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PREFACE

N W The purpose of the procedures described is to assign ”objects
:or "observations" in some optimum fashion to one of two or more
populations. In routine banking a bank manager may wish to
classify clients who wish to make loans as low or high credit

risks on the basis of the elements of certain accounting statements. L

In such a case there are two definite distinct classes.

Another investigation may be initiated to determine whether buying =
habits are different with respect to the categories. urban, sub- H‘,_“’

urban and rural clients.

Note thatcin the first example the classes“are determined before
any sample of observations is investigated i.e. the -sample results
‘do not influence the choice of groups. In the latter case one is
trespassing on the terrain of cluster analysis.

In the first case we have two types of problems, namely that of
devising a classification rule from samples of already classified

. objects and that of imposing the classification scheme on the ob- -
| ~jects. . The term "discrimination" refers to the process. of de- f
riving classification rules from samples. of classified cb:ects and
the term "classification” refers to applying the rules to knew ob- zfi‘
fjects of unknown class. ‘

Although it is pcssible to convert rawcdatafinto more eesily”graspgavajf
forms like cartoon faces (Chernoff,‘1973)'this still represents the e
problem that any grouping or classification based on these diagrams f
is subjective.

. This suggests the following reasons for developing formal statis-
tical classification methods (see Hand, 1981):

(1) Formal methods are objective and can be repeated by other
researchers. ' ' h

',iii) One can assess the perfcrmence‘of.the assignment rule.
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©(i11) Ome can‘formally measure the relative sizes of tne'claSsesf

| (iv) One can determine how representative is a particular examplef»z'
| of its class. ‘ '

l€=l; (v) One can investigate what,aspects of ‘the objects are impor-'
i tant in producing a classification.L

(vi) One can describe and test the differences between classes.

This agrees with four of the main objectives of discriminant analvsis.mf
and classification, viz. ‘

(1) Finding linear composites of the predictor variables that
enable the analyst to separate the groups by maximising the
among-groups variation relative to within-groups variation.

"
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(ii) Establishing procedures for~assi§ning new individuals'whose
profiles are known, but not the group identities, to one of

the groups.

- (1i11) Testing whether significant: differences exist between the
mean predictor—variable'profiles of the groups. ‘ ’

With large sample sizes it is not difficult to obtain a signi-Af’
ficant test ratio, even though the classification accuracy ‘is
poor. '

(iv) One should eventually be guided by the classification
'accuracy.

_To summarise: The problem of classification arises when an“investi- "l;
gator wishes to classify an individual 1nto one of several categories_f?
~on the_basis of some measurements. The problem may be considered |
" as a problem of "statistical decision functions". Each observation ‘
occurs according to a given distribution. Now each distributionl
may be known or unknown. If it is known, the parameters‘may be
known or unknown. In the latter case the parameters must be es—
timated from a sample from that population. ‘

~
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;,If there is no hint of which distribution is involved one may fall ?ii;f
*;back on a non-parametric approach. It will be seen that non- Hf
' parametric methods are sometimes as accurate as parametric methods.‘ﬁ

‘}gf B. Having discussed the basic "definition of discriminant analvsis
. one may well ask whether this procedure is useful for the type of

data one often encounters in marketing research situations. The
, clqssical discriminant analysis was based on two groups and con-
tinuous data which are normally distributed. When the distribu-
tions involved were not known, normal distributions were assumed,
because of large enough sample sizes.

We know, however, that this is anuidealistic way of looking at the
real situation of small samples, discrete data, continuous and dis-
crete data mixed, ordinal discrete data, nominal data and so forth' 

iwhich one so often, almost as a rule, encounters dealing with
marketing research problems.

This thesis tries to give a summary of the classical approach to e
discriminant analysis as well as some other methods in order to

'see whether the techniques available are appropriate for handling
all these different types of data as well asfthe;typical small
,sampies.' As this field has been studied fairly well it is not

~ easy to even mention all possible techniquesf(see gsection 5.4),

- but I think most of the basic methods have been touched.

Studying all these techniques it has become,euident that much of -
the present day marketing research data can be analysed by‘means

of the classical approach,even if the data are not normal conti-
nuous, but of an ordered nature (see section 3.10). If results o
- are not satisfactory then one can use more data-specified techniques ‘
as described in chapter 3.

Chapter 4 has been included to show somejofitherrelationships be-‘
tween discriminant analysis and correspondence anal?sis; where the
- latter is not such a well-known, but very useful and interesting |
procedure. In this chapter, i.e. chapter 4 and section 5.3 ‘the
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;,basic structure display of a data matrix was used to. define the
-basic structures of the data matrices in correspondence analysis

, and discriminant analysis. Note that correspondence analvsis is
' well suited for the positive nature of the data one often finds in
:, marketing research. s » ‘ S

7d:_In chapter 5 two of the more common problems in discriminant analysis ‘f
(typical of multivariate analyses?) are briefly discussed and some o
other problems just mentioned. A very brief description is given
~ of two typical problems in marketing researoh. In both cases the
group sizes are fairly small and although‘almost‘no refinements,
except for jackknifing, was added to the basiceprograms; the rates
of correct classification were more than satisfactory - especially
in example 2. |

Finally some theoretical background and results are given in the
Appendix. ' ‘ ‘ ' '

- C. Diagrammatically the text may be summarised as on thevnext;page:‘
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NOMENCLATUR

In general the following notation was used unless specified

. otherwise: |
%k p number of variables in x o
Xy | variable/element i of vector b4
X observation vector /
Hi population 1 |
Ty probability associated with Hi

n(p,u,Z) multivariate normal distribution with P variables
in each vector observation

ny, Ni .size of sample/populatidn i

W(p,q,I) The p-variate Wishart density with q degrees
, of freedom :
”

A Mahalanobis's discance'squared

Dz 'Mahalanobis s sample distance squared ,

A the matrix of sums of squares and cross products
S ‘ the sample variance—covariance matrix

® () the cumulative normal‘distribution

qu=E tPXq a pxq matrix with all clements equal to 1
diag(al,...,ak) diagonal matrix with diagonal elemcnts,'

. l' 62, LI 2N B ak
tr (A) trace of matrix A



Chaptervl

CLASSICAL _DISCRIMINATION

1.1 Princigles leadingito a solution

Initially we will discuss the case of two pOpulations for ease
of notation. -

One of the principles which will help us to find a proceoure is
the minimisation of the cost of misclassification of an oﬁserf

vation. There are other ways of tackling the problem as we .

shall see. For other short and easy reading references refer_
inter alia to Press (1972), Johnson and Wichern (1982) and

P. Green (1978).

Let us define a rule that will classify among observations as
follows (Anderson, 1958):

If an observation or individual'is charecterized.by a certain set

of values say x' = (xl, Xos Xqr ey xp); it will be classified

as from Hl; if‘it has other values it is}classified'as from nz

where Hl and Hz are the two populations. ‘The classification

thus depends on the vector of measurements x' = (xl, Xor X3r eew xp).

‘One can think in terms of a pndimensional space which is divided

. into two distinct regions R1 and R2 referring to Hl and Hz res-
pectively. ‘

Let us now distinguish between the two kinds of misclassifica-
tion errors with the corresponding costs‘of misclassification.
The cost of classifying an individual as from T, when it is in
actual fact from nl is c¢(2/1)>0 and the cost of classifying an
individual from Hl when it is in fact_frOm Hz is'c(l/Z)}O. It
is of interest to note here that the units of cost is arbitrary,
because eventually it is only the ratio of the two costs that is
important. Although these costs may not be known exactly, the
statistician may have a rough idea of their magnitude.

A good classification procedure is one which minimises the cost

13
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1.2

- of misclassification in some sénse."VRefér to table one for
the appropriate costs. ' '

Dgcisiqn
'ni | Ty
9? ;;"7 Population m, | o | e(2/1)
n, | cl1/2) o

TABLE 1

1.2 The minimum cost procedure when a priori probabilities are
known - A Bayeg;procedure,;f:’ ~

Suppose the probability that one observation comes from Hl is_q1§ ,*  
and from I, is q, where the density function of 1, is‘f1€§),ahd e

: |
that pf I, is £, (x). , ;

The probability of correctly classifying an Qbservation~from'nl,
i.e. regioanl in p-space is ' :

where dx = dx;, dX, dxy, ..., dx,.  The probability of correctly
classifying an observation from population I,, i.e. region R, 'in g
p-space is | : -

'P(2/2,R) = [y £,(x)dx | S | 1.2.2

The probability of misclaséifying'an observation from nl is

P2/1,R) = fp £ (0)3x | o123

B2

~and the probability of misclassifying an 9bservation £rom Hz is

P(1/2),R) = [ £,(x)dx o 1.2.4
12 S | :

1.3/...



1.3

 The cost of procedures P(1/1, R) and P(2/2.R) is zero as can be o
seen from table one. ~

The probahility of drawing an observation from T, and misclassi~_;"
fying it is qlP(Z/l R). The probability of drawing an observao
~ tion from I, and misclassifying it is qu(l/Z R) . :

The expected total cost which,muat be minimisedtis:

c(2/1)P(2/1,R)q, + c(1/2)P(1/2,R)q, 125

The minimisation of this average loss is determined by diViding
the space into regions R1 and Rz in such a way that the expected
loss is as small as possible.

Now 1.2.5 can be written as

c(2/11q)fp £ (VAx + e(L/Dayly 1'2(§)d§' Lz

Expression 1.2.6 for the ekpected loss can be minimised by -

minimising the probability of misclassification and this can

be obtained by assigning to that population which has the higher
"conditional cost" for each given vector x. Therefare, if

c(2/l)q f (x) | °(1/2)q £,(x) \1;2;71
E ez R MR c(I72)q2f‘T'T 'Ti/lqu [EIE ¢?T77)q2?‘(x) .

we choose Hl' otherwise we choose nz. The choice in case of
equality is arbitrary;

Since minimisation is applied at each point, we minimise over.
the whole space. ‘

The alternatives can be set out as follows:

Choose R1 and R2 according to

v | , £,(x)  e(l/2)q
R, : c(2/1)q1f1(§),> c(l/2)q2f2(§) or T_T—T *3T77173f

1.4/0..



1.4

5w cu/g, A
2 : c(2/1)q1f1(X) < C(l/z)quz(x) 0!‘ —-*z'—r m 1.2.9

.1.3.1 Classification into one of two kqown,mnltivariate
normal populations

' Observe the two multivariate normal populatibns with equal
covariance matrices, namely x, -~ n(p, u;,I) and x, ~ n(p, p,,I)
where x{ = (X;,, X500 Xjgr veer Xy ) and p, = (ug3s Uype

Let us assume initially that 21 = 22 =I.

£, (x) -
Then it follows that fLT—T which can also be seen as a 1ikeli-“~

Ui3r sosy Uip) .

hood ratio (Morrison, 1976), can be written as

) ) (2“)-¥plzl’%exP[' (xmpy) ' 2T ‘5'21’] 1.3.1.1
£, (%) (2m) " *P|z|” ljexp[ Y (x-p, )t 1V<§-gz>] "

= exp.[-k§'2"1§'+ %Bi2'1§5+ 5572’131 'igﬂizflkl

ER T P A R W N WS s

= exp [(ui-ué)t'lg - %igi-yé)z'l(gl+g2)] - l.3..2

S log A = (ui-u3)ETUE - E(u-u3) I (uy+n,) 1.3.1.3

We call (p,-p,)'Z 1x the discriminant function and log A the
classification function. »

vc(1/2)q2
- In 1.2. 8 let k = —177TTEI where the costs of misclassificatiqn
are equal and q; = 9, then k = 1, it.e. log k = 0.
Then the classification regiong are:

R, when log A o, i.e. (ﬂl“uz"z x - %(gl—gz) z l(gl-gz)ko -

1

R, when log A <O, i.e. (21-22) L 1x - ¥(H1‘H25'z (91+Bz)<°'fi.'

1.3.1.4

105/0 . 0



1.5 .

-
L

T S | .
(=) 'L 7% > %(p,-p,) 'L (E]_"'Ew

- N
.

(ul'uz)'2-1§ < %(ul-uzl't'l(gl+gz) . 1.3.1.5

~1.3.2 The corresponding“grobabilities of_g;sclassification

Let U = (gl-uz) z 1§ %(gl-uz) L (gl+gz)‘ where x~n(p,31,2) of
x is from I,, then

P ! -l '|"'"  g .
~n((nl-uz) T T T R T T P P R e l(ulfuz))

1.3.2.1
i.e.
U~ n () T ) (ul-uz)'z-l(gl-gzo_ 1.3.2.2
Let A; = (y -22)'2 (ul U,) where Ap is Mahalanobis s dist&nce
between Hl and Hz, then
U - n(sa%, A%) - . 1.3.2.3

Similarly, if x ~ n(p, Uoe ), then

' (kA2 2
U ~ n( %A Ap)

Taking into account the cost of misclassification and taking
log k = ¢, then

c 1 - T
P(2/1) = T e =k (z-kA2) 2 /72 ] 4 1.3.2.5 °
@/ =7 e [-se-wbiinples | .
i.e.
= ol (c-xa2 | | 1.3.2.6
p2/ = efe %Ap)/Ap] | » | -6
and - R
= -al 2 ' N - 1.3.2.7
P(1/2) = 1 0[(0+§Ap)/Ap] | 2.7

80 that ¢ can be solved and therefore the bptimum ratio for

1.6/....



1.6

“ q,c(1/2)

= 5;3777IT' can be determined in a»mini-maxfaolution where
1 ‘ -( . 2 _ )a . Q( ~-kA2 ) «8
et/2) (-o((evhadi/a)) ) = c2/nf(e 3) /8, 1.3.2.8

using a method of trial and error in the normal tables.

1.4.1 c1assi£1cation into one of two multivariate normal
pqpulations with the parameters E, By & and sy unknown - B
a saqpling procedure : '_;

When the parameters are unknown we would have liked to sub-
stitute for y,, p, and I using the unblased estimators. If

one would substitute them into 1. 3 1.3, 1.3.1.4 and further,
there is no basis for assuming that the principle of optimality
with respect to cost is still applicable (Anderson, 1958).

An appropriate method is Fisher's apbroaéh'using the unioh,inter-‘i
section principle of Roy‘(see Morrison, 1976 ) to obtain the
maximum distance between centroids. '

Define the two multivariate normal populations as before with
equal covariance matrices such that x1-n (p, By N z) and
‘ 1

-

%, - 0 (ps Uy 5,1-2 I), then
- - Ny, B
Xy - Xy~ n(p. 0 DY NINZ z) | l.4.1.1
i.e.
| L, ‘ |
a.(x. -xz) ~ n(p, a(gl }52). a' “1“2 z.a) 1.4.1.2

which is a univariate normal distribution for any non-zero

a : pxl.

"Let S be the unbaised estimator for I, then

1.7/...



N.N

‘tz(g) - 2

a'Sa

= 27(% %) (X)7x,) 'a NN, | .
a'Sa N1+N2 T 1.4.1.3

 Now (x x2)(x -xz)' is pxp and symmetrical and S is pxp and
symmetrical so that the maximum for t (a) exists where a is

the eigenvector of 1+2 -1 (xl xz)(xl 2)' which corresponds
» 12
_with the largest eigen root and this maximum of t2 (a) equals
N.N
the largest eigen root of -é—é- s~ (gl-gzhlgl-gz)_'and equals
. N1+N2 12 '
(51-52) s~ (31-32) N1N2 = T and the.corpesponding eigen—

vector is S'l(gl-gz) = a. (See Graybill, 1969).

We now have an a such that t (a) is maximised, i.e. the centroids o

of the two samples are thus determined that we have a maximum“
or "optimal” difference between them.

-Our index is thus

-1,- '

. =

a'x = [S (% 52)] x

i.e. a'x = (gl-gz)'S'lg =y _ | 1.4.1.4
The mean values of the indices of the two samples are now

§1 = (x -xz)'s lxl and y2 = (xl—iz)'s lxz.«

The midpoint of these mean values on a discriminant function
scale is '

¥1YY, - K (X,-%,) 'S L(R, +X,) | | 1.4.1.5
—=t nTE, 2.3 | -

from which we have our classification rule:




' ,}‘Allocate the indiVidual with response x

-1

to population 1 if (x -xz) S "x » k(xl 2) s-l(gl+§2)

to population 2 if (Zl-gz)'s-lg < s(il-gzr's‘1(21+§2),; 1.4.1.6

i.e. sample units are allocated to that group nearest to
it with respect to the mean score.

Y1*Y2  is the value'of a random variable ahd therefore the
rule can be Summarised in the classification function:
W= (R-x05"1% - §(%,-%,Js"L(X, +%,) . 1.4.1.7
<1 =2 = “T=1 =2 o =1"=2 ‘ sTee

where x is allocated to I, if W20 and to pbpulationlz if
W<O. If log k#0, this "optimal" rule for:"maximum distance“'
would be changed by the subtraction of a cbnstant.

It is important to note that prior to the applicatiqﬁfof any
classification rule, one should determine first whether the
group centroids differ significantly, i.e. whether any allo-
" cation will have any meaning. For this Hotelling‘s TzﬂteSE
measure can be applied: -

Ho : ui = N against the alternative hypotpesis; Calculate
, NN, . , N; +N,-p-1 5
T ——aﬁ— (xl 2) s (51-52) where F = Ni+N =275 ° T

is distributed as the F distribution with p and N +N2-p-1
degrees of freedom if H is true. :

1 4.2 Misclagsification probabilities asspciateg with 1.4. 1

Estimation of misclassification probabilities is difficult in
such a case.

1.9/0..




1.9

1f x ~ n(p, Bis Z)ithen'it follows that

~ n(0,1) | 1.4.2.1

if a is independent of x, i.e.

P(2/1) = P(W<O)
x'a-ula !S(i +}-t ) 'a~-u! 1.
=p[__——_—--H1' < =172 Q_Elé]
va Eé Vé\EQ
[%(X a-uia]
"a'la | 1.4.2.2
and éimilarly _
na_;s(x )'a' | o
P(1/2) = ¢[ 2= -] : 1.4.2.3
- ' va Zg

but I, ¥ and B, are all unknown.

Various estimates of P1 = P(2/1) and P2 P(1/2) were .
suggested in Lachenbruch and Mickey (Februaxy;1968) and

are shown in more detail in Kshirsagar (1972). We will
have a look only at those estimates which ire fairly
useful and common, i.e. the 08, U, U and 'apparent" methods
as described below.

Lachenbruch et al. stated that if approximate normality can
be assumed then the 0S and U methods are good, but if

x2) s~ (xl-xz) = Dz, the sample Mahalanobis distance
squared, is small (say < 1,0) or the sample size: is>sma11
relative to the number of parameters, the OS5 method should
not be used. In such a case the U or U method should be
used.

When normality is questionable and the sample size is small

1.10/...



~relative to the;numbet~of‘variablésithe,ﬁjmethod should be
' used. ' | R -

- (1) The 0S method: _ |
Estimate D2 by DS = (m4p-3)92'/'(N1#32-2) and use the
asymptotic expansion for the distribution of W as given
by Okamoto (1963) to estimate Py and P, Note that

n=NN.

(ii) The U method:

i

Morrison (1976) describes the U method as follows:

Calculate for each observation X, from the k th samplél

= {x.- {5 s, (=n¥%  _
W {*1*[ ﬁ"I ‘“1 “k’]; { X)X+ N (% xk’]
: 1.4.2;4
where , '
N 11,-3 c-- .
1 2 ( -1 k 1, - - , "1)
s, ————7_ s ~+ ~ (x,-x ) (x,~%x,)'S 7}

| N, |
and C, = T———171%—;§r-77’. In this formulation N,+N,
Ny 172
statistics are calculated, but with the particular individual
observation omitted in the calculation of the linear dis-

criminant coefficients, means and covarianqe matrix.
l

As before if WiBo allocate to population 1*~
and if Wi<° allocate to population 2(

~ The probabilities P, and P, are now estimnted by the proportion o
. of misclassified cases for each group. | : :

o |
Note that for computational purposes Wivcam_be expressed as

1" ll/‘(. L




. .. 1n

e _N=3 (i amlyz = ' -
_3;Wi} ﬁ:f,(!i 5 (§1 82 &(x +x2 'S (x1~x2)~

+ . = - . - ol . _r ‘ :—1 = -_, ) ~-1,=- = o
1-C, (x,-%,) 'S™1(x, %) {9k[‘51 X ) 'S Tz §k’][‘§1 )’ ‘§1<¥%{5
- veelis =02 Lo
o yB s @ g P o oy
2N, -1 .2 | B
k k - -1 - v S
v -0k —E [(:_c %) 's"L(x, % )] }) 1.4.2.5
2(Nk-1)2 1% y 1%k |

- This technigue is similar to the so-called "jackknife"
approach as described in Section 1.1l. This is one of the
‘reasons why it is fairly robust with respect to normality.

. For the derivation of these Wi s refer to. Kshirsagar (1972) keeping:ff
" in mind that Kshirsagar's S is equivalent to our A. o

(111) The U method:

Unlike the U method which is not influenced sharply by a_
deviation from narmality, the U method depends explicitly
on the assumption that the linear discriminant variate is
normally distributed.

Compute
- A | k
W, =5 I
kN o4y Wik
where N :
S, = - I w k=1, 2 1l.4.2.6
k Nk,I i=1 ik™ k ! -
‘using the scores in 1.4.2.4 and 1.4.2.5, then the éstié- v :
‘mates will be S e
A - V R A v ( I
P1= g P2 (§3) - 1427

‘ The derivation of this can be found in Kshirsagar (1972).'

10 12/0 . c-o' \ »



1.12

(iv) The résubstitﬁtion'method:

This method provides us with the estimated error rate which
is commonly known as the "apparent" ‘error rate. - What the
method obtains, is the ratio of misclassified observations
where the classification function was determined on all N1+N2
elements and by resubstituting the observations by,means of .
which these calculations had been made. This techhique is
often misleading and gives estimates of P, and Pz‘thétoare
too optimistic, i.e. too small, as the same observations are
used to compute the classification function and also to evaluate
its performance which obviously results in biased results. |

Another not often used technique is to split the samples into
two groups. Do all the calculations on the one group, i.e.:
use it as a training set. Assess the performance of the
resulting function using the other group. ‘This is not alwavs
practical as total sample sizes are often relatively small
which disencourages the further decrease of the number of
observations for calculation“purposes in both cases.

Much work has been done on the estimation of error rates, with
respect to already classified obserﬁations as well as new re-
sponses. Confidence intervals have been determined for the
misclassification probabilities (see Lachenbruch, 1967).

Sayre (1980) derived some actual and asymptotic error rates
under certain conditions. A summary of some of the latest
developments in this respect may be found in Dillon (1979).

1.5. clagsification as a regression problem

Kshirsagar (1972) posed the classification also as a regreés;on
problem. ‘

where E Xq is a pxg matrix

: -1 s - L
Let x IXEnll' b4 n2YEn21 P
with all olements equal to 1. Let,xpxnl and prnz be the

sample observations fromIIl and né respectively with n(p,gi,Z)

1.13/...
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,populations.' Let x be the‘observa;ioﬁ to be classified. Then .

)Y', a Ax+Ay

= -_l_- ' = "'l—".
Ax X(I a E )X', A Y(I n En )

1 MM Y 2 [t

= 1 = 23

Using the exmsition as given it follows that

172 172
[22 a . np, /22, 1)
n;tn, = 'V i, =’ |

where § = y,-p,. Note that /ﬁixszg is indepeﬂi'of A where

A .~ W (py n1+n2—2, z)

Therefore, d and S are unbiased estimates ot §d and L.

Then Fisher's discriminant function becomes

a'x =a sy - = ~1.5.1

and is known as the samplé discriminant function.

Now, using the same notation, define the duﬁmy variable £ as

E = if an individual belongs to nli

1

= A, if an individual belongs to I, 1.5.2

2
and we can write
E(x) = a + BE ; . 1.5.3

where x is the vector of measurements for the individual,
' |

and

1014/0 .s




1 s '. 1 uy o I
& = = (A o 8 = = (ky1,) ~1.5.4 .
TS LR L U b v w E17E2 LT e

. v e i
so that E(x) = By when Eékl and‘E(g) = U rhen‘z =2,
From this it can be seen that 1.5.3 can be@looked upon as
the regression equation of x on £.

The problem however, is to predict £ giveni/x in order to be
able to decide whether to assign the individual to m, or N,
not the opposite. We must find the regression of £ on x.

' Observe the following table 2 for the N = ﬂ1+n observations

2
- on X
Variable.OBservations on the Observations on the
-y individuals from Hl | ny individuals from K2
X X ﬁ Y
£ | A; (n times) | | A, (n, times) i
TABLE 2

'The matrix of corrected sums of 3qﬁares and%sum3~af products
of all the n,+n, = N observations on x, y 1is

[X 1 ¥] (I =g Eg] [X Y]

L] . . ! ¥

1 1 nn,
=X(I-ZE )X'+Y¥(I-Z=E Y' 4+ == 44
1 nny - ny noh, | n1 Ny =
n,n ’
A + n,n, ad’ o - 1.5.5 -

1.15/...
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~ Thé matrix of the corrected sums of products of §t@1th £ s

. . 1 : o o Y
(X 1Y) (T - § B DBy, © ARy, 1
l 2. (A 1 )d ' i | 1.5.6
nmtny ; ‘

The matrix of the sums of squares of obsert&tibns of £ is

i
|

'
AlEnll , ' |
E, 1 a- NENN’[ 1%1n,  *2f1n } |
n2 1l . e |
n,n | | ‘
172 2 ' '
= (A, = 1,) : , 1.5.7
nl+n2 1l 2 ‘
Let the regression of £ on x now be G
| | |
constant + blxl + byx, + ... +bpxp i 1.5.8 _i

where we use the method of least squares td minimise the
sum of squares of deviations of £ from its regressicn.A Theh
b satisfies the normal equations '

n

=

172 nna L ‘ s
e t—— (1 -X )g = (A d m————— dd')b | 1.-5'3
nl+n2 1 72 1+n2 ‘ T - 7v,‘f

using 1.5.5, 1.5.6 and 1.5.7. From this now follows that
\ ‘

n n.n T ) -
P (A;=R,) (A + L2 ggn~lg | : 1.5.10
o 12, RS Ry W = ,
|
1)

Take now into account that o
| i

Ppxp |
Bartlett (1951),

-~ Ha xp? |R1#0. Bipxl, c#O, then (A+chb')’ -1 fl I:;gr;:x;;A lopa™! ;o

% 1.16/...
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) _ . . - L - o o
(A + 1 L2 497t = (14 El;%— A"t aanlal 1s.u
' l n, = 172 o ’ o
| | .
| atl -
(I it i S _ ¢ lA",l
: n,+n, % an
i 1.5.12
Equation 1.5.10 now reduces to
» : |
|
o 1+2 (A1-2,)
. ntn, 1 -1
. b = > A d
rL2 . B |
nl+n2 ny n2-2
where D; = d's-ld; so that b is proportio#al to A-lg and

thus b'x to a' x, the sample discriminant function. Apart

- from a constant of proportionality the disériminant and
regression functions are similar and will lead to the same
classification procedure as before.

At this stage the following questions may ﬁell,be asked:
(1) Are these bi values valid? |
(11) How do we test before hand for the hypothesis y,=y,?

Thus let us take the discussion a little fdrther, because

if y, = p, there is not really any sense in trying to dis-
criminate with respect to cent:oids., Fuqther we would like
to be able to apply a hypothesis test to each bi

The regression sum of squares of £ on x isi

12 o
n1+ 2 1~ 2

b'd .

SSR(x) = 1.5.14

1.17/...



| %252
R b 2 nym, P
(Ay=2,) , _ 1.5.15
n,+n l1 "2 n.n _
172 n,+n.-2 + 42 p2
172 n1+n2' P

' because ((n1+n2-2)A-1§)'Q*=Q'S-lg,= Dg , 80 that we have the
following ANOVA table. '

Regression of § on,g

Source (d.f. ' Sums of squares F o é
n,n, Dz nl+n2.-p-1' n,n, s D;,-;

SSR(x) |p n,n, ( 2 n1+n2 D : P 'n1+n21,pﬁi
: === (A ,=2,) : V. Nty
: n,+n 172 n.n n,+n, -2 . _
1772 noin.-2 4102 p2| 0 Mt |

1772 n,+n, “p}|

Error |n,+n, | M1f2 (h=1.)2 nlfnzfz
s.s. |-p-1 ny+n, 71 72 notn-2 + 2102 2 ~
‘Total [n,+n.-1 | 21%2 2 i
172 —_— (Ay=),)
n1+n2 1 T2
TABLE 3

There is no association between x and £ if 8 = O, i.e. if
y=Ho- '

Although the basic assumptions in a standard regression
analysis are not satisfied - i.e. the dependent variable §
must have a normal distribution and the independent variable
x must be fixed - it can be proven that the hypothesis

Hy 3 B)=H,
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,yéﬁh‘be tested by

, o ‘ . mny 2 o iii;i
S Reg;ession SSéd.f. I Sy ] -p-1 & n, %
¥ ror LT N ;ﬁz;;:;— } il.s,is‘

where F has the P distribution with p and nl+n2—p-l degrees of -
freedom when = uz, i.e. when A;=0. »

Por further information regarding the distribution of D;“'

refer Appendix B.

At this point it is interesting to note the relaticnship
between Hotelling 8 'r2 Mahalanobis's D2 and Fisher's R2
where R is the mu]tx:le correlation coefficient between &
and x (Lachenbruch, 1968).

R? - regresgsion S.S.

MRy 2 \

m,#n, Op / (np*mg2) . IR
s . .
= ' . 1.5.17

1412 1 2_p2y (n,+n,-2) | |
ny+n, °p -

and from this follows directly that

-]
:

P12 o "/ (ng+ -2»==—-1‘-3-n / (n+ny-2)

2
R (1 +
nl+n2 n1+n2 P

1.5.18

o e 2 1.5,19,‘

, R?
= o L
. 02 ~1.5.20
This is handy because hypothesis tests on R2 ‘may measure'

the discriminating ability as dstermined by the reqression
method.

1.19/... .
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. A further point of interest is the fact that A, and A, are
- never used in test 1.5.16 so that oﬂe‘can use more convehioﬂ{

ifvalues like A, = 1l and A, =0 ox 1, -1, etc. Fisher used

n -n
=2 S -
Al = nl+n2 and xz 1+n2 from which follows that ll Az l

and £ = 0. For a full discussion of this result refer Anderson
(1958) . Dpifferent choices of ll and lz yield different values
of b, but all such b's are proportional to each other and to
a'x. This however doesn't matter in ‘discriminant analysis,
as we have to standardise the discriminant function by di- _

- viding by its standard deviation before using it (see Johnson L
and Wichern, 1982). : ' .

This difference between regression and discrimination is lm—
portant; the regression coefficients are unique’ while the
discriminant coefficients are not - only their ratios are
unique. |

N

In standard least square theory Var (b) is equal to

1 2 -1,2 2
q°’ o )
(A + l+n2 dd') where

estimated from the analysis of variance table. This is
not true here, because E is not normally distributed. If

is the varlance of £ and is

we however write

~ n.n ~ ‘
- 172 o, -172
R} = A+ i ddn o
n.n
172 1 _S.S.E.
= (A + ada") =
nyp¥ny == 1*n2"P
n,n
n,n l+: (Al-xz)2 n,+n, -2 -
=(a+-L2 ggt_ 1.2 — - Jules :
T ngtny =S 1Ry p-l -2 + nyn, o? '
1°72 n;+n, °p

1‘020/. L )



. 1,20

, - lz(x 2
- @+ 202 an ny+n, A2 _ n,+n,-2 B
At o, €W we -2 P o B
172 l n+n-2+-—-———12‘D2
172 n1+n2 P
1.5.21
then
b, |
-~ =t oy
{V(bi)}g (ny+n,=2)-p+1 1.5.22

- to test the significance of bi’

For the derivation of the covariance matrix of b see
Kshirsagar (1972), Kendall (1982) or Appendix D.

1.6.1 Tests associated with discriminant analysis

1.6.1.1 Notation

Kshirsagar (1972) as well as Rao (1966) paid attention to the .
different tests which may be applied to a discriminant analysis.
The notation as well as the tests are taken from these two

references.

Dg = g's‘lg is Mahalanobis's sample distance squared

with distribution of Dg given by

n

l 2 ' l 2 2 172 2 :
H' (e D / n -2 A%) 4 ( D%) 1.6.1.1.1
P n1+n2 l Ny=é, l+n2 P l+n2 P
with
n,+n,=-2 p(n,+n.,)
2, _ 172 2 172 ,

i.e. D: is not unbiased as an estimator for A;’ the

1.21/...



121 | s

. . population Mahalanobis distance. See Appendix B for the

" aistribution of D>

Therefore an unbiased estimator for A; is

(n,+n,-2) - (p-1) (n,+n,)p '
172 , p2 - L 2° 1.6.1.1.3

Partition x, 6§, £, 4, A, a as follows:

x = {gl] k § = [61} k
X, p-k | | 62 p-k
a= % =[a ]x a=la ]x
2 2 1 =S
a, 1 p-k . 4, 1 p-k
Dl rg i, |k  as=| Ajpihg, | ok
Z1:%22 1Pk - LAy ian ) Pk
k p"k ‘ k p‘k 1.6-1.1..4 s
~with d and § as defined before. Further, let
-1 _— . -1
B.=Inin B = Ruh
(p-k) xk (p-k) xk
z = £,,-L, o8 A R
22.1 T F227%21%11%12 22.1 = P227R21R11%2
(p=k) x(p=k) (p~k) x(p=-k)

1.22/. [N )
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-1 -1 ob. ; ‘» -3t ) .
-z 8 C z‘l | p-k
422.1°% : 22.1 | Pk
and
-1 _ -1 -1 : el 1 R -
A AJ] + BA5 B : B Azz ] x | e
-A,, .B : asl pk 1.6.1.1.5
22.1 . R2.1 oFededed o
k p-k
With respect to A2 we can write
-1
A2 = §'T 7§
P =" =
C =l
B0 (8]
* ® ......i.'.......;."..'......'. LI )
s, 1 | -z} s B s, 1
82 - TR22.1 . 22.1 22

; -1, 5-1
= [Ql " [EatRE20f

of =1 sig=l o weapcl | (8]
él(zll + 8557, 13) 83%22. 13‘ 8182321 * §5222-1] é’,*5?
. 22

-1 = 4
= alz § +alezzz 186 - & e'zzz 182 - 8329, lsa + 8! 52 163;5
Similarly
| p2 = p2 4+ (d.-Bd,)' s7t A(d‘-Bd ) | 1 6‘1 1.7 i
Dy T Dy + (Gy=Bgy) " Sp5,1187B, , 0. L.l

with 522.1 KI;E; 322.1, an§ Ak' Dk are,thg true and

"studentised” squared distances between I, and I, based on
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_the first k variables in x, only. The increase in the dis-
tance between I, and I, due to variables Xk+i'...., X, over
the distance based.on Xyr «ses X 1s given by

2 ‘_ 2 - - ' .~1 . - | » PR

Ap Ak (§2 Bél) 222_1 (Qz BQI) , | 1.6.1.1.8

with.unbiased estimate D;-Di from 1.6.1.1.3 as
LI {(n+n _2) - (p-1) }02-{ (1, +n,2) = (k-1) }02] = Slon2 (oopy
nl+n2-7 12 P 172 ; DkJ n,n, p=x)
1.6.1.1.9

1.6.2 Several hypotheses and an appropriate test measure

Hl H ak+l = -‘.o = ap = o" » » 10‘60211

i.e. a, = O where a = z'lg is the coefficieht vector of the

discriminant function a'x and a is partitioned as in 1.6.1.1.4.

~

From 1.6.1.1.5 it follows that

-1 -1

2 =7 I32.188 * I & |

. A\

=331 ; (8, - B8, | 1.6.2.2
22.1 (82 = BS, +6.2.

| so that H1 is equivalent to

when a, = 0, or equivalently H, : E(x,/%,) is the same in
both Hl and ﬂz.

Further, from 1.6.1.1.6 H, and H, are both equivalent to

Hy t 8% = A} 1.6.2.4

3 k

1.24/...
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i.e. ‘A; -'Ai'é O with the test measure

ol | =t (D2 - >
P = (n;+n,-2) - (p~1) 1 2 -3 Dy
p_k . L4 . lnz 2 1.6-2.5
(n1+n2 2)""—-]--13; Dk

" where F has the F distribution with p~k and (n1+n2-2) (p-1)
degrees of freedom if Hl' H2 or H is valid.

H,, H, and H; all accepted means that the variables
Xpp1? toct xp do not have any discriminating ability once

X ceer X have already been considered.

ll

Consider also the following hypotheées:

H4 : E(x ) is the same in nl and nz, given that |
. E(x,) is the same in I, and I, 1.6.2.6 -

i.e.

H4 : §2 = 0Q, given Ql = Q, ‘ “ ‘1.6.2. 7. ‘
or

Hg ¢ A; = 0, given A; = 0, | 0 1.6.2.8
or

Hg : 82, =0, given A2 = O “ o 1.6.2.9

2 2 = ' 1
where Ap—k is pased on x,, viz. Ap~k 6222262

This can be summarised: If Hy, Hg or He is true, then
from 1.6.1.1.6 we have that A‘ = A; and 1 6.2.5 is
applicable again.

1.25/...
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' Note that if xl has the same mean in both populations,\§l,
'is known as the vector of concomittant variables or ancillary
variables. They have no discriminating ability by them~

" -~ selves, but in the presence of other variables having dis-

criminating ability, these ancillary variables, on account
of their correlations with the main variables, may provide
additional discrimination. 1In practice, however, when the
' correlations are unknown and have to be estimated from data,
there‘may be loss of information, unless the correlations
are high. (Rao, 1966).

A very special case worth pointing out is when k=p-1, in which
case we wish to determine if a single specified variable has
discriminating power. The F statistic will have the F dis-
tribution with 1 and n,+n,-p-1 degrees of freedom or
equivalently the t2 distribution with n1+n2-p-l degrees of
freedom. Significant values for 1.6.2.5 would lead to the -
conclusion that the measurement xp is needed for discriminatory
power. For further information see Berenson, Levine and
Goldstein (1983).

1.7.1 Discrimination in the case of more than two populations

Let I, 1=1, ..., mbem populations with density functions
pi(x) respectively. We want to partition our space of obserﬂ
vations into m mutually exclusive and exhaustive regions

i' i=1, ..., m. Define the cost of misclassifying an
observation from ni as coming from Hj by c(j/i). The
probability of this misclassification is

P(3/1,R) = s p, (x)dx v 1.7.1.%
R : : ,
b
Then the conditional expected cost of misclassifying an

| x from Hi into any one of nj,-j =1, ... mbut j#i, is

1.26/...
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I c(3/1) B(3/1,R) S 1aa2

Let the a priori probabilities for Hi be as before, i.e.
q i=1, ..., m. Then the total expectedlloss is

m - : ,_Y }

m ‘ : '

I q {z e(3/1) P(j/i,R)} : ; | 1.7.1.3

i=1 j=1 ~ y - |
31 |

Our aim is to partition R into Ry, ..., R  in order to make
1.7.1.3 a minimum. - | '

The conditional probability of an observat%on x as coming

from Hi is

qPy (X) | , -
m ' | 1.7.1.4
(x) : : : '

So that if we classify the obserVation,as;fzom Hj then
the expected loss is V '

m | 93Py X

: | = et/ - L7150
=1 | L q. p, (%) : _
JpL |k=1 X K

We minimise this expected loss if we minimise the numérator,
i.e. ‘ ‘ o

m : :
izlqipi(g) cli/iy, o | 1.7.1.6
i#3 - | - |

1.27/...
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. il.e. we must calculate 1.7.1.6 for all j and select that j
 which gives a minimum - if two or more different indices
give a minimum the choice is arbitrary. Assign x to Rj
according to the "minimum"™ choice.

Follow this procedure for each x so that an observation is
- classified as from Hj if it falls in Ry

This argument can be summarised as fdllows:

1f q is the a priori probability of drawing an observation
from population n, with density pi(x), i=1, eee, Mmand if

the cost of misclassifying an observation from Hi as from

Hj is c(j/i), then the regions of clagsification, 31, ceey Rm
that minimise the total expected cost of misclassification
are defined by assigning x to Rk if

m m
z qipi(g) c(k/1) < I qipi(z) c(3/1), 3J=1, ..., m; ¥k

i=1 - i=1 , v ;
17k 173 1.7.1.7

If 1.7.1.7 holds for all j(j#k) except for h indices and

the inequality is replaced by equality for those indices,

then this observation can be assigned to any of the (h+l)
populations. If the probability of equality between right
‘hand and left hand sides of 1.7.1.7 is zero for each k and j
under Hj for each i, then the minimising procedure’}s unique -
except for sets of probability zero. Refer Anderson (1958)
for further detail.

~ Let ¢(j/i)=1 for all i and j (i#j), then in R,

m m :

I q.p,{x) <t q,p,(x) v j¥k 1.7.1.8
= 1R g=p 1L

i#k - i#A3

4]-.'28/000
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This however, means that the term excluded from the left-
hand side is bigger than the term excluded from the right-

hand side, i.e.

q.

iP5 (0 < qp (x), Vizk 1.7.1.9

or

1ln quj(§) < 1n qp, (x), Vi#k 1.7.1.10

In this form the observation X is in R, if k is the index
for which qipi(§) is a maximum; i.e. Hk is the most
probable population.

If a priori probabilities are not available we define an
expected loss on the condition that the observation comes
from a given population. The conditional expected loss if

the population is from I, is

c(3j/i) P(3/i,R) | 1.7.1.11

Mt 8

j=1
j#i

Let us apply this to a number of multivariate normal
populations as described inter alia in Johnson and  Wichern

(1982).

Let

p; (X) = (21r)"’P|z:.L|"5 exp [-5(5-31)'2;1(5-31)], i=l, ..., m
1.7.1.12

with c(i/1i) 0, c(k/i) =1, k#i, i.e. the misclassification
costs are equal and a priori probability q;-

Allocate x to I, when

ln qp, (x) = lnqk;kpln(Zw) - %lnIZkI - %(§-Hk)'2;l(§-u)

= m?x [ln qipi(g)] 1.7.1.13

1.29
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'One can look at this classification rule from another angle
by camparing the D (x) two at a time. - This leads to the
- following rule:

©Allocate to I, if for all i=l, ..., m, ki

2 2,
kDp(l.t) > iDp(g,c)

: 2 e
o) <kDp(§) - iDp(:_g)
- - -1 ‘_ - ' -1 | . qk

©1.7.1.19

(p,=yy) )T {x (gk+gi)} > ln(—-d vi=l, ..., m; i#k
| 1.7.1.20

Write U, ., for the left-hand side of 1.7.1.20 so th‘at'Uki
defines‘region Rk’

 If the costs of misclassification are equal, then ln(-—é

will fall away. This then is the most common form of the
discriminant function, because the a priori probabilities
are often difficult to determine.

Note also that

In the usual case where the covariance matrix is unknown -
if a common one is assumed - and Yyr 1=, ..., m are Aunknown,
the sample statistics are used where Hk xk and Hi = x:L and

A T (ni-—l)si ,
and S = i;I . . Then one can determine

I n,-m
i=1 1

1.31/...
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w, (B = (& -F,) 'STHE-REAE D), 11, ..., m 1A o
. 1.7.1.22

and allocate to Hk if
ay | |
Uy (8 2 An(g e Vi : 1.7.1.23

Here we have formed hyperplanes becausé U,y (x) is a linear
combination of the components of x so that we find in fact
the regions which are separated by these hyperplanes.

As in the two class case we have that the estimation of the
population parameters may mean that the sample classification
rules are not any longer necessarily optimal. Their perfor-
mance can however still be estimated using Lachenbrnch's'hoid—,
out procedure as described earlier.

If'nig) is the number of misclassified hold~out observations
in the i th group, i=1l, ..., m, then an estimate of the ex-
pected actual error rate, E(AER), is provided by '

m
z n(H)

A iM
E(aER) = il 1.7.1.24
Z n ‘
i=1 1
where H refers to "hold-out” and M to "misclassified". For
further detail refer to section 1.4.2. ' :

We must emphasise, however, that rather strong assuﬁptions

of multivarjiate normality and equal covariances are involved.
Before implementing a linear classification rule, these tenta-
tive assumptions shonld'be‘checked in the order: Multivariate
normality, then eqguality of’covqrianccs.  _If one or both of
these assumptions are violated, improved classification is
probably possible if data is fitst~su1tably transformed. -
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The quadratic rules are an alternative to classification with
linear discriminant functions. The former are appropriate_
if normality appears to hold but the assumption of equal
covariance matrices is seriously violated. The assumption

of normality however, seems to be more criticalyfor quadratic
rules than linear rules. If doubt exists as to the appro-
priateness of a linear or quadratic rule, both rules can be
constructed and their error rates examined using Lachenbruch's

hold-out procedure.

1.7.2 The use of oneway MANGVA, regression analysis and
canonical correlations to diminish dimensions in the case
of a large number of variables as well as a large number
of discriyinant functions

Johnson and Wichern (1982) stated that the use of MANOVA,
regression analysis and canonical correlatiéns to diminish
dimensions in discriminant analysis is the result of the
need to obtain a reasonable representation of the populations
that involves only a few linear combinations of the observa-
tions, such as &1?5, &2'5 etc.

Although the primary purpose of discriminant analysis is

to separate populations, it can also be used to classify
new observations. For the basic theory it is not necessary
to assume that the k populations are multivariate normal,
but in order to be able to apply the hypothesis tests for

a possible decrease in dimensions we shall assume normality
It is, however essential that we have pxp var.-covariance
matrices of full rank, i.e. I; = ... =I, = I.

We shall first of all define and derive the one way MANOVA
notation and technique. The reason for this is that it
supplies us with a relative easy check on whether the
means are different so that a discriminant analysis is
applicable. If so, we use this technique in combination
with regression analysis and caponical correlation to dis-
criminant between observations as well as to diminish. the
dimensions if possible.
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‘ 1}7.3 Oneway MANQVA

Consider the k p-variate normal populations na, a=l, ..., k
with equal variance-covariance matrices (see Kshirsagar: 1972).
.Let @ = k-1 and let ‘

Hy 3 Uy = «e0 Ty 1.7.3.1
where the k independent samples are random of size n,

from population a, «a =1, ..., k. The r th observatibn
of the i th variable of the o th population is indicated by

Xira (131' LB p; r=1, e o o g na; a=1' s e p k)o
X, : pxn,  is the matrix of the n sample observations from
. and
o
xpr = {xl : x2 E ......E Xk] p 1.7.3.2

Ny Ny e.ee.. My

is the matrix of all N = n; + ... + n, observations. Let
n = N-1 and as before

- 1 -

X = —x E a=1' e s oy k » 1.7.3.3

-0 na a na. ’
and

A =X (I-E _)x' a=1 X 1.7.3.4

o) X o n n n o ’ LK A L] oo

¢ aa
Further we have that

ga ~ D(P, %, “'];"‘Z) 1.7.3.5

/n_
a
is indepentently distributed from Au where
AQ ~ W(P'na-ll Z) ) (!’51, oo-'k 1-7.3.6‘

All these distributions are independent, because the k
samples are all independent. - Then

1.34/...
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k | | | B
A= % A . Wp, n-q, I) 0 1.7.3.7~
T o
keeping in mind that n-q = (N-1)-(k~l) = N~k = I (nu-l)i, 2 R
: ‘ a=l

is the total degrees of freedom.

Note that A is independently distributed f:om gu' a=}, ...,:k.
and holds irrespective of Ho being true or not.

Define a new matrix of observations

as kak is ofthogonal where
U ={ﬁl_l§l: /—xz e o e o @ nkﬁ(] , 107;/3.9v
and :
G’ =rg ..‘.. g : ] “
L=t - q- =
= [co-: h ] k . | 1.7.3.100
! q 1

is any orthogonal matrix with

n n : e
K =[(§l)*, cees (ﬁﬁ)*] , o 1.7.3,11:‘ Z,ZE

When one takes the distrihution in 1.7.3.3 and the form
of U in 1.7.3.9, then it follows from the independence
of ga, e=1l, ..., k that U is distributed as follows, viz.

(ZF)'*pklzl'kk'exp [-8tr2°1(U-E(U))(U~E(U))'}n1 - 1.7.3.12

lc 35/& L)
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whereas the transfromation 1.7.3.8 has the Jacobian |G|k?1
it follows that the transformed form of U as in 1.7.3.8
leads to

(2m) ~5Pk 5| —¥k exp‘{-%trZ-I(Z-E(Z))(Z—E(Z))'}dz 1) 1.7.3.13

When Hdis true, i.e. B, =K, a=1l, ..., k, thgn

]

E(2) E(U)G'

]
(1=
o
O
e
O
-
O
=
[ SRS

= { : Do /ﬁfg] ‘ ' . 1.7.3.14
as h'h=1 and h'g,=O0.
Note that this result is dependent on the conditioan;.
From this follows that z , a=l,..., q(a#k) are independently
distributed as n(p, 0, L) under Ho. Obviously gk-is,aISO

| normally distributed but with non-zero mean.

At this stage we have A which has the W(p, n-q,I) distri—
bution as well as ’

q '
B= L .22 1.7.3.15
a=l
1’.36/...“
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‘Keeping H, and the distributions of z , a=l, ..., k in mind,
T as well as the fact that the ga’s are functions of X,

a=1, «++, k which are all independent of A, we know that A
and B are independent with the distribution of B being

W(p, g, L) , - 1.7.3. 16

which is a real Wishart distribution if q;p, but the pseudo-
Wishart distribution if g<p. :

From Appendix C it follows that

. _ A ' .
A = A(n' p' q) - T-IA:%_]' ‘ s 1-7-3.17

has the Wilks A(n, p, q) distrihution whenever Hy is true
and can therefore be used as a test measure for Ho, which
will be rejected at the 1000% level of significance when-
ever

-{n-%(p+q+l)}1nA > W_(n, p, q)

= ca(p, q,'M)x;q(x) y M = n‘p--q+1,3 : | 1.7.3.18
as defined by Bartlett - the left—hand gide of 1.7.3.18

being approximately distributed as a x distribution with

pq degrees of freedom and a correction factor on the right- _
hand side obtained by Shatzoff (1966). The latter should be re-
ferred to whenever W (n, p, Q@ > X2 (a).>‘ For more detail

refer to Kshirsagar.
Note that B is the "between groups" matrix of sums of squares nna['

products while A is known as the "within Qroups“ matrix of sums
of squares and products, i.e. '
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1.7.3.19

i
W~
5
i
'
%
®
)
lJ

with

=]

ay |
1 N 1.7.3.20

%
]
Uiy

From this we can now construct the multivariate analysis
of variance table: :

Source of variation da.f. Matrix of S.S. and S.P.

Between groups q | _ B

Within groups n-q A

Total !l n A+B -
TABLE 4

If Hcgis not true we can carry on with the discriminant
analysis - otherwise we may be wasting our time and effort.

Before we go further, it is good to have a look at the im—
plications of the decision that qo is not true, i.e.
E(z )#0, a=1l, ..., k. Then

q k
L E(z )E(z') = 3 n ( -g)( -g)' = A, 1.7.3.21
a=l a= Hu Ea

AN
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 but var (z ) =1L and from the distribution of Z, v a=1, coer k N :
éitfmimm that , ' ‘ : m3§ $

“1, | | | 1.7.3.22 .

~ is known as the noncentrality matrix which becersfthe null
matrix under,q). Q can thus be seen as a measure of de-

parture from Ho'

From the distributions of A and B follow that

E(A) = (n-q)Z | | ; . ;°7'$'23,"»
and
E(B) = qf + IQ - : '.1,7,3,§4 _'
—qr 4o | | | 1.7;3.251_’;

(James, 1955). For more detail see‘Kshirsagar. See
lemma in Appendix B. |

~ Thus K:E and E provide indepent estimates of I when qo is

true. Wilks's A compares these. two estimates and provides B
a test of H which, if rejected initiates the discriminant
analysis of the data.

Use 1.7.3.24 and then an unbiased estimate of Q accordinq to
' the above-mentioned lemma is given by | |

@ = (n-p-g-1)a"18 - a1, | 1.7.3.26

We will see more ahout this in section 1.7.5.

1.7.4 The MANOVA problem as a regression problem

The one way‘MANOVA problem can be expressed as a regression

1.39/...
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~

~problem. Again we gain nothing in itself doing‘a regression
analysis, but if H of 1.7.3 is rejected, then the basic
theory gives us more insight into our group centroids.

Use the q dummy variables Yir sees yq where

Y, 1, x is f,rom‘ Ha | E

= o otherwise, a=1, ..., g 1.7.4.1

From this we then have that

E(x) = p+(u g )y, + ...‘+ (gq—gk)yq, 1.7.4.2
so that

E(?.‘) = Ek ' a=l, ..., q‘-

= B o 1.7.4.3

when x comes from I, since all the y's are zero in the
latter case. Then we have further that

E(x/y) = gk+B! » | 1.7.4.4
~with
B = [Hl-uks oo Euq—uk] A 1.7.4.5

Then H t y; = ... =, is similar to Hy : §=0 so that the

hypothesis test applicable in regression anaiysis may be
applied in this case to see whether it is worthwhile
carrying on with a discriminant analysis. '

Corresponding to the matrix xa of the nd observations on

X from II_, we have now the matrix Y ;,ana.of "observations”
on y. The matrix of all N observations on y is then

1'40/'..




Y=1Y, .00 X ] 1.7.4.6
[ 1 . g jgxN
where %a = 0 with the 1's in the a th row.
ll e 0 @ 11
0
Define now the matrices, with J =1 - N1 Exn’
= ' = ' - ]
Cxx XJx', ny XJY?', ny YJY 1.7.4.7
so that
= = [ e ) . X —% ‘
Cox = A+B, C [n1(§1§h ceet nq(:_tq x) 1.7.4.8
-Il
ny = diag (nl, o nq) - N[nl’ oo ofh an [nl, ceny nq]
therefore
-1 1 1
C = dlag ("" s o e ey —) + —
Yy 1 q ™ 9
c. c1 = c = A
Xy YY ¥yX fTRXY
- -1
=C - C C 1.7.4.9

C
XX Xy YY ¥X

which are found in the regression analysis of x on y and-
is exactly the same as table 4 in section 1.7.3.

Source d.f. S.S. and S.P. matrix

-1 ~ -~
Regression of x on B =2C C C = o] '
g ronxld xy Cyy Cyx T 8 Cyy B
Error n.q | A=C =C,_-C clc

- xx.y XX XY vy yX
Total n A+B=C¢C
XX
TABLE §

l'4l/ooo
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's = rank () = rank (A) = (B)kh . - 1.7.5.3

But B8 is‘a pxq matrix so that 8<p,q whichever is the smaller;

If one can determine the rank of one of the above-mentioned
matrices, part of our problem is solved. In practise,
- however, these matrices are unknown and s must be estimated
S from samples from which Q A or 8 may be determined.

We know, however, from 1.7.3.26 that @ = (n-q-p-l)A‘la-qu.
Even if the number of non-zero roots is s, more than s roots

will (may) be non-zero because it is an estimation only.
Assuming n to be large enough one mayAaecept that the first
s roots will be significant, so that s equhls_the number of
significant-roots of (n—q—p—l)A-lB~qu.

If Ai are the roots, they will satisfy

I(n—q-p-l)A‘lB-qu—AIpl o ’ | o 1.7.5.4

. _ 2 _ A+
or when r ﬁ:ﬁgrxf , then

| (n-q-p-1)A"1B - qI_ - AL | =0

|
| (n~q-p-1) B - gA - M\A| = O
| (n=p=1+1) B-(g+X) B = (q+lA) A| = O

+A =
—a:%m(B'#A)*'BI (0]

| - £®(B+a) + B| = 0 | 1.7.5.5

or

c._ + C..| =0 1.7.5.6
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so that the rootg-ri , - 1=1, ;;., f;'.f,= min (p,‘q) are

 the squares of the sample canonial correlations between

the random variables x and the dummy variables y defined in
1.7.4.1.

The testsvof significance for determining the number ofysig#
nificant roots in the case of canqnical‘cotrelatibns may be
used as it is briefly described:

For each value of s prepare the table 6 , étarting with s=1

and use the X2 test as shown sequentially until a non-

significant result is achieved.

Source - da.f. X2
S 2
1st s roots pa-(p-s) (g-s) = m1ln T (1-xy)
. i=1
— K 2
Femaining roots (p-s) (g-s) -mln n(l-ri)
, i=s+1
Total | Pq ' - mIn A(n,p,q

TABLE 6

The dimensionality of the group means is then inferred from
the number of significant roots of 1.7.5.5 using the criterian

£

¥ = -(n - %(prqtl))In T (l-r]) 1.7.5.7
i=s+l ‘
where 1T (l-ry) = A i (n,peq) for testing the hypothesis
i=g+l '

that the dimensionality of the space spanned by By’ asl, R <
is s. See also section 1.8 for a detailed description of
Wilks's Stepwise procedure.

1.44/...



1.44

We can look at thisimeasure as the total "distance” meaéure§ﬁy

o s . - ‘ o S
by I 5: = tr(Z lA) = tr(Q) or alternative measures in order
i=1 _ . ' . '
to use the Xg-critefion. Note that if s=p we have Pillai's V

or Hotelling's generalised Tz.

 1.7.6 How to determine‘the dumber of significant discriminant
functions

In the case of two groups Fisher's discriminant function was
.- obtained by maximising the ratio of the "between groups S.S."

 to the "within groups S.S." in the analysis of variance of an
arbitrary linear function 2'x. Here we are going to do
something similar.

Assume k p-variate normal populationé Ha,,a=l, veey k with
means p and equal variance-covariance matrix I. From table 6
in section 1.7.3 it follows that for x and a 1linear combination’
%'x, we want to maximise £'BL/L'AL. We must therefore find
the £ which will maximise 2'BL/L'A% or for that matter

and asin the previous section by differentiation this
"optimum" 2 satisfies the equation

2

where r“ is the canonical correlation, i.e.

|- r? (a+B) + B| =0

From 1.7.5.5 and further we know 1.7.6.3 has f = min (p,q)

2 2 ' 2
roots ry; > r; > ... Tg,
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__'Corresponding to gggg”rqot ri;there will be a vector 1, satis-
fying 1.7.6.2, so that we have f discriminant functions
‘&i§'>i=1’ ceey £ yhich_arg algo the samp;e canonigal vgriables \

of the X-space. Since r; is the largest root of 1.7.6.3 the

corresponding function\&i§ provides the maximum separation

of the group means and is useful as a discriminant function.
Similarly gég‘provides separation in a different direction,
and so on. The question is now whether all f discriminant
functions are really important.

We have to measure the discriminating ability of these dis-
criminant functions.

In section 1.5 it was shown that the performance of the dis-
criminant function in the case of two groups could be ‘
measured by Mahalanobis's p? or using the distribution of
Rz, the square of the multiple correlation coefficient be-
tween x and £, the single dummy variable. |

Now R? is replaced by ri, i=1, ..., £, where the. single £ -
is replaced by a dummy vari;ble 2. Therefore it is natural
to expect ri to measure the discriminating ability of &}x,

§ of &55 etc. If only ri, rg,,..., rg are significantly

large and the rest are insignificant we employ only &ig,
i=l, ..., s, for discrimination. This procedure has been

described in full in section 1.7.4 and 1.7.5.

r

The result is that the adequate number of ‘discriminant
functions is the same as the dimensionality of the space
spanned by the k group means. ‘

1.7.7 Discrimination in the case of a large number of
populations and a large number of variables -

a_summary

We can use the preceding results in the following way.

Use the s discriminant functions gig as determined to
classify a new observation X, in one of the k.groups.
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Form

= 1 ‘ ‘= CY ‘ :
Poug, &250,‘..., Ug = LoX, 1.7.7.1

. _ o

Yo = 41%
where u .y i=1, ..., s are known as the new co-ordinates
of the point X,. Immediately the dimensionality of the

problem is reduced.

In a similar way the co-ordinates of the estimated mean gd
of I, will be

Yl = ]'.-;-( v U0 T &éi‘ar ceer U g = &;-2_-(0‘ ‘1.7.7.2

Therefore, with respect to I, the distance squared between
X, and the mean gd of T, based on the new co-ordinate system

=0
is

[~
]
[l ]

(u,; = ugy) — 7> S S - 1.7.7.3

. and this will be so for alla =1, ..., k.

Finally the observation X5 should be assigned to n if
the point x  is nearer to the mean of H than the mean
of any other I, s i.e. assign x, to Ha when

,  k |
AL, = min (A o) 1.7.7.4
i=1 N |

1.8 Wilks's Stepwise Procedure - Decreasiggrthe number of

variables considered for discrimination purposes

We have seen in sections 1.7.5 = 1.7.7 how the dimensions
and so the number of discriminant functions as well as the

1.47/c..
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N }

the number of transforméd'variables could be decreased. Ih,’”
this process all the original p-variables were still being
used.

If one can determine the approximate dimensionality as des-
"cribed in those sections one might like to%know which s of
the original pévériables are significant 1h the analysis.
Various methods have been proposed based on different ap-
proaches. |

McKay and Campbell (1982, I) compared some of the techniques
under the headings:

(a) Canonical variate analysis apprdach,
(b) Stepwise F-methods and

(c) All subsets procedures.

‘Their conclusion was that although (a) gives useful information
the recommended method would be (c) with spesific technique the
use of simultaneous test procedures by means of MANCOVA likeli-.
hood ratio statistics. This is,however, a computationally
cumbersome method when the number of varia#les are large.

If this is so they recommended the use of a combination
‘forward-baékward selection procedure. There are,. however,
grave disadvantages, e.g. the significance;levels are un-

known in the case of individual tests.

Having established the approximate dimensionality of the cen-
‘troids however, one may use this knowledge as an aid in the
determination of a stopping rule.

Farmer and Freund (1975) compared 4,backwa#d elimination
techniques in which at each step the variable is deleted
which
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(a) has the largest Rz value computed from the rows of the
error matrix ‘ ' '

(b) has the smallest absolute correlation with the "best"
linear discriminant function

(c) is similar to (b), but the two "best" discriminant
functions are considered

(d) makes the smallest change in Wilks's A.

They concluded that procedure (d) based on the decomposition
of Wilks's A was by far the most effective and popular - and
is incidentally the method used by the BMDP-7M package.

Rencher and Larson (1980) investigated Wilks's A using Monte
Carlo methods with the emphasis on the downward bias present
and gave the following brief description of the technique:

Let A(1,2, ...,p) and B(1,2, ...,p) be the within and between
group matrices based on n observations from a onevay MANOVA
with g groups and p variables x;, ..., X Then

AR L § V¢ P S 1 R ) 1-8-1

is Wilks's A-statistic with parameters n, p, g-1. If one
- adds a variable x,,,, to X, one can form the multiplicative

increment

A(p+l) = A(kzl:‘::.?zp?*l’ : 1.8.2

which is called a partial Wilks's A-statistic which
corresponds to
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F -?g-g.'f . TTP%T- | - ; 1.80v3 .
provided that X4l is an arbitrary'vatiabie’rather than
one which maximises F. In such a case F has the F=
distribution. (See Appendix C on Wilks's A.) '

In the stepwise procedure 1.8.3 is used as criterion to
decide which variable must be entered and which one is to
be removed. At each stage the variable with the largest F-
to enter is added to the set of variables?if its F-value

is larger than a specified threshold, F, . (say). After
this step all 'variables are re-examined and the one with
_the smallest F- to remove is deleted if the F-value is

less than a threshold, Fout say.

Obviously the condition"xp+1 is an arbitrary variable" is
- not satisfied, with the result that 1.8.3 does not have. the
F-distribution, because in such a case Wilks's A is downward
biased. Hawkins (1976) suggested that the level‘of‘signi-

ficance, o will approximately be attained if the level

Tﬁ—:‘ET is used, a being the required level of‘significance,'
p~k the number of variables available for ‘inclusion and k the
number of variables already included.

The bias in A may lead to problems as described in Rencher
and Larson:

(a) Inclusion of too many variables in the subset and
‘probably unstable subsets.

(b) Selection of an entirely spurious suhset. If predeter-
mined significant levels are used the correct classification'
rates may be good even if none of the available variables

are good discriminators. This is especially so if the
Anumber of variables is large and the sampie sizes are small..
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They found large reductions in both the aﬁerage and lower
percentage points of A in the cases where‘the number of
variables was more than the degrees of freedom of the error
matrix, i.e. p>g-l. That is the reason why the one way
MANOVA must first be carried out to determine the dimen-
sionalities (see also Jennrich, 1977). It is thus impor-
tant to note that if p>g-1 than the stepwise procedure is
not recommended, unless the one way MANOVA has been carried
out first.

When p<g-l however, it was found that Wilks's A gave the
"best"” subset if compared with the other three stepwise
procedures.

1.9 More on the Estimation of Error Rates in the case of
several pOpulations

In section 1.4.2 it was pointed out that Lechenbruch‘s,hold~
‘out U-technique can be used to estimate the error rate, es-
pecially so as the resubstitution or apparént estimated error
rates and the "split into two sets" or split sample methods
show a substantial downward bias and reduce the effective
sample size respectively.

It is difficult to select a "best" estimating method as
there is no "best" estimator for several reesons. One is
that most estimators are sensitive to application - speci-
fic factors such as sample size and violation of distri-
butional assumptions. ' o

The U-method mentioned above is desirable as only a small
bias is introduced, because the classification rule is
determined using (n-1l) rather than n obser#ations. Only
the observation to be classified is being held out and the
remaining observations are used as the tra#ning sample
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for the determinatidn»of the classification rule. Then
this observation is classified and it is noted whether it
is correctly classified or not. This procedure is repeated
for all observations. Formules for calculation purposes
are given in‘section 1.4.2,

Glick (1978), Moore, Whitsell and Lundgrebe (1976) developed
an error rate called the posterior probability estimated
error rate. Hora and Wilcox (1982) found that by amal=
gamating the U and posterior techniques they could obtain
low variance, low biased estimators of the é:ror rate.

If an observation is assigned to the population having the
largest posterior probability, one has a set of optimal
discriminant functions. Let Py j=1, ..., J be the
prior probability of an observation belonging to the j th
population and £(x/j) the probability density function of
the observation x in population j. The unconditional
density of x is |

- J : .
£(x) = T p. £(x/3) 1.9.1
j=1 J .

and the posterior probability of the j th population is

p, £(x/9)

P(3/x) = —lm—- 1.9.2

Determine the set of vectors x which are such that

P(1/x) is the largest of all the J posterior probabili-
ties. Call the set R;. Determine similar sets which
are such that P(j/x) are the largest among the J posterior
probabilities and call these sets of vectors Rj, I=2,...,

.. J.
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.f The error rate for observations belonging to the 3 th

population (3=1, ..., J), is then

e; =1~/ f£(x/3) dx ' ; 1.9.3

J
Rj . 1
where i
£x/3) = 2070 - £(p) "1.9.4
Pj o

from equation 1.9.2. Thus 1.9.3 becomes;

e, = 1'-"; P(3/%) - £(x)
) P
3 3

R dx 1.9.5

Now S P(j/x)£(x)dx is the expected valueq i.e. y j
Rj .
of the random variable
=0 otherwise
| |

_for i-= 1, ++ey N = sample size, taken witp respect to

The posterior probability estimator of ej Fan thus be
determined as
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,i‘
8, =1 --d
3 Pj
v 1 N ' ' E
= ] - — X Y. s } - 1.9.7
PNy 713 | :

|
from which follows that E(éj) = ej so that é is an unbiased
estimator of the error rate for the optimal discriminant
function. ‘

To estimate the "overall error rate" it ié just natural
to use the a priori population probabilities as welights,
thus

é= I Pj éj , ! 1.9.8

If one uses the definition of Rj as inﬂth%‘phragraph after

©1.9.2, then from 1.9.6 and 1.9.7 it follows that

N
=1-32
@ =1-g3 iil max{P(1/x,), P(2/%,), e P(3/x)} 1.9.9

Therefore the overall error rate estimator is calculated

from the average of the maximum posterior probabilities for
each observation. Note that when an estihated discriminant
function is used the unbiasedness of the pbsterior error
rate estimator does not necessarily hold. " | Glick (1978)
however, noted that when an estimate is used then the pos-
terior error rate estimator will still be h good_estimatot
of the error rate of the sample discriminabt function.

A unique feature of the posterior type of error rate esti--
mators is that the calculation of the eéti#ator is not

|
|
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dependent on classified observations. vahe estimator can
thus be found even if classification may become known in the
future only. This is so because the estimator is calculated
by using each observation's largest posterior probability

- without regard to whether this probability is associated
with the correct classification. \

Hora et al. integrated the U-estimator and the posterior
probability estimators. They calculated the posterior
probability of an observation belonging to each population

~ without using that observation to estimate the unknown

population parameters.

They compared the apparent, U, posterior and posterior/U
estimators using simulation in the Monte Carlo technique

~with normal densities. In the comparison they used the
ratio '

‘Mean square error of the error rate estimator
Best mean square error in that row '

i.e. they normalised the results per simulated sample using
the "best" one in a row as the standard unit.

They found that only in the case of a large number of variables
and a small population separation in terms of the Mahalanobis
distance was the estimator of the posterior/U method inferior
to the others with respect to the estimation of the overall
error rate. In general however, the posterior/U method was
by far superior to the other techniques.

- In a comparison of the techniques with respect to availability,
accuracy etc. only one real problem was pointed out, and that
was that the specifications of a family of probability
functions is required. This is not a severe limitation as.
any appropriate probability function may be used.
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" The BMDP—7M discriminant analysis programs (Dixon and'Brown,'

. 1977) supply an estimate of the posterior probability. of

- group membership so that the posterior probability error .
rate estimator can be determined easily as the arithmetic

mean of these values - the Uémsthod is available when the
stepwise program is used. This package also supplies the
posterior probabilities with the single observation withheld,'
so that the posterior/U_method'requires only the calculatlon
of a simple numerical average of the posterior probability
error rate estimates as they are supplied by the printout.

Hora et al. recommended the posterior/U method if the
assumption of normality is not gseverely violated, otherwise
the U method or apparent method must be used, because of the
bias which may make the first method inferior if normality

' can not be assumed. Note also that unequal covariance
matrices may have the same effect (Hawkins, 1981).

1.10 A test for discriminatory power

Having established a discrimination procedure it is of interest
to know the discriminating ability of the discrimination func-
tion(s). If the sample N is large enough, where

k
N= I ny, the following approximate method may be applied

i=1
to determine whether the discrimination procedure does better

than chance (Press, 1972).

. Define the confusion matrix C with elements ny 4 being the
number of observations from population Hi misclassified into
m.. Assume k populations andvni observation per population

ny,1=1, ..., k, then the matrix is
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predicted I

]
s
3
. Hl n2 ® & 5 o e nk
My | myp By eeeee gy
[} . =
True IIi s HZ n21 csesscenese n2k Ckxk
Hk- nkl esesssees s nkk

Note that the diagonal elements denote the number of

correct classifications.

l1.10.1

Use n for the total number of correct classifications and
n for the number of misclassifications, e for the number
of expected correct classifications and e for the expected
number of misclassifications if classification is made at
random where the probability of a succesful random classi-

fication is % , i.e.
k
= -= - =§. e = —N
n = iilnii , n =N Vn, e X ! e =N -p

Use the chi-square test, i.e.

(n-e) 2 + (n-8)
e ]

Q=

2
[(N-n)-(n—§)]
+ 1
NN
k

N - nk
N(k-1)

using 1.10.2 to find 1.10.4. The zero hypothesis is H
Correct classification is random; against Ha : Cor:ect

1010.2

1.10.3

1.10.4

o:

classification is better than pure chance. Under H, being
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correct we find that Q is. approximately distributed -as the.

xz—statistic with 1 degree of freedom.

' 1.11 validation of the technigpe of discriminant analysis -
in Market Research with special reference t6 the '
estimation of error rates in small sample discriminant

analysis

Crash and Perrault (1977) asked whether the results of sample
based discriminant analysis are valid with respect to the ‘
broader population of interest. They wanted to know whether
the classification potential is as high as sample estimates
indicate, whether the true population profiles, i.e. charac-
teristics of groups which are dominant in terms of discrimi-
nation, are what they appear to be from the sample results
and whether the underlying sample-based dimensions are
generalisable to the population. They concentrated on small
' sample results as the marketing researchers are often forced
to use small samples.

Glick showed that despite the good properties of the U method
- which is relatively robust to the assumption of normality and
yields almost unbiased estimates of migsclassification pro-
babilities, the low magnitude of bias reduction is over-
whelmed by the large standard deviation of the estimate.

See Dillon (1979) for more detail as well as .confidence
limits for the probabilities of misclassification. The
researcher wants to have confidence in his results - and
in the case of small samples it is so much more difficult
to find estimates with small confidence intervals. (See
Glick, 1978).

Another reason why further investigation is necessary, is .
because of the results experienced by researchers with res-
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pect to performance by the different techniques. | The most
common methods, like the OS, U etc. aré not as robust to the
assumption of normality as is the U-method and in the case
of small samples one is quite often not sure of the distri-
bution (s) involved.

Crash et al. discussed several methods of validation. Most
of these methods are based on the bias in the error rates of
classification as we have seen. In section 1.4.2 we also saw
that when the sample size is small and the number of variables
is small then neither the apparent or resubstitution method,
nor the U-method is applicable. |

At a basic level the validity of discriminant function anaiysis
results resides in the stability of the coefficients of the
discriminant functions derived. Research has been on its'way
to find validation methods which use all available 1nformation
in the sample data to determine the stability of parameter
estimates while allowing unbiased estimation of error rates.
The U-method does not allow the determination of the stability
of the coefficients. If the jackknife method is com-

bined to the U-method however, one achieves two goals in one,
viz. the error rates are estimated with stability of the
coefficients.

Observe a sample of N sampling units and partition this sample
into k subsetsof M sampling units each. Compute the discri-
minant function based on all N sampling units. Hold out one
subset and calculate the discriminant function based on the
remaining k-1 subsets. Repeat this latter process for all

k subsets, i.e. withholding subset i from the k subsets in

the complete sampie. Call the discriminant function based

on the complete sample f(eé).and the other discriminant
functions f(ei), i=1, Xy k where f(ei) refers to the
discriminant function calculated with subset i withheld.
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Calculate the coefficient of eaCﬁ vafiable~adcqrdiné_to the
Jackknife method, i.e. for &, the estimated coefficient of
variable t in f(ei), i=0, ..., k calculate the pSeudo-
values '

a L] = ] - - ) ' '
ait kaot (k l)a1t 1.11.1\
and then
k 4
~ z ait ~
= - ) - ' - - [
ait i lk kaot (k l)ait | 1.11.2

When the researcher deals with small samples he may régard
each observation as a subset. - In any case, apply the U-
method to estimate the rate of misclassification and simul-
taneously the jackknife method to estimate stable coefficients.
Confidence intervals can be constructed using student's t with
k-1 degrees of freedom. (See Tukﬁj + 1958 and Mosteller and qugwj
1968). ' :

Another approach may be followed. When a subset is being held
out - make a complete jackknife analysis of the remaining (k-1)
 subsets resulting in k equations and classify the results

in the hold-out set according to all k (i.e. k-1 pseudo and

1 complete) discriminant functions. Do this to all k sub-
sets, this results in k2 cross validations and thus also yields
‘a good measure of the performance of the variables. The
pseudo-values also can be used to determine confidence intervals
for the coefficients.

The bias in the jackknife estimate in the case of linear es-

timators is less than the bias in the original sample estimate
and frequently approaches zero (see Green, 1964 and Crash et al.).
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The‘jackknife method therefofe provides‘a basis on whichrthé

strength of classification, not just the nhmber classified,

can be evaluated. It also provides us wiﬁh‘soma confidence
intervals and is excellently‘applicable to, small sample

analysis. |

At the moment however, "canned" computer sdftware using the ccmpll.t-at:et‘Mg
jackknife method is not yet available. Large samples re- -
. sult in quite a number of computer runs so that the time,

effort and cost must be weighed against stability of coeffi-

cients. With large samples, however there}is not much to

gain from the other more common techniques of determining

the discriminant functions.



.Chapter 2 |_

PREDICTIVE DISCRIMINATION

2.1 Introduction'

Sometimes it is of interest to an investigator to asseSS‘in‘some

way the relative odds or probability that a new multivariate ob-

servation z belongs to one of k multivariate normal populations _ :
M,y i =1, ..., k. This problem has been thoroughly investi- 'xiff

gated by Geisser (1964) and briefly summa:ised by Kendall and | o
Stuart (1982) and Fatgi Hawkins and Raath| (1982).

A criticism against the linear discriminant function of Fisher

is that it takes no account of the’relative sizes of the

training samples from the different populafions. Another

criticism against the LDF is that the assuhptions validating

the procedure do not necessarily validate the pfocedure when

estimators must be used for parameters-(Anﬁerson, 1958). ‘
|

One way of looking at these problems to overcome them, is to
look at the predictive distribution for a new vector of ob-
servations z, given the sample means and cevariances for
each population. There are several ways ﬁo find these
solutions, for example a direct odds methoé (Kendall et al.),
a likelihood ratio introduced by Anderscn k1958) , and a for-
mulation based on a Bayesian framework conaidered by Geisser
and Dunsmore (1966).

\

. | | |
In the first case let i =1, 2. Consider the Studentized
variates ‘

T (z - xy)'s “(z 51) ‘ ; 2.1.1
\

where S is the pooled sample covariance maﬁrix based on
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m 1+n2-2 degrees of freedom. Given that z comes from
population i, n Ti/(ni+1) has Hotellings s Tz distribution with
m-1 degrees of freedom. The procedurevis now to allocate
the new individual to the more probéble population; 1i.e.
allocate z to population 1 when o

P (T > observed/H,) > P (T2 > observed/H,) 2.1.2

/
Tiobs Tlerit relatively> Taobs T2crit
,
P1 < P2 = decide on
Fig. 2.1

Now both variables have T distributions with m-1 aegrees of

freedom so that the decision rule becomes the discriminant

2 " me

S oML | M | o ~ 2.1.3
n1+i n2+I .

where z is allocated to population 1 if x* < 0.

When the population covariance matrices are different the
separate Si must be used in 2.1.1 which.then»has3a '1'2 dis-
tribution with n -1 degrees of freedom. . Note that in this

case the one-sample form of Tzvis used. To find the appro-
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priate values for 72 use the F tables together with the
correct multiplication factor. As the probabilities in
2.1.2 are conditional upon z coming from population i, the
rule may be extended to cover different prior probabilities
for Hl' Hz etc.; for example |
2 X 2

™ P (Tl > observed/Hl) > 7, P (T2 > observed/Hz) 2.1.4
Anderson considered a likelihood ratio test for comparing the
hypothesis that the new individual comes from population

i, (i=1, 2) based upon the likelihood for all n1+n2+1 ob-
servations. That is, assign to population 1 if '

{n1+1 n, U n, n,+1
m sup Y I £, (x,.) T £,(x )}> _sup{ mf(x;.)eM £,(x )}
1 R A E LA AT i =y 17E187 0, F2tEay

2.1.5 ”

where in each case the supremum is evaluated over the para-
meter space. When the two populations are n(p} gi,z ) we
find that the likelihood ratio statistic yields the posterior-
odds ratio

) .
y {1 . anl } s(n1+n2+1)
m(n + ,
: 2.1.6

where population 1 is preferred when A > 1. When

my =T, we find 2.1.3. This rule differs from Geisser's

results by a constant only.

2.3/..0 -



2.2 The Bayesian approaeh to predictive discriminationk

| v — .

‘Geisser (1966) summarised the procedure fof the general case
applicable to any continuous distribution ?nd any number of

parameters.

Assume k populations M, i=1, .;&, 'k eacn specified by a
contin&ous density f(:/0. i’ \pi) ’ 91 being tl‘*e sets of distinct
unknown, parameters of I,.Let Xy be the matnix set of data
obtained on H ~based on N 1ndependent vec?or observations,
Let z be the new vector observations to be assigned which has
a prior probability q of belonging to Hi where '

\

1 ' |
- | |
} » k k
let 0 = u 0,0 % = U wi then g(e/w) is theljoint prior density
=] i=1
of © forknownw and L.(xi/ei, wi) the likelphood of the sample
obtained from Iy, with the joint likelihoodlobtained on T,,

k -
|
where X is the set of all the data samples *1, ceey xk The
posterior density, if it exists, will be i
. : , : | ‘ :
P(6/X, ¥) <« L(X/0, ¢)g(0/y) j 2.2.2
' !
From this the predictive density of 2z, undeﬁ‘the hypothesis
that it was obtained from Hi, is

‘
|
|

£(z/%, ¥, I;) = If(g/ei.wi;fni)P(e/W) #e 2.2.3

i
|
!

or
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£(z/%, ¥, T,) = If(g/ei,-wi, T,)P(O, /X, ¥)a0, 2.2.4
where

P(0,/%, ¥) = Jp(qnx, v) aef 2.2.5
using ei as the complement of 0, i.e. o, Y ei = 0

Then the posterior probability that z belongs to I, can be

calculated, i.e.

Plzel, /X, ¥, @ «a,f(z/X, ¥, T;) 2.2.6

- For classification purposes we may choose to assign z to
that I, for which 2.2.6 is a maximum, Sets of reqions_Rir
i=11, ..., k can be constructed for the observation space
of z where R, is the set of regions for which

ui(g) =q £f(z/X, ¥, Hi) is a maximum and use these as

classification regions for future observations.

Classification errors could be determined as follows:

PN, /N,) = aq J £(z/X, v, 1,)dz | 2.2.7
Ry
P(L/M) = q [ £z/%, v, Tpaz , 143 2.2.8
Ry | | |
paIS/m,) = q, (1 - { £(z/X, ¥, N,)dz) 2.2.9
R
i

Hence the predictive probability of a misclassification )
is

/
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k k ‘
z (nc/n ) =1 - % P(I /1) o 2.2.10 -
1=1 i=1 1 | 2.2.10

. Geisser also investigated the joint predic&ive density in
the classification of n jointly independent observations

Ry En and found that |

P(Elsnilr coey Enenin/x' v, q)

® I ay VE(Zys veey 22/%, ¥, I, , .o, 0, ) 2.2.11
5=1 13 - ! *n

l.
with the second factor on the right hand sipe being
‘ equal to ’ 5
\
|
TR IRY E 0 2.2.12

j J ‘J =1 j

\‘ :
With 2.2.11 in mind the procedure in 2.2.6 may be called a
marginal assignment.

[{[P(@/w.xm{jgleij}" } o RACVR

i
']
2.3 Application of the Bayesian approach to predictive

discriminant‘analysis in the case of multivariafe_
normal distributions B

It is important to note that in classificathon applications
our interest focuses primarily on a statémept concerning the
relative likelihood or probability that an Pbservation belongs

~ to one or another of the popllations as a basis for assignment;
. 1 :
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1
and not the more Bayesian application of making a probability
statement about the locality of parameter(s).

i
Let xiJ, i=1, .., Ni' i=1, ..., k be ¢he set of pxl
vectors coming from the k populations with

X, = % X :
=i Ni j=1 -ij &
N i _
= - - ' = - ’
A, jil (§ij 51)(§1j Xy) (Ny-1)8, -
\
k k o | '
A = TA = (N-k)S, N= IN, ; 0 2.3.1
i=1 i=1

j
Assume now that an observation z' = (zl, ..}, z_) is ob-
served with known prior probability my of bplonging to IIi

f = )
.which is n(p, By Zi) distributed with ' 1("11' ""’upi)'

gy =lodyr £ =20 ooy ki w, =1, .o, p

, b
When i, and I, are both known the posterior‘density function
is identical to the discriminant function 'in the classical
case for known parameters. The two other éituations most
commonly found in practise are the followinb:

|

(a) Z;, yy all unknown, and
\
|
i
Press (1972) gives a brief but complete der+vation of the
results.

(b) Z; =2 V,, y; all unknown
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Let z be the new observation. The posterior density of the
parameters in the i th population, given the observed data,
is

Bluy, TY|E;, By, I)=R(E,, Ailui.zzl_. TPy, 570

2.3.2
i.e. it is proportional to the product between the likeli-

hood and the prior densities. But gi and A; are indepen-

dent and

- v 1
X, ~ n(ps uy. ﬁizi) , | 2.3.3

a’l . wip, N

L -1, 1) | 2.3.4

i

. so that

§(N,-p-2) _, %N
- -1 17PT4) 1 - -1

’ Nb(§i—gi)(§i—ui)']} - 2.3.5

Assume that no pribr information is available, so we use
the diffuse prior density ’

=1 =1~k (p+l | o
Playr I, = J2.7) % (p+1) 2.3.6

Therefore the posterior density of the parameters as in
2.3.2 becomes
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Py, zi Y%, Ay, npe|E] | cexp {-strzi [Ai +

Ni(fi‘ui)#zi-uil']}'2-3¢7

The predictive density of z for classification into popu- -
lation i is

P(2/%y, Ay Ty) = I[P(Elui' Eits M) RGy, 5-1/31, A, Moayar;t o
2.3.8

Substitute 2.3.7 and the sampling. density of z~n(p,gi,£ )
into 2.3.8, then

o 1 5 (N —p-1) . _ R T

-1, % - -
. ?;iagslzill exp{-%(g-gi)'zil(§°giﬁ'dgjdz 1

4. %(N,-p)
«UIZilI 1 exp{-ktrzil {A1+N (xi By) (x:l Ei

+ (z-p,) (z-y,) '} dgjdz'l
2.3.9
x< = .y . \ N
J|A1+N1(§1‘E1)(§1'Hi) + (z-,) (z-n) Is( o+
- 2.3.10
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« i 2.3.11
R 2.3,
|B, + mi‘ui) (wy=g,) " l”( ¥ ‘
where
_ Nixi+g 4 Ay N1 zz' (Ng X +z)(N +z)'
and B, = = + x
N +1 17 W T NAT i'N‘ 1 (Niﬂ)f
Then 2.3.11 becomes
- ( ”dui
Ple/xge By Iy f—gw D TN,+D)
|8, |I+B (gi ) (uyuy) | |
2.3.12
"which gives us
- : du
- 1 i .
P(2/%3, Ay, Ty) ENLY -1 - s(Ng+l)
|3, | [1+(};‘j'}£j) "By -Es )]
2.3.13

(from le + AB| = |;b + ab'| =1+ b'a when Axn and

B are such that n = 1) so that the integrand is propor-

nxp .
tional to the multivariate student t-density. Therefore

_ |8, |* -,
Mz/¥ge Ayr 1) = —fwaT) < 1B

By |

2 . 3"0 14

Ny = = 1 |
i
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To find now the predictive prohébility density for classifying
the new z into I, we must find
P(I;/data) = P(z/%,, A; Tylq 2.3.16

Note that 2.3.15 can be written in exact form by taking the
multivariate t-density t : pxl with Ni-l degrees of freedom

as
~ klzil-!5 o<t <o, Ny>O 2 3.17
g(t) = — ]E(NL+P) j i
[Ni+(g—ui) Ty (E‘gi)J
% .
~ irfy +p))
where k = i \

n”Pr (¥N,)

From. this follows that

oy

. - -1 -
N, 1%p T (%N, ) N, (z-x,)'A " (z-Xx,)
Ng* riy g -p)1is,|”° i
2.3.18
When the Ly are assumed to be equal the multivariate t
density has N-k degrees of freedom and
Nj_ ’iP Ni(z—gi) 'A-l(.z;:gi "’5 (N"‘k+1)
P(Hi/g,{zij}) « qibﬁfrf] [1 + N1+1
2.3.19
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It can be shown that 2.3.18 and 2.3.19 both tend to the
classical case as N, - «. '

Overall the differences between the predictive and classical
approaches are slight in terms of the allocation rule applied,
but they lead to very different estimates of the‘probability '
of misclassification for the new individual, that is the pre-
dictive approach yields more reliable estimators.

Aitchison, Habbeman and Kay (1977) made the statement that .
{f the statistician wished to have some measure of confidence
in the reality of the plausibilities that he reports for the
type, he would be well advised on theoretical grounds to use
the predictive approach.

McLachlan (1979) also found in his asymptotic approach, which.
does not rely on Monte Carlo methods that the atypicality in-
dices favour the predictive method. He found that for equal
probabilities the predictivé method generally gives less ex-
treme estimates of the posteriot probabilities.

Raath and Hawkins (1980) discussed the problem of the choice
between the heteroscedastic or homoscedastic models. In the
derivation of 2.3.18 it was assumed a priori that the I, are
mutually independent with diffuse prior distributions. In
practise these I; are not so diffgrent‘as_may be implied4since
it would be expected that measurements of the same characteris-
~ tics in different population3>wou1d give rise to similar if not
identical covariance matrices.

Marks and bunn (1974) showed that in such a case Anderson's
estimative technique in the heteroscedastic case giées worse
classifications than the same technique in the homoscedastic
form if the samples are of "moderate” size. Raath and Hawkins
stated that it seems reasonable that this will also hold for the
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predictive discrimination approach. ' This is quite useful,'
because it takes care of the condition that n i’P in order that

Si be non-singular.

2.4 Alternative.forms'and simplifications in preditive
discriminant analysis assuming noxmal distributions

Although one often has no knowledge of what the covariance‘matrioes'
are, one often has reason to believe that they are related. Let
the §ij be defined as in the last paragraph, then

N .

bt 1 i Ti

X, =§7 I %5~y § 2.4.1

"1 Ny y=3 Vi3 v By N
and

Ni .
- _- -"' ' - .

Ay = Ilxgymx) (yy7xy) " - Wiy Ny=1, 1) 2.4.2

Let N;-1 = n; and let y, have a diffuse prior and Zi be

distributed a priori as a W (p, v, T) distribution where
I has a diffuse prior. Then Raath and Hawkins showed that
if z comes from a population I, with prior probability i

then z - n(p, Upr I ) and

k [a ) ¥(y7PmD) | 2.4.3
II .
1=1 |+ |3 (P{PO7Pl

£(z,r/data) « |T|™

and from this follows that
k IA |¥(n -p'l)

f (z/data) = jlrlm I - ar 2.4.4
1=1 |r+m, [¥P1H p-1)

r
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 where n} = 'fni i#r |
m = k[k(u-p-1)-p-1] |
By =( &4 i#r
it %.) (z-% ' 4.5
Ay ¢ N +T (z-%,;) (2-%;) i=r 2.4.5.

Now, 2.4.4 may be evaluated numerically in special cases.

I may be known, "plugged" in or diagonal but unknown. We
will have a look at each of these alternatives - presenting
the results only. ' '

In the first instance let ' 2.4.6

2.4.7

e P
so that
E(Hr/g, data) « q, f (z/data, Hr) ' : 2.4.8
Further it follows that for a general known T
: N_ \%P I'(%¥(n_+u-p))
_ -%( r ) § N 5
flz/data, N.) = 77\ §31) v (Stm_+v-p-1))
r P r
- k(n_+v-p-1)
Ir+a |~ F \
. N_ - - % (n_+u-p)
|F+Ar+ﬁ;:r(§‘§r)(§‘§r)'|
2.4.9
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| b I S
where [ (a) -nipP 1)inl-r(a—%(1-1)) | : S .
|
|

If T is not known it can be estimated uSinj Ai in the sense
that a pooled estimator of T will be

=
1
(7]

= - o 2.4.10

with the condition that the weights wy aregsuch that Ewi#O, -

e.g. w, could be equal to (l-%;)- Note thTt Gi is an un-
: i

biased estimator of T since " |
E(A;/1,) = (N;=1) | 2.4.11
E(L,) = I/(v-2p-2) | | 2.4.12

provided that v > 2p+2. From this_follo%s that

N,-1 ~
= i
E(Ai/f') m r ‘ 2.4.13
so that . , \
_ u-2p-2 | A

i ‘ |

| 2.15/...
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Only in case k is small and Ni small will the error be large
and must one resort to more exact theory.

In the case of a diagonal r, though unknown, I' can be estimated N
using an iteration model. If . v :

k -%(n, +v-p-1)
£(T/data) = [T|™ I |T+a,| i - 2.4.15
i=1

take the logarithm and differentiate with respect to I';
then

- 1 ‘ »
%(ni+u~p~l)[(F+Ai) ]d 2.4.16

el

ml =

i=1
where [(P+A ) l] is the diagonal of the inverse matrix
(T+a; ) Use 2 4.10 now as an estimate for T in 2.4.3
so that with the constant of prOportionality being cal-
culated

\ N T_(%(n_+u=-p))
— +—%p r .%p 'p
fla/data) =17 G3r ot eI

~ ¥(n +U—p—l)

IT+A_| '

‘ N %(n +u—p)
lr+Ar+ﬁ“"I(z x )(z-x )

2.4.17

so that P(Hi/g, data) « q; f(z/data, Hi)'

) ‘
Raath and Hawkins also discussed transforms which may be
necessary to diagonalise the matrix if it is not so in the
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first place. That will however only be
L, are believed to be approximately propor
class correlation matrix. In such a case
Helmert transformation of the data will red
approximately diagonal form, '

possible.if.the
ional to an intra-
a preliminary
uce Zi to an

They found that the full predictive discri¢in§tion model

obtained by integrating I' out is unworkablé
and k=2, |

Plugging in an estimator of‘r gives result#
useful. |

. |
They concluded that the model of a genérali
if there are only a few small»populations.i

unless p=1

that seem quite

I may be unreliable
When the assump-

tion of a diagonal T is true howgver, fewef parameters have
to be estimated with an increase in accuracy.

|
A note on the choice of v is given as thisf

reflects the

strength of one's a priori conviction in the similarities
. | , |

of the different Zi. i

Consider o.., - the variance of the jth component in the ith

jis -
population.  The assumption that I, . W 1

a priori that

ojji/cjjk ~ F(u-2p, vu-2p)

P, YV, I') implies

2.4.18

an F-distribution. Suppose now that one Ls 95% sure that
the ratio cj'ji/cjjk for an arbitrary i, j and k will lie in
the range (%, 4), then tables of the F-disfribution show

|
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that v=2p = 9 or v = 2p + 9. | By specifyiﬁg intervals of
suitable width and suitable confidence, u‘+ay also be deter-
mined in this way. . . | |
- |

The general assumptions of discriminant analysis are either
that all groups have identical covariance matrices, or that
these matrices are completely general. qu true situation
is usually intermediate. While not exactly equal, the
covariance matrices are similar. Such éiﬁilarity may be
modelled by introducing hyperparameters r and VU supposing

the Zi to be centred on T.

Although the efficiency of the classificat#on rule obtained
by the estimative method doesn't differ muéh from the rule
obtained by the predictive method, especia}ly if the Ni are
not small and/or markedly unequal, the posﬁerior probabilities
may be quite different. . ‘

Aitchison, Habbema and Kay (1977) considergd two p-dimensional
multivariate normal populations and data sqts that are small
in relation to the parameter dimension. They found in their

study that the predictive method with uneqﬁal covariance matrices

is slightly better than the same method wi#h equal covariance
matrices, which in turn is better than the estimative method
with equal covariance matrices (LDF). The estimative method
with unequal covariance matrices (QD) came off badly.

McLachlan (1979) questioned Aitchison et al's (1977) theoretical
motivation for the results they obtained o# the grounds that
their n, and n, were very smal1 relatively ! to P. Hevinvesti-
gated the relative performances of the dif%erent methods and
found that the predictive method's results are less extreme
asymptotically for the posterior probabilities in the case of

equal prior probabilities as well as uhequal prior\probabilities

2.18/-00;
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except when the predictive and estimative rules are on opposite
sides of 0,5 such that the predictive probability is further:
away from 0,5 than the estimative probability. He further
found that the predictive method is usually less biased than
the estimative method. :

In a mechanical classification procedure however, it doesn't
matter much which of the predictive or estimative method is

used.



- Chapter 3

DISCRIMINATION OF DISCRETE AND OR_MIXED DATA

3.1 Introduction:

It has been found by several statisticians that the estimative
procedures of Fisher and Anderson are robust for deviations
from the normality assumption (Lachenbruch and Goldstein,
1979). Fisher's approach in particular.is not dependent on
normality, but as in the case of unequal covariance matrices
skew distributions will lead to unequal misclassification
probabilities. It'is_interesting to note that in the case
of unequal covariance matrices the quadratic procedures tend
to be more unstable for deviations from normality than the
linear discriminant procedures. By deviation from normality
one refers inter alia to continuous distributions (probably
multivariate) which are not distributed normally, discrete
data (probably multivariate) or mixed data where one may have
a vector for which some variables are discrete and some are
continuous of a normal type or otherwise.

Discrete data may be of a type where some variables may take
on more than two values and some are dichotomous. Some of

these variables may represent ordered measurements and some

nominal.

In the case of ordered discrete variables relatively satisfying
results may be possible using the linear discriminant function

(LDF) - i.e. treating the data as an approximation of a multi-

variate normal distribution. If the ordered variables form

. part of a mixed vector where the other variables are continubus,

one may do the same or treat the mixed variables also as dis-

crete variables by collapsing each continuous variable as a

discrete variable by grouping the observationsvof,eéch con-"

tinuous variable, i.e. by using dummy variables. In the 1atter case1f
a purely discrete technique may be used (Cochran and Hopkins, Lo
1961). ‘
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If however, the discrete variables are of the‘nominél\type:
it is obvious that one may not use a continuous data method
like the LDF. In such a case one must use a pure discrete

technique.

There are various other'approaches to discriminant analysis.

If one does not want to make any specific assumptions about
the distributions associated with the groups one may assume
that the posterior probabilities of each of the groups, given
a particular observation, has a logistic form. The location ,
model as well és the multinomial procedures are based on specific ~? f%
distributional assumptions, although in the latter case they are |
very broad. Non-parametric methods do exist like the kernel
method where a density function is estimated before discrimi-
nation takes'place. Other_non-parametric"methods are fhe,rank
transformation procedure and the nearest neighbourhdod procédure, »
(Hills, 1967). o | -

It is noteworthy that where some methods are applicable fo.
binary (dichotomous) variables only, a variable representing
more than one category can be replaced by more than one dummy
variable of the dichotomous type.

For example let variable x have categories 1, 2, 3 and 4, then
any representation of a category can be represented by dummy
variables y, as follows: '

o
O O O+
O O =N
o faoa w
e S

that is, category 3 in x is represented by y = (1, 1, 0.
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Theoretically the fact that the method can be applied to binary
variables only is therefore no restriction, Practically however,
it may cause problems regarding the cell frequencies.

- A brief review of some of these techniques follows. - with the
exception of the kernel function method which is described in
more detail. |

The LDF temptation however, will always be with us and this
chapter is concluded with a section on scoring techniques on
several types of data so that it can be used in an ordinary
LDF analysis. i '

3.2 The multinomial model

Any combination of qualitative items may be regarded as a
classification variable x with a discrete sample space. N
individuals may be sampled from a‘mixed population or two in-
dependent samples of size n, and n, are‘giqen from poPulatiens
I, and I, with prior probabilities usually%specified.

In the first case denote the number of individuals from ni
with X = x = (X5, sy xp) as the binomial random variable
Ni(g) with expected value Ndifi(g). i=1l, 2. Note that in
X = (xl, cees xp) each X4 i=1, ..., p assumes at most a

finite number, Sy i=1, ..., p of distinct values, i.e. there

p
are I s, possible ‘types of measurements with underlying density

i=1
within each group being multinomial. In each group each of
P : '
these s = 1 Sy points has a probability |attached to it, i.e.
i=1 '
group nj is characterised by the multinomial probability,'
p(Q) = p(ejl, ooy ejs)' (Berenson, Leviqe and Goldstein,
1983).
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The total number of individuals is N = Bty = RN (B HEN, (%)

Intuitive estimates for prior.probabilities are given by

~ .n

6y = ﬁi and the non-parametric estimates of the class condi-
| n, (x)

tional densities or state probabilities by Ei(g) = ;i“ .
i=1, 2. (Goldstein and Dillon, 1978). |
The resulting discriminant scores are then given by
~ n;, n,(x) n;(x
, gi(x) = 51 i(x) =5 ny = I1=1, 2.  3.2.1

With independent random samples, prior probabilities are
usually specified and not estimated. The random variables
(x), i=1, 2 are still defined as the number of individuals

fromni with X = x.
Now, E{n; (x)] = n; £7(x), where f}(x)is the density at x or the stafe
probability defined by x from ; as opposed to f, (x) as
defined above. Now, f}(x) can be estimated by n, (x)/n,.
If 6* is specified a positive prior probability associated
with Hi' then the discriminant score becomes

- ni(g)

g, (0 = 6% B(x) = &+.-L 3.2.2

i

If the éample.space is partitioned by D = <Dy, Dz>then from
3.2.1 and 3.2.2 classify x as from D, if g,(x) 3 §,(x) and to
I, if g,(x) < g,(x).

Thus in the case of a mixed sample the classification rule
becomes: Assign to Dl if ‘

n,; (X) 3 ny(X) 3.2.3

and to 62 otherwise.
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‘In the case of independent samples the ruli_becomes:

X € Dlvif

§* ny (x)/ny 3 (1-6*)n2(§)/n2
and x € 62 if

_6* nl(g_t)/nl < (1-8*)n, (x)/n,

Note that this procedure can easily be‘extJ
two groups.

A big problem with this discrimination meth
a large number of observations relative to
is required if sufficient data in each stat
~ for the estimation of state probabilities.
to the full multinomial model, as is also k
state in nl may mean something different to
Moore (1973) as well as Goldstein and Rabin
to the conclusion that this method is appli

3.2.4

3.2.5

nded to more than

od is the fact thatp
the number of variables

e are to be available

Another objection
nown, is that a zero
a gero state in Hz.'
owitz (1975) came
cable only when

heteroscedasticity exists between the groups and when large

training samples are available.

3.3 A variation on the full multinomial mo

del

Hills (1967) suggested the nearest neighbou

rhood rule as a kind

of solution to the problem of state sparsen
It should be noted that Hills's method fi
determines the proportion of points falli

o

ess as set out above.
s a volume and
in that volume,

so that it is really a discrete variable kernel function

method (see section 3.6) with a kernel whi
within a certain range and zero outside it

is uniform
(Hand, 1981).

The technique introduced by Hills was summarised by Goldstein

and Dillon (1978).
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1

Let all data be dichotomies or use dichotomised dummy variables -
see the previous section, i.e. all variables are of the (o;1) ‘
type.

Use a sample-based likelihood ratio procedure for classifying

a particular response vector x. All responses differing from
x in no more than r components are-incorporated‘into the rule.
For a given response vector x, let '

T 4= {zj/(§-xj)'(§-yj) < r} 3.3.1

Ty is now the set of responses {xf-such that each of the
elements differs in no more than r components from x, i.e. we
have an r-level nearest neighbourhood rule. Assume‘further
that the samples i=l, 2 are independent with size n, and n2 '
from ni, i=1, 2. Then the discrimination rule is

n

(y.) n, (¥,)

xel, if §*3 109, (1-s%) 3§ 222

- e, M1 T ny
3 3 |

3.3.2

n, (y;) : n, (¥)

Xel, 1if 6%z =1 < (1-8%) r <=1

- o, M . T2
3 j

and randomly allocate if equality holds. = Note that &* is
used as defined in the previous section.

Hills briefly discussed the approach in the case of more
than 2 populations. He found that this method is less
subject to sampling variability, but it is not necessarily
consistent. ' ’

Hand discussed the problem related to the uncertainty of
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acceptance or rejection for the calculation purposes in 3.3.1
when an observation is on the "cell limit."

3.4 Logistic discriminant analysis_

A series of popular approaches to binary discrimination problems
have been based on logarithmic transformations. A simple one
is obtained when we assume that each class-conditional probabi-
lity function can be written as T

|
P(x/M;) = explg{X) ' ' - 3.4.1

i.e. the logarithms of the class-conditional functions are
linear. Sometimes X = x, but often X' = (1, x') to allow
for a constant term. Hand (1982) gave an excellent brief
discussion of the former and Cox (1970) discussed the tech-
nique from a regression point of view. ‘
~ More generally however, we can assume only‘that the difference
between the logarithms of the class-conditional prbbability |
functions is linear, making no assumption about the lihéérity_
of the class-conditional probability functions themselves.
Note this model does imply the first one, but that the first
does not imply the latter. This more general assumption is '
equivalent to assuming that the coefficients of all terms not
explicitly included in x are identical in | e two populations.
The motivation for our approach was summarised by Day .and
Kerridge (1967) with some theoretical background.

Suppose we have vectors x where the compoants are not nor-
mally distributed and where the observations are not inde-
pendent. If in addition to this the sample vectors are not
close to the mode of the distribution of x in any of the
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' popuiationSZthen the logistic model supplies part of the
"solution to the problem. It ié of intérést to note that
the logistic distribution shows very desirable properties
in the sense that it is unimodal in the univariate sense

and that the distribution has no heavy tails.

Anderson (1972)adopted this approach, except that he assumed
that -

In P(Hi/g) - I1n P(Hj/§) 3.4.2
is linear rather than

InP(x/Ty) - lnP(x/I) A 3.4.3

The difference in approach involves only a constant term.
Aocording to this more general approach now
in (,P(ni/:_g)/,p(nj/g_c)) =a;X, i=1, ..., k-1 3.4.4

This model is exact for x' = (1, X') avnd‘xi independent
binary. It is also exact if the class-conditional probabi-
lity density functions are multivariate normal with identical
variance-covariance matrices.

In fact a number of distributions used in discriminant
analysis have posterior probabilities with logistic form,

e.g.

(a) as mentioned the multivériate normal distribution with
equal dispersion matrices and

(b) also mentioned the multivariate dichotomous or (0;1)
variables and further

3.8/ooo



3.8

(c) the multivariate Bernoulli distribution where the variables_v
follow a log—linear model with equal secona and higher order
effects in all k groups and

(d) a combination of the distributions mentioned in (a), (b)
and (c).

Note that the posterior probabilities are ﬁot based on dis-
tributions for which parameters must be estimated. The
parameters in the posterior probabilities re estimated
directly, i.e. in stead of

P(1, /%) « my £,(x) i=1,...,k - 3.4.’5\

where X is classified in the group with th :highest pos-
terior probability, £, (x) being the density function
corresponding to Hi which we have estimated up to now,
let ' ‘

(1L, /x) Py,

. i’ = ' L
in = 1ln —d = Ay X i=l, ..., k=1
Hﬁk;’-d Prx = ‘

|
, . .
i.e. the difference between the logs is liﬁear, where

Giz(aio, Gil, s 00 Gip) and -x.' = (xo' xl' i‘-o.' xp) With

x, = 1.

Then

But |
1 | |
iil Pyy * Py =1 |

3.9/...
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therefore . . -
k-1
1 —
i.e.
k-1 -1 .
= = ( !
P(I, /%) Prx (1 + iil exp(a x)) 3.4.7

. In this more general case some of the x4 may be continuous
‘and some even polychotomous (Fatti, 1982).

Anderson used the maximum likelihood method to obtain a set
of equations which can be solved for the oy applying an
iterative Newton-Raphson method to find these solutions.

Let P(x/Ig) = f_(x) be the likelihood of x given I, and
denote the number of points from class or population s in

, : k-1 -
cell x by nsg‘ Let n§ = izl ni§ and A =[Ryr Qpr e Xy 5]

Further denote the mixture density of x by ¢x’ and L the
probability associated with population I, then

k n
L= 0 n{ux/my} 5% 3.4.8
s=1 x '

but L(x/I,) = P(x/I))

P(N /%) .P(X)
P(Hs)
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. Pax®x
= 3.4.9
S
from which follows that
k ps§.¢§ n
L= 0 I\——) 8%
™
s=1 x s
k Psx*Px\n ‘
= I I (“—) sx 3.4.10
- s=1 X s

k v ps§-9§ ng.
log L = L log I r-T—

s=1 X s .
k

= I In_{logp., p. - log 7 _}
s=1 X sX S’.S 2.3 s
k k :

= £ In {logp._p.}t - I In_logrm 3.4.11
s=1 x SX SX X s=1 x sx s

To find the first partial derivative w.r.t. asj' define
£ = alogh , then, keeping in mind that the second term

ij aaij
- on the right hand side as well as Py do not contain an a
let -

s 7

s]

s=1 i Psx 199 Poy

)]
- W
—
X ™
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- 1 ] t 3
= )ztnlasgl’-‘ + Zn, 0ox + ... 4 gnsﬁgsg + ...+ §nk-1,,_<°ik-1l‘

+ gnlglogpkg + ...+ gnsglog pk& + .00 4 gnk_l'glog pk; +
gnklglog Py x
dlogL k dlogp
T §Psx*y T & 2 {“j y —;———Eg}l
sj = 7= = j=1 - asj

k-1 aix -X, e ®°
= eyt iy 0 o ¢ T kT O A
(L+ Z e ™)
i=1 -
= Einex*y ~ Py Pox ¥y}
So that eventually
._S_. -
£y = . §ingy = Dy Poylx 3.4.12

after an amount of manipulation.

Let £ sj be equal to zero and solve iteratively for the aij
using the Newton-Raphson procedure as described in Anderson.

Let{fsj be as in 3.4.12 for j =0, 1, ..., p then
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d°logL _ sj _ Tn t \ 1
- = =In pP__P, X:X ’ s#t! 3.4.13
aatzaasj aat2 X X sx°tx"J 2 |
and
|
azlogL afsj = =-In_p _(l-p__)x.x 1 , s=t 3.4.14
90,90 . = L) X 8x sx 374
s "sj s
Let
Taf_.
F, T [st,tz] 3.4.15

(k=1) (p+1) x(k=-1) (p+1)

i,e. s, t=1, ..., k-1 and j, 2 = O, ...,p} with the ordered
pair form for (s,j) and (t,%) of (1,0), (1,1), ..., (1, p),
(2,0, (2,1), ..., (k=1, p) and ga the colu?n vector with
(k=-1) (p+1l) rows, i.e. ga = {fij} with the same ordering.

Let £, and F, denote the values of £ and F, when a,, ...,
@, take on the values indicated by the co*umn vector a
where a' = (aj, ..., 24 ;). Use as starting values for
the a, as estimator of a the vector o and call it a_. The
next value a; will be

a. =a - Flf

-1 o] ag=a,
a, =a, - F;lf_ . | 3.4.16 |
- 1721 |

Asg F—l changes very slowly for changes in g,fone does not have
to recalculate F L for each a,, but only for say, every tenth
repetition. Having calculated the Qi' the 1ogistic preference

for any population given any X can be determined, i.e. allocate
1

!
3.13/... o w
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to that population for which the index gives a maximum for
gig, i=1, ..., k.
For a more detailed derivation see also Day and Kerridge (1967).
Anderson (1972) showed that this estimatioﬂ is viable irres-
pective of the case of mixed-populations or already separated
data, although the maximum likelihood estiﬁators are not uniqﬁe
when there is a complete separation of gro@ps in the training
sample, i.e. when a linear discriminant function can be found
that classifies alliN sample points correcthy. In this case,
however any solution to equation 3.4.12 will tend to give good
discrimination although the aij may not be bonsistent.

\

o
For further development regarding log-linear models refer the

next section. |

As a last remark it is worthwhile looking a# the conclusions
of Press and Wilson (1978) where they motivated their preference
of the logistic model above the estimative}technique. Their
studies show that whenever a single qualitaﬁive variable is
present the logistic approach gives more acceptable results,
although they stress the fact that differences will be small
except in some specific cases.

3.5.1 The log-linear model and the discriminant problem
- : _ 1

An alternative to the full multinomial modeﬂ which suffers from
~the probébility of state sparseness and an extension to the
logistic model of the previous section wassubgested and des-
cribed by Berenson, Levine and Goldstein (19?3), Goldstein and
Dillon (1978), Haberman (1974), Hand (1981) etc. Haberman dis-
cussed the use of this technique in the spec#fie case of ordered
categories. The model uses the goodness of fit statistics as a
tool of model building, provides a solution #o the state sparse-
ness problem and incorporates information with respect to or-
derings of the variables. In addition to t$is the model takes
care of association factors among variables. |

3014/.0.
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Before discussing the application of the ﬁodel itself, which

is straightforward, because the model gives us a probability

for g which together with the group probabﬁlity, gives us the
final procedure and solution, we give a brief description of

the basis of the log-linear model and theniits layout and ex-
tension to the logit form.

We will see that the sufficient statistics]for log-linear models4
are easy to obtain and yield the expected eell frequencies with-
out having to determine the underlying parameters.

3.5. 2 The log-linear model, calculation of some statistics
and an extension to the logit model

- | k

These models represent the probability distribution by an

expansion (see Hand, 1981). ]

P(x) =',exp(ao-!-al(leaz(x2)+’a3(x3)+ . +ap(xp)

|
+a12(x1,x2)+al3(x1,x3)+ ces +a p(xl,xp)

a2, ..., pXrLrXgr cees xp)) 3.5.2.1

where the oy j for respective i, j are defined as
[4 LI LY 4 I

P
Lo = 1n P(x)/ ng
o i y=1 &
where 94 is the numbher of categories for tge i th variable.
| ]
~ P '
ay(a) = § 1nMx)/ I

X i=2gi o ‘
xl=a
(2) = § 1nPx)/ P o
a = X g,=a !
P X_=a =11 °
P '
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o . p :
alz(a,b) = % InP(x) /iI=I 3gi—a2-a1-ao
xl=a,x2=b
al...p (a, «e., C) = g InP(x)- ... - 3.5.2.2
x=(a,...,0) '

P(x) is the expected value of P(X) under the model assumptions;
]

Ve will view the ais j as main effects and interactive terms
pee oy

analogous to those of the analysis of variance. In terms of

this it is easy to see that for p=2 and both variables binary,

o becomes

a

_ 10p((0,0)) + 1np((0,1)) + 1nP ((1,0)) + 1nP((1,1))
o -

and a, becomes

1

- d
o

[s ] =

1nP((0,0)) : 1nP((0,1))
1 X

_ 1np(10,0)) + 1np((0,1)) = 1npP((1,0)) - InP((1,1))

3.5.2.3

With higher order interactions we will see that it is possible
to economise on the number on interaction terms.-

To describe the modelling technique a two-ﬁay table, i.e.a two
variable model is assumed. It will be appreciated that this
model can be expanded very easily to any realistic number of
variables. A brief but useful summary can be found in
Berenson, Levine and Goldstein (1983).

Let the variables A and B with I and J levels respectively form

3.16/...
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an IxJ contingency table. Let X453 bé the observed frequency
and mij be the expected frequency associated with cell (i,3j)

if a sample of n observations was distributed across the table.
Using the more common notation of Bishop et al. let

u+u v+u‘ U ' .
my=e 0RO TR 3.5.2.4
i3
so that
In myy = WHip (4) e (5) *HaB (15) 3.5.2.5
with constraints

Pa T I¥eg) T PMamay T Pmeap T° 0 3526

Bishop, Fienberg and Holland (1975) showed that it is immaterial
whether the cell probabilities or the expected counts in each
cell are used as the mean terms, i.e. the yu - terms are just
transformations of cross product ratios which are invariant
under row and columm multiplications, e.g. if I=J=2, then

(/)

¥aB(11)

m
= X ln(ﬁll—;‘?--Z X
12 721

zd:!i”'o-

Py1P ‘
11722 - 3.5.2.7

=% 1n
P12P2;3

As above the u terms can now be defined as
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Ma(e) =& 73

Yg(y) T {1

uAB(ij)= Inm

15 " Mai) T MB(9)

3.17

+ U

3.5.2.8

3.5.2.9°

3.5.2.10

3.5.2.11

so that there are (I-1l) (J-1) independent pa#ameters needed

to explain all possible association in the &xJ table.

Note

that calculation of uAB(ij) necessitates the calculation of

Ma (1) and MB(§) which require the value of u.

This order of

. calculation will always be necessary as hig%er order u-terms

measure the deviations between lower order u-terms.
quires the use of the hierarchy principlé, i.e.

This re-

o
(a) for any two sets of indexes {6} and {Gr} such that {0} c

{0'}, Hig} = O implies that Megr} = O-

(b) for any set of indices {0"}, the fact that Uge}#O im—
plies that all lower order relatives of u{eL} are non zero.

If all y-terms are present in a model, the m
be saturated,otherwise it is said to be unsaturated.

él is said to
As one

always tries to use the smallest possible n&mber_of parameters
without changing the goodness of fit seriougly, focus will be

on the unsaturated models.

If for exampleiuAB(ij)

= 0 Vvi,j

in a model with three variables A, B and C with levels I,J and K

then A and B are independent conditional onjc.

This model

could also be described as an [AC][BC] model, i.e. leaving out

that u-term which is absent.
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In deciding on a model there are three basic objectives,

némely parsimony with respect to the number of parameters,

- goodness of fit with respecé %o deviance of cell estimates from
cell observations and interpretability.

To estimate the theoretical cell frequencies the most advocated
technique is the method of maximum likelihood. The advantages
are that the cell estimates will not be influenced by the fact
whether the table was constructed using a Poisson sampling
scheme, a product multinomial sampling scheme or a full multi-
nomial sampling scheme on the condition that in the case of
product multinomial sampling the u-terms corresponding to fixed
margins are included in the fitted model (Bishop et al).

The theoretiéal cell frequencies are easy to compute and are

often simple functions of marginal totals. The estimates

have favourable large sample properties and where closed form
expressions for the maximum likelihood estimates are not available
the method of iterative proportional fitting works well (see
Bishop et al. or Fienberg (1980) for rules for detecting exis-
tence of direct (closed form) estimates and the application
thereof.)

Bishop et al. discussed the Gz-statistic which is used to assess
the goodness of fit in chapter 14 in detail with special re-
ference to its asymptotic behaviour. The Gz-statistic is pre-
ferred to the well known Pearson statistic: .

(x )2 o

-m ) ) ’
i i 3.5.2.12
mi '

X’ =z
i
x2 is asymptotically chi-square distributed with degrees of
freedom equal to the number of cells in the table minus the
number of independent fitted parameters defined by the model.
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The Gz-statistic is based on the likelihood ratio and possesses
a useful partitioning property which can bé applied in model
building - a property not shared by the x“-statistic.

2 _ my | .
G* = 2Ix,1n=> | 3.5.2.13
i Xy ' |

with degrees of freedom equal to the number of cells in the
table minus the number of independenf fitted parameters defined
by the model. As an example assume the A, B and C variable
model with IxJxK cells. Assume the model [AB]([C], i.e.

- |
In mygp = W (3) MU (3) e () PMAB(15) | 3.5.2.14

The degrees of freedom = IJK(number of cell#) - 1(y) - (1I-1)

(number of independent parameters with respéct to variable'A) -
(J-1) (with respect to variable B) - (K-1) (variable C)-(I-1) (J-1)
~(with respect to the association parameter# whith are independent)=

(K-1XIJ-1).

In order to partition the model, define |

L(x) = ixilnxi | | | 3.5.2.15
L@ = ixilnﬁi i 3.5.2.15
' |
theﬂ G2 can be found as
62 = -2(L@m) - L(x) | 3.5.2.17

Suppose two models are denoted by [1] and [?] and that all
the uy-terms in [2] are contained in model [1], i.e. [2] is

i
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nested within [1]. . Let the parameter> estimates for model
[1] be denoted by gll] . Then the G2-statistic for model
[2] can be written as

G2([21) = - 2 (L(Q[Z]) - L(g))

4u&”)-L@“H)+4LQ)-m@”0

c2([21/111) + Gc2(1l), 3.5.2.18

i.e. c2(r21) > 62(1]) by cAr21/1 11), the conditional like-
lihood ratio statistic for model [2] given by model [1].

Now Gz([2]), 62([11) and 62([2]/[11) are asymptotically
distributed chi-square with respective degrees of freedom'
Vor Vg and VoV, . This then gives us a way to determine
whether a given p-term must be added or ignored from the
model. For a full description of this stepwise method refer

Bishop et al.

A natural extension of the model is béing used in discriminant
analysis, namely the logit models in which interest centers
upon the relationship of a set of explanatory variables on
at least one responsive variable, i.e. the relationships be-
tween the explanatory variables as such are not as 1mportant
as the nature of the effects on the response variable(s). The
technique can be illustrated best by means of an example as in
Berenson et al.

Assume a one response variable with two levels so that the log
odds table can’ be constructed after a suitable log~linear model
has been found. Say the response variable is C, where C has
two levels.  Suppose the best parsimonious model is given by
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[AB][ACI[BC], i.e. = 0, then

HaBc (13k)

In my g = WA (1) MR (5) e k) PMaB (1) PBC (5k) TMac (ik)

The logit model is then defined by

Mi41
logit,. = ln(==4>

13 12 e ™acuy ey

because

3.5.2.19

3.5.2.20

Mo() = “Me(2) F Mac(il) T “Macu2)? ‘uBC(jl) ="HBc (32)

Therefore it follows that
= ln(—iil) =w + w?c + w?c

_ - I~
_ AC _ BC _

3.5.2.21

3.5.2.22

where

the bar over C indicates the variable which the odds refer to.

Note that the estimated frequencies may be compared directly.

The odds can be converted to a proportion by using the trans-

formation suggested by Berkson (1944) as

logit, . ‘

5 oo 13 M4m0
ij = logit,. I+m, .,/m

Lte 13 151/™1 52

3.5.2.23

which will estimate the ratio of odds of level 1 of variable C

3.22/...
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against level 2 of variable C. The discrimination rule there-
fore is: '

Allocate to population 1, i.e. level 1 of C if ﬁij > 0,5

‘Allocate to population 2, i.e. level 2 of C if ﬁij < 0,5
with an arbitrary allocation in the case of equality.

It will be appreciated that a large amount of work and time is
saved by these models when closed form estimators may be used
and even when the iterative procedure must be followed, because
according to Birch's theorem the u-terms then do not have to be
calculated (see Berenson et al. and Bishop et al.).

3.5.3 The application of the log-linear and logit models
in discriminant analysis - a summary

The application is illustrated by means of an example as given
in Berenson et al.

Assume a 2xJxK contingency table where the first variable, xi
identifies the group, i.e. assign to population Hl if xl=1 and
to Hz when x1=2. For the three variable model, Xy, i=1,2,3
the saturated model for the theoretical frequencies is

In my g = W 4y HHe () THex)

*iag(14) THac(ix) *PBe (k) MaBC(13k) 3.5.3.1

Assuming equal prior probabilities and a sample based parti-
tion D = (Dl, Dz) against the optimal partition & = (ul, ué)
to define a sample based logit rule: ‘

- Assign a response characterised by x = (xz, x3) = (j,k) as
follows

3.23/...
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My 3k '
ln(——l—)> O  then x€m,
™23k | »
. <0 then X€M, _ 3.5.3.2

= 0 randomly

Note that in terms of a log-linear representation, the full
multinomial rule is equivalent to using a completely saturated
design. ' :

Discrimination may also be made on ground of the w values in _
the model as in the previous section. S i

The procedure as described above should be followed after a
suitable, more parsimonious model has been constructed, there-
by diminishing the number of parameters considerably.

If there are more than two populations to be considered, say
p populations then variable X, has p levels, i.e. X = (xl)
andygi = (Xgy ooy xk), where every x,;,, 1 =2, ..., k can

take on Sy different categorical values and vector 55 can be classified
m, _
as belonging to Hj when ln(513444£) is a maximum for all
- ’ ’ 'j2...k
s =1, «ess Pi s#3; 3=1, ..., P,
m m
ln miZoock = max {m(m12.ook>} . . 3.5.3‘3
e2...k $s=1,...,pP 82...k
i=1'ooo,p
s#i '

3.6 Discrimination using a distribution free procedure based on
the estimation of probability distributions using the kernel
function method '

3.6.1 Introduction

_ Welch (1939) showed that if we want to classify an object that
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comes irom one of two populations_with assoclated densities fl
and fzrthen a classification rule should be based upon the
likelihood ratio fl/fz. Under the assumption of sampling from
normal populations with equal covariance matrices or even
different covariance matrices the procedures are fairly easy.
Studies have shown that these procedures perform reasonably
well for some non-normal populations, but there is interest

in approaching the problem in a less constrained way.

The question is whether it is possible to estimate the likelihood
ratio fllf2 without estimating fl and f2. It is true however,
that much more is known about density estimation than likelihood
ratio estimation. The most direct way to proceed therefore is
to estimate the individual densities fl,and fz and then the
likelihood ratio f1/f2.

Wahba (1975) dealt with the optimal convergence properties of
various classes of nonparametric density estimates and the ad-
vantages of these estimates in the classification problem.
Lachenbruch and Goldstein (1979) summarised these results:

~Let £, and £, be the two underlying continuous densities from
subpopulations I and nz, and P, and p, are the two prior pro-
babilities. If D = (D, D,) is a partition of the sample space
X such that xEDj implies that x belongs to nj for any x€X, then
the probability of correct classification for the partition of
rule D is given by ’ '

2 a
r(p) = % [ p. £, (x)dx | 3.6.1.1
: j=1 373
P

If Bris the set of all possible classification rules then
D* achieves the optimal probability of correct classification
if '

r(p*) = sup r(D) = r* ' 3.6.1.2
DeD

where according to Welch D* is defined by
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= {x/j is the smallest integer such that pjfj(x)

= max(pyf, (X))} : ' 3.6.1.3

j=1,2

If a random sample of size n:is available ftom the mixture
of Hl and Hz, say 1 and it is determined th

‘vations are from HJ we estimate Py by Py = j/ (refer 3.2.1).
| n

t nJ of the obser-

Denote the partition in 3.6.1.3 by Dj'and an estimate of fj(x)
by fj(x) at the point x, then with

~ 2 - ’
r(D) = L I P.f. (x)dx * 3.6.1.3
j=1 33

- D,
J

it can be shown that

r(D) = sup r(D) ! 3.6.1.4
DePr .

Glick (1972) showed that if the'density estimates are con-
sistent and provided that J I pj%j(x)dx coﬁ%erges to unity

or is bounded by a finite constant then sup|;(D) - r(D) |+0,
r(B) + r* and ;(B) + r*, which are very desirable error-rate
convergence properties. Note that no restrictive conditions
relating to the underlying family of distributions generating
the data are assumed. . ‘

There are many density estimators, inter alia the kernel esti-
mates, the orthogonal series estimates, thelPearsonian system,
the Gram-Charlier approach and the maximum likelihood procedure
',proposed by Fishen.references of which may ﬁe found in Wegman
(1972) .

This section gives avsummary of the‘propertiks of the kernel
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functions as well asthe application of these estimates in dis-
criminant analysis. Given the a priori class probabilities

and cost constants, if not equal, the usual‘procedure is

followed to find the classification rule using the kernel
function method to find the a priori class conditional densities.

3.6.2 The kernel function

Parzen (1962) showed in his paper how one may construct a family
of estimates of f£(x) and the mode such that the estimates are
.consistent and asymptotically normal. The problem of esti-
mating the mode of a probability density function is comparable
to the problem of maximum likelihood estimation of a parameter.

According to Everitt and Hand (1981) the estimation of a pro-
bability density function may be looked upon as one way of
approximating a mixture of distributions by a single density
by increasing the number of parameters. The introduction of
more parameters would be expected to yield a better approxima-
tion than a mixture distribution. The number of parameters
is increased to the number of sample points in the mixture.

In application to discriminant analysis where one may have two
or more distinct classes, each population will be associated
with a unique density.

~Parsen uses a smooting parameters A(or 21A) which is dependent
onn, i.e. A= A(n), where n is the number of sample obser-
vations under discussion. Then fn(x) can be estimated by

£.(x) = [F (x+}) - F (x=2) /(2N 3.6.2.1

As n increases, ) will decrease.
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This gives rise to the estimation of a probability using a mix-

ture of densities so that when x,,, ..., X, form a sample
_ i
from a multivariate population N, then the distribution of y

in population I; can be estimated by

P(X/Hi’D‘) = P(X/Dil Ai)
ny » S |
= - Z . K( /x r A ) . 3.6.2.8
ny 3=1 LZ34r A4

where Dy is the subset of D'which conﬁains data from population
nin
Parzen used Ehe following example to illustrate the method in
the case of a univariate distribution. (See also Van der
Merwe and Kotze, 1980).

Assume n, sample elements from population~ni, i=1, ..., k.
The sample elements from ni are the vectors gil, ceny §ih
We shall use for our example only the lst element of 1
each vector, i.e. Xiq17 xi2l’_"" Xinl® Let the number of

lst elements which fall in the interval (y-A, y+\) be n.
We estimate P(y/ni, D) as follows

number in interval 1 ‘
P(y/H;, D) = total number  length of interval

y=X
= K%X‘.z K (—1d1, 3.6.2.9

where
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K(t) ¥ for|t| < 1 i.e. Iy-xijll < A

o for|t] > 1 i.e. |y-xij1| > A 3.6.2.10

Here we can see why the kernel function is also known as the
window function, because of the "window" [y-A; y+)].

Therefore each observation has a contribution to make to the
§(y/ni,D). This contribution is determined by K(t) as well
as the value of A where ) determines the interval size.

Meisel (1972) gave the ideal characteristics of the kernel

function as follows:
(i) The mode of the function must be at Xi57X-

(ii) The contribution of X5 through the kernel function
must decrease as the distance between X413 and y in-
creases, i.e. the contribution must be approximately
zero when X5 is far from y.

(111) Equivalent differences between x, ., X, , Wmn respective-
ly and y must result in equal contributions throught the

kernel function.

Murthy (1966) showed that p one-dimensional kernel functions
can be expressed as a single p-dimensional kernel function

and vice versa so that

- K(x) = K(xy, <00y xp)

= Kl(xl)-Kz(xz) ...-K(xp) 3.6.2.11
Parzen showed that the kernel function must satisfy the following

conditions in order to give estimates which are stable and

asymptotically normal.

y ' 3.30/...




From 3.6.2.10

k
K(X/§ ’ A) =
13 t=1
k z
= I A S(1-a

t=1
where z, = O when xijt # Y
= 1 when xijt =Y

each binary variable has its

TR (¥e/%g5¢0 V)

3.32

3.6.3.4

1

and % ¢ y < 1 so that when

own smoothing parameter At

equation 3.4.3.3 transforms to

k t
Rig/gi40 1) = T A0

is as in 3.6.3.4.

where-zt

Note in 3.6.3.3 that when A=l

|
l-z
¢) t 3.6.3.5

then the dens*ty is estimated by

means of the relative frequency, i.e.

= 0 Y #
and when A = % the density is

tribution v i.e.

b4

R(g/g, 40 %) = (0"

(c) (1)

235 |

§ij 3.6.3.6

estimated by %he uni form dis-

any vector i 3.6.3.7

When the data is multivariate categorical with

more than 2 categories, Aitchison and Aitken distinguished be-

tween nominally scaled and ordinally scaled data.

- suggest the following kernel
also Van der Merwe and Kotze,

They
function for the former (see
1980)
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k ‘
K(Y/’_{ijr A) ‘ = tlith (yt/xijt' A) _
k z, q_, 1=z
= I A t(é fl) t 3.6.3.8
t=1 t
where z, = O when Xi4t # Ve o
= 1 when Xiqp = Yi and ¢, is the number of caFegories,

i.e. 0,1, ..., ct-l in which Yi is partitioned.

(11) For categorical data which are ordinally scaled‘, the near-
ness of Y to xijt is taken into account by means of a weighting

system. The following kernels are suggested:

When cp = 4 Kt(yt/xijt' A) for ordinal variables with 3

categories:

y, = O =1 =2
2 a2

Xy4¢ = O A 2 (1-1) (1-1)
=1 | x-2%) | a2 X (1-22)

=2 | a-»n2 22 (1=-1) RS

When c, = 4 : Kt(yt/xijt,x) for ordinal variables with 4
categories:
yt=o = ] = 2 = 3
.3 2 2 3
Xj49¢ = O A 3A%(1-2) 33%(1=1) 1-2
=1 A(1-23) A3 A(1-23) (1-1) (1-23)
' - 1) A 1+X
s, | amnaad | aaad) )3 A(1-23)
1+ 1+A 1+\
=3 (1-1)3 3a-02 | 32a-n A3
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(d) The kernel function method makes it possible to handle the
_problem of discriminatibn when there is a population with mixed
binary and continuous features. Kotze and Van der Merwe expanded
on the reference given by Aitchison and Aitken by giving an ex- |
ample.

-Let each observation vector consist of k measurements of which

r kl are of the binary type and k2 measurements are continuous
variables so that kl+k2 =_k, i.e. §ij = (xijl' xij2' ceoe xijkl’
*igk #10 Figk 427t Xy 5k) -

k k

Let y = (u, v) be a typical vector from the space B Lxr?2
then |
Pu, v/, D) = 5(9, ¥/Dyr Ayo 8y)
_L
= EI‘JilK(u/xij' A L(Y/%; 50 8 3.6.3.9

Where K is the cubical binomial density function with smoothing
parameter A and L the spherical normal distribution with smoothing
parameter 8. Note that K as well as L may be the results of
products of "variable-type" kernel functions themSelves. . Note
further that factorisation in kernel functions does not imply
independency - e.g. 3.6.3.9 does not imply independency be-

tween the binary and continuous variables.

In a similar way other types of variables can be included and
taken care of by expanding on the product characteristic of the
kernel function.

There are several techniques available for estimation of the
smoothing parameter(s).

Aithison and Aitken proposed a jackknife likelihood method to
determine )\ (or At' § etc.), i.e. maximise VX /Di) using Ai
as variable in
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n
| i ~
V(r;/Dy) = jﬂlp"-‘ij/"i' Ao 3.6.3.10

They found however, in the case of the cubical binomial kernel
function that A; turns out to be \; =1, while )\; = O for all

n, in the case of the multivariate normal kernel function, which
gives rise to a "point" parameter. Habbema, Hermans and Van
der Broek (1974) proposed a variation of the jackknife likeli-
hood techhique which Van der Merwe and Kotze showed as follows;
The proposed function is

n
i
n n,
i i X, =X
= (nl-l I o R ir)) 3.6.3.12
B 2 A S P i '

where W must be maximised. 'Di'gij denotes the set D, with
the single vector Xi3 excluded.

Aitchison and Aitken showed that Ai converges in probability to
1 and that p(z/Di, Xi) converges in probability to P(y/ﬂi, Di)
as n+»,

For more examples of estimation methods'for the smoothing para-
meter refer to Van Ness (1979).

It is of interest to note that itwas the general consensus of
Van Ness and Simpson (1976) and Van Ness (1979) that the choice
of the kernel function itself is not so crucial, but that the
choice of the smoothing parameter is critical. The latter

must be adaptéd to the covariances. Van Ness used several
values for A and chose that one which gave the best classifi-
cation rate. This'technique however is heavy on computer time.
They found that the kernel function method compares very well
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i

with all other discrimination techniques, especially in the case

. of a small number of observations on many variables, or where
there are variables with large variances, e.g. discrete variables
with'many categories. It is further noteworthy that new data
with new combinations of the variable may be classified on grounds
of the existing data bank.

3.7 The location model

7Krzanowski (1975) proposed a model for the classification of mixed
data where the observation vectors contain binary as well as con-
tinuous variables. ‘

Let the observation vector be w' = (x', y') where x' = (x;, ..., xq)
is the vector of g binary variables and y' = (yl, ceey y ) is the
vector of p continuous variables. Express the q binary variables

as a multinomial z' = (zl, ceny zk) where k = 29 so,that each dis-
tinct pattern of x defines a multinomial cell uniquely. An ob-

servation (xl, ceey X ) will be an element in cell c=l+lglx£2i -1
Assume a further k cells and that y is multivariate normally dis-
tributed with equal dispersion matrix I in all cells and mean
g™ in cell m, where m = 1, ..., k. Let the probabilitv of
obtaining an observation in cell m be pm.(see also Olkin and
Tate, 1975). In the case of a two group discrimination problem
the model is generalised to multivariate means u(m) and probabi-
lities Pim for i = 1, 2 with common I for all cells of both

populations. From this we can summarise that
(y/z. =1, z, =0, 5 #m) ~n(p, u'™, ) 3.7.1
zm lj IJ pIHii ol e
is the conditional distribution of y given x.

The optimum allocation rule, given all population parameters can
now be derived.
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Let Ia(gd‘be'theprobability density of g:in Hi' i=1,2. If
costs and a priori probabilities are assumed to be equal, then
W is assigned to I, if P, (w)/P,(w)?1 and otherwise to I,. But

B(w) =P, (x, y) =P, (x).P,(y/%) i=$.2‘ ' 3.7.2

Suppose that the observation x falls in cell m, then it follows.
that

|
Py (%, ¥) = pyp "R (yz) . i 3.7.3

i.e. Pim ‘corresponding cell

in the z vector. .

= P, (x) for x in cell m and-z  the

From 3.7.1 ailocate to Hl if

(H(m) Hém))z 1‘{sz-’f(u('“)+1_4_2("“))} 2 1n(p2l/plm) 3.7.4
q _ i
and otherwise to Hz with m=14+ I i2i l. It follows that
i=1 ‘

there is a discriminant function for each of the multinomial
cells where the discrete components of the delhdetermine the
cut off point in each case.

In order to determine the misclassification3probab111ties
P(1/2) and P(2/1) the Mahalanobis distance ‘quared,

N ) .
2 (m) (m), , -1 m2
D = (g =p," ) 'E (Hl | 3.7.5

is applied, i.e. the distance squared betwe%n Hl and H2 condi-
tional on the observation falling in multinomial cell m. If
the overall pfobability of misclassification from Hi is taken
as the sum Qf the probabilities of misclass%fication for each

|
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multinomial cell of N, weighted by the probability of its

occurence, we find that

p(z/li' k (1 P2m %Dz)/nl ’ 3.7
. = n —— - i . . 6
m-l lg Pim m m ‘ *
and
k Py 2 |
P = T ——l! - i
(1/2) m=lp2m [(ln - gnm)/nm] | 3.7.7

where ¢ (x) is the cumulative standard normai distribution
function. '

When the parameters are not known, they musL be estimated from
the initial samples of sizes n, and n, respectively

Let Bym and Nom denote the number of observ%tions falling in
cell m of the g-way contingency table conta ning k = 29 cells
each for I, and I,. Let xgi) denote the vector of continuous
‘variables associated with the j th observat#on in cell m of the

sample from Hi' Then, if

n .
im f -
= (m) 1 (m)
y B c— z 3 . 3.7.8
1 Bym j=1 It
the maximum likelihood estimates of the population parameters -

RETY u{m) and I are given by 1 .

A n,_
im (m) _ =(m)
Pim s-ni Wy 2}

2 k M™m
- 1 (m) m) ‘(m) (m) '
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This procedure however, may lead to a problem regarding the size
of Ny which may in some cases be very small if nl~and n, are

not large relative to k, the number of cells and this may give
rise to poor parameter estimates. For this Krzanowski gave

some approximations of which one is a second order log-linear
model as an approximation for the Pine For further detail refer
to Goldstein and Dillon (1978). ‘

Krzanowski found that the location model gives better results

than Fisher's LDF when there is evidence of interactions between
binary variables and between populations. The usefulness of the
location model seems to diminish as the number of binary variables
is more than approximately 7 in random sample cases of nl=n2=50.
He has however, not done any extensive research regarding the '
advantages of the location model.

3.8 Gatekeeping analysis for completely nominal data and some
other approaches '

This simple hierarchical thresholding analysis is often easy to
apply with relatively good results (Montgomery, 1975 and Ken-
dall, 1963).

(i) Search for a variable and for a value of that variable
which will enable us to reach a classification decision for all
or a part of our sample while making very few errors. In effect
we seek a variable and a value of that variable above or below,
if the data is ordinal in nature, which there is little or no
overlap in the sample distributions from the two (or more)
populations. This search may be made on the basis of prior
logic and/or heuristic methods.

(ii) Remove from the data base those observations which we
are ready to classify.
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(11i) Return to step 1 with the remainder of the data. Repeat

until sample sizes become very small, or no variable can be found
 which will achieve the objectives, or you are satisfied with the

classification success. '

One advantage of this approach is that it may be used on relatively
small samples. Unfortunately it cannot be applied directly to ‘
continuous data, unless'categorised. .. Further it is not possible |
to find.theoretical distributions for the misclassification rates.
Refer also Kendall (1963), and Montgomery for examples as well as
Kendall, Stuart and Ord (1981) for further comment and\examples.

Further approaches for fully nominal data may be found in Git-
low (1979). He discussed the dummy variable multiple dis-
criminant function (MDF) and the multivariate nominal scaled
analysis (MNA). He found that MNA gave better results than
MDF in the data he used in his analysis. These two techniques,
which are relatively new are easy to apply and deserve more at-
tention in the future. '

~ The MDF is often used when the dependent as well as the indepen-
"dent variables are all nominally scaled. The model is

p ci-l ,

where i, j and 4 refer to variable, category and group respectively.

G equals the number of groups. ‘
b,z'o is the constant term for the %th group.
Yig indicates the group membership of observation k, i.e.
if observation k is a member of group 2 (£=2) then Yk2=27
p is the number of original independent variables.

C;.; 1s the number of dummy variables needed to represent

the ¢y categories of the jth orxriginal independent variable.
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bijz is the MDF coefficent for the dummy variable formed
from the j th category of the i th original independent
variable for group X%.
xijk = 1 if observation k shows the typical characteristics
of the j th category of the i th variable
= 0O otherwise ' -

In the case of more than two groups where the dependent variable
is of a nominal nature the MNA procedure is appropriate if the
independent variables are nominally scaled and an additive model
is suitable to represent the data set. The model is:

_ P St
Ykz = YQ' + E 'Z aijzxijk 2=1, ee o g G 3.8.2
i=1 j=1 .

where as before i, j and % refer to variable, category and group

respectively. .

G equals the number of groups.

yk2=l if observatidn k is a member of group %
=0 otherwise.

§2 is the percentage of observations in group X.
p is the number of independent variables.

aijz is the MNA coefficient which shows the percentage
deviation from the overall percentage of observations

in group 2 caused by the j th category of the i th inde-
pendent variable - see Andrews and Messinger (1973) for
the derivation of aijz‘

xijk=l if observations k shows the'characteristic re-
presented by category j of the i th independent variable.

=0 otherwise.

MDF has a distribution . theoretical basis whereas MNA has no
theoretical basis. MNA on the other hand does not need homogeneity
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|
of variance to perform well and the results are easier to inter-
pret. It is known that MDF is_inappropriate for many data
structures, e.g. if group covariance matriées are not equal,
whereas it is not known for what data struFtures MNA may be
inappropriate.
Gitlow found in his study that for the data he used the MNA profile
performed much better than the dummy variable MDF profile using a
hold out discriminatory power test.

The MNA profile showed less confusion among misclassified obser-
vations than the dummy MDF profile. Press's xz(Q) statistic
using hold out samples showed that the MNA's predictive ability
is far superior to that of the dummy variable MDF's ability.

|
In general it was found that the MNA profile is more representative
of the true profile than is the case with the dummy variable MDF
profile.
As MNA is a relatively new and untested procedure Gitlow advocated
more attention for this method which may gpve very satisfactory
results when discriminating in nominally spaled data sets.

|

3.9 Discriminant Analysis based on ranks -~ A technique which
gives one some control over the rate of misclassification

Randles, Broffitt, Ramburg and Hogg (1978) and Broffitt, Randles
and Hogg (1976) described a "distribution-free" partial discri-
minant analysis technique which has a very desirable property,
namely the ability to keep the probabilities of misclassification
in the case of two sample discrimination to more or less an equal
degree. In addition,the region of uncertainty - or "not classi-
fication" can be diminished and spe¢ific ratios of P; to P, can
be determined. - |
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Let Xyr cees §n1 and Ypr e znz be independent random samples

from two p-variate populations nl and HZ respectively. Another
random observation say z will generally be classified by means

of Fisher's LDF say
Dy (z) = [_z, - s(§+§)]'s'1(:§-§) 3.9.1
with decision rule: Classify

~z€l; when D (z)3c

zell, when D, (z)<c 3.9.2
so that the probabilities of misclassificaﬁion are

Py = P(Dy(2z) < c/_z,enl)

P P(Dy(2) > ¢/§€H2) | ' 3.9.3

2

A large overlap between Hl and H2 and/or a z near to c may
cause uncertainty whether to classify or not, and if - where
to classify. '

The object is to minimise this uncertainty and this can be ob-
tained by fixing Pl and P, within certain limits. With respect
to the latter it should be noted that Fisher's ILDF and QDF do
not result in a minimum of the average (21+P2) or in a more or

less equal Pi, i=1,2, because of deviations from normality and
differences in variances. ’

This method will enable us not only to fix Pr*Pz, but even to
fix desirable ratios if we would like to, e.gq. Plék-Pz.

We define A, as the occuréncevor event which favours §€Hi and
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define X0 i=l, ..., n, and Yy i=1l, ..., qz'as before. Assume

that 2€l;, so that the two samples are x,, {.., xnl -n1+1 and

Yyr ceer ¥ where X411 = z. Determine é discriminant function
D (+) based on these two final samples in éuch a way that D ()
will 'be positive if the observation is fro$ H and negative if
otherwise. Any function which is symmetrical with respect to
x; as well as y, is acceptable, e.g. Fishef's linear discriminant’
function or quadratic discriminant functioﬁ as well as others may
be used. _ :

|
The symmetrical discriminant function therefore must satisfy the
following condition; let

|

' -,14.1' eri-f-r znz) 3.9.4

D§(°) = DE('/EIY ceer Xy

Let il, ceey in;+l and jl, ceey jn2 be arb#trary permutations
of the integers 1, ..., n;+l and 1, ..., n,, then D&(-) must

satisfy )

feeen ¥ )

( /X cees X ; z.:
i ’ ’ __i ‘ J
1 n,+1 1 ‘ n,
= D§ ('/El, ee ey §n1+1; 21, e ooy xnz) 3.9.5
Let x (z) = R (x +1) be the rank of D (z) among D (xl), ...)
n
D (x ), D (x, +1), ranking from smallest to largest. As R_(z)
¥ ™ ¥

becomes bigger it seems more likely that glmay be an "x" rather
than a "y" in terms of its Dx(-) value. &oﬁ if z€Il, then

R (x;), i=1, ..., n;+1 and R_(2) in particular have the uniform
distribution over the integers 1, ..., n1+1 as long as the dis-
tribution of D_(z) is continuous. This result is however in-
dependent of. the distributions of Hl or Hz? For a proof of or
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rather, a heuristic argument for this statément, see Randles

et alo |

a
Let ay = nlil ' 3y being an integer and define event A1 such that

. |
By : Ry(z) >3 | | 3.9.6

|
i.e. classify z as an observation from Hl‘i

N
In cases where n, and Hz overlap substantially
' |

P

1 P(classify in Hz/genl)

P(A,/21,)

= P(Rg(g) < al)

al :
= i+l , ‘ 3.9.7

To specify Az assume that z 1s from Hz, so‘that the sample is

Yyr ceev zn ' zn +1 Where z = 2. ‘Compute DY(-) using
samples of sizes n, and n2+1 and determine RY(Z) = 3 (¥n2+1)
as the rank of -Dz(zn +1) among the n2+1 values -D (xl),
a
: . - 2
_Dy(zz), ceey Dy(¥n2+1)' Let a, = 2+1 ' with a, an integer
so that A2 can be\defined as

l.e. classify z as an observation from Hz, and again if

nl and Hz overlap substantially, then

| 3.46/...
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P, = P(Classify in Il /z€Il,)

P(R,/Z€1,)

P(R (z) < a)) | 3.9.9

a, l |
n2+l ‘

o 2 ‘

If R, (z) < a, and RX(Z) > a, do not classify\or use another

1

v approach. ‘

Note that D (*) and D_ (+) are different, bLt in the case of

n,, n, large the difference may become insignificantly small.
To ignore the difference however, will spo*l the distribution
free nature of the approach, although we w%ll still have

Pllﬁ al and P2 & Oqe

If there is not a substantial overlap a forced procedure may
be followed, i.e. if

P§(§)>'Px(g) classify z as from I,

P§(§)< Py(g) classify z as from I, l 3.9.10
|
R (z) R (z)
where P (z) = ———T- and PX(Z) Hﬁ;f— |

|
In this case the level of misclassificatioh probabilities is
not controlled, but Broffitt et al. stated that preliminary

investigations indicated that they are app oximately equal.
In the case of equality use another non-ranking technique.
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The probabilities in 3,9.10 are valid on the condition that

Dx(g), DY(E) have a continuous distribution for Ii, when z€l

1 1l
and for I, when zEN,. Note that D_(-) and D, (+) do not even

have to be of the same form. The choice of the forms of the
discriminant functions should be made after having examined the -
data if possible.

Randles et al. showed heuristically that as n,,n, increase the

1 2
uniform distfibution of %E(g) over ,(nliI ’ n1+1 y eeeys 1)
converges to theAasymptotic distribution of Px(g), i.e. the
uniform distribution over [0, 1]. A similar statement applies

to PZ(E)'

They further show that thg) and Py(g)'are inversely related as
z changes. -

Monte Carlo studies by Broffitt et all. and Randles et al. showed
that not only is it possible to control ®, and a,, but it is also
possible to\keep (P1+P2)/2, i.e. the average misclassification
probability comparatively small. The results which are given

in these two'articles are quite‘impressive.l)

3.10 Scoring discrete data for application of the LDF analysis

As noted earlier it is possible to apply the LDF to discrete data
if the variables are of an ordered type. The problem however, is
to decide on the method of scoring. Dillon and Western (1982)
found that if scoring is done carefully and the levels of the

variables increases, a simple dummy variable coding of the raw

b (a) Note, when determining the functions Dx(-') and'DY(-’)
initially, z may be omitted completely, thefeby saving computer
time.

(b) Refer also the R-adapt method for possible quadratic forms

in Randles et al.
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frequency data followed by a LDF analysis éoes as weli as the

discrete discriminant procedure. !
. : j
Dillon and Western found that reversals in ratios among groups lead
to poor results when the LDF is applied, because of the non-monotomic
behaviour of the likelihood ratio. The scoring which one applies
therefore, must dampen the effects of reve%sals. A further re-
quirement is that the numerical scores must be applied in such a

way that the resulting mean difference vecters are ordinal and
finally the distance between the respectivé groups must be as

large as possible. | ‘

The scoring methods discussed are as folloLs:

(1) K-level coding, called the K-method
from 1 to K if the variable has K levels.

The categories are
(i1) Dummy variable coding, called the Dhmmy-code method: For
each variable having K categories construct X-1 dummy variables.

(1ii) The Info-Gain method: Let P%(k) =P [respondent belongs
to group i, 1 = 1,2, in the kth category of variable j]. The
scoring is done as follows

= me{l) /) o 3.10.1

5§ (k) 3 (k)4 (k)

This scoring method'gives the kth category}of a variable a
value equal to the amount of information it furnishes for dis-
crimination in favour of group 1. (See'ﬁlso Gokhale and Kul-
back, 1978).

|
(iv) The Diff-PP methodkbased on differ%nces in posterior
probabilities: Let p(1/3(K)) gng p(2/3(K)) genote the res-
pective posterior probabilities in each group for the kth cate-
, l

gory of the jth variable, then !

- pl(l/3(k)) _ S(2/3(k))
sj(k) P P }

| o 3.49/...
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(1) . p(2) ,
- HE
Pj(k) + Pj(k) ' 3.10.2

for the kth category of the jth variable.

(v) The Diff-DS method based on differences in discriminant
‘scores. 1f qy i =1,2, are the prior group probabilities and
j indicates a particular response pattern, i.e., j = (xl =

. = . . = (1) (2) _
k; Xy L ; reed ,xp m) and Pry’  .mé IPrg. . pare the dis
criminant scores for response patterns (k%...m) where the P's are
the respective cell probabilities, assign the score -

_ o)y (2) | |
53 = 9%Pke...m T 2Pke...m 3.10.3

to pattern j. Here a combination of data is summarised in one

score.

Bahadur's method was used for simulating multivariate frequency
data as described in Bahadur (1961). The number of variables
-as well as levels were changed during the study.

Dillon and Western come to the following conclusions:

(i) In the case of binary predictors use discrete procedures
unless the group means are very different and the variables are
definitely uncorrelated. The latter point is of the utmost
importance.

(11) Procedures (ii), (iii) and (iv) performed on approximately
the same level, but with (iii) and (iv) slightly better than (ii).
Procedure (iii) however is so easy to apply that it is recommended
unless the number of variables and/or levels become large.

(iii) Procedures (i) and (v) should be ignored.

~(iv) The full multinomial rule which was also used in this study
performed poorly, because of sparse cells.
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It is worthwhile noting that although the *(-_-level coding method
did poorly in this study it deserves further attention for the
case where the number of categories are lolor more as this may occur
frequently in marketing applications. | -



|
|

Chapter 4

CORRESPONDENCE ANALYSIS ' AND DISCRI&INANT ANALYSIS
‘ 3
|
i

4.1 Introduction . |

Correspondence analysis is a fairly recentitechnique'where it is
equivalent to a number of techniques derived in different contexts
since the mid 1930's. (See Geenacre, 1981 and Greenacre 1984).
Some of the techniques involved are recipr&cal averaging (Hill,
1973) , simultaneous lineér regression (Hir;chfeld, 1935) dual
scaling (Nishisato, 1980), a special case &£ canonical corre-

lation analysis etc.

The analysis is primarily a technique for dhsplaying the rows and
columns of a two-way contingency table as pbints in corresponding
low-dimensional vector spaces. These spacés may be superimposed
for a joint display. Note that the analysis is basically suit-
able for nonnegative data.

Whereas corréspondence analysis may be described as a special
case of canonical correlation analysis wheré the latter is the
study of linear relationships between two sets of variables,
say Y and Z which tries to maximise the correlations between
the linear combinations of Y and Z we may sﬁow that discriminant
analysis is a special case of this problem.

| i ) |
For the theoretical background refer to the‘appendix section G.

An intuitive description can be found in Gr?enacre (1981).
Discriminant analysis consists of the invés!igation into the
variables and patterns of observations to sIe how groups in a
given partition of say'I subjects can be chéracteriSed and
separated, with the possibility of some more unclassified ob-
jects which must be classified. Thus, we ﬂave a set of variables
say Z, which is a logical matrix indicatinglthe groups to which

the sampling units belong. The rows of 2 éontain zeros apart
1
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from a 1 in the appropriate column to indicate the group member-
ship with the result that Z forms a single qualitative variable
defining a partition of the sampling units into groups. . The
canonical correlations would measure the ability of the variables
in Y to linearly discriminate between these groups. ‘

When Y is a logical matrix as well, then correspondence analysis
investigates the dependence of two partitions of the same sampling
units and the process may be called double discriminant analysis.
Diagrammatically it can be shown as follows:

CANONICAL

; DISCRIMINANT CORRESPONDENCE
CORRELATION : . N\
ANALYSIS ANALYS;S ANALYSIS
variables ' variables groups groups groups
—— [l b —D — +—-m_——> +—p— —m-—+ <+~p—
t . f 100 tbo1o0o0:100
: r001 01000:001
m : m : . m ] : .
& . + . . + . * .
P : P : - X
3 . 5 : . ‘.9 . :
o n Y . A o n Y . Z o™ n Y , Z
=] * = . [l .
o . o~ . Lal .
r : r : B :
R : q : 3 .
L4 IB L] ‘U Y
n . n . i1} .
¥ : ¥ : ¥ :

(a) R (b) | (c)

Discriminant analysis (b) and correspondence analysis (c) as special
cases of canonical correlation analysis (a). In each case the ob-
jective of the analysis can be described as maximising the corre-
lation of linear combinations Yu and Zy of the 2 sets of columns
(Greenacre, 1981).

Figure 4.1.1
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The analogy with canohical correlation analysis gives a restrie-
tive view of the problem. The geometric approach of the French
school (see for example, Benzécri, 1973). on the other hand gives
a much broader view of correspondence analysis.

4.2 Geometric definition of correspondence analysis

According to Greenacre (1981) correepondence'analysis can be de-
scribed“by defining firstly a cloud of points in a multidimensional
vector space, secondly the metric structure on this space and |
thirdly the fit of this cloud to a variable low dimensional
subspace onto which the points are projected for display and
interpretation. Keep also in mind that there are two problems
involved: The display of a cloud of points representing the rows
of a contingency table and similarly, the columns.

Divide the rows by the respective row totals and determine the
average relative row profile from the column totals. This average
row profile is the weighted average of the row profiles where each
row profile is weighted proportionally to the respective row sum in
the’original data matrix; this can also be seen as a centre of
gravity. The row masses are defined as the row totals divided by
the grand total.

The metric in the space of profiles is a general Euclidian metric,
i.e. each squared difference in coordinates divided by the respec-
tive element of the average row profile may be used. In the
latter case it's known as the chi-squared metric. If the row
profiles are denoted by gi and the diagonal matrix by Dc where

c' is the average row profile, then this metric measures between

a; and gi by |

2 = - -1 -
a”(a; gj) (a; gj)' D, (ay gj) 4.2.1
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The problem now is to find the p-dimensional subspace which is
closest to all the points. The measure of closeness is defined
as the weighted sum of squared distances from the points to the
'subspaCe, where the weights are once again the row masses.

If r, denotes the mass of the ith point and zy the’distance of
this point to the subspace, then we must find the subspace that
minimises Ir,z> - refer the sketch.

i i1
ith profile point with mass r, -
S a - not in the plane
- .
. ~
\-Si
-~ R
S~
N ~
distance=z c=centre of

i T gravity

fi=projection

low dimensional subspace

Figure 4.2.1

Because the triangle formed by the centre of gravity, the point and
its projection has a fixed-length hypotenuse di’ the minimum of

Zrizi correspondes to the maximum of Zrifi where fi is the dis-
i : : i

tance of the ith point's projection from the centre of gravity.
The line along which trifi; i.e. the moment of inertia is maximised
is called the principal axis of inertia, i.e. in m-dimensional space
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the subspace will have m-1 orthogonal principal axes of inertia

and moments of inertia. The total inertia of the cloud of points
is then Zridi , 1.e. the chi—squared statistic devided by the total
of the matrix. Geometrically, inertia may be thought of as

weighted dispersion.

The principal axes solution is contained in an eigén-equation,
where the eigen values are Al P cee P 1_> O are the moments

of inertia with eigen vectors Yyr ecer ¥ being the principal
axes of inertia. The axes form an orthonormal basis in the space
of row profiles, using the previously defined metric D;l, i.e.
u D-lu = §,.. The quality of the display is gauged by the

=i"¢ =3 ij
moments of inertia expressed as percentages 1 of the total

inertia; 1i.e.
m-1

T =100 x A / L
% k=1

k (=1, ..., m=1) 4.2.2

The display will now be an approximate repfesentation of the
points in a space of reduced dimension.

Each point's contribution to the moment of inertia of the axes
can be examined closer by lobking at the terms of Zrifi.

Usually these are expressed as percentages. The angles between

point vectors and the principal axes will also give more insight.
The sum of the squared cosines of angles of a point over the com-
plete set of orthogonal principal axes equals 1. If therefore,

c0529 is high, © must be low and the vector can be said to lie

in the direction of the axis, or correlate with the axis.

The examination of the contribution of the profile points to each
axis as well as the angles between the point vectors and the axes
aid a great deal to the interpretation of the basic graphical
display. |

The above—mehtiongd argument'with respect to row profiles applies
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in a symmetrical fashion to the column profiles, i.e. a cloud of
column profiles with masses in n-dimensional space as well as a
generalised Euclidian matrix D;l, r being the'average célumn
profile or the vector of row masses previously defined, are de-
fined. The subspaces of closest fit are then obtained by identi-
fying the p:incipal axes of inertia of the cloud of column points.

It is the duality in the last paragraph where this technique ob-
tains its name from, i.e. correspondénce analysis. There is even
a correspondence of the positions of the row and column points on :
 the axes. o

If £ contains the coordinates of a row profile point along the
first principal axis with moment of inertia A and b contains the
coordinates of a column profile, then the coordinates of the
latter point with respect to thé first principal axis in its
space is b'f// X . Now, the elements of b add to 1 so that b'f
is the weighted average (centre of gravity) of the coordinates of
the row profiles.

Let A and B denote the matrices of row and column profiles res-
pectivély. Let f be the vector which contains the coordinates
of a point with respect to the first_principal axis, with moment
of interia A. The following transition formulae can be proved
(see Appendix A and E) for any column vector g.

A'B'f = A\f 4.2.3
B'A'q = Ag 4.2.4

The solutions for £ and g simultaneously are equivalent to the
. solutions of a basic structure problem (see Appendix A).

In summary the following have been mentioned:

The inertias and their decompositiohs along the principal axes
- are identical in the two clouds of points. In the respective
subspaces row points are attracted to regions of column points A
for which the row profiles are large, and vice versa. Accordingly
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we can merge the‘displaYS into one and represent the row and ‘
column points on the same principal axes.

Note that the positions of all the row profiles collectively
determine the position of each column profile point and vice
versa. As a result of this individual row profiles and column
profiles can not be compared on a distance bhasis on the simul-
taneous display.

The axes themselves must be interpreted in terms of the percen-

tages-of inertias along successive axes in the cases of two-
way contingency data and rank order data. : '

4.3 Correspondence analyéis and discriminant analysis

Previously correspondence analysis was described as a form of
double discriminant analysis. Let us extend the Y matrix to
represent a number of qualitative variables Yl' Yz, ;.., Ys and

Z as the matrix of final classification, where Y, is an n x m,
matrix, mi being the dimgnsion of variable i so that Y is an

n x m matrix where m = m1+ eee + m,. The correspondence be-
tween the classification Z and the variables in Y is condensed
into the contingency table 2'Y where 2'Y represents the totals of
the rows of Y for each of the p groups, i.e. Z'Y is a p x m matrix.

(Greenacre, 1981).

The correspondence analysis of this matrix reveals now graphically
the correspondence between the groups and the set of predictor
variables. In order to read this display ‘more easily it is,
useful to link up the points representing the categories of each
variable as shown in the sketch below in matrix form

4.7/...



4.7

™ Y M
2'Y P . . .
Y n : ; :
(supplementary . . .
rows) . : .
Fig. 4.3.1

This now permits' the construction of a classification rule for
new observations. Given a new<ob$ervation, form the logical
vector of categorised data, then determine its position with
respect to the principal axes, using the transition formula.
Plot this point in the discriminant space and identify the
neighbouring points which determine its classification.

The number and radius of nearest, neighbouring points are also
 of interest and may influence the classification. For further
detail see Greenacre (1981).

The use of correspondence analysis to determine a discriminant
space can also be classified as a non—-parametric method applic—‘
able to continuous as well as discrete data, although there will
obviously be some loss of information involved in replacing a
value on a continuous scale by its COrrespondihg category. To
attenuate for this latter problem a number of solutions are
available, one being the coding scheme where e.g. a continuous
variable must be recorded as one of 3 categories. To show that
the variable in the sketch is almost-in'category 2, use a genera-
lised‘qualitative variable (%, %, 0).
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Chapter 5

MORE _ASPECTS WORTHY OF CONSIDERATION

5.1 Ill-conditioned data matrices and/o: dependent variables

5.1.1 Introduction

In practice one will often find that measurements are highly
correlated. This will obviously play a large role in the results
obtained from an analysis, especially in the linear discriminant
or quadratic discriminant function techniques of Fisher, for the
covariance matrices will tend to be ill-conditioned.

Looking at the LDF (xl-xz) (gl-gz) it is obvious that the
inverted var-cov. matrix must be of such a nature that it is not
ill-conditioned in any way and certainly not singular. Even if.
the observations are measured accurately, the minimum mean error
squared of coefficients in the discriminant function can not be
guaranteed, because of rounding off errors, intercorrelation of
the independent variables which may give rise to ill-conditioned
situations as well as a too,lerge a number of variables which may
lead to "dummy" intercorrelation. '

As sample sizes are often small, biasing could probably be used
whenever classification problems arise. Biasing most greatly af-
fects the variables corresponding to the smallest eigenvalues of
£. However, £ is usually unknown and the effectiveness of
biasing will have to be determined from the samples.

Before one starts off on biasing or other techniques to correct
for intercorreiation etc, one must first try to determine whether
there really is a problem. Several authors (see Forsythe and
Maler, 1967; Marshall and Olkin, 1968; Vinoid, 1976) proposed

- the use of the "condition number" to measure the instability of

a matrix when solving for a system of linear equations (Troskie,
1980) . This is usually defined as

cq = Q(R) .01 5.1.1.1

£.1/...
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where Q is usually taken as the norm. In the linear model the -
condition number for A (i.e. X'X) is -
M

x_
P

C, = C(X'X) = 5.1.1.2

Q

where A; > ... > A , the characteristic roots of X'X.

P

The condition number is a better measure of the nearness to
singularity than the determinant of A. According to Belsey,

Kuh and Welsch (1980).condition number of more than 10 indicates
weak dependencies. A condition number of 15-30 has an associated
correlation coefficent of 0,9 and a condition number of 100 and '
more shows serious problems in the solutions. According to

Troskie condition numbers shou%@n't be much larger than 1lOp.

5.1.2 The effect of biasing ‘ ' -

The application of bias to discriminant analysis was discussed
inter alia by‘DiPillo (1976) . His discussion was based on a
reduction in variance and the effect of that on the probability
of misclassification. The following will be based on the same
frame work but instead of a reduction on the variance of the
classification rule by biasing S directly, a bias is ihtroduced
on the correlation matrix.

Let X' = (X34 «voy xp) be an observation from one of two p-variate
‘normal populations, say Hi~n(ui,p,2), i=1,2. Assume that 21322=Z.
The pooled sample var-cov. matrix is S, and R is the sample corre-
lation matrix, i.e.

S = DIRDY 5.1.2.1

and the equation of interest is

s* = p¥(R+kI)DY 5.1.2.2
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This way the elements of the main diagonal are not only increased
'diréctly, but the ratio between main-diagonal and off-diagonal
elements are increased in the matrix of intra-correlations.

DiPillo called the>common LDF the sample-based minimum xz-rule aﬁd
modified S by replacing S by S+kI in

Q (x) = (x-%,)'s7"(x-%;), 3 = 1,2 5.1.2.3

with rule:' if min[Qj(§)] = Q, (x), classify x intoyni.
5

From 2.1

Q (x) = (g-gj)'(n*nn*)‘l(g-g ) 5.1.2.4

3

We will replace R now by R+kI, i.e. S by D*k(R+kI)Dk,

o} (® = (§-£j)'(D%(R+#I)D%)-l(§-gj)

(:_c—ch)'(D”RD’5 + kD)’l(g-Zj)

(§-§j5'(S+kD)'l(§-§j) ~5.1.2.5

Let G(x) =-Ql(§) = Q,(x), and if G(x) > O classify in population
1, othexwise in population 2. Define G*(x) in a similar way,
i.e.

Glx) = (X,-%,)'s ™ x - 5(22-21)'5‘1(22+gl) 5.1.2.6

- and
G*(x) = (F,-%,) ' (S+kD) "1x - §(X,-%,) ' (5+kD) ~1(%,+%,)"

5.1.2.7

Given that x is from I, it can be shown that D*(x) is normally
distributed with

5.1.2.8
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' 5.1.2.8

and
varlG* (x) /%) ,%,/8,1)] = (¥,~¥;) ' (S+kD) 1z (s+xp) "L (x,-%))

5.1.2.9

It can be shown now that

var[G(x)/xlixz.S.Hl]>'var[G*(x)/xlhxz,s,nl],k>o 5.1.2.10

- From 5.1.2.10 it follows now that thé probability of misclassi-
fication may decrease when k>O.

The shift in location from G(X) to G*(x) may however cause in-
consistent results. This biasedness. may be overcome consistently
by the reduction in variance of the classification rule.

The probability of misclassification in the case where all popula-
~ tion parameters are known is Q(-—) with

62 = (u, - ) T, - pp) | 5.1.2.11

In the case where only samplevestimates are available the total
probability of misclassification (PMC) is

¥(1 - o(z;) + o(zy)) | 5.1.2.12°

- where

> —w 1e~1,3c .2 > <« '
_ N(Xy)=xy) 'S T(xHxy) - (Xp=Xg) Uy

z, = ; i=1,2 5.1.2.13
i % -z “1..~I,0 = 1% i ’
[(x, X,)'STTIS T(X, x,)1] -

Under the biased correlation coefficient, let the biased
probability of misclassification (PMC*) be

5.4/...
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(1 - dzi) +0(z8)) . 5.1.2.14

where for k>0

k(iz—il)'{Dk(R+kI)ok]'1(g2+gl)-(gz_gl,3[D%(R+kI»D%]—1Hi

zZ* =

i

== 1 A ; 1=1,2
-2y (0¥ (Rekm0H ™1 100 ¥ (Rek)D ) T (k) | B

5.1.2.15

DiPillo used the sign 6f the rate of change of PMC* to determine
whether PMC* increases or decreases for a given k>O. So

. 2 ' 2
4 e—%(zi) dz«i e'%(zi) %zs
(PMC*) = - -+ 5.1.2.16
ax /7w & o &
with
ot = B(X,-X,) ' (5+kD) "L (E 4%, 2y, ). (%p- %;)* (5+kD) " 5(5+kp) "L (xz-xl)
i K} :

[(xz-xl) (S+kD) 2(S+kD) (% -x1 ]2

s _% -2, .= _,
Y (x,-%,) (S+kD) “(x,+Xx,-2y,) |
["-‘2"-‘1) ' (S+kD) “I(S+kD) (:_52-7:_:1)] |

DiPillo found a marked increase in efficienéy using computer

runs on his biased procedure S+kI, not so mnch when the sample
sizes are large, but especially when n is small and or the number |
of variables increases.

It should be illuminating to apply the bias;d procedure S+kD
to the same data sets DiPillo used. '

5.5/...



The optimum value of k is difficult to determine. It should

d (PMC*) ‘
obviously be where —ak equals zero - not an easy equation

to solve. Other methods depend on the maximisation of

1' P P 2

2 - - ;1 - - - 2
Ay = (Xy=%,) ' (S+kD) “(x,-%X,) = 2'A\,"2 = I 27/(\,+ks,,) = L ¢
1 =2 1 ’2 * i=1 i i ii i=1 i
5. 1.2.18

as well as examination of reversal in direction of individual
coefficients in the discriminant function.

A last remark is in order here namely that DiPillo (1979) was
investigating the procedure as indicated abové, using S+kD in
stead of S+kI, but no results has appeared as far as the author
is aware of. |

5.2 Outlier detection in discriminant analysis

5.2.1 The outlier problem in general

The problem of outlier detection in univariate statistics has
been studied quite thoroughly. '

In the case of multivariate data it is not so easy to see an out-
lier physically as an outstanding "point" as in univariate statis-

tics. Outliers can be of several types and some can be classified
as follows. Hawkins (1980): ' '

Assume the p-component sample vectors Xyr cocr X from the multi-
variate normal distribution : n(p, u, I), i.e.

Hy : X, ~n(p, ¥, Z) , 1i=1 ton. 5.2.1.1

o

Without losing out on generality we assume that after having

5.6/..._
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permuted the observations the first k observations are outliers
in one or other sense with respect to Ho' i.e. ‘

x, ~ n(p, U, L), i =k+1 ton 5.2.1.2
while x,, i =1 to k differ from H_. Some distributions that
the outliers may follow are probably multivariate normal as
follows

Hy, ¢t X, ~n(p, gy, I)y 1=1¢tok
where

Hlb PRy THy T .. T hg #u | 5.2.1.3

CHy, v X n(p, yu, a;r), i=1¢tok
where

sz :a; =a, = ... =ak;£l : 5.2.1.4

Hy, ¢+ %, ~n (p'E,zi)' i=1¢tok
where

H3b : 21=22 ZF e =2k#2 5.201.5

Assuming that the (b) part of the hypothesis is valid in each
case the problem breaks down from a (k+1) group to a 2 group

problem, although the third hypothesis implies gxtra difficulties
which has had the result that it hasn't been studied as thoroughly

as the other alternatives.

the that outliers are values with high probabilities of bccurring
where the probability density of the true distribution is low and

remote from the main body.

5.7...
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In a test for a single outlieg,say/gi,.thé'folloWihg procedure moy .

be followed if an Hl case is expected:

- 1 B n 1
XxX==1I x,,A I (x -x)(x -x)', S = —=aA
n; 4 i i=1 =i n-1
| |
1 n n - | 1
X = em— = - ) ' BB ewmm—
5 = mr,IE oo Ay T DoGytxxtxg )t Sy o= goah
£ 1#3 | 5.2.1.6
Use the T2 test or variants thereof to test for H against
Hy, i.e. )
2 _ = yva~1l,, _32 ,.(n=1) (n+v=2)
T, ,(§j :_gj)Aj (§j §j) 4 5.2.1.7

J

where v is the degrees of freedom associated with . Now

2 = max { TJ}-as test statistict

determine Tmax 3

Hawkins showed further that H2 for -a single outlier can also

2 -
be tested using T m;x{TJ}

Hl and H2 for the multiple outlier case are tested by using a
(k+1) group one~way multivariate analysis of,variance (MANOVA)
approach. 'The test procedures include Wiiks's lambda, Roy's

_ | P
largest-root criterion_and Hotellings Tg = iz Ai Of these
Wilks's A is recommended, =1
P -1
A= 1 (1+x ) : 5.2.1.8
i=1 ! '

H, is rejected for small values of A. Ifiit is not known a
priori which of the n observations are outl

- the test statistic for all M = E_T_—_T partitions of the data
into k outliers and n-k "inliers". The most extreme of these

M values is used as the outlier statistic and the corresponding
partition is used to identify outliers. If Ak denotes the value

ers, one computes

5.8/...
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of A for a k-outlier model then the test for significance must be
-evaluated at the ao/M level of the Ho distribution. (Wilks, 1963).
Note that A and A, cause no real problems, but more care is
necessary for k>2.

Hawkins gave some alternative approaches, e.g. the use of the
principal component residuals. He also pointed out that scaledA
principal residuals corresponding to the large Xi, i.e. the large
eigenvalue of I are the worst possible linear functions of x for
deiecting outlieés on a single component and suggest their dis-
missal.

5.2.2 The infiuence function as an aid in outlier detection in

discriminant analysis

As we can see from the preceding section one would intuitively try
the same approach in discriminant analysis for suspect observatians,
but with respect to its "own"™ group distribution only, i.e. deter-
mine a statistic based on the group as a whole and also with the
suspect observation removed. Evaluate the influence of this
_procedure on the statistic. From this procedure follows the

name of the evaluation statistic, viz. the influence function.

In discriminant analysis there is a variety of statistics which

one can use in the influence function, e.g. Mahalanocbis'sg Az, a
function of the coefficient vector of the discriminant function,

the group means and probably more.

Campbell (1978) gave a number of references in this respect and
then carried on to apply the influence function as an aid to
outlier detection in discriminant analysis.

He distinguished between the theoretical and sample influence
functions. Empirically it focuses on 6-6_, where © is an esti-
mator based on n observations and e.m is an estimator, similar to
©, but determined without the mth observation. The influence
function is then given by

5.9/...
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O m® ‘ .
; Im(g, ) = lim = 5.2.2.1
E+0O
where € is taken as v i.e.
Im(g, e) = (n—l)(e-e_m) | 5.2.2.2

Theoretically the perturbed distribution fk' where the
parameter © = T(Fy, «..y Fpy onoy Fg), may be expressed as

Fe= Q-eF +es, | 5.2.2.3

' Gx being the distribution function which assigns unit probability:
to the point X.

Note that as k refers to the group, we can ignore k and work with
one group, say the first only, i.e. we will concentrate on
Fy = (l-e)Fl+56§.

Assume a two population discriminant function (gl-uz) z lx = %'
where x ~ n(p, u;s I). Given § = Bi"Ups We have Mahalanobis s» ,
theoretical A2 = §'5”!§ and the discriminant function coefficient

- vector & = g'z'l.

In order to determine the influence functions of Az and &, we must
determine the influence of perturbing for Xp = X Ony,, §d, I and

;71 pLet
X =_wizF1 + wzze, wl+w2 = ], wk>0 5.2.2.4
with
zFl = J(g-gi)(g-ui)'dFi, By = Ingi 5.2.2.5

For further derivations assume ZF = 2F , 80 that the weighting
1 2 - :
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factors make provision for unequal sample sizes only. So, if +
indicates the perturbed parameter ‘

By * (i;e)gl +tex =y, +e(x-y,)
=y tez | 5.2.2.6
where z = J_(-El
g + (1-e)8 + e (x-u,),

i.e. in the difference between the centroids, X will appear
with probability 1, in stead of y;. So

§ + (l-e) (uy-uy) + e(x-uy) = py=p, + €(x-y,)
=8 + ¢z 5.2.2.7

Ip * (l-e)ip + ezz' 5.2.2.8

F 1

1

With the same réasoning as before 5.2.2.7 we have gg'vin stead

~ of Ly , because X-y, = z appears with probability 1. Further,

1
keeping in mind that ZF = ZF and that a weighting factor wy
is involved where . = wlel + w2£F2

I+ (l-ew,)I + ew,2z' : - 5.2.2.9
From Press(1972) follows now that

-1 -1 W zatT

- '
: 1 Ewyt w2 L7z
= (1+ew1)2‘1-€w1£-lzzf£-l 5.2.2.10

5.11/...
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~ Now we can. determine I(x, Az) and I(x, %).

From 5.2.2.7 and 5.2.2.10 we havé
2 vo=1
AT = (=)' T(py-uy)
=gl
. -1 -1__, -13 |
+ (§+ez) {(l+€w1)2 - Ew,I “zz'l }(8+€2) 0 5.2.2.11
Let ¢
= - | -1l = ve=1l : |
¢ = (uy-uy)I “(x-p,) = 8'L 7z | 5.2.2.12

Then, ignoring terms in € where the order i# more than dne it
follows from 5.2.2.11 and 5.2.2.12 that |

B
1
|

2% > 8138 + ew,8'T8 + e§rzt sz 7tzzs7ls

z + eg'z‘lg - ew,

2 |

2
’ A" + €W1A

+ €p + €¢ —“awl¢¢"

2 |

A2(1+e,z1) + 2¢p - ewyd 5.2.2.13

2

From this the influence function for A" can be determined, viz.

2,2
I(x, 4%) = 1m A28 ‘ i
€+0 ‘

2 - 22 |
A awl+2a¢ ew1¢ ;

= lim =

€+0

2 2

= A%y + 26 - Wyt 5.2.2.14

5.12/'.'
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The coefficient vector can be standardised using /Zz, so that

BRop TR

the standarised vector L, can be written as L, = A'I&. Similarly

¢ can be standardised so that the standardised form of ¢ is

6, = A%,  Now ¢ is distributed N(O, A ), i.e. ¢_ ~ N(O,1).

Then 5.2.2.14 in terms of ¢ becomes :
2, _ .2 2.2 L
I(x, A ) = A Wy + 2A¢s wlA ¢s 5.2.2.15

(11) I(x; &)

In the same way as before and using 5.2.2.7 and 5.2.2.10

g = z'lg ‘*((1+€w1)z- - swlz'lgg'z'l)(§+eg)

= (l+ew z'lg -ew. I “zz'L

1

+ (1+€w )T lez - ewl

=4 + EW,L - Ew,.Z

1= 1

ignoring terms with e2 and smaller factors and taking 5.2.2. 12
into account. Then the influence function is

-1 -1
=_ (L + ew,% - ew. I “2¢ + I “ez) - &
I(x; ¢) = lim &4 = 14m = L 1
€+0 €+0 €
~ -1 -1
= Wik - w;l Tz + 1 Tz
=wi+ L-wesrlz 5.2.2.17

And as béfore we can determine I(x; %£.) and also I(x; 2'L):
where &, refers to the scaled vector:

I(xr &) = Uy - 3wy (200872 - 7171z p-1) 5.2.2.18

5.13/...
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Ix &'%) = 2wpk'e + 2(1~wyd)e's™lz 5.2.2.19

In the sample analogues of the theoretical influence functions
€ is replaced by E%T and terms of order (n~2) are ignored.
I =T L s

A7 =4 "R(x -uy) = cl(x -xl)

Furtherfq)s is replacéd by ¢

where c_ is the standardised vector of the sample discriminant

=s

n
function coefficients and w, = Xk 2
k n, +n,

o n2 -1 ' - _= -1, =
placed by D“ and &'Z (Xy~k,) 1is replaced by (gl-gz)'s 1(§m-§1);

S being the unbiased pooled cov. matrix based on nl+n2-2 degrees
of freedom.

In an application on real data Campbell plotted the change in D2

against the standardised discriminant score as a deviation from

that for the species mean, i.e. he plotted D2-D2m against

gs(gm-gl) If one uses now the asymptotically normal distribution

of the discriminant scores one can decideion possible outliers.

2 .2

A second technique is to plot D -D_m against a gamma distribution
with parameters estimated by means of the maximum likelihood method

from the smallest 95 order statistics. 1In fact Campbell didn't

use DZ-D_z_m as such, but

I, (x, 0% = 1, (x, D?) - I(x, D?)

- 2
11(1 -2w,Dcg xm-xl) + w2 z[gé(gm-gl)] )
5.2.2.20

s w02 = =y _.=1-12 ’
2 wiD% (g (% -X;) wllp )2 ~ 5.2.2.21
2 =l which

~ X~ with 1ld.f. and non-centrality parameter (wlD )
suggests a gamma distribution. He compared the moments for

5.14/...
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' I (x, D ) with those for the Cx distribution, where C = vL
(1+w12 “2) and u =1+ (2w§n2 + wiph "L, |
‘ |
In a similar way he used a third plot, viz. that of
. 7
. = 2(1 - w - -l -3 |
Iy(x: g'e) = 2(1 - wyDgl(x ~k,))c’S Q;m X,) 5.2.2.22

against the gamma quantiles as in the previbus case.

|
1

All these-techniques lead to the same indication of outliers in.
his example. | .

The study has shown that observations do in#luence D2 rather

- assymetrically and also that the inclusion of an observation
lying further from the mean of the other group decreases rather

than increases Dz. All in all Campbell came to the conclusion

2

that probability plots of the D D2 values}against the appropriate '
gamma distribution would seem to be preferable to probability plots .

of the discriminant scores against expected normal order statistics
or ‘similar appropriate normal plotting positions.

5.3 Discriminant Analysis and the Basic Structure Display
of a Data Matrix

The application of the basic structure display of a data matrix
(BSDM) on the linear discriminant analysis can be described as
explained by Greenacre (1980). For the théoretical aspects see
appendix A. _v » | -

|
Assume n observations in g groups such that‘n = n1+n2+ eee + ng.
Then the display which tries to separate the groups maximally can
be obtained using BSDM°

BSDM(Z ; @, ¢; a b) = BSDM(X-1%'; D, A"1; 1,-) 5.3.1

5.15/...



~ where X : gxm, the matrix of group means oﬂ the m: variables

g Dn = diag(nl, eses N ) and A is the pooled]within groups sum
of squares and cross products matrix. Thﬁs provides the co-

- ordinates of the group centres of gravity in the discriminant

subspace. The display of the cases thems%lves can be obtained
using with 2 = X - 1x'-

F o= 23 5v (Dli a-1 . ' | 5.3.2
1 .

where a = 1, so that
F = zz\"’vl ,, 5.3.3

|
where V1 is the appropriate set of right baSic vectors from
5.3.1, i.e. the eilgenvectors of
o e o | |

Q = A ¥(X-1%")D_(R-1%")A" " | |  5.3.4
The BSDM for correspondence analysis can be‘expressed similarly.
If X = [xi .] such that xi3>° and P is defined as X divided by its
total, then using the definitions as in Appendix E and the basic
structure display theory in Appendix A the torrespondence analysis |
of the rows is: |

-1 \ -1, - |
BSDM (DE P - -]:g" D-x:, ])g ’ l' ) . 5.3-5
and for the columns:
-1 ' _l }
BSDM(PDc -rl'; Dc' D.7; -, 1) ; _ -5.3.6

L |

or for the simultaneous display:

BSDM(DElPD;l -11'; D, D

r 1, 1) .‘ 5.3.7

i'

where 5.3.7 does not show a biplot as a+b#l and

|
and G = Dglp'rngl‘

1 = 1

-1 -1

F = DE PGDa 5.3.8

i : 5016/ooo‘




5.4 Some other aapects.and prbblems

Lodking at the mass of literature on the topic of discriminant
analysis it is immediately obvious that it is impossible to do
more than only touch the surface 'obf this subject in one volume.
Not only is discriminant analysis related to so many fields of
study, e.g. regression analysis, principal components, canonical

- variables, éorrespondence analysis and more, but the number of
techniques involved are almost directly proportional to the number
of types of distributions and/or variables one may encounter.

Fortunately we have seen in many cases that if one is willing to
give up some accuracy one can get a long'way with the basic methods,
" as many of these approaches are fairly robust for deviations from
the assumed forms.

Despite the remark in the previous paragraph there are however,
a number of problem areas which have not been emphasised or even
pointed out at all. I shall just briefly summarise some of these

aspects.

(i) The unequality of the var.~ cov. matrices Zi can be quite
problematical, especially when hypothesis tests must be applied.
Kshirsagar (1972) discussed inter alia the Behrens-Fisher problem
and gave some useful results. We have seen that when uncertainty
exists with respect_to Zi = Xj, i#j it may often’be better to assume
them to be equal, e.g. the IDF gives better results than the QDF of
Fisher when normality doesn't hold fairly well.

On the other hand some spesific forms of I may simplify calculations.
If the common variance~-covariance matrix I of two p-variate normal
populations has the form ) '

e s 0 D ]

' 0
o) D e
P 1

V = T

[o) .o-..o..-.pl" ¢
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then Penrose's size and shape factors can be used for discrimination -
and these are dependent on only two factors, viz. their variances »
and mean differences. Even 1f I does not have this special shape,

it can be approximated by I" = (1-;p)Ip + pEpp. by first standarising
the variates and then replacing each pij (the correlation between
x, and yj) by p, the average correlation among all variables. A

‘more detailled discussion can be found in Kshirsagar.

(ii) In all the discussions not much mention has been made of
border line observations. This can be a field of study on its

own. The programs in BMDP7M also make use of forced classifica-
tion. It is however, possible to keep border line cases out of

the classification cycle. ' One can use the misclassification rates
to obtain confidence intervals for classification\purpoées. If
an observation falls in an area of uncertainty according to the
calculated/specified confidence limits it must be ignored.. Another

k=(p-=1) "1 2 _
np _'ni+l i

approach is to use the F distribution with n
Fp n- (p-1) to evaluate the probability of observing a distance as

14 . . .
great as or greater than Di, i=1, ..., k. These probabilities
might be called typicality probabilities. = Allocate the new indi-
vidual to the population corresponding to the largest such probabi-
lity. If these posterior probabilities for an observation are
lower than a threshhold determined from F, it does not have to be
allocated (see McKay and Campbell, 1982).

(11i) Almost all our methods depend on the fact that different
groups have different means - even when we estimate a function by
means of the modes as in kernel estimation. It is however, possible
that distributions may be of the form, say §i~n(p, E,Zi), i.e. ‘
centroids are similar but the dispersion matrices are different.
Possible cases may be I, = oin and I, = °§Ip or Zi = (1-_pl)Ip +

2
problems and how to deal with them in detail.

= 20 (1= ' : '
plEpp and £, = o“[(1 92)1p + szpp]. Kshirsagar discgssed these
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(iv) One aspect which has not been mentioned yet is the effect(s)
of initial misclassification, i.e. in the training sample, on the
discriminant function (s). '

Lachenbruch (1968, 1974, 1979) and others paid attention to this
problem. Some discussion can also be found in Hand (1981). In

" his 1974 article Lachenbruch found that the true error rates of the

LDF are only slightly affected by initial misclassification of the
ocbservations in a non-random manner. The apparent error rates as
well as Mahalanobis's 02 however, are severely affected. In the
case of random misclassification the effects were less severe.

Lachenbruch (1979) found that in the case of the quadratic dis-
crimination function the effects of misclassification are quite

. serjous. Equai misclassification rates in both groﬁps do not
alleviate the problem as in the equal var.-cov. case. If it

is known that a large number of observations might be misclassified,
it may be,better to resort to cluster analysis techniques where no
initial classification is available and compare the results with

the original classification.

There is a widé field open for a study of the effects of misclassi-
fication in the design set in the application of other discrimina-
'tion methods, e.g. logistic functions kernel functions etc.

(v) Another common problem is what to do with incomplete data.

One simple option is to estimate substitute values for the absent
items. This is done not to get more accurate results, but in an
attempt to retain the simplicity of the existing complete data
analysis procedures. In such a case care must be taken not to
accept spurious information contributed by artificial observations.
A common appfoach in estimating substitute data is to determine
values which will minimise the residual sum of squares. (See
Hand, 1981).
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Another more realistic approach may be to run a marginal dis-
criminant analysis on the data, using only those variables which

are available in the vector(s) with missing values, i;e; we compare
the class conditional densities (weighted by priors and costs) in
the subspace spanned by these components. This is equivélent to
ignoring the information in the unavailable components of the design
set vectors. ’ |

When non-parametric methods are used like the kernel pdf estimators
or nearest neighbourhood methods one can simply ignore irrelevant
components of the design set elements.

For an interesting discussion on this Subject and references as
well as cautionary notes refer Hand.

These are the basic aspects and there are probably many more, but
this section does give an indication of what types of problems are
common and how to deal with some of them. Some other techniques
have not even be mentioned at all, e.g. Fourier's approach, Bahadur‘s
method, graphical methods, linear programming and the perception
criterion (Hand), and so forth. Some of these approaches are

fairly well known, while others are not well-known and further
research should be done before they will be in general use.

5.5 Two typical problems in marketing research - a brief discussion

In the back I have included two computer runs on two typical problems
which may face any company at any stage.  The one problem is based.ry‘y
on continuous ratio data where a firm can establish for itself —
whether it is on the downward slope to bankruptcy or not or for | -
‘the assessment of the solvency of his clients - i.e. if it can

get hold of the necessary data. The other problem has a bearing
on marketing research where a firm can decide on its target popu-
lation on the one hand for advertising purposes or given a set |
type modus operandi with respect to advertising can decide what
the impact points of his advertising campaign are '
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After some runs in which it was obvious that standardisation of
data has no real impact on the results - in any case much less than
expected - I left the data in original form:

(1) Bankfuptcy_data: (See Johnson and Wichern, 1982)

Five variables were included in this run and an F to include/ekéiude
was used in a stepwise discriminant analysis program - BMDP7M. The
five variables are as follows:

l. CFTD = (cash flow)/(total debt)

2. NITA (net income)/(total assets)

3. CACL = (current assets)/(current liabilities)
4. CANS = (current assets)/(net sales) '
5. SOLVENCY = 1. BANKRUPT = I

1

2. souNp =1,

|

Note that variables 1 and 2 can take on negative values when e.g.
“total debt"stotal creditors or net income = net outflow. I assume
equal priors and equal costs. The training sample consisted of
44 observations of which 19 were classified as bankrupt and 25 as

sound.
BANKRUPTCY DATA

Row CFTD NITA CACL CANS SOLVENCY (T, )
1 -.4485  -.4106  1.0865  .4526 1.
2 -.5633  -.3114  1.5134  .1642 1.
3 .0643 .0156  1.0077 .3978 1.
4 -.0721  -.0930  1.4544  .2589 1.
5 -.1002  -.0917  1.5644  .6683 1.
6  -.1421  -.0651  .7066 . .2794 1.
7 .0351 .0147  1.5046  .7080 1.
8 -.0653  -.0566  1.3737 .4032 1.
9 .0724  -.0076  1.3723  .3361 1.

10 -.1353 -.1433 1.4196 .4347 1.
11 -.2298  -.2961 .3310 @ .1824 1.
12 .0713 .0205  1.3124  .2497 1.
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20

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44.

The jackknife method was used to determine the percentage of cor-

' A 90,9% apparent correct classification
rate was down to an 86,4% jackknifed classification rate using 2 of
the variables only, viz. the.2nd and 3rd var eibles, NITA (net income)/

rect classification rate.

.0109
-.2777

.1454
.3703
-.0757
.0451
.0115
.5135
.0769
.3776
.1933
.3248
.3132
.1184
-.0173
.2169
.1703
.1460

-.0985

.1398
.1379
. 1486
.1633
.2907
.5383
-.3330
.4785
.5603
.2029
.4746
.1661
.5808

. 0011
.2316

. 0500
.1098

.0821
.0263
. 0032
.1001
.0195

.0473
.0718
. 0511
. 0499
.0233
. 0779
. 0695

.0518

.0123
. 0312

- .0728

.0564
. 0486
.0597
.1064
.0854
.0910
L1112
.0792
.1380
.0351
.0371

2.1495

1.1918

1.8762

1.9941
1.5077
1.6756
1.2602

. 2.4871

2.0069
3.2651
2.2506
4.2401
4.4500
2.5210
2.0538
2.3489
1.7973
2.1692
2.5029

.4611
2.6123
2.2347
2.3080
1.8381
2.3293
3.0124
1.2444
4.2918
1.9936
2.9166
2.4527
5.0594

5.

CANS. = SOLVENCY (I,)
6969 1.
.6601 | S
.2723 1.
.3828 ‘ 1.
L4215 1.
.9494 1.
.6038 1.
.5368 2.
.5304 2.
.3548 2.
.3309 | 2.
.6279 2.
.6852 2.
.6925 | 2.
.3484 2.
.3970 2.
.5174 2.
. 5500 B 2.
.5778 2.
.2643 2.
.5151 | 2.
.5563 2.

.1978 | 2.

.3786 | 2.
.4835 2.
4730 2.

o .1847 2.

.4443 2.
.3018 | 2.
.4487 | 2.
.1370 ! 2.
.1268 2.
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(total assets) and CACL (current assets)/(current liabilities) ..

Two classification functions were obtained and classification can be

read from the printout by applying the posterior probability of an
obgservation with respect to each group. (See section 5.4(ii)).
The discrimination functions obtained were

SOUND = -2,88188 - 12,97369 NITA + 2,39554 CACL

BANKRUPTCY = -5,69076 — 1,48693 NITA + 3,88493 CACL

(ii) Advertising Campaign (See Jacobs, 1983)

The data in this training sample were obtained by means of a type
of stratified sampling method. The Republic of South Africa was
divided into 13 regions and the common usage by people of the
public media was investigated ~ Although the original data were
obtained with the aim of investigating some aspects of cinema
attendance, the data are useful for further investigation, if one
can assume that all these media make use of advertising;to cut on

costs.

- The question here was: If one has a certain population  (market)
in mind for advertising purposes, can one discriminate correctly_
by paying advertising fees only to certain types of papers, radio
Stations etc.? The question could be formulated differently:

You are requested to investigate a company's advertising campaign,
given its optimum target market, can one make any remarks with
respect to its efficiency in the sense that the right market is
being reached?

As in the last example a jackknifed classification was used. The
data were not standardised as they were in percentage form in any

case. In spite of the fact that the original data were of a dis- j
crete type based on unequal population sizes, which were eliminated

in a sense by using percentages, an apparent rate of 96,7% of
correct classification was obtained. Using the jackknifed
classification rate the figure comes down to a still very useful
92,4% rate of correct classification.
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The variables in this case were as follows:

percentage who attended a"cinéma in the last two weeks

94.4

5/24. ..

1. CIN =
2. 'ENGDAY = percentage reading English daily newspaper
3. AFRDAY = percentage reading Afrikaans daily newspaper
4. ANYW = percentaée reading any weekly newspaper
5. MAGA = percentage reading any magazine
6. TELV = percentage watching prime television (20h00-21h30)
- 7. RADV = peréentage listening to Radio 5
8. SPRI = percentage listening to Springbok radio
9. CLAGRO = class group:
1. EURO = Europeans = I
2, COLOU = Coloureds = I
3. AFRI = Africans =1
4. ASIAN = Asian =1,
ADVERTISING MEDIA
Row CIN ENGDAY AFRDAY ANYW MAGA TELV RADV SPRI CLAGRO (Il
1. 20.3 45.4 34.7 86.0 98.8 60.1 15.8 24.9 1
2, 26.4 69.8 6.3 85.8 94.9 57.8 20.1 31.8 1
3. 23.5 40.6 33.2 79.2 91.9 56.2 17.1 27.2 1
4. 22.2°  15.9 51.2 76.3 89.8 69.2 12.4 33.6 1
5. 23.9 56.4 27.3 83.2 90.9 56.9 21.0 27.7 1
6. 24.5 25.6 37.5 78.6 91.0 62.4 11.8 29.0 1
7. 17.8 18.0 41.5 81.8 93.7 58.4 7.5 29.2 1
8. 14.5 19.4 39.0 77.3 93.7 62.2 7.6 24.1 1
9. 15.3.  42.1 33.5 81.0 91.7 64.0 11.6 28.4 1
10. 48.2 48.3 27.0 83.8 92.7 42.8 35.5 25.3 1
11. 46.1 39.3 32.1 82.3 95.4 48.3 37.0 30.5 1
12. 28.3 45.5 30.7 84.0 94.2 55.1 21.2 - 25.7 1
. 13. 12.9  48.5 3.0 83.2 92.1 63.0 8.9 23.8 1
14. 18.6 38.7 26.6 81.0 91.3 63.8 1l.4 32.5 1
15. 20.4 64.8 2.7 83.5 61.5 15.5 42.3 1

{
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Row CIN ENGDAY AFRDAY ANYW MAGA TELV RADV SPRI CLAGRO.

16. 23.4 34.4  25.6 74.2 93.2 63.9 11.5 33.9
17. 16.3 16.8 53.0 67.0 95.3 61.8 6.5 42.0
18, 25.2 50.6 22.0 78.0 92.5 63.5 15.6 35.8
19. 20.3 17.1  28.2 75.6 91.9 64.0 7.4 32.9
20. 9.4 14.6  33.0 80.9 93.3 66.1 3.5 34.2
21. 10.1 17.6  29.2 67.9 96.5 59.3 2.6 35.3
22. 16.1 36.5 26.1 77.7 93.8 67.4 8.5 35.7
23. 50.0 46.9  27.4 79.1 96.9 45.5 33.8 31.3
24. 42.5 38.9  23.9 79.2 97.1 54.4 29.4 36.8
25. 22.6 38.2 27.0 77.1 95.9 63.6 13.1 32.9
26. 15.7 35.8  26.9 80.1 95.3 67.8 6.3 33.1
27. 12.8 29.1  13.0 58.8 48.7 27.1 9.8 21.6
28. 19.9 55.0 5.1 67.1 48.6 S51.4 7.5 41.7
29. 16.2 55.1 8.0 77.6 60.4 45.5 13.3 28.4
30. 22.0 25.8 31.3 67.1 58.8 30.5 17.5 23.7
31. 13.0 4.3 16.9 51.9 43.2 13.9 4.7 21.2
32. 3.7 .2 10.4 23.3 23.8 3.5 1.7 13.1
33. 6.2 32.8  11.5 59.3 44.2 33.0 7.2 23.9
'34. 26.1 29.6  15.3 63.1 59.3 23.4 14.4 23.2
35. 29.3 31.8  14.7. 65.9 60.8 26.5 15.8 24.0
3. 8.4 35.5  11.5 60.5 54.2 30.2 11.7 17.9
37. 5.1 32.3  15.2 62.5 44.0 32.8 5.1 26.2

[

38. 7.5 26.5 10.0 57.3 60.9 28.9 9.4 3l.1
39. 14.4 36.7 3.1 57.5 62.9 49.7 8.6 52.9
40. 10.1 47.6 6.2 72.1 72.7 47.0 13.9 37.5

41. 6.5 13.0 19.5 63.2 69.0 31.8 7.9 40.3
42. 8.5 2.0 19.8 46.4 55.0 10.5 2.1 26.0
43. 2.7 1.5 4.0 22.8 29.9 2.0 3.8 21.4
4. 4.8 28.4 8.1 55.0 58.2 36.1 5.8 34.9
45. 15.4 29.8 12.1 65.6 72.9 24.2 15.7 29.2
46. 15.1 30.2  10.8 63.7 77.5 26.5 16.8 28.3
47. 8.9 28.8 12.2 58.3 64.4 33.9 6.7 29.9

48. 1.4 28.2 8.8 56.6 54.5 33.7 5.7 38.2
49. 31.1 71.9 1.2 86.2 63.7 38.2 31.3 37.3
50. 41.7 69.4 1.0 78.8 60.2 50.3 14.8 24.9

W W W NN RONNDN NN RNNRNNDDNNNNRNNNNN i e o O

51. 35.7 77.0 1.3 88.7 64.2 42.7 31.5 33.3
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Row CIN ENGDAY AFRDAY ANYW MAGA TELV RADV SPRI CLAGRO
52. 21.6 49.4 1.1 68.5 46.7 22.4 23.8 37.4 3
53. 18.7 71.2 .7 85.2 56.9 42.6 21.7 35.4 3
54. 59.5 73.4 2.0 86.3 77.2 36.8 43.5 36.4 3
55. 58.1 72.2 3.1 85.7 76.0 34.5 41.9 35.0 3
56. 28.7 73.6 .3 90.3 70.6 39.2 35.2 42.6 - 3
57. 16.1  73.9 .0 88.2 59.1 47.4 17.8 28.7 3
58. 17.9  46.6 .0  69.5 54.2 42.9 25.9 37.9 3
59. 32.2  43.2 .5 65.8 59.5 51.7 13.4 38.5 3
60. ° 22.4 50.7 .1 72.3 59.1 48.5 27.1 38.4 3
61. 10.7 25.6 .0 49.0 33.4 20.7 15.5 31.7 3
62. 16.3 45.7 .0 70.0 53.5 46.3 18.8 42.5 3
63. 37.9 59.2 .3 82.6 76.1 42.8 46.7 27.3 3
64. 30.7 51.8 .2 80.9 175.7 37.8 40.6 32.2 3
65. '16.6 52.8 .0 75.4 58.4 49.2 22.1 49.1 3
66. 13.3 43.0 .0 63.2 46.4 51.8 12.4 39.6 3
67. 8.3 11.9 .8 21.3 24.4 4.8 2.4 2.5 4
68. 10.5 9.9 .2 46.6 42,0 3.5 3.1 10.6 4
69. 21.4 17.6 1.1 22.7 35.2 3.9 2.5 1.9 4
70. 10.0 9.0 4.8 14.9 34.2 3.2 .4 .9 4
71. 25.3 28.0 1.7 41.8 44.7 6.5 4.1 3.3 4
72. 35.0 18.7 2.9 29.2 47.7 6.4 2.8 3.2 4
73. 25.8 17.9 2.9 29.2 50.0 7.6 2.3 2.3 4
74. 3.8 3.8 .3 15.9 22.6 1.2 1.3 4.1 4
75. 8.2 13.1 1.2 21.5 24.8 3.2 1.3 2.4 4
76. 24.5 15.6 1.1 32.7 46.3 5.1 3.7 5.3 4
77.  26.0 10.1 1.4 29.6 46.9 4.0 4.4 4.6 4
78. 22.7  25.0 1.7 37.3 47.9 6.7 2.7 4.9 4
79. 5.9 14.8 1.3 23.4 24.7 3.3 1.6 2.2 4
80. 2.6 3.6 .5 10.7 16.1 1.7 .6 .8 4
81. 3.0 4.3 .0 33.4 33.8 .4 2.2 .9 4
82. 3.0 5.3 .6 11.7 24.7 2.4 .6 .8 4
83. .3 4.0 1.5 5.4 22.2 1.8 1.2 .2 4
84. 7.1 17.4 1.5 34.4 44.7 5.2 2.3 2.6 4
4.6 6.0 2.6 26.1 42.3 10.0 .9 1.6 4
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Row ~CIN ENGDAY AFRDAY ANYW MAGA TELV RADV SPRI CLAGRO

-'86. .8 4.5 .0 15.2 36.1 1.7 2.5 1.2 4

87. 1.4 1.0 .2 10.5 16.8 .2 .6 .2 4
88. 1.3 3.9 .3 11.5 16.0 1.8 .7 .7 4
89. 6.3 6.3 1.1 24,7 44,3 2.2 2.1 1.1 4
90. 6.4 4.9 .9 20.2 42.4 1.9 2.3 1.2 4
91. 2.0 5.7 .6 18.0 23.1 2.6 1.4 .9 4
92. 1.2 5.7 .4 17.7 21.7 1.7 .1 .9 4

What is very interesting in this printout is the fact that six
variables were viewed as significant by the F in/out as presented
by the BMDP7M-package, but that variable 2 - English daily news-
paper cannot be used as a discriminator variable. This does not
necessarily mean that one should not advertise in this newspaper.
It may obviously mean that "approximately" the same proportion of
each of the population groups reads this paper. What the results
can be used for, is to decide which media can be ignored if one
wants to advertise with say Europeans in mind; then variable 7
with a discriminant function coefficient of 0,0520 can be ignored,
or for Coloureds magazine advertisements can be ignored (discrimi-
nant function coefficient of 0,08709), i.e. if these t tests are
non-significant - see Appendix D and also sectionl.5.

A further interesting point is that if one wants to reach the whole
population one cannot ignore any of these media.

These two elementary examples shown and briefly discussed are only

" two of a large assortment of typical applications of discriminant

- copies of the Journal of Marketing Research, The Journal of Finance

analysis in marketing research on a variety of data types. In
order to see more examples of this sort one just has to page through

or similar journals.




APPENDIX

A.1 The basic structure display of a data matrix

The basic structure display of a data matrix (BSDM) is also known
 as the "canonical form" (Eckart and Young, 1936) or the singular

~ "decomposition” (Good, 1969). This display is also known as the
"Eckart-Young decomposition" (see Kristof, 1970). |

Greenacre (1980), like Green and Carroll (1976) preferred the term
"basic structure" in his research paper where he summarised his
description of basic structure in his thesis - see Greenacre (1978).

The basic structure of a matrix is the decomposition of the matrix.
into elements of sample structure with an immediate geometric ap-
peal. Given a matrix A and using its basic structure one can
find a least-squares approximatidn A of A with the feature that
rank (X) « rank (A). This 3 now provides a graphical display

of the orgininal A. ' '

A.2 Basic Structure - Greenacre, 1980

Any real matrix A om may'be expressed in the basic structure as

A =0 D v! A.2.1
nxm nxr arxr rxm ‘
: r
= I o v! A.2.2
nxl lxm ' '

where D = diag (a;, ..., a d, @y >0, 1 =1,..., r; r < min(n,m)
= rank (A) and U'U = I = V'V, Call o the kth basic value,

u, the kth left basic vector and y, the kth right basic vector.
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The column vectors Ek’ k=1, ¢e., * of U form an orthonormal

basis for the columns of A and the column vectors Ve k=1, ..., r
of V form an orthonormal basis for the transposed rows of A. The
matrices U and V thus determine the multidimensional subspace in
which A is contained. The basic values in D, determine the
"magnitude" of A in each of its r basic dimensions.

In the special case when A is a symmetric matrix, say A = B
with rank (B) = r ¢ n the basic structure of B is

nxn

= ' )
ann Unxr Dx,rxr rxn

Ak e gﬂ A.2.3

0
hein

k=1
If it is assumed that the basic values are arranged in déscending
order so that @; 30, 3 cc0 30> O with the basic vectors of U
and V correspondingly then the basic structure is uniquely deter-

mined so that one can approximate A by A[p] where

p . .
= *
A[p] 2 O 4 Vi A.2.4

A[p] is the nxm matrix formed from the first p (i.e. the largest)
basic values and corregponding basic vectors of the matrix A of

rank r where p < r. A[p] is called the "best rank p approximation"
of A in the sense that it minimises

2 : ' v
| A - Aol | © = trace [(A - A[p]) (A - A[p]) ] A.2.5

for all rank p matrices A[p]

in matrix form A[p] can be expressed as

~

= 3]
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from
A=U1Da Vi+U2Da Vi
1 2
=Aq, * (A=A . A.2.7
where
U=4i{U : U ] n
1 Y2 |
p r-p
V = {Vl ' V2 ] m
P r-p
D=ID. . O P
o ay :
o E D r-p
. %
P r-p

A

A[p] is called the rank p basic structure of A wherf A is the
rank r basic structure. A measure of the"fit" of A[p], the
"least squares estimate" (Referring to the matrix norm) to A
is given by

A 2 ~ ~
I ap 11 trace (A[ A ',)
= [p] - pl
“tp1 T - trace (AA') .

Il a |l

A.2.8

~ ~
H™MHEl Mg
= =
A Y

so that O ¢ r[p] < 1 and the error of approximation is given by
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Ia-al2

[p] A’

l -7

~

trace [(A - ALP])(A - ;[p])']

r .
-z ui
k=1
r
X uz : : ,
k=p+l X -
== A.2.9
X ui
k=1

Computation of the basic structure can be accomplished by the
algorithm of Golub and Reinsch (1971) or by using the fact that
if |

A=UD, V' | " A.2.10

' ' '
A'A =V DG U' U DG v

vniv' « . a.2.11

which is the eigenstructure of the mxm symmetric matrix A'A
with eigenvalues the squared values ai, k=1, ..., r and eigen
vectors'the right basic vectors Yy’ k=1, ..., r of A (refer

2.3). Ifmg.n, find the structure in 2.11, i.e. V and Di and

therefore Du'= + v Di . Then from 2.10 and 2.1

U=AV D;l A.2.12

If m > n one could use AA' for computational purposes.
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A.3 The Generalised Basic Structure

In more general terms the basic structure could be determined using
the "generalised Frobenius norm" in stead of the "Frobenius norm"
where the latter is

2
aij

2- nm
&% = tefaa') =1z

0y

n |
= I aj a A.3.1
1=1 ~t =1 |

where a; is the ith row vector of A written as a column vector.
Use the generalised Euclidian norm to define ¢:
Il a,l] 2 aida A.3.2
=i ¢ LS RES : U
where ¢ is positive definite.

The generalised Frobenius norm will then be

2 n 2
Il a]| = I owgllayll
Dw,¢ i=1 i 1%e

= tr (DwA¢A') A.3.3

where g 1is just a weighting vector.

The solution to our problem of finding the least-squares lower
rank approximation of the matrix A, i.e. A[p] where Arp] is the
solution to the expressicn:

2 _ a9y
Minimise | A-A[pl” 2,6 tr[n(A A[p])cb,(A A[p]) ] A.3.4
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can be determined using the generalised basic structure of A.

The latter can be obtained from the ordinary basic structure of
the appropriately transformed matrix, i.e.

A = N D M! : A.3.5
nxm nXr "o, . IXm '

where N'QN = I = M'¢M gives rise to A[P] N,D, Ml' because if
N=20a%uy and M= ¢-;j V, then the transformed m&trix

Q%A = (2%N)p (M'e¥) | . A.3.6

where (@™N)'(Q'N) = I = (¢"™M)'(s"M), i.e. A = ND_M' where
N'QN = I = M'¢M as stated. This means that U.,D V! is re-

10,1
placed by Q% lD M1¢% so that the error 1
%1 , ,

\ ' 2 ' ' ry ¢
1 Q¥agt - n*ulualml¢3” tr{Q(A- Nlnalml)¢(A - qualml).]

A.3.7

| & - D, MIIM

is minimised.

As a result Nlna Mi is implied as the rank p approximation of

A in the general norm. .

A.4 Basic Structure Display

A graphical display ﬁhich approximates the higher dimensional
rectangular data matrix can now be obtained using features of
the basic structure.

Assume a data matrix which is preprocessed, for example to'"centre“,
the data and call this processed matrix Z. Then find the lower
" rank p matrif through the generalised basic structure and call
this matrix z[p] where |
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A

2ol =N

D. . M' 1 A‘4‘l ‘
Pl nxp *1 . | .

pXp "pxm

The object is to represent the rows of %lp]as points in a p-
dimensional Euclidian space, i.e. with p axes, so that the
between points distances in the diSplay areiexactly the between
rows distances in the metric ¢. These displayed distances are
approximations of the true distances in the metric ¢ between rows
of the original Z. ‘

Let the coordinates of the row points in the display be contained
in the rows of matrix anp‘ The linear structure of F is then

the set of scalar products, i.e.

A

FF' = Z2151%%(p]

N.D M!¢M,D_ N!
1 al 1771 al 1l

(N,D_ )(N.,D_)' , A.4.2
1 al 1 al |

so that one can take F to be Nloa .
1

Let p be equal to 2, then the basic concept of a biplot permits
the columns of Z[; to be represented by

G =M A.4.3
i.e.
z 1 = M1P M
= DM}
-re* | | A.d4.4
i.e.
Eij - £1g, A.4.5




R where fi and gj are the ith and jth rows of F and G respectively
written as column vectors and 2 15 is an approximation of the (i,j)
th element of the original 2.

'other factorisations may be possibléz

7 = ' = = 7
2[2] FG' where F Nl and G M]_Dm1 | A.4.6
and
A . % s
= ' = =
2[2] FG' where F NlDal and G MlD“l A.4.7

both having the biplot property that 2ij = 'gj, but with
different meanings. Note further that from 2z = ND M' with
N'GN = I = M'¢M follow that

A

'
NDaM

Z)M = ND M'¢M

Z¢M = ND_

Z¢MD;1 =N A.4.8
and

= '
Z = ND M
N'QZ = N'QND M’

' = '
N'QZ DaM

DalN'QZ = M

-1

Z'QNDa =M aA.4.9

A.9/.7.
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- so that for example when 2 = FG' with F = N D and
- [2]1 1%,

G = M1 we have

—

_ -1 _ o -1
Nl 2[2]¢M1Da1 and Ml ZIZ]QNIDdIE
~ S =2
- = 7
ND, = Z[,j¢M; and M; = 3} .ON.D, D,
1 1™
= : = '
F = 2[,)0G G z[Z]QFDal A.4.10

from A.4.7.

A.5 Computation of the coordinates

First symmetrise the matrix to be diagonalised by pre-multiplying
by ¢%. Then, if one assumes that m < n, solve for M first by
~setting up the eigen equation ’ ‘

67(2'20)M = ¢ '’
that is
(0¥z'aze ot = g¥wp? | | A.5.1

where_M'¢M =1I, i.e. V'V = (¢‘5M) '¢‘5M = I and then M = ¢";5v.
Use A.4.8 to determine the left basic vectors N.

A symmetric argument for the basic vectors N leads to

(262'Q)N = ND ; 'A.5.2

In 5.2 if Q = I then N = S, the scalar proddcts in the metric
- ]
¢ of the rows of 2 : sij-’ §1¢§j.

A‘lo/..‘




If @ = D, then N = SD, Si4 j]' W, being the weights assigned
to the row points..

A.6 Notation

The notation BSDM (Z; Q, ¢; a, b) for the generalised basic
structure display of the data matrix summarises the procedure
with the following meanings attached:

(1) ann defines a norm on the columns of Z, or alternatively

a set of weights on the rows.

(i1) ¢mxm defines a norm bn the rows of Z, or alternatively a
set of weights on the columns. -

(iii) I£f 2 = NDaM' is the generalised basic structure of Z with
Q and ¢ defined as above, then the coordinate matrices F and G

of the row and column points are: F = NID: and G = Mng with

1 1
Nl’ Mland Da as defined in earlier sections.
1l :

(iv) a+b = 1 indicates a biplot interpretation as in section A.4.

Approximate Euclidian distances between rows of Z which are un-
weighted would be obtained by having ¢ = I and Q = I respectively,
i.e. BSDM (2; I, I; 1, O).

Note the difference between BSDM (Z; I, I; 1, O) and BSDM (2; I,
- I; 1, =) where the first indicates that the column points are '
going to be plotted with the biplot interpretation between row
and column points (since a+b=1). The latter indicates that only
row points are going to be displayed. |

- A.7 Computation and the BSDM analysis

Assume m < n; then the following algorithm is:

A.11/...



(i) Read data matrix X
(ii) Transform X to Z
(iii) Perform BSDM (Z; ¢, 9; a,b) with ¢, Q, a and b specified,
i.e.

(a) Compute the symmetric matrix

0327 026% = A7.1

where ¢ is diagonal; if not compute ¢% using the eigenstructure
of ¢:

¢ = UD,U’
= UD;SU'UD;SU' ’ A.7.2
so that
¢” = UD;U' A.7.3

(b) Determine the eigenstructure of Q

Q = VDUV' A.7.4

(c) Find F and G in p dimensions:

G = ¢"’5v1(nff)b A.7.5
and
X ¥ a-1
F =12¢°V,(D?) A.7.6
1 My

where D and Vl contain the largest p eigenvalues of Q and
1 ,
corresponding eigenvectors respectively.

(d) Complete the plotting routine for row and/or column points
in selected pairs of dimensions.




B.3

'so that from 1.9

H = BZZ'B'

BB' © B.l.12

We will first find the distribution of B (the Bartlett decomposi-
tion of the Wishart matrix H) and from B.l1.12 the distribution of
H. After this procedure it is straightforward to find the dis-
tribution of D (in B.1.4). '

As Xi=bilzl+b1222+ eee +biizi, j_=]_’ ceesr P B.1.13 |

it follows that

bij = Eﬁzi, j = l' o.‘o, i; i = l’ ..;’.p ‘ B-lol"4
v 'y = ne 2 2 5
hii - zi zi - bil + biz + LI ) + bii’ 181, e e oy p Bllll
so that
2 : -1 2
by, =YY, - T bi. ., i=1, ..., p B.1.16
ii ity j=1 ij

An incomplete random orthogonal transformation specifies i-1
new variables where the transformation is from y, to by,, b,,,

l." 'i'i-l’ Vile.
by, = K3 ¥ B.1l.17
. |
b2 Z;
| .
P3,1-1] [ 25-1]
| ) i-1 ,
]
so that by ~ N(O,1) for j =1, ..., i-1 and by, = yjy - jilbij

! } B'4/.oo




has the x2 distribution with n-(i-1) degrees of freedom and they
are unconditional distributions as Yyr eoer zi 1 do not appear
in these variates. (See Kshirsagar, 1972). :

The following theorem follows:

If the pxn matrix Y = [Yir] represents a random sample of size

n, (n>p) from the n(p, o, I ) population, and if YY' = BB', where
[b ], i=1, ..., p; J=1, ceep 1 18 a lower triangular matrix

(with b11>°' i=1l, ..., p) then ;he variates bij' i, j=1, ..., p; .

i>j, are N(O,1), the variates bii' i=1l, ..., p are independently

distributed as x2 variates with n-(i-1l) degrees of freedom and are

also independent of the bij's (1>j). » : '

Then the distribution of matrix B follows as

| 2 - :
p i-l —kob p
2 ) i obosely)
i jzl {/ﬁ ° P13 gaq¥n= (k- 1’(b 2 Prex?
’ : -m(bij«» for i>j
0<bij<m for i=j B.1l.18

From B.1l.12 transform from B to H using the transformation
Jacobian (see Deemer and Olkin, 1951)

= l _,p P i-p-1 :
J (B+H) F{E8B) 2 121 (bii) - . B.l.l?
and
P 2
|H| = T bi, : 'B.1.20
i=1
P | °4 2 -
tr H = tr BB' = ¢ z bij B.l.21
i=1 Jai .
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B.5

The probability density function of H then becomes

n-p-1 _ '
W(p, n, I) = {K(p,n)|H| 3 e ¥tTH 4.9 B.1.22
(o} otherwise
where
T o P [ -
K(p,n) = [2*“PHP(P 1)/4 ¢ {P[%(n+lei)]}] 1 B.1.23
~ - i=1 - ‘

with A>O0 (meaning that A is positive - definité).
So from B.l.1ll1l YY' has the W(p, n, I) distribution.

From B.1.4 and B.l.6 it now also follows that

A

H=c el ~ B.1.24

Transform now to D using the above-mentioned reference for
 Jacobians again, as well as the second part of B.1.5, then

J(asD) = |c 1P+l o g ~H(pHL) o - B.1.25
= (=1 -1, _
|g] = |[c"7|Ip||c | = |p|/lzZ] B.1.26
so that the distribution of D comes out as

] -1
Wip, n,5) = {%éT§%L|D|¥(n-p-l)e-§trZ D . D>

o) otherwise B.l.27

And this is the distribution of D which we were after right
from the start. o ‘

When p = 1, then D and I are both scalar quantities so that the
distribution of D reduces to I (a scalar) times a x2-variata with

B.6/...
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n degrees of freedom. The Wishart distribution is thus the
multivariate generalisation of a X2 distribution and plays the
game role in multivariate statisticsvas the univariate x2 distri-

bution plays in univariate statistics.

Although only onF solution to the problem is given, one can find
numerous different solutions in literature (See Kshirsagar).

Kshirsagar went on from this poiht and generalised this result
from the theoretical population parameters, p and I and proved
that X and A as given in B.1.2 and B.1.3 are independently dis-
tributed as follows

/A%~ n(p, /Ay, I) B.1.28
A .~ W(p, n-1, ), B.1.29

i.e. the distribution of the maximum likelihood estimator of I,

is that of‘%A.

Note that A is the matrix of s.s. and s.p. of sample observations,
measured from the sample means and have n-1 degrees of freedom and
not n, like the matrix D where the sample observations are measured
from the true means . '

It is also useful to note that if
u=vac?t (gu, £=cc B.1.30

so that

u'u = n(x-p) 'z~ (E-D) B.1.31

then u . n(p,0,I) and u'u ~ x2 with p degrees of freedom which
provides us with a test for the hypothesis

Hy s p =}, B.1.32

B.7/...
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when a sample of size‘n is available from a p-variate hormal

‘population with unknown mean y but known variance covariance

matrix .

To conclude this section a summary of lemmas\is given as presented
by Kshirsagar:

Lemma l: If a symmetric pos.-def. matrix D is distributed W(p,n,I),
then the matrix HDH', where H is mxp with constant elements and

rank m has the W(m,n,HIH') distribution.

Lemma 2: Let D.W(p,n,Z) and h, a pxl vector be iﬁdependently dis-
tributed, then u = h'Dh/h'th -~ xg(u) independent of h.

Lemma 3: Let D.W(p,n,I), then |D|/|Z| is distributed as the pro-

“duct. of p;independent X2 variates with.n, n-1, ..., n-p-1 d.£.

where dPP, oPP are the last elements of D~

respectively.

Lemma 4: Let D.W(p,n,I) then opp/dpp has the Xg-(p—l) distribution

1 ana 37t respectively.

Lemma 5: Let D-~W(p,n,IZ) and h, a pxl vector be independently dis-
tributed, then g'z'lg/h'n'lg ~ Xi-(p-l) and is independent of h.
Lemma 6: ] £(Xx")dx = (2m) ¥P k(p,n) |p| ¥P"P~1) £ (p)ap where
XX'=D
X is a pxn matrix (not necessarily normal) , n>p, D>O.
n

: X
-1D
. I % (n-p-1) -ktrk =1z :
Lemma 7: J»'D| e dp = sy Where D and I are

D>0O
pxXp symmetric positive - definite and n>p. _K(p,n) is as defined

before.

B.8/...
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Lemma 8: Given the matrix A which is pxp symmetric where

A~W(p,n,I) in the canonical form, then A is invariant for a trans-
formation of the type A* = HAH' where H is any pxp orthogonal matrix
with constants or variables as elements, distributed‘independently ‘
- of A. If it is independent then HAH‘ is distributed independentiy'
of H. ’ '

Lemma 9: If A~W(p,n,I) then

(1) E(Ak) = c(k}n,p)Ip

(11) E@Q@X) = atk,n,p I,
where c(1,n,p) =n; c(2,n,p) = n(n+p+l), d(1l,n,p) = n"‘-;-'f

Lemma 10: If D has the W(p,n,I) distribution, then
(1) E(D) = nI
(1) E( 17 =d@m,prt

-1 1 -1
(111) E(D 7) = E:E:Tz if n-p-1 > O.
, o X
Lemma 11: If D14W(p,ni,zi), i=1, ..., k, then D = izlni~w
k - =

(p, I ni,Z) even if n<p, or even n,<p for some i, in which case
we aféldealing with the pseudo-Wishart distribution.

Lemma 12: Let X ; pxn be such that the colums of X, i.e. x~n
(p,0,L), then for A : nxn idempotent of rank m we find that '
XAX'~W(p,m,Z) if m>p and pseudo-Wishart if m<p. '

Lemma 13: Let X : pxn be such that the columns of X, i.e.

x*n(p,m,I) where m is the corresponding column df'M; then b-xx'
is called the non-central Wishart distribution. Further if A

B.9/...




is idempotent of rank m and order n we have thatr(x-M)A(x-M)' =
U~W(p,m,z and E(U) = m and E(XAX') = mI + MAM' which holds even

when mp.

B.2 The distribution of D; and other results

Let u~n(p,u,Z) and D~W(p,£f,I) independent of u, then

T4 = fu'p"tu | B.2.1

2

which is known as Hotelling's T“ based on f degrees of freedom

with parameter of non-centrality A2 =FE'Z-;H. (See Kshirsagar,
1972). If u~n(p,0,I) and D is independent W(p,f,Z) then T?
has the central distribution. From this we have '
Hé(Tz/f,kz)de
2 2, r )
=¥ ZiﬁgTL— B l(5p+r. % (£-p+l))
2, kptr-1 2 | ,
el aG, 10 B.2.2
T 5 (£f+1)+x
(lt-fﬁ
or
; - 2, 5p-1 2
H (1%/£,3%=0)ar? = 87 (3p, w(f-pr1)) Lo, 1o
P T, 5(£+1)
(1+T)
B.2.3
2

In the case of B.2.3 we have that E:SIL‘%T has an F distribution
with p and f-p+l degrees of freedom. ' |

Let us define g; §, n= n1+n2 and A = Ax+Ay' A being the "pooled"
matrix of corrected s.s. and s.p. from both samples in a 2 group

B.lo/...




'B.10
discriminant analysis and Sx’ Sy' S the corresponding var.-cov.

matrices in the usual way: 55~n(p-,Ex,E); y-n(p,]._x_y,z).

In discriminant analysis we apply Hotelling's T2 with Az =0, i.e.

the central distribution to test the hypothesis

Hy s ‘Ex-uy =0 ‘ B.2.4

i.e. we use

2 _ M = =y -1,=_= .
T = s (nl+n2-2)(§—y)'A (x-y) :
ny*2 | i

n,n .

e 12 (= =io~lz = . :
wn, (x~y) 's ~(x-y) B.2.5 |

The test is therefore whether

n,n )
2_._12 ' ' B.2.6

A 1+n2 (gx-gy) L (gx-uy)

equals zero or not.
‘Now Mahalanobis'svsample distance measure squared is
p? = (3-p 's"1(z-P) | B.2.7

so that from B.2.5 and B.2.6

n.n : :
2 = L2 p? | . . B.2.8
and similarly
. n.n | :
A2 .12 42 |  B.2.9

ni+n2

2

A - l-l =
so that H  implies that A" = (gx-gy) z (gx-gy) o.

Blll/t..'




The distribution of Dz, when uxfu is theretore from B.2.1 and

B.2.2.

n.n n,n ,n.n | |
172 172 2 1°2 2\ .
P\n,+n, 1t 2 n,+n, \n;+n, % )
' The null distribution of D2 is obtained by putting A2 = 0 in
B.2.10, so it becomes
n,n ‘ ,n.n ’
172 _ 1°2 2\ ‘

1

So, when A% = O, i.e. p, = p,r the F-test can be used in terms

y
n.n
of D2 by using.T2 = —l:%— Dz, or
ny7 0
nl+n2-p-lv n,n, p - . . 5.2 iz
. . py + -ty - . .
P n;+n, ° n;in, 2 p,n;+n,-p-Li

‘For an expansion on this for comparisons with respect to A;
and Ai and other combinations refer to Kshirsagar, where the
discussioh was taken further to include the Fisher-Behrens

problem in the multivariate case.




C. Wilks's A Criterion

Kshirsagar (1972) gave a detailed discussion of Wilks's A criterion
and its applications. Only some of the characteristics of this '
criterion will be mentioned in this section.

Wilks's A criterion in multivariate analysis can be compared to

the F distribution in univariate statistics. In multivariate
statistics we have seen that it is often possible to construct
matrices A and B such that A~W(p,n-q,I) and independently distri-
buted of B where B-W(p,q,L). Under certain zero hypotheses B will
be central Wishartiif Ho is not satisfied then B will be non-central
Wishart. The criterion

_ A
A= T%:%T C.1

was proposed to test H,. We can therefore define this criterium

as follows:

If A~W(p,n-q,I) independently of 2y r=1l, ..., g which themselves
are independently distributed as gr~n(p,g,2) then

A(n,p'q) = T"A'%IB—I' C.2

where

where A (n,p,q) can be used to test HO:E(gr) =0, r=1, ..., q.

Note that n, p and q, the parameters of A are respectively the d.f.
of A+B, the order of A and B and the d4.f. of B.

Again comparing to univariate statistics, A is called the error:

s.s. and s.p. matrix and B is called the hypothesis s.s. and s.p.
matrix. ’

B.2/...
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w
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lA

= 0 otherwise

where
£, f _ p
B‘il' 2y _o8(p(p-1)) j {

2 i=1

L being positive definite and I is the identity matrix.

It can be shown that

A= A = CLC'
A+B cC.

[R AN

iclicl
= |z

= |TT'|

= |12

P 2

= It ’
i=1 ii

r(

fl+f2+1-i)

TF.+1-1 £ +1-1

I (22— I ()

L>0;

=

1 jgwlLlH(R‘Q'P‘l)|I-L|k(q-p-l)dL,

I-1>0

c.9

i.e. Wilks's A(n,p,q) distribution, when p<q, is the distribution

i t2
[4
1=1 i

B(2, |k (n-q-1+1), k@ at?, .

When”2>g:
‘B is‘not Wishart}distributed.

G = A+ZZ°’

Accordingly let

where.tzi, i=1l, ..., p are independently distributed as




where Z is adcording to C.3. Let

U=6 'z, H* = U'U, L* = I-H*%, | , c.11
then it can be shown that as |Lj| = T ti,,
| 4= 33
t 2 = gl B(t#, 2|4 (n-p-1+1), %p)dt# 2 c.12
i1 7 TR i1 pTitll, 3PIA%yy :

and alI't;iz,are distributed independently for i=1, ..., q.

Again

|T-uu'| = |L*|

L Tots,2 (|LX| = 1) c.13
3 . = ’ i = .
1=1 15l 4=y i o ’

i.e. Wilks's A(n,p,q), when p>q, is distributed like Nty 2
1=1

2

where t},”, i=1, ..., q are independentiy distributed as

B(ty, %l % (n-p-1+1), %p) aty, 2.

We can summarise the results as follows:

A(n,p,q) and A(n,q,p) have exactly the same distribution, i.e. the

2

q
2 if psg and of 1 tIi if p>q where tii

i1, 11 1=l

are independent B(tiilk(n-q-i+1), %q) variables and t;iz are

: P
- distribution of I t

independent B(t},?|%(n-p-1+1), %p) variables.

c.5/...
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c.5
" When p = 1,2 we find that
(1-A(n,1,9)/q . o , |
A(n,l,éT?%:ég, Fqn—q | C.14

(1- /An,2,q9))/q9 . ¢ |

When g = 1,2 interchange p and q in C.14 and C.15, then

(1-A(n,p,1)) -
K(n,prlsfzn-p) Fp:n-P ' C.16

(1 - /An,p,2))/p ~ F
m—m/ (n-p-l) 2p, 2 (n-p-l) . Cc.1l7 ‘

- If however p and g take on other values these expresSions are v
much more difficult to handle. Bartlett derived an approximation
for Wilks's A in a transformed form: |

2 2 k :
= - - <+ 1 1 2 c . 18 2
X (n-% (p+q+1)) ogeA Xpg . , | ;

If %[n-%(p+Q+1)] P p2+q2 the approximation is accurate to at
least three decimal places, i.e. if n is not too small, all

one needs is the x2 tables and Bartlett's correction factor:
n-%(p+q+l) after - log_ A has been calculated.



D. Testing the significance of individual coefficients in the
' linear discriminant function - the standard deviations

Instead of a forward, backward or mixture sélection procédure for
inclusion/exclusion of a variable or variables, one might estimate
the standard error for all p variates and'tnen discard those whose
coefficients are not significantly differen% from zero.

The motivation for the above-mentioned proc‘dure is the fact that

the F-testl) is computationally cumbetsome,‘unless direct esti-
mations of the misclassification probabilities as a function of

D2 are being used and the distributions are. normal (Cochran, 1964).
Constanza and Afifi(1979) concluded that a forward selection
procedure in some non-normal situations mayibe feasible if the
significance level is in the range 0,10 - 0@25. Murray (1977)
however, warned that stepwise procedures may lead to highly over-
optimistic assessments of error rates if the direct estimates are

used.

Kendall, Stuart and Ord (1982) gave a brief deriviation of the
large-sample standard errors of the coefficients.

The discriminant function is £'x where % is the coefficient vector, .
which is z' = (zl, cees L ) for p variables. Let us find the
standard deviation of zi using the covariance between zk and z

as calculation step.

-1

Denote the elements of S, the inverse of the pooled sample var-

cov. matrix, by s¥ana s = [s k]

v o o=l _=

1)F B(n1+n2-p-1)(D; - Di) ith.B n;n, .
= B w = ., kgp
 (p=k) (1 + BDY) Tnl*“z’ (ny+n,-2)

is distributed F (p-k, n1+n2-p-1) under Ho‘

D.2/...




where S"l is symmetridal. From E.l we have now
= Jk = _= _ o '
N g s (xlj xzj) _ i D.2

This leads to

Cofz = vacdk,odkais s |
d2k g{(xlj xzj)ds +s d(xlj x2j) i D.3
and
- rm, rm _z i
d2 pX { 1r~ 2 )ds d(xlr er)} | D.4
so that

' - T jk
e, de jzr{ 15 2j)(x )ds as™ (xlj 2j)s rmagik d(x

jk

s _= - jk rm -3 :
+ (xlr_er)s ds d(xlj x2 ) +s d(x 3 2j)d(xlr x2r)}

D.5

but means and covariances are independent for normal variations

so
cov(L, ,L ) = jzr[(ilj x23)(x1r le:,)cov(s:’k s™)
. 14
jk rm - = - -_ .
+ 8“"s” cov {xlj x2j)(x1r x2r)}] D.6

‘Let the sample sizes be n1 and n, for Hl and HZ respectively,
then

cov{(x )(xlr x2 )} = °°V(x1j;x1r) + cov(xzj,er)
L= (—— + ——)s D.7
np My Ir
v L | x
Let ij be the co-factor of 84k in |s| so thgt s rjk/lsl.
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Now we can find the covariance of sjk and srm:
K _ -
ds? s ary, —j—§d|S|
. L £ T .ds , - Tk I T, ds . D.8
B o, 8 jk,aB aB I s| a,8 aB ~ af

: with IBk.aB the co-factor of S, in I‘k, i.e.

3
jk o 1 { o } o
ds IS[2 I ds|r - B 8,8 I}k];BdsaB ' D.9
o ' = -
but according to Jacobi's theorem |S| Nk, ap Ty L Tyg Gk ¢
hence D.9 becomes
jk -
ds T;TI 28 JB‘&a
o 1 898 D. 10
a,B
.So
cov(sjk, srm) = 1 (st kr sjrskm) D.1ll
n1+n2 .

Substitute D.7 and D.1ll in D.6 andrthen

G +2)

L sjksrm
ny 2 j,k

8yr

cov(zk,zm)

+ 1 I (x

jm kr ir km
l+n2 i 13 x2j)(x1r 2r)(s s’"s )

1 1 mk 1 - - = jm_kr
= (= + = )8 + ——— I (X,."X,,)(X,_-x,_)87"s
n, n, n1+n2 j,r 13 723 1lr M2r
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1 km o = _= Lz _= ieir
+ 8 L (X,.=% .)(x, -x,.)8"
n1+n2f j,r 1j x2] 1r "2r
1 1 ,_mk 1 1
= (=— + =—)s + L, +
n, n, n,+n, m k nl-l-n2
1 l , _mk 1 1
= (=— + =—)s + L, +
n, n, n,+n, “m k n,+n,
=m = j, then
2
1, 1,33 j 1
var f. = (&= + =—)s’’ + +
i nl l‘l2 2 n1+n2

- &' (%)-%,)877 p.14
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E. The algebra of correspondence analysis with special reference
to discriminant analysis

In this section the formal algebra of correspondence analysis is
given as a background to the discussion of the application of corres-.

pondence analysis in discriminant analysis (Chapter 4). This sec-
tion comes almost directly from Greenacre (1984).

Let N be a matrix of non-negative numbers excluding trivial

vectors where sums of rows and columns are zero. The corres-
pondence matrix P is defined as the matrix of elements of N

devided by the grand total of N. The row and column sums of P

are denoted by vectors r and c. From the latter vectors the diagonal
matrices D, and D, are formed.

Therefore, if.the data matrix is N = [nij]IxJ ’ nij;O, then the
correspondence matrix is

1

P==N, n.-= 1'N1 | E.1l
and
r=Pl; ¢c=P'l; ry, c0; i=l, ..., I; 3=1, ..., J
E.2
D, = diag (1) aﬁd Dg = diag (c) _ E.3

The row and coiumn profiles of the correspondence matrix are
defined as the vectors of rows and columns of P divided by
their respective sums, i.e. if r' = (r;, ry, ..., ry) and

g' = (cl' czl -"I‘CJ) then (
£'=%I 'll'T:(nilr Dyger =+=r Byqly A=l weor I
-l ( ) E.4
r, ‘Py1s Pyzr ¢ Pyg

=

and

E.2/...



n. lj' n2j' RN ] NIj)' j=l' e o p J

=1 o
cj (Pljr szr oo ey ij) ‘ E.5

i.e. the matrices of row and column profiles are

= n-1 = i '1. | ‘ - n—l = ]
R = DE P Iy ; C = Dg P [91
'
R L2 S,
Ll
Iy ng | E.6
- L .

Note this could have been written in terms of N as well, since
the analysis is concerned of relative values only and is there-
fore invariant with respect to n...

- The row and column profiles define two clouds of points in res-
~pective J- and I- dimensional weighted Euclidian spaces.

Row cloud ‘ Column cloud

Points: I points Lyr oovr I in - . J points in Cyr +++r S3 in
J-dimensional space where I-dimensional space where
r, is as in E.4 g; is as in E.5

Masses: The I elements of r The J elements of ¢

Metric: Weighted Euclidian with Weighted Euclidian with
dimension weights defined . dimension weights defined by
by the inverses of the ele- the inverses of the elements
ments of ¢, i.e. D;l. of ¢ i.e. D;l. ‘

.The last remarks say that the centroids of the row and column

E.3/...




clouds 1n their respective spaces are ¢ and r respectively,
because the row centroid is |

r'R/x'l = 'R = r'D

C'c/l'c =PD_"¢c=Pl=r » | E.8
The overall spatial variation of each cloud of points is
quantified by its total inertia, i.e. the weighted sum of
squared distances from the points to their &espective cen-
troids, or analytically ’ ’

Total inertia of row points Total inertié of column points
— - ' "'1 - - 1 .
in(I)= iri(gi c) Dg (x; g) : in(J)= gc (cj r)' D (c e4~E -r)
trace[DE(va.g')Dg (R ;g')'] trace[Dg(C ;5!)05 (C lg')'}
Eig

and further, the total inertia is similar in both clouds.

in(I)

2 .

= z}:(p1j - ricj)z/ric.’

1§ J

2 . ~
= ji(p1 /cj - ri) /r1 | o A ‘ f

B
= in(J) | S E.10
i.e.
nyy-ey4\2 ; .
in(I) = in(J) = Z— zz(—-i———i) - E.11

. n.. i3 eij
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v n ‘
because pij = Eli + SO that

(Zn,.) (ZIn, .
_ i3 413

R & I n

)

(n.T cj)(nn ri)

-1 - 2
== ig(nij ricjn” ) /eij

1 2 ,

n.l ij

At this stage we want to find the K*-dimensional subspaces of
the row and column clouds respectively which are closest to the
points in terms of weighted sums of squared distances. These
subspaces are defined by the K* right and left generalised sin-
gular vectors of P-rc', in the metrics D-l and D;1 coﬁresponding
to the K* largest singqular values, i.e. the righE and left sin-
gular values define the principal axes of the row and column\

clouds respecti#ely.

When we look at the cloud of column points defined’by the column

E.5/...
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profiles of C = PD; then we see that from section A if the‘

centered column profiles

1 = ! =
L M DCM I

c-rl'=ppt-r1 = LD,M', where L'D_

E.14

then the columns of L define the principal axes, and the rows of

G = MD¢ define the co-ordinates. Also from E.14

1

P - xc' = LD, (D M)', where’L'D;

= -1 =
A L = (DM)'D_"(DM) = I

E.15

In a similar way it can be shown that the principal axes of the |
row cloud, defined in J-dimensional space are given by the columns
of Z in

-1 - ' = ' ' = in—1 =
D£ P ;gv YD¢Z , where Y DgY z Dg z I E. X6
‘i.e. in
- " = ' n—1 = p1 =
P rc (DEY)DWZ where (DEY) DE (DEY) z DE z I
E.17

We can therefore define: Let the geheralised singular value
decomposition of P - rc' be

1 1

P'- rg' = AD B' where A'D_"A = B'D_B =1I E.18

withﬁ1 2 My eee 3 uk > 0, then the columns of A and B define

the principal axes of the column and row clouds respectively.

\

Note that the sets of singular values Ui ¢i and wi, i=l, ..., k

E.6/...



are identical and uniquely defined up to reflections only,

assuming that all singular values are different. So the principai\
axes L of the column cloud'are identical to the columns of A uo to
reflections. The subspace defined by L is the same as that of A.

It can further be shown that the‘respective co-ordinates of the
row and column profiles with respect to their own principal axes
(i.e. the principal co-ordinates) are related to the principal
axes of the other cloud of profiles by simple rescalings.

Principal co-ordinates of row Principal co-ordinates of column
profiles profiles .
- -’l ] -l "'1 N N ‘l | )
Let F= (D_."P - 1l¢')D_ "B let G = (D_"P' - 1r')D_"A E.19
~ r, -~-= ¢ c == I
IxK IxJ JxJ JxXK JIxK ' IxI IxI IxK
be the co-ordinates of the row be the co-ordinates of the column"
profiles with respect to princi- profiles with respect to principal =
pal axes B in the chi-square axes A in the chi-squared metric
metric Dgl, then : D;l, then
F = D_1AD | ¢c=plep ! E.20
r Ty c i

The co-ordinates of individual points ere contained in the rows
of F and G. The co-ordinates of the points with respect to op-
timal K*~dimensional subspaces are contained in the rows of the
first K* colums of F and G. If we write F,, and G(,, as the
first two columns of F and G respectively, then the rows of F(z)
and G(z) define the projections of the row and column profiles
onto respectively optimal planes.

The co-ordinates of F and G are related as follows - using
E.18 and E.20

1) -1

=n-1 — ! = -1 B8") 'p~1a
e.g. G Qg_(P~cr )Qa A og (ADE ) r A
-1_ -1 -1
= D _"BD 'D_"A = D "BD I
e H(A r ) v ¢ PPy

-1
= D_"BD




E.7

¢=ptprp ! =crml; F=pleep~! = rep~?!
c . u 4] r B B
or DG =D 1lpF ; ; DF = plec | E.21
" c ! u £ , , *

With reference to the principalAaxes, thé respective clouds

of row and column profiles have centroids at the origin. The
wéighted variance (moment of inertia, sum of squares of the
points' co-ordinates) along the k th principal axes in each
cloud is equal to ui , which is denoted by Ak and called the

k th principal inertia. The weighted covariance is zero.

Centroid of rows of F Centroid of rows of G
r'F =0 | c'¢ =0 E.22
Principal inertias of row cloud Principal inertias of column cloud
F'D F=p2 = D G'DG =D = D, E.23
r B A c B A

~ The centerings in E.22 follow because the rows of F and G are
-merely the respective sets of centered profiles with respect to
new reference systems of axes, e.g. r'(D;lP -1lc') =1'P - ¢' =

¢' - ¢' = Q'. These results follow immediately from the standardi-
sation of the principal axes in E.18 as well as from E.20.

To be able to express the results graphically we draw up a table

‘of columns which expresses the contributions of the rows and columns

respectively to the inertia of an axis. This results from E.9,
E.10 and E.23, i.e. the total inertia of each cloud of points is
decomposed along the principal axes and among the points them-
selves. '

E.8/...




1nef£ia

»Decomposition of

axes .

1 L2 . v ae K Total
i K )
2 2 22 2
1 rlf11 rlf12 cevee rlflx rlkilflk
2 2 2 2
2 rpf21  Tafap  eeeee Ting rzkilflk
Rows - [ ] L] o e & o 0 L ] L ]
_ -
2 2 2 2
I refry  Tifyp eeees rpfny rxkilfrk
Total A1=ui A2=u§ cevee 'AK=u§ inertia (I)
‘ =inertia (J)
K
2 2 2 2
1 €911 S92 c-cee S99k clkilglk
: K
2 2 2 2
2 291 ©2%2 cccor %k %2 F 9
COlumnS 3 Y Y R . .
K
2 2 2 2
J €y931 ©39712 ceses c;9x chingK
Figure E.1

Note each of these contributions can be éxpressed as a proportion
of the respective inertia Ak in order to interpret the axis'itself.
These proportions are often called "absolute contributions",

E.‘g/' LR J




E.g »k

because they are affected by the mass of each point. Each row
of these tables contains the contributions‘of the axis to the
inertia of the respective profile point. Again we can express
each of these as proportions of the points' inertia in order to
interpret how well the point is represented on the axes. These
are often called "relative contributions ' because the masses are
divided out.

|
Note that the columns of F and G are the (non-trivial) eigenvectors
of the respective matrices RC and CR, standhrdised according to ;
E.23. The non-trivial eigenvalues'of both these metrices are the
principal inertias. | |

Row co-ordinates asbeigenvectors - Column cg-ordinates as eigenvectors

(RC)F = FD, (CRIG = GD,
-1 -'1 ' = . -1 ' -1
i.e. (DE PDg P')F FDA | i.e. (Dg;P D£ P)G = GDZ‘.
E.24
with standarisation , with standardisation
F'DF = D, (or D2) 6'D G =D, (or D?)
L A B g A T
E.25

Note for example that from (D P')F = GDE (see E.21) and

R =D, lp 1t follows that

(RC)E = (D£ P)(DQ P F = (DE P)-GDH ((D£ P)G)Dl‘_l FDE FDA

E. 26

Note further that the above eigenequations should not be used

E.lo/...



E.10

separately to obtain F and G, because it will be wasteful com-
putationally and will also lead to differences in signs of the
corresponding eigenvectors, seeing that the signs of eigenvector
solutions are not identified.

For further discussion of the reconstitution formula of the corres-
pondence matrix P which is useful for imputing missing Values in
the data matrix, the "standard co-ordinate" standardisation tech-
nique - unit inertias along principal axes, and in the last place
the principle of "distributional equivalence" - the merging of
points - see Greenacre (1984).
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