended to arbitrary functionals
by requifing all the positive components in the standard decomposition of a continuous
linear functional to be singular. In this chapter several equivalent characterisations of
singular functionals on Banach function spaces are investigated, in particular charac-
terisations that are independent of the lattice structure of the dual space. This is done
in order to find a suitable definition for singular functionals in the non-commutative

setting, where the lattice structure is in general not available.

We present known results in the literature augmented with some new results in Section
2.2. We commence by giving an overview of the known duality theory for Banach
function spaces, with the emphasis on singular functionals. In Section 2.2 we give
equivalent characterisations for singular functionals on Banach function spaces and in
Section 2.3 we investigate the role which the subspace of functions with order continuous

norm plays in characterising singular functionals.

31



2.1 The dual of a Banach function space

Suppose (X, ¥, 1) is a localizable measure space, p a function norm on Lo(X, X, 4) and
L,(X,%, 1) a Banach function space. When there is no danger of confusion we will
write L, for L,(X,%, ).

Recall that the set of p-continuous linear functionals on L, is denoted by L.

Definition 2.1.1 A functional ¢ € L, is normal (or order continuous ) if for every
net
fa 4o 0in L, we have that ¢(fs) —a O.

The set of normal functionals will be denoted by L7". A functional ¢ € L is o-normal

(or o-order continuous) if for every sequence
fn 1 0in L, we have that ¢(f,) —» 0.

The set of o-normal functionals will be denoted by L3°".

Recall that a Riesz space is order separable if every nonempty subset that has a supre-
mum contains an at most countable subset with the same supremum. For spaces that
are order separable we have that the set of normal functionals on them equals the set of
o-normal functionals, {Zaa83] Theorem 84.4. If (X, %, u) is o-finite, then the space of
equivalence classes of real valued p-measurable functions on X over the real field with
the p almost everywhere ordering, Ly, is order separable by [LZ71] Chapter 4, Example
23.3 (iv). (Lo, is super Dedekind complete which means it is Dedekind complete and
order separable.) Let L,, denote the real vector subspace of real valued functions in
L,. We know that L, is an ideal in Ly, and is therefore itself order separable ([LZ71]
Chapter 4, Theorem 25.2). Hence if (X, %, u) is o-finite then L} = L37".

For ¢, p € L, we write ¢ < ¢ meaning that (f) < o(f) for every f € L,.
Definition 2.1.2 A positive functional ¢ € L is called singular if

0y <pwithye L*=>9=0,
that is, if the only positive normal functional ¢ majorizes, is the zero functional.
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We may define “o-singular functionals” by replacing normal functionals with o-normal
functionals in the above definition. Note that for order separable Riesz spaces it does
not make a difference whether we use o-normal or normal functionals in the definition

for singular functionals. We will only consider singular functionals as defined above.

We decompose ¢ € L in the following manner. (For full details we refer the reader to
[Zaa67] Section 50.) Given f € L,,, we write

o(f) = or(f) + ipim(),
where ¢,(f) and @;,(f) are the real and imaginary part, respectively, of ¢(f). Then

¢r and ;5 are real linear bounded functionals on L, ,. Define
o (f) =sup{epr(9):0<g< fgeL,,}, 0 feL,,
and

oy (f) =o(f) = 0f (f), 0L f €Ly,

Decompose ¢;,, similarly. The functionals ¢, oo, @t . ¢;. are well-defined, additive
and positive on the set of positive functions in L,,. The functional ] defined on L,

is extended to L, by defining

o7 (f) = ¥} (g) +ipf(R)
for f = g+ 1ih € L, with g,h € L,,. Similarly for ¢, ¢}, and ¢;,. The extended
functionals are positive, bounded linear functionals on L, and
0 =0F — o7 +i(ph — 0m).

This is known as the standard decomposition of ¢ into positive parts.

Definition 2.1.3 A functional ¢ € L, is called singular if each of its positive parts in
the standard decomposition is singular. The set of singular functionals is denoted by
L.

p

Every functional on L, can be written uniquely as the sum of a a normal and a singular
functional, [Zaa67] Theorem 2. The normal part has an explicit representation. If ¢,
denotes the normal part of ¢ € L, then for 0 < f € L, we have that

walf) = inf{lign(»o(fa) 0L fate £, (fa) © Lp}7

by [AB85] Theorem 4.6. As before, whenever the measure space is o-finite, we may

replace the nets by sequences in the above representation.
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2.2 Characterisations for singular functionals

As before, let (X,%, u) denote a localizable measure space, p a function norm on
Lo(X,%, p) and L,(X, X, u) a Banach function space of complex valued functions. In
this section we show that a functional on L,(X, &, u1) is singular if and only if it vanishes
on an order dense ideal in L,(X,3, u). This result is known for Banach function spaces
of real valued functions over the real field and when the measure space is o-finite,
[Zaa83] Section 90. In our proof we need to consider decompositions of functionals

corresponding to decompositions of the underlying measure space.

Let X=Y®Z,ie. X=YUZandYNZ=40. (Y,Z#0.) Denote by ¥, the set of
all ANY such that A € ¥, and put y,(4) = u(ANY) for A € ¥. The set ¥, and .
measure jj, are defined similarly. For a function f € L,(Y,X%),, 1, ) we define

f(z) ifz €Y and

0 otherwise

fr(z) = {
and we define fz similarly. Then we have that
Lo(X,E, u) = Lo(Y, 2y F‘Iy) ®VLP(Z> Xz le)‘

We use L,(Y) and L,(Z) for short.

Let 0 < ¢ € L. Define gy on L,(Y) by ¢y (f) = ¢(fy) for all f € L,(Y).

Lemma 2.2.1 Let 0 < ¢ € L;. If ¢ is singular on L,(X) then py is singular on
L,(Y).

Proof:  Let 0 < ¢ < gy where ¢ € L;"(Y). Extend ¢ to L, (X) by defining

Yx(f) = v (fxv)

for all f € L,(X), where xy denotes the characteristic function of the set Y. Then

¥x is linear and continuous on L,(X) since ¢ is linear and continuous on L,(Y) and

p(frn — f) —n 0 implies that p(fuxy — fXxy) == 0.

We show 9 x is normal on L,(X). Let f, 1o 0 in L,(X). Then fc;Xy o 0in L,(Y). By
normality of 1 on LP(Y) we have that Vx(fa) '—"'l/)(faXy) —a 0.
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Also

0 <9¥x(f) = v(fxy) < ov(fxy) = o ((fxr)y) < ©(f)
for all f € L,(X) since (fxy)y = fxy < fforall f € L,(X) and ¢ > 0. Since ¢ is
singular on L,(X), ¥x(f) = ¥(fxy)=0forall f € L,(X). Thus ¢ =0on L,(Y) and
so gy € L*(Y). ' O

Recall that a Riesz subspace V' of an Archimedean Riesz space L is said to be order
dense in L if for every 0 < f € L there exists g € V such that 0 < ¢ < f. An equivalent
condition is that for every 0 < f € L there exists a net (f,) € V such that 0 < f, 1o f
([AB78] Theorem 1.14).

The element f in a Riesz space L has the Fgoroff property if given any double sequence
(unk)og=1 in L with
0 <wup e |flforn=1,2,...
there exists a sequence 0 < v, 1, |f| such that for every m and n there exists a
k(m,n) € N with
U < Unk(m,n)-
The space L has the Egoroff property if every element of L has the Egoroff property

([LZ71] Chapter 10, Definition 67.2). It follows from the definition of the Egoroff
property that any ideal of a space with the Egoroff property will also posess the property.

Proposition 2.2.2 Let (X, L, u) be a o-finite measure space and functions in L, be
real valued. Let 0 < p € L;. If ¢ is singular, then there exists an order dense ideal T
in L, such that o(T) = {0}.

Proof: = We first note that L, has the Egoroff property. Indeed, the set of real valued
functions in Lo(X, X, i), Lo, has the Egoroff property by [LZ71] Chapter 10, Theorem
75.2, and since L, is an ideal in Lg,, it has the Egoroff property.

Let 0 < ¢ € L;. Suppose that ¢ is singular. Define

I=A{f€Ly:¢(|f]) =0}

(The set T is called the absolute kernel of the functional ¢.) It follows easily by positivity
of ¢ that T is an ideal. We need to show that T is order dense in L,. Let 0 < f € L,.
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The normal component of ¢ is zero, that is,
en(f) =inf{lime(fr) :0< fe 1 f} = 0.

By [Zaa83] Chapter 12, Exercise 90.13 the infimum is attained since L, has the Egoroff
property. Thus there exists a sequence 0 < fx 1 f such that 0 < o(fx) 1% ¢(f) =0
and so f; € 7 for all k. Note that there exists kg such that f; # 0 for all k¥ > kg since
f > 0. Thus T is order dense in L,. a

Theorem 2.2.3 Let (X,%, ) be a localizable measure space and the functions in L,

be real valued. Let p € L. Then the following statements are equivalent.

(i) ¢ is singular.

(it) There exists an order dense ideal Z in L, such that (I) = {0}.

Proof: Let {A,} be a maximal disjoint system of sets, each with finite measure.
This is possible by using a routine Zorn’s argument and the semifiniteness of x. For
each « the restricted space L,(A,) is a function space on a finite measure space. Embed

L,(A,) as a subspace of L,(X) by putting

f(z) ifz € A, and

0 otherwise

fa.(2) ={

for f € L,(Aq). Then fa, € L,(X). We do this for each function in L,(A,) and rename
the extended space L,(A,). Then L,(A,) is an ideal of the Dedekind complete space
L,(X) and thus also Dedekind complete by [LZ71} Chapter 4, Theorem 25.2.

Suppose ¢ is singular. Then || is singular since all the components of ¢ are singular
by definition. For each o we have that A, ® X\ Ay = X and thus by Lemma 2.2.1 that
|||, is singular. By Proposition 2.2.2 we have that for each o there exists an order
dense ideal J, in L,(A,) such that |p|a,(Ja) = {0}. As before, embed J, in L,(X).
Then |¢|(Js) = {0} for each a. Put J = [ J, and consider the ideal, Z, generated by

acA .
J in L,(X),

I={feL,:thereexistn €N, fi,...,fn € J, A1,..., \p € RT with [f] < DA fil}-

=1
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We show. that ¢(Z) = 0. Let f € Z. Then there exist fl,-}--,fn € J, A,...,\n €
R*, n € N, with |f| < X%, Ailfi]. Hence
ol (1) < Do Addel(1/i) = D X0 =0
i=1 i=1
since f; € |J Jo for i = 1,...,n. Hence since lo(H)| < lo|(lf]) = 0 we have that
acA ’
o(f) =0.

We need to show that Z is order dense in L,. Let 0 < f € L,. Then
0 < f =supsup f Anxa,.
Q n

Thus we have that f A nx4, # 0 for at least one ng and one . Also f Angxa,, < f
and hence f A ngxa,, € Ly(Aa,)- Since Ju, is order dense in L,(4,,) there exists
0 < g € Jo, such that 0 < g < f Angxa,, < f. Since g € J C T we have that 7 is

order dense.

Conversely, suppose there exists an order dense ideal Z in L, such that ¢(Z) = {0}.
Let us first suppose that 0 < . We will show that the normal component of ¢ is zero.
Let 0 < f € L,. The normal part of ¢ is

@n(f) = inf{limp(fa) : 0 < fo Ta f}-

We know that ¢, (f) > 0 since ¢(f,) > 0 for all f, > 0. Let € > 0 be given. Since Z is
order dense, there exists a net (f,) in Z such that f, 1, f, and we have ¢(f,) = 0 for
all . Hence lim, ¢(f,) = 0 and so ¢,(f) = 0. This holds for all 0 < f € L, and so ¢

is singular.
Now suppose that ¢ € L) and let 0 < f € Z. We decompose ¢ into its positive parts,
p=9pr—p.
If 0 < g < f then g € Z, since Z is an order ideal, and hence ¢(g) = 0. Thus
o (1) = suplple) 0 g < f} =0
Hence ¢ (Z) = {0} and by the above ¢* is ‘singular (since p* > 0). Now if f € Z, then
¢ (f) = o*(f) —w(f) =0-0=0,
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and hence ¢~ (Z) = {0}. Again by the above we have that ¢~ is singular (¢~ > 0).

Hence ¢ is singular. m]

Suppose L,(X, %, 4) is a complex Banach function space. We may think of L, as the
complexification of the real Banach function space L,,, that is, L, = L, +1L,,. The
set of real elements in the ideal Z will be denoted by Z,. We have the following ([Zaa83]
Chapter 12, Theorem 91.6)

Theorem 2.2.4 Let L,(X,%, 1) be a complex Banach function space. If T is an ideal
in Ly, +1iL,,, then T, is an ideal in L,, and T = I, +1Z,. Conversely, if J is an ideal
Ly, then T+ 17 is an ideal in L,y +iL,, and (J +iT)r = J.

Corollary 2.2.5 Let L,(X,%, p) be a complez Banach function space. Suppose that T
and J are ideals in L,. Then
Ingd),=L.nT.

" Definition 2.2.6 Let L,(X,%, 1) be a complez Banach function space. We say an

ideal T is order dense in L, if I, is order dense in L, ,.

Zaanen defined an ideal Z to be order dense in L, if the band generated by Z is the
whole space L, +iL,,. This is equivalent to the above definition ([Zaa83] Chapter 12,
Section 91).

Theorem 2.2.7 Let (X,%, 1) be a localizable measure space and let the functions in

L, be complex valued. Let p € L;. Then the following statements are equivalent.

(i) ¢ is singular.

(it) There ezists an order dense ideal T in L, such that o(Z) = {0}.

Proof:  Let ¢ € L, be singular and decompose it into its real parts

@ = Qr + 1Pim.-

Each of the positive parts in the standard decomposition of ¢ is singular by definition.
It follows that |¢,| and |im| are singular on L,,. By Theorem 2.2.3 there exist an
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order dense ideal J; in L,, such that |¢.|(J1) = {0} and an order dense ideal J5 in L, ,
such that |gim|(J2) = {0}. Put 1 = 1 +iJy, o= Ja+iJoand T = J1NJ2. By
Theorem 2.2.4 J; and J; are ideals in L, and thus Z is an ideal in L,.

We first show that ¢(Z) = {0}. Let f € Z. Thus |f] € Z, by Theorem 2.2.4 and
thus |@-[(|f]) = |@im|(If]) = 0 by Corollary 2.2.5. Since |@-(f)| < l#|(|f]) = 0 and
|@im(F)| < leml|(|f]) = 0 we have that

o(f) = or(f) + ipim(f) = 0.

We show that T is order dense in L, by showing that Z, is order dense in L, .. Therefore
let0 < f € Lp,r. Since Ji is order dense in L, , there exists g € J; such that 0 < g < f.
Since J, is order dense in L,, there exists h € Jp such that 0 < h < g < f. Since Jy is
an ideal, h € J; and hencé h € T, by Corollary 2.2.5. '

Conversely, suppose there exists an order dense ideal Z in L, such that ¢(Z) = {0}.
Then Z, is an order dense ideal in L,, by definition and Z = Z, +1Z, by Theorem 2.2.4.
Hence {0} = ¢(Z) = ¢(Z,)+ip(Z,) and (1+3)p(Z;) C ¢(Z;)+ip(Z,) which implies that
©(Z,) = {0}. Decompose ¢ = @, +ipim. Let f € I,. Then 0 = o(f) = - (f) +igim(f)-
Hence ¢,(Z,) = {0} and ¢in(Z,) = {0}. Since Z, is order dense in L,, it follows by

Theorem 2.2.3 that ¢, and ¢;,, are singular and therefore ¢ is singular. O

We give another equivalent characterisation for singular functionals. We denote by
supp(f) the support of f € L,, that is, the set {x € X : f(z) # 0}.

Theorem 2.2.8 Let (X, %, u) be a localizable measure space and the functions in L,

be complez valued. Let ¢ € L;. Then the following statements are equivalent.

(i) There exists an order dense ideal I in L, such that ¢(I) = {0}.

(it) For all A € ¥ with u(A) > 0 and x4 € L, there exists B C A with u(B) > 0 such
that p(xg) = 0. ‘

Proof:  Suppose there exists an order dense ideal Z in L, such that ¢(Z) = 0. Let
A e X with u(A) > 0and x4 € L,.
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Suppose ¢ is positive. Since Z is order dense there exists 0 < f € Z such that 0 < f <
x4. There exists a sequence of step functions with supp(f,) C supp(f) C A such that

k
fa Ta f. Choose one of them, say fn, = > Aixa, with say pu(A4x) > 0. Then

=1
Ay, € supp(fa,) € supp(f) C A

and 0 < Apxa, < fro < f. Then

0 < o(Akxa,) < @(f) =0
and hence by linearity o(xa,) =0.

Suppose ¢ € L. Decompose it into its positive parts

o =0F =7 +i(ph — o) -
By the above there exists A; with pu(A;) > 0 such that A; C A and ¢} (x4,) = 0.
Given A;, by the above there exists A; with u(A;) > 0 such that A, C A, C A
and ¢; (x4,) = 0. Note that also ¢} (x4,) = 0. Continuing, we can find A3 and Ay,
each with positive measure such that each positive functional vanishes on x4,. Hence
¢(x4,) =0.

Conversely, suppose for all A € £ with u(A4) > 0 and x4 € L, there exists B C A with
u(B) > 0 such that ¢(xg) = 0. Put

I={f €Ly :lel(lf]) =0}.

Then Z is an ideal in L,, and so Z +iZ is an ideal in L,. We need to show that Z + i
is order dense in L, and that ¢ (Z +¢Z) = {0}. Let 0 < f € L,,. As in the first
part of the proof we can find Ay C supp(f) with pu(Ax) > 0 and a A, > 0 such that
0 < Axxa, < f. By hypothesis there exists B C A; with positive measure such that
¢(xs) = 0. Hence
<P(/\_kXB) =0

and 0 < AgxB < Apxa, < f. So Agxs € T and hence Z is order dense in L,, and by
definition Z + i7 is order dense in L, . ‘

To show that ¢(Z) = {0}, we decompose ¢ into its real parts. As in the first part of
the proof of Theorem 2.2.3, it follows that each of the real parts of ¢ vanishes on 7.
Thus ¢(Z) = {0} and hence ¢ (Z +iZ) = {0}. - . o
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Corollary 2.2.9 Let (X, %, 1) be a localizable measure space and let the functions in

L, be complez valued. Let ¢ € L;. Then the following statements are equivalent.

(i) @ is singular.
(4i) There exists an order dense ideal T in L, such that o(Z) = {0}.

(iii) For all A € ¥ with p(A) > 0 and x4 € L, there exists B C A with p(B) > 0
such that p(xg) = 0. '

2.3 Singular functionals and elements with order

continuous norm

We have seen that ¢ € L;* if and only if it vanishes on an order dense ideal in L,. If L,
is real then this ideal can be taken to be the absolute kernel of the functional. Hence
for different functionals the order dense ideal on which it vanishes may be different.
We show in this section that for a large class of spaces there is an order dense ideal on

which all the singular functionals vanish.

In this section we assume that the measure space (X, Y, 1) is o-finite. Recall that the
norm p on Ly(X, Y, p) is called saturated if for every set A € X there exists B C A
with positive measure such that p(xp) < co. Without loss of generality we may assume
that the norm p is saturated when we consider the Banach function space L,(X, X, )
(since the measure space is o-finite, see [Zaa67] Chapter 15, Section 67). Recall that
a function f in L,(X, X, i) has order continuous norm whenever p(f,) |, 0 for every
sequence (f,) in L, with |f]| > f, |, 0 p-a.e. An equivalent condition is the f.ollowing:
p(fxa,) 4n 0 for every sequence (4,) in & that decreases to a set of measure zero. Let
L, denote the set of functions in L, with order continuous norm. We say L, has order

continuous norm if L, = L, ,.
If V C L, then we define the annihilator of V as the set
Vi={pe Ly :o(f)=0forall f € V}.

We also need to introduce the carrier of an ideal in L, (as was done by [Zaa67] Chapter
15, Section 72). Recall that D C X is disjoint to the ideal Z if f(z) =0 p—ae. on D
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forall f € Z. For F € ¥ with ﬁnite measure, put
§ =sup{u(D) : D C F, D is disjoint to Z}.

By the definition of the supremum we can find an increasing sequence (D,) C F of
subsets, each disjoint to Z such that w(Dy) 15, 8. Put

D= D
n=1

Then p(D) =4, D is a maximal subset of F disjoint to Z and D is uniquely determined
(except on a set with measure zero) by this property. Now by o-finiteness of (X, %, u),
there exists X, 1, X with u(X,) < co for all n. Let F; = X, Fry1 = Xp41 — X, and
let D,, be the maximal subset of F;, disjoint to Z for all n. Then

is the maximal subset of X disjoint to Z. The set
carrier(Z) = X \ D
is called the carrier of Z. By [Zaa83] Chapter 14, Theorem 102.8 we have that
Ly CL, |
Also by [Zaa67] Chapter 15, Theorem 72.6,
LI;S = LPJ:O'

if and only if the carrier of L,, = X. We show that L,, is order dense in L, if and

only if the carrier of L,, = X.

Proposition 2.3.1 Let (X, X, ) be a o-finite measure space. Then the following state-

. ments are equivalent.

(a) L, , is order dense in L,.

(b) The carrier of L,, equals X.
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Proof:  Let L,, be order dense in L, and suppose for a contradiction that the carrier
of L, does not equal X. Let A € X \carrier(L,,) with (A) > 0. Since p is saturated,
there exists B C A with positive measure such that p(xg) < co. There exists f € L,,
such that

0<f<xs

since L,, is order dense in L,. As in the proof of Theorem 2.2.8 we can find Ay C
supp(f) C B and Ay > 0 with
0 < AkXAk S f‘

Hence x4, € L,, and so A C carrier(L,,) which is a contradiction.

Conversely, suppose that the carrier of L,, is X. Let 0 < f € L,. As before we can
find Ax C supp(f) and Ax > 0 with

0<Xxa < f

Let Y, 1o X be such that xy, € L,, for all n. This is possible by the definition of the
carrier and the exhaustion theorem, [Zaa67) Chapter 15, Theorem 67.3. Hence

ANY, T AN X = Ay
and hence A; NY, # @ from some n onwards, say A; NY,, # 0 . Now

0< /\kXAkﬂYno <Xxa, X f

and A\pXa,nva, € Lpe- Thus Ly, is order dense in L. s

There are alternative conditions on L, that will ensure that L* = L. The closure in
L, of the set of bounded functions whose supports have finite measure will be denoted
by L,p. We have that
Lpﬁv CLy?
by [dJ73] Theorem 2.5 . Together with
* 1
LyPC Ly
we see that
*s __ 1 _ 1
Lps - Lp,a - Lp,b

whenever Ly = Lyp.
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Let Xr denote the set of measurable sets in ¥ with finite measure. Recall that simple
k

functions are functions of the form »_ a,x4, where s are scalars and A4, € T for
n=1

n=1,2,...,k for some k € N. Note that ¢ € L} is equivalent to ¢(x) = 0 for all
A € X since L, is the closure in L, of the simple functions by [BS88] Chapter 1, .
Proposition 3.10. Thus if L,, = L, then p € L} is singular if and only if

@(xa) =0forall A € Tp.

We now have two equivalent characterisations for singular functionals in terms of char-

acteristic functions whenever L,, = L, ;.

Proposition 2.3.2 Let (X, X, 1) be a o-finite measure space. Suppose Ly, = L,; and

¢ € L;. Then the following statements are equivalent.

(a) p € L, is singular.
(b) o(xa) =0 for all A€ Zp.

(c) For every A € ¥ with u(A) > 0 there ezists B C A with p(B) > 0 such that
¢(xs) = 0.

The implication (b) = (c) holds for semifinite measure spaces without the assumption

that L,, = L,;. The example below shows that (c) = (b) does not generally hold.

Example 2.3.3 Consider the space of all bounded real valued sequences o, with the
1

supremum norm over the measure space (N, P(N),v) where v(n) = 3:. Note that
v(N) < co. Define the continuous linear functional on the subspace, ¢, of all convergent
sequences in Lo, by.
px) = lim 2

where x = (z,) € ¢ C ly. FEztend ¢ to a continuous linear functional on fy by
the Hahn-Banach Theorem. We denote the extention again by ¢ and the subspace of
sequences that converge to zero by c¢y. Note that by q = ¢y # oo = Loop and that ¢ is
“an element of ¢gt, that is, p(x) = 0 whenever x € ¢;. Now take A =N in ¥ = P(N).

(Note that x~ is the sequence (1,1,1,...)). Then condition (c) of Proposition 2.8.2 is
oo
satisfied but not condition (b) since0 < v (N) = > v(n)=1< oo yetp((1,1,1,...)) =
. n=1
C1#£0.
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A Banach function space L,(X, ¥, p) is called rearrangement invariantif f € Lyand g €
L, with p(f) < u(g) implies that f € L, and p(f) < p(g). Let L, be a rearrangement
invariant Banach function space. Recall that the fundamental function, ®, of L,, is
defined as

D,(t) = sup{p (xa) : u(4) < t; A€ Xr}

for allt > 0. The function &, is non-decreasing, right-continuous on (0, 00) and ®,(0) =
0. For rearrangement invariant Banach function spaces we use the fundamental function
to give us yet another condition to ensure that L,, = L,3, or equivalently, that the

carrier of L,, = X.

Suppose (X, X, 1) is a continuous measure space and that L,(X, %, u) is rearrange-
ment invariant. The fundamental function &, being right-continuous at zero (we write
®,(0%) = 0) is equivalent to L,, = L,p, by [BS88] Chapter 2, Theorem 5.5(b). Hence
*S 1 1
LyY=L,,=L

- “pa pb

whenever ®,(0%) = 0. We will extend this result to all measure spaces in the more
general setting of induced Banach operator spaces in Section 3.4. Note that if L, has

order continuous norm, then L, = L,, = L, and thus

*$ ___ 1
L} =L} ={0}.

We mention a few examples of spaces whose fundamental functions are right-continuous

at zero.

- Examples 2.3.4 (i) Let (X, X, p) be a o-finite measure space. Then for the spaces
Ly(X, %, 1), (1 £ p < o0), with the usual Ly-norm we have that ®,(t) = tv for
0 <t < u(X). Hence Lpo(X,Z,n) = Lpp(X,Z, 1) = Lp(X, %, u) and the only

singular functional on L, is the zero functional.

(i) The space (L1 + Lo )(0, 00) with the canonical sum norm has fundamental function
@pr, 4L, (t) = min{¢, 1} for t € [0,00) and is therefore right-continuous at zero.
Hence (L1 + Leo)a = (L1 + Loo)s and (L1 + Leo) ** = (L1 + Loo) it = (L1 + Loo)s*-
Note that (L1 + Leo)a # (L1 + Loo) in this case.
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(iii) Let ¢ : [0,00) — [0,00) be a concave function such that ¥(0) =0 (¢ £ 0). We
define the Lorentz space

Ay = {f € Lo(0,00) : /D°° () d(t) < oo}

where the integral is an improper Stielijes integral. Define the norm for f € Ay
by
o0
1fllng = [ malf) au(@).

Then (Ay, ||f|la,) is a rearrangement invariant Banach function space. The fun-
damental function of Ay equals . These facts may be found in [KPS582] Chapter
2, Section 5.1. Now if $(0) =0 then Ay, = Ay, and

*5 ___ 1 _ L
Ap® =Ny =AMy

If in addition ¥(o0) = oo then Ay = Ayyp by [KPS82] Corollary 5.8, and thus in
this case the set of singular functionals is trivial.
(v) Let ¢ : [0,00) — [0,00) be a concave function such that 1(0) = 0 (¥ # 0) as in

the previous ezample. For f € Lo(0,00) define the function norm ||.||a, by

1 ¢
£ llaz, =Stl>lg‘¢—(z)‘ /0 us(f) ds

and the Marcinkiewicz space
My ={f € Lo : ||fllm, < oo}.

(My, |-, ) s a rearrangement invariant Banach function space and the funda-
mental function for M, is ﬁ-ﬁ, [KPS82] Chapter 2, Section 5.2. If the fundamen-

tal function is right-continuous at zero then My, = My and

(My) ™ = (Myo) " = (Myy) ™"

(v) All sequence spaces over the measure space (N, P(N), ¢) where c denotes counting

measure, have fundamental functions that are right-continuous at zero.

Suppose L, is a rearrangement invariant Banach function space on a continuous measure .
space (X, Z, u). If &,(0%) > 0 then by [Con76] Proposition 3.2.5 we have that L, < Loo.
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By the discussion above, we also have that L, , # L, if and only if ®,(0%) > 0. In fact,
we have that L,, = {0} whenever ®,(0%) > 0. Indeed, if ®,(0") > 0 then carrier(L,,)
is a proper subset of the measure space X by [Con76] Proposition 3.2.2. We also have
that carrier(L,,) equals either the whole space X or is empty, by {Con76] Corollary
3.2.4. Thus carrier(L,,) = ¢ and thus L,, = {0}. We give a few examples of spaces

whose fundamental functions are not right-continuous at zero.

Examples 2.3.5 (i) For Ly,(0,00) with the usual supremum norm and Lebesgue mea-

sure, the fundamental function is

é(t)~ 0 ift=0
YT 1 ifte (0,00)

and thus ®(0%) =1 > 0. We have that Loo, = {0} # Loy # Loo-
(i1) Considering (L1 N Ly, )(0,00) we have that

0 ift=0

DrinLe () = { max{1,t} ifte (0,0c0)

Therefore (L1 N Ly), = {0} # (L1 N Leo), = L1 N Loo. (The latter equality can
be found in [KPS582] Chapter 2, Section 8.1.)

(iii) Recall the Lorentz space from Ezample 2.8.4 (iii),
Ay ={f € Lo(0,00) : [ pu(f) d(t) < oo}
with the norm

| Mflla, = [ () du®
for f € Ay and fundamental function . If p(07) > 0 then

Aye = {0} # Ayp.

- (This equality also holds for the Marcinkiewicz space defined in Ezample 2.3.4 (iv),
if its fundamental function is bounded away from zero.) If in addition 1(o0) = oo,
then we have that Ayp = Ay by [KPS82] Chapter 2, Corollary 5.3. As we have
remarked above, if Y(0%) > 0 then Ay, — Loo(0,00). If in addition 9(00) < 00
then Lo, (0,00) < Ay and hence Ay = L(0,00) ([KPS82] Chapter 2, Section

5.1), which can also be seen by _t/%e remark following the ezamples.
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(iv) Consider the space of all bounded sequences Ly, with the supremum norm over the
measure space (N, P(N), v) where v(n) = 5= for alln € N (as in Ezample 2.3.3).
Then @, (0%) =1 >0 and looe = o 7 Loop = Loo-

It is interesting to note the following. Let L, be given and let Ay, and My, denote the
Lorentz and Marcinkiewicz space respectively, where ®, is the least concave majorant

of the original fundamental function on L,. Then we always have that
As s Lp “ My o

by [KPS82] Theorems 5.5 and 5.7. Now if ®,(07) > 0 then by [Con76] Proposition
3.2.5 we have that
Ag, = L, = M, = L.

If $,(0%) = K > 0 and lim &,(¢) < 0o then using

1fla, = Uflloo®p @)+ [ el T(2)

< fllook + 1Sl [ ®(0) 0
= Ifllool + M)

for some constants K, M > 0 and for all f € Ag,, we have that
Ly — As,.
Thus if $,(0*) > 0 and tl_l_glo ®,(t) < oo we have that
Lo = A, = L, = Mg, = L

and hence all these spaces are isomorphic to L.
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Chapter 3

Singular functionals on Banach

spaces of measurable operators

A Koéthe duality theory for normed rearrangement invariant operator spaces was de-
véloped in [DDP93], but a general theory for singular functionals on such spaces is
still not available. The case of singular functionals on von Neumann algebras has been
considered (see for example [Tak79]), and recently some work has also been done on
the existence of special kinds of singular functionals (singular traces) on certain non-

commutative Marcinkiewicz spaces ([DPSS97]).

In this chapter we give a possible definition for a singular functional on a Banach space |
of measurable operators and investigate some of its consequences. We also investigate
a possible analogue of L,, (the set of functions in L, with order continuous norm) in
the non-commutative setting. We show that for certain Banach spaces of measurable
operators the annihilator of the set of operators with order continuous norm is exactly
the set of singular functionals. We conclude with a classification of rearrangement
invariant Banach operator spaces according to their fundamental functions, similar to

the classification for Banach function spaces.
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3.1 Definition for singular functionals on Banach

spaces of measurable operators

We consider a normed subspace E of M. If the norm is complete, F is called a Banach
space of measurable operators. When it is clear from the context that E C ./(/lv, we shall
also call E a Banach operator space. E is called rearrangement invariant whenever
z € M and y € E with pu(z) < p(y) imply that z € F and ||z||g < ||y|le. Tt follows
by the definition that z € F if and only if z* € F if and only if |[z| € F with equal
norms. If z € F and 0 < u,v € M then uzv € E and |juzv||p < ||ulleo]lzllEl|vlloo. I
E C M is a normed rearrangement invariant operator space, then the natural inclusion
of E into M is continuous, [DDP93] Proposition 2.2. (See [DDP93] Proposition 2.3 and

Corollary 2.4 for conditions that will ensure that the norm is complete.)

The Banach spaces of measurable operators are therefore the natural analogues to
Banach function spaces. We are in search of a definition for singular functionals in
the non-commutative setting. If we consider positive functionals only, we may use an
analogue of the definition for positive singular functionals on Banach function spaces.
A problem arises when we consider functionals that are not necessarily positive. If
E is a real normed operator space then we do have a decomposition of a functional
into the difference of two positive functionals, using the fact that E is order complete
by [DDP93] Proposition 1.1, and then [And62] Lemma 1 and Theorem 1. However,
this decomposition is not unique and does not give an explicit representation of the
positive parts. If we translate the explicit formula for the positive part of a functional
on a Banach function space to the non-commutative setting, we cannot show that
the resulting positive functional is additive. In the commutative setting we use the
Riesz decomposition property, but we cannot use it here because of the lack of lattice
structure. We recall the Riesz decomposition property for a Riesz space L: If 0 <
z,Y,2 € L and 2 = z + y then there exists 0 < u,v € L such that ©u < z,v <y and
z = u +v. Takesaki remarked that the Riesz decomposition property characterises the
commutativity of a C*-algebra, [Tak79] Chapter 1, Remark 7.6, and only an asymmetric
decomposition property holds in general for nonabelian C*-algebras, [Tak79] Chapter
1, Theorem 7.7.

Let E C M be a normed operator space.
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For z,y € M we say that z is submajorized by y, written z <<y, if

/00 pe(z) dt < /00 pi(y) dt

for all § > 0. A normed operator space £ C M is called symmetric whenever z,y € E
and z << y imply that ||z||g < ||y||g. F is fully symmetric whenever z € M,y €E
with £ << y imply that = € E and ||z||z < {|ylle-

We say that E C M is intermediate for the Banach couple (Ly(M), Loo(M)) if
H(M) C EC G(M)

with continuous imbeddings. F is called a properly symmetric normed operator space if
E is a normed rearrangement invariant symmetric operator space that is intermediate
for the Banach couple (L;(M), Lo (M)).

We define normal functionals on a Banach operator space as in [DDP93] Definition 5.8.

Definition 3.1.1 Let E C M be a Banach operator space. Then ¢ € E* is called

normal or order continuous if
Zg 4o 0 in E implies that p(z,) —4 0.

The spacé of all normal linear functionals will be denoted by E*".

An analogue of one of the characterisations for singular functionals in the commutative

setting is suitable to use as a definition for singular functionals on operator spaces.

Definition 3.1.2 Let E C M be a Banach operator space. Then ¢ € E* is called
singular if for every 0 # p € E N MP there exists 0 # q < p € MP such that ¢(q) = 0.
We denote the set of all singular functionals by E*S. :

With this definition, the set of positive singular functionals is closed under addition and
scalar multiplication. It follows directly from the definition that the set of all singular
functionals (not only the positive ones) is closed under scalar multiplication. For closure
under addition let 0 < ¢,% € E*® and 0 # p € E N MP be given. Since ¢ is singular,
there exists 0 # q; < p € MP? such that ¢(q;) = 0. Since 1 is singular there exists
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0 # q2 < di < P &€ MP such that ’(,[)(qg) = (0. Now 0O S (P(CIQ) < (P(Ch) =0 by pOSitiVity
of ¢ and hence
(¢ +¥)(a2) = (q2) + ¥(q2) =0

and so ¢ + 9 is singular.

It follows by the definition of singularity of a functional that the positive functionals
in E*® is solid, in the sense that if 0 < ¢ € E* and 0 < ¢ € E* with ¢ < 7, then
p e E*.

Positive singular functionals on von Neumann algebras can be defined as those that
majorize no non-zero normal functionals (as for singular functionals on Banach function
spaces). By considering a functional as an element of the predual of the bidual (the
bidual is also a von Neumann algebra), it posesses a unique decomposition into positive
components. A functional on a von Neumann algebra is then called singular if each of its
positive components is singular. This definition is shown to be equivalent to Definition
3.1.2, with E = M, in [Tak59], [Ake67] Proposition II.1 and in [Tak79] Theorem 3.8.
We show that a positive singular functional, as defined in Definition 3.1.2, also has the

property that it majorizes no non-zero normal functional. We need

Definition 3.1.3 Let‘ E C M be a Banach space of measurable operators. Then we
define the Kothe dual E* of E by setting

EX={zeM:zyeLiM) forallye E}.

The Kéthe dual is a linear subspace of M. (For its properties see [DDP93] Section 5.)
We shall return to the Kéthe dual in Chapter 4.

Proposition 3.1.4 Let E C M be a properly symmetric Banach operator space. Let
0 < @€ E*. Ifp is singular then 0 < ¢ < ¢, ¢ € E*™ implies that v =0 on E.

Proof:  Suppose 0 < ¢ € E* is singular and let 0 < ¥(z) < p(z) forall0 <z € F
and 9 € E**. We want to show that ¥y =0 on E.

Using [DDP93] Proposition 5.11 there exists 0 < a € E* such that ¥(z) = 7(az) for
all z € E. Suppose that a # 0. Put e = ego0)(a) = r(a) # 0, the (right) support of
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a. By hypothesis there exists 0 # q; < e such that ©(q;) = 0. Hence 9(q;) = 0. Now
if e — q; # 0 then by hypothesis there exists 0 # qo < e — q; such that ¢(q2) = 0 and
thus 1(q2) = 0.

Put

F={0#q<e:9(a) =0,q€ M}.
F is nonempty by the above. Suppose qo Ts \/ g = 45 With q, € F for all . Then
qs # 0 and qs — Qq o 0. Since ¥ € E*™ we havg that

¥(qs) = lim9(qq).= 0.

Thus qs € F and by Zorn’s Lemma there exists a maximal element, say qo, in F.
Suppose (e —qg) # 0. Then e — gy # 0 and the hypothesis contradicts the maximality
of qo. Hence (e — qo) = 0 and thus

0 = $(ao) = W(e) = r{ae) = 7(a)

and so a = 0 and hence ¥(z) =7(az) =0forallz € E. o

3.2 Elements with order continuous norm in Ba-

nach spaces of measurable operators

In a commutative Banach function space L,, the set of functions with order continuous
norm, L,,, of L, is important in that it is an order dense ideal on which every singular
functional vanishes whenever L,, = L,;. We now investigate a possible analogue of

L, in Banach spaces of measurable operators.

The following definition can be found in [DDP93], Section 5.

Definition 3.2.1 The norm ||.||g on a properly symmetric Banach operator space E C
M is said to be order continuous if for any positive net (zq) C FE that decreases to zero
in . we have that

l|zalle =« O.

93



We give an equivalent condition for order continuity of the norm in Proposition 3.2.3.
Lemma 3.2.2 and Proposition 3.2.3 are due to [DDP96], but we give an outline of their

proofs for the sake of completeness.

Lemma 3.2.2 Suppose E C M isa fully symmetric Banach operator space. If x,y €
M and z*z,y*y € E then z*y € E and

1 1
lz*ylle < llz°zl% [ly"yllE-

Proof: By [DDP89c| Corollary 3.3 there exists a fully symmetric Banach function
space F on (0,00) such that E = F(M), where F(M) = {z € M : p(z) € F} with
norm [|z||pay = ||p(z)||F for £ € F(M). Hence, z € E if and only if u(z) € F and

l|(z)l|lF = ||z||e- Now we use the argument of [Sim81] Lemma 2.

1 1
Without loss of generality we may assume that ||z*z||2 = |ly*y||z = 1. By [FK86)
Theorem 4.2 (4i7) and 2.5 (iv), we have that

pla'y) <= u(@)uly) = m@u() < 5 (ba'e) + u')).

Since F is fully symmetric it now follows that u(z*y) € F' and

l2*yllz = (el < 3lla(z"z) + uly'v)lle <1

]

Proposition 3.2.3 Let E C M be a properly symmetric Banach operator space. Then

the following statements are equivalent.

(i) E has order continuous norm.

(i) ||zpellE —a O for every 0 < z € E and any net py 4o 0 in MP.
Proof: = We first show (i) = (i7). We observe that order continuity of the norm on
E implies that E is fully symmetric by using the same argument as in the commutative

case given in [KPS82] Theorem 2.4.10, with the help of [DDP93] Propositions 4.9 and
5.13. The result now follows by Lemma 3.2.2, as was observed in [CS94] Proposition .
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2.5. (We use this same argument in the proof of Proposition 3.3.9 and therefore omit
it here.)

For the implication (it) = (i) we note that (ii) implies that every continuous linear
functional on E is completely additive and by [DDP93] Proposition 5.11 normal. By
the remarks following [DDP93] Proposition 5.11, it follows that E has order continuous

norm. O

Chilin and Sukochev used sequences rather than nets in their definition for order con-
tinuity of the norm. They proved equivalences, similar to those in Proposition 3.2.3
above, for a rearrangement invariant operator space in M with order continuous norm,
but with the additional requirement that MP? be nonatomic, [CS94] Corollary 2.3.

We aim to define order continuity of the norm for a single element of a Banach operator
space and then to explore the subset of elements with order continuous norm. Recall
from Section 2.2 that a function f in a commutative Banach function space L,(X, %, i)
has order continuous norm whenever p(f,) ln 0 for every sequence (f,) in L, with
|fl > fr In 0 p-almost everywhere, and that an equivalent condition is p(fx4,) 4 0
for every sequence (A,) in ¥ that decreases to a set of measure zero. We use the latter

as motivation for the definition in the non-commutative setting.

Definition 3.2.4 Let E C M be a Banach operator space. Then x € E is said to have
order continuous norm if ||pe|z|palle — 0 for all (pa) C MP with p, 4 0. The set of
elements in E with order continuous norm will be denoted by E,.
Proposition 3.2.5 Let £ C M be a Banach operator space. Then

E, C M.
Proof: = Suppose that x € E, but x ¢ A’;{o. Then as in the proof of Proposition 1.4.5,
we can find a net of projections (qq) and a positive constant ¢ with |z]| > ¢qa 1o 0 such

that pi(cqe) =c > 0 for all t > 0 and all «. Hence since gocqqe < qo|Z|da we have that
for allt > 0 and all ¢,

0 <c= py(cda) = pe(AaCda) < He(dalzlda)
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i.e. (qa|rlqs) does not converge to zero in the measure topology. Since E — M
continuously by [DDP93] Proposition 2.2, (qq|z|q.) does not converge to zero in E-
norm. Hence we found a net q lo 0 in MP but [|qu|z|qelle # 0. So z & E,, a

contradiction. O
E, is order solid in E in the sense that if z € E,,y € F with |y| < |z| then y € E,.

The commutative analogue of the following may be found in [Zaa67] Chapter 15, Section

72, Lemma, a.

Proposition 3.2.6 Let E C M be a Banach operator space. Then x € E, implies that
for every € > 0 there exists 6 > 0 such that 7(p) < § = ||p|z|p||z < € for all p € MP.

Proof: Suppose for a contradiction that there exists ¢o > 0 such that no § > 0
satisfies 7(p) < 6, p € MP = ||p|z|p|le < €. Hence there exists (p,) € MP such that

7(pn) < 51; and ||pn|z|pnlle > € for all n. Then the sequence (e,) where

€n = v Pk
k=n
is decreasing. Note that e, > p, and
T(en) = 7(V pr) < Y. 7(px) < 25';: < on1
k=n k=n k=n

for all n. Since (e,) is decreasing and bounded below by 0, it converges to say e in
partial order. So e < e, for all n and thus 7(e) < 7(e,) < = for all n. Hence 7(e) =0
and by faithfulness of the trace e = 0. Hence e, | 0 and by hypothesis ||e,|z|e.|]|z — 0.
However ‘

€ < ||Palz|Palle = ||Prer|zlenpnlle < |len|zlenl|r
which contradicts llen|zlenllz — 0. | a

The converse holds if 7(1) < oo.

Corollary 3.2.7 Let E C M be a Banach operator space and suppose 7(1) < oo. Then
x € E, if and only if for every € > 0 there exists § > 0 such that 7(p) < § = ||p|z|p|le <
€ for allp € MP.
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Proof:  Let p, 4 0, then 1 — p, 1 1 and by normality of the trace 7(1 — p,) T 7(1),
that is, 7(1) — 7(1 — pe) 4 0. Hence 7(pa) = 7(1) — 7(1 — pa) 4 0 since 7(1 — pa) < 00
(because (1) < o0).

Let € > 0 be given. Then there exists a § > 0 such that
7(p) <6 = |Iplzlpllz <€

for all p € MP?. Since 7(pa) | 0 there exists a o such that 7(p,) < ¢ for all o > ao
and hence by hypothesis ||pa)z|palle < € for all @ > ay. o

Tt is Lemma 3.2.2 and the polar decomposition of an element that provide the following

equivalent statements.

Proposition 3.2.8 Suppose E C Misa fully symmetric Banach operator space. Let

x € E. Then the following statements are equivalent.

(i) z € E,.
(”) ”mpa”E —¢ 0 for all py 1o 0 in MP.
(i%) |||z|pallE —a O for all po 4o 0 in MP.

(iv) lIpalzllle = 0 for all pa o 0 in MP.

Proof:  Suppose py lo 0 in M?P and let z € E have polar decorhposition z = v|z|.

(¢) & (4%) : Suppose that z € E,. Note that |z| € E and pe|z|pa € E. Using Lemma,
3.2.2 we have that

llzpalle = llvlzlpalle

IA

|z |palle
2|7 (|z{2pa) Il

1 1
< |llelliz lIpalzlpallz —a O-

Conversely, if z € E satisfies (4¢), we have that

Ipalzlpelle < llizipelle
= |[v"zpalle

< |[zPallz —a 0.
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The other equivalences follow similarly by using the polar decomposition of = and the
fact that ||palz|l|lz = || (Palzl)” £ =

Corollary 3.2.9 Let E C M be a fully symmetric Banach operator space. Then E, is

closed in E.

Proof: - Suppose ||z — z,||g —, 0 with (z,) C F, and 2 € F and pg {3 0 in MP.
Let € > 0 be given. Then there exists an ng such that
|(z — Zno)PpllE < |z — Zn,llE < € for all B. Thus we have

lzpslle < [[(x — Zno)PsllE + [|Z0oPsllE
< e+ ”xnopﬂ”E

for all § and the result follows by Proposition 3.2.8 since z,, € E,. ]

Corollary 3.2.10 Suppose E C M is a fully symmetric Banach operator space. Then

E, is a vector space.

Proof:  Suppose z,y € E, and } is a scalar. Then it follows easily that Az € E,. If
Pa 4o 0 in MP, then

(€ + Y)pellz < l|lzpellz + [[yPallz —a 0 .
by Proposition 3.2.8 and so z + y € E,. ]

If 7(1) < oo and H(M) is continuously imbedded in F then we will show that E, is a
vector space without requiring F to be fully symmetric. We need the following result
that was proved for bounded operators in a unital C*-algebra in [AAP82] Theorem 4.2.
As before (see Lemma 1.6.1), this inequality holds for z,y € M.

Lemma 3.2.11 Let z,y € M. Then for every € > 0 there exist unitaries v and w in
M such that
|z + y| < v|z|v* + wlylw® + €l.

Proposition 3.2.12 Let £ C Mbea rearrangement invariant Banach operator space.
Suppose T(1) < oo and that H(M) is continuously imbedded in E. Then E, is a vector

space.
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Proof: Let z,y € E,, Pa 4o 0 in MP and let € > 0 be given. Using Lemma 3.2.11

there exist unitaries v, w € M such that
IPalz +ylPalle < {IPav|z{v*Palle + |[Paw|ylw Palls + €||Palpalle
= |[vv*pav|z|v Pavy’||E + [[ww Pew|ylw paww|| £ + €llpalle
< [lolleollv*pavlz|v*pavlielv]leo +
llwlloollw* Pawlylw*patw] £l|w*|leo + €]lPalle

< |v"pavlz|vpavlie + [[wpaw|ylw'pawl e + €||Pall&-

Since 7(1) < oo we have that MP C H(M). Since H(M) is continuously imbedded
in E and ||p,|| < 1 for all a there exists a constant K such that ||p,||r < K for all a.
Hence €||pa||lr < €K for all a. Since py lo O we have that v*pav lo 0 and w*paw 4o 0

and these are nets of projections since v and w are unitaries. Hence

[v"Pav|z|v*PavllE —a O and |lw'powly|lw’paw||z —a 0.
Therefore ||[pe|z + y|Palle 2 0 and z + y € E,. Hence E, is a vector space. a
The idea of the proof of Proposition 3.2.13 is taken from a part of the proof of {CS94]
Proposition 2.5.
Proposition 3.2.13 Let E C M be a fully symmetric, rearrangement invariant Ba-
nach operator space. Suppose for x € E the following holds:

lIL‘l > Todo 0= Hma“E —a 0.

Then x € F,.

Proof: Let z € E and py lo 0 in MP.

Put y, = palml%. Note that y,y: = pafz|pe € F for all a. Since E is rearrangement
invariant and p:(yayl) = pt(yiya) fort > 0 by [Yea75) we have that .y, = |:r|%pa|:r]% €
E for all o.. Now |z| > |2|pa|z|? la 0 in E and so

1 1
Ipalzlpalle = |fz]2palz|zlle =0 0
by hypothesis. Hence z € E,. : a

The converse can be shown to hold if we impose further conditions on E. This will be

done in Section 3.3.
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Definition 3.2.14 Let E C M be a rearrangement invariant Banach operator space.
Then we define E, as the closure in E of the set

HM)NE.

Note that B, = H(M)NE = C HIM)AE™ C HM)*" = M, since E < M
continuously by [DDP93] Proposition 2.2.

Lemma 3.2.15 Let E C M be a rearrangement invariant Banach operator space.
Then
E, C E,.

Proof:  Suppose z € E, and let z = v|z| be the polar decomposition of z. Then

£ € My by Proposition 3.2.5. Define z,, = v|x|e(l’n](|:1:i).

Then 7(z,) < oo since z € My implies that 7 (e(a,oo)([xl)) < oo for all & > 0. We also

have that ||z,]|e < n < 0o for all n and so z, € E,.

Since the spectral projections of |z| commute with |z| we have that

I —zalls = livlal = zalls
ofzlegee(lal) — vlale(s ny (2Dll=

< Mol llzlegoy (2Dlls + ol lfeqecor(lDlz

< lleggyI=Dlzleqo 1 (2Dl + legmony (2D sletnor(lzl)llz = 0

i

as n — oo since € Eq, €p 1)(|z) J 0 and e e0)(|2]) | 0 as n — co. Hence z € Ep

since E, is closed in E. |

Definition 3.2.16 An element in E is called simple if it is a finite linear combination

of projections with finite trace.
Lemma 3.2.17 Let E C M be a fully symmetric, rearrangement invariant Banach

operator space. Suppose that H(M) is continuously imbedded in E. ThenvE;J is the

closure in E of the simple operators in E.
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~ Proof:  Suppose z € B, = H(M)N gl = ’H(M)“'”E. By definition z is the limit
in E-norm of elements in (M) N E.

So suppose that 0 < z € H(M) N E = H(M). Define z, = xe(lm)(a:). Note that

7(zn) < 0o since z € H(M) C My and thus 7 (e(a,oo)(x)) < oo for all @ > 0. We have
that

o —zalloo = lloeg11()lle

1
n

as n — oo. Note that u(z) € L;(0,00) since z € H(M) C Li(M) and p(z,) < p(z).
We have that z,, converge to x in the measure topology (see for example [DDP93] Propo-
sition 2.7 (a) ) and hence by the Non-commutative Dominated Convergence Theorem,
[DDP93] Proposition 3.3 (ii),

||z — zpll1 =2n O

as n — oco. Hence ||z — Zall3am) —n 0 and since H(M) < E continuously
lz — zal|lg = O

as n — oo. Hence 0 < z € H(M) is the limit in E-norm of bounded operators with
finite support. Since an arbitrary z € H(M) can be written as a linear combination of
positive elements, this holds for all z € H(M).

Now suppose that x > 0 is a bounded operator with finite support in #(AM). By the
Spectral Theorem we can choose simple operators z, such that Hx = Znlloo < % and

- 1(Zn) = €(0,00)(ZTn) < €0,00)(T) = r(z). Also since 7 (r(z)) < oo,
lz — zx|l1 =2 0

as n — oo. Hence z, —, z in H(M) as n — oo and thus also in E-norm. As before
this holds for any x that is bounded with finite support. We have the result. (I

The following result may be found in the commutative setting in [BS88) Chapter 1,
Theorem 3.13.

Proposition 3.2.18 Let E C M be a fully symmetric, rearrangement invariant Ba-
nach operator space. Suppose that H(M) is continuously imbedded in E. Then the

following statements are equivalent.
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(a) Every projection with finite trace has order continuous norm.

(b) E, = E,.

Proof:  The implication (b) = (a) is trivial since every projection with finite trace
in F is in FE;.

We show (a) = (b). We know from Lemma 3.2.15 that E, is always contained in Ej.

If every projection in E with finite trace has order continuous norm then so does every
simple operator in F since F, is a vector space by Corollary 3.2.10. Now suppose that z
is an element in F,. Then by Lemma 3.2.17 z is the limit in E-norm of simple operators
in E. Since E, is closed, Corollary 3.2.9, we have that z € E,. O

3.3 Elements with order continuous norm in induced

normed rearrangement invariant operator spaces

We now consider induced spaces of measurable operators E(M) and show that it is
possible to characterise an element with order continuous norm using its generalised

singular function.

Recall that if E(0,00) is a normed rearrangement invariant function space on (0, 00)

with Lebesgue measure, then we define the induced space
E(M) = {z € M : p(z) € E(0,00)}
and for z € E(M) we define the norm

”3?||E(M) = ”M(x)“E(O,oo)-

With this norm F(M) is a normed rearrangement invariant operator space which is a
Banach (rearrangement invariant, symmetric, fully symmetric) space whenever E(0, co)
is a Banach (rearrangement invariant, symmetric, fully symmetric) space. For details
of these facts the reader may consult [DDP83b] and [DDP89a).

It was shown in [DDP93] Proposition 3.6 that if the norm on a rearrangement invariant

symmetric Banach function space E(0, 00) is order continuous, then the norm on the =
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space E(M) is order continuous. We want to establish this type of characterisation
for a single element with order continuous norm. Our idea is to show that z has order
continuous norm in E(M) if and only if u(z) has order continuous norm in E(0, c0). As

before, we denote the set of elements with order continuous norm in E(M) by E(M),.

Lemma 3.3.1 Let E(0,00) be a fully symmetric, rearrangement invariant B'anach

function space. Then /

E(0,00), = E(0,00), = E(M), = E(M),

Proof:  Suppose E(0,00), = E(0,00),. As was noted in [DDP93] Section 2, it follows
from [KPS82] Chapter II, Theorem 4.1 that if E(0, 00) is a symmetric rearrangement
invariant Banach function space then E(M) is intermediate for the Banach couple
(L1(M), M), that is, H(M) — E(M) — G(M) continuously.

We show that every projection with finite trace has order continuous norm, from which
it will follow that E(M), = E(M), by Proposition 3.2.18.

So suppose that p € E(M) N MP with 7(p) < co. Then p(p) = Xx(o,(p)) and hence
1(p) € E(0,00), = F(0,00),. Suppose p > Zo la 0 in E(M) N MP. Then since
p € My,

1(P) 2= p(Za) 4o O

for all t > 0 by Proposition 1.1.4 (iv) and Theorem 1.4.2. Since u(p) € F(0,00), we
have that

Zall 2y = ll(@a)llB0,00) —a O

and hence p € E(M), by Proposition 3.2.13. This proves the result. a

Lemma 3.3.2 Let E(0,00) be a rearrangement invariant Banach function space. Sup-
pose E(0,0), = E(0,00),. Then for z € E(M) the following conditions are equivalent.

(3) llzleoo) (|21 2ry) = 0 as A — .

(i) ”u(x)X(O,s)”E(O,oo) — 0 ass—0t.
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Proof: Let z € E(M). For A > 0 denote |z|e(,0)(|2]) by ya. We use the fact that
dx(z) — 0 as A — oo (see Section 1.1) and that p (|:z:|e()\,°°)(|a:|)) = ()X (0,dx(z)) (1)
for all t > 0.

First let us suppose that |||z]|e( c0)(|2])||Em) — 0 @as A = oo. Then if A — o0
(@) X0.dr@lm0.00) = {11 (¥2) 120,00
= lllzleco) (12l 2(rn) — 0.

We consider two cases.

(a) Suppose di(z) > 0 for all £ > 0. Let € > 0 be given. Then there exists a constant
M, > 0 such that ||u(z)x(0,d,@))|E(0,0) < € and dr(z) < € whenever A > M..
Choose § = dy, (). Note that § > 0. Then for 0 < s < § we have that

l(2)x0,9)|EO0) < 1(Z)X(0,dr, ()| ECO00) < €

(b) Suppose there exists a constant M > 0 such that di(z) = 0 for all ¢t > M. Note
that
(@)oo = lim pus(z) = M < co.
Choose any constant K > 0. Then we have that u(z)xe,x) € £(0,00),. By
hypothesis E(0, o), = E(0,00), and hence for s < K

()X (0,) || EC0,00) = 1112(®) X(0,5) X (0,5) | E(0,00) — O

as s = 0% since pu(x)x(0,x) € E(0,0),.

Conversely, let ||(z)X,5)!|E@©,00) = 0 a5 s = 07
Let € > 0 be given. Then there exists a §; > 0 such that ||u(z)X(0,5)|| E0,00) < € whenever
0 < s < 8. Choose A large enough such that dx(z) < é.. Then

Hzlepoo) (IZ)lEry = e (¥a) lE@,00)
= |(2)X(0,d, (2)) | E©,00)
< (@) X060 lE(0,0) S €

and hence we have the result. ad



Note that e o)(]z|) 4 0 as A = oco. Hence condition (i) in Lemma 3.3.2 is necessary
for z to have order continuous norm in E(M), and (i) is a necessary condition for
u(z) to have order continuous norm in E(0,00). However, as we show below, when
the trace is finite, these equivalent conditions are necessary and sufficient for x to have

order continuous norm in E(M).

Proposition 3.3.3 Let E(0,00) be a rearrangement invariant Banach function space.
Suppose that E(0,00), = E(0,00), and 7(1) < co. Then

z € E(M), if and only if ||1(x)x(0,5)|E@0,c0) = 0 a5 5 — ot.

Proof:  Suppose z € E(M)
A = 00. Hence [[zleguoo (2Dllcan = legroo (2lzlecro(2])ll2ae) = 0 a5 A = 00 by

Then e o0)(|2]) 4 0 as A = oo since ex(|z|) T 1 as

a’

hypothesis and by Lemma 3.3.2 ||u(z)x(0,5)||E(0,00) = 0 @5 s — 0.

Conversely, suppose that ||u(z)x(0,5)llE@0,e0) = 0 85 5 = 07 for x € E(M) and let
Po 4a 0 in MP. Since 7(p,) < oo for all @, 7(pa) Ja 0. Then

IpalzlPallE(y = llk(Palzlpa)llE(0,00)
< Ne@)x0reanllEO0) e 0
by hypothesis and hence we have the result. a

If the trace is infinite, then we will need an extra condition (also in terms of the
generalised singular function) to ensure that an element has order continuous norm in
E(M). Notice that condition (47) in Lemma 3.3.4 is automatically satisfied whenever

the trace is finite.

Lemma 3.3.4 Let E(0,00) be a rearrangement invariant Banach function space. Then

forz € E(IM)n My the following conditions are equivalent.

(i) Nzlepn(zDllemy = 0 as A — 0%,

(”) ”:u'(w)X(s,oo)”E(o,oo) — 0 as s = o0.

Proof: Let z € E(M) N Mo. Note that Uoo(z) = 0 and suppose that A > 0.
Define y, = [:z:]e(oy,,\}(lzz:[) = [t de,(|z|). By calculating the spectral projections and
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distribution functions for yy it follows that u:(ya) = fis4d,(z)(z) for all t > 0. If A — 0F
then dx(z) T, say di(z) T M < .

Suppose that |[|z]ex(|z])|| g1y — 0 as A — 0%. Then by hypothesis if A — 0%
| t+ar@) (@) E©00) = [l1e(ya)llE0.00)
= [llzlen(zD)ller) =20

Let ¢ > 0 and N < M be given. Then there exists a A9 > 0 such that d\(z) > N and
|1t 4dy (@) ()| E0,00) < € for all 0 < A < Ag. Choose K = dy, (). Note that K < oo since
T € .K/ivo. ‘Then for s > K > N we have that

() X(s,00) | EC0,00) < |16(T) X (),00) | E(O,00) < €.

Conversely, suppose that {|1()X(s,00)||E(0,00) = 0 @5 s — 00. Let € > 0 be given. Then
there exists a K > 0 such that ||u(z)X(s,00) || £(0,00) < € Whenever s > K.

If dy(z) T o0 as A — 0% then there exists a A > 0 (take A\g < pk(z)) such that
dy(z) > K for all 0 < A < ). Then

Mzlex (Dl 2 = [#etdar@) (@) [ E@0,00) = 1e(Z) X(dy (2),00) ) EO00) < €
for 0 < A < A¢ which gives the result.

If dy(x) 1 M < 0o as A — O, note that sz(z) = 0 for all t > M. For A > 0 such that
dx(z) > 0 we have that

llzleen(zDllemy = iterdn) (@ E©,0)
= |lexar@ ool E@©.00)
= |ltex(ariz). M| £0,00)
< AMixemllE@w)

and this tends to 0 as A — 0% which proves the result. ‘ - O

Note that eon(|z]) 4 0 as A — 0%. Thus condition (¢) in Lemma 3.3.4 is necessary
for z to have order continuous norm in E(M), and (i) is a necessary condition for
p(z) to have order continuous norm in E(0,00). We now characterise elements with
order continuous norm in E(M) in terms of their generalised singular function, with
the assumption on E(O, 00) that E(0,00), = E(0, 00),.
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Proposition 3.3.5 Let E(0,00) be a fully symmetric, rearrangement invariant Banach
function space and suppose that E(0,00), = E(0,00),. Then z € E(M), if and only if
re My, () x(0,5) || E0,00) = O as s = 0 and ||u(2) X(r,00)|| EO,00) — 0 a8 T — 00.

Proof:  Suppose z € E(M),. Then z € Mo by Proposition 3.2.5. We also have
er00)(|2]) § 0 as XA — oo (since ex(Jz]) T 1 as A — oo) and e n(|z|) 4 0 as A = 0F. By
hypothesis [||z]e(x 00y (|2 |2y = 0 as A = oo and |||z]e(|z])||z(ay — 0 as A — 0.
Hence by Lemmas 3.3.2 and 3.3.4 we have the result.

Conversely, let z € My, Put z, = |zlecx ny(|z]). Note that 7 (e(,\,oo)(lxl)) < oo for all
A > 0 since z € M, and hence z,, € H(M).

As was noted in the proof of Lemma 3.3.1, H(M) «— E(M) < G(M) continuously
since E(0,00) is a symmetric rearrangement invariant Banach function space. Hence
H(M) < E(M), C E(M) continuously. By Lemma 3.3.1 we have that E(M), =
E(M),. Thus z, € H(M) C E(M), = E(M), and so

2l = 2alley = U2l (eeo)(12]) = ez mlz]) iz
< lzleg,i (2D e + llzlemon) (12Dl 2y —a 0
as n — oo by Lemmas 3.3.2 and 3.3.4. Since E(M), is closed, |z| and hence z € E(M),.

O

Corollary 3.3.6 Let E(0,00) be a fully symmetric, rearrangement invariant Banach

function space. Suppose that E(0,00), = E(0,00),. Then

z € E(M), if and only if u(z) € E(0,00),.

Proof: Suppose z € F(M),. By Lemma 3.3.1 we have that E(M), = E(M),.
Then using Proposition 3.3.5 twice, first on E(M) and then on E(0,00) (noting that
u (p(x)) = p(z)), we have that p(z) € E(0, 00),.

Conversely, suppose p(z) € E(0,00),. Then the conditions of Proposition 3.3.5 are
satisfied and hence z € E(M),. O

The following example shows that E(0,c0), = E(0,00), is a necessary hypothesis in
Corollary 3.3.6. |
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Example 3.3.7 Let E(0,00) = L (0,00) and M = £y over (N,P(N),c) where c
denotes counting measure, with the usual supremum norm. Then E(M) = {y as
defined above, and E(M), = ¢ but E(0,00), = {0}.

Corollary 3.3.8 Let E(0,00) be a fully symmetric rearrangement invariant Banach
function space and suppose that E(0,00), = E(0,00),. Then E(M), is rearrangement

invariont.

Proof: Note that E(M), = E(M), by Lemma 3.3.1. The result now follows

immediately from Proposition 3.3.5. O

Proposition 3.3.9 Let E(0,00) be a fully symmetric rearrangement invariant Banach
Junction space. Suppose that E(0,00), = E(0,00),. Then x € E(M), if and only if
zallE(Mm) —a O whenever |z| > x4 1o 0 in E(M).

Proof:  The sufficiency is Proposition 3.2.13. For the necessity, we first show that

E(M), is a properly symmetric Banach operator space.

By hypothesis and the remark at the beginning of this section, E(M) is a fully sym-

metric, rearrangement invariant Banach operator space.

E(M), is a closed vector subspace of the Banach space E(M) by Corollary 3.2.9 and
Corollary 3.2.10 and therefore itself a Banach space. E(M), is rearrangement invariant
by Corollary 3.3.8. Since E(M) is symmetric it follows immediately that E(M), is

symmetric.

As remarked in the proof of Proposition 3.3.5, since E(0,00) is a symmetric rear-
rangement invariant Banach function space we have that E(M) is intermediate for the
Banach couple (L;(M), M). Hence H(M) < E(M), = E(M), C E(M) < G(M]
continuously. Thus E(M), is a properly symmetric Banach operator space. The result
now follows by Propositions 3.2.3, 3.2.8 and Definition 3.2.1. O

Definition 3.3.10 Let E C M be a Banach operator space and A C E. Then ¢ € E*
is called orthogonal to A if o(z) =0 for allx € A. The set At of all ¢ € E* that are
orthogonal to A is called the annihilator of A.
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The annihilator of A C E C M is a linear subspace of E*.

Recall from Definition 3.1.2 that a functional ¢ € E(M)” is singular if for every 0 #
p € MP N E(M) there exists 0 # q < p € MP? such that ¢(q) = 0 . Under certain
conditions on E(M) we have that E(M)* = (E(M),)*, similar to the commutative
setting.

Lemma 3.3.11 Let E(0,00) be a fully symmetric rearrangement invariant Banach
function space and suppose that E(0,00), = E(0,00),. Let ¢ € E(M)*. Then ¢ is
singular if and only if (p) = 0 for all 0 # p € MP with finite trace.

Proof:  The sufficiency is trivial since M is semifinite.

To show the necessity, suppose ¢ € E* is singular and 0 # p € MP? with 7(p) < .
Since H(M) is (continuously) imbedded in E(M) (by hypothesis, as before) we have
that p € E(M). Put

F={0#q<p: ) =0}
F is nonémpty by hypothesis and partially ordered. Suppose qo To Vala = qo With
Qa € F for all @. Then qp # 0 and qo > qo — g 4o 0. Since 7(qp) < 7(p) < oo we
have that qo € E(M), = E(M), and hence by Proposition 3.3.9 since qq has order

continuous norm, ||{gy — e ||E(A1) =« 0. Since ¢ is continuous

©(qo) = limp(qa) = 0

and hence qy € F. By Zorn’s lemma there exists a maximal element q,, in F; we must

have that 7(p) = 7(q,,) = 0, otherwise it will contradict the hypothesis. O
Theorem 3.3.12 Let E(0,00) be a fully symmetric rearrangement invariant Banach
function space and suppose that E(0,00), = E(0,00),. Then

E(M)*™ = E(M)L.
Proof: - Let ¢ € E(M)*. By Lemma 3.3.11 we have that ¢(p) = 0 for all 0 #
p € MP with finite trace. Hence by linearity ¢ vanishes on every simple operator.

" Since E (M), is the closure in F of the simple operators (Lemma 3.2.17), ¢ vanishes on
E(M),. Hence ¢ vanishes on E(M), = E(M), by Lemma 3.3.1.
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Conversely, suppose that ¢ vanishes on E(M), = E(M),. Since H(M) is contained
in E(M) by hypothesis, we have that H(M) C E(M), = E(M),. Hence for every
projection 0 # p € MP with finite trace, ¢(p) = 0. By Lemma 3.3.11 ¢ is singular. O

3.4 Classification of a normed rearrangement in-
~ variant operator space using the fundamental

function

In this section we generalise the classification of commutative rearrangement invariant
Banach function spaces according to the fundamental function, to the non-commutative
setting. We define the fundamental function for Banach rearrangement invariant oper-

ator spaces in a similar way to the definition in the commutative case.

Definition 3.4.1 Suppose E C M is a rearrangement invariant Banach operator

space. The fundamental function for F is the function

®p(t) =sup{|lplle: 7(p) < t, p€ MPNE}, forall ¢t > 0.

The fundamental function is non-decreasing, right-continuous on (0, co) and ®g(0) = 0. -
If MP is nonatomic then ®g(t) > 0 for all ¢t > 0. If MP? is atomic and inf{7(p) : 0 #
p € MP} =¢ > 0 then ®z(t) = 0 for all 0 < ¢ < ¢ and thus always right-continuous at
0. We write ®g(0%) for lim ®p(t).

t—0+

We consider induced spaces, as we employ Proposition 3.3.9 in the proofs of Lemmas
3.4.2 and 3.4.3. We have noted in Section 3.3 that if F(0, c0) is a symmetric, rearrange-
ment invariant Banach operator space, then so is E(M) and furthermore, that under
these conditions E(M) is intermediate for the Banach couple (L;(M), M). We will
again use the fact that if F(0, co) is fully symmetric then so is E(M).

Put 7 (MP) = {7(p) : p € MP}. Note that for ¢t > 0

Qe () = sup{|lpllzw : T(p) <t, ,p € MPNEM)}
= sup{|Ixo@)liE00m) : T(p) <&, p € MPNE(M)}
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= sup{®Pr(,)(7(p)) : 7(p) < ¢, p € MPNE(M)}
= sup{®Ppe)(s): s <t, s € T(MPNEM))}

In particular, ® g (t) = Pgo,00)(t) if t € 7 (MP N E(M)). Hence if MP is nonatomic,
then the fundamental functions for E(M) and F(0,00) are the same. It also follows"
that ®par)(07) = 0 if and only if $ 5 e (0+I) = 0 whenever inf{r(p) : 0 #p € MPN
E(M)} = 0. Using this, Lemma 3.4.2 could be proved by considering the commutative

space E(0,00) only. We give the non-commutative version as it is straight forward.

Lemma 3.4.2 Suppose E(0,00) is a fully symmetric, rearrangement invariant Banach
function space and MP contains a nonatomic projection. If every projection in E(M)

with finite trace has order continuous norm, then ®gaq) is right-continuous at zero.

Proof: Let p be the nonatomic projection in MP. There exists a (nonatomic)
subprojection q < p € MP? with 7(q) < co. By hypothesis we have that q € E, N MP.
Without loss of generality we may assume that 7(q) = 1. Since q is nonatomic we can

choose a decreasing sequence of subprojections of q,

q2qi12922-...

such that
1
7(qn) == for n=1,2,....

It follows that q,, I, 0 as n — co. By Proposition 3.2.18 we know that E(M), = E(M),
and hence by Proposition 3.3.9 since q € E(M), we have that

lanllziany =2 0

as n — oo. Let € > 0 be given. There exists an ny such that ||qa||zuy < € for all
n > ng. If p € MP such that 7(p) < 7(qn,) = ;1; then |

£(P) = X060 () < Xjo,r(q)) (t) = 1(a)

and hence ||p||gm) < € since E(M) is rearrangement invariant. Thus ® g (t) < € for
all 0 <t < 7(qny) = 7= and we have the result. D
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Lemma 3.4.3 Suppose (0, 00) is a fully symmetric, rearrangement invariant Banach.
function space and MP is atomic. If every projection in F(M) with finite trace has

order continuous norm then ®gaq) is right-continuous at zero.

Proof:  If MP is atomic and inf{7(p) : 0 # p € MP} = ¢ > 0 then as noted above
®p(t) =0 for all 0 < ¢ < ¢ and thus always right-continuous at 0.

So suppose that M? is atomic and inf{7(p) : 0 #p € Mp} = 0. There exists a sequence

of atomic projections (e,) in M? such that 7(e,) < 5r. For k=1,2,... put

o
Qr = V €n.

n=k

Then (qy) is a decreasing sequence of projections. For £ =k, k+ 1,... put

~Ve

n—k
and note that ,
) =7V en) < X rten
=k n=k . .
Since qx, T¢ Vor, e, = qx we have by normahty of the trace that 7(qx,) Te 7(qx) as
¢ — 0co. Now we have that

o9}
1
7(qx) = lim 7(qx,) < lim Z 7(en) < Z < 5% W 0-

n_

Thus qx 4% 0. The result now follows by the same method used in the proof of Lemma
342 | 0

The following theorem is known in the commutative setting for rearrangement invariant
spaces on a o-finite, continuous measure space. The equivalence (7) & (i) (in Theorem
3.4.4) appears for example in {BS88] Chapter 2, Theorem 5.5 and (i) < (4i¢) in [BS88]
Chapter 1, Theorem 3.13. -

Theorem 3.4.4 Let E(0,00) be a fully symmetric, rearrangement invariant Banach
function space. Suppose that MP is nonatomic. Then the following statements are

equivalent.

7 (2) (PE(.M)(O'.*') =0
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(it) (M), = B(M),

(iii) Every projection with finite trace has order continuous norm.

(iv) @p(0,0)(01) = 0.

(v) E(0,00), = E(0,00),.

Proof: = The equivalence (ii) < (i) is Proposition 3.2.18. We also have the impli-
cation (i77) = (i), by Lemmas 3.4.2 and 3.4.3. The equivalence (i) < (iv) follows by
the remark preceding Lemma 3.4.2 and (iv) & (v) follows by the commutative theory

noted above. Finally, (v) = (i7) by Lemma 3.3.1. O

The following example shows that the hypothesis that MP be nonatomic is necessary for
the equivalent statements in Theorem 3.4.4 to hold, and that the condition inf{7(p) :
0# pe MPNE(M)} =0 would not be enough.

Example 3.4.5 Let E(0,00) = Ly(0,00) and M = {, as defined in Ezample 2.3.5.
Then E(M) = £y, of the same ezample. Note that MP is atomic and that inf{7(p) :
0#pée MPNE(M)} =0. The equivalent statements of Theorem 3.4.4 do not hold,

as was shown in Fxample 2.8.5.

We mention a few examples of operator spaces for which the fundamental function is

right-continuous at zero.

Examples 3.4.6 (i) For the spaces L,(0,00) for 1 < p < oo we have that the fun-
damental function ®r (0,00)(07) = 0. Ifinf{r(p) : 0 # p € MP N L, (M)} =0,
in particular, if MP is nonatomic, then the spaces L,(M), 1 < p < oo have no
singular functionals, that is, Ly o(M) = Lys(M) = L,(M) and so

Ly(M)* = Lpo(M)* = L,(M)* = {0}.
(it) Similarly, if inf{7(p) : 0 # p € MPNE(M)} = 0, then the same results given in

Ezamples 2.3.4 (iii) and (iv), hold for the non-commutative induced Lorentz and

Marcinkiewicz spaces.
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If the fundamental function is not right-continuous at zero, then we will show that E
is continuously embedded in M. This was shown by [Con76] Proposition 3.2.5 in the

commutative setting.

For a commutative analogue to Lemma 3.4.7 the reader may consult [BS88] Chapter
2, Proposition 1.3. Recall that the distribution function for z € M is defined as
di(z) =7 (e(t,oo)(lwl)) for all ¢t > 0.

Lemma 3.4.7 Suppose 0 < z4 T, T in M. Then

dt(xa) T dt(x)

for allt > 0.

Proof: * Suppose 0 < 4 1, z in M. By Proposition 1.2.3

1e(Ta) Ta ()

for all t > 0. Since u(z,) To for all ¢ > 0 we have that di(z,) T, for all t > 0
by definition. We have to show that di(z,) 1o di(z) for all ¢ > 0. Suppose for a
contradiction that there exist some ¢q > 0 such that dy(zo) Vo di,(x). Then there exist
an € > 0 such that -
dyo () — dyy (T0) > €
for all . Put di(z) = s. Note that di,(z,) < s — € for all a. By Proposition 1.1.4 (iz)
we have that g, (z.)(Ta) < to for all . If 7 € (s — ¢, 5), then di(za) < r for all & and
since p(z,) is decreasing
br(Ta) < Hdey(za)(Ta) < o

for all . Finally note that

pu(z) > to

on (s —¢,s), for if p,.(z) <ty for some 7 € (s — ¢, s) then
B o) () < 7 < 5 = diy(2)

which contradicts the fact that d(z) is a decreasing function (the first inequality is
Proposition 1.1.4(x)). This shows that

#(Ta) — p(z) 26 >0
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for some § > 0 and all & on (s — ¢, s), which contradicts the fact that

ﬂt(za) Ta ﬂt(z)
for all ¢ > 0. This proves the result. 3

In the following we use the ideas from the proofs of the commutative results in [Con76]
Propositions 3.1.10 (d) and 3.2.5 .

Lemma 3.4.8 Suppose E C M isa rearrangement invariant Banach operator space.
Then forz € E

Supt @ (r(eqon) (121)) < Izl

Proof:  Suppose
. n
T = Z €71%;
is a simple operator in F with 0 < oy < ap < ... < &, and the p;’s pairwise disjoint.

Put ap = 0 and

ZPJ V p;. Then z = Z(a, - Q1)

j=t g=1

It follows from [DDP89b] Proposition 2.3 that

ifop_1 <t<agfork=1,2,...,
dt(x)={ 7(qr) if og—1 < oy, for n

0 ift > .
Hence
n
ZT qk X[ak 1,ak)(t)
k=1
So
supt ®p (di(z)) = sup tPg (Z T(Qk)X[ak_l,ak)(t))
>0 0<t<an k=1

= max sup tPg(r(q))

1<k<n ag_1<t<oy

= max Pp (1(qk))

oax flokdrl|e

32 llow(pe + Prri+ -+ Pu)llz

lleaps + aop2 + ... + anprlle

IA 1l

llzlle-
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Now suppose £ € H(M). Then by the spectral theorem there exists a net (z4) of simple
operators such that 0 < z, 1, |z|. By Proposition 1.2.3 ui(z4) Ta pe(z) for all ¢ > 0.
By Lemma 3.4.7 we have that dy(z4) T4 di(z) for all ¢ > 0. Since ®g is continuous at
dy(z) for all ¢ > 0 we have that

supt g (di(z)) = limsupt g (di(|zal))
>0 @ >0

e

< lzlle-

Now suppose z € F. Then by Proposition 1.2.2 there exists a net (z,) € H(M) such
that 0 < z, T4 |z| and by Proposition 1.2.3 py(z4) o w(z) for all t > 0. The result

now follows as in the preceding paragraph. a

Lemma 3.4.9 Suppose F C Misa rearrangement invariant Banach operator space.
Then forx € E

sup @ (t)(z) < supt g ((ewo0) (121))) -

>0 >0

Proof: Let z € F and suppose that sup,,t ®g (di(z)) = K < co. Fix s > 0 and
let € > 0 be given. We may assume that ®z(s) > 0.

Put ¢t = £+£. Then t > 0 and
. Ee(s)

&5 (dh()) <

< K+6<I’E(3) < ®p(s).

Since P is non-decreasing we have that dy(z) < s and so

Bp(s)us(z) = ®g(s)inf{8>0:dg(|z]) < s}

inf{a >0: dq>,§(s)(|$‘) < s}

< K+e
This hold for arbitrary € and so we have that

sup Pe(s)us(z) < K =supt $g (di(z)) .
s>0 t>0
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Theorem 3.4.10 Suppose E C Misa rearrangement invariant Banach operator space
and ®g(0%) = ¢ > 0. Then E is continuously imbedded in M.

Proof: It follows from Lemmas 3.4.8 and 3.4.9 that for £ € E we have that
sup ®e(t)u(z) < [lzlle
t>0

and thus
' 1 1
< < =
pe(z) < -0 llz]|e < cllﬂfHE

for all ¢ > 0 since ®g(.) is non-decreasing. Hence
) 1
el = Jim pe(z) < lile

forallz ¢ E. | O

We give examples of operator spaces E for which ®g(0%) > 0. We use Theorem 3.4.4
to show that E(M), # E(M), for induced spaces E(M) for which E(0, c0) is Banach,
fully symmetric and rearrangement invariant. Recall that a singular functional, ¢, is
by definition a functional such that for every 0 # p € E N MP there exists 0 #q < p
such that ¢(q) = 0.

Examples 3.4.11 (i) For the bounded linear operators on a Hilbert space, B(H), we
have that B(H), = C(H), the compact operators on H which is not equal to B(H)s.

(it) Consider H(M) with MP nonatomic. Then the fundamental function of H(M)
is equal to the fundamental function of (L1 N L) (0,00) which equals max{1,t}
fort > 0. Thus : ,

| H(M), # H(M), = H(M).

Note that H(M), = {0} by Corollary 3.8.6 and Fzample 2.3.5 (it).

(i) If MP? is nonatomic, then we have the same results as in Example 2.8.5 (iii) for

the non-commutative Lorentz and Marcinkiewicz spaces.
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Chapter 4

Duality for M

We investigated duality for Banach function spaces and Banach spaces of measurable
operators in the preceding two chapters. In this chapter we investigate duality for M )
and to a lesser degree ./\/;ilo, both equipped with the measure topology, which are in

general not Banach spaces.

Tt is natural to start with Kothe duality for M and Mj. Since these spaces are not
necessarily contained in G(M), their Kéthe dual may be trivial. In the first section we
characterise the K6the dual of M and show that it produces continuous (with respect

to the measure topology) linear functionals on M.

In the next section we define singular functionals on M in such a way that the definition
coincides with the definition for singular functionals on Banach operator spaces, for the

case when M equals M.

We have seen that there are cases for which the measure topology is not locally convex,
and we know that the Kéthe dual of M may be trivial. Yet, we shall show that if M?
is nonatomic (and the measure topology is not locally convex and the Kothe dual of
Miis trivial) that the dual of M is non-trivial and consist of singular functionals only.
We describe the dual of M in terms of the dual of M in this case.

If MP is atomic and the traces of the projections in M are bounded away from zero,
then M equals M and a duality theory for this case exists (see [Tak79]). Finally,
we characterise the dual of M in the commutative setting in the case where MP is
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atomic, inf{r(p) : 0 # p,p € MP} = 0 and there exists a constant K > 0 such that

Z 7(p) < 00.

p atomic € MP
T(p)< K

4.1 The Ko6the dual of M

A Kothe duality theory exists for rearrangement invariant normed operatdr spaces con-
tained in G(M), due to [DDP93]. We extend this theory to spaces that are not nec-
essarily contained in G(M) (and therefore the Kothe dual may be trivial), and that
are not in general normed spaces (they are topological vector spaces equipped with the
topology of convergence in measure). We shall concentrate on the Kéthe duals of M
and J\/;{o-

In considering the K6the dual of M, we shall see that under different assumptions on
M?, the Kithe dual of M is either trivial, equal to 7£(M) or properly contained in
H(M).

Definition 4.1.1 If A C M then the Kothe dual of A, denoted by A* , is defined as
the set of all = € M such that 7(|zy|) < oo for all y € A, i.e. the set of all z € M
such that zy € Li(M) for all y € A.

The Kothe dual A* may be trivial, as we shall see for example in Corollary 4.1.9.
However, if A C G(M), then G(M)* C A* and since G(M)* = H(M), [DDP93]
Proposition 5.2 (iz), we have that H(M) C A%,

Note that

i~

M* c My
since ./\/71/0 - M. Also note that

M* S GM)* =H(M)
since G(M) C M and using [DDP93] Proposition 5.2 (iz).

The following properties of the Kéthe dual of a module A in M and proofs thereof, are

similar to the properties of the Kéthe dual of a properly symmetric Banach operator
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space in M and their proofs, [DDP93] Proposition 5.2. We therefore state most of these

without proof.

Lemma 4.1.2 Let A C M be a module over M. Then the following properties hold.

(i) If y € A* and x € M then zy,yz € A*.

(i) y € A* if and only if |y| € A* if and only if y* € A™ .

(i) A% = {z € M :7(|yz]) < 0o for ally € A}.

(iv) If t € A and y € A* then 7(zy) = 7(yx).

(v) If0 <z € Aand 0 < y € A* then TIyTi, yiTy: € Ly(M) and T(zy) =

T(ztya?) = T(yizy?) > 0.

Proof:  Statement (4) uses the fact that A is a module over M. Property (iv) follows
by [Wes93] Theorem 6.7.6 and the proof of (v) is the latter part of the proof of [DDP93]
Proposition 3.4. O

We shall use the following inequality (see [DDP93] Section 3) in what follows.

Lemma 4.1.3 Let z € L1(M) andy € M. Then

[7(zy)l < Nyl 7(|=1)-

Hence L;(M) is a module over M. Let M?* denote the set of continuous linear function-
als on M equipped with the topology of convergence in measure. We shall sometimes

use (M, 7em)* to denote this set.

Definition 4.1.4 Suppose ¢ is a linear functional on M. Then o is called order
continuous or normal if and only if z, lo 0 implies that ¢(zo) —a 0. The set of

normal linear functionals that are also continuous on M will be denoted by M,

It is easy to check that M is a vector subspace of (M, Tem)*. Moreover, the continuous

functionals on (Mo,'rcm) are normal:
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Proposition 4.1.5

——

(J’\;{O) 'rcm)* =M,

Proof: By definition, the space (%,Tc,n)* 2 /\7}*”.

Conversely, let ¢ € (%,Tm)* and let T, Jo O in Mo. Then by Theorem 1.4.2
ti(Za) da O for all £ > 0. Thus <p(a:a') — 0 since @ is continuous with respect to the

topology of convergence in measure. Hence ¢ is normal. O

We show that an element in the Kathe dual of M dlways produces a normal linear

functional.

Proposition 4.1.6 Letz € M". Then fory € M

pz(y) = T(zy) -

defines a normal linear functional on M.

Proof:  Suppose z € M*. Then ¢,(y) = 7(zy), y € M is well-defined since by
Lemma 4.1.3 we have that |7(zy)| < ||1]| 7(Jzy]) < oo for all y € M. The functional

@ is linear since the trace is linear on L;(M).

Suppose that 0 < z € M* and let y, |, 0 in M. Then m%yam‘lz' 4o 0in ﬂ By Lemma
4.1.2 (v) we have that z3y,z% € L,(M) for all . Using this and normality of the

trace, we have that 7 (m‘;‘yam%) da 0. Using Lemma 4.1.2 (v) once more, we have that

¢z(Ya) = T(TYa) = T (m%yam%) 1o 0.
Thus ¢, is normal.

IfzeM X, then we decompose z into a linear combination of positive parts. By the
above each positive part defines a normal functiorial. A linear combination of normal

functionals is again normal. a

Theorem 4.1.7 Let 0 # z € J’\;{ox. Then

inf{7(p) : 0 # p < eqoo(|2])} > 0.
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Proof: = We may assume that inf{7(p) : 0 # p € MP} = 0, otherwise the result will
be trivially true. Let 0 # z € My and suppose for a contradiction that inf{7(p) : 0 #
P < e,00)(|z])} = 0. Without loss of generality we may assume that 0 < z € Mo and
that 7 (e(o,oo) (a:)) =7 (r(z)) > 1. Note that e(o;oo)(a:) =r(z) > 0 since z # 0.

Choose 0 # p, < r(z) such that 7(p,) < 5 for n € N. As before by Lemma 4.1.2
(v) we have that 7(zp,) > 0 for all n. Since p, < r(z) we have 7(zp,) > 0 for all n.
(Otherwise if 7(zp,) = 0 for some n, then zp, = 0 and hence z(r(z) — p,) = = which
contradicts that r(z) is the smallest projection such that zr(z) = z.) Using Lemma
4.1.3 we have that |7(2p,)| < 7(Jzpn]) < oo for all n. Define for each m € N

LU
"L

Each y,, is positive, bounded, has finite trace and (y,,) is increasing. Moreover, the

sequence (ym) is Cauchy in M. If € > 0 is glven there ex1sts a k > 0 such that

Z 7(pn) < €. Denoting the projection 1 — \/ Pn = /\ (1 - p,) by q, we have

n=k+1 n—k+1 n=k+1
that ~
(1 - q =T ( V pn) < Z
n=k+1 n=k+1

For ¢ > k we have that

£ 1 :
I(ye — ye)all = ———Pn | q
2 7o)
_ i 1
n=k+1 'r(.'rpn)
¢
< >
n=k+1
= (<e

Pnq

———pa ((1 - pn)q)”

7(TPn)

Therefore
¢ 1
Ye — Y = Z

n=k+1 T(ZPn)

Hence (ym) € M is a Cauchy sequence in My. Following the proof of [Ter81] 1.28,

Pn € M(E, 6)'

there exists a T-measurable operator y such that
y€ = limyp & = limy, ¢

82



) . By the same proof we have that y is preclosed with

=y,

[e ]
forallé e Dy)=J| V pH
» m \i=m+1
closed extention 7 = y* and that y,, =, y* for the measure topology. Hence since y is
positive (each y,, is positive and (y,,) is increasing), we have that

y=y

that is, y is closed and y € M.
Notice that y € .7\/70 since M) is closed for the measure topology.

By continuity of the inner product and the fact that (y.,) is increasing, we have that

0< Ym Ty

1

in m. We write
o
y= Pn-
2 o)™

Note that x'lz‘ymx% Tm x%yx% by Proposition 1.2.1.
Using Lemma 4.1.2 (v), the continuity of multiplication in M, the normality, positive

[N

N

homogeniety and additivity of the trace and again Lemma 4.1.2 (v) we now have that
> 1
(Z T(xpn)p"> : )

It
ﬁ

(«

;

- 1 'T(iIIpn

1
7(Zpn) 7(zpn)

7(zy) = (z3yz?)
n=1

N

—

1
2D,

M3

=y

(zpn)

T(z2ppz?)

Il
ﬁ

1

8

.

I
M8

n=1
o0

= Zl——*oo
n=1

which contradicts z € My . Hence inf{r(p): 0 # p < r(z)} >0

Corollary 4.1.8 Let 0 # z € M. Then
inf{7(p) : 0 # p < ep0)(lz])} > 0.
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Proof: M* C M, . O

Corollary 4.1.9 Suppose MP is nonatomic. Then

M* = M," = {0}.

Proof: Note that for0 # z € MoorO0#ze M in this setting we always have that
inf{r(p) : 0# p <r(z)} =0. O

The following result together with Corollary 4.1.8 characterises a nonzero element in

MX.

Theorem 4.1.10 Suppose 0 # z € H(M) and

inf{7(p) : 0 # p < ep,0)(|2])} = K > 0.

Then z € MX.

Proof:  Suppose 0 # z € H(M) and inf{7(p) : 0 # p < eo,00)(|z])} = K > 0. Let
Yy E M. Put

a= V »p

T(p)>K

Then as in Section 1.7, q is a central projection. Consider the reduced algebra'ﬂq.
Since inf{7(p) : 0 # p € M2} > K > 0 we have that Mgy = Mq. Also note that
e(0,00)(|12]) < q and thus e(,o0)(|2]) = €(0,00)(|z|)q. Now

IT(zy)l = |7 (z(1 - q)y) +7(zqy) |

= | (zeqo) (121 = Qy) + 7 (zqv) |
I (zeoeoy(Iz))a(l = Q)y) + 7 (zqw) |
|0+ 7 (zqyq) |

< layalf 7(lel) < o0

by Lemma 4.1.3 since qyq € ﬂq = Mg and z € H(M). O

Corollary 4.1.11

O£z M ©0#z€HM)and inf{r(p): 0+ p < epeo(|z])} > 0.
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We know the Kéthe dual of M is trivial when M? is nonatomic. If MP is atomic and
inf{7(p) : 0 # p € MP} >0, then M = M and M* = L;(M). The following theorem
shows that an element in the K&the dual of M always produces a continuous functional.

The proof is very similar to the above proof of Theorem 4.1.10.

Theorem 4.1.12 For 0 # a € M* define ¢, : M= C by
¢a(z) = 7(az).

Then @, € M.

Proof:  Suppose 0 # a € M*. By Corollary 4.1.11 we have that inf{7(p) : 0 # p <
e(,00)(|a])} = K > 0 for some constant K. Let 2, —4 0 in the measure topology in M.
Put

q= \ p.

7(p)2K

Then as before we have that

IT(azo)] < llazedll 7(la]) < oo
by Lemma 4.1.3 since qz,q € Mq =M, forall ¢ and a € M* C H(M).

Now by continuity of multiplication in M we have that qZoaq —o 0 in the measure
topology in M. Since the measure topology equals the topology induced by the oper-
ator norm on My = My, we have that ||qz.q|| —, 0. Hence |7(az,)| =4 O and so

©0a(Te) —a 0. O

For the sequence space ., we have that the set of elements with order continuous
norm is ¢y, which equals £, the set of elements whose generalised singular functions
decrease to zero, and that |

| 0o =ci =t =5
We also know that for B(7{) with the operator norm and canonical trace, the set of
elements with order continuous norm is C(#), the subspace of compact operators, which
equals B(H)o, the set of elements in B(#) whose generalised singular functions decrease

to zero. For this example we also have that
B(H)' = C(H)" = T(H) = BH)*
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where 7 () is the set of trace class or nuclear operators, [Tak79] Chapter II, Theorems
1.6 and 1.8. We generalise this result in what follows, i.e., we show that Mj§ = M* for
von Neumann algebras for which the trace of the projections are bounded away from
zero. (We conclude this after Corollary 4.1.16.)

Theorem 4.1.13 Let M be a semifinite V;m Neumann algebra with a faithful semifi-

nite normal trace 7. Then

My* = M* (= Li(M) = M,).

Proof:  As noted above, M* C M since My C M.

Conversely, let z € Mg = {2 € M : 7(|zy]) < oo for all y € M} and we show that
z € M* by showing that 7(]zy|) < oo for all y € M. So suppose y € M.

Since M is semifinite, there exists a nét (Pa)aca in MP such that p, 1o 1 in the strong
operator topology with 7(p,) < oo for all @ € A. By continuity of multiplication in the
strong operator topology ]xyl%palxyl% Ta |zy| in the strong operator topology. Since
the trace is normal 7(|zy|2palzy|?) = 7(|2y|pa) T 7(lzy]). Let 2y = v|zy| be the polar

decomposition of zy. Hence |zy| = v*zy.

Define the linear functionals ¢ : M — C by @a(z) = 7(v*z2p,) for o € A. Now
for each @ € A and for every z € M we have that zp, € M, since by [FK86] 2.6
pe(2pe) = 0 for t > 7(p,) and since 7(p,) < 0o we have that u,(2pa) — 0 as t — oo.

Now T(|zzpa]) < oo for every z € M and for each o € A since z € M. Using Lemma
4.1.3 we have that |r(v'zzpa)| < 7(|z2pa|)||v*|| since z2p, € L1(M) and v* € M.
Hence |pq(2)| = |7(v*22pa)| < oo for every z € M and for each « € A, that is, each
functional is pointwise bounded. Since M is complete with respect to the operator
norm, by the Uniform Boundedness Principle, [Hor66], the functionals are uniformly
bounded in norm, i.e. |go(2)| = |7(v'z2zpa)| < M||z|| for all z € M and o € A where
M > Q is a constant.

Hence the net (7(v*zyp,)) ='(T({xy|pa)) is bounded from above (by Ml|y||) and hence

its supremum 7 (|zy|) is finite. This proves the theorem. m

Corollary 4.1.14 Let inf{r(p) : 7(p) # 0,p € MP} > 0. Then



Proof:  Note that under this hypothesis M = M, My = M. a

Theorem 4.1.15 Let M be a semifinite Von Neumann algebra. Then
Mox — Mo*n

Proof: It is easy to verify that (My,||.||) is a properly symmetric Banach space
contained in M. Then My™ = My* by [DDP93] Proposition 5.11. O

Note that we now have for a semifinite Von Neumann algebra M that
Moxn __:MOX :Mx ZM*

by.Theorems 4.1.13 and 4.1.15.

Corollary 4.1.16 Let inf{7(p) : 7(p) # 0,p € MP} > 0. Then
— X —— %0
Mo =M,

Proof:  Note that under this hypothesis M = M, My = Mg and Tom = ||.loo = [I]]

where the latter denotes the operator norm topology. a

Thus if inf{7(p) : 7(p) # 0, p € MP} > 0 we have that
Mo* =My =Mo" =M, = M*=M"
by Proposition 4.1.5 and Corollaries 4.1.16 and 4.1.14. We know that
| (M) = Ly(Mm) =M

and hence we have that

*

My = (M*) =M
if inf{r(p) : 7(p) # 0,p € M?} > 0.
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4.2 Singular functionals on M

Recall from Chapter 3 that ¢ is a singular functional on a Banach operator space £ C M
if for every 0 # p € MP there exists 0 # q < p such that ¢(q) = 0. When we consider
induced spaces for which E(M), = E(M),, this definition for a singular functional ¢
on E(M), simplifies to ¢ is singular if ¢(p) = 0 for every nonzero projection p with

finite trace.

We need a definition for singular functionals on M, since M equipped with the measure
topology is not necessarily a Banach space. For the case where M is in fact a Banach
space, that is, when M = M, the new definition has to coincide with the theory given
in Chapter 3. In M we have that My = M, by Proposition 1.4.5. We define M, as
the closure of (M) in M, that is, the closure in the measure topology. We know by
[DDP93] Proposition 2.7 (a) that M, = M, and hence

M, = M, = M.

The above paragraphs motivate the following definition for singular functionals on M.

Definition 4.2.1 Suppose ¢ € M*. Then @ s called singular if p(p) = 0 for every
0 # p € MP with finite trace. The set of singular functionals on M is denoted by M*s.

The set M** is closed under addition and scalar multiplication and is therefore a vector

subspace of M*.

A functional ¢ € M- is called positive if o(z) > 0forall0 <z € M. 0< g, ¥ e M*
we say ¢ < ¢ if and only if ¢ — ¢ is positive. The set of positive functionals in M is
solid, in the sense that if 0 < ¢ € Msand0<y e M with p < 1, then ¢ e M.

Proposition 4.2.2 Suppose ¢ € M*. Then

— — 1
M* =My .

Proof:  We first show that ./\/;ifol = H(M)™ .
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We know that /\’7(:)l C H(M)™* since H(M) C My. Conversely, suppose that ¢ €
H(M)™ . Since My is the closure of (M) in the topology of convergence in measure
in M by [DDP93] Proposition 2.7 (a), ¢ € Mpo" and hence

My~ = H(M)™

We now show that M*s = H(M)* . Suppose ¢ € M*. Let z € H(M) be a self-
adjoint operator. As in the proof of Lemma 3.2.17 there exists a sequence of simple
operators (z,) such that ||z — an —n 0 and e(g,c0)(|Zal) < €(0,00)(|z]). Thus since M
is continuously imbedded in M, Proposition 1.1.4 (viii), we have that z, —,  in the
measure topology. Since ¢ vanishes on each projection with finite trace, it vanishes on
every simple operator z,, and hence by continuity ¢(z) = 0. Now let z € H(M) and
d‘ecompose it into its self-adjoint parts. By the above ¢ vanishes on each self-adjoint

part and by linearity ¢(z) = 0.

Conversely, suppose ¢(z) = 0 for all £ € H(M). Since every projection with finite trace
is in H(M) we have that ¢ is singular. Hence
~ — L
M* = H(M)" = M,y .
O
Examples 4.2.3 (i) If M = B(H) is equipped with the canonical trace, then M = M

and the measure topology is the topology induced by the operator norm. We have

that B(H)o = C(H), the subspace of compact operators and

() If 7(1) < oo then M = M, and

M’*s — ./(/IV'L — {0}

(iit) f M = £y = M and the topology of convergence in measure is the topology

induced by the supremum norm, then £y 0 = ¢y and
lo=bL®c" =L Ly,

by [K5t69] Section 81.1 and Proposition 4.2.2.
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4.3 The dual of M for nonatomic M?

In this section we assume that MP is nonatomic. We characterise the continuous dual
of M with the topology of convergence in measure, and see that it consists of singular

functionals only. Recall from Section 1.4 the linear subspace of M defined by
My = Myn M.

Note that M /M, is a Banach space with the canonical quotient norm. We show that
the dual of M with the measure topology is isomorphic to the dual of the quotient
space M /M, in the sense of vector spaces. In fact, if we equip the dual of M with a

suitable norm, we can show that the isomorphism is isometric.
There are no continuous linear functionals on the subspace Mo of M. We need this

theorem to prove the main result.

Theorem 4.3.1 Let M be a semifinite von Neumann algebra, T o faithful semifinite

normal trace and MP nonatomic. Then

(-’T/E)a Tem)" = {0}

Proof: We have seen in Lemma 1.4.3 that M, = conv%(e, 6) for any ¢, § > 0.

Now suppose for a contradiction that 0 # ¢ € (./\7/0, Tem)*. Then there exists a 0 # z €
M suct that o(z) # 0. Let € > 0 be given. Since ¢ is continuous, there exists a & > 0
such that |¢(y)| < € whenever y € Mo () = M, (B¢, Oc) -

Since .AA/l/o = convm (6) and z € ./\’70, there exist positive real numbers «;,...,a,
where n € N with }_% o, =1 and z1,...,2, € .AA/l/o (é¢) such that

n
I = Z [a74 P
=1

Now by linearity and continuity of ¢ we have that
A n
lo(@)] = [ aip(@s)|
=1 .
"
< Y aile(z))
=1
zn
< Z Q€ = €
i=1
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which contradicts the fact that ¢(z) # 0. Thus we have proved the result. O

Corollary 4.3.2 If ¢ € (M, 7on)" then

©(My) = {0}, that is, p € M*.

Proof:  The restriction of ¢ to My is continuous and it therefore follows by Theorem
4.3.1 that
o(Mo) = {0}.
0

Recall from Section 1.4 that, for z € M, poo(z) :tl—iglo ue(z) and that pe, is a *-
algebra semi-norm on M ([SW93] Section 2). It was shown in [SW93] Section 3 that
pioo(Z + My) = ieo(z) defines a *-algebra norm on the quotient M/M, and that
M /f\;ﬂ) with its usual quotient topology derived from the measure topology, is isomor-
phic to (./(/IV/./C(/O, ,uoo) . Note that we can identify the quotient norm on M /M, with
the pe norm as defined above: In the proof of [SW93] Theorem 3.5, it was shown that
gy + Mp) = infepm, ||y — 2l = boo(y) for y € M. Tt follows that (M//%,uw) is
isometrically x-isomorphic to the Banach space M /M, with the canonical quotient
norm, [SW93] Theorem 3.5. Therefore it follows that their dual spaces are isometri-
cally isomorphic as Banach spaces, i.e., (M/My, quotient norm )* & (ﬂ/m, uoo)*.
We are now in a position to prove the main result, which is a generalisation of [DTQO]
Theorem 3.4.

Theorem 4.3.3 Let MP be nonatomic, M a semifinite von Neumann algebra and 7 a

faithful semifinite normal trace. Then
(./(/iv, 7'cm)’k 15 isomorphic to (M /My, quotient norm )*.
Proof: By the above (M /My, quotient norm )* is isometrically isomorphic to

(M /Mo, ,uoo)*. We now show that the dual of M with the topology of convergence in
measure is algebraically isomorphic to the dual of (./(/Iv / ./%, ,uoo). Define

U (7o) = (K oy )
by W(p) = & where we put $(z + My) = p(z). We first show that
b e (71 Mo, )"
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(i) @ is well-defined:
Let z +/% =y +J%. Then z —y € f\;l/o and ¢(z —y) = 0 by Lemma 4.3.2, i.e.
©(z) = o(y) by linearity of ¢ and hence @(z + My) = @(y + M) by Definition
of @.

(ii) @ is linear since ¢ is linear.

(iii) @ is continuous:
Note that ¢ = @ o j where j : M - f\/lv/f\/\l/o is the canonical quotient mapping.
Let U be an open set in C. Then ¢~ '(U) is open in (M, Tom) since @ is continuous,
i.e. 771 (3 1(U)) is open in (M, 7.,). However j is an open mapping and therefore
@~ 1(U) is open in (M/m,uoo), since (M/Ho,um) &~ M /My with its usual
quotient topology, as remarked in the paragraph preceding Theorem 4.3.3.

Now it remains to prove that ¥ is bijective and linear.

To show that ¥ is injective we suppose that ¥(p;) = ¥(y,). This means @; = @, i.e.
P1(z + Mo) = @alz + My) for all  + My € M/M,. Hence ¢1(z) = @z(z) for all
£ € M and hence 1 = Qo.

That ¥ is linear also follows easily for if & and § are scalars and ¢, @y € (M,Tcm)*

then

¥ ((ap1 + Bpa)(w)) = (a1 + Bipa)( + Mo)
= (ap; + Bpa)(z)
= api(z) + Bea(z)
= afi(z + Mo) + BPa(z + Mo)
= a¥(p1) () + LY (o) (z)

for all z € M. We show the surjectivity of .

Suppose @ € (M/AA/TO, uoo)*. We use the canonical quotient map j : M — M/Mj to
define ¢ : M — C by setting

o(z) = (¢ 0 ) (=) = gz + Mo).
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Then ¢ is linear since @ and j are. Also ¢ is continuous since if we suppose that U is
an open set in C, then by continuity of @, $~!(U) is open in M//\,;I/o with the canonical
quotient topology. Hence by continuity of j we have j7 (5=1(U)) = ¢~*(U) is open in
M. This proves the result. O

Our objective is now to define a norm on the dual of M in such a manner as to obtain an
isometry for the isomorphism Y from (./‘W , Tcm)* to (M /My, quotient norm)™ obtained
in Theorem 4.3.3. We know

lell = 11T ()ll, ¢ € M

defines a norm on M* (since T is an isomorphism). Using Theorem 4.3.3 we define T

explicitly: For ¢ € (M, Tem)*
T (¢) = ¢ where ¢¥(z + My) = ¢(z) for all z € M.

Thus for ¢ € (M, 7,,,)* we have that

1T ()]
= sup [p()|

llz+Mpil<1
zEM

= sup [p(z)|
poo(z)<1
TEM

llell

since we know that the Banach space (M/M,, quotient norm)* is isometrically iso-
morphic to (M/ M, o).

Let ¢ € (M,Tm)* and z € M. Then
T =Ty + Too

with 2o € My and 2o € M (see Section 1.4). By linearity of ¢ and then by using
Lemma 4.3.2 we have that

p(z) = ¢(z0) + P(Too) = P(Zoo)-

Also for z € M we have that
uoo(x) - Noo(xoo)

93



by construction of z,, when we put
Too = TE(0 o (2) (£) + Hhoo (%) 8o (a),00) (%)
(Since fioo(Z) = poo(||), it suffices to consider z > 0 in M). Hence
Hoo(z) < 1if and only if ,uoo(ioo) <1
and so

lell = sup |o(z)]
foo (2)<1

TEM
= sup [¢(z)].

Hoo(2)<1

TEM

Thus if we equip (M,Tcm)* with the norm

lloll = sup |p(z)]

Loo(7)<1
for p € («./q,'rm)* then
(./W,'rcm)* =~ (M/M,, quotient norm )*

as Banach spaces. We state this result in the following corollary.

Corollary 4.3.4 (ﬂ,'rcm)* is isometrically isomorphic to (M /M, quotient norm)*,

where the norm on (J(/[V,'rcm)* is defined as

llell = sup [p(z)]

Boo(z)<1

for p € (M,Tcm)* and the norm on the dual space of the quotient is the natural norm

induced by the quotient norm.

4.4 The dual of M for atomic MP

For atomic MP? we will first consider the case when inf{r(p) : 0 # p € MP} > 0. Then
we know that M = M and that the measure topology equals the norm topology on
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M. Therefore we apply the known theory on duality for von Neumann algebras. We

give an outline.

The dual of M has a direct sum decomposition into a subspace of normal functionals and
a subspace of singular functionals. We give a brief description of how these subspaces

are constructed. For details we refer the reader to [Tak79] Chapter 3, Section 2.

We consider the von Neumann algebra M to be a C*-algebra with the identity repre-
sentation {7, #}. (The identity representation = is the action of M onto the underlying
Hilbert space #.) The predual M, of M, is the Banach space of all o-weakly contin-
uous linear functionals on M and is a two-sided invariant subspace of the continuous
dual M* of M associated with {7, #}. Then by [Tak79] Theorem II1.2.7 M, is of the
form M*z where z is a central projection in the bidual M** of M. (This bidual is
‘isometric to the universal enveloping von Neumann algebra of M and the projection
z is called the support projection of M, associated with = and is unique.) M?*z is to
be understood as an action of the central projection z on the dual M* in the following
way: if ¢ € M* then
(z,pz) = (22, ¢)
for all x € M** where ¢ is seen as a o-weakly continuous linear functional on M** and

thus (zz, ) makes sense. Now we write M as the direct sum
Mz M (1—-2) =M, M*(1 - 2)

and each functional in M, is called normal and the functionals in M*(1 — z) are called
singular. Then a singular functional is characterised as our Definition 3.1.2 for Banach
operator spaces, i.e.,  is singular on M if for every 0 # p € MP thereexists 0 Zq < p
suct that ¢(q) = 0, [Tak59] or [Ake67] Proposition II.1. However, as we noted in Section
4.2, in this setting we know that M, = M,. Hence by Lemma 3.3.11 we have that a
singular functional vanishes on every projection with finite trace. This agrees with our

Definition 4.2.1 for singular functionals on M.

We now consider the case when MP is atomic, inf{7(p) : 0 # p € MP} = 0 and there

exists K > 0 such that 3, some 7(p) < co. We characterise the dual of M in the
7(p)<K
commutative setting only.

If (X, %, m) is a localizable, purely atomic measure space such that there exists a K > 0
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with )" m(A4) < oo, then by Theorem 1.7.1 we have that

m(A)<K
A atomiceX

(fo:,(X, E,m),'rcm) = (Lo(E, EE,’ITLE) @LOO(X \ E, Ex\E,mx\E),l/p X ““oo)

where v, denotes the pointwise topology. In the commutative setting atoms are mu-
tually orthogonal and functions are constant on an atom. Therefore we may think of
Ly(E, % E» mg) as a weighted sequence space over a countable index set, say N. We will
write Lo(IN) for short. It follows that the dual of Ly(IN) with the pointwise topology is
the space of all sequences that have finitely many nonzero coordinates, usually denoted
by ®(N) = Lo(N)* (= Lo(N)*™).

Similarly we may think of Lo (X\ E, £ x\r, mx\g) as the weighted sequence space {o(I')
over an index set I' with the usual supremum norm. Then we know that the dual of
(Loo(T), [[-lleo) 18 £1(T) @ co(T)t = Leo(T)™™ @ £eo(T) ™.

Thus the dual of the direct sum is the direct sum of the duals, [RR64] Proposition 2.6,
since the product and direct sum topologies coincide when the product is taken over a
finite number of spaces. We can therefore identify the dual of (E;(X , 2, m),rcm) as
BN @ 4(T) ® cp(T) L.

4.5 Summary

We present a summary in the following table.
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Atomic,

MP Nonatomic Atomic, Atomic,
inf 7(p) >0 inf 7(p) =0, | inf 7(p) =0,
7(p)50 7(p)#0 7(p)#0
3K > 0: I(pn) C MP
with 7(pp) 4. 0
. o0
Y. 7(p)<oo|: Y T(pa) =00
T{p)<K n=1
p atomic
Tem | DOY = .| (comm.- not
locally convex locally convex locally convex locally convex)
/\’71_; = ﬂ conv/ﬁ(e, d) | Mo
€,6>0
My" | ={0} =L(M) =M, |=M" > M~
= MX = M,
— MO*TL —_ Mtn
Mo = | ={0} = Li(M) =M,
Mo*n = etc.
M =M = My ® Mi_q
' where
a= \V »p
T(p)<K
p atomic
> = {0} =LiM) =M, |=My C My~
= etc.
M| = (M M) =

(quotient norm)

M*z @ M*(1 —2)

| M, ® M*(1—2)
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